N-ary Queries by Tree Automata

Joachim Niehren Laurent Planque Jean-Marc Talbot SopbkanTi

INRIA Futurs, LIFL, Lille, France
www. grappa. univ-lille3.fr/mostrare

N-ary queries in trees select setsmafuples of nodes. We propose and investigate
representation formalisms farary queries by tree automata, both for ranked and un-
ranked trees. We show that existential run-based quenesreaMSO in the:-ary case,
as well as universal run-based queries. We then charaetguieries by runs of unam-
biguous tree automata, and show how to decide whether an M8a&d query belongs
to this class.
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1 Introduction

The problem of selecting nodes in trees is the most basic dddspread database
querying problem in the context of XML [18,11,9]. This is tpeoblem to define
monadic node queries in trees. Many applications of semaétred documents, how-
ever, need to solve more complex querying problems. Themereé general problem
is to definen-tuples of nodem trees, i.e., to expressary queries. The W3C standards
XQuery and XSLT generalize queries further into tree tramehtions [8, 24].

N-ary queries in unranked trees serveaaappersin information extraction from
semi-structured documents [1]. A typical problem here act all pairs of products
and prices from an HTML or XML document. It can be reduced td firbinary query
in trees that distinguishes those leaves with the requisatkat. Such queries can either
be programmed manually or visually [10], or be inferred andtically from annotated
examples [13, 5].

Monadic second-order logic (MSO) is the most traditiongresentation language
for regularn-ary queries in trees [23, 20]. Every MSO formula wittree first-order
variables defines am-ary query. MSO is highly expressive, succinct, and robuslen
many wishful operations. On the other hand side, its usagairs limited due to its
high computational complexity in query answering.

In the case of monadic queries, a number of alternativedbgicery languages were
investigated. The W3C standard XPATH, for instance, canesgmonadic queries
that are first-order [14]Monadic Datalogis the logic programming approach. It is
advantageous because of its high expressiveness (all moM&D queries in trees
can be specified), efficient linear time combined complefatyquery answering, and
its appropiateness for visual wrapper specification. ManBdtalog in unranked trees
underlies the Lixto system [1] for Web information extracti Lixto indeed supports
n-ary queries for information extraction by composing maoagieries for all slots.

In this paper, we follow the tree automaton approach to espteary queries in
trees. Tree automata are known to have the same querying fmmeM SO by Thatcher
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and Wright's 1968 theorem [23]. We follow recent ideas to defirary queries by
successful runs of tree automata [16, 9, 2]. Previous appesa however, either remain
limited to monadic queries [9] or rely on more complex auttandevices, such as
pushdown forest automata [2] and attribute grammars [1L8{38for monadic queries
and RAGs fom-ary queries). None of these formalisms has been provedoto e -
ary MSO definable queries so far. The only formalism we cdojecto do so is that of
Seidl and Berlea [2].

The situation for unranked trees is unsatisfying in that etous more recent au-
tomata notions exist to which standard results do not imatetyi apply. Hedge au-
tomata [4] are most popular, beyond forest automata [15]carety automata [18].
Selection automata [9] and stepwise tree automata [6] ivgpom that situation; they
operate as usual but on (different) binary encodings ofnked trees.

In this paper, we propose and investigate representatioreisms fom-ary queries
by standard tree automata, both for ranked and unrankesd. tée represent-ary
queries by successful runs of tree automata. We show treteatial run-based queries
capture the class of MSO definable queries, as well as uaivens-based queries. Sim-
ilar results were known for monadic queries but are new:fary queries.

We then investigate the querying power of unambiguous tnéenaata. They sub-
sume deterministic automata while limiting the amount ofigeterminism. Monadic
run-based queries by unambiguous tree automata are knovaptore monadic MSO
definable queries in contrast to deterministic tree autam@hese are the IBAGs of
[16].) For then-ary case, we prove that run-based queries by unambigueistrantly
less expressive than MSO. They capture only finite unionsasfeSian closed regular
queries. This is the class afary queries that can be defined by disjunctions of con-
junctions of MSO formulas with one free variable each. Wenshitat it is decidable
whether an MSO defined query belongs to that restricted.class

Representing-ary queries by tree automata is advantageous for quergiiodby
methods from grammatical inference [13]. Query induct®miportant for improving
visual wrapper induction, as argued by Gottlob et. al. [R¥cent induction methods
for monadic queries indeed rely on run-based queries by higarous tree automata
[5]. The results of this paper clarify the principal limitats of this approach.

