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Foreword

The Symposium on Theoretical Aspects of Computer Science conference series is an interna-
tional forum for original research on theoretical computer science. Typical areas are:
algorithms and data structures, including: design of parallel, distributed, approximation,
and randomized algorithms; analysis of algorithms and combinatorics of data structures;
computational geometry, cryptography, algorithmic learning theory, algorithmic game
theory;
automata and formal languages, including: algebraic and categorical methods, coding
theory;
complexity and computability, including: computational and structural complexity theory,
parameterized complexity, randomness in computation;
logic in computer science, including: finite model theory, database theory, semantics,
specification and verification, rewriting and deduction;
current challenges, for example: natural computing, quantum computing, mobile and net
computing.

STACS is held alternately in France and in Germany. This year’s conference (taking place
March 8-11 in Hannover) is the 34th in the series. Previous meetings took place in Paris
(1984), Saarbriicken (1985), Orsay (1986), Passau (1987), Bordeaux (1988), Paderborn (1989),
Rouen (1990), Hamburg (1991), Cachan (1992), Wiirzburg (1993), Caen (1994), Miinchen
(1995), Grenoble (1996), Liibeck (1997), Paris (1998), Trier (1999), Lille (2000), Dresden
(2001), Antibes (2002), Berlin (2003), Montpellier (2004), Stuttgart (2005), Marseille (2006),
Aachen (2007), Bordeaux (2008), Freiburg (2009), Nancy (2010), Dortmund (2011), Paris
(2012), Kiel (2013), Lyon (2014), Miinchen (2015), and Orléans (2016).

The interest in STACS has remained at a high level over the past years. The STACS
2017 call for papers led to 212 submissions with authors from 38 countries. Each paper
was assigned to three program committee members who, at their discretion, asked external
reviewers for reports. The committee selected 54 papers during a three-week electronic
meeting held in November/December. For the third time within the STACS conference
series, there was also a rebuttal period during which authors could submit remarks to the
PC concerning the reviews of their papers. As co-chairs of the program committee, we would
like to sincerely thank all its members and the many external referees for their valuable work.
The overall very high quality of the submissions made the selection a difficult task, and there
were intense and interesting discussions inside the program committee.

This year, the conference includes a tutorial. We would like to express our thanks to the
speaker Juha Kontinen for this tutorial, as well as to the invited speakers, Artur Jez, Antoine
Joux, and Till Tantau. Special thanks go to the local organizing committee for continuous
help throughout the conference organization.

Moreover, we thank Marc Herbstritt from the Dagstuhl/LIPIcs team for assisting us
in the publication process and the final production of the proceedings. These proceedings
contain extended abstracts of the accepted contributions and abstracts of the invited talks
and the tutorial. The authors retain their rights and make their work available under a
Creative Commons license. The proceedings are published electronically by Schloss Dagstuhl
— Leibniz-Center for Informatics within their LIPIcs series.

STACS 2017 has received funds and help from the Deutsche Forschungsgemeinschaft
(DFQG), for which we are very grateful.

Hannover and Caen, March 2017 Heribert Vollmer and Brigitte Vallée

34th Symposium on Theoretical Aspects of Computer Science (STACS 2017). LV' STee
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Computational Aspects of Logics in Team
Semantics

Juha Kontinen

Department of Mathematics and Statistics, University of Helsinki, Helsinki,
Finland
juha.kontinen@helsinki.fi

—— Abstract

Team Semantics is a logical framework for the study of various dependency notions that are im-
portant in many areas of science. The starting point of this research is marked by the publication
of the monograph Dependence Logic (Jouko Vadnénen, 2007) in which first-order dependence
logic is developed and studied. Since then team semantics has evolved into a flexible framework

in which numerous logics have been studied.

Much of the work in team semantics has so far focused on results concerning either axiomatic
characterizations or the expressive power and computational aspects of various logics. This tu-
torial provides an introduction to team semantics with a focus on results regarding expressivity
and computational aspects of the most prominent logics of the area. In particular, we discuss
dependence, independence and inclusion logics in first-order, propositional, and modal team
semantics. We show that first-order dependence and independence logic are equivalent with
existential second-order logic and inclusion logic with greatest fixed point logic. In the proposi-
tional and modal settings we characterize the expressive power of these logics by so-called team
bisimulations and determine the complexity of their model checking and satisfiability problems.

1998 ACM Subject Classification F.4.1 Mathematical Logic

Keywords and phrases team semantics, dependence logic, model checking, satisfiability problem,
team bisimulation

Digital Object Identifier 10.4230/LIPIcs.STACS.2017.1

Category Tutorial

© Juha Kontinen;
37 licensed under Creative Commons License CC-BY

34th Symposium on Theoretical Aspects of Computer Science (STACS 2017).
Editors: Heribert Vollmer and Brigitte Vallée; Article No. 1; pp. 1:1-1:1

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


http://dx.doi.org/10.4230/LIPIcs.STACS.2017.1
http://creativecommons.org/licenses/by/3.0/
http://www.dagstuhl.de/lipics/
http://www.dagstuhl.de




Recompression: New Approach to Word
Equations and Context Unification

Artur Jez

Institute of Computer Science, University of Wroctaw, Wroctaw, Poland

—— Abstract
Word equations is given by two strings over disjoint alphabets of letters and variables and we
ask whether there is a substitution that satisfies this equation. Recently, a new PSPACE solution
to this problem was proposed, it is based on compressing simple substrings of the equation and
modifying the equation so that such operations are sound. The analysis focuses on the way the
equation is stored and changed rather than on the combinatorics of words. This approach greatly
simplified many existing proofs and algorithms. In particular, unlike the previous solutions,
it generalises to equations over contexts (known for historical reasons as context unification):
contexts are terms with one special symbol that represent a missing argument and they can be
applied on terms, in which case their argument replaces the special constant.
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1 Recompression for word equations

Word equations is given by two strings (U, V') over disjoint alphabets of letters (X) and
variables (X). We are to decide, whether there is a substitution S : X — £* which turns U
and V into equal strings over ¥. This problem was first solved by Makanin [6], both the
algorithm and its analysis employs nontrivial facts from word combinatorics. It took 20
years for a different solution to emerge, it was proposed by Plandowski [7]. It is based on a
different approach, still uses nontrivial word combinatorics concepts and additionally uses
compression; this algorithm works in PSPACE, which is the best computational complexity
bound known till today, and the problem is only known to be NP-hard.

The recompression approach [5], which I will survey in this talk, takes a different approach.
It focuses mostly on the compression and on the way equation is represented, and not at all
on the word combinatorics. On a high level we want to perform two compression operations
on the sides of the equation after applying the substitution to variables, which we denote by
S(U) and S(V):

the a-block compression replaces every maximal block a’ with a (fresh) letter a, (an a-

block is a subsequence consisting of letters a alone and that cannot be extended by a nor

to the left, nor to the right);

the ab pair compression, where a # b, replaces every occurrence of a pair ab with a fresh

letter c.
For instance, given a word aaabababaaabaa the ab pair compression returns aacccaacaa while
a block compression: agbababazbas.
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In order to apply those operations, we may need to process the equation appropriately:
given a solution S we say that ab is a crossing pair (with respect to .S) if there is an occurrence
of ab in S(U) or S(V) that does not fully come from the equation or from a substitution
for one occurrence of a variable. A pair is noncrossing (with respect to S) otherwise. If
ab is noncrossing with respect to a solution S of an equation U = V, then performing ab-
compression on sides of the equation results in an equation U’ = V' that has a corresponding
solution S’, which is obtained by also replacing every ab in S(X) by ¢. Then S’(U’) and
S’(V') are obtained from S(U) and S(V') by ab-pair compression, as desired.

If ab is crossing, we uncross it: for every variable X we nondeterministically guess,
whether S(X) begins with b and if so, we replace X with bX and whether S(X) ends with a,
in which case we replace X with Xa. It is easy to show that after doing so for all variables,
the pair ab is noncrossing, and so it can be compressed.

We treat blocks similarly: when performing the a block compression, we look at maximal
blocks of a in S(U) and S(V) that come partially from the equation and partially from
substitution for variables. This time, though, adding one letter may be not enough, we
replace X with a’Xa", where S(X) = a’wa” and w does not begin, nor end, with a. Again,
performing this for all variables makes it possible to perform the a-block compression.

It is easy to see that our procedure is sound and complete, what remains is a termination
proof, we show it by proving a 4n? bound on stored equation (for appropriate non-deterministic
choices). To this end we give a strategy for choosing a pair/block to compress: If there is a
non-crossing pair or a without crossing blocks, we perform the corresponding compression.
If not, then we choose the pair/block after compression of which the equation is the shortest.

Observe that if occurrences of a pair/blocks of a letter use « letters in the equation, then
compression of this pair/blocks of a letter removes at least «/2 letters from the equation.
On the other hand, each uncrossing introduces at most 2 letters per variable, so at most 2n
in total. As each crossing pair/letter with a crossing block corresponds to a left or right
side of an occurrence of a variable in the equation, in total there are at most 2n different
crossing pairs and letters with crossing block. Thus if the equation has length m and it has
no noncrossing pairs and no letters without crossing blocks, for some crossing pair/letter
with a crossing block the length of the equation after corresponding the compression is at
most m’ = (1 — %) m + 2n. It is easy to check that if m < 4n? then also m’' < 4n2.

2 Context unification

When one considers terms instead of words, equations become more involved and the first
question is: What can the variables represent? If we allow the variables to represent only
ground (closed) terms, then we end up with first order unification, for which the polynomial
time algorithm is folklore. Allowing the variables to represent functions leads to second order
unification, which is undecidable [3].

Context unification [1, 2, 8] is a fragment of second-order unification: A context is a
ground term with exactly one occurrence of a special constant ‘e’ that represents a missing
argument; one should think of ‘e’ as a ‘hole’ to be instantiated by a ground term later on:
Contexts can be applied to ground terms, which results in a replacement of ‘e’ by the given
ground term; similarly we can define a composition of two contexts, which is again a context.
In context unification we allow the variables to represent contexts; syntactically, the variables
are treated as unary function symbols. A solution assigns to each (context) variable a context
such that both sides of the equation evaluate to the same (ground) term. For ease of use, we
also allow ground variables that represent ground terms, syntactically they are treated as
constants and the solution substitutes them with ground terms.
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The decidability status of context unification was unknown for years, as on one hand the
undecidability proofs for second order unification essentially used the fact that argument can
be used unbounded number of times, and on the other hand the combinatorial properties of
strings used by algorithms of Makanin and Plandowski had no equivalent in the term case.

The recompression approach and the corresponding algorithm generalise naturally to the
term case: the two compression operations can be readily applied to consecutive unary nodes.
One still needs additional operation: leaves compression. The (f,i,c) leaves compression
replaces each subterm f(t1,...,ti—1,C te1,.. . tm) With f(t1,. . tim1,teq1, ..o tm). All
notions from pairs and blocks generalise to this new compression operation: The crossing
(f,1,c¢) is defined similarly, though the corresponding uncrossing is more involved: on one
hand, if a (ground) variable x has a solution S(x) = ¢ and it has an occurrence in which z
is the 4-th child, then we replace x with ¢. On the other hand, when in S(X) the symbol
above ‘@’ is f and ‘e’ is the i-th child, we replace X with X (f(z1,...,%i—1,®, Zix1,.--,Tm)),
where x1,...,%Zi—1,Tit+1, Tm are fresh variables.

The algorithm is similar as before: we guess a compression, perform the uncrossing if
needed and then compress. With appropriate choices the equation stays polynomial. Some
additional analysis is needed to bound the number of introduced fresh variables. Thus the
satisfiability of context unification is in PSPACE [4]; the lower bound is NP, as for words’
case.
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Discrete Logarithms in Small Characteristic Finite
Fields: a Survey of Recent Advances*
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—— Abstract

The discrete logarithm problem is one of the few hard problems on which public-key cryptography
can be based. It was introduced in the field by the famous Diffie-Hellman key exchange protocol.

Initially, the cryptographic use of the problem was considered in prime fields, but was readily
generalized to arbitrary finite fields and, later, to elliptic or higher genus curves.

In this talk, we survey the key technical ideas that can be used to compute discrete logarithms,
especially in the case of small characteristic finite fields. These ideas stem from about 40 years of
research on the topic. They appeared along the long road that leads from the initial belief that
this problem was hard enough for cryptographic purpose to the current state of the art where it
can no longer be considered for cryptographic use. Indeed, after the recent developments started
in 2012, we now have some very efficient practical algorithms to solve this problem. Unfortunately,
these algorithms remain heuristic and one important direction for future research is to lift the
remaining heuristic assumptions.
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Applications of Algorithmic Metatheorems to
Space Complexity and Parallelism

Till Tantau

Institute for Theoretical Computer Science, Universitdt zu Liibeck, Germany
tantau@tcs.uni-luebeck.de

—— Abstract

Algorithmic metatheorems state that if a problem can be described in a certain logic and the
inputs are structured in a certain way, then the problem can be solved with a certain amount
of resources. As an example, by Courcelle’s Theorem all monadic second-order (“in a certain
logic”) properties of graphs of bounded tree width (“structured in a certain way”) can be solved
in linear time (“with a certain amount of resources”). Such theorems have become a valuable
tool in algorithmics: If a problem happens to have the right structure and can be described in
the right logic, they immediately yield a (typically tight) upper bound on the time complexity
of the problem. Perhaps even more importantly, several complex algorithms rely on algorithmic
metatheorems internally to solve subproblems, which considerably broadens the range of applic-
ations of these theorems. The talk is intended as a gentle introduction to the ideas behind
algorithmic metatheorems, especially behind some recent results concerning space classes and
parallel computation, and tries to give a flavor of the range of their applications.
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1 Talk Summary!

Alice, a first-year student of computer science, has an evil homework assignment: Devise
an efficient algorithm for the vertex cover problem (at least I feel that tasking first-year
students with solving NP-complete problems is a trifle unfair). I guess you are right now
mentally weighing the different tools at your disposal from the vast machinery developed in
complexity theory for attacking such problems — but what would a first-year student do?
Being smart, Alice tries to apply the arguably most important and ubiquitous algorithmic
approach in computer science: divide-and-conquer. After all, the approach lies at the heart
of the fundamental algorithms she just learned about, including merge sort, quick sort, and
binary search.

Solving Vertex Cover Using Divide-And-Conquer? Naturally, Alice soon notices that the
divide-and-conquer approach fails quite miserably when applied to finding small vertex covers.

1 This summary contains some revised material from the introduction of the paper [9]. That paper is a
good starting point for a more detailed introduction to algorithmic metatheorems for logarithmic space
and circuit classes.
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The problem lies in the dividing phase: She finds no way of dividing, for instance, a clique
into parts. Alice learns an important lesson here: divide-and-conquer is only applicable to
problems whose inputs are “amenable” to dividing them into parts. After telling her professor
about her difficulties, she relents and makes the problem (much) easier by restricting the
input to trees. Now, clearly, dividing the input is no longer a problem: For a tree T" with
root r we can recurse on the subtrees T} to T, rooted at the children ¢; to ¢,, of the root.

Alice still has to tackle the merging phase in her divide-and-conquer algorithm: How
does one assemble optimal vertex covers for the T; into a vertex cover for the whole tree T'7
Clearly, this is not a trivial task since optimal vertex covers for each subtree do not suffice to
build an optimal overall vertex cover. The trick is to compute two optimal vertex covers for
each subtree: one for the case that the root is part of the vertex cover and one for the case
that it is not. This yields a divide-and-conquer algorithm for the vertex cover problem on
trees that runs in linear time.

The Question of Why. Algorithmic metatheorems, which this talk is about, help us in
understanding why the vertex cover problem behaves the way it does with respect to the
divide-and-conquer approach. Why does the division phase fail? Why does the merging
phase work? The first question has a fairly easy answer: arbitrary graphs do not have any
“decomposition property” at all. On the other hand, trees certainly can be decomposed very
well, and it turns out that this is still the case when the graph is “nearly” a tree, namely
a graph of bounded tree width. The second question seems harder: The answer “because
solutions can be assembled using a trick” does not generalize very well. It took the research
community quite some time to find a better answer: In 1990, Bruno Courcelle found that
the merging phase works “because the vertex cover problem can be described in monadic
second-order logic.”

The general pattern underlying algorithmic metatheorems is as follows: If a problem can
be described in a certain logic (“are amenable to merging” for the right logic) and instances
can be decomposed in a certain tree-wise fashion (“are amenable to division”), they can be
solved within a certain amount of time. The first and most famous of these theorems is
the just-mentioned Theorem of Courcelle [1]: All monadic second-order properties of graphs
of bounded tree width can be decided in linear time. A long line of further theorems have
later been obtained by varying the three “parameters” of algorithmic metatheorems: the
logic, the instance structure, and the required resources. By weakening one of them, one can
often strengthening another. For instance, for problems describable in first-order logic, we
can change the requirement on the decomposition property to, for instance, nowhere dense
graphs (a much larger class of graphs than those of bounded tree width) and still obtain
a (near) linear time bound [7] or to planar graphs and still obtain a linear time bound [4].
In another direction, when we increase the time bound to polynomial (rather than linear)
time, we can broaden the class of graphs to graphs of bounded clique-width [2]. In yet
another direction, which this talk will mainly be about, instead of the classical sequential
worst-case time bounds, one can look at the space complexity or the parallel complexity. One
important result in that direction [3] is that Courcelle’s Theorem also holds when “linear
time” is replaced by “logarithmic space.”

The Range of Applications of Algorithmic Metatheorems. The power of algorithmic
metatheorems lies in their ease of application. Had Alice known about Courcelle’s Theorem,
she could have finished her homework much more quickly: The vertex cover problem can be
described in monadic second-order logic and trees are clearly very “tree-like,” so the theorem
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tells her (and us) that there is a linear-time algorithm for the problem. Admittedly, devising
a linear time algorithm for the vertex cover problem on trees is not all that hard — but by the
logspace version of Courcelle’s Theorem, we also get a logspace algorithm for this problem
for free. You are cordially invited to try to come up with such an algorithm directly (or,
failing that, make it a homework assignment for your students).

To make the vertex cover problem accessible to algorithmic metatheorems, we had to
insist that all input graphs are trees (a ridiculously strong restriction) or, at least, that they
are tree“-like” (no longer a ridiculous restriction, but still a strong restriction). It is thus
somewhat surprising that algorithmic metatheorems can be used in contexts where the inputs
are not tree-like graphs. The underlying algorithmic approach is quite ingenious: On input
of a graph, if the graph is tree-like, apply an algorithmic metatheorem; and if the graph
is not tree-like, it must be “highly cyclic internally,” which we may be able to use to our
advantage in solving the problem.

One deceptively simple problem where the just-mentioned approach works particularly
well is the even cycle problem, which just asks whether there is a cycle of even length in
a graph. It is not difficult to show that, like the vertex cover problem and just about any
other interesting problem, the even cycle problem can be described in monadic second-order
logic. Thus, it can be solved efficiently on tree-like graphs. Now, what about those “highly
cyclic” graphs that are not tree-like? Intuitively, these many internal cycles might very well
make it easier to decide whether the graph has an even cycle. Indeed, they make it very
easy: such graphs always have an even cycle [10]. In other words, we can solve the even cycle
problem on arbitrary graphs as follows: If the input graph is not tree-like, simply answer
“yes,” otherwise apply Courcelle’s Theorem to it.

We will not always be so lucky that the to-be-solved problem more or less disappears
for non-tree-like graphs, but in the talk several interesting problems are presented where
algorithmic metatheorem play a key role in the internals of algorithms.

Related Work. As the title suggests, this talk focuses on algorithmic metatheorems for
space classes and parallel computation (mainly in the form of circuits of polylogarithmic
depth). In contrast, most algorithmic metatheorems in the literature concern time classes.
There are a number of excellent surveys on algorithmic metatheorems and their applications
regarding time-efficient computations [5, 6, 8. An interesting aspect of the theorems covered
in the talk is that they can be used to establish completeness results for many problems for
which the classical algorithmic metatheorems do not yield an exact complexity-theoretic
classification: Using Courcelle’s Theorem and the tricks hinted at earlier, the even cycle
problem can be solved in linear time and, clearly, this is also a tight lower bound. However,
from a structural complexity-theoretic point of view, the problem is most likely not complete
for linear time; indeed, it is complete for logarithmic space and the algorithmic metatheorems
presented in the talk lie at the heart of the proof.
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—— Abstract

The edit operation that contracts edges, which is a fundamental operation in the theory of graph
minors, has recently gained substantial scientific attention from the viewpoint of Parameterized
Complexity. In this paper, we examine an important family of graphs, namely the family of split
graphs, which in the context of edge contractions, is proven to be significantly less obedient than
one might expect. Formally, given a graph G and an integer k, SPLIT CONTRACTION asks whether
there exists X C E(G) such that G/X is a split graph and |X| < k. Here, G/X is the graph
obtained from G by contracting edges in X. It was previously claimed that SPLIT CONTRACTION
is fixed-parameter tractable. However, we show that SPLIT CONTRACTION, despite its deceptive
simplicity, is W[1]-hard. Our main result establishes the following conditional lower bound: under
the Exponential Time Hypothesis, SPLIT CONTRACTION cannot be solved in time 20(6%) . 0 (1)
where £ is the vertex cover number of the input graph. We also verify that this lower bound is
essentially tight. To the best of our knowledge, this is the first tight lower bound of the form
20(%) . O for problems parameterized by the vertex cover number of the input graph. In
particular, our approach to obtain this lower bound borrows the notion of harmonious coloring
from Graph Theory, and might be of independent interest.
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1 Introduction

Graph modification problems have been extensively studied since the inception of Parameter-
ized Complexity in the early 90’s. The input of a typical graph modification problem consists
of a graph G and a positive integer k, and the objective is to edit k vertices (or edges) so that
the resulting graph belongs to some particular family, F, of graphs. These problems are not
only mathematically and structurally challenging, but have also led to the discovery of several
important techniques in the field of Parameterized Complexity. It would be completely
appropriate to say that solutions to these problems played a central role in the growth of the
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field. In fact, just over the course of the last couple of years, parameterized algorithms have
been developed for CHORDAL EDITING [9], UNIT INTERVAL EDITING [7], INTERVAL VERTEX
(EDGE) DELETION [10, 8], PROPER INTERVAL COMPLETION [3], INTERVAL COMPLETION [4]
CHORDAL COMPLETION [20], CLUSTER EDITING [19], THRESHOLD EDITING [16], CHAIN
EDITING [16], TRIVIALLY PERFECT EDITING [17, 15] and SPLIT EDITING [21]. This list is
not comprehensive but rather illustrative.

The focus of all of these papers, and in fact, of the vast majority of papers on parameterized
graph editing problems, has so far been limited to edit operations that delete vertices, delete
edges or add edges. Using a different terminology, these problems can also be phrased as
follows. For some particular family of graphs, F, we say that a graph G belongs to F + kv,
F + ke or F — ke if some graph in F can be obtained by deleting at most k vertices from G,
deleting at most k edges from G or adding at most k edges to G, respectively. Recently, a
methodology for proving lower bounds on running times of algorithms for such parameterized
graph editing problems was proposed by Bliznets et al. [2]. Furthermore, a well-known
result by Cai [5] states that in case F is a hereditary family of graphs with a finite set of
forbidden induced subgraphs, then the graph modification problem defined by F and the
aforementioned edit operations admits a simple FPT algorithm.

In recent years, a different edit operation has begun to attract significant scientific
attention. This operation, which is arguably the most natural edit operation apart from
deletions/insertions of vertices/edges, is the one that contracts an edge. Here, given an edge
(u,v) that exists in the input graph, we remove the edge from the graph and merge its two
endpoints. Edge contraction is a fundamental operation in the theory of graph minors. Using
our alternative terminology, we say that a graph G belongs to F/ke if some graph in F can
be obtained by contracting at most k edges in G.! Then, given a graph G and a positive
integer k, F-EDGE CONTRACTION asks whether G belongs to F/ke. For several families of
graphs F, early papers by Watanabe et al. [34, 35] and Asano and Hirata [1] showed that
F-EDGE CONTRACTION is NP-complete. In the framework of Parameterized Complexity,
these problems exhibit properties that are quite different from those of problems where we
only delete or add vertices and edges. Indeed, for these problems, the result by Cai [5] does
not hold. In particular, Lokshtanov et al. [31] and Cai and Guo [6] independently showed
that if F is either the family of P,-free graphs for some £ > 5 or the family of Cy-free graphs
for some ¢ > 4, then F-EDGE CONTRACTION is W[2]-hard.

To the best of our knowledge, Heggernes et al. [26] were the first to explicitly study
F-EDGE CONTRACTION from the viewpoint of Parameterized Complexity. They showed
that in case F is the family of trees, F-EDGE CONTRACTION is FPT but does not admit a
polynomial kernel, while in case F is the family of paths, the corresponding problem admits a
faster algorithm and an O(k)-vertex kernel. Golovach et al. [22] proved that if F is the family
of planar graphs, then 7-EDGE CONTRACTION is again FPT. Moreover, Cai and Guo [6]
showed that in case F is the family of cliques, F-EDGE CONTRACTION is solvable in time
20(klogk) . nO(M) " while in case F is the family of chordal graphs, the problem is W[2]-hard.
Heggernes et al. [25] developed an FPT algorithm for the case where F is the family of
bipartite graphs. Later, a faster algorithm was proposed by Guillemot and Marx [23].

The recent paper [24] studied the case where F is the family of split graphs, which
corresponds to the following problem.

! Here, it might be more appropriate to replace / (in F/ke) by the operation opposite to edge contraction,
but we believe that the current notation is clearer.
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SPLIT CONTRACTION Parameter: &
Input: A graph G and an integer k.
Question: Does there exist X C F(G) such that G/X is a split graph and | X| < k?

The paper [24] claimed to design an algorithm that solves SPLIT CONTRACTION in time
20(K*) . n®® | which proves that the problem is FPT. Our initial objective was to either
speed-up this algorithm or obtain a tight conditional lower bound. In fact, it seemed plausible
that SPLIT CONTRACTION, like F-EDGE CONTRACTION where F is the family of cliques,

20(klogk) . nO() " The algorithm in [24] first computes a set of vertices

is solvable in time
of small size whose removal renders the graph into a split graph. Then, it is based on case
distinction. In case the remaining graph contains a large clique, the problem is solved in
time 20(klogk) . ;01 and otherwise it is solved in time 20**) . @) In particular, in case
the clique is small, the minimum size of a vertex cover of the input graph is small—it can be
bounded by O(k). Thus, the bottleneck of the proposed algorithm is captured by graphs
having small vertex covers. Interestingly, our first main result, given in Section 3, proves

that it is unlikely to overcome the difficulty imposed by such graphs.

» Theorem 1. Unless the ETH fails, SPLIT CONTRACTION parameterized by £, the size of
a minimum vertexr cover of the input graph, does not have an algorithm running in time
20(£) . poO1) Here, n denotes the number of vertices in the input graph.

To the best of our knowledge, under the Exponential Time Hypothesis (ETH) [12, 27],
this is the first tight lower bound of this form for problems parameterized by the vertex
cover number of the input graph. Lately, there has been increasing scientific interest in the
examination of lower bounds of forms other than 2°(*) . n©() for some parameters s. For
example, lower bounds that are “slightly super-exponential”, i.e. of the form 20(s10gs) . nO(1)
for various parameters s, have been studied in [30]. Cygan et al. [13] obtained a lower
bound of the form 22°" . n®M) | where k is the solution size, for the EDGE CLIQUE COVER
problem. Very recently, Marx and Mitsoue [32] have further obtained lower bounds of the

forms 22°™ . n®M) and 2220(1”) -n9M | where w is the treewidth of the input graph, for
choosability problems.

In order to derive our main result, we make use of a partitioning of the vertex set V(G)
into independent sets C1, . .., Cy such that for each ¢, j € [t], i # j, |E(G[C;UC;])NE(G)| < 1.
Essentially, this coloring can be viewed as a proper coloring f : V(G) — [t] with the additional
property that between any two color classes we have at most one edge. (Here, we use the
standard notation [t] = {1,2,...,t}.) This kind of coloring, called harmonious coloring
[29, 33, 18], has been studied extensively in the literature. We are not aware of uses of
harmonious coloring in deriving lower bound results and believe that this approach could be
of independent interest.

After we had established Theorem 1, we took a closer look at the paper [24], and were
not able to verify some of their arguments. We next prove that unless FPT=W][1]-hard, the
algorithm in [24] is incorrect, as the problem is W[1]-hard (Section 4).

» Theorem 2. SpPLIT CONTRACTION parmeterized by the size of a solution is W[1]-hard.

We find this result surprising: one might a priori expect that “contraction to split graphs”

should be easy as split graphs have structures that seem relatively simple. Indeed, many
NP-hard problems admit simple polynomial-time algorithms if restricted to split graphs.
Consequently, our result can also be viewed as a strong evidence of the inherent complexity
of the edit operation which contracts edges. Furthermore, some of the ideas underlying the
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constructions of this reduction, such as the exploitation of properties of a special case of the
PERFECT CODE problem to analyze budget constraints involving edge contractions, might
be used to establish other W[1]-hard results for problems of similar flavors. We remark that
despite errors in the paper [24], it can be verified that the lower bound given by Theorem 1
is tight. For the sake of completeness, we design a standalone FPT algorithm for SPLIT
CONTRACTION that runs in time 20(¢*) -nPM)  the details of which are omitted due to space
constraints.

2 Preliminaries

We consider only finite simple graphs. A split graph is a graph G whose vertex set V(G) can
be partitioned into two sets, A and B, such that G[A] is a clique while B is an independent
set, i.e. G[B] is an edgeless graph. We say that two disjoint vertex subsets, say S, S’ C V(G),
are adjacent if there exist v € S and v’ € S’ such that (v,v') € E(G). Further, an edge
(u,v) € E(Q) is between S,S5" ifue Sandv e S (orve S and ueS). For (v,u) € E(G),
the result of contracting the edge (v,u) in G is the graph obtained by the following operation.
We add a vertex vu* and make it adjacent to the vertices in (N(v) U N(u)) \ {v,u}, and
delete v, u from the graph. We often call such an operation a contraction of the edge (v, u).
For E' C E(G), we denote by G/E’ the graph obtained by contracting the edges of E' in G.

A graph G is isomorphic to a graph H if there exists a bijective function ¢ : V(G) — V(H)
such that for v,u € V(G), (v,u) € E(G) if and only if (¢(v), ¢p(u)) € E(H). A graph G is
contractible to a graph H if there exists E/ C F(G) such that G/E’ is isomorphic to H. In
other words, G is contractible to H if there exists a surjective function ¢ : V(G) — V(H)
with the following properties.

For all h,h' € V(H), (h,h') € E(H) if and only if W (h), W(h') are adjacent in G. Here,
W(h) ={v e V(G) | ¢(v) = h}.
For all h € V(H), GIW (h)] is connected.

Let W= {W(h) | h € V(H)}. Observe that VW defines a partition of the vertex set of G.
We call W a H-witness structure of GG. The sets in VW are called witness-sets.

3 Lower Bound for Split-Contraction Parameterized by Vertex Cover

In this section we show that unless the ETH fails, SPLIT CONTRACTION does not admit an
algorithm running in time 20(52)710(1), where £ is the size of a minimum vertex cover of the
input graph G on n vertices. We complement it by designing an algorithm (whose details
are omitted) for SPLIT CONTRACTION parameterized by ¢, running in time 20(£)p,0(1),

To obtain our lower bound, we give an appropriate reduction from VERTEX COVER on
sub-cubic graphs. For this we utilize the fact that VERTEX COVER on sub-cubic graphs
does not have an algorithm running in time 2°(n®®) unless the ETH fails [27, 28]. For
the ease of presentation we split the reduction into two steps. The first step comprises of
reducing a special case of VERTEX COVER on sub-cubic graphs, which we call SUB-CUBIC
PARTITIONED VERTEX COVER (SUB-CUBIC PVC) to SPLIT CONTRACTION. In the second
step we show that there does not exist an algorithm for SUB-CuBic PVC running in time
20RO for SuB-Cusic PVC. We remark that the reduction from VERTEX COVER on
sub-cubic graphs to SUB-CUBIC PVC is a Turing reduction.
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3.1 Reduction from Sub-Cubic Partitioned Vertex Cover to Split
Contraction

In this section we give a reduction from SUB-CUBIC PARTITIONED VERTEX COVER to SPLIT
CONTRACTION. Next we formally define SUB-CUBIC PARTITIONED VERTEX COVER.

SUB-CUBIC PARTITIONED VERTEX COVER (SuB-CuBIC PVC)

Input: A sub-cubic graph G; an integer ¢; for i € [t], an integer k; > 0; a partition P =
{C1,...,C} of V(G) such that t € O(1/|V(G)]) and for all i € [¢], C; is an independent
set and |C;| € O(V/|V(G)|). Furthermore, for i,j € [t],i # j, |E(G[C; UC;))NE(G)| = 1.
Question: Does G have a vertex cover X such that for all ¢ € [¢], | X N C;| < k;?

We first explain (informally) the ideas behind our reduction. Let X be a hypothetical vertex
cover we are looking for. Recall that we assume the ETH holds and thus we are allowed to
use 2°0 M) time to obtain our reduction. We will use this freedom to design our reduction
and to construct an instance (G’, k) of SPLIT CONTRACTION. For i € [t], in V(G’), we have

a vertexr corresponding to each possible intersection of X with C; on at most k; vertices.

Further, we have a vertex ¢; € V(G’) corresponding to each Cj, for ¢ € [t]. We want to
make sure that for each (u,v) € E(G), we choose an edge of F(G’) (in the solution to SPLIT
CONTRACTION) that is incident to a vertex which corresponds to a subset containing one
of u or v and one of ¢; or ¢;. Furthermore, we want to force these selected vertices to be
contracted to the clique side in the resulting split graph. We crucially exploit the fact that
there is exactly one edge between every C;, C; pair, where 4, j € [t],7 # j. Finally, we will
add a clique, say I', of size 3t and make each of its vertices adjacent to many pendant vertices,
which ensures that after contracting the solution edges, the vertices of I' remain in the clique
side. We will assign appropriate adjacencies between the vertices of I and ¢;, for ¢ € [t]. This
will guide us in selecting edges for the solution of the contraction problem. We now move to
the formal description of the construction used in the reduction.

Construction. Let (G,P = {C1,Cs,...Ci}, k1, ... ki) be an instance of SUB-CuBIiC PVC
and n = |V(G)|. We create an instance of SPLIT CONTRACTION (G', k') as follows. For
ie€t],let S; ={vy | Y CC; and |Y| < k;}. That is, S; comprises of vertices corresponding
to subsets of C; of size at most k;. For each i € [t], we add five vertices b;, ¢;, x4, yi, 2; to
V(G"). The vertices {x;,y;, % | i € [t]} induce a clique (on 3t vertices) in G’. We add the
edges (bs, sy), (¢, sy), (%4, 8v), (Y4, Sy ), (21, sy) for all sy € S; to E(G'). Fori,j € [t], i # 7,
we add the edges (¢;, ), (¢i,y5), (¢i, 2;) to E(G'). For 4,5 € [t], i # j and sy € S}, we add
the edge (c;, sy) in E(G") if and only if Y covers the unique edge between C; and C;. For

all i € [t], we add 4t + 2 pendant vertices, b, j € [4t + 2], to b;. Similarly, for all i € [t], we

add 4t + 2 pendant vertices c;i, xgi, yy, and 27, J €[4t + 2], to ¢, x;, y; and z;, respectively.

The pendant vertices are added in order to make sure that the vertices resulting after the
contraction of their witness sets belong to the clique side. This completes the construction of
the graph G’. Observe that {b;,c;, x;,yi, 2; | ¢ € [t]} forms a minimum vertex cover of G’ of

size 5t. Finally, we set k' = 2t. The resulting instance of SPLIT CONTRACTION is (G, k').

We refer the reader to Figure 1 for an illustration of the construction.

In the next few lemmata (Lemmata 3 to 8) we prove certain properties of the instance
(G',K") of SPLIT CONTRACTION. This will be helpful later for establishing the equivalence
between the original instance (G, P = {C1,Ca,...Ci}, k1, ... k) of SuB-CuBIic PVC and
the instance (G’, k") of SPLIT CONTRACTION. In Lemmas 3 to 8 we will use the following
notations. We use T' to denote a solution to SPLIT CONTRACTION in (G, k') and H = G'/T
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Figure 1 Reduction from SUB-CuBIC PVC to SPLIT CONTRACTION.

with C, I being a partition of V(H) inducing a clique and an independent set, respectively,
in H. We let ¢ : V(G') — V(H) be the surjective function defining the contractibility of G’
to H, and W be the H-witness structure of G’.

» Lemma 3. Let (G’ k') be a YES instance of SPLIT CONTRACTION. Then, for all
v € {bi,ci, i, yi, 2 | i € [t]}, we have (v) € C.

Proof. Consider v € {b;, ¢;, 24, Yi,2; | © € [t]}. Recall that there are 4¢ + 2 = 2k’ 4+ 2 pendant
vertices v, for j € [2k’ + 2] adjacent to v. At most k' edges in {(v},v) | j € [2k' + 2]} can
belong to T. Therefore, there exist ji, jo € [2k" + 2], j1 # j2 such that no edge incident to
v or v} is in T. In other words, for hy = (v},) and hy = @(v}), W(h1) and W (hy) are
singleton sets. Since W is a H-witness structure of G', (hy, ha) ¢ E (H). Therefore, at least

one of hi,ho belongs to f, say hy € I. This implies that p(v) € C. |

» Lemma 4. Let (G', k') be a YES instance of SPLIT CONTRACTION. Then, for alli € [t],
there exists sy, € S; such that (b;,sy,) € T.

Proof. Towards a contradiction assume that there is ¢ € [t] such that for all sy € S;,
(bi,sy) ¢ T. Recall that Ner(bi) = S; U{b} | j € [4t 4+ 2]}. Let h = ¢(b;) and A =
{bj,cj,xj,y5,2; | € [t],7 #i}. There exists v € A such that |IW(h')| =1, where b’ = p(v).
This follows from the fact that at most 2k’ = 4¢ vertices in A can be incident to an edge in
T, although |A| = 5(t — 1) > 4¢, as t can be assumed to be larger than 6, else the graph has
constantly many edges and we can solve the problem in polynomial time. From Lemma 3 it
follows that (h,h') € E(H), but W(h), W(h') are not adjacent in G’, contradicting that W
is an H-witness structure of G'. Hence the claim follows. |

For each i € [t], we arbitrarily choose a vertex sj, € S; such that (b;,s3.) € T. The
existence of such a vertex is guaranteed by Lemma 4.

» Lemma 5. Let (G', k") be a YES instance of SPLIT CONTRACTION and (b;,sy,) € T for
i € [t]. Then, for h; = ¢(sy.), we have |W (h;)| > 3. Furthermore, there is an edge in T
incident to b; or sy. other than (b;, sy.).

Proof. Suppose there exists i € [t], h; = ¢(sy,) such that [W(h;)| < 3. Recall that
|W(h;)| > 2, since b; € W(h;). Let A = {z;,y;,2; | 7 € [t],j # i}. From Lemma 4, it
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follows that for each j € [t], there is an edge (b, sy,) € T, therefore the number of edges
in T incident to a vertex in A is bounded by k' —t = t. But |A| = 3t — 3 > 2¢, therefore,
there exists a € A such that for h, = p(a), |[W(h,)| = 1. From Lemma 3, (h;, h,) € E(H),
therefore W (h;) and W (h,) must be adjacent in G'. But a ¢ N({b;, sy, }), hence W (h;) and
W (h,) are not adjacent in G’, contradicting that W is an H-witness structure of G’.

Since [W (h;)| > 3 and G[W (h;)] is connected, at least one of sy, ,b; must be adjacent to
an edge in T which is not (sy.,b;). <

» Lemma 6. Let (G', k') be a YES instance of SPLIT CONTRACTION. Then, for alli € [t],
we have [W(h;)| > 2 where h; = ¢(c;).

Proof. Towards a contradiction assume that there exists i € [t], h; = ¢(¢;), such that
|[W(h;)| < 2. Let A={c;|je€lt],j#i}U{zs, vy, 2} From Lemma 4 it follows that the
edge (b;, s{,]) € T, for each j € [t]. By Lemma 5 it follows that there is an edge in T that
is adjacent to exactly one of {b;, 8%} in T, for all j € [t]. Therefore, at most ¢ vertices in
A can be adjacent to an edge in T, while |A| = ¢ + 2. This implies that there exists a € A,
ha = @(a) such that |W(h,)| = 1. Observe that none of the vertices in A are adjacent to ¢;
in G’. Therefore, it follows that W (h;), W (h,) are not adjacent in G’. But Lemma 3 implies
that (hi, he) € E(H), a contradiction to W being an H-witness structure of G'. <

» Lemma 7. Let (G', k") be a YES instance of SPLIT CONTRACTION and (b, sy,) € T for
i € [t]. Then, for each i € [t], we have |W (h;)| = 3 where h; = p(s3,).

Proof. For i € [t], let h; = ¢(s},). From Lemma 5 we know that [W(h;)| > 3. Let
C={ci|ie[t]} and S = {{b;,sy,} | i € [t{]}. From Lemmata 5 and 6 it follows that each
¢ € C must be incident to an edge in T" and each S € S must have a vertex which is incident
to an edge in 7' with the other endpoint not in S. Since |C| = [S| =t and (b;, sy,) € T, for
all ¢ € [t], there are at most ¢ edges in T' that are incident to a vertex in C' and a vertex in
S € S. Therefore, each ¢ € C is incident to exactly one edge in T. Similarly, each S € S is
incident to exactly one edge with one endpoint in S and the other not in S. This implies that
exactly one vertex ¢ € C belongs to W (h;) for ¢ € [t], and ¢ does not belong to W (h;), where
i#j, 1,7 € [t]. Also note that none of the vertices in {x;, y;, z; | ¢ € [¢]} can be incident to
an edge in 7. Similarly, none of the vertices in {b}i, c;.i, x;-i, y}i, z;-i |i€lt],j €[4t + 2]} can
be incident to an edge in 7. Hence, we get that |IW(h;)| = 3, concluding the proof. <

» Lemma 8. Let (G', k") be a YES instance of SPLIT CONTRACTION and (b;,sy,) € T for
i € [t]. Then, for alli € [t], we have ¢; € W (h;) where h; = ¢(sy.).

Proof. Suppose for some i € [t], ¢; ¢ W (h;) where h; = ¢(sy.). From Lemmata 5, 6 and
k' = 2t, it follows that there exists some j € [t] such that ¢; € W (h;), where h; = ¢(sy, ).
By our assumption, j # i. From Lemma 7 we know that [W(h;)| = 3, therefore W (h;) =
{b;, s?j,ci}. Moreover, by Lemmata 6 and 7 and since k¥’ = 2¢, |W(x;)| = 1. However, we
then get that W(h;), W(z;) are not adjacent in G’. By Lemma 3, we obtain a contradiction
to the assumption that W is an H-witness structure of G’. This completes the proof. <

We are now ready to prove the main equivalence lemma of this section.

» Lemma 9. (G, P ={C1,Cs,...Ci}, k1,... k) is a YES instance of SUB-CuBIC PVC if
and only if (G', k') is a YES instance of SPLIT CONTRACTION.

Proof. In the forward direction, let Y be a vertex cover in G such that for each i € [t],
Y NCi| < k;. Forie [t], welet Y; =Y NC;. Let T = {(b;,sy;), (¢ci,sy;) | © € [t]}. Let
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H=G'/T, ¢:V(G") — V(H) be the underlying surjective map and W be the H-witness
structure of G'. To show that T is a solution to SPLIT CONTRACTION in (G’ ’), it is
enough to show that H is a split graph. Let I = U;ciy(Si \ {sv, }) U {0}, ¢}, 2%, v, ] ‘ie
[t],7 € [4t 4+ 2]}. Recall that for each v € I, |W(p(v))| = 1. Furthermore, for v,v" € I,
(v,0') & E(G'). Hence, it follows that I = {p(v) | v € I'} induces an independent set in H.
Let C1 = {zi,yi,2i | © € [t]}. Recall that G'[C1] is a clique and from the construction of T,
W (p(c))| = 1 for all ¢ € C;. Therefore, C; = {p(c) | ¢ € €1} induces a clique in H. Let
Co = {sy, | i € [t]}, hi = @(sy,) for i € [t], and Co = {h; | i € [t]}. From the construction
of T, we have W (h;) = {b;,¢;, sy,} for all i € [t]. Observe that for ¢; € C; and ¢y € Ca,
W(e1), W(cy) are adjacent in G’, therefore, (¢1,¢z) € E(H). Consider h;, h; € Ca, where
i,j € [t],i # j. Recall W(h;) = {bs, sy;,c;} and W(h;) = {bj,sy;,c;}. Since Y is a vertex
cover, at least one of Y; or Y; covers the unique edge between C; and C; in G, say Y; covers
the edge between C; and C;. But then (sy,,c;) € E(G'), therefore (h;, h;) € E(H). The
above argument implies that C = C, UGy induces a clique in H. Furthermore, V(H) = Tuc.
This implies that H is a split graph.

In the reverse direction, let T' be a solution to SPLIT CONTRACTION in (G’,k’). Let
H=G']T, ¢:V(G") = V(H) be the underlying surjective map and W be the H-witness
structure of G'. From Lemma 4, it follows that for all ¢ € [t], there exists sy, € S; such
that (b, sy;) € T. For i € [t], let Y; be the set such that (b;,sy;,) € T. We let Y = U;cyYi.
For ¢ € [t], from the definition of the vertices in S;, it follows that |Y N C;| < k;. We
will show that Y is a vertex cover in G. Towards a contradiction assume that there exists
i,j € [t],i # j, such that ¥ does not cover the unique edge between C; and C;. From
Lemmas 4 and 8 it follows that W(h;) = {b;,sy;,c;} and W(h;) = {bj, sy,,c;}, where
hi = ¢(sy;) and h; = ¢(sy;). From Lemma 3 it follows that (h, h;) € E(H). Therefore,
W (h;) and W (h;) are adjacent in G’. Recall that Ng/(b;) "W (h;) =0, Ng/(bj) "W (h;) = 0,
(ci,c5), (sy;, sy;) ¢ E(G"). Therefore, at least one of (¢4, sy, ), (¢;, sy;) must belong to E(G’),
say (ci,sy;) € E(G'). But then by construction it follows that Y; C Y covers the unique
edge between C; and Cj in G, a contradiction. This completes the proof. <

Finally, we restate Theorem 1 and prove its correctness.

» Theorem 10. Unless the ETH fails, SPLIT CONTRACTION parameterized by ¢, the size
of a minimum vertex cover of the input graph, does not have an algorithm running in time
20(£%) . pO1) Here, n denotes the number of vertices in the input graph.

Proof. Towards a contradiction assume that there is an algorithm .4 for SPLIT CONTRACTION,
parameterized by £, the size of a minimum vertex cover, running in time 20001 et
(G,P={C1,Cs,...Ct}, ki, ... kt) be an instance of SUB-CUBIC PVC. We create an instance
(G', k") of SPLIT CONTRACTION as described in the Construction, running in time 2°( .
n®W) | where n = [V(G)|. Recall that in the instance created, the size of a minimum vertex
cover is ¢ = 5t = O(y/n). Then we use algorithm A for deciding if (G', k") is a YES instance
of SPLIT CONTRACTION and return the same answer for SUB-CuBic PVC on (G, P, k1,

..kt). The correctness of the answer returned follows from Lemma 9. But then we can
decide whether (G, P, k,...k;) is a YES instance of SUB-CuBIC PVC in time 2°") . n©@(1),
which contradicts ETH assuming Theorem 11. This concludes the proof. <

3.2 Reduction from Sub-Cubic VC to Sub-Cubic PVC

Finally, to complete our proof we show that SUB-CuBIC PVC on graphs with n vertices
can not be solved in time 2°(n®W unless the ETH fails. In this section we give a Turing
reduction from SUB-CUBIC VC to SuB-CuBic PVC that will imply our desired assertion.
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Let (G, k) be an instance of SUB-CUBIC VC and n = |[V(G)|. We first create a new
instance (G, k') of SUB-CUBIC VC satisfying certain properties. We start by computing a
harmonious coloring of G using ¢t € O(y/n) color classes such that each color class contains
at most O(y/n) vertices. A harmonious coloring on bounded degree graphs can be computed
in polynomial time using at most O(y/n) colors with each color class having at most O(y/n)
vertices [29, 33, 18]. Let C, ..., C; be the color classes. Recall that between each pair of the
color classes, C;, C; for i,j € [t], i # j, we have at most one edge. If for some i, j € [t],i # j,
there is no edge between a vertex in C; and a vertex in Cj, then we add a new vertex z;; in
C; and a new vertex z;; in C; and add the edge (z;;,2,;). Observe that we add a matching
corresponding to a missing edge between a pair of color classes. In this process we can add at
most t — 1 new vertices to a color class C;, for ¢ € [t]. Therefore, the number of vertices in C;
for ¢ € [t] after addition of new vertices is also bounded by O(y/n). We denote the resulting
graph by G’ with partition of vertices C1,--- ,C; (including the newly added vertices, if
any). Observe that the number of vertices n’ in G’ is at most O(n). Let m be the number of
matching edges added in G to obtain G’ and let ¥’ = k + m. It is easy to see that (G, k) is a
YES instance of SUB-CuBICc VC if and only if (G', k') is a yes instance of SuB-CuBIc VC.

We will now be working with the instance (G’, k") of SUB-CuBIC VC with the partition of
vertices C1, ..., C; obtained by extending the color classes of the harmonious coloring of G we
started with. We guess the size of the intersection of the vertex cover in G’ with each C;, for

i € [t]. That is, for i € [t], we guess an integer 0 < ki < min(|C;|, k'), such that 3, ki = &'.

Finally, we let (G',P = {C1,---,C:}, ki, - - ki) be an instance of SUB-CuBIC PVC. Notice
that G’ and P satisfies all the requirements for it to be an instance of SuB-CuBic PVC. It
is easy to see that (G', k') is a YES instance of SUuB-CuBIC VC if and only if for some guess

of k;, for ¢ € [t], (G',P ={C1,---,Ci}, K}, ,k;) is a YES instance of SuB-CuBic PVC.

This finishes the reduction from SuB-CuBic VC to SuB-CuBic PVC.

» Theorem 11. Unless the ETH fails, SUB-CUBIC PV C does not admit an algorithm running
in time 2°00 . n@M) " Here, n is the number of vertices in the input graph.

Proof. Towards a contradiction assume that there is an algorithm A for SuB-CuBic PVC
running in time 2°(" . n@M) Let (G, k) be an instance of SUB-CUBIC VC. We apply the
above mentioned reduction to create an instance (G’,k’) of SUB-CuUBIC VC with vertex
partitions C1, -+ ,Cy such that t € O(y/n) and |C;| € O(y/n), for all ¢ € [t]. Furthermore,
there is exactly one edge between C;, Cj, for 4, j € [t], i # j, and C; induces an independent
set in G’. For each guess 0 < k! < min(|C;|, k") of the size of intersection of vertex cover with
C;, for i € [t], we solve the instance (G', P, ki, -+ ,k;). By the exhaustiveness of the guesses
of the size of intersection for each partition, (G’,%’) is a YES instance of SuB-CuBic VC if

and only if for some guess k{,--- ki, (G',P,ky,--- , ki) is a YES instance of SuB-CuBic PVC.

We emphasize the fact that the number of guesses we make is bounded by \/ﬁo(ﬁ) = 20(n),
since |C;| € O(y/n) and t € O(y/n). But then we have an algorithm for SuB-CuBic VC
running in time 2°(™ . n®W  contradicting the ETH. This concludes the proof. |

4 W/[1]-Hardness of Split Contraction

In this section we show that SPLIT CONTRACTION parameterized by the solution size is
WI[1]-hard. Towards this we first define an intermediate problem from which we give the
desired reduction.
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Figure 2 W[1]-Hardness of SPLIT CONTRACTION.

SPECIAL RED-BLUE PERFECT CODE (SRBPC) Parameter: k
Input: A bipartite graph G with vertex set V(G) partitioned into R (red set) and B
(blue set). Furthermore, R is partitioned (disjoint) into Ry W Ra W - - W Ry, and for all
r,r’ € R, dg(r) = dg(r’). That is, every vertex in R has same degree, say d.
Question: Does there exist X C R, such that for all b € B, |[N(b) N X| =1 and for all
i€ k], |[RiNX|=17

SRBPC is a variant of PERFECT CODE which is known to be W[1]-hard [14]. The WJ[1]-
hardness proof of SRBPC is given by the following theorem. Proofs of the results
marked by an asterik are omitted due to space constraints.

» Theorem 12 (*). SRBPC parameterized by the number of parts in R is W[1]-hard.

Let (G,R = RiW,Ra W --- W Ry, B) be an instance of SRBPC. We will assume that
|B| = dk, otherwise, the instance is a trivial NO instance of SRBPC. For technical reasons we
assume that |B| = ¢ > 4k (and hence d > 4). Such an assumption is valid because otherwise,
the problem is FPT. Indeed, if |B| = ¢ < 4k then for every partition Py, ..., P, of B into k
parts such that each part is non-empty, we first guess a permutation 7 on k elements and
then for every i € [k], we check whether there exists a vertex Tx(i) € Rr(;) that dominates
exactly all the vertices in P; (and none in other parts P;, j # i). Clearly, all this can be
done in time 20 108%)O()  Furthermore, we also assume that , else the problem is
solvable in polynomial time. Now we give the desired reduction. We construct an instance
(G', k") of SPLIT CONTRACTION as follows. Initially, V(G') = RUB and E(G’) = E(G). For
all b,b' € B, b # V', we add the edge (b,b') to E(G’). That is, we transform B into a clique.
Let . For each b; € B, we add a set of t vertices ¢!, -,y each adjacent to b; in
G'. We add a vertex s adjacent to every vertex r € R in G’. Also, we add a set of ¢ vertices
q1, - ,q: each adjacent to s in G'. For each i € [k], we add a vertex x; adjacent to each
vertex r € R;. Finally, for all i € [k], we add a set of t vertices w?,---w! adjacent to z; in
G'. We set the new parameter k' to be 2k. This completes the description of the reduction.
We refer the reader to Figure 2 for an illustration of the reduction.

In the next four lemmata (Lemmata 13 to 16) we prove certain structural properties
of the instance (G’, k') of SPLIT CONTRACTION. These will later be used in showing that
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(G,R=R1W,Ro W ---W Ry, B) is a YES instance of SRBPC if and only if (G', k) is a YES
instance of SPLIT CONTRACTION. For the next four lemmata, we let .S be a solution to SPLIT
CONTRACTION in (G, k') and H = G'/S with C, I being a partition of V (H) inducing a
clique and an independent set, respectively, in H. Let ¢ : V(G) — V(H) denote the function
defining the contractibility of G to H, and W be the H-witness structure of G.

» Lemma 13 (*). Let (G',k") be a YES instance of SPLIT CONTRACTION. Then, for all
ve ({stuBU{z; | € [k]}), we have o(v) € C.

» Lemma 14 (*). Let (G',k') be a YES instance of SPLIT CONTRACTION. Then, for all
i € [k], there exists r; € R; such that (z;,7;) € S.
For each i € [k] we arbitrarily choose a vertex r} € R; such that ef = (z;,77) € S. The

existence of such a vertex is guaranteed by Lemma 14.

» Lemma 15 (*). Let (G, k') be a YES instance of SPLIT CONTRACTION. Then, for all
i € [k] and h; = ¢(r}), we have |W(h;)| > 3. Furthermore, there is an edge e; # e} in S
incident to exactly one of x;,r¥ and not incident to the vertices in {wi, - ,wi}.

From Lemma 14 we know that for each ¢ € [k], we have r} € R; such that (z;,7}) € S.

Similarly, from Lemma 15 we know that, for each i € [k], there is an edge incident to one of
*
i
is adjacent to x;,r;. Hence, it follows that we have already used up our budget of k' = 2k

x;,r; other than ef = (x;,7}) in every solution. Recall that for i,j € [k], i # j none of x;,;

by forcing certain types of edges to be in S. Finally, we prove Lemma 16 that forces even
more structure on the witness sets.

» Lemma 16. Let (G, k') be a YES instance of SPLIT CONTRACTION. Then, for alli € [k],
i € W(p(s)).

Proof. Let hy, = @(s) and R = {r} | i € [k],r} € W(h,)}. For a contradiction assume that

|R| < k, otherwise the claim trivially holds. By Lemma 14, for each i € [k], e} = (z;,7F) € S.

?
This implies that for all 7 € R, x; € W (hs) and hence |W (hs)| > 2|R|+ 1. From Lemma 15
we know that there exists an edge e; # e € S incident to either z; or 7 and not incident to
any vertex in {w?,--- ,wi}. Thus, every edge in S is incident to either z; or 7. This implies
that for every vertex z € {q1,...,q.} U{yl,...,y) | j € [f]}, [W(¢(2))| = 1. Now we show
that there exists a vertex in B that is not adjacent to any vertex in W (hs). Observe that the
only vertices in W (hs) that can be adjacent to a vertex in B are in R. However, every vertex
in R has exactly d neighbours in B. This together with the fact that |B| = ¢ = dk > d|R]
implies that there exists a subset B’ of size d(k — |R|) such that none of these vertices are
adjacent to any vertex in R. However, at most (k — |R|) vertices in B’ can be incident to
an edge in S. This implies that there exists a vertex b € B’ with h = ¢(b) such that it is
not incident to any edge in S and thus |W(h)| = 1. But then we can conclude that W(h)
and W (h) are not adjacent in G’. However, by Lemma 13 we know that hg, h € C and thus
there is an edge (h = ¢(b), hs) € E(H'), a contradiction. This contradicts our assumption
that |R| < k and proves the claim. <

We are now ready to prove the equivalence between the instance (G, R, B) of SRBPC
and the instance (G', k) of SPLIT CONTRACTION.

» Lemma 17. (G,R = Ry W--- Ri,B) is a YES instance of SRBPC if and only if (G', k")
is a YES instance of SPLIT CONTRACTION.
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Proof. In the forward direction, let Z = {r; | r; € R;,i € [k]} € R be a solution to
(G,R,B) of SRBPC. Let Z' = {(r;,x;),(ri,s) | © € [k]}. Observe that |Z'| = 2k. Let
T = {ri,x; | i € [k],r; € Z}. We define the following surjective function ¢ : V(G') —
V(G)\T. It v € TU{s} then ¢(v) = s, else p(v) = v. Observe that G'[W(s)] is connected
and for all v € V(G') \ (T'U {s}), W(v) is a singleton set. Consider the graph H with
V(H)=V(G")\T and (v,u) € E(H) if and only if ¢=1(v), p~!(u) are adjacent in G’. Note
that the graphs G'/Z’ and H are isomorphic, therefore we prove that H is a split graph. Let
C={pWw) |veBU{s}}and I = V(H)\ C. For v,u e I, o~ (v) = {v} and o' (u) = {u}
and {v}, {u} are non-adjacent in G’. Therefore, (v,u) ¢ E(H). This proves that I is an
independent set in H. For b,b/ € B  C, (b,V) € E(G'), therefore (p(v), o(u)) € E(H).
Since Z is a solution to SRBPC in (G, R, B), for each b € B, there exists r; € Z such that
(b,r;) € E(G"), therefore, W (s) and b are adjacent in G’. Hence, (¢(s), (b)) € E(H'). This
finishes the proof that C induces a clique in H and that H is a split graph.

In the reverse direction, let S be a solution to (G’,k’) of SPLIT CONTRACTION, and
denote H = G'/S. Let W be the H-witness structure of G', ¢ be the associated surjective
function and hs = ¢(s). From Lemmas 14 and 16 it follows that for all i € [k], there exists
rf € R; such that (z;,r}) € S and rf,z; € W(hs). Let Z = {r} | i € [k]}. We will show
that Z is a solution to SRBPC in (G,R,B). Since |W(hs)| = k' +1 = 2k + 1, it holds
that for all v € V(H) \ {hs}, |W(v)| = 1. This implies that for all b € B, b ¢ W (hs). Also
observe that since z; € W (h;) for all i € [k] and |W (hs)| = K" + 1 = 2k + 1, we have that
|W(hs) N R;| = 1. This implies that |Z| = k and |Z N R;| = 1, for all ¢ € [k]. To show that
Z is indeed a solution, it is enough to show that for all b; € B, |[Z N N(b;)| = 1. Towards a
contradiction, assume there exists b; € B such that |Z N N(b;)| # 1. Let hy, = o(b;). We
consider the following two cases.

If |Z N N(bj)| < 1. Recall that W(hy;) = {b;}. Further, Ng/(b;) € R U {vi,. ..y},
Z = W(hs) NR and by our assumption Z N Ng(b;) = 0. But then W (h,) and W (hs,)
are not adjacent in G'. However, Lemma 13 implies that (hs, hy,) € E(H), contradicting
our assumption that |Z N N(b;)| < 1.
If [Z N N(b;)| > 1, then there exists j,j" € [k], j # j’ such that r},77 € Ng/(b). Then
it follows that | Ujepr) N(r7)| < £ = dk. But then there exists b’ € B such that W (p(b'))
and W (hs) are non-adjacent, contradicting that (¢(b'), hs) € E(H) from Lemma 13.
This completes the proof. |

We now restate Theorem 2.

» Theorem 2 (restated). SPLIT CONTRACTION parmeterized by the size of a solution is
WI(1]-hard.

Proof. Proof follows from construction, Lemma 17 and Theorem 12. |

5 Conclusion

In this paper, we have established two important results regarding the complexity of SPLIT
CONTRACTION. First, we have shown that under the ETH, this problem cannot be solved
in time 2°(”) . O where £ is the vertex cover number of the input graph, and this lower
bound is tight. To the best of our knowledge, this is the first tight lower bound of the form
20(%) . O for problems parameterized by the vertex cover number of the input graph.
Second, we have proved that SPLIT CONTRACTION, despite its deceptive simplicity, is actually

WI[1]-hard with respect to the solution size. We believe that techniques integrated in our
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constructions can be used to derive conditional lower bounds and W[1]-hardness results in
the context of other graph editing problems where the edit operation is edge contraction.

We would like to conclude our paper with the following intriguing question. In the exact

setting, it is easy to see that SPLIT CONTRACTION can be solved in time 2°(*1°8™)  Can it
be solved in time 2°("1°8™)? A negative answer would imply, for instance, that it is neither

possible to find a topological clique minor in a given graph in time 2°("1°87) which is an
interesting open problem [11]. It might be possible that tools developed in our paper, such
as the usage of harmonious coloring, can be utilized to shed light on such problems.
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—— Abstract

Entropy games and matrix multiplication games have been recently introduced by Asarin et al.
They model the situation in which one player (Despot) wishes to minimize the growth rate of
a matrix product, whereas the other player (Tribune) wishes to maximize it. We develop an
operator approach to entropy games. This allows us to show that entropy games can be cast
as stochastic mean payoff games in which some action spaces are simplices and payments are
given by a relative entropy (Kullback-Leibler divergence). In this way, we show that entropy
games with a fixed number of states belonging to Despot can be solved in polynomial time. This
approach also allows us to solve these games by a policy iteration algorithm, which we compare
with the spectral simplex algorithm developed by Protasov.
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1 Introduction

1.1 Entropy games and matrix multiplication games

Entropy games have been introduced by Asarin et al. [5]. They model the situation in which
two players with conflicting interests, called “Despot” and “Tribune”, wish to minimize or to
maximize a topological entropy representing the freedom of a half-player, “People”. Entropy
games are special “matrix multiplication games”, in which two players alternatively choose
matrices in certain prescribed sets; the first player wishes to minimize the growth rate of the
infinite matrix product obtained in this way, whereas the second player wishes to maximize it.
Whereas general matrix multiplication games are hard in general (computing joint spectral
radii is a special case), entropy games correspond to a tractable subclass of multiplication
games, in which the matrix sets have the property of being invariant by row interchange, the
so called independent row uncertainty (IRU) assumption. In particular, Asarin et al. showed
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in [5] that the problem of comparing the value of an entropy game to a given rational number
is in NP N coNP, giving to entropy games a status somehow comparable to other important
classes of games with an unsettled complexity, including mean payoff games, simple stochastic
games, or stochastic mean payoff games, see [4] for background.

Another motivation to study entropy games arises from risk sensitive control [13, 14, 3]:
as we shall see, essentially the same class of operators arise in the latter setting. Further
motivations originate from symbolic dynamics [21, Chapter 1.8.4].

1.2 Contribution

We first show that entropy games, which were introduced as a new class of games, are
equivalent to a class of zero-sum mean payoff stochastic games with perfect information,
in which some action spaces are simplices, and the instantaneous payments are given by a
Kullback-Leibler entropy. Hence, entropy games fit in a classical class of games, with a “nice”
payment function over infinite action spaces.

To do so, we introduce a more expressive variant of the model of Asarin et al [5], called
here extended entropy games for clarity, in which the initial state is prescribed (the initial
state is chosen by one player, People, in the original model). This extension is needed to
develop an operator approach and derive consequences from it. We show that the main results
known for stochastic mean payoff games with finite actions space, namely the existence of the
value and the existence of optimal positional strategies, are still valid for extended entropy
games (Theorems 2 and 3). This is derived from a model theory approach of Bolte, Gaubert,
and Vigeral [8], together with the observation that the dynamic programming operators of
extended entropy games are definable in the real exponential field. Another consequence
of the operator approach is the existence of Collatz-Wielandt optimality certificates for
entropy games, Theorem 12. When specialized to the one player case, this leads to a convex
programming characterization of the value, Corollary 13, which can also be recovered from a
characterization of Anantharam and Borkar [3].

This leads us to our main result, Theorem 14, showing that (extended) entropy games
in which Despot has a fixed number of significant states (states with a nontrivial choice)
can be solved in polynomial time. Thus, entropy games are somehow similar to stochastic
mean payoff games, for which an analogous fixed-parameter tractability result holds (by
reducing the one player case to a linear program). This also reveals a fundamental asymmetry
between the players Despot and Tribune: our approach does not lead to a polynomial bound
if one fixes the number of states of Tribune. The proof relies on several ingredients: ellipsoid
method, separation bounds between algebraic numbers, results from Perron-Frobenius theory.

The operator approach also allows one to obtain practically efficient algorithms to solve
entropy games. In this way, the classical policy iteration of Hoffman-Karp [19] can be
adapted to entropy games. We report experiments showing that when specialized to one
player problems, policy iteration yields a speedup by one order of magnitude by comparison
with the “spectral simplex” method recently introduced by Protasov [23].

Let us finally complete the discussion of related works. The formulation of entropy
games in terms of “classical” mean payoff games in which the payments are given by a
Kullback-Leibler entropy builds on known principles in risk sensitive control [14, 3]. Tt can
be thought as a version for two player problems of the Donsker-Varadhan characterization of
the Perron-eigenvalue [11]. A Donsker-Varadhan type formula for risk sensitive problems,
which can be applied in particular to Despot-free player entropy games, has been recently
obtained by Anantharam and Borkar, in a wider setting allowing an infinite state space [3].
In a nutshell, for Despot-free problems, the Donsker-Varadhan formula appears to be the
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(convex-analytic) dual of the Collatz-Wielandt formula. Chen and Han [10] developed a
related convex programming approach to solve the entropy maximization problem for Markov
chains with uncertain parameters. We also note that the present Collatz-Wielandt approach,
building on [2], yields an alternative to the approach of [5] using the “hourglass alternative”
of [20] to produce concise certificates allowing one to bound the value of entropy games.
Finally, the identification of tractable subclasses of matrix multiplication games can be traced
back at least to the work of Blondel and Nesterov [7].

2  Entropy games

2.1 Entropy games with prescribed initial state

An extended entropy game I'®*®* is a perfect information game played on a finite directed
weighted graph G. There are 2 players, “Despot”, “Tribune”, and a half-player with a
nondeterministic behavior, “People”. The set of nodes of the graph is written as the disjoint
union DU T U P, where D,T and P represent sets of states in which Despot, Tribune, and
People play. We assume that the set of arcs E is included in (D x T)U (T x P)U (P x D),
meaning that Despot, Tribune, and People alternate their actions. A weight mpq, which
is a positive real number, is attached to every arc (p,d) € P x D. All the other arcs in E
have weight 1. An initial state, d € D, is known to the players. A token, initially in node d,
is moved in the graph according to the following rule. If the token is currently in a node
d belonging to D, then, Despot chooses an arc (d,t) € E and moves the token to node t.
Similarly, if the token is currently in a node t € T, Tribune chooses an arc (¢,p) € E and
moves the token to node p. Finally, if the token is in a node p € P, People chooses an arc
(p,d’) € E and moves the token to a node d’ € D. We will assume that every player has at
least one possible action in each state in which it is his or her turn to play. In other words,
for all d € D, the set of actions {(d,t) € E} must be nonempty, and similar conditions apply
toteT and p € P.

A history of the game consists of a finite path in the digraph G, starting from the initial
node d. The number of turns of this history is defined to be the length of this path, each arc
counting for a length of one third. The weight of a history is defined to be the product of
the weights of the arcs arising on this path. For instance, a history (dy, to, po, d1, t1, p1,da, t2)
where d; € D, t; € T and p; € P, makes 2 and 1/3 turn, and its weight is 1,4, Mp, ds -

A strategy of Player Despot is a map J which assigns to every history ending in some
node d in D an arc of the form (d,t) € E. Similarly, a strategy of Player Tribune is a map 7
which assigns an arc (¢,p) € E to every history ending with a node ¢ in T.

For every integer k, we define as follows the game in horizon k with initial state d,
reent(k, d). We assume that Despot and Tribune play according to the strategies §,7. Then,
People plays in a nondeterministic way. Therefore, the pair of strategies J, 7 allows for
different histories. The payment received by Tribune, in k turns, is denoted by RZ—'((S, 7). It
is defined as the sum of the weights of all the paths of the digraph G of length & with initial
node d determined by the strategies § and 7: each of these paths corresponds to different
successive choices of People, leading to different histories allowed by the strategies d, 7. The
payment received by Despot is defined to be the opposite of R’;—(é, 7), so that the game in
horizon k is zero-sum. In that way, the payment RS— measures the “freedom” of People,
Despot wishes to minimize it whereas Tribune wishes to maximize it.

We say that the game I'****(k, d) in horizon k with initial state d has the value Vg’“ and
that §*,7* are optimal strategies of Despot and Tribune if for all strategies §, 7 of Despot
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and Tribune, we have the saddle point property:

RE(S,7%) > R

(6%,7) = Vi = Ry(0",7) (1)
If the value Vk exists for all choices of the initial state d, we define the value vector of the
game Feent(k, -) in horizon k, to be V¥ := (VF)4ep € RP.

We now define the infinite horizon game I'**™ (oo, d), in which the payment received by
Tribune is given by

RT(5,7) = hmsup(Rk(é 7))Lk

k—o0

and the payment received by Despot is the opposite of the latter payment. (The choice of
limsup is somehow arbitrary, we could choose liminf instead without affecting the results
which follow.) The value V7° of the infinite horizon game reent (0o, d), and the optimal
strategies in this game, are still defined by a saddle point condition, as in (1), the payment
RS((S, 7) being now replaced by R (4, 7).

We denote by V° = (V®)sep € RP the value vector of the infinite energy game
Feent(oo )

We associate to the latter games the dynamic programming operator F' : RP? — RP such
that, for all X € R”, and d € D,

Fy(X) = Xg . 2

oX) = in muax D mpwXa @)
(p,d')EE

The existence of the value for the finite horizon game follows from a standard dynamic
programming argument.

» Proposition 1. The value of the extended entropy game in horizon k, T (k, ), does exists.
The value vector V¥ of this game is determined by the relations VO = e, VF = F(VF1),
k=1,2,..., where e is the unit vector of RP.

Recall that a strategy is said to be positional or is called a policy if the decision taken at a
given stage depends only on the last state which has been visited. The following theorem
follows from Theorem 9 stated in Section 3, by using an equivalence with a special class of
stochastic mean payoff games with infinite actions spaces, through log-glasses.

» Theorem 2. The infinite horizon extended entropy game has a value and it has optimal
positional strategies. Moreover, for all initial states d, V° = limkﬁoo(de)l/k.

The following result is deduced from Theorem 11, using the same technique as for Theorem 2.
We denote by Pp (resp. Pr) the set of policies (i.e., positional strategies) of Despot (resp.
Tribune). If one fixes a strategy § € Pp or 7 € Pr, we end up with a one player infinite
horizon entropy game (a two player game in which either Despot or Tribune has no options),
whose value is denoted by V°(d, %) (resp. V°(*,7)). Similarly, if we fix the two strategies,
we end up in a game in which only People has options, and the value of this game, denoted
by V°(d,7), coincides with R (6, 7).

» Theorem 3. We have

Vi = 6%171)% Ve (d,*) = max Vi) -

Moreover, for all 6 € Pp and for all T € Pr,

oo _ o0 /
Vi (6,%) = Tr/rgg; Vi, ), Vio(*,1) = 6mg1D V2o, ),
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> Example 4. Take D = {dl,d27d3}, T = {t17t2,t3,t4}, P = {a7b7c,d}, E = {(dl,tl),
(d17t2)7 (d2>t2)a (d37t3)7 (d37t4)7 (tlaa)a (t27a)7 (t27b)7 (t3>c)7 (t37d)7 (t4>c)7 (a7d1)7 (b7d2)7
(b,d3), (¢, dz), (d,dz), (d,d3)} and mp,q, =1 for all p € P and 1 < ¢ < 3 such that (p,d;) € E.
The corresponding graph and dynamic programming operator are given by:

dy dy ds

Fi(X) = min (X1, max(X1, X5 + X3)),
FQ(X) = max (X17X2 + .X?,)7

F3(X) = min (max(Xg, X2 —+ Xg), X2)

One can check that V¥ = (1,¢p41,0%), where ¢g = ¢1 = 1 and ¢pi2 = ¢p + Pre1 is
the Fibonacci sequence. Hence, by Theorem 2, the value vector of this entropy game is
V> = (1,w,w) where w := (1 ++/5)/2.

2.2 The original entropy game model

The original entropy game model of Asarin et al. [5] is a zero-sum game defined in a similar
way, up to a difference: in their model, the initial state is not prescribed. The payment of
Tribune in horizon k, instead of being R%(,7), is the quantity R*(4,7), defined now as the
sum of weights of all paths of length k starting at a node in D and ending at a node in D.
Hence, R*(5,7) = 3 4 p R5(6,7). The payment of Tribune can be defined in their game as
follows R (8, 7) = limsupy_, o (RF(6,7))/*. This game is denoted by T°™(c0), we denote
by V' the value of this game, which is shown to exist in [5].

Note that in the initial model in [5], the weights m,q are equal to 1. The generalization
to weighted entropy games, in which the weights m,q are integers is discussed in Section
6 of [5]. The case in which the weights m,s take rational values can be reduced to the
latter case by multiplying all the weights by an integer factor. Therefore, we will ignore the
restriction that mys = 1 in our definition of I'*™*(co) and will refer to the entropy game
model with rational weights as the entropy game model. The next result, which can be
deduced from the existence of the value of the extended entropy game (Theorem 2 above),
shows that the value of the original entropy game can be recovered from the value vector of
the extended one:

» Proposition 5. The value of the original entropy game I'*™(c0) coincides with the mazimum
of the values of the extended entropy games I'*™(co, d), taken over all initial states: V> =
maxgep V;°.

» Example 6. This is illustrated by the game of Example 4. In the original model of [5], the
value, defined independently of the initial state, is (1 + v/5)/2, whereas our model associates
to the initial state d; a value 1 which differs from the values of dy and ds.

In [5], entropy games were compared with matrix multiplication games. We present
here this correspondence in the case of general weights m,q . Given policies 6 € Pp and
T € Pr, let A(0) € RP>*T and B(r) € RT*P be such that A(§)g = 1 if t = §(d) and 0
otherwise, and B(7)tg = m,(p)q if (7(t),d) € E and 0 otherwise, for all (d,t) € D x T. We
shall think of A(6) and B(7) as rectangular matrices. Then R*(8,7) = ||(A(8)B(7))*||1,
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where for any A € RP*P | AF denotes its kth power and ||Al1 = Y, |Aaa| its * norm.
From this, one deduces that R>(6,7) = p(A(8)B(7)), where p(A) denotes the spectral radius
of the matrix A. Moreover, let A4 and B denote the sets of all matrices of the form A(d) and
B(7) respectively, and let AB be the set of all matrices AB with A € A and B € B. The
sets A, B and AB are subsets of matrices M satisfying the property that all elements of M
have same dimension and if M; is the set of ith rows of the elements of M, then M is the
set of matrices the ith row of which belongs to M;. Such a property defines the notion of
TRU matrix sets (for independent row uncertainty sets) in [5]. The following property proved
in [5] is the analogue of Theorem 3, V> being replaced by V°:

V' = mi AB) = in p(AB) . 3

BB PAP) = g i p(AB) ©)
A more general property is proved in [2, Section 8], as a consequence of the Collatz-Wielandt
theorem (see Theorem 12 below).

3 Stochastic mean payoff game with Kullback-Leibler payments

We next show that extended entropy games are equivalent to a class of mean payoff games
in which some action spaces are simplices, and payments are given by the Kullback-Leibler
divergence.

To the extended entropy games I'*°" we associate a family of stochastic zero-sum games
with Kullback-Leibler payments, denoted T'¥! and defined as follows. These new games are
still played on the weighted digraph G. For any node p € P, we denote by E, := {(p,d) € E}
the set of actions available to People in state p, and we denote by A, the set of probability
measures on Ej,. Therefore, an element of A, can be identified to a vector v = (vp.a)(p.a)cE,
with nonnegative entries and sum 1. The actions of Despot and Tribune in the states d € D

reent. However, the two games

and t € T are the same in the games I'' and in the games
have different rules when the state is in P, since the nondeterministic half-player, People, is
now replaced by a standard probabilistic half-player, Nature. In the game I'*!, Tribune, who
arrived in a state p € P by choosing first an action in some state ¢ € T, so that (¢,p) € E,
has to play again in state p, by choosing a probability measure v € A,. Then, Nature chooses
the next state d according to probability v, 4, and Tribune receives the payment —S,(v;m),

where S, (v;m) is the relative entropy or Kullback-Leibler divergence:

Sp(v;m) = Z Vpa log(Vpa/mpa) -
(p,d)EEY

An interesting special case arises when m = 1, as in [5]. Then, S,(v;m) = Sp(v) =
Z(p,d)eEp Vpq log vpq is nothing but the Shannon entropy of v.

A history in the game T'*! now consists of a finite sequence (do, to, po, V0, d1,t1, 1, - - ),
which encodes both the states and actions which have been chosen. A strategy ¢ of Despot
is still a function which associates to a history ending in a state in d an arc (d,t) in
E; := {(d,t) € E}. A strategy of Tribune has now two components (7,7), 7 is a map
which assigns to a history ending in a state in ¢ an arc (¢,p) € E, as before, whereas
7 assigns to the same history and to the next state p = 7(d) chosen according to 7 a
probability measure on A,. To each history corresponds a path in G, obtained by ignoring
the occurrences of probability measures. For instance, the path corresponding to the history
h = (do, to, po, Vo, d1,t1,p1) is (do, to, po,d1,t1,p1). Again, the number of turns of a history
is defined as the length of this path, each arc counting for 1/3. So the number of turns
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of his 1 and 2/3. Choosing strategies ¢ and (7, 7) of both players and fixing the initial
state dy = d determines a probability measure on the space of histories h. We denote
by rg((s, (1,7)) == —E(Sp, (vo;m) + -+ - + Sp,_, (Vx—1;m)) the expectation of the payment
received by Tribune, in k£ turns, with respect to this measure, We also consider the infinite
horizon or mean payoff game I'! (oo, J), in which the payment of Tribune is now

77 (0, (7,m)) = limsup k‘_lrg((i, (r,7)) .

k—o0
We define the value of the game in horizon k, vg, and the value of the infinite horizon game,
vy, as well as optimal strategies, by saddle point conditions, as in Section 2.1. We have the
following dynamic programming principle.

» Proposition 7. The value vector vF = (v{j)deD in horizon k of the stochastic game

with Kullback-Leibler payments, T* does exists. It is determined by the relations v° = 0,
b = f(oPY), k=1,2,..., where

fule) = im0 ( D myrexplra) @

and we have vs = log de.

The explicit form of f in (4) originates from the following expression of the Legendre-Fenchel
transform of Shannon entropy, which is a classical result in convex analysis, see e.g. [25].

» Lemma 8. The function x — log(}_, ¢,c, €*') is convex and it satisfies

log ( Z e”') = max Z vi(x; —logv;); v; 20, 1 <i<n, Z vi=1.

1<ign 1<i<n 1<ign

The following result shows that the extended entropy game I'*°™ is equivalent to the
stochastic mean payoff game I'¥!, through logarithmic glasses. Theorem 2 above is deduced
from it. We define the projection of a pair of strategy (6, (r,7)) in I’ to be the strategy
(6, 7) in Teent,

» Theorem 9. The stochastic mean payoff game with Kullback-Leibler payments, T*(co, -),
has a value. For all states d € D, we have
L

lim —v; .

oo o0 oo
vy =log V<, Vq Tk

Moreover, the optimal strategies of 1™ (k) are precisely the projections of the optimal
strategies of T*(k), for all k integer or equal to co.

This theorem shows that extended entropy games are particular stochastic mean payoff
games (with compact action spaces). Asarin et al. [5] remarked that the special deterministic
entropy games, in which People has only one possible action in each state, can be reencoded
as deterministic mean payoff games. This can also be recovered from our approach: in this
deterministic case, the simplices A, are singletons and the entropy function vanishes.

We next sketch the derivation of Theorem 9 from a result of Bolte, Gaubert and Vigeral [8]

on the escape rate of nonexpansive mappings that are definable in an o-minimal structure.

A map f is nonexrpansive with respect to a norm || - || if ||f(x) — f(y)]] < ||z — y||. Recall
that an o-minimal structure [12, 28] consists, for each integer n, of a family of subsets
of R™. A subset of R" is said to be definable with respect to this structure if it belongs
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to this family. It is required that definable sets are closed under the Boolean operations,
under every projection map (elimination of one variable) from R™ to R"~! and under the
lift, meaning if A C R" is definable, then A x R C R"*! and R x A Cc R"*! are also
definable. It is finally required that when n = 1, definable subsets are precisely finite unions
of intervals. A function f from R" to RF is said to be definable if its graph is definable.
An important example of o-minimal structure is the real exponential field Rajgexp- The
definable sets in this structure are the subexponential sets [28], i.e., the images under the
projection maps R"** — R™ of the exponential sets of R"* the latter being sets of the
form {x | P(x1,...,Zntk,€"",...,e"n++) = 0} where P is a real polynomial. A theorem of
Wilkie [29] implies that Rajg exp is 0-minimal, see [28].

If f:R" — R" is nonexpansive in any norm, given any 0 < « < 1, we define the
discounted value vector zo, € R™ by f(azs) = zo. This vector exists and is unique (apply
Banach fixed point theorem to the contraction mapping x — f(ax)).

» Theorem 10 ([8]). Let f : R™ — R™ be nonexpansive in any norm, and suppose that f
is definable in an o-minimal structure. Then, the limit limy,_, o f*(0)/k does exists, and it
coincides with the limit lim,_1- (1 — @)z,

The vector z, is nothing but the value of the discounted variant of the stochastic game I'¥,
where « is the discount factor. The map f in (4) is nonexpansive in the sup-norm, and it is
definable in the real exponential field. So Theorem 10 can be applied to it. The existence of
the limit in Theorem 9 is deduced from this result.

A policy in a discounted game is said to be Blackwell optimal if it is optimal for all
discount factors sufficiently close to one. The existence of Blackwell optimal policies is a
basic feature of perfect information zero-sum stochastic games with finite action spaces
(see [24, Chap. 10] for the one-player case, the two-player case builds on similar ideas, e.g. [15,
Lemma 26]). It allows one to reduce the mean payoff problem to the discounted problem.
We next show that this result has an analogue for entropy games. We shall say that a pair of
strategies (0,7) € Pp x Pr is Blackwell optimal if there is a real number 0 < ap < 1 such
that, for all & € (o, 1), (d,7) is the projection of a pair of optimal policies (4, (,7)) in the
discounted version of the game I'¥!. The fact that the value of the entropy games commutes
with maxima and minima of policies (Theorem 3) is derived by combining Theorem 10 with
the following result, whose proof relies, again, on an o-minimality argument.

» Theorem 11. The stochastic perfect information game with Kullback-Leibler payments,

T'* has Blackwell optimal strategies.

4 Applying the Collatz-Wielandt theorem to entropy games

The classical Collatz-Wielandt formulae provide the following characterizations of the spectral
radius p(M) of a nonnegative matrix M:

p(M)=inf{A > 0] 3X € intRY, MX < AX}=max{\ > 0| 3X € RY\ {0}, MX = \X},

where Rf denotes the nonnegative orthant of R”, and int Rf_’ its interior, i.e, the set of
positive vectors. This has been extended to non-linear, order preserving and continuous
self-maps of the standard positive cone [22, 2]. In particular, the following result can be
derived from the non-linear Collatz-Wielandt formulae in these works.



M. Akian, S. Gaubert, J. Grand-Clément, and J. Guillaud

» Theorem 12 (Corollary of [2]). The value V> of the original entropy game T'*™ (with a
free initial state) coincides with any of the following expressions

inf{\ > 0] 3X € intRY, F(X) <AX}
max{\ > 0| 3X € R?\ {0}, F(X)=AX}
max{\ > 0| 3X € R?\ {0}, F(X) > AX} ,

—~ o~
N O Ot
—_ = =

where F' is the dynamic programming operator (2).

The value of these expressions is called the non-linear spectral radius of F. The Collatz-
Wielandt formulee are helpful to establish strong duality results, like (3), see also [1] for
an application to mean payoff games and tropical geometry. Our main interest here lies in
the following application of (5). We say that a state d of Despot is significant if the set of
actions of Despot in this state, {(d,t) € E}, has at least two elements (i.e., Despot has to
make a choice in this state). We say that an entropy game is Despot-free if the Despot player
does not have any significant state. A Despot-free game is essentially a one (and half) player
problem, since the minimum term in the corresponding dynamic programming operator (2)
vanishes. Indeed, for each d € D, there is a unique node ¢ such that (d,t) € E, and we define
the map o : D — T by o(d) = t. The following corollary, which follows from Theorem 12 by
making the change of variables p = log A and = = log X, is also a special case of a result of
Anantharam and Borkar [3].

» Corollary 13. The logarithm of the value of a Despot-free entropy game is given by

inf p, p € R,z € RP,

A+ xq = log( Z myp.a€?) for all d € D,p € P such that (o(d),p) € E . (8)
d'eD

5 Polynomial time solvability of entropy games with a few significant
Despot positions

By solving strategically an (extended) entropy game, we mean, finding a pair of optimal
policies. We assume from now that the weights m, q are integers. Since policies are
combinatorial objects, solving strategically the game is a well posed problem in the Turing
(bit) model of computation. Once optimal policies are known, the value of the game, which
is an algebraic number, can be obtained as the Perron root of an associated integer matrix.
Our main result is the following.

» Theorem 14. Despot-free entropy games can be solved strategically in polynomial time.

We indicate here the main arguments of proof.

Step 1. Reduction to the irreducible case. First, we associate to a Despot-free extended
entropy game a projected digraph G, with node set D and an arc d — d’ if there is a path
(d,t,p,d’) in the original digraph G. We say that the game is irreducible if G is strongly
connected. It is not difficult to see that in a Despot-free extended entropy game, the value of
a state d is the maximum of the value of the irreducible games corresponding to the different
strongly connected components of G to which d has access under some policy of Tribune
(this is a special case of a more general known property, see [15, Th.29]). Hence, we will
assume that the game is irreducible in the rest of the proof.

The following result is a consequence of the non-linear Perron-Frobenius theorem in [16].
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» Lemma 15. The value of an irreducible Despot-free extended entropy game is independent
of the initial state. Moreover, there is a vector U € int Rf and a scalar \* > 0 such that
F(U) = XU, and X\* coincides with the value of any initial state in this game.

Thanks to this lemma, we will speak of “value” without making explicit the initial state. We
set W := max(, 4)eg Mp,a and n := |D|.

Step 2. Reduction to a convex program with bounded feasible set. To prove Theorem 14,
we apply the ellipsoid method. To do so, we must replace the convex program (8) by
another convex program whose feasible set is included in a ball By(a, R), (the Euclidean
ball with center a and radius R), and contains a Euclidean ball Bs(a,r), where log(R/7) is
polynomially bounded in the size of the input. The following key lemma allows us to do so.

» Lemma 16. Suppose the game is Despot-free and irreducible. Then, the value \* of the
game is such that 1 < X* < nW. Moreover, there exists a vector U € intRY} such that
F(U)=X\U, and for alld € D, 1 < Uy < (nW)"~ 1.

We denote by X the set of pairs (u, 1) € RP x R ~ R"*! such that
flu) <petu,  0<ug < (n—1)[log(nW)],  0<p< [log(nW)[+2, 9)

where [t] denotes the smallest integer greater than or equal to ¢, and f is given by (4),
recalling that e denotes the unit vector of R"”. By combining Corollary 13, Lemma 15 and
Lemma 16, we arrive at the following result.

» Proposition 17. The value of a Despot-free irreducible entropy game coincides with the
exponential of the value of the convex program: min u, (u,u) € X. Moreover, By(a,r) C X C
Bs(a, R) where a = (e, [log(nW)]+1) € RP xR, r := 1/3, and R := 2v/D + 1(n—1) log(nW).

Step 3. Show the existence of a polynomial time approximate separation oracle [17] for the
program of Proposition 17. The non-trivial separating half-spaces are obtained by computing
the differential of the logarithmic expressions in (8). To do so, we use the fact that the values
of the logarithm and exponential function can be approximated in polynomial time [9].

Step 4. Show that if any two policies of Tribune yield different values A and X', then, |A—X'|
is bounded below by a rational number nep > 0 whose number of bits is polynomially bounded
in the size of the input. This relies on separation results between algebraic numbers [27],
since the value of a strategy of Tribune is an eigenvalue of a n X n matrix with integer
coefficients bounded by the number W.

Step 5. Synthesize an optimal strategy of Tribune from an approzimate solution of the
program in Proposition 17.

To any policy 7 of Tribune, we associate a dynamic programming operator F'7, which
is the self-map of R” defined by FJ(X) = Z(‘r(o(d)),d’)EE Mr(o(d))ar Xa- In other words,
FT(X) = M™X, where M7 = (mr(s(q))a')d,acp is a |D| x |D| matrix with nonnegative
entries.

To explain our method, we make first the restrictive assumption that for every policy
7, the matrix M7 is irreducible. In particular, we can take an optimal policy 7*. By a
standard result of Perron-Frobenius theory [6], M ™" has a left eigenvector 7 with positive
entries, associated to the maximal eigenvalue \™ := p(M T*), called Perron root. Hence,
7M™ = X" 7. Since 7* is optimal, AT = \*. Moreover, by applying Lemma 16 to the linear
map U +— (M7 )TU, where T denotes the transposition, we deduce that 74/7g < (nW)"~L.

For any rational number € > 0, the ellipsoid algorithm, applied to the optimization
problem of Proposition 17, yields in polynomial time a vector u and a scalar p such that
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flw) < (logA* + €)e + u and A* < exp(u) < A exp(e). Taking U := (Ug)aep with Uy :=

exp(ugq), we get F(U) < M exp(e)U. We choose any policy 7 such that F(U) = MZU.
Therefore, 7(o(d)) is chosen to be any term attaining the maximum when evaluating Fy(U).

We claim that 7 is optimal if € is sufficiently small.

To show the latter claim, we observe that M™ U < F(U). Moreover, for all d € D,
0 < ma(A* exp(e)Ua — Fa(U)) < ma(A* exp(e)Ua — (M™ (U))a) < L yep Tar (A" exp(€)Uar —
(M™U)g) = (X exp(e)U — M™ U) = M(exp(e) — 1)nU. Using mg/ma < (nW)"~!
and Uy/Uy < (nW)"~1, we deduce that F(U) > AU, where A := \*[exp(e) — (exp(e) —
Dn(nW)2»=D]. Since, MZU > MU, we have p(MZ) > ). Tt follows that we can choose
e > 0, with a polynomially bounded number of bits, such that A > A* —1s,. Moreover, since
A* is the maximum of the values of all the policies, A < A*. By definition of the separation
parameter 7)scp, this implies that A = A*, and so the policy 7 of Tribune which we just
constructed is optimal, showing the claim.

When some policies 7 yield a reducible matrix M7, the synthesis of the optimal policy T
still exploits the same idea with an additional technicality, since we can only guarantee that
the inequality F;(U) > AUy is valid for every state d such that 7y > 0.

Theorem 3, showing that V° = minsep,, V°(d, ), allows us to solve an entropy game
by enumerating the policies § € Pp and solving the Despot-free entropy game determined by
each 0. This leads to an algorithm with execution time (H deD |Ed|)TD_free, where the factor
TD_free is polynomial in the size of the input. We have in particular:

» Corollary 18. Entropy games in which Despot has a fized number of significant states can
be solved strategically in polynomial time.

6  Multiplicative policy iteration algorithm and comparison with the
spectral simplex method of Protasov

The equivalence between extended entropy games and some special class of stochastic mean
payoff games, through logarithmic glasses (see Section 3), allows us to adapt classical
algorithms for one or two player zero sum games, such as the value iteration and the policy
iteration algorithm. We next present a multiplicative version of the policy iteration algorithm,
which follows by adapting policy iteration ideas of Hoffman and Karp [19] and Rothblum [26].

To simplify the presentation, we consider first a Despot-free entropy game. Without
loss of generality, we assume that D =T = {1,...,|T|} and o is the identity. Let F'™ and
M7, 7 € Pr, be defined as in the previous section. If M7™ is irreducible, in particular if
all its entries are positive, M7 has an eigenvector X™ > 0, associated to the Perron root
AT := p(MT7). Moreover, X7 is unique up to a multiplicative constant and is called a Perron
eigenvector. If all the matrices M7, 7 € Pr are irreducible, one can construct the following
multiplicative version of the policy iteration algorithm.

This algorithm has a dual version, in which maximization is replaced by minimization.
Then, the Hoffman-Karp’s idea [19] is readily adapted to the multiplicative setting: a sequence
8% is constructed in a similar way as 7% in the dual version of Algorithm 1, except that in
Step 3, A" and X% are computed by applying Algorithm 1 to the dynamic programming
operator F' %" in which the strategy of Despot is fixed to §¥. We call this the multiplicative
Hoffman-Karp algorithm. A variation of the original proof shows that this algorithm,
implemented in exact arithmetics, terminates and is correct if for any pair of policies of the
two players, the associated transition matrix is irreducible.

In [23], Protasov introduced the Spectral Simplex Algorithm. His algorithm is a variant
of Algorithm 1 in which the policy is improved only at one state, which is the first state ¢
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Algorithm 1 Multiplicative policy Iteration for Despot-free entropy game.

1: Initialize k = 1, 7°, 7 # 70 randomly.
2: while 7% # 7%~ do
k . k K
3: Compute the Perron root A™ and a Perron eigenvector X7 of M7 .
4; Compute a new policy 77+ such that, for all t € T,
k k
T"(t) € argmax F7 (X" )= argmax mp v Xpr
7(t)eEP, TEPT pEP, (t,p)EE veT, (pt')eE
and set 7F+1(t) = 7%(¢) if this choice is compatible with the former condition.
5: k+—k+1
6: end while
. . k . k k
7. return the optimal policy 7%, the Perron root A\™ and Perron eigenvector X™ of M7 .
Table 1 Comparing multiplicative policy iteration with spectral simplex.
Number of states 10 20 30 40 50 60 70 80 90 100
Time : Policy Iteration 0.0018 0.0037 0.0057 0.0095 0.0115 0.0141 0.0171 0.0283 0.0308 0.0363
Time : Spectral Simplex-D 0.0026 0.0083 0.0158 0.0317 0.0433 0.0511 0.0797 0.1261 0.1533 0.1950
Time : Spectral Simplex 0.0034 0.0149 0.0350 0.0934 0.1419 0.1615 0.3070 0.5835 0.7418 1.0257
Iterations : Policy Iteration 3 3 3.4 3 3 3 3.2 3.2 3 3.2
Iterations : Spectral Simplex-D 5.6 7.4 10.2 10 11.8 134 14.8 14.2 16 17.2
Iterations : Spectral Simplex 154 22 40.8 53.4 57.8 83 87 102.2 106.8 122.8

such that Fi(X Tk) > AT X7 " We also considered another version of Algorithm 1, in which
we change the policy at only one state ¢, which maximizes the expression Fy(X Tk) —\ X7 -
We shall refer to this algorithm as “Spectral Simplex-D” since this is analogous to Dantzig’s
pivot rule in the original simplex method [30].

We next report numerical experiments in the case of Despot-free entropy game, in order
to compare Protasov’s spectral simplex algorithm (with the improvement of Dantzig’ pivot
rule) with the multiplicative Policy Iteration algorithm (Algorithm 1). In Table 1, these
algorithms are respectively named “Policy Iteration”, “Spectral Simplex” and “Spectral
Simplex-D”.

We constructed random Despot-free instances in which D = T has cardinal n, and every
coordinate of the operator is of the form F}(X) = maxi<,<q 2y AV, Xy, where (AY,) is a
3-dimensional tensor whose entries are independent random variables drawn with the uniform
law in [0, 1]. All the results below are the average made over 10 simulations, they concern
the situation in which the number of actions ¢ is kept constant, equal to 10, whereas n varies.
The time is given in seconds. The number of “iterations” denotes the number of times that
the algorithm goes through the main loop, regardless of how many operations are performed
inside the loop. The computations were performed on Matlab R2016a, using an Intel(R)
Core(TM) i7-6500 CPU @ 2.59GHz processor with 12,0Go of RAM.

Spectral Simplex-D appears to be more efficient than the Spectral Simplex algorithm with
its original rule [23]. Both algorithms are experimentally outperformed by policy iteration,
by one order of magnitude, when n — co.
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7 Concluding remarks

We developed an operator approach for entropy games, relating them with risk sensitive
control via non-linear Perron-Frobenius theory. This leads to a theoretical result (polynomial
time solvability of the Despot-free case), and this allows to adapt policy iteration to these
games. Several issues concerning policy iteration in the spectral setting remains unsolved. A
first issue is to understand what kind of approximate eigenvalue algorithms are best suited.
A second issue is to identify significant classes of entropy games on which the Hoffman-Karp
type policy iteration algorithm can be shown to run in polynomial time (compare with [30, 18]
in the case of Markov decision processes).

Acknowledgments. We thank all the referees for their comments. We thank especially one
referee for detailed suggestions and for pointing out reference [10].

—— References

1 M. Akian, S. Gaubert, and A. Guterman. Tropical polyhedra are equivalent to mean payoff
games. International Journal of Algebra and Computation, 22(1):125001 (43 pages), 2012.
arXiv:0912.2462, doi:10.1142/30218196711006674.

2 M. Akian, S. Gaubert, and R. Nussbaum. A Collatz-Wielandt characterization of the
spectral radius of order-preserving homogeneous maps on cones, 2011. URL: https://
arxiv.org/abs/1112.5968.

3 V. Anantharam and V.S. Borkar. A variational formula for risk-sensitive reward, 2015.
arXiv:1501.00676.

4 D. Andersson and P.B. Miltersen. The complexity of solving stochastic games on graphs.
In Proceedings of ISAAC’09, number 5878 in LNCS. Springer, 2009.

5 E. Asarin, J. Cervelle, A. Degorre, C. Dima, F. Horn, and V. Kozyakin. Entropy games
and matrix multiplication games. In 83rd Symposium on Theoretical Aspects of Computer
Science, STACS 2016, February 17-20, 2016, Orléans, France, pages 11:1-11:14, 2016.
doi:10.4230/LIPIcs.STACS.2016.11.

6 A. Berman and R.J. Plemmons. Nonnegative matrices in the mathematical sciences. Aca-
demic Press, 1994.

7 V.D. Blondel and Y. Nesterov. Polynomial-time computation of the joint spectral radius
for some sets of nonnegative matrices. SIAM J. Matriz Anal., 31(3):865-876, 2009.

8 J. Bolte, S. Gaubert, and G. Vigeral. Definable zero-sum stochastic games. Mathematics
of Operations Research, 40(1):171-191, 2014. arXiv:1301.1967, doi:10.1287/moor.2014.
0666.

9 J.M. Borwein and P.B. Borwein. On the complexity of familiar functions and numbers.
SIAM Review, 30(4):589-601, 1988.

10 T. Chen and T. Han. On the complexity of computing maximum entropy for markovian
models. In 34th International Conference on Foundation of Software Technology and The-
oretical Computer Science, FSTTCS 2014, December 15-17, 2014, New Delhi, India, pages
571-583, 2014. doi:10.4230/LIPIcs.FSTTCS.2014.571.

11 M.D. Donsker and S. R.S. Varadhan. On a variational formula for the principal eigenvalue
for operators with maximum principle. Proc. Nat. Acad. Sci. USA, 72(3):780-783, 1975.

12 L. van den Dries. Tame topology and o-minimal structures, volume 248 of London Math-
ematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1998.
doi:10.1017/CB09780511525919.

6:13

STACS 2017


http://arxiv.org/abs/0912.2462
http://dx.doi.org/10.1142/S0218196711006674
https://arxiv.org/abs/1112.5968
https://arxiv.org/abs/1112.5968
http://dx.doi.org/10.4230/LIPIcs.STACS.2016.11
http://arxiv.org/abs/1301.1967
http://dx.doi.org/10.1287/moor.2014.0666
http://dx.doi.org/10.1287/moor.2014.0666
http://dx.doi.org/10.4230/LIPIcs.FSTTCS.2014.571
http://dx.doi.org/10.1017/CBO9780511525919

6:14

The Operator Approach to Entropy Games

13

14

15

16

17

18

19

20

21
22

23

24
25

26

27

28

29

30

W. H. Fleming and D. Hernandez-Hernandez. Risk-sensitive control of finite state machines
on an infinite horizon. I. STAM J. Control Optim., 35(5):1790-1810, 1997. doi:10.1137/
S0363012995291622.

W. H. Fleming and D. Herndndez-Hernandez. Risk-sensitive control of finite state machines
on an infinite horizon. II. SIAM J. Control Optim., 37(4):1048-1069 (electronic), 1999.
doi:10.1137/S0363012997321498.

S. Gaubert and J. Gunawardena. A non-linear hierarchy for discrete event dynamical
systems. In Proc. of the Fourth Workshop on Discrete Event Systems (WODES98), pages
249-254, Cagliari, Italy, 1998. IEE.

S. Gaubert and J. Gunawardena. The Perron-Frobenius theorem for homogeneous, mono-
tone functions. Trans. of AMS, 356(12):4931-4950, 2004. arXiv:math.FA/0105091,
doi:10.1090/S0002-9947-04-03470-1.

M. Grotschel, L. Lovasz, and A. Schrijver. The ellipsoid method and its consequences in
combinatorial optimization. Combinatorica, 1(2):169-197, 1981.

T.D. Hansen, P. B. Miltersen, and U. Zwick. Strategy iteration is strongly polynomial for
2-player turn-based stochastic games with a constant discount factor. In Innovations in
Computer Science 2011, pages 253—263. Tsinghua University Press, 2011.

A.J. Hoffman and R. M. Karp. On nonterminating stochastic games. Management Science.
Journal of the Institute of Management Science. Application and Theory Series, 12:359-370,
1966.

V. Kozyakin. Hourglass alternative and the finiteness conjecture for the spectral character-
istics of sets of non-negative matrices. arXiv:1507.00492, 2015.

M. Lothaire. Applied Combinatorics on Words. Cambridge, 2005.

R.D. Nussbaum. Convexity and log convexity for the spectral radius. Linear Algebra Appl.,
73:59-122, 1986.

V.Yu. Protasov. Spectral simplex method. Mathematical Programming, 2015. doi:10.
1007/s10107-015-0905-2.

M. L. Puterman. Markov Decision Processes. Wiley, 2005.

R.T. Rockafellar and R.J.-B. Wets. Variational analysis. Springer-Verlag, Berlin, 1998.
doi:10.1007/978-3-642-02431-3.

U. G. Rothblum. Multiplicative markov decision chains. Mathematics of Operations Re-
search, 9(1):6-24, 1984.

S.M. Rump. Polynomial minimum root separation. Mathematics of Computation,
145(33):327-336, 1979.

L. van den Dries. o-minimal structures and real analytic geometry. In Current developments
in mathematics, 1998 (Cambridge, MA), pages 105-152. Int. Press, Somerville, MA, 1999.
A.J. Wilkie. Model completeness results for expansions of the ordered field of real num-
bers by restricted Pfaffian functions and the exponential function. J. Amer. Math. Soc.,
9(4):1051-1094, 1996. doi:10.1090/50894-0347-96-00216-0.

