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Abstract
In graph theory, as well as in 3-manifold topology, there exist several width-type parameters
to describe how “simple” or “thin” a given graph or 3-manifold is. These parameters, such
as pathwidth or treewidth for graphs, or the concept of thin position for 3-manifolds, play an
important role when studying algorithmic problems; in particular, there is a variety of problems in
computational 3-manifold topology – some of them known to be computationally hard in general
– that become solvable in polynomial time as soon as the dual graph of the input triangulation
has bounded treewidth.
In view of these algorithmic results, it is natural to ask whether every 3-manifold admits a
triangulation of bounded treewidth. We show that this is not the case, i.e., that there exists
an infinite family of closed 3-manifolds not admitting triangulations of bounded pathwidth or
treewidth (the latter implies the former, but we present two separate proofs).
We derive these results from work of Agol and of Scharlemann and Thompson, by exhibiting
explicit connections between the topology of a 3-manifold M on the one hand and width-type
parameters of the dual graphs of triangulations of M on the other hand, answering a question that
had been raised repeatedly by researchers in computational 3-manifold topology. In particular,
we show that if a closed, orientable, irreducible, non-Haken 3-manifold M has a triangulation of
treewidth (resp. pathwidth) k then the Heegaard genus of M is at most 48(k +1) (resp. 4(3k +1)).
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1

Introduction

In the field of 3-manifold topology many fundamental problems can be solved algorithmically.
Famous examples include deciding whether a given knot is trivial [21], deciding whether
a given 3-manifold is homeomorphic to the 3-sphere [40, 47], and, more generally (based
on Perelman’s proof of Thurston’s geometrization conjecture [29]), deciding whether two
given 3-manifolds are homeomorphic, see, e.g., [2, 31, 45]. The algorithm for solving the
homeomorphism problem is still purely theoretical, and its complexity remains largely
unknown [31, 33]. In contrast, the first two problems are known to lie in the intersection of
the complexity classes NP and co-NP [22, 27, 30, 32, 43, 49].2
Moreover, implementations of, for instance, algorithms to recognize the 3-sphere exist
out-of-the-box (e.g., using the computational 3-manifold software Regina [9]) and exhibit
practical running times for virtually all known inputs.
In fact, many topological problems with implemented algorithmic solutions solve problem
instances of considerable size. This is despite the fact that most of these implementations
have prohibitive worst-case running times, or the underlying problems are even known to be
computationally hard in general. In recent years, there have been several attempts to explain
this gap using the concepts of parameterized complexity and algorithms for fixed parameter
tractable (FPT) problems [19]. This effort has proven to be highly effective and, today, there
exist numerous FPT algorithms in the field [10, 12, 13, 14, 34]. More specifically, given a
triangulation T of a 3-manifold M with n tetrahedra whose dual graph Γ(T ) has treewidth3
at most k, there exist algorithms to compute
taut angle structures4 of what is called ideal triangulations with torus boundary components in running time O(7k · n) [14];
2
optimal Morse matchings5 in the Hasse diagram of T in O(4k +k · k 3 · log k · n) [12];
the Turaev–Viro invariants6 for parameter r ≥ 3 in O((r − 1)6(k+1) · k 2 · log r · n) [13];
every problem which can be expressed in monadic second-order logic in O(f (k) · n), where
f often is a tower of exponentials [10].7
Some of these results are not purely theoretical – as is sometimes the case with FPT
algorithms – but are implemented and outperform previous state-of-the-art implementations
for typical input. As a result, they have a significant practical impact. This is in particular
the case for the algorithm to compute Turaev–Viro invariants [13, 34].
Note that treewidth – the dominating factor in the running times given above – is a
combinatorial quantity linked to a triangulation, not a topological invariant of the underlying
2
3
4
5

