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Preface
The 9th Conference on the Theory of Quantum Computation, Communication and Cryptography was held at the National University of Singapore, from the 21st to the 23rd May
2014.
Quantum computation, quantum communication, and quantum cryptography are subfields
of quantum information processing, an interdisciplinary field of information science and
quantum mechanics. The TQC conference series focuses on theoretical aspects of these
subfields. The objective of the conference is to bring together researchers so that they can
interact with each other and share problems and recent discoveries.
A list of the previous editions of TQC follows:
TQC 2013, University of Guelph, Canada
TQC 2012, The University of Tokyo, Japan
TQC 2011, Universidad Complutense de Madrid, Spain
TQC 2010, University of Leeds, UK
TQC 2009, Institute for Quantum Computing, University of Waterloo, Canada
TQC 2008, University of Tokyo, Japan
TQC 2007, Nara Institute of Science and Technology, Nara, Japan
TQC 2006, NTT R&D Center, Atsugi, Kanagawa, Japan
The conference consisted of invited talks, contributed talks, a poster session, a rump
session, and a business meeting. The invited talks were given by Fernando G. S. L. Brandão
(University College London, London), Vittorio Giovannetti (NEST, Scuola Normale Superiore,
Pisa) and Yaoyun Shi (University of Michigan, Ann Arbor).
The conference was possible thanks to the financial support of the Centre for Quantum
Technologies, Singapore.
We wish to thank the members of the Program Committee and all subreviewers for their
precious help. Our warm thanks also go to the members of the Local Organizing Committee,
for their considerable efforts in organizing the conference. We would like to thank Marc
Herbstritt and Michael Wagner (Dagstuhl Publishing) for their technical help. Finally, we
would like to thank the members of the Steering Committee for giving us the opportunity to
work for TQC. And, of course, all contributors and participants!
November 2014
Steven T. Flammia and Aram W. Harrow
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More Randomness From Noisy Sources∗
Jean-Daniel Bancal1 and Valerio Scarani1,2
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Abstract
Bell experiments can be used to generate private random numbers. An ideal Bell experiment
would involve measuring a state of two maximally entangled qubits, but in practice any state
produced is subject to noise. Here we consider how the techniques presented in [1] and [2], i. e.
using an optimized Bell inequality, and taking advantage of the fact that the device provider is
not our adversary, can be used to improve the rate of randomness generation in Bell-like tests
performed on singlet states subject to either white or dephasing noise.
1998 ACM Subject Classification J.2 Physical Sciences and Engineering
Keywords and phrases Randomness, Bell inequalities, Trusted provider assumption
Digital Object Identifier 10.4230/LIPIcs.TQC.2014.1

1

Introduction

It is well known that the violation of a Bell inequality rules out the possibility for the
outcomes of a Bell-type experiment to be known in advance [3]. Therefore, these outcomes
are certifiably unpredictable. Recent works have shown that the uncertainty present in these
outcomes can be quantified, thus allowing one to lower bound the number of random bits
that can be extracted from a given Bell-type experiment [4, 5].
This possibility has given rise to a variety of randomness-related studies based on a
similarly varied set of working assumptions. For instance, many works considered the case
in which the adversary (the actor for whom outcomes are to be certifiably unpredictable)
is allowed to distribute the quantum state measured by the authorized parties, and keep a
purification of this state. Under this assumption, it was shown that randomness expansion
is possible: if the user holds a secret string of finite length, he can expand it into a longer
one [6], or, in principle, even an infinite one [8, 7].
Also, the outcomes observed by the user can be certified to contain some amount of
randomness even when the adversary, in addition to distributing the state, holds partial
information about the initial random string of the user [9]. This possibility, refered to as
randomness amplification, was proved recently for initial randomness issued from a generic
min-entropy source [10, 11] after a series of partial results [12, 13].
These results show the full power of quantum certification in principle. However, when
it comes to realizing such protocols, a number of questions arise. For instance, in which
practical situation would one wish to expand a random string if we already have access
to a source that can produce initial random strings? Also, in the context of randomness

∗

This work was supported by the National Research Foundation (partly through the Academic Research
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amplification, it is unclear in which meaningful situation the dependence would exist at all
but be bounded. If the adversary is allowed to tamper with the devices, for instance, or even
to produce them, then he may have hidden some kind of emitter inside the boxes, in order
to retrieve all numbers produced by the boxes (which otherwise work as expected). This
simple possibility would compromise any certification of randomness.
For these reasons, in the design and assessment of practical realization of randomness
protocols , it is very reasonable to work under the assumption that the adversary has no
access to the devices used by the authorized partners. This trusted provider assumption
was already introduced in the context of randomness protocols in [14], where it was shown
that it restricts the adversary to hold only classical side information (i. e. he cannot hold a
purification of the quantum state). Note that this contrasts with the case of quantum key
distribution (QKD): practical QKD also requires the trusted provider assumption, for the
same reason as mentione above, however the adversary can still hold a purification in this
case since the quantum state passes in his hands. Another consequence mentioned in [14]
is that the initial string used by the user to choose settings for his Bell test need not be
private, but can be fully known in advance by the adversary. One thus speaks of randomness
generation in this context.
It was shown in [1] that additional randomness can be certified under the trusted provider
assumption compared to that granted by randomness expansion protocols, by extracting
randomness from all the settings. Moreover, this same paper as well as [2] demonstrated
that Bell-like inequalities that certify more randomness than usual Bell inequalities (like
e. g. CHSH) can be derived from knowledge of the full correlations. In this paper, we
analyse the advantage provided by these techniques when the quantum state measured by
the user is a singlet states mixed either with white or dephasing noise. White noise typically
describes the effect of many small errors in a setup whereas dephasing noise is the dominant
noise in SPDC-based sources when the pump power is low. The case of white noise was
already partially studied in both [1] and [2]. The analysis given here gathers the information
presented in both studies and provides a comparison with the dephasing noise case.
Even though our analysis relies on the trusted provider assumption, it is worth noting
that some of the results obtained here could also apply to more general adversaries; we refer
to [15] for a concise review of adversarial classes relevant to randomness protocols.
For the present paper, we assume that the source emits exactly one pair of particles per
unit time and that these are detected with certainty. The case of finite detection efficiency
was studied in [1], in absence of noise; when the emission is not heralded, more effects come
into play, see e. g. [16].
Another assumption that we make here is that the devices used by the user are i.i.d. and
that he can use as many of them as he wants. We thus focus on the rate of randomness
generation, defined as the number of random bits generated in each use of the devices.

2

Randomness analysis

We consider here a usual Bell-type experiment performed by a user [3]. At each round,
the user chooses some inputs x, y for his two devices to use as measurement settings, and
observes their outcomes a, b. The i.i.d. behavior of the boxes follows the quantum conditional
probability P (a, b|x, y) ∈ Q.
In general, these correlation can admit a decomposition {qλ , Pλ } such that
P (ab|xy) =

X
λ

qλ Pλ (ab|xy)

(1)

J.-D. Bancal and V. Scarani
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P
with qλ ≥ 0, λ qλ = 1, Pλ (ab|xy) ∈ Q. When this decomposition is not trivial, by knowing
in each round which value of λ corresponds to the realization of the box, the adversary can
hold a more precise decription of the box’s behavior for that run, as given by Pλ (ab|xy).
Following [1, 2], we thus define the adversary’s guessing probability on the outcomes
observed by the user when using settings x, y and in presence of the decomposition {qλ , Pλ }
as
X
Gx,y ({qλ , Pλ }) =
qλ max Pλ (ab|xy).
(2)
a,b

λ

The average guessing probability when settings are chosen with probability p(x, y) is then
the maximum of
X
X
G(P ) =
p(x, y)
qλ max Pλ (ab|xy)
(3)
xy

λ

a,b

over all decompositions (1) compatible with the correlations P (ab|xy).
It was shown in [1] that this quantity can be upper bounded by considering an SDP
(Semidefinite Program) relaxation of the set of quantum correlations [17]. In the following
section, we thus use this program to evaluate the rate, as given by the min entropy
Hmin (P ) = − log2 (G(P )),

(4)

at which random bits are generated in the experiment.
Note that the particular case of this optimization where randomness is extracted from
a fixed choice of settings (pxy = δx,x0 δy,y0 ), or where the outcomes of different settings are
allowed to by guessed with different decomposition, was also presented independently in [2].
In the following we compare three quantities:
1. The rate of randomness obtained from a fixed set of settings as certified by a CHSH
violation.
2. The rate of randomness obtained from a fixed set of settings as certified by an optimized
Bell-type expression.
3. The rate of randomness obtained when using all settings with the same probability as
certified by an optimized Bell-type expression.
Note that here we consider extracting randomness from the pair of outcomes (a, b) rather
than from the outcome of a single party. A similar computation could be done by taking
only one party’s outcome into consideration, but would result in a lower rate. Also, for the
first two quantities, the fixed set of settings is chosen as to maximize the rate of randomness.
For all results presented next, the numerical computations were performed using the
relaxation of the SDP hierarchy at local level 2 [18].

2.1

White noise

First, let us consider the case in which the measured state is
ρ(V ) = V |φ+ ihφ+ | + (1 − V )11/4,

(5)
√
for some visibility V . The settings which provide the largest violation 2 2V of the CHSH
inequality
S = hA0 B0 i + hA0 B1 i + hA1 B0 i − hA1 B1 i ≤ 2,

(6)
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Figure 1 Rate of private randomness generation certified by the measure 1, 2 and 3 for a singlet
state mixed with white noise. The inset presents the ratio of the curves to the lowest one.

where Ax , By are Alice’s and Bob’s observables, are the same for all V :
A0 = σ z , A 1 = σ x , B y =

σz + (−1)y σx
.
2

(7)

We thus computed for this state and settings the three different rates of randomness
mentioned above. The result is presented in Figure 1.
The randomness rate obtained in case 2 (middle curve) can be certified with the help of
the following Bell expression:
αhA0 B0 i + hA0 B1 i + hA1 B0 i − βhA1 B1 i,

(8)

where the values of α and β depend on V (see [2] for a description of this dependence). The
inset in Figure 1 shows that the advantage provided by using this optimized Bell expression
is however quite limited.
The largest amount of randomness is obtained in case 3 when considering the outcomes
observed when all settings are used with the same probability (i. e. p(x, y) = 1/4). As
mentioned in [1], the improvement, of the order of a factor of 2, is certified with the usual
CHSH inequality.

2.2

Dephasing noise

Second, we consider measurement of the state
ρ(p) = p|φ+ ihφ+ | + (1 − p)(|00ih00| + |11ih11|).
The optimal violation of the CHSH inequality by this state, S = 2
using the following settings [19]:

(9)
p

1 + p2 , is provided by

A0 = σz , A1 = σx ,
By = cos χ σz + (−1)y sin χ σx ,
with χ = arctan(p).

(10)

J.-D. Bancal and V. Scarani
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Figure 2 Rate of private randomness generation certified by the measure 1, 2 and 3 for a singlet
state mixed with dephasing noise. The inset presents the ratio of the curves to the lowest one.

The three randomness rates obtained with these state and settings are presented in
Figure 2. Similarly to the previous case, strictly more randomness can be certified in case
3 than in case 2, and in case 2 than in case 1. The inequality that certifies the largest
amount of randomness is again CHSH in case 3, and a different inequality in case 2. One can
check that this inequality, however, beyond being a correlation inequality presents no special
symmetry. In particular, it is not of the form (8). Nevertheless, we note that when the
randomness is extracted from a single set of settings, using an optimized inequality provides
a larger advantage for this dephasing noise than it did in the case of mixture with white
noise (as shown in the inset of Figure 2).

3

Conclusion

We have presented an application of the techniques presented in [1, 2] to the case where
the measured state is a singlet mixed with either white noise or dephasing noise. While
a significant advantage in terms of randomness rate can be obtained in both cases when
randomness is extracted uniformly from all settings, the advantage for extraction from a
fixed choice of settings is much more significant in the case of dephasing noise.
In a practical experiment, characteristics of both white and dephasing noise are expected
to appear [20], as well as various other kind of noises and imperfections [16]. The present
analysis is not meant to exhaust all the parameter space of a realistic experiment; but it
should be clear that the techniques used here can be extended to describe experiments with
all their features.
We have focused here on the asymptotic rate of randomness generation. It would be
interesting to extend our analysis to take into account finite statistics, maybe in a way similar
to [14] or [21]. This would allow one to quantify how many random bits can be extracted
from a Bell experiment which involves only a finite number of rounds.
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Abstract
John Bell has shown that the correlations entailed by quantum mechanics cannot be reproduced
by a classical process involving non-communicating parties. But can they be simulated with the
help of bounded communication? This problem has been studied for more than twenty years
and it is now well understood in the case of bipartite entanglement. However, the issue was
still widely open for multipartite entanglement, even for the simplest case, which is the tripartite
Greenberger–Horne–Zeilinger (GHZ) state. We give an exact simulation of arbitrary independent
von Neumann measurements on general n-partite GHZ states. Our protocol requires O(n2 ) bits
of expected communication between the parties, and O(n log n) expected time is sufficient to
carry it out in parallel. Furthermore, we need only an expectation of O(n) independent unbiased
random bits, with no need for the generation of continuous real random variables nor prior
shared random variables. In the case of equatorial measurements, we improve earlier results with
a protocol that needs only O(n log n) bits of communication and O(log2 n) parallel time. At the
cost of a slight increase in the number of bits communicated, these tasks can be accomplished
with a constant expected number of rounds.
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Introduction

The issue of non-locality in quantum physics was raised in 1935 by Einstein, Podolsky and
Rosen when they introduced the notion of entanglement [10]. Thirty years later, Bell proved
that the correlations entailed by entanglement cannot be reproduced by classical local hidden
variable theories between noncommunicating parties [2]. This momentous discovery led to
the natural question of quantifying quantum non-locality.
A natural quantitative approach to the non-locality inherent in a given entangled quantum
state is to study the amount of resources that would be required in a purely classical theory to
reproduce exactly the probabilities corresponding to measuring this state. More formally, we
consider the problem of sampling the joint discrete probability distribution of the outcomes
obtained by people sharing this quantum state, on which each party applies locally some
measurement on his share. Each party is given a description of his own measurement but
not informed of the measurements assigned to the other parties. This task would be easy
(for a theoretician!) if the parties were indeed given their share of the quantum state, but
they are not. Instead, they must simulate the outcome of these measurements without any
quantum resources, using as little classical communication as possible.
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Exact Classical Simulation of the GHZ Distribution

This conundrum was introduced by Maudlin in 1992 in the simplest case of linear polarization measurements at arbitrary angles on the two photons that form a Bell state [17].
Similar concepts were reinvented independently years later by other researchers [5, 20].
This led to a series of results, culminating with the protocol of Toner and Bacon to simulate
arbitrary von Neumann measurements on a Bell state with a single bit of communication
in the worst case [21]. Later, Regev and Toner extended this result by giving a simulation
of the correlations entailed by arbitrary binary von Neumann measurements on arbitrary
bipartite states of any dimension using two bits of communication, also in the worst case [19].
Inspired by Ref. [20], Cerf, Gisin and Massar showed that the effect of an arbitrary pair
of positive-operator-valued measurements (POVMs) on a Bell state can also be simulated
with a bounded amount of expected communication [8]. A more detailed early history of the
simulation of quantum entanglement can be found in Ref. [4, Sect. 6].
All this prior work is concerned strictly with the simulation of bipartite entanglement.
Much less is known when it comes to simulating multipartite entanglement with classical
communication, a topic that is still teeming with major open problems. Consider the simplest
case, which is the simulation of independent arbitrary von Neumann measurements on
the tripartite GHZ state, named after Greenberger, Horne and Zeilinger [14], which we
shall denote |Ψ3 i = √12 |000i + √12 |111i, or more generally on its n-partite generalization
|Ψn i = √12 |0n i + √12 |1n i.
The easiest situation arises in the special case of equatorial measurements (defined in
Section 2) on the GHZ state because all the marginal probability distributions obtained by
tracing out one or more of the parties are uniform. Hence, it suffices in this case to simulate
the n-partite correlation. Once this has been achieved, all the marginals can easily be made
uniform [11]. Making the best of this observation, Bancal, Branciard and Gisin have given a
protocol to simulate equatorial measurements on the tripartite and fourpartite GHZ states
at an expected cost of 10 and 20 bits of communication, respectively [1]. Later on, Branciard
and Gisin improved this in the tripartite case with a protocol using 3 bits of communication
in the worst case [3]. The simulation of equatorial measurements on |Ψn i for n ≥ 5 was
handled subsequently by Brassard and Kaplan in a paper published in the 2012 edition of
this Conference on Theory of Quantum Computation, Communication and Cryptography,
with an expected cost of O(n2 ) bits of communication [6]. This was the best result obtained
until now on this line of work.
Despite substantial effort, the case of arbitrary von Neumann measurements, even on
the original tripartite GHZ state |Ψ3 i, was still wide open. Here, we solve this problem
in the general case of the simulation of the n-partite GHZ state |Ψn i, for any n, under
the random bit model introduced in 1976 by Knuth and Yao [16], in which the only source
of randomness comes from the availability of independently distributed unbiased random
bits. Furthermore, we have no needs for prior shared random variables between the parties.
An expected number of 6n + 17 perfect random bits suffices to carry out our simulation.
The expected communication cost is O(n2 ) bits, but only O(n log n) time if we count one
step for sending bits in parallel according to a realistic scenario in which no party has to
send or receive more than one bit in any given step. Furthermore, in the case of equatorial
measurements, we improve the earlier best result [6] with an expected communication cost
of only O(n log n) bits and O(log2 n) parallel time. At the cost of a slight increase in the
number of bits communicated and the number of required random bits, these tasks can be
accomplished with a constant expected number of rounds.
More formally, the quantum task that we want to simulate is as follows. Each party i holds
one qubit from state |Ψn i = √12 |0n i + √12 |1n i and is given the description of a von Neumann

G. Brassard, L. Devroye, and C. Gravel

9

measurement Mi . By local operations, they collectively perform ⊗ni=1 Mi on |Ψn i, thus
obtaining one outcome each, say bi ∈ {−1, +1}, which is their output. The joint probability
distribution p(b) of the bi ’s is defined by the joint set of measurements (see Section 2).
Our purpose is to sample exactly this joint probability distribution by a purely classical
process that involves no prior shared random variables and as little communication as possible.
Our complete solution builds on four ingredients: (1) Gravel’s decomposition of p(b) as a
convex combination of two sub-distributions [12, 13]; (2) Knuth and Yao’s algorithm to sample
exactly probability distributions assuming only a source of unbiased identically independently
distributed (i.i.d.) bits [16]; (3) the universal method of inversion [9, for instance]; and (4) our
own distributed version of the classic von Neumann’s rejection algorithm [18].
We define precisely our problem in Section 2 and we formulate our convex decomposition
of the GHZ distribution, which is the key to its simulation. Then, we explain how to sample
according to a Bernoulli distribution even when only approximations to the distribution’s
parameter are available. We also explain how the classic von Neumann rejection algorithm
can be used to sample in the sub-distributions defined by our convex decomposition. However,
little attention is paid in Section 2 to the fact that the various parameters that define the joint
distribution are not available in a single place. Section 3 is concerned with the communication
complexity issues. It culminates with a complete protocol to solve our problem, as well as
its complete analysis. This is followed by variations on the theme, in which we consider a
parallel model of communication, an expected bounded-round solution, and improvements on
the prior art for the simulation of equatorial measurements. We conclude with a discussion
and open problems in Section 4.

2

Sampling exactly the GHZ distribution in the random bit model

Any von Neumann measurement on a single qubit can be conveniently represented by a
point on the surface of a three-dimensional sphere, known as the Bloch sphere, whose
spherical coordinates can be specified by an azimuthal angle θ ∈ [0, 2π) and an elevation
angle ϕ ∈ [−π/2, π/2]. These parameters defines a Hermitian idempotent operator

M = x σ1 + y σ2 + z σ3 =

sin ϕ
e−ıθ cos ϕ
eıθ cos ϕ
− sin ϕ


,

where x = cos θ cos ϕ, y = sin θ cos ϕj , z = sin ϕ, and σ1 , σ2 and σ3 are the Pauli operators.
In turn, this operator defines a measurement in the usual way, which we shall also call M
for convenience, whose outcome is one of its eigenvalues +1 or −1. The azimuthal angle θ
represents the equatorial part of the measurement and the elevation angle ϕ represents its
real part. A von Neumann measurement is said to be equatorial when its elevation angle
ϕ = 0 vanishes and it is said to be in the computational basis when ϕ = ±π/2.
Consider a set of n von Neumann single-qubit measurements Mj , represented by their parameters (θj , ϕj ), 1 ≤ j ≤ n. This set of operators defines a joint measurement M = ⊗nj=1 Mj .
In turn, this measurement defines a probability distribution p, which we shall call the GHZ
distribution, on the set {−1, +1}n . This distribution corresponds to the probability of
all possible outcomes when the n-partite GHZ state |Ψn i = √12 |0n i + √12 |1n i is measured
according to M .
It is shown in [12, 13], albeit in the usual computer science language in which von Neumann
measurements are presented as a unitary transformation followed by a measurement in the
computational basis, that the probability p(b) of obtaining b = (b1 , . . . , bn ) in {−1, +1}n can
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be decomposed as

p(b) = cos2 θ2 p1 (b) + sin2

θ
2



2
1
a1 (b) + a2 (b) ,
2
n
Y

a1 (b) =
cos 12 ϕj − π2 bj ,

p1 (b) =

p2 (b) , where θ =

Pn

j=1 θj

and

2
1
a1 (b) − a2 (b) ,
2
n
Y

a2 (b) =
− sin 12 ϕj − π2 bj .

p2 (b) =

j=1

(1)

(2)
(3)

j=1

Hence, we see that distribution p(b) is a convex combination of sub-distributions p1 (b)
and p2 (b), in which the coefficients cos2 (θ/2) and sin2 (θ/2) depend only on the equatorial
part of the measurements, whereas the sub-distributions depend only on their real part.
Furthermore, the squares of a1 and a2 are themselves discrete probability distributions.
Sampling p is therefore a matter of sampling a Bernoulli distribution with defining
parameter cos2 (θ/2) before sampling either p1 or p2 , whichever is the case. Notice that
sampling p2 reduces to sampling p1 if, say, we replace ϕ1 by ϕ1 + 2π. As we shall see, full
knowledge of the parameters is not required to sample p exactly. We shall see in subsection 2.1
how to sample a Bernoulli distribution with an arbitrary p ∈ [0, 1] as parameter (not the
same p as our probability distribution for GHZ) using a sequence of approximants converging
to p and using an expected number of only five unbiased identically independently distributed
(i.i.d.) random bits. Subsequently, we shall see in subsection 2.2 how to sample p1 by modifying
von Neumann’s rejection algorithm in a way that it uses sequences of approximants and
unbiased i.i.d. random bits. For simulating exactly the GHZ distribution, an expected number
of 6n + 17 perfect random bits is sufficient.

2.1

Sampling a Bernoulli distribution

Assume that only a random bit generator is available to sample a given probability distribution
and that the parameters that specify this distribution are only accessible as follows: we can
ask for any number of bits of each parameter, but will be charged one unit of cost per bit
that is revealed. We shall also be charged for each random bit requested from the generator
To warm up to this conundrum, consider the problem of generating a Bernoulli random
variable Y with parameter p ∈ [0, 1]. If U = 0.U1 U2 . . . is the binary expansion of a uniform
[0, 1) random variable, i.e. U1 , U2 , . . . is our source of unbiased independent random bits,
and if p = 0.p1 p2 . . . is the binary expansion of p (in case p = 1 we can proceed as if it were
0.p1 p2 . . . with each pi = 1), we compare bits Ui and pi for i = 1, 2, . . . until for the first time
Ui =
6 pi . Then, if Ui = 0 < pi = 1, we return Y = 1, and if Ui = 1 > pi = 0, we return Y = 0.
It is clear that Y = 1 if and only if U < p. Therefore, Y is Bernoulli(p). The expected
number of bits required from p is precisely 2. The expected number of bits needed from our
random bit source is also 2.
Now, suppose that the parameter p defining our Bernoulli distribution is given by
p = cos2 (θ/2), as in the case of our decomposition of the GHZ distribution. None of the
parties can know θ precisely since it is distributed as a sum of θi ’s, each of which is known only
by one individual party. If we could obtain as many physical bits of p as needed (although
the expected number of required bits is as little as 2), we could use the idea given above in
order to sample according to this Bernoulli distribution. However, it is not possible in general
to know even the first bit of p given any fixed number of bits of the θi ’s. (For instance, if θ
is arbitrarily close to π/2, we need arbitrarily many bits of precision about it before we can
tell if the first bit in the binary expansion of cos2 (θ/2) is 0 or 1). Nevertheless, we can use
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approximations of p, rather than truncations, which in turn can come from approximations
of the θi ’s.
I Definition 1. A k-bit approximation of a quantity v is any v̂ such that |v − v̂| ≤ 2−k .
A special case of k-bit approximation is the k-bit truncation v̂ = bv2k c/2k . For convenience,
we sometimes use the shorthands k-approximation and k-truncation. Note that the value of
k corresponds to the number of bits in the fractional part, without limitation on the size of
the integer part.
We postpone to Section 3.1 the detail of how these approximations can be obtained in
a distributed setting. For the moment, assume that, for any k, we can obtain p(k) so that
|p(k)−p| ≤ 1/2k . Then, setting U (k) = 0.U1 . . . Uk , we have that U ≤ p if U (k) ≤ p(k) − 2/2k
whereas U ≥ p if U (k) ≥ p(k) + 1/2k . Thus, one can check if U < p by generating only
as many bits of U and increasingly good approximations of p as needed. These ideas are
formalized in Algorithm 1. It is elementary to verify that the Y generated by this algorithm
is Bernoulli(p) because P{U < p} = p if U is a continuous uniform random variable on (0, 1).
Algorithm 1 Sampling a Bernoulli random variable with approximate defining parameter
1: Set k ← 1
2: Set U (0) ← 0
3: repeat forever

Generate an i.i.d. unbiased bit Uk
Compute U (k) ← U (k − 1) + Uk /2k {hence U (k) = 0.U1 . . . Uk }
Obtain p(k) so that |p(k) − p| ≤ 1/2k
if U (k) ≤ p(k) − 2/2k then
return Y = 1
else if U (k) ≥ p(k) + 1/2k then
return Y = 0
else
k ←k+1
end if
end repeat

4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

The number of iterations before Algorithm 1 returns a value, which is also its required
number of independent unbiased random bits, is a random variable, say K. We have seen
above that E{K}, the expected value of K, would be exactly 2 if we could generate arbitrarily
precise truncations of p. But since we can only obtain arbitrarily precise approximations
instead, which is why we needed Algorithm 1 in the first place, we shall have to pay the price
of a small increase in E{K}.




2
4
8
P{K > k} ≤ P |U (k) − p(k)| ≤ k ≤ P |U − p| ≤ k ≤ k .
2
2
2
Therefore,
E{K} =

∞
X
k=0

2.2

P{K > k} ≤

∞
X
k=0



8
min 1, k = 5.
2

Sampling p1 (or p2 ) in the random bit model

As mentioned already, it suffices to concentrate on p1 since one can sample p2 in exactly the
same way provided one of the angles ϕi is replaced by ϕi + 2π: this introduces the required
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minus sign in front of a2 to transform p1 into p2 . Let us define



αj = cos 21 ϕj − π2 = sin 12 ϕj + π2
and βj = cos 12 ϕj + π2 = − sin

1
2

ϕj − π2



. (4)

Consider n Rademacher 1 random variables Bj that take value −1 with probability βj2 and
+1 with complementary probability αj2 . The random vector with independent components
given by (B1 , . . . , Bn ) is distributed according to
Y
Y
def
q1 (b) =
βj2
αj2 ,
j∈Fb

j∈Gb

where Fb = {j | bj = −1} and Gb = {j | bj = +1} for all b = (b1 , . . . , bn ) ∈ {−1, +1}n . It is
easy to verify that q1 (b) = a12 (b) for all b, where a1 is given in Equation (3). Similarly,
the random vector with independent components given by (−B1 , . . . , −Bn ) is distributed
according to
Y
Y
def
q2 (b) =
αj2
βj2 = a22 (b) .
j∈Fb

j∈Gb

The key observation is that both q1 and q2 can be sampled without any needs for communication because each party j knows his own parameters αj2 and βj2 , which is sufficient
to draw independently according to local Rademacher random variable Bj or −Bj . Moreover, a single unbiased independent random bit s drawn by a designated party suffices
2
to sample collectively from distribution q = q1 +q
2 , provided this bit is transmitted to all
parties: everybody samples according to q1 if s = 0 or to q2 if s = 1. Now, It follows from
Equation (2) that p1 (b) + p2 (b) = a12 (b) + a22 (b) = q1 (b) + q2 (b) for all b ∈ {−1, +1}n , and
therefore p1 (b) ≤ q1 (b) + q2 (b) = 2q(b).
The relevance of all these observations is that we can apply von Neumann’s rejection
algorithm [18] to sample p1 (b) since it is bounded by a small constant (2) times an easy-todraw probability distribution (q). For the moment, we assume once again the availability of
a continuous uniform random generator, which we shall later replace by a source of unbiased
independent random bits. We also assume for the moment that we can compute the αi ’s,
p1 (b), q1 (b) and q2 (b) exactly. This gives rise to Algorithm 2.
Algorithm 2 Sampling p1 using von Neumann’s rejection algorithm
1: repeat
2:
Generate U uniformly on [0, 1)
3:
Generate independent Rademacher random variables B1 , . . . , Bn
with parameters α12 , . . . , αn2
4:
Generate an unbiased independent random bit S
5:
if S = 1 then
6:
set B ← (B1 , . . . , Bn )
7:
else
8:
set B ← (−B1 , . . . , −Bn )
9:
end if
10: until (q1 (B) + q2 (B)) U ≤ p1 (B)
By the general principle of von Neumann’s rejection algorithm, probability distribution
p1 is successfully sampled after an expected number of 2 iterations round the loop because
1

A Rademacher random variable is like a Bernoulli, except that it takes value ±1 rather than 0 or 1.
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p1 (b) ≤ 2q(b) for all b ∈ {−1, +1}n . Within one iteration, 2 expected independent unbiased
random bits suffice to generate each of the n Rademacher random variables by a process
similar to what is explained in the second paragraph of Section 2.1. Hence an expected total
of 2n + 1 random bits are needed each time round the loop for an expected grand total of
4n + 2 bits to sample p1 . But of course, this does not take account of the (apparent) need
to generate continuous uniform [0, 1) random variable U . It follows that the expected total
amount of work required by Algorithm 2 is O(n), provided we count infinite real arithmetic
at unit cost. Furthermore, the time taken by this algorithm, divided by n, is stochastically
smaller than a geometric random variable with constant mean, so its tail is exponentially
decreasing.
Now, we modify and adapt this algorithm to eliminate the need for the continuous
uniform U (and hence its generation), which is not allowed in the random bit model.
Furthermore, we eliminate the need for infinite real arithmetic and for the exact values of
q1 (B), q2 (B) and p1 (B), which would be impossible to obtain in our distributed setting since
the parameters needed to compute these values are scattered among all parties, and replace
them with approximations—we postpone to Section 3.2 the issue of how these approximations
can be computed. (On the other hand, arbitrarily precise values of the αi ’s are available
to generate independent Rademacher random variables with these parameters because each
party will be individually responsible to generate his own Rademacher.)
In each iteration of Algorithm 2, we generated a pair (U, B). However, we did not really
need U : we merely needed to generate a Bernoulli random variable Y for which
P{Y = 1} = P {(q1 (B) + q2 (B)) U ≤ p1 (B)} .
For this, we adapt the method developed for Algorithm 1. Again, we denote by U (k) the k-bit
truncation of U , so that U (k) < U < U (k) + 2−k , except with probability 0. Furthermore, we
use Lk (L for left) and Rk (R for right) to denote k-bit
approximations of q1 (B) + q2 (B) and

p1 (B), respectively, so that |Lk − q1 (B) + q2 (B) | ≤ 2−k and |Rk − p1 (B)| ≤ 2−k . Then
using εk to denote arbitrary real numbers in the interval (−1, 1),
|U (k)Lk − U (q1 (B) + q2 (B))| =
=


εk 
U (k)Lk − U Lk + k
2
U εk
Lk
1
3
(U (k) − U )Lk − k
≤ k + k ≤ k.
2
2
2
2

1
.
2k
Thus, we know that Y = 1 whenever U (k)Lk + 3/2k < Rk − 1/2k , whereas Y = 0
whenever U (k)Lk − 3/2k > Rk + 1/2k . Otherwise, we are in the uncertainty zone and we
need more bits of U , q1 (B) + q2 (B) and p1 (B) before we can decide on the value of Y. This
is formalized in Algorithm 3 (on next page).
It follows from the above discussion that this algorithm can be used to sample random
variable Y, which is used as terminating condition in Algorithm 2, in order to eliminate
the need for the generation of a continuous uniform random variable U ∈ [0, 1) and for the
precise values of q1 (B), q2 (B) and p1 (B). Since Lk → q1 (B) + q2 (B) and Rk → p1 (B) as
k → ∞, Algorithm 3 halts with probability 1. Let K be a random variable corresponding
to the value of k upon exiting from the repeat forever loop in the algorithm, which is
the number of times round the loop and hence the number of bits needed from U and the
precision in q1 (B) + q2 (B) and p1 (B) required in order to sample correctly Bernoulli random
variable Y. Next, we calculate an upper-bound on E{K}, the expected value of K.
Similarly, |Rk − p1 (B)| ≤
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Algorithm 3 Generator for the stopping condition in Algorithm 2
1: Note: B ∈ {−1, +1}n is given to the algorithm, generated according to

q1 +q2
2

2: Set k ← 1
3: Set U (0) ← 0
4: repeat forever
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

Generate an i.i.d. unbiased bit Uk
Compute U (k) ← U (k − 1) + Uk /2k {hence U (k) = 0.U1 . . . Uk }
Compute Lk and Rk from B
if U (k) Lk − Rk < − 24k then
return Y = 1
else if U (k) Lk − Rk > 24k then
return Y = 0
else
k ←k+1
end if
end repeat

If the algorithm has not yet halted after having processed U (k), Lk and Rk , then we
know that
|U (q1 (B) + q2 (B)) − p1 (B)|
=




U (q1 (B) + q2 (B)) − U (k)Lk + Rk − p1 (B) + − Rk + U (k)Lk

≤ |U (q1 (B) + q2 (B)) − U (k)Lk | + |Rk − p1 (B)| + |Rk − U (k)Lk |
≤

3
1
4
+ k + k
k
2
2
2

8
.
2k

=

Therefore
P{K > k | B} ≤ P{|U (q1 (B) + q2 (B)) − p1 (B)| ≤ 8/2k | B}



p1 (B) 1 8 1
p1 (B) 1 8 1
=P U ∈
−
,
+
2q(B) 2 2k q(B) 2q(B) 2 2k q(B)
≤

8 1
.
2k q(B)

Thus, using k0 to denote
E{K | B}

=
≤

∞
X
k=0
∞
X

l

3 + log2

m
,

1
q(B)

P{K > k | B}

min 1,

k=0

≤



X

1+

k<k0

8
2k q(B)
X
8

k≥k0


≤ 5 + log2



2k q(B)

1
q(B)


(this step requires a messy calculation).
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Now, we uncondition in order to conclude:


X
1
q(b) log2
E{K} ≤ 5 +
q(b)
n
b∈{−1,+1}

=

H(q) + 5

(5)

≤

n + 5,

(6)

where H(q) denote the entropy of distribution q =

3

q1 +q2
2 .

Communication complexity of sampling

In this section, we consider the case in which the sampler of the previous section no longer
has full knowledge of the GHZ distribution to be simulated. The sampler, whom we call the
leader in a distributed setting, has to communicate through classical channels in order to
obtain partial knowledge of the parameters belonging to the other parties. Partial knowledge
results in approximation of the parameters involved in sampling the GHZ distribution, but,
as we saw in the previous section, we know how to sample exactly in the random bit model
using such approximations.

3.1

Sampling a Bernoulli distribution whose parameter is distributed

In order to sample the GHZ distribution, we know from Section 2 that we must first sample
Pn
the Bernoulli distribution with parameter cos2 (θ/2), where θ = j=1 θj . Let us say that
the leader is party number 1. Since he knows only θ1 , he must communicate with the other
parties to obtain partial knowledge about θi for i ≥ 2. The problem of sampling a Bernoulli
distribution with probability cos2 (θ/2) reduces to learning the sum θ with sufficient precision
in order to use Algorithm 1.

Pn
The problem of computing a k-bit approximation of cos2 (θ/2) = cos2
i=1 θi /2 is
relatively easy. Define ϑ = θ/2 and ϑi = θi /2 for each i. If the leader obtains an `-bit
Pn
approximation ϑ̂i of each ϑi , i ≥ 2, and if we define ϑ̂ = i=1 ϑ̂i , we need to find the value
of ` for which cos2 (ϑ̂) is a k-bit approximation of cos2 (ϑ). It is an elementary exercise in
Taylor series expansion to verify that |cos2 (ϑ) − cos2 (ϑ̂)| ≤ n/2` . Hence, it suffices to choose
` = k + d log2 ne in order to conclude as required that |cos2 (ϑ) − cos2 (ϑ̂)| ≤ 2−k . Taking into
account the integer part of each ϑi , which must also be communicated, and remembering that
0 ≤ ϑi ≤ 2π since it is an angle 2 , the required number of communicated
bits in the sequential

model is therefore (n − 1)(` + 3) = (n − 1) 3 + k + d log2 ne , which is O(kn+n log n). In our
case, the expected value of k is bounded by 5 (see the analysis of the Bernoulli sampling
Section 2.1), so that this operation requires an expected communication of O(n log n) bits.

3.2

Approximating a product of bounded numbers

Once the leader has produced a bit Z with probability cos2 (θ/2), he samples either p1
or p2 , depending on whether he got Z = 0 or Z = 1. The problem of sampling p2 reduces
to sampling p1 if the leader replaces his own ϕ1 with ϕ1 + 2π; thus we concentrate on
sampling p1 . Of course, the leader does not know ϕi for i ≥ 2. This problem reduces
2

Actually, 0 ≤ ϑi ≤ π since ϑi is a half angle and one fewer bit is needed to communicate its integer
part, but we prefer to consider here the more general case of approximating the cosine square of a sum
of arbitrary angles.
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Qn
to learning with sufficient precision
the products a1 (B) = j=1 cos 21 ϕj − π2 Bj
and

Qn
a2 (B) = j=1 − sin 21 ϕj − π2 Bj , given that the Bj ’s are independent Rademacher distributions with parameters αj2 , 1 ≤ i ≤ n defined in Equation (4). Once these products are
known with k + 2 bits of precision, the left and right k-bit approximations Lk and Rk are
easily computed, which allows us to run the modified von Neumann’s rejection algorithm
from Section 2.2.
In this section, we explain how to compute a k-bit approximation to a1 (B) and a2 (B)
at an expected communication cost of O(kn + n log n) bits. For our specific application of
simulating the GHZ distribution, we proved at the end of Section 2.2 (Equation 6) that
the expected value of k is bounded by n + 5. It follows that an expected cost of O(n2 ) bits
suffices to carry out the simulation.
Given B = (B1 , . . . , Bn ) with the Bi ’s distributed
according to

 non-identical independent
π
π
2 1
2 1
Rademachers with parameter cos 2 ϕi − 2 or cos 2 ϕi + 2 , we need to compute
k-bit
approximations of 
a1 (B) and a2 (B). We use cj and sj to denote cos 21 ϕj − π2 Bj and
− sin 12 ϕj − π2 Bj , respectively, as well as ĉj and ŝj to denote their respective `-truncations.
Qn
Qn
We need to determine ` such that the products j=1 ĉj and j=1 ŝj are k-approximations
of a1 (B) and a2 (B), respectively. Notice that each party knows exactly his own cj and sj ,
and hence ĉj and ŝj can be transmitted directly to the leader, rather than approximations of
ε
the ϕi ’s. For each cj , there exists εj ∈ [−1, 1] such that cj = ĉj + 2j` ; thus, using I to denote
{1, 2, . . . , n}, we have
n
Y

X Y

cj =

j=1

A∈P(I) j∈A

ĉj

n
Y
Y εj
=
ĉj +
2`
j=1

j6∈A

X

Y

A∈P(I)\I j∈A

ĉj

Y εj
2`

j6∈A

and hence we can bound the error as follows:


n
n
n
n  
Y
Y
X
n 1
1
cj −
ĉj ≤
−1 = 1+ `
− 1.
j 2j`
2
j=1
j=1
j=1
Setting ` =
n
Y
j=1

l

cj −

− log2

n
Y
j=1



ĉj ≤

1 + 2−k

1/n

−1

m

≤ k + d log2 ne + 2, we have

1
.
2k

Taking account of the need to transmit the `-truncations to both cj and sj , which consists
of the sign of these numbers in addition to the first ` bits of their binary expansion, the
expected communication cost is 2(n − 1)(` + 1) bits, which indeed is O(kn + n log n).

3.3

Protocol for sampling the GHZ distribution

We are finally ready to glue all the pieces together into Algorithm 4 (on next page),
which samples exactly the GHZ distribution under arbitrary von Neumann measurements,
thus solving our conundrum. Its correctness is proven below, and it is shown that the
expected amount of randomness used in this process is upper-bounded by 6n + 17 bits and an
expected O(n2 ) bits of communication suffice to complete the task. Variations are discussed
subsequently.
Correctness of the protocol: The part occurring
before the first “repeat” (line 5) samples

Pn
a Bernoulli with parameter cos2
θ
/2
,
which
allows the leader to decide whether to
i=1 i
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Algorithm 4 Complete protocol for sampling the GHZ distribution in the sequential model
1: The leader, who is party number 1, communicates with the other parties in order to

Pn
obtain increasingly precise approximations of θ = i=1 θi until he can sample random
bit Z according to exact Bernoulli random distribution with parameter cos2 (θ/2)
2: if Z = 1 then
3:
The leader adds 2π to his own ϕ-parameter i.e. ϕ1 ← ϕ1 + 2π
{to sample p2 rather than p1 }
4: end if
{Now entering the modified von Neumann’s “distributed” sampler for p1 }
5: repeat
6:
The leader generates a fair random bit S and broadcasts it to the other parties
{The bit S determines whether to sample q1 or q2 }
Locally, each party j generates a random Bj ∈ {−1, +1} according to an independent
7:

Rademacher distribution so that Bj = +1 with probability cos2 12 ϕj − π2
{Random variable B = (B1 , . . . , Bn ) is now sampled according to q1 }
8:
if S = 1 then
9:
Each party does Bj ← −Bj
{In this case, random variable B = (B1 , . . . , Bn ) is now sampled according to q2 }
10:
end if
2
{Random variable B = (B1 , . . . , Bn ) is sampled according to q = q1 +q
2 }
11:
12:
13:
14:
15:
16:
17:
18:

19:
20:
21:
22:
23:
24:

25:
26:
27:
28:

{The leader starts talking with the other parties
to decide whether to accept

 B}
π
π
1
1
Each party computes cj = cos 2 ϕj − 2 Bj and sj = − sin 2 ϕj − 2 Bj
The leader sets k ← 1
The leader sets U (0) ← 0
repeat forever
The leader generates an i.i.d. unbiased bit Uk
The leader computes U (k) ← U (k − 1) + Uk /2k {hence U (k) = 0.U1 . . . Uk }
The leader requests (k + 3 + d log2 ne)-approx. of cj and sj from each party j ≥ 2
The leader uses this information to compute (k + 2)-approximations of a1 (B) and
a2 (B), which are used to compute k-bit approximations Lk of a12 (B) + a22 (B) and
Rk of p1 (B)
if U (k)Lk − Rk < − 24k then
Set Y ← 1 and break from the repeat forever loop. {Vector B is accepted}
else if U (k)Lk − Rk > 24k then
Set Y ← 0 and break from the repeat forever loop. {Vector B is rejected}
else
Set k ← k + 1 and continue the repeat forever loop
{The leader does not yet have enough information to decide whether to accept or
reject B. Therefore, he needs to compute the next bit of a1 (B) and a2 (B).
For this, he needs more information from all the other parties.}
end if
end repeat
until Y = 1 {accepting}
The leader informs all the other parties that the simulation is complete and, therefore,
that the time has come for each party j (including the leader himself) to output his
current value of Bj
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sample B according to p1 (by leaving his ϕ1 unchanged) or according to p2 (by adding 2π to
his ϕ1 ). Notice that the leader does not have to inform the other parties of this decision since
they do not need to know if the sampling will be done according to p1 or p2 . In Section 3.1,
Pn
we showed how to sample exactly a Bernoulli with parameter cos2
i=1 θi /2 when the θi ’s
are not known to the leader for i ≥ 2.
The part within the outer “repeat” loop (lines 5 to 27) is essentially von Neumann’s
rejection algorithm, which has been adapted and modified to work in a distributed scenario.
The leader must first know which of q1 or q2 to sample. For this purpose, he generates an
unbiased random bit S and broadcasts it to the other parties. Sampling either q1 or q2 can now
be done locally and independently by each party j, yielding a tentative Bj ∈ {−1, +1}. The
parties will output these Bj ’s only at the end, provided thisround is not rejected. Now, each

party uses his Bj to compute locally cj = cos 12 ϕj − π2 Bj and sj = − sin 12 ϕj − π2 Bj ,
which will be sent bit by bit to the leader upon request, thus allowing him to compute
increasingly precise approximations Lk and Rk of q1 (B) + q2 (B) and p1 (B), respectively.
These values are used to determine whether a decision can be made to accept or reject this
particular B, or whether more information is needed to make this decision. As shown at the
end of Section 2.2 (Equation 6), the expected number of bits needed in Lk and Rk before we
can break out of the “repeat forever” loop is k ≤ n + 5. At that point, flag Y tells the leader
whether or not this was a successful run of von Neumann’s rejection algorithm. If Y = 0, the
entire process has to be restarted from scratch, except for the initial Bernoulli sampling, at
line 6. On the other hand, once the leader gets Y = 1, he can finally tell the other parties
that they can output their Bj ’s because, according to von Neumann’s rejection algorithm,
this signals that the vector (B1 , . . . , Bn ) is distributed according to p1 (or p2 , depending
on the initial Bernoulli). Also according to von Neumann’s rejection algorithm, we have
an expectation of C = 2 rounds of the outer “repeat” loop before we can thus conclude
successfully.

Expected communication cost and number of random coins: The expected amount of
randomness used in this process is upper-bounded by 6n + 17 bits. This is calculated as
follows: the expected number of bits for sampling Bernoulli Z is bounded by 5. This is
followed by an expectation of C = 2 rounds of von Neumann’s rejection algorithm (the outer
“repeat” loop). In each of these rounds, we need 1 bit for S and expect 2 bits for each
of the Bj ’s (hence 2n in total), before entering the “repeat forever” loop. The expected
number of times round this loop is bounded by n + 5, and one more random bit Uk is needed
each time. Putting it all together, the expected number of random bits is bounded by
5 + 2(1 + 2n + (n + 5)) = 6n + 17.
The expected amount of communication is dominated by the leader’s need to obtain
increasingly accurate approximations of cj and sj from all other parties at line 17 in order to
compute increasingly accurate approximations of Lk and Rk , which he needs in order to decide
whether or not to break from the “repeat forever” loop and, in such case, whether or not to
accept B as final output. On the k-th time round the loop, the leader needs k + 3 + d log2 ne
bits of precision plus one bit of sign about each cj and sj , j ≥ 2 (in addition to having full
knowledge about his own c1 and s1 , of course). This would be very expensive if all those
bits had to be resent each time round the loop, with increasing values of k. Fortunately, this
process works well if the parties send truncations of these values to the leader, because each
truncation simply adds one bit of precision to the previous one. Hence, it suffices for the
leader to request 2(5 + d log2 ne) bits from each other party at the onset, when k = 1, and only
two additional bits per party are needed afterwards for each subsequent trip round the loop
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Figure 1 Binomial tree structure defining the parallel model.

(one for cj and one for sj ). All counted, a total of 2(n − 1)(k + 5 + d log2 ne) bits will have
been requested from all other parties by the time we have gone through the “repeat forever”
loop k times. Since the expected value of k upon exiting this loop is bounded by n + 5,
the expected number of bits that have to be communicated to the leader to complete von
Neumann’s rejection algorithm (lines 5 to 27) is bounded by 2(n − 1)((n + 5) + 5 + d log2 ne).
This is O(n2 ) expected bits of communication. The additional amount of communication
required to sample Bernoulli Z at step 1 (which is (n − 1)(5 + log2 n) bits) and for the leader
to broadcast to all parties the value of S, as well as synchronization bits by which he needs
to inform the other parties of success or failure each time round the loop is negligible. All
counted, Algorithm 4 needs O(n) bits of randomness and O(n2 ) bits of communication in
order to sample exactly the GHZ distribution under arbitrary von Neumann measurements.
Using Equation (5) rather than Equation (6), we shall show in the final journal version
of this work that Algorithm 4 needs only O(n log n) bits of communication in order to
sample exactly the GHZ distribution under computational-basis von Neumann measurements.
Of course, O(n) bits of communication would suffice, even in the worst case, if we knew
ahead of time that all measurements are in the computational basis, but our protocol works
seamlessly with O(n log n) expected bits of communication even if the measurements are not
exactly in the computational basis, and if up to O(log n) of the measurements are arbitrary.

3.4

Variations on the theme

We can modify Algorithm 4 in a variety of ways to improve different parameters at the
expense of others. Here, we mention briefly three of these variations: the parallel model,
bounding the number of rounds, and the simulation of equatorial measurements.
The parallel model: Until now, we have considered only a sequential model of communication, in which the leader has a direct channel with everyone else. In this model, communication
takes place sequentially because the leader cannot listen to everyone at the same time. However, it is legitimate to consider a parallel model, in which arbitrary many pairs of parties
can communicate simultaneously. In this model, any number of bits can be sent and received
in the same time step, provided no party has to send or receive more than one bit at any
given time. If we make the parties communicate with one another following the binomial tree
structure shown in Fig. 1, with the leader at the root, we shall show in the final journal version
of this work that the exact simulation of the GHZ distribution under arbitrary independent
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von Neumann measurements can be accomplished within O(n log n) expected parallel time.
The expected total number of bits communicated with this approach is slightly greater than
with Algorithm 4, but it remains O(n2 ).
Reducing the number of rounds: Algorithm 4 is efficient in terms of the number of bits
of randomness as well as the number of bits of communication, but it requires an expected
O(n) rounds, in which the leader and all other parties take turn at sending messages. This
could be prohibitive if they are far apart and their purpose is to try to convince examiners
that they are actually using true entanglement and quantum processes to produce their
joint outputs, because it would prevent them from responding quickly enough to be credible.
We leave it for the reader as an exercise to verify that if we change line 24 of Algorithm 4 from
“k ← k + 1” to “k ← 2k”, the expected number of rounds is decreased from O(n) to O(log n).
If in addition we start with “k ← n” instead of “k ← 1” at line 12, the expected number of
rounds becomes a constant. (Alternatively, we could start with “k ← n” at line 12 and step
with “k ← k + n” at line 24.)
Equatorial measurements: Recall that equatorial measurements are those for which ϕj = 0
for each party j. In this case, the leader can sample according to p1 or p2 , without any help
or communication from the other parties, since he has complete knowledge of their vanished
elevation angles. Therefore, he can run steps 5 to 27 of Algorithm 4 all by himself! However,
he needs to communicate in step 1 of Algorithm 4 in order to know from which of p1 or p2
to sample. The only remaining need for communication occurs in step 28, which has to be
modified from “The leader informs all the other parties that the simulation is complete” to
“The leader informs all the other parties of which value of Bj ∈ {−1, +1} he has chosen for
them”.
Only step 1 requires significant communication since the new step 28 needs only the
transmission of n − 1 bits. We have already seen at the end of Section 3.1 that step 1, which
is a distributed version of Algorithm 1, requires an expected communication of O(n log n)
bits in the sequential model. This is therefore the complexity of our simulation, which is an
improvement over the previously best technique known to simulate the GHZ distribution
under arbitrary equatorial von Neumann measurements [6], which required an expectation of
O(n2 ) bits of communication.
A more elegant protocol can be obtained if we adapt Equations (1), (2) and (3), which
were given at the beginning of Section 2 to define the GHZ probability distribution p(b) for
b ∈ {−1, +1}n , to the special case of equatorial measurements. Because all the elevation
angles ϕj vanish, these formulas reduce to
(
p(b) =

21−n cos2

θ
2

21−n sin2


θ
2



if b ∈ X
if b 6∈ X

n
where X = b ∈ {−1, +1}n

n
Y

o
bj = +1 .

j=1

Now, each party j other than the leader can simply choose an independent unbiased
Rademacher bj ∈ {−1, +1} as final output, without any consideration of his own input θj
nor communication with anyone else, and inform the leader of this choice. It simply remains
Qn
for the leader to choose his own b1 in order to make j=1 bj equal to +1 with probability
cos2 (θ/2) or −1 with probability sin2 (θ/2). For this, we still need step 1 from Algorithm 4,
which requires an expected communication of O(n log n) bits. We shall show in the final
journal version of this work that this process can be achieved with only O(log2 n) expected
time steps in the parallel model of communication.
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Discussion and open problems

We have addressed the problem of simulating the effect of arbitrary independent von Neumann
measurements on the qubits forming the general GHZ state √12 |0n i + √12 |1n i distributed
among n parties. Rather than doing the actual quantum measurements, the parties must
sample the exact GHZ probability distribution by purely classical means, which necessarily
requires communication in view of Bell’s theorem. Our main objective was to find a protocol
that solves this conundrum with a finite amount of expected communication, which had only
been known previously to be possible when the von Neumann measurements are restricted
to being equatorial (a severe limitation indeed). Our solution needs only O(n2 ) bits of
communication, which can be dispatched in O(n log n) time if bits can be sent in parallel
according to a realistic scenario in which nobody has to send or receive more than one bit in
any given step. We also improved on the former art in the case of equatorial measurements,
with O(n log n) bits of communication and O(log2 n) parallel time.
Knuth and Yao [16] initiated the study of the complexity of generating random integers
(or bit strings) with a given probability distribution p(b), assuming only the availability of
a source of unbiased identically independently distributed random bits. They showed that
any sampling algorithm must use an expected number of bits at least equal to the entropy
P
b p(b) log2 (1/p(b)) of the distribution, and that the best algorithm does not need more
than two additional bits. For further results on the bit model in random variate generation,
see Ref. [9, Chap. XIV].
The GHZ distribution has an entropy no larger than n, and therefore Knuth and Yao
have shown that it could be sampled with no more than n + 2 expected random bits if all
the parameters were concentrated in a single place [16]. Even though we have studied the
problem of sampling this distribution in a setting in which the defining parameters (here the
description of the von Neumann measurements) are distributed among n parties, and despite
the fact that our main purpose was to minimize communication between these parties, we
were able to succeed with 6n + 17 expected random bits, which is just above six times the
bound of Knuth and Yao. The amount of randomness required by our protocols does not
depend significantly on the actual measurements they have to simulate. However, some sets
of measurements entail a probability distribution p(B) whose entropy H(p) is much smaller
than n. In the extreme case of having all measurements in the computational basis, H(p) is
a single bit! Can there be protocols that succeed with as few as H(p) + 2 expected random
bits, thus meeting the bound of Knuth and Yao, or failing this as few as O(H(p)) expected
random bits, no matter how small H(p) is for the given set of von Neumann measurements?
Notice that all the protocols presented here require Ω(n) random bits since they ask each
party to sample independently at least once a Rademacher random variable, a hurdle that
can only be alleviated in the case of measurements in the computational basis.
Are our protocols optimal in terms of the required amount of communication? Could
we simulate arbitrary von Neumann measurements as efficiently as the case of equatorial
measurements, i.e. with O(n log n) bits of communication? We leave this as open question,
but point out that Broadbent, Chouha and Tapp have proved an Ω(n log n) lower bound on
the worst case communication complexity of simulating measurements on n-partite GHZ
states [7], a result that holds even for equatorial measurements, and even under the promise
Pn
that cos i=1 θi = ±1 [15].
As a recent development, which we shall formalize in the final journal version of this work,
we have discovered how to simulate more general multipartite states than the GHZ state.
For instance, we know how to simulate the so-called W state √13 |100i + √13 |010i + √13 |001i
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and more generally
Wn =

√1
n


|10n−1 i + |010n−2 i + |0010n−3 i + · · · + |0n−1 1i

with O(n3 ) expected bits of communication and the need of only O(n2 ) expected unbiased
independent random bits. However, we leave for further research the problem of simulating
arbitrary positive-operator-valued measurements (POVMs) on the single-qubit shares of
GHZ states (or on more general multipartite states), as well as the problem of simulating
multipartite entanglement other than equatorial von Neumann measurements on the tripartite
GHZ state [3] with worst-case bounded classical communication.
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Abstract
We consider the natural extension of two-player nonlocal games to an arbitrary number of players.
An important question for such nonlocal games is their behavior under parallel repetition. For
two-player nonlocal games, it is known that both the classical and the non-signaling value of
any game converges to zero exponentially fast under parallel repetition, given that the game is
non-trivial to start with (i.e., has classical/non-signaling value < 1). Very recent results [7, 5, 10]
show similar behavior of the quantum value of a two-player game under parallel repetition. For
nonlocal games with three or more players, very little is known up to present on their behavior
under parallel repetition; this is true for the classical, the quantum and the non-signaling value.
In this work, we show a parallel repetition theorem for the non-signaling value of a large class
of multi-player games, for an arbitrary number of players. Our result applies to all multi-player
games for which all possible combinations of questions have positive probability; this class in
particular includes all free games, in which the questions to the players are chosen independently.
Specifically, we prove that if the original game G has a non-signaling value vns (G) < 1, then the
non-signaling value of the n-fold parallel repetition is exponentially small in n. Stronger than
that, we prove that the probability of winning more than (vns (G) + δ) · n parallel repetitions is
exponentially small in n (for any δ > 0).
Our parallel repetition theorem for multi-player games is weaker than the known parallel
repetition results for two-player games in that the rate at which the non-signaling value of the
game decreases not only depends on the non-signaling value of the original game (and the number
of possible responses), but on the complete description of the game. Nevertheless, we feel that
our result is a first step towards a better understanding of the parallel repetition of nonlocal
games with more than two players.
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1

Introduction

Background
In an m-player nonlocal game G, m players receive respective questions x1 , . . . , xm , chosen
according to some joint probability distribution, and the task of the m players is to provide
“good” answers a1 , . . . , am , without communicating with each other. The players are said to
win the game if the given answers jointly satisfy some specific property with respect to the
given questions. The value of a given game is defined to be the maximal winning probability
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of the players. One distinguishes between the classical, the quantum, and the non-signaling
value, depending on whether the players are restricted to be classical, may share entanglement
and do quantum measurements, or are allowed to make use of any hypothetical strategy that
does not violate non-signaling.
An important question for nonlocal games is their behavior under parallel repetition.
This question is somewhat understood in the case of two players, where m = 2. Indeed,
Raz showed in his celebrated parallel repetition theorem [14] that if the classical value
of a two-player game G is vc (G) < 1 then the classical value vc (G n ) of the n-fold parallel
repetition of G satisfies vc (G n ) ≤ v̄c (G)n/ log(s) , where s denotes the number of possible pairs
of answers a1 and a2 , and v̄c (G) < 1 only depends on vc (G). Raz’s result was improved and
simplified by Holenstein [9], who gave an explicit and tighter dependency between v̄c (G)
1
and vc (G), namely v̄c (G) = 1 − 6000
(1 − vc (G))3 . Holenstein also showed that a similar
result holds for the non-signaling value of any two-player game: vns (G n ) ≤ v̄ns (G)n for
1
v̄ns (G) = 1 − 6400
(1 − vns (G))2 . Parallel repetition results for the quantum value of two-player
games were first derived for certain special classes of games, like XOR-games [6] or unique
games [11], or for a non-standard parallel repetition where the different repetitions of the
original game are intertwined with modified versions of the original game [12]. Recently,
several results about the parallel repetition of more general quantum games have been
obtained [7, 5, 10].
There are further improvements to the above results on two-player games. For instance,
Rao [13] showed a concentration result for the classical value of any two-player game, saying
that the probability to win more than (vns (G) + δ) · n out of the n repetitions is exponentially
small (for any δ > 0).1 Furthermore, he improved the bound on the classical value under
parallel repetition for projection games. A similar improvement on the bound on the classical
value under parallel repetition was given by Barak et al. [1] for free games, together with a
further improvement, namely a strong parallel repetition theorem (meaning that meaning
that vc (G n ) ≤ vc (G)Ω(n) ), for free projection games.
When considering multi-player nonlocal games with strictly more than 2 players, to the
best of our knowledge, very little is known about their behavior under parallel repetition,
except for trivial cases. This applies to the classical, the quantum, and the non-signaling
value. In [15], Rosen proved a parallel-repetition result for more than 2 players. While her
proof strategy is very similar to ours (closely following [9]), a somewhat unnatural definition
of multi-player non-signaling correlations is used where no m − 1 provers together can signal
to the remaining prover. In our (standard) model, one also demands that any subset (of
arbitrary size) of provers can not signal to the remaining provers.
Another result about multi-player games is by Briët et al. [2] about the related question
of XOR repetition. They show the existence of a 3-player XOR game whose classical value
of the XOR repetition is bounded from below by a constant (independent of the number of
repetitions). Hence, XOR repetition does not hold for this game (but parallel repetition might
still hold). Our result does not imply anything about those games, because the non-signaling
value of XOR games is always 1.
Possible applications of our result could be of cryptographic nature where the hardness of
a basic task is amplified by parallel repetition. A likely scenario for applying our results (and
our original motivation to study the problem) is position-based quantum cryptography [3, 4],
in the spirit of a recent result on parallel repetition of a particular game [17]. However, as

1

Rao claims the concentration result only for the classical value, but the same techniques also apply to
the non-signaling value.
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our result only applies to a restricted class of games, we were not able yet to apply it to in
this cryptographic context.

Our Results
We show a parallel repetition and a concentration theorem for the non-signaling value of
m-player games for any m, for a large class of games. The class of games to which our result
applies consists of all multi-player games with complete support, meaning that all possible
combinations of questions x1 , . . . , xm must have positive probability of being asked. This
class of games in particular includes all free games, in which the questions to the different
players are chosen independently. For any m-player game G with complete support, we show
that if vns (G) < 1 then there exists v̄ns (G) < 1 so that vns (G n ) ≤ v̄ns (G)n , and the probability
of winning more than (vns (G) + δ) · n out of the n repetitions with an arbitrary non-signaling
strategy is exponentially small (for any δ > 0).
We point out that our parallel repetition result for multi-player games (with complete
support) is of a weaker nature than the parallel repetition results for two-player games
discussed above, in that in our result the constant v̄ns (G) depends on the complete description
of the game G, and not just on its non-signaling value vns (G). Still, our result is the first
that shows a parallel repetition result for a large class of m-player games with m > 2 for one
of the three values (the classical, quantum or non-signaling) of interest.
For proving our results, we borrow and extend tools from [9] and [13], and combine them
with some new technique. The new technique involves considering strategies that are almost
non-signaling, meaning that the non-signaling properties only hold up to some small error.
We then show (Proposition 18) and use in our proof that the non-signaling value of a game
is robust under extending the quantification over all non-signaling strategies to all almost
non-signaling strategies.

2
2.1

Preliminaries
Basic Notation

For any m-partite set X = X1 × · · · × Xm , any m-tuple x = (x1 , . . . , xm ) ∈ X , and any index
set I = {i1 , . . . , ik } ⊆ {1, . . . , m}, we write XI to denote the k-partite set X = Xi1 × · · · × Xik ,
and we write xI to denote the k-tuple x = (xi1 , . . . , xik ) ∈ XI . To denote elements from the nfold Cartesian product of an m-partite set X as above, we write x = (x1 , . . . , xn ) ∈ X ×· · ·×X
with xi = (xi1 , . . . , xim ) ∈ X . For i ∈ {1, . . . , m}, we then write xi for xi = (x1i , . . . , xni ), and
for I = {i1 , . . . , ik } ⊆ {1, . . . , m}, x`I is naturally understood as x`I = (x`i1 , . . . , x`ik ) and xI
as xI = (xi1 , . . . , xik ). Corresponding notation is used for random variables X over X and
X over X × · · · × X .

2.2

Probabilities and Random Variables

We consider finite probability spaces, given by a non-empty finite sample space Ω and a
probability function P : Ω → [0, 1]. A random variable is a function X : Ω → X from Ω
into some finite set X . The distribution of X, denoted as PX , is given by PX (x) = P [ X =
x ] = P [ {ω ∈ Ω | X(ω) = x} ]. The joint distribution of a pair of random variables X and Y
is denoted by PXY , i.e., PXY (x, y) = P [ X = x ∧ Y = y ], and the conditional distribution of
X given Y is denoted by PX|Y and defined as PX|Y (x|y) = PXY (x, y)/PY (y) for all x and y
with PY (y) > 0. An event E is a subset of Ω, and the conditional distribution of a random
variable X given E is denoted as PX|E and given by PX|E (x) = P [ X = x ∧ E ]/P [ E ].
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The variational (or statistical) distance between two probability distributions PX and
QX for the same random variable X : Ω → X over two probability spaces (Ω, P ) and (Ω, Q)
(with the same Ω), is defined as
1X
kPX − QX k :=
|PX (x) − QX (x)|
2
x∈X

If PX and QX are ε-close in variational distance, we also write PX ≈ε QX .
Usually, we leave the probability space (Ω, P ) etc. implicit, and understand random
variables X, Y, . . . to be defined by their joint distribution PXY ··· , or by some “experiment”
that uniquely determines their joint distribution.

2.3

Some Useful Facts

The following lemma states that the variational distance cannot increase when less information
is taken into account.
I Lemma 1. Let PXY and QXY be joint distributions for random variables X and Y with
respective ranges X and Y, and let PX and QX be the corresponding marginals. Then,
kPX − QX k ≤ kPXY − QXY k .
Proof.
kPX − QX k =


1X
1X X
|PX (x) − QX (x)| =
PXY (x, y) − QXY (x, y)
2
2
x∈X

x∈X y∈Y

1XX
≤
|PXY (x, y) − QXY (x, y)| = kPXY − QXY k .
2
x∈X y∈Y

J
The next lemma is due to Holenstein [9] (a simplified version of his Corollary 6).
I Lemma 2. Let T and U 1 , . . . , U L be random variables with distribution PT U 1 ···U L =
PT · PU 1 |T · · · PU L |T (i.e. the U ` ’s are conditionally independent given T ), and let E be an
event. Then
s
L
 1 
X
PT U ` |E − PT |E · PU ` |T ≤ L log
.
P[E ]
`=1

The following is Hoeffding Inequality’s for sampling without replacement [8].
I Theorem 3 (Hoeffding Inequality for sampling without replacement). Let w ∈ {0, 1}n be an
Pn
n-bit string with n1 `=1 wi = w. Let the random variables D1 , D2 , . . . , DK be obtained by
sampling K random entries from w without replacement. Then, for any ε > 0, the random
P
1
variable D := K
k Dk satisfies



P D ≤ w − ε ≤ exp −2ε2 K .
Finally, we will make use of the Azuma-Hoeffding Inequality, stated below. We first define
the notion of a supermartingale.
I Definition 4 (Supermartingale). A sequence of real valued random variables M0 , M1 , . . . , MK
is called a supermartingale if E[Mk |M0 · · · Mk−1 ] ≤ Mk−1 (with probability 1) for every k ≥ 1.
I Theorem 5 (Azuma-Hoeffding Inequality). If M0 , M1 , . . . , MK is a supermartingale with
Mk ≤ Mk−1 + 1, then



P MK > M0 + εK ≤ exp −ε2 K/2 .
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2.4

Nonlocal Games

I Definition 6. An m-player nonlocal game, or simply (m-player) game G consists of two
m-partite sets X = X1 × · · · × Xm and A = A1 × · · · × Am , a probability distribution
P
π : X → [0, 1] on X , i.e., x π(x) = 1, and a verification predicate V : X × A → {0, 1}.
I Definition 7. A strategy for an m-player game G = (X , A, π, V) is a conditional probability
P
distribution q(·|·) : A × X → [0, 1], i.e., a q(a|x) = 1 for all x ∈ X .
I Definition 8. For any m-player game G = (X , A, π, V) and any strategy q for G, the value
of the game with respect to q is given by
X
π(x) q(a|x) V(x, a) .
v[q](G) :=
x∈X
a∈A

Any m-player game G = (X , A, π, V) and any strategy q for G together naturally define
a probability space with random variables X = (X1 , . . . , Xm ) and A = (A1 , . . . , Am ) with
joint probability distribution PXA given by PXA (x, a) = π(x)q(a|x). The random variable
X describes the choice of the input x ∈ X according to π, and the random variable A then
describes the reply a ∈ A chosen according to the distribution q(·|x). It obviously holds that
PX = π, and PA|X (·|x) = q(·|x) for any x ∈ X with PX (x) > 0. A subtlety is that for x ∈ X
with PX (x) = 0, the distribution PA|X (·|x) is strictly speaking not defined whereas q(·|x) is.
The value of the game with respect to strategy q can be written in terms of these random
variables as v[q](G) = P [ V(X, A) = 1 ]. In the following we define the classical, quantum and
non-signaling values of m-player games. Only the last one will be used in the rest of the
paper, but we provide all of them for the sake of completeness.
I Definition 9. A strategy q for an m-player game G = (X , A, π, V) is classical (or local) if
there exists a probability distribution p on a set W and conditional probability distributions
q1 , . . . , qm such that
q(a1 , . . . , am |x1 , . . . , xm ) =

X
w∈W

p(w)

m
Y

qi (ai |xi , w) .

i=1

The classical value of a game G is defined as vc (G) := supq v[q](G), where the supremum is
over all classical strategies q for G.
I Definition 10. A strategy q for an m-player game G = (X , A, π, V) is quantum if there
exists an m-partite quantum state |ψi ∈ HA1 ⊗ · · · ⊗ HAm and for every x = (x1 , . . . , xm ) ∈ X
m
there exist POVMs E1x1 = {Ex11 ,a1 }a1 ∈A1 , . . . , Em
xm = {Exm ,am }am ∈Am such that for all
a = (a1 , . . . , am ) ∈ A and x = (x1 , . . . , xm ) ∈ X :
q(a|x) = hψ|Ex11 ,a1 ⊗ · · · ⊗ Exmm ,am |ψi
The quantum value of a game G is defined as vqu (G) := supq v[q](G), where the supremum is
over all quantum strategies q for G.
I Definition 11. A strategy q for an m-player game G = (X , A, π, V) is non-signaling if for
any index subset I ⊂ {1, . . . , m} and its complement J = {1, . . . , m} \ I, it holds that
X
X
q(aI , aJ |xI , xJ ) =
q(aI , aJ |xI , x0J ) for all aI ∈ AI , xI ∈ XI and xJ , x0J ∈ XJ .
aJ ∈AJ

aJ ∈AJ

The non-signaling value of a game G is defined as vns (G) := supq v[q](G), where the supremum
is over all non-signaling strategies q for G.
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The following relaxed notion of non-signaling is crucial for the understanding of our
parallel-repetition proof.
I Definition 12. A strategy q for an m-player game G = (X , A, π, V) is ε-almost non-signaling
if for any index subset I ⊂ {1, . . . , m} and its complement J = {1, . . . , m} \ I, it holds that
X

q(aI , aJ |xI , xJ )−

aJ ∈AJ

X

q(aI , aJ |xI , x0J ) ≤ ε

for all aI ∈ AI , xI ∈ XI and xJ , x0J ∈ XJ .

aJ ∈AJ

3

A Multi-Player Parallel Repetition Theorem

3.1

The Parallel Repetition of Nonlocal Games

Given a game G, the n-fold parallel repetition G n is the game where the referees samples
n independent inputs x = (x1 , . . . , xn ) ∈ X × · · · × X and G n is won if and only if all its
sub-games are won. For the sake of notational convenience, we also introduce the following
way of denoting the fact that t of the n parallel repetitions are won.
I Definition 13 (t-out-of-n Parallel Repetition). For any n ∈ N and t ∈ R, the t-out-of-n
parallel repetition of a game G = (X , A, π, V) is given by the game G t/n = (X n , An , π n , Vt/n )
where X n = X × · · · × X and An = A × · · · × A, and for all x = (x1 , . . . , xn ) ∈ X n and
a = (a1 , . . . , an ) ∈ An

Pn
n
` `
Y
1 if
`=1 V(x , a ) ≥ t .
π n (x) :=
π(x` )
and
Vt/n (x, a) :=
0 else
`=1

The (standard) n-fold parallel repetition of a game G is given by the game G n := G n/n .
Similar to the observation after Definition 8, for any game G and for any strategy2 q (n)
for the t-out-of-n (or the n-fold) parallel repetition, random variables X = (X 1 , . . . , X n ) and
A = (A1 , . . . , An ), together with their joint distribution PXA , are naturally determined.
`
Note that for any ` ∈ {1, . . . , n}, X ` is of the form X ` = (X1` , . . . , Xm
), where Xi`
represents the question to the i-th player in the `-th repetition of G (and is distributed over
Xi ). Therefore, for any i ∈ {1, . . . , m}, we write Xi for Xi = (Xi1 , . . . , Xin ), and for any
I = {i1 , . . . , ik } ⊆ {1, . . . , m}, XI` should be understood as XI` = (Xi`1 , . . . , Xi`k ) and XI as
XI = (Xi1 , . . . , Xik ). The corresponding holds for A.
To simplify notation, for the n-fold repetition of a given game G with a given strategy
q (n) , we define W` to be the random variable W` := V(X ` , A` ) that indicates if the `-th
Pn
repetition of G is won, and we define W := n1 `=1 W` to be the fraction of repetitions that
are won. Obviously, v[q (n) ](G t/n ) = P [ W ≥ t/n ].