Y. Ye. The simplex and policy-iteration methods are strongly polynomial for the markov
decision problem with a fixed discount rate, 2011. doi:10.1287/moor.1110.0516.


http://dx.doi.org/10.1137/S0363012995291622
http://dx.doi.org/10.1137/S0363012995291622
http://dx.doi.org/10.1137/S0363012997321498
http://arxiv.org/abs/math.FA/0105091
http://dx.doi.org/10.1090/S0002-9947-04-03470-1
http://dx.doi.org/10.1007/s10107-015-0905-2
http://dx.doi.org/10.1007/s10107-015-0905-2
http://dx.doi.org/10.1007/978-3-642-02431-3
http://dx.doi.org/10.1090/S0894-0347-96-00216-0
http://dx.doi.org/10.1287/moor.1110.0516

Parameterized Complexity of Small Weight
Automorphisms®

Vikraman Arvind!, Johannes Kobler2?, Sebastian Kuhnert3, and
Jacobo Toran*

1 Institute of Mathematical Sciences (HBNI), Chennai, India
arvind@imsc.res.in

2  Institut fiir Informatik, Humboldt-Universitéit zu Berlin, Berlin, Germany
koebler@informatik.hu-berlin.de

3 Imstitut fiir Informatik, Humboldt-Universitidt zu Berlin, Berlin, Germany
kuhnert@informatik.hu-berlin.de

4  Institut fiir Theoretische Informatik, Universitdt Ulm, Ulm, Germany
toranQuni-ulm.de

—— Abstract

We show that checking if a given hypergraph has an automorphism that moves exactly k vertices
is fixed parameter tractable, using k and additionally either the maximum hyperedge size or the
maximum color class size as parameters. In particular, it suffices to use k as parameter if the
hyperedge size is at most polylogarithmic in the size of the given hypergraph.

As a building block for our algorithms, we generalize Schweitzer’s FPT algorithm [ESA 2011]
that, given two graphs on the same vertex set and a parameter k, decides whether there is an
isomorphism between the two graphs that moves at most k vertices. We extend this result to
hypergraphs, using the maximum hyperedge size as a second parameter.

Another key component of our algorithm is an orbit-shrinking technique that preserves per-
mutations that move few points and that may be of independent interest. Applying it to a
suitable subgroup of the automorphism group allows us to switch from bounded hyperedge size
to bounded color classes in the exactly-k case.

1998 ACM Subject Classification F.1.3 Complexity Measures and Classes, F.2 Analysis of Al-
gorithms and Problem Complexity

Keywords and phrases Parameterized algorithms, hypergraph isomorphism.

Digital Object Identifier 10.4230/LIPIcs.STACS.2017.7

1 Introduction

The Graph Automorphism problem GA asks whether a given graph has a nontrivial auto-
morphism. We additionally require the automorphism to have small weight. The weight of a
permutation is the number of its non-fixpoints. We are interested in the following problems:

GA<y: Given a graph X = (V, E) and k € N, does X have a nontrivial automorphism that
moves at most k vertices?

GI<y: Given two graphs X; = (V, E1) and Xy = (V, E2) on the same vertex set and k € N,
is there an isomorphism from X; to X5 that moves at most k vertices?
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Likewise, let GA_j and GI_; denote the exact weight-k automorphism and isomorphism
problems, respectively. By HGA_j, HGA<;, HGI-; and HGI<; we denote the hypergraph
versions of these problems.

In [12], Schweitzer showed that Gl<j, parameterized by k is in FPT, giving a k) poly(n)
time algorithm for it. Schweitzer’s algorithm can easily be adapted to also solve GA<j.

Our results. In Section 3, we generalize Schweitzer’s result [12] to hypergraphs with hyper-
edge size bounded by d, giving (dk)o(kz) poly(N) time algorithms for HGI<; and HGA <
(throughout the paper we use N to denote the size |V| - |E| of the input hypergraphs).
Consequently, for hypergraphs with poly(log N) size hyperedges the problems remain in FPT
when parameterized only by k. Note that although Hypergraph Isomorphism is known to
be reducible to Graph Isomorphism, there is no known reduction from HGI_; to GI_x (or
from HGISk to Gng)'

In Section 4 we consider HGI<;, for vertex-colored hypergraphs of unbounded hyperedge
size. For hypergraphs with color classes of size at most b, we obtain a (kb!)o(kQ) poly(N)
time algorithm.

In Section 6, we use color coding [1] to give FPT algorithms for HGA_j, parameterized
by k and additionally either by the maximum hyperedge size d or by the maximum color
class size b; the runtime bounds are the same as those mentioned above. In particular, it
follows that GA_j parameterized only by k is in FPT. For general hypergraphs we show
that HGA_y, is in FPTC.,

In contrast to the above results, if X is a colored graph with red and blue vertices and
we want to test if X has a nontrivial automorphism 7 that moves at most &k blue vertices
then the problem is W[1]-hard. This confirms a claim from [5, Exercise 9.02] (see also [6,
Exercise 20.3.2]). As the hint given there does not work out and we require quite different
ideas, we have included our proof in Section 7.

Related work. The parametric dual to GA <y, asks for an automorphism that has at most &k
fixpoints. It is NP-complete even when restricted to k = 0, where it is known as the fizpoint
free automorphism problem [11].

A fundamental problem in algorithmic coding theory is the minimum weight codeword
problem: Given a system of linear equations Az = 0 over [y as instance, the problem is
to find the minimum weight of a nonzero solution to it. It is known to be NP-hard even
to approximate to a constant factor [15, 10]. The parameterized complexity of its decision
version (called EVEN) is also well studied [7, 2].

EVEN. Given a binary matrix A defining the linear code Az = 0 over Fy and a parameter k,
is there is a non-zero codeword of weight at most k7

Whether EVEN is in FPT or W[1]-hard remains open. In contrast, EXACTEVEN (which
asks for a codeword of weight exactly k) is known to be W[1]-hard [7, 2]. It is interesting
to compare this to our result that GA_y is in FPT. A natural generalization is to consider
permutation groups G < S,, as input, where G is given by a generating set S, and ask for a
permutation in G of minimum weight. Formally, the problem of interest! is:

PERMCODE. Given S with G = (S) < S,, and a parameter k € N, does G \ {id} contain a
permutation of weight at most k7

! Tt is called Hamming Distance Minimum Weight Problem in [4].
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PERMCODE generalizes both GA<j and EVEN. Indeed, an instance (X, k) of GA<j can
be transformed into an instance (S, k) of PERMCODE by computing a generating set S for
the automorphism group of X. Computing this efficiently requires a GI oracle.

Let (A, k) be an instance of EVEN, where A has n columns. It can be reduced to an
instance (S, 2k) of PERMCODE with G = (S) < Sy, as follows: Using Gaussian elimination,
compute from A an n X r matrix B over Fo whose columns generate the solution space of
Ax = 0, where r is the solution-space dimension. For each column (b1, ...,b,)T of B, include
in S the permutation in S, that, for 1 <i < n, transposes 2¢ and 2¢ — 1 if b; = 1 and fixes
2 and 2i — 1 if b; = 0.

In particular, this shows that the hardness results for EVEN also apply to PERMCODE,
even when the latter is restricted to groups with orbit size 2. In Section 5, we prove that
PERMCODE for a permutation group G is reducible in polynomial time to PERMCODE for a
subgroup G’ of G whose orbits are of size bounded by the parameter k. We use this reduction
in our algorithms for HGA_y.

2 Preliminaries

A permutation group G is a subgroup of Sym(V'), where Sym (V) is the group of all permuta-
tions on a finite set V. If V = [n] we denote Sym(V') by S,,. We denote the image of v € V
under a permutation 7 by v™ and sometimes also by 7(v). For a subset U C V, we write
U™ =m(U) ={u" |u € U}. We apply permutations from left to right so that v#™ = (v¥)".

We write H < G when H is a subgroup of G. If ¢ is an element of G then Hy denotes
the coset {mp |7 € H}. For S C Sym(V), the group (S) generated by S is the smallest
subgroup of Sym(V') containing S. For an element v € V, the set {v™ | m € G} is the G-orbit
of v. In case G = ({m}) we call the resulting set {n’(v)|i € N} also the m-orbit of v.

The analysis of our algorithms relies on some measures on permutations. The support
of m € Sym(V) is supp(w) = {u € V | u™ # u}, i.e., the set of non-fixpoints of 7. Its
complezxity compl(r) is the size of supp(7) minus the number of 7-orbits having size at least 2.
Equivalently, compl(7) is the minimum number of transpositions whose product is 7.

» Definition 2.1. Let G < Sym(V) and 7 € Sym(V); this includes the case 7 = id.

1. A permutation o € Gr \ {id} has minimal support in Gr if there is no ¢ € Gr \ {id}
with supp(¢)  supp(o).

2. A permutation o € Gr \ {id} has minimal complexity in G if there are no ¢ € G \ {id}
and ¢ € Gr \ {id} with ¢ = ¢1) and compl(c) = compl(yp) + compl (%)), i.e., if for every
way to express o as the product of a minimum number of transpositions o = 74 - - - Teompl(c)
and every i € {2,...,compl(c)} it holds that 7; - - Teompi(o) & G-

In particular, these notions apply to elements of the automorphism group Aut(X) of a
graph X and to elements of the coset Iso(X,Y") of isomorphisms between two graphs X and Y.

» Lemma 2.2. Let G be a coset of a permutation group G and let o € G \ {id}. Then
for some ¢ > 1 there are o1,...,00—1 € G with minimal complezity in G and oy € Gr
with minimal complexity in Gr such that o = o1 -0y and supp(o;) C supp(o) for each
1€ {1,...,£}. Moreover, all these inclusions become equalities if m = id and o has minimal
support in G.

Proof. If ¢ has minimal complexity in Gm, we have £ = 1 and 01 = 0. Otherwise, there are
v € G\{id} and ¢ € Gm\ {id} such that o = ¢ and compl(c) = compl(p)+compl(z)). This
implies supp(y) C supp(c) and supp(ep) C supp(c), and these inclusions become equalities
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if 7 = id and ¢ has minimal support in G. If ¢ and % do not have minimal complexity
in G and G, respectively, they can be decomposed further. This process terminates, as
o and 9 both have lower complexity than o. |

3 Bounded hyperedge size

Let X = (V,E) and Y = (V, E’) be hypergraphs such that for each e € E we have |e| < d.
We show that a nontrivial element 7 € Iso(X,Y) of weight at most k, if it exists, can be
found in (dk)®* poly(N) time.

This generalizes Schweitzer’s result [12] shown for usual graphs, to hypergraphs of
bounded hyperedge size. In order to find an isomorphism 7 between two given graphs
such that 7 has support size at most k, Schweitzer’s algorithm constructs 7 by iteratively
adding transpositions that bring the input graphs closer to each other. To find suitable
transpositions, it explores a search tree of depth k and degree (22k). In each step, it computes
a candidate set of at most 2k vertices and tries all transpositions among them. For each
isomorphism 7 between the input graphs that has support size at most k, this candidate set
contains two vertices that are in the same orbit of 7. Vertex covers play a crucial role in
computing the candidate set. To extend this algorithm to hypergraphs of bounded hyperedge
size, we need a generalization of vertex covers.

» Definition 3.1. Let X be a hypergraph on a vertex set V, and let C C V. A hyperedge e
of X is g-covered by C if [enC| > min(q, |e|). The set C' is a g-strong vertex cover of X if it
g-covers every hyperedge of X.

» Definition 3.2. Let X and Y be hypergraphs on a vertex set V. X AY is the hypergraph
with edge set E(X) AE(Y) and having as vertex set the union of all edges in E(X) AE(Y).

For the following results, let X and Y be two non-identical hypergraphs on the same
vertex set V' and let m be an isomorphism from X to Y with |supp(7)| < k.

» Lemma 3.3. Let C be a g-strong vertex cover of X AY such that no two distinct points
in C belong to the same m-orbit. Then for no hyperedge e of X AY with |e N C| < q it holds
that e Nsupp(w) C C.

Proof. Let e = {uy,...,u:} € E(X) AE(Y) be a hyperedge such that uy,...,us € C and
Usyl,-..,ur & C for some s < ¢q. Suppose, to the contrary, that e N supp(w) C C, i.e.,
uf =u; fori e {s+1,...,t}. Wlo.g. let e € E(X)\E(Y). Let £ be the length of the m-orbit
of e. Tt is the least positive integer such that 7‘(e) = e. We claim that 7'~!(e) € E(X)
implies 7 (e) € E(X), for 1 <4 < £. This contradicts 7¢~1(e) & E(X), which follows from
7f(e) = e € E(Y) because 7 is an isomorphism from X to Y.

To prove the claim, fix any j € {1,...,s} with 7%(u;) # u;. Such a j must exist because
otherwise 7'(e) = e for i < ¢, contradicting the definition of ¢. As u; € C and no two
distinct points in C' belong to the same 7-orbit, it follows that 7(u;) ¢ C, implying that
7'(e) is not g-covered by C' and thus cannot be contained in E(X)AE(Y). Finally, as
7 is an isomorphism from X to Y, 7'~ 1(e) € E(X) implies that n’(e) € E(Y'), but since
7i(e) € E(X) AE(Y), it follows that 7¢(e) € E(X). <

» Lemma 3.4. If Cis a g-strong vertex cover of X A'Y such that no two distinct points in C
belong to the same m-orbit, then C'Usupp(w) is a (q + 1)-strong vertex cover of X AY.

Proof. For all hyperedges e of X A Y with |eNC| < ¢ we have eNsupp(w) € C by Lemma 3.3.
Hence, supp(w) covers at least one additional vertex in each such hyperedge. <
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Algorithm 1 CandidateSety (X AY)

Input: The symmetric difference X AY of two hypergraphs X ## Y on vertex
set V' = [n] containing some hyperedge of size at most d
Output: A candidate set C' of size at most dk that contains for any isomorphism
7 € Iso(X,Y) with |supp(m)| < k two elements belonging to the same 7-orbit
Co+T;q+0
while X AY has a (¢ + 1)-strong vertex cover Cyy1 2 Cy with |Cpia| < |Cy| + &
andg<ddog+ qg+1
return C|,

» Lemma 3.5. If Cis a g-strong vertex cover for X A'Y and some hyperedge e of X A'Y has
size at most q, then C contains two distinct points belonging to the same mw-orbit.

Proof. As C is a ¢-strong vertex cover and e has size at most ¢ it follows that C contains e.

If no two distinct points in C' belong to the same m-orbit, then Lemma 3.3 implies that
C does not even contain e N supp(r), a contradiction. <

Lemmas 3.4 and 3.5 suggest the following algorithm for computing a candidate set; it

can be plugged into Schweitzer’s isomorphism test [12, Algorithm 1], cf. Algorithm 2 below.
Observe that, by construction, Algorithm 1 returns a candidate set C of size at most dk.

The following lemma shows that C, also has the other desired property and gives an FPT
bound on the running time of the procedure.

» Lemma 3.6. If X, Y are hypergraphs such that X AY has an hyperedge of size at most d,
and w is an isomorphism from X to Y with |supp(rw)| < k, then the set C, returned by
CandidateSety (X AY) contains two vertices in the same m-orbit. Moreover, the running
time of the procedure is O(d**1 poly(N)), where N is the length of the encoding of X AY.

Proof. Observe that Cy = @ is a 0-strong vertex cover. Lemma 3.4 guarantees that for
g < d, the condition of the while-loop can only be violated if C, contains two vertices in
the same m-orbit. Furthermore, Lemma 3.5 guarantees that this also holds in the case that
q reaches the value d.

It remains to show the bound on the running time. The only critical step is to

extend a g¢-strong vertex cover Cy of X AY to a (¢ + 1)-strong one Cy4q in Line 6.

This can be reduced to finding a hitting set S of size at most k for the hypergraph
{e € E(X)AE(Y) ’ e\Cy # D AN|enCy| =q} and taking Cg11 = Cy U S. The latter
problem is fixed parameter tractable by the classical bounded search tree technique in time
O(d* poly(N)) (see, e.g., [8, Theorem 1.14]). <

The following is a search version of Schweitzer’s algorithm adapted to hypergraphs.

Finding all isomorphisms of support size at most k is not possible in FPT time; e.g.

between two complete graphs there are Q(n*) of them. However, the following lemma shows
that Algorithm 2 finds a meaningful subset of them.

» Lemma 3.7. Let X # Y be two hypergraphs on the vertex set V with hyperedge size bounded
by d, and let ¢,k € N. Then the set returned by IS0y 4(X,Y,c) is a subset of Iso(X,Y)
containing every complezity-minimal isomorphism ¢ from X to Y with |supp(p)| < k and
compl(y) < c. Further, IS0y 4(X,Y, c) runs in time O((dk)O(Ck) poly(N)), where N is the
length of the encodings of X and Y.
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Algorithm 2 180, 4(X,Y,¢)

Input: Two hypergraphs X and Y on vertex set V = [n] with hyperedge size bounded
by d and a natural number ¢ < k£ that bounds the recursion depth
Output: A set P of isomorphisms from X to Y
if X AY is empty then return {id}
P+ o
if ¢ > 0 then
C < CandidateSety (X AY)
foreach vy,vy € C with v; # vs do
P’ < 180;,4(X,Y(1v2) ¢ — 1)
P+ PU{y - (v1v2) | ¢’ € P'} // compose with (v1v2) € Iso(Y (¥1¥2)Y)
return {¢ € P | [supp(p)| < k}

Proof. Clearly, the set returned by IS0 q(X,Y,c) only contains isomorphisms from X to Y.

It remains to show that every complexity-minimal isomorphism ¢ from X to Y with
|supp(¢)| < k and compl(y) < ¢ is in this set. By Lemma 3.6, the candidate set C' contains
two vertices v; and vy that belong to the same orbit of ¢. Thus we get ¢ = ¢’ - (vv3) for
some ¢’ with compl(¢’) = compl(p) — 1. Note that if ¢’ # id then ¢’ has minimal complexity
in Iso(X,Y(1%2)). Indeed, ¢’ = 1) with ¢ € Aut(X) \ {id}, ¢} € Iso(X, Y (¥1%2)) and
compl(¢’) = compl(p1) + compl(ph) would imply ¢ = @12 with ¢ € Aut(X) \ {id},
w2 = @h - (v1v2) € Iso(X,Y) and compl(p) = compl(p;) + compl(ps), contradicting that
© has minimal complexity in Iso(X,Y).

Now it suffices to show that when v; and vy are considered in the loop starting in Line 8,
the permutation ¢’ is contained in the set returned by IS0 (X, y(viv2) o 1). This follows
by induction on the complexity of ¢, with the base case ¢ = id taken care of by Line 4.

To show the bound on the running time, it suffices to observe that the depth of the
recursion tree is ¢ and, as |C| < dk, there are O((dk)®) recursive calls in total. In each call,
it takes O(d**! poly(NN)) time to compute C' (Lemma 3.6), and the rest of the work is linear
in the size of the recursion tree. <

We remark that an isomorphism ¢ in the set P returned by IS0 4 has minimal complexity
if and only if there is no o € P with compl(c) < compl(¢) and compl(yp) = compl(po—1) +
compl(o); note that this condition can be checked in polynomial time.

» Theorem 3.8. Given two hypergraphs X # Y with hyperedge size bounded by d, it can
be decided in time (’)((dk)o(k2) poly(N)) whether there is an isomorphism from X to'Y of
support size at most k, where N is the length of the encodings of X and Y.

Proof. The algorithm runs IS0 4(X,Y, k) and accepts if the returned set is not empty. Every
isomorphism ¢ from X to Y with [supp(p)| < k trivially satisfies compl(p) < k and can be
decomposed by Lemma 2.2, obtaining a minimal-complexity isomorphism ¢’ from X to Y
with supp(¢’) C supp(p). By Lemma 3.7, ¢ is in the set returned by IS0 ¢(X,Y, k). <«

We conclude this section by showing how to decide the problem HGA <}, for hypergraphs
with hyperedge size bounded by d in time O((dk)®*") poly(N)).

» Theorem 3.9. Given a hypergraph X on n vertices with hyperedge size bounded by d,
the algorithm AUTy, q(X) enumerates all complexity-minimal automorphisms of X with sup-

port size at most k (plus possibly some more that do not have minimal complexity) in
O((dk)°*) poly(N)) time.
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Algorithm 3 AUT; ¢(X)

Input: A hypergraph X on vertex set V = [n] with hyperedge size bounded by d.
Output: A set P of automorphisms of X.
P+ o
foreach vy,v5 € V do

P’ IS0k a(X, X(1v2) | — 1)

P+« PU{¢ - (v1v2) | ¢’ € P'} // compose with the isomorphism (v1v2)

from X(1v2) to X

return {p € P ’ supp(p)| < k}

Proof. Clearly, all elements in the returned set are automorphisms of X with support size
at most k. The fact that every complexity-minimal automorphism ¢ with |supp(¢)| < k& is
found follows from Lemma 3.7 using the same decomposition argument as in the proof of the
latter. Also the time bound follows immediately from Lemma 3.7. <

We remark that there is no FPT algorithm that enumerates all automorphisms with
support size at most & (including those that do not have minimal support), as e.g. K,, has
Zle (Z)k' such automorphisms, which is not an FPT number. However, by Lemma 2.2
each o € Aut(X) \ {id} with support size at most k can be written as a product of minimal-
complexity automorphisms of X with support size at most k. Thus o € (S), where S is the
set returned by AUTy 4(X).

4 Bounded color class size

In this section we consider vertex colored hypergraphs using the maximum color class size b
as an additional parameter. We call a colored hypergraph b-bounded if the size of each
of its color classes is bounded by b. We give an FPT algorithm for HGI<;, for b-bounded
hypergraphs. More precisely, given hypergraphs X = (V, E) and Y = (V, E’) along with a
partition C = {C1,Cy,...,C,,} of V into (pairwise disjoint) color classes C; with |C;| < b,
our algorithm will compute in time O((kb!)o(kQ) poly(N )) a color-preserving isomorphism
from X to Y of weight at most k (if it exists). For a permutation = € Sym(V') let C[n] =
{C; € C|Jv € C; : v™ # v} be the subset of color classes that intersect supp(w). Suppose
7w € Iso(X,Y) is an isomorphism of weight at most k and that C[r] = {C;,,Ci,,...,Ci, },
¢ < k/2. In order to search for the color classes in C[r] we will apply the color-coding
method of Alon-Yuster-Zwick [1]. Consider the FKS [9] family H of perfect hash functions
h: [m] — [€]. We can use each h € H to partition the color classes C1,Cs,...,C,, into
¢ bags Bi, ..., B, where B; contains all color classes C; labeled with h(i) = j. Since H is a
perfect family of hash functions, some h € H is good for « in the sense that the color classes
Ci,,-..,C;, all have distinct labels in [¢], i.e., {h(i1), h(i2),..., h(ie)} = [€].

For j € [{], we define the hypergraphs X; = (V;, E;) and Y; = (Vj, E}) as follows:
Vi=UBj, B ={enVj|ec £}, and £ ={enV;|ec E'}.

Notice that if h € H is good for the target isomorphism 7 € Iso(X,Y), then the restriction
of m to V; is an isomorphism from X; to Y; that moves only vertices of exactly one color
class in B;. We say that a color class C; € B; allows to move a hyperedge e € E if there is an
isomorphism 7 € Iso(X},Y;) that moves only vertices of color class C; and (eNV;)™ #eNVj.
We denote the set of all color classes C; € B; that allow to move e by Movers;(e) and define
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Movers(e) = U§:1 Movers;(e). The next claim shows that the size of Movers(e) is bounded
by S0, log| 2| < £log| 2’| = £log|E].

» Claim. For each j € [{] and each hyperedge e € E, there at most log|E}| many color
classes C; € B; that allow to move e.

Proof of the claim. Suppose there are ¢ > log|E}| many color classes Cj,, ..., Cj, € B; that
allow to move e. Let 7. € Iso(X},Y;), for r € [t], be corresponding isomorphisms such that
7;, fixes all color classes in B; except C;, and (e N'V;)™r # eNV;. Clearly, for each subset
T C [t], the product [], .47, is in Iso(X;,Y;) and all the images (I],cr 7, )(e NV;), for
T C [t], are distinct. Hence the total number of distinct edges in E}, generated as such
images of (e N'V;), will be 2 > |Ej}| which is impossible. <

Now we show the main result of this section. Before proceeding we introduce a definition
that is important for the rest of the paper.

» Definition 4.1. Let X = (V, E) and Y = (V, E) be two hypergraphs with color class set
C={Cy,...,Cp} and let 7 € Sym(V). For a subset C' C C[x| define the permutation 7¢ as

o™, ifeeJl,
v, ifvgJC.

e (v) =

An isomorphism 7 # id from X to Y is said to be color-class-minimal, if for any set C' with
@ C C' C C[w], the permutation 7¢: is not in Iso(X,Y).

We notice that all isomorphisms having minimal support are also color-class-minimal.
Another immediate consequence of Definition 4.1 is the following lemma for decomposing
automorphisms of hypergraphs.

» Lemma 4.2. Let X = (V, E) be a hypergraph with color class set C = {C1,Ca,...,Cy}.
Each nontrivial automorphism w of X can be written as a product of nontrivial color-class-
minimal automorphisms 1, ma, ..., of X, where the support color class sets C|m;], for
1 <4 < ¢, are pairwise disjoint and form a partition of the support color class set C|x].

We now describe an algorithm that computes isomorphisms between hypergraphs by
building them color class by color class. Let {Bj, ..., B} be a partition of the color class set
C={C1,Cs,...,Cp} and let k = k1 + --- + ky. Then we call a permutation = € Sym(V)
(k1,...,ke)-good for {Bi,...,B,}, if each bag B; contains exactly one of the color classes
in C[x] (say Cy;) and [supp(m) N Cy,| = k; for j =1,... L

The following lemma shows that Algorithm 4 finds a meaningful set of isomorphisms.

» Lemma 4.3. Let X #Y be two b-bounded hypergraphs. Then the set returned by the algo-
rithm ColoredIsok,, . k,bB.,...8,(X,Y,id) contains all color-class-minimal isomorphisms ¢
from X to'Y that are (ki,...,k¢)-good for By, ..., Be. Furthermore, Algorithm 4 runs in time

O((b))* poly(N)).

Proof. Let ¢ be such an isomorphism, and let m = ¢/ for some subset C’' C C[¢g] of the color
classes that intersect supp(¢). We show by induction on the number of color classes in C[p]\C’
touched by supp(¢p) but not by supp(w) that ColoredIsok,, . k,.b.8.....8, (X, Y, 7) finds . If
this number is 0, we have ¢ = 7, and Line 5 ensures that ¢ is found. Otherwise, the color-
class-minimality of ¢ implies that = & Iso(X,Y). Since ¢ is (k1, ..., k¢)-good for By, ..., By,
for any hyperedge e € E(X) with e™ ¢ E(Y), there is a bag B, with supp(m) N|JB; = @
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Algorithm 4 ColoredIsog, ... k,b,81,....8,(X, Y, m)

Input: Hypergraphs X and Y on vertex set V = C7 U - -- U C,, with color classes
C; of size |C;| < b and a permutation m € Sym(V)
Output: A set P of color-preserving isomorphisms from X to Y
if 7isa (ki,...,k¢)-good isomorphism from X to Y for By,..., B, then
return {r}
else
P+—o
pick a hyperedge e € E(X) with e™ ¢ E(Y)
foreach bag B; with supp(r) N|JB; = @ do
foreach color class C' € Movers;(e) do
foreach o € Sym(V') with supp(c) C C and |supp(co)| = k; do
P < P UColoredIsok,. . k,bBi,...8,(X,Y,m0)
return P

and a color class C' € Movers;(e) such that |C'Nsupp(y)| = k;. By the inductive hypothesis,
¢ is found in the iteration of the inner loop where o = @(cy.

To show the bound on the running time, it suffices to observe that the recursion tree
has degree bounded by |Movers(e)| - |Sym(C)| < klog|E| - bl and depth bounded by k/2, and
that all steps in each recursive call can be implemented in O(N) time. |

To compute all color-class-minimal isomorphisms between two b-bounded hypergraphs
X #Y of support size exactly k, we add an initial branching over all £ € [k] and all FKS
partitions By, ..., By of C and trying all partitions k = k1 + - - - + k¢. This adds only an extra
EC®) factor and yields the algorithm ColoredIsoy ,(X,Y) for computing all color-class-
minimal isomorphisms from X to Y of support size exactly k. Further, we can also handle the
case X =Y, i.e., computing all color-class-minimal automorphisms of support size exactly k,
by adding another initial branching over all color classes to choose the first one that is
permuted. This adds the number of vertices n as an additional factor to the running time and
yields the algorithm ColoredAuty ;(X) for computing all color-class-minimal automorphisms
of X with support size exactly k.

» Theorem 4.4. Given two b-bounded hypergraphs X and'Y on vertex set V = [n| and k € N,
the set of all color-class-minimal isomorphisms from X to Y with support size exactly k can
be computed in O((kb!)o(kQ) poly(N)) time, where N is the size of the input hypergraphs.

As each isomorphism having minimum support size k is also color-class-minimal, we can
state the following corollary.

» Corollary 4.5. There is an algorithm for HGl< that decides for two given b-bounded
hypergraphs X and Y in time (’)((k;b!)o(k'Q) poly(N)) if there is an isomorphism from X to Y
of weight at most k and computes such an isomorphism if it exists.

5  Shrinking orbits while preserving small weight permutations

In this section, we show how to reduce instances of the PERMCODE problem to other instances
on subgroups with orbit sizes bounded by the parameter k.
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Algorithm 5 PERMCODE reduction

Input: A generating set A of a group G = (A) < S, and a parameter k
Output: A generating set B for a subgroup (B) < G with orbits of size bounded by &
while G has an orbit O of size more than k do
pick u € O
compute a generating set B for G,, using the Schreier-Sims algorithm [13]
G + (B)
return B

» Lemma 5.1. There is a polynomial-time algorithm that on input an instance (A, k) of
PERMCODE, where G = (A) < S,, and k € N, computes an equivalent instance (B, k) with
G' = (B) < G and the property that every orbit of G’ has size bounded by k. Moreover, for
every € G with |supp(w)| < k there is a 7' € G’ with |supp(n’)| = |supp(7)].

Proof. The reduction is an application of the following simple group-theoretic observation.

» Claim. Let O be a G-orbit of size more than k and let u be any point in O. Then,
for any element m € G of support size |supp(w)| < k, there is an element ' € G, with
|supp(7’)| = |supp(7)| where G, = {¢ € G |u¥ = u}.

To prove the claim, we only have to consider the case that u € supp(n), since otherwise
7w € Gy. Let v be a point in O \ supp(7) and let ¢ € G such that v7 = u. Then it follows
immediately that the permutation 7’ = ¢~ 'mo belongs to G, and has the same support size
as w. The claimed reduction is given by the following simple algorithm that stabilizes points
in orbits of size larger than & until no such orbits exist anymore.

The correctness of the reduction is a direct consequence of the claim above. Further,
the reduction is polynomial-time computable as the Schreier-Sims algorithm has polynomial
running time and the while loop runs for at most n iterations. |

6 Exact support size

In this section we show that the problem HGA_j of computing automorphisms of support
size exactly k is also solvable in FPT for hypergraphs having hyperedges or color classes of
bounded size. We will first focus on hypergraphs having hyperedges of size bounded by d and
show that the HGA_j problem for such graphs is FPT reducible to the HGA_j problem
for k-bounded hypergraphs.

We stress that Schweitzer’s algorithm [12], for ordinary graphs, cannot guarantee finding
isomorphisms of weight exactly k. This is because exact weight k isomorphisms (and
automorphisms), unless of minimal complexity, may not get enumerated in either Schweitzer’s
algorithm [12] or our generalization in Section 3 to bounded hyperedge size hypergraphs.

However, each weight k automorphism is expressible as a product of automorphisms
enumerated by the search. We state this as a simple corollary of Lemma 2.2 and Theorem 3.9.

» Corollary 6.1. Let X be a hypergraph with hyperedges of size bounded by d and let S be
the set returned by the algorithm AUTy 4(X). Then the subgroup G = (S) of Aut(X) contains
all automorphisms of X of weight at most k. In particular, G includes all automorphisms of
weight exactly k.
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» Lemma 6.2. Let X = (V, E) be a hypergraph with hyperedges of size bounded by d. In
FPT time we can reduce the search for an exact weight k automorphism of X to finding an
exact weight k automorphism of X that is vertex colored with k-bounded color classes.

Proof. Let X = (V, E) be a hypergraph with hyperedges of size bounded by d. Applying
Theorem 3.9, we can enumerate the set B of all complexity-minimal automorphisms of X
that are of weight at most k. Clearly, any weight at most & automorphism (including the
exact weight k ones) of X is in the subgroup G = (B) of Aut(X). Next, we can apply
Lemma 5.1 to the permutation group G and replace it by the subgroup G’ whose orbits are
of size at most k such that if G has an exact weight k automorphism then G’ also has an
exact weight k£ automorphism.

We can designate the orbits of G’ (which are all of size at most k) as color classes of X
to obtain a k-bounded hypergraph. l.e. we assign different colors to vertices that are in
different orbits of G’ and consider only color-preserving automorphisms. Clearly, the exact
weight k automorphisms of X that survive in G’ are also color-preserving automorphisms of
this k-bounded colored version of hypergraph X. |

» Theorem 6.3. There is an algorithm for HGA_y for b-bounded hypergraphs X = (V| E)
that decides in time (kb!)o(k2) poly(N) if there is an exact weight k automorphism of X and
computes such an automorphism if it exists.

Proof. We apply the algorithm of Theorem 4.4 to enumerate the set A of all color-class-
minimal automorphisms of X of weight at most  in time (kb!)°**) poly(N). By Lemma 4.2,
we know that for any exact weight k£ color-preserving automorphism 7 of X there is an
¢ < k such that 7 is expressible as m = myms ... Ty, where each 7, is a color-class-minimal
automorphism of X of weight at most k and C[m,], for 1 < s < ¢, forms a partition of C[rx].
Le. each candidate 7, is in the enumerated set A. Let C[n] = {C;,,Cl,, ..., C; }, where
r < k (because only k vertices are moved by ).

We will again use color coding [1] to search for the 75, 1 < s < £. Let H be the FKS family
of perfect hash functions h: [m] — [r], where m is the total number of color classes in X,
and r < k, as above, is the number of color classes in C[r]. For each j € [r] define the bags
B; = {C; | h(i) = j}. By the property of the FKS family, there is some h such that for
j=1,...,r, each bag B, contains exactly one color class from C[r]. Notice the following
simple claim.

» Claim. The total number of partitions of the set {i1, iz, ..., i,} into £ sets is bounded by 27
(ro)

and we can cycle through all such partitions in time 2°

One of the 2" many partitions, say Iy LI Iy - -1, of {i1,is,...,i,} will be the partition
such that Clry] = {C; |i € I;},1 < s < . Assume we are considering this partition
LulyU---Ul,. Then in |A| time we partition A into subsets A, with 1 < s < ¢, defined by

A;={peA|C;ecCy]iffic L}.

Finally, we can try all partitions k = kj + ko + - - - + k¢ (there are at most 22 many). For
each partition we look for an element 75 of weight exactly ks in A; in time |A;| poly(N). <=

» Corollary 6.4. There is an algorithm for HGA_y for hypergraphs X with hyperedges of
size bounded by d that decides in time do(k)QO(kQ)poly(N) if there is an exact weight k
automorphism of X and computes such an automorphism if it exists.
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Proof. By Lemma 6.2 we can transform X = (V| F) into a hypergraph with k-bounded color
classes in time (dk)©® poly(|V|,|E|) such that X has an exact weight k automorphism if
and only if there is an exact weight k color-preserving automorphism of X. Hence, we can
apply the algorithm of Theorem 6.3 to solve the problem. |

» Remark. For the general case of hypergraphs of unbounded edge size it is easy to see that
we have an FPTY! algorithm for the problem HGA_}, to find an exact weight k& automorphism
(and hence it is unlikely to be W[1]-hard). We use the GI oracle in order to first compute
a generating set for Aut(X) and then using Lemma 5.1 we can reduce the instance to a
k-bounded hypergraph to which Theorem 6.3 can be applied.

7 The Colored Graph Automorphism problem is W[1]-hard

The COLOREDGRAPHAUTOMORPHISM problem [5, p. 460] is defined as follows: given a
red/blue graph X = (R, B, E) and the parameter & € N, does X have a color-preserving
automorphism whose support contains exactly k vertices in B (the blue vertices)?

Exercise 9.0.2 in [5] (Exercise 20.3.2 in [6]) is to show that this problem is W[1]-hard. The
book gives a reduction, as hint, from the WEIGHTED ANTIMONOTONE 2-CNF-SAT problem.
The exercise is to show that the input formula has a weight k& satisfying assignment if and
only if the constructed graph has an automorphism that moves exactly 2k blue vertices. This
hint does not work: the resulting graph has no nontrivial automorphisms. However, we now
present a proof for the W[1]-hardness of COLOREDGRAPHAUTOMORPHISM by giving an FPT
reduction from EXACTEVEN, which is known to be W[1]-hard [7].

» Theorem 7.1. EXACTEVEN is FPT reducible to COLOREDGRAPHAUTOMORPHISM.

Proof. The reduction is based on a gadget in [3, 14] for simulating a circuit with parity
gates as an instance of Graph Isomorphism. Let @ denote the addition in Fy. We define the
undirected graph Xs = (V, E) by V = {4, Ya, 2a | a€{0,1}} U {uqy | a,b e {0,1}} and

E= {(mavua,b)v (yb,ua,b)7 (Ua,b; Zamb) ’ a,b € {0, 1}}

This graph gadget simulates a fan-in 2 parity gate. The x and y vertices encode the
inputs of the gate while the z vertices encode the output. Any automorphism in the graph
mapping the input nodes corresponding to any 0-1 input values for the gate, must map the
output nodes according to the value of the parity gate being simulated.

» Lemma 7.2 ([14]). For any a,b € {0,1}, there is a unique automorphism ¢ of X that
maps T; t0 Tagi and y; to Yo, for i € {0,1}. Moreover, this automorphism maps z; t0 Zagmbai-

For the simulation of a circuit with fan-in 2 parity gates, one has to construct a parity
gadget for each gate, and connect by an edge the output nodes of the gadgets (z nodes)
with the input nodes ( and y nodes) of the corresponding gadget as indicated in the circuit
description. Any automorphism of the constructed graph mapping the input nodes as the
input values of the circuit (zg to z, if the input value of the z gate is a € {0,1}) must map
node zo from the output gate to z,, where b is the output value of the circuit.

Now for the reduction from EXACTEVEN: given a system of equations S, we construct a
red/blue graph X = (R, B, E) in the following way: For every variable ¢; in the system we
define two blue vertices € and e} in B. These are the only blue vertices in the construction.
For every equation e; 1 @ --- @ e; 5, = 0 in S we want to translate the property that the
number of variables being set to 1 in this equation has to be even. For this, we can consider
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the circuit (formula) of fan-in 2 parity gates that computes the addition modulo 2 of the
variables in the equation, and transform this circuit into a graph as described above. To
ensure that no automorphism permutes the vertices zg and z; of the output gate, we add an
additional neighbor to zo. To ensure that any automorphism stabilizes the set {e?,e}} for
each i, we add a vertex e; adjacent to both e? and e}, and also add i additional neighbors
to e;. Now there is an assignment with exactly k ones satisfying all the equations in the

system if and only if there is an automorphism in X moving exactly 2k blue vertices. <
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—— Abstract

[\

We are considering distributed network computing, in which computing entities are connected by a
network modeled as a connected graph. These entities are located at the nodes of the graph, and
they exchange information by message-passing along its edges. In this context, we are adopting
the classical framework for local distributed decision, in which nodes must collectively decide
whether their network configuration satisfies some given boolean predicate, by having each node
interacting with the nodes in its vicinity only. A network configuration is accepted if and only if
every node individually accepts. It is folklore that not every Turing-decidable network property
(e.g., whether the network is planar) can be decided locally whenever the computing entities
are Turing machines (TM). On the other hand, it is known that every Turing-decidable network
property can be decided locally if nodes are running non-deterministic Turing machines (NTM).
However, this holds only if the nodes have the ability to guess the identities of the nodes currently
in the network. That is, for different sets of identities assigned to the nodes, the correct guesses
of the nodes might be different. If one asks the nodes to use the same guess in the same network
configuration even with different identity assignments, i.e., to perform identity-oblivious guesses,
then it is known that not every Turing-decidable network property can be decided locally.

In this paper, we show that every Turing-decidable network property can be decided locally if
nodes are running alternating Turing machines (ATM), and this holds even if nodes are bounded
to perform identity-oblivious guesses. More specifically, we show that, for every network property,
there is a local algorithm for ATMs, with at most 2 alternations, that decides that property. To
this aim, we define a hierarchy of classes of decision tasks where the lowest level contains tasks
solvable with TMSs, the first level those solvable with NTMs, and level k contains those tasks
solvable with ATMs with k alternations. We characterize the entire hierarchy, and show that
it collapses in the second level. In addition, we show separation results between the classes
of network properties that are locally decidable with TMs, NTMs, and ATMs. Finally, we
establish the existence of completeness results for each of these classes, using novel notions of
local reduction.
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What Can Be Verified Locally?

1 Introduction

1.1 Context and objective

In the framework of network computing, distributed decision is the ability to check the legality
of network configurations using a distributed algorithm. In this paper, we are interested in
local distributed decision. We insist on locality, as we want the checking protocols to avoid
involving long-distance communications across the network, for they are generally costly
and potentially unreliable. More specifically, we consider the standard LOCAL model of
computation in networks [14]. Nodes are assumed to be given distinct identities, and each
node executes the same algorithm, which proceeds in synchronous rounds where all nodes
start at the same time. In each round, every node sends messages to its neighbors, receives
messages from its neighbors, and performs some individual computation. The model does not
limit the amount of data sent in the messages, neither it limits the amount of computation
that is performed by a node during a round. Indeed, the model places emphasis on the
number of rounds before every node can output, as a measure of locality. (Note however
that, up to some exceptions, our positive results involve messages of logarithmic size, and
polynomial-time computation). A local algorithm is a distributed algorithm A satisfying
that there exists a constant ¢ > 0 such that A terminates in at most ¢ rounds in all networks,
for all inputs. The parameter ¢ is called the radius of A. In other words, in every network
G, and for all inputs to the nodes of GG, every node executing A just needs to collect all
information present in the t-ball around it in order to output, where the t-ball of u is the
ball Bg(u,t) = {v € V(G) : dist(u,v) < t}.

The objective of the paper is to determine what network properties can be decided locally,
as a function of the individual computing power of the nodes.

Following the guidelines of [6], we define a configuration as a pair (G, z) where G = (V, E)
is a connected simple undirected graph, and x : V/(G) — {0,1}* is a function assigning an
input z(u) to every node u € V. A distributed language L is a set of configurations (we
consider only Turing-decidable sets). A configuration (G, z) € L is said to be legal w.r.t. L.
Note that the membership of a configuration in a distributed language is independent of
the identity that may be assigned to the nodes in the LOCAL model (this is because one
may want to study the same language under different computational models, including ones
that assume anonymous nodes). The class LD is the set of all distributed languages that
are locally decidable. That is, LD is the class of all distributed languages £ for which there
exists a local algorithm A satisfying that, for every configuration (G, ),

(G,z) € L < Aaccepts (G, )

where one says that A accepts if it accepts at all nodes. More formally, given a graph G, let
ID(G) be the set of all injective functions from V' (G) to positive integers, i.e., ID(G) denote
the set of all possible identity assignments to the nodes of G. Then LD is the class of all
distributed languages £ for which there exists a local algorithm A satisfying the following:
for every configuration (G, x),

(G,x)e L = Vid € ID(G),Yu € V(G), Ag z,1a(u) = accept
(G,z) ¢ L = Vid € ID(GQ),3u € V(G), Ag,z,ia(u) = reject

where Ag ; ia(u) is the output of Algorithm A running on the instance (G, ) with identity-
assignment id, at node u. For instance, the language PROP-COL, composed of all (connected)
properly colored graphs, is in LD. Similarly, the class LCL of “locally checkable labelings”,
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defined in [13], satisfies LCL C LD. In fact, LCL is precisely LD restricted to configurations
on graphs with constant maximum degree, and inputs of constant size.

The class NLD is the non-deterministic version of LD, i.e., the class of all distributed
languages L for which there exists a local algorithm A verifying L, i.e., satisfying that, for
every configuration (G, ),

(G,z) € L < Fe¢, Aaccepts (G, z) with certificate c.

More formally, NLD is the class of all distributed languages £ for which there exists a local
algorithm A satisfying the following: for every configuration (G, x),

(G,z) e L = 3Fcel(G),Vid € ID(G),Vu € V(GQ), Ag 4,c,id(u) = accepts
(G,x)¢ L = VYeel(G),Vid € ID(G),3u € V(G), Ag 4,cia(u) = rejects

where C(G) is the class of all functions ¢ : V(G) — {0, 1}*, assigning certificate c¢(u) to each
node u. Note that the certificates ¢ may depend on the network and on the input to the
nodes, but should be set independently of the actual identity assignment to the nodes of the
network. In the following, for the sake of simplifying the notations, we shall omit specifying
the domain sets C(G) and ID(G) unless they are not clear from the context. It follows from
the above that NLD is a class of distributed languages that can be locally verified, in the sense
that, on legal instances, certificates can be assigned to nodes by a prover so that a verifier
A accepts, and, on illegal instances, the verifier A rejects (i.e., at least one node rejects)
systematically, and cannot be fooled by any fake certificate. For instance, the language

TREE = {(G,z) : G is a tree}

is in NLD, by selecting a root r of the given tree, and assigning to each node u a counter
c¢(u) equal to its hop-distance to r. If the given (connected) graph contains a cycle, then no
counters could be assigned to fool an algorithm checking that, at each node u with e¢(u) # 0,
a unique neighbor v satisfies ¢(v) < ¢(u). In [5], NLD was proved to be exactly the class of
distributed languages that are closed under lift.

Finally, [6] defined the randomized versions BPLD,, , and BPNLD,, 4, of the aforementioned
classes LD and NLD, respectively, by replacing the use of a deterministic algorithm with
the use of a randomized algorithm characterized by its probability p of acceptance for legal
instances, and its probability ¢ of rejection for illegal instances. By defining BPNLD =
Up244>1BPNLD,, 4, the landscape of local decision was pictured as follows:

LD € NLD ¢ BPNLD = All

where all inclusions are strict, and All is the set of all distributed languages. That is, every
distributed language can be locally verified with constant success probabilities p and ¢, for
some p and ¢ satisfying p? + ¢ > 1. In other words, by combining non-determinism with
randomization, one can decide any given distributed language.

1.2 OQur contributions

Following up the approach recently applied to distributed graph automata in [15], and to the
CONGEST model in [2], we observe that the class LD and NLD are in fact the basic levels of
a “local hierarchy” defined as follows. Let $°¢ = II}?¢ = LD, and, for k > 1, let $i° be the
class of all distributed languages £ for which there exists a local algorithm A satisfying that,
for every configuration (G, x),

(G,x) € L < Fey,Veo,...,Qck, A accepts (G, z) with certificates ¢1,ca, . . ., ck
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Figure 1 Relations between the different decision classes of the local hierarchy (the definitions of
the various languages can be found in the text).

where the quantifiers alternate, and () is the universal quantifier if k£ is even, and the
existential one if k£ is odd. The class H',;’C is defined similarly, by starting with a universal
quantifier, instead of an existential one. A local algorithm A insuring membership to a
class C € {2,k > 0} U {II\°¢, k > 0} is called a C-algorithm. Hence, NLD = ¥, and, for
instance, 1€ is the class of all distributed languages £ for which there exists a II-algorithm,
that is, a local algorithm A satisfying the following: for every configuration (G, z),

(G,z) e L = Vei,3c2,Vid,Yu € V(G), AG z.c1,00.id(u) = accept; (1)
(va) ¢ L = EIClvVC%Vida Ju € V(G)aAG,m,cl,cg,id(u) = reject.

Our main results are the following.
» Theorem 1. LD C I1'*® C NLD = Xp¢ C I1¥¢ = All, where all inclusions are strict.

That is, TI'?¢ D TI¢, while X9¢ = e and the whole local hierarchy collapses to the
second level, at TI°. In other words, while not every Turing-decidable network property can
be decided locally if nodes are running non-deterministic Turing machines (NTM), Theorem 1
says that every Turing-decidable network property can be decided locally if nodes are running
alternating Turing machines (ATM). More specifically, for every network property, there is a
local algorithm for ATMs, with at most 2 alternations, that decides that property.

We complete our description of the local hierarchy by a collection of separation and
completeness results regarding the different classes and co-classes in the hierarchy. In
particular, we revisit the completeness results in [6], and show that the notion of reduction
introduced in this latter paper is too strong, and may allow a language outside NLD to
be reduced to a language in NLD. We introduce a more restricted form of local reduction,
called label-preserving, which does not have this undesirable property, and we establish the
following.

» Theorem 2. NLD and I have complete distributed languages under local label-preserving
reductions.

Finally, Figure 1 summarizes all our separation results.

1.3 Related Work

Several form of “local hierarchies” have been investigated in the literature, with the objective
of understanding the power of local computation, and/or for the purpose of designing
verification mechanisms for fault-tolerant computing. In particular, [15] has investigated the
case of distributed graph automata, where the nodes are finite automata, and the network is
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anonymous (which are weaker assumptions than those in our setting), but also assuming an
arbitrary global interpretation of the individual decisions of the nodes (which is a stronger
assumption than those in our setting). It is shown that all levels 3", k > 0, of the resulting
hierarchy are separated, and that the whole local hierarchy is exactly composed of the MSO
(monadic second order) formulas on graphs.

In the framework of distributed computing, where the computing entities are Turing
machines, proof-labeling schemes (PLS) [8], extended to locally checkable proofs (LCP) [7],
give the ability to certify predicates using certificates that can take benefits of the node
identities. That is, for the same network predicate, and the same legal network configuration,
the distributed proof that this configuration is legal may be different if the node identities

are different. In this context, the whole hierarchy collapses at the first level, with E'f" = All.

However, this holds only if the certificates can be as large as Q(n?) bits. In [2], the class
LogLCP [7], which bounds the certificate to be of size O(logn) bits is extended to a hierarchy
that fits to the CONGEST model. In particular, it is shown that MST stands at the second
level II5*"" of that hierarchy, while there are languages outside the hierarchy.

In [6], the authors introduced the model investigated in this paper. In particular, they
defined and characterized the class NLD, which is nothing else than X!°¢, that is, the class
of languages that have a proof-labeling scheme in which the certificates are not depending
on the node identities. It is proved that, while NLD # All, randomization helps a lot, as
the randomized version BPNLD of NLD satisfies BPNLD = All. It is also proved that, with
the oracle #nodes providing each node with the number of nodes in the network, we get
NLD#modes — . Interestingly, it was proved [5] that restricting the verification algorithms
for NLD to be identity-oblivious, that is, enforcing that each node decides the same output for
every identity-assignment to the nodes in the network, does not reduce the ability to verify
languages. This is summarized by the equality NLDO = NLD where the “O” in NLDO stands
for identity-oblivious. In contrast, it was recently proved that restricting the algorithms to

be identity-oblivious reduces the ability to decide languages locally, i.e., LDO C LD (see [4]).

Finally, it is worth mentioning that the ability to decide a distributed language locally has
impact on the ability to design construction algorithms [12] for that language (i.e., computing
outputs x such that the configuration (G, ) is legal w.r.t. the specification of the task). For
instance, it is known that if £ is locally decidable, then any randomized local construction
algorithm for £ can be derandomized [13]. This result has been recently extended [1] to
the case of languages that are locally decidable by a randomized algorithm (i.e., extended
from LD to BPLD according to the notations in [6]). More generally, the reader is invited to
consult [3, 9, 10, 11, 14, 16] for good introductions to local computing, and/or samples of
significant results related to local computing.

2 All languages are IIy° decidable
In this section, we show the last equality of Theorem 1.
» Proposition 3. TI¥< = All.

Proof. Let £ be a distributed language. We give an explicit IIS%-algorithm for £, i.e., a
local algorithm A4 such that, for every configuration (G,x), Eq. (1) is satisfied. For this
purpose, we describe the distributed certificates ¢; and co. Intuitively, the certificate ¢; aims
at convincing each node that (G, z) € £, while ¢y aims at demonstrating the opposite. More
precisely, at each node w in a configuration (G, ), the certificate ¢;(u) is interpreted as a
triple (M (u), data(u), index(u)) where M (u) is an m x m boolean matrix, data(u) is a linear
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array with m entries, and index(u) € {1,...,m}. Informally, ¢;(u) aims at proving to node u
that it is node labeled index(u) in the m-node graph with adjacency matrix M (u), and that
the whole input data is data(u). We denote by n the number of nodes of the actual graph G.

For a legal configuration (G,x) € L, given ¢y, the certificate ¢y is then defined as follows.
It is based on the identification of a few specific nodes, that we call witnesses. Intuitively,
a witness is a node enabling to demonstrate that the structure of the configuration (G, z)
does not fit with the given certificate ¢;. Let dist(u,v) denote the distance between any two
nodes v and v in the actual network G, that is, dist(u,v) equals the number of edges of a
shortest path between v and v in G. A certificate ca(u) is of the form (f(u),o(u)) where
f(u) €{0,...,4} is a flag, and o(u) € {0,1}* depends on the value of the flag.

Case 0. There are two adjacent nodes v # v’ such that (M (v), data(v)) # (M (v"), data(v")),

or there is at least one node v in which ¢; (v) cannot be read as a triple (M (v), data(v), index(v)).
Then we set one of these nodes as witness w, and we set co(u) = (0,dist(u, w)) at every

node u.

Otherwise, i.e., if the pair (M (u), data(u)) is identical to some pair (M, data) at every node u:

Case 1. (G, x) is isomorphic to (M, data), preserving the inputs, denoted by (G,z) ~
(M,data), and index() represents the isomorphism. Then we set ca(u) = (1) at every node w.

Case 2. n > m,i.e., |[V(G)|is larger than the dimension m of M, or index() is not injective.
Then we set the certificate co(u) = (2,4, d(u, w), d(u,w’)) where i € {1,...,m}, and w # w’
are two distinet nodes such that index(w) = index(w’) = i. These two nodes w and w’ are
both witnesses.

Case 3. n < m and index() is injective. Then we set co(u) = (3,7) where i € {1,...,m} is
such that index(v) # i for every node v.

Case 4. n = m and index() is injective, but (G, ) is not isomorphic to (M, data). Then
we set as witness a node w whose neighborhood in (G, z) does not fit with what it should be
according to (M, data), and we set ca(u) = (4, d(u,w)) for every node w.

The local verification algorithm A then proceeds as follows. First, every node u checks
whether its flag f(u) in co(u) is identical to all the ones of its neighbors, and between 0
and 4. If not, then u rejects. Otherwise, u carries on executing the verification procedure.
Its behavior depends on the value of its flag.

If f(u) =0, then u checks that at least one of its neighbors has a distance to the witness
that is smaller than its own distance. A node with distance 0 to the witness checks that
there is indeed an inconsistency with its ¢; certificate (i.e., its ¢; certificate cannot be
read as a pair matrix-data, or its ¢; certificate is distinct from the one of its neighbors).
Every node accepts or rejects accordingly.

If f(u) =1, then u accepts or rejects according to whether (M (u),data(u)) € £ (recall
that, by definition, we consider only distributed languages £ that are Turing-decidable).
If f(u) = 2, then u checks that it has the same index i in its certificate ¢y as all its
neighbors. If that is not the case, then it rejects. Otherwise, it checks each of the two
distances in its certificate co separately, each one as in the case where f(u) = 0. A node
with one of the two distances equal to 0 also checks that its ¢; index is equal to the
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index 4 in co. If that is not the case, or if its two distances are equal to 0, then it rejects.
If all the test are passed, then u accepts.

If f(u) = 3, then u accepts if and only if it has the same index ¢ in its ¢y certificate as all
its neighbors, and index(u) # i.

If f(u) = 4, then u checks the distances as in the case where f(u) = 0. A node with
distance 0 also checks that its neighborhood in the actual configuration (G, ) is not what
it should be according to (M, data). It accepts or rejects accordingly.

To prove the correctness of this Algorithm A, let us first consider a legal configuration
(G,x) € L. We show that the way ¢y is defined guarantees that all nodes accept, because
co correctly pinpoints inconsistencies in c¢1, witnessing any attempt of ¢; to certify that the
actual configuration is illegal. Indeed, in Case 0, by the setting of ¢y, all nodes but the
witness accept. Also, the witness itself accepts because it does witness the inconsistency of
the ¢; certificate. In Case 1, all nodes accept because (G, x) ~ (M, data) and (G,z) € L. In
Case 2, by the setting of ¢y, all nodes but the witnesses accept, and the witnesses accept too
because each one checks that it is the vertex with index ¢ in M. In Case 3, all nodes accept
by construction of the certificate cy. Finally, in Case 4, by the setting of co, all nodes but
the witness accept. Also, the witness itself accepts because, as in Case 0, it does witness the
inconsistency of the ¢y certificate. So, in all cases, all nodes accept, as desired.

We are now left with the case of illegal configurations. Let (G, z) ¢ £ be such an illegal
configuration. We set ¢;(u) = (M, data, index(u)) where (M, data) ~ (G, z) and index(u) is
the index of node u in the adjacency matrix M and the array data. We show that, for any
certificate ¢y, at least one node rejects. Indeed, for all nodes to accept, they need to have
the same flag in co. This flag cannot be 1 because, if f(u) = 1 then u checks the legality of
(M, data). In all other cases, the distance checking should be passed at all nodes for them
to accept. Thus, the flag is distinct from 0 and 4 because every radius-1 ball in (G, x) fits
with its description in (M, data). Also, the flag is distinct from 2 because there are no two
distinct nodes with the same index i in the c¢; certificate. Finally, also the flag is distinct
from 3, because, by the setting of ¢;, every index in {1,...,n} appears at some node, and
this node would reject. Hence, all cases lead to contradiction, that is, not all nodes can
accept, as desired. <

To conclude the section, let us define a simple decision task in I\ NLD. Let EXTS,
which stands for “exactly two selected” be the following language. We set (G, x) € EXTS
if x(u) € {L, T} for every u € V(G), and [{u € V(G) : z(u) = T}| = 2. Proving that
EXTS ¢ NLD is easy using the following characterization of NLD. Let ¢t > 1. A configuration
(G', ) is a t-lift of a configuration (G, z) iff there exists a mapping ¢ : V(G’) — V(G) that,
for every u € V(G’), induces an isomorphism between Bg(é(u),t) and Bgs(u,t), preserving
inputs (i.e., z(d(u)) = 2'(u) for all uw € V(G')). A distributed language £ is closed under lift
if there exists ¢ > 1 such that, for every (G, z), we have (G, z) € £ implies (G, 2') € L for
every (G',2') that is a ¢-lift of (G, ).

» Lemma 4 ([5]). NLD is the class of distributed languages closed under lift.

Since EXTS is not closed under lift, it results from Lemma 4 that EXTS ¢ NLD.

3 On the impact of the last universal quantifier

In this section, we prove the part of Theorem 1 related to the two classes IIP¢ and Xl

These two classes have in common that the universal quantifier is positioned last. It results
that these two classes seem to be limited, as witnessed by the following two propositions.
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Figure 2 An illustration of the distributed language ITER.

» Proposition 5. Xl¢¢ = NLD.

To show that ITI'° # NLD, we consider the language ALTS, which stands for “at least two
selected”. (Note that ALTS is the complement of the language AMOS introduced in [6], where
AMOS stands for “at most one selected”). We set (G,x) € ALTS if z(u) € {1, T} for every
node u € V(G), and [{u € V(G) : z(u) = T}| > 2. To separate NLD and II?¢, we show that
ALTS € NLD \ TI'C.

» Proposition 6. I1'° C NLD (the inclusion is strict).

While I is in NLD, the universal quantifier adds some power compared to LD. We
show that LD # TI'*¢ by exhibiting a language in II'°° \ LD. Note that the existence of this
language is not straightforward as it must involve Turing-computability issues. Indeed, if one
does not insist on the fact that the local algorithm must be a Turing-computable function,
then the two classes LD and IT'°¢ would be identical. For instance, given a t-round algorithm
A deciding a language £ in II°¢, one could define the following mechanism for deciding the
same language in LD. Given a ¢-ball B centered at u, node u accepts if and only if there are
no certificate assignments to the nodes of B that could lead A to reject at u. However, this
mechanism is not a Turing-computable function. Interestingly, NLD would still not collapse
to LD even if using non Turing-computable decision mechanisms. To see why, assume that
we are given the ability to try all possible certificates of an NLD algorithm 4. The simple
decision mechanism at every node u consisting in rejecting at u as long as A rejects one of
the certificates at u, which works fine for II'°°, does not work for NLD. Indeed, a node that
rejects a configuration for some certificate cannot safely reject because it might be a legal
configuation with an incorrect certificate. We show that, in fact, II'° \ LD # 0.

» Proposition 7. LD C IT'°° where the inclusion is strict.

Proof. We describe the distributed language ITER, which stands for “iteration”. Let M
be a Turing machine, and let us enumerate lexicographically all the states of the system
tape-machine where M starts its execution on the blank tape, with the head at the beginning
of the tape. We define the function fp; : N = N by f/(0) =0, fa(1) = 1, and, for ¢ > 1,
fa (%) equal to the index of the system state after one step of M from system state i. We
define ITER as the collection of configurations (G, z) representing two sequences of iterations
of a function fjs on different inputs a and b (see Figure 2).

More precisely, let M be a Turing machine, and let a and b be two non-negative integers.
We define the following family of configurations (see Figure 2). A configuration in ITER
mainly consists of a path P with a special node v, called the pivot, identified in this path.
So P = LvR where L and R are subpaths, respectively called left path and right path.
All nodes of the path are given the machine M as input, and the pivot v is also given a
and b as inputs. The node of the left path (resp., right path) at distance ¢ from v is given
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a value f; 1 (vesp., fi; r) as input. To be in the language, it is required that, for every i,
fiL= f](\f[)(a) and f; p = ](&)(b), where ¢(* denotes the ith iterated of a function g. Let ug
and u, be the two nodes at the extremity of the left path and of the right path, respectively.
The configuration is in the language if and only if the f-values at both extremities of the
path P are 0 or 1, and at least one of them is equal to 0. That is, the configuration is in the
language if and only if:

(f\L|,L S {0,1} and f|R\,R S {0, 1}) and (f|L\,L =0or f\R\,R = 0). (2)

In fact, for technical reasons, it is also required that both |L| and |R| are powers of 2. Indeed,
on top of L and R are two complete binary trees T, and Tg, respectively, with horizontal
paths connecting nodes of the same depth in each tree (see Figure 2). The nodes of L and R
are the leaves of these two trees. Finally, every node u of the graph receives as input a pair
of labels (¢1,0s) € {0,1,2}%. The label ¢ is the distance modulo 3 from u to the right-most
node (resp., left-most node) of the path if u is an internal node of Ty, (resp., Tg), and, for
nodes in the path P, ¢; is simply the distance modulo 3 from the pivot v. The label ¢ is the
height of the node in its tree modulo 3. (The pivot, which belongs to none of the trees, has
height 0). A configuration (G, ) € ITER if and only if (G, x) satisfies all the above conditions
with respect to the given machine M.

In other words, fjs is defined so that 1 denotes the rejecting state with any tape content,
and any head position, while O denotes the accepting state with any tape content, and any
head position. All the other configurations uniquely identify the entire tape content, the
head position, and the current non halting state. In essence, when the machine switches
from some configuration ¢ > 1 to another configuration j > 1, we keep track of the tape
content and the head position. If the machine halts, then we discard the tape content as
well as the head position, and we simply set fl(\f[) equal to 0 or 1 accordingly. A configuration
is in the language if the machine terminates on both inputs a and b, and accepts at least one
of these two inputs.

Let us consider a weaker version of ITER, denoted by ITER™ where the condition of
Eq. (2) is replaced by just: fiz;,r € {0,1} and fig g € {0,1}. Thanks to the labeling
(¢1,¢2) at each node, which “rigidifies” the structure, we have ITER™ € LD using the same
arguments as the ones in [4]. Moreover, ITER € II'°. To see why, we describe a local
algorithm A using certificates. The algorithm first checks whether (G, x) € ITER™. All nodes,
but the pivot v, decide according to this checking. If the pivot rejected (G,z) € ITER™,
then it rejects in A as well. Otherwise, it carries on its decision process by interpreting its
certificate as a non-negative integer k, and accepts in A unless f J(\I/;) (a) =1 and fI(L];)(b) =1.
To show the correctness of A, let (G,z) € ITER. We have f.| = 0 or figr g = 0, ie.,
FUE @) =0 or £ (b) = 0. W.lo.g., assume f"V(a) = 0. If & > |L| then f¥(a) =0
since fur(0) =0, and thus v accepts. If k& < |L| then fj(\’;) (a) # 1 since fpr(1) =1, and thus v
accepts. Therefore, all certificates lead to acceptance. Let us now consider (G, z) ¢ ITER.
If (G,z) ¢ 1ITER™ then at least one node rejects, independently of the certificate. So, we
assume that (G,z) € ITER™ \ ITER. Thus, f](\/llLD(a) =1and f](V|IR|)(b) = 1. The certificate is
set to k = max{|L|,|R|}. Let us assume, w.l.o.g., that k = |L| > |R|. By this setting, we
have f](\];)(a) = 1. Moreover, since k > |R|, and since fp;(1) = 1, we get that f](;)(b) =1
Therefore, A rejects, as desired. Thus, ITER € TT\°°.

It remains to show that ITER ¢ LD. Let us assume, for the purpose of contradiction,
that there exists a t-round algorithm .4 deciding ITER. Since ITER~ € LD, this algorithm
is able to distinguish an instance with f](vlfLD(a) =1 and f](v‘[m)(b) = 1 from instances in
which f](\/llLD(a) #1or ](\lf’l)(b) # 1. Observe that a node at distance greater than ¢ from
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the pivot can gather information related to only one of the two inputs a and b. Therefore,
the distinction between the case f](vlfLD(a) =1 and f]\(/llm)(b) =1 and the case f](\/leD(a) #1 or
f](V‘IRD(b) # 1 can only be made by a node at distance at most ¢ from the pivot. Therefore,
by simulating A at all nodes in the ball of radius ¢ around v, with identities between 1 and
the size of the ball of radius 2t around the pivot, a sequential algorithm can determine,
given a Turing machine M, and given a and b, whether there exist ¢ and r such that

J(é)(a) = J(\;)(b) = 1 or not, which is actually Turing undecidable. This contradiction implies
that, indeed, ITER ¢ LD. <

4 Complement classes

Given a class E? of distributefl languages, the class co-C is composed of all distributed languages
L such that £ € C, where £ = {(G,z) ¢ L}. For instance, co-II’¢ is the class of languages £
for which there exists a local algorithm A such that, for every configuration (G, x),

(G,x)e L = 3, Vid,Ju € V(G), Ag 4,c,ia(u) = accepts;
(G,x) ¢ L = Ve, Vid,Vu € V(G), A g,c,ia(u) = rejects.

Note in particular, that the rejection must now be unanimous, while the acceptance requires
only one node to accept. Let us define the following two languages: each input to every
node belongs to {true, false} = {1,0}, and a configuration is in AND (resp., in OR) if and
only if the logical conjunction (resp., disjunction) of the inputs is true. These two languages
enable to separate LD from its co-class. Indeed, OR ¢ LD as every node that sees only zeros
must accept because there might exist far away nodes with input 1. Hence, an all-0 instance
would be accepted, which is incorrect. Instead, AND € LD: every node accepts if and only if
its input is 1. The class LD N co-LD is quite restricted. Nevertheless, it contains distributed
languages such as DIAMy, the class of graphs with diameter at most &, for any fixed k. We
have the following separation.

» Proposition 8. OR € co-LD \ II'*¢, and AND € LD \ co-IIPc.

Similarly, the languages ALTS and AMOS introduced in the proof of Proposition 6 enable
to separate NLD from its co-class. Indeed, ALTS = AMOS, ALTS is closed under lift, and AMOS
is not closed under lift. Moreover, consider the language EXTS defined at the end of Section 2.
Both EXTS and EXTS are not closed under lift. So, overall, by Lemma 4, we get:

» Proposition 9. ALTS € NLD \ co-NLD, AMOs € co-NLD\ NLD, and EXTs ¢ NLD Uco-NLD.
More interesting is the position of the IT'°¢ w.r.t. NLD and co-NLD:

» Proposition 10. TI'° U co-T1'¢ € NLD N co-NLD, where the inclusion is strict.

5 Complete problems

In this section, we prove Theorem 2. Let G be a connected graph, and U be a set (typically,
U= {0,1}*). Let e : V(G) - U, and let S : V(G) — 22" That is, e assigns an
element e(u) € U to every node u € V(G), and S assigns a collection of sets S(u) =
{S1(u),..., Sk, (u)} to every node u € V(G), with k, > 1 and S; : V(G) — 2Y for every
i > 1. We say that S covers e if and only if there exists u € V(G), and there exists
i€{l,...,ky}, such that S;(u) = {e(v) | v € V(G)}. In [6], the authors defined the language

COVER = {(G, ) : Yu € V(G), z(u) = (S(u), e(u)) such that S covers e}
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and proved that COVER is the “most difficult decision task”, in the sense that every distributed
language can be locally reduced to COVER. However COVER is closed under lift as lifting does
not create new elements and preserves the sets. Therefore, by Lemma 4, COVER € NLD.!
This is in contradiction with the claim in [6] regarding the hardness of COVER. The reason
for this contradiction is that the local reduction used in [6] for reducing any language to
COVER 1is too strong. Indeed, it transforms a configuration (G, z) into a configuration (G, z’)
where the certificates used for proving =’ may depend on the identities of the nodes in G.
This is in contradiction with the definitions of the classes E',?C and H',?C, k > 0, for which the
certificates must be independent of the identity assignment. In this section, we show that
completeness results can be obtained using a more constrained notion of reduction which
preserves the membership to the classes.

Recall from [6] that a local reduction of £ to £’ is a local algorithm R which maps any
configuration (G,z) to a configuration (G,y), where y = R(G, x,id) may depend on the
identity assignment id, such that: (G,z) € £ if and only if, for every identity assignment
id to the nodes of G, (G,y) € L' where y = R(G, z,id). Ideally, we would like R to be
identity-oblivious, that is, such that the output of each node does not depend on the identity
assignment, but this appears to be too restrictive. So, instead, we use a concept somewhat
intermediate between identity-oblivious reduction and the unconstraint reduction in [6].

» Definition 11. Let C be a class of distributed languages, and let £ and £’ be two distributed
languages. Let A be a C-algorithm deciding £, and let R be a local reduction of £ to L'.
We say that (R, .A) is label-preserving for (£, L’) if and only if, for any configuration (G, z),
the existential certificates used by the prover in A for (G,y) where y = R(G, z,id) are the
same for all identity assignments id to G.

The following result shows that the notion of reduction in Definition 11 preserves the
classes of distributed languages.

» Lemma 12. Let C be a class of distributed languages. Let L and L' be two distributed
languages with L € C, and let (R, A) be a label-preserving local reduction for (L,L"). Then
LeC.

We now exhibit a language that is among the hardest decision tasks, under local label-
preserving reductions. In the following decision task, every node u of a configuration (G, z)
is given a family F(u) of configurations, each described by an adjacency matrix representing
a graph, and a l-dimensional array representing the inputs to the nodes of that graph.
In addition, every node u has an input string z’(u) € {0,1}*. Hence, (G,z’) is also a
configuration. The actual configuration (G, x) is legal if (G, ') is missing in all families F(u)
for every u € V(G), i.e., (G,2') ¢ F where F = Uyey(g)F(u). In short, we consider the
language

miss = {(G,z) : Vu € V(G),z(u) = (F(u),2'(u)) and (G,z") ¢ F}

We show that MISS is among the hardest decision tasks, under local label-preserving reductions.
Note that miss ¢ NLD (it is not closed under lift: it may be the case that (G,z’) ¢ F but a
lift of (G, ') is in F).

» Proposition 13. Miss is [1-complete under local label-preserving reductions.

! In fact, one can show that there exists a local verification algorithm for COVER using certificates of size
quasi linear in n whenever the ground set U is of polynomial size.
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Proof. Let £ be a distributed language. We describe a local label-preserving reduction
(R, A) for (£, Miss) with respect to TT¢.

In essence, the local algorithm A for deciding miss in II¥C is the generic algorithm
described in the proof of Proposition 3. Recall that, in this generic algorithm, on a legal
configuration (G, x), the existential ¢y certificate in A is pointing to an inconsistency in the
given ¢; certificate which is supposed to describe the configuration (G, x). And, on an illegal
configuration (G, z), the existential ¢; certificate in A4 does provide an accurate description
of the configuration (G, z). For the purpose of label-preservation, we slightly modify the
generic algorithm for MISs. Instead of viewing ¢; as a description of the configuration (G, x),
the algorithm views it as a description of (G, ') where, at each node u, z’(u) is the second
item in z(u) (the first item is the family 7 (u)). The algorithm is then exactly the same as
the generic algorithm with the only modification that the test when the flag f(u) =1 is not
regarding whether (G, z’) € Mmiss, but whether (G, z") ¢ F(u). On a legal configuration, all
nodes accept. On an illegal instance, a node with (G, z’) € F(u) rejects.

The reduction R from £ to MISS proceeds as follows, in a way similar to the one in [6]. A
node u with identity id(u) and input 2(u) computes its width w(u) = 2@+ where |s|
denotes the length of a bit-string s. Then u generates all configurations (H,y) ¢ £ such that
H has at most w(u) nodes and y(v) has value at most w(u), for every node v of H. It places
all these configurations in F(u). The input 2’(u) is simply 2’ (u) = z(u). If (G, z) € L, then
(G,z) ¢ F since only illegal instances are in F, and thus (G, R(G, z)) € miss. Conversely, if
(G,x) ¢ L, then (G, R(G,z)) ¢ Miss. Indeed, there exists at least one node u with identity
id(u) > n, which guarantees that u generates the graph G. If no other node u' has width
w(u’) > n then u generates (G, z) € F(u). If there exists a node v’ with w(u’) > n then v’
generates (G, x) € F(u'). In each case, we have (G, z) € F, and thus (G, R(G,x)) ¢ MISs.

It remains to show that the existential certificate used in A for all configurations
(G, R(G,x)) are the same for any given (G, x), independently of the identity assignment to
G used to perform the reduction R. This directly follows from the nature of A since the
certificates do not depend on the families F(u)’s but only on the bit strings z’(u)’s. <

The following language is defined as MISs by replacing F by the closure under lift 7'
of F. That is, F' is composed of F and all the lifts of the configurations in F.

misst = {(G,z) : Vu € V(G), z(u) = (F(u),2'(u)) and (G,2') ¢ F'}
We show that missT is among the hardest decision tasks in NLD.

» Proposition 14. wmiss® is NLD-complete (and MissT is co-NLD-complete) under label-
preserving reduction.

6 Conclusion

This paper is aiming at providing a proof of concept for the notion of interactive local
verification: IS¢ can be viewed as the interaction between two players, with conflicting
objectives, one is aiming at proving the instance, while the other is aiming at disproving it.
As a consequence, for this first attempt, we voluntarily ignored important parameters such
as the size of the certificates, and the individual computation time, and we focussed only on
the locality issue. The impact of limiting the certificate size was recently investigated in [2].
Regarding the individual computation time, our completeness results involve local reductions
that are very much time consuming at each node. Insisting on local reductions involving
polynomial-time computation at each node is crucial for practical purpose. At this point, we
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do not know whether non-trivial hardness results can be established under polynomial-time
local reductions. Proving or disproving the existence of such hardness results is left as an
open problem.

Acknowledgement. The authors are thankful to Laurent Feuilloley for fruitful discussions
about the topic of the paper.
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1 Introduction

In recent years, we have seen an explosive growth of small distributed devices such as tracking
devices and wireless sensors. These devices are small, have only limited energy supply, are
easily moved, and should not be too expensive. To accommodate these needs, the amount of
memory on them is tightly budgeted. This poses a significant challenge to software developers
and algorithm designers: how to create useful and efficient programs in the presence of strong
memory constraints?

Memory constraints have been studied since the introduction of computers (see for
example Pohl [27]). The first computers often had limited memory compared to the available
processing power. As hardware progressed this gap became smaller, other concerns became
more important, and the focus of algorithms research shifted away from memory-constrained
models. Memory constraints are again an important problem to tackle with these new devices
as well as huge datasets available through cloud computing.

An easy way to model algorithms with memory constraints is to assume that the input
is stored in a read-only memory. This is appealing for several reasons. From a practical
viewpoint, writing to external memory is often a costly operation, e.g., if the data resides on
a read-only medium such as a DVD or on hardware where writing is slow and wears out the
hardware, such as flash memory. Similarly, in concurrent environments, writing operations
may lead to race conditions. Thus, from a practical viewpoint, it is useful to limit or simply
disallow writing operations. From a theoretical viewpoint, this model is also advantageous:
keeping the working memory separate from the (read-only) input memory allows for a more
detailed accounting of the space requirements of an algorithm and for a better understanding
of the required resources. In fact, this is exactly the approach taken by computational
complexity theory to define complexity classes that model sublinear space requirements, such
as the complexity class of problems that use logarithmic amount of memory space [3].

Some of the earliest results in this setting concern the sorting problem [24, 25]. Suppose
we want to sort data items whose total description complexity is n bits, all of them residing
in a read-only memory. For our computations we can use a workspace of O(b) bits freely
(both read and write operations are allowed). Then it is known that the time-space product
must be Q(n?) [13], and a matching upper bound for the case b € Q(logn) N O(n/logn) was
given by Pagter and Rauhe [26] (b is the available workspace in bits). A result along these
lines is known as a time-space trade-off [28].

The model used in this work was introduced by Asano et al. [6], following similar earlier
models [14, 17]. Asano et al.provided constant workspace algorithms for many classic problems
from computational geometry, such as computing convex hulls, Delaunay triangulations,
Euclidean minimum spanning trees, or shortest paths in polygons [6]. Since then, the model
has enjoyed increasing popularity, with work on shortest paths in trees [7] and time-space
trade-offs for computing shortest paths [4, 20], visibility regions in simple polygons [9, 11],
planar convex hulls [10, 18], general plane-sweep algorithms [19], or triangulating simple
polygons [4, 5, 2]. We refer the reader to [21] for a deeper survey of the latest results.

Let us specify our model more precisely: we are given a planar point set P of n points
stored in a read-only array that allows random access. Furthermore, we may use O(s)
variables (for a parameter s € {1,...,n}) for reading and writing. We assume that all the
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data items and pointers are represented by ©(logn) bits. Other than this, the model allows
the usual word RAM operations.

We consider the problem of computing various Voronoi diagrams for P, namely the
nearest point Voronoi diagram NVD(P), the furthest point Vornoi diagram FVD(P), and the
family of higher-order Voronoi diagrams up to a given order K € O(+/s). In most workspaces,
the output cannot be stored explicitly. Thus, we require that the algorithm reports the edges
of the Voronoi diagrams one-by-one in a write-only data structure (once written, they cannot
be read or further modified). Note that we may report edges of the Voronoi diagrams in any
order, but we are not allowed to report an edge more than once.

Previous Work. If we forego memory constraints, it is well known that both NVD(P) and
FVD(P) can be computed in O(nlogn) time using O(n) space [8, 12]. For computing a single
order-k Voronoi diagram, the best randomized algorithm takes O(nlogn + nklogk) expected
time [16] using O(nk) space, and the best deterministic algorithm takes O(nklog' ™k -
(logn/log k)M time [15] and O(nk) space, for € > 0 (as usual, the big O notation hides
multiplicative factors that depend on €). The family of all higher-order Voronoi diagrams up
to order K can be computed in O(nK? + nlogn) time using O(K?(n — K)) space [1, 23].

Very few memory-constrained algorithms that compute Voronoi diagrams exist in the
literature. Asano et al. [6] showed that NVD(P) can be found in O(n?) time in a O(1)
workspace. Korman et al. [22] gave a time-space trade-off for computing Voronoi diagrams.
Their algorithm is based on random sampling and achieves an expected running time of
O((n?/s)log s + nlog slog” s)) using O(s) words of workspace.

Results. In this paper we introduce a time-space trade-off algorithm that improves these
results, and gives a simpler and more flexible approach to obtain the diagrams. In Section 3
we show that the approach of Asano et al. [6] can be used to compute FVD(P). In Section 4
we introduce a new time-space trade-off for computing NVD(P) and FVD(P). Unlike the
approach of Korman et al. [22], this new algorithm is deterministic, and slightly faster (it
runs in O((n?/s)log s) time using O(s) words of workspace).

Finally, in Section 5, we use the s-workspace algorithm as a base in a novel pipelined
fashion to compute the family of all Voronoi diagrams of order 1 to K € O(4/s) in total time
O(@ log'** K - (log s/ log K)°W), for € > 0, using O(s) words of workspace. The main
idea is to compute edges of the different Voronoi diagrams simultaneously. To compute the
edges of a diagram we use edges of the previous order Voronoi diagram. However, this needs
to be coordinated carefully, in order to prevent edges from being reported multiple times.

2 Preliminaries and Notation

Throughout the paper we denote by P = {p1,...,pn} a set of n > 3 sites in the plane.
We assume general position, which here means that no three sites of P lie on a common
line and no four sites of P lie on a common circle. The nearest point Voronoi diagram of
P, NVD(P), is obtained by classifying the points in the plane according to their nearest
neighbors in P. To define our terminology, we recall some classic and well-known properties
of NVD(P) [8, 12]. For each site p € P, the open set of points in R? that have p as their
unique nearest neighbor in P is called the Voronoi cell of p. Each Voronoi edge between two
points p, ¢ € P consists of all points in the plane with p, ¢ as their only two nearest neighbors.
Whenever it exists, the Voronoi edge is a subset of the bisector B(p, q) of p, ¢ defined as the
line containing all points that are equidistant to p and g. Note that our general position
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.\ Cn—l (p)

Figure 1 An illustration of Fact 3.2: if p is on conv(P), we can find a ray that intersects the
boundary of C"~(p).

assumption together with n > 3 guarantees that each Voronoi edge is an open segment or
halfline. Finally, Voronoi vertices are the points in the plane that have exactly three nearest
neighbors in P. By general position, every point in R? is either a Voronoi vertex, or it lies
on a Voronoi edge or in a Voronoi cell. The Voronoi vertices and the Voronoi edges form the
set of vertices and edges of a plane graph whose faces are the Voronoi cells. The complexity
of this graph is O(n).

The farthest point Voronoi diagram of P, FVD(P), is defined analogously. Farthest
Voronoi cells, edges, and vertices are obtained by replacing the term “nearest neighbor”
by the term “farthest neighbor” in the respective definitions. Again, the farthest Voronoi
vertices and edges constitute the vertices and edges of a plane graph of complexity O(n).
However, unlike in NVD(P), in FVD(P) it is not necessarily the case that all sites in P have
a corresponding cell in FVD(P). In fact, the sites with non-empty farthest Voronoi cells
correspond exactly to the sites on the convex hull of P, conv(P). Furthermore, all the cells
in FVD(P) are unbounded, and hence FVD(P), considered as a plane graph, is a tree.

Now for k € {1,...,n — 1}, the Voronoi diagram of order k is obtained by classifying
the points in the plane according to the set of their nearest k£ neighbors in P. We denote
the k-order Voronoi diagram of P by VD¥(P). Observe that NVD(P) = VD!(P) and
FVD(P) = VD" '(P). For each subset Q C P of k sites from P, we denote the Voronoi
cell of order k of Q by C*(Q). We know that VDk(P) is a plane graph of complexity
O(k(n —k)) [8, 23]. For simplicity, the Voronoi cell of p € P in NVD(P) and FVD(P) are
denoted respectively by C1(p) and C"~1(p).

3 A Constant Workspace Algorithm for FVDs and NVDs

We are given a planar n-point set P = {p1,...,p,} in a read-only array, and our task is to
report the edges of NVD(P) and of FVD(P) using only a constant amount of additional
workspace. First, we show how to find a single edge of a cell of NVD(P) or of FVD(P).
Then, we extend this approach to find all the edges of NVD(P) and FVD(P). We summarize
the properties of FVD(P), that are required by our algorithms, in the following two facts.
See, e.g., the book by Aurenhammer, Klein, and Lee [8] for more details.

» Fact 3.1. Let P be a planar n-point set in general position and p € P. The cell C"~*(p)
is empty if and only if p is in the interior of the convex hull of P. If p is on the convex hull
of P and r,l € P are the two adjacent sites of p on conv(P), then both a subset of B(p,l)
and a subset of B(p,r) are unbounded edges of C"~*(p).

» Fact 3.2. Let P be a planar n-point set in general position. Let p € P be on conv(P) and
let I,7 € P be its adjacent sites on conv(P). Let b be the intersection point of B(p,l) and
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B(p,7). Then, the ray v from p towards b intersects the boundary of C"~*(p) (not necessarily
at b); see Figure 1.

» Lemma 3.3. Let P be a planar n-point set in general position in a read-only array. For any
p € P, we can determine whether C"~1(p) is empty, in O(n) time and constant workspace.
Furthermore, if C"~1(p) is not empty, we can find a ray that intersects the boundary of
C"Y(p) in the same time and space.

Proof. By Fact 3.1, it suffices to check whether p lies inside conv(P). This can be done using
simple gift-wrapping: Pick an arbitrary site ¢ € P\{p}. Scan through P and find the sites pey
and peew in P which make, respectively, the largest clockwise angle and the largest counter-
clockwise angle with the ray pq, such that both angles are at most 7. Thus, pcy and peeyw are
easily obtained in O(n) time using constant workspace. If the angle pewppeew (that contains
q) is larger than 7, then p is inside conv(P) and consequently C™~!(p) is empty. Otherwise,
p is on conv(P), and both p.y and pecy are its adjacent sites on conv(P). By Fact 3.2, the
ray from p through B(p, pew) N B(p, Peew) intersects the boundary of C™"~1(p). <

» Lemma 3.4. Let P be a planar n-point set in general position in a read-only array. Suppose
we are given a site p € P and a ray vy that emanates from p and intersects the boundary of
C(p) (or C"L(p)). Then, we can report the edge e of C1(p) (or C™~1(p)) that intersects v,
in O(n) time using O(1) words of workspace.

Proof. For all sites p’ € P, we consider the bisector B(p,p’). Among all these bisectors, we
find the bisector £, that intersects v closest to (farthest from) p. The edge e is a subset of /..
We can find /. by scanning the sites of P and storing the closest (farthest) bisector so far
in each step. To find the portion of ¢, that forms a Voronoi edge in NVD(P) (or FVD(P)),
we do a second scan of P. For any p’ € P we check where B(p,p’) intersects £.. Each such
intersection removes a section from ¢, which cannot appear in NVD(P) (or FVD(P)). From
each infinite side of /., there is at most one intersection that removes the biggest portion
of £, and thus defines the endpoint of e from that side. Thus, in each step we store only the
most restricted intersection from each side (if it exists). Overall, we can find the edge e of
CL(p) (or of C"~1(p)) in O(n) time using O(1) words of workspace. <

» Theorem 3.5. Suppose we are given a planar n-point set P = {p1,...,pn} in general
position in a read-only array. We can find all the edges of NVD(P) (or of FVD(P)) in O(n?)
time using O(1) words of workspace.

Proof. We restate the strategy that was previously used by Asano et al. [6] for NVD(P).
We give the details and show that a similar strategy works for FVD(P).

We go through the sites in P one by one. In step i, we process p; € P to detect all
edges of C1(p;) (or C"~1(p;)). To do this, we first need a ray v to apply Lemma 3.4. For
NVD(P) we choose a ray « from p; to an arbitrary site of P\ {p;}. In this way, we know
that + intersects the boundary of C*(p;). For FVD(P) first check if the Voronoi cell of p; is
non-empty. If so, we use Lemma 3.3 to find a ray v that intersects the boundary of C"~1(p;).
From here on, the algorithms for enumerating the edges of NVD(P) and FVD(P) are similar.
Having the ray v at hand, we use Lemma 3.4 to find an edge e of C'(p;) (or of C"~1(p;)).
We consider the ray 4 from p; to the left endpoint of e (if it exists), and we apply Lemma 3.4
to find the adjacent edge e’ of e in C'(p;) (or in C"~*(p;)). Note that the ray will now
hit both e and €’. This can be fixed by making a symbolic perturbation to v’ so that only
e/ is hit. We proceed in a similar manner to find further edges of C'(p;) (or C"~1(p;)) in
counterclockwise direction. The process continues until we reach e again or until we find an
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unbounded edge of C*(p;) (or of C"~1(p;)). In the latter case, we start again from the right
endpoint of e (if it exists), and we find the remaining edges of C(p;) (or of C"~1(p;)) in
clockwise direction, stopping the process when the current edge is unbounded.

Using this process we detect each edge twice (i.e., edges that are a subset of B(p;,p;)
will be detected when processing p; and p;). To avoid reporting the same edge twice, when
we find an edge e of C*(p;) (or of C"~!(p;)) with e C B(p;,p;) we report e if and only if
i < j. Since NVD(P) (or FVD(P)) has O(n) edges, and reporting one edge takes O(n) time
and O(1) words of workspace, the result follows. <

4  Obtaining a Time-Space Trade-off

Now we adapt the previous algorithm to a time-space trade-off in which we have a workspace
of O(s) variables. As before, we are given a planar n-point set P = {p1,...,p,} in general
position in a read-only array, and we would like to report the edges of NVD(P) or FVD(P) as
quickly as possible. For this, we first show how to find one edge of s different cells of NVD(P)
or FVD(P) simultaneously. After that, we describe how to coordinate these simultaneous
searches to find all the edges of NVD(P) or FVD(P).

» Lemma 4.1. Suppose we are given a set V.= {v1,...,vs} of s sites in P, and for each
i=1,...,8, aray v; emanating from v; such that v; intersects the boundary of C*(v;) (or
FVD(P)). Then we can report for each i = 1,...,s, the edge e; of C*(v;) (or FVD(P)) that
intersects v;, in O(nlogs) total time using O(s) words of workspace.

Proof. For ease of reading we provide the proof only for NVD(P) (the proof for FVD(P) is
obtained by simply replacing NVD(P) by FVD(P)). The algorithm has two phases. In the
first phase, for ¢ = 1,...,s, we find the line ¢; that contains e;, and in the second phase, for
i=1,...,s, we find the portion of ¢; which is in NVD(P), i.e., we find the endpoints of e;.

The first phase proceeds as follows: we select the first batch Q1 = {p1,...,ps}, of s sites
of P, and we compute NVD(V U Q7). Since V U @1 has O(s) sites, we can compute it in
O(slog s) time using O(s) workspace. Now, fori = 1,... s, we find the edge e, € NVD(VUQ)
of the cell of v; that intersects ;, we store the line spanned by €} in ¢;, and proceed to the
next batch of s sites. In general in step j, for j =1,...,n/s, we select ); which is the 5th
batch of s sites of P, and we compute NVD(V U Q;). Then, for i =1,...,s, we find the
edge of the cell of v; in NVD(V U Q;) that intersects ;. We update ¢; to the line spanned
by this new edge only if it intersects =y; closest to v;.

We claim that after all n/s batches of P have been scanned, ¢; is the line that contains
the edge of C'(v;) that intersects ;. To see this, recall that the edge e; in NVD(P) lies
on a bisector between v; and another site p € P\ {v;}. Thus, this line is among the lines
considered in NVD(V U Q;), for j =1,...,n/s.

In the second phase, we again process P in batches of size s. In the first step, we take
the first batch of s sites of P, Q1 = {p1,...,ps}, and we again compute NVD(V U @Q;). For
i=1,...,s, we find the portion of ¢; inside the cell of v; in NVD(V U Q;), and we store
it in e;. In step j, for j = 1,...,n/s, we select Q;, the 4t batch of s sites of P, and we
compute NVD(V UQ);). For i =1,...,s, we update the endpoints of e; (the new e; is simply
the intersection of the previous e; and the cell of v; in NVD(V U Q;)). At the end of step
j, the variable e; represents the best candidate that we have found so far. In other words,
e; contains the portion of ¢; whose nearest site is v; (among the sites V' Uizl Q). Further
note that, due to the Voronoi properties, e; is a connected subset of ¢; (that is, a ray or a
segment). In particular, it can be described with its at most two endpoints. Thus, after n/s
steps, e; is the edge of C*(v;) that intersects ;.
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In each step of each phase, we construct a Voronoi diagram in O(slogs) time using O(s)
workspace. Since the total number of steps is n/s, the running time of the algorithm is
O(nlogs). At each step we store only O(s) sites (and a constant amount of information on
each site), so the space bounds are not exceeded. |

Now we can describe our algorithm. We repeatedly use Lemma 4.1 to find an edge of s
different sites at once. Once all edges of a site have been found, it is discarded and we
proceed to the next one. Since the Voronoi diagram has O(n) edges and at each iteration we
find s edges, after O(n/s) steps, fewer than s sites will remain to be processed. At this step
we stop using Lemma 4.1. We do so because if the number of edges remaining to be found for
each site is unbalanced, we cannot afford to continue using Lemma 4.1 (each iteration will
still cost O(nlog s) to execute but o(s) edges would be found). Instead, we will treat these
remaining sites differently. We say that a site is small if all of its edges are found while using
Lemma 4.1, and big otherwise. By the way in which our algorithm works, small sites have
O(n/s) edges in their Voronoi cell, but big ones may have many edges (if they are among
the last sites to be processed they do not have necessarily many edges).

Our algorithm has three phases. In the first phase we process the whole input to detect
which sites are the big ones (no edge will be reported in this phase). The second phase scans
the input again and reports all edges that belong to a bisector between a small site and some
other site. The third and final phase reports edges between two big sites.

First phase. Recall that the aim of this phase is to identify the big sites. We describe how
we use Lemma 4.1 in more details. We want to scan all sites whose associated Voronoi cell

is nonempty. For NVD(P), this is trivial since all sites have a nonempty cell in NVD(P).

Hence, it suffices to scan them sequentially. The starting ray can be constructed in the
same way as in Theorem 3.5. If we are interested in computing FVD(P) instead, we use the
algorithm of Darwish and Elmasry [18]. This algorithm reports all sites that belong to the
convex hull of P in O(%) time using O(s) words of workspace. Sites are reported one by
one in clockwise order along the convex hull. Thus, we will use the output of the algorithm
of Darwish and Elmasry as our input instead: we run their algorithm storing any sites that
would be reported. Whenever we gathered s sites, we pause the execution of the convex hull
computation and process those sites. Whenever more sites are needed, we simply resume the
execution of the convex hull algorithm. Since sites are reported in clockwise order, whenever
a site is reported we know both of its neighbors. This allows us to use Fact 3.2 to find a
starting ray for each site.

Regardless of the order in which we process the sites, we keep s sites from P in memory.

Now we apply Lemma 4.1 to compute, for every site in memory, one edge of its cell. Once the
edge is computed, as in Theorem 3.5, we update the rays to look for the next edge of each
cell. Whenever all edges of a cell have been found we remove the corresponding site from
memory, and we insert the next site from P into the working memory. Since the Voronoi
diagram has O(n) edges, and at each iteration we find s edges, after O(n/s) steps, fewer
than s sites remain in memory, and all the other sites of P have been processed.

When the first phase of the algorithm ends, we identified the big sites (those remaining
to be processed). Since they cannot be more than s, we store them explicitly sorted (say, in

increasing index) in a table B so that membership queries can be answered in O(log s) time.

9:7
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Second phase. The second phase is very similar to the first one!: pick s sites to process,
use Lemma 4.1 to find an edge for each site, once all edges of a site have been found, replace
it with another site, and continue until only big sites remain. The main difference is that
we now report every edge of the diagram that we compute provided that (7) it does not lie
on a bisector between two big sites, and (i¢) it has not been reported before. The second
condition is detected as follows: suppose while scanning the cell of v; we find an edge e that
lies on the bisector of v; and vj. We report e only if either (iia) both v; and v; are small
sites and 7 < j, or (#ib) v; is a small site and v; is a big site.

Third phase. The aim of the third phase is to report every edge of the diagram that is on
the bisector between two big sites. For this, we compute the Voronoi diagram of the big sites
in O(slogs) time. Let Ep denote the set of its edges. The edges of Ep that are also present
in the Voronoi diagram of P are the ones that need to be reported (note that possibly only a
portion of these edges need to be reported).

In order to confirm which edges of Fp remain in the diagram we proceed in a similar way
as the second scan of Lemma 4.1: in each step we compute the Voronoi diagram of B and a
batch of s sites of P. For any edge of EFp, we check whether it is cut off in the new diagram.
If so, we update its endpoints in E'g and we continue with the next batch of s sites of P.
After processing all the sites of P, the remaining O(s) edges in Ep that have not become
empty constitute all the edges of the Voronoi diagram of P which are on a bisector of two
big sites. Notice that in this procedure, in contrast to Lemma 4.1, we report O(s) edges that
are not necessarily incident to s different cells.

» Theorem 4.2. Let P = {p1,...,pn} be a planar n-point set in general position stored in a
read-only array. We can report edges of NVD(P) (or FVD(P)) in O((n?/s)logs) time using
O(s) words of workspace.

Proof. Lemma 4.1 certifies that edges reported in the second phase are part of NVD(P) (or
FVD(P)). Also, conditions (iia) and (#b) make sure that no edge is reported more than once.
The reasoning for edges reported in the third phase is similar. Clearly, if an edge e € NVD(P)
(or e € FVD(P)) is between two big sites, the same edge (possibly a superset) must also be
present in NVD(B) (or FVD(B)). The reverse inclusion follows from exhaustiveness: for
each edge of NVD(B) (or FVD(B)) we consider all sites of P and for each one, we remove
only the portion of the edge that is on the wrong side of the bisector.

Now we argue about running time. Computationally speaking, the most expensive part
of the algorithm is in the O(n/s) executions of Lemma 4.1 that are done in the first and
second phases. Other than that, creating table B needs O(slog s) time, and we make O(n)
lookups in B, two per edge of NVD(P) (or FVD(P)). Each lookup needs O(log s) time, so
O(nlog s) in total. The third phase makes a single scan of the input, thus it takes O(nlog s)
time. For the Farthest Voronoi algorithm we also compute the vertices of the convex hull
using the approach of Darwish and Elmasry [18] for which the running time is o((n?/s) log s),
so non-critical.

During the execution of the algorithm we store only s sites that are currently being
processed (along with O(1) information attached to each of them), the structure B of less
than s big sites, the batch of s sites being processed (and its associated Voronoi diagram).
All of this can be stored using O(s) words of workspace, as claimed. <

! Indeed, the first and second phases are so similar that they can be merged. However, as we will see
afterwards, this is not possible for higher order Voronoi diagrams. Thus, for coherence we split the
phases even for the k = 1 case.
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5 Higher-Order Voronoi Diagrams

We now consider the case of higher-order Voronoi diagrams. More precisely, we are given an
integer K € O(4/s), and we would like to report the edges of all Voronoi diagrams of order
up to K. For this, we generalize our approach from the previous section, and we combine
it with a recursive procedure: for k =1,..., K — 1, we compute the edges of VDk+1(P) by
using previously computed edges of VDk(P). To make efficient use of available memory,
we perform the computations of VDk(P) in a pipelined fashion, so that in each stage, the
necessary edges of the previous Voronoi diagram are available.

We begin with some preliminary remarks. We call a cell C' of VD*(P) a k-cell, and we
represent it as the set of k sites that are closest to all points in C. Similarly, we call a vertex
v of VDk(P) a k-vertex, and we represent it as a set of k42 sites of P, namely k —1 sites that
are closest to v, and the three sites that come next in the distance order and are equidistant
to v. Finally, the edges of VDk(P) are called k-edges. We represent them in a somewhat
unusual manner: each edge of VDk(P) is split into two directed half-edges, such that the
half-edges are oriented in opposing directions and such that each half-edge is associated with
the k-cell to its left. A half-edge e is represented by k + 3 sites of P: the k — 1 sites closest to
e, the two sites that come next in the distance order and are equidistant to e, and two more
sites needed to define the vertices at the endpoints of e. The order of the vertices encodes
the direction of the half-edge. The half-edge is directed from the tail vertex to the head
vertex. We will need several well-known properties of higher-order Voronoi diagrams: (I)
let Q1,Q2 C P be two k-subsets such that the k-cells C*(Q;) and C*(Q3) are non-empty
and adjacent (i.e., share an edge €). Then, the set Q = Q; U Q5 has size k + 1, and C*+1(Q)
is a non-empty (k + 1)-cell [23]. (II) Let @ C P be a (k + 1)-subset such that C**1(Q) is
non-empty. Then, the portion of VD*(P) restricted to C*+1(Q) is identical to (i.e., has the
same vertices and edges as) the portion of FVD(Q) restricted to C**1(Q). Furthermore, the
edges of FVD(Q) in C**1(Q) do not intersect the boundary, but their endpoints either lie
in the interior of C**1(Q) or coincide with vertices of C¥*1(Q). Hence, every (k + 1)-cell
contains at most O(k + 1) k-edges and at least one k-edge, and these edges form a tree [23].
(IIT) Every k-vertex is either also a (k — 1)-vertex or also a (k+ 1)-vertex. In particular, every
vertex appears in exactly two Voronoi diagrams of consecutive order. We call a k-vertex old,
if it is also a (k — 1)-vertex, and new otherwise. (All 1-vertices are new).

Next, we describe a procedure to generate all (directed) (k + 1)-half-edges, assuming that
we have the k-half-edges at hand. Later, we will combine these procedures in a space-efficient
manner. At a high level, our idea is as follows: let e be a k-half-edge. By property (II),
the half-edge e lies inside a (k + 1)-cell C. We will see that we can use e as a starting
point to report all half-edges of C, similarly as in Lemma 4.1. However, if we repeat this
procedure for every k-half-edge, we may report a (k + 1)-half-edge Q(k) times. This will lead
to problems when we combine the algorithms for computing the different orders. To avoid
this, we do the following. We call a k-half-edge relevant if its tail vertex lies on the boundary
of the (k + 1)-cell that contains it. For each (k + 1)-cell C, we partition the boundary of C
into intervals of (k + 1)-half-edges that lie between two consecutive tail vertices of relevant
k-half-edges. We assign each interval to the relevant k-half-edge of its clockwise endpoint.
Now, our algorithm goes through all k-half-edges. If the current k-half-edge e is not relevant,
the algorithm does nothing. Otherwise, it reports the (k + 1)-half-edges of the interval
assigned to e. This ensures that every half-edge is reported exactly once. As in the previous
section, we distinguish between big and small cells in VD*T!(P), lest we spend too much
time on cells with many incident edges. A more detailed description follows below.

9:9
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The following lemma describes an algorithm that takes s k-half-edges and for each of
them either determines that it is not relevant or finds the first edge of the interval of
(k + 1)-half-edges assigned to it.

» Lemma 5.1. Suppose we are given s different k-half-edges ¥, ... e¥ represented by the
subsets E1,...,Es of P. There is an algorithm that, for i = 1,... s, either determines
that ¥ is not relevant, or finds ef“, the first (k + 1)-edge of the interval assigned to eF.
The algorithm takes total time O(nklog' €k - (logs/log k)°M) and uses O(ks) words of
workspace.

Proof. Our algorithm proceeds analogously to Lemma 4.1. First, we inspect all k-half-edges
ek. If the additional site defining the tail vertex of e¥ is one of the k + 1 sites defining e¥
(i.e., the sites which are closest in the distance order to e¥), then the tail vertex of e lies in
the interior of a (k 4 1)-cell, and the edge is not relevant. Otherwise, the tail vertex will be
an old (k + 1)-vertex, and we need to determine the first (k 4+ 1)-half-edge for the interval
assigned to ef. Let I be the set of all indices i such that e is relevant.

To determine the first half-edge of each interval, we process the sites in P in batches of size
s. In each iteration, we pick a new batch Q of s sites. Then, we construct VD¥*? (Uiel E;U Q)
in O(sklog'*® k- (log s/ log k)°(")) time [15]. By construction, the tail vertex of each e with
i € I belongs to the resulting diagram. Thus, we iterate over all batches, and for each e¥, we
determine the edge fik‘*'l that appears in one of the resulting diagrams such that (i) fik"'l
is incident to the tail vertex of e¥; (ii) f*™! is to the right of the directed line spanned by
ef; and (iii) among all such edges, ™! makes the smallest angle with ef. We need O(n/s)
iterations to find f¥*1. Now, for each i € I, the desired (k + 1)-half-edge e¥** is a subset of
fik'*'l. Thus, as in Lemma 4.1, we perform a second scan over P to find the other endpoint
of eF!. We orient e¥! such that the cell containing e lies to the left of it.

