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Foreword

The 34th International Symposium on Computational Geometry (SoCG) will be held in
Budapest, Hungary, June 11-14, 2018, as part of the Computational Geometry Week. A
record number of 206 papers have been submitted to SoCG 2018. After a thorough review
process, in which each paper has been evaluated by three or more independent reviewers,
the Program Committee accepted 73 papers for presentation at SOCG. These proceedings
contain extended abstracts of the accepted papers, limited to 13 pages plus references. If any
supporting material (e.g., proofs or experimental details) does not fit in the page limit, the
full paper is available at a public repository, which is referenced in the extended abstract.

The Best Paper Award goes to the paper “Shellability is NP-complete” by Xavier
Goaoc, Pavel Patdk, Zuzana Patdkova, Martin Tancer, and Uli Wagner. The Best Student
Presentation Award will be determined and announced at the symposium, based on ballots
cast by the attendees.

A selection of papers, recommended by the Program Committee, have been invited
to forthcoming special issues of Discrete & Computational Geometry and the Journal of
Computational Geometry, dedicated to the best papers of the symposium.

In addition to the technical papers, there were five submissions to the multimedia
exposition (three videos and two applets). All five were reviewed and four were ac-
cepted for presentation. The extended abstracts that describe these submissions are
included in this proceedings volume. The multimedia content can be found at http:
//www.computational-geometry.org.

We thank the authors of all submitted papers and multimedia presentations. We are
grateful to the members of the SoCG Program Committee, the Multimedia Committee, and
340 additional reviewers for their dedication and expertise that ensure the high quality of
the papers in these proceedings. We would also like to thank the Proceedings Chair, Wouter
Meulemans, for his meticulous work preparing the final proceedings. Many other people
contributed to the success of SoOCG 2018 and the entire CG Week. We especially thank the
local organizers, all members of the Workshop and YRF Committees, and the Computational
Geometry Steering Committee.

Bettina Speckmann Csaba D. Téth
Program Committee, co-chair Program Committee, co-chair
TU Eindhoven Cal State Northridge

Xavier Goaoc
Multimedia Committee, chair
Université Paris-Est Marne-la-Vallée
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Invited Talk
Stories Are Not Just Words:
How Visualization Helps Us to Explain, Reason,
Explore and Remember

Jo Wood

giCentre

City, University of London
United Kingdom

—— Abstract

From Euclid’s Elements and Liu Hui’s The Sea Island Mathematical Manual through Decartes
and Euler to Mandlebrot and Wolfram, we have always used images to assist telling stories
about geometry. The long history of proof without words demonstrates that images alone can

sometimes tell convincing mathematical stories. In a parallel history we have for millennia used
careful geometric projection onto a plane to tell cartographic stories of discoveries made, lands
yet visited and battles to be fought. In this talk I explore some of the examples and theory
of storytelling using visualization and cartography in order to evaluate whether computational
geometers have anything to gain through visual storytelling and whether some problems that
persist in visual storytelling might be solvable by computational geometers.

I explore the coupling of textual narrative and visualization to support explanation and reas-
oning as well as more open-ended exploration by considering the literate programming approach
advocated by Donald Knuth, the computational essays of Stephen Wolfram and the newly emer-
ging paradigm of literate visualization. These are most readily seen in notebook environments
of data science such as R-Notebook, Jupyter Lab and most recently Observable. I illustrate liter-
ate visualization with examples from these environments as well as one newly developed by the
giCentre — litvis. I argue that visual approaches to computation are valuable as they support a
shift from a dialogue between person and computer to one between people.
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Invited Talk
Circle Squaring and Other Combinatorial
Problems in Geometric Measure Theory

Andras Mathé
Mathematics Institute
University of Warwick
Coventry, United Kingdom

—— Abstract

I will survey some results and open problems in geometric measure theory of combinatorial
flavour.

The famous Banach-Tarski paradox states that in the three dimensional space a ball of radius
one can be partitioned into finitely many (non-measurable) pieces that can be rearranged (ap-
plying rotations and translations) to obtain a ball of radius 2. On the other hand, Tarski’s circle
squaring problem asked if it was possible to partition a disc in the plane into finitely many pieces
and rearrange these to obtain the square (of the same area). This was shown to be possible by
Laczkovich in 1990. I will talk about the recent results that show that this “circle squaring” is
possible by using pieces that are Lebesgue measurable, or even Borel (by Marks and Unger).

I will also mention some results and questions about patterns in fractal sets and a problem
about the fractal analogue of the Szemerédi-Trotter theorem of point-line incidences.
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Meshing by the VoroCrust Algorithm
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—— Abstract

We study the problem of decomposing a volume bounded by a smooth surface into a collection
of Voronoi cells. Unlike the dual problem of conforming Delaunay meshing, a principled solution
to this problem for generic smooth surfaces remained elusive. VoroCrust leverages ideas from

a-shapes and the power crust algorithm to produce unweighted Voronoi cells conforming to the
surface, yielding the first provably-correct algorithm for this problem. Given an e-sample on the
bounding surface, with a weak o-sparsity condition, we work with the balls of radius ¢ times the
local feature size centered at each sample. The corners of this union of balls are the Voronoi sites,
on both sides of the surface. The facets common to cells on opposite sides reconstruct the surface.
For appropriate values of ¢, 0 and §, we prove that the surface reconstruction is isotopic to the
bounding surface. With the surface protected, the enclosed volume can be further decomposed
into an isotopic volume mesh of fat Voronoi cells by generating a bounded number of sites in its
interior. Compared to state-of-the-art methods based on clipping, VoroCrust cells are full Voronoi
cells, with convexity and fatness guarantees. Compared to the power crust algorithm, VoroCrust
cells are not filtered, are unweighted, and offer greater flexibility in meshing the enclosed volume
by either structured grids or random samples.
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Keywords and phrases sampling conditions, surface reconstruction, polyhedral meshing, Voronoi
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Sampling Conditions for Conforming Voronoi Meshing by the VoroCrust Algorithm
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1 Introduction

Mesh generation is a fundamental problem in computational geometry, geometric modeling,
computer graphics, scientific computing and engineering simulations. There has been a
growing interest in polyhedral meshes as an alternative to tetrahedral or hex-dominant
meshes [48]. Polyhedra are less sensitive to stretching, which enables the representation of
complex geometries without excessive refinement. In addition, polyhedral cells have more
neighbors even at corners and boundaries, which offers better approximations of gradients
and local flow distributions. Even compared to hexahedra, fewer polyhedral cells are needed
to achieve a desired accuracy in certain applications. This can be very useful in several
numerical methods [18], e.g., finite element [42], finite volume [39], virtual element [17]
and Petrov-Galerkin [41]. In particular, the accuracy of a number of important solvers,
e.g., the two-point flux approximation for conservation laws [39], greatly benefits from a
conforming mesh which is orthogonal to its dual as naturally satisfied by Voronoi meshes.
Such solvers play a crucial role in hydrology [51], computational fluid dynamics [22] and
fracture modeling [20].

VoroCrust is the first provably-correct algorithm for generating a volumetric Voronoi mesh
whose boundary conforms to a smooth bounding surface, and with quality guarantees. A
conforming volume mesh exhibits two desirable properties simultaneously: (1) a decomposition
of the enclosed volume, and (2) a reconstruction of the bounding surface.

Conforming Delaunay meshing is well-studied [28], but Voronoi meshing is less mature. A
common practical approach to polyhedral meshing is to dualize a tetrahedral mesh and clip,
i.e., intersect and truncate, each cell by the bounding surface [35,43,47,52,55]. Unfortunately,
clipping sacrifices the important properties of convexity and connectedness of cells [35], and
may require costly constructive solid geometry operations. Restricting a Voronoi mesh to the
surface before filtering its dual Delaunay facets is another approach [7,33,56], but filtering
requires extra checks complicating its implementation and analysis; see also Figure 4. An
intuitive approach is to locally mirror the Voronoi sites on either side of the surface [34,57],
but we are not aware of any robust algorithms with approximation guarantees in this category.
In contrast to these approaches, VoroCrust is distinguished by its simplicity and robustness
at producing true unweighted Voronoi cells, leveraging established libraries, e.g., Voro++ [50],
without modification or special cases.

VoroCrust can be viewed as a principled mirroring technique, which shares a number of
key features with the power crust algorithm [13]. The power crust literature [7,8,10,12,13]
developed a rich theory for surface approximation, namely the e-sampling paradigm. Recall
that the power crust algorithm uses an e-sample of unweighted points to place weighted sites,
so-called poles, near the medial axis of the underlying surface. The surface reconstruction
is the collection of facets separating power cells of poles on the inside and outside of the
enclosed volume.
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Regarding samples and poles as primal-dual constructs, power crust performs a primal-
dual-dual-primal dance. VoroCrust makes a similar dance where weights are introduced
differently; the samples are weighted to define unweighted sites tightly hugging the surface,
with the reconstruction arising from their unweighted Voronoi diagram. The key advantage
is the freedom to place more sites within the enclosed volume without disrupting the surface
reconstruction. This added freedom is essential to the generation of graded meshes; a primary
virtue of the proposed algorithm. Another virtue of the algorithm is that all samples appear
as vertices in the resulting mesh. While the power crust algorithm does not guarantee that,
some variations do so by means of filtering, at the price of the reconstruction no longer being
the boundary of power cells [7,11,32].

The main construction underlying VoroCrust is a suitable union of balls centered on the
bounding surface, as studied in the context of non-uniform approximations [26]. Unions of
balls enjoy a wealth of results [15,24,37], which enable a variety of algorithms [13,23,30].

Similar constructions have been proposed for meshing problems in the applied sciences
with heuristic extensions to 3D settings; see [40] and the references therein for a recent
example. Aichholzer et al. [6] adopt closely related ideas to construct a union of surface balls
using power crust poles for sizing estimation. However, their goal was to produce a coarse
homeomorphic surface reconstruction. As in [6], the use of balls and a-shapes for surface
reconstruction was explored earlier, e.g., ball-pivoting [19,54], but the connection to Voronoi
meshing has been absent. In contrast, VoroCrust aims at a decomposition of the enclosed
volume into fat Voronoi cells conforming to an isotopic surface reconstruction with quality
guarantees.

In a previous paper [4], we explored the related problem of generating a Voronoi mesh
that conforms to restricted classes of piecewise-linear complexes, with more challenging
inputs left for future work. The approach adopted in [4] does not use a union of balls and
relies instead on similar ideas to those proposed for conforming Delaunay meshing [29,45,49].

In this paper, we present a theoretical analysis of an abstract version of the VoroCrust
algorithm. This establishes the quality and approximation guarantees of its output for volumes
bounded by smooth surfaces. A description of the algorithm we analyze is given next; see
Figure 1 for an illustration in 2D, and also our accompanying multimedia contribution [2].

The abstract VoroCrust algorithm

Take as input a sample P on the surface M bounding the volume O.

Define a ball B; centered at each sample p;, with a suitable radius r;, and let U = U; B;.
Initialize the set of sites S with the corner points of 90U, ST and S*, on both sides of M.
Optionally, generate additional sites S** in the interior of @, and include S* into S.

Compute the Voronoi diagram Vor(S) and retain the cells with sites in S* U S+ as the
volume mesh O, where the facets between ST and S+ yield a surface approximation M.

LAl S

(a) Surface balls. (b) Labeled corners. () Voronoi cells. (d) Reconstruction.

Figure 1 VoroCrust reconstruction, demonstrated on a planar curve.
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Sampling Conditions for Conforming Voronoi Meshing by the VoroCrust Algorithm

In this paper, we assume O is a bounded open subset of R?, whose boundary M is a
closed, bounded and smooth surface. We further assume that P is an e-sample, with a weak
o-sparsity condition, and r; is set to J times the local feature size at p;. For appropriate
values of €, o and 8, we prove that O and M are isotopic to O and M, respectively. We also
show that simple techniques for sampling within O, e.g., octree refinement, guarantee an
upper bound on the fatness of all cells in @, as well as the number of samples.

Ultimately, we seek a conforming Voronoi mesher that can handle realistic inputs possibly
containing sharp features, can estimate a sizing function and generate samples, and can
guarantee the quality of the output mesh. This is the subject of a forthcoming paper [3]
which describes the design and implementation of the complete VoroCrust algorithm.

The rest of the paper is organized as follows. Section 2 introduces the key definitions
and notation used throughout the paper. Section 3 describes the placement of Voronoi
seeds and basic properties of our construction assuming the union of surface balls satisfies
a structural property. Section 4 proves this property holds and establishes the desired
approximation guarantees under certain conditions on the input sample. Section 5 considers
the generation of interior samples and bounds the fatness of all cells in the output mesh.
Section 6 concludes the paper with pointers for future work. A number of proofs is deferred
to the full version, available online [1]; see also the accompanying multimedia contribution in
these proceedings [2].

2 Preliminaries

Throughout, standard general position assumptions [38] are made implicitly to simplify the
presentation. We use d(p, ¢) to denote the Euclidean distance between two points p, q € R3,
and B(c,r) to denote the Euclidean ball centered at ¢ € R? with radius r. We proceed
to introduce the notation and recall the key definitions used throughout, following those
in 13,26, 37].

2.1 Sampling and approximation

We take as input a set of sample points P C M. A local scale or sizing is used to vary the
sample density. Recall that the medial axis [13] of M, denoted by A, is the closure of the
set of points in R3 with more than one closest point on M. Hence, A has one component
inside O and another outside. Each point of A is the center of a medial ball tangent to M
at multiple points. Likewise, each point on M has two tangent medial balls, not necessarily
of the same size. The local feature size at © € M is defined as lfs(z) = inf,c 4 d(x, a). The
set P is an e-sample [9] if for all © € M there exists p € P such that d(x,p) < e-lfs(x).

We desire an approximation of O by a Voronoi mesh O, where the boundary Mof O
approximates M. Recall that two topological spaces are homotopy-equivalent [26] if they
have the same topology type. A stronger notion of topological equivalence is homeomorphism,
which holds when there exists a continuous bijection with a continuous inverse from M to M.
The notion of isotopy captures an even stronger type of equivalence for surfaces embedded
in Euclidean space. Two surfaces M, M C R3 are isotopic [16,25] if there is a continuous
mapping F : M x [0,1] — R3 such that for each t € [0,1], F(-,¢) is a homeomorphism
from M to M, where F(-,0) is the identity of M and F(M,1) = M. To establish that
two surfaces are geometrically close, the distance between each point on one surface and its
closest point on the other surface is required. Such a bound is usually obtained in the course
of proving isotopy.
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2.2 Diagrams and triangulations

The set of points defining a Voronoi diagram are traditionally referred to as sites or seeds.

When approximating a manifold by a set of sample points of varying density, it is helpful to
assign weights to the points reflective of their density. In particular, a point p; with weight
w;, can be regarded as a ball B; with center p; and radius r; = \/w;.

Recall that the power distance [37] between two points p;,p; with weights w;,w; is
7(pi,p;) = d(pi, pj)* —w; —wj. Unless otherwise noted, points are unweighted, having weight
equal to zero. There is a natural geometric interpretation of the weight: all points g on the
boundary of B; have m(p;,q) = 0, inside 7(p;, ¢) < 0 and outside 7(p;, q) > 0. Given a set of
weighted points P, this metric gives rise to a natural decomposition of R? into the power
cells Vi = {q € R* | w(pi,q) < 7(p;,q) Vp; € P}. The power diagram wVor(P) is the cell
complex defined by collection of cells V; for all p; € P.

The nerve [37] of a collection C of sets is defined as N(C) = {X CC|NT # (}. Observe

that A/(C) is an abstract simplicial complex because X € N(C) and Y C X imply Y € N(C).

With that, we obtain the weighted Delaunay triangulation, or regular triangulation, as
wDel(P) = N(wVor(P)). Alternatively, wDel(P) can be defined directly as follows. A subset
T C R with d < 3 and |T| < d+1 defines a d-simplex o7. Recall that the orthocenter [27] of
or, denoted by z7, is the unique point ¢ € R? such that 7(p;, z7) = m(pj, zr) for all p;,p; € T}
the orthoradius of op is equal to w(p, zr) for any p € T. The Delaunay condition defines
wDel(P) as the set of tetrahedra o with an empty orthosphere, meaning 7(p;, zr) < 7(p;, 2r)
for all p; € T and p; € P\ T, where wDel(P) includes all faces of o7.

