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Preface

The 31st International Conference on Probabilistic, Combinatorial and Asymptotic Methods
for the Analysis of Algorithms (AofA 2020) was planned to be held in Klagenfurt, Austria,
June 15-19, 2020. Due to the Coronavirus outbreak the conference had to be shifted to an
online conference.

Analysis of algorithms is a scientific basis for computation, providing a link between
abstract algorithms and the performance characteristics of their implementations in the
real world. The general effort to predict precisely the performance of algorithms has come
to involve research in analytic combinatorics, the analysis of random discrete structures,
asymptotic analysis, exact and limiting distributions, and other fields of inquiry in computer
science, probability theory, and enumerative combinatorics. See http://aofa.cs.purdue.
edu/.

The Call for Papers invited papers in
analytic algorithmics and combinatorics,
probabilistic analysis of algorithms, and
randomized algorithms.

We also welcomed papers addressing problems such as: combinatorial algorithms, string
searching and pattern matching, sublinear algorithms on massive data sets, network al-
gorithms, graph algorithms, caching and memory hierarchies, indexing, data mining, data
compression, coding and information theory, and computational finance. Papers were
also welcomed that address bridges to research in related fields such as statistical physics,
computational biology, computational geometry, and simulation.

The present issue collects 25 contributions to the AofA 2020 conference that have been
refereed and selected by the Program Committee.

The planned invited speakers were

Wojciech Szpankowski (Flajolet Lecturer), Purdue University, USA,

Mireille Bousquet-Mélou, Université de Bordeaux, France,

James A. Fill, The Johns Hopkins University, Baltimore, USA,

Malwina Luczak, University of Melbourne, Australia,

Andrew Rechnitzer, University of British Columbia, Canada.

We acknowledge the financial support by the University of Klagenfurt.

Michael Drmota and Clemens Heuberger,
on behalf of the Program Committee
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On Lattice Paths with Marked Patterns:
Generating Functions and Multivariate Gaussian
Distribution

Andrei Asinowski
University of Klagenfurt, Austria
https://me.aau.at/~anasinowski

Cyril Banderier
Université Paris 13 (LIPN, UMR CNRS 7030), France
https://lipn.fr/~banderier

—— Abstract

In this article, we analyse the joint distribution of some given set of patterns in fundamental
combinatorial structures such as words and random walks (directed lattice paths on Z?). Our
method relies on a vectorial generalization of the classical kernel method, and on a matricial
generalization of the autocorrelation polynomial (thus extending the univariate case of Guibas and
Odlyzko). This gives access to the multivariate generating functions, for walks, meanders (walks
constrained to be above the z-axis), and excursions (meanders constrained to end on the z-axis).
We then demonstrate the power of our methods by obtaining closed-form expressions for an infinite
family of models, in terms of simple combinatorial quantities. Finally, we prove that the joint
distribution of the patterns in walks/bridges/excursions/meanders satisfies a multivariate Gaussian
limit law.

2012 ACM Subject Classification Mathematics of computing — Generating functions; Mathematics
of computing — Distribution functions; Theory of computation — Random walks and Markov
chains; Theory of computation — Grammars and context-free languages

Keywords and phrases Lattice path, Dyck path, Motzkin path, generating function, algebraic
function, kernel method, context-free grammar, multivariate Gaussian distribution

Digital Object Identifier 10.4230/LIPIcs.AofA.2020.1

Funding Andrei Asinowski: supported by the Austrian Science Fund (FWF), in the framework of
the project Analytic Combinatorics: Digits, Automata and Trees (P 28466-N35).

Acknowledgements We thank the referees for their feedback.

1 Definitions and notations for directed lattice paths

Let S, the set of steps (or jumps), be some finite subset of Z that contains at least one
negative and at least one positive number. A lattice path with steps from S is a finite word
w = (s1,82,...,8,) in which all letters belong to S, visualized as a directed polygonal line
in the plane, which starts in the origin and is formed by successive appending of vectors
(1,51),(1,82),...,(1,8,). The n letters that form the path w = (s1, $2,..., s,) are referred
to as its steps. The length of w, to be denoted by £(w), is the number of steps in w. The final
altitude of w, to be denoted by h(w), is the sum of all steps in w, that is s1 + s2 + ... + sp.
Visually, ¢(w) and h(w) are the z- and the y-coordinates of the point where w terminates.
One considers four classes of paths: a walk is any path as described above; a bridge is a path
that terminates at the x-axis; a meander is a path that stays (weakly) above the x-axis; an
excursion is a path that stays (weakly) above the x-axis and terminates at the x-axis.

? Andrei Asinowski é.ll’ld Cyril Bandgrier;
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Lattice Paths with Marked Patterns and the Multivariate Gaussian Distribution

Table 1 For the four types of paths (walks, bridges, meanders, excursions) and for any set of
steps encoded by S(u), we give the corresponding generating function marking a set of patterns
Piy...,Pm. The formulas involve the e small roots u; (i.e. u;(t) ~ 0 for ¢ ~ 0) of the kernel
K(t,u) := (1 —tS(u))A + A, where A and A’ are determinants related to the correlation matrix of
the patterns. (See Theorems 4, 10, and 12.)

ending anywhere ending at 0

on 7
bridges
B(t) = — ; % %
on N
meanders excursions
M (t,u) = mg(u—ui(t)) E(t) = Ht)eﬂi_ﬁlui(t)

For each of these classes (in the simpler case of no pattern constraint), Banderier and
Flajolet [6] gave general expressions for the corresponding generating functions and the
asymptotics of their coefficients. A unified study of lattice paths with a single forbidden
pattern was recently started by Asinowski, Bacher, Banderier, and Gittenberger [1]: for
any fixed path p (a “pattern”) they give the generating function and the asymptotics for
paths that avoid p as a consecutive string. Moreover, they initiated the more general analysis
of marking a pattern: here, one considers a generating function with an extra variable v
which encodes the number of occurrences of the pattern p in the path. Setting v = 0 gives
the generating function for walks that avoid p. In this article, we further generalize this work
to the case where several patterns are marked. The situation is more challenging: more
correlations create more obstacles; however, we shall see that one can still derive closed-form
expressions in terms of natural combinatorial quantities!

Throughout our article, in the generating functions, the variable ¢ corresponds to the
length of a path, and the variable u to its final altitude. S(u) is the step polynomial of the
set of steps S, defined by

S(u) = Z u’.

SES
The set of forbidden/marked patterns will be denoted by P = {p1,...,pm}-



A. Asinowski and C. Banderier

2 Generating functions for walks and bridges with marked patterns
For the case of a single marked pattern p (see e.g. [1, Thm. 7.1]), the trivariate generating
function of walks is

v+ (1—v)R
(1—tS) (v + (1 —v)R) + (1 — v)t@yh®)’

W(t,u,v) = (1)
where t,u, v are the variables as explained in Section 1; ¢(p) and h(p) are the length and
the final altitude of the pattern p; and R = R(t,u) is the autocorrelation polynomial that
encodes the overlaps of p with itself — see the definition below. The specialization v = 0 gives
W (t,u,0) = R/((1 —tS)R + te(p)uh(p)), the generating function of walks that avoid p; and
v =1 gives W(t,u,1) = 1/(1 —tS5) — as expected, since it enumerates all the walks over S.

In this work, we consider the more general case of marking several patterns. To this
end, let S be a set of steps, and let P = {p1,pa,...,pm} be a set of patterns (that is, fixed
words over §). In what follows, we assume that P is a reduced system, that is, the words
P1,P2, - - -, Pm do not contain each other (where the inclusion is understood as that of strings,
for example ab < abcd and bc < abed but ac ¢ abced).

A central role in our approach is played by the notion of mutual correlation, a way to
formalize how patterns overlap with each other. Given two patterns p; and p;, an overlap of
p; and p; is a non-empty string that occurs as a suffix in p; and as a prefix in p;. Let O; ;
be the set of all overlaps of p; and p;. Further, let C; ; be the set of words obtained from p;
by erasing all the of overlaps p; and p; (as prefixes of p;). More formally, this leads to the
following definition.

» Definition 1 (Mutual correlation polynomials). The mutual correlation sets are defined as
Cij=Aa: 3¢.d"(d" #€): pi=d.q",p; =4q".q}. (2)
Accordingly, the mutual correlation polynomials are defined as

Ci,j(t,u) = Z te(q)uh(q). (3)

qECi,j

In particular, for i = j, C; ;(t,u) is the autocorrelation polynomial introduced in the case of
one single pattern by Schiitzenberger [38] for prefix codes and by Guibas and Odlyzko [27]
in the context of text searching and string overlaps, see also [25, Formula (8.81)] for a first
generalization.

» Example 2. Let p; = aaba, p; = abab. Then we have
O1,1 = {aaba,a}, C1 1 = {¢,aba}, C1 1 = 1 + t3u22+?;
0172 = {aba,a}, 0172 = {b, bélb}7 0172 = tub + t3ua+2b;
021 =C21 =3, Cy1 =0
O35 = {abab,ab}, Ca2 = {€,ab}, Ca0 = 1 + t?2u**?.

Let W = W(t,u,v1,...,vy) be the generating function for the walks, where each occur-
rence of the pattern p; (i = 1,...,m) is marked by the variable v;. That is, the coefficient
of t*uPv]* .. v)m in W is the number of walks of length « and final altitude 3 that have
exactly ~; occurrences of p; for i = 1,...,m. (Note that occurrences of each pattern are
taking self-overlaps into account: thus, for example, the path aaaa contains three occurrences
of aa and two occurrences of aaa.)

1:3
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Lattice Paths with Marked Patterns and the Multivariate Gaussian Distribution

» Remark 3 (The automaton paradigm). Given S and P, walks with marked patterns can be
encoded by a finite automaton A: a walk w is in state Z, if « is the longest overlap of w
with some pattern(s) (if there are no such overlaps, then w is in the initial state Z.)!. This
approach leads to the formula

(1,0,...,0) adj(I —tA) (1,...,1)7

Wt u,v1, ..., 0m) = (4)

det(I —tA) ’
where A = A(u,v1,...,v,) is the transition matrix of the automaton 4. (NB: the first
row/column of A correspond to the initial state Z..) In Formula (4), the vector (1,0,...,0)

encodes the fact that the state Z. is the single initial state of A, and the vector (1,...,1)T
encodes the fact that all states of A are final. (See the automaton in Example 9 for an
illustration.)

Our first result is another more combinatorial formula for W, bypassing the computational
cost inherent to the automaton paradigm approach. This formula can be established via the
cluster method, as popularized by Goulden and Jackson [24]. It is an instance of what Flajolet
called symbolic inclusion-exclusion and it was e.g. used in [1,11,32,35,39]. Below, we opt for
another proof strategy which emphasizes the role of the mutual correlation polynomials.

» Theorem 4. Let S be a set of steps, and P = {p1,...,pm} a set of (mutually not included)
patterns. The multivariate generating function of walks (where t encodes the length,
u the final altitude, and v; occurrences of the pattern p;) is given by

A
W (t,u,v1, ..., Up) = — , (5)
(1—tSw)A+ ) Athiul
i=1
where A = A(t,u,v1,...,0y) is the determinant of the mutual correlation matriz
v + (1 — 1)1)0111 (1 — 1)2)0211 e (1 — vm)(]m@
(1 — 01)0172 V2 + (1 — 'U2)CQ72 [ (1 — ’Um)cm,g
; (6)
(1 - 7)1)Cl,m (1 - U2)C2,m e Um + (1 - Um)cm,m
and, fori=1,...,m, Ay = Ai(t,u,v1,...,vy) is the determinant of the matriz obtained
from the mutual correlation matriz by replacing its ith row with (1 —vy,...,1 —vy,), and ¢;

and h; are the length and the final altitude of p;.

Proof. It is convenient to introduce the generating function W;(t,u,v1,...,v,,) of walks
having p; as a suffix. We first show that W, Wy, ..., W, satisfy the equation

WtS =W —1+ i(v;hl)wj. (7)

=1

To this end, we take a path w € W and append a single letter s € S at its end. If this
produces no new occurrence of a pattern from P, then w.s is counted by W — 1 — Z;nzl Wj.
Otherwise, there is a new non-marked occurrence of a (uniquely determined) pattern p; € P
at the end of w.s, and thus w.s is counted by U;1Wj. Now, as s can take all values in S,

this covers all the p;’s, and leads to the contribution Z;”:l v;le.

1 The notation Z, often used in statistical mechanics, is reminiscent of the word Zustand, which means
state in German.
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Figure 1 Illustration to the proof of Theorem 4. This schematic example (involving three patterns,
p1, p2, and ps) illustrates how the mutual correlation polynomials C; ; lead to the fact that the
contributions of the decompositions w’.pz.q cancel out telescopically in the right-hand side of (8),
and the full sum thus equals v!' v:2v% , which is indeed the same as the contribution of the left-hand

side of (8).

Next we show that, for each i = 1,...,m, we have

Wity 1—W+Z L DW0;. (8)
To prove this, we take a path w € W and append the pattern p; at its end, but do not
mark any new occurrences of patterns from P. For j = 1,...,m, let 7; be the number
of occurrences of the pattern p; in w. Then w.p; in the left-hand side of (8) contributes
v{*vg? ... vm to the generating function. Apart from p; at the end, there are possibly some

new occurrences of some patterns in w.p;. Consider such a new occurrence of a pattern, say
of py, in w.p;. Then we have a decomposition w.p; = w'.py.q,, where g, € C, ;.
w

S

)

w/ Pz 4z S Cx,i

For j =1,...,m, let 0; be the number of occurrences of the pattern p; in w’.p,. Then
this decomp081t10n contributes v] v‘252 . '"/vm to vy WECW-, and vf1v32 . vf,’;" to WClyi.
Now consider the next new occurrence of a pattern, say of py, in w.p;. The decomposition
w.p; = w” .py.qy, where g, € Cy ;, contributes vflvgz .m0 v_IW yCy,i and v‘;l 52 o vomyy,
to Wy, Cy ;. Therefore, in the right-hand side of (8), the Contrlbutlons of all the decompositions
of w.p; will cancel out telescopically (we add W; to cancel the contribution of w.p; itself),

except the very first term whose contribution is v]'v3* ... v)m. See Fig. 1 for illustration.
Finally, we regard (8) as an m x m linear system Cx =d with x = (Wq,...,W,,) and
d = (Wthuh, ... Witlmyhm). Let, further, e = (v;'—1,...,v;! —1). We use the elementary

fact that if Cx =d and CTy = e, then x-e = d -y, to find 2j=1(v;1 — 1)Wj. The solution
y of CTy = e can be written by Cramer’s rule: we have y = (det(C}),...,det(Cy,))/det(C),
where C; is the matrix obtained from C' by replacing its ith row with e. Therefore we have

i(vj_l —1)W;=x-e=d-y = (W/det(C Ztl hidet(C;). 9)

We substitute this to (7), and solve for W. Finally, we multiply the numerator and the
denominator by v ...v,,, and after some more rearrangement this yields the claimed for-
mula (5). <
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» Remark 5. Theorem 4 is a far-reaching generalization of several earlier results. For
v1 =...=0,, =1, we have C = I and hence A =1, and A; =0 for 1 = 1,...,m; thus
W(t,u,1,...,1) = 1/(1—tS) as expected. For v; = ... = v, = 0, we get the formula for walks
that avoid p1,...,pm, which was first obtained in [2]. For m = 1, we obtain [1, Thm. 7.1].

» Remark 6. Obtaining the generating function W by means of the finite automaton would
generically require the inversion of an L x L matrix with symbolic coefficients, which is costly
in time and in memory (L := >,!", ¢; is the sum of the lengths of the marked patterns). It is
nice that our formula based on the mutual correlation sets is algorithmically more efficient,
and directly gives the generating function, avoiding those larger costs. However, comparing
the two formulas for W leads to the following result (which will be used in the next section
for our derivation of the closed-form formula for meanders).

» Proposition 7. In the notation introduced above, we have

Aty u, vy, ..., vm) = (1,0,...,0) adj(I —tA) (1,...,1)T, (10)
m
K(t,u,v1, ..., 0m) i= (1= tS(u)A + Y Al = det(I — tA). (11)
i=1
Proof. Compare the formulas (4) and (5) for W, and notice that in both of them the
denominator is polynomial in ¢ with constant term 1. <

» Definition 8. The expression K from (11) will be called the kernel of the walk.

» Example 9. Consider Dyck walks (we denote the steps by d := —1, u := 1) with marked
patterns p; = udu and ps = dud. The following drawing shows the automaton for this model
and its transition matrix A (the ordering of states is Zc, Zy, Zud, Zd, Zdu)-

0 wu 0 ut 0
0 u wut 0 0

A=1|0 0 0 ut v
0 0 0 ut o
0 u wou™! 0

We find C1 1 = Cop =1+ 2, Cio = tu~t, Cs,1 = tu; so, the mutual correlation matrix is

v1 4+ (1 — 1) (1 +t2) (1 —wo)tu
(1 —wvy)tu? vg + (1 —v2)(1 + t2)
By Theorem 4, we obtain the generating function for Dyck walks with marked p1, po:

1+ t2(1 — v1v2) + 41— v1)(1 — v2)
L—t(ut +u) + 12(1 — viv2) — 3 (utwa (1 — v1) + uvr (1 — v2)) — t4(1 — v1) (1 — v2)
Setting v1,v3 to be 1 or 0, we allow or forbid the corresponding patterns. In this easy

W(t7 u, vy, UQ) =

case, this recovers several known sequences, for example W (t,u,1,1) = ————  (as
1—t(u™t +u)
ted, since th tricted walks):; W (t,1,0,1) = W (¢, 1,1,0) 14t
expected, since these are unrestricted walks); = =
p ) ) ) ) ) ) ) 7 1 _ 2t + t2 _ t3
5 1412 +¢* . .
(A005251)° ; W (t,1,0,0) = RS TSr—— (128588, double Fibonacci numbers).

2 This refers to the On-Line Encyclopedia of Integer Sequences (OEIS), available at https://oeis.org/.
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» Theorem 10. Let S be a set of steps, and P = {p1,...,pm} a set of (mutually not included)
patterns. The multivariate generating function of bridges is given by’

L ul(t) At ui(t))
B(t,vl,...,vm):;ui(t)m7 (12)

where uy(t),...,uc(t) are the small roots of K(t,u) (as defined in (11)).

Proof. To prove this formula, we extract [u"] from W, and obtain

e Alt,u) v At w)
—du = Su=u; =
luj=e U ! Z RS, uK(t,u) Z £

i=1

B = [u*)(W) = —

C2mi

via Cauchy’s integral formula and the residue theorem, where the poles inside |u| = € happen
to be exactly the small roots u;. Finally, the chain rule for total derivative yields Eq. (12). <«

» Example 11. We return to the example considered above — Dyck walks with marked
p1 = udu and py = dud. By Theorem 10 we obtain the generating function for bridges:

14+ (I—wvw)t?2 4+ (1 —wv)(1—wo)tt
B(t -
(01, v2) \/1+(—S—Ulvz)tQ+(1—1}1)(1—vg)t4’

which, in its turn, yields sequences that appeared in earlier work in different contexts such as

patterns in binary strings, but also the Potts model from statistical mechanics: B(t,1,1) =

Wi (central binomial coefficients, as expected), B(t,0,1) = B(t,1,0) = 4/1_7:%2
1+t2+¢4

4025565, [3,16,30]), B(t,0,0) = A/ —————
( ’[7 I ])7 (7)) 1*3t2+t4

(078678 [19, 34, 36]), etc.

3 Generating functions for meanders and excursions with marked
patterns

While generating functions for walks can be found as a solution of a system of linear
equations (which, in particular, implies that they are rational), the generating functions for
meanders/excursions are typically algebraic (non-rational) and can be found by a suitable
variation of the kernel method. One of them, the wvectorial kernel method, was recently
developed in [1] for dealing with enumerative problems encoded by a counter automaton. One
of the cases in which this method leads to explicit formulas was that of meanders/excursions
that avoid a single pattern p under the assumption that p itself is a meander. In this case,
one has

R(t,u) 1 1
M(tu) = —2" — it d E®t) = —> [ [(~u(t)),
(0 = g LT —w@)  and B0 = = [T
where ¢ is the absolute value of the smallest number in S, R(¢,u) is the autocorrelation
polynomial, K (¢, u) is the kernel, and uy (¢), ..., u.(t) are the small roots of K (¢,u). Our next
theorem expands this result in two directions: first, it deals with several patterns, second,

these patterns are marked and not just forbidden.

3 Here and below we frequently remove the markers in the list of arguments of a function, writing K (¢, u),
A(t,u), ui(t) for K(t,u,vi,...,vm), A, u,v1,...,0m), ui(t,v1,...,0m), etc.
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» Theorem 12. Let S be a set of steps, and P = {p1,...,pm} a set of (mutually not included)
patterns, all of them being meanders themselves. Then the multivariate generating
function of meanders is

M(t v, o) = Mn(u—ui(t)), (13)

uK(tu) 5 7
where K (t,u) is the kernel as in (11), A(t,u) is the determinant of the mutual correlation
matriz (6) as in (10), and uy(t),...,uc(t) are the small roots of K(t,u).
The multivariate generating function of excursions is given by

C

E(t,v1,...,0m) = M(t,0,01,...,0m) = _% [ J(—uit)). (14)

i=1

Proof. To prove (13), we apply the vectorial kernel method. According to its general scheme,
we encode the meanders by the automaton, as explained before Theorem 4. We denote by M;
the generating function for meanders that terminate in state Z;, and let M = (M, M>, .. .).
Then we have the functional equation

M = (1,0,...,0) + tMA — {u~"}(tMA), (15)

where {u="}(tMA) consists of all terms of {MA that contain negative powers of u (in other
words, {u="}(tMA) counts the paths w.s such that w is a meander and s € S, and w.s
crosses the z-axis at its last step). Next we rewrite (15) as

M(I —tA) = (1,0,...,0) — {u=}(tMA). (16)

At this point we claim that in {u=°}(tMA) only the first component is non-zero. This
follows from the assumption that all our patterns are meanders. Therefore, if a walk w.s as
above has a non-empty overlap with p € P, it is impossible that its last step crosses the x-axis.
This means that w.s crosses the z-axis at its last step, then it is necessarily in state Z..
Therefore, negative powers of u can occur only in the first component of tMA. Notice further
that all the terms of {u="}(tMA) contain u to some powers between —c and —1. Therefore
we can multiply (16) by u¢ and obtain

Mu (I —tA) = (F(t,u),0,...,0), (17)

where F(t,u) is a monic polynomial in u of degree c.
Next we multiply (17) by adj(I —tA)(1,...,1)T, and obtain, due to (10) and (11),

M(t,u) u® K(t,u) = F(t,u)A(t,u). (18)

Here, it is legitimate to substitute, for u, any small root u;(t) of K(t,u). Then the left-hand
side of (18) vanishes. It is impossible that A(t, u;(t)) = 0 because A(t,u), as polynomial
in ¢, has constant term 1 (this follows from the fact that C; ;(¢, ) has constant term 1, and
C;,;i(t,u), i # j, has constant term 0). Therefore we have F(¢,u;(t)) = 0, that is, u;(¢)’s also
are roots of F(t,u).

Finally, K(t,u) has precisely ¢ small roots, ui(t),...,u.(t) (this can be proven in the
same way as [1, Prop. 4.4]). Thus, ui(t),...,u.(t), are roots of F(t,u), which is a monic
polynomial of degree u. Therefore we know its decomposition, F(t,u) = []i_, (v — u;(t)).
Now the formula (13) follows from (18).

To get (14), we substitute u = 0 and notice that the only term in the denominator that
does not vanish is —tA. <
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» Example 13. Basketball walks are lattice paths with § = {—2,—1,1,2}. We also denote
their steps by D = —2,d = —1, u = 1, U = 2. In this example we find the generating functions
for meanders and excursions with marked p; = UDU and py = UdU. The automaton and its

transition matrix are shown in the next figure, the ordering of the states is Z., Zy, Zup, Zud-

u 4wt 4u ol 0 0
U u? R T
A=
v et +u vl 0 0
v ZHut+u wvu 0 0

We have S(u) = u=2 + u™! + u + u? and ¢ = 2. The mutual correlation polynomials are
Ci1 = 1412, Cio = t?u, Cy1 = 12, Cys = 1+ t?u. By Theorem 4, we obtain A = 14+ t2 + t?u
and K = —((t +t3) + (t + 2t%)u — (1 + 2 — 3)u® + (t — 2 + t*)u® + (¢ + t*)u*) /u®. Thus,
u?K is a polynomial of degree 4 with two small roots given by given by Puiseux series
3 1 159

1 2 5 T
S 000y SO Day
gt g T ot

3,5 1761 7 7, 213435+ 16384v, %+19+2v1 —i—vgts+
2 = 32768 2 -

By Theorem 12, we obtain generating functions for meanders/excursions with marked p1, pa:

A(t,u)
K ) (u—u1(t))(u—uz(t)) =
L+ (utu?) t+(24utu® + 20 +ut 2+ (2+5ut (541 ) u®+ (2402 )u? +3ut +3u’+ul )3+ . |

Uy (t)UQ (t)
—t

M(t,u,vl,’Ug) =

E(t,v1,v9) = =14262+ 2%+ (10+v7 )4+ (21401 +202 )t +(79+9v1 +4vg+v] )0+, . .

(For example, there is one excursion of size 5 that contains UDU, namely UDUdd, and
two excursions that contain UdU, namely UdUdD, and UdUDd.)

To obtain the univariate generating functions for all meanders and that for excursions
that avoid p1,p2, we substitute v; = vo =0, and u = 1 resp. u = 0:

M (t) = 14+2t+7t2 42113 4714 +245¢° + 8675 +3091¢7 +11147¢5+40491t7 +148010t 0. . . |
E(t) = 14224+ 263 +10t* + 2185 +79¢5+224¢7 + 77145 +2462t° +-8409¢ 0+ . .

» Remark 14. If some of the patterns are not meanders, then generically several components
of {u="}(tMA) are non-zero. Therefore, in general one does not get simple equations
as (17) and (18), and the formula (13) does not hold verbatim. However, it is then possible
to use the approach introduced in [1, Thm. 3.2]; this gives that M(¢,u) has the form
U?I((t(fl) [ 15—, (w—wu;(t)), where G(t,u) is polynomial in u. There are other cases, not covered
by Theorem 12, where it is possible to find formulas for M(t,u) and E(t,u). For example,
if the only negative step in S is —1 (such paths are called Lukasiewicz walks), one can use

the fact that a path can cross the z-axis only when a (—1)-step is appended to an excursion.

Using further ideas developed (for avoidance) in [2], we can find, for example, generating
functions for Dyck meanders/excursions with marked p; = udu, ps = dud:

M(t,u,v1,v9) = (1 _ P ”12)(1 —ve) (1 - M)) u%(u —u(t)),

A A 4t2
E(t7v171)2)_ U1(t) = 50 (1_ 1_t>,

1 2u(1—vy) 831 —v) (1 —v)ug(t) ¢ 22 A

where A = 1+ t2(1 — vyvg) + t*(1 — v1)(1 — vg) as found in Example 9 (note that another
form of E(t,v1,v2) is mentioned in A145895).
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4  Multivariate Gaussian limit laws for pattern occurrences

4.1 Gaussian and multivariate Gaussian distribution

The Gaussian distribution is ubiquitous is mathematics, physics, biology, astronomy, finance,
computer science, and even in human sciences, and, in fact, in any domain in which one
could collect numerical data and do some statistics with them.

There are two frequent simple explanations of this universality.

The first explanation is probabilistic: the central limit theorem of Laplace asserts that
if one considers a sequence of independent and identically distributed random variables
(X )nen (with expected value p and finite variance o?), then the sum >, _, X} is
converging towards the Gaussian distribution A (u, o).

The second explanation is analytic: if the corresponding probability generating function
of Prob(X,, = k) behaves like a “quasi-power” (see [29]), then X, has a Gaussian limit
distribution.

Both approaches have their own interest, as both admit some flexibility in their condition of
application. As masterfully presented by Flajolet and Sedgewick in [22], the second approach
is typically split into two steps: first a combinatorial step consists in getting a closed-form
expression (or a functional equation) for the generating function, and then a local analysis
of this function near its dominant singularity is performed in order to get some universal
behaviour (limit law, etc).

We apply a generalization of this analytico-combinatorial approach to the case of joint
laws Pr(X; = k1,...,X;n = k), including in cases where the random variables X; are
dependent. The dependence (the correlations) will be handled at the level of the generating
function, on which some multivariate complex analysis is then performed in order to get
the limit law. As a first step towards more examples in the realm of “multivariate analytic
combinatorics” (as initiated in [12,20,28,37]), we present here some results related to the
multivariate Gaussian distribution.

For the tuple of random variables X = (X3,...,X,,) of average p = (u1,..., tm) the
associated covariance matrix ¥ is defined by

Eij = E[(XZ — ,U,z)(X] — [IJJ)] (fOI‘ Z,j = 1, e ,m). (19)

This matrix ¥ is also sometimes called the variance-covariance matrix, as the diagonal terms
are exactly the variance of each X;. Note that ¥ is a positive-definite matrix, therefore
vdet X is well defined.

The multivariate Gaussian distribution (also called multivariate normal distribution, or
m-dimensional Gaussian distribution, see e.g. [17]), denoted by N (i, ¥), is a generalization
of the classical (one-dimensional) normal distribution; its density is

W exp (—;w W —m) | (20)

When all the bold quantities are scalars (i.e. when m = 1), it is coinciding with the
classical expression for the density of the Gaussian distribution.

Let us now illustrate this multivariate approach on fundamental objects such as words
and constrained lattice paths. We first present a nice unifying example, before switching to
more general cases from the algebraic world.
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4.2 A multi-multivariate generating function for all patterns at once

There is a vast amount of literature on Dyck, Motzkin, Schroder ete. lattice paths (or some
related classes of RNA structures, ordered trees, permutations) in which some combination
of patterns (valleys, peaks, etc.) are considered. Proofs of such results often rely on some ad
hoc context-free grammar decompositions; see e.g. [10,15,18,21,31,33]. The power of our
approach is also in the fact that it enables us to obtain many such results at once by marking

sufficiently many patterns and then setting them to be 0 or 1 in any desirable combinations.

We illustrate this for the model of Motzkin walks (S = {d = —1,h = 0,u = 1}) in which
we mark all possible patterns of length 2. To this aim, we introduce nine markers for all such
patterns (vug for the pattern ud, etc.), and we obtain an even more explicit formula in cases
not covered by the closed-form formula from Theorem 12. We give the general expression for
excursions in the following theorem (the general expression for meanders is somewhat more
lengthy, see also [2, Thm. 4]).

» Theorem 15. The generating function E(t, Uyy, Vuh, Yud, Uhus Uhhs Uhds Udu, Vdh, Udd ) of Motzkin
excursions, where each v, counts the number of occurrences of the pattern p, is

(Udd — 1) — t((vdd — ]-)Uhh — (Udh — 1)Uhd — Udd + 'Udh) + (1 + t(Udh — vhh))%‘u:ul(t)

Vdd + t(VdhVhd — VddUhh)

» (21)

where uy(t) is the unique small solution of the kernel K(t,u), and vy and v4 are the 1st and
the 4th components of v := adj(I — tA)(1,...,1)T.

Proof (Sketch). This model is encoded by the following automaton and its transition matrix:

-1
VuuU Uuh VudU
Vhuh  Uhh  UndU

Vduh  Udh  UddU

A Motzkin path can cross the x axis only by reading d (that is, entering the 4th state).

Thus, only the fourth component of tIMA has terms with negative powers of u. This leads to
the equation vy (t,u) — v4(t,u)N(t,u) = 0 where N (t,u) is the generating function for the
terms with negative powers of u in the fourth component of tMA. Note that by analyzing
which patterns are read if w.s crosses the x-axis, we can express N in terms of E.

Finally, as uK (t,u) is a polynomial of degree 2 in w, it has one small root, u(t) (we
dropped the dependency on the other variables v,’s of the kernel (11)). Now, by the vectorial
kernel method (see the proof of Theorem 12), this leads to the formula (21) for E. <

Setting the markers v, to be 1 or 0 in all possible combinations leads to 512 specific models.

An exhaustive analysis shows that they lead to 75 distinct sequences for excursions and 158
distinct sequences for meanders. In some cases we obtain new interpretations for existing
OEIS entries, thus potentially leading to new bijections between different combinatorial
structures.
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BRNER]

gL

bridges meanders excursions
EXi(n)]~ % -5 EXi(n)]~g+%5"  E[Xi(n)]~3F+5

Figure 2 Distribution (X1, X2) of the pair of patterns (udu, dud) in a Dyck walks/bridges/me-
anders/excursions of length n = 200 (this corresponds to the model of Example 9). Already, for
this small value of n, one sees that Prob(X; = ki, X2 = k2) is concentrated around the value
(E[X1], E[X2]) with Gaussian fluctuations. (This example has by design a symmetric behaviour for
X1 and X, for walks, bridges, and excursions; this is not generically the case.)

Moreover, we checked that all these models satisfy the technical conditions (see [28,37])
which ensure a multivariate Gaussian distribution. We now discuss more general models.

First, let us mention that the case of walks without positivity constraint or final altitude
constraint is easier: indeed, their generating function W is rational, and one can then more
directly apply results from [28,36] to get the multivariate Gaussian distribution. Note that if
one allows to mark a regular expression (and not just a finite set of words), then, already
in the rational case, one can get “any” arbitrary (non-Gaussian) distribution (see [4] for a
presentation of this huge diversity of the possible limit laws for pattern occurrences). It is
more involved to analyse the algebraic generating function cases; one can however still prove
that the multivariate Gaussian distribution also holds (see Figure 2 for an illustration):

» Theorem 16. For any generic model of walks, let X;(n) be the random variable counting
occurrences of the pattern p; (fori=1,...,m) in a bridge/excursion/meander of length n.
Then the joint law (X1(n),..., Xm(n)) convergences to a multivariate Gaussian distribution
N (u,2) as defined in Section 4.1.

Proof (Sketch). Some technical conditions are required to avoid degenerated cases: for
lattice paths, this corresponds to what is called generic model of walks in [1, Definition 6.1];
this definition includes conditions like having a unique dominant singularity, that the number
of paths of length n is strictly increasing for large n, etc. Then, all the univariate asymptotics
follow the universal asymptotics established in [1,5,6].

Now, the multivariate asymptotics follow the algebraic schemes investigated in [23,26], and
thus lead to the multivariate Gaussian distribution. It is also possible to use a multivariate
Spitzer/Sparre Andersen formula (see [8, Theorem 8]), rephrased as

Wt u,v1,. .., ) 1= {uZO}W(t, Uy V1 e vy Upy) = [SO]W(t, SU, V1, .U ) /(1= 1/8),

¢

Wt o) —1

M(t,u,vl,...,vm)~expf (201, Um) dz. (22)
0 z

In fact, Formula (22) is an equality when v; =1 (for ¢ = 1,...,m), while, if one keeps track
of the v;’s, the counting of occurrences of p; (in a meander of length n) could differ by a few
O(1) occurrences between both sides of Formula (22): indeed, the proof uses a concatenation
of some final and initial parts of the path, and this can create/delete a few occurrences of p;’s.
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The advantage of using the multivariate Spitzer formula is that this relates the meanders
to a diagonal involving the rational generating function of walks, on which one can apply the
results of [36]; the drawback is that one loses asymptotics below the O(1) precision.

Let us now state how to derive the parameters of the multidimensional Gaussian limit
law N (u,%). Let F(t,u,v1,...,vn) be the corresponding generating function (where ¢
encodes the length, u the final altitude, and each v; encodes occurrences of the pattern p;).
The average of the marginals behaves linearly, as expected by the Borges theorem (see [1,22]):

[t"]0y, (F)(t,1,...,1)
[t"]F(t,1,...,1)
Note that, in (23), there would be no difficulty in pushing the asymptotics further than o(1).

One sets p := (g1, - .-, m). Now, the entries of the covariance matrix ¥ are obtained by

E[X,(n)] = = pan(1 + o(1). (23)

%ij = lim S E[(Xi(n) — E[X,(n)]) (X;(n) — E[X;(n)])]

n—0o0 n2
1 [t"]0y, 00, (F)(t,1,...,1)
= lim — -
n—o0 n? [t"]F(t,1,...,1)
One has X;; > 0 as a consequence of the universal positivity of the variability condition [8,

Lemma 22]) and det ¥ s 0 when the patterns p;’s are not all equal.
Thus, when one considers the asymptotic regime of [2"v)"*" ... vfm"|F(z,v1,...,0m),

— ik (24)

where the exponents of the v;’s can be rounded to the nearest integer whenever needed, one
gets an expansion which fits the framework of the multivariate version of the quasi-power
theorem (see [28,29,37]), leading to the multidimensional Gaussian limit law N (p,X). <«

» Remark. Generic walks are aperiodic; a multivariate Gaussian distribution is also holding
for periodic walks, but additional care is required. (Recall that a walk is periodic if the
ged of the differences between the steps of S is not 1, and then the paths live in a periodic
sub-lattice of Z?2, and then the generating function has conjugate dominant singularities.)
These periodic cases can in fact be handled by combining the approaches of [5] and [9].

5 Conclusion and further works

To summarize, in this article we introduced/presented
the mutual correlation matrix, an extension of the notion of autocorrelation polynomial,
which has its own interest and which offers several algorithmic advantages,
closed-forms for all the main generating functions of constrained lattice paths (walks and
bridges in Section 2, meanders and excursions in Section 3), generalizing the previous
works [1,2,6] and leading to multidimensional Gaussian limit laws.

This will allow us to tackle further questions, like
faster uniform random generation of constrained paths of length n, extending the mul-
tivariate tuning of the Boltzmann method done in [14] to cases where the grammar is not
strongly connected (such cases are generic for lattice paths with forbidden patterns),
links with trace monoids and partial commutations in words [13],
to extend the analysis of fundamental non-Gaussian parameters under some pattern
constraints (like the area below the path [7] for walks with forbidden patterns, thus
interfering with the natural drift of the walk), possibly combined with further constraints
(like to be below a line of rational slope, extending [9]).

This work is also a first step towards more general schemes of multidimensional limit laws
in analytic combinatorics, for the important class of algebraic functions related to lattice
path statistics.
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1 Introduction and definitions

The recursive nature of lattice paths makes them amenable to context-free grammar tech-
niques; their geometric nature makes them amenable to cut-and-paste bijections; their
step-by-step nature makes them amenable to functional equations solvable by the kernel
method (see e.g. [3-5,8-11,16,30,32,35] for many applications of these ideas). We present in
a unified way some consequences of these observations in Section 2 on context-free grammars
(where we introduce the fruitful notion of prime walks) and in Section 3 on Spitzer and
Wiener—Hopf identities. Additionally, we give new connections with symmetric functions in
Section 4, see Table 2. All of this allows us to greatly extend the enumerative formulas and
asymptotics given in [4], and gives us access to some limit laws, as shown in Section 5.

» Definition 1 (Jumps and lattice paths). A step set S is a finite subset of Z. The elements of
S are called steps or jumps. An n-step lattice path or walk w is a sequence (j1,...,jn) € S™.
The length |w| of this lattice path is its number n of jumps.

Such sequences are one-dimensional objects. Geometrically, they can be interpreted as two-
dimensional objects which justifies the name lattice path. Indeed, (j1,...,j,) may be seen as
a sequence of points (wp, w1, . .. ,wy), where wq is the starting point and w; — w;—1 = (1, 5;)
for i = 1,...,n. Except when mentioned differently, the starting point wqy of these lattice
paths is (0,0).

Let o := Zi;l ji be the partial sum of the first k£ steps of the walk w. We define the
height or mazimum of w as maxy o, and the final altitude of w as o,,. For example, the first
walk in Table 1 has height 3 and final altitude 1. Table 1 and Figure 1 are also illustrating
the four following classical types of paths:

» Definition 2 (Excursions, arches, meanders, bridges).
Ezxcursions are paths never going below the x-axis and ending on the x-axis;
Arches are excursions that only touch the x-axis twice: at the beginning and at the end;
Meanders are prefixes of excursions, i.e., paths never going below the x-axis;
Bridges are paths ending on the x-azxis (allowed to cross the x-axis any number of times).

Let ¢ := —minS be the maximal negative step, and let d := max S be the maximal
positive step. To avoid trivial cases we assume min S < 0 < max S. Furthermore we associate
to each step i € S a weight s;. These weights s; are typically real numbers, like probabilities
or non-negative integers encoding the multiplicity of each jump. The weight of a lattice path
is the product of the weights of its steps. Then we associate to this set of steps the following
step polynomial:

The generating functions of directed lattice paths can be expressed in terms of the roots
of the kernel equation

1—25(u) =0. (1)

More precisely, this equation has ¢ + d solutions in w. The small roots u;(z), fori=1,... ¢,
are the ¢ solutions with the property u;(z) ~ 0 for z ~ 0. The remaining d solutions are
called large roots as they satisfy |v;(2)| ~ 400 for z ~ 0. The generating functions of the four
classical types of lattice paths introduced above are shown in Table 1.
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Table 1 The four types of paths: walks, bridges, meanders and excursions, and the corresponding
generating functions for directed lattice paths. The functions w;(z) for i = 1,..., ¢ are the roots of
the kernel equation 1 — zS(u) = 0 such that lim.—¢ u;(z) = 0.

ending anywhere ending at 0

unconstrained

(on Z)

constrained

(on Z)

excursion (&)

B(z) = G2 [T wi(2)
=1

These results follow from the expression for the bivariate generating function M (z,u) of
meanders. Indeed, let m,, ; be the number of meanders of length n going from altitude 0 to
altitude k, then we have

[[iey (v —wi(2))
M(z,u) =Y My(2)u® = Mg 2" ul = 220 T 2
(20 = ZAEE = 3, u(1—25(w)) .

This last formula is obtained by the kernel method: this method starts with the func-
tional equation which mimics the recursive definition of meanders, namely M (z,u) =
1+ 2S(u)M(z,u) — {u=}2S(u)M(z,u) (where {u="} extracts the monomials of negative
degree in u, as one does not want to allow a jump going below the z-axis). Note that
{u=°}S(u)M(z,u) is a linear combination (with coefficients in u and z) of ¢ unknowns,
namely My(z),...,M._1(2). Then, substituting u = u;(z) (each of the ¢ small roots of (1))
into this system leads to the closed form (2). This also directly gives the generating function
of excursions E(z) := M(z,0) and meanders M (z) := M(z,1). The generating function for
bridges follows from the link given in Theorem 8 hereafter. See [4,10] for more details.

It should be stressed that the closed forms of Table 1 grant easy access to the asymptotics
of all these classes of paths after the localization of the dominant singularities:

» Theorem 3 (Radius of convergence of excursions, bridges, and meanders [4]). The radius of
convergence of excursions E(z) := M(z,0) and of bridges B(z) is given by p = 1/S(7), where
T 1s the smallest positive real number such that S'(T) = 0. For meanders M(z) := M(z,1),
the radius depends on the drift 6 := S’(1): It is p if 6 <0 and it is 1/S(1) if 6 = 0.

We shall make use of all these facts in Section 5 on asympotitcs and limit laws, but,
before to do so, we now present several combinatorial decompositions which will be the key
to get these new asymptotic results.
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2 Prime walks and context-free grammars

Context-free grammars are a powerful tool to tackle problems related to directed lattice
paths (we refer to [27] for a detailed presentation of grammar techniques). In this section,
we introduce some key families of lattice paths (generalized arches, prime walks), which will
also be used in the next section. Illustrating the philosophy of “latticepathology”, these new
families allow short concise visual proofs based on lattice path surgery: we give grammars
generating the most fundamental classes of lattice paths (excursions, bridges, meanders);
this generalizes and unifies results from [11, 16,32, 35].

All our grammars are non-ambiguous: there is only one way to generate each lattice path.
They require the introduction of two classes of paths: generalized arches and prime walks.

» Definition 4 (Generalized arches). An arch from i to j is a walk starting at altitude i
ending at altitude j and staying always strictly above altitude max(i, ) except for its first
and final position; see Figure 1.

An important consequence of this definition is that generalized arches cannot have an
excursion as left or right factor. Note that an arch from ¢ to j can be considered as an arch
from 0 to j —¢. This justifies that we now focus on arches starting at 0. Let A; be the
class of arches from 0 to k; see Figure 1. Following the tradition of several authors, we refer
to arches (omitting the start and end point) as arches from 0 to 0, see e.g. [4]. Thus, an
excursion is clearly a sequence of arches.

» Definition 5 (Prime walks). Given a set of steps S, with d = maxS, the set P of prime
walks is defined as the following sets of arches

d
P =] A
k=0

These prime walks are the key to get short proofs for the decomposition of several constrained
classes of paths (Section 3) and for meanders (Theorem 6). Note that these decompositions
hold for any set of jumps: it is straightforward to extend them to multiplicities (jumps with
different colours) or even to an infinite set of jumps.

» Theorem 6 (The universal context-free grammar for directed lattice paths). Meanders and
excursions are generated by the following grammar:

M — e+PM (meanders),
E — e+ A (excursions),

which can be rephrased as “meanders are sequences of prime walks”: M = Seq (ZZ=O .Ak>

and “excursions are sequences of arches”: £ = Seq(Ay), where the arches Ay from 0 to k
are generated by

d
Ay, — k+ Z A; € Aj—; (arches for k = 0),
j=k+1
k=1
Ay, — k+ Z Ap—i EA; (arches for k < 0),
j=—c

with the convention that, in these two rules, the part Ay — k is omitted whenever k ¢ S.
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Figure 1 Example of our non-ambiguous decomposition of an excursion into generalized arches.
Similar decompositions hold for the factorization of meanders into prime walks.

Proof. Let us start with arches Ay from 0 to k > 0. (The results for A_ follow analogously.)
For such arches of length > 1, we cut them at the first and the last time their minimal
altitude (not taking end points into account) is attained. The first factor goes from 0 to j
and stays in-between always strictly above j, and therefore is given by A;. The second factor
is a (possibly empty) excursion. The last factor is an arch from j to k given by Aj_;. This
gives Ay = A;EA,_;. From this, it is immediate to get the grammar for excursions, as they
are a sequence of arches Ag; thus £ = € + Ay€.

Now take any meander and cut it at the last time it touches altitude 0. The first part is
a (possibly empty) sequence of arches. We cut the second part at the first point where its
minimal altitude > 0 is attained. The remaining part is again a meander. This gives the
factorization M = £ + 22:1 & Ay M, which is in turn equivalent to M = seq(P).

All these decompositions are clearly 1-to-1 correspondences, as exemplified in Figure 1. <«

We end this section with the grammar of bridges. It uses another class of walks: the

negative arches from 0 to k, denoted by Aj. These stay always strictly below min(0, k).

Their grammar is just the mirror of the one for Ay given in Theorem 6.

» Theorem 7. Bridges B = By are generated by the following grammar:

By — e+ ) kB,
keS

where By, stands for the “bridges ending at k7, i.e. walks on Z from 0 to k, given by

0
By — Y. AjBi (if k > 0),
Jz—C_
B, — Y A;jBi; (if k < 0).
j=0
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In the next section we present some applications of our decompositions (obtained above in
the framework of the non-commutative world of words) to famous identities from probability
theory (stated below in the framework of the commutative world of generating functions).

3 Latticepathology and surgery of paths

The decompositions of lattice paths mentioned in the previous section find application in the
bivariate versions of the Spitzer/Sparre Andersen! /Wiener—Hopf formulas [2,25,26,34,37).
It gives for free elegant short proofs for these fundamental results which were definitively
missing in [4], neatly illustrating the latticepathology philosophy!

» Theorem 8 (Bivariate version of Spitzer/Sparre Andersen’s identities). The generating
function W (z,u) = 3, wl(u)z" of walks on Z ending at an altitude = 0 and the generating
Junction M(z,u) = 3 mp(u)z™ of meanders (where u encodes the final altitude and z
encodes the length of the lattice path) are related by the formulas

+ _ (Zv U .
W*(z,u) =1+ ZiM(z, ) or, equivalently, (3a)
Wt (tu) —1 w;t (u)
M(z,u) = 2T ) = M Do gn ),
(z,u) = exp (L ; dt) exp <n>1 - t (3b)

Proof (Sketch). We give a bijective proof. It consists in factorizing any non-empty walk
w ending at an altitude > 0 into 3 factors: w = ¢1.m.¢o where m is the longest meander
starting at the first minimum of the walk and such that ¢s.¢; is a prime walk (pointed, in
order to remember where to split it); see Figure 2. The fact that this factorization exists
and is unique follows from the positivity of w and from the grammar for meanders from
Theorem 6. This decomposition directly keeps track of the last altitude of each of its factors:

0 1
WH(z,u)—1=MGzu)z—1— — ). <
» Remark 9 (Spitzer/Sparre Andersen's identities for excursions and bridges). Extracting the
constant coefficient with respect to uw in the above identities leads to the following links
between bridges and excursions (these specific identities were also proven in [4]).

B(z)=1+ E(z)za—i (1 — Eéz)) =1+ zg((j)) or, equivalently, (4a)
E(z) = exp (LZ % dt> = exp (Z b;;t") (4b)

Nota bene: Spitzer’s formula is often given as a variant of Formula (3b), stated in terms of
characteristic functions instead of generating functions, and also keeping track of the height of
the path (see e.g. [37,39,42]). More generally, in Brownian motion theory, path decompositions
are also useful for Vervaat transformations, quantile transforms [13, 33, 40], Ray—Knight
theorems for local times and Lamperti, Jeulin, Bougerol, Donati-Martin identities [1,7,15,28].

We now illustrate such approaches with one more important surgery of lattice paths. (This
requires the natural classes of positive and negative meanders, see Definition 12 hereafter.)

! Funnily, in the literature, this identity of Erik Albrecht Sparre Andersen (Andersen is the family name)
is often called the “Sparre Andersen identity”, probably as he was often signing E. Sparre Andersen.
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A N N
Y Y

¢71 ]\4(27 u) ¢2

WH(z,u)

Figure 2 The bijection at the heart of Spitzer/Sparre Andersen identity decomposes a walk
weWT into w = ¢1.m.¢2, where the meander m € M starts at the first minimum of w and ends at
the rightmost point such that ¢2.¢1 ends at altitude > 0 (and ¢2.¢ is thus a prime walk).

» Theorem 10 (Bivariate version of Wiener—Hopf formula). The bivariate generating functions
Win(z,u) and W_p(z,u) of walks on Z with u marking the positive and negative height (not
the altitude!) are related to the bivariate generating functions M ™ (z,u) of positive meanders
and M~ (z,u) of negative meanders (with u marking the final altitude, see Figure 3):

1 [ 1 < 1
Wan(z,u) = M ()E()M* () = ——— (H 1—u<>> (H “—f<>>

c d
M~ (2) = Wiz) =H# and M*(z) = M{z) =n;

i L uy(2)

Proof (Sketch). The proof follows from the decomposition illustrated in Figure 3. Cutting
at the first and last maxima of the walk gives the factorization W = MTEM ™, where the
positive meander and the excursion are obtained after a 180° rotation, and it is thus clear
that the final altitude of this positive meander is the height of the initial walk. Similarly,
cutting the walk at its first and last minima gives the factorization W = M~EM™T. <

4 Lattice paths and symmetric functions

Building on the quantities introduced in the previous sections, we now show that three
fundamental classes of symmetric polynomials evaluated at the small roots of the kernel have
a natural combinatorial interpretation in terms of directed lattice paths. En passant, this

also gives the generating function of generalized arches. For our main results see Table 2.

We first recall the definitions of these symmetric polynomials (see e.g. [38] for more on these
objects).

» Definition 11. The complete homogeneous symmetric polynomials hy, of degree k in the d
variables x1,...,xq are defined as

d
1
hi(21,. .. za) = 2 Tiy o iy thus th(xl,...,xd)u’“:n (5)

1—uz;

2:7
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\ 4

< [ | >
d Ind T Ll

M*(z,u) E(z) M~ (2)

positive height for W (z,u)
= final altitude for M*(z,u) A /\ ™\
negative height for W(z, u) \ \_/ V g
= final altitude for M~ (z,u)
(z,u) E(z) M*(2)

M-

A

»
T L] Ll

W(z,u)

»
>

Figure 3 The Wiener-Hopf decomposition of a walk: W = M~EM™, a product of a negative
meander, an excursion, and a positive meander. See e.g. [25] for the importance of this factorization
for lattice path enumeration. It offers a link between two important parameters (height and final
altitude): the proof uses a 180° rotation of some of the factors (the ones indicated by a right to left
arrow in the picture). The above picture crystallizes the key idea behind the theorems given by Feller
in his nice introduction to the Wiener—Hopf factorization [19, Chapter XVIIL.3 and XVIIL4]. It also
explains why this decomposition holds for Lévy processes, which can be seen as the continuous time
and space version of lattice paths, see [31].

The elementary homogeneous symmetric polynomials e, of degree k in the d wvariables
T1,...,Tq are defined as

C

er(T1,...,2q) = 2 Tyt Ty s thus Z ex(z1,.. ., xa)u = [ +uz).  (6)

N.
=
L

1<ip<--<ip<d k=0
The power sum homogeneous symmetric polynomials py, of degree k in the d variables x1,...,xq
are defined as
d X X d 1
pk(:rl,...,xd)zi;zi, thus ]gopk(xl,...,xd)u :;1—7% (7)

Many variants of directed lattice paths satisfy functional equations which are solvable by
the kernel method and lead to formulas involving a quotient of Vandermonde-like determinants,
see e.g. [4]. Tt is thus natural that Schur polynomials intervene, they e.g. play an important
role for lattice paths in a strip, see [5,9]. It is nice that the other symmetric polynomials
also have a combinatorial interpretation, as presented in the following table.

Let us now give a more formal definition of the corresponding objects and a proof of the
formulas for the associated generating functions.

» Definition 12. A positive meander is a path from £ = 0 to k = 0 staying strictly above the
x-axis (and possibly touching it at at most one of its end points). The generating function
is denoted by Mzrk(z) Negative meanders are defined similarly, with the condition to stay
strictly below the x-azis.

In Table 2, we focus on positive meanders from 0 to k and from k to 0. Note that it
suffices to consider the paths from 0 to k as by time-reversion they are mapped to each other.
In particular, let u;(z) and v;(z) be the small and large roots of the initial model. Then,

1 and the large roots are ——. More details are
v;(2) ui(2)

after time-reversion the small roots are
given in the long version.
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0 lvj(2)] = +o0,

0 ui(z) = 6

0 with lim,

from k to 0

- ue(2))

i (u1(z2),. .

,o(z)

.
k

M

., ¢ are the roots such that lim,

from 0 to k

., d are the roots of the kernel equation 1 — zS(u)

Table 2 In this article, we show that the fundamental symmetric polynomials (of the complete
positive
meander
positive
meander
avoiding
positive
meander
marked
below the

minimum

homogeneous, elementary, and power sum type) are counting families of positive meanders (walks
touching the z-axis only at one of the end points and staying always above the z-axis). The functions
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whereas the functions u;(z) for i =1,..

v;j(z) for j =1,..

AofA 2020

<

Consequently, by Equa-

1
1 1—-u/vj(z)"

d
J

va(2)

))-

(z

This theorem gives a shorter proof of [4, Corollary 3]:

O

Proof. Observe that a meander ending at altitude k can be uniquely decomposed into

an initial excursion followed by a positive meander from 0 to k. By [4, Theorem 2]

.,l/vd

p(2) =

+

0,
» Corollary 14. The generating function My (z) of meanders ending at altitude k are given

by

tion (5) this is the generating function of the complete homogeneous symmetric polynomials

their generating function is the coefficient of u* in ]
hy(L/v1(2), . .

» Theorem 13 (Generating function of positive meanders).
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Proof. As in the proof of Theorem 13, we use that positive meanders are classical meanders
factored by excursions. Then a partial fraction decomposition of (5) yields the result. <

The last class we consider is the one of elementary symmetric polynomials. These are
associated to a decorated class of paths.

» Definition 15. A positive meander avoiding a strip of width k is a positive meander from 0
to k that always stays above any point of altitude j < k except for its start point. The
generating function is denoted by Mogk(z)

» Theorem 16 (Positive meanders avoiding the strip [0, k]).

> _ k-1 1 1
Mo’k(z) =(—1)"""eg (Ul(,z)"”’vd(z))
Proof. We proceed by induction on k. The base case k = 1 holds due to M(fl (2) = My, (2) =
1/v1(2) + -+ + 1/vg(z). Next assume the claim holds for Mg, (z), ..., M(fkfl(z).

Take an arbitrary positive meander from 0 to k. Either it is a positive meander avoiding
the strip of width k, or at least one of its lattice points has an altitude smaller than k.

Let 0 < ¢ < k be the altitude of the last step below altitude k. Then the path can be
uniquely decomposed into an initial part from altitude 0 to this altitude ¢ and a part from
this point to the end. Note that by the construction the initial part starts at altitude 0 and
then always stays above the z-axis, whereas the last part avoids a strip of width £ — . In

terms of generating functions this gives

o,k() ZM& 0k1<)

Inserting the known expressions, we get

k
- 1 1 1 1 1 1
= Z(*l)kﬂek_i <, ce ) h; <, e ) = (fl)kflek (, e )7
o (% Vd (% Vd (%1 Vd

thanks to the fundamental involution relation [38, Equation (7.13)] between elementary
symmetric polynomials and complete homogeneous symmetric polynomials. |

» Corollary 17. The generating functions of generalized arches (as introduced in Definition 4)
satisfy (for k> 0)

(—1)k=cs_.z 1 1
A= <>e’€<v1<z>"“’vd<z>)7
1)k

(— €S_c2

Ay = 7() €k (ul(z)7 .- .,UC(Z))-

up(z) - ue(z

Proof. This follows from Ay = MOZk/E and A_y = M,?O/E. <
We end our discussion with a third class of positive meanders.

» Definition 18. A positive meanders marked below the minimum is a positive meander with
an additional marker in {1,...,m} where m is its minimal positive altitude. The generating
function for such paths from 0 to k is denoted by Mg (2).

For example it is immediate that M, (z) = Mg, (2) = My, (2) as the only restriction is
to avoid the z-axis. Furthermore, Mgo(z) = 0 while Mg (z) = M{o(2) = 1.
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» Theorem 19 (Positive meanders marked below the minimum).

MO.,k(Z) = Pk <Ultz),”"vdtz)>.

Proof (Sketch). Every path from 0 to k has to touch at least one of the altitudes 1,...,d,
as the largest possible up step is +d. We decompose any positive meander from 0 to k
into two parts by cutting at the unique last positive minimum m. The first part is an arch

avoiding the strip of width m, whereas the second part is a positive meander from m to k.

Translating this decomposition into generating functions, we get

d
MOk 2 MOm Ok m (%)

where the factor m encodes the m possible ways to put a mark below the minimum, see
Definition 18. Note that M(fk (z) = 0 for k > d. Thus, by Theorems 13 and 16 we get

. (N G w/iz)
kglMO,k(Z)uk - (uau; 0,5 > (;M(; > _; 1_u/vi(z)'

By Equation (7) this proves the claim. <

5 Asymptotics and limit laws

We end the discussion on the symmetric polynomial expressions by deriving their respective
asymptotics: this allows us to revisit some limit laws in which the appearance of symmetric
polynomials was so far unrecognized.

We only consider aperiodic step sets S, which are defined by ged{|i — j| : ¢,j € S} = 1.

For the treatment of periodic step sets see [6]. We only treat paths from & to 0, as the

formulas are a bit simpler. The results for paths from 0 to k& follow in an analogous fashion.

The principal small branch u(z) and the principal large branch v;(z) are defined by the
property that they are real positive for near 0+ and meet at z = p; see [4].
In the next theorem we give the asymptotics of our three classes of positive meanders.

» Theorem 20. Consider an aperiodic step set S. Let T be the structural constant determined
by S'(t) =0, 7 > 0. For the different variants of positive meanders given in Table 2, the
number of paths from k to 0 of size n has the following asymptotic expansions

(="M o () = aljmng (1 +0 <;>) o = 2%(7, w2(p), -+ 1e(p)).

™
The number of positive meanders avoiding (0,k) from k to 0 of size n satisfies

M) = e e (140 (). aa = S (o) o)

' 3

The number of positive meanders marked below the minimum from k to 0 of size n satisfies

="M o(2) = as 2S(T>" <1 Lo (;)) 05 = P us(p), o))

™3
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AofA 2020



2:12

Latticepathology and Symmetric Functions (Extended Abstract)

Proof. Let M;(y M,?O, and Mk.-,o be the sets of positive meanders, positive meanders
avoiding (0, k), and positive meanders marked below the minimum, respectively; see Table 2.
Let wg € Ax and w_j € A_j be two generalized arches. Now, define the multiset & that
consists of d copies of the set {w : wy - w € £} of excursions factored by wy. Then, the
following chain of inclusions holds:

Ew S My M S M2, & (8)

The first inclusion holds as every walk e - w_j with e € £ is a positive meander avoiding
(0, k). The middle inclusions hold by definition (see Table 2). The last inclusion holds since,
for every m e M k.0, We have wy -m € & after removing the marker from m. Therefore, the
exponential growth rates of the counting sequences of £ - w_j and & are equal to the one
of classical excursions £, which has been explicitly computed in [4]. Hence, all 3 classes of
meanders in (8) have the same asymptotic growth R".

Next, we observe that the corresponding generating functions have non-negative coeffi-
cients, and whence Pringsheim’s Theorem [22, Theorem IV.6] guarantees the existence of a
dominant singularity on the positive real axis R*. By [4] this is the only dominant singularity
and we have p = 1/R. Furthermore, it was shown that on the radius of convergence |z| = p
only one root uy(z) is singular and has a square-root singularity, while the other ones are
analytic. Then, we combine this result with the explicit shape of the symmetric polynomials
from Definition 11. This gives the Puiseux expansion at z = p on which we apply singularity
analysis to derive the claimed formulas. |

Before we continue, let us comment on an often overlooked phenomenon concerning the
analyticity of the small branches.

» Remark 21 (Singularities of the small roots). The small roots (and, in particular the principal
small branch u; (z)) can have a singularity inside the disk of convergence of E(z). For example,
for S(u) = u + 13/u + 6/u?, one easily checks that the radius of convergence of E(z) is
p = 8/61 while u;(2) and us(z) are singular at z = —1/8. However, their product ujus is
regular for |z| < p; more generally what is proven in [4] is that the product of the small roots
is always regular for 0 < |z| < p, while in general not each single small root is regular for
0< |z <p.

Many theorems leading to a Gaussian distribution require that a key quantity (let us call
it o) is nonzero. In [22], this nonzero assumption is called “variability condition”; see therein
Theorem IX.8 (Quasi-power theorem), Theorem IX.9 (Meromorphic schema), Theorem
IX.10 (Positive rational systems). Now, many lattice path statistics have a variance with an
expansion on + o(n), where o is defined as in the following lemma, and is therefore nonzero.

» Lemma 22 (Universal positivity of the variability condition). For any Laurent series S(u) =
Yis_e Siu', with s; = 0 (at least two s; > 0), one has o := S”(1)S(1)+5'(1)S(1)—5"(1)* > 0.

Proof. The trick is to introduce o(u) := uS”(u)S(u) + S’ (u)S(u) — uS’(u)?. Then, all the
monomials of o (u) have positive coefficients: this follows from [s;s;]o(u) = w7 =1(i—3)? > 0,
and thus o(u) > 0 for u > 0. <

It is worth noting that an alternative version of this lemma is: « uS(u)/S’(u) = n has no
double root for u > 0 »; this plays a role in the tuning of Boltzmann random generation [17].
Such considerations are also related to Harald Cramér’s trick of shifting the mean which
transforms a problem with drift into a problem with zero drift, via the modification of the
weights of the step set S(u) := S(ru)/S(r) (and choosing 7 such that S’(r) = 0 indeed
implies that S/(1) = 0). Compare also with the proof of [21, Formula (2.37)].
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As a consequence, Lemma 22 guarantees that we can apply the quasi-power theorem [22,
Theorem IX.8], and obtain a Gaussian limit theorem. This explains why many statistics
related to lattice paths are Gaussian. E.g., for paths with positive or zero drift, it furnishes
a Gaussian limit theorem for the final altitude of meanders or for the height of walks. When
the drift is negative, one gets some discrete limit laws of parameter given by our symmetric
polynomial expressions:

» Theorem 23 ([4, Theorem 6] and [41, Theorem 4.7]; negative drift cases). Assume a negative

drift § = S’(1) <0 and let p=1/P(7) and p1 = 1/P(1).

1. Let X,, be the random variable of the final altitude of a meander of length n. Then, the
limit law is discrete and given by

o Pe(X — B — (1 1) im0 T i1 (p) 7 va(p) )
Jim Pr(X, = k) = (1= ) e o

2. LetY, be the random variable of the height of a walk of length n. Then, the limit law is
discrete and given by

. _ _ hk(vl(pl)ilw"7vd(p1)71)
A P = b = o (o), valpr) D)

Proof (Sketch). Recall that for a path represented by a sequence of points (wg, w1, .. .,wn)
the final altitude is w,, and the height is max; w;. In both cases the limit law follows from a
rewriting of the closed form of the discrete probability generating function which basically
consists of the generating function of hy, (alternatively, M ™) and proper rescaling. |

Note that the second case is an avatar of the Wiener-Hopf decomposition which links the
height of walks with the final altitude of meanders; see Theorem 10 and [41].

6 Conclusion and perspectives

In this article we introduced the notion of prime walks, a class of walks which leads to natural
decompositions of lattice paths and to concise proofs of several identities in probability
theory that we are even able to further generalize by capturing some additional statistics.
Moreover, these decompositions can keep track of some additional parameters (e.g. counting
the number of occurrences of some given patterns, see [3]), which then gives access to many
joint distribution studies, see e.g. [12].

Our work also offers new links with symmetric polynomials, adding to previous funda-
mental connections with algebraic combinatorics via Vandermonde determinants, the Jacobi—
Trudi identity, and Schur functions (see [5,9]). In [6], we give an interpretation of Schur
polynomials (for some appropriate index) in terms of meanders ending at a given altitude.
Together with the results of the present work, this extends the table given in [38, Prop. 2.8.3]:
therein, Stanley gives some nice combinatorial expressions for the bases of symmetric func-
tions (Definition 11), when they are evaluated at specific values like z; = 1 or z; = ¢*. This
is what he calls the “principal specializations”. Our work shows that what we could call the
“kernel root specialization” of the symmetric function bases (i.e. evaluation at x; = u;(z)) is
leading to the enumeration of fundamental lattice path classes, holding for any set of jumps.

En passant, we illustrate the old Schiitzenberger philosophy: most of the identities in the
commutative world are images of structural identities in the non-commutative world. It is
natural to ask how far we can extend the link between lattice paths and the non-commutative
symmetric world; note that further non-commutative points of view are developed in [18,23,24].

2:13
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It is striking that astonishingly powerful formulas can be obtained by astonishingly simple
tools from symbolic combinatorics. Such formulas, e.g. the Spitzer formula for bridges, have
some unexpected avatars. Indeed, bridges of length n can be seen as [u°]S(u)™ for some
Laurent polynomial S(u) and the same holds with multivariate polynomials; this leads to
some interesting connections between the non-commutative world, the Laurent phenomenon
(i.e. the fact that some expressions which by design are a priori rational functions are in fact
some Laurent polynomial), and lattice paths (see [14,29,36]).

On the computer algebra side, the so-called “Platypus algorithm” from [4] is a way to
get the algebraic equation satisfied by the generating function of excursions. Another nice
consequence of our formulas is that they permit a generalization of this “Platypus algorithm”:
starting from the generating functions of the symmetric polynomials given in Definition 11,
we show in the long version of this article how to get the algebraic equations of the different
families of constrained meanders, bridges, etc. This offers an effective alternative to an
approach by resultants or Grobner bases, which are quickly time and memory consuming.

For Motzkin paths (that is, paths with step set S = {—1,0, +1}), the generating functions
associated to starting/final altitude constraints can be expressed as continued fractions,
and thus as quotients of orthogonal polynomials [20]. Our work, in one sense, gives the
generalization of these formulas as soon as one has steps > +1 or < —1. Many combinatorial
structures related to the Motzkin paths have some asymptotics in which the “algebra of
orthogonal polynomials” plays a role (e.g. the height of binary trees, related to the Mandelbrot
fractal equation involves Chebyshev polynomials, see e.g. [22]). It is thus natural to ask if
there is a nice “algebra of symmetric polynomials” in which plugging the Puiseux expansions
offered by the kernel method could lead to the limit laws of many parameters of lattice paths?

In conclusion, our work largely complements and extends [4], being part of a wider
program illustrating how lattice path surgery (which we call latticepathology) leads directly
to many neat enumerative, probabilistic, computational, and asymptotic formulas.
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—— Abstract

We describe a multiple string pattern matching algorithm which is well-suited for approximate
search and dictionaries composed of words of different lengths. We prove that this algorithm has
optimal complexity rate up to a multiplicative constant, for arbitrary dictionaries. This extends to
arbitrary dictionaries the classical results of Yao [SIAM J. Comput. 8, 1979], and Chang and Marr
[Proc. CPM94, 1994].
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1  The problem

1.1 Definition of the problem

Let X be an alphabet of s symbols, £ =&y ...&,—1 € ™ a word of n characters (the input
text string), D = {w1,...,we}, w; € ¥* a collection of words (the dictionary). We say that
W =1 ...Ty occurs in { with final position j if w = &§_mi1§j—m+2---§;. We say that w
occurs in ¢ with final position j, with no more than k errors, if the letters x4, ..., x,, can
be aligned to the letters §;_,,...,&; with no more than k errors of insertion, deletion or
substitution type, i.e., it has Levenshtein distance at most k to the string &;_,, ... &; (see an
example in Figure 1). Let 7,,(D) be the number of distinct words of length m in D. We call
r(D) = {rn(D)}m>1 the content of D, a notion of crucial importance in this paper.

The approzimate multiple string pattern matching problem (AMPMP), for the datum
(D, &, k), is the problem of identifying all the pairs (a, ) such that w, € D occurs in £ with
final position j, and no more than k errors (cf. Figure 1). This is a two-fold generalisation of
the classical string pattern matching problem (PMP), for which the exact search is considered,
and the dictionary consists of a single word.
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SOUT | vvviiitiiinn i Xour......oovvvviiinn. XouX.......
intent | ....... ... .. inteXX........... Xntent.......... ... L.
galore | ... i e e e gilorX ..........

therein | ....... theSSin. ... i e

soul: 23, 48; intent: 16, 35; galore: 45; therein: 14.

Figure 1 Typical output of an approximate multiple string pattern matching problem, on
an English text (alphabet of 26 characters plus the space symbol .). In this case k = 2 and
r(D) = (0,0,0,0,1,0,2,1,0,...). The symbols D, S and ' stand for deletion, substitution and
insertion errors, while X corresponds to an insertion or a substitution.

A precise historical account of this problem, and a number of theoretical facts, are
presented in Navarro’s review [8]. The first seminal works have concerned the PMP. Results
included the design of efficient algorithms (notably Knuth—-Morris—Pratt and Boyer—-Moore),
and have led to the far-reaching definition of the Aho—Corasick automata [1, 3, 7, 11]. In
particular, Yao [11] is the first paper that provide rigorous bounds for the complexity of
PMP in random texts. To make a long story short, it is argued that an interesting notion of
complexity is the asymptotic average fraction of text that needs to be accessed (in particular,
at least at this stage, it is not the time complexity of the algorithm), and is of order In(m)/m
for a word of length m. The first works on approximate search, yet again for a single word
(APMP), are the description of the appropriate data structure, in [10, 4], and, more relevant
to our aims here, the derivation of rigorous complexity bounds in Chang and Marr [5]. Yet
again in simplified terms, if we allow for k errors, the complexity result of Yao is deformed
into order [In(m)+k]/m. More recent works have concerned the case of dictionaries composed
of several words, all of the same length [9],> however, also at the light of unfortunate flaws in
previous literature, the rigorous derivation of the average complexity for the MPMP has been
missing even in the case of words of the same length, up to our recent paper [2], where it is
established that the Yao scaling In(m)/m is (roughly) modified into max,, In(mry,)/m (a
more precise expression is given later on). By combining the formula of Chang and Marr for
APMP, and our formula for MPMP, it is thus natural to expect that the AMPMP may have
a complexity of the order max,,[Iln(mry,) + k]/m. This paper has the aim of establishing a
result in this fashion.

Of course, the present work uses results, ideas and techniques already presented in [2],
for the PMPM. A main difference is that in [2] we show that, for any dictionary, a slight
modification of an algorithm by Fredriksson and Grabowski [6] is optimal within a constant,
while this is not true anymore for approximate search with Levenshtein distance (we expect
that it remains optimal for approximate search in which only substitution errors are allowed,
although we do not investigate this idea here). As a result, we have to modify this algorithm
more substantially, by combining it with the algorithmic strategy presented in Chang and
Marr [5], and including one more parameter (to be tuned for optimality). This generalised
algorithm is presented in Section 2.2.

Also, a large part of our work in [2] is devoted to the determination of a relatively tight
lower bound, while the determination of the upper bound consists of a simple complexity
analysis of the Fredriksson—Grabowski algorithm. Here, instead, we will make considerable

I This is the reason why, before our paper [2], which deals with dictionaries having words of different
length, the forementioned notion of “content” of a dictionary did not appear in the literature.
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Table 1 Summary of average complexities for exact and approximate search, for a single word or
on arbitrary dictionaries. The results are derived from Yao [11], Chang and Marr [5], our previous
paper [2], and the present paper, respectively.

‘ ‘ exact ‘ approximate
single word Cao lm (Yao) CCMM (Chang and Marr)
m m
1 ™ 4 1 -
dictionary || CF 1 ¢ €5 max 2T | GELGL ¢, I(mrn)

efforts in order to determine an upper bound for the complexity of our algorithm, which is
the content of Section 2.4, while we will content ourselves of a rather crude lower bound,
derived with small effort in Section 1.3 by combining the results of [5] and [2].

1.2 Complexity of pattern matching problems

In our previous paper [2] we have established a lower bound for the (exact search) multiple
pattern matching problem, in terms of the size s of the alphabet, and the content r = {r,}
of the dictionary, involving the length m;, of the shortest word in the dictionary, and a
function ¢(r) with the specially simple structure ¢(r) = max,, f(m,r,,). More precisely,
calling @ ayer (1) (resp. Prax(r)) the average over random texts, of the average (res. maximum)
over dictionaries D of content 7, of the asymptotic fraction of text characters that need to
be accessed, we have

» Theorem 1 (Bassino, Rakotoarimalala and Sportiello, [2]). Let s > 2 and mupin > 2, and
define ks = 5y/s. For all contents r, the complexity of the MPMP on an alphabet of size s
satisfies the bounds

1 1 1
(604 5 ) < Paan(r) < () <2 (001 4 ) )
where
o(r) := max e In(smry,) . (2)

m

Note a relative factor Ins between the statement of the result above, and its original
formulation in [2], due to a slightly different definition of complexity.

As we have anticipated, such a result is in agreement with the result of Yao [11], for
dictionaries composed of a single word, which is simply of the form In(m)/m. Combining
this formula with the complexity result for APMP, derived in Chang and Marr [5], it
is natural to expect that the AMPMP has a complexity whose functional dependence
on k and 7 is as in Table 1. Indeed, the bottom-right corner of the table is consistent
both with the entry above it, and the entry at its left. Furthermore, it is easily seen
that, up to redefining the constants, several other natural guesses would have this same
functional form in disguise. Let us give some examples of this mechanism. Write X =
aruY +byuZ as a shortcut for arY +b1.Z < X < ayY + byZ. Now, suppose that we
establish that ®(r,k) 2 ar,/u (k +1)/Mmin + br/ju max,, (In(mr,) 4+ k)/m. Then we also
have ®(r, k) = ai/U (k +1)/mmin + bryu max,, In(mr,,)/m, with ay; = ay + by (and all
other constants unchanged). On the other side, if we have ®(r, k) = ar, uy (k + 1)/Mmin +
br u max,, In(mry,)/m, with ar, > by, then we also have ®(r,k) 2 ar u (k + 1)/mmin +
b'L/U max,, (In(mry,) + k)/m, with b = ar, — br.

3:3
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The precise result that we obtain in this paper is the following:

» Theorem 2. For the AMPMP, with k errors and a dictionary D of content {r,,}, the
complezity rate ®(D) is bounded in terms of the quantity

B(D) := Lﬁ g, max In{smrm) (3)
1 . ~
mq’(B) < O(D) < @(D), (4)

with a = In(2s?/(2s + 1)), @’ = In(4s® — 1), ks = 5+/5 (as in Theorem 1) and

a+2d 2(a + 2a’ 2
C, — ; oy = 2at2) 2. (5)

a aa’ a’

1.3 The lower bound

Now, let us derive a lower bound of the functional form as in Table 1 for the AMPMP, by
combining our results in [2] for the MPMP and the results in [5] for the APMP. Let us first
observe a simple fact. Suppose that we have two bounds A*B(r k) < ®(r, k) < AVB(r k)
and BYB(r k) < ®(r, k) < BYB(r, k) (with AXB(r k) and BYB(r, k) positive). Then, for all
functions p(r, k), valued in [0, 1], we have

p(r, k)A*B(r k) + (1 — p(r, k))B*B(r, k) < ®(r, k) < AYB(r, k) + BVB(r k).

We want to exploit this fact by using as bounds AB/UB(p k) our previous result for the
exact search, and as lower bound BYE(r, k) the simple quantity (k + 1)/mmin. Then, later
on, in Section 2, we will work on the determination of a bound BYB(r, k) which has the
appropriate form for our strategy above to apply. Let us discuss why ®(r, k) > (k+1)/mmin.
We will prove that this quantity is a bound to the minimal density of a certificate, over a
single word of length m = muy;n, and text . A certificate, as described in [11], is a subset
I C{1,...,n} such that, for the given text, the characters {; };c; imply that no occurrences
of words of the dictionary may be possible, besides the ones which are fully contained in 1.
Some reflection shows that: (1) for the interesting case m > k, the smallest density |I|/n of
a certificate is realised on a negative certificate, that is, on a text £ with no occurrences of
the word w; (2) the smallest density is realised, for example, by the text £ = bbb--- b, and
the word w = aaa - - - a; (3) in such a certificate, we must have read at least k + 1 characters
in every interval of size m, otherwise the alignment of w to this portion of text, in which we
perform all the substitutions on the disclosed characters, would still be a viable candidate.
Note in particular that deletion and insertion errors do not lead to higher lower bounds
(although, for large m, they lead to bounds which are only slightly smaller).

As a result, recalling the expression for the lower bound in Theorem 1, by choosing p(r, k)

to satisfy ﬁ = % we have

O(r k) = (1—p)—+ —0(r) = — cy (Clm . +CQ¢(T)> NN

This proves the lower bound part of Theorem 2. Note that we could confine all the dependence

from {r,,} to the function ¢ (in particular, the choice l%p = £:£2 only depends on the size

Cy
of the alphabet s).
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2 The (g, L) search algorithm, and the upper bound

2.1 Definition of alignment

We define a partial alignment o of the word w = z; ... 2, to the portion of text &;, ...&;,,
with k errors, and boundary parameters (g,¢’) € N, as the datum a = (w;i1,i2;¢,¢’;u),
where u is a string in {C,S,, D, I, }*, (these letters stand for correct, substitution, deletion
and insertion, respectively, and the index a runs from 1 to s). Two integer parameters (for
example i5 and €’) are not independent, as they are deduced (say) from 41, ¢ and the length
of u. Indeed, say that the string u has m¢ symbols C', mp symbols D, mg symbols of type
S, (for all a’s altogether) and m; symbols of type I,, then

k=mg+mp+m; (number of errors)

e+e =m—(mc+mg+mp) (portion of the word on the sides)

ia —i1 +1=m¢c +mg+mg (length of the aligned portion of text)

The alignment has the following pattern (with a dash — denoting a skipped character, in the
text or in the word):

11 19
gil glz = 51’1 Wy T a e ao. 51'2
U= . C D Sa oo 14 .
W= W1 Weg | Wey1 Wy Wy - wyr - Wm—g' | Wm—g/+1 """ W
€ e

For example, if w = counteroffers, in our reference text of Figure 1 we have the alignment

a = (w;iy,ig;e,e’5u) = (w;14,24;3,1;u) with &k = 4 and v = CCCCL.CCS,S,I,C, as

indeed
i = 14 iy =24
&= -t he.winter o f our discontent:---
U= ccCcCclr,Cccs;s. I, C
w = counter -offe-r s
~—~— ~—
e=3 e =1

This example shows an important feature of this notion: several strings u may correspond
to equivalent alignments among the same word and the same portion of text, and with the
same offset €. For example, the three last errors of u = ---5.,5,1,C can be replaced as in
-+ 1,5,5,C. As the underlying idea in producing an upper
bound from an explicit algorithm is to analyse the algorithm while using the union bound on

w =---5,1,5,C or as in u” =

the possible alignments, it will be useful to recognise classes of equivalent alignments, and,
in the bound, “count” just the classes, instead of the elements (we are more precise on this
notion in Section 2.3).

We define a full alignment to be likewise a partial alignment, but with ¢ = ¢’ = 0. That
is, the goal of any algorithm for the AMPMP is to output the list of (say) positions iz of the
full alignments among the given text and dictionary. Note that we can always complete a
partial alignment with k errors and boundary parameters (g,¢’) to a full alignment with no
more than k + ¢ + ¢’ errors, and no less than k errors, by including substitution or insertion
errors at the two sides.

We define a c-block partial alignment as the generalisation of the notion of partial
alignment to the case in which the portion of text consists of ¢ non-adjacent blocks. In this
case, besides the natural alignment parameters ¢, €, and i1 4, i2,4, and u,, for the blocks

3:5
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now.is.the.winter.of.our.discontent.made.glorious

Is D
deformed.pattern def ormed.pat-ten
[D SH

def ormed.pat-tern

Figure 2 Typical outcome for the search of the pattern deformed pattern in our reference text.
In this example L = 3 and ¢ = 12, the number of full blocks is ¢(a) = 2, and can be aligned to the
disclosed portion of the text (denoted by underline) with k¥ = 3 errors: one deletion on the first
block, one insertion in the second block, and one deletion somewhere in between the two blocks. On
the bottom line, another alignment of the same word, in which, instead of inserting the letter r in
the second block, we have substituted n by r, still with £ = 3. These two alignments are sufficiently
different to contribute separately to our estimate of the complexity, within our version of the union
bound (because the values of € are different).

a=1,...,c, we have ¢ — 1 parameters d, € Z, associated to the offset between the alignment
of the word to the blocks with index @ and a + 1. As a result, in order to extend a c-block
partial alignment to a full alignment, we need to perform at least —§, further insertion errors,
or +4, further deletion errors, depending on the sign of d,, for each of the ¢ — 1 intervals
between the portions of text. That is, any c-block partial alignment o with &k errors can be
completed to a full alignment with no less than k + 3" |dq]| errors.

Note that in the following we will not need to count all of the possible ways in which
these deletions or insertions can be performed, as it may seem natural in a naive perspective
on the use of the union bound. This fact will allow us to efficiently bound the number of
possible multi-block partial alignments arising in our algorithm analysis (instead of counting
directly the possible full alignments, which would result in a too large bound).

2.2 The algorithm

Here we introduce an algorithm for AMPMP, concentrating on the pertinent notion of
complexity, which is the ratio between the number of accesses to the text and the length of
the text, and neglecting all implementation issues, and analysis of time complexity.

The algorithm is determined by two integers ¢ and L, such that k+1 < L < ¢ < mpin — k.
The emerging inequality 2k + 1 < mpyi, is not a limitation, as when this inequality is not
satisfied we have to read a fraction ©(1) of the text, and in this regime there is no point in
showing that some algorithm can reach a complexity which is optimal up to a multiplicatve
constant. When L = 1, the algorithm coincides with the one described by Fredriksson and
Grabowski [6], and already analysed in detail in [2] for the MPMP. When we have a single
word of length m, and ¢ has the maximal possible value ¢ = m — k, the algorithm coincides
with the one used by Chang and Marr [5] for their proof of complexity of the APMP. As
we will see in Section 2.5, choosing the optimal values of ¢ and L for a given dictionary D
(when the words are of different length) is not a trivial task.

Call the interval £pq€pg+1 - - Epg+r—1 Of the text & the b-th block of text. The text is thus
decomposed in a list of blocks of length L, and of intervals between the blocks, of length
q — L. To every possible full alignment « of the word w to the text, are associated two
integers: c¢(«) is the number of blocks which are fully contained in the alignment, and b(«) is
the index of the rightmost of these blocks. Furthermore, we define ¢(w) as the minimum of
¢(a) among the possible alignments involving w (indeed, it is either ¢(a) = ¢(w) for all a, or
c(a) € {c(w), c(w) + 1} for all «, and, of course, at fixed ¢ and L, ¢(w) only depends on the
length |w| of the word).
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Our algorithm accesses the text in three steps, namely, for every block index b =
0,1,...,[n/q] — 1
We read all the characters &; of the text, for bg < i < bq + L, that is we read the b-th
block;
We consider the possible ¢-block partial alignments « (with ¢ = ¢(«)) such that b(a) = b,
and associated to the intervals of text read so far. If any of these alignments is not
excluded or determined positively, we read also the characters &; for i = bg— 1, bg — 2, . . .,
one by one, in this order, up to when all partial alignments are either excluded, or reach
¢ = 0. For a given instance of the problem, call £, (b) (left-excess at block b) the set of
positions of further characters that we need to access by this second step (with indices
shifted so that the block starts at 1), and e, (b) = |EL(b)].
If at the previous step we still have partial alignments which are not excluded, we read
also the characters at positions i = bg+ L, bg+ L + 1,..., in this order, up to when all
partial alignments are either excluded, or completed to a full alignment. Similarly to
above, introduce Eg(b) and er(b) = |Er (V)| (right-excess at block b).
An example with ¢(a) = 2 is in Figure 2. Note that, at all steps, the pattern of the accessed
part of the text consists of some blocks of length L and spacing g, plus one rightmost block
with length L’ > L and spacing ¢’ < ¢. A typical situation within the second step is as
follows (here c=5, L =3,¢q=8, L/ =12 and ¢ = 7):

; d it q it q !
L) L) L) (@l ) I ( )

Call £(b) = EL(b) UER(D), and e(b) = e (b) + er(b). Call ¥§**t the average over random
texts of the indicator function for the event that e(b) > h. Clearly, the average complexity
rate of our algorithm is bounded by the expression

exact
Bag(D) < LEEC®) _ L 2 Wi
q q

where the average is taken over random texts, at fixed dictionary. Note that, because of our
choice of range for ¢ and L, ¢(a) > 1 for all a, and ¢(Jw|) > 1 for all w.

Let « be a full alignment associated to the block b. Call £[a] the set of extra positions of
the text (besides the blocks) that we need to access in order to determine the alignment .
Then clearly £(b) =, £[c/].

2.3 Proof strategy for the upper bound

Our proof strategy is to prove that there exists a choice of parameters L and ¢, with the
properties that ¢ = O(mmin), L/q = O(é(r(D))), and E(e(d)) = O(1). This last condition
is equivalent to the requirement that U§*** is a summable series, and we will see that
indeed the first can be bounded by a geometric series, and the second is rather small. Up to
calculating the pertinent multiplicative constants, such a pattern would imply the functional
form of the complexity anticipated in Section 1.2.

The idea is that the exact calculation of E(e(b)) or of W§**t even at ¢ and L fixed (which
is easier than optimising w.r.t. these parameters), is rather difficult, but we can produce a
simpler upper bound by:

For alignments « with ¢(«) > 1, neglect the information coming from the e(d’) extra

characters that we have accessed at blocks & < b. This allows to separate the analysis on

the different blocks of text.
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Naively, for different (full) alignments «, we could perform a union bound, that is,

e(b) = [E(b)] = |U, El]| < >, |€[a]], which thus separates the analysis over the

different alignments. We will make an improved version of this bound, namely we use this

bound, not with full alignments, but rather with “classes of equivalent partial alignments”.
As we anticipated, the crucial point is that we count partial alignments instead of full
alignments. A further slight improvement of the bound comes from considering these ‘classes
of equivalent partial alignments’; instead of just the partial alignments. These two facts are
motivated by the same argument, that we now elucidate.

Consider the two following notions: (1) Each set Ay (w) of partial alignments is partitioned
into classes I. (2) There is a subset Ay, (w) C Ay (w) of alignments, that we shall call basic
alignments. Now, suppose that the two following properties hold: (i) I N Ap(w) # @
for all classes I of Ay (w). (ii) For each o € I, there exists a @ € I N Ap(w), such that
E(a) C E(a). In this case it is easily estalished that the bound above can be improved into
e(b) = 1E(b)] = U, Elal] < >4 [E]a]], where the sum runs only on basic partial alignments.
Thus, calling Uy, := 3, cp > e i, (w) PUE[A]] = h), we have W), > Fpxact,

We propose the following definition of basic alignment. Let a be in Ap(w). In the string
u, suppose that we write C, instead of C, whenever the well-aligned character is a, and
D, when the deleted character is a (this is clearly just a bijective decoration of w). For
a € Ay (w), we require that there are no occurrences of C,1, as factors of u (as these are
equivalent to I,C,), of C,D, (as these are equivalent to D,C,) and of I,D; or DI, (as
these are equivalent to C, or S,, depending if @ = b or not). If @ can be obtained from o’ by
a sequence of these rewriting rules, then o and o' are in the same class I.

It is easy to see that this definition of basic alignment and classes has the defining
properties above.

2.4 Evaluation of an upper bound at g and L fixed

Let us call p.p o (w) the probability that, for a given word w and parameter &', there exists
an alignment « € Ay (w), to a text consisting of ¢ — 1 blocks of length L and one block of
length L + h, which is visited by the algorithm (that is, it makes at most k errors), that is,
in particular,

q—1
\Ijh < Z Pe,h,e! ('LU) . (6)
e’'=0

We have the important fact

» Proposition 3.

cL+h) g

Pener(w) < B~ eL+htc—1,k (7)

s— k
for all €', where = % and B, = (2s — 1)k(L;§k)'

The proof of this proposition is slightly complicated, and is presented in Appendix A. Note
however that for the special case ¢ = 1, and with exactly k errors (instead of at most k errors),
the bound s_(L+h)(2s)k(L;:k) can be established trivially. Also note that the bound does
not depend on &', and, in particular, it only depends on h = |EL| 4+ |Eg| for the alignments «
at given w and ¢, and not separately on the two summands.

We are now ready to evaluate the expressions for the upper bound on the quantity ¥y
in (6), in light of (7). Call R, = Zm:c(m):c Ty = Z%jliff:lz Tm, and pc p as ¢ times the
RHS of (7) (that is, an upper bound to Zg;lo De,h.er(w)). We have the bound

Z‘I’h < ZRC ch,h = ZRCZﬂq57(6L+h)BcL+h+c—1,k- (8)
h c h c h
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Recalling that

afa+k+h 1 a+k
ZS( ko) SToTaEm\ g )

h>0

(and that ¢ < mmpin), substituting in (8) gives

1 1 _enfcL+ec—1+k k
@alg(D) < q<L+BqZRC1_1cL+k+cS ( k )(28 — 1) )

s cL+c
1 Bmmm —cL L + 1) +k
Mo (W)

We want to prove that
Cik + Cy

Mmin

In(smr,,)

Pag(D) < + C> max T ) (10)

with suitable constants Cy, C and Cy (it will turn out at the end that we can set C] = C4
and Cp, Cy to be as in Theorem 2, but at this point it is convenient to let them be three
separate variables). This would prove the upper bound part of Theorem 2.

Note that, if k/muy, > 1/C1, the upper bound expression (10) is larger than the trivial
bound ®,15(D) < 1, and there is nothing to prove. So we can assume that k/mmin < 1/C1.

2.5 Optimisation of ¢ and L

We now have to analyse the expression (9), in order to understand which values of ¢ and L
make the bound smaller. The sum over c¢ is the most complicated term. We simplify it by
using the fact that, for all £ € R*, In (azk) <kIn(l1+¢€) +aln(l +£71), which gives

- _enfe(L+1)+k
T:= mmin(2s—1)k¥Rcs L( & )
< Zcigexp{f c(La- % (In(Remumin) + kIn((1 + €)(2s — 1)) — 170 ~In(1+¢7)]
= Z—exp o(LA—¢'(c) =In(1+&71)] , (11)

where A =1n(s¢/(1+¢)), A =In((1 +¢)(2s — 1)) and

In(c®ReMmumin) + kA’
. )

¢'(c) =

(12)

Ultimately, we want to choose L such that T' is bounded by a constant, as its summands
over c¢ are bounded by a convergent series. With this goal, let c¢* be the value maximising
the expression ¢'(c), and ¢* the value of the maximum. The sum above is then bounded by

> ciz exp[—c(LA — ¢* —In(1+£71))].

Cc

For any value of ¢ such that A > 0 (that is, for £ > (s —1)71), there exists a positive smallest
value of L such that the exponent in the expression above is negative. So we set

. [¢r+Im(+¢)
o [Emges)

3:9
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(as the choice of ¢ is free, we can tune it at the end so that the ratio is an integer), and
recognise that the RHS of equation (11), specialised to L = L*, is bounded by Y. & = 72/6.
Note that

o* > ¢'(1) > kA

so that
LA In((1+8(2s —1))

kT A I(s&/(1+€)

2s—1+A/A’

5s—1—a/a7> and

which implies that we can set g =

1 1 1

< =
_1L+k =1 _ 1 / 1_In(s€(2s—1)) °
1 s L 1 3(1 + A/A ) 1 - s In((14€)(2s—1))

Mmin—kK

Now, let us choose ¢ = LTJ , which coincides with the choice of the analogous parameter
in Chang and Marr [5]. This is the largest possible value such that ¢(w) > 1 for all w € D.
With this choice,

1 2 Ch
q\mmin Cl_l

Collecting the various factors calculated above, we get that the expression (9) is bounded by

2 G (. ip
PrelP) < (v )

M min Cl -1 1 + A/A/

We are left with two tasks: choosing suitable values for £ and Cy (both of order 1), and
recognising that the expression for L* (and for ¢*) can be related to the quantity ¢(r) in
(2). Let us start from the latter. Note that, as for any m > muyin

m—k m

—2<e¢(m) < —
q () q

2

we can write? m < mminc(m) < s?m, which gives

1 )
max — ln(chminRC) < max Momin ln(stQTm) < 2Mmin@(T) .
c C m

As, of course max.(X(c) + Y (c)) < max. X (¢) + max. Y (c), we have in particular that

_ 2Mmind (1) + kA’ + In(1+£71)

¢* < 2mmin¢(r) + kA/ L* A )

which thus implies

2y (2 A’ ek In(1+ &1
D, (D) < el
lg( ) Mmin Cl -1 ( A QS(T) + A * 1-—- %(1 + A/A/) + A
2y (A ok fiE= In(1+&1) 1 2
o ;-1 mein (1 — %(1 + %) A Mmin * ZQS(T)

2 Because s > 2, and we anticipate that, under our choice, C; > 5, thus

—k C
m<2(m*k*q)<mmin(m7*2)gmminc(m)gmminﬂgz(c ! l)més m.
q q 11—

M
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Figure 3 Plot of the constant Ci(s), C1(s) and C2(s), as given by the expressions in (13)
(respectively, in blue, green and red). The asymptotic values are 5, 572 /12 and 0 respectively.

Let us choose C; = 2A4’/A + 1. The expression above simplifies into

ABT R
<1§(ﬁli§‘,)+ln(l+£_ )) +2¢(r)],

Cik 24+ A
_|_

(I)alg(D) g Mmin AA

min

in particular, this justifies the notation C7, which in the introduction was chosen to denote
k

Mmin

the coefficient in front of the

The choice of £, in turns, determines the ratio between the lower and upper bound, which
has the functional form Cf + ksCy (with notations as in the theorem). A choice which is
a good trade-off among the three summands in this expression, and for which the analytic
expression is relatively simple, is to take £ = 2s. Under this choice we have

B In(4s% — 1) B 4 2
Gi=1+ 21n(2s2/(2s +1)° C2 = (25225 + 1)) @ —1)’
o Co [ln 2s+1 Lﬂ'Q sIn(2s%/(2s + 1)) In(4s — 1) }

179 2s 6 (s—1)In(4s2 — 1) —In(2s2/(2s + 1))

or, in a more compact way, calling a = Al¢—os = In(2s?/(2s + 1)) and @/ = A'|¢—gs =
In(4s% — 1), and substituting back the value of 3,

a+2a a+2ad 2

Cl = 5 02 = e (13&)
a a a
a+2d (Ins—a 72 (2s—1)d +a as
C = — . 13b
! a ( a’ Jr6(25—1)@’—@(3—1)@’—@ (13b)

The behaviour in s of these constants is depicted in Figure 3.

It can be verified that, with our choice of ¢, C] < Cj for all s > 2.3 we can replace C] by
C in the functional form (10) for the bound on ®,5(D), and thus obtain the statement of
Theorem 2. This concludes our proof.

3 One way to see this is by proving that both C1(s) and C}(s) decrease monotonically as functions on
the real interval [2, +oo[, that lims— o C1(s) = 5, that C1(s) > Ci(s) for s € {2,3,...,7}, and that
C1(8) < 5.

summand. Now we shall choose the optimal value of &.
The dependence on ¢ is mild, provided that we are in the appropriate range £ > 1/(s — 1).
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A  Proof of Proposition 3

In this section we evaluate an upper bound to p. ./, which is the probability that, for a

given word w with ¢(|w|) = ¢, the disclosed text composed of ¢ — 1 intervals of size L and

one interval of size L + h corresponds to at least one basic alignment a by making no more

than k errors. The statement of the result, equation (14) below, is given in Proposition 3.
Let us introduce the recurring quantity

L+k>

BL,k = (28 - 1)k( k

First, let us analyse the case in which we have a single block, and exactly k errors. For w a
word of length m, it is clear that the result depends only on the m — ¢’ left-most characters
of the word, not on the ¢’ right-most ones, so we can assume without loss of generality that
¢’ = 0. Call Hr, (m) the number of different words of length L obtained by transforming
the suffixes of w and making exactly k errors. We have

» Proposition A.1. Forall L >k >1, Hy ; < Br .

Proof. Note that the analogous statement with 2s — 1 replaced by 2s in By, j, is trivial, as we
have exactly 2s types of errors (one deletion, s insertions and s — 1 substitutions), and the
counting of their possible positions in the string u is a function of the length of the string,
bounded from above by the worst case, associated to all insertion errors.

We can gain the factor 2s — 1 instead of 2s by restricting to basic alignments, but this
requires a finer analysis involving generating functions. Let us call f(u,y, z) the generating

function such that [u®yrz*]f(u,y, z) is the number of basic alignments of length L obtained
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by transforming a word of length a and making exactly k errors. Calculating f(u,y, z) exactly
is a difficult task, and the result would depend on w as a word, not only on m = |w|, but we
will calculate a simpler upper bound fyg(u,y, z), which in particular only depends on m. In
this context, a generating-function upper bound is an upper bound for partial sums, that
is g = fif Z’;:O [utyL2")(g(u,y, z) — f(u,y,2)) >0 for all L and a. Let us construct fup
by starting from fo(u,y, z) := lfiy, which is the generating function f specialised to z = 0,
and let us introduce the various types of errors one at the time.

The first operation corresponds to allow for insertion errors. The restriction to basic
alignments, however, brings to a subtlety. For example, starting with a word w = abed, in
order to get the alignment aaabed we can proceed in several ways: aaabed or aaabed or by
aaabed (bold letters correspond to insertions). Under the notion of basic alignment we avoid
to overcount these manifestly equivalent alignments, as of these expressions we would only
keep the latter, aaabcd, that is, at the left of a letter a we can only insert letters different
from a. On the other hand, at the right end of the word one can insert strings consisting of
any character of the alphabet.

Calling f; the generating function in which insertion errors are allowed, we thus get

_ uy
vy (=) (1= sy2)(I—uy — (s — 1)y2)

We now introduce deletion errors, which, consistently, we allow only on the characters of

1
fi(u7y7 Z) = mf(uvya Z)|

the initial string (not on the ones which have just been insterted). Thus, any given original
character can be either left as is, or deleted. This gives the generating function f; 4, with

uz + uy
(1 —syz)(1 —uy —uz— (s —1)yz)
Finally, for substitution errors, again we can either substitute any initial character with one

of the s — 1 other characters of the alphabet, or leave it unchanged, which brings to f; 4,5,
with

fi,d(%yy Z) = fi(ua yaz)|uy%uy+uz =

u(syz —yz +y+2)
(1—syz)(1 —uz—(s—D(u+1yz) "
Note that, by this procedure, we have already produced an upper bound, as f; 45 = f (in

the sense defined above). Note also that it is not f; 45 = f, because, for example, we have
overcounted the equivalent cases in which in a word w = ---aa--- we have deleted the first

fi,d,s = fi,d(uaya Z)'uyﬁuer(sfl)uyz =

or the second character.

If the word w is shorter than L + k, we may miss some alignments because they do not
fit in the text interval. As we are evaluating an upper bound, we can restrict to the case in
which w is long enough for this not to happen, and thus sum over all suffixes by just setting
u = 1, and conclude that Hr, j < [yF2*]f'(1,y,2). Thus, in order to conclude, we must show
that [yZ2*]f'(1,y,2) < Br . Let us call

1

Frp, = [y"2" .
Lk =lyz ](syz—l)(25y2—2yz+y+z—l)

We can rewrite the inequality above as Hr , < Fr_15+ Fr -1+ (s —1)Fr_1 ,—1, and thus,
if we can prove that Fr, , < By, for all pairs of integers L > k, we could conclude in light
of the fact that

L+k
Hpp<Bp_irx+Bri—1+(s—1)Br_15-1= (25— 1)k< I ) - Rr i,

where Ry, = (25 — 1)"! (2(5 — 1)kt (LZEIQD is indeed easily checked to be non-negative
forall L>k > 1.
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q1+L1 q2+L2
b
Ly Lo L. 9
£: Iz | k ;| L
Ui U2 us
q1+61 q2+92
w: [T 3| — & ]
—— ——
£ E/

Figure 4 Example of multi-interval alignment analysed for the estimate of pr,,... L.k

So, to finish the proof, let us show that Fy ; < B . First,

Frp, = [y"2"] (

=0 k8" + Fr_1 6+ Frp1+2(s—1)Fr_1 1.

2syz = 2yz+y+ =z
1—syz 1—2syz+2yz—y—=z

Since L > k > 1, we have Ry, > 5L,ksk for s > 2, and Bry > Fr > Hp i

To conclude, we just check the boundary conditions in the recursion above for Fp, j
and By i, which again are in agreement with the inequality. Indeed we have, for (L, k) €
{(0,0)7 (07 1), (1,0)}, F()’o = B()’() = 1, BO,l =2s—1 Z 1= F(),l and BLO =45 —2 Z 3s =
FI,O- <

Now we want to deal with the more general case, in which we have more than one block, and
we sum over the number of errors up to k. We will prove a more general statement, in which
we have ¢ blocks of lengths L4, ..., L., separated by gaps of lengths ¢1, ..., ¢.—1, which in
particular is so general to allow us to treat in one stroke the case in which we add characters
at the left or at the right of the b-th algorithm block.

Similarly to the argument above, in order to produce an upper bound we can set without
loss of generality that & = 0, all the ¢;’s are larger than k and that m is larger than
> L; + > ¢ + k, as any variant of this would give no more alignments. So, we will call
DLs,...,L.:k the corresponding quantity, in which the dependence from the ¢;’s and m has
been dropped.

For multi-block partial alignments, we have parameters dy, ..., d._1 for the offset among
the different consecutive blocks of the partial alignment, and, if we have an offset §; in the
alignment of two blocks, we have to perform at least |0;| deletions or insertions errors when
completing the partial alignment to a full one (cf. figure 4).

Calling L = 2;2:1 L;, this leads to the following sum

t
—L
DLy, Lok <8 E E E B,k Broks ---Br, k. -

k
t=0 A=0 k1i,k2,...,kc€EN 61,02,...,0c—1€EZ
ki4ko+...+ke=t—A §1+62+...+5c_1=A

llj‘,-i) (l2+k—i) _ (l1+l2]:,-k+1)

k
From the Vandermonde convolution formula, > ( ; P

1=

Zh Br, wBr, k—h = Bry+L,+1,k, we can simplify the expression above into

kot
L -
PLy,...Lok <8 E E E Biie1i-n-

t=0 A=0 61,02,...,0c_1€Z
01+d2+...+dc—1=A

, which implies



F. Bassino, T. Rakotoarimalala, and A. Sportiello
The sum over the §;’s gives

1= [22] <1J_ri)c1

h
that is, by recognising that By ;—p < Br i (ﬁ) , we get

(1 +z)01>

—L
PLi, Lk S8 Biie <(1_Z)c

d1+62+...+0c—1=A

— k
= (2s—1)(L4c—1)

This is all we shall say at this level of generality. Now note that, in our patterns, L+c—1 > ¢L

(and k < L), so that, in this range of parameters,

s (14 2! Es-n+h
v <s LB, Lra < TV Ll (14
PL1,...,Leik L+c—1,k ( (1 - Z)C T (28 - 1) - % L+c—1,k ( )
(@s—1)c L
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—— Abstract

This article is devoted to the study of two arithmetical sources associated with classical partitions,
that are both defined through the mediant of two fractions. The Stern-Brocot source is associated
with the sequence of all the mediants, while the Sturm source only keeps mediants whose denominator
is “not too large”. Even though these sources are both of zero Shannon entropy, with very similar
Renyi entropies, their probabilistic features yet appear to be quite different. We then study how they
influence the behaviour of tries built on words they emit, and we notably focus on the trie depth.

The paper deals with Analytic Combinatorics methods, and Dirichlet generating functions, that
are usually used and studied in the case of good sources with positive entropy. To the best of
our knowledge, the present study is the first one where these powerful methods are applied to a
zero-entropy context. In our context, the generating function associated with each source is explicit
and related to classical functions in Number Theory, as the ¢ function, the double ¢ function or
the transfer operator associated with the Gauss map. We obtain precise asymptotic estimates for
the mean value of the trie depth that prove moreover to be quite different for each source. Then,
these sources provide explicit and natural instances which lead to two unusual and different trie
behaviours.
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1 Introduction

A source is a way of producing random words from a given alphabet (see Definition 1). We
study two arithmetical sources, each of them being associated with a classical family of
partitions. These two families are defined through the mediant (a 4+ b)/(c + d) of the two
fractions a/b and ¢/d. The first one, the Stern-Brocot source, is defined with the sequence
of all the mediants, whereas the second one, the Sturm source, only keeps mediants whose
denominator is “not too large”. Even though the probabilistic features of the two sources
appear to be quite different, they are both of zero Shannon entropy and their Renyi entropies
appear to be quite similar. In Information Theory contexts, the trie structure built on words
emitted by the source is a powerful tool for comparing words emitted by a source, and
the shape of the trie — notably the average length of a branch, called the depth — can be
viewed as a “measure” of the quality of the source. We then may expect that the trie depth
behaves in a different way for each source, and provides a tool which strongly differentiates
the two sources.

The probabilistic behaviour of the depth D,, of a trie built on n independent infinite
words emitted by simple sources (memoryless and Markov sources) has been largely studied
(see the book by Szpankowski [20] for a complete review in this case). In the context of “good”
dynamical sources (with an entropy £ > 0) introduced in [23], the average-case analysis was
first developed in [5], and [11], then a distributional analysis that exhibits a limit Gaussian
law for D,, was performed in [4]. In all cases, for n — oo, the asymptotic mean value E[D,,]
is of logarithmic order and involves the entropy, with the estimate E[D,] ~ (1/&)logn. The
moments E[DF] are proven to be of order ©(log" n).

For sources of zero entropy, and to the best of our knowledge, the analysis of trie depth
has not yet been performed in a general context. We study here the two arithmetical sources,
associated with classical partitions, that have been previously presented. We obtain two
results. First, for the two sources, all the moments of order & > 2 of the trie depth D,
behave in a similar way, as they are all infinite. However, the mean value E[D,,] exhibits a
strong difference between the two sources, as E[D,,] is of order ©(log® n) for the Stern-Brocot
source, and of order O(y/n) for the Sturm source.

