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Preface
The 26th International Symposium on Temporal Representation and Reasoning (TIME
2019) took place in Málaga, Spain, from the 16th to the 19th of October, 2019. This year’s
edition was organized with the help of the University of Málaga, in particular the School of
Industrial Engineering. TIME is a well-established symposium series which brings together
researchers interested in reasoning about temporal aspects of information in all areas of
computer science. The symposium aims to be interdisciplinary and to attract attendees from
artificial intelligence, database management, logic and verification, and beyond.
TIME 2019 received 25 research paper submissions from France, Sweden, Greece, Italy,
Spain, UK, Poland, Germany, Romania, Lebanon, and Algeria, written by 80 different
authors. We would like to thank all authors for submitting outstanding contributions to the
conference. The submissions were carefully evaluated by the 23 members of the program
committee, who deserve a warm thanks for their high-quality and timely handling of the
reviews. Each submission was reviewed by at least three PC members (two in a few cases).
At the end, 17 contributions were accepted for inclusion in the conference proceedings and
presentation at the conference.
The TIME 2019 scientific program includes also three keynote presentations given,
respectively, by Michael Böhlen (University of Zurich), Estela Saquete Boró (University of
Alicante), and Patricia Bouyer (CNRS). Thanks to the support of the University of Málaga,
TIME 2019, for the first time, included two 3-hours tutorials on Computer Aided Synthesis
and on Temporal Aspects of Inductive Logic Programming, given, respectively, by Véronique
Bruyère (University of Mons) and Fabrizio Riguzzi (University of Ferrara). We are delighted
that they all accepted our invitation, and are very grateful for their scientific contribution.
Finally, we would like to acknowledge the excellent work of all the people involved in
the organization of the conference, in particular the local arrangement chair Emilio MuñozVelasco. His support was indispensable for a smooth organization and preparation of the
conference. Deep thanks also go to Dr. Wagner and the LIPIcs team for the support during
the preparation of the conference proceedings.
Johann Gamper
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Guido Sciavicco

26th International Symposium on Temporal Representation and Reasoning (TIME 2019).
Editors: Johann Gamper, Sophie Pinchinat, and Guido Sciavicco
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

List of Authors
Alex Abuin
Ikerlan Technology Research Center
Spain
aabuin@ikerlan.es

David Chemouil
University of Touluse
France
david.chemouil@onera.fr

Ana de Almeida Borges
University of Barcelona
Spain
ana.agbv@gmail.com

Carlo Combi
University of Verona
Italy
carlo.combi@univr.it

Laura Bozelli
University of Napoli ‘Federico II’
Italy
lr.bozzelli@gmail.com

Juan José Conejero Rodriguez
University of Barcelona
Spain
juan.conejero@ub.edu

Alexander Bolotov
University of Westminster
UK
a.bolotov@westminster.ac.uk

Pablo Cordero
University of Málaga
Spain
pcordero@uma.es

Sebastian Brandt
Siemens CT
Germany
sebastian-philipp.brandt@siemens.com

Amélie David
University of Paris-Saclay
France
amely.david@laposte.net

Julien Brunel
University of Touluse
France
julien.brunel@onera.fr

Unai Diáz de Cerio
Ikerlan Technology Research Center
Spain
udiazcerio@ikerlan.es

Andrea Brunello
University of Udine
Italy
andrea.brunello@uniud.it

David Fernández Duque
University of Barcelona
Spain
davidstoteles@gmail.com

Diego Calvanese
Free University of Bozen-Bolzano
Italy
calvanese@inf.unibz.it

Inmaculada Fortes
University of Málaga
Spain
ifortes@ctima.uma.es

Pasquale Cascarano
University of Bologna
Italy
pasquale.cascarano2@unibo.it

Stefano Gandolfi
University of Bologna
Italy
stefano.gandolfi@unibo.it

Serenella Cerrito
University of Paris-Saclay
France
serenella.cerrito@univ-evry.fr

Mireia González Bedmar
University of Barcelona
Spain
m.gonzalezbedmar@ub.edu

26th International Symposium on Temporal Representation and Reasoning (TIME 2019).
Editors: Johann Gamper, Sophie Pinchinat, and Guido Sciavicco
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

0:x

Authors

Valentin Goranko
Stockholm University
Sweden
valentin.goranko@philosophy.su.se

Elena Loli Piccolomini
University of Bologna
Italy
elena.loli@unibo.it

Elem Güzel Kalayci
Free University of Bozen-Bolzano
Italy
kalayci@inf.unibz.it

Paqui Lucio
University of the Basque Country
Spain
paqui.lucio@ehu.es

Inmaculada P. de Guzmán
University of Málaga
Spain
guzman@ctima.uma.es
Montserrat Hermo
University of the Basque Country
Spain
montserrat.hermo@ehu.es
Hsi-Ming Ho
University of Cambridge
UK
hsimho@gmail.com
Akash Hossain
University of Paris Diderot
France
akashoss42@gmail.com
Tomi Janhunen
University of Tampere
Finland
tomi.janhunen@aalto.fi
Timothy M. Jones
University of Cambridge
UK
tmj32@cl.cam.ac.uk
Joost J. Joosten
University of Barcelona
Spain
jjoosten@ub.edu

Angelo Montanari
University of Udine
Italy
angelo.montanari@uniud.it
Benjamin Mörzinger
Technische Universität Wien
Austria
moerzinger@ift.at
Barbara Oliboni
University of Verona
Italy
barbara.oliboni@univr.it
Anastasia Paparrizou
University of Artois
France paparrizou@cril.fr
Andrea Pascucci
University of Bologna
Italy andrea.pascucci@unibo.it
Adriano Peron
University of Napoli ‘Federico II’
Italy
adrperon@unina.it
Quentin Peyras
University of Toulouse
France
quentin.peyras@onera.fr

Roman Kontchakov
University of London, Birkbeck
UK
roman@dcs.bbk.ac.uk

Luca Poluzzi
University of Bologna
Italy
luca.poluzzi5@unibo.it

François Laroussinie
University of Paris Diderot
France
francoisl@irif.fr

Mark Reynolds
University of Western Australia
Australia
mark.reynolds@uwa.edu.au

Authors

0:xi

Romeo Rizzi
University of Verona
Italy
romeo.rizzi@univr.it

Guohui Xiao
Free University of Bozen-Bolzano
Italy
xiao@inf.unibz.it

Vladislav Ryzhikov
University of London, Birkbeck
UK
vlad@dcs.bbk.ac.uk

Michael Zakharyaschev
University of London, Birkbeck
UK
michael@dcs.bbk.ac.uk

Pietro Sala
University of Verona
Italy
pietro.sala@univr.it

Matteo Zavatteri
University of Verona
Italy
matteo.zavatteri@univr.it

Yakoub Salhi
University of Artois
France
salhi@cril.fr

Michał Zawidzki
University of Łódź
Poland
michal.zawidzki@gmail.com

Sixto Sánchez
University of Málaga
Spain
sixto@uma.es

Kevin Zhou
University of Cambridge
UK
rkz20@cam.ac.uk

Michael Sioutis
University of Aalto
Finland
michael.sioutis@aalto.fi
Heiner Stuckenshmidt
University of Mannheim
Germany
heiner@informatik.uni-mannheim.de
Luca Tavasci
University of Bologna
Italy
luca.tavasci2@unibo.it
Luca Viganó
King’s College London
UK
luca.vigano@kcl.ac.uk
Przemysław Andrzej Wałega
University of Oxford
UK
p.a.walega@gmail.com
Melisachew Wudage Chekol
University of Mannheim
Germany
mel@informatik.uni-mannheim.de

TIME 2019

List of PC Members
Alessandro Artale
Beatrice Berard
Nathalie Bertrand
Dietmar Berwanger
Claudio Bettini
Davide Bresolin
Clare Dixon
Michael Fisher
Rajeev Gore
Giovanna Guerrini
Keijo Heljanko
Luke Hunsberger
Peter Jonsson
Bart Kuijpers
Orna Kupferman
Federica Mandreoli
Bastien Maubert
Emilio Muñoz-Velasco
Manuel Ojeda-Aciego
Mark Reynolds
François Schwarzentruber
Martin Theobald
Vassilis Tsotras

26th International Symposium on Temporal Representation and Reasoning (TIME 2019).
Editors: Johann Gamper, Sophie Pinchinat, and Guido Sciavicco
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

Computing the Fourier Transformation over
Temporal Data Streams
Michael H. Böhlen
University of Zürich, Switzerland
boehlen@ifi.uzh.ch

Muhammad Saad
University of Zürich, Switzerland
saad@ifi.uzh.ch

Abstract
In radio astronomy the sky is continuously scanned to collect frequency information about celestial
objects. The inverse 2D Fourier transformation is used to generate images of the sky from the
collected frequency information. We propose an algorithm that incrementally refines images by
processing frequency information as it arrives in a temporal data stream. A direct implementation
of the refinement with the discrete Fourier transformation requires O(N 2 ) complex multiplications
to process an element of the stream. We propose a new algorithm that avoids recomputations and
only requires O(N ) complex multiplications.
2012 ACM Subject Classification Information systems → Stream management; Theory of computation → Data structures and algorithms for data management
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1

Introduction

The discrete Fourier transform (DFT) converts a function of time into a function of frequency.
The inverse of the DFT restores a time-varying function from its Fourier transform. In radio
astronomy, high resolution images of celestial objects, such as stars and galaxies, are produced
by directly measuring radio signals with an array of radio antennas. Each pair of antennas
measures a visibility: a complex value that encodes amplitude and phase information of
a radio signal. Each measured visibility value quantifies a single frequency component of
the radio signal measured at a single time and a single (u, v) coordinate in the uv-plane.
The main concept in radio astronomy is that the image of the sky has a Fourier transform
that can be measured directly by a radio interferometer in the form of visibilities. A single
visibility carries limited information about the spatial structure of the source. Hence, to
produce a sky image with accurate spatial information, visibility values are measured at
different coordinates in the uv-plane. The sky image is generated by taking the inverse
2D-DFT of the visibilities in the uv-plane.
Algorithms for computing the Fourier transform on streams can be divided into three
classes: The first class computes DFT for sliding windows that overlap. If the sliding window
advances for each point in the stream, then the DFT for that window can be computed
efficiently using Sliding DFT algorithms [2], [3], [4], [6], [7]. The second class consists of
algorithms when the window advances by multiple new points. The DFT of such hopping
window can be computed as proposed in [5], [8]. The third class are variants of the FFT
© Michael H. Böhlen and Muhammad Saad;
licensed under Creative Commons License CC-BY
26th International Symposium on Temporal Representation and Reasoning (TIME 2019).
Editors: Johann Gamper, Sophie Pinchinat, and Guido Sciavicco; Article No. 1; pp. 1:1–1:4
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany
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algorithm [1], which is used when windows do not overlap. The methods require a quadratic
number of complex multiplications. In this paper, we propose a new algorithm, the Single
Point Fourier Transform (SPFT), for computing DFT of a stream where each new item in
the stream updates a 2D-grid. Each time a 2D-grid is updated its DFT can be computed
with a linear number of complex multiplications.

2

Background

A visibility value V = c + di at coordinate (u, v) is measured for two antennas at a time point
tn . The antennas measure and generate a continuous and infinite stream S of visibilities:
S(anta , antb , ti ) = [V, (u, v)]. As a running example we use the following stream of visibilities:
S(ant1 , ant2 , t1 ) = [4 + 5i, (2, 2)],
S(ant2 , ant3 , t3 ) = [4 + i, (2, 3)],

S(ant1 , ant3 , t2 ) = [−6 + 3i, (3, 1)],
S(ant1 , ant2 , t4 ) = [9 − 6i, (1, 1)],
S(ant1 , ant1 , t6 ) = [1 − 2i, (3, 0)], ...

S(ant1 , ant2 , t5 ) = [4 + 3i, (2, 2)],

V (tn ) denotes the visibility grid that includes all visibilities from time t0 to time tn .
Vu,v denotes the cell of visibility grid V at coordinate (u, v). Multiple visibility values that
fall into the same cell in grid V are added as illustrated in Table 1. For example, value
(8 + 8i) in cell (2, 2) of V (t6 ) is the result of adding the visibilities of S(ant1 , ant2 , t1 ) and
S(ant1 , ant2 , t5 ).
Table 1 Visibility grids generated by stream S at times t2 and t6 .

V(t2 )

0

1

2

3

0
1

v

V(t6 )

0

4 + 5i
−6 + 3i

3
u

2

3

8 + 8i

4+i

v

9 − 6i

1

2

1

0
2
1 − 2i −6 + 3i

3
u

I(tn ) denotes the sky image that is computed as the inverse Fourier transform of V (tn ).
The cardinalities of the visibility grid and the image are identical. Ix,y denotes the cell of
the sky image I at coordinate (x, y), x, y = 0, 1, 2, ..., N − 1. The discrete Fourier transform
(DFT) can be used to compute the value of Ix,y at time tn :
Ix,y (tn ) =

N
−1 N
−1
X
X

Vu,v (tn ) · W (ux+vy) ,

W =e

i2π
N

(1)

u=0 v=0

The exponents W k , k = 0, 1, 2, ..., N − 1 are the primitive N th roots of unity according
i2π
2π
to Euler’s formula: W k = (e− N )k = cos( 2π
N k) + isin( N k).
When a new visibility value S(anti , antj , tn+1 ) = [a + bi, (u, v)] arrives it is possible to
compute I(tn+1 ) incrementally from I(tn ):
Ix,y (tn+1 ) = Ix,y (tn ) + S(tn+1 ) · W ax+by

(2)

I(tn+1 ) can trivially be computed with N 2 complex multiplication operations as illustrated
in Table 2.

M. H. Böhlen and M. Saad
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Table 2 Incrementally computing I(tn ) from I(tn−1 ).

I(tn )

0
I (t
)+
0 0,0 n−1 0a+0b
S(tn ) · W
I (t
)+
1 1,0 n−1 1a+0b
S(tn ) · W
···
I
(t
)+
N − 1 N −1,0 n−1
S(tn ) · W (N −1)a+0b

1
I0,1 (tn−1 ) +
S(tn ) · W 0a+1b
I1,1 (tn−1 ) +
S(tn ) · W 1a+1b
···
IN −1,1 (tn−1 ) +
S(tn ) · W (N −1)a+1b

...
...
...
...

N −1
I0,N −1 (tn−1 ) +
S(tn ) · W 0a+(N −1)b
I1,N −1 (tn−1 ) +
S(tn ) · W 1a+(N −1)b
···
IN −1,N −1 (tn−1 ) +
S(tn ) · W (N −1)a+(N −1)b

y

x

3

Single Point Fourier Transform

We propose the Single Point Fourier Transform (SPFT), a method that reduces the O(N 2 )
complex multiplications to O(N ) complex multiplications. Let S(anti , antj , tn+1 ) = [c +
di, (u, v)]. The element-wise subtraction of visibility grid V (tn ) from V (tn+1 ) yields a N × N
grid Z(tn+1 ) where all elements are zero except value c + di at coordinate (a, b):
(
S(tn+1 ) if a = u, b = v
Z(tn+1 ) =
0
otherwise
The 2D-DFT I(Z(tn+1 )) can be computed as:
I(Z(tn+1 )) = S(tn+1 ) · T (a, b)

(3)

where T (a, b) is a 2D matrix consisting of twiddle factors as follows:
Tx,y (a, b) = W (ax+by)%N

(4)

We denote each row and column of twiddle factor matrix T (a, b) by Rj and Cj , respectively.
The k th elements of these vectors are denoted by Rj [k] and Cj [k], respectively. The exponents
of twiddle factors of the rows are the modulo of multiples of coordinate b with a constant z
added, i.e., (z + (i × b))%N , where z is a multiple of a. For each row the multiple can be
different. For columns C0 , C1 , ..., CN −1 the roles of a and b are switched.
Rj [k] = W (j×a+k×b)%N ,

Cj [k] = W (j×b+k×a)%N

∀j, k = 0, 1, 2, ..., N − 1

The key result is that either each row is a rotation of the first row or each column is a
rotation of the first column.
Rj = CSHIF T (R0 , (j ∗ nshif t)%N ),

Cj = CSHIF T (C0 , (j ∗ nshif t)%N )

For coordinate (a, b) and a 2m × 2m matrix, there can be a column or row shift or both.
There is not a case when neither a row nor column shift is applicable.

4

Conclusion and Outlook

We proposed an algorithm to efficiently compute the 2D-DFT of a temporal stream. The
SPFT algorithm computes the 2D-DFT iteratively for each update by reusing computations
to minimize the number of complex multiplications. Rather than recomputing the Fourier
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Table 3 Number of complex multiplications required for a single point update.

Algorithm

# of complex
multiplications

DFT
FFT
SPFT

4N 2
4N 2 log N
4N

32 × 32
4,096
20,480
128

64 × 64
16,384
98,304
256

GridSize
(N × N)
128 × 128 256 × 256
65,536
262,144
458,752
2,097,152
512
1,024

512 × 512
1,048,576
9,437,184
2,048

transform for all points of the temporal stream, our approach only computes DFT for the
current point in a stream and adds it to the DFT of the previous values. Our approach
requires 20-40 times less operations than FFT for different grid sizes.
In the future it would be interesting to investigate techniques to improve the cost for
matrix additions, e.g., by distributing the computation of the additions. Further, the batching
of observations, which benefits FFT, should be investigated for applications where this is
feasible.
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Abstract
To provide with easy and optimal access to digital information, narrative summaries must have a
coherent and natural structure. Depending on how a summary is produced, a distinction can be
made between extractive and abstractive summaries. Using an abstractive summarization approach,
the relevant information (e.g., who? what?, when?, where?,...) could be fused together, leading
to the generation of one or more new sentences. However, in order to do this it is necessary to
obtain and process the temporal information in a text. A very effective way is the generation of
timelines starting from multiple documents so that the generation of summaries is supported by the
generated timeline, without losing the relevant temporal information of the texts. In this proposal, a
enriched timeline is generated automatically, and the process of generating abstractive summaries is
presented using this timeline as a basis [1]. Finally, potential applications of the automatic timeline
generation would be presented, as for example its application to Fake News detection.
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1

Introduction

As human beings, we tend to organize the flux of happening in structured units known as
events. Each event is a fact that occurs in the (real or imaginary) world with a specific
structure (the event structure), and denotes processes, activities, states, achievements or
accomplishments [7]. An event involves participants [3] and other components that complete
the event such as time, place, instruments, patients, etc. In ISO TimeML Working Group[2],
the event was defined as “something that can be said to obtain or hold true, to happen or to
occur”. Moreover, relating and ordering the information extracted from different documents
is an essential task to obtain this knowledge. This cross-document processing improves the
traditional single-document extraction and uses information redundancy to its advantage.
Hence, event ordering is a crucial task within Natural Language Processing. CrossDocument Event Ordering implies the accomplishment of three sub-tasks [10]. First of all,
the extraction of events and related entities from texts, because it is necessary to know which
events appear in each document, and which entities are related to each one of them. Then
temporal information processing is required in order to extract the temporal expressions and
the temporal relationships established between these events, determining thus which events
happen at the same time. Finally, cross-document event coreference is needed in order to
cluster all the mentions that refer to the same event, regardless of the words used to express
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them. The final aim of combining event extraction and temporal information processing
with cross-document event coreference enables us to automatically build ordered timelines of
events from written texts.
To provide users with relevant information, summaries must provide a coherent and
natural structure [5]. Text summarization allows to condense the relevant information of
different documents (e.g. news) [6].
The main objective of this work is to demonstrate how the use of automatic timelines
can benefit multiple NLP applications, including the generation of narrative abstractive
summaries based on a natural time ordering of events from a set of documents (news in
this case) that deal with the same real events, as it was described in depth in [1]. This
approach has two main components: (i) a cross-document timeline generation module that
extracts events related to the same entity from several texts (cross-document) and the
time slot in which each event occurs, arranging them in a timeline; and (ii) an abstractive
summarization module that transforms these time-ordered events into a single text with a
time-based chronological narrative structure.

2

Cross-document Enriched TimeLine Extraction

As previously explained, given a set of documents and a set of target entities, the original
task of Cross-Document Timeline Extraction consists of building an event timeline for a
target entity from a set of documents [8].
As presented in [11], theoretically, the main idea of our approach is that two events e1
and e2 will be coreferent if they are not only temporal compatible (e1t = e2t ) but also if
they refer to the same facts (semantic compatibility: e1s ' e2s ):
coref (e1, e2) → (e1t = e2t ) ∧ (e1s ' e2s )
Our proposal extends the approach by enriching the event clusters with all the arguments
extracted from these events in the different documents where they are presented (see [11] for
further details). The steps of this module are:
Temporal clustering. The input is a set of plain texts, and, therefore, the events in
those texts must be automatically extracted. Furthermore, considering that the final
aim is building a timeline, temporal expressions and temporal links between events and
times are required. For this reason, the first step is performing Temporal Information
Extraction and Processing, and TIPSem system [4] is used for this purpose. Considering
the premise that two events mentions referring to the same event happen at the same
time, and using the temporal annotation of the input texts (TimeML), the temporal
clustering algorithm performs two steps:
Within-document temporal clustering: For each document, the temporal information
of each event is extracted. Each event is anchored to a time anchor1 when a temporal
SIMULTANEOUS/ BEGIN/ INCLUDES link exists between this event and a temporal
expression. After this, two events will be considered part of the same cluster if they
are temporally compatible. This means that: a) two events are anchored to the same
time anchor, or b) two events have a temporal SIMULTANEOUS link between them.

1

A time anchor is always a DATE (as defined in TimeML) and its format follows the ISO-8601 standard.
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Cross-document temporal clustering: Considering that in the previous step all the
events of each document were assigned to a time anchor, in this step, this information
is merged in a single timeline, in which all the events of the different documents are
clustered together if they are happening at the same time.
Finally, the temporal clusters are chronologically ordered.
Semantic clustering. The events are clustered using event type information and
distributional semantic knowledge. Two or more event mentions in the same time slot
could refer to the same real event. To detect these corefential events, we have applied a
clustering process based on two kinds of semantic information: the first one is the event
type and the second one is the distributional semantic similarity between event mentions.
During the event extraction process, each event mention has been classified according to
its type of event following TimeML standard: occurrence, perception, reporting, aspectual,
state, intentional state and intentional action. All the event mentions with the same
time slot have been regrouped after also considering the type of event assigned. Next,
our approach clusters coreferential events (identifies all the events that share the same
time slot and the same type of event) according to the compositional-distributional
semantic similarity between them. The semantics of the event structure is represented as
a compositional-distributional vector. These vectors are called contextual vectors.
In our approach each event structure is formed, on the one hand by the event head and,
on the other hand by the nouns, verbs and adjectives of the main arguments. All this
information is extracted by applying Freeling as Part of Speech tagger and Semantic Role
Labeling system. Following the additive model [9], these word vectors are added in a
single compositional vector that represents the distributional meaning of the whole event
structure.
Event cluster enrichment. In the original concept of timeline, only events are grouped
together in the clusters and not the arguments involved in those events that constitute a
fundamental part of the information. Therefore, in this step, all the arguments (semantic
roles extracted in the previous step with Freeling) of the events in each cluster are added
to the timeline, enriching the information provided for each event.

3

Abstractive Summarization

The aim of this module is to produce a narrative abstractive summary with chronological
information given an enriched timeline as input. As presented in depth in [1], this summary
is generated employing NLG techniques. In particular, we employ a hybrid surface realization
approach, based on over-generation and ranking techniques. For each of the enriched cluster
of events from the enriched timeline, the next steps are applied:
Argument selection: in case there is more than one argument for the same semantic role,
a statistical selection of the arguments from the timeline is performed.
Obtaining verb frames: information about the frames corresponding to the verbs of
each event is obtained to generate a sentence without the need to resort to grammar
specifications.
Sentence Generation: for each of the frames obtained a sentence is generated, based on
the frame structure.
Sentence Ranking: a ranking is performed for selecting only one sentence representing a
specific event (cluster of event mentions) in the timeline.
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4

Conclusions and Further Work

In this paper an integrated approach is presented on two basic aspects. First, it is based on the
fact that humans tend to apply chronological ordering of events in the summarizing process,
which implies the need for timelines [11]. Second, when using an abstractive summarization
approach, rather than an extractive one, the relevant information could be fused together,
leading to the generation of more complete sentences, and thus, more comprehensible and
effective summaries [1]. The proposal comprises two main modules: i) Enriched Timeline
Extraction module, and ii) Abstractive Summarization module.
Enriched timeline generation has multiple applications in Natural Language Processing
approach. Apart from summarization, the timeline with arguments can be used to detect
contradictions in different media outlets, which is one the foundamentals when detecting
mis- or disinformation. Furthermore, it can be used in fact-checking purposes or misleading
headlines.
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Abstract
In this talk, I will show how one can characterize and compute Nash equilibria in multiplayer games
played on graphs. I will present in particular a construction, called the suspect game construction,
which allows to reduce the computation of Nash equilibria to the computation of winning strategies
in a two-player zero-sum game.
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1

Introduction

Multiplayer concurrent games over graphs allow to model rich interactions between players.
Those games are played as follows. In a state, each player chooses privately and independently
an action, defining globally a move (one action per player); the next state of the game is
then defined as the successor (on the graph) of the current state using that move; players
continue playing from that new state, and form a(n infinite) play. Each player then gets
a reward given by a payoff function (one function per player). In particular, objectives of
the players may not be contradictory: those games are non-zero-sum games, contrary to
two-player games used for controller or reactive synthesis [10, 7].
Using solution concepts borrowed from game theory, one can describe the interactions
between the players, and in particular describe their rational behaviours. One of the most
basic solution concepts is that of Nash equilibria [8]. A Nash equilibrium is a strategy profile
where no player can improve her payoff by unilaterally changing her strategy. The outcome
of a Nash equilibrium can therefore be seen as a rational behaviour of the system. While very
much studied by game theoretists (e.g. over matrix games), such a concept (and variants
thereof) has been only rather recently studied over games on graphs. Probably the first
works in that direction are [5, 4, 11, 12].
Computing Nash equilibria requires to (i) find a good behaviour of the system; (ii) detect
deviations from that behaviour, and identify deviating players (called deviators); (iii) punish
them. Variants of Nash equilibria (like subgame-perfect equilibria, robust equilibria, etc)
require slightly different ingredients, but they are mostly of a similar vein.
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In this talk, we will first recall some basics of game theory over matrix games. Those
games are not sufficient in a verification context: indeed, explicit states are very useful when
modelling systems or programs, but are missing in matrix games. However stability notions
like Nash equilibria or other solution concepts borrowed from game theory, are very relevant.
We will thus present the model of concurrent multiplayer games (played on graphs), which
extends in a natural way standard models used in verification with multiplayer interactions.
We will explain how Nash equilibria can be characterized and computed in such general
games. We will also discuss some existence results for Nash equilibria.
A reference note for this talk is [1]. Related notes are [10], which discussed the use of
two-player zero-sum games in verification, and [6], which discussed solution concepts in
multiplayer turn-based games on graphs.
To give a taste of the approach, we informally discuss below a simple scenario. The
general case with concurrent games and more general payoff functions will be handled by the
suspect game abstraction, which somehow generalizes the simple scenario below. For readers
not familiar at all with games, you can skip the discussion and wait until the talk.

2

Discussion on a Simple Scenario

We fix a turn-based and deterministic game G with set of players P , and we assume that the
payoff function for each player A ∈ P is given by a Boolean prefix-independent objective φA
(that is, the player gets +1 is the play satisfies φA , and 0 otherwise). Each player A plays
using a (deterministic) strategy σA , and once a strategy is fixed for every player, we have a
strategy profile σ = (σA )A∈P . In such a game, the player objective is to make the generated
play satisfy her formula. Hence, if the unique outcome of σ satisfies φA , then player A is
satisfied. Otherwise player A will try to be more satisfied by changing her strategy; the new
strategy is then called a (single-player) deviation. The strategy profile σ will then be a (pure)
Nash equilibrium if it is resistant to single-player deviations.
In our simple setting, it will be rather easy to characterize deviations that are profitable
to player A: once a deviation by player A has occurred, we assume that all other players
(which we note as a coalition L−AM) play optimally in σ for the objective ¬φA .1 That way, if
the outcome of the strategy does only visit winning states for L−AM (which we denote WLAM ),
then no deviation for player A can be profitable; conversely if the outcome visits a winning
state for A (by determinacy, this is the negation of the previous case), then there will be a
profitable deviation for player A. One can then characterize Nash equilibria as follows:
I Proposition 1. Let ρ be an infinite path in G from the initial vertex vinit . Then, ρ |= ΦNE
if and only if there is a Nash equilibrium σ from vinit such that the outcome of σ is ρ, where

^ 
ΦNE =
¬φA ⇒ GWL−AM
A∈P

The situation is illustrated on Figure 1. Note that by determinacy, “Player A1 should
lose” can be replaced by “Coalition {A2 , A3 } prevents A1 from winning”.
A solution to compute Nash equilibria is then to compute for every A ∈ P the set WL−AM
(or equivalently WA ), and to compute an infinite path in the game which satisfies formula
ΦNE (which can be done for instance by enumerating the possible set of losing players, and
then finding an adequate ultimately periodic play). Obviously, for specific winning conditions,
more efficient algorithms can be designed, see for instance [13, 2].
1
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Player A1 loses along that play

...

φA : objective of player A
Player A1
should lose
i.e.
Coalition {A2 , A3 }
prevents A1 from winning
Figure 1 General shape of a Nash equilibrium in the simple setting (example with three players
A1 , A2 and A3 ).
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Abstract
We present a modal logic for representing and reasoning about space seen from the subject’s
perspective. The language of our logic comprises modal operators for the relations “in front”,
“behind”, “to the left”, and “to the right” of the subject, which introduce the intrinsic frame of
reference; and operators for “behind an object”, “between the subject and an object”, “to the left of
an object”, and “to the right of an object”, employing the relative frame of reference. The language
allows us to express nominals, hybrid operators, and a restricted form of distance operators which,
as we demonstrate by example, makes the logic interesting for potential applications. We prove that
the satisfiability problem in the logic is decidable and in particular PSpace-complete.
2012 ACM Subject Classification Theory of computation → Complexity theory and logic; Theory
of computation → Modal and temporal logics; Theory of computation → Automata over infinite
objects; Theory of computation → Verification by model checking
Keywords and phrases spatial logic, modal logic, subject-oriented, computational complexity
Digital Object Identifier 10.4230/LIPIcs.TIME.2019.4
Funding Przemysław Andrzej Wałęga: the SIRIUS Centre for Scalable Data Access, the EPSRC
projects DBOnto, AnaLOG, and ED3 ; and the Foundation for Polish Science (FNP).
Michał Zawidzki: the NCN grant DEC-2011/02/A/HS1/00395.

1

Introduction

Spatial reasoning is one of the most interesting abilities that humans possess and whose
modeling is still a great challenge for AI. Research in this area is interesting from a theoretical
point of view, for it may help us understand how people reason and use language, and from a
practical perspective, as it may result in methods with a broad range of applications, e.g., in
robotics [10] or geographical information systems [9].
There is a great variety of logical approaches to spatial reasoning which exploit the
machinery of modal logics [32, 19, 21, 17, 5, 20, 22], relational algebras [24, 16, 28, 23],
and first-order theories [8, 28, 27], among others. Various aspects of space are modeled by
these systems, such as topology, directions, distance, orientation, size, shape, etc.; some
use quantitative and other qualitative methods which, by the way, are often inspired by
human-like reasoning. What is common for many of these approaches (especially for the ones
based on modal logics) is that a frame of reference imposed on objects in order to describe
and reason about their location is absolute. However, various studies show that users of
Indo-European languages (e.g., English and Dutch) or Japanese mostly adopt the intrinsic
frame of reference (also called object-centered, e.g., “something is to the left of me”) or the
relative one (called egocentric, e.g., “something is to the left of a given object with respect to
my location”), when performing both linguistic and non-linguistic tasks [14, 18, 15].
1
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To illustrate how space can be perceived from different points of view consider the spatial
arrangement depicted in Figure 1. From the subject’s point of view “the flower is in front of
me” (intrinsic frame of reference) and “the flower is between the door and myself” (relative
frame of reference). On the other hand, from the aerial perspective “the flower is to the
south of the door” (absolute frame of reference).

door

door

flower
flower
subject
(a)

(b)

Figure 1 A spatial configuration viewed from the subject’s (a) and aerial (b) perspectives.

A logical system modeling such a subject-oriented way of representing and reasoning
about space could have a number of practical applications, e.g., in designing architectural
objects which are required to be perceived by humans in a specific way, assisting blind
persons, or giving directions to someone who is lost. In this paper we address this topic by
constructing a modal logic for subject-oriented spatial reasoning (denoted by SOSL) which
allows us to express spatial relations in both intrinsic and relative frames of reference, and
which, to the best of our knowledge, is the first modal logic of this type.
To represent the two-dimensional space in a subject-oriented way, we use the polar
coordinate system with a subject located at its center and with a spatial universe consisting
of cells denoted by the polar coordinates of their central points, i.e., by a pair of a radiuscoordinate, and a linear-coordinate (see Figure 2). To capture the intrinsic frame of reference
we will introduce modal operators for the relations “in front of the subject” ( ), “behind the
subject” ( ), “to the left of the subject” ( ), and “to the right of the subject” ( ), and to
capture the relative frame of reference we will use operators expressing the relations “behind
an object” ( ), “between an object and the subject” ( ), “to the left of an object” ( ),
and “to the right of an object” ( ). Moreover, we will employ operators expressing the
single-step relations between adjacent cells, namely “away from the subject” ( ↑ ), “towards
the subject” ( ↓ ), “counter-clockwise” ( ← ), and “clockwise” ( → ). As we will show in the
paper, such a language is expressive enough to define the universal modality (A), where
Aϕ states that ϕ holds in all cells, nominals, i.e., atoms which hold in exactly one cell,
satisfaction operators of the form @i , where i is a nominal, stating that ϕ is satisfied in the
cell in which i holds, and operators expressing distance, e.g., ♦=d ϕ for “ϕ holds in a cell
with a not-smaller radius-coordinate which is in distance d” or ♦<d ϕ for “ϕ holds in a cell
with a not-smaller radius-coordinate which is closer than d” etc. Then, in the intrinsic frame
of reference the relation between the flower and the door from Figure 1 is described by the
SOSL-formula flower, and in the relative frame of reference by @door flower.
We will prove that the satisfiability problem of SOSL-formulas is decidable (in contrast to
many two-dimensional modal logics [32, 21, 12]) and in particular PSpace-complete (the same
as for one-dimensional Linear Temporal Logic [11, 3]). To show the lower bound we reduce
the satisfiability problem of Linear Temporal Logic, and for the upper bound we present
a relatively complex (due to the fact that SOSL is a two-dimensional logic with 12 modal
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operators) construction of a generalized nondeterministic Büchi automaton which accepts
precisely those words which describe models of a given SOSL-formula. As a result, we obtain
a two-dimensional and subject-oriented logic which is decidable and enables us to express and
reason about complex spatial configurations in the intrinsic and relative frames of reference.
In what follows, we present examples demonstrating the expressive power of the language
and its potential applications.
Modeling human cognition. Modeling human-centered cognition is required in various
applications, e.g., in Computer-Aided Architecture Design (CAAD) systems to address
problems such as indoor spatial awareness, visibility analysis, or wayfinding [6, 7]. The
subject-oriented representation of space makes SOSL an adequate tool for the above-mentioned
applications. For the sake of example consider the following SOSL-formulas specifying how
household goods should be located with respect to a person sitting on a sofa, where sofa, tv,
and window are propositional variables and d ∈ R:
sofa ∧

(tv ∧

window) ∧ ♦≤d lamp;

A(tv ∨ window → ¬ lamp) ∧ A(tv → ¬ window).
The first formula states that the configuration is described from the perspective of a person
sitting on a sofa. There should be a tv standing in front of ( ) the sofa and a window
located to the right of ( ) this tv with respect to the sofa. Furthermore, there should be
a lamp located in a distance at most d (♦≤d ) from the sofa. The second formula describes
the following universal constraints: no lamp can stand between ( ) any tv and the sofa or
between any window and the sofa (not to block the view); and no window can be located
behind ( ) any tv (for a better visibility). To determine whether the specification is spatially
possible one can check whether the conjunction of presented SOSL-formulas is satisfiable.
Preprocessing spatial data. Spatial data gathered by artificial visual systems (e.g., in
robotics) is often represented in the polar coordinate system [31], hence SOSL can be used
to reason about such data. Indeed, the following example shows how SOSL-formulas allow
us to filter noisy data and detect borders of obstacles, where obst is a propositional variable
satisfied in cells where an obstacle was detected:
noise ↔ obst ∧ (¬ ↑ filt-obst ∧ ¬ ↓ filt-obst ∧ ¬ ← filt-obst ∧ ¬ → filt-obst)
filt-obst ↔ obst ∧ ¬noise

(1)
(2)

bord-obst ↔ filt-obst ∧ ( ↑ ¬filt-obst ∨ ↓ ¬filt-obst ∨ ← ¬filt-obst ∨ → ¬filt-obst)

(3)

The formula (1) marks as noise each cell recognized as an obstacle, for which there are
no adjacent cells which are also recognized as obstacles. In (2), the input data is filtered
by marking all non-noise cells which were recognized as obstacles with filt-obst. Then, (3)
determines the borders of obstacles by marking with bord-obst the cells which are marked as
filt-obst and have at least one adjacent cell which is not marked as filt-obst.
Combining qualitative and quantitative reasoning. The modal operators in SOSL allow
us to express qualitative as well as quantitative relations, and use both to perform reasoning.
Indeed, for any d, d1, d2 ∈ R, any nominals objA, objB, objC, and subject being a nominal for
the subject, the following formulas are tautologies in SOSL:
subject ∧ ♦=d objA ∧ @objA objB → ♦>d objB
subject ∧ ♦=d objA ∧ ♦=d objB → @objA (objB ∨

(4)
objB ∨

@objA ♦=d1 objB ∧ @objB ♦=d2 objC → @objA ♦≤d1+d2 objC

objB)

(5)
(6)
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The formula (4) states that if objB is behind objA, then objB is further away from the subject
than objA, (5) states that if objA and objB are situated in the same distance from the subject,
then they occupy the same cell, or one of them is to the left of the other, and (6) expresses
the (purely quantitative) triangle inequality theorem.
The remaining part of the paper is structured as follows. In Section 2 we define the
syntax and semantics of SOSL, and in Section 3 we compare SOSL with other modal logics
for spatial reasoning. Then, in Section 4, we determine the operators that are expressible in
SOSL, and in Section 5 we prove PSpace-completeness of the satisfiability problem in the
logic. Finally, we conclude the paper in Section 6.

2

Syntax and Semantics

In this section we present formally the syntax and semantics of SOSL. The language of the
logic includes the following elements:
prop – a countably infinite set of propositional variables;
{¬, ∨} – a set of logical connectives;
{ , , , , , , , , ↑ , ↓ , ← , → } – a set of SOSL modal operators;
{(, )} – a set of parentheses.
I Definition 1. The set of SOSL-formulas is generated by the following grammar:
ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | ϕ,
where p ∈ prop and  is an SOSL modal operator.
The logical constants and other connectives are defined in a standard way: > = p ∨ ¬p,
⊥ = ¬>, ϕ ∧ ψ = ¬(¬ϕ ∨ ¬ψ), ϕ → ψ = ¬ϕ ∨ ψ, ϕ ↔ ψ = (ϕ → ψ) ∧ (ψ → ϕ), where
p ∈ prop and ϕ, ψ are SOSL-formulas. Moreover, for  ∈ { , , , , , , , } we
define a dual box operator ϕ = ¬¬ϕ. For any SOSL-formula ϕ, we will use ↑ n ϕ as an
n times
z }| {
abbreviation of ↑ . . . ↑ ϕ, and we adopt the analogous notation for iterations of ↓ , ← , and → .
Furthermore, for n ∈ N, we identify ↑ −n with ↓ n ; and ← −n with → n .
The universe of an SOSL-model is an infinite plane partitioned into two-dimensional
cells, each of length 1 and angular width of 1 degree, and an additional cell representing the
subject, located at the center of the plane – see Figure 2. Each cell is identified with the
pair of polar coordinates of its centroid, where the subject is denoted by h0, 0i and every
non-subject cell by hr, θi, for r ∈ N+ (we use N+ for the set of positive natural numbers and
N for natural numbers with 0) and θ belonging to the set of angle-values, defined as follows:
ang = {(0.5 + i) | i ∈ {−180, . . . , 179}}.
Note that ang contains 360 elements. We define the set C of all cells as follows:


C = h0, 0i ∪ hr, θi | r ∈ N+ and θ ∈ ang .

(7)

We introduce 12 binary relations between cells in C. First, we define 4 subject-orientation
relations: in front of the subject (R ), behind the subject (R ), to the left of the subject (R ),
and to the right of the subject (R ) – for a pictorial representation see Figure 2(a):
n
o
n
o


R = h0, 0i, hr, θi | −45 < θ < 45 ; R = h0, 0i, hr, θi | θ < −135 or θ > 135 ;
n
o
n
o


R = h0, 0i, hr, θi | 45 < θ < 135 ; R = h0, 0i, hr, θi | −135 < θ < −45 ,
where hr, θi ∈ C and r 6= 0. The angle coordinates of cells cannot have integer values, so
−135, −45, 45, 135 ∈
/ ang, thus R , R , R , and R partition the set of non-subject cells.
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Figure 2 Relations in intrinsic (a) and relative (b) frames of reference. For a better readability
we present 72 instead of all 360 cells in every ring around the subject.

The next 4 relations represent the location of one cell with respect to another (reference)
cell (denoted by v in Figure 2(b)), from the subject’s perspective: behind a cell (R ), between
a cell and the subject (R ), to the left of a cell (R ), and to the right of a cell (R ), which
are defined as follows:
R
R
R
R

o

hr1 , θ1 i, hr2 , θ2 i | r1 < r2 and |θ1 − θ2 | ≤ |r1 − r2 | ;
n
o

= hr1 , θ1 i, hr2 , θ2 i | r2 < r1 and |θ1 − θ2 | ≤ |r1 − r2 | ;
n
o

= hr1 , θ1 i, hr2 , θ2 i | θ2 < θ1 and |r1 − r2 | < |θ1 − θ2 | ;
n
o

= hr1 , θ1 i, hr2 , θi | θ1 < θ2 and |r1 − r2 | < |θ1 − θ2 | ,
=

n

where hr1 , θ1 i, hr2 , θ2 i ∈ C, and r1 , r2 6= 0. The relations defined in this manner allow us to
capture the subject’s perspective. Observe that for each non-subject cell hr1 , θ1 i the relations
R , R , R , and R partition the set of all non-subject cells distinct from hr1 , θ1 i.
The remaining 4 relations hold between adjacent cells: away from the subject (R ↑ ),
towards the subject (R ↓ ), counter-clockwise (R ← ), and clockwise (R → ). We define:
o n
o


hr1 , θi, hr2 , θi | r2 = r1 + 1 ∪ h0, 0i, h1, θi | θ ∈ ang ;
n
o

R ← = hr, θ1 i, hr, θ2 i | θ2 = θ1 − 1 ,
R↑ =

n

where hr1 , θ1 i, hr2 , θ2 i ∈ C. We define R ↓ and R → as the converse relations of R ↑ and R ← .
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I Definition 2. An SOSL-frame is a pair F = (C, R), where C is defined as in (7) and
R = {R |  is an SOSL-operator}. An SOSL-model is a pair M = (F, V ), where F = (C, R)
is an SOSL-frame and V : prop −→ P(C). The forcing relation is defined as follows:
M, hr, θi

p

iff

hr, θi ∈ V (p), for p ∈ prop

M, hr, θi

¬ϕ

iff

M, hr, θi 6 ϕ

M, hr, θi

ϕ∨ψ

iff

M, hr, θi

M, hr, θi

ϕ

iff

ϕ or M, hr, θi
0

ψ

0

there exists hr , θ i such that hr, θiR hr0 , θ0 i and M, hr0 , θ0 i

ϕ,

where hr, θi, hr0 , θ0 i ∈ C, ϕ, ψ are SOSL-formulas, and  is an SOSL-operator.
We will denote an SOSL-model of the form ((C, R), V ) by (C, R, V ). An SOSL-formula ϕ is
satisfiable if there exists an SOSL-model M = (C, R, V ) and hr, θi ∈ C such that M, hr, θi ϕ.
Observe that h0, 0i is a distinguished cell in every SOSL-model. In particular, a formula of
the form ϕ, for  ∈ { , , , }, can be satisfied only in h0, 0i, and no formula of the
form ϕ, for  ∈ { , , , }, can be satisfied in h0, 0i.

3

Related Work

In what follows we compare SOSL with some other modal logics for spatial reasoning. One
of the main lines of distinction we consider is between types of reference systems used to
describe the spatial location of an object in different logics. Usually, three main types of
frames of reference are distinguished, namely intrinsic, relative, and absolute [14, 18, 15].
In the intrinsic frame of reference, the location of an object is determined by means of a
binary relation between this object and a landmark object. The landmark object is “parsed”
into its major parts, e.g., its front, back, left side, and right side, and then a named facet of
the landmark object is used to describe the location of the first object, e.g., “the flower is in
front of the door” [14]. The subject itself can be treated as the landmark object, and so “the
flower is in front of me” is also a description in the intrinsic frame of reference [18].
In the relative frame of reference the position of an object is described by a ternary
relation involving this object, a landmark object, and the subject (say myself), e.g., “the
flower is between the door and myself” [18]. When describing the location of an object in the
relative frame of reference, one also needs to perform “parsing” of objects and so it seems
that the relative frame of reference cannot occur without the intrinsic one [26, 18].
In the absolute frame of reference, one uses fixed bearings or absolute coordinates such
as north, south, west, and east, e.g., “the flower is to the south of the door”. In the absolute
frame of reference, in contrast to the intrinsic and relative ones, a spatial description does
not change when the subject, not directly involved in the setting, changes their position [18].
In what follows we will compare SOSL with Compass Logic [32], Spatial Propositional
Neighborhood Logic (SpPNL) [21], and Cone Logic [20]. Although spatial objects (constituting
the universe of a model) and relations between them (interpreting modal operators) differ in
these logics, the location of an object is always described in the absolute frame of reference.
On the other hand, in SOSL we use both the intrinsic and relative frame of reference. Another
difference is that in SOSL we adopt the polar coordinate system, whereas in the other logics
the Cartesian system is used instead – see Table 1 for a cumulative comparison.
In Compass Logic [32, 19] spatial objects are points in the two-dimensional space, identified
with their Cartesian coordinates. Modal operators express the following relations between
points: “on the same horizontal line and above”, “on the same horizontal line and below”,
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Table 1 Comparison of modal logics for spatial reasoning.

logic:

spatial object:

Compass
SpPNL
Cone
SOSL

point
rectangle
set of points
cell

coordinates:

frame of reference:

Cartesian

absolute

polar

intrinsic, relative

complexity:
undecidable
undecidable
PSpace
PSpace

“on the same vertical line and to the left”, and “on the same vertical line and to the right”. It
is shown that the halting problem of a Turing machine reduces to the satisfiability problem
of Compass Logic formulas, which makes the latter problem undecidable [19].
Similarly to Compass Logic, SpPNL uses the two-dimensional space with Cartesian
coordinates. However, formulas are evaluated over rectangles rather than points. Intuitively,
each spatial object is approximated with its minimum bounding rectangle, and modal
operators express the following relations between these rectangles: “adjacent from above”,
“adjacent from below”, “adjacent to the left”, and “adjacent to the right”. It is worth
mentioning that similar relations are used in Rectangle Algebra [24]. Every formula from
(undecidable) Compass Logic can be translated into an equisatisfiable SpPNL-formula, and
so the satisfiability problem in SpPNL is also undecidable.
In Cone Logic [20] a spatial object is an arbitrary subset of the two-dimensional space.
Each point is denoted by a pair of Cartesian coordinates and modal operators express the
following cone-shaped relations between points: “to the north”, “to the south”, “to the west”,
and “to the east”. The satisfiability problem in Cone Logic over the rational plane Q × Q is
shown to be PSpace-complete using the tree (pseudo) model property [20].
To see how spatial representations differ in the above-discussed logics let us consider the
configuration from Figure 1. As depicted in Figure 3, in Compass Logic “the flower is below
and to the left of the door” (Figure 3a); in SpPNL “the minimal rectangle containing flower
is (completely) to the left and (completely) below the minimal rectangle containing the door”
(Figure 3b); in Cone Logic “the flower is to the south of the door” (Figure 3c); in SOSL “the
flower is in front of the subject” (Figure 3d); and “the flower is between the door and the
subject” (Figure 3e).
Observe that in Compass Logic, SpPNL, and Cone Logic the subject is not distinguished,
and so their position has no influence on the spatial representation of a scene. On the other
hand, the position of the subject is crucial when determining the relation between objects in
SOSL. For instance, if in the scene from Figure 3 the subject was turned towards the west
(instead of north), we would have “the flower is to the right of the subject” and if the subject
was standing on the stairs, we would have “the flower is to the right of the door”.
There is a number of other modal logics for spatial reasoning which, however, are less
related to SOSL. For instance, PDLFM [22] is an extension of Propositional Dynamic Logic [13]
in which relative movement of one object with respect to another is represented by means of
a tuple of parameters. There are also logics based on topological spaces [5, 17, 25], where
closure and interior operators are used to express topological relations such as “disconnected”,
“overlaps”, and “inside” known from Region Connection Calculus [28]. Furthermore, there
exist modal logics over affine spaces (allowing to express, e.g., the betweenness operator),
logics of nearness, and logics of convexity, among others [1].
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Figure 3 Spatial configuration from Figure 1 represented in Compass Logic (a), SpPNL (b), Cone
Logic (c), SOSL (intrinsic frame of reference) (d), and SOSL (relative frame of reference) (e).

4

Expressive Power

As we have mentioned in Section 1, the language of SOSL is expressive enough to define
a number of useful operators. First, we define the difference operator (D), where for an
arbitrary SOSL-formula ϕ, Dϕ states that ϕ holds in some cell distinct from the current cell:
Dϕ =

ϕ∨

ϕ∨

ϕ∨

ϕ∨

ϕ∨

ϕ∨

ϕ∨

ϕ∨ ↓ϕ∨

↓ ϕ.

The first line of the definition expresses Dϕ if the current cell is the subject itself, namely
the formula states that ϕ holds in some cell which is in front, behind, to the left, or to the
right of the subject. The second line allows us to express Dϕ if the current cell is not the
subject. In particular, it states that ϕ holds in some cell which is behind the current cell,
between this cell and the subject, to the left or to the right of this cell, one cell towards
the subject wrt to the current cell, or one cell towards the subject wrt to a cell which is
between the current cell and the subject. The last two disjuncts are necessary to express the
possibility that ϕ is satisfied in the subject. Then, the disjunction of the first and the second
line expresses Dϕ in any cell. Observe that irreflexivity of relations interpreting SOSL modal
operators is crucial for the definition presented above.
It is well-known that D allows us to express the somewhere operator (E) and its dual
operator, the everywhere operator (A), as follows:
Eϕ = ϕ ∨ Dϕ;

Aϕ = ¬E¬ϕ,

where Eϕ states that ϕ holds in some cell and Aϕ states that ϕ holds in all cells [2]. These
operators can be used to simulate a nominal i with a propositional variable pi , by expressing
that pi holds in exactly one cell [2]:
Epi ∧ A(pi → ¬Dpi ).
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Then, we can define a satisfaction operator @i (recall that @i ϕ states that ϕ holds in the
cell in which i holds) as follows [2]:
@i ϕ = E(pi ∧ ϕ).
Another interesting observation is that we can define a nominal subject which holds
exactly in the cell h0, 0i:
subject =

>.

Indeed, h0, 0i is the only cell which has R -successors, and so > holds only there. Furthermore, for any non-subject cell hr, θi, we can define a formula cellhr,θi which holds exactly
in this cell:
cellhr,θi = ↓ r ¬ ↓ > ∧ ← θ+179.5 ¬ ← >.
The formula states that the current cell has exactly r R ↓ -successors and exactly θ + 179, 5
R ← -successors, which is the case only if the current cell is hr, θi.
Next, we show how to define operators expressing (a restricted form of) the distance
between the central points of two cells. It is well-known that for two points with the polar
coordinates, hr1 , θ1 i and hr2 , θ2 i, we can compute the distance between them, denoted here
by dist(hr1 , θ1 i, hr2 , θ2 i), as follows:
q
dist(hr1 , θ1 i, hr2 , θ2 i) = r12 + r22 − 2 · r1 · r2 · cos(θ1 − θ2 ).
Therefore, to compute the distance between hr1 , θ1 i and hr2 , θ2 i, we need to determine the
values of r1 , r2 , and θ1 − θ2 , and then use them to perform arithmetic operations. As we show
below, it can be done (in a restricted way) by means of an SOSL-formula. For any d ∈ R+
(where R+ is the set of positive real numbers) we can define an operator ♦=d , such that
♦=d ϕ holds in hr, θi if ϕ holds in some hr0 , θ0 i such that r ≤ r0 and dist(hr, θi, hr0 , θ0 i) = d:
♦=d ϕ = ↑ d ∨

(8)
_


cellhr,θi ∧

(9)

hr,θi∈C|r<last(d)

_

↑

r 0 −r ← θ 0 −θ


ϕ ,

(10)

hr 0 ,θ 0 i∈C|r≤r 0 and dist(hr,θi,hr 0 ,θ 0 i)=d

where last(d) = min{n ∈ N+ | dist(hn, 0.5i, hn, 1.5i) > d} and we assume that ↑ d ϕ is false if
d is not an integer.
To capture the intuitions behind the definition above, assume that ϕ holds in hr0 , θ0 i
which is in the distance d from hr, θi and such that r ≤ r0 . Clearly, we have either θ0 = θ
or θ0 6= θ. In the first case, since the distance between hr, θi and hr0 , θ0 i equals d, we have
r0 = r + d, which is expressed by (8).
In the second case, we have θ0 6= θ. Suppose that r ≥ last(d). Then by the definition
of last(d) we can show that dist(hr, θi, hr0 , θ0 i) > d, which gives a contradiction with the
assumption that dist(hr, θi, hr0 , θ0 i) = d. Therefore, r < last(d), and so to determine the
coordinates of hr, θi it suffices to check for what values of r and θ (where r < last(d)) the
formula cellhr,θi is satisfied in the current cell, which is expressed by (9). Importantly, by the
condition r < last(d), the number of candidate values for r is bounded and so the disjunction
in (9) is not infinite.
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Assuming that we know the values of r and θ, it suffices to check whether there are values
for r0 and θ0 such that r ≤ r0 , dist(hr, θi, hr0 , θ0 i) = d, and ϕ holds in hr0 , θ0 i. Observe that
for any values of r, θ, and d there is a bounded number of values of r0 and θ0 such that
r ≤ r0 and dist(hr, θi, hr0 , θ0 i) = d, because non-subject cells cannot have arbitrarily small
dimensions (we can compute the size of the smallest non-subject cell). Hence, the size of
the disjunction from (10) is bounded. Now, for all values of r0 and θ0 such that r ≤ r0 and
dist(hr, θi, hr0 , θ0 i) = d it suffices to check whether ϕ holds in hr0 , θ0 i, which is equivalent to
0
0
checking if the formula ↑ r −r ← θ −θ ϕ is satisfied in hr, θi, and which is expressed by (10).
In a similar way we can define operators ♦<d and ♦≤d :

_
_
_
↑ kϕ ∨
♦<d ϕ =
cellhr,θi ∧
♦≤d ϕ =

_


cellhr,θi ∧

_

↑ kϕ ∨



0
θ 0 −θ
↑ r −r ←
ϕ

_
hr 0 ,θ 0 i|r≤r 0

hr,θi|r<last(d)

k≤d

;

hr 0 ,θ 0 i|r≤r 0 and dist(hr,θi,hr,θi)<d

hr,θi|r<last(d)

k<d



0
θ 0 −θ
↑ r −r ←
ϕ

,

and dist(hr,θi,hr,θi)≤d

where k ∈ N and hr, θi, hr0 , θ0 i ∈ C.
We can also define operators ♦>d and ♦≥d , however, due to the limitation of space and
relatively complex combinatorial properties which are encoded by these modalities, we omit
their definitions.
The reader might have noticed that our distance operators are not symmetrical, i.e., they
only define the distance between a cell hr, θi and another cell hr0 , θ0 i with r ≤ r0 . We can
define, to a certain extent, symmetrical versions of these operators using hybrid machinery.
By way of example, we can express that the cells in which nominals i and j are satisfied, are
in distance d, as follows:
@i ♦=d j ∨ @j ♦=d i.
We finish this section by presenting several tautologies of SOSL (formulas that are satisfied
in every cell of every model) which demonstrate what kind of reasoning can be captured in
this logic:
p→

p;

p→

p;

p→

( >→

p);

(i ∧

j) → ¬ j,

where p is a propositional variable, and i, j, and k are nominals. The first formula informs
that R is a transitive relation (the analogous formulas for , , and are also tautologies);
the second states that R is the converse relation for R (similarly to the fact that R is
the converse for R ); the third encodes a restricted form of confluence of R and R ; and
the fourth claims that whenever i is situated in front of the subject, and j is to the right of i,
it cannot be the case that j is located to left of the subject. For more tautologies of SOSL
see (4)–(6) in Section 1.

5

Computational Complexity

In this section, we will show that SOSL-satisfiability is PSpace-complete. We will prove the
lower bound by reducing the satisfiability problem of Linear Temporal Logic and the upper
bound by constructing a generalized nondeterministic Büchi automaton.
For the lower bound we reduce the satisfiability problem of Linear Temporal Logic whose
language contains the following operators: in the next time point (X), in the previous
time point (Y ), everywhere in the future (G), and everywhere in the past (H), to the
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SOSL-satisfiability. Linear Temporal Logic with the operators X, Y , G, and H is often
referred to as LTL(X, Y, G, H), but since we do not consider any other linear temporal logic
in this paper, we denote it simply by LTL [11].
The set of LTL-formulas is generated by the following grammar:
ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | Xϕ | Y ϕ | Gϕ | Hϕ,
where p ∈ prop.
An LTL-model is a pair M = (N, V ), where N is the set of natural numbers strictly
ordered by < and V : prop −→ P(N). The forcing relation is defined in a standard way
(see [11, Section 2.2]). An LTL-formula ϕ is satisfiable if there exists an LTL-model M such
that M, 0 ϕ. The satisfiability problem of LTL is known to be PSpace-complete ([11, 3]).
I Theorem 3. SOSL-satisfiability is PSpace-hard.
Proof sketch. Our reduction of LTL-satisfiability to SOSL-satisfiability is based on the idea
that we can simulate an LTL-model with the left-most ray of an SOSL-model. To capture this
correspondence formally, we will introduce a translation f of LTL-models into SOSL-models
and a translation g of SOSL-models into LTL-models.
Let M = (N, V ) be an LTL-model. We define f (M) = (C, R, V 0 ) as an SOSL-model such
that for all hr, θi ∈ C and p ∈ prop (without loss of generality we assume that the sets of
propositional variables in LTL and SOSL coincide):
hr, θi ∈ V 0 (p) iff θ = −179.5 and there is n ∈ N such that n ∈ V (p) and r = n + 1.
Hence, the valuation of propositional variables on the left-most ray of f (M) is the same as
the valuation on the time line in M, whereas in cells of f (M) which do not belong to the
left-most ray, no propositional variable is satisfied.
On the other hand, for an SOSL-model M = (C, R, V ), we define g(M) = (N, V 0 ) as an
LTL-model such that for all n ∈ N and p ∈ prop:
n ∈ V 0 (p)

iff hn + 1, −179.5i ∈ V (p).

Thus, the valuation of propositional variables in g(M) coincides with the valuation in the
left-most ray of M.
Now, let ϕ be an abitrary LTL-formula. Based on the above-presented correspondence
between LTL-models and SOSL-models, we will construct an SOSL-formula ϕ0 which is
equisatisfiable with ϕ. First, we define a translation tr of LTL-formulas into SOSL-formulas:
tr(p)
tr(¬ψ)
tr(ψ ∨ χ)

=
=
=

p
¬tr(ψ)
tr(ψ) ∨ tr(χ)

tr(Xψ)
tr(Y ψ)
tr(Gψ)
tr(Hψ)

=
=
=
=

↑ tr(ψ)
↓ ↓ > ∧ ↓ tr(ψ)

( ⊥ → tr(ψ))
( ⊥ ∧ ↓ > → tr(ψ)),

where p ∈ prop and ϕ, ψ are LTL-formulas. This translation allows us to simulate LTLformulas with SOSL-formulas in the sense that the following implications hold for every
LTL-formula ψ, LTL-model M, SOSL-model M, and n ∈ N:
If M, n

ψ, then f (M), hn + 1, −179, 5i

If M, hn + 1, −179.5i

tr(ψ), then g(M), n

tr(ψ);
ψ.
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Indeed, we can prove these implications by induction on the complexity of ψ (we omit the
details due to space limitations). Then, we define ϕ0 as follows:
ϕ0 = tr(ϕ) ∧ cellh1,−179,5i ,
where cellh1,−179,5i is the formula which was defined formally in Section 4 and which is
satisfied exactly in h1, −179, 5i.
Assume that ϕ is LTL-satisfiable, so there is an LTL-model M such that M, 0 ϕ. Thus
f (M), h1, −179, 5i ϕ0 , and so ϕ0 is SOSL-satisfiable. For the opposite direction, assume
that ϕ0 is SOSL-satisfiable. Then, there is an SOSL-model M such that M, h1, −179.5i ϕ0
(note that ϕ0 can only be satisfied in h1, −179.5i by the definition of cellh1,−179,5i ). Hence,
g(M), 0 ϕ, and so ϕ is LTL-satisfiable. It follows that ϕ is LTL-satisfiable if and only if
ϕ0 is SOSL-satisfiable. Since ϕh1,−179,5i is of a constant size and tr is a logarithmic-space
translation, the whole reduction is in logarithmic space, which finishes the proof.
J
In the remainder of this section we show that SOSL-satisfiability is in PSpace. The main
part of the proof consists of checking in PSpace whether there exists an SOSL-model such
that a given SOSL-formula ϕ is satisfied in this model in h0, 0i. To do it, we will first guess
in NPSpace a set K (called a kernel) of formulas which are satisfied in h0, 0i (thus ϕ ∈ K).
Then, we will construct a generalized Büchi automaton Gϕ,K whose states determine formulas
which are satisfied in cells sharing the same radius coordinate (a set of such cells forms a
ring around h0, 0i); each symbol of the automaton’s alphabet is a sequence of 360 sets of
propositional variables (which encodes a valuation of propositional variables in cells located
within one ring); the transition relation forces the consecutive rings to match each other;
and the accepting sets assure that every “promise” (e.g., that p holds somewhere in front
of the subject) will eventually be kept. As we will show, an infinite word w is accepted by
Gϕ,K (i.e., there is a run of Gϕ,K on w, in which at least one state from each accepting set
occurs infinitely many times during the run) if and only if w describes an SOSL-model in
which ϕ is satisfied in h0, 0i.
First, we define the closure of an SOSL-formula ϕ, denoted by cl(ϕ), as the set of all
subformulas of ϕ and their negations (where ψ and ¬¬ψ are identified). The neighbourhood
closure of ϕ, referred to as ncl(ϕ), is the set of all formulas of the form ↑ n ψ, ↓ n ψ, and their
negations, for 0 ≤ n ≤ 360 and ψ ∈ cl(ϕ). Moreover, cl (ϕ) is the set of subformulas of ϕ of
the form ψ, ψ, ψ, and ψ, and their negations. A set X ⊆ ncl(ϕ) is:
(con) consistent wrt propositional logic if for all ψ, ϕ1 ∨ ϕ2 ∈ ncl(ϕ) the following hold:
if ψ ∈ X, then ¬ψ 6∈ X;
ϕ1 ∨ ϕ2 ∈ X iff ϕ1 ∈ X or ϕ2 ∈ X;
(max) maximal if for all ψ ∈ ncl(ϕ):
if ψ 6∈ X, then ¬ψ ∈ X.
We will denote the set of propositional variables occurring in ϕ by prop(ϕ).
From now on, unless stated otherwise, we assume that ϕ is a fixed SOSL-formula. We
define a kernel for ϕ as a set of formulas which are to be satisfied in h0, 0i (consequently, a
kernel contains ϕ).
I Definition 4. A ϕ-kernel is a set K ⊆ ncl(ϕ) satisfying (con) and (max), and such that
for all ψ ∈ ncl(ϕ) the following hold:
1. ψ, ψ, ψ, ψ, ↓ ψ, ← ψ, → ψ ∈
/ K;
2. ϕ ∈ K.
A kernel contains formulas satisfied in h0, 0i, whereas rings (which are to be states of the
automaton) contain formulas satisfied in cells located in consecutive rings around h0, 0i.
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I Definition 5. A ϕ-ring is a function R whose domain is ang ∪ {}, such that:
R(θ) ⊆ ncl(ϕ) and sastisfies (con) and (max), for all θ ∈ ang;
R() ⊆ cl (ϕ).
Moreover, for all ψ ∈ ncl(ϕ), m, n ∈ N, and θ ∈ ang:
1. ← n ψ ∈ R(θ) iff ψ ∈ R(θ − n);
2. → n ψ ∈ R(θ) iff ψ ∈ R(θ + n);
3. ψ ∈ R(θ) iff there are n > 0 and m < n such that ↑ m ψ ∈ R(θ − n) or ↓ m ψ ∈ R(θ − n);
4. ψ ∈ R(θ) iff there are n > 0 and m < n such that ↑ m ψ ∈ R(θ + n) or ↓ m ψ ∈ R(θ + n);
5. ψ, ψ, ψ, ψ ∈
/ R(θ).
Intuitively, conditions 1-5 guarantee that a ring is locally consistent. By conditions 1-4, a
formula of the form ← n ψ, → n ψ, ψ, or ψ, belongs to R(θ) if and only if it has a witness
on the same ring; and by condition 5 formulas of the form ψ, ψ, ψ, and ψ cannot
occur in any R(θ) since such formulas can be satisfied only in h0, 0i.
Next, we define conditions which need to be fulfilled by a ring succeeding a kernel, and
by a ring succeeding another ring. First, we impose conditions on the formulas preceded
with , , , , and their negations.
I Definition 6. Let X ⊆ ncl(ϕ) be a ϕ-kernel or R() from a ϕ-ring R. The set X -matches
a ϕ-ring R0 if the following conditions are met:
1. if ψ ∈ X and ψ 6∈ R0 (θ) for all θ ∈ ang such that −45 < θ < 45, then ψ ∈ R0 ();
2. if ¬ ψ ∈ X, then ¬ ψ ∈ R0 () and ¬ψ ∈ R0 (θ), for all θ ∈ ang such that −45 < θ < 45,
and the analogous conditions (obtained by modifying the range of θ) for

,

, and

.

Intuitively, the first condition states that ψ needs to be present in consecutive rings until
ψ is present in R(θ) for some ring R and θ such that −45 < θ < 45. The second condition
states that if ¬ ψ is present in some ring, then it needs to be present in the consecutive ring.
I Definition 7. A ϕ-ring R0 is a successor of a ϕ-kernel K if R0 -matches K and:
1. for all ↑ ψ ∈ ncl(ϕ): ↑ ψ ∈ K iff there is θ ∈ ang such that ψ ∈ R0 (θ);
2. for all ↓ ψ ∈ ncl(ϕ) the following are equivalent: ψ ∈ K; there is θ ∈ ang such that
↓ ψ ∈ R0 (θ); for all θ ∈ ang ↓ ψ ∈ R0 (θ);
3. for all ψ ∈ ncl(ϕ) and θ ∈ ang: ψ ∈
/ R0 (θ).
Similarly to the case of the 1st ring which is the successor of a kernel, the (n + 1)th ring
needs to fulfil particular conditions to be the successor of the nth ring. In the following
definition we present the conditions which have to be satisfied by consecutive rings:
I Definition 8. A ϕ-ring R0 is a successor of a ϕ-ring R if R0 -matches R() and for all
θ ∈ ang the following hold:
1. for all ↑ ψ ∈ ncl(ϕ): ↑ ψ ∈ R(θ) iff ψ ∈ R0 (θ);
2. for all ↓ ψ ∈ ncl(ϕ): ↓ ψ ∈ R0 (θ) iff ψ ∈ R(θ);
3. for all ψ ∈ ncl(ϕ): ψ ∈ R(θ) iff at least one of the following holds: ψ ∈ R0 (θ − 1),
ψ ∈ R0 (θ), ψ ∈ R0 (θ + 1), ψ ∈ R0 (θ − 1), ψ ∈ R0 (θ), or ψ ∈ R0 (θ + 1);
4. for all ψ ∈ ncl(ϕ): ψ ∈ Rθ0 iff at least one of the following holds: ψ ∈ R(θ − 1),
ψ ∈ R(θ), ψ ∈ R(θ + 1), ψ ∈ R(θ − 1), ψ ∈ R(θ), or ψ ∈ R(θ + 1).
Now, we are ready to define a generalized Büchi automaton for an SOSL-formula ϕ and a
ϕ-kernel K:
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I Definition 9. For a ϕ-kernel K we define a generalized nondeterministic Büchi automaton
Gϕ,K = (Σ, Q, Q0 , δ, F), where:
Σ is the set of all functions σ : ang −→ P(prop(ϕ));
Q is the set of all ϕ-rings;
Q0 = {R ∈ Q | R is a successor of K};
δ : Q × Σ −→ P(Q) is such that for all R ∈ Q and σ ∈ Σ:
δ(R, σ) = {R0 ∈ Q | R0 is a successor of R and R0 (θ)∩prop(ϕ) = σ(θ), for all θ ∈ ang};
F = {F θ ψ | θ ∈ ang and ψ ∈ ncl(ϕ)} ∪ {Fψ |  ∈ { , , ,
where:
F θ ψ = {R ∈ Q | ψ 6∈ R(θ) or ψ ∈ R(γ), for some γ ∈ ang};

} and ψ ∈ cl (ϕ)},

Fψ = {R ∈ Q | ψ 6∈ R()}.
Intuitively, the definition of a state of the automaton (i.e., the Definition 5 of a ring) is
responsible for capturing the meaning of formulas preceded with ← , → , , and ; the
transition relation (based on the Definition 7 of a successor ring) captures the meaning of
formulas preceded with ↑ , ↓ , and ; whereas the accepting sets allow us to capture the
meaning of formulas preceded with , , , , and . As we show below, the automaton
accepts only those words that represent SOSL-models in which ϕ is satisfied in h0, 0i.
I Lemma 10. For every SOSL-formula ϕ the following statements are equivalent:
1. There exists a ϕ-kernel K such that the language of Gϕ,K is non-empty;
2. There exists an SOSL-model M such that M, h0, 0i ϕ.
Proof sketch.
(1 ⇒ 2) Let w = σ 2 σ 3 . . . be an infinite word accepted by Gϕ,K and let R1 , R2 , . . . be an
infinite sequence of states in an accepting run of Gϕ,K on w. We define an SOSL-model
M = (C, R, V ) such that for all p ∈ prop(ϕ):
h0, 0i ∈ V (p) iff p ∈ K;
for all hr, θi ∈ C distinct from h0, 0i we have hr, θi ∈ V (p) iff p ∈ Rr (θ).
We can show that for each ψ ∈ ncl(ϕ) the following implications hold:
If ψ ∈ K, then M, h0, 0i

If ψ ∈ Rr (θ), then M, hr, θi

ψ;

ψ.

We prove these implications by simultaneous induction on the complexity of ψ. The proof
has a great number of cases (as the language of SOSL contains 12 modal operators) and
uses numerous conditions from Definitions 4–9. Due to space limitations we omit the
details.
By Definition 4, we have ϕ ∈ K, and so, by the first of the proved implications, we obtain
M, h0, 0i ϕ.
(1 ⇐ 2) Let M = (C, R, V ) be an SOSL-model such that M, h0, 0i
K = {ψ ∈ ncl(ϕ) | M, h0, 0i

ϕ. We define:

ψ}.

Since M is an SOSL-model, the set K satisfies the conditions from Definition 4, so K is a
ϕ-kernel. Next, we will show that the language of Gϕ,K = (Σ, Q, Q0 , δ, F) is non-empty.
Let w = σ 2 σ 3 . . . be an infinite word such that for all r ∈ N+ and θ ∈ ang we have:
σ r (θ) = {p ∈ prop(ϕ) | M, hr, θi

p}.
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Next, let R = R1 , R2 , . . . be an infinite sequence of functions Rr over the domain ang∪{},
such that for all r ∈ N+ , θ ∈ ang, and  ∈ { , , , } we have:
Rr () = {ψ ∈ K | ψ 6∈ Rl (γ), for all hl, γi ∈ C such that h0, 0iR hl, γi and l ≤ r} ∪
{¬ψ | ¬ψ ∈ K};
r

R (θ) = {ψ ∈ ncl(ϕ) | M, hr, θi

ψ}.

Each Rr satisfies the conditions from Definition 5, so R is a sequence of ϕ-rings, i.e., a
sequence of states of Gϕ,K . It remains to show that R is an accepting run of Gϕ,K on w,
i.e., that the following hold (since the proof of these conditions is long and standard, we
omit it):
R1 ∈ Q0 ;
for all r ∈ N+ we have Rr+1 ∈ δ(Rr , σ r+1 );
for every set in F there are infinitely many elements of R belonging to this set.
As a result, the language of Gϕ,K is non-empty (as it contains w), which finishes the
proof.
J
Using Lemma 10 we can show the upper bound for the complexity of SOSL-satisfiability.
I Theorem 11. SOSL-satisfiability is in PSpace.
Proof. To check whether an SOSL-formula ϕ is SOSL-satisfiable, we define:
ϕ0 = ϕ ∨

ϕ∨

ϕ∨

ϕ∨

ϕ.

Clearly, ϕ0 is of polynomial size wrt the size of ϕ (denoted by |ϕ|) and ϕ is satisfiable if and
only if there exists an SOSL-model in which ϕ0 is satisfied in h0, 0i, which by Lemma 10 is
equivalent to the existence of a ϕ0 -kernel K such that the language of Gϕ0 ,K is non-empty.
To check this condition we nondeterministically guess a ϕ0 -kernel K. By Definition 4
we have K ⊆ ncl(ϕ0 ) and since ncl(ϕ0 ) is of a polynomial size wrt |ϕ0 |, the kernel K
is also of a polynomial size wrt |ϕ0 |, and thus we can guess it in NPSpace (note that
NPSpace = PSpace [30]). Although we cannot construct Gϕ0 ,K in PSpace (as the number
of states of the automaton is exponential wrt |ϕ0 |), we can examine emptiness of its language
by guessing “on-the-fly” (one-by-one) the successor states in an accepting run [4]. Indeed,
each state of Gϕ0 ,K is of polynomial size wth |ϕ0 |, so the guessing can be done in NPSpace.
To confirm that this run is accepting it suffices to check if the first guessed state is an initial
state, every next state matches the previous state wrt to the transition relation, and the
accepting states are visited infinitely often, which can be done in PSpace. Hence, the whole
procedure is in PSpace.
J
As a result of Theorem 3 and Theorem 11 we obtain the following tight complexity bound
for the satisfiability problem:
I Corollary 12. SOSL-satisfiability is PSpace-complete.
It is worth noticing that, in general, the satisfiability problem in two-dimensional logics in
which each dimension is a linear order with an infinite ascending chain is undecidable [29, 12].
Decidability (and in particular membership in PSpace) of the satisfiability problem of SOSL
is obtained mainly as a result of using the polar coordinate system in which one dimension
(corresponding to angular coordinates) is finite.
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6

Conclusions

We have constructed a two-dimensional modal logic for subject-oriented spatial reasoning,
denoted by SOSL. The approach employs the polar coordinate system to divide an infinite
plane into cells of constant length and constant angle-width. Spatial representation reflects
the subject’s perspective and exploits the relations “in front”, “behind”, “to the left”, and
“to the right” of the subject; and “behind an object”, “between the subject and an object”,
“to the left of an object”, and “to the right of an object”. Such relations are commonly
used in most Indo-European languages, where the intrinsic frame of reference (the first 4
relations) and the relative frame of reference (the remaining 4 relations) are most often used
to represent and reason about space. We have shown that the language of SOSL allows us to
express, e.g., nominals, satisfaction operators, and modal operators for distance. We have
proved decidability and PSpace-completeness of the satisfiability problem in SOSL. In the
future we plan to search for low-complexity fragments and modifications of this logic.
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A

Appendix (proofs)

I Theorem 3. SOSL-satisfiability is PSpace-hard.
Proof. To finish the proof we need to show that the following implications hold for any
LTL-formula ψ and any n ∈ N:
If
If

M, n

M, hn + 1, −179.5i

ψ,

then

f (M), hn + 1, −179, 5i

tr(ψ),

then

g(M), n

ψ.

tr(ψ);

(11)
(12)

We conduct the proofs of both implications by induction on the complexity of ψ. Throughout the proof we use the definition for the relation for LTL taken from [11, Section 2.2].
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Proof of (11). We omit the boolean cases since they are straightforward.
case 1: ψ = Xχ Before we prove the implication in question, note that by the definition
of R ↑ we have that for each n ∈ N R ↑ (hn + 1, −179.5i) = hn + 2, −179.5i. Now,
assume that M, n
Xχ. By the definition of
for the formulas preceded by the
X-operator, we know that M, n + 1 χ. By the inductive hypothesis it means that
↑ tr(χ).
f (M), hn + 2, −179.5i tr(χ), which, in turn, yields f (M), hn + 1, −179.5i
Finally, by the definition of tr we obtain f (M), hn + 1, −179.5i tr(Xχ).
case 2: ψ = Y χ This case is analogous to the previous one with the proviso that n has to
be greater than 0.
case 3: ψ = Gχ Assume that M, n
Gχ. By the definition of , for all m such that
m > n we have that M, m χ. By the inductive hypothesis, for every such m we obtain
f (M), hm + 1, −179.5i tr(χ). Since for all k ∈ N we have f (M), hk + 1, −179.5i
⊥
and, at the same time, f (M), hk + 1, θi 1 ⊥ for any θ 6= −179.5, then, a fortiori, for
each m > n we have f (M), hm + 1, −179.5i
⊥ ∧ tr(χ). Consequently, f (M), hn +
1, −179.5i
( ⊥ → tr(χ)), hence f (M), hn + 1, −179.5i tr(Gχ).
case 4: ψ = Hχ We handle this case in an analogical manner to the previous one with the
proviso that for n = 0 all H-formulas are vacuously satisfied in 0 and all -formulas are
vacuously satisfied in h1, −179.5i, which automatically yields the proof for n = 0.
C
Proof of (12). We omit the boolean cases since they are straightforward.
case 1: tr(ψ) = tr(Xχ) Assume that M, hn + 1, −179.5i tr(Xχ). By the definition of tr,
↑ tr(χ) and further, by the definition of , M, hn + 2, −179.5i
M, hn + 1, −179.5i
↑ tr(χ). By the inductive hypothesis we get g(M), n + 1
χ, which, by the semantics of
the X operator, yields g(M), n Xχ.
case 2: tr(ψ) = tr(Y χ) This case is analogous to the previous one with the proviso that n
has to be greater than 0.
case 3: tr(ψ) = tr(Gχ) Assume that M, hn + 1, −179.5i tr(Gχ). By the definition of tr,
M, hn+1, −179.5i
( ⊥ → tr(χ)). Since for all k ∈ N it holds that M, hk+1, −179.5i
⊥, then by the definition of R we obtain M, hm + 1, −179.5i tr(χ), for each m > n.
By the inductive hypothesis it follows that for each m > n g(M), m χ, whence we get
g(M), n Gχ.
case 4: tr(ψ) = tr(Hχ) We handle this case in an analogical manner to the previous one
with the proviso that for n = 0 all H-formulas are vacuously satisfied in 0 and all
-formulas are vacuously satisfied in h1, −179.5i, which automatically yields the proof
for n = 0.
C
J
I Lemma 10. For every SOSL-formula ϕ the following statements are equivalent:
1. There exists a ϕ-kernel K such that the language of Gϕ,K is non-empty;
2. There exists an SOSL-model M such that M, h0, 0i ϕ.
Proof.
(1 ⇒ 2) To finish the proof of the left-to-right implication, we now show that for each
ψ ∈ ncl(ϕ) the following implications hold:
(K) If ψ ∈ K, then M, h0, 0i ψ;
(R) If ψ ∈ Rr (θ), then M, hr, θi ψ.
We prove them by simultaneous induction on the complexity of ψ. In the proof we leave
aside the most straightforward cases, such as, e.g., the base case which follows directly
from the definition of V .
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case 1: ψ = ¬χ
subcase 1(a): ψ = ¬ χ or ψ = ¬ χ or ψ = ¬ χ or ψ = ¬ χ (K) Suppose, for
the sake of contradiction, that ¬ χ ∈ K and M, h0, 0i 1 ¬ χ. By Definition 2
it means that M, h0, 0i
χ, thus for some hr, θi ∈ C such that h0, 0iR hr, θi it
holds that M, hr, θi χ, and further, by Definition 2, that M, hr, θi 1 ¬χ. By the
inductive hypothesis it follows that ¬χ ∈
/ Rr (θ) and by the fact that Rr (θ) satisfies
(max) we have χ ∈ Rr (θ). Since R is an accepting run, by Definition 6 (2) we know
that for every n ∈ N+ , ¬ χ ∈ Rn (). In particular, ¬ χ ∈ Rr (). By Definition 6
(2) it follows that ¬χ ∈ Rr (θ), which gives a contradiction with the fact that Rr (θ)
satisfies (con). The proof of the remaining cases proceeds analogically.
(R) Assume that ¬ χ ∈ Rr (θ). By the definition of R , hr, θi has no R successors, hence, by Definition 2, M, hr, θi ¬ χ. The proof of the remaining
cases proceeds analogically.
subcase 1(b): ψ = ¬ χ (K) Assume that ¬ χ ∈ K. By the definition of R ,
h0, 0i has no R -successors, thus by Definition 2, M, h0, 0i ¬ χ.
(R) Assume that ¬ χ ∈ Rr (θ). By Definition 5, Rr (θ) satisfies (con), i.e.,
χ∈
/ Rr (θ). Since R is an accepting run, Rr and Rr+1 satisfy the conditions from
Definition 8. By the third condition of this definition we obtain χ ∈
/ Rr+1 (θ − 1)
r+1
r+1
r+1
and χ ∈
/ R (θ) and χ ∈
/ R (θ + 1) and χ ∈
/ R (θ − 1) and χ ∈
/ Rr+1 (θ),
r+1
r+1
and χ ∈
/ R (θ + 1). By the fact that R
satisfies (max) we further get
¬χ ∈ Rr+1 (θ − 1) and ¬χ ∈ Rr+1 (θ) and ¬χ ∈ Rr+1 (θ + 1) and ¬ χ ∈ Rr+1 (θ − 1)
and ¬ χ ∈ Rr+1 (θ), and ¬ χ ∈ Rr+1 (θ +1). By the inductive hypothesis it follows
that M, hr + 1, θ − 1i ¬χ and M, hr + 1, θi ¬χ, and M, hr + 1, θ + 1i ¬χ.
With ¬ χ ∈ Rr+1 (θ − 1) and ¬ χ ∈ Rr+1 (θ), and ¬ χ ∈ Rr+1 (θ + 1) we repeat
the reasoning for this case. It follows that for all n > 0 and all γ ∈ ang such that
γ = θ ± m, where 0 ≤ m ≤ n, we have ¬χ ∈ Rr+n (γ). From the definition of
R we know that hr, θiR hr0 , θ0 i for all r0 ∈ N+ and θ0 ∈ ang such that r < r0
and |θ − θ0 | ≤ |r − r0 |. We have just shown that for all such hr0 , θ0 it holds that
M, hr0 , θ0 i ¬χ, and so by Definition 2 we get M, hr, θi ¬ χ.
case 2: ψ = χ or ψ = χ or ψ = χ or ψ = χ (K) Suppose towards a contradiction that χ ∈ K and M, h0, 0i 1 χ, which, by Definition 2, means that
M, h0, 0i ¬ χ. It follows that there is no hr, θi ∈ C such that h0, 0iR hr, θi and
M, hr, θi χ, so for all hr, θi such that h0, 0iR hr, θi it holds that M, hr, θi 1 χ. By
the inductive hypothesis we obtain that for all n ∈ N+ and all θ ∈ ang, χ ∈
/ Rn (θ). By
Definition 6 (1) it means that for all n ∈ N+ , χ ∈ Rn (). Thus, no element from
F ψ ever occurs during the run R, and so this is not an accepting run, which yields a
contradiction. The remaining cases are proven analogously.
(R) By Definition 5 (5) neither of these formulas: χ, χ, χ, χ is included in
Rr (θ), so the implication is vacuously satisfied for this case.
case 3: ψ = ← χ or ψ = → χ (K) By Definition 4 (1) neither of these formulas: ← χ,
→ χ is included in K, so the implication is vacuously satisfied for this case.
(R) Assume that ← χ ∈ Rr (θ). By Definition 5 (1), χ ∈ Rr (θ − 1). By the inductive
hypothesis we get M, hr, θ − 1i
χ. From the definition of R ← it follows that
hr, θiR ← hr, θ − 1i, hence by Definition 2 we get M, hr, θi ← χ. The proof of the other
case proceeds analogically.
case 4: ψ = ↑ χ (K) By Definition 4 (1) ↑ χ ∈
/ K, so the implication is vacuously
satisfied for this case.
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(R) Assume that ↑ χ ∈ Rr (θ). Since R is an accepting run, Rr and Rr+1 satisfy
the conditions from Definition 8. By the first condition of this definition we obtain
χ ∈ Rr+1 (θ). By the inductive hypothesis it follows that M, hr + 1, θi χ. From
the definition of R ↑ we know that hr, θiR ↑ hr + 1, θi, and so by Definition 2 we get
↑ χ.
M, hr, θi
case 5: ψ = ↓ χ (K) By Definition 4 (1), ↓ χ ∈
/ K, so the implication is vacuously
satisfied for this case.
(R) Assume that ↓ χ ∈ Rr (θ). Two cases need to be considered. 1) r = 1 Since R is
an accepting run, the kernel K and R1 satisfy the conditions from Definition 7. By
the second condition of this definition we obtain χ ∈ K. By the inductive hypothesis
it follows that M, h0, 0i χ. From the definition of R ↓ we know that h1, θiR ↓ h0, 0i,
↓ χ. 2) r > 1 Since R is an accepting run,
hence, Definition 2 we get M, hr, θi
Rr−1 and Rr satisfy the conditions from Definition 8. By the second condition of
this definition we obtain χ ∈ Rr−1 (θ). By the inductive hypothesis it follows that
M, hr − 1, θi χ. From the definition of R ↓ we know that hr, θiR ↓ hr − 1, θi, and so
↓ χ.
by Definition 2 we get M, hr, θi
/ K and χ ∈
/ K, so the
case 6: ψ = χ or ψ = χ (K) By Definition 4 (1), χ ∈
implication is vacuously satisfied for this case.
(R) Assume that χ ∈ Rr (θ). By Definition 5 (3) there exist n > 0 and m < n such
that ↑ m χ ∈ R(θ − n) or ↓ m χ ∈ R(θ − n). Without loss of generality suppose that
the former is the case. By applying Definition 8 (1) m times we obtain χ ∈ Rr+m (θ).
By the inductive hypothesis we obtain M, hr + m, θ − ni χ. By the definition of R
it holds that hr, θiR hr + m, θ − ni, so by Definition 2 we obtain M, hr, θi
χ. The
proof for the other case proceeds analogically.
/ K, so the implication is vacuously
case 7: ψ = χ (K) By Definition 4 (1) χ ∈
satisfied for this case.
(R) Assume that χ ∈ Rr (θ). Two cases need to be considered. 1) r = 1 Since R is
an accepting run, then K and R1 (θ) satisfy the conditions from Definition 7. By the
third condition of this definition χ ∈
/ R1 (θ), so the implication is vacuously satisfied
for this case. 2) r > 1. Since R is an accepting run, Rr−1 and Rr satisfy the conditions
from Definition 8. By the fourth condition of this definition we obtain χ ∈ Rr−1 (θ − 1)
or χ ∈ Rr−1 (θ) or χ ∈ Rr−1 (θ + 1) or χ ∈ Rr−1 (θ − 1) or χ ∈ Rr−1 (θ), or
χ ∈ Rr−1 (θ + 1). If the first disjunct holds, then by the inductive hypothesis we have
M, hr − 1, θ − 1i χ. By the definition of R it follows that hr, θiR hr − 1, θ − 1i, so
by Definition 2 would get M, hr, θi
χ. The argument is similar if the second or the
third disjunct is true. If the fourth disjunct holds, i.e., χ ∈ Rr−1 (θ − 1), we proceed
in the same way as for the case χ ∈ Rr (θ). Since by Definition 7 (3), for all θ ∈ ang,
χ∈
/ R1 (θ), it follows that there must exist 0 < n < r and 0 < m < n, such that
θ − m ∈ ang and χ ∈ Rr−n (θ − m) or θ + m ∈ ang and χ ∈ Rr−n (θ + m). Without
loss of generality assume that the former is the case. By the inductive hypothesis,
M, hr − n, θ − mi χ. From the definition of R we know that hr, θiR hr − n, θ − mi,
hence, by Definition 2, we get M, hr, θi
χ.
case 8: ψ = χ (K) By Definition 4 (1) χ ∈
/ K, so the implication is vacuously
satisfied for this case.
(R) For the sake of contradiction suppose that χ ∈ Rr (θ) and M, hr, θi 1 χ.
By Definition 2 it means that for all hr0 , θ0 i such that hr, θiR hr0 , θ0 i it holds that
0

M, hr0 , θ0 i 1 χ. By the inductive hypothesis for all such r0 and θ0 we have χ ∈
/ Rr (θ0 ).
(Note that by the definition of R there exists n0 ∈ N+ , n0 ≤ 360, such that for
any m ≥ n0 and any θ0 ∈ ang we have hr, θiR hr + m, θ0 i, and thus ψ ∈
/ Rr+m (θ0 ).)
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Since R is an accepting run, then by Definition 8 (3), for each n ∈ N+ there exists
θ ∈ ang such that χ ∈ Rr+n (θ). Indeed, since by the assumption neither of the first
three cases of Definition 8 (3) holds, then one of the last three cases must hold. This
observation applies to subsequent rings. Observe also that by Definition 8 (3), for each
two consecutive Rn , Rn+1 in R if χ ∈ Rn+1 (θ)for 
some θ ∈ ang, then χ ∈ Rn (θ−1),
χ ∈ Rn (θ), and

χ ∈ Rn (θ + 1). Let card Rξn = |{θ ∈ ang | ξ ∈ Rn (θ)}|. Note






n+1
n
that for any n ∈ N+ , if 1 ≤ card Rn+1
<
360,
then
card
R
<
card
R
. A
χ
χ
χ

direct consequence of this fact is that if for some n ∈ N+ and θ ∈ ang, χ ∈ Rn+360 (θ),
then for all γ ∈ ang χ ∈ Rn (γ). Recall that by the assumption, for each n ≥ r there
exists θ ∈ ang such that χ ∈ Rn (θ), which means that for all n ∈ N+ there exists
θ ∈ ang such that χ ∈ Rn+360 (θ), and thus for all θ ∈ ang it holds that χ ∈ Rn (θ).
Consequently, for all m ≥ n0 and all θ ∈ ang we have χ ∈ Rm (θ) and χ ∈
/ Rn0 (θ). It
θ
means that for each θ ∈ ang, each final state from F χ occurs at most finitely many
times during R (precisely, at most n0 times), which contradicts the assumption that
R is an accepting run.
(1 ⇐ 2) To finish the proof of the right-to-left implication it remains to show that R is an
accepting run of Gϕ,K on w, i.e., that the following hold:
1. R1 ∈ Q0 ;
2. for all r ∈ N+ we have Rr+1 ∈ δ(Rr , σ r+1 );
3. for every set in F there are infinitely many elements of R belonging to this set.
Ad. 1 We need to check whether R1 is a successor of the kernel K, i.e., whether the
conditions from Definitions 6 and 7 are satisfied. We will start from the former.
Condition 1. Assume that ψ ∈ K. By the definition of K it means that M, h0, 0i
ψ. If there exists no θ ∈ ang such that h0, 0iR h1, θi and M, h1, θi ψ, then by
the definition of Rr () we obtain that ψ ∈ R1 ().
Condition 2. Assume that ¬ ψ ∈ K. By the definition of K it means that M, h0, 0i
¬ ψ. Since M is a model, then by Definition 2 we know that for all θ ∈ ang such
that h0, 0iR h1, θi it holds that M, h1, θi ¬ψ. Therefore, by the definition of
Rr (θ) we obtain that ¬ψ ∈ R1 (θ) for all θ ∈ ang. Moreover, by the definition of
Rr () we get ¬ ψ ∈ R1 ().
Now let’s proceed to the conditions from Definition 7.
Condition 1. Assume that ↑ ψ ∈ K. By the definition of K it means that M, h0, 0i
↑ ψ. Since M is a model, then by Definition 2 we know that there exists θ ∈ ang
such that M, h1, θi ψ. By the definition of Rr (θ) we infer that ψ ∈ R1 (θ).
Condition 2. Assume that ψ ∈ K. By the definition of K it means that M, h0, 0i ψ.
By the definition of R ↓ we know that for all θ ∈ ang it holds that h1, θiR ↓ h0, 0i.
↓ ψ.
Since M is a model, then by Definition 2 we know that for all θ ∈ ang M, h1, θi
By the definition of Rr (θ) we infer that for all θ ∈ ang ↓ ψ ∈ R1 (θ).
Condition 3. Observe that by the definition of R , for all θ ∈ ang cells of the form
h1, θi have no R -successors. Since M is a model, it follows that for all θ ∈ ang
M, h1, θi 1 ψ. By the definition of Rr (θ), for all θ ∈ ang ψ ∈
/ R1 (θ).
Ad. 2 We need to check if Rr+1 is indeed a δ-successor of Rr on the word w. First observe
that by the definition of σ r (θ) and Rr (θ), for all θ ∈ ang, σ r+1 (θ) = Rr+1 (θ)∩prop(ϕ).
Next, we need to verify whether the conditions from Definitions 6 and 8 are satisfied.
The former are proven analogously to the same conditions for K, so let’s proceed to
the conditions from Definition 8.