There is a natural duality between wDel(P) and wVor(P). For a tetrahedron o7, the
definition of zr immediately implies 27 is a power vertex in wVor(P). Similarly, for each
k-face og of op € wDel(P) with S C T and k+ 1 = ||, there exists a dual (3 — k)-face 0% in
wVor(P) realized as NpesV,. When P is unweighted, the same definitions yield the standard
(unweighted) Voronoi diagram Vor(P) and its dual Delaunay triangulation Del(P).

2.3 Unions of balls

Let B denote the set of balls corresponding to a set of weighted points P and define the
union of balls U as UB. Tt is quite useful to capture the structure of & using a combinatorial
representation like a simplicial complex [36,37]. Let f; denote V; N dB; and F the collection
of all such f;. Observing that V; N B; C V; N B;VB;, B; € B, f; is equivalently defined as the
spherical part of 9(V; N B;). Consider also the decomposition of & by the cells of wVor(P)
into C(B) = {V; N B; | B; € B}. The weighted a-complex W(P) is defined as the geometric
realization of N'(C(B)) [37], i.e., o e Wi {V;N B; | p; € T} € N(C(B)). Tt is not hard to
see that W is a subcomplex of wDel(P).

To see why W is relevant, consider its underlying space; we create a collection containing
the convex hull of each simplex in W and define the weighted a-shape J(P) as the union of
this collection. It turns out that the simplices o7 € W contained in 0.7 are dual to the faces
of OU defined as Nier f;. Every point ¢ € OU defined by Nier, fi, for T, € B and k+1 = |T,],
witnesses the existence of o, in W; the k-simplex o7, is said to be exposed and J can be
defined directly as the collection of all exposed simplices [36]. In particular, the corners of
OU correspond to the facets of 9J. Moreover, J is homotopy-equivalent to U [37].

The union of balls defined using an e-sampling guarantees the approximation of the
manifold under suitable conditions on the sampling. Following earlier results on uniform
sampling [46], an extension to non-uniform sampling establishes sampling conditions for the
isotopic approximation of hypersurfaces and medial axis reconstruction [26].

1:5
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3 Seed placement and surface reconstruction

We determine the location of Voronoi seeds using the union of balls ¢. The correctness of
our reconstruction depends crucially on how sample balls B overlap. Assuming a certain
structural property on U, the surface reconstruction is embedded in the dual shape J.

3.1 Seeds and guides

Central to the method and analysis are triplets of sample spheres, i.e., boundaries of sample
balls, corresponding to a guide triangle in wDel(P). The sample spheres associated with the
vertices of a guide triangle intersect contributing a pair of guide points. The reconstruction
consists of Voronoi facets, most of which are guide triangles.

When a triplet of spheres 0B;,0B;, 0B;, intersect at exactly two points, the intersection

points are denoted by g}jk = {gZ.Tjk, gjjk} and called a pair of guide points or guides; see

Figure 2a. The associated guide triangle t;;; is dual to giijk. We use arrows to distinguish
guides on different sides of the manifold with the upper guide ¢g' lying outside © and the
lower guide g* lying inside. We refer to the edges of guide triangles as guide edges €ij = DiDj-
A guide edge e;; is associated with a dual guide circle C;; = 0B; N 0B;, as in Figure 2a.

The Voronoi seeds in ST U S* are chosen as the subset of guide points that lie on OU. A
guide point g which is not interior to any sample ball is uncovered and included as a seed s
into S; covered guides are not. We denote uncovered guides by s and covered guides by g,
whenever coverage is known and important. If only one guide point in a pair is covered, then
we say the guide pair is half-covered. If both guides in a pair are covered, they are ignored.
Let S; = S N dB; denote the seeds on sample sphere JB;.

As each guide triangle t;;1, is associated with at least one dual seed s;;1, the seed witnesses
its inclusion in W and t¢;;;;, is exposed. Hence, t;;, belongs to 0J as well. When such ¢, is
dual to a single seeds s;;; it bounds the interior of 7, i.e., it is a face of a regular component
of J; in the simplest and most common case, t;; is a facet of a tetrahedron as shown in
Figure 3b. When ¢;;;, is dual to a pair of seeds S%jk’ it does not bound the interior of J and
is called a singular face of 0. All singular faces of 0 appear in the reconstructed surface.

(a) Overlapping balls and guide circles. (b) Pattern resulting in four half-covered seed pairs.

Figure 2 (a) Guide triangle and its dual seed pair. (b) Cutaway view in the plane of circle C34.
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3.2 Disk caps

We describe the structural property required on U along with the consequences exploited by
VoroCrust for surface reconstruction. This is partially motivated by the requirement that all
sample points on the surface appear as vertices in the output Voronoi mesh.

We define the subset of dB; inside other balls as the medial band and say it is covered.
Let the caps K, ZT and K j be the complement of the medial band in the interior and exterior
of O, respectively. Letting n,, be the normal line through p; perpendicular to M, the two
intersection points n,, N 0B; are called the poles of B;. See Figure 3a.

We require that U satisfies the following structural property: each 0B; has disk caps,
meaning the medial band is a topological annulus and the two caps contain the poles and
are topological disks. In other words, each B; contributes one connected component to each
side of OU. As shown in Figure 3a, all seeds in S;r and Sj lie on 0K J and 0K j , respectively,
along the arcs where other sample balls intersect dB;. In Section 4, we establish sufficient
sampling conditions to ensure U satisfies this property. In particular, we will show that both
poles of each B; lie on dU.

The importance of disk caps is made clear by the following observation. The requirement
that all sample points appear as Voronoi vertices in M follows as a corollary.

» Observation 1 (Three upper/lower seeds). If OB; has disk caps, then each of 8[(1-T and
aKj’ has at least three seeds and the seeds on 0B; are not all coplanar.

Proof. Every sphere S;; covers strictly less than one hemisphere of 0B; because the poles
are uncovered. Hence, each cap is composed of at least three arcs connecting at least three
upper seeds SJ C 0K, j and three lower seeds Sj C 6Kl-¢ . Further, any hemisphere through
the poles contains at least one upper and one lower seed. It follows that the set of seeds
Si=8u SZ-i is not coplanar. <

d .t

e 1 /t 8234
S04

P> Pa
A

a i
5123\‘17 !

S134

P

(a) Caps and medial band. (b) Sliver and half-covered seeds, exaggerated vertical scale.

Figure 3 (a) Decomposing the sample sphere OBi. (b) Uncovered seeds and reconstruction facets.
Let 7, € W(P) C wDel(P) and 75 € Del(S) denote the tetrahedra connecting the four samples and
the four seeds shown, respectively. st,, and st,, are the uncovered lower guide seeds, with gl,, and
9144 covered. The uncovered upper guide seeds are s1,, and slq,, with g¥,, and gy, covered. Ay is
the Voronoi facet dual to the Delaunay edge between “st,, and °sl,,, etc. Voronoi facets dual to
magenta edges are in the reconstructed surface; those dual to green and blue edges are not. n is the
circumcenter of 7 and appears as a Voronoi vertex in Vor(S) and a Steiner vertez in the surface

reconstruction. In general, n is not the orthocenter of the sliver 7,.
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» Corollary 2 (Sample reconstruction). If dB; has disk caps, then p; is a vertez in M.

Proof. By Observation 1, the sample is equidistant to at least four seeds which are not all
coplanar. It follows that the sample appears as a vertex in the Voronoi diagram and not in
the relative interior of a facet or an edge. Being a common vertex to at least one interior and
one exterior Voronoi seed, VoroCrust retains this vertex in its output reconstruction. |

3.3 Sandwiching the reconstruction in the dual shape of U/

Triangulations of smooth surfaces embedded in R? can have half-covered guides pairs, with
one guide covered by the ball of a fourth sample not in the guide triangle dual to the guide
pair. The tetrahedron formed by the three samples of the guide triangle plus the fourth
covering sample is a sliver, i.e., the four samples lie almost uniformly around the equator of
a sphere. In this case we do not reconstruct the guide triangle, and also do not reconstruct
some guide edges. We show that the reconstructed surface M lies entirely within the region
of space bounded by guide triangles, i.e., the a-shape of P, as stated in the following theorem.

» Theorem 3 (Sandwiching). If all sample balls have disk caps, then M C J(P).

Figure 4 Cutaway view of a sliver tetrahedron 7, € W(P) C wDel(P), drawn to scale. Half-
covered guides give rise to the Steiner vertex (pink), which results in a surface reconstruction using
four facets (only two are shown) sandwiched within 7,. In contrast, filtering wDel(P) chooses two of
the four facets of 7, either the bottom two, or the top two (only one is shown).

The simple case of a single isolated sliver tetrahedron is illustrated in Figures 3b, 4 and 2b.
A sliver has a pair of lower guide triangles and a pair of upper guide triangles. For instance,
t124 and ta34 are the pair of upper triangles in Figure 3b. In such a tetrahedron, there is
an edge between each pair of samples corresponding to a non-empty circle of intersection
between sample balls, like the circles in Figure 2a. For this circle, the arcs covered by
the two other sample balls of the sliver overlap, so each of these balls contributes exactly
one uncovered seed, rather than two. In this way the upper guides for the upper triangles
are uncovered, but their lower guides are covered; also only the lower guides of the lower
triangles are uncovered. The proof of Theorem 3 follows by analyzing the Voronoi cells of
the seed points located on the overlapping sample balls and is deferred to Appendix A [1].
Alternatively, Theorem 3 can be seen as a consequence of Theorem 2 in [15].

4 Sampling conditions and approximation guarantees

We take as input a set of points P sampled from the bounding surface M such that P is an
e-sample, with e < 1/500. We require that P satisfies the following sparsity condition: for
any two points p;,p; € P, lfs(p;) > lfs(p;) = d(pi,p;) > oelfs(p;), with o > 3/4.
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Such a sampling P can be obtained by known algorithms. Given a suitable representation
of M, the algorithm in [21] computes a loose ¢’-sample E which is a € (1+8.5¢’)-sample. More
specifically, whenever the algorithm inserts a new sample p into the set E, d(p, E) > €'lfs(p).
To obtain E as an e-sample, we set € (¢) = (/34 + 1 — 1)/17. Observing that 3¢/4 < €/(e)
for e < 1/500, the returned e-sample satisfies our required sparsity condition with o > 3/4.

We start by adapting Theorem 6.2 and Lemma 6.4 from [26] to the setting just described.
For z € R®\ M, let I'(z) = d(z,#)/Ifs(¥), where 7 is the closest point to x on M.

» Corollary 4. For an e-sample P, with € < 1/20, the union of balls U with 6 = 2¢ satisfies:
1. M is a deformation retract of U,

2. OU contains two connected components, each isotopic to M,

3. T74([0,a’]) c U c T71(]0,b']), where a’ = € — 2€ and b/ < 2.5e.

Proof. Theorem 6.2 from [26] is stated for balls with radii within [a, b] times the lfs. We
set a = b= ¢ and use € < 1/20 to simplify fractions. This yields the above expressions for
a/ =(1—€)§—eand b/ =3/(1—26). The general condition requires (1 —a’)? + (V' —a' +
S(1+4+2v —ad)/(1— 5))2 < 1, as we assume no noise. Plugging in the values of a’ and b, we
verify that the inequality holds for the chosen range of e. <

Furthermore, we require that each ball B; € B contributes one facet to each side of OU.
Our sampling conditions ensure that both poles are outside any ball B; € B.

» Lemma 5 (Disk caps). All balls in B have disk caps for ¢ < 0.066, § = 2¢ and o > 3/2.

Proof. Fix a sample p; and let = be one of the poles of B; and B, = B(c, fs(p;)) the tangent
ball at p; with © € B,. Letting p; be the closest sample to x in P\ {p;}, we assume the
worst case where Ifs(p;) > Ifs(p;) and p; lies on IB,. To simplify the calculations, take
Ifs(p;) = 1 and let ¢ denote d(p;,p;). As Ifs is 1-Lipschitz, we get lfs(p;) < 1+ £. By the law
of cosines, d(pj,z)? = d(pi,p;)? + d(psi, ©)* — 2d(p;, pj)d(p;, ) cos(¢), where ¢ = ZLp;p;c.
Letting 6 = Zp;cp;, observe that cos(¢) = sin(/2) = /2. To enforce x ¢ B;, we require
d(pj,z) > 6lfs(p;), which is equivalent to % + 6% — §¢? > §*(1 4 £)?. Simplifying, we get
0> 262/(1 — § — §%) where sparsity guarantees ¢ > oe. Setting oe > 262/(1 — 6 — §2) we
obtain 40¢? + (8 4+ 20)e — o < 0, which requires € < 0.066 when o > 3/4. <

Theorem 4 together with Theorem 5 imply that each 0B; is decomposed into a covered
region 0B; NU;x; B;, the medial band, and two uncovered caps 0B; \ U;j»; B;, each containing
one pole. Recalling that seeds arise as pairs of intersection points between the boundaries of
such balls, we show that seeds can be classified correctly as either inside or outside M.

» Corollary 6. If a seed pair lies on the same side of M, then at least one seed is covered.

Proof. Fix such a seed pair 0B; N 0B; N 0B}, and recall that M N dB; is contained in the
medial band on dB;. Now, assume for contradiction that both seeds are uncovered and lie
on the same side of M. It follows that B; N Bj, intersects B; away from its medial band, a
contradiction to Theorem 4. <

Theorem 4 guarantees that the medial band of B; is a superset of I'"1([0,a’]) N 9B;,
which means that all seeds s;;j;, are at least alfs(5;;%) away from M. It will be useful to
bound the elevation of such seeds above Tj,,, the tangent plane to M at p;.

» Lemma 7. For a seed s € 0B;, 0, = Zsp;s’ > 29.34° and 04 > % — B¢, where s’ is the
projection of s on Tp,, implying d(s,s') > hdlfs(p;), with ht > 0.46 and h > % — Be.
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Proof. Let Ifs(p;) =1 and Bs; = B(c, 1) be the tangent ball at p; with s ¢ Bg; see Figure 5a.
Observe that d(s, M) < d(s,z), where x = 5¢ N dBs. By the law of cosines, d(s,c)? =
d(pi,c)? + d(pi, s)? — 2d(pi, c)d(p;, s) cos(m/2 + 05) = 1 + 6% + 25 sin(fs). We may write?
d(s,c) <1+6%/2+dsin(fs). It follows that d(s,z) < §2/2 + &sin(fs). As Ifs is 1-Lipschitz
and d(p;,z) < 0, we get 1 — 9 < Ifs(xz) < 1+ . There must exist a sample p; such that
d(z,p;) < efs(z) < €(1 4 6). Similarly, Ifs(p;) > (1 — (1 +6))(1 —J). By the triangle
inequality, d(s,p;) < d(s,z) + d(z,p;) < 6%/2 + §sin(f;) + e(1 + ). Setting d(s,p;) <
d(1—-9)(1—¢(1+49)) implies d(s, p;) < 6lfs(p,), which shows that for small values of 05, s cannot
be a seed and p; # p;. Substituting § = 2¢, we get 5 > sin™! (2€3 — 5¢ + 1/2) > 29.34° and
0, > 1/2 — 5e. <

We make frequent use of the following bound on the distance between related samples.

» Claim 8. If B, N B; # 0, then d(p;,pj) € [k, k0] - Ufs(pi), with k = 2/(1 — ) and
ke = oe/(1 + oe).

Proof. The upper bound comes from d(p;,p;) < r; +r; and lfs(p;) < Us(p;) + d(p;,d;) by
1-Lipschitz, and the lower bound from lfs(p;) — d(p;, d;) < lfs(p;) and the sparsity. <

Bounding the circumradii is the culprit behind why we need such small values of e.

» Lemma 9. The circumradius of a guide triangle t;;y, is at most of-0lfs(p;), where oy < 1.38,
and at most 9, - d(p;, pj) where o, < 3.68.

Proof. Let p; and p; be the triangle vertices with the smallest and largest 1fs values,
respectively. From Claim 8, we get d(p;, p;) < rdlfs(p;). It follows that lfs(p;) < (14+kd)lfs(p;).
As t;;1, is a guide triangle, we know that it has a pair of intersection points 0B; N 0B; N OBy.
Clearly, the seed is no farther than 6lfs(p;) from any vertex of ¢;;; and the orthoradius of
t;j1 cannot be bigger than this distance.