It follows that we can process s edges of VD¥(P) in O(nklog' ™ k- (log s/ log k)°M)) time
using a workspace with O(ks) words to store the s different subsets for the edges. |

The algorithm from Lemma 5.1 is actually more general. If, instead of a k-half-edge e/
that lies inside a (k + 1)-cell C, we have a (k + 1)-half-edge ™! that lies on the boundary
of C, the same method of processing P in batches of size s allows us to find the next
(k4 1)-half-edge incident to C' in counterclockwise order from ei-”l. These two kinds of edges
can be handled simultaneously.

» Corollary 5.2. Suppose we are given s half-edges e1,...,es such that each e; is either
a k-half-edge or a (k + 1)-half-edge. Then, we can find in total time O(nklog' ™k -
(logs/1ogk)°M) and using O(ks) words of workspace a sequence fi,...,fs of (k4 1)-
half-edges such that, fori=1,...,s, we have

1. if e; is a relevant k-half-edge, then f; is the first (k + 1)-half-edge of the interval for e;;
2. if e; is k-half-edge-that is not relevant, then f; =1; or

3. if e; is a (k+ 1)-half-edge, then f; is the counterclockwise successor of e;.

» Lemma 5.3. Using two scans over all k-half-edges, we can report the (k + 1)-half-edges in

batches of size at most s such that each (k + 1)-half-edge is reported exactly once. This takes
27,2

O(% log' ™ & - (log s/ log k;)o(l)) time using O(ks) words of workspace.

Proof. The algorithm consists of three phases: In the first phase, we keep s half-edges
e1,-..,es such that each e; is either a k-half-edge or a (k + 1)-half-edge. In each iteration, we
apply Corollary 5.2 to these half-edges, to obtain s new (k+ 1)-half-edges fi, ..., fs. Now, for
each i = 1,...,s, three cases apply: (i) f; =L, i.e., e; was not relevant. In the next iteration,
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we replace e; with a fresh k-half-edge; (ii) f; #L1. Now we need to determine whether f; is
the last half-edge of its interval. For this, we check whether the head vertex of f; is a new
(k + 1)-vertex. As in Lemma 5.1, this can be done by checking whether the additional site
that determines the head vertex of f; is among the k + 2 sites determining f;. If f; is not
the last half-edge of its interval, we set e; to f; for the next iteration; otherwise, we set e; to
a fresh k-half-edge. We repeat this procedure until there are no fresh k-half-edges left.

The remaining k-half-edges in the working memory are incident to the big (k + 1)-cells.
We store them in an array B**!, sorted according to the lexicographic order of the indices
of their sites. We emphasize that in the first phase, we do not report any (k + 1)-edge.

In the second phase, we repeat the same procedure as in the first phase. However, this
time we report (i) every (k4 1)-half-edge incident to a small (k + 1)-cell; and (ii) the opposite
direction of every (k + 1)-half-edge e incident to a small (k + 1)-cell, so that the (k4 1)-cell
on the right of e is a big (k + 1)-cell. We use B**! to identify the big cells.

In the third phase we report every (k + 1)-half-edge e that is incident to a big (k 4 1)-cell,
while the (k + 1)-cell on the right of e is also a big (k + 1)-cell. Let {B**!} denote the
sites that define the big (k + 1)-cells. We construct VD**({B*¥+1}) in the working memory.
Then, we go through the sites in P in batches of size s, adding the sites of each batch
to VD™ ({B**+1}). While doing this, as in the algorithm for Lemma 4.2, we keep track
of how the edges of VD*™!({B¥*1}) are cut by the new diagrams. In the end, we report
all (k 4 1)-edges of VD*T1({B**+11) that are not empty. By report, we mean report two
(k 4+ 1)-half-edges in opposing directions. As we explained in the algorithm for Lemma 4.2,
these (k 4+ 1)-half-edges cover all the (k + 1)-half-edges incident to a big (k + 1)-cell, while
their right cell is also a big (k + 1)-cell.

Regarding the running time, the first and the second phase consists of O(nk/s) applications
of Corollary 5.2 which takes O(# log' "¢ k - (log s/ log k)o(l)) time. Sorting the big (k+ 1)-
cells in B¥*1 takes O(ks(logk + log s)) steps: we sort the indices of the sites of each big
(k 4+ 1)-cell in O(klogk) steps. Then we sort the big cells, where each comparison in the
lexicographic order requires O(k) steps, for a total of O(kslog s) steps.

A query in B**! takes O(klogk + log s) time: given a query (k + 1)-cell C' we sort its
indices in O(klogk) time. Then we use binary-search to find cells in B¥*! with the same
first index as C. Among these, we continue the binary-search with comparing the second
indices, and so on. Thus, in each step we compare only one index of two (k + 1)-cells, and
either the size of search set is halved, or the search continues with the next index of C'. Thus,
searching a cell C' with sorted index in B**! requires O(k + log s) time.

The algorithm performs at most two searches in B**! per each (k + 1)-half-edge, for a
total of O(nk) edges. In the third phase, constructing a (k + 1)-order Voronoi diagram of
O(ks) sites takes O(sklog'™ k - (log s/ log k)°() time. We repeat it O(n/s) times, which
takes O(nklog' ™ k - (log s/ log k)°(M)) time in total.

Overall, the running time of the algorithm simplifies to O(@ log' ™ k- (log s/ log k)©W).
The algorithm uses a workspace of O(sk) words, for running Corollary 5.2, for storing big
(k + 1)-cells and for constructing Voronoi diagrams of size O(ks). <

Now, in order to find k-half-edges for all £k = 1,..., K, we proceed as follows: first,
we compute s 1-edges (notice that we report every l-edge as two 1-half-edges in opposing
directions). Then, we apply Lemma 5.3 in a pipelined fashion to obtain k-half-edges for
all k = 2,..., K. In each iteration, the algorithm from Lemma 5.3 consumes at most s
k-half-edges from the previous order and produces at most 2s (k + 1)-half-edges to be used at
the next order. This means that if we have between s and 3s new k-half-edges available in a
buffer, then we can use them one by one whenever the algorithm for computing k-half-edges

9:11
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Figure 2 This diagram shows the algorithm in stage k. For i = 1,..., K, Algo i is the algorithm
for computing i-edges. The roman numerals I, IT and III refer, respectively, to the first, second and
third phase of Algo i. The white and the tiled rectangles are, respectively, active and inactive parts
in stage k of the main algorithm. E, E and B’ indicate memory cells, and they are, respectively,
the working memory of Algo 4, the buffer for i-edges, and the big i-cells. The algorithm in stage k,
does not use the tiled memory cells, and it uses the gray ones only for reading the data that has
been produced in previous stages. The arrows show reading from or writing to memory cells, and
the dashed arrows are inactive in stage k. In stage k, all the k-half-edges are reported and the big
(k + 1)-cells are inserted into B*! for being used in the next stages.

in Lemma 5.3 requires such a new k-half-edge. Whenever a buffer falls below s half-edges,
we run the algorithm for the previous order until the buffer size is again between s and 3s.
Applying this idea for all the orders k =1,..., K — 1, we need to store K — 1 buffers, each
containing up to 3s half-edges for the corresponding diagram. Furthermore, for each diagram,
we need to store the current workspace required by the algorithm to produce new edges (as
in Lemma 5.3). Since a k-edge is represented by O(k) sites from P, the buffer for k-edges
requires O(ks) words of memory. We denote it by El’f. Furthermore, by Lemma 5.3, the new
k-edges can be found using O(ks) words of workspace, which we denote by E¥.

» Theorem 5.4. Let K € O(\/s) and P = {p1,...,pn} be a planar n-point set in general

position, given in a read-only array. We can report all the edges of VDl(P), e 7VDK(P) in
2 6

O(% log'*® K - (log s/ log K)O(l)) time using a workspace of size O(s).

Proof. We compute the half-edges of VD'(P),..., VD (P) simultaneously, in a pipelined
fashion. For k& = 1 we use the algorithm of Theorem 4.2 and for k£ = 2,..., K, we run
the algorithm from Lemma 5.3 to compute k-edges. The algorithm for computing VDk(P),
has its own working memory, denoted by E¥ and an output buffer EF. In addition, it has
an array B* to store the big k-cells for being used in the second and third phase of the
algorithm. Each of these arrays should be able to store O(s’) half-edges and cells of VD*(P),
for s’ = s/K?2. Since we need O(k) sites to represent a k-half-edge or a k-cell, the total space
requirement for all algorithms is O(s).

We now describe how the simultaneous algorithms interact. Our algorithm works in
stages. In stage 0, we perform only the first phase of Theorem 4.2, to find the O(s’) big cells
of VDl(P)7 and we store them in B'. Now we know the big 1-cells. Then, in stage 1, we
perform the second phase of Theorem 4.2 to find and report the half-edges of VDl(P) in
batches of size at most 25, and we store these 1-half-edges in E}. Whenever we have at least
s' half-edges in E}, we pause the algorithm of Theorem 4.2, and we perform the first phase
of Lemma 5.3 to find half-edges of VD?(P) with E} as input. Whenever the algorithm for
VD?(P) requires new 1-half-edges, and the buffer E} falls below s’ half-edges, we continue
running the algorithm for VD!(P). When the algorithm for VD?(P) has consumed all
1-half-edges and there are less than s’ half-edges in E2, then we stop the algorithm for
VD?(P) . The half-edges in E2 represent the big cells of VD?(P), and we store them in B2
This concludes stage 1.
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In general, in stage k of the algorithm, we identified the big cells B!, ..., B* of the first
k diagrams. We perform the second and the third phase of Theorem 4.2 and Lemma 5.3 in a
pipelined fashion to generate the half-edges of VD'(P),..., VD*(P) and store them in the
buffers E}, ..., Ef. We report the half-edges of VDk(P) and if k # K, we also use E,f as an
input of the first phase of Lemma 5.3, which gives us B**! for the next stage; see Figure 2.
Using this procedure, we report every half-edge of VD'(P),..., VD¥(P) exactly once.

Regarding the running time, in each stage k = 1,..., K, we have to compute all diagrams
VD!(P),...,VDF(P), using Lemma 5.3. This takes O(@ log' ¢ k- (log s’/ log k)©W) time.
The running time for stage 0 is negligible. The complete algorithm takes O(”i—{(4 log' ™* K -
(log s’/ log K)O(l)) time, which is O(@ log'™* K - (log s/ logK)O(l)), in terms of 5. <«
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1 Introduction

Recent technological progress in robotics allows the mass production of inexpensive mobile
robots which can be used to perform a variety of tasks autonomously without the need
for human intervention. This gives rise to a variety of algorithmic problems for teams of
autonomous robots, hereafter called mobile agents. We consider here the delivery problem of
moving some objects or messages between various locations. A mobile agent corresponds
to an automated vehicle that can pick up a message at its source and deliver it to the
intended destination. In doing so, the agent consumes energy proportional to the distance
it travels. Our goal is to design a centralized algorithm for the agents such that the total
energy consumed is minimized.

In general the agents may not be all identical; some may be more energy efficient than
others if they use different technologies or different sources of power. We assume each agent
has a given weight which is the rate of energy consumption per unit distance traveled by this
agent (here we use the term weights, since the rates are weights of the objective function).
Moreover, the agents may start from distinct locations. Thus it may be sometimes efficient
for an agent to carry the message to some intermediate location and hand it over to another
agent which carries it further towards the destination. On the other hand, an agent may
carry several messages at the same time. Finding an optimal solution that minimizes the
total energy cost involves scheduling the moves of the agents and the points where they pick
up or handover the messages. We study this problem (called WEIGHTEDDELIVERY) for a
graph G which connects all sources and destinations. The objective is to deliver m messages
between specific source-target pairs using k agents located in arbitrary nodes of G. Note that
this problem is distinct from the connectivity problems on graphs or network flow problems
since the initial location of the agents are in general different from the sources where the
messages are located, which means we need to consider the cost of moving the agents to the
sources in addition to the cost of moving the messages. Furthermore, there is no one-to-one
correspondence between the agents and the messages in our problem.

Previous approaches to energy-efficient delivery of messages by agents have focused on
a bottleneck where the agents have limited energy (battery power) which restricts their
movements [1, 8]. The decision problem of whether a single message can be delivered without
exceeding the available energy for any agent is known as the DataDelivery problem [9] or
the BudgetedDelivery problem [4] and it was shown to be weakly NP-hard on paths [9] and
strongly NP-hard on planar graphs [4].

Our Model. We consider an undirected graph G = (V, E). Each edge e € F has a cost (or
length) denoted by .. The length of a simple path is the sum of the lengths of its edges.
The distance between nodes u and v is denoted by dg(u,v) and is equal to the length of
the shortest path from u to v in G. There are k mobile agents denoted by a,...a; and
having weights w1, ...wy. These agents are initially located on arbitrary nodes p1, ..., px of
G. We denote by d(a;,v) the distance from the initial location of a; to node v. Each agent
can move along the edges of the graph. Each time an agent a; traverses an edge e it incurs
an energy cost of w; - .. Furthermore there are m pairs of (source, target) nodes in G such
that for 1 < i < m, a message has to be delivered from source node s; to a target node ¢;.
A message can be picked up by an agent from any node that it visits and it can be carried
to any other node of G, and dropped there. The agents are given a capacity x which limits
the number of messages an agent may carry simultaneously. There are no restrictions on
how much an agent may travel. We denote by d; the total distance traveled by the j-th
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E o~ An optimal, feasible schedule:
mq ay, w1=2 S1 2 u 2 t2

(ah S§1,M71, +)a (a‘27 52,12, +)7 (0,17 U ,my, _)7
E ﬁ (a27u 7m27_)>(a17u7m27+)7(a17t2>m27_)a
Mz a2, w2=3 S2 t (az,u ,m1,+), (az,t1, my, —)

Figure 1 Example of an optimal, feasible schedule for two messages and two agents.

agent. WEIGHTEDDELIVERY is the optimization problem of minimizing the total energy
Z§=1 w; - dj needed to deliver all messages.

A schedule S describes the actions of all agents as a sequence (ordered list) of pick-up
actions (aj,p, m;,+) and drop-off actions (a;, g, m;, —), where each such tuple denotes the
action of agent a; moving from its current location to node p (node ¢) where it picks up
message m,; (drops message m;, respectively). A schedule S implicitly encodes all the pick-up
and drop-off times and it is easy to compute its total energy use of cosT(S) := 2521 w;d;.
We denote by S|,; the subsequence of all actions carried out by agent a; and by S|, the
subsequence of all actions involving pick-ups or drop-offs of message m;. We call a schedule
feasible if every pick-up action (_,p,m;, +), p # s, is directly preceded by a drop-off action

(_,p,m;,—) in S|, and if all the messages get delivered, see Figure 1.

Our Contribution. Solving WEIGHTEDDELIVERY naturally involves simultaneously solving
three subtasks, collaboration, individual planning, and coordination: First of all, if multiple
agents work on the same message, they need to collaborate, i.e., we have to find all intermediate
drop-off and pick-up locations of the message. Secondly, if an agent works on more than
one message, we have to plan in which order it wants to approach its subset of messages.
Finally, we have to coordinate which agent works on which subset of all messages (if they
do this without collaboration, the subsets form a partition, otherwise the subsets are not
necessarily pairwise disjoint). Even though these three subtasks are interleaved, we investigate
collaboration, planning and coordination separately in the next three sections. This leads us
to a polynomial-time approximation algorithm for WEIGHTEDDELIVERY, given in Section 5.

In Section 2 we consider the Collaboration aspect of WEIGHTEDDELIVERY. We first
present a polynomial time solution for WEIGHTEDDELIVERY when there is only a single
message (m = 1). The algorithm has complexity O(]V|?) irrespective of the number of
agents k. In general, we show that any algorithm that only uses one agent for delivering
every message cannot achieve an approximation ratio better than what we call the benefit of
collaboration (BoC) which is at least 1/In ((1 +1/(2m))™ (1 +1/(2m + 1))). We show this
to be tight for m =1 (where BoC' > 1/1n2) and m — oo (where BoC — 2).

In Section 3 we look at the Planning aspect of WEIGHTEDDELIVERY. Individual planning
by itself turns out to be NP-hard on planar graphs and NP-hard to approximate within a
factor of less than %. On the positive side, we give approximation guarantees for restricted
versions of WEIGHTEDDELIVERY which turn out to be useful for the analysis in Section 5.

In Section 4 we study the Coordination aspect of WEIGHTEDDELIVERY. Even if collabor-
ation and planning are taken care of (i.e., a schedule is fixed except for the assignment of
agents to messages), Coordination also turns out to be NP-hard even on planar graphs. The
result holds for any capacity, including x = 1. This setting, however, becomes tractable if
restricted to uniform weights of the agents.

In Section 5 we give a polynomial-time approximation algorithm for WEIGHTEDDELIVERY

Zj] for kK = 1. Due to the limited space, some proofs

are omitted, but can be found in the full version of the paper [6].

with an approximation ratio of 4 - max
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Related Work. The problem of communicating or transporting goods between sources
and destinations in a graph has been well studied in a variety of models with different
optimization criteria. The problem of finding the smallest subgraph or tree that connects
multiple sources and targets in a graph is called the point-to-point connection problem and
is known to be NP-hard [25]. The problem is related to the more well-known generalized
Steiner tree problem [28] which is also NP-hard. Unlike these problems, the maximum flow
problem in a network [14], puts a limit on the number of messages that can be transported
over an edge, which makes the problem easier allowing for polynomial time solutions. In all
these problems, however, there are no agents carrying the messages as in our problem.

For the case of a single agent moving in a graph, the task of optimally visiting all nodes,
called the Traveling salesman problem or visiting all edges, called the Chinese postman
problem have been studied before. The former is known to be NP-hard [2] while the latter
can be solved in O(|V|?|E|) time [13]. For metric graphs, the traveling salesman problem has
a polynomial-time $-approximation for tours [10] and for paths with one fixed endpoint [18].
For multiple identical agents in a graph, Demaine et al. [12] studied the problem of moving
the agents to form desired configurations (e.g. connected or independent configurations) and
they provided approximation algorithms and inapproximability results. Bilo et al. [7] studied
similar problems on visibility graphs of simple polygons and showed many motion planning
problems to be hard to approximate.

Another optimization criteria is to minimize the maximum energy consumption by any
agent, which requires partitioning the given task among the agents. Frederickson et al. [17]
studied this for uniform weights and called it the k-stacker-crane problem and they gave
approximation algorithms for a single agent and multiple agents. Also in this minmax context,
the problem of visiting all the nodes of a tree using k agents starting from a single location
is known to be NP-hard [16]. Anaya et al. [1] studied the model of agents having limited
energy budgets. They presented hardness results (on trees) and approximation algorithms
(on arbitrary graphs) for the problem of transferring information from one agent to all others
(Broadcast) and from all agents to one agent (Convergecast). For the same model, message
delivery between a single s-t node pair was studied by Chalopin et al. [8, 9, 4] as mentioned
above. A recent paper [11] shows that these three problems remain NP-hard for general
graphs even if the agents are allowed to exchange energy when they meet.

2 Collaboration

In this section, we examine the collaboration of agents: Given for each message m; all the

agents a;1, a2, .. .,a;; which at some point carry the message, we need to find all pick-
up and drop-off locations (handovers) hq,...,h, for the schedule entries (a;1, ,m;,+),
(ai1, _ymi,—)y ooy (@iz, _,my, —). Note, that in general we can have more than two action

quadruples (a;;, ,m;,+/—) per agent a;;. When there is only a single message overall
(m = 1), we will use a structural result to tie together WEIGHTEDDELIVERY and Collaboration.
For multiple messages, however, this no longer holds: In this case, we analyze the benefit we
lose if we forgo collaboration and deliver each message with a single agent.

2.1 An Algorithm for WeightedDelivery of a Single Message

» Lemma 1. In any optimal solution to WEIGHTEDDELIVERY for a single message, if the
message is delivered by agents with weights wy,wa, ... wy, in this order, then

(i) w; > w; wheneveri < j, and

(i) without loss of generality, w; # w; for i # j.



A. Bartschi, J. Chalopin, S. Das, Y. Disser, D. Graf, J. Hackfeld, and P. Penna

Figure 2 Lower bound construction for the benefit of collaboration.

Hence there is an optimal schedule S in which no agent a; has more than one pair of
pick-up/drop-off actions.

» Theorem 2. An optimal solution of WEIGHTEDDELIVERY of a single message in a graph
G = (V,E) with k < |V| agents can be found in O(|V|*) time.

Proof. We use the properties of Lemma 1 to create an auxiliary graph on which we run
Dijkstra’s algorithm for computing a shortest path from s to ¢. Given an original instance of
single-message WEIGHTEDDELIVERY consisting of the graph G = (V, E), with s,t € V, we
obtain the auxiliary, directed graph G’ = (V', E’) as follows:

For each node v € V and each agent a;, there is a node v,,; in G’.

Furthermore G’ contains two additional vertices s and t.

For 1 < ¢ <k, there is an arc (s, $q,) of cost w; - dg(pi, s) and an arc (t4,,t) of cost 0.

For (u,v) € £ and 1 < i < k, there are two arcs (uq,,va,) and (vq;, tq,) of cost w; - I(y )

For u € V and agents a;,a; with w; > wj, there is an arc (uq,, uq,;) of cost w; - dg(p;, u).
Note that any solution to the WEIGHTEDDELIVERY that satisfies the properties of Lemma 1
corresponds to some s-t-path in G’ such that the cost of the solution is equal to the length of
this path in G’ and vice versa. This implies that the length of the shortest s-t path in G’ is the
cost of the optimal solution for WEIGHTEDDELIVERY in G. Assuming that k < |V|, the graph
G’ has |V| -k +2 € O(|V|?) vertices and at most 2k + (k2|V| + |V|?k)/2 — |V| -k € O(|V|?)
arcs. The edge-costs of the graph G’ can be computed in O(|V|?) time if we use the Floyd
Warshall all pair shortest paths algorithm [15, 27] in G. Finally, we compute the shortest
path from s to ¢ in G’ in time O(|V|?), using Dijkstra’s algorithm with Fibonacci heaps. <

Unfortunately, the structural properties of Lemma 1 do not extend to multiple messages.

In the next two subsections we investigate how the quality of an optimal solution changes if
we only allow every message to be transported by one agent. Different messages may still
be transported by different agents and one agent may also transport multiple messages at
the same time as long as the number of messages is at most the capacity x. To this end we
define the Benefit of Collaboration as the cost ratio between an optimal schedule OPT and a
best-possible schedule without collaboration S, BOC = ming cosT(S)/cosT(OPT).

2.2 Lower Bound on the Benefit of Collaboration

» Theorem 3. On instances of WEIGHTEDDELIVERY with agent capacity x and m messages,
an algorithm using one agent for delivering every message cannot achieve an approximation
ratio better than 1/In ((1+1/(2r))" (1 +1/(2r +1))), where r := min{x, m}.

Proof. Counsider the graph G = (V, E) given in Figure 2, where the length [, of every edge e
is 1/n. This means that G is a star graph with center vy, and r + 1 paths of total length
1 each. We have r messages and message ¢ needs to be transported from v; o to vy, 2, for
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i =1,...,7. There further is an agent a; ; with weight w; ; = Wfi’]"/n starting at every vertex
v; j for (2,7) € {1,...,7} x{0,...,n =1} U{0} x {n,...,2n}.
We first show the following: If any agent transports s messages i1, ...,is from v;, o to

Vo,2n, then this costs at least 2s. Note that this implies that any schedule .S for delivering
all messages by the agents such that every message is only carried by one agent satisfies
CcOST(S) > 2r.

So let an agent a;; transport s messages from the source to the destination wvg op.
Without loss of generality let these messages be 1, ..., s, which are picked up in this order.
By construction, agent a; ; needs to travel a distance of at least % to reach message 1, then
distance 1 to move back to vy, then distance 2 for picking up message 7 and going back to
Vo, for i =2,..., s, and finally it needs to move distance 1 from vy ,, to vg 2,. Overall, agent
a; ; therefore travels a distance of at least 2s 4 % The overall cost for agent a; ; to deliver
the s messages therefore is at least (25 +2)-w; ; = (254 2)- 2T—&2-;/n >(25+2)- 28_%;/” = 2s.

Now, consider a schedule Sco1, where the agents collaborate, i.e., agent a; ; transports
message ¢ from v; j to v; j41 fori=1,...,r, j =0,...,n — 1, where we identify v; , with
vg,n. Then agent ag ; transports all 7 messages from vg j to vg j4+1 for j =n,...,2n —1. This
is possible because r < k by the choice of r. The total cost of this schedule is given by

1 2
COST(Seo1) =7 - / fstep(z)dx +/ fstep(z)d,
0 1

where fgep () is a step-function defined on [0, 2] giving the current cost of transporting
the message, i.e., fsep(z) = 27"-52—# on the interval [j/n,(j + 1)/n) for j = 0,...,2n — 1.
The first integral corresponds to the first part of the schedule, where the r messages are

transported separately and therefore the cost of transporting message ¢ from v; ; to v; j41 is
exactly fj(;zl)/ " fstep(z)dx = % . MQ—W The second part of the schedule corresponds to the
part, where all » messages are transported together by one agent at a time.

Observe that the function f(z) = 2r - m satisfies f(x) > fstep(x) on [0, 2], hence

1 2 1 2
COST(Sco1) < 7’/ f(z)dx —|—/ f(z)dz = 2r <r In(2r — + —|—x)‘0 +In(2r — 1+ Jc)’1>
0 1
=2t () (34)) "o (14 1) (14 54)) -

Thus, the approximation ratio of an algorithm transporting every message by only one agent
is bounded from below by BoC' > ming CCOS& >1/In ((1 + %)T (1 + ﬁ)) . <

0ST(Scol) —

By observing that lim, o 1/In((1+1/(2r))" (1 +1/(2r +1))) = 1/In (e'/?) = 2, we
obtain the following corollary.

» Corollary 4. A schedule for WEIGHTEDDELIVERY where every message is delivered by
a single agent cannot achieve an approximation ratio better than 2 in gemeral, and better
than 1/In2 = 1.44 for a single message.

2.3 Upper Bounds on the Benefit of Collaboration

We now give tight upper bounds for Corollary 4. The following theorem shows that the
benefit of collaboration is 2 in general. We remark that finding an optimal schedule in
which every message is transported from its source to its destination by one agent, is already
NP-hard, as shown in Theorem 8.
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» Theorem 5. Let OPT be an optimal schedule for a given instance of WEIGHTEDDELIVERY.
Then there exists a schedule S such that every message is only transported by one agent and
cosT(S) < 2-cosT(OPT).

Proof Sketch. We may assume (without loss of generality) that the optimal schedule OpT
transports each message along a simple path, and we construct a directed multigraph Gg
with the same set of vertices and an arc for every move of an agent in OPT. We label every

arc by the exact set of messages that were carried during the corresponding move in OPT.

For every arc in Gg we add a backwards arc with the same label.

Obviously, every connected component of Gg is Eulerian, and we claim that any agent
in each component can follow some Eulerian tour that allows to deliver all messages. In
particular, the agent needs exactly twice as many moves as the total number of moves of all
agents in the component in OPT. If we choose the cheapest agent (in terms of weight) in
each component, we obtain a tour with at most twice the cost of OPT.

We compute the Eulerian for the cheapest agent of a component as a combination of
multiple tours, respecting arc labels in the following sense: During every move along a
forward arc, the agent carries the exact set of messages prescribed by the arc label, and
during every move along a backward arc, the agent does not carry any messages. This
ensures that all messages travel along the same path as in OPT. Whenever the agent is at
a vertex v and is missing message ¢ in order to proceed along some path, this means the
current vertex must lie on ¢’s path in OPT, and thus there must be a path of backwards
edges to the current location of i. The agent follows this path and recursively brings the
message back to v. In the process, more recursive calls may be necessary, but we can prove
that there cannot be a circular dependence between messages.

Therefore, the procedure eventually terminates after computing a closed tour. Note
that, so far, the tour is still “virtual” in the sense that the agent didn’t actually move but
merely computed the tour. We remove the tour from Gg, update all message positions,
and recursively apply the procedure starting from the last vertex along the tour that is
still adjacent to untraversed edges. By combining all (virtual) tours that we obtain in the
recursion, we eventually get a Eulerian tour for the agent that obeys all arc labels. This
means that the agent can successfully simulate all moves in OPT while ensuring that it is
carrying the required messages before each move. |

Single Message. For the case of a single message, we can improve the upper bound of 2 on
the benefit of collaboration from Theorem 5, to a tight bound of 1/1In2 =~ 1.44.

The idea of the proof is to use that the weights are non-increasing by Lemma 1. After
scaling appropriately, we assume the message path to be the interval [0, 1] and then choose a
b such that the function ;%1 is a lower bound on the weight of the agent transporting the
message at point x on the message path. The intersection of w;il and the step-function f

representing the weight of the agent currently transporting the message then gives an agent,

which can transport the message with at most (1/1n 2)-times the cost of an optimal schedule.

» Theorem 6. For WEIGHTEDDELIVERY with m = 1, there exists a (1/1n2)-approximation
algorithm using a single agent.

No Intermediate Dropoffs. For the capacities kK = 1 and k = oo, the upper bound of 2 on
the benefit of collaboration still holds if we additionally demand that each message is carried
by its single agent without any intermediate dropoffs. We will make use of this result later
in the approximation algorithm for WEIGHTEDDELIVERY with x = 1 (Section 5).
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S

Figure 3 Finding a Hamiltonian cycle via WEIGHTEDDELIVERY with a single agent. Picking « to
be large enough, e.g. « = |V, allows us to enforce that the agent will end in pj.

» Theorem 7. Let OPT be an optimal schedule for a given instance of WEIGHTEDDELIVERY
with k € {1,00}. Then there exists a schedule S such that (1) every message is only transported
by a single agent, with exactly one pick-up and one drop-off, (ii) cosT(S) < 2. cosT(OPT),
and (iii) every agent a; returns to its starting location p;.

3 Planning

We now look in isolation at the problem of ordering the messages within the schedule of an
agent, which we call Planning. Formally, the Planning aspect of WEIGHTEDDELIVERY is the
following task: Given a schedule S and one of its agents a;, reorder the actions in S|,; in
such a way that the schedule remains feasible and the costs are minimized.

Generally speaking, for a complex schedule with many message handovers, the reordering
options for a single agent a; might be very limited. First of all, we must respect the capacity
of aj, i.e., in every prefix of S|,,, the number of pick-up actions (a;, ,*, +) cannot exceed
the number of drop-off actions (aj, *, ¥, —) by more than . Even then, reordering S|,; might
render S infeasible because of conflicts with some other subschedule S|, . But Planning also
includes the instances where a single agent delivers all the messages, one after the other
straight to the target, and where the only thing that has to be decided is the ordering. We
show now that in this setting, where there is no non-trivial coordination or collaboration
aspect, WEIGHTEDDELIVERY is already NP-hard.

» Theorem 8. Planning of WEIGHTEDDELIVERY problem is NP-hard for all capacities k
even for a single agent on a planar graph.

The hardness follows by a reduction from Hamiltonian cycles on a grid graph H, a
problem shown to be NP-hard by Itai et al. [21]: We put an isolated message at every node of
H, forcing the agent to visit each node exactly once. A longer edge for the isolated message
at the start forces the agent to come back to the start node towards the end, see Figure 3.

Using similar ideas, we can use recent results for the approximation hardness of metric
TSP [22] to immediately show that Planning of WEIGHTEDDELIVERY can not be approxim-
ated arbitrarily well, unless P = NP.

» Theorem 9. [t is NP-hard to approzimate the Planning of WEIGHTEDDELIVERY to within
any constant approximation ratio less than 367/366.
3.1 Polynomial-time Approximation for Planning in Restricted Settings

Motivated by Theorem 7, we now look at the restricted setting of planning for a feasible
schedule S of which we know that each message is completely transported by some agent
a; without intermediate drop-offs, i.e., for every message m; there must be an agent j with
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SB|,. = (aj,si,mi, +), (aj, t;,m;,—). This allows us to give polynomial-time approximations
for planning with capacity « € {1, 00}:

» Theorem 10. Let ST be a feasible schedule for a given instance of WEIGHTEDDELIVERY
with the restriction that Vi 3j : S®|,., = (aj, si,mi,+), (aj,t;,m;, —). Denote by OpT(ST)
a reordering of ST with optimal cost. There is a polynomial-time planning algorithm ALG
which gives a reordering ALG(S™) such that cosT(ALG(ST)) < 2. cosT(OPT(SE)) if K =1
and cosT(ALG(S®)) < 3.5 cosT(OPT(ST)) if k = c0.

Proof. By the given restriction, separate planning of each S R|aj independently maintains
feasibility of S. We denote by mj1,Mja, ..., Mj; the messages appearing in Sfj. We
define a complete undirected auxiliary graph G’ = (V’, E’) on the node set V' = {p;} U
{81,852, .., 8z} U{tj1,. .., tjz} with edges (u,v) having length dg(u,v).

For k=1, the schedule OPT(S%)|,, corresponds to a Hamiltonian path H in G’ of
minimum length, starting in p;, subject to the condition that for each message m;; the visit
of its source s;; is directly followed by a visit of its destination ¢;;. We can lower bound
the length of H with the total length of a spanning tree 77 = (V', E(T')’) C G’ as follows:
Starting with an empty graph on V'’ we first add all edges (s;;,t;;). Following the idea
of Kruskal [23], we add edges from {p;} % {sj1,..., 8zt U{tj1, ... tjz} X {sj1,..., 8z} in
increasing order of their lengths, disregarding any edges which would result in the creation of

a cycle. Now a DFS-traversal of 7" starting from p; visits any edge (sj;, ¢;;) in both directions.

Whenever we cross such an edge from s;; to tj;, we add (a;, $;:, mji, +), (a;,tj5, mj;, —) as a
suffix to the current schedule ALG(S)|,,. We get an overall cost of cosT(ALG(S5H)],,) <
23 epanle <22 cple = 2 cosT(OPT(SH)|4)).

For k = oo, the idea is to first collect all messages by traversing a spanning tree (with
cost < 2-cosT(OPT(S?)|,,)) and then delivering all of them in a metric TSP path fashion
(with cost < 2 - cosT(OPT(SF)]q,)). <

» Remark. If we assume as an additional property that the agent returns to its starting
position p; (as for example in the result of Theorem 7), we can get a better approximation
for the case k = 1. Instead of traversing a spanning tree twice, we can model this as the
stacker-crane problem for which a polynomial-time 1.8-approximation is known [16].

4 Coordination

In this section, we focus on the Coordination aspect of WEIGHTEDDELIVERY. We assume
that collaboration and planning are taken care of. More precisely, we are given a sequence
containing the complete fized schedule S~ of all actions (_,s;,m;, +),...,(_, h,m;, —),

.., (_,t;,mj,—), but without an assignment of the agents to the actions. Coordination is
the task of assigning agents to the given actions. Even though coordination appears to have
the flavor of a matching problem, it turns out to be NP-hard to optimally match up agents
with the given actions. This holds for any capacity, in particular for k = 1. The latter,
however, has a polynomial-time solution if all agents have uniform weight.

4.1 NP-Hardness for Planar Graphs

We give a reduction from planar 3SAT: From a given planar 3SAT formula F' we construct
an instance of WEIGHTEDDELIVERY that allows a schedule S with “good” energy cosT(S)
if and only if F' is satisfiable.

10:9
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false false true true
U1 U2 U3 V4

true true false Sfalse
Hi’ G(F) N SN

Figure 4 (left) A restricted plane embedding of a 3CNF F which is satisfied by (vi,v2,vs,v4) =
(true, false, false,true). (right) Its transformation to the corresponding delivery graph.

Planar 3SAT. Let F' be a three-conjunctive normal form (3CNF) with x boolean variables
V(F) ={v1,...,v:} and y clauses C(F') = {c1,...,¢cy}. Each clause is given by a subset
of at most three literals of the form I(v;) € {v;,7;}. We define a corresponding graph
H(F) = (N, A) with a node set consisting of all clauses and all variables (N = V(F)UC(F)).
We add an edge between a clause ¢ and a variable v, if v or U is contained in ¢. Furthermore
we add a cycle consisting of edges between all pairs of consecutive variables, i.e., A = A; U A,
where Ay = {{¢;,v;} |vj€ciorv; €}, Ay = {{vj,v(j mod $)+1} [1<5< x} . We call
F planar if there is a plane embedding of H(F). The planar 3SAT problem of deciding
whether a given planar 3CNF F' is satisfiable is known to be NP-complete. Furthermore the
problem remains NP-complete if at each variable node the plane embedding is required to
have all arcs representing positive literals on one side of the cycle A5 and all arcs representing
negative literals on the other side of As [26]. We will use this restricted version in our
reduction and assume without loss of generality that the graph H(F') \ A is connected and
that H(F) is a simple graph (i.e. each variable appears at most once in every clause).

Building the Delivery Graph. We first describe a way to transform any planar 3CNF graph
H(F) into a planar delivery graph G = G(F'), see Figure 4.

We transform the graph in five steps: First we delete all edges of the cycle Ay, but we
keep in mind that at each variable node all positive literal edges lie on one side and all
negative literal edges on the other side. Secondly let degy (g 4, (v) denote the remaining
degree of a variable node v in H and surround each variable node by a wvariable box. A
variable box contains two paths adjacent to v on which internally we place deg (r) 4, (v)
copies of v: One path (called henceforth the ¢rue-path) contains all nodes having an adjacent
positive literal edge, the other path (the false-path) contains all nodes having an adjacent
negative literal edge. In a next step, we add a single node between any pair of node copies
of the previous step. As a fourth step, we want all paths to contain the same number of
nodes, hence we fill in nodes at the end of each path such that every path contains exactly
2y > 2degy (), 4, (v) internal nodes. Thus each variable box contains a variable node v, an
adjacent true-path (with internal nodes virye, 1, - - - Vtrue,2y—1 and a final node viye 2y) and a
respective false-path. Finally for each clause node ¢ we add a new node ¢’ which we connect
to ¢. The new graph G(F') has polynomial size and all the steps can be implemented in such
a way that G(F) is planar.

Messages, Agents and Weights. We are going to place one clause message on each of the
y clause nodes and a literal message on each of the 2x paths in the variable boxes for a total
of 4zy messages. More precisely, on each original clause node ¢ we place exactly one clause
message which has to be delivered to the newly created node ¢’. Furthermore we place a
literal message on every internal node viyye,; of a true-path and set its target to virye,it1
(same for the false-path). We set the length of all edges connecting a source to its target to 1.
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Clause ¢y = (Vg V vz Vva) 0 el 10
1-—-2¢
Variable vo 1+2¢

1+2¢
- O

Figure 5 Agent positions (O) and weights (in black); Messages (—) and edge lengths (in color).

Next we describe the locations of the agents in each variable box. We place one variable
agent of weight 1 on the variable node v. The length of the two adjacent edges are set to
e, where ¢ := (8xy)~2. Furthermore we place y literal agents on each path: The i-th agent
is placed on Vyrye 2(y—i) (respectively vfqise 2(y—i)) and gets weight 1 +ie. It remains to set
the length of edges between clause nodes and internal nodes of a path. By construction the
latter is the starting position of an agent of uniquely defined weight 1 + ie; we set the length
of the edge to =, For an illustration see Figure 5, where each agent’s starting location is

1+ie
depicted by a square and each message is depicted by a colored arrow.

Reduction. The key idea of the reduction is that for each variable u, the corresponding
variable box contains a variable agent who can either deliver all messages on the true-path
(thus setting the variable to true), or deliver all messages on the false-path (thus setting
the variable to false). Assume u is set to true. If u is contained in a clause ¢, then on the
adjacent node vy ; there is a (not yet used) literal agent. Intuitively, this agent was freed
by the variable agent and can thus be sent to deliver the clause-message. If u is contained
in ¢, the corresponding literal on the false-path can’t be sent to deliver the clause message,
since it needs to transport messages along the false-path.

There is such a feasible schedule SoL of the agents in G(F') if and only if there is a
satisfiable assignment (a solution) for the variables of a 3CNF F. Its total (energy) cost
is cosT(SoL) := 4zy + 2y + z(y®> + y + 1)e ([6, Lemma 12]). Furthermore, we can show
that any schedule S which doesn’t correspond to a satisfiable variable assignment has cost
cosT(S) > cosT(SoL) ([6, Lemma 13, 14 and 15]). This is true independent of whether S
adheres to the schedule without agents S~ or not and holds for any capacity «.

Fixed Sequence (Schedule without Agent Assignment). It remains to fix a sequence S~
that describes the schedule SOL described in the reduction idea but which does not allow us
to infer a satisfiable assignment: This is the case for any S~ consisting of consecutive pairs
(_,si,mq,+), (_,t;, m;, —) such that if m; lies to the left of m; on some true- or false-path,
it precedes m; in the schedule.

» Theorem 11. Coordination of WEIGHTEDDELIVERY s NP-hard on planar graphs for all

capacities k, even if we are given prescribed collaboration and planning.

4.2 Polynomial-time Algorithm for Uniform Weights and Unit Capacity

Note that Coordination is NP-hard even for capacity x = 1. Next we show that this setting
is approachable once we restrict ourselves to uniform weights.
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STACS 2017



10:12

Energy-Efficient Delivery by Heterogeneous Mobile Agents

P1
P2

O
520 (- 81,m1, +)
AN (*7 527m/27+)

(*7 537m17_) 0 21

(*7t2>m2>_) 0‘2 0 51 (*’ 537m37+)
(- t3,m3,—) Ol&)
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Figure 6 Illustration of the coordination of the schedule S = (_,s1,m1,+), (_,s2,m2,+),
(_,s3,m1,—),(_,s3,m3,+), (_,t2,m2,—), (_,ts,ms,—), (_,s3,mi,+),(_,t1,m1,—). (left) In-
stance with 3 messages and 2 agents of uniform weight. (center) Equivalent weighted bipartite
matching problem G’. (right) The resulting trajectories of the agents.

» Theorem 12. Given collaboration and planning in the form of a complete schedule with
missing agent assignment, Coordination of WEIGHTEDDELIVERY with capacity k = 1 and
agents having uniform weights can be solved in polynomial time.

Proof. As before, denote by S™ = (_,s;,ms,+),...,(,h,m;,—), ..., (_,tj,mj,—) the
prescribed schedule without agent assignments. Since all agents have the same uniform
weight w, the cost COST(S) of any feasible schedule S is determined by cosT(S) = w~2?:1 d;.
Hence at a pick-up action (__,q,m;,+) it is not so much important which agent picks up the
message as where / how far it comes from.

Because we have capacity « = 1, we know that the agent has to come from either its start-
ing position or from a preceding drop-off action (_,p,m;, —) € S™. This allows us to model
the problem as a weighted bipartite matching, see Figure 6 (center). We build an auxiliary
graph G’ = (AU B, F} U E}). A maximum matching in this bipartite graph will tell us for
every pick-up action in B, where the agent that performs the pick-up action comes from in A.
Let A :={p1,...,pe}U{(_,*,*, —)}and B := {(_,*,*,+)}. We add edges between all agent
starting positions and all pick-ups, Ef := {p1,...,pr} x {(_,q¢,m,+) | (_,q,m,+) € B} of
weight dg(p;i, q). Furthermore, we add edges between drop-offs and all subsequent pick-ups
Eé = {((7,]?7 mj, _)7 (77 q,my, +)) | (—7]9’ myj, _) < (7, q, My, +) in S_} of weight dG(pu q)'

A maximum matching of minimum cost in G’ captures the optimal assignment of agents
to messages and can be found by solving the classic assignment problem, a special case
of the minimum cost mazximum flow problem. Both of these problems can be solved in
polynomial time for instance using the Hungarian method [24] or the successive shortest path
algorithm [14], respectively. The cost of this optimum matching corresponds to the cost of the
agents moving around without messages. The cost of the agents while carrying the messages
can easily be added: Consider the schedule S~ restricted to a message m;. This subsequence
S |m, is a sequence of pairs of pick-up/drop-off actions ((__,q, m;, +), (_,p,m;, —)), and in
every pair the message is brought from ¢ to p on the shortest path, so we add >_ da(q, p).
Concatenating these piecewise shortest paths gives the trajectory of each agent in the
optimum solution, as illustrated in Figure 6 (right). <

Our algorithm is remotely inspired by a simpler problem at the ACM ICPC world finals
2015 [19]. The official solution is pseudo-polynomial [20], Austrin and Wojtaszczyk [3] later
sketched a min-cost bipartite matching solution.

5 Approximation Algorithm

We have seen in Section 2 that the cost of an optimal schedule OpT for WEIGHTEDDELIVERY
can be approximated to within a factor of two by restricting ourselves to schedules S¥ in
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which every message is only transported by a single agent, with exactly one pick-up and one
drop-off (Theorem 7). Let OprT? be an optimal restricted schedule. Given an auxiliary graph
G’ on a vertex set consisting of all agent positions and all message source and destination
nodes, we construct in polynomial time a minimum tree cover of G’ from which be build a
schedule S* in which agents travel at most twice the distance of their counterparts in opt?
(similarly to Theorem 10). Here we require capacity x = 1. In order for our method to work,
we need to be indifferent between different weights; we achieve this by boosting each agent’s
weight w; to max w;, resulting in an additional loss in the approximation factor of max :ﬁ—j

» Theorem 13. There is a polynomial-time (4 max =+ )-approvimation algorithm for
J
WEIGHTEDDELIVERY with capacity k = 1.
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Towards Tighter Space Bounds for Counting
Triangles and Other Substructures in Graph
Streams*!
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—— Abstract

We revisit the much-studied problem of space-efficiently estimating the number of triangles in a
graph stream, and extensions of this problem to counting fixed-sized cliques and cycles. For the
important special case of counting triangles, we give a 4-pass, (1 & €)-approximate, randomized
algorithm using 5(5_2 m?/2/T) space, where m is the number of edges and T is a promised

lower bound on the number of triangles. This matches the space bound of a recent algorithm
(McGregor et al., PODS 2016), with an arguably simpler and more general technique. We
give an improved multi-pass lower bound of Q(min{m?/2/T, m/v/T}), applicable at essentially
all densities Q(n) < m < O(n?). We prove other multi-pass lower bounds in terms of various
structural parameters of the input graph. Together, our results resolve a couple of open questions
raised in recent work (Braverman et al., ICALP 2013).

Our presentation emphasizes more general frameworks, for both upper and lower bounds. We
give a sampling algorithm for counting arbitrary subgraphs and then improve it via combinatorial
means in the special cases of counting odd cliques and odd cycles. Our results show that these
problems are considerably easier in the cash-register streaming model than in the turnstile model,
where previous work had focused (Manjunath et al., ESA 2011; Kane et al., ICALP 2012). We
use Turén graphs and related gadgets to derive lower bounds for counting cliques and cycles,
with triangle-counting lower bounds following as a corollary.

1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems, G.2.2 Graph
Theory

Keywords and phrases data streaming, graph algorithms, triangles, subgraph counting, lower
bounds

Digital Object Identifier 10.4230/LIPIcs.STACS.2017.11

1 Introduction

Algorithms for analyzing large graphs have been the topic of two decades of intense research.
The theory of such algorithms encompasses two large disciplines: streaming algorithms [25, 14],
where the input graph is presented as a stream of edges that must be read sequentially,
in one or more passes, using space sublinear in the total input size; and property-testing
algorithms [16, 17], where the input graph may be randomly accessed and the goal is to
decide whether it satisfies some property or is far from doing so, while reading a sublinear
fraction of the input. This paper is concerned with streaming algorithms.

* In this extended abstract, several proofs are either shortened or omitted, and a few theorems and lemmas
are stated in not-quite-full detail. We refer the interested reader to the full version of this paper.
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Table 1 Results from prior work. See the discussion at the start of Section 1.1.

Problem Space Remarks Source
9] (mn / T) : - (3]
5(mA2/T) A = maximum degree [19]
5(mn/T) n known a priori 8]
9] (m3/T2) turnstile [21]
5(mA/T) A = maximum degree (28]
5(m'y/T) ~v = tangle coefficient (Section 2) [28]
5(mJ/T + m/\/T) J = max # triangles containing an edge [27]
Triangle C;l— 6(P2/T) C = vertex cover, P> = # of 2-paths [15]
counting O(m/\/T) dependence on ¢ is 1/¢*° [11]
(TRI-CNT) o (m3/2/T) multi-pass [24]
5(m/ VT ) multi-pass [24]
Q(nQ) one pass, T' =1 3]
Q(n/T) multi-pass, T < n [19]
Q(m) one pass, m € [cin,can’], T <n [7]
Q (m / T) multi-pass [7]
Q(m3 /T2) one pass, optimal [22]
Q (m/T2/3) multi-pass [11]
Q(m/ﬁ) multi-pass, for m = ©(nvT) [11]
Clique counting 5(mh(h_l)/2/T2) turnstile [21]
(CLQ-ONT,) O(n(h)/T) n(h) = max{m® A2 o e {1,|h/2]}} [28]
cveomy | Ot — 2

Specifically, this paper is about the SUBGRAPH-COUNTING problem, which asks for an
(approximate) count of the number of occurrences of a particular constant-sized subgraph,
H, in an input graph, G, which has n vertices and m edges. We denote this problem
SUB-CNTg. After giving a basic algorithm for SUB-CNTy, we provide improvements (in terms
of space usage) for special classes of subgraphs, namely, when H is either an h-clique K, (the
CLIQUE-COUNTING problem, or CLQ-CNT},) or an h-cycle Cp, (the CYCLE-COUNTING problem,
or CYC-CNTy,). We also give upper and lower bounds, several of them optimal, for the very
important special case of TRIANGLE-COUNTING (henceforth, TRI-CNT), when H is a triangle.

The number of triangles in a graph is a basic parameter of interest for a variety of reasons,
including social network analysis [26] and spam and fraud detection [4]; see [12, 31] for a more
thorough discussion of applications. The TRI-CNT problem has been the focus of a remarkably
large number of papers. Nevertheless, the definitive upper and lower bounds on its space
complexity have not yet been obtained, leaving us with several mutually incomparable results
(Table 1). Notably, distinguishing a triangle-free graph from a graph containing one or
more triangles requires Q(n?) space in general [3], ruling out unconditional sublinear-space
solutions. Therefore, nontrivial bounds must either assume some structural guarantees on
the input graph or provide space guarantees that depend on some structural parameter.

1.1 Our Results and Comparison with Prior Work

To set the context for our results, we summarize the salient related results from prior work
(most of which are about TRI-CNT) in Table 1. The ubiquitous parameter “T"” represents a
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Table 2 Our main results. The O-notation hides 1 /€% and logm factors; h is considered a constant.
The upper bounds use 4 passes for counting odd cliques and odd cycles (including triangles) and 2
passes in all other cases. The notations A, 7, p, and 3 are as discussed at the start of Section 1.1.

L
Problem Upper .bounds ower bound.s Remarks
multi-pass one pass multi-pass
Q(min {m3/2/T, m/\/T}) optimal
TRI-GNT 5(m3/2/T) -~ Q(mA/T) optimal
Q (mfy/T) optimal
Q (m / p) optimal
cLa-oNT, | OmM?/T) | Qmt/T?) | ( min {m"/2 /T, m/ T =D} )
(/2 T Q(mh'2/T 9 h/2 h
ovoonr, | Om"/T) | Q) (m"/2/T) even
Om"2)T) | Q(m"/T?) Q(min {m"/2/T, w7/ 1)} ) odd h
SUB-CONTg O(m? ™) /T) - -

guaranteed lower bound on the number of copies of the target subgraph (triangle, Ky, or Cp,)
in the input graph G. Some of the results involve additional graph parameters (definitions
in Section 2): the maximum degree A = A(G), the triangle density p = p(G), the tangle
coefficient v = v(G) and, for the problem SUB-CNTg, the edge cover number 8 = S(H).

In reading Table 1, note that all upper bounds represent randomized algorithms that
provide (1 & €)-multiplicative approximations with high constant probability, and work in
one pass, except as noted. Their space usage involves a factor of logm and an e-dependent
factor that, with one exception, equals 1/¢2. We omit these factors for clarity, hiding them
into an 5() notation. Lower bounds are proven by studying the communication complexity
of distinguishing between “high” and “low” values of T'. As can be seen, there are not many
multi-pass lower bounds in prior work and none that explain the form of any of the upper
bounds. Our lower bounds in this paper serve to fill this explanatory gap. Meanwhile, our
upper bounds demonstrate the power of using a small constant number of passes, rather
than one pass, for these problems. Table 2 summarizes our main contributions.

Our first upper bound is for SUB-CNTy. We give a 2-pass algorithm based on (implicitly)
sampling a suitable set of vertices and then counting copies of H induced by this set. Since
the edge cover number, B(H), equals [h/2] when H is either K}, or Cp,, our general upper
bound for SUB-CNTy already implies the claimed upper bounds for CLQ-CNT, and CYC-CNT},
for even h. To improve these bounds in the case of odd h — in particular, TRI-CNT — we bring
in some combinatorial ideas from Eden et al. [13], who were interested in a query complexity
version of TRI-CNT; an overview of these ideas appears at the start of Section 3.2. We believe
that the resulting algorithms are conceptually novel in a streaming context.

Braverman et al. [7] introduced the parameter triangle density, p, defining it to be the
number of vertices that belong to some triangle in G. They conjectured a lower bound
of Q(m/p) for multi-pass TRIANGLE-COUNTING. Our Theorem 4.12 settles this conjecture
positively. Further, they posed the problem of designing a multi-pass algorithm for TRIANGLE-
COUNTING with space complexity depending only on m and T (presumably they meant one
that beats the one-pass upper bound of Kane et al. [21]). We address this in Algorithm 2.
Pavan et al. [28] introduced the tangle coefficient, v; see Section 2. Our results in Theorem 4.13
and Corollary 4.14 show that each of their one-pass upper bounds — namely, O(m~y/T) and
O(mA/T) — is matched by a multi-pass lower bound.
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Jha et al. [18] gave an O(m/v/T)-space algorithm for a variant of TRI-CNT where the error
guarantee is additive; they also showed how to multiplicatively estimate a related quantity
called the clustering coefficient. While related, these results are not directly comparable to
ours, or to the ones in Table 1. Very recently, McGregor et al. [24] extended some ideas from
this work of Jha et al., obtaining an O(m/+/T)-space algorithm for TRI-CNT. In the same
paper, they also gave an 5(m3/ 2/T)-space 4-pass® algorithm for TRI-CNT, which matches
the space bound of our algorithm for TRI-CNT (Corollary 3.9). However, their algorithm
relies on a more complex primitive of fast £, sampling and is not immediately generalizable
to counting larger subgraphs. Our algorithm, which uses only basic sampling, is arguably
simpler, solves a more general problem, and is space-optimal for counting cliques and odd
cycles in some parameter regimes.

On the lower bound side, at a high level we proceed along the expected lines of reducing
from the INDEX and SET-DISJOINTNESS communication problems, for one-pass and multi-pass
bounds, respectively. The meat of the work is in designing appropriate gadgets, mostly
based on Turdn graphs, for the reductions. The most closely-related work is by Cormode
and Jowhari [11], who give multi-pass Q(m/T?/3) and Q(m/+/T) lower bounds? for TRI-CNT.
Their constructions imply these lower bounds for specific settings of the edge-density and
number-of-triangles parameters. Our own lower bounds for TRI-CNT (Corollary 4.11) apply
at all edge densities between m = ©(n) and m = ©(n?) and at all triangle counts between
T =1 and T = m3/279. Moreover, our bounds generalize to CLQ-CNT and CYC-CNT.

2 Preliminaries

Throughout this paper, our input graph will be G = (V| E), a simple undirected graph with
|V| = n and |E| = m. For a vertex v € V, N, denotes its set of neighbors and d, = |N,|
denotes its degree. We put A = max,cy d,,. The input graph is presented as a stream of
edges (e1,ea,...,6ey) in some adversarial order. Each edge in F appears exactly once and
the stream only builds up the graph: there are no edge deletions. This is sometimes called
the cash-register streaming model.

For an edge e € F, slightly abusing notation, N, denotes the set of edges in E that are
adjacent to e. Let N be the set of edges in N, that come after e in the streaming order;
thus N C N,. Let T denote the set of triangles in G. We now define some special graph
parameters that are useful in the context of subgraph counting algorithms: the first two were
introduced in the context of the TRI-CNT problem.

» Definition 2.1. The triangle density [7] p = p(G) is the number of vertices that belong to
some triangle in G. With T = |T|, we have ©(T'/3) < p < 3T, where the lower and upper
bounds correspond to a clique and T vertex-disjoint triangles, respectively.

» Definition 2.2. Suppose T'=|T| > 0. For 7 € T, let e(7) be the edge in T appearing
earliest in the stream order. The tangle coefficient [28] of the stream presentation of G,
denoted v = v(G), is defined as v = (1/T) > 1 |Ne>(7)|. Clearly, v < 2A, since \N;(T)| < 2A.

» Definition 2.3. An edge cover of a graph is a set of edges that covers all the vertices. For
a graph H, its edge cover number, denoted S(H), is the cardinality of its smallest edge cover.

L McGregor et al. state their result as a 3-pass algorithm in a nonstandard model where vertex degrees
can be queried for free. In this model, our algorithm for TRI-CNT would also use only 3 passes.

2 The Cormode-Jowhari lower bound of Q(m/+/T), does not contradict our upper bound of 5(m3/ 2/T)
because their lower bound holds only at m = ©(nv/T) and T < n? triangles.
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We fix a total ordering on the vertices of G according to their degrees. For vertices u
and v, let u < v if either d, < d,, or d, = d,, and u < v lexicographically. We record an
important observation made in Eden et al. [13].

» Fact 2.4 (Eden et al. [13]). For eachu €V, [{v € Ny : u < v} < V2m.

Let @ be some nonnegative function of an input stream that we wish to estimate. Let
g,0 € [0,1] be certain parameters. If an algorithm A produces an estimate Q for ) such
that Pr[Q € (1+¢)Q] > 1— 6, then A is called an (g, §)-estimator for Q. Our algorithms
will follow the common strategy of designing an unbiased “basic estimator” for Q) — i.e., a
random variable with expectation @ — and bounding its variance. We note the following
widely-used lemma that combines several such basic estimators (computed in parallel) into
an (g, 0)-estimator.

» Lemma 2.5 (Median-of-Means Improvement [2, 9]). Let X be the distribution of an unbiased
estimator for a real quantity Q. Let {X;j}iciy)jer) be a collection of i.i.d. copies of X, where
t = clog(1/d) and k = 3 Var[X]/(e2E[X]?), for a certain universal positive constant c. Let
Z = median;c( (1 Zle Xij). ThenPr[Z € (1+¢e)Q] >1—6.

3 Algorithms for Counting Subgraphs

In this section we present multi-pass algorithms for SUB-CNTy, the problem of estimating the
number of occurrences of a fixed subgraph H of constant order. We first consider general H
and give a 2-pass algorithm. When specialized to K, and Cy, this algorithm uses O(m!h/21 /T
space. Later, for the case of odd h = 2¢ + 1, we introduce additional combinatorial ideas
to improve the exponent of m from £+ 1 to £+ %, at the cost of two additional passes. In
particular, this gives us an O(m?/?/T)-space TRI-CNT algorithm.

3.1 A Sampling-Based Algorithm for Arbitrary Subgraphs

» Theorem 3.1. Let H be a graph of constant order whose edge cover number is 3. There is an
(¢,1/3)-estimator for SUB-CNTy that uses two passes and O(S) space, provided S = Q(m? /T),
where T is the number of distinct occurrences of H in the input graph.

» Remark. The above bound could instead have been stated as O(m?/T) with T being a
promised lower bound on the number of distinct occurrences of H. Similar remarks apply to
our other upper bounds. We remind the reader that O(-) hides 1/¢% and logm factors.

Proof. Let V(H) and E(H) be the vertex set and edge set of H, respectively. Let £ be the
number of lists of distinct edges of H that form minimum-sized edge covers of H.> Note that
B and & are constants, independent of the input graph G. Therefore the following algorithm,
which reads a stream of the m edges of G and computes an estimator X, uses 6(1) space.
The analysis of Algorithm 1 is handled by the next two lemmas, which show that X is
an unbiased estimator and that its variance can be controlled. Let Hy, Hs, ..., Hr be the
occurrences of H in G. Let T; be an indicator random variable to denote whether H; is

detected in Pass 2, at Line 4. Then X = 2= Y"1 T3

» Lemma 3.2. For each i, E[T;] = £/mP. Thus, E[X]=T.

3 E.g., if H is C4, with edges a, b, ¢, d in cyclic order, these lists are (a, c), (b, d), (c,a), and (d,b); so & = 4.

11:5

STACS 2017



11:6

Counting Triangles and Other Substructures in Graph Streams

Algorithm 1 Basic estimator for SUB-CNTy.

Pass 1:
L: select 3 edges {e; = {u;,v;}}7_, independently and u.a.r., using reservoir sampling

N

if {u1,v1,...,ug,v3} does not have exactly |V (H)| distinct vertices then
3: X < 0; abort

Pass 2:
4: ¢ < number of distinct copies of H on {uj,v1,...,ug,vg} that contain each of

€1,...,€38
X —cemP /e

at

» Lemma 3.3. Var[X]| = O(m”T).
Proof. By Lemma 3.2,
23 T 28

SB[+ L EET) | = T (5 + S EET]) . )
i=1 i#] i

3

Var[X] < E [X2] = e

The term E[T;T}], with i # j, is nonzero iff H; and H; can be simultancously detected
at Line 4. Examining the logic of the algorithm, we see that this can happen only if
V(H;) = V(H;) and there is a set of 5 edges that forms a minimum edge cover of both H;
and H;. When these conditions hold, we shall say that H; and H; are neighbors. Since H
is a constant-order graph, each H; has O(1) many neighbors: a crude bound, but one that
suffices for our purposes.

Thus, in the double summation in (1), only O(T") terms are nonzero. For each nonzero
term, we have E[I;T;] =Pr [T, = 1AT; =1 < Pr[T; = 1] = % . Plugging this into (1), we
obtain our required estimate. |

To complete the proof of Theorem 3.1, we invoke Lemma 2.5 on the unbiased estimator X
and use the above bound on Var[X]. <

Let us specialize the above result to the problems CLQ-CNT;, and CYC-CNT;. We have
B(Kr) = B(Cr) = [h/2]. Therefore, Theorem 3.1 gives us a 2-pass estimator that uses
5(5) space, provided S = Q(m!"/?1/T), where T is the number of h-cliques or h-cycles (as
appropriate) in the input graph. We shall later show, in Theorem 4.2, that this bound is
optimal for CLQ-CNT;, when h is even.

3.2 An Improved Algorithm for Odd Cliques and Odd Cycles

We now present an algorithm for CLQ-CNT9y, 1, for constant ¢, improving the space bound
from O(m‘™/T), as implied by Theorem 3.1, to O(m’*2 /T). As before, all space bounds
are for an (g,1/3)-estimator.

Our algorithm builds on ideas from Pavan et al. [28] and Eden et al. [13]. The former
paper gives a streaming algorithm for estimating the number of triangles T in a graph. The
idea is to sample an edge uniformly at random from the stream, using reservoir sampling;
then sample one more edge uniformly at random from the neighborhood of previously chosen
edge; and finally, check whether these two edges are closed by any edge in the “future stream”
to form a triangle. This leads to an unbiased estimator for 7" with variance bounded by
O(mAT). This leads to an O(mA/T)-space (£, 1/3)-estimator, with the caveat that prior
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knowledge of A is required. We build on their algorithm by improving the bound on the
variance of the unbiased estimator to O(m?®/2T). This gives an O(m>/?/T) space estimator
for TRI-CNT as well as removes the dependency on A. We reduce the variance of our estimator

by repeating the neighborhood sampling step for edges whose endpoints have “large” degree.

The challenge now is to reduce the number of triangles that an edge participates in. For
this, we use an idea of vertex ordering from Eden et al. [13], who tackled triangle counting
in a property testing model. They fix a total ordering on the vertices of G according to
their degrees. For vertices u and v, let v < v if either d, < d,, or dy, = d,, and u < v
lexicographically. Now let 7 = {v1,v2,v3} be a triangle in G with v; < va < v3. Then 7
can be associated with (e1,v3) where e; = {vy,v2}. Observe that each triangle 7 in G is
uniquely associated with a distinct edge. Let the number of triangles associated with edge e
be T,. Clearly, ZeeE(G) T. =T. From Fact 2.4, it follows that T, < v/2m. Since each edge
is associated with not-too-many triangles, we get a “strong” upper bound on the variance. In
fact the idea of vertex ordering has been proved to be useful for counting triangles in other
(offline) settings as well [30]. By invoking a result from Chiba et al. [10], we show that in

spite of such repetition the space usage for our estimator remains constant in expectation.

We in fact show that we can generalize this idea for larger cliques.

Now we formally describe our estimator for CLQ-CNT. We fix a total ordering of V(G) as
described above. Let 7 = {v1,va,..., v, v2¢41} induce a Kopqq in G with v1 < v < ... <
vag < Ugp41. We associate 7 with (eq, ea, ..., es, vary1) where e; = {v2;_1, v2;}. Observe that
each Kopyq in G is uniquely associated with ¢ distinct edges. Let the number of (2041)-cliques

associated with (e, e, ..., er) be T,

ea,...,eq)- Then, we have the following simple lemma.

> Lemma 3.4. Bach T(c, e,,..c) < V2. Further, 37, o cp@y Leresrer) =T
We shall also need the following combinatorial lemma, from Chiba and Nishizeki [10].

» Lemma 3.5 (Based on Lemmas 1(a) and 2 of [10]). Let G = (V, E) be a graph with n
vertices and m edges such that m = Q(n). Then } ¢, 1epmin{dy,d,} = O (m3/2).

Algorithm 2 computes our basic estimator X.

> Theorem~3.6. Suppose the input graph G contains T copies of Kopir1. Then Algorithm 2
leads to an O(S)-space (g,1/3)-estimator for T when S = Q(m'*+2 /T).4

Proof. Let &, c,,....c,) be the event that edges ey = {u1,v1},e2 = {uz,va2},...,e0 = {ug, v}
are sampled at Line 1 and the algorithm does not abort in Pass 1. WLOG assume u; < v;

.....

for all 7 € [/]. In the next two lemmas, we shall show that X is an unbiased estimator and
its variance can be controlled. Then we shall analyze the space usage of Algorithm 2.

» Lemma 3.7. For each 5(81’62,”.’60, ]E[Zk | 5(61)62’.“,62)} = T(el,ez,..‘,eg)' Thus, ]E[X] =T.

» Lemma 3.8. Var[X] = O(m‘*T'/2T).

Proof. As in the previous lemma, E [Z,% ‘ 5(61762?,”760] = du; T(eyes,....,c0)- Next, note that

Zy, and Zy, are independent for k1 # ko, even after conditioning on €, e,,....¢,)- Therefore

€2,..

E(Zk, Zky | Eer,ennen)) = ElZky | Eerenne)] " BlZks | Eerearnen)) = Ty on ey - (2)

4 Please see the remark after Theorem 3.1 for an alternate interpretation of the space bound.
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Algorithm 2 Basic estimator for CLQ-CNTgy 4 .

Pass 1:

1: select ¢ edges {e; = {u;,v;}}{_, independently and u.a.r., using reservoir sampling

2: if {uy,v1,...,up, v} does not have exactly 2¢ distinct vertices then

3: X < 0; abort
Pass 2:

4: count d,, and d,, for all i € [{]
Pass 3:

5: r < [min{d,,,d., } /v/m|

6: by renaming vertices if needed, ensure that u; < v; for all i € [¢]

T for k< 1 to r do

8: Zi < 0; select a vertex wy from N, u.a.r., using reservoir sampling
Pass 4:

9: compute dy,, ..., duy,

10: for k< 1 to r do

11: if (e1,...,ep, wy) forms a Kopyrq and ug <v1 <ug < ... <up < vy < wg then

12: Ly, du1

130 Y« (1/r) >y Zk
14: X <« mty

Now, using Lemma 3.7,

r

2
1
E [Y2 | 8(61,62,~~~,€14)] =5E (Z Zk) 5(315627“'565)

r2
k=1
1 « ) 1
= r2 ZE [Zk | 5(51,62,-~~752)] + 72 Z E [Zk1Zk2 | 8(617621-“762)]
k=1 k1 ks
du1
< TT(el,ezﬁ...,eg) + T(Qel,eg,...,eg) = \/ET(eheZwu;el) + T(2€1,€2,...,€g) .
Therefore,
1
¢ ¢ ¢
Var[X] = m?* Var[Y] < m*E[Y?] = m?* . — Z E[Y? | Eerren,rer)]
(e1,e2,...,e¢)EE*
¢ ¢ ‘
< miti/? Z Ter,...er) M0 Z T(thm’eé) = (14+V2)m™*2T1,
(e1,...,e0)EE* (e1,...,e0)EE*
where the final step uses both parts of Lemma 3.4. <

We return to the proof of Theorem 3.6. Invoking Lemma 2.5, we get an (e,1/3)-
approximation algorithm for 7" with space 5(m“% - B/T) bits, where B is the space used by
Algorithm 2. To estimate B, note that Algorithm 2 keeps r = [min{d.,,, d., } /v/m | many
neighboring vertices of u;. Recall that the edge {uj,v1} is chosen uniformly at random.
Hence the expected space usage is

1 Z {min{dmdv}-‘ < 1+l Z min{d,, d,} _ o)
M uvyer@) vm M wereb@ Y™

where the final step uses Lemma 3.5.
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We can easily turn this expected space bound — call it By — into a worst-case space bound

that holds w.h.p. We simply abort the algorithm if we find that r would exceed 10By (say).

By Markov’s inequality, this ensures that B < 108y = O(1), with probability at least %.
Thus, the overall space usage of our final estimator is O(m‘*z /T), as required. <

Given the importance of the problem of counting triangles, it is worthwhile to record the
following immediate corollary of Theorem 3.6.

» Corollary 3.9. For a graph with n vertices, m edges, and T triangles, the TRI-CNT problem
admits a four-pass O(S)-space (¢,1/3)-estimator when S = Q(m3/2/T).

A similar improvement is possible for counting odd cycles of constant order. Details,
including a pseudocode description of the relevant algorithm, appear in the full paper.

» Theorem 3.10. For a graph with m edges, and T copies of Copy1, the CYC-CNTopy1 problem
admits a four-pass O(S)-space (¢,1/3)-estimator when S = Q (me"‘%/T).

4 Lower Bounds

The remainder of this paper is concerned with lower bounds. Unless otherwise stated, all the
lower bounds are for randomized algorithms with success probabilities at least 2/3. We first
prove multi-pass lower bounds for CLQ-CNT and CYC-CNT. The latter turns out to require
different constructions for the cases of odd cycles and even cycles. In particular, this makes
the lower bound for CYC-CNT;, more restrictive when h is even. Next, we give single pass
lower bounds for CLQ-CNT and CYC-CNT: our lower bound for even cycles is weaker than
that for odd cycles. Finally, we focus on TRI-CNT and establish tight space lower bounds
in terms of special structural parameters of the input graph, these parameters being ones
studied in previous works on triangle counting.

For some intuition on why even cycles are harder to deal with, we recall an important
result from extremal graph theory [6, 5]: for each integer £ > 2, ex(n,Cqs) = O(¢n'*+1/t),

where ex(n, H) = max{m : 3 graph on n vertices and m edges that does not contain H}.

Our lower bounds for CLQ-CNT;, and CYC-CNTg.41 depend on constructing dense Kp-free
and Cypy1-free graphs (respectively). However, in view of the above bound, dense Cqf-free
graphs do not exist, necessitating weaker constructions.

4.1 Multi-Pass Lower Bounds

The source of these lower bounds is the following promise version of the SET-DISJOINTNESS
problem that is of central importance in communication complexity theory. Alice and Bob
have two N-bit strings = and y respectively, each with exactly R ones. They want to
decide whether there exists an index ¢ € [N] such that 2; = 1 = y;. Let this problem be
denoted as DIss¥. The randomized communication complexity R(piss§) = Q(R) for all
R < N/2 [20, 29].

Our reductions from DISIE naturally lead to lower bounds on a clique detection problem,
where the goal is to distinguish input graphs G that have no h-cliques from ones that have
“many” h-cliques. Note that this provides a legitimate counterpart to our upper bounds, all
of which will safely report “0” on input graphs that are h-clique-free.

» Definition 4.1 (Clique and cycle detection problems). Consider two graph families: Gy
consisting of h-clique-free graphs with n vertices and m edges; G, consisting of graphs with
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n vertices, m edges, and at least T h-cliques. Given a streamed input graph G € G; U Go,
CLQ-DETECT},(p, n,m, T) is the problem of deciding whether G € G; or G € Gy with success
probability at least 2/3, using at most p passes over the edge stream. Analogously, we define
the cycle detection problem CYC-DETECT(p,n, m,T).

We shall prove the following two theorems about clique detection.

» Theorem 4.2. For each constant h and constant p, solving CLQ-DETECT},(p,n,m,T)
requires ) (mh/Q/T) bits of space, provided T = Q(m"~1/2). Furthermore, this holds for
anym=0(n"), 1 <r <2, and any T with Q(m(h_l)/Q) < T <m=VD/240 where § is an
arbitrary constant in [0,1/2).

» Theorem 4.3. For each constant h, constant p, and for any T with 1 < T < m{(P—1/2,
solving CLQ-DETECT}, (p,n,m,T) requires (m/Tl/(h_l)) bits of space.

» Remark. Our lower bounds admit the possibility that there may exist more efficient
algorithms when the number of cliques is relatively small in the graph.

We note that McGregor et al. [24] have given two algorithms that match our lower bounds
when the subgraph of interest is a triangle (3-clique).

We present a detailed proof of Theorem 4.2 via reductions from DISJJ]:’,/ 3; for the proof
of Theorem 4.3, see the full paper. Turdn graphs play a central role. Recall that a Turdn
graph is a complete multipartite graph where the blocks (of the vertex partition) are as close
as possible to being equal in size. Let T'(n,t) denote an n-vertex t-partite Turdn graph: it
has t — (n mod t) blocks with |n/t] vertices each and another (n mod t) blocks with [n/t]
vertices each. As is well known, T'(n,t) is the densest n-vertex graph that is Ky 1-free.

Proof of Theorem 4.2. We reduce DISJ%/?’ to CLQ-DETECT}, (p,n, m,T) by constructing a
certain graph that has some fixed edges, some edges depending on Alice’s input, z, and some
edges depending on Bob’s input, y.

Let H = (Vu,En) be a copy of the Turdn graph T'(b(h — 1), h — 1), with B; denoting
the jth block in V. By construction, |B;| = b for all j € [h — 1], and

EH:U{{U,U}: u € B;, veE B} .
i#j
To this fixed graph H, we add N additional blocks of vertices, denoted V1, ..., Vx, with each
|V;| = d. Then Alice and Bob add edge sets Falic. and Epob respectively, defined as follows

Eatee = |J {{wov}: weViveB}, Eswm= |J {{uv}: ueVj, veBu}.
=1, Jiyi=1
jelh—2]
In words, for each index ¢ with z; = 1, Alice constructs a complete bipartite subgraph
between V; and B; for all j € [h — 2]. Similarly, for each index j with y; = 1, Bob creates a
complete bipartite subgraph between V; and By _;. Let the final resulting graph be denoted
Gclique = (Vcliquea Eclique) where Velique = VHU(‘/lU- . -UVN)7 and Eclique = EgUEALice UEBob-

» Lemma 4.4. The graph Gelique 5 Kn-free iff x and y are disjoint.
Proof. Observe that graphs G4 = (Valiques Er U Ealice) and Gg = (Valique, Eu U EBob)
are both [Cj-free. Thus, any h-clique in Glique must of the form {vy,...,v,} where v; €

Bi,...,0h—1 € Bp_1, and v, € V; for some i € [N]. But this implies that V; is connected to
B, for all i € [h — 1]. Hence, z; = y; = 1. <
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Next, we record some important parameters of Gejique- First, |[Eg| = (h;l) b2 = O(b?).
Put n = |Vaiquel, M = | Eclique|- Let Ty denote the number of h-cliques in the graph. Recall

/3

that, as an instance of DISJ% , each of x and y has exactly N/3 ones. Thus,

N

n=|Vu|+ > [Vil=00b)+ Nd, m=]|Ey|+|Eaicel + |Epob| = O(b%) + O(Nbd),
=1

Ty =0, ifeny=2; Ty>=b"1d, otherwise.

Setting b= N and d = 1, we get n = O(N), m = O(N?), and Ty > N" 1 if z and y are not
disjoint. Suppose that there is an algorithm A that solves CLQ-DETECT},(p, n,m,T) with
T = N ' in only o(m"/?/T) space, for some constant p. Then there exists a communication
protocol with cost o(R) that solves DISJ%/ % This gives us the main result of Theorem 4.2.

The proof so far applies to a graph with m = ©(n?). To generalize it to arbitrary m
and T, assume m = O(n"), and T = m{~1/24% for some fixed 7, such that 1 < r < 2,
and 0 < 0 < 1/2. We modify the construction of Geiique as follows (note that § = 1/2 gives
the maximum possible number of h-cliques in a graph with m edges). We set b = N? and
d = N7! where ¢ = 1/ (4 —0r). Now mark b"/? vertices in each block B; and d2tn
vertices in each set V; as active vertices. Then we only add edges between active vertices of
each block. In the modified Gjique, We have

qr—2

n=0(N?, m=0(®0b")+0(Nbzd21)=0(N),

har

Ty =0, ifzny=09; TH>b(h*1)%d2(g;j> :G(N 2 ) ,  otherwise.

Plugging in ¢ = 1/ (% — 67“), we get Ty = O (m(h_l)/2+6) when = and y are not dis-
joint. The lower bound of Q(N) for DISJ]JX/3 implies a lower bound of Q (mh/Q/T) for
CLQ-DETECT, (p,n, m,T) with T = m(h=1/2+9, <

In the full paper, we prove the following lower bounds for CYC-DETECT}, (p, n, m,T'). The
first two, for odd h, are analogous to Theorem 4.2 and Theorem 4.3, except that Turan
graphs are replaced with an appropriate dense gadget. The third lower bound, for even h,
uses a different, “sparse” gadget, leading to a more restrictive lower bound.

» Theorem 4.5. For each odd constant h and constant p, solving CYC-DETECT},(p,n,m,T')
requires €} (mh/z/T) bits of space, provided T = Q(m"~1/2). Furthermore, this holds for
any m = 0O(n"), 1 <r <2, and any T with Q(m"=D/2) < T < m=D/248 yhere § is an
arbitrary constant in [0,1/2).

» Theorem 4.6. For each odd constant h, constant p, and for any T with 1 < T < mh—1/2,

solving CYC-DETECT}, (p, n,m,T) requires §2 (m/Tl/(h_l)) bits of space.

» Theorem 4.7. For each even constant h and constant p, there is a family of instances
with m = O(n) and T = O(m"=2/2) such that solving CYC-DETECTy, (p,n, m, T) requires
Q (mh/2/T) bits of space.

4.2 Single Pass Lower Bounds

We also obtain one-pass streaming lower bounds for the special subgraph counting problems
studied in the previous section. Proofs appear in the full paper. These bounds use reductions
from the INDEXy communication problem: Alice has a N-bit string, x, and Bob has an

11:11
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index z € [N]. The goal is to output the bit z,. The one-way randomized communication
complexity R~ (INDEXy) = Q(N) [1].

Lower bounds for CLQ-CNT and CYC-CNT are obtained by studying the corresponding
detection problems CLQ-DETECT and CYC-DETECT. As before, CYC-DETECT}, is treated
differently for odd h and even h. In each of these theorems, h is a constant.

Theorem 4.8 and Theorem 4.10 have the weakness that they apply only at carefully
chosen parameter settings, a la Theorem 4.7. A more thorough treatment of these theorems
is deferred to the full paper.

» Theorem 4.8. Solving CLQ-DETECT}, (1,1, m,T) requires Q(m"=¢/T?) space for every
small constant € > 0.

» Theorem 4.9. For odd h, solving CYC-DETECT,(1,n,m,T) requires Q(m" /T?) space.

» Theorem 4.10. For even h, CYC-DETECT(1,n,m,T) requires (mh/z/T) space.

4.3 Special Lower Bounds for Triangle Counting

Finally, we present some tight multi-pass space lower bounds for TRI-CNT in terms of
graph structural parameters introduced in previous works. Analogous to Definition 4.1,
we define TRI-DETECT(p,n,m,T), where the goal is to distinguish between graphs from
“no triangles” family and “at least T triangles” family. TRI-DETECT-DENSITY (p,n,m, T, p),
TRI-DETECT-TANGLE(p, n,m, T, ), and TRI-DETECT-DEGREE(p,n, m, T, A) are variants of
this problem where the triangle density p, the tangle coefficient v, and maximum degree A
(respectively) are supplied as parameters.

In each of the following theorems, the number of passes, p, is a constant.

As a direct consequence of Theorem 4.2 and Theorem 4.3, we have the following basic
lower bound.

» Corollary 4.11. Solving TRI-DETECT(p, n, m,T) requires §2 (min {m/T2/3, m/\/T}) space.

We can prove the following lower bounds for other variants of TRI-DETECT by reductions
from DISIE using suitable gadgets. Details appear in the full paper.

» Theorem 4.12. Solving TRI-DETECT-DENSITY (p,n, m, T, p) requires (m/p) space.
» Theorem 4.13. Solving TRI-DETECT-TANGLE(p, n,m,T,~) requires Q(m~/T) space.

» Theorem 4.14. Solving TRI-DETECT-DEGREE(p, n, m, T, A) requires Q(mA/T) space.

5 Concluding Remarks

In this paper, we have made several advances in our understanding of the space complexity

of subgraph counting problems. Nevertheless, a number of key problems remain open and

we end by highlighting some significant ones.
Consider the data streaming problems CLQ-CNT}, (for arbitrary constant h) and CYC-CNT,
(for odd constant h), using a constant number of passes. In each case, we have given a
space lower bound of Q( min {m"/2/T, m/T*/("=1} ) and an upper bound of O(mh/?T).
Suppose that T, the actual number of cliques or cycles (as applicable) in the input graph,
is relatively small: to be precise, suppose that T < m*~1/2_ In this regime, there is a
gap between the upper and lower bounds, as discussed after Theorem 4.3. Can we design
a constant-pass algorithm using O (m/T/ (=) space?
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—— Abstract

We study approximation of Boolean functions by low-degree polynomials over the ring Z/2%Z.
More precisely, given a Boolean function F' : {0,1}™ — {0, 1}, define its k-lift to be Fj, : {0,1}"™ —
{0,251} by Fy(z) = 28=F®) (mod 2¥). We consider the fractional agreement (which we refer
to as v4,,(F)) of Fy with degree d polynomials from Z/2*Z[z1,. .., z,].

Our results are the following:

Increasing k can help: We observe that as k increases, vq,5(F') cannot decrease. We give two
kinds of examples where 4, (F') actually increases. The first is an infinite family of functions
F such that y2q,2(F) — v3a—1,1(F) > Q(1). The second is an infinite family of functions F'
such that 74,1 (F) < 3 + o(1) - as small as possible — but y43(F) > 1 + Q(1).

Increasing k doesn’t always help: Adapting a proof of Green [Comput. Complexity, 9(1):16-38,
2000], we show that irrespective of the value of k, the Majority function Maj,, satisfies

va.r(Maj,) < % 4 %

In other words, polynomials over Z/2*Z for large k do not approximate the majority function
any better than polynomials over Z/27Z.

We observe that the model we study subsumes the model of non-classical polynomials in the
sense that proving bounds in our model implies bounds on the agreement of non-classical polyno-
mials with Boolean functions. In particular, our results answer questions raised by Bhowmick and
Lovett [In Proc. 30th Computational Complexity Conf., pages 72—87, 2015] that ask whether
non-classical polynomials approximate Boolean functions better than classical polynomials of the
same degree.

1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems

Keywords and phrases Polynomials over rings, Approximation by polynomials, Boolean func-
tions, Non-classical polynomials

Digital Object Identifier 10.4230/LIPIcs.STACS.2017.12

* A full version of the paper is available at https://arxiv.org/abs/1701.06268.
T Research supported in part by UGC-ISF grant 1399/4. Part of the work done when the first author was
visiting TIFR.

© Abhishek Bhrushundi, Prahladh Harsha, and Srikanth Srinivasan;
37 licensed under Creative Commons License CC-BY

34th Symposium on Theoretical Aspects of Computer Science (STACS 2017).

Editors: Heribert Vollmer and Brigitte Vallée; Article No. 12; pp. 12:1-12:12

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


http://dx.doi.org/10.4230/LIPIcs.STACS.2017.12
https://arxiv.org/abs/1701.06268
http://creativecommons.org/licenses/by/3.0/
http://www.dagstuhl.de/lipics/
http://www.dagstuhl.de

12:2

On Polynomial Approximations Over Z/2*7

1 Introduction

Many lower bound results in circuit complexity are proved by showing that any small sized
circuit in a given circuit class can be approximated by a function from a simple computational
model (e.g., small depth circuits by low-degree polynomials) and subsequently showing that
this is not possible for some suitable “hard” function.

A classic case in point is the work of Razborov [12] which shows lower bounds for AC°[@],
the class of constant depth circuits made up of AND, OR and & gates. Razborov shows
that any small ACO[EB] circuit C can be well approximated by a low-degree multivariate
polynomial Q(z1,...,xz,) € Fo[z1,...,z,] in the sense that

P [Q@) £ C@) = o(1)

The next step in the proof is to show that the hard function, on the other hand, does not have
any such approximation. Razborov does this for a suitable symmetric function, Smolensky [13]
for the MOD, function (for constant odd ¢), and Szegedy [15] and Smolensky [14] for the
Majority function Maj,, on n bits.

Given the importance of the above lower bound, polynomial approximations in other
domains and metrics have been intensely investigated and have resulted in interesting
combinatorial constructions and error-correcting codes [8, 4], learning algorithms [11, 9] and
more recently in the design of algorithms for combinatorial problems [17, 1] as well.

To describe the model of polynomial approximation considered in this paper, we first
recall the Razborov [12] model of polynomial approximation. Given a Boolean function
F :{0,1}"™ — {0,1} and degree d < n, Razborov considers the largest v such that there
is a degree d polynomial @ € Fy[z1,...,z,] that has agreement at least v with F' (i.e.,
Pr,[Q(x) = F(x)] > ). Call this v4(F'). In this notation, Szegedy [15] and Smolensky’s [14]
results for the Majority function can be succinctly stated as

va(Maj,,) < % + (i(fi)

We consider a generalization of the above model to rings Z/2*7Z in the following simple
manner. To begin with, we consider the ring Z/4Z. Given a Boolean function F, let
Fy:{0,1}™ — {0,2} C Z/AZ be the 2-lift of F defined as Fy(z) := 22~ F®) (ie., Fy(x) :=0
if F(x) = 0 and Fy(x) := 2 otherwise). Once again, we can define v42(F') to be the largest v
such that there exists a degree d polynomial Qo € Z/4Z[x1,...,x,] that has agreement ~
with F5. Note that v42(F) > v4(F) since if, for instance, Q(z) = z122 + 3 € Falz1,. .., 2,]
has agreement v with F, then Q2 := 2(x129 + 23) € Z/4Z[x1,...,x,] also has the same
agreement 7y with Fy. Hence, proving upper bounds for v42(F) is at least as hard as proving
upper bounds for v4(F).

More generally, we can extend these definitions to 74,5 (F'), the agreement of Fy, the k-lift
of F, defined as F(x) = 2°=F(®) mod 2%, with degree d polynomials from Z/2FZ[x1, ..., x,].
It is not hard to show that v4x+1(F) > va,x(F) and hence as k increases, the problem of
proving upper bounds on g (F') can only get harder.

Our motivation for this model comes from a recent work of Bhowmick and Lovett [3], who
study the maximum agreement between non-classical polynomials of degree d and a Boolean
function F', which is similar to 74 4(F) (see Section 5 for an exact translation between the
above model and non-classical polynomials). In particular, non-classical polynomials of
degree d can be considered as a subset of the degree d polynomials in Z/2Z[x1, ..., z,).
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With respect to correlation', Bhowmick and Lovett showed that there exist non-classical
polynomials (and hence polynomials in Z/29Z[z,...,z,]) of logarithmic degree that have
very good correlation with the Maj,, function. With respect to agreement, they show that
low-degree non-classical polynomials can only have small agreement with the Majority
function. Their results stated in our language, imply that

1 0O(d-29)

In particular, if d = Q(logn), this result unfortunately does not give any non-trivial bound

vd,a(Maj,,) <

on the maximum agreement between non-classical polynomials of degree d and the Maj,,
function. Bhowmick and Lovett, however, conjectured that this result could be improved and
left open the question of whether non-classical polynomials of degree d can do any better
than classical polynomials of the same degree in approximating the Majority function. More
generally, they informally conjectured that although non-classical polynomials achieve better
correlation with Boolean functions than their classical counterparts, they possibly do not
approximate Boolean functions any better than classical polynomials. Our work stems from
trying to answer these questions.

1.1  Our results

We prove the following results about agreement of Boolean functions with polynomials over
the ring Z/2FZ:
1. We explore whether there exist Boolean functions for which agreement can increase by
increasing k. In particular, do there exist Boolean F' such that v4 5 (F) > va,1(F)?
It is not hard to show that this is impossible for d = 1. Further, it can be shown that if
Yau(F) >1— 2%, then vg 1(F') = va,1(F). Keeping this in mind, the first place where we
can expect larger k to show better agreement is y2 2 vs. 7y2,1. Our first result shows that
there are indeed separating examples in the regime.
(a) Fix d € N to be any power of 2. For infinitely many n, there exists a Boolean function
F:{0,1}™ — {0,1} such that v34_1,1(F) < 5/8 + 0(1) but vaq2(F) > 3/4.
Note that since F' is Boolean, v4x(F) > 1/2 for any d,k. We then ask if there exist
Boolean functions F such that «41(F) is more or less the trivial bound of 1/2, while
~var k(F) is significantly larger for d’ < d and some k > 1. In this context, we show the
following result.
(b) Fix any ¢ > 2. For large enough n, there is a Boolean function F': {0,1}" — {0,1}
such that y9e_1 1 (F) < 1/2+ o(1) but v43(F) > 9/16 — o(1), for d =271 + 272 <
2¢ — 1.
2. We show that for Maj,,, the majority function on n bits, and any d, k € Z¥,

by adapting a proof due to Green [7] of a result on the approximability of the parity
function by low-degree polynomials over the ring Z/p*Z for prime p # 2.

! The correlation between F, G : {0,1}" — Z/2Z is defined to be E,[w’ (®)~%(®)] where w is the primitive

2%th root of unity in C. If F,G are {0, 2F~11_valued, then this quantity is exactly 2y — 1 where ~ is the
agreement between F' and G. Otherwise, however, it does not measure agreement.
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Coupled with the observation that the class of polynomials over rings Z/2FZ subsumes the
class of non-classical polynomials, part (b) of the first result provides a counterexample to an
informal conjecture of Bhowmick and Lovett [3] that, for any Boolean function F', non-classical
polynomials of degree d do not approximate F' any better than classical polynomials of the
same degree, and the second result confirms their conjecture that non-classical polynomials
do not approximate the Majority function any better than classical polynomials.

1.2 Organization

We start with some preliminaries in Section 2. In Section 3, we show some separation results.
Next, in Section 4, we prove upper bounds for v4 (Maj, ). Finally, in Section 5, we discuss
how our model relates to non-classical polynomials, answering questions raised by Bhowmick
and Lovett.

2 Preliminaries

For x € {0,1}", |x| denotes the Hamming weight of z, and for ¢ > 0, |z|; is the (i + 1)th
least significant bit of |z| in base 2. For d € N, we use {0,1}”, (resp. {0,1}",) to denote
the set of elements in {0,1}" of Hamming weight at most d (resp. exactly d). We use F,, to
denote the collection of all Boolean functions defined on {0,1}".

2.1 Elementary symmetric polynomials

Recall that for ¢ > 1, the elementary symmetric polynomial of degree ¢ over Fo, S¢(z1,...,zy),
is defined as Si(z1,...,z,) = @1<a1<“_<at<n Zaq, ---Tq,. Here & denotes addition modulo
two. This may be interpreted as

Sy(x1,. . ) = ('f') mod 2. (1)

A direct consequence of Lucas theorem (see, e.g., [10, Section 1.2.6, Ex. 10]) and
Equation (1) is the following:

» Lemma 2.1. For every £ > 0, Soc(x) = |z|¢. More generally, Si(x) =[], |x|; where the

product runs over all i > 0 such that the (i + 1)th least significant bit of the binary expansion
of t is 1.

The following result follows from the work of Green and Tao [6, Theorem 11.3], who build
upon the ideas of Alon and Beigel [2].

» Theorem 2.2 (Alon-Beigel [2]). Fiz £ > 0. Then, for every multilinear polynomial
P € Falzy,...,x,) of degree at most 2° — 1, we have Pry. (0,13 [Sa¢ (z) = P(x)] < 1/2+ 0(1).

Theorem 2.2 has a nice corollary:

» Corollary 2.3. For every fized £ > 0, the functions {Sa:(x) }o<i<e are almost balanced and
almost uncorrelated, i.e.

V0 <i<{ |Pr[Sy(z)=0] —Pr[Sy(z) =1]| = o(1)

Voag,...,ar € {0,1}, [Pr[Agc;cp S2i(7) = ai] — 2,5%| =o0(1).

2 The constant in the O(-) is an absolute constant.
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Combining Corollary 2.3 with Lemma 2.1, we get another useful fact:

» Lemma 2.4. Let x be uniformly distributed over {0,1}™. Then, for every fized r > 1, the
random variables {|x|; }o<i<r—1 are almost uniform and almost r-wise independent i.e.
VO0<i<r-—1,|Pr[z; =0] —Pr[|z|; =1]| = o(1).
YV (ag,...,ar—1) € {0,1}", | Pr[(|zo, ..., |z]r-1) = (a0, ..., ar—1)] — 5| = o(1).

2.2 Boolean functions and polynomials over Z/2*7

Given an F' € F,, and k > 1, we define the k-lift of F' to be the function F}, : {0,1}" — Z/2*Z
defined as follows. For any = € {0,1}",

Fi(z) = { 2k=1  otherwise.

For d € N,k > 1, Py, will denote the set of multilinear polynomials in Z/?kZ[ml, ey X
of degree at most d .

For functions F,G : D — R for some finite domain D and range R, define the agreement
of F and G — denoted agr(F,G) — to be the fraction of inputs where they agree: i.e.,

agr(F,G) = PII‘) [F(z) = G(x)].

We will consider how well multilinear polynomials of a certain degree can approximate

Boolean functions in the above sense. More precisely, for any Boolean function F' € F,,, we
define

F)= max agr(Fy,Q).
Ya i (F) Juax ag (Fr, Q)
Following [5], we call a set I C {0,1}" an interpolating set for Py y if the only polynomial
P € P, that vanishes at all points in I is zero everywhere. Formally, for any P € Py,

(Ve el Plx)=0)= (Vye{0,1}" P(y)=0).

We now state a number of standard facts regarding Boolean functions and multilinear
polynomials over Z/2*7Z. The proofs are either easy or well-known, and appear in the full
version of the paper (see https://arxiv.org/abs/1701.06268).

Unless mentioned otherwise, let n,d, k be any integers satisfying n > 1,d > 0,k > 1.

» Lemma 2.5. Any polynomial QQ € Py satisfies the following:

1. If Q is non-zero, then Pry(o.13» [Q(z) # 0] > o

2. Q is the zero polynomial iff Q(x) =0 for all z € {0,1}".

3. (M&bius Inversion) Say Q(z) = 3 5/<4 csTs, where cs € Z/2F7 and x5 denotes [[;cq i
Then, cs = Y e g(=D)ISI=ITIQ(17) where 17 € {0,1}" is the characteristic vector of T.

4. ({0,1}2, is an interpolating set) Q vanishes at all points in {0,1}" iff Q vanishes at all
points of {0,1}%,. By shifting the origin to any point of {0,1}", the same is true of any
Hamming ball of radius d in {0,1}".

» Lemma 2.6. Fiz any F € F,.

L yqx(F) > 3.

2. Yaps1(F )>’de(F)

3. Yk (F) > 1= 2 = 4 (F) = va1(F).
4. 7 x(F) =y (F).

STACS 2017
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3 Some separation results

3.1 A separation at k = 2

Let d € N be any power of 2. In this section, we show that there are functions F' for which
Y2d,2(F) > y3da-1,1(F).

» Theorem 3.1. For large enough n, there exists a function F' € Fa, such that yaq2(F) >
% — 0(1) but ’}/3d_171(F) < % + 0(1)

In particular, we see that v2 o(F) > 2,1 (F). This result is notable, since it shows that there
is a separation at the first place where it is possible to have one (Recall that vq ;. (F) = v1,1(F)
for any F' € F,, by Lemma 2.6).

Let us begin the proof of Theorem 3.1. We first define a family of Boolean functions
on {0,1}?". We denote the 2n variables by x1,...,z, and yi,...,y,. We use (lfll) to
denote the dth elementary symmetric polynomial from the ring Z/4Z[z1, ..., z,)], i.e., (‘Z') =
ZSE([Z]) HieS l’z’-g

The following theorem due to Kummer (see, e.g., [10, Section 1.2.6, Ex. 11]) determines
the largest power of a prime that divides a binomial coefficient.

» Theorem 3.2 (Kummer). Let p be a prime and N, M € N such that N > M. Suppose r
is the largest integer such that p" | (AA;) Then r is equal to the number of borrows required
when subtracting M from N in base p.

We will need the following easy corollary of Kummer’s theorem.

» Corollary 3.3. Let d be a power of 2. Then, for N > d, the highest power of 2 dividing
(];[) is equal to the highest power of 2 dividing L%j

Let S = {(z,y) | (lfll), (\zl) =1 (mod 2)}. Given any function H : {0,1}?" — {0, 1}, we
define the Boolean function Fp(21,...,Zn, Y1, .,Yn) as follows:

0 if (lzl) . ('Z‘) =0 (mod 4),
Fy(z,y) = 1 if ('2') : (IZ‘) =2 (mod 4),
H(z,y) otherwise.

Define P(x,y) = (‘ﬁl) . (lzl) € ZJ/AZ[x1, ..., Tpn,Y1,---,Yn). Note that Fr(z,y) is defined
so that its 2-lift agrees with P(z,y) on points (z, y) where P(z,y) € {0,2}. Also Corollary 3.3
implies that the following is an alternate equivalent definition of Fy in terms of elementary
symmetric polynomials modulo 2.

0 if Sa(x) = Sa(y) =0,
Saa(y) if Sq(z) =1 and S4(y) =0,
Saa(z) if Sq(z) =0 and S4(y) =1
H(z,y) otherwise.

FH(‘rvy) =

7

First of all, let us note that for any choice of H, we have:

» Lemma 3.4. ’)/Qd’g(FH) > % — 0(1)

3 We distinguish between (‘?) and Sq(z) since the former is from Z/4Z[x1,. .., xn] and latter a polynomial
in Faol[z1,...,zn].
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Proof. Consider the polynomial P(z,y) € Pag,2 defined above. From Equation (2), it follows
that the probability that P(z,y) # Fu2(z,y)?* is less than or equal to the probability that
Sa(xz) = Sa(y) = 1, which is 1 + o(1) by Corollary 2.3. This gives the claim. <

The main lemma is the following.

» Lemma 3.5. Say H : {0,1}?" — {0,1} is chosen uniformly at random. Then,
p (Frr) > 2 +o(1)] = o(1)
Hr Y3d—1,1\L'H 3 o =o(l).

This will prove Theorem 3.1.

The outline of the proof of the above lemma is as follows. Fix any polynomial Q €
Falz1,.. s Tn, Y1, ., Yn) of degree at most 3d—1. We need to show that agr(F, Q) < %4—0(1)
. The function H : {0,1}?>" — {0,1} we choose will be a random function, which ensures
that any ) cannot agree with H on significantly more than half the inputs in S. For inputs
outside S, we need a more involved argument, following Alon and Beigel [2]. We show that
for any @) we can find somewhat large sets I and J of  and y variables respectively such
that when we set the variables outside I U J, we obtain a polynomial that is symmetric in
the variables of I U J. This is a Ramsey theoretic argument ala Alon-Beigel [2].

Following this argument, we only need to prove the agreement upper bound for @ that is

symmetric in z and y variables. This can be done by reduction to a constant-sized problem.

A careful computation to solve the constant-sized problem finishes the proof.
The complete technical details of the proof of Lemma 3.5 appear in the full version of the

paper.
3.2 Symmetric functions as separating examples

We know from Theorem 2.2 that, for every fixed £ > 2, y9¢_1 1(S9¢) < % + o(1). In contrast,
the main result of this section shows that

» Theorem 3.6. For every fized { > 2, 74.3(Sa¢) > 1% — o(1), where d = 271 + 272,

Notice that 2671 +2¢-2 < 2¢ _ 1 for ¢ > 2. This implies that, for ¢ > 2, Sy (z) is an
example of a function F for which there exist k,d € N such that 74,1 (F) < 3 4 o(1) but
Yar 1 (F) = & 4+ Q(1) for some d’ < d.

Proof of Theorem 3.6. Lemma 2.1 from Section 2 tells us that Sye(z) = |z|,. Thus,
Soe 3(x) € Z/8Z[x1, . .., xy], the 3-lift of Sye(x), is given by

Sye g(a) = {4 i frle =1 (3)

0 otherwise

Fix d to be 271 + 2/=2 and consider the polynomial P(z) = >orcimpiri<dllier xi in
Z/8Zx1,...,xy]. To prove the theorem, it suffices to show that

1 1
awgl’”l}n[P(fﬂ) = Soe 3(w)] = PR o(1).

4 Fr 2 denotes the 2-lift of Fiy.

12:7
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Clearly, P(x) = <2|) mod 8, and
0 if8| |Z|

PO=Y, e (e o @
4 if4] d butSJ((d>

Let B(x) be the number of borrows required when subtracting d from |z|. Rewriting (4)
in terms of B(x) using Kummer’s theorem (See Theorem 3.2), we get

Pla) {4 if B(z) =

2
0 if B(z)>3 )

We will need the following lemma.

» Lemma 3.7. P(x) = Sy 5(x) if
1. |z]i—2 =0, or
2. if (lzfe—2, [z[e—1, [z]e, [2]e+1) = (1,0,0,0).

Proof. Since d = 2¢=1 + 22 all the bits of d except dy_1 and dy_o are zero. An important
observation is that, when subtracting d from |z|, no borrows are required by the bits |z|;,
0<i</(-3.

Using the above observation, the reader can verify that when (|z|¢—2, |z|e—1, ||, |Z]e+1) =
(1,0,0,0) the number of borrows required is at least 3 i.e. B(z) > 3, which in turn implies
that P(z) = 0. Since |z|; = 0, Sg¢ 3(x) = 0. This proves the second part of the lemma.

To prove the first part, suppose |z|s—2 = 0. Since dy_; = dy—o = 1, it follows that both
|z|e—2 and |x|s—1 will need to borrow when subtracting d from |z|. As argued before, no
borrows are required by the bits before (i.e. less significant than) |z|,—2, and thus the total
number of borrows required by the bits |z|;, 0 << £—1, is 2.

Note that the bit |x|,—1 borrows from |z|,. Consider the following case analysis:

Case |z]¢ = 1: |z|¢ will not need to borrow since d; = 0. In fact, none of the bits after

(i.e. more significant than) |z|, will need to borrow, and thus B(x) = 2. This implies that

P(x) = 4. We also have Sy 5(2) = 4 and hence P(x) = Sy 5(x).

Case |z|p = 0: |z|, will require a borrow and this means B(z) > 3. This would imply

P(x) = 0. Since |z|, = 0, it follows that P(x) = Sae 3(x).

This completes the proof. |

By Lemma 3.7, we have
Pr[P(z) = Sy 3(x)] = Pr{jzfe—2 = 0] + Pr[(|z|e—2, [2]e—1, [2]e; [2]e41) = (1,0,0,0)]  (6)
Using Lemma 2.4 from Section 2, we have
Prlfele> = 0] > 5 — o(1)
Pr(([ele—s, lale-1, lale, Jalesr) = (1,0,0,0)] > = —o(1)

— 16
which, together with (6), implies

P[P(2) = Sy 5(2)] 2 5 + 15 — (1)
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4 Upper bounds for ~4;(Maj,)

In this section, we show an upper bound on ~4 ;(Maj,,) where Maj, denotes the Majority
function on n bits.?

» Theorem 4.1. For any k > 1,d € Z", v4,(Maj,) < 5 + %

The proof of Theorem 4.1 presented below is an adaptation of techniques appearing in a
work of Green [7], who proved a similar result on the approximability of the parity function
by polynomials over the ring Z/p*Z, for prime p # 2.

We will need some definitions and facts about Py 1.