TIME 2019

4:22

Subject-Oriented Spatial Reasoning

Condition 1 and 2. These conditions are proven analogously to condition 2 from the
previous point.
Condition 3. Assume that ψ ∈ Rr (θ) for some θ ∈ ang. From the definition of
Rr (θ) we know that M, hr, θi
ψ. Since M is a model, then by Definition 2
0
0
there exist r ∈ N+ and θ ∈ ang such that hr, θiR hr0 , θ0 i and M, hr0 , θ0 i
ψ.
By the definition of R we have r0 > r and |θ − θ0 | ≤ |r − r0 |. If r0 = r + 1,
then |θ − θ0 | ≤ 1, so θ0 = θ − 1 or θ0 = θ or θ0 = θ + 1. In such a case, by
the definition of Rr (θ), ψ ∈ Rr+1 (θ − 1) or ψ ∈ Rr+1 (θ) or ψ ∈ Rr+1 (θ + 1). If
r0 > r + 1, then we need to consider 3 cases. 1) θ0 − θ = r0 − r. It follows that
θ0 −(θ +1) = r0 −(r +1), so by the definition of R , hr +1, θ +1iR hr0 , θ0 i and thus,
by Definition 2, M, hr + 1, θ + 1i
ψ. Consequently, by the definition of Rr (θ),
r+1
0
0
ψ ∈ R (θ + 1). 2) |θ − θ| < r − r. It follows that θ0 − θ ≤ r0 − (r + 1), so by the
definition of R hr + 1, θiR hr0 , θ0 i and thus, by Definition 2, M, hr + 1, θi
ψ.
r
r+1
0
0
Consequently, by the definition of R (θ), ψ ∈ R (θ). 3) θ − θ = r − r. It follows
that (θ − 1) − θ0 = r0 − (r + 1), so by the definition of R , hr + 1, θ − 1iR hr0 , θ0 i
and by Definition 2, M, hr + 1, θ − 1i
ψ. Hence, by the definition of Rr (θ),
r+1
ψ ∈ R (θ − 1).
Condition 4. This condition is proven analogously to condition 3.
/ K, then, by the
Ad. 3 First, let’s consider a set F ψ for some ψ ∈ ncl(ϕ). If ψ ∈
definition of R(), for all n ∈ N+ we have ψ ∈
/ Rn (). It means that for all n ∈ N+ ,
Rn ∈ F ψ , so elements of the set F ψ occur inifinitely many times during the run R.
Assume, then, that ψ ∈ K. By the definition of K it means that M, h0, 0i
ψ.
Since M is a model, then by Definition 2 there exist the least r ∈ N+ and θ ∈ ang such
that h0, 0iR hr, θi and M, hr, θi ψ. By the definition of Rr (θ) we obtain ψ ∈ Rr (θ).
By the definition of Rr () it follows that for all n ≥ r, ψ ∈
/ Rn (). Consequently, for
all n ≥ r Rn ∈ F , so infinitely many elements of R belong to F .
Now, let’s consider F θ ψ . If there exists no r ∈ N+ such that ψ ∈ Rr (θ), then
for all n ∈ N+ we have
elements of the set F θ

ψ

ψ∈
/ Rn (θ), so for all n ∈ N+ , Rn ∈ F θ

ψ

. Consequently,

occur infinitely many times during the run. Assume, then,

that there exists r ∈ N+ such that ψ ∈ Rr (θ). By the definition of Rr (θ) it means
that M, hr, θi
ψ. Since M is a model, then by Definition 2 there exist r0 ∈ N+
0
and θ ∈ ang such that hr, θiR hr0 , θ0 i and M, hr0 , θ0 i ψ. By the definition of Rr (θ)
0

we obtain ψ ∈ Rr (θ0 ). There are either finitely, or infinitely many n ∈ N+ such that
ψ ∈ Rn (θ). If the former is the case, it means that |{n ∈ N+ | ψ ∈
/ Rn (θ)}| = ∞.
n
n
θ
Since {R | ψ ∈
/ R (θ)} ⊆ F ψ , infinitely many elements of R belong to F θ ψ . If,
on the other hand, there are infinitely many n ∈ N+ such that ψ ∈ Rn (θ), then by
the earlier argument, for each n ∈ N+ such that ψ ∈ Rn (θ) there exists m > n and
θ0 ∈ ang such that ψ ∈ Rm (θ0 ). By the unboundedness of N+ we get |{m ∈ N+ | ψ ∈
Rm (θ0 ) for some θ0 ∈ ang}| = ∞. Since {Rm | ψ ∈ Rm (θ0 ) for some θ0 ∈ ang} ⊆ F θ ψ ,
infinitely many elements of R are from F θ

ψ

.
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1

Introduction

Nowadays Process-Aware Information Systems (PAISs) have become the cornerstone for
organizing activities in most realities, ranging from large private companies (operating in
logistics, manufactoring, avionics, and so on) to healthcare institutions [26]. Business Process
Management deals with many important aspects such as analysis, modeling, execution, and
monitoring of Business Processes [21].
In this context, BPMN (Business Process Model and Notation) [28] is the standard for
representing and managing business processes, but it lacks in some aspects such as the
specification of (i) temporal constraints [11, 29], (ii) resources availability [12], and (iii)
external data affecting decisions [31].
As pointed out by many applications, time-awareness is a crucial property of business
processes in most domains and especially in the healthcare one [20, 29]. However, BPMN
does not directly allow the specification of time constraints in process diagrams, despite the
fact that they affect the real process flow in many aspects such as choices to be made at given
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decision points, event handling, task durations, resource allocation and so on. This limitation
has been considered in the literature in different ways. A possible approach is to extend
BPMN with constructs borrowed from workflows and simple temporal networks fields [11, 29].
Another approach consists of translating BPMN diagrams into logical or automata-based
formalisms [13, 22] and then expressing constraints by means of the considered formalisms.
Moreover, BPMN does not allow the representation of resource availability and external
data affecting decisions, even if these aspects are crucial in managing process execution and
outcome [11]. A further issue to be considered is that resources and data values change
over time. As an example, in the healthcare domain, resource availability with respect to
blood analysis may be affected by the time of the day (i.e., morning, afternoon, evening, and
night) and the current load of the lab (i.e., the number of undergoing analyses). Time of
the day and current load may influence the whole time required for getting results of blood
tests. An example taking into account external data affecting decisions is related to shifts in
the systolic blood pressure values of a patient undergoing a surgical procedure. Significant
differences in pressure values in last 5 hours may force the anaesthetist to administer a local
sedation in place of a total one for safety reasons [12].
For the sake of clarity and conciseness of BPMN diagrams, often the formal specification
of these aspects are intentionally neglected and left to the following implementation by
specific software tools.
In this paper, we propose an approach, residing in between the two aforementioned ones,
that allows the annotation of BPMN diagrams based on Temporal Synchronization Rules of
Timeline-based planning [27]. We also show that this simple language may naturally express
the specification of (i) temporal constraints, (ii) resource availability, and (iii) external data
affecting decisions. Moreover, the proposed approach allows one to constrain the execution
of the process (e.g., a decision in an exclusive-gateway) according to the aforementioned
specifications. Then, another contribution of this work is a complete mapping of our timelineannotated BPMN diagrams into a timeline-based planning problem, that is, given a set
of state variables and a set of synchronization rules on them, find a consistent execution
where all the synchronization rules are satisfied [27]. The translation step suffices for our
verification purpose, since various tools for satisfiability of timeline-based planning have been
proposed in the last decade [2, 5, 6].
The advantages of our proposal are manyfold:
1. The proposed approach allows us to express complex temporal constraints even if they
involve some external data or resources.
2. The temporal behaviour of data and resources may be regulated with the same machinery
(i.e., state variables).
3. Our approach allows composability. As a matter of fact, resources/data may be updated/removed/inserted, as well as temporal constraints on the execution of the business
process, by simply modifying the relative temporal synchronization rules/state variables.
4. The process diagram is not affected at all and it may be seen through a layered perspective:
(a) at the highest level, the original BPMN diagram provides a general idea of how
activities are organized; (b) at an intermediate level, temporal synchronization rules,
possibly involving one or more external entities, detail how the execution is temporally
constrained and how some decision points are affected by (the temporal evolution of)
data/resources and/or by some previous temporal behavior of the process; (c) finally, at
the lowest level, the state variables regulate the evolutions of the involved data/resources.
The power and generality of this approach come at the price that the definition of a set of
temporal constraints in the form of temporal synchronization rules and state variables could
be inconsistent (i.e., every possible execution of the diagram combined with every possible
consistent evolution of data/resources violates at least one temporal synchronization rule).
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Figure 1 A pipeline for integrating timeline-based planning and BPMN diagrams.

In this paper, we will focus only on structured BPMN diagrams, and thus from now on
we will call them just diagrams. A diagram is said to be well-structured if every node with
multiple outgoing edges, i.e., a split node, has a corresponding node with multiple incoming
edges, i.e., a join node, such that the set of nodes delimited by the split and the join nodes
form a Single-Entry-Single-Exit (SESE) region, and these regions within the process are
properly nested [15, 19]. In this way a SESE region is any area within a process delimited by
a single entry edge and a single exit edge.
The paper is organized as follows. Sec. 2 gives an overall description of the proposed
approach. Sec. 3 provides an example of a real-world process in the healthcare domain, which
features non-trivial temporal constraints. Sec. 4 recalls the basic concepts and notation
of timelines and timeline-based planning, together with some recent results in the field.
Sec. 5 shows some meaningful temporal constraints that may be enforced by means of
timeline annotations in BPMN diagrams in a straightforward way, without compromising
the overall readability of the diagram. Sec. 6 describes how the proposed approach allows
the specification of constraints involving data, resources, and decisions. Sec. 7 summarizes
the contribution of the paper and sketches some lines for future work.

2

Enriching BPMN with Timelines: the Big Picture

In this section we give an overview of the proposed approach, which is graphically summarized
in Fig. 1. BPMN diagrams are often used for modelling business processes, where there are
often time-critical, resource-critical, and data-critical situations. Usually business processes
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are underspecified w.r.t. such requirements for preserving their readability and conciseness.
In this simplified form they cannot be directly managed by a suitable algorithm for controlling
the whole process at runtime and/or for performing qualitative/quantitative static analysis.
On the other hand, forcing the representation of such requirements by enriching the diagram
will compromise the readability of the diagram itself.
In order to overcome such trade-off, our proposal consists of keeping the original diagram
and annotating it by using a set of constraints, namely temporal synchronization rules,
borrowed from the timeline-based planning domain. As we will detail in Sec. 5, such rules
are able to express in a concise and clear way temporal constraints that would otherwise be
captured by a complex combination of throw/catch events and event-based gateways [11].
In [9], we will provide a way to translate structured BPMN processes into a set of rules
representing all and only the possible correct executions of the process. Such mapping is
crucial because, as shown in Fig. 1, it allows the representation of both requirements and
process as a set of rules.
In Fig. 1, we suppose to have a process that makes use of some data, and constraints
on such data must be taken into account. For instance, let us assume that the diagram
represents a medical guideline in which the decision on the exclusive gateway is driven by
the value of the patient blood pressure. It is straightforward to see that such value cannot
increase/decrease too fast in a short amount of time and it would be desirable to force such
constraint in order to prune irrealistic behaviors of the process in subsequent analysis. In this
paper, we assume that constraints on data may be captured by a suitable set of temporal
synchronization rules. As shown in Fig. 1, as a first step, the diagram, temporal constraints,
and data constraints are translated into sets of rules in an independent manner. The union of
such obtained rules (the Rule Set in Fig. 1) represents the whole description of the considered
process. As mentioned before, the translations are pairwise independent but, as we will
observe in Sec. 6, rules in different sets may “communicate” via shared variables. For instance,
rules representing the diagram may involve the variable representing the pressure, whose
behaviour is encoded by other rules coming from data constraints. Another example may be
represented by the fact that a given temporal constraint imposes that the execution of two
specific tasks must be non-overlapping (since they use the same shared resource), no matter
how they are arranged in the diagram (e.g., they may appear in parallel branches). It is easy
to see that such approach fosters modularity in the design of every component. As a matter
of fact, we may change constraints on the behavior of data, without affecting the diagram,
or we may change the diagram without impacting on related temporal constraints.
As depicted in Fig. 1, the whole set of rules is translated into a Finite State Machine
(FSM), whose language represents all the possible correct executions of the considered
diagram w.r.t. to temporal/data constraints. The FSM may be used for performing a
plethora of process-related analyses. In Fig. 1, we just provide three of them. (i) FSM may
be translated into an algorithm that may be used at runtime for monitoring the correct
execution of the process by means of alerts/execeptions pointing out the violation of a given
constraint [16]. (ii) On the FSM we may perform static verification of qualitative/quantitative
properties, expressed in temporal logics such as LTL or CTL [18], by using one of the many
well-established tools available [8, 17]. (iii) Supposing to be in a scenario where some process
elements are under the control of the environment (e.g., medical guidelines). By means of the
FSM we may synthesize, if it exists, a controller that “drives” the system-controlled elements
(i.e., the process elements which are not controlled by the environment) in a way that the
correct termination of the process is ensured, no matter how the environment behaves on its
set of elements [25, 30].
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Figure 2 A BPMN Diagram representing CR-BSIs treatment.

3

A motivating example

In this section, we introduce a clinical process model and describe some time-related decisions
and constrains that can be considered. The Business Process model, represented in Fig. 2 as
a BPMN Diagram, is a process for the treatment of Catheter-Related Bloodstream Infections
(CR-BSIs). Vascular catheters are vital for treating ill patients in critical situations. Their
main drawback is represented by the concrete possibility of a patogens colonization of their
injection site. This may lead patients to develop severe bloodstream infections.
Clinical guidelines for preventing such infections have been proposed and applied. Most
of them usually rely on temporal constraints for their applicability [4]. The BPMN diagram
in Fig. 2 shows the process for detecting and treating CR-BSIs according to the well-known
Infectious Diseases Society of America (IDSA) practice guideline [23]. The guideline includes
blood and/or catheter cultures activities for supporting the diagnosis of CR-BSI. In particular,
clinicians first draw simultaneously two blood samples to be cultured, one from the catheter
suspected to be the source of the infection and, the other, from a peripheral vein. We call
the first sample LS (local sample) and the second one P S (peripheral sample), respectively.
These operations are included in the first process activity of Fig. 2, i.e. Draw blood samples.
The considered activity takes a tdraw time to be completed.
After the first activity, physicians Administer an empirical therapy to the patient until
the diagnosis of CR-BSI is confirmed. Among the criteria for confirming or not a CR-BSI, we
considered the Differential Time to Positivity (DTP), which measures the difference between
the time when LS becomes positive w.r.t. a certain micro-organism, and the time when P S
becomes positive for the same micro-organism. If such difference exceeds a certain threshold
(DTP), then the CR-BSI is confirmed.
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In the process of Fig. 2, we considered only two of the possible micro-organisms that may
be detected in a CR-BSI infection: Coagulase-negative Staphylococci and Enterococcus spp.
In case of Coagulase-negative Staphylococci (CONS), the patient is treated with antibiotic
or heparin lock therapy. Such therapy consists of alternating between catheter locks and
an antimicrobial therapy. In general, such phases have equal duration in order to prevent
clot formations. These activities are represented in Fig. 2 by means of the process region
related to gateway p2, composed of Administer Antibiotic Treatment and Lock Catheter
activities.
In case of Enterococcus spp, the patient is treated by administering Vancomycin. Unfortunately this case is often associated with endocarditis. This means that physicians
may choose to perform a Trans-Esophageal Echocardiography (TEE) for detecting the
issue. TEE must be performed not before five and up to seven days from the time when
CR-BSI has been confirmed. These activities are represented in Fig. 2 by means of the
process region related to gateway p3.
Summing up, even in this over-simplified representation of a real-world clinical scenario, we
need to specify time-related constraints, which cannot be captured by using BPMN without
compromising the process model readability. Examples of these time-related constraints are:
Duration-Induced-Decision (DID). Durations and interleaving of given events/tasks
preceding a decision point (i.e., an exclusive gateway), determine the choice to be made,
and thus the path to follow. In process of Fig. 2, time durations LS and P S and their
related DTP determine which branch of CR-BSI confirmed? will be taken.
Disjoint-Parallel-Tasks (DPT ). In this case, we consider tasks which may be executed
without a given order, but their execution needs to be disjoint for some reasons (e.g., the
preemption of a mutually exclusive resource). In the treatment of CONS, Administer
Antibiotic Treatement and Lock Catheter must be executed in a non-overlapping way.
Moreover, since in Fig. 2 both activities belong to a loop, they may be executed multiple
times.
Relative-Time-Constraint (RTC ). Time durations of two given tasks, or the difference
between their endpoints are constrained by specified bounds. In process of Fig. 2, the
difference between the beginning of the TEE activity, and the end of the CR-BSI activity
must be between five and seven days.

4

A formal account of Timelines

In this section we introduce the basic concepts of timelines and of timelines-based planning
[27]. In [9] it is provided an informal explanation, together with a small example, of how the
whole timelines-based machinery works. In the following, we use the notation introduced in
[7]. We start by introducing the notion of state variable.
I Definition 1 (state variable). A state variable sv is a triple sv = (Vsv , ∆sv , Dsv ) where:
Vsv is the finite domain of the state variable sv;
∆sv : Vsv → 2Vsv is the transition function, which maps each value v ∈ Vsv to the set
of values that may be taken by sv immediately after sv has taken value v;
Dsv : Vsv → N × N ∪ {+∞} is a function that maps each v ∈ Vsv to an interval, i.e.,
sv=v
sv=v
sv=v
a pair of values [dsv=v
min , dmax ] with 0 < dmin ≤ dmax , which represent respectively the
minimum and the maximum duration of an interval over which sv takes value v.
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Table 1 A set of useful atoms conjunctions and their interval based interpretation.
shorthand
xhM iy

meaning
x meets y

translation
x ≤e,s
y
[0,0]

xhBiy

x begins y

x ≤s,s
y ∧ x ≤e,e
y
[0,0]
[1,+∞)

xhDiy

x during y

e,e
y ≤s,s
[1,+∞) x ∧ x ≤[1,+∞) y

xhF iy

x finishes y

xhOiy

x overlaps y

x ⊂BD y

(x begins y) ∨ (x during y)
(x begins y) ∨ (x finishes y)
∨(x during y) ∨ (x = y)
(x begins y) ∨ (x meets y)
∨(x overlaps y)
x=y

x⊆y
x ∩BM O y
x=y

y ≤s,s
x ∧ x ≤e,e
y
[1,+∞)
[0,0]
x

≤s,s
[1,+∞)

y ∧ x ≤e,e
y ∧ y ≤s,e
x
[1,+∞)
[1,+∞)

y ≤s,s
x ∧ x ≤e,e
y
[0,+∞)
[1,+∞)
e,e
y ≤s,s
[0,+∞) x ∧ x ≤[0,+∞) y

x ≤s,s
y ∧ y ≤s,e
x ∧ x ≤e,e
y
[0,+∞)
[0,+∞)
[1,+∞)
x ≤s,s
y ∧ x ≤e,e
y
[0,0]
[0,0]

Given a state variable sv, a timeline for sv is a sequence Tsv of pairs called tokens which
consider functions ∆sv and Dsv . Formally:
I Definition 2 (token). A token for a state variable sv = (Vsv , ∆sv , Dsv ) is a tuple τ = hv, di
where v ∈ Vsv and d ∈ Dsv (v).
It is worth noticing that in a token the duration d belongs to the allowed durations for
the value v.
I Definition 3 (timeline). A timeline for a state variable sv = (Vsv , ∆sv , Dsv ) is a finite
sequence Tsv = hτ1 , . . . τk i of tokens for sv such that for every 1 ≤ i < k we have vi+1 ∈
∆sv (vi ).
Given a token τ = hv, di, we denote with value(τ ) its value (i.e., value(τ ) = v). Notice
that the value of sv in two consecutive tokens within a timeline do not need to be different
as it depends on how ∆sv is defined. Given a timeline Tsv , we denote with |Tsv | its length.
Moreover we will use an array-like notation for specific tokens in the sequence. Formally,
if Tsv = hτ1 , . . . τk i we have Tsv [i] = τi for every 1 ≤ i ≤ k. In a timeline Tsv = hτ1 , . . . τk i
P
for sv for every 1 ≤ i ≤ k we define s_time(Tsv , i) as s_time(Tsv , i) = 1≤j<i dj and
P
e_time(Tsv , i) as e_time(Tsv , i) =
1≤j≤i dj . In the following we will often refer to
specific sets of timelines instead of single ones. To this purpose, given a set of timelines
Γ = {Tsv1 , . . . , Tsvn }, we will say that Γ is repetition-free if and only if svi 6= svj for
every 1 ≤ i 6= j ≤ n. From now on we will assume every set of timelines to be repetitionfree. Synchronization among timelines in the same set is given by means of a set of
Temporal Synchronization Rules, TS-RULES for short. TS-RULES relate tokens, possibly
belonging to different timelines, through temporal relations among intervals called atoms.
Let Σ = {x, y, z, . . .} a set of token names (i.e., variables ranging over tokens):
I Definition 4 (atom). An atom is a clause of the form x ≤◦,•
y where ◦, • ∈ {s, e} and
I
I ∈ {[l, u], [l, +∞) : l, u ∈ N, l ≤ u}.
In the above definition s (resp., e) refers to the start (resp., end) time of tokens x and/or y.
By means of conjuctions of atoms we may express all the possible Allen’s interval relations [1]
between two tokens, and some disjunctions of them. In particular, we will use the shorthands
reported in Table 1. Tokens appear in conjunctions which are existentially closed for all but
one distinguished variable.
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I Definition 5 (existential x-free conjunction). Given a token name x, an existential x-free
conjunction is a formula E of the form
E = ∃x1 [sv1 = v1 ] . . . ∃xh [svh = vh ](A1 ∧ . . . ∧ Am )
where for every 1 ≤ i ≤ h we have vi ∈ Vsvi and xi =
6 x, moreover for every 1 ≤ j ≤ m Aj
◦ ,•
is an atom of the form x1j ≤Ijj j x2j where x1j , x2j ∈ {x1 , . . . , xh } ∪ {x}.
Informally, in an existential x-free conjunction, a variable in the atom is existentially
closed or equal to the unique free variable x. Moreover, we will say that an existential x-free
conjunction E is an existentially closed conjunction if and only if for every 1 ≤ j ≤ m, Aj
◦ ,•
is an atom of the form x1j ≤Ijj j x2j where x1j , x2j ∈ {x1 , . . . , xh } (i.e., E does not feature
any free-variable). From now on we will treat the case of x-free conjunction which are not
existentially closed. Existentially closed conjunctions may be seen as a special case of x-free
ones and thus we will omit them for the sake of brevity. Moreover, given an x-free conjunction
E = ∃x1 [sv1 = v1 ] . . . ∃xh [svh = vh ](A1 ∧ . . . ∧ Am ) we define SV ar(E) = {sv1 , . . . , svh } as
the set of state variables in its existential preamble. Analogously, we define T N ames(E) =
{x1 , . . . , xh , xh+1 } assuming without loss of generality that xh+1 is the free variable x.
Since the token names T N ames(E) are exactly h + 1 (all the existentially quantified ones
plus the free one x), we may have that SV ar(E) ≤ h because it is absolutely allowed that
two distinct token names are bound to the same state variable.
Semantics for x-free conjunctions E = ∃x1 [sv1 = v1 ] . . . ∃xh [svh = vh ](A1 ∧ . . . ∧ Am ) is
given in terms of a set of timelines Γ = {Tsv1 , . . . , Tsvn } such that SV ar(E) ⊆ {sv 1 , . . . , sv n },
a state variable svh+1 in {sv 1 , . . . , sv n } (i.e, Tsvh+1 is the timeline that will be associated
to x), and a function f : T N ames(E) → N. In such setting we will have that Γ, svh+1 , f |= E
if and only if the following conditions hold:
for every 1 ≤ i ≤ h + 1 we have |Tsvi | ≥ f (xi );
for every 1 ≤ i ≤ h we have value(Tsvi [f (xi )]) = vi
◦ ,•
for every 1 ≤ j ≤ m let Aj = xij ≤[ljj ,ujj ] xi0j
◦ ,•

j
(resp., Aj = xij ≤[ljj ,+∞)
xi0j ) for some 1 ≤ ij , i0j ≤ h + 1, then

lj ≤ •j _time(Ti0j , f (xi0j )) − ◦j _time(Tij , f (xij )) ≤ uj
(resp., lj ≤ •j _time(Ti0j , f (xi0j )) − ◦j _time(Tij , f (xij ))).
Now we are ready to introduce TS-RULES.
I Definition 6 (temporal synchronization rule). A temporal synchronization rule R is a
formula which has one of the following two forms:
(trigger rule) R = x[sv = v] → E1 ∨ . . . ∨ En , where for every 1 ≤ i ≤ n we have that Ei
is an existential x-free conjunction;
(triggerless rule) R = E1 ∨ . . . ∨ En where for every 1 ≤ i ≤ n we have that Ei is an
existentially closed conjunction.
For the sake of clarity we will provide only the semantics of trigger rules, since triggerless
ones are a simplified version of them. Given a trigger rule R = x[sv = v] → E1 ∨ . . . ∨ Eh ,
its semantics is given by means of a set of timelines Γ = {Tsv1 , . . . , Tsvn }, such that
h
S
{sv1 , . . . , svn } ⊇
SV ar(Ei ) ∪ {sv} in such a case we say that Γ is a candidate for R.
i=1
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I Definition 7 (semantics of trigger rules). Given a trigger rule R = x[sv = v] → E1 ∨ . . . ∨ Eh
and a candidate Γ = {Tsv1 , . . . , Tsvn } for it, Γ satisfies R, written Γ |= R, if and only
if for every 1 ≤ i ≤ |Tsv |, if Tsv [i] = v then there exists 1 ≤ j ≤ h and a function
f : T N ames(Ej ) → N, for which f (x) = i and Γ, sv, f |= Ej .
The timelines-based planning problem is defined as follows.
I Definition 8 (timelines-based planning problem). Given a set of TS-RULES R = {R1 , . . . , Rp }
the timelines-based planning problem, TPP for short, for R consists of determining whether
or not there exists a set of timelines Γ = {Tsv1 , . . . , Tsvn } such that Γ |= Ri for every
1 ≤ i ≤ p.

5

Annotating BPMN Diagrams with Timelines

In this section we describe in more details our approach, which consists of annotating BPMN
diagrams with temporal synchronization rules. The proposed annotation is able to enrich
the description of process execution by maintaining the diagram as simple as possible. In
our proposal, we use a synchronization rule based notation, which allows us to easily handle
temporal constraints represented by means of timelines. We would like to point out that in
our approach each set Γ is associated with a possible instance of the process (i.e., Γ may be
seen as the whole process log for a given process instance), while state variables together with
TS-RULES abstract away from single instances and represent constraints on such instances
exactly as the corresponding BPMN process diagram does.
As an example, we consider the BPMN diagram reported in Fig. 2, which has been
annotated by means of timelines. In [9] it is provided a formal mapping from diagrams to
timelines-based planning problems. It is easy to prove that such mapping guarantees the
existence of a bijection between the solutions of the target planning problem and the correct
executions of the related process model. In Fig. 3 we show an instance (i.e., an execution)
of the considered process. The execution is represented as a set of timelines, one for each
BPMN element. In this example tasks and gateway blocks are correctly interleaved.
Tokens on timelines may take two values, active, denoted by >, and not active, denoted
by ⊥. It means that each token can be seen as an on/off switch. The meaning of these two
values is straightforward: active means that the process element is currently executed and
its duration is represented by means of the duration of the token, and not active means that
the process element is not executed in the interval of time corresponding to the token. In
Fig. 3, when a token is active, it is represented by using the BPMN notation related to the
considered element. Otherwise, when the token is not active, it is represented by means of
a dashed line. For example, the execution of task Administer an Empirical Therapy has
a duration of 4 hours and half, as represented in Fig. 3 by using a task-like shape on the
tempirical line from 19.00 to 23.30. The execution of task Administer the Antibiotic Therapy
related to line tCON S is not executed in the 1-hour interval starting at 10 Jan 2018 4:00.
In our proposal, we take advantage from the fact that the BPMN diagram is structured,
and associate a timeline to each SESE region. The beginning of an active token represents
the entry node (gateway) of the SESE region associated to the timeline, and the ending of
such token represents its exit gateway. For instance, in Fig. 3 the two executions related to
gateway eloop2 are represented by the active tokens [10 Jan 2018 2:00, 10 Jan 2018 5:00] and
[10 Jan 2018 5:00, 10 Jan 2018 9:00] on the relative timeline.
In [9], more details are given about the way the described tokens can be properly
constrained for representing correct executions of gateways and tasks, and about the way
interleaving may be forced by means of suitable synchronization rules.
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Figure 3 Example of an execution of the business process of Fig. 2, represented as timeline (for
the sake of brevity only timelines related to elements involved in the considered execution are shown).

In the following examples we will assume that the presented scenario is taken from
timelines representing correct executions of the considered BPMN process. For the process
in Fig. 2, a timeline having a token tlook , which is active before an active token tgrow , is not
allowed since the correct execution of the process requires that the execution of task Look for
Other Sources of Infection related to tlook is after the execution of task Grow Blood Culture
related to tgrow . Before providing the rules for the constraints related to the example of
Sec. 3, we introduce a (more human-readable) variation on the syntax for TS-RULES. Such
syntax seems more suitable for annotating BPMN diagrams. First, instead of anonymous
state variable names like x, y, . . . we will use the element type associated to the state variable
and thus we will write something like task, task 0 , . . . when the state variable is associated to
a task, exclusive, exclusive0 , . . . when the state variable is associated to a region delimited
by an exclusive gateway, and so on. Moreover, we replace state-variable = token-value
in the quantifications with either element-name or its overlined version element-name
where element-name is the subscript of the BPMN element associated to state-variable.
We will write element-name if token-value = > and element-name if token-value = ⊥,
respectively. For instance, rule x[tCON S = >] → ∃y[tlock = ⊥](x ⊆ y) turns out to be rule
task[CON S] → ∃task 0 [lock](task ⊆ task 0 ) in the new syntax. The DID, DPT and RTC
constraints related to the example of Sec. 3 may be expressed as follows.
Duration-Induced-Decision (DID):

C1) task[grow] →

∃exclusive[organism?]

task ≤s,e
[2 hours,+∞) task∧
task ≤s,s
[0,+∞] exclusive

(task ≤s,e
[0,2

hours]

!
∨

task)

Fig. 4 shows examples of four partial evolutions of timelines tgrow , eorganism? and tlook .
These considered scenarios are triggered by the presence of the execution of the task
related to tgrow (i.e., the rounded rectangle on the bottom dashed line).
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1
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7

|
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|
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9 Jan 2018

Figure 4 (a), (b), and (c) are examples of executions that fulfill the Duration Induced Decision
constraint C1. (d) does not fulfill C1.

Fig. 4(a) represents the case in which the duration of tgrow is more than two hours and
thus, according to the specified constraint, the Y ES branch of econf irmed? , and the block
eorganism? , must be executed. In this scenario the first disjunction in C1 is fulfilled.
When the duration of tgrow is less than 2 hours, either Y ES branch or N O branch of
econf irmed? is executed, as depicted in Fig. 4(b) and Fig. 4(c), respectively. In the latter
case task related to tlook must be executed as correctly depicted in Fig. 4(c).
Example in Fig. 4(d) represents a way to violate constraint C1. In this case, the duration
of tgrow is greater than 2 hours and the branch N O of econf irmed? is taken by executing
tlook . This situation violates both disjunctions of C1.
Disjoint-Parallel-Tasks (DPT):
C2) task[CON S] → ∃task 0 [lock](task ⊆ task 0 )
Fig. 5 reports examples of two partial evolutions of tlock and tCON S timelines. The
intuition behind rule C2 is that if a token on the timeline tCON S is active, then it is
contained in a not active token on the timeline tlock .
(a)

(b)

tlock

tlock

tCON S
|
9 Jan 2018 1

tCON S
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|
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|
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|
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|
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|
9

9 Jan 2018
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|
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|
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|
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|
6

|
7

|
8

|
9

Figure 5 (a) is an example of execution that fulfills the Disjoint-Parallel-Tasks constraint C2.
(b) does not fulfill C2.

In Fig. 5(a) an interleaving of tokens in tlock and tCON S that satisfies rule C2 is depicted.
In Fig. 5(b) a scenario that violates rule C2 is reported. In this latter case, token
[9 Jan 2018 4:00, 9 Jan 2018 6:00] on timeline tCON S contains the overlap of tokens
[9 Jan 2018 3:30, 9 Jan 2018 5:00] and [9 Jan 2018 5:00, 9 Jan 2018 6:30] on tlock , and
thus it cannot be contained in any token on timeline tlock .
Relative-Time-Constraint (RTC):
∃task 0 [T EE]∃task 00 [T EE](task ⊆ task 0
e,s
C3) task[CR-BSI] → ∧task 0 hM itask 00 ∧ task ≤[5 days,7 days] task 00 )
0
∨∃task 0 [T EE](taskhM itask 0 ∧ task 0 ≤s,e
(+∞,+∞) task )
Fig. 6 shows examples of three partial evolutions involving tT EE , tCR-BSI and tCON S
timelines. The scenario reported in Fig. 6(a) fulfills rule C3 since an active token on
timeline tCR-BSI is present, and the next active token on tT EE happens after 6 days.
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Figure 6 (a) and (b) are examples of executions that fulfill the Relative-Time-Constraint C3. (c)
does not fulfill C3.

Also Fig. 6(b) represents a scenario satisfying C3. Assuming that timelines satisfy the
correct execution of the process diagram, in this case there is an active token on the
timeline tlook and thus the N O branch of econf irmed? has been chosen and there are no
active tokens on timeline tT EE . This means that the second conjunction of C3 is fulfilled.
Finally, Fig. 6(c) shows a scenario violating rule C3, since there exists an active token τ
on tT EE , which happens after an active token τ 0 on tCR-BSI , but the distance between
the end of τ 0 and the beginning of τ is less than five days.
TS-RULES allow us to capture different kind of constraints For example, the described
temporal constraints may be achieved by suitably adding throw/catch events and event-based
gateways to the diagram. However, there are two main drawbacks in this approach:
(i) enforcing such constraints in the diagram may easily make it difficult to read (e.g., see
[11] for an example); (ii) modularity is lost forever since some changes in the diagram may
change how the constraints are enforced in it.
Moreover, some constraints expressible via TS-RULES may be defined by using Decision
Model and Notation (DMN) [24]. DMN is a standard notation for modeling decisions, and it
is complementary to BPMN. DMN is able to specify conditions on the elements that may
change the flow of execution (e.g., exclusive gateways). Our approach can capture DMN
sematics in a natural way by introducing additional state variables for data affecting the
choice (more on that in Sec. 6) and the related TS-RULES, thus providing a way to check
consistency properties between the DMN logic and the process. However, if the choices
are inherently depending from the evolution of the data and/or of the flow of the process,
TS-RULES explicit such dependence in a more direct and concise way. Finally, TS-RULES are
more general since they constrain the flow of execution without the need to be bound to
some element in the diagram. For instance, they can force parallel tasks to follow specific
patterns as shown by rule C2.

6

Data, Resources, and History-driven gateways

In this section, we illustrate how the proposed approach can be used for expressing data and
resource synchronization constraints. Moreover, we introduce a decision gateway, based on
timelines, for specifying the decision rule about the branch to execute.
In Fig. 7, we report an example of a healthcare process for taking care of severely injured
patients [12]. The process of Fig. 7 involves three actors: paramedics, nurses, and operating
room staff. Each actor is represented as a swimlane within the pool. Paramedics reach the
patient and provide transport for her. Nurses take care of the patient when she arrives
at the hospital, and operating room staff (i.e., surgeon and anesthetist), alerted in critical
situations, provide emergency surgery.
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Figure 7 An example of History-driven gateway.

This simple example allows us to introduce the following constraints on data, resources
and decisions that may be naturally captured by means of timelines.
Enforce parallelization: this constraint allows us to enforce the simultaneosly execution
of two activities beloging to a parallel block. As an example, for specifying that if block
blloc is chosen, then the execution of its internal loop blcalm must be performed for the
whole duration of the surgery, we can use the rule: x[blcalm = >] → ∃y[tsur = >](y ⊆ x).
This kind of constraint is symmetrical with respect to the Disjoint Parallel Task constraint
described in Sec. 5.
Message passing: BPMN elements like messages, with their possible different semantics,
may be easily integrated in our formalism. In this paper, for the sake of space, we only
sketch an idea of this kind of constraints, without giving a detailed description and
analysis. As an example, during the transport of the patient, paramedics may alert
the operation room staff in case the patient situation is getting worse. The aim of the
notification alert is requiring the preparation of the operating room. This mechanism is
managed by the event-based gateway eg in Fig. 7 in the following way (notice that we
consider the messages attached to the gateway as part of it).

x[eg = >] →

∃z[se
p = >]∃z[smop = ⊥]∃y[tcare = >]∃ŷ[tcare = ⊥]∃y̌[tcare = ⊥]∃y[blroom = ⊥]


e,e
z ∩BM O x ∧ z ≤s,s
∨
[0,+∞) x ∧ z ≤[0,+∞) z ∧ ŷhM iy ∧ yhM iy̌ ∧ ŷ ∩BM O x ∧ x ∩BM O y̌ ∧ y ⊆ x ∧ x ⊆ y
∃z[smop = >]∃z[sep = >]∃y[blroom = >]∃ŷ[blroom = ⊥]∃y̌[blroom = ⊥]∃y[tcare = ⊥]


e,e
z ⊆ x ∧ z ≤s,s
[0,+∞) x ∧ z ≤[0,+∞) z ∧ ŷhM iy ∧ yhM iy̌ ∧ ŷ ∩BM O x ∧ x ∩BM O y̌ ∧ y ⊆ x ∧ x ⊆ y

This proposal is similar to an exclusive gateway with the addition, by means of the z/z
variables, of a constraint regarding the preemptiveness of messages determining which
block will be executed. Managing end events and intermediate message events is slightly
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different, since the former can be seen as the end of the related block. For example, in Fig. 7,
patient arrives is the end of the block sep . The duration of smop must be constrained
to 1 unit, in order to make it istantaneous by means of rule x[smop = >] → x ≤s,e
[1,1] x.
Finally, when an intermediate message does not appear as a successor of an event-based
gateway, its semantics must be explicitly encoded. This is the case of mpa in Fig. 7, which
is mapped to rule x[mpa = >] → ∃y[sep = >](x ≤e,e
[0,0] y).
Resources and roles management: a very important aspect to consider in managing
business processes is related to the definition of roles that are involved in the process
execution. BPMN provides swimlanes (within pools) for representing roles (within
organizations).
In the process of Fig. 7 tasks must be performed by the related roles (represented by means
of swimlanes), this means that a paramedic cannot perform the surgery, and an anesthetist
cannot drive the ambulance. However both a paramedic and an anesthetist may perform
task tassess . To force such constraint the rule x[tassess = >] → ∃y[P aramedic = >](x =
y)∨∃y[Anesthetist = >](x = y) can be specified. In this case paramedics and anesthetists
represent sets of timelines, one for each resource available in the considered instance.
Each of such timelines represents how the specific resource is allocated to each task. The
mutual exclusion in the use of resources is guaranteed by the non-overlapping nature of the
intervals on the same timeline. The described notation allows us to abstract the number
of available resources, since corresponding numbers are inserted at verification time.
For example, by instantiating the above rule by using 2 paramedics and 3 anesthetists,
we obtain x[tassess = >] → ∃y[paramedic1 = >](x = y) ∨ ∃y[paramedic2 = >](x =
y) ∨ ∃y[anesthetist1 = >](x = y) ∨ ∃y[anesthetist2 = >](x = y) ∨ ∃y[anesthetist3 =
>](x = y). This allows us to verify quantitative properties related to durations even in
presence of multiple instances of the same process, that access the same resources [12].
Data driven decisions: the described timeline-based approach is able to provide a preliminary integration of processes and data. Other proposals presented in literature [10, 14]
are more focused on integrating existing formalisms (e.g., Entity-Relation data model),
for representing data in BPMN process models.
The timeline-based approach should not be considered as an alternative for such approaches, but as an annotation working well along with them, by helping in clarifying
and verifying properties of data at the time execution of processes.
As an example, let us suppose that the decision about which branch of egstable? has
to be chosen, is determined by both patient blood pressure (pBP ), and patient body
temperature (pBT ). Let us assume that pBP and pBT are represented by means
of the different timelines (VpBP , ∆pBP , DpBP ) and (VpBT , ∆pBT , DpBT ), respectively.
More precisely, VpBP = {70, . . . , 190, ⊥}, i.e., on the timeline pBP all the possible
ranges of blood pressures plus a disabled value when the pressure is not measured, are
represented. The same holds for the body temperature, i.e., VpBT = {29, . . . 41, ⊥}.
In this case, data may be available only when task tassess is performed, thus the rules
W
x[tassess = ⊥] → ∃y[pBP = ⊥](y = x), x[tassess = >] →
∃y[pBP = v](x = y)
v∈{70,...,190}

model this constraint. Similar rules can be specified for constraining pBT .
Finally, for constraining the gateway smop to be executed whenever the values of BT
and BP exceed certain thresholds, this set of rules can be specified:
y[BP = v] → ∃x[egstable? = >]∃z[smop = >](y ⊆ x ∧ z ⊆ x) ∨ ∃x[egstable? = ⊥](y ⊆ x), with v > 150
y[BT = v] → ∃x[egstable? = >]∃z[smop = >](y ⊆ x ∧ z ⊆ x) ∨ ∃x[egstable? = ⊥](y ⊆ x), with v > 39

The described example is able to represent the way in which, by means of timeline-based
annotation, it is possible to enrich processes with constraints on temporal aspects, roles

C. Combi, B. Oliboni, and P. Sala

5:15

and data. Process models are equipped both with the constraints on their execution and
with requirements about decisions and durations, without burden the process model.
Special behaviors for gateways: in this work we show how to express BPMN diagram
semantics and complex temporal constraints that would involve, if integrated directly in
the diagram, complex patterns of throw/catch events as well as event-based gateways. We
intentionally did not extend BPMN with some new element, in order to stay within the
boundaries of BPMN semantics. However, it is possible to use TS-RULES for extending
the standard BPMN notation, by expressing the behavior of complex new elements in a
straightforward way. As an example, let us consider gateway f g in Fig. 7. If it is the
case that an instance of the process reaches f g, we expect that the patient has to be
sedated, either totally or locally, while surgery has to be performed. Thus, in this case,
we expect that branch tsur is anyway executed, while choosing exactly one between the
branches ttot and blloc . Moreover, the choice between ttot and blloc will be dictated by
recent results of measurements related to the patient condition. For example, in case
that pBP > 150 at some time point between 3 hours and the beginning of the surgery, a
partial sedation has to be administered, otherwise it is possible to administer the total
one. Rules for specifying these expectations are the following:
x[f g = >] →

∃y[tsur = >]∃z[ttot = >]∃w[blloc = ⊥](y ⊆ x ∧ z ⊆ x ∧ x ⊆ w)∨
∃y[tsur = >]∃z[blloc = >]∃w[ttot = ⊥](y ⊆ x ∧ z ⊆ x ∧ x ⊆ w)
.

x[pBP = v] →

∃y[f g = >]∃z[blloc = >](x ≤e,s
[0,3 hours] y ∧ z ⊆ y)∨
, with v > 150
s,s
∃y[f g = ⊥](x ≤e,e
[3 hours,+∞) y ∧ y ≤[0,+∞) x)

Summing up, by means of timelines we are able to introduce a BPMN element that
behaves like a conditional parallel gateway, that is, a parallel gateway which runs all and
only the branches that satisfy a certain condition at the precise moment of its execution.

7

Conclusions

In this paper we dealt with issues related to the specification of different kinds of constraints
on process models represented by means of BPMN diagrams. We provided a timelines-based
approach for expressing admissible executions of a process. Timelines allow us to specify
complex constraints possibly related to time, data, and resources, by annotating the BPMN
process diagram, without overburden the process diagram itself. Some of the advantages of
our proposal are (i) providing a means for specifying complex constraints without extending
BPMN; (ii) applying the existing tools for timeline-based planning [2, 5, 6] for verifying
qualitative properties at design time; (iii) supporting resources optimization in the style of
[12], and (iv) checking quantitative properties such as the interplay between the number of
mutually exclusive resources and the number of process instances that may be completed
in a given amount of time. For future work, we plan to apply synchronization rules for
querying running processes and monitoring business process activities (Business Activity
Monitoring (BAM[3]).
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Introduction

The authors of the paper are involved in research projects that collaborate with industry,
lawyers and legislators where the main goal is to develop verified legal software. The
industrial and social need is evident: various legal decisions are made on the basis of
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algorithmic processing of data in consequence of which individuals can be fined or even
sent to jail. Software contains errors, but for our legal context such errors should not
be acceptable.
In particular, the above-mentioned projects have as first and main objective to eradicate
errors from software that interprets data from tachographs. A tachograph is to a truck what
a black-box is to an aeroplane: it registers all kinds of activities from the truck and driver,
like speed, movement and others. In practice, a police officer may pull over a truck for an
inspection where the tachograph data is read and interpreted by some software. Depending
on the verdict of the program, the driver may be instantly fined or sometimes even imprisoned.
It is known that many erroneous automated verdicts are issued. This is highly undesirable
both from an industrial and from a civil rights perspective. It is here that logic tries to come
to the rescue.
The aim of the project is to recast the transport legislation into an unambiguous mathematically formulated language such that proof-checkers may show that the developed code indeed
satisfies the legislation. This paradigm allows us to honestly speak of error-free software.2
The multi-disciplinary nature of the project poses many challenges. For one, legislation
is often intended to leave room for various interpretations and applications of the law. In
contrast, mathematical definitions and algorithms are deterministic in nature and disallow
ambiguity. The main mitigation of this challenge seems to be the accepted tendency to
require unambiguous laws if they should prescribe an algorithm. These laws are written
in prose, and albeit technical, it will always leave room for multiple interpretations which
sometimes only differ on very subtle yet essential aspects. Here jurisdiction tells us what
to do in most cases. Our collaboration with working lawyers has been very interesting
in this aspect.
Yet another challenge lies in choosing the right ontology and logico-mathematical framework where to recast the interpreted and disambiguated laws. It is mainly this aspect that is
addressed here. In particular, in this paper we will argue that the European regulation can
be modelled in linear temporal logics [10], broadly construed as subsystems and extensions
of the classical LTL with “until”.
To illustrate this claim we identify some passages that may be problematic from a logical
perspective, most notably because they contain prima facie “impredicative” content: for our
purposes, a property is impredicative if its definition requires genuine quantification over the
set of all subsets of N. This terminology is inspired from Weyl’s predicative mathematics
which does not accept the powerset axiom for infinite sets [11]. Nevertheless, all laws we
consider will fall in the Σ11 fragment of monadic second-order logic, and model-checking
formulas in this fragment can be reduced to satisfiability of first-order formulas. Thus we
argue that such laws are not ideal from a computational perspective, but even in the worst
case scenario, checking the compliance of a law can be reduced to a well-understood problem.

2

European Transport Law

In this section we discuss some passages from the European transport regulation [3] and
why they pose a challenge in terms of logical modelling. Our analysis will be based on the
following excerpts, which we have found to be problematic from a logical perspective.

2

Of course, it has its subtleties. Software will be as good as the specification, which may contain
errors. Also, we must trust the small kernel of the proof-checker, apart from the hardware and middleware involved. There is also the consistency assumption of the underlying type-theory. A further
methodological objection may be that the formalisations and proofs are not easily human-readable.
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§4(h) “regular weekly rest period” means any period of rest of at least 45 hours.
§4(i) “a week” means the period of time between 00.00 on a Monday and 24.00 on the
following Sunday.
§8.6. In any two consecutive weeks, a driver shall take at least:
two regular weekly rest periods, or
one regular weekly rest period and one reduced weekly rest period of at least 24 hours.
However, the reduction shall be compensated by an equivalent period of rest taken en
bloc before the end of the third week following the week in question.
A weekly rest period shall start no later than at the end of six 24-hour periods from the
end of the previous weekly rest period.
§8.7. Any rest taken as compensation for a reduced weekly rest period shall be attached to
another rest period of at least nine hours.
§8.9. A weekly rest period that falls in two weeks may be counted in either week, but not in
both.
I Remark 1. There are additional regulations regarding daily rest periods. For the sake of
exposition we will only consider the above-mentioned regulations, but in all constructions
and examples it should be noted that the driver would additionally have to rest daily in order
to fully comply with the law. We will not discuss daily resting periods further in this text.

2.1

Placement of weekly rest periods

Let us consider a case implied by Article §8 of the Regulation, depicted in Figure 1. Each
letter-divided segment denotes a week and the smaller segments denote a day, with time
flowing from left to right. Furthermore, each serpentine line denotes weekly rest periods of
68 hours except the last one, which lasts only 45 hours.
A

B

C

D

E

F

G

Figure 1 Six consecutive weeks and five weekly rest periods (serpentine lines) taken by a
hypothetical driver.

Figure 1 represents the activities of a driver who starts resting Saturday at 00:00h
and retakes their activity on Monday at 20:00h. Then, until the fourth week, the driver
periodically start his weekly rest on Sunday at 00:00h and retake their activity on Tuesday
at 20:00h. During the sixth week they rest 45 hours, from Monday at 20:00h to Wednesday
at 17:00h.
Since all except the last of these weekly rest periods fall between two weeks, it is reasonable
to want to find a procedure that will determine whether there exists a way of counting each
of them within one week or the other as per §8.9, so that the situation becomes legal.
In our simple example, the segment F G has a fixed rest period of 45 hours. In the
remaining weeks we have to choose where to assign the resting periods,3 but it is evident
that we cannot arrange them in a way that makes the whole interval AG legal. One might
argue that this situation is a bit controversial, given that all other articles exposed above
except §8.9 are complied beyond their minimum requirements.

3

We cannot assign parts of this periods to different weeks, since this would give rise to two consecutive
reduced weekly rest periods and thus violate §8.6.
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Here, the Regulation does not pose a logical problem, nor is it inconsistently worded. But
logic is not entirely unrelated to this issue. The complexity that results from §8.9 generates
a potential combinatorics problem. As an example, we could encounter situations which
follow the structure from Figure 1 with many more occurrences of the in between segments.
Verifying the legality of the situation could, in principle, require checking a large number of
possible assignments of rest intervals to weeks. This non-locality feature has been discussed
and formalised in Coq [2].
In a first attempt to formally represent §8.9 we may think in a second-order setting:
we could model weekly rest periods as pairs of points indicating the start and end of the
rest. Thus §8.9 could be a formula asserting the existence of a function that would model
the assignment of weekly rest periods into weeks. Such a formalization would require a
second-order existential quantifier (and, in fact, would even fall outside of monadic second
order logic, which does not allow for function quantification). In the following section we
discuss this issue in some detail.

2.2

Timing of compensations

The second potential source of problems comes from the compensation mechanism of §8.6.
To illustrate it, we construct weeks A, B, and Ci , 1 ≤ i ≤ n such that the sequences
[A, C1 , . . . , Cn ] and [C1 , . . . , Cn , B] are both legal, but the full sequence [A, C1 , . . . , Cn , B] is
not. The question then arises: where is the illegality? It is in the combination between A
and B, where A and B can be arbitrarily far apart from each other. Clearly this is not a
good feature for a law.
Throughout this subsection, line segments represent weeks, and the numbers attached to
them represent the number of hours rested during each week. In Figure 2, the first and last
segments represent the weeks A and B we mentioned before.
A
44

B
45

45

45

24

45

Figure 2 Illegal interval of six consecutive weeks performed by a hypothetical driver.

As shown in Figure 3, if we do not consider the last week, the remaining interval is
rendered legal by the law, for we can assume that the hours to be compensated will be
incorporated in the week we omitted.

A
44

45

44+1

45

24

45+1

Figure 3 First five weeks of the example represented in Figure 2, together with a possible sixth
week that would make the whole interval legal.

Similarly, if we remove week A from the example of Figure 2, the resulting interval
(represented in Figure 4) is also legal, since we can assume that the compensation for the
fourth week takes place in the weeks outside our interval.
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B
45

45

45

24

45+21

45

Figure 4 Last five weeks of the interval represented in Figure 2, together with a possible sixth
week that would make the whole interval legal.

However, the interval of Figure 2 is illegal, as Figure 5 illustrates. This is because
after compensating the first week according to article §8.6, we still have to compensate one
hour, but we cannot allocate it within any of the three following weeks without having two
consecutive reduced weekly rest periods.

A

B

44

45

44+1

45

24

45

Figure 5 The same interval of Figure 2, with an attempt to assign compensations (dashed lines)
that ultimately fails.

This example can be generalized to ensure that that A and B are n weeks apart. The
corresponding interval (illustrated in Figure 6) has a similar structure to the one we have
treated. The first week has a 44 hour weekly rest period, and all the following weeks have 45
hour weekly rest periods except for the penultimate one, which has a 24 hour weekly rest
period.
A

B

44

45

45

24

45

Figure 6 General example of an illegal interval that is legal when week A or week B is erased.

In this situation if we omit one of the weeks A or B the remaining interval will be legal,
but the interval as it stands is illegal.
Indeed, a literal reading of the law would require three functions c1 , c2 , c3 where given
a week W , ci (W ) is a (possibly empty) interval that occurs i weeks later and is used to
compensate a reduced weekly rest. Once again such functions are not, properly speaking,
objects of monadic second order logic, but we will show that they can be represented as such.
In the rest of the article we will show that these properties can indeed be represented in
monadic second order logic, and explore whether simpler representations are possible. Before
we do so, let us review the logical frameworks we will work with.

3

Temporal Logics

In this section we review the temporal logics that we consider. These are all subsystems of
either linear temporal logic LTL or monadic second-order logic MSO interpreted over the
natural numbers; as we discuss below, we regard the latter as a temporal logic in view of
Kamp’s theorem and extensions.
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3.1

Linear Temporal Logic

Linear temporal logic is based on the language L U given by the following grammar:
ϕ, ψ := ⊥ | P | ϕ → ψ |

ϕ | ϕ | ϕ U ψ,

where P is an element of a countable set P of predicate symbols. We will consider the U-free
fragment L , the -free fragment LU and the language whose only tense is , L . As usual,
is read as “next”,  is read as “henceforth”, and U as “until”. We define other Booleans
and ♦ as abbreviations in the standard way. Note that LU is expressively equivalent to L U ,
so we will seldom work over the full language. We could additionally consider past tenses,
but they do not add expressive power to LU in models with a starting point (although there
are issues with succinctness which we briefly discuss).
The articles we consider also require some counting, but this can be dealt with using the
following abbreviations, where n, m ∈ N. Below, an empty disjunction should be read as ⊥
and an empty conjunction as >.
0
n
ϕ := ϕ and n+1 ϕ =
ϕ;
Vn−1
W
n−1
n
<n
<n
ϕ and  ϕ = i=0 n ϕ.
♦ ϕ = i=0
Variants with ≤n instead of <n are defined by reading ≤n as <n + 1.
Given any formula ϕ and a set Θ ⊆ { , , U}, we define the Θ-depth of ϕ (in symbols,
dptΘ (ϕ)) to be the nesting depth of tenses in Θ, defined in a standard way. If Θ = {ϑ} we
write ϑ-depth and dptϑ (·) instead of Θ-depth and dptΘ (·), and if Θ = { , , U} we write
temporal depth and dpt(·) instead of Θ-depth and dptΘ (·). As a general rule we consider the
-depth to be a negligible complexity measure with respect to the depths of other tenses.
We will always interpret formulas of L over the structure (N, S), where S(n) = n + 1.
Hence, for our purposes an LTL model M is merely a function ·M : P → 2N . We define the
satisfaction relation |= inductively by
1. (M, n) |= P iff n ∈ P M
2. (M, n) 6|= ⊥
3. (M, n) |= ϕ → ψ iff (M, n) 6|= ϕ or (M, n) |= ψ
4. (M, n) |= ϕ iff M, S(n) |= ϕ

5. (M, n) |= ϕ iff for all k ≥ 0 we have that M, S k (n) |= ϕ 
6. (M, n) |= ϕ U ψ iff there exists k ≥ 0 such that M, S k (n) |= ψ and ∀ i ∈ [0, k),
M, S i (n) |= ϕ
As usual, a formula ϕ is satisfiable over a set of models Ω if there is M ∈ Ω and n ∈ N so
that (M, n) |= ϕ, and valid on Ω if, for every M ∈ Ω and n ∈ N, (M, n) |= ϕ.

3.2

Monadic Second-Order Logic

The syntax of monadic second-order logic is defined as follows. First, define a term to be
given by the grammar
t := 0 | x | S(t),
where x belongs to some fixed set of first-order variables V. Then, the language L2∀ is defined
by the grammar
ϕ, ψ := ⊥ | P (t) | t < s | ϕ → ψ | ∀ x ϕ | ∀ P ϕ
where x is a variable, t and s terms, and P ∈ P. Once again we define other Booleans and ∃
as standard abbreviations, and define L1∀ to be the sub-language of L2∀ that does not allow
quantifiers over elements of P.
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The language L2∀ is interpreted over models ·M : V ∪ P → N ∪ 2N such that xM ∈ N if
x is a variable and P M ⊆ N if P is a predicate symbol. For a variable x and n ∈ N let
M[x/n] be the model that is the same as M except that xM[x/n] = n, and for P ∈ P and
A ⊆ N define M[P/A] analogously. Extend ·M to terms by defining recursively 0M = 0 and
(S(t))M = tM + 1. The satisfaction relation is then defined as follows:
1. M 6|= ⊥
2. M |= P (t) iff tM ∈ P M
3. M |= ϕ → ψ iff M 6|= ϕ or M |= ψ
4. M |= ∀ x ϕ iff for all n ∈ N, M[x/n] |= ϕ
5. M |= ∀ P ϕ iff for all A ⊆ N, M[P/A] |= ϕ
Satisfiability and validity are defined as before. MSO denotes the language L2∀ endowed with
these semantics, and MFO denotes MSO restricted to L1∀ . In order to unify our semantics for
temporal logics and MSO, we regard an LTL model M as an MSO model by setting xM = 0
for all variables, and similarly regard an MSO model as an LTL model by restricting the
domain to P.
We say that a set Ω of models is definable in a language L ⊆ LU if there is ϕ in L such
that for any model M we have (M, 0) |= ϕ if and only if M ∈ Ω. Similarly, Ω is definable in
L ⊆ L2∀ if there is ϕ in L such that for any model M, M |= ϕ if and only if M ∈ Ω. With
this in mind, we may regard MFO as a temporal logic in terms of the following.
I Theorem 2 (Kamp [8]). Let Ω be a set of LTL models. Then, Ω is definable in LU if and
only if it is definable in L1∀ .
There are also known extensions of LTL which are expressively equivalent to full MSO [6],
but for our purposes the presentation as MSO is more convenient than such extensions. On
the other hand, we will go back and forth between LTL and MFO depending on which is
more convenient for the application at hand.

4

Expressibility

In this section we show how the legal articles we have considered could be represented within
monadic second order logic. It is crucial to stress that the articles allow for some interpretation
and thus certain elements may admit readings different from those we propose. We will
also make a few simplifying assumptions for the sake of exposition. From discussions with
legal experts we believe that our interpretations are reasonable modulo the aforementioned
simplifying assumptions.
We assume that each natural number represents one hour, although we remark that
tachograph data is processed4 minute by minute and this would be the suitable resolution
for actual implementations. Each moment in time (each hour in our presentation) is labelled
by an activity of the driver: these activities are driving, resting, availability, other work
and unknown.5

4

5

Actually, tachograph data is recorded second by second and legally interpreted minute by minute. The
law prescribes how minutes should be labelled depending on the tachograph data. We refer the reader
to [4] for details and for various mathematical problems with this labelling.
The value of unknown is not prescribed by the law, but it is implemented in various systems for obvious
reasons.
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Since the articles we analyse in this paper only involve rest periods, we consider a predicate
symbol Rest. We also introduce a predicate symbol Week which holds on the first hour of
each Monday. This condition can be treated model-theoretically – i.e. models are assumed
to be equipped with a correct valuation for Week – or syntactically by the L axiom
Week ∧  Week → ( <167 ¬Week ∧

168


Week)

(assuming that the model begins on the first hour of a Monday). LTL models satisfying this
formula at zero are called weekly models. With this in mind, we proceed to illustrate how
the legislation could be formalized. However, since we want to isolate possible sources of
impredicativity, we will work with simplified variants of the legislation that are more suitable
for expository purposes.

4.1

Article §8.9

Article §8.6 requires that each two week period be assigned two rest periods with some
additional constraints, and §8.9 indicates how rest periods should be assigned to specific
weeks. Our goal in this subsection is to explore the possible impredicativity arising from
the assignment itself, independently of the additional conditions of §8.6. Every week should
contain at least one 24 hour rest period, but this by itself would not be sufficient to comply
with §8.6. On the other hand, a driver resting 45 hours each week would comply with §8.6,
so this would be a sufficient, but not necessary, condition for compliance. In order to not
commit to either condition, we will consider the following general property: when is it that
each week can be assigned a rest period of at least d hours, so that each rest period intersects
the week it is assigned to? This simplified condition is already prima facie impredicative, as
it requires a function mapping rest intervals to weeks. Thus it may be surprising that it can
actually be defined in first order logic (and hence in LTL).
I Theorem 3. Given d ∈ [2, 85] there is an L1∀ -formula ϕ = ϕd ∈ L1∀ such that given any
LTL model M, M |= ϕ if and only if there is an assignment of weekly rest periods such that
every week is assigned a rest period of length at least d.
Proof. In this proof we will assume that variables range over weeks. It is clear that using our
fundamental ontology this can be established in first order logic, as a week can be identified
with its starting point, which is already marked by the predicate Week. Let E(x) be a formula
which holds if and only if x is a week with an early rest period (of length at least d) which
means that it overlaps with the previous week, L(x) a formula that holds if x contains a late
rest period overlapping with the following week, and I(x) be a formula that holds if and only
if x is a week with an internal rest period disjoint from (but possibly contiguous with) any
early or late rest periods in the week x.
Clearly E, I, L are first-order definable (although their definition depends on d). The
condition d ≤ 85 ensures that if E(x) ∧ L(x) holds then the week x contains disjoint early and
ˇ
late rest periods.6 Define Ě(x) = E(x) ∧ ¬I(x) ∧ ¬L(x), and define I(x),
Ľ(x) analogously.
Then set
ϕ = ∀ x E(x) ∨ I(x) ∨ L(x)

6




∧ ∀ x ∀ y x < y ∧ Ľ(x) ∧ Ě(y) → ∃ z ∈(x, y) I(z) .

If E(x) then there are at most d − 1 = 84 hours in x and likewise for L(x). In a week there are
7 × 24 = 84 × 2 hours.
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We claim that ϕ holds if and only if there is an assignment such that each week is assigned
one rest period of length
 at least d. First assume that such an assignment exists. Clearly
∀ x E(x) ∨ I(x) ∨ L(x) holds, since if x were a counterexample no rest period could be
assigned to the week of x.
Now, suppose that x < y are such that Ľ(x) ∧ Ě(y), and choose x, y such that y − x is
minimal. Note that x is assigned to its late rest period (as this is the only one available)
and y is assigned to its early rest period. It follows that there is a least z ∈ (x, y] that is
not assigned to its late rest period. By minimality z − 1 is assigned to its late rest period,
hence z cannot be assigned to its early rest period. However, z must be assigned to some
rest period by assumption, and since this rest period is neither early nor late, the week of z
must contain some internal rest period, and I(z) holds.
Now assume that ϕ holds and define an assignment recursively as follows. Let R be a
rest period and suppose that all earlier rest periods have been assigned to some week. If R is
internal, assign it to its current week. If R is late for week w and w has not been assigned a
rest period, assign R to w. Otherwise, assign R to w + 1.
We prove by induction that every week is assigned to some rest period. Fix y and
assume that all earlier weeks have been assigned to some period. We may assume that
E(y) ∨ I(y) ∨ L(y) holds, as otherwise ϕ automatically fails.
If I(y) holds then the week of y has a rest period assigned to it. If L(y) holds then the
late rest period of y is assigned to it, unless an earlier one was already assigned to it. So we
are left with the hypothetical case where Ě(y) holds, and the early rest period of y has been
assigned to y − 1. Let x < y be minimal with the property that every z ∈ [x, y) has had its
late rest period assigned to it. First note that E(x) fails, since otherwise x > 0 and either
x − 1 has had its late rest period assigned to it, contradicting the minimality of x, or else the
early rest period of x would have been assigned to the week of x by our recursion. Note also
that I(z) fails for all z ∈ [x, y), since any internal rest period is automatically assigned to the
current week. We conclude that Ľ(x) holds and I(z) fails for all z ∈ (x, y), thus ϕ fails. J

4.2

Article §8.6

Now that we have seen that the possibility of assigning rest periods is not itself impredicative,
we isolate the compensation mechanism from the rest assignments and analyse it in a similar
fashion. In order to do this, we work with simple models defined as the set of models M
satisfying the following conditions.
M is a weekly model.
(M, 0) |= ♦Rest ∧ (Week ∧ Rest → Rest).
Given a week W , W ∩ RestM is an interval.
There are never more than 6 × 24 hours between two consecutive rest periods.
The idea is that all rest periods are internal (the first hour of a week is never spent resting),
and so every week can unambiguously be assigned a rest period, until the driver “retires” and
rests on all subsequent moments. We impose this condition to clarify that our constructions
do not require “immortal” drivers. As stated previously, additional daily rest periods are
needed to fully comply with regulations, but these will be ignored for the sake of exposition.
We claim that Article §8.6 admits a formalization in L2∀ by a Σ11 formula over the class
of simple models. Let R be a variable meant to denote the union of all continuous rest
periods of more than nine hours and C1 , C2 , and C3 be variables meant to denote periods of
compensation: C1 compensates the previous weekly rest, C2 compensates the weekly rest of
two weeks ago, and C3 compensates the weekly rest of 3 weeks ago. If W is a week, let S(W )
0
be the successor week to W . We express §8.6 by a formula ψ§8.6 := ∃ R ∃ C1 ∃ C2 ∃ C3 ψ§8.6
,
0
where ψ§8.6 expresses a conjunction of the following conditions:
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Ci ∩ Cj = ∅ if 1 ≤ i < j ≤ 3.
S3
i=1 Ci ⊆ R.
Given a week W , R ∩ W is an interval of length at least 24.
Given a week W and i ∈ {1, 2, 3}, Ci ∩ W is an interval. Moreover, if Ci ∩ S i (W ) 6= ∅,
then Cj ∩ S j (W ) = ∅ for all j ∈ {1, 2, 3} \ {i}.
Given a week W,
(R \

3
[
i=1

3
 [

Ci ) ∩ W ∪
Ci ∩ S i (W ) ≥ 45.
i=1

It should be clear that each of these conditions is first order definable, hence ψ§8.6 is Σ11 .
Moreover, some inspection shows that over the set of simple models, ψ§8.6 coincides with §8.6.
We conclude that §8.6 admits a Σ11 formalization over the set of simple models, as claimed.
I Remark 4. It is also possible to formalize §8.6 over the class of all weekly models using
a similar Σ11 formula. We restrict our attention to simple models only because the general
formalization would be more cumbersome and no more illuminating.

5

Stratified Bisimulations

In this section we present a version of stratified bisimulations for LU proposed by Kurtonina
and de Rijke [9]. Since all languages we consider contain Booleans and , it is convenient to
begin with a “basic” notion of bisimulation for this language.
I Definition 5. Given k ≥ 0 and two LTL models M and N , a binary relation Z ⊆ N2 is
a k- -bisimulation (between M and N ) if whenever x Z y, P ∈ P, and j ≤ k, we have
x + j ∈ P M iff y + j ∈ P N .
We will use bounded -bisimulations as a basis to define bounded bisimulations for more
powerful languages.
~ = (Zi )∞ be a sequence
I Definition 6. Fix k ≥ 0 and two LTL models M and N . Let Z
i=0
such that for all i ∈ N, Zi is a k- -bisimulation and Zi+1 ⊆ Zi .
~ is a k--bisimulation (between M and N ) if whenever x Zi+1 y:
1. Z
Forth . For all x0 ≥ x there exists y 0 ≥ y such that x0 Zi y 0 .
Back . For all y 0 ≥ y there exists x0 ≥ x such that x0 Zi y 0 .
~ is a k-U-bisimulation (between M and N ) if whenever x Zi+1 y:
2. Z
Forth U. For all x0 ≥ x there exists y 0 ≥ y and a function ξ : [y, y 0 ] → [x, x0 ] such that
every z ∈ [y, y 0 ] satisfies ξ(z) Zi z and ξ(z) = x0 if and only if z = y 0 .
Back U. For all y 0 ≥ y there exists x0 ≥ x and a function η : [x, x0 ] → [y, y 0 ] such that
every z ∈ [x, x0 ] satisfies z Zi η(z) and η(z) = y 0 if and only if z = x0 .
Stratified bisimulations are an essential tool in proving inexpressivity or succinctness
results, given that they preserve the truth of formulas of small enough nesting depth.
I Lemma 7 ([9]).
~ between them, for all formulas
1. Given two LTL models M and N and a k--bisimulation Z
ϕ ∈ L and for all (x, y) ∈ Zi , if ϕ has -depth at most k and -depth at most i then
(M, x) |= ϕ iff (N , y) |= ϕ.
~ between them, for all formulas
2. Given two LTL models M and N and a k-U-bisimulation Z
ϕ ∈ LU and for all (x, y) ∈ Zi , if ϕ has -depth at most k and U-depth at most i then
(M, x) |= ϕ iff (N , y) |= ϕ.
In the next section we use Lemma 7 to show that certain legal properties we have
considered are hard or impossible to define in fragments of linear temporal logic.
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Non-expressibility

We have seen that Articles §8.9 and §8.6 are expressible in MFO and MSO, respectively. We
will see that they are not expressible in L and that §8.6 is not reasonably expressible in LU ,
in the sense that any formula expressing it (if it exists) would require very large U-depth.
For this, we use constructions similar to the examples given in Section 2. However, since
these constructions will be somewhat more elaborate, we settle some notation first.
Say that a model M is eventually resting if there is some m such that for all n > m and
all P ∈ P, n ∈ P M iff P = Rest. The end of an eventually resting model is the least such
value of m which is also a multiple of 168 (i.e., a whole number of weeks). A week-long
model is an eventually resting models whose end is 168. We define the concatenation of two
eventually resting models A, B, denoted A | B, as follows. Let m be the end of A. Then, for
a predicate symbol P and n ∈ N, we set
(
n ∈ PA
if n ≤ m
n ∈ P A|B ⇔
B
n−m∈P
if n > m.
If k is a natural number then Ak denotes k concatenated copies of A. If n ∈ [24, 168),
then n denotes a week with one weekly resting period of n; we assume that these weekly
periods fall in the middle of each week without overlapping with other weeks, with the details
being non-essential. However, we do assume that any two instances of the week represented
by n are identical.
It will be convenient to represent a given moment in time both by the number of hours
t since the beginning of time, and by 168w + h, where w is the number of weeks since the
beginning of time, and h < 168 is the number of hours since the beginning of that week.

6.1

Article §8.9

We have seen that the possibility of assigning weekly rest periods to each week is first order
definable. One may then ask if L suffices to define it, and the answer is negative. We prove
this via the following construction.
I Definition 8. Fix d ∈ [24, 84]. Define the following week-long models:
E is a model whose first bd/2c hours are resting.
I is a model whose hours (bd/2c + 1, bd/2c + d) are resting.
L is a model whose last dd/2e hours are resting.
Concatenations of letters denote unions of resting hours, i.e., EL denotes a week with a
beginning and an end rest period.
Then, for each n ∈ N, define the eventually resting models An = (L | ELn | EIL | ELn |
E)n+1 and An = L | ELn | E | An .
Given d ∈ [24, 84] and a model M, we say that M admits a weekly rest assignment if it
is possible that each week is assigned a weekly rest period of length at least d.
I Lemma 9. The model An admits a weekly rest assignment but An does not.
Proof. It is easy to see that An satisfies the formula ϕd of Theorem 3 and that An does
not.
J
~ between An and An such that
I Lemma 10. There is a bounded 168n--bisimulation Z
0 Zn 0.
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Proof sketch. Define r := 2n + 3 and for x = 168w + h, y = 168v + ` ∈ N, let x Zi y if h = `
and one of the following holds:
A1. x = y = 0 and i ≤ n,
A2. 0 < v, max{w, v − n − 2} ≤ (n − i)r and v ≡ w + n + 2 (mod r), or
A3. v = w + n + 2.
~ is a bisimulation (see Appendix A) and 0 Zn 0.
Then Z
J
I Theorem 11. Given d ∈ [24, 84], there is no L formula ϕ such for every model M,
M |= ϕ if and only if M admits a weekly rest assignment.
Proof. Suppose that ϕ ∈ L is such a formula. Let d and d be its -depth and -depth,
respectively. Choose n such that d ≤ 168n and d ≤ n. Then by Lemmas 7 and 10,
(An , 0) |= ϕ iff (An , 0) |= ϕ. But, according to Lemma 9, An admits a weekly rest assignment,
while An does not.
J

6.2

Article §8.6

Our goal now is to show that Article §8.6 is not expressible in L , and that it needs a
formula with a large U-depth to express it in LU . As before, we start by defining a model
that complies with the article, and one that doesn’t, and then prove that they are bisimilar.
I Definition 12. For each n ∈ N, define simple models
Bn = (44 | 45n | 46 | 45n )n | 24 | 45 | 24
and B n = 44 | 45n | Bn .
I Lemma 13. Given n ∈ N, Bn |= ψ§8.6 but B n 6|= ψ§8.6 .
Proof. In Bn , the first week’s missing hour can be compensated on the third week. This
creates a chain reaction of compensations, as the third week also needs to be compensated
(because it’s interpreted as a reduced rest of 44 hours together with a compensation of 1
hour). However, it is always possible to compensate either two weeks after, or on the week of
46 hours, if it is close enough. It is thus never necessary to use up hours from the second
block of n 45 hour rest weeks, which are all regular rest periods. This process happens n
times, until we reach the last three weeks of the model. Two of them need to be compensated,
but it is possible to do so using the unlimited hours of rest available after the end.
Consider now B n . The 24 hour weeks near the end of the model cannot be used to
compensate previous weeks, since 24 is the minimum allowed weekly rest. The last 45 hour
week cannot be used to compensate previous weeks either, because then there would be more
than one consecutive week with no regular rest period. Thus, we erase the last three weeks
from consideration. There are m := 2n2 + 3n + 1 weeks in the rest of the model, 2n2 + n of
which have 45 rest hours, n + 1 of which have 44 rest hours, and n of which have 46 hours,
for a total of 45m − 1 rest hours. Thus there are not enough rest hours to distribute among
the period such that each week is assigned 45 hours of weekly rest.
J
~ between Bn and B n such that
I Lemma 14. There is a bounded 168n--bisimulation Z
0 Zn 0.
Proof. The stratified bisimulation and the proof are analogous to those used in the proof of
Lemma 10.
J
I Theorem 15. There is no L -formula equivalent to ψ§8.6 over the class of simple models.
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Proof. Suppose that ψ ∈ L is a formula expressing Article §8.6 with -depth d and
~ be the
-depth d . Choose n big enough to ensure that d ≤ 168n and d ≤ n, and let Z
bisimulation of Lemma 14. Then by Lemma 7, (Bn , 0) |= ψ iff (B n , 0) |= ψ. This contradicts
Lemma 13.
J
Now we show that any formula of LU requires nesting depth 20 of U.
I Definition 16. For n ∈ N, define models Cn = (44 | 452n+1 )21 | 66 | 24 | 45 | 24 and
C n = (44 | 452n+1 ) | Cn .
I Lemma 17. Given n ∈ N, Cn |= ψ§8.6 but C n 6|= ψ§8.6 .
Proof. First we see that Cn |= ψ§8.6 . Intuitively, even weeks are compensated two weeks
later, and the size of the compensation increases by one every 2n + 2 weeks. Thus for example
one hour of week 0 is compensated by one hour of week 2, which is compensated by one
hour of week 4, and so on until we reach week 2n + 2. Note however that this week only
has 44 hours of rest and has used one hour to compensate the previous week, so we need to
compensate two hours of rest. This is compensated by two hours on week 2n + 4, and so on
until we reach the third 44 hour rest. Since two hours of this rest are used to compensate a
previous week, now three hours need to be compensated, and so on. On week 21(2n + 2) we
use 21 hours to compensate, which is the maximum allowed given that each week requires a
24 hour rest period. As before, the last 24 | 45 | 24 block cannot be used to compensate, but
can be compensated with the following unlimited rest.
More formally, every week w numbered 2k (including week zero) will be reduced and
compensated by week 2k + 2, up to and including week 21(2n + 2). The amount of the
compensation is the unique i > 0 such that (i − 1)(2n + 2) ≤ w < i(2n + 2).
As in Bn , the 24 | 45 | 24 block at the end of C n cannot be used to compensate previous
weeks (see the proof of Lemma 13). There are m := 22(2n + 2) + 1 remaining weeks in C n , of
which 22(2n + 1) have 45 resting hours, 22 have 44 resting hours, and 1 has 66 resting hours,
for a total of 45m − 1 resting hours. Thus there are not enough resting hours to distribute
among the weeks.
J
~ between Cn and C n such that
I Lemma 18. There is a bounded 168n-U-bisimulation Z
0 Z20 0.
Proof sketch. Let r := 2n+2. For 168w +h ∈ Cn and 168v +` ∈ C n , set 168w +h Zi 168v +`
if h = ` and one of the following holds:
C1. max{w + r, v} < (21 − i)r and w ≡ v (mod r);
C2. v = w + r.
~ is a stratified bisimulation (see Appendix A) and 0 Z20 0 by C1.
Then, Z
J
I Theorem 19. Any LU formula equivalent to ψ§8.6 has U-depth at least 20.
Proof. Suppose that ψ ∈ LU is a formula expressing Article §8.6 with -depth d and U-depth
~ be the bisimulation
less than 20. Choose n big enough to ensure that d ≤ n, and let Z
of Lemma 18. Then by Lemma 7, (Cn , 0) |= ψ ⇐⇒ (C n , 0) |= ψ. This contradicts
Lemma 17.
J
I Remark 20. One can ask how Theorem 19 would differ if we included “since” in the language.
In this case, (Cn , 0) and (C n , 0) are only about 10-bisimilar. However, the nesting depth of
20 is determined only by the resolution of our models. If instead we used a minute-wise
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resolution (which, as we have mentioned, is the resolution required by the law itself), we
could stretch this to 20 × 60 by replacing the 44 hour reduced weekly rests by 44 : 59 reduced
weekly rests. Thus any LTL definition of ψ§8.6 would have to exploit the temporal resolution
in an essential way, making it arguably unnatural.

7

Concluding Remarks

We have shown that the Σ11 fragment of monadic temporal logic is sufficient for formalizing
even the most problematic passages we have found in our study of European transport
regulations. The upshot is that evaluating whether a given truck driver’s record complies
with regulations can then be transformed into a model-checking problem over this fragment.
Moreover, truth of Σ11 MSO formulas is equivalent to validity for MSO, and via Kamp’s
theorem we may further reduce it to validity of LTL formulas, for which many algorithms
and solvers are already available. Nevertheless, validity in LTL is PSPACE-complete, and
moreover the translation of MSO into LTL is non-elementary in the worst case, so this
approach is not ideal from a complexity perspective.
On the other hand, LTL is indeed suitable for formalizing portions of the regulation, and
in this case the model-checking problem (over deterministic models) is polynomial [5]. In
fact, the advantage of having such a general tool available can be viewed as an argument to
use “sugared” versions of LTL (say, with counting modalities) in the design of future – and
revision of current – laws.
Indeed, consider the following variant of §8.6:
In every two consecutive weeks, the driver must take two weekly rest periods, at
least one of which is regular.
In every four consecutive weeks, the sum of the weekly rest periods must be of at
least 180 hours.
This version of the article can be easily checked to be definable by a not-too-large LTL formula
and maintain the spirit of the original, as drivers are required to compensate reduced rest
periods within the following three weeks.
A second issue concerns the use of classical logic. This is especially relevant when the
law is ambiguous or contradictory, or driving records are incomplete. Up to now our team
has found classical logic to be sufficient for our intended applications, but it is possible that
some non-classical temporal logic (as in e.g. [1, 7]) will turn out to be the “right” foundation
for modelling these regulations.
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Bisimulation proofs

Recall the models An = (L | ELn | EIL | ELn | E)n+1 and An = L | ELn | E | An .
~ between An and An such that
I Lemma 10. There is a bounded 168n--bisimulation Z
0 Zn 0.
Proof. Define r := 2n + 3 and for x = 168w + h, y = 168v + ` ∈ N, let x Zi y if h = ` and
one of the following holds:
A1. x = y = 0 and i ≤ n,
A2. 0 < v, max{w, v − n − 2} ≤ (n − i)r and v ≡ w + n + 2 (mod r), or
A3. v = w + n + 2.
~ is a stratified bisimulation.
We need to show that Z
It is clear that Zi+1 ⊆ Zi . Assume that x Zi y and write x = 168w + h, y = 168v + `;
note that by definition we must have h = `. If i = 0, then some inspection shows that x and
y share the same formulas of the form j p with j ≤ 168n, since the current and subsequent
n weeks are of the same form. It is sufficient to check this for Z0 because it contains all
the Zi .
Otherwise, change variables so that x ∼i+1 y; we check that the required clauses hold.
Forth . Let x0 ≥ x and write x0 = 168w0 + h0 . We claim that there is v 0 such that
168v 0 + h0 ≥ 168v + h and 168w0 + h0 Zi 168v 0 + h0 . If 168(w0 + n + 2) + h0 ≥ 168v + h
we may take v 0 = w0 + n + 2, and the bisimulation holds by A3. Otherwise, we have
v ≥ w0 + n + 2 ≥ w + n + 2, where the first inequality is strict unless h0 < h, in which
case the second inequality must be strict. Hence x, y do not satisfy A1 nor A3 and thus
max{w, v − n − 2} ≤ (n − i − 1)r. Take v 0 ∈ (v, v + r] with v 0 ≡ w0 + n + 2 (mod r) and
set y 0 = 168v 0 + h0 . Note that w0 + n + 2 ≤ v < (n − i − 1)r + n + 2 yields w0 ≤ (n − i)r,
while v 0 ≤ v + r ≤ (n − i − 1)r + r = (n − i)r, and thus v − n − 2 ≤ (n − i)r as well. Thus
x0 Zi y 0 by A2.
Back . Let y 0 ≥ y and write y 0 = 168v 0 + h0 . As before, we claim that there is w0 such that
168w0 + h0 ≥ 168w + h and 168w0 + h0 Zi 168v 0 + h0 . If 168(v 0 − n − 2) + h0 ≥ 168w + h
we may take w0 = v 0 − n − 2, and the result follows by A3. Otherwise, we have
w ≥ v 0 − n − 2 ≥ v − n − 2 with one inequality being strict , so that x, y do not satisfy
A3. If x, y satisfy A2, then max{w, v − n − 2} ≤ (n − i − 1)r. If x, y satisfy A1, we have
that w = v = 0 and i + 1 ≤ n, so that max{w, v − n − 2} = 0 ≤ (n − i − 1)r as well. Take
w0 ∈ (w, w + r] with w0 + n + 2 ≡ v 0 (mod r) and set x0 = 168w0 + h0 . It is not hard to
check that max{w0 , v 0 − n − 2} ≤ (n − i)r, and thus x0 Zi y 0 by A2.
J
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Recall the models Cn = (44 | 452n+1 )21 | 66 | 24 | 45 | 24 and C n = (44 | 452n+1 ) | Cn .
~ between Cn and C n such that
I Lemma 18. There is a bounded 168n-U-bisimulation Z
0 Z20 0.
Proof. Recall that we defined r := 2n + 2 and for 168w + h ∈ Cn and 168v + ` ∈ C n , we set
168w + h Zi 168v + ` if h = ` and one of the following holds:
C1. max{w + r, v} < (21 − i)r and w ≡ v (mod r), or
C2. v = w + r.
~ is a stratified bisimulation. To see this, assume that x Zi y and
We need to show that Z
write x = 168w + h, y = 168v + `. Note that we must have h = `. If i = 0 then some
inspection shows that x and y share the same formulas of the form j p with j ≤ 168n, as
the current and subsequent n weeks are of the same form. It is sufficient to check this for Z0
because it contains all the Zi .
If i > 0, change variables so that x ∼i+1 y; we check that the required clauses hold.
Forth U. Let x0 ≥ x and write x0 = 168w0 + h0 . Consider two cases. First assume that
w0 ≤ w + r. Set y 0 = y + (x0 − x) and for z ∈ [y, y 0 ] set ξ(z) = x + (z − y). It is then not
hard to check that if x Zi+1 y by C1 then ξ(z) Zi z by C1, and similarly if x Zi+1 y by
C2 then ξ(z) Zi z by C2. The other required properties of ξ are easy to check, so that ξ
witnesses Forth U.
Otherwise w0 > w + r. We claim that there is v 0 such that 168v 0 + h0 ≥ 168v + h and
168w0 + h0 Zi 168v 0 + h0 . If 168(w0 + r) + h0 ≥ 168v + h we may take v 0 = w0 + r.
Otherwise, we have v ≥ w0 + r > w + r so that x, y do not satisfy C2 and thus
max{w + r, v} ≤ (21 − i − 1)r. Take v 0 ∈ (v, v + r] with v 0 ≡ w0 (mod r) and set
y 0 = 168v 0 + h0 ; from (21 − i − 1)r ≥ v ≥ w0 + r and v 0 ≤ v + r ≤ (21 − i)r we obtain
x0 Zi y 0 by C1.
We now construct the function ξ : [y, y 0 ] → [x, x0 ]. First
define
ξ(y 0 ) = x0 . For z =


168u+t ∈ [y, y 0 ), we consider two cases. If 168(u−r)+t ∈ x, x0 take ξ(z) = 168(u−r)+t,
which in view of C2 satisfies all desired properties. Otherwise, 168(u − r) + t 6∈ [x, x0 ),
and choose d ∈ (0, r] such that w + d ≡ u (mod r), then set ξ(z) = 168(w + d) + t. The
assumption that w0 > w + r yields ξ(z) ∈ [x, x0 ]. It remains to show that ξ(z) Zi z, for
which it suffices to check that max{w + d + r, u} < (21 − i)r.
If 168(u − r) + t < x then since z ≥ y, either u > v and hence v < u ≤ w + r, or else u = v
and t ≥ h, so that forcibly u − r < w and thus v < w + r. But v < w + r together with
168v+h0 Zi+1 168w+h means that C1 holds so that max{w+r, v} < (21−i−1)r. Thus we
have u−r ≤ w < (21−i−1)r so that u < (21−i)r. Similarly w +d ≤ w +r < (21−i−1)r
yields w + d + r < (21 − i)r.
Otherwise 168(u − r) + t ≥ x0 . But then since z < y 0 , either u = v 0 and hence t < h0 ,
so that v 0 − r = u − r > w0 ; or else u < v 0 and v 0 − r > u − r ≥ w0 . Thus w0 + r 6= v 0 ,
which together with 168w0 + h0 Zi 168v 0 + h0 yields max{w0 + r, v 0 } < (21 − i)r. From
u ≤ v 0 < (21 − i)r and w + d + r ≤ (w + r) + r < w0 + r < (21 − i)r we obtain
max{w + d + r, u} < (21 − i)r, as needed.
Back U. This is essentially symmetric and we omit it.
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Introduction

Our concern in this paper is spotting events a domain expert is interested in among timestamped sensor log data stored in a database. The amount of sensor data produced in all
areas of modern life is proliferating with a tremendous speed, probably even faster than the
volume of social media data. In the industrial sector, in particular manufacturing, sensor
data is crucial for monitoring, control, various types of analytics (descriptive, predictive and
prescriptive), decision-making as well as research aiming to improve processes and products.
© Sebastian Brandt, Diego Calvanese, Elem Güzel Kalaycı, Roman Kontchakov, Benjamin Mörzinger,
Vladislav Ryzhikov, Guohui Xiao, and Michael Zakharyaschev;
licensed under Creative Commons License CC-BY
26th International Symposium on Temporal Representation and Reasoning (TIME 2019).
Editors: Johann Gamper, Sophie Pinchinat, and Guido Sciavicco; Article No. 7; pp. 7:1–7:15
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

7:2

Two-Dimensional Rule Language for Querying Sensor Log Data

Sensor data is key to the “fourth industrial revolution” in global manufacturing [30, 22],
which is witnessed by the German Industrie 4.0 programme and the smart manufacturing
initiatives in the United States.
The scenario we are interested in is querying historical (rather than streaming) sensor data
stored in a database with the aim of detecting temporal events that can help to explain, predict
and improve the behaviour of the system in question. A typical example (cf. [17, 29, 18, 6])
is querying data from gas turbine sensors measuring the active power, rotor speed, blade
temperature, etc. and stored at Siemens remote diagnostic centres, where service engineers
are looking for events such as
active power trip, which happens when the active power was above 1.5MW for a period of
at least 10 seconds, maximum 3 seconds after which there was a period of at least one
minute where the active power was below 0.15MW; to avoid short-term fluctuations, the
value of active power should be smoothed out by taking the simple moving average of the
raw power measurements over the last 5 seconds.
However, accessing data generated by sensors and finding the events of interest is hard
because the engineers and researchers with domain expertise necessary to interpret the data
usually lack the knowledge required to independently interact with databases and formalise
temporal queries such as the one in the example above. Following the current workflow at
Siemens, the engineer usually asks an IT specialist to produce a custom-made script (in a
proprietary signal processing language) such as
message (" active power trip ") =
$t1 : eval ( > , simpleMovingAverage (# activePower , 5 s ) , 1.5):
for ( >= 10 s )
&&
eval ( < , simpleMovingAverage (# activePower , 5 s ) , 0.15):
start ( after [0 s , 3 s ] $t1 : end ):
for ( >= 1 m );

and run it over the sensor data.
A fundamentally different approach is offered by ontology-based data access and management [26, 23, 32] (OBDA, for short), a semantic technology that has been developed over
the past decade with the aim of facilitating access to various types of data. The role of
ontologies in OBDA is threefold: to integrate distributed and heterogeneous data sources,
to enrich incomplete data with background knowledge, and to provide a user-friendly and
familiar vocabulary for querying. Unfortunately, however, the existing standard ontology
languages are not able to represent temporal events, let alone those that depend on aggregated
numerical data. Extending the OBDA paradigm to temporal data has recently become an
active research area in semantic technologies [25, 16, 10, 3, 5, 19, 2, 9, 15]. For example, the
active power trip event (without smoothing the active power measurements) was captured in
the language datalogMTL, a combination of metric temporal logic MTL with datalog [6]; see
formula (2) in Section 3. MTL for signal monitoring was also used in [24].
One of the aims of this paper is to design an ontology language that could capture interval
aggregate functions such as simple moving average together with various metric constructs.
Although aggregates in the context of OBDA have been considered [8, 19, 21], they were
allowed only in queries, and so again an IT middleman may be needed to assist the user. In
description logics, aggregation features were introduced over concrete domains, but reasoning
with them is often undecidable [4]. A first-order aggregate logic was investigated in [13]. For
datalog with monotonic aggregates, see [28] and references therein.
The second real-world use case motivating our language concerns the experimental investigation of drilling processes [14]. In manufacturing research, large numbers of experimental
drilling processes, such as the one in Fig. 1, are executed using a wide range of different tools
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Figure 1 A simplified course of force measurements for a drilling process.

and process parameters. Sensors are used to surveil these processes and generate data, which
is then analysed in order to identify, e.g., ways to reduce tool wear, maximise productivity
and ensure product quality. To achieve these goals, researchers define intervals of interest
(say, processes leading to quality anomalies or those that were interrupted by tool breaks)
within such readings and use them to select data for further analysis.
An essential difference from the turbine use case is that, in contrast to the active power
trip event described as a sequence of timestamp-value pairs satisfying explicit numerical
bounds on their values, now we are looking for certain sequences of shapes such as an interval
when the force is increasing (tapping), followed by an interval when the force is stable
(drilling) and then by an interval when the force is decreasing (exiting). The duration of
each of these intervals and the force values may vary widely due to different combinations of
workpiece materials, tools, process parameters and tool wear.
To tackle this problem, we further extend our language with the Allen interval relations [1]
such as after (A), begins (B), etc., using which we can capture the normal drilling event with
the following rule:
NormalDrilling(x) ← Tapping(x1 ), Drilling(x2 ), Exiting(x3 ),
x1 A x2 , x2 A x3 , x is (x1 ] x3 ] x3 ),
where x and the xi are intervals over the real numbers, ] returns the union of intervals in case
it is also connected, that is, an interval, and the predicates Tapping(x1 ), Drilling(x2 ) and
Exiting(x3 ) involve complex interval aggregation to smooth out the fluctuating measurements
of force and ensure that it is increasing, stable and decreasing, respectively. An OBDA
ontology language, combining datalog with a fragment of the Halpern-Shoham logic HS [12],
which uses modal operators interpreted by Allen’s relations, was introduced in [20, 7].
In this paper, motivated by the sufficiently representative use cases outlined above, we
propose a framework of rule-based languages for ontology-mediated queries over sensor log
data stored in a database. The framework, provisionally called DslD (datalog for sensor log
data), contains unary predicates for representing events over temporal intervals and binary
predicates for capturing numerical sensor measurements over temporal intervals and also the
results of aggregation. Thus, DslD is essentially two-dimensional, with a temporal dimension
comprising intervals over the real numbers R and a (measurement) value dimension R. DslD
also contains built-in predicates for expressing quantitative constraints on intervals and
values, and the Allen interval relations for representing qualitative constraints. Finally,
DslD allows one to define built-in interval aggregation operators that, given a (functional)
relation, say, representing measurements, returns their moving or weighted average, compute
its coalescing (maximal intervals with the same value), etc. Our goal in this paper is to check
experimentally, using the two real-world scenarios and data, whether ontology-mediated
queries formulated in DslD can be evaluated efficiently by standard database engines.

TIME 2019

Two-Dimensional Rule Language for Querying Sensor Log Data

The structure of the paper is as follows. In Section 2, we define the syntax and procedural
semantics of DslD. In Sections 3 and 4, we write DslD programs for the turbine and drilling
use cases. In Section 5, we show how to reduce answering queries mediated by DslD programs
from our use cases to evaluation of SQL queries. In Section 6, we report on testing such SQL
translations in our use cases. Finally, we conclude and describe future work in Section 7.

2

Syntax and Semantics of DslD

We begin by defining the syntax of the ontology language DslD, datalog for sensor log data,
which is designed to represent data and knowledge about events in sensor-based systems.
As the main temporal entity we take the notion of interval over the set (R, <) of real
numbers. More precisely, an interval, ι, is any nonempty subset of R of the form ht1 , t2 i,
where t1 , t2 ∈ R ∪ {−∞, ∞}, “h” is “(” or “[” and “i” is “)” or “]”. Note that we admit
punctual intervals of the form [t, t]. We denote by intR the set of all intervals over R and by
|ι| the length of a bounded interval ι. Sensor measurements are deemed to be real numbers.
We write R(ι, v) to say that v ∈ R is the value measured by sensor R over the interval
ι ∈ intR , and we write A(ι) to say that event A occurs in the interval ι. Thus, DslD has unary
and binary predicate symbols only. Let A1 , A2 , . . . be a list of unary predicate symbols and
R1 , R2 , . . . a list of binary predicate symbols in DslD; we refer to them as signature predicates.
Interval and Value Terms. We distinguish between two sorts of variables and terms. The
variables x, y, . . . of sort interval range over intR , while the variables x, y, . . . of sort value
range over R. Constants of sort interval are concrete intervals with rational end-points (from
Q ∪ {−∞, ∞}). The language contains various (partial) functions of sort interval, which
include the intersection and union ] of intervals defined by taking
]

(
]

7:4

0

ι ι =

ι ∩ ι0 ,

if ι ∩ ι0 6= ∅,

undefined, otherwise;

(
0

ι]ι =

ι ∪ ι0 ,

if ι ∩ ι0 6= ∅,

undefined, otherwise.

The language also includes the length function | · |, which is undefined for unbounded
intervals; the functions lshiftr and rshiftr , for r ∈ Q, that shift the left and, respectively,
right end of a given interval by r: for example, lshift−1 maps every interval ι = hb, ei to
lshift−1 (ι) = hb − 1, ei; the functions lextr and rextr that extend the left and, respectively,
right end of ι = hb, ei to an interval hb, b + ri and, respectively, he − r, ei; and possibly other
useful operations on intervals. Terms of sort interval are built from variables and constants
of sort interval using these functions. Likewise, constants of sort value are rational numbers;
functions of sort value include standard x + y, x − y, x × y, |x|, etc.; terms of sort value are
built from variables and constants of sort value using functions of sort value.
Bullt-in Predicates. Apart from the signature predicates, the language of DslD contains a
wide range of built-in predicates. To begin with, we have the standard =, 6=, <, ≤, etc. over R.
Next, DslD features binary predicates for the Allen interval relations [1] over intR : after (A),
begins (B), ends (E), during (D), later (L), overlaps (O) and their inverses Ā, B̄, etc. Finally,
hi
DslD has unary discretisation predicates Ds,b
, for s, b ∈ Q, which are particularly useful with
hi
aggregation: the interpretation of Ds,b comprises all intervals of the form hs + ib, s + (i + 1)bi,
for i ∈ Z; see examples in Section 4.
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Aggregation Functionals. An aggregation functional is a function over binary relations R
on intR × R. We illustrate the notion on a number of examples, where the restriction of
a relation R to interval ι ∈ intR will be denoted by Rι = {(ι0 , v 0 ) ∈ R | ι0 ∩ ι 6= ∅}. Now,
consider
max(R) =



ι,

max

(ι0 ,v 0 )∈Rι

v 0 ) | ι ∈ intR and ι ⊆ dom R ,

S
where dom R = (ι,v)∈R ι is the domain of R. This aggregation functional returns a relation
with the maximum value of R on any subinterval of its domain. Another typical example is
the simple moving average:
sma(R) =



ι,

1
|Rι |

X

v 0 ) | ι ∈ intR , ι ⊆ dom R and Rι is finite .

