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Abstract
We consider a shortest path problem for a directed graph with edges labeled with a cost and
a capacity. The problem is to push an unsplittable flow f from a specified source to all other
vertices with the minimum cost for all f values. Let G = (V, E) with |V | = n and |E| = m.
If there are t different capacity values, we can solve the single source shortest path problem t
times for all f in O(tm + tn log n) time, which is O(m2 ) when t = m. We improve this time to
O(min(t, cn)m + cn2 ), which is less than O(cmn) if edge costs are non-negative integers bounded
by c. Our algorithm performs better for denser graphs.
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Introduction

We consider a network optimization problem such that each edge has two quantities associated,
that is, cost and capacity. We want to maximize a flow from a specified source vertex s to
a destination vertex v with minimum cost. Here we have two objectives; flow amount and
path cost. Both cannot be optimized at the same time. Let us call the minimum cost path
the shortest path. We need to compute the shortest path for the given flow value f for all
possible f . An example is the routing problem in a train network. Suppose f passengers
want to travel together in a group from a station specified as the source vertex s to the
destination station expressed by vertex v. On the way they may need to change trains at
several stations. The capacity of an edge corresponds to the remaining number of seats on
the train and the cost corresponds to the fare. Let d be the cost of a path from s to v and f
be the flow (unsplittable) from s to v. The pair (d, f ) is called a df -pair.
Another example is a computer network. Here vertices correspond to hub computers and
edges correspond to the links. Capacities are band-widths and flows are packet sizes to be
sent. It is regarded as better if packets are transmitted together to prevent packet loss and
recovery.
If d ≤ d0 and f ≥ f 0 , (d, f ) is better than or equal to (d0 , f 0 ), the latter being redundant
and represented by the former. Otherwise, excluding the opposite case, they are incomparable.
We only need to compute incomparable df -pairs.
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Similar problems in the literature are the multi (bi)-objective shortest path problem
[11] and the minimum cost flow problem [1]. In the former, the two objectives are similar;
additive costs over paths. In our problem, they are cost and capacity. In the latter, the flow
can be split over several paths to minimize the cost. In our model, a flow cannot be divided.
Unsplittable flow is studied in a few papers such as [3] and [9], in which flow amounts are
considered and costs are not.
The network optimization model in this paper is simple enough to be used by network
practitioners, but to the author’s knowledge there is no algorithmic or theoretical analysis on
this model in the literature apart from the recent [15], [16] and [14]. [15] improves the second
term in the complexity of O(tm + tn log n), the first remaining O(tm). This paper improves
the first term. [16] and [14] deal with the all pairs shortest path for all flows (APSP-AF)
problem. The complexity in this paper is better in certain combinations of t and c.
The algorithmic technique is viewed as information sharing described in [18], which solves
the all pairs shortest path problem efficiently. More specifically, for a graph with n vertices,
the single source shortest path problem is solved n times by changing the source n times,
where they share common resources obtained in advance as preprocessing or during the
course of computation. In our problem, we solve the single source shortest path problem for
all flow amounts simultaneously utilizing some common data structures.
To prepare for the later development, we describe the single source shortest path problem
for all flows (SSSP-AF) in the following. Let G = (V, E) be a directed graph where
V = {v1 , · · · , vn } and E ⊆ V × V . Let |E| = m. The cost and capacity of edge (u, v)
is a non-negative real number denoted by cost(u, v) and a positive real number cap(u, v)
respectively. We specify a vertex, s, as the source. A shortest path from s to vertex v is a
path such that the sum of edge costs of this path is the minimum among all paths from s to
v. The minimum cost is also called the shortest distance. The single source shortest path
problem (SSSP) is to compute shortest paths from s to all other vertices.
The bottleneck (value) of a path is the minimum capacity of all edges on the path. The
bottleneck of the pair of vertices (u, v) is the maximum bottleneck of all paths from u to v.
Such a path is called the bottleneck path from u to v. The single source bottleneck path
(SSBP) problem is to compute the bottleneck paths from s to all vertices v. The bottleneck
from s to v is the maximum flow value of a simple path from s to v. Those two problems
are well studied. For the bottleneck path problem the readers are referred to [13] for single
source and [10] for all pairs.
If we send a smaller unsplittable flow from s to v, there may be a shorter path from s to
v. Thus it makes sense to compute the shortest paths from s to v for all possible flows for
all vertices v, which is called SSSP-AF. We compute a tuple of pairs (d, f ), called a df -pair,
for each v where d is the shortest distance of a path that can push f to v.
I Example 1. An example graph with solutions is given in Figure 1 with v1 as the source. A
pair of cost and capacity is attached to each edge. Also df -pairs are attached to each vertex
as worked solutions with d’s and f ’s in increasing order. For example, we have (3, 1)(6, 3)(7,
4) at vertex v4 . This means if we want to carry the flow amount of 4, we need to take the
path of (v1 , v3 , v4 ) at the cost of 7. If the flow is 3, we have a cheaper path of (v1 , v2 , v3 , v4 ).
If we push just 1, the path (v1 , v2 , v4 ) costs us 3. If we want to push 2, this flow amount
is missing from the df -pairs at v4 . The df -pair (6, 3) covers this case, meaning there is no
cheaper route than for flow 3. df -pairs are worked out for other vertices as well. The df -pair
(6, 3) at v4 is obtained from (4, 3) at v3 and the label on edge (v3 , v4 ), which is (2, 5), that
is, 6=4+2 and 3=min{3, 5}.
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Figure 1 An example graph with incomparable df -pairs.