6
7

The proof of co-NP membership for 3-sphere recognition assumes the Generalized Riemann Hypothesis.
We often simply speak of the treewidth of a triangulation, meaning the treewidth of its dual graph.
Taut angle structures are combinatorial versions of semi-simplicial metrics which have implications on
the geometric properties of the underlying manifold.
Optimal Morse matchings translate to discrete Morse functions with the minimum number of critical
points with respect to the combinatorics of the triangulation and the topology of the underlying
3-manifold.
Turaev–Viro invariants are powerful tools to distinguish between 3-manifolds. They are the method of
choice when, for instance, creating large censuses of manifolds.
This result is analogous to Courcelle’s celebrated theorem in graph theory [16].
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manifold. This gives rise to the following approach to efficiently solve topological problems
on a 3-manifold M: given a triangulation T of M, search for a triangulation T 0 of the same
manifold with smaller treewidth.
This approach faces severe difficulties. By a theorem due to Kirby and Melvin [28],
the Turaev–Viro invariant for parameter r = 4 is #P-hard to compute. Thus, if there
were a polynomial time procedure to turn an n-tetrahedron triangulation T into a poly(n)tetrahedron triangulation T 0 with dual graph of treewidth at most k, for some universal
constant k, then this procedure, combined with the algorithm from [13], would constitute
a polynomial time solution for a #P-hard problem. Furthermore, known facts imply that
most triangulations of most 3-manifolds must have large treewidth.8 However, while these
arguments indicate that triangulations of small treewidth may be rare and computationally
hard to find, it does not rule out that every manifold has some (potentially very large)
triangulation of bounded treewidth.
In this article we show that this is actually not the case, answering a question that
had been raised repeatedly by researchers in computational 3-manifold topology.9 More
specifically, we prove the following two statements.
I Theorem 1. There exists an infinite family of 3-manifolds which does not admit triangulations with dual graphs of uniformly bounded pathwidth.
I Theorem 2. There exists an infinite family of 3-manifolds which does not admit triangulations with dual graphs of uniformly bounded treewidth.
We establish the above results through the following theorems, which are the main
contributions of the present paper. The necessary terminology is introduced in Section 2.
I Theorem 3. Let M be a closed, orientable, irreducible, non-Haken 3-manifold and let T
be a triangulation of M with dual graph Γ(T ) of pathwidth pw(Γ(T )) ≤ k. Then M has
Heegaard genus g(M) ≤ 4(3k + 1).
I Theorem 4. Let M be a closed, orientable, irreducible, non-Haken 3-manifold and let
T be a triangulation of M with dual graph Γ(T ) of treewidth tw(Γ(T )) ≤ k. Then M has
Heegaard genus g(M) < 48(k + 1).
By a result of Agol [1] (Theorem 12 in this paper), there exist closed, orientable, irreducible,
non-Haken 3-manifolds of arbitrarily large Heegaard genus. Combining this result with
Theorems 3 and 4 thus immediately implies Theorems 1 and 2.
I Remark. Note that Theorem 1 can be directly deduced from Theorem 2 since the pathwidth
of a graph is always at least as large as its treewidth.10 Nonetheless, we provide separate
proofs for each of the two statements. The motivation for this is that all the ingredients to
prove Theorem 3 (and hence Theorem 1) already appear in the literature, while Theorem 4
needs extra work to be done.

It is known that, given k ∈ N, there exist constants C, Ck > 1 such that there are at least C n log(n)
3-manifolds which can be triangulated with ≤ n tetrahedra, whereas there are at most Ckn triangulations
with treewidth ≤ k and ≤ n tetrahedra. See the full version of the article for more details.
9
The question whether every 3-manifold admits a triangulation of bounded treewidth, and variations
thereof have been asked at several meetings and open problem sessions including an Oberwolfach meeting
in 2015 [11, Problem 8] (formulated in the context of knot theory).
10
This is immediate from the definitions of treewidth and pathwidth, see Section 3.
8

SoCG 2018

46:4

On the Treewidth of Triangulated 3-Manifolds

The paper is organized as follows. After going over the preliminaries in Section 2, we
give an overview of selected width-type graph parameters in Section 3. Most notably, we
propose the congestion of a graph (also known as carving width) as an alternative choice of a
parameter for FPT algorithms in 3-manifold topology. Section 4 is devoted to results from
3-manifold topology which we build upon. In Section 5 we then prove Theorem 1, and in
Section 6 we prove Theorem 2.

2

Preliminaries

In this section we recall some basic concepts and terminology of graph theory, 3-manifolds,
triangulations, and parameterized complexity theory.
Graphs vs. triangulations. Following several authors in the field, we use the terms edge
and vertex to refer to an edge or vertex in a 3-manifold triangulation, whereas the terms arc
and node denote an edge or vertex in a graph, respectively.

2.1

Graphs

For general background on graph theory we refer to [17].
A graph (more specifically, a multigraph) G = (V, E) is an ordered pair consisting of a
finite set V = V (G) of nodes and a multiset E = E(G) of unordered pairs of nodes, called
arcs. We allow loops, i.e., an arc e ∈ E might itself be a multiset, e.g., e = {v, v} for some
v ∈ V . The degree of a node v ∈ V , denoted by deg(v), equals the number of arcs containing
it, counted with multiplicity. In particular, a loop {v, v} contributes two to the degree of v.
For every node v ∈ V of a graph G, its star stG (v) denotes the set of edges incident to v. A
graph is called k-regular if all of its nodes have the same degree k ∈ N.