We use 7 to denote the unique ring homomorphism from Z/2*Z to Z/2Z. Tts kernel
7710) = {a € Z/2*Z | 2*~1a = 0} is the set of non-invertible elements in Z/2*Z.

We call a set S C {0,1}" forcing for Pq if any polynomial P € Py that vanishes over
S is forced to take a value in 7=1(0) at all points = € {0,1}". Formally,

(VzeS P(x)=0)= (Vy e {0,1}" «(P(y)) =0).

Define the polynomial w(P) € Z/2Z[x1,...,Z,] to be the polynomial obtained by applying
the map 7 to each of the coefficients of P. Since a multilinear polynomial in Z/2*Z[z1, . .., z,]
is the zero polynomial iff it vanishes at all points of {0,1}" (by Lemma 2.5), we see that S is
forcing iff (Vz € S P(x) =0) = n(P) = 0.

Note that any interpolating set for Py (see Theorem 2 for the definition) is forcing for
P4k, but the converse need not be true.

We now adapt the proof of Lemma 11 in [7] to bound the size of forcing sets for Py .

» Lemma 4.2. If S is forcing for Pag, then |S| > [{0,1}2,] = (2,).

The proof of the above lemma appears in the full version of the paper.

We now use Lemma 4.2 to prove Theorem 4.1.
Proof of Theorem 4.1. We assume throughout that 1 < d < %L; otherwise, there is nothing
to prove. Let Maj, ;. : {0,1}" — Z/2*Z be the k-lift of the Maj, function. Let P € Py
be arbitrary and let Sp = {z € {0,1}" | P(r) = Maj, ,()}. We want to show that

|Sp| <2 (3 + 19%). We will argue by contradiction. So assume that [Sp| > 27 - (3 + 104),

NG Vvn
Let Ep be the complement of Sp, i.e. the set of points where P makes an error in

computing Maj,, .. We have |Ep| < 2"(3 — %) We will try to find a degree D (for suitable

D < |n/2]) polynomial @ such that ) vanishes at all points in Ep but has the property that
Q(z) is a unit (i.e. 7(Q(x)) # 0) for some x € {0,1}". To be able to do this, we need the
fact that E'p is not forcing for Pp ;. By Lemma 4.2, if Ep is indeed forcing for Pp , then

o, /2, /2l
|EPIZ§(Z->_ > (Z) > <2)

=0 i=D+1

22 = (/2 =) (1)
o (LD (1 )

5 We define the majority function as Maj,, (z) = 1 iff |z| > n/2.

12:9
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where the last equality follows if we choose D = [n/2] — 2d. This contradicts our upper
bound on the size of |Ep|. Hence, Ep cannot be forcing for Pp j. In particular, we can find
@ that vanishes on Ep and furthermore, m(Q(z)) # 0 for some x € {0,1}"™.

We now claim that 7(Q(zo)) # 0 for some zy of Hamming weight > n/2. To see this,
consider the polynomial @1 = m(Q). By construction of @), we know that @)1 is a non-zero
polynomial of degree D. Hence, by Lemma 2.5, ()1 is non-zero when restricted to the
Hamming ball of radius D < n/2 around the all 1s vector. In particular, this implies
that there is an input zy of Hamming weight > n/2 where Q1(x) is non-zero and hence
7(Q(x0)) # 0, or equivalently 2871Q(xg) # 0. Fix this x¢ for the remainder of the proof.
Note that zg € Ep since @) vanishes on Ep.

Now, consider the polynomial R(x) = Q(x) - P(z). We first show that R(z) = 0 for all
x of Hamming weight < n/2. Consider any z of Hamming weight < n/2. If z € Ep, then
R(x) = 0 since Q(z) = 0. On the other hand, if x ¢ Ep, then P(x) = Maj,, ,(x) = 0 since x
has Hamming weight < n/2. Thus, R vanishes at all inputs of Hamming weight < n/2.

Since the degree of R is at most deg(Q) +deg(P) = D+d = (|n/2] —2d)+d < |n/2] —d
and R vanishes at all inputs of {0, 1}%“/27 this implies (by Lemma 2.5) that R must be 0
everywhere. However, at zo, R(xo) = Q(z0)P(z0) = Q(z0)Maj, (r0) = 2"71Q(x0) # 0.
This yields the desired contradiction. |

5 Connection to non-classical polynomials

Let T = R/Z denote the one dimensional torus. Observing that the additive structure of
F is isomorphic to the additive subgroup {0,1/2} < T, we can think of a Boolean function
F :F3} — Fy as a function F': F§ — {0,1/2}, and conversely, a map F : F§ — {0,1/2} as a
Boolean function.

Tao and Ziegler [16] give a characterization of non-classical polynomials as follows:

» Definition 5.1 (Tao and Ziegler [16]). A function F' : F} — T is a non-classical polynomial
of degree < d if and only if it has the following form:

€1 e
Ceyiyven,kly - T T
F(zy,...,2n) =a+ g L ok ™ (mod 1)
Ogel,...,engl,kZLZiei—i—(k—l)gd

Here o € T, and ce, ... ¢, .k € {0,1} are uniquely determined. « is called the shift of F', and
the largest k such that ce, ., r 7# 0 for some (e1,...,e,) € {0,1}" is called the depth of F.

Since we are interested in the agreement of a non-classical polynomial with Boolean (i.e.
{0,1/2}-valued) functions, we will only consider polynomials with shift o = £, where k is

the depth of the polynomial and A € {0,...,2% —1}.

» Remark. Classical polynomials are non-classical polynomials with « € {0,1/2} and depth
= 1. It is easy to see that every classical polynomial corresponds to a Boolean function.
It is also not hard to show that every Boolean function can be represented as a classical
polynomial.

The following lemma relates our model to non-classical polynomials (the proof is given in
the full version of the paper):

» Lemma 5.2. Let F be a Boolean function, and d,k € Z*, d > k.
1. If there is a non-classical polynomial P of degree d and depth k satisfying agr(F, P) = ~,
then there is a P' € Py satisfying agr(Fy, P') =, where Fy, is the k-lift of F.
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2. If there is a P € Pqy, satisfying agr(Fy, P) =y, then there is a non-classical polynomial
P’ of degree < d+ k — 1 and depth k satisfying agr(F, P') = 7.

The first part of Lemma 5.2 implies the following corollary of Theorem 4.1:

» Corollary 5.3. Let F': Fy — T be a non-classical polynomial of degree d. Then,

1 d
Pr [Maj =F <= — .
Pr i, (o) = Fo)] < 5 +0 (=)
This proves a conjecture of Bhowmick and Lovett [3] that non-classical polynomials of degree
d do not approximate the Majority function any better than classical polynomials of the
same degree.

The following is a consequence of Theorem 2.2 and the first part of Lemma 5.2:

» Corollary 5.4. Let { > 2. Then, for every classical polynomial P : Fy — T of degree
é ZZ - 1;

Prw@g:sy@ng%+ouy

x~Fy
On the other hand, the second part of Lemma 5.2 and Theorem 3.6 imply

» Corollary 5.5. For every ¢ > 2, there is a non-classical polynomial F : Fy — T of degree
<271 4202 £ 9 and depth 3 such that

9
Pr [F(z) = Sqc(z)] > 6~ o(1).

x~Fy

Noting that 2¢=1 + 202 + 2 < 2¢ for ¢ > 4, Corollary 5.4 and Corollary 5.5 imply the
following:

» Theorem 5.6. There is a Boolean function F : FY — {0,1/2} and d > 1, such that for
every classical polynomial P of degree at most d, we have

Pr [F(z) = P(x)] < 5 +o(1),

x~Fy -

but there is a non-classical polynomial P’ of degree d' < d satisfying

Pqn@:pmmz%+mm

x~Fy

This provides a counterexample to an informal conjecture of Bhowmick and Lovett [3] that,
for any Boolean function F', non-classical polynomials of degree d do not approximate F' any
better than classical polynomials of the same degree.
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—— Abstract
We study the complexity of decision problems about symmetric Nash equilibria for symmetric
multi-player games. These decision problems concern the existence of a symmetric Nash equi-
librium with certain natural properties. We show that a handful of such decision problems are
JR-complete; that is, they are exactly as hard as deciding the Existential Theory of the Reals.
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1 Introduction

1.1 The Setting

Algorithmic Game Theory has come to take into account and accomodate computational issues
into the classical setting of Game Theory. Thus, one of its major trends seeks to determine
tight complexity bounds for algorithmic problems originating from Game Theory. Along this
trend, strong emphasis has been put on algorithmic problems about Nash equilibria [19, 20],
states where no player could improve her payoff by unilateral switching. This is no surprise
given that the Nash equilibrium is the most influential equilibrium concept in Game Theory.
In this work, we continue the complexity-theoretic study of Nash equilibria. We focus on
decision problems, asking whether or not a given game has a Nash equilibrium with some
natural property; recently, such decision problems about Nash equilibria, whose complexity-
theoretic study dates back to the seminal work of Gilboa and Zemel [17], attracted a lot
of flourishing interest and attention — see, e.g., [2, 3, 4, 5, 10, 11, 16, 23].) The complexity
of deciding the existence of approrimate Nash equilibria with certain properties has been
studied in [1, 6, 13, 18].

A key factor affecting the complexity of decision problems about Nash equilibria is the
number of players. Due to the rationality of Nash equilibria for bimatrix games, decision
problems about Nash equilibria for bimatrix games are placed in NP; on the other hand,
there were early found 3-player games whose Nash equilibria were all irrational [19, 20]; under

There is a distinct thread of breakthrough results providing exact characterizations of the complexity
of the search problem about Nash equilibria for r-player games with r > 2 — see [9, 12, 14, 21]. The
characterizations amount to completeness for the complexity classes PPAD [21] and FZXP [14]. By a
recent breakthrough result in [22], there is no PTAS for a Nash equilibrium in bimatrix games, asssuming
the Exponential Time Hypothesis for PPAD.
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standard complexity-theoretic assumptions, this dashes the hope that decision problems
about Nash equilibria for multi-player games could be placed in ANP. Such considerations
suggest that the tight bound for the complexity of decision problems about Nash equilibria
for multi-player games must be some complexity class encompassing AN'P. Recent pioneering
work by Schaefer and Stefankovi¢ [23] identified IR, a complexity class associated with the
Ezistential Theory of the Reals [24], as such a class; it is known that IR C PSPACE [8].

The first decision problem about Nash equilibria shown dR-complete for multi-player
games was the problem asking, given an r-player game with » > 3 and a rational g, whether
there is a Nash equilibrium with no probability exceeding p [23, Corollary 3.5]. Using this,
four additional decision problems were subsequently shown, via a chain of problem-specific
reductions, dR-complete for multi-player games in [16, Section 3]. The present authors
presented in [4], via a single unifying reduction, a catalog of such IR-complete problems
for multi-player games, encompassing all the decision problems that had been shown NP-
complete for (symmetric) bimatrix games in [2, 11, 17]; the catalog encompassed the four
IR-complete decision problems for r-player games with r > 3 from [16].

In this work, we focus on symmetric multi-player games; symmetric means that all players
are identical and indistinguishable: they have the same strategy sets and there is a common
payoff function depending only on the player’s chosen strategy and on the number of players
choosing each strategy. Symmetric games have been studied extensively; already in 1951
Nash proved that every symmetric game has a symmetric Nash equilibrium [20]: one where
all players play the same mixed strategy. Very recently decision problems about the existence
of a symmetric Nash equilibrium with some additional property for a symmetric game were
introduced by Garg et al. [16]; they showed that deciding the existence of a symmetric Nash
equilibrium where all strategies played with non-zero probability are in a given set (resp., a
given set of strategies are played with non-zero probability) is IR-complete for symmetric
multi-player games with a constant number r > 3 of players [16, Theorem 23].

1.1.1 Contribution, Techniques and Significance

As our main result, we present a catalog with ten dR-complete decision problems about the
existence of a symmetric Nash equilibrium with certain properties for symmetric r-player
games with constant » > 3 (Theorem 10). Such decision problems include the ones of deciding
the existence of a second Nash equilibrium, or of a Nash equilibrium where the expected
payoff to each player is at most (resp., at least) a given number. The properties associated
with the decision problems in our catalog come originally from the decision problems about
Nash equilibria in bimatrix games, which were shown NP-complete in [2, 11, 17]; the same
properties are also found in the decision problems about the existence of a Nash equilibrium
with certain properties for multi-player games, which were shown JR-complete in [4, 16].
To show the JR-completeness results, we present a unifying, polynomial time, many-to-
one reduction from the decision problem asking about the existence of a symmetric Nash
equilibrium where all strategies played with non-zero probability come from a given set T; this
is dR-complete [16, Theorem 23]. The many-to-one reduction amounts to a simple symmetric
game reduction?® we design and analyze (Section 4), which maps a pair of symmetric r-player
games G and 6, called the input game and the gadget game, respectively, to a symmetric
r-player game G with a larger set of strategies; G is accompanied with a set of strategies T.

2 By symmetric game reduction we mean any transformation of some game(s) into a symmetric game
that preserves certain properties.
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Thus, <é, T> represents an instance of the decision problem above, which the many-to-one
reduction reduces from; the symmetric game reduction is tailored to this decision problem.

The symmetric game reduction provides certain correspondences between the symmetric
Nash equilibria for G and those for G and G respectively. Going backwards, a symmetric
Nash equilibrium for G subsumes a symmetric Nash equilibrium for either GorG (Lemma 7).
Going forward, a symmetric Nash equilibrium for G always induces a symmetric Nash
equilibrium for G (Lemma 8); but a symmetric Nash equilibrium for G induces a symmetric
Nash equilibrium for G if and only if all strategies played by it with non-zero probability
come from the given set of strategies T (Lemma 9).

As a tool for the symmetric game reduction, we construct and use the symmetric r-
player gadget game a[m], for any integer m > 3 (Section 3). a[m] generalizes the classical
rock-paper-scissors game to an arbitrary number of players r and an arbitrary number of
strategies m > 3. By construction, a[m] has the crucial property of zero-sum.

We use the forward and backward correspondences between symmetric Nash equilibria
given by the symmetric game reduction to conclude that the constructed symmetric game G
has a symmetric Nash equilibrium with the considered property if and only if the input game
Ghasa symmetric Nash equilibrium where all strategies played by it with non-zero probability
come from the given set T (Lemmas 11, 12, 13 and 14). These yield the JR-hardness of
deciding the existence of a symmetric Nash equilibrium with the property (Theorem 10).
These dR-completeness results essentially settle the chapter on the complexity of decision
problems about symmetric Nash equilibria for symmetric r-player games, with » > 3.

1.2 Related Work and Comparison

The symmetric game reduction in Section 4 follows the structure of the game reduction in [4,
Section 3]. Specifically, what the two reductions have in common is the idea of transforming
a pair of a gadget game G and an input game G into a game G. Each of the two reductions
is such that the Nash equilibria of the gadget game G are always preserved while only the
Nash equilibria of the input game that have certain properties are preserved. The game
reduction in [4, Section 3] is tailored to the decision problem asking, given a 3-player game
and a rational g, whether there is a Nash equilibrium with no probability exceeding p; on
the other hand, the symmetric game reduction is tailored to the decision problem asking,
given a symmetric 3-player game with a strategy set T, whether there is a Nash equilibrium
where all strategies played with non-zero probability all come from T.

Our proof techniques (specifically, the symmetric game reduction) apply directly to
r-player symmetric games with r > 3, thanks to the r-player symmetric gadget game G[m].
In contrast, the corresponding techniques in [16, Section 4] deal first with symmetric 3-player
games [16, Theorems 20 & 21], obtained by employing the technique of symmetrization (cf. [7])
to transform a 3-player game into a symmetric 3-player game; then, they apply separately
a rather lengthy and complicated reduction from symmetric 3-player games to symmetric
r-player games with r > 3 [16, Theorem 23].3 Thus, our direct reduction yields a handful of
dR-completeness results while it is much simpler and more elegant and transparent than the
long sequence of reductions in [16, Section 4]. Note also that the symmetric game reduction
is the first symmetric reduction that works entirely within the realm of decision problems

3 Note that there is no known trivial reduction of symmetric 3-player games to symmetric r-player games
with r > 3; this is unlike the case of the trivial reduction of 3-player games to r-player games with r > 3,
which allows establishing complexity results for decision problems about Nash equilibria for r-player
games with » > 3 by focusing on the case r = 3 (cf. [4] and [16, Section 3]).
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about Nash equilibria: the reduction in [11], though yielding a symmetric game, involves
SAT; the reductions in [4, 16] are not symmetric — in fact, [16] resorts to symmetrization
(cf. [7]) in order to extend IR-hardness from arbitrary to symmetric 3-player games.

2 Framework

Our presentation closely follows [4, Section 2].

2.1 Games and Nash Equilibria

A game is a triple G = <[7‘]7 {Ziticy 7{Ui}i€[r]>7 where (i) [r] = {1,...,r} is a finite set of
players with r > 2, and (ii) for each player ¢ € [r], ¥; is the set of strategies for player i, and
U; is the payoff function U; : Xpep X — R for player i; G is called an r-player game.

For each player i € [r], set [_; := Xy (i} Lk; set [ := XpepXe. A profile is a tuple
s € I of r strategies, one per player. The vector U(s) = (Ui(s),...,U,(s)) is the payoff
vector for s. A partial profile s_; is a tuple of r — 1 strategies, one for each player other
than i; so s_; € _;. For a profile s and a strategy ¢ € ¥;, denote as s_; ¢t the profile
obtained by substituting the strategy ¢ for s; in s. Denote as u(G) = mingey ;e[ {Us(s)} and
u(G) = maxges jefr] {Ui(s)} the minimum payoff and the mazimum payoff for G, respectively.

The game G is symmetric if ¥1 = ¥y = ... =%, := X, and for each permutation 7 of the
set of players [r], for each player i € [r], U; (s1,...,8:,...,5) = Uz (s,r(l), N OIS
s,r(r)); so, the payoff to a player playing a particular strategy is determined by the multiset
of strategies played by the other players, and there is no discrimination among the players.

A mized strategy for player ¢ € [r] is a probability distribution o; on her strategy set X;: a
function o; : £; — [0, 1] such that ) s 0i(s) = 1. Denote as A; the set of mixed strategies
on ¥;. Denote as Supp(o;) the set of strategies s € ¥; with o;(s) > 0. A mized profile
o= {Ui}ie[r] is a tuple of mixed strategies, one per player. So, a profile is the degenerate
case of a mixed profile where all probabilities are either 0 or 1. Set A = A(G) := Xpe[Q;
80, o € A. A partial mized profile o_; is a tuple of r — 1 mixed strategies, one per player
other than . For a mixed profile o and a mixed strategy 7; of player i € [r], denote as
o_; o 1; the mixed profile obtained when substituting 7; for ¢; in the mixed profile o.

A mixed profile o induces a probability measure P, on I in the natural way; so, for a
profile s € I', Po(s) = e[, ok(sk). Say that the profile s (resp., the partial profile s_;)
is supported in the mixed profile o (resp., the partial mixed profile o_;), and write s ~ o
(resp., s_; ~ o_;), if Py(s) > 0 (resp., Po_,(s—;) > 0. Under the mixed profile o, the payoff
of each player becomes a random variable. So associated with o is the ezpected payoff for
each player ¢ € [r], denoted as U;(o), which is the expectation according to P, of her payoft;

so, clearly, U;(o) = > 1 (erm Uk(sk)> -Ui(s).

A pure Nash equilibrium is a profile s € I' such that for each player i € [r] and for each
strategy t € ¥;, U; (s) > U; (s_;ot). A mized Nash equilibrium, or Nash equilibrium for
short, is a mixed profile o such that for each player i € [r] and for each mixed strategy 7;,
Ui(o) > U;(o—; o 7). Denote as NE(G) the set of Nash equilibria for G. For each game G,
NE(G) # 0 [19, 20]. We shall make extensive use of the following characterization of Nash
equilibria.

» Lemma 1. The mized profile o is a Nash equilibrium if and only if for each player i € [r],
(1) for each strategy t € Supp(o;), Ui(o) = U;(o—;ot), and (2) for each strategy t & Supp(o;),
UZ(O') > Ui(O',Z' Ot).

For an arbitrary number J, denote as G 4+ § the game obtained from G by adding ¢ to each
possible value of the payoff function. We recall a simple fact:
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» Lemma 2. Consider the pair of r-player games G and G:=G+ 6, for some number 9.
Then, NE(G) = NE(G). Moreover, for each pair of a player i € [r] and a Nash equilibrium
[ S /\/E(G), Ul(O') = Ul(O') + 4.

A Nash equilibrium o is fully mized if for each player i € [r], Supp(o;) = ;. A Nash equilib-
rium is symmetric if all mixed strategies are identical. For a symmetric Nash equilibrium o,

denote as Supp(o) the common support of all mixed strategies. Denote as SN'E(G) the set
of symmetric Nash equilibria for G. For each symmetric game G, SNE(G) # 0 [19, 20].

2.2 Decision Problems about Symmetric Nash Equilibria

Here are the formal statements of the decision problems about symmetric Nash equilibria for
symmetric games we shall consider; they are given in the style of Garey and Johnson [15],
where 1. and Q. stand for INSTANCE and QUESTION, respectively.

3 SECOND SNE

I.: A symmetric game G.

Q.: Is there a second symmetric Nash equilibrium?

3 SNE WITH LARGE PAYOFFS

1. A symmetric game G and a number u.

Q.: Is there a symmetric Nash equilibrium o s/t for each player i € [r], U;(o) > u?

3 SNE WITH SMALL PAYOFFS

I.: A symmetric game G and a number u.

Q.: Is there a symmetric Nash equilibrium o s/t for each player i € [r], U;(o) < u?

3 SNE WITH LARGE TOTAL PAYOFF

I.: A symmetric game G and a number u.

Q.: Is there a symmetric Nash equilibrium o s/t Zie[r] Ui(o) > u?
3 SNE WITH SMALL TOTAL PAYOFF

I.: A symmetric game G and a number u.

Q.: Is there a symmetric Nash equilibrium o s/t Ziem Ui(o) < u?

3 SNE WITH LARGE SUPPORTS

I.: A symmetric game G and an integer k > 1.

Q.: Is there a symmetric Nash equilibrium o s/t for each player i € [r], |Supp(oi)| > k7

3 SNE WITH SMALL SUPPORTS

I.: A symmetric game G and an integer k > 1.

Q.: Is there a symmetric Nash equilibrium o s/t for each player i € [r], |Supp(c:)| < k?

3 SNE WITH RESTRICTING SUPPORTS
I.: A symmetric game G and a subset of strategies T C X.

Q.: Is there a symmetric Nash equilibrium o s/t T C Supp(o)?

3 SNE WITH RESTRICTED SUPPORTS

I.: A symmetric game G and a subset of strategies T C ¥.

Q.: Is there a symmetric Nash equilibrium o s/t Supp(o) C T?

STACS 2017



13:6

JR-Complete Decision Problems about Symmetric Nash Equilibria

Given two mixed profiles o and &, denote as Diff (o7,6) := {i € [r] : 0, # 7;} the set
of players with different mixed strategies in o and &. A Nash equilibrium o is Strongly
Pareto-Optimal if for each mixed profile & where there is player i € [r] with U;() > U; (o)
for some player i € [r], there is a player j € Diff(o, &) such that U;(a) < U;(o); so, there
is no other profile where at least one player is strictly better off and every player using a
different strategy is strictly better off. We have two additional decision problems.

3 - PARETO-OPTIMAL SNE

I.: A symmetric game G.

Q.: Is there a symmetric Nash equilibrium which is not Pareto-Optimal?

3 - STRONGLY PARETO-OPTIMAL SNE

I.: A symmetric game G.

Q.: Is there a symmetric Nash equilibrium which is not Strongly Pareto-Optimal?

2.3 The Class IR

The Existential Theory of the Reals, denoted as ETR, is the set of true sentences of the
form (Fz1,...,zn)(p(z1,. .., 2,)), where @ is a quantifier-free (V, A, =)-boolean formula over
the signature (0,1, +, x, <, <, =), interpreted over the real numbers. IR is the complexity
class associated with ETR: A decision problem belongs to IR if there is a polynomial-time,
many-to-one reduction from it to ETR, and it is dR-hard if there is a polynomial-time
many-to-one reduction from each problem in JR to it; it is AR-complete if it belongs to IR
and it is IR-hard. Since satisfiability of a propositional boolean formula (SAT) is expressible
in ETR, NP C 3R; so, ETR is for IR what SAT is for NP, and an dR-complete problem is
in AP if and only if ETR is in AP. We shall use a result from [16, Theorem 23]:

» Theorem 3 ([16]). The problems 3 SNE WITH RESTRICTING SUPPORTS and 3 SNE
WITH RESTRICTED SUPPORTS are dR-complete for symmetric r-player games with constant
r>3.

3 The Symmetric Gadget Game G[m]

For any two integers » and m such that » > 3 and m > 3, a[m] is a symmetric r-player
game with ¥ = [m]. We assume a cyclic ordering on the strategy set [m] so that strategy m
precedes strategy 1 (i.e., “1 — 1 = m”) and strategy 1 follows strategy m (i.e., “m+1=1").
For each strategy s € [m], say that s wins against strategy s — 1, loses against s + 1 and
ties against any other strategy s’ ¢ {s — 1,5+ 1}. Say that player i wins (resp., loses
or ties against player j if ¢ chooses a strategy which wins (resp., loses or ties) against the
strategy chosen by j. The payoff functions of a[m] are defined as follows. Fix a profile s.
If Uiepisit = {4, 7 + 1} for some strategy j € [m], define W(s) := {i € [r] : s; = j + 1}
and L(s) := {i € [r] : s; = j}. Each player i € L(s) gets payoff —1; each player i € W(s)

L(s)|
ets payoff | .
8CS PO TW(s))]

Otherwise all players get payoff 0.
Note that, by construction, G[m] is zero-sum. Also, by the payoff functions, a player gets a
positive (resp., negative) payoff in a profile s only if she is choosing a strategy which wins

(resp., loses) in the profile s. We show:

» Lemma 4. Fiz an odd integer m > 3. Then, every symmetric Nash equilibrium o for
G[m] s fully mized and has U;(o) = 0 for each player i € [r].
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H Case ‘ Condition on the profile s ‘ Ui(s) H

(1) Al =1 Ui(s)

(2 | Cs)=1r] Ui(s)

3) s; € A and A(s) # [r] o—1

(4) | si=JcBand A%(s) = [1] \ i} Uis_i0 G —n)
() | si=j€B, A(s) =[r]\ {i} and A%(s) # [r]\ {i} | 0

(6) | icB(s) and A(s) # 1]\ (i} 5

@) i € C(s) and C(s) # [r] o+1

(8) None of the above ¢o—1

Figure 1 The payoff functions for the game G.

Note that in Lemma 4 we are only interested in determining (in order to use later) the
cardinality of the support and the utilities in a symmetric Nash equilibrium. Although it
may be possible that the symmetric Nash equilibrium is unique, we did not consider this
issue since it is beyond our purposes.

4 The Symmetric Game Reduction

The symmetric game reduction takes as input a pair of symmetric r-player games, where
r > 3 is a fixed constant:

The input game G, with £(G) = [n], coming together with a set of strategies T C ¥(G) with

|T| = a; G and T form together an instance of 3 SNE WITH RESTRICTED SUPPORTS.

Assume, without loss of generality, that T consists of the first a strategies in X (G).
The gadget game G, with X(G) = [m)].

It constructs a symmetric r-player game G = G (é, 6) having G and G as subgames.

4.1 Construction of the Symmetric Game

Set 6 :=w(G) + 1 and ¢ := min {g(a),g(a)} — 1. We construct the game G as follows:
Y (G) = [p], with p = n 4+ o+ m. We partition [p] into three blocks A, B and C as follows:

A is the set of the first n strategies in X(G), which come from ¥ (G).

C is the set of the last m strategies in ¥(G), which come from ¥(G).

B is the set of the remaining “middle” « strategies in ¥(G), which come from T.
Denote as A® the subset of the first « strategies in A.
Fix a profile s. For any set of strategies X € {A, A% B, C}, set X(s) := {i € [r] | s; € X}; s0
X(s) is the set of players choosing strategies from X in the profile s. The payoff functions
are given in Figure 1. Since G is symmetric, we only need to specify, for a given profile s,
the payoff U;(s) for any fixed player ¢ € [r].

Clearly, G is constructed in time polynomial in the sizes of G and G. Note that by Case (1),
Gisa subgame of G; by Case (2), Gisa subgame of G. So, the blocks A and C correspond to
the games G and G, respectively.

We shall need some notation. For an n-dimensional vector & € R™, denote as Z cRP
the p-dimensional vector with 2’; = z; for j € [n] and @; = 0 for n < j < p. Similarly,
for an m-dimensional vector * € R™, denote as T € RP the p-dimensional vector with
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—0forie[n+a]and &, =x; for n+a < j <p. Thus, for a mixed profile o € A(G),
(31,55, ...,0,) € A(G); for a mixed profile o € A(G), (61,53,...,5,) € A(G).

4.2 Correspondences Between Nash Equilibria

We establish correspondences between the Nash equilibria for G and 67 and those for G.

4.2.1 Backward Correspondence: From the Game G to the Subgames

We first prove that a Nash equilibrium for G is induced by a Nash equilibrium for either G or
G. We start with two claims about a Nash equilibrium for G. We first prove that if some
player is playing some strategy outside A, then no other player is playing a strategy in A.

» Lemma 5. Fiz a Nash equilibrium o € NE(G) for which there is a player i’ € [r] such
that Supp (o) \ A # 0. Then, for every player i # ', Supp(o;) NA = 0.

Proof. Assume, by way of contradiction, that there is a player i # ' with Supp(c;) N A # 0.
Fix an arbitrary strategy k € Supp(c;) N A. Lemma 1 (Condition (1)) implies that

Ui(e) = Uilo_iok) = > Uils_jok) P (s_;).

S_i~NO_;

Lemma 1 (Condition (2)) implies that

Uile) > Uiloio(k+n) = > Uissio(k+n) Po_ (s ). (1)

S_;i~NO _;

Consider the choices of the players other than i in the partial profile s_; supported in o_;:

(C.1) All of them choose a strategy from A%: Then, s_; ¢ k falls into Case (1) of the payoff
functions, with U;(s_; 0 k) = gi(s_i o k); on the other hand, s_; ¢ (k 4+ n) falls into Case
(4), with U;(s_; ¢ (k+n)) = U;(s_; o k). Thus, U;(s_; o k) = U;(s_; ¢ (k + n)).

(C.2) All of them choose a strategy from A and at least one chooses a strategy from A\ A®.

Then, s_; o k falls into Case (1) of the payoff functions with U;(s_; o k) = U;(s_; o k) < 6;
on the other hand, s_; ¢ (k 4+ n) falls into Case (5), with U;(s_; ¢ (k +n)) = 0. Thus,
UZ‘(S_,' <o k) < U,’(S—q’, <o (k + TL))

(C.3) At least one player chooses a strategy outside A. Then, s_; o k falls into Case (3) of
the payoff functions, with U;(s_; ¢ k) = ¢ — 1; on the other hand, s_; ¢ (k + n) falls into
Case (6), with U;(s—; ¢ (k+n)) = ¢. Thus, U;(s_; 0 k) < U;(s—; ¢ (k + n)).

The assumption that Supp(os/) \ A # @ implies that there is at least one profile supported in

o_; o (k+ n) falling into case (C.3) above. Hence, the case analysis implies that

Yo Uilsmiok) Po (s2) < D Ui(so(k+n))-Po_(s-),

S—i~O g S_i~Oo_;

or U;(o) < U;j(e—; ¢ (k+n)). A contradiction to (1). <

We continue to prove that if some player is playing no strategy from A, then the remaining
r — 1 players are playing only strategies from C.

» Lemma 6. Fiz a Nash equilibrium o € NE(G) for which there is a player i’ with Supp(os)N
A = (. Then, for each player i # i’, Supp(o;) C C.
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Proof. Assume, by way of contradiction, that there is a player ¢ # ¢’ with Supp(o;) \ C # 0.
Fix an arbitrary strategy k € Supp(c;)\C and an arbitrary strategy h € C. Since k € Supp(o;),
Lemma 1 (Condition (1)) implies that

Ui(e) = Ui(o_iok) = > Uils_;ok)-Po_(s_;).

—i™~O —j

Lemma 1 (Condition (2)) implies that

Ul(a') > Ui(O'_i < h) = Z Ui(S_i < h) . Pa,i (S_i) . (2)

S_;€0_;

Fix now a partial profile s_; supported in o_;. Since Supp(oy/) NA = ), it follows that s_; ok
falls into either Case (3) or Case (6) of the payoff functions, with U;(s_; ¢ k) < ¢; on the
other hand, s_; ¢ h falls into either Case (2) or Case (7), with U;(s_; o h) > ¢ + 1. This
implies that U;(o—; o h) > U;(o). A contradiction to (2). <

We are now ready to prove:

» Lemma 7. Fiz a Nash equilibrium o € NE(G). Then, thgre are only two possible cases:
o= (m,75,...,7) for some Nash equilibrium T € NE(G).
o=(.%,....,%) for some Nash equilibrium T € NE(G).

Proof. By Lemmas 5 and 6, either (i) o = (74,73,...,7) for some mixed profile 7 € A(@,
or (i) o = (7, %2,..., %) for some mixed profile 7 € A(G). The conditions that T € NE(G
and 7 € NE(G) follow from that each of G and G is a subgame of G. |

4.2.2 Forward Correspondence: From the Subgames to the Game G

We now characterize the Nash equilibria for the subgames G and G that induce corresponding
Nash equilibria for G. Specifically, these are all the Nash equilibria for G (Lemma 8) and
every Nash equilibrium for G where all players play strategies in the restricted support
(Lemma 9), respectively. We first prove:

» Lemma 8. Fiz a Nash equilibrium o € NS(G) Then, (51,63,...,5,) € NE(G).

Proof. By Case (2) of the payoff functions, for each player i € [r], U; (61,83,...,6,) =
Ui(a) > ¢+ 1. Since 0 € NE (G), no player could improve her payoff by switching to
a strategy from C. Switching to a strategy outside C results in a partial mixed profile
supporting only profiles from Cases (3) and (6). So the expected payoff of the switching
player is at most ¢. |

We continue to prove:

» Lemma 9. Fiz a Nash equilibrium o € NE(G). Then, (51,55, ...,57) € NE(G) if and
only if for each player i € [r], Supp(o;) C [o].

Proof. Assume first that (7],53,...,5,) € NE(G). Fix an arbitrary player i € [r] and a

strategy k € Supp(c;). Then, by Lemma 1 (Condition (1)),

U; ((51,55,...,37)) = Uilo_iok)
= ) Ui(s_iok)-Po_ (s
s_;el_;
= ) Ui(s—iok)-Pg_,(s_i).
s_;el_;
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Assume, by way of contradiction, that there is a player i’ € [r] for which Supp(oy/) € [a].
Denote as F‘ii the set of partial profiles in which all players in [r]\{i} choose a pure strategy in
[a]. Note that the assumption implies that there is at least one partial profile s_; € F_i \Fil
with P,_,(s—;) > 0. Consider now player ¢ switching to the strategy k 4+ n. By Cases (4)
and (5) of the payoff functions, we get that

Ui(o—; 0o (k+n)) = Z Ui(s_io(B+n)) - Po_,(s—4)

s_;el_;

= > Ui(sio(k+n) Py (s)
S—iGF—i

= Y Ui(sio(k+n) Py (s)
s_iere,
+ > Ui(seio(k+n)-Po_(s:)

S—ie/F—i\Fii

= > Uilsiok) Po_(s_i)+ Y. 0Py (s_;)
s,ie?ii SfiEFfi\Ari‘i,;

> D Ui(siok) - Po(s-)
S_iEF—7

a contradiction to the assumption that (1,3, ...,7.) € NE(G).

Assume now that for each player i € [r], Supp(o;) C [a]. Fix an arbitrary player ¢ € [r].
Clearly, by Case (1) of the payoff functions, player i cannot improve her payoff by switching
to a strategy from A. Also, by Case (7) of the payoff functions, player ¢ cannot improve her
payoff by switching to a strategy from C. So it remains to consider player ¢ switching to the
strategy h +n € B, with h € [a]. Since h € [a], Lemma 1 (Condition(2)) implies that

Ui ((31,53,....07)) > Z Ui(s—ioh) -Po_,(5—;) .
S—ieFf'i

By Case (4) of the payoff functions, we get that

Ui(o—;o(h+n)) = Z U;(s_io(h+n)) Py_,(s—;)
s_i€l_;
= Y Ui(smio(h+n) Py (s_y)
s_i€l—;
= > Uils—ioh) Po_ (5.
s_i€l_;
It follows that (57,53, ...,0,) € NE(G). The proof is now complete. <

5 The JR-Complete Decision Problems

We now present the dR-completeness results. We show:

» Theorem 10. Restricted to r-player symmetric games with constant r > 3, the following
decision problems are IR-complete:
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’ Group [ ‘ Group I ‘
3 SECOND SNE 3 SNE WITH LARGE PAYOFFS
3 SNE WITH SMALL PAYOFFS 3 SNE WITH LARGE TOTAL PAYOFF

3 SNE WITH SMALL TOTAL PAYOFF 3 SNE WITH SMALL SUPPORTS
3 SNE WITH LARGE SUPPORTS

3 SNE WITH RESTRICTING SUPPORTS
3 - PARETO-OPTIMAL SNE

3 - STRONGLY PARETO-OPTIMAL SNE

Membership of the decision problems (for r-player games with r > 3) in IR is established with
standard techniques by employing simple ETR formulas to define their properties (cf. [16]).

Proof. By reduction from 3 SNE WITH RESTRICTED SUPPORT (Theorem 3). Consider
an instance G of 3 SNE WITH RESTRICTED SUPPORT, called the input game. Assume,

without loss of generality, that Y = [n]. We start with an informal outline of the proof.

The reduction will be the composition of (i) the construction of a gadget game, and (ii) the
symmetric game reduction from Section 4. For each of Group I and Group II, we shall
employ a suitable game G called the gadget game, which may be constructed from the 1nput
game G. Then, we apply the symmetric game reduction from Section 4 with G and G as
the subgames to obtain the game G := G <G, G>, G is the instance of the decision problem

(from the corresponding Group) associated with some particular property of symmetric Nash
equilibria; to prove that the decision problem is dR-hard, we need to establish: The game G
has a symmetric Nash equilibrium in which all players play strategies from [a] if and only
if the game G has a symmetric Nash equilibrium with the property (resp., the set of Nash
equilibria for G has the property, as for the decision problem 3 SECOND SNE). We now
present the formal proof. We treat separately each of Group I and Group II.

Group I:  Construct the trivial r-player symmetric gadget game 6, where each player i € [r]

has a unique strategy giving her payoff w (6) +1. Clearly, G is constructed in time polynomial

in the size of the inbox game G. Furthermore, G has a unique symmetric Nash equilibrium.

Apply now the symmetric game reduction from Section 4 to construct the game G from the
subgames G and G. Since (i) G is constructed in time polynomial in the sizes of G and G,
and (ii) G is constructed in time polynomial in the size of G, it follows that G is constructed
in time polynomial in the size of G. Lemmas 7, 8 and 9 immediately imply:

» Lemma 11. Assume that the inbox game G has no Nash equilibrium in the restricted
support. Then, G has a unique symmetric Nash equilibrium o with the following properties:
(i) for each player i € [r], U; (o) =T (é) + 1 =0; (ii) Supp(o) = {n + a + 1}; (iii) o is
Pareto-Optimal; (iv) o is Strongly Pareto-Optimal.

On the other hand, Lemma 9 immediately implies:

» Lemma 12. Assume that the inbox game G has a Nash equilibrium in the restricted support.
Then, G has a Nash equilibrium T with the following properties: (i) for each player i € [r],
Us (1) <a(G) < 6; (i) Supp(T) C [o] with |Supp(T)| > h for some integer h > 2; (iii) T is
not Pareto-Optimal; (iv) T is not Strongly Pareto-Optimal.

Now, given the FR-hardness of 3 SNE WITH RESTRICTED SUPPORTS for games with a
constant number of players r > 3 (Theorem 3), combining corresponding properties from the
two families of properties in Lemmas 11 and 12 immediately yields the FR-hardness of the
following decision problems:

13:11
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3 SECOND SNE.
3 SNE WITH SMALL PAYOFFS, by taking u with @(G) < u < 6.

3 SNE WITH SMALL TOTAL PAYOFF, by taking u with - @(G) < u < r-#6.

3 SNE WITH LARGE SUPPORTS, by taking k& with 2 < k < h.

3 SNE WITH RESTRICTING SUPPORTS, by taking T := {s} for any strategy s € [n].
3 NON-PARETO-OPTIMAL SNE.

3 NON-STRONGLY PARETO-OPTIMAL SNE.

Group Il: Fix an odd integer m > a with size polynomial in the size of n. Construct the
symmetric r-player gadget game G := G[m] + u(G) — 1, where G[m] is the gadget game
from Section 3. Clearly, the game G is constructed in time polynomial in the size of G.
(By Lemmas 2 and 4, each symmetric Nash equilibrium o for G is fully mixed and has
Ui(a) = u(G) — 1 for each i € [r].) Apply now the symmetric game reduction from Section 4
to construct the game G from the subgames G and G. Note that by construction, G is

constructed in time polynomial in the size of G. Lemmas 7, 8 and 9 immediately imply:

» Lemma 13. Assume that the input game G has no Nash equilibrium in the restricted
support. Then, each symmetric Nash equilibrium o for G has the following properties: (i) for

each player i € [r], U; (o) = u ((~5> —1; (ii) [Supp(o)| = [m].
On the other hand, Lemma 9 immediately implies:

» Lemma 14. Assume that the inbox game G has a Nash equilibrium in the restricted support.
Then, G has a symmetric Nash equilibrium T with the following properties: (i) for each player

i€ [r], Ui(T) > w(G); (%) |Supp(T)| < a.

Now, given the JR-hardness of 3 SNE WITH RESTRICTED SUPPORTS with a constant
number of players » > 3 (Theorem 3), combining corresponding properties from the two
families of properties in Lemmas 13 and 14 immediately yields the JR-hardness of the
following decision problems:

3 SNE WITH LARGE PAYOFFS, by taking u with u(G) — 1 < u < u(G).
3 SNE WITH LARGE TOTAL PAYOFF, by taking u with 7 - (g(é) - 1) <u<r uG).
3 SNE WITH LARGE SUPPORTS, by taking k with a < k < m. <

We recall that 3 SNE WITH RESTRICTING SUPPORTS was shown JR-complete for symmetric
r-player games, r > 3 also in [16, Theorem 23] (Theorem 3 in the present paper).

6 Conclusion

We presented a handful of JR-complete decision problems about symmetric Nash equilibria
for symmetric r-player games, where r > 3 is a fixed constant, which completely settles their
precise complexity. Approximate versions of these decision problems are yet to be considered.
There so remain decision problems about symmetric Nash equilibria for symmetric win-lose r-
player games, with r > 3. It remains very challenging to identify special classes of symmetric
multi-player games where such decision problems about symmetric Nash equilibria (or their
approximations) become polynomial time solvable.
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—— Abstract

Equivalence of deterministic pushdown automata is a famous problem in theoretical computer
science whose decidability has been shown by Sénizergues. Our first result shows that decidability

no longer holds when moving from finite words to infinite words. This solves an open problem
that has recently been raised by Loding. In fact, we show that already the equivalence problem
for deterministic Biichi one-counter automata is undecidable. Hence, the decidability border is
rather tight when taking into account a recent result by Loding and Repke that equivalence
of deterministic weak parity pushdown automata (a subclass of deterministic Biichi pushdown
automata) is decidable.

Another known result on finite words is that the universality problem for vector addition
systems is decidable. We show undecidability when moving to infinite words. In fact, we prove
that already the universality problem for nondeterministic Biichi one-counter nets (or equivalently
vector addition systems with one unbounded dimension) is undecidable.
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1 Introduction

One of the most prominent results in theoretical computer science is the decidability of the
equivalence problem for deterministic pushdown automata, shown by Sénizergues [17]. Stirling
proved the first complexity bound for this problem [18], namely a tower of exponentials
of elementary height, see also [8] for a more recent proof by Jancar. Still there remains
a remarkable complexity gap for this problem, to the best of the authors’ knowledge the
best-known lower bound is P-hardness, which trivially follows from the emptiness problem.

Although a doubly-exponential upper bound has been proved during the nineteen seventies
by Valiant [19], too, the regularity problem for deterministic pushdown automata seems to
be far from being understood: to the best of the authors’ knowledge the best-known lower
bound is P-hardness, again trivially following from the emptiness problem.
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Although it is unclear whether to lower the upper bound or to raise the lower bound for
these central problems, it seems fair to say that we lack techniques to show lower bounds for
them. Indeed, the presence of determinism seems to be too restrictive to encode computations
of Turing machines into instances of the respective problems. To date, we do not even know
if equivalence of deterministic pushdown automata is hard for NP — the upper bound of a
tower of exponentials of elementary height leaves a huge complexity gap for this problem.

Therefore, subclasses have been studied in the literature for which tight complexity
bounds have been obtained, such as deterministic 1-counter [2], 1-counter nets [7], visibly
pushdown automata [1], normed context-free processes [3, 4, 6, 5], and height-deterministic
pushdown automata [12], to mention a few.

One should bear in mind that for deterministic models universality is typically equally
hard as emptiness. For nondeterministic models however universality becomes undecidabile
very quickly, for instance already for 1-counter automata. Decidability of universality can
be regained for such a nondeterministic model by disallowing the automata to test for zero:
even universality of vector addition systems can be shown decidable by applying standard
well-quasi order arguments. For its subclass 1-counter nets (i.e. 1-counter automata that
cannot test for zero) universality has recently been proven to be Ackermann-complete by
Hofman and Totzke [7].

The situation on infinite words. Unfortunately, equivalence and universality have not
gained much attention on infinite words beyond w-regular languages so far, in particular for
pushdown automata. Recently Loding and Repke have studied the equivalence problem of
deterministic pushdown automata on infinite words and proved that this problem is decidable
for weak parity conditions [10, 9, 15] (this is a strict subclass of deterministic Biichi pushdown
automata). In fact they showed that given two deterministic weak parity pushdown automata
A and B one can effectively construct two deterministic pushdown automata A’ and B’
running on finite words such that A4 and B accept the same infinite words if, and only if,
A’ and B’ accept the same finite words. Extending this decidability result to deterministic
parity pushdown automata, or first to the class of deterministic Biichi pushdown automata
did not seem to be achievable that easily. In a recent article [9] Loding explicitly raised the
question if equivalence of deterministic parity pushdown automata is decidable.

Our contributions. In this paper we show that two central decision problems that are
decidable on finite words, become undecidable on infinite words. First, we prove that the
equivalence problem is already undecidable for deterministic 1-counter automata with a
Biichi acceptance condition (even without e-transitions). This solves the above-mentioned
question raised by Loding in [9]. This undecidability result can be considered as rather tight
since, as mentioned above, equivalence of deterministic weak parity pushdown automata is
decidable [10].

Our proof heavily exploits the infinity of the input words and we are confident that our
proof technique may be applied to related problems on infinite words. As mentioned before,
significant lower bounds involving deterministic automata are typically difficult to prove. In
fact, to the best of our knowledge, there are no handy lower bound techniques known for
equivalence problem of deterministic automata.

Moreover, we consider this undecidability result as somewhat surprising since from a
given deterministic 2-counter automaton we construct a deterministic 1-counter automaton
such that for all two of its configurations all w-words that distinguish the two configurations
must end in the quite restrictive form (w#)“, where w is the unique halting computation of
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the initial deterministic 2-counter automaton, if it exists. We contrast our undecidability
result on infinite words with a recent NL-completeness result for deterministic 1-counter
automata on finite words [2].

As a second result we show that on infinite words universality becomes undecidable
on Biichi 1-counter nets. This is shown by a sequence of reductions starting from the
boundedness problem for decremental-error vector addition systems, which is undecidable
due to Schnoebelen [16]. In the final step of these reductions we again heavily rely on the
fact that we employ a Biichi condition.

To the best of the authors’ knowledge comparable jumps from decidability on finite words

to undecidability on infinite words appear for satisfiability of metric temporal logic [13, 14].

Organization of this paper. In Section 2 we introduce the necessary definitions and state
our main results. The equivalence problem for deterministic Biichi 1-counter automata is
shown to be undecidable in Section 3. Universality of Biichi 1-counter nets is shown to
be undecidable in Section 4. We conclude in Section 5. Some of the proofs appear in the
appendix due to space restrictions.

2 Preliminaries

By N={0,1,...,} we denote the non-negative integers. For each non-negative integer k we
denote by [1,k] the set {1,...,k}. If X is a non-empty set and = = (z1,...,7}) € X* we
write x(4) to denote z;, i.e. the i-th component of &. We use bold-face font only to denote such
vectors. For every integer z € Z we denote its signum by sgn(z) = —1if 2 < 0, sgn(z) =0
if 2 =0 and sgn(z) = 1if z > 0. Given a set ¥ and some finite word w = a; - - - a,, € X"
with a; € 3 we define the infix wi, j] = a;ai4+1 - - - a; and w[i] = wi,i] = a,. Similar remarks
apply to infinite words w = ajaz - - -; moreover we write w[i, 00| to denote a;a;+1a;42- - .

For each k > 1 a k-counter automaton is a tuple A = (Q 4, X 4,04, qo, Fa), where Q 4 is a
finite set of states, ¥ 4 is a non-empty finite alphabet, s 4 C QxS 4x{0, 1} x{—1,0,1}*xQ 4
is a set of transitions, qo € Q4 is an initial state, and F 4 C J 4 is a set of final transitions. It
is worth mentioning that typically the accepting condition is given by a set of states rather
than by a set of transitions. But it is not hard to see that the two formalisms are effectively
equivalent: indeed one can translate one formalism to the other in polynomial time.

When it is not of importance we sometimes also drop the last component of A. We say
A is deterministic if for every (g,a,0) € Q4 x X 4 x {0,1}* there is at most one transition
7= (p,b,p,u,p’) € 64 with p=¢, b =a and p = o. A configuration of A is an element
(g,m) € Q4 x N¥ that we also write as ¢(n) in the following. The bit vector o € {0,1}*
that appears in a transition determines which sign each counter is expected to have for
the transition to be applicable. More formally, for two configurations p(m) and ¢(n) and
a transition of the form 7 = (p,a,o,u,q) we write p(m) = ¢(n) if o (i) = sgn(m(i)) and
n(i) = m(i) + wu(i) for all i € [1,k]. The relation = is extended to finite words over 4
inductively as follows, where p € 0% and 7 € d4: p(m) %5 p(m) for all configurations p(m)
and p(m) 25 q(n) if p(m) & r(£) and r(£) = g(n) for some configuration 7(£). We write
p(m) 5 gq(n) if p(m) 2 g(n) for some p € 0%. The following decision problem is well-known
to be undecidable in its full generality by [11].

REACHABILITY

Input: A k-counter automaton A = (Q4,%X4,0.4,¢o0) and a control state gy € Q4.
Question: ¢y(0) = ¢;(0)?
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For every transition 7 = (p,a, o, u,q) let READ(7) = a denote the letter of the transition.
We extend READ to a (letter-to-letter) morphism from 6% to X% in the usual way.

For words w € Y% we write p(m) % q(u) if p(m) % ¢(n) for some p € §% with
READ(p) = w. In this case we also say that p is a run of A for the word w from p(m) to
g(n). We say that a finite run p is accepting if p € 6% F4, i.e. the last transition of p is
accepting, otherwise we say p is rejecting.

The only acceptance condition on infinite words that we study in this paper is the Biichi
acceptance condition. Given an infinite word w € X% an w-run of A for w from configuration
p(m) is an infinite sequence p € 0 such that every finite prefix 7 of p is a run from p(m)
to some configuration, and READ(7) is a prefix of w. We say that the w-run p is accepting
if p[i] € F4 for infinitely many ¢ > 1, otherwise we say p is rejecting. The language of a
configuration p(m) of A is defined as

L(A,p(m)) = {w € &7 | there is an accepting run from p(m) for w}.
Similarly the w-language of a configuration p(m) of A is defined as
L,(A,p(m)) = {w € X4 | there is an accepting w-run from p(m) for w}.

We sometimes just write L(p(m)) or L, (p(m)) if A is clear from the context.

Given a finite alphabet ¥ 4 and a language L C X% (resp. w-language R C 3% ) we say L
(resp. R) is universal if L = X% (resp. R = X%).

We say k-counter automaton A = (Q4, % 4,04, qo, Fa) is a k-counter net if the test for
zero is not allowed, formally for any transition (p,a,o,u,q) € 64 and for any p € {0,1}*
the transition (p, a, g, u,q) is in 64 as well. As the third component of any transition of a k-
counter net no longer plays a role we omit it, i.e. we stipulate d 4 € Q4 xX 4 x{—1,0,1}*xQ 4.
The following monotonicity property holds immediately by definition of k-counter nets (see
for instance [7]).

» Lemma 1. L(B,p(m)) C L(B,p(n)) if m < n (and where < is meant component-wise)
and B is a one-counter net.

The following problems will be of central interest in this paper, where the latter is a special
case of the former.

w-LANGUAGE EQUIVALENCE

Input: A k-counter automaton A and two configurations p(m) and g(n).
Question: L, (p(m)) = L,(q(n))?

Our first main result is the following.

» Theorem 2. w-LANGUAGE EQUIVALENCE is undecidable for deterministic 1-counter
automata.

w-UNIVERSALITY

Input: A E-counter automaton A and a configuration p(m).
Question: L, (p(m)) = 47

Our second main result is the following.

» Theorem 3. w-LANGUAGE UNIVERSALITY is undecidable for 1-counter nets.



S. Bohm, S. Goller, S. Halfon, and P. Hofman

3 The equivalence problem for deterministic Biichi 1-counter
automata is undecidable

We reduce from REACHABILITY for deterministic 2-counter automata, which is undecidable
[11]. Our construction does not rely on the fact that our 2-counter automaton is deterministic
but it makes the constructions easier to state as distuingishing words of two configurations
of the constructed deterministic Biichi 1-counter automaton must repeatedly encounter the
unique sequence of transitions from the initial configuration ¢o(0,0) to the configuration
ar (Ov O)

Let us therefore fix some deterministic 2-counter automaton A = (Q 4, % 4,94, qo) and
some state gf € Q4. We show how to construct a deterministic 1-counter automaton

B=(Q,%,0,q,F), where Q will contain state q(()l) and q(()2) such that
0(0,0) = q;(0,0)  if, and only if, L (g5 (0)) # Lu (g (0)) -

We can assume without loss of generality that ¥ 4 = {a} is a singleton and that there is no
(¢,a,0,u,q") € 64 with ¢ = ¢gy. Under this assumption and the fact that A is deterministic
we have that if go(0,0) = qr(0,0), then there exists a unique run g¢o(0,0) LN q5(0,0).
Let QU = {¢ | ¢ € Q4} and QP = {¢® | ¢ € Q4} be fresh copies of Q4. We set
Q=W uwQR®w {pM p™ where p(!) and p(?) are two fresh control states. A mode is an
element from (Q™M U Q®) x {0,1}.

The idea is that B’s configuration in states Q1) are there to mimic the first counter of A,
whereas the configurations in states Q) are there to mimic the second counter of A. To this
end, we define that a mode (¢¥, o) € (QM U Q) x {0,1} is compatible with a transition
7= (r,a,0,u,r") if ¢ =r and o is the same signum as 7’s signum of the counter that is to
be mimicked, formally o = o (7). Moreover, those configurations with control state in pM or
in p® are denoted to be erroneous. Let us define the remaining components of B.

We define the alphabet to be ¥ = §4 W {#}, where # is a fresh symbol. The transitions
are defined as § = Jsim U Orestart U Oreset U Oerr, Whose components we successively list
and comment on below; in addition a general structure of the construction is presented in
Figure 1.

The transitions in g, correspond to faithful simulations of transitions in A in which, as
already mentioned above, a state ¢(*) is supposed to mimic the behavior on counter i:

Osim = {(a",7,0°(8), u(@), ™) | (¢, 0 (0)) is comp. with T = (q,a,0,u,7),i € {1,2}}

The letter # is to be understood as a letter to restart the simulation of the machine A
and is only treated as non-erroneous when executed from the configurations {p(*)(0), p(®(0)}

or from {g}" (0), ¢} (0)}.

Orestare = {0, #.0,0,¢5 ") [ i € {12} U{(q}, #,0,0,45") | i € {1,2}} (1)

The next type of transitions are transitions that are executed in order to reset the
simulation, that is to lead back to a simulation of A from configuration ¢o(0,0), possibly by
decrementing the counter for it to eventually equal zero.

Oreset. = {0, 7,1, =1,p), (pD,7,0,0,pD) | 7 € 54,7 € {1,2}} (2)
U {(pW,#,1,-1,p9) | i € {1,2}} (3)

The last type of transitions that remain are erroneous transitions — they all lead to erro-
neous configurations. The first kind of erroneous transitions can be applied at configurations
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N ((1((,1)7 #.1,0,pM) \

@ #0047
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(W, 7,1, -1,pM)

(™M, #,1,—1,p™M)

(@™, #,0,0,¢5?)
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(q(f2>7 #,0,0,¢?)

Figure 1 On the left hand side there is a cloud that is an emblematic description of the
deterministic 2-counter automaton A with the set of states Q4. On the right hand side the structure
of the automaton B is presented. Two clouds stand for two copies of @4, where the bottom copy
that represents Q(Z) is graphically flipped. Red dashed arrows are elements of d¢rr, blue arrows are
elements of d,cset, thick green arrows are accepting.

of the form ¢ (n) € (QM UQ®P) x N whose mode (¢, sgn(n)) is incompatible with the
letter 7 € 64 to be read. The second kind of erroneous transitions are transitions that read
the symbol # in a moment when a restart was not expected.

berr = {(¢,7,0,0,p") | (¢, ) is incompatible with 7 € 64,7 € {1,2}} (4)
U{(@?,#,0,0,0") | ¢ € Qu\{gs},0 € {0,1},i € {1,2}} (5)
U{(a}” #,1,0,p%) | € {1,2}} (6)

Since A is deterministic it is readily checked that B is deterministic as well. The set of

final transitions is defined to be F' = {(q (1),#,0 0, q(l)) (p®,#,0,0, q(l))}.
For any two sets X and Y let A(X, Y) X \ YUY \ X denote their symmetric difference.

» Lemma 4. If ¢5(0,0) = ¢;(0,0), then L, ( ( )) # Ly, ( ( ).
Proof. Assume there exists a run ¢q(0, 0) LN ¢s(0,0) in A. Since B is deterministic there exists

(1)
a unique run q(() )(O) —> q(l)( 0) and a unique run q(()z) (0) =, q(2)(0) with READ(7())) =
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READ(7(®)) = p in B. Since p € &% it follows 70, 7 € (§\ F) , i.e. neither 7 nor

(45", #.,0,0,45")
L7

7(2) contains any final transition. Moreover we have q](cl)(O) q(()l)(()) and

(@ #,0,0,5”)
qgf) (0) AN q(()Q)( 0), by construction of B, where the former used transition is final

and the latter used transition is not final.
Hence, on the infinite word (p#)“ the unique w-run from q( )(0) encounters infinitely many

final transitions, whereas the unique w-run from qé )( 0) does not encounter any final transition.

Thus (p#)* € A(Lu(q3"(0)), Lu(a” (0))) and hence L, (g5 (0)) # Lu (a5 (0)). <

Let us fix a sequence of transitions 7 € §*“. For j € {1,2} we say 7 is j-pure if
7li] € QU) x ¥ x {0,1} x {~1,0,1} x QUY) for all i > 1.

» Lemma 5. Let w be the w-run from some configuration in B such that # appears infinitely
often in READ(w). Then 7 is rejecting if, and only if, w[¢, 0] is 2-pure for some £ > 1.

Proof.
“If”: If 7 is 2-eventually, then clearly is 7 rejecting since every accepting transition has g,
as last component.

(1)

“Only-if”: Assume 7 is a rejecting w-run from the configuration ¢(*)(n) in B. Since # appears
infinitely often in READ(7) a simple inspection of the rules in B (in particular the resetting
behavior at states p!) and p(?), see also Figure 1) shows that 7 must contain infinitely many
occurrences of at least one of the following transitions:

7 = (P, #,0,0,q5”)

7 = (P2, #,0,0,q5)

(q,ll#,o 0, q<”>

T4 = (Qf 7#70707q0 )>
Surely, both 72 and 75 can only appear finitely often in 7 since F' = {72, 73} and 7 is assumed
to be rejecting. Bearing in mind that READ(7) contains infinitely many #’s one further
observes that by construction of B the transition 7 can only appear infinitely often if the
transition 7o appears infinitely often. Therefore all the transitions 7,75 and 73 can only
appear finitely often in w. Hence there exists some £ € N such that 7[¢, oo] contains neither
of the transitions 7y, 72 nor 73. Since READ(7[¢, 00]) still contains infinitely many #’s it
follows that 7[¢, co] is 2-pure by construction of B. <

Let m be a run or an w-run of B. For any state r € @), we say that 7 is r-free if none
of the transitions that appears in 7 contains r as first or as last component. The following
lemma shows that in case an infinite word lies in the symmetric difference of the language of
any two configurations of B, then it eventually repeatedly simulates the unique run from
90(0,0) to ¢¢(0,0) with a separating symbol # in between, if such a run exists.

» Lemma 6. Let s(m) and t(n) be two arbitrary configurations of B. Then the following

holds:

1. BEvery w € A(Ly(s(m)), L,(t(n))) contains infinitely many #’s.

2. Letw € A(L,(s(m)), Ly, (t(n))), let a be the unique run from s(m) and let 3 be the unique
run from t(n) such that READ(«) = READ(S) = w. Then there is some j € {1,2} such
that
(a) alhy, 0] is j-pure and Blhi, 0] is (3 — j)-pure for some hy > 1 and moreover
(b) q0(0,0) = ¢£(0,0) and w € X*(p#)*, where qo(0,0) 2 ¢4(0,0) is the unique run

from ¢o(0,0) to g5(0,0).
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Proof. Point (1) immediately follows from the fact that READ(7) = # for all 7 € F.
Let us show (2). Let us fix an arbitrary w € A(Ly,(s(m)), Ly, (t(n))). Let s(m) =

be the unique run from s(m) and let t(m) 2, be the unique run from ¢(n) such that
READ(«) = READ(S) = w. Without loss of generality let us assume that « is accepting and
that 3 is rejecting. Then there exists a position hg € N such that

Blho, o0] is 2-pure, due to Lemma 5. (7)

This in turn, by construction of B and recalling that any transition having p(?) as source or
target state is mot 2-pure, implies that every transition in S that reads a # must lead to the
configuration q((JQ)(O), i.e.

¥i>ho: (ReAD(BL]) =# = Bli]=(¢",#.0,0,¢}") (8)

For establishing (2.a), it suffices to show that a[h;, o0] is 1-pure for some hy > hg. For
this, we prove the following claim, whose proof we postpone to the end.

» Claim 7. alhg, o] is p™)-free.

We will show that «[h;,o0] is 1-pure for some hy > hg. As « is accepting and «[hg, o0] is
pM-free the only possible accepting transition that appears infinitely often in o must be the

transition (qj(rl)7 #,0,0, qél)). Hence there exists some hy > hg such that afhy, cco] does not

contain the other accepting transition, namely (p(?),#,0,0, qél)). Altogether we have that
the only transition labeled with # in a[hy, co] is (q}l), #,0,0, q(()l)). So alhy,o0] is 1-pure
which immediately follows from construction of B and from the fact that READ(a[h1, o0])
contains infinitely many #’s. This shows (2a.).

Let us finally prove (2b.). Still, the word w[hy, co] contains infinitely many #’s. That is,
we can uniquely factorize w[hy, oo] as

wlhy, 00] = woHwi# - -

where wy € 0% for each £ > 0. Since alh;, 0] is 1-pure and therefore p(M-free and B[hy, 00|
is 2-pure and therefore p(®)-free it follows from construction of B that for all £ > 0:

s(m) SRR, oD (0) 5 5(0) and

t(n) w(l,hy —1wi #ws - #Hwe q;2)(0) iq((f)(o).
Therefore
We>1: gi7(0) X5 ¢f(0) and g7 (0) 25 ¢ (0) )

Recall that READ(alhy,00]) = READ(S[h1,0]) = wiF#we# -+ Again since afhy, o] is
1-pure and S[hy, 0] is 2-pure we can conclude from (9) and the construction of B that

VE>1: go(0,0) =5 ¢4(0,0)

But since A is assumed to be deterministic and the latter is clearly only possible when
q0(0,0) = ¢7(0,0) we must therefore have wy = p for all £ > 1, where p denotes the unique
run from ¢ (0, 0) to gf(0,0). Hence Point (2b.) follows.

Proof of the Claim. Assume by contradiction that a[hg, o] is not p(1-free. Then there
exists some k > hg such that a[k] = (¢, z,0,u,pM) € 6 alk] = (pV, z,0,u, q) € § for some

q € Q, some x € X, some o € {0,1}, and some u € {—1,0,1}. We only treat the case a[k] =

(q,7,0,u,pM)) € § here, the other case is analogous. Hence, s(m) olLH, pM) (my) for some

my € N. In the same moment (recalling that §[hg, o0] is 2-pure) we have t(n) PILH, ¢ (ny)
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for some n; € N and some ¢(?) € Q). Of course w[k + 1, oc] still contains infinitely many
#’s. Let z be the shortest finite prefix of w[k + 1, 00] of length at least m; + 1 that ends
with a #. Note that w[1, k]z is a finite prefix of our infinite word w.

We have p(M) (m) & q(()z)(O) by definition of z and the construction of B and therefore

s(m) SILEIEN q(()z)(O). Moreover, since z ends with a # we have t(n) SUILEIEN ¢?(0) by (8).

Thus, both s(m) vk q(()2)(0) and t(n) RN ¢?(0). Since B is deterministic this clearly

contradicts w € A(Ly(s(m)), L, (t(n))) and ends the proof of the claim. <
<

Lemma 4 and Lemma 6 together imply that go(0,0) = ¢r(0,0) if, and only if, L, (q(()l) (0)) #
L, (q(()2)(0)). Hence Theorem 2 follows.

4  The universality problem for 1-counter nets

In this section we will work with k-counter automata that have incremental errors. For
this it is convenient to denote for each i € [1, k] the unit vector e; € N*_ i.e. e;(i) = 1 and
ei(j) =0forall j € [1,k]\ {i}. We define E = {e; | i € [1,k]}. Given a k-counter automaton
A=(Qa,24,04,q0, Fa) we define an incrementing-error transition relation L as follows,
where 7 ranges over 64 U F and p(m) and ¢(n) are configurations:
p(m) Doy q(n) if { 7 €4 and p(m) L ¢(n),or
T=e,andp=qandn=m-+e;

The relation = is naturally extended to words over 64 U E. An inc-run is a run of the form
p(m) &, q(n) for some p € (64 U E)*. We say that ¢(n) is inc-reachable from p(m) (and
also write p(m) =, q(n) for this) if p(m) 2, ¢(n) for some p € (64 U E)*. Finally, for a
word w € (¥4 U E)* we write p(m) <, g(n) if there is p an inc-run p(m) 2, ¢(n) such
that READ(p) = w where READ is defined like in Section 2 and stipulating READ(e;) = e;
for every 1 <1 < k.

Let q; € Q. We write go(N,0,...,0) = ¢7(0) if for all n € N we have go(n,0,...,0) =4
¢r(0). We also say that gy is forall inc-reachable from qq.

The following lemma can be proven by reduction from the boundedness problem for
decremental-error k-counter automata (a.k.a. lossy counter machines) [16].

» Lemma 8. Given a k-counter automaton and two of its states qo and qy, the question if
qs s forall inc-reachable from qo is undecidable.

The following lemma states that one can simulate inc-runs of k-counter automata in
terms of a universality problem for 1-counter nets. The construction was essentially already
present in Theorem 3 in [7], however we need a more general simulation lemma since we are
interested in simulating runs that start in particular configurations (and not in configurations
that have all its counters zero).

» Lemma 9. For a given k-counter automaton A= (Qa,X4,04,q0) and a state ¢f € Q4
one can construct a 1-counter net B = (@Qp, X5, 08, q8,08) with a state q, € Qg such that
for every n € N the two following statements are equivalent.

qo(n,0...0) =4 ¢7(0) in A.

L(B,qz(n)) U L(B, q.(0)) is not universal.
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(ap,©,0,p) phase 1
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Figure 2 Picture of the one counter net D. The green thick transitions are accepting (the
accepting transitions in C are hidden). Transitions that have a set of letters instead of a single letter,
like (¢p, 25,0, gp), denotes a set of transitions, one for every element of the set of letters.

» Remark. Note that all transitions in the constructed net B are accepting. Thus, if a word
w does not belong to the language L(B, ¢.(0)) U L(B,gz(n)), then there is no run for the
word w in B that starts in ¢,(0) or in gg(n). This will be used in the proof of Claim 12.

Lemma 8 and Lemma 9 immediately imply the following undecidability result.

» Corollary 10. Given a 1-counter net B = (@Qp,X5,08,q5,08) and a state q, € Qp it is
undecidable if for all n € N we have that L(B, gg(n)) U L(B, q.(0)) is not universal.

4.1 Proof of Theorem 3

We reduce the problem proven to be undecidable in Corollary 10 to w-UNIVERSALITY of
1-counter nets.

Formally, for a given 1-counter net B = (@, £5,08,¢5,08) we construct a 1-counter net
D = (Qp,Yp,0p,qp, Fp) such that the w-language L, (D, ¢p(0)) is universal if, and only if,
L(B,gp(n)) U L(B,q,(0)) is universal for some n € N.

We first define the following gadget: given the finite alphabet ¥z and a symbol © ¢ ¥
we construct the Biichi 1-counter net C = (Q¢, XU {V}, ¢, qc, Fe) such that L, (C, qc(0)) =
(X U{D})*¥%, which is in fact even an w-regular language.

Define C as follows:

QC - {QCafh}
5C = {(qcaa/707qC)) (qC7a/;O7q1)7 (q17a70,q1) | aEZB}U{(qC’@7O7qC)}
FC = {((haa,ovql) ‘ a € EB}

It is easy to check that the language accepted by C is indeed (X50)*X%.

Figure 2 depicts the construction of D. The idea is that we introduce a special symbol Q
such that the only relevant words are those that contain infinitely many ©’s. We filter out all
words with finite number of © using the gadget C. Next, the net D has three phases between
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which we switch reading the symbol ©. The first phase is responsible for setting up the
inputs to the net B. It reads ©’s and nondeterministically decides to increment the counter
or go to the second phase. The second phase tests if L(B, gp(n))U L(B,q.(0)) is not universal
for a given n. The third phase is to accept if it happens that for a given n the language
L(B,qz(n)) U L(B,q,(0)) is universal. Now observe that if there is some n € N such that
L(B,gg(n)) U L(B,q.(0)) is universal, then for every run with infinitely many occurrences
of © we can increment the counter to the value n then go to the second phase in which we
cannot get stuck due to the universality of L(B,qs(n)) U L(B,q.(0)). Finally, seeing the
next O we jump to the third phase where we accept. Conversely, if for all n € N we have
L(B,qg(n)) U L(B, q.(0)) is not universal, then one can build an w-word such that no matter
how long we wait in the first phase incrementing the counter, when we decide to jump to
the second phase we will get stuck in it before having the possibility to jump to phase 3; so
there is no possibility of accepting this specially designed word.

Formally, the 1-counter net D is defined as follows:

Q'D = {Q'D7pap+au}UQCUQB
Yp = XpuU {@}
0p = 0dcUdp

U {(u,a,0,u),(p,a,0,p),(p",a,0,p%), (¢p,a,0,9p) | a € £}
U {(u,9,0,u),(p,¥,0,p), p", ¥, 1,p")}
U {(gp,9,0,p), (¢p,9,0,p™), (g0, 9,0, qc)}
U{(®9,0,¢.), (0", 9,0,95)}
U {(¢,9,0,u) | ¢ € Qs}
Fp = FeU{(u,9,0,u)}

We start with a general observation on D. The language L, (D, ¢p(0)) can be partitioned into

two sets, each of them being accepted by a different subset of the set of accepting transitions.

1. The set of words in which the letter O appears finitely often. They are indeed all accepted
by D, namely by runs in which one of the transitions (¢p,©, 0, ¢c) or (¢p,a,0,qc) for
a € Y is used, finally allowing transitions in F¢ to be used infinitely often.

2. The set of words in which the letter © appears infinitely often. In this case acceptance
has to be due to an infinite number of occurrences of the transition (u,Q,0,u).

Due to case 1 universality of L, (D, ¢p(0)) holds if, and only if, (X50)* C L, (D, ¢p(0)).

» Claim 11. If L(B,qs(n)) U L(B,¢.(0)) is universal for some n € N, then (X50)¥ C
Lw(D7QD(0))

Let w € (£50)¥, i.e. w contains infinitely many O’s. Let w’ be the infix of w that is strictly
in between the (n + 2)-th and (n + 3)-th occurrence of the letter ©. Due to our assumption
w’ belongs to L(B, q.(0)) or to L(B, qg(n)).

If w' € L(B,q.(0)), then w is accepted by the following run. We wait for the first O
in state ¢gp and then we use transition (¢p,©,0,p). Next, we loop in the state p until the
(n + 2)-th occurrence of the letter © on which we move to the configuration ¢, (0) using the
transition (p,©,0,¢.). At this point, we follow an accepting run in B starting from g, (0) for
the word w’ and then on the next occurrence of © we move to state u via the transition
(¢,9,0,u) for some g € @Qp. Finally, in u we accept by performing the transition (u,©,0,u)
infinitely often.
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If w' € L(B,qg(n)), then w is accepted by the following run. We wait for the first
occurrence of Q in state gp. Next we use transition (¢p,©,0,pT) ,then we stay in state p™
just before the (n 4 2)-th occurrence of ©, increasing the counter value to n. Now on upon
reading Q' we move to the configuration gz (n) using transition (p™, 9,0, gg). At this moment
we follow an accepting run in B starting from gz(n) for the word w’ and then on the next
occurrence of O we move to state u via the transition (¢, ©,0,u) for some ¢ € Q. Finally,
in u we accept performing transition (u, 9,0, u) infinitely often. This finishes the proof of
the claim.

» Claim 12. If L(B,g5(n)) U L(B,q.(0)) is not universal for all n € N, then (¥50)* €
Lw(D7QD(O))

First, observe for every n € N there is a finite word w,, € ¥} such that w, ¢ L(B,q.(0)) U
L(B7 QB(n))‘

Let v, = QQuwiOw,QuwyQ -+ . Since v, contains infinitely many ©’s, it can only be
accepted by infinitely many transitions of the form (u,©,0,u), due to construction of D.
Moreover, a run using the transition (u,©,0,u) infinitely often must exactly once use
either (p,©,0,q5) or (p™,9,0,q,). Each of these two transitions read the letter Q. For
the sake of contradiction, suppose v, € L, (D, gp(0)) is accepted by the run p. We split
p into three parts p = pgp1p2, where pg is the longest prefix of p that does not contain
(p,9,0,q5) or (p7,9,0,q.), p1 is either of the latter two transitions (length one), and p,
is a remaining infinite suffix. Suppose, the symbol © appears (i + 2) times in READ(py),
then the configuration of the net B after reading py can be p(0) or p* (7). So after reading
pop1 the run has reached either ¢,(0) or ¢g(i). Moreover we have READ(p2) = w;Qw;41 .. ..
However, we know that there is no run for word w; in the net B, neither one starting from
¢-(0) nor one starting from gg (), thus py cannot be a run in D starting from ¢, (0) or ¢z(4).
Concluding, we have established a contradiction to the fact that p was an accepting run.
Thus, v, (X50)“ \ Ly, (D, ¢p(0)).

5 Conclusion and outlook

In this paper we have shown that the following two problems are undecidable on infinite
words although being decidable finite words. First, we showed that the equivalence problem
of deterministic Biichi 1-counter automata is undecidable (Theorem 2). Second, we have
shown that the universality problem for Biichi 1-counter nets is undecidable (Theorem 3)
by a sequence of reductions from the boundedness problem for incremental-error k-counter
machines.

The exact recursive complexity of both problems is yet unclear to us and is planned to
be investigated in the full version of this paper.
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—— Abstract

The classic algorithm of Bodlaender and Kloks [J. Algorithms, 1996] solves the following problem
in linear fixed-parameter time: given a tree decomposition of a graph of (possibly suboptimal)
width k, compute an optimum-width tree decomposition of the graph. In this work, we prove that
this problem can also be solved in MSO in the following sense: for every positive integer k, there
is an MSO transduction from tree decompositions of width k to tree decompositions of optimum
width. Together with our recent results [LICS 2016], this implies that for every k there exists an
MSO transduction which inputs a graph of treewidth k, and nondeterministically outputs its tree
decomposition of optimum width.
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1 Introduction

Consider the following problem: given a tree decomposition of a graph of some width k,
possibly suboptimal, we would like to compute an optimum-width tree decomposition of
the graph. A classic algorithm of Bodlaender and Kloks [4] solves this problem in linear
fixed-parameter time complexity, where the input width k is the parameter.

» Theorem 1 (Bodlaender and Kloks, [4]). There exists an algorithm that, given a graph G
on n vertices and its tree decomposition of width k, runs in time 20" .0y and returns a tree
decomposition of G of optimum width.

The algorithm of Bodlaender and Kloks proceeds by a bottom-up dynamic programming
procedure on the input decomposition. For every subtree, a set of partial optimum-width
decompositions is computed. The crucial ingredient is a combinatorial analysis of partial
decompositions which shows that only some small subset of them, of size bounded only by a
function of k, needs to be remembered for future computation.

The algorithm of Bodlaender and Kloks is a key subroutine in the linear-time algorithm
for computing the treewidth of a graph, due to Bodlaender [2]. The fact that the algorithm
is essentially governed by a run of a finite-state automaton on the input tree decomposition
was also used in the recent approximation algorithm of Bodlaender et al. [3]. The notion of
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typical sequences, which is the main component of the analysis of partial decompositions, has
found applications in algorithms for computing other width measures, like branchwidth [5],
cutwidth [16, 17], or pathwidth of matroids [12]. The concept of typical sequences originates
in the previous work of Courcelle and Lagergren [8] and of Lagergren and Arnborg [15].

Our results. The main result of this paper (Theorem 2) is that the problem of Bodlaender
and Kloks can be solved by an MSO transduction, which is a way of describing nondeterministic
transformations of relational structures using monadic second-order logic. More precisely,
we show that for every k € {0,1,2,...} there is an MSO transduction that inputs a tree
decomposition of width k of a graph G, and outputs nondeterministically a tree decomposition
of G of optimum width.

As a corollary of our main result, we show (Corollary 3) that an MSO transduction can
compute an optimum-width tree decomposition, even if the input is only the graph and not a
(possibly suboptimal) tree decomposition. This application is obtained by combining the main
result of this paper with Theorem 2.4 from [6], which says that for every k € {0,1,2,...} there
is an MSO transduction which inputs a graph of treewidth k& and outputs nondeterministically
one of its tree decompositions of possibly suboptimal width at most f(k), for some function f.
In particular, we thus strengthen Theorem 2.4 of [6] by making the output a decomposition
of exactly the optimum width, instead of only bounded by a function of the optimum.

Our proof is divided into a few steps. First, we prove a result called the Dealternation
Lemma, which shows that there always exists an optimum-width tree decomposition that
has bounded “alternation” with respect to the input suboptimal decomposition. Intuitively,
small alternation is the key property allowing an optimum-width tree decomposition to be
captured by an MSO transduction or by a dynamic programming algorithm that works on
the input suboptimal decomposition. This part of the proof essentially corresponds to the
machinery of typical sequences of Bodlaender and Kloks. However, we find the approach via
alternation more intuitive and combinatorially less complicated, and we hope that it will
find applications for computing other width measures. In fact, a similar approach has very
recently been used by Giannopoulou et al. [10] in a much simpler setting of cutwidth to give
a new fixed-parameter algorithm for this graph parameter.

Next, we derive a corollary of the Dealternation Lemma called the Conflict Lemma,
which directly prepares us to construct the MsoO transduction for the Bodlaender-Kloks
problem. The Conflict Lemma is stated in purely combinatorial terms, but intuitively it
shows that some optimum-width tree decomposition of the graph can be interpreted in
the given suboptimum-width tree decomposition using subtrees that cross each other in a
restricted fashion, guessable in Mso. Finally, we formalize the intuition given by the Conflict
Lemma in MSO, thus constructing the MSO transduction promised in our main result.

2 Preliminaries and statement of the main result

Trees, forests and tree decompositions. Throughout this paper all graphs are undirected,
unless explicitly stated. A forest (which is sometimes called a rooted forest in other contexts)
is defined to be an acyclic graph, where every connected component has one designated node
called the root. This naturally imposes parent—child and ancestor-descendant relations in a
(rooted) forest. We use the usual tree terminology: root, leaf, child, parent, descendant and
ancestor. We assume that every node is its own descendant, to exclude staying in the same
node we use the name strict descendant. Likewise for ancestors. For forests we often use the
name node instead of vertex. A tree is the special case of a forest that is connected and thus
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has one root. Two nodes in a forest are called siblings if they have a common parent, or if
they are both roots. Note that there is no order on siblings, unlike some models of unranked
trees and forests where siblings are ordered from left to right.

A tree decomposition of a graph G is a pair t = (F, 8), where F is a rooted forest and
is a function that associates bags to the nodes of F.A bag is a nonempty subset of vertices of
G. We require the following two properties:

(T1) whenever uv is an edge of G, then there exists a node of F' whose bag contains both u
and v; and
(T2) for every vertex u of G, the set of nodes of F' whose bags contain u is nonempty and

induces a connected subtree in F'.

The width of a tree decomposition is its maximum bag size minus 1, and the treewidth of a
graph is the minimum width of its tree decomposition. An optimum-width tree decomposition
is one whose width is equal to the treewidth of the underlying graph. Note that throughout
this paper all tree decompositions will be rooted forests. This slightly diverges from the
literature where usually the shape of a tree decomposition is an unrooted tree.

For a tree decomposition ¢t = (F, 8) of a graph G, and each node x of F, we define the
following vertex sets:

The adhesion of x, denoted o(x), is equal to B(x) N S(z'), where 2’ is the parent of x

in F. If x is a root of F, we define its adhesion to be empty.

The margin of x, denoted pu(z), is equal to B(x) \ o(z).

The component of z, denoted «(z), is the union of the margins of all the descendants of

z (including z itself). Equivalently, it is the union of the bags of all the descendants of z,

minus the adhesion of z.

Whenever the tree decomposition ¢ is not clear from the context, we specify it in the subscript,
i.e., we use operators [;(+), o¢(-), pe(+), and ay(-).

Observe that, by property (T2) of a tree decomposition, for every vertex of G there is a
unique node whose bag contains wu, but the bag of its parent (if exists) does not contain u. In
other words, there is a unique node whose margin contains u. Consequently, the margins of

the nodes of a tree decomposition form a partition of the vertex set of the underlying graph.

Relational structures and MSO. Define a vocabulary to be a finite set of relation names,
each with associated arity that is a nonnegative integer. A relational structure over the
vocabulary X consists of a set called the universe, and for each relation name in the vocabulary,
an associated relation of the same arity over the universe. To describe properties of relational
structures, we use logics, mainly monadic second-order logic (MSO for short). This logic
allows quantification both over single elements of the universe and also over subsets of the
universe. For a precise definition of Mso, see [7].

We use MSO to describe properties of graphs and tree decompositions. To do this, we
need to model graphs and tree decompositions as relational structures. A graph is viewed as
a relational structure, where the universe is a disjoint union of the vertex set and the edge set
of a graph. There is a single binary incidence relation, which selects a pair (v, e) whenever
v is a vertex and e is an incident edge. The edges can be recovered as those elements of
the universe which appear on the second coordinate of the incidence relation; the vertices
can be recovered as the rest of the universe. For a tree decomposition of a graph G, the
universe of the corresponding structure consists of the disjoint union of: the vertex set of G,
the edge set of GG, and the node set of the tree decomposition. There is the incidence relation
between vertices and edges, as for graphs, a binary descendant relation over the nodes of
the tree decomposition, and a binary bag relation which selects pairs (v, x) such that x is

15:3

STACS 2017



15:4

Optimizing Tree Decompositions in MSO

a node of the tree decomposition whose bag contains vertex v of the graph. The nodes of
the decomposition can be recovered as those which are their own descendants, since we
assume that the descendant relation is reflexive. Note that thus, the representation of a tree
decomposition as a relational structure contains the underlying graph as a substructure.

MSQO transductions. Suppose that 3 and I are vocabularies. Define a transduction with
input vocabulary ¥ and output vocabulary I' to be a set of pairs

(input structure over ¥, output structure over I')

which is invariant under isomorphism of relational structures. When talking about transduc-
tions on graphs or tree decompositions, we use the representations described in the previous
paragraph. Note that a transduction is a relation and not necessarily a function, thus it can
have many different possible outputs for the same input. A transduction is called determ-
inistic if it is a partial function (up to isomorphism). For example, the subgraph relation
is a transduction from graphs to graphs, but it is not deterministic since a graph can have
many subgraphs. On the other hand, the transformation that inputs a tree decomposition
and outputs its underlying graph is a deterministic transduction.

This paper uses MSO transductions, as defined in the book of Courcelle and Engelfriet [7],
which are a special case of transductions that can be defined using the logic MsO. The
precise definition is in Section 5, but the main idea is that an MSO transduction is a finite
composition of transductions of the following types: copy the input a fixed number of times,
nondeterministically color the universe of the input, and add new predicates to the vocabulary
with interpretations given by MSO formulas over the input vocabulary. We refer to Courcelle
and Engelfriet [7] for a broader discussion of the role of MSO transduction in the theory of
formal languages for graphs.

The main result. We now state the main contribution of this paper, which is an MsO
version of the algorithm of Bodlaender and Kloks.

» Theorem 2. For every k € {0,1,2,...} there is an MSO transduction from tree decomposi-
tions to tree decompositions such that for every input tree decomposition t:

if t has width at most k, then there is at least one output; and

every output is an optimum-width tree decomposition of the underlying graph of t.
We remark that the transduction of Theorem 2 is not deterministic, i.e. it might have several
outputs on the same input. Using Theorem 2, we prove that an MSO transduction can
compute an optimum-width tree decomposition given only the graph.

» Corollary 3. For every k € {0,1,2,...} there is an MSO transduction from graphs to tree
decompositions such that for every input graph G:
if G has treewidth at most k, then there is at least one output; and

every output is a tree decomposition of G of optimum width.

Proof. Theorem 2.4 of [6] says that for every k € {0,1,2,...} there is an MSO transduction
with exactly the properties stated in the statement, except that when the input has treewidth
k, then the output tree decompositions have width at most f(k), for some function f: N — N.
By composing this transduction with the transduction given by Theorem 2, applied to f(k),
we obtain the claim. <
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Structure of the paper. The rest of this paper is devoted to the proof of Theorem 2. In
Section 3 we formulate the Dealternation Lemma. Intuitively, this result says that any
optimum-width tree decomposition s can be adjusted without increasing the width so that it
behaves nicely with respect to the input suboptimal decomposition ¢ in the following sense:
for every subtree of ¢, the vertices appearing in the bags of this subtree are partitioned into
few “connected blocks” in s. This part holds the essence of typical sequences of Bodlaender
and Kloks [4], but in the full version of the paper (see https://arxiv.org/abs/1701.06937)
we give a self-contained proof in order to achieve stronger assertions and highlight the key
combinatorial properties we use later on. Then, we prove a corollary of the Dealternation
Lemma, which we call the Conflict Lemma. This result intuitively states that some optimum-
width tree decomposition of the graph can be interpreted in the given suboptimum-width tree
decomposition. This intuition is formalized in the last section, where we introduce formally
MSO transductions and use the combinatorial property given by the Conflict Lemma to prove
Theorem 2.

3 Dealternation

This section is devoted to the Dealternation Lemma, which intuitively says that for a tree
decomposition ¢ of bounded, though possibly suboptimal width, there always exists an
optimum-width decomposition in which every subtree of ¢ is broken into small number of
“pieces”. We begin by defining factors, which is our notion of “pieces” of a tree decomposition.

Factors and factorizations. Intuitively, a factor is a set of nodes in a forest that respects
the tree structure. We define three kinds of factors: tree factors, forest factors, and context
factors. A tree factor in a forest is a set of nodes obtained by taking all (not necessarily
strict) descendants of some node, which is called the root of the tree factor. Define a forest
factor to be a nonempty union of tree factors whose roots are siblings. These roots are called
the roots of the forest factor. In particular, a tree factor is also a forest factor, with one root.

@ roots of the forest factor

O non-roots of the forest factor ® root of the context factor

O outside the forest factor O non-roots of the context factor
O appendices of the context factor
OO outside the context factor

X Y X

a forest factor a context factor

A context factor is the difference X — Y for a tree factor X and a forest factor Y, where
the root of X is a strict ancestor of every root of Y. For a context factor X — Y, its root
is defined to be the root of X, while the roots of Y are called the appendices. Note that a
context factor always contains a unique node that is the parent of all its appendices.

Forest factors and context factors will be jointly called factors. The following lemma can
be proved by a straightforward case study, and hence we leave its proof to the reader.

» Lemma 4. The union of two intersecting factors in the same forest is also a factor.
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For a subset U of nodes of a forest, a U-factor is a factor that is entirely contained in U.
A factorization of U is a partition of U into U-factors. A U-factor is maximal if no other
U-factor contains it as a strict subset.

» Lemma 5. For every subset of nodes U in a forest, the mazimal U-factors form a
factorization of U.

Proof. Every node of U is contained in some factor, e.g., a singleton factor (which has forest
or context type depending on whether the node is a leaf or not). Thus, every node of U
is also contained in some maximal U-factor. On the other hand, two different maximal
U-factors must be disjoint, since otherwise by Lemma 4, their union would also be a U-factor,
contradicting maximality. |

The set of all maximal U-factors will be called the maximal factorization of U, and will be
denoted by fact(U). We specify the forest in the subscript whenever it is not clear from the
context. Lemma 5 asserts that fact(U) is indeed a factorization of U. Note that the maximal
factorization of U is the coarsest in the following sense: in every factorization of U, each of
its factors is contained in some factor of fact(U). In particular, the maximal factorization
has the smallest number of factors among all factorizations of U.

In the sequel, we will need the following simple result about relation between the maximal
factorizations of a set and of its complement. Its proof is a part of the proof of the
Dealternation Lemma, and can be found in the full version of the paper.

» Lemma 6. Suppose (U, W) is a partition of the node set of a rooted forest F', and let k be
the number of factors in the mazimal factorization of W. Then the maximal factorization of
U has at most k + 1 forest factors and at most 2k — 1 context factors.

Separation forests. The general definition of a tree decomposition is flexible and allows
for multiple combinatorial adjustments. Here, we will rely on a normalized form that we
call separation forests, which are essentially tree decompositions where all the margins have
size exactly 1. The definition of treewidth via separation forests resembles the definition of
pathwidth via the so-called vertex separation number [14].

» Definition 7. Suppose G is a graph. A separation forest of G is a rooted forest F' on the
same vertex set as G such that G is contained in the ancestor-descendant closure of F'; that
is, whenever uv is an edge of G, then w is an ancestor of v in F' or vice versa.

Separation forests are used to define the graph parameter treedepth, which is equal to the
minimum depth of a separation forest of a graph. To define treewidth, we need to take a
different measure than just the depth, as explained next.

Suppose F' is a separation forest of G. Endow F' with the following bag function 5(-).
For any vertex u of G, assign to u the bag (u) consisting of u and all the ancestors of u in
F that have a neighbor among the descendants of u in F'. The following claim follows by
verifying the definition of a tree decomposition; we leave the easy proof to the reader.

» Claim 8. If F is a separation forest of G and §(-) is defined as above, then (F, ) is a tree
decomposition of G. Moreover, for every vertex u of G, the margin of u in (F, ) is {u}.

The tree decomposition (F, () defined above is said to be induced by the separation
forest F'. Observe that if t = (F, 8) is induced by F, then for any vertex u, the component
of u in ¢ consists of all the descendants of w in F.
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Figure 1 Construction of the induced tree decomposition from a separation forest. The graph
edges are depicted in black, the child-parent relation of the forest is depicted as dashed grey lines.

One can reformulate the construction given above as follows. First, put every vertex u
into its bag (u). Then, examine every neighbor v of u, and if v is a descendant of u in F,
then add u to every bag on the path from v to w in F. Thus, every vertex u is “smeared”
onto a subtree of F', where v is the root of this subtree and its leaves correspond to those
neighbors of u that are also its descendants in F'. This construction is depicted in Figure 1.

The width of a separation forest is simply the width of the tree decomposition induced by
it. Consequently, the width of a separation forest is never smaller than the treewidth of a
graph. The next result shows that in fact there is always a separation forest of optimum
width. The proof follows by a simple surgery on an optimum-width tree decomposition, and
can be found in the full version of the paper.

» Lemma 9. For every graph G there exists a separation forest of G whose width is equal to
the treewidth of G.

Dealternation Lemma. We are finally ready to state the Dealternation Lemma.

» Lemma 10 (Dealternation Lemma). There exist functions f(k) € O(k?) and g(k) € O(k3)
such that the following holds. Suppose that t is a tree decomposition of a graph G of width k.
Then there exists an optimum-width separation forest F' of G such that:

(D1) for every node x of t, the maximal factorization factp(a(x)) has at most f(k) factors;
(D2) for every node x of t, there are at most g(k) children of © in the set

{y: y is a node of t with at least one context factor in factp(a(y))}.

Note that in the statement of the Dealternation Lemma, the vertex set of GG is at the
same time the node set of the forest F. Thus, factp(c:(z)) denotes the maximal factorization
of a(x), treated as a subset of nodes of F.

The proof of the Dealternation Lemma uses essentially the same core ideas as the
correctness proof of the algorithm of Bodlaender and Kloks [4]. We include our proof in
the full version of the paper for several reasons. First, unlike in [4], in our setting we
cannot assume that ¢ has binary branching, as is the case in [4]. In fact, condition (D2)
is superfluous when ¢ has binary branching. Second, our formulation of the Dealternation
Lemma highlights the key combinatorial property, which is expressed as the existence of
a single separation forest F' that behaves nicely with respect to the input decomposition t.
This property is somehow implicit [4], where the existence of nicely-behaved optimum-width
tree decompositions is argued along performing dynamic programming. For this reason, we
find the new formulation more explanatory and potentially interesting on its own.
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4 Using the Dealternation Lemma

In this section we use the Dealternation Lemma to show that an optimum-width separation
forest of a graph can be interpreted in a suboptimum-width tree decomposition. For this,
we need to develop a better understanding of the combinatorial insight provided by the
Dealternation Lemma, which is expressed via an auxiliary graph, called the conflict graph.

Suppose G is a graph, t is a tree decomposition of G of width k, and F' is a separation
forest of G. Let ¢ be the mapping that sends each vertex u of G to the unique node of ¢ that
contains u in its margin. For a vertex u of GG, we define the stain of u, denoted S,,, which
is a subgraph of the underlying forest of t, as follows. For every child v of w in F, find the
unique path in ¢ between ¢(u) and ¢(v). Then stain S,, consists of the node ¢(u) and the
union of these paths. Note that if u is a leaf of F', then the stain S, consists only of the node
¢(u). Define the conflict graph H(t, F') as follows. The vertices of H(t, F') are the vertices of
G, and vertices u and v are adjacent in H (¢, F) if and only their stains S, and S, have a
node in common. The main result of this section can be formulated as follows.

» Lemma 11 (Conflict Lemma). There is a function h(k) € O(k®) such that if t and F are
as in the Dealternation Lemma, then their conflict graph H(t, F) admits a proper coloring
with h(k) colors.

Recall here that a proper coloring of a graph is a coloring of its vertex set such that no
two adjacent vertices receive the same color. The rest of this section is devoted to the proof
of the Conflict Lemma. From now on, we assume that G,t, F' are as in the Dealternation
Lemma, and we denote H = H (¢, F).

Observe that the conflict graph H is an intersection graph of a family of subtrees of a
forest. It is well-known (see, e.g., [11]) that this property precisely characterizes the class
of chordal graphs (graphs with no induced cycle of length larger than 3), so H is chordal.
Chordal graphs are known to be perfect (again see, e.g., [11]), hence the chromatic number
of a chordal graph (the minimum number of colors needed in a proper coloring) is equal
to the size of the largest clique in it. On the other hand, subtrees of a forest are known to
satisfy the so-called Helly property: whenever F is some family of subtrees such that the
subtrees in F pairwise intersect, then in fact there is a node of the forest that belongs to all
the subtrees in F. This means that the largest clique in an intersection graph of a family of
subtrees of a forest can be obtained by taking all the subtrees that contain some fixed node.
Therefore, to prove the Conflict Lemma it is sufficient to prove the following claim.

» Claim 12. There exists a function h(k) € O(k®) such that every node of t belongs to at
most h(k) of the stains {S,: v € V(G)}.

In the remainder of this section we prove Claim 12. Fix any node z of ¢, and let
Y1,Y2,- .., Yp be its children in ¢. Consider the following partition of the vertex set of G:

I = (s (y1), @t (y2), - - - aeyp), pe (), V(G) \ ()

Define a factorization ® of the whole node set of F' as follows: for each set X from the
partition II, take its maximal factorization facty(X), and define ® to be the union of these
maximal factorizations. Thus, ® is a factorization that refines the partition II. Since the
number of children y; is unbounded, we cannot expect that ® has a small number of factors,
but at least it has a small number of context factors.

» Claim 13. Fuctorization ® contains at most g(k) - f(k)+ 2f(k) + k context factors, where
f and g are as in the Dealternation Lemma.
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Proof. By the Dealternation Lemma, the maximal factorization in F' of each of the sets
a(y1), .-, 0u(yp), cau(x) has at most f(k) factors. Moreover, only at most g(k) of the sets
ai(y1), ..., 0u(yp) can have a context factor in their maximal factorizations. Hence, the
maximal factorizations of sets o (y1), . .., (y,) introduce at most g(k) - f(k) context factors
to the factorization II. Since the maximal factorization of ay(z) has at most f(k) factors as
well, by Lemma 6 we deduce that the maximal factorization of V(G) \ az(x) has at most
2f(k) — 1 context factors. Finally, the cardinality of p:(x) is at most &k + 1, so in particular
its maximal factorization has at most k + 1 factors in total. Summing up all these upper
bounds, we conclude that ® has at most g(k) - f(k) + 2f(k) + k context factors. <

With Claim 13 in hand, we complete now the proof of Claim 12. Take any vertex u such
that x belongs to the stain S,,. This means that either
(i) u belongs to the margin of z, or
(ii) u does not belong to the margin of x, but u has a child v in F such that the unique
path in ¢ between ¢(u) and ¢(v) passes through x.
The number of vertices u satisfying 1 is bounded by the size of the margin of x, which is
at most k + 1, hence we focus on vertices u that satisfy 2. Observe that condition 2 in
particular means that v and v belong to different parts of partition II, so also to different
factors of factorization ®. Since w is the parent of v in F', this means that the unique factor
of ® that contains u must be a context factor, and u must be the parent of its appendices.
Consequently, the number of vertices u satisfying 2 is upper bounded by the number of
context factors in factorization ®, which is at most g(k) - f(k) + 2f(k) + k by Claim 13. We
conclude that the number of stains S, containing x is at most

h(k) == g(k) - f(k) +2f(k) + 2k +1;

in particular h(k) € O(k®). This concludes the proof of Claim 12, so also the proof of the
Conflict Lemma is complete.

5  Constructing the transduction

We now use the understanding gathered in the previous sections to give an MsSO transduction
that takes a tree decomposition of a graph of suboptimum width, and produces an optimum-
width tree decomposition. First, we need to precisely define MSO transductions.

MSQO transductions. Formally, an MSO transduction is any transduction that can be
obtained by composing a finite number of transductions of the following kinds. Note that
kind 1 is a partial function, kinds 2, 3, 4 are functions, and kind 5 is a relation.

1. Filtering. For every MSO sentence ¢ over the input vocabulary there is transduction
that filters out structures where ¢ is satisfied. Formally, the transduction is the partial
identity whose domain consists of the structures that satisfy the sentence. The input and
output vocabularies are the same.

2. Universe restriction. For every Mso formula ¢(x) over the input vocabulary with one free
first-order variable there is a transduction, which restricts the universe to those elements
that satisfy . The input and output vocabularies are the same, the interpretation of
each relation in the output structure is defined as the restriction of its interpretation in
the input structure to tuples of elements that remain in the universe.

3. MSO interpretation. This kind of transduction changes the vocabulary of the structure
while keeping the universe intact. For every relation name R of the output vocabulary,
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there is an MsO formula @g(x1,...,2%) over the input vocabulary which has as many
free first-order variables as the arity of R. The output structure is obtained from the
input structure by keeping the same universe, and interpreting each relation R of the
output vocabulary as the set of those tuples (z1,...,z)) that satisfy pg.

4. Copying. For k € {1,2,...}, define k-copying to be the transduction which inputs a
structure and outputs a structure consisting of k& disjoint copies of the input. Precisely,
the output universe consists of k copies of the input universe. The output vocabulary is
the input vocabulary enriched with a binary predicate copy that selects copies of the same
element, and unary predicates layery, layer,, ..., layer, which select elements belonging to
the first, second, etc. copies of the universe. In the output structure, a relation name R of
the input vocabulary is interpreted as the set of all those tuples over the output structure,
where the original elements of the copies were in relation R in the input structure.

5. Coloring. We add a new unary predicate to the input structure. Precisely, the universe
as well as the interpretations of all relation names of the input vocabulary stay intact, but
the output vocabulary has one more unary predicate. For every possible interpretation of
this unary predicate, there is a different output with this interpretation implemented.

We remark that the above definition is easily equivalent to the one used in [6], where filtering,

universe restriction, and MSO interpretation are merged into one kind of a transduction.

Proving the main result. We are finally ready to prove our main result, Theorem 2. The
proof is broken down into several steps. The first, main step shows that an MSO transduction
can output optimum-width separation forests. Here, a separation forest of a graph G is
encoded by enriching the relational structure encoding G with a single binary relation
interpreted as the child relation of F. Note that the definition of a separation forest is
MSO-expressible: there is an MSO sentence that checks whether the additional relation indeed
encodes a separation forest of the graph.

» Lemma 14. For every k € {0,1,2,...}, there is an MSO transduction from tree decomposi-
tions to separation forests such that for every input tree decomposition t:
every output is a separation forest of the underlying graph of t; and
if t has width at most k, then there is at least one output that is a separation forest of
optimum width.

Proof. Observe that the verification whether the width of ¢ is at most k& can be expressed by
an MSO sentence, so we can first use filtering to filter out any input tree decomposition ¢
whose width is larger than k; for such decompositions, the transduction produces no output.
Let G be the underlying graph of ¢, and let ¢ be the mapping that sends each vertex u of G
to the unique node of ¢t whose margin contains u. By the Conflict Lemma, there exists some
separation forest F' of G of optimum width such that the conflict graph H (¢, F') admits some
proper coloring A with h(k) colors. The constructed MSO transduction attempts at guessing
and interpreting F as follows.

First, using coloring and filtering, we guess the coloring A, represented as a partition of
the vertex set of G. Then, again using coloring and filtering, for every vertex u of G we guess
whether u is a root of F'| and if not, then we guess the color under A of the parent of w in F'.

Next, for every color ¢ used in A\, we guess the forest

M, := U Su,
ueAX"1(c)

where S, is the stain of u in ¢, defined as in Section 4 for the separation forest F. Note
that the stains {S,: u € A71(c)} are pairwise disjoint, because ) is a proper coloring of
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the conflict graph H (¢, F'). Thus, the connected components of M, are exactly these stains.

Observe also that M, is a subgraph of the decomposition ¢, so we can emulate guessing M,
in an MSO transduction working over ¢ by guessing the subset of those nodes of ¢, for which
the edge of ¢ connecting the node and its parent belongs to M,.

Having done all these guesses, we can interpret the child relation of F' using an MSO
predicate as follows. Fix a pair of vertices u and v, and let ¢ be the guessed color of u
under A. Then one can readily check that u is the parent of v in F' if and only if the following
conditions are satisfied:

we have guessed that v is not a root of F,

we have guessed that the color of the parent of v in F' is ¢, and

u is the unique vertex of color ¢ such that ¢(u) belongs to the same connected component

of M, as ¢(v).

It can be easily seen that these conditions can be expressed by an MSO formula with two free
variables u and v.

Finally, we filter out all the wrong guesses by verifying, using an MSO sentence, whether
the interpreted child relation on the vertices of G indeed forms a rooted forest, and whether
this forest is a separation forest of G. Obviously, the separation forest I’ was obtained for
at least one of the guesses, and survives this filtering. At the end, we remove the nodes of
decomposition ¢ from the structure using universe restriction. <

Next, we need to construct the induced tree decomposition out of a separation forest.