Recall that the weight w; associated with p; is §%1fs(p;)?. We shift the weights of all
the vertices of ¢;;;, by the lowest weight w;, which does not change the orthocenter. With
that w; — w; = 62(Ufs(pj)? — Ufs(p;)?) < 82Us(p;)((1 + K6)* — 1) = K&3Us(p;)% (k6 + 2).
On the other hand, sparsity ensures that the closest vertex in t;;; to p; is at distance at
least N(p;j) > oelfs(p;) > oe(l — k6)lfs(p;). Ensuring o? < (w; — w;)/N(pi)? < w63(2 +
k8)/(0?€*(1 — K6)?) < 1/4 suffices to bound the circumradius of ;5 by ¢rqq = 1/V1 — 402
times its orthoradius, as required by Claim 4 in [27]. Substituting § = 2¢ and o > 3/4 we get
a? < 78.97¢, which corresponds to c¢yqq < 1.37. It follows that the circumradius is at most
Craadlfs(p;) < craa(1+ K9)0ls(p;) < 1.3801fs(p;).

For the second statement, observe that Ifs(p;) > (1 — kd)lfs(p;) and the sparsity condition
ensures that the shortest edge length is at least oelfs(p;) > oe(1 — kd)lfs(p;). It follows that
the circumradius is at most < 3.68 times the length of any edge of ¢;;. <

d¢crad
oe(1—k9)

Given the bound on the circumradii, we are able to bound the deviation of normals.

» Lemma 10. Ift;j; is a guide triangle, then (1) Zqa(np,,np;) < 150 < 0.47°, with ns < 2.03,
and (2) Zo(ng,np,) < md < 1.52°, with n, < 6.6, where n,, is the line normal to M at p;
and n; is the normal to tij,. In particular, t;;, makes an angle at most n.0 with T, .

2 Define f(u,v) = V14 uZ + 2uv — (1 + u?/2 + uv) and observe that f(u, —u,/2) = 0 is the only critical
value of f(u,.). As 8*f/0v? < 0 for (u,v) € R x [~1,1], we get that f(u,v) <0 in this range.
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Proof. Claim 8 implies d(p;,p;) < kdlfs(p;) and (1) follows from the Normal Variation
Lemma [14] with p = xké < 1/3 yielding Za(np,,np,) < £6/(1 — K6). Letting R; denote
the circumradius of ¢, Theorem 9 implies that the R; < o - 8lfs(p;) < Ifs(p;)/v/2 and the
Triangle Normal Lemma [31] implies Zq(np+, 1) < 4.576 < 1.05°, where p* is the vertex of ¢
subtending a maximal angle in ¢. Hence, Z,(np,,nt) < Zo(np,, np) + La(npe, nt). <

Towards establishing homeomorphism, the next lemma on the monotonicity of distance
to the nearest seed is critical. First, we show that the nearest seeds to any surface point
x € M are generated by nearby samples.

» Lemma 11. The nearest seed to x € M lies on some 0B; where d(x,p;) < 5.03 - elfs(x).
Consequently, d(x,p;) < 5.08 - €lfs(p;).

Proof. In an e-sampling, there exists a p, such that d(z,p,) < elfs(z), where lfs(p,) <
(1 + e)lfs(x). The sampling conditions also guarantee that there exists at least one seed
Sq on 0B,. By the triangle inequality, we get that d(z,s,) < d(z,ps) + d(Pa,sa) <
elfs(z) + 0lfs(pa) < e(1+ 2(1 + €))lfs(x) = €(2e + 3)1fs(z).

We aim to bound ¢ to ensure Vp; s.t. d(z,p;) = - €lfs(z), the nearest seed to x cannot lie
on B;. Note that in this case, (1 —£fe)lfs(x) < Ufs(p;) < (14 Le)lfs(z). Let s; be any seed on B;.
It follows that d(z,s;) > d(z,p;) — d(p;, ;) = - elfs(z) — 2elfs(p;) > €((1 — 2€) — 2)1fs(x).

Setting €((1 — 2€)¢ — 2)1fs(z) > €(2e + 3)lfs(x) suffices to ensure d(z, s;) > d(z, s,), and
we get £ > (2e +5)/(1 — 2¢). Conversely, if the nearest seed to z lies on B;, it must be the
case that d(z,p;) < Lelfs(x). We verify that fe = €(2¢ +5)/(1 — 2¢) < 1 for any € < 0.13. It
follows that d(z,p;) < le/(1 — le)lfs(p;). <

» Lemma 12. For any normal segment N, issued from x € M, the distance to ST is either
strictly increasing or strictly decreasing along T=1([0,0.96¢]) N N,. The same holds for S*.

Proof. Let n, be the outward normal and T}, be the tangent plane to M at x. By Theorem 11,
the nearest seeds to x are generated by nearby samples. Fix one such nearby sample p;. For
all possible locations of a seed s € ST N dB;, we will show a sufficiently large lower bound on
(s — 8", n,), where s” the projection of s onto T.

Take 1fs(p;) = 1 and let B; = B(c, 1) be the tangent ball to M at p; with s € Bs.

Let A be the plane containing {p;,s,z}. Assume in the worst case that ALT,, and x is
as far as possible from p; on 0B; NT,,. By Theorem 11, d(p;,z) < 5.08¢ and it follows
that 8, = Z(ng, np,) < 5.08¢/(1 — 5.08¢) < 5.14e. This means that T, is confined within a
(m/2 — 0,)-cocone centered at z. Assume in the worst case that n, is parallel to A and T}, is
tilted to minimize d(s, s); see Figure 5b.

Let T}, be a translation of T}, such that p; € T, and denote by 2’ and s’ the projections
of z and s, respectively, onto T,. Observe that T, makes an angle 6, with T),. From
the isosceles triangle Ap;cx, we get that 0! < 1/2/p;cx = sin™!5.08¢/2 < 2.54e. Now,

consider Ap;zz’ and let ¢ = Zap;x’. We have that ¢ = 0, + 0!, < 2.54e + /(1 — §) < 4.55¢.

Hence, sin(¢) < 4.55¢ and d(z,z’) < 5.08¢sin(¢) < 0.05¢. On the other hand, we have that
Zspis' =1 > 0;—6, and d(s, s") > dsine), where 65 > 1/2—5e by Theorem 7. Simplifying we
get sin(¢)) > 1/2 — 10.08e. The proof follows by evaluating d(s, s”) = d(s,s’) — d(z,2’). =

» Theorem 13. For every x € M with closest point q € M, and for every q € M with closest
point x € M, we have |zq|| < hy - €2lfs(x), where hy < 30.52. For € < 1/500, hy - €2 < 0.0002.
Moreover, the restriction of the mapping 7 to Misa homeomorphism and M and M are
ambient isotopic. Consequently, O is ambient isotopic to O as well.
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(a) Seed elevation 6s. (b) Bounding seed height above T. (c) Bounding d(g, M).

Figure 5 Constructions used for (a) Theorem 7, (b) Theorem 12 and (¢) Theorem 13.

Proof. Fix a sample p; € P and a surface point x € M N B;. We consider two cocones
centered at x: a p-cocone contains all nearby surface points and a g-cocone contains all guide
triangles incident at p;. By Theorem 3, all reconstruction facets generated by seeds on B;
are sandwiched in the g-cocone.

Theorem 10 readily provides a bound on the g-cocone angle as v < ;4. In addition, since
d(p;, ) < 8lfs(p;), we can bound the p-cocone angle as § < 2sin~! (§/2) by Lemma 2 in [7].
We utilize a mixed pg-cocone with angle w = /2 4 6/2, obtained by gluing the lower half of
the p-cocone with the upper half of the ¢g-cocone.

Let q € M and consider its closest point z € M. Again, fix p; € P such that z € B;; see
Figure 5c. By sandwiching, we know that any ray through q intersects at least one guide
triangle, in some point y, after passing through z. Let us assume the worst case that y
lies on the upper boundary of the pg-cocone. Then, d(gq,z) < d(y,y’) = h = d sin(w)lfs(p;),
where 7/ is the closest point on the lower boundary of the pg-cocone point to q. We also have
that, d(p;, z) < cos(w)olfs(p;) < dlfs(p;), and since Ifs is 1-Lipschitz, lfs(p;) < lifs(z)/(1 = 6).
Simplifying, we write d(g,z) < dw/(1 —§) - Ufs(z) < hie?lfs(z).

With d(gq,z) < 0.55€lfs(z), Theorem 12 shows that the normal line from any p € M
intersects M exactly once close to the surface. It follows that for every point x € M with
closest point ¢ € M, we have d(z,q) < d(z,q") where ¢’ € M with z its closest point in M.
Hence, d(x,q) < hye’lfs(x) as well.

Building upon Theorem 12, as a point moves along the normal line at z, it is either the
case that the distance to ST is decreasing while the distance to S* is increasing or the other
way around. It follows that these two distances become equal at exactly one point on the
Voronoi facet above or below z separating some seed s' € ST from another seed s+ € S*.
Hence, the restriction of the mapping 7 to Mis a homeomorphism.

This shows that M and M homeomorphic. Recall that Theorem 4(3) implies ¥ is a
topological thickening [25] of M. In addition, Theorem 3 guarantees that M is embedded
in the interior of U, such that it separates the two surfaces comprising 0. These three
properties imply M is isotopic to M in U by virtue of Theorem 2.1 in [25]. Finally, as M is
the boundary of o by definition, it follows that Ois isotopic to O as well. |

5 Quality guarantees and output size

We establish a number of quality guarantees on the output mesh. The main result is an
upper bound on the fatness of all Voronoi cell. See Appendix B for the proofs [1].
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Recall that fatness is the outradius to inradius ratio, where the outradius is the radius of
the smallest enclosing ball, and the inradius is the radius of the largest enclosed ball. The
good quality of guide triangles allows us to bound the inradius of Voronoi cells.

» Lemma 14. Consider guide triangle ti;i. (1) Edge length ratios are bounded: (y/¢; <

Ko = %p‘:ﬁ. (2) Angles are bounded: sin(0;) > 1/(2a;) implying 0; € (7.8°,165°). (3)

Altitudes are bounded: the altitude above e is at least ayle|, where ay = 1/45; > 0.067.

Observe that a guide triangle is contained in the Voronoi cell of its seed, even when one
of the guides is covered. Hence, the tetrahedron formed by the triangle together with its
seed lies inside the cell, and the cell inradius is at least the tetrahedron inradius.

» Lemma 15. For seeds s;ji, € STUSY, the inradius of the Voronoi cell is at least 0,6 - Ifs(p:)
with 0, = hs/(1 + %) > 0.3 and hy > & — (54 2 )e.

To get an upper bound on cell outradii, we must first generate seeds interior to O.
We consider a simple algorithm for generating S** based on a standard octree over O.

For sizing, we extend 1lfs beyond M, using the point-wise maximal 1-Lipschitz extension
Ifs(z) = infpe m (Ufs(p) + d(z, p)) [44]. An octree box O is refined if the length of its diagonal
is greater than 26 - 1fs(c), where c¢ is the center of 0. After refinement terminates, we add an
interior seed at the center of each empty box, and do nothing with boxes containing one or
more guide seeds. Applying this scheme, we obtain the following.

8VB(L40) 1y 9,

» Lemma 16. The fatness of interior cells is at most =535

» Lemma 17. The fatness of boundary cells is at most % < 13.65.

As the integral of 1fs™ is bounded over a single cell, it effectively counts the seeds.

> Lemma 18. |S| < 18V3/m- e~ [, Ifs°.

6 Conclusions

We have analyzed an abstract version of the VoroCrust algorithm for volumes bounded by
smooth surfaces. We established several guarantees on its output, provided the input samples
satisfy certain conditions. In particular, the reconstruction is isotopic to the underlying
surface and all 3D Voronoi cells have bounded fatness, i.e., outradius to inradius ratio. The
triangular faces of the reconstruction have bounded angles and edge-length ratios, except
perhaps in the presence of slivers. In a forthcoming paper [3], we describe the design and
implementation of the complete VoroCrust algorithm, which generates conforming Voronoi
meshes of realistic models, possibly containing sharp features, and produces samples that
follow a natural sizing function and ensure output quality.

For future work, it would be interesting to ensure both guides are uncovered, or both
covered. The significance would be that no tetrahedral slivers arise and no Steiner points
are introduced. Further, the surface reconstruction would be composed entirely of guide
triangles, so it would be easy to show that triangle normals converge to surface normals as
sample density increases. Alternatively, where Steiner points are introduced on the surface,
it would be helpful to have conditions that guaranteed the triangles containing Steiner points
have good quality. In addition, the minimum edge length in a Voronoi cell can be a limiting
factor in certain numerical solvers. Post-processing by mesh optimization techniques [5, 53]
can help eliminate short Voronoi edges away from the surface. Finally, we expect that the
abstract algorithm analyzed in this paper can be extended to higher dimensions.
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—— Abstract

We consider a well studied generalization of the maximum clique problem which is defined as
follows. Given a graph G on n vertices and an integer d > 1, in the mazimum diameter-bounded
subgraph problem (MaxDBS for short), the goal is to find a (vertex) maximum subgraph of G of
diameter at most d. For d = 1, this problem is equivalent to the maximum clique problem and
thus it is NP-hard to approximate it within a factor n!=¢, for any € > 0. Moreover, it is known
that, for any d > 2, it is NP-hard to approximate MaxDBS within a factor n'/2=¢, for any € > 0.

In this paper we focus on MaxDBS for the class of unit disk graphs. We provide a polynomial-
time constant-factor approximation algorithm for the problem. The approximation ratio of our
algorithm does not depend on the diameter d. Even though the algorithm itself is simple, its
analysis is rather involved. We combine tools from the theory of hypergraphs with bounded
VC-dimension, k-quasi planar graphs, fractional Helly theorems and several geometric properties
of unit disk graphs.
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1 Introduction

Computing a maximum size clique in a graph is one of the fundamental problems in theoretical
computer science [7]. It is not only NP-hard but even hard to approximate within a factor of
n'=¢ for any € > 0, unless P = NP [16]. A clique, equivalently, is a subgraph of diameter
1. A natural, well studied, generalization of the maximum clique problem is the mazimum
diameter-bounded subgraph problem (MaxDBS for short), in which the goal is to compute a
maximum (vertex) subgraph of diameter d, for a given d > 2. A subgraph with diameter
< d is sometimes referred to in the literature as a d-club. MaxDBS is also known to have
hardness of approximation of n'/2=¢, unless P = NP [5].

In this paper, we study MaxDBS in the class of unit disk graphs. A unit disk graph is
defined as the intersection graph of disks of equal (e.g., unit) diameter in the plane. Unit
disk graphs provide a graph-theoretic model for ad hoc wireless networks, where two wireless
nodes can communicate if they are within the unit Euclidean distance away from each other.

Many classical NP-Complete problems including chromatic number, independent set and
dominating set are still NP-complete even for unit disk graphs [13, 14]. However, the class of
unit disk graphs is one of the non-trivial classes of graphs for which the maximum clique
problem is in P. Indeed, in a celebrated result, Clark, Colbourn and Johnson [13] provide a
beautiful polynomial time algorithm to compute the maximum clique in unit disk graphs.
Unfortunately, we do not know how to extend this algorithm to the MaxDBS problem.

Our main contribution in this paper is a polynomial-time algorithm that approximates
MaxDBS within a constant factor in unit disk graphs. Moreover, our constant factor
approximation ratio does not depend on the diameter d. To the best of our knowledge, it
is not known whether this problem is NP-hard. Our algorithm works as follows: Given a
unit disk graph G = (V, F) and an integer d, compute for each vertex v € V' the BFS-tree of
radius 4 (or 2t if d is odd) centered at v, and return the tree of maximum size. Although,
the algorithm is very natural and simple, its analysis for unit disk graphs is rather involved.
We note that this algorithm might perform very bad for arbitrary graphs. For example, a
2-subdivision of a clique with n vertices is the graph obtained by subdividing each edge of
the clique K, into a path of length 2. It is easily seen that such a graph with n + (g) vertices
has diameter 4 but every BFS tree of radius 2 contains at most 2n vertices.