3.2

Concentration and Parallel Repetition Theorems

Our concentration and parallel repetition theorems below hold for all multi-player nonlocal
games G up to the following restriction on the distribution π.
I Definition 14. We say that an m-player game G = (X , A, π, V) has complete support if
π(x) > 0 for all x ∈ X , i.e., every x ∈ X = X1 × · · · × Xm is a “valid input” to the game.
2

We write q (n) (rather than e.g. q n ) to emphasize that it is a strategy for an n-fold repetition of G, but
it is not (necessarily) the n-fold independent execution of a strategy q for G.
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An important class of games that satisfy the complete-support property are the so-called
free games, as studied for instance in [1]. In a free game, π is required to be a product
distribution, i.e., π(x) = π1 (x1 ) · · · πm (xm ) for all x = (x1 , . . . , xm ) ∈ X = X1 × . . . × Xm .
Such a game has obviously full support.3
I Theorem 15 (Concentration Theorem). Let G be an arbitrary m-player game with complete
support. Then there exists a constant µ > 0, depending on G, such that for any δ > 0, any
n ∈ N, and for t = (vns (G)+δ)n:

vns (G t/n ) ≤ 8 exp −δ 4 µn .
As an immediate consequence, we get the following parallel-repetition theorem.
I Theorem 16 (Parallel-Repetition Theorem). Let G be an arbitrary m-player game with
complete support and non-signaling value vns (G) < 1. Then there exists ν < 1, depending on
G, such that vns (G n ) < 8ν n for any n ∈ N.
We point out that the constants µ (in Theorem 15) and ν (in Theorem 16) not only depend
on the non-signaling value vns (G) of G, but on the game G itself. The restriction to games
with complete support stems from the fact that µ becomes 0 when the smallest probability
in the distribution π goes to 0, rendering the bound useless.

3.3

The Proof

A central idea of our proof is the robustness of the non-signaling value of a game. We will use
the following result from [16, Section 10.4] about the sensitivity analysis of linear programs.
I Lemma 17. Let A be an m × n-matrix, and let A be such that for each nonsingular
submatrix B of A, all entries of B −1 are at most ∆ in absolute value. Let c be a row
n-vector, and let b0 and b00 be column m-vectors such that both maxx {cx | Ax ≤ b0 } and
maxx {cx | Ax ≤ b00 } are finite. Then 4
max {cx | Ax ≤ b00 } − maxn {cx | Ax ≤ b0 } ≤ n∆kck1 · kb00 − b0 k∞ .

x∈Rn

x∈R

I Proposition 18 (Robustness of vns (G)). Let G be an m-player game with non-signaling
value vns (G). Then, there exists a constant c(G) such that for any ε ≥ 0 and for any
strategy q for G that is ε-almost non-signaling, the value of G with respect to q is bounded by
v[q](G) ≤ vns (G) + c(G) · ε.

3
4

After possibly having restricted the sets X1 , . . . , Xm appropriately.
P
For x = (x1 , . . . , xn ) ∈ Rn , the norms are defined as kxk1 =
|xi | and kxk∞ = maxi |xi |.
i
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Proof. The non-signaling value vns (G) is the optimal value of the following linear program:
X
maximize
π(x) V(x, a) q(a|x)
x∈X
a∈A

subject to

(1)

q(a|x) ≥ 0 for all a ∈ A, x ∈ X ,
X
q(a|x) = 1 for all x ∈ X ,

(2)
(3)

a∈A

X

q(aI , aJ |xI , xJ ) − q(aI , aJ |xI , x0J ) = 0 for all I ⊂ {1, . . . , m}, J = {1, . . . , m} \ I

aJ ∈AJ

and for all aI ∈ AI , xI ∈ XI and xJ , x0J ∈ XJ .
(4)

Lemma 17 gives a bound on how much the optimal value of this linear program can vary if
we optimize over ε-almost non-signaling strategies instead of a fully non-signaling strategies.
Formally, we can express the linear program above in the “standard form” max{cx | Ax ≤ b0 }
by expanding the equality constraints (3) and (4) as ≤ and ≥ inequality constraints. According
to Definition 12, ε-almost non-signaling strategies fulfill the constraints (4) only up to an error
of at most 2ε. Hence, relaxing the constraints from non-signaling to ε-almost non-signaling
amounts to change the b0 -coordinates corresponding to the non-signaling constraints (4)
from 0 to 2ε. Hence, the parameters of Lemma 17 are kb00 − b0 k∞ = 2ε, n = |X | · |A|,
P
kck1 = x∈X |π(x) V(x, a)| ≤ |A| and ∆ is a finite constant that depends on the number of
a∈A

players m and the number of answers |A| and questions |X |.5 Finally, we note that we can
apply the lemma, because the objective function is at most one (and thus finite) irrespective
of which strategies we are considering. Setting c(G) := 2|X ||A|2 ∆ yields the claim.
J
I Lemma 19 (Main Lemma). Let G be a game with complete support. Consider an n-fold
repetition G n of G with an arbitrary non-signaling strategy q (n) for G n . Let E be an arbitrary
event (in the underlying probability space). Then for any subset S = {v1 , . . . , vk } ⊂ {1, . . . , n},
the probability P [ WV = 1 | E ] for a randomly chosen V in {1, . . . , n} \ S is bounded by
q



1
P WV = 1 E ≤ vns (G) + c0 (G) · n−k
log P [1E ]
where c0 (G) = 3 · 2m c(G)/ minx π(x) is some constant that only depends on G.
The following is an immediate consequence.
I Corollary 20. Let G be a game with complete support. Consider an execution of the
n-fold repetition G n with an arbitrary non-signaling strategy for G n . For any ` ∈ {1, . . . , n},
let E` be the event that the `-th repetition is accepted, i.e. W` = 1. Then for any subset
S = {v1 , . . . , vk } ⊂ {1, . . . , n}, there exists vk+1 ∈ {1, . . . , n} \ S such that
q



1
1
P Evk+1 Ev1 ∧ . . . ∧ Evk ≤ vns (G) + c0 (G) · n−k
log P [ Ev ∧...∧E
]
v
1

k

where c0 (G) is some constant that only depends on G.

5

In our case, the relevant
 constraint matrix A has
 n = |X | · |A| columns and at most
2 (|A| · |X | + |X |2 )m + |X | rows. Let ∆ := max (B −1 )ij | B a nonsingular submatrix of A ,
which depends only m, |A|, |X |.
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Proof (of Lemma 19). Let π◦ > 0 be such that π(x) ≥ π◦ for all x ∈ X ; by assumption
on G, such a π◦ exists. By re-ordering the (strategies of the) n executions, we may assume
without loss of generality that S = {n − k + 1, . . . , n}, and we now need to argue about the
probability over a random V in {1, . . . , n − k}. To simplify notation, let us define
q

1
log P [1E ] .
ε := n−k
Fix a subset I ⊆ {1, . . . , m} and let J = {1, . . . , m} \ I be the complement of I. Consider
the distribution
PXI XJ AI = PXI AI ·PXJ |XI AI = PXI AI ·PXJ |XI = PXI AI ·

n
Y

PX ` |XI = PXI AI ·

n
Y

J

`=1

PX ` |XI AI
J

`=1

where the second equality is due to non-signaling, the third due to the independence of every
pair (XI` , XJ` ), and the third again due to non-signaling. We can thus apply Lemma 2 (with
T = (XI , AI ) and U ` = XJ` ) and obtain
(n − k) · ε =

q
(n − k) log

1
P[E ]



≥

n−k
X

PXI X ` AI |E − PXI AI |E · PX ` |XI AI
J

J

`=1

≥

n−k
X

n−k
X

PX ` X ` A` |E − PX ` A` |E · PX ` |X ` A` =
I

J

I

I

I

J

I

=

PX ` X ` A` |E − PX ` A` |E · PX ` |X `
I

I

J

I

I

I

J

I

`=1

`=1
n−k
X

PX ` X ` |E · PA` |X ` X ` E − PX ` |E · PA` |X ` E · PX ` |X ` .
I

J

I

I

J

I

I

I

J

I

`=1

The first inequality holds by Lemma 2. The second inequality follows from Lemma 1 which
states that the distance of the random variables XI` , XJ` , A`I cannot be larger than the distance
of all random variables XI , XJ` , AI . The subsequent equality holds due to the non-signaling
condition between subsets I and J, and the last equality is a simple re-writing of some
probabilities.
P
By means of Lemma 2 (setting T to be a constant), we can also conclude that ` kPX ` X ` |E −
I J
P
PX ` X ` k, and thus in particular ` kPX ` |E − PX ` k, is upper bounded by (n − k)ε. Therefore,
I J
I
I
noting that PX ` X ` = PXI XJ , we can conclude that
I

J

n−k
X

PXI XJ · PA` |X ` X ` E − PXI XJ · PA` |X ` E ≤ 3(n − k)ε .
I

I

J

I

I

`=1

By summing over all subsets I ⊆ {1, . . . , m} (and letting J be its complement), changing
the order of the summation, and defining
X
ε` :=
PXI XJ · PA` |X ` X ` E − PXI XJ · PA` |X ` E
I

I

J

I

I

I

we get
n−k
X

ε` ≤ 3 · 2m (n − k)ε .

`=1

Note that by definition of ε` , for any choice of I and J = {1, . . . , m} \ I, it holds that
PXI XJ · PA` |X ` X ` E − PXI XJ · PA` |X ` E ≤ ε` ,
I

I

J

I

I
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and hence, by the lower bound π◦ on PXI XJ , that
PA` |X ` X ` E (·|xI , xJ ) − PA` |X ` E (·|xI ) ≤
I

I

J

I

I

ε`
π◦

for any xI and xJ . For any ` ∈ {1, . . . , n − k}, consider the strategy q̃` for (one execution of)
G, defined by q̃` (a|x) = PA` |X ` E (a|x). By the above, q̃` is (ε` /π◦ )-almost non-signaling.
Furthermore, by the definition of q̃` , the probability P [ E` | E ] that the `-th repetition of
the n-fold repetition of G is accepted equals the probability v[q̃` ](G) that a single execution of
G is accepted when strategy q̃` is played. Since q̃` is (ε` /π◦ )-almost non-signaling, it follows
from Proposition 18 that this probability is at most vns (G) + c(G) · ε` /π◦ . The claimed bound
P
on P [ EV | E ] for a randomly chosen V in {1, . . . , n − k} now follows from the bound on ` ε` ,
where c0 (G) is given by 3 · 2m c(G)/π◦ .
J
We are now ready to prove our main concentration bound.
Proof (of Theorem 15). Let K be some integer parameter, to be defined later. Let V1 , . . . , VK
be a random subset of distinct integers from {1, . . . , n}, and let Dk be the random variable
Dk = WVk = V(X Vk , AVk ) for any k ∈ {1, . . . , K}. Understanding V1 , . . . , VK as a “sample
subset" of the n parallel repetitions of G, Dk indicates whether the k-th game in the sample
is won. A pair (d1 , . . . , dk ) ∈ {0, 1}k and (v1 , . . . , vk ) ∈ {1, . . . , n} of k-tuples is called typical
if PD1 ···Dk |V1 ···Vk (d1 , . . . , dk |v1 , . . . , vk ) ≥ 2−2K . Let Tk be the event that (D1 · · · Dk ) and
(V1 · · · Vk ) form a typical pair. Note that the corresponding complementary events satisfy
T̄k ⇒ T̄k+1 as well as
P [ T̄k ] =

X

PV1 ···Vk (v1 , . . . , vk ) PD1 ···Dk |V1 ···Vk (d1 · · · dk |v1 · · · vk ) < 2−K .

atypical pairs
(d1 ...dk ),(v1 ...vk )

Let γ := 1−vns (G)−ε where ε := δ/3. Note that we obviously may assume that δ ≤ 1−vns (G)
so that γ > 0. We now define a sequence of random variables M0 , . . . , MK as follows. Random
variable M0 takes the value 0 with certainty, and Mk+1 is inductively defined as

Mk+1 :=

Mk + γ
if Dk+1 = 1 and Tk
Mk − (1 − γ) otherwise .

We want to show that M0 , . . . , MK forms a supermartingale. We fix k ∈ {0, . . . , K −1} and we
fix values (v1 , . . . , vk ) for the random variables V1 , . . . , Vk . Up to the end of this paragraph, all
probabilities etc. are to be understood conditioned on these values. We define E to be the event
that D1 , . . . , Dk take on some arbitrary but fixed values (d1 , . . . , dk ). If the pair (d1 , . . . , dk )
and (v1 , . . . , vk ) is atypical, then conditioned on E we have Mk+1 = Mk +γ −1 < Mk and thus
E[Mk+1 |M0 · · · Mk ] < E[Mk |M0 · · · Mk ] = Mk . In the other case, if the pair (d1 , . . . , dk ) and
(v1 , . . . , vk ) is typical then P [ E ] ≥ 2−2K . Furthermore, Lemma 19 implies that PDk+1 |E (1) =
p
p
P [ EVk+1 | E ] ≤ vns (G) + c0 (G) log(1/P [ E ])/(n − k) ≤ vns (G) + c0 (G) 2K/(n − K). We
want this last term to be upper bounded by vns (G) + ε = 1 − γ, which we achieve by choosing
K as K := bαnc where α := min{ε2 /(3c0 (G)2 ), 1/3}, as can easily be verified. It follows
that E[Mk+1 |M0 · · · Mk ] ≤ (1 − γ)(Mk + γ) + γ(Mk − (1 − γ)) = Mk (when conditioning
on E). Since the argument that the M0 , . . . , MK form a supermartingale holds independent
of the choice of (d1 , . . . , dk ) and of the choice of (v1 , . . . , vk ), M0 , . . . , MK indeed forms a
supermartingale in the original probability space (without conditioning on the values for
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V1 , . . . , Vk ). Therefore,
P

X
K


Dk ≥ (vns (G)+2ε)K

k=1





≤ P T̄K + P MK ≥ (vns (G)+2ε)Kγ − (1−vns (G)−2ε)K(1−γ)


≤ 2−K + P MK ≥ (γ − 1 + vns (G) + 2ε)K = 2−K + P [ MK ≥ εK ]
≤ 2−K + exp(−ε2 K/2) < 2 exp(−ε2 K/2) .
The first inequality holds by definition of MK , and the second by a simple manipulation
of the terms. The equality holds by definition of γ, and the subsequent inequality by the
Azuma-Hoeffding Inequality. Finally, the last inequality holds since ε < 1 and exp( 12 ) < 2.
PK
1
On the other hand, setting D := K
k=1 Dk , we can also write






P D ≥ vns (G) + 2ε ≥ P W > vns (G) + δ · P D ≥ vns (G) + 2ε W > vns (G) + δ
where by the Hoeffding Inequality (and using that ε = δ/3)


P D ≥ vns (G)+2ε W̄ > vns (G) + δ ≥ 1 − exp(−2ε2 K) .
Therefore,



2 exp(−ε2 K/2)
P W > vns (G) + δ ≤
.
1 − exp(−2ε2 K)

In case that exp(−2ε2 K) < 41 , we obtain the bound

 8
P W > vns (G) + δ ≤ exp(−ε2 K/2) .
3

(5)

Note that in the other case, if exp(−2ε2 K) ≥ 14 , then 2 exp(−ε2 K/2) ≥ 1 and the bound (5)
holds trivially.
Setting µ := 1/(2 · 35 · c0 (G)2 ), and recalling that ε = δ/3 and K := bαnc with α chosen
as α := min{ε2 /(3c0 (G)2 ), 1/3}, leads to the claim.
J

4

Conclusion and Open Questions

This article initiates the investigation of the behavior of multi-player nonlocal games under
parallel repetition. For the case of the non-signaling value, we provide a concentration
bound for games with complete support. Our results might serve as a stepping stone for
the investigation of the quantum and classical values. Other interesting questions include
improving the rate of repetition (e.g. by making it independent of the minimal probability that
any question is asked) or finding cryptographic applications, for instance in position-based
cryptography.
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Abstract
We introduce a general mapping for encoding quantum communication protocols involving pure
states of multiple qubits, unitary transformations, and projective measurements into another
set of protocols that employ coherent states of light in a superposition of optical modes, linear
optics transformations and measurements with single-photon threshold detectors. This provides
a general framework for transforming a wide class of protocols in quantum communication into
a form in which they can be implemented with current technology. In particular, we apply
the mapping to quantum communication complexity, providing general conditions under which
quantum protocols can be implemented with coherent states and linear optics while retaining
exponential separations in communication complexity compared to the classical case. Finally, we
make use of our results to construct a protocol for the Hidden Matching problem that retains
the known exponential gap between quantum and classical one-way communication complexity.
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1

Introduction

What information-processing tasks are unachievable in a classical world but become possible
when exploiting the intrinsic quantum mechanical properties of physical systems? This
question has been a driving force of numerous research endeavours over the last two decades
and remarkable progress has been made in our understanding of the advantages that quantum
mechanics can provide, as well is in developing the experimental platforms that will allow
them to be realized in practice [18, 7, 13, 22]. An example pertains to the field of quantum
communication [14], where quantum systems can be used, for instance, to distribute secret
keys [4, 5] or reduce the amount of communication required for joint computations [8, 9, 19, 2].
In terms of experimental implementations, only quantum key distribution (QKD) has
been routinely demonstrated and deployed over increasingly complex networks and large
distances [24, 21]. This is possible largely due to the fact that, fundamentally, QKD can be
carried out with sequences of independent signals and measurements [22]. QKD and other
cryptographic applications are easier to implement, as imperfections in implementations only
need to be overcome to the point of being able to achieve their qualitative goal.
Other tasks, such as those in quantum communication complexity, face the additional
challenge of demonstrating, in practice, their quantitative improvements over classical
alternatives. Moreover, many of these tasks require sophisticated quantum states to be
transmitted and measured. As such, there is a large set of quantum communication protocols
© Juan Miguel Arrazola and Norbert Lütkenhaus;
T
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whose potential advantages currently escape the grasp of available technology. Thus, only a
few proof-of-principle implementations have been reported [28, 26, 16].
Confronted with these challenges we face two alternatives: We can either strive to
improve current technology or we can flip the issue around and ask: Can protocols in
quantum communication be adapted to a form that makes them ready to be deployed with
available techniques? To adopt the latter strategy is to push for a theoretical reformulation
that converts previously intractable protocols into a form that, while conserving their relevant
features, eliminates the obstacles affecting their implementation. This is precisely the road
that has already been successfully followed for QKD.
In this work, we describe in detail an abstract mapping that converts quantum communication protocols that use pure states of multiple qubits, unitary operations, and projective
measurements into another class of protocols that use only a sequence of coherent states,
linear optics operations, and measurements with single-photon threshold detectors. The new
class of protocols requires a number of optical modes equal to the dimension of the original
states, but the number of photons can be chosen freely and is typically very small. This
results in the signal states occupying a small Hilbert space, so that they can only be used
to transmit the equivalent of a number of qubits that is only logarithmic in the number of
modes used. We proceed by examining how the mapping may be generally applied in the
context of quantum communication complexity and conclude by illustrating a coherent-state
protocol for the Hidden Matching problem.

2

Coherent-state Protocols

We consider a wide class of quantum communication protocols that require only three basic
operations: the preparation of pure states of a fixed dimension, unitary transformations on
these states, and projective measurements on a canonical basis. This set of protocols is not
completely general since we are not accounting for the possibility of shared entanglement
or non-unitary evolution, although these extensions could potentially be considered. The
simplest form of a protocol in this class is one in which Alice prepares a state |ψi and
sends it to Bob, who then applies a unitary transformation UB to that state, followed by a
projective measurement on the canonical basis. More complex protocols can be constructed
by increasing the number of these basic operations as well as the number of parties. Even
though these protocols generally involve states of some arbitrary dimension d, we can always
think of them as corresponding to a system of O(log2 d) qubits. Hence, we refer to them as
qubit protocols.
An exact implementation of such protocols can be achieved without the use of actual
physical qubits by instead considering a single photon in a superposition of optical modes.
Pd
Pd
Any pure state |ψi = k=1 λk |ki, with k=1 |λk |2 = 1, can be equally thought of as the
state of a single photon in a superposition of d modes
a†ψ |0i =

d
X

λk |1ik ,

(1)

k=1

Pd
where a†ψ = k=1 λk b†k for a collection of creation operators {b1 , b2 , . . . , bd } corresponding
to d optical modes, and where |1ik is the state of a single photon in the k-th mode.
In this picture, unitary operations correspond exactly to linear optics transformations,
and measurements in the canonical basis are equivalent to a photon counting measurement in
each of the modes. From a practical perspective, the issue with implementing qubit protocols
in terms of a single photon in a superposition of modes is that the experimental preparation
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of these states also presents daunting challenges. Instead, we are interested in an adaptation
of this formulation of qubit protocols into another that is more readily implementable in
practice.
With this purpose in mind, we outline a method for converting qubit protocols into
another class of protocols that, although seemingly disparate, actually retain the essential
properties of the original ones. We call these coherent-state protocols since they can be
implemented by using only coherent states of light and linear optics operations. The recipe
for constructing coherent-state protocols is specified by the following rules:
Coherent-state Mapping
1. The original Hilbert space H of dimension d with canonical basis {|1i , |2i , . . . , |di} is
mapped to a set of d orthogonal optical modes with corresponding annihilation operators
{b1 , b2 , . . . , bd }:
|ki −→ bk .

(2)

Pd
2. A state |ψi = k=1 λk |ki is mapped to a coherent state with parameter α in the mode
Pd
aψ = k=1 λk bk :
|ψi −→ |α, ψi := Daψ (α) |0i
=

d
O

|α λk ik ,

(3)

k=1

where |α λk ik is a coherent state with parameter α λk in the k-th mode. The value of α
can be chosen freely but remains fixed.
3. A unitary operation U acting on a state in H is mapped into linear optics transformation
corresponding to the same unitary operator U acting on the modes {b1 , b2 , . . . , bd }. Thus,
the transformation of a state is linked to a transformation of the modes as:


 0 
b1
b1
 b2 
 b02 




|ψ 0 i = U |ψi −→  .  = U  .  .
(4)
 .. 
 .. 
bd
b0d
4. A projective measurement in the canonical basis {|1i , |2i , . . . , |di} is mapped into a
two-outcome measurement in each of the modes:
k
k
{|kihk|} −→ {Fno-click
, Fclick
},

(5)

P∞
k
k
where Fno-click
= |0ih0| is a projection onto the vacuum, Fno-click
= n=1 |nik hn|k and
|nik is a state with n photons in the k-th mode. As such, an outcome in a coherent-state
protocol corresponds to a pattern of clicks in the modes. For coherent-state protocols,
the observation of N clicks correspond to a particular pattern of N outcomes of a qubit
protocol. Thus, an immediate interpretation of the outcomes is not provided by the
mapping, but instead must be chosen according to the particular context.
Since any qubit protocol can be constructed from the basic operations of state preparation,
unitary transformations, and projective measurements, the above instructions are sufficient
to construct the coherent-state version of any qubit protocol up to an interpretation of the
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log2 d qubits by applying a unitary transformation Uψ on an inital state 0̄ := |0i⊗ log2 d . She sends
the state to Bob, who applies a unitary transformation UB and measures the resulting state in the
computational basis. In the equivalent coherent-state protocol, the initial state corresponds
to a
Nd
coherent state in a single mode and the vacuum on the others. The state |α, ψi =
|α
λ
i
k
k is
k=1
prepared by applying the transformation Uψ to the optical modes. This state is sent to Bob, who
applies the transformation UB and consequently measures each mode for the presence of photons
with threshold single-photon detectors.

Pd

measurement outcomes. As an illustration, a simple qubit protocol and its coherent-state
counterpart are depicted in Fig. 1.
An immediate appealing property of coherent-state protocols is that their implementation
faces much lesser obstacles than their qubit counterparts. Indeed, the fundamental challenge
of a quantum-optical implementation of qubit protocols lies in the difficulty of generating
entangled states of many qubits and performing global unitary transformations on them.
On the other hand, coherent-state protocols face significantly less daunting obstacles. The
experimental generation of coherent states is a commonplace task and the construction
of linear-optical circuits can, in principle, be realized with simple devices such as beam
splitters and phase-shifters [20], though experimental challenges may remain depending
on the required unitary operation. Moreover, the platforms for linear optics experiments
continue to improve at a fast rate, most notably with the development of integrated optics
[25] and time-bin encodings [17, 10].
As we have mentioned already, an advantage of coherent-state protocols is that they
employ a coherent state in a superposition of modes, which is equivalent to a tensor product of
individual coherent states across the various modes. However, qubit protocols usually require
high amounts of entanglement. This seems to indicate that the ‘quantumness’ of the original
qubit protocol has been lost through the mapping. Nevertheless, it is important to realize
that this is not the case, as coherent-state protocols showcase a truly quantum property:
Nd
Nd
non-orthogonality. Given two states |α, ψi = k=1 |α λk ik and |α, ϕi = k=1 |α νk ik , with
d  α, the individual coherent states in each mode will typically be highly non-orthogonal,
i.e. hα νk |α λk i ≈ 1. Moreover, the presence of single-photon detectors also permit truly
quantum phenomena, such as unambiguous state discrimination of non-orthogonal states.
In fact, it can be useful to intuitively think of the coherent-state mapping as an exchange
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between entanglement and non-orthogonality, since an implementation of qubit protocols
with actual physical qubits usually requires entanglement amongst the qubits.
In coherent-state protocols, the average photon number, |α|2 , is a parameter that can
be chosen independently of the dimension of the states of the original qubit protocol. This
is to be put in contrast with any quantum-optical realization of a qubit protocol, which
inevitably requires a number of photons that scales with the dimension of the states. Hence,
coherent-state protocols offer an intrinsic saving in the number of photons required for
their implementation. The drawback, of course, is that the number of optical modes is
exponentially larger than the number of qubits in the original protocol. This means that the
mapping is only suitable for its application to protocols that originally require only a small
number of qubits. From a theoretical perspective, the relationship between these two types of
protocols may provide an insight into the trade-offs between different resources in quantum
communication, as well as into the interplay between entanglement and non-orthogonality in
quantum mechanics.
Now that we have outlined the coherent-state mapping, we continue by describing how
these techniques can be applied in the construction of protocols in quantum communication
complexity.

3

Quantum Communication Complexity

Communication complexity is the study of the amount of communication that is required
to perform distributed information-processing tasks. This corresponds to the scenario in
which two parties, Alice and Bob, respectively receive inputs x ∈ {0, 1}n and y ∈ {0, 1}n
and their goal is to collaboratively compute the value of a Boolean function f (x, y) with as
little communication as possible [27]. Although they can always do this by communicating
their entire input, the pertaining question in communication complexity is: What is the
minimum amount of communication that is really needed? Likewise, quantum communication
complexity studies the case where the parties are allowed to employ quantum resources such
as quantum channels and shared entanglement [6, 7].
Remarkably, it has been proven that there exist various problems for which the use of
quantum resources offer exponential savings in communication compared to their classical
counterparts [9, 19, 2, 12, 8]. As discussed previously, coherent-state protocols require a
number of modes that is exponentially larger than the number of qubits of the original
protocol. Thus, from a practical perspective, the exponential savings that are possible for
certain tasks in quantum communication complexity conveniently balance the exponential
increase in the number of modes, making them a natural candidate for the application of the
coherent-state mapping.
We are first interested in quantifying the amount of communication that takes place in
a quantum communication complexity protocol. Informally, this is done by counting the
number of qubits that are employed. But what happens if a protocol uses physical systems
that are manifestly not qubits? In that case, we quantify the amount of communication in
terms of the smallest number of qubits that would be required, in principle, to replicate
the performance of the protocol. More precisely, if a quantum communication protocol uses
states in a Hilbert space of dimension d, this space can be associated to a system of O(log2 d)
qubits. Therefore, the amount of communication C in a quantum protocol is generally given
by
C = log2 [dim(H)]

(6)
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where H is the smallest Hilbert space containing all states of the protocol. Moreover,
Holevo’s theorem [15] guarantees that no more than log2 d classical bits of information could
be transmitted, on average, by a quantum protocol that uses state in a Hilbert space of
dimension d.
Quantifying communication in qubit protocols is straightforward. For coherent-state
protocols, even though the actual Hilbert space associated to all possible signal states is large
(distinct coherent states are linearly independent), they effectively occupy a small Hilbert
space, as is expressed in the following theorem:
I Theorem 1. [1] For any state |ψi in a Hilbert space of dimension d, let |α, ψi be the state
associated to it through the coherent-state mapping. Then, for any  > 0, there exists a
Hilbert space Hα of dimension dα such that
log2 dα = O(log2 d),
hα, ψ|PHα |α, ψi ≥ 1 − ,
and where PHα is the projector onto Hα .
Proof. For a given ∆ > 0, let Hα be the subspace spanned by the set of Fock states
Pd
{|n1 i ⊗ |n2 i ⊗ . . . ⊗ |nd i} over d modes whose total photon number n = k=1 nk satisfies
|n − |α|2 | ≤ ∆. The dimension of Hα is equal to the the number of distinct ways in which n
photons can be distributed into the d different modes. Since the photons are indistinguishable,
this quantity is given by the binomial factor n+d−1
[23]. In the case of Hα , there are 2∆
d−1
different possible values of n, the largest being n = |α|2 + ∆. Thus, the dimension dα of this
subspace satisfies
  2

|α| + ∆ + d − 1
log2 dα ≤ log2 2∆
d−1


2
2
≤(|α| + ∆) log2 (|α| + ∆ + d − 1) + log2 (2∆),
(7)
which is O(log2 d) for any fixed α and ∆.
Now notice that the number hα, ψ|PHα |α, ψi is equal to the probability of performing
a photon number measurement on |α, ψi and obtaining a value satisfying |n − |α|2 | ≤ ∆.
Since any coherent state |α, ψi has a Poissonian photon number distribution with mean |α|2 ,
we can use the properties of this distribution to calculate the probability that the measured
number of photons lies within the desired range. This probability satisfies [11]
2

P (|n − |α|2 | ≥ ∆) ≤ 2e−|α|



e|α|2
|α|2 + ∆

|α|2 +∆

which can be made equal to any  > 0 by choosing ∆ accordingly while keeping α fixed.

(8)
J

Therefore, the fact that the mean photon number |α|2 is fixed in coherent-state protocols
leads to the states involved effectively occupying a Hilbert space of dimension that is
comparable to that of the original one. This implies that the asymptotic behaviour of the
amount of communication is the same for both classes of protocols. Moreover, the effectively
unused sections of the entire Hilbert space can still be used, in principle, for other purposes
such as the transmission of additional information.
We now focus on the bounded-error model in which Alice and Bob have randomness at
their disposal and need only determine the value of the function f (x, y) with probability
greater or equal to 1 −  for all possible values of x and y. They can send quantum states to
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each other, apply unitary transformations on these states, and make measurements in the
same way as the quantum communication protocols discussed before. Since they are only
interested in learning the value of the function, their final measurement can always be thought
of as a projective measurement onto two orthogonal subspaces H0 and H1 , corresponding to
f (x, y) = 0 and f (x, y) = 1 respectively.
In a coherent-state version of this model, the crucial difference lies in the measurement
stage, where the subspaces H0 and H1 are mapped onto sets of modes S0 and S1 . Unlike the
qubit protocol, there can be clicks happening in both sets of modes and as a consequence,
checking for the presence of clicks does not suffice to determine the value of the function.
Instead, in order to decide between both possible values of f (x, y), we opt for the strategy of
counting the number of clicks that occur in each set of modes and selecting the one with the
largest number of clicks.
Let Cb be the random variable corresponding to the number of clicks observed in the set
of modes Sb , with b = 0, 1. The distribution of Cb is known as a Poisson-binomial distribution
and its expectation value is given by
X
E(Cb ) =
pα,k := µb ,
(9)
k∈Sb

where pα,k = 1 − exp(−|α λk |2 ) is the probability of obtaining a click in the k-th mode.
This distribution can be difficult to work with in its exact form, so it is usual to
approximate it by a Poisson distribution with the same mean. This approximation can be
made precise through the following result:
I Theorem 2. [3] Let Cb be a Poisson-binomial random variable with mean µb . Similarly,
let Lb be a Poisson random variable with the same mean µb . Then, for any set A, it holds
that
| Pr(Cb ∈ A) − Pr(Lb ∈ A)| ≤ min(1, µ−1
(10)
b )τb ,
P
where τb := k∈Sb (pα,k )2 and pα,k is the probability of obtaining a click on the k-th mode.
We can use this fact to show that, under certain conditions, a coherent-state version of a
bounded-error qubit protocol also gives the correct value of the function with bounded error.
I Theorem 3. Let a qubit protocol for communication complexity have a probability of
success P ≥ 1 − . Then the corresponding coherent-state protocol has a probability of success
Pα > 1 −  if there exists a µ = |α|2 such that
2e−P µ (2eP µ)µ/2 + max {min(1, µ−1
b )}τ ≤ 

(11)

µ0 ,µ1

where µb is the expected number of clicks in the set of modes Sb and τ =

2
k (pα,k ) .

P

Proof. Without loss of generality, we take f (x, y) = 0 to correspond to the correct value of
the function. We can bound the success probability as
Pα = Pr(C0 > C1 )
µ
µ
2 ) Pr(C1 < 2 )
Pr(C0 < µ2 ))(1 − Pr(C1

≥ Pr(C0 >
= (1 −

>

µ
2 )).

From Theorem 2 we can also write
≤ Pr(L0 < µ2 ) + min(1, µ−1
0 )τ0

µ/2
2eµ0
≤ e−µ0
+ min(1, µ−1
0 )τ0 ,
µ

Pr(C0 <

µ
2)
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where we have bounded the Poisson distribution as in Eq. (8). Similarly we have
Pr(C1 >

µ
2)

≤ e−µ1



2eµ1
µ

µ/2

+ min(1, µ−1
1 )τ1 .

Putting these together we get
!
!
µ/2
µ/2

2eµ0
2eµ1
−1
−1
−µ1
Pα ≥ 1 − e
− min(1, µ0 )τ0
− min(1, µ1 )τ1
1−e
µ
µ

µ/2
µ/2

2eµ1
2eµ0
−1
−µ1
−µ0
−e
− min(1, µ−1
>1 − e
0 )τ0 − min(1, µ1 )τ1
µ
µ
−µ0



≥1 − e−P µ (2eP µ)µ/2 − e−(1−P )µ (2e(1 − P )µ)µ/2 − max {min(1, µ−1
b )}τ,
µ0 ,µ1

where τ = τ0 + τ1 = k (pα,k )2 and we have used the fact that
X
X
2
(1 − e−|α| pk ) = µ0
|α|2 pk >
Pµ =
P

k∈S0

(12)

k∈S0

and similarly (1−P )µ > µ1 . Whenever P > 1/2, it holds that e−P µ (2eP µ) > e−(1−P )µ (2e(1−
P )µ) so we can finally write
Pα > 1 − 2e−P µ (2eP µ)µ/2 − max {min(1, µ−1
b )}τ.
µ0 ,µ1

From this expression it is clear that whenever condition (11) holds, Pα > 1 −  as desired.

(13)
J

Notice that the quantity 2e−P µ (2eP µ)µ/2 can be made arbitrarily small for any P > 1 − 
by choosing a large enough value of µ = |α|2 . However, large values of µ result in higher values
P
of the individual click probabilities {pk,α } and consequently larger values of τ = k (pα,k )2 ,
making it harder for the quantity maxµ0 ,µ1 {min(1, µ−1
b )}τ to be small. Therefore, condition
(11) may only be satisfied when the original probabilities {pi } are very small, as this results in
a small τ even when µ is large. Of course, whenever the communicated states lie in a Hilbert
space of large dimension, we expect the outcome probabilities to be small and, consequently,
the coherent-state protocol to function adequately.
We would like to apply the coherent-state mapping to known protocols in quantum communication complexity. In fact, this has already been demonstrated in [1], where, essentially,
a coherent-state mapping was used to construct a protocol for quantum fingerprinting. We
now discuss how the mapping can be used to construct a protocol for the Hidden Matching
Problem.
The Hidden Matching Problem. In this communication complexity problem, Alice receives
an n-bit string x ∈ {0, 1}n as input, with n an even number. Additionally, Bob receives a
perfect matching M = {(i1 , j1 ), (i2 , j2 ), . . . , (in/2 , jn/2 )} on the set of numbers {1, 2, . . . , n},
i.e. a partition into n/2 disjoint pairs. A perfect matching can be visualized as a graph
with n vertices and n/2 edges, where each vertex is connected to only one other vertex.
Only one-way communication from Alice to Bob is permitted and their goal is to output an
element of the matching (i, j) and a bit value b such that b = xi ⊕ xj , where xi is the i-th
bit of the string x.
√
It has been shown that any classical protocol requires Ω( n) bits of communication,
even in the presence of errors [2]. On the other hand, there exists an efficient quantum
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Figure 2 (Color online) An example of an implementation of a coherent-state protocol for
the Hidden Matching problem. Alice receives a string of six bits and Bob receives the matching
(1, 6), (2, 5), (3, 4), as represented in the graph. Alice encodes her input values in the phases of six
coherent states in different modes and sends them to Bob. His measurement consists of a circuit
in which the modes are permutated in accordance with the matching and then interefere pairwise
in three balanced beamsplitters. Bob can output a correct solution to the problem based on the
detectors that click.

protocol that uses only O(log2 n) qubits of communication and outputs the correct answer
with certainty. In this protocol, Alice prepares the state
n

1 X
|xi = √
(−1)xi |ii
n i=1

(14)

and sends it to Bob, who measures it in the basis
{ √12 (|ii ± |ji)},

(15)

with (i, j) ∈ M . The outcome √12 (|ii+|ji) only occurs if xi ⊕xj = 0 and similarly, √12 (|ii−|ji)
only occurs if xi ⊕ xj = 1. This allows Bob to give a correct output after performing his
measurement. Note that Bob’s measurement basis is constructed from the canonical basis by
applying a Hadamard transformation to the subspaces {|ii , |ji}, with (i, j) ∈ M .
To construct a coherent-state protocol for the Hidden Matching problem, we just have to
apply the rules of the mapping. In this case, Alice prepares the state
|α, xi =

n
O

(−1)xi √αn

E

(16)

i=1

and sends it to Bob. The linear-optical equivalent of a Hadamard gate is a balanced beamsplitter, so Bob’s measurement consists of interfering each of the pairs of modes {bi , bj } (with
(i, j) ∈ M ) in a balanced beam-splitter and detecting photons in the outputs as illustrated in
Fig. 2. If the incoming states to the input ports of the beam splitter are
E
E
(−1)xi √αn ⊗ (−1)xj √αn ,
(17)
the output states will be
E

1 + (−1)xi ⊕xj √αn ⊗

1 − (−1)xi ⊕xj



√α
n

E

.

(18)
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Notice that for each possible value of xi ⊕ xj , one of the output states will be a vacuum
while the other is a coherent-state with non-zero amplitude. Therefore, we can associate
a value of xi ⊕ xj to each of the output detectors so that whenever a click occurs, the
correct value can be inferred with certainty. Even if there are many clicks, they will always
correspond to a correct value. Thus, the only issue that can arise is that no-clicks occur and
the probability that this happens is given by
2

Pno-click = e−|α| ,

(19)

which can be made arbitrarily small by choosing α appropriately. Moreover, Theorem 1
guarantees that the amount of communication in the coherent-state protocol is O(log2 n)
and an exponential separation in communication complexity is maintained.

4

Conclusions

We have outlined a general framework for encoding quantum communication protocols
involving pure states, unitary transformations, and projective measurements, into another
set of protocols that employs coherent states of light in a superposition of modes, linear
optics transformations, and measurements with single-photon threshold detectors. Although
seemingly disparate at first glance, qubit and coherent-state protocols share in fact many
properties, including the amount of communication required and the outcome statistics.
Moreover, since the mapping depends on a parameter α that can be freely chosen, coherentstate protocols offer increased tunability compared to qubit protocols.
This work thus provides a general method for mapping protocols in quantum communication into a form in which they can be implemented with current technology. It is of great
interest to explore what other protocols in quantum communication, besides the ones we
have outlined in this work, could be implemented by applying the coherent-state mapping to
their qubit versions.
Fundamentally, coherent-state protocols require a fixed and small number of photons
at the price of an exponentially large number of optical modes. For practical purposes,
this implies that their application to protocols that originally require a large number of
qubits will be difficult. Nevertheless, the fact that very few photons are needed not only
implies an inherent savings in the energy cost of communication, but may also provide
other practical advantages. For example, since optical multiplexing is limited by nonlinear
effects arising from large amplitudes of the electromagnetic field, the fact that coherent-state
protocols employ signals with very few photons implies that they can be easily assimilated
into multiplexing schemes, or even provide a new way of multiplexing quantum messages, for
example by utilizing the unused sections of the entire Hilbert space. Additionally, the low
photon number may result in increased clock rates: Since only a few clicks are expected to
occur even in cases when many modes are transmitted, the detector dead times and jitter
times do not pose a barrier to the achievable rates.
From a theoretical perspective, the coherent-state mapping can be thought of as a tool
for understanding fundamental aspects about quantum communication and information. In
particular, the mapping provides us with a connection between two intrinsically quantum
properties: entanglement and non-orthogonality. It may also serve as a theoretical test bed
for proving results regarding qubit protocols, in the same way as many other dualities have
been useful in both physics and mathematics.
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Abstract
We study zero-error entanglement assisted source-channel coding (communication in the presence
of side information). Adapting a technique of Beigi, we show that such coding requires existence
of a set of vectors satisfying orthogonality conditions related to suitably defined graphs G and
H. Such vectors exist if and only if ϑ(G) ≤ ϑ(H) where ϑ represents the Lovász number. We
also obtain similar inequalities for the related Schrijver ϑ− and Szegedy ϑ+ numbers.
These inequalities reproduce several known bounds and also lead to new results. We provide
a lower bound on the entanglement assisted cost rate. We show that the entanglement assisted
independence number is bounded by the Schrijver number: α∗ (G) ≤ ϑ− (G). Therefore, we are
able to disprove the conjecture that the one-shot entanglement-assisted zero-error capacity is
equal to the integer part of the Lovász number. Beigi introduced a quantity β as an upper bound
on α∗ and posed the question of whether β(G) = bϑ(G)c. We answer this in the affirmative
and show that a related quantity is equal to dϑ(G)e. We show that a quantity χvect (G) recently
introduced in the context of Tsirelson’s conjecture is equal to dϑ+ (G)e.
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1

Introduction

The zero-error source-channel coding problem is as follows. Suppose Alice wishes to send a
message x ∈ X to Bob through a noisy classical channel N : S → V in such a way that Bob
may deduce Alice’s message with zero probability of error. Alice encodes her message via
some function f : X → S before sending it through the channel. Bob is aided by some side
∗
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Figure 1 A zero-error source-channel coding scheme.

information u ∈ U regarding Alice’s message. Formally, we can imagine that the symbols x
and u originate from a dual source with probability P (x, u). See Fig. 1.
The success of this protocol can be analyzed using a pair of graphs: G with vertices from
X and H with vertices from V , having edges
x ∼G y ⇐⇒ ∃u ∈ U such that P (x, u)P (y, u) 6= 0

(1)

s ∼H t ⇐⇒ N (v|s)N (v|t) = 0 for all v ∈ V,

(2)

where P (x, u) is the probability of input pair x, u and N (v|s) is the probability that the
channel outputs v given input s. G is the characteristic graph of P and H is the complement
of the confusability graph of N . Intuitively, G represents the information that needs to be sent
and H represents the information that survives the channel. Bob is able to decode x (with
zero chance of error) if and only if Alice’s encoding satisfies x ∼G y =⇒ f (x) ∼H f (y) [11].
Such a function is called a homomorphism from G to H. If such a function exists then G is
homomorphic to H, written G → H.
Many graph quantities can be defined in terms of homomorphisms [8, 9], and the above
protocol puts these in an operational context. If there is no side information then G = Kn ,
the complete graph on n = |X| vertices. The largest n such that Kn → H is the clique
number ω(H). Thus the largest number of error-free messages that can be sent through N
is ω(H) (equivalently, α(H), the independence number of the complementary graph). If N
is the perfect channel then H = Kn with n = |S|. The smallest n such that G → Kn is the
chromatic number χ(G). This is the size of the smallest channel that suffices to communicate
inputs from a dual source with characteristic graph G.
Source-channel coding may also be considered in the case where Alice and Bob make use
of an entanglement resource, Fig. 2 [3]. Now Alice’s encoding operation consists of a POVM
{Msx }s∈S depending on her input x and producing a value s to be sent to Bob through the
channel. Bob can successfully decode if and only if
ρxs ⊥ ρyt for all x ∼G y and s 6∼H t,

(3)

where ρxs is Bob’s share of the post-measurement entanglement resource after POVM outcome
Msx . By analogy to the above, a successful protocol is called an entanglement assisted
∗
homomorphism from G to H. If such a thing exists, one writes G → H. Also by way of
∗
analogy, the entanglement assisted independence number α (H) is the largest n such that
∗
Kn → H and the entanglement assisted chromatic number χ∗ (G) is the smallest n such that
∗
G → Kn . These have similar operational interpretations as α(H) and χ(G) discussed above.
∗
B
We consider two relaxations of condition (3) for G → H. The first we denote G → H
B
since it reduces to a construction of Beigi [2] when G = Kn . We say G → H if there are
vectors |wi and |wsx i such that
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Figure 2 An entanglement assisted zero-error source-channel coding scheme.

1. hw|wi = 1
P
x
2.
s |ws i = |wi
y
x
3. hws |wt i = 0 for all x ∼G y, s 6∼H t
4. hwsx |wtx i = 0 for all s 6= t.
+
Another relaxation G → H is defined similarly, except that the last condition is replaced by
4. hwsx |wty i ≥ 0.
∗
B
+
Since these are relaxed conditions, G → H implies G → H and G → H. All of our results
follow from two theorems. With ϑ̄(G), ϑ̄− (G), and ϑ̄+ (G) being the Lovász, Schrijver, and
Szegedy numbers of the complementary graph G, we have
B

I Theorem 1. G → H if and only if ϑ̄(G) ≤ ϑ̄(H).
+

I Theorem 2. If G → H then ϑ̄(G) ≤ ϑ̄(H), ϑ̄− (G) ≤ ϑ̄− (H), and ϑ̄+ (G) ≤ ϑ̄+ (H).
A number of original results follow as immediate corollaries:
∗
Entanglement assisted zero-error source-channel coding (G → H) requires ϑ̄(G) ≤ ϑ̄(H),
ϑ̄− (G) ≤ ϑ̄− (H), and ϑ̄+ (G) ≤ ϑ̄+ (H).
α∗ (H) ≤ ϑ− (H) (previously only α∗ (H) ≤ ϑ(H) was known [2, 4]).
The average number of channel uses required per input, in the asymptotic limit, is
known as the entanglement assisted cost rate η ∗ (G, H). Since ϑ̄ is multiplicative under
appropriate graph products, η ∗ (G, H) ≥ log ϑ̄(G)/ log ϑ̄(H).
B
Beigi defined β(H) to be the largest n such that Kn → H (paraphrased into our
terminology) and asked whether β(H) = bϑ̄(H)c. The answer is “yes” – this follows
directly from Theorem 1.
B
By considering instead G → Kn one can define a quantity similar to Beigi’s, equal to
dϑ̄(H)e.
Also as immediate corollaries, we reproduce the following known results:
χ∗ (G) ≥ ϑ̄+ (G) [3].
q
There is a notion of a quantum homomorphism G → H defined in the context of a
q
∗
+
quantum pseudo-telepathy game [14, 13]. Since G → H =⇒ G → H =⇒ G → H, the
q
inequalities of Theorem 2 apply to G → H as well.
These various generalized homomorphisms can be arranged in a sequence of most to least
strict:
q

∗

+

B

G → H =⇒ G → H =⇒ G → H =⇒ G → H =⇒ G → H.

(4)

It is known that the converse of the first implication does not hold [5, 14], and we show the
converse of the last does not hold. The other two are open. The second converse holds if
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and only if entanglement assisted source-channel coding can always be accomplished using
projective measurements and a maximally entangled state. The third converse holds if,
loosely speaking, it is permissible to drop all mathematical structure from (3) except for the
basic properties related to inner products hρxs , ρyt i.
It is not known whether there can be a gap between the asymptotic entanglement assisted
zero-error capacity Θ∗ and ϑ. To show such a gap requires a stronger bound on α∗ . Since
Beigi’s β is now shown to be essentially no different from ϑ, this dashes the hope that β
could be used to show such a gap. Our bound α∗ (H) ≤ ϑ− (H) would imply a gap, unless
ϑ− regularizes to ϑ in the asymptotic limit. Haemers provided a bound on Shannon capacity
which is sometimes stronger than Lovász’s bound [6, 7, 1, 12]; however, this bound does not
apply to the entanglement assisted case [10].
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Abstract
A strong converse theorem for channel capacity establishes that the error probability in any
communication scheme for a given channel necessarily tends to one if the rate of communication exceeds the channel’s capacity. Establishing such a theorem for the quantum capacity of
degradable channels has been an elusive task, with the strongest progress so far being a so-called
“pretty strong converse.” In this work, Morgan and Winter proved that the quantum error of
any quantum
communication scheme for a given degradable channel converges to a value larger
√
than 1/ 2 in the limit of many channel uses if the quantum rate of communication exceeds the
channel’s quantum capacity. The present paper establishes a theorem that is a counterpart to
this “pretty strong converse.” We prove that the large fraction of codes having a rate exceeding
the erasure channel’s quantum capacity have a quantum error tending to one in the limit of many
channel uses. Thus, our work adds to the body of evidence that a fully strong converse theorem
should hold for the quantum capacity of the erasure channel. As a side result, we prove that the
classical capacity of the quantum erasure channel obeys the strong converse property.
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1

Introduction

In his seminal paper on quantum error correction, Shor set out the task of determining
the quantum capacity of a quantum channel [26], defined as the maximum rate at which
it is possible to transmit qubits reliably over a noisy quantum communication channel.
Subsequent to this, the coherent information was identified as being a relevant quantity for
quantum capacity [23], a regularized upper bound on quantum capacity was established
in terms of the coherent information [4, 5], and the coherent information lower bound on
the quantum capacity was established by a sequence of works which are often said to bear
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“increasing standards of rigor” [19, 27, 9]. 1 All of these works did not identify a tractable
characterization of the quantum capacity in general, but Devetak and Shor subsequently
proved that the coherent information is equal to the quantum capacity for a class of channels
bearing the property of degradability [10]. Degradable channels are such that the receiver
of the output of the channel can simulate the channel to the environment by applying a
degrading map.
A particularly simple example of a degradable channel is the quantum erasure channel Np
[13], which has the following action on an input density operator ρ:
Np (ρ) ≡ (1 − p)ρ + p|eihe|,

(1)

where p ∈ [0, 1] is the erasure probability and |ei is a state orthogonal to the input space
(i.e., he|ρ|ei = 0 for all input ρ). One can readily show that the map to the environment is
equivalent (up to isometry) to an erasure channel with the complementary probability:
Np (ρ) ≡ pρ + (1 − p)|eihe|.

(2)

The interpretation here is that if the receiver recovers the channel input, then the environment
does not and instead receives the erasure flag, and vice versa.
The quantum capacity of the erasure channel was identified early on by employing a now
well known “no-cloning” argument [7]. That is, when p = 1/2, the channels from input to
the receiver and from input to the environment are the same, so that the quantum capacity
of the original channel must vanish. If this were not the case, then it would be possible to
send quantum data reliably to both the receiver and the environment of the channel, in
violation of the no-cloning theorem. It is then possible to prove that the quantum capacity
of the erasure channel in general is equal to (1 − 2p) log d for p ≥ 1/2 and zero otherwise (in
agreement with the aforementioned reasoning), where d is the dimension of the input space
for the channel.
All of the above works established an understanding of quantum capacity in the following
sense:
1. (Achievability) If the rate of quantum communication is below the quantum capacity,
then there exists a scheme for quantum communication such that the fidelity approaches
one in the limit of many channel uses.
2. (Weak Converse) If the rate of quantum communication is above the quantum capacity,
then there cannot exist an error-free quantum communication scheme.
However, the theorem stated as such still leaves more to be desired. For example, it has
been known for a long time that the classical capacity of a classical channel obeys the strong
converse property [33, 1]: if the rate of communication exceeds capacity, then the error
probability necessarily converges to one in the limit of many channel uses. Furthermore,
many works have now established that the strong converse property holds for the classical
capacity of several quantum channels [32, 22, 18, 31, 30, 3] and for the entanglement-assisted
classical capacity of all quantum channels [6, 8, 14].
Thus, we are left with the strong converse question for the quantum capacity, with the
goal being to sharpen our understanding of quantum capacity. In general, the quantum
capacity of arbitrary channels can exhibit rather exotic behavior [28], so it seems reasonable
to restrict attention for now to the class of degradable channels since they are more well
behaved. In this spirit, a recent work has proved that the quantum capacity of all degradable

1

However, see the later works in [16] and [15], which respectively set [19] and [27] on a firm foundation.
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channels exhibits a property dubbed the “pretty strong converse” [20]. These authors have
proven that the quantum error2 of any quantum communication
scheme for a degradable
√
channel experiences a sudden jump from zero to at least 1/ 2 when the communicate rate
crosses the quantum capacity threshold (this statement is in the limit of many channel uses).
At the very least, we now know that the quantum capacity experiences this jump, but the
work of [20] left open the question of whether the jump in quantum error is actually from
zero to one in the limit of many channel uses.
In this paper, we prove a statement that is similar in spirit to the pretty strong converse:
for almost all codes having a rate exceeding the quantum capacity of the erasure channel,
the error necessarily converges to one in the limit of many channel uses. We should clarify
that we do not prove a strong converse for all codes, but instead show that the strong
converse property holds for almost all codes. We will be more precise in what follows with
clarifying what we mean by “almost all codes,” but suffice it for now to say if anyone devises
a communication scheme for quantum communication over the erasure channel whose rate
exceeds capacity, then the chances are very good that, regardless of the scheme, it will fail
with probability converging to one in the limit of many channel uses.
In the absence of a proof that the strong converse holds, both the present paper and
[20] are offering an increasing body of evidence that it should indeed hold for the class of
quantum erasure channels. That is, both results allow us to conclude the following statement:
all codes whose rate exceeds
the quantum capacity of the erasure channel have a quantum
√
error converging to 1/ 2 in the limit of many channel uses, and a large fraction of them in
fact have quantum error converging to one.
This paper is organized as follows. The next section reviews the definition of an entanglement generation code. Section 3 then reviews the generalized divergence framework of
Sharma and Warsi [25] for establishing bounds relating rate, error, and the channel of interest
in any quantum communication protocol. Section 4 provides a proof for our main result: that
the strong converse property holds for almost all codes used for quantum communication
over the quantum erasure channel. We state some open directions in the conclusion. The
appendix includes, as a side result, a proof that the strong converse holds for the classical
capacity of the quantum erasure channel.

2

Entanglement generation codes

In this paper, we focus on entanglement generation codes, for which the goal is for the sender
Alice to use the channel n times in order to share a state with the receiver Bob, such that this
state is indistinguishable from a maximally entangled state. We focus on this task because
the entanglement generation capacity of a quantum channel serves as an upper bound on its
quantum capacity (this in turn is because a protocol for noiseless quantum communication
can always be used to generate entanglement between sender and receiver). Thus, if one
establishes an upper bound on the entanglement generation capacity, then this bound serves
as an upper bound on the quantum capacity. However, we should emphasize again that our
final statement is a bound that holds for almost all entanglement generation codes, so that
we cannot conclude a full strong converse.
More formally, we now define an (n, R, ε, φ, D) entanglement generation code for a
channel N . Such a protocol begins with Alice preparing a state on n + 1 systems, she sends
n shares of the state through n instances of the channel, and then Bob decodes. That is,

2

As quantified by the so-called “purified distance” (see Chapter 3 of [29], for example).
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such a code begins with Alice preparing a state |φiAA1 ···An . The reduced state on system A
has its rank equal to M , where M = 2nR . Alice then transmits systems A1 · · · An through n
uses of the channel, leading to the state
ρAB n ≡ NAn →B n (φAA1 ···An ),

(3)

where NAn →B n ≡ N ⊗n and An is shorthand for A1 · · · An . Finally, Bob performs a decoding
DB n →B̂ , leading to the state
ωAB̂ ≡ DB n →B̂ (NAn →B n (φAA1 ···An )).

(4)

The fidelity of the code is given by
F ≡ hΦ|AB̂ ωAB̂ |ΦiAB̂ ,

(5)

where |ΦiAB̂ is the maximally entangled state
M −1
1 X
|ΦiAB̂ ≡ √
|iiA |iiB̂ ,
M i=0

(6)

so that the rate of entanglement generation is equal to n1 log2 M . An (n, R, ε, φ, D) code
uses the state φ, the decoder D, the channel n times at rate R, and is such that the fidelity
F ≥ 1 − ε. Note that without loss of generality, we can restrict our consideration to pure-state
entanglement generation codes. For if the initial state is a mixed state ρAA1 ···An and the
following condition holds
hΦ|AB̂ DB n →B̂ (NAn →B n (ρAA1 ···An ))|ΦiAB̂ ≥ 1 − ε,

(7)

then there always exists at least one pure state in the spectral decomposition of ρAA1 ···An
which meets the same fidelity constraint given above.

3

Generalized divergence framework for quantum communication

We now recall the Sharma-Warsi framework for bounding fidelities in quantum communication
[25]. We say that D(X||Y ) is a generalized divergence if it satisfies the following monotonicity
inequality for all quantum channels M and positive operators X and Y :
D(X||Y ) ≥ D(M(X)||M(Y )).

(8)

Let ID (AiB)ρ denote the generalized coherent information of a bipartite state ρAB :
ID (AiB)ρ ≡ min D(ρAB ||IA ⊗ σB ).
σB

(9)

Let ID (N ) denote the generalized coherent information of a quantum channel N :
ID (N ) ≡ max ID (AiB)NA0 →B (φAA0 )
φAA0

= max min D(NA0 →B (φAA0 )||IA ⊗ σB ).
φAA0 σB

(10)
(11)

If the generalized divergence is equal to the von Neumann relative entropy, then the above
expressions are equal to the usual coherent information of a quantum state and coherent
information of a quantum channel, respectively.
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We now establish a bound relating the rate and error of any entanglement generation
code for a quantum channel N to the generalized coherent information of the tensor-power
channel N ⊗n . For our purposes here, we begin by considering the generalized divergence
between the state ρAB n defined in (3) that is output from n uses of the channel and any
other operator of the form IA ⊗ σB n , where σB n is a density operator on the systems B n :
D(ρAB n ||IA ⊗ σB n ).

(12)

By monotonicity under the application of the decoder DB n →B̂ to the system B n , the following
inequality holds

D(ρAB n ||IA ⊗ σB n ) ≥ D ωAB̂ ||IA ⊗ DB n →B̂ (σB n ) .
(13)
Next, consider the following test (a completely positive trace-preserving map), which outputs
a flag indicating whether a state is maximally entangled or not:



TAB̂→Z (·) ≡ Tr ΦAB̂ (·) |1ih1| + Tr IAB̂ − ΦAB̂ (·) |0ih0|.
(14)
Intuitively, this test is simply asking, “Is the entanglement decoded or not?” Applying
monotonicity of the generalized divergence under this test, we find that the following
inequality holds



D ωAB̂ ||IA ⊗ DB n →B̂ (σB n ) ≥ D TAB̂→Z ωAB̂ ||TAB̂→Z IA ⊗ DB n →B̂ (σB n ) .
(15)
By defining
ρF ≡ F |1ih1| + (1 − F )|0ih0|,


1
1
P M1 ≡
|1ih1| + M −
|0ih0|,
M
M

(16)
(17)

we see that




D TAB̂→Z ωAB̂ ||TAB̂→Z IA ⊗ DB n →B̂ (σB n ) = D ρF ||P M1 ,

(18)

which follows from (5) and the fact that


1
.
Tr ΦAB̂ IA ⊗ DB n →B̂ (σB n ) =
M
Thus, putting everything together, we obtain the following inequality


D(ρAB n ||IA ⊗ σB n ) ≥ D ρF ||P M1 .

(19)

(20)

This inequality holds for any choice of σB n , so we can obtain the tightest upper bound on
D(ρF ||P M1 ) for a particular entanglement generation code with initial state φAA1 ···An by
taking a minimization over all such σB n :


min D(ρAB n ||IA ⊗ σB n ) ≥ D ρF ||P M1 .
(21)
σB n

We can then remove the dependence of the bound on any particular entanglement generation
code by taking a maximization over all initial states φAA1 ···An :


max min D(ρAB n ||IA ⊗ σB n ) ≥ D ρF ||P M1 .
(22)
φAA1 ···An σB n

By employing the definition in (10), we find that the bound is equivalent to



ID N ⊗n ≥ D ρF ||P M1 .

(23)
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Specializing to Rényi relative entropies

The above development applies for any divergence satisfying monotonicity, and the Rényi
relative entropy is a particular example of a generalized divergence, defined as
Dα (ρ||σ) ≡


1
log2 Tr ρα σ 1−α .
α−1

(24)

Monotonicity of Dα (ρ||σ) under quantum channels holds for all α ∈ [0, 2] (see Appendix B
of [29], for example). In the present paper, we are focused on α ∈ (1, 2], especially when α
is in a neighborhood near one in this interval. This is because the Rényi relative entropy
converges to the von Neumann relative entropy as α → 1.
Now we can evaluate the bound in (21) for the case when the divergence is chosen to be
the Rényi relative entropy:


min D(ρAB n ||IA ⊗ σB n ) ≥ Dα ρF ||P M1
(25)
σB n
  



1
1 1−α
1 1−α
+ (1 − F )α M −
(26)
=
log2 F α
α−1
M
M
  

1
1 1−α
≥
log2 F α
(27)
α−1
M
α
log2 [F ] + log2 M
(28)
=
α−1
α
=
log2 [F ] + nR
(29)
α−1
If we optimize over all entanglement generation codes, then we have the bound
max

min Dα (ρAB n ||IA ⊗ σB n ) ≥

φAA1 ···An σB n

α
log2 [F ] + nR.
α−1

(30)

This is equivalent to

Iα N ⊗n ≥

α
log2 [F ] + nR,
α−1

(31)

where we define the Rényi coherent information Iα of a quantum channel according to the
recipe in (10). Rewriting this, the bound is equivalent to
F ≤ 2−n(

α−1
α

)(R− n1 Iα (N ⊗n )) .

I Remark. It is worth noting at this point that if it is possible to prove that
an additive function of the channel N , in the sense that

1
Iα N ⊗n = Iα (N )
n

(32)
1
⊗n
)
n Iα (N

is

(33)

for any finite n, then this would be sufficient to prove that the strong converse holds
according to the argument of [22] (which has since been repeated in different contexts in
both [25] and [14]). (In fact, any subadditivity relation of the following form would suffice:
Iα (N ⊗n ) ≤ nIα (N )+o(n).) One could also consider using the recently developed sandwiched
Rényi relative entropy [21, 31] in this context. So far, it is not clear to us whether either of
the coherent information quantities derived from the traditional or sandwiched Rényi relative
entropies are additive in the above sense for any degradable channel.
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3.2

Application to the quantum erasure channel

We now specialize the above bounds to the case of the quantum erasure channel. Beginning
from (25)-(29), we see that we can choose any state σB n for establishing a bound relating rate
and fidelity to an information quantity. So we choose σB n = [Np (π)]⊗n = ((1−p)π+p|eihe|)⊗n ,
where π = I/d is the maximally mixed qudit state on the input and Np is the erasure channel
defined in (1). This then leads to the following bound for any (n, R, ε, φ, D) entanglement
generation code:
α
(34)
log2 [F (φ)] + nR ≤ min Dα (NA→B n (φAA1 ···An )||IA ⊗ σB n )
σB n
α−1

≤ Dα NAn →B n (φAA1 ···An )||IA ⊗ [Np (π)]⊗n ,
(35)
where NAn →B n = Np⊗n and F (φ) denotes the fidelity of an entanglement generation code
with initial state φ.3 Observe now that the output of n uses of the quantum erasure channel
is rather special, in the sense that it can be written as a convex combination of 2n density
operators which are supported on orthogonal subspaces. We can index these by a binary
string i (where ones in this string represent the systems that get erased and zeros represent
systems that do not get erased), and we denote the density operators for NAn →B n (φAA1 ···An )
i
⊗n
by ωAB
by τBi n . Furthermore, let {i} be the set of indices for the
n and those for [N (π)]
systems that get erased, so that we denote the systems that get erased by A{i} and those
c
that do not by A{i} . We then find that

Dα NAn →B n (φAA1 ···An )||IA ⊗ [Np (π)]⊗n
X
 i α


1
=
log
(1 − p)n−|i| p|i| Tr ωAB
IA ⊗ τBi n 1−α
(36)
n
α−1
n
i∈{0,1}

1
log
=
α−1
=

1
log
α−1

X 

(1 − p)dα−1 n−|i| p|i| Tr{[φAA{i}c ]α }

(37)

i∈{0,1}n

X 

(1 − p)dα−1 n−|i| p|i| Tr{[φA{i} ]α },

(38)

i∈{0,1}n

where the last equality follows because the spectrum of φAA{i}c is equal to the spectrum of
φA{i} for a pure state. Rewriting (34)-(38), we obtain the following bound on the fidelity F (φ):

h

−n( α−1
α )R

F (φ) ≤ 2

"
i

# α1
X 

α−1 n−|i| |i|

(1 − p)d



α

p Tr{[φA{i} ] }

.

(39)

i∈{0,1}n

I Remark. By inspecting the above, we see that obtaining a general bound on the fidelity of
an entanglement generation code for the quantum erasure channel is related to the quantum
marginal problem [17], since the various terms Tr{[φA{i} ]α } in the sum are the α-purities of
all of the 2n marginals of the quantum state φAA1 ···An .

4

Strong converse for almost all codes

In the previous section, we established the bound (39) on the fidelity F (φ) of any (n, R, ε, φ, D)
entanglement generation code. In this section, we prove our main result, i.e., that the large
3

We could denote this fidelity as F (φ, D) because the fidelity of any code depends on the initial state φ
and the decoder D, but the bound we find here is independent of the decoder D, so we suppress it from
the notation.
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fraction of capacity-exceeding entanglement generation codes satisfy the strong converse
property. Before proving this result, we need to establish a measure on the set of all
entanglement generation codes, in order to talk about the fraction of codes that satisfy the
strong converse property. The most natural measure in this context is the unitarily invariant
measure (Haar measure) on pure states, so that each possible initial state for an entanglement
generation code is “receiving equal weight.”
Now, suppose that we select the pure state φAAn at random according to the Haar
measure with |A| = 2nR and |Ai | = d for all i ∈ {1, . . . , n}. What makes the subsequent
reasoning pertinent is the well-known fact that for R < Q(Np ) = (1 − 2p) log d, this choice
results in a good code asymptotically with overwhelming probability. (Cf. for instance [15].)
We begin by analyzing the expectation of the fidelity F (φ):



−n( α−1
R
)
α
Eφ {F (φ)} ≤ Eφ 2

"
≤ 2−n(

α−1
α

)R


 α1 
X 

(1 − p)dα−1 n−|i| p|i| Tr{[φA{i} ]α }

n

(40)

i∈{0,1}

 
α # α1
X 

(1 − p)dα−1 n−|i| p|i| Eφ Tr φA{i}
,

(41)

i∈{0,1}n

with the first inequality following from the development in the previous section and the
1
second inequality following from concavity of x α for α ∈ (1, 2]. So it remains to analyze the
term E{Tr{[φA{i} ]α }}. Let Mi† Mi = φA{i} and consider that
n
o
n

o
Tr{[φA{i} ]α } = Tr (Mi† Mi )α = Tr (Mi† Mi )α−1 Mi† Mi
n
o


≤ kMi k2∞ α−1 Tr Mi† Mi
= kMi k2∞ α−1

(42)
(43)

By employing the above inequalities and concavity of xα−1 for α ∈ (1, 2], we find that

 
E{Tr{[φA{i} ]α }} ≤ E kMi k2∞ α−1 .

(44)

For a randomly chosen pure state ψRS on systems R and S and such that ψR = M † M , we
have the estimate

E kM k2∞ ≤ Cd−1
R ,

(45)

where dR = dim(HR ) and C is a universal constant independent of dR [2]. This then implies
the following bound for our setting:


E{Tr{[φA{i} ]α }} ≤ Cd−|i| α−1 = C α−1 d|i|(1−α) ,

(46)

where we recall that d is the dimension of an individual input to the channel (so that the
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support of ψA{i} has dimension d|i| ). Plugging back in to (41), we find the upper bound
"
# α1
i
h
X 
n−|i| |i|
−n( α−1
R
α−1
α
)
α
Eφ {F (φ)} ≤ 2
(1 − p)d
p E{Tr{[φA{i} ] }}
(47)
i∈{0,1}n

h

−n( α−1
α )R

≤ 2

i

# α1

"
X 

(1 − p)dα−1 n−|i| p|i| C α−1 d|i|(1−α)

(48)

i∈{0,1}n

"
−n( α−1
α )R

=2

C

X 

α−1

α−1 n−|i|

(1 − p)d



h

pd

i

(1−α) |i|

# α1
(49)

i∈{0,1}n

= 2−n(

α−1
α

)R C α−1 (1 − p)dα−1 + d1−α p αn

α−1
1
+d1−α p]− α
−n( α−1
α )(R− α−1 log[(1−p)d
n log C )

=2

(50)
.