2 Regular queries and MSO

We recall known results on MSO definableary queries [22, 17, 20]. We develop our
theory for binary trees in a first step. This will be sufficiemteal with unranked trees
in a second step (Section 5).

2.1 N-ary queries in binary trees

We start from a finite signatur&' of binary function symbolg and constants. The
meta variable: ranges over arbitrary symbols M. A binary treet € T, is a ground
term overX.

A noder of a treet is a word over the alphabét, 2} that addresses some subtree
of ¢ from the root oft. We writenodes(t) for the set of nodes of. The empty word



is the root oft. We writer - «’ for the concatenation of the wordsand~’. The node
m - 1 of a treet is thefirst child of the noder in ¢, while 7 - 2 is its second childA leaf

is a node without children. Amner nodeof a tree is a node that is not a leaf. We will
freely identify treeg over X with labeling functionsf typet : nodes(t) — X, such
that for alla, f € X, t1,ts € T, andi - 7 € {1, 2}* (wherei is the word 1 or 2) :

a(e) = a, f(ti,t2)(e) = f, f(ti,t2)(i-m) =t;(w) if 7 € nodes(t;)

Definition 1. Letn € N. Ann-ary query in binary trees ovek' is a functiong that
maps treeg € T's; to sets ofr-tuples of nodes in:

Vt € Tx : q(t) C nodes(t)"

Simple examples for monadic queries in binary trees dvare the functiongaf and

root that map trees to the sets of their leaves resp. to the singleteh The monadic
querieslabel. for symbolsc € X' map treeg to the set of-labeled nodeg of ¢, i.e.,

7 € label.(¢) iff ¢(m) = c. The binary queryirst_child relates nodes to their first
child 7 - 1 if it exists, while the quennext_sibl relates first childremr - 1 to their next
sibling to the rightr - 2.

Our definition ofrn-ary queries is quite general in that it does not exclude non-
regular queries. For instance, we can query for all p@its’) in treest such that the
subtrees of on below ofr and#’ are equal in structure. This query can indeed be
expressed by the RAG’s of Neven and Bussche [16].

2.2 MSO definable queries

We introducen-ary queries definable in monadic second-order logic (MS$Qtyees
which captures all regular queries.

In MSO, binary tree$ € T, are seen akgical structureghat we equally denote
by t. The domain of this structure is the sedes(t). Its signature consists of the binary
relation symboldirst_child andnext_sibl and the monadic relation symbadlsbel,. for
all c € Y. These symbols are interpreted by the corresponding néatéres oft.

first_child® = {(m,7-1) | - 1 € nodes(t)}
next_sibl’ = {(7-1,7-2) | 7 -1 € nodes(t)}
label’, = {7 | t(n) = ¢}

Let z,y, z range over an infinite set of first-order variables anaver an infinite set
of monadic second-order variables. Formutaef MSO have the following abstract
syntax, where: € X

¢ ::=p(x) | first_child(z, y) | next_sibl(x,y) | label.(z) | ~¢ | &1 A ¢2 | Va.p | V.o

A variable assignment into a treet maps first-order variables to nodes @ind second-
order variables to sets of nodesof\We define the validity of formulag in treest
under variable assignmenisin the usual Tarskian manner, and writex |= ¢ in this
case. Formulag with n free first-order variables, ..., x,, definen-ary queries, which
satisfy for allt € T's::

QUeTY s, ..z, (1) = {(@(21), s alan)) [ 1 |= ¢}



Definition 2. Ann-ary query isMSO definablef it is equal to somejuery,,, . -
An equivalent way of defining-ary queries in MSO is by formulag with n free
second-order variables, ..., p,,. For allt € T’; let:

query¢(ph“_,pn)(t) = Upake a(p1) X ... X a(pp)

Lemma 1. Ann-ary query is MSO definable iff it is equal to someery ., ., .

Proof. We define such queries in MSO by the followig formgldz,, . .., x,,):

Ip1...3on. (D(P1, ., pn) AP1(z1) Ao Apn(zy))

For the converse, we start with some formgléz,, . . . , z,,) and define its query equiv-
alently by some formula(p1, . .., p,). We use auxilary formulag = {z} defined by
p(x) AVy (p(y) — x=y). The equalityr=y used there is a shortcut fop (p(z) <
p(y)). Now, we define the formula to be:

Jr1 . Tz (@ (1, xn) Apr = {1} A A Dy = {0 })

2.3 Tree automata

We recall the definitions of tree automata and recognizabke languages [7]. Aree
automatonA for trees over a binary signatugg consists of a finite seftates(A), a
finite setrules(A4), and a sefinal(A) C states(A). The rules ofA may have two forms:

a—p or f(pi,p2) —p

wheref € X' is a binary function symbol, € X a constant and, p;, p» € states(A).