1.1 Related work

MaxDBS has been studied extensively in general graphs in the last two decades. Bourjolly
et al. [8] showed that MaxDBS is NP-hard. Balasundaram et al. [6] proved that for any
d, MaxDBS is NP-hard in graphs of diameter d + 1. Asahiro et al. [5] showed that, for
any € > 0 and d > 2, it is NP-hard to approximate MaxDBS within a factor of n!/2—¢,
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and they gave an n'/2-approximation algorithm for the problem. Chang et al. [11] provide

an algorithm that finds a maximum subgraph of diameter d in O(1.62" - poly(n)) time.

There are more results on solving MaxDBS by using various integer and linear programming
formulations [4, 6, 9, 8, 10, 21].

Asahiro et al. [5] studied the MaxDBS in other subclasses of graphs, including chordal
graphs, interval graphs, and s-partite graphs. For chordal graphs, they showed that the
problem can be solved in polynomial-time for odd d’s, and cannot be approximated within
factor n'/3=¢, for any € > 0 for even d’s. For interval graphs, they showed that the problem
can be solved in polynomial-time. For s-partite graphs, they showed that the problem cannot
be approximated (unless P = N P) within a factor of n'/3~¢, for any € > 0, when s = 2 and
d >3, and when s > 3 and d > 2.

For unit disk graphs, the hardness of MaxDBS is still open, for d > 2 we are not aware
of any previous work. As mentioned already, for d = 1, the problem is equivalent to the
maximum clique problem and it can be solved in polynomial-time [13].

1.2 Motivation

MaxDBS is a relaxation of the maximum clique problem and is motivated by cluster-detection
that arise in wide variety applications. For instance, finding clusters in networks helps in
understanding and analyzing the structure of the network. Another well studied notion is
that of a d-clique [6, 20, 21]. A d-clique of a graph G is a subset .S of vertices of G, such that,
for every two vertices in S, the shortest distance between them in G is at most d. Clearly,
every d-club is a d-clique, but not vice versa, as shown in the example given by Alba [3] in
Figure 1.

U2 Uy
U1 Vg

Vs Us

Figure 1 S = {v1, v2,v3,v4,v5} is a 2-clique but not a 2-club since the graph induced by S has a
diameter 3.

2 Preliminaries

Let V be a finite set of points in the plane. For two points u,v € V, let |uv| denote the
Euclidean distance between v and v. The unit disk graph on V is the undirected graph
G = (V, E), such that (u,v) € E if and only if |uv| < 1. The following lemma (though very
simple) turns out to be crucial to prove our main result.

» Lemma 1. For every two crossing edges (a,b) and (c,d) in G, at least one of the edges
(a,c) and (b,d) is in G, and at least one of the edges (a,d) and (b,c) is in G; see Figure 2
for an illustration.

Proof. To prove the lemma, it suffices to show that min{|ac|, |bd|} < 1 and min{|ad]|, |bc|} < 1;
see Figure 2. Let x be the intersection point of (a,b) and (¢, d). By the triangle inequality,
lac| < |az| + |zc| and |bd| < |bx| + |zd|. Thus, |ac| + |bd| < |ab| + |ed| < 2. Therefore,
min{|ac|, |bd|} < 1. By a similar argument, we prove that min{|ad|, |bc|} < 1. <
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Figure 2 An illustration for the proof of Lemma 1.

2.1 Tool box

A range space (or a set system) (X, R) is a pair consisting of a set X of objects (called
the space) and a family R of subsets of X (called ranges). We say that a subset A of X is
shattered by R, if for each subset A’ of A, there exsist a range R € R, such that ANR = A’.
The Vapnik-Chervonenkis dimension (or VC-dimension for short) of a range space (X, R) is
the size of the largest (finite) shattered subset of X; see [15] for examples of range spaces of
bounded VC-dimension.

The dual range space of (X, R) is a range space (Y, R*), where Y = {yr : R € R} and,
for each z € X, the set {yr : © € R} is a range in R*. It is well known [17] that, if the
VC-dimension of (X, R) is k, then the VC-dimension of the dual range space (Y, R*) is at
most 2F.

A range space (X, R) has fractional Helly number k, if for every a > 0, there exists
B > 0, such that if at least a(lfl) subsets of size k of R have a non-empty intersection, then
there exists an element of X that is contained in at least 8- |R| sets of R. In [18], Matousek
proved the following theorem showing that every range space of bounded VC-dimension has
a fractional Helly property.

» Theorem 2 ([18]). Let (X, R) be a range space such that the VC-dimension of the dual
range space of (X, R) is at most k — 1. Then, (X, R) has a fractional Helly number k.

A range space (X, R) satisfies the (p, ¢)-property if among every p ranges of R some ¢
have a non-empty intersection. Matousek [18] established the following (p, ¢)-theorem for
range spaces of bounded VC-dimension.

» Theorem 3 ([18]). Let (X,R) be a range space such that the VC-dimension of the dual
range space of (X,R) is at most k — 1 and let p > k. Then, there exists a constant t
(depending only on p and k), such that if (X, R) satisfies the (p, k)-property, then there exists
a subset X' of X of size at most t intersecting all the ranges of R, i.e., X' N R # (), for every
ReR.

A (simple) topological graph is a graph drawn in the plane, such that its vertices are rep-
resented by a set of distinct points and its edges are Jordan arcs connecting the corresponding
points, so that (i) each edge does not contain any other vertex as an interior point, (ii) every
pair of edges intersect at most once, and (iii) no three edges have a common intersection
point. Agarwal et al. [2] showed that any topological graph with n vertices and without
k pairwise crossing edges has O(n logzk =6 n) edges. This bound was further improved to
O(n log?#—8 n) by Ackerman [1]. Hence, if G is a complete topological graph on n vertices
and without k pairwise crossing edges, then (3) = n(n—1)/2 < dnlog?~8n, where ¢ is the
constant in the big ‘O’, depending only on k. This implies that k > % + 4, where ¢
is a constant depending on ¢’. Therefore, we have the following corollary.
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log(n—1)—c +4

» Corollary 4. Any complete topological graph on n vertices contains at least Hloglog

pairwise crossing edges, where ¢ is a constant.

3 Approximation algorithm

Let G = (V, E) be the unit disk graph of a set of points V' in the plane. For two vertices u
and v in V, let d(u,v) denote the shortest (hop) distance between u and v in G.7 Assuming
that G is connected, the diameter of G is defined as the maximum (hop) distance between
any two vertices in G, i.e., max,, yeyv d(u,v). A subgraph of G is called d-club if its diameter
is equal to d. Let G, denote a maximum d-club of G. In this section, we first present a
polynomial-time approximation algorithm that computes a d-club of size at least ¢ times
the size of Gopt, where c is a constant and d is even. Later, we show how to generalize this
algorithm for odd d’s.

Set r = 4. For a vertex u € V, let T,.(u) denote the tree of center u and radius r that
contains all vertices of distance at most r from v in G. Namely, a vertex v is in T} (u) if
and only if d(u,v) < r. Given a vertex u € V, T;.(u) can be computed using the breadth
first search (BFS) algorithm in O(|V| + |E|) time. Our algorithm computes all the trees of
radius r centered at vertices of G and returns a tree T of the maximum size, i.e., the tree
that contains the maximum number of vertices. It is clear that T is a d-club of G and can
be computed in polynomial time. Let V,,; denote the set of vertices of Gopy and n = |V,
denote the size of G,p;. In the following, we prove that 1" contains at least cn vertices, where
c is a constant.

Let 7,(Gopt) denote the set of all trees of radius r centered at vertices of Gope, and let
T be a tree in T, (Gopt) that contains the maximum number of vertices of G,,¢ among trees
of Tr(Gopt). First, observe that the size of T is at least as the size of T}, since Gyt is a
subgraph of G. Therefore, it is sufficient to prove that 7, contains at least cn vertices.

Let (X,R) be the range space where X = V,,; and for each tree T;.(u) in 7,(Gopt), the
set {v € Vopt 1 v € T (u)} is a range in R. Thus, in the dual range space (Y, R*) of (X, R),
we have Y = {yz, () : u € Vope }, and, for each point v € Vopy, the set {yz, () : v € Tp(u)} is
a range in R*.

» Observation 5. (X,R) and (Y,R*) are isomorphic.

Proof. Since T, (u) contains v if and only if T, (v) contains u, we have
{yr, () v e To(w)} ={yr, () s uw € Tr(v)}.

Now, if we set y7, () = u, then we obtain that X =Y and
Wr. v e (u)} ={ue€ Vop :veTp(u)} ={ue Vop :ueTh(v)},

for each v € V. Therefore, for each v € V,,, the set {u € Vo 1 u € T;.(v)} is a range in
R*, which implies that R* = R. <

» Theorem 6. 1" contains at least cn vertices, where c is a constant.

Proof. The proof plan is as follows. We show (later in Section 4) that the VC-dimension of
the range space (Vope, Tr(Gopt)) is 4. Thus, by Observation 5, the VC-dimension of the dual

7 Note that for any e > 0, it could hold that the Euclidean distance between u and v is 1 + ¢ but they are
in different connected components of G and hence d(u,v) is not necessarily bounded.

2:5

SoCG 2018



2:6

Approximating Maximum Diameter-Bounded Subgraph in Unit Disk Graphs

’LL]'/ Uj/

U U;

(a) (b)

Figure 3 (a) d(ui,u;) and d(u,s,u;) intersect in more than one point, and (b) replacing subpaths
of d(u;r,uj) by subpaths of 6(ui, u;) between the intersection points.

range space of (Vopt, Tr(Gopt)) is also 4. Then, we use Corollary 4 to show that there exists
a constant m > 5, such that (Vops, 7r(Gopt)) satisfies the (m, 5)-property, which means that
at least (:1)/(:;_—55) = (3)/('y) subsets of 5 trees of T;(Gopt) share a common point. Thus,
by Theorem 2, there exists a point that is contained in at least Sn trees of 7,.(Gopt), and
therefore, there is a tree in 7,(Gopt) that contains at least Sn points of V,,, which proves
that ¢ > 8 > 0.

Let m be an integer such that % + 4 > 6, where ¢’ is a constant. Let A be
a set of m trees of 7, (Gopt) and let C = {uq, ug, ..., uy} be the centers of the trees of A.
For two points u;,u; € C, let §(u;,u;) be a shortest path between u; and u; in Gop, and
let d(u;, u;) be the length of §(u,, u;). For every four distinct points w;, uj, uy, uj € C, we
assume that the intersection of the paths 0(u;,u;) and §(u;s, u;) is either empty or a path
(otherwise, we replace every subpath of 6(u;/,u;/) between every two consecutive intersection
points of the paths by the subpath of 6(u;, u;) between the same points; see Figure 3). Since
d(u;, uj) < 2r, there is at least one point u, ; on d(u,,u;) that is contained in 7, (u;) and in
Tr (’U,])

We now construct a drawing of a complete graph H on the points of C' in which
the edges are drawn as the Jordan arcs d(u;,u;). Notice that, H is not necessarily a
topological graph. However, we can transform it into a topological graph H’, such that,
for every four distinct points w;, u;, uir, ujr € C, 6(u;, u;) and §(uy, uj) are crossing in H'
if and only if they are crossing in H. This transformation is obtained using standard
operations as in [12] and we omit the technical details here. Since H’ is a complete
topological graph on m vertices, by Corollary 4, H' has at least 6 pairwise crossing edges. Let
P = {6(uy,u1r),6(ua,uar),...,5(ug, us )} be the set of the corresponding 6 pairwise crossing
paths in H'.

» Lemma 7. Let 6(u;,uir) and 6(uj,uj) be two crossing paths of P and let x be their

intersection point. Assume, w.l.o.g., that x is between u;  and u;, and between u; j and u;;
see Figure 4. Then, either T,(u;) contains uj; or T, (uj) contains u; ;.

Proof. We distinguish between two cases.

Case 1: z is a point of V,p; see Figure 4(a). Assume, w.l.o.g., that d(u;,z) < d(u;, ). Thus,
d(uiy g jr) < d(ui, ) + d(, u55) < d(ug, 2) + d(@, uj50) = d(ug, ug5) <7

Therefore, u; ;- is of distance at most r from wu; and, hence, is contained in T, (u;).
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U, U

Figure 4 6(u;, u;s) and 6(uy, u;/) intersect at . (a) x is a point of V,p¢, and (b) « is an intersection
point of the edges (a,b) and (c, d).

Case 2: z is not a point of V,,;. Thus, x is an intersection point of two edges (a,b) and
(¢,d) of G. Assume, w.l.o.g., that a is between 2 and u; and ¢ is between x and us; see
Figure 4(b).

If d(u;, a) = d(uj,c), then, by Lemma 1, at least one of the edges (a,d) and (b,c) is in
Gopt-
If (a,d) is in Gopt, then d(a,u; ;) = d(c,u; j), and hence,

d(ui, uj i) < d(ug, a) + d(a,u; i) = d(uj, ) + d(c,uj ) = d(uj,u; ) <r.

Therefore, u; j is of distance at most 7 from w; and, hence, is contained in T} (u;).
If (b, c) is in Gopy, then d(a,u; ) = d(c, u;,), and hence,

d(uj, u; i) < d(uj, c) +d(e,uj ) = d(ug, a) + d(a, u; ) = d(ug, wi i) <

Therefore, u;; is of distance at most r from wu; and, hence, is contained in T (u;).
Otherwise, assume, w.l.o.g., that d(u;,a) < d(u;,c). By Lemma 1, at least one of the
edges (a,c) and (b,d) is in Gopy-

If (a,c¢) is in Gope, then d(u;, ¢) < d(uj,c). Hence,
d(uiy ujj) < d(ui, ¢) +d(e, ug ) < d(ug,c) +d(c,ujyr) = dug, ujj0) <.
If (b,d) is in Gope, then d(u;, d) < d(u;,d). Hence,
d(uiyujj) < d(ui, d) + d(d, ujy0) < dug, d) +d(d, ug ) = d(ug,uggr) <.
In both cases, u; j/ is of distance at most r from w; and, hence, is contained in T, (u;). <«
» Lemma 8. (V,,i, 7 (Gopt)) satisfies the (m,5)-property.

Proof. By Lemma 7, for every two paths ¢(u;, u;) and 6(u;,u; ) in P, either at least one
of the trees T} (u;) and T (u; ) contains u; j» or at least one of the trees T;.(u;) and T (u;r)
contains u; ;. We construct a directed graph on the vertices {uy, us, ..., ug}, such that there
is a directed edge from wu; to u; if and only if at least one of the trees T,.(u;) and T (u;)
contains u; ;. Since we have 6 pairwise crossing paths, there are at least 15 edges in this

graph, which means that there is a vertex w; in this graph, 1 <1 < 6, of in-degree at least 3.

Hence, there is a point u;;» that is covered by at least 3 other trees, in addition to the trees
T, (w) and T} (uyr). Thus, up is contained in at least 5 trees of A. Therefore, (Vopt, T (Gopt))
satisfies the (m, 5)-property. <
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Since (Vopt, Tr(Gopt)) satisfies the (m, 5)-property, out of every m trees of T,.(Gopt) there
are 5 trees that share a common point. Thus, there are at least (™)/(222) = (7)/(7) sets
containing 5 trees that share a common point. Moreover, in Theorem 12 (Section 4), we show
that the VC-diminsion of the range space (Vopi, Tr(Gopt)) is 4. Thus, by Observation 5, the
VC-dimension of the dual range space of (V, 7.(G)) is also 4 and therefore, by Theorem 2,
the fractional Helly number of (Vopi, Tr(Gopt)) is 5. Now, by setting a = 1/(77) (in the
fractional Helly theorem), we have a point u € V,,; that is contained in at least Sn trees of
T+(Gopt), which means that T).(u) contains at least Sn points of V,,, where 8 > 0. Therefore,

¢ > f > 0, which completes the proof of the theorem. |

» Corollary 9. For any even d > 2, every d-club in any unit disk graph can be covered by a
constant-number of trees of radius g.