(ι0 ,v 0 )∈Rι

To define other aggregation functionals, we require the following definition: we say that R is
a functional relation if v1 = v2 , for any (ι1 , v1 ), (ι2 , v2 ) ∈ R with ι1 ∩ ι2 6= ∅. In this case, R
gives rise to the function fR : dom R → R defined by taking
fR (t) = v, for all t ∈ ι with (ι, v) ∈ R.
The weighted average is defined on functional relations R as
Z


1
wavg(R) = ι,
fR (x) dx | ι ∈ intR is bounded and ι ⊆ dom R ,
|ι| ι
and wavg(R) = ∅ for non-functional relations R. Note that, since wavg(R) is defined on all
subintervals of dom R, it is not a functional relation in general.
Another important aggregation functional is coalescing, which is defined on functional
relations R by taking

coalesce(R) = (ι, v) | ι ∈ intR is maximal with ι ⊆ dom R
and fR (x) = v, for all x ∈ ι ,
and coalesce(R) = ∅ for non-functional R. Note that coalesce(R) is a functional relation
and fR = fcoalesce(R) . For unary predicates A over intR , we define coalescing by taking
coalesce(A) = {ι | (ι, 0) ∈ coalesce(A × {0})}.
DslD Programs and Data Instances. There are four types of atoms in DslD. By a pure
atom we mean a formula of the form A(x) and R(x, y), for signature predicates A and R,
interval variable x and value variable y. A built-in atom is any well-formed atomic formula
with a built-in predicate and appropriately typed interval and value terms. A binding atom
is an expression x is t or x is t, where x is a variable and t a term of sort interval, and x a
variable and t a term of sort value. Aggregate atoms are defined recursively as
agg{(x, y) | α1 , . . . , αk },

coalesce{x | α1 , . . . , αk },

where agg is an aggregation functional and the αi are (pure, built-in, binding or aggregate)
atoms.
A rule in DslD is an expression of the form
α ← β1 , . . . , β n ,

(1)
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where α is a pure atom and the βi are atoms. As usual in datalog, we call α the head of the
rule and β1 , . . . , βn its body. A DslD program, Π, is a finite set of rules. Data atoms take
the form A(%) and R(%, c), where % is a constant of type interval and c a constant of type
value. A data instance, D, is a finite set of data atoms.
Note that we do not impose the standard Datalog safety conditions, so rules such as
A(x) ← B(y) are allowed. This leads to the problem that all the intervals with ends from the
data instance D will be returned as a result of the query A(x) over D, if any assertion B(ι)
is in D, according to the semantics below. However, all the rules in our use cases described
below are safe in the sense the problem above does not occur.
Semantics of DslD Programs. We next define the procedural semantics of DslD programs.
By an assignment, s, we understand a map from interval variables x to intR and from value
variables x to R. The definition of s is inductively extended to terms in a standard way: for
instance, s(c) = c, for any constant c. Note, however, that the extended s is in general a
partial function: for example, s([0, 1] ] [2, 3]) is undefined.
Let Π be a DslD program and D a data instance. We first set


A0i = ι ∈ intR | Ai (ι) ∈ D , Ri0 = (ι, v) ∈ intR × R | Ri (ι, v) ∈ D , i ≥ 1,
and I 0 = (A01 , . . . , R10 , . . . ). Suppose next inductively that I ξ = (Aξ1 , . . . , R1ξ , . . . ), for an
ordinal ξ, and s is a substitution. We define a truth-relation I ξ , s |= α as follow:
I ξ , s |= Ai (x) iff s(x) ∈ Aξi ;
I ξ , s |= Ri (x, y) iff (s(x), s(y)) ∈ Riξ ;
I ξ , s |= (t 6= t0 ) if s(t) and s(t0 ) are both defined with s(t) 6= s(t0 ), and similarly for other
types of built-in atom;
I ξ , s |= x is t if s(x) and s(t) are both defined with s(x) = s(t), and similarly for x is t;
hi
I ξ , s |= Ds,b (t) iff s(t) = hs + ib, s + (i + 1)bi, for some i ∈ Z;
I ξ , s |= agg{(x, y) | α1 , . . . , αk } iff (s(x), s(y)) ∈ agg(R), where

R = (s0 (x), s0 (y)) | there is s0 such that I ξ , s0 |= αj for all j, 1 ≤ j ≤ k ;
I ξ , s |= coalesce{x | α1 , . . . , αk } iff s(x) ∈ coalesce(A), where

A = s0 (x) | there is s0 such that I ξ , s0 |= αj for all j, 1 ≤ j ≤ k .
Given I ξ , we define I ξ+1 = (Aξ+1
, . . . , R1ξ+1 , . . . ) as follows. For each Ai , we set Aξ+1
to be
1
i
ξ
Ai together with all s(x) such that Π contains Ai (x) ← β1 , . . . , βn and I ξ , s |= βj for all j,
1 ≤ j ≤ n; and analogously for Riξ+1 . For a limit ordinal ζ, we set I ζ = (Aζ1 , . . . , R1ζ , . . . ),
S
S
where Aζi = ξ<ζ Aξi and Riζ = ξ<ζ Riξ . The construction is terminated when I ξ = I ξ+1 ,
which should happen for some ξ not exceeding the smallest ordinal, 2ℵ0 + , whose cardinality
is greater than 2ℵ0 .
I Example 1. Consider the data instance D = {A([0, 1])} and a DslD program Π with the
following rules:
A(x) ← A(y), x is rshift1 (y),
B(x) ← coalesce{x | A(x)},
B(x) ← B(y), x is lshift−1 (y).
In this case, I ω comprises A([0, n]), for 0 < n, B([m, n]), for m < 0 < n, and B([0, ∞)); I ω·2
also contains B([m, ∞)), for m < 0, and I ω·2 = I ω·2+1 .
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Ontology-Mediated Queries. By a conjunctive query (CQ) we mean a first-order formula
q(x1 , . . . , xn ) = ∃y 1 , . . . , y k , y1 , . . . yk Φ, where Φ is a conjunction of pure atoms with signature predicates whose variables are among the xi , y i , yi . Using the tuple x̄ = (x1 , . . . , xn ),
we denote this CQ by q(x̄) and call (Π, q(x̄)) an ontology-mediated query (OMQ). A certain
answer to the OMQ (Π, q(x̄)) over the data instance D is any tuple ā = (ι1 , . . . , ιn ) such
ℵ0 +
that the ends of the intervals ιi occur in D and I 2 , s |= q(x̄), where s maps the variables
in x̄ to the respective constants in ā.
We leave the investigation of semantical and computational properties of answering DslD
OMQs to future work, focusing below on representing and querying events in our use cases,
where DslD programs do not involve recursion.

3

The Gas Turbine Use Case

We illustrate the expressive power of DslD and its semantics by representing and querying
the active power trip event formulated in Section 1. We assume that the turbine sensors
measure various parameters such as the active power, blade temperature, etc. asynchronously,
and that the measurement data is stored in a database as relations ActivePower([t, t0 ), v)
stating that the measured value of the active power over the interval [t, t0 ) was v.
The active power trip event was considered in [6], where the raw measurement data was
first aggregated to avoid short-term fluctuations and then pre-processed by defining temporal
concepts (unary predicates) “active power below 0.15MW” and “active power above 1.5MW”
by means of fairly complex SQL views. After that, the active power trip was captured by
means of the following MTL rule, where, for example, [b,e] ϕ (or [b,e] ϕ) is true at moment t
if and only if ϕ is true at every (respectively, some) moment in the interval [t − b, t − e]:
ActivePowerTrip ←

[0,1m] ActivePowerBelow0.15

∧

[60s,63s]

[0,10s]

ActivePowerAbove1.5. (2)

Unlike the one-dimensional metric temporal logic MTL, the language DslD is two-dimensional
and allows us to aggregate the raw data by taking, as required, the simple moving average of
the raw power measurements over the last 5 seconds and define the active power trip in a
DslD program Πapt using the following two rules:
ActivePowerTrip(w) ←
z is lshift1m (x), |x| ≥ 1m, coalesce{x | y < 0.15, Power(x, y)},
coalesce{y | y is lshift60s (rshift63s (u)),
u is lshift10s (x), |x| ≥ 10s, coalesce{x | y > 1.5, Power(x, y)}},
]

w is z

y,

Power(x, v) ← ActivePower(x, v 0 ), y is rext5s (x), sma{(y, v) | ActivePower(y, v)}.

(3)

Note that, for example, the two x in the coalesce atoms in the first rule are in fact independent
because the second is within the scope of another coalesce and does not belong to its head.
Thus, the second rule says that the value of Power in an interval x, for which the data
contains a value of ActivePower, is defined as the simple moving average of ActivePower
over the 5s window spanning to the past from the right end of x. For example, consider a
data instance with the measurements
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[60s,63s]
[0,10s] ActivePowerAbove1.5

ActivePowerTrip
ActivePowerAbove1.5
[0,10s]
[0,1m] ActivePowerBelow0.15

ActivePowerAbove1.5

ActivePowerBelow0.15

2.5
2.4
2.3
2.2
2.1
.
.
.

ActivePower

2.4
2.3
2.2

Power

.
.
.

0.15

00:01:10

00:01:15

00:01:20

00:01:25

00:02:20

00:02:25

Figure 2 A data instance and the interpretation of Πapt with the respective subformulas of (2).

ActivePower([00:01:10, 00:01:12), 2.3), ActivePower([00:01:12, 00:01:13), 2.5), . . .
shown in the middle part of Fig. 2. In this case, the interpretation I 2

ℵ0 +

will contain

Power([00:01:10, 00:01:12), 2.3), Power([00:01:12, 00:01:13), 2.4), . . .
In the first rule of Πapt , variable u representing [0,10s] ActivePowerAbove1.5 will be instantiated by [00:01:20, 00:01:22); variable y corresponding to [60s,63s] [0,10s] ActivePowerAbove1.5
will be instantiated by [00:02:20, 00:02:25), while z for [0,1m] ActivePowerBelow0.15 by
[00:02:22, 00:02:26). As a result, the atom ActivePowerTrip(w) will be true in the interval
w = [00:02:22, 00:02:25), exactly where ActivePowerTrip defined by (2) is true.

4

The Drilling Rigs Use Case

Next, we consider several types of drilling process and model them in DslD.
Drilling Process. We begin with the process shown in Fig. 1, which can be defined as a
sequence of three sub-processes following each other. First, the drill makes contact with
the workpiece, and the borehole is created (tapping). In this phase, the diameter increases,
which results in increasing process forces. Then, the diameter, and therefore the process
forces stay almost constant (drilling), until the drill breaks through on the other side of the
plate, which results in a decrease of process forces (exiting).
Figure 3 shows sensor data from force measurements sampled at 2kHz. This signal,
however, does not resemble the anticipated shape, which is based on the expectations
of domain experts. These expectations are concerned with a particular low-frequency
phenomenon. Higher frequency signals within the sampled data are therefore considered
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Figure 3 Filtered data compared with expected shapes for time constants determined based on
analytical estimation (left) and respective spectrum before and after aggregation (right).

noise and need to be filtered accordingly. A simple version of such a filter is moving
average [27]. The parameters of this filter can be determined based on domain knowledge,
which is also illustrated in Fig. 3. The drilling process is captured by the following rules:
AvgForce(x, y) ← wavg{(x, y) | Force(x, y)},
[,)

DAvgForce(x, y) ← wavg{(x, y) | Force(x, y)}, D0,13s (x),
0

0

(4)
0

0

ForceDelta(x, z) ← DAvgForce(x, y), DAvgForce(x , y ), x A x , z is (y − y ),

(5)

IncForce(x) ← coalesce{x | ForceDelta(x, d), d > 0.1},
ConstForce(x) ← coalesce{x | ForceDelta(x, d), |d| ≤ 0.1},
DecForce(x) ← coalesce{x | ForceDelta(x, d), d < −0.1},
SimpleDrilling(x) ← IncForce(x1 ), max{(x1 , y1 ) | AvgForce(x1 , y1 )}, x1 A x2 ,
ConstForce(x2 ), max{(x2 , y2 ) | AvgForce(x2 , y2 )}, x2 A x3 ,
DecForce(x3 ), max{(x3 , y3 ) | AvgForce(x3 , y3 )},
|y1 − y2 | < y2 × 0.05, |y2 − y3 | < y3 × 0.05,
x is (x1 ] x2 ] x3 ).

(6)

Smooth Drilling. Drilling processes can be further classified based on other characteristics
of the force measurements. Throughout such a drilling process, however, anomalies can
occur, the simplest of which is the presence of significant peaks that might come, for example,
from material inhomogeneities. In this sense, a smooth drilling process can be identified by
comparing the maximum and minimum values within the simple drilling event:
Drilling(x) ← ConstForce(x),
SmoothDrilling(x) ← SimpleDrilling(x), Drilling(x1 ), x1 ⊆ x, AvgForce(x1 , y),
max{(x1 , y1 ) | AvgForce(x1 , y1 )}, y1 − y ≤ 0.1 × y,
min{(x1 , y2 ) | AvgForce(x1 , y2 )}, y − y2 ≤ 0.1 × y.
Unstable Drilling. The unstable drilling process event can be classified based on the standard
deviation of the force readings. Even though they might look similar based on their average
process forces in each phase, unstable processes will have significantly higher standard
deviation compared to the stable ones. Again, the threshold that would be used here has to
be determined based on domain knowledge:
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Figure 4 Electrical power readings for a sequence of similar cuts until a tool break occurred [11].

Figure 5 Total electrical power input (Pel )
for a production machine while manufacturing
three similar parts.

SmoothDrilling(x) ← SimpleDrilling(x), Drilling(x1 ), x1 ⊆ x, AvgForce(x1 , y),
sdev{(x1 , y1 ) | Force(x1 , y1 )}, |y1 − y| ≤ 0.1 × y,
where sdev is an aggregation functional computing the standard deviation.
Tool Break. Tool breaks happen regularly in industrial production processes. Example
power readings for such an event are depicted in Fig. 4. In this example, power is directly
related to apparent process forces. As a consequence, force readings would differ from the
displayed power readings only by a constant conversion factor. To identify tool breaks, we
simply find any patterns that match the concept simple drilling but are shorter than the
expected duration:
ToolBreak(x) ← SimpleDrilling(x), ExpectedDrillingTime(x, y), |x| ≤ y,
where ExpectedDrillingTime(x, y) specifies the expected time of drilling for given drill model,
material thickness, etc. and is defined by means of mappings.
Energy Per Tool. Closely related to tool wear is the remaining tool lifetime. One way to
determine this measure from sensor data is the amount of accumulated electrical energy that
was used to drive a given tool. To illustrate, consider Fig. 5 showing power measurements
for a production machine. Within the observed window, three similar parts (having the
same geometric features) are manufactured using two different tools. To calculate the energy
per tool, the power measurements need to be integrated over the intervals in which the
respective tool was active. Before doing so, however, it is necessary to deduct the base load
of the machine. The base load is defined as the machine’s (electrical) power demand without
material removal, which can be due to auxiliary systems or power loss in bearings. We use
the following DslD rules:
Pbase(x, v) ← SimpleDrilling(y), x is lext−10s (y), wavg{(x, v) | P ower(x, v)},
Ptool(x, u) ← wavg{(x, v) | P ower(x, v)}, Pbase(x0 , v 0 ), x ⊆ x0 , u is v − v 0 ,
Etool(x, v) ← int{(x, v) | Ptool(x, v)}, SimpleDrilling(x),
where, for a functional relation R, aggregation functional int(R) is defined as
Z


int(R) = ι, fR (x) dx | ι ∈ intR is bounded and ι ⊆ dom R .
ι
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Evaluating DslD by SQL

In this section, we show that answering DslD OMQs in our use cases can be reduced to
evaluation of SQL queries. First of all, we observe that our DslD programs are non-recursive.
Our query answering algorithm for DslD is an extension of the classical algorithm for
evaluating non-recursive datalog programs; see, e.g., [31]. In a nutshell, the algorithm
introduces views for all head predicates, and computes these views in a bottom-up fashion
following the dependency relation. For each unary predicate A, we create a view A with
columns begin and end; for each binary predicate R, we create a view R with columns begin,
end and value. When translating non-recursive DslD to SQL, the Allen relations and metric
constructs can be implemented in a straightforward way. It is much more challenging to deal
with aggregation atoms.
We illustrate our translation with examples. To start, we show how to deal with the simple
drilling use case. First, we compute the predicate DAvgForce in rule (4), which depends on
the view Force(begin, end, value). We need to deal with the discretisation predicate
[,)
D0,13s , which “splits” the rows of the Force view into windows of 13s. For convenience, we
assume that we have an auxiliary table nums(id) storing enough numbers 0, 1, . . . . The
following view D_force discretises Force. In the resulting view, each row contains a split
interval [begin, end), which is contained in the window [w_begin, w_end):
CREATE VIEW D_force AS (
SELECT GREATEST ( begin , nums . id * 13) AS begin ,
LEAST (( nums . id + 1) * 13 , end ) AS end ,
Force . value AS value ,
nums . id * 13 AS w_begin , ( nums . id + 1)* 13 AS w_end
FROM Force , nums
WHERE begin / 13 <= nums . id AND nums . id <= end / 13
);

The usage of the auxiliary table nums is not always necessary, since it can be generated on
the fly with a function like generate_series. Alternatively, one can also simulate this join
by user-defined functions.
Then, we are ready to define the view AvgForceP by grouping the rows of D_force
according to their windows and computing the weighted average by means of the built-in
aggregate function SUM:
CREATE VIEW AvgForceP AS (
SELECT MIN ( begin ) AS begin , MAX ( end ) AS end ,
SUM ( value * ( end - begin )) / SUM ( end - begin ) AS value
FROM D_force
GROUP BY w_begin , w_end
);

Note that, in general, many aggregation functionals (such as coalesce in rule (6)) cannot be
defined directly by means of built-in aggregate functions in SQL, and one needs to introduce
user-defined aggregate functions (UDAFs) according to the SQL engine, e.g., Apache Spark1
and MS SQL Server2. With UDAFs, the coalesce operator can be implemented using, e.g.,
the standard algorithm [33].

1
2

https://spark.apache.org/docs/latest/api/java/org/apache/spark/sql/expressions/
UserDefinedAggregateFunction.html
https://docs.microsoft.com/en-us/sql/relational-databases/clr-integration-databaseobjects-user-defined-functions/clr-user-defined-aggregates
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Next, for the predicate ForceDelta, we introduce the view capturing rule (5):
CREATE VIEW ForceDelta AS (
SELECT a1 . begin , a1 . end , a2 . value - a1 . value AS value
FROM AvgForceP a1 , AvgForceP a2
WHERE a1 . end = a2 . begin
);

Other predicates in this simple drilling use case can be computed in a similar way. Eventually,
the view SimpleDrilling will compute all instances of the predicate SimpleDrilling.
Finally, we consider the turbine use case. The major technical difference is the handling
of windows. For rule (3), which does not have a discretisation predicate in the body, we
can define time-based windows for each row relying on the range-based windows in the
standard SQL query language. In this example, assuming that the data is provided in table
tb_power(ts, value), the time-based window can be defined as follows:
CREATE VIEW SmaPower AS (
SELECT LAG ( ts ,1) OVER ( ORDER BY ts ) AS begin ,
ts AS end , AVG ( value ) OVER W AS avg
FROM tb_power
WINDOW W AS
( ORDER BY ts RANGE BETWEEN 5 PRECEDING AND 0 FOLLOWING )
);

While the approach described above works for the aggregation functionals, built-in and
discretisation predicates, and the rules involved in our use cases, we leave the general
algorithm for non-recursive DslD OMQs to further investigation. (We conjecture that query
answering for arbitrary DslD OMQs is undecidable.)

6

Evaluation

We evaluated the SQL translations of the DslD OMQs defined in our two use cases over
large amounts of data. For the turbine use case, we have 4 days of power data in the form of
(timestamp, value) pairs for one running turbine. We replicated this sample to imitate the
data for one turbine over 10 different periods ranging from 32 to 320 months (from 0.23 GB
to 2.3 GB). For the drilling use case, we collected 2.6 GB of real data from a manufacturing
company. This data contains force and power measurements associated with timestamps
from one drilling tool. We ran our experiments on an AWS server with an Intel Xeon
Platinum-8175 processor having 8 logical cores at 2.5 GHz and 64 GB of RAM. The SQL
queries were executed on Apache Spark 2.4.0.
Figure 6 illustrates the execution times for the SQL translation of the active power trip
OMQ in the turbine use case (Section 3), while Figure 7 shows the times for OMQs in the
drilling use case (Section 4). Both sets of results from the two use cases show that the
execution times scale linearly over monotonically increasing data. As expected, in the cases
where we can benefit from discretisation predicates (as in the drilling use case DslD OMQs)
the computation load reduces significantly. On the other hand, the active power trip program
requires row by row windowing, and this leads to additional work load compared to the cases
involving discretisation predicates.

7

Conclusion

As shown by the two use cases considered in this paper, engineers analysing the behaviour
of industrial systems by detecting events in sensor log data are facing a challenging task of
representing those events in terms of the existing query languages: the queries have complex
structure with numerous complex subqueries. The OBDA paradigm would drastically simplify
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the engineers’ work if the events in question could be captured in ontologies rather than
queries. Based on the use cases, we proposed a suitable OBDA ontology language DslD,
featuring aggregate functionals, Allen’s interval relations and various metric constructs. We
showed that the non-recursive fragment of DslD is enough to capture the events in our cases
and can be translated into sufficiently efficient SQL queries, which we tested on real-world
data. We achieved good performance results with large amounts of data.
Encouraged by the satisfaction of the involved engineers, we are planning to do a proper
user study to see how well the engineers can use this language. Further, an investigation of
theoretical properties of the proposed language and optimisation techniques will be conducted.
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Abstract
The emergence of open information extraction as a tool for constructing and expanding knowledge
graphs has aided the growth of temporal data, for instance, YAGO, NELL and Wikidata. While
YAGO and Wikidata maintain the valid time of facts, NELL records the time point at which a
fact is retrieved from some Web corpora. Collectively, these knowledge graphs (KG) store facts
extracted from Wikipedia and other sources. Due to the imprecise nature of the extraction tools that
are used to build and expand KG, such as NELL, the facts in the KG are weighted (a confidence
value representing the correctness of a fact). Additionally, NELL can be considered as a transaction
time KG because every fact is associated with extraction date. On the other hand, YAGO and
Wikidata use the valid time model because they maintain facts together with their validity time
(temporal scope). In this paper, we propose a bitemporal model (that combines transaction and
valid time models) for maintaining and querying bitemporal probabilistic knowledge graphs. We
study coalescing and scalability of marginal and MAP inference. Moreover, we show that complexity
of reasoning tasks in atemporal probabilistic KG carry over to the bitemporal setting. Finally, we
report our evaluation results of the proposed model.
2012 ACM Subject Classification Information systems → Web Ontology Language (OWL); Computing methodologies → Probabilistic reasoning; Computing methodologies → Temporal reasoning
Keywords and phrases temporal, probabilistic, knowledge graph, OWL-RL
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1

Introduction

Temporal databases have been studied extensively [44, 15, 31]. Recently, support for temporal
data from database vendors, such as Teradata, Oracle DB, IBM DB2, PostgreSQL, and so on,
has been growing. On the other hand, probabilistic temporal databases have been given little
attention [32, 12, 11, 8] and even less for probabilistic temporal knowledge graphs [6, 13].
Several Web knowledge graphs, such as YAGO [23], Wikidata [43], NELL [3], and DBpedia [1],
already contain temporal data (each fact is associated with a valid time). In particular, NELL
contains temporal probabilistic data where each fact is associated with a transaction time
(the time when a fact is extracted and stored in a knowledge graph). Besides, the emergence
of open information extraction as a tool for constructing and expanding knowledge graphs
(KG) has aided the growth of temporal data [36, 35, 41]. In addition to valid time support,
maintaining the transaction time of facts is relevant because never-ending open information
extraction systems such MinIE [17], NELL, Google’s Knowledge Vault [10], Microsoft’s Satori
continuously learn new facts from the Web and it is important to record the date on which
a fact is learned. This is evident from the NELL knowledge graph as they keep track of
learned dates in terms of iterations. Hence, transaction times represent the date on which a
fact is extracted or recorded. The valid time indicates the time period on which a fact is
considered valid or true. Furthermore, when such facts are learned/extracted from open text,
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they are associated with some confidence score. We need a model that supports these three
desirable aspects (transaction time, validity time, and confidence scores). Thus, in this work,
we propose a framework for representing and querying bitemporal probabilistic KG.
Most existing KG contain schema that can be represented by lightweight ontology
languages such as the OWL profiles (for instance, NELL’s schema can be captured by the
web ontology rule language called OWL RL [26]). In this paper, we study a bitemporal
probabilistic extension of OWL RL as modeling language for KG.
Probabilistic graphical models have been widely used to reason about facts extracted
at Web scale using a combination of hand-crafted and extracted inference rules [37]. In
particular, Markov logic networks (MLN) can be used to deal with temporal relations in
open information extraction [28] or checking the consistency of knowledge bases [6, 7]. MLN
extends first order logic with uncertainty by attaching weights to formulas. In MLN, there
are two important reasoning tasks, marginal and maximum a-posteriori (MAP) inference,
in MLN. The former computes the probability of a set of random variables (temporal
facts in our setting) whereas the later computes the most probable and consistent world
(temporal knowledge graph). Since marginal inference does not scale well, in this work, we
present a novel approximate algorithm to compute the marginal distributions of temporal
queries efficiently.
In bitemporal probabilistic KG, it is necessary to remove redundant facts, known as
deduplication, so as to avoid errors in query answers and reduce the size of the graph. Hence,
we embark upon a challenging problem in coalescing under uncertainty. It amounts to merging
facts with identical non-temporal arguments and adjacent or overlapping time-intervals. For
instance, consider the deterministic facts hr(a, b, 2, 5), 0.8i and hs(a, b, 4, 7), 0.7i as well as
the axiom r v s, clearly the two facts cannot be coalesced with the well known sort-merge
approach [2]. Hence, we need to first perform inference using the axiom so that we utilize
sort-merge to get the coalesced fact s(a, b, 2, 7). However, we still need to determine the
weight of the coalesced fact. For this task, we propose a number of approaches including a
rule-based algorithm for coalescing that uses marginal inference to determine the weight of
the coalesced fact.
Overall, the contributions of this paper are: (i) we propose a bitemporal model for Web
knowledge graphs by considering OWL RL as an atemporal ontology language, (ii) we extend
it (bitemporal KG) using MLN for modeling uncertainty, (iii) we address temporal coalescing
(both in data and queries) in a probabilistic setting, (iv) we present a novel N-hop based
approximate algorithm for marginal inference, (v) we show that the bitemporal scoping
of probabilistic facts does not introduce any complexity overhead, and (vi) we provide an
empirical evaluation of the proposed approach over the Wikidata KG.

1.1

Motivating Example

To motivate the purpose of this study we rely on two prominent knowledge graphs: NELL and
Wikidata. NELL records the extraction dates of facts as shown in Table 1. For instance, it is
extracted or recorded on 09/02/2017 that Fernando Torres plays for the Chelsea football club
with a confidence of 96.9%. This shows that NELL’s representation model resembles that of
transaction time from relational databases. On the other hand, Wikidata scopes temporally
some of the facts, for instance, with 100% confidence Fernando Torres played for Atletico
Madrid from 2001 to 2007 before rejoining them on 2016 and he is still playing for them.
This shows that Wikidata uses the valid time model for modeling temporal information.
However, Wikidata does not record the extraction date of facts, conversely, NELL does not
maintain the valid time of facts. Thus, what is missing is a model which combines both
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Table 1 NELL and Wikidata representations of the career of Fernando Torres.
NELL: learned fact
(torres, type, athlete)
(torres, stadium, anfield)
(torres, playsfor, chelsea)
(torres, playsfor, spain)
Wikidata: extracted fact
(torres, playsfor, atleticoMadrid)
(torres, playsfor, liverpool)
(torres, playsfor, chelsea)
(torres, playsfor, atleticoMadrid)

Date learned
12/01/2010
10/11/2015
09/02/2017
08/08/2011
Valid time
[2001, 2007)
[2007, 2011)
[2011, 2015)
[2016, now)

Confidence
100.0
100.0
96.9
87.5
Confidence
100.0
100.0
100.0
100.0

transaction time and valid time (i.e., bitemporal). For instance, the fact that “Fernando
Torres played for Chelsea football club from 2011 to 2015” is extracted on 09/02/2017, can
be modeled as a bitemporal fact as shown below:
(torres, playsfor, chelsea, [2011,2015), [09/02/2017,UC ), 96.9), where UC is short for until
changed – when the end date of the transaction or recording date is unknown.
In addition to temporal probabilistic facts, a KG can contain (temporal) inference rules,
for instance, some of the deduction rules learned from the NELL KG using ProbFOIL+ [33]
are shown below: (i) if an athlete led a sports team, then she probably plays for that team;
(ii) if an athlete led a sports team and her team plays against another team, then she probably
plays for that team; and (iii) if an athlete plays some sport and a team plays that sport,
then that athlete probably plays for that team. These rules can be converted into temporal
inference rules by adding temporal variables to the predicates and using a numerical predicate
that tests interval overlap.
i.
ii.
iii.

Inference rule
Weight
athleteledsportsteam(a, b) → playsfor(a, b)
0.93
athleteledsportsteam(a, y), teamplaysagainstteam(b, y) → playsfor(a, b) 0.96
athleteplayssport(a, y), teamplayssport(b, y) → playsfor(a, b)
0.93

In order to perform reasoning tasks over probabilistic temporal facts and temporalized
inference rules (see Section 4), in this study, we propose a bitemporal model for probabilistic
knowledge graphs.

2
2.1

Background
OWL RL

A knowledge graph (KG) is a set of triples that can be be encoded in the W3C standard
RDF data model [22]. Let I and L be two disjoint sets denoting the set of IRIs (identifying
resources) and literals (character strings or some other type of data), respectively. We
abbreviate the union of these sets (I ∪ L) as IL. A triple has the form (s, r, o) ∈ I × I × IL
where s is the subject, r is the predicate or relation, and o is the object of the triple. A
KG can be extended with temporal information by labeling each triple in the graph with
a temporal element. For instance, the temporal element can represent the time period in
which the triple is valid, i.e., the valid time of the triple [29, 18, 20]. KG often contain an
ontology or schema that is encoded in some lightweight language such as OWL RL.
OWL RL is a tractable rule-based ontology language. It prohibits the use of disjunctions
of classes and existential quantification for superclass expression to enable polynomial time
reasoning [26]. We use description logic for concisely expressing the syntax of OWL RL
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axioms. We denote a set of concept names by NC ⊆ I; roles names by NR ⊆ I; individual
names by NI ⊆ IL; and their union by N i.e., N ⊆ NC ∪ NR ∪ NI . We do not consider datatypes
for the sake of space, however, our work can be easily extended (for instance by following
the work in [5]). Additionally, we use the following notations through out the paper: a and b
denote instance or individual names in NI ; A and B denote class or concept names in NC ;
C (resp. D) is a complex class expression denoting subclass expression (resp. superclass
expression); p, p− , r, r1 , r2 are role names in NR ; s and si denote axioms or assertions. An
OWL RL knowledge graph contains a set of axioms. The syntax of which is given by the
following grammar:
Axiom, s ::= C v D | r1 v r2 | r1 ◦ r2 v r | A(a) | r(a, b)
C ::= A | ⊥ | {a} | C u C | C t C | ∃r.C
D ::= A | ⊥ | ¬D | D u D | ∀r.D | ∃r.{a} | 6 1 r.C | 6 0 r.C
r, r1 , r2 ::= p | p−
We refer to axioms of the form A(a) and r(a, b) instance assertions (facts) and those that
appear under the subsumption (v) relation (for instance r1 v r2 ) are called inclusion axioms.
The assertion A(a) (resp. r(a, b)) can be written in RDF syntax as (a, type, A) (resp. (a, r, b)).
In this paper, we consider a temporal extension of OWL RL where the instance assertions are
temporal and the inclusion axioms are atemporal. We refer to temporal instance assertions
as temporal facts. In order to facilitate the transformation of OWL RL axioms into first-order
formulas, we consider the following normal forms [26]:
C(a)

r(a, b)

AvC

AuB vC

r1 v r2

A v {a}

A v6 1 r.C

A v ∀r.C

{a} v C

r1 ◦ r2 v r

r1− v r2

dis(r1 , r2 )

The axiom dis(r1 , r2 ) denotes that r1 and r2 are disjoint. Note that the axiom r1− v r2
is subsumed by the axiom r1 v r2 . An OWL RL KG is in normal form if its axioms are
normalized. Throughout this paper, we assume that the axioms of KG are normalized. The
normal forms are obtained by leveraging structural transformation. Although, the OWL
specification provides a partial axiomatization of the OWL RDF-based semantics using a
fixed set of OWL RL/RDF rules1 . In this study, we focus on the OWL direct semantics and
translate the OWL RL inference rules into first-order formulas. However, our approach is
also applicable to OWL RDF-based semantics. A probabilistic extension of an OWL RL
KG can be efficiently modeled using Markov logic network. Although, in this paper, we
use Markov logic network, our approach allows to easily adapt other probabilistic modeling
frameworks such as ProbLog and probabilistic soft logic.

2.2

Markov Logic Network

A Markov logic network (MLN) combines Markov networks and first-order logic (FOL) by
attaching weights to first-order formulas. An MLN program L is a set of pairs L = (fi , wi )
where fi is a FOL formula and wi is a real number representing its weight [34]. In this paper,
we use the Horn fragment of FOL which efficiently represents OWL RL inference rules. For
brevity, we will drop ∀ quantifier from all the formulas. The probabilistic facts and rules
given in the motivating example can be seen as an MLN program.

1

https://www.w3.org/TR/owl2-profiles/
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Together with a set of constants C, an MLN defines a Markov network ML,C , where ML,C
contains one node for each possible grounding of each predicate appearing in L. The value
of the node is 1 if the ground predicate is true, and 0 otherwise. The probability distribution
over a possible world x, specified by a ground Markov network ML,C , is:
P (X = x) = Z −1 exp

X
i


wi n(fi , x) ,

where n(fi , x) is the number of true groundings of fi in x. The groundings of a formula
are formed simply by replacing its variables with constants in all possible ways. A ground
MLN can be turned into a factor graph. A factor graph is a set of factors Φ = {φ1 , . . . , φn }
where each factor φ is a function φ(X) over a set of random variables X. A factorization of a
Qn
function g over the variables X is given by: g(X) = i=1 φi (Xi ). We convert a ground MLN
into a factor graph by using the following: each ground atom pi (a) in an MLN becomes a
random variable Xi , and each ground formula (fi , wi ) becomes a factor φ(Xi ) which has a
value ewi if the formula is true and 1 otherwise. Such a factor graph determines a probability
distribution over X,
P (X = x) = Z −1

Y
i

φ(Xi ) = Z −1 exp

X
i


wi ni (fi , x) .

There are two important reasoning tasks in MLN. The first one is called marginal inference
which is the the task of computing the probability of a set of variables given evidence. The
complexity of this problem is known to be #P-hard. The second one is maximum a-posteriori
(MAP) inference which is the task of finding the most probable state of the world, i.e., finding
a complete assignment to all ground atoms which maximizes the probability. This problem
is known to be NP-hard. We will study these inference tasks for bitemporal probabilistic KG
but first we present bitemporal KG.

3

Bitemporal Knowledge Graphs

A bitemporal KG is an extension of a conventional KG by adding temporal elements to each
instance assertion in the graph (similar to bitemporal databases [27]). A fact in a bitemporal
KG is timestamped with time intervals that represent the fact’s valid time and transaction
time. A valid time is the time period in which a fact is considered true or valid. Transaction
time is the time when a fact is added to a KG. Thus, a bitemporal KG needs domains for two
temporal universes, the valid time universe and the transaction time universe, and it may be
desirable or convenient to restrict them to some subset of T. Therefore, let Tv ⊆ T denote the
valid time universe of a bitemporal KG, and Tt ⊆ T denote its transaction time universe. We
consider T = Tv ∪ Tt to be a discrete time domain which is a linearly ordered finite sequence
of time points; for instance, days, minutes, or milliseconds. The finite domain assumption
ensures that there are finitely many possible worlds in the probabilistic extension. A time
interval is an ordered pair [tb , te ) of time points, with tb ≤ te and tb , te ∈ T, which denotes
the closed-open interval of time points from tb to te 2 . We will work with the interval-based
temporal domain to define our data model.

2

It is possible to extend to other interval based representations such as [tb , te ], left and right closed
interval.
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I Definition 1 (Bitemporal KG). A bitemporal KG is a tuple G = hS, Ai where S is the
atemporal component representing the schema part (in OWL RL) and A is a set of OWL RL
instance assertions in which each assertion A(a) (resp. r(a, b)) in the graph is associated
with a valid time [vb , ve ) ∈ Tv and transaction time [tb , te ) ∈ Tt , i.e., g = A(a, [vb , ve ), [tb , te ))
(resp. g = r(a, b, [vb , ve ), [tb , te ))). We refer to g as a bitemporal fact and write it as a first
order predicate ca(a, A, vb , ve , tb , te ) or ra(a, r, b, vb , ve , tb , te ) with ca for concept assertion
and ra for role assertion.
Right-unlimited time intervals are expressed as [tb , UC ) for transaction time and [vb , now) for
valid time, where UC is short for Until Changed and now denotes the current time instance.
Note that both UC and now are replaced by the current time during reasoning. For the sake
of presentation, we remove the day and month of a given date and write just the years for
both valid and transaction time intervals.
I Example 1. We convert some of the facts of the KG in Table 1 into bitemporal facts as
shown below. This is the same as aligning (or loosely merging) the NELL and Wikidata KG
for the task of KG completion or bitemporal KG construction.
ra(torres, playsfor, chelsea, 2011, 2015, 2017, UC )
ra(torres, stadium, anfield, 2007, 2011, 2015, UC )
ra(torres, playsfor, atleticoMadrid, 2001, 2007, 2016, UC )
Bitemporal KG expansion. Relying on the above example, we can use a rule-based approach
for KG expansion. For instance, using the NELL KG, we can extend Wikidata with the help
of rules (a rule per relation) of the following form:
playsfor(x, y, tb , te ), playsfor(x, y, vb , ve ) → playsfor(x, y, vb , ve , tb , te ).
It is possible to use more complex rules that include predicates which test the semantic
similarity of relation names. However, this is beyond the scope of this work.
For a bitemporal KG G, its snapshot at a valid time v and a transaction time t is the
graph G(v, t) (the non-temporal KG): G(v, t) = {A(a) | A(a, [v, v), [t, t)) ∈ G} ∪ {r(a, b) |
r(a, b, [v, v), [t, t)) ∈ G}. The atemporal or non-temporal KG associated with a bitemporal
S
KG is u(G) = v,t G(v, t), the union of the graphs G(v, t). Relying on this characterization,
we define temporal entailment.
I Definition 2 (Bitemporal entailment). We define temporal entailment as follows: for two
bitemporal knowledge graphs G1 and G2 , G1 |=v,t G2 if and only if G1 (v, t) |= G2 (v, t) for each
v and t; |=v,t denotes bitemporal entailment and |= is the standard OWL RL entailment [26].
Alternatively, bitemporal entailment can be reduced into temporal entailment defined in [20].
For two bitemporal graphs G1 and G2 , let the valid graphs be G1 (v) = {A(a, [tb , te ))|A(a, [v, v),
[tb , te )) ∈ G} and similarly G2 (v); and transaction graphs be G1 (t) = {A(a, [vb , ve ))|
A(a, [vb , ve ), [t, t)) ∈ G} and similarly G2 (t). G1 |= G2 iff G1 (v) |=t G2 (v) and G1 (t) |=v G2 (t)
where |=t and |=v denote temporal entailment.
I Definition 3. For a bitemporal KG G, a translation of the normal forms of OWL RL
axioms into FOL predicates is given by a bijective function ϕ as shown.
AvC
AuB vC
A v {a}
A v ∀r.C
A v 6 1r.C
r1 v r2
r1 ◦ r2 v r

7→
7→
7→
7→
7
→
7
→
7
→

sc(A, C)
int(A, B, C)
sc(A, a)
all(A, r, C)
atmost(A, r, C)
sp(r1 , r2 )
rcomp(r1 , r2 , r)

r1− v r2
dis(r1 , r2 )
A(a)
{a} v C
r(a, b)
a ∈ NI

7→
7→
7→
7→
7→
7→

inv(r1 , r2 )
dis(r1 , r2 )
ca(a, A)
ca(a, C)
ra(a, r, b)
nom(a)

M. W. Chekol and H. Stuckenschmidt

8:7

We propose a rule-based instance retrieval in which we compute all entailments of the form
ca(a, A, vb , ve , tb , te ) and ra(a, r, b, vb , ve , tb , te ) for a given KG. For this task, we use the
temporal OWL RL inference rules shown in Figure 1. These rules are applied repeatedly, to
a given KG, until no new conclusion can be made. It is worth noting that the inference rules
do not materialize assertions that can be deduced if the KG is inconsistent. Nevertheless,
inconsistencies lead to entailments of the form ca(a, ⊥, vb , ve , tb , te ) for some constant a.
I Lemma 1. Let G be a bitemporal KG with an OWL RL schema, its closure can be computed,
by applying the rules in Figure 1 until closure, in polynomial time.
The above lemma follows from the results in OWL RL [26]. Note that in this work, we
use FOL syntax of KG axioms, assertions and inference rules for brevity. However, it is
also possible to use reification in order to represent bitemporal KG using the RDF syntax.
Alternatively, more compact representations based on RDR (reification done right) can be
utilized [21]. In addition, a more detailed discussion, on the syntax of temporal KG, can
be found in [4]. As an example, the first temporal fact in Example 1, can be represented in
RDR syntax as follows:
<< torres playsfor chelsea > > beginValid 2011 ;
endValid 2015 ;
beginTrans 2017 ;
endTrans UC .

In the above syntax, beginValid, endValid, beginTrans, and endTrans are vocabularies
denoting the start and end points of valid and transaction time intervals. A query language
for bitemporal KG can be defined by extending query languages for valid time KG such as
SPARQ-LTL [4]. For the sake of space, we do not present a query language for bitemporal KG.

4

Bitemporal Probabilistic Knowledge Graphs

In this section, we propose a data model for bitemporal probabilistic KG.

4.1

Data Model

A bitemporal probabilistic KG contains a set of temporally annotated facts each with a
confidence weight. A formal definition is provided below.
I Definition 4. A bitemporal probabilistic KG is a tuple K = (S, A, X ∪ R) where S is a set
of OWL RL axioms, A = {(g, w1 ), . . . , (gn , wn )} is a set of bitemporal facts in which gi ∈ A
has a confidence wi ; R is temporal OWL RL inference rules given in Figure 1, each rule ri
is deterministic and has weight wi = ∞; and X = {(f1 , w1 ), . . . , (fm , wm )} is a set of OWL
RL axioms representing background knowledge where each wj denotes the weight of formula
fi ; and F = X ∪ R.
Given a bitemporal probabilistic KG K = (S, A, X ∪ R), the probability of a possible world
K 0 = (S 0 , A0 , X ∪ R) ⊆ K is given by the following log-linear distribution:


X
X
X

P (K 0 ) = Z −1 exp
wi n(fi , K 0 ) , Z =
exp
wi n(fi , Kj ) ;
(fi ,wi )∈X 0 :K|=v,t fi

Kj ⊆K

i

where n(fi , K 0 ) is the number of groundings of the formula fi that evaluate to true in the
world K 0 , Z is the normalization constant, and |=v,t denotes bitemporal entailment.
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(r1 ) sc(a, b), ca(x, a, v, t) → ca(x, b, v, t).
(r2 ) int(a, b, c), ca(x, a, v 1 , t1 ), ca(x, b, v 2 , t2 ), ov(v 1 , v 2 , t1 , t2 ) → ca(x, c, v, t).
(r3 ) all(a, r, c), ca(x, a, v 1 , t1 ), ra(x, r, y, v 2 , t2 ), ov(v 1 , v 2 , t1 , t2 ) → ca(y, c, v, t).
(r4 ) atmost(a, r, c), ca(x, a, v 1 , t1 ), ra(x, r, y, v 2 , t2 ),
ca(y, c, v 3 , t3 ), ra(y, r, z, v 4 , t4 ), ca(z, c, v 5 , t5 ), ov(v 1 , t1 , . . . , t5 , t5 ) → equal(y, z, v, t).
(r5 ) sp(r, s), ra(x, r, y, v, t) → ra(x, s, y, v, t).
(r6 ) rcomp(r, s, t), ra(x, r, y, v 1 , t1 ), ra(y, s, z, v 2 , t2 ), ov(v 1 , t1 , v 2 , t2 ) → ra(x, t, z, v, t).
(r7 ) inv(r, s), ra(y, r, x, v, t) → ra(x, s, y, v, t).
(r8 ) dis(r, s), ra(a, r, b, v 1 , t1 ), ra(a, s, b, v 2 , t2 ), ov(v 1 , t1 , v 2 , t2 ) → ca(a, ⊥, v 1 , t1 ).
(r9 ) ca(x, a, v, t) → ca(x, >, v, t).
(r10 ) ca(x, a, v, t), nom(a) → ca(a, x, v, t).
(r11 ) ca(x, a, v, t), nom(a) → nom(x).
(r12 ) ra(x, r, y), ca(z, y, v, t), nom(y) → ra(x, r, z, v, t).
(r13 ) ¬ca(x, ⊥, v, t).
Figure 1 Notation: v i = [vbi , vei ), v = [vb , ve ), ti = [tib , tie ), and t = [tb , te ). A temporalized
variant of OWL RL inference rules that we denote by R. They are partially drived from the
materialization calculus in [26]. All of the formulas are universally quantified over all the variables.
ov is short for overlaps, it checks if a given set of intervals are overlapping. > and ⊥ are constant
symbols representing top and bottom concepts. Note that rule r13 does not belong to the inference
rules for OWL RL. This rule takes the notion of inconsistency into account.

a hlivesIn(John, Paris, [2007 , 2016 ), [2010 , now)), 0.9i
b hlivesIn(John, Paris, [2015 , now), [2015 , now)), 0.5i
c hlivesIn(John, Paris, [2007 , now), [2010 , now)), ?i

Figure 2 A graphical representation of coalescing bitemporal probabilistic facts. The X-axis
represents transaction time (TT) and the Y-axis is valid time (VT). The goal is to determine the
weight “?” of the coalesced fact c.

An important problem in temporal databases is coalescing, we investigate this problem
in a probabilistic setting for bitemporal KG.

4.2

Coalescing and Deduplication

Coalescing is a technique used in temporal databases for duplicate elimination [9]. Coalescing
is the process of merging bitemporal facts with identical non-temporal arguments and adjacent
or overlapping time-intervals. Hence, it is important for deduplication. In other words,
coalescing is useful for: reducing the size of probabilistic temporal KG, and preventing
incorrect answers in query evaluation. For instance, consider the query “does John live in
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Paris from 2014 to 2017?” on the temporal facts of Figure 2 before coalescing, i.e., (a)
and (b). The result is no, however, the same query on the coalesced fact (c) (brown part of the
figure), returns yes. Uncoalesced facts can arise in various cases: during query evaluation via
projection or union operations, by not enforcing coalescing in update or insertion operations,
and through information extraction from diverse sources or accuracy of the extractor.
A bitemporal KG K is called duplicate-free, if for all pairs of facts ra(a, r, b, vb , ve , tb , te ),
ra(a, r, b, vb0 , ve0 , t0b , t0e ) ∈ K, it holds that: [vb , ve ) ∩ [vb0 , ve0 ) = ∅ and [tb , te ) ∩ [t0b , t0e ) = ∅. In
other words, if the non-temporal terms of two temporal facts are the same, then their temporal
terms must be disjoint (non-overlapping). Coalescing is challenging in a probabilistic setting,
because it is not clear what should be the weight of the new (coalesced) fact. In order
to coalesce bitemporal facts, either the valid time or transaction time intervals must be
overlapping. The weight of the coalesced fact can be computed using a number of approaches
that are shown below. For the sake of space, we will not present a comparison of the
approaches. Instead, for our purpose, we use a rule-based approach that uses probabilistic
inference in order to compute the exact weight of a coalesced fact.
1. Max: w3 = max(w1 , w2 ), if two facts can be coalesced, assign the higher weight of the
two to the coalesced fact,
2. Average: w3 = (w1 + w2 )/2,
3. Weighted-Average: w3 = (`1 w1 + `2 w2 )/(`1 + `2 ), where `1 and `2 are the lengths of the
intervals of fact 1 and fact 2,
4. Min: w3 = min(w1 , w2 ) this is similar to Godel’s fuzzy conjunction operator,
5. Lukasiewicz’s relaxation: this approach works if the weights are between 0 and 1,
w3 = max(0, w1 + w2 − 1), and
6. Rule-based coalescing with marginal inference: in order to coalesce the facts of a bitemporal
probabilistic KG K, we can construct Horn rules for each relation in the KG, i.e., for
each concept or relation mi in K, we create a rule of the following form:
(r14 ) ca/ra(x, mi , y, vb , ve , tb , te ), ca/ra(x, mi , y, vb0 , ve0 , t0b , t0e ),
v = min(vb , vb0 ), v 0 = max(ve , ve0 ), vb ≤ ve0 , vb0 ≤ ve ,
t = min(tb , t0b ), t0 = max(te , t0e ), tb ≤ t0e , t0b ≤ te → ca/ra(x, mi , y, v, v 0 , t, t0 ).
The expression vb ≤ ve0 , vb0 ≤ ve (resp. tb ≤ t0e , t0b ≤ te ) tests temporal overlap of
the intervals [vb , ve ) and [vb0 , ve0 ) (resp. [tb , te ] and [t0b , t0e ]). Besides, min, and max are
predicates representing minimum, and maximum functions respectively. The weights of
the coalesced facts are determined by performing marginal inference on the given KG.
Once these weights are determined, the uncoalesced facts are removed from the KG. The
approach uses one rule for each relation. If a KG has several thousands of relations, we
need the same number of coalescing rules to remove duplicates from the KG. Hence, this
operation can be very expensive, however, it is done only once. Our rule-based coalescing
procedure is given in Algorithm 1.
I Example 2. Consider coalescing the bitemporal probabilistic facts, (a) and (b), shown in
Figure 2. This operation merges the two facts into one with the weight of the new fact (c)
computed by marginal inference.
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Algorithm 1 Coalescing bitemporal probabilistic KG.
1: procedure coalesce(K )
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

5

Input: uncoalecsed bitemporal KG K = (S, A, F)
Output: coalesced KG Kc
N ← all the concepts and relations in K
for each concept and relation m ∈ N do
rm ← create a rule using (r14 )
add rm to M
end for
F ←F ∪M
repeat
ground the rules in F using the assertions in A (see Algorithm 2)
A0 ← gather coalesced/inferred assertions
until closure
compute the marginal probabilities of the coalesced facts A0 (Algorithm 2)
use sort-merge to coalesce assertions in A and A0 (Bohlen et al. [2])
delete the uncoalesced ones in A and A’
return Kc = (S, A ∪ A0 , F \ M)
end procedure

Inference

In this section, we present two important reasoning tasks in bitemporal probabilistic KG,
namely, marginal and maximum a-posteriori (MAP) inference. We denote the set of constants
in a bitemporal probabilistic KG K = (S, A, F) by C, C ⊆ IL ∪ T as the union of sets of IRIs,
literals and time points. The Herbrand base HB(F) of F can be constructed by instantiating
all the variables in F using the constants in C (aka. grounding or expansion). The function θ,
given a finite set C, maps each fact in some bitemporal KG into a subset of the Herbrand base
HB(F) of F with respect to C. Each subset of the Herbrand base is a Herbrand interpretation
specifying which ground atoms are true. A Herbrand interpretation H is a Herbrand model
of F, denoted by |=H F, iff it satisfies all groundings of the formulas in F.
I Definition 5. Given K = (S, A, F) over a set of constants C and HB(F) the Herbrand
base of F with respect to C, θ : S ∪ A → HB(F) maps S ∪ A into subsets of HB(F) as follows:
θ(S ∪ A) =

[
y∈S∪A

ϕ(y),

ϕ() maps axioms and assertions into FOL predicates using Definition 5. Besides, we extend
θ as follows θ(K) = θ(S ∪ A) ∪ F where θ is a bijective function, it induces a one-to-one
correspondence between the Herbrand models of F and expanded KG. As already discussed,
ϕ maps inclusion axioms and instance assertions into first-order predicates. Grounding F
with the constants of a bitemporal probabilistic KG may generate a set of new facts; this
results in an expanded KG.
I Lemma 2. Let K = (S, A, F) be a bitemporal probabilistic KG; let C be a set of constants;
and let HB(F) be the Herbrand base of F with respect to C. We have two cases:
for any K 0 ⊆ K, K |=v,t K 0 ⇒ θ(K 0 ) |=H F and
for any H ⊆ HB, H |=H F ⇒ θ−1 (H) |=v,t K 00 and K 00 ⊆ K.
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Marginal Inference

Marginal inference is the task of computing the marginal distributions of a set of random
variables (queries). In our setting, given a query q and a bitemporal probabilistic KG K,
marginal inference involves in computing the probability of the answers of q over K. In this
paper, we are interested in Boolean temporal conjunctive queries.
I Definition 6. A Boolean temporal conjunctive query q is a formula of the form
q ← r1 (x1 , v1 , t1 ), . . . , ri (xi , vi , ti ), . . . , rn (xn , vn , tn )
where xi are atemporal variables or constants that are in ri ,
vi are valid time variables or time points that are in ri ,
ti are transaction time variables or time points that are in ri , and
ri denotes a temporal relation ca(xi , yi , vb , ve , tb , te ) or ra(xi , yi , vb , ve , tb , te ) with xi , yi ∈
xi , vb , ve ∈ vi and tb , te ∈ ti .
In probabilistic databases and statistical relational learning, often the probabilities of queries
are computed by grounding, i.e., by replacing all the variables in the queries using constants in
the database. The grounding is used to generate a propositional sentence (lineage of a query)
for exact inference or a graphical model for approximate computation. Similarly, Boolean
temporal conjunctive queries can be grounded by evaluating queries using the techniques
from temporal databases [16] and instantiating or replacing all the variables in the queries
using their answers. This results in a set of ground queries, the probability of which can
be computed using MLN systems or any other approximate inference engine. For Boolean
temporal conjunctive queries, it is necessary to take care of the overlap of time intervals
during grounding. One solution to this problem is to rewrite queries to take into account
overlaps. In other terms, Boolean temporal conjunctive queries require checking interval
intersection to determine the overlap of intervals in the query predicates. In order to do this,
we rewrite queries as discussed below.
The marginal probability of a query q is obtained by a two-step process: (i) firstly, rewrite
the query q, and (ii) secondly, perform marginal computation. To rewrite q we add a function
called ov (overlaps) which tests if both valid time and transaction times of relations are
overlapping. Formally, the rewriting of a Boolean temporal query q:
q ← r1 (x1 , v1 , t1 ), . . . , ri (xi , vi , ti ), . . . , rn (xn , vn , tn ),
is the following:
qr ← r1 (x1 , v1 , t1 ), . . . , ri (xi , vi , ti ), . . . , rn (xn , vn , tn ), ov(v1 , . . . , vn ), ov(t1 , . . . , tn ),
where ov(v1 , . . . , vn ) (resp. ov(t1 , . . . , tn )) is a Boolean function that tests if the valid (resp.
transaction) time intervals v1 , . . . , vn (resp. t1 , . . . , tn ) are overlapping.
I Definition 7. Given a Boolean temporal conjunctive query q and a bitemporal probabilistic
KG K = (S, A, F), the probability of q over K is computed using the following:
P (q|S, A, F) = Z −1 exp

X


wj n(fj , qr , S, A) ,

(fj ,wj )∈F :qr |=v,t fj

where qr is the rewriting of q and |=v,t is bitemporal entailment. Note that computing Z
takes exponential time in the worst case.
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Algorithm 2 Approximate query probability.
1: procedure approxProbability(K ,q,N )
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

Input: K = (S, A, F), query q and hop N
Output: Pa (q)
qr ← rewrite(q)
Schema and assertion tables TS , TA ← load(S, A),
Rules table TF ← load(F),
for fi ∈ TF do TK ← TS o
n TA o
n fi end for
Answers table Tq ← evaluate query(qr , TK )
Factor graph, GF ← ∅
for each inference rule fi ∈ TF do
GF ← GF ∪B (Tq o
n fi )
end for
GN
F ← extract n-hop subgraph(GF , Tq , N )
Pa (q) ← compute(GN
F ,Tq )
end procedure

The complexity of computing the probability of a query is known to be #P-hard in general.
The above definition shows that temporal scoping of instance assertions does not increase the
complexity (since the ov function can be computed during ground which is before probability
computation). This is consistent with the results in temporal databases, as already shown a
temporal query has the same properties as that of a first-order query langauge [42].

5.1.1

Approximate Marginal Inference

Since exact marginal probability computation is an expensive operation (see the experimental
results in Figure 3), often approximate sampling techniques are used to speed up inference. In
general, a large portion of a KG is not relevant, for computing the probability of a given query,
because in a Markov network a node/variable is independent of all the other nodes/variables
given its neighboring nodes/variables (known as the Markov blanket). More formally, given
a query variable xi , P (xi |x1 , . . . , xi−1 , xi+1 , . . . , xn ) = P (xi |MB(xi )) where MB(xi ) is the
Markov blanket of xi . Thus for a given a query, a part of a KG up to a certain depth N ,
containing the query node, can be extracted to estimate the probability of that query. This
approach is described in Algorithm 2. The algorithm takes as input a KG K, a query q and
hop distance N . The atemporal schema and temporal assertions are loaded into relational
database tables3 TS and TA respectively. Likewise, the inference rules are loaded into the
table TF . After loading the KG, we perform KG expansion by applying the inference rules
until closure (line 7). Then after, we evaluate the rewriting qr of the query q on the expanded
KG TK and keep its answers in a relational table Tq (line 8). In lines 9–12, we create a
factor graph GF by iteratively joining the answers table Tq with that of inference rules; ∪B
denotes a bag unions operation. An N-hop subgraph – all nodes that are N distance away
from the query node – GN
F is extracted from GF with a depth of N hops from the query
nodes Tq (line 13). Finally, in line 14, we compute the approximate probability Pa (q) of q
using either exact or approximate (by using a Gibbs sampler) inference. Lifted inference
is a focus of recent research which leverages the structure (e.g. using symmetries) of MLN

3

Note that we exclude the discussion of the schema of the tables and SQL join queries for brevity.
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knowledge bases for efficient inference. It is worthwhile comparing lifted inference with that
of approximate marginal inference as well as investigating the possibility for a combined
approach. We leave out this task as a future work.

5.2

MAP Inference

In bitemporal probabilistic KG, MAP inference is the problem of computing the most
probable, consistent, and non-probabilistic bitemporal KG (also known as MAP state). More
formally, given a KG K = (S, A, F) and a mapping function θ, we denote the MAP problem
by map(θ(K)). In order to compute map(θ(K)), we need to translate K with the function
θ into an equivalent MLN formalization. Then, the inference rules F are added to this
translation. The MAP state is obtained by using θ(K) and the grounding of F as input.
Applying the inverse translation function θ−1 to the MAP state, yields the most probable
bitemporal KG.
I Lemma 3. Let K = (S, A, F) be a bitemporal probabilistic KG, C a set of constants, and
the Herbrand base HB(F) of F with respect to C. The MAP state of K is obtained as:


X
θ−1 (H) = arg max
wj n(fi , H)
H⊆HB:H|=H F

(f,wj )∈F :H|=v,t fj

Using the above lemma, it can be proved that computing the most probable and consistent
bitemporal KG is NP-hard in general. This is shown by exploiting the correspondence between
a bitemporal probabilistic KG and an MLN program, and using the bijective function θ.
Membership is shown by mapping MAP inference in a bitemporal probabilistic KG into
MAP inference in MLN. Hardness is shown by translating MLN programs into KG. From
Lemma 3 and the results in [5] it follows that the problem of computing a MAP state is
NP-hard.

6

Empirical Evaluation

We conducted two different kinds of experiments: (i) marginal and (ii) MAP inference.
For both experiments, we carried out performance tests in terms of running times and the
accuracy of marginal distributions. We run the experiments on a Debian 8 virtual machine
with 2.6GHz 3-core Intel Haswell processor, 24 GB of main memory and 1TB disk space.
Tools. We used the following probabilistic reasoners: ProbLog [25], Tuffy [30], and TuffyLite [24]. ProbLog is a probabilistic extension of Prolog. Unlike MLN, ProbLog assigns
probabilities to clauses (first order Horn formulas) and poses the restriction that these
probabilities are mutually independent. It defines a probability distribution over logic programs [25]. Its semantics is defined by the success probability of a query in a randomly
sampled program. On the other hand, TuffyLite and Tuffy are probabilistic reasoners for
MLN programs. TuffyLite is an improved version of Tuffy. Hence, we use it for comparison
with ProbLog. Note that we intentionally leave out DeepDive [38] from out experiments,
because DeepDive uses the same technique as Tuffy and TuffyLite.
Data. For our experiments, we use the Wikidata KG. In particular, we consider a part of
the KG that contains structured temporal information. Hence, we extracted temporal facts
for various fluents (time-varying relations) including: member of sports team, educated at,
occupation, spouse, and so on. Overall, we extracted over 3.7 million temporal facts. All of
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these temporal facts are only interval timestampped (valid time). As Wikidata is a valid
time KG, we extended it by adding transaction time intervals and probabilities to each fact
in order to have a bitemporal probabilistic KG. We randomly generated transaction times
and probabilities (> 0.5). Besides, as Wikidata is not complete, it does not contain valid
times for all the facts. If the end time point of a fact is missing, we replace it with now.
Temporal rules. We designed 36 different bitemporal probabilistic inference rules (ProbLog
definite clauses) based on the fluents of Wikidata. For ProbLog, the probabilities pi of the
rules are generated randomly and are set between 0.5 and 0.99. However, for the MLN solver,
pi
.
TuffyLite, we use the log odds of the probabilities as weights, i.e., wi = ln 1−p
i

6.1

Marginal Inference

In this experiment, we test the scalability of marginal inference. The results of the experiment
are reported in Figure 3(a). As shown, ProbLog performs very well, it outperforms TuffyLite.
The run time of marginal inference is almost constant when the number of facts is less than
20,000. This is because ProbLog uses knowledge compilation to speed up inference. The
reported runtimes are averaged over 5 runs. For TuffyLite, we test the quality of approximate
marginal probabilities, we plot the prior and marginal probabilities of 8 randomly selected
queries in Figure 3(b). As it can be seen, the approximate marginals are very close to the
prior probabilities with the highest absolute error close to 2% for query q6 .

6.2

MAP Inference

In this experiment, we report the running times of ProbLog on different data sizes. We
exclude Tuffy and TuffyLite from this experiment due to scalability issues (after running
for more than 24hs both systems did not terminate). ProbLog performs most probable
explanation (MPE) inference which is slightly different from MAP inference. The runtimes,
averaged over 5 runs, are reported in Figure 3(c). As it can be seen, the runtime of ProbLog
does not increase linearly with respect to the size of the input data. This is due to each
added incorrect bitemporal fact might be involved in a conflict resulting in a non trivial
optimization problem. In order to test the scalability of MPE inference, we increased the
data size upto 500,000. As expected, the running times were exceedingly high, i.e., upto
several hours. When the datasize is 500,000, we interrupted the evaluation of MPE inference
after a runtime of 3.63 hours. In both MAP and marginal inference, scalability is a big
problem. We will tackle this problem in the future.

7

Related work

In relational databases, bitemporal databases have been throughly invesitgated [27]. Besides,
temporal databases have been extensively studied (see surveys [31, 39]). However, relatively
fewer works exist on temporal probabilistic databases [11, 8]. In [11], a relational database
is used to model and query temporal data, integrity constraints and deduction rules can also
be specified. However, these rules must be deterministic (unweighted) unlike what we do
here. On the other hand, contrary to this study where we use a bitemporal model, uncertain
spatio-temporal databases focus on stochastically modelling trajectories through space and
time (see [14] for instance).
Query evaluation in probabilistic databases is an active area of research [19, 7, 40, 12].
With respect to temporal query evaluation over a valid time probabilistic KG, to the best of
our knowledge, there are two important studies [6] and [11]. While the former focuses on
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MAP inference, we study here both marginal and MAP inference in a bitemporal setting,
besides, we deal with the problem of temporal coalescing and use a rich schema based
on OWL RL. The later deals with marginal inference, the difference with this work are
the following: (i) we consider weighted temporal OWL RL inference rules, (ii) we propose
coalescing for bitemporal KG, and (iii) we introduce rewriting for coalescing of query answers.
In another study [13], the authors proposed an approach for resolving temporal conflicts in
RDF knowledge graphs. The idea is to use first-order logic Horn formulas with temporal
predicates to express temporal and non-temporal constraints. However, these approaches are
limited to a small set of temporal patterns and only allow for uncertainty in facts. Moreover,
extending KG using open domain information extraction, will often also lead to uncertainty
about the correctness of schema information; a large variety of inference rules and constraints,
some of which will be domain specific, can also be the subject of uncertainty.
Multi-temporal RDF database models are first introduced by Grandi [18]. These models
allow to capture several aspects of time in data such as validity, efficacy, transaction and so
on in a non-probabilistic setting. By contrast, we consider validity and transaction times
with a rich probabilistic schema.

8

Conclusion and Outlook

We have proposed a bitemporal model to assert the times in which facts are considered valid
and the times when facts are added to a KG. Besides, we studied bitemporal probabilistic
KG and proved that standard reasoning tasks such as marginal and MAP inference do not
introduce any additional complexity. We have also introduced an efficient algorithm, for
marginal inference, based on N-hop graph neighborhoods of query nodes. Furthermore, we
have addressed coalescing in a probabilistic setting both in data and during query answering.
Our experimental results show that scalability is challenging and approximate techniques
with acceptable error margins can be adopted. As a future work, we plan to do further
experiments, testing scalability as well as the accuracy of state-of-the-art reasoners and
implementation of our approximate marginal inference algorithm.
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Abstract
In this paper, we introduce a new data mining framework that is based on qualitative reasoning.
We consider databases where the item domains are of different types, such as numerical values, time
intervals and spatial regions. Then, for the considered tasks, we associate to each item a constraint
network in a qualitative formalism representing the relations between all the pairs of objects of the
database w.r.t. this item. In this context, the introduced data mining problems consist in discovering
qualitative covariations between items. In a sense, our framework can be seen as a generalization of
gradual itemset mining. In order to solve the introduced problem, we use a declarative approach
based on the satisfiability problem in classical propositional logic (SAT). Indeed, we define SAT
encodings where the models represent the desired patterns.
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Association rules; Theory of computation → Constraint and logic programming; Computing methodologies → Knowledge representation and reasoning
Keywords and phrases Qualitative Database, Qualitative Pattern Mining, Declarative Approach,
SAT Modeling
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1

Introduction

Data mining techniques are applied on different data types, such as transactions, sequences,
graphs, texts, etc. In order to consider complex aspects of the real world, it is interesting to
extend these techniques for knowledge discovery to new complex data, such as spatio-temporal
pieces of information. However, it is important in this context to take into account the
simplicity of the pattern structure. Thus, the challenge in this work is to propose a framework
that allows us to deal with different complex data types and discovering patterns having a
simple structure.
Qualitative reasoning is concerned with facilitating reasoning about complex entities and
pieces of information through symbolic representation formalisms. In particular, this kind of
reasoning is strongly related to human one and, for instance, it can be used for dealing with
pieces of information that come from natural language. In the literature, the qualitative
formalisms are widely used for reasoning about two physical entities of the world that are time
and space (e.g. see [21]). Indeed, qualitative spatial and temporal reasoning is an important
research field in Artificial Intelligence in general, and knowledge representation in particular.
The spatial and temporal representation formalisms allow reasoning about configurations
by abstracting numerical quantities of space and time thanks to qualitative relations, such
as inside, before, after, etc. One of the best known qualitative representation formalisms is
the Point Algebra [31], which allows representing and reasoning about the possible relative
positions between two points on the timeline. The Interval Algebra [2, 3], for its part, is used
for reasoning about the possible positions between two intervals. Furthermore, regarding
qualitative spatial reasoning, the Region Connection Calculus RCC8 [25] is one of the most
studied formalisms in qualitative reasoning, which concerns topological relations between
two spatial regions.
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In this work, we propose a framework for data mining using qualitative reasoning, which
allows considering different data types, such as numerical values, time intervals and spatial
regions. To this end, we first introduce the notion of qualitative database, which is defined
by associating to each item a constraint network in a qualitative formalism representing the
relations between the pairs of objects of the database w.r.t. this item. Then, we describe
data mining tasks for discovering qualitative covariations, called qualitative itemsets, in
the previous kind of databases. For instance, the desired patterns can capture pieces of
information of the form “a variation of an item a w.r.t. the qualitative relation r1 is associated
with a variation of b w.r.t. the qualitative relation r2 ”. In a sense, the proposed tasks can be
seen as a generalization of those related to gradual itemsets where the qualitative relations that
are considered in the extracted patterns are only ≤ and ≥ on numerical values [7, 10, 11, 20].
We express the interestingness predicate on the qualitative itemsets in a database through
two different definitions of support. The first definition takes into consideration a local view
by reasoning about the pairs of objects that satisfy the partial order induced by the itemset,
while the second is obtained by reasoning about the sequences respecting the previous partial
order. These two definitions allow extracting interesting recurrent pieces of information.
Finally, we use a declarative and flexible solution for solving the introduced data mining tasks
based on the use of the satisfiability problem in classical propositional logic (SAT). Indeed,
we define for each task a SAT encoding whose models allow us to obtain all the desired
patterns. Thus, we follow in our solution the constraint programming based approach for
data mining initiated in [24, 13], which offers a declarative and flexible representation model.
The rest of the paper is organized as follows. After describing related works in Section 2,
we introduce in Section 3 the notion of qualitative database. In Section 4, we present the
data mining tasks proposed in this work. In Section 5, we describe our SAT-based encodings
for solving these tasks, while Section 6 concludes the paper.

2

Related Works

The most related data mining tasks to our framework are those concerned with extracting
gradual itemsets [7, 10, 11, 20]. A gradual itemset is a pattern expressing covariations of
items having as domains sets of numerical values. For instance, the gradual itemset containg
three gradual items {sport≥ , weight≥ , diseases≤ } can be used to express the fact “the higher
the time of physical activity, the higher the weight loss, and the fewer the number of diseases”.
The gradual itemset structure allows analyzing numerical data in a simple and intuitive way,
since it avoids the quantitative aspects of the considered data.
The data mining framework introduced in this work can be seen as a generalization of
that of mining gradual itemsets in the case of numerical data. Indeed, instead of using
only the inequality relations ≤ and ≥, many binary qualitative relations on different data
types can be used in our framework, in particular qualitative relations on time intervals and
spatial regions.
It is worth noting that we use in our framework measures for determining the quality of
a qualitative itemset similar to those proposed in the case of gradual itemsets. In fact, in
the same way as in gradual itemset mining, we consider two distinct definitions of support:
the first definition considers the pairs of objects that respect the itemset, while the second
definition is obtained by reasoning about the length of the sequences that respect the pattern.
More precisely, the first definition of support corresponds to the numbers of pairs of objects
that satisfy the partial order associated to the pattern, and the second definition corresponds
the length of the longest sequences of objects that are ordered using the partial order induced
by the pattern.
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The use of a declarative approach for data mining was originally proposed in [24] for
performing different tasks. Specifically, the authors have demonstrated that constraint
programming is an appropriate tool in many respects in itemset mining. One of the main
motivations lies in the fact that this framework offers a flexible and generic representation
model. Indeed, new constraints often require new implementations for specialized data
mining approaches, which can often be integrated in a fairly simple way into declarative
frameworks, since it is not needed to change the solving tools. In addition, the continual
evolution in the efficiency of tools dedicated to problems that can be used for data mining
modeling, like ASP (Answer Set Programming), CSP (Constraint Satisfaction Problem) and
SAT, is a strong argument in favor of using approaches based on these problems. Thus, from
this first work, a new line of research has emerged within the data mining community. Indeed,
in recent years, many works using CSP and SAT for different data mining tasks have been
proposed in the literature (e.g. [13, 16, 12, 30, 19, 9]). In particular, in [8], the authors show
that their SAT-based approach achieves better performance than state-of-the-art specialized
techniques. In this work, we use a SAT-based approach for solving all the considered data
mining tasks. Let us note that a SAT-based approach was recently used for extracting
gradual patterns in [22].

3

Qualitative Database

In this section, we introduce the notion of qualitative database. The main idea consists in
associating to each item a constraint network in a qualitative formalism representing the
relations between the pairs of objects of the database w.r.t. this item. To illustrate our
proposal, we consider three distinct qualitative formalisms for reasoning about time and
space, namely Point Algebra [31], Interval Algebra [2, 3] and Region Connection Calculus
RCC8 [25].
Given a finite set S, we use P(S) and |S| to denote respectively the powerset and the
cardinality of S. Given a finite set of items I, Va is used to denote the domain of the
item a ∈ I. The domain of an item can be a numerical value, a temporal interval, a
spatial region, etc. Further, we associate to each item a a finite set of qualitative base
relations Ba , which consists of jointly exhaustive and pairwise disjoint relations, i.e., for
each (v, v 0 ) ∈ Va × Va , there exists exactly one b ∈ Ba such that (v, v 0 ) ∈ b. Further, we
only consider the set of qualitative base relations Ba that contains the identity relation
id = {(v, v 0 ) ∈ Va × Va | v = v 0 }, and is closed under the inverse operation (·)−1 , namely
whenever b is in Ba , the inverse (b)−1 is also in Ba . A qualitative relation is said to be
universal if it contains all the base relations.
The weak composition of two base relations b and b0 in Ba , denoted b  b0 , is defined as
the set of base relations {b00 ∈ Ba | ∃(v, v 0 ) ∈ b & (v 0 , v 00 ) ∈ b0 & (v, v 00 ) ∈ b00 }. The weak
S
composition operation is extended to the relations in P(Ba ) as follows: r r0 = b∈r,b0 ∈r0 bb0 .
In this context, it is worth mentioning that the composition ◦ of two relations is defined as
follows: r ◦ r0 = {(v, v 0 ) | ∃v 00 , (v, v 00 ) ∈ r & (v 00 , v 0 ) ∈ r0 }. In other words, r  r0 is the largest
set of base relations where each one shares at least one value with r ◦ r0 .
For example, consider the point algebra (PA) qualitative formalism described in Figure 1,
which has been mainly used for temporal reasoning. Indeed, PA can be used to encode
temporal relations between two points in the timeline. We also describe in Figure 2 the base
relations of two other qualitative formalisms: interval algebra (IA) and region connection
calculus RCC8. The formalism IA allows encoding relative relations between intervals, while
RCC8 allows encoding topological relations between two regions. For instance, the expression
DC(Region1, Region2) represents the fact that the two spatial regions Region1 and Region2
are disconnected.
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(a) The base relations of Point Algebra.
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(b) The inverse table of Point Algebra.

<
{<}
{<, >, =}
{<}

>
{<, >, =}
{>}
{>}

=
{<}
{>}
{=}

(c) The composition table of Point Algebra.

Figure 1 Point Algebra.
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(a) The base relations of RCC8.
y

x

x precedes y (p)
y precededBy x (pi)
x

y

x starts y (s)
y satrtedBy x (si)

y

x

x meets y (m)
y metBy x (mi)
x

x overlaps y (o)
y overlappedBy x (oi)

y

x during y (d)
y contains x (di)

y

x

y

x

x f inishes y (f )
y f inishedBy x (f i)

x y
x equals y (eq)

(b) The base relations of Interval Algebra.

Figure 2 The qualitative formalisms RCC8 and Interval Algebra.

I Definition 1 (Qualitative Column). A q-column is a structure of the form c = (a, O, R),
where a is an item, denoted item(c), O is a finite non empty set of objects, denoted obj(c),
and R is a mapping form O × O to Ba , denoted rel(c).
Let us now introduce the notion of qualitative database, which is defined by associating to
each item a constraint network in a qualitative formalism representing the relations between
the pairs of objects of the database w.r.t. this item.
I Definition 2 (Qualitative Database). A qualitative database is a structure of the form
(O, I, C), where O is a finite non empty set of objects, I is a finite non empty set of items
and C is a set of q-columns s.t. (i) |C| = |I|, (ii) ∀c ∈ C, obj(c) = O, and (iii) ∀a ∈ I, there
exists exactly one c ∈ C s.t. item(c) = a.
In the sequel, we sometimes use Ra to denote rel(c) where c is the qualitative column
associated to the item a.
For example, we describe in Figure 3 a qualitative database: we provide in (a) a database
using values in item domains, in (b) the concret situation of the considered spatial regions,
and in (c) the qualitative database. For instance, the edge between o1 and o2 in the left-hand
graph represents the qualitative base relation in PA > (o1 , o2 ), usually denoted o1 > o2 .
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objects
o1
o2
o3
o4

a
2
1
4
1

b
[1,4]
[2,3]
[3,6]
[2,4]

c
R1
R2
R3
R4

R1
R4

(a) A database using values in item domains.

>

o2
=
o4

<

o1
>

>

<
o3

R2

(b) A representation of the real situation the regions
R1 , R2 , R3 and R4 .

di

o2
s

R3

m

o4

oi

o1
fi o

o2

DC

DC

o3

NT T P i

o4

DC

PO

o1
EC

o3

(c) The qualitative database corresponding to the database in (a).

Figure 3 A Qualitative Database.

4

Mining Qualitative Itemsets

In this section, we introduce data mining tasks for discovering qualitative covariations in
qualitative databases. For instance, the patterns in this context can be used to capture pieces
of information of the form “a variation of a w.r.t. the qualitative relation r1 is associated
with a variation of b w.r.t. the qualitative relation r2 ”.
I Definition 3 (Qualitative Itemset). A qualitative itemset is a finite non empty set of
qualitative items I, where a qualitative item is a structure of the form ar where a is an item
and r ⊆ Ba .
Let us now describe the partial order on the objects of a database that is induced by a
qualitative itemset, and also the notion of ordered sequence that is used for defining the
support of a qualitative itemset.
I Definition 4 (Induced Partial Order). Let D = (O, I, C) be a qualitative database, o, o0 ∈ O
and I = {ar11 , . . . , arkk } a qualitative itemset. Then, we say that o precedes o0 w.r.t. I, written
o I o0 , if for all i ∈ 1..k, Ra (o, o0 ) ∈ ri holds.
I Definition 5 (Ordered sequence of objects). Let D be a qualitative database, L = ho1 , . . . , ok i
a sequence of distinct objects in D and I a qualitative itemset. We say that L respects I if it
is ordered with respect to I , i.e., oi I oi+1 for every i ∈ 1..k − 1.
We here use L(D, I) to denote all the sequences of objects occurring in D that respect
the qualitative itemset I.
In the same way as in gradual itemset mining, we express the quality of an itemset in a
database through two different definitions of support. The first definition captures a local
view by taking into consideration the number of pairs that satisfy the partial order induced
by the qualitative itemset (D = (O, I, C)):

supp1 (I, D) =

|{{o, o0 } ⊆ O | o 6= o0 , o I o0 }|
.
|O| · (|O| − 1)/2

TIME 2019

9:6

Qualitative Reasoning and Data Mining

The second definition is obtained by reasoning about the sequences that respect the qualitative
itemset. Indeed, it corresponds to the length of the longest sequences that respect the
considered itemset:
supp2 (I, D) =

max{|L| | L ∈ L(D, I)}
.
|O|

Furthermore, we consider that it is more appropriate to allow the user to select the
relations that can be associated to every item in a pattern. For example, it is not interesting
to consider the universal or empty relations because they do not describe any variation.
Thus, we define two problems of enumerating qualitative itemsets as follows: given a
function f that maps each item a to a subset of relations f (a) ⊆ P(Ba ) which is closed
under the inverse operation and the inclusion, and a minimum support threshold v, the
problems QIE1 and QIE2 consist in computing respectively the sets of qualitative itemsets
QIE1(D, f, v) = {I | supp1 (I, D) ≥ v & ∀ar ∈ I, r ∈ f (a)} and QIE2(D, f, v) = {I |
supp2 (I, D) ≥ v & ∀ar ∈ I, r ∈ f (a)}.
Let us consider now two condensed representations, which are similar to those that are
widely considered in itemset mining. Before that, we need the following partial order relation.
0
Given two qualitative itemsets I and J, we have I v J if, ∀ar ∈ I, ∃ar ∈ J s.t. r0 ⊆ r.
Moreover, we have I @ J if I v J and I 6= J.
I Definition 6 (Closedness). Let D be a database and I a qualitative itemset. Then, I is
said to be a closed qualitative itemset in D w.r.t. supp1 (resp. supp2 ) if, for all qualitative
itemset J with I @ J, supp1 (I, D) > supp1 (J, D) (resp. supp2 (I, D) > supp2 (J, D)) holds.
In other words, a qualitative itemset is closed if there is no more informative qualitative
itemset that has the same support.
I Definition 7 (Maximality). Let D be a database, v a minimum support threshold and I a
qualitative itemset. Then, I is said to be a maximal qualitative itemset w.r.t. supp1 (resp.
supp2 ) and the threshold v if, for all qualitative itemset J with I @ J, supp1 (J, D) < v (resp.
supp2 (J, D) < v) holds.
A qualitative itemset is maximal if there is no more informative qualitative itemset that
has a support greater than or equal to the minimum support threshold.
In the context of the condensed representations, one can easily see that we have the
following property.
I Proposition 8 (Anti-Monotonicity). Let D be a qualitative database and I and J two
qualitative itemsets in D. If I v J then supp1 (I, D) ≥ supp1 (I, D) and supp2 (I, D) ≥
supp2 (I, D).
Therefore, using the anti-monotonicity property, computing either the closed itemsets or the
maximal itemsets in QIE1(D, f, v) and QIE2(D, f, v) allows getting all the elements of these
two sets. Furthermore, the anti-monotonicity property can be used for defining Apriori-like
algorithms for solving the problems QIE1 and QIE2 in a fairly simple way. Let us recall that
Apriori algorithm was originally proposed in [1] for mining frequent itemsets.
It is worth mentioning that the qualitative relations are not necessarily transitive. For
example, we have 1{<, >}2{<, >}1 in PA (x{<, >}y means that x is different from y) without
having 1{<, >}1. This has as a consequence the fact that a sequence respects a qualitative
itemset does not implies that its sub-sequences (by avoiding intermediate objects) respect
also this pattern. Thus, in order to have transitivity, a solution can consist in restricting
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our mining task to the relations that satisfy -idempotence: a qualitative relation r is said
to be -idempotent if r  r = r. For example, in PA the -idempotent relations are {=},
{<}, {<, =}, {>}, {>, =} and {<, =, >}, i.e., all the relations except {} and {<, >}. That
being said, we provide in this work general methods for solving QIE1 and QIE2 without
considering transitivity.
In order to illustrate the mining tasks described previously, we provide now a simple
example. Consider the database described in Table 1. It represents pieces of information
related to a set of workers about time at work, productivity and satisfaction degree. For the
corresponding qualitative database, we consider interval algebra for time at work, and point
algebra for both productivity and satisfaction degree. Moreover, we only consider QIE2 with
a support threshold equal to 3 without any restriction on the considered qualitative relations
in the patterns on time, but we only consider {<, ≤, >, ≥} on both productivity and
satisfaction. A first interesting qualitative pattern is I = {time{p,o,m} , productivity≤ },
which has a support equal to 4 since it is satisfied by the sequence hw1 , w2 , w3 , w4 i. In a
sense, it expresses that starting work earlier increase productivity. The pattern I is not
closed since it has the same supports as J = {time{p,o,m} , productivity< }. Moreover, J
is closed since J ∪ {satisfaction≤ } and J ∪ {satisfaction≥ } are respectively 2 and 3.
Moreover, J ∪ {satisfaction> } is a maximal patterns since its support is equal to the fixed
threshold and it is not included in any other pattern.
Table 1 A description of a database.
worker
w1
w2
w3
w4

5

time
5am to 9am
8am to 12am
12am to 4pm
5pm to 9pm

productivity
100
80
60
50

satisfaction
1
4
5
3

SAT-based Approach for Enumerating Qualitative Itemsets

In this section, we introduce a SAT-based approach for solving the problems QIE1 and
QIE2. We first describe the satisfiability problem in classical propositional logic. We then
introduce our SAT encodings for QIE1 and QIE2: the computation of the models of each
encoding corresponds to the computation of the desired qualitative itemsets. We here follow
the constraint programming based approach for data mining initiated in [24, 13].

5.1

Classical Propositional Logic

We here describe the syntax and the semantics of classical propositional logic. We use Prop to
denote the set of propositional variables. The propositional formulas of classical propositional
logic (CP L) are built using Prop, the constants >, denoting true, and ⊥, denoting false, the
unary logical connective ¬ and the usual binary connectives ∧, ∨, → and ↔. The grammar
is defined as follows:
φ ::= p | > | ⊥ | φ ∧ φ | φ ∨ φ | φ → φ | φ ↔ φ | ¬φ
with p ∈ Prop. The set of propositional formulas is denoted Form. We use the letters
p, q, r, s to denote the propositional variables, and the Greek letters φ, ψ and χ to denote
the propositional formulas. Moreover, given a syntactic object o, we use V ar(o) to denote
the set of propositional variables occurring in o.
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A Boolean interpretation B of a formula φ is defined as a function from the set of
variables V ar(φ) to {0, 1} (0 stands for f alse and 1 for true). It is inductively extended to
propositional formulas as usual:
B(>) = 1
B(¬φ) = 1 − B(φ)
B(φ ∧ ψ) = min(B(φ), B(ψ))

B(⊥) = 0
B(φ → ψ) = max(1 − B(φ), B(ψ))
B(φ ∧ ψ) = min(B(φ), B(ψ))

B(φ ↔ ψ) = 0 if B(φ) 6= B(ψ), B(φ ↔ ψ) = 1 otherwise
A formula φ is satisfiable if there exists a Boolean interpretation B of φ such that B(φ) = 1,
and B is called a model of φ in this case. We use M od(φ) to denote the set of all the
models of φ.
Consider for instance the formula (p ∧ q) ↔ p, which has exactly three models: B1 with
B1 (p) = B1 (q) = 0; B2 with B1 (p) = B1 (q) = 1; and B3 with B3 (p) = 0 and B1 (q) = 1.
A propositional formula in Conjunctive Normal Form (CNF) is a conjunction of clauses,
where a clause is a disjunction of literals. It is well-known that every propositional formula
can be translated to CNF w.r.t. the satisfiability problem using Tseitin’s linear encoding [29].
The problem of determining whether there exists a model that satisfies a given CNF formula,
abbreviated as SAT, is one of the most studied NP-complete problems.
Pn
A cardinality constraint is an inequality of the form i=1 pi ≥ m. Several polynomial
encodings of this kind of constraints into propositional formulas have been proposed in
the literature (e.g. [4, 26, 5]). An AtMostOne constraint is a particular case of the form
Pn
i=1 pi ≤ 1, which can be linearly encoded in SAT. For instance, the encoding using
sequential counter [26, 23] is defined as follows:
(¬p1 ∨ q1 ) ∧ (¬pn ∨ qn−1 )
^

((¬pi ∨ qi ) ∧ (¬qi−1 ∨ qi ) ∧ (¬pi ∨ ¬qi−1 ))

1<i<n

where qi is a fresh propositional variable for i = 1, . . . , n − 1.

5.2

A SAT Encoding for QIE1

In this section, we propose a SAT encoding for the problem of enumerating qualitative
itemsets QIE1. More precisely, we associate to every instance of QIE1 a propositional
formula so that its models allow us to obtain all the corresponding qualitative itemsets.
Let D = (O, I, C) be a qualitative database, f a function that maps each a ∈ I to a
subset of P(Ba ) closed under the inverse operation and the inclusion, and v a minimum
support threshold. We here use the integer α defined as the value v · (|D| · (|D| − 1)/2).
In order to define our encoding, we associate to each pair of an item a and a relation
r ∈ f (a) a distinct propositional variable denoted par . The variable par is used to express
the qualitative itemset in the sense that it is true if and only if ar belongs to the current
qualitative itemset. Furthermore, we associate to each ordered pair of different objects
(o, o0 ) in D a distinct propositional variable denoted q(o,o0 ) . In the proposed encoding, a
variable q(o,o0 ) is true if and only if o precedes o0 with respect to the current qualitative
itemset. In order not to take into account both symmetric couples of objects in support computation, we also associate a variable denote s{o,o0 } to each pair of distinct objects {o, o0 } in D.
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The first propositional formula of our encoding for QIE1 allows avoiding the empty
itemset by requiring at least one item:
_
_
par .
(1)
a∈I

r∈f (a)

Indeed, this formula corresponds to a single clause that expresses that there is at least one
variable of the form par assigned to true.
The following conjunction of AtMostOne constraints allows avoiding the association of
multiple variations to an item in the same pattern:
^
X
par ≤ 1.
(2)
a∈I

r∈f (a)

More precisely, each AtMostOne constraint is associated to a distinct item and means that
there is at most one qualitative relation associated to this item in the pattern.
The following formula allows establishing that each variable q(o,o0 ) is true if and only o
precedes o0 w.r.t. the qualitative itemset:
^
_
¬q(o,o0 ) ↔ ({par | a ∈ I, r ∈ (f (a) \ {r0 ∈ f (a) | Ra (o, o0 ) ∈ r0 })}.
(3)
o,o0 ∈O,o6=o0

We exactly express in the previous formula that q(o,o0 ) is false if and only if there is a
qualitative item ar such that r(o, o0 ) does not hold.
We now introduce the formula that is used for symmetry breaking by considering in the
support computation at most one of the couples (o, o0 ) and (o0 , o):
^
s{o,o0 } ↔ (q(o,o0 ) ∨ q(o0 ,o) ).
(4)
o,o0 ∈O,o6=o0

Finally, the following cardinality constraint expresses that support of every qualitative
itemset in D has to be greater than or equal to v:
X
s{o,o0 } ≥ α.
(5)
o,o0 ∈O,o6=o0

Let us note that the use of α in the previous constraint is clearly equivalent to the use of v
as a minimum support threshold.
We use EN C(D, f, v) to denote the conjunction of the previous formulas: (1) ∧ (2) ∧ (3) ∧
(4) ∧ (5).
There are three important properties related to our encoding EN C(D, f, v). First, the
soundness property means that every model encodes a frequent qualitative itemset. Second,
the completeness property expresses that every frequent qualitative itemset is encoded in
a model of the encoding. Third, the non-redundancy property is used to capture the fact
that there is a bijective mapping between the set of the models and the set of the frequent
qualitative itemsets.
I Proposition 9 (Soundness). Given an instance (D, f, v) of QIE1, if B is a model of
EN C(D, f, v) then IB = {ar | B(par ) = 1} ∈ QIE1(D, f, v).
Proof. First, using the formula (1), we clearly have |IB | ≥ 1. Then, using (2), we know that
an item occurs at most once in every pattern. Moreover, using (3) ∧ (4), we obtain {s{o,o0 } |
B(s{o,o0 } ) = 1} = {{o, o0 } ⊆ O | o =
6 o0 , o IB o0 }. Thus, using the cardinality constraint (5),
we obtain |{s{o,o0 } | B(s{o,o0 } ) = 1}| ≥ α and we have thereby supp1 (IB , D) ≥ v. Therefore,
IB belongs to QIE1(D, f, v).
J
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I Proposition 10 (Completeness). Given an instance (D, f, v) of QIE1, if I ∈ QIE1(D, f, v)
then there exists a Boolean interpretation BI that satisfies the encoding EN C(D, f, v), where
I = {ar | BI (par ) = 1}.
Proof. Let us define BI as follows:
1. for every pair of an item a and a relation r ∈ f (a), BI (par ) = 1 iff ar ∈ I;
2. for every ordered pair of distinct objects (o, o0 ), BI (q(o,o0 ) ) = 1 iff o I o0 ;
3. for every pair of distinct objects {o, o0 }, BI (s{o,o0 } ) = 1 iff o I o0 or o0 I o.
Using the fact that |I| ≥ 1, BI satisfies (1). Then, using the fact that an item cannot occur
more than once in I, BI satisfies (2). Further, using the properties 1 and 2 in the definition
of BI , we obtain that BI satisfies (3). Using the fact that BI satisfies (3) and the property 3
in the definition of BI , we also obtain that (4) is also satisfied by BI . Moreover, the formula
(5) is satisfied since supp1 (I, D) ≥ v.
J
I Proposition 11 (Non-Redundancy). Given an instance (D, f, v) of QIE1, for all two distinct
models B and B 0 of EN C(D, f, v), {ar | B(par ) = 1} =
6 {ar | B 0 (par ) = 1} holds.
Proof. This property is a direct consequence of the fact that we use the equivalence logical
connective in the formulas (3) and (4). Indeed, the support is encoded using the variables of
the form q(o,o0 ) and s{o,o0 } , and a qualitative itemset cannot have two distinct values for the
support.
J
It is worth noting that having a bijective mapping between the set of the models and the
set of the frequent qualitative itemsets allows us to adapt in a fairly simple way our encoding
for many variants of QIE1, such as counting the number of patterns.
Let us now introduce the notion of complementary qualitative itemset, which is mainly
used for reducing the search space.
I Definition 12 (Complementary Qualitative Itemset). Let I = {ar11 , . . . , arkk } be a qualitative
(r )−1

itemset. The complementary of I, denoted I c , is the qualitative itemset {a1 1

(r )−1

, . . . , ak k

}.

We clearly have the following proposition.
I Proposition 13. The following two properties are satisfied, for all qualitative database D
and for all qualitative itemset I:
supp1 (I, D) = supp1 (I c , D)
supp2 (I, D) = supp2 (I c , D).
Proposition 13 can be used to avoid unnecessary computations. Indeed, at each found
model, we can avoid in the next step both the corresponding qualitative itemset and its
complementary itemset. It is worth noting that a similar property is used in the case of
gradual patterns [7, 10, 11, 20].
Let us now consider the condensed representations corresponding to the closed and the
maximal qualitative itemsets. In order to obtain the closed qualitative itemsets, we first need
to conjunctively add to the encoding EN C(D, f, v) the following formula:
^

^

a∈I r∈f (a)

((

^
o,o0 ∈O,o6=o0

(q(o,o0 ) → Ra (o, o0 ) ∈ r)) →

_
r 0 ⊆r

par0 ).

(6)
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Indeed, this propositional formula means that, for all qualitative item ar , if we have
0
supp1 (I, D) = supp1 (I ∪ {ar }, D), then there exists r0 ⊆ r such that ar belongs to I,
where I is the qualitative itemset associated to the current model. In other words, it allows
making the current qualitative itemset more informative without changing the support.
Then, we add the following formula to express that it is not possible to reduce the size of
any relation in the pattern without changing the support:
^
^
^
_
(par →
(
q(o,o0 ) ∧ Ra (o, o0 ) ∈
/ r0 )).
(7)
r 0 ⊂r o,o0 ∈O,o6=o0

a∈I r∈f (a),|r|>1

We use EN C − C(D, f, v) to denote the SAT encoding for the problem of enumerating
the closed qualitative itemsets: EN C(D, f, v) ∧ (6) ∧ (7).
Similarly, to compute the maximal qualitative itemsets, we only need to conjunctively
add to EN C(D, f, v) the following two formulas:
^ ^
X
_
(
(q(o,o0 ) ∧ Ra (o, o0 ) ∈ r) ≥ α →
par0 )
(8)
r 0 ⊆r

a∈I r∈f (a) o,o0 ∈O,o6=o0

^

^

a∈I r∈f (a),|r|>1

(par →

^

X

r⊂r

o,o0 ∈O,o6=o0

(q(o,o0 ) ∧ Ra (o, o0 ) ∈
/ r0 ) < α).