2.2

3-Manifolds and their triangulations

For an introduction to the topology and geometry of 3-manifolds and to their triangulations
we refer to the textbook [44] and to the seminal monograph [48].
A 3-manifold with boundary is a topological space11 M such that each point x ∈ M has
a neighborhood which either looks like (i.e., is homeomorphic to) the Euclidean 3-space R3
or the closed upper half-space {(x, y, z) ∈ R3 : z ≥ 0}. The points of M that do not have
a neighborhood homeomorphic to R3 constitute the boundary ∂M of M. A 3-manifold is
bounded (resp. closed) if it has a non-empty (resp. empty) boundary.
Informally, two 3-manifolds are equivalent (or homeomorphic) if one can be turned into
the other by a continuous, reversible deformation. In other words, when talking about a
3-manifold, we are not interested in its particular shape, but only in its qualitative properties,
called topological invariants, such as “number of boundary components”, or “connectedness”.
All 3-manifolds considered in this article are assumed to be compact and connected.
Handle decompositions. Every compact 3-manifold can be built from finitely many building
blocks called 0-, 1-, 2-, and 3-handles. In such a handle decomposition all handles are
(homeomorphic to) 3-balls, and are only distinguished in how they are glued to the existing
decomposition.12 For instance, to build a closed 3-manifold from handles, we may start with
11
12

More precisely, we only consider topological spaces which are second countable and Hausdorff.
See Chapter 6 and Appendix B of [44] for a primer on handle decompositions and Morse functions.
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a collection of disjoint 3-balls, or 0-handles, where further 3-balls are glued to the boundary
of the existing decomposition along pairs of 2-dimensional disks, the so-called 1-handles,
or along annuli, the so-called 2-handles. This process is iterated until the boundary of the
decomposition consists of a collection of 2-spheres. These are then eliminated by gluing in
one additional 3-ball per boundary component, the 3-handles of the decomposition.
In every step of building up a (closed) 3-manifold from handles, the existing decomposition
is a bounded 3-manifold and its boundary – called a bounding surface – separates the 3manifold into two pieces: the part that is already present, and its complement (each of them
possibly disconnected).
Bounding surfaces and, more generally, all kinds of surfaces embedded in a 3-manifold,
play an important role in the study of 3-manifolds (similar to that of simple closed curves
in the study of surfaces). When chosen carefully, an embedded surface reveals valuable
information about the topology of the ambient 3-manifold. Of course, in this sense, some
embedded surfaces can be considered topologically more meaningful than others. In particular,
we have the following notions.
Let M be a 3-manifold. A surface S ⊂ M is said to be properly embedded, if it is
embedded in M, and we have for the boundary ∂S = S ∩ ∂M. Let S ⊂ M be a properly
embedded surface distinct from the 2-sphere, and let D be a disk embedded into M such
that its boundary satisfies ∂D = D ∩ S. D is said to be a compressing disk for S if ∂D
does not bound a disk on S. If such a compressing disk exists, then S is called compressible,
otherwise it is called incompressible. An embedded 2-sphere S ⊂ M is called incompressible
if S does not bound a 3-ball in M.13
A 3-manifold M is called irreducible, if every embedded 2-sphere bounds a 3-ball in
M.14 Moreover, it is called P 2 -irreducible, if it does not contain an embedded 2-sided15
real projective plane RP 2 . This notion is only significant for non-orientable manifolds, since
orientable 3-manifolds cannot contain any 2-sided non-orientable surfaces. If a P 2 -irreducible,
irreducible 3-manifold M contains a 2-sided incompressible surface, then it is called Haken.
Otherwise it is called non-Haken. In this article, we only apply the notion of a non-Haken
manifold to manifolds that are (P 2 -)irreducible. In the literature, such manifolds are also
referred to as small.
Handlebodies and compression bodies. Above we already discussed handle decompositions
of 3-manifolds. Closely related are the notions of handlebody and compression body.
A handlebody is a bounded 3-manifold which can be described as a single 0-handle with a
number of 1-handles attached to it, or, equivalently, as a thickened version of a graph.
Let S be a closed (not necessarily connected) surface. A compression body is a 3-manifold
N obtained from S × [0, 1], by attaching 1-handles to S × {1}, and filling in some of the
2-sphere components of S × {0} with 3-balls. N has two sets of boundary components:
∂− N = S × {0} \ {filled in 2-sphere components} and ∂+ N = ∂N \ ∂− N .16
Dual to this construction, we can also start with S × [0, 1], add 2-handles along S × {1}
and fill in some resulting 2-sphere boundary components with 3-balls. Again, N has two sets
of boundary components: ∂− N = S × {0} and ∂+ N = ∂N \ ∂− N .