(51)

We now argue that if the rate R of quantum communication is strictly larger than the
quantum capacity (1 − 2p) log d of the erasure channel, then we can pick α as a constant
near one and n large enough such that




 α
α−1
1
α−1
1−α
log (1 − p)d
+d
p − log C > 0.
R−
(52)
α
α−1
n
So consider the term:


1
log (1 − p)dα−1 + d1−α p .
α−1

(53)

Let us set α = 1 + t, so that the above is

1
log (1 − p)dt + d−t p .
t

(54)

The limit of this quantity as t → 0 (α → 1) is given by
(1 − p)dt log d − pd−t log d
(1 − p)dt + d−t p

= (1 − 2p) log d.

(55)

t=0

The other term − α
n log C in the exponent becomes arbitrarily small as n becomes larger.
Thus, it is always possible to pick a constant α and n large enough so that (52 ) is satisfied,
and we recover a strong converse property for the expectation of the fidelity under randomly
chosen entanglement generation codes.
Since the fidelity F (φ) is a non-negative random variable between zero and one, we can
appeal to Markov’s inequality to recover the following bound:
n
o
α−1
α−1
1−α
1
1
α
Pr F (φ) > 2− 2 n( α )(R− α−1 log[(1−p)d +d p]− n log C )
φ

Eφ {F (φ)}

≤
2

1
α−1 +d1−α p]− α log C
− 12 n( α−1
)
α )(R− α−1 log[(1−p)d
n

≤ 2− 2 n(
1

α−1
α

1
log[(1−p)dα−1 +d1−α p]− α
)(R− α−1
n log C ) ,
(56)

where we used the bound in (51) for the second inequality. Thus, our conclusion is that if
R > (1 − 2p) log d, then we can choose α a constant and n large enough so that (52) holds,
with the fraction of codes satisfying the strong converse property rapidly approaching one as
the number of channel uses increases.
We can obtain an even sharper statement about the convergence by appealing to Levy’s
Lemma (see [12], for example):
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I Lemma 1 (Levy’s Lemma). Let f : Cd → R and η > 0 be such that for all pure states |ϕ1 i
and |ϕ2 i in Cd
|f (|ϕ1 i) − f (|ϕ1 i)| ≤ ηk|ϕ1 i − |ϕ2 ik2 .
Let |ϕi be a random pure state in Cd . Then for all δ ∈ [0, η], the following bound holds


dδ 2
Pr{|f (|ϕi) − E{f (|ϕi)}| ≥ δ} ≤ 4 exp −
,
cη
where c is a positive constant.
We obtain a Lipschitz constant for the fidelity as a function of pure input states as follows:
|F (ϕ1 ) − F (ϕ2 )| ≤ |F (ϕ1 ) − F (ϕ2 )| + |[1 − F (ϕ1 )] − [1 − F (ϕ2 )]|

(57)

≤ kϕ1 − ϕ2 k1

(58)

≤ 2k|ϕ1 i − |ϕ2 ik2 .

(59)

The first inequality is obvious, the second follows from monotonicity of trace distance under
quantum operations (with these operations being a test for the maximally entangled state,
the decoder, the channel and the encoder), and the third inequality is straightforward (see
Lemma I.4 in [11], for example).
Since we have the bound
0 ≤ Eφ {F (φ)} ≤ 2−n(

α−1
α

1
log[(1−p)dα−1 +d1−α p]− α
)(R− α−1
n log C ) ≡ g,

(60)

it follows from Levy’s lemma that
Pr{F (φ) ≥ g + δ} ≤ Pr{F (φ) ≥ Eφ {F (φ)} + δ}
 n[R+log d] 2 
2
δ
≤ 4 exp −
2c

(61)
(62)

We can take δ = g, to find that
n
o
α−1
α−1
1−α
1
α
Pr F (φ) ≥ 2 · 2−n( α )(R− α−1 log[(1−p)d +d p]− n log C )
(

2 )
α−1
α−1
1−α
1
α
2n[R+log d] 2−n( α )(R− α−1 log[(1−p)d +d p]− n log C )
. (63)
≤ 4 exp −
2c
Now, without loss of generality, we can take R ≤ log d (otherwise the strong converse already
R. Thus, we see that the fraction of codes
holds for all codes), so that R + log d ≥ 2 α−1
α
with R > (1 − 2p) log d and obeying the strong converse approaches one doubly exponentially
fast in the number of channel uses.

5

Conclusion

The main result of the present paper is a proof that the large fraction of codes with a quantum
communication rate exceeding the quantum capacity of the erasure channel satisfy the strong
converse. We view this result as adding to the evidence from [20] that a strong converse
should hold for the quantum capacity of these channels. The main open question going
forward from here is to prove that a fully strong converse holds for the quantum capacity of
the erasure channel (i.e., that if the rate of any quantum communication scheme exceeds the

TQC’14

62

Strong Converse for the Quantum Capacity of the Erasure Channel

quantum capacity of the erasure channel, then the quantum error necessarily converges to
one).
The focus on the erasure channel of the present discussion may be justified by the
simplicity of the channel (including its additivity). It also allowed us to give an illustration
of the power of the Rényi divergence approach. At the same time, it seems to be true for all
currently known random code ensembles achieving the coherent information for a channel
N with Stinespring isometry V : A0 ,→ B ⊗ E (with respect to a given input density ρA ),
that at rates above the same coherent information they have fidelity going to zero, with
overwhelming probability. Of course this has to be verified for each ensemble separately, but
rests on two properties that hold for most codes in the ensemble. Namely, with respect to
the pure state |ψiAB n E n = (I ⊗ V ⊗n )|φiAA0 n :
1. Typicality of B. The channel output ψB n is largely in the typical subspace of N (ρA )⊗n
δ
in the sense that Hmax
(B n ) ≤ nS(N (ρA )) + o(n).
2. Saturation of E. The complementary channel output ψE n covers essentially uniformly
δ
the typical subspace of N c (ρA )⊗n in the sense that Hmin
(E n ) ≥ nS(N c (ρA )) − o(n).
[In fact, in practice the latter property tends to be true for most states in most code
subspaces.] We refer to [29] (cf. [20]) for the definitions and necessary properties of (smooth)
min- and max-entropies used in the following.
Now, if our code is supposed to generate entanglement at rate R with fidelity F , then by
the decoupling principle,
√

2

1−F
Hmin
(A|E n ) ≥ nR.

(64)

On the other hand, using relations between min- and max-entropies as well as chain rules,
√

2

1−F

Hmin
(A|E n ) . Hmax
(A|E n )
δ
δ
. Hmax
(AE n ) − Hmin
(E n )
δ
δ
= Hmax
(B n ) − Hmin
(E n ),

(65)

√
where  = 12 (1 − 1 − F 2 ) and δ = 14 , the inequalities are true up to terms of order log 1δ .
By the typicality and saturation properties, (64) and (65) bound the rate as desired,
R ≤ S(N (ρA )) − S(N c (ρA )) + o(1) = I(AiB) + o(1).

(66)
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A

Strong converse for the classical capacity of the quantum erasure
channel

In this appendix, we detail a proof that the strong converse holds for the classical capacity
of the quantum erasure channel. To our knowledge, a proof of this statement has not yet
appeared in the literature. This result was obtained in collaboration with Naresh Sharma.
Using the generalized divergence framework established in [25] and reviewed in [31] (or
even the method of Koenig-Wehner [18]), we obtain the following bound on the success
probability when transmitting a classical message through the quantum erasure channel
psucc ≤ 2−n(

α−1
α

)(R− n1 χα (N ⊗n )) ,

(67)

where

1
χα N ⊗n
n

(68)

is the regularized Rényi-Holevo information of the erasure channel. So our goal is to prove
that this quantity is additive as a function of the quantum erasure channel. First recall that
this quantity can be written as an information radius [24, 31]:


χα N ⊗n = min max Dα N ⊗n (ρAn )||σB n .
σB n ρAn

(69)
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With this, we see that we can upper bound this quantity simply by choosing σB n to be the
output of the erasure channel when the tensor-power maximally mixed state is input:


χα N ⊗n ≤ max Dα N ⊗n (ρAn )||[N (π)]⊗n .
(70)
ρAn

As discussed in Section 3.2, the output of the quantum erasure channel is rather special, in
the sense that it can be written as a linear combination of 2n density operators which are
supported on orthogonal subspaces. We can index these by a binary string i (where ones in
this string represent the systems that get erased and zeros represent systems that do not get
i
⊗n
erased), and we denote the density operators for N ⊗n (ρAn ) by ωB
n and those for [N (π)]
i
by τB n . Furthermore, let {i} be the set of indices for the systems that get erased, so that we
c
denote the systems that get erased by A{i} and those that do not by A{i} . We then find
that

max Dα N ⊗n (ρAn )||[N (π)]⊗n
ρAn




1
log max Tr N ⊗n (ρAn ) α [N (π)]⊗n 1−α
n
ρ
α−1
A
X
 i α  i 1−α
1
log max
(1 − p)n−|i| p|i| Tr ωB
=
τB n
n
ρAn
α−1
n
=

(71)
(72)

i∈{0,1}

=

1
log max
ρAn
α−1

X


(1 − p)n−|i| p|i| Tr [ρA{i}c ]α [πA{i}c ]1−α

(73)

i∈{0,1}n

The above equalities follow simply by substitution and some algebra. Continuing, the last
line above is equal to
X 

1
(1 − p)dα−1 n−|i| p|i| Tr{[ρA{i}c ]α }
=
log max
(74)
n
ρ
α−1
A
n
i∈{0,1}

1
≤
log
α−1

X 

(1 − p)dα−1 n−|i| p|i|

(75)

i∈{0,1}n

 
n
X


1
α−1 n−k k n
(1 − p)d
p
=
log
k
α−1
k=0


1
=
log (1 − p)d(α−1) + p n
α−1



1
(α−1)
log (1 − p)d
+p
=n
α−1

(76)
(77)
(78)

The inequality follows because Tr{[ρA{i}c ]α } ≤ 1 for all α ≥ 1 (and we are considering
α ∈ (1, 2] here). The next few equalities are straightforward. Returning to (67), all of this
development implies that we get the following upper bound on success probability
psucc ≤ 2−n(

α−1
α

1
log((1−p)d(α−1) +p)])
)(R−[ α−1

(79)

The last line above is a single-letter upper bound. Now, let us set α = 1 + t, so that the
above is

1
log (1 − p)dt + p .
(80)
t
The limit of this quantity as t → 0 is given by
(1 − p)dt log d
(1 − p)dt + p

ε=0

= (1 − p) log d,

(81)
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which is exactly the classical capacity of the quantum erasure channel. Thus, whenever
the classical communication rate R > (1 − p) log d , we can always find a value of α in a
neighborhood of one such that





α−1
1
(α−1)
R−
log (1 − p)d
+p
> 0.
(82)
α
α−1
This concludes the proof.
Interestingly, the proof above demonstrates that tensor-product pure-state codewords
are the optimal choice in order to saturate the bound given above. That is, for pure-state
codewords, we have the equality Tr{[ρA{i}c ]α } = 1, so that the upper bound is saturated by
this choice.
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1

Introduction

In non-local games, two non-communicating players cooperate in order to achieve a task.
Each player receives an input and produces an output, and they must satisfy the task’s
requirements.
In physics, this class of games is also known as “entangled games”. They are mostly used
to investigate the power of entanglement, by designing intuitive Bell inequalities. One designs
a non-local game and proves an upper bound on the winning probability of the classical
players (the Bell inequality). Later, one shows that there exists a quantum strategy that
by using entanglement can beat that winning probability. Two famous examples of such
approach are the CHSH game (based on [3]) and the magic square game (based on [14]).
Non-local games are also important in computer science, where they are usually called
“two-prover one-round games”. Their intuitive nature has been used in complexity theory to
approach the difficult problem of P vs. NP, by defining probabilistically checkable proofs
and ultimately leading to the famous unique games conjecture [9, 10].
Estimating or bounding the value of a game given its description is an important task,
and much effort has been devoted to the question. For example, the entangled value for the
class of XOR games has been shown to be easy to compute with a semidefinite program by
Cirel’son [4]. Also the entangled value of unique games turns out to be easy to compute,
therefore falsifying the unique games conjecture in the quantum world [11].
© André Chailloux, Laura Mančinska, Giannicola Scarpa, and Simone Severini;
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Here, we propose a general approach to bound the value of a non-local game based on
graph theory. Given the description of a game, we construct a graph that contains all the
information about the game, and we call it the “game graph”. The construction is based on
the techniques in [7]. Such techniques have also been extended and used in [1].
We first show that the classical value of any game is equal to the independence number
of its game graph (renormalized). This reflects the fact that computing exactly the classical
value of a game is NP-hard. We then show an efficiently computable upper bound on the
quantum value of a game (and therefore on the classical value), given by the celebrated
Lovász theta number. We then give lower bound for the games on the uniform distribution
given by the quantum independence number, a graph parameter introduced in [5] and futher
discussed in [13, 15]. To conclude, we give a class of games for which this upper bound is
tight.
We believe this graph-theoretical approach is an important and a fertile field for improvements. We discuss these in the conclusions section.

2

Preliminaries

2.1

Non-local games

We now briefly describe the setting of a non-local game G.
Alice and Bob are separated and forbidden to communicate. They receive inputs x and y
from some input sets X and Y , according to some fixed and known probability distribution π,
and are required to produce outputs a and b from output sets A and B, respectively. The
game rules are encoded in a predicate λ : X × Y × A × B → {0, 1}, which specifies which
outputs a, b are correct on inputs x, y. In other words, players win the game on inputs x, y if
they output some a, b such that λ(x, y, a, b) = 1. The goal of the players is to maximize the
winning probability.
A classical strategy for the game is without loss of generality a pair of functions, fA :
X → A for Alice and fB : Y → B for Bob. (Shared randomness between the two players
is easily seen not to be beneficial.) The winning probability of a strategy is calculated as
follows:
X
π(x, y)λ(x, y, fA (x), fB (y)).
x,y

The classical value ω(G) of the game is the maximum winning probability among all classical
strategies.
In entangled strategies (a.k.a. quantum strategies), players share a fixed (i.e., independent
of the inputs) entangled state |ψi. For each input x, Alice has a projective measurement
{Pax }a∈A , and for each input y, Bob has a projective measurement {Qyb }b∈B . Upon receiving
the inputs, they apply the corresponding measurements to their parts of the entangled state
and produce classical outputs a and b, respectively. The winning probability of a strategy is
calculated as follows:
X
π(x, y)λ(x, y, a, b)hψ|Pax ⊗ Qyb |ψi.
xy

The entangled value ω ∗ (G) of the game is the supremum of the winning probability, taken
over all entangled strategies.
A Bell inequality for a game is an upper bound on its classical value. We have a Bell
inequality violation for a game G if the entangled value is strictly larger than the classical
one. The violation is quantified by the ratio ω ∗ (G)/ω(G).
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The CHSH game is one particularly famous example [3]. Here, the inputs x ∈ {0, 1} and
y ∈ {0, 1} are uniformly distributed, and Alice and Bob win the game if their respective
outputs a ∈ {0, 1} and b ∈ {0, 1} satisfy a ⊕ b = x ∧ y; in other words, a should equal b
unless x = y = 1. The classical value of this game is√easily seen to be ω(G) = 3/4, while the
entangled value is known to be ω ∗ (G) = 1/2 + 1/(2 2) ≈ 0.85.
A non-local game is said to be a pseudo-telepathy game if the quantum value is 1 while
the classical value is strictly less than 1.

2.2

Notions of graph theory

A simple graph G = (V, E) consists of a finite vertex set V and its edge set E ( V × V (the
inclusion here is strict because there are no edges of the form (v, v)). Two vertices (v, w) ∈ E
are “adjacent” or equivalently “form an edge”. All graphs considered here are simple graphs.
For a graph G = (V, E), we also denote its vertex set with V (G) and its edge set with E(G)
whenever confusion has to be avoided.
An independent set of a graph is a subset I of V (G) such that no two elements of I are
adjacent. The independence number of a graph G, denoted by α(G), is the maximum size of
an independent set of G.
A d-dimensional orthogonal representation of G = (V, E) is a map φ : V → Cd such
that for all (v, w) ∈ E, hφ(v)|φ(w)i = 0. (If all the vectors have unit norm, this is called
orthonormal representation.)
We finally introduce an important graph parameter: the theta number (a.k.a. Lovász
number or theta function). It was originally defined by Lovász [12] to solve a long-standing
problem posed by Shannon [16]: computing the Shannon capacity of the five-cycle. There
are many equivalent formulations of the theta number (see [8] for a detailed survey). The
one that we use in this paper is the following:
X
ϑ(G) = max
|hψ|ψv i|2 ,
(1)
v∈V (G)

where the maximum is over unit vectors ψ and orthonormal representations {ψv }v∈V (G) .
Lovász [12] proved that α(G) ≤ ϑ(G) holds (this inequality is part of the so-called “sandwich
theorem” [8]). The theta number can be approximated to within arbitrary precision in
polynomial time, hence it gives a tractable and in many cases useful bound for α.

2.3

Quantum Independence Number

In this section we define the quantum independence number and state some of its properties.
First, let us briefly give some historical background. In [13] the concept of quantum
independence number is presented in the context of zero-error information theory. This
quantity is usually called in literature “one-shot zero-error entanglement-assisted channel
capacity” and denoted as α∗ . A new definition of quantum independence number, denoted
as αq , came in [15], in the context of graph homomorphisms. As of today, it is not known if
the two quantities are equal for all graphs. In this paper we use the second quantity, but for
simplicity we omit the details about homomorphisms and provide a direct definition.
As with the quantum chromatic number (see [6]), the quantum independence number
can be defined in terms of a non-local game. Informally, the independent set game with
parameter t for a graph G = (V, E) is as follows. Two players, Alice and Bob, claim that
they know an independent set I of G consisting of t vertices. A referee wants to test this
claim with a non-local game. He forbids communication between the players, generates two
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uniformly random numbers x, y ∈ [t] and separately asks Alice to provide the x-th vertex
of I and Bob to provide the y-th vertex of I. The players are required to output the same
vertex if x = y, and to output non-adjacent vertices if x 6= y. A formal definition follows.
I Definition 1. The independent set game with parameter t on the graph G = (V, E) is
a non-local game with input sets X = Y = [t], output sets A = B = V . The probability
distribution π is the uniform distribution on the input pairs. Alice gets input x and outputs
v, Bob gets input y and outputs w. The players lose the game in the following two cases:
1. x = y and v 6= w
2. x 6= y and (v, w) ∈ E or v = w
A classical strategy consists w.l.o.g. of two deterministic functions fA : [t] → V for Alice
and fB : [t] → V for Bob. Shared randomness, as seen for the coloring game, is not beneficial.
A little thought will show that to win with probability 1, we must have fA = fB (to avoid
the first losing condition) and that {fA (1), . . . , fA (t)} must be a valid independent set of the
graph of size t (to avoid the second losing condition). It follows that the classical players
cannot win the game with probability 1 when t > α(G).
It is proven in [15] that w.l.o.g. quantum strategies for the independent set game consist of
projective measurements on a maximally entangled state, that the projective measurements
of Alice and Bob are the same and that all the projectors can be real-valued. Therefore we
can define a quantum independent set of size t as a collection of t projective measurements
{Pvx }v∈V for all x ∈ [t] that have the whole vertex set as outputs, with the following
consistency condition:
for all (u, v) ∈ E or u = v and for all x 6= x0 ,

0

Pux Pvx = 0.

(2)

I Definition 2. For all graphs G, the quantum independence number αq (G) is the maximum
number t such that there exists a quantum independent set of G of size t.

3
3.1

Game graphs
Definition and relation to ω(G)

Consider a non-local game G with input sets X, Y , output sets A, B, predicate λ : X × Y ×
A × B → {0, 1} and uniform distribution on the inputs.
I Definition 3. A graph G = (V, E) associated to the game G has:
1. V = {xyab | x ∈ X, y ∈ Y, a ∈ A, b ∈ B and λ(x, y, a, b) = 1},
2. E = {{xyab, x0 y 0 a0 b0 } | (x = x0 ∧ a 6= a0 ) ∨ (y = y 0 ∧ b 6= b0 )}.
This definition is inspired by a construction in [7] in the framework of contextuality of
physical theories. The authors used something similar to Definition 3 for the special case of
the CHSH game. Here we generalize to all games.
For simplicity, we prove the results in this section for the case where the game has the
uniform distribution on the inputs and λ is a boolean function. It is straightforward to
generalize to games with real-valued predicate and any probability distribution π of the
inputs, as follows. Consider the (vertex) weighted graph with all the quadruples xyab in the
vertex set, labelled with weight(xyab) = λ(x, y, a, b) · π(x, y), and the same edge set as before.
The classical bound and the Lovász theta bound that we will prove later can be adapted
by considering the weighted versions of these parameters. However, we do not know how to
generalize our last result because we do not define the quantum independence number for a
weighted graph.
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Now we prove that that the classical value of a game can be expressed in terms of the
independence number of its game graph.
I Theorem 4. Let G be a non-local game with input sets X and Y , uniform input distribution
and associated graph G. Then
ω(G) =

α(G)
.
|X × Y |

Proof. Let k = |X × Y |. We begin by proving that ω(G) ≥ α(G)/k. Namely, we show that
given a maximal independent set I ⊆ V of size `, we can exhibit a strategy for G that answers
correctly to at least ` of the k questions. By the structure of G, the independent set I cannot
contain vertices xyab and xy 0 a0 b0 such that a 6= a0 . Similarly, I cannot contain vertices xyab
and x0 ya0 b0 such that b 6= b0 . Hence, we have the following strategy: on input x, Alice outputs
the unique a determined by the vertices in the independent set I. Bob behaves similarly.
Since V contains only winning quadruples xyab, the size ` of the independent set means
Alice and Bob answer correctly to at least ` input pairs. Hence, ω(G) ≥ `/k.
Now we show that ω(G) ≤ α(G)/k, i.e., if there exists a strategy that wins on ` of the k
input pairs, then there exists an independent set with weight `. We have that w.l.o.g. classical
strategies consist of a pair of functions. Fix Alice and Bob’s functions fA and fB that win
on ` input pairs. Now take the set of quadruples S = {(x, y, fA (x), fB (y))}x∈X,y∈Y . We
have that I = S ∩ V is a set of ` vertices of G. Since fA and fB are deterministic, I cannot
contain vertices xyab and xy 0 a0 b0 such that a 6= a0 nor vertices xyab and x0 ya0 b0 such that
b=
6 b0 . Therefore, there cannot be an edge between any pair of the elements of I and we have
that I is an independent set of G of size `. Hence, α(G) ≥ `. Combining the two directions
proves the theorem.
J

3.2

Bounds on the entangled value of a game

Cabello, Severini and Winter [7] observe that the quantum value of the CHSH game is equal
to the theta number of its associated graph divided by the number of questions. We have
found by direct calculation that this is not always true for general games, for example in the
case of the 2-fold parallel repetition of CHSH. The same conclusion follows from the results
of Acín et al. in [1]. Here we prove the upper bound directly for our specific constructions.
I Theorem 5. Let G be a non-local game with input sets X and Y , uniform input distribution
and associated graph G = (V, E). Then
ω ∗ (G) ≤

ϑ(G)
.
|X × Y |

Proof. Let k = |X × Y |. Consider a quantum strategy for G that achieves the value ω ∗ (G).
It consists of a shared entangled state |ψi and a collection of projective measurements
{Pax }, {Qyb }, such that
X 1
1 X
λ(x, y, a, b)hψ|Pax ⊗ Qyb |ψi =
hψ|Pax ⊗ Qyb |ψi = ω ∗ (G).
k
k
xyab

xyab∈V

For each quadruple xyab let |ψxyab i = Pax ⊗ Qyb |ψi. This is an orthogonal representation
0
0
of G, since for every edge (xyab, x0 y 0 a0 b0 ) either Pax Pax0 = 0 or Qyb Qyb0 = 0. Now for each
xyab consider the normalized vector
0
|ψxyab
i=

|ψxyab i
|ψxyab i
= p
.
||ψxyab ||
hψ|Pax ⊗ Qyb |ψi
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0
}xyab∈V and ψ are a feasible solution for the formulation (1) of ϑ(G).
We have that {ψxyab
We conclude
X
ϑ(G) ≥
|hψ|ψxyab i|2
xyab∈V

X

=

xyab∈V

hψ|ψxyab i
||ψxyab ||

2

X hψ|P x ⊗ Qy |ψi2
a
b
hψ|Pax ⊗ Qyb |ψi
xyab∈V
X
=
hψ|Pax ⊗ Qyb |ψi

=

xyab∈V

= k · ω ∗ (G).

J

We now have the following lower bound in terms of the quantum independence number.
I Theorem 6. Let G be a non-local game with input sets X and Y , uniform input distribution
and associated graph G = (V, E). Then
ω ∗ (G) ≥

αq (G)
|X × Y |

To prove the theorem, we will use the following lemma.
I Lemma 7. Let M, N be positive semidefinite matrices. Then for any vector |vi, we have
that
hv| supp(M + N )|vi ≥ hv| supp(M )|vi,
where supp(M ) denotes the projector onto the support ( i.e., the column space) of M .
Proof. If P is a projector onto a subspace Π then hv|P |vi is the squared length of the
projection of |vi into Π. Hence, to prove the lemma it suffices to show that supp(M ) ⊆
supp(M + N ), where by abusing the notation we use supp to denote the support itself (rather
than the projection onto it).
For contradiction, suppose that supp(M ) 6⊆ supp(M + N ). Then the orthogonal complement of supp(M ) (i.e. the nullspace Null(M )) does not contain Null(M + N ). Hence we can
pick a vector |wi such that (M + N )|wi = 0 but M |wi =
6 0. This further implies that
hw|N |wi = hw|(M + N )|wi − hw|M |wi = −hw|M |wi < 0,
since M is positive semidefinite and M |wi =
6 0. This completes the proof as we have reached
a contradiction with the initial assumption that N is positive semidefinite.
J
i
Proof of Theorem 6. Given a quantum strategy {Pxyab
} for the independent set game on
G with parameter t, we construct a strategy to win the game G with probability at least
t/|X × Y |, as follows.
Players share a maximally entangled state with local dimension d (which is the dimension
of the projectors above). On input x, Alice measures her half of the state using the projective
S
P
measurement{Pax }a∈A {I − a Pax }, where the individual elements are defined as follows:



 X X i 
Pax = supp 
Pxayb 

,
yb

xayb∈V

i
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where we use supp(M ) to denote the projector onto the image of M . We show that this
is a valid projective measurement. For all y, b, y 0 , b0 there is an edge (xyab, xy 0 a0 b0 ) ∈ E.
Therefore in the strategy for the independent set game we have that for all i, j each projector
j
i
0
x
x
Pxyab
is orthogonal to Pxy
0 a0 b0 . Hence, for all a 6= a we have Pa · Pa0 = 0. Bob constructs
y
projectors Pb similarly.
Now we lower bound the quantum value of G as follows:
X
|X × Y | · ω ∗ (G) ≥
hψ|Pax ⊗ Pby |ψi
xyab∈V

X

=

hψ| supp

X
i,j

xyab∈V

X

X

y 0 b0

x0 a0


j
i
Pxay
0 b0 ⊗ P 0 0
x a yb |ψi,

xay 0 b0 ∈V x0 a0 yb∈V

where we have used the fact that supp(M ⊗ N ) = supp(M ) ⊗ supp(N ) for all matrices M, N
to obtain the last equality. Now by applying Lemma 7, we drop all the terms except the
ones with i = j, a = a0 , b = b0 , x = x0 and y = y 0 , and we have that
X

X
i
i
|X × Y | · ω ∗ (G) ≥
hψ| supp
Pxayb
⊗ Pxayb
|ψi
(3)
i

xyab∈V

=

X

i
i
hψ|
Pxayb
⊗ Pxayb
|ψi

X
xyab∈V

=

(4)

i

X X1
i
Tr(Pxayb
)
d
i

(5)

xyab∈V

=

X1
i

d

Tr(Id )

= αq (G).

(6)
(7)

In the above we have observed that supp(P + Q) = P + Q for mutually orthogonal projectors
P
P and Q to get Expression (4). We have used properties of |ψi = √1d i |i, ii to obtain
i
Expression (5). We have used the fact that, for all i, {Pxayb
: λ(x, a, y, b) = 1} forms a
measurement to obtain Expression (6).
J

3.2.1

Tightness of the lower bound

Here we obtain an equality relation between the value of the game and the quantum
independence number of the game graph, for a class of pseudo-telepathy games.
I Theorem 8. Let G be a pseudo-telepathy game with a 0-1 valued predicate λ, admitting
a quantum strategy consisting of a maximally entangled state |ψi and pairwise commuting
projectors. Let G be the corresponding game graph. Then,
ω ∗ (G) =

αq (G)
= 1.
|X × Y |

Proof. From Theorem 6 we have αq (G) ≤ |X × Y | · ω ∗ (G). We need to prove the other
direction.
Let {Pax }, {Qyb } be the strategies that win the game G on |ψi. We have:
X
X
π(x, y)
hψ|Pax ⊗ Qyb |ψi = 1,
xy

ab:λ(xyab)=1

so for all (x, y) we must have

TQC’14

74

Graph-theoretical Bounds on the Entangled Value of Non-local Games

X

hψ|Pax ⊗ Qyb |ψi = 1

ab:λ(xyab)=1

and for all quadruples (x, y, a, b) such that λ(xyab) = 0 we have Pax Qyb = 0.
Let Πxyab = Pax Qyb . These are projectors thanks to the commutativity assumption. We
observe:
1. For all (x, y) we have
X
X
X
X y
Qb = I,
Pax Qyb =
Pax Qyb =
Pax
ab:λ(xyab)=1

ab

a

b

Qyb Qyb0

where the second equality follows from
= δbb0 .
0 0 0 0
2. For each edge (x, y, a, b), (x , y , a , b ) we have a collection of t real-valued projective
measurements {Pvx }v∈V for all x ∈ [t] that have the whole vertex set as outputs,
Πxyab Πx0 y0 a0 b0 = 0,
because if x = x0 and a 6= a0 then Pax Pax0 = 0, and if y = y 0 and b 6= b0 then Qyb Qyb0 = 0.
Therefore, we can construct |X × Y | projective measurements that are a winning strategy
for the independent set game with t = |X × Y | as follows. For each pair (x, y) consider the
projective measurement {Πxyab }a,b:λ(xyab)=1 (and zero matrices for the other vertices of the
graph). The first observation above proves that those are valid projective measurements; the
second observation shows that they respect the consistency condition (2).
J

4

Concluding remarks and open problems

We have formalized and discussed a novel approach for the study of non-local game in a
combinatorial fashion. Work in progress on this approach relate to the easy generalization to
more than 2 players, and the less-easy computation of graphs for the parallel repetition of
games.
Our approach has ample room for improvement. Open questions include:
1. Can we find a tighter lower bound for the entangled value of all games by using some
variant of the quantum independence number, such as the one in [2]? Alternatively, can
we prove tightness of the current lower bound?
2. Can we find better lower bounds, for example using one of the variants of Lovász theta
number?
3. Can we characterize the class of games for which the Lovász bound is tight? We know that
the value of CHSH is exactly the theta number of its game graph (see [7]). Is this true
for all the XOR games? This would reflect the fact that their value is easy to compute.
4. Are there other graph parameters related to the classical and entangled values of specific
classes of games, for example unique games?
5. We have shown that for a class of pseudo-telepathy games that quantum players can win
using commutative projective measurements on maximally entangled state, this bound is
tight. A similar class of games is shown in [13] to be in one-to-one correspondence with a
generalization of Kochen-Specker sets. It is not clear to us if those two results together
could be used to prove something stronger. Perhaps the whole class could be interpreted
as pseudo-telepathy games based on some graph parameter (maybe the homomorphism
games in [15]) and the relationship to the quantum independence number would be a
consequence of this.
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Abstract
Random Access Codes is an information task that has been extensively studied and found many
applications in quantum information. In this scenario, Alice receives an n-bit string x, and wishes
to encode x into a quantum state ρx , such that Bob, when receiving the state ρx , can choose
any bit i ∈ [n] and recover the input bit xi with high probability. Here we study a variant
called parity-oblivious random acres codes, where we impose the cryptographic property that
Bob cannot infer any information about the parity of any subset of bits of the input, apart form
the single bits xi .
We provide the optimal quantum parity-oblivious random access codes and show that they
are asymptotically better than the optimal classical ones. For this, we relate such encodings to
a non-local game and provide tight bounds for the success probability of the non-local game via
semi-definite programming. Our results provide a large non-contextuality inequality violation
and resolve the main open question in [22].
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1

Introduction

Quantum Information theory studies how information is encoded in quantum mechanical
systems and how it can be transmitted through quantum channels. A main question is
whether quantum information is more powerful than classical information. A celebrated
result by Holevo [13], shows that quantum information cannot be used to compress classical
information. In high level, in order to transmit n uniformly random classical bits, one needs
to transmit no less than n quantum bits. This might imply that quantum information is no
more powerful than classical information. This however is wrong in many situations. In the
model of communication complexity, one can show that transmiting quantum information
may result in exponential savings on the communication needed to solve specific problems
([20, 5, 3, 11, 21]).
One specific information task that has been extensively studied in quantum information
is the notion of random access codes (RACs) [1, 16]. In this scenario, Alice receives an n-bit
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string x, drawn from the uniform distribution, and wishes to encode x into a quantum state
ρx , such that Bob, when receiving the state ρx , can choose any bit i ∈ [n] and recover the
input bit xi with high probability by performing some general quantum operation on ρx .
RACs have been used in various situations in quantum information and computation,
including in communication complexity, non-locality, extractors and divide-independence
cryptography. [4, 14, 19, 10, 15]. Even though this task seems easier than transmitting the
entire input string x, it is known that both in the classical and the quantum world, the
length of the encoding must be at least Ω(n) and in fact, there is no gain between classical
and quantum encodings [16].
On the other hand, a well-known example of the superiority of quantum information is
the example of dense coding, or equivalently a RAC of length 1 for uniform inputs of length
n = 2. In this case, the optimal classical encoding can achieve success probability 3/4, while
there exists a quantum encoding that achieves strictly higher success probability, in fact
cos2 (π/8) [8, 23]. An advantage can also be proven for the case of encoding three bits into
one qubit, but not for n ≥ 4 [12].
Nevertheless, a question remained of whether there are variants of random access codes,
for which we can have an asymptotically significant advantage in the quantum case. We
show that this is indeed the case for the so-called parity-oblivious RACs. These are the usual
RACs with the extra cryptographic property that the receiver cannot infer any information
about the parity of any subset of bits of the input, apart from the single bits xi .
Random acres codes that are parity-oblivious have been considered before. For example,
the dense coding examples for encoding two or three classical bits in one qubit have this
property. It is not hard to check, that for the 2-to-1 encoding, Bob’s reduced density matrix
is exactly the same for the cases where the inputs have parity 0 or 1, in other words, Bob
has no information about x1 ⊕ x2 . Moreover, Spekkens, Buzacott, Keehn, Toner, and Pryde
[22] used parity-oblivious RACs to provide non-contextuality inequalities.

1.1

Our results

In this paper, we provide the optimal quantum parity-oblivious RAC and show that it is
asymptotically better than the optimal classical one. We say that an encoding with success
probability 12 (1 + α) has bias α. More precisely, we prove the following theorem.
I Theorem 1. For any n ∈ N, the optimal quantum parity-oblivious random access code for
inputs of size n, denoted here as PO-RACn , has bias √1n .
The main idea of the proof is that quantum encodings can be studied through their
relation to non-local games. Such equivalences between encodings and non-local games were
previously noted in [17, 7]. A non-local game is a game between two non-communicating
parties, who receive some inputs and must produce outputs that satisfy some known predicate.
The best-known example is the CHSH game, where the two parties must output bits a and b,
whose parity is equal to the logical and of their inputs x and y. The important quantity of
such games is the optimal success probability when the two parties are allowed to share an
arbitrary entangled state in the beginning of the protocol. In [7], it was shown that certain
variants of the CHSH game are equivalent to some variants of quantum RACs and their
respective success probabilities are equal.
In order to show an upper bound on the bias of quantum PO-RACs, we first define a
weaker variant where only the parities of even-size subsets are hidden, denoted as EPO-RACn .
An upper bound on the bias of these codes would imply an upper bound on the bias of the
general PO-RACs.
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Then, we study a natural non-local game which we call the INDEX game and show that
EPO-RAC with average bias are equivalent to the INDEX game. In other words, the bias of
any INDEX game strategy and the average decoding bias of an EPO-RAC are equal. In the
INDEXn game (parameterized by n here), Alice receives an n-bit string x, Bob receives an
index t, and Alice and Bob are supposed to output bits a and b such that a ⊕ b = xt .
I Theorem 2 (Equivalence). For any n ∈ N, there exists a quantum EPO-RACn with average
decoding bias α if and only if there exists a quantum INDEXn strategy with bias α.
Last, noting that the INDEX game is an XOR game, i.e. the winning condition depends
on the XOR of Alice and Bob’s one-bit answers, we use a tight semidefinite programming
characterization due to [9] and provide the exact optimal quantum bias.
I Theorem 3 (Optimal INDEX game biases). For any n ∈ N, the
q optimal quantum bias of
√
n
2
an INDEX strategy is 1/ n and the optimal classical bias is πn
(1 + O(1/n)).
Since the worst case bias of a quantum PO-RAC is obviously upper bounded by the
optimal average case bias of a quantum EPO-RAC, Theorems 2 and 3 show that every
√
PO-RACn has bias at most 1/ n. On the other hand, we give an explicit construction of
√
a PO-RACn with bias 1/ n that uses bn/2c qubits. First, we provide a parity-oblivious
encoding where Alice and Bob share bn/2c EPR pairs and then Alice sends one classical bit
of communication.
I Theorem 4 (Optimal PO-RACn ). For any integer n, there exists a PO-RACn with bias
√
1/ n that uses bn/2c qubits and 1 classical bit.
We also remark that even though quantum PO-RACn and EPO-RACn both share the
same optimal bias, the same is not true if we consider odd-parity-oblivious encodings where
the S-parities are hidden for |S| odd and strictly greater than 1. Consider encoding a six-bit
string (x1 , . . . , x6 ) where the first three bits are encoded using the optimal PO-RAC3 , and
similarly for the last three
bits.
√
√ It is a straightforward exercise to verify this is odd-parity
oblivious with bias 1/ 3 > 1/ 6.

1.2

Application to non-contextuality

The basic primitives in an operational theory are preparations and measurements. A
hidden variable model is preparation and measurement non-contextual, if whenever two
preparations yield the same statistics for all possible measurements then they have an
equivalent representation in the model; and whenever two measurements have the same
statistics for all preparations then they have an equivalent representation in the model
[22]. Similar to non-locality, a non-contextuality inequality is any inequality on probability
distributions that follows from the assumption that there exists a hidden variable model that
is preparation or measurement non-contextual.
Spekkens, Buzacott, Keehn, Toner, and Pryde [22] proved the following non-contextuality
inequality (or NC inequality, for short): In an operational theory that admits a preparation
non-contextual hidden variable model, the average case bias for any PO-RACn is at most
1/n.
Then, they noted that quantum mechanics violates this non-contextuality (NC) inequality
for n ∈ {2, 3}, since there exists a quantum parity-oblivious encoding of two and three
classical bits into one qubit, with average decoding probability 12 (1 + √12 ) and 12 (1 + √13 ),
respectively [1, 12]. It was left as an open question whether quantum mechanics violates this
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NC inequality for larger n. The main difficulty to extend these results for larger input size is
that we pose no bound on the dimension of the encoding.
Through our Theorem 1 that provides the optimal bias for PO-RACn s, we resolve the
main open question in [22] and provide a family of non-contextuality inequality violations
that grow with the input size n. More precisely, we show an explicit non-contextuality
√
violation of order n.
I Theorem 5. For any integer n, there exists an explicit non-contextuality inequality that
√
provides a violation of order n.

2

Preliminaries

We provide the definitions of the different variants of random access codes that we use and
of the non-local game we consider.

2.1

Random Access Codes

I Definition 6 (Random access code). For an integer n ≥ 2, a quantum random access
code of n bits, denoted RACn , with bias α consists of an encoding map of x ∈ {0, 1}n into
quantum states ρx together with a sequence of n possible measurements such that the result
of the i’th measurement is xi with probability at least 21 (1 + α).
Note that the usual treatment of RACs is to analyze the relationships between n, α, and
the encoding dimension (i.e., the dimension of ρx ). In this paper, we are not concerned with
the encoding dimension, but rather the optimal bias when we enforce certain cryptographic
properties to RACs. For example, we enforce that Bob remains oblivious of some information
about the string x, meaning that he cannot infer any information about it from the encoding.
In particular, we consider for each subset S of bits of x the S-parity, which is defined as
L
i∈S xi .
I Definition 7 (Parity-oblivious random access codes). For an integer n ≥ 2, a quantum
parity-oblivious random access code, denoted as PO-RACn , is a RACn with the cryptographic
constraint that the receiver is oblivious of every S-parity, for |S| ≥ 2.
For classical codes, the optimal bias of a PO-RACn is known to be n1 (Proposition 1).
In our proofs, we also use a weaker variant of parity-oblivious random access codes, where
only the S-parities of even-size remain oblivious.
I Definition 8 (Even-parity-oblivious random access codes). For an integer n ≥ 2, a quantum
even-parity-oblivious random access code, denoted as EPO-RACn , is a RACn with the
cryptographic constraint that the receiver is oblivious of every S-parity, for |S| even.
I Remark. In the definition of RACn s, we have that every bit is decode with bias α. We
have occasion to study EPO-RACn s with average case bias α, that is, the average over all
i ∈ [n] of the decoding probabilities. When we consider average case biases, it is explicitly
mentioned, otherwise, worst-case bias is assumed.

2.2

Non-local games

In a non-local game, two non-communicating parties, Alice and Bob, receive some inputs x
and y, respectively, and must output a and b, respectively, such that (x, y, a, b) satisfy some
specific condition. For example in the CHSH game, the condition is a ⊕ b = x · y. The goal is
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to find the optimal quantum (classical) success probability of satisfying the condition when
Alice and Bob are allowed to share some initial quantum state (shared randomness).
We define the following non-local game.
I Definition 9 (Index game). The Index game, denoted here as INDEXn , is the following
XOR game:
Alice’s input: Alice receives a random s from the set S := {0, 1}n .
Bob’s input: Bob receives a random index t from the set T := [n].
Winning condition: They win if Alice’s output bit a and Bob’s output bit b satisfy
a ⊕ b = st .
The choice of initial resource state and local measurement operators (that depend on the
respective inputs) comprise a strategy. We say that a strategy has bias α if it succeeds with
probability 12 (1 + α).
Note that our game is similar to the retrieval games studied in [17].

Equivalence of EPO-RACn decoding and INDEXn strategies

3

In this section we prove the equivalence in Theorem 2.
I Theorem 2 (Equivalence). For any n ∈ N, there exists a quantum EPO-RACn with bias
α if and only if there exists a quantum INDEXn strategy with bias α.

3.1

From EPO-RACn to INDEXn

Let us fix an EPO-RACn {ρx }x∈{0,1}n with bias α. Let B the Hilbert space used for the
encoding. Our goal is to construct a strategy for INDEXn with bias α. For each ρx , we fix a
purification |ψx i of ρx in the space A ⊗ B. For a ∈ {0, 1}, let a be the n-bit string (a, . . . , a)
and s̄ is the complement string of s. We define
1 X
1
|Ωs i = √
|aiO |ψs⊕a iAB = √ (|0i|ψs i + |1i|ψs̄ i) .
2 a∈{0,1}
2
We would like to show that if Bob has the register B of the above state, then he has no
information about s. Note that his reduced state is the state σs = 12 ρs + 12 ρs̄ .
The first step is to see that Bob has no information about any parity (odd or even) of the
string s. For the even parities, note that we started with an EPO-RACn encoding and that
the strings s and s̄ have the same even parities. Hence, Bob has with half probability the
state ρs from which he cannot get any information about the even parities of s and with half
probability the state ρs̄ from which he cannot get any information about the even parities of
s̄ and consequently s.
For the odd parities: fix an subset S ⊆ {1, . . . , n} of odd size and let sS = ⊕i∈S si . Let
M = {M0 , M1 } be any two outcome POVM. Let Pb = {s ∈ {0, 1}n : sS = b}. Each Pb has
size 2n−1 and s ∈ Pb ⇔ s̄ ∈ Pb̄ since S is an odd subset. We have
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X
1 X
tr(M1 σs )
tr(M
σ
)
+
0
s
2n
s∈P1
s∈P0
X
1 X
= n
tr(M1 σs̄ )
tr(M0 σs ) +
2
s∈P0
s∈P0
1 X
= n
tr((M0 + M1 )σs )
2
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Pr[Bob guesses sS using M ] =

using ∀s, σs = σs̄

s∈P0

=

1 X
|P0 |
tr(Iσs ) = n = 1/2 .
2n
2
s∈P0

This means that for any measurement M , Bob has probability 1/2 to guess sS which means
that Bob has no information about this bit.
In the following lemma we prove that if someone has no information about any parity of
subsets of bits of a string x, then he has no information about the string x. This is intuitively
an obvious statement that we rigorously prove below.
I Lemma 10. Let X be the uniform distribution on x ∈ {0, 1}n . If Bob has no information
about any parity of subsets of bits of x, then he has no information about x.
Proof. If Bob has some information about x, then the states ρx cannot be all the same, which
P
1
in turn implies that there exists a subset T ∈ {0, 1}n of size 2n−1 such that ρT = 2n−1
x∈T ρx
P
1
is not equal to ρT̄ = 2n−1
ρ
.
This
means
that
there
exists
a
two-outcome
measurement
x
x∈T̄
that outputs 1 if x ∈ T and −1 otherwise, with positive bias. We now show for a contradiction
that this measurements must also output a parity of some subset with positive bias. Define
the function f : {0, 1}n → {−1, +1}, as the indicator function of T and let b the measurement
outcome. Then
E[b · f (x)] > 0 .
By taking the Fourier representation of the function and denoting xS =
E[b ·

X

L

i∈S

xi we have

fˆ(S)xS ] > 0 ,

S

X

fˆ(S)E[b · xS ] > 0 .

S

Since for the empty set we have fˆ(∅) = E[f (x)] = 0, the above implies that there exists a
parity S for which E[b · xS ] > 0, which is a contradiction.
J
The above statement means that for each s, we have T rOA |Ωs ihΩs | = T rOA |Ω0 ihΩ0 |. In
particular, this means that there exist unitaries {Us } acting on AO such that (Us ⊗ I)|Ω0 i =
|Ωs i.We use the state |ψ0 i to define the INDEXn strategy:
Alice and Bob share the state |Ω0 i ∈ A ⊗ B.
Upon receiving s ∈ {0, 1}n , Alice applies Us on OA such that Alice and Bob share |Ωs i.
Alice measures register O in the computational basis and outputs the corresponding a.
For Alice’s input s and output a, Bob has an encoding ρx where x = s ⊕ a. Upon
receiving t ∈ [n], Bob measures B just as in the EPO-RACn to learn xt . He outputs b
equal to his guess.
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Alice and Bob win the game if b = st ⊕ a = xt meaning that they win the game if and
only if Bob correctly guesses xt .
Since our encoding has bias α, we see that with this INDEXn strategy, they succeed with
probability
n

n

1X
1X
1
Pr[Bob outputs a ⊕ st ] =
Pr[Bob outputs xt ] = (1 + α),
n i=1
n i=1
2
J

as desired.

3.2

From INDEXn to EPO-RACn

Suppose Alice and Bob have a strategy to win the INDEXn game with bias α with starting
state |ψi ∈ A ⊗ B. On input s ∈ {0, 1}n , Alice performs her side of the optimal strategy for
INDEXn and has some output a. We have:
n

1
1X
Pr[Bob outputs a ⊕ st ] = (1 + α) .
n i=1
2
Let ρs,a the state that Bob has when Alice inputs s and outputs a. Let x such that ∀i, xi =
si ⊕ a. When Alice has inputs satisfying s ⊕ a = x, Bob has the state σx = 12 (ρx,0 + ρx̄,1 ).
We show that {σx }x is an EPO-RACn with average bias α.
L
L
L
1. It’s a EPO-RACn : for every even parity S, we have i∈S xi = i∈S (si ⊕ a) = i∈S si .
Bob has no information about s from non signalling so Bob has no information about
L
i∈S si .
2. It has average bias α: Alice and Bob win the INDEXn game with bias α hence
n

n

1X
1X
1
Pr[Bob outputs xt ] =
Pr[Bob outputs a ⊕ st ] = (1 + α) .
n i=1
n i=1
2
I Remark. Note that the above equivalence also holds in the classical setting.

4

On the structure of optimal Index Game strategies

In this section, we prove Theorem 3, below.
I Theorem 11 (Optimal Index Game biases). For any n ∈ N, the
q optimal quantum bias of
√
n
2
an INDEX strategy is 1/ n and the optimal classical bias is πn
(1 + O(1/n)).

4.1

The quantum value

The quantum bias of any XOR game can be found efficiently by solving a semidefinite
program (SDP) [9]. Specifically, the quantum bias of the INDEXn game can be calculated
as the optimal value of either SDP below
Primal problem (P)
supremum:

hB, Xi

subject to:

diag(X) = e,
X  0,

Dual problem (D)
infimum:
subject to:

he, yi
Diag(y)  B,
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where
diag(X) is the vector on the diagonal of the square matrix X,
e is the vector of all ones,
Diag(y)is the diagonal
matrix with the vector y on the diagonal,

1
(−1)st
0 A
B :=
.
, where As,t :=
T
0
2 A
n2n
For (P), consider the positive semidefinite matrix X := Y Y > , where
 √ n 
n2 A
Y :=
.
IT
To show X is feasible in (P), one can check that each diagonal entry of X is equal to 1
√
√
from the definition of A above. Note that hB, Xi := n 2n hA, Ai = 1/ n proving that the
√
quantum bias is at least 1/ n (since the quantum bias is the maximum of hB, Xi over all
feasible X).


u eS
For (D), let y :=
where u, v > 0 and eS and eT are the vectors of all ones
v eT
indexed by entries in S and T , respectively. Then


1
1
uIS
− 12 A
 0 ⇐⇒ uvIT  A> A = 2 n IT .
Diag(y)  B ⇐⇒
− 12 AT vIT
4
4n 2
1
1
√ and u := √ n , then y is feasible in (D). Since
2n n
2 n2
√
1
he, yi = 2n u + nv = √ , we know the quantum bias is at most 1/ n (since the quantum
n
bias is equal to the minimum of he, yi over all feasible y).
√
Therefore, the quantum bias is exactly 1/ n, as required.
From above, if we set v :=

4.2

The classical value

We can assume without loss of generality that Alice and Bob’s strategies are deterministic.
Define b ∈ {0, 1}n as the string of potential answers Bob gives where bt is the bit that
Bob outputs on input t ∈ [n]. Now let us examine Alice’s strategy. For a fixed input s,
if she outputs 0, they win the game with probability n1 |b ⊕ s|H , where |x|H denotes the
Hamming weight of a string x ∈ {0, 1}n . If she outputs 1, they win the game with probability
1
1
n |b ⊕ s|H = n − n |b ⊕ s|H . This means that they win the game with probability at most


i
1
1
1 hn
n
max{|b ⊕ s|H , n − |b ⊕ s|H } = E
+
− |b ⊕ s|H
E n
n
n
n s 2
2
s∈{0,1}
h
i
1
1
n
= + E
− |b ⊕ s|H .
2 n s 2
The quantity Es [|n/2 − |b ⊕ s|H |] corresponds to the expected deviation that the uniform
binomial distribution has from the average. This is a well studied quantity and we know that
r

 
h n
i
2 Γ(n + 1/2)
2n
1
− |b ⊕ s|H = √
=
1+O
.
E
2
Γ(n)
π
n
π
s
Therefore, any strategy has success probability bounded above by
 
i 1 r 2 
1
1 h n
1
+ E
− |b ⊕ s|H = +
1+O
.
2 n s 2
2
πn
n
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Now, consider the following strategy: Alice outputs a which equals the majority of s, and
Bob outputs 0. This strategy has success probability precisely
i
1
1 h n
+ E
− |b ⊕ s|H
2 n s 2
which is optimal.

A construction of a quantum PO-RACn with optimal bias

5

In this section we give an explicit construction of an quantum PO-RACn with optimal bias.
I Theorem 12 (Optimal PO-RACn ). For any integer n ≥ 2, there exists a PO-RACn with
√
bias 1/ n that uses bn/2c qubits and 1 classical bit.
builds upon the well-known RACs for sending 2 (resp. 3) bits with bias
√Our construction
√
1/ 2 (resp. 1/ 3) [24, 2, 12]. These are the vertices from the corners of a square inscribed
in an equatorial plane in the Bloch sphere, and the corners of a cube inscribed in the Bloch
sphere, respectively. To generalize this idea to an n-cube inscribed in an n-dimensional
sphere, we use the intuition of hyperbits which is a way to visualize such unit vectors in a
quantum mechanical setting. A full discussion of hyperbits and their equivalence to certain
quantum protocols is beyond the scope of this paper, but we refer the interested reader to
the work of Pawlowski and Winter [18].

5.1

The construction

Our construction is very similar to the proof of Tsirelson’s theorem [23]. We start by
recursively defining the observables Gn,1 , . . . , Gn,n which are used to define the actions of
Alice and Bob in the PO-RACn .
For n = 2 and n = 3, we define
G2,1 := X,

G2,2 := Y

and

G3,1 := X,

G3,1 := Y,

G3,3 := Z.

We use the n = 3 observables as a base case for a recursive formula: for n even, we define
Gn,i := Gn−1,i ⊗ X, for i ∈ {1, . . . , n − 1},

and

Gn,n = I ⊗ Y

and for n odd, we define
Gn,i := Gn−2,i ⊗ X, for i ∈ {1, . . . , n − 2},

Gn,n−1 = I ⊗ Y,

and

Gn,n = I ⊗ Z.

Note that these act on bn/2c qubits, have eigenvalues ±1, and satisfy the anti-commutation
relation
{Gn,i , Gn,j } = 2δi,j I.
Define the following operators for x ∈ {0, 1}n and t ∈ [n]:
n

1 X
Ax := √
(−1)xi Gi
n i=1

and

Bt := G>
t .

Note that A2x = I, for all x in{0, 1}n , and Bt2 = I, for all t ∈ [n], so each have ±1 eigenvalues.
The PO-RACn protocol is defined below.
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Encoding states: Alice chooses a uniformly random x ∈ {0, 1}n , creates bn/2c EPR pairs,
and measures the first “halves” with the observable Ax to get an outcome a ∈ {−1, +1}.
She sends the second “halves” and a to Bob. Bob now has a quantum state encoding the
string x.
Decoding procedure: If Bob wishes to learn xt , he measures his EPR halves with the
observable Bt to get an outcome b ∈ {−1, +1}. He computes c = ab and outputs 0 if
c = +1, and 1 otherwise.
In the next two lemmas, we show that the bias of this RACn is
parity-oblivious, thereby proving Theorem 4.
√
I Lemma 13. This RACn has bias 1/ n.

√1
n

and that it is

Proof. We can assume at the beginning of the protocol, Alice and Bob share the maximally
entangled state
n

|ψi := √

b c
2
2X

1
n

2b 2 c

|jiA |jiB .

j=1

The expectation value of the observable C = Ax ⊗ Bt in this state is given by:
bnc

2
2X
n
(−1)xt
1 1 X
xi
√ .
(−1)
hj|A hj|B Gi ⊗ G>
hCi = hψ|Ax ⊗ Bt |ψi = √ b n c
t |kiA |kiB =
n 2 2 i=1
n
j,k=1
|
{z
}
n

=2b 2 c δi,t

where the third equality is derived from the anti-commutation relation.
Now, hCi = Pr[c = +1] − Pr[c = −1] = hψ|Ax ⊗ Bt |ψi, so


(−1)xt
1
1+ √
Pr[Bob outputs 0] = Pr[c = +1] =
2
n


1
(−1)xt
Pr[Bob outputs 1] = Pr[c = −1] =
1− √
2
n
implying


1
1
Pr[Bob outputs xt ] =
1+ √
,
2
n
as desired.

J

I Lemma 14. This RACn is parity-oblivious.
Proof. Protocols involving shared entanglement and sending one bit of classical information
have limited guessing probabilities for functions such as parity, as shown in [18]. In particular,
L
it can be been shown that the biases of learning i∈S xi , denoted here as αS , satisfy
X
αS2 ≤ 1.
S⊆{0,1}n \Empty Set

For our protocol,

2
X
1
αS2 = n · √
=1
n
S:|S|=1

implying αS = 0 for all S of size 2 or greater, implying it is parity-oblivious.

J
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6

Large non-contextuality inequality violations

Spekkens et al. [22] constructed a family of non-contextuality inequalities from the notion of
parity-oblivious random access codes. More precisely, they showed that
I Proposition 1 ([22], NC inequality). In any operational theory that admits a preparation
non-contextual hidden variable model, the average case bias for any PO-RACn is at most
1/n.
In order to quantify the violation of this NC inequality, we consider the ratio of the
average case bias of quantum PO-RACn and PO-RACn of any operational theory that admits
a preparation non-contextual hidden variable model.
Note, that if three exists a game for which the winning probability of any classical
strategy cannot deviate from 1/2 by more than δ1 and, moreover, there is a quantum strategy
obtaining winning probability at least 1/2 + δ2 , then we can obtain a violation of order δ2 /δ1
(see [6] for details).
Then, Theorem 5 is a direct consequence of Proposition 1 and our Theorem 1.
I Theorem 15. For any n ∈ N, there exists an explicit non-contextuality inequality that
√
provides a violation of order n.
References
1

2
3

4

5
6
7
8
9
10
11

12

A. Ambainis, A. Nayak, A. Ta-Shma, and U. Vazirani. Dense quantum coding and a lower
bound for 1-way quantum automata. In Proceedings of the 31st Annual ACM Symposium
on Theory of Computing, pages 376 – 383, 1999.
A. Ambainis, A. Nayak, A. Ta-Shma, and U. Vazirani. Dense quantum coding and quantum
finite automata. Journal of the ACM, 49(4):496–511, 2002.
Z. Bar-Yossef, T. S. Jayram, and I. Kerenidis. Exponential separation of quantum and
classical one-way communication complexity. In Proceedings of 36th ACM STOC, pages
128–137, 2004.
Avraham Ben-Aroya, Oded Regev, and Ronald de Wolf. A hypercontractive inequality for
matrix-valued functions with applications to quantum computing and ldcs. In FOCS’08,
pages 477–486, 2008.
H. Buhrman, R. Cleve, J. Watrous, and R. de Wolf. Quantum fingerprinting. Phys. Rev.
Lett., 87:167902, Sep 2001.
Harry Buhrman, Oded Regev, Giannicola Scarpa, and Ronald de Wolf. Near-optimal and
explicit bell inequality violations. Theory of Computing, 8(27):623–645, 2012.
A. Chailloux, I. Kerenidis, and J. Sikora. Strong connections between quantum encodings,
non-locality and quantum cryptography. PRA, to appear., 2014.
J. Clauser, M. Horne, A. Shimony, and R. Holt. Proposed experiment to test local hiddenvariable theories. Physical Review Letters, 23(15):880–884, 1969.
R. Cleve, W. Slofstra, F. Unger, and S. Upadhyay. Perfect parallel repetition theroem for
quantum XOR proof systems. Computational Complexity, 17(2):282–299, 2008.
Anindya De and Thomas Vidick. Near-optimal extractors against quantum storage. In
STOC’10, pages 161–170, 2010.
D. Gavinsky, J. Kempe, I. Kerenidis, R. Raz, and R. de Wolf. Exponential separation for
one-way quantum communication complexity, with applications to cryptography. SIAM J.
Comput., 38(5):1695–1708, 2008.
M. Hayashi, K. Iwama, H. Nishimura, R. Raymond, and S. Yamashita. (4,1)-quantum
random access coding does not exist – one qubit is not enough to recover one of four bits.
New Journal of Physics, 8(8):129, 2006.

A. Chailloux, I. Kerenidis, S. Kundu, and J. Sikora

13
14

15

16
17
18
19
20

21
22

23
24

87

A. Holevo. Some estimates of the information transmitted by quantum communication
channels. Problemy Peredachi Informatsii, 9:3–11, 1973.
Kazuo Iwama, Harumichi Nishimura, Rudy Raymond, and Shigeru Yamashita. Unboundederror one-way classical and quantum communication complexity. In ICALP’07, pages 110–
121, 2007.
Hong-Wei Li, Marcin Pawłowski, Zhen-Qiang Yin, Guang-Can Guo, and Zheng-Fu Han.
Semi-device-independent randomness certification using n → 1 quantum random access
codes. Phys. Rev. A, 85:052308, May 2012.
A. Nayak. Optimal lower bounds for quantum automata and random access codes. Proceedings of 40th IEEE Symposium on Foundations of Computer Science, 0:369–376, 1999.
J. Oppenheim and S. Wehner. The uncertainty principle determines the non-locality of
quantum mechanics. Science, 330:6007:1072–1074, 2010.
M. Pawlowski and A. Winter. From qubits to hyperbits. Phys. Rev. A, 85:022331, 2012.
Marcin Pawłowski and Marek Żukowski. Entanglement-assisted random access codes. Phys.
Rev. A, 81:042326, Apr 2010.
Ran Raz. Exponential separation of quantum and classical communication complexity. In
Proc. 31st Annual ACM Symposium on Theory of Computing, pages 358–367, New York,
NY, USA, 1999. ACM.
O. Regev and B. Klartag. Quantum one-way communication can be exponentially stronger
than classical communication. In STOC’11, pages 31–40, 2011.
R. W. Spekkens, D. H. Buzacott, A. J. Keehn, B. Toner, and G. J. Pryde. Preparation
contextuality powers parity-oblivious multiplexing. Physical Review Letters, 102:010401,
2009.
B. Tsirelson. Quantum analogues of the bell inequalities: The case of two spatially separated
domains. Journal of Soviet Mathematics, 36:557–570, 1987.
S. Wiesner. Conjugate coding. SIGACT News, 15(1):78–88, 1983.

TQC’14

Convexity Properties of the Quantum Rényi
Divergences, with Applications to the Quantum
Stein’s Lemma ∗
Milán Mosonyi1,2
1

Física Teòrica: Informació i Fenomens Quàntics, Universitat Autònoma de
Barcelona, ES-08193 Bellaterra (Barcelona), Spain
Mathematical Institute, Budapest University of Technology and Economics,
Egry József u 1., Budapest, 1111 Hungary

2

Abstract
We show finite-size bounds on the deviation of the optimal type II error from its asymptotic value
in the quantum hypothesis testing problem of Stein’s lemma with composite null-hypothesis. The
proof is based on some simple properties of a new notion of quantum Rényi divergence, recently
introduced in [Müller-Lennert, Dupuis, Szehr, Fehr and Tomamichel, J. Math. Phys. 54, 122203,
(2013)], and [Wilde, Winter, Yang, arXiv:1306.1586].
1998 ACM Subject Classification E.4 Coding and information theory, H.1.1 Information theory
Keywords and phrases Quantum Rényi divergences, Stein’s lemma, composite null-hypothesis,
second-order asymptotics
Digital Object Identifier 10.4230/LIPIcs.TQC.2014.88

1

Introduction

Rényi defined the α-divergence [36] of two probability distributions p, q on a finite set X as
X
1
Dα (pkq) :=
log
p(x)α q(x)1−α ,
α−1
x∈X

where α ∈ (0, +∞) \ {1}. These divergences have various desirable mathematical properties;
they are strictly positive, non-increasing under stochastic maps, and jointly convex for
α ∈ (0, 1) and jointly quasi-convex for α > 1. For fixed p and q, Dα (pkq) is a monotone
increasing function of α, and the limit α → 1 yields the relative entropy (a.k.a. KullbackLeibler divergence), probably the single most important quantity in information theory. Even
more importantly, the Rényi divergences have great operational significance, as quantifiers of
the trade-off between the relevant operational quantities in many information theoretic tasks,
including hypothesis testing, source compression, and information transmission through noisy
channels [12]. A direct operational interpretation of the Rényi divergences as generalized
cutoff rates has been shown in [12].
In the view of the above, it is natural to look for an extension of the Rényi divergences
for pairs of quantum states. One such extension has been known in quantum information
theory for quite some time, defined for states ρ and σ as [34]
Dα(old) (ρkσ) :=

∗

1
log Tr ρα σ 1−α .
α−1
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These divergences also form a monotone increasing family, with the Umegaki relative entropy
D1 (ρkσ) := Tr ρ(log ρ − log σ) as their limit at α → 1. They are also strictly positive;
however, monotonicity under stochastic (i.e., completely positive and trace-preserving) maps
only holds for α ∈ [0, 2]. Recently, a new quantum Rényi divergence has been introduced in
[28, 41], defined as
 1−α 1−α α
1
Dα(new) (ρkσ) :=
log Tr σ 2α ρσ 2α
.
α−1
Again, these new divergences yield the Umegaki relative entropy in the limit α → 1, and
monotonicity only holds on a restricted domain, in this case for α ∈ [1/2, +∞).
Operational interpretation has been found for both definitions in the setting of binary
hypothesis testing for different and matching domains of α. The goal in hypothesis testing is
to decide between two candidates, ρ and σ, for the true state of a quantum system, based
on a measurement on many identical copies of the system. The quantum Stein’s lemma
[19, 32] states that it is possible to make the probability of erroneously choosing ρ (type
II error) to vanish exponentially fast in the number of copies, with the exponent being
the relative entropy D1 (ρkσ), while the probability of erroneously choosing σ (type I error)
goes to zero asymptotically. If the type II error is required to vanish with a suboptimal
exponent r < D1 (ρkσ) (this is called the direct domain) then the type I error can also be
made to vanish exponentially fast, with the optimal exponent being the Hoeffding divergence
(old)
(old)
Hr := supα∈(0,1) α−1
(ρkσ)] [4, 18, 30]. Thus, the Dα
with α ∈ (0, 1) quantify
α [r − Dα
the trade-off between the rates of the type I and the type II error probabilities in the
direct domain. Based on this trade-off relation, a more direct operational interpretation was
obtained in [25] as generalized cutoff rates in the sense of Csiszár [12]. On the other hand,
if the type II error is required to vanish with an exponent r > D1 (ρkσ) (this is called the
strong converse domain) then the type I error goes to 1 exponentially fast, with the optimal
(new)
exponent being the converse Hoeffding divergence Hr∗ := supα>1 α−1
(ρkσ)] [26].
α [r − Dα
(new)
Thus, the Dα
with α > 1 quantify the trade-off between the rates of the type I success
probability and the type II error probability in the strong converse region. Based on this, a
(new)
direct operational interpretation of the Dα
as generalized cutoff rates was also given in
[26] for α > 1.
In the view of the above results, it seems that the old and the new definitions provide the
operationally relevant quantum extension of Rényi’s divergences in different domains: for
α ∈ (0, 1), the operationally relevant definition seems to be the old one, corresponding to the
direct domain of hypothesis testing, whereas for α > 1, the operationally relevant definition
seems to be the new one, corresponding to the strong converse domain of hypothesis testing.
This is the picture at least when one wants to describe the full trade-off curve; most
of the time, however, one is interested in one single point of this curve, corresponding to
α = 1, where the transition from exponentially vanishing error probability to exponentially
vanishing success probability happens. It is known that using the “wrong” divergence can be
beneficial to obtaining coding theorems at this point. Indeed, the strong converse property
(old)
for hypothesis testing and classical-quantum channel coding has been proved using Dα
for
α > 1 in [29, 32, 33] (“wrong” divergence with the “right” values of α), while a proof for the
(new)
direct part of these problems was obtained recently in [8], using D2
(“‘wrong” divergence
with a “wrong” value of α).
Further examples of coding theorems based on the “wrong” Rényi divergence were given
in [27], where it was shown that a certain concavity property of the new Rényi divergences,
which the old ones don’t have, make them a very convenient tool to prove the direct part of
various coding theorems in composite/compound settings. This was demonstrated by giving
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short and simple proofs for the direct part of Stein’s lemma with composite null-hypothesis
and for classical-quantum channel coding with compound channels. Although the optimal
rates for these problems have already been known [10, 11, 13, 31], the proofs in [27] are
different from the previous ones, and offer considerable simplifications. The general approach
is the following:
1. We start with a single-shot coding theorem that gives a trade-off relation between the
relevant quantities of the problem in terms of Rényi divergences. For Stein’s lemma, this
is Audenaert’s trace inequality [3], while for channel coding we use the Hayashi-Nagaoka
random coding theorem from [17].
2. We then use general properties of the Rényi divergences to decouple the upper bounds
from multiple to a single null-hypothesis/channel and to derive the asymptotics.
The main advantage of this approach is that the second step only relies on universal properties
of the Rényi divergences and is largely independent of the concrete problem at hand. In
particular, the coding theorems for the composite/compound settings can be obtained with
the same amount of effort as for a simple null-hypothesis/single channel.
In this paper we present a variant for the proof of Stein’s lemma with composite nullhypothesis. While in [27] exponential bounds on the error probabilities were given, here we
study the asymptotics of the optimal type II error probability for a given threshold ε on the
type I error probability. Building on results from [6] and [27], we derive finite-size bounds
on the deviation of the optimal type II error from its asymptotic value. Such bounds are of
practical importance, since in real-life scenarios one always works with finitely many copies.
The structure of the paper is as follows. Section 2 is a summary of notations. In Section 3
we review some properties of the quantum Rényi divergences, including two inequalities from
[27]: Lemma 4, which gives quantitative bounds between the old and the new definitions
of the quantum Rényi divergences, and Corollary 6, which shows that the convexity of the
new Rényi divergence in its first argument can be complemented in the form of a weak
quasi-concavity inquality. For readers’ convenience, we include the proof of these inequalities.
In Section 4 we prove the above mentioned finite-size version of Stein’s lemma.

2

Notations

For a finite-dimensional Hilbert space H, let B(H)+ denote the set of all non-zero positive
semidefinite operators on H, and let S(H) := {ρ ∈ B(H)+ ; Tr ρ = 1} be the set of all density
operators (states) on H.
We define the powers of a positive semidefinite operator A only on its support; that is, if
λ1 , . . . , λr are the strictly positive eigenvalues of A, with corresponding spectral projections
Pr
Pr
0
P1 , . . . , Pr , then we define Aα := i=1 λα
i Pi for all α ∈ R. In particular, A =
i=1 Pi is the
projection onto the support of A, and we use A0 ≤ B 0 as a shorthand for supp A ⊆ supp B.
By a POVM (positive operator-valued measure) T on a Hilbert space H we mean a map
P
T : Y → B(H), where Y is some finite set, T (y) ≥ 0 for all y, and y∈Y T (y) = I. In
particular, a binary POVM is a POVM with Y = {0, 1}.
We denote the natural logarithm by log, and use the convention log 0 := −∞ and
log +∞ := +∞.
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Rényi divergences

For non-zero positive semidefinite operators ρ, σ, the Rényi α-divergence of ρ w.r.t. σ with
parameter α ∈ (0, +∞) \ {1} is traditionally defined as [34]
(
Dα(old) (ρkσ) :=

1
α−1

log Tr ρα σ 1−α −

1
α−1

log Tr ρ,

+∞,

α ∈ (0, 1) or ρ0 ≤ σ 0 ,
otherwise.