» Lemma 15. There is an MSO transduction from separation forests to tree decompositions
that on each input separation forest has exactly one output, which is the tree decomposition
induced by the input.

Proof. We copy the vertex set of the graph two times, and declare the second copies to be the
nodes of the constructed tree decomposition. Using the child relation of the input separation

forest, we can interpret in MsSO the descendant relation in the forest of the decomposition.

Finally, the bag relation in the induced tree decomposition, as defined in Section 3, can be
easily interpreted using an MSO formula. <

Finally, so far the transduction can output tree decompositions of suboptimal width,
which should be filtered out. For this, we need the following Mso-expressible predicate.

» Lemma 16. For every k € {0,1,2,...}, there is an MSO-sentence over tree decompositions
that holds if and only if the given tree decomposition has width at most k and its width is
optimum for the underlying graph.

Proof. Let ¢ be the given tree decomposition of a graph G. Obviously, we can verify using
an MSO sentence whether the width of ¢ is at most k. To check that the width of ¢ is
optimum, we could use the fact that graphs of treewidth k are characterized by a finite list of
forbidden minors, but we choose to apply the following different strategy. Let Ry be the MSO
transduction that is the composition of the transductions of Lemmas 14 (for parameter k)
and 15. Provided the input tree decomposition ¢ has width at most k, transduction Ry
outputs some set of tree decompositions of G among which one has optimum width. Hence, ¢
has optimum width if and only if the output Ry (¢) does not contain any tree decomposition
of width smaller than ¢.

The Backwards Translation Theorem for MSO transductions [7] states that whenever T
is an MSO transduction and v is an MSO sentence over the output vocabulary, then the set
of structures on which 7" outputs at least one structure satisfying v, is MSO-definable over
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the input vocabulary. Hence, for every p < k, there exists an MSO sentence ¢, that verifies
whether Ry () outputs at least one tree decomposition of width at most p. Therefore, we
can check whether ¢ has optimum width by making a disjunction over all ¢ with 0 </ < k
of the sentences stating that ¢ has width exactly ¢ and Ry (t) does not output any tree
decomposition of width less than £. >

Theorem 2 now follows by composing the MSO transductions given by Lemmas 14 and 15,
and at the end applying filtering using the predicate given by Lemma 16.

6 Conclusions

In this work we have constructed an MSO transduction that, given a constant-width tree
decomposition of a graph, computes a tree decomposition of this graph of optimum width. As
we have shown, this transduction can be conveniently composed with the Mso transduction
given in [6] to prove that given a graph of constant treewidth, some optimum-width tree
decomposition can be computed by means of an MSO transduction.

One direct application of this result is a strengthening of the main result of [6]. There,
we have proved that if a class of graphs of treewidth at most k is recognizable (see [6] for
omitted definitions), then it can be defined in MSO with modular counting predicates. The
main technical component of this proof was Theorem 2.4, which states that for every k
there is an MSO transduction from graphs to tree decompositions, which given a graph of
treewidth k outputs some its tree decomposition of width bounded by f(k), for some doubly-
exponential function f. Then the proof of the main result of [6] used f(k)-recognizability, i.e.,
recognizability within the interface (sourced) graphs with at most f(k) interfaces (sources).
By replacing the usage of Theorem 2.4 of [6] with Corollary 3 of this paper, we deduce that
only k-recognizability of a class of graphs of treewidth at most k is sufficient to prove that it
can be defined in MSO with modular counting predicates. However, this strengthening was
already known: Courcelle and Lagergren [8] proved that if a class of graphs of treewidth
at most k is k-recognizable, then it is also k’-recognizable for all k¥’ > k. In fact, the proof
technique of Courcelle and Lagergren essentially uses the same technique as Bodlaender and
Kloks [4] and as we do in this work; the main technical component of [8] can be interpreted
as a variant of our Local Dealternation Lemma (see the full version of the paper).

Finally, we see potential algorithmic applications of our main result. Namely, it seems
that the existing results, in particular the literature on constructing answers to MSO queries
on trees [1, 9, 13], are likely to imply the following algorithmic statement. Suppose R is
an MSO transduction whose domain are rooted forests labelled by a finite alphabet. Then,
given a forest ¢, one can compute in time f(k) - (n +m) any member of the output of R on ¢,
or conclude that this output is empty. Here, n is the size of t, m is the size of the output
structure (or 0 if transduction R applied to ¢ yields no output), k is the size of the description
of R, and f is some function. Assuming such an algorithmic statement, the algorithmic
result of Bodlaender and Kloks [4] (without a specified dependency on k of the running time)
would basically follow from applying it to the MSO transduction constructed in this paper.
However, such a tool could be of more general use. It would essentially reduce designing
constructive dynamic programming algorithms on tree decompositions, which most often
is a tedious and complicated task, to describing the corresponding transformations using
MsO transductions, similarly as Courcelle’s theorem reduces designing dynamic programming
algorithm for decision problems to expressing them in Mso. We will explore these algorithmic
applications in the journal version of our work.
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—— Abstract
In the TOKEN SWAPPING problem we are given a graph with a token placed on each vertex.

FEach token has exactly one destination vertex, and we try to move all the tokens to their des-
tinations, using the minimum number of swaps, i.e., operations of exchanging the tokens on two
adjacent vertices. As the main result of this paper, we show that TOKEN SWAPPING is W[1]-
hard parameterized by the length & of a shortest sequence of swaps. In fact, we prove that, for
any computable function f, it cannot be solved in time f(k)n°*/1°¢¥) where n is the number of
vertices of the input graph, unless the ETH fails. This lower bound almost matches the trivial
nP®)_time algorithm.

We also consider two generalizations of the TOKEN SWAPPING, namely COLORED TOKEN
SWAPPING (where the tokens have colors and tokens of the same color are indistinguishable), and
SUBSET TOKEN SWAPPING (where each token has a set of possible destinations). To complement
the hardness result, we prove that even the most general variant, SUBSET TOKEN SWAPPING, is
FPT in nowhere-dense graph classes.

Finally, we consider the complexities of all three problems in very restricted classes of graphs:
graphs of bounded treewidth and diameter, stars, cliques, and paths, trying to identify the
borderlines between polynomial and NP-hard cases.
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1 Introduction

In reconfiguration problems, one is interested in transforming a combinatorial or geometric
object from one state to another, by performing a sequence of simple operations. An important
example is motion planning, where we want to move an object from one configuration to
another. Elementary operations are usually translations and rotations. It turns out that
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Figure 1 Every token placement can be uniquely described by a permutation.

motion planning can be reduced to the shortest path problem is some higher dimensional
Euclidean space with obstacles [7].

Finding the shortest flip sequence between any two triangulations of a convex polygon is a
major open problem in computational geometry. Interestingly it is equivalent to a myriad of
other reconfiguration problems of so-called Catalan structures [4]. Examples include: binary
trees, perfect matchings of points in convex position, Dyck words, monotonic lattice paths,
and many more. Reconfiguring permutations under various constraints is heavily studied
and usually called sorting.

An important class of reconfiguration problems is a big family of problems in graph theory
that involves moving tokens, pebbles, cops or robbers along the edges of a given graph, in
order to reach some final configuration [30, 5, 9, 14, 2, 28, 20, 8, 12]. In this paper, we study
one of them.

The TOKEN SWAPPING problem, introduced by Akers and Krishnamurthy [1], and stated
more recently by Yamanaka et al. [31], fits nicely into this long history of reconfiguration
problems and can be regarded as a sorting problem with special constraints.

The problem is defined as follows, see also Figure 1. We are given an undirected connected
graph with n vertices vy, ..., v,, a set of tokens T' = {t1,...,t,} and two permutations mstart
and Tearget- These permutations are called start permutation and target permutation. Initially
vertex v; holds token ¢, (
vertices, that is, if v and w are adjacent, v holds the token s, and w holds the token ¢, then
the swap between v and w results in the configuration where v holds ¢, w holds s, and all the
other tokens stay in place. The TOKEN SWAPPING problem asks if the target configuration
can be reached in at most k swaps. Thus, a solution for the TOKEN SWAPPING problem is a
sequence of edges, where the swaps take place. The solution is optimal if its length is shortest
possible. To see the correspondence to sorting note that every placement of tokens can be
regarded as a permutation and the target permutation can be regarded as the sorted state.

It has been observed, for example in [1, 31], that every instance of TOKEN SWAPPING
has a solution, and its length is O(n?). Moreover, 2(n?) swaps are sometimes necessary. It
is interesting to note that some special cases of TOKEN SWAPPING have been studied in the
context of sorting permutations with additional restrictions (see Knuth [21, Section 5.2.2] for
paths, Pak [27] for stars, Cayley [6] for cliques, and Heath and Vergara [16] for squares of a
path). Recently the problem was also solved for a special case of complete split graphs (see
Yasui et al. [33]). Is is also worth mentioning that a very closely related concept of sorting
permutations using cost-constrained transitions was considered by Farnoud et al. [11], and
Farnoud and Milenkovic [10].

The complexity of the TOKEN SWAPPING problem was investigated by Miltzow et al. [25].
They show that the problem is NP-complete and APX-complete. Moreover, they show
that any algorithm solving the TOKEN SWAPPING problem in time 2°") would refute the
Exponential Time Hypothesis (ETH) [17]. The results of Miltzow et al. [25] carry over also to

#)- In one step, we are allowed to swap tokens on a pair of adjacent
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some generalization of the TOKEN SWAPPING problem, called COLORED TOKEN SWAPPING,
first introduced by Yamanaka et al. [32]. In this problem, vertices and tokens are partitioned
into color classes. For each color ¢, the number of tokens colored ¢ equals the number of
vertices colored c¢. The goal is to reach, with the minimum number of swaps, a configuration
in which each vertex contains a token of its own color. TOKEN SWAPPING corresponds to the
special case where each color class comprises exactly one token and one vertex. NP-hardness
of COLORED TOKEN SWAPPING was first shown by Yamanaka et al. [32], even in the case
where only 3 colors exist.

We introduce the SUBSET TOKEN SWAPPING problem, which is an even further general-
ization of TOKEN SWAPPING. Here a function D : T — 2V specifies the set D(t;) of possible
destinations D(¢;) for the token ¢;. Observe that SUBSET TOKEN SWAPPING also generalizes
COLORED TOKEN SWAPPING. It might happen that there is no satisfying swapping sequence
at all to this new problem. Though, this can be checked in polynomial time by deciding if
there is a perfect matching in the bipartite token-destination graph. Thus we shall always
assume that we have a satisfiable instance.

In this paper we continue and extend the work of Miltzow et al. [25]. They presented a
very simple algorithm which solves the instance of the TOKEN SWAPPING problem in n©(*¥)
time and space, where k denotes the number of allowed swaps. In Section 3 we show that this
algorithm can be easily generalized to COLORED TOKEN SWAPPING and SUBSET TOKEN
SWAPPING problems. One of the main bottlenecks for exponential-time algorithms is not
time, but space consumption. Thus we present a slightly slower exact algorithm, using only
polynomial space (in fact, only slightly super-linear).

The existence of an XP algorithm (i.e., with time complexity O(n/(*)) for some computable
function f) for the TOKEN SWAPPING problem gives rise to the question whether the problem
can be solved in FPT time (i.e., f(k)-n°M), for some computable function f). There is some
evidence indicating that this could be possible. First, observe that an instance with more
than 2k misplaced tokens, is a NO-instance, as each swap moves only two tokens. Further,
one can safely remove all vertices from the graph that are at distance more than k from all
misplaced tokens. This preprocessing yields an equivalent instance, where every connected
component has diameter O(k?). Thus if the maximum degree A is bounded by k, each
component has size bounded by a function of k. The connected components of f(k) size
can be solved separately by exhaustively guessing (still in FPT time) the number of swaps
to perform in each of them. Moreover, even the generalized SUBSET TOKEN SWAPPING
problem is FPT in k + A (see Proposition 6). For those reasons, one could have hoped for
an FPT algorithm for general graphs. However, as the main result of this paper, we show in
Section 4 that this is very unlikely.

» Theorem 1 (Parameterized Hardness). TOKEN SWAPPING is W[1]-hard, parameterized by
the number k of allowed swaps. Moreover, assuming the ETH, for any computable function
f, TOKEN SWAPPING cannot be solved in time f(k)(n + m)°*/18k) where n and m are
respectively the number of vertices and edges of the input graph.

Observe that this lower bound shows that the simple n©®*)-time algorithm is almost best
possible. It is worth mentioning that the parameter for which we show hardness is in fact
number of swaps + number of initially misplaced tokens + diameter of the graph, which
matches the reasoning presented in the previous paragraph.

To show the lower bound, we introduce handy gadgets called linkers. They are simple
and can be used to give a significantly simpler proof of the lower bounds given by Miltzow et
al. [25].

16:3
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Table 1 The parameterized complexity of TOKEN SWAPPING, COLORED TOKEN SWAPPING, and
SUBSET TOKEN SWAPPING.

k+ A k + diam k, nowhere-dense tw + diam
/ k+tw
TS FPT ((25])  WJ[1]-h (Th 1) FPT paraNP-c (Th 4)
CTS FPT WI1]-h FPT paraNP-c
STS FPT (Prop 6) WI1]-h FPT (Th 2) paraNP-c

Since there is no FPT algorithm for the TOKEN SWAPPING problem (parameterized by
the number k of swaps), unless FPT = W[1], a natural approach is to try to restrict the
input graph classes, in hope to obtain some positive results. Indeed, in Section 5 we show
that FPT algorithms exist, if we restrict our input to the so-called nowhere-dense graph
classes.

» Theorem 2 (FPT in nowhere dense graphs). SUBSET TOKEN SWAPPING is FPT paramet-
erized by k on nowhere-dense graph classes.

The notion of nowhere-dense graph classes has been introduced as a common generalization
of several previously known notions of sparsity in graphs such as planar graphs, graphs
with forbidden (topological) minors, graphs with (locally) bounded treewidth or graphs with
bounded maximum degree. Grohe, Kreutzer, and Siebertz [15] proved that every property
definable as a first-order formula ¢ is solvable in O(f(|¢|,€) n'T¢) time on nowhere-dense
classes of graphs, for every ¢ > 0. We use this meta-theorem to show the existence of an
FPT time algorithm for the SUBSET TOKEN SWAPPING problem, restricted to nowhere-dense
graph classes. In particular, this implies the following results.

» Corollary 3. SUBSET TOKEN SWAPPING is FPT
(a) parameterized by k + tw(G),
(b) parameterized by k in planar graphs.

It is often observed that NP-hard graph problems become tractable on classes of graphs
with bounded treewidth (or, at least, with bounded tree-depth; see Nesettil and Ossona
de Mendez [26, Chapter 10] for the definition and some background of tree-depth and
related parameters). It is not uncommon to see FPT algorithms running in time f (tw)no(l)
(or f(td)n®M)) or XP algorithms running in time n/ ) (or n/®d) for some computable
functions f. Especially, in light of Corollary 3(a), we want to know if there exists an algorithm
that runs in polynomial time for constant treewidth. In Section 6 we rule out the existence
of such algorithms by showing that TOKEN SWAPPING remains NP-hard when restricted to
graphs with tree-depth 4 (treewidth and pathwidth 2; diameter 6; distance 1 to a forest).

» Theorem 4 (Hard on Almost Trees). TOKEN SWAPPING remains NP-hard even when both

the treewidth and the diameter of the input graph are constant, and cannot be solved in time
20(7) unless the ETH fails.

The Table 1 shows the current state of our knowledge about the parameterized complexity
of TOKEN SWAPPING (TS), COLORED TOKEN SwAPPING (CTS), and SUBSET TOKEN
SWAPPING (STS) problems, for different choices of parameters.
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Table 2 The complexity of TOKEN SWAPPING (T'S), COLORED TOKEN SWAPPING (CTS), and
SUBSET TOKEN SWAPPING (STS) on very restricted classes of graphs. The results in bold are proved
in this paper. The three polynomial algorithms for TOKEN SWAPPING on cliques, stars, and paths,
are folklore and can be found for instance in [25, 19].

trees  cliques stars  paths

TS ? P P P
CTS ? NP-c P P
STS NP-c NP-c NP-c ?

While we think that our results give a fairly detailed view on the complexity landscape of
the TOKEN SWAPPING problem, we also want to point out that our reductions are significantly
simpler than those by Miltzow et al. [25].

Since the investigated problems seem to be immensely intractable, we investigate their
complexities in very restricted classes of graphs, namely cliques, stars, and paths. We focus
on finding the borderlines between easy (polynomially solvable) and hard (NP-hard) cases.
The summary of these results is given in Table 2. Observe that cliques distinguish the
complexities of the TOKEN SWAPPING and the COLORED TOKEN SWAPPING problems,
while stars distinguish the complexities of the COLORED TOKEN SWAPPING and the SUBSET
TOKEN SWAPPING problems.

The paper concludes with several open problems in Section 7.

2 Preliminaries

For a token ¢, let dist(¢) denote the distance from the position of ¢ to its destination. For
an instance I of the TOKEN SWAPPING problem, we define L(I) := )", dist(t), i.e., the sum
of distances to the destination over all the tokens. Clearly, after performing a single swap,
dist(¢) may change by at most 1. We shall also use the following classification of swaps: for
xz,y € {—1,0,1}, x < y, by a (x,y)-swap we mean a swap, in which one token changes its
distance by x, and the other one by y. Intuitively, (=1, —1)-swaps are the most “efficient”
ones, thus we will call them happy swaps. Since each swap involves two tokens, we get the
following lower bound.

» Proposition 5 ([25]). The length of an optimal solution for an instance I of TOKEN
SWAPPING s at least L(I)/2. Besides, it is exactly L(I)/2 iff there is a solution using happy
swaps only.

When designing algorithms, it is natural to ask about lower bounds. However, the standard
complexity assumption used for distinguishing easy and hard problems, P # NP, cannot
rule out, say, subexponential time algorithms. The stronger assumption that is typically
used for this purpose is the so-called Ezponential Time Hypothesis (ETH), formulated by
Impagliazzo and Paturi [17]. We refer the reader to the survey by Lokshtanov and Marx for
more information about ETH and conditional lower bounds [22]. The version we present
below (and is most commonly used) is not the original statement of this hypothesis, but its
weaker version (see also Impagliazzo, Paturi, and Zane [18]).

» Exponential Time Hypothesis (Impagliazzo and Paturi [17]). There is no algorithm solving
every instance of 3-SAT with N variables and M clauses in time 20N+M),
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p(ur)

Vl VQ

p(uz2)

U1 U2

Uyq us

i p(u3)

V3

Figure 2 On the left is the pattern graph P; on the right, the host graph H. We indicate the
image of ¢ with white vertices. To keep the example small, we did not make P 3-regular.

3 Algorithms

First, we prove that SUBSET TOKEN SWAPPING (and therefore also COLORED TOKEN
SWAPPING as its restriction) is FPT in k + A, where k is the number of allowed swaps, and
A is the maximum degree of the input graph. This generalizes the observation of Miltzow et
al. [25] for the TOKEN SWAPPING problem. Furthermore, we show that the simple algorithm
for the TOKEN SWAPPING problem, presented by Miltzow et al. [25], carries over to the
generalized problems, i.e., COLORED TOKEN SWAPPING and SUBSET TOKEN SWAPPING. At
last, we will present an algorithm that has polynomial space complexity.

» Proposition 6. SUBSET TOKEN SWAPPING problem is FPT in k+ A and admits a kernel
of size 2k + 2k2 - AF.

Miltzow et al. [25] show that an optimal solution for the TOKEN SWAPPING problem can
be found by performing a breath-first-search on the configuration graph, that is, the graph
whose vertices are all possible configurations of tokens on vertices, and two configurations are
adjacent when one can be obtained from the other with a single swap'. We observe that the
same approach works for the COLORED TOKEN SWAPPING and the SUBSET TOKEN SWAPPING
problems, the only difference is that we terminate on any feasible target configuration.

The main drawback of such an approach is an exponential space complexity. Here we
show the following complementary result, inspired by the ideas of Savitch [29].

» Theorem 7. Let G be a graph with n vertices, and let k be the mazimum number of allowed
swaps. The SUBSET TOKEN SWAPPING problem on G can be solved in time 20(n1ognlogk) —
20(nlog” n) 4nd space O(nlognlogk) = O(nlog®n).

4 Lower Bounds on parameterized Token Swapping

Let us start by defining an auxiliary problem, called MULTICOLORED SUBGRAPH ISOMORPH-
1SM (also known as PARTITIONED SUBGRAPH ISOMORPHISM; see Figure 2).

! The configuration graph of a TOKEN SWAPPING instance on a graph G with n vertices can also be seen
as the Cayley graph I'(Py, S) where P, is the symmetric group on n elements and S is the set of all
transpositions (u v) where uv is an edge of G.
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In MULTICOLORED SUBGRAPH ISOMORPHISM, one is given a host graph H whose vertex
set is partitioned into k color classes Vi W Vo W ... W Vi and a pattern graph P with k
vertices: V(P) = {uy,...,ux}. The goal is to find an injection ¢ : V(P) — V(H) such
that w;u; € E(P) implies that ¢(u;)p(u;) € E(H) and ¢(u;) € V; for all 4,j. Thus we
can assume that each V; forms an independent set. Further, we assume without loss of
generality that E(V;,V}) := {ab € E(H): a € V;,b € V}} is non-empty iff u;u; € E(P). In
other words, we try to find k vertices v; € Vi, va € Vo, ..., v € Vi such that, for any
i < j € [k],% there is an edge between v; and v; iff E(V;,V;) is non-empty. The W [1]-hardness
of MULTICOLORED SUBGRAPH ISOMORPHISM problem follows from the W1]-hardness of
the MULTICOLORED CLIQUE. Marx [23] showed that assuming the ETH, MULTICOLORED
SUBGRAPH ISOMORPHISM cannot be solved in time f(k)(|V(H)| + |E(H)|)°®*/1°8%)  for any
computable function f, even when the pattern graph P is 3-regular and bipartite (see also
Marx and Pilipczuk [24]). In particular, k has to be an even integer since |E(P)| is exactly
3k/2. We finally assume that for every 7 € [k] it holds that |V;| = ¢, by padding potentially
smaller classes with isolated vertices. This can only increase the size of the host graph by a
factor of k, and does not create any new solution nor destroy any existing one.

Now we are ready to prove the following theorem.

» Theorem 1 (Parameterized Hardness). TOKEN SWAPPING is W(1]-hard, parameterized by
the number k of allowed swaps. Moreover, assuming the ETH, for any computable function
f, TOKEN SWAPPING cannot be solved in time f(k)(n +m)°*/198k) where n and m are
respectively the number of vertices and edges of the input graph.

Proof (Sketch). We will present a reduction from MULTICOLORED SUBGRAPH ISOMORPHISM.

To show the parameterized hardness of the TOKEN SWAPPING problem, we introduce a very
handy linker gadget. This gadget has a robust and general ability to link decisions. As such,
it permits to reduce from a wide range of problems. Its description is short and its soundness
is intuitive. Because it yields very light constructions, we can rule out fairly easily unwanted
swap sequences. We describe the linker gadget and provide some intuitive reason why it
works (see Figure 3).

Linker gadget. Given two integers a and b, the linker gadget L, ; contains a set of a vertices,
called finishing set and a path on a vertices, that we call starting path. The tokens initially on
vertices of the finishing set are called local tokens; they shall go to the vertices of the starting
path in the way depicted in Figure 3. The tokens initially on vertices of the starting path
are called global tokens. Global tokens have their destination in some other linker gadget. To
be more specific, their destination is in the finishing set of another linker.

We describe and always imagine the finishing set and the starting paths to be ordered
from left to right. Below the finishing set and to the left of the starting path, stand b disjoint
induced paths, each with a vertices, arranged in a grid, see Figure 3. We call those paths
private paths. The private tokens on private paths are already well-placed. Every vertex in
the finishing set is adjacent to all private vertices below it and the leftmost vertex of the
starting path is adjacent to all rightmost vertices of the private paths.

For local tokens to go to the starting path, they must go through a private path. As its
name suggests, the linker gadget aims at linking the choice of the private path used for every
local token. Intuitively, the only way of benefiting from a? happy swaps between the a local
tokens and the a global tokens is to use a common private path (note that the destination

2 For an integer p, by [p] we denote the set {1,...,p}.
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finishing set

e local token

global token

starting path

e private token

private paths

ol [l

>

Figure 3 The linker gadget L. Black tokens are initially properly placed. Dashed arcs represent
where tokens of the finishing set should go in the starting path. At the bottom left, we depict the
gadget after all the local tokens are swapped to a single private path. At the bottom right, we see
the result after swapping all the local tokens to the starting path. In this case, the global tokens go
to that private path.

of the global tokens will make those swaps happy). That results in a kind of configuration
as depicted in the bottom right of Figure 3, where each global token is in the same private
path. The fate of the global tokens has been linked.

Construction. We present a reduction from MULTICOLORED SUBGRAPH ISOMORPHISM
with cubic pattern graphs to TOKEN SWAPPING where the number of allowed swaps is linear
in k. Let (H, P) be an instance of MULTICOLORED SUBGRAPH ISOMORPHISM. For any color
class V; = {v;1,vi2,...,v; ¢} of H, we add a copy of the linker L3, that we denote by L;. We
denote by j; < jo < js the indices of the neighbors of u; in the pattern graph P. The linker
L; will be linked to 3 other gadgets and it has ¢ private paths (or choices). The finishing set of
L; contains, from left to right, the vertices a(i, j1), a(i, j2), and a(%, j3). We denote the tokens
initially on the vertices a(i,j1), a(4,j2), and a(i, j3) by local(i, j1),local(i, j2), local(i, j3),
respectively.

The starting path contains, from left to right, vertices b(<, j1), b(i, j2), and b(%, j3) with
tokens global(i, j1 ), global(4, j2), and global(4, j3).

For each p € [3], local(i, j,) shall go to vertex b(4, j,), whereas global(i, j,) shall go to
a(jp,) in the gadget L; . Observe that the former transfer is internal and may remain within
the gadget L;, while the latter requires some interplay between the gadgets L; and L;,. For
any h € [t], by U(i, h) we denote the h-th private path. This path represents the vertex v; j,.
The path U(i, h) consists of, from left to right, vertices u(i, h, j1), u(, h, j2), u(i, h, j3). We
set U(i) := Uy,ep U(4, h). Initially, all the tokens placed on vertices of U(i) are already well
placed.

We complete the construction by adding every edge of the form w(i, h, j)u(j, h',4) if
v, pv; 1 is an edge in E(V;,V;) (see Figure 5). Let G be the graph that we built, and let I
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a(i’jl)
a(Zv ]2)
a(ia ]3)

local(i, j2)

global(i, j2)

Figure 4 The different labels for tokens, vertices, and sets of vertices.

Va E(V3,V7) Va

u(3,1,7) u(7,1,3)
u(3,2,7) u(7,2,3)
u(3,3,7) O u(7,3,3)

Figure 5 The way linkers (in that case, L3 and L7) are assembled together, with ¢ = 3.

be the whole instance of TOKEN SWAPPING (with the initial position of the tokens). We
claim that (H, P) is a YEs-instance of MULTICOLORED SUBGRAPH ISOMORPHISM if and
only if I has a solution of length at most ¢ := 16.5k = O(k). Recall that k is even, so 16.5k
is an integer.

Correctness. As already described above, the local tokens can reach their target vertices
more efficiently if they all use the same private path. This private path represents a choice of

the corresponding vertex in the original MULTICOLORED SUBGRAPH ISOMORPHISM instance.

Thereafter, each global token can go with a single swap to its correct target gadget, if there

were an edge between the corresponding vertices. This sequence needs exactly 16.5k swaps.

The reverse direction is more difficult. Observe that, except from the swaps involving
private tokens, all the swaps in the described solution are happy. However, it can be shown
that the swaps that are not happy are necessary. In particular, any deviation from the
intended solution requires additional swaps. <
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5 Token Swapping on nowhere-dense classes of graphs

As we have seen in Section 4, there is little hope for an FPT algorithm for the TOKEN
SWAPPING problem (parameterized by k), unless FPT = W[1]. Now let us show that FPT
algorithms exist, if we restrict our input to nowhere-dense graph classes.

The formal definition of nowhere-dense graphs is technical, so we refer the reader to the
comprehensive book of Nesetfil and Ossona de Mendez [26, Chapter 13].

As graphs with bounded degree are nowhere-dense, this result generalizes Proposition 6.

» Theorem 2 (FPT in nowhere dense graphs). SUBSET TOKEN SWAPPING is FPT paramet-
erized by k on nowhere-dense graph classes.

We derive the following corollary.

» Corollary 8. SUBSET TOKEN SWAPPING is FPT
(a) parameterized by k + tw(G),
(b) parameterized by k in planar graphs.

To see Corollary 3 (a), recall that bounded-treewidth graphs are nowhere-dense. Thus
by Theorem 2 there exists an algorithm with running time O(f(k)n'*), for any € > 0 and
treewidth bounded by some constant c¢. Observe that the constant hidden in the big-O
notation depends on the constant c¢. In particular ¢ has no influence on the exponent of n.

6 Token Swapping on almost trees

This section is devoted to the proof of the following theorem.

» Theorem 4 (Hard on Almost Trees). TOKEN SWAPPING remains NP-hard even when both

the treewidth and the diameter of the input graph are constant, and cannot be solved in time
20(n) ynless the ETH fails.

Proof. In ExacT COVER BY 3-SETS, one is given a family S = {51, Sa, ..., Sy, } of 3-element
subsets of the universe X = {x1,x2,...,2,}, where 3 divides n. The goal is to find n/3
subsets in S that partition (or here, equivalently, cover) X. The problem can be seen as a
straightforward generalization of the 3-DIMENSIONAL MATCHING problem. This problem is
NP-complete and has no 2°(™ algorithm, unless the ETH fails, even if each element belongs
to exactly 3 triples [13, 3]. Therefore we can reduce from the restriction of the ExacT COVER
BY 3-SETS problem, where each element belongs to 3 sets of S, and obviously |S| = |X| = n.

Construction. For each set S; € S, we add a set gadget consisting of a tree on 10 vertices
(see Figure 6). In the set gadget, the four gray tokens should cyclically swap as indicated by
the dotted arrows: gf shall go where gf 1 is, for each i € [4] (addition is computed modulo 4).
The three black tokens, as usual, are initially well placed. The three remaining vertices are
called element vertices. They represent the three elements of the set. The tokens initially on
the element vertices are called element tokens. For each element of X, there are 3 element
tokens and 3 element vertices.

We add a vertex ¢ that is linked to all the element vertices of the set gadgets and to all
the vertices gg. Fach token originally on an element vertex should cyclically go to its next
occurrence (see Figure 7). The token initially on ¢ is well placed.

The constructed graph G has 10n + 1 vertices. If one removes the vertex ¢ the remaining
graph is a forest, which means that the graph has a feedback vertex set of size 1 and, in
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Figure 7 The overall picture. Each element appears exactly 3 times, so there are 3 red tokens.

particular, treewidth 2. G has its diameter bounded by 6, since all the vertices are at distance
at most 3 of the vertex c. We now show that the instance S of EXAcT COVER BY 3-SETS
admits a solution iff there exists a solution for our instance of TOKEN SWAPPING of length
at most £:=11-n/34+9-2n/3+2n =35n/3 = 11n+ 2n/3.

Soundness. The correctness of the construction relies mainly on the fact that there are
two competitive ways of placing the gray tokens. The first way is the most direct. It
consists of only swapping along the spine of the set gadget. By spine, we mean the 7 vertices
initially containing gray or black tokens. From hereon, we call that swapping the gray tokens
internally.

» Claim 9. Swapping the gray tokens internally requires 9 swaps.

Proof. In 6 swaps, we can first move g3 to its destination (where go is initially). Then, go,
g1, and go need one additional swap each to be correctly placed. We observe that, after we
do so, the black tokens are back to their respective destination. <

We call the second way swapping the gray tokens via c. Basically, it is the way one would
have to place the gray tokens if the black tokens (except the one in ¢) were removed from
the graph. It consists of, first (a) swapping go with the token on ¢, then moving go to its
destination, then (b) swapping ¢g; with the current token on ¢, moving g; to its destination,
(c) swapping go with the token on ¢, moving go to its destination, finally (d) swapping g3
with the token on ¢ and moving it to its destination.

» Claim 10. Swapping the gray tokens via ¢ requires 11 swaps.
Proof. Steps (a), (b), and (c¢) take 3 swaps each, while step (d) takes 2 swaps. <

Considering that swapping the gray tokens via ¢ takes 2 more swaps than swapping them
internally, and leads to the exact same configuration where both the black tokens and the
element tokens are back to their initial position, one can question the interest of the second
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way of swapping the gray tokens. It turns out that, at the end of steps (a), (b), and (c),
an element token is on vertex c. We will take advantage of that situation to perform two
consecutive happy swaps with its two other occurrences. By doing so, observe that the first
swap of steps (b), (c), and (d) are also happy and place the last occurrence of the element
tokens at its destination.

We assume that there is a solution Sal,...,Sa"/3 to the ExAacT COVER BY 3-SETS
instance. In the corresponding n/3 set gadgets, swap the gray tokens via ¢ and interleave
those swaps with doing the two happy swaps over element tokens, whenever such a token
reaches ¢. By Claim 10, this requires 11 -n/3 4+ 2n swaps. At this point, the tokens that are
misplaced are the 4 - 2n/3 gray tokens in the 2n/3 remaining set gadgets. Swap those gray
tokens internally. This adds 9 -2n/3 swaps, by Claim 9. Overall, this solution consists of
29n/3 + 2n = 35n/3 = L.

Let us now suppose that there is a solution s of length at most ¢ to the TOKEN SWAPPING
instance. At this point, we should observe that there are alternative ways (to Claim 9 and
Claim 10) of placing the gray tokens at their destination. For instance, one can move g3 to
g1 along the spine, place tokens g and g3, then exchange gy with the token on ¢, move gg
to its destination, swap g3 with the token on ¢, and finally move it to its destination. This
also takes 11 swaps but moves only one element token to ¢ (compared to moving all three of
them in the strategy of Claim 10). One can check that all those alternative ways take 11
swaps or more. Let r € [0,n] be such that s does not swap the gray tokens internally in r set
gadgets (and swap them internally in the remaining n — r set gadgets). The length of s is at
least 11r +9(n — ) + 2(n — q) + 4¢ = 11n + 2(r + q), where ¢ is the number of elements of
X for which none occurrence of its three element tokens has been moved to ¢ in the process
of swapping the gray tokens. Indeed, for each of those ¢ elements, 4 additional swaps will
be eventually needed. For each of the remaining n — ¢ elements, only 2 additional happy
swaps will place the three corresponding element tokens at their destination. It holds that
3r > n—q, since the element tokens within the r set gadgets where s does not swap internally
represent at most 3r distinct elements of X. Hence, 3r + ¢ > n. Also, s is of length at most
¢ = 11n + 2n/3, which implies that r + ¢ < n/3. Thus, n < 3r + ¢ < 3r 4+ 3¢ < n. Therefore,
g=0and r=n/3. Let Sg,,..., Sa, s be the n/3 sets for which s does not swap the gray
tokens internally in the correponding set gadgets. For each element of X, an occurrence of
a corresponding element token is moved to ¢ when the gray tokens are swapped in one of
those gadgets. So this element belongs to one S, and therefore Sy, ..., Sq, , is a solution
to the instance of EXxacT COVER BY 3-SETS.

The ETH lower bound follows from the fact, that the size of constructed graph is O(n). <

7 Conclusion

We conclude the paper with several ideas for further research. First, we believe that it would
be interesting to fill the missing entries in Table 2. In particular, we conjecture that the
TOKEN SWAPPING problem remains NP-complete even if the input graph is a tree.

Another interesting problem is the following. By Miltzow et al. [25, Theorem 1], the
TOKEN SWAPPING problem can be solved in time 2°0(*1°87) "and there is no 2°(") algorithm,
unless the ETH fails. We conjecture that the lower bound can be improved to 20(?logn)
It would also be interesting to find single-exponential algorithms for some restricted graph
classes, such as graphs with bounded treewidth or planar graphs.

Finally, to prove Corollary 3, we use the powerful and very general meta-theorem by
Grohe, Kreutzer, and Siebertz [15]. It would be interesting to obtain elementary FPT
algorithms for planar graphs and graphs with bounded treewidth (or even trees).
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—— Abstract

We introduce Monte Carlo computability as a probabilistic concept of computability on infinite
objects and prove that Monte Carlo computable functions are closed under composition. We then
mutually separate the following classes of functions from each other: the class of multi-valued
functions that are non-deterministically computable, that of Las Vegas computable functions, and
that of Monte Carlo computable functions. We give natural examples of computational problems
witnessing these separations. As a specific problem which is Monte Carlo computable but neither
Las Vegas computable nor non-deterministically computable, we study the problem of sorting
infinite sequences that was recently introduced by Neumann and Pauly. Their results allow us to
draw conclusions about the relation between algebraic models and Monte Carlo computability.
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1 Introduction

It is folklore in computational complexity theory that different machine models such as
deterministic machines, non-deterministic machines and probabilistic machines describe
the same classes of computable problems while they potentially yield different classes of
polynomial-time computable problems. The complexity classes NP, BPP and ZPP are classes
of decision problems which are polynomial-time computable on non-deterministic machines,
Monte Carlo machines, and Las Vegas machines, respectively. The separation of these classes
is a major and challenging problem in computational complexity theory.

In recent years it emerged that the situation for computations on infinite objects is
somewhat different in that the classes of problems which are non-deterministically computable
or probabilistically computable are actually strictly larger than the class of deterministically

* Vasco Brattka has received funding from the National Research Foundation of South Africa. Rutger
Kuyper has received funding from the John Templeton Foundation.

© Vasco Brattka, Rupert Hélzl, and Rutger Kuyper;

licensed under Creative Commons License CC-BY
34th Symposium on Theoretical Aspects of Computer Science (STACS 2017).
Editors: Heribert Vollmer and Brigitte Vallée; Article No. 17; pp. 17:1-17:14

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


http://dx.doi.org/10.4230/LIPIcs.STACS.2017.17
http://creativecommons.org/licenses/by/3.0/
http://www.dagstuhl.de/lipics/
http://www.dagstuhl.de

17:2

Monte Carlo Computability

differentiation

Monte Carlo
WWKL' x Cl,

sorting

Non-deterministic

WKL
fixed points

Las Vegas

WWKL
Nash equilibria

Figure 1 Classes of non-deterministically and probabilistically computable problems.

computable problems from the mere point of view of computability theory even without time
complexity considerations.

Computability over infinite objects is understood here in the well-established sense of
computable analysis [28, 13] and the Weihrauch lattice [6, 24] is used as a fine-grained tool
to express these results. Intuitively, it offers a notion of many-one reducibility for partial
multi-valued functions f :C X == Y that can be used to compare computational problems in
a very natural and straightforward way.

Work on probabilistic notions in this setting has been started by Brattka and Pauly
[15], Dorais, Dzhafarov, Hirst, Mileti and Shafer [18], Bienvenu and Porter [2] and others.
In recent work Brattka, Gherardi and Holzl [7, 8] have proposed the concept of Las Vegas
computable functions and studied its computational power. The problem of computing Nash
equilibria is an example of a Las Vegas computable problem, which is not deterministically
computable.

Roughly speaking, a function f :C X == Y is Las Vegas computable if it can be computed
on a Turing machine upon input of (a name of) some z € dom(f) with the help of an
additional advice € 2N subject to the following conditions:

1. If the advice r € 2" is not helpful, then the machine recognizes this in finite time and
stops the computation with a failure signal.

2. If the advice r € 2" is helpful, then the machine computes forever and produces a correct
result, that is, (a name of) some y € f(z).

3. The set of helpful advices r for each fixed name of input x has to be of positive measure.

We continue this work in the present article and propose the new concept of Monte Carlo
computability, which is different from Las Vegas computability in that we relax condition 1.
Roughly speaking, we consider f: C X = Y as Monte Carlo computable if the fact that
the advice r € 2V is not helpful can be recognized (only) in the limit. As a consequence of
this relaxation such a machine might compute forever without producing a correct result.
However, with positive probability it will produce a correct result.

In the Weihrauch lattice we can identify the classes WKL, WWKL and WWKL" x Cf; as
being complete for non-deterministically computable, Las Vegas computable and Monte Carlo
computable problems, respectively. All these classes are variants of Weak Kénig’s Lemma
(WKL) and will be formally defined below. In a vague analogy these classes correspond to
the complexity classes NP, ZPP and BPP, respectively.
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In contrast to the situation in computational complexity theory, we can separate the
classes WKL, WWKL and WWKL' x C{; and provide natural computational problems as
witnesses for these separations. The picture that emerges is illustrated in Figure 1. The
problems given in the picture have been studied before:

1. Differentiation is the problem d: C C[0,1] — C[0,1], f — f’ to determine the deriva-
tive of a continuously differentiable function f: [0,1] — R [27] and it is neither non-
deterministically computable nor probabilistically computable in any form [8].

2. The fixed point problem BFT: C([0,1]",[0,1]") = [0,1]", f — {x: f(z) = x}, that is,
the problem of determining a fixed point of a continuous function f: [0,1]™ — [0,1]™ for
n > 2 [14], is non-deterministically computable but not probabilistically computable in
any form [8]. BFT stands for “Brouwer Fixed Point Theorem”.

3. The zero problem IVT: C C[0,1] = [0,1], f — f~1{0}, that is, the problem that maps
every continuous function f: [0,1] — R with f(0) - f(1) < 0 to one of its zeros [5], is
non-deterministically computable, has a Monte Carlo algorithm, but is not Las Vegas
computable [8]. IVT stands for “Intermediate Value Theorem”.

4. Nash is the problem that maps a bi-matrix game (A, B) € R™*" x R™*" to one of its
Nash equilibria [23] and is Las Vegas computable [8].

5. Sorting stands for the problem SORTy: 2N — 2N of sorting a binary sequence [22]. It is
not non-deterministically computable but has a Monte Carlo algorithm, as we will show.

The given classifications of these problems (also illustrated in Figure 1) follow from results
in the given references, except for the case of sorting, which we will precisely define and
discuss in Section 5. This section contains the main technical contributions of this article.
In Section 2 we start with recalling the definition of Weihrauch reducibility and some basic
algebraic operations, followed by an introduction of the concept of Monte Carlo computability
in Section 3. In Section 4 we discuss versions of Weak Weak Ko6nig’s Lemma. We close this
article with a brief discussion of algebraic computation models in Section 6.

2 The Weihrauch Lattice

Formally, the Weihrauch lattice is formed by equivalence classes of partial multi-valued
functions f: C X =2 Y on represented spaces X,Y. We will simply call such functions
problems here and they are, in fact, computational challenges in the sense that for every
2 € dom(f) the goal is to find some y € f(x). In this case dom(f) contains the admissible
instances x of the problem and for each instance x the set f(z) contains the corresponding
solutions. Some typical problems f such as solving some type of equation or sorting a given
sequence are mentioned above.

A represented space (X, 6) is a set X together with a surjective partial map 6: C NY — X
that assigns names p € NN to points §(p) = x € X. These representations allow us to describe
computations on all representable spaces using Turing machines that operate on the names
corresponding to points in the space. We refer the reader to [28, 13] for details.

For problems f: C X =Y and g: CY =2 Z we define the composition gof: C X = 7
by gof(x)={z€ Z: 3y € f(x)) z € g(y)}, where dom(go f) :={z € X: f(z) C dom(g)}.
We also denote the composition briefly by gf.

The intuition behind Weihrauch reducibility is that f <w g holds if there is a compu-
tational procedure for solving f during which a single application of the computational
resource g is allowed. There are actually two slightly different formal versions of this reduc-
tion, which are both needed. In expressions like H(x, gK (x)) we tacitly use the definition of
the composition as given above.
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Figure 2 Visualization of Weihrauch reducibility f <w g.

» Definition 1 (Weihrauch reducibility). Let f: C X =Y and g: C W =2 Z be problems.

1. f is called Weihrauch reducible to g, in symbols f <y g, if there are computable
K: CX=W,H: CXxZ =Y suchthat § # H(z,gK(z)) C f(z) for all z € dom(f).

2. fis called strongly Weihrauch reducible to g, in symbols f <qw g, if there are computable
K: CX=W,H: CZ=3Y such that ) # HgK (z) C f(z) for all z € dom(f).

The concept of Weihrauch reducibility is illustrated in Figure 2. The strong version of
Weihrauch reducibility can be illustrated similarly without the direct input access of H.

Weihrauch reducibility induces a lattice with a rich and very natural algebraic structure.
We briefly summarize some of these algebraic operations for problems f: € X =Y and
g: CW =22

f x g is the product of f and g and represents the parallel evaluation of problem f on

some input z and g on some input w.

f*xg:=sup{foogo: fo<w f and go <w g} is the compositional product and represents

the consecutive usage of the problem f after the problem g.

[* =", f™ is the finite parallelization and allows an evaluation of the n—fold prod-

uct f™ for some arbitrary given n € N.

f' denotes the jump of f, which is formally the same problem, but the input representation

dx of X is replaced by its jump d% := dx o lim.

Here lim: C NN — NN (pg, p1,pa, ...) = lim; o p; is the usual limit map on Baire space
for p; € N¥, where () denotes a standard infinite tupling function. One can also define a
coproduct operation U and a sum operation M that play the role of supremum and infimum
for ordinary Weihrauch reducibility <y, respectively. But we are not going to use these
operations here. The resulting Weihrauch lattice is not complete as infinite suprema do not
need to exist, but the supremum f % g always exists as shown by Brattka and Pauly [16].
The finite parallelization is a closure operator in the Weihrauch lattice. Further information
on the algebraic structure can be found in [16].

An important problem in the Weihrauch lattice is closed choice Cx: C A_(X) = X,
A — A, which maps every closed set A C X to its points. The crucial fact here is that
closed sets A € A_(X) are represented with respect to negative information, essentially by
enumerating open balls that exhaust their complement. That is, closed choice Cx is the
following problem: given a closed set A by a description that lists everything that does not
belong to A, find a point x € A (see [4] for further information). We also consider PCyx,
which is the restriction of Cx to sets of positive measure, where we assume that we have
some given natural Borel measure on X. In case of Cantor space X = 2" we are going to
use the uniform measure pqon, in case of the reals X = R we use the Lebesgue measure ug.
Different classes of problems have been characterized by different forms of closed choice in
the following ways [4, §]:

f<wCy < f is computable with finitely many mind changes.

f<w Con < f is non-deterministically computable.

f<wPCoyn <= f is Las Vegas computable.
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Here non-deterministic computability is understood in the way defined by Martin
Ziegler [29] for the advice space 2.

3 Monte Carlo Computability

The notion of Las Vegas computability was introduced by Brattka, Gherardi and Holzl [7, 8]

and analogously we are going to introduce the notion of Monte Carlo computability here.

The intuition of Monte Carlo computability was already described in the introduction and
it is illustrated in Figure 3. The essential difference between Las Vegas and Monte Carlo
computations is that in the former case we can recognize the failure of the advice in finite
time, whereas in the latter case we can only recognize the failure in the limit. Indeed, one
can even relax this condition further and obtain a whole hierarchy of notions of Monte Carlo
computations, but we are not going to discuss this hierarchy here.

Instead of introducing Monte Carlo machines formally, we implicitly define them by using
ordinary computable functions. Essentially, the computation of a Monte Carlo machine is
governed by two functions F; and Fs. Roughly speaking, F} is responsible to provide the
result of the computation upon some input and some additional advice r € 2V and F} is
responsible to recognize whether the advice r fails.

The status of the advice is captured using Sierpinski space S = {0, 1}, which is equipped
with the topology {0,{1},S} and a corresponding representation ds. This space provides an
asymmetric way to capture the status of the computation, very much in the same way as
being computably enumerable is an asymmetric version of decidability. The point is that
failure of an advice is supposed to be a recognizable event (in the limit), but success cannot
necessarily be recognized in the same way. Monte Carlo computability can now be formalized
as follows.

» Definition 2 (Monte Carlo computability). Let (X,dx) and (Y, dy) be represented spaces.

A problem f: C X =Y is said to be Monte Carlo computable if there exists a computable
function Fy: € NN — NV and a limit computable function Fb: C NN — S such that
(dom(fdx) x 2N) C dom(Fy) and for each p € dom(fdx) the following hold:

1. S, :={r € 2": Fy(p,r) = 0} is non-empty and pyn(S,) > 0,

2. oy Fi(p,r) € fox(p) for all r € S,,.

This difference to Las Vegas computability lies in the fact that F5 is only required to
be limit computable (which is the same as effectively X9-measurable) and not necessarily
computable. While computable characteristic functions xom 4: 2N 5 S capture exactly
co-c.e. closed sets A (that is, effective IT9—sets in the Borel hierarchy), limit computable
characteristic functions yam 4 capture exactly effective Gs—sets A (that is, effective I19-sets
in the Borel hierarchy) (see Pauly [25]). Hence, it should not come as a big surprise that
Monte Carlo computability is closely related to choice for Gs—sets, which we define next. By
9 (2Y) we denote the class of Gs—subsets of 2.

» Definition 3 (Positive Gs—choice). By TISPCyn: C II9(2N) = 2V, A+ A we denote the
positive Gs—choice problem, defined for all A € TI3(2Y) with g (A) > 0.

The crucial idea for a simple proof of the following result is to use a synthetic representation
for the class of Gs—sets. There is a canonical function space representation [dox — dg] of
the continuous functions x: 2% — S and likewise [J;v — d4] is a representation of the
»9-measurable functions [25] that we are going to use to represent II3(2Y). This synthetic
representation enables us to apply the methods of evaluation and type conversion. Hence we
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Figure 3 Illustration of a Monte Carlo machine that computes f: C X = Y.

can transfer the proof of [4, Theorem 7.2] by Brattka, de Brecht and Pauly literally to our
setting.

» Theorem 4 (Monte Carlo computability). f <w II9PCon if and only if f is Monte Carlo
computable.

The class TIJPCon has been studied before and the following theorem was proved by
Brattka, Gherardi, Holzl, Nobrega and Pauly [9].

» Theorem 5 (Positive G5—Choice). TISPCyn =qw PCp.

In our context PCj is somewhat easier to handle than ITJPCyv and Theorems 4 and 5
lead to the following corollary.

» Corollary 6 (Monte Carlo computability). f <w PCy if and only if f is Monte Carlo
computable.

Bienvenu and Kuyper [1] answered a number of questions related to composition and
they proved the following result on the compositional product of PCp.

» Theorem 7 (Composition). PCj * PC =w PCp.

In light of Theorem 4 and Theorem 5 we obtain a second independent proof of this
theorem along the lines of the Independent Choice Theorem of Brattka, Gherardi and
Holzl [8, Theorem 4.3], which is essentially based on Fubini’s Theorem. The synthetic
representation of TI9(2Y) allows us to transfer the proof of the Independent Choice Theorem
directly to a proof of the fact that TIJPCon * TIYPCoyn =w ITYPCon and hence we obtain
Theorem 7 with the help of Theorem 5. The importance of Theorem 7 for us lies in the
following conclusion.

» Corollary 8. Monte Carlo computable functions are closed under composition.

This conclusion ensures that Monte Carlo computability satisfies one of the necessary
conditions that any reasonable concept of computability should satisfy. Due to the definition
it is also clear that every Las Vegas computable function is Monte Carlo computable.

» Corollary 9. Fvery Las Vegas computable function is Monte Carlo computable.
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The inverse implication is clearly false, as there are functions that are Monte Carlo
computable but not Las Vegas computable. An example is the equality test =: RxR — {0,1};
it is Monte Carlo computable since it is reducible to Cy <w PCg, but cannot be Las Vegas
computable since it is not even non-deterministically computable [6].

4 Weak Weak Konig’'s Lemma and Jumps

In this section we discuss the relation of Weak Weak Koénig’s Lemma to Monte Carlo
computations. Weak Kénig’s Lemma and Weak Weak Kénig’s Lemma are principles that
have been intensively studied in reverse mathematics [26]. The classical lemma of Kénig says
(in its weak version) that every infinite binary tree has an infinite path. Here we understand
Weak Konig’s Lemma as the mathematical problem

WKL: C Tr = 2N, 7 [T

that maps an infinite binary tree T' C 2* to an infinite path p € [T] of this tree. By Tr we
denote the set of all binary trees (represented via their characteristic functions) and by [T
we denote the set of infinite paths of such a tree. We assume that dom(WKL) is the set of
infinite binary trees. Weak Weak Ko6nig’s Lemma is the restriction of WKL to trees T' such
that pon ([T]) > 0, that is, such that the set of infinite paths has positive measure. Some
basic facts known about these principles are the following (see [21, 8, 10]):

WKL =,w Con.

WWKL =,w PCyx.

WWKL x Cy=¢w PCg.

WWKL <sw WKL and WWKL <gw PCg.

Ky <sw WWKL and Cy <qw PCg.

Here Ky := C; is also called compact choice because it can be seen as Cy restricted to sets
A C N that are given together with an upper bound.

In the context of Monte Carlo computability we need to transfer some of these results to
jumps of the involved principles. For the forwards direction one can usually use monotonicity
of jumps with respect to strong Weihrauch reducibility. The following lemma was proved by
Brattka, Gherardi and Marcone [11, Proposition 5.6].

» Lemma 10 (Monotonicity). f<swg = f' <sw ¢ .

We note that a corresponding result for ordinary Weihrauch reducibility <y does not
hold. This is one of the reasons why the study of strong Weihrauch reductions seems to be
unavoidable. Even if one is interested only in results about ordinary Weihrauch reducibility
of jumps, this typically requires to study strong Weihrauch reductions.

Surprisingly, we were also able to prove a certain inverse result of the above monotonicity
property, which we formulate next. Here “relative to the halting problem” is supposed to
mean that the reduction functions H, K used for the reduction f <y ¢ both have access to
the halting problem.

» Theorem 11 (Jumps and relativization). [’ <w ¢ = f <w g relative to the halting problem.

Proof. Let f'<w ¢'. Then there are computable functions H, K: C NN — NN such that
H{r,GK(r)) is a name for an output of f’ on the input specified by r € NN, whenever G is
a realizer for g’. For r actually any sequence is allowed that converges to an input g of f and
K (r) must be a sequence converging to a name of an input of g in this situation. Without
loss of generality we can assume that range(K) C 2V. By a theorem of Brattka, Hendtlass
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and Kreuzer [12, Theorem 14.11] there are functions Ky: C NN 9N and K;: € NNV — NN
that are computable with access to the halting problem and such that

Ko(q) =1lim KK;(q) and lim K1(q) = ¢

for all ¢ € dom(limoK olim™'). Then K;(q) = r is a sequence that converges to ¢ and
such that Ky(g) = lim K(r) is a name of an input of g. Let Hy be defined by Hy(q,u) :=
H(Ki(q),u) for all ¢,u. Then Hy is computable relative to the halting problem and we
obtain that G lim is a realizer of ¢’ for every realizer G of g and hence

Ho(q, GKo(q)) = H(K1(q), GKo(q)) = H(r,Glim K(r)),

which is name for an output of f/ on input r and hence an output for f on input limr = q.
This proves f <y ¢ relative to the halting problem. |

An analogous statement holds for <gw in place of <w. Often separations of problems
are proved in a topological way by showing that there are not even continuous reduction
functions H, K. In such a situation, H, K cannot even be computable with respect to the
halting problem. Hence, topological separations of f and ¢ are very useful when it comes to
separating f’ and ¢'.

The diagram in the upper half of Figure 5 illustrates some important reductions for jumps
of Weak Weak Konig’s Lemma and related principles

5 Sorting

Sorting infinite sequences is a basic computational task that was introduced and studied
by Neumann and Pauly [22] in the binary case. We generalize this problem by defining
SORT,: {0,1,...n — 1} = {0,1,....,n — 1} by

SORT,(p) := 071" ...(m — 1)F»-173

if m < n is the smallest digit that appears infinitely often in p and each digit ¢ < m appears
exactly k; times in p. Here m = mmm... denotes the infinite sequence which has the constant
value m. This definition is understood such that SORT,,(p) = 0 if 0 appears infinitely often
in p. In Figure 4 SORTj5 is illustrated.

For n < 1 the problem SORT,, is computable, since SORT is the nowhere defined function
and SORT] is the constant function. Neumann and Pauly [22, Proposition| proved that
Cn <w SORTj and in fact it is easy to see that even a strong reduction holds.

» Proposition 12. Cy <,w SORT;.

Here we want to discuss probabilistic solutions for the problem SORT,, and the interesting
observation is the following.

» Proposition 13. SORT,, <;w WWKL' for all n € N.

Proof. Given a sequence p € {0, ...,n—1}" as input to SORT,, we want to compute SORT,, (p)
with the help of WWKL'. We produce a sequence of binary trees (7}); with T} := U:;lo T m.-
Here for each m € {0,...,n — 1}

Ty := 0™10%010% .. 10F=-11{0, 1},

where k; denotes the number of appearances of digit j € {0,...,m} in the initial segment
p(0), ..., p(¢). The sequence (T;,,); converges to a tree S,,. If no j < m appears infinitely
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Figure 4 Application of SORT;5 to some example sequence (that continues alternately with 4, 3).

often in p, then [S,,] = 0. If m appears infinitely often in p and no smaller j < m appears
infinitely often in p, then

[Syn] = 010" 107 .. 10%-21{0, 1},

where k; is the number of appearances of digit j in p for j € {0,...,m —1}. If [ < m is the
minimal digit that appears infinitely often in p, then

[Si] = {0™10% 10" .10 10},

where k; is the number of appearances of digit j in p for j € {0, ..., —1}. The sequence (T;);
converges to the tree T := U"m;lo Sm- Since one digit m < n is the minimal digit that appears
infinitely often in p, we have u([T]) > u([Sm]) > 0. Given some ¢ € [T], we can reconstruct
SORT ,,(p), since there is some m < n and there is some [ < m or some r € {0, 1} such that
exactly one of the following cases holds:

1. ¢=0m10%10%..105-110 = SORT,(p) = 0k 1% (I — 1)ki-1],

2. g =0m10k10%1. . 10%m-11r = SORT,,(p) = 0ko1F . (m — 1)Fm-1m. <

Brattka, Gherardi and Holzl proved that WWKL (and hence WWKL') is strongly idem-
potent [8, Corollary 4.5], that is, WWKL' x WWKL' =sw WWKL’, and hence Proposition 13
can be strengthened in the following way.

» Corollary 14. SORT} <. WWKL' for all n € N.
Since WWKL’ <w PCj we also obtain the following conclusion.
» Corollary 15. SORT; is Monte Carlo computable for every n € N.

The next observation is that the Intermediate Value Theorem IVT is reducible to SORT5.
We study IVT here in the slightly easier form of connected choice CCgyj, that is, Cg
restricted to connected subsets of [0,1]. The equivalence IVT =qw CCjy 1) was proved by
Brattka and Gherardi [5, Theorem 6.2] (where CCjy ;) appears under the name Cy).

» Proposition 16. CC ;) <w SORT,.

Proof. Let two monotone rational sequences (ay,), and (b,), in [0, 1] be given, the first one
increasing, the second one decreasing, and such that a, < b, for all n. We computably
produce an input p for SORT5 by writing a 1 every second step and by producing occasionally
a 0 according to the following algorithm: whenever we find an n € N such that |b, —a,,| < 27*,
then we ensure that we have k digits 0 included in p. Hence, p will include exactly k zeros if
k is the largest number such that there is some n with |b, — a,| < 27% and it will include
infinitely many zeros if for every k there is such an n. Given the output of SORT2(p) and the
original input (ay,), and (by,), we can find a point = € [0, 1] with a,, < x < b, for all n as
follows. If we see at least k zeros in SORT5(p), then we search for n with |b, —a,| < 27% and
produce zy 1= a, + %(bn — ay,,) as approximation of = of precision 27%. In the moment where
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we see that there are k and not more zeros in SORT2(p), that is, we see the first 1 at position
k + 1, we continue to produce zjy; := x) as approximation for x of any higher precision
27k~ Since there is no n with |b, — a,| < 27%~1, it is guaranteed that a,, < xj4; < b, for
all i € N. |

In particular, this result implies that zero finding, that is, the Intermediate Value Theorem
IVT, is Monte Carlo computable.

» Corollary 17. The Intermediate Value Theorem IVT is Monte Carlo computable.

Brattka, Gherardi and Holzl proved CCjg 1) <w WWKL' [8, Corollary 15.9], which also
implies Corollary 17. However, Proposition 16 generalizes the aforementioned result via
Proposition 13. We note that CCg 1) £sw SORT since IVT Lw WWHKL' by [8, Corollary 15.8].
Brattka and Rakotoniaina proved CCjg 1) <w Ci [17, Proposition 5.21], a result which is
generalized by the following observation.

» Proposition 18. SORT,, <.w Cy for alln € N.

Proof. By [11, Theorem 9.4] we have CLy=w Cj;, where CLy denotes the cluster point
problem (i.e., the problem to find a cluster point of a given sequence of natural numbers that
has one). Given a sequence p € {0,1,....,n — 1} we compute a sequence ¢ € N as follows:
we inspect p and whenever we find a new occurrence of the digit m € {0,1,...,n — 1}, then
we add a number (m, (ko, k1, ..., km—1)) € N to g, where each k; € N counts the occurrences
of digit 7 in p so far. One fixed such tuple (m, (ko, k1, ..., km—1)) appears infinitely often in ¢
if and only if m appears infinitely often in p and each number i € {0,1,...,m — 1} appears
exactly k; times in p altogether. CLy(¢q) determines one such tuple that appears infinitely
often and hence it is easy to reconstruct SORT,,(p) from ClLy(q). <

We note that the proof even shows SORT,, <qw UCY;, where UCy is the unique version
of C§. Proposition 18 also yields an independent proof of Corollary 15. With the help of the
fact that Cyy x Cjy =sw Cjy we obtain the following corollary.

» Corollary 19. SORT <. Cy for alln € N.

One could ask whether this result can be strengthened to the upper bound Ky, which is
not the case.

» Proposition 20. CCjy1j £y Ky

Proof. By [11, Theorem 9.4] we have KI’\, =sw BWTy, where BWTy denotes the restriction
of Cly to bounded sequences. Let us assume that CCjg 1) < BWTy holds via computable
reduction functions K, H. We construct sequences (a,, ), and (by), of rational numbers in
[0,1] with a, < any1 < bpyr < by for all n € N as an input for CCp ;. We start with
choosing a, := 0 and b, := 1 for all n € N. Upon this input K will produce a sequence
(2n)n of natural numbers as an input to BWTy. This sequence has to contain only finitely
many different numbers yo, ..., y;. Each of these numbers is a possible output of BWTy and
hence for each of these numbers y; and the original input, H has to select a point z; € [0,1]
with a, < z; < b, for all n € N. Since H is continuous, there is a certain input length k
such that upon input of ag, ..., ar and by, ..., by the function H already approximates each
number z; up to precision 27772, It is clear that j + 1 intervals of diameter 277~! cannot
cover the entire interval [0, 1] and in fact the uncovered part has non-empty interior. We can
also assume that k is large enough such that by continuity of K actually all the numbers
Yo, ---, y; already appear in the output of K upon input of ao, ...,a; and b, ..., by. Now we
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Figure 5 Sorting in the Weihrauch lattice.

can choose a new proper interval [a, b] that does not overlap with any of the approximations
of the z; and we modify the original input by choosing a; := a and byy; := b for all 7 € N.
Upon this modified input K has to produce a new number y € N, which is not among the
numbers ¥, ..., y;, since otherwise the output that is produced by the reduction is not in
[a,b]. We can now inductively repeat the above construction and in this way we construct
an input (@, )n, (bn)n to CCjo 1) such that K produces a sequence (), with infinitely many
different numbers x,, in its range (none of which appear infinitely often, in fact). This is not
an admissible input to BWTy and hence a contradiction. <

Neumann and Pauly [22, Corollary 27] proved that SORT; is lows in the sense that
lim * lim *SORTy =w lim * lim. However, it is not closed under composition and not low as,
for instance, the following result shows.

» Proposition 21. C/, <\ SORT,, * SORT,, <w Ci for all n € N.

Proof. We obtain C/, <w lim,, *SORT,, <w Cy * SORT,, <w SORT,, * SORT,, <w Ci. The
first reduction holds since SORT,,(p) is always a converging sequence and its limit is a
cluster point of p. We have C/, =w CL,, for the cluster point problem CL,, by a result of
Brattka, Gherardi and Marcone [11, Theorem 9.4]. The second reduction follows since
lim,, <w limy <w Cy and the third reduction follows from Proposition 12. The reduction
SORT,, * SORT,, <w Cy follows from Proposition 18 and the fact that Cjy* Ciy =w Cy (which
one can easily see by a direct proof). |

As a consequence of this result we obtain SORT,, £w WKL for n > 2 since WKL *
WKL =w WKL by [21, Theorem 6.14] and hence we get the following conclusion.

» Corollary 22. SORT,, is not non-deterministically computable for n > 2.
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In the diagram in Figure 5 we have collected some of the results on sorting. The solid
lines indicate strong Weihrauch reductions against the direction of the arrows, the dashed
line indicates an ordinary Weihrauch reduction against the direction of the arrow.

6 Algebraic Computation Models

One reason that Neumann and Pauly studied the binary sorting problem is that SORT?
characterizes the strength of strongly analytic machines as defined by Gértner and Hotz
[19, 20]. Essentially these strongly analytic machines are real random access machines over
the field of real numbers (with computable constants) as studied by Blum, Shub and Smale
and others [3] and extended by semantics that allows one to approximate the output. They
are called strongly analytic if the machine also provides an error bound for the approximation
of the output. Neumann and Pauly proved the following theorem [22, Observation 30,
Corollary 34 and 11].

» Theorem 23 (Algebraic machine models). Consider a function of type f: R* — R*.

1. If f is computable by a strongly analytic machine, then f<w SORT3 and SORTS is
equivalent to a function computable by a strongly analytic machine.

2. If f is computable by a BSS machine, then f <w Cy and Cy is equivalent to a function
computable by a BSS machine.

Using this result we obtain the following corollary; note that while the class of functions
computable by strongly analytic machines is not closed under composition, the corollary
does hold for such compositions as well.

» Corollary 24. Any finite composition of functions f: R* — R* that are computable on
strongly analytic machines is Monte Carlo computable.

Since functions that are computable on a Blum, Shub and Smale machine (BSS machine)
are a special case, we obtain the following corollary.

» Corollary 25. Every function f: R* — R* that is computable on a BSS machine is Monte
Carlo computable.

Corollary 25 could already be deduced from the observation that Cy <w PCgr and does
not require our results on sorting. However, it is worth pointing out that in general
functions computable on a BSS machine (even the equality test) are not non-deterministically
computable and, in particular, not Las Vegas computable.
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—— Abstract

We consider the problem of finding a subcomplex K’ of a simplicial complex K such that K’ is
homeomorphic to the 2-dimensional sphere, S2. We study two variants of this problem. The
first asks if there exists such a K’ with at most & triangles, and we show that this variant is
WI(1]-hard and, assuming ETH, admits no (’)(no(‘/g)) time algorithm. We also give an algorithm
that is tight with regards to this lower bound. The second problem is the dual of the first, and
asks if K’ can be found by removing at most k triangles from K. This variant has an immediate
O(3kpoly(|K|)) time algorithm, and we show that it admits a polynomial kernelization to O(k?)
triangles, as well as a polynomial compression to a weighted version with bit-size O(k logk).
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1 Introduction

Topology is the study of the properties of spaces that are preserved under continuous
deformations of the space. Intuitively, this can be summed up by the joke description of a
topologist as a mathematician who cannot tell the difference between a coffee mug and a
doughnut, as each can be continuously deformed into the other. In this paper we discuss
manifolds, which are topological spaces that locally look like Euclidean space. That is to say,
every point in a d-manifold (without boundary) has a neighborhood homeomorphic to R.
The simplest manifold is the d-sphere, which is the boundary of a (d+ 1)-dimensional ball,
where the (d 4 1)-dimensional ball is simply a closed neighborhood of R4+!. In particular, the
2-sphere which we will discuss is the 2-dimensional surface of a 3-dimensional ball (such as a
soccer ball) that would live in the 3-space of our physical world. The sphere is of interest as
it relates to the connected sum operation on manifolds. A connected sum of two d-manifolds
is found by removing a (d + 1)-dimensional ball from each manifold, and identifying the two
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components along the boundaries of the respective balls. The d-sphere forms the identity
element of this operation. Finding embedded d-spheres that can separate a manifold into two
non-trivial components is therefore the topological equivalent of the factorization of integers.
Indeed, a manifold that has no such spheres is called prime, and a prime decomposition of a
manifold is a decomposition into prime manifolds.

In this paper we will use (abstract) simplicial complezes to combinatorially represent
manifolds. At an informal level, a simplicial complex is a collection of simplices that are
glued by identifying some faces. In principle, the abstract simplicial complex does not live in
any ambient space, although we can always represent it geometrically using spaces of high
enough dimension. A formal definition is given in Section 2.

Arguably, the most natural question to ask regarding a simplicial complex is whether it
represents a manifold. The question is easy to answer for 2-manifolds: it suffices to check
whether each edge is adjacent to exactly two triangles. Additionally, in two dimensions we
can recognize the manifold by calculating the Euler characteristic of the simplicial complex,
itself a simple enumeration of vertices, edges and faces, and checking whether it is orientable.
Recognizing the manifold of a simplicial 3-complex is far harder, even for the 3-sphere [19].
The recognition of 4-dimensional manifolds and the 5-sphere is an undecidable problem (see
for example the appendix of [18]), while the recognition of the 4-sphere is a notorious open
problem. Interestingly, in dimensions 4 and higher there exists manifolds (such as the Eg
manifold) which can not even be represented as a simplicial complex [10].

Our work. We return to a basic problem for 2-dimensional simplicial complexes: does a
given simplicial complex contain a subcomplex that is (homeomorphic to) a 2-sphere? The
problem is known to be NP-hard, and we study its parameterized complexity with respect to
the solution size (number of triangles in the subcomplex) and its dual (number of triangles
not in the subcomplex); we begin with the former problem.

2-DIM-SPHERE

Input: A pair (K, k) where K is a 2-dimensional simplicial complex and k is a positive
integer.

Question: Does K contain a subcomplex with at most & triangles that is homeomorphic
to the 2-dimensional sphere?

We show that this problem is W[1]-hard with respect to k. In fact we show that, assuming
the Exponential Time Hypothesis (ETH; see preliminaries), the problem cannot be solved
in n°V® time. ETH implies a core hypothesis of parameterized complexity, namely that
FPT # W]1] (comparable to the hypothesis that P # NP). Together with its twin SETH (the
Strong Exponential Time Hypothesis) it is known to imply a wide range of lower bounds,
often matching known algorithmic results, for various NP-hard problems. (To note, a very
active branch of research uses SETH for tight lower bounds for problems in P.)

» Theorem 1. The 2-DIM-SPHERE problem is W[1]-hard with respect to parameter k and,
unless ETH fails, it has no f(k)no(‘/g)—time algorithm for any computable function f.

Note that the related problem variant of finding a subcomplex with at least k triangles
that is homeomorphic to the 2-dimensional sphere is NP-hard for k£ = 0, as this is simply
NP-hard problem of testing whether there is any subcomplex that is homeomorphic to the
2-sphere. (Note that hardness for finding a subcomplex with at most k triangles also implies
hardness for finding one with exactly k triangles.)

We complement Theorem 1 by giving an algorithm for 2-DIM-SPHERE that runs in nOWr)
time, which is essentially tight; it can also be used to find a solution with exactly k triangles.
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» Theorem 2. The 2-DIM-SPHERE problem can be solved in time nOWE)

For the dual problem, we are interested in the parameterized complexity relative to the
number k of triangles that are not in the solution (i.e., not in the returned subcomplex that
is homeomorphic to the 2-sphere). In other words, the question becomes that of deleting &
triangles (plus edges and vertices that are only incident with these triangles) to obtain a
subcomplex that is homeomorphic with the 2-sphere. Similarly to before, deleting at least k
triangles is NP-hard for k = 0 as that is just asking for existence of any subcomplex that is
homeomorphic to the 2-sphere. We consider the question of deleting at most k triangles.

DELETION-TO-2-DIM-SPHERE

Input: A pair (K, k) where K is a 2-dimensional simplicial complex and k is a positive
integer.

Question: Can we delete at most k triangles in K so that the remaining subcomplex
is homeomorphic to the 2-dimensional sphere?

There a simple O(3*poly(|K|)) time algorithm for this problem: While there is an edge
incident with at least three triangles, among any three of these triangles at least one must be
deleted. Recursive branching on these configurations gives rise to search tree with at most
3* leaves, each of which is an instance with (1) & = 0 and at least one edge is shared by at
least three triangles, or (2) k > 0 and each edge is shared by at most two triangles. The
former instances can clearly be discarded, the latter can be easily solved in polynomial time:
Connected components with a boundary can be discarded (updating budget &k accordingly);
connected components without boundary have each edge being shared by exactly two triangles
and we can efficiently test which ones are homeomorphic to the 2-sphere (keeping the largest).
Knowing, thus, that DELETION-TO-2-DIM-SPHERE is fized-parameter tractable for para-
meter k, we ask whether it admits a polynomial kernelization or compression, i.e., an efficient
preprocessing algorithm that returns an equivalent instance of size polynomial in k. We
prove that this is the case by giving, in particular, a compression to almost linear bit-size.

» Theorem 3. The DELETION-TO-2-DIM-SPHERE problem admits a polynomial kernelization
to instances with O(k?) triangles and bit-size O(k?logk) and a polynomial compression to
weighted instances with O(k) triangles and bit-size O(klogk).

Related work. A sketch of NP-hardness for the 2-DIM-SPHERE problem was given by
Ivanov [11] in a Mathoverflow question.

Our work is one of the few ones combining topology and fixed parameter tractability. In
this direction there have been recent results focused on algorithms in 3-manifold topology
[2, 4, 5, 6, 13]. The problem of finding a shortest 1-dimensional cycle Zs-homologous to a
given cycle in a 2-dimensional cycle was shown to be NP-hard by Chao and Freedman [8].
Erickson and Nayyeri [9] showed that the problem is fixed-parameter tractable for surfaces,
when parameterized by genus of the surface. The result has been extended [7] to arbitrary
2-dimensional simplicial complexes parameterized by the first Betti number. Finally, let us
mention that deciding whether a graph (1-dimensional simplicial complex) can be embedded
in surface of genus g is fixed-parameter tractable with respect to the genus [12, 16].

Organization. We begin with preliminaries on computational topology and parameterized
complexity (Section 2). The proofs for Theorems 1 and 2 about 2-DIM-SPHERE are given in
Section 3 and 4. The preprocessing result for DELETION-TO-2-DIM-SPHERE, i.e., Theorem 3,
is proved in Section 5. We conclude in Section 6 with some open problems.
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2 Background and notation

For each positive integer n we use [n] to describe the set {1,...,n}.

Topological background. We give a very succinct summary of the topological background
we need and refer the reader to [15, Chapter 1] or [17, Chapter 1] for a comprehensive
introduction. The results we mention are standard and available in several books.

A homeomorphism between two topological spaces is a continuous mapping between the
two spaces whose inverse is also continuous. If such a homeomorphism exists, we say that the
two spaces are homeomorphic. Any topological property is invariant under homeomorphisms.

A d-manifold is a topological space where each point has a neighborhood homeomorphic
to R? or the closed half-space {(z1,...,z4) € R? | z; > 0}. A point of the manifold where
no neighborhood is homeomorphic to R? is a boundary point. In this paper we focus on
2-manifolds, often called surfaces, which are locally equivalent to the Euclidean plane or a
half-plane. It is known that the boundary of a (compact) 2-manifold is the union of finitely
many l-manifolds (circles). A surface can be described by a collection of triangles and a
collection of pairs of edges of triangles that are identified. If each edge appears in some
pairing, then the surface has no boundary.

A geometric d-simplex is the convex hull of d + 1 points in R4 that are not contained in
any hyperplane of dimension d — 1; this requires d’ > d. A face of simplex ¢ is a simplex
of a subset of the points defining . A geometric simplicial complex K is a collection of
geometric simplices where each face of each simplex of K is also in K, and any non-empty
intersection of any two simplices of K is also in IC. The carrier of K, denoted by ||K||, is
the union of all the simplices in L. A geometric simplicial complex K is a triangulation of
X if X and ||K|| are homeomorphic. Quite often we talk about properties of K when we
mean properties of its carrier ||K||. For example, we may say that a geometric simplicial
simplex K is homeomorphic to a topological space X when we mean that ||| and X are
homeomorphic.

An (abstract) simplicial complez K is a finite family of sets with the property that any
subset of any set of K is also in contained K. An example of abstract simplicial complex
is {0, {1}, {2}, {3}, {4}, {1,2},{1,3},{1,4},{2,3},{3,4}, {1, 3,4} }. The singletons of K are
called vertices and the set of vertices is denoted by V (KC). We can assume without loss of
generality that V(K) = [n] for some natural number n, as we already had in the previous
example. The dimension of the (abstract) simplicial complex K is maxyex |o| — 1.

In this paper we focus on (abstract) simplicial complexes and we will remove the adjective
'abstract” when referring to them. Here we are interested in 2-dimensional simplicial
complexes. We can describe them by giving either the list of all simplices or a list of the
inclusion-wise maximal simplices. Since in dimension 2 the length of these two lists differ by
a constant factor, the choice is asymptotically irrelevant. (For unbounded dimensions, this
difference is sometimes relevant.)

A geometric realization of a simplicial complex K is an injective mapping f: V(K) — RY
such that {CH(f(c)) | o € K\ {0}} is a geometric simplicial complex, where CH (-) denotes
the convex hull. It is easy to show that the carriers of any two geometric realizations of a
simplicial complex are homeomorphic. Abusing terminology, we will talk about properties
of a simplicial complex when (the carrier of) its geometric realizations have the property.
For example, we say that a simplicial complex K is triangulation of the 2-sphere when we
mean that some geometric realization of K is a triangulation of the 2-sphere (and thus all
geometric realizations of K are triangulations of the 2-sphere).
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Parameterized complexity. A parameterized problem is a language Q@ C ¥* x N where
Y is any finite alphabet and N denotes the non-negative integers; the second component
k of an instance (z,k) € ¥* x N is called its parameter. A parameterized problem Q is
fized-parameter tractable if there is an algorithm A, a constant ¢, and a computable function
f: N — N such that A correctly decides (z, k) € Q in time f(k) - |z|¢ for all (z,k) € ¥* x N.
A kernelization of a parameterized problem Q with size h: N — N is a polynomial-time
algorithm K that on input (x,k) € ¥* x N takes time polynomial in |z| + k and returns an
instance (z’, k') of size at most h(k) such that (z,k) € Q if and only if (¢/, k') € Q. If h(k) is
polynomially bounded then K is a polynomial kernelization. If the output of K is instead an
instance of any (unparameterized) problem L’ then we called it a (polynomial) compression.
The prevalent method of showing that a parameterized problem Q' C ¥* x N is not
fixed-parameter tractable is to give a parameterized reduction from a problem Q C ¥* x N
that is hard for a class called W[1], which contains the class FPT of all fixed-parameter
tractable problems; it is assumed that FPT # W[1]. A parameterized reduction from Q to
Q' is an algorithm R that on input (z,k) € ¥* x N takes time f(k) - |x|¢ and returns an
instance (2/, k') € ¥ x N such that: (z,k) € Q if and only if (z/, k") € Q' and such that
k' < g(k); here f,g: N — N are computable functions and ¢ is a constant, all independent of
(2, k). Parameterized reductions can also be used to transfer lower bounds on the running
time. A common starting point for this is the Fzponential Time Hypothesis (ETH) which
posits that there is a constant d3 > 0 such that no algorithm solves 3-SAT in time O(2%")
where n denotes the number of variables. In particular, this rules out subexponential-time
algorithms for 3-SAT and, by appropriate reductions, for a host of other problems.

3 Hardness of 2-dim sphere

In this section we provide a proof for Theorem 1, namely that 2-DIM-SPHERE is W/[1]-hard for
parameter k£ and, under ETH, admits no O(no(‘/g)) time algorithm. To obtain the result we
give a polynomial-time reduction from the GRID TILING problem introduced by Marx [14].

GRID TILING

Input: A triple (n,k,S) where n is a positive integer, k is a positive integer, and S is
a tuple of k% nonempty sets S; ; C [n] x [n], where 4,5 € [k].

Question: Can we choose for each i,j € [k] a pair (a;;,b; ;) € S;; such that
Qi = Q4 j+1 for all i € [k‘], j e [k - 1}, and biﬁj = bi+1,j for all i € [k - 1], j € Uf]?

It is convenient to visualize the input elements as displayed in a (k x k)-tiled square. The
squares are indexed like matrices: the top left tile corresponds to the index (4, j) = (1,1) and
the bottom left tile corresponds to the index (4,j) = (k,1). Inside the (4, j)-tile we put the
elements of S; ;. The task is to select a 2-tuple in each tile such that the selected elements in
each row have the same first coordinate and the selected elements in each column have the
same second coordinate. The following lower bound is known for GRID TILING.

» Theorem 4 ([14]). GRID TILING is W/1]-hard and, unless ETH fails, it has no f(k)n°®)-
time algorithm for any computable function f.

Consider an instance (n, k,S) of GRID TILING. We are going to construct an equivalent
instance (K, k') to 2-DIM-SPHERE where k' = O(k?).

Let o be the simplicial complex shown in Figure 1, left. It is a triangulation of a square
with a middle vertex, denoted center(c). We denote the consecutive 2-edge paths on the
boundary as left(o), top(o), right(c) and bottom(c). The orientation of the path, indicated
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Figure 1 Left: The triangulated square o. Right: back sheet when k = 4.

with an arrow, defines the way we glue in later steps of the construction. In our figures we will
always orient the squares to match these names in the intuitive way. For our construction, the
important property of o is that there is no triangle containing center(c) and one boundary
edge and that there is no triangle containing two boundary edges of o.

For each (a,b) in each S; ; we make a new copy of ¢ and denote it by o(a,b,,j). We
make some identifications, according to the following rules:

For each i € [k], j € [k — 1], and a € [n], we identify together all the 2-edge paths

right(o(a,b,14, j)), where (a,b) € S; ;, and all the 2-edge paths left(o(a, V', 4,5 + 1)), where

(a,b") € S; j+1. Thus, for each 7, j,a we have identified |{b € [n] | (a,b) € S, ;}| + |{V' €

[n] | (a,b') € S; j1+1}| 2-edge paths into a single one.

For each i € [k — 1], j € [k], and b € [n], we identify together all the 2-edge paths

bottom(c(a,b,i,7)), where (a,b) € S;;, and all the 2-edge paths top(c(a’,b,i + 1,7)),

where (a’,b) € Si+1,;. Thus, for each 4,j,b we have identified [{a € [n] | (a,b) €

Siit+{e €n]|(¢,b) € Sit1,;}| 2-edge paths into a single one.

For each 7, j € [n], we identify the vertices center(c(a,b,,7)) over all (a,b) € S; ;. Thus,

we identified |S; ;| vertices into a single one.
To finalize the construction, we triangulate a square such that it has 2k edges on each side, as
shown in Figure 1, right. We will refer to this simplicial complex as the back sheet. We split
the boundary of the square into 2-edge paths and label them, in a clockwise traversal of the
boundary of the square, by t1,...,t5, 71, ., "k Dy -, 01, Lk, ..., £1. (We use t as intuition
for top, r as intuition for right, etc.) Note that the indices for b and ¢ run backwards. In
the figure we also indicate the orientation of the 2-edge paths, that are relevant for the
forthcoming identifications.

Then we make the following additional identifications.

For each i € [n] and each (a,b) € S; 1, we identify left(c(a,b,i,1)) and ¢;.

For each i € [n] and each (a,b) € S; , we identify right(c(a, b, i, k)) and r;.

For each j € [n] and each (a,b) € S ;, we identify top(o(a,b,1,7)) and t;.

For each j € [n] and each (a,b) € Sy ;, we identify bottom(o(a,b, k, j)) and b;.

Note that whenever we identify the endpoints of two edges in pairs, we also identified the
edges. Thus, we have constructed a simplicial complex. (In any case, we could always use
barycentric subdivisions to ensure that we have a simplicial complex.) Let K = K(n, k,S)
denote the resulting simplicial complex. Set k&’ = 16 - k2 + 8k. With the following lemmas we
prove that (IC, k') is yes for 2-DIM-SPHERE if and only if (n, k,S) is yes for GRID TILING.
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» Lemma5 (). If (n, k,S) is a yes-instance for GRID TILING, then K contains a subcomplex
with k' triangles that is homeomorphic to the 2-sphere.

Proof. Since (n,k,S) is a yes-instance for GRID TILING, there are pairs (a; ;,b; ;) € S; j,
where i,j € [k], such that a;; = a; ;41 (for ¢ € [k],j € [k —1]) and b, ; = b;y1,; (for
iek—1],j € [k]).

Consider the subcomplex K of K induced by the squares o(a; ;,b; ;,1,7), where ¢,j € [k].
During the identifications we have glued o(a; ;,b; ;,1,7) to o(a; j+1,b j41,%,7 + 1) when
making the identification right(o(a; j,b; ;,1,7)) = left(o(a; j41,bi j+1,1,j+1)) because a; ; =
a; j4+1 (for i € [k],j € [k —1]). Similarly, we have glued o(a; j, bi j,4,j) to o(ait1,5,bit1,5,%+
1,7) when making the identification bottom(o(a; ;, b j,%,j)) = top(o(@it1,5,bit1,5,% + 1,7))
because b; ; = b; 11 ; (for i € [k —1],7 € [k]). Thus K is a "big square” obtained by glueing
k? copies of o in a (k x k)-grid-like way. Together with the back sheet, that is glued to the
boundary of IE, we get a triangulation of the 2-sphere. Since each square o(-) has 16 triangles
and the back sheet has 8k triangles, the resulting triangulation has 16k? + 8k triangles. A
formal argument to prove this can also be carried out using Euler’s formula. |

» Lemma 6. If K contains a subcomplex K' homeomorphic to the 2-sphere, then (n,k,S) is
a yes-instance for GRID TILING.

Proof. We show this by first demonstrating that, for any pair 4, j € [k], the subcomplex K’
cannot contain two distinct squares o(a, b,4,5) and o(c,d,4,7). We then show that for any
pair 4, j € [k], at least one of the squares o(a,b,4,j) must be part of X'. Lastly we combine
these two facts to construct a solution for the GRID TILING instance (n, k, S).

We begin by noting that ' cannot be empty, and that if for any values of a, b, 1, j, the
subcomplex K’ contains one triangle from o(a, b, 4, j), then K’ must contain all triangles from
o(a,b,i,7). This follows from the fact that the 2-dimensional sphere has no boundary. In
the rest of this argument, we need only consider whether K’ does or does not contain all of
o(a,b,i,j) for any values of a, b, 1, j.

Now assume that, for some pair 7, j € [k], the subcomplex K’ contains two distinct squares
o(a,b,i,7) and o(c,d,4,j) and consider the neighborhood of center(o(a,b,i,5)). Recalling
that center(o(a,b,1,j)) is identified with center(o(c,d,,7)), we see that this point has no
neighborhood homeomorphic to a plane, and so clearly K’ cannot contain both of these
distinct squares.

We now show that, for any pair 4,j € [k], K’ must contain some square of the form
o(a,b,i,7). If K’ contains no squares o(-) at all then it can only contain either part of, or
the whole of, the back sheet but either way K’ cannot be a 2-sphere. Thus we know that
K’ must contain o(a,b,i,7) for at least one set of values a,b,4,j. Given this, assume we
have a pair ¢/, j € [n] such that o(a’,¥’,7,j') is not in K’ for each pair (a’,b’) € Sis j». Let
o(a,b,i,7) be a square in K’ for some pair a,b, and without loss of generality, assume that
i/ =1—1and j/ = j. This is equivalent to choosing two adjacent cells where one contains a
square in K’ and the other does not contain any square in K’, and can always be achieved by
appropriate selection of values (and possibly rotating or flipping the whole construction).

Consider an edge of the 2-edge path top(o(a,b,i,5)) in K'. Since K’ is a 2-dimensional
sphere, this edge cannot be a boundary and thus must separate two distinct triangles. One
of these triangles is present in o(a,b,, ). By our construction, the other triangle is either
in o(a’,b,i — 1,7) (where top(o(a,b,i,7)) is identified with bottom(c(a’,b,i — 1,75))) or in

1 (Full) proofs of statements marked * will appear in the journal version of this paper.
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Figure 2 A simplicial complex K (left side) and its barycentric subdivision Sd(K) (right side).

o(c,b,i,7) with a # ¢ (where top(o(a,b,,7) is identified with top(o(c,b,1,5)). This means
that one of o(c,b,1,j) or o(a’,b,i — 1,7) must be in K’'. By our earlier argument, o(a, b, 1, j)
and o(c, b,1,7) cannot both be in K. This means that o(a’,b,7 — 1,5) must be in K’, and
thus our assumption must be false. Therefore for each pair i,j € [n], at least one square
o(a,b,i,j) must be in the subcomplex K'.

Combining these results we see that if the subcomplex K’ is a 2-sphere, then K’ contains
exactly one square o(a; ;,b; ,1,7) for each pair ¢,j € [n]. Since for each values 1, j, a,b we
have that O'(Clivj, bi7j,i,j) € K if and only if (ai,j, b@j) € 5,5, we obtain that (ai,j, bi,j) € S
for each i, 5 € [k]. As top(o(a,b,i,7)) is identified with bottom(o(a’, b, —1, 7)), by induction

we see that, for each j € [k], we have by j = bs j = ... = bg ;. A similar argument shows that
for each ¢ € [k] we have a;1 = a;2 = ... = a; 5. We deduce that (a; ;,b; ;), for each pair
i,j € [k], is a solution for (n, k, S). <

Lemmas 5 and 6 establish correctness of our reduction from GRID TILING to 2-DIM-
SPHERE. Clearly, the reduction can be performed in polynomial time, and the parameter
value of a created instance is O(k?). Thus, Theorem 1 now follows directly from Theorem 4.

4 A tight algorithm for 2-dim-sphere

For each simplicial complex K, let Sd(KC) be its barycentric subdivision. Its construction for
the 2-dimensional case is as follows (see also Figure 2). Each vertex, edge and triangle of K
is a vertex of Sd(K). To emphasize the difference, for a simplex 7 of K we use v, for the
corresponding vertex in Sd(K). There is an edge v;v,s in SA(K) between any two simplices T
and 7’ of K precisely when one is contained in the other. There is a triangle v, v, v, in
Sd(K) whenever there is a chain of inclusions 71 C 72 C 73. It is well-known, and not difficult
to see, that Sd(K) and K are homeomorphic. See for example [15, Chapter 1] or [17, Chapter
2]. Let Sdy(KC) be the 1-skeleton of Sd(KC), which is a graph.

An isomorphism between two simplicial complexes I; and Ky is a bijective map
f: V(K1) — V(K3) such that, for all {v,...,vx} C V(Ky), the simplex {vi,ve,...,vx}
is in Ky precisely when {f(v1), f(va2),..., f(vk)} is a simplex of Kq. Two simplicial complexes
are isomorphic if and only if there exists some isomorphism between them. When two simpli-
cial complexes are isomorphic, then they are also homeomorphic. (We can make geometric
realizations for both simplicial complexes with the same carrier.) Note that isomorphism of
simplicial complexes of dimension 1 matches the definition of isomorphism of graphs.

Testing isomorphism of simplicial complexes can be reduced to testing isomorphism of
colored graphs, as follows. Let G and H be graphs and assume that we have colorings
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cg: V(G) = Nand cgy: V(H) = N. (The term coloring here refers to a labeling; there is no
relation to the standard graph colorings.) A color-preserving isomorphism between (G, cq)
and (H,cp) is a graph isomorphism f: V(G) — V(H) such that, for each vertex v € V(G),
it holds ¢y (f(v)) = cq(v). Thus, the isomorphism preserves the color of each vertex. We say
that (G, cq) and (H,cpy) are color-preserving isomorphic if there is some color-preserving
isomorphism between them. We will use the dimension dim of the simplex as the coloring
for the graph Sd; (). Thus dim(v,) = |7| — 1 for each simplex 7 of the simplicial complex.

» Lemma 7 (x). Two simplicial complexes K1 and Ko are isomorphic if and only if
(Sd1(K1),dim) and (Sd1(Ks),dim) are color-preserving isomorphic.

» Lemma 8. Let K1 and Ko be simplicial complexes. The simplicial complex K1 has a
subcomplez isomorphic to Ko if and only if Sd1(K1) has a subgraph G such that (G,dim) and
(Sd1(K3),dim) are color-preserving isomorphic.

Proof. Note that for each subcomplex K/ of K1 we have that Sd; (K}) is exactly the subgraph
of Sd; (K1) induced be the vertices v, for 7 € K\ {0}. Therefore, if K1 has a subcomplex K}
isomorphic to Ko, then the graph G = Sd;(K}) is a subgraph of Sd;(K;) and, by Lemma 7,
(G,dim) and (Sd;(K3),dim) are color-preserving isomorphic.

Assume, for the other direction, that (G, dim) and (Sd;(K2), dim) are color-preserving
isomorphic for some subgraph G of Sd(K;). Let f be such a color-preserving isomorphism.
First we show that G is Sd;(K}) for some subcomplex K} of 1. Indeed, consider any vertex
v, of G such that for no superset 7 of 7 we have v; in G. The vertex f(v,) is a vertex v, for
Ty € Ky and moreover |7| = |72| as f preserves color and therefore dimension. Each subset 75
of 15 has some vertex Uy in Sd; (K2). For each such 74 C 75 we have some distinct vertex ¥
in G such that f(lel) = vy, and v;; must be adjacent to v-. Since 7 and 7, have the same
cardinality, they have the same number of subsets, and thus 7 iterates over all subsets of 7,

when 7 iterates over the subsets of 7. This means that v, is in G for all subsets 7/ C 7.

Therefore, if we take K} = {7 € K1 | v, € V(G)} U {0}, then K is a simplicial complex and
G = Sd;(K}). From Lemma 7 it follows that K} and Sd;(K3) are isomorphic. <

» Lemma 9. Let K be a simplicial compler with n simplices and let K' be a simplicial
complex with k simplices. Let t be the treewidth of Sdy(K'). In time n®® we can decide
whether K contains a subcomplex isomorphic to K'.

Proof. Alon, Yuster and Zwick [1, Theorem 6.3] show how to find in a graph G a subgraph
isomorphic to a given graph H in time 20UVUDD|V(G)|©¢#) | where ty is the treewidth of
H. The technique is color-coding. For this, one tries several different colorings of the vertices
of G with |V (H)| colorings, and then uses dynamic programming to search for a copy of
H in G where all the colors of the vertices are distinct. Thus, if the vertices of H and G
are already classified into some classes, then this can only help the algorithm. The class
of a vertex can be considered as part of the coloring. This means that the algorithm can
be trivially adapted to the problem of subgraph color-preserving isomorphism: given two
pairs (G, cq) and (H,cp), where cg and cp are colorings of the vertices, is there a subgraph
G’ of G such that (G',cqr) and (H,cp) are color-preserving isomorphic, where cgr is the
restriction of cg to G'.

Because of Lemma 8, deciding whether K contains a subcomplex isomorphic to K’
is equivalent to deciding whether Sd; (K) contains a subgraph G such that (G,dim) and
(Sd1(K"),dim) are color-preserving isomorphic. Apply the color-coding algorithm of Alon et
al. as, discussed before, we spend 20UV Sd1 (KN |V(Sd; (K))|O0) = 20F)nO®) time, <
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Proof of Theorem 2. There are 2°(®) different (unlabeled) triangulations of the 2-sphere
with at most k triangles; see for example [20, 3], using that k triangles entail having at most
O(k) vertices. For each such triangulation, let IC; be the corresponding simplicial complex.
Then Sd;(K;) is a planar graph with O(k) vertices and thus has treewidth O(vVk). Using
Lemma 9 we can decide in 20 n©(VE) time whether K has a subcomplex isomorphic to ;.
Tterating over all the 2°(%) triangulations we spend in total 20(%) . 20(k) OV time and the
result follows. |

5 Kernelization and compression for Deletion-to-2-dim-sphere

In this section, we prove that DELETION-TO-2-DIM-SPHERE admits a polynomial kernelization
that returns instances with O(k?) triangles and has bit-size O(k?logk), respectively a
polynomial compression to a weighted version with bit-size O(klogk). We first give a few
simple reduction rules and then show how to reduce (and possibly encode) the resulting
instances. The rules are to be applied in order, i.e., preference is given to earlier rules.
Recall that input instances (K, k) consist of a 2-dimensional simplicial complex K and an
integer k, and ask whether deletion of at most k triangles from X yields a subcomplex that
is homeomorphic to the 2-dimensional sphere Ss.

In what follows, we will delete subcomplexes from an instance of our problem and at
the same time reduce the value of k. If at any point in time k£ becomes negative we know
that our original instance was a no-instance, so we will assume that k is always non-negative.
Additionally we point out that whenever deleting a subcomplex from our simplicial complex,
any vertices or edges which would no longer be contained in any triangle are also deleted.

» Reduction Rule 1. If any triangle T € K has an edge face that is not a face of any other
triangle in IC then delete T' from IC and reduce k by one.

Clearly, such a triangle T cannot be contained in a subcomplex K’ C K that is homeo-
morphic to the 2-sphere, and hence it must be among the k deleted triangles in any solution
(if one exists). Note that when Rule 1 does not apply, each edge in K is shared by at least
two triangles of K. On the other hand, in the desired subcomplex that is homeomorphic
with the 2-sphere each edge is shared by ezactly two triangles. Denote by 7 C K the set of
triangles that share at least one of their edges with more than one other triangle. There is a
simple upper bound for the size of T if (K, k) is a yes-instance.

» Proposition 10. If (K, k) is a yes-instance of DELETION-TO-2-DIM-SPHERE then |T| < 7k.

Proof. Let D be a given solution with at most k triangles. Each triangle in 7 \ D must share
at least one edge with a triangle in D. Additionally, each triangle in D can share an edge
with at most six triangles in T \ D, as each of the three edges of a triangle in D is shared
between at most two triangles of 7\ D. Thus, |7 \ D| < 6 - |D|, giving |T| < 7k. <

» Reduction Rule 2. Reject the instance if |T| > Tk.

Observe now that in K7 := K\ T all edges are shared by at most two triangles, and
that edges shared with triangles in T are only part of one triangle in K. Accordingly,
triangles in Oy form connected components that can be homeomorphic to, e.g., the 2-sphere
or to a punctured disk. Say that the boundary of a component is the set of edges L that
are contained in exactly one triangle of the component; these are exactly the edges that
participate also in triangles of 7. We distinguish components according to whether or not
they have a boundary.
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For any component without boundary the procedure is simple: It cannot have any edge
L in common with a triangle of T since then three or more triangles of X would share L and
all incident triangles would be in 7. Accordingly, such a component can only be part of the
desired 2-sphere if it itself is homeomorphic to the 2-sphere since it is not connected with
other triangles in K. The only other option is to delete the entire component since deleting
it partially would always leave a boundary.

» Reduction Rule 3. Let C be a connected component of Kt that has no boundary. If C is
homeomorphic to the 2-sphere Sy and |[KC\ C| < k then answer yes (and return IC\ C as a
solution). Else, if C is not homeomorphic to the 2-sphere or if |[K\ C| > k, then delete all
triangles of C from K and reduce k by |C|.

Using Rules 1 through 3 we either solve the instance or we arrive at the situation where
|7| < 7k and all components of K3 = K\ T have boundaries. Observe that, among these, we
can safely delete each component C that is not homeomorphic to a (punctured) disk: While C
may contain subcomplexes that are homeomorphic to a (punctured) disk, such a subcomplex
cannot be extended to a subcomplex of K that is homeomorphic to the 2-sphere since the
requirement of having two triangles incident with each edge implies using all triangles of C.

» Reduction Rule 4. If C is a connected component of Kt that has a boundary but is not
homeomorphic to a (punctured) disk then delete all triangles of C from K and reduce k by |C|.

It remains to consider the case where |T| < 7k and all components of K (have boundaries
and) are homeomorphic to (punctured) disks. As a first step, let us observe an upper bound on

the total length of all component boundaries (in terms of number of edges) for yes-instances.

» Proposition 11. If (KC, k) is a yes-instance of DELETION-TO-2-DIM-SPHERE then the total
length of all boundaries of components of K7 is at most 21k.

Proof. By Rule 1 each boundary edge of a component of 7 = K\ 7 is incident with at
least two triangles of I, and hence with at least one triangle of 7. The upper bound of
3-|T| < 21k follows. <

Note that from the upper bound of 21k for the total boundary length we immediately
get an upper bound of 7k for the number of components of C7 since each component with a
boundary must have at least three boundary edges. To get an upper bound on the number of
triangles it now suffices to replace large components by “equivalent” ones without changing
the status of the instance using Proposition 12. This has two vital aspects: (1) Replaced
components must have same boundary and topology. (2) We must avoid creating false
positives, as smaller components can be deleted at a lower cost. In Proposition 12 we show
how components with boundary length ¢ can be replaced by equivalent ones with O(¥)
triangles, addressing (1), and later give two options for addressing (2).

» Proposition 12 (x). Given a simplicial complex I of a punctured sphere where IKC contains

¢ boundary edges, there exists a simplicial complex K' such that the following hold:

1. K' contains O(€) triangles,

2. K is homeomorphic to K',

3. there exists an isomorphism f: O(K) — 9(K'), and

4. if a,b are edges of K such that a,b € I(K) and there exists a triangle t of K such that
a,b € t, then there exists a triangle t' € K' such that f(a), f(b) € t'.
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To avoid false positives we have two options. First, we can store for each component
its initial number of triangles, i.e., the cost for deleting it entirely, noting that costs larger
than k can be replaced by k + 1. (Recall that partially deleting a component is infeasible.)
The output would then be an instance of a weighted version of the problem, and we could
encode it using O(klog k) bits, where the log-factor is needed to encode costs in binary and
to represent a list of the triangles including vertex names. (We could also assign a larger
cost to one triangle per component such that the total is equal to the original value.)

Second, we could apply the replacement only to components with more than k triangles,
and afterwards increase their size to k + O(1) by adding additional triangles. Since budget
of k does not allow the deletion of large components, this yields an equivalent instance. The
total number of triangles per component is then O(k), and O(k?) for the entire instance; this
can be encoded in O(k%logk) bits. This completes the proof of Theorem 3.

The compression result can be lifted to a smaller parameter, namely the number of
conflict triangles, i.e., triangles incident with at least one edge that is shared by at least three
triangles. Recall that nontrivial instances with budget & have O(k) conflict triangles, and
observe that having few conflict triangles does not bound the size k of the desired 2-sphere.

» Corollary 13 (x). The DELETION-TO-2-DIM-SPHERE problem admits a polynomial com-
pression to weighted instances with O(t) triangles and bit-size O(t?) where t is the number
of conflict triangles in the input.

6 Conclusion

Our hardness results can be extended easily to cases of finding some other surfaces, such as
a torus. Indeed, we can replace in the construction the back sheet with any other shape that
has the target topology. Similarly, the positive results can also be extended to the search for
small surfaces, again like the torus.

It is clear that the simplicial complex we use to show hardness cannot be embedded in
3-dimensional space. It is unclear how hard the problem 2-DIM-SPHERE is when restricted to
simplicial complexes that are embedded in R3. Note that it is not meaningful to parameterize
the problem by the dimension of some ambient space because any 2-dimensional simplicial
complex can be embedded in R® using the moment curve ([15, Section 1.6]).

A simplicial complex can be generalized to something called, unsurprisingly, a generalized
triangulation (or sometimes just referred to as a triangulation). In this setting, we are allowed
to identify facets of a common simplex. That is, in a 2-dimensional generalized triangulation
we may identify together two distinct edges of the same triangulation. This relaxation can
make it harder to even detect a manifold, as there are more cases to consider. Our work
here, and related problems, are all still of interest in this setting.

Lastly, the problems discussed in this paper generalize, where possible, in the obvious
manner to higher dimensions. In particular, fast detection of 3-sphere subcomplexes (or
sub-triangulations) that do not bound a ball are of particular interest for the recognition of
the prime decomposition of 3-manifolds.
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—— Abstract

A pattern is encountered in a word if some infix of the word is the image of the pattern under
some non-erasing morphism. A pattern p is unavoidable if, over every finite alphabet, every
sufficiently long word encounters p. A theorem by Zimin and independently by Bean, Ehrenfeucht
and McNulty states that a pattern over n distinct variables is unavoidable if, and only if, p itself
is encountered in the n-th Zimin pattern. Given an alphabet size k, we study the minimal length
f(n, k) such that every word of length f(n,k) encounters the n-th Zimin pattern. It is known
that f is upper-bounded by a tower of exponentials. Our main result states that f(n, k) is lower-
bounded by a tower of n — 3 exponentials, even for kK = 2. To the best of our knowledge, this
improves upon a previously best-known doubly-exponential lower bound. As a further result, we
prove a doubly-exponential upper bound for encountering Zimin patterns in the abelian sense.