Plan of the paper. Section 2 recalls the general context of sources, and focuses on the
Analytic Combinatorics point of view. It introduces the two sources, and provides expressions
for their Dirichlet generating functions (DGF’s). Section 3 is devoted to tries, and focuses on
the trie depth. It also presents the main analytical tool, the Rice formula, whose application
is based on the tameness of the DGF’s. Section 4 proves the tameness of DGF’s in the two
cases, and states the main result.

2 Sources, partitions, Dirichlet generating functions

We first recall two definitions of sources, and introduce the generating functions. We explain
their roles in the analysis, notably for good sources. We then present the two sources of
interest, with their DGF, and explain why the various notions of entropies are essentially the
same for the two sources.
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2.1 Sources and partitions
We first give a definition of a source, as it appears in Information Theory contexts.

» Definition 1. A probabilistic source S over the finite (ordered) alphabet X :=[0..r — 1] is
a sequence Y := (Yo, Y1,...,Y;,...) of random variables Y; with values in X.

The value of the random variable Y; is the symbol emitted by the source at the discrete

time ¢ = 4, and the value of the sequence Y € XN is the (infinite) word emitted by the source.

Consider a finite word w € ¥*, and denote by p,, the probability that Y begins with
the prefix w. The set (py)wes+ is called the set of fundamental probabilities, and the set
(Pw)wesk is the set of fundamental probabilities of depth k. We moreover assume

Ty := max{p, | w € X*} tends to 0 as k — oo

With Kolmogorov’s extension theorem, the probabilistic source defines a probability P on

the space XN which is completely specified by the set (py,)pex+ of fundamental probabilities.

There are particular instances of sources that are defined via a family of (labelled)
partitions. We first recall this notion.

» Definition 2. A family (Pr)r>0 of labelled partitions associated with the alphabet ¥ :=
[0..r — 1] is budlt in a recursive way as follows.
(1) One begins with Py = {[0,1]} and we let Z. := [0, 1]
(i1) For each k > 0, the partition Pr11 is a refinement of the partition Py.
(a) Prt1 arises from Py by dividing each (closed) interval of Py into r (closed) intervals
using v — 1 points of the interval.
(b) Each interval of Py is a closed interval labelled as T,, with w € % and gives rise to r
closed intervals that are labelled from the left to the right as I,,., with a € 3.
(c) The diameter §(Py,) := max{|Z,| | w € =¥} tends to 0 for k — .

0 u t 1
Zo : : I
Zoo Tor :: To AR
Zooo Zoo1 ¢ Zoio Zoir ZiooZio1 Ti10 Zi11
g =
o =
I Il
o o
= o

Figure 1 Example of a source defined via a family of partitions.

One now associates with this family (Py)x>0 of partitions a mapping M : [0,1] — XN
that is defined outside the set D that gathers all the end-points of the intervals, as follows.

If u & D, there exists, indeed, for each k > 0, a unique interval of Pj which contains
(in its interior) the real u. Such an interval is labelled with a prefix w € X*. This prefix
depends on the depth k and the real u, and is denoted as wg(u). As the partition Priq
is a refinement of Pk, and the diameter 6(Px) — 0, this sequence wy(u) of finite prefixes
converges to a unique infinite word over the alphabet ¥ that defines the value at u of the
mapping M. (See Fig. 1).
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In this way, the interval Z,, gathers (up to a denumerable set) the reals u for which the
word M (u) begins with the prefix w. This is the fundamental interval of the prefix w, and
its length is exactly the probability that M (u) begins with w. Then, the mapping M defines
a probabilistic source, whose fundamental probabilities are p,, := |Z|.

The paper deals with two instances of such a framework, over the binary alphabet
Y :={0,1}. In both cases, the end-points of the partition are rational numbers, and the
point which is added in the interval [a/c,b/d] is the mediant (a + b)/(c + d). It is always
added in the first case, and gives rise to the Stern-Brocot partition. It is only added in the
second case when its denominator is not too large: this partition is then defined via the Farey
sequence, and, labelled in a convenient way, gives rise to what we call the Sturm partition.

2.2 Generating functions

Following the analytic combinatorics principles described in [10], and the main ideas in-
troduced in [23], we associate, with a complex variable s, and a source, various Dirichlet
generating functions (DGF’s); first, A(s) is relative to a given depth k > 0; second, A(s) is
associated with all possible depths; third, A(s,v) is the bivariate generating function where
the variable v “marks” the depth:

Ar(s)i= D oy As)i= D oL =D Mils),  Als):=Y o"Au(s). (1)

wexk weX* k>0 k>0

The bivariate DGF A(s,v) proves very useful, due to the identity! Ay(s) = [v*]A(s,v) which
possibly leads to use of singularity analysis.

All the main objects of a source that appear in a general Information Theory context —
entropies, coincidence, trie parameters — are expressed with these series, as it is shown in
[23] and [5], and now recalled: Entropies are the first classical parameters that describe the
probabilistic properties of a source. They are defined with the DGF Ag(s).

[Shannon entropy] & = lim (1/k) &, &= Z pwllogpw| = —AL(1). (2)
k—o0
weXk
[Renyi entropies of depth k and exponent o > 1] log Ax(o) . (3)
-0

The coincidence between n words emitted by the source is defined as the length of
their largest common prefix. Then, when the n words are independently drawn from the
source, the coincidence becomes a random variable C,, defined on [XN]” whose distribution
Pr[C,, > k + 1] exactly coincides with Ax(n) and expectation E[C,,] coincides with A(n).

The present paper mainly deals with another characteristic of the source, the trie-depth,
denoted by D,,, which is expressed with the DGF A(s), as recalled in (8).

2.3 A detour: review on the results for good sources

As it will be proven in Section 2.6, the two sources of interest are of zero entropy. They
thus provide instances of sources that do not have the same behaviour as “good” sources,
for instance memoryless sources or (ergodic) Markov Chains. Dynamical systems associated
with expanding surjective maps of the interval provide other instances of “good” sources.

! As usual, the notation [v*]A(v) denotes the coefficient of v* in A(v).
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We then recall (in a quite informal way) the main properties of the DGF’s in the case

of “good” sources. The DGF A(s) is tame at s = 1 of order 1 (in the sense of Definition 9).

Furthermore, there exists a basic function s — A(s), attached to each source, that is analytic
on a neighborhood of the real axis Rs > d (for some d < 1, possibly equal to —o0), and satisfies

-1
i=0
In the Markov chain case, this is the dominant eigenvalue of the matrix P, := (pflj) that

A(1) = 1. This mysterious function is just equal to the sum

extends the transition matrix P;. Finally, in the case of ergodic dynamical sources, this is
the dominant eigenvalue of the secant transfer operator Gy of the system.
The DGF’s A(s,v) and A(s) essentially behave as quasi-inverses, for s close to the real axis,

-1 1

A(s,v) = (1 —vA(s)) ™1, A(8) ~esr (1= A(8)) 7 ~e NOrE

With properties of the bivariate DGF A(s, v) and singularity analysis, the function Ag(s) is
a k-th quasi-power for s close to the real axis, and

Ar(s) = [vF]A(s,v) ~ a(s)A(s)* (k — o0), in particular £ = -\ (1).

These results, valid for “good” sources, will be used as comparison references in the rest
of the paper. We now focus on the analysis of the two sources presented in the end of the
Section 2.1 and obtain nice expressions for the DGF’s described in Propositions 3 and 4.

2.4 The Stern-Brocot source

The Stern-Brocot partition of depth k, denoted as By, is defined recursively as follows:
(i) One begins with By = {[0/1,1/1]};
(ii) For each k > 1, By, arises from Bj_;

by dividing each interval [a/c,b/d] of Bx_1 by its mediant (a + b)/(c + d).

We now recall the relation between this family of partitions and the Farey map
T:[0,1] = [0,1], T(z)==z/(1—=z) forz €[0,1/2], T(x)= (1—=x)/z forz € [1/2,1].
The set of the inverse branches of T' is H := {a, b} with
a:[0,1] = [0,1/2], a(z)=z/(1+x); b:[0,1] = [1/2,1], b(z)=1/1+2z);

Then, the set H* := {a,b}* of inverse branches of the iterate T* generates the partition By,
and the set By gathers the fundamental intervals of depth k of the Farey map,

By, = {[h(0), h(1)] | h € H*}.
The secant transfer operator Hy of the Farey map, defined as the sum Hy = A+ By, with

A6l = | "= Glata).atw)),
B.(G)e9) = M2 G b)),

provides, via its iterates, the following expressions for the DGF’s of the Stern-Brocot source,
Ag(s) = H¥[1](0,1) for k>0,  A(s,v) = (I —vH,)"'[1)(0,1).

The decomposition H* = {a*b}* - a* leads to the analogous decomposition for the
quasi-inverse (I — vH,)™!, namely (I —vH,)™! = (I —vA,)"1(I —vBs(I —vA,)~H)~ L.

pj in the memoryless case.
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For any m > 1, the LFT 2 ™! o b coincides with the LFT g,, :  + 1/(m + z) which is
an inverse branch of the Gauss map. Then, the operator vBg o (I —vA,)~! coincides with a
weighted version G, of the secant transfer operator G of the Euclid DS, namely,

vt 5| (s) ()| ()

m>1
and coincides at v = 1 with the secant transfer operator G,. We have proven:

» Proposition 3. The DGF’s of the Stern-Brocot source satisfy

A(s,v) = (I —vH) " 1](0,1) = (I —vA) (I — G4,) H1](0,1) ;
A(s) = (I = Hy) 7' 1)(0,1) = (I = Ay) (I = G,) 7 ![1)(0,1).

2.5 The Sturm source

We consider the source, called the Sturm source, which emits the Sturm characteristic words.
More precisely, for each o € [0,1], it emits the characteristic Sturm word S(«), whose
definition is now recalled. Consider « of the interval [0, 1], the two intervals Ip(a) = [1 — «, 1]
and I;(«a) = [0,1 — of it defines, together with the Kronecker-Weyl sequence n — {na}
(where {z} denotes the fractional part of x). By definition, the n-th symbol of the word S(«)
equals j € {0,1} if and only if {(n + 1)a} belongs to I;(«).

The partition Sy associated with the Sturm source of order k is defined by its end-points,
that are the elements of the Farey sequence of depth k + 1,

]:k+1 = {%|a702 1, ng(CL,C):L CSk—"l}

The partition S is built from Si_; in a similar recursive way as the Stern-Brocot partition
By is built from B _1:
(i) One begins with Sp = By = {[0/1,1/1]}
(ii) For each k > 1, Sy arises from Si_1
by dividing each interval [a/c,b/d] of Si_1 by its mediant (a + b)/(c + d)
provided the denominator ¢ + d be at most k + 1.

Due to the previous condition, the partition Sy is thus a pruning of the partition By, and
satisfies two classical properties
(P1) For any k, for any interval [a/c, b/d] of Sk, one has ad — bc = —1.
(P2) The set C;, which gathers the pairs (¢, d) which appear as denominators of the intervals
[a/c,b/d] € Sk—1 is equal to

Cr :={(c,d) | max(e,d) < k <c+d, ged(c,d)=1}.

Moreover, each pair (¢, d) appears at most once. Then, the partition Sy has a polynomial
number of intervals [of order O(k?)] whereas the partition By has exactly 2* intervals.

We now describe how to encode the partition S; with the prefixes of length k of char-
acteristic Sturmian words. The prefix of length k of the word S(«), denoted as [S(«)]k,
satisfies two properties, described in [2, Proposition 3]:

(i) The two words 0 - [S(a)]x and 1 - [S(a)]x are both factors of the infinite word S(«);
(ii) For an interval [a/c,b/d] € Sk with a/c # 0 and b/d # 1, one has the characterization

Va €la/e, b/d], [S(a)]k is a palindrome <= c+d =k + 2.
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Sp : (0) € (1)
S1:(0) 0 (1/2) 1 (1)
Ss 1 (0) 00 (1/3) 01 (1/2) 10 (2/3) 11 (1)
S;:(0) 000 (1/4) 001 (1/3) 010 (1/2) 101 (2/3) 110 (3/4) 111 (1)

Figure 2 The coding of the partition Sy for k£ < 3.

This property is used as follows for the coding of the partition S;: We begin with the
coding of Sy as the empty word €. Then, there are two cases: when the mediant can be
added, the interval is subdivided and the coding of the two sub-intervals is made in the usual
way, in the lexicographic order. When the mediant cannot be added, the interval is not
subdivided, and its new coding is obtained in a unique way with a palindromic completion.
(See Fig. 2)

We now study the generating functions.

» Proposition 4. The generating series of the Sturm source can be expressed with double
zeta functions ((a,b) together with the usual zeta function ((a) in the form

A(s):1+2C<((52’;__11)) with  ¢(a) ;:Zciw ¢(a,b) ;:Zé 3 %. (4)

c>1 e>1 7 djd>c

Proof. With Property (P1), the length of an interval [a/c,b/d] € Sk encoded by w, is equal
to pw = 1/(ed). With (P2), and the set Cy, defined there, one obtains

Nea(s) = 3 (Cld) As) = 3 (;)SZ[[(qd)eck]],

c,d (e,d) k>0
((.7 )GCk ged(e,d)=1 -

where [-] is Iverson’s bracket. Then,

A(s) = Z (cld> [(c + d) — max(c,d)] = Z ml(rcl((ic)’s@

(c,d) (c,d)
ged(c,d)=1 ged(e,d)=1

As the general term of the previous sum is homogeneous of weight 1 — 2s, the two sums —
the sum relative to general pairs (¢, d) and the sum relative to coprime pairs — are related.
The denominator {(2s — 1) appears, and, with the equality

ZM:C(%—D—FZ((S,S—I),

csds
(¢,d)

this yields the expression given in (4). |
The long version of the paper will provide an expression of the bivariate Sturm DGF

A(s,v) in terms of polylogarithms.

2 LFT = linear fractional transformation

AofA 2020
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2.6 Entropies

The Shannon entropy defined in (2) is the first parameter associated with a source.
» Proposition 5. The two sources are of zero Shannon entropy.

Proof. (a) This is clear for the Sturm source. Jensen’s inequality applied to the concave
map ¢(t) = t|logt| relates &; and the number Aj of (non empty) fundamental intervals of
depth k, via the inequality & < log Ax. One has indeed:

Ex 1 1 1 log Ay,

— < — = — | = < .

A, A, > d(pw) < ¢ N > pu qb( Ak) I and thus &, < log Ay,
wexk wesk

Then a source for which Ay is polynomial has a zero entropy. This applies to the Sturm
source for which 4; = O(k?).

(b) This is also the case for the Stern-Brocot source. However, we do not find any direct
proof of this fact in the literature. This is why we provide two proofs in the annex. |

The Renyi entropies of depth &k and exponent o > 1, defined via Ag (o) in (3), are already
studied in at least two papers: The first result, due to Moshchevitin and Zhigljavsky in [16]
describes the Stern-Brocot case. The second one, due to Hall [13] and Kanemitsu et al,
describes in [14] the Sturm case.

» Proposition 6. [16, 13, 14] As k — oo, the following asymptotic estimates hold for the
DGF’s Mg (o),

[Stern-Brocot case, o > 1] Aw(o) = ;C(zé;)l) {1 10 (k(gl_(’i/’“(%))] . (5)
[Sturm case, o > 4] Aw(o) = ;UC(Z'(;)” {1 +0 (;)} . (6)

The previous estimates for the two sources are then quite similar, with the same polynomial
behaviour in O(1/k7) for k — oo. Even though the dominant constants are not the same,
they are however of the same spirit.

We then study another parameter of the source, the trie-depth, with the hope that it
may “differentiate” the two sources in a stronger way.

3  Tries built from words emitted by a source

The trie structure is an important data structure in algorithmics [12] that also plays a central
role in Theoretical Information Theory contexts. This is why it has already been deeply
analyzed, at least in the context of good sources. See [20] for analyses in the context of
simple sources and [5, 11, 4] for analyses in the context of dynamical sources.

3.1 Trie and its depth

A trie is a tree structure, used as a dictionary, which compares words emitted by a source &
via their prefixes. The trie 7 (x) is built on a finite sequence @ of (infinite) words emitted
by the source S and is defined recursively by the following three rules which involve the
cardinality N(x) of the sequence x:
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(a) If N(z) =0, then T(z) =10
(b) If N(x) with & = (), then 7 (x) is a leaf labeled by z.
(

=1,
(c) If N(x) > 2, then T (x) is formed with an internal node and r subtries equal to
T(:B )7 e ,T(w<r_1>) s

0

—~
=

where ) denotes the sequence consisting of words of & which begin with symbol o,

stripped of their initial symbol o. If the set x(,y is non-empty, the edge which links the
subtrie T (x () to the internal node is labelled with the symbol o.

z1 | cacccaaac... /T\

a b c
T2 | aaacacbac... )\ \
xr3 aaabcbbca. ..

a C a
T4 bacbaabcc. .. ( \ ‘
z5 | bcabbbbbe. .. ;

T6 bacaabbba ...

b a’ b
z7 | ccbacbcbb. ..

In this paper, we perform a probabilistic analysis of the shape of T (2). In our probabilistic

n)km+mﬂ\

model, the sequence x is formed with words that are independently drawn from the source

S, and we are interested in the asymptotics when the cardinality n of « tends to co. Here,

we focus on a particular parameter of the trie, called the depth, and denoted by D,,: it is
defined as the depth D,, of a random branch, and it is now described.

Given a sequence « = (x1,...,Z,), the trie T (x) has exactly n branches, and the length
(or the depth) of a branch is the number of the nodes it contains. For i € [1..n], the length
of the i—th branch of the trie (corresponding to the word ;) is denoted by D DY Inside our
model, the depth D,, of a random branch satisfies

Pr[D, > k+1 ZPr D >k 41]. (7)

The parameter D,, will be simply called the trie depth. For a fixed source, this is a random
variable which depends on the set & of words emitted by the source, and the (well-known)
next proposition studies its moments. We remark that Assertion (¢i¢) is less classical.

» Proposition 7. Consider a probabilistic source and a set of n infinite words independently

emitted by the source. Then, the depth D,, of the trie built on this set satisfies the following:

(i) The distribution of D,, involves the fundamental probabilities of the source,

Pr[D,, > k+1] = Z Puw[l—(1—pyu)” Z Z ( )Epw for k> 0.

|w|=k |w| k=2
(i) If the generating series A(s) is well-defined for s > 2, then the expectation E[D,] is
expressed as an alternating sum which involves the values A({), for £ > 2

n

1 n
BID = 51 () £, ®)
(=2
(iii) As soon as the source contains, for each k > 1, a prefix of length k — 1 whose probability
is at least Ak=® with a <1 for some A > 0, all the moments of D,, of order k for any
n > 2 and k > 2 are infinite.

4:9
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Proof.

(i) The event D,(f ) > k + 1 means that there exists a prefix w of length & that is common
to the word z; and at least to another word x; of the sequence. Inside our model, this
entails the first expression in (i), and, with a binomial expansion, the second one.

(ii) Now, if A(2) is finite, any A(¢) is also finite for ¢ > 2. Taking the sum over k of the
previous expression entails (i¢), after the exchange of two summations (over &k and over

(iii) The sequence n +— Pr[D,, > k] is increasing, and it is thus sufficient to deal with the
case n = 2. Under the assumption, one has

Pr[Dy > k] = Y pi > A%k,

|lw|l=k—1

ED3 =Y 1.;2(1%[1)2 > k| — Pr[Dy > k + 1])

E>1
= 2k —1)Pr[Dy > k] > A>> k' 72,
k>1 k>1
All the moments E[D,’j] are thus infinite for n > 2,k > 2 as soon as a < 1. <

» Proposition 8. For the two sources, the moments E[D¥] of order k > 2 are infinite.

Proof. For each source, the prefix 0% has a probability 1/(k 4 1). Then (ii4) applies. <

3.2 Survey for the Rice method

The rest of the paper then studies the mean value E[D,,], starting with its expression given in
(8). We will use here the Rice method, that is dedicated to the study of sequences n — f(n)
that are expressed as a binomial sum which involves another sequence n — p(n),

n

fn) = Z(—l)e (Z)p(f) , (a integer, a > 0; here a = 2). (9)
l=a

The method was introduced by Norlund [17, 18] and widely used in analytic combinatorics

since the seminal papers of Flajolet and Sedgewick [9, 8]. See also the survey in [24]. The

main role is then played by the analytical extension v of the sequence n +— p(n), provided it

be tame at s = ¢ for ¢ < a. We now recall this notion:

» Definition 9. A function v (s) is tame at ¢ with order d if there exists 69 > 0, called the
tameness width, for which
(i) ¥(s) is analytic on Rs > ¢ — g except at s = ¢ where it admits a pole of order d > 0,
with a singular expression at s = c of the form ¥(s) < aq(s—c) % +...+ai(s—c) 1 +aq.
(ii) For any 0 < do, ¥(s) is of polynomial growth on Rs > c— ¢ as |Js| — oco.

There are three main steps in the method.

Step 1. The inequality ¢ < a entails that v is analytic on Rs > a, and the binomial formula
is transfered into a Rice integral formula.

Consider a real ¢ with ¢ €]a — 1,a[. Then, for any b €]c,a] and n > ng, the sequence f(n)
admits an integral representation

n n b+ioo n s
s = (0= g [t s, L) = I,

—a - % —ico F(n + 1-— S)
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Step 2. This integral representation is valid for any abscissa b €]c,a]. The vertical line
Rs = b is shifted to the left, using the tameness properties of 1) on the left,

For any 0 < dg, the following asymptotic formula involving the tameness width § holds:
f(n) =Res[Ly(s)-1(s);s = c] + O(n°%), (n— 00).
Step 3. The residue Res [L,(s) - ¢(s); s = ¢] admits the estimate
Anf¥] = Res [Lu(s) - (s); s = ¢] = n® - P(logn) [1+ O(1/n)], (10)

and involves a polynomial P that is computed from the singular expansion of ¥ (s) and
['(—s) at s = ¢, with two cases:

(i) If c is integer, I'(—s) has also a pole at s = ¢, and the product I'(—s) - 1(s) has a pole
of order d + 1. Then the polynomial P has degree d, with a dominant term equal to
[1/T(d+1)] |aq|. We remark that the factor [1 + O(1/n)] equals 1 in the case ¢ = 1.

(ii) If ¢ is not an integer, the product T'(—s) - ¥(s) has a pole of order d, and P(t) has
degree d — 1, with a dominant term equal to [I'(—c)/T'(d)] |aq|-

4 Tameness of the generating functions. Main result

We thus study the function s — sA(s) for each source. We wish to prove that it is tame at
s = ¢ with ¢ > 2 and some order d. We have to make precise the location of the dominant

pole s = ¢, its order, and prove the polynomial growth of sA(s) on a half-plane s > ¢ — 4.

We then compute the residue A,,[sA(s)] defined in (10) following the principles of the previous
Step 3. Remembering the division by n in Eq. (8), we finally obtain our main result.

4.1 The Stern-Brocot source

The iterate A} of the operator A, is written as

ALF)(y) = |( 1 LY p(t ).
‘ 1+ nx 1+ny 14+nx 1+ny

Then, in particular, when (z,y) = (0,1), the quasi-inverse writes as

(I=A)T'LI0,1) =L(0,1) + Y <ni1> L (o, n—ll—l) . (11)

n>1

With Proposition 3, this is applied to the DGF A(s),

A(s):LS(071)+Z<THl_1)SLS<O ! ) with Lg:= (I —G,) '[1]. (12)

)
n+1
n>1 +

As L belongs to C1([0,1]?) (see Proposition 10), one deals with M; : y — (8/0y)Ls(0,y),
and the following estimate holds:

As) = ¢(s)Ls(0,0)+0 (¢(s + 1)) [IMsllo,  [[Flo := sup{|F(z,y)| | (z,) € [0,1]*}. (13)

We now use deep results due to Dolgopyat in [6], that have been adapted by Baladi and
Vallée in [1] to the plain quasi-inverse (I — G4)~!, then extended by Cesaratto and Vallée [4]
to the quasi-inverse of the secant operator Gg. They prove the following:

4:11
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» Proposition 10 (Dolgopyat, Baladi, Cesaratto, Vallée). The mapping s — Lg := (I —
G,) 1] viewed as a mapping from C to C*([0,1]?) is analytic for Rs > 1 — 6, except at
s =1, where it has a simple pole, and is of polynomial growth in the half-plane Rs > 1 — 0
for |Ss| — oo for some & > 0. Moreover, for s close to 1

1 1 0 1 1 0

573 — 1@(%1/)7 Ms(x,y) = @Ls(x7y> ~Ne 31 —77¢(x’y) . (14)

Ls(x7y) ~s—1 Es_1 8y

Here, ® is the extension® of the Gauss density ¢(z) = (1/log2)(1/(1 + x)) and satisfies
®(0,0) = ¢(0) = 1/(log2) and & is the entropy of the Gauss map, equal to (1/log2)((2).

The expression (12) and the estimate (13) prove that A(s) is analytic for #s > 1. Then,
with (12) and (14), we see that s = 1 is a pole of order 2 for A(s), with the estimate

2
1 1 1 1
A(s) ~q ———®(0,0)] ~oy1 —— ([ —— ) .
(5 oo €00) | 5 72720.0)] v 5 (525)
We now study the tameness of A(s) at s = 1. The function ((s) is tame at s = 1, with a
tameness width equal to 1, as it will be recalled in Lemma 12. The functions L and M, are
tame at s = 1, as it was recalled in Proposition 10, with a tameness width § < 1. Finally:

» Proposition 11. The DGF A(s) of the Stern-Brocot source is analytic on Rs > 1 —§ (for
some 0 > 0), except at s = 1, where it has a pole of order 2. It is of polynomial growth on
Rs > 1—0 for |Ss| — co. Moreover, the following estimates hold:

SA(8) ~gosn ﬁ (Si1>2 (=) - sA(8) ~sr1 % (8 i 1>3 .

Using then Step 3 of Section 3.2, the equality holds for the residue defined in (10)

Anls-A(s)] = n Py(logn), Py(t) = % t24+by t+Dbo for some constants by, by . (15)

4.2 The Sturm source

With the expression of A(s) given in (4), we need properties of the zeta functions (plain or
double), together with its inverse 1/((s). They are recalled in the following Lemma.

» Lemma 12. The following holds for the functions ¢ and 1/(:

(a) For any ag > 0, the function ((s) is meromorphic on the half-plane Rs > 2ag with only a
simple pole at s = 1 and is of polynomial growth on Rs > 2a, with a > agy for |Js| — co.

(b) For any by > 0, the function 1/{(s) is analytic on the half-plane RNs > 1 + 2by and its
modulus is less than ((1 + 2b) on any half-plane Rs > 1 + 2b with b > by.

Proof. Assertion (a) is classical and proven for instance in [21], Chapter I1.3, Theorem 7.
Assertion (b) is a consequence of Mertens’ inequality recalled in Chapter I1.3, Corollary
8.1 of [21], that provides an upper bound for 1/¢(s)

IC(o +im)|7* < ¢(0)3¢(o + 2iT)] foro >1+2b>1,b>0.

Using the inequality |((c + 2iT)| < (o), we obtain |((o + i7)|~1 < (o) < {(1 + 2b). <

3 precisely described in [22, Théoréme 5, Eq. (48)].
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We now return to the double zeta function. The following estimate holds on $s > 1, and
relates the double zeta function and the plain zeta function

C(s,5—1) = rllg(zs —2) 4 0(C(2s — 1)).

Then, Assertion (a) of Lemma 12 shows that {(s,s — 1) is analytic on s > 1+ ag (ag > 0)
with a pole only at s = 3/2, and a residue equal to 1. It is of polynomial growth for
|Ss] — 0o on Rs > 1+ a for a > ag. Furthermore, with Assertion (b) of Lemma 12, the
inverse 1/¢(2s—1) is analytic on s > 1+bg (bp > 0) and of polynomial growth on Rs > 1+b
for b > bg. Choosing ag = by provides a tameness width 6 > 1/2 — ¢ for any ¢ > 0. Finally:

» Proposition 13. For any ag > 0, the DGF A(s) of the Sturm source is analytic on
Rs > 1+ ag, except at s = 3/2 where it admits a simple pole. It is of polynomial growth on
Rs > 14 a for any a > ag. Moreover, the following estimate holds:

36

MG e oy (5rmg) D) oh) oy Sy T0-3/2) (55 )

Using then Step 3 of Section 3.2, and the value I'(—3/2) = (4/3)+/m, the following estimate
holds for the residue defined in (10):

Anls - A(s)) = %nw [1+001/n)] . (16)

4.3 Statement of the main result

Using Step 3 of Section 3.2, with the estimates of the residue A,[sA(s)] obtained in (15)
and (16), together with the remainder term associated with the tameness strip, and remem-
bering the division by n in Eq. (8), we obtain our final result.

Figure 3 Instances of tries built on seven words emitted from each source of interest: the
Stern-Brocot source (on the left), the Sturm Source (in the middle). As the value n = 7 is small, and
the moments E[D2] are infinite, there does not really exist a “typical trie”. The third trie (on the
right) is built on seven words emitted by the Farey dynamical source mentioned in the Conclusion.

» Theorem 14. Consider, for each source, a trie built on n words independently drawn from
the source. Then, the mean value of the trie depth grows as @(log2 n) for the Stern-Brocot
source whereas it grows as @(nl/z) for the Sturm source,

3
[Stern-Brocot case] E[Dy] = = log?n +bylogn +by +O0(n~°)  for some d >0;
™
24
[Sturm case] E[D,] = 3 nt? 4+ 0(n%) foranya >0 .
Figure 3 clearly exhibits some important features of each source. This explains —in an
experimental way— why the trie is a good tool for studying the characteristics of a source.

4:13
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5 Conclusions and further work

This paper appears as (one of) the first study dedicated to sources of zero Shannon entropy,
and performed with Analytic Combinatorics tools. It focuses on a particular parameter of
the source, the trie depth. We wish to extend this first study in several directions.

We wish to use Analytic Combinatorics tools, notably singularity analysis, to directly
derive estimates of Prop. 6, that are presently obtained via fine Number Theory arguments.
It is probably possible to directly deal with the bivariate DGF A(s, v), whose expression seems
closely related (in both cases) to generalized versions of the polylogarithm. We then hope
using the methods of Flajolet in [7], dedicated to singularity analyses of the polylogarithm.
This will be a first step towards the distribution of the coincidence C,, defined in Section 2.2.

The VLMC sources (VLMC = Variable Length Markov Chain) are the simplest sources
where the dependency from the past is unbounded. The paper [3] deeply studies this model
and analyzes the depth of associated suffix tries in some particular cases.

We wish to focus on a whole natural sub-class of VLMC sources, related to the intermittency
phenomenon. We consider the binary case, assume the equality Pr[Yy = 1] = 1, and focus on
the events Sy := [the prefix finishes with a sequence of exactly k occurrences of 0].

A VLMC is intermittent of exponent a > 0 when the following conditional probability
distribution holds:  Pr[0 | So] = (1/2), Pr[0|Sk] = (k/(k+1))*, (k> 1).

Then, the series A(s) involves two functions of Riemann ¢ type, and strongly depends on the
parameter a. We wish to perform a complete analysis of the trie depth for this precise class,
exhibiting the dependence with respect to parameter a.

Fig 3 exhibits an instance of a trie built on the Farey dynamical source. As recalled
in Section 2.4, the Farey DS admits the Stern-Brocot partition as a generating partition.
Moreover, the Farey DS admits, as an invariant density, the density 1/t whose integral is
infinite. Then, the fundamental probabilities of the two sources [Stern-Brocot and Farey] are
not clearly related. This strongly differs from the framework of the papers [5, 11, 4] which
deal with ergodic dynamical sources, whose invariant measure is absolutely continuous with
respect to the Lebesgue measure. Then, the analysis of trie depth for the Farey source will
be both a natural and difficult question.
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A Appendix

We now give two proofs of the fact that the Shannon entropy £ of the Stern-Brocot source
is zero.

A.1 About the entropy of the Stern-Brocot source. Analytical proof

We follow the approach of Prellberg and Slawny [19] that we adapt to our framework, and
there are three steps in the proof. The first two steps deal with the case s < 1, and the third
step lets s — 1.
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Step 1. We study the operator G, for a pair (s,v), with s real, s €]1/2,1[ and v complex.
For |v] < 1, this operator acts on the space C1([0,1]?). When v is real, with 0 < v < 1, it
admits a unique dominant eigenvalue denoted as A(s,v) that depends analytically on the
pair (s,v). There is an inequality which relates the spectral radii, r[Gs ] < r[Gg o] =
A(s, |v]).

For v — 0, the eigenvalue A(s,v) tends to 0, whereas it coincides at v = 1 with the
dominant eigenvalue A(s) of Gs1 = G that is strictly larger than 1 for s < 1. There
thus exists, for any s < 1, a real number v = v(s) for which the operator G, ,(s) has a
dominant eigenvalue A(s,v(s)) equal to 1.

Moreover, for any pair (v1,v2), with v1 < va, the inequality A(s,ve) > A(s,v1) [v2/v1]
holds, and entails the following:

(i) for any v < v(s), the strict inequality A(s,v) <1

(ii) the inequality X\, (s,v(s)) > 0.
The Implicit Function Theorem can be applied, and it defines a real analytic function
v :]1/2,1[—]0, 1] that satisfies the equation

N (s,0(s)) +0'(s)A, (s,v(s)) = 0. (17)

All these remarks entail, that, for any s €]1/2,1[, there exists w(s) > v(s) for which the
quasi-inverse v — (I — Gg,,) " 1[1] is meromorphic for |v| < w(s) with only a (simple) pole
at v = v(s), with the estimate,

I— )~ 77)\11 1
( Gsm) [ } v—v(s) 1— )\(S,’U(S)) 87’065,1}(5)[ ]7

so that the residue at v = v(s) is

a(s) = m\lf&v(s) es’v(s)[l] (18)

and defines an analytical map s — a(s) for s €]1/2,1].

Step 2. We return to the operator Hy (and its quasi-inverse). For any ¥ € C!([0,1]?),
the mapping v — (I — vA)71[¥](0,1) is well defined and analytic for v < 1. Then,
with Proposition 3, the previous properties can be transfered to the quasi-inverse v —
(I —vH)711](0,1): it is meromorphic for v < u(s) := min(1,w(s)) with a unique pole
(simple) at v = v(s), and we remark the strict inequality u(s) > v(s) for s €]1/2,1[. Then,
with singularity analysis of meromorphic functions, [for instance Theorem IV.10 p. 258
in [10]], we obtain

H{[1)(0,1) = v(s) ™" - als)

1+O<38)k], for k — oo,

where the coefficient a(s) is related to dominant spectral properties of Gy () and is
strictly positive (see (18)). Now, the analytical dependence with respect to s entails that,
on any closed interval [sg,s1] with 1/2 < so < s1 < 1, the ratio v(s)/u(s) is bounded
by a constant b < 1, whereas |a(s)| and |v'(s)| admit strictly positive lower bounds and
s — |a’(s)| an upper bound. One has there

ex(s) == > piy =HE[1](0,1) = v(s) ¥ a(s) [L+ O®F)]  for k— oo.
|lw|=Fk
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One then takes the derivative with respect to s,

le's:l 5 1o =—v'(s)v(s)F ta(s - k
A0 = § 3 shdospe = (0o o |1+ 505 0w

= —v/(s)v(s)"* L a(s) [1 +0 (/1)] for k — oco.

As this is true on any interval [sg, s1] C]1/2, 1], we deduce the asymptotic behaviour for
any s €]1/2,1],

lim L { 62(8)] AC) (19)

koo k| ex(s) v(s)

Step 3. When s — 1. Due to the equality G; ;1 = G, the operator G, ; has a dominant
eigenvalue equal to 1, and the function s — v(s) may be extended at s = 1 via the equality
lim,_,;- v(s) = v(1) = 1. Moreover, as s — 17, the derivative A,(s,v(s)) has a limit
(equal to the derivative of the dominant eigenvalue X (s) at s = 1), and thus the second
term in (17) has also a limit: as we have already seen, the derivative A, (s, 1) is closely
related to ¢(2s — 1) and tends to oo for s — 1, and this entails that lim,_,;- v(s) = 0.
Finally the right member of (19) has a limit when s — 17, and thus

/
lim lim [ ek(s)] —0
We are interested in the following limit (if it exists)
! !/
m l k(1) = lim l lim (%) ,
k—oo k | ex(1) k—oo k s—1 | ex(s)

and we thus wish to exchange the limits. This is possible if we have uniform convergence
of the derivatives. Uniform convergence holds in the context of monotonic functions
whose (simple) limit is continuous. Here, this is the case: as the functions s +— eg(s) are
log concave for any k, thus, for any k, the quotient s — e} (s)/ex(s) defines a decreasing
mapping of s, whereas the map s — v'(s)/v(s) is continuous on ]1/2,1[ and extended
with its limit when s — 17. This legitimates the exchange of limits, and

’ /
lim 1 () = lim lim 1 €k (s) =0
k—oo k | ex(1) s—1k—oo k | eg(s)

A.2 About the entropy of the Stern-Brocot source. Ergodic proof

Step 1. Two sources and their fundamental intervals. Both sources, the Stern-Brocot
source and the Farey source, are associated with the binary coding, corresponding
to the choice of the inverse branches

1
a: T L, when x < 1/2, b:z+— ——, whenz > 1/2.
1+=x 1+

Any Farey fundamental interval J,, is associated with a binary word w € {a,b}*. Due to
the equality {a,b}* = {a*b}* - a*, any binary word w € {a,b}" is written in a unique way
as

4
(a0 [a"0] 0B At kYo=K 120, 020 (%) € [14). (20)

j=1

4:17
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The integer m; defined for j € [1.../] as m; := n; + 1 satisfies m; > 1, and the Farey
LFT a™~! o b coincides with the Cfe LFT g, : # + 1/(m + z). Third, the LFT a" is of
the form a” :  — /(1 + rz). Then, the Farey LFT h,, associated with the word w is
related to the sequence m = (mqy, ma, ..., my) via the Cfe LFT gy := Gy, © Gmy - - - © gy
and the relation h,, = g, o a” holds.

Finally, the Farey fundamental interval Jy,, = [h(0), ke (1)] associated with the word w
coincides with the interval [g,,(0), g (1/(1 + r))]. Then its length p,, involves r together
the coefficients of the LFT g¢,,,(z) := (ax + b)/(cx + d). The equality |ad — be| = 1 holds;
moreover the denominator coefficients satisfy 0 < ¢ < d, and the coefficient d coincides
with the continuant g(m) relative to the sequence m = (my,mg,...my). Then, one has

1 . X 1 2
IM)‘ S qerdiTn) S Bt py S

Py = ‘gmm) ~am
(21)

Step 2. Changing base. For m € N*, we denote by ¢(m) the number of components of m,

by ¢(m) the sum of the components of m, by g(m) the continuant associated with m.
We now fix a length &k (that will tend to oo later). With z € [0, 1], we associate the word
wgy () of length k produced by the Stern-Brocot source on z. With (20), it defines almost
everywhere a pair (m(z), r(x)) with m(z) € N* and r(z) > 0, that depends on x and the
depth k. Tt is thus denoted as (m ) (x), 7 (z)) and the equality c(m g (z)) +rpy (z) =k
holds. It is clear (but important) to remark the following: as = belongs to the Cfe interval
relative to m (), then the sequence m ) (x) provides the beginning of the Cfe of x.
Of course, this production may be quite slow (when £y (x) is much smaller than k), and
this is why the entropy of the Stern-Brocot source will be zero.

We then define three random variables on the unit interval that depend on k and relate
the Cfe of x together its Farey expansion of depth k,

Uk)(z) = lmpy(2),  cuy(@) = clmpy(r) =mi(z) + ... +my,, (@)(2), (22)
auy (@) = q(mgy () = g(ma(z), ..., my, (2)(2)) - (23)

By definition of the process, for each k, the inequality £z (2) < c(xy(x) < k holds.

Step 3. Entropy of the Stern-Brocot source. Denote by 7 (z) the measure of the fun-

damental Farey interval of depth k the input x belongs to. Then, the entropy of the
Stern-Brocot source is the limit (if it exists) of the sequence e(k),

1 1
e(k) = 2E[[logmgo @)l = 7 D pu-llogpul.
we{a,b}k

Using (21), and applying it to the pair (m ) (x),rx) (2)), one obtains

@) < iy (@) (g (2) +2) 5 |log 7y ()] < 2log qury (z) +log(rry (z) +2) . (24)

As the bound 7y (x) < k holds, this entails the inequality

e(k) < —log(k + 2) + 2d(k), d(k)=E [llc log q(k>(m)} . (25)

T =

As the first term in (25) tends to 0 for &k — oo, we then focus on the second term d(k).
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We first remark that the sequence k — £(;y(x) is increasing (not strictly in general).
Then, there are two cases: it is bounded (and then stationary) or it tends to co. For
an input x, the sequence £y (x) is stationary if and only if the Farey word produced on
z finishes by an infinite sequence of a or by a b. This arises if and only if x is rational.
Then, almost everywhere, the increasing sequence k — £ (z) tends to co.

Step 4. Application of the Dominated Convergence Theorem. We now show that the se-
quence d(k) tends to 0 with the Dominated Convergence Theorem. We thus use two
inequalities for the random variable fx(x) := (1/k)logq(yy(x) . One has always, for any
m € N*,

£(m) £(m) £(m)
gim) < [[(mi+1)  and  logg(m) <> log(m;+1) < Y m;=c(m). (26)
=1 =1 =1

Applied to m := my (), this proves the domination :

1 C(k) (13)
PR (z) < 5

<1 for almost every z € [0,1] .

Moreover, for any m € N* using again (26) in a more precise way, we derive the bound

! c<m>] [am w

1logq(m)é{ p C(mi] g(;);bg(mﬁl) :

that holds in particular for m = m ().

The first factor is now at most 1 for = € [0,1]. Furthermore, almost everywhere, the
sequence £y () — oo when k& — oo. Then, with the Ergodic Theorem, the third
factor tends almost everywhere to a finite limit C'. Furthermore, using a result due to
Khinchin described in [15, Theorem 35], together the Ergodic Theorem applied to the
sequence min(M, m;) (for any given constant M), the second factor also tends to 0 almost
everywhere. Finally, the sequence x > (1/k)log q(xy(x) tends almost everywhere to 0.
We now apply the dominated convergence theorem to the sequence of random variables
Jr(x) = (1/k)log quy (x) that is bounded by 1 and converges to 0 almost everywhere.
This proves that d(k) tends to 0. This is the same for the initial entropy sequence e(k).
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—— Abstract

The k-cut number of rooted graphs was introduced by Cai et al. [7] as a generalization of the classical
cutting model by Meir and Moon [16]. In this paper, we show that all moments of the k-cut number
of conditioned Galton-Watson trees converge after proper rescaling, which implies convergence in
distribution to the same limit law regardless of the offspring distribution of the trees. This extends
the result of Janson [13].
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1 Introduction and main result

In order to measure the difficulty for the destruction of a resilient network Cai et al. [7]
introduced a generalization of the cut model of Meir and Moon [16] where each vertex (or
edge) needs to be cut k € N times (instead of only once) before it is destroyed. More precisely,
consider that the resilient network is a rooted tree T,,, with n € N vertices. We destroy it
by removing its vertices as follows: Step 1: Choose a vertex uniformly at random from
the component that contains the root and cut the selected vertex once. Step 2: If this
vertex has been cut k times, remove the vertex together with the edges attached to it from
the tree. Step 3: If the root has been removed, then stop. Otherwise, go to step Step 1.
We let i (T,,) denote the (random) total number of cuts needed to end this procedure the
k-cut number, i.e., Kr(T,) models how much effort it takes to destroy the network. (For
simplicity, we will omit the subscript & and write K(T,,).) It should be plain that one can
define analogously an edge deletion version of the previous algorithm, where one needs to cut
an edge k times before removing it from the root component. Then, one would be interested
in the number /C.(T),) of cuts needed to isolate the root of Tj,.
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The k-Cut Model in Conditioned Galton-Watson Trees

The case k = 1 (i.e., the traditional cutting model of Meir and Moon [16]) has been
well-studied by several authors in the past few decades. More precisely, Meir and Moon
estimated the first and second moment of the 1-cut number in the cases when T,, is a Cayley
tree [16] and a recursive tree [17]. Subsequently, several weak limit theorems for the 1-cut
number have been obtained for Cayley trees (Panholzer [18, 19]), complete binary trees
(Janson [12]), conditioned Galton-Watson trees (Janson [13] and Addario-Berry et al. [1]),
recursive trees (Drmota et al. [8], Iksanov and Mohle [11]), binary search trees (Holmgren [9])
and split trees (Holmgren [10]). In the general case k > 1, the authors in [7] established first
moment estimates of IC(T,,) for families of deterministic and random trees, such as paths,
complete binary trees, split trees, random recursive trees and conditioned Galton-Watson
trees. In particular, the authors in [7] have proven a weak limit theorem for /C(T,) when T,
is a path consisting of n vertices. More recently, Cai and Holmgren [6] obtained also a weak
limit theorem in the case when T,, is a complete binary tree.

In this work, we continue the investigation of this general cutting-down procedure in
conditioned Galton-Watson trees and show that K(T,,), after a proper rescaling, converges
in distribution to a non-degenerate random variable. More precisely, let £ be a non-negative
integer-valued random variable such that

E¢l=1 and 0<o®:= Var(f) < oo, (1)

and consider a Galton-Watson process with (critical) offspring distribution £. Let T,, be the
family tree conditioned on its number of vertices being n € N. The main result of this paper

is the following. We write % to denote convergence in distribution. (In the rest of the paper
CRT stands for Continuum Random Tree.)

» Theorem 1. Let k € N. Let T,, be a Galton-Watson tree conditioned on its number of
vertices being n € N with offspring distribution £ satisfying (1). Then,

o Vkp =12k (T, 4 Zorr,  as m— 00, (2)

where Zcgrr 18 a non-degenerate random variable whose law is determined entirely by its
moments: E[Z&pr] =1, and for ¢ € N, E[Zdg1] = ny.q with

(y1+---+yq)2

nk,qizq!/o /O vi(yr +y2) - (- +yge = Fy(y,) dyg--- dyr,  (3)

where y, = (y1,...,Yq) € RY and

oo Xy Tg—1 k k o e k
Y127 + Y2y + -+ YgT
Fy(y,) = /0 /0 /0 exp ( ! Zk' a q) dzg - -+ dxg dz;.

Furthermore, if E[€P] < oo for every p € Z>q, then for every q € Z>o,

o4k~ PE[KC(T,, )] — E[Z¢gy]
asn — oo.

In the case k = 1, Theorem 1 reduces to Zcgrr having a Rayleigh distribution with density
xe‘“z/z, for x € R,.. More precisely, one can verify that n; , = 24/2T(1 4 ¢/2), for q € Z>o,
which are the moments of a random variable with the Rayleigh distribution; in this paper I'(+)
denotes the well-known gamma function. As we mentioned early, the case k = 1 has been
shown in [13, Theorem 1.6] (or Addario-Berry et al. [1]). We henceforth assume throughout
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this paper that & > 2. It is also important to mention that we could not find a simpler
expression (in general) for the moments 1y, , except for some particular instances. For ¢ = 1,
we have

e (E (1 _ 1
77k,1—2kk1"kI‘1 TR

Then Theorem 1 provides a proof of [7, Lemma 4.10], where an estimation for the first

moment of I(T,,) was first announced but whose proof was left to the reader, see Lemma 10.

On the other hand, let (Uy,...,U,) be ¢ i.i.d. leaves of a Brownian CRT and define the vector
(LSRT, LERT Lf;RT) where L§RT = 0 and LERT is the total length of a Brownian CRT
reduced to the leaves of Uy, ..., U;; see [3, Lemma 21] from where one can deduce explicitly
the distribution of (LOCRT, LERT . LqCRT). From the proof of Theorem 1, we obtain, for

q € N, that
( N L?ﬁT)xfﬂ o
exp | — dxg,

Y Y |
0 0 0 k!

where X, = (x4,...,21) € RE. This suggests that it ought to be possible to build the

random variable Zcgr by some construction that can be interpreted as the k-cut model on
the Brownian CRT defined by Aldous [2, 3]. The appearance of the Brownian CRT in this
framework should not come as a surprise since it is well-known that if we assign length n=1/2
to each edge of the Galton-Watson tree T,,, then the latter converges weakly to a Brownian
CRT as n — oo.

The approach used in this work consists of implementing an extension of the idea of Janson
[13], which was used in [7], in order to study the k-cut model on deterministic and random
trees. The authors in [7] introduced an equivalent model that allows them to define IC(T,,)
in terms of the number of records in T,, when vertices are assigned random labels. More
precisely, let (E; ,)i>1,0eT, be a sequence of independent exponential random variables of
parameter 1; Exp(1) for short. Let G, =), ., <, Ei, for r € Nand v € T),. Clearly, G,
has a gamma distribution with parameters (r, 1), which we denote by Gamma(r). Imagine
that each vertex v € T,, has an alarm clock and v’s clock fires at times (G,)r>1. If we
cut a vertex when its alarm clock fires, then due to the memoryless property of exponential
random variables, we are actually choosing a vertex uniformly at random to cut. However,

this also means that we are cutting vertices that have already been removed from the tree.

Thus, for a cut on vertex v at time G,.,, (for some r € {1,...,k}) to be counted in IC(T),),
none of its strict ancestors can already have been cut k times, i.e.,

Gy <min{Gy, : v € T,, and u is a strict ancestor of v}.
When the previous event happens, we say that G, ,,, or simply v, is an r-record and let
I =[Gy < min{Gy, : u € T,, and u is a strict ancestor of v}], (4)

where [-] denotes the Iverson bracket, i.e., [S] = 1 if the statement S is true and [S] =0
otherwise. Let KC;(T,) be the number of r-records, i.e., K(Ty) = > cp Iry. Then, it
should be plain that

K(T.) 2 3 K(T), (5)

1<r<k

where £ denotes equal in distribution.

5:3
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(9 of

@ (3) '

e e 9 1 2 3 1 5 6 7 8 9 10

Figure 1 An example of a depth-first walk in a tree and the corresponding V,,.

Loosely speaking, we then consider the well-known depth-first walk (V;,(t),t € [0,2(n—1)])
of the tree T,, as depicted in Figure 1, that is, V,(¢) is “the depth of the ¢-th vertex” visited
in this walk; this will be made precise in the next section. As it is well-known (see Aldous [3,
Theorem 23 with Remark 2] or [15, Theorem 1]), when T;, is a conditioned Galton-Watson
with offspring distribution satisfying (1), we have that

Y2V, (2(n — 1)t),t € [0,1]) 52071 B™,  as n — .

in C([0,1],R4), with its usual topology, and where B = (B®*(¢),t > 0) is a standard nor-
malized Brownian excursion. It has been shown in [7, Lemma 1] that E[1,.,] ~ Cy. rd,, (v)~"/*,
for some (explicit) constant C.., > 0, where d,,(v) is the depth of the vertex v € T,,. Let o
denote the root of T,,. Thus, informally

E K (Ty) | Ty
3 Cri Cri /2<”-1> dt Cri /1 (Vn(2(n— 1)t) >Z "
T (k" kI
veT\{o} dn(v) 2 Jo Vau(t) n 0 Vn

C’r‘,k‘ (g)% 1 dt
n71+ﬁ 2 o Bex(t)r/k’

as n — oo. By taking expectation, we deduce that
i 1
o " Ep TR [K,(T,)] ~ CriE [/ (2Bex(t))7r/k dt} , as nm— 0o,
0

which coincides with the right-hand side of (3) when r = ¢ = 1. Notice that this informal
computation suggests that E [IC,(T,,)] = O(n'=3%), for r € {1,...,k}. As a consequence, the

Markov’s inequality implies n*HﬁlCr(Tn) — 0 in probability, as n — oo, for r € {2,...,k}.
If so, by the identity in (5), it would be enough to prove Theorem 1 for K;(T,,) instead of
K(T,).

In the rest of the paper, we make the above argument precise and extend it to higher
moments in order to apply the method of moments for proving Theorem 1. In a full version
of this paper [4], we also apply the same idea to get all moments of the number of records
in paths and several types of trees of logarithmic height, e.g., complete binary trees, split
trees, uniform random recursive trees and scale-free trees. We omit the proofs of our more
technical lemmas since they can be found in [4].

2  Preliminary results

The purpose of this section is to establish a general convergence result for the number of
1-records K1 (T,,) of a deterministic rooted ordered tree T,,. The results of this section can
also be viewed as a generalization of those of Janson [13] and Cai, et al. [7]. Furthermore,



G. Berzunza, X.S. Cai, and C. Holmgren

these results will allow us to study the convergence of the cut number X(T,,) not only for
conditioned Galton-Watson trees in Section 3, but also for other classes of random trees in a
full version of this paper [4].

We start by defining a probability measure through a continuous function in the same
spirit as in [13, Theorem 1.9]. Let I C R be an interval. For a function f: I — R, and
t1,...,tq € I with ¢ € N, we define

q q—1

Lty tg) =Y fltm) = inf  f(d), (6)
Pt Pl S UORICERS)
where t(1),...,t( are t1,...,t, arranged in nondecreasing order. Notice that L¢(t1,...,1,)

is symmetric in ¢q,...,t, and that L(¢t) = f(¢) for ¢t € I. Define
Df(tl) = Lf(tl), Df(tl, e ,tq) = Lf(tl,. .. ,tq) — Lf(tl,. .. ,tqfl), for q > 2. (7)

We also consider the functional

k! ’

Gy(tg, xq) = exp (8)
for xq = (@1,...,24) € R} and tq = (t1,...,tq) € I9. If I = [0,1], we further define, for
geN, 1etm0(f —land

_q.// // / / Gty x,) A%, dby, ¢ > 2, (9)

where X, = (zg,...,21) and t, = (t, ..., t1).

» Theorem 2. Let k € N. Suppose that f € C([0,1],Ry) is such that fol ft)~ kAt < oco.
Then there exists a unique probability measure vy on [0,00) with finite moments given by

/[ )quf(da:) =mq(f), for q€ Z>o.
0,00

Consider a rooted ordered tree T,, with root o and n € N vertices. We now explain how
T,, can be coded by a continuous function. We define the so-called depth-first search function
[2, page 260], ¥, : {0,1,...,2(n — 1)} — { vertices of T, } such that v, (¢) is the (i + 1)-th
vertex visited in a depth-first walk on the tree starting from the root o. Note that (i)
and v, (¢ + 1) always are neighbours, and thus, we extend ¢ to [0,2(n — 1)] by letting, for
1<i<t<i4+1<2(n—1), ¥,(t) to be the one of 1, (i) and 1, (i + 1) that has largest
depth (recall that the depth of a vertex v € T, is the distance, i.e., number of edges, between
o to v). Let d,,(v) be the depth of a vertex v € T,,. We further define the depth-first walk
V, of T,, by

Vi(i) = dp(1(i)), 0<i<2(n—1),

and extend V), to [0,2(n — 1)] by linear interpolation. Thus V,, € C(]0,2(n —1)],R4). See
Figure 1 for an example of V,,. Furthermore, we normalize the domain of V,, to [0, 1] by
defining

Vo(t) =V (2(n —1)t) and  V,(t) == [V, (2(n — 1)t)], (10)
for t € [0,1]. Thus V,,, V, € C([0,1], R,). Note that d,,(1(t)) = [V, (t)], for t € [0,2(n — 1)].
Moreover,

maxd,(v) = sup  Vip(t) = sup V,(t). (11)

veTy te[0,2(n—1)] te0,1]
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We now state the central result of this section, that is, a general limit theorem in
distribution for the number of 1-records Ky (T,) of a deterministic rooted tree T,, with n
vertices. It is important to notice that K1 (T, ) is a random variable since the 1-records are
random.

» Lemma 3. Let k € N. Suppose that (Trn)n>1 is a sequence of (deterministic) ordered rooted
trees, and denote the corresponding normalized depth-first walks by V and V Suppose
that there exists a sequence (an)n>1 of non-negative real numbers with limy,_,oc a, = 0,
limy, 00 nay ¥ = 0o and a function f € C(]0,1],R4) such that

(a) anyn(t) — f(t), in C([0, 1] Ry), as n — oo.

(b)/(an‘/}n()) det—)/f 1/kdt<oo as n — 0o.
Then, for each q € Z>o,

n~%a; PR (T,)] — my(f),

as n — oo, where my(f) is defined in (9). Moreover, n’laﬁl/lel(Tn) iZf, as n — oo,
where Z; is a random variable with distribution vy defined by Theorem 2.

We can apply similar ideas as in the proofs of Lemma 3 in order to estimate the mean
of the number of r-records KC,.(T,). It is important to mention that we have not tried to
estimate higher moments of IC,.(T,,) in order to obtain a limit theorem in distribution for
this quantity. We believe that our methods can be used but the computations will be more
involved and we decided not to do it. Furthermore, the next results shows that /C,.(T,,) is of
smaller order than Iy (T,,) and hence it will not contribute (in the limit) to the distribution
of the k-cut number K(T),).

» Lemma 4. Let k € N. Let T,, be a (deterministic) rooted tree with n € N vertices. Suppose
that there exists a sequence (an)n>1 of non-negative real numbers with lim, .o a, = 0,

lim,, 00 Nay = 00 and max,er, d,(v) = O(a;t). Then, for r € {1,...,k}, and uniformly
over T,,
i 1 70, an";"(t)wk
n"ta;"/*E[K,(T,)] = (1+ O(a / / “TE da 4 o(1).

» Lemma 5. Let k € N. Suppose that (T,,),>1 is a sequence of (deterministic) ordered
rooted trees. Suppose that there exists a sequence (an)n>1 of non-negative real numbers with
lim,, 00 an, = 0, lim, oo na, = co and a function f € C([0,1],Ry) such that Vi, satisfies
the condition (a) in Lemma 3 and that for r € {1,...,k},

1 1
/ (an V()% dt — / f@)™*dt < 00, as n— oo.
0 0

Then,

(kD)™/FT( r/k

-1 _—r/k
n"a,"PEIK(Ty)] — NG

/f /R dt, as n— oo.

3 Proof of Theorem 1

Let T,, be a Galton-Watson tree conditioned on its number of vertices being n € N with
offspring distribution ¢ satisfying (1). Notice that in this case both the r-records and the tree
are random. Then we study &C,.(T,,) as random variable conditioned on T,,. More precisely,
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we first choose a random tree T,,. Then we keep it fixed and consider the number of r-records.

This gives a random variable K,.(T,,) with distribution that depends on T,,. We have the
following lemma that corresponds to [13, Lemma 4.8].

» Lemma 6. Let k € N. Let T,, be a Galton-Watson tree conditioned on its number of
vertices being n € N with offspring distribution & satisfying (1). Forr € {1,...,k}. We have
that E[IC,(T,)] = O(n'~2F).

Proof. By an application of Lemma 4 with a,, = n~/2, we see that

B (TT] < 1+ 0@d) Y [ T e85 g 4 o(narl)
vETn\{O}/O L(r )
(E)"/KT(r/k)

dy (v)fr/k + o(nar/k)

—(1+0@F) ¥

veT, \{o} kr( )
2 (k! T/kr k)
:(1+O(a%"))( ) T/ Zz "Ry (T,) + o(nal/*), (12)
=1

where w;(T,,) denotes the number of vertices at depth ¢ € N in T,,. Notice that

[ni/2)

D i Fw(T,) < ntE 4+ Y i Fu(T
i=1 i=1

by the fact that }-,-,w;i(T,) = n. Since E[¢?] < oo by our assumption (1), [13, Theorem
1.13] implies that for all n,i € N, E[w;(T,,)] < Ci for some constant C' > 0 depending on &
only. Therefore,

0o Ln1/2J
> iRy (Ty)] = n' % + > Efwi(T,))i % = O(n'~%). (13)
i=1 =

By taking expectation in (12), our claim follows by (13). <

We continue by studying the moments of the number of 1-records K1(T,,). We denote
by i, the (random) probability distribution of o~ '/*n~1+1/2k[C\ (T,,) given T,,. Define the
random variables

mq(Ty) = E[K1(T,)Ts], g€ Zso.

Notice that the moments of p, are given by o~9/Fn=9+4/2km (T, ). We have the following
lemma that corresponds to [13, Lemma 4.9].

» Lemma 7. Let k € N. Let T,, be a Galton-Watson tree conditioned on its number of

vertices being n € N with offspring distribution € satisfying (1). Furthermore, suppose that
for every fized ¢ € N we have that E[¢9T] < oo. Then E[my(T,)] = O(n4~ ).

Let 17" and ‘7n be the normalized depth-first walks associated with the conditioned
Galton-Watson tree T,,. Notice that in this case 17” and ‘77,, become random functions on
C(]0,1],R). Recall that a remarkable result due to Aldous [3, Theorem 23 with Remark 2]
(see also [15, Theorem 1]) shows that

n1?v, iQJ_lBeX, as n — oo, (14)

in C([0,1],R), with its usual topology, and where B®™ = (B®*(t),t > 0) is a standard
normalized Brownian excursion. Notice that B®* is a random element in C([0, 1],R}); see
for example [5] or [20].
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» Lemma 8. Let k € N. Forr € {1,...,k}, we have that fol BeX(t)~"/k dt < oo almost
surely.

Proof. One only needs to show that E[fol B*(t)~"/* dt] < co. This follows by computing
E[Be*(t)~"/*], for every t € [0, 1], from the well-known density function of B®(t); see [5,
Chapter II, Equation (1.4)]. <

Therefore, Theorem 2 and Lemma 8 imply that there exists almost surely a (unique)
measure vopex with moments given by my(2B°*). The next result provides a generalization
of [13, Theorem 1.10] and it will be used in the proof of Theorem 1.

» Theorem 9. Let k € N. Let T,, be a Galton-Watson tree conditioned on its number of
vertices being n € N with offspring distribution & satisfying (1). Then

hn i)l/QBex, as n — oo, (15)
in the space of probability measures on R. Moreover, we have that for every q € N,
o~/ kp=ata/2kpy, (T,) 4 mgy(2B%),  as n — oo. (16)

The convergences in (14), (15) and (16), for all ¢ € N, hold jointly. In particular, if
E[¢P] < oo for all p € N, then for allq € N and | € N,

o lal byl 2R R I (T, )] = Elmg (2B™)!],  as n — oo. (17)

Proof. A simple adaptation of the proof for [13, Lemma 4.7] easily shows that

1 1
(V/ Vo (t)~V/k dt) 4 <201BGX,21/%1/’</ Bex(t)~/k dt>, in C([0,1],R,),
0 0
(18)

as n — 00. By the Skorohod coupling theorem (see e.g. [14, Theorem 4.30]), we can assume
that the trees (T),),>1 are defined on a common probability space such that the convergence
in (18) holds almost surely. Therefore, the convergences (15) and (16) follow immediately
from Lemma 3. It only remains to prove (17). Recall that we assume that E[(P] < oo
for every p € N. By Jensen’s inequality, we notice that my(T,)" < my,(T,) for ,q € N.
Hence Lemma 7 implies that E[mg(T,)!] = O(n'a~2t). This shows that every moment of
the right-hand side of (16) stays bounded as n — oo which implies (17). <

Proof of Theorem 1. Lemma 6 establishes that E[C,(T,)] = O(n!=2%) for r € {1,...,k}.
As a consequence, the Markov’s inequality implies n’HiICT(Tn) — 0 in probability, as
n — oo, for r € {2,...,k}. Then, by the identity in (5), it is enough to prove Theorem 1
for K1(T,,) instead of IC(T,). By the definition of u, and Theorem 9, for any bounded
continuous function g : Ry — Ry,

E[g(a_l/kn_“'l/%lq(']Tn))|']Tn] = /g d,uni /g dvopgex, as n — oo.
Taking expectations, the dominated convergence theorem implies that

o VT2 e (T ) b Zopr,
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as n — oo, where Zcrr has distribution v(-) = E[vapex(-)]. Suppose that E[¢P] < oo for
every p € N. Lemma 7 implies that every moment of n_1+1/2le1(']I‘n) stays bounded as
n — oo which implies the moment convergence in Theorem 1. It remains to identify the
moments of Zcgr (or equivalently v). Notice that

E[Zigr] = /x’l dv=FE [/ 9 dy2Bex] = E[m,(2B*)], for q€N.

For g € N, let Uy, ..., U, be independent random variables with the uniform distribution on
[0,1]. Let Y3,...,Y, be the first ¢ points in a Poisson process on (0, c0) with intensity « dz,
ie., Y1,...,Y; have joint density function y; - ~-yqe_y§/2 on0 <y <--- <y, <oo. Itis
well-known that Logex(Ut,...,Uy) 4 Yy, see, e.g., [13, Proof of Lemma 5.1]. Defining the
function

o0 ] Tg—1
gt = [ [ [ Grttaxg) i, (19)
0 0 0
we see that
o Y1 Yqg—1 oo _ 2/2~
Blmy(25°)] = !B {Hape o(U)) =g [+ [ [ e i E () dy,e (20)
0 0 0

where Uy = (Uy,...,Uy), y, = (41,---,Yq) € RY and

~ A a1 yiah + (y2 —y)ah 4+ -+ (Yyg — Yg—1)zh | -
Fyly,) = / / / exp <— i CH L dx,.
0 0 0 .

Finally, the expression for the moments in Theorem 1 follows by first changing the order
of integration in (20) and then by making the change of variables w; = y; — y;—1 for
2<1<q. |

Following the idea of the proof of Theorem 1, we obtain the following convergence of the
first moment of the number of r-records K,.(T,,). This provides a proof of [7, Lemma 4.10].

» Lemma 10. Let k € N. Let T,, be a Galton-Watson tree conditioned on its number of
vertices being n € N with offspring distribution £ satisfying (1). For r € {1,...k}, we have
that

r

nTFEE[C,(T,)] — (k,?% F(’Q)Frﬁif = (ji) S eno

Proof. The proof follows by a simple adaptation of the argument used in the proof of
Theorem 1 by using Lemma 5 (with a,, = n~/?), Lemma 6 and Lemma 8. One only needs
to notice that

1
ex(\—r/k — 93% _L
E[/O B (1) dt] 2kr(1 Qk)

which follows from the well-known density function of B®(¢); see [5, II.1.4]. <
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—— Abstract

We consider the model of random trees introduced by Devroye [13], the so-called random split trees.
The model encompasses many important randomized algorithms and data structures. We then
perform supercritical Bernoulli bond-percolation on those trees and obtain a precise weak limit
theorem for the sizes of the largest clusters. The approach we develop may be useful for studying
percolation on other classes of trees with logarithmic height, for instance, we have also studied the
case of complete d-regular trees.
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1 Introduction

In this extended abstract, we investigate the asymptotic behaviour of the sizes of the largest
clusters created by performing Bernoulli bond-percolation on random split trees. Split
trees were first introduced by Devroye [13] to encompass many families of trees that are
frequently used to model efficient data structures or sorting algorithms (we will be more
precise shortly). Some important examples of split trees are binary search trees [18], m-ary
search trees [25], quad trees [16], median-of-(2k 4+ 1) trees [27], fringe-balanced trees [12],
digital search trees [11] and random simplex trees [13, Example 5].

To be more precise, we consider trees T, of large but finite size n € N and perform
Bernoulli bond-percolation with parameter p,, € [0, 1] that depends on the size of the tree
(i.e., one removes each edge in T,, with probability 1 — p,,, independently of the other edges,
inducing a partition of the set of vertices into connected clusters). In particular, we are going
to be interested in the supercritical regime, in the sense that with high probability, there
exists a giant cluster, that is of a size comparable to that of the entire tree.

Bertoin [2] established a simple characterization of tree families with n vertices and
percolation regimes which results in giant clusters. Roughly speaking, Bertoin [2] showed
that the supercritical regime corresponds to percolation parameters of the form 1 — p,, =
c/l(n)+o(1/4(n)) as n — oo, where ¢ > 0 is fixed and ¢(n) is an approximation of the height
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of a typical vertex in the tree structure!. Then the size I',, of the cluster containing the root
satisfies lim,, o, n~'T,, = I'(c) in distribution to some random variable I'(c) # 0. In several
examples the supercritical percolation parameter satisfies

pn=1—c/Inn+o0(1/Inn), (1)

for some fixed parameter ¢ > 0. For example, this happens for some important families of
random trees with logarithmic height, such as random recursive trees, preferential attachment
trees, binary search trees; see [14], [15, Section 4.4]. In those cases the random variable I'(c)
is an (explicit) constant and the giant cluster is unique.

A natural problem in this setting is then to estimate the size of the next largest clusters.
Concerning trees with logarithmic height, Bertoin [3] proved that in the supercritical regime,
the sizes of the next largest clusters of a uniform random recursive tree, normalized by a
factor Inn/n, converge to the atoms of some Poisson random measure; see also [1]. This
result was extended by Bertoin and Bravo [4] to preferential attachment trees. A different
example is the uniform Cayley trees where £(n) = \/n and I'(c) is not constant. But unlike
the previous examples, the number of giant components is unbounded as n — oo; see [24, 23].

As a motivation, it is important to point out that supercritical Bernoulli bond-percolation
on large but finite connected graphs is an ongoing subject of research in statistical physics
and mathematics. Furthermore, the estimation of the size of the next largest clusters is a
relevant question in this setting. An important example where the graph is not a tree is the
case of a complete graph with n vertices. A famous result due to Erdos and Rényi (see [9])
shows that Bernoulli bond-percolation with parameter p, = ¢/n + o(1/n) for ¢ > 1 fixed,
produces with high probability as n — oo, a unique giant cluster of size close to 6(c)n, where
6(c) is the unique solution to the equation z + e~* = 1, while the second, third, etc. largest
clusters have only size of order Inn.

The main purpose of this work is to investigate the case of random split trees which belong
to the family of random trees with logarithmic heights; see Devroye [13]. Informally speaking,
a random split tree TSP of “size” (or cardinality) n is constructed by first distributing n balls
(or keys) among the vertices of an infinite b-ary tree (b € N) and then removing all sub-trees
without balls. Each vertex in the infinite b-ary tree is given a random non-negative split
vector V = (V1,...,V}) such that 2?21 Vi =1 and V; > 0, are drawn independently from
the same distribution. These vectors affect how balls are distributed. Its exact definition
is somewhat lengthy and we postpone it to Section 1.1. An important peculiarity is that
the number of vertices of TP is often random which makes the study of split trees usually
challenging.

Recently, we have shown in [7, Lemma 1 and Lemma 2] that the supercritical percolation
regime in split trees of cardinality n corresponds precisely to parameters fulfilling (1). Notice
that here n corresponds to the number of balls (or keys) and not to the number of vertices.
More precisely, let CO (resp. C?) be the number of balls (resp. number of vertices) in the
percolation cluster that contains the root. Then, in the regime (1) and under some mild
conditions on the split tree, it holds that

_ d. _ 140 d _
nCY Se o/n (resp. n1CY % ae C“‘), as n — 0o, (2)

where p = BE[-V1In V4] (o > 0 is some constant depending on the split tree) and LN
denotes convergence in distribution. Furthermore, the giant cluster is unique. These results
agree with that of Bertoin [2] even when the number of vertices in split trees is random and
the cluster sizes can be defined as either the number of balls or the number of vertices.

! For two sequences of real numbers (An)n>1 and (By),>1 such that B, > 0, we write A, = o(By) if
limp— 00 An/Bn = 0.
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Loosely speaking, our main result shows that in the supercritical regime (1) the next
largest clusters of a split tree T5P have a size of order n/Inn. Moreover, we obtain a limit
theorem in terms of certain Poisson random measures. A more precise statement will be
given in Theorems 1 and 2 below. These results exhibit that cluster sizes, in the supercritical
regime, of split-trees, uniform recursive trees and preferential attachment trees present similar
asymptotic behaviour. Finally, we point out that our present approach also applies to study
the size of the largest clusters for percolation on complete regular trees (see Theorem 3).

The approach developed in this work differs from that used to study the cases of uniform
random recursive trees (RRT) in [3] and preferential attachment trees in [4]. The method
of [3] is based on a coupling of Iksanov and Mohle [20] connecting the Meir and Moon [22]
algorithm for the isolation of the root in a RRT and a certain random walk. This makes use
of special properties of recursive trees (the so-called randomness preserving property, i.e., if
one removes an edge from a RRT, then the two resulting subtrees, conditionally on their
sizes, are independent RRT’s) which fail for split-trees. The basic idea of [4] is based on the
close relation of preferential attachment trees with Markovian branching processes and the
dynamical incorporation of percolation as neutral mutations. The recent work of Berzunza
[5] shows that one can also relate percolation on some types of split trees (but not all) with
general age-dependent branching processes (or Crump-Mode-Jagers processes) with neutral
mutations. However, the lack of the Markov property in those general branching processes
makes the idea of [4] difficult to implement.

A common feature in these previous works, namely [3] and [4], is that, even though one
addressed a static problem, one can consider a dynamical version in which edges are removed,
respectively vertices inserted, one after the other in a certain order as time passes. Here we
use a fairly different route and view percolation on split trees as a static problem.

We next introduce formally the family of random split trees and relevant background,
which will enable us to state our main results in Section 1.2.

1.1 Random split trees

In this section, we introduce the split tree generating algorithm with parameters b, s, s, s1, V
and n introduced by Devroye [13]. Some of the parameters are the branch factor b € N, the
vertex capacity s € N, and the number of balls (or cardinality) n € N. The additional integers
sp and s; are needed to describe the ball distribution process. They satisfy the inequalities
0<s50<sy<s 0<bs; <s+1—sg. The so-called random split vector V = (V1,...,V})
is a random non-negative vector with Zle Vi=land V; >0, fori=1,...,b.

Consider an infinite rooted b-ary tree T, i.e., every vertex has b children. We view each
vertex of T as a bucket with capacity s and we assign to each vertex v € T an independent
copy Vi = (Vi 1,..., Vi) of the random split vector V. Let C'(u) denote the number of balls
in vertex w, initially setting C'(u) = 0 for all u. We call u a leaf if C(u) > 0 and C(v) =0
for all children v of u, and internal if C'(v) > 0 for some strict descendant v of u. The split
tree TP is constructed recursively by distributing n balls one at time to generate a subset of
vertices of T. The balls are labeled using the set {1,2,...,n} in the order of insertion. The
j-th ball is added by the following procedure.

1. Insert j to the root.
2. While j is at an internal vertex u € T, choose child ¢ with probability V,, ; and move j to

child 1.

3. If j is at a leaf u with C'(u) < s, then j stays at u and C(u) increases by 1.

If j is at a leaf with C(u) = s, then the balls at u are distributed among w and its children

as follows. We select so < s of the balls uniformly at random to stay at u. Among the
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remaining s + 1 — sg balls, we uniformly at random distribute s; balls to each of the b
children of u. Each of the remaining s + 1 — s — bs; balls is placed at a child vertex
chosen independently at random according to the split vector assigned to w. This splitting
process is repeated for any child which receives more than s balls.

We stop once all n balls have been placed in T and we obtain 7.’ by deleting all vertices
u € T such that the sub-tree rooted at v contains no balls. Note that an internal vertex of
TSP contains exactly sg balls, while a leaf contains a random amount in {1, ...,s}. Notice
also that in general the number N of vertices of T3P is a random variable while the number
of balls n is deterministic.

It is important to mention that depending on the choice of the parameters b, s, sq, $1
and the distribution of V), several important data structures may be modeled. For instance,
binary search trees correspond to b =2, s = so = 1, s; = 0 and V distributed as (U,1 — U),
where U is an uniform random variable on [0,1] (in this case N = n). Some other relevant
(and more complicated) examples of split trees are m-ary search trees, median-of-(2k + 1)
trees, quad trees, simplex tree; see [13, 19, 10], for details and more examples.

In the present work, we assume without loss of generality that the components of the
split vector V are identically distributed; this can be done by using random permutations as
explained in [13]. In particular, we have that E[V;] = 1/b. We frequently use the following
notation. Set

= bE[-V; In V). (3)

Note that x4 € (0,1lnd). The quantity was first introduced by Devroye [13] to study the height
of TP as the number of balls increases.
In the study of split trees, the following condition is often assumed:

» Condition 1. Assume that P(V; = 1) = P(V; = 0) = 0 and that V; is not monoatomic,
that is, V4 # 1/0.

We sometimes consider the following condition:

» Condition 2. Suppose that In V; is non-lattice. Furthermore, for some o > 0 and ¢ > 0,

n

E[N]=an+ O <m> .
Recall that for two sequences of real numbers (A4,,),>1 and (By),>1 such that B, > 0, one
writes A, = O(B,,) if limsup,,_, . |An|/Bn < co. Condition 2 first appears in [10, equation
(52)] for the study of the total path length of split trees.

Holmgren [19, Theorem 1.1] showed that if In V; is non-lattice then there exists a constant
a > 0 such that E[N] = an + o(n) and furthermore Var(N) = o(n?). However, this result is
not enough for our purpose since an extra control in E[N] is needed (see Theorem 2 below).
On the other hand, Condition 2 is satisfied in many interesting cases. For instance, it holds
for m-ary search trees [21]. Moreover, Flajolet et al. [17] showed that for most tries (as long
as In V; is non-lattice) Condition 2 holds. However, there are some special cases of random
split trees that do not satisfy Condition 2. For instance, tries (where s = 1 and so = 0) with
a fixed split vector (1/b,...,1/b), in which case InV; is lattice.

1.2 Main results

In this section, we present the main results of this work. We consider Bernoulli bond-
percolation with supercritical parameter p,, satisfying (1) on T5P. We denote by Cy (resp. Cj)
the number of balls (resp. the number of vertices) of the cluster that contains the root and
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by Chy > Cy > -+ (resp. C'l > C’g > ---) the sequence of the number of balls (resp. the
number of vertices) of the remaining clusters ranked in decreasing order. For the sake of
simplicity, we have decided to remove the parameter n from our notation of C; and C;.

We now state the central results of this work. The first result corresponds to the size
being defined as the number of balls in the cluster.

» Theorem 1. Let TP be a split tree that satisfies Condition 1 and suppose that p,, fulfills
(1). Then,

_ d_
nlCy -5 e M, as n — 0o,

where [ is the constant defined in (3) and c is defined in (1). Furthermore, for every fized
i € N, we have the convergence in distribution

Inn Inn d

(Cl,...,Ci —)(Xh...,Xi), as n — 00,
n n

where x1 > Xg > --- denotes the sequence of the atoms of a Poisson random measure on

(0, 00) with intensity cu~ e~/ x—2dx.

The second result corresponds to the size being defined as the number of vertices in the
cluster.

» Theorem 2. Let T3P be a split tree that satisfies Conditions 1-2 and suppose that p, fulfills
(1). Then,

1A d _
ntCy - ae ", as n— o0,

where p is the constant defined in (3), « is defined in Condition 2 and c is defined in (1).
Furthermore, for every fized i € N, we have the convergence in distribution

Inn - Inn - d
(Cl,...,Ci — (X1,.--,%;), as n— oo,
n n
where x1 > X9 > - -+ denotes the sequence of the atoms of a Poisson random measure on

(0, 00) with intensity coap™ e~/ Fx~2dx.

Alternatively, the law of the limiting sequence in Theorems 1 and 2 can be described as
follows: for i € N, 1/x1,1/x0—1/x1,...,1/x; —1/x;_1 are i.i.d. exponential random variables
with parameter cp ™!
variables with parameter copu~te=¢/#,

It is important to point out the similarity with the results for uniform random recursive
trees in [3] and preferential attachment trees in [4]. More precisely, the size of the second
largest cluster, and more generally, the size of the i-th largest cluster (for ¢ > 2) in the
supercritical regime is of order n/Inn as in [3] and [4]. Moreover, their sizes are described
by the atoms of a Poisson random measure on (0, 00) whose intensity measure only differ

e~¢/# in Theorem 1, while in Theorem 2 they are exponential random

by a constant factor. For example, for uniform random recursive trees [3] the intensity is
ce Cx2dx.

As we mentioned in the introduction, we shall follow a different route to that used in [3]
and [4]. The approach developed in this work is based on a remark made in [2, Section 3] about
the behavior of the second largest cluster created by performing (supercritical) Bernoulli
bond-percolation on complete regular trees. More precisely, consider a rooted complete
regular d-ary tree T of height h € N, where d > 2 is some integer (i.e., each vertex has
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exactly out-degree d). Notice that there are dF vertices at distance k = 0,1, ..., A from the
root and a total of (d"*1 —1)/(d — 1) vertices. We then perform Bernoulli bond-percolation
with parameter

gn=1-ch™" +o(h™"), (4)

where ¢ > 0 is some fixed parameter. It has been shown in [2, Section 3] that this choice
of the percolation parameter corresponds precisely to the supercritical regime, that is, the
root cluster is the unique giant component. Because the subtree rooted at a vertex at height
i < h is again a complete regular d-ary tree with height h — ¢, [2, Corollary 1] essentially
shows that the size (number of vertices) G} of the largest cluster which does not contain the
root is close to

efcdhfn(h)Jrl/(d . 1)7

where 71 (h) is the smallest height at which an edge has been removed. Notice that there are
d(d* —1)/(d — 1) edges with height at most 4, so the distribution of 71 (h) is given by

P(ri(h) > i) = ¢X@ /@D o1

We use the notation log;x = Ina/Ind for the logarithm with base d of z > 0, and y =
ly] + {y} for the decomposition of a real number y as the sum of its integer and fractional
parts. It follows that in the regime (4) and as soon as one assumes {log; h} — p € [0,1), as
h — oo, then 7 (h) — log, h converges in distribution, and therefore, hd’hG}L also converges
in distribution.

Our strategy is then to adapt and improve the above argument to study the size of the
i-th largest cluster, for ¢ > 2, in a random split tree with n balls. We also show that this
approach can be used to obtain a result similar as Theorem 1 or Theorem 2 for supercritical
percolation on complete d-regular trees of height h € N. More precisely, write G for the
number of vertices of the cluster that contains the root and G; > G2 > - -- for the sequence
of the number vertices of the remaining clusters ranked in decreasing order; for simplicity,
we omit the parameter h from our notation. We introduce for every p € [0,1) a measure A,
on (0,00) by letting

Ap(a,00)) = dHleosael 4 /@ 1)z >0

» Theorem 3. Let T be a complete reqular d-ary tree of height h € N such that {log, h} —
p €10,1), as h — oo, and suppose that qn, fulfills (4). Then,

d"Gy %5 de=¢/(d—1), as h— oo,

where the constant c is defined in (4). Furthermore, for every fized i € N, we have the
convergence in distribution

(hd™"Gy,... hd ™ "G;) -% (x1,...,x1), as h— oo,

where X1 > X9 > --- denotes the sequence of the atoms of a Poisson random measure on
(0, 00) with intensity c7%e A, (dz).

We conclude this extended abstract by providing in Section 2 a fair enough guideline of
the proof of Theorem 1. The proofs of Theorem 2 and Theorem 3 follows by an adaptation
of the arguments used in the proof of Theorem 1. An important ingredient in the proof of
Theorem 1 is Lemma 5 that establishes a law of large number for the number of sub-trees
in T5P with cardinality (number of balls) larger than n/Inn, which may be of independent
interest. Detailed proofs of all our results are going to be given in the complete version [6].
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2 Proof of Theorem 1

We split the proof of Theorem 1 in two parts. We start by studying the sizes of percolated
sub-trees that are close to the root. One could refer to these percolated sub-trees as the
early clusters since their distance to the root is the smallest. Then we show that the largest
percolation clusters can be found amongst those (early) percolated sub-trees.

2.1 Sizes of early clusters

For i € N, let e; ,, be the edge with the i-th smallest height (we break ties by ordering the
edges from left to right, however, the order is not relevant in the proofs) that has been
removed and v; , the endpoint (vertex) of e;, that is the furthest away from the root of
TP, Let T; ,, be the sub-tree of T;P that is rooted at v; , and let n;,, be the number of balls
stored in the sub-tree T; ,,. For ¢t € [0, 00), we write

N,(0) =0 and N, (t) = Z Lo} = Z L (i) e <t}

i>1 i>1

for the number of sub-trees T}, that store more than [n/(tlnn)| balls.

» Theorem 4. Suppose that Condition 1 holds and that p, fulfills (1). Then, the following
convergence holds in the sense of weak convergence of finite dimensional distributions,

(Na(t),t > 0) -5 (N(1),t > 0), as n— oo,

where (N(t),t > 0) is a (classical) Poisson process with intensity cu~!.

We stress that the convergence in Theorem 4 can be improved in order to show conver-
gence in distribution of the process (N, (¢),t > 0) for the Skorohod topology on the space
D([0, 00), R) of right-continuous functions with left limits to a Poisson process with intensity
cu~1; see, for instance, [8, Theorem 12.6, Chapter 3].

The proof of Theorem 4 uses the following result which provides a law of large number
for the number of sub-trees in T:P with cardinality larger than n/Inn. More precisely, for a
vertex v € T3P that is not the root o, let n,, denote the number of balls stored in the sub-tree
of T3P rooted at v. Define

M, (t) ::#{UETSP:U;AO and TLUZ%}, for t € [0, 00).

» Proposition 5. Suppose that Condition 1 holds. Then, for every fized t € [0,00), we have
that (Inn)~ M, (t) — p~='t, in probability, as n — oo.

The proof of Proposition 5 is rather technical and it is given in the complete version [6].

Proof of Theorem 4. For a vertex v € T;;P that is not the root o, let e, be the edge that
connects v with its parent. Define the event E, := {the edge e, has been removed after
percolation} and write &, = 1g,. So, (& )vo is a sequence of i.i.d. Bernoulli random
variables with parameter 1 — p,, (that is, the probability of removing an edge). Then, it
should be clear that

N,(t) = Z]l{nvZ n }fv, t € [0,00).

Tinn
vF£0
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Let ©Q be the o-algebra generated by (n,)yz.. Conditioning on €, we have that

(N, (t),t > 0) has independent increments and that for 0 < s < ¢, N,(t) — Ny(s) <

Bin (M,,(t) — M, (s),1 — p,), where Bin(m, ¢) denotes a binomial (m,q) random variable.
Therefore, our claim follows from Proposition 5 by appealing to [8, Theorem 12.6, Chapter 3].
<

» Corollary 6. Suppose that Condition 1 holds and that p,, fulfills (1). Then, for every fized
1 € N, we have the convergence in distribution

)

Inn Inn d
n nl,na-'-77nin —>(X1,...7Xi)7 as n — o0,

where x1 > xg > --- denotes the sequence of the atoms of a Poisson random measure on
(0, 00) with intensity cp™tx?dx.

Proof. Notice that (n/n1 ) ms < (n/n2n)ms < -+ is the sequence of atoms (or occurrence
times) of the counting process (N, (t),t > 0) ranked in increasing order. Then our claim
follows directly from Theorem 4, the mapping theorem ([8, Theorem 2.7, Chapter 1]) and
basic properties of Poisson random measures (see [26, Proposition 3.7, Chapter 3]). <

2.2 Asymptotic sizes of the largest percolation clusters

Recall that, for i € N, we let e; ,, be the edge with the i-th smallest height that has been
removed and v; , the endpoint (vertex) of e;,, that is the furthest away from the root of T:P.
Recall also that T; ,, denotes the sub-tree of TP that is rooted at v;,, and that we write n; ,,
for the number of balls stored in the sub-tree 7} ,,. We denote by C’Z the size (number of balls)
of the root-cluster of T; ,, after performing percolation (where here of course root means v; ,,).
We also write C; for the size (number of balls) of the second largest cluster of T}, that does
not contain its root. In the sequel, we shall use the following notation A, = B,, + op(f(n)),
where A,, and B, are two sequences of real random variables and f : N — (0, 00) a function,
to indicate that lim, o |A, — Bn|/f(n) = 0 in probability.

» Proposition 7. Suppose that Condition 1 holds and that p, fulfills (1). For every fixed
i €N, Cf = op(n/Inn). Furthermore, we have the convergence in distribution

(CH,...7 Ci)é(ec/“,...,ec/“), as n — oo.
Nin Nin

Proof. Notice that it is enough to show our claim for i = 1 since convergence in distribution
to a constant is equivalent to convergence in probability, and thus, one can easily deduce
the joint convergence for every fixed i € N. Given n; ,,, we see that T} ,, is a split tree with
n1,, balls. Notice that supercritical Bernoulli bond-percolation in Tj , corresponds to a
percolation parameter satisfying

L —=pn,, =c/Inny,+o(1/Innyy,),

where ¢ > 0 is fixed. Notice also that Corollary 6 implies that (Inn;,)/Inn — 1, in
probability, as n — oco. Hence 1 — py,,, = 1 —p, + 0o, (1/Inn). Therefore, a simple
application of [7, Lemma 2] shows that C’l/nlm — e~¢/m_in distribution, as n — oo, which
proves the second assertion. Moreover, [7, Lemma 2] also shows that C}/ny, — 0, in
distribution, as n — oo, and by Corollary 6, we conclude that C; = o,(n/Inn). This
completes the proof. <
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» Corollary 8. Suppose that Condition 1 holds and that p, fulfills (1). Then, for every fized
1 € N, we have the convergence in distribution

Inn ~ Inn ~ d
(Cl,...,C’i = (x1,...,%Xi), as n— oo,
n n
where x; > Xo > --- denotes the sequence of the atoms of a Poisson random measure on

(0, 00) with intensity cpu~'e=¢/Fx—2dx.

Proof. This follows from Corollary 6, Proposition 7, the mapping theorem ([8, Theorem 2.7,
Chapter 1]) and basic distributional properties of the atoms of Poisson random measures. <

The last ingredient in the proof of Theorem 1 consists in verifying that for every fixed
i € N, one can choose £ € N large enough such that with probability tending to 1, as n — oo,
the i-th largest percolation cluster of T;F can be found amongst the root-clusters of the
percolated tree-components T , ..., Ty . Rigorously, denote by

CH,@ > ég,e >z Oe,e

the rearrangement in decreasing order of the C; for i = 1,...,¢. We then adapt the idea of
[3, Lemma 6] (details are given in the complete version [6]).

» Lemma 9. Suppose that Condition 1 holds and that p, fulfills (1). Then for each fixed
i €N,

lim liminf P (Cy = Cy for every k=1,...,i) = 1.

l—00 n—o0

We can now finish the proof of Theorem 1.

Proof of Theorem 1. We have already proven the first claim in [7, Lemma 2]. We then only
prove the second claim. For every fixed i € N, consider a continuous function f : [0, 00)" —
[0,1] and fix e > 0. According to Lemma 9, we may choose ¢ € N sufficiently large so that
there exists n. € N such that the upper bound

E [f (“‘”011“"0)] <E [f (“‘”él,e,...,“‘” e)} te
n n n n

holds for all n > n.. We now deduce from Corollary 8 and the previous bound that

n—oo

limsup E [f <h17:101,...,h17:10i>] <E[f(x1,...,%:)] +e.

Because € can be arbitrary small and f replaced by 1 — f, this establishes Theorem 1. <«
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—— Abstract

Baxter permutations, plane bipolar orientations, and a specific family of walks in the non-negative
quadrant are well-known to be related to each other through several bijections. We introduce a
further new family of discrete objects, called coalescent-walk processes, that are fundamental for our
results. We relate these new objects with the other previously mentioned families introducing some
new bijections.

We prove joint Benjamini-Schramm convergence (both in the annealed and quenched sense) for
uniform objects in the four families. Furthermore, we explicitly construct a new fractal random
measure of the unit square, called the coalescent Bazter permuton and we show that it is the scaling
limit (in the permuton sense) of uniform Baxter permutations.

To prove the latter result, we study the scaling limit of the associated random coalescent-walk
processes. We show that they converge in law to a continuous random coalescent-walk process
encoded by a perturbed version of the Tanaka stochastic differential equation. This result has
connections (to be explored in future projects) with the results of Gwynne, Holden, Sun (2016) on
scaling limits (in the Peanosphere topology) of plane bipolar triangulations.

We further prove some results that relate the limiting objects of the four families to each other,
both in the local and scaling limit case.
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1 Introduction and main results

Baxter permutations were introduced by Glen Baxter in 1964 [3] to study fixed points of
commuting functions. Bazter permutations are permutations avoiding the two vincular
patterns 2413 and 3142, i.e. permutations ¢ such that there are no indices ¢ < j < k such
that o(j+1) < o(i) < o(k) <o(j) or o(j) <o(k) <o(i) <o(j+1).
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Figure 1 The diagrams of two uniform Baxter permutations of size 3253 (left) and 4520 (right).
(How these permutations were obtained is discussed in Appendix C).

In the last 30 years, several bijections between Baxter permutations, plane bipolar
orientations and certain walks in the plane' have been discovered. These relations between
discrete objects of different nature are a beautiful piece of combinatorics® that we aim at
investigating from a more probabilistic point of view in this extended abstract. The goal of
our work is to explore local and scaling limits of these objects and to study the relations
between their limits. Indeed, since these objects are related by several bijections at the
discrete level, we expect that most of the relations among them also hold in the “limiting
discrete and continuous worlds”.

We mention that some limits of these objects (and related ones) were previously investig-
ated. Dokos and Pak [11] explored the expected limit shape of doubly alternating Baxter

L are alternating. In their

permutations, i.e. Baxter permutations ¢ such that ¢ and o~
article they claimed that “it would be interesting to compute the limit shape of random Baxter
permutations”. One of the main goals of our work is to answer this question by proving
permuton convergence for uniform Baxter permutations (see Theorem 5 below). For plane
walks (i.e. walks in Z?) conditioned to stay in a cone, we mention the remarkable works of
Denisov and Wachtel [10] and Duraj and Wachtel [12] where they proved (together with many
other results) convergence towards Brownian meanders or excursions in cones. This allowed
Kenyon, Miller, Sheffield and Wilson [19] to show that the quadrant walks encoding uniformly
random plane bipolar orientations (see Section 2.2 for more details) converge to a Brownian
excursion of correlation —1/2 in the quarter-plane. This is interpreted as Peanosphere
convergence of the maps decorated by the Peano curve (see Section 2.2 for further details)
to a \/ZW—Liouville Quantum Gravity (LQG) surface decorated by an independent SLE;s.
This result was then significantly strengthened by Gwynne, Holden and Sun [14] who proved
joint convergence for the map and its dual, in the setting of infinite-volume triangulations. In
proving Theorem 5 we extend some of the methods and results of [14], with a key difference
in the way limiting objects are defined. We discuss this in more precise terms at the end of
this introduction.

So far we have considered three families of objects: Baxter permutations (denoted by P);
walks in the non-negative quadrant (W) starting on the y-axis and ending on the z-axis,
with some specific admissible increments defined in the forthcoming Equation (4); and
plane bipolar orientations (©). For our purposes, specifically for the proof of the permuton
convergence, we introduce in Section 2.4 a fourth family of objects called coalescent-walk
processes (C).

L We refer to Section 2 for a precise definition of all these objects.
2 Quoting the abstract of [13].
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We denote by W,, the subset of W consisting of quadrant walks of size n (and similarly
CnyPrn, Oy for the other three families). We will present four size-preserving bijections
(denoted using two letters that refer to the domain and co-domain) between these four
families, summarized in the following diagram:

w X ¢
OWT JCP . (1)
o2,

where the mapping OW was introduced in [19] and OP in [5]; the others are new. Our first
result is the following:

» Theorem 1. The diagram in Equation (1) commutes. In particular, CPoWC: W — P
s a size-preserving bijection.

Our second result deals with local limits, more precisely Benjamini—Schramm limits.

Informally, Benjamini—Schramm convergence for discrete objects looks at the convergence of
the neighborhoods (of any fixed size) of a uniformly distinguished point of the object (called
root). In order to properly define the Benjamini-Schramm convergence for the four families,
we need to present the respective local topologies. We defer this task to the complete version
of this abstract, here we just mention that the local topology for graphs (and so plane bipolar
orientations) was introduced by Benjamini and Schramm [4] while the local topology for
permutations was introduced by the first author [6]. Local topologies for plane walks and
coalescent-walk processes can be defined in a similar way. We denote by 2, the completion
of the space of rooted walks | |, -, Wy x [n] with respect to the metric defining the local
topology. The spaces Eﬁ., én m, are defined likewise from C, P, O.

We define below the candidate limiting objects. As a matter of fact, a formal definition
requires an extension of the mappings in Equation (1) to infinite-volume objects (for the

mappings WC and OW ™! also an extension to walks that are not conditioned in the quadrant).

We do not present all the details of such extensions, but they can be easily guessed from our
description of the mappings WC, OW, CP and OP given in Section 2.
Let v denote the probability distribution on Z? given by:

1 o
V= 5(S(JrL_l) + g 2*’*7*36(_@]»), where § denotes the Dirac measure, (2)
1,j>0

and let’? W = (X,Y) = (W))iez be a bidirectional random plane walk with step distribution
v, with value (0,0) at time 0. Let Z = WC(W) be the corresponding infinite coalescent-walk

process, @ = CP(Z) the corresponding infinite permutation on Z (in this context, an infinite
permutation is a total order of Z), and m = OW (W) the corresponding infinite map.

» Theorem 2. For every n € Zq, let W,,, Z,, o,, and m,, denote uniform objects of
size n in Wy, Cpn, Pn, and O, respectively, related by the bijections of Equation (1). For
every n € Zso, let i, be an independently chosen uniform index of [n]. Then we have joint
convergence in distribution in the space QAﬁ. X E, X é. X M

(Wi, in), (Znyin), (Gnsin), (M, in)) —— (W, Z, &, ).

n—oo

3 Here and throughout the paper we denote random quantities using bold characters.
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» Remark 3. We give a few comments on this result.

1. The mapping OW ! naturally endows the map m,, with an edge labeling and the root
i, of m,, is chosen according to this labeling.

2. We can also prove a quenched version of the above result (of annealed type) for all the
four objects (not presented in this extended abstract). It entails (see [6, Theorem 2.32])
that consecutive pattern densities of o, jointly converge in distribution.

3. The fact that the four convergences are joint follows from the fact that the extensions of
the mappings in Equation (1) to infinite-volume objects are a.s. continuous.

Our third (and main) result is a scaling limit result for Baxter permutations (see Figure 1
for some simulations), in the framework of permutons developed by [17]. A permuton p
is a Borel probability measure on the unit square [0,1]? with uniform marginals, that is
w([0,1] x [a,b]) = p([a,b] x [0,1]) =b—a, for all 0 < a < b < 1. Any permutation o of size
n > 1 may be interpreted as the permuton p, given by the sum of Lebesgue area measures

Ho(A) = 1> Leb ([(i = 1) /n,i/n] x [(o()) — 1)/, o(i)/n] N A), 3)

i=1

for all Borel measurable sets A of [0,1]2. Let M be the set of permutons. As for general
probability measure, we say that a sequence of (deterministic) permutons (u, ), converges
weakly to p (simply denoted u,, — ) if f[O,l]2 fdp, — f[O,lP fdu, for every (bounded and)
continuous function f : [0,1]> — R. With this topology, M is compact. Convergence for
random permutations is defined as follows:

» Definition 4. We say that a random permutation o, converges in distribution to a random
permuton p as n — oo if the random permuton ps, converges in distribution to p with
respect to the weak topology.

Random permuton convergence entails joint convergence in distribution of all (classical)
pattern densities (see [1, Theorem 2.5]). The study of permuton limits, as well as other
scaling limits of permutations, is a rapidly developing field in discrete probability theory, see
for instance [1, 2, 7, 8, 16, 18, 20, 21, 22]. Our main result is the following:

» Theorem 5. Let o, be a uniform Baxter permutation of size n. There exists a random

permuton pwp such that pq, 4, 75: 8

An explicit construction of the limiting permuton pp, called the coalescent Baxter
permuton, is given in Section 3.2. The proof of Theorem 5 is based on a result on scaling
limits of the coalescent-walk processes Z,,, which appears to be of independent interest, and
is discussed in Section 3.1. In particular, the convergence of uniform Baxter permutations is
joint? with that of the conditioned versions of W,, and Z,, presented in Theorem 26.

We finally discuss the relations with the work of Gwynne, Holden and Sun [14]. They
show that for infinite-volume bipolar oriented triangulations, the explorations of the two
tree/dual tree pairs of the map and its dual converge jointly. The limit is the pair of planar
Brownian motions which encode the same \/ZW—LQG surface decorated by both an SLE;,
curve and the “dual” SLE;s curve, traveling in a direction perpendicular (in the sense of
imaginary geometry) to the original curve. As shown below (Lemma 12), the bijection of [5]

4 We leave a proper claim of joint convergence to the full version of this paper. However the joint
distribution of the scaling limits is the one presented in Section 3.2.
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between plane bipolar orientations and Baxter permutations can be rewritten in terms of
the interaction of these two tree/dual tree pairs, which explains the connection between our
work and the one of [14].

We prove Theorem 5 by extending some of their constructions to finite-volume general
maps, which allows us to provide an analog of their result (that are restricted to triangulations)
for general plane bipolar orientations in finite volume, jointly with the convergences above®.
More precisely, the coalescent-walk process defined in Section 2.4.1 is an extension of the
random walk X defined in [14, Section 2.1]. The fact that it encodes the spanning tree of the
dual map (Proposition 19) is a version of [14, Lemma 2.1}, albeit we present it differently.
Our main technical ingredient is the convergence of the coalescent-walk process driven by
a random plane walk of Theorem 24. It corresponds to [14, Theorem 4.1]. The way the
limiting object (the right-hand side of Equation (10)) is defined is however very different,
and the proofs differ as a consequence. In our case, it comes from a stochastic differential
equation (Equation (7)), for which existence and uniqueness are known from the literature
[9, 23]. In their case, it is built using imaginary geometry, and characterized by its excursion
decomposition. These are nonetheless two descriptions of the same object, providing an SDE
formulation of an intricate imaginary geometry coupling. We wish to explore consequences
of this in further works.

Outline of the extended abstract. The remainder of the abstract is organized as follows.
In Section 2 we present the objects and the mappings involved in the diagram in Equation (1).
Moreover, we sketch the proof of Theorem 1. Section 3 is devoted to developing the theory
for the proof of Theorem 5. In particular, in Section 3.1 we present the aforementioned
results for scaling limits of coalescent-walk processes, and in Section 3.2 we give an explicit
construction of the limiting permuton for Baxter permutations. Finally, in Appendix A we
prove our main technical ingredient (Theorem 24), and in Appendix B we finish the proof of
Theorem 5. Note that we leave the proof of Theorem 2 out of this abstract.

2 Bipolar orientations, walks in the non-negative quadrant, Baxter
permutations and coalescent-walk processes

2.1 Plane bipolar orientations

We recall that a planar map is a connected graph embedded in the plane with no edge-
crossings, considered up to continuous deformation. A map has vertices, edges, and faces,
the latter being the connected components of the plane remaining after deleting the edges.
The outer face is unbounded, the inner faces are bounded.

» Definition 6. A plane bipolar orientation (or simply bipolar orientation) is a planar map
with oriented edges such that
there are no oriented cycles;
there is exactly one vertex with only outgoing edges (the source, denoted s), and exactly
one vertex with only incoming edges (the sink, denoted s'); all other vertices, called
non-polar, have both types of edges;
the source and the sink are both incident to the outer face.
The size of a bipolar orientation m s its number of edges and will be denoted with |m/|.

5 Not presented in this extended abstract.
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Every bipolar orientation can be plotted in the plane in such a way that every edge is
oriented from bottom to top (as done for example in Figure 2).

left external face right external face

Figure 2 In black, a bipolar orientation m of size 10. Note that every edge is oriented from
bottom to top. In red, its dual map m™. Similarly, we plot the dual map in such a way that every
edge is oriented from right to left. This map will be used in several examples. In later pictures, the
orientation of each edge is not displayed.

Given a bipolar orientation, an edge e from v to w is bordered, in the clockwise cyclic
order, by its bottom vertex, its left face, its top vertex, its right face. It is useful, for the
consistency of definitions, to think of the external face as split in two (see Figure 2 for an
example): the left external face, and the right external face.

There is a natural notion of duality for a bipolar orientation m. It is the classical duality
for (unoriented) maps where the orientation of a dual edge between two primal faces is from
right to left. The primal right external face becomes the dual source, and the primal left
external face becomes the dual sink. This map m* is also a bipolar orientation (see Figure 2).
The map m™** is just the reversal of the map m: the source and sink are exchanged, and all
edges are reversed.

Given a bipolar orientation m, its down-right tree T(m) may be defined as a set of edges
equipped with a parent relation, as follows.

The edges of T'(m) are the edges of m.

Let e € m and v its bottom vertex.

If v is the source, then e has no parent edge in T'(m) (it is grafted to the root of T'(m));
if v is not the source, the parent edge of e in T'(m) is the right-most incoming edge
of v.
The tree T'(m) can be drawn on top of m: the root of T'(m) corresponds to the source s of
m, internal vertices of T'(m) correspond to non-polar vertices of m, and leaves of T(m) are
the midpoints of some edges of m. Note that one can draw the trees T'(m) and T(m**) on
the map m without any crossing (see the left-hand side of Figure 3 for an example).

We conclude this section recalling that the exploration of a tree T is the visit of its vertices

(or its edges) following the contour of the tree in the clockwise order.

2.2 Kenyon-Miller-Sheffield-Wilson bijection

We now present a bijection between bipolar orientations and some walks in the non-negative
quadrant Z2,, introduced in [19, Section 2] by Kenyon, Miller, Sheffield and Wilson.

Let m be a bipolar orientation. We consider the exploration of the tree T'(m) (highlighted
in green in the middle picture of Figure 3) starting at the source s and ending at the last
visit of the sink s’. Note that this path (when reversed) is also the exploration of the tree



J. Borga and M. Maazoun

Figure 3 Left: A bipolar orientation m with the trees T'(m) (in blue) and T'(m**) (in red).

Middle: We add in green the interface path tracking the interface between the two trees (see
Section 2.2). Right: We label the edges of the bipolar orientations following the interface path.

T(m**) stopped at the last visit of the source s. This path, called interface path® since it
winds between the trees T'(m) and T'(m**), identifies an ordering on the set E of edges of m
since every edge of T'(m) corresponds exactly to one edge of m (see the right-hand side of

Figure 3 for an example). Let ey, e, ..., € be the edges of m listed according to this order.

» Definition 7. Given a bipolar orientation m, the corresponding walk OW(m) =
(Woteml) = (Xi,Yo)eem)) of size |m| in the non-negative quadrant 7%, is defined as
follows: fort € [|m]], let X; be the distance in the tree T(m) between the bottom vertex of e;
and the root of T(m) (corresponding to the source s), and let Yy be the distance in the tree
T(m**) between the top vertex of e; and the root of T(m™*) (corresponding to the sink s').

» Remark 8. The walk (0, X1 +1,..., X, + 1) is the height process of the tree T'(m). The
walk (0, Y], +1,Y}p -1 +1,..., Y1 + 1) is the height process of the tree T'(m™).

Suppose that the left external face has h + 1 edges and the right external face has k + 1
edges, for some h,k > 0. Then the walk (W;)i<¢<mm starts at (0,h), ends at (k,0), and
stays in the non-negative quadrant ZQ>0~ We finally investigate the possible values for the
increments of the walk, i.e. the values of Wir1 — Wi, We say that two edges of a tree are
consecutive if one is the parent of the other. We first highlight that the interface path of the
map m has two different behaviors when following the edges e; and e;41:

either it is following two consecutive edges of T'(m) (this is the case, for instance, of the

edges e3 and e4 on the right-hand side of Figure 3);

or it is first following ey, then it is traversing a face of m, and finally is following es41

(this is the case, for instance, of the edges e; and eg on the right-hand side of Figure 3).

When the latter case happens, the interface path splits the boundary of the traversed face in
two parts, a left and a right boundary.

Therefore the increments of the walk are either (+1, —1) (when e; and e; 1 are consecutive)
or (—i,+j), for some 4, j € Z>o (when, between e; and e;11, the interface path is traversing
a face with ¢ + 1 edges on the left boundary and j 4+ 1 edges on the right boundary). We
denote by A the set of possible increments, that is

A={(+1, -1} U{(=,5),i € Zz0,j € Zz0}- (4)
We denote by W the set of walks in the non-negative quadrant, starting at (0, k) and ending

t (k,0) for some h > 0,k > 0, with increments in A.