The problem can be solved by removing edges one by one. Suppose there are t different
capacity values cap1 , . . . , capt in this order. The simplest algorithm looks like:
for i = 1 to t do begin
Remove edges whose capacity is less than capi
For the flow f such that capi ≤ f < capi+1 ,
solve the single source shortest path problem for the resulting graph.
end
If we use a Fibonacci heap [12] for Dijkstra’s algorithm [8], the complexity of this algorithm
becomes O(tm + tn log n), including the time for sorting capacities. This trivial upper bound
is our starting point. The above algorithm works for edge costs of non-negative real numbers.
In this paper, we improve the complexity when edge costs are non-negative integers bounded
by a small positive constant c, achieving O(min{t, cn}m + cn2 ) ≤ O(cmn). The trivial
complexity above is strongly polynomial, while our complexity is pseudo-polynomial. The
point here is that we have a speed-up when c is small. When t = O(m) and m = O(n2 ),
the trivial complexity hits O(n4 ), called quartic, while our complexity O(cn3 ) can stay
sub-quartic when c = o(n). Similar studies are done on the all pairs shortest path problem
(APSP) with integer edge costs such as [2], [17] and [20], who investigated up to what value of
c we can stay in sub-cubic for the APSP complexity. The best bound for such c is O(n0.624 ) if
we use the Coppersmith-Winograd matrix multiplication algorithm. Recent studies improve
this bound slightly.
The rest of the paper is as follows: In Sections 2 and 3, SSSP and SSBP are described
in a pedagogical way so that we can see how they can be combined to solve the SSSP-AF
problem. In Section 4, SSSP-AF is solved with the data structure of a one dimensional
bucket system. The computational complexity of the approach described in this section is
already known [15]. In Section 5, we improve the complexity in Section 4 by introducing
another data structure and enhancing the one-dimensional bucket system. This section is the
major contribution of the paper. In Section 6, we define the single source bottleneck path
for all costs (SSBP-AC) problem. Although we can design an algorithm for this problem on
its own, we show the problem can be solved as a by-product of the algorithm in Section 5.
Section 7 concludes the paper. We use up-right fonts for some long names of variables and
functions for readability.

