Multidamping simulation framework for link-based
ranking

Giorgos Kollias!, Efstratios Gallopoulos?

! University of Patras, Computer Engineering and Informatics Department
26500, Patras, Greece
gdk@hpclab.ceid.upatras.gr
2 University of Patras, Computer Engineering and Informatics Department
26500, Patras, Greece
stratis@ceid.upatras.gr

Abstract. We outline an approach for re-interpreting methods for ranking web
pages based on interesting recent work on matrix power series representations
for PageRank and its variants, such as Linear Rank, HyperRank and TotalRank.
This is based on some novel properties of Google type matrices. Multidamping
can be generalized and could help in the exploration of new approximations of
PageRank.

1 Introduction

Web Information Retrieval has emerged into an extremely dynamic topic of research,
providing the ground for contributions from and synergies across an extremely broad
spectrum of areas of Informatics and Computational Science and Engineering; see e.g.
[5,8,15,18,29]. The PageRank algorithm [35] introduces content-neutral ranking over
Web pages>. This ranking is applied on matrices derived from the link adjacency matrix
resulting from a crawl, or to the set of pages returned by the Google search engine in
response to posting a search query. PageRank is based in part on two simple, common
sense concepts: (i) A page is important if many important pages include links to it.
(i) A page containing many links has reduced impact on the importance of the pages
it links to. Linear algebra, graph theory and stochastic modeling play a key role. Two
viewpoints are to order the pages based on the nonnegative eigenvector (aptly described
as the $25, 000, 000, 000 vector in [17]), or the nonnegative solution of a linear system.
See [29] for a delightful mathematical account. A stochastic approach is to order based
on the steady state distribution of a Markov chain; other approaches are also possible,
see e.g. [1,12,21,32]. One especially interesting viewpoint is that of ranking based on
a link-expressing infinite series [34,14]. A critical parameter is the damping factor, p,
used to construct from the original link matrix the Google matrix, as it is often called.
Boldi et al. (see [3]), proposed to introduce greater flexibility into such series by care-
fully selecting its coefficients. We will establish here a new interpretation of the series
approach. Specifically, we will show that it is possible to represent the finite versions

3 Stanford Univ. holds the relevant US Patent as “A method for node ranking in a linked
database”.
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of this series as products of Google-type matrices, each built from the same link matrix
but, typically, different damping factors. This representation that we term multidamp-
ing, provides an alternative framework for the simulation and interpretation of ranking
vectors originally defined by means of finite series.

1.1 Notation

We follow Householder’s notational conventions, and use capital letters to denote ma-
trices, lower-case Roman letters for vectors except when designating dimensionality
indices, and lower-case Greek letters for scalars. Whenever possible, if a scalar belongs
to a matrix or vector, we will try to use the Greek letter best corresponding to the Ro-
man one. Similarly, vectors belonging to a matrix will be named according to the latter.
Furthermore, vectors will be column vectors. We denote by e the vector of all 1’s and
dimension commensurate with the context. As usual, for any square matrix A and vec-
tor b of commensurate size, we let K,,(A,b) := span(b, Ab, ..., A~ !b) denote the
Krylov subspace of dimension m.

Assuming that n pages are modeled, we denote the adjacency matrix by A (possibly
obtained by means of a web crawl, or synthetically generated using statistical results,
e.g. [16]). Therefore, a;; = 1 if and only if page 7 points to page j, otherwise cy;; = 0.
The transition matrix P has elements 7;; = «;;/deg(i) when deg() # 0, and zero oth-
erwise (dangling pages); here deg(i) = > ; €vij 1s the outdegree of page . From these,
we define the (column) stochastic matrix S, as S := P" +w d'; w = Le, where d is
the dangling indicator vector whose nonzero elements are 6; = 1 iff deg(i) = 0. The
Google matrix G is then* G := 1 S + (1 — p) v e . For a random web surfer about
to visit his next page, the damping parameter p € [0, 1] is the probability of choosing a
link-accessible page, otherwise, i.e., with probability 1 — p, a path from the complete
Web page set is selected based on the conditional probabilities in v. Vector v is referred
as personalization or teleportation vector, and matrix H := v e as teleportation ma-
trix. Note that because e "v = 1, H is an oblique projection. Typically, v = w, while
the choice of p is an element of debate and research. It is said that Google initially used
1 = 0.85. The value of i has a probabilistic interpretation, however it also affects the
convergence of iterative methods for computing PageRank; e.g. see [36]. Recent studies
indicate that a value close to 0.5 might be more appropriate [2]. Note that GG is nonneg-
ative, column stochastic and irreducible, therefore has a unique maximal eigenvalue,
A1 = 1. By Perron-Frobenius theory, there exist corresponding positive right and left
eigenvectors (%) such that Gx = z,y ' G = y " . Furthermore, if we assume that any
of them is normalized, then it is also unique.