1998 ACM Subject Classification G.2.1 Combinatorics, F.4.3. Formal Languages
Keywords and phrases Unavoidable patterns, combinatorics on words, lower bounds

Digital Object Identifier 10.4230/LIPIcs.STACS.2017.19

1 Introduction

A pattern is a finite word over some set of pattern variables. A pattern matches a word if the
word can be obtained by substituting each variable appearing in the pattern by a non-empty
word. The pattern xx matches the word nana when z is replaced by the word na. A word
encounters a pattern if the pattern matches some infix of the word. For example, the word
banana encounters the pattern zz (as the word nana is one of its infixes). The pattern xyax
is encountered in precisely those words that contain two non-consecutive occurrences of the
same letter, as e.g., the word abca.

A pattern is unavoidable if over every finite alphabet every sufficiently long word encoun-
ters the pattern. Equivalently, by Konig’s Lemma, a pattern is unavoidable if over every
finite alphabet all infinite words encounter the pattern. If it is not the case, the pattern is
said to be avoidable. The pattern xyx is easily seen to be unavoidable since every sufficiently
long word over a non-empty finite alphabet must contain two non-consecutive occurrences of
the same letter. On the other hand, the pattern zx is avoidable as Thue [19] gave an infinite
word over a ternary alphabet that does not encounter the pattern zx.

A precise characterization of unavoidable patterns was found by Zimin [20] and inde-
pendently by Bean, Ehrenfeucht and McNulty [6], see also [13] for a more recent proof. This
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characterization is based on a family (Z,,),>0 of unavoidable patterns, called the Zimin pat-
terns. The Zimin patterns over the pattern variables {x1,za, ...} are defined by Z; = ¢ and
Zn41 = LnZni1Zy for all n > 0. A pattern over n distinct pattern variables is unavoidable
if, and only if, the pattern itself is encountered in the n-th Zimin pattern Z,,. Zimin patterns
can therefore be viewed as the canonical patterns for unavoidability.

Due to the canonical status of Zimin patterns, it is natural to investigate the smallest
word length f(n, k) that guarantees that every word over a k-letter alphabet of this length
encounters the n-th pattern Z,,. Computing the exact value of f(n,k) for n > 1 and k > 2,
or at least giving upper and lower bounds on its value, has been the topic of several articles
in recent years [2, 18, 12, 3]. For small values of n and k, known results from [12, 11] are
summarized in the following table, taken from [12] and enriched with results from [11].

2 3 4 5 k
1 1 1 1 1

7 9 11 2% +1
29 <319 | <3169 | < 37991 | < @2k (k+1)! + 2k + 1

€ [10483, 236489]

S B~ W=

In general, Cooper and Rorabaugh [2, Theorem 1.1] showed that the value of f(n,k) is
upper-bounded by a tower of exponentials of height n — 1. To make this more precise let
us define the tower function Tower : N x N — N inductively as follows: Tower(0, k) = 1 and
Tower(n + 1, k) = kTover(mk) for all n, k € N.

» Theorem 1 (Cooper/Rorabaugh [2]). For alln > 1 and k > 2, f(n,k) < Tower(n — 1, K),
where K =2k + 1.

In stark contrast with this upper bound, Cooper and Rorabaugh showed that f(n,k) is
lower-bounded doubly-exponentially in n for every fixed k& > 2. To our knowledge, this is the
best known lower bound for f.

» Theorem 2 (Cooper/Rorabaugh [2]). f(n, k) > k2" (+o(1),

This lower bound is obtained by estimating the expected number of occurrences of Z,, in
long words over a k-letter alphabet using the first moment method.

In the conclusion, we address the limitation of this method to show non-elementary lower
bounds for f.

Our contributions. Our main contribution is to prove a lower bound for f(n,k) that is
non-elementary in n even for k = 2. We use Stockmeyer’s yardstick construction [17] to
construct for each n > 1, a family of words of length at least Tower(n — 1,2) (that we call
higher-order counters here). We then show that a counter of order n does not encounter Z,
(for n > 3). As these words are over an alphabet of size 2n — 1, this immediately establishes
that f(n,2n — 1) > Tower(n — 1,2) (cf. Corollary 12).

Stockmeyer’s yardstick construction is a well-known technique to prove non-elementary
lower bounds in computer science, for instance it is used to show that the first-order theory
of binary words with order, is non-elementary, see for instance [10] for a proof.

By using a carefully chosen encoding we are able to prove a lower bound for f over a
binary alphabet. Namely for all n > 4, it holds f(n,2) > Tower(n — 3,2) (cf. Corollary 14).

As a spin-off result, we also consider the abelian setting. Matching a pattern in the
abelian sense is a weaker condition, where one only requires that all infixes that are matching
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a pattern variable must have the same number of occurrences of each letter (instead of being
the same words). This gives rise to the notions of avoidability and unavoidability of patterns
in the abelian sense. Every pattern that is unavoidable is in particular unavoidable in the
abelian sense. However, the converse does not hold in general as witnessed by the pattern
xyzryruryrzyz, as shown in [5]. Even though Zimin patterns lose their canonical status in
the abelian setting, the function g(n, k), which is an abelian analog of the function f(n, k),
has been studied [18]. For this function, Tao [18] establishes a lower bound that turns out
to be doubly-exponential from the estimations in [9]. The upper bound is inherited from
the non-abelian setting and is hence non-elementary. We improve this upper bound to be
doubly-exponential (Theorem 22). We also provide a simple proof using the first moment
method that g admits a doubly-exponential lower bound which does not require the elaborate
estimations of [9].

Connection to the equivalence problem of deterministic pushdown automata. The equi-
valence problem for deterministic pushdown automata (dpda) is a famous problem in
theoretical computer science. Its decidability has been established by Sénizergues in 1997
and Stirling proved in 2001 the first complexity-theoretic upper bound, namely a tower of
exponentials of elementary height [16] (in F3 in terms of Schmitz’ classification [14]), see
also [8] for a more recent presentation.

In [15, p. 24, C1] Sénizergues outlines a link between the complexity of Stirling’s algorithm
and the function f(n, k) and remarks that f(n, k) seems to be non-elementary in n for all
fixed k > 2. The present article substantiates this remark.

Organization of the paper. We introduce necessary notations in Section 2. We show that
f(n,2n—1) > Tower(n —1,2) in Section 3. We lift this result to unavoidability over a binary
alphabet in Section 4, where we show that f(n,2) > Tower(n — 3,2) for all n > 4. Our
doubly-exponential bounds on abelian avoidability are presented in Section 5. We conclude
in Section 6.

2 Preliminaries

For every two integers 4, j, we write [7, j] for the set {i,i 4+ 1,...,;} and [j] for {1,...,k}.
By N we denote the non-negative integers and by NT the positive integers.

If A is a finite set of symbols, we denote by A* the set of all words over A and by A+
the set of all non-empty words over A. We write ¢ for the empty word. For a word u € A*,
we denote by |u| its length. For two words u and v, we denote by u - v (or simply uv) their
concatenation. A word v is a prefiz of a word u, denoted by v C u, if there exists a word
z such that u = vz. If 2 is non-empty, we say that v is a strict prefiz! of u. A word v is a
suffix of a word wu if there exist a word z such that © = zv. If z is non-empty, we say that v
is a strict suffiz of u. A word v is an infix of a word w if there exists z; and z5 such that
u = z1vz9. If both z; and 25 are non-empty, v is a strict infix of u. If v is an infix v and
u can be written as z1uza, the integer |z1| is called an occurrence of v in u. For a € A, we
denote by |u|, the number of occurrences of the symbol a in w.

Given two non-empty sets A and B, a morphism is a function ¢ : A* — B* that satisfies
od(araz) = ¢(a1)d(az) for all a1,as € A. Thus, every morphism can simply be written as a

1 Our definition of strict prefix is slightly non-standard as ¢ is a strict prefix of any non-empty word.
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function from A to B*. A morphism ¢ is said to be non-erasing if ¢(a) # ¢ for all a € A and
¢ is alphabetic if 1(a) € B for all a € A.

Let us fix a countable set X = {x1, 2, ...} of pattern variables. A pattern is a finite word
over X. Let p = p1--- p, be a pattern of length n. A finite or infinite word w matches p if
w = 9(p) for some non-erasing morphism . A finite or infinite word w encounters p if some
infix of w matches p. A pattern p is said to be unavoidable if for all k > 1 all but finitely
many finite words (equivalently every infinite word, by Kénig’s Lemma) over the alphabet
[k] encounter p. Otherwise we say p is avoidable. Unavoidable patterns are characterized by
the so-called Zimin patterns. For all n > 0, the n-th Zimin pattern Z, is given by:

Zo=¢ and Zpy1 = Zptp41Z, for all m > 0.

For instance, we have Z1 = x1, Zy = 212921 and Z3 = 122T12X3L1 X221 .
The following theorem gives a decidable characterization of unavoidable patterns.

» Theorem 3 (Bean/Ehrenfeucht/McNulty [6], Zimin [20]). A pattern p containing n different
variables is unavoidable if, and only if, Z, encounters p.

For instance, the pattern xixox122 is avoidable because it matches x1x1 which itself is
not encountered in Z,, for all n € N. This characterization justifies the study of the following
Ramsey-like function.

» Definition 4. Let n,k > 1. We define f(n, k) = min{¢ > 1 | Vw € [k]* : w encounters Z,,}.

As we mainly work with Zimin patterns, we introduce the notions of Zimin type (i.e.
the maximal Zimin pattern that matches a word) and Zimin index (i.e. the maximal Zimin
pattern that a word encounters) and their basic properties.

The Zimin type ZType(w) of a word w is the largest n such that w = ¢(Z,,) for some
non-erasing morphism . For instance, we have ZType(aaab) = 1, ZType(aba) = 2 and
ZType(a"ba”) = 4. Note that the Zimin type of any non-empty word is greater or equal to 1
and the Zimin type of the empty word is 0.

Following the definition of the Zimin patterns, the Zimin type of a word can be inductively
characterized as follows:

» Fact 5. For any non-empty word w, ZType(w) = 1 + max{ZType(a) | w = afa: a, f #
e}, with the convention that the mazimum of the empty set is 0.

» Definition 6. The Zimin index Zimin(w) of a non-empty word w is the maximum Zimin
type of an infix of w.

For instance, we have Zimin(aaab) = 2 and Zimin(bbaba) = 2. As a further example note
that Zimin(baaabaaa) = 3 although ZType(baaabaaa) = 1.

» Lemma 7. For any word w, we have the following properties:
ZType(w) < Zimin(w),
for any infix w' of w, Zimin(w') < Zimin(w),
Zimin(w) < |logy(Jw| + 1) ].

Proof. The first two points directly follow from the definition. For the last point, note that
for a word w to encounter the n-th Zimin pattern Z,,, it must be of length a least |Z,|. As
Z,, has length 2" — 1, we have 2%™in(®) _ 1 < ||, which implies the announced bound. <«
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3 The Zimin index of higher-order counters

In this section we show that there is a family of words, that we refer to as “higher-order
counters”, whose lengths are non-elementary in n and whose Zimin index is n — 1, allowing
us to show that f(2n — 1,n) > Tower(n — 1,2). In Section 3.1 we introduce higher-order
counters and in Section 3.2 we show that their Zimin index is precisely n — 1 including the
mentioned lower bound on f.

3.1 Higher-order counters a la Stockmeyer

In this section we introduce counters that encode values ranging from 0 to a tower of
exponentials. To the best of our knowledge this construction was introduced by Stockmeyer
to show non-elementary complexity lower bounds and is often referred to as the “yardstick
construction” [17]. We refer to such counters as “higher-order counters” in the following.

To make the notation less cluttered, we define 7 : N — N, the tower of twos function
which satisfies 7(n) = Tower(n, 2) for all n > 0. For all n > 1, we define an alphabet ¥,, by
taking 31 = {01,117} and for all n > 1, &,, = %,,_1 U{0,,1,}. We say the symbols 0,, and
1, have order n. We define ¥ = U,>1%,, to be set of all these symbols.

For all n > 1 and for all ¢ € [0, 7(n) — 1], we define a word over X,, called the i-th counter
of order n and denoted by [i],. The definition proceeds by induction on n. For n = 1,
there are only two counters [0]; and [1]; (recall that 7(1) = 2). We define [0]; = 0; and
[1]1 =11 and for n > 1 and i € [0,7(n + 1) — 1] we define

[i]nt1 =[0]nbo[1]nbr---[7(n) = 1]0nbr(n)-1,

where boby - - - br(n)—2br(n)—1 is the binary decomposition of i over the alphabet {041, 1,41}
with by the least significant bit (i.e. i = Z;i%)fl b; - 27 where b; = 0 if b; = 0,41 and b; = 1
For [11]3, we have 11 =1-2%+1-2! +0-22 4+ 123 and hence

[11]5 = 01021105 15301151;051507021;1505071517115 15.
—_— Y Y= Y=
[0l [1]2 [2]- (312
The following lemma can easily be proven by induction on n.

» Lemma 8. Letn > 1.

1. Foralli# j €[0,7(n) — 1] we have [i]n # [j]n-

2. If n > 1, then for alli € [0,7(n) — 1] and j € [0, 7(n — 1) — 1] the counter [j]n—1 has
exactly one occurence in [i]n.

The length L, of an order-n counter satisfies the following equations: L; = 1 and
Lyt =7(n)- (L, + 1) for n > 1. Note that in particular we have L, > 7(n — 1) for all
n>1.

3.2 Higher-order counters have small Zimin index

The aim of this section is to give an upper bound on the Zimin index of counters of order n.

A first simple remark is that the Zimin index of any counter of order n is bounded by the
Ziminindex of [0].

» Lemma 9. For alln > 1 and for alli € [0,7(n) — 1], Zimin([¢],) < Zimin([0],).
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Proof Sketch. Let n > 1 and ¢ € [0,7(n) — 1]. Consider the morphism ¢ defined by
©(0,,) = ¢(1,) = 0, and @(z) = x for z € 3,,_1. We have ¢([i],) = [0],. Moreover as
¢ is alphabetic, if an infix « of [i], matches Z, for some ¢ > 0 then ¢(«) is an infix of
©([i]n) = [0]. that also matches Z,;. The inequality claimed follows. <

This leads us to the main result of this section.
» Theorem 10. For alln > 3, Zimin([0],) <n — 1.

Proof. The proof proceeds by induction on n > 3. The base case can be checked using a
computer program.

Assume that the property holds for some n > 3. Let us show that Zimin([0],+1) < n.
Let afa be an infix of [0],41 for some non-empty words o and 3. It is enough to show that
ZType(a) < n — 1. We distinguish the following cases depending on the number occurrences
of 0,41 in a.

Case 1: « contains no occurrences of 0,41. Then « is an infix of some [i],, for some
€ [0,7(n) — 1]. Using Lemma 9 and the induction hypothesis, we have ZType(a) <
Zimin(«) < Zimin([4],) < Zimin([0],) <n — 1.

Case 2: « contains at least two occurrences of 0,,11. By definition of counters, a has
an infix of the form 0,41[¢]n0n41 for some ¢ € [0,7(n) — 1]. Hence [0],+1 would contain
two occurrences of 0,,41[%]rn0n41 which is not possible (cf. Lemma 7).

Case 3: « contains exactly one occurrence of 0,,1. By definition of [0 ],+1, there exists
i # j €10, 7(n) — 1] such that « is of the form u0,,41v with u a suffix of both [¢], and [j]»
and v a prefix of both [i+ 1], and [+ 1].

Consider the morphism 1 the erases all symbols in ¥,,_; and replaces 0, and 1,, by 0
and 1, respectively. Let us assume that

1?(“) = bT(n,1)760 T bT(nfl)fl and ¢(U) =Co " Cl—1
for some ¢y € [0,7(n — 1)] and ¢; € [0,7(n — 1)] and b, € {0,1} for all k € [v(n — 1) —
ly,7(n—1) —1] and ¢, € {0,1} for all k € [0, 4, — 1].

Let us start by showing that ¢y + ¢1 < 7(n — 1).

By definition of counters, br(,_1)_1 is the most significant bit of the binary representation
(of length 7(n — 1)) of ¢ and j and ¢g is the least significant bit of the binary representation
of both i+ 1 and j + 1. More formally, there exist z; and x; € [0, 27(n=1=fo _ 1] and y; and

€ [0,27(=V=4 1] such that

i=a; 4270 . B =g, 427D B 41 =C+ 2%y, j+ 1 =0+ 20y,

lo—1 -1

with B = Z br(n—1)—to—k - 2¥ and C = Y ¢ - 28,
k=0
Assume by way of contradiction that ¢y + ¢; > 7(n — 1). In particular, this implies

261 > 97(n=1)~lo - And hence,

z; = 4 mod 27(n"D—t by definition of 4
= C—1+2%y, mod 27(n=H~to
= (C—1 mod 27Nt as 27~ ~% Jivides 2.
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A similar reasoning shows that z; = C —1 mod 27(n=1)~fo Hence x; = x; and hence
i = 7 which brings the contradiction.

As ly+ 01 < T7(n—1), there exists some iy € [0, 7(n) — 1] such that v is a prefix and v is a
suffix of [ig],. That is, the binary representation of g of length 7(n — 1) has ¢g---cp,—1 as
{1 least significant bits and by (,—1)—¢, ="+ br(n—1)—1 as £o most significant bits. In particular,
as o + ¢4 < 7(n — 1), we have that [ig], = vru for some non-empty r.

We claim that ZType(a) < Zimin([io],) by which we would be done since then
ZType(a) < Zimin([igp],) < Zimin([0],) < n — 1 by Lemma 9 and the induction hy-
pothesis.

Assume that a can be written as «dy for non-empty v and 6. Using Fact 5, it is
enough to show that ZType(y) + 1 < Zimin([4]n). Recall that @ = u0,41v and «
contains only one occurrence of 0,41. It follows that v must be a prefix of v and a
suffix of v. In particular, [ig], = vru contains 47y as an infix. And hence, we have
ZType(y) + 1 < ZType(yry) < Zimin([io ). <

The upper bound on the Zimin index of higher-order counters established in the previous
theorem is tight.

» Theorem 11. For alln >3 and i € [0, 7(n) — 1], Zimin([i],) =n — 1.

For n > 3, the counter [0],, over the alphabet {01,11,...,0,,-1,15,—1,0,} of size 2n — 1
has Zimin index at most n — 1. In particular, [0], does not encounter the pattern Z,.
Therefore its length L,, > 7(n — 1) gives a lower bound for the value of f(n,2n — 1).

» Corollary 12. For alln >3, f(n,2n—1) > 7(n — 1) = Tower(n — 1, 2).

4 Reduction to the binary alphabet

In this section, we show how to encode a higher-order counter seen in Section 3 over the
binary alphabet {0, 1} while still preserving a relatively low Zimin index. For this we apply
to higher-order counters, the morphism 1 defined for all n > 1, as follows

$(0,) =00(01)""100 (1) =11(01)""*11.

For alln > 1 and i € [0,7(n) — 1], we define {7 },, = ([ i]n)-

The set of images of the letters in ¥ by this morphism forms what is known as an
infix code, i.e. ¥ (a) is not an infix of ¢(b) for any two letters a,b € ¥ with a # b. In
addition to being an infix code, the morphism was designed so that we are able to attribute
a non-ambiguous partial decoding to most infixes of an encoded word (cf. Lemma 17) and
the encoding of 0,, and 1,, differ by their first and last symbol.

Applying a non-erasing morphism to a word can only increase its Zimin index. We will
see in the remainder of this section that the Zimin index of higher-order counters is increased
by at most 2 when the morphism v is applied. It is possible that another choice of morphism
would bring a better upper bound. However, note that the proof we present is tightly linked
to the above-mentioned properties of ¥ that are decisive for the proof to work.

This section is devoted to establishing the following theorem.

» Theorem 13. For alln > 2 and for alli € [0,7(n) — 1], Zimin({4 },) <n+1.

Recalling that an order-n counter has length at least 7(n — 1) and that applying ¢ can
only increase the length, we immediately obtain from Theorem 13 a non-elementary lower
bound for f(n,2) whenever n > 4.
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» Corollary 14. For alln >4, f(n,2) > 7(n — 3) = Tower(n — 3,2).

The proof of Theorem 13 which is essentially a reduction to the proof of Theorem 10 is
given in Section 4.2. To perform this reduction, we first establish basic properties of the
morphism v and its decoding in Section 4.1.

4.1 Parsing the code

A word w € {0,1}* is coded by v (or simply a coded word) if it is the image by 9 of some
word v over ¥*. As the image of ¥ is an infix code, the word v € ¥* is unique. However in
our proof, we need to take into consideration all infixes of a coded word. To be able to reuse
the proof techniques of Theorem 10, it is necessary to associate to an infix of a coded word a
partial decoding called a parse.

Let us therefore consider the following sets, C' = ¢(X) = {¢(0) | k > 1} U{¢(1x) | k > 1}
the image of the morphism, L = {v € {0,1}* | Ju € {0,1}",uv € C} the set of strict
suffixes of C, R = {u € {0,1}* | Jv € {0,1}T,uv € C} the set of strict prefixes of C' and
F={ve{0,1}* | Ju,w € {0,1} T, uvw € C} the set of strict infixes of C.

It is easy to see that every infix of a coded word belongs to F'U LC*R. This leads us
to define a parse p as a triple (¢,u,r) in L x ¥* x R. The word u will be called the center
of the parse p. The value of the parse (£, u,r) is the word £y (u)r € {0,1}*. We say that «
admits a parse p if « is the value of p.

By the above fact, for all coded words all of its infixes not belonging to F' have at
least one parse. However, the parse is not necessarily unique. For instance, consider the
infix o = 0000000000 = 0'° which appears in ¥(0;0101). It can be parsed as (e, 0,01,00),
(0,0101,0) and as (00,0101, ). However, we will provide sufficient conditions on an infix to
admit a unique parse.

» Definition 15. A word a € {0,1}* is simple if either |a| < 11, or a belongs to F or 010 is

110

an infix of a or is an infix of «.

This definition will be justified by the fact that for non-simple infixes there is exactly one
possible parse. Moreover the term simple is justified in the context of this proof by the fact
that simple infixes of {4 },, can be shown to have Zimin index at most n — 1 for all n > 4
and all 7 € [0, 7(n) — 1].

» Lemma 16. For alln >4, for all i € [0,7(n) — 1], all simple infizes of {i }rn have Zimin
index at most n — 1.

» Lemma 17. Any non-simple infix of a coded word admits a unique parse.

Thus, we will refer to the unique parse of a non-simple infix a of a coded word as the
parse of a.

The notion of occurrence naturally extends to parses. Let w = wp - - - wj,|—1 € ¥* and
p=({,u=ug---ujy—-1,7) be a parse, an occurrence of p in w is an occurrence m of u in w
such that whenever ¢ is non-empty we have m # 0 and ¢ is suffix of ¥ (w,,—1) and similarly
whenever 7 is non-empty we have m + |u| < |w| and r is a prefix of ¥(wy,4y|). For a word
w € ¥* and a non-simple infix « of ¥ (w), there is a one-to-one correspondence between the
occurrences of a in 9 (w) and the occurrences of its parse p,, in P (w).

» Definition 18. For an occurence m of a parse p = (¢,u,r) in w, we define its context as
the word in ¥* equal to w[m — dg, m + |u| + 01], where §op = 0 if £ = € and §p = 1 otherwise
and 6; = 0 if r = € and d; = 1 otherwise.
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By definition the context ¢ of some occurrence of a parse p = (¢, u,r) in w is an infix of
w containing u as an infix. Moreover the value « of p is an infix of ¢(c).

4.2 Upper bound on the Zimin index

To establish Theorem 13, we prove the following stronger statement.

» Theorem 19. For alln > 2 and for alli € [0,7(n) — 1],

Zimin({ ¢ } 1 (0n41))
Zimin(¢(0n+1){{ { }}n)

n+1, Zimin({{i}7z¢(17z+1))

n+1,
n+1, Zimin((1,41){ 7 }n) n+ 1.

< <
< <
Proof Sketch. We proceed by induction on n. For the case n = 2 and n = 3, the property
is checked using a computer program. For the induction step assume that the property
holds for some n > 3 and let us show that it holds for n + 1. Let i € [0,7(n + 1) — 1], we
will only show that Zimin({ ¢ }n+1) < n+ 2. The upper bound on Zimin({ ¢ }n+1,¥(0n42)),
Zimin({ ¢ }ri1¢(1ny2)), Zimin((0pq2){ ¢ }rr1) and Zimin(e(l,42){ ¢ pni1) can be de-
duced from this, but still require a tedious case analysis.

Let afax be an infix of {4 },,41 for some non-empty « and . It is enough to show that
ZType(a) < n+ 1. By Lemma 16, we only need to consider the case when « is non-simple.
Let (¢,u,r) be the parse of a.

Let m be an occurrence of afa in {i},41. In particular, m and m + |af| are two
occurrences of a in {7 },,41. Hence there are two corresponding occurrences m; and msy of
the parse p in [ ],41. Consider the contexts ¢; and ¢y of p that correspond to the occurrences
m1 and meo, respectively. Note that without further hypothesis ¢; and ¢, are not necessarily
equal.

We distinguish cases depending on the number of occurrences of a symbol of order n + 1
in ¢;. The cases where ¢; contains 0 or more than 2 symbols of order n + 1 are treated in a
similar fashion as in the proof of Theorem 10. Assume that ¢; contains one and only one
symbol of order n + 1.

As ¢; is an infix of [4],+1 with one symbol of order n + 1, there exists kg € [0, 7(n) — 2]
and some b € {0,411, 1,41} such that ¢; = by where x € ¥* is a suffix of [ kg ], and y € X5
is a prefix of [ ko + 1 ]x.

Note that if = or y are empty, we can conclude using the induction hypothesis. From
now on, we assume that x and y are non-empty. In particular, the center u of the parse
p = ({,u,r) contains b and can therefore be uniquely written as u = xzby. Thus, ¢; = xby,
a = lp(z)(b)Y(y)r, * = sz and y = yt for some s and ¢ such that s = ¢ if { =c and s € &
otherwise, where ¢ is a suffix of ¢/(s) and t = ¢ if r = ¢ and ¢t € ¥ otherwise, where r is a
prefix of ¥(t).

Claim 1. The context co (of the second occurrence mq of @) is equal to ¢;.
As ¢; = ¢co = xby and as b belongs to the center u of the parse, the infix o can be written
as « = & (b)g where Z is a suffix of ¢(x) and § is a prefix of ¥(y).

Claim 2. There exists jo € [0,7(n) — 1] and a non-empty x such that §xZ = { jo }n.

Let us now consider an arbitrary decomposition of « as d-d for non-empty ¢ and . Recall
that it is enough to show that ZType(a) < n + 1 or that ZType(d) < n. There are several
cases to consider depending on how the decompositions of o as Z1(b)§ and §vd overlap. We
only present here one of the 6 cases where |0] < |Z]| < |[07] and |2 (b)| < |07].
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Z1 Z2

7 Y(b) ]
5 ¥ 5

In this case 7 = z1¥(b)z2 with z; # € such that £ = Jz; and § = 225. Recall that
there exists jo € [0,7(n) — 1] and a non-empty x such that gx& = {jo }n. We have
Zimin({ jo }») < Zimin({ jo }nt¥(0,41)) < n + 1, where the last inequality follows from the
induction hypothesis. Hence, { jo }» = §X& = 220x021 has Zimin index at most n + 1. This
implies that § has Zimin type of at most n which concludes this case. |

5 Avoiding Zimin patterns in the abelian sense

Matching a pattern in the abelian sense is a weaker condition, where one only requires that
all infixes that are matching a pattern variable must have the same number of occurrences of
each letter (instead of being the same words). Hence, for two words x,y € A* we write z =y
if ||, = |yl, for all a € A. Let p = p1 - - - p,, be a pattern, where p; € X is a pattern variable
for all i € [k]. An abelian factorization of a word w € A* for the pattern p is a factorization
w = wy - - - wy, such that w; # ¢ for all i € [n] and p; = p; implies w; = w; for all 4,5 € [n].
A word w € A* matches the pattern p in the abelian sense if there is an abelian factorization
of w for p. The definitions when a word encounters a pattern in the abelian sense and when
a pattern is unavoidable in the abelian sense are as expected.

We note that every pattern that is unavoidable is in particular unavoidable in the
abelian sense. However, the converse does not hold in general as witnessed by the pattern
ryzryruryrzyr as shown in [5].

To the best of the authors’ knowledge abelian unavoidability still lacks a characterization
in the style of general unavoidability in terms of Zimin patterns; we refer to [4] for some open
problems and conjectures. Although being possibly less meaningful as for general unavoidab-
ility, the analogous Ramsey-like function for abelian unavoidability has been studied. For
n,k > 1 we define g(n, k) = min{¢ > 1 | Vw € [k] : w encounters Z, in the abelian sense}.
Clearly, g(n,k) < f(n,k) and to the best of the authors’ knowledge no elementary upper
bound has been shown for g so far. By applying a combination of the probabilistic method [1]
and of analytic combinatorics [7] Tao showed a lower bound for g given by the first inequality
below. Unfortunately, it was not clear to us what the asymptotic behavior of this lower
bound is. However Jugé [9] provided us with an estimate of its asymptotic behavior.

» Theorem 20 (Tao [18], Corollary 3. Jugé [9]). Let k > 4. Then

-1

g(n,k) > (1+0(1)) Zﬁ[ik;f 3 (il ¢ )] 2(\/127—#0(1))];:;1;/2.

j=1 Lé=1 i14tipg=~0 ’ s Uk

In Section 5.1 we prove another doubly-exponential lower bound on g by applying the
first moment method [1]. Our lower bound on g is not as good as the one obtained by
Theorem 20 but its proof seems more direct. The proof follows a similar strategy as the
(slightly better) doubly-exponential lower bound for f from [2], but again, seems to be more
direct. Our novel contribution is to provide a matching doubly-exponential upper bound on
g in Section 5.2. Note that Tao in [18] only provides a non-elementary upper bound for the
non-abelian case.
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5.1 A simple lower bound via the first-moment method

For all n > 1 let &,, = {z1,...,z,} denote the set of the first n pattern variables. Note that
the variable z; appears precisely 2" % times in Z,, and its first occurrence is at position 2¢~!
for all i € [1,n]. An abelian occurrence of Z, in a word w is a pair (j,\) € [0, |w|—1] x N*» for
which there is an factorization w = uvz with |u| = j and an abelian factorization vy -+ - van 3
of v for Z,, satisfying A(z;) = |vgi-1].

By applying the probabilistic method [1] we show a lower bound for g(n,k) that is
doubly-exponential in n for every fixed k > 2. The proof is similar the lower bound proof
from [2].

> Theorem 21. For alln > 1 and all k > 2, g(n, k) > kL=r]=1,

Proof. For n,f > 1 let A, ¢ denote the expected number of abelian occurrences of Z,, in
a random word in the set [k]‘. Note that we always consider the uniform distribution over
words. If A, ¢ < 1, then by the probabilistic method [1] there exists a word of length ¢
over the alphabet [k] that does not encounter Z,, in the abelian sense; hence we can conclude
that g(n,k) > £. Therefore we investigate those £ = £(n, k) for which we can guarantee that
Ap ke < 1. We need two intermediate claims.

Claim 1. Let Ay denote the event that two independent random words u and v in [k]"
satisfy u = v. Then Pr(Ay ) < 1/k for all h > 1.

It follows that the probability that m random words wy,ws ..., w,, € [k]h satisfy w, = wy =

- = Wy, is at most (1/k)™~1.  Recall that Z,, = y;---yan_1, where y; € {71,...,2,}
for all i € [2" — 1] and that the variable x; appears precisely 2"~¢ times in Z,,. We recall
that we would like to bound the expected number of occurrences (in the abelian sense) of
Z, in a random word of length ¢ over the alphabet [k]. To account for this, we define for
each mapping \ : X, — NT its width as width(\) = Y, 27" - X\(z;). For every word v
of length width()\) its (unique) decomposition with respect to A is the unique factorization

v = vy ---van_1 such that y; = z; implies |v;| = A(z;) for all j € [2" — 1] and all ¢ € [n].

Using the estimations in Claim 1 one can now show the following claim.

Claim 2. Let A : X, — N* of width d and let By denote the event that (0,)\) is an

occurrence in the abelian sense of Z,, in a random word from [k]?. Then Pr(By) < k"~2"+1,

The probability that (j,)) is an occurrence of Z,, in a random word from [k]* with ¢ >
j + width(\) is equal to the probability that (0, \) is an occurrence of Z,, in a random word
from [k]? (which is Pr(By)). Thus, this probability does not depend on j.

We are ready to prove an upper bound for A,, ; ¢, keeping in mind that any occurrence
(4, A) of Z,, in a random word of length ¢ must satisfy width(\) > 2" — 1.

¢ t—d
Z Z Z Pr[(4,\) is an ab. occ. of Z,, in a random word in [k]]

Apge <
d=2"—1j=0 x:x,—NT
width(\)=d
¢ t=d Claim 2 ¢ t=d on 1
DD D IR VD DD DI DI
d=2"—175=0 x:x,—Nt d=2"—17j=0 x:x,—NT
width(A)=d width(\)=d
4 £—d 2 mn n—+2
n g1 oo
< Z Z d k < k2r—n—1 - k2r—n—1 (1)
d=2n—1 j=0
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It remains to determine a sufficiently large ¢ that guarantees A, ;¢ < 1. Using the

previous inequalities it is not difficult to show that ¢ = kLnZT?J ~1 ensures that Apre<l. <

5.2 A doubly-exponential upper bound

Let us finally prove an upper bound for g(n, k) that is doubly-exponential in n.
» Theorem 22. For all n,k > 1, g(n, k) < 24R)" (="
Proof. For all n > 1, we will show the following inequality:
gln+1,k) < (g(n,k) +1)(g(n, k)*" +1) (2)

A simple induction on n then shows the claimed upper bound.

To show (2), we consider words w over [k] of length at least (g(n, k)+1)(g(n, k)*"+1). Such
words can always be written as wyajwsas - - - Wy, am 2, where m = g(n, k)** + 1, |w;| = g(n, k)
and a; € [k] for all j € [m] and z € [k]*.

By definition of g(n, k), for all j € [m], the word w; encounters Z,, in the abelian sense,
witnessed in some infix v; by some abelian factorization v; = vél) e v]@n_l) for Z,. For each
such abelian factorization, it is natural to associate with every i € [n], the (unique) Parikh

image of the words ne

; of the factorization that correspond to the different occurrences of

the variable z; in Z,. Formally, each of the above abelian factorizations v; = UJ(-l) e v](?n_l)
induces a mapping 1; : X,, — NI¥ such that ;(z;)(a) = |v§21_1)\a for all j € [m], all i € [n]
and all a € [k]. As expected, we write ¢; = ¢y, if ¥;(x;) = ¢;(z;) for all ¢ € [n]. Note that if
there are distinct j,h € [1,m] with ¥; = ¥y, then w encounters Z, 1 = Z,2,+12, in the
abelian sense. It is easy to see that there are at most g(n, k)*" different equivalence classes
for the v; with respect to =. Therefore as m = g(n, k)*™ + 1, there are always two distinct

indices ¢, j € [1,m] that satisfy ¢; = ¢; and we have established (2). <

6 Conclusion

We have established a lower bound for f(n, k) that is already non-elementary when k = 2.
A natural question is whether the non-elementary lower bound for f(n, k) obtained by an
explicit construction in this article can be obtained using the probabilistic method. A first
hint of an answer is that the first moment method used in [2] cannot be used to obtain
a lower bound that is asymptotically above doubly-exponential. Indeed, as for a length
0> k2" ~"=2 49" the expected number Ay, e of occurrences Z,, in a random word in [k]e is
greater than 1.

To see this, recall that |Z,| = 2™ — 1 and hence there is at most one possible occurrence
of Z,, in any word of length 2" — 1. Let A,, denote the event that Z, is encountered in a
random word in [k]?"~!. We have Pr(4,) = [[|_,(1/k)?" "~ = p=2"+n+2,

Assume that ¢ > k?"~"=2 4 27 For each i € [0,k%" "], let X; be the indicator
random variable marking that the infix, of a random word in [k], occurring at i and of
length 2™ — 1 matches Z,,. By linearity of the expectation, the following lower bound holds,

1 n
Anie>SEK B(X) > (K+1)Pr(4,) =1+ 7 = 1 where K = |72,
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—— Abstract

We present new quantum algorithms for Triangle Finding improving its best previously known
quantum query complexities for both dense and sparse instances. For dense graphs on n vertices,
we get a query complexity of O(n®/*) without any of the extra logarithmic factors present in
the previous algorithm of Le Gall [FOCS’14]. For sparse graphs with m > n°/* edges, we get
a query complexity of O(n''/2m!/6,/logn), which is better than the one obtained by Le Gall
and Nakajima [ISAAC’15] when m > n3/2. We also obtain an algorithm with query complexity
O(n®/%(mlogn)'/® 4 doy/n) where dy is the variance of the degree distribution.

Our algorithms are designed and analyzed in a new model of learning graphs that we call
extended learning graphs. In addition, we present a framework in order to easily combine and
analyze them. As a consequence we get much simpler algorithms and analyses than previous
algorithms of Le Gall et al based on the MNRS quantum walk framework [SICOMP’11].

1998 ACM Subject Classification F.2 Analysis of Algorithms and Problem Complexity, F.1.1
Models of Computation

Keywords and phrases Quantum query complexity, learning graphs, triangle finding

Digital Object Identifier 10.4230/LIPIcs.STACS.2017.20

1 Introduction

Decision trees form a simple model for computing Boolean functions by successively reading
the input bits until the value of the function can be determined. In this model, the query
complezity is the number of input bits queried. This allows us to study the complexity of a
function in terms of its structural properties. For instance, sorting an array of size n can be
done using O(nlogn) comparisons, and this is optimal for comparison-only algorithms.

In an extension of the deterministic model, one can also allow randomized and even
quantum computations. Then the speed-up can be exponential for partial functions (i.e.
problems with promise) when we compare deterministic with randomized computation, and
randomized with quantum computation. The case of total functions is rather fascinating.
For them, the best possible gap can only be polynomial between each models [20, 4], which
is still useful in practice for many problems. But surprisingly, the best possible gap is still an
open question, even if it was improved for both models very recently [3, 1]. In the context of
quantum computing, query complexity captures the great algorithmic successes of quantum
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computing like the search algorithm of Grover [13] and the period finding subroutine of
Shor’s factoring algorithm [22], while at the same time it is simple enough that one can often
show tight lower bounds.

Reichardt [21] showed that the general adversary bound, formerly just a lower bound
technique for quantum query complexity [14], is also an upper bound. This characterization
has opened an avenue for designing quantum query algorithms. However, even for simple
functions it is challenging to find an optimal bound. Historically, studying the query
complexity of specific functions led to amazing progresses in our understanding of quantum
computation, by providing new algorithmic concepts and tools for analyzing them. Some of
the most famous problems in that quest are Element Distinctness and Triangle Finding [10].
Element Distinctness consists in deciding if a function takes twice the same value on a domain
of size n, whereas Triangle Finding consists in determining if an n-vertex graph has a triangle.
Quantum walks were used to design algorithms with optimal query complexity for Element
Distinctness. Later on, a general framework for designing quantum walk based algorithms
was developed with various applications [18], including for Triangle Finding [19].

For seven years, no progress on Triangle Finding was done until Belovs developed his
beautiful model of learning graphs [5], which can be viewed as the minimization form of the
general adversary bound with an additional structure imposed on the form of the solution.
This structure makes learning graphs easier to reason about without any background on
quantum computing. On the other hand, they may not provide always optimal algorithms.
Learning graphs have an intuitive interpretation in terms of electrical networks [7]. Their
complexity is related to the total conductance of the underlying network and its effective
resistance. Moreover this characterization leads to a generic quantum implementation based
on a quantum version of random walks which is time efficient and preserves query complexity.

Among other applications, learning graphs have been used to design an algorithm for Tri-
angle Finding with query complexity O(n?°/27) [6], improving on the previously known bound
O(n'?) obtained by a quantum walk based algorithm [19]. Then the former was improved
by another learning graph using O(n/7) queries [16]. This learning graph has been proven
optimal for the original class of learning graphs [9], known as non-adaptive learning graphs,
for which the conductance of each edge is constant. Then, Le Gall showed that quantum
walk based algorithms are indeed stronger than non-adaptive learning graphs for Triangle
Finding by constructing a new quantum algorithm with query complexity O(n5/ 4) [11]. His
algorithm combines in a novel way combinatorial arguments on graphs with quantum walks.
One of the key ingredient is the use of an algorithm due to Ambainis for implementing
Grover Search in a model whose queries may have variable complexities [2]. Le Gall used
this algorithm to average the complexity of different branches of its quantum walk in a quite
involved way. In the specific case of sparse graphs, those ideas have also demonstrated their
advantage for Triangle Finding on previously known algorithms [12].

The starting point of the present work is to investigate a deeper understanding of learning
graphs and their extensions. Indeed, various variants have been considered without any
unified and intuitive framework. For instance, the best known quantum algorithm for k-
Element Distinctness (a variant of Element Distinctness where we are now checking if the
function takes k times the same value) has been designed by several clever relaxations of
the model of learning graphs [5]. Those relaxations led to algorithms more powerful than
non-adaptive learning graphs, but at the price of a more complex and less intuitive analysis.
In Section 3, we extract several of those concepts that we formalize in our new model of
extended learning graphs (Definition 3.1). We prove that their complexity (Definition 3.2)
is always an upper bound on the query complexity of the best quantum algorithm solving
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the same problem (Theorem 3.3). We also introduce the useful notion of super edge
(Definition 3.4) for compressing some given portion of a learning graph. We use them
to encode efficient learning graphs querying a part of the input on some given index set
(Lemmas 3.7 and 3.8). In some sense, we transpose to the learning graph setting the
strategy of finding all 1-bits of some given sparse input using Grover Search.

In Section 4, we provide several tools for composing our learning graphs. We should
first remind the reader that, since extended learning graphs cover a restricted class of

quantum algorithms, it is not possible to translate all quantum algorithms in that model.

Nonetheless we succeed for two important algorithmic techniques: Grover Search with variable
query complexities [2] (Lemma 4.1), and Johnson Walk based quantum algorithms [19, 18]
(Theorem 4.2). In the last case, we show how to incorporate the use of super edges for
querying sparse inputs.

We validate the power and the ease of use of our framework on Triangle Finding in
Section 5. First, denoting the number of vertices by n, we provide a simple adaptive
learning graph with query complexity O(n®/*), whose analysis is arguably much simpler
than the algorithm of Le Gall, and whose complexity is cleared of logarithmic factors
(Theorem 5.1). This also provides a natural separation between non-adaptive and adaptive
learning graphs. Then, we focus on sparse input graphs and develop extended learning
graphs. All algorithms of [9] could be rephrased in our model. But more importantly, we
show that one can design more efficient ones. For sparse graphs with m > n®/* edges, we get
a learning graph with query complexity O(n“/ 121/ 6/logn), which improves the results
of [12] when m > n3/? (Theorem 5.2). We also construct another learning graph with query
complexity O(n®/%(mlogn)/® + dyy/n), where do is the variance of the degree distribution
(Theorem 5.3). To the best of our knowledge, this is the first quantum algorithm for
Triangle Finding whose complexity depends on this parameter d,.

2 Preliminaries

We will deal with Boolean functions of the form f: Z — {0,1}, where Z C {0,1}". In the
query model, given a function f : Z — {0, 1}, the goal is to evaluate f(z) by making as few
queries to the z as possible. A query is a question of the form ‘What is the value of z in
position ¢ € [N]?’, to which is returned z; € {0, 1}.

In this paper we will discuss functions whose inputs are graphs viewed through their
adjacency matrice. Then z will encode an undirected graph G on vertex set [n], that is
N = (3) in order to encode the possible edges of G. Then z;; = 1 iff ij is an edge of G.

In the quantum query model, these queries can be asked in superposition. We refer the

reader to the survey [15] for precise definitions and background on the quantum query model.

We denote by Q(f) the number of queries needed by a quantum algorithm to evaluate f
with error at most 1/3. Surprisingly, the general adversary bound, that we define below, is a
tight characterization of Q(f).

» Definition 2.1. Let f : Z — {0,1} be a function, with Z C {0,1}". The general adversary
bound Adv* (f) is defined as the optimal value of the following optimization problem:

minimize: max .g] Xjlz,2z] subject t§;[N]Z i(j [z,y] =1, when f(x) # f(y),
(X Ay,
! R OX =0, Wi e [N,

where the optimization is over positive semi-definite matrices X; with rows and columns
labeled by the elements of Z, and X[z, y] is used to denote the (z, y)-entry of X.

» Theorem 2.2 ([14, 17, 21]). Q(f) = O(AdvE(f)).

20:3
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3 Extended learning graphs

Consider a Boolean function f : Z — {0,1}, where Z C {0,1}". The set of positive inputs
(or instances) will be usually denoted by Y = f~1(1). A 1-certificate for f ony € Y is a
subset I C [N] of indices such that f(z) = 1 for every z € Z with z; = y;, where z; = (2;);er-

3.1 Model and complexity

Intuitively, learning graphs are simply electric networks of a special type. The network is
embedded in a rooted directed acyclic graph, which has few similarities with decision trees.
Vertices are labelled by subsets S C [n] of indices. Edges are basically from any vertex labelled
by, say, S to any other one labelled S U{j}, for some j ¢ S. Such an edge can be interpreted
as querying the input bit x;, while g has been previously learnt. The weight on the edge
is its conductance: the larger it is, the more flow will go through it. Sinks of the graph
are labelled by potential 1-certificates of the function we wish to compute. Thus a random
walk on that network starting from the root (labelled by (}), with probability transitions
proportional to conductances, will hit a 1-certificate with average time proportional to the
product of the total conductance by the effective resistance between the root of leaves having
1-certificates [7]. If weights are independent of the input, then the learning graph is called
non-adaptive. When they depend on previously learned bits, it is adaptive. But in quantum
computing, we will see that they can also depend on both the value of the next queried bit
and the value of the function itself! We call them extended learning graphs.

Formally, we generalize the original model of learning graphs by allowing two possible
weights on each edge: one for positive instances and one for negative ones. Those weights
are linked together as explained in the following definition.

» Definition 3.1 (Extended learning graph). Let Y C Z be finite sets. An extended learning
graph G is a 5-tuple (V, €, S, {w? : z € Z,b € {0,1}},{p, : y € Y}) satisfying
(V, &) is a directed acyclic graph rooted in some vertex r € V;
S is a vertex labelling mapping each v € V to S(v) C [N] such that S(r) = 0 and
S(v) = S(u)U{j} for every (u,v) € £ and some j & S(u);
Values w®(u,v) are in R>q and depend on z only through 28(v), for every (u,v) € &;
w(u,v) = w;(u, v) forall z € Z\Y,y € Y and edges (u,v) € £ such that zs,) = Ys(w)
and z; # y; with S(v) = S(u) U {j}.
py : € = R>¢ is a unit flow whose source is the root and such that p,(e) = 0 when
wy(e) =0, for every y € Y.
We say that G is a learning graph for some function f: Z — {0,1}, when Y = f~1(1) and

each sink of p, contains a 1-certificate for f on y, for all positive input y € 7).

We also say that G is an adaptive learning graph when w? = w! for all z € Z. If
0
specified, by learning graph we mean extended learning graph.

When there is no ambiguity, we usually define S by stating the label of each vertex. We
also say that an edge e = (u,v) loads j when S(v) = S(u) U{j}. A transition of length k is
a sequence of edges of the form ((vl,vg), (va,v3), ..., (Vk-1, vk.)), with v; # v, for i # j.

The complexity of extended learning graphs is defined similarly to the one of other

learning graphs by choosing the appropriate weight function for each complexity terms.

furthermore w} is independent of z, G is a non-adaptive learning graph. Unless otherwise

» Definition 3.2 (Extended learning graph complexity). Let G be an extended learning graph
for a function f : Z — {0,1}. Let z € Z\ f~1(1), y € f~1(1), and F C €. The negative
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complezity of F on x and the positive complexity of F on y (with respect to G) are respectively
defined by

0 _ 0 1 _ py(e)®
C (]:,x)—Zwm(e) and C'(F,y) = T
e€F e€F wy(e)

Then the negative and positive complerities of F are CO(F) = max,ef-1(o) C°(F,r) and
CY(F) = maxycp-1(1) C*(F,y). The complexity of F is C(F) = /CO(F)C'(F) and the
complezity of G is C(G) = C(€). Last, the extended learning graph complezity of f, denoted
LG™Y(f), is the minimum complexity of an extended learning graph for f.

Most often we will split a learning graph into stages F, that is, when the flow through F
has the same total amount 1 for every positive input. This allows us to analyze the learning
graph separately on each stage.

As for adaptive learning graphs [6, 8], the extended learning graph complexity is upper
bounding the standard query complexity.

» Theorem 3.3. For every function f : Z — {0,1}, we have Q(f) = O(LG*(f)).

Proof. We assume that f is not constant, otherwise the result holds readily. The proof
follows the lines of the analysis of the learning graph for Graph collision in [5]. We already
know that Q(f) = O(Advi(f)) by Theorem 2.2. Fix any extended learning graph G for f.
Observe from Definition 2.1 that Advi( f) is defined by a minimization problem. Therefore
finding any feasible solution with objective value C(G, f) would conclude the proof. Without
loss of generality, assume that C°(G) = C1(G) (otherwise we can multiply all weights by
C1(G)/C°(G)). Then both complexities become /C°(G)C1(G) and the total complexity
remains C(G).
For each edge e = (u,v) € £ with S(v) = S(u) U {j}, define a block-diagonal matrix
X§ =3, (Yf)a, where the sum is over all possible assignments o on S(u). Each (Y}), is
defined as (Yotbg + 117 ), where for each z € {0,1}™ and b € {0,1}

p.(e)/v/wk(e) if zsw) =a, f(z) =1and z; =1 -0,
Pylz] = w9(e) if 25y =, f(2) =0 and z; = b,

0 otherwise.

Define now X; = 3, X7 where the sum is over all edges e loading j. Fix any = € £71(0) and
y € f7(1). Then we have X§[x,z] = w)(e) and X[y, y] = (p,(e))?/wy(e). So the objective
value is

max Xz, 2] = max max Xilx,z], max Xy,
26{071}"%] jlz07) L R

=max {C°(G),C"(G)} = C(G).

Consider the cut F over G of edges (u,v) € £ such that S(v) = S(u)U{j} and zs5(,) = Ys(u)

but x; # y;. Then each edge e € F loading j satisfies w?(e) = w;(e) and therefore
X5[z,yl = py(e). Thus, 3., . Xjlz,y] = > .crpy(e) = 1. Hence the constraints of

Definition 2.1 are satisfied. <

3.2 Compression of learning graphs into super edges

We will simplify the presentation of our learning graphs by introducing a new type of edge
encoding specific learning graphs as sub-procedures. Since an edge has a single ‘exit’, we can
only encode learning graphs whose flows have unique sinks.

20:5

STACS 2017



20:6

Extended Learning Graphs for Triangle Finding

» Definition 3.4 (Super edge). A super edge e is an extended learning graph G, such that
each possible flow has the same unique sink. Then its positive and negative edge-complezities
on input # € Z\'Y and y € Y are respectively c’(e, z) = C°(G.,x) and c!(e,y) = C (G, v).

Consider an edge e of a learning graph G with flow p. We can view e as a super edge with
(e, z) = wl(e) and c'(e,y) = 1/wj(e). We have to take into account the fact that, in G, its
flow is not 1 but p,(e) for each z, so C%(e,z) = ¥(e,z) and C(e,y) = py(e)? x ct(e,y). We
use these notions in order to define the complexity of learning graphs with super edges.

Any learning graph with super edges is equivalent to a learning graph without super edges
by doing recursively the following replacement for each super edge e = (u,,v.): (1) replace it
by its underlying learning graph G., plugging the root to all incoming edges and the unique
flow sink to all outgoing edges, and changing the labels as follows: we enrich the labels of
vertices in G, using the label of u., that it, if S and S, are the vertex labelling mappings of
G and G, respectively, for each vertex w of G, the label becomes S.(w) U S(u); (2) root the
incoming flow as in G.. Let us call this learning graph the expansion of the original one with
super edges. Then, a direct inspection leads to the following result that we will use in order
to compute complexities directly on our (extended) learning graphs.

» Lemma 3.5. Let G be a learning graph with super edges for some function f. Then the
expansion of G is also a learning graph for f. Moreover, let exp(F) be the expansion of
F C &. Then exp(F) has positive and negative complexities

C%(exp(F),r) = Z AP(e,z) and C(exp(F),y) = Zpy(e)2 x ct(e,y).
eeF eEF

Fix some stage F C & of G such that the flow through F has total amount 1 for each
positive input. We will use the following lemma (adapted from non-adaptive learning graphs)
to assume that a learning graph has positive complexity at most 1 on F. The expectation
involved here comes from the factor 7', which is a parameter called the speciality of F.

» Lemma 3.6 (Speciality [5]). Let G be a learning graph for f : Z — {0,1}. Let F C & be a
stage of G whose flow always uses the ratio 1/T of transitions and every transition receives
the same amount of flow. Then there is a learning graph F composed of the edges of F
equipped with new weights such that, denoting c*(e) = max, cp-1(1)c'(e,y’),

COF0)<T E_[(e,2)c!(e)] and CHFy) <1,  Vaee [ H0)yef ()
ecF
Proof. Let niota be the number of transitions in F and nyseq the number of them used by
each flow (i.e. with positive flow). Therefore T = niotal/Nused- By assumption, the flow
on each edge is either 0 or 1/nysq. For each edge e in F, let A\, = c¢!(€)/nuseq. For every
input z, we multiply w’(e) by A., and we name F the set F with the new weights. Then
for any z € ffl(g), COF,z) = YT Al (e, ) = TE, = [®(e, z)c' (e)]. Similarly, for any
y € fH1), CHF,y) = Zeefpy(e)ch (e,y)/Ae < 1, since terms in the sum are positive only
for edges with positive flow. |

3.3 Loading sparse inputs

We study a particular type of super edges, that we will use repeatedly in the sequel. To
construct a learning graph for a given function, one often needs to load a subset S of the
labels. This can be done by a path of length |S| with negative and positive complexities |5,
which, after some rebalancing, leads directly to the following lemma.
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» Lemma 3.7. For any set S, there exists a super edge denoted DenselLoadg loading S with
the following complexities for any input z € {0,1}V:

®(Denseloadg, z) = |S|* and c'(Denseloadg,z) = 1.

When the input is sparse one can do significantly better as we describe now, where |zg]
denotes the Hamming weight of zg.

» Lemma 3.8. For any set S, there exists a super edge denoted SparseLoadg loading S with
the following complexities for any input z € {0, 1}V :

®(SparseLoadg, z) < 6|S|(|zs| + 1)log(|S| +1) and  c'(SparselLoadg, z) < 1.

Proof. Let us assume for simplicity that N = [S| and S = {1,...,N}. We define the
learning graph SparseLoadg as the path through edges e; = (0,{1}), e2 = ({1},{1,2}), ...,
en = ({1,...,N — 1}, 5). The weights are defined as, for b € {0,1} and z € Z,

w? (2) = { 3+ (el +1) - log(NV +1) if 2 =b,

“ 3N -log(N + 1) if zj =1—b,

When |z| > 0, let us denote ig = 0, 9,41 = N + 1 and (ir)p=1,...|-| the increasing sequence
of indices j such that z; = 1. Then, for k =1,...,|z| + 1, we define mj, as the number of
indices j € (ix—1, i) such that z; = 0. More precisely, my =iy —ip—1 — 1 for 1 < k < |z|
and m ;11 = N —ij;. So Z‘kitl my = N — |z|. Then, for any input z,

3N -log(N +1) if |z| =0,

C°(SparseLoad q, z) =
(Sp s2) 3- <|z|N + Z';'le X mi> -log(N 4+ 1) otherwise,

which is bounded above by 6N -(|z|+1)-log(N+1). Moreover, using Z‘;‘fl 1 <log(|z|+1)+1,
we get

z|+1
1 |

|
1 1
1 ST SR PSS 2 <1
C*(SparselLoadg, z) 3 Tog(N 1 1) ( |ZDN+;Z = <

4 Composition of learning graphs

To simplify our presentation, we will use the term empty transition for an edge between
two vertices representing the same set. They carry zero flow and weight, and they do not
contribute to any complexity.

4.1 Learning graph for OR

Counsider n Boolean functions f1, ..., f,, with respective learning graphs G,,...,G,. The
following lemma explains how to design a learning graph Gogr for f = \/ie[n] fi whose
complexity is the squared mean of former ones. We will represent Gor graphically as

0 g

This result is similar to the one of [2], where a search procedure is designed for the case
of variable query costs, or equivalently for a search problem divided into subproblems with
variable complexities.

1
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» Lemma 4.1. Let Gy,...,G, be learning graphs for Boolean functions fi,..., fn over Z.
Assume further that for every x such that f(x) =1, there is at least k functions f; such that
fi(x) = 1. Then there is a learning graph G for f = \/ie[n] fi such that for every z € Z

C°(G,2) < E (C°%Gi,2)C'(Gi)) when f(z) =

D«
k i€[n]
1

Cl(g,z) < when f(z) =

Proof. We define the new learning graph G by considering a new root () that we link to the
roots of each G;. In particular, each G; lies in a different connected component. For n = 3,
the graph is displayed below:

0

e

G1 G Gs

Then, we rescale the original weights of edges in each component G; by \; = C*(G;)/k.
The complexity C°(G, z) for a negative instance z is

:iM@@, — 2 XE(C*(G:,)C"(G))

Consider now a positive instance y. Then y is also a positive instance for at least k
functions f;. Without loss of generality assume further that these k functions are f1, fa, ..., f.
We define the flow of G (for y) as a flow uniformly directed from @) to G; fori =1,2,... k.
In each component G;, the flow is then routed as in G;. Therefore we have

k
1 C (G, y)

Finally, observe that by construction the flow is directed to sinks having 1-certificates, thus
Gor indeed computes f = Vie[n] fi- <

4.2 Learning graph for Johnson walks

We build a framework close to the one of quantum walk based algorithms from [19, 18] but
for extended learning graphs. To avoid confusion we encode into a partial assignment the
corresponding assigned location, that is, zg = {(i,2;) : i € S}.

Fix some parameters r < k < n. We would like to define a learning graph Gjonnson for
f =V 4 fa, where A ranges over k-subsets of [n] and f4 are Boolean functions over Z, but
differently than in Lemma 4.1. For this, we are going to use a learning graph for f4 when the
input has been already partially loaded, that is, loaded on I(A) for some subset I(A) C [N]
depending on A only. Namely, we assume we are given, for every partial assignment A, a
learning graph G4 » defined over inputs Zy = {z € Z : z(I(A)) = A} for f4 restricted to Zy.

Then, instead of the learning graph of Lemma 4.1, our learning graph Gjonnson factorizes
the load of input z over I(A) for |[A| = k and then uses Ga s, ,,. This approach is more
efficient when, for every positive instance y, there is a 1-certificate I(T}) for some r-subset
Ty, and A+ I(A) is monotone. This is indeed the analogue of a walk on the Johnson Graph.

We will represent the resulting learning graph Gjonnson graphically using r 4+ 1 arrows:
one for the first load of (k — r) elements, and r smaller ones for each of the last r loads of a
single element. For example, when r = 2 we draw:
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A
@ - gA,II(A)

In the following, Loadg denotes any super edge loading the elements of S, such as
DenselLoad or SparseLoad that we have defined in Lemmas 3.7 and 3.8.

» Theorem 4.2. For every subset S C [N], let Loads be any super edge loading S with
ct(Loadg) < 1. Letr <k <n and let f = V4 fa, where A ranges over k-subsets of [n] and
fa are Boolean functions over Z.
Let I be a monotone mapping from subsets of [n] to subsets of [N] with the property that,
for every y € f~1(1), there is an r-subset T, C [n] whose image 1(T,) is a 1-certificate for y.
Let S, U > 0 be such that every x € f~1(0) satisfies
0 2,
o :IE4’|:k7r (C (LoadI(A/)7z)) < S (1)
(C%(Loadr(arnr(an,2)) < U% fork—r<i<k. (2)
A'CA"C[n]: |A/|=|A | -1=i
Let Gax be learning graphs for functions fa on Z restricted to inputs Zy = {z € Z :
z(I(A)) = A}, for all k-subsets A of [n] and all possible assignments A over I(A). Let finally
C > 0 be such that every x € f~1(0) satisfies

AC[ ]lAl_k (CO(gA7xI(A)7x)01(gA,xI(A)’ f)) S C2. (3)

Then there is a learning graph Giohnson for f such that for every z € Z
CO(gJohHSOIn Z) =0 (82 + (E)T (k X I.]2 + C2)) when f(Z) = 0,
k
Cl(gJohnsona Z) =1 when f(Z) =1.

Proof.

Construction. We define Gjonnson by emulating a walk on the Johnson graph J(n, k) for
searching a k-subset A having an r-subset T}, such that I(T},) is a 1-certificate for y. In that
case, by monotonicity of I, the set I(A) will be also a 1-certificate for y.

Our learning graph Gjonnson 1S composed of (r + 2) stages (that is, layers whose total
incoming flow is 1), that we call Stage ¢, for £ =0,1,...,74+ 1. An example of such a learning
graph for n =4, k = 3 and r = 1 is represented below:

Stage 0 of Gjonnson consists in ((kfr) disjoint paths, all of same weights, leading to
vertices labelled by some (k — r)-subset A’ and loading I(A’). They can be implemented by
the super edges Load;(4/). For positive instances y, the flow goes from ) to subsets I(A’)
such that I(A")NT, = 0.

For ¢ =1,...,r, Stage ¢ consists in (n — (k —r) — £ + 1) outgoing edges from each node
labeled by a (kK —r + £ — 1)-subset A’. Those edges are labelled by (A’,j) where j ¢ A’ and

20:9
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load I(A" U {j}) \ I(A’). They can be implemented by the super edges Load;(arugj1)\r(ar)-
For positive instances y, for each vertex A’ getting some positive flow, the flow goes out only
to the edge (A4’ j¢), with the convention Ty = {ji,...,jr}.

The final Stage (r 4+ 1) consists in plugging in nodes A the corresponding learning graph
GA,zy04y, for each k-subset A. We take a similar approach than in the construction of
Gor above. The weights of the edges in each component G4 ., ,, are rescaled by a factor
Ag = CI(QA@I(A))/(Z::). For a positive instance y, the flow is directed uniformly to each
GA,y;a) such that T, C A, and then according t0 Ga y, -

Observe that by construction, on positive inputs the flow reaches only 1-certificates of f.
Therefore Gjonnson indeed computes f.

Analysis. Remind that the positive edge-complexity of our super edge Load is at most 1.

At Stage 0, the ((kfr)) disjoint paths are all of same weights. The flow satisfies the
hypotheses of Lemma 3.6 with a speciality of O(1). Therefore, using inequality (1), the
complexity of this stage is O(S?) when f(x) = 0, and at most 1 otherwise.

For ¢ =1,...,r, at Stage ¢ consists of (n — (k —r) — £ + 1) outgoing edges to each node
labeled by a (k — r + ¢ — 1)-subset. Take a positive instance y. Recall that, for each vertex
A’ getting some positive flow, the flow goes out only to the edge (A’, j;). By induction on ¢,
the incoming flow is uniform when positive. Therefore, the flow on each edge with positive
flow is also uniform, and the speciality of the stage is O((%)é - k). Hence, by Lemma 3.6 and
using inequality 2, the cost of each such stage is O((%)Z -k -U?). The dominating term is
thus O ((%)" - k- U?).

The analysis of the final stage (Stage (r 4 1)) is similar to the proof of Lemma 4.1. For a
negative instance x, the complexity of this stage is:

(k) E (CO (gA,wI(A) , x)cl (gA,wz(A) ))

(h2y) A
=0 <<Z)T x IE (CO(gAvIUA)’x)ol(gA’I“A)))> '

Z)\ACO(QA,@«,(A),JC) =
A

Similarly, when f(y) = 1, we get a complexity at most 1. <

5 Application to Triangle Finding

5.1 An adaptive Learning graph for dense case

We start by reviewing the main ideas of Le Gall’s algorithm in order to find a triangle in
an input graph G with n vertices. More precisely, we decompose the problem into similar
subproblems, and we build up our adaptive learning graph on top of it. Doing so, we get rid
of most of the technical difficulties that arise in the resolution of the underlying problems
using quantum walk based algorithms.

Let V be the vertex set of G. For a vertex u, let N,, be the neighborhood of u, and for
two vertices u, v, let N, , = N, N N,. Figure 1 illustrates the following strategy for finding a
potential triangle in some given graph G, with x, a, b integer parameters to be specified later.

First, fix an z-subset X of vertices. Then, either G has a triangle with one vertex in X
or each (potential) triangle vertex is outside X. The first case is quite easy to deal with, so
we ignore it for now and we only focus on the second case. Thus there is no need to query
any possible edge between two vertices u, v connected to the same vertex in X. Indeed, if
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Figure 1 Sets involved in Le Gall’s algorithm.

A w B A(X,B,wz

X

/'
\ t Uv

_— —

Figure 2 Learning graph for Triangle Finding with complexity O(n®/?).

such an edge exists, the first case will detect a triangle. Therefore one only needs to look for
a triangle edge in A(X) = {(u,v) € V2 : N, ,NX = 0}.

Second, search for an a-subset A with two triangle vertices in it. For this, construct the
set A(X,A) = A2 N A(X) of potential triangle edges in A%. The set A(X, A) can be easily
set once all edges between X and A are known.

Third, in order to decide if A(X, A) has a triangle edge, search for a vertex w making a
triangle with an edge of A(X, A).

Otherwise, search for a b-subset B of A such that w makes a triangle with two vertices of
B. For this last step, we construct the set A(X, B,w) = (N,,)2NA(X, B) of pairs of vertices
connected to w. If any of such pairs is an actual edge, then we have found a triangle.

We will use learning graphs of type Gogr for the first step, for finding an appropriate
vertex w, and for deciding weither A(X, B,w) has an edge; and learning graphs of type
Gjohnson for finding subsets A and B.

More formally now, let Triangle be the Boolean function such that Triangle(G) = 1 iff
graph input G has a triangle. We do the following decomposition. First, observe that
Triangle = \/ . | x|—, (hx V fx) with hx(G) =1 (resp. fx(G)=1) iff G has a triangle with
a vertex in X (resp. with no vertex in X). Then, we pursue the decomposition for fx(G) as
Ix(G) =V 4. 4120 fx,a(G) and fx a(G) =V ey [x,4,0(G), for ACV and w € V, where

fx,4(G) =1 iff G has a triangle between two vertices in A\ X and a third one outside X;

fx,aw(G) =1iff w ¢ X and G has a triangle between w and two vertices in A\ X.
Last, we can write fx 4,0(G) = Vpca, |pj=p fx,B,0(G).

With our notations introduced in Section 4, our adaptive learning graph G for Triangle
Finding can be represented as in Figure 2.

Using adaptive learning graphs instead of the framework of quantum walk based algorithms
from [18] simplifies the implementation of the above strategy because one can consider all the
possible subsets X instead of choosing just a random one. Then one only needs to estimate
the average complexity over all possible X. Such an average analysis was not considered
in the framework of [18]. In addition, we do not need to estimate the size of A(X, A, w)
at any moment of our algorithm. As a consequence, our framework greatly simplifies the
combinatorial analysis of our algorithm as compared to the one of Le Gall, and lets us shave
off some logarithmic factors.
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=

Figure 3 Sets involved in the sparse decomposition.

w B (JVme)2

Figure 4 Learning graph for Triangle Finding with complexity 5((n5/6m1/6 + da2v/n)logn).

» Theorem 5.1. The adaptive learning graph of Figure 2 with |X| =z, |A| = a, |B| = b,
and using Load = DenseLoad, has complexity

0 Wmu(am)u (27 (st (3 (2)" (o0 bj)))) |

In particular, taking a = n3/* and b = x = \/n leads to Q(Triangle) = O(n°/*).

5.2 Sparse graphs

In the sparse case we now show to use extended learning graphs in order to get a better
complexity than the one of Theorem 5.1.

First, the same learning graph of Theorem 5.1 has a much smaller complexity for sparse
graphs when Sparseload is used instead of DenselLoad.

» Theorem 5.2. The learning graph of Figure 2, using Load = SparselLoad, has complexity
over graphs with m edges

0 (| (om o 2t (27 (st o (-2 (5 (54 2))) ).

In particular, taking a = n®/* and b = = = /n/(m/n?*)Y/? leads to a complexity of
O(n'/12m1/6,/logn) when m > n®/*.

We now end with an even simpler learning graph (see Figure 3) whose complexity depends
on its average of squared degrees. It consists in searching for a triangle vertex w. In order to
check if w is such a vertex, we search for a b-subset B with an edge connected to w. For this
purpose, we first connect w to B, and then check if there is an edge in (N,, N B)2.

Formally, we do the decomposition Triangle = \/, .y, fu, With fi,(G) = 1 iff w is a triangle
vertex in G. Then, we pursue the decomposition with fi,(G) =V gcy .| 5=p fw,B(G) where
fuw.B(G) = 1iff G has a triangle formed by w and two vertices of B. Using our notations,
the resulting learning graph is represented by the diagram in Figure 4.

In the following theorem, d = {/E, [|N,|? ] denotes the variance of the degrees.
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» Theorem 5.3. Let b > n?/m. The learning graph of Figure 4, using SparseLoad for the
first stage of Gyonnson and DenselLoad otherwise, has complexity over graphs with m edges

o (e msn sz (o225,

Taking b = n*/3/(mlogn)'/? leads to a complexity of O(n®®(mlogn)'/® + dy/n).
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—— Abstract

We consider the problem of elimination in communication complexity, that was first raised by
Ambainis et al. [1] and later studied by Beimel et al. [4] for its connection to the famous direct
sum question. In this problem, let f : {0,1}2" — {0, 1} be any boolean function. Alice and Bob
get k inputs x1,...,z, and y1, ...,y respectively, with z;,y; € {0,1}". They want to output a
k-bit vector v, such that there exists one index ¢ for which v; # f(z;,y;). We prove a general
result lower bounding the randomized communication complexity of the elimination problem for
f using its discrepancy. Consequently, we obtain strong lower bounds for the functions Inner-
Product and Greater-Than, that work for exponentially larger values of k£ than the best previous
bounds.

To prove our result, we use a pseudo-random notion called regularity that was first used by
Raz and Wigderson [19]. We show that functions with small discrepancy are regular. We also
observe that a weaker notion, that we call weak-regularity, already implies hardness of elimination.
Finally, we give a different proof, borrowing ideas from Viola [23], to show that Greater-Than is
weakly regular.
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most reasonable models of computation one would expect the cost of solving k independent
instances at once to be k-times the cost of solving a single instance. This is indeed true in
some models of computation such as decision trees [18, 10]. However, in some computational
models we know that one can achieve savings when solving k-instances simultaneously: in
randomized communication complexity [12], in distributional complexity [21] and in zero-error
average complexity [15]. For some other models of computations such as boolean circuits
we do not know whether some savings are possible. However, in all these cases there is a
great interest in the direct sum question as its understanding would shed light on various
aspects of complexity. A direct sum theorem for communication complexity would imply
the separation of NC! from NC? [13]. The direct sum for information complexity is used
to prove lower bounds in communication complexity (see for example [2, 11, 3, 5]). This
motivates the study of the direct sum question.

There are several other problems that are closely related to the direct sum question.
In a problem introduced by Beimel et al. [4], one gets k independent instances of some
computational problem and has to decide the correct answer for one of the instances of his
choice. Provided that the instances are independent there is a hope of picking some easy
instance among the k instances. Another problem studied in the literature is the problem of
selection, where one should select a positive instance among a k independent instances. This
problem was studied exhaustively in the context of structural complexity theory (starting
with [20]). Another problem is the problem of distinguishing k positive instances from k
negative instances [4].

The least difficult among all these problems is the problem of elimination. If f : {0,1}?" —
{0,1} is a two-player boolean function, the elimination problem elim o f* gives Alice and
Bob k n-bit strings each, and asks them to find a k-bit vector z of answers to the k instances
which differs from the correct answer for at least one of the instances (i.e. z; # f(zi,yi)
for some 7). Hence, one eliminates a single incorrect vector of answers. In the context of
communication complexity this problem was posed by Ambainis et al. [1] and further studied
by Beimel et al. [4]. To solve the elimination problem one merely has to solve one of the k
instances and negate its answer. Both papers [1, 4] provide examples where one can achieve
some savings, typically < k bits of communication, and they also provide lower bounds for
particular functions.

Ambainis et al. established (n/lognloglogn) lower bound on randomized communic-
ation complexity of elimination for the Inner-Product — elim o IP* — and Disjointness —
elim o D1s3* — for constant k. Their result can be extended to slightly growing k, but for
k > Q(logn) the lower bound becomes trivial. Beimel et al. [4] establish a general relationship,
showing that the (public-coin) randomized communication complexity of elimination for fF is
lower-bounded by the (public-coin) randomized complexity of f with error roughly % — 27k,
Due to this large allowed error, the lower bound also becomes trivial for large k.

In this work we also consider the problem of elimination in the setting of (public-coin)
randomized communication complexity. We identify two properties of boolean functions
that are closely related to the randomized communication complexity of elimination: the
reqularity and weak-regularity. Regularity can be thought of as a generalization of discrepancy
for functions with non-boolean output. The notion was used by Raz and Wigderson [19] to
prove lower bounds in communication complexity. We establish a close relationship between
regularity of f* and the discrepancy of f for any function f. We then relax the notion of
regularity to weak-regularity and show that weak-regularity implies lower bounds for the
elimination problem. The two results together allow us to lower-bound the randomized
communication-complexity of the elimination problem by the inverse-log of discrepancy:



A. Chattopadhyay, P. Dvorak, M. Koucky, B. Loff, and S. Mukhopadhyay

» Theorem 1. For any boolean function f and a distribution p on inputs of f,

RE(elim o f*) > log —logk +log(1 —e-2%) — O(1).

1
Disc(f)

One corollary of this theorem is a lower-bound of Q(n) for elimination of IP* for k as
large as exponential in n. The best known result before our work, due to Beimel et al., does
not give any non-trivial lower bound for k£ > n. Similarly, we show a bound of Q(logn) for
the elimination of GT*, for k < n'/4, where GT is the Greater-Than function. Previous
results yielded interesting bounds only for k£ < logn.

Our discrepancy to regularity reduction relies on a sophisticated result of Lee et al. [17]
which establishes a direct product theorem for discrepancy. For the Greater-Than function
GT we also provide an elementary proof of weak-regularity. This gives a hope of establishing
stronger lower bounds for the elimination of functions that have large discrepancy, such
as set disjointness. Our proof of weak-regularity designs a hard distribution for GT. Our
distribution borrows ideas from the work of Viola [23], but extends them in a novel way.
While Viola’s distribution is easy for distinguishing k negative instances from k positive
instances for & = O(n), our distribution seems hard even for distinguishing exponentially
many positive or negative instances.

2  The elimination problem

For a boolean function f : {0,1}" x {0,1}" — {0, 1}, its corresponding elimination problem,
denoted elim o f* for k > 1, is defined as follows: Alice and Bob are given k strings
T =x1,...,%k, and Yy =y, ..., yr respectively, of n-bits each; they must then communicate
in order to agree on an output string out € {0, 1}, such that out # f*(z,y) — i.e., they must
eliminate a single possibility for the value of f(x1,y1)... f(zk, yx), from among all possible
2% values it could take.

The elimination problem was first studied in the context of communication complexity
in [1], and later in [4]. Other problems of a similar flavor are studied in those works —
enumeration and selection in [1], choice and agreement in [4] — but, in fact, any lower-bounds
for elimination will imply the same lower-bounds for these problems. Since proving lower-
bounds for elimination will give the same lower-bounds for these other problems, we will not
describe the other problems in further detail.

Instead, we will focus on proving lower-bounds against randomized protocols for the
elimination problem. In this setting, we say that Alice and Bob succeed when they output a
string out € {0, 1}* other than f*(z, %), as above; otherwise we say that they made an error.

» Definition 2. The randomized communication complexity of elimo f*, denoted R* (elimo f*),
is the maximum length of the smallest randomized protocol with shared randomness, which
on every input z,y will succeed except with error probability < e.

2.1 Basic observations

The first thing to realize is that if both players compute f for a single instance, then they can
output any vector that negates f at that coordinate. So clearly R?(elimo f*) < R(f) < D(f),
where R°(f) and D(f) denote the randomized and deterministic communication complexity
of f, respectively.

The next thing to notice is that the randomized task becomes trivial for ¢ > 27%. Indeed,
both players can use their shared randomness to choose a uniformly random out € {0, 1}*,
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and outputting this out causes them to succeed with probability 1 — 27%. Hence we will
assume from this point onward that ¢ < 2k,

As usual, we will make use of Yao’s principle to prove our lower-bounds. So let p ~
{0,1}2"* be a distribution, and f : {0,1}2" — {0,1} a boolean function as before.

» Definition 3. The communication complezity of elim o f* over p, denoted DZ(elim o k),
is the maximum length of the smallest deterministic protocol which succeeds with error
probability < e on inputs drawn from p.

Yao’s principle then tells us that

RE(elim o f*) = supD;(elimOfk).
p

We will use the easy direction (>) to prove lower-bounds, by presenting a hard distribution p
for which D5 (elim o f*) is high.

In preparation to this, let us think what it means when we say D;(elz’m offy<C. It
means that we can partition the space {0,1}™* x {0, 1} into < 2¢ combinatorial rectangles
R = A x B, and in each rectangle we will output a single out = out(R) € {0,1}*. Now, each
rectangle R is itself naturally partitioned into 2* pieces, one piece for each z € {0, 1}*:

R ={(z,y) € R| [*(x,y) = z}.

(These pieces are possibly empty and non-rectangular.) Then if the success probability is
high, it must happen that on the p-large rectangles, R°'* has very little mass. Indeed, the
error probability is the sum of every p(R°”t(R)) over the various rectangles R induced by the
protocol.

This (vague) condition is both necessary and sufficient, because if we do have a (protocol-
induced) partition of {0,1}™* x {0,1}"* into rectangles, and on every such rectangle R there
is a piece R* with very little mass (less than 27%p(R), say), we may simply output out = z
on this rectangle, and we will have a non-trivial protocol for elimination.

2.2 Regularity

So a natural way of proving a lower-bound would be to show that, under some carefully
chosen hard distribution p, every rectangle R gets split into pieces R* all of which are
non-vanishing. We may eventually come to the following natural definition:

» Definition 4. Let n,k > 1 be natural numbers, and § € [0, 1]; let f: {0,1}™ x {0,1}" —
{0,1} be a boolean function, and p be a distribution over {0,1}™* x {0,1}"*.
Then f is said to be §-weakly-regular with respect to p if for every R and z,

p(R?) > 27" (p(R) - 9),

where R ranges over combinatorial rectangles in {0, 1} x {0, 1}"* and z ranges over {0, 1}*.

In this definition, if p(R) < ¢ then the condition is satisfied trivially so § bounds from
below the mass of rectangles for which each R* should have non-trivial mass.

Now take any protocol m communicating less than C bits, and let R range over the
monochromatic rectangles induced by m. Then if f is J-weakly-regular w.r.t. p, 7’s error
probability is

e=> p(R) =327k (p(R) - 6) > 27%(1—6-27).
R R
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This proves that:
» Theorem 5. If f is 0-weakly-regular with respect to p, then

1—¢-2k

1

The notion of weak regularity naturally arises from first considerations of the elimination
problem. Interestingly, it is the weak version of a stronger notion, which we define below,
variants of which first appeared in a paper of Raz and Wigderson [19]' on randomized
communication complexity of Karchmer—Wigderson games [14], and also later — in disguise —
in related work on simulation theorems [9]2.

The stronger notion says that f is regular with respect to p if every large rectangle R is
partitioned into rectangles R* of roughly equal mass (i.e., each R* comprises approximately
27F fraction of all the p-mass of R). Formally:

: k
D (elim o f¥) > log

» Definition 6. Let n,k,d, f, and p be as in Definition 4. Then f is said to be d-reqular
with respect to p if for every R and z

27" (p(R) — 8) < p(R*) < 27%(p(R) +9),
where R ranges over combinatorial rectangles in {0, 1}"¥ x {0,1}"* and z ranges over {0, 1}*.

It is obvious that regularity implies weak regularity. We conjecture that the opposite is
not true, i.e., that the two notions can be separated for some function f. A formal statement
of our conjecture appears in the conclusion (§5). In Section 3 we will establish a strong
two-way connection between regularity and matrix discrepancy.

The reader may wonder why the notion is called regularity. Indeed, if we think of a
bipartite graph G, with {0, 1}"* on each side, and put an edge between Z and ¥ if f*(z,7) = z,
then the regularity property implies that the edge-density between any two large sets A and
B will be roughly what one would expect if the edges of G, had been chosen at random.
This is regularity in the sense of Szemerédi [22].

Regularity is a form of pseudo-randomness

We now give an alternative definition for regularity, which we found curious and worth noting.
Say that a set G C {0, 1} x {0,1}" is d-pseudorandom against combinatorial rectangles

under p if for any such rectangle R C {0,1}"* x {0, 1}"* we have p(R)—d < % < p(R)+o0.

Call G a d-hitting set for combinatorial rectangles under p if % > p(R) — 4.

Now suppose that p = p*, where y is a balanced distribution over {0,1}". It then
follows that f is d-regular with respect to p if and only if, for every z € {0, 1}*, (f%)~1(2)
is 6-pseudorandom against combinatorial rectangles under p. In the same way, f is weakly
regular if every inverse image (f¥)~1(2) is a d-hitting set

It should also be clear that, if ¢ is small enough and 7 is a sufficiently-short protocol, or
part of a protocol, then whatever output or transcript distribution 7 may have on p, the
corresponding distribution on the conditional p | (f*)~!(z) will be close, so, in some sense, 7
cannot distinguish the two distributions. We found this to be a good intuition, although in

our results it is used only implicitly.

! See the comments on p. 10, before Lemma 2.2, of the full (preprint) version.
2 When the authors show that block-wise density implies uniformity, they are essentially showing that
large R are broken into equally sized R*.
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2.3 The contents of our paper

The next two sections form the core of the paper. In Section 3 we will explain the relationship
between discrepancy and regularity, and this will give us the strongest possible randomized
lower-bounds for the elimination problem of any function with sufficiently high discrepancy.
This result improves the bound from [4] (we will see how in Section 3), and establishes that
regularity holds for a large class of functions, a result which is interesting in its own right.

We then present, in Section 4, a proof of weak regularity of the Greater-Than function.
Braverman and Weinstein [6] have proven that the Greater-Than function has small dis-
crepancy (O( ﬁ)), and this, together with the previous Section 3, is enough to prove a
comparable lower-bound. However, we feel that this proof is interesting for two reasons.
First of all, it is a proof from first principles, whereas the proof that discrepancy implies
regularity uses the XOR lemma for discrepancy of Lee et al. [17], which can be considered
heavy machinery. Second, perhaps more importantly, it is noteworthy that we are still unable
to prove elimination lower-bounds for functions with large discrepancy, such as disjointness.
Because regularity is a stronger property than discrepancy, there is little hope to use the
regularity property to prove such lower-bounds. But because our second proof is based on
weak regularity, we can hope that the techniques therein will one day allow us to understand
the elimination problem for high-discrepancy functions.

3 Discrepancy and regularity

For the remainder of this section, let n,k > 1 be natural numbers; let f: {0,1}" x {0,1}" —
{0,1} be a boolean function, and p be a distribution over {0,1}" x {0,1}"; let the letter R
always denote a combinatorial rectangle in {0,1}"* x {0,1}"* and let 2 always denote an
element of {0,1}*. For a given R, let R* be as defined in Section 2:

R ={(z,9) € R|Vi f(zi,yi) = 2}
Begin by recalling the well-known notion of matrix discrepancy [16]:
» Definition 7. The discrepancy of f with respect to p equals

Dis =
isc,(f) AC{OJS}%{C{OJ}n

Y. nlab)(=1)f V]

a€AbEB

We will now show that discrepancy and regularity (Definition 6) are closely related. On
one hand, it is easy to see that regularity for £ = 1 is equivalent to discrepancy. To see this,
notice that f is d-regular with respect to u if and only if (R°) and pu(R!) are both within
@ — g and @ + g for all R, which again happens if and only if Disc, (f) < 4.

» Lemma 8. Let k = 1. Then f is d-regular with respect to p if and only if Disc,(f) < 9.

It is somewhat harder to show the relation for & > 1. Our proof makes use of the following
remarkable result, which was proven in [17, Theorem 19]:

» Lemma 9 (XOR-lemma for discrepancy). Let p! be the t-fold product of p, and ®.f be the
t-fold XOR of f. Then

Discye (@1.f) < 64" - Disc,(f)"

Our main result in this section is the following:
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» Lemma 10. Every f is O(k- Disc,(f))-reqular with respect to ¥, whenever k < m.

The constant hidden in the O-notation is 64e (e is Euler’s number).

Proof. Abbreviate p = p*. For any given rectangle R = A x B C {0,1}"* x {0,1}"% we
will compute p(R?) directly. Let a range over A and b over B, and set f; = f when z; =1
and f; =1 — f when z; = 0; then

~Soen T

JE[K]

)

+ (—1)7i(@i:b5)
2

Expanding the product and separating out the resulting “1” term:

p(R7)=27F (> " pla,b)+ > or],
a,b

D#T C[k]

or = Zp a,b) H 1)fj(a,~,b,~)

jeT

The left term is simply p(R), so we now bound |or|. Say |T| =t; let a’ € {0,1}"*~) range
over the projection® A7 and let a” range over the elements of A7 such that a’a” € 4;
similarly for o' and b” with respect to B; then

|0T| < Z’uk t a b/ Z N a// b// H(_l)f(a;',b;/)

alb' a’ bt JET

This inequality follows from the triangle inequality, since p = u*. Notice that f; may be
replaced by f, since any resulting multiplication with —1 gets absorbed by taking the absolute
value. Now the innermost sum is upper-bounded by Disc,:(®,f). Let D = 64 - Disc,,(f).
Now Lemma 9 allows us to simplify:

|UT| < Z,uk_t(al,b/)-Dt < Dt.

a’ b’
But then
> "T|<Z(> =1+ D))"~
@#£T C[k]

By taking the derivative with respect to D, we find that (1 + D)¥ — 1 < ekD whenever
k< %. So we conclude that

p(R)-27% —ekD - 27F < p(R*) < p(R) - 27 % + ekD - 27*. <

3 Agfor S C [k] is the projection of A into the coordinates in S, i.e., those settings a’ of the coordinates
in S which can be completed with some a’’ in the coordinates in [p] \ S to get a string in A.
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Lower-bounds from discrepancy

The connection between regularity and discrepancy results in a general lower-bound for the
elimination problem of small-discrepancy functions:

» Corollary 11. For any boolean function f : {0,1}?" — {0,1}, any distribution u over

D% (elim o f*) —logk +log(1 —¢-2%) — O(1).

> 1 !

0y — —
=08 Disc,(f)
From Corollary 11, Yao’s principle now gives us Theorem 1 mentioned in the introduction.
This result should be compared with a similar result, which is implicit in [4]:

» Proposition 12 ([4]). For any f and u,

1
Dzk(elz’mofk) > log — —k+log(1—¢e-2%)—O(1).

Disc,,(f)
As the reader may see, the gain that we achieve is to show the theorem for much larger k.
Our result will still hold for an exponentially larger k£ than what was previously allowed.
Recall the Greater-Than function GT,, — GT,,(z,y) = 1 if and ouly if x > y, where = and
y are two n-bit numbers written in base 2. Braverman and Weinstein [6] have provided a
distribution p on which Disc,,(GT,) = Q(ﬁ), and so as a corollary we obtain the following
lower-bound:

» Corollary 13. R*(elim o GTL) > Llogn — logk + log(1 — e - 2%).
When IP,, equals the Inner-Product mod-2 function, we get:
» Corollary 14. R%(elim o IP¥) > 2 —logk + log(1 — e - 2¥).

While our improvement may seem minor at first, we believe it is actually very significant.
Notice that, remarkably, the Inner-Product lower-bound is linear even for k = 2"). For the
Greater-Than function, the previously known lower-bounds would be meaningless for any
k > logn, whereas our lower-bounds can go as far as k = Q(n). We conjecture that these
lower-bounds are optimal when the allowed error is Q(27%); we will have more to say in the
conclusion.

4 Lower-bound for elim o GT from first principles

Our “hard” distribution g on {0,1}™ x {0,1}" is as follows. Let m and ¢ be integers such
that n = mf. (Think of m = y/n.) We split each n-bit output into m blocks of ¢ bits each.
We set X = X; ... X,,, where each block X; is uniformly and independently selected from
the set B, = {0,1}* — {0°,1¢} (i.e. we forbid the all-Os and all-1s strings). Then we pick
a uniformly-random block-index J € [m], and a uniformly-random bit Z € {—1,1}, and
set Y =X;...X;_1(X;+ Z)0...0, where X is interpreted as an integer. Let & denote
the distribution of (X,Y, Z, J) generated by this process; then p is the projection of i onto
(X,Y).

Then the main theorem of this section is:

» Theorem 15. GT,, is n= '/ -weakly-reqular with respect to p*, provided k < n'/*.
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Our proof is inspired by a paper of Viola [23] who proved lower bound on the randomized
communication complexity of GT,,. To prove Theorem 15 we will review some basic lemmas
and definitions.

If A and B are two random variables over the same universe, we will use A(A4; B) to
denote the statistical distance (or total variation distance) of their distributions; we use H(A)
to denote the entropy of A’s distribution. Definitions of these concepts may be found on [7],
or via a simple internet search.

» Lemma 16 (Pinsker's inequality). Let V' be a random variable taking values in a set S,
and let U be a uniform variable over S. Then A(V;U) < 4/log|S| — H(V).

See [8, p. 44] for a proof of the above.
» Lemma 17. For x > 2, it holds log(2® — 2) > z — .

Proof. We will prove an equivalent inequality

log(2% — 2) — log(2%) > —

2z—2"
By convexity of the exponential function we have 1 —y >272Y for y € [0; 1]. Then

— 1
) = 721:—2'

log(2* — 2) — log(2%) = log(1 — 2'7*) > log(2*22 <
Proof of Theorem 15. Let the random variables X = X'...X* Y = Y! .. Yk J =
JY...J¥ and Z = Z' ... ZF be drawn according to the distribution ji*, by the process given
above, so that (X,Y) is distributed according to pu*.

Fix a large rectangle R = Ry x Ry — i.e., a rectangle such that p*(R) > 1. Let X = (By)™*
be the support of X. Since u* has zero mass outside of X x {0, 1}*", assume without loss of
generality that Ry C X.

Let W denote a random variable distributed as Y conditioned on X € Ry, and W, be
distributed as Y conditioned on X € R; and Z = z. We will prove that, for any z € {0, 1}*,

1
AW W) < eViTE @

This implies Theorem 15, because?

25t (R?) = 2% -Pr[X x Y € R?]
I
= z’f-Pkr[XeRl,YeRg,Zzz]
o

= Pr[X€R1]~Pr[Y€R2 |X€R1,Z:Z]
uk uk
1
1

> EJ[XGRl]‘E,ﬂYGRﬂXGRﬂ—W

1
_ k
= p (R) - nl/17

4 We should note that the same property will trivially hold if x*(R) < %
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1 1 1
Vi Vi Vo | Vi V-2
2 2 2 2 2
‘/1 ‘/jg ‘/m ‘/1 ‘/J2 — 22
k—1 k—1 k—1] k—1 k—1
Vi vV, 1% _
L VJk 1 m 1 ij LT Rk—1
k : k k .
Vi ‘/j; Vm Vl VYJ]; — Zk
14 W,

Figure 1 V and W.. V., appears in dark gray; light gray marks zeros.

To prove (1), it suffices bounding A(Wpy; W,) < —r= for arbitrary a,b € {1, —1}*, because:
1 _ _
AW;Wa) = 5 D [PrW =] = PriW, =]
Y

_ %Z’ Z Pr[Z = b] - Pr[W}, = 4] — Pr[W, = g]’

Y be{l,—1}F
1 1 . B 1
< Z %3 Z’PI’[WI; =y|] = Pr{W, = ZJ” = Z QTA(WZJ; Wa)
be{l,—1}k s be{l,—-1}*

Then let V' denote a random variable distributed as X conditioned on X € Rq; since Ry C X
and X is uniform over X', V itself is drawn uniformly from R;. First we prove that

H(V)>nk—o(1) —logn (I1)

Since V is uniform on Ry, H(V) =

~—

log|R1|. As we assumed R was large,

|Ra|

|X| P?”(X y)[X € Ry] >

S

Thus by Lemma 17:

H(V) > log % = log[(2"/™~2)™*] ~logn > mk(%—ﬁlﬂ)—logn = nk—o(1)—logn.
The variable V' can be divided into same blocks as the variable X. Thus, V =V, ... VFk
where each V' is an n-bit number. Each V% is Vi ...V} where each Vj is an /-bit number.
Let j be a vector in [m]*. By V.; we denote all blocks V! for i € [k] and s < j;. The universe
of V; is denoted by V. For j € [m]¥, v € Vo and z € {—1,1}*, let V},, . be the random
variable lel — Z1y.ee, V]’i — 2, conditioned on V.; = v. This is the same distribution as the
projection of Y, conditioned on J = j,Z = z and V; = v, onto blocks given by j. Figure 1
illustrates the notation.

Then from the triangle inequality we get

INUMRUAESSY Z PriJ =j.Vej = v AViwp: Vo).

]E[m]k vEV i

Now notice that Vj , o = 7(Vjpp) =7 (V) for some permutations 7 and 7’ of the domain
nk rLk

{0,1} = ; then for U uniform over {0,1} =

A(‘/j,v,b; ‘/j,’u,a) < A( 0,bs ) + A(U, V}',’u,a) = QA(U Vl

LIRS ]k

| Vej = v).
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D f R R
f R R
2 p
L L P o
L P’ R

m

Figure 2 An example how to cover all blocks in the sum M (gray blocks) and the variable L and
R. Each rectangle represents a block of - bits.

Pinsker’s inequality then tells us that A(V;;U) < \/%k —H(V}, ...
thus bound

k1 Ve =wv). We may

’Jk

A(va S ZPFV<]—U\/—HV1 ‘/J]Ii|v<]:1])

nk )
< W Z Pry[Ve; =] (E - H(Vl Vj’z Ve, = v)) (by concavity of /)
Jv

— - — Z H(V! ... lexi V<;) (by definition of conditional entropy)

Now we need to bound the sum }, HWV} ... V]’i |V<;). The sum is over all vectors j in
[m]*. We will divide the summands into parts that allow us to use the chain rule. We call
a vector p € [m]* a pattern if p contains 1 in some coordinate. We denote the set of all
patterns by P. For a pattern p € P we define a width w(p) of pattern p as the maximum of
entries of p:

w(p) = M -

Denote the set of all patterns of width w by P,. For an integer s, (p + s) = (p1 + s,p2 +

S,...,pk + 8). In this way, we can rewrite the sum of entropies:
k k
Z H(V), . ViVe) = Z > Z H(V i Vi sl Veipis))- (I1D)
JE€[m)] wE[m] pEPw s=0

Let fix some pattern p € P, and bound the last sum M = Y7 * H (VpllJrS VLWV prs))-
Let p’ be a vector such that we add m — w to every entry of p, i.e.,, p’ = (p+m — w). Let L
be blocks of V' “to the left” of p and R be blocks “to the right” of p’. Formally,
— _ 11 1 k k

L=V Vi, .. VFVE R=V),\  Vih o VE L VE
The variables L and R are chosen in a way that they, together with the blocks used in the
sum M, “cover” all blocks of V. For a better understanding see Figure 2.

Note that variables L and R contains together (w — 1)k blocks (i.e., I (w — 1)k bits)
independently of the choice of p € P,,. The chain rule then says that H(V) = H(L) + M +
H(R|V<y ), and so

M =H(V)— H(L) - H(R|Vey) > H(V) — %(w — 1)k

21:11
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We are ready to bound the sums from Equation (III).

> > Z Vovss oo Vool Vean) 2 Y D H(V) = %(wfl)k

we[m] pEPw s=0 we[m] pEPw
Z Z nk —o(1 logn—ﬁ(w—l)k’ (by II)
we[m] PEPw
Y mew 1) = (PI(o(1) + logn)
we[m] PEPw
=™ 1PI(o(1) + logn)

Bounding the number of all patterns by |P| < km*~! we can also bound

AWy W) < [— — 721{ L VEIV)

nk 1 n

S\ m(m’“ﬁ = IPI(o(1) +10gn))

k-1
= \/kn;tk (logn +o(1)) (for m = \/n, k < n'/*)
1

:\/{(logn+0(1))< + <

n4 ni7

5 Conclusion and open problems

We have given strong lower bounds on the elimination problem with an exponentially improved
dependence on k for functions with small discrepancy. We have singled out two measures of
complexity, regularity and weak regularity, which appeared implicitly in previous works on
communication complexity. We have found regularity to be a natural property to keep in
mind, whenever Alice and Bob are given multiple instances z1,¥y1, ... Tk, Yk, and must solve
some problem that depends on the pointwise application f*(z,%).

The first question that is not at all clear to us is: how do these notions relate to each
other? Is there a function f for which the elimination problem is hard, and which is still not
weakly-regular? Is there a function f which is weakly-regular but not regular?

Open problem. Can we separate the notion of elimination from weak regularity, and weak
regularity from regularity?

The second problem we would like to understand is the following. As far as we are able
to tell, it could be that elimination is simply as hard as communication of a single instance.
We would like to see settled the following conjecture:

Conjecture (Elimination is as hard as communication)

RE(elim o f*) > Q(RO(f)) (for § = Q(1), e = Q(27%) and k < 22R° ()

Third, and finally, we would like to know if our lower-bounds are tight with respect to
the parameter k. We do not know whether this is the case. For example, it could be that if
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k is as large as 10n, say, then it would be possible to solve elim o GT* with o(logn) bits; or
if k> 2197 say, solving elim o IP* would be possible with o(n) bits of communication. Or it
could be that stronger lower-bounds can be proven, with much larger k. This is an open
question.
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—— Abstract

We study approximation and parameterized algorithms for R||Ciyaz, focusing on the problem
when the rank of the matrix formed by job processing times is small. Bhaskara et al. [2] initiated
the study of approximation algorithms with respect to the rank, showing that R||C),4. admits
a QPTAS (Quasi-polynomial time approximation scheme) when the rank is 2, and becomes
APX-hard when the rank is 4.

We continue this line of research. We prove that R||Cynq. is APX-hard even if the rank is
3, resolving an open problem in [2]. We then show that R||Cyna. is FPT parameterized by the
rank and the largest job processing time pi,q.. This generalizes the parameterized results on
P||Crnaz [17] and R||Cypae with few different types of machines [15]. We also provide nearly tight
lower bounds under Exponential Time Hypothesis which suggests that the running time of the
FPT algorithm is unlikely to be improved significantly.
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1 Introduction

We consider the classical problem of scheduling independent jobs on parallel machines. In
this problem, every job j is required to be processed non-preemptively on one of the machines,
and has a processing time p;; € N if it is processed on machine i. The goal is to assign
jobs to machines such that the makespan (maximum job completion time) is minimized.
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This problem is usually referred to as unrelated machine scheduling (with the objective of
makespan minimization), and denoted as R||Cpqz. Specifically, if p;; = p;/s;, the problem
is called uniformly related machine scheduling, and denoted as Q||Cpqr. Furthermore, if
pij = Dj, the problem is called identical machine scheduling and denoted as P||C,qz-

As we will provide details later, the unrelated machine scheduling problem R||Ciuaz
is considerably harder than its special cases Q||Cpar and P||Cpuqz. From the perspective
of approximation algorithms, Q||Cyna. admits a PTAS (Polynomial Time Approximation
Scheme) [11], while a (1.5 — €)-approximation algorithm with ¢ > 0 being any small constant
for R||Cpqs implies P = NP [16]. From the perspective of FPT (Fixed Parameter Tractable)
algorithms, P||Cpnaz and Q||Crnaz are FPT parameterized by ppq. (the largest job processing
time) [15, 17], while R||Cjua. remains NP-hard even if pp,q. is 3 [16]. Consequently, various
intermediate models are studied in literature, aiming to bridge the way from P||Cjpqs Or
Q||Crmaz t0 R||Craz. Recently, Bhaskara et al. studied the scheduling problem from a
new perspective. In their seminal paper [2], they consider the rank of the matrix formed
by the processing times of jobs, i.e., the rank of P = (p;j)mxn Where m,n are the number
of machines and jobs, respectively. From this point of view, Q||Cias is the scheduling
problem with a matrix of rank 1, while R||C,q. is the scheduling problem with a matrix
of an arbitrary rank, specifically, the rank may be as large as m. It thus becomes a very
natural question that whether we can find better algorithms for R||Cy,q. if the rank is small.

For simplicity, from now on we call the problem of minimum makespan scheduling with
the matrix of processing times that has the rank of d as rank-d scheduling. It is shown
by Bhaskara et al. [2] that rank-2 scheduling admits a QPTAS (Quasi-polynomial Time
Approximation Scheme), while rank-4 scheduling becomes APX-hard, leaving open the
approximability of rank-3 scheduling.

We continue this line of research in this paper by studying approximation and parameter-
ized algorithms for R||Ciuax with respect to the rank of the matrix. Our first result is the
following theorem, which answers the open problem in [2].

» Theorem 1. Assuming P # NP, for any fived p < 27 there does not exist a (1 + p)-
approzimation algorithm for R||Ciax, even if the rank of the matriz formed by job processing
times s 3.

In contrast to the APX-hardness of the rank-3 scheduling, we show that R||Cynas is FPT
parameterized by ppa. and d.

» Theorem 2. There is an FPT algorithm for R||Cpasx that runs in 920t dlosrmas) ) O(1)
time.

Notice that R||Ciuee remains NP-hard even if ppa. = 3 [16] or d = 1 [8], therefore
parameterizing by only p,n.. or d does not suffice.
We complement this algorithmic result by the following lower bound.

» Theorem 3. There is no 22°"" "™ time algorithm for R||Cinaz, unless ETH (Exponential
Time Hypothesis) fails.

The approximability of rank d scheduling is not smooth with respect to the rank d, as is
already observed by Bhaskara et al. [2], yet it is FPT parameterized by pma. and d, with a
running time doubly exponential in d. Furthermore, such a running time is unlikely to be
improved significantly, as is suggested by the lower bound.

We also discuss the possibility of replacing the parameter p,q, by p, which is the number of
distinct processing times in matrix P. It is shown by Goemans and Rothvoss [9] that P||Cinax
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is in XP parameterized by p, i.e., there exists a polynomial time algorithm for P||Cyqz if P
is a constant. Indeed, they establish a structural theorem on integer programming, through
which we can further show that R||Cy,q, is in XP parameterized by p and d. It remains as
an important open problem whether P||C,,q, is FPT parameterized by p.

2
» Theorem 4. R||C,q0 can be solved in (logpmam)2o(0 4927 )(logpmaz)o(l) time, where
¢ = 20(dlogp)

Related work. Scheduling is a fundamental problem in combinatorial optimization and has
received considerable attention in history. In the following we provide a very brief overview
with the focus on approximation and parameterized algorithmic results.

In 1988, Hochbaum and Shmoys [11] presented a PTAS for P||Cyqz as well as Q||Craz-

Their algorithm has a running time of (n/ 6)0(1/ ), Subsequent improvements on the running

time of the PTAS can be found in [1, 13]. So far, the best PTAS for Q||Cinaq is due to Jansen,
Klein and Verschae [14] and has a running time of 20(1/elog®M 1/¢) | O(n). It is further
shown by Chen, Jansen and Zhang [5] that such a running time is essentially the best possible
unless ETH fails, even for P||Ciuqz. For the unrelated machine scheduling problem R||Cynqz,
Lenstra, Shmoys and Tardos [16] showed that it does not admit any approximation algorithm
with a rato strictly smaller than 1.5 unless P = NP. They also provided a 2-approximation
algorithm, which was slightly improved to a (2 — 1/m)-approximation algorithm by Shchepin
et al. [20].