A runr of a tree automatod on a tree is a functionr : nodes(¢) — states(A) that
associates states to nodeg atcording to the rules of. Equivalently, we can see runs
r of automatad on treeg as tree labeled istates(A) such thanhodes(r) = nodes(¢).
We noteruns 4 (t) the set of all runs ofd ont. A run r of a tree automator on a tree
t is calledsuccessfuf it labels the root of: by some state ifinal(A).

succ_runsa(t) = {r € runs4(t) | r(e) € final(A)}

Atreet is accepteddy a tree automatod if A has a successful run enThelanguage
L(A) of tree recognized by a automatahis the set of trees that A accepts. A tree
language isegular if it is recognized by some tree automaton.

A tree automatord is (bottom-up)deterministidf no two of its rules have the same
left hand side. It isinambiguousif no treet € T's; permits more than one successful
run insucc_runs 4 (t). Deterministic tree automata are unambiguous since thewipe
at most one run per tree, while unambiguous automata may rtdeterminstic. They
can permit multiple runs on the same tree, of which at mosti®aeccessful.



2.4 Queries as tree languages

Another natural way to look at queries is to identify them kBetlanguages. This idea
is similar to Thatcher and Wright's idea to consider model$&O formulas as tree
languages.

LetB = {0, 1} be the set of Booleans. A Boolean treés binary tree in which all
nodes may be labeled by Booleans, i.e., a tree over the asigffatvhere Booleans are
overloaded to serve both, as binary function symbols andmastants.

It is convenient to define products of trees with the same siobllere generally,
we define products of functions with the same domain. Theywbdf m functions
gi : C — D, isthe functiong; *...x* g,, : C — Dy x ... x D, that satisfies for all
ce C:

(g1 % ... % gm)(c) = (g1(c), ..., gm(c))

The productt; = ... * t,, of m trees with the same domain (but possibly different
signatures) is the tree whose labeling function is the prodflabeling functions of,
... tn. Allanguagel of trees over” x B"™ corresponds to the following-ary query:

query, (t) = {(m1,...,mn) | 3B1,..., Bn, t*x P1 % ... % 0, € L,
Bi(m) =...= Bp(mn) =1}

Such languages identify queries uniquely, but converiatysame query may be iden-
tified by many different languages.

Definition 3. Ann-ary query in trees oveL is regulariff it is equal toquery 4, for
some tree automatos over Y x B".

Theorem 1. (Thatcher and Wright [23]). Am-ary query in trees is MSO definable iff
it is regular.

MSO formulase(ps, . . . , pn) define languages of trees ovBrx B™ representing the
queryquery,, . . Different formulas may define different languages for thee
query. Which formula or language to choose will turn out califor what follows.

Given a sefS with subsets’” € S, we define a characteristic functiog : S — B so
thatcg/ (s) < s € S’ forall s € S. Every subseP C nodes(t) defines a characteristic
function cp that we identified with the Boolean trees whose labeling tioncis cp.
This tree has the same nodestaBormulasy(p, ..., p,) define a tree language over
X x B™:

Lpr,pn) = L% Capy) * - * Ca(pn) | L = d(p1, ..., pn)}

Similarly, we defineLy,, ...,
valued second-order variables. Treeg, . ..x 3, € Ly,
each of them identifies precisely one tuplequbryﬂmh'
are singletons for < i < n.

«,,) by considering all first-order variables as singleton
«,,) arecanonicalin that

(t), i.e., all sets3; (1)

yeeey

< Tn)



3 Run-based queries

We now introduce new representation formalisms for MSOradfie n-ary queries,
that are directly based on successful runs of tree automvdtamut signature extension.
Our definitions remix ideas from [16, 9, 2] into a new generaihfework.

3.1 Existential run-based queries

Tree automata can not only accept trees but directly setmgsin successful runs.
The idea is that states of tree automata are properties @sna¢hich are verified by
successful runs.