(9)

The formula (8) allows maximizing the size of the current qualitative itemset while keeping the
support greater than or equal to v, (9) states that it is not possible to reduce the size of any
relation without reducing the support to a value smaller than v. We use EN C − M(D, f, v)
to denote the SAT encoding EN C(D, f, v) ∧ (8) ∧ (9).

5.3

A SAT Encoding for QIE2

We here propose a SAT encoding for the problem QIE2, which combines formulas defined for
QIE1 and new ones that are described in this section.
Let D = (O, I, C) be a database, f a function that maps each a ∈ I to a subset of P(Ba )
closed under the inverse operation and the inclusion, and v a minimum support threshold.
We here use the integer β defined as the value v · |D|. We now describe an encoding that
allows one to obtain all the elements of QIE2(D, v).
In the same way as the previous encoding, we also use in the same way the propositional
variables of the forms par and q(o,o0 ) : the variables of the form par are used to encode the
qualitative itemset, and those of the form q(o,o0 ) to encode its support. Moreover, we associate
to each integer i ∈ 1..β and object o in D a fresh propositional variable tio , which is used to
express that the object o is used at the location i in a sequence in L(D, I), where I is the
current qualitative itemset.
The first formula in our encoding is the conjunction of (1) ∧ (2) ∧ (3) of the previous
encoding EN C(D, f, v). Indeed, (1) is used to express that every qualitative itemset contains
at least one qualitative item, (2) is used to avoid multiple occurrences of an item in the same
itemset, and (3) says that q(o,o0 ) is false if and only if there is a qualitative item ar such
that Ra (o, o0 ) ∈ r does not hold. As a consequence, every model of the previous conjunction
encodes a qualitative itemset, where the variables of the form q(o,o0 ) encode the pairs of
objects that satisfy the partial order induced by this itemset.
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Using the fact that the propositional variables of the form tio are used to build an ordered
sequence of objects, the following formula means that an object cannot be used more than
once in a sequence:
β
^ X

tio ≤ 1.

(10)

o∈O i=1

The following formula says that there is exactly one object at each location:
β X
^

tio = 1.

(11)

i=1 o∈O

Clearly, the previous formula allows us to only consider the qualitative itemsets that have
supports greater than or equal to v w.r.t. supp2 .
In order to require the ordering induced by the qualitative itemset, the following formula
is used to capture the fact that if two objects o and o0 occur in successive locations, then
the couple (o, o0 ) respects the qualitative itemset, which is expressed by the truth of the
variable q(o,o0 ) :
^

β−1
^

o,o0 ∈O,o6=o0

i=1

((tio ∧ ti+1
o0 ) → q(o,o0 ) ).

(12)

We use EN C2(D, f, v) to denote the encoding that corresponds to the following conjunction: (1) ∧ (2) ∧ (3) ∧ (10) ∧ (11) ∧ (12).
I Proposition 14 (Soundness). Given an instance (D, f, v) of QIE2, if B is a model of
EN C2(D, f, v) then IB = {ar | B(par ) = 1} ∈ QIE2(D, f, v).
Proof. The soundness can be shown in the same way as in the case of QIE1. Using (1),
we know that IB contains at least one qualitative item. Then, using (2), each item occurs
at most once in every qualitative itemset. Further, using (3), we obtain ar ∈ IB iff, for
all o, o0 ∈ O, B(q(o,o0 ) ) = 1 iff Ra (o, o0 ) ∈ r. Thus, using (10) ∧ (11) ∧ (12), we know that
there exists a sequence ho1 , . . . , oβ i which respects IB , where B(tioi ) = 1 for i ∈ 1..β. As a
consequence, supp2 (IB , D) ≥ v and IB belongs to QIE2(D, f, v)
J
I Proposition 15 (Completeness). Given an instance (D, f, v) of QIE2, if I ∈ QIE2(D, f, v)
then there exists a Boolean interpretation BI that satisfies the encoding EN C2(D, f, v) where
I = {ar | BI (par ) = 1}.
Proof. First, given a sequence s = ho1 , . . . , oβ i respecting I, we define BI as follows:
for every pair of an item a and a relation r ∈ f (a), BI (par ) = 1 iff ar ∈ I;
for every couple of distinct objects (o, o0 ), BI (q(o,o0 ) ) = 1 iff o I o0 ;
for every object o and location i ∈ 1..β, BI (tio ) = 1 iff o = oi .
For the same reasons described in the proof of Proposition 10, BI satisfies (1) ∧ (2) ∧ (3).
Then, using the fact that the length of s is β and the objects in this sequence are pairwise
distinct, BI satisfies also (10) ∧ (11). Finally, using the fact that s respects the partial order
induced by I, BI satisfies (12).
J
Contrary to our previous encoding, EN C2(D, f, v) does not satisfy the non-redundancy
property, since the same qualitative itemset may be associated to distinct sequences. However, this is not a problem for enumerating the qualitative itemsets without redundancy,
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because we only need to conjunctively add the negation of the found qualitative itemset at
each step instead of the negation of the found model. More precisely, if we found a model
representing the qualitative itemset I = {ar11 , . . . , arkk }, then we conjunctively add the clause
W
r
¬pa1 r1 ∨ · · · ∨ ¬pak rk ∨ ar ∈I
/ pa to avoid this itemset in the next steps.
In EN C2(D, f, v), we use propositional variables that are associated to only β locations,
since we aim at computing the qualitative itemsets having supports at least equal to v.
However, for computing the closed qualitative itemsets, we need to have the exact value of
the support, which means that we have to encode one of the longest sequences in each model
of the SAT encoding. In order to avoid this problem, we propose an intermediate solution by
restricting EN C2(D, f, v) to the closed qualitative itemsets w.r.t. QIE1. In this context, we
clearly have the following property.
I Proposition 16. Let D be a qualitative database and I a qualitative itemset. If I is closed
in D w.r.t. supp2 , then it is also closed in D w.r.t. supp1 .
Proof. This property is a direct consequence of the fact that if supp2 (I, D) > supp2 (J, D),
then supp1 (I, D) > supp1 (J, D) holds for every qualitative itemsets I and J with I @ J. J
Thus, the set of closed qualitative itemsets w.r.t. QIE2 is included in that of the qualitative
itemsets obtained from the encoding EN C2(D, f, v)∧(6)∧(7). As a consequence, the previous
SAT encoding can be used for enumerating all the closed qualitative itemsets w.r.t. QIE2.
Indeed, we only need in this context to select the largest patterns w.r.t. v for every value
for the support.
Let us now consider the problem of enumerating the maximal qualitative itemsets. In
this context, consider the following formulas:
^

^

^

(

β−1
^

0
((tio ∧ ti+1
o0 ∧ Ra (o, o ) ∈ r) →

^

a∈I r∈f (a),|r|>1

(par →

^
r⊂r

par0 )),

(13)

r 0 ⊆r

a∈I r∈f (a) o,o0 ∈O,o6=o0 i=1

^

_

(

_

β−1
^

o,o0 ∈O,o6=o0

i=1

0
(tio ∧ ti+1
/ r0 )).
o0 ∧ Ra (o, o ) ∈

(14)

These two formulas express that, for a sequence of length equal to β, the associated qualitative
itemset has to be the largest w.r.t. v. Therefore, in the same way as our encoding for
enumerating the closed qualitative itemsets, the encoding EN C2(D, f, v) ∧ (13) ∧ (14) allows
one to compute a set of patterns that contains all the maximal qualitative itemsets.
It is worth noting that the strategies proposed in [15, 18] for adapting Conflict-Driven
Clause-Learning (CDCL) based SAT-solvers to the task of model enumeration can be directly
used in the case of our encoding. Furthermore, it is also possible to directly use the
decomposition method introduced in [17] for improving the SAT-based approach in solving
data mining problems.

6

Conclusion and Perspectives

The first main contribution of this article is a definition of a framework for data mining
using qualitative reasoning. This framework allows considering different data types, such
as numerical values, time intervals and spatial regions. Moreover, the data mining tasks
introduced in this work can be seen as a natural generalization of those related to gradual
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itemsets. The second main contribution is our declarative and flexible solution for solving
the proposed data mining tasks based on the satisfiability problem in classical propositional
logic (SAT): each task is modeled as a propositional formula whose models correspond to
the desired patterns.
In our future work, we intend to further study qualitative reasoning in data mining
following three main directions: (1) the use of disjunctions of base relations between objects,
which allows, for instance, modeling vagueness; (2) considering qualitative formalisms that
are not closed under the inverse operation, such as cardinal direction calculus [27, 28];
(3) considering some qualitative relations with arities greater than two in the case of some
particular data types (e.g. [14, 6]). Furthermore, we plan to implement the proposed
SAT-based methods to provide an experimental study on the use of our framework.
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Abstract
Global Navigation Satellite Systems (GNSS) are systems that continuously acquire data and provide
position time series. Many monitoring applications are based on GNSS data and their efficiency
depends on the capability in the time series analysis to characterize the signal content and/or to
predict incoming coordinates. In this work we propose a suitable Network Architecture, based on
Long Short Term Memory Recurrent Neural Networks, to solve two main tasks in GNSS time series
analysis: denoising and prediction. We carry out an analysis on a synthetic time series, then we
inspect two real different case studies and evaluate the results. We develop a non-deep network
that removes almost the 50% of scattering from real GNSS time series and achieves a coordinate
prediction with 1.1 millimeters of Mean Squared Error.
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1

Introduction

Nowadays global navigation satellite systems (GNSS), such as the GPS, are widely used
tools for many monitoring applications. Thanks to the capability of these systems to provide
continuously acquired data, which are converted in three-dimensional coordinates after
data processing, the monitoring is usually performed through time series analysis. GNSS
monitoring can have different purposes depending on the monitored object and the data
processing varies consequently therefore this leads to very different time series in terms of
signal to noise ratio and noise characteristics. Moreover, the analysis can have different goals:
sometimes a signal-denoising is required in order to allow more accurate characterization of
the signals, whereas in other cases the goal is a reliable prediction of the coordinates that
will be obtained from the incoming data. For GNSS time series analysis many forecasting
models have been proposed, based on ARMA, ARIMA and Kalman methods [2],[20],[16],[18],
[17] and many denoising models, based on moving averages, sequential filtering and, recently,
© Elena Loli Piccolomini, Stefano Gandolfi, Luca Poluzzi, Luca Tavasci, Pasquale Cascarano, and
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based on deep learning [15],[12],[5]. Deep Neural Networks (DNNs) have been investigated
by many researchers during last years due to the development of computational resources
(e.g GPUs) and the raise of Big Data, in order to find mathematical models inspired by the
information flowing and processing in human brain. DNNs are widely employed to solve
different data science tasks such as pattern recognition, classification, regression, anomaly
detection, signal-denoising and density estimation. The class of DNNs algorithms provides a
family of networks, suited for sequential data processing, called Recurrent Neural Networks
(RNNs). Among them Long Short Term Memory (LSTM) model, introduced at the beginning
to solve vanishing gradient problems which affect all the RNNs [1],[9],[4], has showed its
strength for almost all of the time dependent problems. The LSTM is characterized by a
gated structure which allows it to store past sequence features in its memory block, bringing
out them in the output and preserving long term dependences. LSTM approach achieves
grateful results in speech recognition [7] and [8], hand-writing recognition [6] and recently in
Traffic Flow Prediction [19], Real Time Autonomous Vehicle Navigation [13]. The aim of this
work is to develop a deep learning method suitable for prediction and denoising of GNSS
time series. Our model add to the LSTM layer used in [12] an activation hyperbolic tangent
(tanh) layer and a Full Connected layer. In Section 2, first we introduce basic notions about
Deep Feed Forward Neural Networks, Recurrent Neural Networks and LSTM Network, then
we present the proposed network architecture and its forward equations. In Section 3 we
present three different time series used for the experiments and finally in Section 4 we discuss
the results.

2

Framework

In this section we carry out a brief review about DNNs and their developments. In the
first part we introduce Feed Forward Neural Networks (FFNNs) and we point out their
structure. In the second part we remark Recurrent Neural Networks (RNNs), a powerful
tool for sequential data processing. Finally we provide our model forward equations.

2.1

Feed Forward Neural Networks

The main goal of a FFNN algorithm is to approximate some function f ∗ in a suitable
functional space. A FFNN describes an approximation map, called net, defined as follows:
y = f (x, θ1 , . . . , θk ),

(1)

where x, y are the input and the output of the net, respectively, and θ1 , . . . , θk are the
parameters that the net has to learn respect to a given training set. The map (1) is the
composition of k functions and it can be written as follows:
f (x, θ1 , . . . , θk ) = fk ◦ fk−1 ◦ · · · ◦ f1 ,

(2)

setting x1 = x and yj = fj (xj , θj ) ∀j = 1 . . . k, where xj = yj−1 ∀j = 2 . . . k. Each of
the functions fk is called the k-th hidden-layer. The depth of a FFNN is described by the
parameter k. The universal approximation theorem [11] states that a FFNN with a linear
output layer and at least one hidden layer can approximate as good as depth increases
any Borel measurable function from a finite dimensional space to another. For this reason
deeper FFNNs showed better results in many tasks; the drawback is the computational cost.
Hereafter we provide the forward equation of a 1-hidden layer network:
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x =input

(3)

a =W x + b

(4)

y =Φ(a)

(5)
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where W is the weight matrix, b is the bias vector, Φ is the pointwise activation function.
The goal is to find the weights and the bias by minimizing a certain loss function over a given
training set (e.g the mean squared error). This problem can be handled by using iterative
gradient based method such as stochastic gradient descent (SGD) or ADAM method [14],
while the Back Propagation Algorithm [3] is used to compute the gradients.

2.2

Recurrent Neural Networks

Recurrent Neural Networks (RNNs) are a family of Neural Networks suited for time series
processing. In RNNs the output at previous time steps affects the output at the current time
step and therefore RNNs are able to catch long term dependencies in sequential data. Given
a starting hidden layer vector h0 , then for each time step t and for each input vector xt the
forward equations of a general RNN are:
ht =Whh ht−1 + Uxh xt + bh

(6)

yt =Φ(ht )

(7)

where Whh denotes the hidden-to-hidden weight matrix, Uxh the input-to-hidden weight
matrix, bh the bias vector and Φ is a pointwise non-linear activation function. The main
difference between FFNN (3)-(5) and RNN (6)-(7) forward equations, is that the latter have
a temporal structure. As for FFNNs, gradient based algorithms are used to optimize a
loss function respect to the unknown weights and the Back Propagation Through Time
(BPTT) algorithm is employed to compute the gradients. One drawback of RNNs is that
BPTT algorithm computes gradients that tend to vanish or explode due to the fact that we
are composing many times the same non linear function [1],[9]. The most effective model
used in practical applications are gated RNNs such as Long Short-Term Memory (LSTM)
nets. A LSTM network [10] is made up of LSTM units showed in Figure 1(b). Generally,
a LSTM unit is composed of a cell which is able to record the main information over long
time intervals [4] and three different gates: the forget gate, the input gate and the output
gate. These gates have the task to supervise the flow of information and prevent vanishing
gradient problems. The forget gate uses a sigmoid function to decide which information
has to be taken into account in the previous cell state. The input gate decides which new
information has to be stored in the cell memory. The output gate decides the contents of the
output vector. Each gate takes the same input: xt the current input and ht−1 the previous
hidden layer vector. The LSTM unit forward equations are presented below:
ft =σ(Uf xt + Wf ht−1 + bf )

(8)

it =σ(Ui xt + Wi ht−1 + bi )

(9)

gt =tanh(Ug xt + Wg ht−1 + bg )

(10)

ct =it ∗ gt + ft ∗ ct−1

(11)

ot =σ(Uo xt + Wo ht−1 + bo )

(12)

ht =tanh(ct ) ∗ ot

(13)
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Figure 1 (a) Complete process used in this study. (b) LSTM unit.

where ∗ represents the pointwise product, ft , it , ot are respectively the forget gate, the input
gate and the output gate vectors at time t, ct is the cell vector at time t and the terms U
and W in each equation are the weight matrices.

2.3

Proposed Network Architecture

Given an input sequence xt , for t = 1 . . . T, and an initial hidden vector h0 , the model
proposed in this paper is a RNN model with the following forward equations:
h1t =Φ(xt , ht−1 )

(14)

h2t

(15)

=tanh(h2t )
yt =wh2 ∗ h1t + bh2

(16)

where ∗ represents the scalar product, Φ is taken as the LSTM unit with the forward
equations (8)-(13). We add after the classic LSTM unit: an activation tanh layer and then a
full connected layer that realizes a dot product between the weights wh2 and the output of
the previous layers. We will call our model LSTM-Full in the following. A crucial point of
this architecture is the choice of the h1t vector dimension which influences the number of the
weights to train. We remark that for each time t, the hidden layer vector h1t has the same
dimension. In the following we indicate with H the length of these hidden layer vectors.

3

Materials

Global Navigation Satellite Systems (GNSS) is a technology that uses data sent by artificial
satellites to get the position of the receiver. Using the same data but changing the receiver
quality and the data processing it is possible to obtain a wide range of accuracy that ranges
from 10/15 meters in real-time positioning of a smartphone to a few millimeters (mm) using
a geodetic class receiver that acquires data for 24-hour to estimate the daily average position.
A GNSS receiver acquires data continuously and after a data processing phase provides a
time series of positions useful for geodynamics or geological applications such as tectonic
plate motion research, landslides and subsidence studies. We consider three sets of data
in order to evaluate the efficiency of the designed LSTM-Full network in GNSS time series
analysis. The first time series is a synthetic one, which allows to compare the output of
the network to a known “ground truth” and has been created taking into account the well
known characteristics of a geodetic time series of daily positions. The second time series
derives from a real GNSS permanent station that daily processes the data using a static
approach and it is characterized by a comparatively high signal to noise ratio. The third
time series comes from a monitoring GNSS station used for early warning monitoring and it
is characterized by a low signal compared to the measurements.
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Synthetic Time Series

To create a Synthetic Time Series that simulates properly a real GNSS one, it is important
to understand which are the main characteristics of the GNSS positioning. Using GNSS
signals a receiver can estimate its position, with different levels of accuracy, measuring the
transmitting time of GNSS signals emitted from four or more GNSS satellites and knowing
the position of each satellite during the time. The signal crosses the atmosphere with a
speed close to the speed of light depending on the physical characteristics of the atmosphere
that change continuously. Therefore a GNSS receiver installed on a building roof or on a
stable rock can measure during the time some periodical effects due to the seasonal thermal
dilatation or solid earth and ocean tides. For all these reasons a GNSS time series can be
composed by some periodical terms and, as literature shows, a noisy component which is
the sum of a white noise that follows a normal distribution and a random walk noise. The
synthetic time series is constructed as follows:
x(t) = mt + q + Asin(2πf t)

(17)

1
and
365
considering t ∈ [1, 4000]. We assume that x, q, A are expressed in meters (m) whereas t is
expressed in days (d) and f is expressed in d−1 . In order to represent a realistic case study
we add: w gaussian noise, with mean equal to zero and standard deviation p = 2 mm and r
random walk noise or red noise generated using a normal distribution with mean zero and
standard deviation equal to 0.03 mm. Hence we construct the raw time-series as follows:
and it is characterized by the following parameters: m = 0, q = 0.01, A = 0.01, f =

x̃(t) = x(t) + w + r.

(18)

It is showed in Figure 2(a) using the green dots. Since in our model we use the activation
tanh layer it is suggested to scale all the time series values in [−1, 1]. This kind of action
increases the net performances.

3.2

Real Static Time Series

The first real time series, hereafter called “static” due to the GNSS data processing used, is 11
years long and each time step represents a daily solution. It has three different components:
North, East and Up components. The North component is depicted in Figure 3 (a) using
green dots. It is for sure the most accurate time series obtainable by GNSS technology
because each solution is the mean of the observations recorded with a sampling time of 30
seconds during 24 hours. Since these kind of time series are generally used for tectonic plate
motion or landslide monitoring it is important to have accurate and no noise solutions. The
analysis that we conduct refers to those applications where the goal is the characterization
of the periodical signals and in this case a signal denoising can improve the results.

3.3

Real Kinematic Time Series

The second real GNSS time series, hereafter called “kinematic”, derives from higher frequency
(1Hz) coordinates solutions, that were estimated using a kinematic approach during the
data processing. The time span considered for the test is about 30 days and every sample
represents a solution per second. As for the static time series, our data set is made up of
North, East and Up components. In Figure 4 (a) we depict the East Component of this time
series using the green dots. This is a completely different scenario respect to the previous one
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because we have a solution every second and for this reason, the redundancy of the system
and the accuracy are lower. This approach can be suitable for early warning applications
where it is much more important to have as soon as possible information about unexpected
changes respect to the normal movement. Since this kinematic time series is used for structure
monitoring such as bridge monitoring or critical landslides where a fast movement of the
object can be critical for the safety of life, here the ultimate goal of our analysis is to develop
a method capable to give an accurate prediction of the incoming coordinates to improve the
capability to detect some anomalies.

4

Results and Discussion

In this section we carry out an objective analysis in order to investigate the properties of
the proposed LSTM-Full method and demonstrate its effectiveness. All the experiments are
performed on a PC Intel(R) Core(TM) i5-6200U CPU @ 2.30 GHz 2.40GHz with 8.00Gb
RAM using Python 3.6 libraries, such as Keras and Pandas. In the first part we analyze the
synthetic static GNSS time series depicted as in Section 3.1, then we inspect the two real
GNSS time series, described in Section 3.2 and 3.3 respectively.

4.1

Data preparation

Since the LSTM-Full method is a supervised learning algorithm we need to define the form
of the input and the form of the label vectors. We can represent the whole raw time series
as a sequence of values x̃1 , . . . , x̃T , where T is the number of analysed samples. Then we
construct the input as vectors defined as follows:
Xi = [x̃i , . . . , x̃i+s ],

i ∈ [1, T − s],

(19)

where s is the sliding window parameter representing the length of each vector. We underline
that the data set has a time order respect to the variable i and the net has to be fed following
this order. We can say that in time series analysis the time is an hidden feature decoded
by the data set time order. The label vector is built as a vector y and its components are
defined as shown below:
yi = [x̃i+s+1 ],

i ∈ [1, T − s].

(20)

In the following analysis the data set is divided in two disjoint subsets: the training set
(taken as 70% of the whole data set) and the test set (30% of the whole data set). The first
is used to optimize the model parameters, whereas the other is employed to evaluate model
accuracy. The Mean Squared Error (MSE) value is used to evaluate the prediction accuracy
of the proposed model whereas the standard deviation (STD) is used to evaluate the scatter
of the solution. The general mathematical expressions of MSE and STD are:
v
u
N
u1 X
MSE(u, z) = t
(ui − zi )2 ,
N i=1

(21)

v
u
M
u 1 X
STD(v) = t
(vi − ṽ)2 ,
M i=1

(22)

where N is the length of the vectors u,z, M and ṽ are the length and the mean of the vector
v, respectively.
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Table 1 All the results are computed setting H = 30. Columns 1 and 2 show respectively the
MSE(x,ỹ) and STD(x,ỹ) values, where x is the theoretical signal and ỹ is the predicted signal, for
different length of the input, both in millimeters. The raw time series has a MSE equal to 2.327
millimeters and a STD equal to 1.329 millimeters. Column 3 shows the computational training time,
in seconds, choosing different input size.
s
7
14
30
183
365

4.2

MSE(x,ỹ) (mm)
1.276
1.212
1.245
1.198
1.206

STD(x,ỹ) (mm)
0.718
0.687
0.693
0.690
0.678

time (s)
7.862
9.953
15.115
59.482
105.21

Synthetic time series analysis

The purposes of this analysis are to evaluate:
if the model proposed can predict the theoretical time series x(t) defined in (17) using
only the raw signal x̃(t) defined in (18),
if the model proposed can filter the raw data,
the sensitivity of the proposed method to the choice of the parameters H (defined in
Section 2.3) and s (defined in Section 4.1).
In the following we indicate with x, x̃ and ỹ the theoretical time series, the raw time series and
the solution constructed with the LSTM-Full algorithm, respectively. All of them represent
a 730 days solution. In the first column of Table 1 we report the results of MSE(x, ỹ),
over different choices of the sliding window parameter s. The choice of the sliding window
parameter is a crucial point and in practice it should be a trade off between the training
time and the prediction performance. Here we suggest, when possible, to choose s as the
lag with the highest Autocorrelation Function (ACF) value of raw data (see Figure 2(c));
this seems necessary if we want to compute a less scattered solution. In Figure 2(b) (red-dot
line) we depict the solution for s = 365, since that the time series considered has an annual
seasonality. In the second column of Table 1 we report the STD and we observe that the
scattering is reduced while the sliding window dimension increases. The best improvements
in terms of MSE (48% less than raw data) is reached choosing s = 183 whereas the best
improvements in denoising is reached choosing s = 365 (49% less than raw data). As we
expect the computational training time increases when the input size, that is s, increases. In
Figure 2(d) we report the ACF plot of the differences between the theoretical time steps
and the predicted time steps. The plot highlights that there is no relevant correlation
within prediction errors, as a good prediction is expected to be. All the previous results are
computed setting the hidden vectors length equal to 30. In Table 2 we report the summary
of the analysis carried out choosing different values for the parameter H and setting s = 365.
As it emerges from the first and the second column of Table 2 the best results in terms of
MSE and of STD are obtained setting H = 5 (50 % less for MSE and 51 % less for STD
respect to raw data). In the third column we report the computational training time that
again increases while the parameter H increases.

4.3

Static time series analysis

So far we have proved the effectiveness of the proposed LSTM-Full method on a test problem,
we now want to evaluate our model on the real time series described in Section 3.2. Since
the ultimate goal for this time series is to remove the noisy components, we set the hidden
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Table 2 All the results are computed setting s = 365. Columns 1 and 2 show respectively the
MSE(x,ỹ) and STD(x,ỹ) values, where x is the theoretical signal and ỹ is the predicted signal, for
different length of H. The raw time series has a MSE equal to 2.327 millimeters and a STD equal to
1.329 millimeters. Column 3 shows the computational training time, in seconds, choosing different
values of H.
H
5
30
100
300

MSE(x,ỹ) (mm)
1.169
1.205
1.309
1.262

STD(x,ỹ) (mm)
0.646
0.678
0.727
0.708

time (s)
109.174
115.049
224.441
2801.995

Table 3 Column 1 shows the STD values for the North Component, in millimeters, for different
size of the sliding window parameter. The raw time series have a STD value equal to 0.975 millimeters.
Column 2 shows the computational training time in seconds choosing different input size.
s
7
14
30
183
365

STD(ps − y˜s ) (mm)
0.563
0.481
0.432
0.432
0.423

time (s)
8.026
10.153
15.348
66.314
183.304

vectors length parameter H equal to 5. In the following we indicate with x̃ and y˜s the
raw time steps and the filtered solution respect to the sliding window parameter s, with p0
and ps the 5th-degree regression polynomials respect to x̃ and y˜s . In order to evaluate the
scattering of raw data and of y˜s , we consider the value STD(ps − y˜s ). In the first column
of Table 3 we compute the STD values of the filtered time series over different choices of
the sliding window parameter s. The best result is achieved using s equal to 365, which is
the lag with the highest autocorrelation function value, shown in Figure 3(b). In Figure
3(c) we plot the filtered time series values obtained using s = 365 compared with the raw
North Component of the static time series. In the second column of Table 3 we report the
computational training time, which increases while s increases, as it is for the synthetic case.
In Table 4 we report the STD values for the North Component, East Component and Up
Component of our real static time series, using a sliding window parameter equal to 365.

4.4

Kinematic time series analysis

In the case of the kinematic time series described in Section 3.3, the aim of the LSTM-Full
model is to give an accurate prediction for the incoming time steps, since we want to apply
this model for structural monitoring. Since we are not seeking for a filtered solution, we
fix the dimension of the LSTM hidden vectors at 100. In order to evaluate the efficiency of
the proposed method in this case we use the MSE value between the raw data x̃ and the
predicted time steps ỹ. The lag with the highest value of the ACF is 86164 (the number of
seconds in a sideral day), shown Figure 4 (b), and it is impossible to use it as sliding window
parameter, due to the computational cost of the algorithm. In the first column of Table
5 we report the MSE values over different arbitrary size of the sliding window parameter
increased until the machine used for this experiment can afford the computational cost. The
best results are reached using s = 60 or s = 300. In Figure 4 (a) and in Figure 4(c) we can
see that the predicted time series (red dots) model seems to well reproduce the data (green
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Figure 2 (a) Plot over 4000 days of the raw synthetic time series (green dots) and the theoretical
sinusoidal signal (line blue). (b) Predicted time steps over 730 days (red dots) compared with the
raw signal (green dots) and the theoretical sinuisoidal signal (blue line).(c) ACF over 400 lag of the
raw time series. (d) ACF of the prediction error over 365 lags.
Table 4 In the first column: STD values in millimeters for the North, East and Up component
of the real static time series, using a sliding window parameter equal to 365. In the second column:
the STD values of the raw signals for each component.
Component
N
E
U

STD(ps − y˜s ) (mm)
0.423
0.559
1.221

STD(p0 − x̃) (mm)
0.975
1.031
2.808

dots). The computational training time, reported in the second column of Table 5, increases
while the slinding window parameter increases as for the other case studies. In Table 6 we
write down the MSE values for the North, East and Up Component of our time series setting
the slinding window parameter equal to 300.

5

Conclusions

The proposed LSTM-Full Network architecture is suitable for denoising and prediction tasks
for GNSS time series. Its performance depends on the choice of the sliding window parameter
and of the hidden vectors size of the LSTM layer. From the experiments we suggest to
choose the sliding window parameter as the lag with the highest value of the autocorrelation
function, when the computational resources allow it. The hidden vectors size should be
choosen small if the task is denoising otherwise it should be higher to give an accurate
prediction on incoming data.
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Figure 3 (a) Plot of the raw North Component of the Static Time Series (green dots) and the
filtered time series (red dots). (b) ACF over 400 lag of the raw time series. (c) Plot of 509 filtered
time steps (red dots), computed choosing s=365, compared with the raw time steps (green dots).

Table 5 Column 1 shows the MSE(x̃, ỹ) values for the East Component, in millimeters, for
different size of the sliding window parameter. Column 2 shows the computational training time in
seconds choosing different input size.
s
60
300
1800
3600

MSE(x̃, ỹ) (mm)
1.188
1.184
1.208
1.220

time (s)
76.28
313.53
1811.2350
2872.0116

Table 6 MSE(x̃, ỹ) values in millimeters for the North, East and Up component of the real
kinematic time series, using a sliding window parameter equal to 300.
Component
N
E
U

MSE(x̃, ỹ) (mm)
1.741
1.188
2.497
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Figure 4 (a) Plot of the raw East Component of the Static Time Series (green dots) and the
predicted time series (red dots). (b) ACF over 90000 lag of the raw time series. (c) Plot of the
predicted time series (red dots), computed choosing s=300, compared with the raw time steps
(green dots).
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Abstract
QCTL extends the temporal logic CTL with quantifications over atomic propositions. This extension
is known to be very expressive: QCTL allows us to express complex properties over Kripke structures
(it is as expressive as MSO). Several semantics exist for the quantifications: here, we work with the
structure semantics, where the extra propositions label the Kripke structure (and not its execution
tree), and the model-checking problem is known to be PSPACE-complete in this framework. We
propose a model-checking algorithm for QCTL based on a reduction to QBF. We consider several
reduction strategies, and we compare them with a prototype (based on the SMT-solver Z3) on
several examples.
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1

Introduction

Temporal logics have been introduced in computer science in the late 1970’s [14]; they provide
a powerful formalism for specifying correctness properties of evolving systems. Various kinds
of temporal logics have been defined, with different expressiveness and algorithmic properties.
For instance, the Computation Tree Logic (CTL) expresses properties of the computation
tree of the system under study (time is branching: a state may have several successors), and
the Linear-time Temporal Logic (LTL) expresses properties of one execution at a time (a
system is viewed as a set of executions).
Temporal logics allow model checking, i.e. the automatic verification that a finite state
system satisfies its expected behavioral specifications [15, 3]. It is well known that CTL modelchecking is PTIME-complete and LTL model-checking (based on automata techniques) is
PSPACE-complete. Verification tools exist for both logics and model-checking is now commonly used in the design of critical reactive systems. The main limitation to this approach
is the state-explosion problem: symbolic techniques (for example with BDD), SAT-based
approaches, or partial order reductions have been developed and they are impressively
successful. The SAT-based model-checking consists in using SAT-solvers in the decision
procedures. It was first developed for bounded model-checking (to search for executions
whose length is bounded by some integer, satisfying some temporal property) which can be
reduced to some satisfiability problem and then can be solved by a SAT-solver [2]. SAT
approaches have also been extended to unbounded verification and combined with other
techniques [12]. Many studies have been done in this area, and it is widely considered as
an important approach in practice, which complements other symbolic techniques like BDD
(see [1] for a survey).
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In terms of expressiveness, CTL (or LTL) still has some limitations: in particular, it lacks
the ability of counting. For instance, it cannot express that an event occurs (at least) at
every even position along a path, or that a state has two successors. In order to cope with
this, temporal logics have been extended with propositional quantifiers [16]: those quantifiers
allow for adding fresh atomic propositions in the model before evaluating the truth value of
a temporal-logic formula. That a state has at least two successors can then be expressed
(in quantified CTL, hereafter written QCTL) by saying that it is possible to label the model
with atomic proposition p in such a way that there is a successor that is labelled with p and
one that is not.
Different semantics for QCTL have been studied in the literature depending on the
definition of the labelling: either it refers to the finite-state model – it is the structure
semantics – or it refers to the execution tree – it is the tree semantics. Both semantics are
interesting and have been extensively studied [9, 7, 13, 8, 4, 10]. While the tree semantics
allow us to use the tree automata techniques to get decision procedures (model-checking
and satisfiability are TOWER-complete [10]), the situation is quite different for the structure
semantics: in this framework, model-checking is PSPACE-complete and satisfiability is
undecidable [7].
In this paper, we focus on the structure semantics, and we propose a model-checking
algorithm based on a reduction to QBF (propositional logic augmented with quantifiers):
given a Kripke structure K and a QCTL formula Φ, we show how to build a QBF formula
b K which is valid iff K |= Φ. It is natural to use QBF quantifiers to deal with propositional
Φ
quantifiers of QCTL. Of course, QBF-solvers are not as efficient as SAT-solvers, but still much
progress has been made (and QBF-solvers have already been considered for model-checking, as
in [6]). We propose several reductions depending on the way of dealing with nested temporal
modalities, and we have implemented a prototype (based on Z3 SMT-solver [5]) to compare
these reductions over several examples. As far as we know, it is the first implementation of a
model-checker for QCTL.
Here, our first objective is to use the QBF-solver as a tool to check complex properties
over limited size models, and this is therefore different from the classical use of SAT-based
techniques which are precisely applied to solve verification problems for very large systems.
The outline of the paper is as follows: we begin with setting up the necessary formalism in
order to define QCTL. We then devote Section 3 to the different reductions to QBF. Finally,
Section 4 contains several practical results and examples.

2
2.1

Definitions
Kripke structures

Let AP be a set of atomic propositions.
I Definition 1. A Kripke structure is a tuple K = hV, E, `i, where V is a finite set of vertices
(or states), E ⊆ V × V is a set of edges (we assume that for any x ∈ V , there exists x0 ∈ V
s.t. (x, x0 ) ∈ E), and ` : V → 2AP is a labelling function.
An infinite path (also called an execution) in a Kripke structure is an infinite sequence
ρ = x0 x1 x2 . . . such that for any i we have xi ∈ V and (xi , xi+1 ) ∈ E. We write Pathω
K for
the set of infinite paths of K and Pathω
(x)
for
the
set
of
infinite
paths
issued
from
x
∈ V.
K
Given such a path ρ, we use ρ≤i to denote the i-th prefix x0 . . . xi , ρ≥i for the i-th suffix
xi xi+1 . . ., and ρ(i) for the vertex xi . The size of K is |V | + |E|.
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Given a set P ⊆ AP, two Kripke structures K = (V, E, `) and K0 = (V 0 , E 0 , `0 ) are said
P -equivalent (denoted by K ≡P K0 ) if V = V 0 , E = E 0 , and for every x ∈ V we have:
`(x) ∩ P = `0 (x) ∩ P .

2.2

QCTL

This section is devoted to the definition of the logic QCTL, which extends the classical
branching-time temporal logic CTL with quantifications over atomic propositions.
I Definition 2. The syntax of QCTL is defined by the following grammar:
QCTL 3 ϕ, ψ ::= q | ¬ϕ | ϕ ∨ ψ | EXϕ | EϕUψ | AϕUψ | ∃p. ϕ
where q and p range over AP.
QCTL formulas are evaluated over states of Kripke structures:
I Definition 3. Let K = hV, E, `i be a Kripke structure, and x ∈ V . The semantics of QCTL
formulas is defined inductively as follows:
K, x |=p iff p ∈ `(x)
K, x |=¬ϕ iff K, x 6|= ϕ
K, x |=ϕ ∨ ψ iff K, x |= ϕ or K, x |= ψ
K, x |=EXϕ iff ∃(x, x0 ) ∈ E s.t. K, x0 |= ϕ
K, x |=EϕUψ iff ∃ρ ∈ Pathω
K (x), ∃i ≥ 0 s.t. K, ρ(i) |= ψ and
for any 0 ≤ j < i, we have K, ρ(j) |= ϕ
K, x |=AϕUψ iff ∀ρ ∈

Pathω
K (x), ∃i

≥ 0 s.t. K, ρ(i) |= ψ and

for any 0 ≤ j < i, we have K, ρ(j) |= ϕ
0

K, x |=∃p. ϕ iff ∃K ≡AP\{p} K s.t. K0 , x |= ϕ
In the sequel, we use standard abbreviations such as >, ⊥, ∧, ⇒ and ⇔. We also use
the additional (classical) temporal modalities of CTL: AXϕ = ¬EX¬ϕ , EFϕ = E>Uϕ,
AFϕ = A>Uϕ, EGϕ = ¬AF¬ϕ, AGϕ = ¬EF¬ϕ, EϕWψ = ¬A¬ψU(¬ψ ∧ ¬ϕ) and
AϕWψ = ¬E¬ψU(¬ψ ∧ ¬ϕ).
Moreover, we use the following abbreviations related to quantifiers over atomic propositions: ∀p. ϕ = ¬∃p. ¬ϕ, and for a set P = {p1 , . . . , pk } ⊆ AP, we write ∃P.ϕ for ∃p1 . . . . ∃pk .ϕ
and ∀P.ϕ for ∀p1 . . . . ∀pk .ϕ.
The size of a formula ϕ ∈ QCTL, denoted |ϕ|, is defined inductively by: |q| = 1,
|¬ϕ| = |∃p.ϕ| = |EXϕ| = 1 + |ϕ|, |ϕ ∨ ψ| = |EϕUψ| = |AϕUψ| = 1 + |ϕ| + |ψ|. Moreover we
use ht(ϕ) to denote the temporal height of ϕ, that is the maximal number of nested temporal
modalities in ϕ. And given a subformula ψ in Φ, the temporal depth of ψ in Φ (denoted
tdΦ (ψ)) is the number of temporal modalities having ψ in their scope.
In the following, we denote by SubF(Φ) (resp. SubTF(Φ)) the set of subformulas of Φ
(resp. the set of subformulas starting with a temporal modality).
Two QCTL formulas ϕ and ψ are said to be equivalent (written ϕ ≡ ψ) iff for any structure
K, any state x, we have K, x |= ϕ iff K, x |= ψ. This equivalence is substitutive.

2.2.1

Discussion on the semantics

The semantics we defined is classically called the structure semantics: a formula ∃p.ϕ holds
true in a Kripke structure K iff there exists a p-labelling of the structure K such that ϕ is
satisfied. Another well-known semantics coexists in the literature for propositional quantifiers,
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the tree semantics: ∃p. ϕ holds true when there exists a p-labelling of the execution tree (the
infinite unfolding) of the Kripke structure under which ϕ holds. If, for CTL, interpreting
formulas over the structure or the execution tree is equivalent, this is not the case for
QCTL. Moreover, these two semantics do not have the same algorithmic properties: if QCTL
model-checking and satisfiability are TOWER-complete for the tree semantics (the algorithms
are based on tree automata techniques), QCTL model-checking is PSPACE-complete for the
structure semantics but satisfiability is undecidable. (see [10] for a survey). Nevertheless, in
both semantics, QCTL and QCTL∗ (the extension of CTL∗ with quantifications) are equally
expressive, and are as expressive 1 as the Monadic Second-Order Logic over the finite structure
or the infinite trees (depending on the semantics). Note also that any QCTL formula is
equivalent to a formula in Prenex normal form (we will use this result in next sections).
Finally, there is also the amorphous semantics [7], where ∃p. ϕ holds true at a state s in
some Kripke structure K if, and only if, there exists some Kripke structure K0 with a state
s0 such that s and s0 are bisimilar, and for which there exists a p-labelling making ϕ hold
true at s0 . With these semantics, the logic is insensitive to unwinding, and more generally it
is bisimulation-invariant (contrary to the two previous semantics, see below).

2.3

Examples of QCTL formulas

QCTL allows us to express complex properties over Kripke structures: for example, we can
build a characteristic formula (up to isomorphism) of a structure, we can reduce modelchecking problems for multi-player games to QCTL model-checking [11]. . . Below, we give
several examples of counting properties, to illustrate the expressive power of propositional
quantifiers.
The first one of the formulas below expresses that there exists a unique reachable state
satisfying ϕ, and the second one states that there exists a unique immediate successor
satisfying ϕ:

E=1 Fϕ = EFϕ ∧ ∀p. EF(p ∧ ϕ) ⇒ AG(ϕ ⇒ p)
E=1 Xϕ = EXϕ ∧ ∀p. AX(ϕ ⇒ p) ∨ AX(ϕ ⇒ ¬p)

(1)


(2)

where we assume that p does not appear in ϕ. Consider the formula 1: if there were two
reachable states satisfying ϕ, then labelling only one of them with p would falsify the AG
subformula. For 2, the argument is similar.
The existence of at least k successors satisfying a given property can be expressed with:
 ^
 _

^


E≥k Xϕ =∃P.
EX pi ∧
¬pi0 ∧ AX
pi ⇒ ϕ
(3)
i0 6=i

1≤i≤k

1≤i≤k

And we can define E=k Xϕ as E≥k Xϕ ∧ ¬E≥k+1 Xϕ. Note that these examples show
why QCTL formulas are not bisimulation-invariant.
When using QCTL to specify properties, one often needs to quantify (existentially or
universally) over one reachable state we want to mark with a given atomic proposition. To
this aim, we add the following abbreviations:
∃1 p.ϕ = ∃p. (E=1 F p) ∧ ϕ
1




∀1 p.ϕ = ∀p. (E=1 F p) ⇒ ϕ

This requires adequate definitions, since a temporal logic formula may only deal with the reachable part
of the model, while MSO has a more global point of view.
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Model-checking QCTL

Model-checking QCTL is a PSPACE-complete problem (for detailed results about program
complexity and formula complexity, see [10]), and it is NP-complete for the restricted set
of formulas of the form ∃P.ϕ, with P ⊆ AP and ϕ ∈ CTL [9]. In this section, we give a
reduction from the QCTL model-checking problem to QBF.
In the following, we assume a Kripke structure K = hV, E, `i, an initial state x0 ∈ V
and a QCTL formula Φ to be fixed. Let V be {x0 , . . . , xn }. We also assume w.l.o.g. that
every quantifier ∃ and ∀ in Φ introduces a fresh atomic proposition, and distinct from the
propositions used in K. We use APΦ
Q to denote the set of quantified atomic propositions in Φ.
These assumptions allow us to use an alternative notation for the semantics of Φsubformulas: the truth value of ϕ will be defined for a state x in K within an environment
V
ε : APΦ
Q 7→ 2 , that is a partial mapping associating a subset of vertices to a proposition in
Φ
APQ . We use K, x |=ε ϕ to denote that ϕ holds at x in K within ε. This ensures that the K’s
labelling ` is not modified when a subformula is evaluated, only ε is extended with labellings
for new quantified propositions. Formally the main changes of the semantics are as follows:


Φ
K, x |=ε p iff (p ∈ APΦ
Q and x ∈ ε(p)) or (p 6∈ APQ and p ∈ `(x))
K, x |=ε ∃p. ϕ iff ∃V 0 ⊆ V s.t. K, x |=ε[p7→V 0 ] ϕ
where ε[p 7→ V 0 ] denotes the mapping which coincides with ε for every proposition in
APQΦ \ {p} and associates V 0 to p.
We use this new notation in order to better distinguish initial K’s propositions and
quantified propositions to make proofs simpler. Of course, there is no semantic difference:
K, x |= Φ iff K, x |=∅ Φ.
In next sections, we consider general quantified propositional formulas (QBF) of the form:
QBF 3 α, β ::= q | α ∧ β | α ∨ β | ¬α | α ⇔ β | α ⇒ β | ∃q.α | ∀q.α
The formal semantics of a formula α is defined over a Boolean valuation for free variables
in α (i.e. propositions which are not bound by a quantifier 2 ), and it is defined as usual. A
formula is said to be closed when it does not contain free variables. In the following, we use
the standard notion of validity for closed QBF formulas.
b x0 such that Φ
b x0 is valid iff Φ holds
Our aim is then to build a (closed) QBF formula Φ
true at x0 in K.

3.1

Overview

We present several reductions of QCTL model-checking problem to QBF validity problem.
Given a Φ-subformula ϕ, a vertex x ∈ V , and a subset P ⊆ APQΦ , we define a QBF formula
Φ
x
ϕ
bx,P whose variables belong to APΦ
Q × V (in the following, we use the notation p for p ∈ APQ
and x ∈ V ). The first two reductions are based on different encodings of temporal modalities,
but share a common part given in Figure 1.

2

We assume w.l.o.g. that every quantifier ∃ and ∀ introduces a new proposition.
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¬ϕ
c

x,P

= ¬ϕ
bx,P

\
ϕ
∨ψ

x,P

=ϕ
bx,P ∨ ψbx,P

[
EXϕ

x,P

_

=

0

ϕ
bx ,P

(x,x0 )∈E

x,P

d
∃p.ϕ

x0

= ∃p

xn

x,P ∪{p}

. . . p .ϕ
b

x,P

pb

=


x


p
>


⊥

if p ∈ P
if p 6∈ P and p ∈ `(x)
otherwise

Figure 1 Reduction for basic modalities for reductions UU and FP.

\
EϕUψ
EϕUψ

x,P

x,P,X

= EϕUψ

x,P,{x}



= ψbx,P ∨ ϕ
bx,P ∧

with:
_

EϕUψ

x0 ,P,X∪{x0 }



(x,x0 )∈Es.t.x0 6∈X

\
AϕUψ
AϕUψ

x,P

x,P,X

x,P,{x}

= AϕUψ
with:

x,P

ψb

^
= ψbx,P ∨ ϕ
bx,P ∧


0

if ∃(x, x0 ) ∈ E, x0 ∈ X
0

AϕUψ

0


x ,P,X∪{x }

otherwise

(x,x )∈E

Figure 2 Reduction for temporal modalities EU and AU – variant UU.

3.1.1

Unfolding characterization of the until operators

First, we can complete previous construction rules of Figure 1 with those of Figure 2 to get
the first method (called UU). This is a naive approach consisting in encoding the temporal
modalities as unfoldings of the transition relation. The rules of Figure 2 can be seen as a
depth-first way to look for a path satisfying an Until modality (for EU) or its negation (for
AU) among all the simple paths issued from x.
Before stating the correctness of the construction, we need to associate a Boolean valuation
Φ
vε for variables in APΦ
Q × V to an environment ε for APQ . We define vε as follows: for any
Φ
x
p ∈ APQ and x ∈ V , vε (p ) = > iff x ∈ ε(p).
Now we have the following theorem whose proof is in Appendix A:
I Theorem 4. Given a QCTL formula Φ, a Kripke structure K = hV, E, `i, a state x ∈ V ,
V
an environment ε : APΦ
bx,dom(ε) is defined inductively w.r.t.
Q 7→ 2 and a Φ-subformula ϕ, if ϕ
the rules of Figures 1 and 2, we have: K, x |=ε ϕ iff vε |= ϕ
bx,dom(ε)
b x as Φ
b x,∅ and we get the reduction: K, x0 |= Φ iff Φ
b x0 is valid.
It remains to define Φ
The main drawback of this reduction is the size of the QBF formula: indeed any Until
modality may induce a formula whose size is in O(|V |!), and the size of the resulting formula
b x0 is then in O((|Φ| · |V |!)ht(Φ) ). Nevertheless, one can notice that the reduction does not
Φ
use new quantified propositons to encode the temporal modalities, contrary to other methods
we will see later.
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Fixed point characterization of the until operators

Here we present the fixed point method (called FP) for dealing with the modalities AU and
EU. Let ϕ and ψ be two QCTL-formulas. The idea of the method is to build a QCTL formula
that is equivalent to EϕUψ (or AϕUψ), using only the modalities EX, AX and AG.
We first have the following lemma:
I Lemma 5. For any QCTL formula EϕUψ, we have:



EϕUψ ≡ ∀z. AG z ⇔ (ψ ∨ (ϕ ∧ EX z)) ⇒ z
Proof. Let x be
 a state in a Kripke structure K. Let θ be the formula AG z ⇔ (ψ ∨ (ϕ ∧
EX z)) ⇒ z .
Assume K, x |= EϕUψ. We can use the standard characterization of EU as fixed point: x
belongs to the least fixed point of the equation Z = ψ ∨ (ϕ ∧ EX Z) where ψ (resp. ϕ) is here
interpreted as the set of states satisfying ψ (resp. ϕ). Therefore any z-labelling of reachable
states from x 3 corresponding to a fixed point will have the state x labelled. This is precisely
what is specified by the QCTL formula.
Now if K, x |= θ for every z-labelling corresponding to a fixed point of the previous equation,
this is the case for the z-labelling of the states reachable from x and satisfying EϕUψ, and
we deduce K, x |= EϕUψ.
J
And we have the same result for AU:
I Lemma 6. For any QCTL formula AϕUψ, we have:



AϕUψ ≡ ∀z. AG z ⇔ (ψ ∨ (ϕ ∧ AX z)) ⇒ z
Proof. Similar to the proof of Lemma 5.

J

As a direct consequence, we get the following result:
I Proposition 7. For any QCTL formula Φ, we can build an equivalent QCTL formula fpc(Φ)
such that: (1) fpc(Φ) is built up from atomic propositions, Boolean operators, propositional
quantifiers and modalities EX and AG, and (2) the size of fpc(Φ) is linear in |Φ|.
Note that the size of fpc(Φ) comes from the fact that there is no duplication of subformulas
when applying the transformation rules based on equivalences of Lemmas 5 and 6. Moreover,
the temporal height of fpc(Φ) is smaller than ht(Φ) + 14 .
And to translate fpc(Φ) into QBF, it remains to add a single rule 5 to the definitions of
Figure 1 to deal with AG:
\
AGϕ

x,P

=

^

c
ϕ

y,P

(4)

(x,y)∈E ∗

Where E ∗ is the reflexive and transitive closure of E. Then we have:
3
4
5

Labelling other states does not matter.
The temporal height will be increased by 1 if Φ has an until operator whose members are Boolean
combinations of atomic propositions.
For AX we can either change the rule for EX with a disjunction, or express it with EX and ¬.
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I Theorem 8. Given a QCTL formula Φ, a Kripke structure K = hV, E, `i, a state x ∈ V
x,dom(ε)
\
and an environment ε : APΦ 7→ 2V , for any Φ-subformula ϕ, if fpc(ϕ)
is defined
Q

inductively w.r.t. the rules of Figure 1 and the rule 4, we have:
K, x |=ε ϕ

x,dom(ε)

iff

\
vε |= fpc(ϕ)

Proof. The proof is a direct consequence of Proposition 7.

J

x

\ is in O((|Φ| · |K|)ht(Φ) ). Indeed, an EU (or AU)
With this approach, the size of fpc(Φ)
modality gives rise to a QBF formula of size (|V | + |E|). The exponential size comes from
the potential nesting of temporal modalities: to avoid it, one could consider the DAG-size of
formulas. In the next section, we consider another solution. Note also that the number of
propositional variables in the QBF formula is bounded by |APΦ
Q | · |V |.

3.3

Reduction via flat formulas

b x , one can use an alternative approach for Prenex QCTL
To avoid the size explosion of Φ
formulas. Remember that any QCTL formula can be translated into an equivalent QCTL
formula in Prenex normal form whose size is linear in the size of the original formula [10].
In the following, a CTL formula is said to be basic when it is of the form EXα, EαUβ or
AαUβ where α and β are Boolean combinations of atomic propositions. It is easy to observe
that any CTL formula can be translated into a QCTL formula with a temporal height less or
equal to 2:
I Proposition 9. Any CTL formula Φ is equivalent to some QCTL formula Ψ of the form:


^
∃{κ1 . . . κm }. Φ0 ∧
AG(κi ⇔ θi )
i=1...m

where Φ0 is a Boolean combination of basic CTL formulas and every θi is a basic CTL formula
(for any 1 ≤ i ≤ m). Moreover, |Ψ| is in O(|Φ|).
Proof. Let SΦ be the set of temporal subformulas occurring in Φ at a temporal depth
greater or equal to 1. We will prove the proposition by induction over the size of SΦ . If
|SΦ | = 0, the formula satisfies the property. Now consider a formula with |SΦ | > 0. Φ
must have at least one basic (strict) subformula θ1 . Then Φ is equivalent to the formula
∃κ1 .(Φ[θ1 ← κ1 ] ∧ AG(κ1 ⇔ θ1 )), where κ1 is a fresh atomic proposition, and ϕ[α ← β] is ϕ
where every occurrence of α is replaced by β. Indeed, any state reachable from the current
state x will be labelled by κ1 iff θ1 holds true at that state (NB: the states that are not
reachable from x do not matter for the truth value of Φ), and this enforces the equivalence.
We have |SΦ[θ1 ←κ1 ] | < |SΦ |, thus we can apply induction hypothesis to get:

Φ[θ1 ← κ1 ] ≡ ∃{κ2 . . . κm }. Φ0 ∧

^


AG(κi ⇔ θi ) = Ψ0

i=2...m

Where κ2 . . . κm are fresh atomic propositions, Φ0 is a Boolean combination of basic CTL
formulas and every θi is a basic CTL formula. We can conclude that:
h

Φ ≡ ∃κ1 . ∃{κ2 . . . κm }. Φ0 ∧

^


i
AG(κi ⇔ θi ) ∧ AG(κ1 ⇔ θ1 )

i=2...m



≡ ∃{κ1 . . . κm }. Φ0 ∧

^
i=1...m


AG(κi ⇔ θi ) = Ψ
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Note that the last equivalence comes from the fact that no κi with i > 1 occurs in θ1 . By i.h.
the size of Ψ0 is linear in |Φ[θ1 ← κ1 ]|, and the size of Φ[θ1 ← κ1 ] is smaller than that of Φ,
therefore the size of Ψ is linear in |Φ|.
J
It is important to note that SΦ can be described as {ϕ1 . . . ϕm }, where ϕ1 = θ1 , and
ϕi+1 = θi+1 [κ1 ← ϕ1 , . . . κi ← ϕi ]. The correspondance θi − ϕi will be crucial later on.
^

In the following, a QCTL formula of the form Q. Φ0 ∧
AG(κi ⇔ θi ) , where Q is
i=1...m

a sequence of quantifications, Φ0 is a Boolean combination of basic CTL formulas, every κi is
an atomic proposition, and every θi (for i = 1, . . . , m) is a basic CTL formula, is said to be a
flat formula.
As a corollary of previous results, we have:
I Proposition 10. Any QCTL formula Φ is equivalent to some flat formula whose size is
linear in |Φ|.
Given a QCTL formula Φ, we use flat(Φ) to denote the flat formula equivalent to Φ,
obtained by first translating Φ into Prenex normal form, and then transform the CTL
subformula as described in Proposition 9.
Applying method FP to some flat formula provides a QBF formula of polynomial size
since a flat formula has a temporal height less or equal to 2:
I Corollary 11. Given a QCTL formula Φ, a Kripke structure K = hV, E, `i and a state x,
the QBF formula fpc(flat(Φ))
the rules of Figure 1 and the rule 4 is
b x obtained by applying
x
valid iff K, x |= Φ. And the size of fpc(flat(Φ))
b is in O(|V | · (|V | + |E|) · |Φ|).
Therefore this reduction (called FFP) provides a PSPACE algorithm for QCTL modelchecking. But there are two disadvantages to this approach. First, putting the formula into
Prenex normal form may increase the number of quantified atomic propositions and the
number of alternations (which is in fine linear in the number of quantifiers in the original
formula) [10]. For example, when extracting a quantifier ∀ from some EX modality, we
need to introduce two propositions, this can be seen for the formula EX(∀p.(AXp ∨ AX¬p))
which is translated as:


∃z.∀p.∀z 0 . (EX(z ∧ z 0 ) ⇒ AX(z ⇒ z 0 )) ∧ EX(z ∧ (AXp ∨ AX¬p))
where the proposition z is used to mark a state, and z 0 is used to enforce that only at most
one successor is labelled by z. Of course, these two remarks may have a strong impact on
the complexity of the decision procedure. Finally, note also that the resulting QBF formula
is not in Prenex normal form.

3.4

Variant of FFP

In the previous reduction, the modalities EU and AU may introduce an alternation of
quantifiers: an atomic proposition κ is introduced by an existential quantifier, and then a
universal quantifier introduces a variable z to encode the fixed point characterisation of U.
We propose another reduction in order to avoid this alternation: for this, we will use bit
vectors (instead of single Boolean values) associated with every state to encode the distance
from the current state to a state satisfying the right-hand side of the Until modality. This
reduction produces a prenex QBF formula.

TIME 2019

11:10

From Quantified CTL to QBF

\
ϕ
∧ψ

x,P
x,P

[
EXϕ

=ϕ
bx,P ∧ ψbx,P
_
=
ϕ
by,P

\
ϕ
∨ψ

x,P

x,P

\
AXϕ

=ϕ
bx,P ∨ ψbx,P
^
=
ϕ
by,P

x,P

= ¬b
px,P
^
x,P
\
AGϕ
=
¬
cp

(x,y)∈E

(x,y)∈E

ϕ
by,P

(x,y)∈E ∗

x,P

bx,P ∪{p}
= Qpx0 . . . pxn ϕ

x0
xn x,P ∪{κi }

b
if κ̇i encodes

Qκi . . . κi .ϕ
x,P
\
For Q ∈ {∃, ∀} Q
κ̇i .ϕ
= a least fixed point.


Qκx0 . . . κxn .ϕ
bx,P ∪{κi }
otherwise
i
i


px
if p ∈ P and p is a Boolean var.



[px < |V |] if p ∈ P and p is a Bit vect.
pbx,P =

>
if p 6∈ P ∧ p ∈ `(x)




⊥
otherwise

[
For Q ∈ {∃, ∀} Qp.ϕ

Figure 3 Transformation rules for method FBV.

First, we consider a QCTL formula Φ under negation normal form (NNF), where the
negation is only applied to atomic propositions. This transformation makes that Φ is built
from temporal modalities in Stmod = {EX, AX, EU, AU, EW, AW}
We can then reformulate Proposition 10 as the following proposition, whose proof is in
Appendix B:
I Proposition 12. Any QCTL formula ^
Φ is equivalent to some QCTL formula Ψ in NNF of
the form: Ψ = Q ∃{κ1 . . . κm }. Φ0 ∧
AG(κi ⇒ θi ) where Q is a sequence of quani=1...m

tifications, Φ0 is a CTL formula containing only the temporal modalities EX, AX or AG
and whose temporal height is less or equal to 1, and every θi is a basic CTL formula (with
1 ≤ i ≤ m). Moreover, |Ψ| is in O(|Φ|).
From the previous proposition, we derive a new reduction to QBF (called FBV). For
modalities EW and AW, we use the same encoding as for method FP, except that we
use the corresponding Boolean proposition κi directly for the greatest fixed point. And for
Until-based modalities, corresponding to least fixed points, we will use bit vectors instead
of atomic propositions to encode the truth value of EU or AU: for a formula θi = EϕUψ,
we will consider a bit vector κi of length dlog(|V | + 1)e for every state instead of a single
Boolean value κi . The idea is that in a state x, the value κi encodes in binary the distance
(in terms of number of transitions) from x to a state satisfying ψ along a path satisfying ϕ.
And for θi = AϕUψ, the value κi encodes the maximal distance before a state satisfying ψ
(along a path where ϕ is true). In the following, such a κi associated to a θi based on an
Until is called an Until-κ. Note that given a bit vector κi and an integer value d encoded
in binary, we will use [κi y = d] and [κi y < d] to denote the corresponding propositional
formulas over κi y .
The new reduction is based on the rewriting rules of Figure 3 for several operators, and
we define the reduction for AG(κi ⇒ θi ) for θi = EϕWψ or θi = AϕWψ as follows:

A. Hossain and F. Laroussinie
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^

=



κyi ⇒ ψby,P ∨ (ϕ
by,P ∧

^

=

0



(5)

0



(6)

κyi )

(y,y 0 )∈E

(x,y)∈E ∗
x,P

_



κyi ⇒ ψby,P ∨ (ϕ
by,P ∧

^

κyi )

(y,y 0 )∈E

(x,y)∈E ∗

And for AG(κi ⇒ θi ) with θi = EϕUψ or θi = AϕUψ, we have:

^ h
x,P
[κi y = 0] ⇒ ψby,P
=
AG(κi ⇒ EϕUψ)
b
(x,y)∈E ∗

∧

^



[κi y = d] ⇒ ϕ
by,P ∧

_

i
0
[κi y = d − 1]

(7)

(y,y 0 )∈E

1≤d<|V |

where [κi y = d] and [κi y < d] with a given value d correspond to propositional formulas over
κi y . And for AG(κi ⇒ θi ) with θi = AϕUψ, we have:

^ h
x,P
AG(κi ⇒ AϕUψ)
[κi y = 0] ⇒ ψby,P
=
b
(x,y)∈E ∗

∧

^



[κi y = d] ⇒ ϕ
by,P ∧

1≤d<|V |

^

0

[κi y < d]

i

(8)

(y,y 0 )∈E

Note that in the equivalences 7 and 8, we cannot replace the implication by an equivalence:
0
for a state y s.t. ϕ
by,P , the existence of some successor y 0 s.t. [κi y < d] is not sufficient to
imply [κi y = d]. This is why we consider only implications here.
Method FBV is defined from previous rules and we get a Prenex QBF formula:
I Corollary 13. Given a QCTL formula Φ, a Kripke structure K = hV, E, `i, and a state x,
x
\ obtained by applying the rules of Figure 3 and rules 5, 6, 7,
the Prenex QBF formula flat(Φ)
x
\ | is in O(|V | · (|V | + |E|) · |Φ|).
and 8 above, is valid iff K, x |= Φ, and |flat(Φ)
This approach allows us to easily adapt the algorithm to bounded model-checking: instead
of considering values from 1 to |V | for d in the definition of Until modalities, one can restrict
the range to a smaller interval, to get a smaller QBF formula to check. Note also that
obtaining a Prenex QBF formula is interesting in practice, because many QBF-solvers require
Prenex formulas as inputs.
We can also observe that this reduction proceeds a bit like the classical model-checking
algorithm for CTL where for deciding x |= Φ, the truth value of every Φ-subformula is
computed in every state of the model. In some case, this may induce additional work
compared to methods like FP or UU (for example to decide whether the initial state satisfies
a EU formula).

3.4.1

Using BitVectors for ∃1 and ∀1

The quantifiers ∃1 and ∀1 are very useful in many specifications. It can be interesting to
develop ad-hoc algorithms in order to improve the generated QBF formulas. For the first
methods we described, they are translated into propositional formulas (instead of introducing
extra quantified atomic propositions as they are formally defined). Another method consists
in using bit vectors as in the treatment of Until modalities described above: in this case, these
quantifiers introduce a unique bit vector of size dlog(|V | + 1)e to store the number of the state
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selected by the quantifier (that is the state which will be labelled by the proposition). This
method is interesting, since it reduces the number of quantified propositions, it is integrated
in the method FBV.

4

Experimental results

In this section, we consider three examples to illustrate the QBF-based model-checking
approach for QCTL. The problems we will consider can be solved more efficiently without a
QCTL model-checker, but they provide valuable insights on the performance of the reduction
strategies, and the properties to be checked cannot be expressed with classical temporal
logics. The first example shows that the performances can change significally when we choose
different formulas to check, even if they are equivalent. The second problem illustrates how
QCTL can naturally express properties related to game theory, and it is a situation where we
can observe how bounded model-checking can improve the performance of FBV. In the last
example, we check formulas with a large temporal height, thus we can see how much space
is gained by flattening the formulas. We wanted to manipulate graphs that could easily be
scaled up by tweaking a few parameters, so we chose to use grids.
We have implemented a prototype to try the different reduction strategies 6 . Our tool is
available online 7 : given a Kripke structure K with a state x and a formula Φ, it produces
b x ) for the SMT-solver Z3 [5]. The choice of Z3 was
a specification file (corresponding to Φ
motivated by the fact that the generated QBF formulas are not always Prenex, which many
QBF-solvers require, unlike Z3.

4.1

k-connectivity

Here, we consider an undirected graph, and we want to check whether there exist (at least)
k internally disjoint paths 8 from a vertex x to some vertex y. A classical result in graph
theory due to Menger ensures that, given two vertices x and y in a graph G, the minimum
number of vertices whose deletion makes that there is no more paths between x and y is
equal to the maximum number of internally disjoint paths between these two vertices.
We can encode these two ideas by the following QCTL formulas (interpreted over x):

 ^
^
^

Φk = ∃p1 . . . ∃pk−1
EX E(pi ∧
¬pj ) U y ∧ EX E(
¬pi ) U y
(9)
j6=i

1≤i<k
1

1



Ψk = ∀ p1 . . . ∀ pk−1 EX E

^



¬pi U y

1≤i<k



(10)

1≤i<k

Φk uses the labelling by the pi ’s to mark the internal vertices of k paths between the
current position and the vertex y. The modality EX is used to consider only the intermediate
states (and not the starting state). The formula Ψk proceeds differently: the idea is to mark
exactly k − 1 states with p1 , . . . , pk−1 and to verify that there still exists at least one path
leading to y without going through the states labelled by some pi .
By Menger’s Theorem, we know that these formulas are equivalent over undirected graphs.

6
7
8

NB: For reductions FFP and FBV the formula has to be given in Prenex normal form.
https://www.irif.fr/~francoisl/qctlmc.html
Two paths src ↔ r1 ↔ . . . ↔ rk ↔ dest and src ↔ r10 ↔ . . . ↔ rk0 0 ↔ dest are internally disjoint iff
ri 6= rj0 for any 1 ≤ i ≤ k and 1 ≤ j ≤ k0 . And note that with this def., if there is an edge (x, y), there
exist k internally disjoint paths from x to y for any k.
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We interpret these formulas over Kripke structures Sn,m with n ≥ m (see Figure 4) which
correspond to two kinds of grids n × n connected by m edges (these edges are of the form
(qi,n , r1,i ) or (qn,i , ri,1 ). The initial state is q1,1 and when evaluating Φk or Ψk we assume
the state rn,n to be labelled by y. In this context, we clearly have that Φk and Ψk hold for
true at q1,1 iff k ≤ m.
q1,n

r1,n

m edges
q2,n

...

q1,1

...
...

q1,2

...

...

...

...

q2,2

...

q2,1

r2,n

...

...

...

r1,2
r1,1

qn,n

...

...

r2,2

...

r2,1

...

...
rn,n

...

...

...

qn,2

rn,2

qn,1

rn,1

Figure 4 Structure Sn,m for the k-connectivity problem.

Detailed results are presented in Appendix C. The main lessons we can see are:
Formula Φk is much more difficult to verify: the number of temporal modalities is
probably one explanation. Another one for methods FP and FFP(based on the fixed
point characterization of U/W modalities) could be an alternation of quantifiers: in
Φk , there is an existential quantification over the pi s and the EUs introduce a universal
quantification, but it is not the case for Ψk , where there are only universal quantifications
for these reductions.
The reduction FP is the most efficient: it can be used to verify models with more than
two thousands states when m is small. The method FFP is also rather efficient, but the
flattening seems to be too costly for such a simple formula.
The reduction UU produces very large QBF formulas, but rather simple to check.
We can generalise the problem by verifying that there exist at least k internally disjoint
paths between any pair of reachable vertices x and y in a given structure. These previous
formulas can be modified as follows:
 ^

^
^

EX E(pi ∧
¬pj ) U y ∧ EX E(
¬pi ) U y
Φgk = ∀1 y∃p1 . . . ∃pk−1 AG
j6=i

1≤i<k

1≤i<k

(11)
h



Ψgk = ∀1 y∀1 p1 . . . ∀1 pk−1 AG EX E

^



¬pi U y

i

(12)

1≤i<k

In that case, Φgk is useless: too complex to be verified. And the method FP is still the
most efficient.

4.2

Nim game

Nim game is a turn-based two-player game. A configuration is a set of heaps of objects
and a boolean value indicating whose turn it is. At each turn, a player has to choose one
non-empty heap and remove at least one object from it. The aim of each player is to remove
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the last object. Given a configuration c and a Player-J with J ∈ {1, 2}, we can build a finite
Kripke structure SJ , where xc is a state corresponding to the configuration c ; and use a
QCTL formula ΦJwin such that S, xc |= ΦJwin iff Player-J has a wining strategy from c. Note
that there is a simple and well-known criterion over the numbers of objects in each heap to
decide who has a winning strategy, but we consider this problem just because it is interesting
to illustrate what kind of problem we can solve with QCTL.
Each configuration corresponds to a state in SJ . Every move for Player-J from a
configuration c to a configuration c0 provides a transition (xc , xc0 ) in SJ . However, a move
of Player-J from c to c0 is encoded as two transitions xc → xc,c0 → xc0 where xc,c0 is then
an intermediary state we use to encode a strategy for Player-J (marking xc,c0 by an atomic
proposition will correspond to Player-J choosing c0 from c). We assume that every state xc
is labelled by t1 if it’s Player-1’s turn to play at c, and by t2 otherwise. Every intermediary
state xc,c0 is labelled by int. We also label empty configurations by w1 or w2 , depending on
which player played the last move.
Clearly, the size of S will depend on the number of objects in each set in the initial
configuration. The formula ΦJwin depends only on J:



ΦJwin = ∃m. AG tJ ⇒ EXm ∧ AF wJ ∨ (int ∧ ¬m)
This formula holds true in a state corresponding to some configuration c iff there exists
a labelling by m such that every reachable configuration where it’s Player-J’s turn, has
a successor labelled by m (thus a possible choice to do) and every execution from the
current state leads to either a winning state for Player-J or a non-selected intermediary state,
therefore all outcomes induced by the underlying strategy have to verify FwJ . Note that in
this example, the Kripke structure is acyclic (except the self-loops on the ending states).
From detailed results in appendix, we can see:
One can consider structures with more than 10 thousand states. Note that the number of
heaps is important for the size of the model, but the maximal length of a game depends
on the number of objects (and is rather small in our examples).
The most efficient method is FFP (with FP).
Method FBV is more efficient when we consider bounded model-checking. Note that in
this case, the verification may not be complete: if the QBF formula is valid, the property
is satisfied by the structure, otherwise, no conclusion can be done, except if we can prove
that the chosen bound was big enough to be sure that there is no solution. In our case,
we can easily compute the maximal bound: at each turn, a player has to pick at least
one object, such a move may give rise to one transition in the model (for the opponent),
or two transitions (for the player for whom we look for a strategy). Thus, if there are n
objects in the initial configuration, we can choose 3n
2 for the bound.

4.3

Resources distribution

The last example is as follows: given a Kripke structure S and two integers k and d, we aim
at choosing at most k states (called targets in the following) such that every reachable state
(from the initial one) can reach a target in less than d transitions. This problem can be
encoded with the following QCTL formula where d modalities EX are nested:
 _
 _


_
Φres = ∃1 c1 . . . ∃1 ck AG (
ci ) ∨ EX (
ci ) ∨ . . . ∨ EX(
ci )
1≤i≤k

1≤i≤k

1≤i≤k
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q1,1

q1,2

...

q1,k

q2,1

q2,2

...

q2,k

...

...

...

qn,1

qn,2

...

...

...
qn,k

Figure 5 Structure Kn,k for the resources distribution problem.

For experimental results, we consider the grid Kn,m described at Figure 5. Note that for
this example, reductions UU and FP are similar because there is no Until in the formula
(AG is treated as a conjunction). From detailed results in appendix, one can see:
Only small models have been successfully verified.
The nesting of EXs operators give an advantage to the reduction based on flattening
(FBV and FFP): the size of the QBF formula increases more slowly.
The reduction FBV is the most efficient on this example. Since there is no Until modality
(except behind AG which is treated separately), the difference with FFP is due to the
encoding of ∃1 operator with a unique bit vector in FBV, this choice seems to be more
efficient in this example.

5

Conclusion

We have presented several reductions from QCTL model-checking to QBF. This provides a first
tool for QCTL model-checking. Of course, this is an ongoing-work, and many improvements
are possible: the reduction strategies are still naive and could be significantly improved, and a
better understanding of QBF-solvers would also be helpful to produce more efficient formulas
(we have not yet tried to normalise formulas in a specific form which is often a crucial aspect
in SAT/QBF-solving). Still, these first results are rather interesting and encouraging. They
show the importance of writing “good” QCTL formulas for which the solver will be able to
provide a result (this problem already exists for classical temporal logics, but it is more
significant here due to the complexity induced by the quantifications). The examples also
show that there is no “one best strategy”: it depends on the structure of the considered
formula, and then offering several reduction strategies seems to be necessary in a QBF-based
model-checker for QCTL. Finally this work is also interesting because it could easily be
adapted for other logics (like Sabotage logics [17]). In particular, we plan to figure how it
could be adapted for LTL. In the future, we plan to continue to work on reduction strategies,
and to use other QBF-solvers.
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Proof of Theorem 4

Proof. We assume Φ to be fixed and we prove the property by structural induction over ϕ.
Boolean operators are omitted.
ϕ = p: if K, x |=ε p, then either p is a quantified proposition and it belongs to dom(ε)
and x belongs to ε(p) and thus vε |= px by def. of vε , or p belongs to `(x). In both cases
we have vε |= pbx,dom(ε) . The converse is similar.
ϕ = EXψ: K, x |=ε EXψ iff there exists (x, x0 ) ∈ E s.t. K, x0 |=ε ψ, iff (by i.h.) there
x,dom(ε)
0
[
exists (x, x0 ) ∈ E s.t. vε |= ψbx ,dom(ε) which is equivalent to vε |= EXψ
.
ϕ = ∃p.ψ. We have K, x |=ε ∃p.ψ iff there exists V 0 ⊆ V s.t. K, x |=ε[p7→V 0 ] ψ, iff (i.h.)
vε[p7→V 0 ] |= ψbx,dom(ε)∪{p} which is equivalent to vε |= ∃pv1 . . . pvn .ψbx,dom(ε)∪{p} (by def. of
vε ).
ϕ = Eψ1 Uψ2 : The definition of ϕ
bx,dom(ε) corresponds to a finite unfolding of the expansion
law that characterizes the EU modality. Assume K, x |=ε ϕ. There exists a path
ρ ∈ Pathω
K (x) and a position i ≥ 0 s.t. ρ(i) |=ε ψ2 and ρ(k) |=ε ψ1 for any 0 ≤ k < i.
The finite prefix x = ρ(0) · · · ρ(k) can be assumed to be simple, and then k < |V |.
ρ(i),dom(ε)
ρ(k),dom(ε)
c2
c1
By using i.h., we get vε |= ψ
, and vε |= ψ
for any 0 ≤ k < i.
From this point, the reader can easily verify by induction (starting at i, down to 0) that
vε |= Eψ1 Uψ2

ρ(k),dom(ε),{ρ(j)|j≤k}

for all k ≤ i. This makes ϕ
bx,dom(ε) to be satisfied by vε .

Conversely, assume vε |= ϕ
bx,dom(ε) . Let us build a finite path x = x0 , x1 , · · · xi that satisfies
ψ1 Uψ2 . The first vertex is of course x, and we have vε |= Eψ1 Uψ2

x,dom(ε),{x}

. Fix i so
xk ,dom(ε)
c
that for every 0 ≤ k ≤ i, xk is built, vε |= Eψ1 Uψ2
, vε 6|= ψ2
,
and (xk , xk+1 ) ∈ E when k < i. Then, there must be (xi , y) ∈ E so that y 6∈ {xj |j ≤ i},
xk ,dom(ε),{xj |j≤k}

y,dom(ε),{xj |j≤i}∪{y}

and vε |= Eψ1 Uψ2
, so we set xi+1 = y. The sequence eventually
stops, because V is finite and the path is simple. If xi is its last vertex, then we must
x ,dom(ε)
x ,dom(ε)
c2 i
c1 k
have vε |= ψ
, and vε |= ψ
for every 0 ≤ k < i. By using i.h., we get
K, x |=ε ϕ.
ϕ = Aψ1 Uψ2 : this case is similar to the previous one, except that we have to consider
loops. Assume K, x |=ε ϕ. Then any path issued from x satisfies ψ1 Uψ2 . If x contains
a self-loop, then ψ2 has to be satisfied at x (this is ensured by the first case in the def.
of ϕ
bx,dom(ε) ). Otherwise we consider all the paths from x: either there is a simple prefix
witnessing ψ1 Uψ2 , or there is a loop from some point. In the latter case, one of the state
in the loop has to verify ψ2 . In both cases, the definition of ϕ
bx,dom(ε) gives the result. J

B

Proof of Proposition 12

Proof. Consider w.l.o.g. a QCTL formula Φ in Prenex normal form and NNF. We can define
Φ0 and the basic formulas θi s approximately as in Proposition 9, except that Φ0 contains
only EX, AX or AG modalities, and every other modality gives rise to some quantified
proposition κ and a subformula AG(. . .) in the main conjunction of Ψ. Every θi starts with
a modality in Stmod . Let ϕi be the original Φ-subformula associated with θi . Note that Ψ
is in NNF, and κi occurs only once in Ψ in the scope of a negation, and it happens in the
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subformula AG(κi ⇒ θi ). We now have to show that Φ is equivalent to Ψ. Consider the
e where every ⇒ is replaced by ⇔: by following the same arguments of Proposition 9,
formula Ψ
e and Ψ
e ⇒ Ψ. It remains to prove the opposite direction.
we clearly have Φ ≡ Ψ,
e it is sufficient to show that this is true for the empty Q (as equivalence
To prove Ψ ⇒ Ψ,
is substitutive). Assume K, x |=ε Ψ. Then there exists an environment ε0 from {κ1 , . . . , κm }
V
to 2V such that K, x |=ε◦ε0 Φ0 ∧ i AG(κi ⇒ θi )9 . Now we have:
∀i,

K, x |=ε◦ε0 θi

⇒

K, x |=ε ϕi

and K, x |=ε◦ε0 Φ0

⇒

f0
K, x |=ε◦ε0 Φ

Indeed, assume that it is not true and K, x |=ε◦ε0 θi and K, x 6|=ε ϕi . Consider such a formula
ϕi with the smallest temporal height. The only atomic propositions κj occurring in θi are
then associated with some θj and ϕj which verify the property and thus any state satisfying
such a θj , also satisfies ϕj . Therefore any state labelled by such a κj is correctly labelled
(and satisfies ϕj ). And the states that are not labelled by κj cannot make θi to be wrongly
evaluated to true (because κj is not in the scope of a negation). Therefore ϕi holds true at
f0 . As a direct consequence, we have Ψ ⇒ Ψ.
e
x. The same holds for Φ0 and Φ
J

C

Experimental results

Detailed results for the three examples are presented in this section. In every case, we
distinguished the time required to build the QBF formula (the Z3 specification) and the time
required to solve it. Times are given in seconds.

C.1

9

k-connectivity
n, m
formula
# states
res

3, 2
Ψ2
18
sat

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction UU
0.01
38.45
70.15
7682 7922175 29983034
0.04
2.38
8.61

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction FP
0
0.03
1313
9097
0.03
0.06

4, 3
Ψ4
32
unsat

5, 4
Ψ5
50
unsat

35, 4
Ψ4
2450
sat

−
−
−

−
−
−

0.07
11234
−

0.09
27416
0.16

388
38675099
132.67

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction FFP
0.03
0.1
0.25
3666
20944
56196
0.12
0.28
−

0.1
61519
57.96

−
−
−

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction FBV
0.01
1
0.23
6363
31243
107120
40.16
−
43.09

1.3
87681
−

−
−
−

We define the graph Gε◦ε0 of ε ◦ ε0 to be Gε ] Gε0

4, 3
Φ4
32
unsat
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n, m
formula
# states
res

C.2

3, 1
Ψg2
18
unsat

3, 3
Ψg3
18
sat

9, 2
Ψg3
162
unsat

27, 2
Ψg3
1458
unsat

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction UU
1, 08
9, 3
1195684 8632341
0, 43
8, 96

−
−
−

−
−
−

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction FP
0.02
0, 04
13268
18337
0, 1
0, 23

1, 94
1698025
45, 51

190, 94
139992889
−

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction FFP
0, 02
0.04
5180
6877
0, 10
35, 38

2.07
551447
180

192
44643959
−

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction FBV
0.1
0.05
6285
8331
0, 35
−

0.95
726681
−

195
59447253
−

Nim game

# states
res

[2, 2]
16
unsat

[3, 2]
31
sat

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

0, 00
32
0, 02

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.
Time to build z3 form.
Size of z3 form.
Time to solve z3 form.
Time to build z3 form.
Size of z3 form.
Time to solve z3 form.
Bound for Until:
Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

[4, 5, 2]
280
sat

[3, 4, 5]
328
sat

[2, 3, 4, 4]
398
sat

[5, 4, 3, 6]
1595
sat

[2, 4, 8, 14]
13556
unsat

0, 00
105
0, 03

Reduction UU
0, 09
0, 31
90095
285505
0, 09
0, 10

8, 99
1011324
0, 39

−
−
−

−
−
−

0, 00
104
0, 01

0, 00
216
0, 02

Reduction FP
0, 00
0, 00
2283
2698
0, 04
0, 4

0, 00
3225
0, 06

0, 19
13865
0, 15

0, 21
125486
62, 2

0, 00
161
0, 02

0, 00
326
0, 03

Reduction FFP
0, 03
0, 05
3323
3926
0, 12
0, 10

0, 07
4703
0, 18

0, 23
19928
0, 18

6, 95
178158
26, 66

24, 18
29013387
−

−
−

28
0, 48
540997
184, 94

43
6, 43
7311052
−

Reduction FBV
0, 00 0, 02
0, 79
1, 05
1, 88
2468 9371 844412 1171832 1696982
0, 05 0, 12 207, 6
341, 6
879, 8
Reduction FBV with bounded Until
10
20
20
20
21
0
0, 01
0, 08
0, 1
0, 1
1682 6291 65712
77816
97371
0, 02
0, 1
2, 37
3, 17
4, 20
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C.3

Resources distribution
n×m
k, d
# states
res

10 × 5
2, 8
50
sat

10 × 5
4, 4
50
unsat

10 × 5
4, 6
50
sat

10 × 7
4, 5
70
unsat

10 × 10
2, 3
100
unsat

10 × 10
4, 7
100
?

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

Reduction UU − FP
0, 03
0, 08
0, 07
112155 32357 70757
0, 08
274, 00
0, 06

0, 10
74417
−

0, 13
45905
0, 09

0, 22
283907
−

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

0, 05
14515
0, 06

Reduction FFP
0, 08
0, 10
23213 24715
308, 48
0, 09

0, 10
44744
−

0, 17
43510
0, 10

0, 19
90916
−

Time to build z3 form.
Size of z3 form.
Time to solve z3 form.

0, 08
9521
0, 05

Reduction FBV
0, 02
0, 03
7633
11133
27, 16
0, 02

0, 03
13123
155

0, 02
7521
0, 09

0, 09
25733
−
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Abstract
The standard model checking setup analyses whether the given system specification satisfies a
dedicated temporal property of the system, providing a positive answer here or a counter-example.
At the same time, it is often useful to have an explicit proof that certifies the satisfiability. This is
exactly what the certified model checking (CMC) has been introduced for. The paper argues that
one-pass (context-based) tableau for PLTL can be efficiently used in the CMC setting, emphasising
the following two advantages of this technique. First, the use of the context in which the eventualities
occur, forces them to fulfil as soon as possible. Second, a dual to the tableau sequent calculus can
be used to formalise the certificates. The combination of the one-pass tableau and the dual sequent
calculus enables us to provide not only counter-examples for unsatisfied properties, but also proofs
for satisfied properties that can be checked in a proof assistant. In addition, the construction of the
tableau is enriched by an embedded solver, to which we dedicate those (propositional) computational
tasks that are costly for the tableaux rules applied solely. The combination of the above techniques
is particularly helpful to reason about large (system) specifications.
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1

Introduction and Problem Setup

Model Checking [10, 31, 11] is an algorithmic method for determining whether a complex
hardware or software system satisfies a given property. Many important properties to be
verified reflect the system’s dynamics and are expressed in some temporal logic. If the
property does not hold, the checker returns a counter-example: a trace/model of the system
that does not satisfy the property. This counter-model acts as a “certificate” of the failure
and its role is to help the user to identify the source of the problem which could be in
the system design, in the property, and even in the model checker. However, there are a
number of scenarios where another certification is needed. One of these scenarios consists on
proving, only once, the correction of the underlying algorithm of the model checker. For this
task, interactive proof assistants such as Coq or Isabelle are good tools. They allow us to
certify a model checker and even obtain an executable program by the refinement of some
extraction mechanism. For instance Amjad [1] described how to code BDD-based symbolic
model checking algorithms into an automatic theorem prover. More recently, Esparza et
al. [13] have verified an automata-based model checker with Isabelle theorem prover. The
second scenario involves the model checker to certify that a particular property is true.
For example, the user may deal with a very complex specification and is not sure if the
specification is well written. Here it is important to have techniques that provide not only
a counter-example, but also certify that the system meets the property. This is exactly
what the certified model checking (CMC) has been introduced for. In this second scenario
a number of techniques have been previously proposed. Some of the techuiques that deal
with finite-state systems can be found in [23, 29]. In [23] an automata-theoretic approach to
model checking is addressed. In [29] a deductive proof system was introduced for verifying
branching time properties expressed in the mu-calculus. For infinite-state systems, Mebsout
et al. [28] recently presented a new technique for generating and verifying proof certified in
SMT-based model checkers, focusing on proofs of invariant properties. The use of invariants
has been exploited in [17, 22], where the proof is generated from the inductive invariant
obtained with the k-liveness algorithm [9]. The resulting approach can be implemented
as a model checker based on the combination of k-liveness with an engine for invariant
properties that is capable of producing inductive invariants. A drawback of this approach
is that, although it is very competitive, the task of finding counter-examples and the task
of generating proofs (in this case via finding invariants), are very different requiring for the
latter the addition of extra mechanisms to the own model checker.
In this paper, we propose an CMC based on dual systems of tableaux and sequent
calculus, originally introduced in [14, 15]. It produces certificate proofs, formal proofs in the
sequent calculus, and counterexamples - open branches in the tableau. This is also one of
the main advantages of our approach: the same reasoning mechanism applies for both tasks certificates and counterexamples.
The CMC (see Figure 1) differs from the traditional model checking in providing a proof
of the satisfiability of the given property, and not only a counter-example. Incorporating
the notation of [21] (and slightly modifying it) we represent the methodology of the certified
model checking as the following signature:
CM C :: System × ϕ −→ B × (P roof | Counter-example)
where, given a specification of a system, S, and a property, ϕ, a certified model checking
produces a Boolean result, B, indicating whether S satisfies ϕ, along with
a proof (or certification), in the positive case, or
a counter-example, in the negative case.
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Figure 1 General schema of CMC.

However, we believe that to take the full advantage of CMC, and enabling its industrial
application to real systems, we need to ensure that CMC meets the following requirements.
(i) Proofs should be generated automatically.
(ii) An CMC needs to offer a CMC user sufficient information to understand the proof
without additional “costs” related to specialist knowledge of the underlying proof
technique.
(iii) The presentation of the proof should enable the CMC users to easily navigate through
its trace. This becomes particularly important when the system is badly defined – here
the navigation through the trace can help to detect errors.
(iv) Finally, when developing a safety critical system following a safety process (e.g. processes
of standard ISO26262 [19], IEC61508 [18] or EN50128 [7]), it is mandatory to analyse
how a bug in a tool (a model checker in our case) may affect the safety of the developed
system. Depending on the level of these effects, some actions are required to increase
our confidence in the model checker. One of the mechanisms to increase the probability
of finding a failure is to re-evaluate the outputs of the CMC by an independent tool
developed by an independent team.
We propose a particular CMC method of realising the CMC philosophy (see Figure 2)
meeting the characteristics (i)-(iv) above while maintaining the common (for the traditional
Model Checker) functionality. Our method is centered on a context-based temporal one-pass
tableaux technique whose performance is optimised by a SAT solver.
Various tableaux techniques have been proposed for a rich variety of temporal logics,
linear and branching: Propositional Linear-Time Temporal Logic (PLTL); Computation Tree
Logic (CTL); CTL∗ which generalizes PLTL and CTL, etc. (an excellent survey can be
found in [16]). One of the core ideas of the tableaux methods is to identify eventualities
within the given temporal input and to check that they are fulfilled. Traditional tableaux
techniques require two phases to perform this test. In the first phase, a graph which gives
all possible pre-models for the tableau input, in constructed. In the second phase, for each
state, s in this graph, that contains some “eventually ϕ”, a graph-theoretic algorithm looks
for a state, reachable from s, that satisfies ϕ. Note also that the two-pass tableaux methods
fail to maintain the classical correspondence between tableaux and sequents that associates
a sequent proof with the closed tableau.
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Figure 2 General schema of the proposal.

To avoid the second phase and, hence, to keep the ability of generating (sequent) proofs
from tableaux, in [14, 15], dual systems of tableaux and sequents, for PLTL, were presented.
Every logic defined in [14, 15] was proved to be sound and complete. In particular, [15]
contains a proof that the tableau system we use in the present paper, is a decision method
for the full PLTL, i.e. it is sound, refutationally complete, and terminating. The termination
property is achieved on the basis of any fair selection strategy. A very similar sequent calculus
is presented in [6] (see [15] for more details about the similarities and differences of these
systems). The one-pass tableau method [15] has been extended to a concurrent constraint
logic in [12], and also to ECTL] - a branching-time sublogic of CTL∗ in [5].
The tableau method in [15] makes use of the so-called context of an eventuality to force
its fulfillment. The context of an eventuality is simply the set of formulae that “accompanies”
the eventuality in the label of the node. When a one-pass tableau checks whether a property
ϕ holds or not, it is always able to issue a certificate: either a counter-model or a complete
explanation (formal proof) of why ϕ is true.
↑
We abbreviate the one-pass tableau method as τpltl
and its dual sequent calculus as TTC.
Considering one-pass tableau method as one of the core components of the CMC solution
we present in this paper, we argue that it conforms with the properties (i)-(iv) mentioned
above. Indeed, the method automatically checks whether the specification of the system
satisfies the property (i).1 If it does not then it provides a counter-example. A counterexample is given by a trace which is intuitively clear (ii). In the case of a positive answer,
a relevant proof certifies it. Again, the output proof is represented as a trace enabling an
easy navigation through it (iii). Moreover, one of the attractive features of our method
is that it forces the eventualities to be fulfilled as soon as possible, thus, the method will
potentially generate shorter paths (with fewer nodes) than those produced by non-context
based tableaux.
In our proposal, the performance of the one-pass tableau technique is complemented, for
efficiency, by the SAT solving. Note that the idea of encoding of transition systems into
propositional SAT was first proposed in [20] for AI planning problems, where the authors
show that SAT algorithms scale much better on the SAT-encodings than planing algorithms

1

For the purposes of the paper, we let the specification, S, be in a dedicated form S = Init ∧ T R,
where Init is a PLTL formula that represents the initial states and T R is the representation of all the
transitions allowed, see §3 for details.
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on the original graph formulation. Following this success, SAT solvers have been also used in
Bounded Model Checking (BMC). In both frameworks, a propositional formula is used to
encode the input problem. Planning problems deal with finite paths along a finite graph,
hence the encoding is complete w.r.t. the original problem. In model checking, paths within
the transition systems are, in general, infinite. SAT-based BMC utilises the encoding of the
model-checking problems in satisfiability checking, more precisely, the propositional encoding
of statements expressing that there exists a length-k path (along the transition system) that
does not satisfy a given property. The BMC increases k until either the SAT’s answer is
“yes” (i.e. a counter-example is found), or the search becomes intractable, or k reaches a
certain bound. The original SAT-based BMC algorithm [3], although complete for finite
state, is limited in practice to falsification. Many additional strategies have been introduced
to make BCM complete, see [4] for a good survey. There is also a large amount of work,
starting with [32], on using SAT solving for improving the satisfiability test of the full PLTL.
Recent papers [24, 25] use SAT solvers to seek for a model for an input formula. This model
is essentially a graph/automaton produced by the first pass of a two-pass tableau method,
which should be followed for testing the fulfilment of eventualities. SAT solvers are called
for the generation of all (different) successors of every state in the graph. The authors use
well-known temporal equivalences (like pUq ≡ (q ∨ (p ∧ ◦(pUq))) to compute the successors of
the given state. Here, the method utilises the renaming of subformulae containing temporal
modalities (such as pUq) by fresh propositional variables and utilise the SAT solving to
calculate different successor states of each state in the transition system. This prevents
the repeated generation of “propositionally equivalent” states. The relevant heuristics for
pruning the search-space and on-the-fly mechanism for testing eventuality fulfilment are
introduced in the implementation.
Our proposal uses SAT solvers in a similar way, but is very different in the primary goals.
In our method, SAT solvers are employed to calculate a set of the “next” states in the tableau:
being in the “current state”, SAT solver calculates those successor states in the transition
systems that satisfy the negation of the tested property. For that, we do not rename all
temporal modalities in the label of the tableau node, but only those of the form ◦ϕ, where
ϕ only contains classical operators. Moreover, our proposal of using the one-pass tableau
technique (helped, for efficiency, by the SAT solver) is complete for deciding (unbounded)
model checking problems and works on infinite traces. The most remarkable difference of our
proposal (regarding [24, 25]) is related to the fact that we pursue CMC, i.e. we would like to
generate proofs in a calculus for PLTL, hence we use the one-pass context-based tableau
along with its dual sequent calculus. In addition, the context-based tableau is particularly
well suited for dealing with the specifications of transition systems (“always”-formulae); the
context plays the role “of forcing eventualities to be fulfilled as soon as possible” and acts as
a semantic constraint that prevents the generation of several states (which are generated in
the two-pass approach).
In building the proof, we invoke Isabelle/HOL [30] to verify the construction of the
tableaux in order to avoid possible errors caused by the implementation (iv). This external
validation is carried out by a sequent calculus TTC which is formalized in Isabelle/HOL and
is dual to the one-pass tableau method. We also note that the same reasoning mechanism
based on the one-pass tableau is applied in our approach to counter-examples and proofs
which makes the tool easy to understand. This facilitates the industrial spreading of CMC.
The remaining of the paper is organised as follows. In §2 we review the technique to
↑
construct a one-pass tableau τpltl
. In §3 we present one-pass tableau based model checking.
This follows by the description of the certification utilising Isabelle in §4. Finally, in §5 we
summarise the results and provide an account of future work.
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2

One-pass Context-based Tableau

To make the paper self-contained and easier to read, in this section we first recall the syntax
and semantics of the underlying logic, PLTL and then we will review the one-pass tableau
method.