* For the sake of consistency with the Householder convention outlined above, we opt to use
rather than « for the damping parameter, since the latter could be mistaken as an element of
A.
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2 Formulations of PageRank

Most frequently, Google’s PageRank is described in terms of either of the following,
equivalent, characterizations: ) As the eigenvector satisfying

PR = arg{G x = x}. (1)
i1) As solution of the linear system
xR = arg{(I - R) x = (1 — p)ve 'x = b}, (2)

where b = (1 — p) vand R = p S is the relaxed stochastic matrix in the sense that
a scalar multiple is stochastic. In exact arithmetic, the resulting vectors are the same.
Nevertheless, because of the size of the problem, the choice of definition and subsequent
specific algorithm selection pose interesting problems to researchers. Problem size, for
example, would typically prevent the use of direct methods for the linear system. A
casual glance at the literature appears to indicate that most published experiments have
been utilizing some of the simplest, iterative, algorithms: The power method for (7)
and simple relaxation methods for (i¢). In fact, the deployment of more sophisticated
numerical machinery appears to still be an exception rather than rule; for some of these
efforts, see e.g. [6,19,20,25,26].

2.1 Series representations

From (2) it follows that
PR = (I — uS) (1 — p). 3)

We next note that the spectral radius p(uS) < 1, therefore the sought vector can be
equivalently expressed by means of the convergent Neumann series,

= (1 =) p'S'y. )
i=0
It is somewhat instructive to verify that stochasticity is preserved:
e xPR = (1—p) ZuieTSiv =1,
i=0

Using normal forms for the Google matrix, it is possible to derive rational expressions
for the PageRank vector [36]. See [13] for an interesting survey of several algebraic
expressions for PageRank, including polynomial, series, rational and continued fraction
representations. There is something particularly interesting regarding infinite and finite
series expressions for the PageRank vector. This is related to graph theory, which is
another tributary area for the ranking problem. There is a very old, intimate connection
between graph path problems and matrix multiplication [23,31]. Specifically, if A is
a digraph’s adjacency matrix, then each element in position (7,7) of A¥ counts the
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number of paths of length & connecting nodes i and j. Therefore, term (4, j) of the
matrix series 2221 AF counts the total number of paths of length 1 up to x connecting
these nodes. In view of this, characterization (4) is not only an algebraic relation but
provides information related to paths. This idea did not remain unnoticed [3,14,33,34].
As noted in [14]:

“... the representation of PageRank as power series provides deeper insight into
the nature and properties of this ranking. The effects of the parameters, i.e. the
graph, the personalization vector and the damping factor, are clearly separated
from each other, and their influence on the resulting scores becomes clear”.

2.2 Functional ranking

The above ideas led researchers to alternative ranking vectors. Of greatest interest is
the idea, proposed and analyzed in [3], to generalize the series representation in (4) by
letting the coefficients be functions of y:

x¥ = Zw(j)Sjv (5
j=0

Function 1) is referred as damping function and the resulting ranking as functional. Even
though, as we will show, damping functions cannot be arbitrary, their presence makes
for some interesting choices for page ranking. In fact, relation (5) can be considered
to be template for a general ranking vector based on /. The above template allows the
representation of series with a finite number of terms, say x + 1, e.g. letting ¢ (j) =
0 for 5 > k. This permits to use damping functions to represent, within roundoff,
any implementation of PageRank, since, in practice, any iterative method computing
PageRank based on either (1) or (2) has to terminate, essentially returning a finite series
for its computed value. Moreover, since a functional damping as defined by (5) amounts
to the application of some function of matrix .S times a vector, it is well known that it is
completely determined completely by its values on the spectrum of S and can be written
exactly as a (finite degree) polynomial times a vector [24]. To occasionally highlight
the subtle difference between ¢) a series that is finite because the damping function ¥ is
selected to be 0 over a certain index value k, and 7) a finite implementation of an infinite
series, so that v is forced to be 0, we will specifically refer to the latter function and
series as truncated. Several damping functions and functional rankings were introduced
and analyzed in [3,9]. Linear Rank, for example, is