5 The interface path goes sometimes under the name of Peano curve, see for instance [15].

77
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» Theorem 9 ([19, Theorem 1]). The mapping OW : O — W is a size-preserving bijection.

» Example 10. We consider the map m in Figure 3. The corresponding walk OW (m) is:
((o, 2),(0,3), (0,3), (1,2), (2,1), (0,3), (1,2), (2, 1), (3,0), (2,0)).

2.3 Baxter permutations and bipolar orientations

In [5], a bijection between Baxter permutations and bipolar orientations is given. We give
here a slightly different formulation of this bijection (more convenient for our purposes) and
then in Lemma 12 we state that the two formulations are equivalent.

» Definition 11. Let m be a bipolar orientation of size n > 1. Recall that to every edge of
the map m corresponds its dual edge in the dual map m*. The Baxter permutation OP(m)
associated with m is the only permutation © such that for every 1 < i < n, the i-th edge
visited in the exploration of T(m) corresponds to the m(i)-th edge visited in the exploration of
T(m*). We say that this edge corresponds to the index i.

An example is given in Figure 4. The following result proves that OP is a bijection.

OP(m)= 12345678910
8657912410 3

Figure 4 Left: The bipolar orientation m and its dual m*, already considered in Figure 2. We
plot in black the labeling of the edges of m obtained in Figure 3 and in red the labeling of the edges
of m™ obtained using the same procedure used for m. Right: The permutation OP(m) obtained by
pairing the labels of the corresponding primal and dual edges between m and m™.

» Lemma 12. The function OP : O — P is equal to the function ¥ : O — P defined in [5,
Section 3.2]. Therefore OP is a size-preserving bijection.

The definition of W is the same as that of OP, with T'(m*) replaced by T'(m~1), m~! denoting
the symmetry of m along the vertical axis. So the proof (that we omit) amounts to showing
that these two trees visit the edges of m in the same order”.

2.4 Discrete coalescent-walk processes

Since the key ingredient for permuton convergence is the extraction of patterns (see Pro-
position 32), we introduce in this section a new tool in order to “extract patterns from the
plane walk” that encodes a Baxter permutation, namely coalescent-walk processes. Then,
in Section 2.4.1, we present a bijection between walks in the non-negative quadrant and

7 Actually they are related by a classic bijection between trees: the Lukasiewicz walk of T'(m*) is the
reversal of the height function of T'(m™1).
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a specific kind of coalescent-walk processes, and in Section 2.4.2, we introduce a bijection
between these coalescent-walk processes and Baxter permutations. Composing these two
mappings we obtain another bijection between walks in the non-negative quadrant and
Baxter permutations. Finally, in Section 2.5 we complete the proof of Theorem 1.

» Definition 13. Let I be a (finite or infinite) interval of Z. We call coalescent-walk process
over I a family {(th))szt,sel}tel of one-dimensional walks such that
the walk Z) starts at zero at time t, i.e. Zt(t) =0,
if Z,(Ct) > Z,gtl) (resp. Z,gt) < Z,(:l)) at some time k, then Z,S) > Z,S/) (resp. Z,S) < Z,(;l))
for every k' > k.

Note that, as a consequence, if Z,it) = Z,(:/), at time k, then Zg) = Z,it,/) for every k' > k.

In this case, we say that Z(*) and Z{) are coalescing and call coalelscent point of Z®) and
Z®) the point (£, th”) such that ¢ = min{k > max{t,t’}\Zlit) = Z,(: )}. We denote by €(1)
the set of coalescent-walk processes over some interval I.

2.4.1 The coalescent-walk process corresponding to a plane walk

We now introduce a particular family of coalescent-walk processes of interest for us. Let I be
a (finite or infinite) interval of Z. Recall the definition of A from Equation (4) page 7, and let
20 4(I) be the set of plane walks of time space I (functions I — Z?) with increments in A.

Take W € W4 (I) and denote Wy = (X4, Y}) for ¢ € I. From X and Y we construct the
family of walks {Z (t)}te 1, called the coalescent-walk process associated with W, by

fort e, Zt(t) =0;

forteITand ke IN[t+1,+00),

200+ (Y —Yion),  if Z, >0,
20 =870~ (Xp— Xey), it 2P, <0and 2V, — (X, — Xp_1) <0, (5)
Vi = Yi1, it Z" <0and 2", — (Xp - X_1) > 0.

Let WC : 204(I) — €(I) map each W € 2 4(I) to the corresponding coalescent-walk
process, i.e. WC(W) = {Z®}icr. We also set C,, = WC(W,,) C €([n]) and C = Upez_,Cn.

We give a heuristic explanation of this construction in the following example.

» Example 14. We consider the plane walk W' = (W}),cp10) starting at (0,0) on the left-hand
side of Figure 5. We plot in the second diagram of Figure 5 the walks Y in red and —X
in blue. We now explain how we reconstruct the ten walks {Z(t)}lgtgm (in green on the
right-hand side of Figure 5). The walk Z () starts at height zero at time ¢. Then,
IfZ ,gt_)l is non-negative (in particular at the starting point), then the increment Z ,gt) —7Z ,it_)l
is the same as the one of the red walk.

If Z,(ctzl is negative, then the increment Zét) — Z,S?l is the same as the one of the blue

walk, as long as this increment keeps Z ,it) negative.

Now if at time k — 1, Z,(ﬁl is negative but the blue increment would “force” it to cross
(or touch) the z-axis (that is if X — Xp—1 < Z,gtzl < 0), then Z,(:) is equal to Y3, — Y3 _1
(i.e. Z® coalesces with Z(*~1) at time k). For instance this is the case of the second
increment of the walk Z(7).

» Observation 15. The y-coordinates of the coalescent points of a coalescent-walk process in
C(I) are non-negative.

7:9
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2.4.2 The permutation associated with a coalescent-walk process

Given a coalescent-walk process Z = {Z()},c; defined on a (finite or infinite) interval I, the
relation <z on I defined as follows is a total order (we skip the proof of this fact):

i<zj = f{i<jandz” <0} or {j<iandZ? >0} or {i=j}.  (6)
This definition allows to associate a permutation to a coalescent-walk process.

» Definition 16. Fizn € Z>¢. Let Z = {Z(t)}te[n] € Cp, be a coalescent-walk process over [n].
Denote CP(Z) the permutation o € &,, such that for 1 <i,5 <mn, o(i) <o(j) < i<z j.

We have that pattern extraction in the permutation CP(Z) depends only on a finite
number of trajectories, a key step towards proving permuton convergence.

» Proposition 17. Let o be a permutation obtained from a coalescent-walk process Z =
{Z®W},en) via the map CP. Let I = {iy < --- < iy} C [n]. Then® pat (o) = m if the
following condition holds: for all 1 <1 < s <k, Zi(j‘) >0 <= w(s) <7(0).

We end this section with the following observation. Note that given a coalescent-walk
process on [n], the plane drawing of the trajectories {Z(")};c; identifies a natural tree
structure Tr(Z) as follows (see for instance the middle and right-hand side of Figure 6):

vertices of Tr(Z) correspond to points 1,...,n on the z-axis, plus a root.

Edges are portions of trajectories starting at the right of a vertex ¢ and interrupted at

the first encountered new vertex. Trajectories that do not encounter a new vertex before

time n are connected to the root. The label ¢ is also carried by the edge at the right of <.

» Remark 18. In the case where I = [n] for some n € Zx>g, the permutation 7 = CP(Z) is
readily obtained from Tr(Z): it is enough to label the points 1,...,n on the z-axis of the
diagram of the colaescent-walk process Z (these labels are painted in purple in the middle
picture of Figure 6) according to the exploration process of Tr(Z) and then to read these
labels from left to right.

2.5 From plane walks to Baxter permutations via coalescent-walk
processes

We sketch here the proof of Theorem 1. The key ingredient is to show that the dual tree
T(m*) of a bipolar orientation can be recovered from its encoding plane walk by building
the associated coalescent-walk process Z and looking at the corresponding tree Tr(Z). More

8 See Appendix B for notation on patterns of permutations.

XY Z={ZV<c0,

Figure 5 Left: A plane walk (X,Y) starting at (0,0). Middle: The diagram of the walks Y (in
red) and —X (in blue). Right: The two walks are shifted (one towards the top and one to the
bottom) and the ten walks of the coalescent-walk process are plotted in green.
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These two points are

identified in Tr(Z) CP(Z)=86579124103

Figure 6 On the left-hand side the map m from Figure 4. In the middle the associated coalescent-
walk process Z = WC o OW(m) that naturally determines the tree Tr(Z) (shown on the right). Note
that the exploration of Tr(Z) gives the inverse permutation CP(Z)™' = 67108324159.

precisely, let W = (W)1<1<n, = OW(m) be the walk encoding a given bipolar orientation m,
and Z = WC(W) be the corresponding coalescent-walk process. Then the following result,
illustrated by an example in Figure 6, holds.

» Proposition 19. The tree Tr(Z) is equal to the dual tree T (m*) with edges labeled according
to the order given by the exploration of T(m).

The proof requires a lot more notation so we skip it in this extended abstract. Theorem 1
then follows immediately, by construction of OP(m) from T'(m*) and T'(m) (Definition 11)
and of CP(Z) from Tr(Z) (Remark 18).

3 Convergence to the Baxter permuton

We start this section by representing a uniform random walk in W,, as a conditioned random
walk. For all n > 2, let 204:°%¢ be the set of plane walks (Wi)o<t<n—1 of length n that stay
in the non-negative quadrant, starting and ending at (0,0), with increments in A (defined
in Equation (4)). Remark that for n > 1, the mapping Qﬂ,’?f;c — W, removing the first
and the last step, i.e. W — (W})1<i<n, is a bijection. Recall also that W denotes the walk
defined below Equation (2). An easy calculation then gives the following (observed also in
[19, Remark 2]):

A,exc

» Proposition 20. Conditioning on {(Wt)ogt§n+1 €W, 5"}, the law of (Wt)ogtgn+1 18
the uniform distribution on mlﬁf;“, and the law of (Wy)1<i<n is the uniform distribution

on Why.

As we said in the introduction, a key result to prove Theorem 5 is to determine the
scaling limit of coalescent-walk processes encoded by uniform elements of W,,. Thanks to
Proposition 20 we can equivalently study coalescent-walk processes encoded by quadrant
walks conditioned to start and end at (0,0). We will first deal with the unconditioned case
(see Section 3.1.1) and then with the conditioned one (see Section 3.1.2).

3.1 Scaling limits of coalescent-walk processes

We start by defining our continuous limiting object: it is formed by the solutions of the
following family of stochastic differential equations (SDEs) indexed by u € R, driven by a
two-dimensional process W = (X, Y)

dZ(u) (t) = 1{2(11) (t)>0} dH(t) - ]l{z(u,) (t)SO} de(t), t Z 'LL, (7)
2@ty =0, t<u

Existence and uniqueness of solutions were already studied in the literature in the case where

the driving process W is a Brownian motion, in particular with the following result.

7:11
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» Theorem 21 (Theorem 2 of [23], Proposition 2.2 of [9]). Let I be a (finite or infinite)

interval of R and fiz to € I. Let W = (X,Y) denote a two-dimensional Brownian motion on

I with covariance matriz (; ‘1)) for p € (=1,1). We have path-wise uniqueness (explained in

1 below) and existence (explained in 2 below) of a strong solution for the SDE:

dz(t) = ]l{z(t)>0} dy(t) — ﬂ{z(t)go} dX(t), teIn]ty,+00), (8)
Z(tg) =0.

Namely, letting (Q, F, (Ft)ter,P) be a filtered probability space satisfying the usual conditions,
and assuming that (X,Y) is an (F)¢-Brownian motion,

1. if Z, 2" are two (Ft)i-adapted continuous processes that verify Equation (8) almost surely,
then Z = Z* almost surely.

2. There exists an (Fi)i-adapted continuous process Z which verifies Equation (8) almost
surely, and is adapted to the completion of the canonical filtration of (X,Y).

3.1.1 The unconditioned scaling limit result

Let us now work on the completed canonical filtered probability space of a Brownian motion

W = (X,Y) with covariance (_11/2 _11/2). For u € R, let 2 be the strong solution of

Equation (8) with I = [u,00) and to = u, provided by Theorem 21. Note that 2" gatisfies
Equation (8) (only) for almost all w. For every wu, 2 is adapted, and it is simple to see
that the map (w,u) — 2 is jointly measurable. By Tonelli’s theorem, for almost every w,
2™ is a solution for almost every u.

» Remark 22. For fixed u, 2" is a Brownian motion on [u,0). Note however that the
coupling of 2 for different values of u is highly non trivial.

» Remark 23. Given w (even restricted to a set of probability one), we cannot say that
(2 er forms a whole field of solutions to Equation (7), since we cannot guarantee that
the SDE holds for all u simultaneously. Similarly, it is expected that there exists exceptional
u where uniqueness fails.

Now, let W = (X,Y) = (X, Yi)rez be the random plane walk defined below Equa-
tion (2), and Z = WC(W) be the corresponding coalescent-walk process. We define rescaled
versions: for allm > 1,u € R, let W,, : R — R? and Z;u) : R — R be the continuous functions
defined by linearly interpolating the following points:

-k 1 - SONE: L~ (nu))
W, () =—WwW,, kez, Z, (~)=——=2 , ueERkEZ 9
<n> Von " (") Van©F ! )

Our most important technical result is the following theorem (whose proof is postponed to
Appendix A).

» Theorem 24. Letu; < ... < uy. We have the following joint convergence in (C(R,R))k+2:

(wn,z““) 2(““) 4, (w,z(“ﬂ,...,z(“k)). (10)

n rrt n
n—roo
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3.1.2 The conditioned scaling limit result

As a standard application of [12, Theorem 4], the scaling limit of the random walk W,,
conditioned on starting at the origin at time 0 and ending at the origin at time n + 1

is We = (X,Y.), the Brownian excursion in the non-negative quadrant of covariance
(_11/2 711/2 ) Let us denote by (2, F, (Fi)o<t<1, Pexc) the completed canonical probability

space of W., and work from now on in that space.

It makes sense that the scaling limit of the coalescent-walk process in this conditioned
setting should be the solution of Equation (7) driven by W, for which we have to show exist-
ence and uniqueness. First, let us remark that since Brownian excursions are semimartingales,
stochastic integrals are still well-defined. We skip the rather abstract proof of the following,
which relies on absolute continuity between Brownian excursion and Brownian motion:

» Theorem 25. Denote .Ft(u) = 0(We(s) — We(u),u < s < t) completed by the Pexc-
negligible sets of Q2. There is a jointly measurable map (w, u) — Zéu) such that for all u, z§“>
18 (.Ft(“))t—adapted, and almost surely, for almost every u, Z((i“) solves Equation (7) driven
by W.. Moreover, for u € (0,1), if Z* is another (]-'t("))t—adapted solution of Equation (7)
driven by W, started at time u, then 2" = z,f;” almost surely.

From the above result and the discrete absolutely continuity arguments of [10, 12], we
can deduce the following analogous result of Theorem 24 (whose proof is omitted). We use
the same notation as in Equation (9), and state the result for uniform random times for later
convenience.

» Theorem 26. Let u; < ... < ug be k sorted independent continuous uniform random
variables on [0, 1], independent from all other random wvariables. We have the following
convergence in (C([0,1],R))k+2;

(Wn, 22 (W )ociens € zn;‘f;C) P (we, 2L Zé"”) :

3.2 The construction of the limiting object

We introduce the limiting coalescent Bazter permuton. We place ourselves in the probability
space defined above, where W, = (X.,Y.) is a Brownian excursion of correlation —1/2
conditioned to stay in the non-negative quadrant. Let %, = {Zéu)}ue[oyl] be the family of
processes given by Theorem 25, which almost surely solves Equation (7) driven by W, for
almost every w. From the continuous coalescent-walk process Z. we build a binary relation
<z, on [0,1] defined as in Equation (6). Clearly, (w,z,y) + l,<,_y is measurable, and we
have the following property whose proof, which relies on path-wise uniqueness, is skipped.

» Proposition 27. The relation <g_ is a total order on [0,1]\ A, where A is a random set
of zero Lebesgue measure.

We then define the following random function (note that (w,t) — @z, (f) is measurable):

oz, (t) = Leb ({z € [0,1]|x <z, t})
~ Leb ({x € 0,6)|28(t) < 0} U {z € [t,1]]20 (z) > o}) :

where here Leb(-) denotes the one-dimensional Lebesgue measure. We define the coalescent
Baaxter permuton as the push-forward of the Lebesgue measure via the map (Id, ¢z, ), i.e.

ps() = pz,. () = (Id, oz, ).« Leb(-) = Leb ({t € [0, 1|(t, p2.(t) € - })-

7:13
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» Observation 28. We try to give an intuition behind the definition of up. Recall that
given a coalescent-walk process Z = {Z(t)}te[n} € C, we can associate to it the corresponding
Baater permutation o = CP(Z) and the total order <z on [n]. The permutation o satisfies
the following property: for every i € [n], o(i) = |{j € [nllj <z i}|. The function ¢z, is a
continuous analogue of the permutation o, when we consider the continuous coalescent-walk
process Zs. instead of a discrete one, and pz, is the associated permuton.

The following result is proved as [20, Proposition 3.1], relying on Proposition 27.
» Proposition 29. Almost surely, pg, is a permuton.

The final proof of Theorem 5, i.e. the convergence of uniform Baxter permutations to g5, can
be found in Appendix B. We give here a short sketch. The proof is based on the analysis of
pattern extraction from uniform Baxter permutations. Proposition 17 relates the probability
of extracting a specific pattern to the probability that some trajectories of the corresponding
coalescent-walk process have given signs at given times. Then, by Theorem 26, the latter
converges to the analogue probability for the limiting continuous coalescent-walk process.

—— References

1 F. Bassino, M. Bouvel, V. Féray, L. Gerin, M. Maazoun, and A. Pierrot. Universal limits of
substitution-closed permutation classes. Journal of the Furopean Mathematical Society, to
appear, 2019.

2 F. Bassino, M. Bouvel, V. Féray, L. Gerin, and A. Pierrot. The Brownian limit of separable
permutations. The Annals of Probability, 46(4):2134-2189, 2018.

3  G. Baxter. On fixed points of the composite of commuting functions. Proc. Amer. Math. Soc.,
15:851-855, 1964. doi:10.2307/2034894.

4 1. Benjamini and O. Schramm. Recurrence of distributional limits of finite planar graphs.
Electron. J. Probab., 6:no. 23, 13, 2001. doi:10.1214/EJP.v6-96.

5 N. Bonichon, M. Bousquet-Mélou, and E. Fusy. Baxter permutations and plane bipolar
orientations. Sém. Lothar. Combin., 61A:Art. B61Ah, 29, 2009/11.

6 J. Borga. Local convergence for permutations and local limits for uniform p-avoiding
permutations with |p| = 3. Probability Theory and Related Fields, 176(1):449-531, 2020.
doi:10.1007/s00440-019-00922-4.

7 J. Borga, M. Bouvel, V. Féray, and B. Stufler. A decorated tree approach to random
permutations in substitution-closed classes. arXiv preprint, 2019. arXiv:1904.07135.

8 J. Borga and E. Slivken. Square permutations are typically rectangular. Annals of Applied
Probability, to appear, 2019.

9 M. Caglar, H. Hajri, and A. H. Karakus. Correlated coalescing Brownian flows on R and the
circle. ALEA Lat. Am. J. Probab. Math. Stat., 15(2):1447-1464, 2018.

10 D. Denisov and V. Wachtel. Random walks in cones. Ann. Probab., 43(3):992-1044, 2015.
doi:10.1214/13-A0P867.

11 T. Dokos and I. Pak. The expected shape of random doubly alternating Baxter permutations.
Online J. Anal. Comb., 9:12, 2014.

12 J. Duraj and V. Wachtel. Invariance principles for random walks in cones. arXiv preprint,
2015. arXiv:1508.07966.

13 S. Felsner, E. Fusy, M. Noy, and D. Orden. Bijections for Baxter families and related objects.
J. Combin. Theory Ser. A, 118(3):993-1020, 2011. doi:10.1016/j.jcta.2010.03.017.

14 E. Gwynne, N. Holden, and X. Sun. Joint scaling limit of a bipolar-oriented triangulation and
its dual in the Peanosphere sense. arXiv preprint, 2016. arXiv:1603.01194.

15 E. Gwynne, N. Holden, and X. Sun. Mating of trees for random planar maps and Liouville
quantum gravity: a survey. arXiv preprint, 2019. arXiv:1910.04713.


https://doi.org/10.2307/2034894
https://doi.org/10.1214/EJP.v6-96
https://doi.org/10.1007/s00440-019-00922-4
http://arxiv.org/abs/1904.07135
https://doi.org/10.1214/13-AOP867
http://arxiv.org/abs/1508.07966
https://doi.org/10.1016/j.jcta.2010.03.017
http://arxiv.org/abs/1603.01194
http://arxiv.org/abs/1910.04713

J. Borga and M. Maazoun 7:15

16 C. Hoffman, D. Rizzolo, and E. Slivken. Scaling limits of permutations avoiding long decreasing
sequences. arXiv preprint, 2019. arXiv:1911.04982.

17  C. Hoppen, Y. Kohayakawa, C. G. Moreira, B. Rath, and R. M. Sampaio. Limits of permutation
sequences. Journal of Combinatorial Theory, Series B, 103(1):93-113, 2013.

18 R. Kenyon, D. Kral’, C. Radin, and P. Winkler. Permutations with fixed pattern densities.
Random Structures € Algorithms, 2019. doi:10.1002/rsa.20882.

19 R. Kenyon, J. Miller, S. Sheffield, and D. B. Wilson. Bipolar orientations on planar maps and
SLE12. Ann. Probab., 47(3):1240-1269, 2019. doi:10.1214/18-A0P1282.

20 M. Maazoun. On the Brownian separable permuton. Combinatorics, Probability and Computing,
page 1-26, 2019. doi:10.1017/50963548319000300.

21 N. Madras and H. Liu. Random pattern-avoiding permutations. Algorithmic Probability and
Combinatorics, AMS, Providence, RI, pages 173—-194, 2010.

22  S. Miner and I. Pak. The shape of random pattern-avoiding permutations. Adv. in Appl.
Math., 55:86-130, 2014. doi:10.1016/j.aam.2013.12.004.

23 V. Prokaj. The solution of the perturbed Tanaka-equation is pathwise unique. Ann. Probab.,
41(3B):2376-2400, 2013. doi:10.1214/11-A0P716.

24  D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293. Springer
Science & Business Media, 2013.

A  The proof of Theorem 24

Recall that W = (X,Y) = (X, Yi)rez is the random plane walk defined below Equation (2),
and Z = WC(W) is the corresponding coalescent-walk process. We need the following result
whose proof is left to the complete version of this extended abstract.

» Proposition 30. For every u € Z, Z™ has the distribution of a random walk with the
same step distribution as Y (which is the same as that of —X ).

» Remark 31. Recall that the increments of a walk of a coalescent-walk process are not always
equal to one of the increments of the corresponding walk (see for instance Equation (5)).
The statement of Proposition 30 is a sort of “miracle” of the geometric distribution.

Proof of Theorem 24. The first step in the proof is to establish convergence of the compon-
ents of the vector on the left-hand side of Theorem 24. By a classical invariance principle,
we get that W,, = (X,,,Y,,) converges to W = (X, Y) in distribution. Using Proposition 30,
and applying again the invariance principle, we get that (Z;u (u+1))i>0, converges to a
one-dimensional Brownian motion. This gives the marginal convergence thanks to Remark 22.

The second step in the proof is to establish joint convergence. Marginal convergence
gives joint tightness, so that by Prokhorov’s theorem, to show convergence, one only needs to
identify the distribution of all joint subsequential limits. Assume that along a subsequence,
we have

(W22 = (W20, %)

n—oo
Using Skorokhod’s theorem, we may define all involved variables on the same probability space
and assume that the convergence is almost sure. The joint distribution of the right-hand-side
is unknown for now, but we will show that for every 1 <i < k, fZ:z = () a.s., which would
complete the proof. Recall that 2% ig the strong solution of Equation (8), started at time
u; and driven by W = (X,Y), which exists thanks to Theorem 21. Let us now fix ¢ and
abbreviate u = u;, Z = Z;. Our goal is to show that Z also verifies Equation (8) and apply
path-wise uniqueness.
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Let F; = 0(W(s),Z(s),s <t). This gives a filtration for which W and Z are adapted. We
will show that W is an (F)¢-Brownian motion, that is for ¢t € R, s > 0, (W(t+s)—-W(t)) 1L F;.
For fixed n, by definition of a random walk, W, (t +s) — W,,(t) is independent from
(Wi, k < |nt|). Therefore, by the definition given in Equation (5),

(Walt+5) = W) 1L (W), 2,70)) (11)

By convergence, we obtain that W(t + s) — W(t) is independent from (W(r),fa(r))
completing the claim that W is an (F;);-Brownian motion.

Now fix a rational € > 0 and a rational ¢ > u such that Z(t) > . There is § > 0 so that
% > €/2 on [t — 6,t + d]. By almost sure convergence, there is Ny such that for n > Ny,

257) >¢e/4 on [t — 6,¢+ 6]. On this interval, outside of the event

r<t’

{ sup [Y; —Yi_1| > V2ne/4},

1<i<n

TZEZJ) — Y, is constant by construction of the coalescent-walk process. As a result (the
probability of the bad event is bounded by Ce=¢V" ), the limit Z —Y is constant too almost
surely. We have shown that almost surely Z — Y is locally constant on {t : Z(t) > ¢}. This
translates into the following equality:

t t
/u ﬂ{i(r))’f} dZa(T) :/u ]1{2(r)>€} d‘d(’l")

The stochastic integrals are well-defined: on the left-hand side by considering the canonical
filtration of %, on the right-hand-side by considering (F%);. The same can be done for
negative values, leading to

t

t t
/u Tz >ey dZ’(T):/u Tigy>e d‘d(r)—/u Lig(ry<—ey dX(r).

By stochastic dominated convergence theorem [24, Thm. IV.2.12], one can take the limit
as € — 0, and obtain

t

t t
/u]l{iw)ﬂ}dz’(r)zl ﬂ{2<r>>0}d9(r)_é Lig(ry<oy 4X(r).

Thanks to the fact that % is Brownian, fut Lis =0} dZ(r) = 0, so that the left-hand side
equals 2(75) As a result Z verifies Equation (8) and we can apply path-wise uniqueness
(Theorem 21) to complete the proof. <

B The proof of Theorem 5

Recall that permuton convergence has been defined in Definition 4. We present one its
characterizations (which comes from [1, Theorem 2.5]), expressed in terms of random induced
patterns. For n € Z~(, we denote by &,, the set of permutations of size n. Let 1 < k < n,
o€ 6, and I = {iy,...0} with 1 <43 <--- < i <n. The pattern in o induced by I is
the only permutation 7 € & such that the k values o(i1),...,0(ix) are order isomorphic to
w(1),...,m(k). In this case, we write pat;(c) = .
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We also define permutations induced by k points in the square [0, 1]2. Take a sequence of
k points (X,Y) = ((z1,41),-- -, (Zr, yx)) in [0, 1]? in general position, i.e. with distinguished
x and y coordinates. We denote by (x(1),¥y1)), .-, (Zw), y)) the z-reordering of (X,Y),
i.e. the unique reordering of the sequence ((x1,¥1), ..., (Zr,yx)) such that x() < --- < x).
Then the values (y(1),...,¥k)) are in the same relative order as the values of a unique
permutation, that we call the permutation induced by (X,Y).

» Proposition 32. Let o, be a random permutation of size n, and I¥ = {il ... ik} be
a uniform k-element subset of [n], independent of o,,. Let p be a random permuton, and
denote Permy(u) the unique permutation® induced by k independent points in [0,1]? with
common distribution p conditionally'® on p. Then

to, A K > Vk € Lo, V1 € &, P(patyr(oy,) =m) — P(Permy(p) = ).

We can now prove Theorem 5. First we state a consequence of the fact that pg, is a
permuton and that Z,S) (t) are continuous random variables, which allows us to get rid of
equalities:

» Lemma 33. Almost surely, for almost every s < t € [0,1], 2% (t) # 0. Then 2 (t) >0
implies oz, (5) < oz, (), and B (t) < 0 implies oz, (s) > @z, (t).

Proof of Theorem 5. We reuse here the notation of Theorem 26. In particular W is a v-
random walk and Z = WC(W ) is the associated coalescent-walk process. Let o, = CP(Z|},)).
Let &, denote the event {(W})o<t<ni1 € QU;?JS(C} By Proposition 20 and the fact that the
mapping CP o WC is a size-preserving bijection, conditioned on &,,, o, is a uniform Baxter
permutation.

Fix k> 1 and 7 € &. For n >k, let I,, = {i},...,i*} be a uniform k-element subset of
[n], independent of o,. In view of Proposition 32, to complete the proof, we will show that

P(paty (o) =7 | &) — P(Permy(pug,) = 7).
Thanks to Proposition 17, we have
— (il
P(patI" (o'n) =T ‘ gn) =P (VISZ<8§/€7 Zl(:n) Z 0 7T(£) > 7T-(8) | 871)

Let (uq,...,uy) be the sorted vector of k independent uniform continuous random variables
in [0, 1]. For every n > 1, one can couple I,, and (uq,...,ux) so that ), = |nu;] for every
1 < j <k, with an error of probability O(1/n). As a result,

P(pat; (0,) =1 | E,) =P (vlgmgk, (2n) 2 Z{ >0 = 7(f) > n(s) | aL) +0(1/n)

— P (vlgksgk, 200 () > 0 = 7(6) > W(s))

n—o00

b (MGSM {w(@) > m(s) =z, (we) > oz, (us) ) | 12)

m(l) <7(s) = pz,(ue) < pz.(us)

where for the limit we used the convergence in distribution of Theorem 26 together with the
Portmanteau theorem. Additionally, Lemma 33 is used both to take care of the boundary
effect in the Portmanteau theorem, and to do the rewriting in the last line.

In order to finish the proof, it is enough to check that the probability on the right-hand
side of Equation (12) equals P(Permy (ug,) = ). This is clear since by definition of Permy
and pz, , Permy(pig, ) is the permutation induced by ((w1, ¢z, (61)), ..., (ug, oz, (uk))). <

9 Note that if y is a permuton, then it has uniform marginals and so the = and y coordinates of k points
sampled according to p are a.s. distinct.
10 This is possible by considering the new probability space described in [1, Section 2.1].
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C Simulations of large Baxter permutations

The simulations for Baxter permutations presented in the first page of this extended abstract

have been obtained in the following way:

1. first, we have sampled a uniform random walk of size n + 2 in the non-negative quadrant
starting at (0,0) and ending at (0,0) with increments distribution given by Equation (2).
This has been done using a “rejection algorithm”: it is enough to sample a walk W
starting at (0,0) with increments distribution given by Equation (2), up to the first time
it leaves the non-negative quadrant. Then one has to check if the last step inside the
non-negative quadrant is at the origin (0,0). When this is the case (otherwise we resample
a new walk), the part of the walk W inside the non-negative quadrant, denoted W,is a
uniform walk of size |W| in the non-negative quadrant starting at (0,0) and ending at
(0,0) with increments distribution given by Equation (2).

2. Removing the first and the last step of W, thanks to Proposition 20, we obtained a
uniform random walk in W,,.

3. Finally, applying the mapping CP o WC to the walk given by the previous step, we
obtained a uniform Baxter permutation of size n (thanks to Theorem 1).

Note that our algorithm gives a uniform Baxter permutation of random size.
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—— Abstract

We continue the enumeration of plane lattice paths avoiding the negative quadrant initiated by the
first author in [1]. We solve in detail a new case, the king walks, where all 8 nearest neighbour
steps are allowed. As in the two cases solved in [1], the associated generating function is proved to
differ from a simple, explicit D-finite series (related to the enumeration of walks confined to the first
quadrant) by an algebraic one. The principle of the approach is the same as in [1], but challenging
theoretical and computational difficulties arise as we now handle algebraic series of larger degree.

We also explain why we expect the observed algebraicity phenomenon to persist for 4 more
models, for which the quadrant problem is solvable using the reflection principle.
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1 Introduction

In this paper we continue the enumeration of plane lattice paths confined to non-convex cones
initiated by the first author in [1]. Therein the two most natural models of walks confined
to the three-quadrant cone C := {(4,j) : ¢ > 0 or j > 0} were studied: walks with steps
{—=,1,+,1}, and those with steps { *,N,, \(}. In both cases, the generating function
that counts walks starting at the origin was proved to differ (additively) from a simple explicit
D-finite series by an algebraic one. The tools essentially involved power series manipulations,
coefficient extractions, and polynomial elimination.

Later, Raschel and Trotignon gave in [13] sophisticated integral expressions for 8 models,
which imply that 3 additional models ({ 7, «, ]}, {—, 1, '}, and {—=, 7,1, +,/,]}) are
D-finite. Their results use an analytic approach inspired by earlier work on probabilistic and
enumerative aspects of quadrant walks [5,12].

In this paper we first extend the results of [1] to the so-called king walks, which take
their steps from {—, /1, <, ", 4, \(}. We show that the algebraicity phenomenon of [1]
persists: if Q(x,y;t) (resp. C(z,y;t)) counts walks starting from the origin that are confined
? Mireille Bousquet-Mélou and Mich.ael Wallner;
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to the non-negative quadrant Q := {(¢,7) : 4 > 0 and j > 0} (resp. to the cone C) by the
length (variable t) and the coordinates of the endpoint (variables z,y), then C(z,y;t) differs
from the series

5 (@) — QU1 i) 27 = Qe 1y 0)/?)

by an algebraic series, as detailed in our main theorem below. Moreover, we expect a similar
property to hold (with variations on the above linear combination of the series @) for the 7
step sets of Figure 1, related to reflection groups, and for which the quadrant problem can
be solved using the reflection principle [7]. However, we also expect the effective solution
of these models to be extremely challenging in computational terms, mostly, because the
relevant algebraic series have very large degree. This is illustrated by our main theorem
below. There, and in the sequel, we use the shorthand z = 1/x, § = 1/y, and omit in the
notation the dependencies on ¢, writing for instance Q(z,y) instead of Q(x,y;1t).

» Theorem 1. Tuake the step set {—1,0,1}?\ {(0,0)} and let Q(x,y) be the generating
function of lattice walks starting from (0,0) that are confined to the first quadrant Q (this
series is D-finite and given in [3]). Then, the generating function of walks starting from
(0,0), confined to C, and ending in the first quadrant (resp. at a negative abscissa) is

72

5Q(09)+ Py, (resp. — Qy) + 2M(@,0), (1

where P(x,y) and M (x,y) are algebraic of degree 216 over Q(x,y,t). Of course, the generating
function of walks ending at a negative ordinate follows, using the x/y-symmetry.
The series P is expressed in terms of M by:

P(a,y) = z(M(z,y) — M(0,y)) + §(M(y,x) — M(0,2)), (2)

and M is defined by the following equation:

K(z,y) (2M(z,y) — M(0,y)) = o 2ty(z + 14+ z2)M(z,0) + ty(y + 1 + y)M(y,0)

3 (3)
+t(x—2)(y+ 1+ §M(0,y) —t (1 + 3 — 2zy) M(0,0) — t§M,(0,0),

where K(z,y) =1—t(x+ay+y+zy+z+2Zy+y+xy). The specializations M (xz,0) and
M(0,y) are algebraic each of degree 72 over Q(z,t) and Q(y,t), respectively, and M (0,0)
and M, (0,0) have degree 24 over Q(t).

We have moreover a complete algebraic description of all the series needed to reconstruct
P(z,y) and M(z,y) from (2) and (3), namely the univariate series M (0,0) and M,(0,0),
and the bivariate series M (z,0) and M (0,y). In particular, both univariate series lie in the
extension of Q(¢) (the field of rational functions in ¢) generated in 3 steps as follows: first,
u =t+1t2+ O(t?) is the only series in ¢ satisfying

(1 —3u)*(1 +u)t? + (1 4 18u? — 27u*)t —u = 0, (4)
simple diagonal king diabolo  double-tandem tandem Gouyou-
simple Beauchamps

Figure 1 The seven step sets to which the strategy of this paper should apply. The first two are
solved in [1], the third one in this paper.
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then v = t + 3t2 + O(t3) is the only series with constant term zero satisfying

(1430 —v*)u—v(@?+v+1) =0, (5)
and finally
w=/1+4v— 403 — dvt =1+ 2t + 48> + O(t%). (6)

Schematically, Q(?) 4 Q(t,u) 3 Q(t,v) 2 Q(t,w). Of particular interest is the series
M(0,0): by (1), this is also the series C_1 o that counts by the length walks in C ending at
(—1,0). It is algebraic, as conjectured in [13], and given by

1 ( w(l+ 2v)

MO0 =Cr0=5 (T 5 208

o - 1) =t +2t2 + 173 + 80t* 4 536t° + O(t5). (7)

Due to the lack of space, the extensions of Q(z,t) generated by M (x,0) and M (0,z) will
only be described in the long version of this paper.

Once the series C(z,y) is determined, we can derive detailed asymptotic results, which
refine general results of Denisov and Wachtel [4] and Mustapha [11] (who only obtain the
following estimates up to a multiplicative factor).

» Corollary 2. The number coo(n) of n-step king walks confined to C and ending at the
origin, and the number c¢(n) of walks of C ending anywhere satisfy for n — oo:

229 )0 \'/% 1(2/3) 8n
coo(n) ~ 37 T nd/3’

232K 1/6 1 8n
o)~ (%5 ) rma

where K is the unique real root of 1016 K3 — 601275603K2 + 92811K — 1.

Outline of the paper

We begin in Section 2 with a general discussion on models of walks with small steps confined
to the cone C, and on the related functional equations. The main part of the paper, Section 3,
is devoted to the solution of the king model. We sketch in the final Section 4 what should be
the starting point for the 4 rightmost models of Figure 1.

Some definitions and notation

Let A be a commutative ring and z an indeterminate. We denote by A[z] (resp. A[[z]]) the
ring of polynomials (resp. formal power series) in x with coefficients in A. If A is a field,
then A(z) denotes the field of rational functions in z, and A((z)) the field of Laurent series
in x, that is, series of the form ZnZno apx™, with ng € Z and a,, € A. The coefficient of x™
in a series F'(x) is denoted by [z"]F(z).

This notation is generalized to polynomials, fractions, and series in several indeterminates.

If F(x,z1,...,24) is a series in the x;’s whose coefficients are Laurent series in x, say

F(z,zq,...,2q) = Z a:’f-~-mif Z a(n,iy, ..., iq)z",
il,...,id

n>no(i1,..,0q)

then the non-negative part of F in x is the following formal power series in z,x1,...,x4:
>0 F _ i1 id . . n
[=°F(z,21,...,2q4) = xp -y a(n,iy, ... iq)z".
01,000yld n>0

8:3
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We define similarly the negative part of F', its positive part, and so on. We denote with
bars the reciprocals of variables: that is, T = 1/, so that Az, Z] is the ring of Laurent
polynomials in x with coefficients in A.

If A is a field, a power series F(x) € A[[z]] is algebraic (over A(z)) if it satisfies a
non-trivial polynomial equation P(z, F(x)) = 0 with coefficients in A. Tt is differentially
finite (or D-finite) if it satisfies a non-trivial linear differential equation with coefficients in
A(z). For multivariate series, D-finiteness requires the existence of a differential equation in
each variable. We refer to [8,9] for general results on D-finite series.

As mentioned above, we usually omit the dependency in ¢ of our series. For a series
F(z,y;t) € Qlz, z,y, y][[t] and two integers i and j, we denote by F; ; the coefficient of 'y’
in F(x,y;t). This is a series in Q[[¢]].

2  Enumeration in the three-quarter plane

We fix a subset S of {—1,0,1}2\ {(0,0)} and we want to count walks with steps in S that
start from the origin (0, 0) of Z? and remain in the cone C := {(z,y) : z > 0 or y > 0}. By
this, we mean that not only must every vertex of the walk lie in C, but also every edge: a
walk containing a step from (—1,0) to (0, —1) (or vice versa) is not considered as lying in C.
We often say for short that our walks avoid the negative quadrant. The step polynomial of S
is defined by

S(x,y) = Y @'y’ = yH_(x) + Ho(x) +yH (x) = 2V_(y) + Voly) + 2V (),
(i,J)ES

for some Laurent polynomials H_, Hy, Hy and V_, Vy, V. (of degree at most 1 and valuation
at least —1) recording horizontal and vertical displacements, respectively. We denote by
C(z,y;t) = C(x,y) the generating function of walks confined to C, where the variable ¢
records the length of the walk, and = and y the coordinates of its endpoints:

Clay)= D> D cma'y’t" = > &'y Cyy(t). (8)

(i,j)eCn=0 (i,5)eC

Here, ¢; j(n) is the number of walks of length n that go from (0,0) to (4,7) and that are
confined to C.

2.1 Interesting step sets

As in the quadrant case [3], we can decrease the number of step sets that are worth being
considered (a priori, there are 2% of them) thanks to a few simple observations:
Since the cone C (as well as the quarter plane Q) is x/y-symmetric, the models defined
by S and by its mirror image S := {(j,7) : (i,j) € S} are equivalent; the associated
generating functions are related by C(z,y) = C(y, z).
If all steps of S are contained in the right half-plane {(z,y) : > 0}, then all walks with
steps in S lie in C, and the series C(z,y) = 1/(1 — tS(x,y)) is simply rational. The series
Q(z,y) is known to be algebraic in this case [6].
If all steps of S are contained in the left half-plane {(z,y) : < 0}, then confining a
walk to C is equivalent to confining it to the upper half-plane: the associated generating
function is then algebraic, and so is Q(z,y).
If all steps of S lie (weakly) above the first diagonal (x = y), then confining a walk to C
is again equivalent to confining it to the upper half-plane: the associated generating
function is then algebraic, and so is Q(z, y).
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Finally, if all steps of S lie (weakly) above the second diagonal (2 +y = 0), then all walks
with steps in S lie in C, and C(x,y) = 1/(1 — tS(z,y)) is simply rational. In this case
however, the series Q(z,y) is not at all trivial [3,10]. Such step sets are sometimes called
singular in the framework of quadrant walks.
Symmetric statements allow us to discard step sets that lie in the upper half-plane Z x N, in
the lower half-plane Z x (—N), or weakly below the z/y diagonal.

In conclusion, one finds that there are exactly 51 essentially distinct models of walks
avoiding the negative quadrant that are worth studying: the 56 models considered for
quadrant walks (see Tables 14 in [3]) except the 5 singular models for which all steps of S
lie weakly above the diagonal x + y = 0.

2.2 A functional equation
Constructing walks confined to C step by step gives the following functional equation:
Clz,y) =1+tS(z,y)C(x,y) — tyH_(x)C_ o(z) — t2V_(y)Co,— (y) — t2yCo,01(—1,~1)es,

where the series C_ ¢(Z) and Cy _(y) count walks ending on the horizontal and vertical
boundaries of C (but not at (0,0)):

C_o(z) = Z cio(n)z't" € zQz][[t]],

Co—(5) = Y coj(n)y’t" € gQyI[[1]]-
3<0
n>0
On the right-hand side of the above functional equation, the term 1 accounts for the empty
walk, the next term describes the extension of a walk in C by one step of S, and each of the
other three terms correspond to a “bad” move, either starting from the negative z-axis, or

from the negative y-axis, or from (0,0). Equivalently,
K(z,y)C(z,y) =1 —tyH_(2)C- o(2) — tzV_(y)Co,— (y) — t2yCool(-1,-1)es; (9)

where K(x,y) :=1—tS(x,y) is the kernel of the equation.

The case of walks confined to the first (non-negative) quadrant Q has been much studied
in the past 15 years. The associated generating function Q(z,y) = Q(x,y;t) € Q|z, y][[t]] is
defined similarly to (8) and satisfies a similarly looking equation:

K(z,9)Q(z,y) =1 = tyH _(2)Q o(x) = tzV_(y)Qo,~(y) + tT§Qo,01(-1,-1)es)

where now

Q-o(z) = Y gio(n)z't" = Q(x,0) € Qla]([t]],
>0
n>0

Qo,—(y) = Z Q0,5 (n)y’t" = Q(0,y) € Qly][[¢]]-

3 The king walks

In this section we focus on the case where the 8 steps of {—1,0,1}?\ {(0,0)} are allowed.
That is,

Sz,y) =@ +14+2)G+1+y)—1l=zx+ay+y+zy+I+zj+7+ 7.
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The functional equation (9) specializes to

K(z,y)C(z,y) =1 —ty(z + 14+ 2)C_(z) — tz(y + 1 + y)C_(y) — tzyCoo, (10)
where we have denoted C_(z) = C_ o(Z) = Co _(z) (by symmetry). Equivalently,

ryK (z,y)0(z,y) = vy — t(z® + 2+ 1)C_(Z) — t(y* + y + 1)C_(y) — tCop 0. (11)
The generating function Q(z,y) of quadrant walks satisfies

ryK (z,y)Q(x,y) = zy — t(z® + 2+ 1)Q(z,0) — t(y* + y + DQ(0,y) + tQo 0. (12)

3.1 Reduction to an equation with orbit sum zero

A key object in the study of walks confined to the first quadrant is a certain group of
birational transformations that depends on the step set. For king walks, it is generated by
(z,y) — (Z,y) and (z,y) — (z,y). As in [1], the similarities between the equations for C
and @, combined with the structure of this group, lead us to define a new series A(x,y) by

1 _ _ _ _
Cla,9) = Alw9) + 5 (Qey) Q1) ~ Q. 7)). (13
Then the combination of (11) and (12) gives
5 _ _
ryK(z,y)A(z,y) = W —t(@® +x+1)A_(T) — ty* +y+1)A_(§) — tAoy,

and it follows from this equation that xyA(z,y) has orbit sum zero. By this, we mean:

Theorem 1 states that A(z,y) is algebraic. In Section 4 we define an analogous series A for
all models of Figure 1 which we expect to be systematically algebraic.

The proof of Theorem 1 starts as in the case of the simple and diagonal walks in [1]. The
first objective, achieved in Section 3.5, is to derive an equation that involves a single bivariate
series, essentially A_(x) (and no trivariate series). In principle, the “generalized quadratic
method” of [2] then solves it routinely. But in practise, the king model turns out to be much
more difficult to solve than the other two, and raises serious computational difficulties. In
what follows, we focus on the points of the derivation that differ from [1]. We have performed
all computations with the computer algebra system MAPLE. The corresponding sessions will
be available on the authors’ webpages with the long version of the paper.

3.2 Reduction to a quadrant-like problem

We separate in A(z, y) the contributions of the three quadrants, again using the x/y-symmetry
of the step set:

A(z,y) = P(x,y) + 2M(Z,y) + yM(y, ),

where P(z,y) and M (z,y) lie in Q[z, y][[t]]. Note that this identity defines P and M uniquely
in terms of A. Replacing A by this expression, and extracting the positive part in z and y
from the orbit equation (14) relates the series P and M by

which is exactly the same as [1, Eq. (22)], and as Eq. (2) in Theorem 1. We then follow the
lines of proof of [1, Sec. 2.3] to obtain the functional equation (3) for M.
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3.3 An equation between M (0, x), M (0, ), and M (x,0)

Next we will cancel the kernel K. As a polynomial in y, the kernel admits only one root
that is a formal power series in ¢:

1t +7) - /(I —t(x+2)?—4t2(x + 1 + T)?
B 2t(x+1+4z)
Note that Y (z) = Y (Z). We specialize (3) to the pairs (z,Y (2)), (Z,Y (2)), (Y (z),z), and

(Y(2),Z) (the left-hand side vanishes for each specialization since K (z,y) = K(y,z)), and
eliminate M (0,Y), M(Y,0), and M(Z,0) from the four resulting equations. We obtain:

Y (z) = (z+1+2)t+Ot?).

(@ +1+47) (Y(m) - yé@) (@M (0, ) — 22M (0, 7)) + 3(z + 1 + #)M(x, 0) "

2%y
- t(x) +3Myo+ (2Y (2) — o — 7)Mo = 0.

3.4 An equation between M (0, x) and M (0, Z)

Let us denote the discriminant occurring in Y (x) by
A(z) = (1 -tz +2)* —4t*(x+1+2)° = (1 —tB3(x + &) +2)) (L + t(x + 4+ 2)) (16)

and introduce the notation

R(z) :==t*M(x,0) = %tz + (1 - f) £+ 0(t"), (17)
S(x) ==tazM(0,z) = z(1 + 2)t* + 2z(1 + 2 + 22)t* + O(t*).
Then (15) reads
NG (su) —25(7) + M) — 3(z+ 1+ 2)R(z) + 3R (0)
17t(x+a‘:)(z+72+f)R(0)_17t(x+f). (18)
tx+147) 1+x+ 22

Next, we square this equation and extract the negative part in x. The series R(z) (mostly)
disappears as it involves only non-negative powers of x. This gives an expression for the
negative part of A(x)S(x)S(Z). Using the symmetry of A(z) in  and Z, we then reconstruct
an expression of A(z)S(z)S(z) that does not involve R(x), as in [1, Sec. 2.5].

During these calculations, we have to extract the negative and non-negative parts in series
of the form F(z)/(1 4+ x + &)™, where F(z) is a series in ¢t with coefficients in Q[z, Z]. Upon
performing a partial fraction expansion, and separating in F' the negative and non-negative
parts, we see that the key question is how to extract and express the non-negative part in
series of the form F(z)/(1 — {;x)™, where F(z) € C|z][[t]] and

1 i3 1 V3

=4+ — d =—— - —
G st amd G 2 2

are the primitive cubic roots of unity. A simple calculation establishes the following lemma.

» Lemma 3 (Non-negative part at pole p). Let F(z) € C[z][[t]] and p € C. Then,
[120] F(j) _ F(p)

1—px 1—pz’
>0 _F (7) F(p) _ pE'(p)

(1—px)?  (1—px)® 1-px

[z

8:7

AofA 2020



8:8

More Models of Walks Avoiding a Quadrant

One outcome of the extraction procedure is the following identity:

R(0) + 3R/(0)

= 2 — 11t* — 30¢° + O(t5). 19
T +O(t”) (19)

S(Cl) = S(Cz) =

Using these results, we finally arrive at an equation relating S(x) and S(Z):

8 (S0 + 562 - stapsie) + S =RO) 7S = RO))

t(r+1+7x)
(1—t(z+2)(t(x+7) - 2R(O))> (20)
tlx+1+z)
+(1 4+ 4t)(z + Z)R(0) — (£ + tR(0) + R(0)%) (2% + ) + Ay,

(14+1)S(¢1) (2(3: +1+4+2)R(0) —

where Ay is the coefficient of z° in A(z)S(z)S(z).

3.5 An equation for M (0, x) only

Equation (20) is almost ready for a positive part extraction, except for the mixed term
S(2)S(Z). To eliminate it, we multiply (20) by S(z) + S(Z) + %ﬁgj)/t. Then we are able
to extract the non-negative terms in . Hereby we repeatedly apply Lemma 3. Additionally,
we use R(0) = ¢5’(0) and (19). Furthermore, we work with the real and imaginary parts of

¢15(¢1) and (25'(¢2). More precisely, we define

(1+1)2¢5"(¢1) = By + V3B,
(1 +)2¢28"(¢) = By — iV/3Bs.

(Note that By and Bj here are series in t.) In the end we get a cubic equation in S(x):
POI(S(x)’S/(O)’S(Cl)aBla327tax) :05 (21)

where the polynomial Pol(xg, 1, x2, 3, x4, t, x) is given in Appendix A.

3.6 The generalized quadratic method

We now use the results of [2] to obtain a system of four polynomial equations relating the
series S’(0), S(¢1), B1, and Bs. Combined with a few initial terms, this system characterizes
these four series. Unfortunately, it turned out to be too big for us to solve it completely, be
it by bare hand elimination or using Grébner bases: we did obtain a polynomial equation for
S5’(0) and S((1), but not for the other two series. Instead, we have resorted to a guess-and-
check approach, consisting in guessing such equations (of degree 12 or 24, depending on the
series), and then checking that they satisfy the system. This guess-and-check approach is
detailed in the next subsection. For the moment, let us explain how the system is obtained.

The approach of [2] instructs us to consider the fractional series X (in t), satisfying
POIIO(S(X>7SI(O)7S(C1)7BI7BQ71;7X) :07 (22)
where Pol,, stands for the derivative of Pol with respect to its first variable. The number and

first terms of such series X depend only on the first terms of the series S(z),S’(0), S(¢1), Bi,
and By (see [2, Thm. 2]). We find that 6 such series exist:
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X1 (t) =i+ 2t% + 43 + (36 — 2i)t* + O(t),
Xo(t) = —i + 2% 4+ 4t3 + (36 + 2i)t* + O(t%),

3 51
X3(t) =Vt +t+ §t3/2 + 3t + §t5/2 + 1483 + O(t7/?),

o1

Xy(t) = —Vt+t— ;t3/2 + 312 — §t5/2 + 1483 + O(t7/?),

X5(t) = iVt — it¥? 4+ 2it>/% 113 — 4it™/? 4 24* + O(t%/?),
X(t) = =iVt +it3? — 2052 13 + 4it7/?  2t* + O(tY?).

Note that the coefficients of X7 and X5 (resp. X5 and Xg) are conjugates of one another.

As discussed in [2], each of these series X also satisfies
Pol,(S(X), S'(0),5(¢1), B1, Ba, t, X) =0, (23)
where Pol, is the derivative with respect to the last variable of Pol, and (of course)
Pol(S(X), S’(0),S(¢1), B1, Ba, t,X) = 0. (24)

Using this, we can easily identify two of the series X;: indeed, eliminating B; and Bs
between the three equations (22), (23), and (24) gives a polynomial equation between
S(X),5'(0),5(¢1),t, and X, which factors. Remarkably, its simplest non-trivial factor does
not involve S(X), nor S’(0) nor S(¢1), and reads

X2 —t(1+ X)?(1+ X?). (25)

By looking at the first terms of the X;’s and the other factors, one concludes that the above
equation holds for X3 and X4, which are thus explicit.

Let D(xy,...,24,t,2) be the discriminant of Pol(zy,...,x4,t, x) with respect to xo.

According to [2, Thm. 14], each X; is a double root of D(S’(0),S(¢1), B, Ba,t,x), seen as a
polynomial in z. Hence this polynomial, which involves 4 unknown series S’(0), .S(¢1), B1, Ba,
has (at least) 6 double roots. This seems more information than we need! In principle, 4
double roots should suffice to give 4 conditions relating the 4 unknown series. However, we
shall see that there is some redundancy in the 6 series X;, which comes from the special
form of D.

We first observe that D factors as

D(S5(0),5(¢1), By, Ba, t,x) = 272 (1 + o 4 2°)? A(2) D1(5'(0), S(¢1), By, Ba, t, ),

where A(z) is defined by (16), and D; has degree 24 in x. It is easily checked that none of
the X;’s are roots of the prefactors, so they are double roots of D;. But we observe that D
is symmetric in z and z. More precisely,

D1(S'(0),S(¢1), By, By, t,x) = 2'2D5(S(0), S(¢1), By, Ba, t,x + 1+ Z),

for some polynomial Dy(x1,...,24,t,8) = Da(s) of degree 12 in s. Since each X; is a double
root of Dy, each series S; := X; + 1+ 1/X;, for 1 <4 <6, is a double root of Ds. The series
S;, for 2 < i < 6, are easily seen from their first terms to be distinct, but the first terms of
Sp and Sy suspiciously agree: one suspects (and rightly so), that X5 = 1/X7, and carefully
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concludes that Dy has (at least) 5 double roots in s. Moreover, since X3 and X, satisfy (25),
the corresponding series S3 and S4 are the roots of 1+t = tSiQ, that is, Sz 4 = £4/1 4+ 1/t.
The other roots start as follows:

7i

But this is not the end of the story: indeed, Dy appears to be almost symmetric in s and

Sy =1+4t2+ 83+ O(t*),  Ss6=F—= +1+t2+it"2 + Ot%).

1/s. More precisely, we observe that
/ 6 / t+1
Dy(8°(0), 5(C1), B, Bz, 8) = 5" D3 | §'(0), 5(G1), By, Bayts + —— |,

for some polynomial D3(S5’(0),S(¢1), B1, Ba,t,2) = D3(z) of degree 6 in z. It follows that
each series Z; :=t5; + (1 +1)/S;, for 2 <14 <6, is a root of D3(z), and even a double root,
unless tS? = 1 + ¢, which precisely occurs for i = 3,4. One finds Z3 4 = +2/t(1 + 1),

Zo=1+2t— 42+ O(t%),  Zsg =2t +2t> + O(*).

Since Zs and Zg seem indistinguishable, we safely conclude that D3(z) has two double roots
Zy and Zs, and a factor (22 — 4¢(1 +t)). Writing

these properties imply, by matching the three monomials of highest degree, that

(22 — 4t(1 + 1)) (8 22ds> + 4 2dsds + 16 £2dg> + 16 tde> + 4 dydg — d5*)

D =
3(2) 64d63

Extracting the coefficients of 2°, ..., 23 gives 4 polynomial relations between the coefficients d;,
resulting in 4 polynomial relations between the 4 series S’(0), S(¢1), B1, B2. One easily checks
that this system, combined with the first terms of these series, defines them uniquely.

As explained at the beginning of this subsection, we have at the moment only been able
to derive from this system polynomial equations (of degree 24) for S’(0) and S(¢1). For the
other two, we had to resort to a guess-and-check approach, which we now describe.

3.7 Guess-and-check

Guessing. Returning to the functional equation (10) it is easy to extract a simple recurrence
for the polynomials ¢, (x,y) that count walks of length n by the position of their endpoint.
We implemented this recurrence in the programming language C' using modular arithmetic
and the Chinese remainder theorem to compute the explicit values of this sequence up to
n = 2000. Then we were able to guess polynomial equations satisfied by S’(0), S(¢1), B,
and Bs using the gfun package in MAPLE [14]. Of course, those obtained for S’(0) and S((3)
coincide with those that we derived from the system of the previous subsection. Details on
the corresponding equations are shown below.

Generating function | Degree in GF' | Degree in ¢ | Number of terms

5(0) 24 12 323
5(¢1) 24 32 823
B 12 26 229

Bs 24 60 477
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Checking that the guessed series satisfy the system turns out to be much easier once the
algebraic structure of these series is elucidated, which we do below'. We have not tried a
direct check.

The algebraic structure of S’(0), S({1), B1, and B;. We begin with the simplest series,
By, of (conjectured) degree 12. Let P(F,t) be its guessed monic minimal polynomial. Using
the Subfields command of MAPLE for several fixed values of t, one conjectures that the
extension Q(t, B1) possesses a subfield Q(t,u) of degree 4 over Q(t). MAPLE gives a possible
generator u for fixed values of ¢, but how can we choose u for a generic t7 Indeed, the value of
u given by MAPLE for fixed ¢ has no reason to be canonical. But the factorisation of P(Ft)
over Q(t,u), of the form P3(F)Py(F) (with P; of degree i), with coefficients in Q(¢,u), is
canonical. Hence we will compute this factorisation, first for fixed values of t. We proceed as
follows: we factor P(F,t) over Q(t, B1), and find, for fixed ¢t = 3,...,50, that

P(F,t) = (F — B1)P:(F, B1)Py(F, By),

where Py (resp. Py) is a monic polynomial of degree 2 (resp. 9) in F. Hence the cubic
factor P3(F) = F3 + poF2 4+ p1 F + po must be (F — By)P»(F, By), and we have just found
its coefficients p; in terms of By (for ¢ fixed). We now compute the minimal polynomial
over Q of each p; using a resultant or the evala/Norm command in MAPLE. If the above
factorization persists for all ¢, as we expect, each p; should have a minimal polynomial over
Q(t) of degree (at most) 4. Having computed this polynomial for sufficiently many values
of ¢, we reconstruct its generic form by rational reconstruction. We find that all p; generate
the same extension of degree 4 of Q(t), and we can take any of them as a first candidate for
the generator u. We may simplify this generator further to end with the choice (4). Then
we factor P(F,t) over Q(¢,u), and check that our guess was correct: the series B is indeed
cubic over Q(¢,u). Moreover, it can be written rationally in terms of ¢ and the series v
given by (5).

Finally, we factor the guessed minimal polynomials of S’(0), S(¢1), and By over Q(¢,v),
and find that these three series all belong to the same quadratic extension of Q(¢, v), generated
by the series w given by (6). In particular,

iy L w@d+2v)
S(O)_2(1+4v2v3 1)

which coincides with (7), given the Definition (17) of S(x).

Now that we have guessed rational expressions of S’(0), S(¢1), B1, and Bs in terms of
t, v, and w, the 4 equations obtained in Section 3.6 are readily checked to hold, using the
minimal polynomials of v and w.

3.8 Back to S(z) and R(x)

For S(z) we start with Equation (21), with all one-variable series replaced by their expressions
in terms of ¢, v, and w. We eliminate w and v using resultants to arrive at an equation of
degree 72 over Q(t, z) for S(x) = teM (0, x).

! For this section, we have greatly benefited from the help of Mark van Hoeij (https://www.math.fsu.

edu/~hoeij/), who explained us how to find subextensions of Q(¢, B1), and “simple” series in these
extensions.
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We can simplify (21) by working with the depressed equation, i.e., removing the quadratic
term by a suitable change of variable. Indeed, defining T'(z) by

325'(0) — 222 — 1

S) =T(@) + 322 +x+1)

)

we find that T'(z) satisfies a cubic equation with no quadratic term, involving ¢ and v but
not w. That is, T'(x) has degree 36 over Q(¢,x), instead of 72 for S(z).

Introducing T'(z) also helps understanding the algebraic structure of R(x). Returning
to (18), we recall that R(0) = t5’(0) and use (19) to express R’(0) in terms of ¢, v, and w.
The left-hand side simply reads \/A(x)(T(z) — 2T(Z)), and is found to be an element of
wQ(t,z,T(x)). In the end, R(x) has degree 72 and belongs to the same extension of Q(t, z)
as S(x). This ends the proof of our main result, Theorem 1.

4 More models

For each of the 7 step sets S of Figure 1, we are able to define a series A(x,y) that
satisfies the same equation as C'(z,y) (see (9)), but with a different constant term,
satisfies an orbit sum identity similar to (14).

Explaining where this series comes from would require us to introduce the group associated to

a step set. For the sake of conciseness, we simply define A(x,y) without further justification.
For the first four step sets S of Figure 1, the series A(z,y) is defined by (13) (with Q(z,y)

counting quadrant walks with steps in S) as we have seen. For the next two step sets,

Cla,y) = Az,y) + % (Qz,y) — 2°yQ(Ty, y) + T°Q(7y. T) + §°Q(F, 27) — 25°Q(, 27)) -

Finally, for the seventh one,

1 _ _ _ o
Clz,y) = A, y) + = (Qz,y) = Z*yQ(xy,y) + #'yQ(xy, 2°y)
~3'Q(7,2%) - Q@5 9) + 2°5°Q2y, 2%y) — 2*5*Q(x, 2%y)) .
In all cases, the series A(z,y) satisfies the following variant of (9):

K(z,y)A(z,y) = Po(z,y) — tyH _(x)A_ o(x) — txV_(y)Ao,—(y) — t2yAo,0l(—1,-1)es;

where K(z,y) = 1 — tS(z,y) as before, and Py(x,y) is a Laurent polynomial. This equation
is easily obtained by combining the equations for C(z,y) and Q(z,y).
Finally, the vanishing orbit sum, which is (14) for the first four models, reads

xyA(x, y) - i'yQA(:Eya y) + 5321/14(‘%:% j) - ng(ga "E) + nyA(gv 1’@) - $2QA((E, 1'27) =0
for the next two, and
zyA(z,y) — zy° ATy, y) + 2°y° A(zy, 2%y) — 2y A(Z, 2%Y)
+ ZYA(Z, §) — 2y Ay, §) + 2° 7 A(zy, 2°5) — 2’ A(z, 2%5) = 0

for the last one. We conjecture that the series A(x,y) is systematically algebraic (this is now
proved for the first three models). To support this conjecture, we have tried to guess (using
the gfun package [14] in MAPLE), for the 4 models for which it is still open, a polynomial
equation for the series A_1 ¢, which, in all cases, coincides with the generating function C_ o
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of walks ending at (—1,0) (for the second model we consider A_5 ¢ instead, since A_19 =0
due to the periodicity of the model). This series has degree 4 (resp. 8, 24) in the three
solved cases. We could not guess anything for the 4th model (using the counting sequence
for such walks up to length n = 4000), but we discovered equations of degree 24 for each of
the next three.

We believe that it would be worth exploring if the guiding principles of the present paper
apply to these 4 other models. In all cases, we expect to face a system of quadrant-like
equations rather than a single one. We plan to investigate at least some of these models.

To conclude, we recall that the 4 small step models that are algebraic for the quadrant
problem are conjectured to be algebraic for the three-quadrant cone as well [1, Fig. 5]. In this
case, the series A(z,y) simply coincides with C(z,y), as the orbit sum of zyC(z,y) vanishes.
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8:14 More Models of Walks Avoiding a Quadrant

A Final polynomial equation for S(x) in the king model
The polynomial Pol involved in the cubic Equation (21) defining S(z) is:

Pol(zo, x1, 22, x3, T4,t,x) =

—3(2? + o + 1)} (2t + 22t + x + ) (32t + 22t — x + 3t) )
+3(z% + x + 1) (2t + 22t + x + 1) (32>t + 22t — 2 + 3t) (3712 — 227 — 1) 22
+ [32%(2® + = + 1)? 224wy + 34 — 23) — 322 (t + 1)% (2 + 2+ 1)%23
+62(t + 1) (2 + 2 + 1) (2t 4+ 22%t + 22 + t)z 129
+3z(t+1)(2® +x + 1)(2't — 2% — 2® + 2%t — 2t — 2 + t)zo — 3 (27 + 22743
+1025¢2 + 202t + 42t + 252*% + 2023¢% — 22 + 423t + 102% + 22t® + ¢2) 2}
— 3 (2% — 1127* — 2"t — 322%¢% — 925t — 532°¢* — 62°t — 552"t + 32° — 152"t
—392%% — 62t — 162°t> + 2 — ba®t — 5at® — wt + ¢%) xy — 122%> — 302"¢* — 627t
— 512%% — 602°t* 4 32° — 122°t — 54a™t* — 362°1* + 32" — 62°t — 212t — 6t
—3t*] mo + 2%(2® + z + 1) [(2232° — 647 — 223)2] — (2° + 2)23 + 3242’
+(22 — 1)(3z4x + 23(2 4+ 2))21] + 323 (t + 1)* (2® + 2 + 1) (21 — )23
=322 (t + Dag(zy — 2) (22 + t(x? + 1))y +t(x* + 22 +1) — (t+ Da(z? + 1))
+3xt(2® + 2+ 1)} (21 — ) (t(x? — 2z + D)a? + (2%t — 5ot —x + t)zy + t(x* —x +1)).
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Polyharmonic Functions in Cones

1 Introduction and motivations

In the continuous setting, polyharmonic functions are functions which cancel some power of
the usual Laplacian. More precisely, a function v on some domain K of R? satisfying

APy =0

for some p > 1, where A is the usual Laplacian in R?, is said to be polyharmonic of order
p, or polyharmonic for short. So polyharmonic functions of order 1 are just harmonic
functions. Obviously, a polyharmonic function v, of order p satisfies Av, = vp_1, where
vp—1 is polyharmonic of order p — 1. For example, polynomials are polyharmonic. Harmonic
functions have been tremendously investigated and pioneer works on polyharmonic functions
go back to the work of Almansi [1]. One can consult for instance the monograph [2] for an
introduction to this topic.

In particular, Almansi [1] proved that if the domain K is star-like with respect to the
origin, then every polyharmonic function of order p admits a unique decomposition

p—1
F@) =Y | hi(z), (1)
k=0

where each hy is harmonic on K and |z| is the Euclidean length of z, hence completely
characterising continuous polyharmonic functions on such domains.

In comparison with the continuous case, much less is known in the discrete setting,
where the Laplacian has to be replaced by a discrete difference operator. Some progress in
understanding discrete polyharmonic functions has been made in the last two decades. For
instance, one may cite [12], where the authors investigated polyharmonic functions for the
Laplacian on trees, and proved a similar result as Almansi’s theorem (1) for homogeneous
trees. Recent works of Woess and co-authors [18, 21] are generalising this previous work.

Our original motivation to study discrete polyharmonic functions comes from the following
framework. Consider a walk in Z? with step set S confined in some cone K C Z%. Denote
by ¢q(z,y;n) the number of n-length excursions between x and y staying in the cone K. To
simplify, we only consider the case where y is the origin, but all considerations below can be
generalised to y # 0. In various cases [15], the asymptotics of ¢(x,0;n) as n — oo is known
to admit the form

q(z,0;n) ~ vo(z)y"n=, (2)

where vo(x) > 0 is a function depending only on z, v € (0,|S]] is the exponential growth,
and «g is the critical exponent. It is easy to see that the function vp(x) in (2) defines a
discrete harmonic function. Indeed, plugging (2) into the obvious recursive relation

Q(m705n+1) = Zq(‘r+870;n)1{w+S€K}a (3)
sES
dividing by v"T'n~% and letting n — oo, we obtain
1
vo(x) == > w0+ 8)(orsext (4)
seS

which proves that, with the assumption that vg(z) = 0 for « ¢ K, vg(x) is discrete harmonic
for the Laplacian operator

Liw) = = Y fla+5) = f(@), (5)

sES

that is, Lvg = 0. Denisov and Wachtel [15] go further and show that
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the exponential growth ~ is minRi Z(Sly---,sd)es xi' -+ -5, it does not depend on K;

the critical exponent g equals 1+ /A1 4 (d/2 — 1)2, where d is the dimension and \; is
the principal Dirichlet eigenvalue on some spherical domain constructed from K.

As a leading example, consider the simple random walk in the quarter plane, with step
n—i—j

set {<,T,—,l}. In this case, the number of excursions ¢((4,7),0;n) is 0 if m = *=~L is not
a non-negative integer, and otherwise takes the value
. (i+1)(7 + Dnl(n +2)!
q((d,4),05m) = — ——— Y — (6)
mim+i+j+2)(m+i+ 1) (m+j+1)
see [9] and our Example 6. The equivalence (2) is then
.. 4 UO(iaj)
0;n) ~ —4"—== 7
q((7,), 05n) ~ —4" ==, (7)

where vg(i,j) = (i + 1)(j + 1) is the well-known unique (up to multiplicative constants)
harmonic function positive within the quarter plane with Dirichlet boundary conditions.
Other examples of such asymptotics may be found for instance in [4, 10, 14].

Our aim in this discrete setting is to study more precise estimates than (2), by considering
complete asymptotic expansions of the following form, as n — oo,

g(x,0n) ~ "> olt) (8)

ner
p=>0

From such an asymptotic expansion and using similar ideas as in (3), (4) and (5), it is rather
easy to prove that the terms v, are polyharmonic functions, in the sense that a power Lkvp
of the Laplacian operator vanishes. We will provide examples of such asymptotic expansions
(at least for the first terms) and of the set of exponents {a,},>0 appearing in (8).

On the other hand, the functional equation approach has proved to be fruitful when
studying random walk problems. The reference book on this topic is the monograph [16]
by Fayolle, Tasnogorodski and Malyshev. This method has been used in [20] to construct
harmonic functions, both in the discrete and continuous settings. Basically, the method
consists of drawing from the harmonicity condition a functional equation satisfied by the
generating function (in the discrete setting) or by the Laplace transform (in the continuous
setting) of a harmonic function. Solving some boundary value problem for these quantities
leads, via Cauchy or Laplace inversion, to the sought harmonic function. We will provide an
implementation of this method to construct bi-harmonic functions, which can be generalised
to polyharmonic functions.

The main features of our results are as follows:

We shine a light on a new link between discrete polyharmonic functions and complete

asymptotic expansions in the enumeration of walks.

Our approach provides tools to study complete asymptotics expansions as in (8), but does

not allow to prove their existence. On the other hand, the powerful approach of Denisov

and Wachtel [15] seems restricted to the first term in the asymptotics (2). Indeed, one of
the main tools in [15] is a coupling result of random walks by Brownian motion, which

only provides an approximation of polynomial order, see [15, Lem. 17].

We introduce a new class of functional equations (see (21) and (29)), for which the

method of Tutte’s invariants introduced in [23, 5, 6] proves to be useful.

In the unweighted planar case, it has been shown [8] that knowing the rationality of the

exponent ag in (8) was sufficient to decide the non-D-finiteness of the series of excursions.

However, for walks with big steps in dimension two or walk models in dimension three,
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this information is not enough [7]. As a potential application of our results, we might
use arithmetic information on the other exponents «, to study the algebraic nature, for
example the transcendance, of the associated combinatorial series.

This paper is organised as follows. We choose to start with the continuous setting since
computations are more enlightening and accessible. In Section 2, we prove that polyharmonic
functions naturally arise when performing an asymptotic expansion of the Dirichlet heat
kernel in a cone. We next present the functional equation method to construct polyharmonic
functions. Our main result here is Theorem 4, where a class of solutions for the Laplace
transform of a bi-harmonic function is provided. It shows that the Laplace transform of a bi-
harmonic function can be expressed in terms of the Laplace transform of the related harmonic
function plus some additional terms. This can be thought of as a Laplace transform version
of Almansi’s theorem (1). In Section 3, we exhibit the same phenomenon in the random walk
setting. Discrete polyharmonic functions appear when considering the asymptotic expansion
of coefficients counting walks with fixed endpoints in a domain, and the functional equation
approach may be used to construct discrete polyharmonic functions.

These notes are the starting point of a long-term research project on discrete polyharmonic
functions in cones. Notice that many ideas and techniques are not specific to cones and
would work for many other domains of restriction K.

2  Classical polyharmonic functions and heat kernel expansions

As pointed out in [2, Chap. VI], the connection between the heat kernel and polyharmonic
functions is very profound. Here, we deepen this connection by proving an exact asymptotic
expansion for the heat kernel in terms of polyharmonic functions. We then implement the
functional equation method to construct polyharmonic functions.

2.1 Exact asymptotic expansion for the Brownian semigroup in a cone

Let K be some cone in R? and consider the Brownian motion (By)t>o killed at the boundary
of K. Denote by p(z,y;t) its transition density, that is the density probability function of
the transition probability kernel

P.(B: € dy, T > t),

where 7 is the first exit time of K. Recall the well-known fact that p(z,y;t) corresponds
to the heat kernel, i.e., the fundamental solution of the heat equation on K with Dirichlet
boundary condition, see for instance [3]. Here, we prove that the heat kernel admits a
complete asymptotic expansion in terms of polyharmonic functions for the Laplacian.

Denote by A the usual Laplacian on R?. In polar coordinates (r,6), where r is the radial
part and 6 the angular part, it writes:

o2 d-19 1

A:ﬁJrTarJrﬁAgd—l, (9)

where Aga-1 denotes the spherical Laplacian. Let respectively m; and \; be the Dirichlet
(normalised) eigenfunctions and eigenvalues for the spherical Laplacian on the generating set
K NS, that is,

{ Agd—lmj = —)\jmj in KﬂSdil, (10)

m; = 0 in 9(K NS41).
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The eigenvalues satisfy 0 < Ay < Ay < A3 < ... by [11, Chap. VII]. We introduce, for j > 1,

Bi=1/Aj+(d/2—1)2 and bj=1—-d/2+4+ /N + (d/2—1)2. (11)

Lemma 1 in [3] gives an explicit expression for the transition density p(z, y;t) of the Brownian
motion in K. It states that, for z,y € R? and t € R,

exp (=227 )
p(”)ZIm (Z5) ms(@)ms (), (12)

a_ ¥
t(pr)2~! j=1 ¢

px,y;t) =

where in polar coordinates z = (p, 0) and y = (r,7). Here, I3 is the modified Bessel function
2

of the first kind of order f, satisfying the differential equation I5(z) + é]g(z) =(1+ %)Ig(z)

and admitting the series expansion

> 1 z\ 2m+pB
Ig(z) = mX::o m (5) : (13)

The following easy lemma will allow us to define certain polyharmonic functions.
» Lemma 1. For any p >0 and j > 1, let f,; be defined in spherical coordinates by

i (r,0) = r'm; (6). (14)
Then f, ; satisfies

Afug =12+ (d=2)p—X) fu-2;. (15)
Proof. The proof is elementary using (9) and (10). <
» Corollary 2. For any k € N, the function fy,yor; defined in (14) is k-polyharmonic.

Proof. It is obvious that y = b; satisfies pu? + (d — 2)p — A; = 0, see (11), so that fp, ; is
harmonic by (15). An induction based on (15) completes the proof. |

Doing an expansion of the heat kernel (12) as t — oo and using series expansions of the
exponential function and of the Bessel function (13), one immediately obtains:

» Theorem 3. The Dirichlet heat kernel p(x,y;t) in K admits the following expansion, as
t — oo, where fy, ok ; is defined in (14), and b; and B; in (11):

px,y;t) ~

: 1 (=D*(})
;k;m;) PR TR0 SF mIT (m + 5, + 1)fbj+2(m+n),j(p7 0) fo, +2(mtk—n),j (15 1)

As such, the above result shows that the transition density of the Brownian motion
in K admits, as t — oo, an asymptotic expansion in descending powers of ¢ and in terms
of polyharmonic functions for the Laplacian (see Corollary 2). Moreover, the set of these
exponents is (with N= {0,1,2,...})

U®i+1+N). (16)

[o'e]
Jj=1
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Note that, depending on the cone, there might be an overlap between the sets 3; + 1 + N.
For instance, in the quadrant in dimension 2, one has 3; = 2j and the set in (16) reduces to
{3,4,5,...}. On the other hand, in dimension 2 in a cone of opening « such that 7/« ¢ Q,
there is no overlap between the points in (16).

As a last remark, we note that the same phenomenon appears for the survival probability
P.(7 > t). Indeed, thanks to its explicit expression given by [3, Thm 1] (in terms of the
confluent hypergeometric function), one can write down an asymptotic expansion of P, (7 > )
in descending powers of ¢ in terms of polyharmonic functions for the Laplacian.

2.2 The functional equation approach

We apply here the functional equation approach in order to construct polyharmonic functions
for the 2-dimensional killed Brownian motion in a convex cone. This approach has been
previously introduced in [20] to compute harmonic functions, and is an adaptation of the
functional equation method of the random walk case. Our main result is Theorem 4, which
gives the general form of the Laplace transform of a bi-harmonic function.

Consider the Brownian motion B in the quarter plane Ri (compared to the last section,
we use (z,y) for the coordinates of a 2d point) with covariance matrix

Y (011 012> ’
012 022
with 011,092 > 0 and det ¥ = 011092 — 035 > 0. Its infinitesimal generator is the operator

1/ of o2 f o2 f
Gf = 3 (UH&xQ +20126m8y +0228y2> .

Note that through some linear transformation ¢ (see [20, Eq. (5.1)]), one obtains the Brownian
motion with identity covariance matrix in the cone ¢(R?).
The kernel associated to the Brownian motion is defined as the quantity

1
y(x,y) = 5(011302 + 20122y + 022y7),

for (x,y) € C2. The Laplace transform of a function f, which in the continuous case is the
analogous quantity of the notion of generating function, is defined as

L(f)(r.y) = / /[ e

for (x,y) € C? with positive real parts.

Now, let h be a harmonic function associated with the Brownian motion with covariance
matrix X, that is, h vanishes on the boundary axes of the quadrant and satisfies Gh = 0.
The functional equation for h takes the following form (see [20, Eq. (A.1)]):

V(@ y)L(h)(z,y) = %(UuLl(h)(y) + 092 Lo (h)(x)) + L(Gh) (2, y),

where we have denoted

Li(n)(y) = L(am(O,-)) W) = %(O,U)e*yvdv,
oh o
Fy(u,())e du.

r
&
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Using the harmonicity condition Gh = 0, the functional equation for h rewrites as

v(@, y)L(h)(z,y) = %(UllLl(h)(y) + 022 La(h)(z)). (17)

We recall below the key argument of the method of [20] to solve the functional equation (17),
which leads to harmonic functions for the Brownian motion via Laplace inversion. We will
subsequently apply a related method to obtain polyharmonic functions.
Consider the two solutions of v (x, Y (x)) = 0, which, since + is a homogeneous polynomial
of degree two, are explicitly given by Yy (x) = ey, with
—012 + Z\/m

ey = J2TtVEH 18
. — (18)

so that ¢, = ¢=. We write cx = ce®™, with ¢ = \/gi; and 6 such that cosf = — \/%
Denote by Gy the domain delimited by the curve Y ([0, 0c]) U Y_([0, o0]) = ¢4[0, c0] U

¢_[0, 00] and containing the positive axis [0, co]. Plugging each of the solutions ¢t into the

functional equation (17), one obtains a boundary value problem for Lq(h), which states that:

1. Ly(h) is analytic on Gy,

2. Ly(h) is continuous on Gy \ {0},

3. For all x € (0,00], L1(h) satisfies the boundary equation Li(h)(cyx) = Li(h)(c—x).

In order to solve this problem, one introduces the conformal mapping w from Gy onto
C\ R_ defined by w(z) = 27™/%. One eventually obtains that a class of solutions is obtained
by letting L;(h) to be of the form

1
L =7 (). (19)
for any given polynomial P. The same applies to La(h) (by considering the solutions of
(X (y),y) = 0), and using the functional equation (17) and the fact that (c4)™/? = —¢c™/?,
one must have

o 1
Ly(h)(y) = ——P <—W> ;

022

with the same P as in (19). Hence, using again the functional equation (17), we deduce that
the Laplace transform of h writes

rP(-L)—p (_;)
1 /0 cm/0gm/0
L(h)(x,y) = 5011 (y ) ’Y(ﬂ? m .

In particular, taking P to be a polynomial of degree 1, one gets

(20)

o225 +on r’ﬁ}e

v(z,y)

L(h)(x,y) =

where the constants are related by ps = g (%)1_”/ 20 Taking the inverse Laplace transform,

one should recover the unique positive harmonic function (written in polar coordinates (p, n))
h(z,y) = p¥ sin (%n) :

Suppose now that v is bi-harmonic and satisfies Gv = h, where h is harmonic. The
functional equation for v now reads

V(@ y)L(v)(2,y) = %(UuLl(v)(y) + 093 La(0)(2)) + L(h)(2,y). (21)
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By considering the roots of the kernel + and using the same method as above, we obtain

1 1

5011L1(v)(c+x) - iauLl(v)(c,x) = L(h)(z,c_x) — L(h)(z, cyx). (22)
We now have an a priori non-homogeneous boundary value problem for v, that we can in
fact transform into an homogeneous one, thanks to the (already known) explicit form of L(h).
The key remark to this task is that (c;2)™? = (c_x)™? = —(cz)™/?. Rewriting (20) as

Loy - 7 7 577) P ()

o2 (y—c-x)(y — cqx)

and letting y — c;x and y — c_x, one finds

11 T 1 , 1 1
L(h =F—-— P .
(h)(z, cxx) :FUQQ 0 (cxx — cqx) ((cix)”w) (cpm)™/0+1

Eventually, we get
L(h)(z,c_x) — L(h)(x,cqx)
1 1
oum L Plae) 1 Pla)
022 0 \ (cyx —c_x) (cym)™/0+1 (c_x—cqx) (c_z)m/0+1
_oumw 4+ p 1 1 = 1 1
= 0220 \cp —c_ (c+x)7f/9 (C+x)7r/9+2 c_ —cq (c,x)’r/e (c,:r)”/‘”?

_ T 4o P 1 1 _p 1 1
T om (e —c )2 U \(era) ) (cra)/on (c_a) 7 ) (e_a) /o+2 )

where the last equality follows from (c,z)™? = (c_z)™/?. Therefore, the boundary value

equation (22) is now homogeneous, and of the form

Sonla)(era) — Flesr) = sonLa(v)(e_x) - Fle_a)

where F is equal on Y4 ([0, o0]) U Y_([0, o0]) to

011 T CyC—

1 1
F = - — P’ ) 9
(y) 09z 0 (C+ — 07)2 <y7r/9> yn/9+2 (23)

We note that the simpler case when F(c;x) = F(c_z) occurs exactly when ¢f =2, i.e., 0
is 0 or w/2. In this way, we obtain a boundary value problem analogous to the harmonic
case, which, on the boundary of Gy except at 0, leads to

1011L1(v)(y)F(y)Q< 1 )

2 yTr/0

for any given polynomial Q). The same computation applies to La(v). As such, using the
equation (21), the Laplace transform of the bi-harmonic function v admits the following form:
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» Theorem 4. For any polynomials P and Q, the formula

1 1 1
L(v)(xz,y) = [Q( >—Q<)+Gm7y + L(h)(x,y
) = |0 (=5 ) - @ (s ) + v + b))
is the Laplace transform L(v) of a bi-harmonic function v satisfying Gv = h, where h is a
harmonic function with Dirichlet boundary conditions, where the Laplace transform L(h) of
h has the form (20) and where

G(z,y) = F(y) — Fcyx) — L(h)(z, cy),
with F defined in Eq. (23).

The above theorem can be understood as a Laplace transform counterpart of Almansi’s
theorem [1].

Recursively, if v,, is polyharmonic of order n with Gv,, = v,,_1, where v,,_1 is polyharmonic
of order n — 1, the above method permits to express the Laplace transform of v,, through
the one of v,_1, allowing to construct polyharmonic functions via Laplace inversion.

Further computations for the Brownian motion with identity covariance matrix are
proposed in Appendix A.

3 Discrete polyharmonic functions

Similarly to the continuous setting, we first investigate the appearance of polyharmonic
functions in the asymptotic expansions of the counting coefficients of lattice paths with
prescribed endpoints, starting from an exact expression for these coefficients (such exact
expressions may typically be obtained from reflection principles). We then implement the
functional equation approach to construct polyharmonic functions.
Our framework is thus the following. We consider random walks in the quarter plane Zi
with the following assumptions:
1. The walk is homogeneous with transition probabilities {p; ;} —1<i j<1 to the eight nearest
neighbours and pgo = 0 (so we are only considering walks with small steps),
2. In the list p1,1,p1,0,P1,-1,P0,—~1,P—1,—1,P—1,0,P—1,1,D0,1, there are no three consecutive
zeros (to avoid degenerate cases),
3. The drifts ZZ] ip; ; and Zi,j Jpi,; are zero.

The Markov operator P of the walk is defined on discrete functions by

Pf(a:7y): Z pi,jf(x"'i’y"i'j)v

—1<i,j<1

and the Laplacian operator is L = P — I. A function f is said to be harmonic if Lf = 0 and
polyharmonic of order p if LP f = 0.

3.1 Examples of asymptotic expansion in walk enumeration problems

We start by recalling a few exact expressions for the number of quarter plane walks of length
n with prescribed endpoints.

» Example 5 (The diagonal walk). The step set is { 7,\,\, v}, with uniform transition
probabilities §. It is well known (see for instance [9]) that

amnmmmzi%ﬂgiwggQﬁ) (24)

2
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with ¢ and j having the same parity as n. Starting from (24), one can prove that

(0., (0,0):m) ~ S 32 2D, (25)
p=>0

where the first few terms in the above asymptotic expansion are given by

i+1)(+1),
L4+ + 1)+ 5%+ 20 + 25 +9).

<
s
—

.
.
—

The first term vg is the well-known unique (up to multiplicative constants) positive harmonic
function, with Dirichlet conditions; it is the same as for the simple walk, see (7) and (26).
The next term satisfies Lv; = —3vg, and therefore is bi-harmonic. Note that in fact, using
the explicit expression of the Laplacian L, it is obvious that any polynomial of degree at
most 2p — 1 is polyharmonic of order p, since for any polynomial f of degree k, Lf has degree
at most k — 2 (it is a discrete equivalent of Lemma 1).

To derive a full asymptotic expansion of (24), we shall use the Laplace method applied to
the counting coefficients rewritten as an integral, in the spirit of [22, p. 75-79] (alternatively
one can apply the saddle-point method [17, Chap. B VIII] in the framework of analytic
combinatorics in several variables [14, 19]). We choose to postpone it to Appendix B, since
the computations are a bit long, though straightforward.

» Example 6 (The simple random walk). The step set is {+, 1, —, |}, with uniform transition
probabilities 1. We have (6) by [9]. Again, starting from (6), one can prove that

. 4 (4, )
0,0);n) ~ —4" P
q((i, 5), (0,0);n) ~ — Z;) prEwa

where the first few terms in the asymptotic expansion are

(i +1)(5 +1)(2i% + 25% + 4i + 45 + 15).
Again, vg is harmonic, and since Lv, = f%vo, v1 is bi-harmonic.

» Example 7 (The tandem walk). The step set is {\, —, }} with uniform transition probab-
ilities £. From [10, Prop. 9], we know that:

(G@+1)G+1)GE+5+2)(3m + 20+ 5)!
m!(m+i+ D(m+i+7+2)!

Q((iaj)a (070)7n) -

)

with n = 3m + 2¢ + j. In this case, writing the asymptotic expansion

q((i,7),(0,0);m) ~ ggn Z vp (i, )

ndtp ’
p=>0

one has for the harmonic function vy and the bi-harmonic function vy,

{vg(i,j:) = (¢+})(j+1)(i+j+2),

27
L+ 1)+ 1)+ 5 +2)(3i2 + 352 + 3ij + 9i + 95 + 38). (27)
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3.2 Functional equation approach in the discrete case

We implement here the functional equation method to construct polyharmonic functions.
We start by recalling the key arguments in the harmonic case; details may be found in [20].
For a harmonic function h, we denote by H its generating function, namely,

H(z,y) = Y h(i,j)z'y’.

i,5>0

The kernel of the random walk is defined as the polynomial

K@y =azy| > prer by -1
1<k <1

The harmonic equation Lh = 0 yields the following functional equation
K(z,y)H(z,y) = K(z,0)H(x,0) + K(0,y)H(0,y) — K(0,0)H(0,0). (28)

To solve (28), one first proves that the function H(z,0) (and similarly H(0,y)) satisfies a
boundary value problem (see [20]):
1. H(x,0) is analytic in Gx,
2. H(x,0) is continuous on Gx \ {1},
3. For all z in the boundary of Gx except at 1, H(x,0) satisfies the boundary equation:

K(z,0)H (z,0) — K(%,0)H(z,0) = 0.

Here, Gx is a certain domain bounded by the curve X4 ([y1,1]) U X_([y1,1]), where X (y)
are the branches of the algebraic function defined by K (X (y),y) = 0. Indeed, writing K as

K(z,y) = a(y)a® + By)z +7(y),
where a, E, ~ are polynomials of degree 2 whose coefficients depend on the model, we have
=By £4/é)
2a(y) 7

where g(y) = E(y)2 —4a(y)7(y). The functions X4 are thus meromorphic on a cut plane,

X+(y)

determined by the zeros of .
It follows by [20] that K (z,0)H (z,0) may be written as a function of a certain conformal
mapping w (see [20, Eq. (3.1)] for its explicit expression):

K(xz,0)H(z,0) = P(w(x)),

where P is an arbitrary entire function, for example a polynomial. This represents the
analogous statement as (19) in the continuous setting. By the functional equation (28), one
eventually finds that

() = D)= PLCC ),

which again should be compared with (20) in the continuous case.
For a bi-harmonic function v, satisfying Lv = h with h a harmonic function, the functional
equation now writes

K(z,y)V(x,y) = K(z,0)V(x,0) + K(0,4)V(0,y) — K(0,0)V(0,0) — zyH(x,y), (29)

9:11
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where V' is the generating function of v, i.e., Vi(z,y) =37, ;5 v(i, j)x'y’; compare with (21).
Notice that the equation (29) is very close to functional equations coming up in walk
enumeration problems.

Plugging the roots of the kernel into (29), one has

K(X+(y),0)V(X+(y),0) + K(0,9)V(0,9) — K(0,0)V(0,0) — X+ (y)yH (X+(y),y) =0,
which leads to the boundary equation
K(z,0)V(z,0) — K(z,0)V(Z,0) =y (¢H(z,y) — TH(T,y)), (30)

for « on the boundary of Gx (except at 1).

Note that a general method to solve this kind of boundary value problem (30) exists [16],
for any quantity in the right-hand side, ending up in some contour integral expression for
the unknown function K(z,0)V (z,0). We choose to provide below examples with simpler,
integral-free expressions. Indeed, the resolution of (30) is made easier in some peculiar cases,
for instance when the right-hand side of (30) is zero (which occurs for the simple random
walk, see Example 6 below), or when it can be decoupled in the terminology of [6] (which is
analogous to the continuous setting and holds for the tandem walk, see Appendix C).

» Example 6 (continued). We consider here the case of the simple random walk,with kernel

1 1 1
K(m,y):xy<4 (x—l—x—f—y-i-y) —1).

The domain Gx is the open unit disk, and the conformal mapping w admits the expression
w(z) = 7552, see [20]. A computation shows that w(X (y)) = —w(y), thus one gets that
the generating function of a harmonic function h may be written as

P(w(z)) — P(~w(y))

Choosing P(z) = § leads to

R 1
H(z,y) = — — = 5 5 = Z (i+1)(j + D'y,
$y(i(x+%+y+§)—1) (1 —2)*(1 —y) 4,520

that is, H is the generating function of the unique positive harmonic function, see (26).
We now consider bi-harmonic functions. Using the explicit form of H, one sees that the
right-hand side of Eq. (30) vanishes. Indeed, we have

X+ () H(X+(y),y) — X-(y)H(X-(y),y)
Plw(X+ ) (X+(y)
)

~ (w
=XV E ) - X))
)

which is equal to zero since w(X 4 (y)) = w(X_(y)) and

Xi(y)—X_(y) X_(y) — X+(y)

by straightforward computations. The boundary equation has thus exactly the same form as
the one in the harmonic case, so we get that on the boundary of Gx,

Xy (y) - X_(y) =0

K(z,0)V(x,0) = Q(w(x)),
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for some polynomial Q. Using (twice) the functional equation (29), the general form for the
generating function of a bi-harmonic v satisfying Lv = h, with A harmonic, is thus

Qw(r)) — Q(~w(y)) + X1 (y)yH(X 4 (y),y) — zyH(x,y)

V(‘T7y) = K(x y) ’
with
H(r.y) = PEEDZPERW) g ) = TN W)

K(x,y) a(y) (X4 (y) — X_(y))

For instance, taking P(z) = x and @ the zero polynomial leads to the bi-harmonic function
(non symmetrical in 7 and j)

v(i,g) = (i4+ 1)+ 1) +2).

Indeed, one has

_ Yy
(1 —y)*’

so the generating function V' writes

X+ (H(X+(y),y) = —

— 4y
(1=2)?(1 —y)*’

which is easily inverted. On the other hand, taking P(z) = 2 and Q(z) = —222 — 2z, one
obtains the bi-harmonic function

V(x’y) =

v(i,7) = (i +1)(j 4+ 1)(2i% + 252 + 4i + 45 + 15),

which is (up to a multiplicative constant) the bi-harmonic function v, appearing in Eq. (26).

Another example will be treated in Appendix C.
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Laplace transform of the well-known unique positive harmonic function within the quarter

plane h(x,y) = xy.
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More generally, the choice of P(z) = —(25)!(—)7 leads to the Laplace transform (in
Cartesian coordinates) of the harmonic function fs;; defined in (14). Indeed, recall that
f25.;(p,0) = p¥ sin (2;6), which is written in Cartesian coordinates as follows. Recall that
the Chebyshev polynomial U; of the second kind is defined as Uj(cos #) sin @ = sin(j6), j > 0,
and admits the expression

Hence, thanks to the explicit expression of Us;_1, the harmonic function fo;; can be written,
in Cartesian coordinates (z,y) = (pcos8, psin ),

j7

1
27 A
f2j,j(x,y)_2(1)’“( J )y2k+1x23(2k+1)'
k

— 2k+1
The Laplace transform of fo; ; is now computed using L(z"y*) = %7 and one obtains
j—1 1\J 1\J
. 1 () = (=)
L(f255)(®,y) = (2J)!;(—1)kW = (2J)IW~ (31)
For v bi-harmonic, the functional equation (21) is
(@® +y*)L(v) (2, y) = L1 (v)(y) + La(v)(z) + 2L(h)(z,y),
and the general form of the Laplace transform of v writes
P() P ()
Q) ~ Q=) + 2P () +2" )T
D)oy = L) Q) 4o P o) e (32)

$2+y2

where P and @ are arbitrary polynomials. Choosing P(z) equal to z and Q(z) of degree 2,
equal to z2, gives that

x2+y2_ 1 1
1 4

L = =
(U)(x,y) x4y ny $4y2 )

which is the Laplace transform of the function v(z,y) = (22 + y?)xy, which corresponds in

polar coordinate (p, ) to the bi-harmonic function fi2(p,0) = p* sin 260 defined in (14).

More generally, choosing
P(z) = (=1)"71(25)12(2j + 1)’ and  Q(z) = (~1)"*1(2/)!2(2j + 1)ja’*!

leads to the bi-harmonic function fa;42 ;. Indeed, since faji2 (2, y) = (2% + y?) f2;.(x, v),

one has, from the usual properties of the Laplace transform, that L(fa12,) = AL(f25)-

As such, by applying the Laplacian to the Laplace transform of f5;; given in (31), one
obtains that

L(f2j+2,5)(z,y) =
N12(25 , ) s io=1N i a1\
SO (e (5 () o () G

Now, plugging the above choice of P and @ in Eq. (32) gives easily the formula.
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B Complete asymptotic expansion for the diagonal walk

As an explicit example, we provide a complete asymptotic expansion for the number (24) of
n-excursions from the origin to (i, j) for the diagonal walk with steps from {,7,\,\, }.
A straightforward way to obtain such an asymptotic expansion is to apply the standard
Laplace’s method (see [17, p. 755]) using an integral representation of (24) (in [22, p. 75—
79], this is applied to obtain first order asymptotic estimates in lattice paths enumeration
problems). This leads to an explicit new family of polynomials (vp),>0 of increasing degree,
where v, is the polyharmonic function of order p + 1 appearing in the expansion (25), see
Corollary 9.

Let us first introduce the necessary notations. Projecting the walk onto the coordinate
axes, one gets two decoupled prefixes of Dyck paths. Hence (24) is obtained by a simple
application of the reflection principle in the one-dimensional case, which gives that the
number of non-negative paths from 0 to A with n steps is given by

n n A+1 n
m(A,n) = <n+A) - (n+,\+2> = n+,\+2<7,+,\>7 (33)
2 2 2 2

with A =n mod 2. Using the simple integral representation of the binomial coefficient

ny _ 1 " —ikt it\n
(k)_27r/_ﬂe (14 €")"dt,

one readily obtains the following integral representation for m(\,n):

/2
m(A,n) = 2 / 2" (cosy)"™ sin((A + 1)y) sin(y)dy. (34)

™ J_x/2
Now define the sequence (a(m))m,>1 as
N 1)| Bay, [22™
a(m) = 2m(2m)! ’
where the Bs,,’s are the Bernoulli numbers, which can be defined through the Riemann zeta
function at even integers:

(35)

_ | Baml|(2m)*™
C2m) = —55m),
Define also, for s > k > 0,
Bl = Bk (a(2),...,a(s —k+2)), (36)

the rational numbers obtained by evaluating the partial ordinary Bell polynomial in the
variables a(m 4 1). Recall that by definition, see for instance [13], the partial ordinary Bell
polynomials in the variables (xy)x>1 are the polynomials obtained by performing the formal
double series expansion:

k

" n U
exp (szmt”) = Z B”’k(xl""7xn7k+1)tnﬁ_

m>1 n>k>0

Note that the polynomial B, j contains p(n, k) monomials, where p(n, k) stands for the
number of partitions of n into k parts, see [13] for details and for an explicit expression of
these polynomials. Finally, define for p > k > 0,

a 1 - (_1)j a

We first give a complete asymptotic expansion for prefixes of Dyck paths.
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» Theorem 8. Let m(\,n) be the number of non-negative paths from 0 to A\ € Z given
by (33). The following asymptotic expansion holds as n — oo:

o 1 (—1)7
mn) ~2v2 = — S (),
ﬁn3/ ]; nJ

where for j >0,

j P k
(=1 2(j-
. — R ey A . 1)2(—p)+1
h] (A) pgo kz=0 (2(7 _ p) + 1)!Ck7pm2(k+]+]‘)(A + ) ) (38)
where Moy, = (22&),‘ is the 2k-th Gaussian moment and C}, is defined in (37).

Hence, the above theorem gives, in the one-dimensional case, an asymptotic expansion of
the number of non-negative paths in terms of polyharmonic functions. Indeed, it is easily
seen that the polynomial h; has degree 2j + 1, so is polyharmonic of order j + 1 for the
one-dimensional Laplacian Lf(z) = 1 (f(z+1) + f(z — 1)) — f(z).

Since the number of n-excursions for the diagonal walk is the product of two numbers of
(decoupled) Dyck paths, one readily obtains the following corollary.

» Corollary 9. Let q(0, (¢,7);n) be the number of diagonal paths with n steps from the origin
to (i,7) and confined in the quadrant, given by (24). Then
CI(O, (L])an)'\';ﬁé‘: Z np /Up(za.j)a

p>0

where, with hy, defined in (38),

P

vplin§) = D bk (5)-

k=0

Clearly, the polynomial function v, has degree 2p + 1 and thus is polyharmonic of order p+1
for the Laplacian associated to the diagonal walk. The set of exponents (16) appearing in
the asymptotic expansion is here 3 4+ N.

Proof of Theorem 8. To obtain the claimed asymptotic expansion, we apply the Laplace
method as in [17, p. 755] to the integral representation of m(A,n) in (34). Indeed, the cosine
function admits only one maximum in the interval [-7, 7], at y = 0, and the contribution to
the integral outside any fixed segment containing 0 is exponentially small and as such can be
discarded for an asymptotic consideration.

So, first, we perform the change of variable 6 = % to get

L2 1 [Evn vy \" . (v y
m(A\,n)=2 s _%\/ﬁcos <\/ﬁ) sin (ﬁ) sin <()\+1)\/ﬁ) dy.

The next step is to consider an asymptotic expansion of the integrand as n — oo. Using the
Weierstrass product formula for the cosine function,

_T 4y?
o= I (1 =)

k=1

9:17
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and the Taylor series of the logarithm function, one has

logcos (y) = — 3 a(m)y”™,

m>1

where the sequence (a(m)).m,>1 is defined in (35). Note that an interpretation of the sequence
(a(m))m>1 is that they correspond to the cumulant sequence of the Bernoulli distribution
%5+1 + %5_ 1. Now one has, using a(1) = % and the Taylor series of the exponential function,

Yy " o _ 2/2 BY (k’+s)
) = 1 = ¥ E E
COS (\/ﬁ) exp (n 0g COS (ﬁ)) S>O k' S,k ’

where B¢ is the partial ordinary Bell polynomial defined in (36). Now, using the Taylor
series of the sine function, and after some elementary manipulations, one gets

y \" . (v y
cos<\/ﬁ) Sm(\/ﬁ> sin <()\+1)\/ﬁ)
c¢ . .
= Z i ZZ Z)p+1)11‘/2(’“””2(A+1)2“”’)“7

=0 p=0 k=0

where C}  is defined in (37).
The next step in the Laplace method is to neglect the tails. Hence, we write

mwn) ~ 22 Z ii%(ML 1)2(j_p)+1/m e~V /222 gy
7 n3/2 nJ (2(j —p) +1)! —Kn ’

p=0 k=0

where k,, is chosen so that the error bounds are exponentially small (for instance one can
choose arbitrarily , = n'/1%). Completing the tails of the Gaussian integral, that is

/m e_y2/2y2(k?+j)+2dy - / e—y2/2y2(k+j)+2dy —Vor (2_(k +i+ 1)

o, R 2k+i+1(k 4 5 4 1)!
=V 27Tm2(k+j+1)7
where moy = (22,53, is the 2k-th Gaussian moment, one finally obtains, with h; defined in (38),
that

j=0

C The example of tandem walks

In this subsequent example, we consider the tandem walk with steps from {~N,—, ]}, see
Example 7. In this case, the functional equation approach admits a nicer form because the
right-hand side of Eq. (30) can be decoupled, that is, can be written as G(X4 (y)) —G(X_(y)),
for some function G. The computations are close to the continuous case but are quite tedious.
First, we know [20] that the generating function H of a harmonic function h is of the form

P(w(z)) — P(w(X1(y))) (39)

H('r’y) = K(x y) >

where the conformal mapping w is given by w(z) = = m)g The unique positive harmonic
function vo(, ) = 2(i + 1)(j + 1)(i + j + 2) of (27) is obtained choosing P(z) = 1.
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Using the general form of H, one has

y Xy (W H(X 4 (y),y) —yX_ () H(X_(y),y) =
y X (y)w' (X4 ()
Xi(y) —X-(y)

Define now the decoupling function on Gx:

3

P'(w(X4(y))) -3

3

1-a)

F(z)=— (40)

Some computations show that

yXy (o' (X4 (y)  yX_(y)w'(X_(y))
Xi(y) - X_(y) X_(y) — X4 (y)

A crucial point is to guess the function F' in (40) satisfying the above equation. Minding the
fundamental fact that w(X(y)) = w(X_(y)), it follows that

=F(X4(y) — F(X_(y))-

yX+ (W H (X1 (y),y) =y X (Y H(X-(y),y) = G(X1(y)) = G(X_(y)),
where G(z) = 3F(z)P'(w(x)). One deduces that the generating function V(x,y) for a

bi-harmonic function v satisfying Lv = h admits the form

1

Ry Q) — QX () + L) ~GX (1) + X (WH (X ) )~ ayH (x,9)).

where H has the general form given by Eq. (39) and G(z) = 3F(z)P'(w(z)) with the

decoupling function F' defined in Eq. (40). Note that this has to be compared with Theorem 4.

Choosing P(z) = x and @ = 0 leads to the bi-harmonic function

v(i,5) = (F+ 1)+ 1) (0454 2)(20° + 3625 + 14i* 4 5ij + 243 — 3ij% — 25° — 45 +65). (41)

To obtain to bi-harmonic function vy of (27), one chooses P(z) = —3z and Q(z) = 32?+ Iz.

This is obtained by noticing that an appropriate linear combination of the bi-harmonic
function (41) and of v; is harmonic and its generating function corresponds to the term

Qw(z)) — QW(X4(y)))
K(z,y) '

As such, computing its generating function leads to the polynomial Q.

9:19
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1 Introduction

A planar map is a connected planar graph, possibly with loops and multiple edges, together
with an embedding in the plane. A map is rooted if a vertex v and an edge e incident with
v are distinguished, and are called the root-vertex and root-edge, respectively. Sometimes
the root-edge is considered as directed away from the root-vertex. In this sense, the face to
the right of e is called the root-face and is usually taken as the outer face. All maps in this
paper are rooted.

The enumeration of rooted maps is a classical subject, initiated by Tutte in the 1960’s.
Tutte (and Brown) introduced the technique now called “the quadratic method” in order to
compute the number M,,, n € N, of rooted maps with n edges, proving the formula

M, — 2(2n)! gn.

(n+ 2)In!
This was later extended by Tutte and his school to several classes of planar maps: 2-connected,
3-connected, bipartite, Eulerian, triangulations, quadrangulations, etc.
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Figure 1 A randomly generated planar map with 500 edges, embedded using a spring-electrical
method. Cut vertices are coloured red.

The standard random model is to assume that every map with n edges appears with the
same probabiltiy 1/M,,. Within this random setting several shape parameters of random
planar maps have been studied so far, see for example [2, 8, 10, 9]. However, the number of
cut vertices does not appear to have been studied. (A cut vertex is a vertex that disconnects
a graph when it is removed). Figure 1 displays a randomly generated planar map with cut
vertices coloured red. It is natural to expect that the number of cut vertices is asymptotically
linear — and this is in fact true.

» Theorem 1. Let X,, denote the number of cut vertices in random planar maps with n
edges. Then we have
X, p b—V1T7

Zn 2 27Vl £0.219223594.
n 4

Moreover, we have E[X,,] = (5 —/17)/4-n + O(1).