2.1

Syntax and Semantics of PLTL

I Definition 1 (PLTL Language). The language of PLTL comprises
A set, P rop, of propositional symbols.
Propositional connectives ¬, ∧, ∨, and constants T and F
Future-time temporal connectives, “” (always), “♦” (eventually) “◦” (at the next moment
in time), “U” (until), and “R” (release).
I Definition 2 (WFFPLTL ). The set of well-formed formulae of PLTL, denoted by WFFPLTL ,
is inductively defined as the smallest set satisfying the following.
Any element of P rop, T and F are in WFFPLTL .
If A and B are in WFFPLTL then so are ¬A, A ∧ B, A ∨ B, A, ♦A, AUB, and ARB.
A literal is either a propositional symbol (a positive literal) or the negation of a propositional
symbol (a negative literal).
Definition 1 introduces PLTL with the set of temporal operators that are convenient for
our representation in the paper. We note that this set is richer than {U, ◦} which is known
to be sufficient to represent all other linear-time temporal operators. For example, ‘♦ϕ’ can
be defined as TUϕ while ϕRψ can be defined via U as ¬(¬ϕU¬ψ) (here and in the remaining
of the paper ϕ and ψ are meta-symbols denoting PLTL formulae).
Formulae of the type ♦ϕ and ϕUψ are called eventualities, and formulae of the type ϕ
are called always-formulae.
A model, M = s0 , s1 , s2 , s3 , . . . , for PLTL formulae is a discrete, linear sequence of states,
isomorphic to natural numbers, N. Each state, si , 0 ≤ i, is a set of positive literals, which
are satisfied at the i-th moment of time. We write hM, ii |= ϕ to indicate that ϕ is true in
the model M at the (state) index i ∈ N .
Below we inductively define the relation |= which evaluates PLTL formulae in a model
M at i-th moment of time. Note that here we follow so called “anchored” version of PLTL
that defines the PLTL validity and satisfiability (see below) at the “beginning” of time, the
initial state, s0 of a model.
hM, ii |= T
hM, ii 6|= F
hM, ii |= ¬ϕ iff hM, ii 6|= ϕ
hM, ii |= ϕ ∧ ψ iff hM, ii |= ϕ and hM, ii |= ψ
hM, ii |= ϕ ∨ ψ iff hM, ii |= ϕ or hM, ii |= ψ
hM, ii |= ◦ϕ iff hM, i + 1i |= ϕ
hM, ii |= ϕ iff hM, ji |= ϕ for every j ≥ i.
hM, ii |= ♦ϕ iff there exists j ≥ i such that hM, ji |= ϕ.
hM, ii |= ϕUψ iff there exists j ≥ i such that hM, ji |= ψ and for every k, i ≤ k < j, we
have hM, ki |= ϕ.
hM, ii |= ϕRψ iff for every j ≥ i, either hM, ji |= ψ or there exists k such that i ≤ k < j
and hM, ki |= ϕ.
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I Definition 3 (PLTL satisfiability, validity). If, for a formula ϕ, there exists a model, M ,
such that (M, 0) |= ϕ then ϕ is satisfiable. Formula ϕ is called valid if it is satisfiable in
all models.
In the remaining of the paper we will use capital letters Φ, Ψ, ∆, . . . to denote sets of
PLTL formulae. The semantics above can be extended to sets of formulae in the standard
way: given a set of PLTL formulae Φ = γ1 , γ2 , . . . γn , the following holds: hM, ii |= Φ iff
hM, ii |= γk , for all k, 1 ≤ k ≤ n.

2.2

Useful PLTL properties

In this section we recall those PLTL syntactic and semantic properties that are useful for
our tableau construction. First, the tableau procedure will take as an input PLTL formulae
converted to their negated normal forms (NNF).
I Definition 4 (Procedure for obtaining NNF). For a given PLTL formula, ϕ, push the
negations in ϕ inward until they are applied only to propositions. This involves applying the
standard set of rewrite rules used to obtain NNF in classical logic (including ¬T −→ F and
¬F −→ T) with the additional transformations for temporal operators:
¬◦ϕ −→ ◦¬ϕ
¬ϕ −→ ♦¬ϕ
¬♦ϕ −→ ¬ϕ
¬(ϕUψ) −→ ¬ϕR¬ψ
¬(ϕRψ) −→ ¬ϕU¬ψ

The following result [26] can be easily established.
I Proposition 5 (Translation into NNF preserves satisfiability). For any PLTL formula ϕ, the
following holds hM, 0i |= ϕ iff hM, 0i |= NNF(ϕ).
As a simple example, NNF(¬◦¬a) = ◦♦a. We will utilise this in §3.
In what follows we deal with sets of formulae in NNF. Literals and formulae in NNF of
the form F, T and ◦ϕ are called elementary, the remaining formulae are subsequently called
non-elementary. In addition, sets of elementary formulae are also called elementary.
I Definition 6 (Consistent set of PLTL formulae in NNF). A set of PLTL formulae in NNF
is consistent if it does neither contain F, nor {ϕ, NNF(¬ϕ)} for any formula ϕ. Otherwise it
is called inconsistent.
Note that the above notion of consistency is syntactic. To check whether {ϕ, ψ} is inconsistent
we test if ϕ = NNF(¬ψ). The cost of this check is linear on the length of the formula.
Since our transition system specifications are given by sets of PLTL formulae and PLTL
has the finite model property [33] we can consider its interpretation over cyclic structures.
Noting that an infinite sequence s0 , s1 , . . . , sk , . . . induces the successor relation, R, such
that (si , si+1 ) ∈ R for all i ∈ π, we define below the notions of a cyclic sequence, cyclic path
and cyclic model.
I Definition 7 (Cyclic Sequence, Cyclic Path). Let π be a finite sequence of states π =
s0 , s1 , . . . , sj . Then
π is cyclic iff there exists si , 0 ≤ i ≤ j such that (sj , si ) ∈ R.
A sequence si , . . . , sj is a loop with a cycling element si abbreviated as hsi , . . . , sj iω .
A cyclic path over a cyclic sequence π is an infinite sequence
ξ(π) = s0 , s1 , . . . , si−1 hsi , si+1 , . . . , sj iω .
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I Definition 8 (Cyclic Model). A model M is cyclic if it is a cyclic path.
Now, assuming that PLTL formulae are interpreted over cyclic models, we overview
↑
↑
the construction of the one-pass tableau τpltl
applied to some input Σ, in symbols τpltl
(Σ),
adapting the technique developed in [15]. We will see, in the subsequent sections, the benefits
of its main feature – checking the validity of the given input in “one pass”, without the
second “pass” where an auxiliary graph is built to check if all the eventualities are satisfied
or not.
I Definition 9 (Tableau, Consistent Node, Closed branch). A one-pass tableau for a set of
↑
formulae Σ, abbreviated as τpltl
(Σ) is a labelled tree T , where nodes are labeled with sets of
formulae, such that the following two conditions hold:
(a) The root is labelled by the tableau input, Σ.
(b) Any other node, m, is labelled with sets of formulae as the result of the application of
one of the expansion rules to the parent node, n.
A node n ∈ T is consistent, abbreviated as n> , if its label is a consistent set of formulae
(see Def. 6), else n is inconsistent, abbreviated as n⊥ .
If a branch, b, of T , contains an inconsistent node n⊥ , then b is closed, else b is open.
Informal Introduction to one-pass tableau. In the set of expansion rules, on the top of
the standard α − β rules, we also have β + rules that are characteristic (and crucial!) for our
construction. These rules (which were originally introduced in [14, 15]) reflect our dedicated
account of the eventualities, namely, we treat an eventuality as occurring in some context.
By the context of the selected eventuality, we understand a collection of all other formulae
within the label of the node. Subsequently, β + rules use the context to force eventualities
to be fulfilled as soon as possible. The tableau expansion rules apply repeatedly until they
produce an inconsistent node, n⊥ , or a node with the labels that already occurred within
the given path. In the former case the expansion of the given branch terminates with n⊥
as a leaf. In the latter case, a repetitive node in the branch witnesses that the branch is
open. Once no more expansion (α − β, β + type) rules are applicable to the given branch
with the last consistent node n> , the expansion rules ensure that its labelling is similar to a
“state” in the standard temporal tableau. Then the “next-state” rule applies which generates
successors with the labels that are arguments of all ◦ modalities and the whole cycle of
applying the expansion and the “next-state” rules is repeated until the tableau construction
terminates. The nature of our rules ensures that the terminated tableau is either closed,
indicating that the input does not have a model, hence unsatisfiable, or open, indicating a
model for the tableau input.

2.3

↑
τpltl
Rules

Recall that all formulae in the input of the tableau have been already transformed into their
NNF. Presenting α-, β- and “next-state” rules for the construction of the semantic tableaux,
we assume that these apply respectively, to α-formulae, β-formulae and “next”-formulae
such that α1 denotes the set of formulae in the conclusion of an α-rule, while β1 , β2 denote
the sets of formulae in the alternative conclusions of a β-rule, and γ1 denotes the result of
“jumping” from a state to a pre-state.
The sets of α − β rules are given in Table 1. These are standard in temporal tableaux
construction (see, for instance, [2]).
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Table 1 α − β-rules.

(∧)
()

α
ϕ∧ψ
ϕ

α1
ϕ, ψ
ϕ, ◦ϕ

(U)
(R)

β
ϕUψ
ϕRψ

β1
ψ
ϕ, ψ

β2
ϕ, ◦(ϕUψ)
ψ, ◦(ϕRψ)

(∨)
(♦)

ϕ∨ψ
♦ϕ

ϕ
ϕ

◦♦ϕ

ψ

Table 2 β + -rules, where
∆ is a (possibly empty) set (conjunction) of formulae,
If ∆ 6= ∅ then ∆0 is a set (conjunction) of all elements of ∆ except for
the disjunction of all negated elements of ∆0 , else ¬∆0 is F.



-formulae and ¬∆0 is

β

β1

β2

(U)

∆, ϕUψ

∆, ψ

∆, ϕ, ◦((ϕ ∧ (NNF(¬∆0 )))Uψ)

(♦)+

∆, ♦ϕ

∆, ϕ

∆, ◦((NNF(¬∆0 ))Uϕ)

+

↑
β + rules (see Table 2) are crucial in the construction of τpltl
as they use the so-called
context, ∆, to force the eventuality ϕUψ to be fulfilled as soon as possible. We illustrate this
concept on the (U)+ rule. When (U)+ is applied to a node labelled by a set of formulae
{∆, ϕUψ}, then the context is ∆ and the resulting labelling of the next node contains
the formula (ϕ ∧ ¬∆)Uψ, where ¬∆ means the disjunction of all negated elements of ∆.
Therefore, if ψ is not satisfied, then ¬∆ also belongs to the label of that node. This means
that the context, ∆, of the previous label is not repeated. As ∆ is a finite set/conjunction of
formulae and ¬∆ is the finite disjunction of the negations of the formulae in ∆, the (U)+ rule
forces at least one formula in ∆ to be falsified during the transition from the previous node
to the subsequent one, whenever ψ is not satisfied. Note that the (U)+ rule only applies to
some selected eventuality, and in this sense, the unique eventuality, which becomes marked.
Each application of the (U)+ rule to the set {∆, ϕUψ} introduces the so-called next-step
variant (ϕ ∧ (NNF(¬∆0 ))Uψ where ∆0 , as we know, is a conjunction of all elements of ∆
except for  -formulae, which keeps the mark for the selected eventuality. Note that any
formula of the type ϕ, which was a member of ∆, will be repeated forever and if we keep
it in ∆0 it would appear in the resulting NNF(¬∆0 ) as a disjunct ♦¬ϕ which would never
be satisfied. Hence, any - formula can be immediately dropped when we form ∆0 . For
the soundness of the construction, each node of the tableau must have at most one marked
eventuality, i.e. the one to which the (U)+ has been applied. Note that when a node of the
tableau does not contain any marked eventuality, then one of them is randomly marked.
The (U)+ rule allows us to avoid the construction of the auxiliary graph of stages (the
second pass in two-pass tableau methods) which is used to determine whether all eventualities
are satisfied or not.
The other β + rule, (♦)+ , is obviously derivable from the (U)+ rule. However, we present
it as part of the tableau as its application makes proofs more transparent to the reader and
the user of the tableau as a model checker. We will explain this in the subsequent sections of
the paper. It is worth noting that, because in the β + rules, ¬∆0 = F whenever ∆ = ∅, the β
rules (U) and (♦) become particular cases of β + rules (U)+ and (♦)+ when ∆ = ∅. In this
case the β2 child of the (U)+ rule is reduced to ϕ, ◦(FUψ), from which we can derive the β2
child of the (U) rule.
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Table 3 The next-state rule (Σ1 is a set of literals).

(◦)

γ

γ1

Σ1 , ◦(Σ2 )

Σ2

For the formulation of the next-state rule (◦), we first introduce the following notation.
Given a set of formulae, Φ, we denote by ◦(Φ) the set {◦ϕ | ϕ ∈ Φ}. The next-state rule
(see Table 3), is applied to jump from a node labelled by Σ1 , ◦(Σ2 ) to a new state, which is
labeled by the set Σ2

3

One-pass tableau based Model Checking

In this section we explain how the model checking can be performed using the one-pass
tableau method described in §2. First, we define the procedure to follow, then we explain
the optimization we pursue by embedding a (propositional) solver; finally, we present an
example, showing how beneficial it can be for the users of CMC to obtain an explicit and
understandable formal proof.
Our model checker receives as its input a specification, S, of the given transition system,
and the given property P , both written in the PLTL language. Whereas P is any PLTL
formula, transition system specifications are restricted to a sublanguage. Our specification
language is inspired in the so-called constraint style specification language used in the wellknown model checker NuSMV (introduced in [8]). The specification S consists of a set
Init that is a non-temporal (or classical) formula, and a conjunction (set) T R of formulae
of the form ρ where ρ is a boolean combination of literals and ◦` where ` is a literal.
S = Init ∧ T R is the system specification such that
A state is initial if and only if it satisfies the formula Init, and
Any pair “(current state, next state)” is in the transition relation if, and only if, it satisfies
T R.
In Example 10 we provide the Init and T R formulae that represent a specific transition
system. Then, given a specification S and a property P , the model checker decides whether
any model of S satisfies P , by deciding if S ∪ {¬P } is unsatisfiable or not. For that, S
↑
and ¬P are firstly converted into NNF. The tableau method τpltl
is suitable for deciding
the (un)satisfiability problem NNF(S ∪ {¬P }). It explicitly tries to generate a model of
NNF(S ∪ {¬P }). The results are interpreted as follows:
If a cycle is found in a tableau branch, this branch is open, and represents a model that
satisfies the set of formulae with which the tableau has been called. Consequently, this is
a counter-model proving that the system S does not satisfy the property P .
If the tableaux closes, i.e all its leaves are inconsistent sets, it means that the tableaux
input is unsatisfiable, hence, all models of S satisfy the property P .
This way of performing model checking is a particular case of the method described in
Section 2. It brings us the following benefits: first of all, the tableau is built on-the-fly,
allowing structures not to deal with eventualities fulfillment; due to the use of the context, the
eventualities are satisfied as soon as possible. In terms of the implementation, all branches
are completely independent so they can be parallelised without shared data. Finally, we have
a potential memory improvement by only requiring to keep traces (of the branch that we
deal at the moment).
On the other hand, a large proportion of the computational effort is spent on classical
propositional reasoning. Since the specification, S, of the system is the most determining
factor, this is especially inefficient when the specified system is large. However, S involves very
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Figure 3 Example showing how the approach can help in detecting errors in system specification.

simple temporal formulae: always-formulae with arguments that are Boolean combinations
of literals and literals preceded by “next”. T R is a conjunction of the formulae of the form
ρ, and according to the tableau rules (and semantics), ρ and ρ are maintained in all states.
Therefore, renaming in ρ the formulae ◦` by fresh literals `0 , we make ρ purely propositional.
↑
Hence, for a more efficient implementation of τpltl
, we propose to add a SAT solver to carry
out the propositional reasoning in the tableau. Initially, we pass to the solver Init and
the renamed formulae extracted from T R. Then, the tableau rules work on the temporal
formulae (taken from the NNF of the negated property). Subsequently, in every node which
is a “state” (i.e. a node labelled by an elementary set of formulae) the SAT solver is called
adding to its input all formulae that appear new in the node and are either non-temporal
(classical) formulae, or formulae of the type of the T R ones, but adequately translated. The
SAT solver returns propositional models (atoms and atoms with prime apostrophe) defining
all possible transitions to the next state that do not contradict (yet) ¬P . To get each of the
next states, the variables are renamed back from `0 to ◦` and the next-state rule is applied.
I Example 10. Let us introduce a running example (Figure 3), to illustrate how the tableau
method works and the role of the solver, given the specification written in the form Init ∧ T R.
The Init formula of both transition systems in Figure 3 is: a ∧ ¬b ∧ ¬c ∧ ¬d. Let us suppose
that the transition system S 0 on the right-hand side of Figure 3 is the system we intend to
specify, but a misprint in the system specification produces a wrong specification S in the
left-hand side of Figure 3. That is, we mistakenly specify that there is a transition “from c
to b” instead of the intended one: “from c to d”. The resulting specification is:
TR = {






(a → (◦¬a ∧ ◦b ∧ ◦¬c ∧ ◦¬d)),
(b → ((◦¬a ∧ ◦b ∧ ◦¬c ∧ ◦¬d) ∨ (◦¬a ∧ ◦¬b ∧ ◦c ∧ ◦¬d))),
(c → (◦¬a ∧ ◦b ∧ ◦¬c ∧ ◦¬d)),
(d → (◦a ∧ ◦¬b ∧ ◦¬c ∧ ◦¬d)) }

Now, suppose that we want to check if S satisfies the PLTL formula ◦¬a. Converting its
↑
negation to NNF we get the formula ◦♦a. Then, we call τpltl
with the following input – the
label of the initial node – T R ∪ {Init, ◦♦a}. Thinking on the system S 0 , we expect to get a
sequence ha, b, c, d, ai as a counter-example, since this sequence is a model of ◦♦a and the
correct system S 0 . However, S ∪ {◦♦a} is unsatisfiable and our model checker generates a
closed tableau for it.
In Figure 4 we depict a big-step version of that closed tableau. This one represents the
different branches of the tableaux enabling an easy follow-up of the runs across the system S.
In the rest of this section and in Section 4 we discuss the utility of the closed tableau and its
dual sequent proof to find an error when defining S instead of the intended S 0 . The tableau
root, in Figure 4, contains the Init = a ∧ ¬b ∧ ¬c ∧ ¬d, the negated property, ◦♦a, and T R
which represents the system’s transitions. The tableau method applies its rules until a state
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a, ¬ b, ¬ c, ¬ d, TR, ¡¸a
solver: { b’, ¬ a’, ¬c’, ¬d’ }
a, ¬ b, ¬ c, ¬ d, ¡b, ¡¬ a, ¡¬ c, ¡¬ d, TR, ¡¸a
(¡)
1 b, ¬ a, ¬ c, ¬ d, TR, ¸a
(+¸)
b, ¬ a, ¬ c, ¬ d, TR, a

2.1 b, ¬ a, ¬ c, ¬ d, TR, ¡((¬b Ú a Ú c Ú d)U a)
solver: { c’, ¬ a’, ¬b’, ¬d’ }

Closed
solver: { b’, ¬ a’, ¬c’, ¬d’ }
b, ¬ a, ¬ c, ¬ d, ¡b, ¡¬ a, ¡¬ c, ¬ d, TR,
¡(¬b Ú a Ú c Ú d)U a

b, ¬ a, ¬ c, ¬ d, ¡c, ¡¬ a, ¡¬ b, ¡¬ d, TR,
¡((¬b Ú a Ú c Ú d)U a)
(¡)

(¡)

2.2 c, ¬ a, ¬ b, ¬ d, TR, (¬b Ú a Ú c Ú d)U a

b, ¬ a, ¬ c, ¬ d, TR, (¬b Ú a Ú c Ú d)U a

(U+)

Closed

c, ¬ a, ¬ b, ¬ d, TR,
¡(((¬b Ú a Ú c Ú d) Ù (¬c Ú a Ú b Ú d))U a)

b, ¬ a, ¬ c, ¬ d, TR, a
Closed

solver: { b’, ¬ a’, ¬c’, ¬d’ }
c, ¬ a, ¬ b, ¬ d, ¡b, ¡¬ a, ¡¬ c, ¡¬ d, TR,
¡(((¬b Ú a Ú c Ú d) Ù (¬c Ú a Ú b Ú d))U a)
(¡)
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2.2.1

b, ¬ a, ¬ c, ¬ d, TR,
((¬b Ú a Ú c Ú d) Ù (¬c Ú a Ú b Ú d))U a
Closed

Figure 4 A big-step representation of the closed tableau for S ∪ {◦♦a}.

is reached. It is now, when the solver is called to work with the propositional translation
of T R and the remaining propositional formulae in the current node. This procedure gives
us, one by one, the different models that satisfy the (translated) specification T R, and the
current state (propositional formulae with which it is called). These models, (built for the
formulae - results of the renaming of each “next” formula ◦l by `0 ), are transformed back to
PLTL formulae by re-instantiating the renamed ◦`. Then, the next-state rule is applied and
the tableaux continues working applying the temporal rules to the non-elementary temporal
formulae (that come from the negated property). When the tableau is closed, a different
model is supplied by the solver, if there is any. For example, for node 2.1 of the tableau,
two different propositional models are supplied. First, the solver returns a model in which
only b0 (that is, ◦b) is true. It applies the next rule and all the subsequent branches close.
Returning to 2.1., the solver supplies a new propositional model in which it is now c0 (i.e.
◦c) that is true. In short, the solver is in charge of returning in each state all possible models
of the next state (if any). In our running example, if users analyse the tableau they can see
the reason for the property not to be fulfilled: the trace hroot, 2.1, 2.2, 2.2.1i describes the
transitions (omitting the negated literals) a ⇒ b ⇒ c ⇒ b. By comparing that trace with the
intended specification (S 0 ) the user will be able to find an error.
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Isabelle Proofs as User-checkable Certificates

We have codified a version of the calculus TTC in [15] (for formulae in NNF) as an Isabelle/HOL theory ([30]). The file TTC_Calculus.thy contains the encoding of the sequent
rules that we will explain in this section, and another file TTC_Soundness.thy provides the
soundness proof of them. On the top of this theory we define (for the running example) a
transition system, S, as a collection, T R, of named formulae (in the fixed syntax). Thus,
we introduce the (binary) transition relation between states and the formula Init specifying
the initial states of the system. We automatically prove lemmas asserting that falsity F is
derivable from the union of S and the negation (in NNF) of a fixed property ϕ. Such a
proof object guarantees that ϕ is satisfied in every run of S, and can be independently and
efficiently verified by the interactive theorem-prover Isabelle/HOL, providing a machinechecked certificate. Moreover, when the proof is unexpected, interactive theorem-provers
enable to use this certificate to analyze the transition system seeking for specification errors.
For that, we automatically generate an Isabelle proof that allows the user to check the
successive subgoals of the proof. This Isabelle proof can be generated with different levels
of granularity to facilitate different levels of analysis. In this section, we explain the main
ingredients of this Isabelle/HOL development. The corresponding files can be download from
http://github.com/alexlesaka/OnePassTableau.
We use a datatype PLTL_formula to define the syntax of the considered formulae, which
are the two boolean constants (T and F), the atoms (strings preceded by constructor Var,
or shortly V), classical connectives (preceded by a dot, to avoid conflicts) of negation (.¬),
conjunction (.∧), disjunction (.∨), and implication (. −→), along with temporal connectives
for next, until, release, eventually and always. For automating the Isabelle proof, we add
two extra connectives ¨U ¨ (the until operator surrounded by dieresis) to denote the selected
eventuality in goals and ¨ ◦ ¨ to mark the sequents formed by elementary formulae. We define
the TTC rules by an inductive binary relation (predicate) TTC_proves, which is denoted
“`” in infix notation. The first argument of ` is a set of PLTL formulae (implemented
as an ordered list without repeated elements) and the second is a PLTL formula. By the
construction of the calculus, the second argument is always the constant F, but (for clarity)
we prefer to keep ` as a binary relation, and to explicitly represent that falsehood in the
right-hand side of each goal. The Isabelle definition of ` includes the two contradiction rules:
TTC_Ctd1 :
TTC_Ctd2 :

ϕ . ∈ ∆ =⇒ (NNF_Neg ϕ) . ∈ ∆ =⇒ ∆ ` F
. ∈ ∆ =⇒ ∆ ` F

F

where . ∈ is the user-defined infix operator for member of a list, and the user-defined function
NNF_Neg computes the negation normal form of the negation of a given formula, i.e.
(NNF_Neg ϕ) = NNF(.¬ϕ). We also encode the traditional rules for classical and temporal
connectives:
TTC_T :
TTC_And :
TTC_Or :
TTC_Imp :
TTC_Alw :
TTC_R :
TTC_Evt :
TTC_U :

∆ ` F =⇒ T # ∆ ` F
ϕ • ψ • ∆ ` F =⇒ (ϕ. ∧ ψ) # ∆ ` F
ϕ • ∆ ` F =⇒ ψ • ∆ ` F =⇒ (ϕ. ∨ ψ) # ∆ ` F
(NNF_Neg ϕ) • ∆ ` F =⇒ ψ • ∆ ` F =⇒ (ϕ. −→ ψ) # ∆ ` F
ϕ • ◦ϕ • ∆ ` F =⇒ (ϕ) # ∆ ` F
ϕ • ψ • ∆ ` F =⇒ ψ • ◦(ϕRψ) • ∆ ` F =⇒ (ϕRψ) # ∆ ` F
ϕ • ∆ ` F =⇒ ◦♦ϕ • ∆ ` F =⇒ (♦ϕ) # ∆ ` F
ψ • ∆ ` F =⇒ ϕ • ◦(ϕUψ) • ∆ ` F =⇒ (ϕUψ) # ∆ ` F
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where # is the standard cons constructor of lists and • is our user-defined operator for insert
an element ϕ in the correct position of an ordered list ∆ (if ϕ is already in ∆, then the result
is ∆ itself). For automating proofs, we have defined an order on the set of PLTL formulae
where the minimal formulae are literals, and formulae with connectives are lexicographic
ordered according to the following order on the set of connectives are ordered (from lowest
to highest) as follows: ¨ ◦ ¨, ◦, .∧, .∨, . −→, , R, ♦, U, ¨U ¨. We order the antecedent of
the sequent, in decreasing order, at the beginning of any proof using the following extra rule:
TTC_Interchange :

(sort ∆) ` F =⇒ ∆ ` F

Then, every application of a rule preserves the order in the generated subgoals by means of
the operator • that inserts each formula in the correct place. As a consequence, the first
formula of any sequent is a non-elementary formula (see Section 2), if there exists at least
one. Moreover, the first formula is the eventuality, if there exists at least one, and it is the
selected eventuality whenever the selection has already been done. The rules applied to the
selected eventuality are:
TTC_Evt_Plus :
TTC_U_Plus :
TTC_U_Sel :

ϕ • ∆ ` F =⇒ ◦((negCtxt ∆)Uϕ) • ∆ ` F
=⇒ ♦ϕ # ∆ ` F
ψ • ∆ ` F =⇒ ϕ • ◦((ϕ .u. (negCtxt ∆))¨U ¨ψ)
=⇒ ϕUψ # ∆ ` F
ψ • ∆ ` F =⇒ ϕ • ◦((ϕ .u. (negCtxt ∆))¨U ¨ψ)
=⇒ ϕ¨U ¨ψ # ∆ ` F

•

∆`F

•

∆`F

where (negCtxt ∆) is the negation of the context ∆, that is a disjunction of the negations (in
NNF) of all formulae in ∆ excepting the formulae of the form ϕ. In addition, the operator
.u. is a conjunction up to subsumption, hence we avoid adding subsumed disjunctions, in
particular, adding duplicated disjunctions. Note that the premises of TTC_U_Sel are really
a copy of the premises of TTC_U_Plus.Consequently, TTC_U_Plus is applied at the first
time when the eventuality has been just selected, whereas TTC_U_Sel is applied after that,
while it is kept selected. When all formulae in the sequent are elementary we apply the
following rule:
TTC_Next_State :

(next_state ∆) ` F =⇒ ∆ ` F

This rule applies when all the formulae in ∆ are elementary (see Section 2) and the function
next_state has filtered the formulae in ∆ starting by the ◦ operator removing from them
this operator.
The transition system in S on the left-hand of Figure 3 is defined as the list T R =
[T 1, T 2, T 3, T 4] of PLTL formulae:
a) . −→ ( ◦(V b) .∧ ◦( .¬ (V a)) .∧ ◦( .¬ (V c)) .∧ ◦( .¬ (V d))) )
((V b) . −→ ( (◦(V b) .∧ ◦( .¬ (V a)) .∧ ◦( .¬ (V c)) .∧ ◦( .¬ (V d))) .∨
(◦(V c) .∧ ◦( .¬ (V a)) .∧ ◦( .¬ (V b)) .∧ ◦( .¬ (V d))) )
T 3 = ((V c) . −→ ( ◦(V b) .∧ ◦( .¬ (V a)) .∧ ◦( .¬ (V c)) .∧ ◦( .¬ (V d))) )
T 4 = ((V d) . −→ ( ◦(V a) .∧ ◦( .¬ (V b)) .∧ ◦( .¬ (V c)) .∧ ◦( ¬ (V d))) )

T1 =
T2 =

((V

along with Init = (V a) . ∧ .¬ (V b) . ∧ .¬ (V c) . ∧ .¬ (V d). Note that in the
transition specifications the “next” operator is completely distributed over conjunction and
disjunction. Hence, contradictions of the form ◦(V x), ◦.¬ (V x) are detected. Otherwise,
the contradiction V x, ¬ (V x) should be detected at the next state.
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We have implemented, with the help of the Eisbach tools [27], two prototypes of automatic
solvers: one big-step and one small-step. These two solvers print into a text file the “apply”
instructions of the Isabelle proof, at the same time that they prove the lemma. The
proof of lemma runningExample_bigStep_proof is given in Figure 5. It proves the property
S @ [◦♦(V a)] ` F by a list of “apply” instructions. This proof can be found in file
ProofGeneration.thy and it is a big-step proof that enables the user to check the transitions
of the system S that are performed when checking whether it satisfies a property ϕ, that is
checking the unsatisfiability of S ∪ {¬ϕ}, in fact the derivability of the sequent S, ¬ϕ ` F.

Figure 5 The big-step lemma proof.

The (proof) method one_step_solver systematically applies the TTC_Calculus rules until
we obtain a set of non-proved subgoals with antecedents exclusively formed by the elementary
formulae. Hence, the rule TTC_Next_State is applied to all subgoals, which depict (as “Proof
state”) all subgoals related to a possible next state of the system, that is, after all possible
transitions from the current state. For clarity, we fold the transition relations to their names.
Hence, after the “apply” in line 3 (Figure 5), the user can see that there is only one subgoal:
[♦(V a), T 4, T 2, T 3, T 1, .¬(V d), .¬(V c), .¬(V a), (V b), ] ` F
This means the only state that is reachable from the initial one is the state that satisfies b.
That corresponds to the node marked with 1 in Figure 4. After the “apply”, line 7, there
are two subgoals that correspond, respectively, to the nodes marked with 2.1 and 2.2 in
Figure 4. Thus, from the state, which satisfies exactly b, the system can reach either the
same state again or the state satisfying exactly c. In both cases, the property to check is
(¬b ∨ a ∨ c ∨ d) U a. The goal 2.1 is proved, whereas the “apply”, line 11, (Figure 5) generates
the subgoal corresponding to node 2.2 in Figure 4. This subgoal corresponds to the transition
from the state that satisfies b to the state that satisfies c. The property to check at this state
is (¬b ∨ a ∨ c ∨ d) U a. After the “apply” in line 14, the subgoal which corresponds to the node
2.2.1 in 4 is reached; here the property to check is ((¬b ∨ a ∨ c ∨ d) ∧ (¬c ∨ a ∨ b ∨ d)) U a. The
proof of this subgoal completes the proof of the lemma, that has explored the two possible
runs ha, b, bi and ha, b, c, bi where the property ◦♦a is not satisfied. This shows the inability
of the transition system to reach the state that satisfies d, which reveals an error in the
specification that makes unreachable the state that satisfies a.
The “apply(fold ...)” instructions in Figure 5 are only to show, in subgoals, the names
(T 1, T 2, T 3, and T 4) instead of the corresponding PLTL formulae defining the transitions, for
brevity and clarity. After that, we must use “apply(simp add: ...)” to enable the application
of the rules.
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We have also implemented a method one_step_solver_print which prints into a file of
text all applications of the TTC rules that are hidden in the big-step proof. Indeed, it is
a printing version of the method one_step_solver. Calling one_step_solver_print, instead
of one_step_solver, we can generate a small-step proof (see lemma runningExample_smallStep_proof) for the user wishing to check the Isabelle’s subgoals step by step. This proof
is the result of the substitution, in the big-step proof, of each of the five occurrences of
apply one_step_solver by the list of “apply” instructions of TTC_Calculus rules. The method
one_step_solver_print prints such a list, in a text file, while it is solving the goal.

5

Conclusions

In this paper we have presented a novel framework of applying a Certified Model Checking
methodology. Our method involves the representation of the system specification, S, in a
specific format that reflects the dynamic behaviour of the system. First, it involves the
formalization of the “initial conditions”, (the Init PLTL formula), that specifies the initial
states of the model to be build. Second, we use the representation, T R, of the transition
relation to build a state space of the system, as a “global invariant”. Finally, the property,
P , to be checked against the specification S is written as a PLTL formula. This task is
↑
performed by a one-pass temporal tableau, τpltl
. It takes S, ¬P as its input (converted into
the NNF). For an eventuality to be fulfilled, the tableau technique essentially uses its context.
Tableau rules that deal with the eventualities in NNF(¬P ), force their fulfilment “as soon as
possible”. This process is optimised by a SAT solver, which tackles non-temporal content
of the tableau nodes. The tableau method, in one pass, either returns a negative answer,
producing a counter-example, thus showing that P is not satisfied by S, or verifies P against
the system specification. In the latter case, our method generates an explicit and easily
readable evidence in Isabelle/HOL. In this way the tableau result is formally proven and the
user can review the test to make sure that everything is working as expected (or that no
errors have been made with the specification).
Our future work will cover three directions. First, it is further work on the implementation
of and experimentation with the one-pass tableau and the embedded SAT solver. Second,
the developed Isabelle automatic solver for proof generation is only an initial prototype and
we will improve its efficiency. Finally, note that the one-pass tableau method has been also
developed for the branching-time setting, tackling Computation Tree Logic CTL ([6]), widely
used in model checking, and for a richer logic, ECT L] ([5]). This will enable us to extend
the use of the one-pass tableau as a model checker to the branching-time setting, as the
extensions are conceptually intuitive.
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1
1.1

Introduction
The problem of study and our proposal

The Computation Tree Logic CTL ([7], [9]) is one of the most useful and applicable temporal logics in computer science, because of its good balance between expressiveness and
computational efficiency of model checking. One of the main problems that arise in its
practical use is the state explosion problem, which calls for methods for reducing the size
of the state transition systems arising when modelling real programs or systems. A lot of
research has been done over the past three-four decades in addressing and resolving that
problem by applying various techniques, such as bisimulation minimisations, abstraction
refinements, BDD-based symbolic representations and symbolic model checking, partial order
reductions, SAT-based model checking, etc. (cf [8] for comprehensive and up-to-date accounts
of these). Most of these techniques follow the idea of applying minimisations, reductions, or
abstractions to the original model, prior to doing model checking of the desired properties
in it, by ensuring that the reduced model preserves all relevant properties (e.g., by being
bisimulation equivalent to the original one). This approach is certainly very natural and has
proved to be practically very useful.
Here, however, we take a somewhat different approach, viz. we study the problem of
minimisation of a given finite pointed Kripke model (aka, pointed interpreted transition
system) (M, s) that is already known to satisfy a given CTL formula θ, with the only
objective to preserve the satisfaction of that formula in the minimised model. We argue
that this problem is natural and important, too, because the formula θ can be viewed as
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a formal specification of all critical features that the system must possess. Then, one may
naturally want to synthesise a smallest and simplest possible abstract model of the system
that satisfies that specification at its initial state, e.g. in order to facilitate further multiple
verifications of various other properties and eventually its practical implementation. For
instance, such formulas might be specifications of components of a product transition system,
and such product constructions usually produce large redundancies that should preferably
be eliminated before the actual implementation.
The main problem of this study is more precisely described as follows. We assume that
some pointed Kripke model (M, s), satisfying a given CTL formula θ is already available, e.g.
extracted from a real system or constructed by some of the well-known methods (tableaux,
automata, etc, see e.g. [10]). We are then interested in producing a “minimal” such pointed
model out of the given one, that still satisfies θ. By “minimal” here we mean a pointed
model that cannot be further reduced by means of general and explicitly specified reducing
operations, such as identifying states or taking submodels, to an even smaller one that still
satisfies θ. We note that a given model satisfying a given formula may not be minimal
with respect to that property for at least two different reasons: it may have redundancies
caused by bisimilar states, and it may have redundancies with respect to the formula that
it must satisfy. Thus, minimizing procedures for both types of redundancies are generally
necessary, because most of the currently used methods for constructing satisfying models
of CTL formulas (typically, tableaux or automata-based) do not usually produce minimal
models in either sense.
Contributions. Our main contribution is the development of a minimization procedure
that eliminates both kinds of redundancies. Respectively, our proposal, in a nutshell, is to
combine and iterate two reduction procedures:
B Bisimulation reduction procedure, based on some of the well-known algorithms, e.g. in
[16] or [13]. This procedure eliminates redundancies caused by bisimilar states and works
in low polynomial (at most quadratic) time. Note that for our purpose we are only
interested in bisimulation reduction with respect to the language of the given formula θ
(called θ-bisimilarity in the following).
B Formula-driven reduction procedure, based on a tableaux-like construction. It implements two simple minimisation ideas:
to satisfy a disjunction, use part of the model to satisfy just one disjunct;
select only minimal (irreducible) sets of necessary successors of each state.
Because of the possible choices in both cases above, this procedure branches and eventually
may produce several minimisations.
While this work focuses on minimisation of models of CTL formulas, we also consider in
passing the simpler case of minimisation of models of formulas of the basic modal logic.
Related work. As the problem is important and very natural, there is much related work,
though, up to our knowledge, none of it addresses exactly the same problem or follows the
same approach as ours. We give a brief (and, for lack of space, quite incomplete) overview of
related approaches to model minimisation, in a roughly chronological order.
Algorithmic bisimulation minimisation of Kripke models (aka, interpreted transition
systems) has been explored extensively in the literature, going back to [13] and [16]; see [14]
for an overview and references therein. The question of generation of minimal models with
respect to bisimulation has been studied e.g. in [3], [2]. In [12] a method is proposed for
obtaining a minimal transition system, representing a communicating system given by a set
of parallel processes. More related to our work are [6] and [17], which explore compositional
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minimization. There, a system on which a CTL formula θ needs to be model-checked is taken
to be the product of n transitions systems M1 , .., Mn . A local model-checking of each Mi
allows for the computation of a BDD representing a reduced number of transitions, so to
reduce the final global product. Unlike our work, however, bisimulation-based reductions are
not taken into account and redundancies caused by disjunctions are not considered. The
above approach is then extended in [1], where a notion of formula-dependent state equivalence
is proposed. However, again, redundancies caused by disjunctions are ignored, as well as
subset inclusion (see Section 3.4).
Mogavero and Murano [15] have proposed a logic extending CTL∗ and internalizing
minimal model construction by means of two minimal model quantifiers, Λ and Ξ. That
approach, while thematically closely related, is somewhat orthogonal and incomparable
to ours. The main difference is that we do not extend the CTL language to reason about
truth in minimal models of formulas, but are interested in the actual computing of the
minimizations of a model with respect to a formula, which we do purely semantically and
constructively. Besides, we consider a stronger notion of minimality, taking into account also
bisimulation. Thus, the objectives, approaches and results are quite different. We compare
the two approaches with some more details and an example in Section 5.
Bozzelli and Pearce [4] explore the idea of “temporal equilibrium model” of an LTL
formula, satisfying minimality requirement with respect to state labels. Cerrito and David [5]
investigate the question of bisimulation minimisation of models of the multi-agent extension
ATL of CTL.
Structure of the paper. We start with a brief background on the logic CTL and on
bisimulation in Section 2. In Section 3 we describe two versions of our minimization
procedure and we illustrate it on some examples. Some results about properties of the
procedure are established in Section 4. We conclude by indicating some lines of future work
in Section 5. A few proofs of auxiliary results are put in a short appendix.

2

Preliminaries

2.1

CTL: syntax and semantics

Here we only provide brief basic preliminaries on CTL. For further details see e.g. [10, Ch.7].
The syntax of CTL is given by the following grammar:
ϕ ::= > | p | ¬ϕ | ϕ ∨ ϕ | EX ϕ | E(ϕ U ϕ) | A(ϕ U ϕ)
where > is the logical constant for truth, Prop is a set of proposition symbols and
p ∈ Prop. We also use the following abbreviations: AX ϕ := ¬EX ¬ϕ, EF ϕ := E(> U ϕ),
AF ϕ := A(> U ϕ), EG ϕ := ¬AF ¬ϕ and AG ϕ := ¬EF ¬ϕ.
The set of atomic propositions occurring in a formula ϕ is denoted by prop(ϕ). The
basic modal logic BML is the fragment of CTL that does not involve the operator U , i.e.
extends propositional logic only with EX .
CTL formulas are interpreted over transition systems.
I Definition 1. A transition system is a pair T = (S, R), where S is a nonempty set of
states and R ⊆ S × S is a transition relation on S. Unless otherwise specified, transition
systems will be assumed serial (this requirement is typically imposed for models of CTL
but not for models of BML), i.e. for every s ∈ S there is s0 ∈ S such that (s, s0 ) ∈ R.
When a distinguished state s ∈ S is considered, (T , s) is called a rooted (at s) transition
system, or a pointed transition system. A path in T is a sequence λ : N → S such
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that (λ(n), λ(n + 1)) ∈ R for every n ∈ N. An interpreted transition system (ITS)
over T is a tuple M = (S, R, Prop, L), where Prop is a set of proposition symbols and
L : S → P(Prop) is a state description function defining for every state in S the set
of atomic propositions true at that state. A rooted (pointed) interpreted transition
system (M, s) is defined accordingly.
Given an ITS M = (S, R, Prop, L) and any subset P of Prop, we define the reduction
of M to P to be the ITS M|P = (S, R, P, L|P ), where L|P : S → P(P ) is defined by
L|P (s) = L(s) ∩ P for every s ∈ S.
Given an ITS M = (S, R, Prop, L), an ITS M0 = (S 0 , R0 , Prop, L0 ) is said to be a
substructure of M whenever S 0 ⊆ S, L0 is the restriction of L to S 0 , and R0 = R ∩
(S 0 × S 0 ). By an abuse of language, we say that M0 is a substructure of M also when
R0 = (R ∩ (S 0 × S 0 )) ∪ {< t1 , t1 >, . . . , < tn , tn >} where {t1 , .., tn } ⊆ S 0 , for any n ≥ 0. The
ITS M0 is said to be a proper substructure of M when S 0 ⊂ S.
I Definition 2. Let M = (S, R, Prop, L) be an interpreted transition system, s ∈ S and ϕ a
CTL-formula. Truth of ϕ at s in M, denoted by M, s |= ϕ, is defined inductively on ϕ
as follows (we give here only the non-boolean cases):
M, s |= EX ϕ iff there is a state s0 such that (s, s0 ) ∈ R and M, s0 |= ϕ.
M, s |= E(ϕ U ψ) iff there is a path λ in M starting from s and i ≥ 0 such that
M, λ(i) |= ψ and M, λ(j) |= ϕ for every j < i.
M, s |= A(ϕ U ψ) iff for every path λ in M starting from s, there is i ≥ 0 such that
M, λ(i) |= ψ and M, λ(j) |= ϕ for every j < i.
An ITS (M, s) is a pointed model of ϕ whenever M, s |= ϕ.

2.2

Types, components, and extended closure of CTL formulas

We use some notions and terminology from the literature on tableaux-based satisfiability
decision methods (see e.g. [10, Ch.13]). Formulas of CTL can be classified as: literals: >, ¬>,
p, ¬p, where p ∈ Prop, successor formulas: EX ϕ and ¬EX ϕ, conjunctive formulas (also
called α-formulas), and disjunctive formulas (also called β-formulas). The formulas in
the last three classes have respective components that are given by Table 1. For convenience,
the tables provide also the components of some defined formulas (e.g. EF ψ). It is well-known
(cf. [10, Ch.13]) that any conjunctive (resp. disjunctive) formula in the table is equivalent to
the conjunction (resp. disjunction) of its components.
Table 1 Types of formulas and their components.
Conjunctive formula
¬¬ϕ
¬(ϕ ∨ ψ)
¬E(ϕ U ψ)
¬A(ϕ U ψ)
EG ϕ
AG ϕ

Components
ϕ
¬ϕ, ¬ψ
¬ψ, ¬ϕ ∨ ¬EXE(ϕ U ψ)
¬ψ, ¬ϕ ∨ ¬AXA(ϕ U ψ)
ϕ, EXEG ϕ
ϕ, AXAG ϕ

Disjunctive formula
ϕ∨ψ
E(ϕ U ψ)
A(ϕ U ψ)
EF ψ
AF ψ

Successor formula
EXϕ (existential successor formula)
¬EXϕ (universal successor formula)

Components
ϕ
¬ϕ

Components
ϕ, ψ
ψ, ϕ ∧ EXE(ϕ U ψ)
ψ, ϕ ∧ AXA(ϕ U ψ)
ψ, EXEF ψ
ψ, AXAF ψ
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I Definition 3. The extended closure of a formula ϕ is the least set of formulas ecl(ϕ)
such that:
1. ϕ ∈ ecl(ϕ),
2. ecl(ϕ) is closed under taking all components of each formula ψ in ecl(ϕ), i.e., conjunctive,
disjunctive and successor components, according to the type of ψ
S
For any set of formulas Γ we define ecl(Γ) := {ecl(ϕ) | ϕ ∈ Γ}.
A formula E(ϕ U ψ) (in particular, EF ψ) is said to be an existential eventuality and
A(ϕ U ψ) (in particular, AF ψ) – a universal eventuality.

2.3

Bisimulations and invariance

We recall here the well-known notion of bisimilarity of interpreted transition systems (see,
for instance, [14] or [10, Ch.3]).
I Definition 4. Let M1 = (S1 , R1 , Prop, L1 ) and M2 = (S2 , R2 , Prop, L2 ) be two interpreted
transition systems over the same set of propositions Prop. A relation β ⊆ S1 × S2 is a
β

bisimulation between M1 and M2 , denoted M1  M2 , iff for all s1 ∈ S1 and s2 ∈ S2 ,
s1 βs2 implies:
1. Atom Equivalence: L1 (s1 ) = L2 (s2 );
2. Forth condition: For any r1 ∈ S1 , if s1 R1 r1 then there is some r2 ∈ S2 such that s2 R2 r2
and r1 βr2 ;
3. Back condition: For any t2 ∈ S2 , if s2 R2 t2 then there is some t1 ∈ S1 such that s1 R1 t1
and t1 βt2 .
Two states s1 ∈ S1 and s2 ∈ S2 are bisimilar if there is a bisimulation β between M1 and
β

M2 such that s1 βs2 . We denote that by (M1 , s1 )  (M2 , s2 ) (or, just (M1 , s1 )  (M2 , s2 )
when β is inessential) and say that the rooted models (M1 , s1 ) and (M2 , s2 ) are locally
bisimilar. If there is a bisimulation between M1 and M2 that links every state in S1 to
some state of S2 and vice versa, we say that M1 and M2 are (globally) bisimilar.
The following is a minor adaptation of a well-known result relating bisimulations and
logic (see e.g. [18] or [10, Ch.3]). Here bisimulation is between reductions of ITS to a subset
P of atomic propositions, thus Atom Equivalence is relativised to the propositions in P only.
I Proposition 5 (Relativised bisimulation invariance). Let ϕ be a CTL formula, prop(ϕ) ⊆
Prop, M1 =(S1 ,R1 , Prop, L1 ) and M2 =(S2 , R2 , Prop, L2 ), and β ⊆ S1 × S2 be a local
bisimulation between (M1 |prop(ϕ) , s1 ) and (M2 |prop(ϕ) , s2 ). Then (M1 |prop(ϕ) , s1 ) |= ϕ iff
(M2 |prop(ϕ) , s2 ) |= ϕ.
β

When M1  M2 and M1 = M2 = M we say that β is a bisimulation in M. Every
such bisimulation is an equivalence relation in M and therefore generates a quotient-structure
from M which we call the quotient of M with respect to β. It is well-known (see e.g.
[11] or [10, Ch.3]) that amongst all bisimulations in M there is a largest one, βM . The
f is called the bisimulation
quotient of M with respect to βM , hereafter denoted by M,
f
collapse of M. Note that every two different states in M are non-bisimilar.
All these concepts relativise to reductions of ITS with respect to subsets P of atomic
propositions. Note that, the smaller the subset P is, the larger the respective largest
]
bisimulation in M|P , and therefore the smaller the bisimulation collapse M|
P . Therefore,
when trying to minimize a model of a given formula θ with respect to bisimulations, we will
^
be interested in M|
prop(θ) .
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3
3.1

Model minimisation procedure (MMP)
Brief informal description

Our main aim is to develop an efficient procedure that minimises – in a sense to be made
precise later – any given finite pointed model (M, s) of a CTL formula θ.
To facilitate and optimise that procedure, we precede it with global model checking in
M of the formulas in the extended closure of θ. Since model checking of CTL formulas is
very efficient, viz., bi-linear in both the size of the model and the length of the formula
([7], see also [10, Ch.7]), this preprocessing would not increase the overall complexity of the
minimisation procedure.
Now, given (M, s) and the input formula θ, such that (M, s) |= θ, by applying global
model checking in M we identify the set kθkM of all states in M satisfying θ. If θ must be
satisfied in the same (up to bisimulation collapse) state as s in the obtained minimal model,
then the procedure works as described further shortly. If, however, satisfying θ at any state in
the obtained minimal model will be sufficient for the purposes of the intended minimization,
then a slightly different approach may be preferable: consider all states t ∈ kθkM , call the
minimisation procedure to (M, t) for each of them, and finally select one of the obtained
minimal models. Alternatively, to avoid some of that work, select amongst all states t ∈ kθkM
only those, for which the generated at t submodel of M is minimal by inclusion with respect
to the others, and only apply the minimisation procedure to them.
We emphasize that either of these approaches may be preferable, depending on the
concrete case. So, we are only listing them here as reasonable options, but the actual choice
of concrete approach is left to the agent (or tool) performing the minimisation.
We assume hereafter that the possible selection of states indicated above has already
been performed and the task now is to minimise a given pointed model (M, s) so that the
formula θ is eventually satisfied at (the image of) the same state s in the minimised model.
As noted in the introduction, the minimisation procedure that we develop aims at
detecting and eliminating two kinds of redundancies in M, described below. These may have
to be applied repeatedly, in an order discussed further, in Section 4.1.
1. Model-based redundancies, that arise when the model contains different states that are
bisimilar with respect to the language of the input formula. These redundancies are
eliminated by applying a well-known bisimulation minimisation procedure, after ignoring
the atomic propositions not occurring in the formula. This procedure is deterministic and
produces a unique (up to state renaming) reduced model – the bisimulation quotient. 5
2. Formula-based redundancies, that arise when the model contains “unnecessary” states, that
can be removed without affecting the truth of the formula. Typically, such redundancies
arise when:
(i) the model satisfies both disjunctive components of a disjunctive (sub)formula at
some state, instead of only one of them, or
(ii) a state has more successors than what is needed to satisfy the (sub)formulas that
have to be true there, or
(iii) a state is not reached in the process of the evaluation of the formula. These include
all states that are not reachable by finite transition paths from the root state. In the
case of a BML formula of modal depth ≤ n these are also all states not reachable in
n transition steps from the root state.
These redundancies are eliminated by applying a tableaux-like procedure on the given input
model, systematically selecting a single branch in the search / decision tree whenever a
disjunction is to be satisfied, and selecting only a minimal subset of necessary successors
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of each state added to the selection; this notion is precisely defined in Section 3.4. This
procedure is non-deterministic and produces at least one, but possibly many reduced models,
some of which may contain others. After its completion we also remove all obtained reduced
models that are not minimal by inclusion.
Note that the preliminary global model checking is also useful in the tableaux-like
minimisation procedure to select only minimal subsets of necessary successors of the current
state, as well as to select in advance the shortest possible paths in the model realizing required
eventualities. This will be illustrated on the running examples of minimising redundant
models presented further.

3.2

Running examples

I Example 6. Consider the rooted model (M1 , s) shown in Figure 1 and the following
formulas :
φ1 = EX p ∧ AF (q ∨ EF p), φ2 = EX ¬p ∧ EX q ∧ AG (q → p),
φ3 = EX ¬p ∧ EX E((p ∧ q) U ¬q), φ4 = EX q ∧ EG (¬q ∧ p),
θ 1 = φ1 ∨ φ2 , θ 2 = φ1 ∨ φ3 , θ 3 = φ1 ∨ φ4 .
s : {p}

s4 : {p, r}

s1 : {r}

s2 : {p, q, r}

s6 : {p}

s9 : {p}

s3 : ∅

s7 : {p, r}

s5 : {p, q, r}

s8 : {p, q}

Figure 1 The model M1 .

M1 satisfies at s all φi , for i = 1..4. Hence, it satisfies each of θ1 , θ2 and θ3 but, as we
will show, it has unnecessarily many states.
I Example 7. Model M2 in Figure 4 satisfies (M2 , s) |= EX (¬p ∧ EX (p ∧ EX (p ∧ q))). Again,
we will show that it contains states that are unnecessary for that purpose.

3.3

Bisimulation reduction (BR)

As explained in Section 2.3, in our procedure of bisimulation minimization of a (pointed)
model (M, s) satisfying a given CTL formula θ, in order to obtain a smallest possible
bisimulation collapse of M that still satisfies θ we only need to compute the bisimulation
collapse of the reduction Mθ = M|prop(θ) of M to the language of θ. The resulting pointed
gθ , s̃) still satisfies θ and has the minimal number of states amongst all ITS that
ITS (M|
satisfy θ and are θ-bisimilar to M. We call this formula-oriented procedure θ-bisimulation
minimisation of M.
Some essential remarks are in order.
(i) In order to preserve the satisfaction of θ it suffices to compute a local bisimulation
collapse, of the submodel of Mθ that is generated by s.
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(ii) If θ is a BML-formula of modal depth n, then it suffices to compute the n-bisimulation
collapse of (Mθ , s), that identifies any two states satisfying the same formulas of depth
up to n in the language of θ. That will, in general, produce an even smaller model.
(iii) The issue arises of what happens to the atomic propositions not occurring in θ. The
procedure above ignores and forgets them completely. But that may be neither necessary
nor desirable, even though we are currently only concerned with M as a model satisfying
θ. This is because there may be other properties of M, involving atoms not occurring
in θ, the truth of which may be affected by the minimisation procedure and may be
of importance later. So, we propose the following refinement: to keep a best possible
record of the truth of each atom r not occurring in θ in the resulting reduced model
gθ , s̃) by introducing, besides true and false, a third truth-value both, that will be
(M|
assigned to r at each state in the collapsed model where original states with different
truth values of r have been identified. Thus, the resulting refined model allows for
3-valued valuation of the truth of formulas involving such atomic propositions, that
can be used for evaluating the truth of some formulas that contain them. We will not
pursue systematically this idea here, but leave it to future work.
There are well-known efficient procedures for bisimulation minimisation based on partition
refinement such as the Kanellakis-Smolka algorithm [13], optimized to the Paige-Tarjan
algorithm in [16]. (For other, more involved and efficient algorithms see [14]; see also [1].) It
is quite easy to refine most of these θ-bisimulation minimisation procedures to account for
the refinements above, but for lack of space we will not spell out the details.
I Example 8 (Example 6 continued). Let us apply BR to the model M1 with respect to the
language of the formulas θi of Example 6, i.e. over the set of atomic propositions P = {p, q}.
The coarsest partition of the set of states corresponding to the maximal bisimulation relation
in M1 |P contains six clusters: C0 = {s}, Cu = {s1 , s3 }, CE = {s2 , s8 }, C = {s4 },
C⊗ = {s5 }, C+ = {s6 , s7 , s9 }. Note that, for instance, s6 and s9 are in the same cluster even
if they do not agree on the valuation of the propositional letter r, as it does not belong to
the language of our interest. These clusters of bisimilar states are visualized in Figure 2.
The corresponding quotient model M01 , collapsing all states belonging to the same cluster
into a unique state, is given in Figure 3.
s : {p}



s4 : {p, r}

u

s1 : r

+s6 : {p}

0
E

s2 : {p, q, r}

s9 : {p}+

u

s3 : ∅

s7 : {p, r}+

s5 : {p, q, r}⊗

E

s8 : {p, q}

Figure 2 {p, q}-bisimilar states in the model M1 .

3.4

Tableaux-based reduction (TR)

As explained earlier, the purpose of this reduction is to remove parts of the model that are
unnecessary for satisfying the target input formula, typically when satisfying disjunctive
choices and selecting successors. The input of the procedure TR is a pointed ITS (M, s)
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s : {p}

s4 : {p}



s1 : ∅

u

0
E

s2 : {p, q}

s5 : {p, q} ⊗

+
s6 : {p}

Figure 3 The bisimulation quotient model M01 = M^
1 |{p,q}

and a formula θ such that M, s |= θ is given/known to be true (our initial assumption).
The output is a family of reduced pointed ITS (M1 , s), . . . (Mq , s) satisfying θ. Here is an
informal outline of the overall procedure:
1. TR starts with a global model checking in M of the formulas in the extended closure
ecl(θ) of the input formula θ.
2. Then TR runs a tableau-like procedure that iteratively labels states of M with sets of
formulas. At start, the root state s of M is labeled with {θ}, while all other states have
an empty label. Then labels are possibly modified repeatedly until stabilisation, according
to a sub-procedure LAB that we outline later. A non-deterministic run of LAB produces
a submodel M0 of M with state space S 0 consisting of all states in S with non-empty
labels.
When all the possible runs of LAB are executed, in parallel or consecutively, a list of
reduced pointed models (M1 , s), . . . (Mk , s) is produced.
3. Check for subset inclusion 1 : if Mi is included as a substructure in Mj , then remove
Mj from the list. The procedure eventually returns the family of minimal by inclusion
reduced pointed models that remain in the list.
We are now going to describe more formally and precisely the procedure outlined above.
I Definition 9. Let (M, s) be a pointed ITS and let Γ be a set of formulas that hold at s.
A (non-deterministic) optimal saturation of Γ is a procedure OS that, when applied
non-deterministically to Γ produces a set of formulas ∆ such that Γ ⊆ ∆ by repeatedly
applying the following operations until saturation:
1. Initially, ∆ := Γ.
2. If a conjunctive formula ϕ is in ∆ then OS adds both its components to ∆;
3. If a disjunctive formula ϕ is in ∆ and none of its disjunctive components is in ∆, then
OS chooses non-deterministically any of these components which is true at s and adds
it to ∆. However, the following exception applies: if ϕ is an eventuality, i.e. E(χ U ψ),
EF ψ, A(χ U ψ), or AF ψ, and none of its components is in ∆ but ψ is true at s, then OS
adds only ψ to ∆.
The sets ∆ produced by runs of OS are called (optimally) saturated extensions of Γ. Γ
is said to be optimally saturated if it equals an optimally saturated extension of itself.

1

More generally, TR can check for isomorphic embeddings, but that may increase substantially the
complexity of the whole procedure.
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The adjective “optimal” in the above definition is due to the third item, that minimizes
the number of disjunctive components required to be true and aims at fulfilling eventualities
as soon as possible. Note that if Γ ⊆ ecl(θ) for a given formula θ and ∆ is an optimally
saturated extension of Γ, then ∆ ⊆ ecl(θ). Moreover all the elements of ∆ are true at s, by
construction. In particular, so are all the successor formulas occurring in ∆.
I Definition 10. Let M be an ITS, s ∈ M, let Γ be an optimally saturated set of formulas
true at s, and let Γsuc = {¬EXψ1 , ..., ¬EXψk , EXϕ1 , ..., EXϕm } be its subset of successor
formulas (where each of k and m can be 0). A minimal set of successors of s w.r.t.
Γsuc is a set U of states in M that are (immediate) successors of s and:
1. Each existential successor formula EXϕj in Γsuc has a “witness” in U , viz. some state
w(ϕj ) ∈ U such that M, w(ϕj ) |= ϕj ;
2. U is minimal with respect to the above property: if any state is removed from U then the
resulting set S 0 lacks a witness for at least one EX ϕj ∈ Γsuc .
3. In case when m = 0, an arbitrary self-looping successor of s is added to U , just for the
sake of seriality.
By hypothesis, all formulas in Γsuc are true at s. Therefore, for all ¬EX ψi ∈ Γsuc , the
formula ¬ψi is true at each state s0 ∈ U .
The procedure ANALYSE given below takes as input an ITS, a state s in it, and a set of
formulas L(s) currently labelling that state. It updates L(s) by saturating it and adding
formulas to the current labels of some successors of s, to produce the updated labels as an
output. The top procedure LAB calls ANALYSE.
The procedure ANALYSE.
1. Construct an optimal saturation ∆ of L(s) and reset the value of L(s) to ∆.
2. If L(s)suc = {¬EXψ1 , ..., ¬EXψk , EXϕ1 , ..., EXϕm } is the subset of successor formulas of
L(s), then build a minimal set U of successors of s w.r.t. L(s)suc .
3. For each s0 ∈ U : if s0 = w(ϕj ), then add ϕj and all ¬ψi , 1 ≤ i ≤ k, to the current value of
L(s0 ) (if they are not already in it).
The procedure LAB.
1. Initialization: set s to be the current state, L(s) := {θ} and L(s0 ) := ∅ for each other state
of M.
2. Until all labels L(s0 ) of states s0 of M become stable, do:
a. Apply ANALYSE to the current state t.
b. Then for each state t0 in the minimal set of successors U of t produced by ANALYSE at t,
set t0 to be the current state and recursively apply ANALYSE there.
Note that, for the sake of simplicity, here we are giving the pseudo-code for a nondeterministic run of LAB. It can be converted to a deterministic algorithm, producing the
entire family of reduced models, by using suitable bookkeeping and backtracking mechanisms.
I Example 11 (Example 1 continued). Let us apply LAB to the model M01 of Figure 3 and
the formula θ1 = φ1 ∨ φ2 that holds at s. At the initialisation, L(s) = {θ1 }, while the labels of
all other states are the empty set. Since both φ1 and φ2 are true at s, a non-deterministic run
of LAB makes a choice of which of them to put in an optimized non-deterministic saturation
of L(s). Consider two cases:
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1. Suppose that the choice φ1 = EX p ∧ AF (q ∨ EF p) is made. Then both conjunctive
components of φ1 , EX p and AF (q ∨ EF p), are added to the saturation. The latter formula
is an eventuality, whose disjunctive components are q ∨ EF p and AXAF (q ∨ EF p). Here
both components are true at s, but optimality forces us to choose q ∨ EF p. Now only
EF p is true at s, so it is the chosen disjunctive component. In turn, EF p is an eventuality
whose disjunctive components are p and EXEF p. Since p is true at s then p is chosen. To
summarise, the corresponding non-deterministic saturation of {θ1 } built here is the set
{θ1 , φ1 , EX p, AF (q ∨ EF p), q ∨ EF p, EF p, p}. It becomes the new value of L(s). Its set
of successor formulas is {EX p}, for which we obtain three minimal sets of successors of s,
namely {s2 }, {s4 } and {s5 }. A non-deterministic run of LAB chooses one of them, and
adds the formula p to the corresponding state. In each of the three cases, the analysis of
the newly labeled state produces no new label and the run halts, respectively producing:
the sub-model Ma of M01 containing just the states {s, s2 }, the sub-model Mb containing
just the states {s, s4 }, and the sub-model Mc containing just the states {s, s5 } (with
loops, respectively, on s2 , s4 and s5 ).
2. Suppose now that the choice φ2 = EX ¬p ∧ EX q ∧ AG (q → p) is made.
Reasoning as above, by choosing suitable minimal sets of successors, we get:
either a candidate model having s, s1 and s2 as states, hence strictly including Ma ,
and therefore excluded as a true minimal model by the inclusion-check that follows
the application of LAB procedure in TR,
or, a candidate model that strictly includes Mc and is also disregarded.
Hence, after the inclusion-check, the complete run of TR on M01 produces the family of
reduced models consisting of Ma , Mb and Mc .
I Example 12 (Example 7 continued). Consider the model M2 of Figure 4 that satisfies
ψ = EX (¬p ∧ EX (p ∧ EX (p ∧ q))) at s. An application of the procedure BR w.r.t. the set of
propositions {p, q} identifies states s1 and s6 as bisimilar, producing the model M02 described
in Figure 4. Then, running TR on that model and ψ removes s5 and produces the model
00
M2 described in Figure 4. The states s3 and s4 are now bisimilar, so a new application of
00
BR to M2 is necessary. It produces the model M∗2 of Figure 4, where s3 and s4 are now
collapsed into one state. Such a model of EX (¬p ∧ EX (p ∧ EX (p ∧ q))) cannot be further
reduced. This example shows that the procedure BR may have to be applied again after an
application of TR in order to minimise further the model.

4
4.1

Analysis and results
Minimisation procedures running BR and TR together

The examples run so far show that it may be necessary to alternate the procedures BR and
TR in order to produce truly minimal models of the target formula. Indeed, none of the two
procedures subsumes the other in terms of the outcomes. This can be seen by a simple example.
Take, for instance, M to be the model M02 of Figure 4 and ψ = EX (¬p ∧ EX (p ∧ EX (p ∧ q))),
as in Example 12. If we run again BR on this input, we trivially get again M02 , since M02
is already minimal with respect to ψ-bisimulation. However, running TR on M02 and ψ
00
produces the model M2 shown in Figure 4. Thus, the two results are incomparable. More
generally, observe also that both BR and TR are idempotent, i.e. neither of them produces
new models if applied consecutively twice. These suggest that a minimising procedure might
either start with BR and then alternate TR and BR phases (on the input produced by the
previous phase) until stabilisation, or else start with TR and then alternate BR and TR
phases until stabilisation. However we can bound the number of such alternations until
stabilisation in both cases, due to the following result.
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The model M2 :
s : {p}

s6 : {p, r} s1 : {p}

s2 : {q}

s4 : {p, q}

s3 : {p, q, r}

s5 : {p}

The model M02 obtained applying BR to M2 :
s : {p}

s1 : {p}

s2 : {q}

s4 : {p, q}

s3 : {p, q}

s5 : {p}

00

The model M2 , result of applying TR to M02 :
s : {p}
s2 : {q}

s4 : {p, q}

s3 : {p, q}

00

The model M∗2 obtained by applying BR on M2 :
s : {p}
s2 : {q}

s3 : {p, q}

Figure 4 A complete reduction of the model M2 .

I Lemma 13. The reduction TR has to be applied only at most once, that is:
given a pointed model (M1 , t) and a formula θ, let (M2 , t) be a reduced model produced by a
run of TR on M1 and let (M3 , t̃) be the result of running BR on (M2 , t). Then any run of
TR on (M3 , t̃), θ produces again (M3 , t̃) as a result.
Proof. Note that TR only removes states from its input model if they remain with empty
labels. So, it suffices to observe that, if any formula φ ∈ ecl(θ) was added by the first run of
TR to the label of a state s ∈ M2 , then the same formula will be added to the label of the
respective collapse state s̃ ∈ M3 produced by applying BR to M2 , and therefore that state
will be preserved in the application of TR to M3 . The proof can be done by tracing step by
g2 . We
step the run of TR on M1 producing M2 and the respective run of TR on M2 = M
omit the routine details.
J
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Therefore, there are only two different ways to organize the whole procedure:
MMP1: Start with TR, then apply BR to each obtained model.
MMP2: Start with BR, then apply TR to the obtained model, then again BR to each resulting
model.
I Example 14 (Example 12 continued). In Example 12, we have actually run MMP2 on the
model M2 (Figure 4) and the formula ψ = EX (¬p ∧ EX (p ∧ EX (p ∧ q))). If we rather run
00
MMP1 on the model M2 , TR immediately produces the model M2 , then an application of
BR to such a model makes s3 and s4 collapse and produces the minimal model M∗2 .

4.2

Convergence and comparison of MM1 and MM2

I Lemma 15. Given any pointed model (M, s) and a formula θ, every reduced pointed model
produced from (M, s) by applying first BR and then TR can also be produced by applying first
TR and then BR.
f se) be produced from (M, s) by applying BR and let (M
f0 , se) be produced
Proof. Let (M,
f se) by applying TR. It suffices to note that every run of procedure TR applied to
from (M,
f se) to produce (M
f0 , se) can be simulated, step by step, by a run of TR applied to (M, s),
(M,
by selecting at every step a set of successors which are respectively θ-bisimulation equivalent
f se). That would
to successors selected at the respective step of the run of TR applied to (M,
0
f , se).
eventually produce a pointed model, on which BR would produce (M
J
I Theorem 16. For every initial pointed model (M, s) and a given formula ϕ:
1. MMP1 and MMP2 produce the same families of reduced models.
2. Every reduced pointed model produced by either of MMP1 and MMP2 is minimal in
the following senses:
a. Bisimulation-minimal with respect to the language of ϕ.
b. State-minimal, in the sense that no state can be removed from M to still preserve the
truth of ϕ at s.
Proof. We first prove the second claim. The bisimulation-minimality is immediate, as both
procedures end with BR. The state minimality follows from the minimality of every set of
successors preserved by TR, and using Lemma 13.
Now, the first claim. First, every reduced pointed model produced by MMP2 can also be
produced by MMP1, by Lemma 15 and the idempotency of BR. For the converse inclusion,
note that every run ρ of TR applied to a pointed model (M, s) and input formula θ can be
f se) by selecting there the respective
lifted to a run ρe of TR on the θ-bisimulation quotient (M,
clusters of the selected successors in (M, s). Eventually, applying again BR to the resulting
f0 , se) would produce the same θ-bisimulation quotient as BR applied to the
submodel (M
submodel of (M, s) produced by the run ρ of TR.
J
We note that neither of the procedures MMP1 and MMP2 is intended, nor guaranteed,
to produce a smallest possible model of the input formula, but only to minimise the input
model in the senses described above. Indeed, e.g. the formula ψ in Example 12 has a
smaller model than the model M∗2 in f Figure 4 that was obtained from M2 by the reduction
procedure: a model with just two states, s, having label {p}, and its looping successor s2
having label {p, q}.
We end this section with some complexity analysis. First, note that, despite the equivalence, the procedures MMP1 and MMP2 may have quite different performances. For
instance, the deterministic version of MMP1 can take in some cases an exponentially larger
number of steps than MMP2, as shown by the following example.
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I Example 17. Let θ be a formula of the form EX ...EX p, where EX occurs n times, and let
M be a pointed model that is a fully balanced binary tree of height n, satisfying p at each
leaf and where all the states at the same level are bisimilar. Note that MMP2, starting
with BR, will collapse all branches into one, and then TR will not make any change. On the
other hand, MMP1, starting with TR, will produce 2n isomorphic reduced models, each of
them being a branch in the original model, i.e. a linear chain of length n. After checking for
isomorphisms at the end, TR will leave just one of them, which BR will not change.
Now, to analyse the complexity, we can focus on the procedure MMP1, taking as inputs
a formula θ and a pointed model (M, s), and returning a set2 of minimal reduced models.
MMP1 first computes ecl(θ) and does global model checking of all formulas in it in M, in
time linear in both |θ| (the size of θ) and |M| (the size of M). Then, a non-deterministic
run of the sub-procedure LAB in the worst case treats all formulas in ecl(θ) and visits all
the states in M. Thus, it runs in time polynomial in |θ| and |M|. Eventually, it produces a
family of (possibly exponentially many, as evident from Example 17) minimal submodels,
but for the sake of comparing and selecting the smallest of them, they can be produced
consecutively, thus reusing space. Thus, TR can produce its output consecutively, in PSPACE.
Bisimulation reduction of each of the models obtained by TR can be done in O(m log n)[16],
where m is the number of transitions and n is the number of states of the model. Thus,
finally, it takes polynomial space to produce every reduced pointed model consecutively, as
an output of MMP1. A similar complexity analysis applies to MMP2.

5

Further work and concluding remarks

We have proposed a formula-oriented minimization procedure in two versions, MMP1 and
MMP2, that reduces the number of states of a model M satisfying a given CTL formula θ,
by taking into account both possible θ-bisimulation redundancies as well as redundancies
induced by the structure of θ. Using a tableau-like procedure for handling the second
type of redundancies and combining the two kinds of reduction procedures are the main
original ideas of our contribution. As already observed in the literature, to reduce the size of
components with respect to their corresponding specification formulas can help to tackle the
space explosion problems of product transition systems.
Our approach is related to, but different from, [15], as mentioned in the introduction. Not
only we do not modify CTL syntax, but our notion of minimality is different and we solve a
different algorithmic problem, too. Indeed, a formula φ1 Ξφ2 in [15] holds at a state s of a
model M when there is a minimal (and conservative, as defined in that work) sub-structure
of M verifying φ2 at s that verifies also φ1 . Here, minimality is with respect to an ordering
of sub-structures of M. In our case, minimisation includes also bisimulation reduction. Thus,
for instance, consider again the rooted model (M1 , s) and the formula θ1 of Example 6 and
let θ10 be θ1 ∧ EX EX (p ∧ ¬q). Then running BR produces the quotient model M01 exhibited
by Figure 3, then a run of TR gives the model whose states are s, s5 , s6 (with s connected
to s5 , s5 connected to s6 and a loop on s6 ). The latter is not a sub-structure of M1 , and
model-checking the formula >Ξθ10 of the logic in [15] cannot produce it.
Future work includes extending our approach to model minimization to richer logics,
in particular to the multi-agent extension ATL of CTL, whose models are minimized only
with respect to (alternating) bisimulation in [5]. We also intend to implement MMP1 and
MMP2 and to test experimentally and compare their performance in practical cases.

2

Thus, the minimisation problem that this procedure solves is not a decision problem.
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Abstract
A singleton-style consistency is a local consistency that verifies if each base relation (atom) of each
constraint of a qualitative constraint network (QCN) can serve as a support with respect to the closure
of that network under a (naturally) weaker local consistency. This local consistency is essential for
tackling fundamental reasoning problems associated with QCNs, such as the satisfiability checking or
the minimal labeling problem, but can suffer from redundant constraint checks, especially when those
checks occur far from where the pruning usually takes place. In this paper, we propose singletonstyle consistencies that are applied just on the neighbourhood of a singleton-checked constraint
instead of the whole network. We make a theoretical comparison with existing consistencies and
consequently prove some properties of the new ones. In addition, we propose algorithms to enforce
our consistencies, as well as parsimonious variants thereof, that are more efficient in practice than
the state of the art. We make an experimental evaluation with random and structured QCNs of
Interval Algebra in the phase transition region to demonstrate the potential of our approach.
2012 ACM Subject Classification Theory of computation → Constraint and logic programming;
Computing methodologies → Temporal reasoning; Computing methodologies → Spatial and physical
reasoning
Keywords and phrases Qualitative constraints, spatial and temporal reasoning, singleton-style
consistencies, neighbourhood, minimal labeling problem
Digital Object Identifier 10.4230/LIPIcs.TIME.2019.14

1

Introduction

Qualitative Spatial and Temporal Reasoning (QSTR) is a Symbolic AI approach that deals
with the fundamental cognitive concepts of space and time in a qualitative, human-like,
manner [28, 16]. For instance, in natural language one uses expressions such as inside, before,
and north of to spatially or temporally relate one object with another object or oneself,
without resorting to providing quantitative information about these entities. QSTR provides
a concise framework that allows for rather inexpensive reasoning about entities located in
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Neighbourhood Singleton-Style Consistencies for QSTR

space and time and, hence, further boosts research and applications to a plethora of areas
and domains that include, but are not limited to, dynamic GIS [7], cognitive robotics [18],
deep learning [25], and qualitative model generation from video [15]. The interested reader
may look into a more comprehensive review of the emerging applications, the trends, and
the future directions of QSTR in [6].
The problem of representing and reasoning about qualitative spatial or temporal information can be modeled as a qualitative constraint network (QCN), i.e., a network of qualitative
constraints corresponding to spatial or temporal relations between spatial or temporal variables respectively. Two fundamental reasoning problems associated with a given QCN N are
the problems of satisfiability checking and minimal labeling (or deductive closure) [37]. In
particular, the satisfiability checking problem is about deciding if there exists a valuation of
the variables of N that satisfies its constraints, and the minimal labeling problem concerns
finding the strongest implied constraints and consequently obtaining its minimal sub-network.
In general, for most well-known spatio-temporal calculi the satisfiability checking problem is
NP-hard [17]. Further, the minimal labeling problem is polynomial-time Turing reducible to
the satisfiability checking problem [20].

Motivation
In this paper, we focus mostly on the minimal labeling problem, which, since its introduction
in 1974 by Montanari [31], has been studied in the domain of both CSPs [21, 46] and
QCNs [19, 30]. As noted in [21], a minimal network is a quite useful knowledge compilation,
since it allows one to answer a number of queries in polynomial time that would otherwise be
NP-hard; indeed, in the context of QSTR, for instance, one could exploit minimality of a QCN
to immediately deduce whether a task A could be scheduled before a task B, or an object
X could be placed on top of an object Y . Difficult problems such as the minimal labeling
problem and alike are, in general, either approximated by the use of local consistencies [46]
or even solved by the aid of such consistencies [2]. Among the local consistencies introduced
in the literature, we study singleton-style consistencies in the aforementioned context, which
are consistencies that entail support for each base relation (atom) of the constraints of a
QCN with respect to the closure of that network under a weaker local consistency (typically

G -consistency [10, 35]). Specifically, we investigate how these consistencies behave when the
underlying weaker local consistency that they build upon is restricted to the neighbourhood
of a singleton-checked constraint. As noted in [47], neighbourhood-based restrictions can hit
the sweet spot between effectiveness and efficiency in singleton-style consistencies for CSPs;
therefore, it is imperative that we introduce and study such restrictions in the context of
QCNs as well, and consequently provide a foundation for further work in understanding this
kind of network structures, which have received much attention over the past years [16].

Contributions
Our contributions are fourfold and are described as follows:
(i) we enrich the family of consistencies for QCNs by proposing singleton-style consistencies
that are applied just on the neighbourhood of the singleton-checked constraint instead
of the entire network;
(ii) we theoretically obtain a strength-based hierarchy among existing consistencies for
QCNs and the novel ones;
(iii) we present algorithms to enforce the proposed consistencies for QCNs, as well as
parsimonious variants thereof;
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Figure 1 The base relations of IA; ·i denotes the converse of ·.

(iv) we make an experimental evaluation with random and structured QCNs of Interval
Algebra to measure and compare the performance of all considered algorithms, especially
in terms of how fast and how well they can independently approximate the minimal
sub-network of a QCN.
The rest of the paper is organized as follows. In Section 2 we give some preliminaries
on qualitative spatial and temporal reasoning. Next, in Section 3 we overview some known
state-of-the-art local consistencies for QCNs. Then, in Section 4 we introduce, formally define,
and thoroughly study the proposed neighbourhood-based consistencies for QCNs, and present
the algorithms for enforcing these consistencies, as well as parsimonious variants thereof. In
Section 5 we evaluate our approach with random and structured QCNs of Interval Algebra
and comment on the outcome; one finding is that neighbourhood-focused singleton-style
algorithms are ∼ 30% faster in the phase transition region than the standard algorithms.
Finally, in Section 6 we draw some conclusive remarks and give directions for future work.

2

Preliminaries

A binary qualitative spatial or temporal constraint language, is based on a finite set B of jointly
exhaustive and pairwise disjoint relations, called the set of base relations [29], that is defined
over an infinite domain D. The base relations of a particular qualitative constraint language
can be used to represent the definite knowledge between any two of its entities with respect
to the level of granularity provided by the domain D. The set B contains the identity relation
Id, and is closed under the converse operation (−1 ). Indefinite knowledge can be specified
by a union of possible base relations, and is represented by the set containing them. Hence,
2B represents the total set of relations. The set 2B is equipped with the usual set-theoretic
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x4

x3

{pi, eq}

x1
x2

B
{d, s, si}

{oi}

x3

{oi, m}
x1

{p, m}

(a) A satisfiable QCN N .

x4
x2
(b) A solution σ of N .

Figure 2 Figurative examples of QCN terminology using IA.

operations of union and intersection, the converse operation, and the weak composition
S
operation denoted by the symbol  [29]. For all r ∈ 2B , we have that r−1 = {b−1 | b ∈ r}.
The weak composition () of two base relations b, b0 ∈ B is defined as the smallest (i.e.,
strongest) relation r ∈ 2B that includes b ◦ b0 , or, formally, b  b0 ={b00 ∈ B | b00 ∩(b ◦ b0 ) 6= ∅},
where b◦b0 ={(x, y) ∈ D×D | ∃z ∈ D such that (x, z) ∈ b∧(z, y) ∈ b0 } is the (true) composition
S
of b and b0 . For all r, r0 ∈ 2B , we have that r  r0 = {b  b0 | b ∈ r, b0 ∈ r0 }.
As an illustration, consider the well-known qualitative temporal constraint language of
Interval Algebra (IA), introduced by Allen [1]. IA considers time intervals (as temporal
entities) and the set of base relations B = {eq, p, pi, m, mi, o, oi, s, si, d, di, f , f i} to
encode knowledge about the temporal relations between intervals on the timeline, as depicted
in Figure 1. Specifically, each base relation represents a particular ordering of the four
endpoints of two intervals on the timeline, and eq is the identity relation Id.
Notably, most of the well-known and well-studied qualitative constraint languages, such
as Interval Algebra [1] and RCC8 [34], are in fact relation algebras [17]. In what follows, we
restrict ourselves to such calculi in order to facilitate discussion of the consistencies and of
the algorithms for enforcing them.
The problem of representing and reasoning about qualitative spatial or temporal information can be modeled as a qualitative constraint network, defined in the following
manner:
I Definition 1. A qualitative constraint network (QCN) is a tuple (V, C) where:
V = {v1 , . . . , vn } is a non-empty finite set of variables, each representing an entity of an
infinite domain D;
and C is a mapping C : V × V → 2B such that C(v, v) = {Id} for all v ∈ V and
S
C(v, v 0 ) = (C(v 0 , v))−1 for all v, v 0 ∈ V , where B = D × D.
An example of a QCN of IA is shown in Figure 2a; for clarity, converse relations as well
as Id loops are not mentioned or shown in the figure.
I Definition 2. Let N = (V, C) be a QCN, then:
a solution of N is a mapping σ : V → D such that ∀(u, v) ∈ V × V , ∃b ∈ C(u, v) such
that (σ(u), σ(v)) ∈ b (see Figure 2b);
N is satisfiable iff it admits a solution;
a sub-QCN N 0 of N , denoted by N 0 ⊆ N , is a QCN (V, C 0 ) such that C 0 (u, v) ⊆ C(u, v)
∀u, v ∈ V ; if in addition ∃u, v ∈ V such that C 0 (u, v) ⊂ C(u, v), then N 0 ⊂ N ;
a base relation b ∈ C(v, v 0 ) with v, v 0 ∈ V is feasible (resp. unfeasible) in N iff there
exists (resp. there does not exist) a solution σ : V → D of N such that (σ(v), σ(v 0 )) ∈ b;
N is minimal iff ∀v, v 0 ∈ V and ∀b ∈ C(v, v 0 ), b is a feasible base relation in N ;
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the constraint graph of N , denoted by G(N ), is the graph (V, E) where {u, v} ∈ E iff
C(u, v) 6= B and u 6= v;
N is the empty QCN on V , denoted by ⊥V , iff C(u, v) = ∅ for all u, v ∈ V .
Let us further introduce the following operation that substitutes C(v, v 0 ) with r ∈ 2B in
a given QCN:
given a QCN N = (V, C) and v, v 0 ∈ V , we define that N[v,v0 ]/r with r ∈ 2B yields the QCN
N 0 = (V, C 0 ) defined by C 0 (v, v 0 ) = r, C 0 (v 0 , v) = r−1 and C 0 (u, u0 ) = C(u, u0 ) ∀(u, u0 ) ∈
(V × V ) \ {(v, v 0 ), (v 0 , v)}.

3

State-of-the-art Consistencies

We view a consistency φG , where φ is some operation (such as the weak composition operation)
and G a graph, as a predicate on QCNs, i.e., a function that receives an input QCN and
returns true or false depending on whether φG holds on that QCN or not respectively. In
what follows, given some operation φ (such as the weak composition operation) and a graph
G, the unique ⊆-maximal φG -consistent sub-QCN of N is called the closure of N under the
consistency φG and is denoted by φG (N ).
We recall the definition of G -consistency, which is a basic and widely used local consistency
for reasoning with QCNs.
I Definition 3. Given a QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V ,
N is said to be G -consistent iff ∀{vi , vj }, {vi , vk }, {vk , vj } ∈ E we have that C(vi , vj ) ⊆
C(vi , vk )  C(vk , vj ).
Intuitively, G -consistency entails consistency for all triples of variables of a QCN that
correspond to triangles of a given graph G. If G is the complete graph on the variables
of a given QCN, then G -consistency becomes identical to -consistency [35], and, hence,
-consistency can be seen as a special case of G -consistency.
In [39] the authors build upon G -consistency and propose a local consistency in the context
of qualitative constraint-based reasoning that serves as the counterpart of directional path
consistency in traditional constraint programming [14] or quantitative temporal reasoning [13],
and is mainly distinguished by the fact that the involved consistency notions are tailored
←
−
to handle infinite domains and qualitative relations. This local consistency is called G consistency and, in particular, it entails consistency for all ordered triples of variables of a
QCN that correspond to triangles of a given graph G; this ordering can be specified by a
bijection between the set of the variables of a QCN and a set of integers, and can be chosen
randomly or via an algorithm or heuristic. We recall the formal definition of that consistency
as follows:
I Definition 4. Given a QCN N = (V, C), an ordering (α−1 (0),α−1 (1),. . .,α−1 (n − 1)) of V
defined by a bijection α : V → {0, 1, . . . , n − 1}, and a graph G = (V 0 , E), where V 0 ⊆ V ,
←
−
N is said to be G -consistent iff ∀vi , vj , vk ∈ V such that {vi , vj }, {vi , vk }, {vk , vj } ∈ E and
α(vi ), α(vj ) < α(vk ) we have that C(vi , vj ) ⊆ C(vi , vk )  C(vk , vj ).
←
−

Since G -consistency is basically G -consistency restricted to some ordering of the triples of
variables of a given QCN, it is expected that it will perform worse than G -consistency in terms
of tackling the satisfiability checking or the minimal labeling problem of that QCN, in the
←
−
general case. However, that behaviour of G -consistency in the context of the aforementioned
reasoning problems for arbitrary QCNs has yet to be investigated (cf. [40]), and we shall use
this work as an opportunity to do so (see Section 5).
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We continue with the presentation of some state-of-the-art singleton-style consistencies.
Given a graph G = (V 0 , E), where V 0 ⊆ V , a QCN N = (V, C) is ◆G -consistent iff for every
pair of variables {v, v 0 } ∈ E and every base relation b ∈ C(v, v 0 ), after instantiating C(v, v 0 )
with {b} as the singleton and applying G -consistency on N , the revised constraint C(v, v 0 ) is
always supported by {b}. Formally, ◆G -consistency of a QCN is defined as follows:
I Definition 5. Given a QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , N is
said to be ◆G -consistent iff N is G -consistent and ∀{v, v 0 } ∈ E and ∀b ∈ C(v, v 0 ) we have that
C 0 (v, v 0 ) = {b}, where (V, C 0 ) = G (N[v,v0 ]/{b} ).
If G is the complete graph on the variables of a given QCN, we can easily verify that
◆


G -consistency corresponds to B -consistency of the family of f -consistencies studied in [11].
◆
Interestingly, G -consistency for QCNs can also be seen as a counterpart of singleton arc
consistency (SAC) [12] for CSPs.
Finally, in [42] the authors define a local consistency that is more restrictive than any
of the practical 2 local consistencies known to date for QCNs, called collective ◆G -consistency,
∪
or ◆G -consistency for short. This singleton-style consistency is inspired by k-partitioning
consistency for CSPs [5]. We recall the formal definition of that consistency as follows:
I Definition 6. Given a QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , N is said
∪
to be ◆G -consistent iff N is ◆G -consistent and ∀{v, v 0 } ∈ E, ∀b ∈ C(v, v 0 ), and ∀{u, u0 } ∈ E
we have that ∃b0 ∈ C(u, u0 ) such that b ∈ C 0 (v, v 0 ), where (V, C 0 ) = G (N[u,u0 ]/{b0 } ).
∪

This underlying filtering condition of ◆G -consistency is based on relation partitioning combined with G -consistency, and allows for improved pruning capability over ◆G -consistency [42].

4

Neighbourhood Singleton-style Consistencies

In this section we propose and study a variety of singleton-style consistencies that are applied
just on the neighbourhood of the singleton-checked constraint instead of the whole network.
Before doing so, let us first formally introduce a preorder in order to compare the pruning
(or inference) capability of different consistencies. Let φG and ψ
G be two consistencies defined
by some operations φ and ψ respectively and a graph G. Then, φG is stronger than ψ
G iff
whenever φG holds on a QCN N with respect to a graph G, ψ
also
holds
on
N
with
respect
G
φ
ψ
to G, and φG is strictly stronger than ψ
G iff G is stronger than G and there exists at least one
φ
QCN N and a graph G such that ψ
G holds on N with respect to G, but G does not hold on N
with respect to G. (The terms weaker and strictly weaker can be defined likewise.) Finally,
φ
ψ
φ
0
G and G are incomparable iff there exist QCNs N and N such that G is strictly stronger
ψ
φ
than G with respect to N and some graph G, and G is strictly weaker than ψ
G with respect
0
to N and some graph G (we note that the graph G can be different in the two cases).
In general, standard singleton-style consistencies can make a lot of redundant checks,
which consequently can slow down their efficacy. It has been observed in the domain of
CSPs that the majority of constraint revisions occur close to the relation that is being
singleton checked, and rarely too far from it [47]. For that purpose, constraint programming
researchers have proposed weaker singleton-style consistencies that localize propagation to the
neighbourhood of the variable at hand [47, 33]. Neighbourhood singleton-style consistencies
for CSPs, despite being strictly weaker than SAC [12] in general, can produce almost as much

2

Clearly, in special cases notions like k-consistency can be defined and exploited theoretically [9], but
these can be hardly implemented efficiently and are therefore not suitable for applications.
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Figure 3 Given the QCN N = (V, C) above and the graph G that results by removing the
∪
edge {x1 , x5 } from the complete graph on V , we have that N is neighbourhood ◆G -consistent (and
∪
neighbourhood ◆G -consistent), but not ◆G -consistent (or ◆G -consistent).

filtering as SAC with substantially less cost on many problems [33]. In what follows, we define
two neighbourhood singleton-style consistencies for QCNs, and then we proceed to present
algorithms and parsimonious variants thereof for applying these consistencies efficiently.
In order to define the new consistencies, we first need to define what exactly is meant
by “neighbourhood of a relation” in the context of QCNs. Informally, given a QCN N and
a graph G, the neighbourhood of a relation in N comprises all the triangles that involve
the corresponding edge in G, and all the edges among the vertices of those triangles as well.
Noting that in a given graph G = (V, E), for each u ∈ V the set of adjacent vertices of u,
denoted by adj(u), is the set {w | {u, w} ∈ E}, we can formally define the neighbourhood of
a relation of a QCN as follows:
I Definition 7. Given a QCN N = (V, C), a graph G = (V 0 , E), where V 0 ⊆ V , and two
variables v, v 0 ∈ V such that {v, v 0 } ∈ E, the neighbourhood of C(v, v 0 ), denoted by GN(vv0 ) ,
is the induced subgraph G[S], where S = (adj(v) ∩ adj(v 0 )) ∪ {v, v 0 }.
As an example, consider the QCN and its accompanying graph shown in Figure 3. The
neighbourhood of C(x1 , x3 ) is the induced subgraph of the set of vertices {x1 , x2 , x3 , x4 }.
With the aforementioned definition in mind, we can define the notion of neighbourhood
◆
-consistency
as follows:
G
I Definition 8. Given a QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , N is
said to be neighbourhood ◆G -consistent, or N◆G -consistent for short, iff N is G -consistent
and ∀{v, v 0 } ∈ E and ∀b ∈ C(v, v 0 ) we have that C 0 (v, v 0 ) = {b}, where (V, C 0 ) =

GN(vv0 ) (N[v,v 0 ]/{b} ).
Similarly, we can define the notion of neighbourhood

◆∪
G -consistency

as follows:

I Definition 9. Given a QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , N is
∪
∪
said to be neighbourhood ◆G -consistent, or N◆G -consistent for short, iff N is N◆G -consistent
and ∀{v, v 0 } ∈ E, ∀b ∈ C(v, v 0 ), and ∀{u, u0 } ∈ E we have that ∃b0 ∈ C(u, u0 ) such that
b ∈ C 0 (v, v 0 ), where (V, C 0 ) = GN(vv0 ) (N[u,u0 ]/{b0 } ).
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The reader can note that Definitions 8 and 9 mirror Definitions 5 and 6 respectively, the
difference being that the closure under G -consistency is restricted to the neighbourhood of
the constraint at hand.
We recall the following result from [42] in our effort here to build a strength-based
hierarchy among all discussed consistencies:
I Proposition 1 ([42]). We have that

◆∪
G -consistency

is strictly stronger than

◆
G -consistency.

In the sequel, Figure 3 will be crucial in proving the results that follow.
I Proposition 2. We have that

◆∪
G -consistency

∪

is strictly stronger than N◆G -consistency.

Proof. Consider the QCN along with its accompanying graph depicted in Figure 3. As
∪
noted in its caption the QCN is N◆G -consistent and N◆G -consistent, but not ◆G -consistent or
∪
◆
◆
◆∪
G -consistent. Specifically, in order for the QCN to become G -consistent and G -consistent,
the base relation mi needs to be removed from C(x2 , x5 ). In addition, by the definitions of
◆∪
◆∪
◆∪
◆∪
G -consistency and NG -consistency, we have that every G -consistent QCN is NG -consistent.
Specifically, given a QCN N and two graphs G and G0 such that G ⊆ G0 , it holds that if N
is G -consistent then N is G0 -consistent.
J
Following the same line of reasoning as that of the proof of Proposition 2, we assert the
next result:
I Proposition 3. We have that

◆
G -consistency

is strictly stronger than N◆G -consistency.

We proceed with presenting the next result:
∪

I Proposition 4. We have that N◆G -consistency is strictly stronger than N◆G -consistency.
Proof. Consider the QCN along with its accompanying graph depicted in Figure 3 in [42]. It
∪
is the case that the QCN is N◆G -consistent, but not N◆G -consistent. Additionally, by definition
∪
∪
of N◆G -consistency, we have that every N◆G -consistent QCN is N◆G -consistent.
J
We continue with another result as follows:
∪

I Proposition 5. We have that N◆G -consistency is incomparable to

◆
G -consistency.

Proof. Consider again the QCN along with its accompanying graph depicted in Figure 3
∪
in [42]. It is the case that the QCN is ◆G -consistent, but not N◆G -consistent. On the other
∪
hand, as noted also in the proof of Proposition 2, the QCN of Figure 3 here is N◆G -consistent,
but not ◆G -consistent, with respect to its accompanying graph.
J
From Propositions 2 and 4 (or 1 and 3) we obtain the following result:
I Corollary 1. We have that

◆∪
G -consistency

is strictly stronger than N◆G -consistency.

Finally, to complete our strentgh-based hierarchy we close off with some results that
←
−
involve the non-singleton-style consistencies G -consistency and G -consistency.
I Proposition 6. We have that N◆G -consistency is strictly stronger than


G -consistency.

