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—— Abstract

In this work we prove a version of the Sylvester-Gallai theorem for quadratic polynomials that takes

us one step closer to obtaining a deterministic polynomial time algorithm for testing zeroness of
LB circuits. Specifically, we prove that if a finite set of irreducible quadratic polynomials Q
satisfy that for every two polynomials Q1, Q2 € Q there is a subset K C Q, such that Q1,Q2 ¢ K
and whenever Q1 and Q2 vanish then [] 0,ek Q; vanishes, then the linear span of the polynomials
in Q has dimension O(1). This extends the earlier result [33] that showed a similar conclusion when
K| =1.

An important technical step in our proof is a theorem classifying all the possible cases in which
a product of quadratic polynomials can vanish when two other quadratic polynomials vanish. Le.,
when the product is in the radical of the ideal generated by the two quadratics. This step extends a
result from [33] that studied the case when one quadratic polynomial is in the radical of two other
quadratics.
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1 Introduction

This paper studies a problem at the intersection of algebraic complexity, algebraic geometry
and combinatorics that is motivated by the polynomial identity testing problem (PIT for
short) for depth 4 circuits. The question can also be regarded as an algebraic generalization
and extension of the famous Sylvester-Gallai theorem from discrete geometry. We shall first
describe the Sylvester-Gallai theorem and some of its many extensions and generalization
and then discuss the relation to PIT.

Sylvester-Gallai type theorems

The Sylvester-Gallai theorem asserts that if a finite set of points in R™ has the property that
every line passing through any two points in the set also contains a third point in the set then
all the points in the set are colinear. Kelly extended the theorem to points in C™ and proved
that if a finite set of points satisfy the Sylvester-Gallai condition then the points in the set
are coplanar. Many variants of this theorem were studied: extensions to higher dimensions,
colored versions, robust versions and many more. For a more on the Sylvester-Gallai theorem
and some of its variants see [6, 3, 9].
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There are two extensions that are of specific interest for our work: The colored version,
proved by Edelstein and Kelly, states that if three finite sets of points satisfy that every line
passing through points from two different sets also contains a point from the third set, then,
all the points belong to a low dimensional space. This result was further extended to any
constant number of sets. The robust version, obtained in [3, 9], states that if a finite set of
points satisfy that for every point p in the set a § fraction of the other points satisfy that
the line passing through each of them and p spans a third point in the set, then the set is
contained in an O(1/6)-dimensional space.

Although the Sylvester-Gallai theorem is formulated as a geometric question, it can be
stated in algebraic terms: If a finite set of pairwise linearly independent vectors, S C C",
has the property that every two vectors span a third vector in the set then the dimension
of § is at most 3. It is not very hard to see that if we pick a subspace H of codimension 1,
which is in general position with respect to the vectors in the set, then the intersection points
p; = H Nspan{s;}, for s; € S, satisfy the Sylvester-Gallai condition. Therefore, dim(S) < 3.
Another formulation is the following: If a finite set of pairwise linearly independent linear
forms, £ C C[z1, ..., x,], has the property that for every two forms ¢;,¢; € L there is a third
form £, € L, so that whenever £; and ¢; vanish then so does ¢}, then the linear dimension of
L is at most 3. To see this note that it must be the case that ¢ € span{/¢;,¢;} and thus the
coefficient vectors of the forms in the set satisfy the condition for the (vector version of the)
Sylvester-Gallai theorem, and the bound on the dimension follows.

The last formulation can now be extended to higher degree polynomials. In particular,
the following question was asked by Gupta [17].

» Problem 1. Can we bound the linear dimension or algebraic rank of a finite set P of
pairwise linearly independent irreducible polynomials of degree at most v in Clxy, ..., Ty,],
that has the following property: For any two distinct polynomials Py, Po € P there is a third
polynomial P3 € P, such that whenever Py, P, vanish then so does Ps.

A robust or colored version of this problem can also be formulated. As we have seen, the
case r = 1, i.e when all the polynomials are linear forms, follows from the Sylvester-Gallai
theorem. For the case of quadratic polynomials, i.e. r = 2, [33] gave a bound on the linear
dimension for both the non-colored and colored versions. A bound for the robust version is
still unknown for = 2 and the entire problem is open for r > 3. Gupta [17] also raised a
more general question of the same form.