An existential run-basea-ary queryqueryi, g in binary trees over’ is given by
a tree automator over X and a setS C states(A)™ of so calledselection tuplesit
selects all those tuples of nodes, . .., ;) in a treet that are assigned to a selection
tuple by some successful run dfont:

queryiﬁs(t) ={(m1,...,mn) | Ir € succ_runs4(t), (r(m1),...,7(m)) € S}

Run-based existential-ary queries where first proposed by Neven and Bussche [16]
in the framework of attribute grammars (these can be seereasattomata whose
states are vectors of attribute values). Their BAG’s carresgall regular monadic
queries, whereas their RAG’s are more expressive thanaegary queries. Run-based
existentialn-ary queries that we conjecture to capture MSO where firgpgeed by
Seidl and Berlea [2], in the framework of pushdown foresbensta for unranked trees.
However, no relation between run-basedry queries and MSO-definable queries was
established there.

Example 1 Consider the automaton; over signatureX’ = { f, a}. Two runs of4; on
the treef (f(a, a), a) are presented in Figure 1. Successful runglgiabel the left most
a-leaf by1 and all others by. The ancestors of the left masteaf will be assigned to
y. All other inner nodes will be marked by The final states arg and 1. In summary,
the automator; has the following states and rules:

states(A;) = {1, *,y} a—1 f(1,%) >y fly,*) —y
final(41) = {1,y} a— * flx, %) — %

This automaton is (bottom-up) non-deterministic. It is méguous, however, in that
no tree permits more than one successful rurdhy The monadic querqueryjl’{l}
selects the left mostleaf. This monadic query cannot be represented by any éter
istic tree automaton. Non-determinism is needed to diatgtgdifferent occurrences of
a-leaves, those that have to be selected from the otheresStadt are guessed for a
node are correct, if they lead to a successful run.

Example 1 illustrates that deterministic tree automatanatesufficient to define
all regular monadic queries (even though they can recogalizeegular languages).
Nevertheless, all regular monadic queries can be expraeggkd limited amout of
non-determinism (in contrast to regularary queries as we will see). Unambiguous
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Fig. 1. Selecting the left most a—quUeryih{l}. Only the left run ofA; is successful.

fy fy
fy f* | fy
AN /7 N\ /7 N\ AN
aa/ bb a,* b,* a,* b,* aa/ b,b

Fig. 2. Selecting pairs ofi-leaves and next-siblinlgyrleaves:queryi2 @by

automata are enough, as in the example. This means thatalergs exists at most
one correct way of guessing states. This result is well knimahe monadic case [16,
3].

Example 2 Let us define the binary query that selects pairg-tdfaves and next-sibling
b-leaves. We assume that the signaturé&’is= {f, a,b} and define the automata,
with states(A4s) = {a,b, %, y} that will produce successful runs of the form of Figure
2. The required tuples are selected dps}eryj12 (aby The automator, will assign
statea to selected:-leaves and statb to the dorrésponding next-siblingleaves. The
final statey will be assigned to all common ancestors of the selected gfdaves:
final(A3) = {y}. Statex can be assigned to all other nodes. The following rules yerif
these properties:

Every successful run of the automatdn will select a single pair of nodes. Different
pairs are separated by different runs so that they cannotizedrup.

This example illustrates the trick in our representatiomedry queries. In order to
not mix up the components of selected pairs, we separateithdifierent runs. This
trick gives hope that run-based existentiahry queries can represent all reqgulaary
gueries. However, it raises doubts on the querying powenambiguous tree automata
in existential run-based-ary queries.

Our next goal is to show that existential run-based quedesuce the class of reg-
ularn-ary queries.

Theorem 2. Existential run-based-ary queries capture precisely the class of regular
n-ary queries.



Proof. Let us first show that existential run-baseehry queries are regular. Due to
Thatcher and Wright's theorem, it is sufficient to show thastextial run-based queries
are MSO definable. First note that they are finite unions dftertial run-based queries
with singleton selection sets:

3 3
queryy g = U(p,,...p,)es QUEYA {(p1,....pn)}

Since MSO definable queries are closed under union it renb@ipove that the query
queryiy{(pl _____ o)} with single selection tuple is MSO definable. This can be done

the following formula¢(ps,...,pn). Suppose tha{p,i1,...,pm} = states(A) \
{p17 e apn}:

Hanrl ... 3pm. V. vastates(A) p(l‘)
AVz. root(z) — Vpefinal(a) P(T)
AYz. p(T) — Va—perules(A) label, (z)V
\/f(pll ,ph)—pErules(A) Iabelf(:c)/\
. first_child(x, z1) A p}(x1)A
Jz5. next_sibl(z1, z2) A ph(z2)