2

Single source shortest path problem

We describe Dijkstra’s algorithm [8] below in our style. The set S, called the solution set, is
the set of vertices to which the shortest distances have been finalized by the algorithm. The
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set F , called the frontier set, is the set of vertices which is outside S and can be reached
from S by a single edge. We note that the distances to vertices in F can be limited to a
small band when edge costs are bounded by a small integer.
Let OU T (v) = {w|(v, w) ∈ E}. The solution (the shortest distances from s) is in the
array d at the end of the computation. To simplify presentation, only the shortest path
distances are calculated, not the shortest paths. We assume all vertices are reachable from
the source. Paths are given by a sequence of vertices such that for two successive vertices u
and v, there is an edge (u, v). We list two invariants maintained by Algorithm 1 below.
(1) S is the set of vertices v to which shortest distances are worked out in dist[v].
(2) If v is in F , dist[v] is the distance of the shortest path that lies in S except for the end
point v itself.
I Lemma 2. The invariants (1) and (2) are kept through Algorithm 1.
Proof. Lemma is true before while. Suppose (1) is true immediately after line 4. If there is
a shorter path to v after line 5 via another vertex, say u, in F , which must exist to reach v,
then dist[u] is shorter than dist[v], which is a contradiction. After v is included in S, all w in
F or in V − S − F are updated with the smallest possible dist[w]. Thus (2) is preserved. J
Throughout the paper, comments are given in the pseudo codes of the algorithms by the
double slash for readability.
Algorithm 1
1. S = ∅
2. dist[s] = 0; dist[v] = ∞ for all v 6= s
3. F = {s}
4. while F is not empty do begin
5.
v =delete-min(F ) // with key dist[v]
6.
S = S ∪ {v}
7.
for w ∈ OU T (v) do
8.
if w ∈
/ S then
9.
if w ∈ F then dist[w] = min{dist[w], dist[v] + cost(v, w)} //decrease-key
10.
else begin dist[w] = dist[v] + cost(v, w); F = F ∪ {w} end // insert
11. end

At the end of computation F becomes empty and S becomes V , giving the solution in
dist. We use a simple data structure of one-dimensional bucket system with array Q. Q[i] is
a list of items whose key value is i. Items in our case are vertices. We observe delete-min
or delete-max operations can be done in O(cn) time in total where cn is the size of Q, and
decrease-key or increase-key, and insert can be done in O(1) time per operation.
I Theorem 3. Algorithm 1 solves the SSSP in O(m + cn) time [7].
Proof. We use a one-dimensional bucket system for the priority queue following Dial’s idea
[7], where total delete-min takes O(cn) time and each insertion and decrease-key takes O(1)
time. Suppose there are mi edges from vertex vi . Summation of mi O(1) gives the result,
where m = m1 + . . . + mn .
J
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3

Single source bottleneck path problem

We modify Algorithm 1 slightly for the single source bottleneck path problem. Note that we
can push flow f from s to v through a path whose bottleneck value is f . The bottleneck
path is sometimes called the widest path, where the capacity of an edge is viewed as the
width. The solution set S and frontier set F are similarly defined.
(1) S is the set of vertices v to which maximum flows are worked out in f low[v].
(2) If v is in F , f low[v] is the flow of the path with the maximum flow to v that lies in S
except for the end point v itself.
We use array “f low” instead of “dist” in the following. Capacities, which are non-negative
real numbers, are sorted and normalized to integers 1, . . . , t, t + 1, where there are t different
capacity values in the graph and t + 1 represents ∞. Note that t ≤ m.
Algorithm 2
1. S = ∅
2. f low[s] = t + 1; f low[v] = 0 for all v 6= s
3. F = {s}
4. while F is not empty do begin
5.
v =delete-max(F ) // with key f low[v]
6.
S = S ∪ {v}
7.
for w in OU T (v) do
8.
if w ∈
/ S then
9.
if w ∈ F then f low[w] = max{f low[w], min{f low[v], cap(v, w)}} //increase-key
10.
else begin f low[w] = min{f low[v], cap(v, w)}; F = F ∪ {w} end // insert
11. end

I Lemma 4. Invariants (1) and (2) are kept through the iteration in the while loop.
Proof. Omitted.

J

I Theorem 5. After normalization of capacities, Algorithm 2 solves the SSBP in O(m + t) =
O(m) time.
Proof. Omitted.

4

J

Single source shortest paths for all flows

We parameterize Dijkstra’s algorithm with the flow value f . Array dist[v] is extended to
dist[v, f ] whose intuitive meaning is the distance of the shortest path that can push f to
v. The solution set S is extended to S(f ), meaning the solution set for the SSSP for the
flow value f . Data structure Q is used for F such that items (v, f ) are kept in the list at
Q[dist[v, f ]], that is, dist[v, f ] is the key. The idea is to solve t + 1 SSSP’s in parallel with
the shared data structure Q.
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Algorithm 3
Main data structures
dist[v, f ] : currently shortest distance of path from source s to vertex v that can push flow f .
Q : a one-dimensional array of lists of items (v, f ). If Q[d] includes (v, f ), dist[v, f ] is d. In
each list the same vertex may appear more than once with different f . This part will be
improved in Algorithm 4.
Pointer array indexed by (v, f ) : pointer[v, f ] points to item (v, f ) in Q. Capacities are
normalized to 1, . . . , t, t + 1.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.