We provide two different approaches for Theorem 1. First, by a probabilistic approach,
that makes use of the local convergence of random planar maps re-rooted at a uniformly
selected vertex (see Section 3). Second, by a combinatorial approach based on generating
functions and singularity analysis (see Section 4). The combinatorial approach yields
additional information on related generating functions and on error terms, and one obtains
more precise information on the expected value (see Section 4).

We conjecture that the number X,, additionally satisfies a normal central limit theorem.
The intuition behind this is that X,, may be written as the sum of n seemingly weakly
dependent indicator variables. The conjecture is backed up by numerical simulations we
carried out, see the histogram in Figure 2. Sampling over 2-10° planar maps with n = 5-10°
edges, we obtained an average value of approximately 0.219223677 - n cut vertices. This
value is already very close to the exact asymptotic value obtained in Theorem 1. The
variance was approximately 0.082788 - n. It is actually possible to extend our combinatorial
approach and the corresponding asymptotic analysis to second moments that leads to the
precise asympotic behavior of the variance (details will be given in the journal version of this
Extended Abstract).
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Figure 2 Histogram for the number of cut vertices in more than 2 - 10° randomly generated
planar maps with n = 5 - 10% edges each.

One important property of random planar maps that we will use in the proof of Theorem 1
is that it has a giant 2-connected component of linear size. There are, however, several
interesting subclasses of planar maps, for example outerplanar maps (that is, all vertices are

on the outer face), where all 2-connected components are (in expectation) of bounded size.

Informally this means that on a global scale the map looks more or less like a tree. Such
classes of maps are called subcritical — we will give a precise definition in Section 2.

» Theorem 2. Let X,, denote the number of cut vertices in random outerplanar (or bipartite
outerplanar) maps of size n. Then X,, satisfies a central limit theorem of the form

X, —cn

o2n

4 N(0,1)

where ¢ = 1/4 and 0®> = 5/32 in the outerplanar case and ¢ = (v/3 —1)/2 and o =
(11v/3 — 17)/12 in the bipartite outerplanar case.

We will give a generating function based proof for the case of outerplanar graphs in Section 5.

(The proof for the bipartite outerplanar case is very similar to that.)

2 Generating Functions for Planar Maps

The generating function of planar maps is given by

z—14(1-122)3/2

n 18
M(z):Zan = F1

n>0

=1+22+922 +5423 + .., (1)

This can be shown in various ways, for example by the so-called quadratic method, where it

is necessary to use an additional catalytic variable u that takes care of the root face valency.

The corresponding generating function M (z,u) (u takes care of the root face valency or
equivalently by duality of the root degree) satisfies then

uM (z,u) — M(z)
u—1

M(z,u) =1+ z2u>M(z,u)* + uz (2)

10:3
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which follows from a combinatorial consideration (removal of the root edge). Then this
relation can be used to obtain (1) and to solve the counting problem. We refer to [11,
Sec. VII. 8.2.].

Similarly it is possible to count also the number of non-root faces (with an additional
variable x) which leads to the relation®

uM (z,z,u) — M(z,z,1)
u—1 '

M(z,x,u) =1+ 2u’M(z,2,u)? + uzx

Note that by duality M (z,z,1) can be also seen as the generating function that is related to
edges and non-root vertices of planar maps.

A planar map is 2-connected if it does not contain cut vertices. There are various ways to
obtain relations for the corresponding generating function B(z,z,u) of 2-connected planar
maps — as above z takes care of the number of edges, = of the number of non-root faces, and
u of the valency of the root face. By using the fact, that a 2-connected planar map, where
we delete the root edge, decomposes into a sequence of 2-connected maps or single edges, we
obtain the relation

uB(z,x,ll)_fuB(z,x,u) + 2w
B(Z’ z U) = zTu 1 uB(z,2,1)—B(z,z,u) ' (3)

We can use, for example, the quadratic method to solve this equation or we just check that
we have

B(z,z,u) = —% (1-(1+U-V+UV-=2U0V)u+U(1-V)*u?) (4)

(1—(1—=V)u)/1 =201 +V —2UV)u+U(1 - V)2u2,

DN | =

+

where U = U(xz,y) and V = V(z,y) are given by the algebraic equations
2=U1-V)?  2z=V(1-U)?>2% (5)

Note that in the above counting procedure we do not take the one-edge map (nor the
one-edge loop) into account. Therefore we have to add the term zu on the right hand
side in order to cover the case of a single edges that might occur in the above mentioned
decomposition into a sequence of 2-connected maps or single edges.

Sometimes it is more convenient to include the one-edge map as well as the one-edge
loop to 2-connected maps (since they have no cut-points) which leads us to the alternative
generating function

A(z,z,u) = B(z,z,u) + zzu + zu’.

Now a general rooted planar map can be obtained from a 2-connected rooted map (including
the one-edge map as well as the one-edge loop) by adding to every corner a rooted planar
map (a corner of a planar map is the angle region between two adjacent half-edges of the
same vertex — note that there are 2n corners if there are n edges):

uM (2, z, u)) .

M(Z,I’7U) = 1+A<ZM(Z7I71)271:’]\W (6)

L By abuse of notation we will use for simplicity for M (z), M(z,u), M(z,x,u) the same symbol.
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If z = 1 then V(2,1) (and U(z,1)) satisfies the equation z = V(1 — V)? and, thus, the
dominant singularity of V/(z,1) (and U(z,1)) is 20 = 5=, and we also have V(zp,1) = % (as
well as U(z9,1) = ). Hence, from (4) it follows that the function A(z,1,1) has its dominant
singularity at zp = %, too. On the other hand, by (1) M (z) has its dominant singularity at
z1 = 1—12 and we also have M (z;) = %. Since z1 M (z1)? = 24—7 = zp, the singularities of M (z)
and A(z,1,1) interact. We call such a situation critical.

The relation (6) can also be seen as a way how all planar maps can be constructed
(recursively) from 2-connected planar maps — which reflects the block-decomposition of a
connected graph into its 2-connected components. Actually this principle holds, too, for
several sub-classes of planar maps. As an example we consider outerplanar maps — these are
maps, in which all vertices are on the outer face. Here the generating function Mp(2) of

outerplanar (rooted) maps satisfies

z

Mo(z) = T Ao (M(2))’ (7)

where Ap(z) is the generating function for polygon dissections (plus a single edge) where z
marks non-root vertices, which satisfies

2Ao(z)2 — (14 2)A0(2)+2z=0. (8)

Note that the dominant singularity of Ap(z) is zp,0 = 3 — 2v/2, whereas the dominant
singularity of Mo(z) is 210 = % and we have Mo(z1,0) = 1—18. So we clearly have

Mo(z1,0) < 20,0, (9)

so that the singularities of Mo (z) and Ap(z) do not interact. Such a situation is called
subcritical.

3 A probabilistic approach to cut vertices of random planar maps

We let M,, denote the uniform random planar map with n edges. It is known that M,
and related models of random planar maps admit local limits that describe the asymptotic
vicinity of a typical corner, see [16, 1, 13, 4, 6, 15].

In a recent work by Drmota and Stufler [9, Thm. 2.1], a related limit object Mo, was
constructed that describes the asymptotic vicinity of a uniformly selected vertex v, of M,
instead. That is, My, is a random infinite but locally finite planar map with a marked vertex
such that

(M, v2) 5 Moc (10)

in the local topology.

In the present section we provide a probabilistic proof of Theorem 1. There are two steps.
The first proves a law of large numbers for the number X,, of cut vertices in M,, without
determining the limiting constant explicitly:

» Lemma 3. We have X,,/n i>p/2, with p > 0 the probability that the oot of My is a cut
vertex.

The factor 1/2 originates from the fact that the number of vertices in the random map
M,, has order n/2. We prove Lemma 3 in Section 3.4 below. In the second step, we determine
this limiting probability (the proof is given in Section 3.6),

» Lemma 4. It holds that p = 3=Y1T.

10:5
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3.1 The local topology

We briefly recall the background related to local limits. Consider the collection 9t of vertex-
rooted locally finite planar maps. For all integers k£ > 0 we may consider the projection
Uy : 9 — 901 that sends a map from 91 to the submap obtained by restricting to all vertices
with graph distance at most k& from the root vertex. The local topology is induced by
the metric

1
1+sup{k >0 | Up(M1) = Up(M2)}’

dgm(Ml,Mg): Ml,MQ e Mm.

It is well-known that the metric space (9, don) is a Polish space. A limit of a sequence
of vertex rooted maps in 9 is called a local limit. The vertex rooted map (M,,v,) is a
random point of the space of 9, and hence the standard probabilistic notions for different
types of convergence (such as distributional convergence in (10)) of random points in Polish

spaces apply.

3.2 Continuity on a subset

We consider the indicator variable f : 9t — {0, 1} for the property, that the root vertex is a
cut vertex.

Note that f is not continuous on 9%. Therefore we consider the subset Q@ C 9 of all
locally finite vertex-rooted maps with the property, that either the root is not a cut vertex,
or it is a cut vertex and deleting it creates at least one finite connected component.

» Lemma 5. The indicator variable f is continuous on €.

Proof. Let (M,)n>1 denote a sequence in 9 with a local limit M = lim,,_,o, M,, that
satisfies M € Q. If the root of M is not a cut vertex, then there is a finite cycle containing it,
and this cycle must then be already present in M,, for all sufficiently large n. Hence in this
case lim,, oo f(M,) = 0= f(M). If the root of M is a cut vertex, then M € Q implies that
removing it creates a finite connected component, and this component must then also be
separated from the remaining graph when removing the root vertex of M, for all sufficiently
large n. Thus, lim, e f(M,) = 1= f(M). This shows that f is continuous on . <

Note that by similar arguments it follows that the subset €2 is closed.

3.3 Random probability measures

The collection M (90) of probability measures on the Borel sigma algebra of 9t is a Polish
space with respect to the weak convergence topology.

For any finite planar map M with k vertices we may consider the uniform distribution
on the k different rooted versions of M. If the map M is random, then this is a random
probability measure, and hence a random point in the space M;(91). In particular, the
conditional law P((M,,,v,) | My,) is a random point of M (9). Let £(Moo) € M;(9) denote
the law of the random map My,. It follows from [18, Thm. 4.1] that

]P)((Mnavn) | Mn)L’g(Moo) (11)

The explicit construction of the limit M, also entails that among the connected components
created when removing any single vertex of My, at most one is infinite. In particular,

P(My € Q) = 1. (12)
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3.4 Proving Lemma 3 using the continuous mapping theorem
Let us recall the continuous mapping theorem (see, for example, the book by Billingsley [3,
Thm. 2.7]) that says that random variables X, X7, X», ... that take values in a Polish space X

have the property that X, A x implies ¢g(X,,) i>g(X), where g : X — 9) is a measurable
map to a Polish space ) and X almost surely takes values on the subset of X, where g is
continuous.

Hence, by combining the convergence (10) with Lemma 5 and Equation (12) allows us to
apply the continuous mapping theorem with X = 9t and ) = {0,1} to deduce

FMyy00) -2 F(Moy).

In other words, the probability for v, to be a cut vertex of M,, converges toward the
probability p = E[f(Mu)] that the root of M, is a cut vertex. Equivalently, the number of
vertices v(M,,) in the map M,, satisfies

E[X,/v(M,)] = p.

Of course, it follows by the same arguments that in general for any sequence of probability
measures Py, P, ... € M;(9) satisfying the weak convergence P, = £(My,), the push-
forward measures satisfy

Pof ' = &My)ft (13)

Let us now consider the setting X = M;(9M), Y = R, and
g: M (D) - R, PH/fdP:P(le). (14)

That is, a probability measure P € M; (90t) gets mapped to the expectation of f with respect
to P. In other words, to the P-probability that the root is a cut vertex. It follows from (13)
that g is continuous at the point £(My ). Hence, using (11) and again the continuous
mapping theorem, it follows that

d
E[f(an'Un) | Mn] —D- (15)
As p is a constant, this convergence actually holds in probability. Moreover,
E[f(My,vn) | Mp] = X5 /v(My). (16)

The number v(M,,) is known to satisfy v(M,)/n —=1/2. In fact, a normal central limit
theorem is known to hold (see, for example, [9, Lem. 4.1]). This allows us to apply Slutsky’s
theorem, yielding X, /n LN p/2. We have thus completed the proof of Lemma 3.

3.5 Structural properties of the local limit

We let M denote a random map following a Boltzmann distribution with parameter z; = 1—12

That is, M attains a finite planar map M with ¢(M) corners with probability

BM =)= i = (12) . (17)

The local limit M, exhibits a random number of independent copies of M close to its root.

This can be made more precise by the following property.

10:7
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» Lemma 6. There is an infinite random planar map M%, with a root vertex u* that is not
a cut vertex of M%_, such that Mo, is distributed like the result of attaching an independent
copy of M to each corner incident to u*.

Here we use the term attach in the sense that the origin of the root-edge of the independent
copy of M gets identified with the vertex u*. In what follows we will only use the fact that
such a (random) map M, exists. The proof of Lemma 6 (that is given in Appendix A)
provides additional information about the distribution of M, and M%.

3.6 Proving Lemma 4 via the asymptotic degree distribution

Let q¢(2) = > 1 gr2" denote the probability generating function of the root-degree of the
map M. If we attach an independent copy of M to each corner incident to the vertex u* in
the map M}_, then u* becomes a cut vertex if and only if at least one of these copies has at
least one edge. The probability for M to have no edges, that is, to consist only of a single
vertex, is given by 1/M(z1) = 3/4. Hence the probability p for the root of My, to be a cut
vertex may be expressed by

p:kZZlqk (1—<i)k>:1—q<i). (18)

Hence, in order to determine p we need to determine ¢(z). Surprisingly, we may do so
without concerning ourselves with the precise construction of M.
It was shown in [12] that the degree of the origin of the root-edge of the random planar
map M,, admits a limiting distribution with a generating series d(z) given by
23

d(z) = 2+2)(6—52)5 (19)

That is, dj, := [2¥]d(z) is the asymptotic probability for the origin of the root-edge of M,, to
have degree k. Let s; denote the limit of the probability for a uniformly selected vertex of
M,, to have degree k. It follows from [14, Prop. 2.6] that

for all integers k > 1. Setting s(z) = Zk21 sx2", Equation (20) may be rephrased by

Via integration, this yields the expression

1 V2
s(z)= = [ —14 Y222 (22)
3
As My, is the local limit of M,, rooted at a uniformly chosen vertex, it follows that for
each k£ > 1 the limit s; equals the probability for the root of My, to have degree k. Let
r(z) denote the probability generating series of the degree distribution of the origin of the

root-edge of the Boltzmann map M. It follows from Lemma 6 that

s(z) = q(zr(2)). (23)
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We are going to compute r(z). To this end, let M (z,v) denote the generating series of
planar maps with z marking edges and v marking the degree of the root vertex. By duality,
M (z,v) coincides with the bivariate generating series where the second variable marks the
degree of the outer face. The quadratic method (see [11, p. 515] or compare with (1) and
(2)) hence yields the known expression

_ —3u? 4+ 36u — 36 + \/3(u+ 2)(6 — 5u)3
M(z1,u) = 602 (0 — 1) . (24)

The series r(z) is related to M (z,u) via
3
r(u) = M(z1,u)/M(z1,1) = EM(zl,u). (25)

Forming the compositional inverse of zr(z) and plugging it into Equation (23) yields the
involved expression

20224482 —+/ 2z—27(22—3)3/2+123
z(4z+3)+24

a(z) = % 2\/ 6—4z

142+5v/2z—27+/2z—3+51

-1]. (26)

Equation (26) allows us to evaluate the constant ¢(3/4) in the expression for p given in
Equation (18), yielding

5— V17
—

p=1-q(3/4) = (27)

This concludes the proof of Lemma 4.

4 A combinatorial approach to cut vertices of planar maps

The goal of this section is to re-derive the constant (5 —/17)/4 = p/2 in Theorem 1 with
the help of a combinatorial approach by deriving an asymptotic expansion for the expected
value E[X,]. We want to emphasize again that an extension of this approach (that will be
given in the journal version of this paper) provides the asymptotic expansion of the second
moment E[X?2] and consequently of the variance.

4.1 Generating function for the expected number of cut vertices

By extending the combinatorial approach that relates all planar maps with 2-connected maps
(see (6)) it is possible to derive the following explicit formula for the generating function

Ea(z) =Y  M,E[X,]2".

n>0

» Lemma 7. Let uy(z) denote the function ui(z) = 1/(1 — V(z,1), where V(z,z) (and
U(z,x)) is given by (5). Then we have
1
1 —-22M(2)A.(zM(2)2,1,1)

E,.(2) (28)

x |A(zM(2)?,1,1) + A, (2M(2)%,1,1)
—22M(2) — z — B(zM(2)?,1,1/M(2)) — B*(zM(2)*,1/M(z))

+22M(2)A.(zM(2)%,1,1) (B(;:M(z)27 1,1/M(2)) — M(z) + 2M(z) + z + 1) ,
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where
. m(z)B(z’quw_);ﬁg(z’Lul(Z)) + zwuy (2)
B*(z,w) = Zwl — w(2)Bz,Lw)—wB(z,Lui(2)) _ 20U (Z) )
wful(z) !

The proof is given in Appendix B. Note that all involved functions are algebraic, which
shows that the generating function F,(z) is algebraic, too.
4.2 Asymptotics
We start with a proper representation of B, (z,1,1) and B,(z,1,1).

» Lemma 8. Let B(z,x,u) be given by (4) and ui(z) = 1/(1 — V(z,1)) as in Lemma 11.
Then we have

B 1) = 0 100)0 - ) (30)
and
B2 1.0 = 2 20001 - Q) + () -1 (1)

where Q(z) abbreviates

~ Vi(z,1)?  ui(2)B(z,1,1)
Q(Z) - Ul(Z) _ 1 U1(Z) _ 1 + ZUl(Z).
The proof is an easy application of the kernel method applied to the derivative of the
defining relation (3).

» Lemma 9. We have the following local expansions in powers of ( — %
2 23 2 27 193 27
By(z,1,1) = — — =22 = 1-= = (32
(L1 =5 - %7 4+81< 4>+729< 4> )
1/2
27 4 27 35v/3 27
Bz(z,l,l)l—\/§<1—4> 3(1—4) (—4) (33)
-2 4w? — 60w+ 8L —9
B'(z,w):—4w( w+VAw w+ ) (34)
243 — 54w + 27 V4Aw? — 60w + 81
16 v3w? (—2w + VAw? — 60w + 81 + 3) 2T
e
9 (9 2w+ VAw? — 60w+ 81)” (2w — 3) 4

Proof. By inverting the equation z = V' (1—V)? it follows that V' (z, 1) has the local expansion

1 2 2 5
V(z,1) == — Z+—ZQ—7Z3+~-~,
(=1 =3 3v3 81v3
where Z abbreviates
27

Consequently uq(z) =1/(1 — V(z,1)) is given by

3 V3 2 35v/3
=-—-Z+-72"-—=7°
wz) =5 -5 2+3 108
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We already know that

1 43 pr 3443

B(z,1 = 12:7_7 _22VOa3
Cm() = V1= - 27 B B
and from (4) we directly obtain
1 8 \f
L) = — — — ove
Bl =5 27Z TR
Hence, the local expansion of Q(z) = Qo(z, 1,u1(z)) can be easily calculated:
1 2
Q(z):f—iZ 722 5\[ NEN
3 27 243
and, thus, (32) and (33) follow from this expansion and from (30) and (31).
Finally we have to use (29) and the expansion for B(xz,1,w) to obtain (34). <

This leads us to the following local expansion for E,(z) and a corresponding asymptotic
relation.

» Lemma 10. The function E,(z) has the following local expansion

Ea(z)zwf(g),\/ﬁ)ﬁ/l,szr... (35)

which implies

("] Ea(2) _ (5= V17)

B =) = 4

n+ O(1).

Proof. We note that several parts of (28) have a dominant singulartiy of the form (1—12z)
For those parts only the value at z; = 1/12 influences the constant term and coefficient of
v/1 — 12z in the local expansion of E,(z). In particular we have

M) = §
3ﬁ— 11

B(z1M(21)%,1,1/M(21)) = 79

The other appearing function will have a non-zero coefficient at the /1 — 12z—term. Note
also that we have
2 2
1- le( )2 = V31— 122 — gx/§(1 —122) + O((1 — 122)3/?).

Hence we get

A (zM(2)?,1,1) =3-3V1— 122+ - - -,
2 2

AZ(ZM(Z)271’1): 5% /1—12z+---,
2
7T—V17) (5 — V17 1 17) (-5 17

B*(zM(2)*,1,1,1/M(2)) = ( W)n( vIT) _ (1+V17) 518 +V17) VI—1224---
and so (35) follows.

From (35) it directly follows that

n _ 5— \/ﬁ —3/219n

[Z }Ea(Z) = W?’L 12 (1+O(1/7’L))
By dividing that by M, = [2"|M(z) = (2//m)n~5/?12" - (1 + O(1/n)) the final result
follows. <

3/2.
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5  QOuterplanar Maps

We give a proof of Theorem 2 for the case of (all) outerplanar maps. (The proof in the
bipartite case is very similiar.)

We recall that the generating function Mo(z) of outerplanar maps satisfies (7), where
the function

Ao(z):%(lJrz—\/l—Gerz?)

is the generating function for polygon dissections (plus a single edge) has radius of convergence
20,0 =93 — 21/2. From this we obtain

2(3—\/1—82’)

MO(Z) = 2(1 + Z)

The radius of convergence of Mo (z) is 21,0 = % so that Mo(z1,0) = % < 20,0- Note that
Mo (z) has a squareroot singularity (as it has to be). Now let Mo(z,y) denote the generating
function of outerplanar maps, where y takes care of the number of cut-vertices. We already
mentioned that Mo (z,y) satisfies the functional equation

z

1—Ao(z +y(Mo(z,y) — 2))

Mo(Z, y) =

which gives

Z(S—z—&-yz—\/(y—l)zQ—(6+2y)z+1)

Mo(z,y) = 2(1 4 yz2)

Clearly, if y is sufficiently close to 1 then the singularities of Mo (z,y) and Ap(z) do not
interact and so we obtain a squareroot singularity

34y —2y272y

Y

W (y—1)?

for the mapping z — Mo (z,y). Note that p(y) is actually regular at y = 1 and satisfies
p(l) =1/8.

By [7, Theorem 2.25] we immediately obtain a central limit theorem with E[X,] =
en + O(1) and variance Var[X,,] = o?n + O(1), where

p(1) 1 > ') 2 _ 9
c=———=- and oc‘=—-—"—FT=+pu+p=—.
ORE. p(1) 52
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A Proof of Lemma 6

A direct description of the limit M, that uses a generalization of the Bouttier, Di Francesco
and Guitter bijection [5] was given in [18, Thm. 4.1]. Although the structure of M, may be
studied in this way, it will be easier to show that M., has the desired shape via a construction
related to limits of the 2-connected core within M,,.

Let B(M,) C M,, denote the largest (meaning, having a maximal number of edges)
2-connected block in the map M,,. Typically B(M,,) is uniquely determined, as the number
¢(n) of corners of B(M,,) is known to have order 2n/3, and the number of corners in the
second largest block has order n?/3.

Consider the random planar map M,, constructed from the core C,, := B(M,,) by attaching
for each integer 1 < i < ¢(n) an independent copy M(¢) of M at the ith corner of C,,. We use
the notation C,, instead of B(M,,) from now on to emphasize that we consider C,, always as
a part of M,, (as opposed to M,,).

Clearly, the two models M,, and M,, are not identically distributed. For example, the
number of edges in M,, is a random quantity that fluctuates around n. However, analogously
as in the proof of [17, Lem. 9.2], local convergence of M,, is equivalent to local convergence
of M,,, implying that M is also the local limit of M,, with respect to a uniformly selected
vertex u,.
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The random 2-connected planar map B,, with n edges was shown to admit a local limit
B that describes the asymptotic vicinity of a typical corner (equivalently, the root-edge of
B,.), see [17, Thm. 1.3]. Arguing entirely analogously as in [9], it follows that there is also a
local limit B, that describes the asymptotic vicinity of a typical vertex.

The number of vertices of M,, has order n/2, and the number of vertices in C,, is known
to have order n/6. Let uE denote the result of conditioning the random vertex u,, to belong
to C,. The probability for this to happen tends to 1/3. As uf is uniformly distributed

among all vertices of C,,, it follows that (C,,u5) 4, B.o in the local topology. This implies
that (M,,,uP) converges in distribution towards the result M2 of attaching an independent
copy of M to each corner of B,,. The limit ME has the desired shape.

Let u$, denote the result of conditioning the random vertex u, to lie outside of C,.
It remains to show that the limit MS of (M,,u¢) has the desired shape as well. Let
1 <, < ¢(n) denote the index of the corner where the component containing u¢, is attached.
It is important to note that given the maps M(1),...,M(c(n)), the random integer 4,, need
not be uniform, as it is more likely to correspond to a map with an above average number of
vertices. This well-known waiting time paradox implies that asymptotically the component
containing u, follows a size-biased distribution M®. That is, M*® is a random finite planar
map with a marked non-root vertex, such that for any planar map M with a marked non-root
vertex v it holds that

P(M* = (M, v)) = P(M = M)/(E[v(M)] - 1),

with v(M) denoting the number of vertices in the Boltzmann planar map M.

In detail: Given the random number ¢(n), let ¢ be uniformly selected among the integers
from 1 to ¢(n). For each 1 < i < ¢(n) with i # ¥ let M(i) denote an independent copy of
M, and let M(i*) denote an independent copy of M®. Likewise, for each 1 < i < ¢(n) with
i # ipn set M*(i) = M(3), and let M*(i,,) = (M(iy),uS). Analogously as in the proof of [17,
Lem. 9.2], it follows that

Q=

(M* (i)>1§i§c(n)

(M(8))1<i<e(n)-

This entails that the core C,, rooted at the corner with index ,, admits B (and not By)
as local limit. Moreover, the local limit MS_ of M, rooted at u¢ may be constructed by
attaching an independent copy of M to each corner of B, except for the root-corner of B,
which receives an independent copy of M®. The marked vertex of the limit object MS, is
then given by the marked vertex of this component.

To proceed, we need information on the shape of M®. Consider the ordinary generating
functions M (v, w) and A(v,w) of planar maps and 2-connected planar maps, with v marking
corners, and w marking non-root vertices. The block-decomposition yields

M(v,w) = A(vM (v, w),w). (36)

That is, a planar map consists of a uniquely determined block containing the root-edge,
with uniquely determined components attached to each of its corners. Let us call this block
the root block. For the trivial map consisting of a single vertex and no edges, this block is
identical to the trivial map, with nothing attached to it as it has no corners.

Marking a non-root vertex (and no longer counting it) corresponds to taking the partial
derivative with respect to w. It follows from (36) that

oM 0A

0A oM
%(v,w) = %(UM(v,w),w) + %(UM(v,w),w)v%(v,w).
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The combinatorial interpretation is that either the marked non-root vertex is part of the root
block (accounting for the first summand), or there is a uniquely determined corner of the
root block such that the component attached to this corner contains it. This is a recursive
decomposition, as in the second case we could proceed with this component, considering
whether the marked vertex belongs to its root block or not. We may do so a finite number
of times, until it finally happens that the marked vertex belongs to the root-block of the
component under consideration. That is, if we follow this decomposition until encountering
the marked non-root vertex, we have to pass through a uniquely determined sequence of
blocks, always proceeding along uniquely determined (and hence marked) corners, until
arriving at a block with a marked non-root vertex. On a generating function level, this is
expressed by
oM 1 0A

= — (WM (v,w),w).

90 ) = T i (0, w),w)

This allows us to apply Boltzmann principles, yielding that the random map M® may be
sampled in two steps, that may be described as follows: First, generate this sequence of
blocks by linking a geometrically distributed random number N of random independent
Boltzmann distributed blocks B, ..., B% with marked corners into a chain, and attach an
extra random Boltzmann distributed block B® with a marked non-root vertex to the end of
the chain. The random number N has generating function

IE[uN] . 1 — %(le(Zl, 1), 1)21
1—uZ (21 M (21,1), 1)z

The corner-rooted blocks are independent copies of a Boltzmann distributed block B°, whose
number of corners ¢(B°) has generating function

oA
E[u®®")] = Go (w1 M(z1,1),1)

%(le(zh 1)7 1) .

The distribution of B° is fully characterized by the fact that, when conditioning on the
number of corners, B® is conditionally uniformly distributed among the corner-rooted blocks
with that number of corners. The distribution of B*® is defined analogously. If we attach a
block B to the marked corner ¢ of some block B, we say the resulting corner “to the right”
of B corresponds to c¢. Hence the map obtained by linking (BS,. .., B%/, B®) has precisely
N corners that correspond to marked corners. We call these corners closed, and all other
corners open. The second and final step in the sampling procedure of M® is to attach an
independent copy of M to each open corner of the map corresponding to (BY,...,B%,B*).
Note that since the marked vertex of B® is a non-root vertex, all corners incident to the
marked vertex are open. Consequently, the limit MS_ has the desired shape, and the proof is
complete.

B Proof of Lemma 7

First we introduce (formally) a generating function that takes care of all vertex degrees in
2-connected planar maps (including the one-edge map and the one-edge loop)

A(Z;U}l,UJQ,’U)g,w4, cee 7U')a

where wy, k > 1, corresponds to vertices of degree k and we also take the root vertex into
account. As usual, u corresponds to the root degree.
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Similarly we introduce a variant of this generating function that takes care of all vertex
degrees in 2-connected planar maps (without the one-edge map and one-edge loop) and does
not take the root vertex into account:

B(Z;w27w37w47 . ,U)

It seems to be impossible to work directly with A(z;ws,ws,ws,...) or with
B(z;wa, w3, wy, . . .;u), however, we have the following easy relations:

A 2 3

Az zv, 0%, 20®, . u) = 2A(20?, 2,u), B(zzv?,av®, .. u) = B(zv? x,u/v).

This follows from the fact that every vertex of degree k corresponds to k half-edges. So
summing up these half-edges we get twice the number of edges. In particular by taking
derivatives with respect to x and v it follows that

Zzwk (z;0,0%,0%, . )o% = A(z0%,1,1) + Ay (20%,1,1) (37)
k>1

and
Z kA, (20,0303, 0P~ = 2204, (20,1, 1). (38)
k>1

It turns out that we will also have to deal with the sum of all derivatives which is slightly
more difficult to understand.

» Lemma 11. Let ui(z) denote the function uy(z) = 1/(1 — V(z,1), where V(z,x) (and
U(z,x)) is given by (5). Then we have

Zzwk(z;v,v2,v3,...)=2zv—|—z—|—B(zv2,1,1/v) (39)
k>1

uy (20%) B(20? v)—B(zv%,1,u; (20%)) /v
e B g R 4 zou (20%)
1_ w1 (2v2)B(z2v2,1,1/v)— B(2v2,1,u1 (2v?)) /v
1/v—uq(2v2)

+ zv

— zovuq (20?)

Proof. We note that the derivative with respect to wy marks a vertex of degree k£ and
discounts it. By substituting wy by v* we, thus, see that the resulting exponent of v is twice
the number of edges minus the degree of the marked vertex. Hence we have to cover the
situation, where we mark a vertex and keep track of the degree of the marked vertex.

Let B*(z,z,u,w) be the generating function of vertex marked 2-connected planar maps,
where the marked vertex is different from the root and where u takes care of the root degree
and w of the degree of the pointed vertex. By duality this is also the generating function of
face marked 2-connected planar maps where u takes care of the root face valency and w of
the valency of the marked face (that is different from the root face). Then we have

Zzwk(z;v,UQ,v?’, ) =2zv+z+ B(QO7 1,1/v) + B*(2v%,1,1, 1/v).
E>1

The term 2zv corresponds to the one-edge map, the term z to the one-edge loop, the term
B(2v?%,1/v) to the case where the root vertex is marked and the third term B®(zv?%,1,1,1/v)
to the case where a vertex different from the root is marked. Note that the substitution
u = 1/v (or w = 1/v) discounts the degree of the marked vertex in the exponent of v
as needed.
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Thus, it remains to get an expression for B*(z, 1,u,w). For this purpose we start with
the generating function B(z,1,u) and determine first the generating function B(z, x,u, w)
(for x = 1), where the additional variable w takes care of the valency of the second face
incident to the root edge. By using the same construction as above we have

uB(z,1,w)—wB(z,1,u) + zuw
», _ w—u
B(Z’ 1’ u, ’LU) - Zuwl _ uB(z,l,w)—wB(z,1,u) Suw '
w—u

This gives (by again applying this construction)

uB®(z,1,1,w)—B*(z,1,u,w)
1—u

(1 _ uB(z,1,1)-B(z2,1,u) zu)2 '

B*(z,1,u,w) = B(z,1,u,w) + zu

1—u

This equation can be solved with the help of the kernel method. By rewriting it to

U 1

_ . _ 2
1—u (1 _ uB(z,1,1)-B(z,1,u) ZU)

B*(z,1l,u,w) | 1+

1—u
2B*(z,1,1 1
= B(z,1,u,w) + -2 1(2’ 1, w) .
—u (1 _ uB(z,l,ll):uB(z,l,u) . zu)

we observe that by setting u1(z) = 1/(1 — V(z,1)) the left hand side cancels. This implies

2B*(z,1,1 1
Bz () w) + 2 TS L L) —— ;=0
1 (1 _ui(z) (z,ifl:(zgz,l,ul(z)) _ ZU1(2)>
and leads (after some simple algebra) finally to (39). <

Let My(z,y) denote the generating function of planar maps with at least one edge, where
the root vertex is not a cut point and where z takes care of the number of edges and y of
the number of cut-points (that are then different from the root vertex). Next let M,.(z,y)
denote the generating function of (all) planar maps, where z takes care of the number of
edges and y of the number of non-root cut-points. Finally let M,(z,y) denote the generating
function of (all) planar maps, where z takes care of the number of edges and y of the number
of (all) cut-points. Obviously we have the following relation between these three generating
functions:

Ma(z7y) :yMr(zvy) - (y_ 1)(1+MO<Zay>)' (40)

Note that Mo(z,1) = B (z; M(2)?, M(2)?,...;1) = B(zM(2)?,1,1/M(z)) + 2M(2) + z.
Furthermore we set

Ma(z, M, (z,
By(s) = Malz9) | S ME[X,):" and E,(z) = OM:(z,y)
9y y=1  n>0 % y=1
By differentiating (40) with respect to y and setting y = 1 we obtain
E,(z)=E.(2) + M(2) — 1 — My(z,1). (41)

With the help of the above notions we obtain the following (formal relation):

Ma(z,y) =1+ A(zyM,(2,y) —y+ LyM.(z,9)° =y +1,...51). (42)
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10:18 Cut Vertices in Random Planar Maps

The right hand side is based on the block-decompostion (similarly to (6)) and takes care
whether the vertices of the block that contains the root edge become cut-vertices or not. By
differentiating (42) with respect to y and setting y = 1 we, thus, obtain

Ea(2) =Y Auw, (2:M(2),M(2),...;1) (M(2)* — 14 kM(2)* ' E,(2))

E>1

=3 Ay, (5 M(2), M(2)*,...) M(2)" = > Ay, (2:M(2), M(2)*,...)
E>1 k>1

+ E.(2) Z kAw, (2 M(z), M(2)?,...) M(2)"*.

k>1

By using (41) we get a proper expression for F,(z). At this stage we can apply (37) and (38)
with v = M(z). Furthermore Lemma 11 gives

D Ay (5 M(2), M(2)°,..)

k>1

=2:M(2) + z+ B(zM(2)*,1,1/M(2)) + B®*(zM(2)*,1,1,1/M(2))
=2z2M(z)+ 2z + B(zM(z)Q, 1,1/M(2))

w1 (zM(2)?)B(zM(2)%,1,1/M (2))—B(zM(2)?,1,u1 (2 M (2)?))/M/ z) 2
+2M(z) : MG GG +2M(z)ui (2M(2)%)
2 2 — 2 Y 2
1 wi(=M(2)?)B(zM(2) bﬁﬁ@ili(ﬁﬁﬁii Lug (M (2)2)/M(2) zM(z)ul(zM(z)2)

This finally leads to the proposed explicit formula for F,(z).
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Asymptotics of Minimal DFAs Recognizing a Finite Binary Language

1 Introduction

A deterministic finite automaton (DFA) A is a 5-tuple (2,Q,d, o, F'), where X is a finite
set of letters called the alphabet, (Q is a finite set of states, § : Q x X — @ is the transition
function, qq is the initial state, and F C @Q is the set of final states (sometimes called accept
states). States not in F' are called non-final or reject states. A DFA can be represented by a
directed graph with one vertex v, for each state s € @, with the vertices corresponding to
final states being highlighted, and for every transition §(s, w) = §, there is an edge from s to
8 labeled w (see Figure 1).

Figure 1 The unique minimal DFA for the language {a, b, bab, bb}. Here, qo is the initial state,
q1 and g3 are the final states, and q4 is the unique sink.

A word w = wywsy - - - wy € X* is accepted by A if the sequence of states (s, s1,...,8¢) €
Q! defined by sg = qo and s;41 = 0(s;,w;) for i = 0,...,¢ — 1 ends with s, € F a final
state. The set of words accepted by A is called the language L(A) recognized by A. Tt is
well-known that DFAs recognize exactly the set of regular languages. Note that every DFA
recognizes a unique language, but a language can be recognized by several different DFAs.
A DFA is called minimal if no DFA with fewer states recognizes the same language. The
Myhill-Nerode Theorem states that every regular language is recognized by a unique minimal
DFA (up to isomorphism) [8, Theorem 3.10]. For more details on automata see [8].

In this paper we show that the counting sequence (Mg, )nen of minimal DFAs of size n
recognizing a finite binary language admits a stretched exponential. Until now, the problem
of counting these automata, even asymptotically, was widely open, see for example [4].

» Theorem 1. The number ms , of non-isomorphic minimal DFAs on a binary alphabet
recognizing a finite language with n + 1 states satisfies for n — oo

ma, = © (n! 8"63“1”1/3n7/8)
where a1 = —2.338 is the largest root of the Airy function.

Since every regular language defines a unique minimal automaton, one may define
the (space) complexity of the language to be the number of states in this corresponding
automaton. Defining space complexity in this way, the number mo ,, is simply the number of
finite languages over a binary alphabet of space complexity n + 1.

In the recent paper [6] we showed lower and upper asymptotic bounds on ms ,, by first
establishing a connection between automata counted by ms ,, and classes of directed acyclic
graphs (DAGs) and then solving their asymptotic enumeration problem. In particular, we
proved that

2n710n < man < 2n717’na (1)
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where ¢, is the number of compacted and 7, the number of relaxed binary trees of size n.

These appear naturally in the compression of XML documents [3,7]. In the same paper, we
showed that as n — oo,

1/3 . 1/
e = (niar ) and =@ (martan ),

leading to asymptotic lower and upper bounds on mg . The results of the present work arise
as a further application of the general method from [6] for proving the appearance of such
stretched exponentials. They showcase the strength of our method, and we expect that our
method may be applied to yet other combinatorial objects governed by similar recurrences.

The asymptotic proportion of general minimal DFAs (not necessarily recognizing a finite
language) was solved by Bassino, Nicaud, and Sportiello in [1], building on enumeration
results by Korshunov [9,10] and Bassino and Nicaud [2]. The result in [1] also exploits an
underlying tree structure of the related automata, but from a different traversal than what
we use. In that case, no stretched exponential appears in the asymptotic enumeration, and
the minimal automata account for a constant fraction of all automata.

2 Recurrence relation

To derive a recurrence for automata recognizing a finite language, we need the following
lemma. In the following, we only consider automata on the binary alphabet {a,b}.

» Lemma 2 ([11, Lemma 2.3], [8, Section 3.4]). A DFA A is the minimal automaton for

some finite language if and only if it has the following properties:

(a) There is a unique sink s. That is, a state which is not a final state such that all transitions
from s end at s that is, §(s,w) = s.

(b) A is acyclic: the underlying directed graph has no cycles except for the loops at the sink.

(c) A is initially connected: for any state p there exists a word w € ¥* such that A reaches
the state p upon reading w.

(d) A is reduced: for any two different states q, ¢, the two automata with initial state q
and ¢’ recognize different languages.

Next, we identify a property that can replace the one of being reduced.

» Lemma 3. An acyclic, initially connected DFA A with a unique sink is reduced if and

only if it satisfies the following condition:

(d’) State uniqueness: there are no two distinct states q and ¢’ with 6(q,a) = 6(¢',a) and
0(q,b) = 6(q',b) such that both q and ¢, or neither q nor ¢', are accept states.

Proof. By definition, being reduced implies state uniqueness. Now suppose that A is not
reduced while state uniqueness holds. Then there are two states ¢ # ¢’ in A such that the
two automata with initial state ¢ and ¢’ recognize the same language L. As A is acyclic, L
is finite. We define the weight of L to be > ., (Jw|+ 1), and we pick ¢,q’ such that the
weight of L is minimal.

Suppose that L is not empty. By the state uniqueness, we must have 6(q,a) # d(¢’,a) or
d(g,b) # 6(¢',b). Without loss of generality, suppose that r = d(q,a) # §(¢’,a) = r’. The

two automata with initial state r and r’ recognize the same language a 'L = {w | aw € L}.

Since the weights of a~!L are strictly less that that of L, we have r and r’ violating the
minimality of the weight of L. Therefore, L must be empty.

Since L is empty, g and ¢’ are both rejecting. They cannot both be the sink as the sink
is unique. Suppose that ¢ is not the sink. Then due to state uniqueness, among (g, a) and

d(q,b) there is at least one state g1 that is not the sink. As L is empty, ¢; is also rejecting.

11:3
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We can then replace ¢ with ¢; and perform the same argument to ¢; and ¢’, repeating ad
infinitum. This creates an infinite sequence of states without repetition since A is acyclic.
This is impossible as A is a DFA. Therefore, the existence of ¢ and ¢’ is impossible, meaning
that A is reduced. We thus have the desired equivalence. |

Figure 2 An acyclic DFA with its spanning subtree in black and all other edges in red. The
initial state is go and the finial states are colored green.

We now consider two sets of DFAs: the set § of minimal DFAs recognizing finite languages,
and the set & of acyclic and initially connected DFAs with a unique sink. From Lemmas 2
and 3, § consists of precisely the automata in & that also possess the state uniqueness.

In order to derive our recurrence, we first transform DFAs in & into decorated lattice
paths that we call B-paths. For a given A € &, our first step is to construct a spanning
subtree of A (excluding the sink) using a depth-first search (DFS hereinafter) from the initial
state gg as shown in Figure 2. This DFS is uniquely defined by taking edges marked by a
before edges marked by b. Since A is initially connected, the tree obtained is a spanning tree.

Using the same DFS, we construct a path P starting at the point (—1,0) and illustrated
by a blue line in Figure 3 as follows:

Whenever the directed blue line around the tree in Figure 3 goes up we add a vertical

step V= (0,1) to the path. We say that the state we just quit corresponds to this step.

Whenever the directed blue line crosses an outgoing edge (including the edge leading to

the sink), which is not part of the tree, we add a horizontal step H = (1,0).

The order of states corresponding to V-steps is called the postorder of states. It is clear
that the first step of P is a H-step, and removing it from P gives a Dyck path under the
main diagonal. We now decorate P with spots and crosses. Each step V is decorated by a
green or white spot, according to whether the corresponding state is accepting or rejecting.

Since A is acyclic, during the DFS, for an edge e pointing from the current state ¢ to an
already visited state ¢’, the state ¢’ must not be an ancestor of ¢ in the constructed tree,
meaning that ¢’ must either come before g in postorder or be the sink. In the former case,
we put a cross in the cell at the intersection between the column of the H-step corresponding
to e, and the row of the V-step corresponding to ¢, while in the latter case we put the cross
in the row just below y = 0. Clearly the crosses are under P and above y = —1. We thus
obtain a path B with decorations, and we say that B is the B-path of the automaton A.

To characterize B-paths obtained from DFAs in &, we propose the following definition.
An automatic B-path P of size n is defined as a lattice path consisting of up steps and
horizontal steps from (—1,0) to (n,n) with decorations such that
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Figure 3 The transformation from an acyclic DFA to a B-path. In the DFA, the states are
numbered in order of their corresponding up steps and we have labelled each outgoing edge not in
the tree with the number of the state it points to.

The first step is an H-step, and its removal leaves a Dyck path below the main diagonal;

Each H-step has a cross in its column, under P and above y = —1.

Every V-step has a white or green spot.

It is not difficult to see that automatic B-paths are in bijection with &, with the size preserved,
since a B-path P obtained from a DFA A € & is clearly automatic, and the construction of
B-paths can be easily reversed to obtain a DFA in & from an automatic B-path.

Now we examine automatic B-paths corresponding to DFAs in §. By definition, we only
need to take the state uniqueness into account. Given A € &, let T be its depth-first search
tree and B its corresponding automatic B-path. A state ¢ € A is called a cherry if it is a
leaf of T" but not the sink. Seen on B, a cherry state corresponds to a sequence HHV of
steps. We now propose a seemingly weaker notion of state uniqueness called cherry-state
uniqueness, which is in fact equivalent in our case.

» Lemma 4. Suppose that A € &, then A has state uniqueness if and only if it has cherry-
state uniqueness, i.e., any two states q,q such that ¢ comes before q' in postorder, and q' is
a cherry state, satisfy the conditions in the definition of state uniqueness.

Proof. State uniqueness clearly implies cherry-state uniqueness. For the other direction, let
T be the DFS tree of A. Suppose that we have two states ¢ # ¢’ such that 6(q,a) = 6(¢, a)
and 6(g,b) = 6(¢’,b). We suppose that ¢ precedes ¢’ in postorder. It is clear that ¢’ is not an
ancestor of g, but ¢ is also not an ancestor of ¢, or else ¢ would have a transition to itself or
to one of its ancestors, which is impossible as A is acyclic. This implies that both (g, a) and
d(g,b) come before ¢ in postorder, so neither §(g,a) nor 6(g,b) can be a child of ¢’. Hence,
q' is a cherry. Therefore, cherry-state uniqueness implies state uniqueness. |

We now try to construct step by step automatic B-paths corresponding to DFAs in F.
We denote by B, ., the set of prefixes ending at (n,m) of such paths. We always start
by an H-step from (—1,0), thus there is exactly one path in By . Suppose that we have
constructed all automatic B-paths ending at 0 < m’ < m and m’ < n' < n except for (n,m),
and we now construct paths in By, ,,,. First, from any path in B, _1 ,,, we can construct
a path P € B, ,, by adding an H-step at height m with a cross, and there are (m + 1)
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possibilities for the cross. Second, from any path in B,, ,,—1, we can construct a path P by
adding a V-step with a spot that can be green or white. Such a path P ends in a V-step,
thus it is different from paths in the first case. However, it may not be in B, ,,, because it
may end in HHV with H-steps at height m — 1. In such a case it corresponds to a cherry
state that violates the cherry-state uniqueness. Such paths violating the condition for § are
all constructed by adding HHV at the end of paths in B;,,_2,,—1, then adding crosses for
the last two H-steps to make the corresponding cherry state “copy” one of the m states
precedng it in postorder. Excluding such paths, we obtain all the paths in B,, ,,,. In this way,
we construct all automatic B-paths corresponding to DFAs in §. This construction can be
translated into the following recurrence.

» Proposition 5. Let b, ,,, be the number of initial segments of automatic B-paths corres-
ponding to DFAs in § ending at (n,m). Then

bn,m = an,m—l + (m + 1)bn—1,m - mbn—Q,m—la fOT n>m2>1,
bn,m =0, fOT n<m,
bpo =1, forn > —1.

The number mq , of minimal binary DFAs of size n recognizing a finite language is equal
to by p.

This recurrence relation can be directly used to compute all elements of the sequence
(M2 )n>0 up to size n = N with O(N?) arithmetic operations. The first few numbers of
this sequence read

(Ma.n)n>0 = (1,1,6,60,900, 18480, 487560, 15824880, 612504240, 27619664640, .. .).

We have added it as sequence OEIS A331120 in the Online Encyclopedia of Integer Sequences!.

Previously, the first 7 elements were computed in [5, Section 6].

3 A stretched exponential appears

We now perform an asymptotic analysis of the numbers ms ,, using the recurrence derived in
the previous section. As a first step we define an auxiliary sequence, which simplifies the
subsequent analysis by absorbing the leading exponential behaviour:

- b
brm = 2;’:’11, for m > 1,
bno =bno=1.
This gives
én,m = En,m—l + (m + 1)Bn—17m - %Bn—lm—ly for n > m > 1,
bom =0, for n < m,
bpo =1, for n > —1.

Next, we transform the sequence (b, m)o<m<n into a sequence (e, m) o<m<n using

n—m even

1 ~
€nm = mb(nqtm)/l(nfm)/%

! nttps://oeis.org
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(note that ey, ,,, is only defined when n — m is even). Then, the terms e, ,,, are determined
by the following recurrence for n,m > 1

Cnm = n;ﬁi%n_lm_l + en—1m+l = GEm)nem=z) én—3m—1, forn =>m >0,
€0 =1,

enm =0, for n < m,

en,—1 =0, for n > —1.

The number of minimal DFAs of size n is equal to n!2"‘162n,0. Now, for some simple cases

. n—1_

of e,.m, elementary computations show that e, , = %, €nn—2 = 2(71_71)!1, and e, p—4 =
n—2 n—3 . . . .

%. Comparing the recurrence above with the one of compacted binary trees given

in [6, Section 5] for e, m,, we notice only two differences:

1. a slightly different factor %

2. no special cases for n > m >n — 3.

of ep_3m—1 and

Therefore, we are anticipating the same method to be applicable. The very basic idea is
that we will prove lower and upper bounds which differ only in the constant term. This

method requires that the recurrence involves only non-negative terms on the right-hand side.

As in the case of compacted binary trees, we solve this problem by finding suitable upper
and lower bounds given in the subsequent Lemma. We omit its technical proof as it follows
exactly the same lines as [6, Lemma 5.1].

» Lemma 6. Forn —3 > m > 2, the term e, p, is bounded below by

e = 76n71,m71+76n71,m+1+

n—m-+2 n—m-—1 n—m—S( 1
n—+m n—m n—m-—2

€n—2,m+2 + en73,m+1>
n—m n+m

and forn > 5,n >m > 0 bounded above by

n—m-+2 n—m—1
e — 7671,—1,711—1 + 76n—1,m+1 + en—2,m+2 +
n+m n—m n—m n-+m

That is, Le(n,m) < epm < Ue(n,m).

€n—3,m+1-

3.1 Lower bound

The following technical Lemma is at the heart of the following inductive proof of the lower
bound. It links the recurrence of e, ., (or rather its lower bound L.) with two explicit
sequences §, and X, ,, involving the Airy function, shifted to its right-most root a;.

» Lemma 7. For all n,m >0 let

. 2m?  3m\ . 21/3(m 4 1)
Xn’m = (]_ — W + 8rn> Ai <a1 + W) and
22/3
P S il . -
2/3 12n n7/6

Then, for any € > 0, there exists a constant ng such that

~ . - n—m+2 5 - n—m-—1 4 5 5
)(nﬂnsnsn713n72 S - nflﬂnflsn715n72'+‘AAAAAAAAVXn71Jn+1Sn713n72
n—+m n—m

n—m-—3 1 ~ 1 ~
+ Xn—2,m+28n—2 + Xn-3,m+1
n—m-—2\n—m  "amton n4m el

for allm > ng and all 0 < m < n2/3—¢,

11:7
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Let us show how this Lemma is used before stating its actual proof. First, we define the
~ 2
sequence X, = max{X,,m,0} (note that the factor 1 — 2%~ + 3™ g negative for large m).
Then, using Lemma 7 we have

- n—m-+2 L n—m-1 L
Xn,msnsn—lsn—Q S 7Xn—17m—15n—13n—2 + 7Xn—1,m+15n—15n—2
n-—+m n—m

n—m-—3 1 1
+ Xn_2,my28n—2+ Xn_3my1
n—m—2\n—m  noamten e

for n large enough and all m < n. Finally, we define the sequence h,, such that h, = Snhn_1
for n > 0 and set hg = 59. Then we deduce by induction that e, »,, > boh, X, n for some
constant by > 0, all sufficiently large n, and all m € [0, n]:

bOXn,mhn En—1,m—1 + ———€n—1,m+1 +
n+m n—m n—m-—2

7 < n_m+2 n—m-—1 n_m_?’ <en72,'m+2 €7L73,7n+1>
n—m n+m

< €n,m;

where the first inequality follows by induction and the second one by Lemma 6 for m < n —3.
For m > n — 3 and n large enough the inequality holds trivially as X,, ,, = 0. Therefore,

man = n!2"7162n,0
> bon!2" hay Xon o

2n
22/3q; 29 1 1 2)
n—1 1 .
i=1

1/3
> ,yLn!SneSaln n7/8

b
for some constant ~;, > 0.

» Remark 8. Let us compare the result of Lemma 7 to the respective results for compacted
and relaxed binary trees to which this method was applied first. Recall the lower and
upper bounds (1) which are tight up to the constant and the polynomial term. Indeed, the
corresponding results [6, Lemmas 4.2 and 5.2] possess a very similar structure: First, in f(mm
the only difference is in the factor %—7”;” which is 3 for relaxed trees and - for compacted trees.
The purpose of this term is of technical nature as it simplifies the Newton polygon method,
yet it has no influence on the final asymptotics; compare Figure 5. Second, in §,, the only
difference is in the term % which is % for relaxed trees and % for compacted trees. Now
this term influences the polynomial factor in the asymptotics (compare with [6, Section 3.3]).
More generally, whenever the third term in the expansion of 3, has the form &, we get in
the enumeration a polynomial factor with exponent 5 — % Finally, the similarity in all
other terms of the expansion for 5, and X, ,, is responsible for the fact that ms, and the
families of trees enumerated in [6] have the same exponential growth, as well as the same

stretched-exponential behaviour.

Proof (Lemma 7). The proof follows nearly verbatim [6, Lemma 4.2], so we will only
introduce the main idea, omitting the technical details. Note that all (often tedious)
computations are available in the accompanying Maple worksheet [12].

We start by defining the following sequence

Pn,m = *Zn,msnsn—lsn—Q
n—m-+2 n—m-—1
n—1,m—15n—15n—2 + Zn—l,m+15n—15n—2
n+m n—m

n—m-—3 1 1
+ ( Zn72,m+25n72 + Zn3,m+1> 9
n—-m-—2\n—m n+m
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where
g1 g9 g3 g4
Sp =09 + 1/3+%+;+77/6’
Tom? 4+ mm 21/3(m +1
Zn,m = <1+ 2 ! >A1 <CL1+ (1/3 )>7
n n

with o;,7; € R. Then the inequality is equivalent to P, ,, > 0 with o9 = 2, 0y = 0,
09 = 22/3aq, 03 = 29/12, and o4 = —1 as well as 71 = 3/8 and 7 = —2/3. Next, we expand
Ai(z) in a neighborhood of

21/3m

CY:Gl"‘W, (3)

and we get
Pn,m = pn,mAi(a) + p;L,’ﬂLAi,(a)7

where py, ., and p;’m are functions of m and n~! and may be expanded as power series in
n~1/6 with coefficients polynomial in m. We will see that, as long as n > 1 and n > m, this
series converges absolutely because the Airy function is entire and so all the functions for
which we need to perform a bivariate expansion (in n and m) are indeed are analytic in the
region defined by |n| > 1 and |m/| < |n|?/37¢.

Now we proceed with the technical analysis, which is only performed on a superficial
level here. The first step is to show that [m‘n’]P, ,, =0 for i +j > 1, 4,5 € Q. Then, as
a second step, we strengthen this result by choosing suitable values o; for 0 < i < 4 in the
definition of s, in order to eliminate more terms. The results are summarized in Figure 4
where the initial non-zero coefficients are shown. A diamond at (¢, 5) is drawn if and only if
the coefficient [min? Py, m is non-zero for generic values of o and 7. It is an empty diamond
if the given choice of 0; and 7; makes it vanish, whereas it is a solid diamond if it remains
non-zero. The convex hull is formed by the following three lines

. T T . 1 2
L1:]:_6_T87 LQ:]:_§_§7

From now on, we distinguish between the contributions arising from p,, ,, and p’mm. The

Ly:j=1—14.

non-zero coefficients are shown in Figure 5. For technical reasons we choose at this point
71 = 8/3 and thereby reduce the slope of the convex hull of the non-zero coefficients of pf, ,,,.
The expansions for n tending to infinity start as follows, where the elements on the convex
hull are written in color:

p Ai(a) 4oy 21 /3q m  164m2  2M/3qym3  136m?*  248m° n
n,m — O1Q - - - - - a
’ n7/6 3nb/3 9n? 3n8/3 9n3 135n4
Ay (228 —3) 27 32am N 24/3m?2(48r — 65) 219/3m?
C nAl3 372 T on2 9n7/3 9773
910/3,,4 910/3,,5
-5 oni0E 89135n13/3 +.. )

We now choose o4 = —1 which leads to a positive term Ai(a)n~7/6. Next, for fixed (large)
n we prove that for all m the dominant contributions in P, ,, are positive. Motivated by
Figures 4 and 5, we consider three different regimes: m < Cn'/3, Cn'/3 < m < n™/8 and
n7/18 < m < n?/37¢ for a suitable constant C' > 0. We end the proof by showing that there
exists an N > 0 such that all terms are positive for n > N and all m < n?/3. <

In the next section we will show an upper bound with the same asymptotic form, but
with a different constant ~y.
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.7
Slope: 18

.
Slope: 18

.2 i — -2
Slope: 3 Slope: 3

""" Slope: -1 "+ Slope: -1

la
&

| é

Figure 4 (Left) Non-zero coefficients of P, ,, = Zai,jminj shown by diamonds for s, :=

[ e A A N A A A A A S A e
KRR R IR KR KRR AR 7 1

1/3
oo + nq}s + ni?s + 2+ n(;js and Znm = |1+ szz:ﬁm Ai(ar+2 n§%+1> - There are no
terms in the blue dashed area. The blue terms vanish for o¢p = 2, the red terms vanish for o1 = 0,
the green terms vanish for o2 = 2%/3a;, and the yellow terms vanish for o3 = 29/12 and 72 = —2/3.

The black and red lines represent the two parts L1 and Lo, respectively, of the convex hull. (Right)
The solid gray diamonds are decomposed into the coefficients pn,m of Ai(a) (red boxes) and p}, ,, of
Ai’(a) (blue diamonds).

3.2 Upper bound

The following lemma links as in the case of the lower bound e, ., (and its upper bound U,)
with two explicit sequences §,, and X, ,,, involving again the Airy function.

» Lemma 9. Choose n > 2/9 fized and for all n,m >0 let

5 2m?  3m m*\ . 21/3(m 4 1)

Xn,m = <1 — W + % + 'I’}n2) Ai (a1 + n1/3> and
¢ gy 2o 29 1
Sni=2+ n2/3 T Ton /6

Then, for any € > 0, there exists a constant gy such that

N A . n—m-+2 4 N . n—m-—1 4 .
Xn,m8n5n715n72 Z n—1,m—15n—15n—2 + anl,m+1sn718n72
n+m n—m (4)
+ Xn—2mi28n-2+ ——Xn_3m41
n—m n ,m+2°n n + m n ,m—+1,

for all n > fg and all 0 < m < n'~e.

Proof (Sketch). The proof follows the same lines as that of Lemma 7, so we will only
elucidate the required modifications. As a first step we define the following sequence

G A a 4 n—m+2, - n—m-—1_4, L
Qn,m = Xn,msn8n715n72 - 7Xn71,mflsnflsn72 - 7Xn71,m+15n718n72
n-+m n—m
1 5 - 1 4
- Xn72,m+25n72 - Xn73,m+1~
n—m n+m

Then the inequality is equivalent to @y m > 0. Again, we expand Ai(z) in a neighborhood
of « = a1 + %, and we get the following expansion (see the accompanying Maple
worksheet [12] for full details). As before, the elements on the convex hull are written
in color.
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Slope: - =

18
§ 2 Slope: -1

O % .
E @ . 3 <>

Figure 5 Non-zero coefficients pn,m = Y @ ;m ind (red) and Prom = a-,jminj (blue) of the
expansion (3) for P, . The coefficient of n=%? in the right picture depicted as a solid blue circle
disappears for 71 = 3/8.

~
N Slope: - 1
~N

/
)
i
w

e e e e e e e e e e e e et e Y

(R

Qo = Ai(a) < 4 N 211/3a1m  4m?(41 — 108n) N 214/30,m3(1 — 67)
n,m = 7/6
n

3nd/3 9In? 3n8/3
8mA(17 —132n)  2"/3aymPn  68mSn 124mTy n
9In? nit/3 3nt 45n° o
AY 273 32aym  243m2(47 — 216n) 2'6/3m3(2 — 9n)
i(e) n3/2 + 9n?2 + In7/3 In7/3
21/3m*(40 — 549n)  2'9/3mby  5mO27/3y  89mT27/3y
9n10/3 T 3p10/3 0 3p13/3 0 45p16/3 :

Then we can finish in the same way as in the proof of Lemma 7. For the full details we
refer to the proofs of [6, Lemma 4.4 and 5.3] which explains how to deal with the new cases
required in the treatment of the upper bound (that happen to be analogous for the sequence
at hand here, and the ones in that paper). Note that even the final convex hull in the Newton
polygons is the same. |

The idea is now similar to the lower bound, yet a bit more intricate: We want to find
an auxiliary sequence (€, m )n.m>0 satisfying e, ,, < Céy ., for some constant C > 0, all n
large, and all m < n such that

én,m S KlﬁnXmma (5)
where the sequence (}Aln)n21 is defined by By, = 8,h,_1. As shown in (2), this implies that
there is a constant vy > 0 such that

B 1/3
Eano < yudmednn /8,

Now, in order to find such a sequence we use Lemma 6 and state the following definition

for (€,m)n,m>0:

Cnm =R E o1+ P e L m

+n,1men72,m+2 + niménf?),m«%la for n > 5,n%* >m >0, (6)
€n,m = €n,my forn <5,n>m >0,
€n,m =0, otherwise.
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There are several ideas in the choice of the sequence (6) which we want to explain now.
Firstly, in order to prove (5), the sequence has to be zero for large values of m. We achieve
3/4 Secondly, it has to have positive coefficients,
because then we can prove (5) by induction as it was done in the lower bound. Thirdly,

this by cutting off the values for m > n

it has to be an upper bound of e, ,, i.e., ey m < Cé, p, for all n,m. Due to the cut off

for m > n3/4

this is, of course, impossible, so we introduce a second auxiliary sequence
(én,m)n,m>0 with the same rules as (6) yet with no cut off, i.e., the recurrence holds for n > 5
and n > m > 0. Then, by Lemma 6 we have e, ,, < &, for all n,m.

Hence, it remains to prove that there is a choice of N and a constant C' > 0 such that
éan0 < Céap o

for all n > N. As a first step, we define a class C of weighted paths with the step set
S:={(1,1), (1,-1), (2,-2), (3,—1)} and weights corresponding to the recurrence defining
€n,m. Then é, ,, can be interpreted as the weighted enumeration of paths pop;...pr € C
(p; € Z2) from pg to p. = (n,m) such that p;y 1 —p; € S for 0 < i < k— 1, with the additional
initial condition that pg = (ug,vo) and p1 = (u1,v1) satisfy vg < ug < 5 < uy. In other
words, the first jump p; — po has to exit Z := {(¢,5) : © < 5}. The weight given to each path
in this enumeration is ey 4,

» Lemma 10. Let g 2, denote the weighted number of paths p € C from (€,m) to (2n,0).
Then the numbers qg m on satisfy the inequality

qe,j5,2n > qe,k,2n
j+1 = k+1 ’

for integers 0 < j < k < ¢ < 2n satisfying 2|k — j and n > 10.

Proof (Sketch). Reversing the steps in (6) we see that g satisfies the following recurrence
for ¢ < 2n:

qe,m2n =0, for m <0,
f—m+1 f—m42
Qe,m2on = 5_212 Qt+1,m—1,2n + ﬁqwl,mﬂgn

1 1
+g,m+4q€+2,m—2,2n + +m+2 q¢+3,m—1,2n for m > 0.

Then we follow nearly verbatim the lines of the proof of [6, Lemma 5.4]. For more details we
refer to the accompanying Maple worksheet [12]. <

The last ingredient we will need is that

R 2x
€21,2y S d2:c,2y S z+ y )

where the sequence d, , corresponds to the weighted number of Dyck meanders of length x
ending at y; see [6, Proposition 3.2]. The first inequality is proved by induction using the
recurrence relations of é, , and dg,. The second inequality is proved in [6], yet simply a
consequence of the fact that (f_fy) is the (unweighted) number of Dyck meanders from (0, 0)
to (2z,2y), while the weights of weighted Dyck meanders are always smaller than 1.
Finally, among the éa,, o weighted paths ending at (2n,0), the proportion of those passing

through some point (2z,2y) is

é2m,2yq2a:,2y,2n < é2w,2yq2w,2y’2n < (2y+ 1)éA21,2y < 2y+ 1 < 24?7 )
rry

N —_ A 2 1/3 4
€2n,0 €22,0922,0,2n €22.,0 A4z edarat/® g 3/4
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In the last inequality we used Lemma 10 as well as e, ., < é,.., and the lower bound (2)
for é9, 0. Hence, we can use the same ideas as used in [6, Lemma 4.6] to show that there is
some choice for IV such that ég,, ¢ < 2€3, o for all n.

This proves the missing link and ends the proof of Theorem 1.
To conclude, we observe that all arguments in Section 2 can be extended to any finite

alphabet of any size at least 2. Our analysis may also be extended to this more general case,

but this remains a work in progress.
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—— Abstract

Alternating sign matrices are known to be equinumerous with descending plane partitions, totally
symmetric self-complementary plane partitions and alternating sign triangles, but a bijective proof
for any of these equivalences has been elusive for almost 40 years. In this extended abstract, we
provide a sketch of the first bijective proof of the enumeration formula for alternating sign matrices,
and of the fact that alternating sign matrices are equinumerous with descending plane partitions.
The bijections are based on the operator formula for the number of monotone triangles due to the
first author. The starting point for these constructions were known “computational” proofs, but the
combinatorial point of view led to several drastic modifications and simplifications. We also provide
computer code where all of our constructions have been implemented.
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1 Introduction

An alternating sign matriz (ASM) is a square matrix with entries in {0,1,-1} such that
in each row and each column the non-zero entries alternate and sum up to 1. Robbins
and Rumsey introduced alternating sign matrices in the 1980s [22] when studying their
A-determinant (a generalization of the classical determinant) and showing that the A-deter-
minant can be expressed as a sum over all alternating sign matrices of fixed size. The
classical determinant is obtained from this by setting A = —1, in which case the sum reduces
so that it extends only over all ASMs without —1’s, i.e., permutation matrices, and the
well-known formula of Leibniz is recovered. Numerical experiments led Robbins and Rumsey
to conjecture that the number of n x n alternating sign matrices is given by the surprisingly
simple product formula

ol (3i+1)!

o (m+i)!l”

(1)
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Back then the surprise was even bigger when they learned from Stanley (see [9, 8]) that
this product formula had recently also appeared in Andrews’ paper [1] on his proof of the
weak Macdonald conjecture, which in turn provides a formula for the number of cyclically
symmetric plane partitions. As a byproduct, Andrews had introduced descending plane
partitions and had proved that the number of descending plane partitions (DPPs) with parts
at most n is also equal to (1). A descending plane partition is a filling of a shifted Ferrers
diagram with positive integers that decrease weakly along rows and strictly along columns
such that the first part in each row is greater than the length of its row and less than or
equal to the length of the previous row.

Since then the problem of finding an explicit bijection between alternating sign matrices
and descending plane partitions has attracted considerable attention from combinatorialists,
and to many of them it is a miracle that such a bijection has not been found so far. All
the more so because Mills, Robbins and Rumsey also introduced several “statistics” on
alternating sign matrices and on descending plane partitions for which they had strong
numerical evidence that the joint distributions coincide as well, see [20].

There were a few further surprises yet to come. Robbins introduced a new operation on
plane partitions, complementation, and had strong numerical evidence that totally symmetric
self-complementary plane partitions (TSSCPPs) in a 2n x 2n x 2n-box are also counted by (1).
Again this was further supported by statistics that have the same joint distribution as well as
certain refinements, see [21, 17, 18, 7]. We still lack an explicit bijection between TSSCPPs
and ASMs, as well as between TSSCPPs and DPPs.

In his collection of bijective proof problems (which is available from his webpage) Stanley
says the following about the problem of finding all these bijections: “This is one of the most
intriguing open problems in the area of bijective proofs.” In Krattenthaler’s survey on plane
partitions [18] he expresses his opinion by saying: “The greatest, still unsolved, mystery
concerns the question of what plane partitions have to do with alternating sign matrices.”

Many of the above mentioned conjectures have since been proved by non-bijective means.
Zeilberger [24] was the first who proved that nxn ASMs are counted by (1). Kuperberg gave
another shorter proof [19] based on the remarkable observation that the siz-vertez model
(which had been introduced by physicists several decades earlier) with domain wall boundary
conditions is equivalent to ASMs, and he used the techniques that had been developed by
physicists to study this model. Andrews enumerated TSSCPPs in [2]. The equivalence of
certain statistics for ASMs and of certain statistics for DPPs has been proved in [5], while
for ASMs and TSSCPPs see [25, 16], and note in particular that already in Zeilberger’s first
ASM paper [24] he could deal with an important refinement. Further work including the
study of symmetry classes has been accomplished; for a more detailed description of this we
defer to [6]. Then, in very recent work, alternating sign triangles (ASTs) were introduced
in [3], which establishes a fourth class of objects that are equinumerous with ASMs, and also
in this case nobody has so far been able to construct a bijection.

The first author gave her “own” proof of the ASM theorem in [11, 12, 13] and expressed
some speculations in the direction of converting these proofs into bijections in the final
section of the last paper. Part of the objective, namely bijective proofs of the enumeration
formula for the number of ASMs and of the fact that ASMs and DPPs are equinumerous,
has now been achieved in [14, 15], the first two papers in a planned series. This extended
abstract presents the major steps in these constructions.

After having figured out how to actually convert computations and also having shaped
certain useful fundamental concepts related to signed sets (see Section 2), the translation
of several steps became quite straightforward; some steps were quite challenging. Then a
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certain type of (exciting) dynamics evolved, where the combinatorial point of view led to
simplifications and other (in some cases drastic) modifications, and after this process the
original “computational” proof is in fact rather difficult to recognize.
The bijection that underlies the bijective proof of the enumeration formula of ASMs as
well as the one of the refined enumeration formula involves the following sets:
Let ASM,, denote the set of ASMs of size n xn, and, for 1 <i <n, let ASM,, ; denote the
subset of ASM,, of matrices that have the unique 1 in the first row in column i. There
is an obvious bijection ASM,, ; = ASM,,_; which consists of deleting the first row and
first column.
Let B,, denote the set of (2n — 1)-subsets of [3n—2] ={1,2,...,3n -2} and, for 1 <i < n,
let B, ; denote the subset of B,, of those subsets whose median is n +4¢ - 1. Clearly,
Bl = (5,73) and [Bus| = (5 (700).
Let DPP,, denote the set of descending plane partitions with parts no greater than n; let
DPP,, ; the subset of descending plane partitions with 7 — 1 occurrences of n. We clearly
have DPP,, ; = DPP,,_;.

To emphasize that we are not merely interested in the fact that two signed sets have
the same size, but want to use the constructed signed bijection later on, we will be using a
convention that is slightly unorthodox in our field. Instead of listing our results as lemmas
and theorems with their corresponding proofs, we will be using the Problem—Construction
terminology. See for instance [23] and [4]. Our main results are the constructions solving the
following two problems.

» Problem 1 ([15, Problem 1]). Given neN, 1<i<n, construct a bijection
DPP,,_1 xB,,1 x ASM,, ; — DPP,,_1 x ASM,, 1 xB,, ; .
Assume that we have constructed such bijections. Then we also have a bijection
DPP,,_; xB,, 1 x ASM,, = J(DPP,,_1 x B, 1 x ASM,, ;)
i

—_—> U (DPPn,l X ASMn’l X Bn,z) = DPPn,l X ASMn,l X Bn —> DPPn,l X ASMn,l X Bn

for every n. But by induction, that gives a bijection
DPPO X oo X DPPn_l XBl,l Xeee X Bn71 X ASMn e DPPO Xeee X DPPn_l X Bl Xeee X Bn,
which, since DPP; is non-empty (as it contains the empty DPP), proves the ASM theorem

M [Bi| _ I (57) 1:[
e, 1Bix| I (2l 2) o (n+1i)

i=1

|ASMn| =

and also the refined ASM theorem

|ASM,,_y |- [Byi| (") (0T ned (3i+ 1)

n-1 n-1 H

|ASM,, ;| = = — .
| B (gn_%) o (n+1)!

Next we provide the bijection from Problem 1 for the case n =3 and i = 2; in fact, our
bijection depends on an integer parameter x and we choose x = 0.
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(@ 12345,?68) - (@,%?8,23457) (@,12345 ‘1'_11‘1') o (@,63‘1',23456) (ra 12345, 8%?) o (9,6‘1'8,23456)
001 001 010 010 100 001

(;z 1234@,?1‘)8) - (@,6?8,13457) (@12346 ?31?) - (@A(‘)B?,lgzxss) (g 12346785(1)) - (z,é?&mzxsﬁ)
001 001 010 010 100 001

(@ 12347,§§§) - (@,éz‘cj,m%?) (@ 12347, il]]—jlilll) o (@,é§2,12456) (ra 12347, ﬁlié() o (z,§g§,12456)

(g 1230@,3§§) - (2,%2%,13456) (212356, g ‘112) o (2,%51]2712456) (g 1235 egég) o (2,%2%,12456)

(@ 12357,‘1]68) o (2,6?8.13457) (212857, ! 11‘1’) o (2,58?,12457) (@.12357,36?) o (2,%3’3,12457)
001 001 010 010 100 001

(g 12307,3%%) - (2,%2%,134(57) (212367, g ‘113) o (2,%%3712467) (;z,m:am,@ég) o (2,%3%,12467)

(2 12345,28%‘5}) - (@,éz‘cj,%%?) (2 12345,;1; :12) - (@,§§2,23467) (2,12345,‘5}@2) o (@,§§§,23457)

(2 12546,3%%) - (@,§3§,13467) (2 12346, g ‘113) o (z,é§3,134ﬁ7) (2,12346,%2) - (z,é§2713457)

(2 12347,‘1'63) - (@,6?8,12467) (2 12347, 1 11‘1’) o (@,63‘1',12467) (2,12347,85?) o (g,ég?,lzzﬁ)?)
030 ’0g F Joo aLo Loo

(2 12506,(1]8?) - (2,3(1)9,23456) (2 12356, 1 11(1)) - (2,8(1](1)723456) (2.12356 ?86) © (2,3%,13456)

(2 12357,2%%}%) - (2,%35}1.23457) (212857, ‘[1; ﬁg) - (2,%@2,23457) (2,12357.,%3) o (2@32,13457)

(2 12567,2é§) - (2,@251],23467) (2.12367, lﬁj 112) o (2,%%3723467) (2,12367,%3) - (2,§§§,134G7)

The second bijection relates ASMs to DPPs.

» Problem 2 ([15, Problem 2]). Given neN, 1< j<n, construct a bijection
DPPn_l X ASMnJ — ASMn_l X DPPnJ‘ .

Once this is proven it follows that |DPP,_;|-|ASM, ;| = |ASM,,_ |- |DPP, ;|. By
induction, we can assume |DPP,_; | = |ASM,,_; | and so |ASM,, ;| = |DPP,, ;|. Summing
this over all j implies | DPP,, | = | ASM,, |.

For several obvious reasons, we found it essential to check all our constructions with
computer code'; to name one it can possibly be used to identify new equivalent statistics.
Another is that it might be possible to find some patterns in the bijection and to simplify
the description. Finally, let us emphasize that our approach does give the first bijection of a
celebrated result, it fails to explain the simplicity of the product formula for ASMs.

2 Signed sets and sijections

It seems that signs and cancellations in the proof are unavoidable. In this section, we briefly
introduce the concepts of signed sets and sijections, signed bijections between signed sets.
We present the basic concepts here, and refer the reader to [14, §2] for all the details and
more examples.

A signed set is a pair of disjoint finite sets: S = (S*,57) with S* n S~ = @. Equivalently,
a signed set is a finite set S together with a sign function sign: S — {1,-1}, but we will
mostly avoid the use of the sign function. Signed sets are usually underlined throughout the
extended abstract with the following exception: an ordinary set S always induces a signed
set S =(5,9), and in this case we identify S with S. We summarize related notions.

The size of a signed set S is |S| =]5*| - |S7|.

The opposite signed set of S is =S = (57,57).

The Cartesian product of signed sets S and T is SxT = (S*xTHuS™xT~, S*xT uS™xT").
The disjoint union of signed sets S and T is SuT = (S x ({0},@)) u (T x ({1},2)). The
disjoint union of a family of signed sets S, indexed with a signed set T is

LIS, =U(s, X@)

tel teT

Here {t} is ({t},2) if te T" and (2, {t}) if teT".

L The code (in python) is available at https://www.fmf.uni-1j.si/~konvalinka/asmcode.html.
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Most of the usual properties of Cartesian products and disjoint unions of ordinary sets
extend to signed sets.
An important type of signed sets are signed intervals: for a,b € Z, define

ab]— ([a,b],@) ifa<b
— \|(z,[b+1,a-1]) ifa>b’

Here [a,b] stands for the usual interval in Z. The signed sets that are of relevance in this
extended abstract are usually constructed from signed intervals using Cartesian products
and disjoint unions.

The role of bijections for signed sets is played by “signed bijections”, which we call
stjections. A sijection ¢ from S to T,

p:S=T,
is an involution on the set (S*uS™)u (T uT™) with the property p(S*uT™)=5S"uT". It
follows that also (S~ uT*) =S*uT". A sijection can also be thought of as a collection of a
sign-reversing involution on a subset of .S, a sign-reversing involution on a subset of T, and a
sign-preserving matching between the remaining elements of S with the remaining elements
of T. The existence of a sijection ¢:S = T clearly implies |S| = |S*|-|S7| =|T7*| - |T"| = |T]-

In Proposition 2 of [14] it is explained how to construct the Cartesian product and the
disjoint union of sijections, and also how to compose two sijections using a variant of the
Garsia-Milne involution principle. These constructions are fundamental for most of the
constructions in this extended abstract. It follows that the existence of a sijection between S
and T is an equivalence relation; it is denoted by “~”.

The sijection that is underlying many of our constructions is the following.

» Problem 3 ([14, Problem 1]). Given a,b,c € Z, construct a sijection

a=agpcla,c] = [a,blu[b+1,c]=[a,blu—-[c+1,b].

Construction. For a < b < c and ¢ < b < a, there is nothing to prove. For, say, a < c< b, we
have [a,b]u[b+1,c] = ([a,c]ulec+1,b])ub+1,¢] =[a,c]u([c+1,b]u(=[c+1,b])). Since
there is a sijection [c+1,b] U (~[c+1,b]) = @, we get a sijection [a,b]u[b+1,¢] = [a,c].
The cases b<a<c, b<c<a, and ¢ <a <b are analogous. |

Using the map «, it is not difficult to construct some sijections on signed bozes, Cartesian
products of signed intervals. We sketch two such constructions (for the following problem,
and for the related Problem 6), and state other necessary results. The first construction
is related to Lemma 2.2 in [13], which plays a crucial role in the non-bijective proof that
was the starting point for our constructions. Also in the following we indicate such relations
whenever it is possible.

» Problem 4 ([14, Problem 2]). Given a = (a1,...,a,-1) € Z" %, b= (by,...,by 1) € Z"1,
xeZ, write S; = ({a;}, @) u (@,{b; +1}), and construct a sijection

B = ﬁa,b,m: [alabl] X oeee X [an—la bn—l]

- L] (U1, 1] x [l2,lg] x - x [lp-2,ln-1] X [lp-1,2].
(l1,...,ln_1)€§1X-<-X§n71
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Construction. The proof is by induction, with the case n = 1 being trivial and the case n =2
was constructed in Problem 3. Now, for n > 3,

[ar,bi]x - x[an_1,bp_1] ~ [a1,b1] % L [l2,l3] >+ x [ln-2,ln-1] % [ln-1, 7]
(lz,...,l",1)6§2X'"X§n—1

m([al,bl]x L [a2,ls]><"'><[lnlvx])

(la,...,ln_l)EQ:}><"'><§n_1

u([al,bl]x L] (—[l)2+1,l3])><--~x[ln_l,gg])7

(I3,..,ln—1)€Syx-xS |

where we used induction for the first equivalence, and distributivity and the fact that
S2 = ({az2},@)u (@, {ba+1}) for the second equivalence. By Problem 3 and standard sijection
constructions, there exists a sijection from the last expression to

(([al,@] U (=[b1 +1,05]) ) x [az, l3] x -+ [ln_l,x])

(lg,...,ln—l)Eﬁgx'”X§n—1

u(([al,b2+1]u(—[b1+1,b2+1]))>< L] (—[b2+1,l3])><---><[ln1,95])

(I3yeeesln-1)eSgxxS,

~ L] (L1, 1] x [l2,lg] x -oer (Un-2,ln-1] X [ln-1,2],
(I1,. o ln-1)eS  xxS, |

where for the last equivalence we have again used distributivity. |

» Problem 5 ([14, Problem 3]). Given k = (k1,...,k,) € Z™ and x € Z, construct a sijection

Y=Ykt [kla k2:| Xoeee X [kn—h kn]

= | |[k1, ko] x - x [kict,z+n—i] x [z +n =4, ki1 ] x - x [kn-1, kn]
i=1

|
[\~

(] s X [ki—l,ki] X [ki+1 +1l,x+n—-1- 1] X [ki+1,$ +n—i—2] X [ki+2,ki+3] X oo,
i=1

An important signed set is the set of all Gelfand-Tsetlin patterns, or GT patterns for
short (compare with [10]), with a prescribed bottom row. For k € Z, define GT (k) = ({-},9),?
and for k = (kq,...,k,) € Z", define recursively

ﬂ(k):ﬂ(klv-“»kn): |_| Q(ll,...7ln_1).
le[k1,ka]xx[kn-1,kn]

In particular, GT(a,b) ~ [a,b]. One can think of an element of GT (k) as a triangular
array A = (Ai,j)lgjsign

Ap Apa . o Apn,
so that Ai+1’j < Ai_’j < Ai+1,j+1 or Ai+1,j > Ai,j > Ai+1,j+1 for 1 S] <1< n, and An,i = k1

2 Instead of {-}, one can take any one-element set.
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The following sijections are crucial for GT patterns. In the constructions, we typically
use disjoint unions of previously constructed sijections on signed boxes (e.g. Problem 4).

» Problem 6 ([14, Problem 4]). Given a = (ay,...,an-1) € Z" %, b = (by,...,by_1) € Z"1,
x € 7, construct a sijection

p:pa,b,z: I_I @(1) = I_l ﬂ(lla“‘vln—lax)7

le[ay,by]xx[an-1,bn-1] (I1seeslp-1)eS x-xS 4

where S, = ({a;}, @) u (2, {b; +1}).

Construction. In Problem 4, we constructed a sijection

[a1,b1] %% [ap-1,bp-1] = L] (L1, o] x [la,I3] x - x [ln—g, lp—1] X [ln-1, ]
(I, ln-1)eS xxS

By standard sijection constructions, this gives a sijection

N aT(l) = N GT(m).

le[ay,b1]xx[an-1,bn-1] mellqy,. 1, 1)esy xx8,,_; Lsb2]x[l2,ls]xx[ln—2,ln-1]x[ln-1,2]

This is equivalent to

GT(m),

(Liyeeln-1)eSy x-xS, _ me[ly,la]x[l2,l3]x % [In-2,ln-1]%[ln-1,]

and by definition of GT, this is equal to L, .1, ,)es, x-xS ., GT(l1, .- lp-1,2). <

The result is important because while it adds a dimension to GT patterns, it (typically)
greatly reduces the size of the indexing signed set. In fact, there is an analogy to the
fundamental theorem of calculus: instead of extending the disjoint union over the entire
signed box, it suffices to consider the boundary; = corresponds in a sense to the constant of
integration.

» Problem 7 ([14, Problem 5]). Given k = (ky,...,k,) € Z™ and i, 1 <i<n-1, construct a
stjection

= Wk,i:ﬂ(kl,' . akn) = _@(kla' . 'aki—laki+l + 17k’L - 17ki+27 .. ;kn)

Given a=(ay,...,a,) €Z", b= (by,...,b,) € Z™ such that for some i, 1 <i<n-1, we have
a;+1 =a; — 1 and bjy1 =b; — 1, construct a sijection

o = Ua,b,i: |_| ﬂ(l) = Q

The reason we place these two sijections in the same problem is that the proof is by
induction, with the induction step for 7 using ¢ and vice versa.

» Problem 8 ([14, Problem 6]). Given k = (k1,...,k,) € Z"™ and x € Z, construct a sijection

T = Tk@:ﬂ(kl, .. ,kn) = uﬂ(kl, Ce ,ki,l,l' +7’L—i,ki+1, .. ,kn)
i=1
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3 Monotone triangles and the operator formula

Monotone triangles with bottom row 1,2,...,n are in easy bijective correspondence with nxn
alternating sign matrices. For our purpose we need to have a notion of monotone triangles
with arbitrary integer bottom rows. In order to achieve this, suppose that k = (k1,...,ky)
and 1= (l1,...,l,-1) are two sequences of integers. We say that 1 interlaces k, 1 <k, if the
following holds:
1. for every i, 1 <i<n -1, [; is in the closed interval between k; and k;,1;
2. if k;_q < k; < ki1 for some i, 2 <i<n-1, then [;_1 and I; cannot both be k;;
3. if k>l =kiy1, then i <n-2and l;41 = 1; = kijq;
4. if k; =1; > kiy1, theni>2 and [;_1 =1; = k;.
A monotone triangle of size n is a map T:{(¢,7):1<j <i<n} — Z so that line i — 1 (i.e. the
sequence T;_11,...,T;-1,-1) interlaces line ¢ (i.e. the sequence T} 1,...,T; ;). The sign of a
monotone triangle T is (-1)", where r is the sum of:
the number of strict descents in the rows of T', i.e. the number of pairs (i,j) so that
1<j<i<nand T;; > T j41, and
the number of (¢,j) so that 1<j<i-2,i<nand T;; > Ti-1,; =T; j+1 = Tic1 j+1 > T j+2-

It turns out that MT (k) satisfies a recursive “identity”. Let us define the signed set of
arrow rows of order n as AR, = ({7, ~},{x})". The role of an arrow row p of order n is
that it induces a deformation of [kq, ko] x [ko, k3] x -+ x [kn-1, k] as follows. Consider

(K1, ka] (Ko, ks3] (kn—2,kn —1] (kn—1,kn]
H1 H2 M3 s Hn-1 Moy

and if p; € {~, %} (that is we have an arrow pointing towards [k;_1,k;]) then k; is decreased
by 1 in [k;_1,k;], while there is no change for this k; if y; =. If y; € { 7, } then k; is
increased by 1 in [k;, k;11], while there is no change for this k; if p; =~. For a more formal
description, we let 0« (N) =dx (%) =0,(7)=0,(x)=1and éx () =0,.(~) =0, and we
define

e(k,u) = [k‘l +6/ (Ml),kg —(5\ (MQ)] X ...X [kn—l + (S;v (/Jn—l),kn —(5\ (Mn)]

for k= (k1,...,k,) and p € AR,,. The following is not difficult.

» Problem 9 ([14, Problem 7]). Given k = (k1,...,ky), construct a sijection

E=ExMT(k)= || ] MT().
pneAR | lee(k,p)
Our next goal is to define other objects that satisfy the same “recursion” as monotone
triangles. To this end, define the signed set of arrow patterns of order n as

AP, = ({v,n) (=),

Alternatively, we can think of an arrow pattern of order n as a triangular array T =
(tp.q)1<p<q<n arranged as
t1,n

t1,n-1 ta,n

T = t1,n-2 t2 n-1 t3,n R

ty,2 ta3 tn-1,n

with ¢, € {~, N, X}, and the sign of an arrow pattern is 1 if the number of X’s is even and
-1 otherwise.
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The role of an arrow pattern of order n is that it induces a deformation of (k1,...,ky),
which can be thought of as follows. Add ki,...,k, as bottom row of T (i.e., t;; = k;),
and for each v orx which is in the same v -diagonal as k; add 1 to k;, while for each \
or » which is in the same \-diagonal as k; subtract 1 from k;. More formally, letting
0,(v)=0,(x)=0(N)=0(x)=1and d,(\)=0(v) =0, we set

CZ(T) = i 5/ (ti,j) - Z_i(s\ (tj,i) and d(k,T) = (]fl +01(T),k2 + CQ(T), .. .,kn +Cn(T))

for k= (k1,...,k,) and T € AP, .
For k = (ky,...,ky) define shifted Gelfand-Tsetlin patterns, or SGT patterns for short, as
the following disjoint union of GT patterns over arrow patterns of order n:

SGT(k) = ., IKIP GT(d(k,T))

The difficult part of [14] is to prove that SGT indeed satisfies the same “recursion” as MT.
While the proof of the recursion was easy for monotone triangles, it is very involved for
shifted GT patterns, and needs almost all the sijections we have mentioned so far.

» Problem 10 ([14, Problem 9]). Given k = (k1,...,k,) € Z™ and x € Z, construct a sijection

O =Dy, |_| |_| SGT(1) = SGT(k).
weAR, lee(k,pu)

From the last problem, it is easy to construct a bijective proof of the operator formula
for monotone triangles. See [14, pp. 3-4] for a discussion of this formula.

» Problem 11 ([14, Problem 10]). Givenk = (k1,...,k,) € Z™ and x € Z, construct a sijection
[ = Ty MT(k) = SGT(k).

Construction. The proof is by induction on n. For n = 1, both sides consist of one (positive)
element, and the sijection is obvious. Once we have constructed I" for all lists of length less
than n, we can construct I'y , as the composition of sijections

= Dy o
MT(k) = || || MT)=> || |] SGT() =3 SGT(k),
neAR  lee(k,p) neAR, lee(k,u)

where UUT means [ ear  Lee(i,u) I, |

4  Sketch of the main bijections

Equipped with the operator formula, one can construct the following crucial sijection. (This
corresponds to Theorem 2.4 in the non-bijective proof in [13].)

» Problem 12 ([15, Problem 16]). Given k = (k1,...,ky), construct a sijection
MT (k) = (~1)" MT(rot(k)).

where rot(k) = (ka, ..., kn, k1 —n).

12:9
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Note that the construction is far from easy, even assuming that we have the map I". See
[15, §6] for a proof. On the other hand, the following is relatively simple.

Suppose that we are given a weakly increasing sequence k = (ki,...,k,) and 7 ¢ N. We
define
Ml(k) = {T € m(k):Tnfile}l ===k, Thoi1 # k‘1}

as the signed subset of monotone triangles with ki in the first position in exactly the
last ¢ rows. Similarly, we define

Ml(k) = {T € m(k):Tn—i+l,n—i+1 == Tn,n = knyTnfi,n—i * kn}

as the signed subset of monotone triangles with k,, in the last position in exactly the
last ¢ rows.
The following corresponds to Proposition 2.6 in [13].

» Problem 13 ([15, Problem 21]). Given a weakly increasing k = (k1,...,k,) and i > 1,
construct sijections

MT, (k) —> g(_1)j([i; 1]) S MT(ky 4+ 1, koo )

and
() = Ly (1) emnen o, ki)
7=0 J

Based on the last two constructions, it is quite straightforward to do the following. It
corresponds to Proposition 2.7 in [13].

» Problem 14 ([15, Problem 22]). Given n €N and i € [n], construct a sijection

[2n—i-1]

o )xASMnj:ASMm.
n-t1—-j7+1 ’ ’

n

L1y

j=1

To complete the construction of the bijections for Problems 1 and 2, we need, among
other results, a few more ingredients from “bijective linear algebra”. Denote by &, the
signed set of permutations (with the usual sign). Given signed sets P, ;, 1 <i,j <m, define
the determinant of P = [Bij]z’-’szl as the signed set

det(P)= || Py qyxxP

=m,m(m)*

reS,,

Among other classical properties, we have the following version of Cramer’s rule.

» Problem 15 ([15, Problem 9]). Given P =[P

m ] jp,q].g?qﬂ’
Ugii P, x X, =Y, for allie[m], construct sijections

signed sets X, Y, and sijections

det(P) x X ; = det(P’),

where P’ = [ng]m p’

moPl=P, ifq#j, P} =Y, forallje[m].
Essentially, sijections like the one in Problem 15 tell us that “linear equalities” for
sijections like the one in Problem 14 can be used to find bijections on the sets involved. See

the constructions for Problems 1 and 2 in [15, §7] for all details.
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5

Summary

In this extended abstract, we present the first bijective proof of the enumeration formula for

alternating sign matrices. The bijection is by no means simple; the papers [14, 15] combined

have about 40 pages, with the technical constructions taking about 20 pages. We also needed

more than 2000 lines to produce a working python code. However, note that the first proof
of the ASM theorem by Zeilberger was 84 pages long. We certainly hope that our proof will
be simplified and shortened in the future.
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—— Abstract

We derive an asymptotic expression for the number of cubic maps on orientable surfaces when the
genus is proportional to the number of vertices. Let £, denote the orientable surface of genus g and
0 =g/n € (0,1/2). Given g,n € N with ¢ — oo and % — g — 0o as n — oo, the number C,, 4 of
cubic maps on X, with 2n vertices satisfies

Cng ~ (g)*a(6) B(6)" 1(6)*, as g — oo,

where «a(0), 3(0),7v(0) are differentiable functions in (0,1/2). This also leads to the asymptotic
number of triangulations (as the dual of cubic maps) with large genus. When g/n lies in a closed
subinterval of (0,1/2), the asymptotic formula can be obtained using a local limit theorem. The
saddle-point method is applied when g/n — 0 or g/n — 1/2.
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1 Introduction

Since the seminal work of Tutte on planar maps [19], various types of maps on surfaces have
attracted much attention (see e.g. [3, 4, 11, 13]). Most of results on maps deal with the case
when the genus is constant. When the genus is proportional to the number of vertices, edges
or faces, there are only a few results, which deal with either maps with one face (also known
as unicellular maps) [1, 7, 18] or triangular maps (also known as triangulations) [6].

In this paper we study cubic maps (and their dual, triangular maps) on orientable surfaces
of non-constant genus. As demonstrated in [8, 15], such cubic maps form base cases in the
study of sparse random graphs of non-constant genus. Furthermore, the study of random
graphs of non-constant genus has only been initiated very recently [8, 16], and it is likely to
prove to be the most interesting — the “evolution” of random graphs of non-constant genus
depends heavily on the ratios between the genus, the number of edges, and the number of
vertices, and it “transforms” from a random forest to the classical Erdds-Rény random graph.
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We let 3, denote the orientable surface of genus g. A map on X, is a connected graph
G that is embedded on X, in such a way that each component of ¥, — G, called a face, is
simply connected region. A map on X, will be called a map with genus g. Throughout the
paper, a map is always rooted, meaning that an edge is distinguished together with an end
vertex and a side of it.

A map is called cubic if all its vertices have degree 3. The dual of a cubic map is called a
triangular map whose faces all have degree 3. Let (), ; be the number of cubic maps with 2n
vertices and genus g and 7, ; be the number of triangular maps with n vertices and genus g.
Recall Euler’s formula for a map with v vertices, e edges, f faces, and genus g:

v—e+ f=2—2g.

In addition, a triangular map with e edges and f faces satisfies 2e = 3f, and therefore a
triangular map with v vertices and genus g has exactly 2(v + 2¢g — 2) faces, which in dual
corresponds to a cubic map with 2(v + 2g — 2) vertices and genus g. Thus, we have

Cn,g = 4fn—2g+2,9- (1>

A direct consequence is that there are no cubic maps on 3, with 2n vertices (and hence
Ch,g =0), if 29 > n + 1. Therefore, throughout the paper we assume 29 <n + 1.

When g is constant, the following asymptotic formulas for 7}, , and C), , were determined
by Gao [10]: as n — oo,

Cog ~ 3607021, n o072 (12V/3)", (2)
Tog ~ 3-(2°-37) 07 D/2¢ =172 (12/3)", 3)
In fact, the constant ¢, appears universally in the asymptotic formulas for various rooted

maps on X, [3, 4, 11, 13]. Its asymptotic expression was derived by Bender, Gao, and
Richmond [5]:

ty ~

1/2 . -g/2
10 (3/5)Y/2T(1/5) T'(4/5) sin(r/5) (14409)  as g— oo (4)

21/2 75/2 e

In this paper we study cubic maps on X, when g is non-constant, particularly when
g/n € (0,1/2). We determine the asymptotic behavior of the generating function for C, 4
(Theorem 1) and an asymptotic expression for C), ; (Theorems 2 and 3) as g — oo and
n—2g — 00.

Following the notation in [5] we let Cy(z) := ", ~, Cn, gx™ denote the generating function
for cubic maps on ¥,. The parametrization given by (15) in [5]

1
—— (1 —-95)v1l+2s (0<s<1
0 IWIFE )
was quite useful when the genus g is constant. However, in order to study the asymptotic

behaviors of Cy(x) and C,, 4 for non-constant genus g satisfying g/n € (0,1/2), it turns out
to be more convenient to use the following parametrization

z(t) = 2(1 +2t)7%/2, (5)

Note that x(t) is monotonically increasing in ¢ € [0,1]. In addition, we define functions
0,7, A, 0% in t € (0,1) by
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1 3t lnl—i—\/l—t
2 40421t 1-VI-t

T(t) = % Vl_t@(t)7 (7)
YR 2% —t 42
0= 3w T A=) ®)

2TK

3/2
A(r) o= 225 (14 20) 712 (M) , ()

where K = 1.2 x 1079 is some positive constant.
Our first main result is the following asymptotic expression for Cy(z).

» Theorem 1. Let x be on the complex plane. Uniformly for |x| in any given closed
subinterval of (0, 1/(12\/3)), the generating function Cy(x) for cubic maps with genus g
satisfies

Cy(x) = Cy(x(t)) = (gD? AW ()™ (1+0(1/g)), as g— . (10)

Our next main result is the following asymptotic expression for C, 4.

» Theorem 2. For g/n in a given closed subinterval of (0,1/2), let 7 € (0,1) be determined
by 6(T) = g/n. Then the number Ci, 4 of cubic maps with 2n vertices and genus g satisfies

A(r)

7271_902(7_) ()™ r(1)™%9, as g — oo. (11)

Cn,g ~ (g|)2
Using (11) and (1) we also obtain the following asymptotic formula for the number of
triangular maps (i.e. triangulations) with n vertices and genus g:

) An)a(r)’

2 g o2 (1) )" (x(r)r(r)" 7, as g — oo (12)

n,g ™~ (9"

The rest of the paper is organized as follows. In the next section, we provide proofs of
Theorems 1 and 2. In Section 4 we extend Theorem 2 to cover the boundary cases g/n — 0
or g/n — 1/2 (Theorem 3). In Section 5 we compare our asymptotic result on C), 4 with a

very recent result on the asymptotic number of triangular maps by Budzinski and Louf [6].

We conclude the paper with further discussions on cubic graphs on orientable surfaces in
Section 6.

2  Proof of Theorems 1 and 2
Proof of Theorem 1. We begin with the function F,(z) defined by
Fy(z) = 32°Cy(x) +22°Cy(x) (9> 0). (13)

Rewriting (13) in [5], which is derived from the Goulden-Jackson recursion for cubic maps [14],
we obtain the following recursion: for g > 1,

13:3
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1—t
g—1
= 362" F) | (z) + 122°F)_, (x) + 6251 + 12> Fu(2)Fy_n(2), (14)
h=1

where d41 is equal to 1 if g =1 and 0 otherwise.
Furthermore, by definition of the functions z(t) and r(¢) in (5)—(7) and with some
computation, we obtain

‘:Tf = 2(1 —t)(1 +2t)7%/2, (15)
2
Tt (16)
% _ —ét‘Q(l _ )2, (17)
;i; _ —gt‘Q(l — 21 4 20)2, (18)
% - 21&‘3(1 C1)2(1 4 20) (482 — 5t + 4). (19)
In terms of the new parameter ¢, the expression for C(z) found in [5] becomes
C1lt) = (20)
It follows from (5) and (13) that
Fi(t) t3(t +5) (21)

T 641201 —t)F
To derive the asymptotic expression (10), we write
Cy(x) = (g)*r(t) 9 Ay(1), Ag(t) = A(t) +ar(t)g™ " +az(t)g™ + -+,

and substitute it into (14). We note

oo ()7 o

= (9 ~
Cylw) = (g)*r(6) ™ <A’g(t> - Qgﬂ%g(t)> :c/l(t).

Divide both sides of (14) by (g!)? and expand the resulting expressions in powers of g. Both
sides become Laurent series in g with highest power equal to 1. Comparing the coefficients
of g and using (13) and (5), we obtain (with the help of computer algebra system Maple)

1
() = -zt — )%/,

which is (17). Observing lim;_,; r(¢t) = 0 (see (31) in Section 4), we obtain (7).
Next we compare the coefficients of ¢ in Laurent series to obtain
Al(t) 11— 2t (1—1t)3/2

A A0tz 2 (22)

Integrating both sides, we obtain (9) for some constant K. The approximate value of K is
obtained in Section 3. <
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Proof of Theorem 2. Define functions u(t) and u(t) in t € (0,1) by

u(t) : = —2Inr(t), (23)
~x(t) du
)i= o/ (t) dt

0.4

0.3

0.2

0.1

0 T T T T T T T T T 1
0 0.2 0.4 0.6 0.8 1
t

Figure 1 The plot of 6(¢).

With some algebra (and with help of Maple), we find 6(¢) = 1/u(t) and o%(t) = ;,((?) %
are as in (6) and (8), respectively (see Figures 1-2). We note that o?(t) is positive for
te(0,1).

In order to apply a generalized version (Theorem 4 in [12]) of the local limit theorem in
[2, Theorem 3], we need to verify the technical condition that

r(z)] > (|2|), for |z| € (o, 1/(12\/5)) and = # |z|. (25)
We first check (by Maple) that
11 1.1 1 1 1 1
)= 4 -—In2—-In-——t— —2— — 3 ¢+ ...
M) =gty Tm2-gy -t o6t 5t T Tom ’

where all the positive powers of ¢ have negative coefficients. Applying the Lagrange inversion
formula to (5), we see that t(x) is a power series in x such that [2"]¢t(z) are all positive for
all n > 1. Also the radius of convergence of ¢(x) is 1/(121/3) = 0.048. This implies that
t(z)] < t(|z]) for all 2 # |z| with |z| € (0,1/(12v/3)), which leads to (25). Figure 3 shows
the plots of |r(pe'®)| for p € {0.01,0.02,0.03,0.04} and 0 < ¢ < 7.
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700000+

600000

500000+

400000+

300000+
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t

sigma square

Figure 2 The plot of o2(t).

Applying [12, Theorem 4] and using (23)—(24), we obtain
_
V2rgo2(r)

This completes the proof of Theorem 2. <

Crg ~ (G)?A(T)r(r) ™2 a(r) ™"

3 Estimate the value of K

Our approach in the previous section does not give any information about the constant K
that appeared in A(t) — see (9). We may compare the exact values of C), 4 and its asymptotic
values given by (2) to obtain numerical estimation of K.

Define

3n + 2
n,g — ch’g for n 2 1,g Z 0.

It follows from the Goulden-Jackson recursion [5, (8)] that

B_1p = 1/2,
Boo = 2,
B_Lg = B07g = 0 for gzl,
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////
//
10 -~
—~
~
~
~
~
-
s
8 ///
~
-
-
— -
/// /////
61 o e
e e e //// rho=0.03
-7 — — rho=0.02
/// ~— - rho=0.01
4_ /////
N -
T T T T T T T 1
® m 3m m 5t 3w  Tm =m
8 4 2 8
t
Figure 3 The plots of |r(pe'?)|.
and forn > 1,9 > 0,
-1 g
4(3n 4 2) [ n(3n —2) 3 1
Bn,g = n+1 g* Bn-zig-1 4 iZ_:U;J FBWB”—Q—W_}I ’ )

where B,,_2 4_1/¢* is understood to be 0 when g = 0.
Using (9) and (11) we obtain

1 1
InK=InB,, - 51ng+g (nex +21n7’>

1 3 27 1 3 t
—In(276?) —In> - (In= —~In(1+2t) + ~In——— | .
g (2m) —Ing (ns I+ )+2n2(1—t)9)
We used 6 = 1/3 and calculated Bs, 4 for 1 < g < 150 using (26). We then obtain

t = 0.0569135164, z = 0.0121039967, r = 4.223432731, 0 = 1.212044822, K = 1.2 x 1075.

4 Extend to the boundary

In this section we extend Theorem 2 to cover the ranges of g satisfying g/n — 0 or g/n — 1/2.
More specifically, we shall apply the saddle-point method to prove

» Theorem 3. Assume the same notation as in Theorem 2. Then (11) and (12) hold when

g—o00 and g—g—>oo as n — 00. (27)

AofA 2020
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Proof Sketch. To study the asymptotic behaviours of C,, 4 when § = g/n is near 0 or 1/2,
we need to find the asymptotic expansions of relevant functions as t — 0 or ¢t — 1. With the
help of Maple and using (5)—(9), we obtain the following asymptotic expansions.

L340 (8) t—0
H=1? 4 1 ’ ’ 28
z(?) {ui/g(l—é(l—tf—257(1—15)3+O((1—t)4)), P, (28)
o(t) [ t+382 3 50t", t—0, (20)
2/ (t) 31—t t—5+2(1—1t), t—1,
$+3 i+ 0 (t*Int) t—0
— 2 4 4 ) )
o) = { 1=+ A -t)P+0(1-0)1), t—1, (30)
L+t +0() t—0
=4 3% 214 ’ ’ 1
r(t) { 2P L1240 ((1-12), t— 1. (31)
[ 2-3tlnt+ (6In2)t+ O ((tInt)?), t—0,
ult) = { B1-t)24+0(1-0"1), t—1, (32)
2 [ —3tlnt+O(t), t—0,
ot _{ 90(1— 1) +0((1—1)%), t—1, (33)
_x(t) do® [ =3tlnt+O(1), t—0,
M(t) : = 2/(t) dt _{ 1080(1 — ) 6 +0 ((1—1)7%), t—1, (34)
ZE3/2 4+ O (7% 1nt) t—0
— 8 ’ )
At) = { 405\3/21*01((1 —t)*9/2+0((1 —t)*7/2), 1. (35)

A more careful analysis of (10) gives
Cy(z) = (g)? AW r(t)™> (1+0(1/9)),
where the O-term is uniform for 0 < ¢ < 1. In fact, we have (with the help of Maple)
3 20t? — 42t +31  tr(t) 1 9
A,)=At) (1 —=1(2 T +0(g) . 36
o0 =400 (1§ (24 2R 0 ) ool (36)
Using (31), we see that the coefficient of g~ in (36) is bounded for ¢ € (0,1).
The Cauchy integration formula and the standard saddle-point method give
1

"~ 2mi

[z"]Cy(z) Cy(z)x " tdx

|z|=z(7)

12 , , ,
~ (gﬂ)_ xz(r)™" /|¢|g7r A(Te“i’)exp (gu(7@’¢)) e""¢d¢

U ety [ e (<205 0 qats)) ) o

where 7 is determined by the saddle-point equation 0(7) = g/n, M5(7) is given in (34), and
0 satisfies

go?(1)6% = oo and gMsz(1)8® — 0.
It follows from (33) and (34) that this condition is satisfied, provided that

gtIn(1/t) - oo as ¢t — 0. (37)
Using (30), we see that (37) is equivalent to

N —

1 1
g S-9) S o as g—>7, i.e. E—g—>oo as L
n 2 2 n

This completes the proof of Theorem 3. <



Z. Gao and M. Kang

When the order of g/n or n — 2g is known, the asymptotic expression of C,, 4 can be
simplified using the asymptotic expansions (29)—(36). For example, we have the following
corollary to Theorem 3.