The formula means that every node of the tree must be assigreednique state, that
the root node must be assigned to a final state, and that elateyrsust be justified,
either by a rule labeling leaves or a rule labeling inner 3ode

Let us prove now that every regular query is equal to somedeskial run-based
query. Letquery,, 4, be a regulan-ary query for some tree automatahover X' x
B™. We compute an automateroj(A) over X' by projecting Booleans from the labels
into states. Lestates(proj(A)) = states(A)xB™, final(proj(A4)) = final(A)xB™. The
rules ofproj(A) are generated by the following schema forallff € X, py,p2,p €
states(A) andb, b;, b}, b? € B wherel < i < n:

(a,b1,....,bn)—p € rules(A)
a—(p, b1, ...,by) € rules(proj(A))

(f7 bla"‘vb’n)(plapQ)_’q € rules(A)
f((p1,b1,...b7), (p2, b3, ..., b5))—(p, b1, ..., by) € rules(proj(A))

We define the selection s8tC states(proj(A))™ by S = @1 x ... x @, such that for
alll <i<n:@Q;={(qbi,..,b,) € states(proj(A4)) | b; = 1}. We show that:

querypay = qUGFY§roj(A),S
This follows from that for any term + 3 over X' x B": runspjay(t) = {r* B | r €
runs4 (t * B)} andsucc_runs,j(4)(t) = {r * B | r € succ_runs,(t x 3)}.
3.2 Universal run-based queries

Universal run-based query quantify universally rathentbgistentially over successful
runs. Universah-ary queries were first introduced by Neven and Bussche [léje



rules(As) : a—0 f(1,2) =y fy
a—1  f0,9) >y '\
a—2  f(y,0) =y /f.y /f.o
f(0,0) =0
fEQO; —1 al \f,z a0 \a,o
£(0,0) — 2
final states:  final(As) = {y, 1,2} /\
selection tuplesSs = {(1, 2), (0,0), (y,0), (0,y)} a0 a0

Fig. 3. An example for a universal run-based quetgxt_sibl = queryZ&SS. The presented
successful run refutes wrong partners for the left-melstaf and its next sibling.

framework of attribute grammars (universal BAGs and RAGs)the monadic case,
they were reproposed in the selection automata of Frickh&rand Koch [9].

queryZ’S(t) ={(m1,...,mn) | Vr € succ_runs4(t), (r(m1),...,r(m)) € S}

An example is given in Figure 3. We represent the binary quexy_sibl universally.
Successful runs of automateh will assign the state paif, 2) to at most one node pair
satisfying the query. Descendants and cousins of theseswaitlde assigned to state

0, all others (ancestors in fact) {0 The required query can be expressed existentially
by queryz, (1))

Runs in universal queries refute all those tuples that tt@ytdelect. Thus, one
needs sufficiently many selection states so that corretdsgye never rejected. In the
example, selected pairs will always be labeledSin= {(1,2), (0,0), (0,y), (y,0)}.

All other node pairs can be refuted by successful runs theigasstate pairs in the
complement of5;. Hencequeryi&{(m)} = query23)53.

Theorem 3. Existential and universal queries have the same exprasssge

This theorem has been shown previously but only in the menzatie [16]. The proof
there relies on the two phase querying answering algoritihigh fails for non-monadic
gueries. The above theorem, however, remains true-Boy queries. This follows from
Thatcher and Wright's theorem and our Theorem 2.

Proof. We define the complement of a queryq such that for all trees € T'::
q°(t) = nodes(t)" \ q(t)

Existential queries are regular and thus MSO-definabldeiodomplements are MSO-
definable, thus regular, and thus definable by existentrebased queries, too (Theo-
rems 1 and 2).

Furthermore, the definitions of existential and universsrégs are dual modulo
complementation, i.e., for every tree automatbowith selection tuple$ C states(A)™:

queryZ,S = ((-'““Iery?ﬁl,states(A)\S)c

Since complements of existential queries are existeittfallows that universal queries
are existential too. Vice versa, lgte an existential query. Sg is equal toquery? ¢



for someA, S. Henceg = queryz.statesm)\s, i.e.,q is can be represented by a univer-
sal query.

Proposition 1. The combined complexities of computing existential andeusal run-
based queries are both polynomial.

Proof. We can computequeryi,{(pl.__ pn)}(t) naivly by enumerating alh-tuples of

nodes(m,...,m,) in t, and check whetheA permits a successful run such that
r(m;) = p; forall 1 < < n. This can be done in im@ (| A| « [t|**1). For computing

777777

4 Unambiguous tree automata

Our next goal is to investigate the querying power of unamnbig tree automata in the
n-ary case. These provide a limited form of nondeterminisan ithsufficient to capture
all regular monadic queries — in contrast to deterministie automata [16, 3].