K .
26 +1—-3) .
LR(k) _ St s J) g 6
X A%
JZ::O(/@—FI)(F;—FZ) ©)
We describe several more in Section 4. Note that Linear Rank is represented by means
of a finite sum.

It is worth noting that it is not necessary for functional rankings to be provided
directly in the series form of template (5). For instance, the actual PageRank vector can
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be written in terms of the minimal polynomial of S with respect to v, say that it is of
degree m and denoted by ¢,,, (\) [13]:

PR = Gm-1(N)v, where g (A) = (A — 1)Gm-1(N\) @)

In fact, as will be established below, in analogy with polynomials, we can express the
series representation of functional ranking in a special product form that we will call
multidamping.

3 Multidamping

Many published papers on computing PageRank ([]) are based on characterization (1)
and apply the simple power method [4] on G. In order to facilitate notation, in the sequel
we will make explicit the dependence of G' on y and write G (11) := S + (1 — p)ve .
Therefore, remembering the fact that v is a probability vector so that ||v||; = 1, the
application of & steps of the power method amounts to using

x = G(u)*v (®)

as approximation to PageRank. In general, of course, the exact value is obtained letting
K — 00. The following lemma is of interest ([7]):

Lemma 1. Given A € R"*" u,v € R" and j > 0, then
(B+gh') =B+ K;E;L]

where K; = [g, Bg,...,Bi~'g], L; = [h, BTh,...,(BT)’~'h), and E; = eye(:, ] :
—1:1).

Note that Mat 1ab notation is explicitly used.

Corollary 1. Using the above on B := S, g := (1 — p)v, h := e from stochasticity
follows that

(G()" = pS* + (1 = p)(pre—1(S)v)e"
where p,_1(S) =1+ puS + -+ - pr=155=L

The use of the same p in every term of the product can be considered as a stationary
or homogeneous process. We now extend (10) and introduce the following definition:

Definition 1. Let S and v be as above, and the sequence of scalars {1, pia, ..., } €
[0, 1]. Then we call the transitions described by

v — G(u)v = Gpu2)G(pa)v — -+ = G(ug) - G(a)v ~ )

as a multidamping surfing process modeled by damping parameters {1, pia, ...} €
[0,1].
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If the sequence of nonzero damping values is finite, then, starting from vector v, and
applying the transitions, we obtain

x:=G(pyg) - G(ug)v. (10)

When the 41;’s are not all the same, the above corresponds to a time inhomogeneous or
non-stationary Markov process [28].
The following four results can be easily shown:

Lemma 2. Let G(p) as above. Then i) All G(p;) are stochastic and = p(G (1)) = 1.
i1) All products G(pj, )G (pj,) - - - G(p;,) are stochastic. iii) Ife v, thene " ([T,._, G(uj,)v) =
1.

Lemma 3. Ler S, G(u), H and v be as above. Then the following properties hold: 1)
Hv =v;ii) H> = H; 4ii) HS = H; iv) HG(u) = H.

Corollary 2. From the previous lemma it follows that any product of the form Py Py - - - P;v,
where each term P; is either H or S, can be simplified as follows: i) Anything to the
right of the first term H drops; it) terms that end with Hv become v.

Theorem 1.

KR

[TGw) = (11w ) s +E

j=1 j=1
where E := <E;;01 CjS’jv) e’ so that rank(E) = 1 and

Co = M H2fi1,
Cum1 = M- pro(1 — 1)

3.1 Tracing a path with multidamping

Assuming that H is the teleportation matrix corresponding to the personalization vector
v, then Hv = v. It is instructive to consider the expansion resulting from two steps
of multidamping defined by means of parameters {1, 12 }. The following derivations
depend critically on Lemma 3 and Corollary 2.