(old)

For the mathematical properties of Dα , see, e.g. [22, 25, 35]. Recently, a new notion of
Rényi divergence has been introduced in [28, 41], defined as
Dα(new) (ρkσ) :=




1
α−1

 1−α 1−α α
log Tr σ 2α ρσ 2α
−

1
α−1

log Tr ρ,

+∞,

α ∈ (0, 1) or ρ0 ≤ σ 0 ,
otherwise.

(new)

For the mathematical properties of Dα
, see, e.g. [7, 15, 26, 28, 41].
An easy calculation shows that for fixed ρ and σ, the function α 7→ log Tr ρα σ 1−α is
(old)
convex, which in turn yields immediately that α 7→ Dα (ρkσ) is monotone increasing.
Moreover, the limit at α = 1 can be easily calculated as
(
D1 (ρkσ) := lim

α→1

Dα(old)

(ρkσ) =

1
Tr ρ

Tr ρ(log ρ − log σ),

+∞,

ρ0 ≤ σ 0 ,
otherwise,

(1)

where the latter expression is Umegaki’s relative entropy [40]. The same limit relation for
(new)
Dα
(ρkσ) has been shown in [28, Theorem 5]. The following Lemma, due to [37] and [38],
complements the above monotonicity property around α = 1, and in the same time gives a
quantitative version of (1):
I Lemma 1. Let ρ, σ ∈ B(H)+ be such that ρ0 ≤ σ 0 , let κ := log(1 + Tr ρ3/2 σ −1/2 +
c
Tr ρ1/2 σ 1/2 ), let c > 0, and δ := min 12 , 2κ
. Then
D1 (ρkσ) ≥ Dα(old) (ρkσ) ≥ D1 (ρkσ) − 4(1 − α)κ2 cosh c,

1 − δ < α < 1,

and the inequalities hold in the converse direction for 1 < α < 1 + δ.
I Remark 2. Assume that ρ and σ are states. The function f (α) := Tr ρα σ 1−α is convex in
α, and ρ0 ≤ σ 0 implies that f (1) = 1. Hence, α 7→ (f (α) − 1)/(α − 1) is monotone increasing.
Comparing the values at 1/2 and 3/2, we see that Tr ρ3/2 σ −1/2 + Tr ρ1/2 σ 1/2 ≥ 2, and thus
κ > 1.
I Remark 3. The Rényi entropy of a positive semidefinite operator ρ ∈ B(H)+ with parameter
α ∈ (0, +∞) is defined as
Sα (ρ) := −Dα(old) (ρkI) = −Dα(new) (ρkI) =

1
1
log Tr ρα −
log Tr ρ.
1−α
1−α

By the above considerations, α 7→ Sα (ρ) is monotone decreasing, and comparing its values at
α and at 0, we get
Tr ρα ≤ (Tr ρ0 )(1−α) (Tr ρ)α ,

α ∈ (0, 1).

(2)
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According to the Araki-Lieb-Thirring inequality [2, 23], for any positive semidefinite
operators A, B, Tr Aα B α Aα ≤ Tr(ABA)α for α ∈ (0, 1), and the inequality holds in the
converse direction for α > 1. A converse to the Araki-Lieb-Thirring
inequality was given in
1−α
α
α
(Tr Aα B α Aα ) for α ∈ (0, 1),
[5], where it was shown that Tr(ABA)α ≤ kBk Tr A2α
and the inequality holds in the converse direction for α > 1. Applying these inequalities to
1−α
1
A := ρ 2 and B := σ α , we get
 1 1−α 1 α
α
(1−α)2
1−α
(3)
Tr ρα σ 1−α ≤ Tr ρ 2 σ α ρ 2
≤ kσk
(Tr ρα )
Tr ρα σ 1−α
for α ∈ (0, 1), and the inequalities hold in the converse direction for α > 1. In terms of the
Rényi divergences, the above inequalities yield the ones in the following Lemma, the first of
which has already been pointed out in [41] and [14].
I Lemma 4. Let ρ, σ ∈ S(H) be states. For any α ∈ (0, +∞),
Dα(old) (ρkσ) ≥ Dα(new) (ρkσ) ≥ αDα(old) (ρkσ) − |α − 1| log dim H.

(4)

Proof. The first inequality is immediate from the first inequality in (3). Taking into account
(2), and that kσk ≤ 1, the second inequality in (3) yields the second inequality
in (4)
 for

1

1−α

1

α

≥
α ∈ (0, 1). For α > 1, we have Tr(ρ/ kρk)α ≤ Tr(ρ/ kρk, and hence we get Tr ρ 2 σ α ρ 2

α
(1−α)2
−(α−1)2
kσk
kρk
Tr ρα σ 1−α . Using that kρk ≤ 1 and that kσk ≥ 1/ dim H, we get
the second inequality in (4) for α > 1.
J
For ρ, σ ∈ B(H)+ , let
 1−α 1−α α
Q(new)
(ρkσ) := Tr σ 2α ρσ 2α
α

Q(old)
(ρkσ) := Tr ρα σ 1−α ,
α

(old)

(new)

(5)
(old)

be the core quantities of the Rényi divergences Dα
and Dα
, respectively. Qα
is
jointly concave in (ρ, σ) for α ∈ [0, 1] (see [22, 35]) and jointly convex for α ∈ [1, 2] (see
[1, 35]). The general concavity result in [20, Theorem 2.1] implies as a special case that
(new)
Qα
(ρkσ) is jointly concave in (ρ, σ) for α ∈ [1/2, 1). (See also [15] for a different proof of
(new)
this). In [28, 41], joint convexity of Qα
was shown for α ∈ [1, 2], which was later extended
in [15], using a different proof method, to all α > 1. These results are equivalent to the
monotonicity of the Rényi divergences under completely positive trace-preserving maps, for
(old)
(new)
α ∈ [0, 2] in the case of Dα , and for α ≥ 1/2 in the case of Dα
.
(new)
The next lemma shows that the concavity of Qα
in its first argument can be complemented by a subadditivity inequality for α ∈ (0, 1):
I Lemma 5. Let ρ1 , . . . , ρr ∈ S(H) be states and σ ∈ B(H)+ , and let γ1 , . . . , γr be a
probability distribution. For every α ∈ (0, 1),
X
 X
X
(new)
γi Q(new)
(ρ
kσ)
≤
Q
γ
ρ
σ
≤
γiα Q(new)
(ρi kσ).
(6)
i
i i
α
α
α
i

i

i

α

Proof. The function x 7→ x is operator concave on [0, +∞) for α ∈ (0, 1) (see Theorems
V.1.9 and V.2.5 in [9]), from which the first inequality in (6) follows immediately. To prove
the second inequality, we use a special case of the Rotfel’d inequality, for which we provide a
proof below. First let A, B ∈ B(H)+ be invertible. Then
Z 1
Z 1
d
Tr(A + B)α − Tr Aα =
Tr(A + tB)α dt =
α Tr B(A + tB)α−1 dt
0 dt
0
Z 1
Z 1
≤
α Tr B(tB)α−1 dt = Tr B α
αtα−1 dt = Tr B α ,
(7)
0

0
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where in the first line we used the identity (d/dt) Tr f (A + tB) = Tr Bf 0 (A + tB), and
the inequality follows from the fact that x 7→ xα−1 is operator monotone decreasing on
(0, +∞) for α ∈ (0, 1). By continuity, we can drop the invertibility assumption, and (7)
holds for any A, B ∈ B(H)+ . Obviously, (7) extends to more than two operators, i.e.,
α
Tr(A1 + . . . + Ar )α ≤ Tr Aα
1 + . . . + Tr Ar for any A, . . . , Ar ∈ B(H)+ and α ∈ (0, 1).
1−α
1−α
Choosing now Ai := σ 2α γi ρi σ 2α yields the second inequality in (6).
J
I Corollary 6. Let ρ1 , . . . , ρr ∈ S(H) be states and σ ∈ B(H)+ , and let γ1 , . . . , γr be a
probability distribution. For every α ∈ (0, 1),
X
 X
(new)
(new)
min Dα
(ρi kσ) + log min γi ≤ Dα
γi ρi σ ≤
γi Dα(new) (ρi kσ) .
i

i

i

i

Proof. Immediate from Lemma 5.

4

J

Stein’s lemma with composite null-hypothesis

In the general formulation of binary quantum hypothesis testing, we assume that for every
n ∈ N, a quantum system with Hilbert space Hn is given, together with two subsets H0,n
and H1,n of the state space of Hn , corresponding to the null-hypothesis and the alternative
hypothesis, respectively. Our aim is to guess, based on a binary POVM, which set the true
state of the system falls into. Here we consider the i.i.d. case with composite null-hypothesis
and simple alternative hypothesis. That is, for every n ∈ N, Hn = H⊗n for some finitedimensional Hilbert space H; the null-hypothesis is represented by a set of states N ⊆ S(H),
and the alternative hypothesis is represented by a single state σ ∈ S(H). For every n ∈ N,
we have H0,n = N (⊗n) := {ρ⊗n : ρ ∈ N }, and H1,n = {σ ⊗n }.
Given a binary POVM Tn = (Tn (0), Tn (1)), with Tn (0) corresponding to accepting the
null-hpothesis and Tn (1) to accepting the alternative hypothesis, there are two possible
ways of making an erroneous decision: accepting the alternative hypothesis when the nullhypothesis is true, called the type I error, or the other way around, called the type II error.
The probabilities of these two errors are given by
αn (Tn ) := sup Tr ρ⊗n Tn (1), (type I)

and

βn (Tn ) := Tr σ ⊗n Tn (0), (type II).

ρ∈N

Note that in the definition of αn , we used a worst-case error probability.
In the setting of Stein’s lemma, one’s aim is to keep the type I error below a threshold ε,
and to optimize the type II error under this condition. For any set M ⊆ S(H⊗n ) and any
ε ∈ (0, 1), let


βε (Mkσ ⊗n ) := inf Tr σ ⊗n Tn (0) : sup Tr ωTn (1) ≤ ε ,
ω∈M

where the infimum is taken over all binary POVM Tn on H⊗n . When M consists of one
single element ω, we simply write βε (ωkσ ⊗n ). The quantum Stein’s lemma states that


1
log βε N (⊗n) kσ ⊗n = −D1 (N kσ) := − inf D1 (ρkσ).
n→+∞ n
ρ∈N
lim

(8)

This has been shown first in [19, 33] for the case where N consists of one single element
ρ. Theorem 2 in [16] uses group representation techniques to give an approximation of the
relative entropy in terms of post-measurement relative entropies, which, when combined with
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Stein’s lemma for probability distributions, yields (8) for finite N . A direct proof for the
case of infinite N , also based on group representation theory, has recently been given in [31].
A version of Stein’s lemma with infinite N has been previously proved in [10], however, with
a weaker error criterion.
Here we give a different proof of the quantum Stein’s lemma with possibly infinite
composite null-hypothesis. Our proof is based on the results of [6], where bounds on βε were
obtained in terms of Rényi divergences, and general properties of the Rényi divergences from
Section 3. Moreover, we give a refined version of (8) in Theorem 9 by providing finite-size
corrections to the deviation of n1 log βε N (⊗n) kσ ⊗n from its asymptotic value −D1 (N kσ)
for every n ∈ N.
We will need the following results from [6]:
I Lemma 7. Let ρ, σ ∈ S(H). For every ε ∈ (0, 1) and every α ∈ (0, 1),
log βε (ρkσ) ≤ −Dα(old) (ρkσ) +

α
h2 (α)
log ε−1 −
,
1−α
1−α

(9)

where h2 (α) := −α log α − (1 − α) log(1 − α) is the binary entropy function. Moreover, for
every n ∈ N,

1 √
1
log βε ρ⊗n kσ ⊗n ≥ −D1 (ρkσ) − √ 4 2κ log(1 − ε)−1 ,
n
n

(10)

where κ is given in Lemma 1.
Proof. The upper bound (9) is due to [6, Proposition 3.2], while the lower bound in (10) is
formula (19) in [6, Theorem 3.3].
J
When N is infinite, we will need the following approximation lemma, which is a special
case of [24, Lemma 2.6]:
I Lemma 8. For every δ > 0, let Nδ ⊂ N be a set of minimal cardinality such that
supρ∈N inf ρ0 ∈Nδ kρ − ρ0 k1 ≤ δ. Then |Nδ | ≤ min{|N |, (1 + 2δ −1 )D }, where D = (dim H +
1)(dim H)/2, and
sup inf

0
ρ∈N ρ ∈Nδ

ρ⊗n − (ρ0 )⊗n

1

≤ n sup 0inf kρ − ρ0 k1 ≤ nδ,
ρ∈N ρ ∈Nδ

n ∈ N.

(11)

Now we are ready to prove our main result:
I Theorem 9. Let ε ∈ (0, 1), and for every n ∈ N, let 0 ≤ δn ≤ ε/(2n). Then


1
log βε N (⊗n) kσ ⊗n ≤ − D1 (N kσ)
n
r

1
log (2|Nδn |ε−1 )
+
· 2 8κ2max + log dim H + D1 (N kσ) 2
n

log 2|Nδn |ε−1
+
· 4κmax ,
(12)
n


1
1 √
log βε N (⊗n) kσ ⊗n ≥ − D1 (N kσ) − √ 4 2 log(1 − ε)−1 κmax ,
(13)
n
n
where κmax := supρ∈N {log(1 + Tr ρ3/2 σ −1/2 + Tr ρ1/2 σ 1/2 )} ≤ log(2 + Tr σ −1/2 ) < +∞.
√
In (12), the slowest decaying term after −D1 (N kσ) is of theqorder 1/ n when N is
finite, and when N is infinite, it can be chosen to be of the order

log n
n .
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Proof. The lower bound in (13) is immediate from (10), and hence we only have to prove
(12). We have






X
1
(⊗n)
log βε N (⊗n) kσ ⊗n ≤ log βε−nδn Nδn kσ ⊗n ≤ log β ε−nδn 
ρ⊗n σ ⊗n 
|Nδ |
|Nδn |
n
ρ∈Nδn


X
1
α
|Nδn |
≤ −Dα(old) 
ρ⊗n σ ⊗n  +
log
|Nδn |
1−α
ε − nδn
ρ∈Nδn


X
α
1
|Nδn |
≤ −Dα(new) 
ρ⊗n σ ⊗n  +
log
,
|Nδn |
1−α
ε − nδn
ρ∈Nδn

where the first inequality is due to (11), the second inequality is obvious, the third one follows
from (9), and the last one is due to Lemma 4. Note that ε − nδn ≥ ε/2 by assumption. Using
Corollary 6, we can continue the above upper bound as


log βε N (⊗n) kσ ⊗n

α
2
α
log |Nδn | +
log
≤ − min Dα(new) ρ⊗n kσ ⊗n + log |Nδn | + +
ρ∈Nδn
1−α
1−α
ε
1
2
1
log |Nδn | +
log ,
≤ −n inf Dα(new) (ρkσ) +
ρ∈N
1−α
1−α
ε
(new)

(new)

(ρ⊗n kσ ⊗n ) = nDα
where in the last line we used the additivity property Dα
c
By Lemmas 4 and 1, for every α ∈ (1/2, 1) such that α > 1 − 2κmax
,

(ρkσ).

inf Dα(new) (ρkσ) ≥ α inf Dα(old) (ρkσ) − (1 − α) log dim H

ρ∈N

ρ∈N

≥ α inf D1 (ρkσ) − 4α(1 − α)κ2max cosh c − (1 − α) log dim H,
ρ∈N

√
where c is an arbitrary positive constant. Now choose α := 1 − a/ n. Then





1
a
a
log βε N (⊗n) kσ ⊗n ≤ − 1 − √
D1 (N kσ) + √ 4κ2max cosh c + log dim H
n
n
n


1
2
+ √
log |Nδn | + log
.
ε
a n
Optimizing over a yields


1
log βε N (⊗n) kσ ⊗n
n
1 
1
2 
≤ −D1 (N kσ) + √ 4κ2max cosh c + log dim H + D1 (N kσ) 2 · log(2|Nδn |ε−1 ) 2 .
n
(14)
The optimum is reached at

1 
− 1
a∗ = log(2|Nδn |ε−1 ) 2 · 4κ2max cosh c + log dim H + D1 (N kσ) 2 ,
√
√
and we need a∗ / n ≤ 1/2 and a∗ / n ≤ c/(2κmax ), which is satisfied if
κ2max cosh c ≥

1
log(2|Nδn |ε−1 )
n

and

c2 cosh c ≥

1
log(2|Nδn |ε−1 ).
n
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Let us choose c > 0 such that cosh c = 2 + n1 log(2|Nδn |ε−1 ). By Remark 2, κmax > 1, and
hence the first inequality is satisfied. Moreover, with this choice c > 1, and thus the second
inequality is satisfied as well.
Substituting this choice of c into (14), and using the subadditivity of the square root, we
get (12).
When N is finite, we can choose δn = 0, and hence Nδn = N , for every n. This shows
√
that the second term in (12) is of the order 1/ n, while the third term is of the order 1/n.
2
When
q N is infinite, we can choose δn = ε/(2n ), whence the order of the second term in (12)
is

log n
n ,

and the order of the third term is

log n
n .

I Remark 10. In the case of a simple null-hypothesis N = {ρ}, the limit


√
1
(⊗n)
⊗n
lim
n
log βε (N
kσ ) + D1 (N kσ) ,
n→+∞
n

J

(15)

called the second-order asymptotics, has been determined in [21, 39]. Their results show that
the finite-size bounds of [6] are not asymptotically optimal, and hence the same holds for
the bounds in Theorem 9. The merit of these latter results, on the other hand, is that the
correction terms are easily computable, and the bounds are valid for any finite n. To the best
of our knowledge, the value of the limit (15) has not yet been determined when |N | > 1, and
our bounds in Theorem 9 give bounds on the second-order asymptotics in this case.
Acknowledgements. The author is grateful to Professor Fumio Hiai and Nilanjana Datta
for discussions.
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1

Introduction

Let M be an alphabet with |M| = m symbols and let M` be the set of words of length `.
Let M∗ be the free monoid generated by M
[
M∗ =
M` .
(1)
`≥0

We will be concerned with stochastic processes defined on sequences of random variables
over M, i. e., stationary probability measures over M∗ . We assume throughout that p is a
stationary stochastic process on M∞ , namely,
p(u) ≡ p(Yt = u1 , Yt+1 = u2 , . . . , Yt+`−1 = u` ),

u = (u1 , . . . , u` ) ∈ M`

(2)

is independent of t. We will use ` to denote a generic length of a word u, so that u can be
written as u = (u1 , . . . , u` ) instead of the more cumbersome u = (u1 , . . . , u|u| ). Let p be a
stationary stochastic process defined on the alphabet M.
I Definition 1. A quasi-realization of a stochastic process is a quadruple (V, π, D, τ ) where
V is a vector space, τ ∈ V, π ∈ V ∗ and D : M∗ → L(V) is a representation of M∗ over V,
D(u) D(v) = D(uv) ,

∀u, v ∈ M∗ .

In addition, the following relations hold,
"
#
"
#
X
X
>
(u)
>
(u)
π
D
=π ,
D
τ =τ
u∈M

(3)

(4)

u∈M

and
p(u) = π > D(u) τ

∀u ∈ M∗ .

(5)

The smallest dimensional quasi-realization admitted by p is called regular realization, and
its dimension is the order of p. The regular realization is efficiently computable given the
probabilities of words of length 2r − 1, where r is the order of p [10, 24].

2

The classical learning problem

A central task in machine learning is to obtain the latent variables that account for the
apparent complexity of a given process p. These variables, although not directly accessible to
the observable dynamics summarize past behavior while still providing complete information
about future probabilities of events. To accomplish this, one aims to find a random variable
X such that the future is independent of the past, given X,
X
p(v|u) =
P (v|X)P (X|u).
(6)
X

However, such a decomposition to exist at any given time we require that state transition
probabilities are only dependent on the generated output, P (Xt , ut |Xt−1 ) in a time-invariant
manner. This implies that X is markovian, and we say that p is a Hidden Markov Process.
In such case, {Xt } represents the latent variables of p, and an important problem in machine
learning consists in recovering the probabilities P (Xt , ut |Xt−1 ).
A process’ quasi-realization constitutes an abstract model of the behavior of p. However
this does not suffice to identify its latent variables, as the vector πD(u) does not necessarily
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satisfy any positivity criterion, and the maps need not be related to any stochastic transition
probabilities. Moreover, the vectors πD(u) will potentially acquire an unbounded number of
distinct values over V, giving little insight on the essential mechanisms driving p.
A positive realization of p is a quasi-realization (V, π, D, τ ), such that D(u) are substochasP
tic matrices (nonnegative matrices such that u∈M D(u) is stochastic), π is the stationary
distribution, and π = (1, 1, . . . , 1). The Positive Realization Problem (PRP) is the
problem of finding a positive realization of a process p, given its regular realization [24].

3

The quantum learning problem

We address the natural quantum generalization of this problem, namely, when the relevant
information about the past can be synthesized by a quantum state, rather than a classical
random variable. This requirement, less impositive than the classical one [22], has been
considered from the perspective of -machines [15], where it was shown that the statistical
complexity of the system could be reduced by a quantum model. Instead, our approach
focuses on the dimension of the quantum system, which can be drastically reduced once one
allows for quantum states. A highly relevant example in a not too distant scenario can be
found in [25].
In the quantum mechanical setting, the factorization condition Eq. (6) is replaced by
p(v|u) = ρu [M (v) ],

(7)

where ρu represents a quantum state, and M (v) the POVM element associated with outcome
v. Future probabilities are obtained by the Born rule applied to state ρu . The minimum
dimension by which this description can be achieved is given by the positive semidefinite
rank [13]. However, in addition, in order to have a physically meaningful description of the
mechanisms at work, one expects that the state transition probabilities are given by physical
transformations,
ρuv = ρu ◦ E (v) ,

(8)

where E (v) are completely-positive maps, and v∈M E (v) is unital. The set {E (v) } is called
a quantum instrument. This problem has received little attention in the literature. It arises
naturally – albeit in slight disguise – in [5], and more generally in systems identification [6,
17, 2, 7].
P

The completely positive realization problem (CPRP): Given a quasi-realization of process
p(u), determine whether there exist a quantum instrument {E (u) }, and positive semidefinite
ρ such that
p(u) = ρ[E (u1 ) ◦ · · · ◦ E (u` ) (I)],

(9)

P
such that E = u E (u) is completely positive and unital, and ρ ◦ E = ρ. Stochastic processes
admitting a completely-positive realization are called finitely correlated or algebraic [1, 11].
In order to obtain necessary and sufficient conditions for p to be a finitely correlated
process, we first generalize a classical result by Ito, Amari and Kobayashi [18]. The latter is the
stochastic equivalent to a classic result on linear systems theory [19], i. e., minimal realizations
are always related by similarity transformations, and are quotients of higher-dimensional
ones.
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Define the W = span{E (u) (I)}u∈M∗ as the accessible subspace. It is trivially stable
under the action of E (u) , ∀u ∈ M∗ ,
E (u) (W) ⊆ W.

(10)

f = span{ρ ◦ E (u) }u∈M∗ . Its annihilator,
Analogously, we consider the span of states W
T
⊥
f
W = σ∈W
e ker σ, is the null space, i. e., the subspace which has no effect whatsoever for
f⊥ is stable under E (u) , ∀u ∈ M∗ ,
computing word probabilities. Also W
f⊥ ) ⊆ W
f⊥ .
E (u) (W

(11)

Define the quotient space V as the accessible space modulo its null component K =
f⊥ ,
W ∩W
W
.
(12)
K
The elements of V are of the form a + K, a ∈ W. Let L : W → V be the canonical projection
onto V,
V≡

L: W
v

→ V
7→ v + K.

(13)

Since E (u) (K) ⊆ (K) let D be the induced quotient map D(u) : V → V, as defined by
D(u) ◦ L = L ◦ E (u) . Also, define τ = L(I) and π as the induced quotient functional π ◦ L = ρ.
Using the fact that ρ[ker L] = 0 we factor through the entire set of maps E (u) ,
p(u)

= ρ ◦ E (u) (I)
= π◦L◦E
= π◦D

(u)

(u)

(14a)
(I)

(14b)

(τ ).

(14c)

This, together with easily shown eigenvector relations (4) illustrate that (V, π, D(u) , τ )
constitute a perfectly valid quasi-realization. We call such quasi-realization the quotient
realization. An important step is to realize that the quotient spaces of equivalent quasirealizations are minimal and hence isomorphic.
(u)

(u)

I Theorem 2. [18] Two quasi-realizations R1 = (V1 , π1 , D1 , τ1 ) and R2 = (V2 , π2 , D2 , τ2 )
of the same stochastic process p, not necessarily of the same dimension, have isomorphic
T
(u)
quotient realizations Ri = (V i , π i , D , τ i )i=1,2 , V̄1 ∼
= V̄2 ,
i

π>
1
(u)
D1

=

π>
2 T,

(15)

=T

−1

(u)
D2 T,

(16)

τ1 = T

−1

τ 2.

(17)

This result follows from [18], which proves it only for the Hidden Markov Model case. The
proof, however, only relies on the nonnegativity of the process’ probabilities, and applies to
any pair of equivalent and well-defined (in the sense that they yield the same nonnegative
measure on M∗ ) quasi-realizations.
This result is important in that it establishes the uniqueness of the quotient space V,
up to basis changes. Let d be the dimension of W. As can be seen from the definition
d = dim V ≤ n, where n is the original realization’s dimension. By considering the quotient of
a regular realization of dimension r we get d ≤ r. On the other hand r is a lower bound to the
dimension of any quasi-realization. Thus we conclude that d = r, hence quotient realizations
are indeed regular, and all regular realizations can be regarded as quotient realizations.
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Semidefinite representable cones and quotient operator systems

The CPRP aims at providing a completely-positive lifting of a regular realization R =
(π, D(u) , τ ). As it will be shown, a necessary and sufficient condition is the existence of
certain stable cones of a particular kind, containing the vector τ , and whose dual contains π.
We focus on finite-dimensional liftings from an r-dimensional regular realization R acting on
V∼
= Rr to a completely positive realization acting on B(H) where H is a finite-dimensional
Hilbert space, H = Cn . We use S+ to denote the positive semidefinite cone in B(H). All
cones we deal with are convex. A cone C is pointed iff x ∈ C and −x ∈ C implies x = 0 and
C is generating if span C = V. We will use calligraphic letters for subspaces of B(H), and for
any given subspace W, W + will denote its intersection with S+ , W + = W ∩ S+ .
I Definition 3. Let V be a finite dimensional real vector space. A semidefinite representable
cone (SDR) is a set C ∈ V such that
C = L(W + )

(18)

where W ⊆ B(H) is a subspace and L : W → V is a linear map.
It is easy to see that pointed and generating SDR cones can always be described by subspaces
W such that W = span(W + ) and L is a quotient map from W to W/K ∼
= V, with
K ∩ S+ = {0}. SDR cones are homogeneous versions of semidefinite representable sets, the
feasibility regions of semidefinite programs [4].
f ⊆ B(H)∗ , such that W = span(W + ) and
I Lemma 4. Let I ∈ W ⊆ B(H) and W
⊥
+
f
K = W ∩ W satisfies K ∩ S = {0}. Let L be the canonical projection L : W → W/K.
Then C = L(W + ) is a pointed, generating SDR cone, and its dual is given by
e (W
f + W ⊥ )+
C∗ = L



(19)

e is the canonical projection L
e:W
f + W ⊥ → (W
f + W ⊥ )/W ⊥ ∼
where L
= V ∗.
Since I ∈ W ⊆ B(H), W can be regarded as an operator system [23]. Let Wn = W ⊗B(Cn )
and Wn+ its positive cone. Likewise, given a linear map L : W → V, let Ln ≡ L ⊗ In : Wn →
Vn . We define cones Cn as

Cn = Ln Wn+ ⊂ Vn .

(20)

Since K ∩ S+ = {0} then (V, Cn , L(I)) define a quotient operator system [20].

5

Regular quasi-realizations as quotient realizations

From Theorem 2 it follows that given a regular quasi-realization R = (V, π, D(u) , τ ), for an
equivalent completely-positive realization Q = (B(H), ρ, E (u) , I) to exist, the former must be
a quotient realization of the latter. This implies several constraints on the structure of the
stable subspaces of Q, and provide necessary conditions for the feasibility of the CPRP.
For a hypothetical completely-positive realization for p, the accessible subspace W =
span{E (u) (I)} is an operator system in B(H), and complete positivity of E in W suffices, by
virtue of Arveson’s theorem, to ensure complete positivity in B(H),
En (Wn+ ) ⊆ Wn+ .

(21)
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f⊥ of Q, and more precisely its restriction to W, K = W ∩ W
f⊥ must
The null space W
(u)
also be stable under the action of E . The quotient space is V = W/K and the canonical
projection L : W → V brings Q to R. In particular, we have the following relations
τ = L(I),

(22a)

π◦L=ρ

(22b)

which relate R to Q. Under the quotient construction, the induced maps satisfy the relation
D ◦ L = L ◦ E.

(23)

Using the definitions of the previous section, we have
Dn (Cn ) ⊆ Cn ,

∀n ≥ 1.

(24)

This is precisely the condition of complete positivity in the quotient operator system
(V, Cn , L(I)). Hence a necessary condition for the existence of a CP realization is that
the regular realization is completely-positive with respect to a quotient operator system,
together with relations
τ ∈C

(25)

π∈C ,

(26)

∗

which follow from (22). However, as it turns out, this condition does not suffice to guarantee
existence of a completely positive lift in W. In fact, there exist completely-positive maps
in V which are not induced quotients of completely-positive maps in W. To overcome this
difficulty, we will not impose complete positivity in the standard operator systems sense,
but instead impose a stronger condition that guarantees complete positivity in the quotient
operator system V as well as in W.
Let us denote E for an arbitrary element E (u) and regard it as an element in B(H)⊗B(H)∗ .
Maps satisfying E(W) ⊆ W and E(K) ⊆ K are in the subspace S ⊆ B(H) ⊗ B(H)∗ ,
f + K ⊗ B(H)∗ + B(H) ⊗ W ⊥ .
S=W ⊗W

(27)

Let ϕ : K ⊥ → (W/K)∗ = V ∗ be the natural isomorphism between these two spaces, and let
φ : B(H)∗ → B(H)∗ /W ⊥ be the canonical quotient map modulo W ⊥ . Then define
φ
ϕ
e : W⊥ + W
f −→
L
K ⊥ −→ V ∗ .

(28)

e In principle, the range of this map is not well defined in the
Now, consider the map L ⊗ L.
∗
entire B(H) ⊗ B(H) , and arbitrary extensions would be required. However, for each of these
spaces is well-defined,
e:
L⊗L

K ⊗ B(H)∗
B(H) ⊗ W ⊥
f
W ⊗W

−→ 0

(K = ker L)
e
−→ 0 (W ⊥ = ker L)

(29)

∗

(31)

−→ V ⊗ V .

(30)

e
We thus have that D = L ⊗ L(E)
∈ V ⊗ V ∗ is the induced quotient map. Also, completelypositive maps with these stable subspaces form a cone SCP , where CP denotes intersection
with the completely positive cone. Finally, we conclude that

e SCP .
D ∈P=L⊗L
(32)
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By the Choi-Jamiolkowski isomorphism, SCP is isomorphic the positive semidefinite
subcone of some subspace of B(H ⊗ H), hence, P is semidefinite representable. One can
check that D ∈ P implies complete positivity in the operator system (V, Cn , L(I)).
Notice that the identity map is in P since it just corresponds to the induced map of the
identity in SCP , which is completely positive and satisfies all the stability conditions. In
addition, other useful properties hold for P. In particular,
P is pointed.
P is closed under composition, i. e. it is a semigroup.
C ⊗max C∗ ⊆ P, where ⊗max denotes the maximal tensor product, i. e. the convex hull of
pairs of elements ρ ⊗ σ, ρ ∈ C, σ ∈ C∗ .
Notice also, that given P and π, τ , one can obtain C from P, C = Pτ .
In conclusion, the necessary conditions for the CPRP can be stated as
τ ∈ C,
π ∈ C∗ ,
D ∈ P.
with P of the type (32). The next section shows that these conditions are also sufficient.

6

Sufficiency of the conditions

So far we have derived a set of necessary conditions which follow from the hypothesis that
an underlying completely-positive realization exists. In this section we show that these are
also sufficient.
I Theorem 5 (Removing spurious eigenvectors). Let {E (u) } be a set of completely positive
P
maps on B(H) with E = u E (u) , and let ρ, I be positive semidefinite operators in B(H)
such that tr[ρI] = 1. If ω is a positive semidefinite eigenvector of E such that tr[ρω] = 0,
then there is always another set of CP maps {Ê (u) } on B(ker(ω)) and positive semidefinite
operators ρ̂, Î ∈ B(ker(ω)) such that
tr[ρ E (u) (I)] = tr[ρ̂ Ê (u) (Î)]

∀u ∈ M∗ .

(33)

Proof. Let P = ker(ω) and Q = range(ω) = P ⊥ its orthogonal complement. Let P (resp.
Q) be the corresponding orthogonal projection in H, and ΠP = P · P , (resp. ΠQ ) the
hereditary projection on B(H). Since ω is a positive semidefinite eigenvector, we have that
E ◦ ΠQ = ΠQ ◦ E ◦ ΠQ . From positivity, this extends to all E (u) and thus
ΠP ◦ E (u) = ΠP ◦ E (u) ◦ ΠP ,

∀u ∈ M∗ .

(34)

From orthogonality of ρ ≥ 0 and ω ≥ 0 it follows that ρ = ΠP (ρ) and we can write
p(u)

=

tr[ρ ΠP E (u) (I)]

=

tr[ρ ΠP E (u1 ) ΠP ◦ ΠP E (u2 ) ΠP · · · ΠP E (u` ) ΠP (I)].

(35)

Replace H ← P, B(H) ← B(P) and
E (u)

← ΠP E (u) ΠP

(36a)

I

← ΠP (I)

(36b)

ρ

← ΠP (ρ).

(36c)

The resulting maps are still completely positive and ρ, I are positive semidefinite with
support in B(P), thus the new I has tr[Iω] = 0. In addition, from Eq. (35), they generate
the same process.
J
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I Theorem 6. Given a pseudo-realization R = (V, π, D, τ ), an equivalent, finite-dimensional,
unital, completely-positive realization exists (B(H), ρ, E, I) if and only if there is an SDR
cone P ⊂ V ⊗ V ∗ such that
1. D(u) ∈ P, ∀u ∈ M,
2. τ ∈ C,
3. π ∈ C∗ .
where C, C∗ and P are of type (18), (19) and (32), respectively.
Proof. That the conditions are necessary was proven in the previous section. It follows from
condition 1 that CP maps E (u) : B(H) → B(H) can be defined such that E (u) (K) ⊆ K and
E (u) (W) ⊆ W, and that
L ◦ E (u) = D(u) ◦ L,

∀u ∈ M.

(37)

To lift the vectors τ and π, notice that since τ ∈ C and π ∈ C∗ , there is I ∈ W + and
f + such that
ρ ∈ (W ⊥ + W)
τ

=

ρ =

L(I)

(38)

π ◦ L.

(39)

At this point it is easy to check that D(u) (τ ) = D(u) L(I) = LE (u) (I), so that
π · D(u) (τ ) = ρ ◦ E (u) (I),

∀u ∈ M∗ ,

(40)

However, the operators ρ and I are not left- and right-eigenvectors of E = u∈M E (u) ,
so they (B(H), I, E, ρ) does not form a realization. In order to find a proper completelypositive realization, we will iteratively replace them by suitable projections by making use of
Theorem 5, until the desired properties are obtained. In the process, we remove all spurious
contributions to ρ and I until only relevant contributions to Eq. (40) remain.
Pn
STEP 1: Consider the Cesàro mean ωn = n1 k=1 E k (I). Clearly, ωn ≥ 0 ∀n. Define the
k
ratio λ = limn→∞ kωkωn+1
so that the limit is well-defined,
nk
P

ω = lim

n→∞

ωn
.
λn

(41)

Clearly, ω ≥ 0, and
n
1 X k+1
E
(I) = λω.
n→∞ nλn

E(ω) = lim

(42)

k=1

At this point, two different scenarios may occur. Either λ = 1 or λ > 1. Consider first
the case when λ > 1. This means that there is a contribution to I which grows under
the action of E, and ω captures its asymptotic behavior. One can see that
n
1 X
tr[ρω] = lim
tr[ρE k (I)]
n→∞ nλn
k=1

1
= lim n
n→∞ λ
= 0.
(43)
Hence, by making use of Theorem 5, we can obtain a new set of CP maps {E (u) }, ρ and
I such that tr[Iω] = 0. However, ρ and I are still not eigenvectors. Repeat STEP 1 until
λ = 1.
If λ = 1 then ω = limn→∞ ωn is well defined. Replace I ← ω and proceed to STEP 2.
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At each iteration of STEP 1 a new ω is obtained, orthogonal to all previous ones, and the
associated eigenvalue can only be equal or decrease. The aim of this iteration is to capture
the eigenspace of E with the largest eigenvalue and remove it without altering the resulting
stochastic process p(u).
Because E has only finitely many eigenvalues, eventually λ will equal 1. In that case, the
resulting ω is strictly positive. Proceed to PART 2.
STEP 2: At this point I is an eigenvector but ρ is not. Rerurn STEP 1 with the dual
realization, i. e., with (B(H)∗ , I, E ∗ , ρ), interchanging the roles of ρ and I.
After STEP 2, ρ is an eigenvelue of E but I may not be. A further iteration of steps 1
and 2 will lead to further dimension reductions. Since the dimension is finite, eventually
no further truncations will be necessary and both I and ρ will be proper left- and righteigenvalues of E.
Once one has iterated through STEPS 1 and 2, one has a completely-positive realization
(ρ, E (u) , I) with the required stability properties for ρ and I. It just remains to ensure that
I > 0. The procedure is very similar to the one just exposed.
STEP 3: Let Q = ker(I) and P = Q⊥ = range(I) its orthogonal complement. Since I ≥ 0
is an eigenvector of E, we have that E (u) (I) ∈ B(P), ∀u ∈ M∗ . Hence we can make the
substitutions H ← P, B(H) ← B(P) and
E (u) ← ΠP E (u) ΠP
(44a)
I

← ΠP (I)

(44b)

ρ ← ΠP (ρ).
(44c)
With this, now I > 0. One can define the completely positive map N (x) = I −1/2 xI −1/2 .
Finally, replace
E (u) ← N E (u) N −1
(45a)
I

←

N (I) = 1

(45b)

−1

ρ ← N (ρ).
(45c)
P
This substitution makes u∈M E (u) (1) = 1, while preserving complete positivity and the
resulting ρ is the stationary state of the system. This concludes the proof.
J
Note that several steps in the reduction algorithm could be avoided by imposing further
conditions on the properties of the subspaces defining P, but to explore these relations is
beyond the scope of this work.
This constructive algorithm shows that not only appropriate completely positive maps can
be obtained from the condition D ∈ P, but also that their structure can be cast into the form
P
of a quantum instrument, where ρ is a fixed point of u∈M E (u) . The fact that a dimension
smaller than that of B(H) is capable of reproducing the model described by (B(H), ρ, E, I)
is ultimately to the non-primitivity of E ∗ and the lack of information completeness of the
POVM elements M (u) = E (u) (I). This theorem establishes under which that this explanation
is the only possible one, revealing the essential traits that a quasi-realization should exhibit
in order to be equivalent to a higher-dimensional quantum model.

7

Discussion

This result represents a generalization of Dharmadhiraki’s polyhedral cone condition [9]
and establishes the type of positivity that needs to be respected at the level of the regular
realization for there to exist a certain lifting in B(H). The result, highlights a central issue
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that goes unnoticed in the commutative case. Unlike in the formulation of Dharmadhiraki’s
cone condition, the truly fundamental object is the set of cones P, from which the cones C
and C∗ can be derived. This shifts the focus from the geometry of the cone of states, and
sets it on the nature of the semigroup of transformations corresponding to a given process p.
Of course this is far from a full solution to the problem. Although condition (32) can
be verified by a semidefinite program, finding the suitable cone P for a given process is still
a formidable challenge. Our result highlights significant departures from the PRP, so that
novel approaches may be possible. In particular, the CPRP turns out to be deeply related to
lifting properties for quotient operator systems. Aspects of this theory are deeply connected
with several open questions in operator theory [12], such as Connes Embedding Problem
and Kirchberg’s conjecture. In addition, classical algorithms for learning Hidden Markov
Models using matrix factorizations [8] may be extended to semidefinite factorizations [13, 14]
thus establishing links between the computational complexity of the CPRP and that of
other relevant problems in Quantum Information science. An interesting question, from the
operator systems theory point of view, is to identify the abstract operator system in V for
which P is the cone of completely positive maps, and to determine its nuclearity properties.
Just as the positive realization problem, the completely-positive realization problem is
highly relevant in systems identification and quantum control. It addresses the problem of
finding compact models for systems with quantum memory and a classical readout interface.
In particular, modeling stochastic processes which are generated by quantum devices will
be the primary application of our results. The positive description of a process not only
provides insight into the physical mechanisms underlying a process, but allows to identify
latent variables, e. g., variables that are not directly observed but allow to draw order and
simplicity in otherwise apparently chaotic and highly unpredictable behavior. In this sense,
accounting for hidden quantum mechanical mechanisms, and more importantly, quantum
memory to an information source, is potentially the difference between obtaining a simple
description of a process or a highly complex one.
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1
1.1

Introduction and Related Work
Introduction

The quantum algorithm to factorize integers as given by Shor [8] in 1994 is exponentially
faster than any known classical algorithm. The success of Shor’s algorithm resulted in a
great deal of interest in quantum computing, subsequently resulting in the design of several
more quantum algorithms that are exponentially faster than their classical counterparts.
Several of these algorithms solve the problem of finding subgroup generators of a group
using evaluations of a function that “hides” the subgroup [2]. This generalized framework
is captured by the Hidden Subgroup Problem (referred henceforth as HSP) and has been
successful in admitting quantum algorithms that are exponentially faster than their classical
counterparts. It is known that there exists an efficient solution to the HSP for finite Abelian
groups, but this is not known to hold for non-Abelian groups. The motivation for research
in this area stems from knowledge that an efficient solution to the HSP over the symmetric
group (dihedral group) will result in an efficient quantum algorithm for graph isomorphism
(shortest vector in a lattice). In this article, we present an algorithm to solve the hidden
subgroup in the specific class of non-Abelian groups, i.e. the semi-direct product groups
of the form G := Z/pr Z o Z/q s Z, where p, q are prime with p =
6 q and r, s ∈ Z+ with the
r
t−j
relative sizes of the subgroups bounded by p /q
∈ O(poly(log pr )) where j ∈ {0, . . . , t − 1}
is a parameter specific to the group. For certain parameters of G and its subgroup, this
algorithm has running time O(poly(log |G|)), and hence qualifies as ‘efficient’.
In Section 2 we clarify the structure of the group Z/pr Z o Z/q s Z and its subgroups. The
quantum algorithm that will help solve for the hidden subgroup, H within this specific class
of non-Abelian groups is presented in Section 3.
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Related Work

There has been considerable work in trying to solve the HSP in semi-direct product groups.
In this article we discuss the case Z/pr Z o Z/q s Z. It was shown in [1] that the HSP in
Z/N Z o Z/qZ, for positive integers N, q such that N/q ∈ O(poly(log N )), reduces to finding
cyclic subgroups of order q and can be efficiently solved. This work was extended in [6], which
developed an efficient HSP algorithm in (Z/pr Z)m o Z/pZ, with p prime and integers r, m.
Following this, in 2009 an efficient quantum algorithm to solve the HSP in Z/pZ o Z/q s Z
for distinct odd primes and s > 0 such that p/q ∈ O(poly(log p)) was shown [4]. More
recently in [5], the HSP problem was considered in Z/pr Z o Z/q s Z where p, q are distinct
primes such that pr /q ∈ O(poly(log pr )). The current article extends this previous result [5].
Specifically, the group Z/pr Z o Z/q s Z has a parameter t (as explained in the next section)
that characterizes the group. In [5] an algorithm was presented for the t = 1 case; here
we deal with all possible values t ∈ {0, . . . , s}. Whether or not our algorithm qualifies as
efficient depends on the specific parameters of G and its subgroup, which will be explained
in Section 3.

2

The Group Z/pr Z o Z/q s Z and Its Subgroups

2.1

Some Properties of the Group Z/pr Z o Z/q s Z

In this section we discuss and prove various properties of the semi-direct product group
G := Z/pr Z o Z/q s Z, with p, q prime and r, s ∈ Z+ . We know that Z/pr Z and Z/q s Z are
finite, cyclic, Abelian groups. Let φ : Z/q s Z → Aut(Z/pr Z) be the group homomorphism
that defines G, for all a, c ∈ Z/pr Z and all b, d ∈ Z/q s Z:
(a, b)(c, d) = (a + φ(b)(c), b + d).

(1)

As Z/q s Z is cyclic, we have for all b that φ(b) = φ(1 + · · · + 1) = φ(1)b . In a similar vein, since
Z/pr Z is also cyclic, we have φ(1)(c) = φ(1)(1 + · · · + 1) = φ(1)(1) + · · · + φ(1)(1) = cφ(1)(1).
We thus see that φ is completely determined by the single value φ(1)(1), which from now on
will be denoted by α := φ(1)(1) ∈ (Z/pr Z)∗ . The group operation in G = Z/pr Z oα Z/q s Z
thus simplifies to
(a, b)(c, d) = (a + αb c, b + d).

(2)

The identity in G is (0, 0) and the inverse is expressed by (a, b)−1 = (−α−b a, −b).
s
Because it must hold that 1 = α0 = α(q ) we have that there exists a smallest integer
t
t ∈ {0, . . . , s} such that α(q ) = 1. As explained in [5], if the groups G = Z/pr oα Z/q s Z and
G0 = Z/pr oα0 Z/q s Z have the same t-parameter (t = t0 ), then these groups are isomorphic.
Additionally, if t = 0 we have that α = 1, making G Abelian. From now on we will thus
assume that t ∈ {1, . . . , s}. It can be shown that q t | (p − 1). We also note that it can be
shown that G is supersolvable.

2.2

Subgroups of Z/pr Z o Z/q s Z

Following [5, Theorem 2], the subgroups of the group G = Z/pr Z oα Z/q s Z are from either
one of three types. With t ∈ {1, . . . , s} the parameter of G as explained in the previous
section, these types are as follows.
I
Type I: Hi,j
= h(pi , q j )i, for each i ∈ {0, . . . , r} and j ∈ {t, . . . , s}.
II
Type II: Hj,η = h(η, q j )i, for each j ∈ {0, . . . , t − 1} and η ∈ Z/pr Z.
III
Type III: Hi,j,η
= h(pi , 0), (η, q j )i, for each i ∈ {0, . . . , r − 1}, j ∈ {0, . . . , t − 1}, and
i
η ∈ {0, . . . , p − 1}.
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We point out that [5, Theorem 2] allows the η parameter for Type III subgroups to be
III
from the whole set {0, . . . , pr − 1} but that this creates ambiguity as, for example, H0,0,0
=
III
h(1, 0), (0, 1)i = G and H0,0,1 = h(1, 0), (1, 1)i = G as well. By limiting η to the set
{0, . . . , pi − 1} each triplet of parameters (i, j, η) defines a unique Type III subgroup.
Next, we will describe the parameterization of the elements of these three types of
subgroups. The elements of the Type I subgroup are of the form (pi , q j )z = (zpi , zq j ) where
j
z ∈ Z and where we used the fact that α(q ) = 1 as j ≥ t. Because gcd(pr , q s ) = 1 we can
further simplify this description to
I
Hi,j
= {(xpi , yq j ) : x ∈ {0, . . . , pr−i − 1}, y ∈ {0, . . . , q s−j − 1}},

(3)

I
showing that Hi,j
has pr−i q s−j elements.
The subgroups of Type II and III are less trivial to describe. To better understand the
elements of the subgroup h(η, q j )i, consider first some small powers of the generating element
(η, q j ):

j

(η, q j )−1 = (−ηα(−q ) , −q j )




j 0

= (0, 0)

(η, q )
j 1
(4)
(η, q )
= (η, q j )



j 2
(q j )
j

(η, q )
= (η + ηα , 2q )



j
j
(η, q j )3
= (η + ηα(q ) + ηα(2q ) , 3q j )

and so on. In general we have the following characterization.
I Lemma 1. Let G = Z/pr Z oα Z/q s Z and let t ∈ {1, . . . , s} be the smallest positive
t
integer such that α(q ) = 1. For any η ∈ Z/pr Z and j ∈ {0, . . . , t − 1} consider the cyclic
subgroup H = h(η, q j )i. For each exponent y ∈ Z, the elements of H can be described by
(η, q j )y = (ηS(y), yq j ) where S : Z → Z/pr Z is defined by
j

S(y) :=

α(yq ) − 1
.
α(qj ) − 1

(5)

As a result, the subgroup has q s−j elements such that
II
:= h(η, q j )i = {(ηS(y), yq j ) : y ∈ {0, . . . , q s−j − 1}}.
Hj,η

(6)

j

Proof. In [5, Lemma A2] it is shown that α(q ) − 1 is invertible in Z/pr Z hence the definition
of S in Equation 5 does indeed make sense. Assuming for a given y that (η, q j )y = (ηS(y), yq j )
j
we get (η, q j )y+1 = (η, q j )(ηS(y), yq j ) = (η(1 + α(q ) S(y)), (y + 1)q j ). With this relation
j
S(y + 1) = 1 + α(q ) S(y) and S(0) = 0 the Equality 5 can be proven by induction on y.
From the Z/q s Z part of G it is obvious that the values y such that (ηS(y), yq j ) = (0, 0)
s
must obey that y is a multiple of q s−j . Conversely, if y = λq s−j , then S(y) = (α(λq ) −
j
1)/(α(q ) − 1) = 0. Hence (ηS(y), yq j ) = (0, 0) if and only if y = 0 mod q s−j .
J
Upon further inspection it is clear that S has period q t−j , which will be helpful in the
reduction of the complexity of finding the hidden subgroup H in G.
The Type III subgroups are obviously extensions of the previous type. As we have
j
(pi , 0)(ηS(y), yq j ) = (pi + ηS(y), yq j ) and (ηS(y), yq j )(pi , 0) = (ηS(y) + α(yq ) pi , yq j ) it is
clear that the elements of H III can be described by
III
Hi,j,η
= {(xpi + ηS(y), yq j ) : x ∈ {0, . . . , pr−i − 1}, y ∈ {0, . . . , q s−j − 1}},

(7)

III
which also shows that it has pr−i q s−j elements, and hence that H0,0,η
= G, regardless of η.
More generally, it is only the value η mod pi that matters in the definition of this subgroup.
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3
3.1

Overview of Algorithm

In this section we will present a quantum algorithm that solves the hidden subgroup problem
in G = Z/pr Z oα Z/q s Z, but before doing so we will reduce the problem significantly. As in
the previous section, the group operation is defined by (a, b)(c, d) = (a + αb c, b + d) where
t
α ∈ (Z/pr Z)∗ and for which there exists a smallest integer t ∈ {1, . . . , s} such that α(q ) = 1.
Let f be the subgroup hiding function on G, which obeys
f ((a, b)) = f ((a0 , b0 )) if and only if (a, b)−1 (a0 , b0 ) ∈ H.

(8)

In other words, f is constant on the left cosets of H and f is different between different
cosets of H.
Recall from Section 2.2 that the subgroups of G are one of three types with potentially
unknown parameters i, j, η. In [5, Section 3] it was claimed that it was sufficient to solve the
HSP for Type II subgroups but the current authors were unable to reproduce this result.
Instead we will present an alternative way of finding the hidden subgroup.
We assume that all the parameters (p, r, q, s, α, and t) of the group G are known.
For our purposes, an algorithm is considered efficient if its running time is bounded by
O(poly(log(|G|)) = O(poly(r log p + s log q)). Note that when an algorithm suggests that a
group H 0 is the hidden subgroup, then that suggestion can be checked by querying f on
(0, 0) and on the generators of H 0 . If H 0 passes this check we can conclude that H 0 ≤ H;
otherwise a mistake was made and the algorithm should be executed again to find another
suggestion for H. Repeating the above procedure will give a ‘largest’ subgroup that with
high probability will equal the true hidden subgroup.
Because of the just described approach to solve the HSP, it is sufficient to use an
algorithm that finds the hidden subgroup with a success rate that is significant enough.
For the current case of possible subgroups of G it is therefore sufficient to simply guess
the parameters i ∈ {0, . . . , r} and j ∈ {0, . . . , s} as the probability of doing so correctly
equals 1/rs ∈ Ω(1/ poly(log |G|)). If the subgroup is of Type I this will have answered
the HSP completely. In the case of Type II or Type III subgroups the following quantum
algorithms will have to be employed to find the unknown parameter η ∈ Z/pr Z (Type II) or
η ∈ {0, . . . , pi − 1} (Type III).

3.2

Quantum Algorithm for Finding HSP in Z/pr Z o Z/q s Z

I Theorem 2. Let p and q be distinct primes and let r and s be positive integers. Define
the semi-direct product group G := Z/pr Z oα Z/q s Z by the non-commuting group operation
that, for all a, c ∈ Z/pr Z and all b, d ∈ Z/q s Z, has (a, b)(c, d) = (a + αb c, b + d) for an
t
α ∈ (Z/pr Z)∗ . Let t ∈ {1, . . . , s} be the smallest positive integer such that α(q ) = 1.
Let the function f on G hide a Type II subgroup H = h(η, q j )i and assume that the
parameter j ∈ {0, . . . , t − 1} is known. There exists a probabilistic quantum algorithm that
determines the unknown parameter η ∈ Z/pr Z with success probability (1 − 1/p)(q t−j /pr )
using only one query to f .
Proof. This proof is inspired by the PGM algorithm described in [1], but it uses several
additional ingredients specific to the properties of this group G and its subgroups (for which
see Section 2).
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1. Initialize the register in the state,
|ψ1 i = p

1
pr q t−j

X

q t−j
X−1

x∈Z/pr Z

y=0

|x, yq j , f ((x, yq j ))i.

Note how the second register contains only multiples of q j and how the range of yq j goes
only to q t and not q s .
2. The pr different left cosets of H that are relevant for this algorithm are described by
(`, 0)H = {(` + ηS(y), yq j ) : y ∈ {0, . . . , q t−j − 1}}, for each ` ∈ Z/pr Z. After measuring
(and ignoring) the third register of |ψ1 i in the computational basis we thus get the state
|ψ2 i = p

1

q t−j
X−1

q t−j

|` + ηS(y), yq j i,

y=0

for an unknown and irrelevant ` ∈ Z/pr Z.
3. Applying the Fourier Transform over Z/pr Z to the first register of |ψ2 i we get, with
ω := exp(i2π/pr ),
|ψ3 i = p

=p

1
pr q t−j
1

X

q t−j
X−1

k∈Z/pr Z

y=0

X

pr q t−j

k∈Z/pr Z

k`

ω |ki

ω k(`+ηS(y)) |k, yq j i
q t−j
X−1

ω kηS(y) |yq j i.

y=0

4. Measure the first register in the computational basis and assume the result is some
invertible k ∈ (Z/pr Z)∗ (which occurs with probability (1 − 1/p)). Tracing out this k
register gives us the remaining superposition
|ψ4 i = p

1
q t−j

q t−j
X−1

ω kηS(y) |yq j i.

y=0

5. We now take the yq j register in |ψ4 i and use it to append a second register with the
j
j
j
value kS(y) = k(α(yq ) − 1)/(α(q ) − 1) mod pr . As α, q, j, pr , k are known and (α(q ) − 1)
is invertible, this transformation can be done efficiently, yielding
|ψ5 i = p

1
q t−j

q t−j
X−1

ω kηS(y) |yq j , kS(y)i.

y=0

6. Because k is invertible and the function S is injective on {0, . . . , q t−j −1}, we can determine
a unique solution y from the value kS(y). Using Shor’s discrete logarithm algorithm we
can hence efficiently implement the unitary mapping |yq j , kS(y)i 7→ |0, kS(y)i, giving
|ψ6 i = p

1
q t−j

q t−j
X−1

ω kηS(y) |kS(y)i.

y=0

7. Finally, we perform an inverse Fourier transform over Z/pr Z in the hope of observing
the unknown η. To calculate the probability of this occurring, consider the ideal state
P
√
|η̂i := z∈Z/pr Z ω zη |zi/ pr , which is guaranteed to give η. The fidelity squared between
this perfect state and our actual state is |hψ6 |η̂i|2 = (q t−j )/pr , which is thus the probability
of observing η at the end of this step.
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The above algorithm requires one f -query and poly(log |G|) time and space. Its overall
success probability equals (1 − 1/p)(q t−j /pr ).
J
The algorithm for finding Type III subgroups is an adaptation of the just described
algorithm. Crucially, the unknown parameter η is an element of the set {0, . . . , pi − 1}, which
influences the first register of the algorithm.
I Theorem 3. Let p and q be distinct primes and let r and s be positive integers. Define
the semi-direct product group G := Z/pr Z oα Z/q s Z by the non-commuting group operation
that, for all a, c ∈ Z/pr Z and all b, d ∈ Z/q s Z has (a, b)(c, d) = (a + αb c, b + d) for an
t
α ∈ (Z/pr Z)∗ . Let t ∈ {1, . . . , s} be the smallest positive integer such that α(q ) = 1.
Let the function f hide a Type III subgroup H = h(pi , 0), (η, q j )i in G and assume that the
parameters i ∈ {0, . . . , r − 1} and j ∈ {0, . . . , t − 1} are known. There exists a probabilistic
quantum algorithm that can determine the unknown parameter η ∈ {0, . . . , pi − 1} with
success probability (1 − 1/p)(q t−j /pi ) using only one query to f .
Proof. This algorithm is quite similar to the one of the previous theorem, except for the
fact that the first register will be restricted to elements of Z/pi Z.
1. Initialize the register in the state
|ψ1 i = p

i
pX
−1 q t−j
X−1

1
pi q t−j

x=0

|x, yq j , f ((x, yq j ))i.

y=0

Note how the second register contains only multiples of q j , how the range of yq j goes
only to q t and not q s , and how the first register contains only pi elements.
2. The pi different left cosets of H that are relevant for this algorithm are described by
(`, 0)H = {(` + xpi + ηS(y), yq j ) : x ∈ {0, . . . , pr−i − 1}, y ∈ {0, . . . , q t−j − 1}}, for each
` ∈ {0, . . . , pi − 1}. As the first register contains values from the set {0, . . . , pi − 1} this
description further reduces to {(`+ηS(y) mod pi , yq j ) : y ∈ {0, . . . , q t−j −1}}. Measuring
the third register of |ψ1 i in the computational basis we get the state
|ψ2 i = p

1

q t−j
X−1

q t−j

|` + ηS(y) mod pi , yq j i,

y=0

for an unknown and irrelevant ` ∈ {0, . . . , pi − 1}.
3. From now on we interpret the first register of |ψ2 i as containing values from Z/pi Z and
we apply the Fourier Transform over Z/pi Z to it. With ω := exp(i2π/pi ), we get
|ψ3 i = p

=p

1
pi q t−j
1

X

q t−j
X−1

k∈Z/pi Z

y=0

X

pi q t−j

k∈Z/pi Z

k`

ω |ki

ω k(`+ηS(y)) |k, yq j i
q t−j
X−1

ω kηS(y) |yq j i.

y=0

4. Measure the first register in the computational basis and assume the result is some
invertible k ∈ (Z/pi Z)∗ , which occurs with probability (1 − 1/p). Tracing out this k
register gives us the remaining superposition
|ψ4 i = p

1
q t−j

q t−j
X−1

ω kηS(y) |yq j i.

y=0
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5. We now take the yq j register in |ψ4 i and use it to append a second register with the
j
j
j
value kS(y) = k(α(yq ) − 1)/(α(q ) − 1) mod pi . As α, q, j, pi , k are known and (α(q ) − 1)
is invertible, this transformation can be done efficiently, yielding
|ψ5 i = p

1
q t−j

q t−j
X−1

ω kηS(y) |yq j , kS(y)i.

y=0

6. Because k is invertible and the function S is injective on {0, . . . , q t−j −1}, we can determine
a unique solution y from the value kS(y). Using Shor’s discrete logarithm algorithm we
can hence efficiently implement the unitary mapping |yq j , kS(y)i 7→ |0, kS(y)i, giving
|ψ6 i = p

1
q t−j

q t−j
X−1

ω kηS(y) |kS(y)i.

y=0

7. Finally we perform an inverse Fourier transform over Z/pi Z in the hope of observing
the unknown η. To calculate
the probability of this occurring consider the ideal state
p
P
zη
i
:=
|η̂i
z∈Z/pi Z ω |zi/ p , which is guaranteed to give η. The fidelity squared between
this perfect state and our actual state is |hψ6 |η̂i|2 = (q t−j )/pi , which is thus the probability
of observing η at the end of this step.
The above algorithm requires one f -query and poly(log |G|) time and space. Its overall
success probability equals (1 − 1/p)(q t−j /pi ).
J
Summarizing the above theorems, we have the following result.
I Corollary 4. Let p and q be distinct primes and let r and s be positive integers. Define
the semi-direct product group G := Z/pr Z oα Z/q s Z by the non-commuting group operation
that, for all a, c ∈ Z/pr Z and all b, d ∈ Z/q s Z, has (a, b)(c, d) = (a + αb c, b + d) for an
t
α ∈ (Z/pr Z)∗ . Let t ∈ {1, . . . , s} be the smallest positive integer such that α(q ) = 1. Let the
function f on G hide a subgroup H. There exists a quantum algorithm that determines H
with a time complexity depending on the type of H in the following manner.
I
Type I: If Hi,j
= h(pi , q j )i for some unknown i ∈ {0, . . . , r} and j ∈ {t, . . . , s}, then H will
be found efficiently in time O(poly(log |G|)).
II
Type II: If Hj,η
= h(η, q j )i for some unknown j ∈ {0, . . . , t − 1} and η ∈ Z/pr Z, then H
will be found in time O(poly(log |G|, pr /q t−j )).
III
Type III: If Hi,j,η
= h(η, q j )i for some unknown i ∈ {0, . . . , r − 1}, j ∈ {0, . . . , t − 1} and
η ∈ {0, . . . , pi − 1}, then H will be found in time O(poly(log |G|, pi /q t−j )).
The quantum algorithm can be considered efficient, i.e. has running time O(poly(log |G|)), if
II
the subgroup is of Type I, or if the Type II subgroup Hj,η
has pr /q t−j ∈ poly(log |G|), or if
III
i t−j
the Type III subgroup Hi,j,η has p /q
∈ poly(log |G|).
These running times should be compared to the classical algorithm of repeatedly simply guessing the parameters i, j, η of the hidden subgroup. For Type I, II, and III subgroups this approach gives a running time of O(poly(log |G|)), O(poly(log |G|, pr )), and
O(poly(log |G|, pi )) respectively. Hence we see that the presented quantum algorithm provides a speed-up of order Ω(q t−j ) for subgroups of Type II and III.

4

Conclusion

In this paper, we consider the Hidden Subgroup Problem in the semi-direct product group
Z/pr ZoZ/q s Z with p, q distinct primes. Our result generalizes the work in [5], which imposed
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a restriction on the kind of homomorphism that the semi-direct product uses. The result
here holds for all possible Z/pr Z o Z/q s Z. While our algorithm is efficient for certain cases of
the parameters of G and H, it is not so in other cases. This partial result is not unexpected
as the design of an efficient algorithm for the HSP for the dihedral group Z/pr Z o Z/2Z
remains a major open problem in the theory of quantum algorithms.
Acknowledgements. This material is based upon work supported by the National Science
Foundation under Grant No. 0747526.
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Abstract
The problem 2-quantum-satisfiability (2-QSAT) is the generalisation of the 2-cnf-sat problem to
quantum bits, and is equivalent to determining whether or not a spin-1/2 Hamiltonian with twobody terms is frustration-free. Similarly to the classical problem #2-SAT, the counting problem
#2-QSAT of determining the size (i.e. the dimension) of the set of satisfying states is #P-complete.
However, if we consider random instances of 2-QSAT in which constraints are sampled from the
Haar measure, intractible instances have measure zero. An apparent reason for this is that almost
all two-qubit constraints are entangled, which more readily give rise to long-range constraints.
We investigate under which conditions product constraints also give rise to efficiently solvable
families of #2-QSAT instances. We consider #2-QSAT involving only discrete distributions over
tensor product operators, which interpolates between classical #2-SAT and #2-QSAT involving
arbitrary product constraints. We find that such instances of #2-QSAT, defined on Erdős–Rényi
graphs or bond-percolated lattices, are asymptotically almost surely efficiently solvable except to
the extent that they are biased to resemble monotone instances of #2-SAT.
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1

Introduction

Local spin Hamiltonians are simplified models for physical systems, in which the system
is approximated by finite-range interactions between particle sites in a fixed network. We
consider problems which involve the minimum eigenvalue of two-body Hamiltonians, H =
P
hu,vi hu,v , for projectors hu,v acting on pairs of qubits (i.e. spin-1/2 particles) u and v
drawn from some set V . When each hu,v is a projector onto standard basis states, finding
the minimum energy of H is in effect MAX-2-SAT, or the problem of finding an assignment
to boolean variables which satisfies as many constraints as possible, from a given list of
constraints on pairs of bits. Minimum eigenspace problems are therefore at least NP-hard
in general, and are even NP-hard to approximate to within a small percentage error [15].
Even if the minimum energy is known, determining the degeneracy (the dimension of the
lowest-energy eigenspace) is #P-hard in general, or as difficult as determining the number of
satisfying solutions to an instance of 3-SAT [17]. Thus, such problems should be considered
to be intractable, barring major and unexpected advances in technique.

∗

Supported by a Vidi grant from the Netherlands Organisation for Scientific Research (NWO) and the
European Commission project QALGO.

© Niel de Beaudrap;
T
licensed under Creative Commons License CC-BY
9th Conference on the Theory of Quantum Computation, Communication and Cryptography (TQC’14).
Editors: Steven T. Flammia and Aram W. Harrow; pp. 118–140
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

Q

C

N. de Beaudrap

119

This article concerns the conditions under which computing the degeneracy of local
Hamiltonians on spin-1/2 particles is possible in polynomial time, as opposed to its worstcase complexity of being #P-hard. We make this question more precise below.

1.1

Counting problems for frustration-free spin-1/2 Hamiltonians

A special case of interest are frustration-free Hamiltonians, for which there are states |ψi
which minimize all of the terms hψ| hu,v |ψi simultaneously. Finding ground states of such
systems may still be hard, but one may at least certify succinct descriptions of ground states,
e.g. by direct calculation of energy contributions from each term hu,v . These models are
therefore a potentially useful proving ground for analytical techniques in many-body theory.
Indeed, there is a wide class of such Hamiltonians on qubits, for which one may efficiently
characterise the ground-state manifold [5].
Bravyi [2] defines the quantum satisfiability problem, or k -QSAT (for any fixed k > 1),
to be essentially the problem of determining whether a Hamiltonian consisting of a sum
of projectors, each acting non-trivially on at most k spin-1/2 particles, is frustration-free.
Bravyi shows that 2-QSAT is efficiently solvable; by contrast, 3-QSAT may not have any
efficient solutions, even if it were somehow shown that P = NP [9].
A natural problem for frustration-free systems is to determine the “degeneracy” of their
ground-state energy levels. Given a two-body spin-1/2 Hamiltonian H as input, let #2-QSAT
denote the problem of computing the dimension of the subspace of states which minimizes
the energy contributions of each interaction term of H independently. We refer to this
dimension as the value of the instance of #2-QSAT. This value is positive if and only if H is
frustration-free, and greater than one if H is also degenerate. The name #2-QSAT is chosen
(see also Ref. [13]) in analogy to the problem #2-SAT of counting the satisfying assignments
to an instance of 2-SAT . The dimension of the ground-state manifold of a frustration-free
spin-1/2 Hamiltonian is simply the size of a basis for the solution space: if the projectors
hu,v are all diagonal operators, this problem is #2-SAT. Thus #2-QSAT may be construed
as a counting problem in the traditional sense.
While 2-SAT is efficiently solvable, the counting problem #2-SAT is #P-complete [17],
i.e. polynomial-time equivalent to counting satisfying assignments for instances of 3-CNF-SAT.
As #2-QSAT generalizes #2-SAT, the former problem is at least as hard in the worst case.
(Ji, Wei, and Zeng [13] show that in fact #2-QSAT ∈ #P.) One may ask if there are broad
subfamilies of #2-QSAT which are considerably easier than #P to compute, and if so, whether
such conditions can themselves be easily decided.

1.2

Entanglement and worst case vs. typical counting complexity

Though #2-QSAT is #P-complete, there is a sense in which “generic” instances of #2-QSAT
are easily solved. Fix any graph G on n vertices. If we assign a qubit to each vertex, and a
term hu,v = |ηu,v i hηu,v | for each edge uv ∈ G, where |ηu,v i is distributed according to the
Haar measure, the resulting #2-QSAT instance can be easily solved (except with probability
0) from the structure of G [14, 3]. Specifically, if the graph is a tree, the #2-QSAT instance
has value n + 1; if the graph has a single cycle, it has value 2; and if it has two or more
cycles, it has value zero (i.e. it is unsatisfiable, or frustrated as a Hamiltonian).
The apparent reason for this is because a Haar-random state |ηu,v i is almost certainly
entangled. Following Refs. [2, 14, 5], if hu,v and hv,w project onto entangled states |ηu,v i
and |ηv,w i, a single-spin state on u determines the feasible single-spin states at both v and
w similarly to an instance of classical 2-XOR-SAT, in which the states of each interacting
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pair of bits strongly restrict each other. Typical instances of 2-QSAT thus have effective
long-range constraints between qubits within any connected component. As a result, any
graph which is dense enough to contain multiple cycles almost certainly gives rise to an
overconstrained instance of 2-QSAT, corresponding to a frustrated Hamiltonian. This is
in contrast to 2-CNF-SAT formulae, which as instances of 2-QSAT have constraints given by
standard-basis vectors |ηu,v i = |eu i ⊗ |ev i for eu , ev ∈ {0, 1}. Such constraints on qubit-pairs
{u, v} and {v, w} may fail to impose any constraints between the next-nearest neighbour
qubits u and w. This is particularly important in the monotone special case of #2-SAT, which
corresponds to #2-QSAT instances in which |ηu,v i = |00iu,v for all edges uv (corresponding
to the constraint xu ∨ xv on boolean strings x ∈ {0, 1}n ), which is itself #P-complete [17].