Beside of their general interest, run-based queries by bitarous tree automata
are the query representation formalism underlying a reapptoach to query induc-
tion for Web information extraction [5] by methods of grantical inference [19]. The
querying power of unambiguous tree automata charactettizesoverage of such ap-
proach.

4.1 Finite unions of Cartesian closed queries

We call an-ary queryCartesian closedf it is a Cartesian product of monadic queries,
andunambiguoudf it has the formqueryi'LS for some unambiguous tree automatn

Theorem 4. Run-based queries by unambiguous tree automata captureldlse of
finite unions of Cartesian closed regular queries.

Proof. Everyquery , g is a finite unionJsesquery 4 ¢, with singleton selection sets.
If A is unambiguous then we can represent queries with singsaigetion sets as by
the following Cartesian product:

queryA’{(pl )} = queryA’{pl} X ... X queryAv{pn}

,,,,,

This is, since all components of a tuple will be selected endgame successful run.

To prove the converse, let us first note that a cartesianaleggilar query is unam-
biguous. Indeed regular monadic queries are known to be bigaiwus run-based [16,
3]. Cartesian products of unambiguous queries are cleadynbiguous too.

It remains to prove that finite unions of unambiguous queaiesunambiguous.
Letq = U§:1 queryiiysi be such a union. Let us first assume that4llare strictly
unambiguous in that they permit precisely one succesdfipentree. We then define an
unambiguous automatofi as the product of thel;'s such thafinal(A) = final(A;) x
...xfinal(Ag). Letproj;(p) be thei—th component of a stajeof A. We let the selection
setS to be the set of all tuple§s, ..., p,) € states(A)™ for which there exists €
{1,...,k} such thatproj;(p1), . . ., proj;(pn)) € Si. Thus,q = query3 g.

10



Second note that we can make all unambiguous tree autamasérictly unam-
biguous. LetA; the deterministic automaton accepting the trees not aeddpt A;;
assuming4; and A; have disjoint sets of states, we defitas A; U A;. This automa-
ton A’ is strictly unambiguous and moreovqueryigysi = query3, s,-

The proof shows that unambiguous queries are closed unden,uand clearly,
they are closed under intersection. Squkry ., . yandquery, , . )areun-
ambiguous MSO queries, SO aj@ery, ., (,, ... .,) andaquery o, . y- Inother
words, the class of MSO formulas defining unambiguous gsiésielosed under con-
junction and disjunction.

Proposition 2. A query is unambiguous iff it can be expressed by a disjumctiaon-
junctions of MSO formulas with a single free variable each.

Proof. This follows from Theorem 4. Consider a Cartesian produetry , ¢, 4 X .. x
queryy ¢,y Suppose thatjuery, , , is equal toquery,, .., then their Cartesian
product can be expressed By A ... A ¢, (21, . .., x,). Unions of such queries can be
expressed by disjunctions. The converse follows from thewtk properties discussed
above.

Corollary 1. The class of unambiguous run-based queries is closed undgrlemen-
tation (and thus all Boolean opertions).

Proof. On the logical side, complementation corresponds to negaBy computing
disjunctive normal forms, negations can be pushed dowmnanadic MSO formulas.

4.2 Faithful language representations of unambiguous quégs.

To get a decidable characterization of unambiguity, we &iploit properties of some
tree language representations of a query.

Definition 4. Let L be a language of trees ovér x B".
L is saidk—faithful if sup,cp,. [{t * B |t x5 € L}| < k.
L is saidfaithful if it is k—faithful for somek.

Proposition 3. A languageL is faithful if and only if it is a finite union of —faithful
languages. Furthermore, a regular language is faithfulntieonly if it is a finite union
of regular1—faithful languages.

Proof. The first part of the property is straightforward from the digifon. For the sec-
ond one, it remains to prove that a regular language is tditnfly if it is a finite union
of regular1—faithful languages. More precisely, we will decomposke-daithful lan-
guage ink regularl—faithful languages. Lek be the lexicographic ordering ds"
and let us define a total strict orderinrgon trees froni's; g~ as follows:t 3 < t * 3
if (¢) B(e) < B'(€), or (ii) B(e) = B'(e) andty * By < 1 * By or (ii1) B(e) = B (e),
t1 % 01 = t1 * 0 anditq * B2 < o * 55 (Wheret; x 3; is the subtree at positiofof
t x (3). Obviously,< is a recognizable relation @fy «g» X T xpn.