Proof. Consider the QCN depicted in Figure 14 in [36], which was used to prove that consistency cannot decide the minimality of a QCN in general. It is the case that the QCN
is G -consistent, but not N◆G -consistent, with respect to the complete graph on the set of
variables of that QCN. Notably, applying N◆G -consistency on that QCN makes it minimal.
Additionally, by definition of N◆G -consistency, we have that every N◆G -consistent QCN is

J
G -consistent.
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∪

N◆G
◆∪
G

N◆G

←
−

G


G

◆
G

Figure 4 A strength-based hierarchy of consistencies for QCNs; an arrow denotes the (transitive)
strictly stronger relationship and a dotted line the (symmetric) incomparable relationship.
Algorithm 1 PSWC∪
N (N , G).

1
2
3
4
5
6
7
8

in
: A QCN N = (V, C), and a graph G = (V 0 ⊆ V, E).
out
: A sub-QCN of N .
begin
N ← G (N );
Q ← list(E);
while Q 6= ∅ do
{v, v 0 } ← Q.pop();
(V, C 0 ) ← ⊥V ;
foreach b ∈ C(v, v 0 ) do
(V, C 0 ) ← (V, C 0 ) ∪ GN(vv0 ) (N[v,v0 ]/{b} );

15

if (V, C 0 ) ⊂ N then
f lag ← False;
foreach {u, u0 } ∈ E do
if C 0 (u, u0 ) ⊂ C(u, u0 ) then
C(u, u0 ) ← C 0 (u, u0 );
C(u0 , u) ← C 0 (u0 , u);
f lag ← True;

16

if f lag then Q ← list(E);

9
10
11
12
13
14

17

return N ;

From Propositions 1, 2, 3, 4, and 6 we obtain the following result:
∪

∪

I Corollary 2. We have that each of the consistencies of ◆G -consistency, N◆G -consistency,
◆
◆

G -consistency, and NG -consistency is strictly stronger than G -consistency.
From [40] we have the following result:
I Proposition 7 ([40]). We have that


G -consistency

is strictly stronger than

←
−

G -consistency.

From Corollary 2 and Proposition 7 we obtain the following last result:
∪

∪

I Corollary 3. We have that each of the consistencies of ◆G -consistency, N◆G -consistency,
←
−
◆
◆


G -consistency, NG -consistency, and G -consistency is strictly stronger than G -consistency.
A visual representation of the established strength-based hierarchy of consistencies is
shown in Figure 4.
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Algorithm 2 PSWCN (N , G).

1
2
3
4
5
6
7
8
9
10
11
12
13

in
: A QCN N = (V, C), and a graph G = (V 0 ⊆ V, E).
out
: A sub-QCN of N .
begin
N ← G (N );
Q ← list(E);
while Q 6= ∅ do
{v, v 0 } ← Q.pop();
(V, C 0 ) ← ⊥V ;
foreach b ∈ C(v, v 0 ) do
(V, C 0 ) ← (V, C 0 ) ∪ GN(vv0 ) (N[v,v0 ]/{b} );
if C 0 (v, v 0 ) ⊂ C(v, v 0 ) then
C(v, v 0 ) ← C 0 (v, v 0 );
C(v 0 , v) ← C 0 (v 0 , v);
Q ← list(E);
return N ;

Algorithm 3 `PSWC∪
N (N , G).

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

16

in
: A QCN N = (V, C), and a graph G = (V 0 ⊆ V, E).
out
: A sub-QCN of N .
begin
N ← G (N );
Q ← list(S ⊆ E);
while Q 6= ∅ do
{v, v 0 } ← Q.pop();
(V, C 0 ) ← ⊥V ;
foreach b ∈ C(v, v 0 ) do
(V, C 0 ) ← (V, C 0 ) ∪ GN(vv0 ) (N[v,v0 ]/{b} );
C(v, v 0 ) ← C 0 (v, v 0 );
if (V, C 0 ) ⊂ N then
foreach {u, u0 } ∈ E \ {v, v 0 } do
if C 0 (u, u0 ) ⊂ C(u, u0 ) then
C(u, u0 ) ← C 0 (u, u0 );
C(u0 , u) ← C 0 (u0 , u);
Q.push({u, u0 });
return N ;

Algorithms and Complexities
For the sake of completeness, we present here algorithms PSWC∪
N and PSWCN , shown in
Algorithms 1 and 2 respectively, which given a QCN N and a graph G as input apply
∪
N◆G -consistency and N◆G -consistency on N respectively. By dropping the red underlined
parts in the aforementioned algorithms, the reader can verify that they fall back to algorithms
PSWC∪ and PSWC respectively, which were introduced in [42].
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Given a QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , the worst-case time
2
2
complexity for both PSWC∪
N and PSWCN is O(α|B| |E| ), where α is the worst-case time

complexity for computing G0 (N ) with respect to the largest graph G0 ⊆ G that is used in
Line 8 of the algorithms (as each constraint defines its own neighbourhood G0 ). For any given
QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , we note that α is O(∆|B||E|),
where ∆ is the maximum vertex degree of G [10].
Finally, given a QCN N and a graph G, a parsimonious variant for approximating
∪
N◆G -consistency in N is algorithm `PSWC∪
N , shown in Algorithm 3. Again, by dropping the
red underlined parts in the aforementioned algorithm, the reader can verify that it falls back
to a slight generalization of algorithm `PSWC∪ , which was introduced in [41]. Specifically,
contrary to the algorithm as it appears in [41], in Line 3 of Algorithm 3 we allow any subset S
of the set of edges of the input graph to be used; this subset serves as the seed of constraints
from which the singleton checks will start propagating themselves. Algorithm `PSWC∪
N is
lazy in the sense that it relies upon previously revised constraints to allow itself to continue
propagation. Therefore, depending on the subset S to be used, and the order in which the
constraints are processed, the algorithm may produce different outputs for the same input
(see [41]).
∪
The worst-case time complexity of `PSWC∪
N is the same as that of PSWCN (and PSWCN ),
although we will see later on in Section 5 that it is much faster in practice.

5

Experimental Evaluation

In this section we investigate the utility of the proposed neighbourhood singleton-style consistency algorithms, as well as the discussed state-of-the-art local consistency algorithms that
appear in the literature, with respect to the fundamental reasoning problems of satisfiability
checking and minimal labeling that are associated with QCNs. Specifically, we explore their
efficiency in determining the satisfiability of a given network instance and in discovering
the unfeasible base relations of that network instance (in regard to both CPU time and
correctness of decision).

Technical specifications
The evaluation was carried out on a computer with an Intel Core i5-4570 processor, 16 GB of
RAM, and the Xenial Xerus x86_64 OS (Ubuntu Linux). All algorithms were coded in Python
and run using the PyPy intepreter under version 5.1.2, which implements Python 2.7.10.
Only one CPU core was used.

Dataset
We used the dataset employed in [43]. That dataset comprises 1 000 random and structured
QCNs of IA that were created using models A(n, l, d) [32] and BA(n, m) [38] respectively.
Pertaining to A(n, l, d), there are 100 QCNs of IA of n = 70 variables and with l = 6.5 base
relations per non-universal constraint on average, for all values of the average constraint
graph degree d from 7 to 12 with a step of 1. Pertaining to BA(n, m), there are 100 QCNs of
IA of n = 150 variables for all values of the constraint graph preferential attachment m [4]
from 2 to 5 with a step of 1. Finally, regarding the graphs that were given as input to our
algorithms, the maximum cardinality search algorithm [45] was used to obtain triangulations
of the constraint graphs of our QCNs. The choice of such chordal graphs was not only
reasonable but also crucial given their important theoretical and practical implications in
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qualitative constraint-based spatial and temporal reasoning, as reviewed in [44]; the use of
those graphs itself was inspired by [23, 22, 27] among other works, where preliminary results
pertainining to tree decompositions were established.

Tools
In addition to our implementations of the algorithms that were presented in Section 4, we
utilized the following four software tools:3
Solver, the state-of-the-art reasoner for checking the satisfiability of QCNs of Interval
Algebra and RCC8 that was introduced in [38] (and in particular the reasoner called
Phalanx5 in that work);
Minimizer, our own implementation of the approach for solving the minimal labeling
problem of QCNs of Interval Algebra and RCC8 that was first presented in [2];4
PWC, the state-of-the-art algorithm for applying G -consistency on QCNs of Interval
Algebra and RCC8 that was used in [38] (which is a module of the Phalanx5 reasoner
mentioned earlier);
←
−
DPWC, the state-of-the-art algorithm for applying G -consistency on QCNs of Interval
Algebra and RCC8 that was introduced in [40] (and in particular the reasoner called
Pyrrhus in that work).

Results
x
y
for Solver denotes that it required x seconds of CPU time on average per dataset of network
instances during its operation and detected y such instances as being unsatisfiable in total, a
x
fraction for Minimizer denotes that it determined z% of base relations to be unfeasible in
z
x
total, and a fraction
for the rest of the algorithms denotes all the previous information
y|z
combined together (from the viewpoint of the respective algorithm).
The first thing to note is that Solver has no competition whatsoever in terms of deciding
the satisfiability of a network instance. This was expected, as this type of reasoner is tailored
to avoid “bad” branches in the search tree and to reach a leaf (i.e., a solution) in the most
efficient way possible. On the other hand, when the entire search tree needs to be taken into
account, as is the case with Minimizer, the computational task is much more time-consuming;
therefore, Minimizer has by far the worst performance among its competition.
Regarding the singleton-style consistency algorithms, we can note that they of course have
an overhead compared to Solver, but they are much faster in general than Minimizer and they
can, in many cases, simulate its pruning capability in an almost exact manner. It is worth
mentioning that the neighbourhood-focused singleton-style algorithms PSWC∪
N and PSWCN
are around 30% faster in the phase transition region than the standard algorithms PSWC∪
and PSWC respectively, whilst retaining much of the good performance characteristics
(viz., unfeasible base relations elimination and satisfiability decision) of the latter. The
The results of our experimental evaluation are detailed in Tables 1 and 2, where a fraction

3
4

These software tools are available at https://msioutis.gitlab.io/software.
In particular, we ported the code to Python and included all recent advances that are associated with
the components that comprise that approach, such as improvements in its underlying satisfiability
checking module. It must also be noted that the strongest of the local consistencies discussed here, viz.,
◆∪
G -consistency, was used as a preprocessing step to enhance the performance of Minimizer.

Minimizer

12.29s
3.84%

27.40s
8.75%

281.59s
13.67%

1 541.88s
70.57%

5.99s
100%

0.96s
100%

Solver

0.16s
2

0.17s
5

0.29s
6

1.77s
55

4.52s
100

0.23s
100

d

7

8

9

10

11

12

0.59s
100|100%

6.98s
99|98.97%

41.13s
54|64.13%

24.80s
6|12.31%

9.92s
5|8.72%

2.54s
2|3.84%

PSWC∪

0.96s
100|100%

8.23s
97|97.06%

31.15s
51|57.06%

17.47s
6|11.69%

7.80s
5|8.68%

2.27s
2|3.84%

PSWC∪
N

0.58s
100|100%

2.52s
96|96.13%

7.71s
50|57.82%

4.69s
6|12.03%

1.96s
5|8.69%

0.44s
2|3.84%

`PSWC∪

0.79s
100|100%

2.57s
91|91.40%

5.46s
44|49.93%

3.41s
6|11.44%

1.58s
5|8.66%

0.40s
2|3.84%

`PSWC∪
N

0.70s
100|100%

8.44s
99|98.97%

48.04s
54|64.11%

28.23s
6|12.31%

11.22s
5|8.72%

3.00s
2|3.84%

PSWC

Table 1 Evaluation with random IA networks that were generated using model A(n = 70, l = 6.5, d) [32].

1.51s
100|100%

10.83s
97|97.06%

36.58s
51|56.45%

20.96s
6|11.36%

9.64s
5|8.64%

2.72s
2|3.84%

PSWCN

0.01s
44|47.91%

0.01s
31|34.93%

0.01s
5|10.02%

0.01s
1|4.82%

0.00s
4|7.23%

0.00s
2|3.77%

PWC

0.00s
4|5.09%

0.00s
5|6.07%

0.00s
1|1.92%

0.00s
0|0.63%

0.00s
3|3.70%

0.00s
2|2.48%

DPWC
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Minimizer

6.57s
3.14%

34.95s
9.42%

101.33s
66.89%

0.71s
100%

Solver

0.15s
2

0.17s
7

0.23s
60

0.16s
100

m

2

3

4

5

0.04s
100|100%

95.64s
60|66.83%

9.55s
7|9.42%

0.53s
2|3.14%

PSWC∪

0.07s
100|100%

69.81s
60|66.39%

7.85s
7|9.40%

0.45s
2|3.14%

PSWC∪
N

0.06s
100|100%

26.06s
60|66.64%

2.52s
7|9.41%

0.12s
2|3.14%

`PSWC∪

0.06s
100|100%

19.39s
60|66.24%

1.91s
7|9.40%

0.10s
2|3.14%

`PSWC∪
N

0.05s
100|100%

126.69s
60|66.83%

12.40s
7|9.42%

0.67s
2|3.14%

PSWC

Table 2 Evaluation with structured IA networks that were generated using model BA(n = 150, m) [38].

0.07s
100|100%

94.51s
60|65.77%

10.14s
7|9.38%

0.56s
2|3.14%

PSWCN

0.01s
92|92.32%

0.01s
42|44.61%

0.01s
7|8.82%

0.00s
2|3.12%

PWC

0.00s
29|28.91%

0.00s
12|12.06%

0.00s
4|3.92%

0.00s
2|2.26%

DPWC
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parsimonious variants `PSWC∪ and `PSWC∪
N are up to 6 times faster in the phase transition
region than PSWC∪ and PSWC∪
respectively,
but detect in general slightly fewer unsatisfiable
N
network instances and eliminate slightly fewer unfeasible base relations as well. We should
note that for a given QCN N = (V, C) and a graph G = (V 0 , E), where V 0 ⊆ V , the subset
S that was used in Line 3 of the parsimonious variants (see Algorithm 3) corresponds to the
set of edges E(G(G (N ))), i.e., the set of edges of the constraint graph of G (N ).

Synopsis
In conclusion, and with respect to the involved datasets here, we observe that the considered
singleton-style consistency algorithms are not good options for just checking the satisfiability
of a network instance, as they present an overhead when compared to a state-of-the-art
reasoner that is tailored to this specific task. However, we also point out that they are ideal
candidates for efficiently approximating and even determining in many cases the minimal
labeling of a network instance; this becomes even more prominent if one considers the
comparatively bad pruning capability of PWC, and the even worse one of DPWC for that
matter. It should be noted that even if the state-of-the-art reasoner Minimizer is provided
with a minimal network instance (as it was usually the case in our evaluation due to
∪
the preprocessing with ◆G -consistency, see again Footnote 4 about this), it is an NP-hard
problem to decide the satisfiability of that instance, and an NP-hard problem to verify its
minimality as a consequence [30]. We emphasize again the fact that the neighbourhoodfocused singleton-style algorithms PSWC∪
N and PSWCN were found to be around 30% faster
in the phase transition region than the standard algorithms PSWC∪ and PSWC respectively,
for both random and structured QCNs, whilst they were able to retain much of the good
performance characteristics in terms of unfeasible base relations elimination and satisfiability
decision of the latter. Regarding the parsimonious variants in particular, viz., `PSWC∪ and
`PSWC∪
N , even though they exhibited arguably impressive performance characteristics, a
major disadvantage is that they do not yield unique closures for a same QCN (see again the
discussion in the previous section), which inhibits their theoretical study.

6

Conclusion and Future Work

We proposed singleton-style consistencies for QCNs that are applied just on the neighbourhood
of a singleton-checked constraint instead of the whole network, and attained a strength-based
hierarchy among all discussed consistencies here. Further, we proposed algorithms to enforce
our consistencies, as well as parsimonious variants thereof, that were shown to be much more
efficient in practice than the state-of-the-art algorithms for a dataset comprising random and
structured QCNs of Interval Algebra. It should be noted that are approach is generic and
applies to other calculi as well, such as the spatial calculus RCC8.
Future work consists in obtaining structure-based tractability results focused on the
neighbourhood of constraints, developing faster inference mechanisms that will only partially
singleton-check a constraint (i.e., only some of the base relations of a constraint will be
used for singleton checks), much like quick shaving [26], establishing adaptive constraint
propagators for QCNs (see [3] for instance in the context of CSPs), and looking into prioritizing
or even solely focusing on singleton checks for base relations that play a crucial role in the
computational properties of a given qualitative constraint language [24, 8]. Therefore, we
argue that our approach can drive both theoretical and practical future research and provide
a foundation for further work in the study of QCNs, which are pertinent in Symbolic AI [16].
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Abstract
First-Order Linear Temporal Logic (FOLTL) is well-suited to specify infinite-state systems. However,
FOLTL satisfiability is not even semi-decidable, thus preventing automated verification. To address
this, a possible track is to constrain specifications to a decidable fragment of FOLTL, but known
fragments are too restricted to be usable in practice. In this paper, we exhibit various fragments of
increasing scope that provide a pertinent basis for abstract specification of infinite-state systems.
We show that these fragments enjoy the Bounded Domain Property (any satisfiable FOLTL formula
has a model with a finite, bounded FO domain), which provides a basis for complete, automated
verification by reduction to LTL satisfiability. Finally, we present a simple case study illustrating
the applicability and limitations of our results.
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1

Introduction

First-Order Logic (FO) has proven to be useful to reason about the structure of a system,
i.e., the objects of the domain (which may be infinite), their relations and the properties they
satisfy. Temporal logics, on the other hand, provide a natural way to specify the evolution of
a system. First-Order Temporal Logics combine both dimensions and offer a flexible way of
specifying systems with a rich structure, dynamic aspects and a possibly infinite number of
states. First-Order Linear Temporal Logic (FOLTL) [7, 4] is the most studied among those.
However, formally verifying these properties is hard since FOLTL is not even semidecidable. As we aim at verifying abstract specifications of infinite-state systems, a source
of inspiration for the syntactic shape of fragments can be found in formal specification
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approaches such as Lamport’s TLA+ [9] or the present authors’ Electrum [2, 10]. In the
latter for instance, a specification typically has the following form (ignoring relational and
data structuring features):
spec = init ∧ G trans ∧ fair → prop
where:
init is an FO formula that expresses initial conditions of the system;
trans is an FOLTL formula that describes the system transitions and that only includes
the LTL connective X (next) and first-order quantifiers;
fair is an FOLTL formula, which expresses fairness conditions and thus includes nested
LTL connectives G (always) and F (eventually);
prop is an FOLTL formula that expresses a property expected of the system under
specification. It is in principle arbitrarily complex but, in practice, for a large class of
systems, it often remains in a relatively simple fragment of FOLTL.
Checking the validity of spec (|= spec) can be reduced to verifying that ¬spec is unsatisfiable
(UNSATFOLTL (¬spec)), with ¬spec = init ∧ G trans ∧ fair ∧ ¬prop. Typically, however, ¬spec
does not belong to any formerly known decidable fragment of FOLTL.
Our main contribution is precisely to devise some novel decidable fragments of FOLTL
encompassing formulas of the shape ¬spec.
We introduce in particular the Geneva1 fragment, which consists of the set of NNF
formulas of shape ψ ∧ G(φ), where ψ is an FOLTL formula featuring existential quantifiers
only at the root and where universal sub-formulas do not contain temporal connectives; and
where φ is an FOLTL formula featuring only X and F as temporal connectives and where
universal sub-formulas do not contain temporal connectives.
In practice, we prove that this fragment and some variants enjoy the Bounded Domain
Property (BDP): any satisfiable formula (in any of these fragments) admits a model with
finite, bounded FO domain (where the bound depends on the shape of the formula)2 . Remark
that the bound does not apply to the temporal dimension of models, only to the FO domain.
Written in a contrapositive way, provided ¬spec belongs to one of these fragments, there
is a bound k such that UNSATFOLTL (¬spec) can be reduced to UNSAT6k
FOLTL (¬spec), where
UNSAT6k
means
unsatisfiability
in
interpretation
structures
with
FO
domain of size 6 k.
FOLTL
Using this bound k, the FOLTL formula spec can be expanded into a plain LTL formula
spec 0 (by unfolding quantifiers over the bounded domain). This way, the UNSAT6k
FOLTL (¬spec)
problem is itself reduced to an UNSATLTL (¬spec 0 ). As LTL satisfiability is decidable, this
ultimately yields a complete, automated decision procedure for the original problem.
Additionally, we make the following two remarks:
for several of our fragments, the bound is linear in the size of formulas and exponential
in certain formula-related criteria that are usually small in practice;
for several fragments, the characterized bound is effectively reached, in the sense that
UNSATFOLTL (¬spec) can even be reduced to UNSAT=k
FOLTL (¬spec), which can in practice
be leveraged to produce a smaller LTL formula to check for unsatisfiability.
The remainder of the article is organized as follows. In Sect. 2, we provide preliminary
definitions about FOLTL. In Sect. 3, we exhibit axioms of infinity, i.e. formulas that do not
enjoy the FDP, in order to guide the search for logical fragments enjoying the BDP. Then

1
2

Geneva is a mnemonic for “G, Exists, Next/Eventually, (for)All”.
This work extends [8] where various simple fragments of FOLTL were studied. In particular, only one
fragment including all LTL connectives, an extension of the classic Ramsey FO fragment (cf. Ex. 9),
had been shown to enjoy the FDP.
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we state some lemmas useful for subsequent proofs. In Sect. 4, we provide a step-by-step
definition of a fragment of FOLTL that is relevant in the context of system specification. We
establish that it enjoys the FDP and exhibit a bound on the FO domain. Then we illustrate
our method on a toy example in Sect 5. Finally, we draw a comparison with other work
in Sect. 6.

2

Syntax and Semantics of FOLTL

2.1

FOLTL

The basic vocabulary of FOLTL is defined out of a signature Σ = (F, R) where F = (Fi )i∈N
(resp. R = (Ri )i∈N ) is a family of sets of function (resp. predicate) symbols), with Fi (resp.
Ri ) the set of function (resp. predicate) symbols of arity i. We write Const for the set F0 of
constant symbols. Given a set V of variables, the set TΣ,V of terms over Σ and V is defined
in the usual way. Terms in TΣ,∅ are called closed terms.
I Definition 1 (Formulas). Given a signature Σ = (F, R) and a set of variables V, FOLTL
formulas over Σ and V are defined inductively by the following grammar (with x ∈ V, r ∈ Rn
and every ti in TΣ,V ):
ψ ::= r(t1 , . . . , tn ) | ¬ψ | ψ ∨ ψ | X ψ | ψ U ψ | ∀x · ψ | ∃x · ψ
X and U stand for the “next” and “until” connectives. We also extend the set of temporal
connectives by defining “eventually” as F ψ = > U ψ, “always” as G ψ = ¬ F(¬ψ) and
“releases” as ψ1 R ψ2 = ¬((¬ψ1 ) U (¬ψ2 )). Similarly, classical propositional connectives ∧,
⇒ and ⇔ are defined in the natural way.
Additionally,
we write ψ[x] for a formula ψ having x as a free variable.
We write FV(φ) for the set of free variables of a formula, defined in the obvious way.
Also, a formula φ is said to be closed if FV(φ) = ∅.
Given a formula ψ, we write Tψ for the set of terms, including sub-terms, appearing in ψ.
Classically, a formula is in negation normal form (NNF) if negations only appear in front
of predicate symbols.
We denote by LTLΣ,V the set of FOLTL formulas, built over Σ with variables in V, that
do not contain any first-order quantifier. We write LTLΣ,V (X) (resp. LTLΣ,V (X, F)) for
the set of formulas from LTLΣ,V that are in NNF and that contain no other temporal
connective than X (resp. X and F).
A formula l is called literal if l = r(t1 , . . . , tn ) or l = ¬r(t1 , . . . , tn ) where x ∈ V, r ∈ Rn
and every ti in TΣ,V ).
We now introduce the semantics of FOLTL. In the interpretation structures defined
below, the interpretation of predicates varies over time while that of function symbols does
not. Notice we rely on the Kleene star in the definition.
I Definition 2 ((Interpretation) Structure). Given a signature Σ = (F, R), an (interpretation)
structure M (over Σ) is a triple (D, σ, ρ) where:
D, called the domain, is a non-empty set.
σ is a map s.t. for any c ∈ F0 , σ(c) ∈ D, and for any f ∈ Fn , σ(f ) : Dn → D.
ρ : N × D? → P(R) is a map s.t. for any instant i ∈ N and any ~a = (a1 . . . , an ) ∈ D? ,
ρi (~a) ⊆ Rn .
M is said to be domain-finite if D is finite. We also define the domain size (simply called
size in the remainder of this paper) of M as |D|.
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I Remark 3 (Type of ρ). Usually, FOLTL structures would be defined with ρ a function
N × R → P(D? ) mapping at any instant a predicate to the set of tuples (of the domain)
satisfying it. We turn this definition upside down, which is trivially equivalent to the classical
one, to simplify the presentation of forthcoming definitions (in particular, partial structures
introduced in Def. 10) and proofs.
I Definition 4 (Assignment). An assignment C in a domain D for variables in V is a map
V → D. We write C[x 7→ d] the assignment defined as C[x 7→ d](x) = d and C[x 7→ d](y) =
C(y) if y 6= x. The extension of C to terms, also written C, is defined in the obvious way.
I Definition 5 (Satisfaction). Given a structure M = (D, σ, ρ) and an assignment C, the
satisfaction relation  is defined by induction on formulas, for any i ∈ N, as follows:
M, i, C  r(t1 , . . . , tn ) iff r ∈ ρi (C(t1 ), . . . , C(tn ));
M, i, C  ¬φ iff M, i, C 2 φ;
M, i, C  φ1 ∨ φ2 iff M, i, C  φ1 or M, i, C  φ2 ;
M, i, C  X φ iff M, i + 1, C  φ;
M, i, C  φ1 U φ2 iff there exists k ∈ N s.t. M, i + k, C  φ2 and for every 0 ≤ j < k, we
have M, i + j, C  φ1 ;
M, i, C  ∃y · φ iff there exists d ∈ D s.t. M, i, C[y 7→ d]  φ;
M, i, C  ∀x · φ iff for every d ∈ D, we have M, i, C[x 7→ d]  φ.
Given a closed formula φ, we write M, k  φ if M, k, []  φ, where [] is the empty assignment.
Let φ, φ0 be two FOLTL formulas. If for any structure M and an assignment C, we have
M, 0, C  φ iff M, 0, C  φ0 then we say that φ and φ0 are logically equivalent, written φ ≡ φ0 .
I Definition 6 (Finite Domain Property, Bounded Domain Property). A closed formula φ
of FOLTL enjoys the finite domain property (FDP) if φ is not satisfiable, or there is a
domain-finite structure M s.t. M, 0  φ. Additionally, if the bound is computable, the
formula is said to enjoy the Bounded Domain Property (BDP). A fragment of a logic enjoys
the FDP (resp. BDP) if every formula in this fragment does.
I Remark 7 (BDP and decidability). For pure FO, if a fragment enjoys the FDP (usually called
the Finite Model Property), then it is decidable. As FOLTL is not recursively enumerable
(contrary to FO), the FDP does not suffice to show decidability of a given fragment, while
the BDP does.
I Remark 8 (BDP and complexity). If a fragment enjoys the BDP, then from the expression
of the bound on the domain, we can easily deduce an upper bound of the complexity of
satisfiability for this fragment, using the results from [8]. Indeed, in [8], the complexity of
the satisfiability problem on bounded models is studied for full FOLTL.
I Example 9. The following fragments of FO enjoy the FDP (following the book and
notations of Börger et al. [3]):
[∃? ∀? , all]= (Ramsey 1930) the class of formulas with quantifier prefix ∃? ∀? , without
function symbols, with arbitrary predicate symbols, with equality.
[∃? , all, all]= (Gurevich 1976) the class of formulas with quantifier prefix ∃? , with arbitrary
predicate and function symbols, with equality.

2.2

Partial Structures

We defined the notion of structures for FOLTL, however proving the BDP requires to define
a model in several steps. Indeed, we will need to define predicate interpretations for a finite
numbers of instants, and to define the truth values of predicates for the remaining time later
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on. This is clumsy to do with structures since we will need to redefine the entire structure
at each step. For this reason, we introduce a notion of partial structures, which is easier
to handle.
I Definition 10 (Partial (interpretation) structures). A partial (interpretation) structure M
(over Σ) is a triple (D, σ, ρ) satisfying the same conditions as in Def. 2 except that ρ is a
partial function. We denote by ρi (~x) = ⊥ the fact that ρ is not defined on the pair (i, ~x).
Structures are then the maximal elements of the set of partial structures for the following
partial order.
I Definition 11 (Extension ordering of partial structures). Given two partial structures M =
(D, σ, ρ) and M0 = (D0 , σ 0 , ρ0 ), we define the partial order 4 over partial structures as follows:
M0 extends M, written M 4 M0 , iff D = D0 , σ = σ 0 , and ρi (~a) 6= ⊥ implies ρ0i (~a) = ρi (~a).
This allows a natural generalization of satisfaction to partial structures by saying that a
partial structure satisfies a formula if all its extensions that are structures satisfy it.
I Definition 12 (Semantics over partial structures I). Given a partial structure M, we say
that M, i, C  φ iff for all structure M0 s.t. M 4 M0 , we have M0 , i, C  φ.
There is another, natural way to define the semantics over partial structures. We introduce
it as it will be required in forthcoming proofs. This semantics can be defined by induction
on formulas in NNF. Such a restriction is necessary because we cannot evaluate the truth
value of ¬φ out of that of φ, therefore we cannot define a general semantics for the “not”
connective. This is because if a partial structure can be extended to either satisfy φ or satisfy
¬φ, then this partial structure satisfies neither of these formulas.
I Definition 13 (Semantics over partial structures II). Given a partial structure M = (D, σ, ρ)
and an assignment C, the satisfaction relation
is defined by induction on formulas in
negation normal form (NNF), for all non-negative integers i as follows:
M, i, C r(t1 , . . . , tn ) iff r ∈ ρi (C(t1 ), . . . , C(tn )).
M, i, C ¬r(t1 , . . . , tn ) iff ρi (C(t1 ), . . . , C(tn )) 6= ⊥ and r 6∈ ρi (C(t1 ), . . . , C(tn )).
M, i, C φ1 ∧ φ2 if and only if M, i, C φ1 and M, i, C φ2 .
M, i, C φ1 ∨ φ2 if and only if M, i, C φ1 or M, i, C φ2 .
M, i, C X φ iff M, i + 1, C φ.
M, i, C
φ1 U φ2 iff there exists k ∈ N s.t. M, i + k, C  φ2 and for every integer
0 ≤ j < k, we have M, i + j, C φ1 .
M, i, C
φ1 R φ2 iff for each k ∈ N M, i + k, C
φ2 or there exists an integer j s.t.
M, i + j, C φ1 and for every integer 0 ≤ k ≤ j, M, i + k, C φ2 .
M, i, C ∃y · φ(y) if and only if there exists d ∈ D s.t. M, i, C[y 7→ d] φ(y).
M, i, C ∀x · φ(x) if and only if for every d ∈ D, we have M, i, C[x 7→ d] φ(x).
I Lemma 14 (Equivalence of semantics). Given a partial structure M, a formula φ in NNF,
k ∈ N and an assignment C, we have M, k, C  φ iff M, k, C φ.
I Definition 15 (Enrichment of a structure). Given a partial structure M = (D, σ, ρ) s.t.
~ = ⊥, we define the enrichment of M at instant i on tuple d~ for A ∈ P(R), written
ρi (d)
~ 7→ A], as the triple (D, σ, ρ0 ) where: ρ0 (d)
~ = A and for any j ∈ N and any tuple d~0 ,
M[(i, d)
i
~ Notice that M[(i, d)
~ 7→ A] is an extension of M.
ρ0j (d~0 ) = ρj (d~0 ) if (j, d~0 ) 6= (i, d).
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Some sort of induction is required to extend a partial structure for tuples over all instants
of time. It is possible to proceed by extending a partial structure step-by-step using the
previous definition. The result is then an increasing sequence of partial structures. Intuitively,
it can be seen that such a sequence somehow converges to a partial structure where all steps
of extension have been performed on it. The following definition formalizes this notion.
I Definition 16 (Limit structure). Let (Mk )k∈N be a 4-increasing sequence of partial structures, with Mk = (D, σ, ρk ). Then we define the (partial) limit structure M∞ = (D, σ, ρ∞ )
~ 6= ⊥, then ρ∞ (d)
~ = ρk (d);
~
s.t., for any i ∈ N and vector d~ ∈ D? : (1) if there exists k s.t. ρki (d)
i
i
k ~
∞ ~
(2) if for every k ∈ N we have ρ (d) = ⊥, then ρ (d) = ⊥.
i

i

As we focus on the BDP, we aim at building a domain-finite model of a formula out of
any structure satisfying it. However, to ensure that we have a general method working for
a fragment as expressive as possible, we need to make this domain-finite model as similar
as possible to the original one. For this reason, we define the following notion of partial
embedding. Informally, this embedding between two partial structures expresses that any
element of the domain of the former has, for each instant, an equivalent element in the domain
of the latter, meaning they satisfy the same predicates. In the case of n-ary predicates, two
tuples with one-to-one equivalent elements are considered equivalent, so they satisfy the
same predicates. A partial embedding is used to deduce information about the satisfaction
of non-temporal universally quantified properties at some particular instant.
I Definition 17 (Partial embedding). Let M0 = (D0 , σ0 , ρ0 ), M1 = (D1 , σ1 , ρ1 ) be two
partial structures and f : N × D0 9 D1 be a partial function. We say that f is a (partial)
f

embedding from M0 to M1 , denoted M0 ,→ M1 , if there exists m ∈ N s.t.:
for each c ∈ Const, each i ∈ N, we have fi (σ0 (c)) = σ1 (c);
~ 6= ⊥3 , fi (σ0 (g)(d))
~ =
for each g ∈ Fn (n > 0), d~ ∈ D0n , and each i ∈ N s.t. fi (d)
~
σ1 (g)(fi (d)); and
~ 6= ⊥ then ρ0 (d)
~ = ρ1 (fi+m (d)),
~ otherwise
for each d~ ∈ D0? and each i ∈ N, if fi+m (d)
i
i
0 ~
ρi (d) = ⊥.

3

Preliminary Results

Here we exhibit various formulas of FOLTL that do not enjoy the FDP, which hints on
possible directions to find a fragment that does enjoy it. Then, we introduce some technical
lemmas about elementary fragments of FOLTL, which will be useful to establish the BDP of
the fragments studied in Sect. 4.

3.1

Axioms of Infinity

In this section, we report on various ways not to enjoy the FDP. Our study of FOLTL
fragments was partly guided by the need to avoid syntactic fragments. We call axiom of
infinity an FOLTL formula that does not satisfy the FDP. Finding such axioms is easy, even
with strong constraints on first-order quantifiers.
Due to some results from [8], we start our study with formulas featuring existential
quantifiers. For instance, the following axiom of infinity involves only one existential
quantifier: G(∃y · P (y) ∧ X G ¬P (y)). Indeed, to satisfy this formula, we need to find some
element in the domain satisfying P at each instant of time; however this element will never
satisfy P again so an infinite domain is needed to pick a different element at every instant.

3

~ 6= ⊥ denotes the fact that fi (d)
~ is defined
fi (d)
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It then appears that existential quantification under a G connective can be problematic.
However, this problem occurs only when several nested G connectives appear in the formula.
Notice that nesting G connectives is often unnecessary in practical system specifications.
Therefore let us now focus on cases where we have a formula of the form G(∃y · ψ[y])
where ψ does not contain any G or first-order quantifier.
Now, what about universal quantification? Unfortunately, even with a prefix within the
Ramsey fragment, axioms of infinity can be found, such as the following: G(∃y∀x · ¬P (y) ∧
X P (y) ∧ (P (x) ⇒ X P (x))). Here, the universal quantifier allows us to specify by induction
that any element in the domain used for the existential quantifier satisfies G P (y). This
is actually similar to the first axiom. In order to avoid this behaviour, a new restriction
is needed. A possibility is to forbid the use of temporal connectives under the scope of a
universal quantifier.
Another issue lies in the use of constant predicates (predicates whose value does not
change along time). Assume we are given a constant order < (axiomatized by universally
quantified formula without temporal connectives). Then the following formula defines an
axiom of infinity: G(∃y · P (y) ∧ X(∀x · P (x) ⇒ y < x)). Indeed it forces at each instant the
existence of an element in the domain which is greater than all elements that have already
been used. Satisfying the formula then requires to have an infinite domain.
Thus, to obtain a fragment enjoying the BDP, one should at least:
forbid nested G connectives;
forbid temporal connectives under the scope of a universal quantifier;
and forbid constant predicates if universal quantifiers are allowed.

3.2

Preliminary Lemmas

We now introduce lemmas that are basic elements of the BDP proof for the FOLTL fragments
studied in this article.
The following lemma allows us to consider a formula with a well-suited syntactic form
for the upcoming proofs (without impact on computed bounds). Indeed, we will need to
define interpretations of predicates such that a formula is true at every instant. However, in
case of a disjunction, there may be various ways to satisfy a formula. For example, consider
φ = (a ⇒ X b) ∧ (a ⇒ F c); in this case, at every instant, φ may be satisfied by having ¬a or
X b ∧ F c. So we transform φ into a disjunctive normal form allowing us to differentiate and
pick in which way it can be satisfied. In the case of φ, we obtain (¬a) ∨ (X b ∧ F c). Within
each disjunct, we distinguish between the sub-formulas under an F connective (which need
to be satisfied at an unspecified instant) and the other ones (which need to be satisfied at a
specified number of instants, depending on the number of nested X connectives).
I Lemma 18 (Disjunctive normal form (DNF)). If φ is a formula in LTLΣ,V (X, F) then
there exists ψ ≡ φ s.t.: (1) ψ is a disjunction of the form ψ1 ∨ . . . ∨ ψn (notice that each
ψi is in NNF); (2) Each ψi is a conjunction of the form αi ∧ F βi,1 ∧ . . . ∧ F βi,j , with
αi = Xni,1 `i,1 ∧ . . . ∧ Xni,ki `i,ki (writing Xn for a sequence of n X connectives) and where
each `i,k is a literal and each βi,k is in LTLΣ,V (X, F).
I Remark 19 (Inocuity of the DNF transformation). The transformation of a formula into
DNF induces an exponential blow-up. In this paper, it is only used to prove the BDP of the
considered fragments: since the considered bounds are not affected by the transformation in
DNF, the blow-up does not influence the complexity of the decision procedure.
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The size of the finite model resulting from the construction presented in this paper depends
on the depth of nested X connectives. For example, there is a structure of size 1 satisfying
G(∃y · P (y)). However any structure satisfying G(∃y · P (y) ∧ X(¬P (y)) ∧ X X(¬P (y)) is at
least of size 3. This depends on the number of instants it refers to using X connectives:
I Definition 20 (Stride of a formula). Given a formula φ in DNF, we define its stride Kφ
as the maximal depth of nested X connectives not under an F, that is Kφ = max max ni,j
i=1..n j=1..ki

(with ni,j following the notations of Lemma 18).
The following lemma applies to formulas containing only X and F connectives, as well
as featuring only existential quantification over a single variable. Given such a formula, a
model of this formula and a partial structure where constant symbols are interpreted as in
the model of the formula, the lemma states that we can extend this partial structure into a
partial model of the formula by providing an interpretation for the predicates (1) for a finite
set of instants only and (2) over a single element in the domain.
I Lemma 21. Consider a formula ψ in LTLΣ,{y} (X, F) and a structure M = (D, σ, ρ) s.t.
M, k  ∃y · ψ[y] for some k ∈ N. Consider also a partial structure M0 = (D, σ0 , ρ0 ) s.t.
f0

M0 ,→ M and s.t. there exists some a in D s.t. for each integer j ≥ k we have fj0 (a) = ⊥.
Then, there exists an integer k 0 > k (where k 0 = k + Kψ + 1 if ψ ∈ LTLΣ,{y} (X)) and a
structure M1 = (D, σ1 , ρ1 ) satisfying:
f1

M1 ,→ M for some f 1 ,
for any x ∈ D and any i ≥ k 0 , fi1 (x) 6= ⊥ iff x ∈ σ1 (TΣ,∅ ),
for any i ∈ N s.t. k ≤ i < k 0 , and any x ∈ D, x 6= a implies fi0 (x) = fi1 (x),
M0 4 M1 ,
M1 , k, [y 7→ a]  ψ[y].
Proof. First notice that the truth value of a formula in LTLΣ,{y} (X, F) can be determined
by only “looking at” a finite set of instants I, in the sense that changing the interpretation
of predicates outside I does not change the truth value of the formula. This can be shown
for instance by induction on the number of nested F.
Let ψ be a formula in LTLΣ,{y} (X, F) s.t. M, k |= ∃y · ψ[y]. Let k 0 be the greatest
instant in the set I as introduced above. Let d be an element in the domain such that
M, k, [y 7→ d] |= ψ[y]. Then, we can extend M0 into M1 in a way s.t. fi1 (a) = d and
ρ1i (a) = ρi (d) for i ∈ [k, k 0 ].
J
The next lemma focuses on formulas containing X connectives only. It establishes that
formulas of the form G(∃y · ψ), where the only temporal connective in ψ is X, enjoy the
BDP. However, this lemma is formulated in a more suitable way for the proof of Theorem 26.
In particular, we limit the result to a finite temporal window [k1 , k2 ].
I Lemma 22. Assume that there exists k1 , k2 ∈ N s.t. for any integer i ∈ [k1 , k2 ] we have
f0

M, i  ∃y · α[y], where α ∈ LTLΣ,{y} (X). Let M0 be a partial structure s.t. M0 ,→ M for
some f 0 , and there exists A = {a0 , . . . , aKα } s.t. for each integer j ∈ [k1 , k2 + Kα ] and all
a ∈ A, we have fj0 (a) = ⊥. Then there exists M1 s.t.:
f1

M1 ,→ M for some f 1 ;
M0 4 M1 ;
fj1 (x) 6= fj0 (x) implies that j ∈ [k1 , k2 + Kα ] and x ∈ A;
For any i ∈ [k1 , k2 ], there exists m ≤ Kα s.t. M1 , i, [y 7→ am ]  α[y].
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Figure 1 First step of the partial structure construction.
2

3

...

¬P

?

?

...

P

¬P

?

...

?

?

P

¬P

...

...

...

...

...

0

1

a0

P

a1

?

a2
...

2

3

...

¬P

P

¬P

...

P

¬P

?

...

...

...

...

0

1

a0 = a2

P

a1

?

...

...

−−→

Figure 2 Trace of M∞ .
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Proof. Let α be a formula in LTLΣ,{y} (X). We prove the theorem by induction over k2 .
If k1 = k2 then the result is reduced to lemma 21.
Induction step: we assume that the statement of the lemma holds for [k1 , k2 ]. Now
suppose that the premises of the lemma hold for [k1 , k2 + 1]. From induction hypothesis, we
know that there exists M1 satisfying the conclusion of the lemma for i ∈ [k1 , k2 ]. We can
then extend M1 by applying lemma 21 using instant k2 + 1 and one element in A. Then the
resulting structure satisfies the conclusion of the lemma for the set [k1 , k2 + 1].
J
I Example 23. The main ideas of the proof of Lemma 22 are illustrated through an example.
Let us consider the formula ψ[y] = P (y) ∧ X ¬P (y). For the sake of simplicity, instead of
considering a finite temporal window [k1 , k2 ] among which ∃y · ψ[y] is satisfied, we consider a
structure M s.t. for any k ∈ N, M, k |= ∃y · ψ[y], which is equivalent to M, 0 |= G(∃y · ψ[y]).
Let us build a finite partial model of this formula. Following the semantics of FOLTL,
for any k ∈ N, there is some ak in the domain of M s.t. M, k, [y 7→ ak ] |= P (y) ∧ X ¬P (y).
So, for any k ∈ N, P ∈ ρk (ak ) and P ∈
/ ρk+1 (ak ). Consider the constraints a0 , a1 and a2
must satisfy: a0 has constraints only at instants 0 (to satisfy P ) and 1 (not to satisfy P ); a1
only has some constraints at instants 1 and 2; and a2 only has some constraints at instants 2
and 3. Thus, we can reuse a0 to play the role of a2 at instants 2 and 3, as shown in Fig. 1.
Then ψ can be satisfied for the first three instants with only two elements in the domain.
By the same argument, we can reuse a1 instead of using a3 . This can be generalized to reuse
a0 (resp. a1 ) instead of every ak , where k is an even (resp. odd) number. We then see that
we can satisfy our formula with a structure of size 2. Let us call d0 and d1 the corresponding
elements of the domain. Let us define a first structure M0 = (D, σ, ρ0 ), where D = {d0 , d1 },
σ is an empty map (since there is no function symbols in ψ) and ρ0 is defined as the partial
function that is undefined over all entries. Now let us define Mi+1 from Mi . If i is even then
m = 0, else m = 1 then Lemma 21 gives us Mk+1 = Mk [(k, dm ) 7→ {P }][(k + 1, dm ) 7→ ∅].
Then we have Mk+1 , k, [y 7→ dm ]  ψ[y].
We get a 4-increasing sequence (Mi )i∈N , the limit structure of which (M∞ ) is illustrated
in Fig. 2. Since for any integer k, Mk+1 , k, [y 7→ d0 ]  ψ[y] or Mk+1 , k, [y 7→ d1 ]  ψ[y], we
have that M∞ , k  G(∃y · ψ[y]).
y
The reasoning that we had for this particular example can be easily generalized for any
formula of the form G(∃y · ψ[y]) where ψ ∈ LT LΣ,{y} (X). We then get a partial model of
the formula with a domain of size Kψ + 1.
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Now, we want to extend the fragment to allow for the temporal connective F in ψ.
Suppose that there is a model M of φ = G(∃y · ψ[y]) and that ψ = ψ1 ∨ . . . ∨ ψn is in DNF,
as in Lemma 18. Also suppose that several ψi have the form F ψi0 . Then, some of these F ψi0
can be true at a finite number of instants in M, which makes it complicated to build a finite
partial model of φ. The following lemma states that we can get rid of such F ψi0 .
I Lemma 24. Let M be a partial structure satisfying M, 0  G(ψ1 ∨ ψ2 ) ∧ ¬ G F(ψ2 ). Then
Id

there exists M0 s.t. M0 , 0  G(ψ1 ) and M0 ,→ M, with Id defined as Id(i, d) = d for all
instant i and domain element d.
Sketch. To get M0 from M, we simply make a translation in time, starting from the first
instant k s.t. for any k 0 > k, M, k 0  ¬ψ2 .
J

4

Finite Domain Property

We now present our main results. We start in Sect. 4.1 with the BDP of our core fragment,
limited to a single existential quantifier and without functions. In Sect. 4.2, we establish
the BDP for extended fragments including functions and first-order quantifiers used in a
restricted way. In Sect. 4.3, we study how these fragments can be extended with equality.

4.1

Core Theorem

Theorem 26 says that given a formula φ (1) in NNF, (2) with only one existential quantifier,
(3) containing no other temporal connectives than X and F, (4) without function symbols
other than constants, (5) with only unary predicates, then G φ enjoys the BDP. Most of
these restrictions are unnecessary for the BDP but, while keeping the main ideas of the proof,
they make it simpler to understand. Releasing them will lead to Theorem 28.
I Definition 25. We say that φ ∈ Gur− (X, F) (for “Gurevich”) if there exists a signature
Σ = (F, R) s.t. (1) for any n > 0, Fn = ∅, (2) for any n > 1, Rn = ∅ and (3) there exists
ψ ∈ LTLΣ,{y} (X, F) s.t. φ = ∃y · ψ.
I Theorem 26. If φ is a formula in Gur− (X, F), then G φ enjoys the FDP. Moreover, if
G φ is satisfiable, it has a model of size |Const| + 2 × (Kψ + 1).
Proof. Let us consider that ψ 0 ∈ LTLΣ,{y} (X, F). By using Lemma 18, w.l.o.g., we consider
ψ 0 in DNF: ψ 0 = ψ1 ∨ . . . ∨ ψm . Considering a model M of G(∃y · ψ 0 [y]), some ψi are satisfied
at an infinite number of instants. Let us consider that ψ1 , . . . , ψn are satisfied at an infinite
number of instants and ψn+1 , . . . , ψm are satisfied at a finite number of instants. Then by
application of Lemma 24, there is a structure M satisfying: M, 0  G(∃y · ψ1 [y] ∨ . . . ∨ ψn [y]).
Let us write ψ = ψ1 ∨ . . . ∨ ψn and remind that each ψi is in NNF and each ψi is of the
form αi ∧ F βi,1 ∧ . . . ∧ F βi,ji where αi = Xni,1 `i,1 ∧ . . . ∧ Xni,ki `i,ki .
j
n
n V̀
W
V
We introduce α =
α` and β =
F β`,p .
`=1 p=1

`=1

The main step of the proof consists in defining a sequence (Mi , f i , ki )i∈N where, for each
i ∈ N:
fi

Mi is a partial structure, Mi ,→ M and Mi 4 Mi+1 ,
up to instant ki − 1, Mi+1 coincides with Mi ,
Mi is built as an extension of Mi−1 s.t. for each k < ki−1 Mi , k |= ∃y · ψ[y],
the limit M∞ satisfies G(∃y · ψ[y]) at instant 0.
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The domain D of the different structures consists of the union of the two disjoints sets
DX = {d0 , . . . , dKψ } and DF = {e0 , . . . eKψ }, and of the set Const of constants. That is,
D = DX ∪ DF ∪ Const.
For i = 0, M0 and the partial function f 0 are defined by: (1) for any k ∈ N and
f0

a ∈ DX ∪ DF , fk0 (a) = ⊥; and (2) M0 ,→ M.
For any i > 0, let us now define Mi , ki and f i . Mi = (D, σ i , ρi ) is defined as an extension
of Mi−1 in the following way. By application of Lemma 21, it is possible to extend Mi−1
up to an instant ki and satisfy β for one value of the domain. Within the time interval
[ki−1 , ki [, if i is an odd (resp. even) number, then Mi is s.t. β is satisfied at instant ki−1
for any a ∈ DF (resp. any a ∈ DX ): Mi , ki−1 , [y 7→ a] |= β[y]. If i is an odd (resp. even)
number, this defines how Mi extends Mi−1 for elements in DF (resp. DX ).
Now, by Lemma 22, if i is an odd (resp. even) number, we can extend Mi−1 s.t. for any
k in [ki−1 , ki [, there is some a ∈ DX (resp. a ∈ DF ) s.t. Mi , k, [y 7→ a] |= α[y]. If i is an
odd (resp. even) number, this defines how Mi extends Mi−1 for elements in DX (resp. DF ).
Following this definition, for any i ∈ N and any k < ki , Mi , k |= ∃y · ψ[y].
The limit structure M∞ of (Mi )i∈N is then a partial model of G(∃y · ψ[y]), and its
domain D is finite, of size |Const| + 2 × (Kψ + 1).
J

4.2

Relaxing the Use of Quantifiers

The next theorem generalizes the previous result to formulas:
over n-ary predicates,
with function symbols,
and containing any number of existential quantifiers.
I Definition 27. We say that φ ∈ Gur(X, F) if there exists a signature Σ and a formula
ψ ∈ LTLΣ,{y1 ,...yn } (X, F) such that φ = ∃y1 . . . yn · ψ.
I Theorem 28. Given a formula φ in Gur(X, F), G φ enjoys the BDP. Denoting Tφ the set
of terms appearing in φ, then, if G(φ) is satisfiable, it has a model of size |Tφ ∩ TΣ,∅ | + 2 ×
(Kφ + 1) × |Tφ ∩ TΣ,V |.
The fragment used in Theorem 28 forbids formulas outside the scope of G. This prevents
the specification of initial conditions. Proving the BDP for a fragment allowing such conditions
requires to handle clauses in the DNF that are satisfied only a finite number of times, contrary
to what we dealt with until then, using in particular Lemma 24. Theorem 31 states that
we can actually extend the fragment used in Theorem 28 by adding a conjunct ψ to G(φ)
which refers to the initial state (and more generally to a finite set of states). However, the
bound of the domain is significantly larger.
I Definition 29. Let us assume that φ is in the form given in Lemma 18. Then we write
βφ = |{β | ∃i · ψi = αi ∧ . . . ∧ F β ∧ . . .}|.
I Definition 30 (Genev fragment). We call Genev fragment the set of FOLTL formulas of
shape ψ ∧ G(φ) s.t. φ is a formula of class Gur(X, F) and ψ = ∃y1 . . . y2 · θ[y1 , . . . , yn ] with
θ ∈ LTLΣ,{y1 ,...,yn } .
I Theorem 31. The Genev fragment enjoys the FDP. If ψ ∧ G(φ) is a satisfiable formula in
this fragment, it has a model of size |(Tψ ∪ Tφ ) ∩ TΣ,∅ | + (1 + 2βφ ) × (Kφ + 1) × |Tφ ∩ TΣ,V |.
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Let FO(∀) denote the fragment of purely universal FO formulas containing no other
function symbols than constants. The next theorem extends Theorem 31 by allowing formulas
of FO(∀) as leaves of the formula instead of basic predicates. However non-constant function
symbols can not be used under the scope of a universal quantifier, since even the FO
fragment of universally quantified formulas with non-restricted function symbols does not
enjoy the FDP.
I Definition 32. An FOLTL formula ψ is in FOLTL(∃↑, ∀↓) if ψ = ∃y1 . . . y2 · θ[y1 , . . . , yn ],
where θ has the following syntax: θ ::= ` | α | θ ∨ θ | θ ∧ θ | X θ | θ U θ | θ R θ, where
α ∈ FO(∀) and ` is a literal.
I Remark 33. Notice in particular that a formula in FOLTL(∃↑, ∀↓) satisfies the following
two conditions: (1) no existential quantifier is in the scope of a temporal operator, (2) no
temporal operator is in the scope of a universal quantifier. This is the case, for example, of
the following formula: ∃x, y · (∀z · ¬P1 (z)) U (P1 (y)) ∧ (∀z · ¬P2 (x, z) ⇒ P1 (z)).
I Definition 34. FOLTL(X, F, ∀↓) is defined by the following grammar: φ ::= ` | α | φ ∨ φ |
φ ∧ φ | X φ | F φ | ∃y · φ, with α ∈ FO(∀), ` a literal and y ∈ V.
I Definition 35 (Geneva fragment). We call Geneva fragment the set of FOLTL formulas
of shape ψ ∧ G(φ) s.t. φ is a closed formula of FOLTL(X, F, ∀↓) and ψ is a closed formula
of FOLTL(∃↑, ∀↓).
I Theorem 36. The Geneva fragment enjoys the FDP. If ψ ∧ G(φ) is a satisfiable formula
in this fragment, it has a model of size |(Tψ ∪ Tφ ) ∩ TΣ,∅ | + (1 + 2βφ ) × (Kφ + 1) × |Tφ ∩ TΣ,V |.

4.3

Extension with Equality

We now address the problem of adding the equality predicate to the previous fragments. The
interpretation of equality is constant over time. As mentioned in Sect. 3.1, this could be a
source of infinity axioms if universal quantification is allowed. We show that we can add
equality to the ∀-free fragments of our previous theorems 26, 28, and 31 and still enjoy the
BDP. However, the bound on the domain becomes much larger and not exact anymore.
I Definition 37. Given an FOLTL formula φ, we write Eq(φ) the set of equality tests of φ,
i.e. the set of predicates of the form t1 = t2 in φ.
In the following, Gur= (X, F) (resp. LTL=
Σ,V ) denotes Gur(X, F) (resp. LTLΣ,V ) augmented with equality. Theorem 38 (resp. 39) generalizes Theorem 28 (resp. 31).
I Theorem 38. If φ is a formula of class Gur= (X, F) then G(φ) enjoys the FDP. Writing
Tφ for the set of terms appearing in φ, then if G(φ) is satisfiable, it has a model of size at
most |Tφ ∩ TΣ,∅ | + 2 × (Kφ + 1) × |Tφ ∩ TΣ,V | × 2|Eq(φ)| .
Proof. Consider M a model of G(φ) where φ = ∃~y · ψ. Theorem 28 can be applied to this
formula after replacing equality tests by >. This operation yields a partial structure that we
call M0 . Now we want to use M0 to build a model of G(φ). Building such a model requires
that, at each instant i, it is possible to find a tuple of elements in the domain that:
satisfies the same relations as the tuple used to satisfy existential quantifiers at instant i
in M0 ;
satisfies the same equality relations as the tuple used to satisfy existential quantifiers at
instant i in M.
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This can be done by making 2|Eq(φ)| copies of the domain of M0 . Let us remember that
this domain is an union of the tuples used to satisfy the existential quantifiers at different
instants. Then, for each copy of each tuple, it is possible to define an equivalence relation
between terms formed from this tuple. It requires to define these equivalence relations in
order to cover all possibilities of interpretation for the equality relations appearing in φ, the
number of possibilities being 2|Eq(φ)| .
Once this is done, quotienting each part of the domain by this relation gives a structure
where there are tuples:
satisfying the same relations as any of the tuple of the first built finite model;
satisfying any possible subset of Eq(φ).
So at any instant it is only needed to look in the original model what equality tests of
the formula were satisfied and to take the tuple in the appropriate copy of the domain. J
I Theorem 39. If φ is a formula of class Gur= (X, F) and ψ = ∃y1 , . . . , yn · θ[y1 , . . . , yn ],
where θ ∈ LTL=
Σ,{y1 ,...,yn } , then ψ ∧ G(φ) enjoys the FDP. If ψ ∧ G(φ) is satisfiable, it has a
model of size at most |(Tψ ∪ Tφ ) ∩ TΣ,∅ | + (1 + 2βφ ) × 2|Eq(φ)| × (Kφ + 1) × |Tφ ∩ TΣ,V |.
Proof. The proof of Theorem 38 can easily be adapted to Theorem 39.

J

Now, if we extend the fragment of Theorem 36 with equality, it becomes possible to use
equality predicates in the scope of a universal quantifier. In that case, our approach does
not stand anymore. Therefore, the question of generalizing Theorem 36 by adding equality
remains open.

5

Toy Example: a Notification System

Here, a simple example of a notification system in a ring is presented to illustrate the
expressiveness of the fragment4 . The structure of the network is defined by a predicate succ
relating a node to its successor, and a formula Ring specifying that succ forms a ring topology.
The formula Ring is specified as proposed in [15], with the use of a ternary predicate, in
pure FO (without transitive closure). Each node x of the ring may be aware (notified(x))
of a certain piece of information, or not. Any node that has been notified may notify its
successor (by sending a message), and other nodes do not change during this operation.
Same(z) := notified(z)
⇔ X notified(z)
h

Send(x) := ∃y succ(x, y) ∧ (∀z · z 6= y ⇒ Same(z))
∧ (notified(x) ⇒ X notified(y)) ∧ (¬notified(x) ⇒ Same(y))
Trans

5.1

i

:= G(∃p · Send(p))

Safety Property

Now consider the safety property “if a node is notified, it remains notified”, described by
the following formula: Safety := G(∀x · notified(x) ⇒ X notified(x)). Proving that
our protocol ensures this property (Ring ∧ Trans |= Safety) amounts to proving that
Ring ∧ Trans ∧ ¬Safety is unsatisfiable.

4

The complete Electrum specification is available at [16]. Electrum is available at http://huit.re/
electrum/.
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Notice that ¬Safety ≡ ∃x · F(notified(x) ∧ X ¬notified(x)), therefore an equisatisfiable formula can be obtained by Skolemization: SkNegSafety := F(notified(c) ∧
X ¬notified(c)). However ϕ := Ring ∧ Trans ∧ SkNegSafety is not in any of our fragments because of the universal quantification over Same(z), which is a temporal formula,
and because of the use of equality.
We now devise a more abstract specification of the protocol which is a semantic consequence of ϕ that fits into the fragment of Theorem 36. First, we get rid of equality: we use
an equivalence predicate ≈ instead, which can be axiomatized (using a formula Eq) in our
fragment (notice that the semantics of ≈ may vary over time). Second, we get rid of the
universal quantifier over z. To do that, a solution is to instantiate the variable z for the values
x and c, which yields: Send(x) := (∃y · succ(x, y) ∧ (notified(x) ⇒ X notified(y)) ∧
(¬notified(x) ⇒ Same(y)) ∧ (x ≈ y ∨ Same(x)) ∧ c ≈ y ∨ Same(c)) ∧ (c ≈ y ⇔ X c ≈ y)).
Notice it is necessary to add c ≈ y ⇔ X c ≈ y in the previous formula. Indeed, ≈ is
not necessarily constant so it would be possible to have that c ≈ y and ¬ X c ≈ y and,
in this case, no constraint would apply to the truth value of X notified(c). Then, it is
possible to define an abstraction by the following formulas: Trans := G(∃p · Send(p)) and
AbsSatS := Eq ∧ Trans ∧ SkNegSafety.
It is easy to show that Ring ∧ Trans ∧ ¬Safety |= AbsSatS and that AbsSatS belongs
to the Geneva fragment. Applying Theorem 36, we compute a size 5 for the domain. Using
the Electrum tool, AbsSatS can be shown to be unsatisfiable for a domain of size 5, which
ultimately proves the original property.

5.2

Liveness Property

An interesting liveness property to prove on the considered system is “all nodes eventually
become notified”, formalized as: Liveness := ∀x · F(notified(x)). This property can be
shown under the assumption that all notified nodes eventually perform the send transition:
Progress := G(∀x · notified(x) ⇒ F Send(x)).
The complete abstraction that allows us to prove this liveness property is available with
the full example specification. We basically need to Skolemize the negation of the liveness
property and to instantiate the universally quantifiers that are out of our fragment with the
Skolem constant. An axiom abstracting the ring topology needs to be added for proving the
liveness property. In the end, the obtained formula fits into the fragment of Theorem 36,
which provides the domain size 6. The formula can be shown in Electrum to be unsatisfiable
for a domain of size 6, which proves the property.

6

Related Work

In [8], Kuperberg and the last two authors of the present article show that the FDP for
some FO fragments can be lifted to some FOLTL fragments. However, they only allow
to add X and F connectives, which is not enough for real specifications. An extension of
the Ramsey fragment is also proposed, allowing the use of all temporal connectives, but
preventing existential quantifiers under a G.
The decidable monodic fragment studied by Hodkinson et al. [5,6] does not enjoy the FDP.
Indeed, G(∃y · P (y) ∧ G(¬P (y))) belongs to the monodic extension of the Gurevich fragment
(first-order formulas containing existential quantifiers only) but it is an axiom of infinity: the
monodic fragment helps preserve decidability but says nothing about the FDP. Additionally,
on the practical side, the monodic fragment limits the use of free variables in temporal
formulas to only one, which does not really fit with real specifications of systems. Indeed,
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any transition system implying relations between different components (list of messages,
topology of a network, etc) requires to be specified by using at least binary relations in the
temporal transitions, thus breaking the monodicity condition.
Padon et al. [15] propose yet another approach: they reduce specific temporal problems
to FO and even, in many cases, to a decidable fragment of it. This method was improved
in [13, 14] to address the verification of liveness properties. It was implemented in the Ivy
tool and gives good results in practice. However, it is not complete and it requires the user
to understand rather deeply both the specified system and the verification technique itself.
Additionally, the user must devise an inductive invariant manually.

7

Discussion

In the introduction, we drew as an inspiration for our work the following classical shape for
specifications of systems and of their properties: spec = init ∧ G trans ∧ fair → prop (with
trans using only the X connective). Checking the validity of spec amounts to assessing the
satisfiability of ¬spec = init ∧G trans∧fair ∧¬prop. Our results then say this satisfiability can
be decided provided ¬spec can written as ψ ∧G(φ) and respect the conditions of Theorems 31,
36 or 39.
Beyond the obvious init and trans, one can see that, depending on their shape, fair and
prop will have to be, possibly, split into sub-formulas, and then “dispatched” into either ψ or
φ, or both. As an example, for prop, any combination of an F or G connective and of some
quantification on a variable is acceptable, except for the shape ∃x · G(P (x)) (as we would
have ¬prop = ∀x · F(¬P (x)), in which case ∀ would not appear as a leaf). Similarly, for a
strong fairness property of the shape G F enabled → G F effect = F G ¬enabled ∨ G F effect,
the disjunction distributes over the rest of the formula, and then enabled may only contain
existential quantifiers at the leaves and universal ones at the root, and effect may only have
universal quantifiers at the leaves (without any constraint on existential ones). This may
sometimes be restrictive, in which case alternative expressions should be sought. Another
limitation lies in the possible uses of (constant) equality: in our first experiments, we were
often able to abstract it into a dynamic equivalence relation, as we did in Sect. 5.
Now, if the specification falls into one of our fragments, then the bound on the domain is
known (and even exact, without equality). To be sure, this bound grows exponentially but
only in the number of F connectives under a G. This ultimately yields a decision procedure
for the validity of spec. Notice that existing tools, such as our own Electrum [10], can readily
be used to support it, as was shown in Sect. 5.
In the future, we will study ways to augment the expressiveness of our fragments to
address some of the current limitations (e.g. fairness, equality). Apart from trying to extend
the fragments themselves, we will also devise a many-sorted version thereof, in the spirit
of [11,12,1,15], to extend their expressiveness and applicability and to fit the data structuring
features of Electrum [10] more closely. We will also assess our approach on more realistic
case studies. Finally, we will build on our results in the setting of complete, automated
verification for system specification.
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Abstract
A Simple Temporal Network (STN) consists of time points modeling temporal events and constraints
modeling the minimal and maximal temporal distance between them. A Simple Temporal Network
with Decisions (STND) extends an STN by adding decision time points to model temporal plans
with decisions. A decision time point is a special kind of time point that once executed allows for
deciding a truth value for an associated Boolean proposition. Furthermore, STNDs label time points
and constraints by conjunctions of literals saying for which scenarios (i.e., complete truth value
assignments to the propositions) they are relevant. Thus, an STND models a family of STNs each
obtained as a projection of the initial STND onto a scenario. An STND is consistent if there exists
a consistent scenario (i.e., a scenario such that the corresponding STN projection is consistent).
Recently, a hybrid SAT-based consistency checking algorithm (HSCC) was proposed to check the
consistency of an STND. Unfortunately, that approach lacks experimental evaluation and does not
allow for the synthesis of all consistent scenarios. In this paper, we propose an incremental HSCC
algorithm for STNDs that (i) is faster than the previous one and (ii) allows for the synthesis of all
consistent scenarios and related early execution schedules (offline temporal planning). Then, we
carry out an experimental evaluation with Kappa, a tool that we developed for STNDs. Finally, we
prove that STNDs and disjunctive temporal networks (DTNs) are equivalent.
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1

Introduction

Context and motivations. Temporal networks are a possible formalism to model temporal
plans and check the coherence of temporal constraints that impose lower and upper bounds
on the temporal distance of the modeled events. A Simple Temporal Network (STN, [11]) is
a formalism able to model an unconditional temporal plan in which all components (events
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and their time distances) are under control. Temporal events are modeled as time points and
their occurrence is modeled by executing the corresponding time points (i.e., by assigning
them real values).
A temporal plan is consistent if we can schedule all the events, each at a specific time
instant, such that all constraints are satisfied. If this is possible, a schedule can be synthesized
for both offline planning (the plan is available before starting) or online planning (the plan is
generated while executing). The difference between these two planning approaches is that in
the former the consistency checking algorithm returns a solution, whereas in the latter the
algorithm returns a minimal network to generate any solution.
However, STNs fail to model temporal plans where the occurrence of some events or
the satisfaction of some constraints must happen only if some decision has been made. The
decisions we are interested in have Boolean domain1 . Thus, a temporal plan subject to
decisions would ask us (not) to execute some time points or to satisfy some constraints
depending on what decisions we have made.
A few proposals to handle decisions within the temporal network formalisms built on top
of STNs have been put forth. For instance, Drake [9] provides an executive for temporal plans
with choices based on Labeled STNs that do not specify decision points (in a node-sense),
whereas Temporal Plan Networks (TPNs, [21]) extend STNs with decision nodes and model
decisions as outgoing edges from such nodes. Simple Temporal Networks with Decisions
(STNDs, [4, 29]) extend STNs by adding decision points that can influence both the execution
of time points and the satisfaction of constraints. Several (possibly different) STNs may arise
when projecting an STND onto a scenario that models the complete interpretation of the
decisions. For any scenario, we are only interested in executing the time points and satisfy
the constraints entailed by it.
So far, only one hybrid SAT-based consistency checking algorithm (HSCC ) has been
devised to check the consistency of an STND [4]. If the algorithm finds a consistent scenario,
i.e., a scenario for which the STN projection is consistent, then a solution (scenario plus
schedule) exists. In this case, any schedule in the solution set involves the STN-projection
corresponding to the related scenario.
This algorithm allows for an offline planning where all decisions are made before starting
and the corresponding schedule is already known. However, this algorithm has never been
implemented nor evaluated, and it does not allow for the synthesis of all consistent scenarios.
Contributions. Our contribution is three-fold. First, we provide STND-HSCC2, a novel HSCC
algorithm for STNDs that (i) is faster than the existing algorithm as it rules out inconsistent
scenarios as early as possible, and (ii) allows for the synthesis of all consistent scenarios and
related early execution schedules (offline temporal planning). The algorithm is hybrid because
a SAT-solver and a shortest path algorithm mutually influence each other (the output of
the former becomes the input of the latter and vice versa continuously). Second, we discuss
Kappa, a tool that we developed for STNDs for the experimental evaluation and in which,
as a minor contribution, we adapted the previous algorithm to support the synthesis of all
consistent scenarios. Third, we prove that STNDs are equivalent to disjunctive temporal
networks (DTNs).

1

This is not a restriction as every finite set {0, 1, 2, . . . , n − 1} ⊂ N of different discrete choices (i.e.,
decisions) can be represented in an equivalent binary notation by using dlog ne bits where if the ith
bit is 1 (respectively, 0), then it means that the ith decision holds (respectively, does not hold). Of
course this binary representation may express more than n possibilities (e.g., to express {0, 1, 2} we
need dlog 3e = 2 bits with which we can also express “3” when all bits are set). Again, this is not a
problem if we add unsatisfiable constraints for all combinations representing numbers ≥ n (if any).
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Organization. Section 2 provides background on STNs and STNDs, and the current consistency checking algorithm for STNDs. Section 3 discusses STND-HSCC2, a faster HSCC
algorithm for STNDs. Section 4 discusses Kappa and the related experimental evalutation.
Section 5 proves that STNDs are equivalent to DTNs. Section 6 discusses related work.
Section 7 sums up and discusses future work.

2

Background

A Simple Temporal Network (STN, [11]) is a pair hT , Ci, where T = {X, . . . } is a set of
time points (continuous variables) and C = {(Y − X ≤ k), . . . } is a set of constraints, for
X, Y ∈ T , k ∈ R ∪ ±{∞}.
An STN is consistent if there exists an assignment of real values to the time points such
that all constraints are satisfied.
Given a consistent STN, a schedule is a function S : T → R assigning real values to time
points such that if X is executed before Y , then S(X) ≤ S(Y ). An early execution of an
STN consists of finding a schedule executing the time points as soon as possible (e.g., by
using the Floyd-Warshall algorithm [11]).
Given a set P = {d, . . . } of Boolean propositions, a label ` = λ1 . . . λn is any finite
conjunction of literals λi , where a literal is either d (positive literal) or ¬d (negative literal),
and we omit the ∧ connective to ease reading. The empty label is denoted by . The label
universe of P, denoted by P ∗ , is the set of all possible (consistent) labels drawn from P; e.g.,
if P = {d, e}, then P ∗ = { , d, e, ¬d, ¬e, de, d¬e, ¬de, ¬d¬e}. Two labels `1 , `2 are consistent
if their conjunction `1 `2 is satisfiable. A label `1 entails a label `2 (written `1 ⇒ `2 ) if all
literals in `2 appear in `1 too (i.e., if `1 is more specific than `2 ). For instance, if `1 = d¬e
and `2 = d, then `1 and `2 are consistent since d¬ed is satisfiable, and `1 entails `2 since
d¬e ⇒ d.
A scenario is a mapping s : P → {>, ⊥} assigning a truth value to each d ∈ P. A scenario
satisfies a label ` (in symbols s |= `) if ` evaluates to true under the interpretation given by
s (e.g., if s(d) = > and s(e) = ⊥, then s |= d¬e).
I Definition 1. A Simple Temporal Network with Decisions ( STND, [4, 29, 33]) is a tuple
S = hT , DT , P, O, L, Ci, where:
T = {X, . . . , Z} is a finite set of time points.
DT ⊆ T = {D!, . . . , H!} is a finite set of decision time points.
P = {d, . . . , g} is a finite set of Boolean propositions.
O : P → DT is a bijection assigning a unique proposition to each decision time point D!
that controls the truth value assignment to d (O−1 : DT → P models the inverse).
L : T → P ∗ is a function assigning labels to time points.
C is a finite set of labeled constraints (Y − X ≤ k, `) where X, Y ∈ T , k ∈ R ∪ ±{∞}
and ` ∈ P ∗ .
The STN-projection of an STND S with respect to a scenario s (written πs (S)) is an STN
hTs , Cs i built as follows:
Ts = {X | X ∈ T ∧ s |= L(X)}
Cs = {(Y − X ≤ k) | (Y − X ≤ k, `) ∈ C ∧ s |= `}
S is consistent if there exists a scenario s such that πs (S) is consistent. A solution is a pair
hs, Si, where s is a scenario, S is a schedule with domain Ts , and S(Y ) − S(X) ≤ k holds
for each (Y − X ≤ k) ∈ Cs . Checking consistency of STNDs is NP-complete [4].
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(a) Simple Temporal Network with Decisions.
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(e) STN-Projection onto s(a) = ⊥, s(b),
s(c) ∈ {>, ⊥}.

Figure 1 An example of STND and related STN-projections (where thick red edges highlight
negative cycles).

We represent an STND graphically by extending the distance graph of an STN into a
labeled distance (multi)graph. The set of nodes still coincides with the set of time points,
whereas each edge X → Y labeled by hk, `i represents (Y − X ≤ k, `) ∈ C. Time points’
labels are shown below the nodes. Many hk, `i can be specified for the same X → Y provided
their ` are different (if two labels are equal, we keep the smallest k). Figure 1a shows an
example of STNDs, whereas Figures 1b–1e show its STN-projections.
A label ` labeling a time point or a constraint is honest if for each literal d or ¬d in `
we have that ` ⇒ L(D!), where D! = O(d) is the decision time point associated to d; ` is
dishonest otherwise. For example, consider L(C!) = ab in Figure 1a. C! appears in a solution
only if s(a) = s(b) = >. However, deciding > for b implies that B! appears in the solution
too, which in turn requires that A! appears (before B!) in the same solution with > decided
for a. Thus, an honest ` containing b or ¬b should also contain a. A label on a constraint
is coherent if it is at least as expressive as the labels of the time points appearing in the
constraint (i.e., ` contains all literals in the labels of the two connected time points).
I Definition 2 (Well-definedness). An STND is well-defined [17, 29, 33] if
L(X) ⇒ L(O(d)) and (O(d) − X ≤ 0) ∈ C for each X ∈ T and {d, ¬d} ∈ L(X), and
` ⇒ L(Y ) ∧ L(X) for each (Y − X ≤ k, `) ∈ C, and ` ⇒ L(O(d)) for each literal
{d, ¬d} ∈ `.
Figure 1a is an example of well-defined STND modeling a temporal plan with 3 decisions
(A!, B! and C!) and two (instantaneous) activities (D and E). A! is the first time point
to execute. We execute B! if and only if we decided > for a (L(B!) = a) and C! if we
further decided > for b too (L(C!) = ab). Instead, A!, D and E are always executed
(L(A!) = L(D) = L(C) = ). We can execute B! (if we decide so) after at least 2 (B! → A!
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Algorithm 1 STND-HSCC1(S).

1
2
3
4
5

Input: An STND S = hT , DT , P, O, L, Ci.
Output: A solution hs, Si for S if S is consistent; “inconsistent” if S is inconsistent.
V STN-CC is a consistency checking algorithm for STNs.
ϕ ← p∈P (p ∨ ¬p)
. Make every assignment possible
while true do
s ← SAT-SOLVE(ϕ)
. Try to find a satisfying assignment s
if ϕ is unsatisfiable then
return inconsistent

8

hTs , Cs i ← πs (S)
if STN-CC(hTs , Cs i) then
return hs, Si

9

ϕ ← ϕ ∧ CUT-SCENARIO(S, hTs , Cs i)

6
7

. Project S onto s
. where S is an early schedule for hTs , Cs i
. Exclude this scenario

labeled by h−2, ai) and within 5 time units since A! was executed (A! → B! labeled by
h5, ai). The same happens for C! with respect to B! (after 1 and within 2 time units since
B!). Instead, we always execute D after minimum 5 time units since A! (D → A! labeled by
h−5, i) and E after 7 time units since D (E → D labeled by h−7, i). Furthermore, if we
decide
⊥ for a, then we must execute E within 10 time units since A! (A! → E labeled by
h10, ¬ai),
> for a and ⊥ for b, then we must execute E within 6 time units since B! (B! → E
labeled by h6, a¬bi),
> for both a and b and ⊥ for c, then we must execute E within 4 time units since C!
(C! → E labeled by h4, ab¬ci).
Therefore negative values on edges model delays, positive ones model deadlines.
To check the consistency of an STND, we can use the hybrid SAT-based consistency
checking (HSCC) algorithm proposed in [4]. STND-HSCC1, specified in Algorithm 1, (STND-CC
in [4]) maintains a formula ϕ specifying CNF clauses over propositions in P. Initially, ϕ
allows for all truth value assignments. In each round of the algorithm we ask the SAT
solver for a truth value assignment making ϕ true. Such an assignment (if any) corresponds
to a scenario s over which we can project the STND and check if the resulting STN is
consistent (“SAT-solver influences directed weighted graph algorithm”). If so, we return
this scenario and a valid schedule for the projected STN (i.e., a solution). Otherwise, we
apply De Morgan’s rules to the negation of the relevant part of the scenario containing the
negative cycle (CUT-SCENARIO in Algorithm 2) and add the resulting clause to ϕ and go ahead
with the next round (“directed weighted graph algorithm influences the SAT-solver”). This
makes the approach hybrid. If ϕ has become unsatisfiable it means that all STN-projections
are inconsistent and therefore the STND is inconsistent. Similar approaches are described
in [23, 28].
An example of round for the network in Figure 1a is as follows. Suppose that
SAT-SOLVE(ϕ) = ab¬c (i.e., s(a) = s(b) = > and s(c) = ⊥). Since the STN πab¬c (S)
is inconsistent (Figure 1c admits a negative cycle), we add to ϕ the clause ¬(a ∧ b ∧ ¬c),
which simplifies to (¬a ∨ ¬b ∨ c), to ask the SAT solver for a different truth value assignment
excluding this projection (if any). Figure 1a is consistent if and only if s(a) = s(b) = s(c) = >.
A possible schedule for Figure 1b is S(A!) = 0, S(B!) = 2, S(C!) = 3, S(D) = 5, S(E) = 12.
Any other combination leads to a projection containing a negative cycle (Figures 1c-1e).
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Algorithm 2 CUT-SCENARIO(S, hTs , Cs i).

3

Input: An STND S = hT , DT , P, O, L, Ci and one of its STN-projections hTs , Cs i
Output: A clause ψ expressing the cut of the relevant part of the scenario.
ψ←>
. ψ will contain the relevant part of s
foreach constraint c ∈ Cs do
ψ ← ψ ∧ `c
. where `c is the corresponding label of c in S

4

return DeMorgan(¬(ψ))

1
2

3

. the clause expressing the cut of ψ

A Faster HSCC Algorithm for STNDs

STND-HSCC1 is correct [4], but it suffers from the limitation that projections are tested only
when the SAT solver returns a complete truth value assignment. Consider Figure 1a and
assume that the SAT solver starts on the formula ϕ = (a∨¬a)∧(b∨¬b)∧(c∨¬c), which makes
every truth value assignment possible. Suppose that in the search tree the SAT solver decides
⊥ for a proposition d going down to the left and > going down to the right in the search
tree, and assume that the order of visit is left then right. The first truth value assignment
returned is a = ⊥, b = ⊥ and c = ⊥ (corresponding to the scenario s(a) = s(b) = s(c) = ⊥).
Now STND-HSCC1 would project the STND in Figure 1a onto s to obtain the STN shown
in Figure 1e and eventually detect the negative cycle. However, the negative cycle could
have been detected much earlier, say, when a was assigned ⊥. Indeed, all projections of
any scenario containing s(a) = ⊥ boil down to Figure 1e (no matter which Boolean values
are assigned to b and c). Therefore, a clever implementation of this algorithm calls for an
early detection of negative cycles. Before proceeding with it, we must refine the concept of
scenario and projection so that they support “unknown” propositions (i.e., propositions that
have not been assigned a value yet).
I Definition 3. A scenario is (now) a mapping s : P → {>, ⊥, −} assigning either true,
false or unknown to each proposition d ∈ P. A scenario s satisfies a label ` if ` evaluates to
true under the following interpretation given by s:
1. s |= λ iff (λ = d ∧ s(d) = >) or (λ = ¬d ∧ s(d) = ⊥),
2. s |= ` iff s |= λ1 and . . . and s |= λn for ` = λ1 . . . λn .
Note that s never satisfies a label containing a literal for which the corresponding proposition
is unknown in s.
The definition of STN projection remains the same as that given in Definition 1 but
extended to the new definition of scenario. As a result, Figure 1e now becomes a representative
also for any scenario s such that s(a) = ⊥ and s(b), s(c) ∈ {>, ⊥, −}. Another example is
Figure 1d, extending s(c) ∈ {>, ⊥} to s(c) ∈ {>, ⊥ −}. Now we have everything we need to
hunt down inconsistent scenarios as early as possible.
STND-HSCC2 (Algorithm 3) is a brand new algorithm to check the consistency of STNDs.
It allows for the synthesis of a single or all scenarios admitting a consistent schedule for
the corresponding STN-projection. STND-HSCC2 still initializes a CNF formula ϕ making all
truth value assignments possible. Then, it starts the SAT-solver and hooks a listener to the
corresponding run. Such a listener is able to operate on ϕ by adding CNF clauses on the fly
if needed and is triggered by two main events: assume and solution found.
An assume (d = > or d = ⊥) event (Algorithm 3, lines 8-12) triggers an action of the
listener to “look ahead” if the STN-projection obtained by projecting the STND onto the
scenario built from the current truth value assignment and extended with this assumption

M. Zavatteri, C. Combi, R. Rizzi, and L. Viganò

16:7

Algorithm 3 STND-HSCC2(S, all).

1
2
3

4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19

Input: An STND S = hT , DT , P, O, L, Ci and a Boolean value all meaning all consistent
scenarios iff all = >.
Output: A single or all scenarios s along with schedule(s) S for the projection πs (S) if S is
V consistent, “inconsistent” otherwise.
ϕ ← p∈P (p ∨ ¬p)
. Make every assignment possible
Sols = ∅
. The set of (all) consistent scenarios (global variable)
Hook a listener to the run of the SAT solver and make it detect negative cycles as early as
possible (on blocks (below) define the event-driven behavior).
SAT-SOLVE(ϕ)
if Sols = ∅ then
return inconsistent
return Sols
on assume d = > or assume d = ⊥:
. Partial model
Build a scenario s from the current truth value assignment extended with s(d) = > or
s(d) = ⊥ (depending on the case)
hTs , Cs i ← πs (S)
. Get the STN projection
if BellmanFord(hTs , Cs i) detects a negative cycle then
ϕ ← ϕ ∧ CUT-SCENARIO(S, hTs , Cs i)
. Add clause
on solution found:
. Complete model
Build a scenario s from the current truth value assignment
hTs , Cs i ← πs (S)
. Get the STN projection
if BellmanFord(hTs , Cs i) does not detect any negative cycle then
Sols ← Sols ∪ {hs, Si}
. S is an early schedule for hTs , Cs i
if BellmanFord(hTs , Cs i) detects negative cycle or all is true then
ϕ ← ϕ ∧ CUT-SCENARIO(S, hTs , Cs i)

. Add clause

contains a negative cycle. If so, we extend ϕ by adding (on the fly) a CNF clause modeling
the negation of the part of s containing a negative cycle in order to avoid getting the same
scenario again. If the projection is consistent, STND-HSCC2 does nothing and lets the run go.
A solution found event (Algorithm 3, lines 13–19) extends the behavior of the listener
described for assume as follows. When triggered, the listener builds a scenario from the
current truth value assignment (which does not need to be extended with anything else this
time). Then, it checks if the corresponding STN-projection contains a negative cycle. If it
does not, then it computes an (early) schedule S for the STN projected onto s and adds the
pair hs, Si to the set of solutions. If it detects a negative cycle (or all consistent scenarios
are sought), then it acts as for assume events.
Eventually, when the run of the SAT solver ends, either Sols = ∅ (and thus the starting
STND is inconsistent), or Sols contains at least 1 solution (scenario-schedule).
Like STND-HSCC1, STND-HSCC2 is sound and complete because it is based on a SAT-solver
that allows us to iterate on all the models. Whenever we add a clause, we exclude a relevant
part of a scenario that we do not want to get anymore. The sooner, the better.
Besides the SAT solver, all other internal sub-procedures (mostly, algorithms for directed
weighted graphs) are well known to be sound and complete, and run in polynomial time.

TIME 2019

16:8

HSCC Algorithms for STNDs

4

Experimental Evaluation

We developed Kappa, a tool for STNDs that takes in input a specification of an STND and
acts both as a solver and as a solution verifier. Kappa relies on SAT4J [3], a Java library
compliant with the IPASIR interface that specifies how to interact with a SAT solver [1].
Kappa implements both STND-HSCC1 and STND-HSCC2. We extended STND-HSCC1 so
that it allows for the synthesis of all consistent scenarios as well. In this way, we could carry
out a more accurate experimental evaluation comparing the two algorithms when seeking
single or all consistent scenarios.
We randomly generated 2200 STNDs partitioned in benchmark 11 sets, each one containing
100 consistent STNDs and 100 inconsistent STNDs. Regardless of the set, each STND has
exactly 100 time points. The first set (100TimePoints/10Decisions) specifies 10 decision
time points, the second set (100TimePoints/11Decisions) specifies 11 decision time points
and so on, up to the eleventh one (100TimePoints/20Decisions) that specifies 20 decision
time points. Each STND has a maximum number of constraints of |T | × |DT |. Time points
and constraints are randomly labeled so that the resulting STND is well defined. The weights
on labeled edges range from −100 to 100. See the link “Supplement Material” before Section 1
to get Kappa and these benchmark sets.
We ran Kappa on these benchmark sets without imposing any limit to collect data (time
and space) for both STND-HSCC1 and STND-HSCC2 when seeking a single or all consistent
scenarios.
We graphically show the results in Figure 2, where x-axes always represent the number
(#) of decision time points (i.e., the set under analysis) and y-axes represent either the
average time elapsed or space consumed when analyzing the instances in that set.
Figure 2a shows the results of the analysis run on the sets containing consistent STNDs
when seeking a single consistent scenario. The graph shows that STND-HSCC2 is significantly
faster than STND-HSCC1 for STNDs specifying more than 16 decision time points. Figure 2b
shows the results of the same analysis when seeking all consistent scenarios: despite a normal
general worsening of performances (all consistent scenarios are sought and not just one)
STND-HSCC2 is faster than STND-HSCC1 for STNDs specifying 20 decisions. Figure 2c shows
the results of the analysis on the sets containing inconsistent STNDs. STND-HSCC2 has
no competitors here, whereas STND-HSCC1 starts having a serious exponential blow up for
STNDs specifying more than 14 decisions. Figure 2d shows the average space consumed
when synthesizing all consistent scenarios. The curve grows exponentially according to the
number of decision time points (recall that STND-HSCC1 and STND-HSCC2 return the same set
of consistent scenarios in such an analysis, therefore we only show the data for STND-HSCC2).
We verified all synthesized solutions. No constraint was violated.

5

Equivalence with Disjunctive Temporal Networks

Disjunctive temporal networks (DTNs, [25]) allow for disjunctions of temporal constraints
(i.e., alternatives) in a temporal problem and are a possible formalism to model the disjunctive
temporal problem (DTP). For example, we might want that once an event modeled by a
time point X happened, another event modeled by a time point Y happens either after 10
(seconds, minutes, hours, . . . ) or within 5. Such a constraint would look like
(X − Y ≤ −10) ∨ (Y − X ≤ 5)
Any assignment of real values to X and Y satisfies the constraint if it satisfies (at least) one
disjunct.
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Figure 2 Experimental evaluation with Kappa.

Differently from the initial proposal in [11], where disjunctions of intervals were allowed
on the same pairs of time points only, the work we consider here is the one in [25], not having
such a restriction.
I Definition 4. A disjunctive temporal network ( DTN) is a pair hT , Ci, where
T is the usual finite set of time points, and
C is a finite set of temporal constraints each one having the form
(Y1 − X1 ≤ k1 ) ∨ · · · ∨ (Yn − Xn ≤ kn )
{z
}
|
n disjuncts (atoms)

where Xi , Yi ∈ T and ki ∈ R. A temporal constraint is non-disjunctive if and only if it
contains one disjunct, disjunctive otherwise.
A DTN is consistent if there exists an assignment of real values to all time points (i)
always satisfying all non-disjunctive constraints and (ii) satisfying at least one disjunct
for each disjunctive constraint.
We write D(i) to shorten the ith disjunctive constraint and more specifically D(i, j) to
refer to the j th disjunct of the ith disjunctive constraint [25].
We represent a DTN graphically through a colored multi graph, where black edges model
non-disjunctive constraints (i.e., those constraints that must always hold), whereas colored
edges (different from black) model disjunctive constraints (i.e., those D(i)s for which at least
one disjunct must hold). Each disjunctive constraint is assigned to a different color (we also
use a unique line pattern for each color).
To give an example, consider the following DTN, whose corresponding colored multi
graph is shown in Figure 3a.
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Figure 3 Representing and encoding DTNs into STNDs.
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The DTN in Figure 3a is consistent, and, for example, the assignment X = 0, Y = 3 and
W = 5 satisfies:
all non-disjunctive constraints (solid black edges),
D(1, 1) but not D(1, 2) for the disjunctive constraints D(1) (dashed blue edges),
D(2, 1) and also D(2, 2) for the disjunctive constraint D(2) (dashdotted purple edges).
We now proceed by proving that STNDs and DTNs are equivalent. We first give a
strongly polynomial time encoding from DTNs to STNDs and then the vice versa (and we
provide examples throughout this discussion).

5.1

Encoding DTNs into STNDs

We encode the DTN in Figure 3a into the corresponding STND in Figure 3b as follows.
We generate a “core” STND containing all time points and all non-disjunctive constraints
of the starting DTN and labeling them by , since all time points must always be assigned a
value and all non-disjunctive constraints must always be satisfied.
For each disjunctive constraint D(i) in the DTN, we add to the STND as many decision
time points Dij ! as the number of disjuncts D(i, j). These decision time points are not
constrained to any other time point in the STND (i.e., free to take any value). Any disjunct
D(i, j) in the DTN appears as a constraint in the STND labeled by dij (the proposition
associated to Dij !) so that when dij = >, the disjunct of the DTN (labeled constraint in the
STND) must hold and when dij = ⊥ we are not obliged to satisfy it. Moreover, we impose
that at least one disjunct D(i, j) for any disjunctive constraint D(i) must hold (otherwise, it
would be possible to disable them all by setting all dij to ⊥). We enforce this condition by
adding a negative self loop labeled by ¬dij1 . . . ¬dijn on any time point of the STND.
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In Figure 3b we added four decision time points D11 !, D12 !, D21 ! and D22 ! and the labeled
constraints X → Y labeled by h4, d11 i, Y → W labeled by h−7, d12 i, Y → X labeled by
h−2, d21 i and W → Y labeled by h10, d22 i to switch on and off the disjuncts D(1, 1), D(1, 2),
D(2, 1) and D(2, 2) through the truth value assignments to d11 , d12 , d21 and d22 . Finally,
we added two negative self loops Y → Y labeled by h−1, ¬d11 ¬d12 i and h−1, ¬d21 ¬d22 i to
prevent a disjunctive constraint D(i) from being excluded (red self loop at Y ). Note that
the “−1” is meaningless: any negative number (e.g., −3, −159 or −) is fine for this purpose.
Likewise, the choice of time point Y is meaningless too. Any time point would be fine for
this purpose (e.g., X → X labeled by the same constraints). Negative self loops are the more
intuitive way to enforce these conditions. However, nothing would have prevented us from
creating cycles of negative sum with respect to these labels involving many time points.
To ease reading and understand “what goes where”, we colored the STND in Figure 3b
with the same colors of the DTN in Figure 3a and showed the added negative cycles in red.
This encoding is strongly polynomial. The number of time points in the STND is equal
to the number of time points in the DTN plus as many decision time points as the number
of disjuncts D(i, j) contained in all disjunctive constraints D(i) in the DTN. The number of
constraints in the STND is equal to the the number of non-disjunctive constraints plus as
many constraints as the number of disjuncts D(i, j) contained in all disjunctive constraints
D(i) in the DTN plus as many constraints as the number of disjunctive constraints D(i) to
model negative loops.
Any consistent scenario in the STND says which disjuncts (at least one for each disjunctive
constraint) are satisfied for the solution. If the STND is inconsistent, then so is the DTN.