1.3

The typical difficulty of #2-QSAT with product constraints

To obtain instances of #2-QSAT which resist solution by polynomial-time algorithms, there
must be a substantial chance of obtaining tensor product constraints on each edge. That
this does not happen for Haar random constraints (a natural analogue to uniformly random
constraints on pairs of bits) is a feature of quantum information theory, but does not shed
much light on the range of difficulty of #2-QSAT. We ask: which random graph families, and
which distributions of constraints, yield difficult instances of #2-QSAT? Specifically, if only
product constraints are involved, when is #2-QSAT likely to be polynomial-time solvable?
We show, both for Erdős–Rényi graphs and for bond-percolated rectangular lattices in
two and three dimensions, that difficult instances of #2-QSAT are rare if we select i.i.d product constraints from a distribution which differs substantially from monotone constraints.
In particular, on bond-percolated lattices, we expect the value of any #2-QSAT instance to
be efficiently solvable almost surely; and for Erdős–Rényi graphs, the difficult-to-compute
regime vanishes as the “monotonicity” of the constraint distribution decreases.
We state our results more precisely, as follows. A property which holds asymptotically
almost certainly (or surely) is one which holds with probability 1 − O(1/poly(n)). Following
the usual terminology associated with the study of random graphs, we often omit the word
“asymptotically” in connection with properties which hold almost surely/certainly: statements about discrete distributions which are “almost” certain or sure, are intended to be
interpreted in the limit n → ∞. Considering (families of) Hamiltonians on n qubits, we say
that a system is highly disconnected if its connected subsystems almost surely all have size
O(log n); similarly, if it can almost surely be decomposed into subsystems of size O(log n)
which are independent of one another (despite chains of intermediate interactions), we say
that the system is highly decoupled. The following Lemma follows easily from the definitions
of these terms: we discuss this in Section 2.4.
I Lemma 1. Instances of #2-QSAT which are highly disconnected, frustrated, or highly
decoupled are easy (solvable in time O(poly n) on e.g. a deterministic Turing machine).
We consider constraint models interpolating between monotone #2-SAT on one hand, and
continuous probability density functions of product constraints on the other. For f > 1, let
q = (q1 , q2 , . . . , qf ) be a distribution on f distinct single-qubit states |α1 i , |α2 i , . . . , |αf i,
used to generate constraints |ηu,v i = |αu i ⊗ |αv i, where the factors are independently sampled from q. For example, q = (1, 0, 0, . . .) for monotone 2-SAT, and q = ( 21 , 12 , 0, . . .) for
uniformly-random 2-SAT. If q = (1/f , 1/f , . . . , 1/f , 0, . . .), we have kqk2 = kqk∞ = 1/f ,
which approaches 0 as f → ∞; this limiting distribution is precisely that of single-qubit
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constraints chosen from the Haar measure.1 Vector norms of q thus measure how monotone
the random constraints typically are. Let Q2 = 1 − kqk22 , and let Q∞ = 1 − kqk∞ .
I Theorem 2 (Erdős–Rényi models). For an Erdős–Rényi graph on n vertices with m = γn
edges, instances of #2-QSAT with γ < 12 are almost certainly highly disconnected, and in1
are almost certainly frustrated; while if 2γQ∞ −ln(2γ) > 1, frustrationstances with γ > 2Q
2
free instances are almost certainly highly decoupled.
– thus, in the q → 0 limit, a phase of typically “difficult” problems exists only for m/n ∼ 21 .
I Theorem 3 (Bond-percolated lattice models). Let d ∈ {2, 3}, and consider a d-dimensional
square or cubic lattice on n vertices: a segment of the rectangular grid Z × Z of dimensions
√
√
√
√
√
O( n) × O( n), or of the cubic grid Z × Z × Z with dimensions O( 3 n) × O( 3 n) × O( 3 n),
in which edges are present between nearest neighbours independently with some probability p.
Let pc denote the critical percolation probability, at which there asymptotically almost surely
exists a component of size Ω(n). For bond-percolated vertices with m edges, if Q∞ is bounded
m
away from 0, there is a transition at dn
∈ Θ(n−1/7 ) from being almost certainly highly
disconnected and frustration-free to being almost certainly frustrated. If we condition on
frustration-free instances, we find instead that instances for which the percolation probability
m
6 pc ) are almost certainly highly disconnected, while instances
is subcritical (that is when dn
for which Q∞ is greater than some constant pfin < 1 (which depends on d) are almost
certainly highly decoupled.
– thus, a typical instance is almost surely solvable in polynomial-time even for q which
deviates from monotonicity by only a finite amount.
The above results suggest that the only difficult instances of #2-QSAT must be specially
constructed to resemble monotone instances of #2-SAT. Specifically: (a) hard instances of
#2-QSAT are atypical, and (b) the reason for this does not have to do with entangled constraints, but rather that an instance of #2-QSAT is only likely to be difficult if its constraints
are not very diverse and it is relatively sparsely constrained.

Structure of this article
Section 2 contains preliminary definitions and discussion, including types of easily solved
instances of #2-QSAT, and techniques to infer long-range constraints and to count solutions
to instances of #2-QSAT. Section 3 presents the conditions under which #2-QSAT is easily
solvable for instances whose interaction graphs are generated according to either the Erdős–
Rényi distribution or percolated rectangular/cubic lattice models. In Section 4 we suggest
some ways in which this work might be extended.

2

Preliminaries

We consider simple graphs, containing no parallel edges or single-vertex loops. We denote
the state-space of a generic qubit by H2 ∼
= C2 , and space of a particular qubit u by Hu .
For the sake of brevity we occasionally neglect error
terms

 which are decreasing in n: for
instance, we write f (n) ∼ g(n) when f (n) = g(n) 1±o(1) (which is an equivalence relation)
and f (n) & g(n) when f (n) > g(n) 1 ± o(1) (which is a quasi-order).
1

As q contains no information about the states |αj i, we are glossing over how well-defined the limit
q → 0 is. We do not consider this here, but propose that |hαj |αk i| 6 1 − Ω(1/f ) for all j 6= k should be
sufficient to maintain a promise gap between the ground-state energy level and excited energy levels.

TQC’14

122

Difficult Instances of the Counting Problem for 2-quantum-SAT are Very Atypical

While 2-QSAT allows for a broader range of constraints, in this article we consider only
P
Hamiltonians H =
hu,v , where hu,v is a rank-1 projector on C2 ⊗ C2 and the sum ranges
over pairs of vertices {u, v} which are adjacent in some graph (usually a typical graph from
a given probability distribution on graphs). It should be easy to see by extending the results
below that instances of 2-QSAT whose constraints correspond to projectors of rank 2 or more
will only increase the probability that the instance is efficiently solvable, by reason of the
emergence of long-range constraints on the marginals of satisfying states.
For each rank-1 projector hu,v , we consider the state |ηu,v i ∈ Hu ⊗ Hv such that
hu,v = |ηu,v i hηu,v | ⊗ 1V r{u,v} .

(1)

For H frustration-free, the operator hηu,v | is a constraint on any ground-state |ψi of H: for
ρu,v the density operator of |ψi on {u, v}, we have hηu,v | ρu,v = 0 by hypothesis. Thus, as
with the classical decision problem 2-SAT, we describe instances of 2-QSAT by a list of local
“forbidden” configurations hηu,v | : C2 → C on pairs of qubits u, v ∈ V (implicitly taking the
tensor product with the identity on all other qubits) for a global state to avoid.

2.1

Constraint induction

Let |Ψ− i ∝ |01i − |10i be the singlet state. Following Ref. [2], given constraints hηu,v | , hηv,w |
for u 6= w which both act on a qubit v ∈ V , we may infer a further implicit constraint hη̃u,w |,
such that hη̃u,w | ρu,w = 0 whenever both hηu,v | ρu,v = 0 and hηv,w | ρv,w = 0 hold:
h
ih
i
hη̃u,w | ∝ hηu,v | ⊗ hηv,w | 1u ⊗ Ψ− ⊗ 1w .

(2)

We may renormalise hη̃u,w | so that hη̃u,w |η̃u,w i = 1, provided that the operator is non-zero.
We may induce further implicit constraints recursively. For two operators hηu,v | and hηv,w |,
we may write the operator obtained via Eqn. (2) by hηu,v | ∗ hηv,w |. It is easy to show that
the binary operator “∗” is associative, so that
h
ih
i
hηu,v | ∗ hηv,w | ∗ hηw,x | ∝ hηu,v | ⊗ hηv,w | ⊗ hηw,x | 1u ⊗ Ψ− ⊗ Ψ− ⊗ 1x ,
(3)
and so forth for longer chains, so that we may write hη̃u,z | = hηu,v | ∗ hηv,w | ∗ · · · ∗ hηy,z | for
an operator acting on {u, z} induced by a chain of constraints from the input instance of
2-QSAT. This is similar, in the classical setting, to computing the transitive closure of the implication graph defined by Aspvall, Plass, and Tarjan [1], in which case we may find multiple
constraints between a pair of variables which tightly constrain their values. Similarly, in the
(1)
(2)
more general quantum setting, we may obtain multiple constraints hηu,v | , hηu,v | , . . . which
may allow us to represent their joint state-space as a two-dimensional subspace S 6 Hu ⊗Hv ,
allowing us to reduce the number of qubits involved in the problem by a renormalisation
step [5] without affecting the dimension of the space of satisfying states |ψi.
With respect to the operation “∗” of induction of constraints, there are two significantly
different constraint types: product constraints hηu,v | = hαu |⊗hβv |, and entangled constraints
which do not factor in this manner. It is immediate that for hη̃u,w | = hηu,v | ∗ hηv,w |, the
constraint hη̃u,w | is a product constraint if either hηu,v | or hηv,w | is; and that hη̃u,w | = 0 only
if both hηu,v | = hαi | ⊗ hαj | and hηv,w | = hαk | ⊗ hα` | satisfy |αj i ∝ |αk i. When this occurs,
the marginal state of u cannot indirectly constrain the marginal on w, or vice-versa, through
the interaction with v: by setting v to the state |ᾱj i in the kernel of hαj |, we extend any
marginal on {u, w} to one on {u, v, w} which satisfies the constraints hηu,v | and hηv,w |.
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Randomly generated instances of #2-QSAT

A “random instance” of #2-QSAT is a sample from a probability distribution over instances
of #2-QSAT, generally with a fixed number n of qubits and m of constraints. We consider a
generation process in which one first generates a random graph, either by selecting a fixed
number m of edges from the set of all possible pairs of edges (the Erdős–Rényi graph model),
or by considering a subgraph of some lattice in which each lattice-edge is included with a
probability p such that the expected number of edges is m, associating a qubit to each vertex
of the graph. At each edge uv in the random graph, we assign an operator hηu,v | : C4 → C
according to some probability distribution, representing two-body constraints on the qubits.
We would like to also consider instances of #2-QSAT which are guaranteed to have a nonzero value, corresponding to a distribution on two-body frustration-free Hamiltonians. This
requires a subtler random generation procedure. For a model of random graphs (e.g. either
an Erdős–Rényi model or a percolated lattice model), we select a random order for the edgeset of the graph. Adding these edges sequentially to graph, we assign a constraint to each,
restricting the choice of constraint so that the resulting instance of 2-QSAT is satisfiable. In
any continuous distribution (such as the Haar measure), any non-trivial restriction of the
constraint model typically will be to a set of measure zero; the notion of restriction we intend
is limit as ε → 0, of the Haar measure conditioned on being within an ε-neighbourhood (in
the Euclidean norm on C4 ) of the valid choices of constraint. (For instance, if only a finite set
of constraints avoid making the instance unsatisfiable, such a restriction yields the uniform
distribution over those constraints.) For the Haar measure, as well as for the productconstraint model of our article, there is always a choice of constraint for which the instance
is satisfiable at each step: this is easy to show in the Haar random case by a minor extension
of Ref. [14], and can be established for the constraint model of this article without difficulty
(see e.g. the beginning of Section 3).

2.3

Remarks on the counting complexity of instances of #2-QSAT

Given a randomly generated instance of #2-QSAT, we ask: with what probability is it a
“difficult” instance? Our notion of “difficulty” is defined relative to some fixed algorithm A:
a family of instances for which A can successfully compute the answer in polynomial time are
“easy”, and families for which A has no such upper bound are “difficult”. Such statements
depend on the state of the art in combinatorics: an improved analysis of random graphs
may show that some family of formerly “difficult” instances happen to be solvable by A in
polynomial time. If one accepts standard complexity-theoretic assumptions such as P 6= NP,
there are families of instances of 2-QSAT which are inherently “easy” or “difficult” for any
algorithm implemented e.g. on Turing machines. The aim of this article is to establish
bounds on the extent of any such “difficult” regime for certain distributions on #2-QSAT.
An instance of 2-QSAT is monotone if there is a state |α0 i ∈ C2 such that hηu,v | =
hα0 | ⊗ hα0 | for each uv ∈ E(G). This is equivalent to there being a local unitary operator
U such that hηu,v | (U ⊗ U ) = h00| for all uv ∈ E(G): the classical monotone instances of
#2-SAT are a special case in which we may take U to be the identity. As monotone #2-SAT is
#P-complete [17], it follows that #2-QSAT is at least #P-hard. Ji, Wei, and Zeng [13] show
that #2-QSAT is also contained in #P, by a simple transformation of instances of #2-QSAT
which preserves the solution space and puts the interaction graph into a standard form.
Even monotone instances of #2-QSAT may have structural properties which may render
it “easy”. For instance, instances whose interaction graphs G have bounded tree-width [16]
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(see Ref. [6] for an introductory reference) may be solved in poly(n) time,2 albeit with a
constant factor which grows exponentially with the tree-width [8]. This algorithm is useful in
particular for tree graphs or connected graphs which have a single cycle, which respectively
have tree-width 1 and 2. Conversely, instances of #2-SAT which are not monotone may still
be “difficult”: for a fixed graph G, if we assign a uniformly random clause to each uv ∈ E(G),
represented in the format
of constraint operators for an instance of #2-QSAT as one of the

operators hηu,v | ∈ h00| , h01| , h10| , h11| then the non-trivial constraints arising between
pairs of bits by the induction procedure of Eqn. (2) only extend over paths of expected
length O(1) in G. Then only for sets of nodes where the constraints are relatively dense
can there be a chance of giving rise to long-range constraints of order the size of a given
connected component: this is necessary to impose enough structure to obtain an instance of
#2-SAT substantially different in complexity from a monotone instance on nO(1) variables.

2.4

Three types of easily solved cases of #2-QSAT

We now remark on the simple observations presented in Lemma 1: this will allow us to
reduce the task of proving that instances of #2-QSAT are easy, to showing that they fall
into one of three structural classes of Hamiltonian – frustrated, highly disconnected, or highly
decoupled, in the senses described preceding Lemma 1.
Following Chvatal and Reed [4] concerning phase transitions in the satisfiability of random instances of 2-CNF-SAT, one may obtain results concerning random classical #2-SAT
on Erdős–Rényi graphs with n vertices and m clauses. Specifically, an instance of 2-SAT
with density m
n > 1 is almost certainly unsatisfiable, and so by definition has value zero as
an instance of #2-SAT; and this can be determined in polynomial time by detecting certain
unsatisfiable substructures. Similar remarks apply for frustrated instances of #2-QSAT: if
one can efficiently determine that it is frustrated, this suffices to show that it has value zero.
1
As for easily solvable instances of #2-SAT with positive values, if m
n < 2 , the underlying
graph is almost certainly composed of components of size O(log n) having at most one
cycle. One can solve each such component in polynomial time using brute-force techniques
(testing all possible assignments for each component); using dynamic programming and
taking advantage of the existence of a tree decomposition for the component, one can even
solve them in time linear in the component size (up to a logarithmic factor due to handling
vertex labels for a graph of size n). These represent a disconnected regime in random #2-SAT;
and again, similar techniques apply for #2-QSAT if we can establish that the components
scale as O(log n), and/or have treewidth bounded by a constant as we have described above.
It then suffices to multiply the #2-QSAT values for each component together: for random
graph models (such as the ones we consider) where small components dominate, this may
be done efficiently, e.g. using an algorithm which we describe in Appendix A.
Finally, we may consider highly decoupled instances, in which a subsystem which is contiguous nevertheless decomposes into independent subsystems of size O(log n). These may
arise in instances which have been constructed to be frustration-free, due to the proliferation
of qubits whose states are “fixed” by their constraints. When a qubit x can only occupy a
unique state in a satisfying state, we refer to this as the fixed state of the qubit x (which we

2

The approach here, for instances having tree-width at most w > 0, is essentially to use dynamic
programming to count the partially-satisfying solutions for each of 2w possible assignments (in some
local basis) for each qubit indexed by a vertex in a tree-decomposition. A more complete description
can be found in [8].
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denote ψ̄x ). As we add constraints to a satisfiable instance of 2-QSAT, there are at least
two ways in which an added constraint can increase the number of qubits with fixed states:
either by adding a constraint hηx,y | between some qubit x, and a qubit y which already
has a fixed state such that hηx,y | 1x ⊗ |ψ̄y i 6= 0† ,
or by adding a constraint which closes a chain of constraints starting and ending at x,
which is only satisfiable by a single state ψ̄x .
Any constraint hηx,y | acting on a qubit x with a fixed state will either be satisfied by ψ̄x
regardless of the state of y, or will serve to fix the state of y. Thus, interactions between
qubits with fixed states with non-fixed qubits will, by construction, fail to give rise to any
long-range constraints between qubits without fixed states. If there are enough qubits with
fixed states, these may then effectively partition the set of non-fixed qubits into independent
subsystems; if these subsystems are of size O(log n), the system is then highly decoupled.
Thus, to solve an instance of #2-QSAT, it also suffices to identify enough fixed qubits to
partition the remainder into systems whose degeneracy may be efficiently computed.
Our result is to show how in two different random graph models, for random instances
of 2-QSAT with enough diversity in the constraints to differ substantially from monotone
instances, there is (at most) a narrow range in which the density of constraints may give
rise to instances which are neither highly disconnected, nor frustrated, nor highly decoupled
almost surely.

3

Discrete probabilistic models

We consider a constraint model of independent factor distributions, in which constraints are
product operators hα|⊗hβ| for some i.i.d. single-qubit operators hα| , hβ| : C2 → C distributed
over some set of operators {hα1 | , hα2 | , . . . , hαf |} for some f > 1, where hαj | 6∝ hαk | for
j 6= k. Given an edge which represents a product constraint, the probability of obtaining
hηu,v | = hαh |u ⊗ hαj |v is given by qh qj , where q = (q1 , q2 , . . . , qf ) is a fixed probability
distribution. Throughout the following, we suppose that 1 > q1 > q2 > · · · > qf > 0, so
that there is some probability of obtaining non-monotone instances of 2-QSAT.
Independent factor distributions have convenient features for analysis. Following Ref. [13],
the ground-state manifold for an instance of 2-QSAT having only product constraints has a
basis consisting of product states. Furthermore, non-zero induced constraints hηu,v | ∗ hηv,w |
range over the same two-qubit operators as the individual edge-constraints themselves (albeit with a different probability distribution than q ⊗ q). As with Haar-random models,
when we wish to consider only random frustration-free Hamiltonians, we must specially select the constraints to meet that restriction. We construct the random graph in the same
manner as described in Section 2.2, this time restricting the choice of constraints according
to the condition of not giving rise to a frustrated (i.e. an unsatisfiable) instance of 2-QSAT.
Frustration can only arise if both qubits on which the constraint are each restricted to some
“fixed” state to satisfy the earlier constraints placed on it: a “non-frustrating” choice of
constraint can then be made simply by having it be satisfied by one of the two fixed states.
We may consider how likely long-range constraints (as described in Section 2.1) are
for such a constraint model. Let x0 , x` ∈ V (G) be two vertices connected by a path P =
x0 x1 · · · x` in the interaction graph of a random instance of #2-QSAT. We may consider what
constraints may exist on the joint state of x0 and x` by virtue of the inducted constraint
CP = hηx0 ,x1 | ∗ hηx1 ,x2 | ∗ · · · ∗ hηx`–1 ,x` |. One may show by induction that CP is non-zero if and
only if hηxh–1 ,xh | ∗ ηxh ,xh+1 6= 0 for each index 0 < h < ` of internal vertices of the path.
For each such h, we have hηxh–1 ,xh | ∗ ηxh ,xh+1 = 0 if and only if hηxh–1 ,xh | = hαi | ⊗ hαj |
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and hηxh–1 ,xh | = hαk | ⊗ hα` | for some j 6= k. Because the right-factor of hηxh–1 ,xh | and the
left-factor of ηxh ,xh+1 are independently distributed, this occurs with probability
Q2 := 1 − kqk22 =

f
X

qj (1 − qj ) 6 1 −

j=1

1
,
f

(4)

with equality if and only if q is uniform. Note that Q2 > 0, where the lower bound is the
infimum as q → (1, 0, 0, . . .). As the probabilities of having identical factors at each vertex
are independent, we then have
`−1
h
i
Y

Pr CP 6= 0 =
1 − kqk22 = Q2`−1 .

(5)

h=1

Thus, CP is non-zero and proportional to hαh | ⊗ hαj | with probability qh qj Q2`−1 for each
1 6 h, j 6 f , and equal to zero with probability 1−Q2`−1 . Because the long-range constraints
which involve a particular vertex as a mid-point are not independent of one another, it may be
`−1
useful in some cases to bound this probability from below by Q∞
, where Q∞ = 1 − kqk∞ ,
where kqk∞ = q1 is an upper bound on the probability that the single-qubit operators
hαj | , hαk | with which two different constraints act on x are the same.

3.1

Erdős–Rényi interaction graphs

The attenuation of the probability of long-range constraints described in Eqn. (5) is similar
to what occurs in uniformly random 2-SAT. For Erdős–Rényi interaction graphs on n vertices
and m edges – a distribution on labelled graphs which may be sampled by listing each of
the n2 potential edges in a random order, and selecting the first m edges for inclusion –
this motivates an analysis which follows closely to that of Chvatal and Reed [4], adapting it
for counting problems and to involve more general constraint distributions. We show that,
1
except for a “difficult phase” in the regime 12 6 m
n 6 2Q2 , a random instance of #2-QSAT is
almost certainly either highly disconnected or frustrated, according to whether m
n is below
or above the boundaries of the difficult phase. In particular, the difficult phase shrinks to a
1
band of zero width at m
n ∼ 2 as Q2 → 1. In the special case of frustration-free instances,
1
m
this band expands to 2 6 n 6 2Q1∞ (1 + δ) for some small δ which vanishes as Q∞ → 1; this
1
band also converges to m
n ∼ 2 as Q∞ → 1. Thus in the “completely non-monotonic” limit
q → 0, #2-QSAT is always easy; and there is a substantial band of instances which may be
difficult to solve only if the constraint distribution shows a corresponding bias towards a
small, finite number of constraints.

3.1.1

The highly disconnected phase in Erdős–Rényi models

Whether or not we restrict to frustration-free instances of 2-QSAT, the existence of a highly
disconnected regime in instances of 2-QSAT on Erdős–Rényi graphs G follows directly from
1
the random graph model itself. For m
n < 2 , almost certainly G contains only components of
size O(log n), and almost certainly contains no components having more than one cycle [7].
Any instance of 2-QSAT on such a graph will thus be highly disconnected, regardless of the
constraint distribution. For our results on Erdős–Rényi models, it thus suffices to establish
upper bounds on the extent of any difficult phase.
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···

X1

x1
x0 = x`
x`−1

x`+1

···

X2

= x2`
x2`−1

...

...

Figure 1 Example of a “figure eight” graph on 2` − 1 vertices, for ` = 8. By Eqn. (7), the
probability of such a graph describing a frustrated figure-eight subsystem scales as O Q2`
2 .

3.1.2

The frustrated phase in unconditional Erdős–Rényi models

For a random graph with m ∈ Ω(n) edges, we adapt the analysis of Chvatal and Reed [4,
Theorem 4] to consider the probability that the giant component Γ contains a “frustrated
figure eight” (corresponding to a “snake” in Ref. [4]): a subsystem X such that
1. Its interaction graph contains a figure eight graph, which we define as a pair of cycles X1 = x0 x1 · · · x`−1 x` and X2 = x` x`+1 · · · x2`−1 x2` of the same length, where
x0 = x` = x2` , and where X1 and X2 intersect only at the vertex x0 = x` . (See
Fig. 1 for an example.) There may be additional edges connecting vertex-pairs xj xk
(though these will typically be unlikely), and X = X1 ∪ X2 may be connected to other
vertices.
2. For each 0 6 j < 2`, the constraints ηxj,xj+1 = hβj | ⊗ hγj | satisfy hγj | =
6 hβj+1 |.


3. We have hβ0 | , hγ`−1 | ∩ hβ` | , hγ2`−1 | = ∅, so that the constraints imposed by X1 and
X2 on their common spin x0 are not simultaneously satisfiable.
The cycles X1 and X2 are either “alternating loops” or “quasi-alternating loops” in the
terminology of Ref. [13], and impose constraints on x0 is which cannot be simultaneously
satisfied. Thus a frustrated figure eight is unsatisfiable by construction. We consider the
probability of a large frustrated figure-eight arising in a random instance of 2-QSAT with
constraints given by an independent factor distribution, which in particular implies that it
is part of the largest contiguous subsystem of the Hamiltonian.
In a system with a figure-eight subgraph, the probability of hγj−1 | 6= hβj | is simply Q2
for each of the 2` − 2 sites xj of the two cycles, excluding the shared vertex x0 = x` = x2` .
The conditions at the node x` , where we require hβ0 | = hγ`−1 | 6= hβ` | = hγ2`−1 |, occur with
a probability Qcrux which also depends only on q. (By a routine calculation, one may show
that
 X

X  X
X
Qcrux =
qh qh
qj qk +
qi
qj qk
h

j,k6=h

i6=h j,k∈{h,i}
/

= 1 − 4kqk22 + 2kqk42 + 4kqk33 − 3kqk44 .

(6)

Then Qcrux → 1 as q → 0, and Qcrux ∈ Θ(1) for kqk∞ bounded away from 1.) Given a
fixed figure-eight graph X on 2` − 1 vertices, the probability that it gives rise to a frustrated
figure-eight system is then
h
i
Pr X a frustrated subsystem = Q22`−2 Qcrux .

(7)
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Let m = γn for some constant γ > 0. Using a second moment probabilistic argument,
adapting the proof of Ref. [4, Theorem 4], we show that the largest contiguous subsystem
1
almost certainly contains a frustrated figure eight so long as γ > 2Q
.
2
Let ϕ` denote the number of frustrated figure eight subsystems in G on 2` − 1 vertices.
The mean E(ϕ` ) over all random graphs on n vertices and m edges can be evaluated by
considering all sets S of 2` − 1 vertices, and summing the probability of S being such figure
eight subsystem for all such subsets. We will make use of the equality



n!
t
∼ nt exp −α(n, t) ,
where α(n, t) := t + (n − t + 21 ) ln 1 −
(8)
(n − t)!
n
which holds for t ∈ o(n),3 ignoring a relative error term of O( n1 ) using the notation defined
at the beginning of Section 2. By considering (i) the number of ways that we may choose the
common vertex, (ii) the number of distinguishable ways that we may construct two cycles
on ` vertices (built in either order) which incorporate the common node, (iii) the number of
ways of allocating the remaining edges after having built X, and (iv) the probability that
X is a frustrated figure eight given that it is present in the random graph, we may obtain

  n
− 2` + 1
2
 

 


 m − 2` + 1 
n 1 n−1
1 n−`


 n 
E(ϕ` ) = Q2`−2
Q
·
(`
−
1)!
(`
−
1)!
crux
2
2
2


2
`−1
`−1
2

m
∼

Qcrux
8Q2





2`−1 exp −α n, 2` − 1 + α
2Q2 m

n

n
2



, 2` − 1


.



(9)

exp α m, 2` − 1

For ` ∈ o(n1/2 ), we have α(n, 2` − 1) ∈ o(1); then we can easily show that ϕ` > 0 with
1
1 + Ω( 1` ) n.
non-zero probability, provided that m = 2Q
2
Next, we show that ϕ` almost surely doesn’t differ substantially from its mean. Define
a random variable ϕX ∈ {0, 1} such that ϕX = 1 for instances of 2-QSAT whose constraint
subgraph contains a frustrated figure-eight on a given subgraph X. We compare E(ϕX )2
against E(ϕX ϕY ), where X = x0 x1 · · · x2`−1 x0 and Y = y0 y1 · · · y2`−1 y0 are both figureeight graphs on 2` − 1 vertices, but which may have vertices and edges in common. By
definition, we have Var(ϕ` ) = E(ϕ2` ) − E(ϕ` )2 . We have
X 
X 


E(ϕ` ) =
Pr ϕX = 1 ,
E(ϕ2` ) =
Pr ϕX ϕY = 1 ,
(10)
X

X,Y

where we sum over all possible figure-eight subgraphs X, Y on 2` − 1 vertices selected
from

n vertices. We show that E(ϕ2` ) ∼ E(ϕ` )2 , which implies that Var(ϕ` ) ∈ o E(ϕ` )2 .
Consider the probability that a given subgraph g on t edges occurs as a subgraph of
G. Accounting for how we can distribute t edges among the first m elements of a random
sequence of edges, we have
#
 t
  " n




 
t !
2γ
m
n
2 −

f (t) := Pr g ⊆ G =
t!
∼
exp
α
,
t
−
α(γn,
t)
. (11)
n
2
t
n
2 !
We suppose that ` ∈ o(n1/2 ), so that f (2` + δ(`)) ∼ (2γ/n)2`+δ(`) for δ(`) ∈ ±O(`),
again using eα(N,t) ∼ 1 for t ∈ o(N 1/2 ). For figure-eight subgraphs X, Y on 2` − 1 vertices

3

This may be easily recovered using Stirling’s approximation.
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each, write Φ(X, Y ) := Pr ϕX ϕY = 1 X ∪ Y ⊆ G for the probability of the frustration
conditions on X ∪ Y . Then if E(X) ∩ E(Y ) = i,
h
i
h
i
Pr ϕX ϕY = 1 = Pr X ∪ Y ⊆ G Φ(X, Y ) = f (4` − i)Φ(X, Y ).
(12)


For X fixed, define Φi (X) to be the sum of Pr ϕX ϕY = 1 over all figure-eight subgraphs
Y of the same size, for which |E(X) ∩ E(Y )| = i as above (i.e. the probability of obtaining
two frustrated figure-eight subsystems which intersect in this way, one of which is X). The
probability of having any pair of isomorphic frustrated figure eight subgraphs, of which one
P
is X, is then given by Φ(X) := i Φi (X).
We may show that for a fixed X, the contribution of Φ0 (X) is the only significant
contribution to Φ(X). Note that if none of the edges of X and Y overlap, the frustration
conditions for X and
 for Y are2completely independent, even if X and Y share vertices:
that is, Φ(X, Y ) = Q2`−2
Qcrux in this case. We can then upper bound Φ0 (X) roughly by
2
removing the restriction on Y that X ∧ Y have no edges. Let F2`−1 denote the number of
possible frustrated figure eight graphs on 2` − 1 vertices selected from n vertices: then
X
 4`
Φ0 (X) <
f (4`)Φ(X, Y ) ∼ F2`−1 2γ n Q4`−4
Q2crux .
(13a)
2
Y

For all other 0 < i 6 2`, we consider the number N (i, j) of figure-eight subgraphs Y on
2` − 1 vertices, for which X ∧ Y has i edges and j vertices, and consider an upper bound
Φ(i, j) for the frustration probabilities Φ(X, Y ) for all such subgraphs Y . Then we have
X
Φi (X) 6
N (i, j)f (4` − i)Φ(i, j)
(13b)
j

for i > 0. We bound the parameters Φ(i, j) and N (i, j) by considering bounds on the
frustration conditions holding at each site in X ∪ Y , and by considering how the number
of components in X ∧ Y affects both N (i, j) and the probability of all the local frustration
conditions holding.

Local frustration conditions
If X and Y intersect at all, the probabilities of the frustration conditions holding for any
shared vertex only differs from what it would be independently for X and for Y if they also
share edges. For instance, if xj = yk for j, k ∈
/ {0, `, 2`}, and ex,j , ex,j+1 ∈
/ E(Y ), then the
frustration conditions for X and for Y at xj are independent of one another and obtain
with probability Q22 , as if xj and yk were actually distinct vertices. Similarly, if xj = yk
for j, k ∈
/ {0, `, 2`}, and ex,j , ex,j+1 ∈ E(Y ), then the frustration conditions are identical
and they obtain with probability Q2 . The most interesting cases are for the “crux” vertices
x` and y` , and for the “junction” vertices of degree 3 in X ∪ Y arising from xj = yk for
j, k ∈
/ {0, `, 2`}.
Vertices in X ∪ Y of degree 3 correspond to vertices xj = yk for j, k ∈
/ {0, `, 2`}, where
one of the edges ex,j or ex,j+1 is equal to one of the edges ey,k or ey,k+1 . To satisfy the
frustration conditions, the common edge of X and Y which is adjacent to xj must act
on xj differently from the remaining two edges, but the other two edges may act on xj
in either distinct or identical ways to each other. Routine calculation shows that the
probability of this occurring is Qjunct := kqk22 − kqk33 .
The probability that the frustration conditions for X holds at x` , when x` = yk for some
0 < k < 2`, may be somewhat complicated if some of the edges of Y incident to yk
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overlap some of the edges {ex,1 , ex,` , ex,`+1 , ex,2` } incident to x` . Similar remarks apply
to the other crux vertex y` . As there are at most two crux vertices in X ∪ Y , we may
ultimately subsume the probability that these conditions hold at x` or at y` as a constant
factor, and simply bound the probability from above by 1.

Vertex types and simultaneous frustration
The probability of X and Y both being frustrated depends on the number of junction
vertices, crux vertices, and other vertices in X ∪Y , which are closely related to the number of
components. Extending the observation made with respect to the probability of frustration
conditions holding at the crux vertices, we adopt an approach of avoiding case analysis, by
sweeping various scalar factors under the rug when they depend only on a constant number
of vertices. To do so, we define a scalar factor c (which we do not explicitly calculate) to
bound from above any contributions by constant factors in the various cases.
In most cases, the components of X ∧ Y (if it is non-empty) will consist of paths, and
possibly one non-path tree component in the case that x` = y` (with at least three of the
edges of X and Y overlapping at that vertex). In rare cases, X ∧ Y may have a component
which contains an entire cycle, or indeed two cycles if X = Y . In the typical case where
X ∧ Y is cycle-free, the number of components will be the difference j − i; Otherwise, X ∧ Y
has one or two cycles, so that it has j − i + 1 or j − i + 2 components. In any case, the
number of components is j − i + O(1). We may then make the following remarks concerning
vertices of different types:
As we note above, X ∪ Y has at most O(1) distinct crux vertices, for which frustration
conditions occur with constant probability regardless of the number of edges of X and
Y which overlap at those vertices.
The number of junction vertices is minimized when each component of X ∧ Y is a path
segment, with each component having two junction vertices at its endpoints; the largest
number of junction vertices a component may have is four, in the case that the the
two crux vertices coincide so that one component of X ∧ Y has four leaf nodes. (Three
junction nodes are possible as well if the two crux nodes coincide, but where only three of
the edges of X and of Y coincide.) Thus the number of junction vertices is 2(j −i)+O(1)
in all cases.
The frustration conditions elsewhere are governed by edge-pairs meeting at some vertex,
where either both edges are common to X and Y or both belong to one figure-eight
graph X and Y (the same one), but not to both. Considering the edges x0 x1 , x1 x2 , etc.
in sequence and pairing each with the one that follows it, we may count these edge-pairs
by considering those edges xj xj+1 for which xj+1 is not a junction or crux vertex. The
number of edges in X which meet at non-junction, non-crux vertices is 2`−2(j −i)−O(1),
and similarly for Y ; and the number of such edges in X ∧ Y is i − 2(j − i) − O(1), yielding
a total of 4` − 2(j − i) − i ± O(1).
Thus for 0 < i < 2` we have

2(j−i)
Qjunct
4`−i
Φ(X, Y ) 6 c Q2
(14a)
Q2
for some constant c depending only on the probability distribution q of constraint probabilities. For i = 2`, we have X = Y and j = 2` − 1: then following Eqn. (7) we may explicitly
evaluate


Φ(X, X) = Pr ϕX = 1 X ⊆ G = Qcrux Q22`−2 .
(14b)
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Ways to overlap at i edges
Following the analysis of Ref. [4], we may bound N (i, j) by considering upper bounds on
(i) the number of ways a fixed shape for the graph X ∧ Y could be mapped injectively into
X and into Y , (ii) the number of ways that the components of X ∧ Y could be arranged into
the vertex-order of Y , and (iii) the number vertices which may belong to Y r (X ∧ Y ). The
number of subgraphs Y such that X ∧ Y has i edges and j vertices can then be bounded by

2
2` + 2
N` (i, j) < 4
` (j − i)! 2j−i n2`−j−1
2j − 2i + 2
6 4`(2` + 2)4(j−i)+4 2j−i n2`−j−1

(15a)

in the case 0 < i < `, and

2
2` + 2
N` (i, j) < 4
` (j − i)! 2j−i+1 n2`−j−1
2j − 2i + 2
6 8`(2` + 2)4(j−i)+4 2j−i n2`−j−1

(15b)

for 0 < i < 2` more generally. If for the sake of brevity we define Λ = 2(2` + 2)4 /n, we then
have
(
2`Λj−i+1 n2`−i if 0 < i < `,
(15c)
N` (i, j) 6
4`Λj−i+1 n2`−i if ` 6 i < 2`.
Again, we have X = Y if i = 2`, so that N` (2`, j) = 1.
Suppose that ` ∈ o(n1/4 ), so that Λ ∈ o(1). We may then use the above remarks to bound
Φi (X) for i > 0. For 0 < i < `, the graph X ∧ Y has no cycles, so that i + 1 6 j 6 2` − 1;
we may then bound
Φi (X) 6

2`−1
X

N (i, j)Φ(i, j)f (4` − i)

j=i+1

<

2`−1
X

"

#"
2`Λ

j−i+1 2`−i

2`−i

Q4`−i
2

cQ24`−i

n



Qjunct
Q2

j=i+1

= 2c`Λn

X
 4`−i 2`−1
2γ n
j=i+1

< 2c`Λn

∼

−2`

ΛQ2junct
Q22

4`−i

(2γQ2 )

2cQ2junct
Q22

!

2(j−i) #

ΛQ2junct
Q22

 4`−i
2γ n

!j−i

!

1
1 − ΛQ2junct Q−2
2

!
4`−i

`Λ2 n−2` (2γQ2 )

.

(16a)

For ` < i < 2`, we may only bound i 6 j 6 2` − 1, and for i = 2` we have j = 2` − 1 = i − 1;
we may then obtain similar bounds
4`−i

Φi (X) . 4c`Λn−2` (2γQ2 )
Φ2` (X) ∼

−2`
Qcrux Q−2
2 n

2`

(2γQ2 )

for ` 6 i < 2`,

(16b)

for i = 2`.

(16c)
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Expanding the formulas for Φi (X) for i > 0 and eliding the constant factors, we may obtain

Φ(X) = Φ0 (X) + `n

−2`

!
`−1
2`−1
X
X
−i
−i
−1
−2`
(2γQ2 ) O Λ
(2γQ2 ) + Λ
(2γQ2 ) + ` (2γQ2 )
.(17)
4`

2

i=1

i=`

For ` ∈ ω(1), the asymptotic expression of the previous equation is bounded from above
by O(Λ2 ), provided that poly(`)(2γQ2 )−Θ(`) ⊆ o(1). For the latter to hold, it suffices that
2γQ2 − 1 ∈ ω `−1 log(`) . We then obtain the upper bound


Φ(X) = Φ0 (X) + O `Λ2 n−2` (2γQ2 )4` .

(18)



We may show that Φ(X) = Φ0 (X) 1 + o(1) : using Eqn. (8), we may estimate
F2`−1 = n ·
=

1
2

 
1
2


 


n−1
n−`
(` − 1)! 21
(` − 1)!
`−1
`−1

n!
∼
8(n − 2` + 1)!

1 2`−1
,
8n

(19)

so that we have
 4`
Φ0 (X) . F2`−1 2γ n Q24`−4 Q2crux =



Q2crux
8Q42



4`

n−2`−1 (2γQ2 ) ,

whereas by ` ∈ o(n1/9 ) and Λ ∈ Θ(`4 /n) ⊆ o(n−5/9 ) we have




O `Λ2 n−2` (2γQ2 )4` ⊆ o n−2`−1 (2γQ2 )4` .

(20)

(21)

We then have Φ(X) ∼ Φ0 (X) as promised. Thus we have E(ϕ2` ) ∼ E(ϕ` )2 , so that Var(ϕ` ) ∈
o(E(ϕ` )2 ). By Chebyshev’s inequality, the probability that ϕ2` varies from its mean by
ω(Var(ϕ` )) is zero; then in particular ϕ` is almost surely greater than 1 provided that
E(ϕ` ) > 1.
Frustrated subsystems may be efficiently detected when they are present, as follows.
For each vertex x ∈ V (G), constraint-pair (hαh | , hαj |), and ` > 1, we may enumerate the
number of alternating paths (in the terminology of Ref. [13]) of length ` which begin an end
at x whose first constraint is of the form hαh | ⊗ hγ| and whose final constraint is of the form
hβ| ⊗ hαj |. We may do so by traversing all alternating paths starting at x by a breadth-first
search, and noting at each step whether in one step we may reach a visited vertex which could
be used to close an alternating path back to x. Any one such path represents an alternating
or quasi-alternating loop at x. If for any ` > 1 there are two such loops with inconsistent
constraints, then the constraints at x are unsatisfiable. Exploring all of the alternating paths
from x for any one constraint pair (hαh | , hαj |) can be done in time O(m); doing so for all
constraint-pairs and all x ∈ V (G) can be done in time O(nmf 2 ). The frustrated pair of
constraints may not represent a frustrated figure eight (e.g. if the alternating paths starting
and ending at x are of different lengths), but nevertheless serve to certify that the instance
of #2-QSAT is frustrated, and are present for all frustrated instances.
1+ε
n for positive ε ∈ ω(n−1/9 log(n)), an instance of 2-QSAT constructed on
Thus for m > 2Q
2
G selected according to the Erdős–Rényi distribution will be frustrated almost surely, due to
the presence of multiple frustrated figure-eight subsystems of size O(poly(n)). Furthermore,
one may determine that such frustrations exist in polynomial time, when they are present.
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The highly decoupled phase in frustration-free Erdős–Rényi
models

In constructing frustration-free instances of 2-QSAT from a discrete distribution, we may
suppose that constraints are repeatedly sampled for each new constraint until we obtain
one which does not render the instance unsatisfiable. Any constraint which on the first
“try” would have resulted in a frustrated instance, we call a would-be frustration. We may
then consider the structures in the Hamiltonian which would have arisen, had we taken the
constraint which was first selected for any interaction, and thus speak counterfactually of
such features as “would-be” frustrated figure-eight subsystems.
In frustrated figure-eight subsystems X = X1 ∪ X2 , the common qubit x` has conflicting
constraints imposed on it by the two cycles X1 and X2 . If we condition on frustration-free
instances, this becomes a would-be frustrated figure-eight. As X is being constructed, one of
the cycles (without loss of generality, X1 ) must be completed before the other: this is either a
loop or quasi-alternating loop at x (in the terminology of Ref. [13]). A quasi-alternating loop
at x fixes the state of x, which by construction do not by themselves satisfy the constraints
imposed on x by X2 . Similar remarks apply when X1 is an alternating loop, which allows
two possible single-qubit states for x which on their own satisfy the constraints imposed by
X1 . In the case that X1 is an alternating loop, x may be in one of two states |ψx0 i or |ψx1 i
in a product with the rest of X1 , in which case all of the other spins of X1 are in a product
state |Φ0 i or |Φ1 i (respectively) determined by that state, or it may be entangled with the
rest of the loop in some superposition u0 |ψx0 i|Φ0 i + u1 |ψx1 i|Φ1 i. In either case, the marginal
of any satisfying state on x is a mixture of |ψx0 i or |ψx1 i, neither of which on their own satisfy
the constraints imposed by X2 on x. Then in any case, upon the completion of the cycle
X1 , the states of all qubits in X2 which are accessible from x at that time are uniquely
fixed. Each subsequent edge of X2 which connects more qubits to x` also fixes the state of
those qubits. This means in particular that every one of the ` qubits v ∈ V (X2 ) have fixed
states ψ̄v . We call such a subsystem of fixed qubits a frozen subsystem. Thus, a would-be
frustrated figure-eight on 2` − 1 qubits contains an (actually) frozen cycle of ` qubits.
The analysis of the preceding section concerning frustrated figure-eight subsystems X =
X1 ∪ X2 can be used to demonstrate the the existence of a “frozen core”, or a subgraph
of the giant component which itself contains Ω(n) vertices. The growth of this frozen core
will gradually start to obstruct long-range constraints within the giant component, until
eventually it renders the #2-QSAT problem highly decoupled.
To describe the growth of large frozen subsystems in frustration-free Erdős–Rényi models,
we consider a random graph model for qubits with fixed states. Define a directed graph
F defined by the 2-QSAT instance consisting of frozen subsystems, including only vertices
representing qubits with fixed states,
and with arcs x → y for qubits connected by constraints

hηx,y | such that hηx,y | |ψ̄x i ⊗ 1 6= 0† . We call this digraph the frozen subgraph of G.
We may establish lower bounds on the growth of F in terms of an Erdős–Rényi graph
U , where edges of G belong to E(U ) independently with some probability Q̃ 6 Q, and
where all edges of U are covered by arcs of F . We consider Q∞ = 1 − kqk∞ , and let
p∞ = mQ∞ / n2 . We then let U be an Erdős–Rényi graph having m∞ ≈ n2 p∞ edges:
we treat this as a subgraph of the Erdős–Rényi interaction graph G,4 including each edge

4

We may simulate randomly sampling over graphs
with m edges, by considering graphs in which edges

√
are present i.i.d with probability p = m/ n2 – the n variance in the number of edges is smaller than
the scales at which phase transitions such as the emergence of the giant component occur.
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of G with probability Q∞ . Consider a random colouring c : V → {1, 2, . . . , f }, in which
Pr[c(x) = j] = qj . For a given qubit x which has a fixed state |ᾱc(x) i, and a newly added edge
xy ∈ E(G), the probability that x → y is an arc of the frozen subgraph F is 1 − qc(x) > Q∞ .
From an initial set S of fixed qubits, we then simulate the construction of F as follows:
1. For each newly included vertex x ∈ V (F ) or x ∈ S, assign its colour c(x);
2. For each neighbour y of x in G: If xy ∈ U , include x → y in F ; otherwise include x → y
in F with probability (q1 − qc(x) )/q1 ; otherwise exclude it.
3. Repeat the above until all x ∈ S have been traversed, and no new vertices have been
included in F .
This construction reproduces the probability distribution of arcs in F , with the random
colouring of the vertex c(y) taking the place of the action of constraints hηx,y | = hβ|x ⊗ αc(y)
which fixes the state of the qubit y.
From the above, we may show that the largest (weakly connected) component of F
grows at least as quickly as that of the Erdős–Rényi graph U having m∞ ∼ mQ∞ edges.
1
(U )
In particular, if m
;
n > γ∞ for γ∞ := 2Q∞ , then U has a giant connected component Γ
(U )
(U )
if any vertices of Γ
are in F , then the entire component γ
is a subgraph of F . As
we have noted, there are frozen cycles (arising from would-be frustrated figure eights) of
size ` ∈ poly(n) for (1 + ε)/2Q2 6 m
n 6 γ∞ : and almost surely a constant fraction of
these vertices are subsumed into Γ(U ) , which has size O(n). Then for m
n > γ∞ , the giant
component of U is almost surely contained in some weakly-connected component of F . Thus
F almost surely contains a frozen core Γ(F ) for γ > γ∞ , which is at least as large as Γ(U ) .
Because the qubits in the frozen core cannot mediate non-trivial long-range constraints
between non-fixed qubits, and do not contribute to the value of the #2-QSAT instance,
they in effect play no role in the solution and may be removed. Let γ = m
n . By Ref. [7,
1
ξ(γQ
))n
+
o(n)
vertices,
where
Theorem 9b], the subgraph Γ(U ) contains (1 − 2γQ
∞
∞
ξ(ρ) =

X k k−1
k>1

k!

(2ρe−2ρ )k

(22)

1
and where 2ρ
ξ(ρ) expresses (almost surely and up to o(1) error) the fraction of vertices which
are contained in tree components in an Erdős–Rényi graph with ρn edges. Following Ref. [7,
Theorem 4b], the function ξ : [0, ∞) → [0, 1] has the property that ξ(ρ)e−ξ(ρ) = 2ρe−2ρ .
We may show that for any super-critical edge-density ρ > 21 , there is a sub-critical edgedensity ρ̃ := 12 ξ(ρ) < 12 such that the distribution of the sizes of tree-components for the
edge-densities ρ and ρ̃ are the same up to a normalization factor.5 Thus deleting the giant
component from the Erdős–Rényi graph with density ρ gives rise to a graph indistinguishable
1
from an Erdős–Rényi graph with density ρ̃, albeit on 2ρ
ξ(ρ)n vertices. More generally,
(U )
deleting the subgraph Γ
from the graph G yields a graph indistinguishable from an
1
Erdős–Rényi graph on 2γQ
ξ(γQ∞ )n vertices, with edge-density given by
∞

γ̃ :=

5

1
2 ξ(γQ∞ )


2
ξ(γQ∞ )
+ γ(1 − Q∞ )
= 12 ξ(γQ∞ ) +
2γQ∞

1−Q∞
2
4γQ2∞ ξ(γQ∞ ) ,

(23)

1 t−2
Consider a randomly selected tree component T , and let τρ (t) = 2ρt!
t (2ρe−2ρ )t . The probability
Pρ (t) that T has size
t,
when
selecting
tree-components
from
the
Erdős–Rényi
graph with ρn edges, is
P
1
then Pρ (t) ∼ τρ (t)
τ
(k)
by
Ref.
[7,
Eqn.
2.22].
From
ρ̃
:=
ξ(ρ)
and
Ref.
[7, Eqn. 4.4] we may
ρ
2
k
immediately see that Pρ (t) = Pρ̃ (t) for all t. As all but an insignificant number of vertices are contained
in either the giant component or in trees, the two distributions on graphs are indistinguishable.
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where the first term accounts for the density of U r Γ(U ) , and the second term accounts for
the contribution of edges e ∈ E(G) r E(U ) which are also not incident to Γ(U ) .
As the frozen core Γ(F ) ⊇ Γ(U ) grows, the subgraph of G that remains after removing
Γ(F ) becomes more sparse, and eventually becomes highly disconnected. That is to say, the
instance with the frozen subsystems included is highly decoupled. Note that ξ(ρ) = 2ρ for
ρ ∈ [0, 21 ], achieving a maximum of 1 and then decreasing for ρ > 12 . It follows that γ̃ = γ
for γQ∞ 6 12 , achieving a maximum of 1/2Q∞ and then subsequently bounded by
γ̃ 6

h

1
2

+

1−Q∞
2Q∞

i

ξ(γQ∞ ) 6

1
2Q∞ ξ(γQ∞ )

6 γeξ(γQ∞ ) e−2γQ∞ 6 γe1−2γQ∞ .

(24)

If 2γQ∞ − ln(2γ) > 1, we then have γ̃ < 12 . In this case G r Γ(U ) becomes subcritical and
thus highly disconnected; the same is then true of G r Γ(F ) .
Thus for γ sufficiently large, frustration-free instances of #2-QSAT almost surely contain
a frozen core pervasive enough to cause the problem to be highly decoupled. It is easy to
show that such a frozen core can be easily detected, as well, using the same techniques as
described in the preceding section for frustrated figure-eights. We may detect the existence
of alternating and quasi-alternating loops at each vertex x in the graph, and then consider
the constraints on x and its neighbours to discover an initial set of frozen spins. Following
this, using a single breadth-first traversal, we may discover the entire frozen subgraph and
its largest component in particular. Discovering the frozen core is therefore possible in
polynomial time using standard techniques.

3.2

Bond-percolated lattice graphs

The analysis for random 2-QSAT is much simpler for bond-percolated square or cubic lattices.
In this graph model, we take vertices labelled either (a, b) ∈ {0, 1, . . . , L − 1}2 or (a, b, c) ∈
{0, 1, . . . , L − 1}3 , and connect each pair of vertices which differ by 1 in a single co-ordinate,
independently with some probability p. We let d denote the dimension of the lattice, let
n = Ld be the number of vertices and m ∼ dpn be the expected number of edges.
The analysis of phase transitions in the difficulty of #2-QSAT for independent factor
constraints is simpler for percolated lattices than for Erdős–Rényi graphs, as cycles arise
in the percolated lattice much more easily and as the degree of each vertex is necessarily
bounded. Furthermore, we only expect the largest components to grow with n if p is greater
than a “percolation threshold” pc [10],6 in which case the largest component is unique and
scales as O(n). For #2-QSAT with independent factor constraints, this allows one to show:
#2-QSAT is almost certainly efficiently solvable for any value of p, as there are overlapping
phases of frustrated and highly disconnected instances, occurring respectively for p ∈
ω(n−1/7 ) and p 6 pc ∈ O(1);
For frustration-free instances of #2-QSAT, provided that Q∞ := 1 − kqk∞ > pc , there is
a transition directly from highly disconnected instances for p < pc to highly decoupled
instances for p > pc , due to the emergence of frozen subgraph whose components decouple
the system into small non-interacting components (in a way which is similar to, but more
straightforward than, the analogous phenomenon in models on Erdős–Rényi graphs.)

6

For d2 , we have pc = 12 ; for d = 3, we have pc ≈ 0.24881; c.f. Ref [10]. N.B. For d = 3 it is not yet
known whether there exists an infinite component when p = pc ; this is known not to occur for d = 2
or d > 19, and the same is conjectured for d = 3 [10, Section 9.4].
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In this Section we outline these results in enough detail to indicate how the results may
be shown more completely. Furthermore, results which are similar in quality could also be
shown for any lattice model, depending in practise only on the size of the smallest cycles
and the percolation threshold pc of the lattice.

3.2.1

Critical thresholds for unconditional percolated lattice models

If each edge in a d-dimensional rectangular lattice (for d ∈ {2, 3}) is present independently
with probability p ∈ o(1), then the first components with cycles to emerge as p increases
are the ones with the fewest edges. That is, if the probability of there being a component in
G which is isomorphic to a graph g is Ω(1), then G will contain infinitely many isomorphic
copies of any component g 0 for which |E(g 0 )| < |E(g)|. The first components with cycles to
emerge are therefore individual square facets of the lattice, which are almost surely absent
for p ∈ o(n−1/4 ), and present in infinite abundance for p ∈ ω(n−1/4 ).
The smallest subgraph of a rectangular lattice which contains two cycles is a domino
graph, as pictured in Fig. 2, which has seven edges. These are therefore almost certainly
absent for p ∈ o(n−1/7 ), and almost certainly abundantly present for p ∈ ω(n−1/7 ). It is not
difficult to show that each of these has a constant probability of being a frustrated domino:
a system similar to a frustrated-figure eight in which the constraints give rise to unsatisfiable
restrictions on the state of the two central qubits. Consider the three independent paths
between the central vertices of a domino subgraph (also depicted in Fig. 2). Given that
each edge represents a non-zero constraint (which happens with constant probability), the
two outer paths in the domino each give rise to a non-zero path constraint with probability
Q22 = (1 − kqk22 )2 . With some probability, the three path constraints will act on each of
their endpoints in a different way from the others. This remains true even for classical
instances of #2-SAT, if the constraint-operators are chosen from a probability distribution
over a distribution on {h00| , h01| , h10| , h11|} in which each element occurs with probability
Ω(1), each such domino is unsatisfiable with constant probability, in which case the entire
instance of #2-SAT which contains it has value zero. (This would occur, for instance, for an
independent factor distribution q = (q1 , q2 ) in which hα1 | = h0| and hα2 | = h1|, where q1 and
q2 are both bounded away from zero.) Thus, there is a phase transition at p ∈ Θ(n−1/7 ) from
almost certain satisfiability to almost certain unsatisfiability, due to the probable emergence
of frustrated dominoes, of which there are almost surely infinitely many once p ∈ ω(n−1/7 ).
The components in a bond-percolated lattice for p ∈ O(n−1/7 ) almost certainly have size
O(1): specifically, they will almost surely have seven vertices or fewer. Thus the complexity of computing #2-QSAT is almost surely governed by that of multiplying O(n) “small”
integers. A simple algorithm to do so is described in Appendix A. Thus, #2-QSAT is almost
surely easy for p increasing up to, and even through, the phase transition at p ∈ Θ(n−1/7 );
afterwards, of course, the value is almost surely zero. Difficult instances of #2-QSAT on
percolated lattices are thus either ones which are asymptotically monotone – that is, for
which Q2 decreases with n – or ones which almost surely never occur. Similar phenomena
will occur for any lattice model, with a phase transition at p ∈ Θ(n−1/β ), where β is the
number of edges in the smallest subgraph having more than one cycle.

3.2.2

Critical thresholds for frustration-free percolated lattice models

To obtain interesting instances of #2-SAT or #2-QSAT on a percolated rectangular lattice, we
must condition on models which are frustration-free. However, for p less than the percolation
probability pc , almost surely the resulting graph G contains only components of size o(f (n))
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Figure 2 (Top:) An isolated “domino” subgraph of a square lattice. Dashed lines indicate
missing edges incident to the subgraph. A domino subgraph in a 3D lattice may also occur with the
two cycles meeting at a right angle. (Bottom:) Illustration of the three independent paths between
the central qubits of a domino subgraph. If the constraints acting on b do so with different tensor
factors hα| , hα0 | , hα00 | : C2 → C and similarly for the constraints hβ| , hβ 0 | , hβ 00 | : C2 → C acting on
e, and the path-constraints are all non-zero, then these form an infeasible system of constraints on
the states of b and e. Similar remarks apply for any pair of qubits connected by more than two
independent paths.

for any f ∈ ω(1).7 This implies that for p < pc , it again suffices to compute the values
of #2-QSAT for each component individually,8 so that #2-QSAT is almost surely efficiently
solvable so long as p 6 pc . It thus suffices for us to consider the regime p > pc .
We may proceed similarly to the analysis of the giant component in frustration-free
Erdős–Rényi models in Section 3.1.3. Would-be frustrated subsystems – such as frustrated
figure-eights on seven vertices (consisting of two square cells intersecting at one qubit) or
would-be frustrated dominoes – will arise in abundance for p ∈ Θ(1). Each one gives rise
to several qubits with fixed states, which contribute to the presence of a non-empty frozen
subgraph F . If there is a giant component Γ(G) , then there are almost certainly would-be
frustrated subsystems inside it: we ask to what extent these give rise to frozen subsystems
which decouple Γ(G) .
As with the Erdős–Rényi case, we may let Q∞ = 1 − kqk∞ be a lower bound on the
probability that any two constraints coinciding at a qubit give rise to a non-zero constraint
on a path of length two, such that we may treat this as as independent events even for
various pairs of constraints meeting acting on the same qubit. For instance, the probability
that any domino subgraph is a would-be-frustrated domino is at least Q7∞ . For any qubit
x ∈ V (F ), the probability that some neighbour y in G is also subsumed into V (F ) is also at
least Q∞ . We may then consider a percolated lattice model U in which edges are present
with probability Q∞ , and any such component which contains a frozen seed gives rise to a
component in the frozen subgraph F .
When does the frozen core Γ(F ) decouple an instance of #2-QSAT? That is: when does
G r V (Γ(F ) ) decompose as a collection of small components? This relates to the problem,
when U has a giant component Γ(U ) , of whether the complement of Γ(U ) in the complete

7
8

For d = 2 (for which pc = 12 ) or d = 3 (for which pc ≈ 0.24881), the distribution of component sizes
decreases geometrically for p < pc [10, Section 6.3].
As the components all have essentially constant size, this may be done for each component in O(log n)
time, dominated merely by the time required to process the labels of vertices.
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(square or cubic) lattice has any infinite components (in the limit n → ∞). For both
d ∈ {2, 3}, there exists a threshold pfin < 1 [11] such that the complement of Γ(U ) in the
lattice decomposes into components of finite size when Q∞ > pfin .9 Consider the case
Q∞ > pc :
If p = 1 (that is, G is simply the entire O(n)-vertex square or cubic lattice segment),
then by construction G r U is a collection of small components. As Γ(U ) is almost surely
subsumed by a frozen core Γ(F ) of qubits with fixed states, which do not contribute to
the value of the #2-QSAT instance. As the complete lattice with Γ(F ) removed consists
of components of finite size, the resulting instance of #2-QSAT is highly decoupled.
If p < 1, then we may model the resulting 2-QSAT instance on the percolated lattice
by reducing from the previous case (in which the instance is highly decoupled), and
removing each constraint in the complete lattice with probability 1 − p: doing so does
not make the instance any less decoupled.
Thus, for Q∞ > pfin (which occurs for kqk∞ below some constant), there is a phase transition
for random frustration-free instances of #2-QSAT from highly disconnected instances to
highly decoupled instances. This means that for d = 2, difficult instances of #2-QSAT are
only likely if the constraint model is “at least as monotone” as some distribution of classical
#2-SAT constraints; for d = 3, a bias towards monotonicity which would be substantial even
for #2-SAT is necessary to obtain difficult instances.10
As a final remark, note that even in the case that Q∞ 6 pfin , there is a chance that
frozen subsystems will decouple the largest component Γ(G) into small subsystems. Any
domino-shaped subsystem of Γ(G) has a finite probability of containing a frozen cycle, which
can be treated in the giant component as nodes which are removed from Γ(G) with some
finite probability 1 − Psite > 0. Using results on mixed site- and bond-percolation [12], if
Psite p < pc , the giant component Γ(G) still decouples into small subsystems whose degeneracy may be efficiently computed. We do not present any quantitative results for Q∞ 6 pc ,
but mention this to indicate that it likely that #2-QSAT may remain easy even for some
values Q∞ < pc , for reasons similar to what we have shown for Q∞ > pc .

4

Open questions

The results of this article may allow for some improvements, which would further bound
any “difficult” regime in random distributions of #2-QSAT on random graphs.
For frustration-free instances, Q∞ = minj (1 − qj ) is used as a percolation probability on
an existing random graph,
lower bounds on the transition to a highly decoupled
 to obtain

phase; whereas Q2 = Ej 1 − qj is used for potentially frustrated models (where we take
Pr[j] = qj ). Can we replace bounds involving Q∞ with tighter bounds involving Q2 ?
If we remove the condition of frustration-freeness from #2-QSAT altogether, we are left
with the problem of computing the degeneracy of the ground-state manifold of a potentially frustrated Hamiltonian. Physical intuition suggests that this is typically “1”,
but as with #2-QSAT, the classical problem of determining how many boolean strings
satisfy a maximum number of constraints is a hard problem in general. Under what

9

A simple duality argument shows that pfin = pc = 21 for d = 2 [11]. For d = 3, only know the more
general result pc 6 pfin < 1 is currently known. While no numerical results are known about pfin for
d = 3, the growth of infinite clusters in each planar cross-section of the cubic lattice suggests that pfin
is closer to 1 − pc than to 1.
10
This implies, for instance, that uniformly random #2-SAT on bond-percolated cubic lattices is almost
surely efficiently solvable whether or not we condition on satisfiability.
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conditions is it provably easy to compute the ground-state degeneracy of random local
Hamiltonians?
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Difficult Instances of the Counting Problem for 2-quantum-SAT are Very Atypical

A

An effective technique for multiplying together long lists of mostly
small numbers

The value of an instance of #2-QSAT is at most 2n . We may decompose the value of an
instance of #2-QSAT as a product of the values of each connected component. In the easily
solved instances which arise either when the interaction graph is highly disconnected, or when
a large frozen subsystem decouples the Hamiltonian into small independent subsystems,
the value of #2-QSAT for these instances is O(log n). One might then show that simply
multiplying together these values can be performed in polynomial time, by accounting for
the increase in size of the integers involved in the multiplication as more and more factors
are included in the product. Rather than analyse the growth of the product in an iterative
multiplication algorithm, we will show a different algorithm, by which the complexity of
evaluating this product is asymptotically no greater than multiplying two n-digit numbers.
By sorting the non-giant components of G in order of size (we assume only non-giant
components henceforth), we may construct a binary tree such that
The leaves represent sets, each of which contains an individual component and having a
stored #2-QSAT value of one more than the component size;
Each node which is not a leaf represents the union of the sets of components represented
by its child nodes, and stores the product of the #2-QSAT values of its children;
The #2-QSAT values of the children of any node are either similar in size (e.g. differing
by a factor of at most 3), or the degeneracy of one of them is constant (e.g. at most 3).
We start by pairing the largest component with the second largest component; in the case
that the second-largest component is less than half the size of the largest, we first pair it
together with a small component (e.g. isolated vertices), and pair the largest component with
the parent to these two nodes. We continue similarly for the next two largest components,
using the smallest components to compensate for differences in the size of the degeneracies
of subtrees. (Because there are O(n) components in the Erdős–Rényi graph for any number
of edges m, the components of constant size must dominate, and the smallest ones will
occur most frequently as a result of the reduced probability of being merged with other
components. For bond-percolated lattices, the distribution of component sizes is monotone
decreasing for any bond-percolation probability p, so again small components dominate.)
The degeneracy of the root node of the tree then is the degeneracy of the Hamiltonian.
The number of bits required to represent the degeneracy at each level in the tree either remains about constant, or decreases by a factor of 2, with each level down from the
parent node. Due to the domination by components of constant size, there will be Θ(n)
leaves on either side of the tree, so that it will have depth O(log n); most subtrees will be
balanced. Thus there will be approximately O(log n) rounds of (in principle parallelisable)
multiplications, where the tth round from the final one is between numbers of size n/2t , and
each round involves about 2t multiplications in total. For any given multiplication algorithm running in some time O(nd ) (e.g. where d = 2 for the usual straightforward algorithm
taught in schools), we can recursively evaluate the value of the entire #2-QSAT instance,
corresponding to the root node of the tree, in time
O(log n)

X
t=1

2t

 n d
2t

O(log n)
X
t(1−d) d

=

2

t=1

n =




2(1−d) − 2O((1−d) log n) d
n ∈ O(nd ).
1 − 2(1−d)

(25)
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Abstract
An obfuscator is an algorithm that translates circuits into functionally-equivalent similarly-sized
circuits that are hard to understand. Efficient obfuscators would have many applications in cryptography. Until recently, theoretical progress has mainly been limited to no-go results. Recent
works have proposed the first efficient obfuscation algorithms for classical logic circuits, based
on a notion of indistinguishability against polynomial-time adversaries. In this work, we propose
a new notion of obfuscation, which we call partial-indistinguishability. This notion is based on
computationally universal groups with efficiently computable normal forms, and appears to be
incomparable with existing definitions. We describe universal gate sets for both classical and
quantum computation, in which our definition of obfuscation can be met by polynomial-time algorithms. We also discuss some potential applications to testing quantum computers. We stress
that the cryptographic security of these obfuscators, especially when composed with translation
from other gate sets, remains an open question.
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1
1.1

Introduction
Past work on circuit obfuscation

Informally, an obfuscator is an algorithm that accepts a circuit as input, and outputs a
hard-to-understand but functionally equivalent circuit. In this subsection, we briefly outline
the state of current research in classical circuit obfuscation. To our knowledge, quantum
circuit obfuscation has not been considered in any prior published work.
Methods used for obfuscating logic circuits in practice have so far been essentially ad
hoc [11, 41]. Until recently, theoretical progress has primarily been in the form of no-go
theorems for various strong notions of obfuscation [7, 21]. The ability to efficiently obfuscate
certain circuits would have important applications in cryptography. For instance, sufficiently
strong obfuscation of circuits of the form “encrypt with a hard-wired private key” could
turn a private-key encryption scheme into a public-key encryption scheme. As this example
illustrates, one undesirable outcome is when the input circuit can be recovered completely
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from the obfuscated circuit. In this case, we say that the obfuscator completely failed on
that circuit [7]. Unfortunately, every obfuscator will completely fail on some circuits (e.g.,
learnable circuits.) On the other hand, there are trivial obfuscators which will erase at least
some information from some circuits, e.g., by removing all instances of X −1 X for some
invertible gate X.
In order to give a useful formal definition of obfuscation, one must decide on a reasonable
definition of “hard-to-understand.” The most stringent definition in the literature demands
black-box obfuscation, i.e., that the output circuit is computationally no more useful than
a black box that computes the same function. Barak et al. [8] gave an explicit family of
circuits that are not learnable and yet cannot be black-box obfuscated. They also showed
that there exist (non-learnable) private-key encryption schemes that cannot be turned into
a public-key cryptosystem by obfuscation. Their results do not preclude the possibility of
black-box obfuscation for specific families of circuits, or of applying obfuscation to produce
public-key systems from private ones in a non-generic fashion. It is an open problem whether
quantum circuits can be black-box obfuscated.
A weaker but still quite natural notion is called best-possible obfuscation; in this case,
we ask that the obfuscated circuit reveals no more information than any other circuit
that computes the same function. Goldwasser and Rothblum [21] showed that for efficient
obfuscators, best-possible obfuscation is equivalent to indistinguishability obfuscation, which
is defined as follows. For any circuit C, let |C| be the number of elementary gates, and let
fC be the Boolean function that C computes.
I Definition 1. A probabilistic algorithm O is an indistinguishability obfuscator for the
collection C of circuits if the following three conditions hold:
1. (functional equivalence) for every C ∈ C, fO(C) = fC ;
2. (polynomial slowdown) there is a polynomial p such that |O(C)| ≤ p(|C|) for every C ∈ C;
3. (indistinguishability obfuscation) For any C1 , C2 ∈ C such that fC1 = fC2 and |C1 | = |C2 |,
the two distributions O(C1 ) and O(C2 ) are indistinguishable.
In the third part of the above definition, one must choose a notion of indistinguishability
for probability distributions. Goldwasser and Rothblum [21] consider three such notions:
perfect (exact equality), statistical (total variation distance bounded by a constant), and
computational (no probabilistic polynomial-time Turing Machine can distinguish samples
with better than negligible probability). They show that the existence of an efficient statistical
indistinguishability obfuscator would result in a collapse of the polynomial hierarchy to
the second level. This result also applies if the condition |C1 | = |C2 | in property (3) of
Definition 1 is relaxed to |C1 | = k|C2 | for any fixed constant k [21].
A recent breakthrough has shown that computational indistinguishability may be achievable in polynomial time. Combining a new obfuscation scheme for NC1 circuits with fully
homomorphic encryption, Sahai et al. gave an efficient obfuscator which achieves the computational indistinguishability condition under plausible hardness conjectures [19]. Subsequent
work outlined a number of cryptographic applications of computational indistinguishability [38].

1.2
1.2.1

Outline of present work
New notion of obfuscation

An exact deterministic indistinguishability obfuscator would yield a solution to the circuit
equivalence problem. For general Boolean circuits, this problem is co-NP hard. Therefore,
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exact deterministic indistinguishability obfuscation of general Boolean circuits cannot be
achieved in polynomial time under the assumption P 6= NP. We propose an alternative route
to weakening the exactness condition, by pursuing a notion of “partial-indistinguishability”.
In partial-indistinguishability obfuscation, we relax condition (3) so that it need only hold for
C1 and C2 that are related by some fixed, finite set of relations on the underlying gate set.1
I Definition 2. Let G be a set of gates and Γ a set of relations satisfied by the elements of
G. An algorithm O is a (G, Γ)-indistinguishability obfuscator for the collection C of circuits
over G if the following three conditions hold:
1. (functionality) for every C ∈ C, fC = fO(C) ;
2. (polynomial slowdown) there is a polynomial p such that |O(C)| ≤ p(|C|) for every C ∈ C;
3. ((G, Γ)-indistinguishability) for any C1 , C2 ∈ C that differ by some sequence of applications
of the relations in Γ, O(C1 ) = O(C2 ).
The power of the obfuscation is now determined by the power of the relations Γ. If
Γ is a complete set of relations, generating all circuit equivalences over G, then a (G, Γ)indistinguishability obfuscator is a perfect indistinguishability obfuscator according to Definition 1. (Complete sets of relations for {Toffoli} and {AND, OR, NOT} are given in [27, 26].)
If Γ is the empty set then even the identity map fits the definition, and no obfuscation is
taking place. With different sets of relations, one can interpolate between these extremes.
The intermediate obfuscators form a partially ordered set, where a (G, Γ0 )-indistinguishability
obfuscator is strictly stronger than a (G, Γ)-indistinguishability obfuscator if Γ0 is a strict
superset of Γ. We remark that partial-indistinguishability is no stronger than perfect
indistinguishability, and appears to be incomparable with statistical and computational
indistinguishability. This is part of our motivation in considering this new definition.
In the context of quantum computation, we make only a few minor changes to Definitions
1 and 2. First, the obfuscators will still be classical algorithms. On the other hand, the gates
will be unitary and the circuits to be obfuscated will be unitary quantum circuits. Finally,
the notion of functional equivalence now simply means that the operator-norm distance
between the unitary implemented by C and the unitary implemented by O(C) is bounded
by a small constant  > 0.