» Corollary 4. Let 0 = g/n. Suppose g — oo and g = o (n1/2). Then

9K n 5 e 15 5
ey ~ o g5/ (g1)2 (12 S-S yom 2 - 21502 ) g) .
Cns ~ A Vg @) ( ﬁ) exp\(ghggg H2n g — g0 )

Proof. When g = o(n'/?), we have the following expansions
= 1502 (1 - B(150)12
1—t=(150)"2 (1 5(150) 2 +0(9) ),

405K+/10

A 150)~9//4
S (150) 79/,
o~ 3v10(150) 71,
1 5 5
Inz=In——— =0 — —(150)*2 + 0 (6?),
ne=m 12v/3 2 27( ) ( )
1 5 10 1/2
lnr:1n2+11n15+11n9+7(159) +0(6),
1
2927 ~ (12V3)" exp <g <; —In4— 3 In15— glnﬁ - 653(150)1/2>> .

Now the result follows from Theorem 3. |

The following result from [6] is an immediate consequence of Theorem 2.

» Corollary 5. Let g,n — oo such that g/n — 6y € (0,1/2). Let to be determined by
O(to) = 0o and xo = xz(ty), where x(t) and 6(t) are defined by (6) and (5). Then we have

Cht1 1
Zetld L Z 0 as n— oo
Cn,g i)

Proof. Let t; be determined by 6(¢1) = g/(n + 1). Since

and the function 6(t) is differentiable and has nonzero derivative in (0, 1), we have

1
t1:t0+0<).
n

Hence
I(tl) — I(to), T‘(tl) — T(to), A(tl) — 14(t0)7 Uz(tl) — Uz(to) as mn — oo.

Writing f(¢) := Inx(¢t) 4+ 200 Inr(¢) and applying Theorem 2, we obtain

Critg 1 (a(t)\ " (r(t)\
Cog  alto) (az(to)) (r(t@)
1
= m exp (—n (f(t1) — f(t0)))
1

" alto)

exp (—n (f(to)(tr = to) + O ((t1 — t0)?))) -

13:9
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Using (23) and (24) and noting 6y = 1/u(tg), we obtain

/ ' (to) 7' (to)
to) = + 26 =0.
f'(to) 2(to) 0 ko)
Thus
Chnti,g 1 9 1
Crrs (i) exp( O (n/n )) — e
as desired. |

5 Cross-check with a result on triangulations in [6]

In [6] Budzinski and Louf resolved a conjecture of Benjamini and Curien on the local limits
of uniform random triangulations whose genus is proportional to the number of faces. As
a consequence, they derived an asymptotic formula for the number of triangulations up to
sub-exponential factors.

Using notations in [6], let 7(n,g) denote the number of triangulations (i.e. triangular
maps) with 2n faces and genus g, which of course is equal to the number C,, 4 to cubic maps
(as dual) with 2n vertices and genus g. For any A € (0,1/(12v/3)] let h € (0,1/4] be such that

5= h 4 o0 — hln (141 —4h)/(1 — V1 —4h))
= Txsnpr M4 Y= (1+8h)V1—ah '

For any ¥ € [0,1/2) let A = A(9) be the unique solution of the equation

1—-29

YA = —p—-

In [6, Theorem 3] it was shown that for g = g(n) satisfying 0 < g < % and g/n — ¥ €
[0,1/2], we have

7(n,g) = n* exp(f(9)n+o(n)), as n— oo, (38)

where f(0) = log(12v/3), f(1/2) = log(6/e), and

f(¥) = 291In(129/e) — (1 —29) /1 InA(¢/z)dz, for € (0,1/2),

29

in which we have corrected the factor —(1 — 2¢) in front of the integral — see (3) in [6,
Theorem 3] for comparison.

In order to compare (38) with our result (11), we note the following relations between
parameters:

t:4h, .Z':)\, ,LLZE

Using Stirling’s formula (up to the sub-exponential factor), we may rewrite our asymptotic
expression of Cy, 4 in (11) as

Chg ~ n* exp(q(t)n), as n — oo, (39)
where

q(t) = 2(=Inr+1nf—-1)§ —Inz. (40)
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We note that, as t — 0, § — 1/2 and consequently

q(t) - —In(rz) —In(2e) — In(6/e) = f(1/2).
Ast — 1, we have § — 0 and

q(t) — 20In(f/r) —Inz — In12v3 = £(0).

These two values match with those in (38).

6 Discussions: cubic graphs on orientable surfaces

Graphs that are closely related to cubic maps on 3, are cubic graphs with genus at most
g, which play a crucial role in the study of phase transitions in sparse random graphs on
orientable surfaces, as it was shown in [8, 15]. Let H,, , denote the number of vertex-labeled
cubic graphs with 2n vertices and genus at most g and let H,, , = H, ,/(2n)!. In [8, 9], it
was shown that if g is constant, then

Hn,g ~ ¢4 n5(g—1)/2—17n7

where v does not depend on g and is the same constant as planar case (i.e. when g = 0),
and if g < ”T'H, then

agn2g < H,y < bgg*4gn69. (41)

Note that if g > "TH, then H, 4 is equal to the total number of cubic graphs with 2n
vertices (without restriction on the genus). Therefore, we have

LGN, (6n)! L[ 6\" ..
Hn,g ~ € W = € W ~ € (e?)) n3 . (42)

So far, an asymptotic expression for H,, ;, when g/n € (0,1/2] is not known.
» Problem 1. Derive an asymptotic expression for H, 4 when 1 < g < "TH

As it turned out, it is quite difficult to resolve Problem 1. Let us first compare asymptotic
behaviors of Hy, , and C,, 4, particularly when g/n — 1/2. If the asymptotic formula (11) of
Ch,.q would hold also for g/n — 1/2, then

Cng = n", as g/n—1/2. (43)
The upper bound in (41) indicates that the super-exponential factor of H,, 4 could be
H,, =~ n", as g/n—1/2 (44)

which matches with (43). Note however that (42) suggests that the super-exponential factor
of H, , might be

Hnag ~ n3n7 as g/n_>1/27 (45)

which is substantially larger than (43).
It would be interesting to check whether or not the asymptotic formula of C), 4 in Theorem
2 holds even for g/n — 1/2.

13:11
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» Problem 2. Determine asymptotic behavior of C, 4 when g/n — 1/2.

Another natural, but challenging task in view of (44) and (45) is the following.

» Problem 3. Does there exist a threshold function t* = t*(n) = o(n) such that

n", as g—mn/2=o(t"),
Hp,, ~ nMon as g—n/2=ct* (for ceR),
n3n, as g—n/2=w(t"),

for some function h : R — [1,3] satisfying h(c) = 1 as ¢ = —o0 and h(c) = 3 as ¢ — 00?

As very recent results on sparse random graphs with large genus [8] revealed, the most
interesting unknown case is when the genus is linear in the number of vertices.

» Problem 4. Derive an asymptotic expression for H, , when g/n € (0,1/2].

To this end, we may apply the following steps (analogous ideas were successfully utilized
in [9] when g¢ is constant).

(S1) We first derive asymptotic formula for 2-connected cubic maps (equivalently, loopless
triangular maps) of genus g = 6n. This will be done as follows.
Show that triangular maps with a non-contractible loop are negligible by cutting
through such a loop and bounding the number of such maps by triangular maps of
genus g — 1.
For contractible loops, we can apply the usual composition technique to derive equa-
tions of generating functions relating loopless triangular maps and all triangular maps.

(S2) Similarly, we derive formulas for 3-connected cubic maps (equivalently, triangular maps
without loops or multiple edges).

(S3) In order to go from 3-connected cubic maps on £, to 3-connected cubic graphs on X4, we
apply Robertson-Vitray uniqueness embedding result or Thomassen’s LEW result (see

g. [17]). We need to show that almost all such cubic maps have representativity lar-

ger than 2g+3 (equivalently, all non-contractible cycles have length greater than 2g+3).

(S4) Finally, in order to go from 3-connected cubic graphs to cubic graphs with lower con-
nectivity we apply standard connectivity-decomposition arguments.

Note that (S3) can be quite challenging since the genus g is linear in n, and we only have g2
to play with the error term.
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—— Abstract

In the stochastic sequential optimisation problems it is of interest to study features of strategies
more delicate than just their performance measure. In this talk we focus on variations of the
online monotone subsequence and bin packing problems, where it is possible to give a fairly explicit
asymptotic description of the selection processes under strategies that are sufficiently close to
optimality. We show that the transversal fluctuations of the shape and the length of selected
subsequence approach Gaussian functional limits that are very different from their counterparts in
the offline problem, where the full set of data can be used in selection algorithms.
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1 Introduction

In many stochastic optimisation problems units of the data become available in real time,
whereas admissible decision strategies involve a series of irrevocable choices. The analysis of
such problems is largely focused on finding optimal or near-optimal strategies to maximise a
given performance criterion subject to constraints. Much less attention has been devoted to
the structure of decison processes as a whole, in all intermediate states.

In this paper we mainly focus on the online monotone subsequence problem of Samuels and
Steele [18]. Suppose i.i.d. marks drawn from the uniform distribution on [0, 1] are observed,
one by one, at times of an independent homogeneous Poisson process of intensity v on [0, 1].
Each mark can be selected or rejected. The sequence of selected marks must increase. The
task is to maximise the expected length of selected increasing subsequence using an online
strategy. The online constraint requires that each decision becomes immediately irrevocable
as the mark is observed, and must be based exclusively on the information accumulated
previously without foresight of the future.

The optimal online strategy is defined recursively in terms of a variable acceptance
window, which limits the difference between the next and previous selections. The strategy
and its value can be found, in principle, by solving a dynamic programming equation, see
[4, 6, 11] for properties of the solution and approximations. We are interested in the time
evolution of increasing subsequences under online strategies that are within O(1) gap from
the optimum for large v.
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Online Subsequence Selection

Let L, (t) and X, (¢), respectively, denote the length and the last element of the increasing
subsequence selected by time ¢ € [0,1] under the optimal strategy. The interest to date
focused on the total length L, (1). Samuels and Steele derived the principal asymptotics
EL,(1) ~ v/2v, which was later found to be an upper bound with the optimality gap of
order logv [6]. See [1, 2, 4, 6, 10] for refinements and generalisations. In a recent paper
[11] we combined asymptotic analysis of the dynamic programming equation with a renewal

approximation to the range of the process Z, (t) := 1/v(1 — t)(1 — X, (t)) to derive expansions
for the mean

1
IEL,,(l)N\/QV—ElogV—i—cS, v — 00, (1)
and the variance
1 1
VarLu(l)Ngx/QVfﬁlogerc”f, v — 00, (2)

where ¢f and ¢f are unknown constants. A central limit theorem for L, (1) was proved
in [7] by analysis of a related martingale, and further extended in [11] to a larger class of
asymptotically optimal strategies by the mentioned renewal theory approach.

The offline counterpart of the selection problem is the Ulam-Hammersley problem on
the longest increasing subsequence of the Poisson scatter in the square [0,1]%. Here, the
well known principal asymptotics of the expected maximum length, 2 /v, is similar, but the
second term of its asymptotic expansion and the principal term of the standard deviation are
both of the order /6. The limit law for the offline maximum length is the Tracy-Widom
distribution from the random matrix theory. For survey and history see [17].

In the offline problem, some work has been done on the size of transversal fluctuations
about the diagonal z = t in [0, 1]?. Johansson [12] proved a measure concentration result
asserting that, with probability approaching 1, every longest increasing subsequence (which
is not unique) lies in a diagonal strip of width of the order v~1/6+¢ Duvergne, Nica and
Virdg [8] recently proved the existence and gave some description of the functional limit,
which is not Gaussian. But for smaller exponent —1/2 < o < —1/6, Joseph and Peled [15]
showed that if the increasing sequence is restricted to lie within the strip of width v~%, the
expected maximum length remains to be asymptotic to 2,/v, while the limit distribution of
the length switches to normal.

To extend the parallels and gain further insight into the optimal selection it is of
considerable interest to examine fluctuations of the processes L, and X, as a whole. On this
path, one is lead to study the following scaled and centred versions of the running maximum
and length processes:

X, (t) ="YX, (t)—t),  L,(t)=v* (L\/Q%) — t) , telo,1]. (3)

To compare, in the offline problem by similar centring the critical transversal and longitudinal
1/6 1/3

scaling factors appear to be v*/% and /3, respectively. Our central result (Theorem 4) is

a functional limit theorem which entails that the process ()?1,, L,) converges weakly to a
simple two-dimensional Gaussian diffusion. In particular, X, approaches a Brownian bridge.

The limit of L, is a non-Markovian process with the covariance function

25(2—t) — (2—s—t)log(l — s)
6v/2 ’

which corresponds to a correlated sum of a Brownian motion and a Brownian bridge.

0<s<t<l,

(s,t) —
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The question about functional limits for L, and X, has been initiated by Bruss and
Delbaen [7]. They employed the Doob-Meyer decomposition to compensate the processes,
and in an analytic tour de force showed that the scaled martingales jointly converge to a
correlated Brownian motion in two dimensions. However, the compensation keeps out of
sight a drift component absorbing much of the fluctuations immanent to the selection process,
let alone that the compensators themselves are nonlinear integral transforms of X,. Looking
at the generator of (3) we shall recognise the limit process without difficulty, showing that
this is a Gaussian diffusion driven by the same Brownian motion as in [7]. But in order to
justify the weak convergence in the Skorokhod space on the closed interval [0, 1] we will need
to circumvent a difficulty caused by pole singularities of the control function and the drift
coefficient at the right endpoint.

A mathematically equivalent problem appears if the monotonicity condition is replaced by
the constraint that the sum of of selected marks cannot exceed 1. A more general form of the
latter “online bin-packing” problem has also been studied in the literature [9, 16], under the
assumption that (positive) marks are sampled from some distribution with regular behaviour
near 0. In the last section we sketch functional limit results for this bin-packing problem.

2 Selection strategies

It will be convenient to extend slightly the underlying framework by considering a homogen-
eous Poisson random measure IT with intensity v in the halfplane R} x R, along with the
filtration induced by restricting IT to [0,¢] x R for ¢ > 0. We interpret the generic atom (¢, )
of IT as random mark = observed at time ¢t. A sequence (t1,x1), ..., (t¢, x¢) of atoms is said
to be increasing if it is a chain in two dimensions, i.e. t; < --- <tp, x1 < --- < xy.

For a given bounded measurable control function 1 : [0,1] x R — R4, an online strategy
selecting such increasing sequence is defined by the following intuitive rule. Let x be the last
mark selected before time ¢, or some given x if no selection has been made. Given the next
mark 2’ is observed at time ¢, this mark is selected if and only if x < 2’ < x4 (t,x). One can
think of more general online strategies, with the acceptance window shaped differently from
an interval or possibly depending on the history in a more complex way. Yet the considered
class is sufficient for the sake of optimisation and can be further reduced to controls of a
special type.

For a given control ¢, define X (¢) and L(t) to be, respectively, the last mark selected and
the number of marks selected within the time interval [0, ¢]. The process X = (X (¢), t € [0,1]),
which we call the running maximum, is a time-inhomogeneous Markov process, jumping from
the generic state z at rate ¢ (¢, x) to another state uniformly distributed on [z, x+1(t, )]. The
length process L = (L(t), t € [0,1]) just counts the jumps of X, hence the bivariate process
(X, L) is also Markovian. Moreover, the conditional distribution of ((X(t), L(¢)), ¢t > s)
depends on the pre-s history only through X(s).

Intuitively, the bigger v the faster X and L increase. To enable comparisons of selection
processes with different controls it is very convenient to couple them by means of an additive
representation through another Poisson random measure IT*, thought of as a reserve of
positive increments. The underlying properties of the planar Poisson process are translation
invariance and spatial independence: II restricted to the shifted quadrant (¢, z) + Rf_ is
independent of IIjjg jxr and has the same distribution as the translation of H“Rz+ by vector
(t,z). So, letting IT* to be a distributional copy of II, a solution to the system of stochastic
differential equations

14:3
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WX (1) V(X (1)
dX(¢) = /0 oI (dtdz), dL(t) = /0 T (dtdz) (4)

with initial values X (0) = o and L(0) = 0 will have the same distribution as (X, L).

» Lemma 1. Fori = 1,2 let X; be selection processes driven by controls ;. By coupling
via (4), each time a process with smaller acceptance window jumps, the other process also
has a jump of the same size.

Conditionally on (X(s), L(s)) = (x,£), the process (X (s + ) —z,L(s+ ) — £)) has the
same distribution as (X (%*) L(s:#)) which similarly to (4) is given by

w(eru,erX(S’m)(u)) w(s+u,m+X(s‘m)(u))
dX ) () = / yIT* (dudy), dL®®) (u) = / IT* (dudy).
0 0
Averaging, we obtain formulas for the predictable compensators of X and L
uoft t
Cx(t) =3 [ w5 X0, Cult)i=v [ (s X(s)ds, (5)
0 0
so X — Cx, L — C}, are zero-mean martingales.
With every control we may further relate a zero-mean martingale
M) :=L(t) + E{L(1) — L(t)| X (t)} — EL(1) (6)

with terminal value L(1) —EL(1). If ¢ does not depend on z, L has independent increments
and M(t) = L(t) — EL(¢).

The selected increasing chain fits in the unit square if X (1) < 1, which translates in terms
of the control function as the condition of feasibility:

0<o(t,z) <1—a for (t,z)€[0,1]%

In the sequel, if not stated otherwise we set £y = 0 and only consider feasible controls.

2.1 Principal convergence of the moments
Let

p(t) =EX(t) = ECx(t), q(t) = Ef;ﬁ) N E\Cﬁ;(xt)'

Some general relations between the moments follow straight from formulas for the
compensators (5). For shorthand, write ¢ = ¢(X (s),s). We have

t 2
0< IE/ (1 + \/u/w) ds = t £ 2q(t) + p(t),
0
where the right-hand side in increasing in ¢. It follows,

p(t) —t = 2(q(t) — ). (7)

Using the Cauchy-Schwarz inequality

(p(t) —1)* = (E / (1- 54 ds)2 < (¢4 24(1) + p(1)) (¢ — 24() + (). (8)
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Similarly

<«ww2(E[fr(lv?ﬂw)mQQStazmw+pa» (9)

The above relations did not use the feasibility constraint. For feasible control we have
p(1) < 1, hence from (7) also ¢(1) < 1. Since all factors in the right-hand sides of (8), (9) are
increasing, replacing them by their maximal values at t = 1 we obtain

(p(t) = 1)* <8(1 —q(1)), (q(t) —)* < 2(1 - q(1)). (10)

We say that a strategy ¢ = 1, is asymptotically optimal in the principal term if g(1) — 1,
as v — oo, i.e. EL,(1) ~ +/2v; in that case (10) imply the uniform convergence of the
moments

sup |p(t) —t| — 0, sup |g(t) —t] — 0.
te[0,1] te[0,1]

It follows from (1) that under the optimal strategy

log v
12v/20°

This relation can be called a two-term asymptotic optimality. Whenever this holds, the general
bounds (10) imply that both sup,c( 1) [p(t) — ¢ and sup,¢jo 17 [¢(t) — t| can be estimated as

O(yTogv/vt/4).

1—q(1) v — 0. (11)

2.2 The stationary strategy

We call the strategy with control (¢, x) = \/2/71/ stationary. Although not feasible, the
stationary strategy is an important benchmark. Clearly, L is a Poisson counting process with
intensity EL(1) = v/2v. Taking general constant control ¢(t,z) = \/c/v with some ¢ > 0
will yield a strategy outputting the mean length \/{c A (2/¢)}v, which is maximal for ¢ = 2.
In fact, a much stronger optimality property holds: the stationary strategy achieves the
maximum expected length over the class of strategies that satisfy the mean-value constraint
EX(1) <1, see [1, 4, 10, 11] for proof and generalisations. This gives the well-known upper
bound mentioned in the Introduction, because each feasible strategy meets the mean-value
constraint.
It is seen from (4) that X is a compound Poisson process

5 L)
X0 =2 Su.
=0

where Uy, Us,... are independent of L, uniformly distributed on [0,1]. Straightforward
calculation of moments using Wald’s identities yields

23/2¢
3Vv’

Since (X, L) has independent increments, a functional limit in the Skorohod topology on
DJ0, 1] follows easily from the multidimensional invariance principle:

EX(t)=t, VarX(t)= Cov(X(t), L(t)) = t.

()A(:,L) = (Wl,Wg), as v — 00,

14:5
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where = denotes weak convergence, and the limit process W := (Wy, W3) is a two-dimensional
Brownian motion with zero drift and covariance matrix

2v2 1
E{W (t)TW (t)} =tX%, where 2::( 3 @) (12)
V2 V2

So, marginally, W7 and W5 are centred Brownian motions with diffusion coefficients and
correlation, respectively,

23/4 1 \/g
=—=, O02: :
V3

Sam Ty
Notably, p = 02/01, which implies that the process W satisfies the identity 2W, — W} 2
W1, which has a pre-limit analogue 9L - X £ X. The identity can be explained by symmetry
of the uniform distribution about 1/2, which allows us to write

L(t)
X(t) £ \F > (1-Uy = \F L(t) - X(t).

The martingale (6) just coincides with the naturally centred L.

o1

(13)

2.3 Self-similar asymptotically optimal strategies

We call strategy self-similar if the control 1 = ¢, has the form
Ut )= (1-2)8((1 - 1)1 -2)), (tz)e[0,1]* (14)

for some function ¢ : Ry — [0,1]. Note that such a strategy is feasible and 1, (0,0) = d(v).
The rationale behind this definition is the following. Assuming z to be the running maximum
at time ¢, the remaining part of the chain should be selected from the north-east rectangle
spanned on (¢,z) and (1,1), and by the optimality principle the subsequence selected from
the rectangle should have maximal expected length. Mapping the rectangle onto [0, 1]? it is
readily seen that the subproblem is an independent replica of the original problem of optimal
selection from the unit square with intensity parameter v(1 —¢)(1 — ). The martingale (6)
assumes the form

M@t)=Lt)+Fv(1-t)(1—- X)) — F(v), (15)
where the value function F, for given control, depends on one variable
F(v):=EL,(1), F(0)=0.

Assumption. From this point on we assume that the selection strategy is self-similar as
defined by (14), with function § having asymptotics

I(v) = \/2/7V+O(V71), v — o0. (16)

The assumption is central and deserves comments. Whenever v(1 — z)(1 — t) is large,
(16) implies asymptotics of the control

2(1 — )

vlta) ~\ [T (1)
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which shows that near the diagonal x = t the acceptance window is about the same as for
the stationary strategy. Away from the diagonal the acceptance window is close to that for
the stationary strategy adjusted to the rectangle north-east of (¢, x).

It is known [11] that the optimal strategy satisfies the asymptotic expansion

5 () ~ /2]v — (8v) " + O ), (18)

A minor adjustment of Theorem 6 in [11] shows that if we assume, more generally, the
relation §(v) ~ \/2/71/ + B/v with some parameter 5 € R, then asymptotic expansions of
the moments (1), (2) are still valid, with only constant terms depending on 5. Using a
sandwich argument based on Lemma 1, it can be further shown that under the assumption
(16) expansions of the moments hold but with constant terms being replaced by some O(1)
remainders. In particular, condition (16) ensures the two-term asymptotic optimality (11),
equivalent to the asymptotic expansion of the value function,

Flv) = Vo — %log(y—i-l) +o(1). (19)

We stress that the logarithmic term here (as well as in the counterpart of the variance formula
(2)) is not affected by the remainder in (16), rather appears due to the self-similar adjustment
of the (feasible version of) stationary strategy, as incorporated in (17).

Approximation (17) is not useful when ¢ or x are too close to 1, so that v(1 —¢)(1 — x)
varies within O(1). To embrace the full range of the variables, for the sequel we choose 5 > 1
large enough to meet the bounds
2(1 —z)
v(l—t)
This will be employed along with the bound

P(t,z) < ﬁ, for 171<ﬁ (21)

B

< v(l—1t)’

Y(t,x) — for (t,x) €[0,1) x [0,1). (20)

which follows by feasibility.

3 Generators

A major technical difficulty in showing the convergence in D[0, 1] is the singularity of (17)
at ¢ = 1. This will be handled in two steps. First, we bound the time variable away from

t = 1 and show the convergence of the generators on a sufficiently big space of test functions.

Then we will apply domination arguments to bound fluctuations near the right endpoint,
thus justifying convergence on the full [0, 1].

The processes we consider are not time-homogeneous, therefore by computing generators
we include the time variable in the state vector. From (4), the generator of the jump process
(X,L)is

Y (t,m)
Lof(t,z,0) = fe(t,x,0) + 1// {flt,x+u,l+1)— f(t, z,0)}du.
0

For the processes centered by ¢ we should include — f,, — f; in the generator. Then, with the
change of variables

wo ot O (T V20, () = v (e )
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we arrive at the generator of (X, L)

B (t.w)
Lof=fi—v*(fo+ fo) + W“/ {f(t, 2 +u, 0+ v) = f(t,2,0)}du, (22)
0
where we abbreviate f = f(t, z,¢) etc., and
v = (4v)71/4 (23)

We extend £, f by 0 outside the reachable range of (X, L). Note that the range of X (t)
lies within the bounds

—ttt << (1- t)l/l/4.

We fix h € (0,1) and focus on ¢ € [0,1 — h], so achieving uniformly in this range

O(t,z) = O(v=1/4, (24)
and for k >1
% k/2 1
Tk _ e —k/4 —(k+2)/4 (A
P (t, x) (2 1= t)> v +0(v ), for z < (1—¢t)v =1 (25)

as dictated by the bounds (20), (21).
Now let D be the space of vanishing at infinity functions f € C3([0,1] x R?) which satisfy
a rapid decrease property

sup 2 fu (1, 2, 0)] < ox,
where f, is any derivative of f of the first or second order and k > 0. Set
Dy, = {(t,z,0): t € [0,1=h], [x| > /1Oy, D; = {(t,x,0) 1t €[0,1-h], |z| < v/},
We shall be using that for f € D

lim sup |v* fo(z)] = 0. (26)
V—>r00 D;YU

The integrand in (22) expands as

1 1
f(t,x+u,€+v)—f(t,x,€) :fzu+ffv+ifzruz"’_fzfuv"’_ifﬂvz""}za

where the remainder can be estimated as

3
|R| < CZ w37,
i=0

with constant ¢ chosen bigger than the maximum absolute value of any third derivative of f.
Hence for the integrated remainder we have a uniform estimate

"
/ Rdu
0

using (24), (23).

4
< V3/4CZ{Z;¢U4—¢ _ O(y_1/4),

i=1

L3/4
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Integrating the Taylor polynomial yields

_ 2 _ 3 2 2,7
E,,f _ ftV1/4(fx+fZ)+V3/4{fm2w +ngL/1+ fa:r6w + fu;ﬁ v+ fM;} ¢}+O(V1/4)
Applying (26)
lim sup |£, f(t,z,0)| = 0. (27)

V—00 D}>
v

Thus we focus on the range Dy, where (20) and (25) can be employed. From (20)

T
1-1¢

1, ~ _
_V1/4fa: + V3/4§fa:w2 = - fw + O(V 1/4)'

Observing that in this range |zv~ /4| < v=3/16 for k > 0 we expand as

~ 21@/271 T
’l/)k(t 1’,6) _ 2]{}/21/7]{}/4 o V*(k+1)/4 + O(Vf(k+1)/471/8)
b 1 _ t bl
with the remainder estimate being uniform over D,f)u. The remaining calculations is a careful
book-keeping using this formula and that the derivatives are uniformly bounded.
Define operator

Lfi=li= e = g g+ O oot T i+ 120 o
with 01,02, and p given by (13).
» Lemma 2. For f €D and h € (0,1)

lim sup |, f(t,x,0) — Lf(t,x,0)] = 0.

V=00 (¢ 2,0)€[0,1—h] xR?

Operator L is the generator of a Gaussian diffusion process which satisfies the stochastic
differential equation

dVi(t) = —ifl—ftidt AW (b), (28)
ava(t) = —22?(”” dt +dWs(t), (29)

with zero initial value, where W = (W3, W3) is the two-dimensional Brownian motion with
covariance 3 introduced in (12).
From the equation for the first component (28), it is seen that Y7 is a Brownian bridge

R (30)

with the covariance function Cov(Y;(s),Y1(t)) = o18(1 —¢), 0 < s < ¢ < 1. In particular,
Y1(1) = 0. We shall discuss the second component later on.

The space D is dense in a larger space Cg([0,1 — h] x R?). Since the differentiability
properties of functions are preserved under averaging over normally distributed translations,
D is invariant under the semigroup of Y. Thus by Watanabe’s theorem (see [13], Proposition
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17.9) D is a core of operator L. The above Lemma 2 and Theorem 17.25 from [13] now imply
weak convergence

(X,,L,) = (Y1,Y2) in DI[0,1 — h] (31)

for every h € (0,1). A closer inspection of the above approximation errors suggests that the
quality of convergence deteriorates as h — 0.

We encountered the Brownian motion W in connection with the free-endpoint stationary
strategy in Section 2.2. Now we see that the variable control (17) causes a drift that forces
the running maximum to timely arrive at the north-east corner of the square.

4  The functional limit in D[0, 1]

The martingale problem for L is well-posed on the complete interval, and the SDE (28) has
a unique strong solution. This suggests to extend convergence (31) to the full [0,1]. To that
end, we need to monitor the behaviour of Z,,f for t close to 1.

Since (31) entails convergence of finite-dimensional distributions for times ¢ < 1 and
ensures that the modulus of continuity behaves properly over [0,1 — h], to justify tightness
of )?l,’s, and hence their convergence on [0, 1], it will be enough to show that

lim limsupP( sup | X, (¢)] > h'/*) =0. (32)
h=0 te[l—h,1]

Define &, 5, by setting

X,(1=h) =o1v/h(1 —h)Eyp.

Since X, (1 — h) A Y1(1 — h) the distribution of &, j, is close to N'(0, 1) for large v.

By self-similarity of the selection strategy, ((X, (t)—t), t € [L—h, 1]) has the same distribu-
tion as (h™1(X,p2(t) —t), t € [0,1]) with the initial value X, ,2(0) = v~4o1/(1 — h) /W&,
as is seen by zooming in the corner square north-east of the point (1 — h,1 — h) with factor
h~1. Changing variable vh? — v, (32) translates as a compact containment condition

lim limsup P( sup |X,(t)] >h %) =0 (33)
h—0 v tG[O,l]

under the initial value X,,(0) = /1 — héu .

To verify (33) we shall squeeze the running maximum X between X+ and X' whose
normalised versions satisfy the compact containment condition. We force the majorant and
the minorant to live on the opposite sides of the diagonal. Both have independent, almost
stationary increments, so that functional limits can be readily identified. For simplicity we

will assume X, (0) = 0. The general case with X, (0) of the order v~/4 can be handled by
the same method.

4.1 Majorant

Define process X1 = X as solution to

$T (1)
dxT(t) = / oIT* (dtdx) + 1(XT(t) = t)dt,
0
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XT1(0) = Kv=1/2 for some big enough K > 0, with control

Yr(t) = \/EJr u(16t) 1(t<1—Kv1/?)

not depending on z. Notation 1(---) is used for indicators. The process never drops below

the line z = Kv~'/2 4+ t, and whenever the line is hit the path drifts along it for some time.

By the construction, above the diagonal the process X' increases faster than X, and is, in
fact, a majorant.

» Lemma 3. By coupling via (4), XT > X a.s.

Let

O]
) :/ / zIT*(dsdx) — t.
0 Jo

This is a process with independent increments, which we can split in two independent
components

¥T(1)
/ / 2IT* (dsdx) — t / / 211" (dsdz).
2/u

The mean value of the second part is estimated as

K/ VT
2 _ B q—ofler),
Vv Jo v(l—1) Vv

and the first is a compensated compound Poisson process. Thus v'/4S = W, as v — .

Processes akin to (XT(t) — ¢, t € [0,1]) are common in applied probability [3, 5]. In
particular, by the interpretation as the content of a single-server M/G/1 queue, the positive
increments present jobs that arrive by Poisson process and are measured in terms of the
demand on the service time. The downward drift occurs due to the unit processing rate
when the server is busy. Borrowing a useful identity,

XTt)—t=S8@t) — inf S(u),

u€[0,t]

we conclude on the weak convergence (v'/4(XT(t) —t), t € [0,1]) = |W] to a reflected
Brownian motion.

4.2 Minorant

PH(ta) = (\@_ﬁw(t_@» for 0<t<1-K/\/,
) 0, for 1*K/\/;<t§1.

where K is sufficiently large. We can regard this as a suboptimal strategy that never selects
marks x > t. Starting at state 0, the running maximum process stays below the diagonal
throughout, and gets frozen at t = 1 — K/,/v. A counterpart of Lemma 3, X+ < X a.s., is
readily checked.

Switching general 8 > 0 to 8 = 0 impacts EX*(¢) by O(v~/?log v) uniformly in ¢ € [0, 1].

Indeed, the jumps are bounded by 2//v, and the expected number of jumps increases by
O(logv).
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Assuming 3 = 0, the process (X*(t) —t, t € [0,1— Kv~'/2]) is a compensated compound
Poisson process on the negative halfline, with reflection at 0. We have therefore

(WYHXH () —t), t €]0,1]) = —|Wy].

A rigorous proof can be obtained by inspecting convergence of the generator acting on the
functions f € D with f,(¢,0) = 0.

4.3 The length process near termination
Having established weak convergence of X , the fluctuations of L near t = 1 are estimated by

verifying that

lim limsupP( sup |L(t) — L(1 — h)| > €) = 0. (34)
h=0 te[l—h,1]

This is done with the help of analysis of the martingale M.

5 Main result

By the domination argument, tightness of (X,,, L,,) follows on the whole [0, 1], and we arrive
at our main result.

» Theorem 4. The normalised running maximum and the length process (3) driven by a
control satisfying (14) and (16) (in particular, under the optimal online selection strategy)
converge weakly in the Skorokhod space D|0,1],

(X,,L,) = (Y1,Y2), as v— oo,

where the limit bivariate process is a Gaussian diffusion defined by the equations (28), (29)
with zero initial conditions.

We observed already that Y7 is the Brownian bridge (30) and from (29)

vo) = 10 A gy,

so splitting the martingale part in independent components, we get, explicitly,

t
(1—1) 1 3
Yo (t) = ———dW, = Wi(t Wa(t) — = Wi(t 35
(0= [ G dWis) + W)+ (Wa) = T 10)). (3)
which is a sum of a Brownian motion, derived Brownian bridge and another independent
Brownian motion.
To find the covariance structure, it is convenient to resort to matrix calculations. We

may write the solution to (28), (29) as

t
Y ()T = e*® / e~ WdW ()7,
0

where

a(t) := /Otll du=Alog(1—-1t), A: (

—Uu

Dl =
o O
N
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which yields by the It6 isometry
t
E{Y (s)TY (t)} = / er()-awgela®—a) qy  0<s<t<I.
0
Since A is idempotent matrix, the exponents are readily calculated as

ea(t) _ 1-¢ 0 e—a(t) _ i 0
S\t 1) ot 1)
B 2(1-t)

and we arrive at the cross-covariance matrix

2v/2 s(1—t) 25(1—t)—(1—s) log (1—s)
E{Y (s)'Y (1)} = ’ e
(1—¢t)(2s—log (1—s)) 2s(2—t)—(2—s—t) log (1—s))
3v2 6v2

where 0 < s <t <1.

The limit length process Y5 is not Markovian, since its covariance function does not
satisfy the factorisation criterion (see [14], p. 148). The sum of two first terms in (35) is
non-Markovian too.

6 Diffusion approximation in the bin-packing problem

We turn to a version of the bin-packing problem. Suppose that i.i.d., positive marks arrive
by a Poisson process of intensity v on [0, 1], and that the marks are sampled from a density
satisfying f(y) ~ Aay®~! as y — 0, with o, A > 0. The stochastic optimisation task is to
maximise the expected number of online selections under the constraint that their total does
not exceed given ¢ > 0.

Let Z,(t), N, (t), t € [0,1] denote the sum and the number of selected marks at time ¢ under
the optimal selection policy, which has a control function (¢, z) = (¢ — z) 6(v(1 — t)(c — 2)%),
where

S/t T

(4 1)) /@D
Aa ) ’

5) = — Oy o) 712(

see [9]. Tt was shown in [9] that the mean number of selections has asymptotics u(v) ~
o /() 5 50, with

cla+1) 1/(a+1)
72:( Ao ) '

This suggests the normalisations

~ N (t)
— 1/ 2(at1)) — = 1/ 2(at+1)) id —
Zy(t) :==v (Zu(t) —ct), No(t):=v (’721/1/(a+1) t) '

The infinitesimal generator of (¢, Z, (), N, (t)) is

Lof(t,z,n) = fo — v T (cf. + fa)

w(t2)
“1/2(a 1
L/ +1))/O (f (t,z+y,n+ 721,1/(2(%1») - f(t,z,n)) f(y)dy,

where

D(t,2) = v/ @O (g =1/ R+ 4y,

14:13
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A fairly long computation yields the asymptotics, as v — oo,

Ly f(t,z,n) ~ fr = 1 i fa = o +(f)z(1 s Jn+ %?Ffzz + %ann + p00304 [,
where
(@ + 1)(@+D)/@a+D) /g 1
7 Va+2 P o4 AV/Ca41) (o 4 1)a/C+1))’
and

B a®/@+) /a1 2
po = cla=1)/2(a+1)) ga/((a+1)) (o + 1)20/(a+1)

Using this we were able to show the functional convergence
(ZI/7NV) = (Y3,Y4), as v — oQ,

in D[0,1— h] for every h € (0,1), where the limit process (Y3(t), Y3(t)) is a Gaussian diffusion
satisfying the SDE

aYs(t)

avs(t) = — 20 g 4 aws(e), dva(e) = o T

-1 dt + dW,(t)

with zero initial conditions. Here, (W5, W,) is a two-dimensional centred Brownian motion
2
. . . o 030
with the covariance matrix 3g = ( 3 Po 32 4> .
P0O304 04
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—— Abstract

Lempel-Ziv’78 is one of the most popular data compression algorithms. Over the last few decades
fascinating properties of LZ78 were uncovered. Among others, in 1995 we settled the Ziv conjecture
by proving that for a memoryless source the number of LZ78 phrases satisfies the Central Limit
Theorem (CLT). Since then the quest commenced to extend it to Markov sources. However, despite
several attempts this problem is still open. The 1995 proof of the Ziv conjecture was based on two
models: In the DST-model, the associated digital search tree (DST) is built over m independent
strings. In the LZ-model a single string of length n is partitioned into variable length phrases such
that the next phrase is not seen in the past as a phrase. The Ziv conjecture for memoryless source
was settled by proving that both DST-model and the LZ-model are asymptotically equivalent. The
main result of this paper shows that this is not the case for the LZ78 algorithm over Markov sources.
In addition, we develop here a large deviation for the number of phrases in the LZ78 and give a
precise asymptotic expression for the redundancy which is the excess of LZ78 code over the entropy
of the source. We establish these findings using a combination of combinatorial and analytic tools.
In particular, to handle the strong dependency between Markov phrases, we introduce and precisely
analyze the so called tail symbol which is the first symbol of the next phrase in the LZ78 parsing.
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1 Introduction

The Lempel-Ziv compression algorithm [16] is a universal compression scheme. It partitions
the text to be compressed into consecutive phrases such that the next phrase is the unique
shortest prefix (of the uncompressed text) not seen before as a phrase. For example,
aababbababbb is parsed as ()(a)(ab)(abb)(aba)(b)(bb). The LZ78 compression code consists of
a pointer to the previous phrase and the last symbol of the current phrase. The distribution
of the number of phrases and other related quantities (such as redundancy and code length)
are known for memoryless sources [10, 14] but research over the past 40 years has failed
to produce any significant progress for Markov sources. In this paper, we present novel
large deviations and precise redundancy results that had been wanting since the algorithm
inception, as well as some surprising findings regarding the difference between the memoryless
case and the Markov case.
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It is convenient to organize phrases (dictionary) of the Lempel-Ziv scheme in a digital
search tree (DST) [6] which represents a parsing tree. We assume throughout that A = {a, b}.
Then the root contains an empty phrase. The first phrase is the first symbol, say “a € A”
which is stored in a node appended to the root. The next phrase is either (aa) € A? stored
in another node that branches out from the node containing the first phrase “a” or (ab) that
is stored in a node attached to the root. This process repeats recursively until the text is
parsed into full phrases (see Figure 1). A detailed description can be found in [3, 6, 8].

DST Model LZ Model

xL x3 (a) ()
x2 x%) (% (ab) ®a)) ((vb)

x8 x7 (aba) (abb) (bbb)

Figure 1 The DST-model vs LZ-model. In the DST-model we inserted eight (infinite) strings:
X' =abb---, X2 =abb---, X% = bbba---, X* = abaaa---, X® = bbaa---, X% = baaa-- -,
X7 =bbba--- and X® = abbbb- - -, where bold symbols denote DST tail symbols. In the LZ-model
we parsed one string X = ()(a)(ab)(b)(aaba)(bb)(bbb)(abb) with bold denoting LZ tail symbols.

We consider two models called the DST-model and the LZ-model. In the DST-model we
insert independent strings although each string may be generated by a source with memory
like a Markov source. In the LZ-model we parse a single string as shown in Figure 1. We
distinguish two types of DST and LZ models. To define them we need to introduce the path
length L as the sum of all depths in the digital search tree or the sum of all phrases in the
LZ model. In the “m”-DST model we insert m independent strings into a digital search
tree — leading to a variable path length denoted as L,, — while the “n”-DST model is built
over a random number of independent strings such that the total path length is equal to n.
Similarly, we have “m”-LZ and “n”-LZ models: In the former we construct m LZ phrases
to form a string of (variable) length denoted as £,, while in the “n”-LZ model we parse a
string of length n into a variable number of phrases that we denote as M,,. Throughout, m
will denote number of strings or phrases while n will stand for the length of a string.

There is a simple relation between M,, and L,,, called the renewal equation which asserts

P(M,, >m) = P(Ly, < n). 1)

Finally, observe that the code length of the LZ78 algorithm is C,, = S [log, (k)] +
[log,(]A])] since the pointer to the kth node requires at most [log, k] bits, while the next
symbol costs [log, |A|] bits. For binary alphabet A = {a, b} we simplify the code length to
Cn = M, (logy M, + 1).

To understand LZ78 behavior one must analyze the limiting distribution of M,, and/or
L, connected through the renewal equation (1). For memoryless sources we benefited from
the fact the random variable L,, and L,, are probabilistically equivalent as shown in 1995
paper [3]. Unfortunately, this equivalence breaks for sources with memory such as Markov
sources. To capture this dependency we introduce the notion of the tail symbol. In the
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DST-model the tail symbol of an inserted string is the first non-inserted symbol of that string,
as shown in Figure 1. In the LZ-model the tail symbol of a phrase is the first symbol of the
next phrase (see Figure 1). Furthermore, in the Markov case there is additional complication,
even for the DST-model. In the DST-model we need to consider two digital search trees: one
built over all (independent) strings starting with symbol a € A, and the second one built
over all strings that start with b € A. At the end we construct a cumulative knowledge by
weighting over the initial symbols (see [7]).

In this paper, we present large deviation results for the number of phrases M, in “n”-LZ
model and the average length of a LZ (Markov) string built over m phrases in the “m”-LZ
model.! In the memoryless case we could read the number of phrases M,, directly from the
path length L,, of the m-DST model. It is not the case in the Markov model but through
the tail symbol distribution we will connect both quantities. Recall that £,, is the length of
a string generated by a Markov source which is parsed by the LZ78 scheme until we see m
phrases (our m-LZ model). This should be compared to the total path length L,, (notice
roman font for L) in the the m-DST model. In the memoryless case, we proved in [3, 5]
that the expected value of L,, and the expected value of the length of a string built from m

phrases, L,,, are the same. Somewhat surprisingly it is not the case for the Markov case.

We will prove in Theorem 5 that E[L,,] — E[L,,] = O(m).

Let us now briefly review literature on LZ78 and DST analysis. The goal is to prove
the Central Limit Theorem (CLT) for the number of phrases and establish precise rate of
decay of the LZ78 code redundancy for Markov sources. For memoryless sources, CLT was
already proved in [3] while the average redundancy was presented in [10, 14]. It should be
pointed out that since 1995 paper [3] no simpler, in fact, no new proof of CLT was presented
except the one by Neininger and Riischendorf [13] but only for unbiased memoryless sources
(as in [1]). The only known to us analysis of LZ78 for Markov sources is presented in [7],
but the authors restricted their attention to a single phrase. We should point out that for
another Lempel-Ziv scheme known as LZ’77 algorithm, Fayolle and Ward [2] analyzed an
associated suffix tree built over a Markov string and obtained the distribution of the depth,
which allows us to conclude the limiting distribution of a phrase in the LZ’77 scheme (see
also [11, 12]). Regarding analysis of digital search trees, and in general digital trees, more
is known [8, 6, 15]. Digital trees for memoryless sources were analyzed in [1, 10, 6] while
digital trees under Markovian models were studied in [7, 9, 2]. This information is surveyed
in detail in [6].

The paper is organized as follows. In the next section we present our main results
regarding the LZ and DST models including the mean, variance and distribution of the
number of tail symbols in the DST model (see Theorem 2—4), and large deviations as well
as precise redundancy for the LZ model (see Theorems 5-6). We prove these findings in
Section 3 (DST model) and in Section 4 (LZ model), with most details delayed till the
appendix. Throughout we use combinatorics on words and analytic tools such as generating
functions, Poisson transform, analytic depoissonization, and Mellin transform.

2 Main Results

We consider a stationary ergodic Markov source generating a sequence of symbols drawn
from a finite alphabet A. In this paper we study only a binary Markovian process of order 1
with the transition matrix P = [P(c|d)]¢,qea where A = {a,b}. In this section we present
our main results with proof delayed till Sections 3—4 and appendix. However, first we present
a road map of our methodology and findings.

1 From now on we drop the quotes around m and n to simplify the presentation.
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Our main goal is to analyze the Lempel-Ziv’78 scheme for Markovian input. However,
as discussed before, we first consider an auxiliary model named DST-model built over m
independent Markov strings, also called the m-DST model. However, for Markov sources
we need to construct two conditional digital search trees: one built over m Markov strings
all starting with symbol a € A and the other DST built over m strings starting with b € A.
We write ¢ € A for a generic symbol from A, that is, either ¢ = a or ¢ = b. For a given
c € A, we consider m independent Markov strings all starting with ¢ and build an m-DST
tree. For such a tree we analyze two quantities, namely the total path length denoted as
L¢,, and the number T (a) of inserted strings (all starting with ¢) with the tail symbol a,
that is, among m Markov strings there are TS, (a) strings with the tail symbol a. Clearly,
T¢ (a) 4+ T¢, (b) = m. Throughout, we also assume that the tail symbol is always a so we just
write T, := T (a). In Theorems 2-3 we summarize our new results regarding 75, while in
Theorem 4 we present large deviation results for both Ty, and Lg,.

Second, we consider the m-LZ model (in which we run LZ78 algorithm on a single
string until we see m phrases) and tie it up to the m-DST model just discussed. Here we
use a combinatorial approach. For a given sequence s over A of length m we compare in
Lemmas 10-11 two probabilities: (i) the probability that in the m-LZ model (constructed
from m LZ phrases) we end up with a LZ sequence of length n having all tail symbols equal
to s; and (ii) the probability that in the m-DST model (built over m independent Markov
strings) the resulting digital search tree has path length equal to n and all tail symbols are
equal to s. Using this, we present in Theorem 5 our large deviations for the m-LZ model and
using the renewal equation (1) in Theorem 6 we establish large deviations for the n-LZ model.
In Corollary 7 we find a precise expression for the redundancy of LZ78 for Markov sources.

Finally, when comparing the average path length L¢ in the m-DST model with the
length £¢, in the m-LZ model we shall use the following simple fact.

» Proposition 1. For § < 1 let there exist B,C > 0 such that for a discrete random variable
X the following holds uniformly

P(X,, =k) < Bexp (-Cm ™|k — Ap)). (2)
Then
E[X,,] = A, + O(m?). (3)

Proof. Define B,, = m’(logB)/C < |k — An|. Then it is easy to see that EX,, =
Y kP(Xpm=k)=Ap + > (k- A,)P(X,, = k), and the latter term can be estimated by
the integral 2B [~ exp(—Cm~°z)(z + 1)dz = O(m?). This completes the proof. <

2.1 Results on DST

In this section we summarize our results for the m-DST model: We first focus on the number
of times, TS, := Tf, (a), the tail symbol is a when all m Markov sequences start with ¢ € A.
Then we study the path length L¢, in the m-DST model when all sequences start with c.
Finally, we present large deviations for both T)5, and L¢,.

For ¢ € A, let D¢, (u) = E[u”=] be the probability generating function of T, defined for
a complex variable u. We have the recursion:

Dhya(w) = (Plaleju-+ 1= Plale) Y () Plle) POIO™ DDl () ()
k
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subject to D§(u) = 1 and D$(u) = P(alc)u + 1 — P(a|c). Furthermore, define the bivariate

Poisson transform D.(z,u) =Y, 5o Elu’m] ‘;: “e~*. From above we easily find the following

differential-functional equation
0,D.(z,u) + D.(z,u) = D{(u)Dy(P(al|c)z,u)) - Dp(P(b|c)z,u) (5)

with D.(z,1) = 1 where 9, is the partial derivative with respect to variable z.

We now focus on the first Poisson moment X (z) = 8, D.(z,1) where 9, is the derivative
with respect to variable u. We also study the Poisson variance V.(z) = 82D.(2,1) + X.(z) —
(X.(2))?, and the limiting distribution of T¢,. After finding the asymptotic behavior of the
Poisson mean X, (z) and variance V,(z) for large z — oo we invoke the depoissonization
lemma of [4] to extract the original mean and variance:

BITS,] = Xelm) = 3m0.X(m) + O(Xclm)/m),  Vax{T5] ~ Ve(m) = (. X ()]

Let us start with the Poisson mean X.(z). Taking the derivative of (5) with respect to u
and setting u = 1 we find

9. Xc(2) + Xe(2) = Plalc) + Xa(P(alc)z) + Xy (P(b]c)z). (6)

To complete this equation we need to calculate the initial values of E[TS]. It is easy to
see that

E[T5] =0, E[T7]= P(ale), E[T5] = P(alc) + P(ale)P(ala) + P(blc) P(alb). (7)

In a similar fashion we can derive the differential-functional equation for the Poisson
variance. After some tedious algebra we arrive at

0:Ve(2) + Ve(2) = P(alc) = P*(ale) + [0:Xc(2)]” + Va(P(ale)z) + Vi(P(blc)2). (8)

Both differential-functional system of equations (5) and (7) can be solved using complicated
Mellin transform approach [15]. We provide details of our approach in the Appendix. For
now we need to introduce some extra notation to present our main results. For complex s
define

(9)

For such P(s) we denote by A(s) the main eigenvalue and 7 (s) the main eigenvector. We
notice that m(—1) is the stationary vector of the Markov process. We also need another
matrix

j==2

Q(s)=[[ax-Ps—i)" [] @-Py)

i>1 j=—00

defined for R(s) € (—2,0). Furthermore, (x,y) is the scalar product of vectors x and y.
Now we are in the position to formulate our main result.

» Theorem 2. Consider a digital search tree built over m independent sequences (m-DST)
generated by a Markov source. We have E[TS]| = 7.(m)m and E[LS] = mlogm/h + m +
te(m)m such that:

Te(m +1) — 7e(m) = O(1/m) and pc(m +1) — pe(m) = O(1/m)

V(e d) € A? 7e(m) — ma(m) = O(1/m) and pe(m) — pa(m) = O(1/m).

15:5
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Thus 7.(m) = 7(m) + O(1/m) where 7(m) does not depend on initial symbol c. In fact,
7(m) depends on the tail symbol, but since throughout the paper we assume the tail symbol
is always a, we drop this dependency on a in 7(m). We present precise formula on 7(m) in
the next theorem.

Similarly we have p.(m) = p(m) + O(1/m). The function p(m) for Markov sources is
given in Theorem 1 of [7]. For the memoryless source, it is % + v — 14 « and the average
path length is mlogm/h + mu(m), as discussed in [3].

To complete our analysis of the tail symbol, we present now precise behaviour of 7(m).
We give a detailed proof in the Appendix.

» Theorem 3. For (a,b,c) € A3 define

Uabe = log [W] . (10)
(i) Aperiodic case. If not all {agup.} are rational, then T(m) =T + o(1) with
Pt o (R (D) + 7 Q1) (T P)Pe). ()

where 7, is the stationary distribution of symbol a, and e, is the vector made of a single
1 at the position corresponding to symbol a and zero otherwise.

Periodic case. If all {aap.} are rationally related, then for some e > 0 we have T(m) =
7(m) + O(m=¢) with 7(m) = 7 + Q1(logm), where Q1(.) is a periodic function.

(ii) Variance. The variance Var[TS] grows linearly, that is Var[TS] ~ mwg(m), where
wa(m) = @, for the aperiodic case and wq(m) = W, + Q2(m) for the periodic case, where
Wq 18 given explicitly in the Appendiz in (B.16) of Theorem 14, and Qa(m) is a nonzero
periodic function for rationally related case, and zero otherwise.

(iii) Central Limit Theorem. For any ¢ € A we have

TC — E[T¢] 4
Varire] . VO

where N(0,1) denotes the standard normal distribution.

Similarly we have the same behaviour for u(m) which is equal to i+ o(1) in the aperiodic
case and, in the periodic case, is equal to g+ Q3(logm) + O(m™¢) whose expressions are
in [3] and [7] where Q3(.) is a periodic function. For details the reader is referred to [7].

We notice that, unexpectedly, the number of tail symbols equal to a is not converging to
nm, as we should expect from a Markovian sequence. The reason is that the tail symbol is
not picked up at random in the sequence but occurs when the sequence path leaves the tree.

Finally, we present joint large deviations for both TS, and L¢, which is a new result
needed to establish large deviations for the LZ model. We prove it in Section 3.

» Theorem 4. Consider a digital search tree (DST) built over m independent sequences
generated by a Markov source. For all § > 1/2 there exist B, C and (8 strictly positive such
that for all x > 0 uniformly in x

P (|T5, - BITG)| + |LS, — BILS,]| > am®) < Be=0"’ (12)

for large m.
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Figure 2 The difference E[Lf,] — E[LY,] by simulation confirming that it grows linearly with m.

2.2 Results for the LZ78 Model

Let us start with the m-LZ model. For a given m, let LS, (note calligraphic £) be the length
of the LZ78 string composed of m phrases when the first phrase starts with symbol c. For
memoryless sources, this quantity is equivalent to the path length L,, in the associated DST
built over m independent strings. However, it is not the case for Markov sources. In Section 4
we prove Theorem 5 presented below by showing that E[L¢,] — E[LS] = ©(m), unlike in the
memoryless case. Figure 2 compares the difference E[LS ] — E[LS,] obtained by simulation
results confirming our theoretical findings.

» Theorem 5. For m given, let m* := m*(m) be the root of x — x7(x) — (m — x)7(m — ).
(i) The average length E[LS)] of the LZ-sequence consisting of the first m phrases is (for
the aperiodic case)

E[LS] = mlogm/h+ p(m™)m™ + p(m —m™)(m—m*)+m(1l — H(m*/m)/h) —&—O(m‘s)
(13)

where H(x) = —zlogx — (1 — z)log(1l — x) s the binary entropy and h the source
entropy.
(ii) For all 6 > 1/2 there exist B,C,3 > 0, and v > 0 such that uniformly for all x >0

P(IL5, = BIL;,]| = am?) < Bme—=0m” (14)
for large m.

» Remark. The property of function 7(-) implies that the equation z —x7(x) —(m—z)7(m—x)
has a single root as we will see in the proof of Section 4. Notice that m*/m converges to
7 in the aperiodic case, and similarly pu(m*)m* + p(m — m*)(m — m*) is asymptotically
equivalent to pm. In the periodic case there will be small periodic contributions (contained
in 7(m) and p(m)) as shown in Theorem 3. Notice that H(m*/m) is the tail symbol entropy,
which is equal to h when the source is memoryless.

Our next goal is to present large deviation for the number of LZ phrases in the n-LZ
model. Let M} be the number of phrases obtained by parsing a Markovian sequence of length
n starting with symbol ¢. By the renewal equation (1) we have P(MS > m) = P(LS, < n)
for all legitimate m and n. This allows us to read large deviation of M from Theorem 5.
Following the footsteps of Theorem 2 of [5] we arrive at our next main result.

15:7
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» Theorem 6. For all § > 1/2 there exist B, C, 3, and vy all strictly positive such that
P (|M7i - Ec_l(n)‘ Z $n6) S Bn’Ye—anﬁ

where (7 *(.) is the inverse function of £.(m)= £(m)+o(1) defined as {(m) = =* (logm + B(m))
with

B(m) = hyu(m*ym* /m + hp(m — m*)(m — m*)/m — h + H(m* /m)
where m* is defined in Theorem 5 and (m) has extra fluctuating function in the periodic case.

Using Theorem 6 we can find a precise estimate on the LZ78 redundancy. Indeed,
a good approximation for the LZ78 code length is CS = MS(log MS + 1). The average

conditional redundancy is defined as r¢ := E[CS]/n — h, while the total average redundancy
b

IS 1y = WeTe 4+ M7,

» Corollary 7. The average redundancy rate r, satisfies for all % <d<1:

1— B~ (n))

rn =h M
" log 7 (n) + B(7 (n))

logn

+0(n’ tlogn) ~ h

)

and more specifically in the aperiodic case we have

hl — i H(T)—h
logn logn

Tn ~~

where m* /m — T.

3 Proof of Theorem 4 for DST

Now we prove Theorem 4, that is, the joint large deviations for T}, and L¢, in the m-DST
model. We use Chernoff’s bounds, so we need to introduce some bivariate generating
functions. Define P%, , , = P(T5, =k & L, =€), P&, (u,v) = Eu"molm] =37, PS5 | jufo
and P.(z,u,v) to be the Poisson generating function Pu(z,u,v) = 3, P¢(u,v)% e *. The
following partial differential equation for P.(z,u,v) is easy to establish from (5)

0. P:(z,u,v) + Pe(z,u,v) = (uP(alc) + P(b|c)) Py (P(alc)zv,u, v) Py (P(blc)zv, u, v).

Lemma below is equivalent to Theorem 10 of [5] so we skip the proof in this conference
paper.

» Lemma 8. For all reals ¢’ > 0 and € > 0, there exists 0 < ¥ < w/2 and a complex
neighborhood U(0) of 0 such that iuniformly for (t1,t2) € U(0)? and |arg(z)| < ¥ so that

log(Pe(z,ettl27" et21217" ) exists and log(P.(z, et 1?17 [ef2l2177 ) = O(21F¢),

To prove Theorem 4 we need the following property that will be established in the final
version of this paper.

» Lemma 9. For all § > 1/2 there exists B such that

Po (e e Y exp(—m 0 (m E[TS] + 1 E[LG,)))| < Byv/m. (15)
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Now we proceed to prove Theorem 4. We apply Markov inequality for all 8 and for all x > 0
P(ITS, —E[TS |+ |LS, ~BILS,)| > 20m) < P(TE, — B[TS)| > am® v (LS, — BILS,)| > am®)
< (Psl(ea7 1)6—E[Tﬁl]9 + P&(e_ey l)eE[T;'L])G) e—a:@ma

+ (Pﬁ@(17 60)€7E[L$n]0 + P”Cm(l’ e*G)BE[Lfn])0> e,mgmd'

To complete the proof we will use (15) of Lemma 9. If we take 3 = £C and 72 = 0 (and
reverse) for some C' > 0 such that (1, 75) € U(0)2, and § = Cm =% for some &' < 4, then we
find /™ = =™’ with B=06—-4¢>0,and

P(TE, — E[T5]| + LS, — E[LS,]] > 2em®) < 4y/mBe~ ™

which prove (12) of Theorem 4. We can readjust by taking 0 < 5’ < 8 and the value of B to
omit the factor y/m.

4 Proof of Theorem 5 for LZ

We now consider the LZ78 algorithm over a single infinite sequence generated by a Markov
source, that is, the n-LZ model and connect it to the n-DST model in which the path length
is equal to n (over a variable number of independently inserted strings). In the m-LZ model
there are exactly m LZ phrases, each being a block carved in the Markovian sequence. The
blocks are not i.i.d Markovian sequences.

Let Py, ,, be the probability that the length of the first m LZ phrases is exactly n (when
the first symbol is ¢), leading to the n-LZ model. Notice that not every pair (n, m) is feasible
in the LZ model since by adding another phrase the path length may “jump” by more than
one. We are interested in finding an asymptotic estimate of Py, ,,. We start by introducing
yet another model. Let s be a sequence of m symbols, namely s = (¢1,...,¢,) € A™. For
c € A we now compute the probability Pg,, that an infinite Markovian sequence starting
with symbol ¢ when parsed by LZ algorithm satisfies the following two properties: (i) the
first m blocks have tail symbols ¢; € s for ¢ < m so that ¢; is the first symbol of block i + 1;
(ii) the length of the first m LZ phrases is equal to n. If a string satisfies these two conditions,
then we say it is (s,n) compatible and that it belongs to the (s, n)-LZ model.

Given a string s of tail symbols we denote by t%(s) (resp. ti(s)) the subsequence of s
consisting of tail symbols of the LZ blocks starting with symbol a (resp. starting by symbol
b). Now, it is easy to see that given the initial symbol ¢ we can deduce the sequence of
tails symbols and initial symbols of all phrases just by looking at the sequence s, where the
initial symbol of the next phrase is the tail symbol of the previous phrase. For example, if
s = (a,b,a,b,b) and ¢ = a we have the following tail symbol and initial symbol sequence
displayed in the following table:

block # | initial symbol | tail symbol
1 a a
2 a b
3 b a
4 a b
5 b b

By taking the blocks (phrases) starting with ¢ = a we find t3(s) = (a,b,b) and the blocks
starting with b yield t%(s) = (a, b).

AofA 2020
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Now we consider a sequence t of m symbols and introduce a new n-DST model which
we call (t,7)-DST model. We define by P, the probability that m i.i.d. (independent)
Markovian sequences all starting with ¢ satisfy the following two conditions (notice that
we use roman P for this probability and calligraphic P for LZ model): (i) the tail symbol
sequence follows the sequence t; (ii) the external path length of the DST is exactly n. We
will say that such m strings are (t,n)-fit if they satisfy the above conditions and call it

(t,n)-DST model. We also define
P;:L,k,n = Z Ptc,n (16)

t: |t]|=m,|t|,=k
with |t| being the length of sequence t and |t|, being the number of symbols equal to a in it.
We finally establish the following fundamental lemma that connects the above two
parameters which also connects the LZ parsing over a single Markovian sequence and the
DST made of independent Markovian sequences, that is, (s,n)-LZ model and (t,n)-DST
model where t is a function of s.

» Lemma 10. For any s € A™ we have

c a b
Ps,n = Z Pg(s),naptg(s)mfna (17)

where n. (equal either to n, or ny) is the path length in n.-DST model with all strings
starting with ¢, and t2(s), t(s) are substrings of s as defined above.

Proof. In this conference paper, we give a proof using an example to ease the present-
ation. Let us consider X = aabbababab--- which results in the following LZ blocks:
()(a)(ab)(b)(aba)(ba)(b---). Or equivalently X = aabbababab --- where the initial block
(phrase) symbols are displayed in bold. We notice that the first five blocks (excluding
the initial empty block) accounts for a string of length 9. Thus the sequence X is (s, 9)
compatible with s = (a,b,a,b,b). Given that X starts with symbol a we have P(X) =
P(ala)P(aala)P(abbla)P(ba|b)) P(ababla)P(bab|b). Notice that we display in bold the tail
symbol of each block (which is the initial symbol of the next block). We must incorporate
P(X) into Pggy. In fact X should be viewed as the set of (infinite) strings having aabbababab
as the common prefix. We can rewrite P(X) by regrouping the terms with respect to the
initial symbol of each block as: P(X) = [P(aa|a)P(abbla)P(ababla)] x [P(ba|b)P(bablb)].
Observe that the sequence of strings (aa, abb, abab) are the prefixes of a set of tuples of
independent infinite strings that are all (s, 6) compatible with s* = tg(s) = (a, b, b) under
the condition that the strings start with symbol a (the path length in the DST excludes the
tail symbols, thus we must remove one from the length of each prefix). The probability of such
event is exactly P(aala)P(abbla)P(ababla) and must be incorporated in Pg g. Furthermore,
these sequences are used to build one (left) part of the DST tree with independent Markov
strings all starting with a. The same holds for the sequence of strings (ba, bab) which is (s?, 3)
compatible with s’ = t%(s) = (a, b) and used to build the other part (right) of the DST tree.
This leads to (17). <

The next crucial lemma connects n-LZ and n-DST models.

» Lemma 11. The following holds

Prc;L,n S Z Z Z (Pgla,k,napngma,mafk,nfna (18)

ng k mg
PP + P

a b
+Pma,k,na m—mg,mqe—k—1,n—ng ma,k,napmfma,ma7k+1,nfna)

where ng is the total path length of the first m, phrases starting with an “a”.



P. Jacquet and W. Szpankowski

Proof. We naturally have Py, ,, = Z\s|:m P¢,, where |s| is the length of the sequence s.
Similarly we have Pg, = > ¢ 1¢/=m.¢). =k Fe.n With [t[q is the number of symbols identical
to a in t. The rest follows from Lemma 10 but we need to take into account some boundary
effects.

Let’s look at it in more details. By (17) and above we find

Z Z t“(s) Ng t” (s)yn—ng"

|s|=m na

We now partition A™into four sets S§(m), S¢(m), S5(m) and S§(m):
s € §§(m): if neither of the initial symbol ¢ or the final symbol of s, namely ¢, is identical
to a. Thus the total number of tail symbols equal to a, namely |s|, is equal to [t2(s)].
s € §§(m): if both the final symbol and ¢ are equal to a so that the total number of tail
(and initial) symbols equal to a is |t (s)].
s € 8§(m): if ¢ = a but ¢, # a so that the number of tail symbols equal to a is [t3(s)] — 1.
s € 8§(m): if ¢ # a but the final symbol ¢, = a. Thus the number of tail symbols equal
to a is |ta(s)| + 1.

Regrouping we have

Phm= > Pi.t > P+ > P

sES§(m)UST (m) s€Sa(m) se€S3(m)

Now we have to deal with the right hand side of (18), that is, with the DST model. Let
T1(m) be the set of pairs of arbitrary sequences denoted as (t,t%) such that [t*| + |t°| =
and |t%], + [t°], = [t*|. We notice that for s € S{(m) U Ss5(m): (t%(s),t(s)) € T1(m), hence

Z Psc,n = Z Z éla(s),napfb(s),nfna

sESS(Mm)USS(m) Na sESFUST (m)

gz Z Pl Py

Na (ta,tp)ETL(M)

Notice that we have an upper bound, since for some pair (t%,t%) in 7;°(m) there may not
exist s € S{(m) U S§(m) such that t* = t%(s) and t* = t°(s). For example, let ¢ = a and for
m = 4 we set t® = (a,b) and t’ = (b, a), so that [t?|, + [t°], = [t?| but it is impossible to
find s such that (t2(s),t%(s)) = (t7,t%).

Thanks to (16) we have > ¢ ¢ Zy, ¢, =k Pen = Pk, leading to

a _ a b
E § :Pta tb M—"ng P’ma,k,napm—ma,ma—k,n—na'

(ta,tp)€T1(M) Na me,k

This proves the first term in the right hand side of (18). To prove the other two terms
we introduce T3(m) as the set of pairs of sequence (t%,t%) such that [t*| + [t’| = m and
[t%], + [t°]a = [t*] — 1. In this case

Z ’Psc’ngz Z Ptaz‘ Pt”n Mg’
SES2(m) Na (£9,t°)€T2(m)

and the second term of (18) is proved. And finally with 73(m) as the set of pairs of
sequence (t%,t°) such that [t?| + |t°| = m and |t%|, + [t®], = [t%| + 1, we establish the third
term of (18). <
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To finish the proof of Theorem 5 we now use the previous lemmas to upper bound Py, ,,.
Let Py, ,, < K5, ,(0) + K7, (1) + Ky, ,,(—1) with

m,n —

c N E E E a b
Km,n(z) - Pm,,,,k,n,,,Pm—ma,m,,,—k—i,n—n,,,'

Me Na k

To simplify our presentation we only study K7, ,,(0). First, we rewrite the bound in Theorem 4
for the DST model as follows: for § > 1/2 there exist B and C strictly positive such that

Py ko < Bexp [—C’m_5|k —-E[TS] — C’m_5|n — E[Lfnm .

m

Thus
Kb n(0) 2 k< Somatnyen B exp [~Cmg° [k — E[T}, ]
—CmyIng — E[LY, | — Cmy °lmq — k — E[TY,] — Cmy, °|ny, — E[LY, |] .
From here we use mg, my < m to find
Cmy°lk —E[TS 1+ Cmg°|ng — E[LY, | +Cmy °|mq —k—E[Th, ] +Cmy °|ny — E[LY, | >

Cm™ |k — E[T;, ]+ Cm™%ng — E[L}, |+ Cm™%mg — k — E[T),]+ Cm™%|ny — E[LY, |
> Cm™’|m, — B[T};, | — EB[T}, ]| + Cm~°|n — E[L}, ] — E[L,,]I.

Ma

Replacing the E[TS,]| by 7.(m)m and E[L¢,| by mlogm/h + m + mu.(m) we arrive at

K¢, ,(0) < B*m Z exp (—Cm_‘;\ma — Mo (M) — mbTb(mb)D

m,n
Mme+mp=m

X exp (me*5|n —mlogm/h +m(H(ma/m)/h — 1) — mapa(ma) — mpps(ma)]) -

Without changing the order of magnitude we further can replace 7.(m) by 7(m) and p.(m)
by pu(m).

We now focus only on the aperiodic case and set 7(m) = 7m and u(m) = gm. (We know
that even in this case for small values of m, the p(m) and 7(m) are not exactly linear in m,

but we handle it later.) Thus our term K, ,,(0) is bounded by

B*m Z exp[—Cm ™% |mg —7m)|] exp[—Cm~°|n—mlogm/h—m-+m(H(mg/m)/h—1)]|].

me<m

If we take any 6’ > § we find

Kﬁn’n(()) < B’m Z exp[me*‘S\ma — Tm|]

me<m

X exp[—C’m*‘ym —mlogm/h — pm + m(H(mg/m)/h — 1)|].

We observe that exp[—Cm™°%|m, — 7m|] attains its maximum at m, = m* = ¥m. Thus

K,Cn’n(O) < B? Z ecmfa(m_m*)xexp[—Cm_‘S/|n—mlogm/h—/jm—&—m(H(ma/m)/h—l)H]

Mme<m*

+B? Z eCOm™’(m™—m) exp[=Cm ™ |n — mlogm/h — fim + m(H (mq/m)/h — 1)|]].

Mg >m*
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Notice that the terms eC™ °(m=m") anq Cm™*(m"=m) form o geometrically decreasing series
with rate e=C™ " Since |mH((mgq +1)/m) — mH(mg/m)| < logm, the term

exp[—Cm ™ |n — mlogn/h — jim 4+ m(H(mq/m)/h — 1)[]]

- logm/h Ccm~?°

is at most geometrically increasing with a rate e™ which is smaller than e

Therefore, the whole series has its maximum at m, = m* and

K’rcn n(O) < 2B? Z e*Ck(m*‘sflogm/hm,J/)
k=05

X exp[—Cm_‘s/|n —mlogn/h — am + m(H(m*/m)/h —1)|]]

- 213
- 1— e—(m*‘s—logm/hm*‘s/)c

X exp[—Cm_§/|n —mlogm/h — gm + m(H(m*/m)/h —1)|]]

= 0(2B*m®) exp[-Cm ™ |n — mlogm/h — jm +m(H(7)/h — 1)|]].
Including all contributions, the final estimate for some B’ > 0 is

Pom < B'm**? exp[—~Cm~%|n — mlogm — um +m(H(7)/h — 1)|].

This gives the large deviation estimate and E[L,, ,,] = mlogm/h + pm —m(H(7)/h — 1) +
O(m?) by Fact 1. We recognize in H(7) the entropy of the tail symbol.

In fact the quantities 7(m) and p(m) are not exactly 7m and mpu. To handle it we observe
that due to their slowly varying properties, the function exp(—Cm=%|mg —7(mg)mg —7(m —
myp)(m — mg)| attains the maximum for m* such that

m* = —1,(m*)m* — 7,(m*)(m — m™).

Indeed the function m, — E[T% ] — E[T},,] is strictly increasing thus this value is unique.
Then again E[L{,] = mlogm/h+ m*u(m*) 4+ (m — m*)u(m —m*) —m(H(m*/m)/h — 1),
and therefore E[LS | + mH (m*/m) 4+ o(m). The latter is equal to E[LS, ] + mH(T) + o(m)
in the aperiodic case. To complete the proof of Theorem 5 we just use Fact 1 applied to L,,.

5 Conclusions

In this paper we analyze the Lempel-Ziv’78 algorithm for binary Markov sources, a problem
left open since the algorithm inception. To handle the strong dependency between Markov
phrases, we introduce and precisely analyze the so called tail symbol which is the first symbol
of the next phrase in the LZ78 parsing. We focus here on the large deviations for the number
of phrases in the LZ78 and also give a precise asymptotic expression for the redundancy which
is the excess of LZ78 code over the entropy of the source. In future work we plan to extend
our analysis to non-binary Markov sources and present some bounds on the central limit
theorem. Furthermore, we shall study LZ78 for Markov sources of higher order, however, this
will require a new approach to the tail symbols which may span over consecutive phrases.
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A  Proof of Theorem 3(i): Mean

We first analyze asymptotically X(z) = (X,(2), Xp(2)) that satisfies the system of differential-
functional equations (6). We solve this system, and then apply Mellin transform and
depoissonization to prove Theorem 3(i).

Since for all integer m, we have T)¢, < m, we notice that the function X (z) is O(z) both
when z — oo and when z — 0. Thus the function X(z) has no Mellin transform defined
as Xc(s) = [;° Xe(2)2° " dz (see [15] for more on the Mellin transform). To correct this
we introduce Xo(2) = X.(2) — Ge(2) with Go(2) = (E[T{]z + E[T5]2?/2)e* which is O(z%)
when z — 0, where E[Tf] and E[T5] are defined in (7).

The Mellin transform X*(s) of X.(z) on the strip R(s) €] — 3, —1[ exists. The Mellin
transform of 8, X,.(z) exists too on the strip R(s) €] — 2,0[. Thus the two Mellin transforms
coexist on the strip R(s) €] — 2, —1[ and satisfies [15]
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— (s = D(XZ(s = 1) + Ge(s) + X (s) + Gels)

= P(a|e)™*(Xa(s) + Ga(s)) + P(ble) (X5 (s) + Gy (s))
where G%(s) for ¢ € A is the Mellin transform of G.(z) and has the explicit expression
E[T{IT(1 + s) + E[T5]T'(s 4+ 2) /2. This expression is here for completeness.

An alternative but convenient way to see this equations is to consider the vector X*(s)
made of the quantities X*(s), ¢ € A which is also the Mellin transform of the vector X(z)

made of the coefficients X.(z). This yields the linear equation
—(s—1D)(X"(s—1)+G"(s—1)) + X"(s) + G*(s) =
= P(s)(X"(s) + G*(5))

where G*(s) is the vector of the G%(s). It can be rewritten in
(5= (X" (5 — 1) + G*(s — 1)) = (T — P(s))(X"(5) + G (s)).
This kind of equation has been studied in [7] where we introduce a new function x(s)
X*(s) + G*(s) = '(s)x(s).

Thus the equation becomes x(s — 1) = (I - P(s))x(s), which leads to x(s) = [[;5((I —P(s —
i)) 'K where K is a constant vector. Notice that the matrices very likely don’t commute
thus the product order is specified from the left to right. Indeed we have

-1

K=|][a-P))"] x(-2)= 1:[ I =P())x(=2). (A1)

Jj=2

To handle it we need an explicit formula for x(—2). The following lemma from [7] is
useful in this regard. We provide a proof for completeness.

» Lemma 12. Let {f,}52, be a sequence of real numbers having the Poisson transform
~ > . N 0 on
F(z) = Z%fnaef = z;)fnﬁa (A.2)

which is an entire function. Furthermore, let its Mellin transform F(s) have the following
factorization

F(s) = M[E(2); 5] = T(s)7(s).

Assume that F(s) exists for R(s) € (=2, —1), and that v(s) is analytic for R(s) € (—oo, —1).
Then

n n .
v(—n) = kz:(:) <k)(1)’“fk = (=1)"fn, for n>2 (A.3)
Proof. Notice that f,, and f,, are related by [15]

n

fn=>" (Z) ()" *fi, n>0.

k=0
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Define for some fixed M > 2, the function F’ M( )= Zfl” 01 fnr =+ Due to our assumptions,
we can continue F'(s) analytically to the whole complex plane except s = —2,-3,.... In
particular, for R(s) € (—M, —M + 1) we have F(s) = M[F(z) — Far(2); s]. As s — —M, due
to the factorization F(s) = T'(s)v(s), we have
Y

F(s) = L

st A (MO

thus by the inverse Mellin transform, we have

moy By DM u M1y

F(z)— Fy(2) = A v(=M)z" 4+ O(z ) as z—0. (A.4)
But

= = S M M+1

F(z) = Fa(2) = Y ooy = fug +OGEM) (A.5)

=M

Comparing (A.4) and (A.5) shows that v(—=M) = (=1)M fay = S0l (3 (=1)* fi.. <

Now we can compute x(—2) using above and (7) leading to

| T§ —2P(ala)
x(—=2) = [ 0~ 2P(alt) |- (A.6)

In another notation x(—2) = (P? — P)e,, where e, is the vector made of a single 1 at a
position and zero otherwise.
Next, we notice that the vector

j=—2
L) [[a-Ps—i)™" T[] @-P@)x(-2)
i>0 j=—o0
may have a double pole on s = —1 since I'(s) has a pole and also (I — P(s))~! since

I-P(—1)=1- P is singular. But in fact the pole multiplicity is reduced by one, as prove
below. Let us also define

j==2

QGs)=[ax-Ps—)~" [ @-PG)).

i>1 j=—o00

Then x(s) = (I — P(s))71Q(s)x(-2).

We notice that when s — —1, then Q(s) = I+ (s +1)Q'(—1) + O((s + 1)?). Furthermore
let A(s) be the main eigenvalue of matrix P(s) and 1(s) and (s) be respectively the right
and left main eigenvectors. We have A(—1) = 1, 1(—1) = 1 is all made of one’s, and 7 (—1)
is the stationary distribution of the Markov source.

From the matrix spectral representation [15] we have

P(s) = A(s)1(s) @ w(s) + R(s) = A(s)II(s) + R(s) (A7)

where R(s) is the automorphism of the eigenplan orthogonal to the main eigenvector and
II(s) = 1(s) ® w(s) where ® is the tensor product. Note that II- P = P - IT = I1. Then
1
I-P(s))™! = ——1(—
(1-P(s) gt en)
1

N(=1) P(-Den(-1)+1xx'(-1))+ R(fl)fl FO(s+1).
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Finally
1-P@) Qe = FETECER e 1o (-1)
_ (s+1) /
+R7N(-1) + 177/\(5)1 ®Q'(-1)+O(s+1).
Since
s+1 1

LX) N1
when s — —1, and IIP(I — P)e, = (IT — I)e, = 0. Also

R '(—1)(I - P)Pe, = Pe, — (wPe,)1 = Pe, — (mwe,)1. (A.8)
We finally have

Sggﬂ@=P%—wﬂ—xgjf«fen+wQ%4»a—Pw%m (A.9)

where 7, is the coefficient of the stationary distribution 7 at symbol a.
Now we are in position to establish asymptotics of X.(z) for large z and through
depoissonization asymptotics of E[T¢,]. The inverse Mellin transform is

B 1 T41i00 . .
Xc(2) = %im /Iiioo X:(s)z"%ds (A.10)
valid for all z €] — 2, —1[. Remembering that T.(z) = X.(z) + P(a|c)z we have indeed
B 1 r+100 1 r+100
X(z) = —/ L(s)x(s)z"%ds — — G*(s)z"%ds. (A.11)
2im T—100 2im T—100

We know that T(z) — X(z) is decaying exponentially fast when z — oo.
Moving the line of integration toward the right, we meet a single pole at s = —1 of
G*(s)z7* and its residues is —zPe,. Then

1 z+1inf ty ’
G*(s)z %ds = —Pe, + O(z~M)

% —100
for all M > 0.

The value —1 is also a simple pole for z—°T'(s)x(s). We know that its residue is

1

—z <Pea - ﬂ—a]- - m1<(ﬂ',(_1) + ﬁQl(—l)) (I - P)Pea>) . (A].Q)

Therefore we have
1

X(Z) =z (ﬂ'a + m1<(ﬂ'/(—1) + ﬂQl(—l)) (I — P)Pea>> 1 + O(Z) (A13)

For irrational case, we know that s = —1 is the only pole on the line R(s) = —1, leading to

the error term o(z) coming from other poles of (I — P(s))~! which may occur on the right
half plan of s = —1.

But in the rational case, there is the possibility of other poles regularly spaced on the
axis R(s) = —1 with some specific matrices P detailed in [7] where the coefficients aqp. are
introduced. In these very specific cases (the uniform probability distribution on A is one
of them) the o(z) term should be replaced by a term z2Q.(log z) + O(z'7¢), where Q. is a
periodic vector of very small amplitude and mean zero, and € > 0 depends on the matrix P.
This proves Theorem 3(i).
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B Proof of Theorem 3(ii): Variance

We now analyze asymptotically V(z) = (V,(z), V4(2)) that satisfies the system of differential-
functional equations (8). In order to apply depoissonization, for 6 € [0, 7/2] we define C(0)
as the complex cone containing the complex number z such that |arg(z)| < 6 on increasing
domains [15, 5]

Cu(0) = {2,z € C(O)&]z| < p"}

with p = minc{ﬁ, %}.

Our first goal is to prove that V.(z) = O(z). We shall use use the increasing domain
approach [15] applied to (8) following the footsteps of the proof of Lemma TA of [3]. From
Fact 1 of [3] we conclude that

Ve(z) = Ve(pz)e 177 + 672/ e’ (Va(P(alc)z) + Vo (P(blc)x) + g(x)) dx (B.14)
pz
where g(z) = P(alc) — P?(ale) + [X5(2)]? = O(1). Indeed, it follows from Fact 1 of [3] that
the differential equation like

J'(2) = b() — a(2) (=) (B.15)

satisfies

F(2) = f(z0)eAz0)-A®) +/ b(z)eA@—AE) gy
20

where A(z) = [a(z) is the primitive function of a(z). Setting in (B.15) f(z) = Ve(2),
b(z) = V,(P(alc)z) + Vp(P(b|c)z) + g(z) and a(z) = 1 we obtain (B.14).

Now we apply induction over the increasing domains. In short, we assume that for
z € Cr(0) we have |V.(z)| < Bg|z| for some Bj. Using the induction of the increasing
domains we prove, as in the Appendix of [3] that By are bounded. This completes the proof,
after applying the depoissonization lemma of [4].

In order to find a precise estimate of the asymptotic development of V(z) we denote
V*(s) the Mellin transform of V(z). From (8) we arrive at

—(s =DV (s 1)+ V'(s) = P(s)V'(5) + g"(5),

where g*(s) is the Mellin transform of the vector made of the coefficients (9, X.(z))?. Let
V*(s) =T'(s)B(s) and g*(s) = I'(s)G(s). Then

B(s) = (I-P(s)) " (B(s — 1) + G(s)).

The quantity (I —P(s))”" has a pole at s = —1. Together with I'(s) it would give a double
pole at s = —1 which is not possible, as proved above. Indeed, notice that the coefficient at
the double pole at s =1 is II(B(—2) + G(—1). But G(—1) is the the coefficient at z of g(z)
and B(—2) is the coefficient at 22 of V(z), as already proved in Lemma 12. Then we easily
see that B(—2) + G(—1) = P?e, — Pe,, and consequently the coefficient at the double pole
at s = 1— is equal to II(P%e, — Pe,) = (IT — II)e, = 0, as desired.

Therefore, the contribution of pole s = —1 to the asymptotic of V(z) is B(—1) becomes

B(-1) = ﬁ (=" (-1)(B(-2) + G(-1))) + (=(B'(-2) + G'(-1)))) 1

+H{I = R(-1))7 (B(~=2) + G(-1)).
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Notice also that (I — R(—1))"'(P?%e, — Pe,) = (wPe,)1 — Pe, = (mwe,)1 — Pe,.
The real issue here is how to compute B'(—2) and G'(—1), which we address next.

> Lemma 13. Let a function g(z) = 3,5, 542" and f(z) = g(z)e™* = Zn>1 22", Let
also gi(2) =3, <p 2" and fi(2) = f(2) — ge(2)e™ with f}(s) being its Mellin transform
defined for —k —1 < R(s) < 0. Then

i (5) = s <rés>>;_k+2a’f ().

n<k
= fi(=k)(-1)"" 1”'+Z ( ">)
n<k s=—k
where s = Fgf(t)”) =(s+n—1)x---xs.

Proof. We start with a simple identity

[ (5) = fi(s) _ 5~ an n
T)k_z n)

which is easy to derive. But the Mellin transform of fi(z) and f;(s) are defined for
—k—1 < R(s) < 0. The derivative of f;(s)/I'(s) at s = —k is equal to f(—k) (F_l(s));:

—k
since I'"!(—k) = 0. Finally we notice that [15]
. L' Ly Y6) o (5 n)¥(s) 1
1 — | =1 = lim ————~=(-1)"""n!
Pareat <F(s)> Jm oy T e YT
where ¥(s) is the psi function. |

In absence of specific properties on fi(z) there is no other way than numerical computation
to get an estimate of f;'(—k). Finally, we can present a precise asymptotic expression for the
variance.

» Theorem 14. We have V(z) = w1z + 0o(z) in the aperiodic case, and in the periodic case
V(z) = 0a 1z + Q2(log 2)z + O(217¢) for some € > 0 and Q2(.) being a periodic function of
small amplitude and mean zero, where

We = ((7'(=1)((P — D) Pe,) + (m(B'(-2) + G'(-1)))) + (me,). (B.16)

Notice that w = B(—1) + Pe,.
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—— Abstract

We study the partial duplication dynamic graph model, introduced by Bhan et al. in [3] in which a
newly arrived node selects randomly an existing node and connects with probability p to its neighbors.
Such a dynamic network is widely considered to be a good model for various biological networks
such as protein-protein interaction networks. This model is discussed in numerous publications
with only a few recent rigorous results, especially for the degree distribution. Recently Jordan [9]
proved that for 0 < p < % the degree distribution of the connected component is stationary with
approzimately a power law. In this paper we rigorously prove that the tail is indeed a true power law,
that is, we show that the degree of a randomly selected node in the connected component decays
like C/kB where C' an explicit constant and 8 # 2 is a non-trivial solution of p®~2 + 8 — 3 = 0. This
holds regardless of the structure of the initial graph, as long as it is connected and has at least
two vertices. To establish this finding we apply analytic combinatorics tools, in particular Mellin
transform and singularity analysis.
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1 Introduction

Recent years have seen a growing interest in dynamic graph models [10]. These models are
often claimed to describe well various real-world structures, such as social networks, citation
networks and various biological data. For example, protein-protein are widely viewed as
driven by an internal evolution mechanism based on duplication and mutation. In this case,
new nodes are added to the network as copies of existing nodes together with some random
divergence. It has been claimed that graphs generated from these models exhibit many
properties characteristic for real-world networks such as power-law degree distribution, the
large clustering coefficient, and a large amount of symmetry [4]. However, some of these
results turned out not to be correct; in particular, the power-law degree distribution was
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disproved in [7]. In this paper we focus on the tail distribution of the connected component
of such networks and show rigorously the existence of a power law improving and making
more precise recent result of Jordan [9].

The model analyzed in this paper is known as the partial (pure) duplication model, in
which a new node selects an existing node and connects to its neighbors with probability p.
More precisely, the model is defined formally as follows: let 0 < p < 1 be the only parameter
of the model. In discrete steps repeat the following procedure: first, choose a single vertex u
uniformly at random. Then, add a new vertex v and for all vertices w such that uw is an
edge (i.e., w is a neighbor of ) flip a coin independently at random (heads with probability
p, tails with 1 — p) and add vw edge if and only if we got heads. The partial duplication
model was defined by Bhan et al. in [3] and then was further studied in [1, 4, 7, 9, 8].

The case when p = 1, also called the full duplication model, was analyzed recently in the
context of graph compression in [13]. In particular, it was formally proved that the expected
logarithm of the number of automorphisms (symmetries) for such graphs on n vertices is
asymptotically ©(nlogn), which in turn lead us to an asymptotically efficient compression
algorithm for such case.

The partial duplication case 0 < p < 1 was given much more attention, however, with very
few rigorous results. It was first and foremost analyzed to find the stationary distribution of
the degree, that is,

o= Tim fu(n) = tim 25 i Prfdea(U,) = I,
n—o00 n—0o n n—oo

where fr(n) and Fj(n) are, respectively, the average fraction and the average number of
vertices of degree k in a graph generated by this model and U, is a random variable denoting
a vertex chosen uniformly at random from a graph on n vertices generated from the partial
duplication model. Hermann and Pfaffelhuber in [7] proved that this process (f(n))nZ,,
converges always to the limit fo = 1 and f;, = 0 for all other k when p < p* =0.57... (that
is, p* being the unique root of peP = 1), regardless of the initial graph. They have also shown
that if p > p* there exists only a defective distribution of the degrees with fo = ¢ < 1 for
a certain constant ¢ (depending on the initial graph) and f; = 0 for all other k. For the
average degree distribution see also [14].

This result, although it refuted the power law behavior of the whole graph claimed by
[4, 2], also showed that asymptotically almost all vertices are isolated. This has still left the
possibility that it might be the case that a graph generated by the partial duplication model
with the isolated vertices removed exhibits such property. Note that by a simple inductive
argument it is obvious that if a vertex is isolated at the time of its insertion, then it stays
isolated forever, and if it was connected to other vertex, then it remains connected, so if the
inital graph is connected, then there can only be one component containing all non-isolated
vertices. This was exactly the route pursued by Jordan in [9]. Using probabilistic tools such
as the quasi-stationary distribution of a certain continuous time Markov chain embedding
of the original discrete graph growth process, Jordan was able to prove that for 0 < p < %
there is an approzximate power law behavior in the pure duplication graphs. More precisely,
let us define for a vertex (denoted by U, ) picked uniformly at random from a graph on n
vertices generated from the duplication model the following conditional probability

R fn)
Z;il fz(n) 1—f0(”)
Jordan proved that ai(n) — ar as n — oo as long as the underlying process is positive

recurrent which holds for p < 1 [9]. Moreover, Jordan showed that for 3(p) # 2 being the
solution of p?~2 4+ B — 3 = 0 the tail behavior of a;, is approximately a power law in the

ai(n) = Prldeg(U,) = k| deg(U,) # 0] = (1)
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sense that it is lighter than any heavier tailed power law (with any index 3(p) + ¢, € > 0)
and heavier than any lighter tailed power law (with index 8(p) — €, £ > 0). This is of vital
interest in this area since 3(p) € (2, 3), which is exactly the range of the power law exponents
for various real-world biological graphs, such as protein-protein newtorks [4].

It is worth noting that it partially confirmed the non-rigorous result by Ispolatov et al.
from [8], who claimed that the connected component exhibits a power-law distribution both
for0<p< % (with index B(p) as above), and for % <p< % (with index 2). Furthermore,
by the virtue of (1) observe, following [9, 7], that fo(n) =1—o0(1) and fi(n) = o(1) for k > 1
which begs the question of the asymptotic behavior of fi(n) for large k£ and n. Certainly
fr(n) does not grow linearly with n as suggested in some papers (cf. [2]). We conjecture
that fr(n) = O(n= @ E=A®) for some 1 < a(p) < 2 and B(p) > 2, but this problem is left
for future research.

In this paper we finally establish the precise behavior of the tail of the degree distribution
for pure duplication model for 0 < p < % completing the work of Jordan [9]. More precisely,
we use tools of analytic combinatorics such as the Mellin transform and singularity analysis
to prove in Theorem 2 that the tail of a node degree in the connect component of the partial
duplication model decays as C/k”? (P) where C' an explicit constant.

The paper is organized as follows: in Section 2 we present a formal definition of the model,
introduce the tracked vertex approach, and the quasi-stationary distribution as defined by
Jordan in [9]. In Section 3 we state and establish our main results using Mellin transform
and singularity analysis. In concluding Section 4 we indicate a possible extension of our
findings and point to some further work.

2 The model and Jordan’s approach

We follow the standard graph-theoretical notation, e.g., from [5]. We consider only simple
graphs, i.e., graphs without loops or parallel edges.
Let us recall first the definition of the pure duplication model. Let G, = (Va,, En,) be

an initial graph with a set of vertices V,,, and a set of edges E,,, such that |V, | = ng > 2.

Throughout the paper, let us assume that G, is fixed and connected. For n = ng,no+1,...
we build Gp41 = Vi1, Eny1) from G, = (V,, Ey,) in the following way:

1. pick a vertex u € V,, uniformly at random,

2. create a new node v, 41 and let V,,41 =V, U{vp41}, Ent1 = En,

3. for every w € V,, such that uww € F,, add edge v, 11w to E,1 independently at random

with probability p.

We call the process G = (G,)5%,,, the partial duplication graph.

Jordan in [9] introduced the continuous-time embedding of this process, defined as
following: start at time ¢t = 0 with a fixed connected graph I'g = G,,, and let (I';);>o be
a continuous time Markov chain on graphs, where each vertex is duplicated independently
at times following a Poisson process of rate 1, with the rules for duplication as in the pure
duplication model.

Jordan also defined the so called vertex tracking approach: we pick a vertex from I'y
uniformly at random and then define the continuous-time process (V;);>o in the following
way: at time ¢ we jump to a vertex v if and only if the vertex V;_ was duplicated and its
»child” is v. He proved that for any k& > 1 and for another continuous-time process (Uy):>0
being defined as a uniform choice of vertices over I'y we have

Pr{deg(U) = K]

im —————

% Prldeg(V;) = K]

Therefore, asymptotically the behavior of a tracked vertex approximates the behavior of a
random vertex in I'; when ¢ — oo, and therefore in GG,, when n — oco.

=1.
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The tracked vertex approach allowed Jordan to construct the generator @ of the continuous-
time Markov chain (deg(V})):>0, defined over the state space Ny, with the following transitions

Gk = (i)pk(l—p)j"“ for0<k<j-—1,

g5 =—jp— (1—-9),
4j,j+1 = JD-
Then Jordan proceeded to the analysis of the quasi-stationary distribution (ax)32,, i.e.,
the left eigenvector of a subset of @), defined as before. We relate this distribution to the

eigenvalue —\ (see [11] for details of this approach) being the solution of the equation
AQ = —AQ, where A = (ay)72 ;. This leads us to the following equation:

> a; <i>l’k(1p)jk =—(k—1)pag—1 — (A —kp—1)ay @
=k

for k=1,2,3,....
Using (2) and the generating function A(z) = > ;2 axz" Jordan found the following
differential-functional equation

Alpz+1-p) = (1= NA(z) + p2(1 — 2)A'(2) + A(1 - p). (3)

Notice that the above equation implies that A(0) = 0. Since it is a sum of limits for
probability distributions, by Fatou’s lemma |A(z)| <1 for |z| < 1. By letting z — 1~ in (3)
and assuming finite A’'(1) we get A(1 —p) = MNA(1).

Furthermore with the identity

A(pz+1—p) — A(1)
pz(1—z)

A(z) = —(1=X)

pz(1—z)
and letting z — 1~ Jordan found

A) = A0+ 2a0),
p
namely, if A’(1) is non-zero and finite, then A = 1 — 2p. Finally, using the assumptions that
the distribution (ay)72, is non-degenerate (i.e., Y p-jar = A(1) = 1) and that the mean
degree A’(1) is finite, Jordan found that for 0 < p < % the quasi-stationary distribution a
does not have g-th moment for p?=2 4+ ¢—3 < 0.
In summary Jordan proved the following result.

» Theorem 1 ([9, Theorem 2.1(3)]). Assume 0 < p < % Let B(p) > 2 be the solution of
p?~2+ 3 —3=0. Then the tail behaviour of (a;), has a power law of index B(p), in the
sense that as k — oo,

_ap
Jm 2 =0 forq <B(p),

_ap
lim g = for g > B(p).

k— o0

In the next section we present our refinement of this theorem and provide precise
asymptotics for (ax)3,-
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3 Main results

In this section we state and prove the main result of our paper that is a refinement of
Theorem 1.

» Theorem 2. If0 <p< é, then the stationary distribution (ax)3>, of the pure duplication
model has the following asymptotic tail behavior as k — oo

ak 1 _ p_%(ﬁ(p)_%)zr(ﬁ(p) -2) (1 +0 (1>> (5)
kFw) - E(1) — E(c0)  D(B(p) — 2)(p~#®*2 + In(p))I'(—B(p) +1) k
where B(p) > 2 is the non-trivial solution of p°~2 + 8 —3 = 0, I'(s) is the Euler gamma
function and

oo

D(s)=J[(1+p"" (s —i—2), (6)
i=0
_ Blso) = - -2 L) o
BBy = g [y S poree o)

In Figure 1 we present numerical values of the functions involved in the formula above.

It clear that that all coefficients in (5) are positive for 0 < p < 2.

The rest of this section is devoted to the proof of our main result. We will accomplish
it by a series of lemmas. The main idea is as follows: we take (3) and apply a series of
substitutions to obtain a functional equation which is in suitable form for applying Mellin
transform. Observe that we cannot apply directly Mellin transform to the functional equation
(5) due to the term A(pz +1 — p).

It is already known from [9] that A’(1) is non-zero and finite, hence A = 1 — 2p. First, let
us substitute z =1 — v and B(v) = A(1 — ) in (3). Thus

A(1 —pv) = 2pA(1 —v) + pv(1 —v)A'(1 —v) + A(1 — p),
B(pv) = 2pB(v) —pv(1 —v)B'(v) + A(1 - p).

Observe now that the functional equation on B(v) is suitable for the Mellin transform. To

ease some computation let w = 2 and C(w) = B (%). Then
B(B) - 2pB<1> _ P (1 - 1) B’(l) +A(1L—p),
w w w w w
C(Z) = 2pC(w) + p(w — 1)C' (w) + A(1 — p). (7

Therefore, we are essentially looking at the solution of (7) with boundary conditions
C(1) = A(0) = 0 and limy,—, o C(w) = A(1) (which is equal to 1, as pointed out in [9]).

Our objective is to find an asymptotic expansion for C(w) when w — co. Notice that it
is equivalent to finding the asymptotic expansion of A(z) when z — 1 by inferior values. For
this purpose we will use the Mellin transform which is a powerful tool for extracting accurate
asymptotic expansions [12]. Unfortunately we cannot directly apply the Mellin transform
over function C(w) since the behavior of C'(w) for w — 0 is yet unknown. To circumvent this
problem we search for a similar function E(w) defined by the following functional equation

E(Z) =2pE(w) + p(w — 1)E'(w) + K (8)

16:5
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Figure 1 Numerical values of different parts of (3) for 0 < p < L.

for some constant K for which we shall postulate that the Mellin transform

E*(s) = /Ooo w1 B(w) dw

exists in some fundamental strip.

To connect E(w) with our function C(w) we notice that it holds necessarily that C'(1) =0
which corresponds to the fact that A(0) = 0. Clearly, if EF(w) is the solution of (8) with
finite values of both E(1) and E(co) = lim,— e E(w) (which will be shown later to be the
case), then it is also true that

E(w)— E(1)
=AQ)——~%F—--+%
Clw) = A 5 =5 )
is the solution of (7) with C(1) = 0 which also satisfies lim,, o, C(w) = A(1) = 1.
Let us now proceed through definition and lemmas. We first define
() = pie=1? 21 (10)

D(s)

for D(s) = T[;2, (1 4+ p"™7%(s — j — 2)) defined already in (6).
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Now notice that D(s) = 0 implies 1+ p'™/=%(s—j —2) = 0 for some j € N. This equation
for0<p< % has only two solutions: s = j+ 1 and s = j 4+ 1+ s*, where s* is the non-trivial
(i.e. other than s = 0) solution of p* +s—1=0.

Therefore, E*(s) has only simple, isolated poles of three types:

for s =0,—-1,-2,..., introduced by I'(s),

for s =1,2,3,..., introduced by ﬁ,
for s=s"+ 1,5+ 2,8+ 3, ..., introduced by %.

Moreover, if we omit these poles, then D(s) converges to a non-zero finite value when
Re(s) < 0 because p'~* exponentially decays. We summarize it in the next lemma.

» Lemma 3. For Re(s) € (—1,0) and 0 < p < < it holds that m is absolutely convergent.

Due to its technical intricacies, the proof of Lemma 3 was moved to the Appendix. In

Figure 2 we present an example plot of values of m.

........

2200 ~100 0 100 200
t

Figure 2 Numerical values of for p=0.2 and ¢ = —0.5.

1
ID(ctiD)]
» Lemma 4. For0<p< é it holds that
-1
Brs) = PN gy,

p*+ps—2p
Proof. We have the identity

p(s—3)? prs—4)? 1
IO TR T e )
Thus
—3- 1P +E(s-3)? 1-s
B (s) = & e P F(l;(f)l)E*(s —1)= #@(3—2)(8 —DE*(s—1)
since % = s — 1. Multiplying by numerator and denominator by p® completes the
proof. <
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We now define for any given ¢ € (—1,0)

1 _ 1 112 D(s)
E = — E* Sds = — (s=3)" 2L p=5 ds. 11
(w) 2mi Re(s)=c (S)w ’ 2mi Re(s):cp i i D(S>w ° ( )

Notice that this integral converges for any complex value of w with Im(w) — 400 because

from Lemma 3 it follows that T}S)I is bounded by a constant and F(s)p_%(s_%)2 decays
faster than any polynomial. Furthermore the value of E(w) does not depend on the value of

quantity ¢ thanks to Cauchy’s theorem.

» Lemma 5. The function E(w) has function E*(s) as its Mellin transform with its funda-
mental strip being {s : Re(s) € (—1,0)}.

Proof. We have

wl—¢ +o0
|E(w)| < % / |E*(c + it)| exp(arg(w)t) dt.

— 00

Now, it is easy to spot that E(c+ it) = O (exp (7%)) since In(p) < —1, thus the integral

ff;: |E*(c + it)] exp(arg(w)t) dt absolutely converges and it follows that E(w) = O(w™¢).
Since it is true for any values of ¢ € (—1,0) when w — 0 and w — oo, then the Mellin
transforms of function E(w) exists with the fundamental strip {s: Re(s) € (—1,0)}.
Furthermore, its Mellin transform is E*(s) because (11) is exactly the inverse Mellin
transform formula. <

» Lemma 6. There exists a value K independent of w such that
R(w) = —Res[E*(s — 1)p(s — Dw™*,s = 0] = —K.
Proof. The expression

Rlw) = B (%) = 20B(w) - pw - DE'w)

can be also expressed via an integral as

1

R(w) = —/ E*(s) (pPw™® — 2pw™° + spw™® — spw* ') ds
2mi Re(s)=c

which can be rewritten as follows

1
_ = E* s _9 =54
R(w) = o ooy (s)(p* —2p+ps)w *ds
1
- — E*(s—1)p(s — DHw™*ds
2mi Re(s)=c+1

1
=55 ((p°+ps—2p)E*(s) —p(s—1)E*(s—1))w™*ds
T JRe(s)=c

— Res[p(s —1)E*(s — 1),s = 0]

since

/ p(s—1E*(s — Nw °ds — / p(s—1)E*(s — Nw *ds
Re(s)=c+1 Re(s)=c

define a contour path which encircles a simple pole at s = 0 in the counter-clockwise (i.e.,
positive) direction.
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Furthermore from Lemma 3 it follows that
(p® +ps—2p)E*(s) —p(s — 1)E*(s — 1) =0,

therefore the integral vanishes and finally R(w) = —Res[p(s — 1)E*(s — 1),s = 0] = —K for
some constant K independent of w. |

» Lemma 7. It holds that

_ pTE(1—2p) _pF
K= Do) E(x) = D)’
Furthermore,
E(c0) —E(1) = _ L E*(s)ds, force(0,1). (12)

2m Re(s)=c

Proof. From Lemma 6 we have

ool

K = Res[p(s — 1)E*(s — 1),5 = 0] = %.
Moreover, from the definition D(0) = (1 — 2p)D(—1), which establishes the first identity.
To find an expression for E(co) is a little more delicate. Indeed from (11) we find

1
+ —/ E*(s)w™*ds
2mi Re(s)=c’

by assuming the contour path is moved right to origin for some ¢’ € (0,1). It turns out that
0 is the simple pole encountered in the move, as D(s) # 0 for all other s with Re(s) € (0, 1).

Furthermore, the integral on Re(s) = ¢ is in O(w™¢") as w — oo, which allows to conclude
that F(w) = — Res[E*(s)w ™%, s = 0] + O(w~¢") with ¢/ € (0,1), thus

E(w) = —Res[E*(s)w™*,s = 0]

1

E(c0) = lim B(w) = — lim Res[E*(s)w™",s = 0] = ~ Res[E*(s),s = 0] = 7%_
Finally,

B(00) — B(1) = — Res[E(s), s = 0] — —— B (s)ds = ——— E*(s)ds

B T 2mi Re(s)=c B 2mi Re(s)=c’

for, respectively, ¢ € (—1,0) and ¢ € (0,1) since

L E*(s)ds — = E*(s)ds = Res[E(s),s = 0]

2mi Re(s)=c’ 2mi Re(s)=c ’ .
This completes the proof. |

Note that D(0) > 0 since every element in the product is positive for 0 < p < é Therefore
K >0 and E(o0) < 0.
Finally we proceed with the proof of the main theorem.

Proof of Theorem 2. Recall the observation that E*(s) has poles for s € {1,2,...} U {s* +
1,8 4+2,...3 U{0,-1,-2,...}, for s* — the non-zero solution of p* + s — 1 = 0. Note that if
0<p<2i thens*>0.

16:9
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D
¢
@

—®

Figure 3 Example integration area for E*(s) and E(w) with s* = 0.7 and M = 2.5.

Therefore, for any ¢ € (—1,0) and a rectangle as presented in Figure 3, we are in position

to write
) = oy 0 7 gy, 05 Bes) B0
= *m (B(1) + Res[E*(s),s = 0] + Res[E* (s)w™*,s = 1])
- m (Res[E*(s)w™", s = 2] + Res[E*(s)w ™", s = 5" + 1])
" m = /Re@zM B (s)w ds (13)

for any number M € (2,2 + s*).
The quantity

1

— E*(s)w™*ds = O(w™™
277 Jreterens (s) ( )

since w—* = w~Mw~ ™) and the integral in E*(s)wilm(s) absolutely converge. Again this
holds by a similar argument that was used in Lemma 3: p_%(s_%)z decays exponentially
['(s)
D(s

faster than )wlm(s) for complex s.

By virtue of the residue theorem

= _m (E(1) + Res[E*(s), 5 = 0] + Res[E*(s), s = 1w ™)
— m (Res[E*(s), s = 2w™2 + Res[E*(s), s = s* + 1]w‘1‘3*)
o (14)

This formula gives us an asymptotic expansion of C(w) up to order w=" where M € (2,2+s*).