13

A standard example of a compressible surface is a torus (or any other orientable surface) embedded in
the 3-sphere S3 , and of an incompressible surface is the 2-sphere S2 × {x} ⊂ S2 × S1 .
14
In particular, S2 × S1 is not irreducible.
15
A properly embedded surface S ⊂ M is 2-sided in M, if the codimension zero submanifold in M
obtained by thickening S has two boundary components, i.e., S locally separates M into two pieces.
16
If S is a 2-sphere, and S × {0} is filled in, i.e., ∂− N = ∅, then N is actually a handlebody.
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Handlebodies very naturally occur when building up a (connected) 3-manifold M from an
arbitrary but fixed set of handles. If (possibly after deforming the attaching maps) all 0- and
1-handles are attached before attaching any 2- or 3-handles, we obtain a decomposition of
M into two handlebodies: the union of all 0- and 1-handles on one side, and its complement
on the other side. Such a decomposition exists for every 3-manifold M [35] and is called a
Heegaard splitting of M. The genus of their (common) boundary surface is called the genus
of the decomposition. It is equal to #1-handles minus #0-handles plus one. The smallest
genus of a handle decomposition of M, which is a topological invariant by definition, is called
the Heegaard genus of M and is denoted by g(M).
Compression bodies are central to Scharlemann and Thompson’s definition of thin position
[42], discussed in Section 4, as they can be used to describe more complicated sequences of
handle attachments, e.g., when building up a manifold by first only attaching some of the 0and 1-handles before attaching 2- and 3-handles.
Given a possibly bounded 3-manifold M, a fixed set of handles, and an arbitrary sequence
of handle attachments to build up M, we look at the first terms of the sequence up to
(but not including) the first 2- or 3-handle attachment. Let S be the surface given by
the boundaries of all 0-handles in this subsequence plus potentially some of the boundary
components of M (we want the boundary components of M to appear at the beginning or
the end of this construction). We thicken S into a bounded 3-manifold S × [0, 1], fill back
in the 0-handles at the 2-sphere components of S × {0} and attach the 1-handles from the
subsequence to S × {1}. This is a compression body, say N1 (if no boundary components
are added, N1 is merely the union of all 0- and 1-handles in the subsequence, and hence
a union of handlebodies). In the second step we look at all 2- and 3-handles following the
initial sequence of 0- and 1-handles until we reach 0- or 1-handles again, and follow the dual
construction to obtain another compression body K1 . Iterating this procedure, M can be
decomposed into a sequence of compression bodies (N1 , K1 , N2 , K2 , . . . , Ns , Ks ) satisfying
Ri := ∂+ Ni = ∂− Ki , 1 ≤ i ≤ s, and Fi := ∂+ Ki = ∂− Ni+1 , 1 ≤ i < s. By construction, the
surfaces Ri have more handles and/or less connected components than the surfaces Fi .
When talking about bounding surfaces in sequences of handle attachments, surfaces of
type Ri and Fi are typically the most interesting ones as they form local extrema with
respect to their topological complexity.17 Thus, we refer to the Ri as the large and to the Fi
as the small bounding surfaces.
Triangulations. In this article we typically describe 3-manifolds by semi-simplicial triangulations (also known as singular triangulations, here often just referred to as triangulations).
That is, a collection of n abstract tetrahedra, glued together in pairs along their triangular
faces (called triangles). As a result of these face gluings, many tetrahedral edges (or vertices)
are glued together and we refer to the result as a single edge (or vertex) of the triangulation.
A triangulation T describes a closed 3-manifold18 if no tetrahedral edge is identified with
itself in reverse, and the boundary of a small neighborhood around each vertex is a 2-sphere.
Given a triangulation T of a closed 3-manifold, its dual graph Γ(T ) (also called the face
pairing graph) is the graph with one node per tetrahedron of T , and with an arc between two
nodes for each face gluing between the corresponding pair of tetrahedra. By construction,
the dual graph is a 4-regular multigraph. Since every triangulation T can be linked to its
dual graph Γ(T ) this way, we often attribute properties of Γ(T ) directly to T .

17
18

We specify precisely what we mean by the topological complexity of a surface whenever this is necessary.
It is straightforward to extend the definition of a triangulation to include bounded 3-manifolds. However,
for the purpose of this article it suffices to consider the closed case.
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Parameterized complexity and fixed parameter tractability

There exist various notions and concepts of a refined complexity analysis for theoretically
difficult problems. One of them, parameterized complexity, due to Downey and Fellows
[18, 19], identifies a parameter on the set of inputs, which is responsible for the hardness of a
given problem.
More precisely, for a problem P with input set A, a parameter is a (computable) function
p : A → N. If the parameter p is the output of P, then p is called the natural parameter.
The problem P is said to be fixed parameter tractable for parameter p (or FPT in p for
short) if there exists an algorithm which solves P for every instance A ∈ A with running
time O(f (p(A)) · poly(n)), where n is the size of the input A, and f : N → N is arbitrary
(computable). By definition, such an algorithm then runs in polynomial time on the set of
inputs with bounded p. Hence, this identifies, in some sense, p as a potential “source of
hardness” for P (cf. the results listed in the Introduction).
In computational 3-manifold topology, a very important set of parameters is the one of
topological invariants, i.e., properties which only depend on the topology of a given manifold
and are independent of the choice of triangulation (see [34] for such a result, using the first
Betti number as parameter). However, most FPT-results in the field use parameters of the
dual graph of a triangulation which greatly depend on the choice of the triangulation: every
3-manifold admits a triangulation with arbitrarily high graph parameters – for all parameters
considered in this article.
The aim of this work is to link these parameters to topological invariants in the only
remaining possible sense: given a 3-manifold M, find lower bounds for graph parameters of
dual graphs of triangulations ranging over all triangulations of M.