Proof. To prove the corollary, we show that there exists a constant p, such that G,y can be
covered by at most p trees of 7.(Gopt). By Theorem 12, the VC-dimension of the dual range
space of (Vopt, Tr(Gopt)) is 4, and, by Lemma 8, (Vopi, Tr(Gopt)) satisfies the (m, 5)-property.
Therefore, by Theorem 3, there exists a set of at most ¢ trees of 7,(Gop:) that cover all
vertices of V¢, which proves that p <. |

Upper bound on c

We show, in Figure 5, a unit disk graph G on n vertices for which the tree computed by
our algorithm does not contain more than 3.
d = 2r. Each tree of radius r in G covers at most 6r points. This proves that ¢ < %. To

show that ¢ < %, we locate six cliques of size "_TIGT on the points a, b, ¢, a’, b, and ¢’. Now,

G contains n = 167 points and its diameter is

each tree of radiuns r can cover at most 2 cliques. Therefore, for sufficiently large n, we have

1
CSE

C/

Figure 5 G contains 167 points and its diameter is d = 2r Each tree of radius r covers at most
67 points.
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Generalization for odd d

In this section, we extend our algorithm to approximate MaxDBS for odd d’s. Given a
unit disk graph G of a set V of points in the plane and an odd integer d > 3, let G4 be a
maximum d-club and let G441 be a maximum (d + 1)-club of G. Let ng and 1441 be the
sizes of G4 and G441, respectively, and observe that ngy1 > ng. We set r = % and we
use our algorithm to compute a tree T,.(u) of size at least cngy1 > eng. Notice that T, (u)
is a (d 4 1)-club but may not be a d-club. In the following lemma, we show that there is a

subtree of T, (u) of diameter d — 1 that contains at least 1/12 of the vertices of T;.(u).
» Lemma 10. The vertices of tree T,.(u) can be covered by at most 12 trees of radius r — 1.

Proof. Let V,.(u) be the set of vertices of T,.(u) and let Da(u) = {v € V,.(u) : d(u,v) = 2},
i.e., the set of all vertices of V,.(u) of distance two from wu. Let I be a maximal independent
set of Dy(u). By the packing argument in unit disk graphs, we have |I| < 12. Let v be a
vertex in V;.(u), and let §(u, v) be a shortest path between u and v in T;.(u). Since d(u,v) < r,
there is at least one vertex v’ € Da(u), such that every vertex in (u,v) is of distance at
most 7 — 2 from u’. Hence, there is at least one vertex x € I, such that every vertex in 6(u,v)
is of distance at most r — 1 from z. Thus, every vertex in V,.(u) is contained in T,_;(z), for
some x € I, and therefore, V,.(u) is covered by U, .; Tr—1(x). <

By Lemma 10, we can find a tree T, ;(x) that contains at least 1/12 of the vertices
of T,.(u). Since r = %t1, the diameter of T} ,(z) is at most 2(r — 1) = d — 1. Therefore,
T} 1 (x) is a d-club of G and its size is at least {5nq.

The following theorem summarizes the result of this section.

» Theorem 11. Given a unit disk graph G in the plane and an integer d > 2, one can find
in polynomial time a d-club of G of size at least 5 the size of a maximum d-club of G, where
0<c<i.

=3

4 The VC-Dimension of (V,,t, T, (Gopt))
In this section, we prove the following theorem.
» Theorem 12. The range space (Vopt, Tr(Gopt)) has VC-dimension 4.

Proof. We first prove that the VC-dimension of 7,(Gop:) is at most 4. For the sake of
contradiction, suppose that there exist a set of points P and a subset S = {uy, us, u3, ug, us }
of V,pt, such that S is shattered by 7,(Gopt). Thus, for each 1 <i < j <5, there is a tree
T (cij) in Tr(Gopt), such that Tp.(¢; ;) NS = {u;,u;}. Let P; ; be the path between u; and
u;j in T,(¢; ;). Note that P; ; NS = {u;,u;}. Moreover, since S contains five points, by
planarity constraints, at least two paths P; ; and Py, for distinct two pairs (4, j) and (k,1),

intersect. Assume, w.l.o.g., that P; 3 and P> 4 intersect and let = be their intersection point.

Assume also that x is between u; and c; 3, and between us and cz 4; see Figure 6.

» Lemma 13. Either u; is contained in T, (co.4) or us is contained in T,(c13).

Proof. The proof is similar to the proof of Lemma 7. We distinguish between two cases.

Case 1: z is a point of V,,; see Figure 6(a). Assume, w.l.o.g., that d(z,u1) < d(x,us).

Thus,

d(ega,ur) < d(ega,z) +d(z,ur) < d(caa,z) + d(x,ug) = d(co.a,u2) <71

2:9
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(a) (b)

Figure 6 Py 3 and P> 4 intersect at . (a) x is a point of Ve, and (b) z is an intersection point
of the edges (a,b) and (c,d).

Therefore, u; is of distance at most r from ¢y 4 and, hence, is contained in T}.(c2,4).

Case 2: z is not a point of V,,;. Thus, x is an intersection point of two edges (a,b) and
(¢c,d) of G. Assume, w.l.o.g., that a is between x and u; and ¢ is between x and us; see
Figure 6(b).

If d(a,u1) = d(c,us), then, by Lemma 1, at least one of the edges (a,d) and (b, ¢) is in
Gopt- If (a,d) is in Gope, then d(c2.4,a) = d(cz2,4,¢), and hence,

d(cga,ur) < d(caa,a) + d(a,ur) = d(caq,c) + d(e, us) = d(ca,a, uz) <.

Therefore, u; is of distance at most r from ¢y 4 and, hence, is contained in T;.(ca4). If
(b, ¢) is in Gypt, then d(c1,3,a) = d(c1,3,¢), and hence,

d(c1,3,u2) < d(c1,3,¢) +d(c,u2) = d(c13,a) +d(a,ur) = d(cr3,u1) < 7.

Therefore, us is of distance at most r from ¢; 3 and, hence, is contained in T;.(¢q,3).
Otherwise, assume, w.l.o.g., that d(a,u1) < d(c,uz). By Lemma 1, at least one of the
edges (a,c) and (b,d) is in Gop. If (b,d) is in Gope, then d(co4,b) < d(cz4,¢) and
d(b,uy) < d(c,uz). Hence,

d(eg,a,u1) < d(cg4,b) +d(b,ur) < d(caa,c)+de,uz) = d(caa, uz) <.
If (a,c) is in Gope, then d(c, u1) < d(c,uz). Thus,
d(ega,u1) < d(cza,¢) +d(c,ur) < d(ecaa,c)+d(c,us) = d(ca,a, uz) <.

In both cases, u; is of distance at most r from ¢z 4 and, hence, is contained in T;.(c2 4). <«
Since T (c2,4) NS = {ug,ua} and T;.(c1,3) NS = {u1,us}, we have a contradiction. Therefore,
the VC-dimension of (V,p, Tr(Gopt)) is at most 4.

To prove that the VC-dimension of (Vopi, Tr(Gopt)) is at least 4, we show in Figure 7 a
unit disk graph on a set of points V' of diameter 2r and a subset S = {a, b, ¢,d} of V, such
that S can be shattered by 7,(Gop:). The distance between every two points of S is r. For
each subset S’ C S, SNT,.(vs:) =5, and SNT,.(a) = S. <

5 Concluding remarks

In this paper, we consider the problem of computing a maximum subgraph of diameter d.
We present the first constant-factor approximation algorithm for the problem in unit disk
graphs, for any d > 2.
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r
2

Y{v}

v{b,(:}

V{c}

[Nl

Figure 7 Shattering the points a, b, ¢, and d. SNT,-(vs/) = S, for each S’ C S, and SNT,(a) = S.

Our algorithm is simple and efficient, however, its analysis is not trivial and based on
tools from the theory of hypergraphs with bounded VC-dimension, k-quasi planar graphs,
fractional Helly theorems and several geometric properties of unit disk graphs. Unfortunately,
the constant obtained is rather large. On the other hand, the most important feature of
our algorithm is that its approximation factor is a constant independent of the diameter d.
It is very easy to obtain an O(d?) approximation factor. Indeed, by a packing argument,
any graph of diameter d can be covered by O(d?) cliques and as mentioned already the
max-clique problem is in P.

Moreover, our algorithm works also for an abstract input of the unit disk graph without
the geometric representation. It remains an open problem to determine whether MaxDBS
for unit disk graphs is in P for d > 2.

Another interesting fact to note is that the shortest path metric on unit disk graphs does
not have the so-called constant doubling dimension. It is easily seen that our algorithm has a
constant factor approximation for graph families with constant doubling dimension.

Recall that a d-clique of a graph G is a set S of vertices of GG, such that, for every
two vertices in S, the shortest distance between them in G is at most d. Finding the
maximum d-clique problem is closely related to MaxDBS. Unfortunately, our algorithm can
not be directly extended to the maximum d-clique problem. Except for the %-approximation
algorithm of Pattillo et al. [19], for d = 2, there is no related work discussing the maximum
d-clique problem in unit disk graphs. Hence, approximating the maximum d-clique problem
in unit disk graphs is also an interesting open problem.
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—— Abstract

We study Vietoris—Rips and Cech complexes of metric wedge sums and metric gluings. We show
that the Vietoris—Rips (resp. Cech) complex of a wedge sum, equipped with a natural metric,
is homotopy equivalent to the wedge sum of the Vietoris—Rips (resp. Cech) complexes. We also
provide generalizations for certain metric gluings, i.e. when two metric spaces are glued together
along a common isometric subset. As our main example, we deduce the homotopy type of the
Vietoris—Rips complex of two metric graphs glued together along a sufficiently short path. As a
result, we can describe the persistent homology, in all homological dimensions, of the Vietoris—
Rips complexes of a wide class of metric graphs.
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1 Introduction

When equipped with a notion of similarity or distance, data can be thought of as living in
a metric space. Our goal is to characterize the homotopy types of geometric thickenings
of a wide class of metric spaces. In particular, we consider metric spaces formed by gluing
smaller metric spaces together along certain nice intersections; our results then characterize
the persistent homology of these spaces. Persistent homology is a central tool in topological
data analysis that captures complex interactions within a system at multiple scales [13, 19].

The geometric complexes of interest are Vietoris—Rips and Cech complexes, which build a
simplicial complex on top of a metric space according to the choice of a scale parameter r. We
first study VietorisRips and Cech complexes of metric wedge sums: given two metric spaces
X and Y with specified basepoints, the metric wedge sum X VY is obtained by gluing X
and Y together at the specified points. We show that the Vietoris-Rips (resp. Cech) complex
of the metric wedge sum is homotopy equivalent to the wedge sum of the Vietoris—Rips (resp.
Cech) complexes. We also provide generalizations for certain more general metric gluings,
namely, when two metric spaces are glued together along a common isometric subset.

One common metric space that appears in applications such as road networks [1], brain
functional networks [8], and the cosmic web [29] is a metric graph, a structure where any two
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points of the graph (not only vertices) are assigned a distance equal to the minimum length
of a path from one point to the other. In this way, a metric graph encodes the proximity
data of a network into the structure of a metric space. As a special case of our results, we
show that the Vietoris—Rips complex of two metric graphs glued together along a sufficiently
short common path is homotopy equivalent to the union of the Vietoris—Rips complexes.
This enables us to determine the homotopy types of geometric thickenings of a large class of
metric graphs, namely those that can be constructed iteratively via simple gluings.

The motivation for using Vietoris Rips and Cech complexes in the context of data
analysis is that these complexes can recover topological features of an unknown sample space
underlying the data. Indeed, in [22, 25], it is shown that if the underlying space M is a closed
Riemannian manifold, if scale parameter r is sufficiently small compared to the injectivity
radius of M, and if a sample X is sufficiently close to M in the Gromov-Hausdorff distance,
then the Vietoris—Rips complex of the sample X at scale r is homotopy equivalent to M.
Analogously, the Nerve Theorem implies that the Cech complex (the nerve of all metric balls
of radius r) of a similarly nice sample is homotopy equivalent to M for small r ([10] or [21,
Corollary 4G.3]). In this paper, we identify the homotopy types of Vietoris-Rips and Cech
complexes of certain metric graphs at all scale parameters r, not just at small scales.

Our paper builds on the authors’ prior work characterizing the 1-dimensional intrinsic Cech
persistence module associated to an arbitrary metric graph. Indeed, [20] shows that the 1-
dimensional intrinsic Cech persistence diagram associated to a metric graph of genus g (i.e., the
rank of the 1-dimensional homology of the graph) consists of the points {(0, %) 1 <i < g},
where ¢; corresponds to the length of the i*” loop. In the case of the Vietoris-Rips complex,
the results hold with the minor change that the persistence points are {(O, %’i) 1< < g}.
An extension of this work is [31], which studies the 1-dimensional persistence of geodesic
spaces. In [3, 4], the authors show that the Vietoris—Rips or Cech complex of the circle
obtains the homotopy types of the circle, the 3-sphere, the 5-sphere, ..., as the scale r
increases, giving the persistent homology in all dimensions of a metric graph consisting of a
single cycle. In this paper, we extend to a larger class of graphs: our results characterize
the persistence profile, in any homological dimension, of Vietoris—Rips complexes of metric
graphs that can be iteratively built by gluing trees and cycles together along short paths.

Our results on Vietoris-Rips and Cech complexes of metric gluings have implications
for future algorithm development along the line of “topological decompositions'. The
computation time of homotopy, homology, and persistent homology depend on the size of the
simplicial complex. It would be interesting to investigate if our Theorem 10 means that one
can break a large metric graph into smaller pieces, perform computations on the simplicial
complex of each piece, and then subsequently reassemble the results together. This has the
potential to use less time and memory.

QOutline. Section 2 introduces the necessary background and notation. Our main results
on the Vietoris-Rips and Cech complexes of metric wedge sums and metric gluings are
established in Section 3. In addition to proving homotopy equivalence in the wedge sum
case, we show that the persistence module (for both Vietoris—Rips and Cech) of the wedge
sum of the complexes is isomorphic to the persistence module of the complex for the wedge
sum. We develop the necessary machinery to prove that the Vietoris—Rips complex of metric
spaces glued together along a sufficiently short path is homotopy equivalent to the union of
the Vietoris—Rips complexes. The machinery behind this proof technique does not hold in
the analogous case for the Cech complex, and we provide an example illustrating why not. In
Section 4, we describe families of metric graphs to which our results apply and furthermore
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discuss those that we cannot yet characterize. In Section 5, we conclude with our overall
goal of characterizing the persistent homology profiles of families of metric graphs.

2 Background

In this section, we recall the relevant background in the settings of simplicial complexes and
metric spaces, including metric graphs. For a more comprehensive introduction of related
concepts from algebraic topology, we refer the reader to [21], and to [23] and [19] for a
combinatorial and computational treatment, respectively.

Simplicial complexes. An abstract simplicial complex K is a collection of finite subsets of
some (possibly infinite) vertex set V = V(K), such that if c € K and 7 C ¢, then 7 € K. In
this paper, we use the same symbol K to denote both the abstract simplicial complex and
its geometric realization. For V/ C V| we let K[V’] denote the induced simplicial complex
on the vertex subset V. If K and L are simplicial complexes with disjoint vertex sets V(K)
and V(L), then their join K * L is the simplicial complex whose vertex set is V(K) UV (L),
and whose set of simplices is K * L = {ox Uor | ox € K and o1, € L} [23, Definition 2.16].
The join of two disjoint simplices o = {xg, -+ ,2,} and 7 = {yo, -+ ,ym} is the simplex
ocUTt:={xo, " ,Tn, Y0, " ,Ym}-

By an abuse of notation, a simplex S € K can be considered as either a single simplex,
or as a simplicial complex {S’ | S C S} with all subsets as faces. When taking joins,
we use U to denote that the result is a simplex, and we use * to denote that the result
is a simplicial complex. For example, for a € V(K) a vertex and S € K a simplex, we
use the notation a U S := {a} U S to denote the simplex formed by adding vertex a to
S. We instead use a xS := {aUS’' | S C S} to denote the associated simplicial complex.
Similarly, for two simplices 0,5 € K, we use 0 U S to denote a simplex, and we instead use
oxS:={0'US" |0’ Co, S C S} todenote the associated simplicial complex. We let S be
the boundary simplicial complex § = {S" | S’ C S}, and therefore a S := {aUS’ | S’ C S}
and 0 %S := {0’ US" | 0’ C o, §' C S} are simplicial complexes.