5.2

Encoding STNDs into DTNs

We encode the STND in Figure 4a into the corresponding STND in Figure 4b as follows.
First of all, if the STND has labels on nodes we convert it to its streamlined version having
only label on edges. The process of streamlining a temporal network was first discussed in
[5] for CSTNs. However, that process works for STNDs as well (as consistency is basically
entailed by controllability). Then, we generate a “core” DTN having the same set of time
points of the STND (we drop all “!” from the names) and all constraints labeled by in the
STND as non-disjunctive constraints in the DTN.
For each proposition d associated to a decision time point D! in the STND, we add to
the DTN a time point d and the disjunctive constraint
(d − D ≤ 0) ∨ (D − d ≤ −1)
|
{z
} |
{z
}
means d = ⊥

means d = >

where the former says that d “occurs within” D, whereas the latter says that d occurs at
least 1 after D (a way to to simulate a Boolean condition).
Now, every constraint X → Y labeled by hk, d¬ef . . . i (in the STND) implies the following
“meta constraint” in the DTN:
(D − d ≤ −1 ∧ e − E ≤ 0 ∧ F − f ≤ −1 . . . ) ⇒ Y − X ≤ k
|
{z
} | {z } |
{z
}
d

¬e

f

which can be rewritten as
¬(D − d ≤ −1 ∧ e − E ≤ 0 ∧ F − f ≤ −1 . . . ) ∨ Y − X ≤ k
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Figure 4 Encoding STNDs into DTNs.

and finally simplified to
(d − D ≤ 0) ∨ (E − e ≤ −1) ∨ (f − F ≤ 0) · · · ∨ (Y − X ≤ k)
|
{z
} |
{z
} |
{z
}
¬d

e

¬f

Note that for any D and d (in the DTN) we define ¬(D − d ≤ −1) as d − D ≤ 0 and
¬(d − D ≤ 0) as D − d ≤ −1 since they are abstracting Boolean conditions only and we are
not therefore interested in a specific numeric value. Therefore, for any labeled constraint in
the STND we add such a disjunctive constraint to the DTN.
In Figure 4b we add two time points a and b and the following constraints:
B − A ≤ 10 (solid black edges),
D(1) : (a − A ≤ 0) ∨ (A − a ≤ −1) (dashed blue edges),
D(2) : (b − B ≤ 0) ∨ (B − b ≤ −1) (dashdotted purple edges),
D(3) : (A − a ≤ −1) ∨ (b − B ≤ 0) ∨ (B − A ≤ 7) (loosely dashed green edges),
D(4) : (B − b ≤ −1) ∨ (C − B ≤ −5) (zigzag orange edges),
D(5) : (b − B ≤ 0) ∨ (A − C ≤ −3) (snake magenta edges).
We show the “colored” DTN graph in Figure 4b. Now, the DTN is consistent if and only
if the STND is so. A solution of the DTN corresponds to a consistent scenario in the STND.
The truth value assignment to the propositions in the STND depends on the real value
assignments to the time points modeling those propositions in the DTN. For any proposition
d in the STND, d is false iff in the DTN the time point d has a value not greater than D!
and d is true in the STND iff in the DTN the value of time point d is greater than D! (the
assignment to the other time points defines a schedule consistent for the scenario).
This encoding is strongly polynomial. The number of time points in the DTN is the same
of that in the STND plus as many time points as the number of propositions in the STND.
The number of constraints in the DTN is given by the number of unlabeled constraints in
the STND (non-disjunctive constraints in the DTN), plus as many disjunctive constraints as
the number of labeled constraints in the STND (whose labels are different from ). Also, for
any disjunctive constraint D(i) in the DTN, the number of disjuncts of D(i) is n + 1 where n
is the number of literals contained in the label of the corresponding constraint in the STND
and the “+1” refers to the inequality.
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Related Work

STNs [11] model fully-controllable plans but do not employ decisions. Drake [9] is an
executive for temporal plans with choices modeled as Labeled STNs that extend STNs by
labeling constraints with environments (set of instantiated discrete variables). There are no
decision points and time points are unlabeled. During execution, choices are discriminated by
generating conflicts according to the timing Drake decides to schedule some event. STNDs
differ from Drake in their specification and in how decisions are made. STNDs rely on a
more structured approach by using labels instead of environments, labeling time points to
prevent them from being executed when some literal in the label is still unknown, enforcing
well-defined properties and making decisions only upon the execution of the related decision
time points. A Disjunctive Temporal Network (DTN) [25] extends an STN with disjunctive
constraints. Any solution to a DTN must satisfy all non-disjunctive constraints (i.e., STNconstraints) and at least one disjunct for each disjunctive constraint. Labeled STNs and
DTNs are equivalent [9]. DTNs and STNDs are equivalent too, therefore, Labeled STNs are
equivalent to STNDs as well.
Temporal Plan Networks (TPNs) [21] extend STNs by adding decision nodes and symbolic
constraints to model temporal plans with controllable choices modeled as outgoing edges from
a decision node. Taking one of these outgoing edges means making a particular decision. Time
points are not labeled and activities are modeled as pair of non-decision nodes (start,end).
A symbolic constraint is either Ask(c) (is c true?) and Tell(c) (c is true!) where c a literal.
Symbolic constraints may exclude activities from being executed. A plan is consistent if
it satisfies both temporal and symbolic constraints. TPNs do not specify more than one
temporal constraint on the same edge. Consistency is checked by visiting the nodes of the
graph from start to end taking one edge (modeling a decision) at a time. If the resulting
STN-projection is inconsistent, the algorithm backtracks to the last decision node that
still has unexplored outgoing edges. STNDs label nodes and consistency is checked in a
hybrid way.
A Controllable Conditional Temporal Problem (CCTP) [28] is an optimization problem
for temporal plans with choices and thus incomparable with STNDs.
Pike [22] is an executive for temporal plans with both controllable and uncontrollable
choices modeled as Temporal Plan Networks with Uncertainty (TPNUs), which extend TPNs
with uncontrollable choices. Pike adapts its controllable choices to the uncontrollable ones
made by a human. STNDs do not have uncontrollable choices. CCTPs with Uncertainty
(CCTPUs) [27] address temporal plans with controllable choices and uncontrollable durations, whereas in [18], TPNUs are extended to support uncontrollable durations (strong
controllability only). In both works, relaxation techniques are used to restore controllability
of an uncontrollable plan. STNDs do not have uncontrollable parts.
Several extensions of STNs address uncertain domains. For example, Simple Temporal
Networks with Uncertainty (STNUs, [24]) add uncontrollable (but bounded) durations by
means of a finite set of contingent links, whereas Conditional Simple Temporal Networks
(CSTNs, [17]), and the Conditional Temporal Problem (CTP, [26]) considered formerly, extend
STNs by turning the constraints conditional with uncontrollable truth value assignments
observable upon the execution of some special kind of time points called observations. Finally,
Conditional Simple Temporal Networks with Uncertainty (CSTNUs, [16, 15]) merge STNUs
and CSTNs, whereas Conditional Simple Temporal Networks with Uncertainty and Decisions
(CSTNUDs, [29, 33]) add conditional constraints with controllable truth value assignments
decidable upon the execution of some special kind of time points called decision. CSTNUDs
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CSTNUD
STNUD

CSTNU

CSTND

STNU

STND

CSTN

STN
Figure 5 A hierarchy of simple temporal networks. Acronyms containing D (resp., C) mean that
formalisms deal with controllable (resp., uncontrollable) conditionals, whereas those containing U,
mean that formalisms deal with uncontrollable durations. We highlight uncontrollable parts in red.

encompass all previous formalisms. All these networks extend STNs by adding at least an
uncontrollable part. In this work, we do not address any uncontrollable part. STNDs derive
from [4] by removing uncontrollable conditionals and from [29, 33] by removing uncontrollable
conditionals and uncontrollable durations. This work extends [4] by providing STND-HSCC2
both to speed up the consistency checking phase and to allow for the synthesis of all consistent
scenarios. This work is, however, incomparable with [29, 33] as that work employs timed
game automata. Figure 5 provides a hierarchy of simple temporal networks.
There also have been attempts to consider time and resources together, e.g., Access
Controlled Temporal Networks (ACTNs, [6]) and Conditional Simple Temporal Networks
with Uncertainty and Resources (CSTNURs, [7]), which were preceded by an initial proposal
in [8]. However, neither ACTNs nor CSTNURs employ decision time points. Research on
temporal networks has inspired a recent line of work in which controllability analysis focused
on resource allocation under uncertainty employing a qualitative temporal approach instead
of a quantitative one. This is the case of access controlled workflows investigated in [31, 36]
and of extensions of constraint networks proposed in [34, 35], where Constraint Networks
Under Conditional Uncertainty (CNCUs) are introduced (see also [32]). As we said, temporal
relations are only qualitative (specifically, “before/after”) and these proposals do not employ
decision time points. A short summary of temporal and resource controllability based on
constraint networks and considered either in isolation or simultaneously can be found in [30].
Planning as satisfiability was formally introduced in [19, 20] and relies on a set of axioms
where any model corresponds to a valid plan. Before that, planning was based on deduction.
Recently, more performant SAT encodings have been provided (e.g., [14]). However, none of
these approaches is incremental and thus they are incomparable with ours.
Gocht and Balyo [13] provide an incremental SAT solving approach for SAT-based
planning and prove that incremental SAT solving outperforms the non-incremental one but
they do not address temporal constraints. Our work does not model “transitions” but applies
shortest path algorithms, incrementally, on STN-projections.
Temporal induction is an incremental technique to check safety properties on finite state
machines and it is strongly related to bounded model checking [12]. It is similar to SAT-based
planning and allows for the detection of the unreachability of a goal. Our analysis is not
bounded with respect to the “depth”.
Satisfiability modulo theory (SMT, [2]) can describe STNDs by using a fragment of Linear
Real Arithmetic called Difference Logic. However, SMT-solvers do not guarantee to find
early schedules. A run of an HSCC algorithm and a run of an SMT-solver are not guaranteed
to return the same consistent scenarios (Boolean part). A fairer comparison is when both
HSCC-algorithms and SMT-solvers seek all consistent scenarios, but then we should make
sure that the SMT-solver does not return more than one schedule for each consistent scenario.
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Figure 6 Possible encodings of a temporal workflow (a) into STNDs (b) and into DTNs (c). Note
that (c) is the DTN equivalent to (b) streamlined. That is, (b) without labels on time points and
plus the constraints (T2 − T1 ≤ 2, d), (T1 − T2 ≤ −3, ¬d), (T3 − T1 ≤ 2, ¬d) and (T1 − T3 ≤ −3, d).
There, we chose 2 as an horizon (see [5] for more details on how to streamline a temporal network).

Incremental task planning adopts incremental features of SMT-solvers to extend a
constraint-based task planning to motion domains [10]. Our approach is not probabilistic
and does not consider a motion domain.

7

Conclusions and Future Work

We provided STND-HSCC2, a novel hybrid SAT-based consistency checking algorithm for
STNDs. This new version of the algorithm still relies on a SAT solver but differently from
the previous one, it exploits partial truth value assignments to hunt down negative cycles
in STN-projections as early as possible. The previous algorithm tested STN-projections for
negative cycles by iterating on complete models returned by the SAT solver. When the SAT
solver makes an assumption, we project the STND over the current truth value assignment
of the propositions (i.e., partial model) extended with this new assumption. If the projected
STN is inconsistent, we add a clause to the SAT solver to exclude that scenario, else we
let the solver go. We implemented our approach and provided Kappa, a tool for STNDs
that implements STND-HSCC1 and STND-HSCC2 both supporting the synthesis of single or all
consistent scenarios2 and we compared the results. The more inconsistent STN-projections
an STND admits, the better STND-HSCC2 performs. The solutions saved to file allow for
an offline planning in which all decisions are made before starting and all time points have
already been scheduled to execute as soon as possible. Finally, we proved that STNDs
and DTNs are equivalent. Considering this equivalence result, one could fairly wonder why
use STNDs instead of DTNs. Here is a possible reason: STNDs offer a more “structured”
language, which, exploiting labels, allows for an easier modeling of temporal workflows with
controllable conditional paths (see Figure 6 for a comparison of workflow modeling methods).
As future work, we plan to investigate optimizations to reduce the size of the CNF
clauses added on the fly. We also plan to give a metric suggesting the best algorithm to use
depending on the form of the STND in input.

2

Another minor contribution is the extension of STND-HSCC1 in our tool to support the synthesis of all
consistent scenarios.
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Abstract
Linear temporal logic (LTL) is commonly used in model checking tasks; moreover, it is well-suited
for the formalization of technical requirements. However, the correct specification and interpretation
of temporal logic formulas require a strong mathematical background and can hardly be done by
domain experts, who, instead, tend to rely on a natural language description of the intended system
behaviour. In such situations, a system that is able to automatically translate English sentences into
LTL formulas, and vice versa, would be of great help. While the task of rendering an LTL formula
into a more readable English sentence may be carried out in a relatively easy way by properly parsing
the formula, the converse is still an open problem, due to the inherent difficulty of interpreting
free, natural language texts. Although several partial solutions have been proposed in the past,
the literature still lacks a critical assessment of the work done. We address such a shortcoming,
presenting the current state of the art for what concerns the English-to-LTL translation problem,
and outlining some possible research directions.
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1

Introduction

Linear temporal logic (LTL) is a formalism which is widely used in model checking (see, for
instance, [40, 45]); moreover, LTL formulas make it possible to unambiguously describe the
relationships among occurrences of events over time, a capability which turns out to be quite
important in many automated reasoning fields. For these reasons, LTL can be considered
as a preferred means to formalize and then reason upon natural language texts, which is
most useful in tasks such as requirement specification and, more generally, the analysis of
temporally-declined semantic content in texts [90].
Despite of their usefulness, the correct specification and interpretation of temporal logic
formulas typically requires a strong mathematical background, and this severely limits
their applicability by untrained domain experts. In such contexts, a system capable of
automatically translating between English and temporal logic would be of great help.
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Synthesis of LTL Formulas from Natural Language Texts

Concerning the LTL-to-English translation, it may be achieved in a relatively easy way,
by simply parsing the logical formula by means of an attribute grammar and applying some
heuristics to make the English translation sound as natural as possible [81]. As for the
opposite direction, several issues have to be dealt with, such as the inherent ambiguity of
natural language, the possible lack of an explicit context in the sentences, or reference to
background knowledge which may not be included in the utterance. For all these reasons,
the task of translating a free, unconstrained English text into a free, unbounded LTL formula
is still an open problem, although several partial solutions have been proposed over the years
(see Section 3).
In this paper, we give an overall assessment of the state of the art for what concerns
English-to-LTL translation. In addition, we make a critical evaluation of some of the currently
available tools which may be adapted and combined for such a task, and we outline some
possible future research directions.
The paper is organized as follows. In Section 2, we introduce the problem of English-toLTL translation. Then, in Section 3, we provide a short state of the art. Next, in Section
4, we outline possible future research directions. Finally, in Section 5, the outcomes of an
experimental evaluation of some of the most significant tools proposed in the literature
that may be used to develop and English-to-LTL translation architecture are reported.
Conclusions summarize the main contributions of the work done.

2

Problem definition

The problem of extracting temporal logic formulas from a natural language utterance may
be considered as an instance of the Semantic Parsing task, that is, the process of mapping a
natural-language sentence into a formal, typically machine-understandable representation of
its meaning [95].
It must be observed that such a problem differs from the one of inferring logical formulas
from examples. In the latter, a dataset of logs, or traces, resulting from the execution of a
given system is considered, with the goal of determining which formulas characterize and
distinguish between examples that describe a good behaviour of the system from those that
do not (see, for instance, [70]).
In the present work, we focus on Linear-Time Temporal Logic (LTL for short) [79].
An LTL formula is built from a finite set of proposition letters by making use of Boolean
connectives and the temporal modalities X (next) and U (until). Formally, LTL formulas
can be defined as follows:
if p ∈ AP, then p is an LTL formula;
if ψ and φ are LTL formulas, then ¬ψ, φ ∨ ψ, Xψ, and φUψ are LTL formulas.
On the basis of these temporal operators, additional modalities can be defined, most commonly
the Boolean connectives ∧ (and), → (imply), true, and false, and the temporal modalities
G (globally) and F (eventually).
As for the semantics, let w = a0 , a1 , a2 , . . . (ai ∈ 2AP ) be an infinite sequence of truth
evaluations for proposition letters in AP, and let w(i) denote the truth evaluation at position
i. The satisfaction relation |= between w and an LTL formula can be defined as follows:
w
w
w
w
w

|= p if p ∈ w(0);
|= ¬ψ if w 6|= ψ;
|= φ ∨ ψ if w |= φ or w |= ψ;
|= Xψ if w(1) |= ψ;
|= φUψ if ∃ i ≥ 0 s.t. w(i) |= ψ and ∀ 0 ≤ k < i w(k) |= φ.
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The semantics of the derived modalities is then defined as follows:
true ≡ p ∨ ¬p;
false ≡ ¬true;
φ ∧ ψ ≡ ¬(¬φ ∨ ¬ψ);
φ → ψ ≡ ¬φ ∨ ψ;
Fψ ≡ trueUψ;
Gψ ≡ ¬F¬ψ.
As an example, consider the following statement:
“After the button is pressed, the light will turn red until the elevator arrives at the
floor and the doors open.”
Such a situation can be captured by the following LTL formula:
p→X(q U(s∧v ))
where p, q, s, and v are proposition letters corresponding to the button being pressed, the
light turning red, the elevator arriving, and the doors opening, respectively.

3

A short state of the art

Over the years, several authors have devised methodologies to translate English sentences into
LTL formulas. However, they typically do not deal with the most general case of translating
natural, unbounded, English sentences into general, unbounded LTL formulas: assumptions
are made that either reduce the generality of the input text or the output formula.
In [29], the authors present a pattern-based approach to the encoding of property
specifications for finite-state system verification. Among other contributions, they provide a
set of 55 LTL-based formulas that should capture typical patterns that come into play in the
design of concurrent and reactive systems, such as the existence of a specific condition or the
conditional response to a stimulus. A detailed description of such patterns, together with a
repository of examples, are available on the SAnToS laboratory website [5]. Such a set of
patterns has been later extended to deal with more advanced scenarios, such as, for instance,
timed property specifications [42] and real-time systems [49].
In [72], the authors start from the LTL repository available in [5], identifying the
8 patterns that, according to their analysis, are the most frequently used in temporal
requirement specification, covering over 80% of the cases they encountered, that all lie in the
aerospace domain. Then, they develop a set of shallow classifiers (such as Random Forests
[22] and Support Vector Machines [25]) that are capable of detecting the presence of such
patterns in textual technical specifications. As for the predictor attributes, they make use
of a bag-of-words approach, enriched with information derived from Part of Speech (PoS)
tagging. It should be observed that no solution is given to the problem of instantiating a
detected pattern on the specific textual data. Thus, such an approach is not able of deriving
a complete translation from English to the restricted set of LTL formulas they consider.
In [100], an algorithm is presented to translate a property, which is specified by making use
of predefined subset of English (referred to as controlled English), to LTL. The approach relies
on syntactical properties only, being based on text processing techniques like grammatical
dependency parsing.
In [59], LTL is used as a formalization technique within an integrated system for generating,
managing, and executing controllers for autonomous robots. The idea is that a user should be
capable of instructing a robot by means of natural language, so no assumption is made on the
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form of English text that is given as input to the system. A textual instruction is processed
making use of tools for speech tagging, dependency parsing, and null element restoration
(see, for instance, [36]). Then, all verbs are identified, together with their arguments. Finally,
each verb is mapped into a set of senses in VerbNet [84]. Although in principle no restriction
is made on the kind of input phrases that a user may submit to the system, in practice the
translation is based on a mapping between senses and LTL formulas, that is in turn based
on different, manually specified, combinations of so-called macros.
In [96], a framework for requirement consistency management is presented. In order to
formalize requirements, the system automatically translates natural language descriptions
of functionalities into a logic representation. However, a restricted English grammar is
considered, to avoid problems such as semantic ambiguity and to make the overall translation
process easier.
In [41], the ARSENAL framework for translating natural language requirements into
analyzable formal representations is discussed. Given an input sentence, the first step exploits
both domain-specific and domain-independent knowledge to identify entity n-grams, such as,
for instance, “Lower Desired Temperature”, which are then converted into single terms like,
e.g., Lower_Desired_Temperature. In addition, common expressions, such as “is greater
than or equal to”, are converted into simple terms, like dominates, in an attempt to regularize
the input text and reduce its complexity. Next, a dependency parsing step is performed to
extract grammatical relationships between phrase elements. These pieces of information,
together with PoS tags, are then fed to a so-called semantic processor, that guides the
translation from English to an internal, intermediate representation. It should be observed
that such a module relies on a set of hand-made rules, that inevitably are domain-specific
and can only work for restricted scenarios. Finally, the intermediate representation can be
converted into several formalisms, including LTL.
Last but not least, a controlled natural language is defined in [83], which can be used
to specify restrictions on how a system model interacts with its environment. Sentences
formulated in such a constrained language are then automatically translated to LTL by
means of hard-coded rules.
Broadening the attention scope to other kinds of (temporal) logical formalisms, the
following contributions are worth mentioning.
In [32], the authors present a tool for the automatic translation of natural language
sentences into formulas of the action-based temporal logic ACTL, in the context of the
formalization of reactive systems requirements. A corpus of sentences is analyzed and,
starting from it, a context-free grammar is manually built that allows one to parse the
considered instances. Such a grammar is augmented with attributes, that allow one to
generate the target ACTL formula during the parsing process.
In [71], a translation method is discussed that converts constrained English utterances
into a representation level based on Kamp’s Discourse Representation Theory [46]. Such an
intermediate representation is then translated into an ACTL temporal logic formula.
In [30], the authors present a methodology to translate natural language instructions into
a formal logical description of goals, that can then be issued to and followed by robots. The
target formalisms are CTL∗ and first-order dynamic logic (FDL). The translation process is
carried out by means of a hand-made combinatory categorial grammar [87].
In [43], hand-made attribute grammars are employed to generate Computation Tree
Logic (CTL) formulas from Hardware Description Language (HDL) code comments written
in English.
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Finally, in [89], a two-phase approach to parsing natural language into formal logic is
presented. The first phase aims at extracting the generic structure of the logical expression
associated with a given natural language utterance. The general idea is that of building
a dependency parse of the input utterance, and then attaching to its nodes λ-expressions
chosen from a pre-specified finite set, by means of a specifically trained model. The node
assignment to λ-expressions is then evaluated to a generic logical form structure. The second
phase instantiates the discovered pattern on the specific utterance data. Some considerations
are made about the possibility of adopting LTL as a target formalism in future work.
Overall, the typical approach followed by these studies can be summarized as follows:
given an input English utterance, preprocess it to extract syntactical information, which may
include part of speech tagging, dependency parsing, semantic role labelling, and so on. Then,
enrich the input with these pieces of information. Finally, run an attribute grammar-based
parser, or rely on some hand-made rules, to derive a translation into a target logical format.
A notable exception is the work of [89], where a fully-supervised learning setting is considered.

4

Possible future research directions

In the following, on the basis of the analysis of related work done in the previous section, we
outline some possible approaches to the problem of translating open English utterances into
general LTL formulas. For each of them, we identify existing tools and solutions from the
literature that can possibly be exploited.

4.1

LTL synthesis via classical semantic parsing

Classical approaches to semantic parsing involve the definition of a suitable grammar, which
it is possible to rely on to parse a given phrase, and to contextually generate a desired output.
Typically, attribute grammars or combinatory categorial grammars have been considered in
the literature for this task (see Section 3), although specifically developed grammars have
also been proposed [69].
As already pointed out, the problem of generating LTL formulas from English texts can
be viewed as an instance of semantic parsing. Some frameworks that allow one to develop
semantic parsers are available in the literature, most notably KRISP [47], SEMPRE [19],
Cornell Semantic Parsing Framework [18], SippyCup [11], and WASP [15].
However, the main difficulty remains that of defining a suitable grammar, a task that for
real-world applications cannot be performed by hand, especially when, instead of restricting
to a specific domain, we refer to a general translation scenario. In an attempt to facilitate
this task, several approaches to grammar induction have been proposed over the years. Some
of them are specifically oriented to natural language processing, like, for instance, those
presented in [28, 44, 86, 101]; others are more general, e.g., [53, 77]. Nevertheless, they all
require a quite large amount of training data, a problem that is shared also by the (more
promising) strategy presented in Section 4.2.

4.2

LTL synthesis as a translation problem

Machine translation can be viewed as the use of software to translate text or speech from one
language to another. Several approaches to translation have been proposed over the years.
The first proposed one was the so-called rule-based paradigm, in which explicit rules
are given that guide the translation. The translation can be done in two different ways:
either directly mapping the source language into the target one, or relying on some sort
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of interlingual representation. Of course, the richness and complexity of natural language
imply that such handcrafted approaches are only suitable for very constrained domains.
Nevertheless, some platforms for rule-based translation are available, such as, for instance,
Apertium [35].
Subsequently, statistical machine methods have gained in popularity. In such a case,
translations are not generated by ad-hoc developed rules anymore, but are, instead, generated
on the basis of statistical models, whose parameters are trained on bilingual text corpora.
At the moment, the most popular approach is the one based on neural machine translation,
where a large artificial neural network is used to predict, given an utterance in the source
language, the likelihood of a sequence of words in the target language. Several frameworks
have been proposed in the literature to develop general-purpose neural networks, such as,
for instance, PyTorch [9], Tensorflow [13], and Keras [6]. Recently, OpenNMT [48] has been
presented as an open source toolkit specifically oriented to neural machine translation. The
system prioritizes efficiency, modularity, and extensibility, and it allows one to develop stateof-the-art solutions, based on Convolutional Neural Networks, LSTM, attention mechanisms,
and word- as well as character-based embeddings, through a simple general-purpose interface,
that in principle requires only source and target files to be provided. Besides language
translation, the framework also supports other sequence generation tasks, such as, for
example, summarization, image-to-text and speech recognition2 .
It is worth pointing out that most of the translation models from the literature are
based on a sequence-to-sequence architecture [91]. Nevertheless, since a logic formula can be
represented by a tree-like structure, it might be better to opt for a sequence-to-tree approach
[64], or for other constrained decoding techniques (see, for instance, [10]).
Since the English-to-LTL mapping can be viewed as a language translation problem,
it makes sense to think of training a neural network model to perform such a task. The
best candidate framework for doing that seems to be, to date, the previously-discussed
OpenNMT. Unfortunately, a major problem has to be solved in order to actually pursue
this approach, that is, the lack of a large training dataset in which English utterances are
paired with the corresponding LTL formulas. The University of Kansas provides an online
repository of temporal logic formulas that represent the content of technical specifications
[5]. However, just about a hundred of English-to-LTL pairings are available. LTLStore3 is
an online repository of around one thousand LTL formulas, collected from previous studies.
Although they lack an English counterpart, they may still be useful as monolingual data [85].
Various approaches can be followed to address the problem of the scarcity of training
data. We would like to outline three of them.
The first, most trivial one consists of randomly generating a large set of LTL formulas by
means of a suitable grammar. Then, rules may be derived to translate each formula into
an English utterance. Also, some post-processing techniques can be applied to make the
resulting text more realistic, such as replacing proposition letters by a set of words that
represent them (e.g., button_pressed might be mapped to “the button is pressed”). Of
course, the generated sentences would still make use of a very constrained kind of English.
Nevertheless, such an artificial training dataset may be used as a starting point to determine
which are the most promising translation techniques.
The second approach consists of finding a kind of “bridging dataset”, i.e., a tranining
dataset that maps each English utterance in a formal representation that, in turn, can be
more or less easily converted into LTL by means of hardcoded rules. As an example, it may
2
3

Additional details can be found on OpenNMT website: http://opennmt.net/.
LTLStore project website: https://gitlab.lrz.de/i7/ltlstore.
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be worth investigating the data used in semantic parsing competitions, such as, for instance,
SemEval4 , that over the years included some tracks concerned with the evaluation of temporal
content in natural language phrases (this is the case with TempEval). Other possibly useful
resources are the TimeML [80] annotated corpora TimeBank [82] and AQUAINT [2], and
the ACE (Automatic Content Extraction) [1] and WikiWars [66] corpora, that all provide
texts manually labeled with events, temporal expressions, and relationships.
A third recent research line has managed to train both neural machine and statistical
machine translation systems using monolingual corpora only [16, 17, 51, 52]. Although
accuracy results are still far from those guaranteed by state of the art, bilingual data-based
models, such approaches are worth some further investigation.

4.3

LTL synthesis through evolutionary computation

Both LTL synthesis via semantic parsing and LTL synthesis via machine translation follow
consolidated paths in the field. Now, we work out an alternative path that makes use of
evolutionary computation.
Evolutionary Algorithms (EAs) are adaptive meta-heuristic search algorithms, inspired
by the process of natural selection, biology, and genetics. Unlike blind random search, they
are capable of exploiting historical information to direct the search into the most promising
regions of the search space and, in order to achieve that, their basic characteristics are
designed to mimic the processes that, in natural systems, lead to adaptive evolution [31].
In nature, a population of individuals tends to evolve, in order to adapt to the environment;
in EAs, each individual represents a possible solution for the optimization problem, and its
degree of “adaptation” to the problem is evaluated by means of a fitness function, which
can be single- or multi-objective. In the first case, at the end of the optimization process,
the single, best solution is returned. In the second case, the algorithm searches for multiple
optimal solutions in parallel, that are returned in the form of a so-called Pareto-front.
Multi-objective approaches are particularly suitable for multi-objective optimization. In
both cases, the elements of the population tend to iteratively evolve toward better solutions,
going through a series of generations in which the crossover (hybridization of two solutions
to generate a solution offspring) and mutation (random changes performed to a solution)
operators are applied to selected individuals. At each generation, the individuals that are
considered best by the fitness function are given a higher probability of being transmitted to
the following one.
The English-to-LTL mapping problem may be thought of as an optimization one (that in
turn can be solved via evolutionary computation): given an input utterance, the task is that
of finding the temporal formula that best matches the content of the text.
In the following, the main issues concerning the exploitation of an evolutionary algorithm
for the English-to-LTL mapping problem are discussed. They can be summarized as follows:
(i) how the single solutions are represented; (ii) how the population is initialized; (iii) which
evolutionary operators (crossover, mutation) are employed; (iv) which fitness function is used.

4.3.1

Solution representation and population

Each instance in the population represents an LTL formula, which may be conveniently
coded by means of a tree-based data structure. As for the initialization of the population,
one may proceed as follows. In the first step, all proposition letters are extracted from the

4

SemEval 2019 website: http://alt.qcri.org/semeval2019/.
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given utterance. This can be done by means of a suitable predicate extraction process, that
can rely on available tools, such as, for instance, PredPatt [7, 97], or on custom-tailored
solutions based on Semantic Role Labeling or Open Information Extraction, making use of
natural language processing frameworks such as Stanford CoreNLP [65], the SpaCy-based [12]
AllenNLP [39], and TextPro [78]. Once all proposition letters have been extracted, candidate
LTL formulas may be randomly generated, ensuring both to use all of the propositional
letters (since the goal is that of fully encoding what is happening in the utterance), and to
respect LTL syntactical correctness constraints.

4.3.2

Evolutionary operators

The representation of LTL formulas by means of tree-like structures makes it quite straightforward to implement the crossover and mutation operators. Both of them can, indeed,
modify or generate a solution by acting on subtrees, e.g., by adding, removing, raising, or
swapping them, always making sure that each proposition letter is appearing at least one
time in the resulting formula.

4.3.3

Fitness function

In order to establish how good a given formula is, it is necessary to determine how well
it captures the pieces of information contained in the utterance. This is the most difficult
step, since a properly designed fitness function should be capable of capturing a semantic
parallelism between the logical formula and the natural language text, with an accuracy well
beyond the one that can be provided, for instance, by commonly used techniques such as
Latent Dirichlet Allocation (LDA) [21].
A possible solution can be that of extracting a suitable model from the text, capable of
capturing all pieces of information that are relevant for the evaluation of the LTL formula. In
order to do that, an initial step, as already discussed in the case of population initialization,
can be the extraction of all proposition letters from the utterance. Then, these letters can
be arranged in a Kripke structure [50], that is, a model that keeps track of how and when
they hold. To generate such a model, the best approach seems to be the one pursued in [94],
where a deep learning solution is developed that is capable of assigning time intervals to the
verbs in a given text5 (a similar work is discussed in [58]). Once such time intervals have
been determined, the structure can be derived in a fairly straightforward way and, based
on it, the (still non trivial) question now becomes “how much and how well the given LTL
formula is describing what is happening in the Kripke model?”. Finally, a second objective
must be considered, that is, generating easy to read, and thus understandable, formulas.
Such a condition can be enforced by using fairly natural metrics such as the nesting degree
of the formula, the number of Boolean and/or temporal operators employed, and so on.

4.4

LTL synthesis through event identification and ordering

Finally, the English-to-LTL translation problem can be addressed with an approach which
turns out to be somehow more hardwired than the ones discussed before, but, nevertheless,
makes use of some advanced machine learning methodologies.
The idea is that of first determining the syntactic structure of the utterance and the
events it refers to, then identifying the main agent and action of each of them, and finally
establishing an ordering over them. Based on such pieces of information, it should be easier

5

A working implementation can be found at: https://hub.docker.com/r/sidvash/temporal.
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to derive a set of rules for the generation of the corresponding LTL formula, at least up to
a fixed, maximum degree of nesting. Of course, the translated utterances could be fed in
as training data to any other solution developed according to the approaches described in
Section 4.1 and Section 4.2. In the following, we give a more detailed account of these phases.
As for the syntactic analysis, several frameworks can be found in the literature, most
notably SpaCy [12], AllenNLP [39], which is based on SpaCy, Stanford CoreNLP [65], NLTK
[63], and TextPro [78]. All of them allow one to perform the following syntactic analysis
tasks, that are necessary to carry out the translation:
part of speech tagging, by which components such nouns, verbs, and adjectives are
identified;
construction of the dependency tree, that establishes the relationships between “head”
words and words which modify such heads;
coreference resolution, that is, the identification of all the expressions that refer to the
same entity in the text;
recognition of noun/prepositional/verb phrases, that may help in the later identification
of proposition letters (for instance, “the big blue ocean” should be considered as a single
entity).
Then, proposition letters are to be extracted, relying on tools like, e.g., PredPatt [7, 97],
or on custom solutions, based on the previously-introduced frameworks, making use of either:
semantic role labeling, that is, the process that assigns labels to words or phrases in a
sentence that indicate their semantic role, such as, for instance, agent or action, or
open information extraction, that generates a structured, machine-readable representation
of the relevant data in the text, typically in the form of n-ary propositions.
The next step is that of correlating proposition letters by making use of Boolean connectives and temporal modalities. To this end, other than relying on the dependency tree and on
specific keyword extraction, it is possible to consider:
temporal expression recognition and normalization, that is, the task of identifying sequences
of tokens in a given text that denote a point in time, a duration, or a frequency, and of
interpreting them. A lot of work has been done in this respect (see, e.g., [27, 54, 61, 98]),
including a number tools that can be used for the task: PTime [8], SUTIME [23],
UWTIME [56], ClearTK’s TimeML module [4], HeidelTime [88], cogCompTime [76],
SynTime [99], and TextPro’s TimePro module [78]. In addition, AllenNLP and Stanford
coreNLP contain some modules that can be used as well. The typical performance is
higher than 80% precision and recall on benchmark data such as the Platinum dataset
from the TempEval3 workshop [93].
temporal relation identification, i.e., the task of determining a partial or total ordering
of events (e.g., identified by verbs) happening in an utterance. While this can still be
considered an open problem [26], a lot of work has already been done in the literature
[20, 37, 60, 67, 73, 74, 75], also driven by important domain requirements, such as those
in the medical field [34, 55, 92]. Some tools are available that either (i) encode temporal
relationships by means of graphs, as it happens with CATENA [68], ClearTK’s TimeML
module [4], TextPro’s TempRelPro module [78], cogCompTime [76], CAEVO [3], and
TIPsem [14, 62], or, perhaps more naturally, (ii) assign a time interval to each event, like
in [94] (we already refer to it in Section 4.3) and [58].
Other resources that can be successfully exploited are WordNet [33], a well-known
lexical database for the English language that groups words into sets of synonyms and
records a number of relations among them, VerbNet [84], which is the largest on-line verb
lexicon currently available for English, PPDB [38], a database containing hundreds of million
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paraphrase pairs, which capture many meaning-preserving syntactic transformations, and
VerbOcean, a repository that encompasses the semantic relationships that in English language
typically hold between verbs, including a happens-before relation [24].

5

An experimental evaluation of existing tools

This section is devoted to a critical experimental evaluation of some of the tools that have
been previously discussed. For such a purpose, two datasets have been considered.
The first one is the US Government’s Accident Injuries collection6 , that contains information on all accidents, injuries, and illnesses reported by mine operators and contractors
beginning with 1/1/2000. Each instance corresponds to an accident and is characterized,
among all other pieces of information, by a free-text narrative describing the event.
The second dataset has been provided by Main Roads Western Australia 7 , and it includes
information on fatal, serious, and medical car crashes recorded between 2013 and 2017 in
Western Australia. As it happens with the previous collection, each instance is characterized
by a narrative describing how the incident occurred.
The two datasets are representative of two different kinds of narratives: in the mining case,
the textual description is typically short, and involves a single participant. On the contrary,
the car crash narratives are longer and more articulated, may involve several participants,
and tend to thoroughly describe the event.
For reference, the following representative utterance from the mining accidents dataset is
taken into account:
Employee was cleaning up at the Primary Crusher with the Dingo skid steer. The
employee slipped and fell while operating the skid steer and the machine pinned him
against the cement retaining wall.
As for the car crashes dataset, the following representative instance is considered:
B drove east on Gibbins Road, Coolup. It appears B has stopped at the intersection of
Maryfield Road and allowed a vehicle to pass before proceeding into the intersection.
B2 was driving north on Maryfield Road, has observed B’s vehicle at the intersection
noticing that B appeared to be looking straight ahead. As B has proceeded into the
intersection, B2 has applied the brakes on his vehicle, however he was unable to avoid
B’s vehicle and has ‘t-boned’ it, colliding with the drivers side of B’s vehicle. B has
died at the scene from injuries sustained. A preliminary test conducted on B2 returned
a negative reading.
The remainder of this section considers two main tasks that, according to Section 4.4,
have to be carried out in order to synthesize an LTL formula that correctly formalizes an
utterance, that is, the extraction of the proposition letter candidates, and the identification
of the temporal relationships among them.
Concerning the extraction of proposition letter, we may identify two distinct steps:
first, coreference resolution, by which all references to the same entity are identified and
normalized8 ; second, the extraction of predicates, i.e., tuples composed of an agent, the action
that is being carried out, and possible other arguments.
6
7
8

https://catalog.data.gov/dataset/accident-injuries
https://www.mainroads.wa.gov.au/Pages/default.aspx
Observe that coreference resolution implies entity identification which, nevertheless, is a much easier
task, that in general can be reliably solved by investigating the dependency tree and the PoS tags of
the given utterance.
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Table 1 Predicates extracted by PredPatt on the mining accidents dataset instance. Results
have been reworked for the ease of reading.
Agent
Employee
Employee
Employee
the Dingo skid
the Dingo skid

Action
was cleaning up
slipped
fell
steer
pinned Employee

As for coreference resolution, AllenNLP [39] relies on the state-of-the-art algorithm
presented in [57]. Tested on the mining accidents dataset instance, it identifies two entities
with coreferences, highlighted in red and blue colours:
Employee was cleaning up at the Primary Crusher with the Dingo skid steer. The
employee slipped and fell while operating the skid steer and the machine pinned
him against the cement retaining wall.
Although the result is fairly accurate, the algorithm fails to detect the the machine
reference to the blue entity. Turning to a more challenging example, this is the result of its
execution on the second text9 :
B drove east on Gibbins Road, Coolup. It appears B has stopped at the intersection
of Maryfield Road and allowed a vehicle to pass before proceeding into the intersection.
B2 was driving north on Maryfield Road, has observed B’s vehicle at the intersection
noticing that B appeared to be looking straight ahead. As B has proceeded into the
intersection, B2 has applied the brakes on his vehicle, however he was unable to
avoid B’s vehicle and has ‘t-boned’ it, colliding with the drivers side of B’s vehicle.
B has died at the scene from injuries sustained. A preliminary test conducted on B2
returned a negative reading.
Focusing on just two entities, it is immediately clear that the algorithm has erroneously
associated Coolup with B2. Even worse, judging from the result it seems that B2 has been
applying the brakes on B’s vehicle, and that B was unable to avoid himself. These two errors
are enough to totally misinterpret the semantic content of the utterance.
Once the entities have been found and normalized, it is possible to look for the candidate
proposition letter. In this respect, we investigated the use of PredPatt [7, 97], since it is still
a major component in many recent, state-of-the-art NLP tools (see, for instance, [94]). To
do that, we relied on two versions of the chosen instances in which coreference resolution has
been already correctly solved by hand.
The predicates extracted by PredPatt on the mining data utterance are reported in
Table 1. As it can be seen, the algorithm outputs 5 candidates. Again, with the exception of
the fourth candidate, the result is quite natural and intuitive, except perhaps for the fact
that the fourth and fifth candidates refer to the the Dingo skid entity instead of the Dingo
skid steer, considering steer as a verb.

9

Note that the coreference resolution process extracted more than two entities. However, for the sake of
clarity, we concentrate here on the two main ones, that are, B and B2.

TIME 2019

17:12

Synthesis of LTL Formulas from Natural Language Texts

Table 2 Predicates extracted by PredPatt on the car crashes dataset instance. Results have been
reworked for the ease of reading.
Agent
B
It
A vehicle
[UNK]
B
B
B2
[UNK]
[UNK]
[UNK]
A preliminary test

Action
drove east
appears
allowed to pass
was driving north
appeared to be looking straight ahead
has proceeded into the intersection
has applied the brakes on B2’s vehicle
avoid B’s vehicle
‘t-boned’ it
has died at the scene from injuries
returned negative reading

Table 2 reports the predicates extracted by PredPatt algorithm on the car crash dataset
instance. Here, there are some spurious candidates as, for example, the one with It as the
main agent. Moreover, for several results, the agent is not clear (UNK ), or simply wrong (A
vehicle allowed to pass). Finally, some predicates are entirely missed, like in the case of B
has stopped at the intersection.
Finally, let us consider the task of extracting the temporal relationships that hold between
each pair of predicates. Our original intention was that of evaluating cogCompTime [76] as
the tool for generating an ordering graph over the set of events, and the approach presented
in [94] as the tool for assigning time intervals to events, since they are two recently proposed
solutions. Unfortunately, since various weeks cogCompTime is experiencing some server
problems (http://groupspaceuiuc.com/temporal/#), that do not allow us to experiment
with it. Thus, in the following, just the time interval approach presented in [94] is evaluated
with respect to the two selected utterances.
Figure 1 shows its results when applied on the mining dataset instance. As it can be seen,
the two occurrences of steer are still erroneously recognized as actions. Moreover, while the
interval assigned to operating seems to be an appropriate choice, the tool fails in identifying
its overlap with the interval related to cleaning. Furthermore, the events fell and slipped
appear to be swapped.
Considering the car crashes instance, as depicted in Figure 2, the outcomes are unfortunately quite poor, and do not seem to follow any reasonable pattern.
At this point, by looking at the underwhelming results obtained by the tools we tested,
we decided not to proceed with the LTL formula synthesis task any further.

6

Conclusions

Linear-time temporal logic (LTL) is a logical formalism which is commonly adopted in formal
verification, in particular in consistency and model checking, and it can be a very useful
tool for capturing the temporal content of natural language utterances. Such capabilities
can be exploited in many important applications, including disambiguation of technical
requirements, log analysis, and automated reasoning over temporal data.
Unfortunately, as it emerges from our comprehensive analysis of the literature and of
existing tools, a general enough solution, that is capable of translating free, natural English
texts into unbounded, general LTL formulas is still missing.
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Figure 1 Events timeline in the mining dataset instance.
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Figure 2 Events timeline in the car crashes dataset instance.
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In this paper, we provided a comprehensive review of the state of the art, as defined by
the relevant literature; moreover, an empirical evaluation has been conducted on some of
the currently available NLP tools, based on two real world instances. Results show that
further research work is needed on methods and tools for various crucial tasks, such as
coreference resolution, predicate extraction, and temporal relation identification, in order to
achieve a performance which is good enough to allow for the synthesis of LTL formulas from
unconstrained, natural language texts. We highlighted some possible research directions that
can be followed to tackle such a complex problem.
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Abstract
The model-checking (MC) problem of Halpern and Shoham Interval Temporal Logic (HS) has been
recently investigated in some papers and is known to be decidable. An intriguing open question
concerns the exact complexity of the problem for full HS: it is at least EXPSPACE-hard, while the
only known upper bound is non-elementary and is obtained by exploiting an abstract representation
of Kripke structure paths called descriptors. In this paper we generalize the approach by providing a
uniform framework for model-checking full HS and meaningful (almost maximal) fragments, where a
specialized type of descriptor is defined for each fragment. We then devise a general MC alternating
algorithm parameterized by the type of descriptor which has a polynomially bounded number
of alternations and whose running time is bounded by the length of minimal representatives of
descriptors (certificates). We analyze the time complexity of the algorithm and give, by non-trivial
arguments, tight bounds on the length of certificates. For two types of descriptors, we obtain
exponential upper and lower bounds which lead to an elementary MC algorithm for the related HS
fragments. For the other types of descriptors, we provide non-elementary lower bounds. This last
result addresses a question left open in some papers regarding the possibility of fixing an elementary
upper bound on the size of the descriptors for full HS.
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1

Introduction

Model checking (MC) is a well-established formal-method technique to automatically check
for global correctness of finite-state reactive systems. Finite systems are usually modelled as
labelled state-transition graphs (finite Kripke structures), while the properties of interest are
specified in standard Point-based temporal logics (PTLs), such as, for instance, the linear-time
temporal logic LTL [22] and the branching-time temporal logics CTL and CTL∗ [9]. Interval
temporal logics (ITLs) provide an alternative setting for reasoning about time [11, 21, 25].
ITLs assume intervals, instead of points, as their primitive temporal entities allowing to specify
relevant temporal properties that involve, e.g., actions with duration, accomplishments, and
temporal aggregations, which are inherently “interval-based”, and thus cannot be naturally
expressed by PTLs. ITLs find applications in a variety of computer science fields, including
artificial intelligence (reasoning about action and change, qualitative reasoning, planning,
and natural language processing), theoretical computer science (specification and verification
of programs), and temporal and spatio-temporal databases (e.g. see [13, 21, 23]). Among
ITLs, the landmark is Halpern and Shoham’s modal logic of time intervals (HS) [11] which
features one modality for each of the 13 possible ordering relations between pairs of intervals
(the so-called Allen’s relations [1]), apart from equality. The satisfiability problem for HS is
undecidable over all relevant classes of linear orders, and most of its fragments (with some
meaningful exceptions [7, 8, 20]) are undecidable as well [6, 12, 15].
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Model checking of (finite) Kripke structures against HS has been investigated only very
recently [13, 14, 16, 2, 5, 4, 3, 18, 19]. The idea is to interpret each finite path of a Kripke
structure as an interval, whose labelling is defined on the basis of the labelling of the
component states: a proposition letter holds over an interval if and only if it holds over
each component state (homogeneity assumption [24]). In this paper, we focus on the MC
problem of HS under the state-based semantics (time branches both in the future and in
the past) proved decidable in [16]. In this setting, the temporal modalities for the Allen’s
relations started-by (B), finished-by (E), and contains (D), have a “linear-time” character:
they allows to select either proper prefixes (B), or proper suffixes (E), or internal subpaths
(D) of the current path. The modalities associated with the other Allen’s relations are instead
“branching-time”: they allow either to non-deterministically extend a prefix (resp., suffix,
resp., subpath) of the current path in the future or in the past, or to non-deterministically
select an independent path whose start point (resp., ending point) is reachable from (resp.,
can reach) the ending point (resp., start point) of the current path. The expressiveness of the
state-based semantics of HS has been studied in [5] together with two other decidable variants:
the computation-tree-based semantics, that allows time to branch only in the future, and the
trace-based semantics, that disallows time branching. The computation-tree-based variant of
HS is expressively equivalent to finitary CTL∗ (the variant of CTL∗ with quantification over
finite paths), while the trace-based variant is equivalent to LTL (but at least exponentially
more succinct). The state-based variant is more expressive than the computation-tree-based
variant and expressively incomparable with both LTL and CTL∗ .
As far as concerns the complexity of the state-based MC problem, for the full logic
HS, the problem is at least EXPSPACE-hard [2], while the only known upper bound is
non-elementary [16]. The approach for full HS [16] consists in defining a finite abstraction
over the (possibly infinite) set of finite paths of a Kripke structure. This abstraction is
parameterized by a natural number h and is based on the h-level BE-descriptor of a path:
a tree-like structure of depth h which conveys information about the states occurring in
prefixes and suffixes of the path. Paths having the same h-level BE-descriptor (i) are
indistinguishable with respect to the fulfillment of HS formulas having nesting depth of
modalities for prefixes (B) and suffixes (E) at most h, and (ii) admit a bounded minimal
representative (h-level BE-certificate) whose length is at most a tower of exponentials of
height h. The model-checking procedure for full HS based on BE-descriptors is only sketched
in [16] and, in particular, the succinctness of BE-descriptors has not been investigated so
far. In subsequent papers [3, 19, 4, 17], the focus has been on some syntactical fragments of
HS: the fragment featuring only the modalities for the contains relation (D), and fragments
featuring modalities for a subset of the Allen relations meets (A), started-by (B), finished-by
(E) and their transposed relations A, B, and E, respectively (see Table 1 for a graphical
intuition of relations). The complete picture of known results is reported in Figure 1.
In this paper, we first provide a uniform framework for the state-based MC problem
against the HS syntactical fragments obtained by combining the modalities of a linear-time
basis B (i.e, a non-empty subset of non-interdefinable Allen’s relations in {B, E, D}) with
the modalities for the (branching-time) Allen’s relations in {A, L, O, A, L, B, E, D, O} but
not including either the modalities for overlap O or the modalities of its transposed relation
O (the fragment for the complete basis {B, E} expresses the full logic HS). The proposed
approach generalizes the one provided in [16], where only the full logic HS is considered: for
each basis B, it defines a finite abstraction of the set of paths of a Kripke structure based
on the notion of h-level B-descriptor (coinciding with the BE-descriptor for the complete
basis B = {B, E}). As for the basis {B, E}, we show that for all the other bases with
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Figure 1 Complexity of the MC problem for HS fragments.

the exception of {D}, paths having the same h-level B-descriptor (i) are indistinguishable
with respect to the fulfillment of HS formulas having nesting depth of modalities for B at
most h, and (ii) admit a bounded minimal representative (h-level B-certificate). We exploit
these results for devising an alternating algorithm, parameterized in the basis B =
6 {D}, for
model-checking the associated fragment, which runs in time bounded by the maximal length
of h-level B-certificates of the input Kripke structure, with h being the B-nesting depth of the
input formula, and whose number of alternations between existential and universal choices is
at most the size of the input formula.
As a second contribution, for each basis B, we provide tight bounds on the length of h-level
B-certificates. For the bases {B} and {E}, we prove singly-exponential upper and lower
bounds. Hence, by the proposed alternating algorithm, we argue that model-checking for the
fragments AABBDELLO and AABDEELLO is in the complexity class AEXPpol of problems
decided by exponential-time bounded alternating Turing Machines with a polynomially
bounded number of alternations (a class included in EXPSPACE which captures the
precise complexity of some relevant problems, e.g., the first-order theory of real addition
with order [10]). On the other hand, for all bases B distinct from {B} and {E}, we state a
non-elementary lower bound. In particular, the result obtained for the basis {B, E} negatively
answers a question left open in [16] regarding the possibility of fixing an elementary upper
bound on the size of BE-descriptors, and at the same time provides new insight on the MC
problem for full HS: if elementary procedures are possible, they have certainly to exploit less
powerful structures than descriptors.
The paper is organised as follows. In Section 2, we recall the state-based model-checking
framework for HS. In Section 3, we introduce for each basis B, the notion of B-descriptor, and
describe the algorithm to solve the MC problem for the associated fragment. In Section 4,
we fix tight bounds on the length of B-certificates giving conclusions in Section 5.

2

Preliminaries

In this section, after introducing some notations we recall in Subsection 2.1 the logic HS [11]
and the state-based model-checking framework for verifying HS formulas [16].
Let N be the set of natural numbers. For all i, j ∈ N, with i ≤ j, [i, j] denotes the set
of natural numbers h such that i ≤ h ≤ j. For all n, h ∈ N, Tower(n, h) denotes a tower of
exponentials of height h and argument n: Tower(n, 0) = n and Tower(n, h + 1) = 2Tower(n,h) .
Let Σ be a finite alphabet. The set of all the finite words over Σ is denoted by Σ∗ , and
Σ+ := Σ∗ \ {ε}, where ε is the empty word. Let w be a finite word over Σ. We denote by
|w| the length of w. For all i, j ∈ N, with i ≤ j, w(i) is the i-th letter of w (w(0) is the first
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Table 1 Allen’s relations and corresponding HS modalities.
Allen relation

HS

Definition w.r.t. interval structures

meets
before
started-by
finished-by
contains
overlaps

hAi
hLi
hBi
hEi
hDi
hOi

[x, y]RA [v, z]
[x, y]RL [v, z]
[x, y]RB [v, z]
[x, y]RE [v, z]
[x, y]RD [v, z]
[x, y]RO [v, z]

Example
y

x
⇐⇒
⇐⇒
⇐⇒
⇐⇒
⇐⇒
⇐⇒

y=v
y<v
x=v∧z <y
y =z∧x<v
x<v∧z <y
x<v<y<z

v

z
v

v

z

z
v
v

z
z
v

z

letter) while w[i, j] denotes the infix of w given by w(i) · · · w(j). If w 6= ε, then we denote by
fst(w) and lst(w) the first and last symbol of w, and by internal(w) the set of letters in Σ
occurring in w[1, n − 1] where |w| = n + 1. The concatenation of two finite words w and w0
is denoted by w · w0 . Moreover, if lst(w) = fst(w0 ), w ? w0 represents w[0, n − 1] · w0 , where
|w| = n + 1 (?-concatenation). The set Pref(w) of non-empty proper prefixes of w is the set of
non-empty finite words u such that w = u · v for some non-empty word v. The set Suff(w) of
non-empty proper suffixes of w is the set of non-empty words u such that w = v · u for some
non-empty finite word v. A subword (resp., internal subword) of w is a word w0 such that w
is of the form w = u · w0 · v for some words (resp., for some non-empty words) u and v.

2.1

The Interval Temporal Logic HS

An interval algebra to reason about intervals and their relative orders was proposed by Allen
in [1], while a systematic logical study of interval representation and reasoning was done
a few years later by Halpern and Shoham, who introduced the interval temporal logic HS
featuring one modality for each Allen relation, but equality [11]. Table 1 depicts 6 of the 13
Allen’s relations, together with the corresponding HS (existential) modalities. The other 7
relations are the 6 inverse relations (given a binary relation R , the inverse relation R is such
that bR a iff aR b) and equality.
Let AP be a finite set of atomic propositions. HS formulas ψ over AP are defined as
follows:
ψ ::= > | ⊥ | p | ¬ψ | ψ ∧ ψ | hXi ψ
where p ∈ AP and hXi is the existential temporal modality for the (non-trivial) Allen’s
relations X ∈ {A, L, B, E, D, O, A, L, B, E, D, O}. The size |ψ| of a formula ψ is the number
of distinct subformulas of ψ. We also exploit the standard logical connectives ∨ (disjunction)
and → (implication) as abbreviations, and for any temporal modality hXi, the dual universal
modality [X] defined as: [X] ψ := ¬ hXi ¬ψ. An HS formula ψ is in positive normal form
(PNF ) if negation is applied only to atomic formulas in AP . By using De Morgan’s laws
and for any existential modality hXi, the dual universal modality [X], we can convert in
linear-time an HS formula ψ into an equivalent formula in PNF, called the PNF of ψ. For a
formula ψ in PNF, the dual ψe of ψ is the PNF of ¬ψ.
Given a set U ⊆ {A, L, B, E, D, O, A, L, B, E, D, O} of Allen’s relations, the joint nesting
depth of U in a formula ψ denoted by depthU (ψ) is defined as: (i) depthU (p) = 0, for any
p ∈ AP ; (ii) depthU (¬ψ) = depthU (ψ); (iii) depthU (ψ ∧ ϕ) = max{depthU (ψ), depthU (ϕ)};
(iv) depthU (hXi ψ) = 1 + depthU (ψ) if X ∈ U , and depthU (hXi ψ) = depthU (ψ) otherwise;
(iv) depthU ([X] ψ) = 1 + depthU (ψ) if X ∈ U , and depthU ([X] ψ) = depthU (ψ) otherwise.
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Given any subset of Allen’s relations {X1 , .., Xn }, we denote by X1 · · · Xn the HS fragment
featuring existential (and universal) modalities for X1 , .., Xn only.
We assume the non-strict semantics of HS, which admits intervals consisting of a single
point (all the results proved in the paper hold for the strict semantics as well). Under such
an assumption, all HS-temporal modalities can be expressed in terms of hBi, hEi, hBi, and
hEi [25]. HS can thus be regarded as a multi-modal logic with hBi, hEi, hBi, and hEi as
primitive modalities and its semantics can be defined over a multi-modal Kripke structure,
called abstract interval model (AIM for short), where intervals are treated as atomic objects
and Allen’s relations as binary relations over intervals.
I Definition 1 (Abstract interval models [16]). An abstract interval model (AIM) over AP is a
tuple A = (AP , I, BI , EI , LabI ), where I is a possibly infinite set of worlds (abstract intervals),
BI and EI are two binary relations over I, and LabI : I 7→ 2AP is a labeling function, which
assigns a set of proposition letters from AP to each abstract interval.
In the interval setting, I is interpreted as a set of intervals and BI and EI as Allen’s relations
B (started-by) and E (finished-by), respectively; LabI assigns to each interval in I the set of
atomic propositions that hold over it. Given an interval I ∈ I, the truth of an HS formula
over I is inductively defined as follows (the Boolean connectives are treated as usual):
A, I |= p if p ∈ LabI (I), for any p ∈ AP ;
A, I |= hXi ψ, for X ∈ {B, E}, if I XI J and A, J |= ψ for some J ∈ I;
A, I |= hXi ψ, for X ∈ {B, E}, if J XI I and A, J |= ψ for some J ∈ I.
As an example, hDi can be expressed in terms of hBi and hEi as hDi ψ := hBi hEi ψ, while
hAi can be expressed in terms of hEi and hBi as hAi ψ := ([E] ⊥ ∧ (ψ ∨ hBi ψ)) ∨ hEi([E] ⊥ ∧
(ψ ∨ hBi ψ)).
State-based model-checking against HS. In the context of MC, finite state systems are
usually modelled as finite Kripke structures over a finite set AP of atomic propositions which
represent predicates over the states of the system.
I Definition 2. A Kripke structure over AP is a tuple K = (AP , S, E, Lab, s0 ), where S is
a set of states, E ⊆ S × S is a transition relation, Lab : S 7→ 2AP is a labelling function
assigning to each state s the set of propositions that hold over it, and s0 ∈ S is the initial
state. We say that K is finite if S is finite.
Let K = (AP , S, E, Lab, s0 ) be a Kripke structure. A path π of K is a non-empty finite
word over S such that for all 0 ≤ i < |π|, (π(i), π(i + 1)) ∈ E. A sub-path (resp., internal
sub-path) of π is a path of K which is a subword (resp., internal subword) of π. A path is
initial if it starts from the initial state of K .
We now recall the state-based approach [16] for model checking Kripke structures against
HS formulas which consists in defining a mapping from a Kripke structure K to an AIM AK ,
where the abstract intervals correspond to the paths of the Kripke structure, the relations
BI and EI of AK are interpreted as the Allen’s relations B and E over the set of K -paths,
respectively, and the following assumption is adopted: a proposition holds over an interval if
and only if it holds over all its subintervals (homogeneity principle).
I Definition 3. Let K = (AP , S, E, Lab, s0 ) be a Kripke structure. The AIM induced by K is
AK = (AP , I, BI , EI , LabI ), where I is the set of paths of K , and:
BI = {(π, π 0 ) ∈ I × I | π 0 ∈ Pref(π)}, EI = {(π, π 0 ) ∈ I × I | π 0 ∈ Suff(π)}, and
Ti<|π|
for all p ∈ AP , Lab−1
I (p) = {π ∈ I | p ∈
i=0 Lab(π(i))}.
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Note that for a finite Kripke structure K , the number of paths in K may be infinite (this
happens when K has loops), hence the number of intervals in AK may be infinite. A Kripke
structure K over AP is a model of an HS formula ψ over AP , written K |= ψ, if for all initial
paths π of K , AK , π |= ψ. In the following, we also write K , π |= ψ to mean AK , π |= ψ. The
(finite) model-checking problem (against HS) consists in checking whether K |= ψ for a given
HS formula ψ and a finite Kripke structure K .
We observe that the temporal modalities for the Allens’s relations in {B, E, D} have a
“linear-time” semantics, i.e., they allow to select only slices (subpaths) of the current timeline
(path). The semantics of the temporal modalities associated with the other Allen’s relations
(i.e., the ones in {A, L, O, A, L, B, E, D, O}) is instead “branching-time” (i.e., they allow to
non-deterministically extend the current timeline in the future or in the past). Accordingly,
a non-empty subset of non-interdefinable Allen’s relations in {B, E, D} is called a linear-time
basis B of HS. Hence, the possible bases are {B}, {E}, {D}, {B, D}, {B, E}, and {E, D}.

3

Decision procedures based on descriptors

In this section, we provide a uniform framework for model-checking finite Kripke structures
against the HS syntactical fragments, denoted by HSB (F), obtained by combining the
modalities of a linear-time basis B of HS distinct from {D} with the branching-time modalities
for the Allen’s relations in F = {A, A, B, E, L, L}. Note that for the complete basis {B, E},
we obtain the full logic HS. Moreover, the Allen relation D can be expressed in terms of B,E:
hDi ψ := hBi hEi ψ. For the remaining branching-time modalities, i.e., the ones associated
with O and O, we have that hOi (resp., hOi) can be expressed in terms of hBi and hEi
(resp., hEi and hBi): hOi ψ := hEi(hEi > ∧ hBi ψ) (resp., hOi ψ := hBi(hBi > ∧ hEi ψ)). As
an example, HS{B} (F) corresponds to AABBDELLO.
The proposed approach is a generalization of the one provided in [16], where only the full
logic HS is considered. In particular, given a finite Kripke structure K , for each linear-time
basis B of HS, we define a finite abstraction of the set of K -paths parameterized by a natural
number h. This abstraction induces in turn a finite abstract interval model, which, in case
B 6= {D}, is equivalent to AK with respect to the fulfillment of all the formulas in HSB (F)
having joint B-nesting depth at most h. This allows us to provide in Subsection 3.1 an
alternating algorithm, parameterized in the basis B 6= {D}, for model-checking the fragment
HSB (F), which given a finite Kripke structure K and a formula ψ, runs in time bounded by
the size of the finite abstraction for the basis B, the Kripke structure K and the parameter
h = depthB (ψ), and whose number of alternations between existential and universal choices is
at most O(|ψ|). For each basis B, we define in the following the notion of B-descriptor which
allows to construct the above mentioned finite abstraction. The definition of B-descriptors
exploits h-level Σ-terms and h-level bipartite Σ-terms, where Σ denotes a given finite alphabet
and h a natural number. Intuitively, an h-level Σ-term corresponds to an unordered finite
tree of height h such that subtrees rooted at distinct children of the same node are not
isomorphic. An h-level bipartite Σ-term is similar but additionally we require that each edge
in the tree has a color from a set of two colors. Formally, the set of h-level Σ-terms t is
inductively defined as follows:
if h = 0, then t = a for some a ∈ Σ; otherwise, t has the form (a, T ) where a ∈ Σ and T
is a (possibly empty) subset of (h − 1)-level Σ-terms.
The set of h-level bipartite Σ-terms t is inductively defined as follows:
if h = 0, then t = a for some a ∈ Σ; otherwise t is of the form (a, T1 , T2 ) where a ∈ Σ
and T1 and T2 are (possibly empty) subsets of (h − 1)-level Σ-terms.
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We say that a is the root of t. The size of an h-level (bipartite) Σ-term is the number of
nodes in the associated tree representation. The following holds.
I Remark 4. The number of distinct h-level Σ-terms (resp., h-level bipartite Σ-terms) over
Σ is Tower(Θ(|Σ|), h).
I Definition 5 (Descriptors). Let Σ be a finite alphabet and B be a linear-time basis of HS.
Given a non-empty finite word w over Σ and h ≥ 0, the h-level B-descriptor Bh (w) of w is
the h-level (Σ × 2Σ × Σ)-term (resp., h-level bipartite (Σ × 2Σ × Σ)-term) if |B| = 1 (resp.,
|B| = 2) inductively satisfying the following conditions. For the base case, i.e. h = 0, then
B0 (w) = (fst(w), internal(w), lst(w)). For the induction step, i.e. h > 0, we have:
Case B = {B} (resp., B = {E}, resp., B = {D}): Bh (w) = (B0 (w), T ) where T is the set
of (h − 1)-level B-descriptors of the non-empty proper prefixes (resp., non-empty proper
suffixes, resp., non-empty internal subwords) of w.
Case B = {B, E}: Bh (w) = (B0 (w), TB , TE ) with TB (resp., TE ) the set of (h − 1)-level
B-descriptors of the non-empty proper prefixes (resp., non-empty proper suffixes) of w.
Case B = {B, D} (resp., B = {E, D}): as in case B = {B, E} by replacing TE (resp.,
TB ) with the set of (h − 1)-level B-descriptors of the non-empty internal subwords of w.
(a, {a, b}, b)
(a, {a, b}, a)

(a, {a, b}, a)

(a, {b}, a)

(a, ∅, b) (a, ∅, a)

(a, {a, b}, a) (a, {b}, a) (a, ∅, b) (a, ∅, a) (a, {b}, a) (a, ∅, b) (a, ∅, a) (a, ∅, b) (a, ∅, a) (a, ∅, a)

Figure 2 The 2-level {B}-descriptor for the word w = abaaaab over Σ = {a, b}.

An example of 2-level {B}-descriptor is depicted in Figure 2. Intuitively, in case B 6= {D},
the h-level B-descriptor Bh (π) of a Kripke structure path π has enough information for
checking the fulfillment of HSB (F) formulas with joint B-nesting depth at most h:
for checking the fulfillment of proposition letters, Bh (π) keeps tracks at each node of the
set of states visited by the current subpath of π;
to deal with the branching-time modalities for the Allen’s relations in F, Bh (π) keeps
tracks at each node also of the first and last states of the current subpath;
finally, for checking the fulfillment of the linear-time modalities for the basis B, Bh (π)
keeps information about all the subpaths of the current subpath π 0 which can be obtained
from π 0 by applying the Allen’s relations in the basis B.
For a basis B = {X, Y } (resp., B = {X}), an h-level B-descriptor is also called h-level
XY -descriptor (resp., h-level X-descriptor) and for a non-empty word, we write XYh (w)
(resp., Xh (w)) to mean Bh (w). For a finite Kripke structure K , a basis B, and h ≥ 0, we
denote by Bh (K ) the finite set of h-level B-descriptors associated with the paths of K .
In the following we show that paths of K which have the same h-level B-descriptor with
B 6= {D} satisfy the same formulas in HSB (F) whose joint B-nesting depth is at most h. As
a preliminary step, we show that the property of two paths π and π 0 to have the same h-level
B-descriptor is preserved by right (resp., left) ?-concatenation with another path of K . This
result is used for handling the branching-time modalities hBi and hEi.
I Proposition 6. Let h ≥ 0, B =
6 {D} a basis, and π and π 0 be two paths of a finite Kripke
structure K having the same h-level B-descriptor. Then, for all paths πL and πR of K such
that πL ? π and π ? πR are defined, the following holds:
(1) Bh (π ? πR ) = Bh (π 0 ? πR ) and (2) Bh (πL ? π) = Bh (πL ? π 0 ).
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We note that Proposition 6 does not hold in general for the basis B = {D}. As an
example, let us consider a Kripke structure K consisting of three states s1 , s2 , and s3 such
that (si , sj ) is an edge of K for all 1 ≤ i, j ≤ 3. Let us consider the two paths π = s1 (s2 s3 )3 s1
and π 0 = s1 (s3 s2 )3 s1 . One can check that π and π 0 have the same 1-level D-descriptor. On
the other hand, π · s1 and π 0 · s1 have distinct 1-level D-descriptors: in particular, while π · s1
has the internal subword s3 s1 , there is no internal subword ν 0 of π 0 · s1 such that fst(ν 0 ) = s3 ,
lst(ν 0 ) = s1 , and internal(ν 0 ) = ∅. By Proposition 6, we can obtain the following result.
I Proposition 7. Let h ≥ 0, B =
6 {D} a basis, and π and π 0 be two paths of a finite Kripke
structure K having the same h-level B-descriptor. Then, for each HSB (F) formula ψ with
depthB (ψ) ≤ h, it holds that K , π |= ψ iff K , π 0 |= ψ.
By Proposition 6, for each basis B 6= {D}, we can also state a bounded path property which
intuitively provides a bounded witness for each Bh -descriptor associated with an arbitrary
path of a finite Kripke structure. The bounded path property will be crucial in Subsection 3.1
to design the MC algorithm for the logic HSB (F).
6 {D} be a basis, K a finite Kripke
I Proposition 8 (Bounded Path Property). Let B =
structure, h ≥ 0 and π a K -path. Then, there exists a path π 0 having the same h-level
B-descriptor of π and whose length is bounded by |Bh (K )| (i.e., the number of distinct h-level
B-descriptors of the K -paths).
Proof. Let |π| = n. Since there are n distinct non-empty prefixes of π, if n > |Bh (K )|, then
π can be written in the form π = ν · ν 0 · ν 00 such that |ν| > 0, |ν 0 | > 0, and ν and ν · ν 0 have
the same h-level B-descriptor. By Proposition 6, the strictly smaller path ν · ν 00 has the same
h-level B-descriptor as π. We can iterate such a contraction process until there are no more
pairs of prefixes with the same h-level B-descriptor proving the statement.
J
By Propositions 7 and 8 we can define bounded minimal representatives (B-certificates)
of paths used in the MC algorithm defined in the next section.
I Definition 9 (B-certificate). Given a basis B 6= {D}, a finite Kripke structure K , and
h ≥ 0, an h-level B-certificate of K is a path π of K such that there is no path π 0 so that
|π 0 | < |π| and π and π 0 have the same h-level B-descriptor. Given an HSB (F) formula ϕ, a
B-certificate for (K , ϕ) is an h-level B-certificate of K where h = depthB (ϕ).
By Proposition 8 an upper bound on the length of B-certificates for (K , ϕ) is |Bh (K )|
with h = depthB (ϕ).

3.1

Algorithm for model-checking the logics HSB (F )

In this section, by exploiting Propositions 6–8, for each basis B =
6 {D}, we provide an
alternating MC algorithm for the logic HSB (F) (recall that F = {A, A, B, E, L, L}). We
assume that HSB (F) formulas are in PNF. As complexity measures of a formula ϕ, we
consider the size |ϕ| and the standard alternation depth, denoted by Υ(ϕ), between the
existential hXi and universal modalities [X] occurring in the PNF of ϕ for X ∈ {B, E}.
Formally, we establish the following result, where MCB is the set of pairs (K , ϕ) consisting of
a finite Kripke structure K and a HSB (F) formula ϕ such that K |= ϕ.
I Theorem 10. For each basis B =
6 {D}, one can construct a time-bounded Alternating
Turing Machine (ATM) accepting MCB which, given an input (K , ϕ), has a number of
alternations (between existentially and universal choices) at most Υ(ϕ) + 2 and runs in time
d
MB (K , ϕ)O(|ϕ| ) , where MB (K , ϕ) is the maximal length of a B-certificate for the input, and
d = 2 if D ∈ B and d = 1 otherwise.
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[K is a finite Kripke structure and ϕ is an HSB (F) formula in PNF ]

existentially choose an AALL-labeling L for (K , ϕ);
for each state s and ψ ∈ L(s) do
case ψ = hAi ψ 0 (resp., ψ = [A] ψ 0 ): existentially (resp., universally) choose a
B-certificate π with fst(π) = s and call checkTrueB (K , ϕ, L, {(ψ 0 , π)});
case ψ = hAi ψ 0 (resp., ψ = [A] ψ 0 ): existentially (resp., universally) choose a
B-certificate π with lst(π) = s and call checkTrueB (K , ϕ, L, {(ψ 0 , π)});
case ψ = hLi ψ 0 (resp., ψ = [L] ψ 0 ): existentially (resp., universally) choose state s0
0
0
0
s.t. s →+
K s and a B-certificate π with fst(π) = s and call checkTrueB (K , ϕ, L, {(ψ , π)});
0
0
case ψ = hLi ψ (resp., ψ = [L] ψ ): existentially (resp., universally) choose state s0
0
0
s.t. s0 →+
K s and a B-certificate π with lst(π) = s and call checkTrueB (K , ϕ, L, {(ψ , π)});
universally choose a certificate π for (K , ϕ) with fst(π) = s0 (s0 is the initial state of K )
and call checkTrueB (K , ϕ, L, {(ϕ, π)});
Figure 3 Procedure checkB for a linear-time basis B 6= {D}.

To prove the assertion of Theorem 10 we define a procedure, parametric in the basis
B =
6 {D}, which can be easily translated into an ATM. To this end, we introduce some
auxiliary notation. Let us fix a finite Kripke structure K and an HSB (F) formula ϕ in
0
0
PNF. For two states s and s0 , we write s →+
K s to mean that s is reachable from s by a
path of length at least 2. Let π be a B-certificate for (K , ϕ) and h = depthB (ϕ). For each
X ∈ B, an X-witness of π is a non-empty proper prefix (resp., non-empty proper suffix, resp.,
non-empty internal subpath) of π if X = B (resp., X = E, resp., X = D). A B-witness
(resp., E-witness) of π for (K , ϕ), is a B-certificate π 0 of (K , ϕ) such that π 0 has the same
h-level B descriptor of a path of the form π ? π 00 (resp., π 00 ? π) for some B-certificate π 00 of
(K , ϕ) with |π 00 | > 1. By SD(ϕ) we denote the set consisting of the subformulas ψ of ϕ and
e By Propositions 6–8, we easily deduce the following property.
the duals ψ.
I Proposition 11. Let B 6= {D} be a basis, ϕ an HSB (F) formula in PNF, K a finite Kripke
structure, and π a B-certificate for (K , ϕ). Then, for each hXi ψ ∈ SD(ϕ) with X ∈ {B, E},
K , π |= hXi ψ iff there is an X-witness π 0 of π for (K , ϕ) such that K , π 0 |= ψ.
The set AALL(ϕ) is the set of formulas in SD(ϕ) of the form hXi ψ 0 or [X] ψ 0 with
X ∈ {A, A, L, L}. An AALL-labeling L for (K , ϕ) is a mapping associating with each state s
of K a maximally consistent set of subformulas of AALL(ϕ). More precisely, for all s ∈ S, L(s)
e is a singleton. L is valid if for all states
is such that for all ψ, ψe ∈ AALL(ϕ), L(s) ∩ {ψ, ψ}
s ∈ S and ψ ∈ L(s), K , s |= ψ (we consider s as a length-1 path). Finally, a well-formed
set for (K , ϕ) is a finite set W consisting of pairs (ψ, π) such that ψ ∈ SD(ϕ) and π is a
B-certificate of (K , ϕ). W is said universal if each formula occurring in W is of the form
f of W is the well-formed set obtained by replacing each
[X] ψ with X ∈ {B, E}. The dual W
e
pair (ψ, π) ∈ W with (ψ, π). A well-formed set W is valid if for each (ψ, π) ∈ W, K , π |= ψ.
The procedure checkB in Figure 3 defines the ATM required to prove the assertion of
Theorem 10 for a basis B 6= {D}. It takes a pair (K , ϕ) as input, where ϕ is an HSB (F)
formula, and: (1) it guesses an AALL-labeling L for (K , ϕ); (2) it checks that the guessed
labeling L is valid; (3) for every B-certificate π of (K , ϕ) starting from the initial state, it
checks that K , π |= ϕ. To perform steps (2)–(3), it exploits the auxiliary ATM procedure
checkTrueB reported in Figure 4. The procedure checkTrueB takes as input a well-formed
set W for (K , ϕ) and, assuming that the current AALL-labeling L is valid, checks whether
W is valid. For each pair (ψ, π) ∈ W such that ψ is not of the form [X] ψ 0 with X ∈ {B, E},
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checkTrueB (K , ϕ, L, W)

[W is a well-formed set and L is an AALL-labeling for (K , Φ)]

while W is not universal do
deterministically select (ψ, π) ∈ W such that ψ is not of the form [E]ψ 0 and [B]ψ 0
update W ← W \ {(ψ, π)};
case ψ = p (resp., ψ = ¬p) with p ∈ AP : if K , π 6|= p (resp., K , π 6|= ¬p) then reject;
case ψ = hXi ψ 0 or ψ = [X] ψ 0 with X ∈ {A, L}: if ψ ∈
/ L(lst(π)) then reject;
case ψ = hXi ψ 0 or ψ = [X] ψ 0 with X ∈ {A, L}: if ψ ∈
/ L(fst(π)) then reject;
case ψ = ψ1 ∨ ψ2 : existentially choose i = 1, 2, update W ← W ∪ {(ψi , π)};
case ψ = ψ1 ∧ ψ2 : update W ← W ∪ {(ψ1 , π), (ψ2 , π)};
case ψ = [X] ψ 0 with X ∈ B: update W ← W ∪ {(ψ 0 , π 0 ) | π 0 is an X-witness of π};
case ψ = hXi ψ 0 with X ∈ B ∪ {E, B}: existentially choose an X-witness π 0 of π
for (K , ϕ), update W ← W ∪ {(ψ 0 , π 0 )};
end while
if W = ∅ then accept
e and call checkFalseB (K , ϕ, L, {(ψ, ρ)})
else universally choose (ψ, π) ∈ W
Figure 4 Procedure checkTrueB for a linear-time basis B 6= {D}.

checkTrueB directly checks whether K , π |= ψ. In order to allow a deterministic choice of the
current element of the iteration, we assume that the set W is implemented as an ordered data
structure. At each iteration of the while loop in checkTrueB , the current pair (ψ, π) ∈ W
is processed according to the semantics of HS, exploiting the guessed AALL-labeling L and
Proposition 11. The processing is either deterministic or based on an existential choice, and
the currently processed pair (ψ, π) is either removed from W, or replaced with pairs (ψ 0 , π 0 )
such that ψ 0 is a strict subformula of ψ.
At the end of the while loop, the resulting well formed set W is either empty or universal.
In the former case, the procedure accepts. In the latter case, there is a switch in the current
operation mode. For each element (ψ, π) in the dual of W (note that the root modality of
ψ is either hEi or hBi), the auxiliary ATM procedure checkFalseB is invoked, which accepts
the input {(ψ, π)} iff K , π 6|= ψ. The procedure checkFalseB is the dual of checkTrueB : it is
simply obtained from checkTrueB by switching accept and reject, by switching existential
choices and universal choices, and by converting the last call to checkFalseB into checkTrueB .
Thus checkFalseB accepts an input W iff W is not valid.
Note that the number of alternations of the ATM checkB between existential and universal
choices is the number of switches between the calls to the procedures checkTrueB and
checkFalseB plus two. The correctness of the algorithm follows from Propositions 7, 8 and 11.

4

Tight bounds on the length of certificates

In this section, for each basis B (except {D}), we provide tight bounds on the length of h-level
B-certificates. For the bases {B} and {E} (see Subsection 4.1), we prove singly exponential
upper bounds and matching lower bounds. By Theorem 10, we deduce that model-checking
the logics HS{B} (F) and HS{E} (F) is in the complexity class AEXPpol of problems decided
by exponential-time bounded alternating Turing Machines with a polynomially bounded
number of alternations. On the other hand, for all bases B distinct from {B} and {E}, we
state a non-elementary lower bound (see Subsection 4.2). In particular, the result obtained
for the basis {B, E} negatively answers a question left open in [16] regarding the possibility
of fixing an elementary upper bound on the size of BE-descriptors.
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Tight bounds on the length of B-certificates and E-certificates

In this section, we provide exponential upper bounds and exponential lower bounds on the
length of h-level B-certificates and E-certificates of a finite Kripke structure.
I Theorem 12. The following holds:
Upper bound: let K be a finite Kripke structure with set of states S and h ≥ 0. Then,
each h-level B-certificate (resp., h-level E-certificate) has length at most |S|2h+2 .
Lower bound: there is a family {Kn }n≥1 of finite Kripke structures such that for all
n ≥ 1, Kn has O(n) states and for all h ≥ 1, there are h-level B-certificates (resp., h-level
1
n h+1
E-certificates) of Kn whose length is at least h+1
· ( h+1
)
· eh .
By Theorem 10 and the upper bound in Theorem 12, and considering that model-checking
B and E is already PSPACE-hard, we obtain the following result.
I Corollary 13. For the basis B = {B} (resp., B = {E}), model-checking the logic HSB (F)
is in AEXPpol and at least PSPACE-hard.
Considering that AEXPpol ⊆ EXPSPACE, our result improves the EXPSPACE
upper-bounds for the smaller fragments AABBE and AAEBE obtained in [17] by a much more
involved technique. In the following, we prove Theorem 12 focusing on B-certificates (the
proof for E-certificates is similar and omitted).
Upper bound in Theorem 12 for B-certificates. In order to prove Theorem 12(1), for
a given finite alphabet Σ and h ≥ 0, we first define a variant of the notion of h-level Bdescriptor, called ordered h-prefix descriptor over Σ, which is not related to a specific word
over Σ. The set OPD h of ordered h-prefix descriptors over Σ is partitioned into |Σ| subsets
OPD bh (for each b ∈ Σ), where each of them is equipped with a strict partial order. We show
that (i) each strict ascendent chain of elements in OPD bh has length at most O(|Σ|2h+1 ), (ii)
the h-level B-descriptor of a word w ∈ Σ+ is an element in OPD h , and (iii) for each w ∈ Σ+ ,
the h-level B-descriptors associated to the prefixes of w can be grouped into at most |Σ|
non-strict ascendent chains. Thus, by Proposition 6 and reasoning as in Proposition 8, we
fix the upper bound on the length of h-level B-certificates for a given finite Kripke structure.
Let h ≥ 0. For a (Σ × 2Σ × Σ)-term t with root (a, I, b), we say that a (resp., b) is the
first symbol (resp., last symbol) of t.
I Definition 14 (Ordered prefix descriptors). Let Σ be a finite alphabet and h ≥ 0. We define
by induction on h a pair (OPD h , ≺h ) consisting of a set OPD h of h-level (Σ × 2Σ × Σ)-terms,
called ordered h-prefix descriptors over Σ and a binary relation ≺h over OPD h .
h = 0: OPD 0 coincides with the set of 0-level (Σ × 2Σ × Σ)-terms. Given (a, I, b),
(a0 , I 0 , b0 ) ∈ OPD 0 , (a, I, b) ≺0 (a0 , I 0 , b0 ) if (i) a = a0 (equality between the initial symbols)
and (ii) I ∪ {b} ⊆ I 0 ∪ {b0 }, and either b 6= b0 or I ∪ {b} ⊂ I 0 ∪ {b0 }.
h > 0: OPD h is the set of h-level (Σ × 2Σ × Σ)-terms t = ((a, I, b), T ) such that T is
a (possibly empty) set of the form T = {t1 , . . . , tn } where ti ∈ OPD h−1 , ti has initial
symbol a, and ti ≺h−1 tj for all i ∈ [1, n] and j ∈ [i + 1, n]. The binary relation ≺h is
defined as follows: ((a, I, b), T ) ≺h ((a0 , I 0 , b0 ), T 0 ) if
a = a0 , I ∪ {b} ⊆ I 0 ∪ {b0 }, T ⊆ T 0 ;
either b 6= b0 or I ∪ {b} ⊂ I 0 ∪ {b0 } or T ⊂ T 0 .
By construction for each b ∈ Σ, the binary relation ≺h is a strict partial order over the
set OPD bh of ordered h-prefix descriptors over Σ having the same last symbol b. Additionally,
we show that a strict ascendent chain of elements in OPD bh has length at most |Σ|2h+1 .
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I Proposition 15. Let h ≥ 0, Σ be a finite alphabet, b ∈ Σ, and t1 , . . . , tn be ordered h-prefix
descriptors having last symbol b such that t1 ≺h t2 ≺h . . . ≺h tn . Then, n ≤ |Σ|2h+1 .
Proof. The proof is by induction on h ≥ 0. For h = 0, there is a ∈ Σ s.t. for all i ∈ [1, n],
ti = (a, Ii , b) for some Ii ⊆ Σ, and I1 ⊂ I2 ⊂ . . . ⊂ In . Hence, n ≤ |Σ| and the result follows.
Now, let h > 0. Hence, there is a ∈ Σ s.t. for all i ∈ [1, n], ti is of the form ti =
((a, Ii , b), Ti ). By hypothesis, I1 ⊆ I2 ⊆ . . . ⊆ In . Moreover, for each i ∈ [1, n], Ti can
be partitioned into at most |Σ| strict ascendent chains of ordered h − 1-prefix descriptors
having the same last symbol. Thus, by the induction hypothesis, we have that |Ti | ≤
|Σ| · |Σ|2(h−1)+1 = |Σ|2h for all i ∈ [1, n]. Fix an arbitrary i ∈ [1, n]. We claim that for each
j ∈ [i, n] such that Ij = Ii , it holds that |j − i| ≤ |Σ|2h . Hence, evidently, the result follows.
Fix i, j ∈ [1, n] such that i < j and Ij = Ii . Since ti ≺h t` for all ` ∈ [i + 1, j], we have that
|Ti | < |Ti+1 | < . . . < |Tj |. Hence, j − i ≤ |Tj | and since |Tj | ≤ |Σ|2h , the result follows. J
By exploiting Proposition 15, we deduce the following proposition, from which the upper
bound for the h-level B-certificates in Theorem 12 directly follows.
I Proposition 16. Let K be a finite Kripke structure with set of states S, h ≥ 0, and π a
path of K . Then, the following holds:
1. for all i, j ∈ [0, n] where n = |π| − 1, (i) Bh (π[0, i]) is an ordered h-prefix descriptor, and
(ii) if j ∈ [i + 1, n] and Bh (π[0, i]) 6= Bh (π[0, j]), then Bh (π[0, i]) ≺h Bh (π[0, j]);
2. there is a path π 0 having the same h-level B-descriptor as π s.t. |π 0 | is at most |S|2h+2 .
Proof. Property 1 can be proved by a straightforward induction on h ≥ 0. Now, let us
consider Property 2. By reasoning as in the proof of Proposition 8, there is a path π 0 of K
having the same h-level B-descriptor as π and such that distinct non-empty prefixes of π 0 have
distinct h-level B-descriptors as well. Let s be a state visited by π 0 , then by Property 1, the
set of h-level B-descriptors associated with the non-empty prefixes of π 0 ending at state s form
a strict ascending chain (with respect ≺h ) whose length ns coincides with the set of positions
P
i of π 0 such that π 0 (i) = s. By Proposition 15, ns ≤ |S|2h+1 . Since |π 0 | = s∈S(π0 ) ns where
S(π 0 ) is the set of states visited by π 0 , we obtain that |π 0 | ≤ |S|2h+2 .
J
Lower bound in Theorem 12 for B-certificates. For each n ≥ 1, let Σn = {a1 , . . . , an } be
an alphabet consisting of n distinct symbols a1 , . . ., an . We exhibit a family (wnh )h≥0 of non1
n h+1
empty words over Σn such that for each h ≥ 0, the length of wnh is at least h+1
· ( h+1
)
· eh
and wnh is a minimal representative of the h + 1-level B-descriptor Bh+1 (wnh ).
Fix n ≥ 1. Formally, for all i, j ∈ [1, n] and h ≥ 0, we define by induction on h ≥ 0, a
non-empty word wi,j,h over Σn called (i, j, h)-miniword:
1. Case h = 0: if i ≤ j, then wi,j,h = ai ai+1 . . . aj . Otherwise, w = aj aj−1 . . . ai . The set of
main positions of wi,j,h is the set of all its positions.
2. Case h > 0: if i ≤ j, then wi,j,h = ai · wi · ai+1 · wi+1 · . . . · aj · wj where for each ` ∈ [i, j],
w` is the (`, i, h − 1)-miniword. Otherwise, wi,j,h = ai · ui · ai−1 · ui−1 · . . . · aj · uj where for
each ` ∈ [j, i], u` is the (`, i, h − 1)-miniword. The subwords w` (resp., u` ) with ` ∈ [i, j]
(resp., ` ∈ [j, i]) are called secondary subwords of wi,j,h , while a main position of wi,j,h is
a position which is not associated to a secondary-subword position.
We say that wi,j,h has level h. Note that by construction, for each symbol a occurring in
wi,j,h , the smallest position ` such that wi,j,h (`) = a is a main position. We can show that
distinct prefixes of h-level miniwords have distinct h-level B-descriptors as well.
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I Proposition 17. Let n ≥ 1 and h ≥ 0. Then, for each miniword w over Σn of level h,
distinct prefixes of w have distinct h-level B-descriptors.
For Σn = {a1 , . . . , an }, let K(Σn ) be the Kripke structure (Σn , Σn , E, Lab, a1 ), where Lab
is the identity and (ai , aj ) ∈ E for all i, j ∈ [1, n]. The set of paths in K(Σn ) is the set of
non-empty finite words over Σn . Hence, the lower bound in Theorem 12 for B-certificates
directly follows from the following result which is obtained by exploiting Proposition 17.
I Proposition 18. Let n ≥ 1, i, j ∈ [1, n], and h ≥ 0. For the (i, j, h) miniword wi,j,h over
1
h+1
Σn , the length of wi,j,h is at least h+1
· eh and there is no smaller word u over
· ( |i−j|+1
h+1 )
Σn (i.e., such that |u| < |wi,j,h |) having the same h + 1-level B-descriptor as wi,j,h .
Proof. For the (i, j, k) miniword wi,j,h , let p = |i − j| + 1. By construction, the length of
wi,j,h , denoted by L(p, h), depends only on h and p, and satisfies the recurrence: L(p, h) = p
P`=p
if h = 0, and L(p, h) = p + `=1 L(`, h − 1) otherwise. We first show by induction on
h+1
p
h ≥ 0 that L(p, h) ≥ (h+1)!
. The base case (h = 0) is obvious. Now, let h > 0. By the
P`=p
h+1
induction hypothesis and the fact that `=1 `h ≥ ph+1 (Faulhaber’s formula), we have that
h+2
P`=p
P`=p h
ph+1
L(p, h) = p + `=1 L(`, h − 1) ≥ `=1 `h! ≥ (h+1)!
. Thus, since (h + 1)! ≤ (h+1)
, the
eh
claimed lower bound follows. Now, let T be the set of h-level B-descriptors of the non-empty
proper prefixes of wi,j,h , and u a non-empty word having the same h + 1-level B-descriptor as
wi,j,h . Since the number of non-empty proper prefixes of a non-empty word w is |w| − 1, by
hypothesis, we have that |u|−1 ≥ |T |. On the other hand, by Proposition 17, |wi,j,h |−1 = |T |.
Hence, |u| ≥ |wi,j,h |, which concludes the proof of Proposition 18.
J

4.2

Non-elementary lower bounds on the length of BD-certificates,
BE-certificates, and ED-certificates

In this section, for each linear-time basis B ∈ {{B, D}, {B, E}, {E, D}}, we establish a
non-elementary lower bound on the length of h-level B-certificates. Hence, in particular, we
obtain a non-elementary lower bound on the running time of the algorithm for model-checking
the logic HSB (F) presented in Section 3.1.
I Theorem 19. There is a family {Kn }n≥1 of finite Kripke structures such that for all n ≥ 1,
Kn has O(n) states and for all k ∈ [0, n − 1] and basis B with B ∈ {{B, D}, {E, D}} (resp.,
B = {B, E}), there are k-level (resp., 2k-level) B-certificates of Kn having length at least
Ω(Tower(n, k + 1)).
In the rest of this section we provide a proof of Theorem 19. We first show as an
intermediate and crucial step that there is a family {Σn }n≥1 of finite alphabets such that for
all n ≥ 1, Σn has cardinality O(n) and for all h ∈ [0, n − 1], there are Ω(Tower(n, h + 1))
words over Σn having pairwise distinct h-level D-descriptors (resp., 2h-level BE-descriptors).
Fix n ≥ 1 and let Σn be the finite alphabet having cardinality O(n) given by
Σn =

[

[

{$i } ∪

[

{($i , bit)} ∪

bit∈{0,1} i∈[1,n]

i∈[2,n]

[

[

{(i, bit)}

bit∈{0,1} i∈[1,n]

Moreover, for each h ∈ [1, n], let Σhn be the subset of Σn given by
Σhn = Σn \

[
i∈[h+1,n]

{$i } ∪

[

[

{($i , bit)}



bit∈{0,1} i∈[h+1,n]
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For each h ∈ [1, n], we define a suitable encoding of the natural numbers in [0, Tower(n, h)−1]
by finite words over Σhn , called (n, h)-blocks. In particular, for h > 1, a (n, h)-block encoding
a natural number m ∈ [0, Tower(n, h) − 1] is a sequence of Tower(n, h − 1) (n, h − 1)-blocks,
where the ith (n, h − 1)-block encodes both the value and (recursively) the position of the
ith -bit in the binary representation of m. Formally, the set of (n, h)-blocks is defined by
induction on h as follows:
Base Step: h = 1. A (n, 1)-block is a finite word bl over Σ1n of length n + 2 having the form
bl = ($1 , bit)(1, bit 1 ) . . . (n, bit n )($1 , bit) such that bit, bit 1 , . . . , bit n ∈ {0, 1}. The content
of bl is bit, and the index of bl is the natural number in [0, Tower(n, 1) − 1] (recall that
Tower(n, 1) = 2n ) whose binary code is bit 1 . . . bit n .
Induction Step: 1 < h ≤ n. A (n, h)-block is a finite word bl over Σhn having the form
($h , bit) · bl 0 · $h · . . . · bl `−1 · $h · bl ` · ($h , bit) such that ` = Tower(n, h − 1) − 1, bit ∈ {0, 1}
and for all i ∈ [0, `], bl i is a (n, h − 1)-block having index i. The content of bl is bit and
the index of bl is the natural number in [0, Tower(n, h) − 1] whose binary code is given by
bit 0 , . . . , bit ` , where bit i is the content of the sub-block bl i for all 0 ≤ i ≤ `.
By construction, the following holds.
I Remark 20. For all n ≥ 1 and h ∈ [1, n], there are 2 · Tower(n, h) distinct (n, h)-blocks.
I Example 21. Let n = 2 and h = 2. In this case Tower(n, h) = 16 and Tower(n, h − 1) = 4.
We can encode by (2, 2)-blocks all the integers in [0, 15]. Let us consider the number
14 whose binary code (using Tower(n, h − 1) = 4 bits) is given by 0111 (the first bit is
the least significant). The (2, 2)-block with content 0 encoding number 14 is given by
($2 , 0) · bl 0 · $2 · bl 1 · $2 · bl 2 · $2 · bl 3 · ($2 , 0), where bl i is the (2, 1)-block encoding the value
and the position of the ith bit in 0111. For example, bl 2 = ($1 , 1)(1, 0)(2, 1)($1 , 1) while
bl 3 = ($1 , 1)(1, 1)(2, 1)($1 , 1).
We now show that the (h − 1)-level D-descriptors (resp., (2h − 2)-level BE-descriptors)
associated with distinct (n, h)-blocks are distinct as well.
I Lemma 22. Let n ≥ 1. Then, for each h ∈ [1, n], distinct (n, h)-blocks have distinct
(h − 1)-level D-descriptors and distinct (2h − 2)-level BE-descriptors.
Proof. For the fixed n ≥ 1, the proof of Lemma 22 is by induction on h ∈ [1, n]. For the
base case, let h = 1. Let bl be an (n, 1)-block. By construction bl is a word of length n + 2
of the form bl = ($1 , bit)(1, bit 1 ) . . . (n, bit n )($1 , bit) where bit, bit 1 , . . . , bit n ∈ {0, 1}. Hence,
the 0-level D-descriptor D0 (bl) (resp., 0-level BE-descriptor BE0 (bl)) of bl is the triple
(($1 , bit), {(1, bit 1 ), . . . , (n, bit n )}, ($1 , bit)), and the result for h = 1 easily follows.
Now, for the induction step, assume that h ∈ [2, n]. Let bl and bl 0 be two (n, h)-blocks
such that bl 6= bl 0 . We need to show that the (h − 1)-level D-descriptors (resp., (2h − 2)level BE-descriptors) of bl and bl 0 are distinct. First, assume that bl and bl 0 have distinct
content: let ($h , bit) (resp., ($h , bit 0 )) be the content of bl (resp., bl 0 ). By hypothesis,
bit =
6 bit 0 . By construction, it follows that D0 (bl) 6= D0 (bl 0 ) and BE0 (bl) 6= BE0 (bl 0 ). Hence,
Dh−1 (bl) 6= Dh−1 (bl 0 ) and BE2h−2 (bl) 6= BE2h−2 (bl 0 ) and the result follows.
Now, assume that bl and bl 0 have the same content. Since bl and bl 0 are distinct (n, h)blocks, by construction there is i ∈ [0, Tower(n, h − 1) − 1] such that the (n, h − 1) sub-block
sbi of bl with index i and the (n, h − 1) sub-block sb 0i of bl 0 with index i have distinct content.
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We first consider the D-descriptors. Let (D0 (bl), T ) (resp., (D0 (bl), T 0 )) be the (h − 1)level D-descriptor of bl (resp., bl 0 ). We show that for each non-empty internal subword w of
bl, the (h − 2)-level D-descriptor Dh−2 (w) of w is distinct from the (h − 2)-level descriptor
Dh−2 (sb 0i ) of sb 0i . Hence, Dh−2 (sb 0i ) ∈
/ T . Since Dh−2 (sb 0i ) ∈ T 0 , we obtain that T =
6 T 0 and
the result follows. Fix a non-empty internal subword w of bl. By hypothesis and construction,
there is no subword of bl which coincides with sb 0i . We distinguish the following cases:
w is an (n, h − 1)-block. Since w is internal subword of bl and no subword of bl coincides
with sb 0i , it hold that w 6= sb 0i . Hence, by the induction hypothesis, Dh−2 (w) 6= Dh−2 (sb 0i ).
w is a proper subword of some (n, h − 1)-block. By construction D0 (w) is of the form
(p, P, p0 ) such that either p ∈
/ {($h−1 , 0), ($h−1 , 1)} or p0 ∈
/ {($h−1 , 0), ($h−1 , 1)}. Since
the 0-level descriptor of an (n, h − 1)-block is of the form (($h−1 , bit), P 0 , ($h−1 , bit)) for
some bit ∈ {0, 1}, we obtain that D0 (w) 6= D0 (sb 0i ). Hence, Dh−2 (w) 6= Dh−2 (sb 0i ).
There is some (n, h − 1) sub-block w0 of bl such that w0 is a proper subword of w. By
construction, w contains some occurrence of a symbol in {$h , ($h , 0), ($h , 1)}. Since such
symbols do not occur in an (n, h − 1)-block, the result holds in this case as well.
It remains to consider the BE-descriptors.
Let (BE0 (bl), TP , TS ) (resp.,
(BE0 (bl 0 ), TP0 , TS0 )) be the (2h − 2)-level BE-descriptor of bl (resp., bl 0 ), and wsb 0i be the
unique proper prefix of bl 0 having sb 0i as a proper suffix. We show that for each non-empty
proper prefix wp of bl, BE2h−3 (wsb 0i ) 6= BE2h−3 (wp ). Hence, BE2h−3 (wsb 0i ) ∈
/ TP . Since
BE2h−3 (wsb 0i ) ∈ TP0 , we obtain that TP 6= TP0 and the result follows. Fix a non-empty
proper prefix wp of bl. Note that since h ≥ 2, BE2h−3 (wp ) is of the form (BE0 (wp ), RP , RS )
0
and BE2h−3 (wsb 0i ) is of the form (BE0 (wsb 0i ), RP
, RS0 ). Thus, it suffices to prove that
RS 6= RS0 . Since a proper suffix of a proper prefix of a word u is an internal word of u and
BE2h−4 (sb 0i ) ∈ RS0 , we just need to show that for each non-empty internal subword u of bl,
BE2h−4 (sb 0i ) 6= BE2h−4 (u). For this we proceed as for the case of the D-descriptors but this
time we apply the induction hypothesis on the BE2h−4 -descriptors. This concludes the proof
of Lemma 22.
J
Proof of Theorem 19. Let n ≥ 1, an be a designated letter in the alphabet Σn and Kn the
finite Kripke structure over Σn given by Kn = (Σn , Σn , En , Labn , an ), where (a, a0 ) ∈ En and
Labn (a) = {a} for all a, a0 ∈ Σn . Hence, the paths of Kn correspond to the non-empty finite
words over Σn . We show that for all k ∈ [0, n − 1] and basis B with B ∈ {{B, D}, {E, D}}
(resp., B = {B, E}), there are Ω(Tower(n, k+1)) distinct k-level (resp., 2k-level) B-certificates
of Kn . Hence, Theorem 19 directly follows. By Remark 20, there are 2·Tower(n, k+1) distinct
(n, k + 1)-blocks. Thus, for the basis {B, E}, the result directly follows from Lemma 22. For
the bases {B, D} and {E, D}, the result follows from Lemma 22 and the fact that words
having distinct 2k-level D-descriptors have distinct 2k-level BD-descriptors (resp., distinct
2k-level ED-descriptors) as well.
J

5

Conclusions

We have addressed open complexity issues about the known approach to model-checking the
logic HS, based on abstract representations of paths in Kripke structures (BE-descriptors).
In particular, we have proposed a unifying framework for model-checking full HS and large
HS-fragments obtained by (i) introducing for each basis B, a specialized type of descriptor
(B-descriptor) and (ii) designing an alternating-time MC algorithm with a polynomially
bounded number of alternations which is parametric w.r.t. the chosen basis B and runs in
time bounded by the length of B-descriptor certificates. As a main result, for each basis B,
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we have provided tight bounds on the length of B-certificates: exponential for the bases {B}
and {E} (which lead to AEXPpol procedures for the related fragments), and non-elementary
for the other bases. Future work will be devoted to solve the hard open question about the
existence of an elementary procedure for the MC problem for the full logic, and to settle the
exact complexity for model-checking the HS-fragments for the bases {B} and {E}.
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1

Introduction

The notion of induction is a relevant topic in temporal logic and related areas. In fact,
in [11], for the philosophical question: What is temporal logic? five answers are provided
by Michael Fisher. One answer is that Propositional Temporal Logic characterizes simple
induction. Another is that “Propositional Temporal Logic can be seen as a multi-modal
logic, comprising two modalities, 1 and ∗ , which interact closely”. The modal operator
1 corresponds to the “next” relation and ∗ is a modal operator that corresponds to the
“always” relation. As usual, possibility modal operators are denoted by h1i and h∗i. Thus,
the interaction axiom between both modal operators is given by the induction axiom i.e.
` ∗ (ϕ → 1 ϕ) → (ϕ → ∗ ϕ).
© Pablo Cordero, Inmaculada Fortes, Inmaculada P. de Guzmán, and Sixto Sánchez;
licensed under Creative Commons License CC-BY
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It is well-known the mathematical induction principle can be generalized. In the same
way, in Propositional Temporal Logic, there are other formulas which match with the idea
of induction. Thus, for example, the formula ∗ (h∗iϕ → 1 1 ϕ) → ( 1 1 1 1 ϕ →
∗ 1 1 ϕ) is a tautology that follows the induction idea. This kind of scheme is especially
relevant in the design of automatic theorem provers for temporal logics where they are
responsible for the searching of efficient solutions for the detection and management of loops
(see, for example [3, 7, 12]).
The applicability of temporal logics in the field of information sciences does not need
to be justified. As a simple example, an important application of temporal logics is the
specification of the properties to be formally verified in a model checking [5] where the system
requirements are usually expressed by means of temporal logic formulas [13]. What makes
temporal logic particularly attractive is the enormous success of model checking, which,
under appropriate assumptions on the system specification, can make the verification of
temporal logic properties automatic.
In verification, temporal logics are usually enriched with modal connectives such as
knowledge, beliefs, intentions, norms, etc. Although, the extension of results in temporal
logics to these modal×temporal logics is not straightforward [16], any advance in temporal
logic technics is a positive enhancement.
Induction is also a relevant issue in model checking, since it is related to the analysis
of invariants and loops and, specifically, with infinite loops detection. Induction itself is
relevant because reasoning about the partial correctness of programs often requires proofs by
induction, in particular for reasoning about recursive functions. In [10], a proof method for
inductive theorem proving is developed in rewriting a system framework. In [9], the author
develops a general proof method that combines logic and induction. He provides a solid
and uniform mathematical foundation to induction proof methodologies for a wide variety
of formal specification frameworks and shows its applicability through several examples of
formal verification proof. As it has been mentioned, induction plays a central role in temporal
logic. Combining both topics, in [1], a linear temporal logic of rewriting is introduced to be
used in model checking.
One of the main problems with the model checking technique is to make it as least
expensive as possible. That is, a balance is needed between expressivity of the language and the
cost of the logic-based methods. Numerous logics have been used for this objective [16, 2, 17].
In this paper we center on the very influential Linear Temporal Logic, considering the “always”
and the “next” operators, introduced by Pnueli [19]. In [21], Sistla and Clarke studied the
complexity of the satisfiability and model checking problems in this logic and, in [8], a more
general study can be found regarding the complexities of temporal logic model checking.
Specifically, the considered logic in this paper is F N ext, which is a propositional linear
discrete temporal logic with three temporal connectives (using Prior’s notation): ⊕ (tomorrow), G (always in the future) and F (some time in the future). As mentioned, it is well-known
that the combination itself of the connectives ⊕ and G requires the study of induction [11].
Among the formulas which involve the induction idea, we are especially interested in
those where a unique propositional symbol has incidence. In propositional logic, literals
are limited to propositional symbols and their negations (aside from constants) whereas
in modal/temporal logics they are extended to include modal/temporal connectives (see
Section 2.2). In the medium term, our aim is to extend the notion of literal including
induction schemes. There is no doubt about the relevance of literals in issues such as normal
forms, automatic reasoning and the SAT problem. As an example, in [14], literals are used
to find rough and fuzzy-rough set reducts. In [20] they are used to extend formal concept
analysis considering negative information.
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In this paper we focus on the study of induction schemes as a previous stage in the
generalization of literals towards the improvement of normalization processes. To this aim,
we analyze those formulas which involves the induction idea. Thus, in the same way that
the interaction axiom can be extended, the pure induction (i.e. ⊕p ∧ G(p → ⊕p) ≡ Gp) can
be generalized into induction schemes. That is, we consider formulas A ∧ G(B → C) where
A semantically implies FB and C implies FB. As mentioned, we especially center on those
cases in which A, B and C are formulas where a unique propositional symbol has incidence.
Specifically, in this paper we characterize those formulas that can be simplified providing an
equivalent without loops.
All simplifications introduced in this paper have a general purpose and can be used in
deduction processes, automatic reasoning, normalization techniques, etc. Some of the given
equivalences are able to simplify the formula by reducing the size and are useful in problems
where cost depends on the size of the input. Moreover, although we describe our method on
F N ext, our approach can also be applied to totally expressive logic US developed by Hans
Kamp [15].
The paper is organized as follows: In Section 2, the preliminary definitions and F N ext
logic are introduced. In Section 3, the aim of the paper is specified in detail. In Section 4,
G-clauses are studied and, in Section 5, inductive schemes are defined and, from among all
the studied formulas, we classify them into those that can be transformed into an equivalent
expression that does not involve loops and those corresponding with inductive schemes. The
final section is devoted to conclusions and future works.