In fact, for more precise computations it is possible an expansion to any desired value M,
just by including all the residues of the poles in k (k € N) and k + s* (k € N;) which are
smaller than M as for 0 < p < é all poles are simple.
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Next, there are computed the first residues, e.g.,

* —s _lig_1 2 w—s %
Res[E*(s)w ™", s = 0] = [p 3-3) D(S)] 2 B,
s=0

P39 D(s) w?
Res[E* Sw_s,szl =
[E*(s) ) L?” —(s=2)p'ln(p) Ds =) | |
_1 -1
B p~8 w
~ 1+1n(p) D(0)’
_1(3_1)21_‘ —s
) B i} p~ 215720 T(s) w
Res|E*(s)w™ "%, s =s" + 1| =
[5°(s) ] [ws—@—mwsm@D@—ULﬂw1
p BT () w !

p—%(s*-i-%)zr(s*) w—s 1
- p"+In(p) D(s)

Observe that in the formulas above both 1 and s*+1 are not the zeros of p' = —(s—2)p'~* In(p),
so all the presented expressions have finite value.

Now it is the moment to use the classic Flajolet-Odlyzko transfer theorem [6] to (9) and
(14) and obtain

1 p—% 1—=2
Alz) =1~ E(c0) — E(1) 1+ In(p) D(0)
. ) pf%(S“F%)F(S*) (1 _ Z)1+S*
E(co)—E(1) p~* +I(p)  D(s7)
I S es[E(s), s = - 2)°
Biae) — B RelE () s =21 - 2)
_; es|E*(s),s = s* =) Pt o(1 - ).
Bloo) —B(@) Do (@5 = 8"+ 212" 4 o(1 - 2)*)

Finally, (1 — 2)® for @ € N is a polynomial and does not contribute to the asymptotics.

And for & € Ry \ N [6] it holds that
P T PP (2
- T(~a) k))’
[2*o(1 — 2)® = o(k™*71).
This leads to the final result, which holds for large k:

ap = [zk]A(z)

o PTG 1, 1
= " E(oo) B (> + ()T (—s 1) D(s7) " G*O(Q>'

Note that since s* is the non-trivial real solution of p® + s — 1 = 0, equivalently the
exponent may be written as S(p) = s* + 2 — the the non-trivial (i.e., other than 2) real
solution of the equation p?~2 4+ 8 —3 = 0.

Putting all the results together we obtain (5) of Theorem 2. Now it is sufficient to confirm

that if 0 < p < é, then the tail exponent 3(p) > 2, which means that A’(1) is indeed finite.

This proves Theorem 2. |

16:11
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4 Discussion

We proved rigorously the power-law behavior for asymptotic degree distribution of the
connected component of the duplication graph 0 < p < % There remains therefore an open
question whether the similar results may be obtained for p > %

On the one hand, recall the non-rigorous claim in [8] that for % <p< % the index of the
power law is equal to 2. Interestingly, § = 2 is the largest solution of p?~2 + 3 — 3 = 0 for
p>1

On the other hand, Jordan [9, Proposition 3.7] has shown that the dual Markov chain
with respect to the eigenvalue A = 1 — 2p is transient for all p > % — which suggests that the
eventual proof should rely on other value of A\. This problem is left for future research.
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A Proof of Lemma 3

We now proceed to the proof of Lemma 3. First, let us introduce f(s) = p® + ps — 2p, so that

=T s i,
=0

Observe that f(s) has only two roots, given by Lambert function W, which is the inverse
of function ze®: W~1(z) = ze®. There are only two roots for real numbers which corresponds
to two branches Wy and W_1 of the function W. Therefore, any chosen ¢ < 0 is smaller than
the roots of f(s) and the distance between ¢ and any root is at least 1.

» Lemma 8. For all0 < e <1 and ¢ < 0 it holds that minge(s)—. | f(s)| > O(p1==)=D) > 0.

Proof. We have f'(s) = p®In(p) + p and f”(s) = p* In*(p).
Let us consider a complex disk of radius R = p~¢(°"1) (R < 1) centered on s. For
6 € (0,2m) by virtue of Taylor-Young theorem we have:

R
Fls+ RE%) = f(5)+ £ R+ [ [ (s pe ).
0
Now observe that

R R
/ f”(S + pei6)62i6pdp — ps 1112 (p)em'e / pp exp(i0) pdp
0 0

¥ (eReXp(w)ln(p) [Rexp(if) In(p) — 1] + 1)‘
=0 (|psR262i9|) =0 (pcRZ) ,

where the last line follows from the fact that asymptotically e*(z — 1) + 1 = O(2?) for z — 0.

When 6 varies the quantity f’(s)e?’ R describes a circle of radius |f/(s)|R = (—p°In(p) +
O(p))R around f(s). The error term bound implies that each point of f(s + Re'’) is at
distance O(p°R?) of this circle. Thus the image by f of the disk with center s and radius R
contains the disk of center f(s) and radius

R|f'(s)] = O(R?p°) = —p~="Vp°In(p) — O(p' ~="V) — O (p*%(c*l)pc)
_ p(l—s)(c—l) (—pln(p) _ O(pl—c) _ O(p—s(c—l))> — @(p(l—s)(c—l)).

The point s = 0 cannot be in this disk, otherwise the function f(s) would have other
roots than the expected ones, thus necessarily |f(s)| > ©(p(1==)(¢=1), <

Let now g(s) = p~*f(s) so that

=gt =)
1=0

» Lemma 9. Fort real and ¢ < 0, the following inequality holds
lg(c+it)] 2 [1 =p' 72— ¢) = p' °Jt]l.
Proof. We have
lg(c+it)| = [p~flc+it)| = [p" +p'~*(c —2) + p' ~“it]
> [[p"] = [p" (e — 2)| — [p" ]

But now observe that |p| = 1, which completes the proof. <

16:13

AofA 2020



16:14

Power-Law Degree Distribution in the Connected Component of a Duplication Graph

» Lemma 10. For ¢ € (—1,0) and for all real number t outside any neighborhood of 0, for
all e > 0 it is true that ﬁ = O(exp (—(log> [t|/2 + O(log |¢])).

Proof. From Lemmas 8 and 9, it follows that:

|D(c+it)| > H maX{Bp_E(l_C), ’1 —(t|+2+k—- c)pk+1_c|}
k>0

For a given real number ¢, we denote k(t) the largest integer k such that (|¢t|+2+k—c)pFti—c >
1, and we split the product at k = k(¢):

|D(c+it)| > H (([t| +2+k —c)pFtt—c—1)

k<k(t)
B TT (= (24 k=0 p* )
k>k(t)
> pk*k‘(t) 1— (k(t) — k)pk(t)Jrlfc 1
L0 )
B'|t|¢ 1— p"=*® (1 - (k(t) — k) pr®—e
L= )

Now

11 (1 _ phmk® (1 — (k(t) — k) p")- )) > T[ -

k>k(t) k>0
Furthermore [], ;. ph=k®) > pkOEH-1)/2  thys
H (p k(t) ( (k(t) - k) pk(t)+lfc _ 1)) >p k(t)(k(t)—1)/2 H 1 -
k<k(t) k>0

Finally, p~*® = |t|p~¢ and therefore

. k() (k(t)—=1)/2 12/ 4| —¢ kN2 pr It| =
ID(c+it)] > p B [10 -1 = B o

We conclude, since k(t) = ¢ — log, [t|. <

Notice that D(c + it) tends to infinity when |t| — co. To conclude the proof of Lemma 3
it is sufficient to observe that the function 1/D(s) for s is any compact set containing a
neighborhood of Re(s) and away from the roots of f(s) is naturally bounded by dominated
convergence of the product.
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—— Abstract

We study here the so called subsequence pattern matching also known as hidden pattern matching in

which one searches for a given pattern w of length m as a subsequence in a random text of length
n. The quantity of interest is the number of occurrences of w as a subsequence (i.e., occurring in
not necessarily consecutive text locations). This problem finds many applications from intrusion
detection, to trace reconstruction, to deletion channel, and to DNA-based storage systems. In all of
these applications, the pattern w is of variable length. To the best of our knowledge this problem
was only tackled for a fixed length m = O(1) [6]. In our main result Theorem 5 we prove that
for m = o(nl/ 3) the number of subsequence occurrences is normally distributed. In addition, in
Theorem 6 we show that under some constraints on the structure of w the asymptotic normality
can be extended to m = o(y/n). For a special pattern w consisting of the same symbol, we indicate
that for m = o(n) the distribution of number of subsequences is either asymptotically normal or
asymptotically log normal. We conjecture that this dichotomy is true for all patterns. We use
Hoeffding’s projection method for U-statistics to prove our findings.

2012 ACM Subject Classification Mathematics of computing — Probability and statistics

Keywords and phrases Hidden pattern matching, subsequences, probability, U-statistics, projection
method

Digital Object Identifier 10.4230/LIPIcs.AofA.2020.17

Funding Svante Janson: Supported by the Knut and Alice Wallenberg Foundation.
Wojciech Szpankowski: This work was supported by NSF Center for Science of Information (CSol)
Grant CCF-0939370, and in addition by NSF Grant CCF-1524312.

1 Introduction and Motivation

One of the most interesting and least studied problem in pattern matching is known as
the subsequence string matching or the hidden pattern matching [11]. In this case, we
search for a pattern w = wiws - w,, of length m in the text =Z" = & ...&, of length n
as subsequence, that is, we are looking for indices 1 < 47 < i3 < -+ < i, < n such that
&, = w1, &, = ws, ..., &, = Wy We say that w is hidden in the text =". We do not put
any constraints on the gaps 4,41 — ¢;, so in language of [6] this is known as the unconstrained
hidden pattern matching. The most interesting quantity of such a problem is the number of
subsequence occurrences in the text generated by a random source. In this paper, we study
the limiting distribution of this quantity when m, the length of the pattern, grows with n.

Hereafter, we assume that a memoryless source generates the text =, that is, all symbols
are generated independently with probability p, for symbol a € A, where the alphabet A
is assumed to be finite. We denote by p,, =[] ; Pu; the probability of the pattern w. Our
goal is to understand the probabilistic behavior, in particular, the limiting distribution of
the number of subsequence occurrences that we denote by Z := Z=(w). It is known that
the behavior of Z depends on the order of magnitude of the pattern length m. For example,
? Svante Janson and. Wojciech Szpar.lkowski;
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for the ezact pattern matching (i.e., the pattern w must occur as a string in consecutive
positions of the text), the limiting distribution is normal for m = O(1) (more precisely, when
NP, — 00, hence up to m = O(logn)), but it becomes a Pélya—Aeppli distribution when
np, — A > 0 for some constant A, and finally (conditioned on being non-zero) it turns
into a geometric distribution when np,, — 0 [11] (see also [1]). We might expect a similar
behaviour for the subsequence pattern matching. In [6] it was proved by analytic combinatoric
methods that the number of subsequence occurrences, Zz(w), is asymptotically normal when
m = O(1), and not much is known beyond this regime. (See also [2]. Asymptotic normality
for fixed m follows also by general results for U-statistics [9].) However, in many applications
— as discussed below — we need to consider patterns w whose lengths grow with n. In this
paper, we prove two main results. In Theorem 5 we establish that for m = o(nl/ 3) the
number of subsequence occurrences is normally distributed. Furthermore, in Theorem 6 we
show that under some constraints on the structure of w, the asymptotic normality can be
extended to m = o(y/n). Moreover, for the special pattern w = a™ consisting of the same
symbol repeated, we show in Theorem 4 that for m = o(y/n), the distribution of number
of occurrences is asymptotically normal, while for larger m (up to cn for some ¢ > 0) it
is asymptotically log-normal. We conjecture that this dichotomy is true for a large class
of patterns.

Regarding methodology, unlike [6] we use here probabilistic tools. We first observe that Z
can be represented as a U-statistic (see (2)). This suggests to apply the [9] projection method
to prove asymptotic normality of Z for some large patterns. Indeed, we first decompose
Z into a sum of orthogonal random variables with variances of decreasing order in n (for
m not too large), and show that the variable of the largest variance converges to a normal
distribution, proving our main results Theorems 5 and 6.

The hidden pattern matching problem, especially for large patterns, finds many applica-
tions from intrusion detection, to trace reconstruction, to deletion channel, to DNA-based
storage systems [8, 5, 3, 11, 16]. Here we discuss below in some detail two of them, namely
the deletion channel and the trace reconstruction problem.

A deletion channel [5, 3, 4, 13, 16, 17] with parameter d takes a binary sequence Z" =
& -+ &, where & € A as input and deletes each symbol in the sequence independently with
probability d. The output of such a channel is then a subsequence ( = ((x) = &;,...&;,, of
=, where M follows the binomial distribution Binom(n, (1 — d)), and the indices i1, ..., i
correspond to the bits that are not deleted. Despite significant effort [3, 13, 14, 16, 17] the
mutual information between the input and output of the deletion channel and its capacity are
still unknown. We hope to provide a more detailed characterization of the mutual information
for memoryless sources using results of this and forthcoming papers. Indeed, it turns out
that the mutual information I(Z";((E")) can be exactly formulated as the problem of the
subsequence pattern matching. In [5] it was proved that

I(E"¢(EM) =) d" 11 - &) |(E[Zzn (w)log Zzn(w)] —E[Zzn (w)] log E[Zzn (w)]), (1)

where the sum is over all binary sequences of length smaller than n and Zzn»(w) is the

number of subsequence occurrences of w in the text Z".

As one can see, to find precise
asymptotics of the mutual information we need to understand the probabilistic behavior of
Z for m < n and typical w, which is our long term goal. The trace reconstruction problem
[10, 15, 18] is related to the deletion channel problem since we are asking how many copies
of the output deletion channel we need to see until we can reconstruct the input sequence

with high probability.
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2 Main Results

In this section we formulate precisely our problem and present our main results. Proofs are
delayed till the next section.

2.1 Problem formulation and notation

We consider a random string 2" = &£ ...&, of length n. We assume that &1,&s, ... are i.i.d.
random letters from a finite alphabet A; each letter &; has the distribution P(§; = a) = p,
where a € A, for some given vector p = (pg)ac.a; We assume p, > 0, a € A.

Let w = wy - - - w,, be a fixed string of length m over the same alphabet A. We assume
n > m. Let p, := H;nzl Puw;, Which is the probability that &; - -+ &, equals w.

Let Z = Z,, (&1 - - - &) be the number of occurrences of w as a subsequence of &; - - - &,.
For a set S (in our case [n] or [m]) and k > 0, let (‘,j) be the collection of sets a C S with
la| = k. Thus, |[(§)| = (§). For k =0, (§) contains just the empty set 0. For k = 1, we
identify (§) and S in the obvious way. We write v € (") as {a, ..., a4}, where we assume
that ay < -+ < ag. Then

m

7 = Z I,, where I, = H o, =wit, a1 <...<amp. (2)

ae(l) j=1

m

» Remark 1. In the limit theorems, we are studying the asymptotic distribution of Z. We
then assume that n — oo and (usually) m — oo; we thus implicitly consider a sequence of
words w(™ of lengths m,, = |w(™|. But for simplicity we do not show this in the notation.

We have E I, = p,, for every a. Hence,

n

EZ = Z El, = <m)pw~ (3)
O‘e([:;i])

Further, let Y, := p,'l,, so EY, = 1, and

7" ::p;lZ: Z Y., (4)
a€([:'l])

so EZ* = (:fl) and

Z*—EZ* =py'Z - <"> = 3 (Ya-1). (5)

m
aE([::l])

We also write [|Y], :== (E|Y|?) P for the LP norm of a random variable Y, while ||x||
is the usual Euclidean norm of a vector x in some R™. C denotes constants that may be
different at different occurrences; they may depend on the alphabet A and (pg)eca, but
not on n, m or w. Finally, 4 and -2 mean convergence in distribution and probability,
respectively.

We are now ready to present our main results regarding the limiting distribution of Z,
the number of subsequence w = ag,...a,, occurrences when m — oco. We start with a simple
example, namely, w = a™ = a---a for some a € A, and show that depending on whether
m = o(y/n) or not the number of subsequences will follow asymptotically either the normal
distribution or the log-normal distribution.

Before we present our results we consider asymptotically normal and log-normal distribu-
tions in general, and discuss their relation.

17:3
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2.2 Asymptotic normality and log-normality

If X,, is a sequence of random variables and a,, and b,, are sequences of real numbers, with
by, > 0, then X,, ~ AsN(ay,b,) means that

Xn_an
Vb

We say that X, is asymptotically normal if X, ~ AsN(ay,b,) for some a, and b,, and
asymptotically log-normal if In X,, ~ AsN(ay,,by,) for some a,, and b,, (this assumes X,, > 0).
Note that these notions are equivalent when the asymptotic variance b,, is small, as made

-4 N(0,1). (6)

precise by the following lemma.

» Lemma 2. If b, — 0, and a,, are arbitrary, then
In X,, ~ AsN(a,, b,) <= X, ~ AsN(e"", b,e?*"). (7)

Proof. By replacing X,, by X, /e®", we may assume that a,, = 0. If In X,, ~ AsN(0,b,)
with b, — 0, then In X,, == 0, and thus X,, - 1. Tt follows that In X,,/(X,, — 1) 2> 1
(with 0/0 := 1), and thus

X,—1 X,—1lnX, 4
b}/Q T n X, b}/g — N(Oa 1)7 (8)
and thus X,, ~ AsN(1,b,). The converse is proved by the same argument. <

» Remark 3. Lemma 2 is best possible. Suppose that In X,, ~ AsN(ay,b,). If b, — b > 0,
then In(X,/e*) =In X, —a, 4, N(0,b), and thus
Xpfetm S e, ¢~ N(0,0). 9)

In this case (and only in this case), X,, thus converges in distribution, after scaling, to a
log-normal distribution. If b,, — oo, then no linear scaling of X,, can converge in distribution
to a non-degenerate limit, as is easily seen.

2.3 A simple example

We consider first a simple example where the asymptotic distribution can be found easily by
explicit calculations. Fix a € A and let w = a™ = a-- - a, a string with m identical letters.
Then, if N = N, is the number of occurrences of a in &; - - - §,, then

2= (%), a0

We will show that Z is asymptotically normal if m is small, and log-normal for larger m.

» Theorem 4. Suppose that m < np,, with np, — m > n'/2.
(i) Then

InZ ~ AsN(ln (”ﬁa), n‘ln(l - nT;) ‘2pa(1 - pa)). (11)

(it) In particular, if m = o(n), then

InZ ~ AsN (I ("p“), (va' - 1)"%2). (12)

m
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(iii) If m = o(n'/?), then this implies

2

] 1M
ZJEZ ~ AbN(l, (' = 1) ) (13)
and thus
2
4 m 5
Z ~ AsN(EZ, (' = 1) " (E2) ) (14)

Proof. (i) We have N, ~ Bin(n,p,). Define Y := N, — np,. Then, by the Central Limit
Theorem,

Y ~ AsN(0,npa(1 — pa)). (15)
By (10), we have
InZ —1n (npa> =In (npa + Y) —In (npa>
m m m
=InT(np, +Y +1) —InT(np, + Y —m+ 1) — lnm!
— (InT(npy + 1) —InT(np, — m + 1) — Inm!)

Y 0
= / / (InT)"(nps + = +y + 1) dz dy. (16)
y x

=0 =—m

We fix a sequence w,, — 00 such that np, —m > w, > n'/?; this is possible by the assumption.

Note that (15) implies that Y/w, —= 0, and thus P(|Y| < w,) — 1. We may thus in the
sequel assume |Y| < w,. We assume also that n is so large that np, —m > 2w, > 0.

Stirling’s formula implies, by taking the logarithm and differentiating twice (in the
complex half-plane Rez > £, say)

X

(InT)"(z) = i +0(%) ! (1 +0(%)), x> 1. (17)

Consequently, (16) yields, noting the assumptions just made imply |Y| < w,, < %(npa —m),

Y 0
Y 1 1
nZ—1In ("p > :/ / —(1+O(7))dxdy
m y=0 Ja=—m "WPa tr+y+1 NpPqg — M
Y 0
:/ / ! (l—i-O(win))dxdy
y=0 Jo=—m MPa + Npg — M

0
_ (1 n O(F:ﬁ m>)Y/m:_m npa1+ —da

— NPq
= (140(1))YIn p— (18)
Consequently, using also (15), we obtain
InZ —1In (":;“) B Y 4
n1/2|ln(1 _ 7$U,)| - (1 + Op(l))m — N(O,pa(l _pa))7 (19)

which is equivalent to (11).
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(i) If m = o(n), then |In(1 — 22 )| ~ 2 and (12) follows.

NPa npa’

(iii) If m = o(n'/?), then (ii) applies, so (12) holds; hence Lemma 2 implies

2

Z/ (npa> N AsN(l, (pa ' — 1)m—) (20)

m n
Furthermore,
m,0(m?/n) m
ny ,, n'e m no
EZ = ( )pa =7 Pa ~ _FPa (21)
m m! m!
and, similarly, ("P%) ~ % Hence, EZ ~ ("P*) and (13) follows from (20); (14) is an
immediate consequence. <

2.4 General results

We now present our main results. However, first we discuss the road map of our approach.
First, we observe that the representation (2) shows that Z can be viewed as a U-statistic.
For convenience, we consider Z* in (4), which differs from Z by a constant factor only,
and show in (41) that Z* — EZ* can be decomposed into a sum Y, V; of orthogonal
random variables V; such that, when m is not too large, Vaur(ZZ;2 W) = o(Var V7). Next,
in Lemma 11 we prove that V; appropriately normalized converges to the standard normal
distribution. This will allow us to conclude the asymptotic normality of Z.

In this paper, we only consider the region m = 0(n1/2). First, for m = 0(n1/3) we claim
that the number of subsequence occurrences always is asymptotically normal.

» Theorem 5. If m = o(nl/g), then
n 2 2
7 ~ AsN(( >pw,01pw)7 (22)
m
where
o= >
i=1 acA

Furthermore, E Z = ( )pw and Var Z ~ p2o?.

n
m

2

> ()G0)) 6o -

J: wij=a

In the second main result, we restrict the patterns w to such that are not typical for the
random text; however, we will allow m = o(n!/2).

» Theorem 6. Let q = (qa)aca be the proportions of the letters in w, i.e., q, =

% Z;”:l 1{w; = a}. Suppose that liminf,_ . ||q — p|| > 0. If further m = o(nl/Q), then the

asymptotic normality (22) holds.

3 Analysis and Proofs
In this section we will prove our main results. We start with some preliminaries.
3.1 Preliminaries and more notation
Let, for a € A,

pal@) == p; Lz =a} — 1. (24)
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Thus, letting £ be any random variable with the distribution of &;,

E (&) =0, ac A (25)
Let p, := min, p, and

B:=p; ' —1. (26)

» Lemma 7. Let ¢, and B be as above.
(i) For every a € A,

E[pa(§)?] =pa' ~1<B. (27)
(ii) For some c1 > 0 and every a € A,
lea(@)llz = (pa* = 1) 2 1. (28)

(iii) For any vector r = (rg)aca with Y, rq =1,

|32 repat®), 2 e —pll = (3 e —pal?) " (29)

acA acA

Proof. The definition (24) yields

E[pa(£)?] = p,” Var[1{¢ = a}]| = p,*pa(1 —pa) = p, ' — 1. (30)

Hence, (27) and (28) follow, with B given by (26).
Finally, for every « € A, by (24) again,

Z Ta@a(z) = Txp;1 - Z Ta = T'x/px -1 (31)
acA acA
and thus
E(Z 7’aﬁaa ) Z pa 7ﬂa/pa - 1 Z Pa Ta a (32)
acA acA acA
and (29) follows. <

3.2 A decomposition

The representation (2) shows that Z is a special case of a U-statistic. For fixed m, the
general theory of [9] applies and yields asymptotic normality. (Cf. [12, Section 4] for a related
problem.) For m — oo (our main interest), we can still use the orthogonal decomposition of
[9], which in our case takes the following form.

By the definitions in Section 2.1 and (24),

m

= [[(put1{&a, = w;}) = H (Pu; (€ay) +1). (33)

By multiplying out this product, we obtain

- Z Hsﬁwj(éaj). (34)

yC[m] i€y
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Hence,
el
Z" = Z Yo = Z Z H Pw, (50‘_7’) = Z Z H Pw,, (fa%)~ (35>
ac (1) ae(1) 7Clml i€ ae (1) 7Clm] k=1
We rearrange this sum. First, let £ := || € [m], and consider all terms with a given ¢. For
each a and v, with |y| = ¢, let
]
ayi={0y,, ..., } € (6 . (36)

For given v € ([7]) and 8 € ([Z]), the number of a € ([:1]) such that o, = (3 equals the
number of ways to choose, for each k € [£ + 1], 75 — k-1 — 1 elements of « in a gap of length
Bk — Pr—1 — 1, where we define Sy = v9 = 0 and By11 = n+ 1, y¢41 = m + 1; this number is

£+1
=TT (207, (37)
k=1

Ve — Ye—1— 1

Consequently, combining the terms in (35) with the same .,

S D D IRIORD ) LA (33)
k=1

=0ve(T) se()

We define, for 0 </ <m and 3 € ([”])

4
Vigi= > B ]] ew, (€s) (39)

~ve () k=1
and
> Vig (40)
se('y)

Thus (38) yields the decomposition

m

AR (41)
For ¢ =0, ([”]) contains only the empty set ), and

Vo = Vo = <:1> ~EZ*. (42)

Furthermore, note that two summands in (38) with different 8 are orthogonal, as a con-
sequence of (25) and independence of different &;. Consequently, the variables V4 5 (¢ € [m],
B e ([Z‘])) are orthogonal, and hence the variables V; (¢ = 0,...,m) are orthogonal.

Let

of =Var(Vy) =EVZ = Y EVZ, 1<(<m (43)
se(")
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Note also that by the combinatorial definition of ¢(3,7) given before (37), we see that
n
pe('y)
since this is just the number of a € ([:1]), and

3 o= (n70). (45)

since this sum is the total number of ways to choose m — £ elements of the n — ¢ elements of
« in the gaps.

3.3 The projection method

We use the projection method used by [9] to prove asymptotic normality for U-statistics.

Translated to the present setting, the idea of the projection method is to approximate
Z* —EZ* = Z* — Vy by Vi, thus ignoring all terms with £ > 2 in the sum in (41). In order
to do this, we estimate variances.

First, by (27) and the independence of the &;,

‘ ¢
o\ 1/2
[T 2w, 0], = (TT Elwn, (€00l) < B2, (46)
k=1 k=1
By Minkowski’s inequality, (39), (46) and (45),
n—~{
Wislla < 3 clpnp =5 (")) (47)
()
or, equivalently,
evz, < (") (48)
6Lp = m—4£)
This leads to the following estimates.
» Lemma 8. For1 </<m,
n\ (n—0\°

Proof. The definition of V; in (40) and (48) yield, since the summands V; g are orthogonal,
n n—0\>
of =EVZP= ) Ew?ﬁ<<€)B‘<m_€> , (50)
pe()
as needed. <

Note that, for 1 < £ < m,

2

~2 n n—~—0—1 9
41 _ (£+1) (1) =L m— L\ m
52 P g T €—|—1(n—€) *Bm' (51)
‘ (2) Gnz)
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» Lemma 9. If m < B~Y2n1/2 then

—1\?
Var(Z* — Vi) < B*m? (7’; - 1) . (52)

Proof. By (51) and the assumption, for 1 < ¢ < m,

~9
Ogp1 1 1
e 53
0’% T4+ 1 72 (53)
and thus, summing a geometric series,
Var(2* V1) =Y Var(Vy) <) 67 < 2*7'53 < 253
£=2 £=2 £=2
n—2\2 n—1\°
= B%n(n—1 < B*m? . 54
- (n75) w7 (54)
<

3.4 The first term V;

For ¢ = 1, we identify ([Z]) and [n], and we write V1 ; := Vj g;3. Note that, by (37),

c(i.j) = e({i}. (1)) = (j B D (” _i)- (55)

m—j

Thus (40) and (39) become

Vi=) Vi (56)
i=1
with, using (55),
m o m Z _ 1 n— Z
Vi = Yocliom (6= 3 (2 (h2)emte 57)

Note that Vj; is a function of ;, and thus the random variables V; ; are independent.
Furthermore, (25) implies EV; ; = 0. Let 77 := Var Vi ; = EV?,. Then, see (43),

of =VarV; = ZVar Vii= ZT? (58)
i=1 i=1

Observe that it follows from (57) and (24) that

2

g (£ (06) G

acA Jj: wi=a

Taking ¢ = 1 in (48) yields the upper bound

~1\?
2 =RV < B(:z— 1) . ien (60)
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Summing over %, or using (49), we obtain
n—1\°
o =RV <57 = Bn( ) . (61)
m
We notice that the upper bound is achievable. Indeed, for w = a---a, by (59) and (58),

] (At I BT G (62)

We show also a general lower bound.

» Lemma 10. There exists c,c’ > 0 such that

2

C o ,nfn—1
e — ) 63
1= 0T Cm(ml) (63)

Proof. We consider the first term in the sum in (57) separately, and write

Vii = c(i, D), (&) + V14, (64)
where
Vlz':ZCZ 7) Pw; (&i)- (65)
Jj=2

We have, by (55), ¢(i,1) = (1~ 1) Consequently, for any i € [n],

ei)) _ (nZi) ;"_:3<n—z'—k>m‘2(1i1)
c(LD) (27 IIin—1—k) n—1-k
= i1 m(i — 1)
Zl_znfl—kzl_n7m+1' (56)

k=0

Let 6 < 1/4 be a fixed small positive number, chosen later. Assume that ¢ <1+ dn/m.

In particular, either ¢ = 1 or m < m(i — 1) < on < n/2, and thus (66) implies

By (45), (67) implies

m

3 (i, j) = (:1_11> — (i, 1) = e(1,1) — e(i, 1) < 26¢(1,1). (68)

j=2
Hence, by (65), Minkowski’s inequality and (27), cf. (47),

m

IVill, < D7 clillow, G, < D eli, f)BY? < 26B2¢(1,1). (69)
j=2 j=2

Furthermore, (28) and (67) yield

l|e(i, Dw, (&)||, = c(i, Der > 1 (1 —26)e(1,1) > Fere(1, 1). (70)
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Finally, (64) and the triangle inequality yield, using (70) and (69),
Vaslly = [leti Dpwn ()], = IViill, = (Ger = 20BY%)e(1, 1).

We now choose ¢ := ¢;/(8B'/?), and find that for some ¢y > 0,
2= |[Vills > eoc(1,1)?, i <1+ dn/m.

Consequently, by (58),

n 5 ~1 2
o? = ZTZ-Q > £020(171)2 = 03;;<n ) .

m—1
i=1

This proves (63), with ¢ := ¢3 and ¢ = ¢//B.

The next lemma is proved in the Appendix in which we verify Lyapunov’s condition to

prove asymptotic normality of V;.

» Lemma 11. Suppose that m = o(n). Then Vi is asymptotically normal:

Vi/or -5 N(0,1).

3.5 Proofs of Theorem 5 and 6

(74)

We next prove a general theorem showing asymptotic normality under some conditions.

» Theorem 12. Suppose that n — oo and that

m? (;:11)2 — o(0?).

Then
Var Z = p2, Var Z* ~ p2 0%

and

7 —-KEZ*
= L N(,1),
01

Z—-EZ zZr—-EZ* g

(Var Z)1/2 — (Var Z*)1/2 -
Proof. By Lemma 9 and (75),

N(0,1).

<B m 1
O’% - J% _O( )

Var(Z* — Vl) _ Var(Z* — V1)

g1

Hence, recalling EV; =0,
zZ*—EZ* -V
2 - =4 TV Py,

g1

Combining (74) and (80), we obtain (77).

Furthermore, by (79), and since the terms in (41) are orthogonal,

Var Z* = Var V; + Var(Z* — V1) = o] + o(0}) ~ o7,

(81)

which yields (76), and also shows that we may replace oy by (Var Z*)'/2 in (77), which yields

(78); the equality in (78) is a trivial consequence of (4).

<
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Now we are ready to prove our main results.

Proof of Theorem 5. By Lemma 10,

m?("71) ? m3
— = < C— =o(1). 82
o? T on o(1) (82)
Thus (75) holds, and the result follows by Theorem 12 together with (3) and (4). <

Recall that in Theorem 6, the range of m is improved, assuming that w is not typical for
the random source with probabilities p = (ps)ac.a that we consider.

Proof of Theorem 6. By Theorem 12, with (75) verified by Lemma 13 below. <

» Lemma 13. Let q = (qu)aca be the proportions of the letters in w. Then

m2 (n 2 n—1 2
2> —pl* = —pll% 83
ot =" (") - wlp=n(2 ")) la- vl (53)
Proof. Let
m
=iy §)pu, (@ (84)
Jj=1

Thus (57) is V1, = 1(&), and (58) is, since Ev;(§) =0,
o2 =VarVy = ZIE Vi(&)? Ezwz . (85)
Hence, by the Cauchy—Schwarz inequality,
no? =nEY ()’ > E(i b)) (86)
i=1 i=1

Furthermore, by (84) and (44)

gwi(w) = anzm:c (i, ) puw, (x i ( )wa = (:) > mgaga(). (87)

=1 j=1 j=1 acA

Hence, (29) yields

[ wto], =m() [ weate)], = m (1ol (89
Combining (86) and (88) yields (83). <
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A  Appendix
A.1 Proof of Lemma 11

We show that the central limit theorem applies to the sum V; =3, Vi ; in (56). The terms
Vi, are independent and have means E V; ; = 0. We verify Lyapunov’s condition.

The random variable ¢ is defined on some probability space (2, F, P) and takes values
in the finite set \A. Thus the linear space V of functions 2 — R of the form f(£) has finite
dimension | A|. Moreover, every function in V is bounded. The L? and L? norms || - [|2 and
I - ||s are thus finite on V, and are thus both norms on the finite-dimensional vector space V;
hence there exists a constant C' such that for any function f,

£z < ClFE)ll2- (89)
In particular, since the definition (57) shows that Vi, is a function of §; 2 £,

V1,

ls < C||Villz = Cm, 1<e<n. (90)

Furthermore, by (60) and (63),

) 2 B n—1 2
maX; T; < (mfl) s = CT — 0(1) (91)
R
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Consequently, using (90), (58) and (91),

S BVl Y IViall3 cCXin 7} < A Ti D T
— < S

a o o o
=BT _ o). (92)
o

This shows the Lyapunov condition, and thus a standard form of the central limit theorem,
[7, Theorem 7.2.4 or 7.6.2], yields (74).
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—— Abstract

Let A(n,m) be a graph chosen uniformly at random from the class of all vertex-labelled outerplanar
graphs with n vertices and m edges. We consider A(n,m) in the sparse regime when m =n/2 + s
for s = o(n). We show that with high probability the giant component in A(n,m) emerges at
m=mn/2+0 (n2/3) and determine the typical order of the 2-core. In addition, we prove that if
s=w (nQ/B), with high probability every edge in A(n, m) belongs to at most one cycle.
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1 Introduction

1.1 Motivation

In 1959 Erdés and Rényi [5] introduced the so-called Erdds-Rényi graph G(n,m), a graph
chosen uniformly at random from the class of all vertex-labelled graphs on vertex set {1,...,n}
with m = m(n) edges. Since then, the asymptotic behaviour of G(n,m) was extensively
studied (see e.g. [2, 8, 11]). In particular, it was investigated how the component structure
of G(n,m) changes, when m = m(n) varies and whether there are ranges of m, where this
change is very significant. Such dramatic changes are called phase transitions. For example,
Erdés and Rényi [6] showed that the order (that is, the number of vertices) of the largest
component in G(n, m) changes drastically when m ~ n/2. Later Bollobés [1] and Luczak [14]
looked more closely at the critical range m = n/2 + o(n).

Throughout the paper, we denote the components of a graph G by Hy = H{(G), Hy =
Hy(G),... in such a way that |H;| > |H,|, whenever i < j, where |H;| is the number of
vertices in H;. In addition, we use the asymptotic notation from [9].
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» Theorem 1 ([1, 14]). Let m = n/2+ s, where s = s(n) = o(n) and let G = G(n,m). Then
for every i € N the following holds with high probability".

3

(i) Ifsz — —00, then H; is a tree and |H;| = (1/2 + o(1)) Z—jlog |Z—|2
(i) If fL—Z — c €R, then |H;| = 0, (n?/3).
(iii) If 18732 — 00, then |Hy| = (4 +0(1)) s. Fori > 2, we have |H;| = o (n2/3).

This drastic change of the component structure at m = n/2 + O (n?/3) is called the
emergence of the giant component. These results raised the question whether there are also
phase transitions in other classes of random graphs. Luczak and Pittel [15] considered this
question for F'(n,m), a graph chosen uniformly at random from all vertex-labelled forests
with n vertices and m edges. They showed that, analogous to G(n, m), the giant component
in F(n,m) emerges at m = n/2 + O (n?/3). Kang and Luczak [12] showed that the same is
true for P(n,m), a graph chosen uniformly at random from all vertex-labelled planar graphs
with n vertices and m = m(n) edges. Later Kang, Mohammer, and Spriissel [13] extended
this result even to graphs on orientable surfaces.

Surprisingly, this problem for a random outerplanar graph is still open, although the
class of outerplanar graphs lies “between” the class of forests and the class of planar graphs
and therefore we expect similar behaviours. (A graph is outerplanar if it has an embedding
in the plane in such a way that every vertex lies on the outer face, equivalently, a graph is
outerplanar iff it contains neither K4 nor K» 3 as a minor.) In this paper we solve this open
problem on the emergence of the giant component in a random outerplanar graph.

Kang, Moffhammer, and Spriissel [13] used the core-kernel approach to obtain their
results on the giant component in Sq¢(n,m), a graph chosen uniformly at random from all
vertex-labelled graphs with n vertices, m = m(n) edges and genus at most g (for any constant
g > 0). This method is mainly based on the following decomposition. We call a component
of a graph G complex if it has at least two cycles. We decompose G into the complex part
Q¢, which is the union of all complex components, and into non-complex components. Then
we extract the core Cg, which is the maximal subgraph of Q¢ of minimum degree at least
two. Finally, we consider the kernel K¢, which can be obtained from Cg by the following
operation. Every maximal path P consisting of vertices of degree two is replaced by an
edge between the vertices of degree at least three that are adjacent to the end vertices of P.
Conversely, starting from kernels (as base cases) we can construct cores by subdividing edges
with additional vertices. Similarly, the complex part can be formed by replacing every vertex
in the core by a rooted tree. Finally, we obtain the whole graph G by choosing the complex
part and non-complex components.

However, we cannot apply the core-kernel approach to outerplanar graphs, because this
method is mainly based on the fact that a graph G is embeddable on a surface if and only
if its kernel K¢ is. But an analogous statement for outerplanar graphs is not true, since a
subdivision of an outerplanar graph is not necessarily outerplanar. Therefore, in this paper
we shall start directly from cores (as base cases), not from the kernels. One of key steps
in this direct core approach is to investigate how the number of outerplanar cores (and
complex parts, respectively) changes by addition of a vertex and an edge. Using our core
approach we prove that the giant component in a random outerplanar graph with n vertices
and m = m(n) edges emerges at m = n/2 + O (n?/3).

1 'With probability tending to 1 as n tends to infinity, whp for short.
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1.2 Main results

To state our main results we need to introduce some notations. Given a graph G, we define
the excess of a complex component of G to be the difference between the number of its edges
and the number of its vertices. The excess of G, denoted by ez(G) or £(G), is the sum of the
excesses of all complex components of G. In addition, we denote by nc(G) the number of
vertices in the core Cg. Let A(n,m) denote a graph chosen uniformly at random from all
vertex-labelled outerplanar graphs with n vertices and m = m(n) edges.

» Theorem 2. Let m = n/2 + s, where s = s(n) = o(n) and let G = A(n,m). For every
i € N whp the following holds.
(i) Iffl—z — —o0, then H; is a tree and |H;| = (1/2 + o(1)) TSL—jlog ‘:L—lj
(i) If fL—Z — c €R, then |H;| = 0, (n?/3).

SS

(iii) If 5 — oo, then |Hi| = 2s + O, (n¥®). For i > 2, we have |H;| = ©, (n*/3). In

n2

addition, we have nc(G) = 0 (sn*1/3) and ex(G) = © (sn*2/3).

To prove Theorem 2 we shall use some auxiliary results about cactus graphs, which
form a subfamily of the class of outerplanar graphs and are interesting in their own — a
cactus graph is a graph in which every edge belongs to at most one cycle. A simple, but
important observation is that a graph is a cactus graph if and only if its kernel is a cactus
graph. Therefore, analogously to the case of random graphs on surfaces [13] we can apply
the aforementioned core-kernel approach to obtain results on the component structure of a

random cactus graph, such as the order of the largest component, the core, and the kernel.

In addition, we determine the asymptotic number of cubic (i.e. 3-regular) cactus multigraphs
using singularity analysis of generating functions which arise from the standard decomposition
of graphs into smaller building blocks.

We denote by T'(n,m) a graph chosen uniformly at random from all vertex-labelled cactus
graphs with n vertices and m = m(n) edges. In addition, let K(2n,3n) be the class of all
cubic cactus weighted multigraphs with 2n vertices and 3n edges, and K.(2n,3n) be the
subclass of K(2n,3n) containing all connected graphs. Here every multigraph K is counted
with a weight of w(K) = 2~ (F)=e2(K) "where e, (K) denotes the number of loops in K and
e2(K) the number of double edges (see [10, p.5] for details of the weight of a multigraph).

» Theorem 3.

(i) Let m = n/2 + s, where s = s(n), n*? < s < n and G = T(n,m). Then whp
|H1| =25+ O, (n¥?), nc(G) = © (sn™Y/?), ex(G) = © (sn2/3), and the kernel Kg
is cubic.

(ii) There are constants co,c1,y > 0 such that as n — oo,

K (20, 3n)| = (1 + o(1))eon™/24%" (2n)!,
and IK.(2n,3n)| = (1 + o(1))e1n /242" (2n)!.

Finally, we use Theorem 2 to show that when m = n/2 + s for n?/? < s < n, the two
random graphs A(n, m) and T'(n, m) are “contiguous”, meaning that they are indistinguishable
in view of properties that hold whp. Such a contiguity of two models will turn out to be very
helpful for further investigations of the behaviour of A(n, m), partly because the core-kernel
approach is applicable for T'(n,m).

» Theorem 4. Let m =n/2 + s, where s = s(n) and n?/®> < s < n. Then, whp every edge

in A(n,m) belongs to at most one cycle. In other words, whp A(n,m) is a cactus graph.
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2  Proof strategy of Theorem 2

We start with the cases s®/n? — —oo and s?/n? — ¢ € R. By a well-known fact (see Lemma
12(i),(ii)) we obtain liminf, ,. P [G(n,m) is outerplanar] > 0. Thus, each property that
holds whp in G(n,m) is also true whp in A(n, m) and the Statements (i) and (ii) follow from
Theorem 1. Thus, it suffices to prove (iii), for which we use the direct core approach. To
illustrate this approach, we introduce further notations.

» Definition 5. We denote by
A the class of all outerplanar graphs;
Q the class of all complex outerplanar graphs (i.e. complex parts of graphs in A);
C the class of all complex outerplanar graphs with minimum degree at least two (i.e. cores
of graphs in A);
U the class of all graphs without complex components.
In addition, for any graph class X we denote by X(n,m) the subclass containing those graphs
with n vertices and m edges.

» Definition 6. Let G be a graph with n vertices and m edges. We denote by
ng = ng(G) the number of vertices in the complex part Qa;
ne = no(G) the number of vertices in the core Cg;
¢ =((Q) the excess of G, i.e. the difference between the number of edges and the number
of vertices in the complex part Qca;
ny = ny(G) :==n —ng the number of vertices in G outside the complex part Q¢;
my = my(G) :=m—ng — £ the number of edges in G outside the complex part Q¢ (with
ng vertices and ng + ¢ edges).

We reverse the decomposition in the core approach to obtain relations between the classes
defined above. We observe that each outerplanar graph can be constructed in a unique way
by combining a complex graph and non-complex components. Similarly, a complex graph
can be formed by choosing the core and replacing each vertex of the core by a rooted tree. It
is well known that we have ncnngncfl different possibilities for choosing these trees (see
e.g. [17]). Hence, we obtain

Al =3 (1 )1Q0gng + 01 lng.m)| =X, 7l 0. (1)
Qngung +01= 3, (1) etne.ne + Olneny o = 3 olnc) @
where we define
rngut) = (- )100ng: g + 0 (o o),

p(nc) == (”Q) C(ne,ne + )lneng? "
ne

In the sums of (1) and (2) we did not specify precisely in which sets the summation indices lie.
But it is convenient to consider only terms, which are non-zero. We call the corresponding
indices admissible. The next step is to find in the sums (1) and (2) those terms, which are
significantly larger than the other ones. In order to make that more precise, we use the
following terminology.
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» Definition 7. For eachn € N let In(n), I(n) C N be finite index sets such that In(n) C I(n).
In addition, let o,(i) > 0 for each i € I(n). Then the main contribution to the sum

2ier(n) On (i) is provided by i € Io(n) if 3 e r(n)\ 1o (n) On (i) =0 (Ziel(n) an(i)) forn — co.
In that case, we also say that the terms provided by i € 1(n)\Ip(n) are negligible.

Now the goal is to find sets I,,,, Iy and I, such that the main contributions to (1) and (2)
are provided by ng € I,,,f € I, and n¢ € I,,. Having such sets we immediately get
results about the structure of a random outerplanar graph G = A(n, m). Namely, that whp
nQ(G) € In,,U(G) € Iy, and nc(G) € I,,.. To get strong results, we aim to find sets I, I,
and I, ., which are as small as possible. Afterwards we use this concentration information
and a double counting argument (see Lemma 21) to deduce the component structure of G.
The main challenge is to determine Iy, Iy, and I,,.

In order to illustrate our main idea of the analysis of the sums (1) and (2), we consider
the generic sums ¥,, = Zie](n) 0, (1) from Definition 7. The goal is to find “small” sets Iy(n)
such that the main contribution to X,, is provided by i € Iy(n) or equivalently “large” sets
I (n) such that the terms provided by ¢ € I;(n) are negligible in 3,,. Our method to find
these sets I7(n) is mainly based on the following observation.

» Lemma 8. For each n € N let I1(n),I(n) C N be finite index sets such that I (n) C I(n)
and let 0,(i) > 0 for each i € I(n). In addition, for each n € N let f,, : I (n) — I(n) be a
function. We assume that there are a function € with e(n) = o(1) and a constant M > 0
such that for alln € N,i € I1(n) and j € I(n)

on (1) "
o @) = ®)
and |7 ()] < M. ()

Then the terms provided by i € I1(n) are negligible in 3,1,y on(i).

In most cases when we apply Lemma 8, the functions f, will be of the form f,, (i) = i+g(n)
for some function g : N — Z or of the form f, (i) = || for some constant § > 0. We note
that such functions f, always fulfil (4) for some M > 0. Thus, it remains to find a function
e with e(n) = o(1) such that (3) is satisfied. For simplicity, we demonstrate our method

of doing that only for the case when f, (i) = i + g(n) for some function g with g(n) > 0.

Moreover, we assume that I(n) = {a,,a, + 1,...,b,} for some a,, < b,. We observe that

itg(n)—1

Jn(i) o Un(i) o Un(k)
on(fa(i))  onli+g(n) kl;[z on(k+1)

()

Thus, we aim to find good upper bounds for a'O-Elk:(—]T-)l)'

the form exp(h(n)) for some function h : N — R. Then, if we assume

on(k)
on(k+1)

We commonly state these bounds in

<exp(h(n)), VneNVkel{i...,i+g(n)—1}, (6)

On (7')

we get together with (5), oy S exp (g(n)h(n)). If we find such functions g and h with
g(n)h(n) — —oo for n — oo, then we can apply Lemma 8 (see Appendix A for an application
of Lemma 8). We can summarise the above idea as follows. The key for a good analysis of

the sum . I(n) o, (1) is to have good bounds for the fractions aa?k(i)l) or equivalently good
a'n(k—&-l)

bounds for T(k)
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Now we describe how we find these bounds for the sums in (1) and (2). In order to find

good bounds for %, it suffices to estimate % (see Lemma 9). To that

end, we construct graphs in C (n¢ + 1,nc + 1+ £) as follows: Let H € C(n¢,ne +£) and an
edge e of H be given. Then we obtain in “most” cases a graph H' € C(n¢ + 1,n¢ + 1+ ¢) if

we subdivide e by one vertex and label this new vertex with nc + 1. By a careful analysis of
p(nc+1)
p(nc)
In the next step we consider the sum in (1) and shall determine I,,, and I,. To that
end, we look at the fractions T(TTEZ'H/) and 20298 ¢4 o constant § > 0. To get bounds
D) T(nq,t)
for the term |U(ny,my)|, we will use Lemma 12. Thus, it remains to find estimates for

|Q(ng+lng+ito)] [Q(ng.no+[6))| ;
Qg ool M4 Somomotrn - For the first fraction (see Lemma 13) we define for

ie{0,1}

this construction we will obtain good estimates for

ng +1

n ) IC(nc,ne +f)|nc(nQ +7;)”Q+i—nc—1.
c

pi(nc) = pi(nosng, ) = (

With this notation we have

|Q(TLQ =+ l,nQ + 1+ €)| _ Enc pl(nC)
|Q(ng,nq +0)| > one Po(nc)’

(7)

From the analysis of (2) we already know sets Iy, I; such that the main contributions to
ch po(ne) and ch p1(n¢) are provided by ne € Iy and ne € I, respectively. We will
see that we may assume I := Iy = I;. Then we will get a good bound for (7) if for nc € I
we estimate the fraction

pi(nc)  (ng+1)° (nQ+1>"Q‘”C‘1

po(nc) ng —nc +1 ng

®)

[Q(nqg,no+[54])]

For the fraction Qg no+0)]

(see Lemma 16), we will use that

[Qo(ng,ng + [9¢))] _ [Qng,ne + [64))] _ |Qr(ng,ng + [94))]
1Qp(ng,nq +0)| ~ [Q(ng,ng+0)| ~ |Qo(ng,ng +4)]

: 9)

where Qp(ng,ng + ¢) denotes the class of all complex planar graphs with ng vertices and
ng + ¢ edges and Q¢ (ng,ng + £) the class of all complex cactus graphs with ng vertices
and ng + ¢ edges. We get estimates for |Qc(ng,ng + £)| and |Qp(ng, ng + ¢)| by using
the core-kernel approach (see Lemmas 14 and 15). In order to show that these bounds are
tight enough, we make the following observations. We will see that there is a constant ¢ > 0
such that

|QP(nQ’nQ + K)
|Qc(ng,ng +¢)

: <d, (10)

Thus, we make a multiplicative error of at most ¢t if we use |Qp(ng,ng + £)| as an estimate
for |Q(ng,ng + ¢)|. We observe that the possible error increases at most by the constant

L Hence,

3/2
factor c if we increase £ by one. On the other hand, we will get Tlng.t+l) @(1)% -

T(nQVZ)

T(ng,¢) decays in ¢ outside the range ¢ = © (nQn_2/3) “much faster” than the growth of the

[QIno+1ng+1+0| . g 12(ng.ng+[6¢])]
1Q(ng.nq+0)] [1Q(ng.me+o)l

. Then we can apply Lemma 8 to find I,,, and .

error in (10). Having found estimates for

T(ng+1,f) T(ng,|d4])
a0 2nd =

, we obtain

bounds for
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3 Cores and complex parts: proof of Theorem 2

We recall that for a given graph G we denote by ne the number of vertices in the core Cq
and by £ the excess of G. In addition, C is the class of all outerplanar cores. Now we use the

ideas presented in Section 2 and start by finding /... To that end, we obtain the following
estimates for [C(netLnotldO)]
[Clnc,nc+0)]

» Lemma 9.
(i) For all admissible nc and ¢ we have
IC(nc + 1,nc +141)| 14

> —.
Clncnc+0] =" T 50

(ii) If in addition nc — 8¢ > 0, then

C 1 1+7 1
IC(nc + 1,nc + +)‘§(nc+€) ne + .
IC(nc,nc +4)] ne +1—80
p(nc+1)

Using Lemma 9 we obtain bounds for

pno) which we can use to analyse the sum
in (2) and find I,,,. The following two lemmas state that we can choose I,,, = © (\/ng?),

provided that ¢ = w(1). In Lemmas 18 and 19 we shall see that we may assume ¢ = w(1).

» Lemma 10. There are b,c > 0 such that for all admissible ng and ¢, we have

3o ) S (B S plne)

» Lemma 11. For all admissible ng,?¢ and c > 14, we have

chzc@p(”@ < exp (*%5) ch p(nc).

Next, we recall that U is the class of all graphs without complex components and Q the
class of all complex outerplanar graphs. In addition, for a given graph G' we denote by ng
the number of vertices in the complex part Qg, by ny the number of vertices outside the

complex part and by my the number of edges outside the complex part. We aim to find I,

T(ng+1,¢) T(ng,[6¢])
et and e

and I, by analysing . To that end, we need the following estimates

for [U(ny, my)|.
» Lemma 12 ([3, 10, 13]). Let m = n/2 + s with s = s(n) < n/2 and u(n,m) =

oy —1
|U(n,m)\((n21)) . Then there is a constant ¢ > 0 such that for

2) 2m—n mm1/2n—2m+1/2

f(n7m) =c ( n—m+1/2 ’

€ (n —m)

we have
(i) u(n,m) =1, if 7ST2 — —00;

(i) for each a € R, there exists a constant b > 0 such that u(n,m) > b, whenever s < an®/3;
_ . n3/4

(iii) u(n,m) <n=Y2f(n,m), if 0 < s < =

(iv) u(n,m) < f(n,m), if s > 0.

[Q(ng+1ng+1+4)|

In addition, we use Lemmas 10 and 11 and (8) to obtain estimates for
[Q(nq,mq+0)l
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» Lemma 13. There exist constants ay,az,€ > 0 and K € N such that for all admissible ng
and ¢ with K < { < eng, we have

1Q(ng +1,ng +1+7)]
|Q(ng,nq + )

(ng +1)exp (1—|—a1£) < < (ng +1)exp <1+a2£).
TLQ nQ

Next, we estimate % by using (9). To that end, we need the following two

results, which can be obtained by using the core-kernel approach.

» Lemma 14. There exist constants ay,as2,7v,K,e > 0 and by,bs € R such that for all
admissible ng and { with K <{ < eng, we have

n 0/2— _ _ _
ol 01 2022 o (o )
Qe (ng,ng + 0)] < agng? P2 =322 o (bm/ﬁn;) :

» Lemma 15 ([13]). There exist constants ag,aq,v1,K,e > 0 and bz, by € R such that for
all admissible ng and £ with K < £ < eng, we have

1Qp(ng,nqg +0)| = a3ngQ+3£/2_1/27f€_3€/2_3 exp (bS\/53nQ1> ;
1Qp(ng,nq + )] < amg? PP 0323 exp <b4\/€3nél> :

» Lemma 16. There exist constants c1,co, K,e > 0 and § € (0,1) such that for all admissible
ng and £ with K <{ < eng, we have

ng\ 3/2(L6¢]-0) Q(ng,ng + 64 ng\3/2(10¢)-6)
C§<£) §|(QQLJ)|§5(Q) .

¢ |Q(ng,ng +0)| a2

In order to apply Lemmas 13 and 16, we need the condition K < ¢ < eng. The next
lemma shows that this is indeed not a restriction for our considerations.

» Lemma 17. Let m = m(n) = n/2 + s, where s = s(n) and n*/* < s < n. Then for each
K € N and € > 0 the main contribution to }_,  ,7(nq,t) is provided by ng and { with
K </{<eng.

In Lemma 12 we observe that u(ny, my) stays close to one, as long as ny > 2my. Thus,

we will use in that case ((%UU)) as an estimate for [U(ny, my)|. In contrast, u(ny, my) starts
becoming quite small if ny < 2my. Hence, in that case we will use stronger bounds given by
Lemma 12(iii) and (iv). Thus, we define

Ty := ZnuZZmU T(ng,f) and Tp:= ZnU<2mU 7(nQ, 0)-

» Lemma 18. Let m = m(n) = n/2 + s, where s = s(n) and n*/? < s < n. Then
the main contribution to Ty =3, <, 7(nq,t) is provided by nqg = 2s + Oy (n*3) and
(=0 (sn=%3).

» Lemma 19. Let m = m(n) = n/2 + s, where s = s(n) and n*/® < s < n. Then
the main contribution to Tp = 7(ng, t) is provided by ng = 2s + O, (n*?) and
(=0 (sn=3).

ny <2my
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Combining Lemmas 18 and 19 we can choose I, = 2s + O, (n2/3) and I, = © (sn‘2/3).
Thus, we also obtain I, = © (/ngf) = © (sn=1/3). This leads to the following results on
the asymptotic order of the core and excess.

» Lemma 20. Let m = m(n) = n/2 + s, where s = s(n) and n*/®> < s < n, and let
G = A(n,m). Then whp nc(G) = © (sn™/3) and ex(G) = © (sn=/3).

In order to obtain the order of the largest component, we look at the complex part Qg.
Intuitively we expect that the largest component of Q¢ is also the largest in G. The following
lemma tells us that this is indeed the case.

» Lemma 21. Let m = m(n) = n/2 + s, where s = s(n) and n?/3 < s < n. Moreover, let
G = A(n,m). Then ng(G) — |H1(Qg)| = O, (n*/?).

Lemma 21 together with I,, = 25+ O, (nz/ 3) implies that the complex part Q¢ has one
component with 2s + O, (n2/ 3) vertices, while all other components are of order O, (n2/ 3).

For the non-complex components we observe that my = ny /2 + O, (n%]/ 3). Thus, for each

i € N the ¢—th largest non-complex component has ©,, (n2/ 3) vertices by Theorem 1 and
Lemma 12. This concludes the proof of Theorem 2.

4  Singularity analysis: proof of Theorem 3

It suffices to show Theorem 3(ii), since (i) follows from (ii) and Remark 8.6 in [13]. We
denote by K2 the class of connected cubic cactus weighted multigraphs, where one vertex
is marked. Moreover, let B be the class of connected cactus weighted multigraphs, where
all but one vertex have degree three and the exceptional vertex has degree two. We denote
by B(z), K(z), K.(z) and K2(z) the exponential generating functions of the classes B, IC, IC,
and K2, respectively. By considering the marked vertex of a graph in K2 and distinguish
some cases we obtain

or N 2B(z) 2B(z)3
K@) = 5026w 6

Similarly, by considering the vertex of degree two in graphs in B we get

& + 2B (11)

BE) =080 T2

We observe that the even coefficients in B(z) are all zero, i.e. B(z) =Y., by—12%~! for

some bg; 1 € N. By taking g(u) = 2121 ba;_1u’, we observe that (11) translates to

1~
- + = B(u)*

2 (1 - E(u)) 2

Using techniques from [4, 7] we obtain that for u — 7,

Buy=t-pf1-2+0(1-2),

,and p = V2 Moreover, r is the unique dominant singularity of

where 3
E(U)Ldue to the aperiodicity of §~(u) Next, we define K2(u) := K2(yu), Ke(u) == Ko(v/u)
and K (u) := K(y/u). Using u- K2(u) = B(u)?> — B(u)?/3 and K.(z) = [ K2(2)/2dz we

obtain that there are k1, ko, k3 € R such that for u — r

Rew) =kt ke (1= )+ (1-2) 0 (1-2)7).

B(u) =

- V3 .. _ 2V3
t=1--5,r="
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1/2

Hence, there is a constant ¢; > 0 such that with v :=r7"/% we obtain

[2*"] K.(2) = [u"] Ko(u) =c17*"n"2 (140(1)), as n— oo.

Finally, we use K (u) = exp (IN(C(U)) to obtain that there is a ¢y > 0 such that [2?"] K(z) =
[u"] K (u) = coy2"n~2 (14 o(1)) for n — oc.

5 Blocks and chords: proof of Theorem 4

We will use a double counting argument to show Theorem 4. To that end, we need some
structural information about G = A(n,m). By Lemma 20 we know that whp na(G) =
© (sn~1/3) and ex(G) = {(G) = © (sn=%/3). Apart from that we need the two following
lemmas about blocks and chords, where we call a maximal 2-connected subgraph of G a
block. In addition, a chord is an edge in G that lies in a block B, but not in the unique
Hamiltonian cycle of B.

» Lemma 22. Let m = m(n) = n/2 + s, where s = s(n) and n*/® < s < n. Then whp
A(n,m) does not contain a vertezx that lies in three blocks.

Given a chord zy, we denote by B, the block that contains z and y and by B;,, the
unique Hamiltonian cycle of B,,. A chord zy is said to be good (with respect to a function
h(n) = w(1)) if there is a path Py, = 2021 ... 22,41 from 29 = x to 2,41 = y in B;, such
that

Z1,...,% are not endpoints of any chords in Bgy;

r>n3h(n)"1 4+ 1;

z; has degree 2 for all i € N with 1 <14 < nl/gh(n)’l.

» Lemma 23. Let m = m(n) = n/2+s, where s = s(n) and n*/? < s < n and h(n) = w(1).
Then whp A(n,m) has either no chord or a good chord xy (with respect to h(n)).

Now we fix h(n) = w(1) such that sh(n) = o(n). We denote by A’(n,m) the subclass of
A(n,m) containing those graphs H that have a good chord, have no vertex lying in three
blocks, and satisfies nc(H) = © (sn_l/s) and {(H) =© (sn_2/3). Due to Theorem 2 and
Lemmas 22 and 23, it suffices to show | A’(n,m)| = o (|A(n,m)|). To that end, we consider
the following operation for H € A’(n, m):

We choose a good chord zy and denote by Pp, = 2021 ... 22,41 the corresponding good

path from zg = x to 2,41 = y.

We choose 1 € N with 1 <1¢ < nl/?’h(n)_l.

We add the edge z;z, and delete z,.y.

We observe that we have at least n'/3h(n)~! — 1 options for performing this operation. In
addition, we note that the following holds in the new graph H' resulting from H by the
above operation:

H' € A(n,m), nc(H') =nc(H), and ¢(H') = {(H);

z; has degree 3;

z; and z, are neighbours;

there is a path from z; to = such that all internal vertices have degree two;

z lies in at most two blocks;

y is a neighbour of x such that zy lies in the unique Hamiltonian cycle of the block

containing x and y.

Thus, for a fixed graph H' there are at most 2(-3 -3 -4 = O (sn~%?) many different
graphs H such that we can obtain H’ by performing our operation in H. Hence, we obtain

A (n,m)| = O (5= ) [AG,m)| = o (|4, m)).
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6 Sketches of proofs of auxiliary results

Proof of Lemma 9. For a graph H € C(n¢,ne + £) we consider the following two construc-

tions for building a graph in C(n¢ + 1,n¢ + 1 + £):

(C1) We choose an edge e of H which is not a chord. Then we subdivide e by one vertex
and label this new vertex with ngo + 1.

(C2) We choose a vertex v in H of degree 3, 4, 5 or 6 and an edge e which is incident to v
and not a chord. Then we relabel v with label ng + 1 and subdivide e by one vertex
which obtain the label of v.

We observe that if H has b chords, then we have nc + ¢ — b options for performing (C1). In

addition, H has at least b/2 vertices of degree at least three and at most 2¢/5 vertices of

degree at least seven. Hence, we have at least b/2 — 2¢/5 choices for performing (C2). Now
if b < 19¢/20, then we have at least nc + £/20 choices for (C1). Otherwise if b > 19¢/20,
then we have at least nc choices for (C1) and at least 3¢/40 options for (C2). We note that
each graph H' € C(n¢c + 1,n¢c + 1 4 £) can be obtained at most once by performing (C1)
and if this is the case, then it cannot be obtained by (C2). Finally, observing that H' can be

obtained at most six times by performing (C2) yields statement (i).

For (ii) we call a vertex v of H' € C(n¢ + 1,n¢ + 1 + £) nice if it has degree two and the

two neighbours are not adjacent. We observe that H' can be obtained by (C1) if the vertex

nc + 1 is nice. We note that if v has degree two and is not nice, then v has a neighbour of
degree at least three. Thus, H' has at least ng + 1 — 8¢ nice vertices, since the sum of all
degrees of vertices of degree at least three is at most 6¢. As H' was arbitrary, (ii) follows. <«

The statements of Lemmas 10, 11 and 17-19 are all of the type that they determine the main
contribution to some sum. In order to show these results we use Lemma 8, which usually
requires a long and technical computation. Therefore, we provide only sketches of these
proofs in this chapter, but we shall give a full proof of Lemma 10 in Appendix A to illustrate
how to work out the details.

Proof of Lemma 10 and 11. If 7 is “small” compared to ng, we get by Lemma 9 that

[elnetlne 0] _ ) . 1 ©(1)¢. Using this, we obtain 2nctl) — ( - "—C) (1 + @(1)%).

[C(nc,nc+0)] p(nc) nQ
Hence, we expect that the main contribution to (2) is provided by terms with ne =

o (\/nal). <

Proof of Lemma 13. Combining Lemmas 10 and 11 together with (8) we obtain

1Q(ng +1ng +1+0] _ p1(Vraf)
1Q(ng,nq +4)] po (v/ngl)

Vol —/ngl—1
nQ +nQ nQ )z(nQ—l—l)eXp <1+€)_ <

~(ng+1)ex
(ne ) p(nQ—w/an—l—l ng nQ

Proof of Lemma 14. Using the core-kernel approach from [13] and following the lines of the
proofs of Lemma 4.9(ii) and Corollary 4.11 in [13] yields the assertion. (A detailed proof can
be found in Appendix B). <

Proof of Lemma 16. We note that { = O (ng), which implies exp (6(1),/537151) =

exp (O (1)¢). Then the statement follows by combining Lemmas 14 and 15 together
with (9). <
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Proof of Lemma 17. We denote by T the class of cactus graphs. Clearly, we have |.A(n, m)|
> |T (n,m)|, because every cactus graph is also an outerplanar graph. By the core-kernel
approach we obtain that there is a ¢ > 0 and N € N such that |T(n,m)| >
% exp (% —s+ec- #) for all n > N. On the other hand, we can bound 7(ng, ¢)
by Lemmas 12 and 15. By doing so we obtain that }°,_x ., 7(nq,€) = o(|T(n,m)|). Hence,
the terms provided by ¢ < K are negligible in ZnQ ¢ T(ng,0). Similarly, one can also show
that this is true for the terms provided by £ > eng. <

Proof of Lemma 18. By Lemma 12 we may consider Y1 = 3 -, v1(nq,!) instead of

Ty, where vi(ng,¥) = (n"Q) |Q(ng,ng + 0)] ((;2?) Then we obtain by Lemma 16 that

232 N L60]—¢
vi(ng,[6€]) _ (@(1) Q U)

v1(ng,f) ¢3/2n2
¢ with HTQ = G)(n4/3m,;2/3). Combining that together with Lemma 13 we get

S e o0 e (-3))

Thus, the main contribution to Y; is provided by ng and ¢ with

. Thus, the main contribution to Y7 is provided by ng and

ng+2—2s —(1— 2my _
ny nu

Op (n’l/?’), which yields ng +2¢ — 2s = O, (n2/3). Together with "TQ = 6(n4/3m52/3) this
implies ng = 25 + O, (n?/?) and £ = © (sn=2/3). <

Proof of Lemma 19. We define

n 2my—n my+1/2 ny—2my+g(ng)
n U 9 Unu ., mu n
UQ('I’LQ7£) = <nQ> |Q(nQ7nQ +€)‘ << 2 )>C () (U U’ﬂU*’mu+1/2 9

my € ny — mU)

where ¢ > 0, h(n) = w(1) and g(ng) == 3 if ng < 2s—n?/3h(n) and g(ng) := 0 otherwise. By
Lemma 12 we can choose h(n) and ¢ so that for all admissible ng and ¢, we have 7(ng,¢) <
va(ng, £). Similarly as in the proof of Lemma 18 we obtain that the main contribution to
Ya =3 comy V2(nq,€) is provided by ng = 2s+ O, (n*/3) and £ = © (sn=/?). For such
ng and ¢ we have g(ng) = 0 and by Lemma 12(ii) [U(ny, my)| = @P(l)((r}?) Using that

we obtain 7‘;2(:15’5)) = O,(1), which shows the statement. <

Proof of Lemma 21. Let n = ng—|H:1(Q¢)| and we look at the following operation in G. We
add an edge between two different complex components and delete an edge in a non-complex
component. We have whp Q (snn) choices for performing this operation. We observe that in
the reverse operation we delete an edge from the core and add some edge. We can do that

whp in O (sn=!/3n?) different ways. Hence, it follows that 1 = O, (snS/S) =0, (n*?). «

sn

Proof of Lemma 22. Let H € A(n,m) be a graph that has a vertex lying in three blocks.
We consider the following operation in the core Cp:
We choose a vertex x that lies in three blocks;
Let X be the component of C'y containing x. Then we choose a component Y of X —«
that contains at most nc(H)/3 vertices, but two neighbours of x (in H);
We choose a vertex y in C'y which is not in Y and has degree two;
For all neighbours z of x in Y we delete the edge zz and insert the edge yz.

We observe that we have at least 2nc(H)/3 — 20 = © (sn™'/3) options for performing this
operation. On the other hand, we note that in a constructed graph H’ the following holds:
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H' € A(n,m), nc(H') =nc(H) and £(H') = {(H);
y lies in one or two blocks and has at least degree four;
x has at least degree four.

Hence, a fixed graph H' can be constructed in at most 2¢-2-2¢ = © (5271*4/3) many different
2 —4/3

ways. Now the statement follows, since © (S o ) = o(1). <

sn—1/3

Proof of Lemma 23. We consider the kernel Ky of a graph H € A(n, m) which has a chord.
Then Ky has a chord zy with the following property: If B’ is the unique Hamiltonian
cycle of the block B containing  and y, then there is a path zg = x,21,...,2;41 = y in
B’ such that there is no chord in B containing one of the vertices z1,...,2;. Next, we
choose a random core which can be obtained by subdividing the edges of Ky which are
not chords by n¢(H) — |Ky| additional vertices. We denote by X the number of vertices
which subdivide the edge 2zp2z1. Using a “bins and balls” type argument, we can show that
P[X =j] <P[X =0] forany j e Nand P[X = 0] = O (%) = O (n™%/3). Thus,
P[X <n'/3h(n)~'] < (n'/3h(n)~' + 1) P[X = 0] = o(1), i.e. whp 29z is subdivided by at
least n'/3h(n)~! + 1 vertices, which shows the statement. <

7 Concluding remarks

Kang, Mofhammer, and Spriissel [13] showed that graphs on orientable surfaces feature
a second phase transition at m =n + O (n3/ 5), where the number of vertices outside the
largest component becomes sublinear. By Theorem 3 and Remark 8.6 in [13] this is also true
for random cactus graphs. Thus, we believe that this should also be the case for random
outerplanar graphs, since the class of outerplanar graphs lies “between” the class of cactus
graphs and the class of graphs on orientable surfaces. Unfortunately, our method does not
seem to work when m = n + o(n). This is mainly because the bound in Lemma 16 is not
good enough in that regime.

Theorem 4 raises the following question. How does the probability that A(n,m) is a
cactus graph behave if m grows? By looking at the proof of Theorem 4 a natural guess would
be the following.

» Conjecture 24. If m = an for 1/2 < a < 1, then the probability that A(n,m) is a cactus
graph is bounded away from 0 and 1.

» Conjecture 25. If m =n+t for t = o(n), then whp A(n,m) is not a cactus graph.
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A  An application of Lemma 8: proof of Lemma 10

To illustrate how to apply Lemma 8 we prove Lemma 10 in this section (the proof of Lemma

11 is similar). We start by getting an upper bound for

p(nc)
p(nc+1)

. By Lemma 9(i) we obtain

plnc) _ nc+1 neng  |C(nc,ne + 1)

pnc+1) ng—nc nc+1l |Clnc+1,nc+1+70)]

neng 1

IN

nQ—ncnc+%

(it V(e
80ng + ¢ ng — ng

o 12 + ngc
X — .
B 80ng + ¢ ng — n¢

IN

Next, we observe that £ < nc < ng, since an outerplanar graph on n¢ vertices can have at
most 2n¢ edges. Hence, we can choose ¢ > 0 small enough such that for all n¢ < 2¢4/ngt

s <o (5 * )

81710 nQ

< l N 2-2¢cy/ngl
exp | —
=P 81 - 2cy/ngl ng

< exp <—\/7> = exp (h(n)),
nq
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where h(n) := —, /%. We also define g(n) := cy/ngf and f,(nc) := nc + g(n). Then we
obtain for all ng < cy/ngf

Cpte) T )
P(fn(nc)) N kl_n[C p(k+1) _G‘Xp( (n)) —eXp( c )

Finally, that yields

> plne) <exp(—cl) Y plfa(ne)) < exp(—cl) Y p(ne),
nc<cy/ngl no<cy/ngl noc
which shows the statement.

We conclude this section by observing an immediate consequence of Lemma 10. Assuming

¢ = w(1), which is true due to Lemmas 18 and 19, we have % < exp (—cf) = o(1). Then

Lemma 8 implies that the terms provided by I (n) := {nc | ne < ey /nQE} are negligible in

> one P(C).

B Proof of Lemma 14

We shall focus on the proof of the lower bound, since the upper bound can be shown in a
similar way. We will use the core-kernel approach from [13] and recall that T is the class of
all cactus graphs. Then we denote by Co the class of all cores of graphs in 7 and by K¢ the
class of all kernels of graphs in 7. Analogously to (2) we obtain

|Q¢(ng,ng + £)| = ch (Zg) Co(ne,ne + O)neng? "7 (12)
We claim that
—-5/—-1
Cotne.ne +01 = (57 ) Ie (26,301 (no — 201", ¥ 1) (13)

Indeed, we can construct (not necessarily all) graphs from Co(nc, ne +¢) in the following way.

We choose 2/ labels from [n¢] for the vertices of the kernel. Then we pick a kernel K from
Kc(2¢,30) and assign the labels chosen before to the vertices of K. Finally, we subdivide
the edges of the kernel by the (n¢ — 2¢) remaining vertices such that each edge is subdivided
by at least two vertices, which guarantees that the obtained graph is simple. Thus, all
constructed graphs are in Co(ne, no + £). We note that there are w(K) (ng — 2¢)! ("CSZfel_l)
many ways to get such a subdivision, where w(K) = 2= (F)=¢2(K) and ¢, (K) denotes the
number of loops in K and e3(K) the number of double edges in K. In addition, we note
that in | (2¢,30)| each kernel K is counted with a weight of w(K). Then inequality (13)

follows by the aforementioned construction. Combining (12) and (13) we obtain

K (26,30) ng? ™" o
(20)1(3¢ —1)! ch (nQ)y. (nc = 50 = 1)g,_y nong"e

K (26,30) | nie ™!
N (;26)!(36—8! 2y V(1) 14

|Qc(ng,ng +4)| >

where v(nc) := (nq),,, (nc — 50 —1)3,_; ncngy"°. Next, we observe that

nc

vinc+1) ng-—nc nc—5 nc+1

V(ﬂc) ng nc—80+1 n¢e
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We note that 2netl) jg decreasing in nc and that vYmotl) o for Tig = /3ngl. Thus,

v(nc) v(nc)
we expect that we obtain a good approximation for > _v(nc) by considering only terms

whose index is “close” to m¢. In the following we make that more precise. We note that for
¢ < eng and € > 0 small enough, we get

ngQ

v (1g) > (1 N 3”“) (,/3nQe - 84) "> exp (=60) \/rgl™. (15)

Next, we distinguish two cases. First we assume ¢ <, /ng. Then we get for all nc > ng—,/ng
and € > 0 small enough

y(nc+1)< 1) (14 3¢ 1+L
v (TLC) - nQ nc — 8¢ nc
<exp|— 3—£ + 3t + 5
= &P nQ  /3ngl—/ng—8L /nq
27,/
S exp ié . nQ + i = exp (30> .
nQ +/3ngl /nqQ V1Q

Hence, we obtain v (n¢) > v (fg) exp(—30) for all 7g — ,/ng < nc < ng. Combining that
together with (14), (15) and Theorem 3 yields

Ke(20,30)| nie
|Qc(ng,ng +4)| > | f;g)'(ggﬂ_ iQ)! Vngv (e exp(—30)

> @(1)%2’2‘9+3£/2_1/2434/2—5/2—3€+1/2
@(1)ancg+3£/271/2£_3€/2_2)

which shows the statement for the case £ < ,/ng. Finally, we assume £ > ,/ng. Then we get
by (14), (15) and Theorem 3 for € > 0 small enough

ng—1
e (2, 30) ngy?  (72)
(20)1(3¢ — 1)! ¢
)anQ—1+35/2£3Z/275/2732+1/2

>0(1
_ 0, nQ+36/2-1/2 , 30/2-2 —1/2
=0(1)'ny ¢ "Q

v

3
@(1)%%@%@/271/26_%/2—2 exp (_ é) ’
nQ

as desired.
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—— Abstract

Simple heuristics for (combinatorial) optimization problems often show a remarkable performance in
practice. Worst-case analysis often falls short of explaining this performance. Because of this, “beyond
worst-case analysis” of algorithms has recently gained a lot of attention, including probabilistic
analysis of algorithms.

The instances of many (combinatorial) optimization problems are essentially a discrete metric
space. Probabilistic analysis for such metric optimization problems has nevertheless mostly been
conducted on instances drawn from Euclidean space, which provides a structure that is usually
heavily exploited in the analysis. However, most instances from practice are not Euclidean. Little
work has been done on metric instances drawn from other, more realistic, distributions. Some initial
results have been obtained in recent years, where random shortest path metrics generated from
dense graphs (either complete graphs or Erdés—Rényi random graphs) have been used so far.

In this paper we extend these findings to sparse graphs, with a focus on grid graphs. A random
shortest path metric is constructed by drawing independent random edge weights for each edge
in the graph and setting the distance between every pair of vertices to the length of a shortest
path between them with respect to the drawn weights. For such instances generated from a grid
graph, we prove that the greedy heuristic for the minimum distance maximum matching problem,
and the nearest neighbor and insertion heuristics for the traveling salesman problem all achieve
a constant expected approximation ratio. Additionally, for instances generated from an arbitrary
sparse graph, we show that the 2-opt heuristic for the traveling salesman problem also achieves a
constant expected approximation ratio.
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1 Introduction

Large-scale optimization problems, such as the traveling salesman problem (TSP), are relevant
for many applications. Often it is not possible to solve these problems to optimality within a
reasonable amount of time, especially when instances get larger. Therefore, in practice these
kind of problems are tackled by using approximation algorithms or ad-hoc heuristics. Even
though the worst-case performance of these, often simple, heuristics is usually rather bad,
they often show a remarkably good performance in practice.
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In order to find theoretical results that are closer to the practical observations, probabilistic
analysis has been a useful tool over the last decades. One of the main challenges here is to
choose a probability distribution on the set of possible instances of the problem: on the one
hand this distribution should be sufficiently simple in order to make the probabilistic analysis
possible, but on the other hand the distribution should somehow reflect realistic instances.

In the “early days” of probabilistic analysis, random instances were either generated
by using independent random edge lengths or embedded in Euclidean space (e.g. [2, 11]).
Although these models have some nice mathematical properties that enable the probabilistic
analysis, they have shortcomings regarding their realism: in practice, instances are often
metric, but not Euclidean, and independent random edge lengths are not even metric.

Recently, Bringmann et al. [6] widened the scope of models for generating random
instances by using the following model, already proposed by Karp and Steele in 1985 [17]:
given an undirected complete graph, draw edge weights independently at random and then
define the distance between any two vertices as the total weight of the shortest path between
them, measured with respect to those random weights. Even though this model broadens the
scope of random metric spaces, the resulting instances from this model are not very realistic.

In this paper we adapt this model in the sense that we start with a sparse graph instead
of a complete graph. We believe that this yields instances that are more realistic, for
instance since in practice the underlying (road, communication, etc.) networks are almost
always sparse.

Related Work

The model described above is known by two different names: random shortest path metrics
and first-passage percolation. It was introduced by Hammersley and Welsh under the latter
name as a model for fluid flow through a (random) porous medium [12, 14]. A lot of studies
have been conducted on first-passage percolation, mostly on this model defined on the
lattice Z.

For first-passage percolation on complete graphs many structural results exist. We know
for instance that the expected distance between two arbitrary fixed vertices is approximately
In(n)/n and that the distance from a fixed vertex to the vertex that is farthest away from it is
approximately 21n(n)/n [6, 15]. We also know that the diameter in this case is approximately
31n(n)/n [13, 15]. Bringmann et al. used this model to analyze heuristics for matching, TSP
and k-median [6].

There has been a lot of interest in first-passage percolation on the integer lattice Z<.
Although very few precise results are known for this model, there are many existential results
available. For instance, the distance between the origin and ne; (where e; is the unit vector
in the first coordinate direction) is known to be ©(n) [12]. Also, the set of vertices within
distance t from the origin grows linearly in ¢ and, after rescaling, converges to some convex
domain [20]. The survey by Auffinger et al. [1] contains a thorough overview.

Our Results

This paper aims at extending the results of Bringmann et al. [6] and Klootwijk et al. [18]
to the more realistic setting of random shortest path metrics generated from sparse graphs.
For simplicity, most of the results in this paper assume that these sparse graphs are (finite
square) grid graphs. We believe that the probabilistic analysis of simple heuristics in different
random models will enhance the understanding of the performance of these heuristics, which
are used in many applications.
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In this paper we consider two different types of simple heuristics. In Section 4 we conduct
a probabilistic analysis of three greedy-like heuristics: the greedy heuristic for the minimum-
distance perfect matching problem, and the nearest neighbor heuristic and insertion heuristic
for the TSP. In Section 5 we conduct a probabilistic analysis of a local search heuristic: the
2-opt heuristic for the TSP. We show that all four heuristics yield a constant approximation
ratio for random shortest path metrics generated from (finite square) grid graphs (greedy-like
in Section 4) or arbitrary sparse graphs (local search in Section 5). We are aware that our
results are mostly purely theoretical, because, e.g., cheapest insertion already achieves an
approximation ratio of 2 and is often used to initialize 2-opt [10, 21]. However, they are
non-trivial results about practically used algorithms, beyond the classical worst-case analysis.

2 Notation and Model

For n € N, we use [n] as shorthand notation for {1,...,n}. Sometimes we use exp(-) to denote
the exponential function. We denote by X ~ P that a random variable X is distributed
according to a probability distribution P, where in particular Exp()A) denotes the exponential
distribution with parameter \. We write X ~ > | Exp();) if X is the sum of n independent
exponentially distributed random variables having parameters \1,...,A,. In particular,
X ~ 3" | Exp()\) denotes an Erlang distribution with parameters n and A. If a random
variable X7 is stochastically dominated by a random variable X5, i.e., we have F;(z) > Fs(x)
for all = (where F; is the distribution function of X;), we denote this by X1 3 Xo.

Random Shortest Path Metrics

Given an undirected connected graph G = (V, E), the corresponding random shortest path
metric is constructed as follows. First, for each edge e € E, draw a random edge weight w(e)
independently according to the exponential distribution with parameter 1. (Exponential
distributions are technically easiest to handle since they are memoryless.) Then, define the
distance function d : V' x V' — Ry as follows: for each u,v € V, d(u,v) is the total weight
of a lightest u, v-path in G (w.r.t. to the random weights w(-)). Observe that this definition
immediately implies that d(v,v) = 0 for all v € V, that d(u,v) = d(v,u) for all u,v € V, and
that d(u,v) < d(u, s) +d(s,v) for all u,s,v € V. We call the distance function d obtained by
this process a random shortest path metric generated from G.

We use the following notation to denote properties of these random shortest path metrics.
Apax 1= max, , d(u,v) denotes the diameter of the random metric. The A-ball around a
vertex v, Ba(v) := {u € V | d(u,v) < A}, is the set of vertices within distance A of v. Let
7 (v) denote the kth closest vertex from v (including v itself and breaking ties arbitrarily).
Note that v = 71 (v) for all v € V. The distance from a vertex v to this kth closest vertex from
it is denoted by 7 (v) := d(v, mi(v)) = min{A | |Ba(v)| > k}. Slightly abusing notation, we
let B, (»)(v) := {m(v) | i =1,...,k} denote the set of the k closest vertices to v (including
v itself). The size of the cut in G induced by this set, which plays an important role in our
analysis, is denoted by xx(v) := [0(B, (v)(v))], where 6(U) := {{u,v} € E |u € U,v ¢ U}
denotes the cut induced by U.

During our analysis in Sections 4 and 5 it is convenient to describe (partial) solutions to
the minimum-distance perfect matching problem and the TSP as sets of “edges”. In order to
emphasize that such “edges” in principle do not coincide with edges from G, we use quotation
marks to distinguish them.
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Sparse Graphs

Throughout this paper, G is a sparse connected undirected simple graph on n vertices, i.e., we
have |E| = ©(|V|) = ©(n). Most of the results in this paper are restricted to a specific class
of sparse graphs, namely the finite square grid graph. This graph has vertex set V = [N]?,
and two vertices (x1,y1), (x2,y2) € V are connected if and only if |z1 — za| + |y1 — y2| = 1.
It is easy to see that for these graphs we have |V| =n = N? and |E| = 2N? — 2N = O(n).

For practical reasons we assume in this paper that n is even. Note that the results
concerning the minimum-distance perfect matching problem are only valid when n is even.
All results concerning the travelling salesman problem can easily be extended to odd n.

3  Structural Properties

In this section, we provide some structural properties regarding sparse random shortest
path metrics that are used later on in our probabilistic analyses of the greedy heuristic for
maximum matching and the 2-opt heuristic for the TSP in such random metric spaces. We
start of with some technical lemmas from known literature and some results regarding sums
of lightest edge weights in G (which hold for arbitrary sparse graphs). After that, we consider
a random growth process that is closely related to the special case of random shortest path
metrics generated from a finite square grid graph and use it to derive a clustering result and
a tail bound on the diameter Ay ax.

Technical Lemmas

» Lemma 1 ([16, Thm. 5.1(i,iii)]). Let X ~ > Exp(a;). Let p =E[X] =", 1/a; and
a, = min; a;.
(i) For any A\ > 1,

P(X > M) < A lexp (—aspu(A—1—1In(\)).
(iii) For any A <1,
P(X < Au) <exp(—a.pu(A—1—1In(}N))).

» Corollary 2. Let X ~ > " Exp(a;). Let p=E[X]| =" 1/a; and a, = min; a;. For
any .,

P(X <) < exp (aupe (1 + In(a/p))

Proof. Let X := x/u. If A <1, the result is a weaker version of Lemma 1(iii). If A > 1, then
1+ In(z/u) > 0 and hence P(X < z) <1 < exp(a.pu(l +1n(x/p))). <

» Lemma 3 ([5, Thm. 2(ii)]). Let X ~ > " Exp(\;) and Y ~ > Exp(n). Then

1=

XY if and only if H A <™
i=1

Sums of Lightest Edge Weights in G

All main results in this paper make use of some observations relating sums of the m lightest
edge weights in a sparse graph GG. The lemmas and corollary below summarize some structural
properties concerning these sums. They hold for arbitrary sparse graphs G.
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» Lemma 4. Let S, denote the sum of the m lightest edge weights in G. Then

m— m—1
Z <6|E><S ‘<ZEXp<|E|>
=0 =0
Proof. Let o denote the kth lightest edge weight in G. Since all edge weights are independent
and standard exponentially distributed, we have o1 = S; ~ Exp(|E|). Using the memory-
lessness property of the exponential distribution, it follows that oy ~ o1 + Exp(|E| — 1),
e., the second lightest edge weight is equal to the lightest edge weight plus the min-
imum of |E| — 1 standard exponential distributed random variables. In general, we get
okt+1 ~ o + Exp(|E| — k). The definition S,,, = Y7~ o) yields

m—1 m—1
El -1
S~ Y (m—i)-Exp(|B] —i) ~ ZExp<m|_Z)

=0 =0

Now, the first stochastic dominance relation follows from Lemma 3 by observing that

iij @__; = m!(gfi m)l (|51|) : <elnE|>m

where the inequality follows from applying the well-known inequality (Z) < (en/k)*.
The second stochastic dominance relation follows by observing that |E| > m, which implies
that (|E| —1¢)/(m —i) > |E|/m for all i =0,...,m — 1. <

» Corollary 5. Let S,,, denote the sum of the m lightest edge weights in G. Then E[S,,] =
©(m?2/n).

Proof. From Lemma 4 we can immediately see that

) mz (e|E|>- <E[Sm] <E lmzlEXp (fw')

=0 =0

The result follows by observing that

fm—1 ] m—1
e|E| m? |E| m?
E E — )| == d E E — ==
; Xp( m> Bl M l; Xp<m Elk
and recalling that |E| = ©(n) by our restrictions imposed on G. <

» Lemma 6. Let S,, denote the sum of the m lightest edge weights in G. Then we have

P (S,, < cn) < exp (m (2+ln (clﬂn))) :

Proof. First of all, Lemma 4 yields

m—1
S = S Ex <€|E|)
1=0

Now, we apply Corollary 2 with u = m?/e|E|, a. = e|E|/m, and 2 = cn to obtain

P (S, < cn) <P<; Exp < Lf') <cn> < exp (m <1+1n (Ciiln)».

The result follows immediately. <
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» Lemma 7. Let S, denote the sum of the m lightest edge weights in G. Then we have
TSP > MM > S, /2, where TSP and MM are the total distance of a shortest TSP tour and a
minimum-distance perfect matching, respectively.

Proof. The first inequality is trivial. For the second one, consider a minimum-distance
perfect matching in G, and take the union of the shortest paths between each pair of matched
vertices. This union H must contain at least n/2 different edges of G, since H is a forest
with n vertices, all of which are non-isolated in H. These n/2 different edges together have a
weight of at least S, /2 and at most MM. So, the second inequality follows. <

A Random Growth Process

In this subsection, and the following ones, we assume that G is a finite square grid graph with
n = N2 vertices. It is possible to obtain qualitatively similar results for more general classes
of sparse graphs, but in order to improve readability we chose to stick with grid graphs.

In order to understand sparse random shortest path metrics it is important to get a
feeling for the distribution 74 (v). However, this distribution depends heavily on the exact
position of v within G, which makes it rather complicated to derive it. In order to overcome
this, we derive instead a stochastic upper bound on 74 (v) which holds for any vertex v € V.
The following lemma and corollary establish this.

» Lemma 8 ([4, Thm. 3]). Let U C V. Then we have

2y/|U| iUl <n/4,
s> Vi if /A< U] < 3n/4,
2y/n—|U| if |U| > 3n/4.

» Remark. Bollobds and Leader [4] proved (a more general version of) this result for all
|U| < n/2. The result for |U| > n/2 follows immediately from their result by observing that
§(U)=6(V\U) and |[V\U|=n—|U| for allU C V.

» Corollary 9. For any v € V and any k < n/4 we have
k—1
Tr(v) 3 ZEXP(Q\/%).
i=1

Proof. The values of 7i(v) are generated by a birth process as follows. (Similar birth
processes have been analysed before (e.g. [6, 8, 18]).) For k =1 we have 7, (v) = 0 and also
Zf;ll Exp(2v/i) = 0. For k > 2, we can obtain 73 (v) from 7, (v) by looking at all edges that
“leave” B, (y)(v), i.e., edges (u,z) with u € B, (,)(v) and = € B, | (,)(v). By definition
there are x;_1(v) such edges, and from Lemma 8 it follows that x;_1(v) > 2v/k — 1 (since
k < n/4). Moreover, by definition of 7,_1(v) these edges are conditioned to have a length
of at least 7,_1(v) — d(v,u). Using the memorylessness of the exponential distribution, it
follows that 74 (v) — 71 (v) is the minimum of xj_1(v) exponential random variables (with
parameter 1), or, equivalently, 7 (v) — 7x—1(v) ~ Exp(xx—1(v)) 3 Exp(2vk — 1)), where the
stochastic dominance follows since x;—_1(v) > 2v/k — 1. The result follows by induction. <«

Now we use this stochastic upper bound on 74(v) that holds for any v € V' to derive some
bounds on the cumulative distribution functions of 74 (v) and |Ba(v)|. The final bound is a
crucial ingredient for the construction of clusterings in the next section.
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» Lemma 10. For any A >0, v € V, and k € [n] such that k < min{n/4, A% + 1}, we have

P(r(v) <A)>1— \/T-exp<—2(\/é—1)< kA—l —l—ln( kA_1>)>.

Proof. From Corollary 9 we can see that

k—1

k—1
P(m(v) <A)>P (Z Exp(2V/i) < A) =1-P (Z Exp(2V/i) > A) .

i=1

Next, we want to apply the result of Lemma 1(i). For this purpose, set

k—1 k—1 1 A
=F Exp2Vi)| =Y — and A=,
7 ; p( )1 ; o u

and observe that vk —1 < p < vk — 1. Also note that A = AJu > AJvVEk—12> 1 since
k < A%+ 1. Lemma 1(i) now yields

k—1
1-P (Z Exp(2Vi) > A) >1—A"texp(—2u(A —1—1In(N)).

i=1

It can now be seen that this final expression is increasing in both g and A. Therefore, we
may apply the inequalities p1 > vk — 1 and A > A/y/k — 1 to obtain the desired result. <

» Lemma 11. For any A >0, v €V, and k € [n] such that k < min{n/4, A% + 1}, we have

P(|Ba(v)| = k) >1— ‘/kAj.exp (—2(\/E—1) (kAl—1—1n (1?1)))

Proof. This lemma follows immediately from Lemma 10 by observing that |Ba(v)| > k if
and only if 7 (v) < A. <

» Corollary 12. Let n > 9. There exists a constant ¢y > 4 such that for any A > 0 and
v € V we have

. AQ n C1

Proof. First of all, observe that for A < 2 the statement is trivial since in that case we have

c1/A? > 1. Therefore, from now on assume w.l.o.g. that A > 2. Let sa := min{A?%/4,n/4}.

Using Lemma 11 with k£ = sa we obtain

P(|Ba(v)| < 54) < @ exp <—2(\/5_ 1) (\/% - (\/Sfil))) .

So, it remains to show that there exists a constant ¢; such that for any A > 2 we have

s n () oo

The tedious computations needed to show that this is true can be found in Appendix A. <«

avsa=T-ew (-2 -1
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Clustering

The following theorem shows that we can partition the vertices of sparse random shortest
path metrics into a suitably small number of clusters with a given maximum diameter. Its
proof follows closely the ideas of Bringmann et al. [6], albeit with a different value of sa.

» Theorem 13. Let G be a finite square grid graph on n = N? wvertices, consider a (sparse)
random shortest path metric generated using this graph, and let A > 0. There exists a
partition of vertices into clusters, each of diameter at most 4, such that the expected number
of clusters needed is bounded from above by O(1 +n/A?), where constant of the O-term is
uniform with respect to A.

Proof. Let n be sufficiently large (n > 9 suffices) and let sp := min{A?/4,n/4}, as in
Corollary 12. We call vertex v A-dense if |Ba(v)| > sa and A-sparse otherwise. Using
Corollary 12 we can bound the expected number of A-sparse vertices by O(n/A?). We put
each A-sparse vertex in its own cluster (of size 1), which has diameter 0 < 4A.

Now, only the A-dense vertices remain. We cluster them according to the following
process. Consider an auxiliary graph H whose vertices are the A-dense vertices and where
two vertices u,v are connected by an edge if and only if Ba(u) N Ba(v) # @. Consider an
arbitrary maximal independent set S in H, and observe that |S| < n/sa by construction of
H. We create the initial clusters C1, ..., C|g|, each of which equals Ba (v) for some vertex
v € S. These initial clusters have diameter at most 2A.

Next, consider an arbitrary A-dense vertex v that is not yet part of any cluster. By the
maximality of S, we know that there must exist a vertex u € S such that A := Ba(u) N
Ba(v) # @. Let x € A be arbitrarily chosen, and observe that d(v,u) < d(v,z) + d(x,u) <
A+ A =2A. We add v to the initial cluster corresponding to u, and repeat this step until
all A-dense vertices have been added to some initial cluster. By construction, the diameter
of all these clusters is now at most 4A: consider two arbitrary vertices w,y in a cluster that
initially corresponded to u € S; then we have d(w,y) < d(w,u) + d(u,y) < 2A + 2A = 4A.

So, now we have in expectation at most O(n/A?) clusters containing one (A-sparse)
vertex each, and at most n/sx = O(1 + n/A?) clusters containing at least sn (A-dense)
vertices each, all with diameter at most 4A. The result follows. |

A Tail Bound for A ax

Recall that Ay = max, , d(u,v) is the diameter of the random metric. The following
lemma shows that Ap.x < O(y/n) with high probability. Due to space constraints, its proof
can be found in Appendix B.

» Lemma 14. Let x > 9v/n. Then we have P(Apax > x) < ne 7.

4 Analyses of Greedy-like Heuristics for Matching and TSP

In this section, we show that three greedy-like heuristics (greedy for minimum-distance
perfect matching, and nearest neighbor and insertion for TSP) achieve a constant expected
approximation ratio on sparse random shortest path metrics generated from a finite square
grid graph. The three proofs are very alike, and the ideas behind them are built upon ideas
by Bringmann et al. [6]: we divide the steps of the greedy-like heuristics into bins, depending
on the value which they add to the total distance of our matching or TSP tour. Using the
clustering (Theorem 13) we bound the total contribution of these bins by O(n), and using
our observation regarding sums of lightest edge weights (Lemmas 6 and 7) we show that the
optimal matching or TSP tour has a distance of Q(n) with sufficiently high probability.
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Greedy Heuristic for Minimum-Distance Perfect Matching

The first problem that we consider is the minimum-distance perfect matching problem. Even
though solving the minimum-distance perfect matching problem to optimality is not very
difficult (it can be done in O(n?) time), in practice this is often too slow, especially if the
number of vertices is large. Therefore, people often rely on (simple) heuristics to solve this
problem in practical situations. The greedy heuristic is arguably the simplest one among
these heuristics. It starts with an empty matching and iteratively adds a pair of currently
unmatched vertices (an “edge”) to the matching such that the distance between them is
minimal. Let GR denote the total distance of the matching computed by the greedy heuristic,
and let MM denote the total distance of an optimal matching.

It is known that the worst-case approximation ratio for this heuristic on metric instances
is O(n'°22(3/2)) [19]. Moreover, for random Euclidean instances, the greedy heuristic has an
approximation ratio of O(1) with high probability [2], and for random shortest path metrics
generated from complete graphs or Erdés—Rényi random graphs the expected approximation
ratio of the greedy heuristic is O(1) as well [6, 18]. We show that a similar result holds for
sparse random shortest path metrics generated from a finite square grid graph.

» Theorem 15. E[GR] = O(n).

Proof. We put “edges” that are being added to the greedy matching into bins according
to their distance: bin i receives all “edges” {u,v} with d(u,v) € (4(i — 1),4i]. Let X;
denote the number of “edges” that end up in bin ¢ and set Y; := ZZ‘;% X, i.e., Y; is the
number of “edges” in the greedy matching with distance at least 4(i — 1). Observe that
Y; =n/2. For i > 1, by Theorem 13, we can partition the vertices in an expected number
of O(1 +n/(i —1)?) clusters (where the constant of the O-term is uniform with respect
to i), each of diameter at most 4(¢: — 1). Just before the greedy heuristic adds for the
first time an “edge” of distance more than 4(i — 1), it must be the case that each of these
clusters contains at most one unmatched vertex (otherwise the greedy heuristic would have
chosen an “edge” between two vertices in the same cluster). Therefore, we can conclude that
E[Y;] < O(1+n/(i —1)?) for i > 1. On the other hand, for 4(i — 1) > 9y/n, it follows from
Lemma 14 that E[Y;] < n - -P(Apax > 4G — 1)) < n2e—40-1),

Now we sum over all bins, bound the length of each “edge” in bin 4 by 44, and subsequently
use Fubini’s theorem and the derived bounds on E[Y;]. This yields

0o 0o 3vn 0o
E[GR] <) 4i-E[X;]=> 4 -E[Yi]=2n+ Y 4-E[Yi]+ > 4-E[Y]]
i=1 i=1 i=2 i=3vn

3vn oo
<2n+) 0 <1 + (Z_”DQ> + Y 4n?e 7D = O(n) + O(n) + o(1) = O(n),
i=2 i=3v/n

which finishes the proof. |

» Theorem 16. For random shortest path metrics generated from a finite grid graph we have
E[$R] =0(1).

Proof. Let ¢ > 0 be a sufficiently small constant. Then the approximation ratio of the greedy
heuristic on random shortest path metrics generated from a finite grid graph is

GR GR |
GR| g |CR .0 (nloes(3/2)
E[MM] _E[Cn}+P(MM<cn) O(n )
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since the worst-case approximation ratio of the greedy heuristic on metric instances is
O(n'°82(3/2)) [19]. By Theorem 15 the first term is O(1). Combining Lemmas 6 and 7, the
second term can be bounded from above by exp(n(1 + 3 In(c- ©(1)))) - O(n'°223/2)) = o(1)
since c is sufficiently small. <

Nearest Neighbor Heuristic for TSP

One of the most intuitive heuristics for the TSP is the nearest neighbor heuristic. This
greedy-like heuristic starts with an arbitrary vertex as its current vertex and iteratively
builds a TSP tour by traveling from its current vertex to the closest unvisited vertex and
adding the corresponding “edge” to the tour (and closing the tour by going back to its first
vertex after all vertices have been visited). Let NN denote the total distance of the TSP tour
computed by the nearest neighbor heuristic, and let TSP denote the total distance of an
optimal TSP tour.

It is known that the worst-case approximation ratio for this heuristic on metric instances
is O(In(n)) [21]. Moreover, for random Euclidean instances, the nearest neighbor heuristic
has an approximation ratio of O(1) with high probability [3], and for random shortest
path metrics generated from complete graphs or Erd6s-Rényi random graphs the expected
approximation ratio of the nearest neighbor heuristic is O(1) as well [6, 18]. We show that a
similar result holds for sparse random shortest path metrics generated from a finite square
grid graph.

» Theorem 17. E[NN] = O(n).

Proof. We put “edges” that are being added to the nearest neighbor TSP tour into bins
according to their distance: bin i receives all “edges” {u,v} with d(u,v) € (4(i — 1),44].
Let X; and Y; be defined as in the proof of Theorem 15. Now we have Y; = n. For i > 1,
by Theorem 13, we can partition the vertices in an expected number of O(1 + n/(i — 1)?)
clusters (where the constant of the O-term is uniform with respect to i), each of diameter
at most 4(¢ — 1). Every time the nearest neighbor heuristic adds an “edge” of distance
more than 4(¢ — 1), this must be an “edge” from a vertex in some cluster Cj, to a vertex in
another cluster Cy, and the tour must have already visited all other vertices in C}, (otherwise
the nearest neighbor heuristic would have chosen an “edge” to an unvisited vertex in C).
Therefore, we can conclude that E[Y;] < O(1+n/(i — 1)?) for i > 1. On the other hand, for
4(i — 1) > 9y/n, it follows from Lemma 14 that E[Y;] < n - P(Apax > 4(i — 1)) < n2e 201,

Note that we have derived exactly the same bounds as in the proof of Theorem 15. So,
using the same calculations as in that proof, it follows now that E[NN] = O(n). <

» Theorem 18. For random shortest path metrics generated from a finite grid graph we have

E [$85] = O(1).

The proof of this theorem is similar to that of Theorem 16, with the worst-case approximation
ratio of the nearest neighbor heuristic on metric instances being O(In(n)) [21].

Insertion Heuristics for TSP

Another group of greedy-like heuristics for the TSP are the insertion heuristics. An insertion
heuristic starts with an initial optimal tour on a few vertices that are selected according to
some predefined rule R, and iteratively chooses (according to the same rule R) a vertex that
is not in the tour yet and inserts this vertex in the current tour such that the total distance
of the tour increases the least. An example of such a rule R would be to start with an initial
(optimal) tour on three arbitrary vertices, and then use farthest insertion, i.e., at each step
insert the vertex whose minimal distance to a vertex already in the tour is maximal.
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Let INg denote the total distance of the TSP tour computed by the insertion heuristic
using rule R, and let TSP denote the total distance of an optimal TSP tour. It is known that
the worst-case approximation ratio for this heuristic for any rule R on metric instances is
O(In(n)) [21]. Moreover, for random shortest path metrics generated from complete graphs
or Erd6s—Rényi random graphs the expected approximation ratio of the nearest neighbor
heuristic is O(1) for any rule R [6, 18]. We show that a similar result holds for sparse random
shortest path metrics generated from a finite square grid graph.

» Theorem 19. E[INg] = O(n).

Proof. We put the steps of the insertion heuristic into bins according to the distance they
add to the tour: bin 7 receives all steps with a contribution in the range (8(2 - 1), Si]. Let
X; and Y; be defined as in the proof of Theorem 15. Again we have Y7 =n. For ¢ > 1, by
Theorem 13, we can partition the vertices in an expected number of O(1+n/(i —1)?) clusters
(where the constant of the O-term is uniform with respect to i), each of diameter at most
4(i —1). Every time the contribution of a step of the insertion heuristic is more than 8(i — 1),
this step must add a vertex to the tour that is part of a cluster C} of which no other vertex

is in the tour yet (otherwise the contribution of this step would have been less than 8(i — 1)).

Therefore, we can conclude that E[Y;] < O(1+ n/(i — 1)?) for i > 1. On the other hand, for

8(i—1) > 9y/n, it follows from Lemma 14 that E[Y;] < 2n-P(Apax > 8(i — 1)) < 2n2e=80-1),

Using the same method as in the proof of Theorem 15 (i.e., summing over all bins,
bounding the contribution of each step in bin 7 by 8i and using Fubini’s theorem and the
derived bounds on E[Y;]), and adding the expected contribution E[Tg] of the initial tour, yields

E[INg] < E[Tr] + i 8i - E[X;] = E[Tr] + i 8- E[V]]

=1 i=1

2y
=E[Tp] +8n+ ) 8-E[Y, Z 8- E[Y;
i=2 i=2v/n
2y
<O0(n )+8n+ZO(1+ ) Z 16n2e~80=Y = O(n),
=2 i=2y/n

where we used Theorem 17 to bound the expected contribution of the initial tour by
E[Tr] < E[TSP] < E[NN] = O(n). Observe that this proof is independent of the choice of
rule R. |

» Theorem 20. For random shortest path metrics generated from a finite grid graph we have
E[1s] =00
TSP :

The proof of this theorem is similar to that of Theorem 16, with the worst-case approximation
ratio of the insertion heuristic on metric instances being O(In(n)) [21].

5 Analysis of 2-opt for TSP

In this section, we consider the probably most famous local search heuristic for the TSP, the

2-opt heuristic, and show that it achieves a constant expected approximation ratio as well.

Since we do not make use of any of the lemmas that have been tailored to random shortest
path metrics generated from finite square grid graphs, the results in this section hold for
random shortest path metrics generated from any sparse graph.
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The 2-opt heuristic starts with an arbitrary initial solution and iteratively improves this
solution by applying so-called 2-exchanges until no improvement is possible anymore. In a 2-
exchange, two “edges” {u1,v1} and {ug, vo} that are visited in this order in the current solution
are removed from it and replaced by the two “edges” {u1,us} and {v1,v2} to obtain a new
solution. The improvement of this 2-exchange is § = d(u1, v1)+d(uz, v2)—d(u1, uz) —d(vy, v2).
A solution is called 2-optimal if § < 0 for all possible 2-exchanges.

The actual performance of the 2-opt heuristic strongly depends on the choice of the initial
solution and the sequence of improvements. In this paper we look at the worst possible
outcome of the 2-opt heuristic, as others have been doing before (see e.g. [7, 9]), since
this decouples the actual heuristic from the initialization and therefore keeps the analysis
tractable. Let WLO denote the total distance of the worst 2-optimal TSP tour, and let TSP
denote the total distance of an optimal TSP tour.

It is known that the worst-case approximation ratio for this heuristic on metric instances
is O(y/n) [7]. Moreover, for Euclidean instances, the 2-opt heuristic has an expected
approximation ratio of O(1) [7]. For random shortest path metrics on complete graphs,
there is a trivial upper bound of O(In(n)) for the expected approximation ratio of the 2-opt
heuristic, but it is an open problem whether this can be improved or not [6]. We show that
for random shortest path metrics generated from sparse graphs, the expected approximation
ratio of the 2-opt heuristic is O(1).