3

Width-type graph parameters

The theory of parameterized complexity has its sources in graph theory, where many problems
which are NP-hard in general become tractable in polynomial time if one assumes structural
restrictions about the possible input graphs.
For instance, several graph theoretical questions have a simple answer if one asks them
about trees, or graphs which are similar to trees in some sense. Width-type parameters make
this sense of similarity precise [24]. We are particularly interested in the behavior of these
parameters and their relationship with each other when considering bounded-degree graphs
or, more specifically, dual graphs of 3-manifold triangulations.
Treewidth and pathwidth. The concepts of treewidth and pathwidth were introduced by
Robertson and Seymour in their early papers on graph minors [38, 39], also see the surveys
[5, 7, 8]. Given a graph G, its treewidth tw(G) measures how tree-like the graph is.
I Definition 5 (Tree decomposition, treewidth). A tree decomposition of a graph G = (V, E)
is a tree T with nodes B1 , . . . , Bm ⊆ V , also called bags, such that
1. B1 ∪ . . . ∪ Bm = V ,
2. if v ∈ Bi ∩ Bj then v ∈ Bk for all bags Bk of T in the path between Bi and Bj , in other
words, the bags containing v span a (connected) subtree of T ,
3. for every arc {u, v} ∈ E, there exists a node Bi such that {u, v} ⊆ Bi .
The width of a tree decomposition equals the size of the largest bag minus one. The
treewidth tw(G) is the minimum width among all possible tree decompositions of G.
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I Definition 6 (Path decomposition, pathwidth). A path decomposition of a graph G = (V, E)
is a tree decomposition for which the tree T is required to be a path. The pathwidth pw(G)
of a graph G is the minimum width of any path decomposition of G.
Cutwidth. The cutwidth cw(G) of a graph G is the graph-analogue of the linear width of a
manifold (to be discussed in Section 4). If we order the nodes {v1 , . . . , vn } = V (G) of G on
a line, the set of arcs running from a node vi , i ≤ `, to a node vj , j > `, is called a cutset C`
of the ordering. The cutwidth cw(G) is defined to be the cardinality of the largest cutset,
minimized over all linear orderings of V (G).
Cutwidth and pathwidth are closely related: for bounded-degree graphs they are within
a constant factor. Let ∆(G) denote the maximum degree of a node in G.
I Theorem 7 (Bodlaender, Theorems 47 and 49 from [6]19 ). Given a graph G, we have
pw(G) ≤ cw(G) ≤ ∆(G) pw(G).
Congestion. Bienstock introduced congestion [4], a generalization of cutwidth, which is a
quantity related to treewidth in a similar way as cutwidth to pathwidth (compare Theorems
7 and 9).
Let us consider two graphs G and H, called the guest and the host, respectively. An
embedding E = (ι, ρ) of G into H consists of an injective mapping ι : V (G) → V (H) together
with a routing ρ that assigns to each arc {u, v} ∈ E(G) a path in H with endpoints ι(u)
and ι(v). If e ∈ E(G) and h ∈ E(H) is on the path ρ(e), then we say that “e is running
parallel to h”. The congestion of G with respect to an embedding E of G into a host graph
H, denoted as cngH,E (G), is defined to be the maximal number of times an arc of H is used
in the routing of arcs of G.
Several notions of congestion can be obtained by minimizing cngH,E (G) over various
families of host graphs and embeddings (see, e.g., [37]). Here we work with the following.
I Definition 8 (Congestion20 ). Let T{1,3} be the set of unrooted binary trees.21 The
congestion cng(G) of a graph G is defined as
cng(G) = min{cngH,E (G) : H ∈ T{1,3} , E = (ι, ρ) with ι : V (G) → L(H) bijection},
where L(H) denotes the set of leaves of H.
In other words, we minimize cngH,E (G) when the host graph H is an unrooted binary
tree and the mapping ι maps the nodes of G bijectively onto the leaves of H. The routing ρ
is uniquely determined as the host graph is a tree.
I Theorem 9 (Bienstock, p. 108–111 of [3]). Given a graph G, we have22