1.2.2

Group normal forms

A finitely generated group can be specified by a presentation. This is a list of generators
σ1 , . . . , σn and a list of relations obeyed by these generators. (A relation is simply an identity
such as σ1 σ3 = σ3 σ1 .) All group elements are obtained as products of the generators and their
inverses. However, by applying the relations, we can get multiple words in the generators
and their inverses that encode the same group element. A normal form specifies, for each
group element, a unique decomposition as a product of generators and their inverses. For
certain groups, including the braid groups, polynomial time algorithms are known which,
given a product of generators and their inverses, can reduce it to a normal form. The word
problem is, given two words in the alphabet {σ1 , . . . , σn , σ1−1 , . . . , σn }, to decide whether
they specify the same group element. If a normal form can be computed, then this solves
the word problem: just reduce both words to normal form and check whether the results are
identical. However, an efficient solution for the word problem does not in general imply an
efficiently computable normal form.
1

Our construction for satisfying this definition uses reversible gates. The definition of functional
equivalence becomes more technical in that context, as discussed in Section 3.1.
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1.2.3

Efficient constructions from group representations

In this paper, we propose a general method of designing partial-indistinguishability obfuscators
based on groups with efficiently computable normal forms. If a set of gates G obeys the
relations Γ of the generators of a group with an efficiently computable normal form, then
the reduction to normal form is an efficient (G, Γ)-indistinguishablity obfuscator. The gates
may obey additional relations beyond Γ, which is why the obfuscator does not solve the
circuit-equivalence problem, which is believed to be intractable for both classical and quantum
circuits.
To demonstrate this method, we discuss an implementation using the braid groups Bn ,
for both classical reversible circuits and unitary quantum circuits. The number of strands
n in the braid group depends linearly on the number of dits or qudits on which the circuit
acts. In Section 3, we describe a computationally universal reversible classical gate obeying
the braid group relations, which was constructed in [34, 37, 31] from the quantum double of
A5 . In Section 4.1, we describe a computationally universal quantum gate obeying the braid
group relations, which was constructed in [18] from the Fibonacci anyons. Our obfuscation
scheme is similar in spirit to previously-proposed obfuscation schemes based on applying
local circuit identities [41], but the uniqueness of normal forms adds a qualitatively new
feature. One consequence of this feature is that we can satisfy Definition 2 and guarantee
the partial-indistinguishability property against computationally unbounded adversaries.
The running time of the obfuscator is the same as the running time of the the normal form
algorithms, which take time O(l2 m log m) for m-strand braids of length l [14].
We remark that these gate sets that obey the braid group relations are not artificial
constructions; in fact, they are the most natural choice in many contexts, some of which we list
here. In the quantum case, these gates are native to certain proposed physical implementations
of quantum computers [31], where the topological braiding property provides inherent faulttolerance. The problem of approximating the Jones Polynomial invariant of links is complete
for polynomial-time quantum computation [2]; an analogous fact is true for a restricted case
of quantum computations motivated by NMR implementations [40]. Both of these facts are
naturally expressed in the gate set constructed from the Fibonacci representation. In the
classical case, the gate set derived from quantum doubles of finite groups was recently used
to show BPP-completeness for approximation of certain link invariants [32].
We remark that another potential group family for constructing partial-indistinguishability
obfuscators are the mapping class groups MCG(Σg ) of unpunctured surfaces of genus g.
These groups also have quantumly universal representations [5] and an efficiently solvable
word problem [23]. It is not known if there are also classically universal permutation
representations, or if there are efficiently computable normal forms.

1.2.4

Other gate sets

In some applications the native gate set will be different than the ones used in our construction.
It is natural to ask if our obfuscators can be used in these settings as well. By universality
(quantum or classical), one has an efficient algorithm B which translates circuits from the
native gate set to the braiding gate set, as well as an efficient algorithm C for translation in
the opposite direction. We also let N denote the partial-indistinguishability obfuscator. One
might then attempt to obfuscate by applying the following:
I Algorithm 1.
1. input: a circuit C on n (qu)dits
2. output: The circuit C(N(B(C)))
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Figure 1 The generator σi represents the (clockwise) crossing of strands i and i + 1 connecting
a bottom row of “pegs” to a top row. Multiplication of group elements corresponds to composition
of braids. As an example, we show the 3-strand braid σ1−1 σ2 (left), and the same braid composed
with its inverse σ2−1 σ1 (middle), which is equivalent to the identity element of B3 (right).

We stress that, unlike the map N, the composed map N ◦ B does not necessarily satisfy
Definition 2. As we discuss in Section 5.1, careless choice of the map B can partially or
completely break the security of the obfuscator. Finding translation algorithms securely
composable with partial-indistinguishability obfuscators is an area of current investigation.

2

Relevant Properties of the Braid Group

The braid group Bn is the infinite discrete group with generators σ1 , . . . , σn−1 and relations
σi σj
σi σi+1 σi

= σj σi
= σi+1 σi σi+1

∀ |i − j| ≥ 2
∀ i.

(1)

−1
The group Bn is thus the set of all words in the alphabet {σ1 , . . . , σn−1 , σ1−1 , . . . , σn−1
}, up
to equivalence determined by the above relations. In 1925 Artin proved that the abstract
group defined above precisely captures the topological equivalence of braided strings [6], as
illustrated in Fig. 1. A charming exposition of this subject can be found in [30].
In the word problem on Bn , we are given words w and z, and our goal is to determine if
they are equal as elements of Bn . One solution is to put both w and z into a normal form,
and then check if they are equal as words. For our purposes, it is enough to describe the
normal form and specify the complexity of the algorithm for computing it. The details of
the algorithm, along with a thorough and accessible presentation of the relevant facts about
braids, can be found in [14].
We first observe that the word problem is easily shown to be decidable if we restrict our
attention to an important subset of Bn . Note that the presentation (1) can also be viewed as
a presentation of a monoid, which we denote by Bn+ . The elements of Bn+ are called positive
braids, and are words in the generators σi only (no inverses), up to equivalence determined
by the relations in (1). Since all the relations of Bn preserve word length, and there are
only finitely many words of any given length, we can decide the word problem (albeit very
inefficiently) simply by trying all possible combinations of the relations.
Building upon this, one can give an (inefficient) algorithm for the word problem on Bn
itself [22]. First, given two elements a, b of Bn+ , we write a 4 b if there exists z ∈ Bn+ such
that b = az; in this case we say that a is a left divisor of b. Similarly, we write a < b if there
exists y ∈ Bn+ such that b = ya; in this case we say that a is a right divisor 2 of b. The center
of Bn is the cyclic group generated by ∆2n , where

∆n := ∆n−1 σn−1 σn−2 · · · σ1 ∈ Bn+
2

The terminology is not accidental; it turns out that we can also define l.c.m.s and g.c.d.s in Bn+ , and that
Bn is the group of fractions of Bn+ . These facts are some of the achievements of Garside theory [20].
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(see p.30 of [22] for a simple proof). Geometrically, ∆n implements a twist by π in the z-plane
as the strands move from z = 0 to z = 1. One can show that σi 4 ∆n for all i, i.e. there
exists xi ∈ Bn+ such that σi−1 = xi ∆−1
n . Given a word w in the σi and their inverses, we first
replace the leftmost instance of an inverse generator (say it is σi−1 ) with xi ∆−1
n . We then
−1
insert ∆n ∆n in front of xi , and observe that conjugating a positive braid x by ∆n results
in another positive braid (specifically, the rotation of x by π in the z-plane). In this way,
we can push ∆−1
n all the way to the left. We repeat this process for each inverse generator
appearing in the word, resulting in a word of the form ∆pn b where p ∈ Z and b ∈ Bn+ . Since
we can solve the word problem in Bn+ , we can factor out the maximal power of ∆n appearing
0
as a left divisor of b. We thus have that, as elements of the braid group, w = ∆pn b0 with ∆n
not a left divisor of b0 and p0 unique. This solves the word problem in Bn .
We can make the above algorithm efficient by finding an efficiently computable normal
form for a positive braid word b that does not have ∆n as a left divisor. Recall that the
symmetric group Sn has a remarkably similar presentation to Bn . Indeed, starting with
(1), letting σi = (i i + 1) and adding the relations σi2 = 1 for all i results in the standard
presentation of Sn . In other words, there is a surjective homomorphism π : Bn → Sn with
σi 7→ (i i + 1). In terms of the geometric interpretation, a braid is mapped to the permutation
on [n] defined by the connections between the top and bottom “pegs,” as in Figure 1. For
each σ ∈ Sn , there is a unique preimage of σ that can be drawn so that any given pair of
strands cross only in the positive direction, and at most once. We call such braids simple
braids, and they form a subset of Bn+ of size n!.
I Definition 3 (p. 4 of [14]).
1. A sequence of simple braids (s1 , . . . , sp ) is said to be normal if, for each j, every σi that
is a left divisor of sj+1 is a right divisor of sj .
−1
(i) >
2. A sequence of permutations (f1 , . . . , fp ) is said to be normal if, for each j, fj+1
−1
fj+1 (i + 1) implies fj (i) > fj (i + 1).
A sequence of simple braids (s1 , . . . , sp ) is normal if and only if the sequence of permutations
(π(s1 ), . . . , π(sp )) is normal. Given a permutation f ∈ Sn , let fˆ denote the simple braid of
Bn satisfying π(fˆ) = f .
I Theorem 4 (p. 4 of [14] and Ch. 9 of [15]).
1. Every braid z in Bn admits a unique decomposition of the form ∆m
n s1 . . . sp with m ∈ Z
and (s1 , . . . , sp ) a normal sequence of simple braids satisfying s1 6= ∆n and sp 6= 1.
ˆ
ˆ
2. Every braid z in Bn admits a unique decomposition of the form ∆m
n f1 . . . fp with m ∈ Z
and (f1 , . . . , fp ) a normal sequence of permutations satisfying f1 6= π(∆n ) and fp 6= 1.
The most efficient algorithms for computing the normal form of a word w in the generators
of Bn have complexity O(|w|2 n log n) [14].

3
3.1

Obfuscation of Classical Reversible Circuits
Reversible Circuits

In the next section, we will describe a gate R which is universal for classical computation
and satisfies Definition 2 when Γ is the set of relations of the braid group. Because group
elements are invertible, R must be a reversible gate, that is, it must bijectively map its
possible inputs to its possible outputs. We will thus work in the setting of reversible classical
circuits. These circuits are composed entirely of reversible gates. For more background on
reversible computation see [9, 17, 36].
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Because reversible circuits cannot erase any information, they operate using ancillary dits
(“ancillas”) to store unerasable data left over from intermediate steps in the computation. A
reversible circuit evaluating a function f : {0, . . . , d − 1}n → {0, . . . , d − 1}m thus operates on
r ≥ max(n, m) dits, where r − n of the input dits are work dits to be initialized to some fixed
value independent of the problem instance, and r − m of the output dits contain unerasable
leftover data, to be ignored. Efficient procedures are known for compiling arbitrary logic
circuits into reversible form, e.g., by using the Toffoli (or CCNOT) gate [9, 17].
In adapting Definitions 1 and 2 to reversible circuits, one is faced with two natural choices
for the notion of functional equivalence. One may either demand that the original and
obfuscated circuits implement the same function f : {0, 1}n → {0, 1}m , ignoring the ancilla
dits (weak equivalence), or demand that they implement the same transformation on the
entire set of r dits, including the ancillas (strong equivalence). Our constructions will satisfy
the latter. Strong equivalence implies weak equivalence, so our construction proves that
both possible definitions of partial-indistinguishability are polynomial-time achievable when
Γ is the set of relations of the braid group. We remark that, as with ordinary irreversible
circuits, determining if two arbitrary reversible circuits are equivalent (weakly or strongly) is
coNP-complete [29].

3.2

Classical computation with braids

We now briefly describe a classical reversible gate R which satisfies the braid relations. The
complete details of the construction and the proof of universality of R are given in Appendix
A. Taken together with Theorem 4, this yields an obfuscator satisfying Definition 2.
Let G be a finite group and set d = |G|. Consider the reversible gate R that acts on pairs
of dits encoding group elements by
R(a, b) = (b, b−1 ab).

(2)

Let Ri denote R acting on the i and (i + 1)th wires of a circuit. By direct calculation, one
can check that the set {R1 , . . . , Rn−1 } satisfies the braid relations, that is,
Ri Rj
Ri Ri+1 Ri

= Rj Ri
= Ri+1 Ri Ri+1

∀ |i − j| ≥ 2
∀ i.

(3)

In 1997, Kitaev discovered that the gate set {R, R−1 } is universal for classical reversible
computation when G is the symmetric group S5 [31]. Ogburn and Preskill subsequently
showed that the alternating group A5 , which is half as large as S5 , is already sufficient [37].
The universality construction for A5 was subsequently presented in greater detail and
generalized to all non-solvable groups by Mochon [34]. To make our presentation more
accessible and self-contained, we give in Appendix A an explicit description of Mochon’s
universality construction in the the case G = A5 . The construction proves computational
universality by showing how to efficiently compile Toffoli circuits into R-circuits.
Given any R-circuit, we can apply the algorithm of Theorem 4 by interpreting each
Ri as σi and each Ri−1 as σi−1 . This leads to partial-indistinguishability obfuscation of
R-circuits. A discussion of whether this can also yield meaningful obfuscation for classical
circuits constructed from other gate sets is given in Section 5.
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4
4.1

Quantum Circuits
Quantum computation with braids

In Section 3.2 and Appendix A, we discuss classical universality of circuits encoded as braids.
It turns out that an analogous theory can be developed for quantum circuits, and is wellunderstood. The family of so-called Fibonacci representations of the braid groups have dense
image in the unitary group, and there are efficient classical algorithms for translating any
quantum circuit into a braid (and vice-versa) in a way that preserves unitary functionality [18].
A brief synopsis of these facts is given below. We remark that there are in fact many unitary
representations of the braid groups that satisfy these properties, and which are physically
motivated by the so-called fractional quantum Hall effect. In this setting, the image of these
representations consists of unitary operators which describe the braiding of excitations in a
2-dimensional medium [31].
Approachable descriptions of the Fibonacci representation are given in [40, 42]. In
[40], what we call the “Fibonacci representation” here, is called the “??” irreducible sub(n)
representation. This is a family of representations ρFib : Bn → U (Fn−4 ), where Fk is
the k-th Fibonacci number. For our application, the essential properties of the Fibonacci
representation are locality and local density. These two properties mean that, under a certain
qubit encoding, braid generators correspond to local unitaries, and local unitaries correspond
to short braid words. Standard arguments from quantum computation tell us that we
can achieve the latter to precision  with O(log2.71 (1/)) braid generators by means of the
Solovay-Kitaev algorithm [13].
(n)
A natural basis for the space of ρFib can be identified with strings of length n from the
alphabet {?, p}, which begin with ?, end with p, and do not contain “??” as a substring3 .
(n)
Following [2]4 , for n a multiple of four, we identify a particular subspace Vn of ρFib by
discarding some basis elements, as follows. Partition a string s into substrings of length four.
If each of these substrings is equal to either ?p ? p (this will encode a 0) or ?ppp (this will
encode a 1), then the basis element corresponding to s is in Vn ; otherwise, it is not. Note
that dim Vn = 2n/4 . The following theorem follows from [2, 13].
I Theorem 5. There is a classical algorithm which, given an (n/4)-qubit quantum circuit C
and  > 0, outputs a braid b ∈ Bn of length O(|C| log2.71 (1/)) satisfying
(n)

C − ρFib (b)

≤;
Vn

this algorithm has complexity O(|b|).
For the opposite direction, we can identify a subspace Wn ⊂ (C2 )⊗n by discarding all
bitstrings except those that start with 0, end with 1 and do not have “00” as a substring.
(n)
Then dim Wn = dim ρFib and we have the following.
I Theorem 6. There is a classical algorithm which, given b ∈ Bn and  > 0, outputs a
quantum circuit C on n qubits of length O(|b| log2.71 (1/)) such that
(n)

C|Wn − ρFib (b) ≤  ;
this algorithm has complexity O(|C|).
3

4

In [40] the ?? subrepresentation of Bn acts on strings of length n + 1 that begin and end with ?. One
can leave the initial and/or final ? implicit as these are left unchanged by all braiding operations. We
omit the final ? leaving us strings of length n that begin with ? and end with p.
Reference [2] describes the basis vectors in terms of “paths”. The correspondence between the path
notation and the p? notation is given in appendix C of [40].
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The two algorithms in the above theorems are described explicitly in [2].

4.2

Obfuscating quantum computations

While the state of knowledge about classical obfuscation is limited, essentially nothing is
known about the quantum case. Here we discuss how to use the facts from the previous
section to construct a partial-indistinguishability obfuscator for quantum circuits.
In light of Theorem 5, {ρFib (σ1 ), . . . , ρFib (σn−1 )} may be regarded as a universal set of
elementary quantum gates. By the homomorphism property of ρFib , this set satisfies the
braid relations. These gates differ from conventional quantum gates in that they do not
possess locality defined in terms of a strict tensor product structure. Nevertheless, as shown
above, the power of unitary circuits composed from these gates is equivalent to standard
quantum computation. By interpreting each ρFib (σj ) as a braid-group generator σj , we can
apply the algorithm from Theorem 4 directly to circuits from this gate set, resulting in a
partial-indistinguishability obfuscator satisfying Definition 2.
With the algorithms from the previous section in hand, we could also attempt to apply
the obfuscation algorithm, Algorithm 1, directly to quantum circuits. For an input circuit C
on n qubits, the running times of both of this algorithm is O(|C|2 n · polylog(n, 1/)). The
length of the output cannot be longer than the running time. We are not aware of a better
upper bound for the length of the output. The security of this algorithms is questionable,
and some attacks and possible countermeasures are discussed in Section 5.
Note that reduction of arbitrary quantum circuits to a normal form using a complete set of
gate relations should not be possible in polynomial time; this would yield a polynomial-time
algorithm for deciding whether a quantum circuit is equivalent to the identity, which is a
coQMA-complete problem [28].

4.3

Testing claimed quantum computers with a quantum obfuscator

It is natural to consider quantum analogues of the applications of obfuscation from classical
computer science. We now consider a potential application of quantum circuit obfuscation
that does not fit this mold: testing claimed quantum computers. A similar proposal using a
restricted class of quantum circuits has been previously made in [39].
Suppose Bob claims to have access to a universal quantum computer with some fixed
finite number of qubits. Alice has access to a classical computer only, as well as a classical
communication channel with Bob. Can Alice determine if Bob is telling the truth? Barring
tremendous advances in complexity theory, a provably correct test is unlikely;5 can we still
design a test in which we have a high degree of confidence? Given the extensive work on
classical algorithms for factoring, a reasonable idea is to simply ask Bob to factor a sufficiently
large RSA number. However, Shor’s algorithm only begins to outperform the best classical
algorithms when thousands of logical qubits can be employed. A much smaller universal
quantum computer (e.g., a few dozen qubits) is likely to be a far simpler engineering challenge
and could still be quite useful, e.g., for simulating certain quantum systems. A test that
works in this case would thus be very valuable. We now outline a new proposal for such a test.

5

Notice that even a proof that BQP 6= BPP would be insufficient; one would have to find specific
problems and instance sizes where some quantum strategy provably beats every classical one. We
are thus left with a situation analogous to the practical security guarantees of modern cryptographic
systems, which tell us how many bit operations it would take to crack a given instance using the fastest
known algorithms.
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Simply put, we propose asking questions that are classically easy to answer, but posing them
in an obfuscated manner. In this test, Alice would repeatedly generate quantum circuits and
ask Bob to run them. At least some of the circuits would in fact be quantumly-obfuscated
classical reversible circuits, allowing Alice to easily check the answers. Previous work has
yielded tests of quantum computers in the case that the verifier can perform some limited
quantum operations [10, 3].
We have considerable freedom when designing an obfuscation-based test of quantum
computers. How to choose these parameters in a way that makes the test difficult to fool
with a classical computer is an open question. For purposes of illustration, we give one
example. Let O be the obfuscation algorithm for quantum circuits described above.
I Algorithm 2.
1. Select a random bitstring s of length k.
2. Let C be the (k + 1)-bit circuit that, on all-zero input, initializes wires 2 through k + 1 to
s and then computes the parity of s into the first wire.
3. Compute O(C), and let n be the number of qubits needed to run O(C).
4. Ask Bob to run D on the all zeros string and return the first bit of output.
Clearly, k must be chosen so that n is smaller than the number of logical qubits Bob claims to
control. To fool Alice, a purely classical Bob must determine the parity of s. The dictionary
attack (i.e. Bob repeatedly guesses at k, obfuscates the corresponding circuit, and compares
the result to the circuit given by Alice) is of no use provided k is reasonably large, e.g.,
80 bits, which can be encoded using a braid of 115 strands using the Zeckendorf encoding
described in [40].
We now show that there can be no efficient general-purpose algorithm for breaking our
test by detecting whether a given quantum circuit is in fact (almost) classical, and if so,
simulating it.
I Definition 7. Let c be a bit string specifying a quantum circuit via a standard universal set
Q of quantum gates, and let Uc be the corresponding unitary operator. Fix some constants
r, d, a ∈ N, and fix a set R of reversible gates. The problem CLASS(r, d, a, Q, R) is to find
a reversible circuit of at most r|c|d gates from R such that the corresponding permutation
matrix P satisfies kUc − P k ≤ 2−a|c| .
Note that CLASS(r, d, a, Q, R) is not a decision problem. Thus, to formulate the question of
whether this problem can be efficiently solved, we must ask not whether CLASS(r, d, a, Q, R)
is contained in P but whether it is contained in FP. We now provide some formal evidence
that this is not the case. Note that the following theorems continue to hold if we change the
classicality condition in Definition 7 to kUc − P k ≤ |c|−a .
I Theorem 8. For any fixed r, d, a ∈ N, any universal reversible gate set R, and any universal
quantum gate set Q, if CLASS(r, d, a, Q, R) ∈ FP then QCMA ⊆ PNP .
Note that, QCMA ⊆ PNP would be very surprising because, among other things, it would
imply BQP ⊆ PH, and there is evidence that this is false [1, 16].
Proof. The standard QCMA-complete language L is as follows. Let C be the set of all
quantum circuits (expressed as a concatenation of bitstrings that index elements of the gate
set Q). C decomposes as the disjoint union of L and L̄ where L consists of the quantum
circuits that accept at least one classical (i.e. computational basis state) input, and L̄ consists
of the circuits that reject all inputs. Given a quantum circuit V1 ∈ C, (the “verifier”) we can
amplify it using standard techniques [33, 35] to accept YES instances with probability at
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least 1 − O(2−n ) and accept NO instances with probability at most O(2−n ). Let V2 be such
an amplified verifier. Further, let

V3

=

V2

•

V2−1

where the second-to-top qubit is the acceptance qubit of V2 . If Vi ∈ L̄ then kV3 − 1k =
O(2−n ). By assumption, there exists a polynomial time classical algorithm for solving
CLASS(r, d, a, Q, R). When presented with V3 , this algorithm will produce a polynomial-size
reversible circuit V4 strongly equivalent to the identity. By querying an oracle for the problem
of strong equivalence of reversible circuits, one can decide whether V4 is equivalent to the
circuit of no gates, and hence to the identity operation. If V1 ∈ L̄, this oracle will accept.
If V1 ∈ L then the algorithm for problem 1 will answer NO or produce a circuit that this
oracle rejects. As shown in [29], the problem of deciding strong equivalence of reversible
circuits is contained in coNP. Thus, we can decide QCMA in PcoNP , which is equal to the
more familiar complexity class PNP .
J

5

Some Attacks

5.1

Compiler attacks

The security or insecurity of braid-based partial-indistinguishability obfuscation remains an
area of current investigation. From a purely information-theoretic point of view, the power of
this obfuscation comes from the many-to-one nature of the map N that takes arbitrary braid
words to their normal form. If the initial braid words are highly structured because they are
obtained by compilation from a different gate set, then this can undermine or destroy the
many-to-one feature of N.
In Section 3.2, we describe a reversible gate R on pairs of 60-state dits, corresponding to
elements of A5 , that obeys the relations of the braid group and can perform universal classical
computation. The gate itself and the proof that it is universal come from the quantum
computation literature [31, 37, 34]. Appendix A recounts the universality proof of [34], which
can be viewed as a compiler BR that maps circuits constructed from the well-known universal
reversible Toffoli gate into circuits constructed from the R gate. As a cautionary example,
we now show that naively obfuscating Toffoli circuits using the composed map N ◦ BR is
completely insecure.
The construction in Appendix A gives a general mapping from a Toffoli gate to a
corresponding braid. We will refer to braids obtained in this way as Toffoli braids. Recall
that the normal form of a braid in Bn has the form ∆m
n s1 . . . sp for a normal sequence of
simple braids (s1 , . . . , sp ). A Toffoli braid obtained from a Toffoli with controls c1 and c2
and target t has normal form
∆0n s1 (c1 , c2 , t)s2 s3 s4 s5 s6 s7 s8 s9 (c1 , c2 , t)s10 s11 s12 s13 (c1 , c2 , t)s14 (t).

(4)

The factors s2 , . . . , s8 , s10 , s11 and s12 only depend on n, and not on the wires c1 , c2 or t.
Note that this is a positive braid — consisting only of σ1 , . . . , σn−1 and none of their inverses.
Any product of such braids will thus also be a positive braid, so attempting to obfuscate a
circuit in Toffoli gates using this construction will yield only positive braids.

Because Toffoli is a 3-bit gate, there are only n3 ways to apply a Toffoli to n bits. Thus,
one may, in polynomial time, test each of these n3 possibilities as a guess for the last gate
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of the obfuscated circuit. One performs the test by compiling the guessed Toffoli gate into a
braid, appending the inverse of this braid to the normal form braid produced as the output
the obfuscator, and then reducing the resulting braid to normal form. If the guess is correct,
then the resulting braid is still a braid corresponding to a circuit — the original obfuscated
circuit with its last Toffoli gate removed — and thus this will result in a positive braid. If
the guess is incorrect, then appending the inverse of a positive braid, which consists entirely
−1
of σ1−1 , . . . , σn−1
, might result in a braid that is no longer positive — that is, has a negative
power of ∆n , and this seems to be the case with any wrong guess, based on some limited
tests.
Furthermore, the presence of a negative power of ∆n is efficiently recognizable, so it is
immediately clear whether or not the guess was correct.
This attack is related to so-called length-based attacks. These have been introduced in
the cryptanalysis of braid based key-exchanged protocols [25]. In the present context, the
natural length-based attack is to guess the final gate, append the inverse of the corresponding
braid to the normal-form braid produced by the obfuscator, and the reduce the product
braid to normal form. If the result is a shorter word in the braid-group generators than the
original normal form, then this can be taken as heuristic evidence that the guess was correct.
Intuitively, one expects that the longer the braid words are that implement individual gates
from the original gate set, then the better such attacks should work.
One can easily propose modifications to the naive obfuscator N ◦ BR that thwart guessingbased attacks such as the two attacks described above. In particular, one finds that the gate
R described in Appendix A has order 60. Hence, one can start with the positive Toffoli
braid in equation (4) and then each generator σi can independently, with probability 12 ,
be replaced with σi−59 , without altering the functionality of the circuit. The number of
generators in a Toffoli braid depends on n, and which wires the Toffoli acts on, but there are
always at least 124. Thus, each gate will be compiled into one of 2124 braid-words uniformly
at random. Thus, guessing-based attacks on the composition of this compiler with N may
become impractical. Whether such a scheme is vulnerable to other attacks remains an open
question for future research.

5.2

Dictionary attacks

The partial-indistinguishability obfuscator described in the preceding sections deterministically maps input circuits to obfuscated circuits. This creates a potential weakness in the
obfuscation. Suppose Alice wishes to run a computation C on Bob’s server but does not
wish Bob to know what computation she is running. Thus, she sends the obfuscated circuit
O(C) to Bob, who executes it, and returns the result. To improve security, Alice may instead
use a circuit C 0 in which her desired input is hard-coded, and which applies a one-time pad
at the end of the computation. If the obfuscation is secure, then Bob is unlikely to learn
anything about C, the input, or the output. However, if Bob knows that the circuits Alice is
likely to want to execute are drawn from some small set S, then Bob can simply compute
{O(s)|s ∈ S} and identify Alice’s computation by finding it in this list. Such attacks are
sometimes called “dictionary” attacks after the practice of recovering passwords by feeding all
words from a dictionary into the hash function and comparing against the hashed password.
Dictionary attacks may or may not be a serious threat to our obfuscation scheme,
depending on the the size of the set of likely circuits to be obfuscated. In cryptographic
applications where dictionary attacks are a concern, the standard way to protect against
them is to append random bits prior to encryption. (In the context of hashing passwords,
this practice is called “salting”.) Such a strategy can be applied to our obfuscator, but some
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care must be taken in doing so. The most obvious strategy is to append a random circuit on
the output ancillas prior to obfuscation. However, attackers can defeat this countermeasure
by using the polynomial-time algorithms for computing left-greatest-common-divisors in the
braid group [15]. However, prior to obfuscation, one may introduce extra dits, and apply
random circuits before, after, and simultaneously with the computation, in a way so as not
to disrupt it. The problem of optimizing the details of this procedure so as to maximize
security and efficiency is left to future work.

6
6.1

Future Work
Classical and quantum universality

It is of interest to consider other computationally universal representations of the braid
group, which might provide more efficient translations from circuits to braids. One avenue
for obtaining such representations is by finding other solutions to the Yang-Baxter equation,
besides the operator R from Appendix A. Our investigations so far prove that no permutation
matrix solution of dimension up to 16×16 is a universal gate and suggest that no permutation
matrix solution of dimension 25 × 25 is a universal gate. In the quantum case, it has been
shown that no 4 × 4 unitary solution is universal [4].
More generally, one may look for other finitely-generated groups with computationally
universal representations and efficiently computable normal forms. One potential candidate
family are the mapping class groups MCG(Σg ) of unpunctured surfaces of genus g. These
groups also have quantumly universal representations [5] and an efficiently solvable word
problem [23]. It is not known if there are also classically universal permutation representations,
or if there are efficiently computable normal forms.

6.2

Expanding the set of indistinguishability relations

By [29], achieving efficient indistinguishability obfuscation for the complete set of relations
of a universal gate set is unlikely. However, it is possible that partial-indistinguishability
obfuscation on R gates could be achieved with a larger set of relations than the braid relations.
For example, the universal reversible gate described in Appendix A has order 60. If we
add the relations σi60 = 1 for i = 1, 2, . . . , n − 1 to Bn , we obtain a “truncated” (but still
infinite for large n [12]) factor of the braid group. If a normal form can still be computed in
polynomial time for this group then one could construct an efficient obfuscator using the
relations of this truncated group, which would be strictly stronger than our braid group
obfuscator. This approach also provides motivation for finding a complete set of relations for
the gate R.
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R1
R2
R3
Figure 2 An example of a reversible circuit constructed from a single gate R. As a product of
matrices, we write this R2 R3 R1 , in keeping with the convention [36] that circuit diagrams are to
be read left-to-right, whereas the matrix product acts right-to-left. Note that in subsequent circuit
diagrams we drop the subscripts from the R gates as these can be read off from the “wires” the
gates act on.

A

Classical Computation with Braids

In this section, we present a reversible gate R on pairs of 60-state dits that can perform universal computation and obeys the relations of the braid group. The universality construction
for this gate comes from the quantum computation literature [31, 37, 34], but we present it
here in purely classical language to make it accessible to a broader audience.
Suppose we arrange n dits on a line, and allow R to act only on neighboring dits. Further,
we do not allow R to be applied “upside-down”. Then, there are n − 1 choices for how to
apply R. We label these R1 , R2 , . . . , Rn−1 , as illustrated in Figure 2. Each of R1 , . . . , Rn−1
corresponds to a dn × dn permutation matrix. Specifically, Rj is obtained by taking the
⊗(j−1)
⊗(n−j−1)
tensor product of R with identity matrices according to Rj = 1d×d ⊗ R ⊗ 1d×d
.
R1 , . . . , Rn−1 generate a subgroup of Sdn . Among others, these generators obey the
relations
Ri Rj = Rj Ri

∀|i − j| ≥ 2.

(5)

If R satisfies
R1 R2 R1 = R2 R1 R2

(6)

then
Ri Ri+1 Ri = Ri+1 Ri Ri+1

∀i

(7)

and in this case the gates R1 , . . . , Rn−1 satisfy all the relations of the braid group Bn . In
other words, the map defined by σi 7→ Ri and σi−1 7→ Ri−1 is a homomorphism from Bn to
Sdn , i.e. a representation of the braid group. Note that this representation is never faithful
as Bn is infinite.
The condition 6 is known as the Yang-Baxter equation6 . Finding all the matrices satisfying
the Yang-Baxter equation at a given dimension has only been achieved at d = 2 [24]. However,
certain systematic constructions coming from mathematical physics can produce infinite
families of solutions. In particular, let G be any finite group, and let R be the permutation
on the set G × G defined by
R(a, b) = (b, b−1 ab).
6

(8)

Actually, two slightly different equations go by the name Yang-Baxter in the literature. Careful sources
distinguish these as the algebraic Yang-Baxter equation and the braided Yang-Baxter relation (which
is sometimes called the quantum Yang-Baxter equation). Equation 6 is the latter. Furthermore,
some sources treat a more complicated version of the Yang-Baxter equation in which R depends on
a continuous parameter. In such works equation 6 is often referred to as the constant Yang-Baxter
equation.
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By direct calculation one sees that any such an R satisfies the Yang-Baxter equation. (In
physics language, R comes from the braiding statistics of the magnetic fluxes in the quantum
double of G.)
In 1997, Kitaev discovered that choosing G to be the symmetric group S5 yields an
R gate sufficient to perform universal reversible computation [31]. Ogburn and Preskill
subsequently showed that the alternating group A5 , which is half as large as S5 , is already
sufficient. The universality construction for A5 was subsequently presented in greater detail
and generalized to all non-solvable groups by Mochon [34]. In the remainder of this section
we give a self-contained exposition of the universality construction from [34], shorn of physics
language.
To obtain a representation of the braid group, we must strictly enforce the requirement
that application of R to neighboring dits on a line is the only allowed operation. In particular,
we are not given as elementary operations the ability to apply R upside-down, or to nonneighboring dits, or to move dits around. Thus, to prove computational universality, it is
helpful to first construct a SWAP gate from R gates, which exchanges neighboring dits. As
is well-known, the n − 1 swaps of nearest neighbors on a line generate the full group Sn of
permutations, and thus a SWAP gate enables application of R to any pair of dits.
For R gates of the form (2), two pairs of inverse group elements in the order a, a−1 , b, b−1
can be swapped by applying the product R2 R3 R1 R2 . Thus, in the construction of [37, 34],
elements of A5 are always paired with their inverses. This can be regarded as a form of
encoding; |A5 | = 60, so each 60-state dit is encoded by a corresponding pair of elements of
A5 . We introduce the notation ge ≡ (g, g −1 ) for this encoding, and similarly, abbreviate the
encoded swap operation as follows.

a

e
a
eb

S

eb
a−1
e
a ≡ b

b

R
R

R
R

b−1

b−1
a
a−1

−1 ) on a pair
^
Similarly, the sequence R2 R3 R3 R2 performs the transformation (e
a, eb) 7→ (e
a, aba
of encoded dits. We abbreviate this in circuit diagrams as follows.

e
a
eb

e
a
eb

•
C

•
C −1

e
a
−1
^
aba

≡

e
a
−1 ba
a^

≡

a
a−1
b
b−1
a
a−1
b
b−1

R

R
R

R

R

−1

a
a−1
aba−1
ab−1 a−1

R
R−1

R−1

−1

a
a−1
a−1 ba
a−1 b−1 a

This notation can easily be extended to provide a shorthand for the sequence of gates needed
to implement a C gate between non-neighboring pairs of bits, as illustrated by the following
examples.
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•
C

•
≡

S

S

S

C

C
•

S

•

≡

S

C

S

Next, consider the following product of elements of A5 (which should be read right-to-left).
f (g1 , g2 ) = (521)g1 (14352)g2 (124)g1−1 (15342)g2−1 (521)

(9)

One sees that
f ((345), (345))

= 1

f ((345), (435))

= 1

f ((435), (345))

= 1

f ((435), (435))

=

(12)(34)

where 1 denotes the identity permutation. Furthermore, conjugating (345) by (12)(34) yields
(435), and conversely, conjugating (435) by (12)(34) yields (345). Thus, we may think of
(345) as an encoded zero and (435) as an encoded one, and we see that
f (g1 , g2 )g0 f (g1 , g2 )−1

(10)

toggles g0 between one and zero if g1 and g2 are both encoded ones and leaves g0 unchanged
otherwise. Such a doubly-controlled toggling operation is known as a Toffoli gate, which is
well-known to be a computationally universal reversible gate [17].
As a circuit diagram, this construction can be expressed as follows.
•

^
(14352)
^
(15342)

•
•

^
(124)
^
(521)

•

ge0

C

C −1

C

C −1

C

C

•

ge1
ge2

^
(14352)
^
(15342)

•

C

C
•

•

•

^
(124)
^
(521)

C

ge00
ge1
ge2

Here, if g0 , g1 , g2 encode bits b0 , b1 , b2 then g00 encodes b0 ⊕ b1 ∧ b2 . The four ancillary dits
^ (15342),
^ (124),
] and (521),
] are used to “catalytically” facilitate the construction
(14352),
of a Toffoli gate, and thus computations built from arbitrarily many Toffoli gates can be
performed with only one copy of these four dits.
Unpacking the various shorthand notations, one sees that the above circuit represents
the following braid of 132 crossings on 14 strands, which encodes a Toffoli gate with the first
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wire as target, and the second and third wires as controls.
T

=

σ8 σ9 σ9 σ8
σ2 σ3 σ1 σ2
σ6 σ7 σ5 σ6
σ10 σ11 σ9 σ10
σ6 σ7 σ5 σ6
−1 −1 −1 −1
σ10
σ11 σ11 σ10
σ8 σ9 σ9 σ8
σ10 σ11 σ9 σ10
σ8 σ9 σ9 σ8

σ10 σ11 σ9 σ10
σ4 σ5 σ3 σ4
σ4 σ5 σ3 σ4
σ10 σ11 σ11 σ10
σ8 σ9 σ9 σ8
σ10 σ11 σ9 σ10
σ6 σ7 σ5 σ6
−1 −1 −1 −1
σ10
σ11 σ11 σ10

σ10 σ11 σ11 σ10
σ6 σ7 σ5 σ6
σ2 σ3 σ1 σ2
σ10 σ11 σ9 σ10
σ6 σ7 σ5 σ6
σ4 σ5 σ3 σ4
σ4 σ5 σ3 σ4
σ10 σ11 σ9 σ10

σ10 σ11 σ9 σ10
σ8 σ9 σ9 σ8
σ12 σ13 σ11 σ12
σ12 σ13 σ11 σ12
σ10 σ11 σ9 σ10
σ6 σ7 σ5 σ6
σ12 σ13 σ11 σ12
σ12 σ13 σ11 σ12

(11)

Note that we take the convention that this should be read backwards compared to the way
one reads English text. This is in keeping with the conventional notation for the composition
of functions and our right-to-left multiplication of R matrices. We have used whitespace to
divide crossings into groups of four as these correspond to elementary S and R gates.
Given this construction of the Toffoli gate by braid crossings, it is a simple matter to
“compile” any given logic circuit into a corresponding braid. A5 has 60 elements. Thus,
encoding a single bit into a a pair of A5 elements appears somewhat wasteful. It is natural to
try to find Yang-Baxter solutions acting on d-state dits for smaller d that achieve universal
classical computation. In appendix B, we improve upon the A5 -based construction to show
that d = 44 suffices. We have also used exhaustive computer search to find all permutation
solutions satisfying the Yang-Baxter equation up to d = 5 (i.e. up to 25 × 25 permutation
matrices). Our examination of these solutions suggests that none are computationally
universal. Where between 5 and 44 lies the minimal d remains an interesting open question.

B

Optimizing Classical Braid Gates

In appendix A we have recounted the construction of [34], which shows that the reversible
gate R, which acts on pairs of 60-state dits and satisfies the Yang-Baxter equation, can
perform universal classical computation. In this section, based on a suggestion of Robert
König, we show that R can be modified to obtain a gate acting on pairs of 44-state dits
that satisfies the Yang-Baxter equation and can perform universal classical computation.
Our computational evidence suggests that no reversible gate on d-state dits satisfying the
Yang-Baxter equation can perform universal computation for d ≤ 5. Where between 5 and 44
the minimal d lies for which computationally universal reversible Yang-Baxter gates acting
on d-state qudits exist remains an open question.
The universality construction of [34], recounted in appendix A, starts with all dits
initialized to states from the following set.
S
S0

= {g, g −1 |g ∈ S0 }
= {(14352), (15342), (124), (521), (345), (435)}

Here we show that the orbit of S under the action of the gate R is not all of A5 , rather the
orbit has only 44 elements. Thus the restriction of the matrix R onto this 44-dimensional
subspace is a permutation-matrix that satisfies the Yang-Baxter equation and is capable of
universal classical computation.
Recalling (2), one sees that the orbit OR of S under R is
OR = {b−1 ab|a ∈ S, b ∈ hSi}

(12)
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where hSi is the subgroup of A5 generated by S. A simple computer algebra calculation
shows that hSi = A5 , thus OR consists of exactly those elements of A5 conjugate to S.
It is well known that the conjugacy classes of A5 are as follows.
1)
2)
3)
4)
5)

the identity
3-cycles
conjugates of (12)(34)
conjugates of (12345)
conjugates of (21345)

(1 element)
(20 elements)
(15 elements)
(12 elements)
(12 elements)

One sees that OR contains 2), and does not contain 1) or 3). The only remaining question
is whether OR contains both 4) and 5) or just one of them. A simple computer algebra
calculation shows that (14352) and (15342) are non-conjugate elements of A5 . Hence OR
must contain both 4) and 5). Therefore, |OR | = 44.
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1

Introduction

The Yang-Baxter equation, named after C. N. Yang and R. J. Baxter, appears in a number
of areas of mathematics and physics. Yang encountered the equation while working on
two-dimensional quantum field theory, while Baxter applied it to exactly solvable models
in statistical mechanics [2]. An accessible review of some of the many applications of the
Yang-Baxter equation can be found in [21]. In this work, we will consider what is typically
called the constant quantum Yang-Baxter equation, and is defined as follows. Let V be a
finite-dimensional complex Hilbert space and R a linear operator on V ⊗ V . Then R satisfies
the quantum Yang-Baxter equation (YBE) if
(R ⊗ I)(I ⊗ R)(R ⊗ I) = (I ⊗ R)(R ⊗ I)(I ⊗ R) ,
where I denotes the identity operator on V . In this case, we say that R is a Yang-Baxter
operator. The YBE bears a close resemblance to the relation
σi σi+1 σi = σi+1 σi σi+1
of the braid group Bn . Indeed, a Yang-Baxter operator naturally gives the space V ⊗n the
structure of a representation ρ(R,n) of Bn . Turaev showed that if R also satisfies the so-called
Markov property, then it corresponds to an invariant of links [24]. The invariant is given
by the (appropriately scaled) trace of ρ(R,n) , evaluated at any braid whose trace closure
is equal to the link. More generally, one can derive a link invariant from the trace of any
representation of Bn which satisfies the Markov property. This is the case for the famous
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Jones representation and the corresponding Jones Polynomial invariant [15]. Freedman,
Kitaev, Larsen and Wang [8, 9, 10] showed that the Jones representation has significant
meaning in quantum computation. Informally speaking, the Jones representation provides a
functionality-preserving “dictionary” between quantum circuits and braids. One consequence
of these results is that additively approximating the Jones Polynomial is a universal problem
for quantum computation. It also appears that this dictionary could correspond to a
physically plausible implementation of quantum computers by means of exotic particles
called non-abelian anyons [22]. One downside of the Jones representation in this context is
that topological locality of braiding does not translate naturally into tensor-product locality
of the corresponding quantum circuit. In particular, it is not the case that braiding two
adjacent strands correponds to applying a Yang-Baxter operator on the space of two adjacent
qubits. One might hope that the Jones representation could be made to look this way, e.g.,
by changing bases or manipulating the multiplicities of its irreducible summands. However,
Rowell and Wang recently showed that this is impossible unless the Jones representation in
question1 is in fact not quantum-universal (see Corollary 4.2 in [23].)
Alternatively, one may ask if there exist other representations of the braid groups with
the desired local structure and which exhibit computational universality. This amounts to
finding unitary solutions to the YBE and determining if they are universal gates. In this
work, we investigate low-dimensional solutions with this motivation in mind. All of the
qubit (i.e., d = dim V = 2) solutions to the YBE were found by Hietarinta [12]; the unitary
ones among those were identified by Dye [5]. It was previously known that, when their
eigenvalues are roots of unity, these solutions yield braid group representations with finite
image [7, 6]. We show how to classically approximate the matrix entries of any quantum
circuit constructed from a particular kind of two-qudit gate. Most of the qubit solutions to
the YBE, as well as some solution families of arbitrary dimension, are special cases of this
gate. For the remaining qubit solutions, we give a different result: how to classically simulate
a quantum computation that begins in any product state, and ends with a measurement of
an observable on logarithmically many qubits. This is typically considered sufficient to rule
out quantum universality. However, some caution is called for: there are gate sets which
are known to be classically simulable in this sense but become hard to simulate when one is
allowed to measure all the output qubits in the computational basis [17, 3].
We remark that, as pointed out by Lomonaco and Kauffman [18], some qubit solutions to
the YBE are entangling gates, and any entangling gate together with arbitrary single-qubit
gates is universal [4]. However, in that case we are no longer computing with representations
of the braid group. Indeed, a primary motivation for the topological approach to quantum
computation is to rely on the topological stability of braiding for fault-tolerance. Applying
single-qubit gates fault-tolerantly as part of this approach would require additional ideas.
For this reason, we restrict ourselves to just one gate, which acts on two qubits and is a
solution to the YBE. Some classes of entangling gates that have previously been shown to be
classically simulatable are given in [16, 11].

2
2.1

Preliminaries
Gates, circuits, and universality

We briefly review basic notions about quantum gates, circuits, and computational universality.
For more details, we refer the reader to the text of Nielsen and Chuang [20]. Given an integer
1

Recall that, just like the Jones polynomial, the Jones representation has a parameter (in addition to
n) which is typically a root of unity. Quantum universality holds for most but not all values of this
parameter.
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d ≥ 1, let [d] = {0, 1, . . . , d − 1}. Let V = C[d] be a d-dimensional complex Hilbert space
with distinguished orthonormal basis {|ii : i ∈ [d]}. We refer to copies of [d] as dits and
copies of V as qudits. For any k and any x ∈ [d]k , set |xi = |x1 i ⊗ |x2 i ⊗ · · · ⊗ |xk i. The
space V ⊗k has a preferred basis {|xi : x ∈ [d]k }, which we will call the computational basis.
A unitary operator on V ⊗k is called a k-qudit gate.
Let R be a set of gates which act on k or fewer qudits. Fix n > 0 and, for each l-qudit
gate R ∈ R, define Rj ∈ U(V ⊗n ) to be the operator that applies R to qudits j, . . . , j + l and
the identity operator I to the rest. Define R(n) to be the set of all Rj , for every R ∈ R and
every valid index j. An n-qudit quantum circuit over the gate set R (or R-circuit for short)
is a finite sequence
C = (U1 , U2 , . . . , Um )
where for each i, Ui ∈ R(n) or Ui−1 ∈ R(n) . We will sometimes denote the number of gates
in the circuit C by |C| = m. The circuit defines an operator
C = Um · Um−1 · · · U1 ∈ U (V ⊗n ) .
Note that we have overloaded notation so that C refers to both the sequence of gates and
the operator implemented by their composition. Pictorially, an R-circuit is represented by a
diagram like the following, where each wire corresponds to one qudit.
U2

U1

U4
U5

U6

U3

For pictorial convenience, the gates shown in the figure only act on nearest neighbors. While
the nearest-neighbor condition is needed for certain other types of circuits to be classically
simulatable (e.g. matchgates [16]), our results do not require it. We adopt here the common
convention that circuits are applied from left to right (unfortunately, the opposite of the
case for operators.) Of general interest are gate sets which allow for universal quantum
computation.
I Definition 1. A gate set R is universal if there exists N > 0 such that N -qudit R-circuits
form a dense subset of U (V ⊗N ).
The Solovay-Kitaev theorem [20] tells us that, for universal R, any unitary operator in
U (V ⊗N ) can be approximated to precision  with an N -qudit R-circuit of length polylog(1/).
Standard arguments also show that density can be extended from N to any n ≥ N .
Quantum-computational power can also be defined in terms of complexity classes. The
class that is typically associated with efficient quantum computation is called BQP, which
stands for bounded-error quantum polynomial time. A drawback of BQP is the lack of
known complete problems, i.e., problems which are both in BQP and at least as hard (under
classical polynomial-time reduction) as any other problem in BQP. The classical analogue
BPP (bounded-error probabilistic polynomial time) suffers from the same drawback. For
this reason, we will work with promise versions of these two classes, i.e., PromiseBQP and
PromiseBPP. We will not need the formal definitions of these classes (see, e.g., [14]). For us
it will suffice to refer to the following.
I Definition 2. Given a set R of quantum gates, the problem I(R) is defined as follows.
Given an n-qudit R-circuit C and ditstrings x and y, as well as a promise that either
hx|C|yi > 2/3 or hx|C|yi < 1/3, decide which is the case.
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We may define PromiseBQP as the class of problems which reduce to I(R) for some universal
set of quantum gates R. Interestingly, there are gate sets R which are not universal in
the density sense but for which I(R) is nonetheless PromiseBQP-hard; an example is
R = {Hadamard, Toffoli}. This gate set is dense over the special orthogonal group, but since
the matrix entries are all real, it cannot be dense over the unitary group.
Later on, we will show that when R consists of a single gate which belongs to certain
solution families of the Yang-Baxter equation, then I(R) ∈ PromiseBPP. This means that
R is not quantum universal under either of the above definitions, unless the widely believed
conjecture that quantum computation is more powerful than classical computation is false.

2.2

Pauli group and Clifford group

Recall that the single-qubit Pauli operators are defined by






1 0
0 1
0 −i
I=
,
X=
,
Y =
,
0 1
1 0
i 0

Z=


1
0


0
.
−1

Each Pauli operator is self-adjoint and unitary. In the n-qubit case, we set
Xj = I ⊗j−1 ⊗ X ⊗ I ⊗n−j
and likewise for Yj and Zj . We define the n-qubit Pauli group Pn to be the group generated
by {Xj , Yj , Zj : j = 1, . . . , n}. An important property for us is that Pn spans the space of
n-qubit Hermitian operators.
The Clifford group on n qubits is defined to be the normalizer of the Pauli group inside
the unitary group, i.e.,
Cn = {U ∈ U (2n ) : U P U † ∈ Pn for all P ∈ Pn } .
By direct computation, it’s easy to check that the following gates are
n ≥ 2:

1





1 1 1
1 0
0
,
P =
,
CN OT = 
H=√
0
0 i
2 1 −1
0

elements of Cn for any
0
1
0
0

0
0
0
1


0
0
.
1
0

It is a theorem (see [11]) that the above gates, when applied to arbitrary qubits or pairs
of qubits, actually generate Cn . We will thus call any circuit made up of these gates a
Clifford circuit. Since Pn ⊂ Cn , we can also add the Pauli operators to this gate set for free.
We remark that the conjugation action of a Clifford circuit on an element of Pn is easy to
compute in a direct, gate-by-gate fashion. For details, see [11].
Due to the frequent appearance of Cn in various areas of quantum information, the
computational power of Clifford circuits is well-studied. While Cn is finite and not universal,
adding any gate outside Cn results in a universal set [19]. A thorough analysis of the
computational power of Clifford circuits under various models is performed in [17].

2.3

Yang-Baxter operators and representations of the braid group

Let V = C[d] and R ∈ U(V ⊗ V ). Then R satisfies the quantum Yang-Baxter equation
(YBE) if
(R ⊗ I)(I ⊗ R)(R ⊗ I) = (I ⊗ R)(R ⊗ I)(I ⊗ R) ,

(1)
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where I denotes the identity operator on V . In this case, we say that R is a Yang-Baxter
operator. Let T : |a ⊗ bi 7→ |b ⊗ ai denote the swap operator on V ⊗ V . By comparing circuit
diagrams, it’s not hard to see that R is a solution to (1) if and only if S = RT is a solution
to
S12 S13 S23 = S23 S13 S12 ,

(2)

where
S12 = S ⊗ I ,

S13 = (I ⊗ T )(S ⊗ I)(I ⊗ T ) ,

S23 = I ⊗ S .

Equation (2) is sometimes called the algebraic Yang-Baxter equation.
Recall that the braid group Bn is a finitely generated group with generators σ1 , σ2 , · · · , σn−1
and relations
σi σj = σj σi
∀ |i − j| ≥ 2
σi σi+1 σi = σi+1 σi σi+1 ∀ i.
In 1925 Artin proved that the abstract group defined above precisely captures the topological
equivalence of braided strings [1]. Pictorially, braids are represented with a diagram; an
example diagram for σ3−1 σ2−1 σ3 σ1−1 is shown below. We read such diagrams left-to-right,
keeping the same convention as with circuits. The second generating relation of Bn is known
as the Yang-Baxter relation. A solution R ∈ U(V ⊗ V ) of the Yang-Baxter equation yields a
unitary representation ρ(R,n) of Bn on the space V ⊗n for every n. It is defined by
ρ(R,n) (σi ) = I ⊗(i−1) ⊗ R ⊗ I ⊗n−i−1 .
The images of braids under ρ(R,n) are precisely the R-circuits on n qudits, where d = dim V .
For example, the braid σ3−1 σ2−1 σ3 σ1−1 and the corresponding R-circuit are shown below.

R−1
R

7→
R

−1

−1

R

Under a plausible physical interpretation, a computation is performed by braiding particle-like
excitations whose exchange statistics are described by R. If R is a universal gate, this model
would result in universal topological computation. Such a model could provide a basis for a
quantum computer architecture with inherent fault-tolerance [22].

3

Classical simulation of certain quantum circuits

In this section, we prove a general result about simulating certain quantum circuits with a
classical probabilistic algorithm. We begin with two straightforward lemmas about classical
sampling. (See A for proofs).
I Lemma 3. Let {Pj }nj=1 be probability distributions on [d] and let P = Πj Pj be the
corresponding product distribution over [d]n . Suppose that we can calculate Pj (k) for every
j and every k in total time poly(n, d). Then there’s a classical probabilistic algorithm that
runs in time poly(n, d) and samples from [d]n according to a probability distribution D such
that |P − D| ≤ 1/2poly(n) .
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We will also require the following Chernoff-Hoeffding bound for complex-valued random
variables.
I Lemma 4. Let X1 , X2 , . . . , Xn be independent complex-valued random variables with
P
E[Xj ] = µ and |Xj | ≤ b for all j. Let S = j Xj /n. Then

Pr [|S − µ| ≥ ] ≤ 4 exp −n2 /8b2 .
Let Sd denote the symmetric group, i.e., the group of permutations of d letters. We
denote the action of π ∈ Sd on an integer 1 ≤ j ≤ d by πj.
I Definition 5. Let Q be an invertible d × d matrix over C, and G a subgroup of Sd . Define
matrices A, B by setting Aij = |Qij | and Bij = |(Q−1 )ij |. We say that Q satisfies property
P
(G) if for every π ∈ G and every k, l, we have j Ak,πj Bjl ≤ 1.
If Q is unitary, then by Cauchy-Schwarz and the orthonormality of the rows of Q,

1/2
X
X
X
Ak,πj Bjl ≤ 
|Ak,πj |2
|Bil |2 
= 1.
j

j

i

It follows that unitary matrices satisfy property (Sd ).
We are now ready to present the main classical simulation algorithm. When we refer to
the matrix entries of operators in GL(C[d]) ∼
= GLd (C), it will always be in the computational
basis. We say that such an operator is computable if its entries can be computed exactly by
a classical algorithm in poly(d) time. Recall that T : a ⊗ b 7→ b ⊗ a is the swap operator, and
that for a subset S of a group G, hSi denotes the subgroup of G generated by S.
I Theorem 6. Let R = {R1 , R2 , . . . , Rk } be a set of unitary 2-qudit gates, each one a
composition
Ri = (Q ⊗ Q)Di Pi (Ci ⊗ Ci )(Q ⊗ Q)−1

(3)

of computable, invertible operators. Suppose that for each i, Di is a diagonal unitary, Ci
is a d × d permutation matrix, and Pi = I or Pi = T . Finally, let Q satisfy property
(G) where G = h{Ci }ki=1 i ≤ Sd . Then there exists a classical probabilistic algorithm which,
given an n-qudit R-circuit U and strings x, z ∈ [d]n and  > 0, outputs a number r in time
poly(n, |U |, 1/) such that |r − hx|U |zi| <  except with probability exponentially small in n
and 1/.
Proof. Set Si = Di Pi (Ci ⊗ Ci ). If we expand each Ri -gate to turn U into a circuit made from
Si -gates and Q-gates, then all of the Q-gates except the initial and final ones are cancelled,
as in the example below. We are thus left with a circuit of the form Q⊗n V (Q−1 )⊗n where V
is an {Si }-circuit. We remark that, in this expanded form, the entire circuit is not necessarily
a proper quantum circuit, since Q might not be unitary. The circuit V , on the other hand,
is quantum since all of its gates are unitary.
Q
Q−1

Q
S1
Q

Q−1

S2
Q

Q−1

Q

Q−1

Q

Q−1
S2

7→

S1
Q

Q−1

(4)

Q−1

Before we proceed, note that a non-nearest-neighbor gate can be written as a nearest-neighbor
gate conjugated with a swap gate. We depict our gates as acting on nearest neighbors for
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convenience only, but this condition is not needed for the result to hold. The action of an
Si -gate on the j-th and (j + 1)-st qudits of a computational basis state is simple to compute.
The values of the two qudits are both in [d] initially, and remain in [d] after the action of Ci .
Second, these new values are either swapped or left unchanged by Pi . Third, the Di -gate
adds an overall phase factor to the state. By composing these easily-computable actions,
the action of V on a computational basis state can be computed in time polynomial in n,
d, and |V |. Up to phases, this action consists of permuting the n qudits by some π ∈ Sn ,
and applying some bijection fj : [d] → [d] to the initial value of the π(j)-th qudit. Each
fj is a composition of Ci -gates, in the order specified by V . Explicitly, for a basis state
|yi = |y1 y2 . . . yn i, we write
V |yi = eiφ(y) |f1 yπ1 ⊗ f2 yπ2 ⊗ · · · ⊗ fn yπn i ,
where φ(y) is the overall phase resulting from the Di -gates. For simplicity of notation, we
denoted the image of k under the permutation π as πk, and wrote fj yπj in place of fj (yπj ).
Next we consider the matrix element
X
hx|U |zi = hx|(Q)⊗n V (Q−1 )⊗n |zi =
hx|(Q)⊗n V |yihy|(Q−1 )⊗n |zi
y∈[d]n

X

=

eiφ(y)

y∈[d]n

n
Y

hxj |Q|fj yπj ihyj |Q−1 |zj i .

j=1

We expand the matrix elements of Q and Q−1 in terms of magnitudes and phases:
hr|Q|si = A(r, s)eiα(r,s)
hr|Q−1 |si = B(r, s)eiβ(r,s)
where A, B, α, β are real-valued and r, s ∈ [d]. Then
hx|(Q)⊗n V (Q−1 )⊗n |zi =

X

eiθ(y)

X

A(xj , fj yπj )B(yj , zj )

j=1

y∈[d]n

=

n
Y

eiθ(y)

n
Y

A(xj , fσj yj )B(yj , zj ) ,

j=1

y∈[d]n

where σ = π −1 and
θ(y) = φ(y) +

n
X


α(xj , fσj yj ) + β(yj , zj ) .

j=1

Now we introduce the following normalization factor:
ρ=

n
X Y

A(xj , fσj yj )B(yj , zj ) =

y∈[d]n j=1

n X
Y

A(xj , fσj k)B(k, zj ) .

j=1 k∈[d]

This allows us to define a natural probability distribution over [d]n by
P (y) =

n
1Y
A(xj , fσj yj )B(yj , zj ) ,
ρ j=1
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which factorizes as P (y) =

Qn

j=1

Pj (yj ), where
A(xj , fσj l)B(l, zj )
.
k∈[d] A(xj , fσj k)B(k, zj )

Pj (l) = P

Note that ρ and all of the Pj (l) can be computed in time linear in n and d. By Lemma 3, we
can efficiently sample from [d]n according to P , with error exponentially small in n.
In order to estimate hx|U |zi, sample repeatedly from this distribution, obtaining outcomes
ξ(j) ∈ [d]n for j ∈ {1, 2, . . .} and output the average of the random variables Xj :=
ρ exp(iθ(ξ(j))). Observe that, for each j,
E[Xj ] =

X

ρeiθ(z) P (z) = hx|U |zi .

z∈[d]n

To control the absolute value, recall that fσj is a composition of the permutation matrices Ci ,
and is thus an element of h{Ci }ki=1 i ≤ Sd . Since Q satisfies property (h{Ci }ki=1 i), we have
2

2

|Xj | = |ρ| =

n X
Y

2

A(xj , fσj k)B(k, zj )

≤

j=1 k∈[d]

n
Y

12 ≤ 1.

j=1

Pr
by Cauchy-Schwarz, for each j. Now set S(r) = j=1 Xj /r. By Lemma 4, for r ≥ 8n/3 we
have
Pr [|S(r) − hx|U |zi| ≥ ] ≤ 4 exp(−r2 /8) ≤ 4 exp(−n/) .
J
An immediate corollary is that, for R as in the theorem, I(R) is in PromiseBPP. We will
also need the following simple result about simulating circuits constructed from conjugated
Clifford gates.
I Theorem 7. Let S ∈ C2 , and R = (Q ⊗ Q)S(Q ⊗ Q)† where Q is a single-qubit gate.
Let U be a {R}-circuit on n qubits, M a Hermitian operator on O(log(n)) qubits, and
|ψi, |φi arbitrary n-qubit product states. Then hψ|U † (M ⊗ I)U |φi can be computed exactly
in O(poly(n)) classical time.
Proof. We first apply the procedure from (4) as before, and write
U = Q⊗n V (Q† )⊗n
where V is described by a circuit consisting only of S gates. The unitary operator implemented
by V is an element of Cn . Now let M be a Hermitian operator on m = c log(n) qubits, and
suppose for simplicity that it acts only on the first m qubits. Let I denote the identity
operator on the (m + 1)st through nth qubits. We write
hψ|U † (M ⊗ I)U |φi = hψ|Q⊗n V † Q†⊗n (M ⊗ I)Q⊗n V Q†⊗n |φi
= hψ|Q⊗n V † (M 0 ⊗ I)V Q†⊗n |φi ,
where M 0 = Q⊗m M Q†⊗m .
As discussed earlier, a basis for the space of Hermitian operators on m qubits is the
m-qubit Pauli group Pm , which has size O(poly(n)). The expansion of M 0 in that basis can
be computed in polynomial time by basic linear algebra. Embedding the first m qubits into
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all n qubits gives the obvious embedding of Pm into Pn , and this also gives (the same, still
polynomial-size) expansion of M 0 into n-qubit Paulis. We write
M0 =

X

ασ σ .

σ∈Pn ∩Pm

We emphasize that this is a sum over polynomially many terms, and that each coefficient
can be calculated from knowledge of M and Q in polynomial time. Moreover, since V is a
Clifford circuit, its conjugation action σ 7→ σ V := V † σV on a Pauli group element σ ∈ Pn is
easily computed by direct gate-by-gate matrix multiplication (see, e.g., [11]).
We now return to the main calculation, to see that
hψ|U † (M ⊗ I)U |φi = hψ|Q⊗n V † (M 0 ⊗ I)V Q†⊗n |φi
X
ασ hψ|Q⊗n V † σV Q†⊗n |φi
=
σ∈Pn ∩Pm

=

X

ασ hψ|Q⊗n σ V Q†⊗n |φi

σ∈Pn ∩Pm

=

X
σ∈Pn ∩Pm

ασ

n
Y

hψj |QσjV Q† |φj i .

j=1

The sum and product in the final expression are both of polynomial size, and each term in
the product can be computed in constant time.
J

4

Qubit solutions to Yang-Baxter

4.1

The four solution families

Hietarinta classified all solutions to the Yang-Baxter equation in the qubit (i.e., 4 × 4)
case [12]. The qubit solutions which are also unitary operators were identified by Dye [5].
All of these are of the form
R = k(Q ⊗ Q)ST (Q ⊗ Q)−1

(5)

where k is a unit-norm scalar, T is the swap gate, and


a b
Q=
c d
is an invertible matrix. The trivial solution is S = T which implies R = kI. There are four
nontrivial solution families, depending on the possible values taken by S, which are listed
below, along with the required conditions on the matrix entries.

1
0
S1 = 
0
0


0 0 0
p 0 0

0 q 0
0 0 r


0
0
S2 = 
0
q

0 0
0 1
1 0
0 0


p
0

0

1 = |p| = |q| = |r| ; c = −ab̄/d¯

p=

¯
(bb̄ + dd)(āb
+ c̄d)
; q = 1/p ; c 6= −ab̄/d¯
¯
(aā + cc̄)(ab̄ + cd)

0
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0
0
S3 = 
0
q

0 0
0 1
1 0
0 0


1

1
0
S4 = √ 
2 0
−1


p
0

0
0
0 0
1 1
1 −1
0 0

pp̄ =

¯2
(dd)
(aā)2
; q q̄ =
; |pq| = 1 ; c = −ab̄/d¯
2
¯2
(aā)
(dd)


1
0

0
1

|a| = |d| ; c = −ab̄/d¯.

For j = 1, 2, 3, 4, let Rj be the Yang-baxter operator (5) resulting from choosing S = Sj .

4.2

Families one, two and three are unlikely to be universal

We will show that Theorem 6 applies to the single-element gate sets {R1 }, {R2 }, and {R3 }.
We assume that all of the above matrix entries are exactly computable in constant time via
a classical algorithm.
The gate R1 has the form (3) where Ci = I, Pi = T , and Di = kS1 . It remains to check
that Q satisfies property (G) where G is the trivial group consisting only of the identity; this
is confirmed by Lemma 8 below.
For the gate R2 , we set

√ 
0
p
M=
√
1/ p 0
and check that M ⊗M = S2 . It follows that R2 = kT (QM Q−1 ⊗QM Q−1 ) is not an entangling
gate. Since R2 is unitary, so is QM Q−1 . By the spectral theorem, there exist diagonal V and
unitary U such that U V U −1 = QM Q−1 . Observe that R2 = (U ⊗ U )k(V ⊗ V )T (U ⊗ U )−1
satisfies the conditions of Theorem 6.
For the gate R3 , we first rewrite the matrices as follows. Set
 −1/4

p
0
N=
0
p1/4
and Q0 = QN −1 and S30 = (N ⊗ N )S3 (N ⊗ N )−1 . It’s not hard to check that
R3 = k(Q ⊗ Q)S3 T (Q ⊗ Q)−1 = k(Q0 ⊗ Q0 )S30 T (Q0 ⊗ Q0 )−1 ,
and that Q0 and S30 satisfy the conditions of the third YBE solution family, with the additional
property that p = 1 and |q| = 1. Note further that S30 (X ⊗ X) is a diagonal unitary operator,
where


0 1
X=
.
1 0
We now see that R3 is of the form (3) from Theorem 6, where Ci = X, Di = kS30 (X ⊗ X),
and P = T . It remains to check that Q0 satisfies property (hXi), which is done in Lemma 9
below.
I Lemma 8. Let Q be an invertible 2 × 2 matrix defined by


a b
Q=
,
c d
¯ Then Q satisfies property (I).
such that c = −ab̄/d.
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|a| |b|
A=
|c| |d|
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and

B=

1
|ad − bc|



|d|
|c|

|b|
|a|


.

Note that a = 0 implies c = 0, which would make Q non-invertible.
We compute each case separately. First let k = l = 1.
¯
|a||d| + |b||c|
|a||d| + |b||ab̄/d|
=
¯
|ad − bc|
|ad + bab̄/d|
2
2
2
¯
|a|(|d| + |b|2 )
|d|(|a||d| + |a||b| )
=
= 1.
=
¯
|d|(|ad
d¯ + abb̄|)
|a||dd¯ + bb̄|

A11 B11 + A12 B21 =

Next, let k = l = 2, and we again get
A21 B12 + A22 B22 =

|c||b| + |d||a|
= 1.
|ad − bc|

Now suppose k = 1 and l = 2.
2|a||b|
|a||b| + |b||a|
=
¯
|ad − bc|
|ad + abb̄/d|
2|a||b||d|
2|b||d|
=
= 2
.
¯
|d|
+ |b|2
|add + abb̄|

A11 B12 + A12 B22 =

It remains to note that
|b|2 + |d|2 − 2|b||d| = (|b| − |d|)2 > 0 .
Finally, we choose k = 2 and l = 1.
A21 B11 + A22 B21 =

2|a||b|
|c||d| + |d||c|
=
≤ 1,
|ad − bc|
|ad − bc|

by two applications of c = −ab̄/d¯ and the previous case.