S[f ] = ∅ for f = 1, . . . , t, t + 1 // t+1 is for infinity
dist[s, f ] = 0 for f = 1, . . . , t, t + 1; Other dist are initialized to ∞
Q[0] = {(s, t + 1)}
while Q is not empty do begin
(v, f ) =delete-min(Q) // with key dist[v, f ]
S[f ] = S[f ] ∪ {v}
for w in OU T (v) do begin
d∗ = dist[v, f ] + cost(v, w) // candidate distance for w
f ∗ = min{f, cap(v, w)} // candidate flow for w
if w is not in S[f ∗ ] then
if (w, f ∗ ) ∈ Q then dist[w, f ∗ ] = min{dist[w, f ∗ ], d∗ } //decrease-key
else begin dist[w, f ∗ ] = d∗ ; Q = Q ∪ {(w, f ∗ )} end // insert
end
end

The following lemma is obvious.
I Lemma 6. In Algorithm 3, we have f ≤ f 0 ⇒ S(f ) ⊇ S(f 0 )
We establish two assertions similar to those in the previous sections.
(1) For all v in S[f ], dist[v, f ] is the distance of the shortest path from s to v that can push
flow f .
(2) For all (v, f ) in Q, dist[v, f ] is the distance of the shortest path from s to v that can
push flow f whose vertices are in S[f ] except for the end point v.
I Lemma 7. The above invariants (1) and (2) are kept through iterations by the while-loop.
Proof. The proof is based on induction overthe while-loop. Before the while-loop (1) and
(2) are obviously true. Suppose there is a shorter path to v via u in Q that can push flow
f at line 5. This means dist[u, f ] < dist[v, f ], which is a contradiction to line 5 that chose
dist[v, f ] as minimum. To push flow f ∗ via v after v is included in S[f ], we update all (w, f ∗ )
in Q with possible shorter distances via v, or include (w, f ∗ ) if it was outside Q with the new
distance via v. Note that S(f ∗ ) ⊇ S(f ) from Lemma 6, meaning the path in S(f ) for (w, f ∗ )
is included in S(f ∗ ) except for w. Thus at the end of one iteration (2) is preserved.
J
I Theorem 8. Algorithm 3 solves SSSP-AF in O(tm + cn) time [15].
Proof. The correctness is seen from the fact that at the end of the algorithm the set S(f )
includes all v to which flow f can be pushed. The time is analysed from delete-min and
decrease-key/insert. The former takes O(cn). The latter takes O(tm), because each vertex
vi joins S(f )’s at most t times and decrease-key/insert takes O(tmi ) for each vi , where
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|OU T (vi )| = mi , resulting in O(tm) over summation on i. Note that all (v, f ) in Q are
distinct so that we have at most t such (v, f )’s in Q for each v.
J
The following monotone property is obvious and can be used for obtaining the solution,
i.e., incomparable df -pairs in increasing order for each vertex.
I Lemma 9. It holds for finalized distances that f ≤ f 0 ⇒ dist[v, f ] ≤ dist[v, f 0 ].
From this lemma, we can list up incomparable df -pairs in increasing order for each v.
// L[v] is the container of the solution for v. “||” is to append a pair to the list.
L[v] = φ; dist[v, 0] = ∞ for all v
for each v do
for f = 1 to t do
if dist[v, f ] < ∞ and dist[v, f ] 6= dist[v, f − 1] then L[v] = L[v]||(dist[v, f ], f )
In [4] and [6], the simple one-dimensional bucket system is generalized to the k-level
cascading bucket system for SSSP. The following is a very brief sketch of the data structure.
Readers interested in algorithm structures may skip to the end of this section.
I Example 10. An example of a 3-level radix-10 bucket system is given below. The initial
list of keys is (7, 31, 34, 38, 56, 78, 113, 456, 477, 812, 1256, 1279).
Base = 0, a0 = 7, Q[0] = (φ, φ, φ, φ, φ, φ, φ, (7), φ, φ)
Base = 0, a1 = 3, Q[1] = (φ, φ, φ, (31, 34, 38), φ, (56), φ, (78), φ, φ)
Base = 0, a2 = 1, Q[2] = (φ, (113), φ, φ, (456, 477), φ, φ, φ, (812), φ, φ, φ, (1256, 1279))
After delete-min, key 7 at level 0 is deleted and for the next next delete-min, list (31, 34, 38)
is re-distributed to level 0, resulting in
Base = 30, a0 = 1, Q[0] = (φ, (31), φ, φ, (34), φ, φ, φ(38), φ)
Base = 0, a1 = 5, Q[1] = (φ, φ, φ, φ, φ, (56), φ, (78), φ, φ)
Base = 0, a2 = 1, Q[2] = (φ, (113), φ, φ, (456, 477), φ, φ, φ, (812), φ, φ, φ, (1256, 1279))
After deleting 31 for delete-min suppose we decrease key 477 to 59, that will go out of level 2
and join key 56 at level 1. Due to the nature of Dijkstra’s algorithm, it will not go to a lower
level than Q[0].
Now the initial key value d[v] = cost(s, v) is given like a radix-p number, where only xk−1
may exceed p − 1.
d[v] = xk−1 pk−1 + . . . + x1 p + x0