max 23 (tw(G) + 1), ∆(G) ≤ cng(G) ≤ ∆(G)(tw(G) + 1).
19

The inequality cw(G) ≤ ∆(G) pw(G) seems to be already present in the earlier work of Chung and
Seymour [15] on the relation of cutwidth to another parameter called topological bandwith (see Theorem
2 in [15]). Pathwidth plays an intermediate, connecting role there. However, the inequality is phrased
and proved explicitly by Bodlaender in [6].
20
It is important to note that congestion in the sense of Definition 8 is also known as carving width, a
term which was coined by Robertson and Seymour in [46]. However, the usual abbreviation for carving
width is ‘cw’ which clashes with that of the cutwidth. Therefore we stick to the name ‘congestion’ and
the abbreviation ‘cng’ to avoid this potential confusion in notation.
21
An unrooted binary tree is a tree in which each node is incident to either one or three arcs.
22
Only the right-hand side inequality of Theorem 9, cng(G) ≤ (tw(G) + 1)∆(G), is formulated explicitly
in [3] as Theorem 1 on p. 111, whereas the left-hand side inequality is stated “inline” in the preceding
paragraphs on the same page.
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See the full version of the article for a comparison of cutwidth, pathwidth, treewidth and
congestion of the Petersen graph. Also, see the full version for an explanation of how widthtype parameters are used in FPT-algorithms in computational topology, and a comparison
of different parameters for their potential computational advantages or disadvantages.

4

Thin position, and non-Haken 3-manifolds of large genus

In [42] Scharlemann and Thompson extend the concept of thin-position from knot theory
[20] to 3-manifolds and define the linear width of a manifold.23 For this they look at
decompositions of a 3-manifold M into pairs of compression bodies, separated by so-called
large boundary surfaces. This setup is explained in detail at the end of Section 2.2.
Given such a decomposition of a 3-manifold M into s pairs of compression bodies with
large bounding surfaces Ri , 1 ≤ i ≤ s, consider the multiset {c(Ri ) : 1 ≤ i ≤ s}, where
P
c(S) = max{0, 2g(S) − 1} for a connected surface S,24 and c(S) = j c(Sj ) for a surface
S with connected components Sj . This multiset {c(Ri ) : 1 ≤ i ≤ s}, when arranged in
a decreasing order, is called the linear width of the decomposition. The linear width of a
manifold M, denoted by L(M), is defined to be the lexicographically smallest width of all
such decompositions of M. A manifold M together with a decomposition into compression
bodies realizing L(M) is said to be in thin position.
A guiding idea behind thin position is to attach 2- and 3-handles as early as possible
and 0- and 1-handles as late as possible in order to obtain a decomposition for which the
“topological complexity” of the large bounding surfaces is minimized.
I Theorem 10 (Scharlemann–Thompson [42]). Let M be a 3-manifold together with a
decomposition into compression bodies (N1 , K1 , N2 , K2 , . . . , Ns , Ks ) in thin position, and let
Fi ⊂ M, 1 ≤ i < s, be the set of small bounding surfaces as defined in Section 2.2. Then
every connected component of every surface Fi is incompressible.
Theorem 10 has the following consequence (see the full version of the article for a sketch
of the proof).
I Theorem 11 (Scharlemann–Thompson [42]). Let M be irreducible, non-Haken. Then the
smallest width decomposition of M into compression bodies is a Heegaard decomposition of
minimal genus g(M). In particular, the linear width of M is given by a list containing only
one element, namely L(M) = (2g(M) − 1).
The next theorem of Agol provides an infinite family of 3-manifolds for which we can
apply our results established in the subsequent sections.
I Theorem 12 (Agol, Theorem 3.2 in [1]). There exist orientable, closed, irreducible, and
non-Haken 3-manifolds of arbitrarily large Heegaard genus.
I Remark. The construction used to prove Theorem 12 starts with non-Haken n-component
link complements, and performs Dehn fillings which neither create incompressible surfaces,
nor decrease the (unbounded) Heegaard genera of the complements. The existence of such
Dehn fillings is guaranteed by work due to Hatcher [23] and Moriah–Rubinstein [36]. As can
be deduced from the construction, the manifolds in question are closed and orientable.
23

Also see [25] and the textbook [41] for an introduction to generalized Heegaard splittings and to thin
position, and for a survey of recent results.
24
g(S) = 1 − χ(S)/2 denotes the (orientable) genus, and χ(S) is the Euler characteristic of S.
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5