J

I Lemma 9. Let Q be an invertible 2 × 2 matrix defined by


a b
Q=
,
c d
such that c = −ab̄/d¯ and |a|2 = |d|2 . Then Q satisfies property (S2 ).
Proof. Define the matrices A and B as in Lemma 8. The case of π equal to the trivial
permutation is handled by Lemma 8. We compute the remaining cases. Set π = (12) and
k = l = 1. Then
¯ + |bd|
|a||c| + |b||d|
|aab̄/d|
=
¯
|ad − bc|
|ad − abb̄/d|
¯
|aab̄| + |bdd|
|aab̄| + |baā|
|ab̄| + |bā|
=
=
=
,
|a|2 + |b|2
|add¯ + abb̄|
|aaā + abb̄|

A12 B11 + A11 B21 =

where we have applied the facts c = −ab̄/d¯ and aā = dd¯ and a 6= 0. Now note that
|a|2 + |b|2 − (|ab̄| + |bā|) = |a|2 + |b|2 − 2|a||b| = (|a| − |b|)2 ≥ 0 .
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Hence (|ab̄| + |bā|)/(|a|2 + |b|2 ) ≤ 1. For k = l = 2, we again get
A22 B12 + A21 B22 =

|a||c| + |b||d|
≤ 1.
|ad − bc|

Now set k = 1 and l = 2. Then
|a|2 + |b|2
|a|2 + |b|2
=
¯
|ad − bc|
|ad + abb̄/d|
2
¯
|d|(|a|
+ |b|2 )
|d|(|a|2 + |b|2 )
=
=
= 1.
|a|(|d|2 + |b|2 )
|add¯ + abb̄|

A12 B12 + A11 B22 =

Finally, for k = 2 and l = 1, write b = −c̄d/ā and calculate
|c|2 + |d|2
|c|2 + |d|2
=
|ad − bc|
|ad + dcc̄/ā|
2
2
|a|(|c|2 + |d|2 )
|ā|(|c| + |d| )
=
= 1.
=
|daā + dcc̄|
|d|(|c|2 + |a|2 )

A22 B11 + A21 B21 =

J
To conclude, we have shown the following.
I Theorem 10. Let R ∈ {R1 , R2 , R3 } be a unitary solution to the Yang-Baxter equation on
qubits. Then I({R}) is in PromiseBPP.
In particular, if one could perform (perhaps encoded) universal quantum computation with
these circuits then PromiseBQP = PromiseBPP. We can also formulate the lack of universality
for these solutions in the following terms.
I Theorem 11. Let R ∈ {R1 , R2 , R3 } be a unitary solution to the Yang-Baxter equation on
qubits, and let ρn : Bn → SU (2n ) be the corresponding unitary representation of the braid
group. Then the image of ρn is not dense in SU (2n ) for any n ≥ 2, unless PromiseBQP =
PromiseBPP.
Proof. (Sketch) For a contradiction, suppose there exists an n ≥ 2 such that the image of
ρn is dense. Let C be an arbitrary m-qubit quantum circuit. We can assume without loss of
generality that C only consists of 2-qubit gates acting on adjacent qubits, and that n is even.
For each of the m qubits, assign n/2 qubits from the space of ρn . By the density of the image
of ρn , we can then simulate C inside ρmn/2 gate-by-gate via the Solovay-Kitaev theorem.
Then we can use the classical algorithm from Theorem 6 to approximate the relevant matrix
entry of the resulting R-circuit, thus solving the PromiseBQP-hard problem of approximating
the corresponding entry of C.
J

4.3

Family four is unlikely to be universal

Recall that the fourth solution family is of the form R4 = k(Q ⊗ Q)S4 T (Q ⊗ Q)−1 . We begin
by demonstrating a Clifford circuit which is equal to the gate S4 T .


1

0
S4 T = √12 
0
−1

0
1
−1
0


0 1
1 0
=
1 0
0 1

Z
Z

•

X
Z

H
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We also note that, in this solution family, Q is a scaled unitary operator. To see this,
note that
 2
  2



 1 0
|a| + |c|2
āb + c̄d
|a| + |c|2
0
2
2
Q† Q =
=
=
|a|
+
|b|
ab̄ + cd¯ |b|2 + |d|2
0
|b|2 + |a|2
0 1
where we first applied the condition c = −ab̄/d¯ to the off-diagonal elements and the condition
|a|2 = |d|2 to the diagonal ones; the last equality follows from combining these two conditions
to get |c|2 = |b|2 . Now set α = (|a|2 + |b|2 )1/2 and Q1 = α−1 Q. Using the above, one easily
checks that Q1 is unitary and that Q†1 = αQ−1 . It follows that
(Q ⊗ Q)A(Q ⊗ Q)−1 = (αQ1 ⊗ αQ1 )A(α−1 Q†1 ⊗ α−1 Q†1 ) = (Q1 ⊗ Q1 )A(Q1 ⊗ Q1 )†
for any A. For us it will thus suffice to assume that Q is in fact unitary. This allows us to
apply Theorem 7 and get the following result.
I Theorem 12. Let U be a {R4 }-circuit on n qubits, M a Hermitian operator on O(log(n))
qubits, and |ψi, |φi arbitrary n-qubit product states. Then hψ|U † (M ⊗ I)U |φi can be computed
exactly in O(poly(n)) classical time.

5

Some simple high-dimensional solutions

Finally, we list some simple unitary solution families to the Yang-Baxter equation that exist
in every dimension, and to which Theorem 6 applies. We begin by observing that, whenever
a 2-qudit gate S is a solution, then by (4) so is (Q ⊗ Q)S(Q ⊗ Q)−1 for any 1-qudit gate Q.
For A, B ∈ U(V ), the operator T (A ⊗ B) is a solution to the Yang-Baxter equation if and
only if A and B commute. This is easily seen by following the wires in the circuits below.
A

A
T

B

A
T

A

T

B

vs.

T
B

A

B

A

T

T

B

B

If A and B do commute, then there’s a unitary change of basis Q on V such that Q−1 AQ
and Q−1 BQ are both diagonal. Therefore, Theorem 6 applies to T (A ⊗ B), so any circuits
using this gate are classically simulable. Of course, this is not surprising, as they do not even
entangle the qudits.
More generally, suppose S ∈ U(V ⊗ V ) is diagonal in the computational basis, and set
λij = hij|S|iji
where d = dim V . Note that
M
S12 = S ⊗ I =
Pk ,
k∈[d]

i, j ∈ [d] ,

for

S23 = I ⊗ S =

M

S,

I ⊗T =

k∈[d]

M

T.

k∈[d]

where Pk = ⊕l∈[d] λkl I. We also have
S13 = (I ⊗ T )(S ⊗ I)(I ⊗ T ) =

M

T Pk T .

k∈[d]

Substituting the above into the two sides of the algebraic Yang-Baxter equation (2), we get
M
M
Pk T Pk T S
and
ST Pk T Pk
k∈[d]

k∈[d]

Clearly, Pk and S are symmetric. Since hab|T |cdi = δad δbc = hcd|T |abi, so is T . By applying
the transpose to one of the two sides above, we see that S satisfies algebraic Yang-Baxter.
Thus ST is a solution to the YBE, one to which Theorem 6 clearly applies.
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Appendix

We will now prove Lemmas 3 and 4.
Proof of Lemma 3. To sample from Pj , flip m unbiased coins to get an integer 0 ≤ l ≤ 2m .
Subdivide 2m into intervals according to
2m = Pj (0)2m + Pj (1)2m + · · · + Pj (d − 1)2m
and output k if l falls into the kth interval. Then the probability Dj (k) with which you
output k satisfies |Dj (k) − Pj (k)| ≤ 1/2m . Now do this for two indices, say 1 and 2 and note
that
|P1 (k)P2 (l) − D1 (k)D2 (l)| = |P1 (k)P2 (l) − D1 (k)D2 (l) + D1 (k)P2 (l) − D1 (k)P2 (l)|
≤ |P2 (l)(P1 (k) − D1 (k))| + |D1 (k)(P2 (l) − D2 (l))|
≤ 2/2m
Extending this to the case of multiplying all n distributions together, we get |P (y) − D(y)| ≤
n/2m for all y ∈ [d]n . The total variation distance then satisfies
|P − D| =

ndn
1 X
|P (x) − D(x)| ≤ m < 2−n
2
2
n
x∈[d]

so long as m ≥ 3n log d.

J

Proof of Lemma 4. We expand the Xj into real and imaginary parts and apply the standard
P
P
bound. Set Sr =
j Re[Xj ]/n and Si =
j Im[Xj ]/n and µr = E[Re[Xj ]] and µi =
E[Im[Xj ]]. Note that |Re[Xj ]| ≤ b and |Im[Xj ]| ≤ b. By the Chernoff-Hoeffding bound for
real-valued random variables [13], we have

Pr [|Sr − µr | ≥ /2] ≤ 2 exp −n2 /8b2 ,
and likewise for the imaginary part. Taking the union bound, we have that
|S − µ| = |Sr − µr + i(Si − µi )| ≤ |Sr − µr | + |Si − µi | ≤ /2 + /2 = 

except with probability 4 exp −n2 /8b2 .

J
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Abstract
While building a universal quantum computer remains challenging, devices of restricted power
such as the so-called one pure qubit model have attracted considerable attention. An important
step in the construction of these limited quantum computational devices is the understanding of
whether the verification of the computation within these models could be also performed in the
restricted scheme. Encoding via blindness (a cryptographic protocol for delegated computing)
has proven successful for the verification of universal quantum computation with a restricted
verifier. In this paper, we present the adaptation of this approach to the one pure qubit model,
and present the first feasible scheme for the verification of delegated one pure qubit model of
quantum computing.
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1

Introduction

The physical realisation of quantum information processing requires the fulfilment of the
five criteria collated by DiVincenzo [13]. While enormous progress had been made in
realising them since, we are still some way from constructing a universal quantum computer.
This raises the question whether quantum advantages in computation are possible without
fulfilling one or more of DiVincenzo’s criteria. From a more foundational perspective, the
computational power of the intermediate models of computation are of great value and
interest in understanding the computational complexity of physical systems. Several such
models are known, including fermionic quantum computation [6], instantaneous quantum
computation [7], permutational quantum computation [21], and boson sampling [1].
Deeply entwined with the construction of a quantum information processor is the issue of
its verification. How do we convince ourselves that the output of a certain computation is
correct and obtained using quantum-enhanced means. Depending on a given computation,
one or both may be non-trivial. For instance, the correctness of the output of Shor’s factoring
algorithm [33] can be checked efficiently on a classical machine, but in general this is not
known to be possible for all problems solvable by a quantum computer. On the other hand,
by allowing a small degree of quantumness to the verifier [2, 18], or considering entangled
non-commuting provers [17], the verification problem has been solved for universal quantum
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computation. However, not much attention has been given to verifying restricted models of
quantum-enhanced computation. It is in this direction that we endeavour to embark.
One of the earliest restricted models of quantum computation was proposed by Knill and
Laflamme, named ‘Deterministic Quantum Computation with One quantum bit (DQC1)’,
also referred to as the one pure qubit model [22]. It addresses the challenge of DiVincenzo’s
first criterion, that of preparing a pure quantum input state, usually the state of n separate
qubits in the computational basis state zero. Instead, in the DQC1 model, only one qubit is
prepared in a pure state (computational basis zero state) and the rest of the input qubits
exist in the maximally mixed state. This model corresponds to a noisier, more feasible
experimental setting and was initially motivated by liquid-state NMR proposals for quantum
computing. The DQC1 model was shown to be capable of estimating the coefficients of
the Pauli operator expansion efficiently. Following this, Shepherd defined the complexity
class ‘Bounded-error Quantum 1-pure-qubit Polynomial-time (BQ1P)’, to capture the power
of the DQC1 model [32], and proved that a special case of Pauli operator expansion, the
problem of estimating the normalised trace of a unitary matrix to be complete for this
class. This problem, and others that can be reduced to it, such as the estimation of the
value of the Jones polynomial (see Ref. [12] for more such connections), is interesting from
a complexity theoretical point of view since it has no known efficient classical algorithm.
Moreover they are not known to belong to the class NP, therefore the problem of verifying
the correctness of the result is non-trivial. More recently, it was shown that an ability to
simulate classically efficiently a slightly modified version of this model would lead to the
collapse of the polynomial hierarchy to the third level [29].
The approach of the Verifiable Universal Blind Quantum Computing (VUBQC) [18]
is based on the intermediate step of blind computing, a cryptographic protocol where a
restricted client runs the desired computation on a powerful server, such that the server does
not learn anything about the delegated computation. A protocol for universal blind quantum
computation with a client able to prepare only single qubits, based on Measurement-based
Quantum Computing (MBQC) [31] model was introduced in [8]. Here, we take the same
approach towards verification by first adapting this existing protocol for blind computing to
the DQC1 model. Thus, the first goal is to define what it means to have a DQC1 computation
in the MBQC setting. Fixing the input state to almost maximally mixed as it is done in
the circuit picture of the DQC1 model does not suffice since the required auxiliary qubits
for MBQC could potentially increase the number of pure qubits in the system by more
than a logarithmic amount 1 . This adaptation is also necessary as almost all the optimal
schemes [2, 8, 15, 25, 4, 27, 28, 34, 23, 19] for the blind computation exploit the possibility
of adaptive computation based on the measurement, a freedom not allowed in the original
DQC1 model 2 . The main results presented in this paper are the following.
We introduce a new definition of DQC1 computation within the MBQC framework, called
the DQC1-MBQC model 3 , which captures the essential property of its original definition
in the circuit model. Moreover, we show that the original definition of complexity class
BQ1P is contained in DQC1-MBQC, where the latter is able to capture the process where
new qubits are introduced or traced out during the execution of the computation.

1
2
3

Increasing the number of pure qubits in the input to the order of logarithmic in the size of the
computation is shown not to add extra power to the one pure qubit complexity class [32].
Ref. [26] does not require the server to use measurement-based quantum computing.
We use a different acronym than DQC1 to emphasis the structural distinction with the standard DQC1
model.
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We provide a sufficient condition for a graph state (underlying resource for an MBQC
computation [20]) to be usable within DQC1-MBQC. A direct consequence of this is that
the universal blind protocol, which satisfies this condition, can be directly adapted to the
setting where the server is a DQC1-MBQC machine and the client is able to send one
single qubit at a time.
Building on the blind protocol and adapting the methods presented in [18], a verification
protocol for the class DQC1-MBQC with a server restricted to DQC1-MBQC is given,
where the probability of the client being forced to accept an incorrect result can be
adjusted by setting the security parameter of the model. Since the protocol of [18] does
not satisfy the sufficient condition and hence not runnable in the DQC1-MBQC, an
alternative method is presented which also leads to different complexity results.

1.1

Preliminaries

We first introduce the notation necessary to describe a computation in MBQC [31, 11]. A
generic pattern, consists of a sequence of commands acting on qubits:
Ni (|qi): Prepare the single auxiliary qubit i in the state |qi;
Ei,j : Apply entangling operator controlled-Z to qubits i and j;
Miα : Measure qubit i in the basis { √12 (|0i + eiα |1i), √12 (|0i − eiα |1i)} followed by trace
out the measured qubit. The outcome of measuring qubit i is called result and is denoted
by si ;
s

s

Xi j , Zi j : Apply a Pauli X or Z correction on qubit i depending on the result sj of the
measurement on the j-th qubit.
The corrections could be combined
with measurements to perform ‘adaptive measurements’
(−1)sx α+sz π
s
denoted as z [Miα ]sx = Mi
. A pattern is formally defined by the choice of a finite
set V of qubits, two not necessarily disjoint sets the input and the output, I ⊂ V and O ⊂ V
determining the pattern inputs and outputs, and a finite sequence of commands acting on V .
I Definition 1 ([10]). A pattern is said to be runnable if
(R0) no command depends on an outcome not yet measured;
(R1) no command (except the preparation) acts on a measured or not yet prepared qubit;
(R2) a qubit is measured (prepared) if and only if it is not an output (input).
The entangling commands Ei,j define an undirected graph over V referred to as (G, I, O).
Along with the pattern we define a partial order of measurements and a dependency function
C
d which is a partial function from OC to P I , where P denotes the power set. Then, j ∈ d(i)
if j gets a correction depending on the measurement outcome of i. In what follows, we will
focus on patterns that realise (strongly) deterministic computation, which means that the
pattern implements a unitary on the input up to a global phase. A sufficient condition on
the geometry of the graph state to allow unitary computation is given in [10, 9] and will be
used later in this paper. In what follows, x ∼ y denotes that x is adjacent to y in G.
I Definition 2 ([10]). A flow (f, ) for a geometry (G, I, O) consists of a map f : Oc 7→ I c
and a partial order  over V such that for all x ∈ Oc
(F0)

x ∼ f (x);

(F1)

x  f (x);

(F2)

for all x, y : y 6= x, y ∼ f (x) we have x  y .
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Main results
DQC1-MBQC

We define the class BQ1P formally as introduced by Shepherd [32], and then recast it into
the MBQC framework.
I Definition 3 (Bounded-error Quantum 1-pure-qubit Polynomial-time complexity class, [32]).
BQ1P is defined using a bounded-error uniform family of quantum circuits – DQC1. A DQC1
circuit takes as input a classical string x, of size n, which encodes a fixed choice of unitary
operators applied on a standard input state |0ih0| ⊗ Iw−1 /2w−1 . The width of the circuit w
is polynomially bounded in n. Let Qn (x) be the result of measuring the first qubit of the
final state of a DQC1 circuit. A language in BQ1P is defined by the following rule:
1
1
+
2 2q(n)
1
1
∀a ∈
/ L : P r(Qn (a) = 1) ≤ −
2 2q(n)
∀a ∈ L : P r(Qn (a) = 1) ≥

(1)
(2)

for some polynomially bounded q(n).
An essential physical property of DQC1 that we mean to preserve in DQC1-MBQC is its
limited purity. To capture this we introduce the purity parameter:
π(ρ) = log2 (Tr(ρ2 )) + d,

(3)

where d is the logarithm of the dimension of the state ρ. For a DQC1 circuit with k pure
qubits, at each state of the computation the value of purity parameter π for that state
remains constant equal to k. In fact, Shepherd showed that the class BQ1P is not extended
by increasing the number of pure input qubits logarithmically. Thus, a purity that does not
scale too rapidly with the problem size still remains in the same complexity class.
A characterisation of MBQC patterns compatible with the idea of the DQC1 model as
introduced above is presented next. Any MBQC pattern is called DQC1-MBQC when there
exists a runnable rewriting of this pattern such that after every elementary operation (for
any possible branching of the pattern) the purity parameter π does not increase over a fixed
constant. We assume that the system at the beginning has only the input state and at the
end has only the output state.
We define a new complexity class that captures the idea of one pure qubit computation
in the MBQC model. This complexity class, that we name DQC1-MBQC, can be based on
any universal DQC1-MBQC resource pattern, which is defined analogously to the DQC1
circuits [32] as a pattern that can be adapted to execute any DQC1-MBQC pattern of
polynomial size. A particular example of such a resource, as we will present later, can
be built using the the brickwork state of [8] designed for the purpose of universal blind
quantum computing. The input to a universal pattern is the description of a computation
as a measurement angle vector and is used to classically control the measurements of the
MBQC pattern. The quantum input of the open graph is always fixed to a mostly maximally
mixed state, in correspondence to the DQC1 model.
I Definition 4. A language in DQC1-MBQC complexity class is defined based on a universal
DQC1-MBQC resource pattern Pα that takes as input an angle vector α of size n and is
applied on the quantum state |+ih+| ⊗ Iw−1 /2w−1 , w ∈ O(n). A word α belongs to the
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language depending of the probabilities of the measurement outcome (Rn (α)) of the first
output qubit of pattern Pα which are defined identically to Definition 3:
1
1
+
2 2r(n)
1
1
∀a ∈
/ L : P r(Rn (α) = 1) ≤ −
2 2r(n)
∀a ∈ L : P r(Rn (α) = 1) ≥

(4)
(5)

for some polynomially bounded r(n).
I Corollary 5. BQ1P ⊆ DQC1-MQBC.
Proof. Any circuit description using a fixed set of gates can be efficiently translated into a
measurement pattern applicable on the brickwork state. A specific example of translating each
gate from the universal set {Hadamard, π/8, c-NOT} to a ‘brick’ element of the brickwork
state is given in [8]. The quantum input state in the resulting measurement pattern is in the
almost-maximally-mixed state, therefore the pattern is a valid DQC1-MBQC pattern. J
I Definition 6. An MBQC pattern is a DQC1-MBQC pattern if there is a runnable sequence
of commands where for every elementary command and measurement outcome, there exists a
fixed constant value c such that the overall quantum state of the system (ρi with dimension
di ) after the ith operation satisfies the following relation
π(ρi ) < π(ρin ) + c,

(6)

where ρin is the quantum input of the pattern with dimension din , which is fixed to be the
product of cin (constant) pure qubits and a maximally mixed state of din − cin qubits.
The above definition captures the essence of DQC1 in that it maintains a low purity, high
entropy state in MBQC, in contrast to DiVincenzo’s first criterion. We derive a sufficient
condition (that is also constructive) for the open graph state leading to DQC1-MBQC,
capturing the universal blind quantum computing protocol as a special case. However, a
general characterisation and further structural link with determinism in MBQC [10, 9, 24] is
left as an open question for future work.
I Theorem 7. Any measurement pattern on an open graph state (G, I, O) with flow (f, )
(as defined in Definition 2) and measurement angles α where either |I| = |O| or the flow
function is surjective and all auxiliary preparations are on the (X − Y ) plane represents a
DQC1-MBQC pattern.
The full details and the proof of this theorem is provided in Section 2.

1.2.2

Blindness

A direct consequence of Theorem 7 is that the Universal Blind Computing Protocol (UBQC)
introduced in [8] can be easily adapted to fit within the DQC1-MBQC class, since it is based
on an MBQC pattern on a graph state with surjective flow.
In the blind cryptographic setting a client (Alice) wants to delegate the execution of an
MBQC pattern to a more powerful server (Bob) and hide the information at the same time.
The UBQC protocol is based on the separation of the classical and quantum operations when
running an MBQC pattern. The client prepares some randomly rotated quantum states and
sends them to the server and from this point on the server executes the quantum operations
on them (entangling according to the graph and measuring) and the client calculates the
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measurement angles for the server and corrects the measurement outcomes she receives (to
undo the randomness and get the correct result).
To define blindness formally we allow Bob to deviate from the normal execution in any
possible way, and this is captured by modelling his behaviour during the protocol by an
arbitrary CPTP map. The main requirement for blindness is that for any input and averaged
over all possible choices of parameters by Alice, Bob’s final state can always be written as a
fixed CPTP map applied on his initial state, thus not offering any new knowledge to him.
This definition of stand-alone blindness was presented first in [14] and takes into account the
issue of prior knowledge.
I Definition 8 (Blindness). Let P be a protocol for delegated computation: Alice’s input is
a description of a computation on a quantum input, which she needs to perform with the aid
of Bob and return the correct quantum output. Let ρAB express the joint initial state of
Alice and Bob and σAB their joint final state, when Bob is allowed to do any deviation from
the correct operation during the execution of P , averaged over all possible choices of random
parameters by Alice. The protocol P is blind iff
∀ρAB ∈ L(HAB ), ∃ E : L(HB ) → L(HB ), s.t.

TrA (σAB ) = E(TrA (ρAB ))

(7)

To adapt the original UBQC protocol into the DQC1-MBQC setting we change the order
of the operations so that the client does not send all the qubits to the server at the beginning,
but during the execution of the pattern, following a rewriting of the pattern that is consistent
with the purity requirement. The details are described in Section 2.
I Theorem 9. There exists a blind protocol for any DQC1-MBQC computation where the
client is restricted to BPP and the ability to prepare single qubits and the server is within
DQC1-MBQC.

1.2.3

Verification

In the verification cryptographic setting a client (Alice) wants to delegate a quantum
computation to a more powerful server (Bob) and accept if the result is correct or reject if
the result is incorrect (server is behaving dishonestly). The main idea of the original protocol
of [18] is to test Bob’s honesty by hiding a trap qubit among the others in the resource state
sent to him by Alice. Blindness means that Bob cannot learn the position of the trap, nor
its state. During the execution of the pattern Bob is asked to measure this trap qubit and
report the result to Alice. If Bob is honest this measurement gives a deterministic result,
which can be verified by Alice. Bob being dishonest means that Alice will receive the wrong
result with no-zero probability. Depending on that result, Alice accepts or rejects the final
output received by Bob.
To define verifiability formally we need to establish an important difference with the
original protocol [18]: In a DQC1-MBQC pattern the quantum input is in a mixed state as
opposed to a pure state. Reverting to the original definition that derives from the quantum
authentication schemes in [3] we need to add an extra reference system R, that is used to
purify the mixed input that exists in Alice’s private system A. The assumption is that Bob
does not learn anything about the reference system (ex. Alice is provided with the quantum
input from a third trusted party which also holds the purification). Bob is allowed to choose
any possible cheating strategy and our goal is to minimise the probability of Alice accepting
the incorrect output of the computation at the end of the protocol.
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I Definition 10. A protocol for delegated computation is -verifiable (0 ≤  < 1) if for any
choice of Bob’s strategy j, it holds that for any input of Alice:
X
ν
Tr(
p(ν)Pincorrect
Bj (ν)) ≤ 
(8)
ν

where Bj (ν) is the state of Alice’s system A together with the purification system R at
the end of the run of the protocol, for choice of Alice’s random parameters ν and Bob’s
strategy j. If Bob is honest we denote this state by B0 (ν). Let P⊥ be the projection onto
the orthogonal complement of the the correct (purified) quantum output. Then,
ν
Pincorrect
= P⊥ ⊗ |ηtνc ihηtνc |

(9)

where |ηtνc i is a state that indicates if Alice accept or reject the result (see Section 3).
A verification protocol should also be correct, which means that in case Bob is honest
Alice’s state at the end of the run of the protocol is the correct output of the computation
and an extra qubit set in the accept state (this property is also referred to as completeness).
In VUBQC, in order to adjust the parameter  to any arbitrary value between 0 and 1 (a
technique called probability amplification), one needs to add polynomially many trap qubits
within the MBQC pattern. Specifically, adding polynomially many traps and incorporating
the pattern into a fault tolerance scheme that corrects d errors, gives parameter  exponentially
small on d. As we explain in Section 3, adding polynomially many traps, following the same
scheme as VUBQC, creates a pattern that is not a DQC1-MBQC pattern. Therefore to
achieve an amplification of the error probability we need to develop a modified trapping
scheme.
In Section 3 we give a verification protocol for DQC1-MBQC problems where, instead
of running the pattern once, s computations of the same size are run in series, one being
the actual computation and the others being trap computations. A similar approach is also
considered for the restricted setting of the photonic implementation of VUBQC [5] and a
verification protocol of the entanglement states [30]. In our setting each trap computation
contains an isolated trap injected in a random position between the qubits of the pattern.
We prove that in this verification protocol the server is within DQC1-MBQC complexity
class, while the client is within BPP together with single qubit preparations (as in the
original VUBQC). Moreover in this verification protocol we achieve the goal of probability
amplification by choosing the appropriate value for parameter s.
I Theorem 11. There exists a correct -verifiable protocol where the client is restricted to
BPP and the ability to prepare single qubits and the server is within DQC1-MBQC. Using
O(sm) qubits and O(sm) time steps, where m is the size of the input computation, we have:
=

2

2m
s

(10)

DQC1-MBQC and Blindness

In this section we give a constructive proof of our main theorem for DQC1-MBQC and show
how to construct a blind protocol as a consequence. The first step for proving Theorem 7 is
the following rewriting scheme for patterns with flow.
I Lemma 12. Any measurement pattern on an open graph state (G, I, O) with flow (f, )
(as defined in Definition 2) and measurement angles a where either |I| = |O| or the flow
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Figure 1 Qubit i gets an X correction from k2 and Z corrections from f −1 (k2 ) and f −1 (k1 ).
Qubits on the left of the dashed line are in the past of i. Qubit k1 is created at timestep f −1 (k1 )
which is before timestep i from flow condition (F2).

function is surjective can be rewritten as



Y Sx Sz Y
z
x
Si [Miai ]Si 
Pa =
Xi i Zi i
i∈O

i∈O c


Y



Ei,k  Nf (i) (|+i)

(11)

{k:k∼i,ki}

P
where Six = sf −1 (i) for i ∈ I c , else Six = 0 and Siz = {k:k∈I c ,k∼i,i6=f −1 (k)} sf −1 (k) mod 2.
The above pattern is runnable and implements the following unitary
!
Y
|O c |/2
UG,I,O,a = 2
h+ai |i EG NI c
(12)
i∈O c

where EG and NI c represent the global entangling operator and global preparation respectively.
Proof. First we need to prove that Pa is runnable (cf. Definition 1). For condition (R0)
we make the following observations: At step i, for i ∈ I c , we need the result sf −1 (i) which
is generated at step f −1 (i), where f −1 (i) ≺ i from flow condition (F1). We also need the
results sf −1 (k) , for {k : k ∈ I c , k ∼ i, i =
6 f −1 (k)}, which are generated at step f −1 (k), where
−1
f (k) ≺ i from flow condition (F2). Thus, condition (R0) is satisfied (see Figure 1 for a
particular example). For condition (R1) we make the following observations: At step i, for
i ∈ Oc , the entangling operator and measurement operator act on qubit i which either belongs
in the set of inputs I or is created at step f −1 (i), where f −1 (i) ≺ i from flow condition
(F1). Entangling operator acts also on qubits {k : k ∼ i, k  i}. If k = f (i) then qubit k is
created at the same step (i) by operator Nf (i) . If k =
6 f (i) then qubit k is either an input
−1
or it is created at step f (k), and we have by flow condition (F2): i is a neighbour of k
and i 6= f −1 (k), thus f −1 (k) ≺ i (Figure 1). Final correction operators act on qubits that
belong to the set of outputs O, which either belong also to the set of inputs I or are created
at steps {f −1 (i) : i ∈ O}, where ∀i ∈ O \ I, f −1 (i) ≺ i from flow condition (F1). Moreover
they have not yet been measured since i ∈
/ OC . Thus, condition (R1) is satisfied. It is easy
to see that condition (R2) is satisfied.
Next we prove that the pattern of Equation 11 is implementing the unitary operation
of Equation 12 when applied on an open graph with the properties described above. Since
condition (R1) is satisfied, all preparation operators trivially commute with all previous
operators




Y Sx Sz Y
Y
z
x
Si [Miai ]Si 
Pa =
Xi i Zi i
Ei,k  NI c .
i∈O

i∈O c

{k:k∼i,ki}
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Figure 2 Brickwork state.

Each entangling operator commutes with all previous measurements since it is applied on
qubits with indices  i.
Pa =

Y

Sx

Sz

Xi i Zi i

 
Y
Sz
i

x

[Miai ]Si



EG NI c .

i∈O c

i∈O

We can decompose the conditional measurements into simple measurements and corrections
Pa =

Y

Sx Sz
Xi i Zi i

 
Y


Sx Sz
Miai Xi i Zi i EG NI c .

i∈O c

i∈O

By rearranging the order of correction operators we take



Y
Y
X si
Pa =
Zksi Miai  EG NI c .
f (i)
i∈O c

{k:k∼f (i),k6=i}

The above equation implements the unitary operation presented in the lemma (Equation 12)
as proved in [10].
J
Next, we notice that there exist many universal families of open graph states satisfying the
requirements of the above lemma. One such example is the brickwork graph state originally
defined in [8]. In this graph state (Figure 2), the subset of vertices of the first column
correspond to the input qubits I and the subset of vertices of the final column correspond to
the output qubits O. This graph state has flow function f ((i, j)) = (i, j + 1) and the following
partial order for measuring the qubits: {(1, 1), (2, 1), . . . , (w, 1)} ≺ {(1, 2), (2, 2), . . . , (w, 2)} ≺
. . . ≺ {(1, d − 1), (2, d − 1), . . . , (w, d − 1)}, where w is the width and d is the depth of the
graph and hence from Lemma 12 we obtain the following corollary.
I Corollary 13. Any computation over the brickwork open graph state G with qubit index
(i ≤ w, j ≤ d) can be rewritten as follows.


Pa =

w
Y
i=1

Sx

Sz

(i,d)
(i,d)
X(i,d)
Z(i,d)

d−1
w Sz
YY

(i,j)

j=1 i=1

h
i

a(i,j) S x
(i,j) 
M(i,j)


Y

{k,l:(k,l)∼(i,j),
k≥i,l≥j}


E(i,j),(k,l) 
 N(i,j+1) (13)

where
x
x
S(i,j)
= s(i,j−1) for j > 1, else S(i,1)
= 0, and
X
z
z
S(i,j)
=
s(k,l−1) mod 2 for j > 2, else S(i,j)
= 0.
{k,l:(k,l)∼(i,j),l≤j}
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We show that patterns defined in Lemma 12 are within the framework of Definition 6
hence obtaining a sufficient condition for DQC1-MBQC.
I Theorem 1. Any measurement pattern that can be rewritten in the form of Equation 11
represents a DQC1-MBQC pattern.
Proof. A first general observation about the purity parameter π is that adding a new pure
qubit σ to state ρ means that π increases by unity
πρ⊗σ = log2 Tr((ρ ⊗ σ)2 ) + d + 1 = log2 Tr(ρ2 )Tr(σ 2 ) + d + 1 = πρ + 1.
Additionally, applying any unitary U does not change the purity parameter π of the system
since Tr((U ρU † )2 ) = Tr(ρ2 ) and dimension remains the same.
Returning to Equation 11, we notice that for every step i ∈ Oc of the product the total
computation performed corresponds mathematically to the following: On the qubit tagged
with position i, a J(a0i ) unitary gate is applied (where a0i is an angle that depends on ai and
previous measurement results) up to a specific Pauli correction (depending on the known
measurement result) and some specific Pauli corrections on the its entangled neighbours
(again depending on the measurement result). At the end the qubit is tagged with position
f (i) (where f is the flow function). Since this mathematically equivalent computation is a
unitary and the dimension of the system remains the same (there is only a change of position
tags) we conclude that each step i ∈ Oc does not increase the purity parameter of the system.
To finish the proof we need to ensure that the individual operations within each step i ∈ Oc
and for i ∈ O do not increase the purity parameter by more than a constant (and since there
is only a constant number of operations within each step this does not increase the purity at
any point more than constant). This is true since all these operations apply on (or add or
trace over) a constant number of qubits.
J
Building on this result, we can translate the UBQC protocol of [8] (and in fact many
other existing protocols) to allow the blind execution of any DQC1-MBQC computation,
where the server is restricted to DQC1-MBQC complexity class. The UBQC protocol is
based on the brickwork graph state described above. Alice prepares all the qubits of the
graph state, adding a random rotation around the (X, Y ) plane to each one of them: |+θi i,
where θi is chosen at random from the set A = {0, π/4, π/2, 3π/4, π, 5π/5, 3π/2, 7π/4} and
sends them to Bob, who entangles them according to the graph. The protocol then follows
the partial order given by the flow: Alice calculates the corrected measurement angle αi0 for
each qubit using previous measurement results according to the flow dependences. She sends
to Bob measurement angle δi = αi0 + θi + ri π, using an extra random bit ri . Bob measures
according to δi , reports the result back to Alice who corrects it by XOR-ing with ri . In the
case of quantum output, the final layer is sent to Alice and is also corrected according to the
flow dependences by applying the corresponding Pauli operators.
Since the brickwork graph state satisfies the requirements of Theorem 7 we can adapt the
Universal Blind Quantum Computing protocol by making Alice and Bob follow the order of
Equation 13 and operate on input |+ih+| ⊗ Iw−1 /2w−1 . A detailed description is given in
Protocol 1.
I Theorem 4. Protocol 1 is correct.
Proof. Correctness comes from the fact that what Alice and Bob jointly compute is mathematically equivalent to performing the pattern of Equation 13 on input |+ih+| ⊗ Iw−1 /2w−1 .
The argument is the same as in the original universal blind quantum computing protocol [8]
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Protocol 1 Blind BQ1P protocol
Alice’s input:
A vector of angles a = (a1,1 , . . . , aw,d ), where ai,j comes from the set A =
{0, π/4, 2π/4, . . . , 7π/4}, that when plugged in the measurement pattern Pa of Equation 13 applied on the brickwork state, implements the desired computation. This
computation is applied on a fixed input state |+ih+| ⊗ Iw−1 /2w−1 .
Alice’s output:
The top output qubit (qubit in position (1, d)).
The protocol
1. Alice picks a random angle θ1,1 ∈ A, prepares one pure qubit in state Rz (θ1,1 )|+i and
sends it to Bob who tags it as qubit (1, 1).
2. Bob prepares the rest of input state (qubits (2, 1), . . . , (w, 1)) in the maximally mixed
state Iw−1 /2w−1 .
3. Alice and Bob execute the rest of the computation in rounds. For j = 1 to d − 1 and for
i = 1 to w
a. Alice’s preparation
i. Alice picks a random angle θi,j+1 ∈ A.
ii. Alice prepares one pure qubit in state Rz (θi,j+1 )|+i.
iii. Alice sends it to Bob. Bob tags it as qubit (i, j + 1).
b. Entanglement and measurement
i. Bob performs the entangling operator(s):
Y

E(i,j),(k,l)

{k,l:(k,l)∼(i,j),k≥i,l≥j}

ii. Bob performs the rest of the computation using classical help from Alice:
x
z
A. Alice computes the corrected measurement angle a0i,j = (−1)Si,j ai,j + Si,j
π.
0
B. Alice chooses a random bit ri,j and computes δi,j = ai,j + θi,j + ri,j π.
C. Alice transmits δi,j to Bob.
δ
D. Bob performs operation Mi,ji,j which measures and traces over the qubit (i, j)
and retrieves result bi,j .
E. Bob transmits bi,j to Alice.
F. Alice updates the result to si,j = bi,j + ri,j mod 2.
4. Bob sends to Alice the final layer of qubits, Alice performs the required corrections and
outputs the result.
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repeated here for completeness. Firstly, since entangling operators commute with Rz operators, preparing the pure qubits in a rotated state does not change the underlying graph
state; only the phase of each qubit is locally changed, and it is as if Bob had performed the
Rz rotation after the entanglement. Secondly, since a measurement in the |+a i, |−a i basis
on a state |φi is the same as a measurement in the |+a+θ i, |−a+θ i basis on Rz (θ)|φi, and
since δ = a0 + θ + πr , if r = 0, Bob’s measurement has the same effect as Alice’s target
measurement; if r = 1, all Alice needs to do is flip the outcome.
J
Note that Protocol 1 can be trivially simplified by omitting all the measurements that
are applied on maximally mixed states (i.e. all measurements applied on qubits in rows 2 to
w from the beginning of the computation until each one is entangled with a non-maximally
mixed qubit). However this does not give any substantial improvement in the complexity of
the protocol.
I Theorem 5. Protocol 1 is blind.
(Proof Sketch). A detailed proof is provided in Appendix A. Intuitively, rotation by angle
θi,j serves the purpose of hiding the actual measurement angle, while rotation by ri,j π
hides the result of measuring the quantum state. This proof is consistent with definition of
blindness based on the relation of Bob’s system to Alice’s system which takes into account
prior knowledge of the secret and is a good indicator that blindness can be composable
[14].
J
Regarding the complexity of the protocol, Alice needs to pick a polynomially large
number of random bits and perform polynomially large number of modulo additions that is
to say Alice classical computation is restricted to the class BP P . However Alice’s quantum
requirement is only to prepare single qubits, she has access to no quantum memory or
quantum operation. Therefore assuming BQ1P 6⊂ BP P suggests Alice’s quantum power is
more restricted than BQ1P and hence DQC1-MBQC. On the other hand, Bob performs a
pattern of the form given in Equation 13, with the difference that instead of preparing the
pure qubits himself, he receives the pure qubits through the quantum channel that connects
him with Alice. Also, the qubits are not prepared in state |+i, but in some state on the
(X, Y ) plane, but this doesn’t alter the reasoning in the complexity proofs. Thus, Bob has
computational power that is within the DQC1-MBQC complexity class according to the
Corollary 13 and Theorem 7.

3

Verification

VBQC protocol is based on the ability to hide a trap qubit inside the graph state while not
affecting the correct execution of the pattern. Both the trap qubit and the qubits which
participate in the actual computation are prepared in the (X, Y ) plane of the Bloch sphere.
To keep them disentangled, some qubits (called dummy) prepared in the computational basis
{|0i, |1i}, are injected between them. Being able to choose between the two states is essential
for blindness (Theorem 4 in [18]). In particular, if a dummy qubit is in state |0i, applying
the entangling operator cZ between this qubit and a qubit prepared on the (X, Y ) plane
has no effect. If a dummy qubit is in state |1i then applying cZ will introduce a Pauli Z
rotation on the qubit prepared on the (X, Y ) plane. This effect can be cancelled by Alice in
advance, by introducing a Pauli Z rotation on all the neighbours of |1i’s when preparing the
initial state.
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Figure 3 Let G0 be the graph which consists of s isolated brickwork graphs (each denoted as
each of the same dimensions required for the desired computation. An example construction
with s = 3 and one trap per graph together with a small brickwork state for computation is given
above. Black vertices correspond to auxiliary qubits prepared on the (X − Y ) plane or mixed state
when they are inputs (inside square), star vertices correspond to trap qubits and white vertices to
auxiliary qubits prepared in the computational basis. Edges represent entangling operators, dashed
where entangling has no effect (except of local rotations).
G0i ),

In the simplest version of VUBQC, a single trap, prepared in state |+θt i, where θ is
chosen at random from the angles set A (defined above) and placed at position t, chosen
at random between all the vertices of the open graph state (G, I, O). During the execution
of the pattern, if t ∈
/ O, Bob is asked to measure qubit t with angle θt + rπ and return the
classical result bt to Alice. If bt = rt Alice sets an indicator bit to state acc (which means
that this computation is accepted), otherwise she sets it to rej (computation is rejected). If
t ∈ O, Alice herself measures the trap qubit and sets the indicator qubit accordingly. This
version of the protocol is proven to be correct and -verifiable, with  = (m − 1)/m, where m
is the size of the computation.
A generalisation of this technique which allows for arbitrary selection of parameter  is
also presented in [18]. By allowing for a polynomial number of traps to be injected in the
graph state and adapting the computation inside a fault tolerant scheme with parameter d
one can have  inversely exponential to d. The question is whether this amplification method
can also be used to design a verification protocol for DQC1-MBQC with arbitrary small .
Unfortunately the underlying graph state used by this protocol does not have flow and not
all qubits are prepared in the (X, Y ) plane, so that one can not apply Theorem 7 to get a
compatible rewriting of the pattern. Moreover, having the requirement that we should be
able to place every trap qubit (which is a pure qubit) at any position in the graph, means
that there exist patterns that will never be possible to be rewritten to satisfy the purity
requirement. This leads us to seek a different approach for probability amplification for
verification in the DQC1-MBQC model.
Instead of placing a polynomial number of isolated traps within the same graph, which
is also used to perform the actual computation, we utilise s isolated brickwork subgraphs,
one used for the computation and the rest being trap subgraphs (see Figure 3). Therefore
at the beginning of the protocol, Alice chooses random parameter tg , which denotes which
graph will be the computational subgraph, and for each of the remaining trap subgraphs i,
she chooses a random position ti to hide one isolated trap. The rest of each trap subgraph
will be a trivial computation (all measurement angles set to 0) on a totally mixed state,
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and a selected set of dummy qubits are placed to isolate this computation from the trap.
Computation subgraph and trap subgraphs are of the same size, and by taking advantage
of the blindness of the protocol, Bob cannot distinguish between them. Therefore, to be
able to cheat, he needs to deviate from the correct operation only during the execution on
the computational subgraph and never deviate while operating on any of the traps. This
gives the desirable  parameter that will be proved later. The full description of protocol
is given in Protocol 2. Each isolated pattern k is executed separately and according to the
DCQ1-MBQC rewriting on the brickwork state given in Equation 13 in the blind setting.
Pre-rotations on the neighbours of dummy qubits guarantee that the computation is not
affected by the choice of dummies as described before. To prove the complexity of the
protocol we need to notice that although the graph used satisfies the conditions of Theorem 7,
the existence of the dummy qubits prepared in the computational basis creates the need of a
new proof.
I Theorem 6. The computational power of Bob in Protocol 2 is within DQC1-MBQC.
Proof. Note that the s patterns are executed in series and Bob does not keep any qubits
between executions. The inputs to these patterns are almost maximally mixed, in accordance
with the purity requirement and this ‘mixedness’ propagates through both computational
and trap subgraphs. For the computational subgraph (which is not entangled with the rest)
the reasoning of the proof of Theorem 7 applies, since this subgraph satisfies the sufficient
conditions and no dummy qubits are used. In the case of a trap subgraph k consider first
those operations that apply on the isolated trap and dummy subgraph only. Then for each
step (i, j)k of the main iteration of the protocol (where (i, j)k is a trap or a dummy) a new
pure qubit is sent to Bob, which increases the purity parameter by 1. Entangling will not
have any effect on the purity parameter. While the measurement does not increase the
purity of the qubit since it was already pure (dummy or trap remain always pure through the
computation), and tracing out the resulting qubit will decrease the purity by 1. Thus, the
whole step will not change the purity. On the other hand, for the remaining operations the
reasoning of the proof of Theorem 7 goes through, since this subgraph satisfies the sufficient
conditions. Also operations that apply on both subgraphs are all unitaries therefore they do
not affect purity.
J
Using the definition of verifiability given in Definition 10 we prove the main theorem for
the existence of a correct and verifiable DQC1-MBQC protocol (Theorem 11). The full proof
is given in Appendix B, while here we describe the main steps.
Proof of Theorem 11 (Sketch). Correctness of Protocol 2 comes from the fact that the
computational subgraph is disentangled from the rest of the computation and if Bob performs
the predefined operations, from the correctness of the blind protocol Alice will receive the
correct output. Also, in this case, (and since the traps are corrected to cancel the effect of
their entanglement with their neighbouring dummies) the measurement of the traps will give
the expected result and Alice will accept the computation.
The proof of verifiability follows the same general methodology of the proof of the original
VUBQC protocol [18], except the last part which contains the counting arguments. For the
rest we use single indexing for the qubits, where subgraph G0i consists of m qubits indexed
(i − 1) + 1 to im. Therefore the total number of qubits in the protocol is sm. Parameter n
represents the size of the input of each subgraph (parameter w in the protocol).
Based on Definition 10 we need to bound the probability of the (purified) output collapsing
onto the wrong subspace and accepting that result. To explicitly write the final state Bj (ν)
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Protocol 2 Verifiable DQC1-MBQC protocol with s − 1 trap computations
Alice’s input:
An angle vector a = (a1,1 , . . . , aw,d−1 ), where ai,j comes from the set A =
{0, π/4, 2π/4, . . . , 7π/4}, that, when plugged in the measurement pattern Pa of Equation 13 on the brickwork open graph state G of dimension (w, d) and flow (f, ), it
implements the desired computation on fixed input |+ih+| ⊗ Iw−1 /2w−1 .
Alice’s output:
The top output qubit of G (qubit in position (1, d) in G) together with a 1-bit, named
acc, that indicates if the result is accepted or not.
The protocol
Preparation steps. Alice picks tg at random from {1, . . . , s}. Let G0 be the graph which
consists of s isolated brickwork graphs, each of the dimension the same as G. Then the
tg -th isolated graph (named G0tg ) will be the computational subgraph for this run of the
protocol.
Alice maps the measurement angles of the computational subgraph G0tg to angles of graph
G: a0Gt \Ot = a and appropriately set the dependency sets S x and S z for all the vertices
g
g
of G0tg (according to the standard flow), while for the rest of the vertices (graph G0 \ G0tg )
the sets S x and S z are empty.
For k = 1 to s except tg :
1. Alice chooses one random vertex tk = (tx , ty )k among all vertices of G0k for placing
the trap.
2. By G0k ’s geometry, vertex (tx , ty ) may be connected by a vertical edge to vertex (t0x , ty ),
where t0x represents either tx + 1 or tx − 1. We add in D (set of dummies) all vertices
of rows tx , t0x (if it exists) of G0k , except the trap itself.
3. All elements of a0Gk are mapped to 0.
Alice chooses random variables θ G0 \D , each uniformly at random from A.
Alice chooses random variables r G0 and dD , each uniformly at random from {0, 1}.
For k = 1 to s:
1. Initial step. If k = tg then: Let (1, 1)k be the position of the top input qubit in G0k .
Alice prepares the following statesEand sends them to Bob:
{(1, 1)k }
+θ(1,1)k
∀(i, 1)k ∈
/ {(1, 1)k }
I/2
Otherwise: Alice prepares the following states and sends them to Bob:
∀(i, 1)k ∈ D
d(i,1)k
E
Q
d(m,l)k
(i, 1)k = tk
Z
+
θ(i,1)k
{m,l:(m,l)k ∼(i,1)k ,(m,l)k ∈D}
∀(i, 1)k ∈
/ {D, tk }

I/2
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Protocol 2 (cont’d)
2. Main Iteration. For j = 1 to d − 1, for i = 1 to w:
a. Alice’s preparation
i. Alice prepares one pure qubit in one of the following states, depending on
(i, j + 1)k :
(i, j + 1)k ∈ D
d(i,j+1)k
E
Q
d(m,l)k
(i, j + 1)k ∈
/D
Z
+
θ
(i,j+1)k
{m,l:(m,l)k ∼(i,j+1)k ,(m,l)k ∈D}
ii. Alice sends it to Bob. Bob labels it as qubit (i, j + 1)k .
b. Entanglement and measurement
i. Bob performs the entangling operator(s):
Y

E(i,j)k ,(m,l)k

{m,l:(m,l)k ∼(i,j)k ,m≥i,l≥j}

ii. Bob performs the rest of the computation using classical help from Alice:
Sx

A. Alice computes the corrected measurement angle a00(i,j)k = (−1) (i,j)k a0(i,j)k +
z
S(i,j)
π.
k
B. Alice computes actual measurement angle δ(i,j)k = a00(i,j)k + θ(i,j)k + r(i,j)k π.
C. Alice transmits δ(i,j)k to Bob.
δ(i,j)
D. Bob performs operation M(i,j)kk which measures and traces over the qubit
(i, j)k and retrieves result b(i,j)k .
E. Bob transmits b(i,j)k to Alice.
F. Alice updates the result to s(i,j)k = b(i,j)k + r(i,j)k mod 2.
3. Bob sends the final layer to Alice and Alice applies the final corrections if needed (only
in round tg ).
4. If the trap qubit is within the qubits received, Alice measures it with angle δtk =
θtk + rtk π to obtain btk . Also, Alice discards all qubits received by Bob in this round
except qubit (1, d)tg .
Alice outputs qubit in position (1, d)tg and sets bit acc to 1 if btk = rtk for all k.
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we need to define the following notations. Alice’s chosen random parameters are denoted
collectively by ν, a subset of those are related to the traps: νT including tg , tk ’s and θtk ’s
for k ∈ {1, . . . , s} \ tg . Also νC = {ν \ νT }. TheEprojection onto the correct state for each
trap tk is denoted by ηtνkT , where ηtνkT = +θtk

when tk ∈ Ok and ηtνkT = |rtk i otherwise

(since the trap has been already measured). Cr denotes the Pauli operators that map the
output state of the computational subgraph to the correct one. cr is used to compactly deal
with the fact that in the protocol each measured qubit i is decrypted by XOR-ing them with
ri , except for the trap qubits which remain uncorrected: ∀k : (cr )tk = 0. ρMkν denotes the
density matrix representing the total quantum state received by Bob from Alice for each
round k of the protocol. A special case is the tk th round where ρMkν represents the total state
received by Bob together with its purification (not known to Bob). The classical information
received by Bob at each elementary step i (measurement angles) are represented by |δi i’s.
We allow Bob to have an arbitrary deviation strategy j, at each elementary step i which
is represented as CPTP map Eij , followed by a Pauli Z measurement of qubit i (since Bob has
to produce a classical bit at each step and return it to Alice), which is represented by taking
the sum over projectors on the computational basis |bi i, for bi ∈ {0, 1}. All measurement
operators can be commuted to the end of the computation and all CPTP maps can be
gathered to a single map E j after Bob has received everything from Alice, so that the failure
probability can be written as:
pincorrect =

X

p(ν)Tr(P⊥

b0 ,ν

C

b0 ,νC

0

r

s
O

ηtνkT

ηtνkT

k=1
0

|b + c ihb |E

j

s m−n
O
O

b0 ,ν
δ(k−1)m+i

ED 0
b ,ν
δ(k−1)m+i
⊗ ρMkν

!
0

|b0 ihb0 + cr |C b ,νC † )

k=1 i=1

Our strategy will be to rewrite this probability by introducing the correct execution of the proNm−n
tocol before the attack, on each subgraph k: Pk = i=1 (H(k−1)m+i Z(k−1)m+i (δ(k−1)m+i ))EG0k
and at the same time decomposing the attack to the Pauli basis, using general Paulis σi,k
applying on qubits (k − 1)m + 1 ≤ γ ≤ km for each k.
X

pincorrect =

∗
αvi αvj
p(ν)Tr(P⊥

b0 ,ν,v,i,j
s
O

(σi,k

k=1

Pk

s
O

ηtνkT

0

ηtνkT C b ,νC |b0 + cr ihb0 |

k=1
m−n
O

b0 ,ν
δ(k−1)m+i

ED

b0 ,ν
δ(k−1)m+i

!
⊗

ρMkν Pk†

0

σj,k )|b0 ihb0 + cr |C b ,νC †

i=1

This way we can characterise which Pauli attacks give non-zero failure probability when the
final state is projected on the correct one. For convenience we introduce the following sets
for an arbitrary Pauli σi,k :
Ai,k = {γ s.t. σi|γ = I and (k − 1)m + 1 ≤ γ ≤ km}
Bi,k = {γ s.t. σi|γ = X and (k − 1)m + 1 ≤ γ ≤ km}
Ci,k = {γ s.t. σi|γ = Y and (k − 1)m + 1 ≤ γ ≤ km}
Di,k = {γ s.t. σi|γ = Z and (k − 1)m + 1 ≤ γ ≤ km}
We use the superscript O to denote subsets subject to the constraint km ≥ γ ≥ km − n + 1.
For an arbitrary tg , the only attacks that give the corresponding term of the sum not equal to
zero: are those that (i) produce an incorrect measurement result for qubits (tg −1)m+1 ≤ γ ≤
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tg m − n or (ii) operate non-trivially on qubits tg m − n < γ ≤ tg m. We denote this condition
O
O
by i ∈ Ei,tg and j ∈ Ej,tg : |Bi,tg | + |Ci,tg | + |Di,t
| ≥ 1 and |Bj,tg | + |Cj,tg | + |Dj,t
| ≥ 1.
g
g
The next step will be to characterise which attacks of these subsets remain undetected
by the trap mechanism and try to find an upper bound on their contribution to the failure
probability. By applying blindness and observing that only the terms where σi,k = σj,k
contribute we obtain the following upper bound (details in Appendix B):
2


pincorrect ≤

X

X

Y

|αvi |2 p(tg )

tg v,i∈Ei,tg





X

km−n<tk ≤km,
θ tk

k={1,...,s}\tg

X

+

D
E
p(tk , θtk )( +θtk σi|tk +θtk 


p(tk , rtk )(hrtk |σi|tk |rtk i)2 )

(k−1)m<tk ≤km−n,
r tk

The rest is based on a counting argument using ∀k, |Ai,k | + |Bi,k | + |Ci,k | + |Di,k | = m.

pincorrect ≤

X

≤

X

X

|αvi |2

tg v,i∈Ei,tg

X

tg v,i∈Ei,tg

1
s

1
|αvi |2
s

Y
k={1,...,s}\tg

Y
k={1,...,s}\tg

1
O
O
O
(2|Ai,k | + |Bi,k
| + |Ci,k
| + 2|Di,k \ Di,k
|)
2m
1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

Q
1
O
We denote the product term k={1,2,3,...,s}\z 2m
(2m − |Bi,k | − |Ci,k | − |Di,k
|) as Pi,z .
∗
∗
∗
∗
We also denote each set {Ei,1 ∩ Ei,2 ∩ . . . ∩ Ei,s }, where each term Ei,w is either Ei,w or its
C
complement, Ei,w
, depending on whether the w-th value of a binary vector y (size s) is 1 or
0 respectively, as Wi,y . Let the function #y give the number of positions i such that yi =1.
s

=

1 X
(
s

X

X

k=1 {y:#y=k} i∈Wi,y ,v

X

(|αvi |2

Pi,z ))

{z:yz =1}

The condition i ∈ Wi,y means that the following conditions hold together: {|Bi,w | +
O
O
|Ci,w | + |Di,w
| ≥ 1 : yw = 1},{|Bi,w | + |Ci,w | + |Di,w
| = 0 : yw = 0}.
s

≤

1 X
(
s

X

X

k=1 {y:#y=k} i∈Wi,y ,v

|αvi |2 k



2m − 1
2m

s

k−1
)=

1 X
ck k
(
s
k=1



2m − 1
2m

k−1
)

P
P
where ck = {y:#y=k} i∈Wi,y ,v |αvi |2 .
An upper bound on the above expression is:
pincorrect <

2m
s

(14)
J

4

Conclusion

In this paper we present the first study of the delegation of quantum computing in a restricted
model of computing and show that the general framework of the verification via blindness
could be adapted to the setting of one-pure qubit model. In order to improve the obtained
bound on the security parameter two open questions has to be addressed. The first one aims
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to expand the class of resource states for DQC1 model so that several techniques from the
MBQC domain could be applicable here. The second question will complement the first by
searching for fault-tolerant schemes based on any new resource state for DQC1 model. More
concretely we propose the study of following questions:
A sufficient condition for compatibility with DQC1 based on the step-wise determinism
criteria is presented in Theorem 7. Is this approach extendable to weaker notions of
determinism such as information preserving maps as defined in [24]? Which is a necessary
condition for a family of MBQC resource states to be universal for the DQC1 computation?
Theorem 11 presents a scheme for verification where by adjusting the number of rounds one
could obtain an -verifiable delegated DQC1-MBQC computing with  being polynomially
small on computation size. How can we efficiently amplify this bound to any desired
exponentially small one? Is there a way to adapt the proposed probability amplification
method of [18] based on a quantum error correcting code, into the DQC1-MBQC model?
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A

Proof of Theorem 5

Proof. In this proof of blindness for Protocol 1 we use techniques developed in [16]. The
basic difference from the proof of [16] arises from the different order in which Bob receives
the states from Alice. Nevertheless, after commuting all CPTP maps into a single operator
at the end, the methodology for proving blindness is the same as in the original proof. We
give the full proof here for the sake of clarity.
To prove blindness we do not separate Alice’s system into a classical and a quantum part
but we consider the whole of Alice’s system as quantum. This is a reasonable assumption
since a classical system can be viewed as a special case of a quantum system. Therefore, by
proving blindness for the more general case we also prove blindness for the special case.
For the sake of clarity we use single indexing for all the qubits of the resource state. The
total number of qubits is denoted by m and the number of qubits in a single column of the
brickwork state is denoted by n.
Our goal will be to explicitly write the state σB = TrA (σAB ) that Bob holds at the end
of the execution of the protocol. To achieve this we express Bob’s behaviour at each step i of
the protocol as a collection of completely-positive trace-preserving (CPTP) maps Eibi , each
for every possible classical response bi from Bob to Alice.
At step 1 of the main loop of the protocol Bob has already been given the top input qubit
at position 1 (position (1, 1) in the protocol notation) and the qubit at position f (1) = 1 + n
(position (1, 2) in the protocol notation) together with the angle for measuring qubit 1 (angle
can be represented as a quantum state composed of 3 qubits). State TrA (ρAB ) represents
Bob’s state before the protocol begins and can, in general, be dependent on Alice’s secret
measurement angles. The state of Bob averaged over all possible choices of Alice and possible
classical responses from Bob, after step 1 is:

ED

X
E1b1 δ1θ1 ,r1 δ1θ1 ,r1 ⊗ +θ1+n +θ1+n ⊗ |+θ1 ih+θ1 | ⊗ TrA (ρAB )
b1 ,r1 ,θ1 ,θ1+n

P
P1
Note the all binary parameters in sums range over 0 and 1, ex.
b1 stands for
b1 =0
and all angles range over the 8 possible values in A.
We can write the state of Bob after step 2 of the main iteration as:
X

E2b2



δ2θ2 ,r2

ED
δ2θ2 ,r2 ⊗ +θ2+n

+θ2+n

b2 ,b1 ,r2 ,r1 ,θ2+n ,θ1+n ,θ2 ,θ1

⊗ E1b1



δ1θ1 ,r1

ED
δ1θ1 ,r1 ⊗ +θ1+n

+θ1+n ⊗ |+θ1 ih+θ1 | ⊗ TrA (ρAB )



Following this analysis, after the last step of the iteration Bob’s state will be:
σB =

X

b

m−n
Em−n



b

<m−n
δm−n

,r ≤m−n ,θm−n

ED

b

<m−n
δm−n

,r ≤m−n ,θm−n

⊗ |+θm ih+θm |

b≤m−n ,
r ≤m−n ,θ ≤m

⊗ . . . ⊗ E2b2



ED
δ2θ2 ,r2 δ2θ2 ,r2 ⊗ +θ2+n +θ2+n

ED
 
⊗ E1b1 δ1θ1 ,r1 δ1θ1 ,r1 ⊗ +θ1+n +θ1+n ⊗ |+θ1 ih+θ1 | ⊗ TrA (ρAB ) . . .

Notation b<m−n stands for all the elements of b with index less than m − n.
Collecting all CPTP maps by commuting them with systems which they do not apply on
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into a single operator E and rearranging the terms of the tensor product inside gives:
X

=

m
 O

E b≤m−n

|+θi ih+θi |

m−n−1
O

i=m−n

b≤m−n ,
r ≤m−n ,θ ≤m

n
O

( δiθi ,ri

b

( δi <i

,r ≤i ,θi

ED
b ,r ,θ
δi <i ≤i i ⊗ |+θi ih+θi |)

i=n+1

ED

δiθi ,ri ) ⊗ δ1θ1 ,r1


ED
δ1θ1 ,r1 ⊗ |+θ1 ih+θ1 | ⊗ TrA (ρAB )

i=2

We introduce the controlled unitary:
Y

U=

Zi (−δi )

n+1≤i≤m−n−1,i=1

and rewrite the state as:
m
m−n−1
ED

O
O
b ,r ,θ
b ,r ,θ
E b≤m−n U † U
|+θi ih+θi |
( δi <i ≤i i δi <i ≤i i ⊗ |+θi ih+θi |)

X

i=m−n

b≤m−n ,
r ≤m−n ,θ ≤m

i=n+1

n
ED
ED

O
( δiθi ,ri δiθi ,ri ) ⊗ δ1θ1 ,r1 δ1θ1 ,r1 ⊗ |+θ1 ih+θ1 |U † U ⊗ TrA (ρAB )
i=2

After applying the innermost unitary and absorbing the outermost into the CPTP-map
we have:
X

E0

b≤m−n

m
 O

m−n−1
O 

|+θi ih+θi |

i=m−n

b≤m−n ,
r ≤m−n ,θ ≤m
b ,r ,θ
δi <i ≤i i

ED

b ,r ,θ
δi <i ≤i i


⊗ +

i=n+1
n 
O

δiθi ,ri

ED

δiθi ,ri



⊗ δ1θ1 ,r1

0 b
<i ,r <i

−ai

ED

−ri π


+

0 b
<i ,r <i

−ai

δ1θ1 ,r1 ⊗ +−a01 −r1 π

−ri π


+−a01 −r1 π ⊗ TrA (ρAB )

i=2

It is essential for the proof that each term with index i in the tensor products depends
only on parameters with index ≤ i. This allows to break the summations over r ≤m−n and
θ ≤m and calculate them iteratively from left to right, given the following:
X
I1
|+θi ih+θi | =
2
θi
N
where In = n I. Also,

X r≤i ,θi ED r≤i ,θi
δi
δi
⊗ + 0 r<i
+ 0 r<i
−ai

ri ,θi

=

XX
ri

0

ai

r <i

−ri π

−ai

−ri π

ED 0

+ θi + ri π ai r<i + θi + ri π ⊗ +

θi


0 r
−ai <i −ri π

+


0 r
−ai <i −ri π


X I3
0 r
⊗
+
+ 0 r<i
=
−ai <i −ri π
−ai
−ri π
23
r
i

I4
= 4
2
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and
X

δiθi ,ri

ED

δiθi ,ri =

ri ,θi

I3
23

This procedure will produce the state:


I4m−4n+1
⊗
Tr
(ρ
)
= E 00 (TrA (ρAB ))
σB = E 0
A AB
24m−4n+1
where E 00 is some CPTP map. Therefore Definition 8 is satisfied.

B

J

Proof of Theorem 11

Proof. The same notation is used as in Section 3. The first step is to write the state of
Alice’s system at the end of the execution of the protocol for fixed Bob’s behaviour j and
choices of Alice ν. We have utilised the fact that all measurements can be moved to the end.
Also, we have commuted all Bob’s operations to the end (before the measurements) merging
them to a single CPTP map. The state of Alice is:
Bj (ν) =

X

⊗si=k +θtk +btk π

ED

+θtk +btk π C b,νC |b + cr ihb|

b

E

j

s m−n
O
O

b,ν
δ(k−1)m+i

ED
b,ν
δ(k−1)m+i
⊗ ρMkν

!
|bihb + cr |C b,νC † ⊗si=k +θtk +btk π

ED
+θtk +btk π

k=1 i=1

where +θtk +btk π

ED
+θtk +btk π are used to define Alice’s measurement of the traps which are

part of the output state of each round k (if they exist).
To bound the failure probability, observe that projectors orthogonal to ηtνkT ’s vanish,
thus we have (where b0 = {bi }i6=t1 ...ts ):
pincorrect =

X

p(ν)Tr(P⊥

b0 ,ν

s
O

ηtνkT

ηtνkT

k=1

0

C b ,νC |b0 + cr ihb0 |E j

s m−n
O
O

0

ED 0
b ,ν
b ,ν
δ(k−1)m+i
δ(k−1)m+i
⊗ ρMkν

!
0

|b0 ihb0 + cr |C b ,νC † )

k=1 i=1

We introduce the following unitary, which characterises the correct operation on each
Nm−n
subgraph k: Pk = i=1 (H(k−1)m+i Z(k−1)m+i (δ(k−1)m+i ))EG0k .