The crucial observation that enables us to show this result is the fact that for any
2-optimal solution for the TSP it holds that each edge e € E can appear at most twice in
the disjoint union of all shortest paths that correspond to this solution. In other words, the
total distance of any 2-optimal solution can be bounded by twice the sum of all edge weights
in G. The following lemma and theorems formalize this observation and its consequences.

» Lemma 21. Consider a 2-optimal solution for the TSP. For each i,j € V, let P;; denote
the set of all (directed) edges in the shortest i, j-path. Moreover, let x;; = 1 if the solution
travels directly from vertex i to vertex j, and x;j := 0 otherwise. Then, for any i,j,k,l €V
with x;; = xp = 1 we have either Py; N Py = & or (i,7) = (k,1).

Proof. Let i,j,k,l € V such that z;; = xy = 1, and suppose that (i,j) # (k,1). Set
A :={i,j,k,l} and observe that |A| equals either 3 or 4. (|A| = 2 would imply (4, 5) = (k,1).)

First, suppose that |A| = 4. Suppose, by way of contradiction, that P;; N Py # @. Take
e = (s,t) € P;jNPy. Then d(i,j) = d(i, s) +w(e)+d(t, j) and d(k,1) = d(k, s)+w(e)+d(t,1).
Moreover, using the triangle inequality, we can see that d(i,k) < d(i,s) + d(s,k) and
d(4,1) <d(j,t) +d(t,1). Let 6 = 6(i, j, k,1) denote the improvement of the 2-exchange where
{i,7} and {k,[} are replaced by {i, k} and {j,1}, and note that § < 0 since we are considering
a 2-optimal solution for the TSP. It follows that

0>0=d(i,j)+dk,1)—d(i,k)—d(,1)
>d(i,s) +w(e) +d(t, ) +d(k,s) +w(e) +d(t, 1) —d(i,s) — d(s, k) — d(j,t) — d(t,1)
= 2w(e) > 0,

which is clearly a contradiction. Therefore we must have P;; N Py, = @ in this case.

Now, suppose that |A| = 3. Since the = variables describe a solution to the TSP, this
implies that either j = k or ¢ = [. These cases are analogously, so w.l.o.g. we assume that
j = k. The proof that P;; N Py, = @ in this case is similar to the proof for |A| = 4, with the
exception that here we have § = d(i,7) + d(4,1) — d(i,7) — d(j,1) = 0 (instead of § < 0). The
result follows. <



S. Klootwijk and B. Manthey

» Theorem 22. E[WLO] = O(n).

Proof. For eachi,j € V, let P;; denote the set of all (directed) edges in the shortest ¢, j-path.
Moreover, let x;; = 1 if WLO travels directly from vertex i to vertex j, and z;; = 0 otherwise.

From Lemma 21 we know that each edge e € E can appear at most twice in the disjoint

union of all shortest i, j-paths that form a 2-optimal tour (at most once per direction).

This yields

WLO = Y " d(i,jlzg = Y Y wle) <Y 2uw(e) =28z,
i,jEV i,jEV e€P;; e€E
1?1‘]'11

where S,,, denotes the sum of the m lightest edge weights in G as before. Combining this
with Corollary 5, it follows that

EWLO] < E [2S)g|] = O (|Enl2> = O(n),

where the last equality follows by recalling that |E| = ©(n) for sparse graphs. <

» Theorem 23. For random shortest path metrics generated from a sparse graph we have

E [Y&2] = 0(1).

The proof of this theorem is similar to that of Theorem 16, with the worst-case approximation
ratio of the 2-opt heuristic on metric instances being O(y/n) [7].

6 Concluding Remarks

We have analyzed simple heuristics for matching and TSP on random shortest path metrics
generated from sparse graphs, since we believe that these models yield more realistic metric

spaces than random shortest path metrics generated from dense or even complete graphs.

However, for the greedy-like heuristics we had to restrict ourselves to (finite square) grid
graphs. It is possible to adapt our proofs for all classes of sparse graphs that have sufficiently
fast growing cut sizes |§(U)| (as long as |U] is not too large). It seems to be sufficient to have
[0(U)] > QUF) if |U| < ¢'n for some constants €,¢’ € (0,1). Sparse graphs that have this
property include d-dimensional grid graphs and other lattice graphs. We raise the question
whether it is possible to extend our findings for these heuristics to arbitrary sparse graphs.

On the other hand, especially if we consider random shortest path metrics generated from
grid graphs, in our view the model could be improved by using only a (possibly random)
subset of the vertices of G for defining the random metric space, i.e., restricting the distance
function d of the metric to some sub-domain V’ x V', where V' C V. It would be interesting
to see whether this model could be analyzed as well.

Finally, in our analysis of the 2-opt local search heuristic, we had to decouple the actual
heuristic from the initialization in order to make the analysis tractable. We leave it as an
open problem to prove rigorous results about hybrid heuristics that consist of an initialization
and a local search algorithm.
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A Computations for the Proof of Corollary 12

In this appendix we show that there exists a constant ¢; such that for any A > 2 we have

mm ) =

where sa 1= min{A2/4,n/4} and n > 9. We consider two cases: A? <n and A% > n.
For the first case, suppose that A% < n. Then we have s = A?/4, and we need to show
that

fA) ;== A\/A2/4 -1 exp <(A -2) (\/ﬁ —1—1In <\/ﬁ>>> <c.

Now observe that A — 1 —In()\) is an increasing function of A for A > 1. Combining this with
the observation that \/A2/4 — 1 < \/A2/4 = A/2 (for any A > 2), it follows now that

AV =T exp (-2v5x 1)

f(A) < %AQe—(A—Q)(l—ln(Q)).

So, f(A) is upper bounded by a function g(A) of the form g(A) = coA2e=%4 for some
constants cg, c3 > 0. It is well-established that such a function has a finite global maximum
(which can be shown to be equal to iCQCge*C?ﬂ/ 2). Therefore, we can conclude that in this
case there exists a constant ¢; such that f(A) <¢; for all A > 2.

For the second case, suppose that A% > n. Then we have sa = n/4, and we need to show
that we have

h(A,n) == Ay/n/4 —1-exp (—(\/5—2) <\/71/A471 —1—-In (%))) <ey,

for all pairs (A, n) satisfying A? > n > 9. The first step of the proof is to show that
h(A,n) < h(y/n,n) for all A > \/n. To do so, we compute the partial derivative of
h(A,n) with respect to A, and show that it is non-positive for all A > /n. The partial
derivative equals

OE) — (VAT ~ (i~ 2)(A Vol 1))

A A
- exp (—(\/5—2) <\/m—l—ln <n/4—1>)>
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Now observe that for all n > 9 we have

vn/4— ‘f < Vn/d-2=+/n<A.
This inequality can be rewritten into y/n/4 —1 — (y/n — 2)(A — y/n/4 —1) < 0, which

(together with the fact that e® > 0 for all x € R) shows that the partial derivative of h(A,n)
with respect to A is indeed non-positive for all A > /n. So, we may now conclude that
h(A,n) < h(y/n,n) for all A > /n.
Next, notice that h(y/n,n) = f(y/n). In the first case we have already shown that there
exists a constant ¢; such that f(A) < ¢ for all A > 2. So, it follows immediately that
h(A,n) < h(y/n,n) = f(y/n) < ¢ for all pairs (A, n) satisfying A2 >n > 9.

Combining both cases, we can now see that indeed there exists a constant ¢; such that

for any A > 2 we have
A 1-1 A <
— 1 —-In| —— cq,
\/SAfl \/SAfl =
where sa := min{A%/4,n/4} and n > 9.
» Remark. Numerical computations show that ¢; > 4.0647 is sufficient for this result to hold.

avia=T-ew (-2(vss -1

B Proof of Lemma 14

» Lemma 14. Let x > 9v/n. Then we have P(Apa.x > x) < ne 7.

Proof. Fix an arbitrary v € V and recall that we assume n to be even (the proof for odd n
is similar, but requires some more care with the bounds of the summations). We first show
that P(7,(v) > z) < e *. Using a similar argument as in the proof of Corollary 9, we can
derive from Lemma 8 that

4nl

Z Exp( 2\[ Z Exp(v/n Z Exp(2vn —1).

z—4n z—4n+1

From this, we can see that

P(r,(v) >z) <P ZZ Exp(2Vi) + Z Exp(v/n Z Exp(2vn —1i) >

2——n z—zn+1
In order to bound this probability, we once more use Lemma 1(i). For this purpose, set

jn—1 in—1

u:=E ZExp%f ZEXP Z Exp(2vn — 1) :n+2 Z \/

1—471 z—4n+1

and A := z/p, and observe that pu < 2\/n++v/n—4+41/y/n < 3\/n. Together with z > 9/n
this implies A > 6. Lemma 1(i) now yields

]P(Tn('l}) > {E) < )\—le—2p(A—1—ln(A)) < e—2u(A/2) — e—)\u — e 7

)

where we used A—1—1In(\) > A/2 (which holds for all A > 5.36) for the second inequality. The
final results follows from observing that Ap.x = max, 7,(v) and applying the appropriate
union bound. |



Greedy Maximal Independent Sets via Local
Limits
Michael Krivelevich

School of Mathematical Sciences, Tel Aviv University, Tel Aviv, 6997801, Israel
krivelev@tauex.tau.ac.il

Tamas Mészaros

Fachbereich Mathematik und Informatik, Institut fiir Mathematik, Freie Universitiat Berlin,
14195 Berlin, Germany

tamas.meszaros@fu-berlin.de

Peleg Michaeli
School of Mathematical Sciences, Tel Aviv University, Tel Aviv, 6997801, Israel
peleg.michaeli@math.tau.ac.il

Clara Shikhelman

Simons Institute for the Theory of Computing, Berkeley, CA, USA

School of Mathematical Sciences, Tel Aviv University, Tel Aviv, 6997801, Israel
clara.shikhelman@gmail.com

—— Abstract

The random greedy algorithm for finding a maximal independent set in a graph has been studied

extensively in various settings in combinatorics, probability, computer science — and even in chemistry.
The algorithm builds a maximal independent set by inspecting the vertices of the graph one at a
time according to a random order, adding the current vertex to the independent set if it is not
connected to any previously added vertex by an edge.

In this paper we present a natural and general framework for calculating the asymptotics of the
proportion of the yielded independent set for sequences of (possibly random) graphs, involving a
useful notion of local convergence. We use this framework both to give short and simple proofs for
results on previously studied families of graphs, such as paths and binomial random graphs, and to
study new ones, such as random trees.

We conclude our work by analysing the random greedy algorithm more closely when the base
graph is a tree. We show that in expectation, the cardinality of a random greedy independent set in
the path is no larger than that in any other tree of the same order.
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1 Introduction

Algorithmic problems related to finding or approximating the independence number of a
graph, or to producing large independent sets, have long been in the focus of the computer
science community. Computing the size of a mazimum independent set is known to be
NP-complete [30] and the groundbreaking work [16] on the difficulty of approximating it
even made its way to The New York Times. A natural way to try to efficiently produce a
large independent set in an input graph G is to output a mazimal independent set (MIS)
in G, where a vertex subset I C V(G) is a MIS in G if I is maximal by inclusion. While
in principle a badly chosen MIS can be very small (like, say, the star center in a star), one
might hope that quite a few of the maximal independent sets will have size comparable in
some sense to the independence number of G.

In this paper, we study the random greedy algorithm for producing a maximal independent
set, which is defined as follows. Consider an input graph G on n vertices. The algorithm first
orders the vertices of G uniformly at random, and then builds an independent set I(G) by
considering each of the vertices v one by one in order, adding v to I(G) if the resulting set
does not span any edge. Observe that the set I(G) is in fact the set of vertices coloured in
the first colour in a random greedy proper colouring of G. A basic quantity to study, which
turns out to have numerous applications, is the proportion of the yielded independent set
(which we call the greedy independence ratio). In particular, it is of interest to study
the asymptotic behaviour of this quantity for natural graph sequences.

Due to its simplicity, this greedy algorithm has been studied extensively by various
authors in different fields, ranging from combinatorics [48], probability [42] and computer
science [18] to chemistry [20]. As early as 1931 this model was studied by chemists under
the name random sequential adsorption (RSA), focusing mostly on d-dimensional grids. The
1-dimensional case was solved by Flory [20] (see also [38]), who showed that the expected
greedy independence ratio tends to (o = (1 — e72)/2 as the path length tends to infinity.

A continuous analogue, where “cars” of unit length “park” at random free locations on
the interval [0, X ], was introduced (and solved) by Rényi [43], under the name car-parking
process. The limiting density, as X tends to infinity, is therefore called Rényi’s parking
constant, and {2 may be considered as its discrete counterpart (see, e.g., [17]). Following
this terminology, the final state of the car-parking process is often called the jamming limit
of the graph, and the density of this state is called the jamming constant. For dimension 2,
Palésti [39] conjectured, in the continuous case (where unit square “cars” park in a larger
square), that the limiting density is Rényi’s parking constant squared. This conjecture may
be carried over to the discrete case, but to the best of our knowledge, in both cases it remains
open. For further details see [17] (see also [15] for an extensive survey on RSA models).

In combinatorics, the greedy algorithm for finding a maximal independent set was analysed
in order to give a lower bound on the (usually asymptotic) typical independence number of
(random) graphs®. The asymptotic greedy independence ratio of binomial random graphs
with linear edge density was studied by McDiarmid [35] (but see also [25, 9]). The asymptotic
greedy independence ratio of random regular graphs was studied by Wormald [48], who
used the so-called differential equation method (see [49] for a comprehensive survey; see also
[47] for a short proof of Wormald’s result). His result was further extended in [33] for any
regular graph sequence with growing girth (see also [29, 28] for similar extensions for more
sophisticated algorithms). Recently, the case of uniform random graphs with given degree
sequences was studied (independently) in [5] and [11].

! In this regard, the greedy algorithm has long been superseded by more sophisticated algorithms; these
algorithms often lack, however, the local properties of the greedy algorithm.
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In a more general setting, where we run the random greedy algorithm on a hypergraph,
the model recovers in particular the triangle-free process (or, more generally, the H-free
process). In this process, which was first introduced in [14], we begin with the empty graph,
and at each step add a random edge as long as it does not create a copy of a triangle (or a
copy of H). To recover this process we take the hypergraph whose vertices are the edges
of the complete graph, and whose hyperedges are the triples of edges that span a triangle
(or k-sets of edges that form a copy of H, if H has k edges). Bohman’s key result [7] is
that for this hypergraph, |I| is asymptotically almost surely ©(n3/2v/Inn), where n is the
number of vertices. The exact asymptotics was later found by Bohman and Keevash [8] and
by Fiz Pontiveros, Griffiths and Morris [19]. Similar results were obtained for the complete
graph on 4 vertices by Warnke [46] and for cycles independently by Picollelli [41] and by
Warnke [45]. For a discussion about the general setting, see [4].

Consider the following alternative but equivalent definition of the model. Assign an
independent uniform label from [0, 1] to each vertex of the graph, and consider it as the
arrival time of a particle at that vertex. All vertices are initially vacant, and a vertex
becomes occupied at the time denoted by its label if and only if all of its neighbours are
still vacant at that time. Clearly, we do not need to worry that two particles will arrive
at the same time. The set of occupied vertices at time 1 is exactly the greedy MIS. The
advantage of this formulation of the model is that under mild assumptions, it can be defined
on an infinite graph. We may think of the resulting MIS as a factor of #id (fiid)?, meaning,
informally, that there exists a local rule which is unaware of the “identity” of a given vertex,
that determines whether that vertex is occupied. It was conjectured (formally by Hatami,
Lovasz and Szegedy [26]) that, using a proper rule, fiid can produce an asymptotically
maximum independent set in random regular graphs. However, this was disproved recently
by Gamarnik and Sudan [23]. In fact, they showed that this kind of local algorithms has a
uniformly limited power for sufficiently large degree, and later Rahman and Virdg [42] showed
that the density of fiid independent sets in regular trees and in Poisson Galton—Watson
trees, with large average degree, is asymptotically at most half-optimal, concluding (after
projecting to random regular graphs or to binomial random graphs) that local algorithms
cannot achieve better.

However, on other families of graphs, local algorithms may clearly do better than that. A
trivial example is the set of stars, where the greedy algorithm typically performs perfectly. A
less trivial example is that of uniform random trees. The expected independence ratio of
a uniform random tree is the unique solution of the equation x = e~* (see [36]), which is
approximately 0.5671..., while the greedy algorithm yields an independent set of expected
density 1/2 as we will see in Section 2.3.

Finally, we note that the following parallel /distributed algorithm gives a further way to
look at the maximal independent set generated by the greedy algorithm. After (randomly)
ordering the vertices, we colour “red” all the sinks, that is, all the vertices which appear
before their neighbours in the order, and then remove them and their neighbours from the
graph and continue. Formulated this way, the algorithm is very easy to implement, and
requires only local communication between the nodes. Also, conditioning on the initial
random ordering, it is deterministic, a property which appears to be of importance (see,
e.g., [6]). A main question of interest is the number of rounds it takes the algorithm to
terminate. In [18] it was shown that with high probability (whp)? it terminates in O(Inn)
steps on any n-vertex graph, and that this is tight. Thus, even though these algorithms may
be suboptimal, they are strikingly simple and can be surprisingly efficient.

2 The letters iid abbreviate “independent and identically distributed”.
3 That is, with probability tending to 1 as n tends to infinity.
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1.1 Qur Contribution

The goal of this work is to introduce a simple and fairly general framework for calculating the
asymptotics of the greedy independence ratio for a wide variety of (random) graph sequences.
The general approach is to study a suitable limiting object, typically a random rooted infinite
graph, which captures the local view of a typical vertex, and to calculate the probability that
its root appears in a random independent set in this graph, which is created according to
some natural “local” rule, to be described later. We show that this probability approximates
the expected greedy independence ratio.

Let us formulate this more precisely. For a (random) finite graph G let I(G) be the
random greedy maximal independent set of G, let +(G) := |[I(G)|/|V(G)| be its density, and
let 2(G) be its expected density (taken over the distribution of G and over the random greedy
maximal independent set). Suppose (U, p) is a random rooted infinite graph (that is, (U, p)
is a distribution on rooted infinite graphs). A random labelling o = (04),ev () of U is
a process consisting of iid random variables o, each distributed uniformly in [0,1]. The
past of a vertex v, denoted P,, is the set of vertices in U reachable from v by a monotone
decreasing path (with respect to o). We say that (U, p) has nonexplosive growth if the
past of p is almost surely finite. For such (U, p) we may define

uU, p) =Plp € (U[P,))],

where P denotes the probability space of the random labellings of U and I respects the vertex
ordering induced by that random labelling.

We say that a graph sequence G, converges locally to (U, p), and denote it by G,, LN
(U, p), if for every r > 0, the ball of radius r around a uniformly chosen point from G,
converges in distribution to the ball of radius r around p in U. To make this notion precise,
we need to endow the space of rooted locally finite connected graphs with a topology. This
will be done rigorously in Section 3. The following key theorem gives motivation for the
definitions above.

» Theorem 1.1. If G, Loc, (U, p) and (U, p) has nonexplosive growth then t(Gr) — ¢(U, p).

We remark that ¢(U, p) is almost surely positive, implying that for locally convergent
graph sequences the expected size of the random greedy maximal independent set is linear.

With some mild growth assumptions on the graph sequence, we can also obtain asymptotic
concentration of the greedy independence ratio around its mean. For a graph G let Ng(r)
be the random variable counting the number of paths of length at most r from a uniformly
chosen random vertex of G. For two real numbers x,y denote by = A y their minimum. Let

p'(r) = lim limsupE[Ng, (r) A M].

M—00 nosoco

We say that G, has subfactorial path growth (sfpg) if pu*(r) <, rl.* Note that every
graph sequence with uniformly bounded degrees has sfpg, but there are graph sequences
with unbounded degrees, and even with unbounded average degree, which still have sfpg.
For most cases, and for all of the applications presented in this paper, requiring that
the somewhat simpler expression limsup,, ., E[Ng, (r)] is subfactorial would have sufficed;
however, requiring that p*(r) is subfactorial is less strict, and is more natural for the following
reason: if the graph sequence converges locally, then p*(r) is the expected number of paths
of length at most r in the limit. For two functions fi(n), fa(n) write fi(n) ~ fa(n) if
fi(n) = (14 o(1)) f2(n). We are now ready to state our concentration result.

1 By g1(r) <» g2(r) we mean that lim,_ o g1(r)/g2(r) = 0.
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» Theorem 1.2. If G,, has sfpg and G, Loe, (U, p) then 1(G,,) ~ (U, p) with high probability.

» Remark. Gamarnik and Goldberg [22] have established concentration of +(G,,) around its
mean, under the assumption that the degrees of G,, are uniformly bounded. Here we relax
that assumption.

» Remark. A sequence of graphs which has sfpg does not necessarily have a local limit,
but it does have a locally convergent subsequence. Any limit of such a sequence will have
nonexplosive growth.

When the limiting object is supported on rooted trees, we call the (random) graph
sequence locally tree-like. Our next result is a general differential-equations based tool
for analysing the asymptotics of the greedy independence ratio of locally tree-like (random)
sfpg graph sequences, with the restriction that their limit may be emulated by a simple
branching process with at most countably many types. Roughly speaking, a multitype
branching process is a rooted tree, in which each node is assigned a type, and the number
and types of each node’s “children” follow a law which depends solely on the node’s type,
and is independent for distinct nodes. Such a branching process is called simple if each
such law is a product measure. Formal definitions will be given in Section 5. The following
theorem reduces the problem of calculating ¢(U, p) in these cases to the problem of solving a
(possibly infinite) system of ODEs.

» Theorem 1.3. Let (U, p) be a simple multitype branching process with finite or countable
type set T, root distribution [i and offspring distributions uk=J. For every x € [0,1] and
k,j €T let uk=79 = Bin(u*=7, x) denote the distribution of the number of children of type j
of a node of type k with random label at most x. Then,

(U, p) = yr(D)juk), (1)
keT

where {yx }rer is a solution to the following system of ODEs:

£;
o) = 3 Tt (1= 22w o 8

LeNT jeT

We call (%) the fundamental system of ODEs of the branching process (U, p). While
this system of ODEs may seem complicated, in many important cases it reduces to a fairly
simple system, as we will demonstrate in Section 2. In particular, the proof of Theorem 1.3

implies that a solution to (*) exists, and in the presented applications it will be unique.

In the cases where (U, p) is either a single type branching process or a random tree with
iid degrees, we provide an easy probability generating function tool that may be used to
“skip” solving (*). This is described in Appendix B. We mention that a somewhat related,
but apparently less applicable statement, providing differential equations for the occupancy
probability of a given vertex in bounded degree graphs, appears in [40].

» Remark. The proof of Theorem 1.3 actually yields a stronger statement. Replacing yi (1)
with yx(x) in the RHS of (1), the obtained quantity is the probability that the root is
occupied “at time x”, namely, when vertices whose label is above x are ignored.

We conclude our work with a theorem, according to which on the set of all trees of a

given order the expected size of the greedy MIS achieves its minimum on the path.

» Theorem 1.4. Let n > 1, let T be a tree on n vertices and let P,, be the path on n vertices.
Then t(P,) < t(T).
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This theorem gives us an exact (non-asymptotic) explicit lower bound for the expected greedy
independence ratio of trees (an asymptotic upper bound is trivial). The methods used to
prove it are different from the ones used in the rest of this paper, and are more combinatorial
in nature. In particular, we make use of a transformation on trees, originally introduced by
Csikvéri in [12], which gives rise to a graded poset of all trees of a given order, in which the
path is the unique minimum (say). While we are not able to show that this transformation
can only increase the expected greedy independence ratio, we show it can only increase some
other quantitative property of trees, which allows us to argue that paths indeed achieve the
minimum expected greedy independence ratio.

1.2 Organisation of the Paper

We start by a short list of important applications in Section 2, where we prove some new
results and reprove some known ones, using the machinery of Theorems 1.2 and 1.3. In
a few cases, we are assisted by the claims from Appendix B. In particular, we calculate
the asymptotics of the greedy independence ratio for paths and cycles (reproving results
from [20, 38]), binomial random graphs (reproving a result from [35]), uniform random trees
and random functional digraphs (new results) and random regular graphs or regular graphs
with high girth (reproving results from [48, 33]).

We then shift our focus to the formal definitions and proofs. We begin by introducing the
metric that is used to define the notion of local convergence in Section 3, where we also prove
Theorem 1.1. In Section 4 we prove Theorem 1.2, by essentially proving a decay of correlation
between vertices in terms of their distance, and showing that typical pairs of vertices are
distant. In fact, the results of Section 4 imply that even without local convergence, under
mild growth assumptions, the variance of the greedy independence ratio is decaying.

In Section 5 we turn our attention to locally tree-like graph sequences, define (simple,
multitype) branching processes, and prove Theorem 1.3. We enhance this in Appendix B by
introducing a probability generating functions based “trick”, which allows, in some cases, a
significant simplification. In Section 6 we focus further on tree sequences, where we prove
Theorem 1.4. To this end we pinpoint several interesting properties of the expected greedy
independence ratio of the path.

2 Applications

The goal of this section is to demonstrate the power of the introduced framework by finding
¢ for several natural (random) graph sequences, via finding their local limit and solving its
fundamental system of ODEs, as described in Theorem 1.3. In some cases, we may use
probability generating functions, as described in Appendix B, to ease calculations.

2.1 Infinite-Ray Stars

For d > 1, let S4 be the infinite-ray star with d branches. Formally, the vertex set of Sy is
{(0,00} U{(i,5): i €[d],j =1,2,...}, and (i,5) ~ (¢',5") if |j — j'| =1 and either i =i’ or
17’ = 0. Note that S = N and Sy = Z. This is a two-type branching process, with types
d for the root and 1 for a branch vertex. The fundamental system of ODEs in this case is
Ya(z) =
is y1(z) =1 —e . For d > 1 we obtain the equation y/;, = e~ of which the solution is
ya(z) = 3(1 — e79). Since 7 = d a.s., it follows that ¢(Sz) = ya(1) = (4= 2(1—e™%). In
particular, (N) =1 —e~! ~ 0.6321... and «(Z) = 2(1 — e~2) ~ 0.43233....

(1 —yi(z))?, and for d = 1 we obtain the equation 3/} = 1 — y; of which the solution
—dx
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As N is a single type branching process and Z is a random tree with iid degrees, we
may use the alternative approach for calculating ¢(N) and ¢(Z), as described in Appendix B.
Solving f; % =1 gives h = 7!, hence by Claim B.1, ((N) = 1 — e~ !, and by Claim B.2,
W(Z) = L(1- ).

The local limit of the sequences P, of paths and C, of cycles is clearly Z. It follows from
the discussion above that ¢(P,),+(Cy) ~ (1 — e2) whp. This was already calculated by
Flory [20] (who only considered the expected ratio) and independently by Page [38], and can

be thought of as the discrete variant of Rényi’s parking constant (see [17]).

2.2 Poisson Galton—Watson Trees

A Poisson Galton—Watson tree 7Ty is a single type branching process with offspring distribution
Pois()) for some parameter A € (0, 00). The fundamental ODE in this case is 3/ (z) = e~ *¥(®),
(This can be calculated directly using (4)). The solution for this differential equation is
y(z) = In(1+Ax)/A, hence +(Ty) = y(1) = In(1+X)/\. The same result can be obtained using
the probability generating function of the Poisson distribution, as described in Appendix B.

Counsider the binomial random graph G(n,\/n), which is the graph on n vertices
in which every pair of nodes is connected by an edge independently with probability A/n.
It is easy to check that it converges locally to Ty, hence ¢(G(n,A/n)) ~ In(1 4+ X\)/\ whp,
recovering a known result (see [35]).

2.3 Size-Biased Poisson Galton—Watson Trees

For 0 < A < 1, a size-biased Poisson Galton—~Watson tree 7y can be defined (see [34]) as a
two-type simple branching process, with types s (spine vertices) and t ({ree vertices), where
a spine vertex has 1 spine child plus Pois(A) tree children, a tree vertex has Pois(\A) tree
children, and the root is a spine vertex. The fundamental system of ODEs in this case is

-5 2 1) ) S )

< (\p)? (2 d
= (1 =pl@) ) iiﬂl, (1— . )> = (1— ys(x))e ),

X
d=0

and from Section 2.2 we obtain y(x) = In(1 4+ Ax)/A. Hence yl(z) = (1 — ys(x))/(1 + Az),
and the solution for that equation is ys(z) = 1 — exp(—In(1 + Az)/A). Thus ¢(73) = ys(1) =
1— (14 X)"Y*=1—¢e 4T In particular, o(77) = 1/2.

It is a classical (and beautiful) fact (see, e.g., [32, 24]) that if T}, is a uniformly chosen
random tree drawn from the set of n"~2 trees on (labelled) n vertices, then T,, converges
locally to 77, hence (T,) ~ 1/2 whp. To the best of our knowledge, this intriguing fact
was not previously known. In fact, it was shown recently in [27] that if G,, is a sequence of
connected regular graphs that converges to a nondegenerate graphon, and T}, is the uniform
spanning tree of G,,, then T}, also converges locally to 77, hence it follows that W(T) ~1/2
whp in this case as well.

It can be easily verified that the local limit of a random functional digraph Gy (n) (the
digraph on n vertices whose edges are (i,7(2)) for a uniform random permutation ), with
orientations ignored, is also 77, hence t(G1) — 1/2 whp.
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2.4 d-ary Trees

For d > 1, let T4 be the d-ary tree. It may be viewed as a (single type) branching process. It
thus immediately follows from (4) that 3/'(z) = (1 — y(x))¢. The solution for this differential
equation is y(x) = 1 — ((d — 1)z + 1)~V Tt follows that +(T4) = y(1) = 1 — d~/(d=1),
This fact also follows easily using the generating functions approach described in Appendix B.
A remarkable example is ¢(T2) = 1/2.

2.5 Regular Trees

For d > 3, let T4 be the d-regular tree. It may viewed as a two-type branching process
with types d for the root and 1 for the rest of the vertices. The fundamental system
of ODEs in this case is ¥;(z) = (1 — y1(x))¢, and from Section 2.4 we obtain y;(z) =
1—((d—2)z+1)~1/(4=2)_ Tt follows that ¢/,(z) = ((d—2)x+1)~%(4=2) | of which the solution
is ya(z) = (1 — ((d — 2)z + 1)72/(4=2)) /2. Therefore,

(Ty) = ya(l) = %(1 —(d— 1)72/(d72)).

As with d-ary trees, here again the generating functions approach works easily: the solution
to fhl(x) 297z =z is h(z) = (1 — (2 — d)z)/?~D | and the result follows from Claim B.2.
Remarkable examples include «(T3) = 3/8 and ¢(Ty) = 1/3.

Since the random regular graph G(n,d) (a uniformly sampled graph from the set of all
d-regular graphs on n vertices, assuming dn is even) converges locally to T, (see, e.g., [50]),
the above result for this case is exactly [48, Theorem 4]. In fact, since any sequence of
d-regular graphs with girth tending to infinity converges locally to T4, we also recover [33,
Theorem 2].

3 Local Limits

In order to study asymptotics, it is often useful to construct a suitable limiting object first.
Local limits were introduced by Benjamini and Schramm [3] and studied further by Aldous
and Steele [2] (A very similar approach has already been introduced by Aldous in [1]). Local
limits, when they exist, encapsulate the asymptotic data of local behaviour of the convergent
graph sequence, and in particular, that of the performance of the greedy algorithm.

We start with basic definitions. Consider the space G, of rooted locally finite connected
graphs viewed up to root preserving graph isomorphisms. We provide G, with the met-
ric dioc((G1, p1), (G2, p2)) = 278 where R is the largest integer for which Bg, (p1, R) ~
Bg,(p2, R). Here we understand Bg(p, R) as the rooted subgraph of (G, p) spanned by the
vertices of distance at most R from p, and ~ as rooted-isomorphic. It is an easy fact that
(Ge, dioc) is a separable complete metric space, hence it is a Polish space. (G, djoc), while
being bounded, is not compact (the sequence of rooted stars S,, does not have a convergent
subsequence).

Recall that a sequence of random elements {X,,}5° ; converges in distribution to a
random element X, if for every bounded continuous function f we have that E[f(X,,)] —
E[f(X)]. Let G, be a sequence of (random) finite graphs. We say that G, converges
locally to a (random) element (U, p) of G, if for every r > 0, the sequence Bg, (pn,7)
converges in distribution to By (p, ), where p,, is a uniformly chosen vertex of G,,. Since the
inherited topology on all rooted balls in G, with radius r is discrete, this implies convergence
in total variation distance.

We are now ready to prove Theorem 1.1.
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Proof of Theorem 1.1. Fix ¢ > 0. For a given labelling o of U, let £, be the length of the
longest decreasing sequence (w.r.t. o) starting from p. Since (U, p) has nonexplosive growth,
there exists r. for which for every r > r., P[¢{, > r] <e. For r > 0, let G}, = Bg, (pn,7)
and U" = By(p,r). We couple GI, and a random permutation 7 on its vertices with U”
and a random labelling o as follows. First, since G, converges in distribution (and hence
in total variation distance) to U”, there exists n, such that for all n > n, we have that
P[G;, # U] < e. If this event occurs, we say that the coupling has failed. Otherwise,
for some isomorphism ¢ : G}, — U", we let m be the permutation on the vertices of
G, which agrees with the ordering of the labels on the vertices of the isomorphic image
(that is, T, < T, <= 0y,@) < Op)). Note that under this coupling, if it succeeds,
pn €I(Gl) < p € I(U"). However, on the event “/, <r”, p, € I(Gl,) < pn € I(G,)
and p € I(U") <= p € L(U[P,]). Observing that 1(G,) = Plp, € I(G},)] we obtain that for
r>r.and n > n,., [t(G,) — (U, p)| < 2e. <

4 Concentration

With some mild growth assumptions on the graph sequence, without assuming local conver-
gence, we obtain asymptotic concentration of the greedy independence ratio around its mean.
Under these assumptions we show that the dependence between the inclusion of distinct
nodes in the maximal independent set decays as a functions of their distance, a phenomenon
which is sometimes called correlation decay or long-range independence. To prove that the
model exhibits this phenomenon, we show that with high probability there are no “long’
monotone paths emerging from a typical vertex, which is the contents of the next claim. We
then observe that two independent random vertices are typically distant, and use a general
lemma about exploration algorithms to prove decay of correlation. We remark that similar
locality arguments appear in [37]. Some of the proofs are given in Appendix A.

)

> Claim 4.1. Suppose that G,, has sfpg. Let 7 be a uniform random permutation of the
vertices of G,,, and let u be a uniformly chosen vertex from G,,. Then, for every € > 0, there
exists 7 > 0 such that for every large enough n, the probability that there exists a monotone
decreasing path of length r (w.r.t. 7), emerging from u, is at most €.

> Claim 4.2. Suppose that G,, has sfpg. Let u,v be two independently and uniformly
chosen vertices from G,,. Then, for every €, > 0 we have that for every large enough n,
P[distg, (u,v) <7] <e.

Let G = (V, E) be a graph. An exploration-decision rule for G is a (deterministic)
function Q, whose input is a pair (S, g), where S is a non-empty sequence of distinct vertices
of V,and g: S — [0, 1], and whose output is either a vertex v € V \. S or a “decision” T or
F. An exploration-decision algorithm for G, with rule Q, is a (deterministic) algorithm
A, whose input is an initial vertex v € V and a function f : V — [0, 1], which outputs

T or F, and operates as follows. Set u; = v. Suppose A has already set uq,...,u;. Let
r=Q((u1,...,u), [ Tguy,....i})- I €V, set uj11 = 2 and continue. Otherwise stop and
return x. We call the set uj,...,u; at this stage the range of the algorithm’s run. We

denote the output of the algorithm by A(v, f) and its range by rnga (v, f). The radius of the
algorithm’s run, denoted rada (v, f), is the maximum distance between v and an element of
its range.

» Lemma 4.3. Let ¢ > 0. Let G = (V, E) be a graph, let o be a random labelling of
its vertices, let A be an exploration-decision algorithm for G and let v > 1. Let u,v be

sampled independently from some distribution over V. Suppose that w.p. at least 1 — € both
distg(u,v) > 3r, and rada(u, o), rada(v,0) < r. Then |cov[A(u,o),A(v,0)]| = 0:(1).
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We now apply the lemma in our setting.

> Claim 4.4. Suppose that G,, has sfpg. Let u, v be two independently and uniformly chosen
vertices from G,,. Denote by R,, R, the events that v € I(G,), v € I(G,), respectively.
Then | cov[R,, Ry]| = o(1).

Proof. Let € > 0. We describe an exploration-decision algorithm A by defining its rule. Given
a vertex sequence S = (uy,...,u;) and labels g : S — [0, 1], the rule checks for monotone
decreasing sequences emerging from wq, in S, with respect to g. Denote by £ the set of ends
of these sequences. If there are vertices in V' \ .S with neighbours in £, return an arbitrary
vertex among these. Otherwise, perform the Greedy MIS algorithm on the past of u; inside
S, and return T if u; ends up in the MIS, or F otherwise. We observe that if ¢ is a random
labelling of G,, then for w € {u,v} the event A(w,o) =T is in fact the event R,,. We also
note that if the longest monotone decreasing sequence, w.r.t. o, emerging from w is of length
r — 1, then rada(w, o) <.

By Claim 4.1 there exists r > 0 such that for every large enough n the probability that
there exists a monotone decreasing path of length » — 1 from either w or v is at most €. By
Claim 4.2, for large enough n, the probability that the distance between w and v is at most
3r is at most . Therefore, by Lemma 4.3, | cov[A(u, o), A(v,o)]| = 0-(1). <

> Claim 4.5. Suppose that G,, has sfpg. Then Var[t(G,)] = o(1).

Proof. For a vertex w, denote by R,, the event that w € I(G,,). Let u,v be two independently
and uniformly chosen vertices from G,,. Since the random variables E[R,, | u] and E[R, | v]
are independent, by Claim 4.4,

Var[t(Gr)] = E[cov[R., Ry | u,v]]
= cov[Ry, Ry] — cov[E[R,, | u]E[R, | v]] = cov[R,, Ry] = o(1). <

Proof of Theorem 1.2. Let ¢ > 0. Note that since G,, has sfpg, (U, p) has nonexplosive
growth, hence by Theorem 1.1 there exists ng such that for every n > ng, [t((Gp) — (U, p)| < €.
Thus, by Chebyshev’s inequality and Claim 4.5,

Pl(Gn) — o(U, p)| > 2¢] < P[|e(Gn) — i(Gn)| > €] < e~ Var[u(Gy)] = o(1). <

5 Branching Processes and Differential Equations

As promised, we begin with a formal definition of multitype branching processes. Let T
be a finite or countable set, which we call the type set. Let i be a distribution on T,
which we call the root distribution, and for each k € T let (u*77),cr be an offspring
distribution, which is a distribution on vectors with nonnegative integer coordinates. Let
7 ~ [ and for every finite sequence of natural numbers v let (f‘]f_)j)jeT ~ (uk_’j)jeT be
a random vector, where these random vectors are independent for different indices v and
are independent of 7. A multitype branching process (Z;):cy with type set T, root
distribution fi and offspring distributions (u*=7);cr is a Markov process on labelled trees,
in which each vertex is assigned a type in T, which may be described as follows. At time
t = 0 the tree Zg consists of a single vertex of type 7, labelled by the empty sequence. At
time ¢t + 1 the tree Z;4; is obtained from Z; as follows. For each k € T and v of length
t and type k in Z;, we add the vertices v~ i for all 0 < i < ZjeT {5_”, having exactly

5’5_” of them being assigned type j, uniformly at random, and connecting them with edges
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to v.% If in addition (u*77),cr is a product measure, namely, if f‘lféj ~ k=7 are sampled
independently for distinct j € T, the process is called simple. We often think of a multitype
branching process as the possibly infinite (random) rooted graph Z., = Utzo Z;, rooted at

the single vertex of Zj.

Proof of Theorem 1.3. Let o be a random labelling of U. To ease notation, set ¢ = ¢(U, p)
and I = I(U[P,]), and recall that . = P[p € I]. Let 7 ~ f1 be the type of the root. For k € T
and = € [0,1], define 1*) =P[p € I| 7 = k] and W = Plpe1|o, =z, 7 =k|]. Note that
this is well defined, even if the event that o, = « has probability 0. Let further

x
L(<k;=/ Lgk)dz,
0

so 1(F) = L(<1)7 hence
L= Z L(k) Plr = k.
keT

It therefore suffices to show that the family yg(x) := L(<k;l satisfies (*) (it clearly satisfies the

boundary conditions). The key observation is that distinct children in the past of the root
are roots to independent subtrees. Formally, conditioning on the event that vq,...,v, are

the children of p in its past, the events “v; € I” for ¢ = 1,...,a are mutually independent.

Since p € I'if and only if v; ¢ I for every i =1,...,a

9

@)= () = = 3" T ek ) —Ploello, <z, 7=4)"
LeNT jeT
45
=2 Hﬂﬁﬂ(éj)<1—]:i)> : «
¢eNT jeT

6 Lower Bound on Tree Sequences

Let us focus on tree sequences. How large can the expected greedy independent ratio be? How
small can it be? The sequence of stars is a clear witness that the only possible asymptotic
upper bound is the trivial one, namely 1. Apparently, the lower bound is not trivial. An
immediate corollary of Theorems 1.1 and 1.4 is that a tight asymptotic lower bound is
1(Z) = (1 — e72)/2 (compare with [44]). The statement of Theorem 1.4 is, however, much
stronger: paths achieve the exact (non-asymptotic) lower bound for the expected greedy
independence ratio among the set of all trees of a given order.

To prove Theorem 1.4 we will need to first understand the behaviour of the greedy
algorithm on the path.

For a graph G denote by i(G) the cardinality of its greedy independent set, and let
i(G) = E[i(@)]. Let ay, = i(P,). Suppose the vertices of P, are 1,...,n, and let S be the
vertex which is first in the permutation of the vertices. Setting a_; = oy = 0, we obtain
the recursion

1 = 2 &
a, = E[E[i(P, - E l+aiotani1)=1+ - E 2, (2)
P i=1

3

5 By v " i we mean the sequence obtained from v by appending the element i.
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from which an explicit formula for a,, can be derived (see [21]). We will need the following
two properties of a,, whose proofs (which are rather long and technical) we omit in this
extended abstract.

> Claim 6.1. «,, is monotone increasing and subadditive.

4
Let Emg = Zj:l Oén+j.

> Claim 6.2. For every ¢,a,b > 1 it holds that £, ¢ + &0 < Eatyo,e + £o,e-

6.1 KC-Transformations

In this section we introduce the main tool that will be used to prove Theorem 1.4. Let T" be
a tree and let =,y be two vertices of T. We say that the path between = and y is bare if for
every vertex v # x,y on that path, dp(v) = 2. Suppose z,y are such that the unique path
P in T between them is bare, and let z be the neighbour of y in that path. For a vertex v,
denote by N(v) the neighbours of v in T. The KC-transformation KC(T,z,y) of T with
respect to x,y is the tree obtained from T by deleting every edge between y and N(y) \ z
and adding the edges between x and N(y) \ z instead. Note that KC(T, z,y) ~ KC(T,y, x),
so if we care about unlabelled trees, we may simply write KC(T', P), for a bare path P in T
The term “KC-transformation” was coined by Bollobds and Tyomkyn [10] after Kelmans,
who defined a similar operation on graphs [31], and Csikvari, who defined it in this form [12]
under the name “generalized tree shift” (GTS).

A nice property of KC-transformations, first observed by Csikvari [12], is that they induce
a graded poset on the set of unlabelled trees of a given order, which is graded by the number
of leaves. In particular, this means that in that poset, the path is the unique minimum (say)
and the star is the unique maximum. Note that if P contains a leaf then KC(T,P) ~ T,
and otherwise KC(T, P) has one more leaf than 7. In the latter case, we say that the
transformation is proper.

Here is the plan for how to prove Theorem 1.4. For a tree T and a vertex v, denote by
T x v the forest obtained from T by shattering T at v, that is, by removing from T the
set {v} U N(v). Denote by k,(T) the multiset of orders of trees in the forest T x v, and
by x(T') the sum of x,(T) for all vertices v in T. Note that for trees with up to 3 vertices,
Theorem 1.4 is trivial; we proceed by induction. By the induction hypothesis,

{(T):% > Z(1+€(S))z1+% >y ak:1+% > ak (3)

veV(T) SET*v veV(T) k€r, (T) ker(T)

Therefore, it makes sense to study the quantities v,(T) = > ¢, o or and v(T') =
2 ren(r) k- In fact, it would suffice to show that for any tree 7" on n vertices v/(T') > v(F,),
since by (2) and (3) we would obtain

_ 1 1 _
(T) 21+ —v(T) 21+ —v(P,) =i(FP).
n n
We therefore reduced our problem to proving the following theorem about KC-transformations.

» Theorem 6.3. If T is a tree and P is a bare path in T then v(KC(T, P)) > v(T).

It would have been nice if for every v € V(T') we would have had v,(KC(T, P)) > v,(T);
unfortunately, this is not true in general. However, the following statement, whose proof can
be found in Appendix C, would suffice.
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» Theorem 6.4. Let T be a tree and let x # y be two vertices with the path between them
being bare. Denote T' = KC(T, z,y). Let A be the set of vertices v # x in T for which every
path between v and y passes via x, and similarly, let B be the set of vertices v #y in T for
which every path between v and x passes via y. Let P be the set of vertices on the bare path
between x and y, so AU BU P is a partition of V(T). Then

1. Forv € AU B we have that v,(T") > v,(T).
2. Yvepo(T') 2 Xpep vo(T)-

7 Concluding Remarks and Open Questions

Non Locally Tree-Like Graph Sequences

Our local limit approach does not assume that the converging sequence is locally tree-like.
However, the differential equation tool fails completely if short cycles appear in a typical
local view. As it seems, to date, there is no general tool to handle these cases, and indeed,
even the asymptotic behaviour of the random greedy MIS algorithm on d-dimensional tori
(for d > 2) remains unknown.

Better Local Rules

The random greedy algorithm presented here follows a very simple local rule. More com-
plicated local rules may yield, in some cases, larger maximal independent sets; for example,
the initial random ordering may “favour” low degree vertices. It would be nice to adapt our
framework, or at least some of its components, to other settings. For adaptive “better” local
algorithms we refer the reader to [48, 51].

The Second Colour

In this work we have analysed the output of the random greedy algorithm for producing a
maximal independent set. As already remarked, this is in fact the set of vertices in the first
colour class in the random greedy colouring algorithm. It is rather easy to see, that, after
slight modifications (in particular, in Theorem 1.3) this approach allow us to calculate the
asymptotic proportion of the size of the set of vertices in the second colour class (or in the
k’th colour class in general, for any fixed k) as well. Non-asymptotic questions about the
expected cardinality of the set of vertices in the second colour class might be also of interest.
For example, is it true that the path has the smallest expected number of vertices in the
first two colour classes among all trees of the same order? It is not hard to see that this
statement is not true for the first three colour classes (as three colours suffice to greedily
colour the path).

Monotonicity With Respect to KC-Transformations

It is likely that the expected greedy independence ratio in trees is monotone with respect

to KC-transformations, and strictly monotone with respect to proper KC-transformations.

If true, this would imply that the greedy independence ratio in trees achieves its unique
minimum on the path and its unique maximum on the star.
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A  Proofs for Section 4

Proof of Claim 4.1. Let € > 0. Since p*(r) <, 7! for every large enough r we have p*(r) < erl.
We couple N, (1) and u such that the former counts the number of paths of length at most
r emerging from the latter. Denote by A} the event that there exists a monotone decreasing
path in G,, (w.r.t. 7) emerging from u of length r. Note that the probability that a given
path of length r is monotone decreasing w.r.t. 7 is 1/rl. Since p*(r) is finite, there exists
M > 0 such that P[Ng, (r) > M] < ¢ for every large enough n. In addition, for large enough
n we have E[Ng, (r) A M] < 2u*(r). Hence, for large enough n,

PlAL] < ) PlA, | Ne,. (r) = m] - PNg, (1) = m] + PNG, (r) > M]

NE

0

1 ENG, (r) A M] 4+ < 3e. <

IN
%‘Hﬁ

Proof of Claim 4.2. Let £,7 > 0. We couple N, (r) and u such that the former counts the
number of paths of length at most r emerging from the latter. Note that under this coupling,
|Bg,, (u,m)| < Ng, (r). Since p*(r) is finite, there exists M > 0 such that P[Ng, (r) > M] < e
for every large enough n. Hence, for large enough n,
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P[distg,, (u,v) < r] =P[v € Bg, (u,r)]

M
< Y Plve Bg,(u,r) | Ne, (r) = m] - BING, (r) = m] + PN, (r) > M]
=0

M
< —ENg,(r) AM]+¢e< — +¢<2e. <
n

» Remark. We only used the fact that Ng, () are uniformly integrable for every r > 0.

Proof of Lemma 4.3. Let Q be the rule of the algorithm A. The r-truncated version of
Q, denoted Q", is defined as follows. To determine Q" ((uy,...,u;),g), Q" checks the value
x=09((u1,...,u;),g). If x € {T,F} or distg(ui,z) <r, Q returns x. Otherwise it returns
F. The r-truncated version of the algorithm A, denoted A", is the exploration-decision
algorithm with rule Q". Note that for every v and f, radar(v, f) < r.

For a vertex w € {u,v}, let X,, be the event “A(w,0) = T7, let Y,, be the event
“A"(w, o) = T7, and let r,, = rada(w, o). Note that P[ X, A1y < 7] = PV ATy < 7] = P[Yy],
thus P[X,,] = P[Y,] + 0:(1). Since for x,y satisfying distg(z,y) > 3r we have that Y,,Y),
are independent, it follows that P[Y,, A Y,] = P[Y,]P[Y,] + 0c(1).

PX, A X, =P[Xyu A Xy A (max{r,,r,} <r)]+P[Xy, A X, A (max{ry,r,} >1)]
=PV, ANY, A (max{ry,r,} < )]+ o0:(1)
=PV, AY,] + 0:(1) = P[YL]P[Y,] + 0-(1) = P[X,]P[X,] + 0-(1). <
B Probability Generating Functions

The goal of this section is to demonstrate how generating functions may aid solving the

fundamental system of ODEs (x) (and thus finding ¢) for certain simple branching processes.

In the following sections, we will use the notation yx(x) as in (), and omit the subscript k
when the branching process has a single type.
Single Type Branching Processes

For a probability distribution p = (p4)32,, let Tp be the p-ary tree, namely, it is a (single
type) branching process, for which the offspring distribution is p. The fundamental ODE in
this case is

%S d 4 oo
’ d — y(‘r) d
(z) = 1-a)"faf(1-=) = (1 —y(x))" (4)
V@ =33 () (1-27) = Smtr -

d=0

This differential equation may not be solvable, but in many important cases it is, and we
will use it. Denote by gp(z) the probability generating function (pgf) of p, that is,

9p(2) =) paz’. (5)
d=0

Let hp(z) be the solution to the equation

1 dz
/hpm W) )
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> Claim B.1. y(z) =1— hp(x).

Proof. Fix € [0,1], let h = hp(z) and g(z) = gp(z). Define ¢ : [0,5] — [h,1], where
B =1y"1(1—h), as follows: p(u) =1 — y(u). Note that by (4),

¢’ (u) = =y (u) = —g(p(u).

Thus
_ftde PP de Pz
= i5- /w) e A il
hence y(z) =1 —h. <

In particular, it follows from Claim B.1 that ¢(Tp) =1 — hp(1).

Random Trees With 11D Degrees

For a probability distribution p = (pq)32;, let Tp be the p-tree, namely, it is a random tree
in which the degrees of the vertices are independent random variables with distribution p.
We may view it as a two-type branching process, with type 0 for the root and 1 for the rest
of the vertices. Let gp(2) be the pgf of p (see (5), and note that pg = 0). The fundamental
system of ODEs in this case is

;pd; (£) eyt (1- 22) - >t =) = gpl1-s(4), 7

and by (4),
! > ! 3 P 11— xZ
) ZC;pdﬂ(l—Zh(m))d: m;l’d(l—m(@)d: W -

Let hp(z) be the solution to the equation

/1 zdz
=T.
bp(2) Ip(2)

The next claim is [13, Theorem 1].
> Claim B.2. yo(z) = (1 —b3(2)).

Proof. Fix z € [0,1], let h = hp(z) and g(z) = gp(z). Define ¢ : [0,5] — [h,1], where
B =y (1 —1), as follows: p(u) =1 — yi(u). Note that by (8),

o (o)
¢ ) = i) = -2
Thus
oo [ [ [P Cle)e
5L 35k Sy
hence y1(z) =1 —h. From (7) and (8) it follows that y{(z) = g(h) = vi(x) - h = —bb’, and
since yo(0) = 0 it follows that yo(z) = 3 (1 — b?). <

In particular, it follows from Claim B.2 that «(Tp) = 5 (1 — b2(1)).

5 In [13] the authors required that the the degrees of the tree are all at least 2; we do not require this here.
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C Proof of Theorem 6.4

1. Tt suffices to prove the claim for v € A. First note that there exists a unique tree .S,
in T % v which is not fully contained in A, and the rest of the trees are retained in the
KC-transformation. The set of trees in 77 x v which are not fully contained in A may
be different from S,, but they are on the same vertex set, so the result follows from
subadditivity of a,, (Claim 6.1).

2. Write |A| = a, |B| =band |P| =/¢+ 1. Let Ay,...,As be the trees of T x z which are
fully contained in A, and denote a; = |4;|. Let By, ..., B; be the trees of T x y which
are fully contained in B, and denote b; = |B;|. Let aa = > ;_; @,y @y = Y 5| Qitays
ap = 2;;1 ap, and ag = Z§=1 a1+4p,. Denote the vertices of P by & = wug,u1, ..., us.
The following table summarises the values of v in T, 7" along vertices of P, in the case
where ¢ > 3 (similar tables can be made for the cases ¢ = 1,2).

vu,; (T) v, (T")
j=0 QA+ Qptr-1 aa+ap+ a1
ji=1 o + e o +of +ars
2<i<l=2 | aaqj-1+ Qye—j-1 | Qatbij—1+ Qe—j1
j=4—-1 Qate—2 + OZE Qlg4b40—2
j=4 Qate—1+ aB Qatbio—1

It follows (for every ¢ > 1) that

14

> (T) = (1)) =

1

(Qatbrj + @ — Qagj — Qb j)
vEP =1

=&atbe—1 + 80,01 — Eae—1 — Ebo—1,

which is, by Claim 6.2, nonnegative. <
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—— Abstract

The disordered Chinese restaurant process is a partition-valued stochastic process where the elements

of the partitioned set are seen as customers sitting at different tables (the sets of the partition) in
a restaurant. Each table is assigned a positive number called its attractiveness. At every step a
customer enters the restaurant and either joins a table with a probability proportional to the product
of its attractiveness and the number of customers sitting at the table, or occupies a previously
unoccupied table, which is then assigned an attractiveness drawn from a bounded distribution
independently of everything else. When all attractivenesses are equal to the upper bound this
process is the classical Chinese restaurant process; we show that the introduction of disorder can
drastically change the behaviour of the system. Our main results are distributional limit theorems
for the scaled number of customers at the busiest table, and for the ratio of occupants at the busiest
and second busiest table. The limiting distributions are universal, i.e. they do not depend on the
distribution of the attractiveness. They follow from two general Poisson limit theorems for a broad
class of processes consisting of families growing with different rates from different birth times, which
have further applications, for example to preferential attachment networks.
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1 Introduction

In this paper we investigate properties of the largest family at a large but fixed time in a
sequence of growing families that have different birth times and different exponential growth
rates. The growth rates are given by a sequence Fi, Fs, ... of bounded independent and
identically distributed random variables, while the birth times 71, 72,... may be random
and can depend in a general fashion on the growth processes. In the most interesting cases
the birth times are themselves arising from an exponentially growing process so that the
largest family at time ¢ arises from a competition between the few families born early, which
have more time to grow, and the many families born late, among which the occurrence of a
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higher birth rate is more probable. Our framework includes dynamic network models, where
the families are nodes and their size is the degree, or a disordered version of the Chinese
restaurant process, where the families are tables and their size is the number of occupants.

In the introduction, we illustrate and motivate our results in the context of the disordered
Chinese restaurant process. In Sec. 2 we introduce our general framework and main result.
Then, in Sec. 3, we show how our results apply to the Chinese restaurant process and a
further example, the preferential attachment tree with fitness. Finally, in Sec. 4, we sketch
the proofs of our main result and its corollary.

The disordered Chinese restaurant process

Fix a parameter § > 0 and a probability distribution p on (0,1). The disordered Chinese res-
taurant process is a Markov process (Z),>1 such that, for alln > 1, Z = (Z{", Z5",...)
is a sequence of integers satisfying that, for all n > 1,

Y1 2" =n,

there exists k such that Zi(") =0 forall i >k and Z;") > 1 for all i < k.
In particular

7(n) . (1 r7(n) 1 rz(n) 1 r7(n)
7™ = (207, 5257, 5 2y7)

are the proportions of sets in the random partition, for every n € N. At time n, the vector
Z™ can be interpreted as describing the distribution of n customers sitting at different
(ordered) tables in a restaurant; for all i > 1, Z{™ is the number of customers sitting at
the i-th table at time n. The distribution of the process is defined as follows: we sample
a sequence (F;);>1 of i.i.d. random variables (the attractivenesses or fitnesses) from the
distribution p. We set Z® = (1,0,0,...) and, for all n > 1, given Z™ we define Z"*+" as
follows: A new customer enters the restaurant, and

with probability F;Z{™/(n + 6) the new customer sits at the i-th table, i.e. we set

Z{ = Z;’” + 1 forall 1 <j<m

otherwise, i.e. with the remaining probability

S Ry
n+6

)

the new customer sits at table k + 1 := min{i > 1: Z{™ # 0}, i.e. we set Z;"/}" =1 and
ZMY = 7™ forall 1 <i < k.

3 3

Taking p = 01 (i.e. all fitnesses equal to one) gives the original Chinese restaurant process
of Pitman, sometimes also called temporal Dirichlet process in the context of community
detection algorithms (see e.g. [10]). In this case the sequence (Z™) with entries arranged in
decreasing order converges in distribution to the Poisson-Dirichlet distribution of parameter 6.
A corollary of our main result is that, under mild assumptions on u, the proportion of
customers sitting at the largest table in the disordered Chinese restaurant process vanishes
asymptotically. In fact, we prove convergence of the properly-rescaled size of the busiest
table to a Fréchet distribution. We state our precise assumptions on the distribution p before
stating our limiting theorems for the disordered Chinese restaurant process.

Assumptions on the fitness distribution

The behaviour of (Z),,>1 depends on the fitness distribution p. In this paper, we assume
that p is supported by a bounded interval, which we may take as (0,1). We are interested in
the largest tables in the disordered Chinese restaurant process, and fitter tables are more
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likely to get larger; therefore, records in the sequence of random fitnesses play an important
role. These records are governed by the fitness distribution u, more precisely by its tail
near 1, and extreme value theory gives information about their behaviour.

The Fisher-Tippett—Gnedenko theorem of extreme value theory says that, if there exist
two sequences (ap)n>1, (Bn)n>1 and a probability distribution Y such that

maxi<i<n F5 — Bn
(079

-7

3

then Y is either the Gumbel or the Weibull distribution (for unbounded random variabes
it can be either Gumbel or Fréchet). Intuitively, the Gumbel distribution corresponds to
fitness distributions p with light, and the Weibull distribution to fitness distributions with
heavy tail near 1. In this paper, we therefore distinguish between (A) distributions p that
are in the maximum domain of attraction of a Gumbel distribution and (B) distributions
that are in the maximum domain of attraction of a Weibull distribution.
More precisely, we assume one of the following:
(A0) The function m(x) = —log u((x,1)) is twice differentiable and satisfies
(A0.1) m/(z) > 0 and m”(x) > 0 for all x € (0,1);
(A0.2) limyp (m,(;)g =0;
(A0.3) 3¢ > 0 such that limgqg W = 1
(A0.4) limgpy 22 = 0.

m'(z)
(BO) The fitness distribution p has a regularly varying tail in one, meaning that there
exists @ > 1 and a slowly varying function ¢ with p((1 —€,1)) = e%4(¢).

» Note 1. A typical example of probability distribution satisfying (AO0) is p((z,1)) =
exp (1 — (1 —)77) for all z € (0,1), p > 0. Heuristically, (A0) asks for a lighter tail near
the essential supremum than (BO0).

» Note 2. Assumptions (A0-i) and (AO0-ii) imply that the fitness distribution p lies in the
maximum domain of attraction of the Gumbel distribution. Although most of the natural
examples satisfy Assumptions (A0-iii) and (A0-iv), some probability distributions in the
maximum domain of attraction of the Gumbel distribution do not fall into our framework.
) loglog (=) (see [9, 8] for details).

One example is m(z) = log (1=

Limiting theorems for the disordered Chinese restaurant process

We first state a result on the number of tables occupied after n steps.

» Proposition 3. The number K,, of occupied tables when there are n customers satisfies

-1
lim K = (/ de)) almost surely.

n—oo N 1—37

This result is in contrast to the classical Chinese restaurant process where the number of
tables grows only logarithmically. The next two propositions follow from our main result,

which we state in Section 2 in the much more general context of competing growth processes.

First, we look at the rescaled occupancy of the largest table. Other than in the classical
Chinese restaurant process the occupancy of tables turns out not to be macroscopic and
the proportions (Z™) do not converge to a limiting partition. This is not surprising, as the
probability of the n-th customer starting a new table is of constant order in this case but of
order 1/n in the classical case.
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» Proposition 4. If  satisfies either (A0) or (B0), then the number of occupants at the
largest table satisfies

1
lim f(max Z;m) =0 almost surely.
n—oo N - i>1

Under Assumption (B0), we further have that, in distribution when n — oo,

(logn)a (max Zgn)) = W
né(loén) 21 ’ ’

where W is a standard Fréchet distribution.

» Note 5. In the context of our main result we also provide a limit theorem under assumption
(AO0), which reveals the universal nature of the limiting Fréchet distribution, see Corollary 12.

Second, we look at the ratio of the sizes of the two busiest tables and again see universal
behaviour, irrespective of whether p is from the maximum domain of attraction of the
Gumbel or Weibull distribution.

» Proposition 6. For all integers n, we denote by R,, > 1 the ratio of the sizes of the largest
and second largest tables at time n. If u satisfies (A0) or (BO), then

lim P(R, >x)=1Y2 forallz>1.

n—oo

2 General framework and main result

We now describe our general framework (in a slightly less general version than in [5]), which is
a continuous time process defined as follows: Given p a probability distribution on (0, 1), let
(Fn)n>1 be a sequence of i.i.d. p-distributed random variables;
(Tn)n>1 be a non-decreasing sequence of positive random variables with 7 = 0;
foralln > 1 and t > 7, Z,(t) = Y, (Fp(t — 7)) for a family (Y,(¢) : t > 0),>1 of i.i.d.
non-decreasing integer-valued processes independent of (F,)p>1.

Define M (t) := max{n : 7, <t} and N(t) := Zﬁ‘f:(? Z,(t). We view this as a population of
immortal individuals and we refer to Z,(¢) as the size of the n-th family, M (¢) the number of
families in the system and N (¢) the total size of the population respectively, at time ¢. From
this perspective 7, represents the foundation time of the n-th family. We see F;, as a fitness
parameter of the n-th family, determining the rate at which new offsprings are born into it.

In this paper we aim at proving convergence results for the maximal family in the
population. For this we require the following assumptions (A1), (A3), (A4) on the growth
processes, in addition to Assumption (A0) or (B0) on the fitness distribution (a condition

called (A2) is only needed in the more general setup of [5]).

Assumptions
(A1) Families’ foundation times: There exists A > 0 such that, for all n € N,
Tn =Ty + 1 + en,

logn, T is a finite random variable, and &,, — 0 almost surely as n — oc.

where 77 := %
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(A3) Growth rate: There exists v > 0 and an integrable random variable ¢ with
density v defined on [0, c0), such that

e 7'Y1(t) — &, almost surely as ¢ — oo.
(A4) Concentration of growth: There exist ¢y, n > 0 such that

P(r}}g%( Yi(u)e ™ > sc) <cge ™, forall z>0.
» Note 7. These three assumptions all have the same aim: our results rely on controlling
the growth rates of the population and of each of the families. Assumption (A1) gives some
control over the growth of the process in terms of numbers of families; A can be interpreted
as the “Malthusian” parameter of the process (see, e.g. [6], where the concept of Malthusian
growth is studied in the context of Crump-Mode-Jagers processes). Assumptions (A3) and
(A4) gives some control over the growth of each of the families.

To state our main result, we need to define o;, which approximates the birth time of the
family that is the largest at time t.
Under Assumption (AOQ) on u, we define oy as the unique solution of

1

At — o)’ M

(log g)"(Aos) =

where g(z) = m~!(z), see [5, Lemma 5] for a proof of existence and uniqueness of ;.
Under Assumption (BO) on u, we set 0y := 7,4y, where n(t) = [p(1 —¢71,1)71]. Then
logn(t) ~ alogt — log ¢(1/t) and Assumption (A1) implies that

1 1
o1 = 5 logn(t) + T+ o(1) = % log ¢ — 5 log £(1/e) + T+ o(1) (2)

Main result under Assumption (B0)

We now state our results, first in the easier case of u satisfying Assumption (B0). For all
t > 0, we define the point process

M(1)
T; = Z 6(Tn — o, t(1 — Fn),e_'Y(t_‘”)Zn(t))7 (3)
n=1

on (—o0,00) x (0,00) x (0,00), where d(x) is the Dirac mass at x.

» Theorem 8 (Poisson limit). Under Assumptions (B0) and (A1), (A3), (A4), the point
process (I't)i>0 converges vaguely' on the space [—00,00] x [0,00] % (0,00] to the Poisson
point process with intensity measure

d¢(s, f,2) = afe A7 H Ny (2e76H)) ds d f dz,
where v is defined in (A3).

Observe that the compactification of the intervals in Theorem 8 ensures that the point with
the largest z-component in the Poisson point process corresponds asymptotically to the
family of maximal size. Theorem 8 therefore implies the following distributional limit.

! We say that a sequence of measures (jin)nen on a topological space X converges waguely to p iff
f fdpn — f fdu, as n — oo, for all continuous functions f: X — R with compact support.
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» Corollary 9. Let V(t) be the fitness of the family of maximal size at time t. Then,
t1-V(@)=V ast— oo,
where V' is Gamma distributed with shape parameter o and scale parameter \.

Theorem 8 and Corollary 9 are proved in [9]. The proofs are based on similar ideas as the
proofs outlined here, but the execution of these ideas is much simpler. A similar result in a
different, less general setup can be found in [3].

Main result under Assumption (A0)
To now state our main results we look at fitness distributions satisfying Assumption (AO).

For all ¢ > 0, we define

M(t)
Tn — O Fn_g IOg(n U) — o —0ot)—a o) logo
r, = Z 5( = ¢ ( V) e~ 19(Aae)(t—0¢)—a1g(Aor) log tﬂTZn(t)), (4)
n=1 v

g'(log(ny/))
where §(z) is the Dirac mass at =, and a; := ;.
» Theorem 10 (Poisson limit). Under Assumptions (A0), (A1), (A3), (A4), the point
process (I'y);>0 converges vaguely on the space [—00, 00] X [—00,00] X (0, 00] to the Poisson
point process with intensity measure
d¢(s, f, z) = )\e_fe52“2_f“3Z/(zeSQ“Q_f‘ZB) dsdf dz,

where ay = 3, a3 := 3 and v is as in (A3).

» Note 11. The existence of a density for the random variable £ is assumed in Assump-
tion (A3) for convenience only. For example, Theorem 8 and 10 continue to hold if v = §;.

The technical difference between Theorems 8 and 10 is that in the latter the first
(birthtime) coordinate needs to be scaled. As a result the scaling of the second (fitness)
component depends on the birth rank n of the family as well as on the observation time
t. Therefore we cannot derive a general scaling limit for the fitness of the largest family as
in Corollary 9. However, results for the size of this family are still possible and allow an
interesting comparison.

» Corollary 12.
(i) Under Assumption (B0), asymptotically as t — oo,

e ViR logt—3 log b/ 4T oy 7 (t) =W,
neN " ’
where W is Fréchet-distributed with shape parameter M~ and scale parameter s, where
o0
§7 = Mo+ 1))\70‘/ l/(w)w% dw.
0

(ii) Under Assumption (A0), asymptotically as t — oo,

e—'yg()\at)(t—a't)—alg(ka't)loga't+’yT max Z (t) =W
neN " ’
where W is Fréchet-distributed with shape parameter M~ and scale parameter s, where
2 2T\ * 2
57 = /== v(w)wr dw.
0

» Note 13. Observe that irrespective of whether p is in the maximum domain of attraction
of the Weibull or Gumbel distribution, the size of the largest family scaled by a deterministic
function of time and the random factor ¢ converges to a Fréchet distribution.
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3 Applications of our main results

Embedding the disordered Chinese restaurant process

The key to the application of our main result to a discrete process such as the disordered
Chinese restaurant process is a clever choice of embedding into continuous time. Customers
now enter the restaurant at some random times 0 =: Ty < 177 < T, ... defined inductively as
follows. At time T, we start n+ 1 independent exponential clocks, one clock of parameter one
for each of the n customers seated in the restaurant and one additional clock of parameter
0 for the creation of an additional table. We let T}, 1 be the time when the first of these
clocks rings.
If it is the clock corresponding to customer m sitting at table j we toss a coin with success
probability Fj.
If there is a success the (n + 1)-th customer joins this table,
if there is no success the (n + 1)-th customer seats at a new table which, if it is the
(k + 1)-th occupied table, gets fitness Fj .
If it is the clock for the creation of additional tables, the (n + 1)-th customer also sits at
a new table which, if it is the (k + 1)-th occupied table, gets fitness Fj .

Suppose Fi, Fs, ... are given. We note that, as required, the overall probability that a new
table is created at time T),41 is

k k
Zj:l Zj(Tn)(l - Fj) +0 —q_ Ej:l Zj(Tn)Fj
n+6 N n+6

)

where Z;(T,) is the number of occupants at the j-th table at time T}, and the probability
that the (n 4 1)-th customer joins the j-th table is Z;(T,)F;/(n + 6). Therefore this
continuous-time processes taken at the successive times Ty, T71,. .. is equal in distribution to
the disordered Chinese restaurant process defined in Section 1, as required.

Looking at the j-th table, we let 7; be the time when it is first occupied. If at time ¢
this table is occupied by m customers the rate at which new customers join this table is
mF;, independently of the occupancy of other tables. The processes (Z;(t + 7;): t > 0) are
therefore independent Yule processes with rate F;. Hence Assumptions (A3), (A4) are
satisfied for v = 1. To check Assumption (A1) we note that the process of introduction
of new tables is a general branching process with immigration. The immigration process
corresponds to the creation of the additional tables, which is a homogeneous Poisson process
with rate 6. The point process of creation of tables by unsuccessful coin tossing is a Cox
process (II(t): ¢ > 0), i.e. a Poisson process with random intensity. Its intensity is given
by (1 — F)Y(t) dt where F' has distribution p and given F' the process (Y (t): ¢t > 0) is a
Yule process with parameter F. The relevant results for general branching processes can be
found in [6] with the case of branching processes with immigration treated in [7]. The crucial
assumption is the existence of a Malthuisan parameter o > 0 such that

o0 1 _
- / e~ BII(dt) = / / (1= w)e=te® dt p(dw) = [ 2= p(dw),
0 a—w
which is always satisfied for & = 1. Under an additional zlogz condition on [ e™'II(dt),

which can be checked by straightforward but long calculations, we get from [6, Theorem 5.4]
for general branching processes without immigration (our case 6§ = 0) and modifications

21:7

AofA 2020



21:8

The Disordered Chinese Restaurant and Competing Growth Processes

described in [7, Theorem 4.2] for the general case (stated there only for convergence in L')
that there exists a positive random variable Ny such that the total nnumber M (t) of tables
occupied by time ¢ satisfies

e 'M(t) — Ny almost surely,

from which we infer that 7,, = logn — log Ny + o(1), implying that (A1) holds with A = 1.

Disordered Chinese restaurant process — proof of Proposition 3

We first find the limit of the empirical fitness distributions. This can be accomplished using
the stochastic approximation technique of Dereich and Ortgiese [4] and does not require
continuous time embedding. Suppose for illustration that p has finite support {f1,..., fm}
and let X,,(¢) be the proportion of customers sitting at a table with attractiveness f; and
(B, )n>1 be the natural filtration. Then we have the equality

n
n+0

F] 4 ) - X)),

E[Xos1(0) — Xa(0)] 0] = —— (wl{/iD)]1 - X,

where F,, = Z;n:l fiXn(G) =1 Zf(" F,Z{™. Using stochastic approximation techniques

T n Zai=1
developed by [4] (these techniques also work without our illustrative assumption), one can

show that if limsup F;, < (resp. lim inf F,>n),thenforall 0 <a <b<1,

1 &n b1
lim inf - 2221 1re(@y 2" > /a — pu(da) (5)
K, b
1 1—n
i 7§1.QZ?"></7d).
(resp im sup n 2 Fig(a,b]4; = - p(dz)

Iterating, e.g. the upper bound, we get

T

limsup F,, < (1 —1n) / 1T-2 p(dz) =: T(n),

and eventually convergence of (F},) to the fixed point n* € (0,1) of T, which is

RN

Together with Equation (5), this implies that, for all 0 <a <b <1,

Kn b
1 1—n*
nhﬁngo - E,l lr e = /a . —7730 w(dz) almost surely.

By construction, the conditional probability that a newly arriving customer establishes a
new table is therefore converging to

/(1—5(})11:7;*”(dx) = (/li(ia;))ﬂ’

which is also the asymptotic ratio of tables per customer, as claimed.
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Disordered Chinese restaurant process — proof of Proposition 4

This follows from Corollary 12 (recall that in this case A =~ = 1). In both parts, plugging
t = 7, shows that the leading term in the scaling is % and all further factors together go to
infinity. Under Assumption (B0), we get that

exp(—7, + alog 7, —logl(Y/r,) +T)

)+ aloglogn+T + o(1)) = (I;gin)(l +0(1)),

=exp (—logn —T —log {(-1-
( n (logn)

logn

and thus, by Corollary 12(i), (logn)® max Z™ /(n/( logn
Fréchet as claimed. Under Assumption (A0), we have that, asymptotically when ¢ 1 oo,

)) converges in distribution to a

—g(o¢)(t — or) — g(or)logop = —t + 04 + h(o)t + o(or) + o(h(o)t),

where h(z) = 1 — g(z) | 0 when = 1 co. Taking t = 7, = logn + T + ¢, thus gives

e“r max Z," /n = W, where u,, = (0, + h(o,)7,)(1+0(1)) 1 0o, which concludes the proof.

Disordered Chinese restaurant process — proof of Proposition 6

We denote by R(t) the ratio of the sizes of the largest and second largest tables (i.e. families in

the competing growth process) at time ¢. Let us first assume that p satisfies Assumption (A0).

By Theorem 10, we have, for all x > 1,

lim P(R /// exp ( 50) % (—00,00) X (2/x,00))) C(ds df dz).

Using that v(x) = e~ and a3 = 1 in the first equality and the change of variable v = f —logy
in the second, we get that

¢((—00,00) x (—00,00) X (z/x,00))) / ds dfes @2= Qf/ e_yCSQQTf dy
Jx

_ d s2as—2v —e5 a2-v > —2 _ z
= sdve y “dy=as -,
z/x z

where ay is a positive constant. Hence, substituting f by f + logx in the final step,

lim ]P)( _//dsdf/ dze™ f s2as—f —z(es ag— f) as &
t—o00
- //ds df / dwe_fe—w—asﬁes a2*f+10ga.- _ 1
0 IE.

Similarly, if 4« satisfies Assumptions (B0), we have ¢ ((—o0,00) x (0,00) X (z/x,0))) = ag £,
and hence by Theorem 8 (and using the change of variable z — z/x in the second equality),

thm]P’ >x /ds/ df/ dzafote?stfe==e f—ac2
— 00

- /ds/ df / deafafleszrfe*‘zeHHlogI*GG% _1
0 0 x’

substituting s by s + log z in the final step. This concludes the proof of Proposition 6.
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Preferential attachment networks with fitness

In this subsection, we show how our results can be used to get asymptotic information about
the node of largest degree in preferential attachment networks with fitness. We focus on the
Bianconi-Barabdsi model, first introduced by Bianconi and Barabdsi in [1], but one can also
find an application of our main results to the model of Dereich [2] in [5, Sec. 2.2.2]. In the
Bianconi and Barabéasi model, nodes join a network one by one and create a link with an
existing node chosen at random with probability proportional to its degree in the network
times its fitness. The process starts with two vertices connected by an edge. The fitness of
each node is a positive number sampled according to a distribution y, independently from
the rest of the process. Although generalisations exists, we only treat the tree-version of
this model: each node creates only one extra edge when joining the network. We show that
under a Malthusian condition the continuous-time embedding of the Bianconi and Barabasi
tree is a competing growth process and that our main results apply to this model.

In this embedding, 7, is the birthtime of the n-th vertex, F), its fitness and Z,(t) its
degree at time ¢. One can show (see [5, Sec. 5.1]) that under the Malthusian condition

1
/ plde) )
0o 1—=
the process satisfies (A1), (A3), (A4) with v =1 and A > 1 the unique solution of

1
x
/0 )\_xﬂ(dx)—l.

Our main results thus apply and give, for example, precise asymptotic estimates for the
largest degree in the network.

» Proposition 14. Assume that there exists g € (0,1) such that, for all x € (0,1), p((z,1)) =
exp(l — (1 — x)~2). Denote by D,, the largest degree in the Bianconi and Barabdsi tree with
n vertices. Then, as n — 0o, we have, in probability,

1 o
D,, = exp (X logn — %(logn)ﬁ — a—/\S loglog n + (9(1)),

h ~ T 4 oo and 0
wnere ag = @ et + petl an a5 = 3041 -

Proof. First recall that this fitness distribution satisfies Assumption (A0), and thus The-
orem 10 and Corollary 12(ii) apply. We estimate o; as defined in Equation (1). Since
g(x) =m~(x) =1 — (z+ 1)~ "¢, we have that = Ao, is the unique solution of

(log g)' (<) ! !

CNAFT= @D @+ )T @+ 1)

which implies o, = )\_ﬁ(t/g)fil + O(t%). By definition of s in Assumption (B0) we get

g ™ @m@)z (et Dr(1-(1-2)°)  o+1
AT @) ; =

By Corollary 10(ii), we get that, asymptotically when ¢ — oo,

e~ (t_a“)‘_ﬁlﬁ]tﬁ*_%)_%as log 4T 1ax 7, (t) =W,
neN n )
where W is a Fréchet-distributed random variable with shape parameter A and scale para-
270
o+1 r
to estimate the time 7,, when the (n 4+ 1)-th vertex is introduced to the network. By

Assumption (A1), we know that 7, = +logn + T + &5, which concludes the proof. <

meter s given by s* = (A+1). To get a result for discrete-time process we need
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4  Sketch of the proofs

We give sketches of the proofs in the case of Assumption (AO0); the proofs under Assump-
tion (BO) are similar but easier (these proofs are detailed in [9, Ch. 3]).

Sketch of the proof of Corollary 12(ii)

We fix z > 0 and B := [—00, 00] X [—00, 0] X [x,00]. By Theorem 10, we get that, as ¢ 1 oo,

M(t)
tn—0t Fn—g(log(n\/o¢)) _—vg(Aot)(t—ot)—a1g(Aot)logot+~T fea
> 13( Vor ) “gT(oalnyer) 1€ Z"(t)) = Pmbbon(/BdC)’

n=1

since B is a compact set. Hence, as t T oo,

One can check that

/Bdg - A\/%(/OOO y(w)w%dw)x—%. (7)

Recall that ag = 77¢/2 and ag = 7/x. Thus the right hand side in (6) is 1 — exp(—s"z~"), for

e A
s = \/%/ V(w)w% dw, andn=-.
0 v

In summary, for all > 0, we have

P<ewg<xot><tot>mg(xot)logmﬂT max Zn(t)<x> = e ) T =P(W <2)
ne{l,..,M(t)} - -

2

where W ~ Fréchet (%, 5), which concludes the proof.

Sketch of the proof of Theorem 10 (for details see [5, Sec. 4])

The idea of the proof is to first give convergence of the point process on the domain
(—00,00) X (—00,00) X [0,00] and second get the “right” shapes of the brackets by showing
that all the families that are born either too early or too late, or have a fitness that is too
small have a renormalised size that goes to zero. First we prove the following result, which
we sketch-proof in the next paragraph:

» Proposition 15. The point process

M(t)
T, — Z 6(7’7; - O't’ F, — g(log(nﬁ)) 7e—’yg(/\ot)(t—m,)—wg()\at) 10ga,,+fyTZn(t))
— N Vo g/(log(nyay))

)

converges vaguely in distribution on (—oo,00) X (—00,00) X [0, 00] to the Poisson point process
with intensity

C(ds, df, dz) = Ae~fes 0215 (15 02— Fa3) 45 d f d.
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The main difference between Proposition 15 and Theorem 10 is the shape of the brackets in
the domain of convergence. To get the “right” shapes, we show that all the families that are
born either too early or too late, or have a fitness that is too small have a renormalised size
that goes to zero. More precisely:

» Lemma 16. Let 1, > 0. There exists k1 = k1(e,n) such that
75l_i)r{)loinf]‘P’(l}([—oo,oo] X [—00, —k1] X (g,00]) = 0) >1—mn.
There exists v =v(e,n) > 1 such that
tl_i)r(r)loianP’(Ft([—oo, —v] U [v, 00] X [—00,00] X (g,00]) = 0) >1—n.
And, finally, there exists ko = ka(e,n) such that
tligloianP(Ft([—v,v} X [k, 00] X (g,00]) = 0) >1-n.

This lemma is proved in [5, Sec. 4]. Proposition 15 then gives that 'y converges on (—v,v) X
(=K1, k2) X (g,00] to the Poisson process with intensity measure ¢. Combining this with
Lemma 16 and using that n > 0 is arbitrarily small, we get convergence on [—o0o, 0] x
[—00, 0] X (g,00]. The fact that this holds for all € > 0 concludes the proof.

Sketch of the proof of Proposition 15

The proof of Proposition 15 is done in two steps: First we prove convergence of the following
Poisson process, whose only difference with I'; is the last coordinate, which has been replaced
by a quantity that, by Assumption (A3), converges almost surely to a v-distributed random
variable:

» Proposition 17. We have vague convergence in distribution of the point process

M(t)

B Ty — Ot Fn—g(log(n\/c?t))
V= e g lostmym)

, e_'VFn(t_Tn)Zn(t))

to the Poisson point process on (—oo,00) X (—o00,00] X [0, 00] with intensity
C*(ds, df, dz) = de Tv(2)ds df dz.

This is enough to imply convergence of I'; because I'y is the image of ¥, by a continuous
function: we show (see [5, Sec. 3.3]) that, if ¢: (s, f,2) — (s, f,e~ = 927/832) then W, o ¢~
is asymptotically equivalent to I'y, i.e. for all Lipschitz continuous compactly-supported
functions f: (—o0,00) X (—00,00) % [0,00] — R,

‘/fd\lltmb_l—/det

This, together with Proposition 17, implies that I'; converges to the Poisson point process of
intensity ¢ = (* o ¢, as claimed in Proposition 15.

— 0 in probability, as t 1 co.
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Sketch of the proof of Proposition 17. The advantage of ¥; over I'; is that, because of
Assumption (A3), the third coordinate converges almost surely to a v-distributed random
variable. In fact, using also the fact that, by Assumption (A1), 7, is close to (logn)/A, one
can show (see [5, Lemma 9]) that ¥, is asymptotically equivalent to

. (logn)/\ —a; F, — g(log(ny/ay))
E Zé( Voo T g (log(ny/ar)) ,gn),

where the &,’s are i.i.d. random variables of distribution v. This implies that to prove
Proposition 17 it is enough to prove convergence of ¥} to the Poisson point process of
intensity ¢*. The advantage of ¥} over ¥, is that the three coordinates are three independent
sequences of independent random variables: one can thus apply Kallenberg’s theorem (see

neN

[8, Proposition 3.22]), which says that it is enough to prove that for every precompact
relatively-open box B C (—o00,00) x (—00, 00] % [0, o0],

(a) P(¥;(B) =0) — exp(—C*(B)), as t T 00, and

(b) E[W;(B)] - ¢*(B), as 1 co.

Conditions (a) and (b) are checked in [5, Sec. 3.2]: this concludes the proof of Proposi-
tion 17 and thus of Proposition 15. |

—— References

1 G. Bianconi and A.-L. Barabési. Bose-Einstein condensation in complex networks. Physical
Review Letters, 86:5632-5635, 2001.

2 S. Dereich. Preferential attachment with fitness: Unfolding the condensate. Electronic Journal
of Probability, 21:38pp., 2016.

3 S. Dereich, C. Mailler, and P. Morters. Non-extensive condensation in reinforced branching
processes. Annals of Applied Probability, 27:2539-2568, 2017.

4 S. Dereich and M. Ortgiese. Robust analysis of preferential attachment models with fitness.
Combinatorics, Probability and Computing, 23:386-411, 2014.

5 C. Mailler, P. Morters, and A. Senkevich. Competing growth processes with random growth
rates and random birth times. arXiv preprint, 2019. arXiv:1909.07690.

6 O. Nerman. On the convergence of supercritical general (C-M-J) branching processes. Z.
Wahrscheinlichkeitstheorie verw. Gebiete, 57:365-395, 1981.

7  P. Olofsson. General branching processes with immigration. Journal of Applied Probability,
33:940-948, 1996.

8 S. Resnick. Extreme values, reqular variation, and point processes. Springer-Verlag, 1987.

9  A. Senkevich. Competing growth processes with applications to networks. PhD thesis, University
of Bath, 2019.

10 X. Tang and C. C. Yang. Dynamic community detection with temporal Dirichlet process. In

2011 IEEFE Third Int, pages 603-608, 2011.

21:13

AofA 2020


http://arxiv.org/abs/1909.07690




Convergence Rates in the Probabilistic Analysis of
Algorithms

Ralph Neininger
Institute for Mathematics, Goethe University, 60054 Frankfurt am Main, Germany
neininger@math.uni-frankfurt.de

Jasmin Straub
Institute for Mathematics, Goethe University, 60054 Frankfurt am Main, Germany
jstraub@math.uni-frankfurt.de

—— Abstract

In this extended abstract a general framework is developed to bound rates of convergence for

sequences of random variables as they mainly arise in the analysis of random trees and divide-and-
conquer algorithms. The rates of convergence are bounded in the Zolotarev distances. Concrete
examples from the analysis of algorithms and data structures are discussed as well as a few examples
from other areas. They lead to convergence rates of polynomial and logarithmic order. Our results
show how to obtain a significantly better bound for the rate of convergence when the limiting
distribution is Gaussian.
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1 Introduction and notation

In this extended abstract we consider a general recurrence for (probability) distributions
which covers many instances of complexity measures of divide-and-conquer algorithms and
parameters of random search trees. We consider a sequence (Y;,),,>0 of d-dimensional random
vectors satisfying the distributional recursion

K
d r

Y, = ZAT(n)YI(£2> + by, n > no, (1)

r=1
where (A1(n),..., Ag(n), by, 1), (Y,fl))nzo, ey (YAK))nZO are independent, the coefficients
Ai(n),..., Ag(n) are random (d x d)-matrices, b, is a d-dimensional random vector, (") =
(If"), e ,Ié(")) is a random vector in {0,...,n}% ng > 1 and (Yér))nzg 4 (Yo)n>o for
r=1,...,K. Moreover, K > 1 is a fixed integer, but extensions to K being random and

depending on n are possible.

This is the framework of [14] where some general convergence results are shown for
appropriate normalizations of the Y,,. The content of the present extended abstract is to
also study the rates of convergence in such limit theorems.

We define the normalized sequence (X, )n>0 by

X, = C7V2(y, — M,), n >0,

where M, is a d-dimensional vector and C,, a positive definite (d x d)-matrix. Essentially,
we choose M, as the mean and C,, as the covariance matrix of Y,, if they exist or as the
leading order terms in expansions of these moments as n — co. The normalized quantities
satisfy the following modified recursion:
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K
X, 23 AKX B, =g, (2)
r=1
with
K
A = C’;lmAT(n)CXf), b =12 (bn =M, +Y Ar(n)Mm)) (3)
r=1

and independence relations as in (1).

In the context of the contraction method the aim is to establish transfer theorems of the
following form: After verifying the assumptions of appropriate convergence of the coefficients
A A%, b — b* then convergence in distribution of random vectors (X,,) to a limit X
is implied. The limit distribution £(X) is identified by a fixed-point equation obtained from
(2) by counsidering formally n — oco:

K
X235 ArX0 4o,

r=1

Here (A%, ..., A%, b*), XM ... X are independent and X (") LXforr=1,..., K.

The aim of the present extended abstract is to endow such general transfer theorems
with bounds on the rates of convergence. As a distance measure between (probability)
distributions we use the Zolotarev metric. For various of the applications we discuss, bounds
on the rate of convergence have been derived one by one for more popular distance measures
such as the Kolmogorov—Smirnov distance. However, the transfer theorems of the present
paper in terms of the smoother Zolotarev metrics are easy to apply and cover a broad range
of applications at once. A crucial role is played by a factor 3 in the exponent of these orders
in cases where the normal distribution is the limiting distribution, see Remark 4.

In the rest of this section we fix some notation. Regarding norms of vectors and (random)
matrices we denote for x € R? by ||z|| its Euclidean norm and for a random vector X and
some 0 < p < oo, we set || X[, := E[||X|P]*/PAL. Furthermore, for a (d x d)-matrix A,
[ Allop := supj;=1 | Az|| denotes the spectral norm of A and for a random such A we define
[Allp := E[||A|]2,]*/P for a random square matrix and 0 < p < co. Note that for a
symmetric (d x d)-matrix A, we have |A|op = max{|A| : A eigenvalue of A}. By Idg the
d-dimensional unit matrix is denoted. For multilinear forms the norm is defined similarly.

Furthermore we define by P? the space of probability distributions in R¢ (endowed with
the Borel o-field), by P4 := {£(X) € P? : || X||s < oo} and for a vector m € R¢, and a
symmetric positive semidefinite (d x d)-matrix C' the spaces

Pd(m) = {L(X) € P! E[X]=m}, s>1, (4)

Pl(m,C) = {L(X) € P! E[X] =m,Cov(X)=C}, s>2.

We use the convention PZ(m) := P? for s < 1 and P4(m, C) := P4(m) for s < 2.
The Zolotarev metrics (s, [19], are defined for probability distributions £(X), L(Y) € P¢
by

where for s =m + a,0 < a < 1,m € Ny,
Fyi={f € C"RLR) : [ £ (2) — F™(y)]| < ll= —y]|*}-

Note that these distance measures may be infinite. Finite metrics are given by (s on P¢ for
0<s<1,by( onPm)for 1 <s <2 and by ¢, on Pd(m,C) for 2 < s < 3, cf. (4).



R. Neininger and J. Straub

2 Results

We return to the situation outlined in the introduction, where we have normalized (Y},)n>0
in the following way:

X, = C7V2(y, — M,), n >0, (5)

where M, is a d-dimensional random vector and C,, a positive definite (d x d)-matrix. As
recalled in Section 1, for s > 1, we may fix the mean and covariance matrix of the scaled
quantities to guarantee the finiteness of the (s-metric. Therefore, we choose M,, = E[Y,]
forn > 0 and s > 1. For s > 2, we additionally have to control the covariances of X,. We
assume that there exists an n; > 0 such that Cov(Y,,) is positive definite for n > n; and
choose C,, = Cov(Y,,) for n > ny and C,, =1d, for n < ny. For s <2, we just assume that
C,, is positive definite and set n; = 0 in this case.
The normalized quantities satisfy the modified recursion

K
d (r)
Xn = ZAWXI&L) +6™, n>n,

r=1

with A" and 5™ given in (3). The following theorem discusses a general framework to
bound rates of convergence for the sequence (X,,)n>0. For the proof, we need some technical
conditions which guarantee that the sizes I ,En) of the subproblems grow with n. More precisely,
we will assume that there exists some monotonically decreasing sequence R(n) > 0 with
R(n) — 0 such that

A =O(R(n)), n - oo, (6)

S

||1{1£")<e}
forall /e Nand r =1,..., K and that

|1 AWHS =0, n— oo, (7)

(I =n}

forallr=1,..., K.

2.1 A general transfer theorem for rates of convergence

Our first result is a direct extension of the main Theorem 4.1 in [14], where we essentially
only make all the estimates there explicit. The main result of the present extended abstract
is contained in Section 2.2.

» Theorem 1. Let (X,,)n>0 be Ls-integrable, 0 < s < 3, and satisfy recurrence (5) with the
choices for M,, and C,, specified there. We assume that there exist s-integrable A7, ..., A}, b*
and some monotonically decreasing sequence R(n) > 0 with R(n) — 0 such that, as n — oo,

K
6 = bl + > (145 = AZ[|, = O(R(n)). (8)
r=1
If conditions (6) and (7) are satisfied and if
K (n)
. R(I) s
limsup E Al 1
P ; ( R 14 ”op) =5 (9)

then we have, as n — oo,

Cs(XmX) = O(R(n)),

22:3
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where L(X) is given as the unique fized point in P4(0,1dy) of the equation
K
X 23 AXO 4o, (10)
r=1
with (A5, ..., A%, b*), XD ... XE) independent and X (") 4x forr=1,... K.

» Remark 2. In applications, the convergence rate of the coefficients (conditions (6) and (8))
is often faster than the convergence rate of the quantities X, see, e.g., Section 4.4. In these
cases, it is often possible to perform the induction step in the proof of Theorem 1 although
condition (9) does not hold. To be more precise, we may assume

(& AP+ [l = 07, + A = AZ]|, = O(E(m)

for every £ >0,r=1,..., K and n — co. Then, instead of condition (9), it is sufficient to
find some K > 0 such that

BRI o R(n)
|:Zl{n1<l(ﬂ><n} R(n) 147 Hop} <l=pn— KR(n)

(n)1s
AR5,

{1 <o}

for all large n with p, == E [ZT 1 {I(n) n}|

2.2 An improved transfer theorem for normal limit distributions

We now consider the special case where the sequence (X1n)n>0 has finite third moments and
satisfies recursion (2) with (Agn), ce A( 2 b(")) = (A3,..., A, b*) for some coefficients
Aj, ..., Af, b" with finite third moments and

K
D AANT =1dy

almost surely. Corollary 3.4 in [14] implies that, if E[27K:1 [ A%]12,] < 1, equation (10) has a
unique solution in the space P£(0,1d,). Furthermore, e.g., using characteristic functions, it
is easily checked that this unique solution is the standard normal distribution N (0,Idg).
In this special case of normal limit laws, it is possible to derive a refined version of
Theorem 1. Instead of the technical condition (6), we now need the weaker condition

13
|‘1{I£’L><£}A$’1)H3 = O(R(n)), n — oo, (11)
forall ¢ ¢ Nand r =1,..., K. Moreover, condition (8) concerning the convergence rates of

the coefficients can be weakened, which is formulated in the following theorem.

» Theorem 3. Let (X,,)n>0 be given as in (5) with finite third moments. We assume that
for some R(n) > 0 monotonically decreasing with R(n) — 0 as n — oo we have

K 3/2 3
| 2 A AT 1|+ o] = O(R()), (12)
r=1
and the technical conditions (7) and (11) being satisfied for s = 3. If

I(”) 3
hmsupEZ ")Hop <1, (13)

then we have, as n — 00,

CS( ns (Ovldd)) = O(R(n))
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Proof. (Sketch) We define an accompanying sequence (Z}),>0 by

K
Zy =Y AT N+, n>0,
r=1
where (A(I"), o Ag?), I pm)) N NE) are independent, L(N™)) = N(0,1dg) for
r=1,...,K and T,,TF = Cov(X,) for n > 0. Hence, Z} has a finite third moment,
E[Z}] = 0 and Cov(Z}) =1d, for all n > n;. By the triangle inequality, we have

(3(Xn, N(0,1da)) < G3(Xn, Z3) + (3(Z5;, N(0,1da)).

Then, the assertion follows inductively if one has shown the bound (3(Z, N(0,1dy)) =
O(R(n)): Using the convolution property of the multidimensional normal distribution, we
obtain the representation

K
Z; =3 AT, N® 450 LG, N + ™,
r=1
where G,GT = Zle AS")TI’STL)TITE,L) (AS"))T, L(N) = N(0,1dy) and N is independent of
(G, b™). As Cov(Z}) = 1d, for all n > ny, we have E[G,,GT + b (b(")T] = 1d, for n > n.
Furthermore, we have ||b(")H§ = O(R(n)) and

K
3/2 n n 32
|G GE = 1dall35 = | ;Ag Ty T (AT = IddHS/2

3/2

K
r=1

im AT —1a"
+H XA -1
r=1 ‘ 3/2

S P 4 [ S A ( 4N\ 3/2
~ O 32 1y ey A7+ 3 A7 <1
r=1

r=1

= O(R(n)).

Thus, the following Lemma 5 implies (3(Z, N (0,1d4)) = O(R(n)). Lemma 5 is the main
part of the present proof. <

» Remark 4. Theorem 3, when applicable, often improves over Theorem 1 by a factor 3 in
the exponent, see Remark 9 for an example. This is caused by the additional exponents in
(12) in comparison to (8).

» Lemma 5. Let (Z}),>0 be a sequence of d-dimensional random vectors satisfying Z 4

G N + b™ with some random (d x d)-matriz G, and some random vector b such that
E[Z}] =0, Cov(Z}) =1d4 and N ~ N(0,1d,) is independent of (G, b™). Furthermore, we
assume that, as n — oo,

3/2

HGHG% 7Idd”3/2

113
+ o[l = O(R(n)
for appropriate R(n). Then, we have, as n — o0,
(3(Z5, N(0,1dg)) = O(R(n)).

The proof of Lemma 5 builds upon ideas of [15].
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3 Expansions of moments

In applications to problems arising in theoretical computer science, where the recurrence
(1) is explicitly given, one usually has no direct means to identify the orders of the terms
60" — b*||, and ||A£”) — A¥||s. This is due to the fact that the mean vector M,, and the
covariance matrix C,, for the cases 1 < s < 2 and 2 < s < 3 respectively, which are used
for the normalization (5) are typically not exactly known or too involved to be amenable
to explicit calculations. As a substitute one usually has asymptotic expansions of these
sequences as n — 0o.

In the present section we assume the dimension to be d = 1 and A,(n) = 1 for all
r = 1,..., K and provide tools to apply the general Theorems 1 and 3 on the basis of
expansions of the mean and variance. We assume that

E[Xy] = u(n) = f(n) + O(e(n)), Var(X,) =o*(n) = g(n) + O(h(n)), (14)

with e(n) = o(f(n)) and h(n) = o(g(n)). To connect Theorems 1 and 3 to recurrences with
known expansions we use the following notion.

» Definition 6. A sequence (a(n)),>0 of non-negative numbers is called essentially non-
decreasing if there exists a ¢ > 0 such that a(m) < ca(n) for all 0 < m < n.

The scaling introduced in (5) with the special choices A,(n) =1 for all r = 1,..., K leads to
the scaled recurrence for (X,,) given in (2) with

I”(n) ) n 1 - n
ot O = g (o )+ o). (15)

Additionally, we consider the corresponding quantities

B 2y us
A = LI e L g+ 30 50). (16)
r=1

A(n) — 0(

r

gt/%(n) ~ g'2(n)
Then we have:

» Lemma 7. With A&n), b given in (15), Zin), E(n) given in (16), and the expansions for
wu(n), o%(n) given in (14) the following holds.

If the sequence h/gl/2 is essentially non-decreasing then
A — x| < |[A™ - ar|| +o( B, 17
H T Tlls — || T Tlls + (g(n)) ( )

If the sequence h is essentially non-decreasing then

K K h( )
| o carmy = <[ oy - +o(S). (18)
r=1 r=1

If the sequence e is essentially non-decreasing then

(n) _ 7% *(")7 * M €(TL)
6@ =0, < 15" =0, + O (55 + 5720y (19)

If the sequence g/h is essentially non-decreasing and

K /a1, 7m0y 70N g ()
g (L"YR(LY)R(IX)
T =B " G i)

r=1

then we have

K s/7(n) (n) K s/2/7(n) (n)
ot (1) R(I™) 21 R
B R <Pl hmRm)

r=1

+O(T(n)). (20)
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Proof. We show (17), the other bounds can be shown similarly. Note that o2(n) = g(n) +
O(h(n)) implies o(n) = g'/%(n)+0O(h(n)/g*/?(n)) and that for any essentially non-decreasing
sequence (a(n))n>o we have ||a(L§n Yoo = O(a(n)). Since h/g'/? is essentially non-decreasing
we obtain

Aln) — O'(I,gn)) _ 91/2(I£n)) + O(h(LEn))/gl/Q(Lgn)))
" o(n) a(n)

g"2(If") + O(h ( )/g"%(n) g 1/?( )
1/2

( 1/12/21<n> (;L(Z ) ”O Z)
B 1/2(1(")) h(n 1/2 I(n)
ikt o (st (%))

v

))

Hence, we obtain

—(n h —(n
JAD — A7), < A" — Azl + 0 (W (1+ A
g(n)

Since an — A¥ in L, we have ||A Hg = O(1), hence

1A — 42, < [A™ — 4%, +0 W)

which is bound (17). <

Note that in applications the terms on the right hand side in the estimates (17)—(20) can
easily be bounded when expansions as in (14) with explicit functions e, f, g, h are available.

4 Applications

We start by deriving a known result to illustrate in detail how to apply our framework of the
previous sections.

4.1 Quicksort: Key comparisons

The number of key comparisons Y;, needed by the Quicksort algorithm to sort n randomly
permuted (distinct) numbers satisfies the distributional recursion

Y, = YI +Y, g +n—-1, n>1, (21)

where Yy := 0 and (Yi)g=0,... n—1, (Y} )k=0,... n—1, In are independent, I,, is uniformly distrib-
uted on {0,...,n —1}, and Y} 4 Y/, k > 0. Hence, equation (21) is covered by our general
recurrence (1). For the expectation and variance of Y;, exact expressions are known which
imply the asymptotic expansions
EY,, = 2nlog(n) + (2y — 4)n + O(logn),
Var(Y,) = o*n? — 2nlog(n) + O(n),

where v denotes Euler’s constant and o := /7 — 272/3 > 0. We introduce the normalized
quantities X := X7 := X5 := 0 and
X, = 2B g
Var(Y;,)

22:7
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To apply Theorem 1 we need to find an 0 < s < 3 and a sequence (R(n)) with (8) and (9).
Note that the Y,, are bounded, thus L-integrable for any s > 0. To bound the Ls-norms
appearing in (8) we use Lemma 7 and choose

f(n) =2nlog(n) 4+ (2y —4)n, e(n) =logn,

g(n) =o*n?,  h(n) =nlogn.

With these functions we obtain for the quantities defined in (16) that

—mn) —(n —-1-1
AV = A=
n n
~(n 1 (. I I, -1-1, -1-1, -1 1
b():(210g+2n logn +n +O<Ogn)).
o\ n n n n n n

With the embedding I,, = |nU] with U uniformly distributed over the unit interval [0, 1] we
have

1 1
AT=U, A;=1-U, b = - (2Ulog(U)+2(1 —U)log(l —U) + 1) =: ggo(U).

The limit theorem X,, — X has been derived by different methods by Régnier [16] and
Rosler [17]. Rosler [17] also found that the scaled limit ¥ := 0 X satisfies the distributional
fixed-point equation

YLUY +(1-U)Y +oU).

Lower and upper bounds for the rate of convergence in X,, — X have been studied for
various metrics in Fill and Janson [6] and Neininger and Riischendorf [13].

Now, we apply the framework of the present paper: For r = 1,2 and any s > 1 we
find that

—(n) a (L
147 = 4zl = o( ).
Using Proposition 3.2 of Résler [17] we obtain
—(n) _— logn
5" = b7l = 0(=22).
Moreover, we have
h(n) e(n) . logn
9 = O(R(n)) and 972(n) =O(R(n)) with R(n):= at
thus Lemma 7 implies that condition (8) is satisfied for our choice of the sequence R. To

verify condition (9) by use of (20) we obtain that for T'(n) given in Lemma 7 we find
T(n) = O(log(n)/n) — 0 and that

2 n n 2 n)\ 571 n
£y g*2 (L) R(I™) S L\ log "
g%/2(n)R(n) n logn

r=1 r=1
Note that the latter expression has a limit superior of less than 1 if and only if s > 2. Hence,
Theorem 1 is applicable for s > 2 and yields that

Cs (Xna X) =0 (

logn

>7 for 2<s<3. (22)
n

The bound (22) had previously been shown for s = 3 in [13], where also the optimality of
the order was shown, i.e., that (3(X,, X) = © (log(n)/n).

In the planned full paper version we also discuss bounds on rates of convergence for
various cost measures of the related Quickselect algorithms under various models for the
rank to be selected.



R. Neininger and J. Straub

4.2 Size of m-ary search trees

The size of m-ary search trees satisfies the recurrence (1) with K =m >3, A1(n) =--- =
Am(n) =1, ng =m, b, =1, i.e., we have

4N~y

Y”—ZYI,g,>+1’ n>m.
r=1

For a representation of 1(™) we define for independent, identically unif [0, 1] distributed random

variables Uy, ..., U, 1 their spacings in [0,1] by S1 = Un),S2 = Uy —Uqy, ..., Sm =

1 = Ugn—1), where Uy, ..., Uq,—1) denote the order statistics of Uy, ..., Uy —1. Then I

has the mixed multinomial distribution:

7™ iM(n—m+1,S1,~-~vsm)~

By this we mean that given (Si,...,S,) = (51,...,5n,) we have that (™ is multinomial
M(n —m+1,s1,...,8n,) distributed. Expectations, variances and limit laws for ¥,, have
been studied, see [12, 4]. We have

EY, = pun +O(1 +n*"1), m >3, (23)
Var(Y,) = o?n + O(1 +n**"2), 3 <m < 26, (24)

Here, the constants p,o > 0 depend on m and a € R depends on m such that o < 1 for
m <13, 1 <a<4/3 for 14 <m <19, and 4/3 < a < 3/2 for 20 < m < 26, see, e.g.,
Mahmoud [12, Table 3.1] for the values a = a,, depending on m. It is known that Y,
standardized by mean and variance satisfies a central limit law for m < 26, whereas the
standardized sequence has no weak limit for m > 26 due to dominant periodicities, see
Chern and Hwang [4]. The rate of convergence in the central limit law for m < 26 for the
Kolmogorov metric has been identified in Hwang [9]. Our Theorem 3 implies the central limit
theorem for Y,, with m < 26 with the same (up to an € for 3 < m < 19) rate of convergence
for the Zolotarev metric (5:

» Theorem 8. The size Y,, of a random m-ary search tree with n items inserted satisfies,
for m <26 and any € > 0,

C(YnflEYn ( )>_ O(n~1/2+¢),  3<m <19,
N WVar(¥,) T T O(n362m0) 20 < m < 26,

as n — o0.