» Problem 2. Can we bound the linear dimension or algebraic rank of a finite set P of
pairwise linearly independent irreducible polynomials of degree at most r in Clxy, ..., xy]
that has the following property: For any two distinct polynomials Py, Py € P there is a subset
T C P, such that Py, Py ¢ T and whenever Py, Py vanish then so does HPiGI P;.

As before this problem can also be extended to robust and colored versions. In the case
of linear forms, the bound for Problem 1 carries over to Problem 2 as well. This follows from
the fact that the ideal generated by linear forms is prime (see Section 2 for definitions). In
the case of higher degree polynomials, there is no clear reduction. For example, let » = 2 and

P=zy+zw , Po=ay—z2w , Py=zw , Py=uyz.

Then, it is not hard to verify that whenever P; and P, vanish then so does P - P;, but
neither P3 nor P, always vanishes when P; and P, do. The reason is that the radical of
the ideal generated by P; and P, is not prime. Thus it is not clear whether a bound for
Problem 1 would imply a bound for Problem 2. The latter problem was open, prior to this
work, for any degree r > 1.
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The Sylvester-Gallai theorem has important consequences for locally decodable and locally
correctable codes [3, 9], for reconstruction of certain depth-3 circuits [32, 22, 35] and for the
polynomial identity testing (PIT for short) problem, which we describe next.

Sylvester-Gallai type theorems and PIT

The PIT problem asks to give a deterministic algorithm that given an arithmetic circuit as
input determines whether it computes the identically zero polynomial. This is a fundamental
problem in theoretical computer science that has attracted a lot of attention because of its
intrinsic importance, its relation to other derandomization problems [24, 25, 15, 13, 19, 36]
and its connections to lower bounds for arithmetic circuits [20, 1, 21, 11, 16, 7]. Perhaps
surprisingly, it was shown that deterministic algorithms for the PIT problem for homogeneous
depth-4 circuits or for depth-3 circuits would lead to deterministic algorithms for general
circuits [2, 18]. This makes small depth circuit extremely interesting for the PIT problem.
We next explain how Sylvester-Gallai type questions are directly related to PIT for such low
depth circuits. For more on the PIT problem see [34, 28, 29, 14].

The Sylvester-Gallai theorem is mostly relevant for the PIT problem in the setting when
the input is a depth-3 circuit with small top fan-in. Specifically, a homogeneous LIFITIl4 Y
circuit in n variables computes a polynomial of the form

k d
O(xy,... mn) = > [[lisl@r, . am) (1)
i=1j=1

where each /; ; is a linear form. Consider the PIT problem for LBIIEY circuits, i.e., ® is
given as in Equation 1 and k& = 3. In particular,

d d d
<I>(:v1, e ,l’n) = H€17j(x1, e ,xn) —+ H£2,j(m1>~ .. ,xn) + H€37j(x1, e ,(En) . (2)
j=1 j=1 j=1

If & computes the zero polynomial, then for every j,j" € [d].

d
Hgl,i =0 mod <f2’j,€3’j/> .1
i=1
This means that the sets 7; = {€;1,...,¢; 4} satisfy the conditions of the colored version

of Problem 2 for r = 1, and therefore have a small linear dimension. Thus, if ® = 0 then,
assuming that no linear form belongs to all three sets, we can rewrite the expression for ®
using only constantly many variables (after a suitable invertible linear transformation). This
gives an efficient PIT algorithms for such SPITIY identities. The case of more than three
multiplication gates is more complicated but it also satisfies a similar higher dimensional
condition. This rank-bound approach for PIT of XII¥ circuits was raised in [10] and later
carried out in [23, 31].2

As such rank-bounds found important applications in studying PIT of depth-3 circuits it
seemed that a similar approach could potentially work for depth-4 XIIXII circuits as well.
In particular, it seemed most relevant for the case where there are only three multiplication

2 The best algorithm for PIT of SIS circuits was obtained through a different, yet related, approach
in [30].

3 For multilinear IIXII circuits Saraf and Volkovich obtained an analogous bound on the sparsity of the
polynomials computed by the multiplication gates in a zero circuit [27].
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gates and the bottom fan-in is two, i.e. for homogeneous LB/ YII? circuits that compute
polynomials of the form

d d d
(@, wn) = [[Quiter,- v wn) + [[ Quy@rs o vwn) + [[ Qs ma) - (3)
j=1

Jj=1 Jj=1

Both Beecken et al. [4] and Gupta [17] suggested an approach to the PIT problem of such
identities based on the colored version of Problem 2 for » = 2. Both papers described PIT
algorithms for depth-4 circuits assuming a bound on the algebraic rank of the polynomials.
In fact, Gupta conjectured that the algebraic rank of polynomials satisfying the conditions
of Problem 2 depends only on their degree (see Conjectures 1,2 and 30 in [17]).