(0 ≤ x0 , x1 , . . . , xk−2 ≤ p − 1,
0 ≤ xk−1 ≤ dc/pk−1 e − 1) for some k.

The data structure has k levels of buckets. At the i-th level for each i, there are p buckets.
Let i be the largest index of non-zero xi . Item v is inserted into the xi -th bucket at level i
for all v in the frontier. During the computation, we maintain the items in the appropriate
buckets based on the current value of d[v]. Let ai , called the active pointer, be the smallest
index of a non-empty bucket in level i. The role of ai is to skip many empty buckets at level
i. The base for level i, Bi , and the range for the j-th bucket at level i, Rj , are defined by
Bi = ak−1 pk−1 + . . . + ai+1 pi+1 , Rj = [Bi + jpi , Bi + (j + 1)pi − 1]
If item v is in level i for d[v] = xk−1 pk−1 + . . . + x1 p + x0 , i is the largest index such
that ak−1 = xk−1 , . . . , ai+1 = xi+1 and ai =
6 xi . Items move from a higher level to a lower
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level and from a higher bucket to a lower bucket in the same level. The minimum can be
found by scanning for a non-empty level and then the first non-empty bucket. For delete-min,
the keys in this bucket are re-distributedto lower levels, finally creating a non-empty bucket
at level 0.. Decrease-key can be done by moving the item in the data structure. Insert
can be done by putting the item at the largest level and follow decrease-key. Suppose we
solve t SSSP’s. In [18], it is shown that t SSSP’s can be solved in O(tm + tn log(c/t)) time
with this data structure. In [18], the data structure is used for the all pairs shortest path
problem, where t = n, achieving the complexity of O(mn + n2 log(c/n)). We can use the
data structure for the SSSP-AF problem where t SSSP’s are solved in O(tm + tn log(c/t))
time. This complexity is good when c is large with a better second term, but when t is
large, the first term of O(tm) is outstanding. The same thing can be said of Thorup’s data
structure [19] that spends O(tm + tn log log c) time when applied to our problem. We try to
improve the first term in the next section.
We note at this stage that in the list Q[d] for some d in the one-dimensional system, there
might be items (v, f ) and (v, f 0 ) such that f 6= f 0 for some v. The following section is to
prevent this duplication of items for the same v with more formalism.

5

A faster algorithm for SSSP-AF

I Definition 11. Natural order ≤n is defined on df -pairs, (d, f ) and (d0 , f 0 ), by
(d, f ) ≤n (d0 , f 0 ) ⇒ d ≤ d0 ∧ f ≤ f 0
Merit order ≤m is defined on (d, f ) and (d0 , f 0 ) by
(d, f ) ≤m (d0 , f 0 ) ⇒ d0 ≤ d ∧ f ≤ f 0
The natural order represents a numerical order while the merit order specifies which is better
for our objective. Note that both are partial orders.

I Definition 12. For v in S[f ], pair (dist[v, f ], f ) is said to be Pareto optimal at v if there is
no pair (dist[v, f 0 ], f 0 ) such that v is in S(f 0 ) and (dist[v, f 0 ], f 0 ) >m (dist[v, f ], f ). In other
words, (dist[v, f ], f ) is Pareto optimal if there is no better df -pair so far at v.