We can rewrite the failure probability, introducing Pk† Pk ’s on both sides of the quantum
state of the system before the attack, and absorbing the outermost unitaries into the updated
j
CPTP map E 0 :
pincorrect =

X

p(ν)Tr(P⊥

b0 ,ν
0

r

0

|b + c ihb |E

0j

s
O

ηtνkT

0

ηtνkT C b ,νC

k=1
s
O
k=1
j

(Pk

m−n
O

b0 ,ν
δ(k−1)m+i

!
ED 0
0
†
b ,ν
δ(k−1)m+i ⊗ ρMkν Pk ) |b0 ihb0 + cr |C b ,νC † )

i=1

We decompose E 0 using the following facts: There exist some matrices {χv } of dimension
P
†
s(4m − 3n) × s(4m − 3n), with
v χv χv = I such that for every density operator ρ:
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P
P
j
E 0 (ρ) = v χv ρχ†v . Also, each χv can be decomposed to the Pauli basis: χv = i αvi σi ,
P
∗
with v,i αvi αvi
= 1. Setting σi,k to be the part of σi that applies on the qubits (k−1)m+1 ≤
γ ≤ km.
X

pincorrect =

∗
αvi αvj
p(ν)Tr(P⊥

b0 ,ν,v,i,j
0

0

r

|b + c ihb |

s
O

s
O

0

ηtνkT

ηtνkT C b ,νC

k=1
m−n
O

Pk

(σi,k

b0 ,ν
δ(k−1)m+i

ED 0
b ,ν
δ(k−1)m+i
⊗ ρMkν Pk†

!
0

σj,k )|b0 ihb0 + cr |C b ,νC †

i=1

k=1

Without loss of generality we can assume that σi , σj do not change the δ’s.
For an arbitrary tg , the only attacks that give the corresponding term of the sum not
equal to zero:
0

P⊥ (C b ,νC |b0 ihb0 + cr |σi,tg
(Ptg

m−n
O

0

b ,ν
δ(t
g −1)m+i

ED

0

0

b ,ν
δ(t
⊗ ρMtνg Pt†g )σj,tg |b0 ihb0 + cr |C b ,νC † ) 6= 0
g −1)m+i

i=1

are those that (i) produce an incorrect measurement result for qubits (tg − 1)m + 1 ≤ γ ≤
tg m − n or (ii) operate non-trivially on qubits tg m − n < γ ≤ tg m. We denote this condition
by i ∈ Ei,tg and j ∈ Ej,tg .
We can rewrite the probability by eliminating P⊥ (observing that it applies to a positive
0
operator) and C b ,νC (by the cyclical property of the trace):
X

pincorrect ≤

∗
αvi αvj
p(ν)

ν,v,i∈Ei,tg ,j∈Ej,tg
0

0

s
Y

Tr( ηtνkT

ηtνkT

k=1
r

|b ihb + c |σi,k

Pk

m−n
O

b0 ,ν
δ(k−1)m+i

ED 0
b ,ν
δ(k−1)m+i
⊗ ρMkν Pk†

!
σj,k )

i=1

We extract a trace over R from ρMtνg . And extract the sums over νC,k ’s from the general
sum, where νC,k is the subset of random parameters νC that are used for the computation of
round r:
X

=

∗
αvi αvj
p(νT )

νT ,v,i∈Ei,tg ,j∈Ej,tg

s
Y

Tr( ηtνkT

ηtνkT

k=1


|b0 ihb0 + cr |σi,k Pk

X

(p(νC,k )

νC,k

m−n
O


ED 0
b ,ν
b ,ν
δ(k−1)m+i
δ(k−1)m+i
⊗ TrR (ρMkν ))Pk†  σj,k )
0

i=1

To take advantage of the blindness property we use the following lemma where the proof
is given later.
I Lemma 7 (Blindness (excluding the traps)).
∀k,

X

p(νC,k )

νC,k

=

Iktk
Tr(Iktk )

m−n
O

0

b ,ν
δ(k−1)m+i

ED 0
b ,ν
δ(k−1)m+i
⊗ TrR (ρMkν )

i=1
θt ,rtk

⊗ δ tk k

ED

θt ,rtk

δtkk

⊗ +θtk

ED
+ θ tk

N
N
If k 6= tg , Iktk = 4m−3n−1 I when km − n < tk ≤ km and Iktk = 4m−3n−4 I when
N
(k − 1)m < tk ≤ km − n . And if k = tg , Iktk = 4m−3n I.
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Lemma 7 allows us to simplify the big sum above based on the position of the traps. We
also sum over b0 since there are no longer any dependencies on it in the sum, obtaining:
X

=

∗
αvi αvj
p(tg )

tg ,v,i∈Ei,tg ,j∈Ej,tg

X

s
Y

Tr(

k=1

p(tk , θtk ) +θtk

ED

+θtk σi,k (

km−n<tk ≤km,
θ tk

X

+

ED
I
⊗ +θtk +θtk )σj,k
Tr(I)

p(tk , rtk )|rtk ihrtk |σi,k (

(k−1)m<tk ≤km−n,
r tk

N
I when k 6= tg . And I = 4m−3n I when k = tg .
ED
ED
P
I
Note that θt Tr( +θtk +θtk σi,k ( Tr(I)
⊗ +θtk +θtk )σj,k ) is zero if σi,k 6= σj,k . The
k
P
I
same is true for rt Tr(|rtk ihrtk |σi,k ( Tr(I)
⊗ |rtk ihrtk |)σj,k ). Therefore we can only keep
k
those terms where σi,k = σj,k and the failure probability becomes:

where I =

=

X

N

I
⊗ |rtk ihrtk |)σj,k )
Tr(I)

4m−3n−1

X

Y

|αvi |2 p(tg )

tg v,i∈Ei,tg

D
E
p(tk , θtk )( +θtk σi|tk +θtk )2

X

(

k={1,...,s}\tg km−n<tk ≤km,
θ tk

+

X

p(tk , rtk )(hrtk |σi|tk |rtk i)2 )

(k−1)m<tk ≤km−n,
r tk

The rest of the proof is based on a counting argument. For convenience we introduce the
following sets for an arbitrary Pauli σi,k :
Ai,k = {γ s.t. σi|γ = I and (k − 1)m + 1 ≤ γ ≤ km}
Bi,k = {γ s.t. σi|γ = X and (k − 1)m + 1 ≤ γ ≤ km}
Ci,k = {γ s.t. σi|γ = Y and (k − 1)m + 1 ≤ γ ≤ km}
Di,k = {γ s.t. σi|γ = Z and (k − 1)m + 1 ≤ γ ≤ km}
and use the superscript O to denote subsets subject to the constraint km ≥ γ ≥ km − n + 1.
The failure probability is then:
=

X

X

|αvi |2

tg v,i∈Ei,tg

1
s

Y
k={1,...,s}\tg

((

1
O
O
(8|AO
i,k | + 4|Bi,k | + 4|Ci,k |)+
8m
1
O
(2|Ai,k \ AO
i,k | + 2|Di,k \ Di,k |))
2m

Merging the terms:
=

X

X

|αvi |2

tg v,i∈Ei,tg

1
s

Y
k={1,...,s}\tg

1
O
O
O
(2|Ai,k | + |Bi,k
| + |Ci,k
| + 2|Di,k \ Di,k
|)
2m

Using the fact that for every k, |Ai,k | + |Bi,k | + |Ci,k | + |Di,k | = m:
≤

X

X

tg v,i∈Ei,tg

|αvi |2

1
s

Y
k={1,...,s}\tg

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

T. Kapourniotis, E. Kashefi, and A. Datta

201

The conditions i ∈ Ei,tg that we obtained at the first part of the proof are translated to
O
|Bi,tg | + |Ci,tg | + |Di,t
| ≥ 1. In order to be able to use these conditions we need to rewrite
g
the formula. First we expand it:
=

1 X
|αvi |2
(
s
v,i∈Ei,1

+

X

Y
k={2,3,...,s}

Y

|αvi |2

v,i∈Ei,2

k={1,3,4,...,s}

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

X

... +

Y

|αvi |2

v,i∈Ei,d

k={1,2,...,s−1}

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|))
2m

1
O
We denote the product term k={1,2,3,...,s}\z 2m
(2m − |Bi,k | − |Ci,k | − |Di,k
|) as Pi,z .
∗
∗
∗
∗
We also denote each set {Ei,1 ∩ Ei,2 ∩ . . . ∩ Ei,s }, where each term Ei,w is either Ei,w or its
C
complement, Ei,w
, depending on whether the w-th value of a binary vector y (size s) is 1 or
0 respectively, as Wi,y . Then we have:

Q

=

1 X
(
s

X

(|αvi |2

y\(0...0) i∈Wi,y ,v

X

Pi,z ))

{z:yz =1}

Let the function #y give the number of positions i such that yi =1.
s

=

1 X
(
s

X

X

(|αvi |2

k=1 {y:#y=k} i∈Wi,y ,v

X

Pi,z ))

{z:yz =1}

We separately consider the following term for any arbitrary y with #y = r.
X

X

(|αvi |2

i∈Wi,y

Pi,z )

{z:yz =1}

The condition i ∈ Wi,y means that the following conditions hold together: {|Bi,w | +
O
O
|Ci,w | + |Di,w
| ≥ 1 : yw = 1},{|Bi,w | + |Ci,w | + |Di,w
| = 0 : yw = 0}. We expand:
=

X

(|αvi |2

i∈Wi,y

=

X
i∈Wi,y

Y
{k:yk =0}

X

Y

{z:yz =1} k={1,2,3,...,s}\z

(|αvi |2

X

Y

{z:yz =1} {k:yk =1,k6=z}

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

1
O
(2m − |Bi,k | − |Ci,k | − |Di,k
|)
2m

And by using the above conditions:
X
X
Y
Y
1
1
≤
(|αvi |2
(2m − 1)
(2m)
2m
2m
i∈Wi,y
{z:yz =1} {k:yk =1,k6=z}
{k:yk =0}
X
X  2m − 1 r−1
2
=
(|αvi |
2m
i∈Wi,y
{z:yz =1}


r−1
X
2m − 1
=
|αvi |2 r
2m
i∈Wi,y
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Therefore the bound of our failure probability will be:
s

pincorrect ≤

1 X
(
s

X

X

|αvi |2 k



k=1 {y:#y=k} i∈Wi,y ,v
s

=

1 X
(
k
s



k=1

=

1
(
s

s
X

2m − 1
2m


ck k

k=1

k−1

2m − 1
2m
X

X

k−1
)

|αvi |2 )

{y:#y=k} i∈Wi,y ,v

2m − 1
2m

k−1
)

P
P
where ck = {y:#y=k} i∈Wi,y ,v |αvi |2
subject to conditions:
s
X

ck ≤ 1

(15)

k=1

and
∀k : ck ≥ 0

(16)
J

Proof of Lemma 7. First we define state |qi i as:
i∈D

|qi i ≡ |di i

i∈
/D

|qi i ≡ (

Y

Z dj )|+θi i

{j:j∼i,j∈D}

By substituting ρMkν ’s and taking the trace over R:
If k 6= tg the state becomes:
X

p(νC,k )(

νC,k

km
O

km−n
O

|qi ihqi |

i=km−n+1



0

δib ,ν

ED

0

δib ,ν ⊗ |qiν ihqiν |



i=(k−1)m+n+1
2 
O

0

,ν
δpbi,k

ED 0
ED

,ν
δpbi,k
⊗ qpνi,k qpνi,k ⊗ I4(n−2) /24(n−2) )

i=1

where qpνi,k

E

denote the first layer pure qubits (a maximum of two) of the k-th graph state,

used as padding (dummies) or trap and their positions are defined as: 1 + (k − 1)m ≤
{p1,k , p2,k } ≤ n + (k − 1)m.
Otherwise, if k = tg the state becomes:
X
νC,k

p(νC,k )(

tg m
O
i=tg m−n+1

tg m−n

|qi ihqi |

O



0

δib ,ν

ED 0

δib ,ν ⊗ |qiν ihqiν |

i=(tg −1)m+n+1

⊗ δuθu ,ru

δuθu ,ru ⊗ quθu

quθu ⊗ I4(w−1) /24(w−1) )

where u = (tg −1)m+1 is the position of the single pure qubit of the input to the DQC1-MBQC
computation.
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An implicit assumption was that all δ’s that are used to implement the measurements
of maximally mixed inputs are maximally mixed states themselves, without any loss of
generality.
We define a new controlled unitary:


Y
Y
Y
P 0k = 
Zi (−δi )
Zi (dj )
(17)
{i:i∈D,(k−1)m+1≤i≤km−n}
/

{i:i∈D
/ k } {j:j∼i,j∈Dk }

where Dk denotes the set of dummies of subgraph G0k .
Using this unitary we rewrite the state. If k 6= tg it becomes:
X

km
O

†

p(νC,k )P 0 P 0 (

νCk

km−n
O

|qi ihqi |

i=km−n+1



0

δib ,ν

ED 0

δib ,ν ⊗ |qiν ihqiν |

i=(k−1)m+n+1

2 
O

0

,ν
δpbi,k

ED 0
ED

†
,ν
δpbi,k
⊗ qpνi,k qpνi,k ⊗ I4(n−2) /24(n−2) )P 0 P 0

i=1

Otherwise:
X

tg m
O

†

p(νC,k )P 0 P 0

νC,k

tg m−n

i=tg m−n+1



O

|qi ihqi |

0

δib ,ν

ED


0
δib ,ν ⊗ |qiν ihqiν |

i=(tg −1)m+n+1

⊗ δuθu ,ru

†

quθu ⊗ I4(w−1) /24(w−1) )P 0 P 0

δuθu ,ru ⊗ quθu

After applying the innermost unitary, if k 6= tg :
X

†

p(νC,k )P 0 (

νC,k

km
O

km−n
O

|qi0 ihqi0 |

i=km−n+1



0

δib ,ν

ED

0

0

δib ,ν ⊗ qiν

ED 0 
qi ν

i=(k−1)m+n+1
2 
O

0

,ν
δpbi,k

ED

0

0

,ν
δpbi,k
⊗ qpνi,k

ED

0

qpνi,k



⊗ I4(n−2) /24(n−2) )P 0

i=1

where state |qi0 i is defined as:
|qi0 i ≡ |di i

i∈D

|qi0 i ≡ |+θi i

i∈
/ D, ∀k : km ≥ i ≥ km − n + 1

|qi0 i ≡ +

i∈
/ D, ∀k : km − n ≥ i ≥ (k − 1)m + 1


00 b0 ,r
<i
−ri π
−ai

Otherwise, if k = tg :
X
νC,k

0†

p(νC,k )P (

tg m
O
i=tg m−n+1

tg m−n

|qi0 ihqi0 |



O

0

δib ,ν

ED

0

0

δib ,ν ⊗ qiν

ED 0 
qi ν

i=(tg −1)m+n+1

⊗ δuθu ,ru

0

δuθu ,ru ⊗ quθu

ED 0
quθu ⊗ I4(w−1) /24(w−1) )P 0

It is essential for the proof that each term with index i in the tensor product depends
only on parameters with index ≤ i and the term with index (tg − 1)m + 1 (input qubit) and
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the trap qubit and its measurement angle (if it is not an output) depend only on their own
parameters. This allows to break the summations and calculate them iteratively from left to
right, given the following:
X
I
p(di )|di ihdi | =
2
di

X

I
2

p(θi )|+θi ih+θi | =

θi

X

0

p(θi , ri , di ) δib ,ν

θi ,ri ,di

X

0

ED

p(θi , ri ) δib ,ν

ED 0
I4
δib ,ν ⊗ |di ihdi | = 4
2

θi ,ri

=

X

X

p(ri )

ri

=

X
ri



0

δib ,ν ⊗ +
00

p(θi ) ai

00 b0 ,r
<i
−ai
−ri π

b0 ,r <i

ED 00
+ θi + ri π ai

+

00 b0 ,r
<i

−ai

b0 ,r <i

−ri π

!
+ θi + ri π

θi

p(ri )


⊗ + 00 b0 ,r<i
+ 00 b0 ,r<i
−ai
−ri π
−ai
−ri π

00 b0 ,r
+ 00 b0 ,r<i
<i

I3
⊗ +
−ai
23

−ri π

−ai

−ri π

I4
24
N
where In = n I. The last step was possible because each corrected computation angle a00i
depends only on past r’s.
And finally (for u = (tg − 1)m + 1),
ED
X
p(θu , ru ) δuθu ,ru δuθu ,ru ⊗ +−a0u −ru π +−a0u −ru π
=

θu ,ru

=

X
ru

p(ru )

X

ED 0
p(θu ) au + θu + ru π ai + θu + ru π

!

0

θu

⊗ +−a0u −ru π

ED
+−a0u −ru π

I4
24
For k 6= tg , if km ≥ tk ≥ km − n + 1 the above procedure will eventually give:
ED
† I4m−3n−1
P 0 ( 4m−3n−1 ⊗ +θtk +θtk )P 0
2
ED
I4m−3n−1
= 4m−3n−1 ⊗ +θtk +θtk
2
If km − n ≥ tk ≥ (k − 1)m + 1 the above procedure will eventually give:
ED
† I4m−3n−4
P 0 ( 4m−3n−4 ⊗ δtνkT δtνkT ⊗ +rtk π +rtk π )P 0
2
ED
I4m−3n−4
= 4m−3n−4 ⊗ δtνkT δtνkT ⊗ +θtk +θtk
2
N
And for k = tg the result will be:
4m−3n I, which concludes the proof.
=
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In this paper we design a protocol to extract random bits with an arbitrarily low bias from a
single arbitrarily weak min-entropy block source in a device independent setting. The protocol
employs Mermin devices that exhibit super-classical correlations. Number of devices used scales
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1

Introduction

High quality randomness is a very useful resource in many computation and cryptographic
tasks. In fact it has been shown that many protocols, including quantum ones, vitally require
perfect randomness for their security [1, 2].
Unfortunately, even though we cannot fully predict certain processes it is very difficult to
argue that they produce perfect randomness – independent and unbiased bits. The problem
of imperfect randomness has a long history in classical computer science and long line of
research was devoted to randomness extraction – algorithms to transform imperfect sources
of randomness into (close to) perfect ones [3].
The drawback of randomness extractors are twofold. Firstly, extractors typically require
at least two independent sources of (imperfect) randomness. Worse still, even imperfect
randomness of classical processes has to be assumed, because in principle classical physics is
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deterministic. Quantum physics, with its intrinsic randomness allows us, in theory, to drop the
second assumption. Preparation of a pure state and measurement in its complementary basis
will yield a perfectly random result. In practice, however, we are replacing the assumption of
randomness by yet another assumption – perfect control of quantum devices. This assumption
is also very problematic, as we have learned in case of quantum key distribution [4].
Luckily enough, thanks to Bell-type experiments, it is possible to certify by classical
procedures that quantum processes are being observed and therefore intrinsic randomness is
being produced. This is the basic idea behind device independent randomness extraction.
Effectively, we are exchanging the assumption of independent randomness of the second
source by a much weaker assumption – validity of quantum mechanics. Alternatively, one
can view device-independent randomness extraction as quantum protocol for extracting
randomness from a single weak source – a task that is classically impossible.
In this paper we work with (n, k)block min-entropy random sources. These are sources
with n-bit blocks of output with guaranteed min-entropy k. Such a source can be modeled
as a sequence of n-bit random variables X1 , X2 , . . . , such that
∀x1 , . . . , xi−1 ∈ {0, 1}n , ∀e ∈ I(E),

(1)

H∞ (Xi |Xi−1 = xi−1 , . . . , X1 = x1 , E = e) ≥ k,
where E is a random variable describing all adversary’s information about the source and
I(E) is it’s image. Therefore, each new block has high min-entropy, even conditioned
on the previous ones and any information of the adversary. This is a generalization of
Santha-Vazirani sources [5], which can be viewed as block sources with n = 1.
Note that the task of transforming a single block source into a fully random bit is known
to be impossible [3]. Furthermore, it is impossible to turn a block source with n > 1 into
Santha-Vazirani source, therefore we cannot use existing randomness extraction protocols
[6, 7, 8, 9].
It is also worth to note that similar results were independently obtained by Chung, Shi
and Wu [10]. The main difference between the two results is that we work with min-entropy
block sources, while their results hold also for general min-entropy sources.

2

Device Independent Concept and Mermin Inequality

In this paper we use the three-partite Mermin inequality. Let’s consider three non–communicating
boxes, each of them having a single bit input and a single bit output. Let us denote the
input bits of the respective boxes by X, Y and Z and the corresponding output bits A, B
and C. Input bits are correlated and it holds that XY Z ∈ {111, 100, 010, 001}. The inputs
are simultaneously passed to all boxes, so each box only knows it’s input. The value v of the
Mermin term is a function of the 4 conditional probabilities defined by the behavior of the
device and of the probability distribution on inputs
v =P (A ⊕ B ⊕ C = 1|XY Z = 111)P (XY Z = 111)+
+P (A ⊕ B ⊕ C = 0|XY Z = 100)P (XY Z = 100)+
+P (A ⊕ B ⊕ C = 0|XY Z = 010)P (XY Z = 010)+
+P (A ⊕ B ⊕ C = 0|XY Z = 001)P (XY Z = 001).

(2)

In particular, for the uniform input distribution we set P (XY Z = 111) = P (XY Z = 010) =
P (XY Z = 001) = P (XY Z = 100) = 41 and denote the Mermin term by vu .
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Figure 1 Depicted is the value of Mermin variable v = f (ε) needed to certify the bias of the
output bit to be at most ε.

Assuming the uniform distribution on all four inputs, the maximal value of vu achievable
by a classical device [11] is 34 (thus the Mermin inequality reads vu ≤ 43 ) and there exists
a classical device that can make any 3 conditional probabilities simultaneously equal to
1. With the use of quantum mechanics we can achieve vu = 1 and satisfy perfectly all 4
conditional probabilities using the tripartite GHZ state √12 (|000i + |111i) and measuring σX
(σY ) when receiving 0 (1) on input.
The beautiful property of the Mermin inequality is that the violation v gives us directly
the probability that the device passes a specific test
A + B + C = X · Y · Z,

(3)

where addition and product are both taken modulo 2. The probability of failing the test is
therefore 1 − v.
Mironowicz and Pawlowski [9] showed the following result: Take a linearly ordered
sequence of ` Mermin devices D1 . . . D` (` being arbitrary) that have uniform distribution
on inputs, and each device knows inputs and outputs of its predecessors, but devices cannot
signal to its predecessors. Let us assume that the inputs of devices are described by random
variables XY Z1 , . . . , XY Z` , and the outputs by ABC1 , . . . , ABC` . Then there exists a
function f (ε) such that if the value of the Mermin term (2) using uniform inputs is at least
vu ≥ f (ε), then the output bit A` has a bias at most ε conditioned on the input and output
of all its predecessors and the adversarial knowledge. This function can be lower bounded by
a Semi-Definite Program (SDP) using any level of the hierarchy introduced in [12]. By using
the second level of the hierarchy one can obtain the bound on f (ε) as a function of ε shown
in Fig. 1.
We can set ` = 1 (having just a single device) and get the lower bound on the detection
probability of producing a bit biased by more than ε, which is greater than 1 − f (ε). Our
protocol uses many devices, which are forbidden to communicate at all, therefore they can
be ordered arbitrarily and thus this limit holds for all of these devices simultaneously.
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3

Single-round protocol

In the rest of our analysis we will be working with (n, k) block sources for an arbitrary n
and k ≥ 2. This is to simplify the explanation, since by taking d k20 e blocks of an arbitrary
(n0 , k 0 ) source with k 0 > 0 we get a (n, k) source with n = d k20 en0 and k = d k20 ek 0 ≥ 2.
Let us start with a min-entropy (n, 2) source (recall that (n, k) source with k > 2 is also
an (n, 2) source) and define N = 2n . Let H = {h1 ,
dots, hm } be a family of hash functions s.t. hi : {0, . . . , N − 1} → {0, 1, 2, 3}. Each hashfunction hi is used to provide input for a Mermin-type device Di , where outputs of the
function 0, 1, 2, 3 identify 111, 100, 010, 001 inputs for the device.
We want to construct H with the property that for every 4-element set S ⊆ {0, . . . , N − 1}
there exist at least one hash function h ∈ H such that h(S) = {0, 1, 2, 3}. This is trivially
satisfied for the set of all possible hashing functions Hf ull = {0, 1, 2, 3}N , however, such a
class of functions with its 4N elements is impractically large. There exists a construction of
such class of hash functions with logarithmic number of functions in N (see [13]), thus the
number of devices needed scales polynomially with the length of the sequence n. We also
stress that for large n one hash function covers as many as 9% of all four-tuples, independently
on n. So the size of an optimal set of hash functions might not depend on n at all. Let us
denote m = |H|. The protocol works as follows:
1. Obtain a (weakly) random n bit string r from the (n, k) block source.
2. Into each device Di input the 3 bit string ri chosen from set {111, 100, 010, 001} – each
one corresponding to one of the possible outputs of hi (r) – and obtain the outputs Ai ,
Bi and Ci .
3. Verify whether for each device Di the condition Xi + Yi + Zi = Ai · Bi · Ci holds. If this
is not true, abort the protocol.
Lm
4. Output b = i=1 Ai .
The protocol is depicted in the Fig. 2.
Let us now examine the properties of the bit bi . First consider only flat (n, 2) distributions.
Recall that these are exactly distributions that are uniform on 4-element subsets of the
sample space. Our construction of the class H of hash functions assures that for any flat
probability distribution there is a function hj ∈ H and the corresponding device Dj such
that inputs of Dj (hashed by hj ) are uniform. Although output bits Ai are not independent
in general, as most of them can be produced by fully deterministic strategies, (1) together
with the arbitrary ordering we can impose on devices {Di }m
i=1 we have that if the adversary
wants to bias (conditioned on the inputs and outputs of other devices) Aj by amount greater
than ε, she must risk getting caught with probability at least 1 − f (ε). Therefore Aj is
partially independent of other {Ai |i 6= j}, and the output of the round b is biased by at most
ε with probability at least 1 − f (ε).
The set of all (n, 2) distributions is convex and flat distributions are exactly all extremal
points of this convex set [14]. Thus any (n, 2) distribution d can be expressed as a convex
PN
combination of at most N (n, 2) flat distributions di (Caratheodory theorem) as d = i=1 pi di
PN
for some pi ≥ 0,
i=1 pi = 1. The lower bound on probability that the adversary is
not detected is given by the successful cheating probabilities when using flat distribution
di ∈ {di }N
i=1 averaged through the probability distribution on these flat distributions
vu ≤

N
X
i=1

pi P (not detected|di ) ≤ f (ε)

PN

i=1

pi .

(4)
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r ∈ {0, 1}n
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b
Figure 2 Depiction of a single round protocol. Bit string drawn from the flat random source
is hashed into m inputs into Mermin devices so that at least one device receives all four inputs
with non-zero probability. This guarantees at least one result almost perfectly random with high
probability, which holds also for the product of individual results.

Thus the upper bound vu ≤ f (ε) holds for non-flat distributions as well.
To summarize this part, having an (n, k) source with k ≥ 2, with a single round of a
protocol, we can produce a single bit that is biased at most by ε with a certainty of 1 − f (ε).

4

Multiple-round protocol

Let us state the most general task: we have an (n, k) block source with arbitrary n and
k ≥ 2. We would like to produce a bit that is biased by no more than ε with certainty of at
least 1 − δ.
If the one-round version does not meet these parameters, we will repeat the whole protocol
l times. By using new devices and new outputs of the block source, each of the runs j will
produce a bit bj that is biased by ε from perfectly random bit conditioned on all the previous
bits {bi |i < j} up to a probability f (ε). Thus, in order to achieve the bias of the output bit
b=

l
M

bj

(5)

j=1

of at least ε, all bits bi has to have at least this bias. Therefore, after l rounds, the probability
of the adversary not being detected will be upper bounded by f (ε)l . Note that the product
form does not come from the fact that the detection probabilities are independent (they
are not). This is a product of a chain of conditional probabilities. Recall that the bound
f (ε) holds conditioned on any inputs and outputs of the previous devices (in an arbitrarily
ordering that respects the causality). Thus choosing
l>

log δ
log f (ε)

(6)

will guarantee the fulfillment of the conditions for the parameters ε and δ.
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Summing up, with an (n, k) block source and

  
log δ
2
O
P oly n
log f (ε)
k

(7)

Mermin devices we can produce a single random bit with bias smaller than ε with probability
larger than 1 − δ. For producing more bits we simply repeat the whole procedure: all the
bits produced will have bias smaller than ε conditioned on the bits produced so far, with
linear scaling of the resources.

5

Robustness

Aborting the protocol after even a single mistake of the devices is certainly highly impractical
from the implementation point of view. Therefore we expand our analysis to a situation
where we tolerate certain noise on the devices, which would manifest itself by occasional
failing of the test condition even for honest devices. More specifically, we shall tolerate a
certain fraction of the devices to malfunction without aborting the protocol.
In more technical version of this work [13] we show, that if we tolerate
(1 − f (ε))
l
(8)
2
devices to fail in the whole protocol and want to achieve security parameters ε, δ we can do
so by increasing
l>

8 ln δ
.
f (ε) − 1

(9)

This translates into increasing the number of rounds of the protocol comparing to the case
(ε))
of ideal devices by a factor of 8fln(f
(ε)−1 . For small ε the parameter f (ε) approaches 1 and the
multiplication factor saturates by 8.
On the other hand we also show that for honest but faulty devices with individual failure
probability bounded by
(1 − f (ε))
,
(10)
4m
the probability of aborting the protocol decreases exponentially with the number of protocol
rounds l.

6

Conclusion

In this paper we have introduced a protocol that extracts weak randomness obtained from
a min-entropy source in the device independent setting. The protocol works for arbitrarily
weak block min-entropy sources with a reasonable scaling of the number of devices. Our
protocol is also robust, as it allows tolerating some fraction of malfunctioning devices at the
cost of a constant increase of the number of devices used.
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Abstract
A homomorphism from a graph X to a graph Y is an adjacency preserving mapping f : V (X) →
V (Y ). We consider a nonlocal game in which Alice and Bob are trying to convince a verifier
with certainty that a graph X admits a homomorphism to Y . This is a generalization of the
well-studied graph coloring game. Via systematic study of quantum homomorphisms we prove
new results for graph coloring. Most importantly, we show that the Lovász theta number of
the complement lower bounds the quantum chromatic number, which itself is not known to
be computable. We also show that other quantum graph parameters, such as quantum independence number, can differ from their classical counterparts. Finally, we show that quantum
homomorphisms closely relate to zero-error channel capacity. In particular, we use quantum
homomorphisms to construct graphs for which entanglement-assistance increases their one-shot
zero-error capacity.
1998 ACM Subject Classification G.2.2 Graph Theory
Keywords and phrases graph homomorphism, nonlocal game, Lovász theta, quantum chromatic
number, entanglement
Digital Object Identifier 10.4230/LIPIcs.TQC.2014.212

1

Graph homomorphism game as a generalization of coloring game

In the (X, c)-coloring game, Alice and Bob are trying to convince a verifier with certainty
that the graph X = (V, E) is c-colorable [10, 6]. The verifier sends Alice and Bob vertices
a, b ∈ V respectively and they respond with colors α, β ∈ [c] accordingly. To win Alice an
Bob need to respond with α = β for a = b and with α 6= β for ab ∈ E. Classical Alice and
Bob can win with probability 1 if and only if X is c-colorable. In contrast, quantum Alice
and Bob using shared entanglement can sometimes win the (X, c)-coloring game even when
X is not c-colorable [6, 1, 5, 16].
We introduce a natural generalization of the graph coloring game: the graph homomorphism game. A graph homomorphism is a function ϕ : V (X) → V (Y ) such that ϕ(x)
and ϕ(x0 ) are adjacent whenever x and x0 are adjacent. When such a map exists we say
that X has a homomorphism to Y and write X → Y . A c-coloring of X can be viewed
as a homomorphism ϕ : X → Kc , where Kc is the complete graph on c vertices. Graph
homomorphisms have been used to prove results about different types of chromatic numbers,
graph products etc.; they have applications in areas like complexity theory, statistical physics
and others (see [12, 13] for a general reference).
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T
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Our motivation for this work is that a systematic study of quantum homomorphisms can
yield
better understanding of and new results concerning quantum graph coloring (see Section 4);
new examples of nonlocal games with perfect quantum but not classical strategies (see
Section 2);
new results for zero-error capacity via the connections that we establish in Section 3.
In the (X, Y )-homomorphism game the verifier sends Alice and Bob vertices x, x0 ∈ V (X)
respectively and they respond with vertices y, y 0 ∈ V (Y ) accordingly. To win players need to
respond with y = y 0 to questions x = x0 and with yy 0 ∈ E(Y ) to questions xx0 ∈ E(X). Like
the coloring game, the (X, Y )-homomorphism game can be won with certainty by classical
players if and only if X → Y . If quantum players using shared entanglement can win the
(X, Y )-homomorphism game with certainty we say that X has a quantum homomorphism to
q
Y and write X −
→ Y . As we know from the case of coloring and will see from new examples
q
in the next section, sometimes X −
→ Y even though X 6→ Y (i.e., X does not admit a
homomorphism to Y ).
It is known that whenever X is quantum c-colorable, the (X, c)-coloring game can be won
using projective measurements on maximally entangled state [5]. Moreover, Bob’s projectors
are the complex conjugates of Alice’s. We have verified that the proof of [5] extends to the case
of the (X, Y )-homomorphism game. This allows the following combinatorial reformulation:
q

I Lemma 1. We have X −
→ Y if and only if there exists an assignment of projectors Pxy to
P
pairs of vertices (x, y) ∈ V (X) × V (Y ) such that y Pxy = I for all x ∈ V (X) and
Pxy Px0 y0 = 0 whenever (x = x0 & y 6= y 0 ) or (x ∼ x0 & y 6∼ y 0 ).
This reformulation is instrumental in proving many of the results in the coming sections.
The other proof technique that we employ only uses the players’ ability to win certain
homomorphism games to conclude that they can also win some other homomorphism game.
For example, this kind of reasoning easily shows that quantum homomorphisms are transitive,
q
q
q
i.e., X −
→ Y and Y −
→ Z implies that X −
→ Z.
Curiosly, if instead of entanglement Alice and Bob are given access to non-signalling
correlations, they can win the (X, K2 )-homomorphism game with certainty for any graph X.
This implies that they can win any (X, Y )-homomorphism game for arbitrary graphs X, Y
as long as E(Y ) 6= ∅.

2

Quantum parameters

The quantum chromatic number, χq (X), is defined as the smallest c for which quantum players
can win the (X, c)-coloring game with certainty [10, 6]. This parameter has been relatively
well-studied [1, 5, 9, 17, 16]. In particular, it is known that for the family of graphs Ω4n there
is an exponential separation between χ(Ω4n ) and χq (Ω4n ). Here, the so-called Hadamard
graph Ωn is the graph with vertex set {±1}n and edge set {(v, w) : v T w = 0}. Also, a
complete characterization of graphs with χq (X) < χ(X) has been given [16]. However, many
questions remain open. For example, it is not known whether χq (X) is computable, or whether
there exists a family of graphs Xn such that limn→∞ χ(Xn ) = ∞ but limn→∞ χq (Xn ) < ∞.
A systematic study of quantum homomorphisms could aid in answering these and other
questions
Using the framework of quantum homomorphisms, we can introduce a quantum analogue
for any graph parameter defined in terms of graph homomorphisms (e.g., clique number,
independence number, odd girth, etc.). Here we only consider the following:
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q

quantum clique number, ωq (X) = max{n : Kn −
→ X};
quantum independence number, αq (X) = ωq (X) where X denotes the complement of X.
Let us remark that by now, the quantum independence number has been further used by
many other authors exploring parallel repetition, zero-error communication, binary constraint
system games etc.
We are about to see that quantum clique and independence number can be different
from their classical counterparts. Moreover, we show how to construct a graph with such a
q
separation using any two graphs X and Y such that X −
→ Y but X 6→ Y .
For graphs X and Y , their homomorphic product, X n Y , is the graph with vertex
set V (X) × V (Y ), and vertex (x, y) is adjacent to (x0 , y 0 ) if either (x = x0 and y 6= y 0 ) or
(xx0 ∈ E(X) and yy 0 ∈
/ E(Y )). This definition is motivated by the fact that X → Y if and
q
only if α(X n Y ) = |V (X)|. We have proved the quantum version of this fact, i.e., X −
→ Y if
and only if αq (X n Y ) = |V (X)|. Combining these two facts gives:
q

→ Y but X 6→ Y . Then we have that
I Theorem 2. Let X, Y be graphs such that X −
α(X n Y ) < αq (X n Y ) and ω(X n Y ) < ωq (X n Y ).
This theorem allows to obtain separations for clique and independence numbers starting from
q
any graph X with χq (X) < χ(X). For example, the fact that Ωn −
→ Kn [1] but Ω4n 6→ K4n
for n > 2 [11] implies that α(Ω4n n K4n ) < αq (Ω4n n K4n ) for all n > 2.

3

Relationship to entanglement-assisted zero-error capacity

The one-shot zero-error capacity, c0 (X), of a graph X is the maximum number of different
messages that can be sent without error by one use of any classical noisy channel N with
confusability graph X [18, 15]. In the scenario where the communicating parties can use
shared entanglement, we speak about entanglement-assisted zero-error capacity, c∗0 (X) [7].
The separations between c∗0 (X) and c0 (X) and their asymptotic analogues have been
investigated in [7, 14, 16, 3]. It is an open question how large these separations can be. As
[16] shows, a separation between the one-shot zero-error capacities can be obtained starting
from any graph X with χq (X) < χ(X).
A somewhat analogous relationship can be shown to hold for quantum homomorphisms
in general:
q

I Theorem 3. Let X, Y be graphs such that X −
→ Y but X 6→ Y . Then we have that
c0 (X n Y ) < c∗0 (X n Y ).
It turns out that the quantum independence number, αq (X), is closely related to and
might equal the one-shot entanglement-assisted zero-error capacity:
I Theorem 4. For any graph X we have αq (X) ≤ c∗0 (X) with equality if and only if c∗0 (X)
can be achieved using a strategy in which all of Alice’s measurements are projective and the
shared state is maximally entangled.
By the above theorem, proving that αq (X) = c∗0 (X) for all graphs X would settle the open
question of whether projective measurements on maximally entangled state suffice to achieve
c∗0 (X). If this was the case, the results from [16] would imply a complete characterization of
graphs for which c0 (X) < c∗0 (X).
Finally, we show that quantum homomorphisms respect the order of both the one-shot
and asymptotic entanglement-assisted zero-error capacities.
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I Theorem 5. Let Θ∗ denote the entanglement-assisted Shannon capacity. For any graphs
q
X, Y we have that X −
→ Y implies both
c∗0 (X) ≤ c∗0 (Y ) and Θ∗ (X) ≤ Θ∗ (Y ).
q

The above theorem can be used to lower bound Θ∗ (Y ) in the case when X −
→ Y and Θ∗ (X)
is known for some graph X.

4

Relationship to Lovász ϑ

The Lovász theta number of X, denoted ϑ(X), was introduced in [15] as an efficiently
computable upper bound for the Shannon capacity Θ(X). It has been shown that ϑ(X)
upper bounds even the entaglement-assisted Shannon capacity Θ∗ (X) [2, 8]. We have
established that quantum homomorphisms respect the order of Lovász theta:
q

I Theorem 6. For any graphs X, Y we have that X −
→ Y implies ϑ(X) ≤ ϑ(Y ).
Applying the above theorem with Y being the complete graph on χq (X) vertices gives the
following:
I Corollary 7. For any graph X we have ϑ(X) ≤ χq (X).
Corollary 7 gives us an efficiently computable lower bound on the quantum chromatic
number χq (X), which itself is not even known to be computable (By now our lower bound on
χq (X) has been strengthened by replacing ϑ with ϑ+ [4]). The lower bound from Corollary 7
can also be used to conclude that the previously established [1] upper bound χq (Ωn ) ≤ n is
actually tight for all Hadamard graphs Ωn with 4|n. (The other cases are not interesting
since Ωn is either empty or bipartite.)
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Abstract
Network coding [1] is a technique to maximize communication rates within a network, in communication protocols for simultaneous multi-party transmission of information. Linear network
codes are examples of such protocols in which the local computations performed at the nodes
in the network are limited to linear transformations of their input data (represented as elements
of a ring, such as the integers modulo 2). The quantum linear network coding protocols of
Kobayashi et al. [17, 18] coherently simulate classical linear network codes, using supplemental
classical communication. We demonstrate that these protocols correspond in a natural way to
measurement-based quantum computations with graph states over qudits [21, 4, 8] having a
structure directly related to the network.
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1

Introduction

Network coding [1] is a technique to maximize the rate at which a set of source nodes can
simultaneously transmit a set of independent messages to certain target nodes through a
fixed network. For this purpose, it is sufficient to give each communication link enough
bandwidth to accommodate multiple messages to be transmitted at once: however, less
bandwidth may be required at each link if one allows nodes to distribute information about
the messages across the network. A classic example is the two-pair problem on the “butterfly
network” (illustrated in Figure 1): rather than halve the bandwidth between two messages
at an apparent bottleneck in the network, the internal nodes may perform simple local
computations on the messages, to allow the input data to be reconstructed at the targets.
Linear network coding is the special case in which the protocol only requires each node to
compute a linear transformation of its inputs to achieve this goal.
We consider quantum network coding, in which we perform similar tasks with quantum
states transmitted through noiseless quantum channels. It is immediately apparent that some
problems which can be sensibly posed for “classical” network coding are impossible in general
∗
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s1

S1

V1

s2

S2

T1

t1

T2

t2

V2

Figure 1 The butterfly network, with source nodes S1 and S2 and target nodes T1 and T2 .
The two-pair problem on this network is for S1 to communicate their input to the target T2 , and
simultaneously for S2 to communicate their input to the target T1 , assuming that each edge can
carry at most one message (represented e.g. by a single bit, 0 or 1). The classic solution is for S1 ,
S2 , and V2 to duplicate their inputs, and for V1 , T1 , and T2 to compute the parity of their inputs, in
which case (t1 , t2 ) = (s2 , s1 ).

for quantum network coding. For instance, while a classical network code allows for the
each of the source nodes to each send a copy of their inputs to both targets in the butterfly
network (see page 220), this is clearly not possible for quantum states due to the no-cloning
theorem [24]. Other problems which do not require multiple copies of the input states to be
re-created at the output (such as the two-pairs problem above) are still potentially unsolvable
with fixed-capacity quantum channels alone, even when the corresponding classical problem is
solvable [15, 19]. However, some of these problems become feasible for quantum states when
the network nodes share prior entanglement [14], or if the capacities of the communication
links scale as the logarithm of the number of target nodes [22].
Because classical information is easier to faithfully transmit and transform than quantum
information, it is common to consider quantum protocols which also allow classical communication, and where fewer restrictions are imposed on the classical than the quantum
communication (see Ref. [20]). In a setting where no restrictions are imposed on classical
communication, Kobayashi et al. [17] describe a quantum protocol for the k-pairs problem:
the problem in which each of k source nodes wish to communicate their input message
to one of k distinct target nodes. Their protocol is in effect a coherent simulation of a
classical linear network code. More generally, for any classical linear network code which
performs some injective linear transformation t = M s of the input data, Ref. [17] yields a
corresponding quantum procedure to coherently simulate that network over for arbitrary
superpositions of input data. We call such a protocol a (classically assisted) quantum linear
network code. For the k-pairs problem, the protocols of Ref. [17] were subsequently extended
in two different ways by Ref. [18]: to restrict the classical communication to the same network
as the quantum communication (albeit with multiple rounds of communication, and sending
a single message backwards as well as forwards along each communication link) and to
accommodate non-linear protocols as well.
In this article we show that classically assisted quantum linear network codes in the style
of Ref. [18] are in effect an instance of one-way measurement based quantum computation
(MBQC) [21, 4, 8, 9]: a model of quantum computation in which one may entangle an arbitrary
input state |ψi with a graph state, which is then subjected to a sequence of measurements,
leaving a final residual state which contains a transformed state U |ψi for some unitary
transformation1 U . Furthermore, the graph state used as a resource is closely related

1

In general, the transformation which is performed on an input state |ψi is not necessarily a unitary
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Figure 2 An illustration of the transformation of messages performed by a single network node
in a linear coding protocol.

structurally to the network used in the coding protocol. This demonstrates a link between
MBQC and linear network coding, construed as distributed models of computation, and
suggests novel ways of interpreting measurement-based procedures. At the same time, this
suggests MBQC as a unifying framework in which to consider multi-party quantum networking
protocols, including cryptographic applications formulated in the one-way model [3, 16] as
well as standard security proofs of BB84 [23].

2

Preliminaries

In this section, we present introductory remarks on classical linear network coding, and
summarize the development of Refs. [17, 18]. We assume familiarity with standard models
of quantum computation on qubits, as well as measurement-based quantum computation
(see e.g. Refs. [21, 4, 8, 9] for introductory references). We introduce the notation and the
definitions for the operators used over qudits of dimension d below.

2.1

Classical network coding

We model a communications network by a directed graph of communications links, each of
which can be used to transmit a single message from some message set M . In this article
we suppose that M consists of a cyclic ring2 Zd = Z/dZ. The messages are sent between
co-operative agents (represented by nodes of the digraph) who may perform some non-trivial
transformation of the data they receive from ingoing links. In the context of linear network
codes, the transformations performed by each node are linear transformations, as represented
in Figure 2.
The result of this computation is then sent as output messages to other nodes. We restrict
ourselves to directed acyclic networks, and assume that each node waits for all inputs to
arrive before computing its outputs.
The canonical network coding problems involve distributing information from a collection
of source nodes S = {S1 , S2 , . . .} to a collection of target nodes T = {T1 , T2 , . . .}, such as the
multicast problem (in which each source Sh must transmit their data to every one of the
targets Tj ), and the k-pairs problem (in which each source Sh tries to send their message
to a single target Tπ(h) , for some permutation π ∈ Sk of the indices). The source nodes

2

transformation, but rather some completely positive trace preserving map Φ acting on ρ0 = |ψihψ|.
However, standard treatments of the one-way model describe how measurements on graph states may
be used to simulate the transformations performed by unitary circuits, which by construction would
transform the input state |ψi unitarily.
In the setting where messages represent elements of a finite field GF(pr ) (see e.g. Ref. [13]), we may
replace each communication link with r parallel communications links, representing elements of GF(pr )
as r-dimensional vectors over GF(p) ∼
= Zp . In the case of linear network codes, this leads to no loss of
generality, as every GF(pr )-linear transformation of messages is also a GF(p)-linear transformation.
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Figure 3 The multicast problem on the butterfly network, formulated as a linear transformation
over the ring Zd . A solution by linear network coding decomposes this transformation as a product
of block matrices according to the network structure. A typical solution to this problem is presented
in Eqn. (1).

Sj each have some piece of information, usually represented as a single element sj ∈ Zd or
n
vector sj ∈ Zd j . To put the source and target nodes on an equal footing to the other network
nodes, we suppose that the inputs sj of the sources Sj are messages received from elsewhere
(e.g. storage devices owned by the source nodes), and the outputs tj to be computed by the
targets Tj are also transmitted to somewhere, as depicted in Figure 1. A solution via linear
network codes simply assigns linear transformations to each node, in such a way that the
composite transformation performs the correct redistribution of input messages.
We regard linear network coding as a distributed model of computation, in which
linear transformations are decomposed into block matrices, where each non-trivial block is
represented by a single node. For any linear function f – of which the k-pairs and multicast
problems are special cases – we consider which transformations the nodes may perform (if
any) to compute f . Figure 3 presents the multicast problem on the butterfly network in
this form, to which one solution is the following assignment of matrices to each node in the
network:
 






1
1 0
1 −1
S1 = S2 = V2 =
,
V1 = 1 1 ,
T1 =
,
T2 =
.
(1)
1
−1 1
0
1

2.2

Classically assisted quantum network coding

We now outline the constructions of Ref. [17], and also of Ref. [18] in the special case of
linear coding protocols over the ring Zd of integers modulo d, for protocols using message
qudits of dimension d.
Consider a node V performing some coding operation y = V x for x ∈ Z`d and y ∈ Zm
d
in a classical coding network. We may simulate this node by initializing an output register
`+m
y = 0 ∈ Zm
,
d , performing a bijective mapping (x, y) 7→ (x, y + V x) in the larger space Zd
and then discarding the input x. The bijective mapping can be performed by elementary
row transformations on x, which in the quantum setting may be performed by controlled-X
operations,
ΛX j,k =

d−1
X
c=0

|cihc|j ⊗ Xkc ,

(2)
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where X |qi = |q + 1 mod di is an analogue of the unitary Pauli operator σx on qubits.
Consider a generic node V which accepts a collection of input qudits a1 , . . . , a` as input and
produces output qudits b1 , . . . , bm , coherently simulating the transformation |xia1 ···a` 7−→
|T xib1 ···bm . In the construction of Ref. [17] for quantum linear codes, V simulates this
transformation by preparing the qudits b1 , . . . , bk in the |0i state, and performing the
transformations


ΛX Vj,k |xk i ⊗ |0i = |xk i ⊗ |Vj,k xk i
(3)
on the qudits ak and bj , for every index 1 6 j 6 ` and 1 6 k 6 m in any order. For
standard basis states, the result is to transform |xi|0i 7→ |xi|V xi. This characterizes a linear
transformation


!
m Y
`
Y
V
j,k
 1a ⊗ |0i b ,
ŨV = 
ΛX
(4)
ak ,bj

j=1 k=1

which is a unitary embedding for any transformation V . (An example of such a circuit is
illustrated in Figure 4.) If the qudits a1 , . . . , a` where originally in standard basis states,
we could simply discard them; but if they are initially not in standard basis states, they
will become entangled with b1 , . . . , bm . To decouple them, we attempt to project each of the
qudits aj to the |+i state by measurement,


|+i = √1d |0i + |1i + · · · + |d − 1i .
(5)
P
Successfully doing so on a generic input state |ψi = x ux |xi would lead to the sequence of
transformations
X
X
|ψi 7−→
ux |xia |0ib 7−→
ux |xia |V xib
x

x

1
7 →√
−
d`

`
O
k=1

!
|+i ak ⊗

X

ux |V xib .

(6)

x

This mapping is of course non-unitary: projection onto |+i must be performed as part of
a measurement onto some basis. Ref. [17] considers a measurement of the qudits aj in the
Fourier basis,
d−1
1 X

|ωr i = √

d

e2πixr/d |xi = F |ri,

x=0

d−1
1 X

where F = √

d x,r=0

e2πikx/d |xihr| .

(7)

The operator F is the quantum Fourier transform over Zd . We may attempt to simulate
projection of each qudit aj onto |+i by Fourier basis measurements, where a result of
|ω0 i is a success, as |ω0 i = |+i. If we obtain results ωrj for rj 6= 0 instead of |+i, the
post-measurement state is
!
`
O
X
|ωr i ak ⊗
ux e−2πi(r·x)/d |V xib
(8)
x

k=1

up to normalization. If V is injective, the relative phase e−2πi(r·x)/d can be undone by
a suitable application of Z operations on the qudits b1 , . . . , bm , where Z is the unitary
generalization of σz :
Z =

d−1
X

e2πiq/d |qihq| .

(9)

q=0
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If V is not injective, then only certain vectors r of measurement outcomes can be immediately
corrected, resulting in a non-unitary CP map. However, regardless of whether some nodes
in coding network perform non-invertible operations, the relative phases which accumulate
on the entire state are linear functions. Then if the transformation performed by the whole
network is injective, the phases which have accumulated due to the measurements can be
undone if the target nodes have sufficient information about the measurement outcomes.
The protocol of Ref. [17] solves the k-pairs problem: thus the transformation it performs
is indeed injective. Each node simply transmits their measurement outcomes to each target
node, which performs a suitable combination of Z operations to correct the relative phases.
Ref. [18] presents an alternative protocol in which the measurements are deferred until after
all quantum messages have been sent, and in which the internal nodes of the network do the
majority of the phase corrections, as follows. Consider a node which attempts to coherently
simulate a transformation L : Z`d → Zm
attempts
d in the middle of a coding network whichP
to coherently simulate a transformation M : ZSd → ZT
on
an
input
state
|ψi
=
d
x ux |xi.
Suppose that we perform the simulation procedure above, but omitting the Fourier basis
measurements. For some linear maps H and K, the state after the final quantum messages
is in general an entangled state of the form3


X
|Ψi =
ux |xiS ⊗ |M xiT ⊗ |Kxia1 ,...,a` ⊗ |LKxib1 ,...,bm ⊗ |Hxirest ,
(10)
x

where the factors in parentheses are the input and output qudits to the node L. If the qudits
b1 , . . . , bm are measured in the Fourier basis by the nodes to which they are sent, they yield
some outcomes r1 , . . . , rm , and the remaining qudits are transformed to


X
|Ψ0 i =
ux |xiS ⊗ |M xiT ⊗ e−2πi(r·LKx)/d |Kxia1 ,...,a` ⊗ |Hxirest ,
(11)
x

where r is the vector of the outcomes. Let τ = L>r: we have τ ·Kx = r·LKx by construction.
If the nodes which perform these measurements send the outcomes to the node L, then L
can undo the phases induced by measurement of the qudits bk by performing the operation
Z τ := Zaτ11 Zaτ22 · · · Zaτ`` , which performs the mapping
Zaτ11 Zaτ22 · · · Zaτ``

Kx


1

 

E

Kx 2 · · · Kx ` = exp 2πi
τ
(Kx)
+
·
·
·
+
τ
(Kx)
|Kxi
1
1
`
`
d
= e2πi(τ ·Kx)/d |Kxi.

(12)

Performing these corrections on |Ψ0 i then yields the state
|Ψ00 i =

X

ux |xiS ⊗ |M xiT ⊗ |Kxia1 ,...,a` ⊗ |Hxirest ,

(13)

x

which has fewer unmeasured qudits than |Ψi, and no relative phases. This simulates projecting
the qudits b1 , . . . , bm to the |+i state. By induction, if each node aside from the source
nodes (but including the target nodes) measures their input qudits in the Fourier basis,
and communicates the outcomes backwards along their incoming links to the nodes which

3

The final tensor factor is on the remaining nodes entangled with the sources, whose components in
the standard basis are again some linear transformations of the standard basis on the source nodes’
inputs; by induction on the depth of the coding network, one may show that H and K are indeed linear
transformations.
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provided those qudits, those nodes can correct for the effect of the measurements. Eventually
one obtains the state
X
Ψ(n) =
ux |xiS ⊗ |M xiT ,
(14)
x

which is an entangled state of the (collective) inputs to the source nodes and the outputs of
the target nodes. If the source nodes measure their qudits in the Fourier basis, it suffices for
them to communicate the outcomes to target nodes in such a way that the outcomes can be
corrected.
For arbitrary linear transformations M , direct communication among target nodes or
between the source and the target nodes may be required to undo the relative phases induced
by measurement. If the source nodes measure their qudits and collectively obtain a vector s
of outcomes, the resulting state on the remaining qudits is
X
Ψ(n+1) =
ux e−2πi(s·x)/d |M xiT .
(15)
x

If M has a left-inverse A, and we let B = A>, it suffices for the sources to somehow
P
communicate σj := k Bjk sk to the target node T which is responsible for producing the
message tj . This would allow T to perform a Z σj correction and undo the relative phase on
the j th output qudit. Specifically, if the sources collectively communicate σ = Bs to the
targets, who collectively perform the phase operations Z σ = Ztσ11 Ztσ22 · · · on the target qudits,
the resulting state is


X
X
>
Ψ(n+2) =
ux e2πi σ·(M x)−s·x /d |M xiT =
ux e2πi[s (AM −1)x]/d |M xiT
x

x

=

X

ux |M xiT ;

(16)

x

There are special cases where the amount of communication required outside of the network
can be bounded. In particular, for the k-pairs problem where M is a permutation matrix
(so that (M −1 )> = M ), it suffices to perform the classical linear coding protocol on the
vector s to transmit σ = M s to the target nodes. In this case, all classical communications
may be restricted to the same network as the quantum communications – albeit using each
communication link once in reverse, for the measurements of the qudits involved in the
intermediate messages. More generally, if M is injective and there is a block-diagonal matrix
B (where the blocks act on collections of messages held by individual target nodes) such that
M >BM = 1, the sources may communicate M s to the targets, allowing the target nodes to
compute σ = B >M s and use this to govern phase corrections.

3

Classically assisted quantum linear coding is one-way MBQC

We now show how any coherent linear coding protocol, as described in Section 2.2, is
in essence a measurement computation in the one-way model. The graph states of the
MBQC procedures constructed in this way are easily derived from the coding network itself:
allocate two entangled qudits at either end of each communications link in the network
(one for the node on either side of the link), with further entangling operations between the
qudits corresponding to the incoming links and the outgoing links. The corrections are the
same as for the coherent coding network, albeit with some supplemental corrections arising
from the way that the ΛX operations are simulated. If we follow the protocol of Ref. [17],
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|x` i

|x` i

|x2 i

|x2 i

|x1 i

|x1 i

|x1 i

|0i

|v·xi

|+i

≡

v1v2 v`

|x` i

|x` i

|x2 i

|x2 i
|x1 i
v1v2 v`

F

†

|v·xi

Figure 4 Equivalent ways to decompose a unitary transformation ŨV which prepares a single
message qudit, for a single-row matrix V = v>. The left-hand circuit represents the decomposition
of Eqn. (4). Variables vj below operations denote the power to which the circuit operation is raised.
Multi-row coding transformations V may be simulated by several such circuits, acting on different
target qudits.

the corrections are all deferred to the end of the procedure, as in standard treatments of
measurement-based computation.
Again, we assume familiarity with the measurement based model: see Refs. [21, 7, 4, 9]
for references applicable to qubits (similar results and constructions apply over arbitrary
qudits).

3.1

MBQC simulation of a single coding node

The main element of the correspondence between quantum linear network coding and MBQC is
the observation that ΛX operations differ by only a Fourier transform from a controlled-phase
operation,
ΛZ = (1 ⊗ F )ΛX(1 ⊗ F † ) =

d−1
X

|cihc| ⊗ Z c,

(17)

c=0

which are the diagonal operations used to construct the entanglement structures in measurementbased computation. This means that the injective maps ŨV used to perform the coding at
each node may be straightforwardly represented in terms of preparing the state |+i = F |0i
for each output qudit bj to be sent, performing the entangling operation ΛZ Vj,k between each
input qudit ak and each output qudit bj , and then acting on bj with a Fourier transform, as
represented in Figure 4.
Note that the inverse Fourier transform acting on the output-message qudit may be
simulated by a Fourier basis measurement by introducing another auxiliary qudit, using a
Pd−1
standard MBQC construction. Consider a qudit v in an arbitrary pure state |ψi = x=0 ux |xi.
We may introduce a qudit w prepared in the state |+i, and entangle them using a ΛZ †
operation, obtaining the state
|Ψivw = ΛZ †vw |ψiv |+iw .

(18)

We then measure v in the Fourier basis, obtaining a state |ωr i, and perform the operation X −r
on w. We may use the stabilizer formalism (see e.g. Ref. [10]) to succinctly verify how this
sequence of transformations, considered as CP maps, transform X and Z: as these generate
an operator basis for single-qudit states, this will suffice to show how it transforms |ψi v to
F † |ψi w . Specifically, we wish to see how the group of Pauli operators which stabilize the
state (i.e., at each point in time, those Pauli operators for which the state is a +1-eigenvector)
transforms, for states on v and/or w. We use the following facts:
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We write ω = exp( 2πi
d ) ∈ C as a minor abuse of notation: it is easy to verify that
X |ωr i = ω r |ωr i. In particular, |+i is the unique +1-eigenvector of X up to scalar factors.
Measuring v in the Fourier basis is equivalent to measuring the eigenstates of Xv , obtaining
some state |ωr i: the post-measurement state is then stabilized by ω −r Xv , as well as
by operators (but only those operators) which commute with Xv and stabilized the
pre-measurement state.
†
Conjugating Xv by ΛZ †vw yields Xv Zw
, and similarly conjugating Xw by ΛZ vw yields
†
Zv Xw . As they are diagonal, conjugating Zv or Zw by ΛZ vw has no effect. Conjugating
−r
†
by Xw
transforms Zw
to ω −r Z † , and leaves Xw unchanged.
We may then describe the sequence of transformations on |ψi v as follows: for any scalar
φ ∈ C, the operator φXv transforms as follows:
ΛZ †

prep. |+iw

†
7 −−vw
−
−→ φXv Zw
, Zv† Xw

hφXv i −
7 −−−−−−→ φXv , Xw

X meas.

v
†
7 −−
−
−−−−→ φXv Zw
, ω −r Xv
−r
Xw

=

†
ω −r Xv ⊗ φω r Zw

corr.

†
7 −−−−−−→ ω −r Xv ⊗ φZw
−
,

(19a)

†
so that these operations transform φXv 7→ φZw
; and similarly,
prep. |+iw

hφZv i −
7 −−−−−−→ φZv , Xw

ΛZ †

7 −−vw
−
−→ φZv , Zv† Xw

=

φZv , φXw

Xv meas.

7 −−−−−−→ ω −r Xv , φXw
−
X −r corr.

w
7 −−
−
−−−−→ ω −r Xv ⊗ hφXw i ,

(19b)

so that we obtain φZv 7→ φXw . Similarly, for any Weyl operator Wa,b [10, Definition II],
the operator φWa,b acting on v will be transformed to a Weyl operator φW−a,b on w;
the calculation is straightforward. This implies (c.f. [10, Eqn. 17]) that aside from the
teleportation from v to w, the effect is an inverse Fourier transform of the state.
Thus, we may simulate the coding procedure of a node V as described in Section 2.2 as
follows. Provided a collection of incoming qudits a1 , . . . , a` , we may prepare output qudits
b1 , . . . , bm by:
1. preparing output message qudits b1 , . . . , bm and auxiliary qudits b01 , . . . , b0m in the state
|+i;
2. entangling the qudits bj and b0j by a ΛZ † operation, and performing ΛZ Vjk operations
between each pair of qudits ak and b0j ;
3. measuring each qudit b0j in the Fourier basis, obtaining some outcome rj , and performing
an X −rj operation on the corresponding output qudit bj .
This describes a MBQC procedure with inputs and outputs which we may illustrate by a
geometry (in the terminology of Ref. [9, 7]) specifying the input and output qubits.
Figure 5 presents geometries for the partial coding operation performed by ŨV as in
Figure 4, and for the entire operation of a single coding node (including the eventual
measurement of the input qubits): input qudits have arrows pointing inwards, and output
qudits have arrows pointing outwards.

3.2

MBQC geometries to simulate entire network coding protocols

In the diagrammatic convention of this article, composition of MBQC procedures may be
represented by contracting the arrows between the outputs of earlier procedures and the
inputs of later ones. For MBQC procedures to simulate the linear network codes, composing
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a1
a2
Vj,1

..
.
a`

Vj,2

b0j

Vj,`

bj
−1

(a)
a1
b01

a2

b02

a3

..
.
a`

b1
−1

b2

−1

..
.

b0m

..
.
bm

−1

(b)
Figure 5 Geometries of MBQC procedures for a single node performing a transformation V :
Z`d → Zm
d of the standard basis. Incoming/outgoing message qudits are represented by blue circles;
auxiliary qudits by black squares. (a) The geometry associated to coding a single message qudit,
simulating the right-hand circuit of Figure 4. Edges are labeled by their “weights”, i.e. the necessary
power of ΛZ in the procedure. As the qudits ak remain unmeasured, these are depicted as being
outputs as well as inputs of this procedure. (b) The geometry associated to the entire operation of
a coding node, including measurement of the incoming message qudits. Edge weights between the
qudits ak and αj depend on the coding operation being simulated: if the coding operation being
performed is sparse, many of these edge weights will be zero (corresponding to edges which should
be omitted entirely). Only the qudits bj form the output of this procedure.

the geometries associated to each node yields a bipartite graph with a structure closely
related to that of the coding network itself. Specifically, one associates a qudit for the output
qudits of the coding network, as well as for each incoming and outgoing message qudit at
each node (with qudits at the outgoing links being the “auxiliary” qudits described above),
and connecting them by a bipartite graph corresponding to the non-zero coefficients Vjk of
the coding node. The edges of the coding network are replaced by undirected edges with
weights −1, corresponding to the entangling operations between the outgoing message qudits
(which are either the inputs for some other node, or the outputs of the entire network). The
directionality of the communication links are represented by the order of the measurement
and correction operations, as well as the classical communication involved in the correction
subroutine.
As an example, we illustrate this construction in Figure 6 for procedure for the twopair problem performing a swap operation on two qudits (e.g. in which we use the coding
>
operations S1 = S2 = V2 = [ 1 1 ] and V1 = T1 = T2 = [ −1 −1 ]).
As every measurement involved is performed in the Fourier basis (equivalently: the
eigenbasis of the X operator), the only information which this graphical representation omits
are the order in which the measurements occur, and the correction procedures, which we
consider next.
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m04
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m4
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m04

m4

s2

t02

t2

m5 t02 t2
(c)

(d)

Figure 6 Construction of a MBQC geometry for a procedure simulating a coding protocol for the
2-pair problem on (a) the butterfly network, shown with message qudits for each communication link.
(b) The graph obtained by substituting each coding node, with the geometry for the corresponding
MBQC procedure. This is derived by adding vertices for “auxiliary” qudits (black squares) for each
output message qudit, and associating each “auxiliary–output” pair to an outbound network link.
Edges represent powers of ΛZ operations, which are used for single-qudit teleportation along the
network links. The input and output message qudits of the linear code become the source and target
subsystems of the MBQC procedure. (c) The same geometry, presented in grid formation. (d) The
geometry of a MBQC procedure (c.f. Ref. [5, Figure 7]) for the swap operation.

3.3

Measurement and communication of outcomes

The corrections required to use X measurements to simulate projection onto |+i may
be performed in two natural ways, corresponding to the protocols of Refs. [17] and [18]
respectively.

3.3.1

Free classical communication

In a setting as in Ref. [17] where classical communication is free, all corrections may be
deferred to the target nodes of the coding network, which prepare the output qudits. This is
a natural approach for simulating the network code as a MBQC procedure: in measurementbased computation, it is conventional to simulate CP maps in such a way that the output
qudits are the only qudits on which unitary correction operations are performed. As in
Ref. [17], successful projection onto the |+i state (or a “0” outcome of a X measurement)
is the ideal case; it then suffices to determine how the errors (or byproduct operations in
the terminology of Ref. [21]) propagate to the output qudits, in order to correct them. We
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describe this in terms of communication directly to the targets, as well as some amount of
communication within the coding network.
When simulating the coding procedure at each node using auxiliary qudits, measuring
those auxiliary qudits introduces an additional source of error: if the correction is not
immediately performed on the outgoing message qudits, this induces additional phase errors.
U
Commuting an Xb−r
operation past an entangling operation ΛZ bjijc0 , where c0i is an auxiliary
j
i
qudit for a subsequent node performing a coding operation U , yields an error operation
ij
Xb−r
Zc−rU
. The operation Xb−r
does not affect the outcome of the measurement on bj ,
0
j
j
i
as the states |ωr i are eigenvectors of X. The Z error on c0i induced by postponing the
correction on bj is significant, but we may account for this error by classical post-processing
of the measurement result r0 on c0i itself. Let r̃ = rUij for the sake of brevity: because
XZ −r̃ ∝= ω r Z −r̃ X, we may account for an uncorrected Z −r̃ operation on c0i by performing
an X measurement, obtaining some outcome r00 , and then subtracting r̃ from that outcome
to obtain an adjusted outcome r0 = r00 − r̃ for future corrections.
More generally, c0i will accumulate uncorrected Z errors arising from the uncorrected X
errors on each of the input messages on which it depends. If those input qubits bj have errors
X −rj associated with them, these collectively induce an error
Z −(r1 Ui1 +r2 Ui2 +··· ) = Z −êi ·U r

(20)

on c0i . We may simulate this correction after the Z measurement by subtracting r̃ = êi · U r
from the measurement outcome r00 , yielding r0 = r00 − êi · U r. By propagating the results of
the auxiliary qudit measurements forward through the coding network, subsequent coding
nodes may locally adapt the measurement outcomes in order to simulate the correction of
errors on their own auxiliary qudits, allowing the target nodes to perform the necessary X
corrections on the output qudits of the network. Alternatively, all of the results may be
transmitted directly to the target nodes, which can simulate this sequential adaptation of
measurement outcomes themselves.
For a coding network performing an injective transformation M : ZSd → ZT
d , the phase
errors induced by measurement of the message qudits may be corrected in the manner
described in Ref. [17]. Without loss of generality, we may suppose that the agents at each
network coding node prepare their auxiliary and message qudits, and all nodes except the
target nodes communicate their outgoing messages to their recipients. Afterwards, they
measure their auxiliary nodes in some order consistent with the topological ordering of the
network, and similarly communicate the outcomes forward, allowing subsequent nodes to
adjust their auxiliary measurement outcomes, and allowing target nodes to perform what X
corrections are necessary on the output qudits. The remaining measurement operations and
classical messages are identical to those of Ref. [17], in which it does not matter if nodes
transmit outgoing message qudits before they measure incoming message qudits.
For the sake of completeness, we sketch an inductive approach to the Z correction protocol
of the target nodes in this setting. Let A be a left-inverse of M , and consider an input state
|ψi to the coding network, expressed as
|ψi =

X
x∈ZS
d

ux |xi =

X

uAy |Ayi.

(21)

y∈img(M )

The state obtained after performing the preparation and entanglement phases of the MBQC
procedure, and after performing the auxiliary qudit measurements and X corrections on the
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output qudits, is exactly a state of the form in Eqn. (10), of the form
X
X
uAy |AyiS ⊗ |M AyiT ⊗ |HAyirest =
uAy |AyiS ⊗ |yiT ⊗ |HAyirest
|Ψi =
y∈img(M )

(22)

y∈img(M )

for some linear map H. (The latter equality holds because for any y = M x, we have
M Ay = M AM x = y.) Indeed, the distinction between the input qudits S and the other
non-target qudits is unimportant: we may subsume the linear map A on the standard basis
of S and the map HA on the standard basis of the other qudits into a map
#
"
A
K =
(23)
HA
where the upper rows correspond to indices in S, and the lower rows to the other non-output
qudits. We may then write
X
|Ψi =
uAy |yiT ⊗ |KyiΩrT .
(24)
y∈img(M )

We may isolate any non-output qudit u ∈ Ω r T . Let Ω0 = Ω r {u}, and consider another
decomposition
" >#
κu
K =
(25)
K0
where the upper row corresponds to the index for the qudit u and contains a row-vector κ>
u,
and K 0 corresponds to all of the other non-output qudits; we may then once more re-write
X
|Ψi =
uAy |yiT |κu · yiu ⊗ |K 0 yiΩ0 rT .
(26)
y∈img(M )

Measuring u in the Fourier basis and obtaining the outcome r, the resulting state on the
remaining qudits is
X
|Ψ0 i =
uAy ω −r(κu·y) |yiT |K 0 yiΩ0 rT ,
(27)
y∈img(M )

following Eqn. (11). If the outcome r is transmitted to the target nodes, and who know the
value of κu , they may simply compute σ := rκu and collectively perform Z σ = Ztσ11 Ztσ22 · · ·
on the qudits of T, thereby obtaining
X
|Ψ00 i =
uAy |yiT |K 0 yiΩ0 rT ,
(28)
y∈img(M )

which is again a state of the same form as in Eqn. (10), on one fewer qudits. By induction,
we may measure each of the qudits of Ω r T in any order (or simultaneously), and transmit
them to the target nodes, which then make the appropriate Z corrections to obtain the state
X
X
Ψ(n) =
uAy |yiT =
ux |M xiT .
(29)
y∈img(M )

x∈ZS
d

In summary, provided free classical communication to the targets and within the coding
network, all measurements may be performed simultaneously, with the results of the measurement of incoming messages being transmitted directly to the targets to perform Z corrections
on the output qudits. Measurement results of the auxiliary qudits may be communicated
along the coding network, and used to adapt the outcomes of subsequent measurements,
culminating in measurement information useful to the target nodes to perform X corrections
on the output qudits.
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3.3.2

Constrained classical communication

In the setting of Ref. [18], we attempt to reduce the amount of classical communication which
takes place outside of the network (but allowing messages to pass in either direction). To
this end, we allow the source nodes and the intermediate nodes of the network to perform Z
corrections. The way in which these corrections are performed follows from (a) the description
of how X corrections may be simulated in the setting of “free” classical communication, as
this already can be performed only with communication within the coding network; and
(b) the phase correction procedure of Ref. [18] which was outlined in Section 2.2. These
corrections may be performed as follows:
All auxiliary qudits may be measured simultaneously, and their outcomes propagated
forward through the network, as in the previous section. Alternatively, one may instead
perform X correction operations for the auxiliary qudits at each node: this imposes an
order on the measurement of the auxiliary qudits which is consistent with the topological
order of the network, so that each node may use the measurement outcomes for preceding
auxiliary qudits when correcting its own auxiliary qudits.
The measurement of each node’s incoming message qudits must be performed in an order
opposite to the topological order of the coding network, in order to allow the node which
sent each message qudit to perform the necessary corrections involving its own incoming
message qudits.
From this, one may derive schedules for measuring each qudit in the network, and for
communicating classical messages forward or backward through the network to allow the
necessary X or Z corrections.
For the correction of phases induced by measurement of the input qubits of the source,
following As in Section 2.2, whether the corrections arising from the measurement of the
input qudits managed by the source nodes can be corrected without communicating outside
of the network, may depend on the transformation which the network performs. For any
linear transformation M for which M >BM = 1 for some block-diagonal B acting on blocks
of qudits held by target nodes – e.g for permutation matrices M – classical network coding
of of the outcomes of measuring the inputs of the source nodes will suffice.

3.4

Overview of the MBQC construction

The above construction rests on the fact that the protocol of Ref. [17] is unaffected if the
measurements are deferred until each node sends its messages. (The protocol of Ref. [18] in
fact requires this modification.) The result of doing so causes these protocols to give rise to
large distributed entangled states, on which local measurements are performed to simulate
projection onto the |+i state. In this sense, these protocols are literally quantum computation
by measurements; the modifications described in this Section – namely, replacement of
ΛX operations by ΛZ operations, introduction and measurement of auxiliary qudits in
order to make the previous modification possible, and communication of the results of
measuring auxiliary qudits – are straightforward modifications which demonstrate that they
are effectively computations in the one-way MBQC model of Refs. [21, 7].
The MBQC procedures which result from these transformations have comparable complexity to the original protocols of Refs. [17, 18], differing essentially only in the various operations
performed on the auxiliary qudits, as well as the communication and transformation of their
measurement outcomes. For a coding network with k input messages, ` output messages, and
m internal communication links, the total number of qudits involved in the MBQC procedure
is easily verified to be k + 2` + 2m, following Section 3.2. The number of entangling operations
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involved for each node (disregarding exponents) is simply the same as the number of ΛX
operations involved in simulating ŨV , plus twice the out-degree (involved in entangling the
auxiliary and outgoing message qudits for the node). Thus there are exactly 2(m + `) more
entangling operations, in the form of ΛZ operations, in the MBQC protocol than there are
ΛX operations in the original presentation of the protocols in Refs. [17, 18]. There are also
exactly 2(m + `) additional classical messages sent in the MBQC protocol, either directly to
the targets or entirely within the network, again as a result of measuring the auxiliary qudits.

4

Open questions

In this article, we have illustrated the way in which classically-assisted quantum linear network
coding over Zd as described by Kobayashi et al. [17, 18] is in effect an instance of measurementbased computation in the one-way model [21, 7], in particular using measurements only in
the Fourier basis (the eigenbasis of the X cyclic shift operator on d-dimensional qudits).
While not explicitly presented as an instance of MBQC, the differences between the protocols
of Refs. [17, 18] and one-way measurement-based procedures are straightforward, and involve
no substantial differences in e.g. the amount of classical communication required. We may
ask to what extent these results (particularly the bounds on classical communication outside
of the network) hold for classically assisted non-linear quantum codes as well.
While the MBQC model is sometimes described as a distributed model of computation,
little emphasis has been placed on the communication cost of MBQC computation. A common
presentation (e.g. as in Refs. [3, 2]) is that measurement results are recorded by an effectively
delocalized classical control, which receives messages containing measurement outcomes from
one or more agents which manage individual qudits, and which responds with instructions of
how to perform subsequent measurements. Bounding the communication requirements of a
MBQC procedure, to eliminate the need of a delocalised control center, may be necessary to
realize the reduction in the computational depth of a MBQC procedure (one of the theoretical
selling points of the MBQC model [21]).
As network coding subsumes constant-depth distributed computation, we may interpret
these results as recommending measurement-based computation as a framework for analyzing
multiparty communication protocols, as we have suggested in the introduction. We may
also consider this as an alternative means of approaching the problem of assigning semantics
to measurement-based computations, a problem of some interest in models of quantum
computation [7, 9, 12, 6]. Specifically: rather than interpreting a measurement-based
procedure as a quantum circuit with some potentially exotic features (such as closed timelike curves [6]), we may interpret pieces of measurement-based computations as coherently
simulating transformations of the standard basis on several qudits at once. Such simple
semantics is likely to prove useful to any programme to find novel ways of using measurementbased computation as a medium in which to develop algorithms (see Ref. [11]).
As a final open question, we ask whether a converse to our results hold, the form of
a classical simulation algorithm for certain measurement-based computations by linear
network codes. This article shows that (a coherent quantum simulation of) a classical linear
network code is in effect a measurement-based procedure which performs only X-eigenbasis
measurements, on a graph state with similar structure to the coding network. This is a special
case of an efficiently simulatable class of computations: the unitary transformations realized
by MBQC procedures performing only Pauli-eigenbasis measurements are Clifford group
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operations,4 which can be simulated e.g. on standard basis states by linear transformations
on a cyclic ring [10]. This raises the question: is there a sense in which a MBQC procedure
on a graph G, which implements unitary a transformation using only measurements in a
Pauli eigenbasis (or only the X-eigenbasis) and Pauli corrections, can be “locally” simulated
by a classical linear code – in such a way that the expectation value of any observable on
a single given qudit can be evaluated from information available at a corresponding target
node – on a network similar to G?
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