» Conjecture 3 (Conjecture 1 in [17]). Let Fi,...,Fx be finite sets of irreducible homogenous
polynomials in Clzy,...,x,] of degree < r such that N;F; = 0 and for every k—1 polynomials
Q1,...,Qk_1, each from a distinct set, there are Py,..., P, in the remaining set such that
whenever Q1, ..., Qr_1 vanish then also the product H;::l P; vanishes. Then, trdege(U;F;) <
Ak, r, c) for some function A, where trdeg stands for the transcendental degree (which is the
same as algebraic rank).

Furthermore, using degree arguments Gupta showed that in Problem 2 we can restrict
our attention to sets Z such that |Z| < r*~!. In particular, if the circuit in Equation (3)
vanishes identically, then for every (j,j') € [d]? there are iy ; /.42, 3,5/, 14,5,; € |d] so
that

Quiy 0 Quig, Qi yr @iy, =0 mod (Qa5, Q) -

In [4] Beecken et al. conjectured that the algebraic rank of simple and minimal
SHETIE YN circuits (see their paper for definition of simple and minimal) is Oy (log d). We
note that for k = 3 this conjecture is weaker than Conjecture 3 as every zero LB/ YT
circuit gives rise to a structure satisfying the conditions of Conjecture 3, but the other
direction is not necessarily true. Beecken et al. also showed how to obtain a deterministic
PIT for SFIISIIN circuits, assuming the correctness of their conjecture.

1.1 Our Result

Our main result gives a bound on the linear dimension of polynomials satisfying the conditions
of Problem 2 when all the polynomials are irreducible of degree at most 2. Specifically we
prove the following theorem.

» Theorem 4. There exists a universal constant ¢ such that the following holds. Let Q =
{Qi}icqr,...my CClz1, ..., 2] e a finite set of pairwise linearly independent homogeneous
polynomials, such that every Q; € Q is either irreducible or a square of a linear form. Assume
that, for every i # j, whenever Q; and Q; vanish then so does er{l Mg} Q. Then,
dim(span{Q}) < c.

.....

While our result still does not resolve Conjecture 3, as we need a colorful version of it,
we believe that it is a significant step towards solving the conjecture for £k = 3 and r = 2,
which will yield a PIT algorithm for SEIIISIIR circuits.

An interesting aspect of our result is that while the conjectures of [4, 17] speak about
the algebraic rank we prove a stronger result that bounds that linear dimension (the linear
rank is an upper bound on the algebraic rank). As our proof is quite technical it is an
interesting question whether one could simplify our arguments by arguing directly about the
algebraic rank.
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An important algebraic tool in the proof of Theorem 4 is the following result characterizing
the different cases in which a product of quadratic polynomials vanishes whenever two other
quadratics vanish.

» Theorem 5. Let {Qplrex, A, B be homogeneous polynomials of degree 2 such that
[Ircx @r € (A, B). Then one of the following cases hold:
(i) There is k € K such that Qy, is in the linear span of A, B
(ii) There exists a non trivial linear combination of the form a A+ 8B = ¢ - d where ¢ and
d are linear forms.
(iii) There exist two linear forms ¢ and d such that when setting c = d = 0 we get that A, B
and one of {Qx trex vanish.

From now on, to ease notations, we use Theorem 5i, Theorem 5ii or Theorem 5iii to
describe different cases of Theorem 5.

The statement of the result is quite similar to Theorem 1.8 of [33] that proved a similar
result when |KC| = 1. Specifically, in [33] the second item reads “There exists a non trivial
linear combination of the form aA 4+ 8B = a?, where a is a linear form” This “minor”
difference in the statements (which is necessary) is also responsible for the much harder work
we do in the paper.

The proof of this theorem can be found in the full version of the paper [26].

1.2 Proof Idea

Our proof has a similar structure to the proofs in [33], but it does not rely on any of the
results proved there.