STEP 1

G(u)v = p1Sv+ (1 — ) Hv
= p1Sv+ (1 — p1)v € span(v, Sv)
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STEP 2

Gp2)G(p)v = popn S*v + pa (1 — pa) HSV + (1 — pun ) pp SHv
(1= ) (1 — po) H?v
= piapnS*v + (1 — ) p2Sv + (1 — p2)v
€ span(v, Sv, S*v)

In general, expanding the product form, the following pattern is obtained:

Gus) - Gu)v =[] S+ (1 —py)vel)v

Jj=r:—1:1
= ZCijV € Kﬁ+1(s, V),
j=0

for coefficients {(o, ..., {;;} so that

(e = H/ij» ZCj =1
j=1 =0

The first relation follows directly from the expansion of the product form while the
latter from the stochasticity of each term G(u;) and the fact that e v = 1. What is
especially interesting is that we can use the above to derive formulas for the damping
parameters {ji1, - - , fi } in terms of the coefficients {(p, - - - , {, } and vice-versa. This
is not too difficult, as the following example illustrates:

Example 1. Let k = 3, n) be a normalizing scalar and define p; := C_Cj - Then
i
papiapis = nGs o= pp=m=1- ﬁ
1-— Q0 — 1—p _ 1 _ 1
e e
- 1—po

M3=P1$M3=1—ﬁ

1—po

1 —ps =nC  1-ms

We can thus compute the damping parameters corresponding to the series coeffi-
cients as follows:

1 .
i = 1-— TH»I’Z = ].,...,K/,
1+ 1—piaa

where o =20

The above construction leads to the next Theorem.

Theorem 2. Let p,(0) := 3°7_, ;09 so that p,(1) = 1, and all {; > 0. Then there
exist pi; € [0,1],5 = 1,..., K, not necessarily distinct, such that

K

[T Glnso0) = 5" + s (e

j=1

where G (1) = p; S + (1 — pj)ve .
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Corollary 3. Let e w = 1. Then

K K Kk—1
[LGup)w =TT | S+ ¢S w.
j=1 j=1 §=0

Specifically, if w := v then H;”:l G(p;)v = pu(S)v.

Theorem 2 is central to our work. It says that it is possible, to express the series form
template for pagerank-type vectors as a multidamping process, that is in product form,
where each term is a Google-type matrix. Note that this differs from the usual product
form of a polynomial (cf. next Subsection). Because of this special type of factorization,
we can simulate functional rankings by means of multidamping processes:

Encode: From coefficients Z := {(y,...,(s} of power form representation of any
damping function compute values of damping parameters ¢(Z) = {1, ..., fix }-
Simulate: Compute p,,(S)v as application of multidamping G (u,,) - - - G(p11)v

In addition to providing an alternative computational mechanism for computing the
ranking vector, the multidamping representation could provide further insight into the
underlying functional ranking. For example, because of the nature of the damping pa-
rameters, sequence {1, fia, ..., i4; } can be viewed as describing a set of intentions or
pattern of behavior, possibly attributed to the “psychology” of the surfer: A value p = 1
implies that the surfer follows with certainty one of the preexisting links, while u = 0
means that the surfer does not care about existing links, but jumps anywhere, based
on the probabilities in v. Specific sequence pattern could be the result of a specific be-
havior, e.g. a monotonically increasing sequence might imply a surfer whose attention
is increasingly focused towards the preexisting structure, whereas a monotonically de-
creasing sequence, a surfer who is bored, and decides to “jump around”. The previous
theorem also implies that we could choose a specific sequence for the damping param-
eters, convert it into its series representation and obtain the corresponding functional
ranking as in the constructs of [3], i.e. effectively consider u’s as parameters for the v
damping functions.

3.2 Properties of multidamping

We next provide some further analysis for multidamping. The following theorem can
be used to obtain the eigenvalues of the Google matrix’.

Theorem 3. [11] Let A € R™ ™ be an arbitrary matrix with eigenvalues A1, ..., An, U
be an eigenvector associated with eigenvalue A\, and q any n-dimensional vector. Then
the matrix A +vq" has eigenvalues Ny, ..., \b—1, \ee + V1 @, Apt1y oer A

Alternative proofs can be found in [22,27,30].

Corollary 4. The eigenvalues of [[;_, G(1) are {1,7A5, ..., v\ }, wherey = [[}_; 1
(ordering does not matter).