An obstruction to bounded cutwidth and pathwidth

In this section we establish an upper bound for the Heegaard genus of a 3-manifold M in
terms of the pathwidth of any triangulation of M (cf. Theorem 3). As an application of
this bound we prove Theorem 1. That is, we show that there exists an infinite family of
3-manifolds not admitting triangulations of uniformly bounded pathwidth.
I Theorem 13. Let M be a 3-manifold of linear width L(M) with dominant entry L(M)1 .
Furthermore, let T be a triangulation of M with dual graph Γ(T ) of cutwidth cw(Γ(T )).
Then L(M)1 ≤ 6 cw(Γ(T )) + 7.
Proof of Theorem 3 assuming Theorem 13. By Theorem 7, cw(Γ(T )) ≤ 4 pw(Γ(T )) since
dual graphs of 3-manifold triangulations are 4-regular. By Theorem 11, L(M)1 = 2g(M) − 1
whenever M is irreducible and non-Haken. Combining these relations with the inequality
provided by Theorem 13 yields the result.
J
Theorem 1 is now obtained from Theorem 3 and Agol’s Theorem 12. It remains to prove
Theorem 13. We begin with a basic, yet very useful definition.
I Definition 14. Let T be a triangulations of a 3-manifold M. The canonical handle
decomposition chd(T ) of T is given by
one 0-handle for the interior of each tetrahedron of T ,
one 1-handle for a thickened version of the interior of each triangle of T ,
one 2-handle for a thickened version of the interior of each edge of T , and
one 3-handle for a neighborhood of each vertex of T .
The following lemma gives a bound on the complexity of boundary surfaces occurring
in the process of building up a manifold M from the handles of the canonical handle
decomposition of a given triangulation of M (see the full version of the article for a proof).
I Lemma 15. Let T be a (semi-simplicial) triangulation of a 3-manifold M and let ∆1 <
∆2 < . . . < ∆n ∈ T be a linear ordering of its tetrahedra. Moreover, let H1 ⊂ H2 ⊂
. . . ⊂ Hn = chd(T ) be a filtration of chd(T ) where Hj ⊂ chd(T ) is the codimension zero
submanifold consisting of all handles of chd(T ) disjoint from tetrahedra ∆i , i > j. Then
passing from Hj to Hj+1 corresponds to adding at most 15 handles, with the maximum of
the sum of the genera of the components of any of the bounding surfaces occurring in the
process being no larger than the sum of the genera of the components of ∂Hj plus four.
With the help of Lemma 15 we can now prove Theorem 13.
Proof of Theorem 13. Let vj , 1 ≤ j ≤ n, be the nodes of Γ(T ) with corresponding tetrahedra ∆j ∈ T , 1 ≤ j ≤ n. We may assume, without loss of generality, that the largest cutset
of the linear ordering v1 < v2 < . . . < vn has cardinality cw(Γ(T )) = k.
Let Hj ⊂ chd(T ), 1 ≤ j ≤ n, be the filtration from Lemma 15. Moreover, let Cj ,
1 ≤ j < n, be the cutsets of the linear ordering above. Naturally, the cutset Cj can be
associated with at most k triangles of T with, together, at most 3k edges and at most 3k
vertices of T . Let H(Cj ) ⊂ chd(T ) be the corresponding submanifold formed from the at
most k 1-handles and at most 3k 2- and 3-handles each of chd(T ) associated with these faces
of T .
By construction, the boundary ∂H(Cj ) of H(Cj ) decomposes into two parts, one of which
coincides with the boundary surface ∂Hj . Since H(Cj ) is of the form “neighborhood of k
triangles in T ”, and since the 2- and 3-handles of chd(T ) form a handlebody, the 2- and
3-handles of H(Cj ) form a collection of handlebodies with sum of genera at most 3k.
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To complete the construction of H(Cj ), the remaining at most k 1-handles are attached
to this collection of handlebodies as 2-handles. These either increase the number of boundary
surface components, or decrease the overall sum of genera of the boundary components.
Altogether, the sum of genera of ∂Hj ⊂ ∂H(Cj ) is bounded above by 3k.
Hence, following Lemma 15, the sum g of genera of the components of any bounding
surface for any sequence of handle attachments of chd(T ) compatible with the ordering
v1 < v2 < . . . < vn is bounded above by 3 cw(Γ(T ))+4. It follows that 2g−1 ≤ 6 cw(Γ(T ))+7,
and finally, by the definition, L(M)1 ≤ 6 cw(Γ(T )) + 7.
J