A simplicial complex K is equipped with the topology of a CW-complex [21]: a subset
of the geometric realization of K is closed if and only if its intersection with each finite-
dimensional skeleton is closed.

Simplicial collapse. Recall that if 7 is a face of a simplex o, then o is said to be a coface
of 7. Given a simplicial complex K and a maximal simplex ¢ € K, we say that a face 7 C o
is a free face of o if o is the unique maximal coface of 7 in K. A simplicial collapse of K
with respect to a pair (7,0), where 7 is a free face of o, is the removal of all simplices p such
that 7 C p C 0. If dim(o) = dim(7) 4+ 1 then this is an elementary simplicial collapse. If L
is obtained from a finite simplicial complex K via a sequence of simplicial collapses, then L
is homotopy equivalent to K, denoted L ~ K [23, Proposition 6.14].

Metric spaces. Let (X, d) be a metric space, where X is a set equipped with a distance
function d. Let B(x,r) := {y € X | d(x,y) < r} denote the closed ball with center z € X
and radius r > 0. The diameter of X is diam(X) = sup{d(z,2’) | z,2" € X}. A submetric
space of X is any set X' C X with a distance function defined by restricting d to X’ x X’.

Vietoris—Rips and Cech complexes. We consider two types of simplicial complexes con-
structed from a metric space (X,d). These constructions depend on the choice of a scale
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parameter r > 0. First, the Vietoris—Rips complex of X at scale r > 0 consists of all finite
subsets of diameter at most r, that is, VR(X;r) = {finite ¢ C X | diam(c) < r}. Second,
for X a submetric space of X', we define the ambient Cech complex with vertex set X as
Cech(X, X’;r) := {finite 0 C X | I 2/ € X' with d(z,2') <7V 2 € 6}. The set X is often
called the set of “landmarks”, and X’ is called the set of “witnesses” [17]. This complex can
equivalently be defined as the nerve of the balls Bx/(x,r) in X’ that are centered at points
z € X, that is, Cech(X, X’;r) = {finite 0 C X | Npco Bx:(z,7) # 0}. When X = X', we
denote the (intrinsic) Cech complex of X as Cech(X;r) = Cech(X, X;r). Alternatively, the
Cech complex can be defined with an open ball convention, and the Vietoris-Rips complex
can be defined as VR(X;r) = {0 C X | diam(c) < r}. Unless otherwise stated, all of our
results hold for both the open and closed convention for Cech complexes, as well as for both
the < and < convention on Vietoris—Rips complexes.

Persistent homology. For k£ a field, for ¢ > 0 a homological dimension, and for Y a
filtered topological space, we denote the persistent homology (or persistence) module of Y
by PH;(Y; k). Persistence modules form a category [16, Section 2.3], where morphisms are
given by commutative diagrams.

Gluings of topological spaces. Let X and Y be two topological spaces that share a common
subset A = X NY. The gluing space X Us Y is formed by gluing X to Y along their common

subspace A. More formally, let tx: A — X and 1y: A — Y denote the inclusion maps.

Then the gluing space X U4 Y is the quotient space of the disjoint union X []Y under the
identification ¢x (a) ~ vy (a) for all a € A. The gluing of two simplicial complexes along a
common subcomplex is itself a simplicial complex.

Gluings of metric spaces. Following Definition 5.23 in [11], we define a way to glue two
metric spaces along a closed subspace. Let X and Y be arbitrary metric spaces with closed
subspaces Ax C X and Ay C Y. Let A be a metric space with isometries tx : A — Ax
and ty : A — Ay. Let X Uy Y denote the quotient of the disjoint union of X and Y by
the equivalence between Ax and Ay, ie., X Uy Y =X UY/{tx(a) ~ty(a) | a € A}. Then
X Ua Y is the gluing of X and Y along A. We define a metric on X Uy Y, which extends
the metrics on X and Y:

dX(S,t) 1f87t€X
dxu,y (8,t) = { dy(s,t) ifs,teY
infoeadx(s,tx(a)) +dy(ty(a),t) ifse X,teY.

Lemma 5.24 of [11] shows that the gluing (X Ua Y,dxu,v) of two metric spaces along
common isometric closed subsets is itself a metric space. In this paper all of our metric

gluings will be done in the case where X NY = A and the tx and ¢y are identity maps.

This definition of gluing metric spaces agrees with that of gluing their respective topological
spaces, with the standard metric ball topology.

Pointed metric space and wedge sum. A pointed metric space is a metric space (X, dx)
with a distinguished basepoint bx € X. In the notation of metric gluings, given two pointed
metric spaces (X,dx) and (Y,dy),let X VY = X U, Y where Ax = {bx} and Ay = {by };
we also refer to X VY as the wedge sum of X and Y. The gluing metric on X VY is the
same as in the gluing of metric spaces above with |A| = 1.
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Metric graphs. A graph G consists of set V = {v;} of vertices and a set E = {e;} of edges
connecting the vertices. A graph G is a metric graph if each edge e; is assigned a positive
finite length [; [11, 12, 24]. Under mild hypotheses?®, the graph G can be equipped with a
natural metric dg: the distance between any two points z and y (not necessarily vertices) in
the metric graph is the infimum of the length of all paths between them.

Loops of a metric graph. A loop of a metric graph G is a continuous map ¢ : S! — G.
We also use the word loop to refer to the image of this map. Intuitively, elements of the
singular 1-dimensional homology of G may be represented by collections of loops in G [21].
The length of a loop is the length of the image of the map c.

3 Homotopy equivalences for metric gluings

3.1 Homotopy lemmas for simplicial complexes

In this section, we present three lemmas that will be vital to our study of homotopy
equivalences of simplicial complexes. We begin with a lemma proved by Barmak and
Minian [7] regarding a sequence of elementary simplicial collapses between two simplicial
complexes (Lemma 1). We then generalize this lemma in order to use it in the case where
the simplicial collapses need not be elementary (Lemma 2). While these first two lemmas are
relevant in the context of finite metric spaces, the third lemma will be useful when passing
to arbitrary metric spaces. These three lemmas will later allow us to show that a complex
built on a gluing is homotopy equivalent to the gluing of the complexes.

» Lemma 1 (Lemma 3.9 from [7]). Let L be a subcomplex of a finite simplicial complex K.
Let T be a set of simplices of K which are not in L, and let a be a vertex of L which is
contained in no simplex of T, but such that a U S is a simplex of K for every S € T. Finally,
suppose that K = LU Jgcp{S,aU S}. Then K is homotopy equivalent to L via a sequence
of elementary simplicial collapses.

In [7], Barmak and Mimian observe that there is an elementary simplicial collapse from K
to L if there is a simplex S of K and a vertex a of K not in S such that K = LU {S,aU S}
and LN (a*S) = a* S, where S denotes the boundary of S. Indeed, S is the free face of the
elementary simplicial collapse, and the fact that ¢ U .S is the unique maximal coface of S
follows from L N (a % S) = a * S (which implies the intersection of L with S is the boundary
of S). See Figure 1 (left) for an illustration.

It’s not difficult to show that Barmak and Minian’s observation can be made more general.
In fact, there is a simplicial collapse from K to L if there is a simplex S of K and another
simplex o of K, disjoint from S, such that K = LU{7 : § C 7 C 0US} and LN(c%S5) = g 5.
Indeed, S is again the free face of the simplicial collapse, and the fact that o U.S is the unique
maximal coface of S in K follows from LN (o % S) = o % S (which implies the intersection of
L with S is the boundary of S). See Figure 1 (right) for an illustration.

Our more general Lemma 2 will be used in the proof of Theorem 8 when we consider
gluings along sets that are larger than just a single point.

4 For every vertex, the lengths of the edges incident to that vertex are bounded away from zero [11,
Section 1.9].
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Figure 1 Examples of simplicial collapses when T' = {S} for Lemma 1 (left) and Lemma 2 (right).

» Lemma 2 (Generalization of Lemma 1). Let L be a subcomplex of a finite simplicial complex
K, and let o be a simplex in L. Suppose T is a set of simplices of K which are not in L and
which are disjoint from o, but such that o U S is a simplex of K for every S € T. Finally,
suppose K = LUUgger {7 | S €7 CoUS}. Then K is homotopy equivalent to L via a
sequence of simplicial collapses.

Proof. We mimic the proof of Lemma 3.9 in [7], except that we perform a sequence of
simplicial collapses rather than elementary simplicial collapses. Order the elements Si, Sa,

.., Sp of T in such a way that for every 4, j with ¢ < j, we have |S;| < |S;|. Define
K; = LUU;-:l{T |S; CT7CoUS;tfor0<i<n. Let SCS,. f SeT, thenoUS € K;_;
since |S| < |S;|. If S ¢ T, then cUS is in L C K;_;. This proves that K; ;N (c%S;) = o5,
and so S; is the free face of a simplicial collapse from K; to K;_1. Then we are done since
K =K, and L = K. <

The next lemma will be useful when passing from wedge sums or gluings of finite metric
spaces to wedge sums or gluings of arbitrary metric spaces.

» Lemma 3. Let K be a (possibly infinite) simplicial complex with vertex set V', and let L
be a subcomplex also with vertex set V. Suppose that for every finite Vo C V, there exists
a finite subset Vy with Vo C Vi3 CV such that the inclusion L[Vi] < K[Vi] is a homotopy
equivalence. It then follows that the inclusion map v: L — K is a homotopy equivalence.

Proof. We will use a compactness argument to show that the induced mapping on homotopy
groups ty: mg(L,b) — 7 (K, b) is an isomorphism for all k and for any basepoint b in the
geometric realization of L. The conclusion then follows from Whitehead’s theorem [21,
Theorem 4.5].

First, suppose we have a based map f: S¥ — K where S* is the k-dimensional sphere.

Since f is continuous and S* is compact, it follows that f(S*) is compact in K. Then by [21,
Proposition A.1] we know that f(S*) is contained in a finite subcomplex of K. Therefore,
there exists a finite subset Vj C V so that f factors through K[Vy] C K. By assumption,
there exists a finite subset V3 with V5 C V3 C V such that the inclusion ¢;: L[V;] — K[V]
is a homotopy equivalence. Thus, we can find a based map f: Sk — L[V1] such that

[t1f] = [f] € m(K[V4],b) and hence [¢f] = [f] € 7, (K, b). This proves that ¢, is surjective.

Next, suppose that f: S¥ — L is a based map such that +f: S¥ — K is null-homotopic.

Let F: B¥*! — K be a null-homotopy between «f and the constant map, where B**! is the
(k 4 1)-dimensional ball. By compactness of S* and B**!, we can find a finite subset Vy C V/
such that f factors through L[Vp] and F factors through K[Vp]. By assumption, there exists
a finite subset V4 with Vi C V4 C V such that the inclusion ¢y : L[V4] — K[V1] is a homotopy
equivalence. Note that ¢1f: S¥ — K[V;] is null-homotopic via F, and since the inclusion ¢,
is a homotopy equivalence, it follows that f is null-homotopic, and thus ¢, is injective. <
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3.2 Vietoris—Rips and Cech complexes of wedge sums

As a warm-up, we first show in this subsection that the Vietoris—Rips complex of a metric
wedge sum (i.e, gluing along a single point) is homotopy equivalent to the wedge sum of
the Vietoris-Rips complexes, and similarly for Cech complexes. In the next subsection,
Proposition 4 will be extended in Corollary 9 and Theorem 10 to gluings of metric spaces
and to gluings of metric graphs along short paths, respectively. Intuitively, such results allow
us to characterize the topology of a bigger space via the topology of smaller individual pieces.
Given pointed metric spaces X and Y, we use the symbol b € X VY to denote the point
corresponding to the identified distinguished basepoints bx € X and by € Y.

» Proposition 4. For X and Y pointed metric spaces and r > 0, we have the homotopy
equivalence VR(X;r) V VR(Y;7) < VR(X V Y;7).

Proof. We first consider the case where X and Y are finite. We apply Lemma 1 with
L=VR(X;r)VVR(Y;r), with K = VR(XVY;r), withT={c € K\L|b¢ o}, and with
basepoint b € X VY serving the role as a. It is easy to check the conditions on K, L and
T required by Lemma 1 are satisfied. Furthermore, if 0 € T, then at least one vertex of
X \ {bx} and one vertex of Y \ {by} are in 0. Hence diam(c Ub) < r and ¢ Ub is a simplex
of K. Since K = LU, .p{0,0 Ub}, Lemma 1 implies L ~ K.

Now let X and Y be arbitrary (possibly infinite) pointed metric spaces. For finite
subsets Xg € X and Yy C Y with by € Xy and by € Y, the finite case guarantees
that VR(Xo;r) V VR(Yy;7) ~ VR(Xy V Yo;7). Therefore, we can apply Lemma 3 with
L=VR(X;r)VVR(Y;r) and K = VR(X VY;r). |

Proposition 4, in the case of finite metric spaces, is also obtained in [26].

» Corollary 5. Let X and Y be pointed metric spaces. For any homological dimension i > 0
and field k, the persistence modules PH;(VR(X;7)V VR(Y;r); k) and PH;(VR(X VY;7); k)
are isomorphic.

See the full version of this paper [5] for the proof of Corollary 5.

For a submetric space X C X', let éech(X, X';7) be the ambient Cech complex with
landmark set X and witness set X’. Note that if X C X’ and Y C Y’ are pointed with
bx = bx: and by = by, then X VY is a submetric space of X’ VY".

» Proposition 6. For X C X’ and Y C Y’ pointed metric spaces and r > 0, we have the
homotopy equivalence Cech(X, X’;r) V Cech(Y,Y’;r) S Cech(X VY, X' VY’;r).

The proof of Proposition 6 is in the full version of this paper. It proceeds similarly to the
proof of Proposition 4, except applying Lemma 1 with L = Cech(X, X’;7) V Cech(Y,Y";7),
K=Cech(XVY,X'VY';r),and T={c € K\L|b¢ c}.

» Corollary 7. Let X C X' and Y C Y’ be pointed metric spaces. For any homological
dimension i > 0 and field k, the persistence modules PH;(Cech(X, X';r) V Cech(Y,Y’;7))
and PH;(Cech(X VY, X' VY';r)) are isomorphic.

3.3 Vietoris—Rips complexes of set-wise gluings

We now develop the machinery necessary to prove, in Theorem 10, that the Vietoris—Rips
complex of two metric graphs glued together along a sufficiently short path is homotopy
equivalent to the union of the Vietoris—Rips complexes. First, we prove a more general result
for arbitrary metric spaces that intersect in a sufficiently small space.
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» Theorem 8. Let X and Y be metric spaces with X N Y = A, where A is a closed
subspace of X and Y, and let r > 0. Consider X Us Y, the metric gluing of X and Y
along the intersection A. Suppose that if diam(Sx U Sy) < r for some ) # Sx C X \ A
and ) # Sy C Y \ A, then there is a unique mazimal nonempty subset o C A such that
diam(Sx U Sy Uo) < r. Then VR(X Up Y;r) ~ VR(X;7) Uyra;r) VR(Y;7). Hence if
VR(A;r) is contractible, then VR(X U Y;r) ~ VR(X;r) V VR(Y; 7).

Proof. We first restrict our attention to the case when X and Y (and hence A) are finite.
Let n = |A|. Order the nonempty subsets o1, 09, ...,09n_1 of A so that for every i,j with
i < j, we have |o;| > |oj|. For ¢ = 1,2,...,2" — 1, let T; be the set of all simplices of the
form Sx U Sy such that

@#SXQX\Aand(Z)#Sng\A,

diam(Sx U Sy) < r, and

o; is the maximal nonempty subset of A satisfying diam(Sx U Sy Ug;) <.

Let Lo = VR(X;r) Uyr(a;) VR(Y;7). We apply Lemma 2 repeatedly to obtain

LO ELO U{SETl} {T | S Q T Q o1 U S} = L1
~[4 Ursetsy {T | SCrtCooU S} =: Ly

~Lon_3 UrseTyn_o} {7 SCTCoam_sUS}=:Lon_o
’ZLQn,Q U{SGTQn,l} {7’ | S CrC o9n_1 U S} = L2"71~

The fact that each L; is a simplicial complex follows since if Sx USy € T and 0 # S C Sx
and 0 # S}, C Sy, then we have S% U S} € T; for some ¢ < j (meaning o; C ;). For each
j=1...,2" -1, weset K =L;, L=L;_1,T=1T}, and 0 = ¢; and apply Lemma 2 to get
that L; ~ L;_; (This works even when T; = (), in which case L; = L;_1).