5 We thank Stefano Serra-Capizzano for bringing Brauer’s paper to our attention.
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Proof. From stochasticity of .S, e is a left eigenvector corresponding to the largest unit

eigenvalue, therefore the maximum eigenvalue of (.. S” + p,._1(S)ve' is

Cr + €Tpn71(S)U = ZCJ =1
j=0

from results about the {(;}. The remaining eigenvalues are unaffected by the rank-1
perturbation, so they are {y\5, ..., yA%}

It is also instructive to compare the factorization implied by Theorem 2 with or-
dinary factorization. In particular, the expressions for functional ranking are x degree
polynomials in S, therefore, there exist w; € C, j = 1,..., k, so that

Pe(S)v = ¢, H(S —w; .

The difference from our approach is that each of the factors S —w; I is relaxed stochastic
since satisfies e ' (S — w;I) = (1 — wj)e instead of stochastic. Furthermore, unlike
the product form of Theorem 2, it is not Google-type. Critical to this is that when
the sequence of coefficients, (;, is positive decreasing, then the damping coefficients
i; € [0,1]. On the other hand, the shifts w; could be complex. It can be shown that
they are lie outside the closed unit disk by making use of the following theorem:

Property 1. Let p(z) = (2" + -+ + (p so that (; > 0 for all j. Then the following
properties, referred to as Enestrom-Kakeya, hold [10]: If (o > --- > (,; > 0 then all
the roots of p lie in the annulus

~ min i§|z|§_ max C—]

7=0,..., r—1 Cj"rl 7=0,..., r—1 Cj'f'l
If the coefficients are monotonically strictly decreasing, then all roots lie outside the
closed unit disk.

4 Simulating functional rankings with multidamping

In this section we illustrate, by means of selected examples, how multidamping can
provide an alternative viewpoint of generalized PageRank formulas based on functional
rankings.

LinearRank [3]

This corresponds, by construction, to a finite procedure: The surfer basically follows
the existing link structure (with random jumps only followed at dangling pages), shorter
paths are weighted most in a linear fashion, in such a way that paths longer than & steps
are not taken into account in ranking (x is effectively a “cut-off”” parameter)

K

_ 2(k+1—17)
“”LR_Z(/{H)(HQ)

=0

J
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Then if x = 2\ + 1, then
A 220+1

1132
Z2=(=,=, =, =, cc.——, ———).
#(2) (3’2’5’3’ >\+1’2/\+3)
orif Kk = 2\ + 2,
1132 2X+1 A+1
Z2)=(=,=,=,—,... —).
#(2) (3’2’5’3’ 2)\+3’)\+2)

LinearRank

\ y ‘ ;
eeoreaREEEaeaeess] —o— k=79
58RaS00S000000% —— k=39

®=29

snanEst

08l R
o7f 7 B
06F @ dl
05k 0 4

0.4 S

0.3 L L L L 1 1 I
o

Fig. 1. Multidamping parameter p; with respect to iteration step ¢ for various values of
“cut-off” parameter . It can be seen that the respective Google-type surfer progres-
sively focuses on the link structure in order to simulate LinearRank.

TotalRank [9]

TotalRank computes an average of classic PageRank vectors for teleportation parame-
ters p chosen uniformly over [0, 1]

TR :/ 2R (w)du = — S
0 (k) ;(J+1)(J+2)

We have two possibilities in introducing a multidamping surfer. We could either
forcibly truncate the TotalRank (TR) expansion or arrange for a very similar finite ver-
sion with coefficients summing up to one.
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Truncated TR
11 1
Zi{ ISR }
2°6 (k+1)(k+2)
then
K-+ 2 K-+ 2 K+ 2
gf)(Z): |: sty . PR} :|
2(k+1) (G+2)(k—3j+1) (k+1)2
Finite TR
11 1 1
Z:[7775 ) 57]
2’6 kK(k+1) k+1
K Jj+1 1
Z) = ., —
¢( ) [[{J’»l, 7j+27 72]

0.4

Fig. 2. Multidamping parameter p; with respect to iteration step ¢ for various values of
largest expansion order « for truncated TotalRank case. It can be seen that the respec-
tive Google-type surfer would have to spend most of his time focusing on the existing
link structure; however note the abrupt increase (decrease) phases during his first (last)
“clicks”; these phases can be the dominant feature for small .
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finite vs. truncated TotalRank

==

e

—©— k=9
—o- x=19
®=39

—©— x=79

0.4 I I I I L I

e AT
G Twl

I
20 30 50 60 70

80

Fig. 3. Multidamping parameter p; with respect to iteration step ¢ for various values of
largest expansion order « for fiinite TotalRank case: The surfer gets bored following the

existing link structure.