Our starting point is the observation that Theorem 5 guarantees that unless one of {Q}
is in the linear span of A and B then A and B must satisfy a very strong property, namely,
they must span a reducible quadratic or they have a very low rank (as quadratic polynomials).
The proof of this theorem is based on analyzing the resultant of A and B with respect to
some variable. We now explain how this theorem can be used to prove Theorem 4.

Consider a set of polynomials Q = {Q1,...,Qnm} satisfying the condition of Theorem 4.
First, consider the case in which for every Q € Q, at least, say, (1/100) - m of the polynomials
Q; € Q, satisfy that there is another polynomial in Q in span{@, Q;}. In this case, we can
use the robust version of the Sylvester-Gallai theorem [3, 9] (see Theorem 13) to deduce that
the linear dimension of Q is small.

The second case we consider is when every polynomial () € Q that did not satisfy the
first case now satisfies that for at least, say, (1/100) - m of the polynomials Q; € Q there are
linear forms a; and b; such that @, Q; € (a;,b;). We prove that if this is the case then there
is a bounded dimensional linear space of linear forms, V', such that all the polynomials in
Q that are of rank 2 are in (V). Then we argue that the polynomials that are not in (V')
satisfy the robust version of the Sylvester-Gallai theorem (Theorem 13). Finally we bound
the dimension of QN (V).

Most of the work however (Section 4) goes into studying what happens in the remaining
case when there is some polynomial @), € Q for which at least 0.98m of the other polynomials
in Q satisfy Theorem 5ii with @),. This puts a strong restriction on the structure of these
0.98m polynomials. Specificity, each of them is of the form @Q; = Q, + a;b;, where a; and b;
are linear forms. The idea in this case is to show that the set {a;,b;} is of low dimension.
This is done by again studying the consequences of Theorem 5 for pairs of polynomials
Qo + aibi, Qo + ajb; € Q. After bounding the dimension of these 0.98m polynomials we
bound the dimension of all the polynomials in @. The proof of this case is much more
involved than the cases described earlier, and in particular we handle differently the case
where @, is of high rank and the case where its rank is low.
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1.3 On the relation to the proof of [33]

In [33] the following theorem was proved.

» Theorem 6 (Theorem 1.7 of [33]). Let {Qi}icim) be homogeneous quadratic polynomials
over C such that each Q; is either irreducible or a square of a linear function. Assume further
that for every i # j there exists k & {i,j} such that whenever Q; and Q; vanish Qi vanishes
as well. Then the linear span of the Q;’s has dimension O(1).

As mentioned earlier, the steps in our proof are similar to the proof of Theorem 1.7 in [33].
Specifically, [33] also relies on an analog of Theorem 5 and divides the proof according to
whether all polynomials satisfy the first case above or not. However, the fact that case ii of
Theorem 5 is different than the corresponding case in the statement of Theorem 1.8 of [33],
makes our proof is significantly more difficult. The reason for this is that while in [33] we
could always pinpoint which polynomial vanishes when @; and (); vanish, here we only know
that this polynomial belongs to a small set of polynomials. This leads to a richer structure in
Theorem 5 and consequently to a considerably more complicated proof. To understand the
effect of this on our proof we note that the corresponding case to Theorem b5ii was the simpler
case to analyze in the proof of [33]. The fact that a; = b; when || = 1 almost immediately
implied that the dimension of the span of the a;s is constant (see Claim 5.2 in [33]). In our
case however, this is the bulk of the proof, and Section 4 is devoted to handling this case.

In addition to being technically more challenging, our proof gives new insights that may
be extended to higher degree polynomials. The first is Theorem 5. While a similar theorem
was proved for the simpler setting of [33], it was not clear whether a characterization in the
form given in Theorem 5 would be possible, let alone true, in our more general setting. This
gives hope that a similar result would be true for higher degree polynomials. Our second
contribution is that we show (more or less) that either the polynomials in our set satisfy the
robust version of Sylvester-Gallai theorem (Definition 12) or the linear functions composing
the polynomials satisfy the theorem. Potentially, this may be extended to higher degree
polynomials.

2 Preliminaries

In this section we explain our notation and present some basic algebraic preliminaries.