2

F N ext Logic

In this section, we introduce a temporal propositional logic, with an infinite, linear and
discrete flow of time denoted by F N ext. We develop the language, semantics, modalities
and simplification laws for F N ext.
The alphabet of the language of the logic F N ext consists of the following: A denumerable
set, V, of propositional variables, a set of Boolean connectives: {>, ⊥, ¬, ∧, ∨, →}, and a set
of temporal connectives: {⊕, F, G}. The language is denoted by L and well-formed formulas,
(hereafter, wffs), in F N ext are generated by the construction rules of classical propositional
logic, plus the following rule: “If A is a wff, then ⊕A , FA and GA are wffs”.
The meaning of an expression like ⊕A, is : “A will occur tomorrow”; while the meaning
of an expression like FA is: “in the future, A will occur” and of an expression like GA is: “in
the future, A will always occur”. We shall consider F and G as connectives of strict future. In
what follows, we consider ⊕k A = ⊕ ⊕k−1A if k ≥ 1 and ⊕0 A = A.

2.1

Semantics for F N ext

For the semantics of F N ext we consider always the temporal flow (Z, <) (i.e., the existence
of a first instant of time is not demanded), where < is the standard ordering on Z, and
interpretations, which are mappings from the language to 2Z assigning to each wff the set of
instants in Z where such wff is true.
I Definition 1. A model is a tuple (Z, <, h) where h : L −→ 2Z is a function, called temporal
interpretation, satisfying the following conditions:
1. h(>) = Z, h(⊥) = ∅,
2. h(¬A) = Z r h(A), h(A ∧ B) = h(A) ∩ h(B), h(A ∨ B) = h(A) ∪ h(B)
3. h(⊕A) = {t ∈ Z | t + 1 ∈ h(A)}
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4. h(FA) = {t ∈ Z | (t, ∞) ∩ h(A) 6= ∅}
5. h(GA) = {t ∈ Z | (t, ∞) ⊆ h(A)}
where (t, ∞) = {z ∈ Z | t < z}.
As usual, other classical connectives are introduced as follows:
A → B =def ¬A ∨ B

and

A ↔ B =def (A → B) ∧ (B → A)

Observe that the connective F can be also introduced as a definite connective like FA =def
¬G¬A. Thus, from now on, we focus our study on formulas involving G.
Given two wffs A and B, the notions of validity, satisfiability, logical consequence and
equivalence are defined in standard way: A is valid if, for every interpretation h, we have
that h(A) = Z, and it is denoted by |= A. A is satisfiable if an interpretation h and t ∈ Z
exists, such that t ∈ h(A). In this case, we say that A is true at t, and it is denoted by
(h, t) |= A and, when no confusion arises, it is denoted as t |= A. B is a logical consequence of
A, denoted by A |= B, if for all interpretation h and all t ∈ Z, (h, t) |= A implies (h, t) |= B.
Finally, A and B are equivalent, denoted by A ≡ B, if A |= B and B |= A. That is, for all
interpretation h, h(A) = h(B).
In F N ext, the propositional classical logical laws hold. Moreover, the following proposition
establishes the basic laws concerning temporal connectives.
I Proposition 2. If A, B ∈ L, then the following equivalences hold:
1. FFA ≡ ⊕FA ≡ F ⊕ A; GGA ≡ ⊕GA ≡ G ⊕ A,
2. If γ ∈ {⊕, F, G}, then γGFA ≡ GFA and γFGA ≡ FGA.
The following laws concern the interaction between classical and temporal connectives.
I Proposition 3. If A, B ∈ L, then the following equivalences hold:
1. ⊕⊥ ≡ F⊥ ≡ G⊥ ≡ ⊥ and ⊕> ≡ F> ≡ G> ≡ >
2. ¬ ⊕ A ≡ ⊕¬A; ¬FA ≡ G¬A; ¬GA ≡ F¬A,
3. ⊕(A ∨ B) ≡ ⊕A ∨ ⊕B; ⊕(A ∧ B) ≡ ⊕A ∧ ⊕B,
4. F(A ∨ B) ≡ FA ∨ FB and G(A ∧ B) ≡ GA ∧ GB.

2.2

Modalities and literals in F N ext

Proposition 2 leads to the definition of modalities (sequences of temporal connectives) and
their canonical representation.
I Definition 4. The set of modalities is defined as follows
Md = {Γ = γ1 . . . γn | n ∈ N, γi ∈ {⊕, F, G} for all 1 ≤ i ≤ n}
and the set of canonical modalities is as follows
Mdc = {FG, GF} ∪ {⊕k+1 , F⊕k , G⊕k | k ∈ N}
Thus, as a direct consequence of Proposition 2, we have the following theorem that gives
meaning to the name of canonical modalities.
I Theorem 5. Given a wff A, for any modality Γ ∈ Md, there exists a canonical modality
Γc ∈ Mdc such that ΓA ≡ Γc A.
I Example 6. F ⊕ ⊕F ⊕ ⊕ ⊕ F ⊕ A ≡ F ⊕8 A and F ⊕ GF ⊕ ⊕G ⊕ A ≡ FGA, for any wff A.
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I Definition 7 (Literals). Let V be the propositional variable set and p ∈ V. Then:
1. A formula p or ¬p will be named classical literal on p and denoted by `p . Then, V ±
denotes the set of classical literals {p, ¬p | p ∈ V}.
2. Given `p ∈ V ± , the set of temporal literals on `p is
Lit(`p ) = {>, ⊥} ∪ {FG`p , GF`p } ∪ {⊕k `p , F ⊕k `p , G ⊕k `p | k ∈ N}
[
3. The temporal literal set is: Lit =
Lit(`p ).
`p ∈V ±

From now on, when no confusion arises, the adjective “temporal” will be omitted.
Theorem 5 ensures that, for any classical literal `p ∈ V ± and any modality Γ ∈ Md there
exists one (and only one) temporal literal ` ∈ Lit such that Γ`p ≡ `. The unicity of this
literal is because there does not exist two different literals that are equivalent.
On the other hand, in Subsection 2.1, we have introduced the notion of logical consequence,
denoted by |=, which, in the set of literals, can be seen as an order relation. Moreover, the
poset (Lit, |=) is a lattice as the following proposition states.
I Proposition 8 ([6]). (Lit, |=) is a lattice satisfying the following conditions:
1. (Lit(`p ), |=) is a sublattice, for all `p ∈ V ± (see Figure 1).
2. For all `1 ∈ Lit(`p ) and `2 ∈ Lit(`q ) with `p 6= `q .
`1 |= `2

if and only if

`1 = ⊥ or `2 = >

>

F `p

F ⊕ `p

F ⊕ 2 `p

F ⊕3 `p

···

`p

⊕`p

⊕2 `p

⊕ 3 `p

⊕4 `p

···

⊥

G`p

G ⊕ `p

G ⊕2 `p

G ⊕3 `p

···

GF `p

F G`p

Figure 1 The sublattice (Lit(`p ), |=).

2.3

Specific distribution laws

The item 2 in Proposition 2 reveals the special behavior of the modalities FG and GF: both
“absorb to any other finite sequence of temporal connectives”. This is due to the fact that, for
any interpretation, if there exists an instant in which the formula is true then it is true in
every instant. This characteristic will be named using the adjective atemporal. Similarly,
there exist formulas that can be projected toward the future or the past. The following
definition formalize these ideas.
I Definition 9. Let [t, ∞) = {t0 ∈ Z | t ≤ t0 } and (−∞, t] = {t0 ∈ Z | t0 ≤ t}. A wff A is said
to be
projectable to the future if t ∈ h(A) implies [t, ∞) ⊆ h(A), for all temporal interpretation h, i.e. either h(A) = ∅, or h(A) = Z, or h(A) = [t0 , ∞) for some t0 ∈ Z.
projectable to the past if t ∈ h(A) implies (−∞, t] ⊆ h(A), for all temporal interpretation h, i.e. either h(A) = ∅, or h(A) = Z, or h(A) = (−∞, t0 ] for some t0 ∈ Z.
atemporal if h(A) = ∅ or h(A) = Z, for all temporal interpretation h. So, A is atemporal
if and only if A is projectable to the future and to the past.
The following immediate results allow to characterize syntactically the formulas that are
projectable: for all wffs A and B,
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> and ⊥ are atemporal.
GA is projectable to the future.
FA is projectable to the past.
If A is projectable to the future, ⊕A and GA are also projectable to the future, ¬A is
projectable to the past and FA is atemporal.
5. If A is projectable to the past, ⊕A and FA are also projectable to the past, ¬A is
projectable to the future and GA is atemporal.
6. If A and B are projectable to the future/past, so are A ∨ B and A ∧ B.

1.
2.
3.
4.

Proposition 3 ensures the distributivity of ⊕ and F over ∨, and the distributivity of ⊕
and G over ∧. However, we cannot ensure neither the distributivity of F over ∧ nor the
distributivity of G over ∨, as the following example illustrates.
I Example 10. The formula G(p ∨ q) is not equivalent to Gp ∨ Gq because, for example, given
an interpretation such that h(p) = {t ∈ Z | t is odd} and h(q) = {t ∈ Z | t is even}, we have
that 0 |= G(p ∨ q) but 0 6|= Gp ∨ Gq.
Counterexamples for the distributivity of F respect to ∧ can be obtained by duality.
In the following proposition, we give the conditions in which G distributes respect to ∨. The
result of the distributivity F respect to ∧ is obtained by duality.
I Proposition 11. Let {Ai | i ∈ I} be a finite set of wffs in F N ext. Then, the following
equivalences hold:
 W
W
1. If Ai is projectable to the future, for all i ∈ I, then G i∈I A i ≡ i∈I GAi .
W
W
2. If Ai is projectable to the past, for all i ∈ I, then
 G W i∈I Ai ≡ Wi∈I GAi . 
W
3. If J = {i ∈ I | Ai is atemporal} then G i∈I Ai ≡ i∈J Ai ∨ G i∈IrJ Ai .
Proof. We shall prove the
be obtained in a similar way.
 item 1. The proofWof item 2 can
W
S
Let t ∈ h G i∈I Ai . Then (t, ∞) ⊆ h( i∈I Ai ) = i∈I h(Ai ). Thus, there exists i ∈ I
such that t + 1 ∈ h(Ai ). Since Ai is projectable to the future,
then (t, ∞) ⊆ h(Ai ) and

S
W
therefore t ∈ h(GAi ) ⊆ i∈I h(GAi ). Thus, t ∈ h i∈I GAi .
W
S
Conversely, let t ∈ h i∈I GAi . Then t ∈ i∈I h(GAi ). Thus, there exists i ∈I such
S
W
that t ∈ h(GAi ) and therefore (t, ∞)⊆ h(Ai ) ⊆ i∈I h(Ai ). Then, t ∈ h G i∈I Ai .
W
W
S
For item 3, let t ∈ h G i∈I Ai . Then, (t, ∞) ⊆ h( i∈I Ai ) = i∈I h(Ai ). Therefore,
there exists i ∈ I such that t + 1 ∈ h(Ai ). There are two cases: if i ∈ I also belongs to
S
J, then Ai with i ∈ J is atemporal, and h(Ai ) = Z. Therefore, t ∈ h(Ai ) ⊆ i∈Jh(Ai ).
W
W
Thus, t ∈ h( i∈J Ai ). The 
other case is if i ∈ I r J then t ∈ h G i∈IrJ Ai . So,
W
W
t ∈ h i∈J Ai ∨ G i∈IrJ Ai .


W
W
W
Conversely, let t∈ h i∈J Ai ∨ G i∈IrJ Ai . Then, t ∈ h i∈J Ai or
W
t ∈ h G i∈IrJ Ai . Then, there exists i ∈ J suchthat t ∈ h(Ai ). Since Ai is atemporal,

S
W
W
(t, ∞) ⊆ h(Ai ) ⊆ i∈J h(Ai ). Thus, t ∈ h G i∈J Ai . Therefore, t ∈ h G i∈I Ai .
J

3

Stating the problem

Classical induction in temporal logic can be expressed in FNext by the following equivalence
⊕A ∧ G(A → ⊕A) ≡ GA. However, induction can be easily extended by considering formulas
as ⊕n A ∧ G(A → ⊕m A). Each model of these formulas has an infinite sequence of instants in
which A is true.
Following with this idea to generalize the induction, we consider formulas A ∧ G(B → C)
where A |= FB and C |= FB. These formulas satisfy that, for every model h |= A ∧ G(B → C),
the set h(C) is infinite (an infinite sequence of instants in which C is true exists).
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Looking for a balance between the expressiveness and the complexity of management, we
are interested in formulas in which A, B and C are literals. That is, we consider induction
schemes like `1 ∧ G(`2 → `3 ) ≡ `1 ∧ G(¬`2 ∨ `3 ). Due to the structure of the set of literals, to
ensure `1 |= F`2 and `3 |= F`2 , it is necessary that `1 , `2 , `3 ∈ Lit(`p ) for a classical literal `p .
For some of these formulas, it is possible to find equivalent formulas in which temporal
connectives appear only in the literals. For example,
⊕2 p ∧ G(¬p ∨ ⊕p) ≡ G ⊕ p.
G ⊕4 p ∧ G(¬ ⊕2 p ∨ ⊕3 p) ≡ G ⊕4 p ∧ (¬ ⊕3 p ∨ ⊕4 p)
However, there exist formulas in which it is not possible, such as F ⊕5 p ∧ G(¬ ⊕2 p ∨ ⊕4 p).
The aim of this paper is to distinguish those formulas that can be simplified from those that
are not.
To study the induction schemes, `1 ∧ G(`2 → `3 ) ≡ `1 ∧ G(¬`2 ∨ `3 ) such that `1 |= F`2
and `3 |= F`2 , we characterize those formulas as G(¬`2 ∨ `3 ) for which no simplest equivalent
formulas exist. These formulas are going to be named irreducible 2-G-clauses. Observe that,
in particular, we are interested in those irreducible 2-G-clauses satisfying `3 |= F`2 .

4

Irreducible 2-G-Clauses on p

In this section we center on the first step. That is, formulas G(`1 ∨ `2 ) that cannot be
simplified are going to be characterized. We begin by studying clauses that can be simplified
to a literal (i.e. there exists a literal that is equivalent to the clause). Obviously, there are
clauses where it is not possible.
It is not difficult to see that, if a clause `1 ∨`2 is equivalent to a literal `, then sup{`1 , `2 } = `
in the lattice (Lit, |=) by definition of the order relation. For example, sup{⊕`p , F ⊕ `p } = F`p
and F`p ≡ ⊕`p ∨ F ⊕ `p . However, the converse is not true, e.g. sup{⊕`p , ⊕2 `p } = F`p but
F`p 6≡ ⊕`p ∨ ⊕2 `p .
Now, we characterize the disjunctions of two literals such that there does not exist an
equivalent literal.
I Definition 12. Let `1 , `2 ∈ Lit(p) ∪ Lit(¬p).
The wff `1 ∨ `2 is named a 2-clause on p.
`1 ∨ `2 is said reducible if there exists ` ∈ Lit such that `1 ∨ `2 ≡ `.
2-Clairr (p) is the set of irreducible 2-clauses on p.
The following remark, which provides the cases where a 2-clause can be reduced, is simply a
matter of computation from the semantics of F N ext.
I Remark 13. Analyzing exhaustively all the possible pairs of literals and the lattice shown
in Figure 1 it is easy to conclude that the cases in which a 2-clause is reducible are the
following:
If `1 , `2 ∈ Lit(`p ) with `1 |= `2 , then `1 ∨ `2 ≡ `2 .
If `1 ∈ Lit(`p ) and `2 ∈ Lit(¬`p ) with ¬`1 |= `2 , then `1 ∨ `2 ≡ >.
⊕k+1 `p ∨ F ⊕k+1 `p ≡ F ⊕k `p for all k ∈ N.
To give a characterization of irreducible 2-clauses on p, we introduce the following
definitions
I Definition 14. Let γ1 , . . . , γn ∈ {F, G, ⊕} and `p ∈ {p, ¬p}. The opposite of the wff
` = γ1 , . . . , γn `p is defined as ` = γ1 , . . . , γn `p where: F = G, G = F, ⊕ = ⊕, p = ¬p and
¬p = p.
The following proposition follows from Remark 13
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I Proposition 15 (Characterization of irreducible 2-clauses on p). The elements of 2-Clairr (p)
are the following:
1. ⊕n `p ∨ ⊕m `p , for all m, n ∈ N with m 6= n and `p ∈ {p, p}.
2. ⊕n `p ∨ `, for all n ∈ N, `p ∈ {p, p} and for all ` ∈ {F ⊕m `p | m > n} ∪ {GF`p , FG`p } ∪
{G ⊕m `p | m ≥ n}
3. `1 ∨ `2 , where `1 ∈ Lit(`p ), `2 ∈ Lit(`p ) such that `1 6|= `2 .
We have just characterized irreducible 2-clauses on p and now we properly center on
studying formulas G(`1 ∨ `2 ) that cannot be simplified.
I Definition 16. Let p be a propositional variable. Then
A 2-G-clause on p is a wff GA where A ∈ 2-Clairr (p).
A 2-G-clause on p, GA, is said to be reducible if there exists ` ∈ Lit such that GA ≡ ` or
there exists B ∈ 2-Clairr (p) such that GA ≡ B.
2-G-Clairr (p) is the set of irreducible 2-G-clauses on p.
With the idea of simplifying formulas in induction schemes, we are interested in the reduction
from 2-G-clauses to 2-clauses or literals, when it is possible. Thus, the equivalences provided
in Proposition 2 and Proposition 11 are to be read from left to right. For example, since
G(Fp ∨ F ⊕ p)≡GFp ∨ GF ⊕ p because of Proposition 11 (both disjuncts are past projectable) and,
by Proposition 2, GF ⊕ p ≡ GFp, then G(Fp ∨ F ⊕ p) can be reduced to GFp ∨ GFp. Moreover,
GFp ∨ GFp ≡ > by Remark 13
Now, to give a characterization of irreducible 2-G-clauses on p, we introduce new reduction
laws for the 2-G-clauses on p. The results will be established (if it is possible) in their broader
extent.
I Proposition 17. Let A ∈ L and n, m ∈ N. The following equivalences hold:
1. G(F ⊕n A ∨ ⊕m A) ≡ GFA.
2. If n > m then
G(F ⊕n A ∨ G ⊕m ¬A) ≡ GFA ∨ G ⊕m+1 ¬A ≡ G(F ⊕n A ∨ ⊕m+1 ¬A)
Observe that, item 2 in proposition above only considers the case in which n > m because
otherwise G(F ⊕n A ∨ G ⊕m ¬A) and G(F ⊕n A ∨ ⊕m+1 ¬A) are not 2-G-clauses. In fact, when
n ≤ m, F ⊕n A ∨ G ⊕m ¬A ≡ F ⊕n A ∨ ⊕m+1 ¬A ≡ >.
Proof. For item 1, it is a trivial task to check that F ⊕n A ∨ ⊕m A |= FA and therefore, by
monotonicity of G, we have that G(F ⊕n A ∨ ⊕m A) |= GFA. Conversely, GFA ≡ GF ⊕n A by
Proposition 2, and GFA |= G(F ⊕n A ∨ ⊕m A).
For the equivalence G(F ⊕n A ∨ G ⊕m ¬A) ≡ GFA ∨ G ⊕m+1 ¬A in item 2, it is trivial
that GFA ∨ G ⊕m+1 ¬A |= G(F ⊕n A ∨ G ⊕m ¬A). Conversely, assume n > m and t ∈
G(F ⊕n A ∨ G ⊕m ¬A). We can distinguish two cases:
If (t, ∞) ⊆ h(F ⊕n A), then t ∈ h(GF ⊕n A) = h(GFA) ⊆ h(GFA ∨ G ⊕m+1 ¬A).
Otherwise, there are instants greater than t that do not belong to h(F ⊕n A). Then, let t0
be the smallest of them, i.e. t0 = min( (t, ∞) ∩ h(G ⊕m ¬A) ). Thus, t0 + m ∈ h(G¬A) (†2 ).
By definition of t0 , we have t0 −1 ∈ h(F⊕n A) (†1 ), i.e. t0 −1+n ∈ h(FA), and since n > m
we get t0 −1+n ≥ t0 +m and so, we should have that (†2 ) contradicts to (†1 ), which is not
possible except that t0 = t + 1, in which case t ∈ h(G ⊕m+1 ¬A) ⊆ h(GFA ∨ G ⊕m+1 ¬A).
Finally, to prove GFA ∨ G ⊕m+1 ¬A ≡ G(F ⊕n A ∨ ⊕m+1 ¬A) when n > m, we have that
GFA ∨ G ⊕m+1 ¬A |= G(F ⊕n A ∨ ⊕m+1 ¬A) is trivial.
Conversely, suppose t ∈ h(G(F ⊕n A ∨ ⊕m+1 ¬A)) (†). We have two cases:
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If [t + 1, ∞) ⊆ h(⊕m+1 ¬A), then clearly we obtain t ∈ h(GFA ∨ G ⊕m+1 ¬A).
Otherwise, Λ = [t + 1, ∞) ∩ h(⊕m+1 A) 6= ∅. We shall prove that Λ is infinite, and
therefore t ∈ h(GFA) ⊆ h(GFA ∨ G ⊕m+1 ¬A). If Λ is finite, consider t0 = maxΛ. Then
[t0 + 1, ∞) ⊆ h(⊕m+1 ¬A) (††). On the other hand, t0 ∈ h(⊕m+1 A), so by the hypothesis
(†) we get t0 ∈ h(F ⊕n A), that is, (t0 + 1, ∞) ∩ h(⊕m+1 A) 6= ∅ (since n > m), in
contradiction with (††).
J
In Table 1, we collect the laws previously obtained, which are denoted as Redi . These
laws are going to be considered as rewriting rules to transform 2-G-clauses into 2-clauses and
are always read from left to right.
Table 1 G-Reduction Laws.
Law

Name

G(A ∨ B) ≡ GA ∨ GB,
if A and B are past projectable,

Red1

or A and B are future projectable
G(A ∨ B) ≡ GA ∨ B, if B is atemporal
n

Red2

m

G(F ⊕ A ∨ ⊕ A) ≡ GFA
n

G(F ⊕ A ∨ G ⊕
n

G(F ⊕ A ∨ ⊕

m

m+1

¬A) ≡ GFA ∨ G ⊕

Red3
m+1

¬A, if n > m

Red4

m+1

¬A, if n > m

Red5

¬A) ≡ GFA ∨ G ⊕

Reductions Red1 and Red2 are due to Proposition 11. On the other hand, Red3 , Red4
and Red5 will be applied only in 2-G-clauses and hence, reductions correspond with the
equivalences given in Proposition 17.
These equivalences are those that ensure a 2-G-clause on p is irreducible only in the
case that none of the reductions Redi with 1 ≤ i ≤ 5 is applicable to it. The following
characterization theorem for irreducible 2-G-clauses on p is a consequence of this assertion.
I Theorem 18 (Characterization of Irreducible 2-G-clauses on p). The elements of the set
2-G-Clairr (p) are the following:
(a) G(⊕n `p ∨ ⊕m `p ), if n 6= m
(b) G(⊕n `p ∨ ⊕m `¯p ), if n 6= m
(c) G(⊕n `p ∨ G ⊕m `p ), if n ≤ m
(d) G(⊕n `p ∨ G ⊕m `¯p )
Proof. The proof is divided in two parts. In the first, we discard such 2-G-clauses on p that
previous results ensure are reducible. Thus, we obtain that formulas labeled a),b),c),d) in
the theorem are those that cannot be reduced through previous results. In the second part,
we prove that they are really irreducible.
From Definition 16 and Proposition 15, a 2-G-clause on p is a formula GA such that A is
of one of the following forms:
(i) ⊕n `p ∨ ⊕m `p , with m, n ∈ N and m 6= n.
(ii) ⊕n `p ∨ `, where ` ∈ {F ⊕m `p | m > n} ∪ {GF`p , FG`p } ∪ {G ⊕m `p | m ≥ n}
(iii) `1 ∨ `2 , where `1 ∈ Lit(`p ), `2 ∈ Lit(`p ) and `1 6|= `2 .
If GA is a 2-G-clause such that A is a clause of the type described in item i) then GA
cannot be reduced through previous results (item a) of the theorem).
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Now, let GA be 2-G-clause such that A is a clause of the type described in item ii). Then,
we discard such 2-G-clauses on p which previous results ensured are reducible.
if ` ∈ {GF`p , FG`p } then from Proposition 11 (reduction Red2 ), GA is reducible, and
if ` ∈ {F ⊕m `p | m > n} then from Proposition 17 (reduction Red3 ), GA is reducible.
if ` ∈ {G ⊕m `p | m ≥ n} then GA cannot be reduced through previous results (item c) of
the theorem).
For item iii) we have to analyze the 11 elements stated in the following table:
(1)

G(⊕n `p ∨ ⊕m `p ) n 6= m

(2)

G(⊕n `p ∨ G ⊕m `p )

(3)

G(⊕n `p ∨ F ⊕m `p )

(4)

G(⊕n `p ∨ GF`p )

(5)

G(⊕n `p ∨ FG`p )

(6)

G(G ⊕n `p ∨ G ⊕m `p )

(7)

G(G ⊕n `p ∨ F ⊕m `p )

(8)

G(G ⊕n `p ∨ GF`p )

(9)

G(G ⊕n `p ∨ FG`p )

(10)

G(F ⊕n `p ∨ F ⊕m `p )

(11)

G(FG`p ∨ FG`p )

In the previous table, from Proposition 11 (reduction Red1 ) items (6), (8), (9), (10) and (11)
are eliminated (in each of them the two literals of 2-clauses are past projectable or the two
literals of 2-clauses are future projectable).
From Proposition 11 (reduction Red2 ) items (4) and (5) are eliminated because in each of
them the 2-clauses have atemporal literals.
From Proposition 17 item (7) is eliminated (reduction Red4 ) and item (3) is eliminated
(reduction Red5 ).
Finally, items (1) and (2) cannot be removed because these formulas cannot be reduced
by previous results of the theorem: (items b) and d) respectively).
At this moment, we have proved that 2-G-clauses on p different to those that are described
in the theorem can be reduced by using previous results. Now, we focus on proving that
formulas GA described in items a), b), c) and d) are really irreducible. Thus, we prove that
neither GA 6≡ ` for a literal `, nor GA 6≡ `1 ∨ `2 for `1 ∨ `2 ∈ 2-Clairr (p). Note that, collecting
literals and clauses, there are 40 formulas that could be equivalent to GA. Obviously, > and
⊥ are discarded.
First, we prove GA is not equivalent to any of the following formulas: ⊕k `p , F ⊕k `p ,
GF`p . Consider k ∈ N and r = max{k + 1, n + 1, m + 1}. For any interpretation h such that
S
h(`p ) = i∈N [2ir, 2ir + 1), we have that 0 ∈ h(⊕k `p ), 0 ∈ h(F ⊕k `p ) and 0 ∈ h(GF`p ) but
0∈
/ h(GA). Therefore, ⊕k `p 6|= GA, F ⊕k `p 6|= GA and GF`p 6|= GA.
With a similar reasoning, it can be proved that ⊕k `p 6|= GA, F ⊕k `p 6|= GA and GF`p 6|= GA.
Moreover, any 2-clause `1 ∨`2 with `1 or `2 being one of the previous cases satisfies `1 ∨`2 6|= GA.
The rest of the formulas are:
G ⊕k `p

G ⊕k `p

FG`p

G ⊕k1 `p ∨ G ⊕k2 `p

G ⊕k `p ∨ FG`p

FG`p ∨ FG`p

FG`p

Now we prove that none of the formulas described in the theorem is equivalent to any of them.
(a) Let us consider h with h(`p ) = Z r {(|m − n| + 1)r | r ∈ N r {0}}, where |m − n|
denotes the absolute value of m − n. It is just a matter of computation to check that
0 ∈ h(G(⊕n `p ∨ ⊕m `p )) but it is not a model for formulas in the previous table.
(b) Let us suppose, without loss of generality, that n < m and consider h with h(`p ) =
S
n
m
i∈N [n + 2(m − n)i, m + 2(m − n)i). In this case, 0 ∈ h(G(⊕ `p ∨ ⊕ `p )) but is not
model for formulas in the previous table.
(c) For G(⊕n `p ∨ G ⊕m `p ) when n ≤ m, the following cases are going to be considered:
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Any interpretation h such that h(`p ) = [k + 1, ∞) satisfies 0 ∈ h(FG`p ) and 0 ∈
h(G ⊕k `p ). However, 0 ∈
/ h(G(⊕n `p ∨ G ⊕m `p )) when m < k. Therefore, FG`p 6|=
n
m
G(⊕ `p ∨ G ⊕ `p ) and, when m < k, we have that G ⊕k `p 6|= G(⊕n `p ∨ G ⊕m `p ).
For any interpretation such that 0 ∈ h(G ⊕k `p ) satisfies 0 ∈ h(FG`p ), but 0 ∈
/
h(G(⊕n `p ∨ G ⊕m `p )).

If {`1 , `2 } ∩ {FG`p , FG`p } ∪ {G ⊕k `p | m < k} ∪ {G ⊕k `p | k ∈ N} 6= ∅ then
`1 ∨ `2 6|= G(⊕n `p ∨ G ⊕m `p ).
Finally, G ⊕k `p with k ≤ m is the last formula to be considered. In this case, any
interpretation h such that h(`p ) = Z r {k + 2} satisfies that 0 ∈ h(G(⊕n `p ∨ G ⊕m `p ))
but 0 ∈
/ h(G ⊕k `p ).
(d) With a similar reasoning to the above, it can be proved that the formula G(⊕n `p ∨G⊕m `p )
is not equivalent to any formula of the last table.
J

5

Inductive Schemes

Observe that, from the kind of irreducible 2-G-clauses G(¬`1 ∨`2 ) characterized in Theorem 18,
only the items b) and d) could satisfy condition `2 |= F`1 . The following definition sums up
all the conditions step by step previously introduced relative to inductive schemes.
I Definition 19. An inductive scheme on `p is a formula `1 ∧ G(`¯2 ∨ `3 ), where `1 , `2 , `3 ∈
Lit(`p ) which satisfies the following three conditions:
Ind-1: G(`¯2 ∨ `3 ) ∈ 2-G-Clairr (p),
Ind-2: `1 |= F`2 and `3 |= F`2 .
I Example 20. F ⊕5 p ∧ G(¬ ⊕2 p ∨ ⊕4 p) is an inductive scheme on p.
We introduce the main result that characterises those inductive formulas that cannot be
simplified. Specifically, among of the 125 kind of formulas `1 ∧G(`¯2 ∨`3 ) (i.e., 53 , corresponding
to non-trivial possible selections `1 , `2 and `3 from the types of literals ⊕k `p , F ⊕k `p , G ⊕k `p ,
FG`p and GF`p ), only 15 satisfy Ind-1. Condition Ind-2 only imposes restrictions relative to
the super-index of the ⊕ connectives but the number of kind of formulas remains at being
15, which are enumerated in Table 2.

6

Conclusions and future works

In the framework of the propositional linear discrete temporal logic F N ext, we have studied
those formulas with a single propositional variable that involve the well-known idea of
induction. Indeed, we have classified these formulas into those that can be expressed by
equivalent ones without loops and the rest (inductive formulas). The main issue of this
paper has been to study the set of inductive formulas in order to determine schemes that
characterize them.
The starting point is the set of expressions `1 ∧ G(`¯2 ∨ `3 ) which includes 125 kinds of
formulas (i.e., 53 , corresponding to non-trivial possible selections `1 , `2 and `3 from the types
of literals ⊕k `p , F ⊕k `p , G ⊕k `p , FG`p and GF`p ).
In Section 4, we have characterized those formulas as G(`¯2 ∨ `3 ) for which no simplest
equivalent formulas exist. These formulas have been named irreducible 2-G-clauses. Specifically, Theorem 18 provides four schemes that cover all the irreducible 2-G-clauses and allows
us to reduce the initial number to 15 kinds of formulas.
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Table 2 Formulas `1 ∧ G(`¯2 ∨ `3 ) satisfying Ind-1 and Ind-2.
1. ⊕n1 `p ∧ G(⊕n2 `p ∨ ⊕n3 `p ),
where n1 , n3 > n2

9. FG`p ∧ G(⊕n2 `p ∨ G ⊕n3 `p )

2. F ⊕n1 `p ∧ G(⊕n2 `p ∨ ⊕n3 `p ),
where n1 ≥ n2 and n3 > n2

10. G ⊕n1 `p ∧ G(⊕n2 `p ∨ G ⊕n3 `p ),
where n1 , n3 ≥ n2

3. FG`p ∧ G(⊕n2 `p ∨ ⊕n3 `p ),
where n3 > n2

11. ⊕n1 `p ∧ G(G ⊕n2 `p ∨ ⊕n3 `p ),
where n1 , n3 > n2 + 1

4. F ⊕n1 `p ∧ G(⊕n2 `p ∨ G ⊕n3 `p ),
where n1 ≥ n2

12. F ⊕n1 `p ∧ G(G ⊕n2 `p ∨ ⊕n3 `p ),
where n1 > n2 and n3 ≥ n2

5. GF`p ∧ G(⊕n2 `p ∨ ⊕n3 `p ),
where n3 > n2

13. GF`p ∧ G(G ⊕n2 `p ∨ ⊕n3 `p ),
where n3 > n2 + 1

6. G ⊕n1 `p ∧ G(⊕n2 `p ∨ ⊕n3 `p ),
where n1 ≥ n2 and n3 > n2

14. FG`p ∧ G(G ⊕n2 `p ∨ ⊕n3 `p ),
where n3 > n2 + 1

7. ⊕n1 `p ∧ G(⊕n2 `p ∨ G ⊕n3 `p ),
where n1 > n2

15. G ⊕n1 `p ∧ G(G ⊕n2 `p ∨ ⊕n3 `p ),
where n3 > n2 + 1

8. GF`p ∧ G(⊕n2 `p ∨ G ⊕n3 `p )

Not all of these formulas correspond with the idea of induction because it is necessary
that `1 |= F`2 and `3 |= F`2 (Condition Ind-2). This condition only imposes restrictions
relative to the super-index. Thus, the number of kinds of formulas remains at 15, which are
enumerated in Table 2.
To emphasize the interest of the theoretical results of this paper, as further work, we will
study how to improve the definition of Temporal Negative Normal Form for the Temporal
Logic introduced in [18]. It will have a significant relevance in the future design of efficient
automated theorem provers.
In the midterm, the study of inductive schemes developed in this paper could be extended
to a fully expressive temporal logic such as Hans Kamp’s US logic or LN logic [4].
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Abstract
We study the satisfiability and model-checking problems for timed hyperproperties specified with
HyperMTL, a timed extension of HyperLTL. Depending on whether interleaving of events in different
traces is allowed, two possible semantics can be defined for timed hyperproperties: synchronous and
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of the choice of semantics, we show that the model-checking problem for HyperMTL, unless the
specification is alternation-free, is undecidable even when very restricted timing constraints are
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2012 ACM Subject Classification Theory of computation → Logic and verification
Keywords and phrases Timed Automata, Temporal Logics, Cybersecurity
Digital Object Identifier 10.4230/LIPIcs.TIME.2019.20
Related Version A full version of the paper is available at https://arxiv.org/pdf/1812.10005.
Funding This work was supported by the Engineering and Physical Sciences Research Council
(EPSRC), through grant references EP/K026399/1 and EP/P020011/1.

1

Introduction

Background. One of the most popular specification formalisms for reactive systems is
Linear Temporal Logic (LTL), first introduced into computer science by Pnueli [52] in the
late 1970s. The success of LTL can be attributed to the fact that its satisfiability and
model-checking problems are of lower complexity (PSPACE-complete, as compared with
non-elementary for the equally expressive first-order logic of order) and it enjoys simple
translations into automata and excellent tool support (e.g., [15, 35]).
While LTL is adequate for describing features of individual execution traces, many
security policies in practice are based on relations between two (or more) execution traces.
A standard example of such properties is observational determinism [37, 54, 59]: for every
pair of execution traces, if the low-security inputs agree in both execution traces, then the
low-security outputs in both execution traces must agree as well. Such properties are called
hyperproperties [17]: a model of the property is not a single execution trace but a set of
execution traces. HyperLTL [16], obtained from LTL by adding trace quantifiers, has been
proposed as a specification formalism to express hyperproperties. For example, operational
determinism can be expressed as the HyperLTL formula:
∀πa ∀πb G(Ia = Ib ) ⇒ G(Oa = Ob ) .
HyperLTL inherits almost all the benefits of LTL; in particular, tools that support HyperLTL
verification can be built by leveraging existing tools for LTL.
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For many applications, however, in addition to the occurences and orders of events, timing
has to be accounted for as well. For example, one may want to verify that in every execution
trace of the system, whenever a request req is issued, the corresponding acknowledgement
ack is received within the next 5 time units. Timed automata [4] and timed logics [5, 9, 39]
are introduced exactly for this purpose. In the context of security, timing anomalies caused
by different high-security inputs is a realistic attack vector that can be exploited to obtain
sensitive information; this kind of timing side-channel attacks also play significant roles in
high-profile exploits like Meltdown [45] and Spectre [38]. In order to detect such undesired
characteristics of systems, one needs to reason about timed hyperproperties.
I Example 1 ([55]). A piece of C code that selects between two variables x and y based on
a secret selection bit b (i.e. the user gets the output – either x or y – but does not know
which one was actually selected) may be written as follows:
uint32_t select_u32(uint32_t b, uint32_t x, uint32_t y)
{
return b ? x : y;
}

This straightforward implementation, however, may result in a timing side channel – depending on what compiler optimisations are applied, the execution time can depend on which of x
and y is returned. In sensitive applications like cryptography libraries and embedded smartcard software, such code snippets are usually replaced by obfuscated, functional-equivalent
versions, with the hope of eliminating the potential leakage of secret information. In this
case, one such version is as follows:
uint32_t ct_select_u32(uint32_t b, uint32_t x, uint32_t y)
{
signed bit = 0 - b;
return (x & bit) | (y & ~bit);
}

Nevertheless, such attempts of obfuscation can easily be wiped out by more agressive code
optimisations. For instance, after compilation by clang 3.3 (-O2), the C code above results
in the following assembly code, which contains a jump instruction and may still reveal the
truth value of b via differences in execution times due to branch prediction. The issue can,
however, be detected by an analysis based on suitable instruction-level timing models.
ct_select_u32:
mov
0x4(%esp),%al
test
%al,%al
jne
L
lea
0xc(%esp),%eax
mov
(%eax),%eax
ret
L: lea
0x8(%esp),%eax
mov
(%eax),%eax
ret

Given the highly-sophisticated cache hierarchies, pipeline stalls, etc. in contemporary real
machines, the timing side channel in the example above may be difficult to realise and exploit
in an actual attack; but such issues may also manifest themselves at lower levels (e.g., RTL),
as illustrated by the following example.
I Example 2 ([44]). An AND gate with two inputs A, B and an output C and respective
delays TA , TB , and TC can be modelled as the timed automaton with two clocks x, y
in Figure 1 where x = TA checks if the value of clock x is TA , y := 0 resets clock y to 0, etc.
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{B 1 }, x = TB
{C 1 }, y = TC

y := 0
{B 0 }, x = TB
{A1 }, x = TA

y := 0
{C 0 }, y = TC

{A0 }, x = TA
y := 0

Figure 1 A timed automaton modelling an AND gate with inputs A, B and output C with
respective delays TA , TB , and TC .

(suppose that TA < TB and TB − TA < TC ). Intuitively, the truth values of A and B are
obtained after TA and TB respectively, and the output C = A ∧ B has a delay of TC from
the point when its value is confirmed. Of course, once A turned out to be 0 (i.e. A0 has
happened), the output C must be 0 as well. But the time C 0 happens (assuming C = 0)
also depends on the truth value of A. In other words, when C = 0, a low-security user (to
whom A0 and A1 are non-observable), provided that he/she can measure time, can also infer
the truth value of A while he/she should not be able to. The pair of traces with C = 0 that
reveals A is depicted in Figure 2 and Figure 3. In this simple example, however, the timing
side channel can be removed by adding y := 0 on the self-loop on the lower-right location.
TC

0

{A1 }

{B 0 }

TA

TB

{C 0 }

Figure 2 A trace ρ1 with A = 1, B = 0, and C = 0.
TC

0

{A0 }

{B 0 }

TA

TB

{C 0 }

Figure 3 A trace ρ2 with A = 0, B = 0, and C = 0.

Contributions. We propose HyperMTL, obtained by adding trace quantifiers to Metric
Temporal Logic (MTL) [39], as a specification formalism for timed hyperproperties. We
consider systems modelled as timed automata, and thus system behaviours are sequences of
events that happen at different instants in time; this gives two possible pointwise semantics
of HyperMTL: asynchronous and synchronous (this is in contrast to HyperLTL, for which
a synchronous semantics is sufficient). We show that, as far as satisfiability is concerned,
HyperMTL is similar to HyperLTL, i.e. satisfiability is decidable for fragments not containing
∀∃, regardless of which semantics is assumed. However, in contrast with HyperLTL (whose
model-checking problem is decidable), model checking HyperMTL is undecidable if there is
at least one quantifier alternation in the specification, even when the timing constraints
used in either the system or the specification are very restricted. Still, the alternation-free
fragment of HyperMTL, which is arguably sufficient to capture many timed hyperproperties
of practical interest, has a decidable model-checking problem. Finally, we identify several
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subcases where HyperMTL model checking is decidable for larger fragments, such as when
the synchronous semantics is assumed, the model is untimed, and the specification belongs
to a certain subclass of one-clock timed automata, or when the time domain is bounded a
priori by some N ∈ N>0 .
Related work. Since the pioneering work of Clarkson and Schneider [17], there has been great
interest in specifying and verifying hyperproperties in the past few years. The framework based
on HyperLTL [16] is possibly the most popular for this purpose, thanks to its expressiveness,
flexibility, and relative ease of implementation. In addition to satisfiability [23, 24] and model
checking [16, 28], tools for monitoring HyperLTL also exist [3, 25, 26]. Notably, the complexity
of monitoring HyperLTL, as well as model checking HyperLTL on restricted (tree-shaped or
acyclic) Kripke structures, are studied in [12] and shown to be much lower than those of the
general satisfiability and model-checking problems. These results, however, do not apply in
the current timed setting – we will see in Section 4 that our main undecidability result holds
even with these structural restrictions on the system.
Our formulation of HyperMTL is very closely related to HyperSTL [47] originally proposed
in the context of quality assurance of cyber-physical systems. While [47] focusses on testing,
we are concerned with the decidability of verification problems. On the other hand, the
semantics of HyperSTL is defined over sets of continuous signals, i.e. state-based; as noted
in [47], however, the price to pay for the extra generality is that implementing a model checker
for HyperSTL is very difficult, especially for systems modelled in proprietary frameworks
(such as Simulink®). Practical reasoning of HyperMTL, by contrast, can be carried out easily
with existing highly optimised timed automata verification back ends, e.g., Uppaal [43].1
Indeed, a prototype model checker based on Uppaal for the synchronous semantics of
HyperMTL (with some restrictions) is reported in [32], although it does not consider the
decidability of verification problems. Another relevant work [30], also based on Uppaal,
checks noninterference in systems modelled as timed automata (similar to Example 4; see
below). Their approach, however, is specifically tailored to noninterference and does not
generalise. Some similar (but different) notions of noninterference for timed automata have
been considered in [29, 58].
It is also possible to extend hyperlogics in other quantitative dimensions orthogonal to time.
HyperPCTL [2] can express probabilisitic hyperproperties, e.g., the probability distribution
of the low-security outputs are independent of the high-security inputs. In [27], specialised
algorithms are developed for verifying quantitative hyperproperties, e.g., there is a bound on
the number of traces with the same low-security inputs but different low-level outputs. The
current paper is complementary to these works.

2

Timed hyperproperties

Timed words. A timed word (or a trace) over a finite alphabet Σ is a finite sequence of
events (σ1 , τ1 ) . . . (σn , τn ) ∈ (Σ × R≥0 )∗ with τ1 . . . τn an increasing sequence of non-negative
real numbers (“timestamps”), i.e. τi < τi+1 for all i, 1 ≤ i < n.2 For t ∈ R≥0 and a timed
1
2

For more detailed accounts of the state-based and event-based semantics for timed automata and logics,
see, e.g., [7, 51].
To simplify the exposition, we focus on finite timed words in this paper (this assumption does not
make the verification problems easier in general; e.g., HyperLTL satisfiability remains undecidable). All
of our technical results carry over to the case of infinite timed words with some simple modifications.
For example, in Section 3, suitable subformulae can be added to rule out the runs that get stuck in
self-loops labelled with {p }.
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word ρ = (σ1 , τ1 ) . . . (σn , τn ), we write t ∈ ρ iff t = τi for some i, 1 ≤ i ≤ n. We denote
by T Σ∗ the set of all timed words over Σ. A timed language (or a trace property) is a
subset of T Σ∗ .
Timed automata. Let X be a finite set of clocks (R≥0 -valued variables). A valuation v for
X maps each clock x ∈ X to a value in R≥0 . The set G(X) of clock constraints (guards) g
over X is generated by g := > | g ∧ g | x ./ c where ./ ∈ {≤, <, ≥, >}, x ∈ X, and c ∈ N≥0 .
The satisfaction of a guard g by a valuation v (written v |= g) is defined in the usual way.
For t ∈ R≥0 , we let v + t be the valuation defined by (v + t)(x) = v(x) + t for all x ∈ X.
For λ ⊆ X, we let v[λ ← 0] be the valuation defined by (v[λ ← 0])(x) = 0 if x ∈ λ, and
(v[λ ← 0])(x) = v(x) otherwise.
A timed automaton (TA) over Σ is a tuple A = hΣ, S, s0 , X, ∆, F i where S is a finite set of
locations, s0 ∈ S is the initial location, X is a finite set of clocks, ∆ ⊆ S ×Σ×G(X)×2X ×S is
the transition relation, and F is the set of accepting locations. We say that A is deterministic
iff for each s ∈ S and σ ∈ Σ and every distinct pair of transitions (s, σ, g 1 , λ1 , s1 ) ∈ ∆ and
(s, σ, g 2 , λ2 , s2 ) ∈ ∆, g 1 ∧ g 2 is not satisfiable. A state of A is a pair (s, v) of a location
s ∈ S and a valuation v for X. A run of A on a timed word (σ1 , τ1 ) . . . (σn , τn ) ∈ T Σ∗ is a
sequence of states (s0 , v0 ) . . . (sn , vn ) where (i) v0 (x) = 0 for all x ∈ X and (ii) for each i,
0 ≤ i < n, there is a transition
 (si , σi+1 , g, λ, si+1 ) such that vi + (τi+1 − τi ) |= g (let τ0 = 0)
and vi+1 = vi + (τi+1 − τi ) [λ ← 0]. A run of A is accepting iff it ends in a state (s, v) with
s ∈ F . A timed word is accepted by A iff A has an accepting run on it. We denote by JAK
the timed language of A, i.e. the set of all timed words accepted by A. Two fundamental
results on TAs are that the emptiness problem is decidable (PSPACE-complete), but the
universality problem is undecidable [4].
Timed logics. The set of MTL formulae over a finite set of atomic propositions AP is
generated by
ψ := > | p | ψ1 ∧ ψ2 | ¬ψ | ψ1 UI ψ2 | ψ1 SI ψ2
where p ∈ AP and I ⊆ R≥0 is a non-singular interval with endpoints in N≥0 ∪ {∞}.3 We
omit the subscript I when I = [0, ∞) and sometimes write pseudo-arithmetic expressions
for constraining intervals, e.g., ‘< 3’ for [0, 3). The other Boolean operators are defined as
usual: ⊥ ≡ ¬> and ψ1 ∨ ψ2 ≡ ¬(¬ψ1 ∧ ¬ψ2 ). We also define the dual temporal operators
e ψ ≡ ¬ (¬ψ ) U (¬ψ ) and ψ S
e ψ ≡ ¬ (¬ψ ) S (¬ψ ). Using these operators,
ψ U
1

I

2

1

I

2

1 I

2

1

I

2

every MTL formula ψ can be transformed into an MTL formula in negative normal form,
i.e. ¬ is only applied to atomic propositions. To ease the presentation, we will also use the
usual shortcuts like FI ψ ≡ > UI ψ, GI ψ ≡ ¬ FI ¬ψ, XI ψ ≡ ⊥ UI ψ, and “weak-future”
variants of temporal operators, e.g., F ψ ≡ ψ ∨ F ψ. Given an MTL formula ψ over AP in
negative normal form, a timed word ρ = (σ1 , τ1 ) . . . (σn , τn ) over ΣAP = 2AP , and t ∈ R≥0 ,
we define the MTL satisfaction relation |= as follows:4

3

4

In the literature, this logic (with the requirement that constraining intervals must be non-singular) is
usually referred to as MITL [5], but we simply call it MTL in this paper for notational simplicity. Also
note that our undecidability results carry over to the fragment with only future operators.
The formulation of the pointwise semantics of MTL here deviates slightly from the standard one
(cf. [8, 50]) to enable a formal treatment of interleaving of events in different traces.
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(ρ, t) |= > iff t ∈ ρ;
(ρ, t) |= ⊥ iff t ∈
/ ρ;
(ρ, t) |= p iff t ∈ ρ and p ∈ σi ;
(ρ, t) |= ¬p iff t ∈ ρ and p ∈
/ σi ;
(ρ, t) |= ψ1 ∧ ψ2 iff (ρ, t) |= ψ1 and (ρ, t) |= ψ2 ;
(ρ, t) |= ψ1 ∨ ψ2 iff (ρ, t) |= ψ1 or (ρ, t) |= ψ2 ;
(ρ, t) |= ψ1 UI ψ2 iff there exists t0 > t such that t0 − t ∈ I, (ρ, t0 ) |= >, (ρ, t0 ) |= ψ2 , and
(ρ, t00 ) |= ψ1 for all t00 such that t00 ∈ (t, t0 ) and (ρ, t00 ) |= >;
e ψ iff for all t0 > t such that t0 − t ∈ I and (ρ, t0 ) |= >, either (ρ, t0 ) |= ψ
(ρ, t) |= ψ U
1

I

2

2

or (ρ, t00 ) |= ψ1 for some t00 such that t00 ∈ (t, t0 ) and (ρ, t00 ) |= >;

(ρ, t) |= ψ1 SI ψ2 iff there exists t0 , 0 ≤ t0 < t such that t − t0 ∈ I, (ρ, t0 ) |= >, (ρ, t0 ) |= ψ2 ,
and (ρ, t00 ) |= ψ1 for all t00 such that t00 ∈ (t0 , t) and (ρ, t00 ) |= >;
e ψ iff for all t0 , 0 ≤ t0 < t such that t − t0 ∈ I and (ρ, t0 ) |= >, either
(ρ, t) |= ψ1 S
I 2
(ρ, t0 ) |= ψ2 or (ρ, t00 ) |= ψ1 for some t00 such that t00 ∈ (t0 , t) and (ρ, t00 ) |= >.
We say that ρ satisfies ψ (ρ |= ψ) iff (ρ, 0) |= ψ, and we write JψK for the timed language
of ψ, i.e. the set of all timed words satisfying ψ. It is well known that any MTL formula
can be translated into a TA accepting the same timed language [6]; this implies that the
satisfiability and model-checking problems for MTL are decidable (EXPSPACE-complete).
Adding trace quantifiers. Let V be an infinite supply of trace variables, the set of HyperMTL
formulae over AP are generated by
ϕ := ∃π ϕ | ∀π ϕ | ψ
ψ := > | >π | pπ | ψ1 ∧ ψ2 | ¬ψ | ψ1 UI ψ2 | ψ1 SI ψ2
where π ∈ V , p ∈ AP, and I ⊆ R≥0 is a non-singular interval with endpoints in N≥0 ∪ {∞}
(to ease the notation, we will usually write, e.g., pa for pπa ). Without loss of generality we
forbid the reuse of trace variables, i.e. each trace quantifier must use a fresh trace variable.
Syntactic sugar is defined as in MTL, e.g., FI ψ ≡ > UI ψ. A HyperMTL formula is closed if
it does not have free occurrences of trace variables. Following [22], we refer to fragments
of HyperMTL by their quantifier patterns, e.g., ∃∗ ∀∗ -HyperMTL. Finally, note that trace
quantifiers can be added to TAs in the same manner (in this case, quantified TAs operate
over “stacked” traces; see the semantics for HyperMTL below).
In contrast with TAs and MTL formulae, which define trace properties, HyperMTL formulae
define (timed) hyperproperties, i.e. sets of trace properties. Depending on whether one requires
timestamps in quantified traces to match exactly (i.e. all quantified traces must synchronise),
two possible semantics can be defined accordingly.
Asynchronous semantics. A trace assignment over Σ is a partial mapping from V to T Σ∗ .
We write Π∅ for the empty trace assignment and Π[π 7→ ρ] for the trace assignment that
maps π to ρ and π 0 to Π(π 0 ) for all π 0 =
6 π. Given a HyperMTL formula ϕ over AP whose
quantifier-free part is in negative normal form, a trace set T over ΣAP , a trace assignment
Π over ΣAP , and t ∈ R≥0 , we define the HyperMTL asynchronous satisfaction relation |= as
follows (we omit the cases where the definitions are obvious or exactly similar):
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(T, t) |=Π > iff t ∈ ρ for some ρ ∈ range(Π);5
(T, t) |=Π >π iff t ∈ ρ for ρ = Π(π);
(T, t) |=Π pπ iff t ∈ ρ for ρ = Π(π) and p ∈ σi for the event (σi , t) in ρ;
(T, t) |=Π ψ1 UI ψ2 iff there exists t0 > t such that t0 − t ∈ I, (T, t0 ) |=Π >, (T, t0 ) |=Π ψ2 ,
and (T, t00 ) |=Π ψ1 for all t00 such that t00 ∈ (t, t0 ) and (T, t00 ) |=Π >;
e ψ iff for all t0 > t such that t0 − t ∈ I and (T, t0 ) |= >, either
(T, t) |= ψ U
Π

1

I

2

Π

(T, t0 ) |=Π ψ2 or (T, t00 ) |=Π ψ1 for some t00 such that t00 ∈ (t, t0 ) and (T, t00 ) |=Π >;
(T, t) |=Π ∃π ϕ iff there is a trace ρ ∈ T such that (T, t) |=Π[π7→ρ] ϕ;
(T, t) |=Π ∀π ϕ iff for all traces ρ ∈ T , (T, t) |=Π[π7→ρ] ϕ.
We say that T satisfies a closed HyperMTL formula ϕ in the asynchronous semantics (T |= ϕ)
iff (T, 0) |=Π∅ ϕ.
The asynchronous semantics for HyperMTL is (arguably) the most natural choice of
semantics for the current event-based setting. As the examples below illustrate, allowing
explicit interleaving of events may simplify the specification even when no quantitative timing
constraint is involved.

I Example 3. Consider again the system in Example 2 and a low-security user uL who can
observe {B 0 , B 1 , C 0 , C 1 } but not {A0 , A1 }. The property “if B 0 occurs in both πa and πb ,
then the corresponding C 0 ’s must occur simultaneously in both πa and πb ” (a variant of
noninference [46]) can be specified with the following HyperMTL formula in the asynchronous
semantics:

ϕ1 = ∀πa ∀πb F Ba0 ∧ F Bb0 ⇒ F(Ca0 ∧ Cb0 ) .
In particular, Ca0 ∧ Cb0 holds only when the two {C 0 }-events occur simultaneously in πa and
πb . It is clear that the system does not satisfy ϕ1 , as there are two traces of the system
where B 0 occurs in both, but the occurrences of C 0 are at different times; as we mentioned
earlier, this allows uL to infer A by timing C 0 . If, on the other hand, the timing accuracy
attainable by uL is limited and thus it can only differentiate events that are d time units
apart, the system can instead be checked against


ϕ2 = ∀πa ∀πb F Ba0 ∧ F Bb0 ⇒ F Ca0 ∧ (F≤d Cb0 ∨ O≤d Cb0 )
where O is the past version of F. This will be satisfied if TB − TA ≤ d, and since uL will
not be able to infer A, the system may be considered secure in this case. Finally, note that
in the original (synchronous) semantics for HyperLTL [16], ϕ1 is satisfied by the system, as
events are synchronised by their positions rather than times of occurrence.
I Example 4 (Noninterference in event-based systems [31]). A system operating on sequences
of commands issued by different users can be modelled as a deterministic finite automaton
A over Σ = U × C where U is the set of users and C is the set of commands. Additionally,
let Obs be the set of observations and out : S × U → Obs be the observation function for
what can be observed at each location by each user. Let there be a partition of U into
two disjoint sets of users UH ⊆ U and UL ⊆ U . Noninterference requires that for each
w ∈ Σ∗ where w ends with a command issued by a user in UL and A reaches s after reading
w, the subsequence w0 obtained by removing all the commands issued by the users in UH
results in a location s0 such that the observation out(s0 , uL ) of each user uL ∈ UL is identical
5

Note the dependency of the interpretation of > on Π; in particular, it is possible for a trace set with
out-of-sync traces to satisfy ∀πb (pb U qb ) but not ∀πa ∀πb (pb U qb ).
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to out(s, uL ). For our purpose, we can combine A and out (in the expected way) into an
automaton A0 over ΣAP where AP = (U × C) ] (U × Obs) (atomic propositions in U × Obs
reflect the observations at the location that has just been entered). Checking noninterference
then amounts to model checking A0 (whose locations are all accepting) against the following
HyperMTL formula in the asynchronous semantics:
=
ϕ3 = ∀πa ∀πb G(>b ⇒ ψbL ∧ ψU,C
)
=
∧ G(>a ∧ ⊥b ⇒ ψaH ) ⇒ G(>b ⇒ ψout(U
)
L)



=
(where ψbL asserts that the command in πb is issued by a user in UL , ψU,C
says that the two
synchronised commands in πa and πb agree on U and C, etc.). Specifically,
=
G(>b ⇒ ψbL ∧ ψU,C
) asserts that πb only contains low commands and πa also contains
these commands at the exactly same times;
G(>a ∧ ⊥b ⇒ ψaH ) asserts that all the commands that are only present in πa are high
commands;
=
G(>b ⇒ ψout(U
) ensures that, after each low command in πb , the observation of each
L)
uL ∈ UL is identical to the observation of uL after the corresponding low command in
πa , regardless of the high commands that occur in the preceding “gaps”.
We remark that while this example is essentially untimed, the asynchronous event-based
formulation leads to a much simpler and clearer specification than the state-based one in [16].

Synchronous semantics. A less general semantics can be defined for HyperMTL formulae
where each trace quantifier only ranges over traces that synchronise with the traces in the
current trace assignment (this is the case in the original HyperLTL semantics [16]). For
example, the second quantifier in ∃πa ∃πb ψ requires πb to satisfy (πa , t) |= >a ⇔ (πb , t) |= >b
for all t ∈ R≥0 . The HyperMTL synchronous satisfaction relation |=sync can, in fact, be
expressed in the asynchronous semantics by explicitly requiring newly quantified traces to
synchronise in the quantifier-free part of the formula. More precisely, for a closed HyperMTL
formula ϕ = Q ϕ0 where Q denotes a block of quantifiers of the same type (i.e. all existential
or all universal) and ϕ0 is a possibly open HyperMTL formula, and a set V of tracevariables,
V
let (abusing notation slightly) sync(ϕ, V ) = Q G( π∈Q∪V >π ) ∧ sync(ϕ0 , Q ∪ V ) when Q
V
are existential, sync(ϕ) = Q G( π∈Q∪V >π ) ⇒ sync(ϕ0 , Q ∪ V ) when Q are universal, and
sync(ψ, V ) = ψ when ψ is quantifier-free. The following lemma holds subject to rewriting
the formula into prenex normal form.
I Lemma 5. For any trace set T over ΣAP and closed HyperMTL formula ϕ over AP,
T |=sync ϕ iff T |= sync(ϕ, ∅).
While the synchronous semantics may seem quite restricted (intuitively, the chance that
two random traces of a timed system have exactly the same timestamps is certainly slim!),
one can argue that it already suffices for many applications if stuttering steps are allowed.
We will see later that for alternation-free HyperMTL, the asynchronous semantics can be
emulated in the synchronous semantics using a “weak inverse” of Lemma 5.
Satisfiability and model checking. Given a closed HyperMTL formula ϕ over AP, the
satisfiability problem asks whether there is a non-empty trace set T ⊆ T Σ∗AP satisfying it,
i.e. T |= ϕ (or T |=sync ϕ, if the synchronous semantics is assumed). Given a TA A over
ΣAP and a closed HyperMTL formula ϕ over AP, the model-checking problem asks whether
JAK |= ϕ (or JAK |=sync ϕ). Our focus in this paper is on the decidability of these problems,
as their complexity (when they are decidable) follow straightforwardly from standard results
on MTL [5] and HyperLTL [16, 22].
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Satisfiability

To emulate interleaving of events (of a concurrent or distributed system, say) in a synchronous,
state-based setting, it is natural and necessary to introduce stuttering steps. In the context
of verification, it is often a desirable trait for a temporal logic to be stutter-invariant [41, 42]
so that it cannot be used to differentiate traces that ought to be regarded as the same (e.g.,
in an iterative refinement process, an abstract component of a system may be replaced by
a concrete implementation that simulates an abstract step with some additional internal
actions). As a simple attempt to reconcile the asynchronous and synchronous semantics of
HyperMTL, we can make use of silent events in the same spirit to enable synchronisation of
interleaving traces while preserving the semantics. More precisely, let stutter(ρ) for a trace
ρ ∈ T Σ∗AP be the maximal set of traces ρ0 ∈ T Σ∗AP (AP = AP ∪ {p }) such that
for every event (σi , τi ) in ρ0 , either σi = {p } or p ∈
/ σi ;
ρ can be obtained from ρ0 by deleting all the {p }-events.
This extends to trace sets T ⊆ T Σ∗AP in the obvious way. For a closed alternation-free
HyperMTL formula ϕ = Qψ over AP, let stutter(ϕ) = Qψ 00 be the HyperMTL formula
over AP obtained by replacing in ψ, e.g., all >π with ¬pπ , to give ψ 0 , and finally let
W
V
V
ψ 00 = G( π∈Q ¬pπ ) ∧
G(pπ ⇒ p∈AP¬pπ ) ∧ ψ 0 when Q are existential and ψ 00 =
π∈Q
W
V
V

0
00
G( π∈Q ¬pπ ) ∧
π∈Q G(pπ ⇒
p∈AP ¬pπ ) ⇒ ψ when Q are universal. Intuitively, ψ
ensures that the traces involved are well-formed (i.e. satisfy the first condition above), and its
own satisfaction is insensitive to the addition of silent events. The following lemma follows
from a simple structural induction.
I Lemma 6. For any trace set T over ΣAP and closed alternation-free HyperMTL formula
ϕ = Qψ over AP (Q is either a block of existential quantifiers or universal quantifiers and ψ
is quantifier-free), T |= ϕ iff stutter(T ) |=sync stutter(ϕ).
The following two lemmas follow from Lemma 6 and the fact that for alternation-free
HyperMTL formulae, satisfiability in the synchronous semantics can be reduced (in the same
way as HyperLTL) to MTL satisfiability.
I Lemma 7. The satisfiability problem for ∃∗ -HyperMTL is decidable.
I Lemma 8. The satisfiability problem for ∀∗ -HyperMTL is decidable.
Lemma 6, however, does not extend to larger fragments of HyperMTL. For example, consider
T = {({p}, 1)({r}, 3), ({q}, 2)} and ϕ = ∃πa ∀πb (F pa ∧¬ F qb ). Now it is obvious that T |6 = ϕ,
but since ({p}, 1)({r}, 3) ∈ stutter(T ), we have stutter(T ) |=sync stutter(ϕ) (provided that
the definition of stutter(·) is extended to general HyperMTL formulae, as in Lemma 5). Still,
it is not hard to see that the crucial observation used in ∃∗ ∀∗ -HyperLTL satisfiability (if
∃π0 . . . ∃πk ∀π00 . . . ∀π`0 ψ is satisfiable, then it is also satisfiable by the trace set {π0 , . . . πk })
extends to HyperMTL in the asynchronous semantics; the following lemma then follows from
Lemma 7.
I Lemma 9. The satisfiability problem for ∃∗ ∀∗ -HyperMTL is decidable.
Finally, note that the undecidability of ∀∃-HyperLTL carries over to HyperMTL: in the
synchronous semantics, the reduction in [22] applies directly with some trivial modifications
(as we work with finite traces); undecidability then holds for the case of asynchronous
semantics as well, by Lemma 5.
I Lemma 10. The satisfiability problem for ∀∃-HyperMTL is undecidable.
I Theorem 11. The satisfiability problem for HyperMTL is decidable if the formula does
not contain ∀∃.
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(s0 , ) → (s1 , a) → (s2 , ab) → (s4 , b) → (s6 , bd) → (s7 , d) → (s9 , ) → (shalt , h)

Figure 4 A DCM and its unique halting computation.
1
1
1

{pbegin , a! } {b! }

{a? } {d! } {b? }

{d? }

{pend , h! }

0

Figure 5 A trace encoding the halting computation of the DCM in Figure 4. Note that each m!
is followed by a corresponding m? exactly 1 time unit later.

4

Model checking

We now turn to the model-checking problem, which behaves quite differently than in the
case of HyperLTL.
The alternation-free case. Without loss of generality, we consider only the case of ∃∗ HyperMTL in the asynchronous semantics. By Lemma 6, checking JAK |= ϕ (for a TA
A over ΣAP and a closed ∃∗ -HyperMTL formula ϕ over AP) is equivalent to checking
stutter(JAK) |=sync stutter(ϕ). To this end, we define stutter(A) as the TA over ΣAP
obtained from A by adding a self-loop labelled with {p } to each location; it should be
clear that Jstutter(A)K = stutter(JAK). In this way, the problem reduces to model checking ∃∗ -HyperMTL in the synchronous semantics which, as the model-checking problem for
∃∗ -HyperLTL, can be reduced to MTL model checking.
I Theorem 12. Model checking alternation-free HyperMTL is decidable.
The general case. Recall that the model-checking problem for HyperLTL is decidable even
when the specification involves arbitrary nesting of quantifiers. This is unfortunately not the
case for HyperMTL: allowing only one quantifier alternation already leads to undecidability.
To see this, recall that any TA can be written as a formula ∃X ψ where X is a set of (new)
atomic propositions and ψ is an MTL formula [33, 53]. The undecidable TA universality
problem – given a TA A over Σ, deciding whether JAK = T Σ∗ – can thus be reduced to model
checking HyperMTL: one simply checks whether there exists an X-labelling for every timed
word over Σ so that ψ is satisfied. Here we show that model checking HyperMTL is essentially
a harder problem: in the case of asynchronous semantics, model checking HyperMTL with
quantifier alternations necessarily involves TAs with -transitions [11], and therefore remains
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undecidable even when both the model and the specification are deterministic and only one of
them uses a single clock (i.e. the other is untimed); by contrast, (standard) TA universality
over finite timed words is decidable when the TA uses only one clock [49].
We adapt the undecidability proof of the reactive synthesis problem for MTL in [14],
which itself is by reduction from the halting problem for deterministic channel machines
(DCMs), known to be undecidable [13]. Note that, in contrast to HyperMTL model checking,
MTL reactive synthesis is decidable when the specification is deterministic [19]; in this sense,
quantification over traces is more powerful than quantification over strategies (there is a
winning strategy of the controller for all possible strategies of the environment).6 For our
purpose, we introduce the CI operator, in which we allow I to be singular (note that this is
merely syntactic sugar and does not increase the expressiveness of MTL [33, 53]):
(T, t) |=Π CI ϕ iff there exists t0 , 0 ≤ t0 < t such that t − t0 ∈ I, (T, t0 ) |=Π >, (T, t0 ) |=Π ϕ,
and (T, t00 ) |6 = Π ϕ for all t00 such that t00 ∈ (t0 , t) and (T, t00 ) |=Π >.
Let LTLC be the fragment of MTL where all timed subformulae must be of the form CI ϕ,
and all ϕ’s in such subformulae must be “pure past” formulae; these requirements ensure
that LTLC , in which we will write the quantifier-free part of the specification, translates into
deterministic TAs [18]. To ease the understanding, we will first do the proof for the case of
asynchronous semantics and then adapt it to the case of synchronous semantics.
I Theorem 13. Model checking ∃∗ ∀∗ -HyperMTL and ∀∗ ∃∗ -HyperMTL are undecidable in the
asynchronous semantics.
Proof. A DCM S = hS, s0 , shalt , M, ∆i can be seen as a finite automaton equipped with an
unbounded fifo channel: S is a finite set of locations, s0 is the initial location, shalt is the
halting location (such that shalt =
6 s0 ), M is a finite set of messages, and ∆ ⊆ S × {m!, m? |
m ∈ M } × S is the transition relation satisfying the following determinism hypothesis: (i)
(s, q, s0 ) ∈ ∆ and (s, q, s00 ) ∈ ∆ implies s0 = s00 ; (ii) if (s, m!, s0 ) ∈ ∆ then it is the only
outgoing transition from s. Without loss of generality, we further assume that there is no
incoming transition to s0 , no outgoing transition from shalt , and (s0 , q, s0 ) ∈ ∆ implies that
q ∈ {m! | m ∈ M } and s0 6= shalt . The semantics of S can be described with a graph G(S)
with vertices {(s, x) | s ∈ S, x ∈ M ∗ } and edges defined as follows: (i) (s, x) → (s0 , xm) if
(s, m!, s0 ) ∈ ∆; (ii) (s, mx) → (s0 , x) if (s, m?, s0 ) ∈ ∆. In other words, m! “writes” a copy of
m to the channel and m? “reads” a copy of m off the channel. We say that S halts if there
is a path in G(S) from (s0 , ) to (shalt , x) (a halting computation of S) for some x ∈ M ∗ . An
example DCM and its unique halting computation are depicted in Figure 4.
The idea, as in many similar proofs (e.g., [50]), is to encode a halting computation of
S as a trace where each m? is preceded by a corresponding m! exactly 1 time unit earlier,
and each m! is followed by an m? exactly 1 time unit later if shalt has not been reached
yet. To this end, let the model A be an (untimed) finite automaton over Σ = 2AP where
AP = {m! , m? | m ∈ M } ∪ {pbegin , pend , pread , p1 , q 1 } and whose set of locations is S ∪ {s1 },
where s1 is a new non-accepting location. The transitions of A follow S: for each m ∈ M ,
{m? }

s −−−→ s0 is a transition of A iff (s, m?, s0 ) ∈ ∆, and similarly for m! – except for those going
out of s0 or going into shalt , on which we further require pbegin or pend to hold, respectively.
Let s0 be the initial location and shalt be the only accepting location, and finally add
{pread }

{p1 }

{q 1 }

transitions s0 −−−−→ shalt and s0 −−−→ s1 −−−→ shalt . It is clear that A is deterministic and
it accepts only three types of traces:

6

Indeed, the quantifier-free part ψ in the simpler encoding mentioned above (based on labelling timed
words with propositions in X) is already in LTLC and thus is deterministic.
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1. From s0 through some other locations of S and finally shalt , i.e. those respecting the
transition relation, but not necessarily the semantics, of S.
2. From s0 to shalt in a single transition (on which pread holds).
3. From s0 to s1 and then shalt .
It remains to write a specification ϕ such that JAK |= ϕ exactly when A accepts a trace of
type (1) that also respects the semantics of S (one such trace that corresponds to the unique
halting computation of the DCM in Figure 4 is depicted in Figure 5). This is where the
traces of types (2) and (3) come into play: for example, if a trace of type (1) issues a read
m? without a corresponding write m!, then a trace of type (3) can be used to “pinpoint” the
error. More precisely, let ϕ = ∃πa ∀πb (ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4 ) where
ψ1 = F pend
ensures that πa is of type (1);
a
W
read
ψ2 = F(pb ∧ ψR ) ⇒ F(pread
∧ C≥1 pbegin
), where ψR = {m?a | m ∈ M }, is a simple
a
b
sanity check which ensures that in πa , each m? must happen at time ≥ t + 1 if pbegin
happens at t;

V
1
1
1
1
!
∧
F
p
∧
C
p
∧
m
ψ3 = m∈M F(qb1 ∧ m?a ) ⇒ F(pbegin
)
∧
F(q
)
⇒
F(p
)
ensures
=1
a
a
b
b
b
b
that each m?, if it happens at t, is preceded by a corresponding m! at t − 1 in πa ;

V
1
1
1
1
?
ψ4 = m∈M F(p1b ∧ m!a ) ⇒ F(pend
ensures
a ∧ C<1 pb ) ∨ F(qb ∧ C=1 pb ) ⇒ F(qb ∧ ma )
that each m! at t is followed by a corresponding m? at t + 1 (unless pend happens first)
in πa .
Now observe that the only timed subformulae are C≥1 pbegin
, C=1 p1b , and C<1 p1b . As p1
a
read
and p
cannot happen in the same trace (πb ), it is not hard to see that the reduction
remains correct if we replace these by C≥1 (pbegin
∨ p1b ), C=1 (pbegin
∨ p1b ), and C<1 (pbegin
∨ p1b )
a
a
a
0
0
0
0
0
0
(respectively) to obtain ψ2 , ψ3 , and ψ4 . It follows that ψ1 ∧ ψ2 ∧ ψ3 ∧ ψ4 can be translated
into a one-clock deterministic TA. Finally, it is possible to move all the timing constraints
into the model and use an untimed HyperLTL formula as the specification: in the model,
{p2 }

{q 2 }

ensure that p1 and q 1 are separated by exactly 1 time unit, and add s0 −−−→ s1 −−−→ shalt
such that p2 and q 2 are separated by < 1 time unit; in the specification, use p2 , q 2 to rule
out those πa ’s with some m? at < 1 time unit from pbegin .
J
Now we consider the synchronous semantics. The corresponding result is weaker in this
case, as we will see in the next section that in several subcases the problem becomes decidable.
Still, the reduction above can be made to work if the model has one clock and an extra trace
quantifier is allowed.
I Theorem 14. Model checking ∃∗ ∀∗ -HyperMTL and ∀∗ ∃∗ -HyperMTL are undecidable in the
synchronous semantics.
Proof of Theorem 14.
We use a modified model A0 whose set of locations is
S ∪ {s1 , s2 , s3 , s4 }; the transitions are similar to A in the proof of Theorem 13, but we now
{p1 }

{q 1 }

{p2 }

x:=0

x≥1,x:=0

x:=0

{q 2 }

use a clock x in the path s0 −−−→ s1 −−−−−−→ shalt , the paths s0 −−−→ s2 −−−−−−→ shalt ,
{p3 }

{q 3 }

{p4 }

{q 4 }

x:=0

x>1,x:=0

x:=0

x<1,x:=0

x≤1,x:=0

{pread }

s0 −−−→ s3 −−−−−−→ shalt , s0 −−−→ s4 −−−−−−→ shalt are added, and s0 −−−−→ shalt is
removed. Moreover, a self-loop labelled with {p } is added to each of s0 , s1 , s2 , s3 , s4 ,
V
V
and shalt . The specification is ϕ0 = ∃πa ∀πb ∀πc 1≤i≤9 ψi0 where 1≤i≤9 ψi0 is the following
untimed LTL formula:
ψ10 = F pend
a ;
W
ψ20 = F(qb4 ∧ ψR ) ⇒ ¬ F(p4b ∧ pbegin
) where ψR = {m?a | m ∈ M };
a

V
ψ30 = m∈M F(qb1 ∧ qc2 ∧ m?a ) ∧ F(p1b ∧ p2c ) ⇒ F(p1b ∧ p2c ∧ m!a ) ;
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ψ40 = F(qb3 ∧ ψR ) ⇒ ¬ F(p3b ∧ X qb3 );
ψ50 = F(qb3 ∧ qc4 ∧ ψR ) ⇒ ¬ F(p3b ∧ X p4c );
W
ψ60 = F(p4b ∧ 
ψW ) ⇒ ¬ F(qb4 ∧ ¬ X >) where ψW = {m!a | m ∈ M }; 

V
ψ70 = m∈M F(p1b ∧ p2c ∧ m!a ) ∧ F(qb1 ∧ qc2 ) ⇒ F qb1 ∧ qc2 ∧ (m?a ∨ pa ) ;
ψ80 = F(p3b ∧ ψW ) ⇒ ¬ F(p3b ∧ X qb3 );
ψ90 = F(p3b ∧ p4c ∧ ψW ) ⇒ ¬ F(qb3 ∧ X qc4 ).
In this modified reduction, ψ10 , ψ20 play similar roles as ψ1 , ψ2 in the proof of Theorem 13.
ψ30 ensures that if each m? at t is preceded by an event at t − 1, then m! must hold there.
ψ40 and ψ50 ensures that each m? at t is actually preceded by an event at t − 1. The roles of
ψ60 , ψ70 , ψ80 , and ψ80 are analogous (note the use of silent events at the end of πa ).
J
Restricted models. We conclude this section by showing that the undecidability results
above can actually be obtained for trivial systems with only a single location. In particular,
the structural restrictions considered in [12] have no effect on the decidability of HyperMTL
model checking.
I Corollary 15. Model checking ∃∗ ∀∗ -HyperMTL and ∀∗ ∃∗ -HyperMTL are undecidable in the
asynchronous semantics for systems with only one location.
I Corollary 16. Model checking ∃∗ ∀∗ -HyperMTL and ∀∗ ∃∗ -HyperMTL are undecidable in the
synchronous semantics for systems with only one location.

5

Decidable subcases

While the negative results in the previous section may be disappointing, we stress again that
model checking alternation-free HyperMTL is no harder than MTL model checking, and it can
in fact be carried out with algorithms and tools for the latter. In any case, we now identify
several subcases where model checking is decidable beyond the alternation-free fragment.
Untimed model + untimed specification. The first case we consider is when both the
model and the specification are untimed, and the asynchronous semantics is assumed (note
that, if instead, the synchronous semantics is assumed, then this case is simply HyperLTL
model checking). Our algorithm follows the lines of [16] and is essentially based on selfcomposition (cf. [10], and many others; see the references in [16]) of the model; the difficulty
here, however, is to handle interleaving of events. Let the model A be a finite automaton over
ΣAP and the specification be a (untimed) closed HyperMTL formula over AP. Without loss
of generality, we assume the specification to be ϕ = ∃π1 ∀π2 . . . ∃πk−1 ∀πk ψ, which can be
rewritten into ∃π1 ¬∃π2 ¬ . . . ∃πk−1 ¬∃πk ¬ψ. We start by translating stutter(¬ψ) (in which
we replace all occurrences of >i with ¬pi , i.e. regarded here simply as an MTL formula over
(AP )k = {pi | p ∈ AP , 1 ≤ i ≤ k}) into the equivalent finite automaton over Σ(AP )k , and
W
V
V

take its product with (i) the automaton for G( 1≤i≤k ¬pi ) ∧
1≤i≤k G(pi ⇒
p∈AP ¬pi )
and (ii) the automaton obtained from stutter(A) by extending the alphabet to Σ(AP )k and
renaming all the occurrences of p to pk , to obtain B. Now let C be the projection of B
onto (AP )k−1 = {pi | p ∈ AP , 1 ≤ i ≤ k − 1} (this step corresponds to ∃ in ¬∃πk ). By
construction, B accepts only traces that are well-formed in dimensions 1 to k − 1, and so does
C; but C may accept traces containing {pi | 1 ≤ i ≤ k − 1}-events. We replace these events
by  (the “real” silent event, which can be removed with the standard textbook constructions,
e.g., [36]) to obtain C 0 . Finally, we complement C 0 to obtain C 00 (this step corresponds
to ¬ in ¬∃πk ). We can then start over by taking the product of C 00 , the automaton for
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W
V
V

G( 1≤i≤k−1 ¬pi ) ∧
1≤i≤k−1 G(pi ⇒
p∈AP ¬pi ) , and the automaton obtained from
stutter(A) by extending the alphabet to Σ(AP )k−1 and renaming all the occurrences of p to
pk−1 ; the resulting automaton is the new B. We continue this process until the outermost
quantifier ∃π1 is reached, when we test the emptiness of B (at this point, it is an automaton
over ΣAP ).
I Proposition 17. Model checking HyperMTL is decidable when the model and the specification
are both untimed.
One clock + one alternation. The algorithm outlined in the previous case crucially depends
on the fact that both A and ϕ are untimed, hence their product (in the sense detailed in the
previous case) can be complemented. When the synchronous semantics is assumed and there
is only one quantifier alternation in ϕ, it might be the case that we do not actually need
complementation. For example, if A is untimed and ϕ = ∀πa ∃πb ∃πc ψ where ψ translates
into a one-clock TA, the corresponding model-checking problem clearly reduces to universality
for one-clock TAs, which is decidable but non-primitive recursive [1].7 This observation
applies to other cases as well, such as when A is a one-clock TA and ϕ = ∃πa ∀πb ψ where ψ
is untimed; here model checking reduces to language inclusion between two one-clock TAs.
Untimed model + MIA specification. The main obstacle in applying the algorithm above
to larger fragments of HyperMTL, as should be clear now, is that universal quantifiers amount
to complementations, which are not possible in general in the case of TAs. Moreover, we note
that the usual strategy of restricting to deterministic models and specifications does not help,
as the projection step in the algorithm necessarily introduces non-determinism. To make the
algorithm work for larger fragments, we essentially need a class of automata that is both
closed under projection and complementable. Fortunately, there is a subclass of one-clock
TAs that satisfies these conditions. We consider two additional restrictions on one-clock TAs:
Non-Singular (NS): a one-clock TA is NS if all the guards are non-singular (i.e. must be
of the form x ∈ I where x is the single clock and I is a non-singular interval).
Reset-on-Testing (RoT): a one-clock TA is RoT if whenever the guard of a transition is
not >, x must be reset on that transition.
One-clock TAs satisfying both NS and RoT are called metric interval automata (MIAs), which
are determinisable [21]. Since the projection operation cannot invalidate NS and RoT, the
algorithm above can be applied when the synchronous semantics is assumed, A is untimed,
ψ or ¬ψ translates to a MIA, and only one complementation is involved; in this case it runs
in elementary time.
I Proposition 18. Model checking ∀∗ ∃∗ -HyperMTL (∃∗ ∀∗ -HyperMTL) is decidable in the
synchronous semantics when the model is untimed and ψ (¬ψ) translates into a MIA in the
specification ϕ = ∀π1 . . . ∃πk ψ (ϕ = ∃π1 . . . ∀πk ψ).
On the other hand, we can adapt the proof of Theorem 14 to show that model checking
an untimed model against an ∃∗ ∀∗ -HyperMTL specification ϕ in the synchronous semantics,
when the quantifier-free part ψ (instead of ¬ψ) translates into a MIA, remains undecidable.

7

This case is undecidable in the asynchronous semantics by Theorem 13; as explained above, the algorithm
may introduce -transitions in the asynchronous semantics, while universality for one-clock TAs with
-transitions is undecidable [1].
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I Proposition 19. Model checking ∃∗ ∀∗ -HyperMTL is undecidable in the synchronous semantics when the model is untimed and ψ in the specification ϕ = ∃π1 . . . ∀πk ψ translates
into a MIA.
The decidability results in the synchronous semantics are summarised in Table 1.
Table 1 Decidability of model checking untimed or one-clock TAs against (one-clock) HyperMTL
in the synchronous semantics; NS stands for Non-Singular constraints and RoT stands for Reset-onTesting.
Spec.

untimed

NS+RoT

NS

RoT

untimed

Dec.
(Proposition 17)

Dec. for ∀∗ ∃∗
(Proposition 18)

Undec. for ∃∀∀
(Proposition 19)

Undec. for ∃∀∀
(Proposition 19)

NS+RoT

Undec. for ∃∀∀
(Theorem 14)

Undec.

Undec.

Undec.

NS

Undec.

Undec.

Undec.

Undec.

RoT

Undec.

Undec.

Undec.

Undec.

Model

Bounded time domains. We end this section by showing that when there is an a priori
bound N (where N is a positive integer) on the length of the time domain, the model-checking
problem for full HyperMTL becomes decidable; in fact, in the case of synchronous semantics
it reduces to the satisfiability problem for QPTL [56]. From a practical point of view, this
implies that time-bounded HyperMTL verification (at least for the ∃∗ ∀∗ -fragment, say) can
be carried out with highly efficient, off-the-shelf tools that work with LTL and (untimed)
automata, such as SPOT [20], GOAL [57], and Owl [40].
We assume the asynchronous semantics. For a given N , we consider all traces in which all
timestamps are less than N . Denote by JAK[0,N ) the set of all such traces in JAK; the modelchecking problem then becomes deciding whether JAK[0,N ) |= ϕ. As before, we assume ϕ to
be ∃π1 ¬∃π2 ¬ . . . ∃πk−1 ¬∃πk ¬ψ. Following [34, 48], we can use the stacking construction
W
V

to obtain, from
the conjunction ψ 0 of stutter(¬ψ) and G( π∈Q ¬pπ ) ∧
π∈Q G(pπ ⇒

V
0
p∈AP ¬pπ ) , an equi-satisfiable untimed (QPTL) formula ϕ = ∃W ψ over the stacked
alphabet (AP )k ∪ Q (where (AP )k = {pi,j | p ∈ AP , 1 ≤ i ≤ k, 0 ≤ j < N } and
Q = {qj | 0 ≤ j < N }). We apply the following modifications to ϕ to obtain ϕ0 :
introduce atomic propositions {pi | 1 ≤ i ≤ k} and add the conjunct



∧1≤i≤k G ∧0≤j<N (qj ⇒ pi,j ) ⇔ pi ;
introduce atomic propositions {qi,j | 1 ≤ i ≤ k, 0 ≤ j < N } and add the conjunct

∧1≤i≤k G ∧0≤j<N (¬pi ∧ qj ⇔ qi,j ) ;
project away {pi,j | 1 ≤ i ≤ k, 0 ≤ j < N } and Q;
replace all occurrences of pi by ⊥i .
Now, as we mentioned earlier, we can write A as an (MSO[<, +1] [48]) formula ϕA = ∃XA ψA
where XA is a set of atomic propositions such that AP ∩ XA = ∅ and ψA is an MTL formula
over AP ∪ XA . Let ϕA be its stacked counterpart ∃XA ∃Y ψA ; we translate ϕA back into
an untimed automaton A over the stacked alphabet AP ∪ Q. The problem thus reduces to
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untimed model checking of A against ∃π1 ∀π2 . . . ∃πk−1 ∀πk ϕ0 in the asynchronous semantics,
which is decidable by Proposition 17 (ϕ0 has outermost existential propositional quantifiers,
but clearly the equivalent automaton can be used directly in the algorithm).
Finally, note that the proof is simpler for the case of synchronous semantics: we can
simply work with a (non-stuttering) MSO[<, +1] formula in all the intermediate steps without
translating it into an automaton, and then check the satisfiability of the final formula by
stacking it into a QPTL formula.
I Proposition 20. Model checking HyperMTL is decidable when the time domain is [0, N ),
where N is a given positive integer.
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