To complete the proof of the finite case it suffices to show Lon_1 = VR(X U Y; 7). This
is because any simplex 7 € VR(X Uy Y;7) \ Lo is necessarily of the form 7 = Sx U Sy Uo,
with ) # Sx € X\ A, with § # Sy C Y \ A4, with ¢ C A, and with diam(Sx U Sy U
o) < r. By assumption, there exists a unique maximal non-empty set 0; C A such that
diam(Sx U Sy Uo;) <r. Since o; is unique, we have that o C 0. Therefore Sx U Sy € Tj,
and 7 will be added to L; since Sx USy € 7 C Sx USy Uo;. Hence 7 € Lan_; and so
Lon_1 = VR(X Ua Y; T’).

Now let X and Y be arbitrary metric spaces. Note that for any finite subsets X¢ C X and
Yo CY with Ag = XoNY,y # (), we have VR(X(), T’) UVR(Ag;r) VR(YQ;T) ~ VR(XO Ua, Yo; T’)
by the finite case. Hence we can apply Lemma 3 with L = VR(X;r) Uyr(a;) VR(Y;7) and
K =VR(X U, Y;7) to complete the proof. <

» Corollary 9. Let X and Y be metric spaces with X NY = A, where A is a closed subspace
of X and Y, and X UAY is their metric gluing along A. Let r > 0, and suppose diam(A) < r.
Then VR(X Up Y;r) ~ VR(X;7) V VR(Y ;7).

Proof. The fact that diam(A) < r implies that if diam(Sx U Sy) < r for some Sx C
X\ Aand Sy C Y\ A, there is a unique maximal nonempty subset ¢ C A such that
diam(Sx U Sy Uo) < r. Indeed, the set of all such o C A satisfying diam(Sx USy Uo) <r

is closed under unions since diam(A) < r, and hence there will be a unique maximal o.

The definition of the metric on X U4 Y implies that ¢ # (). The claim now follows from
Theorem 8 and from the fact that VR(A;r) is contractible. <
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Figure 2 Illustration of Theorem 10 on metric graph gluings and both infinite (left) and finite
(right) subsets thereof. The metric graphs Gx and Gy are shown with thin, dotted red and blue lines
respectively; X and Y are shown in the infinite case with thick, solid red and blue lines respectively;
G 4 corresponds to the black solid line while A corresponds to the pink solid line. The finite subset
case uses the same color scheme.

Note that if A is a single point (i.e. |A| = 1), then X U Y is the same as X VY. Therefore,
Proposition 4 is a special case of Corollary 9.

The setup of the following theorem regarding metric graph gluings is illustrated in Figure 2.
In a graph, the degree of a vertex without self-loops is the number of incident edges to that
vertex. A path graph (or simply a path) is one in which the n vertices can be ordered, and in
which the n — 1 edges connect pairs of successive vertices.

» Theorem 10. Let G = Gx Ug, Gy be a metric graph, where G4 = Gx N Gy s a closed
metric subgraph of the metric graphs Gx and Gy . Suppose furthermore that G4 is a path,
and that each vertex of G4 besides the two endpoints has degree 2 not only as a vertex in G 4,
but also as a vertex in G. Suppose the length of G 4 is at most g, where any simple loop in G
that goes through G a has length at least £. Let X C Gx andY C Gy be arbitrary subsets such
that XNGy =Y NGx = XNY := A. Then VR(X UaY;7) ~ VR(X;7) Uyr(a;r) VR(Y;7)
for allr > 0. Hence if VR(A;r) is contractible, then VR(X U, Y;r) = VR(X;r)VVR(Y;r).

Proof. Let the length of G4 be a < % If r > «, then the conclusion follows from Corollary 9.

For the case r < a < g, let v and v" be the endpoints of the path G 4. We claim that no
point z € (X U4 Y)\ A is within distance r of both v and v'. Indeed, if there were such a point
z € (XUAY)\ A satisfying d(z,v) < r and d(z,v") < r, then we could produce a homologically
non-trivial loop through the gluing path G 4 that is shorter than ¢, giving a contradiction. It
follows that if diam(SxUSy) < r for some Sx C X\ A and Sy C Y'\ 4, then there is a unique
maximal nonempty set o C A such that diam(Sx USy Uco) < r. To be more explicit, one can
show that this maximal set is 0 = AN, g, 1s, B(2,7); it is nonempty since it contains either
v or v'. Hence, Theorem 8 implies that VR(X U4 Y;7) ~ VR(X;7) Uyr(ay) VR(Y;7). <

» Corollary 11. Let G, Gx, Gy, Ga, X, Y, and A satisfy the same hypotheses as in
the statement of Theorem 10. Suppose furthermore that VR(A;r) is contractible for all
r > 0. Then for any homological dimension i > 0 and field k, the persistence modules
PH;(VR(X;7) VVR(Y;7); k) and PH;(VR(X Ua Y;r)) are isomorphic.

Remarks on set-wise gluings in the Cech case. It seems natural to ask if our results
in Section 3.3 extend to Cech complexes. In other words, is it necessarily the case that
Cech(X;7) Ullech(A:r) Cech(Y;7) ~ Cech(X Uy Y;7), where X,Y and A are as described
in Theorem 107 Interestingly, while the desired result may hold true, the arguments of
Section 3.3 do not all directly transfer to the Cech case. In particular, Theorem 8 can
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be extended to the Cech case by replacing the condition diam(Sx U Sy U o) < r with
Nicsxusyus B(2;7) # 0. However, the arguments for Corollary 9 do not transfer to the
Cech case no matter how small the size of the gluing portion A is, which subsequently makes
it hard to adapt the strategy behind Theorem 10 to the Cech case. An example to illustrate
this is given in the full version. This suggests that a different technique needs to be developed

in order to show an analog of Theorem 10 for the Cech setting (if such an analog holds).

4  Applicability to certain families of graphs

The results in Section 3 provide a mechanism to compute the homotopy types and persistent
homology of Vietoris—Rips complexes of metric spaces built from gluing together simpler
ones. For the sake of brevity, if the results of Section 3 can be used to completely describe
the homotopy types and persistence module of the Vietoris—Rips complex of metric space
X, then we will simply say that space X can be characterized. Figure 3 shows examples of
two metric graphs that can be characterized (a and b) and two that cannot (¢ and d). In
Section 4.1, we describe some families of metric spaces that can be characterized, and in
Section 4.2, we discuss graphs (c) and (d).

(a) (b) (© (d)

Figure 3 Graphs (a) and (b) can be characterized while (c) and (d) cannot.

4.1 Families of graphs

In this section we consider finite metric spaces and metric graphs that can be understood using
the results in this paper. Examples of finite metric spaces whose Vietoris—Rips complexes are
well-understood include the vertex sets of dismantlable graphs (defined below) and vertex
sets of single cycles [2]. Examples of metric graphs whose Vietoris—Rips complexes are
well-understood include trees and single cycles [3].

Let G be a graph with vertex set V and with all edges of length one.’> The vertex set
V' is a metric space equipped with the shortest path metric. We say that a vertex v € V is
dominated by u € V if v is connected to u, and if each neighbor of v is also a neighbor of u.
We say that a graph is dismantlable if we can iteratively remove dominated vertices from G
in order to obtain the graph with a single vertex. Note that if v is dominated by u, then v
is dominated by u in the 1-skeleton of VR(V';r) for all » > 1. It follows from the theory of
folds, elementary simplicial collapses, or LC reductions [6, 9, 27] that if G is dismantlable,
then VR(V';r) is contractible for all » > 1. Examples of dismantlable graphs include trees,
chordal graphs, and unit disk graphs of sufficiently dense samplings of convex sets in the
plane [25, Lemma 2.1]. We will also need the notion of a k-cycle graph, a simple cycle with
k vertices and k edges. The following proposition specifies a family of finite metric spaces
that can be characterized using the results in this paper.

5 We make this assumption for simplicity’s sake, even though it can be relaxed.
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» Proposition 12. Let G be a finite graph, with each edge of length one, that can be obtained
from a vertex by iteratively attaching (i) a dismantlable graph or (ii) a k-cycle graph along
a verter or along a single edge. Let V be the vertex set of the graph G. Then we have
VR(V;r) = Vi, VR(V(Cy,);r) for r > 1, where n is the number of times operation (i) is
performed, k; are the corresponding cycle lengths, and V (Cy,) is the vertex set of a k;-cycle.

Proof. Tt suffices to show that an operation of type (i) does not change the homotopy type
of the Vietoris—Rips complex of the vertex set, and that an operation of type (ii) has the
effect up to homotopy of taking a wedge sum with VR(V(C%);r). The former follows from
applying Corollary 9 (or alternatively Theorem 10), as the Vietoris—Rips complex of the
vertex set of a dismantlable graph is contractible for all » > 1, and the latter also follows
from Corollary 9 (or alternatively Theorem 10). |

The iterative procedure outlined in Proposition 12 can be used to obtain some recognizable
families of graphs. Examples include trees and wedge sums of cycles (Figure 3(a)). More
complicated are polygon trees [18] in which cycles are iteratively attached along a single edge.
Graph (b) in Figure 3 is an example that is built by using both (i) and (ii).

A similar procedure is possible for metric graphs, except that we must replace arbitrary
dismantlable graphs with the specific case of trees.® Note that any tree, T, is obtained by
starting with a single vertex and iteratively taking the wedge sum with a single edge. This
implies that VR(T’;r) is contractible; thus, the persistent homology filtration of any tree is
trivial, a result that is also established in [14, 28].

» Proposition 13. Let G be a metric graph, with each edge of length one, that can be obtained
from a vertex by iteratively attaching (i) an edge along a vertex or (ii) a k-cycle graph along
a vertez or a single edge. Then we have VR(G;r) ~ \/_; VR(Cy,;7) for r > 1, where n is
the number of times operation (i) is performed, k; are the corresponding cycle lengths, and
Cy, s a loop of length k;.

Proof. The proof is analogous to that of Proposition 12. <

Proposition 13 can be generalized to allow for arbitrary edge lengths, as long as the
conditions of Theorem 10 hold (see the full version for further discussion and an example).

4.2 Obstructions to using our results

When gluing two metric graphs, G; and G2, the most restrictive requirement is that the
gluing path must be a simple path with all vertices except the endpoints having degree 2.
This requirement is what disallows the configuration (c) in Figure 3. Notice that every pair
of shortest cycles shares only a simple path of length 2. However, once one pair is glued, the
third must be glued along a path of length 4 which traverses both of the two other cycles. This
path includes a vertex of degree 3 in its interior, meaning that Theorem 10 is not applicable.
Moreover, when r < 4, (where 4 is the diameter of the gluing set), then Corollary 9 is also
not applicable. Nevertheless, we can computationally verify that for (c), the homology of
the Vietoris—Rips complex is still the direct sum of the homology groups of the component
cycles (where VR(V(Cy);7) ~ St for r = 1 or 2, and where VR(V (Cy);3) ~ S% v 52 [4]). In

5 The case of C3, a cyclic graph with three unit-length edges, is instructive. Since Cs is dismantlable we
have that VR(V(C3);r) is contractible for any r > 1. But since the metric graph Cj3 is isometric to a
circle of circumference 3, it follows from [3] that VR(Cs;r) is not contractible for 0 < r < 3.
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light of this example, in future work, we hope to extend the results in this paper to gluing
metric graphs along admissible isometric trees (a generalization of isometric simple paths).

The final graph (d) in Figure 3, the cube graph, is another case for which Theorem 10
is not applicable. However, unlike example (c¢) above, we cannot compute the homology of
the vertex set of the cube as the direct sum of the homology groups of smaller component
pieces. Indeed, if V' is the vertex set of the cube with each edge of length one, then
dim(H3(VR(V;2))) = 1 since VR(V;2) is homotopy equivalent to the 3-sphere. However,
this graph is the union of five cycles of length four, and the Vietoris—Rips complex of the
vertex set of a cycle of length four never has any 3-dimensional homology.

5 Discussion

We have shown that the wedge sum of Vietoris-Rips (resp. Cech) complexes is homotopy
equivalent to the corresponding complex for the metric wedge sum, and generalized this
result in the case of Vietoris—Rips complexes for certain metric space gluings. Our ultimate
goal is to understand to the greatest extent possible the topological structure of large classes
of metric graphs via persistent homology. Building on previous work in [3] and [20], the
results in this paper constitute another important step toward this goal by providing a
characterization of the persistence profiles of metric graphs obtainable via certain types of
metric gluing. Many interesting questions remain for future research.

Gluing beyond a single path. We are interested in studying metric graphs obtainable via
metric gluings other than along single paths of degree 2, such as gluing along a tree or
self-gluing. For the case of gluings along a tree, the gluing graph may have vertices of degree
greater than 2. Examples include gluing four square graphs together into a larger square
with a degree 4 node in the center. Moreover, the techniques of our paper do not allow one
to analyze self-gluings such as forming an n-cycle C,, from a path of length n.

Generative models for metric graphs. Our results can be considered as providing a gener-
ative model for metric graphs, where we specify a particular metric gluing rule for which we
have a clear understanding of its effects on persistent homology. Expanding the list of metric
gluing rules would in turn lead to a larger collection of generative models.

Approximations of persistent homology profiles. A particular metric graph that arises
from data in practice may not directly correspond to an existing generative model. However,
we may still be able to approximate its persistent homology profile via stability results
(e.g. [15, 30]) by demonstrating close proximity between its metric and a known one.
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—— Abstract

We present an efficient dynamic data structure that supports geodesic nearest neighbor queries
for a set S of point sites in a static simple polygon P. Our data structure allows us to insert
a new site in S, delete a site from S, and ask for the site in S closest to an arbitrary query
point ¢ € P. All distances are measured using the geodesic distance, that is, the length of the
shortest path that is completely contained in P. Our data structure achieves polylogarithmic
update and query times, and uses O(nlog3 nlogm + m) space, where n is the number of sites
in S and m is the number of vertices in P. The crucial ingredient in our data structure is an
implicit representation of a vertical shallow cutting of the geodesic distance functions. We show
that such an implicit representation exists, and that we can compute it efficiently.
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1 Introduction

Nearest neighbor searching is a classic problem in computational geometry in which we are
given a set of point sites S, and we wish to preprocess these points such that for a query
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length of the geodesic TI(p, q), that is, the shortest path connecting p and ¢ that is completely
contained in P. We refer to this distance as the geodesic distance w(p,q).

Related work. It is well known that if we have only a fixed set S of n sites, we can answer
nearest neighbor queries efficiently by computing the Voronoi diagram of S and preprocessing
it for planar point location. This requires O(nlogn) preprocessing time, the resulting
data structure uses linear space, and we can answer queries in O(logn) time. Voronoi
diagrams have also been studied in case the set of sites is restricted to lie in a simple polygon
P, and we measure the distance between two points p and ¢ by their geodesic distance
m(p,q) [4,18,24,25]. The approach of Hershberger and Suri [18] computes the geodesic
Voronoi diagram in O((m + n)log(m + n)) time, where m is the total number of vertices
in the polygon P, and is applicable even if P has holes. Very recently, Oh and Ahn [24]
presented an O(m + nlognlog® m) time algorithm. When n < m/log® m this improves the
previous results. All these approaches allow for O(log(n 4+ m)) time nearest neighbor queries.
However, they are efficient only when the set of sites S is fixed, as inserting or deleting even
a single site may cause a linear number of changes in the Voronoi diagram.

To support nearest neighbor queries, it is, however, not necessary to explicitly maintain
the (geodesic) Voronoi diagram. Bentley and Saxe [6] show that nearest neighbor searching
is a decomposable search problem. That is, we can find the answer to a query by splitting
S into groups, computing the solution for each group individually, and taking the solution
that is best over all groups. This observation has been used in several other approaches for
nearest neighbor searching with the Euclidean distance [1,8,11]. However, even with this
observation, it is hard to get both polylogarithmic update and query time. Chan [8] was the
first to achieve this. His data structure can answer Euclidean nearest neighbor queries in
O(log® n) time, and supports insertions and deletions in O(log® n) and O(log® n) amortized
time, respectively. Recently, Kaplan et al. [19] extended the result of Chan to more general,
constant complexity, distance functions.