A lot of intermediate models between R||Cyae and Q||Ciuae or P||Craz are studied in
literature. In this paper, we are most concerned with the rank of the matrix formed by job
processing times on machines, i.e., the rank of P = (p;;)mxn. Bhaskara et al. [2] initiated
the study on approximation algorithms for R||C,q. with respect to the parameter rank.
They showed that rank-2 scheduling admits a QPTAS, while rank-4 scheduling is already
APX-hard. Very recently Chen et al. [6] further improves their result by showing that rank-4
scheduling does not admit any approximation algorithm with a ratio that is strictly smaller
than 1.5, unless P = NP.

This new model of scheduling with a small matrix rank is closely related to the problem
of scheduling unrelated machines of few different types, which is another intermediate model
that receives much study in literature [4, 7, 19, 15]. In the problem of scheduling unrelated
machines of few different types, there are K different types of machines. If two machines ¢
and 4" are of the same type, then for every job j it follows that p;; = p;/;. Simply speaking,
machines could be divided into K disjoint groups such that machines belonging to the same
group are identical. It is shown by Bonifaci and Wiese [4] that if K is a constant, then
there exists a PTAS. A PTAS of improved running time was recently presented by Gehrke
et al. [19]. Tt is very easy to see that the problem of scheduling unrelated machines of K
different types is actually a special case of the scheduling problem with a matrix of rank K.

Compared with the study on approximation algorithms for the scheduling problem,
the study on parameterized algorithms is relatively new. Mnich and Wiese [17] were the
first to study FPT algorithms for the scheduling problem. They showed that P||Ciuas is
FPT parameterized by ppqz, the largest job processing times. Meanwhile R||Cy,q. is FPT
parameterized by the number of machines m and the number of distinct job processing times
p. As all job processing times are integers, p is upper bounded by p,.q.. Hence, their results
also imply that R||Ciae is FPT parameterized by m and ppq.. Very recently, Knop and
Koutecky [15] considered the problem of scheduling unrelated machines of few different types,
and showed that R||Ciuq. is FPT parameterized by ppa. and K, where K is the number
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of different types of machines. FPT algorithms for the scheduling problem with different
models have also received much study in literature, see, e.g., [3, 22].

It is, however, not clear whether R||Ciq. is FPT parameterized by K and p. A recent
paper by Goemans and Rothvoss [9] showed that P||Ci,q. could be solved in (1ngmm)20(m
time. Therefore P||Cnqq is in XP parameterized by p, i.e., if there is only a constant number
of distinct job processing times, then P||Cy,q. could be solved in polynomial time. Indeed,
the general structural theorem established in their paper further implies that R||Cyuaz is in

XP parameterized by K and p.

2 Preliminaries

Let P = (pij)mxn with p;; € N being the processing time of job j on machine i. Let d
be the rank of P. By linear algebra, the matrix P can be expressed as P = M J, where
M is an m x d matrix and J is a d X n matrix. We can interpret each row vector u; of
M as the d-dimensional speed vector of machine ¢, and each column vector va of J as the
d-dimensional size vector of job j. The processing time of job j on machine i is then the
product of the two corresponding vectors, i.e., p;; = u; - va. Bhaskara et al. [2] formally
define the scheduling problem with low rank processing time matrix by explicitly giving the
speed vector of every machine and the size vector of every job. In our paper, we do not
necessarily require that the speed and size vectors are given. If these vectors are not given,
we take an arbitrary decomposition of the matrix P into P = M J. Therefore, throughout
this paper, we do not necessarily require an entry in a speed vector or a size vector to be an
integer or a non-negative number.

Some lower bounds on the running time of algorithms in this paper are based on the
following Exponential Time Hypothesis (ETH), which was introduced by Impagliazzo, Paturi,
and Zane [12]:

Exponential Time Hypothesis (ETH): There is a positive real § such that 3SAT with n
variables and m clauses cannot be solved in time 29" (n + m)°™),

Using the Sparsification Lemma by Impagliazzo et al. [12], ETH implies that there is no
algorithm for 3SAT with n variables and m clauses that runs in time 2°™(n 4+ m)°®) for

some § > 0 as well.

3 APX-hardness for rank-3 scheduling

The whole section is devoted to the proof of Theorem 1. For ease of presentation, when we
prove the APX-hardness for rank-3 scheduling, we may construct jobs of fractional processing
times. However, by scaling we can easily make all the fractional values into integers.

We start with the one-in-three 3SAT problem, which is a variation of the 3SAT problem.
An input of the one-in-three 3SAT problem is a boolean formula that is a conjuction of clauses,
where each clause is a disjunction of exactly three 3 literals. The formula is satisfied if and
only if there exists a truth assignment of variables such that in every clause there is exactly
one true literal, i.e., every clause is satisfied by exactly one variable. It is proved in [18] that
it is NP-complete to determine whether an arbitrary given instance of the one-in-three 3SAT
problem is satisfiable.

We reduce from a variation of the one-in-three 3SAT problem. Given an instance of the
one-in-three 3SAT problem, say, Is.:, we can apply Tovey’s method [21] to transform it into
I, such that:

S
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each clause of I,,; contains two or three literals;

each variable appears three times in clauses. Among its three occurrences there are either
two positive literals and one negative literal, or one positive literal and two negative
literals;

there exists a truth assignment for I, where every clause is satisfied by exactly one
literal if and only if there is a truth assignment for I,,; where every clause is satisfied by
exactly one literal.

The transformation is straightforward. For any variable z, if it only appears once in
the clauses, then we add a dummy clause as (z V —z). Otherwise suppose it appears d > 2
times in the clauses, then we replace its d occurrences with d new variables as 21, 2o, - - -, 24,
and meanwhile add d clauses as (z1 V —2z2), (22 V —23), - -+, (24 V —21) to enforce that these
new variables should take the same truth assignment. It is not difficult to verify that the
constructed instance satisfies the above requirements.

Throughout the following part of this section we assume that I’ , contains n variables
and m clauses. Let € be an arbitrary small positive number. Let 7 = 23, r = 2117 = 214,
N = n/e2. We will construct an instance I,.j, of the rank-3 scheduling problem such that:

if there is a truth assignment for I’ ,, where every clause is satisfied by exactly one variable,

then I, admits a feasible schedule whose makespan is r + ce for some constant c;

if I, admits a feasible schedule whose makespan is strictly less than r 4 1, then there

exists a truth assignment for I/

1o+ Where every clause is satisfied by exactly one variable.

We claim that, given the above construction, Theorem 1 follows. To see why, suppose
on the contrary that there exists a (1 + p)-approximation algorithm for some constant
p <271 We set € = % = %, and apply this algorithm to the constructed instance
Iscp. There are two possibilities. If I, is satisfiable, then the approximation algorithm
returns a feasible solution whose makespan is at most (r +ce)(14+p) =r+rp+cp-e <r+1.
If I!,, is not satisfiable, then I ., does not admit a feasible schedule whose makespan is
strictly less than r + 1, i.e., any feasible schedule has a makespan at least r 4+ 1, whereas the
(1 + p)-approximation algorithm returns a solution whose makespan is at least r + 1. Thus,
we can use the (1 + p)-approximation algorithm to determine the satisfiability of I7,,

consequently the satisfiability of I4,; in polynomial time, which contradicts the NP-hardness
of the one-in-three 3SAT problem.

and

Construction of the scheduling instance. To construct the scheduling instance, we con-
struct the size vector of every job and speed vector of every machine. Each vector is a triple
of three positive numbers. The processing time of a job on a machine is then the inner
product of the two corresponding vectors. As we describe in Section 2, the constructed
instance is a feasible instance of rank-3 scheduling.

Recall that r = 214, 7 = 23 N = n/e2. Indeed, if we do not care much about the value
of p and only want to show APX-hardness, it suffices to think r as some value significantly
larger than 7. For a job j we denote by s(j) its size vector.

We construct two main kinds of jobs, element jobs and tuple jobs. In the following we
first construct element jobs, which are further divided into variable jobs, truth-assignment
jobs, clause jobs and dummy jobs.

Variable jobs. For every variable z;, we construct 8 variable jobs, vzk for k=1,2,3,4

and v =T, F. Their size vectors are:

s(]1) = (eN**10,7/8 =107 = 2),  s(v]y) = (eN*2,0,r/8 — 207 — 2),

22:5
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s(vls) = (eN*F3,0,r/8 — 187 —2),  s(v],) = (eN*+4,0,7/8 — 127 - 2).
S(Ufk) = s(vgjk) —(0,0,2),k=1,2,3,4

Truth-assignment jobs. For every variable z;, we construct eight truth-assignment jobs,
al, b}, ¢] d] with v =T, F. Their size vectors are:

s(al) = (0,eN",r/64 + 21 + 1), s(b]) = (0,eN",r/64 + 41 + 1),

s(ch) = (0,eN" /64 +87+1),  s(dF) = (0,eN?,r/64 + 167 + 1).
s(rf) = s(r]) +(0,0,1),7 = a,b,¢,d

K3
Clause jobs. For every clause e, if it contains two literals, then we construct two clause

jobs, uf and uJF . Otherwise it contains three literals, and we construct three clause jobs,

one uf and two uf . Their size vectors are:

s(u?) = (O,ENN'*'j,r/4—|—2)7 s(uf) = (O,eNN+j,r/4—|—4).

Dummy jobs. We construct 2n — m true dummy jobs ¢7 and m — n false dummy jobs
¢F. Their size vectors are:

s(¢pf) = (0,0,7/16 + 4), s(¢T) = (0,0,7/16 + 2).

We finish the description of the element jobs and now define tuple jobs. Indeed, there is

a one-to-one correspondence between tuple jobs and machines. For ease of description, we
first construct machines, and then construct tuple jobs.

We construct 8n machines, which are further divided into truth-assignment machines,

clause machines and dummy machines. For a machine ¢ we denote by g(i) its speed vector.

Truth-assignment machines. For every variable z;, we construct 4n truth-assignment
machines, denoted as (v; 1,a;,¢;), (Vij2,bi,ds), (vis,ai,d;i), (via,b;,¢;). The symbol of a
machine actually indicates the jobs that we will put on it. The speed vectors are:

g(vit,a;,¢;) = (N4 N 1), g(via,biyd;) = (N"H72 N7 1),

9(viz,ai,d;) = (N"H3 N7 1), 9(via,biyc;) = (N"H4 N7 1),

Clause machines. For every clause e;: if the positive (or negative) literal z; (or —z;)
appears in it for the first time (i.e., it does not appear in ey for k < j), then we construct a
clause machine (v; 1,u;) (or (v;3,u;)); if it appears for the second time, then we construct
a clause machine (v;2,u;) (or (v;4,u;)). The speed vectors are:

9(vi g, uj) = (N74i7k, N—N-7, 1).

Dummy machines. Recall that for every variable, in all the clauses there are either one
positive literal and two negative literals, or two positive literals and one negative literal.
If z; appears once and —z; appears twice, then we construct a dummy machine (v; 2, @),
otherwise we construct a dummy machine (v; 4, ¢). The speed vectors are:

g(vi,Qa ¢) = (N74i727 Oa 1), g(vi,élv d)) = (N74i74a 07 1)

According to our construction, it is not difficult to verify that if z; appears once and —z;
appears twice, then we construct machines (v x, u;, ) for k =1,3,4, 1 < ji, < m, and
machine (v; 2, ¢). Otherwise we construct machines (v; x, u;, ) for k =1,2,3, 1 < jp <m,
and machine (v; 4, ¢). This completes the construction of machines.
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Tuple jobs. Finally, we construct tuple jobs. There is one tuple job corresponding to each
machine. For simplicity, tuple jobs corresponding to truth-assignment, clause, dummy
machines are called tuple-truth-assignment, tuple-clause, tuple-dummy jobs, respectively.
We also use the symbol of a machine to denote its corresponding tuple job. The size
vectors of tuple jobs are:

s(vi1,ai,ci) = (eN¥ T eN' 27r/32), s(vi2, bi,d;) = (eN* T2 eN* 27r/32),
s(vi3,a;,d;) = (eN*F3 Nt 27r/32), s(vs 4, b5,¢;) = (eN*F4 Nt 271 /32).
s(vi1,uj) = (0,e NN 5r/8 +107), s(vi2,uj) = (0,e NNFI 5r/8 +207),
(
(

S

Vi 3,u;) = (0,e NV 50 /8 4 187), s(via,uj) = (0,e NN 5r/8 +127).
s(vi2, ¢) = (0, N*N 131 /16 + 207), s(via, @) = (0, N*N 13r/16 4 127).

Note that the size vectors of tuple-dummy jobs and tuple-clause jobs are actually inde-
pendent of the index 1.

This completes the construction of the whole scheduling instance. Recall that the
processing time of a job on a machine is the inner product of the two corresponding vectors.
Given our construction of machines and jobs, we have the following simple observation.

» Observation 5. Let x be an arbitrary job whose size vector is s(x) = (s1(x), s2(x), s3(x)).
Then the processing time of x is at least s3(x) on every machine. Furthermore, its processing
time is s3(x) + O(e€) if one of the following holds:

x is an element job and is scheduled on a machine whose symbol contains x;

x is a tuple job and is scheduled on its corresponding machine.

We remark that, it is possible for a job x to have a processing time s3(z) + O(e) on a
machine even if the two conditions of the above observation do not hold, that is, the two
conditions are not necessary.

The overall structure of our construction is similar to that of the paper [5] by Chen, Jansen
and Zhang. We construct variable jobs corresponding to variables, clause jobs corresponding
to clauses, truth-assignment jobs corresponding to the truth assignment of the SAT instance.
Such kinds of jobs also appear in the reduction of [5] when they reduce 3SAT to the scheduling
problem P||Ciq.. However, the reduction of Chen et al. [5] is for P||C)nqa, which belongs to
the rank 1 scheduling problem and does not work for higher ranks. To show APX-hardness,
we need to construct completely different job processing times.

We first prove the following lemma.

» Lemma 6. If there exists a truth assignment for I.,, where every clause is satisfied by
exactly one variable, then Is., admits a feasible schedule whose makespan is r + O(e).

We give a brief overview of the proof and the reader may refer to the full version of
this paper for details. It can be found at https://www.researchgate.net/publication/
313852592_Parameterized_and_approximation_results_for_scheduling with_a_low_
rank_processing_time_matrix. We schedule jobs according to the first two columns of
Table 1. Notice that the first two columns specify which job is on Which machine, except
that for an element job, say, a;, it does not specify whether it is al or af’. There are two
possibilities regarding to the superscripts of element jobs on every machine, as is indicated
by the third and fourth columns of Table 1. Either way ensures that the total processing
times of jobs on each machine is r + O(¢€). The technical part of the proof shows how to
choose a proper way for every machine (based on the truth assignment of I’ ,) so that all
the jobs get scheduled.

22:7

STACS 2017


https://www.researchgate.net/publication/313852592_Parameterized_and_approximation_results_for_scheduling_with_a_low_rank_processing_time_matrix
https://www.researchgate.net/publication/313852592_Parameterized_and_approximation_results_for_scheduling_with_a_low_rank_processing_time_matrix
https://www.researchgate.net/publication/313852592_Parameterized_and_approximation_results_for_scheduling_with_a_low_rank_processing_time_matrix

22:8

Results for Scheduling with a Low Rank Processing Time Matrix

Table 1 Overview of the schedule.

machines jobs Feasible ways of scheduling
(vi,1, @i, ¢i) | Vi1, iy Gy (Ui, a4,y C5) 1)3:17 al, ¢l Ufl, al’, ef
(’Ui,g,bi,di) Vi,2, bi, di, (’Ui,z,bi,di) 'U;-I:Q, b;T, d? ”Ufg, blF, df
(vi,g,a“di) Vi,3, Qi, di, (vi,g,ahdi) 1}3:37 G,ZT7 le 1)53, af7 df
(Ui,4,bi,ci) Vi, 4, bi7 Ci, (1}1',4,1)1'701') ’1)3:4, b?, CZT U54, bf, Cf
(Vi,k, uj) Vi ky Uy (Vik, Uj) ijk, uJT Ufk, uf
(vik, @) Vik, ¢, (Vik, d) vl g, @7 vy g, OF

» Lemma 7. If there is a solution for Is., whose makespan is strictly less than r + 1, then
there exists a truth assignment for I.,, where every clause is satisfied by exactly one literal.

According to Observation 5, the total processing time of all jobs in any feasible solution is
at least the summation of the third coordinates of all jobs, which is at least 8nr with simple
calculations. Let Sol* be the solution whose makespan is strictly less than r 4+ 1. We have
the following structural lemma.

» Lemma 8. In Sol*, the followings are true:
on a truth-assignment machine, there is exactly one tuple-truth-assignment job, two
truth-assignment jobs and one variable job;
on a clause machine, there is exactly one tuple-clause job, one clause job and one variable
job;
on a dummy machine, there is exactly one tuple-dummy job, one dummy job and one
variable job.

Proof Idea. The first and second coordinates of the speed and size vectors restrict the
scheduling of jobs, e.g., by checking the second coordinate we can conclude that the processing
time of a tuple-dummy job is Q(N) on any clause machine or truth-assignment machine,
hence it has to be on a dummy machine. The third coordinate of a size vector gives a lower
bound on the job processing time and allows us to derive some overall structure, e.g., each
tuple job has a processing time at least 5r/8, hence there can not be two tuple jobs on
one machine. Given that the number of tuple jobs equals the number of machines, there is
exactly one tuple job on one machine. Lemma 8 follows by combining the above basic idea
with a careful analysis of job processing times. The reader may refer to the full version of
this paper for all the details. |

A machine is called matched, if all the jobs on this machine coincide with the symbol of
this machine, i.e., jobs are scheduled according to the second column of Table 1. Specifically,
we say a machine is matched with respect to variable, or clause, or truth-assignment, or tuple
jobs, if the variable, or clause, or truth-assignment, or tuple jobs on this machine coincide
with the symbol of this machine.

» Lemma 9. We may assume that every machine is matched with respect to variable jobs.

Proof. Consider the eight jobs ”Z,k where vy =T, F, k =1,2,3,4. For any machine denoted
as (vjk, *) or (v, *, %), the first coordinate of its speed vector is N—%~k_thus the processing
time of v, ; on this machine becomes Q(eN) if j < n. Furthermore, v, 4 can only be on
machines whose symbols are (vj, 4,%*) or (vy4,*,%), since if it is put on a machine whose
symbol is (vy, i, *) or (v, k, *,%) where k € {1,2, 3}, then its processing time also becomes
Q(eN). Notice that there are two jobs with the symbol v, 4 (one true job vl , and one
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false job v} ;), and two machines with the symbol (v 4,%) Or (Un,4, *,*) (either machines
(Un,a,bp, ¢) and (vp 4, @), or machines (vy 4,bp, c,) and (v 4,u;,) for some j,). According
to Lemma 8, there is one variable job on every machine. Thus the two machines with the
symbol (v, 4,%) or (vp4, %, *) are matched with respect to variable jobs.

Next we consider the two variable jobs v, 3. Using the same arguments as above, we can
show that they can only be scheduled on a machine whose symbol is (v, k, *) or (vy, g, *, *)
where k € {3,4}. Furthermore, we have already shown that the variable job on a machine
with the symbol (v, 4, *) or (vp, 4, *, *) iS vy, 4, and by Lemma 8 there can only be one variable
job on every machine. Hence, the two jobs v, 3 can only be on the two machines whose
symbols are (vp 3, %) or (v, 3,%,*), and consequently these two machines are matched with
respect to variable jobs.

Iteratively applying the above arguments we can prove that every machine is matched
with respect to variable jobs. <

We can further prove that every machine is matched with respect to clause jobs, tuple
jobs and truth-assignment jobs, and therefore the following Lemma 10 is proved. The basic
idea is similar to the proof of Lemma 9, but a more careful estimation of job processing
times is required. A case by case analysis is needed several times to eliminate certain ways
of scheduling. The reader may refer to the full version of this paper for details.

» Lemma 10. We may assume that every machine is matched in Sol*.

Finally, we consider the superscripts of jobs on every machine. A machine is called truth
benevolent, if except the tuple job, all the jobs on it are either all true or all false, i.e., jobs
are scheduled according to the third or fourth column of Table 1. The following lemma
follows by a case by case analysis showing that other ways of scheduling will lead to a total
processing time larger than r + 1 on some machine.

» Lemma 11. FEvery machine is truth benevolent.

Proof of Lemma 7. According to Lemma 11, for every 1 < ¢ < n, on truth-assignment

machines jobs are either scheduled as (v}, al,cl), (v}, b, dF), (vE;, el dl), (vF,, af cf)

7 1,207 2 %
F . F F\ (o F pF JF\ (T T JT\ (T T T
i)y (Vias b, di), (vig,a; ,di ), (vi4,a; ,c; ). If the former case happens, we let

the variable z; be false, otherwise we let z; be true. We prove that, by assigning the truth

or (v;y,a; ¢

value in this way, every clause of I’ , is satisfied by exactly one literal.
Consider any clause, say, e;. It contains two or three variables and we let them be v;, .,

Vig ks ad V4, Where k1, ko, ks € {1,2,3,4} (if it contains two variables then v;, r, does not
F

exist). Since there is one u? and one or two uf’, we assume that u;F is scheduled with v;"; Ky

J jo
We prove that e; is satisfied by variable z;,. Notice that according to Lemma 10 and

Lemma 11, u;F and viThkl are scheduled together on machine (v;, r,,u;). There are two
possibilities. Suppose k; € {1,2}. According to the construction of the scheduling instance,
machine (v;, x,,u;) is constucted if the positive literal z; appears in clause e; for the first or
second time. According to our truth assignment in the paragraph above, variable z; is true,

T
7

for otherwise U;‘q,kl is scheduled with a
Otherwise k1 € {3,4}. According to the construction of the scheduling instance, machine
(Viy k1> U;) is constructed if the negative literal —z; appears in clause e; for the first or second
time. Again according to our truth assignment in the paragraph above, the variable z; is
false, thus e; is satisfied by variable z;,.

We prove that e; is not satisfied by variable z;, or z;,. Consider z;,. Notice that according

to Lemma 10 and Lemma 11, u} and v} , are scheduled together on machine (vy, i, u;).

There are two possibilities. Suppose ko € {1,2}. According to the construction of the

el or b, dI', thus e; is satisfied by variable z;,.
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scheduling instance, machine (v;, ,, u;) is constructed if the positive literal z;, appears in

e; for the first or second time. Meanwhile, variable z;, is false because otherwise vf; ks
;

scheduled with af", ¢/ or b, df" according to our truth assignment of variables. Thus e; is

is

not satisfied by variable z;,. Similarly, we can prove that if ko € {3,4}, e; is not satisfied by
variable z;,, either. The proof is the same for variable z;,, if it exists. <

4 Parameterized algorithms and lower bounds

4.1 Parameterizing by by p,,.. and d

We show R||Ciqz is FPT parameterized by ppa. and the rank d. It is indeed a combination
of a simple observation together with the following result by Knop and Koutecky [15].

» Theorem 12 ([15]). R||Cpas s FPT parameterized by pmae and K, where K is the
number of different kinds of machines.

» Remark. In [15], machine kind is such defined that if two machines are of the same kind,
then the processing time of every job is the same on them. Using our terminology, K is the
number of distinct speed vectors. It is implicitly shown in [15] that the FPT algorithm runs
in 20(0*Klogpmas) 4 0(1) time, where © is the number of distinct size vectors.

We observe that, if both the numbers of distinct speed vectors and size vectors are
bounded by some function of p,,q, and d, then Theorem 2 follows directly from Theorem 12.
In the following we show an even stronger result.

» Lemma 13. Let p be the number of distinct processing times in the matriz P = (Dij)mxn,
and d be the rank of this matriz. There are at most p* + 1 distinct speed vectors, and p* + 1
distinct size vectors.

Proof. We show that the number of distinct speed vectors is bounded by p¢ + 1. Due to
symmetry the number of distinct size vectors is also bounded by the same value.

Consider all the size vectors. Since the matrix P has rank d, we are able to find d distinct
size vectors that are linearly independent. Let them be vy, vs, -+ ,v4. Suppose there are
n’ > p* + 1 distinct speed vectors and we consider each wu; - vl (recall that u; is the speed
vector of machine 7). As jobs have at most p distinct processing times, the product u; - v1
can take at most p distinct values. According to the pigeonhole principle there exist at least
[n'/p] > p?~! + 1 distinct speed vectors leading to the same product. Similarly, among
these speed vectors we can further select at least p%~2 + 1 ones such that their product with
vo are the same. Carry on the argument, eventually we can find at least 2 distinct speed

vectors, say, u1 and us, such that their product with vy, vs, -+ ,vq are always the same, i.e.,
(ug —ug) vl =0 for 1 <i < d. However, vy,vq,- -+ ,vg are linearly independent, hence
u1 — ug = 0, which contradicts the fact that u; and us are different. ]

Next we prove Theorem 3, which suggests that the FPT algorithm in Theorem 2 is
essentially the best possible under ETH. We reduce from 3-dimensional matching.

3-Dimensional Matching (3DM)

Input: 3 disjoint sets of elements W = {wy,wa, - ,w,}, X = {x1,22,- ,2,}, ¥ =
{y1,¥2, -+ ,yn} such that |W|=|X|=[Y|=n. Aset TCW x X xY.

Output: Decide whether there exists a perfect matching of size n, i.e., a subset 7" C T such
that |T| = n, and for any two distinct triples (w,z,y), (w’,2’,y’) it follows that w # w’,

z#a,y#y.
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The traditional NP-hardness proof (see, e.g., [8]) for the 3-dimensional matching problem
reduces a 3S AT instance of n variables to a 3DM instance with O(n) elements, hence the
following corollary follows.

» Corollary 14. Assuming ETH, there is no 2°™ time algorithm for 3DM .

Given an arbitrary instance of 3D M, we construct in the following a scheduling instance
with |T'| machines and 3|T'| jobs such that the scheduling instance admits a feasible schedule of
makespan at most 111091 if and only if the 3D M instance admits a perfect matching, where
I'=3%"7_,i- (7 — i) with integer 7 being the smallest integer such that 7! > n (consequently,
7 = O(logn/loglogn)). Furthermore, the scheduling instance we construct satisfies that
d = O(7), pmae = 7°M). Now it is easy to verify that dlog pmez = O(logn). We claim that
Theorem 3 follows from the reduction above. To see why, suppose on the contrary that

Theorem 3 is false. Then there exists an algorithm of running time g2e(diosrman) g R||Caz-

We apply this algorithm to the constructed scheduling instance. As dlog ppa: = O(logn), in
2°(7) time the algorithm determines whether the constructed scheduling instance admits a
feasible schedule of makespan at most 11109I"; and consequently whether the given 3DM
instance admits a perfect matching. This, however, is a contradiction to Corollary 14.

Construction of the scheduling instance. Note that 7! > n, hence we can map each integer
1 <4 < n to a unique permutation of integers {1,2,---,7}. Let o be such a mapping. For
ease of notation, we denote by o; the permutation that ¢ is mapped to by . Consequently
o;(k) denotes the integer on the k-th position of the permutation o;.

We construct |T'| machines, each corresponding to one triple (w;, z;,yx) € T'. The machine
corresponding to (w;, x;, yx) has the speed vector (1, ¢(w;), ¢(x;), #(yx)) where

¢(w1) = (Ui(l)’ Ui(2)’ T ’Ui(T))’ (;5(.%‘]) = (Uj(1)7 UJ(Q)’ T 7Uj(7-))>
d(yk) = (ok(1),0%(2), -+, on(7)).

For every element z € WU X UY, let n(z) denote the number of occurrences of z in the
set of triples T. We construct 7(z) jobs for every element z. Among the n(z) jobs, there is
one true job of size vector (gr(z) - T', ¥y (%), ¥s(2), ¥y (2)). Each of the remaining n(z) — 1
jobs is called a false job, having a size vector of (gr(2) - T', ¥ (2), ¥z (2), ¥y (%)), where

ww(w%) = (T - Ui(1)77— - Ui(2>7 T Ui(T))7¢w(mj) = ww(yk) = (070, T 70)7
————
1/)1(.%]) = (T - Uj(l)ﬂT - Jj(2)" T Jj(T))vwx(wi) = wx(yk) = (0707 to 70)7
—_——
wy(yk) = (T - Uk(]-)vT - Uk(Z)v o, T — Uk(T))awy(wi) = 1/}.7;(‘%.]) = (0707" o 70)7
—_——

gr(w;) =10 +4, gr(z;) =10°+1, gr(ys) =10 +1,

gr(w;) =10°+2, gp(z;) =10°+2, gp(ys) = 10" +2.

We show that the constructed scheduling instance admits a feasible solution of makespan
at most 11109I" if and only if the 3DM instance admits a perfect matching.

Suppose the given 3D M instance admits a perfect matching T”. For every (w;, z;,yx) € T”,
we put the three true jobs corresponding to w;, x;, yx onto the machine corresponding to
this triple. It is easy to verify that the total processing time of the three jobs sum to exactly
11109T. For every (wy,z;,yx) € T\ T", we put three false jobs corresponding to wy, xj,
yr- onto the machine corresponding to this triple. It is also easy to verify that the total
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processing times sum up to 11109T". Note that there is one true job corresponding to each
element, while every element appears once in 7", all the jobs are scheduled and we derive a
feasible schedule of makespan 11109I".

Suppose the scheduling instance admits a feasible schedule of makespan bounded by
11109T", we prove in the following that the 3DM instance admits a perfect matching.

Consider the processing time of a job corresponding to z on a machine corresponding
to (w;,z;,yx). The processing time is gr(z) - I' + A(z, (w;, z;,yx)), if it is a true job, or
gr(2) - T+ Az, (ws, x5, yx)) otherwise. We observe that the processing time consists of two
parts. The machine-independent value, which is gr(z) - T or gr(z) - T' that only relies on
the job, and the machine-dependent value, which is \(z, (w;, z;,yx)). The following lemma
provides a lower bound on A(z, (w;i, ;, yk))-

» Lemma 15. For any element z and triple (w;, x;, yx), the following is true.

)‘(Za (wia Tj, yk)) - (17 ¢(wz)7 ¢($])a ¢(yk)) . (07 ww(z)a wm(z)a 7#y(z))T Z T.
Furthermore, the equality holds if and only if z = w; or z = x; or z = Y.
Lemma 15 follows immediately from the following Rearrangment Inequality [10].

» Theorem 16 (Rearrangment Inequality). Let a1 < ag < <+ < ap, by < by < -+ < b, be
two lists of real numbers, then

anbl + an—1b2 +--- aflbn < a/ﬂ'(l)bl + a7r(2)b2 +o a’ﬂ'(n)bn < albl + a2b2 +- anbn

holds for any permutation w. Furthermore, the lower bound is attained if and only if
m(1) =n+1— 1, and the upper bound is attained if and only if w(i) = i.

» Lemma 17. A job corresponding to an element z is scheduled on a machine corresponding
to a triple that contains z.

Proof. We sum up the processing time of all jobs. There are n true jobs and |T| — n
false jobs corresponding to elements of W. The machine-independent value of these jobs
sum up to 104nI’ + 102(|T| — n)[’ = 102|T| - I" + 2nI". Similarly, it is easy to verify that
the machine-independent value of jobs corresponding to elements of X and Y sum up to
1001nT'+1002(]T) —n)T' = 1002|T'|-T' —nI" and 10001nI'+10002(|7| —n)T' = 10002|T|-T —nT,
respectively. Hence the machine-independent value of all jobs sum up to 11106|T| - T'. As the
makespan is 11109T, the total processing time of all jobs is at most 11109|T| - T, implying
that the summation of machine-dependent value of all jobs is at most 3|T| - T'. According
to Lemma 15, the machine-dependent value of each job is at least I", regardless of which
machine it is scheduled on. Given that there are 3|T'| jobs, the machine-dependent value of
every job is exactly I'. Again due to Lemma 15, a job corresponding to z must be scheduled
on machine corresponding to a triple that contains z. |

For simplicity, we call a job corresponding to an element of W (X or Y') as a w-job (x-job
or y-job). We have the following lemma.

» Lemma 18. There are three jobs on each machine, one w-job, one x-job and one y-job.

Proof. Notice that the machine-dependent value of each job in the schedule is exactly T,
hence the machine-independent value of jobs on each machine sum up to at most 11106T.
Notice that the machine-independent value of a y-job at least 10*T", there is at most one
y-job on each machine. Furthermore, there are exactly |T'| machines and y-jobs, hence, there
is exactly one y-job on each machine. Similarly, we can show that there is one z-job and one
w-job on each machine. <
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Combining the above two lemmas, we have the following.

» Lemma 19. On the machine corresponding to (w;, ;j,yx), the three jobs correspond to w;,
Zj, Yk, respectively.

Finally, we check whether jobs are true or false on each machine. Indeed, as the machine-
independent value of the three jobs on each machine sum up to 11106T, they are either all
true jobs or all false jobs, hence, there are n machines on which all jobs are true jobs, and
the triples corresponding to these machine form a perfect matching.

4.2 Parameterizing by p and d

We remark that, although it is not written explicitly, the general structural theorem in [9]
actually implies an XP algorithm for R||C),4. parameterized by p and K, where K is the
number of different kinds of machines. Combining this result with Lemma 13, Theorem 4
follows directly. For the completeness of this paper, we give all the proofs in the full version
of this paper.
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—— Abstract

A rectifier network is a directed acyclic graph with distinguished sources and sinks; it is said to
compute a Boolean matrix M that has a 1 in the entry (i,7) iff there is a path from the jth

source to the ith sink. The smallest number of edges in a rectifier network that computes M is
a classic complexity measure on matrices, which has been studied for more than half a century.

We explore two techniques that have hitherto found little to no applications in this theory.
They build upon a basic fact that depth-2 rectifier networks are essentially weighted coverings of
Boolean matrices with rectangles. Using fractional and greedy coverings (defined in the standard
way), we obtain new results in this area.

First, we show that all fractional coverings of the so-called full triangular matrix have cost
at least nlogn. This provides (a fortiori) a new proof of the tight lower bound on its depth-2
complexity (the exact value has been known since 1965, but previous proofs are based on different
arguments). Second, we show that the greedy heuristic is instrumental in tightening the upper
bound on the depth-2 complexity of the Kneser-Sierpinski (disjointness) matrix. The previous
upper bound is O(n!-2®), and we improve it to O(n''7), while the best known lower bound is
Q(n16). Third, using fractional coverings, we obtain a form of direct product theorem that
gives a lower bound on unbounded-depth complexity of Kronecker (tensor) products of matrices.
In this case, the greedy heuristic shows (by an argument due to Lovdsz) that our result is only
a logarithmic factor away from the “full” direct product theorem. Our second and third results
constitute progress on open problem 7.3 and resolve, up to a logarithmic factor, open problem 7.5
from a recent book by Jukna and Sergeev (in Foundations and Trends in Theoretical Computer
Science (2013)).
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1 Introduction

Introduced in the 1950s, rectifier networks are one of the oldest and most basic models in the
theory of computing. They are directed acyclic graphs with distinguished input and output
nodes; a rectifier network is said to compute (or express) the Boolean matrix M that has
a 1 in the entry (i, j) iff there is a path from the jth input to the ith output. Equivalently,
rectifier networks can be viewed as Boolean circuits that consist entirely of OR gates of
arbitrary fan-in. This simple model of computation has attracted a lot of attention [11],
because it captures the “topological” core of other models: complexity bounds for rectifier
networks extend in one way or another to Boolean circuits (i.e., circuits with Boolean gates)
and to switching circuits [24, 21].

Given a matrix M, what is the smallest number of edges in a rectifier network that
computes M? Denote this number by OR(M) — this is a complexity measure on Boolean
matrices. This measure is fairly well understood: it is known, by the results of Nechiporuk [23],
that the maximum of OR(M) grows as n?/2logn as n — oo if M is n x n; it is also known
that random n x n-matrices have complexity very close to n?/2logn. The “shape” of these
two facts is reminiscent of the standard circuit complexity of Boolean functions over AND,
OR, and NOT gates — but for them, the maximum is 2" /n instead of n?/2logn.

However, much more is, in fact, known about the measure OR(:): there are explicit
sequences of matrices that have complexity within a factor n°") from the maximum. In
this context, such factors are usually regarded as small (note that, in contrast, for circuits
over AND, OR, and NOT gates, exhibiting a single sequence of functions that require a
superlinear number of gates would be a tremendous breakthrough). In fact, nowadays a
range of methods are available for obtaining upper and lower bounds on OR(M) for specific
matrices M; we refer the interested reader to the recent book by Jukna and Sergeev [11].

Many natural questions, however, remain open. Jukna and Sergeev list 19 open problems
about OR(:) and related complexity measures. Several of them refer to very restricted
submodels, such as rectifier networks of depth 2: that is, networks where all paths contain
(at most) 2 edges. A depth-2 rectifier network expressing a matrix M is essentially a covering
of M — a collection of (rectangular) all-1 submatrices of M whose disjunction is M. In our
work, we look into the corresponding complexity measure ORy(-) as well as OR(+). We build
upon the connection between rectifier networks and (weighted) set coverings and explore two
ideas that have previously found few applications in the study of rectifier networks: they are
associated with fractional and greedy coverings respectively.

Fractional coverings are a generalization of usual set coverings. In the usual set cover
problem, each set S can be either included or not included in the solution (i.e., in the
covering); in the fractional version each set can be partially included: a solution assigns
to each set S a real number zg € [0;1], and for every element s of the universe the sum
> scs Ts should be equal to or exceed 1. In other words, fractional coverings arise from linear
relaxation of the integer program that expresses the set cover problem. Greedy coverings are,
in contrast, usual coverings; they are the outcome of applying the standard greedy heuristic
to an instance of the set cover problem: at each step, the algorithm picks a set S that covers
the largest number of yet uncovered elements s. In our work, we use fractional and greedy
coverings to obtain estimates on the values of ORy (M) and OR(M).

Our results

First, we demonstrate that ORy(T},) = n(|logy n| + 2) — 2l°8271+1 where T;, is the so-called
full triangular matrix: an upper-triangular matrix that has 1s everywhere above the main
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diagonal and 0Os on the diagonal and below. In this problem, the upper bound is easy and the
challenge is to prove the lower bound. This bound was obtained by Krichevskii [15], and our
paper provides a new proof of independent interest (which also serves as an illustration of our
techniques). In fact, we prove an even stronger statement: all fractional coverings of T, have
large associated cost (Theorem 4). To this end, we take the linear program that expresses
the fractional set cover problem and find a good feasible solution to the dual program. The
value of this solution then gives a lower bound on the cost of all feasible solutions to the
primal — that is, on the cost of fractional coverings. Since integral coverings are just a special
case of fractional coverings, the result follows.

Second, we improve the upper bound on the value of OR»(D,,), where D,, is the disjointness
matrix, also known as the Kneser-Sierpinski matrix. This constitutes progress on open
problem 7.3 in Jukna and Sergeev’s book [11], where the previously known bounds are
obtained. The previous upper bound is O(n!-2®), and our Theorem 9 improves it to O(n'-17),
while the best known lower bound is Q(n!-16). To achieve this improvement, we subdivide
the instance of the weighted set cover problem (in which the optimal value is OR2(D,,)) into
polylog(n) natural subproblems and reduce them, by imposing an additional restriction, to
instances of unweighted set cover problems. We then solve these instances with the greedy
heuristic; the upper bound in the analysis invokes the so-called greedy covering lemma
by Sapozhenko [27], also known as the Lovdsz—Stein theorem [17, 31]. This gives us the
desired upper bound on OR,(D,,); in fact, the greedy strategy turns out to be optimal, and
the optimal exponent in ORy(D,,) comes from a numerical optimization problem. As an
intermediate result we determine, up to a polylogarithmic factor, the value of ORx(D}")
where D} is the adjacency matrix of the Kneser graph on 2( 7’; ) vertices.

Finally, we obtain (Theorem 13) a form of direct product theorem for the OR(-) measure:
OR(K®@ M) > rk¥ (K)-OR(M), where K ® M denotes the Kronecker product of matrices K
and M, and rk} (K) is a fractional analogue of the Boolean rank of K. This resolves, up to a
logarithmic factor, open problem 7.5 in the list of Jukna and Sergeev [11], which asks for the
lower bound of rky (K) - OR(M) where rky (K) > rk¥ (K) is the Boolean rank of K. (In fact,
a related question for unambiguous rectifier networks, or SUM-circuits, is originally due to
Find et al. [5]; our technique applies to this model as well, giving an analogous inequality
for the measure SUM(-), see Corollary 14.) Suppose K is an m X n matrix; then, by the
argument due to Lovész [18], the greedy heuristic shows that rk( (K) > rky (K)/(1 + log mn),
so our lower bound is indeed at most a logarithmic factor away from the “full” direct product
theorem. To prove our lower bound, we take the linear programming formulation of the
fractional set cover problem for the matrix K and use components of the optimal solution
to the dual program to guide our argument. It is interesting to see how reasoning about
coverings, or, equivalently, about depth-2 rectifier networks, enables us to obtain meaningful
lower bounds on the size of rectifier networks that have unbounded depth.

2 Discussion and related work

We use the matrix language in this paper, but all results can be restated in terms of biclique
coverings of bipartite graphs.

The ORz-complexity of full triangular matrices, T,,, is tightly related to results
on biclique coverings of complete undirected (non-bipartite) graphs from the early days
of the theory of computing. The nlogn lower bound, in one form or another, was known
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to Hansel [7], Krichevskii [15], Katona and Szemerédi [14], and Tarjan [32].> On the one
hand, our lower bound is obtained in a setting with an asymmetry restriction: for ORy(T},),
one needs to cover entries (i,7) with ¢ < j in the matrix, whereas in biclique coverings of
undirected graphs, it suffices to cover either of (¢, j) and (j,4). On the other hand, to the best
of our knowledge, ours is the only proof that goes via linear programming (LP) duality and
provides a tight lower bound on the size of fractional coverings. This result is new; moreover,
we are not aware of any other lower bounds for rectifier networks that come from feasible
solutions to the LP dual (in approximation algorithms, a related technique is known as “dual
fitting” [37, Section 9.4]). Apart from purely combinatorial considerations, the interest in
the problem is motivated by its applications in formula and switching-circuit complexity of
the Boolean threshold-2 function (which takes on the value 1 iff at least two of its inputs are
set to 1). For more context, see treatments by Radhakrishnan [26] and Lozhkin [20].

As for the greedy heuristics, while we are not the first to use them in the context
of rectifier networks (see Nechiporuk [24, Sect. 1.6]), they were never previously used to
study the complexity of individual matrices. The disjointness matrix, D,,, which we apply
this technique to, is a well-studied object in communication complexity [16]; it is a discrete
version of the Sierpiriski triangle. For arbitrary-depth networks, the values OR(D,,) and
SUM(D,,) are ©(nlogn), as shown by Boyar and Find [1] and Selezneva [28].2 In depth 2,
the previous bounds are due to Jukna and Sergeev [11]; it is unknown if greedy heuristics
are also of use for SUM-circuits, as our upper bound for D,, does not extend to this model
(our coverings are not partitions).

Direct sum and direct product theorems in the theory of computing are statements
of the following form: when faced with several instances of the same problem on different
independent inputs, there is no better strategy than solving each instance independently.?
For rectifier networks, these questions are associated with the complexity of Kronecker
(tensor) products of matrices. Indeed, denote the k x k-identity matrix by Iy, then I @ M
is the block-diagonal matrix with & copies of M on the diagonal. It is not difficult to show
that OR(I, ® M) > k- OR(M), and a natural generalization asks whether OR(K ® M) >
rky (K)-OR(M) for any matrix K — see Find et al. [5] and Jukna and Sergeev [11, Sections 2.4,
3.6, and open problem 7.5]. To date, this inequality is only known to hold in special cases.
For example, Find et al. [5] can show this lower bound when the matrix K has a fooling set
of size rky (K); however, the size of the largest fooling set does not approximate the Boolean
rank, as observed, e.g., by Gruber and Holzer [6] (they use the graph-theoretic language,
with bipartite dimension instead of rky). As another example, denote by |M| the number of
1s in the matrix M and assume that M has no all-1 submatrices of size (k + 1) x (I + 1).
Then the inequality OR(M) > |M]|/kl is a well-known lower bound due to Nechiporuk [24],
subsequently rediscovered by Mehlhorn [21], Pippenger [25], and Wegener [36]; Jukna and
Sergeev [11, Theorem 3.20] extend it to OR(K ® M) > rky(K) - |M|/kl for any square
matrix K. To the best of our knowledge, the current literature has no stronger lower bounds
on the OR-complexity of Kronecker products; our Theorem 13 answers this need, coming
logarithmically close to the bound in question. For SUM-complexity, the previous state of
the art and our contribution are analogous to the OR case. The related notion of a fractional
biclique cover has appeared, e.g., in the papers of Watts [35] and Jukna and Kulikov [10].

Not all of these arguments compute the ezact value of OR2(T5,).

Recall that the SUM(-) measure corresponds to unambiguous rectifier networks, in which every input-
output pair is connected by at most one path; or, equivalently, to arithmetic circuits over nonnegative
integers with addition (SUM) gates. For any matrix M, OR(M) < SUM(M) and OR2(M) < SUM»(M).
In some contexts, the terms “direct sum theorem” and “direct product theorem” have slightly different
meanings [29], but in the current context we do not distinguish between them.
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Figure 1 Illustrations for Example 1.

Also related to our work is the study of the size of smallest biclique coverings, under the
name of the bipartite dimension of a graph (as opposed to the cost of such coverings and the
OR3-complexity; see Section 3). This quantity corresponds to the Boolean rank of a matrix and
is known to be PSPACE-hard to compute [6] and NP-hard to approximate to within a factor of
n'=¢ [2]. Finally, we note that results on ORy-complexity have corollaries for descriptional
complexity of regular languages. Indeed, take a language where all words have length two,
LCY-A, with Y = {ai,...,a,}and A ={ay,...,a,}. Let M be its characteristic m x n
matrix: MZL] =1iff a;-a; € L. Then ORy(ML) coincides with the alphabetic length of the
shortest regular expression for L; for example, it follows from Corollary 5 that the optimal
regular expression for the language L,, = {a;a; | 1 < i < j < n} has n(|logy n|+2)—2lcs2n]+1
occurrences of letters (¥ = A = {ay,...,a,}). The values of OR(M%) and OR,(M¥) are also
related to the size of the smallest nondeterministic finite automata accepting L; see [8] and
the full version of the present paper (see http://arxiv.org/abs/1509.07588) for details.

3 Rectifier networks and coverings

Rectifier networks

Define a rectifier network with n inputs and m outputs as a 4-tuple N' = (V, E,in,out),
where V is a set of vertices, E C V? a set of edges such that the directed graph Gy = (V, E)
is acyclic, and in: {1,...,n} = V and out: {1,...,m} — V are injective functions whose

images contain only sources (resp., only sinks) of Gr. The network N is said to have size |E|.

A rectifier network A ezpresses a Boolean m x n matrix M = M (N) such that M;; = 1 if
Gy contains a directed path from in(j) to out(i) and M;; = 0 otherwise. A rectifier network
N is said to have depth d if all maximal paths in G have exactly d edges. Given a Boolean
matrix A € {0,1}"*", let OR,(A) denote the smallest size of a depth-2 rectifier network that

expresses A and let OR(A) denote the smallest size of any rectifier network that expresses A.

This notation is justified by the following observation. A rectifier network N may be
viewed as a circuit: its Boolean inputs are located at the vertices in({1,...,n}), and gates at
all other vertices compute the disjunction (Boolean OR) of their inputs. From this point of
view, the circuit computes a linear operator over the monoid ({0,1}, OR), and the matrix of
this linear operator is exactly the Boolean matrix expressed by the rectifier network N,

» Example 1. A depth-3 rectifier network is shown in Figure 1la. It expresses the matrix B
in Figure 1b, showing that OR3(B) < 19. In fact, this network is optimal and OR3(B) = 19;
see the full version of the paper for a proof of a more general statement. At the same time,
OR3(B) = 20: the upper bound is achieved by the network in Figure 1¢, and the lower bound
is due to Jukna and Sergeev [11, Theorem 3.18].
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Figure 2 Integer and linear programs for the set cover problem.

Coverings of Boolean matrices

Let us describe an alternative way of defining the function ORy(-). Given a Boolean
matrix A € {0,1}™*" a rectangle (or a 1-rectangle) is a pair (R, C), where R C {1,...,m}
and C C {1,...,n}, such that for all (i,j) € R x C we have A;; = 1. A rectangle (R, C) is
said to cover all pairs (i, j) € R x C. The cost of a rectangle (R, C) is defined as |R| + |C|.

Suppose a matrix A is fixed; then a collection of rectangles is called a covering of A if for
every (i,7) € {1,...,m} x {1,...,n} there exists a rectangle in the collection that covers
(7,7). The cost of a collection is the sum of costs of all its rectangles.

Given a Boolean matrix A € {0,1}™*", the cost of A is defined as the smallest cost of a
covering of A. Tt is not difficult to show that the cost of A equals ORy(A) as defined above.

Similarly, we can think of minimizing the size of a covering, i.e., the number of rectangles
in a collection instead of their total cost. The smallest size of a covering of A is called the
OR-rank (or the Boolean rank) of A, denoted rk,, A.

4  Fractional and greedy coverings

In the rest of the paper we interpret the covering problems for Boolean matrices as special
cases of the general set cover problem. In this section we recall this general setting and present
two main techniques that we apply: linear programming duality and greedy heuristics.

An instance of the (weighted) set cover problem consists of a set U, a family of its subsets,
F C 2V, and a weight function, which is a mapping w: F — N. Every set S € F is said to
cover all elements s € S C U. The goal is to find a subfamily 7/ C F that is a covering (i.e.,
it covers all elements from U: (Jgc 7 S = U) and has the smallest possible total weight (i.e.,
it minimizes the functional ) ¢ » w(S) amongst all coverings). In the unweighted version of
the problem, w(S) =1 for all S € F, so the total weight of a covering is just its size (number
of elements in F'). In both versions, F is usually assumed to be a feasible solution, which
means that every s € U belongs to at least one set from F: that is, (Jg.» S = U.

It is instructive, throughout this section, to have particular instances of the set cover
problem in mind, namely those of covering Boolean matrices with rectangles as in Section 3. In
the following sections, we refer to them as weighted and unweighted set covering formulations;
their optimal solutions correspond to the values of ORy(A) and rky A respectively.

Fractional coverings

The set cover problem can easily be recast as an integer program: see Figure 2a. For each
S € F, this program has an integer variable g € {0,1}: the interpretation is that zg =1
if and only if S € F/, and the constraints require that every element is covered. Feasible
solutions are in a natural one-to-one correspondence with coverings of U, and the optimal
value in the program is the smallest weight of a covering.
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The linear programming relaxation of this integer program is obtained by interpreting
variables xg over reals: see Figure 2b. Now 0 < zg < 1 for each S € F. Feasible solutions
to this program are called fractional coverings. Suppose the optimal cost in the original
set cover problem is 7. Then the integer program in Figure 2a has optimal value 7, and its
relaxation in Figure 2b optimal value 7% < 7.

Finally, define the dual of this linear program: this is also a linear program, and it has a
(real) variable y,, for each element u € U; see Figure 2c. This is a maximization problem,
and its optimal value coincides with 7* by the strong duality theorem.

The following lemma (see, e.g., [12]) summarizes the properties needed for the sequel.

» Lemma 2. If (yu)ucv 45 a feasible solution to the dual, then ), ; yu < 7° < 7. There
exists a feasible solution to the dual, (y;)ucv, such that Y . ys = 7",

We use the first part of Lemma 2 in Section 5 to obtain a lower bound on 7 and the
second part in Section 7 to associate “weights” with 1-elements in the matrix.

Greedy coverings

The greedy heuristic for the unweighted set cover problem works as follows. It maintains the
set of uncovered elements, initially U, and iteratively adds to ' (which is initially empty) a
set S € F which covers the largest number of yet-uncovered elements. Any covering obtained
by this (nondeterministic) procedure is called a greedy covering. (There is a natural extension
to the weighted version as well.)

A standard analysis of the greedy heuristic is performed in the framework of approximation
algorithms: the size of a greedy covering is at most O(log|U|) times larger than that of
the optimal covering [3, 18]. But for our purposes a different upper bound will be more
convenient: an “absolute” upper bound in terms of the “density” of the instance. Such a
bound is given by the following result, which is substantially less well-known:

» Lemma 3 (greedy covering lemma). Suppose every element s € U is contained in at least
~|F| sets from F, where 0 < v < 1. Then the size of any greedy covering does not exceed

1 1
G|+ 2
v v
where In™ (x) = max(0,Inx) and Inx is the natural logarithm.

Several versions of the lemma can be found in the literature. It was proved for the first
time in 1972 by Sapozhenko [27] and appears in later textbooks [33, Lemma 9 in Section 3,
pp. 136-137], [34, pp. 134-135]. A slightly different form, attributed to Stein [31] and
Lovész [17], was independently obtained later and is sometimes known as the Lovisz—Stein
theorem; yet another proof is due to Karpinski and Zelikovsky [13]. Recent treatments with
applications and more detailed discussion can be found in Deng et al. [4] and in Jukna’s
textbook [9, pp. 34-37].

Since the upper bound of Lemma 3 is hardly a standard tool in theoretical computer
science as of now, a remark on the proof is in order. A standalone proof goes via the following
fact: on each step of the greedy algorithm the number of yet-uncovered elements shrinks
by a constant factor, determined by the density parameter v and the size of the instance.
Alternatively, one can use the result due to Lovasz [17] that the size of any greedy covering is
within a factor of 1 + log |U| from the optimal fractional covering. Since assigning the value
(mingey {S € F: s € S}|)~t = 1/4|U]| to all zg, S € F, in the linear program in Figure 2b
leads to a feasible solution, an upper bound of (1/7) - (1 + log|U]|) follows.
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columns C'
i\J 0123456789 10111213141516 d e=maxC
0o 02101000100000001 1 1
1 00210100010000000
2 00021010001000000
3 00002101000100000
4 00000210100010000
5 00000021010001000
6 00000002101000100 a— #0 #0
7 00000000210100010
8 00000000021010001 0
9 00000000002101000 rows R
10 00000000000210100 0
11 00000000000021010 b 7,50
12 00000000000002101 —
1300000000000000210 0
1+ 0000000000000002
15 —
16 00000000000000000 ¢c=max R — 0
(a) Portion of the matrix M. (b) Definition of a, b, ¢, d, e.

Figure 3 Illustrations for the proof of Theorem 4.

We use Lemma 3 in Section 6 to obtain an upper bound on the ORj-complexity of
Kneser-Sierpinski matrices. We remark that instead of greedy coverings one can use random
coverings to essentially the same effect (cf. Deng et al. [4]).

5 Lower bound for the full triangular matrices

Define the n x n full triangular matriz T, = (tij)o<ij<n by tij = 1if i < j and ¢;; =0
otherwise. This matrix T;, is the adjacency matrix of the Hasse diagram of the strict linear
order 0 < 1 < --- < n—1; it has 1s everywhere above the main diagonal and 0s on the
diagonal and below. In this section, we study the smallest size of depth-2 rectifier networks
that express T,.

Define s(n) = n(|log, n| +2) — 2822+ for n > 1. Note that s(n) is the so-called binary
entropy function, sequence A003314 in Sloane’s Encyclopedia of Integer Sequences [30]. Its
properties were studied previously by Morris [22] because of its connection with mergesort.

» Theorem 4. All fractional coverings of T, have cost of at least s(n).
» Corollary 5. ORy(T},) = s(n).

We discuss the proof of Theorem 4 below. Note that the equality of Corollary 5 gives
the exact value of ORy(T},). The upper bound of the theorem is an easy divide-and-conquer
argument, and the main challenge is to obtain the lower bound.

Consider the weighted set covering formulation for T,,, where the optimal value is ORy(7},)
as discussed in Section 4. By Lemma 2, it suffices to find a feasible solution to the dual linear
program with the value s(n). Our feasible solution is given by a certain infinite diagonal
matrix M, with rows and columns indexed by the natural numbers, defined as follows:

M;; =<1, if j —i=29for some ¢ > 1;

0, otherwise.

The first 17 rows and columns of M are displayed in Figure 3a. Notice that each row is a
shift, by 1, of the preceding row.

» Lemma 6. The sum of the elements of M™ | the n x n upper left submatriz of M, is
equal to s(n).
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Proof. M("t1D is obtained from M by concatenating a row of 0’s on the bottom, and a
column that contains a single 2 and 1’s corresponding to the powers of 2 that are < n. In
other words, s(n+ 1) = s(n) + |logy n| + 2. The result now follows by an easy induction. <

» Lemma 7. y; ; = M; ; for 0 <i < j <n is a feasible solution to the dual program.

Proof. Let R correspond to a choice of rows of M and C' to a choice of columns. To prove
feasibility, we need to see that for each pair of nonempty sets R,C C {0,1,...,n — 1} with
max R < min C — only such pairs (R, C) are rectangles of T,,, because the matrix has 0s
everywhere on the main diagonal and below — we have

> M; <|R[+]C]. (1)
i€R
jec
Suppose there exists a counterexample to (1). Among all counterexamples to (1), consider
one with the smallest possible value of |R| + |C|. If |R| = 1 then since at most one entry in
each row is 2 and all others are either 0 or 1, we clearly have Y icr M, ; < |C|+1 = |R|+|C|.
JjeC

Hence |R| > 2. The same argument applies if |C| = 1. Thus the minimal counterexample to
(1) has at least two rows and columns.

We now observe that the row sum of each row in our counterexample is at least 2. For
if it is 0 or 1 we could omit that row, and (1) would still be violated. The same argument
applies to the column sums. We can prove the following statement (the details can be found
in the full version of the paper):

» Claim 8. Suppose there are at least two nonzero elements in the submatriz of M formed
by rows 0,1,...,b and column e of M. Then e < 2b.

Now let us assume that our minimal counterexample has ¢ = max R. Let ¢ = maxC.
Since column e has 2 nonzero elements, by the Claim above we know e < 2¢. Now let b be
the largest element < ¢ in R for which there is a nonzero element in column e; this must
exist since column e has at least two nonzero elements. Let a be any row < b in R with a
nonzero element in column e. Again, this must exist since column e has at least two nonzero
elements. Finally, let d be any column < e in C' with a nonzero element in row a. This must
exist because every row in R has at least two nonzero elements. We claim d < c.

To see this, note that b = e — 29 < ¢ for some j > 0. (In fact, j = [logy(e — ¢)].)
Then we must have a = e — 2¥ > 0 where k > j + 1. Then d — a = 2¢ for some £. So
d—a=d— (e—2%) = 2% and hence d = e + 2 — 2*. Since d < e, we have ¢ < k. So
d<e+2F1_2F —¢_2k"1 <¢_2/ =p < ¢ This is illustrated in Figure 3b.

Now max R < min C', but d < ¢ while d € C and ¢ € R, a contradiction. Hence there are
no minimal counterexamples and no counterexamples at all. Thus (1) holds. It follows that
M represents a feasible solution. This concludes the proof of Lemma 7. <

Let us complete the proof of Theorem 4. Apply the first part of Lemma 2 to the weighted
set covering formulation of the problem and take the solution y; ; = M; ;, 0 <7 < j < n,

as described above. This solution has value s(n) by Lemma 6 and is feasible by Lemma 7.

Hence, all fractional coverings have cost at least s(n).

6 Upper bound for Kneser-Sierpinski matrices

Suppose n = 2%. A Kneser-Sierpiriski matriz (or a disjointness matriz) of size 2% x 2F is the

matrix D,, defined as follows. Rows and columns of the matrix are indexed from 0 to 2% — 1.
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The matrix has a 1 at all positions (¢, 7) such that ¢ and j have no common 1 in their binary
expansion; all other elements of the matrix are 0.

Note that if we identify each number from {0,...,n — 1} with a subset of {1,...,k} in
the natural way, then D,, is naturally associated with a Boolean function that maps a pair
of subsets of {1,...,k} to 1 if they are disjoint, and to 0 if they have an element in common.
An alternative way to define D,, is by a recurrence Dy, = (g: DO") forn > 1; D; = (1);
here subsets of {1,...,k} are ordered lexicographically. Using the antilexicographic order for
rows and the lexicographic order for columns would lead to a lower triangular matrix.

What is the size of smallest depth-2 rectifier networks that express Kneser-Sierpinski
matrices? Jukna and Sergeev [11, Lemma 4.2] prove that

n%log‘r’/polylog(n) < ORy(D,) < plog(1+v2) - polylog(n), (2)
and in this section, we prove the following result:
» Theorem 9. ORy(D,,) < n'°(/4) . polylog(n).

Note that 3 log5 ~ 1.16096, log(9/4) ~ 1.16993, and log(1 + v/2) ~ 1.27.
Suppose n = 2F as above, and let D$k’y be the submatrix of D,, whose rows and columns
correspond to z-sized and y-sized subsets of {1,...,k}, respectively. This matrix ka]” has

size (5) X (’;) If x =y, then kaf is the adjacency matrix of the Kneser graph [19].

For 0 <y <z <k, write z=(k—z—y)/2and f(z,y) = (@ka_m_z)/(i‘z) 4 Jukna and
Sergeev [11, Lemma 4.2] show that all coverings of Dp»" have cost at least f(x, )/ poly(k),
and this gives the lower bound in equation (2): taking x = 0.4k brings f(z, ) to its maximum
of n2 log5 " if we disregard factors polylogarithmic in n = 2*. Our Theorem 9 follows from

Lemmas 10 and 12 below.
» Lemma 10. There exists a covering of Dﬁc]y with cost at most f(x,y) - poly(k).

Proof. Consider F, the family of all ordered bipartitions of {1,...,k} into sets of size z + z
and y + z, where z = (k — z — y)/2. Technically, an ordered bipartition is simply a subset
of {1,...,k}, but it is more instructive to view it as an ordered pair: this subset and its
complement. Every such bipartition, (S, S), corresponds to a (maximal) rectangle in Dﬁc]y ;

elements of Dﬁc]y covered by the rectangle are pairs (X,Y") of disjoint sets that respect the

bipartition: X C Sand Y C S.
Use the greedy covering lemma (Lemma 3) for the unweighted set covering formulation

with F. There are (ziz) bipartitions in this family, and every pair of disjoint sets (X,Y") of

2z

) of them, so v = (**)/(,*.) and any greedy covering will contain

size z and y respects ( )/ (s

at most N sets, where

LA (L)
M) &)

For every bipartition in the covering, the corresponding 1-rectangle in D[k] will include (

(I+1In(4*) +1=

- poly (k).

a:+z)

z
rows and (yjz) columns; its cost will be at most 2 (zjz) as y < z. So the total cost of the
covering will not exceed

. 2,5 ) (*T*)poly(k o )poly(k
(j)2N: (+)((2z))P Y():(,, (2z%p y():f(x7y)p01}"(k) <

1 We use the standard notation for multinomial coefficients: (a }Z C) = #:C, provided that a + b+ ¢ = k.
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» Corollary 11. Suppose 0 < m < k/2 and let D" = DEZ]’m be the adjacency matriz of
the (bipartite) Kneser graph: vertices in each part are size-m subsets of {1,...,k}, and
two vertices from different parts are adjacent if and only if the subsets are disjoint. Then

d(m, k)/ poly(k) < ORx(D}*) < d(m, k) - poly(k) where d(m, k) = (m’k/zfm,km)/(kk/_;’;).

> Lemma 12. [f0 <y < z <k, then f(x,y) < 2¢1°80/9 . poly(k), and there exists a pair
(e*,y") such that f(z*, ") > 21959/ ] poly (k).

To complete the proof of Theorem 9, it remains to note that a union of coverings
of matrices ka’]y for all pairs =,y with 0 < z,y < k constitutes a covering of D,,. For
0 <y < x <k, the coverings are constructed by Lemma 10, and for x < y the construction
just swaps the roles of x and y. Since there are only (k + 1) = polylog(n) pairs x,y in total,

the desired upper bound follows from Lemma 12.

» Remark. Although Theorem 9 leaves a gap between the bounds on ORy(D,,), the greedy
strategy is, in fact, optimal up to a polylog(n) factor: For each D‘E‘;C]y , it suffices to use
bipartitions into sets of size £ and k — ¢, for some ¢ = ¢(k;x,y). (See the full version of the
paper for details.) Our choice of ¢ in Lemma 10 is { = x + (k — = — y)/2, and the optimal
choice, ¢ = (*(k; x,y), will deliver a tight upper bound on OR(D,,). Numerical experiments
seem to indicate that the actual value of ORa(D,,) is within a polylog(n) factor from nz 1085

but no formal proof is known to us.

7 Lower bound for Kronecker products

Given two matrices K € {0,1}™*™ and M € {0,1}™2*"2 their Kronecker (or tensor)
product is the Boolean matrix K ® M of size (mj - ma) X (n1 - ng) defined as follows. Its
rows are indexed by pairs (i1,42) and its columns by pairs (j1,j2) where 1 < iy < mg and
1 < js < ngfor s =1,2. The entry of K ® M at position ((i1,42), (j1,J2)) is defined as
Kihjl ’ Mi27j2'

In this section we prove a lower bound on the OR(:)-measure of Kronecker products.
Recall that the Boolean rank rky (K) is the optimal value of the unweighted set covering
formulation (as in Figure 2a) where the set of 1-entries in the matrix K is covered by all-1
rectangles. In the linear relaxation of this problem (as in Figure 2b), the goal is to assign
weights w(R?) € [0,1] to each 1-rectangle I such that } -, .o p w(R) > 1 for each l-entry (4, j)
of K, minimizing > w(R). Let the fractional rank rk¥ (K) be the optimal value of this linear
relaxation. The integrality gap result for the set cover problem [17] and the duality theorem
imply that rky (K)/(1 4 logminy) < rkd(K) < rky(K). In the graph-theoretic language, the
number rk}, (K) is the fractional biclique cover number, denoted by be*(G) where K is the
adjacency matrix of the (bipartite) graph G. Fractional rank is known to be bounded from
below by the fooling set number, see Watts [35, Theorem 2.2].

» Theorem 13. For any pair K, M of Boolean matrices, OR(K @ M) > rk¥ (K) - OR(M).

Proof. First consider the unweighted set covering formulation for K, where the optimal
value is rky (K) as discussed in Section 4, and take its linear relaxation, with the optimal
value rk¥ (K). By Lemma 2, there is an assignment of weights to 1-elements of this matrix,
w(i, ) € [0,1] for all (¢,7) with K ; = 1, such that the following two conditions are satisfied
(see Figure 2c). First, for each l-rectangle R x C of K, the sum 3 ; e p o w(i, j) is at
most 1. Second, Z(i,j):m,jzl w(i, j) = rk (K).

Now let N/ = (V, E,in,out) be a rectifier network of size OR(K ® M) that expresses
Q = K ® M, where K and M have size as above. For an edge e € E, let To(e) C
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{1,...,m1} x{1,...,ma} be the set of row indices (i1, 45) of @ such that the node out(iy,i2)
is reachable from the target of e. Similarly, let From(e) C {1,...,n1} x {1,...,n2} be the
set of column indices (j1,j2) of @ such that the source of e is reachable from in(j1,j2). Then
R(e) = (To(e),From(e)) is a rectangle of Q. Moreover, define 7, ((i1,142), (j1,72)) = (is,Js)
for s = 1,2 and 74(R) = {ms(r,c): (r,c) € R}. Then 71 (R(e)) and m2(R(e)) are rectangles
in K and M respectively.

We assign real weights based on w to each edge e of A by the following rule:

we)= > wlij)
(ij)em1(R(e))
Since 71 (R(e)) is a rectangle of K, one of the constraints on w ensures that w’(e) < 1 for each
edge e of N. Consequently, > ., w'(e) < |E| = OR(K ® M); furthermore, the following
chain of inequalities holds:

ORK@M)> Y w'(e) = Y. > wlin )
ecE e€E (i1,j1)€m1(R(e))
= Z w(iy, j1) - |{e € E: (i1,51) € m1(R(e))}]

(i1,51): Kiq 5, =1

P Z w(ir, j1) - [{e € £ i1 € m(To(e)), j1 € mi(From(e))}. (3)
(i1,51): Ky 5, =1

Fix an arbitrary entry (i1,j1) of K with K;, j, = 1. Consider the subgraph N}, .;, of '
induced by the nodes that are reachable from some source of the form in(ji, j2) and from
which a node of the form out(iy,42) is reachable — in other words, take all nodes and edges
on all paths from in(j1, j2) to out(i1,é2) for some iy, jo. Then, since K;, ;, = 1, the node
out(iy,i2) is reachable from in(ji, j2) in Nj ., if and only if M;, j, = 1. So the network
N, i, expresses M (with the mappings in’(j2) = in(j1, j2) and out’(i2) = out (i1, i2)). Hence,
the number of edges in N, ..;, is at least OR(M). But by our definitions, the relations
i1 € m1(To(e)) and j; € 71 (From(e)) hold together exactly for the edges e of A present in
Njwsiy. Thus {e € E : iy € m(To(e)), j1 € m1(From(e))}| > OR(M) and we conclude from
equation (3) that

(i1,51): Ky 5, =1

» Remark. Let SUM(K) be the smallest size of an unambiguous rectifier network that
expresses K. A rectifier network is unambiguous if for all 4, j it has at most one path from
in(7) to out(é). Such networks are also known under the names of SUM-circuits [11] and
cancellation-free circuits [1]. The same construction as above also proves the inequality
SUM(K @ M) > rk{(K) - SUM(M).

» Corollary 14. For any pair of matrices K € {0,1}™1*" and M € {0,1}™2*"2  and
L € {OR,SUM}, it holds that L(K @ M) > rky(K) - L(M)/(1 + logminy).
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—— Abstract

Given two families of sets F and G, the F-separability problem for G asks whether for two given
sets U,V € G there exists a set S € F, such that U is included in S and V is disjoint with S. We
consider two families of sets F: modular sets S C N¢, defined as unions of equivalence classes
modulo some natural number n € N, and unary sets, which extend modular sets by requiring
equality below a threshold n, and equivalence modulo n above n. Our main result is decidability
of modular and unary separability for the class G of reachability sets of Vector Addition Systems,
Petri Nets, Vector Addition Systems with States, and for sections thereof.
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1 Introduction

We investigate separability problems for sets of vectors from N?. We say that a set U is
separated from a set V by aset S if U C S and VNS = (). For two families of sets F and G,
the F-separability problem for G asks for two given sets U,V € G whether U is separated
from V by some set from F. Concretely, we consider F to be modular sets or unary sets!,
and G to be reachability sets of Vector Addition Systems or generalizations thereof.

Motivation. The separability problem is a classical problem in theoretical computer science.
It was investigated most extensively in the area of formal languages, for G being the family of
all regular word languages. Since regular languages are effectively closed under complement,
the F-separability problem is a generalization of the F-characterization problem, which asks
whether a given language belongs to F. Indeed, L € F if and only if L is separated from its
complement by some language from F. Separability problems for regular languages attracted
recently a lot of attention, which resulted in establishing the decidability of F-separability for

* The first three authors have been partially supported by the NCN grant 2013/09/B/ST6,/01575.

1 Since S separates U from V iff its complement separates V from U, and since F is closed under
complement, we could equally well have defined a symmetric version of the separability problem by
saying that S separates {U,V} if U C S and VNS = 0.
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the family F of separators being the piecewise testable languages [3, 21] (recently generalized
to finite ranked trees [6]), the locally and locally threshold testable languages [20], the
languages definable in first order logic [23], and the languages of certain higher levels of the
first order hierarchy [22], among others.

Separability of nonregular languages attracted little attention till now. The reasons
for this are twofold. First, for regular languages one can use standard algebraic tools, like
syntactic monoids, and indeed most of the results have been obtained with the help of such
techniques. Second, some strong intractability results have been known already since the
70’s, when Szymanski and Williams proved that regular separability of context-free languages
is undecidable [24]. Later Hunt [11] generalized this result: he showed that F-separability of
context-free languages is undecidable for every class F which is closed under finite boolean
combinations and contains all languages of the form wX* for w € ¥*. This is a very
weak condition, so it seemed that nothing nontrivial can be done outside regular languages
with respect to separability problems. Furthermore, Kopczynski has recently shown that
regular separability is undecidable even for languages of visibly pushdown automata [13],
thus strengthening the result by Szymanski and Williams. On the positive side, piecewise
testable separability has been shown decidable for context-free languages, languages of Vector
Addition Systems (VAS languages), and some other classes of languages [4]. This inspired us
to start a quest for decidable cases beyond regular languages.

To the best of our knowledge, beside [4], separability problems for VAS languages have
not been investigated before.

Our contribution. In this paper, we get a step closer towards solving regular separability
of VAS languages. Instead of VAS languages themselves (i.e., subsets of ¥*), in this paper
we investigate their commutative closures, or, alternatively, subsets of N¢ represented as
reachability sets of VASes, VASes with states, or Petri nets. A VAS reachability set is just
the set of configurations of a VAS which can be reached from a specified initial configuration.
Towards a unified treatment, instead of considering separately VASes, VASes with states,
and Petri nets, we consider sections of VAS reachability sets (abbreviated as VAS sections
below), which turn out to be expressive enough to represent sections of VASes with states
and Petri nets, and thus being a convenient subsuming formalism. A section of a set of
vectors X C N? is the set obtained by first fixing a value for certain coordinates, and then
projecting the result to the remaining coordinates. For example, if X is the set of pairs
{(z,y) € N? | z divides y}, then the section of X obtained by fixing the first coordinate to 3
is the set {0,3,6,...}. It can be easily shown that VAS sections are strictly more general
than VAS reachability sets themselves, and they are equiexpressive with sections of VASes
with states and Petri nets.

We study the separability problem of VAS sections by simpler classes, namely, modular
and unary sets. A set X C N? is modular if there exists a modulus n € N s.t. X is
closed under the congruence modulo n on every coordinate, and it is unary if there exists
a threshold n € N s.t. it is closed under the congruence modulo n above the threshold n
on every coordinate. Clearly, VAS sections are more general than both unary and modular
sets, and unary sets are more general than modular sets. Moreover, unary sets are tightly
connected with commutative regular languages, in the sense that the Parikh image? of a
commutative regular language is a unary set, and vice versa, the inverse Parikh image of a

2 The Parikh image of a language of words L C {a1,...,a} is the subset of N* obtained by counting
occurrences of letters in L.
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unary set is a commutative regular language. As our main result, we show that the modular
and unary separability problems are decidable for VAS sections (and thus for sections of
VASes with states and Petri nets). Both proofs use similar techniques, and invoke two
semi-decision procedures: the first one (positive) enumerates witnesses of separability, and
the second one (negative) enumerates witnesses of nonseparability. A separability witness
is just a modular (or unary) set, and verifying that it is indeed a separator easily reduces
to the VAS reachability problem. Thus, the hard part of the proof is to invent a finite and
decidable witness of nonseparability, i.e., a finite object whose existence proves that none of
infinitely many modular (resp. unary) sets is a separator. Our main technical observation is
that two nonseparable VAS reachability sets always admit two linear subsets thereof that
are already nonseparable.

From our result, thanks to the tight connection between unary sets and commutative
regular languages mentioned above, we can immediately deduce decidability of regular
separability for commutative closures of VAS languages, and commutative reqular separability
for VAS languages. This constitutes a first step towards determining the status of regular
separability for languages of VASes. Full proofs can be found in the technical report [2].

Related research. Choffrut and Grigorieff have shown decidability of separability of rational
relations by recognizable relations in ¥* x N [1]. Rational subsets of N¢ are precisely the
semilinear sets, and recognizable (by morphism into a monoid) subsets of N¢ are precisely
the unary sets. Thus, by ignoring the >* component, one obtains a very special case of our
result, namely decidability of the unary separability problem for semilinear sets. Moreover,
since modular sets are subsets of N% which are recognizable by a morphism into a monoid
which happens to be a group, we also obtain a new result, namely, decidability of separability
of rational subsets of N¢ by subsets of N¢ recognized by a group.

From a quite different angle, our research seems to be closely related to the VAS reachab-
ility problem. Leroux [16] has shown a highly nontrivial result: the reachability sets of two
VASes are disjoint if, and only if, they can be separated by a semilinear set. In other words,
semilinear separability for VAS reachability sets is equivalent to the VAS (non-)reachability
problem. This connection suggests that modular and unary separability are interesting
problems in themselves, enriching our understanding of VASes. Finally, we show that VAS
reachability reduces to unary separability, thus the problem does not become easier by consid-
ering the simpler class of unary sets as opposed to semilinear sets. For modular separability
we have a weaker complexity lower bound, i.e. EXPSPACE-hardness, by a reduction from
control state reachability for VASSes.

2 Preliminaries

Vectors. By N and Z we denote the set of natural and integer numbers, respectively. For
a vector u = (ug,...,uq) € Z* and for a coordinate i € {1,...,d}, we denote by ul[i] its
i-th component u;. The zero vector is denoted by 0. The order < and the sum operation +
naturally extend to vectors pointwise. Moreover, if n € Z, then nu is the vector (nuy, . . ., nug).
These operations extend to sets element-wise in the natural way: For two sets of vectors
U,V C Z% we denote by U + V its Minkowski sum {u +v | u € U,v € V}. For a (possibly
infinite) set of vectors S C Z¢, let LiN(S) and LiN=°(S) be the set of linear combinations
and non-negative linear combinations of vectors from S, respectively, i.e.,

LiN(S) = {ajv1 + ...+ agvg | v1,..., 0% € S,aq,...,a; € Z}, and
LINZO(S):{CL17)1+...+akUk|”L)1,...,’Uk € S,ay,...,ar € N}
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When the set S = {vy,...,v;} is finite, we alternatively write LIN(vy,...,v;) instead of
LIN({v1,...,vx}), and similarly for LIN=°(vy, ..., vg).

Modular, unary, linear, and semilinear sets. Two vectors z,y € Z% are n-modular equi-

valent, written x =, y, if, for all i« € {1,...,d}, we have z[i] = y[i] mod n. Moreover,
two non-negative vectors z,y € N are n-unary equivalent, written = =, vy, if x =, y and
z[i] >n <= yli| >nforalliec{l,...,d}. A d-dimensional set S C N¢ is modular if there

exists a number n € N, s.t. S is a union of n-modular equivalence classes. Unary sets S C N¢
are defined similarly w.r.t. n-unary equivalence classes.

A set S C N? is linear if it is of the form S = {b} + LIN="(py,...,px) for some base
b € N and some periods p1,...,pr € N%. A set is semilinear if it is a finite union of linear
sets. Note that a modular set is also unary (since &, is finer than =,,), and that unary set
is in turn a semilinear set, which can be presented as a finite union of linear sets in which all
the periods are parallel to the coordinate axes, i.e., they have exactly one non-zero entry.

Separability. For S,U,V C N%, we say that S separates U from V if U C S and VNS = 0.
The set S is also called a separator of U, V. For a family F of sets, we say that U is
F separable from V if U is separated from V by a set S € F. In this paper, the set of
separators F will be the modular sets and the unary ones. Since both classes are closed
under complement, the notion of F separability is symmetric: U is F separable from V iff V/
is F separable from U. Thus we use also a symmetric notation, in particular we say that U
and V are F separable instead of saying that U is F separable from V. For two families of
sets F and G, the F separability problem for G asks whether two given sets U,V € G are F
separable. In this paper we mainly consider two instances of F, namely modular sets and
unary sets, and thus we speak of modular and unary separability problems, respectively.

Vector Addition Systems. A d-dimensional Vector Addition System (VAS) is a pair V =
(5,T), where s € N9 is the source configuration and T' Cpy Z¢ is the set of finitely many trans-
itions. A partial run p of a VAS V = (s,T) is a sequence (vg,to,v1), ..., (Un—1,tn—1,0n) €
N¢ x T x N? such that for all i € {0,...,n — 1} we have v; + t; = v;11. The source of this
partial run is the configuration vg and the target of this partial run is the configuration v,, we
write SOURCE(p) = vg, TARGET(p) = v,. The labeling of p is the sequence tg...t,_1 € T*,
we write LABEL(p) = tg...t,—1. For a sequence @ € T* and a partial run p such that
LABEL(p) = @, SOURCE(p) = u and TARGET(p) = v we write u — v to denote this unique
partial run. A partial run p of (s,T) with SOURCE(p) = s is called a run. The set of all runs
of a VAS V is denoted as RUNS(V'). The reachability set REACH(V) of a VAS V is the set of
targets of all its runs; the sets REACH(V') we call VAS reachability sets in the sequel. The
family of all VAS reachability sets we denote as REACH(VAS).

» Example 1. Consider a VAS V = (s,T), for a source configuration s = (1,0,0) and a set
of transitions T'= {(—1,2,1),(2,—1,1)}. One easily proves that

ReEACH(V) = {(a,b,c) eN*|a+b=c+1 A a—b=1 mod 3}.

Vector Addition Systems with states. A d-dimensional VAS with states (VASS) is a triple
V = (5,T,Q), where Q is a finite set of states, s € Q x N? is the source configuration
and T Cpy Q x Z% x Q is a finite set of transitions. Similarly as in case of VASes, a run
pof a VASS V = (s5,7,Q) is a sequence (qo, Vo, S0,q1,V1), -« s (@n—1,Vn—1, Sn—1,0n,Vn) €
Q x N? x 74 x @ x N such that (go,v9) = s and for all i € {0,...,n — 1} we have
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(gi, Siyqgiv1) € T and v; + 8; = v;41. We write TARGET(p) = (¢n, vn). The reachability set of
a VASS V in state ¢ is REACH, (V) = {v € N?| (g,v) = TARGET(p) for some run p}. The
family of all such reachability sets of all VASSes we denote as REACH(VASS).

» Example 2 (cf. [9]). Let V be a 3-dimensional VASS with two states, p and p’, the source
configuration (p, (1,0,0)), and four transitions:

(p,(=1,1,0),p), (p,(0,0,0),p"), (¥',(2,-1,0),p"), (#',(0,0,1),p).
Then REACH,(V) = {(a,b,c) e N3 | 1 < a+b <2}

3 Sections

VAS reachability sets are central for this paper. However, in order to make this family of sets
more robust, we prefer to consider the slightly larger family of sections of VAS reachability
sets. The intuition about a section is that we fix values on a subset of coordinates in vectors,
and collect all the values that can occur on the other coordinates. For a vector v € N% and a
subset I C {1,...,d} of coordinates, by 7;(u) € NI we denote the I-projection of u, i.e., the
vector obtained from u by removing coordinates not belonging to I. The projection extends
element-wise to sets of vectors S C N¢, denoted 71(S). For a set of vectors S C N9, a subset
IC{1,...,d}, and a vector u € NI the section of S w.r.t. I and u is the set

SECLu(S) = 771({11 cs ‘ 7r{17m)d}\1(v) = u}) - NHI.

We denote by SECREACH(VAS) the family of all sections of VAS reachability sets, which we
abbreviate as VAS sections below. Similarly, the family of all sections of VASS-reachability
sets we denote by SECREACH(VASS).

» Example 3. Consider the VAS V from Example 1. For I = {1,2} and u = 7 € N! we
have secy, (REACH(V)) = {(0,8),(3,5),(6,2)}.

Note that in a special case of I = {1,...,d}, when u is necessarily the empty vector,
SECr(S) = S. Thus REACH(VAS) is a subfamily of SECREACH(VAS), and likewise for
VASSes. We argue that VAS sections are a more robust class than VAS reachability sets.
Indeed, as shown below VAS sections are closed under positive boolean combinations, which
is not the case for VAS reachability sets.

Reachability sets of VASes are a strict subfamily of reachability sets of VASes with states,
which in turn are a strict subfamily of sections of reachability sets of VASes. However,
when sections of reachability set are compared, there is no difference between VASes and
VASes with states, which motivates considering sections in this paper. These observations
are summarized in the following two propositions:

» Proposition 4. REACH(VAS) C REACH(VASS) C SECREACH(VAS).
» Proposition 5. SECREACH(VAS) = SECREACH(VASS).

» Remark. In a similar vein one shows that reachability sets of Petri nets include REACH(VAS)
and are included in REACH(VASS). Therefore, as long as sections are considered, there is no
difference between VASes, Petri nets, and VASSes. In consequence, our results apply not
only to VASes, but to all the three models.

We conclude this section by stating closure property of VAS sections. By positive
boolean combination we mean sets obtained by taking only intersections and unions, but not
complements.

» Proposition 6. The family of VAS sections is closed under positive boolean combinations.
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4 Results

As our main technical contribution, we prove decidability of the modular and unary separab-
ility problems for the class of sections of VAS reachability sets.

» Theorem 7. The modular separability problem for VAS sections is decidable.
» Theorem 8. The unary separability problem for VAS sections is decidable.

The proofs are postponed to Sections 5—7. Furthermore, as a corollary of Theorem 8 we
derive decidability of two commutative variants of the regular separability of VAS languages
(formulated in Theorems 9 and 10 below).

To consider languages instead of reachability sets, we need to assume that transitions of
a VAS are labeled by elements of an alphabet 3, and thus every run is labeled by a word
over Y obtained by concatenating labels of consecutive transitions of a run. We allow for
silent transitions labeled by ¢, i.e., transitions that do not contribute to the labeling of a run.
The language L(V') of a VAS V contains labels of those runs of V' that end in an accepting
configuration. Our results work for several variants of acceptance; for instance, for a fixed
configuration vy, we may consider a configuration v accepting if:

v > v, this choice yields the so called coverability languages; or

v = vy, this choice yields reachability languages.

The Parikh image of a word w € ¥*, for a fixed total ordering a1 < ... < aq of X, is
a vector in N whose ith coordinate stores the number of occurrences of a; in w. We lift
the operation element-wise to languages, thus the Parikh image of a language L, denoted
II(L), is a subset of N¢. Two words w, v over ¥ are commutatively equivalent if their Parikh
images are equal. The commutative closure of a language L C ¥*, denoted cc(L), is the
language containing all words w € ¥* commutatively equivalent to some word v € L. A
language L is commutative if it is invariant under commutatively equivalence, i.e., L = cc(L).
Note that a commutative language is uniquely determined by its Parikh image. The Parikh
image of any commutative regular language is unary: A finite automaton recognizing a
commutative language can only count modulo n above threshold n for each letter in the
alphabet independently. Moreover, all unary set can be obtained as the Parikh image of
a commutative regular language. Similarly, the inverse Parikh image of a unary set is a
commutative regular language, and all commutative regular languages can be obtained in
this way. In this sense, commutative regular languages and unary sets are in correspondence
with each other.

As a corollary of Theorem 8 we deduce decidability of the following two commutative
variants of the regular separability of VAS languages:

commutative reqular separability of VAS languages: given two VASes V, V', decide whether

there is a commutative regular language R that includes L(V') and is disjoint from L(V");

reqular separability for commutative closures of VAS languages: given two VASes V, V',

decide whether there is a regular language R that includes cc(L(V)) and is disjoint from

cc(L(V")).

» Theorem 9. Commutative regular separability is decidable for VAS languages.

Indeed, given two VASes V, W one easy constructs another two VASes V', W’ s.t. TI(L(V))
is a section of REACH(V’), and similarly for W’. By the tight correspondence between
commutative regular languages and unary sets, we observe that L(V) and L(W) are separated
by a commutative regular language if, and only if, their Parikh images II(L(V)) and II(L(W))
are separated by a unary set, which is is decidable by Theorem 8.
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» Theorem 10. Regular separability is decidable for commutative closures of VAS languages.

Similarly as above, we reduce to unary separability of VAS reachability sets (which is
decidable once again by Theorem 8), which is immediate once one proves the following crucial
observation.

» Lemma 11. Two commutative languages L, K C 3* are regular separable if, and only if,
their Parikh images are unary separable.

Proof. For the “if” direction, let II(K) and II(L) be separable by some unary set U C N<.
Let S = {w € ¥* | II(w) € U}. It is easy to see that S is (commutative) regular since U is
unary, and that S separates K and L. For the “only if” direction, let K and L be separable
by a regular language S, say K C S and SN L = (). Let M be the syntactic monoid of
S and w be its idempotent power, i.e., a number such that m¥ = m?® for every m € M.
In particular, for every word u € ¥* we have (P) uv¥w € § <= wwv?*w € S; in other
words, one can substitute v* by v? and vice versa in every context. Let ¥ = {ay,...,aq}.
For u = (uy,...,uq) € N? define the word w, = a}" ---ay?. For every u,v € N such that
u =, v, by repetitive application of (P) we get w,, € S iff w, € S. As K is commutative and
K C S, we have w,, € S for all u € II(K); similarly, we have w, ¢ S for all v € II(L). Thus,
for all u € II(K), v € II(L) we have u %, v. Let U = {z € N | 3, cr(x) 2 =, y}. The set U
separates II(K) and II(L) and, being a union of =, equivalence classes, it is unary. <

5 Modular separability of linear sets

The rest of the paper is devoted to the proofs of Theorems 7 and 8. In this section we
prove two preliminary results that will be later used in Section 6, where the proof of
Theorems 7 is completed. First, we prove a combinatorial result on linear combinations (cf.
Lemma 12 below). Second, we prove that modular separability of linear sets is decidable
(cf. Corollary 15). While this second result follows from [1] and is thus not a new result, we
provide here another simple proof to make the paper self-contained.

Linear combinations modulo n. We start with some preliminary results from linear algebra.

For n € N, let LINZ"(vy, ..., v;) be the closure of LIN=(v1,...,v;) modulo n, i.e.,
LIN%O(Ul, o) ={ve N¢ | EIueL]NEO(UI,ka) V=g Ut

Similarly one defines LIN,(v1,...,v;) be the closure of LIN(vy,...,v;) modulo n. Observe

however that LIN,(vy,...,v%) = LIN,ZLO(vl7 .., ug). Indeed, if v =, lijv1 + ... + [y for

li,...,ly € Z then v =, (I + Nn)vy + ... + (lx + Nn)vy for any N € N. The following
observation connects linear combinations to the modular closure of non-negative linear
combinations.

» Lemma 12. LiN(vi,...,v) = [, LINZ"(vy, ..., vp).
Modular separability. In the rest of the paper, we heavily rely on the following straightfor-
ward characterization of modular separability.

» Proposition 13. Two sets U,V C N? are modular separable if, and only if, there exists
n € N such that for allu € U, v € V we have u %, v.

In the special case of linear sets, the characterization above boils down to the following
property:
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» Lemma 14. Two linear sets {b} + LIN""(P) and {c} +LIN=°(Q) are not modular separable
if, and only if, b — c € LIN(P U Q).

Since the condition in the lemma above is effectively testable being an instance of
solvability of systems of linear Diophantine equations, we get the following corollary:

» Corollary 15. Modular separability of linear sets is decidable.

» Remark. Since linear Diophantine equations are solvable in polynomial time, we obtain
the same complexity for modular separability of linear sets. This observation however will
not be useful in the sequel.

» Remark. The unary separability problem is decidable for linear sets, as shown in [1], but
we will not need this fact in the sequel. Moreover, it follows from our stronger decidability
result stated in Theorem 8, since linear sets are included in VAS sections.

6 Modular separability of VAS sections

In this section we prove Theorem 7, and thus provide an algorithm to decide modular
separability for VAS reachability sets. Given two VAS sections U and V', the algorithm
runs in parallel two semi-decision procedures: one (positive) which looks for a witness of
separability, and another one (negative) which looks for a witness of nonseparability. Directly
from the characterization of Proposition 13, the positive semi-decision procedure simply
enumerates all moduli n € N and checks whether v Z,, v for all w € U and v € V. The latter
condition can be decided by reduction to the VAS (non)reachability problem [19, 17].

» Lemma 16. For two VAS sections U and V' and a modulus n € N, it is decidable whether
there exist u € U and v € V s.t. u =, v.

It remains to design the negative semi-decision procedure, which is the nontrivial part. In
Lemma 22, we show that if two VAS reachability sets are not modular separable, then in
fact they already contain two linear subsets which are not modular separable. In order to
construct such linear witnesses of nonseparablity, we use the theory of well quasi orders and
some elementary results in algebra, which we present next.

The order on runs. In this section, we define a certain well quasi order on runs < which
will prove useful in the following; a weaker version of this order was defined in [12].

A quasi order (X, %) is a well quasi order (wqo) if for every infinite sequence zg, z1,... € X
there exist indices 4,5 € N,¢ < j, such that z; < «;. It is folklore that if (X, <) is a wqo,
then in every infinite sequence zg,x1,... € X there even exists an infinite monotonically
non-decreasing subsequence x;, < Z;, < .... We will use Dickson’s [5] and Higman’s [§]
Lemmas to define new wqo’s on pairs and sequences. For two qos (X, <x) and (Y, <y), let
the product (X x Y, <x«y) be ordered componentwise by (z,y) <xxy (z/,¢) if  <x 2’
and y <y v'.

» Lemma 17 (Dickson [5]). If (X, <x) and (Y, <y) are wqos, then (X XY, <xxy) is a wqo.

As a corollary, if two qos (X, <1) and (X, <s) on the same domain are wqos, then also their
intersection is a wqo. For a qo (X, <), let (X*, <,) be quasi ordered by the subsequence
order <,, defined as x1x2 - - - T <i Y192 ...Ym if there exist 1 <i; < ... < i < m such that
rj <y, forall je{1,... k}.

» Lemma 18 (Higman [8]). If (X, <) is a wgo then (X*,<.) is a wqo.
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By considering the finite set of transitions T well quasi ordered by equality, we define the
order <! on triples N? x T' x N componentwise as (u, s,u’) <! (v,t,v') if u < v, s = t, and
u’ < o', which is a wqo by Dickson’s Lemma. We further extend <! t0 an order < on runs by
defining, for two runs p and o in (N x T'xN9)* p<o if p <! 0 and TARGET(p) < TARGET(0);
Here, <! is the extension of <! to sequences, and thus a wqo by Higman’s Lemma, which
implies that < is itself a wqo. Our order < is very similar to the weaker order defined in
[12], which is the same as <, except that it does not include target configurations.

» Proposition 19. < is a well quasi order.

The following lemma is a quantitative version of monotonicity of VASes, and it says not
only that larger runs can do more than smaller runs, but also that all nonnegative linear
combinations of increments of larger runs can in fact be realized.

» Lemma 20. Let po, p1,...,pk be runs of a VAS s.t., for alli € {1,...,k}, po < p;, and
let 6; == TARGET(p;) — TARGET(po) > 0. For any & € LIN=°(0y,...,0y), there exists a run p
s.t. po < p and § = TARGET(p) — TARGET(pg).

We conclude this part by showing that any (possibly infinite) subset of Z? can be
overapproximated by taking linear combinations of a finite subset thereof. This will be
important below in order to construct linear sets as witnesses of nonseparability.

» Lemma 21. For every (possibly infinite) set of vectors S C 72, there exist finitely many
vectors vy,...,vp € S s.t. S C LIN(vq,...,vk).

Proof. Treat Z? as a freely finitely generated abelian group, and consider the subgroup LIN(S)
of Z¢ generated by S, i.e., the subgroup containing all linear combinations of finitely many
elements of S. We use the following result in algebra: every subgroup of a finitely generated
abelian group is finitely generated (see for instance Corollary 1.7, p. 74, in [10]). By this
result applied to LIN(S) we get a finite set of generators F' C LIN(S) s.t. LIN(F') = LIN(5).
Every element of F is a linear combination of finitely many elements of S. Thus let vy, ..., vg
be all the elements of S appearing as a linear combination of some element from F. Then
clearly F C LIN(vq,...,v), and thus S C LIN(S) = LIN(F) € LIN(LIN(vy,...,v;)) =
LiN(vy,...,vx), as required. <

» Remark. In fact one can show that the generating set F' has at most d elements. However,
no upper bound on k follows, and even for d = 1 the number of vectors k can be arbitrarily
large. Indeed, let pi,...,px be different prime numbers, let u; = (p1 - ... px)/p; and
S ={uy,...,ur}. Then for every ¢ € {1,...,k}, the number u; is not a linear combination
of numbers u;, j # %, as u; is not divisible by p;, while all the others are. Therefore we need
all the elements of S in the set {vq,...,v;}.

Modular nonseparability witness. We now concentrate on the negative semi-decision pro-
cedure. Let U,V C N9 be two VAS sections:

U =sECra(Ry) CNY and V =sEC;4(Ry) C NY,

where Ry € N% and Ry C N are the reachability sets of the two VASes Wy and Wy,
and I C{1,...,dy}and J C{1,...,dy} with |I| = |J| = d are projecting coordinates, and
@€ Ntv=d i € N¥v—4 are two sectioning vectors.

Observe that by padding coordinates we can assume w.l.o.g. that the two input VASes
have the same dimension d’ = dy = dy. Furthermore, we can also assume w.l.o.g. that
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% = v = 0. Indeed, one can add an additional coordinate, such that for performing any
transition it is necessary that this coordinate is nonzero and a special, final transition, which
causes the additional coordinate to be equal zero and subtracts @ (or v) from the other
coordinates. The result of adding this gadget is that now we can assume u = v = 0, but the
section itself does not change.

Finally, by reordering coordinates we can guarantee that the coordinates that are projected
away appear on the same positions in both VASes, i.e., I = J. With these assumptions, we
observe that modular separability of sets U, V C N? is equivalent to modular separability of
sets U, V' C Ndl, defined as U,V but without projecting onto the subset I of coordinates:

U = {U € Ry | 7r{17“_,d/}\1(v) = 0} V' = {U € Ry | 7T{17_“7d/}\1(’0) = 0}.

We call the set U’ (resp. V') the expansion of U (resp. V).
We say that a linear set L = {b} + LINZ(py,...,pr) C N9 is a U-witness if Wy admits
runs p, p1,---, Pk St p<p1,...,p < pg, and

b = TARGET(p) € U’
(1)

b+ p; = TARGET(p;) € U" forie {1,...,k}
Analogously one defines V-witnesses, but with respect to Wy, .

» Lemma 22. For two VAS sections U,V C N9, the following conditions are equivalent:
1. U,V are not modular separable;

2. the exzpansions U', V' of U,V are not modular separable;

3. there ewist linear subsets L C U’', M C V' that are not modular separable;

4. there exist a U-witness L and a V-witness M that are not modular separable.

Proof. Equivalence of points 1 and 2 follows by the definition of expansion. Point 4 implies
3, as a U-witness is necessarily a subset of the expansion U’ by Lemma 20. Point 3 implies 2,
since if two sets are separable, also subsets thereof are separable (moreover, the separator
remains the same). It remains to show that 2 implies 4.

Let U’, V' C N be the expansions of two VAS sections U, V C N%, as above, and assume
that they are not modular separable. We construct two linear sets L, M C N’ constituting a
U-witness and a V-witness, respectively. By Proposition 13, there exists an infinite sequence
of pairs of reachable configurations (ug,vo), (u1,v1),... € U x V' s.t. wu, =, v, for all
n € N. By taking an appropriate infinite subsequence we can ensure that even u, =, v,
for all n € N. Let us fix for every n € N runs p, and o, such that u,, = TARGET(p,,)
and v,, = TARGET(0,,). Since < is a wqo by Proposition 19, we can extract a monotone
non-decreasing subsequence, and thus we can ensure that even pg<p; <--- and g Joy J---.
Here we use the fact that uw, =, v, in the original sequence, and thus u, =; v, for every
i € {1,...,n}, consequently the new subsequence still has u, =, v, for all n € N. For
all n € N, let §, := u, — up and v, := v, — vy, and consider the set of corresponding
differences Sint := {0, — 7» | n € N}. By Lemma 21, there exists a finite subset thereof
S =40, = Yiys- -+, 0, — Vi, } such that Sy C LIN(S), and thus there exist two finite subsets
P:={6,,...,6;,}and Q :={v,,..., 7, } such that

Sint € LIN(P — @) € LIN(P) — LiN(Q) € LINz"(P) — LNz (@), (2)
where the last inclusion follows from Lemma 12. Let L and M be defined as

L:={u} + LiN=%(P) and M :={vy} + LIN=°(Q).



L. Clemente, W. Czerwinski, S. Lasota, and C. Paperman

By construction, L is a U-witness and M a V-witness. It remains to show that L and
M are not modular separable. For any n, by Eq. 2 we have §, — v, =, ¢/, — ), for
some ¢/, € LINZ(P) and 7/, € LINZ°(Q). Consider now the two new infinite sequences
uj,ub, -+ € L and v}, v),--- € M defined as ul, := ug + 4, and v}, := vy + ~,,. Then,

up, = vy, = (uo +dy) — (vo + )
= (uo —vo) + (), = 1) (by def. of &7, ,)
=, (up —vo) + (0n, — Vn)
= (uo + 05) — (vo + 1)
=U, — Uy =, 0 (by def. of up,v,) ,

and thus u], =, v/,. This, thanks to the characterization of Proposition 13, implies that L
and M are not modular separable. |

» Remark. Note that a modular nonseparability witness exists even in the case when the
two reachability sets U,V have nonempty intersection. In this case, it is enough to consider
two runs pg and og ending up in the same configuration TARGET(pg) = TARGET(0y), and
considering the linear sets L := M := {TARGET(po)}.

Using the characterization of Lemma 22, the negative semi-decision procedure enumerates
all pairs L, M, where L is a U-witness and M is a V-witness and checks whether L and M
are modular separable, which is decidable due to Corollary 15. Enumerating U-witnesses
(and V-witnesses) amounts of enumerating finite sets of runs {p, p1, ..., px} satisfying (1).

» Remark. It is also possible to design another negative semi-decision procedure using
Lemma 22. This one enumerates all linear sets L and M (not necessarily only those in the
special form of U- or V- witnesses) and checks whether they are modular separable and
included in U and V, respectively. While this procedure is conceptually simpler than the one
we presented, we now need the two extra inclusion checks L C U and M C V. Indeed, U- and
V-witnesses were designed in such a way that the two inclusions above hold by construction
and do not have to be checked. The problem whether a given linear set is included in a given
VAS reachability set is decidable [15], however we chose to present the previous semi-decision
procedure in order to be self contained.

7 Unary separability of VAS sections

The proof of Theorem 8 goes along the same lines as the proof of Theorem 7. It uses an
immediate characterization of unary separability, which is the same as Proposition 13, with
unary equivalence =, in place of modular equivalence =,,.

» Proposition 23. Two sets U,V C N are unary separable if, and only if, there exists n € N
such that, for allu € U and v € V, we have u %, v.

As before, basing on the characterization of Proposition 23, the positive semi-decision
procedure enumerates all n € N and checks whether the 22, -closures of the two reachability
sets are disjoint, which is effective thanks to the following fact:

» Lemma 24. For two VAS sections U and V and n € N, it is decidable whether there exist
u €U and v € V such that u =, v.

This can be proved in a way similar to Lemma 16, with the adjustment that we allow on
every coordinate a decrement by n only if the value is above 2n. The negative semi-decision
procedure enumerates nonseparability witnesses, and bases on the exact copy of Lemma 22,
except that “modular” is replaced by “unary”:
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» Lemma 25. For two VAS sections U,V C N?, the following conditions are equivalent:
1. U,V are not unary separable;

2. the expansions U', V' of U,V are not unary separable;

3. there exist linear subsets L CU’', M C V' that are not unary separable;

4. there exist a U-witness L and a V-witness M that are not unary separable.

8 Final remarks

We have shown decidability of modular and unary separability for sections of VAS reachability
sets, which include (sections of) reachability sets of VASes with states and Petri nets. As
a corollary, we have derived decidability of regular separability of commutative closures of
VAS languages, and of commutative regular separability of VAS languages. The decidability
status of regular separability for VAS languages remains an intriguing open problem.

Complexity. Most of the problems shown decidable in this paper are easily shown to be
at least as hard as the VAS reachability problem. In particular, this applies to unary
separability of VAS reachability sets, and to regular separability of commutative closures of
VAS languages. Indeed, for unary separability, it suffices to notice that a configuration u
cannot reach a configuration v if, and only if, the set reachable from u can be unary separated
from the singleton set {v}, also a VAS reachability set. When the separator exists, it can be
taken to be the complement of {v} itself, which is unary.

While the problem of modular separability is EXPSPACE-hard, we do not know whether
it is as hard as the VAS reachability problem. The hardness can be shown by reduction from
the control state reachability problem in VASSes, which is EXPSPACE-hard [18]. For a VASS
V and a target control state q thereof, we construct two new VASSes V) and V;, which are
copies of V' with one additional coordinate, which at the beginning is zero for Vj and one
for V1. We also add one new transition from control state ¢, which allows V; to decrease
the additional coordinate by one. One can easily verify that the two VASS reachability
sets definable by Vj and V; are modular separable if, and only if, the control state ¢ is not
reachable in V| which finishes the proof of EXPSPACE-hardness.