So, L1, the set of greatest elements in the sense @fom L is effectively recog-
nizable. By induction/;, the set ofi-th greatest elements in the sense<ofrom L is
recognizable too. Ag is k—faithful, LisJ!_, L;.
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Proposition 4. 1. Ann-ary query is Cartesian closed query iff it has the fajoery ;.
for somel —faithful tree languagéd..
2. Ann-ary query is a finite union of Cartesian closed queries iffidts the form
query; for some faithful tree language.
3. Aregularn-ary query is unambiguous iff it has the foanery, for some faithful
recognizable tree language.

Proof. A queryq thatis Cartesian closed, for alE T's;, can be written a&’ x. . .x Ef .
For eacht € Ty, we consider the treex 39 defined by: for allr € nodes(t) and
BUw) = (by,...,by), bj « (7 € E!). DefiningL, as{t = % | t € Tx}, itis
easy to verify thayy = query,, and is1—faithful. Conversely, ifq is represented by
a 1—faithful languagey is clearly Cartesian closed. The rest of the propositiohést
directly obtained by noticing thdt);"_, query, = query . p, and by using the
Proposition 3 and Theorem 4.

4.3 Deciding unambiguity of queries

We show in this section that one can decide whether a reguéay query is unam-
biguous, or equivalently by Theorem 4 whether the query igitefunion of Cartesian
closed regular queries.

Note that deciding whether a regular query is Cartesiaredidés straightforward
using relationship between regular queries and MSO forsrautal using that the Carte-
sian closed property is MSO-definable. Considering finitens of Cartesian closed
regular queries requires more sophisticated techniques.

Letq a query. We will definemax(q), a tree language that represeptnd has good
compactness propertiesiax(q) will be faithful as soon ag has a faithful representa-
tion. Roughly speaking, a labeled tree 5 will be in max(q) if it is correct -the nodes
selected by? are ing(t)- and maximal -nd can be added while keeping correct-.

Let us define preciselyiax(q) for g a (regular) query defined by the (MSO) formula
bq(z1,...,75). Lt g™ (p1, ..., pn) be the following formula:

V.. Ve, pr(z) A Apn(2n) = ¢g(ar, ..., 2n)
AV, ﬁpi(l’i) — dzy .. dxy 3z .. J2y, Nji Dj (:17]) AN ﬁ(bq(.’ﬂl, e 733”)

Then, we definenax(q) asL(bmaxm(p1 ) for aregular query, max(q) is recog-
q yreen
nizable (and we can effectively construct an automatontfisom an automaton or an
MSO formula definingy).

Lemma 3. A queryg is a finite union of Cartesian closed queriesiiffx(q) is faithful.

Proof. By Proposition 4 we just have to prove that if the queris a finite union of
Cartesian closed queriesiax(q) is faithful. Let ¢ a finite union of Cartesian closed
queries. There exists some natural numbstit.q = Ule q} X ... X qy, eachq;i being
a monadic regular query.

Lett be a tree fronT’s;. For eachl < i < n, we define=;, an equivalence relation
onnodes(t) by mr=;m ifforall (71, ..., i1, Wit 1y ooy Tn )y (T1y evey Wiy Ty Wi 1y eoey T
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belongs toy(¢) iff (m1,...,mi—1, 7, Tit1, ..., ™) bDelongs tog(t). This just means that
m andr’ are, in some sense, interchangeablé-ih position. Then, letr and 7’ be
two nodes. If for each < j < k, = belongs tog;(t) iff 7’ belongs tog’(t), then
7 =; «'. This implies thats; is of finite index bounded bg*. Now lett x 3 be a term
in max(q). Let 7 selected in theé-th position byg, i.e., such thag(r); = 1. Then, by
maximality oft « 3, for eachr’ s.t.w =; ', we have als@(=’); = 1. This implies that
{7 | B(m); = 1} is an union of equivalence classes foy. So, the cardinality of the set
{t* |t e max(q)} is upper-bounded b; n2®,

Let us note that ifmax(q) is faithful as soon there is a faithful representation of
q, it is non necessarly the “most faithful” one or the “lesswedant” one. Indeed let
us suppose thai(t) = {(n1,n1), (n1,n2), (n1,n3), (n2,n1), (n2,n4)}, for somet.
A 2—faithfull representation can be based pm} x {ny,n2,n3}, {n2} x {n1,n4}
whereas inmax(q), a tree associated witfn,,ns} x {n;} will be added.