Proof. In order to apply Theorem 3 we have to estimate the orders of || Z;’;l(Aﬁ,”))Z —1|3/2

and ||b(")H3 with A™ and 5™ defined in (3). For this we apply Lemma 7. From (23) and
(24) we obtain that for the quantities appearing in Lemma 7 we can choose f(n) = un,
e(n) =1V n*1t g(n) =o?n, and h(n) = 1V n3@~1. Hence we obtain

()2 o1 m—1 B
Do A ES

and O(h(n)/g(n)) = O(n~(AB=20))  This implies

m 3/2
H 3 (A - 1H = O(n~(B/2ABG/2-0))),
r=1 ' 3/2

22:9
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Similarly we obtain

] 1o+ 3t
r=1

1 1 B
= vl = Sl a1, = 0

and O(e(n)/g*/?(n)) = O(n=(1/2/(3/2=2)) " This implies

Hb(n)Hg — O(n~((B/DABE/2=eN)y,
Hence, condition (12) is satisfied with R(n) = n~((3/2AB(3/2=a)), <

» Remark 9. Using Theorem 1 instead of Theorem 3 in the latter proof is also possible
but leads to a bound O(n~(3/27%) for 20 < m < 26, missing the factor 3 appearing in
Theorem 8.

In the full paper version we also discuss rates of convergence for the number of leaves of
d-dimensional random point quadtrees in the model of [7, 3, 8] where a similar behavior
as in Theorem 8 appears. A technically related example is the number of maxima in right
triangles in the model of [1, 2], where the order n~1/4 appears. Our framework also applies.

4.3 Periodic functions in mean and variance

We now discuss some applications where the asymptotic expansions of the mean and the
variance include periodic functions instead of fixed constants. This is the case for several
quantities in binomial splitting processes such as tries, PATRICIA tries and digital search
trees. Throughout this section, we assume that we have a sequence (Y,,)n>0 with finite third
moments satisfying the recursion

a

Y +v® 46, n>ng, (25)

Y,
() (n
‘e 1

with (I(”),bn)7 (Y,E”)nzo and (YéQ))nZO independent and (Y,E”)nzo 4 (Yo )n>o for r =1, 2.

Furthermore, I\") has the binomial distribution Bin(n,1) and I =n— 1™ or 1™ is
binomially Bin(n— 1,%) distributed and Ié") =n—1-1 1("). Mostly, these binomial recurrences
are asymptotically normally distributed, see [10, 11, 14, 18] for some examples.

Our first theorem covers the case of linear mean and variance, i.e. we assume that, as

n — oo,
E[Y,] = nPi(log, n) + O(1), (26)
Var(Y,) = nP(logyn) + O(1), (27)

for some smooth and 1-periodic functions P;, P, with P, > 0. Possible applications would
start with the analysis of the number of internal nodes of a trie for n strings in the symmetric
Bernoulli model and the number of leaves in a random digital search tree, see, e.g., [10].

» Theorem 10. Let (Y,),>0 have finite third moments and satisfy (25) with ||b,|ls = O(1),
(26) and (27). Then, for any € >0 and n — oo, we have

G (Yn —E[Y,)]

_ n71/2 €Y.
wmnyN@U>*m ")
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We now consider the case where our quantities Y,, satisfy recursion (25) with b,, being
essentially n. We assume that, as n — oo, we have

E[Y,] = nlog,(n) + nP;(logyn) + O(1), (28)
Var(Y,,) = nPy(logy n) + O(1), (29)

for some smooth and 1-periodic functions P;, P, with P, > 0. This covers, for example, the
external path length of random tries and related digital tree structures constructed from n
random binary strings under appropriate independence assumptions.

» Theorem 11. Let (Y,,)n>0 have finite third moments and satisfy (25) with ||b, —n||3 = O(1),
(28) and (29). Then, for any e >0 and n — oo, we have

Yn - E[Yn] _ n—1/2 €
(T N O.D) = O 25%)

4.4 A multivariate application

We consider a random binary search tree with n nodes built from a random permutation of
{1,...,n}. For n > 0, we denote by Lg,, the number of nodes with no left descendant and
by Li, the number of nodes with exactly one left descendant. Defining Y;, := (Lo, L1n), we
have Yy = (0,0) and we obtain the following distributional recurrence:
d 1 2
Vo Y+ b, n>1,
1 2
where (Yj(l))jzo and (Yj@))jzo are independent copies of (Y;);>0, Il(n) is uniformly distributed
on {0,...,n — 1} and independent of (Y1) and (Y®), I = n—1— 1™ and b, =

(l{lf"):o}’ 1{1{"):1})' In Devroye [5] it is shown that, for n > 2,
1 1
E[Lg,] = g(n +1), E[L,] = E(TL +1),

and that the standardized quantities have a limiting normal distribution. Using Devroye’s
description with local counters one also obtains the covariance structure:

» Lemma 12. For n > 4, we have Cov(Y,) = (n+ 1) T with
oL (30 -1
360 \ —15 28 )°
For n > 0, we now set M, := E[Y,,], C;,, = Id; for n < 3, C,, := Cov(Y,,) for n > 4 and

define X,, :== C;l/Q(Yn — M,,) for n > 0. Note that the matrix " in Lemma 12 is symmetric
and positive definite, which implies, for n > 4,

1
CY2=\/n+1TY? and C7Y2 = —— 71712
" " Vn+1

The normalized quantities satisfy Xy = (0,0) and recursion (2) with K = 2, ng = 1,

™41

ot —1/2
(Mza\ T

A = ();1/20;(/3 =1 Idy +1

1
{17(‘71)<4} vn+ 1

forr=1,2 and

b = V2 (b, — M, + M) + M)
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Convergence Rates in the Probabilistic Analysis of Algorithms

Modeling all quantities on a joint probability space such that I fn) /n converges almost surely
to a uniform random variable U in [0,1], we have the Ls-convergences Agn) — VU 1d,
Agn) —V1—=U Idy and b™ — 0 as n — co. Thus, we are in the situation of Section 2.2
and obtain the limiting equation

XLVUxW 4+ Vi—Ux®,

with U uniformly distributed on EO, 1] and X, X®) and U independent. We now check the
conditions of Theorem 3. Since A\ (AT + A (AY)T = 1d, on the event {I\™ 1™ > 4},
we obtain, as n — o0,

2 3/2 1 ™ +1 3/2
HZA&")(A&TL))T_IdQH _O<H1{I§")<4}( r-14 22 Ids —Idg)H )
r=1

32 n+1 n+1 3/2
1 ™41 32
-0 E[l . H -1_ 1 d }
( {Ii )<4} n+1 ﬂ+1 2 op
=O(n75/2).

Similarly, we obtain
65 = O =>"?).

Since we have \|1{1<,L><Z}A$”) |3 = O(n=°/2) for £ € N and r = 1,2, the technical conditions

are satisfied. We now use Theorem 3 with R(n) = n~'/2. Note that condition (13) is not
satisfied for R(n) = n~'/2, but we can use the weakened condition stated in Remark 2 to
obtain the following result.

» Theorem 13. Denoting by Y,, := (Lon, L1n) the vector of the numbers of nodes with no
and with exactly one left descendant respectively in a random binary search tree with n nodes
we have, for n — oo, that

G5 (Cov(Y) T2 (Y, — E[Y,]), N(0,1d2)) = O(n~1/2).
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—— Abstract

We describe a novel way to represent the probability distribution of a random binary string as a

mixture having a maximally weighted component associated with independent (though not necessarily
identically distributed) Bernoulli characters. We refer to this as the latent independent weight of
the probabilistic source producing the string, and derive a combinatorial algorithm to compute it.
The decomposition we propose may serve as an alternative to the Boolean paradigm of hypothesis
testing, or to assess the fraction of uncorrupted samples originating from a source with independent
marginal distributions. In this sense, the latent independent weight quantifies the maximal amount
of independence contained within a probabilistic source, which, properly speaking, may not have
independent marginal distributions.
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1 Introduction

Consider the Bayesian network [5] in Figure 1, given in [11, Chapter 2]. As the reader may
find familiar, each random variable (node) in the network, given the configurations of its
parents, is by definition conditionally independent from its non-descendants. Accordingly,
the joint probability mass function of the binary random vector (P, T, S, L, X) factorizes
as follows:

P(P=p,T=tS5=s,L=1,X=2)=PP=p)-PT=t)-P(S=s|T=t)
‘P(L=1l|P=p,T=t)-P(X=x|L=1I).
In particular, the joint distribution of P, T', S, L and X can be encoded with 10 free

parameters. Perhaps unexpectedly, however, one can represent this joint distribution as a
mixture with a heavily weighted “independent” component. Specifically:

P = 0.94 - Be(0.02) ® Be(0.005) ® Be(0.6) ® Be(0.01) ® Be(0.6) + 0.06 - R, (1)
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Latent Independent Weights

where Be(p) denotes a Bernoulli distribution with success probability p, the operator ®
denotes product measures, and R is a “residual” probability distribution over the sample space
{0,1}5. This decomposition of P is possible because for each outcome (p,t,s,l,z) € {0,1}° a
computation shows that:

P(P=p,T=tS5=s,L=10,X=x)

> 0.94-0.027 0.98' P x0.005¢ 0.995' 7t x 0.6 0.4' "' x0.01% 0.99'~* x 0.6° 0.4 5.

The residual distribution R may be obtained solving for it in equation (1). It turns out
in this case that R has low entropy (= 3.2 bits, compared to the uniform distribution over
{0,1}®, which has 5 bits of entropy), and gives probability 0 to twelve of the thirty-two
outcomes.

The identity in equation (1) means that, conditioned on a hidden event of 94% probability,
the presence of lung infiltrates, the outcome of an X-ray and sputum smear, and the status of
a patient having tuberculosis or pneumonia will all be rendered independent. Thus, while in
a clinical setting, the dependencies encoded in the Bayesian network may be relevant, on the
population level, these covariates often behave independently; in particular, most samples
from the Bayesian network can be attributed to a much simpler model (with 5 instead of 10
free parameters).

The decomposition in (1) bears the question: what’s the largest weight a product of
independent Bernoulli distributions can have as component of P? Remarkably, the marginal
distributions of IP are associated with a weight that is significantly smaller than 94%. Indeed,
a computation shows that P ~ Be(0.05), T ~ Be(0.02), S ~ Be(0.6), L ~ Be(0.05), and
X ~ Be(0.6), and that P admits the mixture representation:

P = ¢ - Be(0.05) © Be(0.02) ® Be(0.6) ® Be(0.05) @ Be(0.6) 4+ (1 —¢€) - R,

where € ~ 0.104, and R’ is a probability distribution that can be determined from the
above identity.

In this article we develop the mathematics of the so-called (latent) independent weight of
an arbitrary joint probability distribution over a sample space of the form {0,1}¢, with d > 1
finite. We argue that the independent weight of a probabilistic source describes the largest
average fraction of samples from it that can be attributed to (conditionally) independent
Bernoulli random variables, and describe an algorithm to compute this weight, along with
some heuristics to approximate it.

The independent weight of a probabilistic source is an intrinsic property of it, which can
be used as an objective measure of the approximate correctness of the null hypothesis that
“the source has independent marginal distributions,” which may be nevertheless false (as the
example associated with Figure 1). The concept of independent weight may also be used to
distill corrupted data from a source with otherwise independent marginal distributions.

1.1 Related Work

The present work may be regarded as a non-trivial specialization of the recent theory
developed in [8]. This previous work introduces the concept of the latent weight of a
probabilistic source (such as P in the previous example) with respect to a structured class Q
of probability models over a finite sample space. Specifically, the latent weight of a source P
with respect to a class Q of models is defined as [8]:

Ag(P) :==sup{A\>0| P> \-Q for some Q € Q}. (2)
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0.6
0.8

Figure 1 Bayesian network that models the interaction between two lung conditions, tuberculosis
(T), and pneumonia (P), and how they jointly affect the probability that a patient will have lung
infiltrates (L), the presence of said infiltrates in an X-ray (X), and the outcome of a sputum smear
test (S) for tuberculosis. Nodes represent Bernoulli random variables, with conditional probability
tables indicated, and the value 1 (0) indicates the presence (absence) of the corresponding condition.

This coeflicient represents the largest weight that can be given to a model in Q as a component
in a mixture decomposition of P. In fact, under mild technical conditions, there always exists
Q@ € Q and a probabilistic model R such that

P=2Xxg(P)-Q+(1-Xo(P))-R. (3)

Furthermore, when Q is convex, @ is unique when Ag(P) > 0, and so is R when Ag(P) < 1.

In the current setting, Q is the class of probability distributions associated with independ-
ent binary random variables. We emphasize that much of what we present in this extended
abstract may be generalized to more general discrete random variables, however, the binary
setting presents enough mathematical challenges to consider it in isolation.

2 Latent Independent Weights

In what follows, P denotes the set of all probability distributions on {0,1}¢, with d > 1 a
given integer. In particular, we may think of elements in P as non-negative real vectors of
dimension 2¢, with entries that sum up to 1.

For P,QQ € P and A € R, we write P > X\ - @ to mean that P(w) > X Q(w), for
each w € {0,1}%. Further, we say that Q has independent marginal distributions (in short,
independent marginals) if and only if there are probability distributions p, ..., ugq defined
over {0, 1} such that Q = ®¢_, j1;. Equivalently, Q has independent marginals if and only if it
is the probability distribution of a random vector of the form (Xi,..., Xy), with X3,..., Xy
independent (though not necessarily identically distributed) Bernoulli random variables. (In
this case, each X; has distribution pu;.)

23:3
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We associate to each P € P the real coefficient:
A(P) == Ag(P), (4)

where A\g(P) is as in equation (2) and Q@ C P denotes the set of models with independent
marginal distributions.

Clearly, 0 < A(P) < 1. In fact, according to [8], A(P) = 1 if and only if P has independent
marginal distributions itself. Furthermore, because the subset of distributions in P with
independent marginal distributions is compact, the supremum in equation (4) is always
achieved [8]. Namely, there is @ € P with independent marginals such that P > A(P) - Q.
As a result, since (P — A(P) - Q) is a measure with total mass (1 — A(P)), there is also R € P
such that P admits the mixture decomposition:

P=XP)-Q+ (1-XP)) " R. (5)

This decomposition motivates calling A(P) the latent independent weight of P, or simply
the independent weight of P. It follows that A\(P) is the largest weight that can be attributed
to a probability measure over {0, 1}d with independent marginals as a component of P.
Equivalently: A(P) is the maximal expected fraction of samples from P which may be
attributed to a probabilistic source with independent marginal distributions. More precisely, if
X = (Xy,...,Xq) has distribution P then, up to a hidden event with probability A(P), the
Bernoulli random variables X7, ..., X4 are (conditionally) independent.

We note that the model @ with independent marginal distributions in equation (5) is
not necessarily unique. For example, let d = 2 and P be the uniform distribution over
{(0,0),(1,1)}; in this case, P = 6(9,0/2 + d(1,1)/2, where d, is the point probability mass at
x. The reader can verify that the only models with independent marginals that can be given
positive weight in a probability mixture decomposition of P are ¢,y and d(1,1), hence the
supremum in equation (4) is achieved by d(0,0) as well as 9y 1).

2.1 Alternative Formulations

In this section we show how to compute latent independents weights.

Henceforth, P € P is assumed fixed. Moreover, we assume that P > 0, i.e. P(v) > 0 for
each v € {0,1}?. This assumption can be relaxed but goes beyond the scope of this extended
abstract.

In what follows, oo denotes +oo.

For each w = (w1, ...,wq) € {0,1}%, let £, : [0,1]¢ — [1,00] be the function defined as

d
1
Q)= =——— = TWi(] — gL f =(q1,...,q4);
fola) = 5 =) i];[lqz (1-a) or q= (g1 4a)
where Xq = (X1,...,Xq) is a vector of independent Bernoulli random variables, with

X; ~ Be(g;). (The second identity above requires to define 0° := 1.) Clearly, f,(q) is a
continuous function of q.
For each w € {0,1}4, define

Qu:={q €01V € {0,1}*: P(w)fu(a) < PW)fu(a)}. (6)

> L 1. If P> 0 then \(P) = P(w)fu(q).
emma 1. If en A(P) Lo, max (W) fo(a)
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Proof. Since a probability measure over {0,1}% with independent marginal distributions
may be represented in terms of d independent Bernoulli random variables, we may restate
equation (4) equivalently as follows:

A(P) =sup {)\ >0

d
3q € [0,1]%Vv € {0,1}*: P(v) > X- qu"'(l — )t }
=1

=supiA>0|3q€[0,1]7: A< min P(v)f,(q)
ve{0,1}4

= sup min  P(v)f.(q
qel0,1]¢ ve{0,1}4 ( ) ( )

" aile iy D
where for the second identity we have used that P > 0, which prevents the possibility of
dealing with anomalous products of the form 0 - oo, and for the last identity we have used
that [0, 1]¢ is compact and that the functions f,, with v € {0,1}¢, are continuous.
But observe that for each q € [0, 1]¢ there must exist an w which minimizes (possibly
with ties) the quantity P(v)f,(q), with v € {0,1}¢; that is, [0,1]¢ C Uwe{o,134Qw- Since, by
definition, Q,, C [0,1]% for each w, we obtain that

0,1%= J Q..

we{0,1}4
Finally, from the last identity for A(P), the defining property of the set Q,, implies that

\P) = in P(v)f,(q) = P(w) fo(q).
(P) b, max min (v)fu(a) e, max (w)fw(a) <

Lemma 1 reduces the calculation of A(P) to 2¢ optimization problems, one for each
w € {0,1}4, of the form:

max P(w) fu(q), with w € {0,1}% (7)

Our next result aids in making these optimization problems more explicit.

» Lemma 2. Assume P > 0. For a given w € {0,1}%, the transformation q — x with

x = (21,...,2q4) and x; = (13—7‘%)1*2‘*’3 is a bijection between [0,1]¢ and [0,00]%, and in
terms of the variable x:
d
fw(q) = H(1+xz) (8)
i=1

Under this reparameterization, for each q € (0,1)4:

P(v)
P(w)’ 9)

q € Q. if and only if Vv € {0,1}% : H x; <

i Vi Fw,

where [ ], 4, i =1 when v =w.

Proof. If w; = 1 then z; = 1;‘“, which is a strictly decreasing function of g;. Instead, if
w; = 0 then z; = 13—"%_, which is a strictly increasing function of g;. Thus, in either case,

x; is a strictly monotone function of ¢;, with range [0, co] when ¢; € [0, 1]. From this it is

23:5
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immediate that the transformation q — x from [0,1]? to [0, o] is one-to-one and onto. On

the other hand, if w; = 1 then ¢; = ﬁ, hence

s _ 1
g (1—q)* =~ =14z

K2

%ije. (1—q;) = 2, hence

Likewise, if w; = 0 then ¢; o Tz

1
Wil — i witl —
q; (1 — ) -

In either case, ¢; “*(1 — ¢;)*~! = (1 + z;), which implies the identity in equation (8).
Because P > 0, observe for q € (0,1) that:

Jo (CI)
fu(a)

P)
P(w)

q € Q, if and only if Vv € {0,1}% : < (10)

But, in terms of the original variable q:

fw(q) _ a Vi —Ww; WiV
fy(Q) - il;[l(b' (1 qz) :

Vi—Wj

Note however that if w; = v; then ¢; (1 —g;)@i~" = 1. If instead w; # v;, there are only
two possibilities. On the one hand, if w; = 0 and v; = 1, then

) . 1720.11
q;/T—uh(l _ qi)wifl/i — QZ < q2 > = ;.

1-¢ \1-a
On the other hand, if w; =1 and v; = 0, then

1_' . 1720.11'

qi L —q
As a result:
fu(a)
= €T iy
f u((]) i:ul;é[wi '
which together with equation (10) implies the lemma. <

The special nature of the constraints in (9), suggests introducing the additional change
of variables x — y, with y = (y1,...,y4) and y; := In(x;). The following result is now
immediate from the previous lemma.

» Corollary 3. For a given w € {0,1}%, the transformation q — y with y = (y1,...,%a)

and y; == (1 — 2w;) - In lfiqv), is a bijection between [0,1]% and [—o0, o0]?, and in terms of

the variable y:

d

fola) = [T +ev). (11)

i=1

Under this reparameterization, for each q € (0,1)9:

q € Q. if and only if Vv € {0,1}% : Z y; <ln (1;((:))> , (12)
i v Fw;

where Y

i v Yi =0 when v =w.
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The characterization in equation (12) is not necessarily valid on the boundary of [0, 1]¢
because, for some q € 9]0, 1]¢ and different w,v € {0,1}¢, the summation on the right-hand
side may be ill-posed due to the simultaneous occurrence of plus and negative infinity terms
in the sum. Nevertheless, due to the continuity of f,, in terms of the variables q and y (see
equation (11)), if a solution to maxqec g, f.(q) lives on 9]0, 1]¢ then said solution is the limit
of points in @, N (0,1)¢. In particular, for each w € {0,1}%, the associated optimization
problem in equation (7) may be restated in terms of the variable y as follows:

d
sup P(w) H(l +e¥)
yER? bl (13)
subject to Vv € {0,1}%: Z Y <1In <P<V)>
7 . iV Fw; T P(w) '

Each of these new optimization problems has various advantages — compared to the ones
in (7). First, up to the factor P(w), the objective function does not depend explicitly on w.
Second, the feasible region is a polyhedron [10, Chapter 8], which is a well-studied geometric
object. And third, the objective function is monotonically increasing in each coordinate of y;
which implies that any solution must lie on the boundary of said polyhedron. We show how
to exploit these properties in the next section.

2.2 Geometric Insights

In this section, we fix an outcome w € {0,1}? and describe a combinatorial algorithm to
solve the associated optimization problem in equation (13). Define

P)
P(w)

Qw:: yGRd Z yi§1n<

BV Fw;

) for each v € {0,1}* 3,

to denote the feasible region in (13).
In what follows, all vectors are represented as column vectors.
The following result is now immediate from the previous corollary.

» Corollary 4. Assume that P > 0. For a given w € {0,1}%, let A,, be the binary matriz
of dimensions (24 — 1) x d with entries A, (v,i) == [v; # w;i], for each v € {0,1}¢\ {w}
and i € {1,...,d}. Furthermore, let by, be a column vector of dimension (2% — 1) with
entries by, (v) := log(P(v)/P(w)), for each v € {0,1}%\ {w}. Then the feasible region Q,,
corresponds to the set of y € R? satisfying the coordinatewise inequalities:

A,y < by, (14)

The above inequality characterizes Q,, as a non-empty convex polyhedron in R?. Recall,
y € 0., is called a vertez if there exists an invertible sub-matrix Al, of A, of dimensions
d x d and a corresponding sub-vector b/, of b,, of dimension d such that Ay = b/, [10,
Chapter 8, equation (23)]. (The sub-matrix A/, and the sub-vector b/, are associated with
the same rows of A, and b, respectively.)

» Lemma 5. The polyhedron in equation (14) is pointed, i.e. it contains at least one vertez.

23:7
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Proof. For each i € {1,...,d}, let v; € {0,1}% be such that v;(j) = w(j) for j # 4, and
v;(i) = 1 —w(i). Then the sub-matrix of A, associated with rows in the set {vy,...,v4}
corresponds to the (d x d) identity matrix. As a result, the kernel of A, — which coincides
exactly with the so-called “lineality space” of the polyhedron — is {0}, which implies that the
polyhedron is pointed [10, Chapter 8, equations (6) and (23)]. <

In the language of polyhedral programming, a vertex is a zero-dimensional face. More
generally, if c € R?\ {0}, § € R, and G := {y € R? | c'y = §} we say the affine hyperplane
G is a supporting hyperplane of Q,, at the point y € Q,, if y € GN Q,, and Q,, is contained
in one of the closed half-spaces bounded by G [7, p. 20]. The non-empty set F := G N 9, is
called a face of Q,,. Equivalently, a face of Q,, is any set of the form {y € Q,, | AL,y = b’ },
where A/, and b/, are a sub-matrix and sub-vector associated with the same rows of A, and
b, respectively [7, Theorem 2.3.3]. (Here, A/, does not need to be a square matrix.) The
dimension of a face F associated with the subsystem Ay = b, is d — rank(A!)).

» Corollary 6. If y € 9Q,,, the boundary of Q,, and y is not a vertex of Q, then 'y
lies in the relative interior of some positive-dimensional face of Q. That is, there is a
positive-dimensional face F' and some € > 0 such that the intersection of the closed e-ball
around y and the affine hull of F' is contained in F.

Proof. First, Q, equals the union of the relative interiors of its faces, which are disjoint [7,
Corollary 2.3.7]. In particular:

99, = L relint(F')
F

faces g Qw

U _ reling(F) | U U {u}),
non-vertex faces F; Qu vertices vEQ,,

where relint(-) denotes the relative interior, and U denotes a disjoint union. Since a face
coincides with its own relative interior if and only if it is a vertex, if y € 09, but y is not a

vertex then y must lie in the relative interior of a unique positive-dimensional face. |

Next we address the optimization problem in equation (13) for a fixed w € {0, 1}
Hereafter, we abuse notation slightly and define

d

Fuly) = TJ(1 +ev),

=1

to denote the reparameterized version of f,(q) in terms of the variable y (see Corollary 3).
The following result rules out points in the relative interior of positive-dimensional faces of
Q. as maximizers of f,(y).

» Lemma 7. Let F' C Q,, denote a positive-dimensional face of Q,,, and § denote a point

in the relative interior of F. Then f,(§) < max .5 _ fu(y). More specifically:

1. If the gradient V f,,(§) is not orthogonal to F, then f, can be strictly increased on F,
that is, there is some Z € F such that f,(2) > fu(¥).

2. If the gradient V f,,(§) is orthogonal to F, then f,(§) is a local minimum on F.

Proof. Clearly, f, has continuous partial derivatives of any order.
First observe that

“(y) = e [[(1+e) = fuly)

eYi
1+e¥i’
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Therefore, if y — 7 is the transformation defined as v = (71, ... ,'yd)t, with ~; := %, then

Viey) = fu(y),

which implies that V f,,(y) # 0, for all y € R?. In particular, if V£, (y) is not orthogonal to
F'| a small perturbation in the direction of the projection of V f,,(y) onto F' will increase f,,.

This shows the first statement in the lemma.
On the other hand:

0% f., i v
aQ(Y):e7H(1+eJ):fUJ(Y)’Y7J
Yi ji
and for i # j:
& fo

(v)=ever T 1 +e) = fuly) -

Wivi —

As a result, V2 £, (y), the Hessian matrix of f,, at y, admits the decomposition:

V2 fuly) = fuly) (C1 +T2),

where I'y := diag('yl(l — Y1)y ey va(l = vd)), and

YoM - MY

Y271 722 s Y27d .
Fy=| . . . =

Ve VY2 - V2

Because each 0 < ~; < 1, I'y is strictly positive definite. Since I's is positive semidefinite, and
fo(y) >0 for all y € R4, V2f,(y) is strictly positive definite regardless of y. As a result, if
V f.(§) is orthogonal to F', then ¥ is a local minimum of f,, along F'. This completes the
proof of the lemma. |

Finally, combining Corollary 6 and Lemma 7, we obtain the following central result,
which implies that the maxima in (13) can occur only occur among a finite number of
well-characterized points in Q,,,.

» Theorem 8. If P > 0 then, for each w € {0,1}%, the marimum max f,(y), can only
ye€Qu

occur at a vertex of Qw.

3 Algorithms for A(P)

Computing \(P) requires solving the optimization problem (13) for each of 2¢ possible binary
outcomes. As previously described, solving each optimization problem can be achieved by
evaluating f,, at each vertex of Q,, and the vertices can be found as unique solutions of
invertible (d x d)-subsystems Ay = b/,. This motivates Algorithm 1, which computes A(P)
by exploring square subsystems of A,y < b, to find vertices, evaluating f,(y*) at each
vertex y* for each outcome w, and returning the largest of these.

For each outcome w, there are (ngl) subsystems Ay = b/, of size (d x d) to check.

/

For each subsystem Ally = b/,
if it exists, in O(d®) time, and often terminates in less time if A/, is singular. If y’ is a

simple Gaussian elimination will find a unique solution,

23:9
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Algorithm 1 A naive exact algorithm for A(P).

Require: P >0
M+ 0
for w € {0,1} do
Ay {w: # Vi]]i:l,...,d}ue{O,l}d\{w}
b, {IOg(%)}UG{O,l}d\{w}
for {v™M @ vy c{0,1}9)\ {w} do
Ay i # 1 D=,
b, + {IOg(%Z;))}j:L...,d
if A/, is invertible then
Y (AL) 7
if A,y* <b, then
M+~ MV f,(y")
return A\(P) < M

unique solution to the square subsystem Ay’ = b/

wr

it takes O(d2¢) operations to check
that y’ is feasible, i.e., Ay’ < b,. If y’ is infeasible, it often takes many fewer operations to
confirm this.
Taking these operations together, and using the well-known bound on binomial coefficients,
29t1e

(}) < (%)%, in the worst case there are O (d4( 7 )d) operations required to compute

A(P). The memory required by this algorithm grows much less slowly, as O(29), if square
subsystems are iterated without loading every set of d indices into memory. This is common
in standard combinatorial software like the itertools module in Python [4, Section 3.2]. In
practice, we find that without any parallelization strategies and without supercomputing
resources, it is feasible to compute A(P) for binary sources up to dimension d = 6 by naively
searching for vertices.

We note that specialized algorithms to explore only those subsystems Ay = b/, which
are invertible, and ignore singular subsystems, are still unlikely to allow computation of
A(P) in very high dimensions. In fact, the number of invertible submatrices A/, of dimension
d has previously been recognized as a noteworthy sequence [3]. This sequence is hard to
compute explicitly, but appears to grow exponentially fast. In fact, there are approximately
2.52 x 10'* invertible subsystems in only 8 binary dimensions [12].

Specialized polyhedral programming algorithms may help to accelerate computation of
A(P). For example, the vertex enumeration algorithm given in [1], runs in O(d2?V) time,
where V is the number of vertices of Qw. The number of vertices is hard to characterize (it
depends on by,), but based on simulation we believe it is typically much smaller than the
number of invertible subsystems. We believe a pivoting method similar to [1] can be adapted
to take advantage of A, ’s binary structure.

Some readers may note that each optimization program:

max fu(¥)

subject to ALy < by,

resembles a linear program. However, the objective function f,(y) is nonlinear, and therefore
linear programming techniques such as Dantzig’s simplex algorithm [2, Chapter 5] are not
suitable. Moreover, positive definiteness of the Hessian derived in Lemma 7 implies that
fuw(y) is strictly convex. Although the feasible region is also convex, the fact that we seek to
mazimize f,(y) means most nonlinear convex programming techniques cannot be guaranteed
to converge to true maxima.



A. Pearson and M. E. Lladser

Figure 2 Markov network that models the interaction of four hypothetical patients that may or
may not have tuberculosis. Patient ¢ is healthy if T; = 0, and infected if T; = 1.

Due to the aforementioned difficulties in the combinatorial approach in high dimensions,
we have also explored numerical approximation of each optimization program using nonlinear
algorithms including sequential gradient-free linear approximation (COBYLA) [9], and
sequential quadratic programming (SLSQP) [6]. These show some promise but tend to suffer
from numerical instability in moderate to high dimensions (above d =5 or so). However,
because the structure of f,, makes computing higher-order derivatives very straightforward,
it may be possible to devise a specialized interior point method that makes approximating
A(P) efficient even in higher dimensions.

4 Proof of Concept

Consider the Markov network [5] in Figure 2, borrowed from [11, Chapter 2]. In this
setting, undirected edges represent interactions in a social network of four patients, each
of whom may or may not have tuberculosis (represented as four Bernoulli random vari-
ables Ti,...,Ty). Here, the complete subgraphs (cliques) of the Markov network are
{ AT T}, {1y}, {Th, T}, {Th, T5}, {T2, Ty}, and {T5,T4}. To each clique C' we as-
sociate a factor w: {0,1}¢l — R, , and to each configuration (ty,ts,t3,4) € {0,1}* of sick
and healthy patients, we associate the probability:

P(tl,tg,tg,t4) X ’U}(tl) . w(tg) . w(tg) . w(t4) . U)(tl,tg) . w(tl,tg) . w(tg,t4) . w(tg,t4).

This network reflects the intuition that, if one patient who has tuberculosis interacts with
another, it is more likely for the latter to have tuberculosis. In fact, the joint distribution
P of (Ty,T5,T3,Ty) is exchangeable (i.e. labels on the patients can be permuted without
affecting the joint probability of their tuberculosis status). Using Algorithm 1, we find that
A(P) is very close to one. We transform a vertex y* which achieves A(P) back to a probability

*

q* (see Corollary 3) and find explicitly:

P = 0.999999- Be(0.000125) ® Be(0.000125) @ Be(0.000125) @ Be(0.000125) 4-0.0000001 - R,
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Figure 3 Markov network that models the interaction of two hypothetical patients which may
or may not have tuberculosis. In this setting, the marginal probability of a patient being infected
with tuberculosis is moderate (= 22%), and the probability that exactly one of the two patients is
infected is relatively low (= 8%). This might be a realistic model for, e.g., two inmates sharing a
cell in a prison with a tuberculosis outbreak.

where R is a residual probability distribution with low entropy (= 2 bits, compared to the
uniform distribution over {0,1}*, which has 4 bits of entropy). This means that, despite the
dependence implied by the interactions, a large fraction of the time it will appear as though
the patients are infected with tuberculosis independently, each with a very small probability
of infection.

It is not always the case that a source represented by a probabilistic graphical model has
a very large independent weight. Consider a simpler version of the previous Markov network,
shown in Figure 3. In this case, a non-negligible fraction of the data produced by the source
cannot be recapitulated by a model with independent marginal distributions. Let P denote
the joint distribution of (T7,75%). Using Algorithm 1, we find that A\(P) = 0.817. Moreover,

P = 0.817 - Be(0.048) ® Be(0.048) + 0.183 - 61 1).

That is, a large fraction of the time a realization of these two patients’ tuberculosis states
cannot be attributed to the largest independent component of P.

These two examples demonstrate how scientists and engineers may benefit from detecting
a source’s independent weight. If a source under study is known to have A\(P) = 1, even
if the source fails a hypothesis test of independence, the modeler might save considerable
complexity while still recapitulating most of the features of the source. In contrast, if a
source has very low independent weight, the scientist could find meaningful mechanistic
insights in the residual component, such as in the latter example, where a sample originates
either from a hidden non-degenerate probability model with independent marginals or a
deterministic one.
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—— Abstract
We study block statistics in subcritical graph classes; these are statistics that can be defined as the
sum of a certain weight function over all blocks. Examples include the number of edges, the number
of blocks, and the logarithm of the number of spanning trees. The main result of this paper is a
central limit theorem for statistics of this kind under fairly mild technical assumptions.
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1 Introduction

The detailed analytic study of subcritical graph classes was initiated by Drmota et al. in their
seminal paper [4]; the formal definition, which will be given below, is based on properties
of the generating function. Intuitively speaking, subcritical classes are “tree-like” in some
sense, which is exhibited for instance by the fact that their scaling limit is the continuum
random tree [12], meaning that the global structure is essentially determined by the block-
cutpoint tree, while the blocks themselves are fairly small. Typical examples of subcritical
graph classes are trees, cacti, block graphs, outerplanar graphs and series-parallel graphs.
Unfortunately, there is probably no simple graph-theoretical characterisation of subcritical
graph classes, as it was shown that every proper minor-closed family of graphs is contained
in a subcritical family [9].

By a block statistic, we mean an invariant induced by a weight function w on all 2-
connected graphs (blocks) of the specific graph class. Any graph G can be decomposed
uniquely into maximal 2-connected subgraphs By, Bs, ..., B (that can only be joined at
cutvertices), the so-called blocks of G. Using this decomposition, we define the block statistic
S associated with w by

k

Su(G) = Zw(BJ)

j=1

© Dimbinaina Ralaivaosaona, Clément Requilé, and Stephan Wagner;
37 licensed under Creative Commons License CC-BY

31st International Conference on Probabilistic, Combinatorial and Asymptotic Methods for the Analysis of

Algorithms (AofA 2020).

Editors: Michael Drmota and Clemens Heuberger; Article No. 24; pp. 24:1-24:14

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:naina@sun.ac.za
mailto:clement.requile@tuwien.ac.at
mailto:stephan.wagner@math.uu.se
https://doi.org/10.4230/LIPIcs.AofA.2020.24
https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

24:2

Block Statistics in Subcritical Graph Classes

Let us give a few motivating examples of block statistics:
The trivial weight function defined by w(B) = 1 for all possible blocks B yields the
number of blocks.
If we fix some block A and define

wA(B):{l B~ A,

0 otherwise,

the associated block statistic is the number of (isomorphic) occurrences of A as a block.
If the weight function w(B) is the number of edges in B, then the associated block
statistic Sy, (G) gives the number of edges of G.

Let 7(B) be the number of spanning trees of a block B, and set w(B) = log7(B). Since
every spanning tree of a connected graph decomposes uniquely into spanning trees on all
the blocks, we have

k
7(G) = [[=(B)

j=1
if By, Bs, ..., By are the blocks of a connected graph G. This translates to
Sw(G) =log7(G).

Since the Tutte polynomial is also multiplicative over blocks, the previous example
generalises to many others that are special values of the Tutte polynomial, specifically the
(logarithm of the) number of subforests, spanning forests, connected spanning subgraphs,
acyclic orientations and strongly connected orientations.

The number of nontrivial complete subgraphs (i.e., complete subgraphs with more than
one vertex) is also a block statistic in our sense, since every such subgraph needs to be
contained entirely in one of the blocks.

The number of occurrences of a fixed graph H as an induced subgraph, which was studied
in [6], is not always a block statistic (since a copy of H may involve vertices of several
blocks), but it becomes one if H is 2-connected.

The number of blocks and the number of edges were already shown by Drmota et al. [4]
to satisfy a central limit theorem, the latter under the assumption (that was satisfied for
all the examples studied in their paper) that the graphs are planar, so that the number of
edges is necessarily linear in the number of vertices. However, this is not satisfied for all
subcritical classes of graphs (block graphs, for example, are an exception), and there are
also other statistics among the aforementioned for which the weight function can grow faster
than linearly in the block size, for example the logarithm of the number of spanning trees,
for which the weight can be as large as w(B) = (|B| — 2) log |B| when B is a complete graph.
We are therefore interested in proving central limit theorems under weaker assumptions on
the growth of the weights.

Before we formulate our main results, let us recall the formal definition of a subcritical
graph class. For simplicity, we will restrict ourselves to the labelled case.

» Definition 1. We call a class of graphs G block-stable if it has the property that a graph G
belongs to G if and only if each of its blocks belongs to G. Now let G be a block-stable class of
labelled graphs, and denote the subclasses of connected graphs and 2-connected graphs in G by
C and B respectively. Since every graph can be seen as the union of its connected components,
we have the symbolic decomposition

G = Set(C).
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More importantly (for the definition of subcriticality), rooted connected graphs (indicated
by C®) can be decomposed as follows:

C* = Z x Set(B' oC*),

where Z stands for a single vertex, and B’ for the class derived from B by not labelling one
of the vertices. In words: a rooted connected graph decomposes into the root, the set of blocks
that contain the root, and rooted connected graphs attached to all non-root vertices of the root
blocks.

On the level of generating functions G(z), C(z) and B(z) are associated with G, C and B
respectively, this yields

G(z) = exp(C(2)) (1)
and
C*(2) = zexp(B'(C*(2)), (2)

where C*(z) = zC'(z) is the generating function for C*. The class G is now said to be
subcritical if the radii of convergence p and n of C' and B satisfy the inequality

v =C*%p) <. (3)

As it was shown in [4], the generating function C'* has a square root singularity for every
subcritical class, which allows us to apply singularity analysis to derive asymptotic formulas
for counting graphs of given order in G or C.

» Theorem 2 ([4]). For every subcritical family of graphs, the generating function C* is
analytic in a region of the form

{z€C: [z <r[Arg(z — p)| > ¢}

for some r > p and ¢ € (0, 7). At the singularity p, it has an asymptotic expansion of the
form

C*(2) =7+ (1= 2/p)"? + 72(1 = 2/p) + 13(1 = 2/p)** + O((1 - 2/p)*). (4)
Here, v > 0 is the unique positive solution of the equation yB" (v) = 1, and p = yexp(—B’'(7)).

It is sometimes useful to have explicit expressions for v; and 7,. They are given by

2~2 Qv — 4B////
M= 27 m and 7y = L 72 " (7)2’
1+92B"(v) 3(1+~2B" (7))

respectively, as one can see e.g. by comparing coefficients on the two sides of the functional
equation (and using the identity yB”(y) = 1 to simplify).

2 The generating function for a block statistic

The functional equations (1) and (2) can be modified in a straightforward fashion to include
the block statistic S,,. Let us define the bivariate function
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and G(z,t) in an analogous fashion. To keep notation simple, we do not indicate the
dependence of the generating functions on w. Since S, is additive over connected components,
we clearly have

G(z,t) = exp(C(z,1)).

Moreover, if we set

2P| w(B)t
B(Z,t) = Z @6 s
BeB ’

then (2) changes to
C*(z,t) = zexp (B.(C*(z,1),1)), (5)

where B, is the partial derivative with respect to z. Of course, when ¢t = 0, everything
simplifies to (1) and (2). It is important to notice that the sum defining B might not be
convergent: if w(B) has faster than linear growth for at least some blocks B, then the radius
of convergence in z can become zero for all ¢ > 0. Therefore, B and C are a priori only
regarded as formal power series.

If, however, w(B) = O(|B|), then the radius of convergence of B as a function of ¢
changes continuously, so if ¢ is close enough to zero, the inequality that defines a subcritical
class remains true, and C* still has a square root singularity, the position of which moves
continuously with ¢t. We are therefore in the scheme of [3, Theorems 2.21-2.23|, and the
quasi-power theorem ([10], see also [8, Section IX.5]) yields a central limit theorem almost
automatically. This was in fact exploited in [4] to obtain the central limit theorems for
number of edges and number of blocks.

However, not all interesting block statistics satisfy the condition w(B) = O(|B|). The
example of the logarithm of the number of spanning trees was mentioned earlier; others
include the logarithm of the number of subforests, spanning forests or connected spanning
subgraphs and the number of nontrivial complete subgraphs. Thus, we follow a slightly
different route imposing somewhat milder conditions on the weight function w. Specifically,
we will prove the following theorem:

» Theorem 3. Consider a subcritical class of graphs with a weight function w on the blocks.
Let W,, be the average of w(B)? over all blocks B on n vertices. Suppose that

limsup W1/ < 1. (6)
n—o00 Y

with v and 1 as in (3). Let C,, denote a random connected graph with n vertices in our

subcritical class of graphs. The following statements on the distribution of S, (C,,) hold:

1. There exist constants p and A such that the mean E(S,(Cy)) is asymptotically equal to
pn—A+0(n™t).

2. There exists a constant 0> > 0 such that the variance V(S,,(Cy,)) is asymptotically equal
to o’n + O(1). Moreover, we have o > 0 unless the weight function w is of the form
w(B) = ¢(|B| = 1) for some constant c.

3. If 02 > 0, then the distribution of S, (C,) converges, suitably normalised by subtracting
the mean and dividing by the standard deviation, weakly to a standard normal distribution.
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Intuitively, (6) states that the block generating function, with blocks weighted by w(B)?,
still satisfies the subcriticality condition. Most of the examples mentioned in the introduction
satisfy the conditions of the theorem for all subcritical classes, since the growth of the weight
function w is subexponential. Notable examples include the number of blocks, the number of
edges and the (logarithm of the) number of spanning trees. It is possible that the condition
is satisfied even if the weight grows exponentially in the block size, though. Importantly,
blocks in random graphs from a subcritical class are typically small (the largest block only
being logarithmic in size). This makes it possible that E(S,,(C},)) is linear in n even in cases
where w can grow exponentially.

» Remark 4. While we are focusing on connected graphs in this paper, it would also be
possible to transfer our results to arbitrary random graphs from the specific subcritical class
of graphs.

» Remark 5. We remark that 5,,(C) = ¢(|C| — 1) holds deterministically for all connected

graphs C in the “degenerate” case that w(B) = ¢(]B|—1), so that the variance is identically 0.

Several explicit examples are presented in detail in the appendix. The following table
gives an overview:

Graph class Block statistic I o2 Sect.
Cacti Number of blocks 0.64780 | 0.21218 | A.1
Number of edges 1.19149 | 0.06272 | A.1
Number of spanning trees (log) 0.24985 | 0.08007 | A.1
Number of connected spanning subgraphs (log) | 0.29690 | 0.12113 | A.1
Block graphs | Number of blocks 0.76322 | 0.12512 | A.2
Number of edges 1.28357 | 0.31267 | A.2
Number of spanning trees (log) 0.28580 | 0.23671 | A.2
Number of nontrivial complete subgraphs 1.69146 | 4.55177 | A.2
Series-parallel | Number of blocks 0.14937 | 0.14875 | A.3
graphs Number of edges 1.61673 | 0.21125 | A.3
Number of spanning trees (log) 77 77 A3

In the last example, numerical values of ;1 and o2 are surprisingly difficult to determine.

This will be explained in Section A.3.

3 Mean and variance

It is somewhat easier for our calculations to consider rooted graphs. However, since every
labelled graph with n vertices corresponds to precisely n rooted graphs, all distributional
results that we obtain for rooted graphs in the following hold automatically for unrooted
graphs as well.

In order to obtain asymptotic formulas for mean and variance, we consider the partial
derivatives of C'*(z,t) with respect to ¢ at ¢ = 0. Differentiating (5) with respect to ¢ yields

Cp(2,t) = zexp (B.(C*(2, ), 1)) (BZZ((,“(Z, £),8)C8(2,) + Bt (C* (2, 1), t))
= C*(20) (Boo(C* (5,0, 0)C1 (2,1) + Bat(C* (2,1),1)).

We solve for Cf(z,t), which gives us

. _ C.(th)BZt(C.(Z’t)7t>
G = T e e 0B (O (2, 00,0)

24:5
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In the same way, we can also differentiate with respect to z, which yields

C*(2,1)

CI(zt) = 2(1 = C*(2,)B..(C*(2,1), 1))

Thus we have
CP(z,t) = 2C3(2,t) Bt (C*(2,t),t). (7)

The second derivative is determined in a similar fashion. Differentiating (7) with respect to
z and t respectively (and plugging in ¢t = 0), we obtain

C3(2,0) = C3(2,0)B,(C*(2,0),0)4+2C2,(2,0) B, (C*(z, O),0)+zC;(z,0)2Bzzt(C'(z, 0),0)
and

Ch(2,0) = 2C3%(2,0)B,+(C*(2,0),0) + 2C3 (2,0)C; (2,0) B,.:(C*(2,0),0)
+ ZCZ.(Z, O)tht(C"(z, 0), 0)

We plug the former equation into the latter, and also replace Cf(z,0) by the equation given
in (7) to arrive at the following representation for Cf,(z,0):

Cr(2,0) = 22C?,(2,0)B.(C*(2,0),0)% + 222C2(2,0)%B.,(C*(z,0),0)B..:(C*(2,0),0)
+2C2(2,0)(B.4(C*(2,0),0)? + B.4t(C*(2,0),0)). (8)

Note that this representation, like (7), only involves derivatives of C'*(z,t) with respect to z,
so that we can use our knowledge of the behaviour of C*(z,0) given in Theorem 2.

» Theorem 6. Under the conditions stated in Theorem 3, the mean of the block statistic S,
over all graphs in C with n vertices is asymptotically

E(Sw(Cn)) = pn — A+ O(n_l)v

with p = B,(,0) and

3 2
A= %Bzzt(’)ﬂ 0) + %Bzzzt(77 0)

Proof. Note that

n

Bu(2,0) =3 (X2 w(B?) o = 3 WaBu T,

n>2 BeB n>2
|Bl=n
where B,, is the number of blocks with n labelled vertices. The radius of convergence of
B(z,0) is n = 1/ limsup,,_, (B, /n!)'/™, since the coefficient of 2" in B(z,0) is B,/n!. The
technical condition (6) has been chosen in such a way that the radius of convergence of
By4(z,0), which is

1 1 1
> .
Hmsup,, o (Wi Bn/n)Y™ ™ 1im SUD,,_y 00 Wﬁ/n limsup,,_, o (Bn/n!)!/"
n

. 1/n’
limsup,, ,.. Whn
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is greater than . The radius of convergence of B(z,0) is 7 > v by the definition of
subcriticality, and the Cauchy-Schwarz inequality implies that

2IBlw(B |z||Blw(B |z||B]
B 0) = | 3 T \ Z B Zw‘, = Bu(|2],0)B(2],0)-

BeB

This shows that B;(z,0) also has greater radius of convergence than «. Thus Bi(z,0), By(z,0)

and all their derivatives with respect to z are analytic in a disk around 0 that includes 7.

Now since C'* is amenable to singularity analysis, so is
C?(2,0) = 2C2(2,0)B,:(C*(2,0),0).

In particular, this function and other partial derivatives of C'® that we consider have a

Puiseux expansion around the singularity p whose exponents are integers or half-integers.

Specifically, in view of (4), we have

B.:(C*(2,0),0) = B.¢(7,0) + B..+(v,0)(C*(2,0) — ) + BZ%(%O)

+ O((C'(z, 0) — 7)3)
- th(% 0) + ’Ylezt(’Ya O)(l - Z/p)1/2

+ (72Bex0.0) + M) (1=2/p) +O((1 = 2/p)*'2).

(C*(2,0) = 7)?

Thus we can represent C}(z,0) as follows:

372Bzzt ('Ya 0) ’V%Bzzzt (fYa 0)
2 + 4

C*(2,0) = B.y(,0)20%(2,0) + 1 — ( )c*(z,()) +0(1-2/p)

for some constant ;. It would be possible to add further terms to the expansion. By the
principles of singularity analysis, we obtain

["]CF (2,0) = p[2"]2C2(2,0) = A[2"]C%(2,0) + O(n ™' [z"]C* (2, 0))
with g and A as given in the statement of the theorem. Therefore,

[2"]C2(2,0)

E(Sw(Chn)) = m =K

n—A+0(n"). <
» Theorem 7. Under the conditions stated in Theorem 3, the variance of the block statistic
S over all graphs in C with n vertices is asymptotically V(S,(Cp)) = o?n + O(1), with

72Bzzt(77 0)2

2 _
o” = tht(’)’,o) - 1+’YQBZZZ(’Y,O).

If the weight w is not of the form w(B) = ¢(|B| — 1) (where ¢ is constant), then o is strictly
positive.

Proof. The asymptotic formula for the variance is derived in a similar fashion as the mean.
We now need to consider the second derivative with respect to ¢ as well. The expression
for Cp,(2,0) in (8) can be expanded around the dominant singularity p in the same way
as CF(z,0). Without going through the full calculation, let us just give the final result
stating that

Cp(2,0) = p?(2°C2,(2,0) + 2C2(2,0)) + (0 — 2Au)2C2(2,0) + O(1)

24:7
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around the singularity, with y, A\, 0% as defined above. Again, it would be possible to improve
on the error term by including further terms. Now we get

[2"]C8(2.0) = (420 + (0% — 20 ) + O(1)) ["]C* (2. 0).

This gives us the second moment of S,,(C,,) as ?n? + (62 — 2A\u)n + O(1), and subtracting
the square of the mean yields the stated asymptotic formula for the variance.

It remains to prove that o2 # 0 except for trivial cases where S, (C) depends on the
number of vertices of C' only. To this end, recall first that ~ is determined by the equation

vB"(v) =vB..(7,0) = 1.

Thus we can rewrite the denominator in the expression for o2 as follows:

Bl -1 ”y|B| 1
1+ 'YQBZZZ(% O) = 'YBZZ(% 0) + 723222(75 O) = Z (||(|B|)_1)'
BeB ’

The remaining two terms in the expression are

w(B)2~IBl-1
Bai(7,0) = Z w(B)* 1”7

pes (BI-1)!
and
2 2 _ w(B)(|B] —1)7/P171\2

respectively. Thus

)(|B]—1)~!BI-1
o2 — Z w(B)*yPI7 (Xpes %) (9)
- — [B|—1 :
ses (BI-D! > s LB or—

The Cauchy-Schwarz inequality immediately shows that o > 0 unless w(B) is a constant
multiple of |B| — 1, in which case o2 is clearly 0. <

In order to illustrate the formulas for mean and variance, let us consider a concrete
example that satisfies the conditions of Theorem 3 for all subcritical graph classes: the
number of blocks. In this case, we have B(z,t) = ¢! B(z), which allows us to express u and
o? in terms of B and v only: the following formulas can also already been found in [4].

1

=B =B - ———.
p=B(y) and o Sl B70)

(10)

4 Limit distribution

Next we derive a general central limit theorem for the block statistic .S,,. As a first step,
we consider the case where w is finitely supported, i.e., where w(B) = 0 for all but finitely
many blocks. In this case, B(z,t) differs from B(z) only in finitely many terms: letting By
be the set of blocks for which w(B) = 0, we have

Bl e A5 LIBI 2 e
Z |B\' Z |B|' Z |B|'7 2)+ Z @(e —1).

BeB BEB\By BeBy BEB\By



D. Ralaivaosaona, C. Requilé, and S. Wagner

The sum over B\ By is finite and thus represents a function that is entire in both z and ¢t. We
are therefore in a position to apply a general result on perturbations of functional equations:
by [3, Theorem 2.21], there exists a positive constant § > 0 such that C*(z,t) still has a
dominant square root singularity for |t < J:

C%(2) = (1) + M (8)(L = 2/p(t))'/* + O(1 = z/p(1)),

where p(t) is analytic as a function of ¢ for |t| < §. Singularity analysis gives us an asymptotic
formula for the moment generating function of Sy, (Cy,):

‘S, Z"C*(z, n -1
E(!5+(n)) = [[Zn]}c((zé)) - 7;(;) (%) (1+0(n™).

Thus we can apply the quasi-power theorem ([10], [8, Section IX.5]), which proves that
Sw(Cr) satisfies a central limit theorem in the case that w has finite support:

Sw(cn) *]E(Suz(cn)) £> N
V(Sw(Cn))

0,1).

This line of reasoning does not apply if w grows too fast; with the weaker assumptions of
Theorem 3, C*(z,t) may no longer have a square root singularity for ¢ > 0 (and might in
fact have radius of convergence 0 as a power series in z). Therefore, we rather approximate
S by considering truncated versions of the weight function w.

For a positive integer M, set

w™)(B) = {w(B) if [B] < M,
0 otherwise.

We observe that w(®) has finite support, so the block statistic Sq(i,M) associated with w®™)
satisfies a central limit theorem as stated above. Clearly, every block statistic with finitely
supported weight function satisfies the conditions of Theorem 3, thus in particular the
statements on mean and variance in Theorem 6 and Theorem 7 apply:

E(Sy"(Ca)) = parn + O(1),

V(4 (C)) = o3m +0(1),

%\;"M” 4 N(0,1), or equivalently S&NI)(C")fx}Eﬁ(S&AI)(C")) 4 N(0,0%,).

We can now apply the following lemma (see for instance [11, Theorem 4.28]):

» Lemma 8. Let (X,,)n>1 and (Wn ) nn>1 be sequences of random variables with mean 0.
Assume that for some random variables Wy (N > 1) and W, we have

WN7,LE>WN as n — oo for every N > 1, andWNi>W as N — oo.
V(X,, — W) < Cn for some constants Cn uniformly in n, and Cy — 0 as N — oo.

d
Then we also have X,, — W as n — oo.

In our setting, we take

Su(Cn) =E(Su(Cn)) 4y _ S5 (Ca) ~E(SEV(C))
Vi : '

Note that these random variables all have mean 0. Since the sums in the formula (9)
for o2 converge by our assumptions on the weight function w, the constants o% converge:

X, =

limy 00 0% = 0%. So we have Wy, 4 Wx = N(0,0%) as n — oo for every N, and
Wy S W =N(0,02) as N — .

24:9
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Lastly, the conditions of Theorem 3 also apply to S, (Cy) — Sq(uN) (Cr), which is the block
statistic associated with the weight function that is given by

0 if [B] < N,

w(B) otherwise.

w(B) —w™N)(B) = {

Thus the formula of Theorem 7 applies, which yields

_ g(lV) _ _ o)
0 — i) v S2Ce) =S (Co) ~BL5(C2) = S

B

= %V(Sw((}n) ~SM@,)) =13 +0m™)

for some constants 7'12\, that satisfy limy_s o 7'12\, = 0. One can verify that the O-constant
can be chosen to depend only on the graph class and the weight function w, but not on
N. Moreover, we clearly have X,, = Wy, and thus V(X,, — Wy ) = 0 for n < N. Thus
all conditions of Lemma 8 are satisfied, and we obtain the desired central limit theorem
for S, (Ch):

Sw(Cn) = E(Sw(Cn))
\/ﬁ

as n — 00. This finally completes the proof of Theorem 3.

4 N(0,0?)

5 Conclusion

We obtained a central limit theorem for block statistics under rather mild conditions that
cover many natural cases. It would be interesting to see if there are natural examples where
the conditions fail and there is no central limit theorem. There are also many examples of
statistics that are not block statistics, but of a similar nature, for example the number of
(arbitrary, maximal or maximum) independent sets or matchings, see [5] for some examples.
One would still expect a log-normal limit law to hold in these cases, akin to spanning trees.

—— References

1  Manuel Bodirsky, Omer Giménez, Mihyun Kang, and Marc Noy. Enumeration and limit laws
for series-parallel graphs. Furopean Journal of Combinatorics, 28(8):2091-2105, 2007.

2 Guillaume Chapuy, Eric Fusy, Mihyun Kang, and Bilyana Shoilekova. A complete grammar

for decomposing a family of graphs into 3-connected components. The FElectronic Journal of

Combinatorics, 15(R148), 2008.

Michael Drmota. Random Trees. SpringerWienNew York, Vienna, 2009.

4  Michael Drmota, Eric Fusy, Mihyun Kang, Veronika Kraus, and Juanjo Rué. Asymptotic
study of subcritical graph classes. SIAM Journal on Discrete Mathematics, 25(4):1615-1651,
2011.

5  Michael Drmota, Lander Ramos, Clément Requilé, and Juanjo Rué. Maximal independent sets

w

and maximal matchings in series-parallel and related graph classes. The FElectronic Journal of
Combinatorics, 27(P1.5), 2020.

6  Michael Drmota, Lander Ramos, and Juanjo Rué. Subgraph statistics in subcritical graph
classes. Random Structures € Algorithms, 51(4):631-673, 2017.

7  Julia Ehrenmiiller and Juanjo Rué. Spanning trees in random series-parallel graphs. Advances
in Applied Mathematics, 75:18-55, 2016.

8  Philippe Flajolet and Robert Sedgewick. Analytic Combinatorics. Cambridge University Press,
Cambridge, 2009.



D. Ralaivaosaona, C. Requilé, and S. Wagner

9  Agelos Georgakopoulos and Stephan Wagner. Subcritical graph classes containing all planar

graphs. Combinatorics, Probability and Computing, 27(5):763-773, 2018.

10 Hsien-Kuei Hwang. On convergence rates in the central limit theorems for combinatorial
structures. European Journal of Combinatorics, 19(3):329-343, 1998.

11 Olav Kallenberg. Foundations of Modern Probability. Probability and its Applications.
Springer-Verlag, New York, second edition, 2002.

12 Konstantinos Panagiotou, Benedikt Stufler, and Kerstin Weller. Scaling limits of random
graphs from subcritical graph classes. The Annals of Probability, 44(5):3291-3334, 2016.

A Examples
A.1 Cacti

Cacti are graphs whose blocks are either single edges or cycles. Thus there are
(labelled) blocks on n vertices for every n > 2, and precisely one block on two vertices. We
find that the block generating function is given by

(n—1)!
2

2 K (n-1) 1 22z
n=3

One finds that « is the positive root of the polynomial 23 — 422 + 6z — 2, and

72— v))

2(1=7)

Numerically, 7 = 0.45631 and p ~ 0.23874. Let us now determine the modified generating
function B(z,t) for different choices of the weight function.

p=rexp(—B'(y)) =vexp (f

Number of blocks

In this case, we have B(z,t) = ¢! B(z), and we can apply the formulas in (10), which give us

1

- ——— =~ 0.21218.
T+2757()

= B'(y) = 0.64780 and %= B'(y)

Number of edges

Here, w(B) = |B| for all blocks B other than a single edge. Thus we have B(z,t) =
B(ze') + %(et — e2t). Tt is straightforward to determine numerical values for ;1 and o2 using
this explicit formula for B(z,t): we have p ~ 1.19149 and o2 ~ 0.06272.

Number of spanning trees and number of connected spanning subgraphs

For the number of spanning trees (more precisely, its logarithm), the appropriate weight
function is given by w(B) = log |B| for |B| > 2, since a cycle of length k has precisely k
spanning trees, and w(B) = 0 for |B| = 2. Thus

2 & (n—1)! 22
E cn tlogn __

+ 2n! =e 2 +
n=3

B(z,t) = %

[N

oo
E nt=1zm,
n=3

Thus the logarithm of the number of spanning trees in cacti is asymptotically normally
distributed, with mean and variance asymptotically equal to un and o2n respectively, where

e
H=Ba(1,0) =5 > 4" tlogn ~ 0.24985

n=3
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and o2 ~ 0.08007. The number of connected spanning subgraphs is very similar, except
that w(B) = log(|B| + 1) for |B| > 2. We get an analogous result with p ~ 0.29690 and
0? ~0.12113.

A.2 Block graphs

Block graphs are similar to cacti: every block is a complete graph. Thus there is precisely
one type of block for every size. Since there is only one way of labelling a complete graph,
the block generating function is
B(z):ilz”:ez—z—l.
ot n!
Therefore, v = 0.56714 is the positive real solution to the equation ze* = 1, and p ~ 0.26438.
We consider several block statistics again:

Number of blocks
Again, the formulas given in (10) apply, and we have p ~ 0.76322 and o2 ~ 0.12512 in
Theorem 3.

Number of edges

For the number of edges, we now have to take w(B) = (‘gl). As a result, we obtain

> 2

_ _ n 1 n—1 __ Y _ Y ~
n=2

Similar calculations for higher order partial derivatives of B yield 02 = % ~ 0.31267.

Number of spanning trees

For the (logarithm of the) number of spanning trees, we need to take w(B) = (|B|—2) log|B],

since a complete graph with b vertices has b*~2 spanning trees. It follows that
o0
(n—2)logn ,_,
= B..(v,0) = ———7""" ~ 0.28580,
1t = B.4(7,0) nz::z o

and we find the numerical value of 2 to be 0.23671.

Number of complete subgraphs

The number of complete subgraphs is an example of a block statistic whose weight function has
exponential growth. However, since the block generating function has radius of convergence
7 = oo in this case, the conditions of Theorem 3 are still clearly satisfied. We have
w(B) = 2!Bl —|B| — 1 in this case: recall here that we are only counting nontrivial complete
subgraphs with at least two vertices — if we want to count all complete subgraphs, we only
need to add the number of vertices, which is a deterministic quantity in our setting.

It follows that Theorem 3 applies with

22y 2
p=B.i(7,0) = 2* — (y +2)e? = # ~ 1.69146

and (by a similar calculation) o2 = %W ~ 4.55177.
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A.3 Series-parallel graphs

Series-parallel graphs are the most complicated example that we consider, since the block
generating function can only be defined implicitly in terms of generating functions in two
variables z and y, respectively marking the number of vertices and edges.

In fact, each block b with a distinguished vertex admits a tree-like decomposition 7(b) into
components that are either of types ring or multi-edge, where the nodes of 7(b) correspond
to the different components of b. We refer the reader to [2] for more details. Using then a
vertex-distinguished version of the dissymmetry theorem for tree-decomposable classes (see
[2, Section 5.3.3]), one can relate the generating function of blocks with a distinguished
vertex to the generating functions 7 (z,7), T™ (z,y) and TU™ (z,y) of their associated
tree-decompositions, respectively rooted at a node of type ring, multi-edge or at an edge
between a ring and a multi-edge node.

Those generating functions are in turn expressed in terms of D(z,y), the generating
function of series-parallel networks, i.e. 2-connected graphs with a pair of distinguished
vertices called its poles. Such networks can either be the single edge, with generating function
y, or of types series, with generating function S(z,y), or parallel, with generating function
P(z,y), see [1] for a detailed exposition. Altogether, this gives:

B.(z,y) = 2y + T (2,y) + T (z,y) = TT™) (2, ),

70 (2,y) = 28(2,9)(D(z,y) — S(2,9)) /2,

T™(z,y) = 2P(z,y) — 2yS(z,y) — 28°(2,y) /2,

TU™(z,y) = 28(2,y) P(2,y),

D(z,y) =y + S(z,y) + P(z,y),

S(z,y) = 2D(z,y)(D(z,y) — S(z,y)),

P(z,y) =yexp(S(z,y)) —y + exp(S(z,y)) — S(z,y) — 1. (11)

From the last three equations of (11) we obtain an implicit equation defining D(z,y).
Furthermore, one can write B, (z,y) in terms of D(z,y) only. This gives:

2D(z,y)2

D(z,y) = (1+y)e ™t —1,

ZD(Zay)(Q — ZD(Zay)z)

B.(z, =
(zy) 2zD(z,y) + 2

(12)

So any partial derivative of B, (z,y) can be computed from the system (12). In particular,
we get numerically that v ~ 0.12797.

Number of blocks

For the number of blocks, one now sets y = 1 and w(B) = 1 in (12). The required conditions
are satisfied, so we obtain a central limit theorem. In this case, the numerical values p and
o2 are 0.14937 and 0.14875 respectively.

Number of edges

Although the number of edges is now no longer just dependent on the number of vertices of

a block, it is already controlled by the variable y = e? in the decomposition given in (12).

We obtain a central limit theorem with p &~ 1.61673 and o2 ~ 0.21125 (cf. [1]).
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Number of spanning trees

The number of spanning trees in series-parallel graphs was studied in a paper by Ehrenmiiller
and Rué [7]. They determined an asymptotic formula for the mean, but no limit distribution.
As we find by means of our general result now, the distribution of the number of spanning
trees in series-parallel graphs is asymptotically lognormal. Letting 7(G) be the number of
spanning trees of a graph G, we simply set w(B) = log7(B) for all blocks (as for the other
two graph classes), so that S, (G) = log7(G). The conditions of Theorem 3 are clearly
satisfied again, but the constants ; and o2 are rather difficult to evaluate in this example, as
they can no longer be expressed directly by means of functional equations. Moreover, the
infinite series

w(B)yPI7!

BeB

converges poorly in this example, since v ~ 0.12797 is only a little smaller than the radius
of convergence of B(z,0), which is n ~ 0.12800. Therefore, the series representation is also
not suitable to compute a numerical approximation, as determining w(B) = log 7(B) for all
blocks up to a certain size is rather costly.
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—— Abstract

Given a positive integer n and a real number p € [0, 1], let D(n,p) denote the random digraph
defined in the following way: each of the (g) possible edges on the vertex set {1,2,3,...,n} is
included with probability 2p, where all edges are independent of each other. Thereafter, a direction
is chosen independently for each edge, with probability % for each possible direction. In this paper,
we study the probability that a random instance of D(n,p) is acyclic, i.e., that it does not contain a
directed cycle. We find precise asymptotic formulas for the probability of a random digraph being
acyclic in the sparse regime, i.e., when np = O(1). As an example, for each real number p, we find

an exact analytic expression for p(p) = limy, o n'/°P {D (n, L+ ,Lm_l/g)) is acyclic} .

2012 ACM Subject Classification Mathematics of computing — Random graphs; Mathematics of
computing — Generating functions

Keywords and phrases Random digraphs, acyclic digraphs, asymptotics
Digital Object Identifier 10.4230/LIPIcs.AofA.2020.25

Funding Dimbinaina Ralaivaosaona: Supported by Division for Research Development (DRD) of
Stellenbosch University and the National Research Foundation (NRF) of South Africa.
Stephan Wagner: Supported by the Knut and Alice Wallenberg Foundation.

Acknowledgements We want to thank the DSI-NRF Centre of Excellence in Mathematical and
Statistical Sciences (CoE-MaSS), South Africa, for partially funding Vonjy Rasendrahasina’s visit to
Stellenbosch University in December 2018.

1 Introduction

By a simple digraph, we mean a digraph (directed graph) without loops, (directed) 2-cycles
or multiple edges. Such a digraph is called acyclic if it has no directed cycles, i.e., cycles
that follow the direction of the edges. One easily observes that the only strongly connected
components of an acyclic digraph are its vertices. Acyclic digraphs form an important class of
digraphs that occurs naturally in many applications, such as scheduling or Bayesian networks.

The enumeration of acyclic digraphs is a classical combinatorial problem that was first
considered in the 1970s, see Harary and Palmer [17], Liskovec [23,24], Robinson [31, 32]
and Stanley [34]. It is based on a recursion for the number of acyclic digraphs, which we
briefly recall here. Let a,, denote the number of acyclic digraphs on n (labelled) vertices.

© Dimbinaina Ralaivaosaona, Vonjy Rasendrahasina, and Stephan Wagner;
37 licensed under Creative Commons License CC-BY

31st International Conference on Probabilistic, Combinatorial and Asymptotic Methods for the Analysis of

Algorithms (AofA 2020).

Editors: Michael Drmota and Clemens Heuberger; Article No. 25; pp. 25:1-25:18

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:naina@sun.ac.za
mailto:rasendrahasina@gmail.com
mailto:stephan.wagner@math.uu.se
https://doi.org/10.4230/LIPIcs.AofA.2020.25
https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

25:2

Acyclic Digraphs

Distinguishing by the number of sinks (vertices without an outgoing edge; equivalently, one
can also consider sources, which are vertices without an incoming edge) and applying an
elegant inclusion-exclusion argument, one finds that

n B n L
k=1

for n > 1, with initial value ap = 1. This can be rewritten as
n _1\k o _
S ), =t T
pors El(n —k)! .

Introducing the special generating function A(z) =3, <, %2_(2) anx™, one finds that
1
ano (7n1!)n 2~ (2)gn

It can be shown that this function is meromorphic, and that the pole with minimum modulus
occurs at x ~ 1.48808. From this, one can derive the asymptotic formula

A(z) =

o) ~ C- B,

where C' &~ 1.74106 and B ~ 0.67201. These results can be found in the work of Robinson [31]
(see also Liskovec [23] and Stanley [34]).

It is not difficult to include the number of edges in the count: let a,, ,, denote the number
of labelled acyclic digraphs with n vertices and m edges, and set

Ar,y) = Z %(1+y)_(g)an,mxnym- (1)

n,m>0

Then, we can also write this bivariate generating function in a reciprocal form:

= where T = 3 i
A= Gy et ’y)_kz:ok!(uy)(’;)' @)

This was already observed by Robinson in [31]. Bender, Richmond, Robinson and Wormald [1]
exploited this generating function identity to prove asymptotic formulas for the number of
acyclic digraphs with a given number of vertices and edges if the number of edges is “large”
(i.e., quadratic in the number of edges). In particular, it is shown in [1] that the number of
edges in a random acyclic digraph with n vertices satisfies a central limit theorem with mean
~ %2 and variance ~ %2.

Next, let us discuss models of random digraphs. D(n, p) denotes a directed digraph on n
labelled vertices in which each of the n(n — 1) directed edges is present with probability p,
independently of the others, as described in [20,26]. The model exhibits a phase transition
that is somewhat similar to the binomial model G(n,p) of undirected graphs. This phase
transition was, among others, studied by Karp [20] and FLuczak [25]. They proved the
following: if np is fixed with np < 1 then every strong component has at most w(n) vertices,
for any sequence w(n) tending to infinity arbitrarily slowly, and all strong components
are either cycles or single vertices. If np is fixed with np > 1, then there exists a unique
strong component of linear size, while all the other strong components are of logarithmic
size (see also [15, Chapter 13]). Recently, Luczak and Seierstad [26] obtained more precise
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results about the width and behaviour of the window where the phase transition occurs.
They established that the scaling window is given by np = 1 + un~/3, where p is fixed.
There, the largest strongly connected components have size of order n'/3. Bounds on the
tail probabilities of the distribution of the size of the largest component are also given by
Coulson [7].

We use a slightly different model of random digraphs that has already been considered
in similar contexts: first, we generate a random undirected graph according to the classical
Erd6s-Rényi model, where each of the possible (}) edges between n fixed vertices is inserted
with the same probability 2p and all edges are independent of each other. Thereafter, each
edge is given a direction, where each of the two directions has probability % and all choices
are made independently again. Note that each possible directed edge is present in the
graph with the same probability p in this model. The result is a random digraph without
loops, multiple edges and 2-cycles (the latter is relevant since the presence of 2-cycles would
immediately mean that the digraph is not acyclic). The random digraph generated in this
way is denoted by D(n, p), and we ask the simple question: with what probability is D(n,p)
acyclic? Throughout this paper, this probability will be denoted by P(n,p). In the case
where p is of constant order, the asymptotic behaviour of P(n, p) can be inferred from the
aforementioned results of Bender, Richmond, Robinson and Wormald. In this paper, however,
we will be interested in the sparse regime, where p = A/n for some fixed real A. In this
case, the number of edges is only linear in n, resulting in a much higher probability of being
acyclic. There is no particular reason why we chose to work with D(n,p) in this paper. Both
models have appeared in the literature, but due to lack of space we only treat one model
here. We will include D(n, p) in the long version of this paper.

Before we get to the statement of our main result, let us also review some related works.
The model D(n, p) of simple random digraphs was used by Subramanian in [30], where the
author studied induced acyclic subgraphs in random digraphs for fixed p. Following this
work, there are also some relatively recent results on the related question of the largest
acyclic subgraph in random digraphs in the stated range [9-11,33].

The structure of the strong components of a random digraph for the D(n, p) model has
been studied by many authors in the dense case, i.e., when np — oo as n — oco. The
largest strong components in a random digraph with a given degree sequence are studied
by Cooper and Frieze [4] and the strong connectivity of an inhomogeneous random digraph
was studied by Bloznelis, Goetze and Jaworski in [3]. The hamiltonicity of D(n,p) was
investigated by Hefetz, Steger and Sudakov [18] and by Ferber, Nenadov, Noever, Peter
and Skori¢ [13], by Cooper, Frieze and Molloy [5] and by Ferber, Kronenberg and Long [12].
Krivelevich, Lubetzky and Sudakov [21] also proved the existence of cycles of linear size with
high probability (w.h.p.) when np is large enough.

Interestingly, since the enumeration of acyclic digraphs by Robinson [31] and the asymp-
totic results on acyclic digraphs by Bender et al. [1,2], dense random graphs have been
the focus of research in this context. However, a forthcoming independent approach of De
Panafieu and Dovgal [8] gives a characterization of the probability that a digraph is acyclic
inside the critical window using techniques from analytic combinatorics and the uniform
model for digraphs.

Returning to the functional equation relating A(x,y) and ¢(x,y) in (2), it is clear that
the behaviour of the zeros of ¢(x,y) plays an important role in the study of acyclic digraphs.
Here, by a zero of ¢(z,y) we mean a function x = x(y) that satisfies ¢(x,y) = 0. The
properties of these zeros are certainly interesting in their own right. There are some known
results in this direction. It is, for example, known that all zeros of ¢ are real, positive and
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distinct when y > 0, see [22,29]. For a given y > 0 and j € N, let 9;(y) be the j-th smallest
solution to the equation ¢(x,y) = 0. So, as mentioned before, we have p;(1) &~ 1.48808.
Grabner and Steinsky [16] studied the behaviour of the other zeros of ¢(x,1), extending the
work of Robinson. Our first result provides asymptotic formulas for the zeros of ¢ as y — 0T.

» Theorem 1. Let ¢(z,y) be the function defined in (2). For a given y, let p;(y) be the
solution to the equation ¢(x,y) = 0 that is the j-th closest to zero. If j € N is fized, then
we have

1 1 (lj

1
() — —a—1 -1/3 L 1/3 +
Q](y) - ey 21/36 Yy 66 +O(y )7 as 'y ? 0 ) (3)

where a; is the zero of the Airy function Ai(z) that is j-th closest to 0. Furthermore, we
have the following estimate for the partial derivative of ¢(x,y) at 0;(y):

6:(05 (), y) ~ —r; y'/6 exp (— Lyt 2713, y_l/?’) as y — 0T, (4)
where
K = w/227/0e11/12 A1 (4,).

Using Theorem 1, we are able to obtain the following result on the probability that D(n, p)
has no directed cycles.

» Theorem 2. Let p = \/n with A > 0 fixzed. Then, the probability P(n,p) that a random
digraph D(n,p) is acyclic satisfies the following asymptotic formulas as n — oco:

(1= \)e /2 fO< A<,
P(n,p) ~ q yn~ /3 ifA=1, (5)
wgn*1/36’61”*02"1/3 ifA>1,
where
271/363/2 ) 1
= dt ~ 2.19037
n o /m Ai(—i21/3t) ’
Yy = A2'7(2/3) )\5/667/\2/4+8)\/3711/12
i’ (a1 ’
c] = % —log A,

Coy — 2_1/3a1)\_1/3(1 — )\)7
and ay is the zero of the Airy function Ai(z) with the smallest modulus.

We are also able to determine an asymptotic formula for the probability P(n,p) in the
critical window, i.e., when np = 1 + un~'/3 and p is bounded. This result is formulated in

the next theorem.

» Theorem 3. If np = 1+ un~'/3 such that p is contained in a fized bounded real interval,

then

P(n,p) = (p(p) +o(1)n "%, asn — oo, (6)
where

o(p) = 9—1/3.3/2=1"/6 1 i Lds. (7)

omi o Ai(—21/35)
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The term that follows after “x” in Equation (7) is an inverse (two-sided) Laplace transform.
Hence, the function 2!/ 3¢n®/6-3/ 2p(u) can be interpreted as the inverse (two-sided) Laplace
transform of the function Ai(—2'/2s)~1. We provide a numerical plot of ¢(y) in Figure 1.

_‘3 _‘2 _‘1 1 é é
Figure 1 Numerical plot of o(u).

Throughout this paper, we use the Vinogradov notation < interchangeably with the
O-notation, i.e., as ¢ — a (resp. © — 0), f(z) < g(z) and f(z) = O(g(x)) both mean that
there exists C' > 0 independent of = such that |f(z)| < Cg(x) for all z sufficiently close to a
(resp. all sufficiently large = > 0).

2 Estimates of ¢(x,y) and its zeros

The main ingredients in the proofs of our theorems are asymptotic estimates for ¢(x,y)
as y — 0%, for various ranges of x, including complex values. These estimates are given
in Proposition 4 and Proposition 7. The proofs of these propositions are long and rather
technical, so we will not include them in this extended abstract. However, sketched proofs
are provided in the Appendix. The proofs are based on the saddle-point method as it is
possible to express ¢(x,y) in an integral form via a formula due to Mahler [27].

2.1 Mahler’s transformation

The function ¢(z,y) can be expressed in terms of the function F(z) in [27, Equation (6)]. In
fact, they are equal if we set 2 = —z and ¢ = (1 +y)~!. Thus using the integral form of F(z)
in [27, Equation (4)] we obtain the following formula:

d(x,y) =1/ w /_Z exp <—; log(1 +y)2% — (1 + y)l/z_iz> dz. (8)

It is worth noting that this equation can also derived from [14, Lemma 1]. To simplify this
expression, from now on, we shall use the abbreviations

a:=log(l4+y) and pg:=+/1+y. (9)

Moreover, by making the change of variable z — z/«, we can rewrite Equation (8) as

1 o 1 .
[ f(Z)d h — T 52 —iz 10
T,Y) = e z, where f(2) := z e *~.

s == [ Ja) =~ — (10)
The function f depends on the variables = and y, but we drop these dependencies in the
notation for easy reading. In addition, when we say derivative of f, we always mean derivative
with respect to z. In the rest of this section, we assume that x is real.
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2.2 Saddle-point method

The integral in the formula for ¢(x,y) in (10) is an integral over the real line. However, since

the function f is entire as a function of z, we can change this path of integration without

affecting the validity of the equation (Figure 2 in the appendix shows the paths that we

considered). This allows us to apply the saddle-point method to the integral (10). The

objective is to find a path that goes through a saddle-point, i.e., a solution of f'(z) = 0.

Since the derivative of f is f/(z) = féz +izfe”*, we can see that f’(z) = 0 if and only if
1z

ize” = —zapf. (11)

Hence, the solutions can be expressed in terms of the branches of the Lambert-IW function,
which is implicitly defined by the equation W(s)ew(s) = s. We choose a solution to
Equation (11) that is given by the principal branch of W. So, set

w := Wy(—zaf) and zp := —iw, (12)

where W is the principal branch of the Lambert function. Note that zy still depends on the
variables « and y. The fact that the Lambert function Wy(z) has a singularity at z = —1/e
suggests that we should consider x to be a function of y such that zaf is close to 1/e.
Motivated by this, let us define x¢ and § such that

1
xog = b and x = (14 §)xo. (13)

With this setting, we are now able to give asymptotic estimates of ¢(x,y) when y — 07 for
several ranges of . This result is summarized in the following proposition.

» Proposition 4. If x is of the form x = (1 + §)xzg, then ¢(x,y) satisfies the following
asymptotic formulas asy — 07 :

(@) If 6 > —1 and § = =1+ o(1), then
O, y) ~ o3 (), (14)
(b) If 6 < 0 and o?/® < |§| < 1 — ¢ for some constant € > 0, then
d(x,y) ~ 25/67r1/2a_1/6|w\_1/3Ai(R)e%R3/2+i(w2+2w) (15)
where
R=2"2/3(1 4 w)?w*/3a~2/5,
(c) If we let § = 0>/, then
O, y) = 2712512010 (K (0) + Ka(8) ol/ + O(¥?)) et =007 (1)
uniformly for 6 in any fixed bounded closed interval, where

K1 (0) = 7243 Ai(—21/30),
Ky(0) = 3m2'/30°Ai(—2'/0) — 172°/3 A1 (—2'/%0).

Proof. A sketch of the proof is given in the appendix. <
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Observe that there is an overlap in the conditions of Part (b) and Part (c¢), but one can
show that the asymptotic formulas (15) and (16) agree in the overlap. To check this, one
needs to use the classic asymptotic formula for the Airy function Ai(z) as well as the
asymptotic formula for Wy (z) near its singularity —1/e. These are well known facts, see for
example [28, (9.7.5)] and [6, (4.22)]. Since these estimates will be referred to quite often in
this paper, let us state them here. For any € > 0,

_2,3/2

M) ~ o=

as |z| — oo, and |Arg(z)| <7 —e. (17)
As for the Lambert function, as z — —1/e, we have

1 11
Wo(z)=—1+l?—§p2+5p3+"' (18)

where p = y/2(ez + 1) (here, /- denotes the principal branch of the square root function).
We are now ready to prove Theorem 1.

2.3 Proof of Theorem 1

Proof. We already know that the zeros of ¢(z,y) are real and positive. Observe that the
main terms of ¢(x,y) in Part (a) and Part (b) of Proposition 4 cannot vanish (in Part (b),
R is always positive, which implies Ai(R) # 0). However for Part (c), the term K7(6) in (16)

can be zero, and this happens precisely when § = —2-1/ 3a;, where a; is one of the zeros of
Ai(z).
If we let @ = (1 4 0a?/3)zy, and make 6 vary in a small interval around —271/3a;, then

the main term of ¢(x,y) changes sign. So by the intermediate value theorem there must be a
zero close to (1 — 2-1/ 3aj042/ 3)x. The asymptotic formula of such a zero can be obtained by
a simple bootstrapping argument using (16). This eventually gives an asymptotic formula of

the form
[ aj 3 1 1/3 +
Y T gisgY o TOW), asy— 0" (19)

To show that there is only one zero that satisfies this asymptotic formula for every a;, we
make use of the functional equation

¢x(‘ray) = 7(725 ((1 +y)711’7y) )

which follows easily from the definition of ¢(z,y) in (2). Now, suppose that there are two
different zeros ¢’ and o that both satisfy (19) for the same j. Then by Rolle’s theorem,
there exists C' between ¢’ and ¢” (which also means that C' satisfies the asymptotic formula
(19)) such that (1+y)~*C is a zero of ¢. This leads to a contradiction, because if C satisfies
(19) then (1+y)~1C does not (not even if a; is replaced by another zero of the Airy function)
if y is sufficiently small. So (1 + y)~*C cannot be a zero of ¢(x,y).

Now that we have established that there is only one zero of ¢(x,y) that satisfies (19) for
each fixed j € N and sufficiently small y, we name it o;(y). Finally, to estimate ¢,(0;(v),y)
as y — 0T, we make use of the above functional equation again, which gives us

b2(05 () y) = —d (L +y) "0 (y),y) -

Then, we use (19) and (16) to estimate the right-hand side. <
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3 Proving Theorem 2 and Theorem 3

31 Case0< ALK

» Lemma 5. Consider the random digraph D (n,p) with p = A/n and 0 < XA < 1 fized. Let
X, be the total number of (directed) cycles in this graph. Then,

(a) w.h.p., all strong components of D(n,p) are either cycles or single vertices.

(b) the number of vertices on a cycle is at most w, for any w(n) — oo.

(c) X, converges in distribution to Po(—log(1 — A) — X — )‘72)

Proof. If there is a strong component that is not a cycle or a single vertex, then there are
three internally disjoint paths connecting two vertices v and v such that two of them do
not have the same orientation or there are two directed cycles with a common vertex. The
expected number of such components is bounded above by

OEEEQ O OEE0 O

i=2 j=
ii)\z+J+k ZZ)\ZJH —_ 71)'

1=0 j=0 k=0 =0 j=0

oo

By the Markov inequality, this means that there are, w.h.p., no such components.
For (b), we can bound the expected number of cycles of length larger than w by

e - S oo

As 0 < A < 1, (b) follows from the Markov inequality.
Now to tackle (c), we compute first the expectation of X,,. Here, we have

E[X,] = zn: (Z) (k — 1)lp*

k=3
It follows that
n—i U U A2

_ 3 H_ _ _
nlgn;oE 7}3&; - Nk:?)? =—log(l—X)—XA— 5 = a(A).

Since the falling factorial (X,), = X, (X,, —1)--- (X, —r +1) counts the number of ordered
r-tuples of r disjoint cycles, the r-th factorial moment of X, is

n n—k "—ZZ: ki T
n )
X)r]zk;“;g... Z (/ﬁ,kz,...,kr,n—kl—'u—kr>H(k‘i_l)!pkl.

k,=3 i=1

Without going into the technical details, one can now use the statement in (b) to show that
the summations can be taken to co. One finds that for fixed r > 2, the r-th factorial moment
E [(X,),] is asymptotically equivalent to a(A)" as n — co. So by means of [19, Corollary 6.8],
we have convergence to a Poisson distribution of parameter a()\). <

Now, the case 0 < A < 1 of Theorem 2 is a simple consequence of Lemma 5. Indeed Part (c)
of Lemma 5 implies that

lim P(n,p) = lim P (X, =0)=¢*M = (1 - )\)e’\+>‘2/2.

n— oo n—00
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32 Case A >1
3.2.1 Preliminaries

Let us begin with a crucial lemma which relates the probability P(n,p) to the coefficient
[z"]A(, y).

» Lemma 6. The probability P(n,p) that a random digraph D(n,p) is acyclic is given by
P(n,p) = nl(1 - p) B [a")4 (2, 125 ) - (20)

()

Proof. Define A, (y) = >_,22; anmy™ where ay_n, is the number of acyclic digraphs with n
vertices and m edges defined in (1). Therefore, we have

Ae,) = Y An)(1+9) G5 and Au(y) = l(1 +9) B A, v). (21)

n>0

Since P(n,p) is defined to be the probability that D(n,p) is acyclic, we can express it as
P(n,p) = >, P(D(n,p) = D), where the sum runs over all acyclic digraphs on n fixed
vertices. The probability P(D(n,p) = D) does not depend on the structure of D but only on
its number of edges. Hence, by distinguishing the number of edges, we have

(3)
P(n,p) = Y anmp™ (1 —2p)3) "
- (3) N
== 3 o (12p>

(12p)(3)An< P )

1—-2p

Applying (21) with y replaced by p/(1 — 2p), we get after a bit of algebra that the last term
is the same as the right-hand side of Equation (20). <

By Lemma 6, it suffices to estimate the coefficient [2"]A(x,y) when y is of order n=!. To
this end, we use the Cauchy integral formula

1 Az, y) 1 1
"A(z,y) = — do = — -4 22
[1' ] (LL', y) omi %ﬂc:p rntl 2 o e|=p ¢(I, y)xn+1 Ly ( )

where 0 < p < 01(y). Notice that = here is a complex variable, so in order to estimate
[™]A(x,y) via the above integral, we need an estimate of ¢(z,y) where x is complex and
y — 0T. This is done in the next proposition.

» Proposition 7. Let 0 be a fized real number which satisfies Ai(—2'/20) # 0 and let
§ = 0a2/3. Moreover, let

T = (1 + 5)xoeiu7 and w = Wo(—(l + 5)61‘“71),

Then, we have the following asymptotic formulas for ¢(z,y) asy — 07 :
(a) If a¥/? < |u| < T, then
ei(wz—}-Qw)

o(z,y) ~ e (23)
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(b) Ifu=ta?? and 1 < |t| < a~ Y/, then

B(x,y) ~ w2 256071/ Ai(—21/3 (9 4 it))em 2 —(OFilaT P —galle? (24)
(c) If u = ta?/3, then the estimate
d(x,y) ~ /2 2560 16 AI(—21/3(8 1 it))e™ ~l—(04it)a /3 (25)
holds uniformly for t in any bounded closed interval on R.
Proof. A sketch of the proof is given in the appendix. |

» Remark 8. Once again, one can verify that these asymptotic formulas agree in those regions
where conditions overlap.

The next lemma is a direct consequence of Proposition 7, which will be useful to estimate
the integral in (22).

» Lemma 9. Let 0 be a fized real number such that Ai(—2'/30) # 0, and let p = (14+60a>/%)xq

Then, asy — 07,
2/‘3|A1( 21/39| 1
dt 26
/ |A1 ’ ( )

1 % 1
— ———dr K
270 Jjg)=p (@, y)an ! 219 (p, y) (—21/3(0 + it)))|

where the implied constant is independent of n. If we assume further that n and a are

connected by a relation of the form n = a~' + ba—2/3, where b can be a function of o but

with b = O(1), then we have

1 1 2/31A1 21/39 7zbt
— dz = dt+o(1)). (2
2m A|—p oz, a1 T T 2mdlp,y </ A(—2A@ i) 3 )> @

Proof. We will only present the proof of the second estimate, which is the harder one, the
idea of the proof of the first estimate will be very similar but simpler since it is only an upper
bound. First, we have

— u
271 Jig=p oz, g1 27r¢ psy)p" pe”‘ Y)

Next, we choose a fixed constant ¢ € (1/ 2,2/3), and we split the integral on the right-
hand side into three pieces corresponding to each of the following ranges of u: |u| < af,
a® < |ul < a'/? and a'/? < |u| < 7. Let us now treat these cases separately.
If a'/? < |u| < 7, then we can use Part (a) of Proposition 7 to estimate |¢(pe™, )| and
Part (c) of Proposition 4 to estimate |¢(p, y)|. We get

‘(b “;" < a V0 /|1 + w| e~ 70 'Re((+w)?)—ba”!/?

pelu
with w as defined in (12). Note that w is bounded in this case. Moreover, one can show
(see Lemma 10 in the appendix) that Re((1 4+ w)?) remains positive if u is bounded away
from zero, and by means of (18) (with p = 1/2(1 — (1 + 6a2/3)eiv)), one gets

4
Re((1+ w)?) = ~200%/* 4 (1 + o(1)) 5 uf""> (28)
if u—0and |u| > a'/2. Hence, we have

1
—50 Re((1+w)*) = 0a™* = —(3 + o(1))a” |uf*/? > a4

1/2 < |u| < 7. This implies that the contribution from a'/? < |u| < 7 to

the above integral tends to zero exponentially quickly.

uniformly for a
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If a¢ < |u| < a!/2, then we use Part (b) of Proposition 7 to estimate |p(pe™,y)|. We

obtain
o(p,y)e ™" ciol
olpey) |~ TAI(—213(0 + )]

where t = ua~2/3. So, in particular |t| > a®~2/3. But since we chose ¢ < 2/3, we have

[t| — oo. Since 0 is fixed, we have |Arg(—2'/3(0 + it))| — n/2. Therefore, by the
asymptotic formula (17) for the Airy function, the contribution from o < |u| < a'/? to
the integral above is also tending to zero exponentially fast in a.

If [u| < a®, then we let u = ta?/3. So a!/3t? = O(a?~1), which tends to zero. Also by
the assumption on n in the statement of the lemma, we have

—iun = —ita~ /3 — ibt.
Using Part (c) of Proposition 7 and n = o~ + ba~2/3 we get
¢(p7 y)e—iun Ai(_21/39)€—ibt
p(pe,y)  Ai(=2V/3(0 +t))
By making the change of variable u = ta/3, we obtain
ac—2/3 e*ibt

" g(p,y)e tun 2/3 A:( ol /
——du ~ Ai(—2'/3¢ dt
e Slpemy) T OTAMEREO [ ARG+ )

Once again, by the asymptotic formula (17) for the Airy function, the integral on the
right-hand side can be extended to infinity with an exponentially small error term,
uniformly in b.

The proof of the asymptotic formula (27) is complete. <

We now have everything we need to complete the proof of Theorem 2 and to prove
Theorem 3. Since the case A = 1 in Theorem 2 is a particular case of Theorem 3, it does not
need to be treated separately. Let us begin with a proof of Theorem 3.

3.22 Case =1+ un_1/3

Let np = 1+ pun~'/3, where p is contained in a fixed bounded interval. In view of Lemma 6
we set y = p/(1 — 2p), and with o = log(1 + y), we can show that n satisfies

n=a"t'+pa"??+ 0> ).

We choose p = zg = eolzﬁ (which is smaller than g1 (y)). Hence, by Equation (27) of Lemma 9

(with 8 = 0), we have
a?/3Ai(0) i et
"1A == ——dt 1.
"A@)= 5 </OO (i & ol ))
Thus Lemma 6 yields
ny a?/3Ai(0) o et
P(n,p) = nl(1 — p)(3) = / —dt+o(1) ) .
(n,p) =nl(1—p) 21p(p, y)p™ \J oo Ai(—21/3it) +oll)
We apply Part (c) of Proposition 4 (or Part (c) of Proposition 7) to estimate ¢(p,y), then
write everything in terms of n. With the help of a computer algebra system (we used

asymptotic expansions in SageMath [35]) we obtain the asymptotic formula

e—z/Lt

1 o0
P —9-1/3 3/2—p?/6 —1/3  * / dt 1
(n.p) ¢ n s\ A o)

as n — 0o, which is equivalent to the estimate of P(n,p) in Theorem 3.
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3.2.3 Case X >1

Let A > 1 be a fixed real number, and let np = A. We follow the same argument as above, but
we choose p = (1 + 9042/3)300, where 0 is fixed and satisfies —a; < 2'/30 < —ay. This implies
that Ai(—2'/30) # 0 and that 01 (y) < p < 02(y). Hence, by the residue theorem, we have

n — 1 i 71 X
WA@Y = = e ey ﬂ{x:p o gy (29)

Then, we use (26) of Lemma 9 to estimate the integral on the right-hand side, so we get

" Al ) = ! o
A = = ey <|¢(P’y>|f’">'

In view of the formula P(n,p) = n!(1 —p) (2) [z"]A(x,y), we can express the contribution
to P(n,p) from each of the terms above in terms of n: we use Theorem 1 to estimate o1 (y)
and ¢, (01(y),y) and Part (c) of Proposition 4 to estimate ¢(p,y). Then, with the help of a
computer algebra system, we obtain

n!(1 _p)(’;) —1/3 _—cin+23a; A" /3 (A=1)n'/3
- ~ yen~ /e “ " 30
ey (30)
”“@?fi(fli“m < nTHBeman— RO (31)

where the constants v, and ¢, are precisely as defined in Theorem 2. Since we chose 6 in
such a way that 6 > —271/3a,, the left-hand side of (31) is exponentially (in n!/?) smaller
than that of (30) as n — co. Therefore, the right-hand side of (30) is indeed the main term
of P(n,p).
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A  Sketched Proof of Proposition 4

The proof is based on the saddle-point method applied to the integral in the formula for
é(x,y) in (10). Recall that we set x = (1 + &)xo, where x¢g = (ea3)~L. Note that the case
d = —1 corresponds to = 0, and so it immediately follows from the definition of ¢(z,y)
in (2) that ¢(0,y) = 1. Hence, we may assume that § > —1, but it can be a function of «.
Recall the saddle-point 2o defined in (12), 29 = —iw, where w = Wo(—(1 + d)e™!). One
can see that if § goes from —1 to 0, then w goes from 0 to —1. So if § € (—1, 0], then the
point zg lies on the segment [0, ]. The Taylor series around zq is

)2 Y
f(z) = f(20) + ['(20)(z — 20) + f"(Zo)(z27!Zo) + f”’(zo)% +o
where
F(z0) = izg 20— (w? + 2w) (32)
f(20) = —é(l +izp) = —— (1 +w) (33)
f///(ZO) _ _% _ éw (34)
[ ® (0 + 20)] :% < é for every n € R and k > 4. (35)

Looking at the first few terms in the Taylor series above, note that the quadratic term
1" (20)(2 — 20)? also vanishes when 2o = i. So we proceed as follows: if zy is sufficiently far
from i (for our case it means |zg — i| > a?/3), then we shift the path of integration to the
horizontal line passing through zg, and if |29 — i| < a?/3, then we take the path I' on the
right in Figure 2.

Horizontal Path. Path T

Figure 2 Two Paths.

We can use the path T in the integral (10) since f(z) is an entire function. But we can
also shift the path of integration to any horizontal line. To see this, for any real numbers
a,b, (assuming that x is real for now) we have

Re(f(a +1ib)) = —i(a2 — b%) — z3€b cos(a).

This implies that |ef(*)] = eRe(/(2)) tends to zero exponentially fast as [Re(z)| — oo on any
fixed horizontal strip for a > 0. Hence we can shift the path of integration within this strip.

Before we begin proving each part of Proposition 4, let us adopt some terminology. The
dashed circles in the two graphs in Figure 2 represent circles of radius a®, where c is a positive
constant. But ¢ will be chosen separately for each range of x. The part of the integral from
the path within the circle will be called the local integral and the rest will be called the tail.
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A.1 Part (a)

Here, we assume that 6 > —1, but that the asymptotic formula § = —1 + o(1) is satisfied as
a — 0F. Then, we choose ¢ € (1/3,1/2). To estimate the local integral, we have

2
flt+2z0) = fz0) + f”(Zo)% +0(a3),

for |t| < a, where the implicit constant in the O term is independent of ¢. This implies that

/a eftH20)qt = (1 + O(a®1))el 0) /a el (z0)t? /24y

The condition § = —1 + o(1) implies that w = o(1), hence f”(z9) ~ —a~!. This allows us

to extend the range of integration in the integral above to infinity at the expense of an
exponentially small error term. Thus, we have

/ T ft20) g o F(0) / T e 2gy o | 2T pe)
—ac — 00 —f”(Z())

Now for the estimate of the tail. From the definition of the function f(z), we can show
that

1 1
Re(f(t+20)) = f(20) = =5~ (> +2(1 — cost)w) < 5o 1+ w)t?. (36)
The last line follows using the well known inequality 1 — cost < ¢2/2 for all t € R and
the fact that w < 0. Thus, we have

oo

/ of(t420) qp < oF(20) / (R (t+20) 1 (20) gy < 9¢f (20) / o—(Fw)a~"e2/2 4,
[t]>a° 1> a0

ac

Again, since w = o(1) the rightmost integral tends to zero faster than any power of «. Thus,
we deduce that

(oo}
/ S0 o | 2T i),
—o0 =1 (ZO)

Therefore, from (10), we get ¢(x,y) ~ e/(*0) which is equivalent to Part (a) of Proposition 4.

A.2 Part (b)

In this case, § € (—1,0) is assumed to satisfy the condition a?/? < |§| < 1 — ¢ for some fixed
€ > 0. We proceed in the same manner as in the previous case, but since w can be very close
to —1, f(z0) can be small. We can still use the horizontal line passing through z as our
path of integration. However, this time, we do not ignore the term with f”’(zg) in the local
integral. We choose ¢ € (1/4,1/3), and the Taylor approximation gives

2 3
Flt+ 20) = f(z0) + £ (20) 5 + " (z0) = + O(a**),

uniformly for |¢| < a®. Thus,

/a el (t+20) 4t = (1+ O(a4c—1))ef(zO) /a o' (20)t% /241" (20)t° /6 g4

oc —ac
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Let us denote the integral on the right-hand side by J. Making use of the values of f”(z)
and f"(z0) in (33) and (34) respectively, and with the change of variable ¢ — a!/3t, we can
rewrite J in the following way:

c—1/3

J = 2a'/3 /a e*(1+w)a_l/3t2/2 cos (w%) dt.
0

The term 1 + w is always positive, and since § > a?/3, we can show from the asymptotic
estimate (18) of the Lambert T function that 1+w > «!/3. This implies that (1+w)a~1/3 >
1. Adding the fact that a® 1/ — oo, we can extend the range of integration of .J to infinity
at the expense of a negligible error term. So we have

J ~ 2a1/3 /00 e*(lJ““”)o‘_l/stQ/2 cos (w%) dt.
0

With an appropriate change of variable, the right-hand side can be written in terms of the
Airy function Ai(z) (here we can use the integral representation of Ai(z) in [28, (9.5.7)]).
Skipping the calculations, we have

T~ 24/37r|w|’1/3041/362R3/2/3A1(R),

where R = 272/3(1 + w)?w=4/3a%/3,
Now for the estimates of the tail, we use the same argument as in the previous case.
Inequality (36) is valid in this case as well, so we still have

/ ef(t+z0)dt < Qef(zo) /°° e_(1+w)a*1t2/2dt.
[t[>ac

ac

With 14w > o'/3 and ¢ > 1 /3 the integral on the right-hand side tends to zero faster than any
power of a. Hence, the main contribution would come from the local integral if we can show
that 62R3/2/3A1(R) is bounded below by some power of .. But the definition of R given above
guarantees that R is always positive, and it is bounded above by a function that is O(a_Q/ 3).
Hence, by the asymptotic formula of the Airy function €2R3/2/3A1(R) > RV > o716,
Therefore, we deduce that

b, y) ~ 275712 |w| "3 Ai(R)a /62 RY 3+T (20),

The latter gives the formula in Part (b) of Proposition 4.

A.3 Part (c)

This case is slightly different from the previous two. The saddle-point 2 is too close to i so
we choose the path of integration I' shown in Figure 2. For the local integral, we consider
up to the 5-th term in the Taylor approximation of the function f(z) around i. We have
f'(@) = idat, f(i) = 6o, f"(i) = —i(1+8)a~" and f® (i) = —(1 4 6)a~'. We choose
c€(1/5,1/3). For |z —i| < a and z € T, we can write

ef(2) — ef(i)+u1(zfi)+u3(z7i)3 (1 + 42(2 . i)2 + C4(Z . i)4 + O(afycfl)) 7

where p = i@a_l/?’, U3 = —%Z’a_l, CQ = %004_1/3, C4 = —ﬁ(l + 90[2/3)C¥_1 (We used the
fact that § = a?/3). Let us denote by I'. the part of I' that lies in the disk |2z — i| < a®. For
each integer k > 0, let

Ix ::/ (z — i)ke“l(zfi”"?’(z*i)sdz.
r

c
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We parametrize I'. and show that the the two half-segments of ', can be extended to co with
an error smaller than any power of a. Then, with some suitable change of variable, (skipping
all details) we can express Zj, in terms of the k-th derivative of the Airy function as follows

T = —i* 2 p 2t /3(1 4 5)=HD/Bo (DB AR (RY 4 ..
where by “---” we mean an exponentially small term, and

R = ip (3ipg) P = —2Y35(1 + 6) 71 /35a72/% = —21/30 (1 4 6)~1/3.
Thus, we obtain

CoZo = 7T24/3(1 + 5)71/3a1/3Ai(R) NI
CoTo = =270 (1+6) 'a?PAiPD(R) + -
GIy=—3m2 314 0) P PAIY (R) + - -

The higher derivatives of the Airy function can be written in terms of Ai(z) and Ai’(z) using
the well known Airy differential equation as we can easily show by induction on k that

AR (2) = (k+1) A% (2) + 2 Ai*TD(2) for k> 0.

Reducing all higher derivatives of the Airy function and using Taylor approximation to
estimate each of the Ai*)(R)’s, we get

eFDdz ~ D (K1(0) o'/? + Ky(0) ¥ + O(a
1() 2() ( ) ’
Ie

where K7 (0) and K»(f) are precisely as defined in Proposition 4.
Now we estimate the contribution of the tail. First, if ¢ is real and |t| > v/3, then we have

) 1, cost 0 cost [t] 2/3
Re(f(t) = /(i) = —5-(# = 1) = = + = (1= =) < == (14 0(a*?)),
where the constant in the O term is independent of ¢. The inequality follows from the fact
that if [t| > v/3 then we have ((t? — 1)/2 — cos(t)/e) < 0.5|t|, which is not too difficult to
verify. The above estimate is enough to show that the contribution from the real half-lines
[t| > /3 is negligible.
If z =4+ te'™/6 and t € [-2, —a*]}, then we let £(t) = 2¢*/2 cos(v/3t/2) so that we have

, 1 2

Re(f(i +te™/%) = f(i) = =5~ (£() =2 =t + 5 +0 (£(1) - 2)).
We can show (e.g., using a Taylor approximation of £(¢)) that there exist positive absolute
constants Cy and C3 such that [£(t) — 2| < C4|t| and &(t) —2 — ¢ + % > Oyft|?, for any
t € [-2,0]. Hence, uniformly for ¢t € [-2, —a“],

: 1 t?

Re(f(i + te™%)) = f(i) < =5~ (C2|t|3 + O(a2/3|t\)) < —Cg%(l + O(a?/372¢)).
In particular, Re(f(i-+te™/6))— f(i) is negative for sufficiently small o and [Re(f(i+te™/6))—
f(i)| > a3~ uniformly for ¢t € [-2, —a®]. This is enough to show that the contribution
from the segment {i + te’™/% : t € [-2, —ac]} is also negligible. The contribution from the
segment {i +te~""/6 . t € [a®, 2]} can also be dealt with in the same way.
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B Idea of the Proof of Proposition 7

We are unable to give much detail here due to lack of space. But the proof of Proposition 7
is essentially the same as the one above. The main difference is, of course, that x is complex.
Let 2 = (1 + 8)xge™ where u € (—m, 7], § = 6a?/3 and 6 is a fixed number that satisfies
Ai(—2'/36) # 0. This implies that the number w, which is now defined as Wy(—(1 +8)e**~1),
is no longer real.

The proof of Part (¢) above proceeds in essentially the same way as § and u are both
O(a?/3). But for Part (a) and Part (b) to work, we need the following result about w.

» Lemma 10. The functions Re((1+w)?), Re(1+w) and 1 —|w| are all positive and nonzero
if u is bounded away from 0. Moreover, if |u| — 0 as o — 0T, but |u| > /3, then

2
w=—1+a'3/=2(0 +it) + ga2/3(0 +it) + O([ul*/?), (37)

where t = ua~2/3, and the implied constant does not depend on w. In particular, we have

Re(1 4+ w) > a3 uniformly for o?/® < |u| < 7.

Proof. The asymptotic formula (37) follows easily from (18). Now to show that Re(1 4+ w)
and 1 — |w| stay positive, we just need to show that this is the case for 1 — |w| since
Re(14+w) >1— |w].

If Jw| = 1, then from the definition of w we have

|w|€Re(1+w) _ eRe(1+w) =14 O(a2/3).

This implies that Re(1 + w) — 0, which means w = —1 + o(1). The latter forces u to tend to
zero.

Similarly if Re((1 + w)?) = 0, then w must be of the form w = —1 + a(1 & i), where
a € R. This implies that

Jw|eRe0+w) = /a2 4 (a —1)2 e* = 1+ O(c*/?).
This is only possible if a — 0 as a — 0. |

This lemma will be very useful in proving Part (a) and Part (b). It shows, for example, that
Re(—f"(20)) is positive and it satisfies Re(—f"(20)) = Re((1 + w)a~') > a~2/3 uniformly
for a?/3 < |u| < 7. This will make the proofs of Part (a) and Part (b) above work in this
case as well.
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