The priority queue Q is augmented by array f low, which is initialized to all 0. f low[v, d] is
the maximum flow so far from s to v with cost d. We maintain each list Q[d] such that each
v appears at most once in the list. If (v, f ) is to be inserted to list Q[d], where d = dist[v, f ],
f low[v, d] is consulted. If f ≤ f low[v, d], this insertion is ignored. If not, (v, f low[v, d]) is
deleted from Q, (v, f ) is inserted and f low[v, d] is updated to f . Decrease-key(v, f ) is to
perform delete(v, f ) and insert(v, f ) with the new distance. We maintain pointers for each
pair (v, f ) to locate (v, f ) in Q in O(1) time. Delete-min takes O(cn) time in total.
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Algorithm 4
Main data structures
dist[v, f ] : same as Algorithm 3
Q : a one-dimensional array of lists (buckets) of items (v, f ). If Q[d] includes (v, f ), dist[v, f ]
is d. In each list every vertex appears at most once.
f low : f low[v, d] gives the maximum flow that can be pushed from s to v through a path in
S(f ) except v with cost d. The size of array f low is O(cn2 ).
Pointer array indexed by (v, f ) : same as Algorithm 3
0. dist[v, f ] are initialized to ∞ for all v 6= s and f
1. S[f ] = ∅ for f = 1, . . . , t, t + 1; // t + 1 is for infinity
2. dist[s, f ] = 0 for f = 1, . . . , t, t + 1; f low[v, d] = 0 for all v and d
3. Q[0] = {(s, t + 1)}
4. while Q is not empty do begin
5.
(v, f ) =delete-min(Q) // with key dist[v, f ]
6.
S[f ] = S[f ] ∪ {v}
7.
for w in OU T (v) do begin
8.
d∗ = dist[v, f ] + cost(v, w) // candidate distance for w via v
9.
f ∗ = min{f, cap(v, w)} // candidate flow for w via v
10.
if w is not in S[f ∗ ] then
11.
if (w, f ∗ ) is in Q then begin
12.
dist[w, f ∗ ] = min{dist[w, f ∗ ], d∗ }
13.
decrease-key(w, f ∗ )
14.
f low[w, d∗ ] = max{f low[w, d∗ ], f ∗ }
15.
end
16.
else begin
17.
dist[w, f ∗ ] = d∗
18.
insert(w, f ∗ )
19.
f low[w, d∗ ] = f ∗
20.
end // if-else
21.
end // for
22. end // while
23. procedure insert(w, f ∗ )
24. begin
25.
if f ∗ > f low[w, d∗ ] then begin
26.
if (w, f low[w, d∗ ]) is in Q then delete(w, f low[w, d∗ ])
27.
Q = Q ∪ (w, f ∗ ) // insert with key dist[w, f ∗ ]
28.
end
29. end
30. procedure decrease-key(w, f ∗ )
31. begin delete(w, f ∗ ); insert(w, f ∗ ) end