Now, letq a regular query (given by a tree automaton or a formula): fieston-
structA a deterministic automaton recognizingx(q). Then, we compute an automa-
ton proj(A) as in Theorem 2. Clearly the numbers of accepting runsiorproj(A) is
the cardinal of t « 3 | t * 8 € max(q)}.

A tree automatord is saidk-ambiguous if for any tree € T, there exists at most
k accepting runs fot in A. The degree of ambiguity of an automatdris bounded if
A is k-ambiguous for some natural number

So, by what precedes,is unambiguous iff the degree of ambiguity @bj(A) is
bounded, which can be decided:

Theorem 5 (Seidl [21]) Whether the degree of ambiguity of a tree automaton is balinde
is decidable. Furthermore their degree of ambiguity can &smputed.

As all contructions are effective, it gives us a decisiorcprure for unambiguous-
ness of;. Furthermore, let us note that if this gives us a way to compatunambiguous
automaton computing. Indeed, let us suppose that the degred & k. You can build
an automatord;, simulating A on trees which have at leaktaccepting runs im -
by making the product of copies ofA and checking thé& runs are different-; as the
degree ofA is k, A, will be unambiguous. Then, you can build an unambiguous au-
tomatonAy_; simulatingA on trees which have exactly— 1 accepting runs im, by
a similar construction and checking that the tree is not@ateceby A;. By iterating the
construction, you can builf4;, S;)%_,, with A; unambiguous automata simulatirg
on trees which have exactlyaccepting runs im: ¢ is the union of the corresponding
queries and by using effective closure under union, youlsan build an unambiguous
automaton foy.

Theorem 6. Ambiguity of a query is decidable. Furthermore, when a qyeésyunam-
biguous,(A4, S) with A an unambiguous automaton sjt—= queryis can effectively
be constructed.

To end this section, let us say a few words about the monadé& tathis case, il
is a deterministic automaton recognizimgx(q), let us note that the automatproj( A)
is always unambiguous -monadic queries are known unambggubBurthermore, it can
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be easily checked that this automaton is deterministieraféleting the unproductive
states- iff the query is determinsitic. So, it provides a Wwaglecide determinism and to
compute, when possible, a deterministic automaton whiahpetes the query.

5 Querying unranked trees

Our results carry over to unranked trees by hedge automptafdunranked tree is
build from a set of constants b € X' by the abstract syntax::= a(t4,...,t,) where
n > 0. A hedge automatoii/ over X' consists of a sedtates(H ), a setfinal(H) C
states(H ), and a setules(H) of rules of the forma(A) — p where A is finite word
automaton with alphabetates(H) andp € states(H ). Runs of hedge automafa on
unranked treesare functions- : nodes(t) — states(H ) defined as

t=a(ty,...,tn) V1<i<n:r €runsg(t;)
a(A) — p € rules(H) ri(e)...rn(e) € L(A)
p(r1,...,7n) € runsy(t)

Queries for the class of unranked trees o¥eare defined as before. The notion of
unambiguity (that is the existence of at most one run for @)toarries over literally
to hedge automata (in contrast to determinism). The sanus ot the notions of run-
based queries by hedge automata.

Theorem 7. Existential and universat-ary queries in unranked trees by runs of hedge
automata capturd1SO over run-ranked trees (comprising thext_sibl-relation). Run-
based queries by unambiguous hedge automata capture the ofdinite unions of
Cartesian closed queries. This property is decidable. @sey unambiguous hedge
automata have linear combined complexity.

We only give a sketch of the proof. The main idea is to conveetigs by hedge au-
tomata into queries by stepwise tree automata [6] for whicleaults apply. Stepwise
tree automata over an unranked signatlirare tree automata for binary trees with con-
stants in¥ and a single binary function symbal Stepwise tree automata can be under-
stood as tree automata that operate on Currified binary ergodf unranked trees. The
Currification ofa(b, c¢(d, e, f), g) for instance is the binary treg0bQ(cQd@e@ f)Qyg .

Stepwise tree automata were proved to have two nice prepeahat yield a simple
proof of the theorem. 1) N-ary queries by hedge automata eamanslated to-ary
queries by stepwise automata in linear time, and conversgbplynomial time. The
back and forth translations preserve unambiguity. 2) Adgeinted results on run-based
n-ary queries for binary trees apply to stepwise tree autamat
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