6

An obstruction to bounded congestion and treewidth

The goal of this section is to prove Theorems 2 and 4, the counterparts of Theorem 1 and
3 for treewidth. At the core of the proof is the following explicit connection between the
congestion of the dual graph of any triangulation of a 3-manifold M and its Heegaard genus.
I Theorem 16. Let M be an orientable, closed, irreducible, non-Haken 3-manifold which
has a triangulation T with dual graph Γ(T ) of congestion cng(Γ(T )) ≤ k. Then either M
has Heegaard genus g(M) < 12k, or T only contains one tetrahedron.
Proof of Theorem 4 assuming Theorem 16. Since dual graphs of 3-manifold triangulations
are 4-regular, Theorem 9 implies cng(Γ(T )) ≤ 4(tw(Γ(T )) + 1). Moreover, the only closed
orientable 3-manifolds which can be triangulated with a single tetrahedron are the 3-sphere
of Heegaard genus zero, and the lens spaces of type L(4, 1) and L(5, 2) of Heegaard genus
one.
J
Similarly as before, Theorem 2 immediately follows by combining Theorems 4 and 12.
Hence, the remainder of the section is dedicated to the proof of Theorem 16.
Proof of Theorem 16. Let M be an orientable, closed, irreducible, non-Haken 3-manifold
which has a triangulation T whose dual graph Γ(T ) has congestion cng(Γ(T )) ≤ k, and let
T be an unrooted binary tree realizing cng(Γ(T )) ≤ k. If k = 0, T must consist of a single
tetrahedron, and the theorem holds. Thus we can assume that k ≥ 1. Moreover, let chd(T )
be the canonical handle decomposition of T as defined in Definition 14.
For every e ∈ E(T ), there exist arcs γ1 , γ2 , . . . , γ` ∈ E(Γ(T )), ` ≤ k, running parallel to
e, corresponding to triangles t1 , t2 , . . . , t` in T . Let He ⊂ chd(T ) be the submanifold built
from the ` 1-handles of chd(T ) corresponding to the triangles ti , 1 ≤ i ≤ `, and the ≤ 3` 2and 3-handles each of chd(T ) corresponding to the edges and vertices of these triangles.
I Lemma 17. The codimension zero submanifold chd(T ) \ He decomposes into a pair of
disjoint components, denoted by He+ and He− .
See Figure 1(i), and, for the proof, the full version of the article.
I Lemma 18. At least one of He+ or chd(T ) \ He+ can be built from at most 5k handles.
The same statement holds for He− and chd(T ) \ He− .
Idea of the proof of Lemma 18. Consider the decomposition M = He+ ∪∂H+
(chd(T ) \
e
+
He ) =: A0 ∪S0 B0 . Both the number of connected components and the genus of the
surface S0 = ∂He+ is in O(k), as He can be built from O(k) handles (see above), and
S0 = ∂He+ ⊂ ∂He . Since M is irreducible, non-Haken, and all surface components of S0
are 2-sided by construction, none of them can be incompressible. Therefore, via a sequence
of handle reductions along carefully chosen compressing disks we get a decomposition
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(ii)

Figure 1 Schematic overview of the decompositions of M into (i) three and (ii) four submanifolds
at arcs and degree-three nodes of the tree T , respectively

M = A∗ ∪S∗ B∗ in O(k) steps, where S∗ consists of m ∈ O(k) copies of the 2-sphere. It
turns out that either A∗ or B∗ , say B∗ , is a collection of punctured 3-balls with an overall
number of punctures being equal to m, which implies that B∗ can be built from m handles,
from which B0 can be recovered via O(k) handle attachments. We can make these bounds
explicit by careful bookkeeping to obtain the result. See the full version of the article for a
more detailed proof.
J
Now at every degree three node v ∈ V (T ) we define a decomposition of M into four
submanifolds (Figure 1(ii)). Three of them, He+1 , He+2 , and He+3 , are arising from the three
connected components of T after removing the three arcs incident to v (cf. Lemma 17), and
the fourth submanifold, Hv , contains all remaining handles of chd(T ).
By Lemma 18, at least two of the He+i , 1 ≤ i ≤ 3, can be built from at most 5k handles.
For the fourth submanifold we have Hv = He1 ∪ He2 ∪ He3 . Observe that at most k arcs of
Γ(T ) run parallel to each of the ei ∈ E(T ). Counting those arcs along the ei we encounter
each of them twice, therefore at most 32 k arcs of Γ(T ) meet v. It follows that Hv is a
collection of at most 32 k handlebodies with sum of genera at most 92 k and an additional at
most 32 k 2-handles attached (see full version for details). Altogether, Hv can be built from
at most 32 k + 92 k + 32 k < 8k handles. Moreover, if v has a neighbor which is a leaf of T , then
its corresponding submanifold is obtained from a 1-tetrahedron submanifold of T with at
most three interior faces (the tetrahedron itself, at most one triangle, and at most one edge).
Hence, this part corresponds to at most three handles of chd(T ).
If all He+i , 1 ≤ i ≤ 3, are of size at most 5k, M can be built using less than (3·5+8)k = 23k
handles, thus g(M) < 12k and we are done. Hence, assume that exactly one of them, say
He+1 , requires a larger number of handles to be built. Let u1 be the other node of e1 .
Now we choose u1 to be the new center (instead of v) and repeat the above process.
Moving from v to u1 merges He+2 , He+3 , and Hv (note that each of He+2 and He+3 can be built
with ≤ 5k handles, and Hv can be built with < 8k handles), and splits the remaining larger
part into three submanifolds. Since these three submanifolds together form the larger part,
they either cannot all be built from at most 5k / less than 8k handles – or M can be built
from at most 23k handles. Similarly, the three merged parts must be one of the two new
submanifolds which can be built from at most 5k handles – or M can be built from at most
23k handles. In both cases it follows that g(M) < 12k and we are done. Hence, assume
one of the submanifolds coming from one of the two new subtrees must require a larger
number of handles to be built. However, at the same time, the connected component of
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T \ stT (u1 ) corresponding to this submanifold of unbounded size has fewer nodes than that
corresponding to the previously largest part. Iterating the process must thus eventually lead
to the conclusion that M is of Heegaard genus less than 12k.
J
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