Unfortunately, the above results do not directly lead to an efficient solution to our problem.
The function describing the geodesic distance may have complexity ©(m), and thus the results
of Kaplan et al. [19] do not apply. Moreover, even directly combining the decomposable
search problem approach with the static geodesic Voronoi diagrams described above does
not lead to an efficient solution, since every update incurs an Q(m) cost corresponding to
the complexity of the polygon. Only the very recent algorithm of Oh and Ahn [24] can
be made amendable to such an approach. This results in an O(n + m) size data structure
with O(yv/n(logn + logm)) query time and O(y/nlognlog® m) updates. Independently from
Oh and Ahn, we developed a different data structure yielding similar results [3]. The core
idea in both data structures is to represent the Voronoi diagram implicitly. Moreover, both
approaches use similar primitives. In this manuscript, we build on the ideas from our earlier
work, and significantly extend them to achieve polylogarithmic update and query times.

Our results. We develop a fully dynamic data structure to support nearest neighbor queries
for a set of sites S inside a (static) simple polygon P. Our data structure allows us to locate
the site in S closest to a query point ¢ € P, to insert a new site s into S, and to delete
a site from S. Our data structure supports queries in O(log2 nlog? m) time, insertions in
O(log5 nlogm + log* nlog® m) amortized expected time, and deletions in O(log7 nlogm +
log® nlog? m) amortized expected time. The space usage is O(nlog3 nlogm +m).
Furthermore, we show that using a subset of the tools and techniques that we develop,
we can build an improved data structure for when there are no deletions. In this insertion-
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only setting, queries take worst-case O(log2 nlog? m) time, and insertions take amortized
O(logn log? m) time. We can also achieve these running times in case there are both insertions
and deletions, but the order of these operations is known in advance. The space usage of
this version is O(nlognlogm + m).

2 An overview of the approach

As in previous work on geodesic Voronoi diagrams [4,25], we assume that P and S are in
general position. That is, (i) no two sites s and ¢ in S (ever) have the same geodesic distance
to a vertex of P, and (ii) no three points (either sites or vertices) are colinear. Note that (i)
implies that no bisector bs; between sites s and ¢ contains a vertex of P.

Throughout the paper we will assume that the input polygon P has been preprocessed for
two-point shortest path queries using the data structure by Guibas and Hershberger [13] (see
also the follow up note of Hershberger [17]). This takes O(m) time and allows us to compute
the geodesic distance 7(p, q) between any pair of query points p,q € P in O(logm) time.

Dynamic Euclidean nearest neighbor searching. We briefly review the data structures for
dynamic Euclidean nearest neighbor searching of Chan [8] and Kaplan et al. [19], and the
concepts they use, as we will build on these results.

Let F be a set of bivariate functions, and let A(F) denote the arrangement of the (graphs
of the) functions in R, In the remainder of the paper we will no longer distinguish between
a function and its graph. A point ¢ € R3 has level k if the number of functions in F' that
pass strictly below ¢ is k. The at most k-level L<j(F) is the set of all points in R? for which
the level is at most k, and the k-level Ly (F) is the boundary of that region.

Consider a collection X of points in R3 (e.g. a line segment), and let Fx denote the set
of functions from F intersecting X. We refer to Fx as the conflict list of X. Furthermore,
let X denote the vertical (downward) projection of X onto the x,y-plane.

A pseudo-prism is a constant complexity region in R? that is bounded from above by
a function, unbounded from below, and whose sides are surfaces vertical with respect to
the z-direction. A a k-shallow (1/r)-cutting Ay (F) is a collection of such pseudo-prisms
with pairwise disjoint interiors whose union covers L<(F') and for which each pseudo-prism
intersects at most n/r functions in F' [23]. Hence, for each region (pseudo-prism) V € Ay, .(F),
the conflict list Fy contains n/r functions. The number of regions in Ay ,.(F) is the size of
the cutting. Matousek [23] originally defined a shallow cutting in terms of simplicies, however
using pseudo-prisms is more convenient in our setting. In this case the parameter r cannot
become arbitrarily large, however we are mostly interested in k-shallow O(k/n)-cuttings. In
the remainder of the paper we simply refer to such a cutting Ax(F) as a k-shallow cutting.
Observe that each pseudo-prism in Ag(F) is intersected by O(k) functions.

Let fs(z) be the distance from x to s. The data structures of Kaplan et al. [19] and Chan [8]
actually maintain the lower envelope Lo(F) of the set of distance functions F' = {f, | s € S}.
To find the site s closest to a query point ¢ they can simply query the data structure to find
the function f; that realizes Lo(F') at q. The critical ingredient in both data structures, as
well as our own data structure, is an efficient algorithm to construct a shallow cutting of
the functions in F. Chan and Tsakalidis [9] show that if F' is a set of linear functions (i.e.
planes in R?), we can compute a k-shallow cutting Ay (F) of size O(n/k) in O(nlogn) time.
Kaplan et al. [19] show how to compute a k-shallow cutting of size O(nlog®n/k), in time
O(npolylogn) for a certain class of constant complexity algebraic functions F. Since the
geodesic distance function fs(x) = 7(s,z) of a single site s may already have complexity
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Figure 1 A schematic drawing of the downward projection of an implicit k-shallow cutting Ax(Fr)
in P.. The faces are pseudo-trapezoids. Neighboring pseudo-trapezoids share a vertical segment, or
part of a bisector. We store only the degree one and three vertices (fat), and their topology.

©(m), any k-shallow cutting of such functions may have size Q(m). To circumvent this issue,
we allow the regions (pseudo-prisms) to have non-constant complexity. We do this in such
a way that we can compactly represent each pseudo-prism, while still retaining some nice
properties such as efficiently testing if a point lies inside it. Hence, in the remainder of
the paper we will drop the requirement that the regions in a cutting need to have constant
complexity.

The general approach. The general idea in our approach is to recursively partition the
polygon into two roughly equal size sub-polygons P, and P, that are separated by a diagonal.
For the sites Sy in the “left” subpolygon P, we then consider their geodesic distance functions
Fy = {fs | s € S¢} restricted to the “right” subpolygon P,, that is, fs(z) = n(s,x), for
x € P,. The crucial part, and our main contribution, is that for these functions F; we can
represent a vertical shallow cutting implicitly. See Fig. 1 for a schematic illustration. More
specifically, in O((n/k)log® n(logn + log? m) 4+ nlog® m + nlog® nlogm) expected time, we
can build a representation of the shallow cutting of size O((n/k)log®n). We can then use
this algorithm for building implicitly represented shallow cuttings in the data structure
of Chan [8] and Kaplan et al. [19]. That is, we build and maintain the lower envelope
Lo(Fy). Symmetrically, for the sites in P,., we maintain the lower envelope Lo(F,.) that their
distance functions F,. induce in P;. When we get a query point g € P,., we use Lo(Fy) to
find the site in Py closest to ¢ in O(log? nlogm) time. To find the site in P, closest to g,
we recursively query in sub-polygon P.. In total we query in O(logm) levels, leading to
an O(log® nlog® m) query time. When we add or remove a site s we, insert or remove its
distance function in O(logm) lower envelope data structures (one at every level). Every
insertion takes O(log® n + log* nlog® m) amortized expected time, and every deletion takes
O(log” n + log® log® m) amortized expected time. Since every site is stored O(logm) times,
this leads to the following main result.

» Theorem 1. Let P be a simple polygon P with m wvertices. There is a fully dynamic
data structure of size O(n log® nlogm + m) that maintains a set of n point sites in P and
allows for geodesic nearest neighbor queries in worst case O(log2 nlog? m) time. Inserting a
site takes O(log5 nlogm + log* nlog® m) amortized expected time, and deleting a site takes
O(log7 nlogm + log® nlog® m) amortized expected time.
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The main complexity is in developing our implicit representation of the k-shallow cutting,
and the algorithm to construct such a cutting. Once we have this algorithm we can directly
plug it in into the data structure of Chan [8] and Kaplan et al. [19]. Our global strategy
is similar to that of Kaplan et al. [19]: we compute an approximate k-level of A(F) —in
our case an implicit representation of this approximate k-level- and then argue that, under

certain conditions, this approximate k-level is actually a k-shallow cutting Ag(F) of A(F).

Our approximate k-level will be a t-level, for some appropriate ¢, on a random sample of the
functions in F. So, that leaves us two problems: ¢) computing an implicit representation of
a t-level, and ) computing the conflict lists for all pseudo-prism in our cutting Ag(F).

For problem 1), representing the ¢-level implicitly, we use the connection between the t-level
and the t*P-order Voronoi diagram. In Section 3 we describe a small, implicit representation

of the t*P-order Voronoi diagram that still allows us to answer point location queries efficiently.

Initially, we use the recent algorithm of Oh and Ahn [24] to construct this representation. In
Section 5 we then design an improved algorithm for our particular use case.

For problem ), computing the conflict lists, we will use a data structure developed by
Chan [7] together with the implicit Voronoi diagrams that we developed in Section 5. We
describe these results in more detail in Section 6. In Section 7, we then show in detail how we
can combine all the different parts into a fully dynamic data structure for nearest neighbor
queries. Omitted details are in the full version of this paper [2].

3 Implicit representations

Let FF = {fs | s € S} denote the set of geodesic distance functions inside the entire polygon P.

Our implicit representation of a k-shallow cutting A (F') is based on an implicit representation
of the k-level in A(F). To this end, we first study higher order geodesic Voronoi diagrams.

Higher order Voronoi diagrams. Consider a set of n sites S, a domain D, and a subset
H C S of size k. The k™ -order Voronoi region Vi, (H,S) is the region in D in which the
points are closer to (a site in) H, with respect to some distance metric, than to any other
subset H' C S of size k. The k™ -order Voronoi diagram Vi (S) is the partition of D into
such maximal regions Vi (H, S) over all subsets H C S of size k [21]. Liu et al. [22] study the

geodesic k*®-order Voronoi diagram. They show that Vi (S) has complexity O(k(n — k) + km).

In particular, it consists of O(k(n — k)) degree one and degree three vertices, and O(km)
degree two vertices (and by our general position assumption, there are no vertices of degree
more than three).

Consider a Voronoi region Vi (H, S). Let ey, .., ey, be the edges bounding 0V (H, S), let
H; be the set of sites defining the other Voronoi region incident to e;, and observe that
H; \ H contains a single site ¢; [21]. Let Q = {q; | j € [1,£]} be the set of sites neighboring
Vi(H,S). Observe that these results imply that two adjacent regions Vi (H, S) and Vi (Hj, S)
in Vi (S) are separated by a part of a bisector bs;, where s = H \ H; and t = g,.

By combining the above two observations we can represent Vi (S) implicitly. That is,
we store only the locations of these degree one and degree three vertices, the adjacency
relations between the regions, and the pair of labels (s,t) corresponding to each pair (R, R;)
of neighboring regions. See also the recent result of Oh and Ahn [24]. Tt follows that the
size of this representation is linear in the number of degree one and degree three vertices of
Vi(S). We refer to this as the topological complexity of Vi (S).

4:5
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Representing the k-level. Consider the partition of P into maximally connected regions in
which all points in a region have the same k" nearest site in S. Observe that this partition
corresponds to the downward projection L (F) of the k-level Ly (F). As we argue next, this
partition is closely related to the k*"-order Voronoi diagram defined above.

Lee observes that there is a relation between the i*"-order Voronoi diagram and the
(i + 1)th-order Voronoi diagram [21]. In particular, he shows that we can partition each i*!-
order Voronoi region V;(H, S) into (i+1)*® order Voronoi regions by intersecting V;(H, S) with
the (first order) Voronoi diagram of the set of sites neighboring V;(H, S). More specifically:

» Observation 2. Let V;(H,S) be a geodesic i*"-order Voronoi region, and let Q be the sites
neighboring V;(H, S). For any point p € V;(H,S), the (i + 1)-closest site from p is the site
s € Q for which p € V(s,Q).

» Lemma 3. The topological complexity of Li(F') is O(k(n — k)).

Proof. By Observation 2, we can obtain Li(F') from Vj_1(S) by partitioning every region
Vi—1(H, S) using the Voronoi diagram of the sites @ neighboring Vj,_1(H, S), and merging
regions that have the same k' nearest neighbor in the resulting subdivision. Thus, the
vertices in Ly (F') appear either in V;,_1(H, S) or in one of the newly created Voronoi diagrams.

There are O((k —1)(n — k+ 1)) = O(k(n — k)) degree one and degree three vertices that
are also vertices in Vi_1(H, S). Since the (first order) geodesic Voronoi diagram has O(k)
degree one and degree three vertices, a region Vi_1(H, S) creates |Q| new degree one and
three vertices. Summing over all faces in Vi_1(H, S) this then sums to O(k(n — k)). <

As with Vi (S) we can represent Ly (F') implicitly by storing only the locations of the
degree one and three vertices and the topology of the diagram. Note that if we can efficiently
locate the region R of Ly (F) that contains a query point ¢, we can also easily compute the
z-coordinate of Ly (F) at ¢, simply by computing the geodesic distance 7(s,q). Since we
preprocessed P for two-point shortest path queries this takes only O(logm) time (in addition
to locating the region of Ly (F) containing gq).

Representing a vertical decomposition. For every
degree three and degree one vertex in Li(F) we now

extend a vertical segment up and down until it hits
another edge of Li(F'). Observe that the topological
complexity of the resulting implicit vertical decom-
position LY (F) that we obtain still has topological
complexity O(k(n — k)). Furthermore, each region in
LY (F) is a pseudo-trapezoid ¥V that is bounded on the
left and right either by a vertical segment or a piece

of polygon boundary, and on the top and bottom by Figure 2 A pseudo prism V and its
projection V (darker red) onto Pr.

pieces of bisectors or a piece of polygon boundary. We
refer to the four degree one or degree three vertices on the boundary of V as the corners of
V. See Fig. 2 for an illustration. In the remainder of the paper, we will no longer distinguish
between LY (F) and its implicit representation. In Section 6, we will use such an implicit
vertical decomposition to obtain an implicit representation of a shallow cutting.

Computing implicit representations. We can use the algorithm of Oh and Ahn [24] to
compute the implicit representation of Vj(S) in O(k?nlognlog? m) time. To compute (the
representation of) Li(F) we first construct Vi_1(S), and for each region Vi_1(H,S) in
Vi—1(S5), we again use their algorithm to compute the Voronoi diagrams V(Q) of the set
neighbors ). We then clip these diagrams to Vi_1(H, S). This clipping can be done by a
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breadth first search in V(Q), starting with one of the vertices that is also in 0Vj_1(H, S).
This takes O(|Q|log |Q|log” m) time in total. Summing over all faces in Vj_;(S) gives us
again a running time of O(lﬂgnlognlog2 m). Finally, to compute Lkv(F) we need to insert
two vertical extension segments at each vertex of Ly(F). We can find the other endpoint of

each extension segment using a point location query. Thus, we obtain the following result.

» Lemma 4. An implicit representation LY (F) of the k-level Li(F) that uses O(k(n — k))

space, can be computed in O(k2nlognlog2 m) time. Using this representation, the pseudo-
prism containing a query point (if it exists) can be determined in O(logn + logm) time.

In Section 5 we will show that if the sites defining the functions in F lie in one half of
the polygon and we restrict the functions to the other half we can improve these results.
Moreover, we can then compute an implicit representation of a k-shallow cutting of F.

4  Approximating the k-level

An z,y-monotone surface I' is an e-approzimation of Li(F) if and only if I lies between
Ly(F) and L(110),(F). Following the same idea as in Kaplan et al. [19] we construct
an e-approximation of Lg(F) as follows. We choose a random sample R of F' of size
r = (cn/ke?)logn and consider the t-level of A(R) for some randomly chosen level ¢ in the
range [(1+¢/3)h, (1+¢/2)h]. Here c and ¢’ are some constants, h = ¢’ /% logn, and € € [0,1/2]
is the desired approximation ratio. We now argue that L;(R) is an