General hyperbolic rank [3]

General hyperbolic ranking (GHR) in a way generalizes TR by using an exponent pa-
rameter (3 in describing the effect of longer paths in ranking (with small 3’s actually

favoring contribution of longer paths)

GHR __ 1 -
() 2

1 .
- Sv
= G+1)7

where

= 1
¢(B) = Z my

Jj=0

8> 1.

i.e. Riemann’s zeta function. Figures 4 and 5 contain mu evolution for truncated ver-

sions of GHR expansion.
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truncated HyperRank, p=2
1 T T T

09

—*— k=40

\
*=60 JX i
—— =80
|

0.7
0.6
0.5

0.4

0.3 I I I I 1 I I
o 10 20 30 40 50 60 70 80

Fig. 4. Multidamping parameter p; with respect to iteration step ¢ for various values of
largest expansion order s for GHR case: Symmetry and behavior are similar to that of
TR as expected by the similarity in the corresponding expansions.

PageRank

Assume that we are given the first  + 1 terms of power series for (asymptotic) PageR-
ank,

Z={1—p (1= pp, (1= pm)p?, e (1= )"~ (1 = p)p”
then

1 1 1

Z)=1- ,
¢(2) Ttp T+p+p?” " p+p? 4 4 ps

This is actually a truncated version of classic PageRank, satisfactorily approximating it

in the “long run”, i.e. 1 — ﬁ — u, for large values of «.

5 Remarks

5.1 Some properties of 1

— Itis natural to impose the condition that coefficients of powers in S in the expansion
will be given by a decreasing function in the degree of the corresponding term.
This is due to the fact that larger powers in .S denote multiple-hop paths within



14 G. Kollias, E. Gallopoulos

truncated HyperRank, p=4
1 T T T

T
—¢— k=40

HM —*= ﬁigg Il
%& |
%
xﬁ <
*
%

] i
| i

0.2F |

01t | I

Fig. 5. Multidamping parameter p; with respect to iteration step ¢ for various values of
largest expansion order « for GHR case, # = 4: The symmetry of the previous figure is
lost, but practically the behavior is the same.

the Web graph; more hops increase the number of choices in paving a path and so
the corresponding probability of following a particular one is accordingly reduced.
This condition sets the following upper bound in choosing the next g in succession

Hit1 <
' 2= pug
12 ;
SO Limax = {3, 5,3,...}fori=1,2,3,...
— This condition permits generating successively smaller p1’s. However if we choose
the next u to be larger that the one preceding it, it follows that the maximum per-
missible difference between successive p’s is

1—2u+p?
6Mmax:
2—p

0 lbmax decreases with p and almost vanishes as ;1 — 1. This explains plateaus of
nearly constant p for large ¢ for some typical cases.

6 Conclusions

We showed that it is possible to convert polynomials of the form p(S)v that corre-
spond to many published functional rankings, into products of Google-type matrices,
where each depends on a valid damping value; not all values are necessarily equal. This
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p=095 .4

0.9+
1=0.85

RS

0.8

0.7

0.6

1=0.50

05

0.4

0.3 I I I I I
o 10 20 30 40 50 60

Fig. 6. Multidamping parameter p; with respect to iteration step ¢ for various values of
largest expansion order & for truncated PageRank case: our simulation surfer soon after
his first clicks faithfully adopts the classic Google-type random surfer (constant ).

generalizes the homogeneous, discrete-time, finite-state Markov process whose station-
ary distribution is the PageRank vector. Therefore, our approach is a tool that can be
used towards the better understanding of link based ranking schemes. We note that the
process can be further generalized to one also involving multiple personalization vec-
tors. It also enables (and this is subject of ongoing work) the definition of alternative
PageRank-like orderings by suitable choice of the damping coefficients.
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