The unarity and modularity characterization problems. Closely related problems to separ-
ability are the modularity and unarity characterization problems: is a given section of a
VAS reachability set modular, resp., unary? We focus here on the unarity problem, but
the other one can be dealt in the same way. Decidability of the unarity problem would
follow immediately from Theorem 8, if sections of VAS reachability sets were (effectively)
closed under complement. This is however not the case. Indeed, if the complement of a VAS
reachability set is a section of another VAS reachability set, then both sets are necessarily a
section of a Presburger invariant [16], hence semilinear. But we know that VAS reachability
sets can be non-semilinear, and thus they are not closed under complement. However, the
unarity problem can be shown to be decidable directly, at least for VAS reachability sets,
by using the following two facts: first, it is decidable if a given VAS reachability set U
is semilinear (see the unpublished works [7, 14]); second, when a VAS reachability set is
semilinar, a concrete representation thereof as a semilinear set is effectively computable [15].
Indeed, if a given U is not semilinear, it is not unary either; otherwise, compute a semilinear
representation, and check if it is unary. The latter can be checked directly, or can be reduced
to unary separability of semilinear sets.
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—— Abstract

We consider the parameterized problem of counting all matchings with exactly k£ edges in a given
input graph G. This problem is #W/[1]-hard (Curticapean, ICALP 2013), so it is unlikely to
admit f(k) - n®® time algorithms. We show that #W/[1]-hardness persists even when the input
graph G comes from restricted graph classes, such as line graphs and bipartite graphs of arbitrary
constant girth and maximum degree two on one side.

To prove the result for line graphs, we observe that k-matchings in line graphs can be equiva-
lently viewed as edge-injective homomorphisms from the disjoint union of k£ paths of length two
into (arbitrary) host graphs. Here, a homomorphism from H to G is edge-injective if it maps any
two distinct edges of H to distinct edges in G. We show that edge-injective homomorphisms from
a pattern graph H can be counted in polynomial time if H has bounded vertex-cover number
after removing isolated edges. For hereditary classes H of pattern graphs, we obtain a full com-
plexity dichotomy theorem by proving that counting edge-injective homomorphisms, restricted
to patterns from H, is #W/[1]-hard if no such bound exists.

Our proofs rely on an edge-colored variant of Holant problems and a delicate interpolation
argument; both may be of independent interest.
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it turned out that many interesting counting problems are #P-hard, various relaxzations of
the original problems were introduced, giving rise to approximate [26], modular [3], and
subexponential counting [17], with additional restrictions on the input classes [25, 38].

In this paper, we focus on a recent relaxation of hard counting problems by studying
their parameterized complexity [18]. In this paradigm, the input to a given counting problem
comes with a parameter k € N, and we ask whether the problem is fized-parameter tractable
(FPT): That is, can it can be solved in time f(k) - poly(|z|) for some computable function f
that may grow super-polynomially? For instance, the #P-complete problem of counting
vertex-covers of size k in an n-vertex graph can be solved in time 2* -poly(n) (and even faster)
and is hence FPT [18]. For other parameterized problems however, such as counting cliques,
cycles, paths, or matchings of size k in n-vertex graphs, the best known algorithms run in
time n?®) and FPT-algorithms are not believed to exist. To substantiate this belief, Flum
and Grohe [18] introduced the class #W/1] and identified the problem of counting k-cliques
to be complete for #WJ1] under parameterized reductions. Hence this problem is not FPT,
unless the classes FPT and #WT/1] coincide, which is considered unlikely. Subsequently,
#W][1]-completeness was also shown for counting k-cycles and k-paths [18], and later on for
counting k-matchings [11, 13]. Interestingly, the decision versions of these last three problems
are in fact FPT [1] (or even polynomial-time solvable in the case of matchings).

As it turns out, the problem of counting k-matchings plays a central role in parameterized
counting. This is partially due to its obvious similarity to Valiant’s classical problem of
counting perfect matchings. More importantly however, k-matchings represent an important
reduction source to prove the hardness of other problems. For example, they constitute
the bottleneck problem for counting general small subgraph patterns: Given a graph class
H, we can define a problem #Sub(#) that asks, given a pattern graph H € H and a host
graph G, to count the occurrences of H as a subgraph in G. The problem #Sub(#) can be
solved in polynomial time if the graphs in H have a constant upper bound on the size of
their matchings, whereas classes H with matchings of unbounded size make the problem
#W/[1]-complete [13]. This shows in particular that counting k-matchings is the minimal
hard case for #Sub(H).

In this paper, we proceed from the #W/[1]-hardness of counting k-matchings in two
directions: First, we strengthen this particular hardness result by showing that counting
k-matchings remains #W/[1]-complete even on natural restricted graph classes, such as line
graphs and bipartite graphs where one side has maximum degree 2. As an instrument in our
proofs, we introduce the notion of edge-injective homomorphisms, which interpolates between
the classical notions of homomorphisms and (subgraph) embeddings. In the second part of
the paper, we study the parameterized complexity of counting edge-injective homomorphisms
as a topic in itself. The proofs of lemmas, claims and theorems marked with x appear in the
full version of this paper, which can be found at http://arxiv.org/abs/1702.05447.

1.1 Counting matchings in restricted graph classes

In non-parameterized counting complexity, restrictions of hard problems to planar and
bounded-degree graphs were studied extensively: We can count perfect matchings on planar
graphs in polynomial time by the FKT method [33, 27], and several dichotomies show which
counting versions of constraint satisfaction problems become easy on planar graphs [6, 2].
For the particular problem of counting (not necessarily perfect) matchings, a line of
research [25, 15, 34] culminated in the work of Xia et al. [38] who showed that the problem
remains #P-hard even on planar bipartite graphs whose left and right side have maximum
degree 2 and 3, respectively. In the parameterized setting, counting k-matchings is FPT
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in planar or bounded-degree graphs [20], which rules out a parameterized analogue of the
hardness result by Xia et al. [38]. It was however shown that counting k-matchings remains
#W/[1]-complete on bipartite graphs [13], which was essential for the subsequent reductions
to the general subgraph counting problem. In the first part of the paper, we find additional
restricted graph classes on which counting k-matchings remains #W/[1]-complete.

1.1.1 Restricted bipartite graphs of high girth

n [13], the #W/[1]-completeness of counting k-matchings in bipartite graphs was actually
shown for an edge-colorful variant where the edges of the bipartite graph are (not necessarily
properly) colored with k colors and we wish to count k-matchings that pick exactly one edge
from each color. This variant can be reduced to the uncolored one via inclusion—exclusion.

In this paper, we strengthen the #W/[1]-hardness result for counting edge-colorful k-
matchings in bipartite graphs G and show that we may restrict one side of G to have
maximum degree two. We may additionally assume any constant lower bound on the girth of
G, that is, the length of the shortest cycle in G. For counting (edge-colorful) k-matchings, it
is known that an algorithm with running time f(k)-n°®*/1°8%) for any computable function f
would refute the counting exponential-time hypothesis #ETH [17]. That is, if such an
algorithm existed, we could count satisfying assignments to 3-CNF formulas on n variables
in time 2°("). Our result establishes the same lower bound in the restricted case.

» Theorem 1 (). For every ¢ € N, counting (edge-colorful or uncolored) k-matchings is
#WI[1]-complete, even for bipartite graphs of girth at least ¢ whose right side vertices have
degree at most two. Furthermore, unless #ETH fails, neither of these problems has an
f(E) - netk/1o8k) time algorithm, for any computable function f.

We sketch the proof in §3 by extending the so-called Holant problems [36, 4] to an edge-colored
variant that proves to be useful for parameterized counting problems. In classical Holant
problems, we are given as input a graph G = (V, E) with a signature f, at each vertex v € V.
Here, f, is a function f, : {0,1}/(") — Z, where {0,1}!(") is the set of binary assignments
to the edges incident with v. The problem is to compute Holant(G), a sum over all binary
assignments x € {0, 1}¥, where each assignment z is weighted by [T,y fo(2).

In our edge-colored setting, the graph G is edge-colored and Holant(G) ranges only over
assignments that pick exactly one edge from each color. We apply the recent technique of
combined signatures [14] in this setting, an approach that is also implicit in [13]. This gives
a reduction from counting edge-colorful k-matchings in general graphs to 2* instances of the
restricted bipartite case. Previously, combined signatures were used only for problems with
structural parameterizations, such as counting perfect matchings in graphs whose genus or
apex number is bounded [14]. Our edge-colorful approach allows us to apply them also when
the parameter is the solution size k.

1.1.2 Line graphs

Building upon Theorem 1, we then prove that counting k-matchings is #W/[1]-complete even
when the input graph is a line graph. We also obtain a lower bound under #ETH.

» Theorem 2. The problem of counting k-matchings is #W/[1]-complete, even when restricted
to line graphs. Furthermore, unless #ETH fails, this problem does not have an f(k:)~n°(k/logk)
time algorithm, for any computable function f.
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Line graphs are claw-free, that is, they exclude K 3 as induced subgraphs. In fact, the
class of line graphs can be characterized by a set S of nine (for large graphs seven) minimal
subgraphs such that G is a line graph if and only if G contains none of the graphs from S as
an induced subgraph [24, 37]. Line graphs can be recognized in linear time [28], and several
classical NP-complete problems are polynomial-time solvable on line graphs, such as finding
a maximum independent set [32], a maximum cut [23], or a maximum clique [30]. In contrast,
Theorem 2 shows that counting k-matchings remains #W/[1]-hard on line graphs.

To prove Theorem 2, one might be tempted to first prove hardness of counting edge-
colorful k-matchings in line graphs, and then reduce this problem via inclusion—exclusion
to the uncolored case. This approach however fails: While the colored problem is easily
shown to be #W/[1]-complete (even on complete graphs), we cannot use inclusion—exclusion
to subsequently reduce to counting uncolored matchings, since doing so would lead to graphs
that are not necessarily line graphs. Hence we do not know how to prove Theorem 2 in the
framework of edge-colorful Holant problems directly, as we do for Theorem 1.

Instead, we prove Theorem 2 in §4 by means of a delicate interpolation argument,
most similar to techniques used in the first hardness proof for uncolored k-matchings [11].
Using a simple gadget and k-matchings in line graphs as the oracle for our reduction, we
generate a linear system of equations such that one of the unknowns is the number of
k-matchings in a general input graph G, which is #W/[1]-complete to compute. The system
turns out not to have full rank, but a careful analysis shows that the unknown we are
interested in can still be uniquely determined in polynomial time.

Perfect matchings in (perfect) line graphs

Completing the picture, we show that the non-parameterized problem of counting perfect
matchings also remains #P-hard on line graphs. This holds even for line graphs of bipartite
graphs, which are known to be perfect, and which play an important role in the proof of the
strong perfect graph theorem by Chudnovsky, Seymour, and Robertson [10].

» Theorem 3 (x). The problem of counting perfect matchings is #P-complete even for graphs
that have mazimum degree 4 and are line graphs of bipartite graphs. On the other hand, the
problem is polynomial-time solvable on 3-reqular line graphs.

To prove this theorem, we invoke a dichotomy theorem for Holant problems by Cai, Lu,
and Xia [7]: We show that the positive case of Theorem 3 can be reduced to a polynomial-
time solvable Holant problem, while hardness in the negative case of Theorem 3 follows
by reduction from a #P-complete Holant problem. Due to space limitations the proof is
deferred to the journal version of this paper.

1.2 Counting edge-injective homomorphisms

To prove Theorem 2, we actually prove the equivalent statement that counting edge-injective
homomorphisms from the graph k - P, to host graphs G is #W][1]-complete. Here, we
write k - P, for the graph consisting of k disjoint copies of the path P, with two edges. A
homomorphism f from H to G is edge-injective if, for any distinct (but not necessarily
disjoint) edges e = uv and ¢’ = u'v’ of H, the edges f(u)f(v) and f(u')f(v") in G are distinct
(but not necessarily disjoint). The number of edge-injective homomorphisms from k- P> to G
is easily seen to be equal to the number of k-matchings in L(G), up to a factor of k! - 2,
which is the size of the automorphism group of a k-matching.
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Starting from their application in the proof of Theorem 2, we observe that edge-injective
homomorphisms are an interesting concept on its own, since they constitute a natural
interpolation between homomorphisms and subgraph embeddings (which are vertex-injective
homomorphisms). To study the complexity of counting edge-injective homomorphisms from
general patterns, we define the problems #Hom™(#) for fixed graph classes H: Given graphs
H € H and G, the problem is to count the edge-injective homomorphisms from H to G.
Similar frameworks exist for counting subgraphs [13], counting/deciding colorful subgraphs
[13, 31, 22], counting/deciding induced subgraphs [9], and counting/deciding (not necessarily
edge-injective) homomorphisms [21, 16]. In all of these cases, precise dichotomies are known
for the parameterized complexity of the problem when the pattern is chosen from a fixed class
‘H and the parameter is |V (H)|. For instance, homomorphisms from # can be counted in
polynomial time if H has bounded treewidth, and the problem is #W/[1]-complete otherwise
[16]. A similar statement holds for the decision version of this problem, but here only the
cores of the graphs in H need to have bounded treewidth [21].

Our main outcome is a similar result for counting edge-injective homomorphisms: To
state it, let the weak vertex-cover number of a graph G be defined as the size of the minimum
vertex-cover in the graph obtained from G by deleting all isolated edges, that is, connected
components with two vertices. Furthermore, a graph class H is hereditary if H € H implies
F € H for all induced subgraphs F' of H.

» Theorem 4 (x). Let H be any class of graphs. The problem #Hom™(H) can be solved in
polynomial time if there is a constant ¢ € N such that the weak vertex-cover number of all
graphs in H is bounded by c. If no such constant exists and H additionally is hereditary,
then #Hom™ (M) is #W/[1]-complete.

To prove this theorem in §5, we first adapt an algorithm for counting subgraphs of bounded
vertex-cover number [13] to the setting of edge-injective homomorphisms. Then we use a
Ramsey argument to show that any graph class with unbounded weak vertex-cover number
contains one of six hard classes as induced subgraphs. This gives a full dichotomy for
the complexity of #Hom™(H) on hereditary graph classes H, however leaving out several
interesting non-hereditary classes such as paths, cycles, and P.-packings. Here, a P.-packing
for ¢ € N is a disjoint union of paths P,, that is, paths consisting of ¢ edges. We handle these
specific classes individually.

» Theorem 5 (x). The problem #Hom™(H) is #W/[1]-complete if H is the class of paths,
the class of cycles, or the class of P.-packings, for any ¢ > 2.

We conclude this introduction with a possible future application of edge-injective homo-
morphisms. A wide open problem in parameterized complexity lies in classifying the subgraph
patterns whose existence is easy to decide. The problem is known to be FPT on patterns of
bounded treewidth [1], and it seems reasonable to believe that all classes H of unbounded
treewidth are W[1]-hard. However, even W][1]-hardness for the class of complete bipartite
graphs was only shown recently in a major breakthrough [29]. On the other hand, the
complexity is much better understood for deciding the existence of homomorphisms from a
pattern class H: As stated above, the treewidth of the cores is the criterion for the complexity
dichotomy [21]. Since subgraph embeddings are vertex-injective homomorphisms, the notion
of edge-injective homomorphisms interpolates between the solved case of homomorphisms
and the unsolved case of subgraphs. In light of this fact, we also consider our results on
edge-injective homomorphisms as an initial investigation of a potential avenue towards a
dichotomy for deciding subgraph patterns.
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2 Preliminaries

A parameterized counting problem is a function II : {0,1}" — N that is endowed with a
computable parameterization  : {0,1}" — N; it is fized-parameter tractable (FPT) if there
is a computable function f: N — N and an f(k) - poly(n)-time algorithm to compute II(x),
where n = |z| and k = k(z).

An fpt Turing reduction is a Turing reduction from a problem (II, k) to a problem (IT', '),
such that the reduction runs in f(k) - poly(n)-time and each query y to the oracle satisfies
k' (y) < g(k). Here, both f and g are computable functions. A problem is #W/[1]-hard if
there is an fpt Turing reduction from the problem of counting the cliques of size k in a given
graph; since it is believed that the latter does not have an FPT-algorithm, #W/1]-hardness
is a strong indicator that a problem is not FPT. For more details, see [19].

The counting exponential-time hypothesis (#ETH ) is the claim that there exists a constant
€ > 0 for which there is no 2¢*-time algorithm to compute the number of satisfying assignments
for an n-variable 3-CNF formula. For the counting k-cliques problem, #ETH implies that
there is no f(k) - n°*)_time algorithm [8]. Whenever an fpt Turing reduction from counting
k-cliques (or any source problem) to another parameterized counting problem increases the
parameter k by at most a constant factor, then the same running time lower bound under
#ETH holds for the target problem as well.

Let H and G be graphs. A function ¢ : V(H) — V(G) is a homomorphism from H
to G if p(e) € E(G) holds for all e € E(H), where o({u,v}) = {¢(u), ¢(v)}. The set of all
homomorphisms from H to G is denoted by Hom(H, G). A homomorphism ¢ € Hom(H, G)
is called edge-injective if all e, f € E(H) with e # [ satisfy p(e) # ¢(f). We denote the
set of all edge-injective homomorphisms from H to G by Hom*(H,G). A homomorphism
¢ € Hom(H, G) is an embedding of H in G if it is a (vertex-)injective homomorphism from
H to G. The set of all embeddings from H to G is denoted by Emb(H, G).

For a class H of graphs, let #Hom"(#H) denote the following computational problem:
Given H € H and a simple graph G, compute the number #Hom"(H, G), parameterized
by |V (H)|. The problems #Hom(#) and #Emb(H) are defined analogously.

The line graph L(G) of a simple graph G is the graph whose vertex set satisfies V(L(G)) =
E(G) such that e, f € E(G) with e # f are adjacent in L(G) if and only if the edges ¢ and f
are incident to the same vertex in G. A line graph is called line-perfect if it is the line graph
of a bipartite graph.

3 Matchings in restricted bipartite graphs

In this section, we prove Theorem 1. Our arguments make heavy use of k-edge-colored graphs,
for k € N, which are graphs G with a (not necessarily proper) edge-coloring ¢ : E(G) — [k]. A
matching in G is colorful if it contains exactly one edge from each color. We let #ColMatch(G)
be the number of such matchings and #ColMatch be the corresponding computational
problem; this problem is #W/[1]-hard by the following theorem.

» Theorem 6 ([13], Theorem 1.2). The problem #ColMatch is #W][1]-complete. Unless
H#ETH fails, it cannot be solved in time f(k) - n°*/1°8k) for any computable f.

A straightforward application of the inclusion—exclusion principle reduces the edge-colorful
version to the uncolored one (see, e.g., [12, Lemma 1.34] or [13, Lemma 2.7] ).

» Lemma 7. There is an fpt Turing reduction from #ColMatch for k-edge-colored graphs to
the problem of counting k-matchings in uncolored subgraphs of G; the reduction makes at
most 2F queries, each query is a subgraph of G, and the parameter of each query is k.
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3.1 Colorful Holant problems

We first adapt Holant problems to an edge-colorful setting by introducing edge-colored
signature graphs and colorful Holant problems. In the uncolored setting, the notion of a
“Holant” was introduced by Valiant [36] and later developed to a general theory of Holant
problems by Cai, Lu, Xia, and various other authors [4, 5]. In Section 3.2, we will use colorful
Holants to prove Theorem 1 by a reduction from #ColMatch. A more general exposition of
this material appears in the first author’s PhD thesis [12, Chapters 2 and 5.2].

» Definition 8. For a graph G, we denote the edges incident with a given vertex v € V(G)
by I(v). For k € N, a k-edge-colored signature graph is a k-edge-colored graph ) that has a
signature f, : {0,111 (") — Q associated with each vertex v € V(£2). The graph underlying Q
may feature parallel edges.

Given such an Q, denote its color classes by Fi,...,Er C E(Q). An assignment x €
{0, 1} is colorful if, for each i € [k], there is exactly one edge e € E; with x(e) = 1. Given
a set S C E(Q), we write x|g for the restriction of = to S, which is the unique assignment in
{0,1}° that agrees with 2 on S. We then define ColHolant({2) as the sum

ColHolant(Q) = > II £ (@lhw)-
z€{0,1}FE) veV(Q)
colorful

If all signatures in Q map to {0,1}, then ColHolant(2) simply counts those edge-colorful
assignments x with f,(z[7,)) = 1 for all v € V(Q). In the following, we will use this simple
fact to rephrase #ColMatch as ColHolant(2) for an edge-colored signature graph €.

For assignments x € {0, 1}*, write hw(z) for the Hamming weight of . For a statement ¢,
let [¢] be defined to be 1 if ¢ holds and 0 otherwise.

» Fact 9. Let k € N and let G be a k-edge-colored graph. Define the k-edge-colored signature
graph Q = Q(G) by associating with each vertex v € V(G) the signature hw<; : {0,1}/(") —
{0,1}; for any = € {0,1}*, this signature is defined as hw<i(x) = [hw(z) < 1]. Then we can
verify that ColHolant(Q2) = #ColMatch(G) holds.

If a signature graph 2 has a vertex v with some complicated signature f associated with
it, we can sometimes simulate the effect of f by replacing v with a graph fragment that has
only the signature hw<; associated with its vertices. Since ColHolant(2) of signature graphs
Q2 featuring only hw<; can be expressed as a number of edge-colorful matchings via Fact 9,
this will allow us to reduce from ColHolant(2) to #ColMatch. The graph fragments we are
looking for are formalized as edge-colored matchgates:

» Definition 10. An edge-colored matchgate is an edge-colored signature graph I' that
contains a set D C F(I") of dangling edges. These are edges with only one endpoint in V(T"),
and we consider them to be labeled with 1,...,|D|. Furthermore, we require the signature
hw<; to be associated with all vertices in I'. The colors on edges E(I") \ D will be denoted
as internal colors.

We say that an assignment y € {0, 1}7() extends an assignment = € {0,1}” if y agrees
with # on D. The signature ColSig(T) : {0,1}” — Q of T is defined as

ColSig(T", z) = 3 T #®Wliw)-

yG{O,l}E(F) veV(T)
colorful, extends x

If Q is a k-edge-colored signature graph and I" is an edge-colored matchgate with internal
colors disjoint from [k], then we can insert I' at a vertex v € V() as follows (see Figure 1):
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Q r

Figure 1 A matchgate I is inserted into a signature graph € at vertex v.

First delete v from €2, but keep I(v) as dangling edges in §). Then insert a disjoint copy
of I' into 2 and identify its dangling edges with I(v). That is, if e is a dangling edge with
endpoint u in € and e is identified with a dangling edge of the same color with endpoint v
in T, then we consider e as an edge uv in the resulting graph.!

» Remark. When inserting I' into a signature graph {2, we implicitly assume that the edge-
colors of dangling edges are a subset of the edge-colors in 2. Furthermore, note that the
insertion of matchgates can result in multigraphs.

A simple calculation shows that inserting a matchgate I' at a vertex v with signature f,
preserves ColHolant(€2), provided that ColSig(T') = f,. Applying this insertion operation
repeatedly, we obtain the following fact, as proved in Fact 2.17 and Lemma 5.16 of [12].

» Fact 11. Let Q be a k-edge-colored signature graph such that each v € V(Q) is associated
with some signature f,. If there is a matchgate T, with ColSig(T,) = f, for every vertex v,
then we can efficiently construct an edge-colored graph G on O(>, |V(T'v)| + >, [E(Ty)])
vertices and edges such that ColHolant(Q2) = #ColMatch(G).

In some cases, Fact 11 may not be applicable, since the involved signatures cannot
be realized by matchgates. For such cases, Curticapean and Xia [14] define combined
signatures: Rather than realizing a given signature f via matchgates, we may be able to
express f as a linear combination of ¢ € N signatures that do admit matchgates. If there
are s € N occurrences of such signatures in €2, then we can compute ColHolant(2) as a
linear combination of ¢* colorful Holants, where all involved signatures can be realized by
matchgates.

» Lemma 12 (%). Let Q be a k-colored signature graph. Let s,t € N and let wy, ..., ws be
distinct vertices of Q such that the following holds: For all k € [s], the signature f, at w,
admits coefficients ¢, 1, . .., cwt € Q and signatures g, 1, ..., gut such that f, = 2221 Cryi*Gri
holds. Here, the linear combination is to be understood point-wise.

Given a tuple 0 € [t]*, let Qg be the edge-colored signature graph defined by replacing, for
each Kk € [s], the signature f. at w, with g, ¢(.). Then we have

K=

ColHolant(Q2) = Z < Cﬁyg(ﬁ)> - ColHolant (). (1)
1

oct]s

Lemma 12 allows us to prove hardness results under fpt Turing reductions if ColHolant(f?)
is #W][1]-hard to compute and the values ColHolant(€2y) for all § can be computed by
reductions to the target problem. This is our approach in the remainder of this section.

1 We assume I(v) to be ordered as e, ..., €4(v) in some arbitrary way; then ey is identified with dangling
edge b for all b € [d(v)]. This also requires e, and dangling edge b to have the same color.
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3.2 k-Matchings in bipartite graphs

In the following, we use the techniques from Section 3.1 to prove Theorem 1. We reduce
from #ColMatch, which is #W[1]-complete by Theorem 6. Let k € N and let G be a simple
k-edge-colored graph for which we want to compute #ColMatch(G). We first construct a
certain bipartite signature graph Q;;, with ColHolant(2;,) = #ColMatch(G).

» Lemma 13 (x). Given a k-edge-colored graph G, let Qpi, = Qpip(G) denote the signature
graph on edge-colors [k] x [2] constructed as follows: Initially, Quip is G, where each vertex
is associated with the signature hw<q. Then, for each i € [k], perform the following:

1. Add a fresh vertex w; to Qpp.

2. For e € E(Q), of colori and with e = uv, delete e and insert an edge vw; of color (i,1)
and an edge w;v of color (i,2). Annotate the added edges with m(uw;) = m(w;v) = e.

3. Note that every colorful assignment x € {0,1}1(“”) at a verter w; has precisely two
edges e1(x) and ex(x) that are incident to w; and assigned 1 by x. We associate w; with
the signature f; that maps x € {0,111 to fi(x) = [n(e1(x)) = w(ea(x))].

The constructed signature graph Qyp;, satisfies ColHolant () = #ColMatch(G).

We now realize the signatures f; in €34 by linear combinations of the signatures of
edge-colored matchgates. For ¢ € [k], let E;(G) denote the edges of color ¢ in G. Let
m; = |E;(G)| and consider the edges in E;(G) to be ordered in some arbitrary fixed way.

» Lemma 14 (x). Recall the definition of Qpip from Lemma 13. For i € [k], let m = m;
and let T'; 1 denote the matchgate on dangling edges I(w;) that consists of 2m wvertices and is
defined as follows: First, create independent sets ay,...,am, and by, ..., by, which we call
“external” vertices. Then, for all j € [m] and all edges e,e’ € E(Qys) of colors (i,1) and
(,2) with w(e) = w(e'): If w(e) is the j-th edge in the ordering of E;(G), for j € N, then
attach e as dangling edge to a; and €' as dangling edge to b;.

Let T'; o be defined likewise, with the following addition: For all j € [m], add an extra
vertex c;, an edge a;c; of color (i,3) and an edge c;b; of color (i,4).

Recall the signature f; from Lemma 13. We can express f; as a linear combination of
ColSig(T;1) and ColSig(I'; ) by f; = (m? — 3m + 3) - ColSig(T'; 1) — ColSig(T; 2).

Using Lemmas 12, 13 and 14, we can now reduce counting edge-colorful matchings in
graphs G to the same problem in subdivisions of G. If G is a k-colored graph and ¢t € N is
some number, then a ¢-subdivision of G for ¢t € N is obtained by replacing each edge of G by
a path with exactly t inner vertices. We may assign any colors to the new edges.

» Lemma 15 (x). Let G be a k-edge-colored graph on n vertices and m edges. Then we
can compute #ColMatch(G) with O(2%) oracle calls #ColMatch(G") for graphs G’ that are
subgraphs of a 3-subdivision of G. Furthermore, G’ has at most 4(n +m) vertices and edges
and at most 4k colors.

Theorem 1 now follows easily from the hardness of #ColMatch and repeated applications
of Lemma 15. The full proof is given in the full version of this paper.

4 Matchings in line graphs

We now sketch the proof of Theorem 2, stating that counting k-matchings in line graphs is
#W][1]-hard. A wedge is any graph isomorphic to Py, the path with two edges, and a wedge
packing k - Py is the vertex-disjoint union of £ wedges. For any graph G, we observe that
the number of embeddings of a k-matching in L(G) is equal to the number of edge-injective
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Figure 2 Example of the construction of G" as used in the proof of Theorem 17. The second
row illustrates the correspondence between a 3-matching in G and the image of an edge-injective
homomorphism from a wedge packing of size 3 such that all wedges are good. Furthermore we give
examples for the image of a test wedge and a bad wedge.

homomorphisms from a wedge packing k - P> to G. To prove Theorem 2, we reduce from the
k-matching problem in well-structured bipartite graphs to the latter problem. The following
technical lemma encapsulates the delicate interpolation argument used in the reduction. For
teN let ()y=(x) - (x—1)---(x —t+ 1) denote the falling factorial.

» Lemma 16 (x). For all g,b € N, let agp € Q be unknowns, and for all r € N, let P,(y) be
the univariate polynomial such that

k=0 t=0

There is a polynomial-time algorithm that, given a number k and the coefficients of P.(y) for
all 7 € N with r < O(k), computes the numbers a, —, for allt € {0,... k}.

We then prove Theorem 2 by showing the following equivalent theorem.

» Theorem 17. If H is the class of all wedge packings, then #Hom™(H) is #W[1]-hard.
Furthermore, unless #ETH fails, the problem cannot be solved in time f(k) - n°/108k)

Proof. We reduce from the problem of counting k-matchings in bipartite graphs whose

right-side vertices have degree < 2 and where any two distinct left-side vertices have at

most one common neighbor. For this problem, Theorem 1 for bipartite graphs with girth

greater than 4 implies #W/[1]-hardness and the desired bound under #ETH. Let (G, k)

be an instance of this problem, and let L(G) and R(G) be the left and right vertex sets,

respectively. For r € N, we construct a graph G” as follows (see Figure 2):

1. TInsert a vertex 0 that is adjacent to all vertices of L(G).

2. Add r special vertices 1,...,r as well as the edges 01,02,...,0r.

3. For every vertex v € R(G) with deg(v) = 2, remove v and add the set N(v) as an edge
to G". Note that |[N(v)| = 2, so N(v) can indeed be considered as an edge.
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Since G is a simple graph and any two distinct vertices u, v € L(G) have at most one common
neighbor in G, the graph G” is again simple. Let H = H; U--- U Hy, be the graph that
consists of k vertex-disjoint copies of P;. For ¢ € Hom*(H, GY), we say that a wedge H; is
test if ¢(H;) contains two edges incident to 0,
good if ¢(H;) contains exactly one edge incident to 0, and
bad if p(H;) uses no edge incident to 0.
Let a5, be the number of edge-injective homomorphisms ¢ € Hom*(H, G°) for which there
are 0 test wedges, g good wedges, and b bad wedges.

» Claim 18 (x). The number of k-matchings in G is equal to ago/(2% - k!).

We aim at determining the number ay ¢ by using an oracle for #Hom™(#H). Since we
cannot directly ask the oracle to only count homomorphisms with a given number of bad
and good wedges, we query the oracle multiple times and recover these numbers via a very
specific form of interpolation fueled by Lemma 16. To apply the lemma, we observe the
following identity.

» Claim 19 (). Let k,7 € N. Then B;x(G") := #Hom™ (H,G") satisfies
B = 5 a(5,) g
t,g,beN 9

t+g+b=Fk

Note that S5 (G") is a polynomial in r of degree at most 2k. Setting y = n+r, Claim 19 yields
a polynomial identity that is exactly of the form required by Lemma 16, and thus we can

compute the unknowns oy, for all g,b € N with g+b < k from the polynomials fo, ..., Bo)-

Overall, the reduction runs in polynomial time, makes at most O(k?) queries to the oracle,
and the parameter of each query is at most O(k). This proves the #W/[1]-hardness and the
lower bound under #ETH. <

5 Edge-injective homomorphisms

We sketch the proof of Theorem 4, our dichotomy theorem for counting edge-injective
homomorphisms. Let H be a graph. Recall that a set S C V(H) is a weak vertex-cover if
every edge e € E(H) either has a non-empty intersection with S or e does not have any
other edges incident to it. The weak vertez-cover number of G is the minimum size of a
weak vertex-cover of G. A family of graphs H has bounded weak vertex-cover number if this
number can be uniformly bounded by a constant ¢ = ¢(#H) for all graphs H € H; otherwise
this number is unbounded.

5.1 Polynomial-time counting for bounded weak vertex-cover number

The polynomial-time cases of our dichotomy are established in the following theorem.

» Theorem 20 (x). If H is a family of graphs with bounded weak vertez-cover number, then
#Hom™ (H) is polynomial-time computable.

The algorithm is based on dynamic programming. Let H € H and G be the input for the
algorithm. Isolated edges of H can be removed easily, as their contribution to the number
of edge-injective homomorphisms admits a closed formula. The basic idea now is to guess
which ¢ vertices in G the vertex-cover of H maps to; after this part of the homomorphism
is fixed, all vertices of H outside of the vertex-cover form an independent set, and they
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R b thes

Figure 3 Example graphs from each of the six minimal graph classes that do not have bounded
weak vertex-cover number according to Lemma 21: K, K33, W3,4- K3, 5- P2, and SS5.

can only be distinguished if their neighborhoods are distinct. Since there are at most 2°¢
different neighborhoods, the graph H has a very simple structure, and a surprisingly technical

dynamic programming algorithm achieves a running time of n®2").

5.2 Hardness for hereditary graph classes

We now consider graph classes H that do not have bounded weak vertex-cover number, and
we prove that #Hom™(H) is #W/[1]-complete if H is also hereditary. To do so, we first show
that every class of unbounded weak vertex-cover number contains one of six basic graph
classes (depicted in Figure 3) as induced subgraphs.

For the purposes of this paper, we say that W}, is a windmill of size k if it is a matching
of size k with an additional center verter adjacent to every other vertex. Moreover, the
subdivided star SSi is a k-matching with a center vertex that is adjacent to exactly one
vertex of each edge in the matching. A triangle packing k - K3 is the disjoint union of k
triangles, a wedge is a path P, that consists of two edges, and a wedge packing k - P; is the
disjoint union of k wedges.

» Lemma 21 (x). Let us say that a class H contains another class C as induced subgraphs
if, for every C € C, there is some H € H such that H contains C' as induced subgraph. If H
s a class of graphs with unbounded weak vertex-cover number, then H contains at least one
of the following classes as induced subgraphs:

(i) the class of all cliques,

(ii) the class of all bicliques,

(i) the class of all subdivided stars,

(iv) the class of all windmills,

(v) the class of all triangle packings, or

(vi) the class of all wedge packings.

Since hereditary classes H are closed under induced subgraphs, Lemma 21 guarantees
that any hereditary class H with unbounded weak vertex-cover number contains at least
one of the six graph families defined above as an actual subset of H. We prove hardness for
each of these six families in the journal version of this paper; the hardness for hereditary
classes H and Theorem 4 then follows.

5.3 Hardness for some non-hereditary graph classes

The dichotomy for #Hom"(#) with hereditary graph classes H leaves open some non-
hereditary graph classes of interest. In the final part of the paper, we investigate #Hom™(H)
for several such classes, namely those of cycles, paths, and packings of constant-length paths.
It turns out that the problem of counting edge-injective homomorphisms is #W/[1]-hard in
all of these cases (excluding the class of matchings, which are packings of length-1 paths).
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» Theorem 22 (x). For the classes C and P of all cycles and paths, respectively, the
problems #Hom™(C) and #Hom™ (P) are #W[1]|-hard. Furthermore, the problem of counting
all edge-disjoint s-t-walks in a given graph is #W/1]-hard.

» Theorem 23 (x). For ¢ € N, let PP, be the class of packings of the path P.. Then
#Hom™(PP..) is #W([1]-hard for ¢ > 2 and computable in polynomial time otherwise.

Acknowledgments. The authors thank Cornelius Brand and Markus Blaser for interesting
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—— Abstract

Binary search finds a given element in a sorted array with an optimal number of logn queries.
However, binary search fails even when the array is only slightly disordered or access to its
elements is subject to errors. We study the worst-case query complexity of search algorithms

that are robust to imprecise queries and that adapt to perturbations of the order of the elements.
We give (almost) tight results for various parameters that quantify query errors and that measure
array disorder. In particular, we exhibit settings where query complexities of logn + ck, (1 +
¢)logn+ck, and Venk+ o(nk) are best-possible for parameter value k, any € > 0, and constant c.
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1 Introduction

Imagine a large register with n files from which you wish to extract a particular file. All files
are indexed by some key and the files are sorted by key value. Not knowing the distribution
of the keys, you probably use binary search since looking at logn keys is best possible in
the worst case. Unfortunately, however, other users have accessed files before you and have
only returned the files to approximately the right place. As a result, the register is unsorted,
but at least each file is within some small number k of positions of where it should be. How
should you proceed? If you knew k and n, at what ratio of k£ vs. n should you resort to a
linear search of the register? If you do not know k, can you still do reasonably well? What if
the register was recently moved, by packing the files into boxes, but in the process the order
of the boxes got mixed up, and now there are large blocks of files that are far away from
their correct locations? What if you misread some of the keys? Situations like these are close
to searching in a sorted register and there are plenty of parameters that measure closeness to
a sorted array, e.g., maximum displacement or minimum block moves to sort, respectively
persistent or temporary read errors. We give (almost) optimal algorithms for a large variety
of these measures, and thereby establish for each of them exact regimes in which we can
outperform a linear search of all elements, or even be almost as good as binary search.
More formally, we study the fundamental topic of comparison-based search, which is
central to many algorithms and data structures [20, 24, 31]. In its most basic form, the
search problem can be phrased in terms of locating an element e within a given array A. In
order to search A efficiently, we need structure in the ordering of its elements: In general,
we cannot hope to avoid querying all entries to find e. The most prominent example of an

* A full version of the paper is available at http://arxiv.org/abs/1702.05932.
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efficient search algorithm that exploits special structure is binary search for sorted arrays.
Binary search is best-possible for this case. It needs only logarithmically many queries and is
thus very well suited for searching extremely large collections of data. However, it heavily
relies on perfect order and reliable access to the data. For large and dynamically changing
collections of data, both requirements may be difficult to ensure, but it may be reasonable
to assume the number of imperfections to be bounded. Accordingly, we ask: What is the
best-possible search algorithm if the data may be disordered or we cannot access it reliably?
In what regime of the considered measure is it better than linear search?

We provide (almost) tight bounds on the query complexity of searching an array A with n
entries for an element e in a variety of settings. Each setting is characterized by bounding a
different parameter k that quantifies the imperfections regarding either our access to array
elements or regarding the overall disorder of the data. Note that one can always resort to
linear search, which rules out lower bounds stronger than n comparisons.! Table 1 gives an
overview of the parameters we analyze and our respective results. Qualitatively, our results
can be grouped into three groups of settings leading to different query complexities, and we
briefly highlight each group in the following.

The first group contains the parameters ksum, KFmax, and kiny, which quantify the summed
and maximum distance of each element from its position in sorted order and the number of
element pairs in the wrong relative order, respectively (detailed definitions can be found the
the corresponding sections). For all of these parameters we are able to show that logn + ck
queries are necessary and sufficient, for constant c. Intuitively, this is the best complexity we
can hope for: We cannot do better than log(n) queries, and the impact of k on the query
complexity is linear and can be isolated.

The second group of results is with respect to the parameters kjjes, Kfaults, as well as
multiple parameters for edit distances that measure the number of element operations needed
to sort A. The parameter kjes limits the number of queries that yield the wrong result,
and kgauts limits the number of array positions that yield wrong query outcomes. For
bounded values of kjjes and kgauits we show that e cannot be found with logn + ck queries
using any binary-search-like algorithm.? On the other hand, we provide an algorithm that
needs (14 1/¢)logn + ck queries, for any ¢ > 1. For bounded edit distances, it is easy to see
that we need n queries if e need not be at its correct position relative to sorted order, since e
can be moved anywhere with just 2 edits, forcing us to scan the whole array. If we assume e
to be at its correct location, we can carry over the results for kjjes and keauits to obtain the
same bounds for the edit-distance related parameters krcp, Kseq, Kmov, and Kswap-

Lastly, we consider the parameter k,i,, that counts the number of adjacent elements that
are in the wrong relative order, as well as several parameters measuring the number of block
operations needed to sort A. Intuitively, these settings are much more difficult for a search
algorithm, as it takes relatively small parameter values to introduce considerable disorder.
For the case that e is guaranteed to be at the correct position, we show that vcnk + o(nk)
queries are necessary and sufficient to locate e.

The algorithms for k.i,, and related parameters assume that the parameter value is
known to the algorithm a priori. In contrast, all our other algorithms are oblivious to the
parameter, in the sense that they do not require knowledge of the parameter value as long

Accordingly, all (lower) bounds of the form f(n,k) throughout the paper are to be understood
as min{f(n,k),n}. A naive bound of n can easily be obtained by scanning the whole array.

We interpret the array as a binary tree (rooted at entry n/2, with the two children n/4, 3n/4, etc.), and
call an algorithm “binary-search-like” if it never queries a node (other than the root) before querying its
parent.



Y. Disser and S. Kratsch

Table 1 Overview of our results, with main results in boldface.! (°: even if oblivious to parameter
value; ©: for all ¢ > 1; *: for tree-algorithms; ©: for pos(e) = rank(e))

bounds
parameter description lower upper
Section 3 — number of imprecise queries
kies  wrong outcomes logn + ck [Th. 3] (1+ %) logn + (2¢+2)k [Th. 2]°°
ktaults indices with wrong outcomes logn + ck [Th. 3¢t (1+ %) logn + (2¢+2)k [Th. 4]°°
Section 4.1 — displacement of elements
ksum  total displacement logn/k + 2k 4+ O(1) [Th. 5°
kmax maximum displacement logn/k + 3k 4+ O(1) [Th. 6]°
Section 4.2 — number of inversions
kinv  all inversions logn/k+2k+0O(1) [Co. 7] logn/k + 4k + O(1) [Co. 7]°
kainv  adjacent inversions Vv 8nk + o(v/nk) [Th. 10,9]°
Section 4.3 — element operations needed to sort the array
krep  element replacements logn + ck [Co. 14]¢t¢ (1—1—%) logn + (4c+4)k [Th. 13]°°
kseq ~ n — |max ordered subseq.| logn + ck [Co. 14]°*¢ (142)logn + (4c+4)k [Th. 13)°
kmov  element moves logn + ck [Co. 14]°t¢ (1—1—%) logn + (4c+4)k [Th. 13]°°
kswap element swaps logn + ck [Co. 14]°t¢ (l—l—%) logn + (8¢+8)k [Th. 13]°°
kaswap adj. element swaps logn/k+2k+O(1) [Co. 15] logn/k + 4k + O(1) [Co. 15]°
Section 4.4 — block operations needed to sort the array
kbswap block swaps 4v/nk + o(v/nk) [Th. 17)¢
krbswap €qual size block swaps 2v2nk + o(v/nk) [Th. 18]¢ 4+v/nk + o(v/nk) [Th. 18]¢
kbmov block moves 2v2nk + o(v/nk) [Th. 19]°

as the target element e is guaranteed to be present in the array. Note that if e need not be
present and we have no bound on the disorder, we generally need to inspect every entry of
the array in case we cannot find e. For the parameter kjjes, we do not even know how long
we need to continue querying the same elements until we may conclude that e is not part
of the array. Any of our oblivious algorithms can trade the guarantee that e € A against
knowledge of the parameter value k: Compute from k the maximum number m of queries
that it would take without knowing k when e € A. If the algorithm does not stop within m
queries then it is safe to answer that e is not in A.

Overall, our results point out several parameters for which a fairly large regime of k
(as a function of n) allows search algorithms that are provably better than linear search.
For example, while moving only a single element by a lot can lead to bounds of Q(n) on
the values of several parameters, and hence trivial guarantees, moving many elements by
at most k places gives kmax = k and yields better bounds than linear search (roughly) for
k < %, and as good as binary search when k£ = O(logn). Moving only few elements by an
arbitrary number of spaces, in turn, still leads to good bounds via parameters such as kpoy
or kswap, as long as the target is in the correct place. Parameters such as kain, grow even
more slowly, for certain types of disorder, but, on the other hand, only a small regime allows
for better than trivial guarantees. While, for each individual parameter we study, there are
“easily searchable” instances where the parameter becomes large and makes the corresponding
bound trivial, our results often allow for good bounds by resorting to a different parameter.
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1.1 Related Work

Our work falls into the area of adaptive analysis of algorithms, which aims at a fine-grained
analysis of polynomial-time algorithms with respect to structural parameters of the input.
An objective of this field is to find algorithms whose running-time dependence on input
size and the structural parameters interpolates smoothly between known (good) bounds for
special cases and the worst-case bound for general inputs. The topic of adaptive sorting,
i.e., sorting arrays that are presorted in some sense, has attracted a lot of attention, see,
e.g., [4,13, 23, 28].

We now discuss results that are specific to searching in arrays. Several authors addressed
the question of how much preprocessing, i.e., sorting, helps for searching, if we take into
account the total time investment [8, 22, 29]. Fredman [18] gave lower bounds on searching
regarding both queries and memory accesses. A classic work of Yao [32] established that the
best way of storing n elements in a table such as to minimize number of queries for accessing
an element is by keeping the elements sorted, which requires logn queries, provided that the
key space is large enough. Regarding searching in (partially) unordered arrays, there is a
nice result of Biedl et al. [5] about insertion sort based on repeated binary searches.

Under appropriate assumptions, namely that array is sorted and its elements are drawn
from a known distribution (e.g., searching for a name in a telephone book), one can do much
better than binary search, since the distribution allows a good prediction of where the target
should be located. In this case O(loglogn) queries suffice on average (cf. [31]); to avoid
having to query the entire array, previous work suggests combinations of algorithms that
perform no worse than binary search in the worst case [10, 6]. Another interesting branch of
study is related to search in arrays of more complicated objects such as (long) strings [1, 17]
or abstract objects with nonuniform comparison cost [19, 2].

Many papers have studied searching in the presence of different types of errors, e.g., [7,
15, 16, 25], see [11, 27] for surveys. A popular error model for searching allows for a linear
number of lies [3, 7, 12, 14, 26], for which Borgstrom and Kosaraju [7] gave an O(logn)
search algorithm. In contrast, we bound the number of lies separately via the parameter kjjes.
Rivest et al. [30] gave an upper bound of logn + kloglogn + O(klogk) queries for this
parameter. Their algorithm is based on a continuous strategy for the (equivalent) problem
of finding an unknown value in [1,n], up to a given precision, using few yes-no questions.
Our algorithm (Theorem 2) uses asymptotically fewer queries if kjjos = w(logn/loglogn).3

The works of Finocchi and Italiano [16] and Finocchi et al. [15] consider a parameter
very similar to kgauits, with the additional assumption that faults may affect also the working
memory of the algorithm, except for O(1) “safe” memory words. Finocchi and Italiano [16]
give a deterministic searching algorithm that needs O(logn + k?) queries. Brodal et al. [9]
improve this bound to O(log n+k) and Finocchi et al. [15] provide a lower bound of Q(log n+k)
even for randomized algorithms. Our results are incomparable as our result for parameter
Etauies uses only (1+ 1)logn + (2¢ + 2)k queries, getting arbitrarily close to logn + O(k)
(cf. Theorem 4), but does not consider faults in the working memory; the high level approach
of balancing progress in the search with security queries is the same as in [9], but more careful
counting is needed to get small constants. For parameter kjjes we give a simpler algorithm
with 2logn + 4k queries and using only O(1) words of working memory, but it is not clear
whether the result can be transferred to kg,uis Without increasing the memory usage.

3 A technical report of Long [21] claims that the actual tight bound of the algorithm of Rivest et al. [30]
is O(logn + k), which is consistent with our results.
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Finally, we comment on the measures of disorder we adopt in this paper. We study
various well-known measures that are mostly folklore. Detailed overviews of measures and
their relations were given by Petersson and Moffat [28] and Estivill-Castro and Wood [13].
For the sake of completeness and to get all involved coeflicients the full version of this work,
accessible at http://arxiv.org/abs/1702.05932, provides proofs of all pairwise relations
between our parameters; these are depicted in Figure 1.

2 Preliminaries

In this paper we consider the following problem: Given an array A of length n and an
element e, find the position of e in A or report that e ¢ A with as few queries as possible.
We use Afi], i € 1,...,n to denote the i-th entry of A. We allow access to the entries of A
only via queries to its indices, regarding the relation of the corresponding element to e. We
write query(¢) for the operation of querying A at index 4, and let query(i) = ‘<’ (respectively,
>’ or ‘=") denote the outcome indicating that A[i] < e (respectively A[i] > e or Ali] = e).
Note that in faulty settings the query outcome need not be accurate.

To keep notation simple, we generally assume the entries of A to be unique unless explicitly
stated otherwise. We emphasize that none of our results relies on this assumption. We can
then define pos(a) to denote the index of a in A, by setting pos(a) = i if and only if A[i] = a.
Further, let rank(a) = |{i : A[i] < a}| + 1 be the “correct” position of a with respect to a
sorted copy of A, irrespective of whether or not a € A. We often use an element a € A and
its index pos(a) interchangeably, especially for the target element e. Note that, as discussed
in the introduction, for oblivious algorithms we generally assume e € A.

3 Searching with imprecise queries

In this section, we consider the problem of finding the index pos(e) of an element e in a
sorted array A of length n = 2%, d € N in a setting where queries may yield erroneous results.
We say that ‘<’ is a lie (the truth) for index ¢ if A[i] > e (A[i] < e), and analogously for ‘>’
and ‘=" To quantify the number of lies, we introduce two parameters kjos and kgayts. The
first parameter kjjos simply bounds the number of queries with erroneous results, which we
interpret as the number of lies allowed to an adversary. The second parameter kg, .15 bounds
the number of indices 4 for which query(:) (consistently) returns the wrong result, allowing the
conclusion that e ¢ A in case query(e) yields the wrong result. Equivalently, for an unsorted
array A, we can require all queries to be truthful and define kg,,1t5(€) to be the number of
inversions involving e, i.e., keuts(e) = |i : (i < pos(e) A Afi] > e) V (i > pos(e) A Ali] < e)].
Observe that both definitions of kgus are equivalent. For clarity, we write Ekgaus when
considering the adversarial interpretation, and kg.uits(e) when considering it as a measure of

)

disorder of an unsorted array. For both kjjes and kgaus, we only allow queries to e to yield ‘="

The algorithms of this section operate on the binary search tree rooted at index r = n/2
that contains a path for each possible sequence of queries in a binary search of the array, and
identify nodes of the tree with their corresponding indices. We write nexts () and next. (%)
to denote the two successors of node i, e.g., nexts (r) = n/4 and next(r) = 3n/4. Similarly,
we write prev(i) to denote the predecessor of i in the binary search tree, and prev, (i) = v
for the last vertex v on the unique r-i-path such that next,(v) also lies on the r-i-path
(prev, (i) = 0 if no such node exists). Intuitively, prev,(i) is the last vertex corresponding
to an array entry larger (if ¢ =“>") or smaller (if ¢ =“<”) than A[{]. For convenience,
query(P) = 0, prev_ - (r) = 0, and next - (i) = i if i is a leaf of the tree. We further denote
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Algorithm 1: Algorithm with 2logn + 4kjes queries.

the algorithm stops once a query yields ‘=’

14 n/2 // start at the root
while (¢ <+ query(i)) #="do // by definition, ‘=’ cannot be a lie
i' < prev_,(i) // 0 if all queries on the path from the root yielded ¢
while i # i’ A query(i’) = ¢ do // while query(i’) contradicts its previous
outcome. ..
L i+ prev(i) // ...backtrack towards i’
if i # i’ then // if we did not backtrack all the way to ¢'...
L i < nexty(7) // ...proceed according to ¢

by d(i,j) the length of the path from node i to node j in the search tree. We say that an
algorithm operates on the binary search tree if no index is queried before its predecessor in
the tree.

We start by considering the parameter kjjes. If we knew the value of this parameter, we
could try a regular binary search, replace every query with 2kj.s + 1 queries to the same
element and use the majority outcome in each step. However, this would give (2kjjes + 1) logn
queries, where ideally we should not use more than logn + f(k) queries. We first give an
algorithm that achieves the separation between n and kj;es while being oblivious to the value
of kjjes- Importantly, the algorithm only needs O(1) memory words, which also makes it
applicable to settings where “safe” memory, that cannot be corrupted during the course of
the algorithm, is limited. This algorithm still needs 2logn + f(k) queries, but we will show
later how to build on the same ideas to (almost) eliminate the factor of 2.

Intuitively, Algorithm 1 searches the binary search tree defined above, simply proceeding
according to the query outcome at each node. In addition, the algorithm invests queries
to double check past decisions. We distinguish left and right turns, depending on whether
the algorithm proceeds with the left or the right child. In particular, before proceeding, the
algorithm queries the last vertex on the path from the root where it decided for a turn in
the opposite direction. While an inconsistency to previous queries is detected, i.e., a query
to a vertex where it turned right (or left) gives ‘>’ (or ‘<’), the algorithm backtracks one
step. In this manner, the algorithm guarantees that it never proceeds along a wrong path
without the adversary investing additional lies. Note that if the algorithm only ever turned
right (or left), i.e., there was no previous turn in the opposing direction, it does not double
check any past decisions until the query outcome changes. This is alright since either the
algorithm is on the right path or the adversary needs to invest a lie in each step.

» Theorem 1. We can find e obliviously using 2logn + 4kjies queries and O(1) memory.

Proof. We claim that Algorithm 1 achieves the bound of the theorem. Note that prev_, ()
only depends on i and not on the outcome of previous queries, therefore, we can determine
it with O(1) memory words. We will show that in each iteration of the outer loop of the
algorithm, the potential function ® = 2d(i,e) + 4k decreases by at least one for each query,
where k is the number of remaining lies the adversary may make. This proves the claim,
since ¢ > 0 and initially ® < 2logn + 4k)j;es. We analyze a single iteration of the outer loop.

Observe that if z is the number of iterations of the inner loop, then the total number
of queries is z + 2 if the inner loop terminates because query(i’) = —¢, and z 4+ 1 if it
terminates because ¢ = /. If an iteration of the inner loop is caused by query(i’) being a
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Algorithm 2: Algorithm with (1+ 2)logn + (2¢ + 2)kiies queries.

the algorithm stops once a query yields ‘=’

i mn/2 // start at the root

while (¢ < query(i)) #="do // by definition, ‘=’ cannot be a lie

i' <= prev_,(i) // 0 if all queries on the path from the root yielded g

while 0 < cA; < d(i,7") +1 do // while we do not have sufficient
support to proceed...

L query(i') // ...query i for support

if A;; =0 then // if we ran out of support at ¢’ altogether...

‘ R // ...backtrack to ¢

else // if we have sufficient support at ...

L i < nexty (1) // ...proceed according to ¢

lie, then in this iteration A® < 2 — 4 = —2, and otherwise, d(i, ¢) is decreased by one and
likewise A® = —2 4 0 = —2. Overall, the change in potential during the inner loop is always
A® = —2z. If the inner loop terminates because ¢ = i’, then z > 1 and the total change in
potential is A® < —2z < —z — 1, enough to cover all z + 1 queries.

Now consider the case that the inner loop terminates because query(i’) = —¢. If =g is a
lie for i’ or q is a lie for 7, the adversary invested an additional lie, and even if the last update
to 4 increases d(, ), the total change in potential is bounded by A® < —2z—-4+2 < —2z—2,
enough to cover all z + 2 queries. On the other hand, if —¢ is the truth for i’ and ¢ is the

truth for ¢, then e € {¢/,...,4} and ¢ must lie on the unique r-e-path in the search tree (and
1 # e). The final update to ¢ thus decreases d(i,e) by 1 and the total change in potential is
A® = —2z — 2, again enough to cover all z 4+ 2 queries. |

We now adapt Algorithm 1 to minimize the impact of potential lies on the dependency
on logn in the running time. Intuitively, instead of backing up each query g + query(i) by
a query to prev_, (1), we back only one in ¢ queries (cf. Algorithm 2). During the course of
the algorithm and its analysis, we let n, ; denote the number of queries (so far) to node j
that resulted in ¢ € {<,>} and A, := |n. ; — ns ;.

» Theorem 2 («*). For every c > 1, we can find e obliviously using (1+2)logn+ (2c+2)kyjes
queries.

Proof Sketch. We show that Algorithm 2 achieves the bound of the theorem. Instead of
backing up every query as in Algorithm 1, Algorithm 2 only invests one supporting query
for every ¢ consecutive queries with the same outcome (for integral ¢). To capture this, our
potential function needs to manage additional potential used to account for these irregular
backup queries. This gets more involved, as the algorithm will not usually backtrack by
increments of ¢, and we need to allow for fractional contributions to the potential in each
query. We introduce a potential function of the form

1. 1 1
o= (1+ E)d(z,e) +(2+ E)L + ET + (2¢+ 2)k,
where k is the number of lies remaining to the adversary, and L and T will not be formally

defined in this proof sketch. Similarly to the proof of Theorem 1, assuming ¢ > 0 and

4 Due to space restrictions, proofs for results marked with % are deferred to the full version of this work.
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initially L, T = 0, we need to show that (on average) the potential function decreases by at
least 1 for each query the algorithm makes. We outline intuitively how this is achieved.

The first term of the potential function releases a small amount of potential for every
step (in the tree) towards the target element and stores the same amount of potential for
every step away from the target. The fourth term releases a lot of potential whenever the
adversary invests a lie.

To understand the role of the central terms intuitively, consider an iteration of the
algorithm, where it just turned left or right (i.e., moved to a left or right child) and reached
node 7, and let ¢/ be the last vertex where it turned in the opposite direction. Now if the next
query result of ¢ at node 7 is a lie, the potential function releases a lot of potential that we
can use to pay for the query, the possible backup query, and the change in the other terms
of the potential. Let us therefore assume that ¢ is the truth for 4.

We need to distinguish two situations, depending on whether the turn at " was correct
or not, i.e., whether the (majority of) backup query outcomes were truthful. If the turn
at ¢/ was wrong, with every step that the algorithm proceeds down the tree, the distance
to the target increases, but on the other hand, the adversary needs to invest a lie for each
additional backup query. This means that we can afford to store potential with every new
backup query, but need to invest potential for every step down the tree. Accordingly, the
contribution to L in the potential function is defined to be cAj; — d(j,j’) and there is no
contribution to 7'. If the turn at ¢’ was correct, since ¢ is also the truth for 7 and since the
turns at 7 and ¢’ are in opposing directions, the algorithm must still be on a path towards
the target e. Hence, we can store potential with every step down the tree, but have to invest
potential to pay for the backup queries. Accordingly, the contribution to 7" in the potential
function is defined to be d(j,j’) — ¢(A; — 1) and there is no contribution to L.

Now, at some point earlier in the execution of the algorithm, +' had the role of 7 and there
was a node 7" with the role of /. Since the algorithm may backtrack to i’ in the future, the
potential function also needs to remember the contributions of the pair (i',4"”) to L and T,
as well as the contributions of each earlier such zig-zag pair along the path to the root. By
carefully defining L and T', we can balance all costs in such a way that, in each iteration
of the outer loop of Algorithm 2, the potential reduction is at least equal to the number of
queries made during that iteration. <

To provide a strong lower bound, we restrict ourselves to algorithms that operate on the
binary search tree. Such algorithms interpret the array as a binary tree (rooted at entry n/2,
with the two children n/4, 3n/4, etc.), and never query a node (other than the root) before
querying its parent.

» Theorem 3 (x). For every ¢ € N and k € {kiies, ktauits }, no algorithm operating on the
search tree can find e with less than logn + ck queries in general.!

We show how to translate any algorithm with a performance guarantee with respect
to kjjes to an algorithm with the same guarantee for kgyts-

» Theorem 4 (x). Let f : N> — N. If we can find e with f(n,kies) queries, then we can
find e with f(n, keauis) queries.

4 Searching disordered arrays

In this section, we consider the problem of finding the index pos(e) of an element e in array A
of length n = 29, d € N. In contrast to Section 3, we do not assume A to be sorted but
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Figure 1 Overview of relations between measures of disorder. A solid black path from k to &k’
means that k < ck’, where c is the product of the edge labels along the path (¢ = 1 for unlabeled
edges). If there is no solid black path from k to k', then k cannot be bounded by ck’ for any constant c.
Every arc is proved explicitly in the full paper (dashed red arcs correspond to unboundedness results),
and all other relationships are implied.

expect all queries to yield correct results. We study a variety of parameters that quantify
the disorder of A and provide algorithms and lower bounds with respect to the different
parameters. Figure 1 gives the relationship between every pair of parameters.

4.1 Bounded displacement

We first consider the two parameters kqum and kpax that quantify the displacement of
elements between A and the sorted counterpart A* of A. More precisely, we define kgy, :=
> wea lPos(z) —rank(z)| and kpax := maxgea | pos(z) — rank(x)|. We obtain the following
bounds.

» Theorem 5 (x). logn/ksum + 2ksum + O(1) queries are necessary* and sufficient to find e.

» Theorem 6 (). logn/kmax + 3kmax + O(1) queries are necessary' and sufficient to find e.

4.2 Inversions

We now consider the number of inversions between elements of the array A. More precisely,
we define the number of inversions to be ki, = |{i < j : A[i] > A[j]}|, and the number
of adjacent inversions to be kainy := |{7 : A[i] > A[i + 1]}|. We have ksum < kiny < 2Kksum,

therefore the results for kgum (Theorem 5) carry over to kin, with a gap of 2.

» Corollary 7. Every search algorithm needs at least logn/kiny + 2kiny + O(1) queries

we can find e obliviously with logn/kiny + 4kiny + O(1) queries.

, and

In general, we cannot hope to obtain results of similar quality for the smaller para-
meter kainy; already for k., = 1 any search algorithm needs to query all n elements.

» Proposition 8. For k.iny > 1, no algorithm can find e with less than n queries.

Fortunately, we can do much better if the target e is guaranteed to be in the correct
position relative to sorted order, i.e., if pos(e) = rank(e). Note that this restriction still
allows us to prove a lower bound on the necessary number of queries that is much larger than
all preceding results. We complement this lower bound by a search algorithm that matches it
tightly (up to lower-order terms). Both upper and lower bound hinge on the question of how
efficiently (in terms of queries) an algorithm can find a good estimate of rank(e) by querying
the array.
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» Theorem 9 (x). We can find e using 2+/2nkainy + 0(v/nkainy) queries if pos(e) = rank(e).

Proof Sketch. We know that if e is in the array then pos(e) = rank(e). Since we know
neither value beforehand, the algorithm proceeds by determining an estimate of rank(e) over
two stages of queries. For the first stage, we define a block size p = ¢+ \/n/kany and query
every (p + 1)-st position. This partitions the array into (so far) unqueried blocks of size p,
which we classify into <<-, >>-, <>-, and ><-blocks according to the query outcomes for
the two positions adjacent to the block. Taking into account the number k,;,, of adjacent
inversions, the number of blocks of each type gives rise to an upper and a lower bound on
the number of elements that are smaller than e, and hence on the rank of e. Essentially, in
<<- and >>-blocks with no adjacent inversion there are p respectively 0 smaller elements,
whereas any number between 0 and p is possible if there is at least one adjacent inversion.
In ><-blocks any number between 0 and p of smaller elements is possible, but these blocks
must contain at least one adjacent inversion. In <>-blocks any number between 0 and p
of smaller elements is possible without adjacent inversions, but the number of <>-blocks
can be bounded by the number of ><-blocks and hence depending on k,j,,. Overall, this
leads to a range of positions that certainly contains the position of e, if e € A. Unfortunately,
querying this range entirely would not lead to the claimed upper bound.

Upon second inspection, the unknown number of adjacent inversions in ><-blocks has
the biggest impact on the size of the range. Accordingly, the second stage performs a binary
search on each ><-block, which creates a number of (smaller) >>- and <<-blocks separated
by an empty ><-block between two queried positions (where the binary search terminates).
Thus, repeating the above analysis after the refinement, all ><-blocks are now of size zero
and their impact on the range of possible positions is reduced. The algorithm can now afford
to query this range entirely and either find e or be sure that it is not in A. The claimed
bound is obtained by choosing the value of ¢ in the block size p in order to balance the cost
of making the initial queries and the cost of eventually querying the computed range. <«

» Theorem 10 (x). Every search algorithm needs at least 2v/2nkainy — 0(\/Nkainy) queriest,
even if pos(e) = rank(e).

Proof Sketch. We outline an adversarial strategy for replying to queries. This strategy needs
to avoid revealing the position of e before the claimed number of queries, and simultaneously
needs to maintain that at least one realization of the array remains that is consistent with
the replies made so far, and that has at most k., adjacent inversions and pos(e) = rank(e).

At the beginning, our strategy replies with ‘<’ to queries in the first half of A and with ‘>’
to queries in the second half. At some point, we may not be able to place e in one of the two
halves anymore: Say that the rightmost unqueried position in the left half has p positions
on its right for which we already committed to ‘<’ Since pos(e) = rank(e), the number of
elements smaller than e and on its right must be equal to the number of larger elements
on its left. Hence, a realization with e in the left half can only exist if there still remains
a way of placing p elements larger than e in the left half (leaving the rightmost unqueried
position for e), without causing more than k,i,, adjacent inversions. This is the case exactly
if we can still find a set of (roughly) at most kainy disjoint blocks of consecutive, unqueried
positions in the left half, which contain at least p unqueried positions overall. Analogously,
at some point, we may not be able to place e in the left half anymore. Our strategy continues
to reply to queries as before, until it has to commit to a realization and reply accordingly.
Careful analysis of the strategy yields that committing to a position for e can be avoided
until the claimed number of queries have been invested. <
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4.3 Edit distances

We now consider parameters that bound the number of elementary array modifications
needed to sort the given array A. More precisely, a replacement is the operation of replacing
one element with a new element, and we let kyep be the (minimum) number of replacements
needed to obtain a sorted array. A swap is the exchange of the content of two array positions,
and Kkswap is the number of swaps needed to sort A. We let kaswap be the number of swaps
of pairs of neighboring elements needed to sort A. A mowe is the operation of removing an
element and re-inserting it after a given position i, shifting all elements between old and new
position by one. We let kv be the number of moves needed to sort A.

Clearly, starting from a sorted array, we can move e to any position, without using more
than a single move or swap, or two replacements involving e. To find e we then have to query
the entire array.

» Proposition 11. For kmoy > 1, kswap > 1, 07 krep > 2, no algorithm can find e with less
than n queries in general.

We can obtain significantly improved bounds if the element e remains at its correct
position relative to the sorted array. Recall that we can interpret keuits as a measure of
disorder via kgauies(e) = |i : (i < pos(e) A Afi] > e) V (i > pos(e) A Afi] < e)|.

» Lemma 12 (x). If rank(e) = pos(e), then keuis(e) < min{2k;ep, 4kswap, 2kmov | -

With this lemma, we can translate the upper bounds of any algorithm for kj;.s. Before
we do, we introduce another measure of disorder, that turns out to be closely related to kyoy.
We define the parameter kgeq to be such that n — keeq is the length of a longest nondecreasing
subsequence in A. It turns out that kmov = Kseq, and we can thus include this parameter in
our upper bound.

» Theorem 13 (x). Let f: N> — N. Ifrank(e) = pos(e) and we can find e with f(n, kies)
queries, then we can find e with min{ f(n, 2kyep), f (1, dkswap), f (1, 2kmov ), f(1, 2kseq) } quer-
1es.

We can also carry over the lower bound from parameter kgyyts-

» Corollary 14. For every c € N and pos(e) = rank(e), no algorithm operating on the search
tree can find e with less than logn + ck queries in general, for k € {krep, kswaps kmov, Kseq }-*

Finally, we immediately obtain bounds for kagwap from Corollary 7, because kaswap = Kiny-

» Corollary 15. Every search algorithm needs at least 1og n/kaswap + 2kaswap + O(1) queries',

and we can find e obliviously with log n/kaswap + 4kaswap + O(1) queries.

4.4 Block edit distances

In this section we consider the parameters kpswap, Krbswap, a0d Kbmov, Which bound the number
of block edit operations needed to sort A. A block is defined to be a subarray A[i,i+1,...,j]
of consecutive elements. A block swap is the operation of exchanging a subarray Ali, ..., j]
with a subarray A[i’, ..., ] and vice versa, where i < j < i’ < j'. Note that a block swap
may affect the positions of other elements in case that the two blocks are of different sizes.
The parameter kpswap bounds the number of block swaps needed to sort A. For krpswap We
only allow block swaps restricted to pairs of blocks of equal sizes. Finally, for ko, one of
the two blocks must be empty, i.e., only block moves are allowed. For all three parameters
one can easily prove that, without further restrictions, search algorithms need to query all
positions of an array to find the target.

26:11

STACS 2017



26:12

Robust and Adaptive Search

» Proposition 16. For kpswap > 1, krbswap = 1, 07 kbmov > 1, no algorithm can find e with
less than n queries.

Complementing this lower bound, for all of three parameters, an upper bound of O(\/@)
for finding e when pos(e) = rank(e) follows immediately from the results for kaiy, of Section 4.2
and the fact that kainy < 2kbswap and kpgwap < min{kbswap, Kbmov }- By inspecting the upper
and lower bounds proved for k,i,y, and adapting the proofs, we are able to obtain tight
leading constants in the upper and lower bounds for khmey and Kpswap, and leading constants

within a factor of v/2 for krbswap -

» Theorem 17 (x). If pos(e) = rank(e), then 4/nkbswap + 0(\/Nkbswap) queries are neces-
sary' and sufficient to find e.

» Theorem 18 (). If pos(e) = rank(e), then 2./2nkibswap + 0(1/Nkrbswap) queries are
necessary' and 4\/nkrbswap + 0(\/nk'rbswap) queries are sufficient to find e.

» Theorem 19 (x). Ifpos(e) = rank(e), then 2v/2nkpmoy+0(v/Nkbmoy) queries are necessary*
and sufficient to find e.

5 Conclusion

We presented upper and lower bounds for the worst-case query complexity of comparison-
based search algorithms that are robust to persistent and temporary read errors, or are
adaptive to partially disordered input arrays. For many cases we gave algorithms that are
optimal up to lower order terms. In addition, many of the algorithms are oblivious to the
value of the parameter quantifying errors/disorder, assuming the target element is present
in the array. In most cases, for small values of k, the dependence of our algorithms on the
number n of elements is close to logn, with only additive dependency on the number of
imprecisions. In other words, these results smoothly interpolate between parameter regimes
where algorithms are as good as binary search and the unavoidable worst-case where linear
search is best possible.

That said, why should one be interested in, e.g., almost tight bounds relative to the
number of block moves that take A to a sorted array, as the bounds are far from binary
search? The point is that only the total number of comparisons matter, and having a worse
function that depends on a (in this case) much smaller parameter value can be favorable
to having a much better function of a large parameter value. E.g., after a constant number
of block swaps the parameters kpyax, ksum etc. may have value ©2(n) and the guaranteed
bound becomes trivial, while running the search algorithm for the case of few block swaps
guarantees O(y/n) comparisons. Similarly, having tight bounds for the various parameters
gives us the exact (worst-case) regime for the chosen parameter (in terms of n) where a
sophisticated algorithm can outperform linear search, or even be as good as binary search.

Despite having already asymptotic tightness, it would be interesting to close the gaps
between coefficients of dominant terms in upper and lower bounds for some of the cases.
Another question would be to find a different restriction than pos(e) = rank(e), i.e., the
target being in the correct position relative to sorted order, that avoids degenerate lower
bounds of Q(n) queries for several parameters. A relaxation to allowing a target displacement
of £ and giving cost in terms of n, k, and ¢ seems doable in most cases, but is unlikely to be
particularly insightful. Finally, it seems interesting to study whether randomization could
lead to improved algorithms for some of the cases. The analysis of randomized lower bounds
requires entirely new adversarial strategies since the adversary must choose an instantiation
without access to the random bits of the algorithm.
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—— Abstract

We present a polynomial-time 9/7-approximation algorithm for the graphic TSP for cubic graphs,
which improves the previously best approximation factor of 1.3 for 2-connected cubic graphs and
drops the requirement of 2-connectivity at the same time. To design our algorithm, we prove
that every simple 2-connected cubic n-vertex graph contains a spanning closed walk of length at
most 9n/7 — 1, and that such a walk can be found in polynomial time.
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1 Introduction

The Travelling Salesperson Problem (TSP) is one of the most central problems in combi-
natorial optimization. The problem asks to find a shortest closed walk visiting each vertex
at least once in an edge-weighted graph, or alternatively to find a shortest Hamilton cycle
in a complete graph where the edge weights satisfy the triangle inequality. The Travelling
Salesperson Problem is notoriously hard. The approximation factor of 3/2 established by
Christofides [4] has not been improved for 40 years despite a significant effort of many
researchers. The particular case of the problem, the Hamilton Cycle Problem, was among the
first problems to be shown to be NP-hard. Moreover, Karpinski, Lampis and Schmied [10]
have recently shown that the Travelling Salesperson Problem is NP-hard to approximate
within the factor 123/122, improving the earlier inapproximability results of Lampis [12]
and of Papadimitriou and Vempala [18]. In this paper, we are concerned with an important
special case of the Travelling Salesperson Problem, the graphic TSP, which asks to find a
shortest closed walk visiting each vertex at least once in a graph where all edges have unit
weight. We will refer to such a walk as to a T'SP walk.

There has recently been a lot of research focused on approximation algorithms for the
graphic TSP, which was ignited by the breakthrough of the 3/2-approximation barrier in

The first author was supported by the Center of Excellence — Institute for Theoretical Computer Science,
project P202/12/G061 of Czech Science Foundation. The work of the second author has received funding
from the European Research Council (ERC) under the European Union’s Horizon 2020 research and
innovation programme (grant agreement No 648509). This publication reflects only its authors’ view;
the European Research Council Executive Agency is not responsible for any use that may be made of
the information it contains. The third author was supported in part by an NSERC Discovery Grant
(Canada), by the Canada Research Chairs program, and by a Research Grant of ARRS (Slovenia).

© Zdenék Dvordk, Daniel Kral’, and Bojan Mohar;

37 licensed under Creative Commons License CC-BY
34th Symposium on Theoretical Aspects of Computer Science (STACS 2017).
Editors: Heribert Vollmer and Brigitte Vallée; Article No. 27; pp. 27:1-27:13

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


http://dx.doi.org/10.4230/LIPIcs.STACS.2017.27
http://creativecommons.org/licenses/by/3.0/
http://www.dagstuhl.de/lipics/
http://www.dagstuhl.de

27:2

Graphic TSP in Cubic Graphs

the case of 3-connected cubic graphs by Gamarnik, Lewenstein and Sviridenko [7]. This
was followed by the improvement of the 3/2-approximation factor for the general graphic
TSP by Oveis Gharan, Saberi and Singh [16]. Next, Mémke and Svensson [14] designed a
1.461-approximation algorithm for the problem and Mucha [15] showed that their algorithm
is actually a 13/9-approximation algorithm. This line of research culminated with the
7/5-approximation algorithm of Sebé and Vygen [19].

We here focus on the case of graphic TSP for cubic graphs, which was at the beginning of
this line of improvements. The (3/2 — 5/389)-approximation algorithm of Gamarnik et al. [7]
for 3-connected cubic graphs was improved by Aggarwal, Garg and Gupta [1], who designed a
4/3-approximation algorithm. Next, Boyd et al. [2] found a 4/3-approximation algorithm for
2-connected cubic graphs. The barrier of the 4/3-approximation factor was broken by Correa,
Larré and Soto [5] who designed a (4/3 — 1/61236)-approximation algorithm for this class of
graphs. The currently best algorithm for 2-connected cubic graphs is the 1.3-approximation
algorithm of Candrdkova and Lukotka [3], based on their result on the existence of a TSP
walk of length at most 1.3n — 2 in 2-connected cubic n-vertex graphs. We improve this result
as follows. Note that we obtain a better approximation factor and Theorem 2 also applies to
a larger class of graphs.

» Theorem 1. There exists a polynomial-time algorithm that for a given 2-connected subcubic
n-vertex graph with no vertices of degree two outputs a TSP walk of length at most
2
-n+-ng—1.
7T
» Theorem 2. There exists a polynomial-time 9/7-approzimation algorithm for the graphic
TSP for cubic graphs.

Note that our approximation factor matches the approximation factor for cubic bipartite
graphs in the algorithm Karp and Ravi [9], who designed a 9/7-approximation algorithm for
the graphic TSP for cubic bipartite graphs. However, van Zuylen [20] has recently found
a b/4-approximation algorithm for this class of graphs. Both the result of Karp and Ravi,
and the result of van Zuylen are based on finding a TSP walk of length of at most 9n/7 and
5n/4, respectively, in an n-vertex cubic bipartite graph. On the negative side, Karpinski and
Schmied [11] showed that the graphic TSP is NP-hard to approximate within the factor of
535/534 in the general case and within the factor 1153/1152 in the case of cubic graphs.

Our contribution in addition to improving the approximation factor for graphic TSP for
cubic graphs is also in bringing several new ideas to the table. The proof of our main result,
Theorem 1, differs from the usual line of proofs in this area. In particular, to establish the
existence of a TSP walk of length at most 9n/7 — 1 in a 2-connected cubic n-vertex graph,
we allow subcubic graphs as inputs and perform reductions in this larger class of graphs.
While we cannot establish the approximation factor of 9/7 for this larger class of graphs,
we are still able to show that our technique yields the existence of a TSP walk of length at
most 9n/7 — 1 for cubic n-vertex graphs. At this point, we should remark that we have not
attempted to optimize the running time of our algorithm.

We conclude with a brief discussion on possible improvements of the bound from Theorem 1.
In Section 5, we give a construction of a 2-connected cubic n-vertex graph with no TSP
walks of length smaller than gn — 2 (Proposition 16) and a 2-connected subcubic n-vertex
graph with ny = O(n) vertices of degree two with no TSP walks of length smaller than
2n + 4ny — 1 (Proposition 14); the former construction was also found independently by
Mazak and Lukot’ka [13]. We believe that these two constructions provide the tight examples
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for an improvement of Theorem 1 and conjecture the following. We also refer to a more
detailed discussion at the end of Section 5.

» Conjecture 3. Every 2-connected subcubic n-vertex graph with ns vertices of degree has a
TSP walk of length at most

5

- —ng —1.

1t

Note that Conjecture 3 is of interest for small values of ns; in particular, its statement
is known to be true if ny > n/3 [14]. We would like to stress that it is important that
Conjecture 3 deals with simple graphs, i.e., graphs without parallel edges. Indeed, consider
the cubic graph G obtained as follows: start with the graph that has two vertices of degree
three that are joined by three paths, each having 2¢ internal vertices of degree two, and

replace every second edge of these paths with a pair of parallel edges to get a cubic graph.
1% Yy g p p p g g grap

The graph G has n = 6/ + 2 vertices but no TSP walk of length shorter than 8¢ + 2.

2 Preliminaries

In this section, we fix the notation used in the paper and make several simple observations
on the concepts that we use.

All graphs considered in this paper are simple, i.e., they do not contain parallel edges.

When we allow parallel edges, we will always emphasize this by referring to a considered
graph as to a multigraph. We will occasionally want to stress that a graph obtained during
the proof has no parallel edges and we will do so by saying that it is simple even if saying so
is superfluous. The underlying graph of a multigraph H is the graph obtained from H by
suppressing parallel edges, i.e., replacing each set of parallel edges by a single edge.

If G is a graph, its vertex set is denoted by V(G) and its edge set by E(G). Further, the
number of vertices of G is denoted by n(G) and the number of its vertices of degree two by
no(G). If w a vertex of G, then G — w is a graph obtained by deleting the vertex w and all
the edges incident with w. Similarly, if W is a set of vertices of G, then G — W is the graph
obtained by deleting all vertices of W and edges incident with them. Finally, if F' is a set of
its edges, then G \ F is the graph obtained from G by removing the edges of F' but none of
the vertices.

A graph with all vertices of degree at most three is called subcubic. We say that a graph
G is k-connected if it has at least k + 1 vertices and G — W is connected for any W C V(G)
containing at most k — 1 vertices (here, we deviate from the standard terminology since we
do not consider Ks to be 2-connected). If G is connected but not 2-connected, then a vertex
v such that G — v is not connected is called a cut-vertex. Maximal 2-connected subgraphs of
G and edges that are not contained in any 2-connected subgraphs of G are called blocks. A
subset F of the edges of a graph G is an edge-cut if the graph G\ F have more components
than G and F' is minimal with this property. Such a subset F' containing exactly k edges
will also be referred to as k-edge-cut. An edge forming a 1-edge-cut is called a cut-edge. A
graph G is k-edge-connected if it has no ¢-edge-cut for £ < k. Note that a subcubic graph G
with at least two vertices is 2-connected if and only if it is 2-edge-connected.

A 0-graph is a simple graph obtained from the pair of vertices joined by three parallel
edges by subdividing some of the edges several times. In other words, a 6-graph is a graph
that contains two vertices of degree three joined by three paths formed by vertices of degree
two such that at most one of these paths is trivial, i.e., it is a single edge. In our consideration,
we will need to consider a special type of cycles of length six in subcubic graphs, which
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Figure 1 A 6-cycle with poles vs and vs.

resembles #-graphs. A cycle K = v; ... vg of length six in a subcubic graph G is a 0-cycle, if
all vertices v, ..., vg have degree three, their neighbors z1, ..., xg outside of K are pairwise
distinct, and G — V(K) has three connected components, one containing z; and x3, one
containing x4 and x5, and one containing x3 and xg. See Figure 1 for an example. The
vertices v3 and wvg of the cycle K will be referred to as the poles of the 6-cycle K.

We say that a multigraph is Fulerian if all its vertices have even degree; note that we do
not require the multigraph to be connected, i.e., a multigraph has an Eulerian tour if and
only if it is Eulerian and connected. A subgraph is spanning if it contains all vertices of the
original graphs, possibly some of them as isolated vertices, i.e., vertices of degree zero. It
is easy to relate the length of the shortest TSP walk in a graph G to the size of Eulerian
multigraphs using edges of G as follows. To simplify our presentation, let tsp(G) denote the
length of the shortest TSP walk in a graph G. The proof of the next observation is omitted
because of the space constraints.

» Observation 4. For every graph G, tsp(G) is equal to the minimum number of edges of a
connected Fulerian multigraph H such that the underlying graph of H is a spanning subgraph
of G.

We now explore the link between Eulerian spanning subgraphs and the minimum length
of a TSP walk further. For a graph G, let ¢(F") denote the number of non-trivial components
of F, i.e., components formed by two or more vertices, and let ¢(F') be the number of isolated
vertices of F'. We define the ezcess of a graph F' as

exc(F) = 2¢(F) +i(F).
If G is a subcubic graph, we define
minexc(G) = min {exc(F) : F spanning Eulerian subgraph of G}.

Note that any subcubic Eulerian graph F' is a union of ¢(F) cycles and i(F') isolated vertices,
i.e., the spanning subgraph F of a subcubic graph G with exc(F) = minexc(G) must also
have this structure. The values of minexc(G) for simple-structured graphs are given in the
next observation.

» Observation 5. The following holds.
1. If G is a cycle, then minexc(G) =2 < W + 1.
2. If G = K4, then minexc(G) =2 = M +1.
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3. If G is 0-graph with ky, ko and ks vertices of degree two on the paths joining its two
vertices of degree three and k1 < ko < k3 (note that ke # 0 by the definition of a 6-graph),
minexc(G) =2+ k; < w +1.

We next relate the quantity minexc(G) to the length of the shortest TSP walk in G.

» Observation 6. Let G be a connected subcubic n-vertex graph, and let F' be a spanning
FEulerian subgraph F of G. There exists a polynomial-time algorithm that finds a TSP walk
of length n — 2 + exc(F). In addition, the minimum length of a TSP walk in G is equal to

tsp(G) = n — 2 + minexc(G) .

Proof. Let F' be a spanning FEulerian subgraph of G. We aim to construct a TSP walk of
length n—24exc(F). The subgraph F has ¢(F)+i(F) components. Since F is subcubic, each

of the ¢(F') non-trivial components of F' is a cycle, which implies that F has n — i(F) edges.

Since G is connected, there exists a subset S of the edges of G such that |S| = ¢(F)+i(F)—1
and F' together with the edges of S is connected. Clearly, such a subset S can be found
in linear time. Let H be the multigraph obtained from F' by adding each edge of S with
multiplicity two. Since H is a connected Eulerian multigraph whose underlying graph is a
spanning subgraph of G, the proof of Observation 4 yields that it corresponds to an Eulerian
tour of length

\E(H)| = |E(F)| +2|S| = n — i(F) + 2(c(F) + i(F) — 1) = n — 2 + exc(F),

which can be found in linear time. In particular, it holds that tsp(G) < n — 2 4 exc(F).

Since the choice of F' was arbitrary, we conclude that tsp(G) < n — 2 4+ minexc(G).

To finish the proof, we need to show that n — 2 + minexc(G) < tsp(G). By Observation 4,
there exists a connected Eulerian multigraph H with |E(H )| = tsp(G) such that its underlying
graph is a spanning subgraph of G. By the minimality of |E(H)|, every edge of H has
multiplicity at most two (otherwise, we can decrease its multiplicity by 2 while keeping the
multigraph Eulerian and connected). Similarly, removing any pair of parallel edges of H
disconnects H (as the resulting multigraph would still be Eulerian), i.e., the edge in the
underlying graph of H corresponding to a pair of parallel edges is a cut-edge. Let F' be
the graph obtained from H by removing all the pairs of parallel edges. The number of
components of F' is equal to

_ B[~ |EF)]

o(F) +i(F) >

+ 1.

Since F is subcubic, it is a union of ¢(F') cycles and i(F') isolated vertices, which implies
that |E(F)| =n — i(F). Consequently, we get that

[E(H)| = (n = i(F))
2

o(F)+i(F) = +1,
which yields the desired inequality

n — 2+ minexc(G) <n —2+exc(F) =n—2+2¢(F) +i(F) = |E(H)| = tsp(G). <

3 Reductions

In this section, we present a way of reducing a 2-connected subcubic graph to a smaller one
such that a spanning Eulerian subgraph of the smaller graph yields a spanning Eulerian
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subgraph of the original graph with few edges. We now define this process more formally.
For subcubic graphs G and G, let

0(G,G') = (n(G) +na(@)) = (M(G) +n2(G)) -

We say that a 2-connected subcubic graph G’ is a reduction of a 2-connected subcubic graph
G if n(G") < n(G), 6(G,G") > 0, and there exists a linear-time algorithm that turns any
spanning Eulerian subgraph F’ of G’ into a spanning Eulerian subgraph F of G satisfying

exc(F) < exc(F') + 1 -8(G,G"). (1)

For the proof of our main result, it would be enough to prove the lemmas in this section
with % replaced by % in (1). However, this would not simplify most of our arguments and we
believe that the stronger form of (1) can be useful in an eventual proof of Conjecture 3.

The reductions that we present are intended to be applied to an input subcubic 2-
connected graph until the resulting graph is simple or it has a special structure. A subcubic
2-connected graph is basic if it is a cycle, a #-graph, or K4. A subcubic 2-connected graph that
is not basic will be referred to as non-basic. The reductions involve altering a subgraph K of
a graph G such that K has some additional specific properties. This subgraph sometimes
needs to be provided as a part of an input of an algorithm that constructs G’. We say that a
reduction is a linear-time reduction with respect to a subgraph K if there exists a linear-time
algorithm that transforms G to G’ given G and a subgraph K with the specific properties.
We will say that a reduction is a linear-time reduction if there exists a linear-time algorithm
that both finds a suitable subgraph K and performs the reduction. If a graph G admits
such a reduction, we will say that G has a linear-time reduction or that G has a linear-time
reduction with respect to a subgraph K.

As an example of our reductions, we state and prove a lemma describing the simplest
among our reductions; we leave the details of all other reductions because of the space
constraints.

» Lemma 7. FEvery non-basic 2-connected subcubic graph G that contains a cycle K with at
most two vertices of degree three has a linear-time reduction.

Proof. Since G is neither a cycle nor a 6-graph, it follows that V(G) # V(K). Since G is
2-connected, K contains exactly two vertices of degree three, say v; and vs. Let 21 and x4
be their neighbors outside of K, and let k1 and ko be the the number of the internal vertices
of the two paths between v; and ve in K. We can assume that k; < ko by symmetry. If
T1 = g, then either G is a f-graph or x; is incident with a cut-edge; since neither of these is
possible, it holds that z1 # xo.

Suppose that k; =0 and ko = 1, i.e., K is a triangle. Let z be the vertex of K distinct
from v; and vy, and let G’ = G — 2. Note that G’ is a 2-connected subcubic graph. We
claim that G’ is a reduction of G. Since n(G’) = n(G) — 1 and na(G’) = n2(G) + 1, it follows
d(G,G") = 0. Consider a spanning Eulerian subgraph F’ of G’. If F’ contains the edge vjva,
then let F' be the spanning Eulerian subgraph of G obtained from F’ by removing the edge
v1vg and adding the path vizve. If F/ does not contain the edge vivs, i.e., v1 and vy are
isolated vertices of F', then let F' be the spanning Eulerian subgraph of G obtained from F’
by adding the cycle K. It holds that exc(F) = exc(F”) in both cases.

It remains to consider the case k1 + ko > 2. Let G’ be obtained from G — V(K) by
adding a path zjwzy where w is a new vertex; note that w has degree two in G’ and
(G, G") = 2(k1 + ko). Since x1 # x2, G’ is simple. We show that G’ is a reduction of G. Let
F’ be a spanning Eulerian subgraph of G’; we will construct a spanning Eulerian subgraph
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F of G. If F’ contains the path zjwxs, then let F' be obtained from F’ — w by adding the
vertices of K and the edges x1v1, T2vs2, and the path in K between v, and vo with ko internal

vertices. Note that the ky vertices of the other path between v; and vs in K are isolated in
F'. Observe that

k1 + ko
2 ’

exc(F) = exc(F') + k1 < exc(F') +

since k1 < ko. If w is an isolated vertex of F’, then let F' be obtained from F’ — w by adding
the cycle K. In this case, we get that
k1 + ko

exc(F) = exc(F') + 1 < exc(F') + 5

Since it holds that exc(F) < exc(F) 4+ 16(G,G’) in both cases, the proof of the lemma is
finished. <

We next summarize the facts that can be established using our reduction techniques; the
details are omitted because of the space constraints. We say that a 2-connected subcubic
graph G is a proper graph if G is non-basic, has no cycle with at most four vertices of degree
three, and has no cycle of length five or six with five vertices of degree three. We will call a
non-basic 2-connected subcubic graph G clean if none of the lemmas that we have proven
can be applied to G. Formally, a 2-connected subcubic graph G is clean if it is proper and
(CT1) no cycle of length at most 7 in G contains a vertex of degree two,

(CT2) every cycle of length six in G that is not a #-cycle is disjoint from all other cycles of
length six,

(CT3) every cycle K = vy...v,, of length m < 7 in G satisfies that if each of the edges
V1V, and vovs3 is contained in a 2-edge-cut, then the edges vyiv,, and vevs themselves
form a 2-edge-cut, and

(CT4) every cycle K = vy ...vg of length six in G satisfies at least one of the following
(a) K is a f-cycle, or
(b) each edge exiting K is contained in a 2-edge-cut but no two of them together form a

2-edge-cut, or

(c) each edge exiting K is contained in a 2-edge-cut, and there exists exactly one pair ¢

and j with 1 <7 < j <6 such that the edges v;x; and v;z; form a 2-edge-cut, and
this pair satisfies j —i = 3, or,
(d) precisely one edge exiting K, say viz1, is not contained in a 2-edge-cut, and there
exists a partition A and B of the vertices of G — V(K) such that x1,z2, 26 € A,
T3, T4, x5 € B, there is exactly one edge between A and B, and both A and B induce
connected subgraphs of G — V(K),

where x; is the neighbor of the vertex v; outside the cycle K, i € {1,...,6, }.

The next theorem summarizes our reduction results.
» Theorem 8. There exists an algorithm running in time O(n®) that constructs for a given

n-vertex 2-connected subcubic graph G a reduction of G that is either basic or clean.

4 Main result

We need few additional results before we can prove Theorem 1. The first concerns the
structure of cycles passing through vertices of a cycle of length six in a clean 2-connected
subcubic graph. Let v be a vertex of degree three in a graph G, and let x1, x5 and x3 be its
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neighbors. The type of v is the triple (¢4, £a, £3) such that ¢;, £5 and {3 are the lengths of
shortest cycles containing paths xyvzs, z1vrs and zovzrs. In our consideration, the order of
the coordinates of the triple will be irrelevant, so we will always assume that the lengths
satisfy that €1 <y < {s5. A type (£1,05,05) dominates the type (¢1,42,¢3) if £; > ¢; for every
1=1,2,3. If K is a cycle in a graph G and each vertex of K has degree three, then the type
of the cycle K is the multiset of the types of the vertices of K. Finally, a multiset M7 of
types dominates a multiset My types if there exists a bijection between the types contained
in M7 and M> such that each type of M; dominates the corresponding type in Mo.

We can now show the following lemma (note that all vertices of the cycle K in the lemma
must have degrees three since G is assumed to be clean). The proof is omitted because of
the space constraints.

» Lemma 9. Let G be a clean 2-connected subcubic graph and let K = vivs . ..vg be a cycle
of length siz in G. If K is not a 0-cycle, then the type of K dominates at least one of the
following multisets:

{(6,7,7), (6,7,7), (6,8,8), (6,8,8), (6,8,8), (6,8,8)},

{(6,7,7), (6,7,8), (6,7,8), (6,8,8), (6,8,8), (6,8,8)}, or

{(6,7,7), (6,7,8), (6,7,9), (6,7,9), (6,8,8), (6,8,8)}.

The following lemma follows from the description of the perfect matching polytope
by Edmonds [6] and the fact that the perfect matching polytope has a strong separation
oracle [17]; see e.g. [8] for further details.

» Lemma 10. There exists a polynomial-time algorithm that for a given cubic 2-connected
n-vertex graph oulputs a collection of m < n/2 + 2 perfect matchings M, ..., M,, and
non-negative coefficients ay, ..., a,, such thatay + -+ am =1 and

ZaixMi =(1/3,...,1/3) e RE(@) |
=1

where X, € RE(G) s the characteristic vector of M;.

Lemma 10 gives the following; we note that variants of Lemma 11 have also been used
in [2, 7, 14].

» Lemma 11. There exists a polynomial-time algorithm that for a given 2-connected n-vertex
subcubic graph outputs a collection of m < n/2+ 2 spanning Eulerian subgraphs Fy, ..., Fp,
and probabilities p1,...,pm >0, p1 + -+ + P = 1 that satisfy the following. If a spanning
Eulerian subgraph F is equal to F; with probability p;, i = 1,...,m, then Ple € E(F)] =2/3.
In particular, a vertex of degree three is contained in a cycle of F with probability one and a
vertex of degree two is isolated with probability 1/3.

We now combine Lemmas 9 and 11 to get the following.

» Lemma 12. There exists a polynomial-time algorithm that given a clean 2-connected
subcubic graph G outputs a spanning Fulerian subgraph F of G such that
2n(G) + 2ns(G
exc(F) < M .
Proof of Lemma 12. We first apply the algorithm from Lemma 11 to get a collection of
m < n/2+ 2 spanning Eulerian subgraphs Fy, ..., F,, and probabilities p1, ..., p;,. We show
that

2n(G) + 2n2(G)

E [exc(F)] < - ,

(2)
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which implies the statement of the lemma since the number of the subgraphs Fi, ..., Fy, is
linear in n and the excess of each them can be computed in linear time. In particular, the
algorithm can output the subgraph F; with the smallest exc(F}).

We now show that (2) holds. We apply a double counting argument, which we phrase as
a discharging argument. At the beginning, we assign each vertex of degree three charge of
2/7 and to each vertex of degree two charge of 4/7. Let ¢;(v) be the initial charge of a vertex
v. Note that the sum of the initial charges of the vertices is the right side of the inequality
(2).

We next choose a random spanning Eulerian subgraphs F’ among the subgraphs Fi, ..., F,
with probabilities given by p1,...,pm. The charge of each vertex that is isolated in F is
decreased by one unit, and the charge of each vertex contained in a cycle of length k by 2/k
units. Let ¢o(v) be the new charge of a vertex v. Observe that the total decrease of charge
of the vertices is equal to exc(F), i.e.,

exc(F) = Z c1(v) — ea(v) .

veV(G)

Hence, it is enough to prove that

E Z ca(v)| > 0. (3)

veV(G)

To prove (3), we consider the expectation of ¢z(v) for individual vertices v of G.

If v is a vertex of G of degree two, then every cycle of G that contains v has length at
least eight by (CT1). With probability 1/3, the vertex v is isolated and looses one unit
charge; with probability 2/3, it is contained in a cycle and looses at most 2/8 = 1/4 units of
charge. We conclude that

E >2 1 21 .
2273371370

If v is a vertex of G of degree three with type (¢1, s, {3), we proceed as follows. Since each
edge incident with v is contained in F' with probability 2/3, v is contained in a cycle of F
with a particular pair of its neighbors with probability 1/3. It follows that the expected
value of ¢;(v) is at least

2 1/2 2 2
Bl =25 (745 2)
Since G is clean, the type of v dominates (6,6,6). If the type of v dominates (7,7,7), then
E [c2(v)] > 0. Hence, we focus on vertices contained in cycles of length six in G in the rest of
the proof.
Let K = v;...vg be a cycle of length six in G. Since G is clean, each vertex of K has
degree three. Suppose that K is not a #-cycle. By (CT2), K is disjoint from all other cycles

of length six in G. Observe that
1

if the type of v; dominates (6,8,8), then E [ca(v;)] > 135,

if the type of v; dominates (6, 7 7), then E [c2(v;)] > — g5,

if the type of v; dominates (6,7,8), then E [ca(v;)] > — 2i2, and
if the type of v; dominates (6,7,9), then E [c2(v;)] > 145-

Since the type of the cycle K dominates one of the three multisets listed in Lemma 9, it
holds that

E [62(1}1> + -4 CQ(’UG)} >0.

27:9
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It remains to analyze the case that K is a #-cycle. By symmetry, we can assume that
the vertices v, and vy are its poles. Let x; be the neighbor of v; outside of K, i=1,...,6.
Further, let P = xgvgviveze, P1 = zgvgvy and P, = xovovy. Since each of the paths Py
and P, is contained in F' with probability 1/3, the subgraph F' contains the path P with
probability at most 1/3; let p be this probability. Since G is clean (and so proper), the
distance between x5 and x3 in G — V(K) is at least three; likewise, the distance between x5
and zg in G — V(K) is at least three. Hence, any cycle containing P; or P, has length at
least 10, and any cycle containing P has length at least 14. Since F' contains the path P
with probability p, the path P; but not P with probability 1/3 — p, the path P, but not P
with probability 1/3 — p, and neither P; nor P, with probability 1/3 + p, it follows that

E [ca(0n)] = 2 1 ,(1 Lo,y 1B 8 1
QW=7 7Py 3 P) s \37P) 37315 105Y “ 63

The symmetric argument yields that E [c2(v4)] > 5. Since every cycle in G containing the
path P» has length at least 10, the type of vo dominates (6,6, 10) and thus E [ca(ve)] > f%.
The same holds for vertices vz, vs and vg.

Let @1 be the set of all poles of #-cycles in G, and let Q2 be the set of vertices contained
in f-cycle that are not a pole of a (possibly different) 6-cycle. Since each vertex of Qo has a

neighbor in @1, it follows |Q2] < 3|@1]. The previous analysis yields that

1 1 2
> — =3 — | = — > 0.
Bl Y a2l (g3 ) - pel@l 20
vEQ1UQ2

Since the set ()1 U Q2 and the vertex set of cycles of length six that are not f-cycles are
disjoint, the inequality (3) follows. <

We are ready to prove Theorems 1 and 2.

Proof of Theorem 1. By Observation 6, it is enough to construct a spanning Eulerian
subgraph F' of G with

2(n(G) + n2(G))
7

If G is basic, such a subgraph F' exists by Observation 5, and can easily be constructed in
polynomial time. If G is not basic, we can find a reduction G’ of G that is either basic or
clean in polynomial time by Theorem 8.

If G’ is basic, then we find a spanning Eulerian subgraph with

G') + ne(G))
7

as in the case when G itself is basic. If G’ is clean, then Lemma 12 yields that we can
construct in polynomial time a spanning Eulerian subgraph F’ of G’ such that

exe(p') < 22 1a(G))

exc(F) < +1.

exc(F') < 2 +1

Since G’ is a reduction of G, we can find in polynomial time a spanning Eulerian subgraph
F of G such that

(G, G) 26(G, &) < 2(n(G") + na(G"))
4 7 - 7
which finishes the proof of the theorem. <

exc(F) < exc(F') + < exc(F') + +1,
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Figure 2 Replacing a vertex of degree two with a cycle of length four in Lemma 13.

Proof of Theorem 2. Let G be an input cubic graph and let n be the number of its vertices.

We assume that G is connected since G would not have a TSP walk otherwise. Let F' be
the set of bridges of GG, which can be found in linear time using the standard algorithm
based on DFS. Further, let G’ be the graph obtained from G by removing the edges of F,
and let ng and no be the number of its vertices of degree zero and two, respectively. Note
that G’ has no vertices of degree one since if two edges incident with a vertex v in a cubic
graph are bridges, then the third edge incident with v is also a bridge. Finally, let k be the
number of non-trivial components of G’ i.e., the components of G’ that are not formed by a
single vertex. Observe that the number of vertices of degree two in G’ is at most 2k — 2, i.e.,
%) S 2k — 2.

We next apply the algorithm from Theorem 1 to each non-trivial component of G’, and
obtain a collection of k& TSP walks such that the sum of their lengths is at most

9 2

?(n—no)—i—?ng—k.

These k TSP walks can be connected by traversing each of the edges of F' twice, which yields
a TSP walk in G of total length at most

g(nfno)+§n2*k+2|F| < g(nfn0)+2|F|. (4)
The inequality in (4) follows from the inequality ny < 2k — 2, which we have observed
earlier in the proof. Since any TSP walk in G must have length at least (n — ng) + 2|F|
(it must contain at least n — ng edges inside the non-trivial blocks and each bridge must
be traversed twice), the upper bound in (4) on the length of the constructed TSP walk is
at most the multiple of 9/7 of the length of the optimal TSP walk in G, which yields the
desired approximation factor of the algorithm. <

5 Lower bounds

In this section, we provide two constructions of 2-connected subcubic graphs that illustrate
that the bound claimed in Conjecture 3 would be the best possible. The constructions are
based on two operations that we analyze in Lemmas 13 and 15. The proofs of the lemmas
are omitted because of the space constraints.

» Lemma 13. Let G be a 2-connected subcubic graph, let v be a vertex of G that has exactly
two meighbors, and let x and y be its two neighbors. Further, let G’ be the graph obtained
from G by removing the vertexr v, adding a cycle vivov3vy and edges xvy and yvs as in
Figure 2. The graph G’ is a 2-connected subcubic graph and it holds that n(G') = n(G) + 3,
na2(G') = ny(G) + 1 and minexc(G’) = minexc(G) + 1.

27:11
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T U1 Vg

Wy

Figure 3 The operation of replacing a diamond analyzed in Lemma 15.

Repeated applications of the operation described in Lemma 13 starting with the graph
K> 3 yields the following.

» Proposition 14. For every integer n > 5, n = 2 mod 3, there exists a 2-connected subcubic
n-vertex graph G such that
G G
minexc(G) = % + 1.
The second operation is more involved. A diamond in a graph G is an induced subgraph
isomorphic to K, i.e., the graph K4 with one edge removed.

» Lemma 15. Let G be a 2-connected cubic graph containing a diamond D. Let vy, vy, wy and
wy be the vertices of the diamond as depicted in Figure 3, and let x1 and xo be the neighbors
of v1 and vy outside of the diamond D. Further, let G' be the graph obtained from G by
removing the vertices of the diamond D and inserting the subgraph depicted in Figure 3. The
graph G’ is a 2-connected cubic graph with n(G’) = n(G)+8 and minexc(G’) = minexc(G)+2.
Moreover, the graph G’ contains at least two diamonds.

Consider the cubic graph formed by two diamonds and two edges joining the vertices of
degree two in different diamonds, and repeatedly apply the operation described in Lemma 15.

» Proposition 16. For every integer n > 8, n = 0 mod 8, there exists a 2-connected cubic
n-vertex graph G with minexc(G) = n/4.

Propositions 14 and 16, and Observation 6 yield that neither the coefficient 5/4 nor the
coefficient 1/4 in Conjecture 3 can be improved. Indeed, for every a < 5/4, there exist
infinitely many 2-connected cubic graphs G with tsp(G) > an(G)+o(n(G)) by Proposition 16.
Likewise, for every 8 < 1/4, there exist infinitely many 2-connected subcubic graphs G with
tsp(G) > 5n(G) + Bn2(G) + o(n(G)). While neither of the two coefficients in Conjecture 3
can be improved, it may be possible to prove a stronger bound that is not linear in both
n(G) and no(G).
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