The loop invariants (1) and (2) in the previous section hold for Algorithm 4 as well. In
addition we have the following lemma, which is similar to (2).
I Lemma 13. For all v and d, let f = f low[v, d]. If (v, f ) is in Q, f is the maximum flow
of the path with cost d that can push f from s to v whose vertices are in S[f ] except for the
end point v.
Proof. Suppose this invariant holds at the beginning of the while loop. After v is included
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in S[f ], f low[w, d∗ ] is updated at lines 14 and 19. Note that we have f ∗ ≤ f and thus
S[f ∗ ] ⊇ S[f ] from Lemma 6. Thus the path is in S(f ∗ ) except for the end point and the
lemma holds for f ∗ = f low[w, d∗ ] as well.
J
I Lemma 14. At each iteration of while loop, pair (dist[v, f ], f ) is Pareto optimal for any
(v, f ) ∈ S[f ] at line 5.
Proof. Suppose the statement is true at the beginning of each iteration. We perform one
more iteration. Suppose (dist[v, f ], f ) is not Pareto optimal for some v and f at the end of
the iteration. Then for some (dist[v, f 0 ], f 0 ) we have (dist[v, f 0 ], f 0 ) >m (dist[v, f ], f ), which
means.
(dist[v, f 0 ] < dist[v, f ] ∧ f 0 ≥ f ) ∨ (dist[v, f 0 ] ≤ dist[v, f ] ∧ f 0 > f ).
By a simple calculation, this is equivalent to
(dist[v, f 0 ] < dist[v, f ] ∧ f 0 ≥ f ) ∨ (dist[v, f 0 ] = dist[v, f ] ∧ f 0 > f ).
This contradicts the fact that dist[v, f ] is the distance of the shortest path that can push
f to v, or the fact that (v, f ) is updated (in the form of (w, f ∗ )) with the maximum possible
f by consulting f low[v, dist[v, f ]]. Lemma 13 guaratees f is the maximum flow to v with
cost dist[v, f ].
J
In the following lemma we abbreviate (dist[v, f ], f ) as (d, f ).
I Lemma 15. All Pareto optimal df-pairs at any v can be sorted in increasing natural order.
Furthermore if (d, f ) ≤n (d0 , f 0 ), we have d < d0 and f < f 0 .
Proof. If not sorted in natural order, there must be (d, f ) and (d0 , f 0 ) at v such that d > d0
and f ≤ f 0 or d ≤ d0 and f > f 0 . Then (d, f ) <m (d0 , f 0 ) or (d, f ) >m (d0 , f 0 ), a contradiction
to Pareto optimal. The latter half can be seen as follows: Suppose there are (d, f ) and (d0 , f 0 )
at v such that d = d0 or f = f 0 , which is a contradiction to Pareto optimal.
J
I Theorem 16. Algorithm 4 solves SSSP-AF in O(min{t, cn}m + cn2 ) time.
Proof. Correctness is similar to that of Theorem 8. We measure the complexity by the
number of accesses to major data structures. If a one-dimensional bucket system is used
for Q, the total time for scanning the array for delete-min is O(cn). For edge inspection at
line 7, we observe pair (v, f ) at line 5 brings Pareto optimal (dist[v, f ], f ) at v. The size of
the Pareto optimal solution at each v is bounded by min{t, cn} from the previous lemma.
Thus the number of edge inspections for decrease-key and insert at line 7 is bounded by
min{t, cn}mi for vertex vi . Summation over i can give us the time for decrease-key and
insert being O(min{t, cn}m). The initialization for array dist, array f low and Boolean
arrays for membership of S[f ∗ ] and Q used at lines 10 and 11 takes O(cn2 + tn). Thus the
total time is given by O(min{t, cn}m + cn + (cn + t)n) = O(min{t, cn}m + (cn + t)n) =
O(min{t, cn}m + cn2 ).
J
I Corollary 17. The SSSP-AF problem with edge costs bounded by c can be solved in O(cmn)
time. If the cost is a unit, it can be solved in O(mn) time.
Note. We could use the cascading bucket system to improve delete-min operations to
O(tn log(c/t)), but cannot improve the complexity of O(cn2 ) for the initialization of f low.
It is open whether we can improve this time for initialization. In a way we improved the
complexity of the first term at the higher cost of the second term, resulting in a better overall
complexity for c = o(n).
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Single source bottleneck paths for all costs problem (SSBP-AC)

For every given cost d, we work out maximum flow f low[v, d] that can be pushed from s to
v for all v and d. Although we can design an algorithm for this problem by swapping the
roles of distance and f low in Algorithm 4, Algorithm 4 already solves this problem in array
f low. Following the monotone property of f low similar to Lemma 9, the solution can be
obtained by
L[v] = φ; f low[v, 0] = 0 for all v
for each v do
for d = 1 to cn do if f low[v, d] > 0 then
if f low[v, d] 6= f low[v, d − 1] then L[v] = L[v]||(d, f low[v, d])

7

Concluding remarks

Let us analyze our complexity as compared with the best known result in [15], which is
O(m2 + mn log(c/m)). If t = m, we can say the degree of variety of the graph is high, that
is, every edge has a distinct capacity. We take this case of t = m following [15]. Let us
define the density of the graph by e = m/(n(n − 1)) [5], which is approximated by e = m/n2 .
The complexity in [15] becomes O(m2 ) = O((en2 )2 ) as the second term of the complexity
becomes minor. Our complexity becomes O(cen3 ). Thus our complexity is better when
c ≤ en. We can say our algorithm performs well for denser graphs, i.e., with e close to 1.
When c = O(n) or costs are real numbers for a dense graph, i.e., m = O(n2 ), the
complexity is standing at O(n4 ) with only n as a complexity parameter. It is open whether
sub-quartic is possible. There are some possibilities to extend our idea to improve time
complexities for the all pairs shortest paths for all flows (APSP-AF) problem.
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