We will use the following notation. Greek letters «, 3, ... denote scalars from C. Non-
capitalized letters a,b, ¢, ... denote linear forms and x,y, z denote variables (which are also
linear forms). Bold faced letters denote vectors, e.g. & = (z1,...,z,) denotes a vector of
variables, &@ = (as,..., o) is a vector of scalars, and 0 = (0,...,0) the zero vector. We
sometimes do not use a boldface notation for a point in a vector space if we do not use its
structure as vector. Capital letters such as A, @, P denote quadratic polynomials whereas
V,U, W denote linear spaces. Calligraphic letters Z, 7, F, Q,7T denote sets. For a positive
integer n we denote [n] = {1,2,...,n}. For a matrix X we denote by |X| the determinant
of X.

A Commutative Ring is a group that is abelian with respect to both multiplication and
addition operations. We mainly use the multivariate polynomial ring, C[z1,...,x,]. An Ideal
I C Clzy,...,zy,] is an abelian subgroup that is closed under multiplication by ring elements.
For § C C[zy,...,x,], we denote with (S), the ideal generated by S, that is, the smallest
ideal that contains S. For example, for two polynomials @ and @2, the ideal (@1, Q2) is
the set Clzy,...,2,]Q1 + Clz1,...,2,]Q2. For a linear subspace V', we have that (V') is the
ideal generated by any basis of V. The radical of an ideal I, denoted by /T, is the set of



S. Peleg and A. Shpilka

all ring elements, r, satisfying that for some natural number m (that may depend on r),
r™ € I. Hilbert’s Nullstellensatz implies that, in C[xy, ..., z,], if a polynomial @ vanishes
whenever @)1 and Q2 vanish, then Q € /(Q1,Q2) (see e.g. [8]). We shall often use the
notation @ € \/(Q1,Q2) to denote this vanishing condition. For an ideal I C Clzy,...,x,)

we denote by Clxy,...,2,]/I the quotient ring, that is, the ring whose elements are the
cosets of I in C[zy,...,x,] with the proper multiplication and addition operations. For an
ideal I C Clx1,...,z,] we denote the set of all common zeros of elements of I by Z(I).

For Vi,...,V, linear spaces, we use Zf:l V; to denote the linear space Vi + ... + V.

For two non zero polynomials A and B we denote A ~ B if B € span{A}. For a space of
linear forms V' = span{vy,...,va}, we say that a polynomial P € C[zy,...,x,] depends
only on V if the value of P is determined by the values of the linear forms v1,...,va. More
formally, we say that P depends only on V if there is a A-variate polynomial P such that
P = P(vy,...,va). We denote by C[vy,...,va] € Clz,...,x,] the subring of polynomials
that depend only on V.

Another notation that we will use throughout the proof is congruence modulo linear
forms.

» Definition 7. Let V C Clzy,...,x,] be a space of linear forms, and P,Q € Clzy,...,z,].
We say that P =y Q if P—Q € (V).

» Fact 8. Let V C Clxy,...,2,] be a space of linear forms and P,Q € Clxy,...,2,]. If
P = szl Py, and Q = HZ:1 Q. satisfy that for all k, P, and Qy are irreducible in
Clzy, ..., 2,]/{(V), and P =y Q Zv 0 then, up to a permutation of the indices, Py =v Qk
for all k € [t].

This follows from the fact that the quotient ring C[zy,...,2,]/(V)is a unique factorization
domain.
2.1 Sylvester-Gallai Theorem and some of its Variants

In this section we present the formal statement the of Sylvester-Gallai theorem and the
extensions that we use in this work.

» Definition 9. Given a set of points, vy, ..., Vm, we call a line that passes through exactly
two of the points of the set an ordinary line.

» Theorem 10 (Sylvester-Gallai theorem). If m distinct points vi,..., vy, in R™ are not
collinear, then they define at least one ordinary line.

» Theorem 11 (Kelly's theorem). If m distinct points vi,..., v, in C* are not coplanar,
then they define at least one ordinary line.

The robust version of the theorem was stated and proved in [3, 9].

» Definition 12. We say that a set of points vy,...,v, € C" is a 0-SG configuration if
for every i € [m] there exists at least dm values of j € [m| such that the line through v;,v;
contains a third point in the set.

» Theorem 13 (Robust Sylvester-Gallai theorem, Theorem 1.9 of [9]). Let V = {vy,...,vn} C
C" be a 6-SG configuration. Then dim(span{vy,...,v,}) < 2 +1.

The following is the colored version of the Sylvester-Gallai theorem.
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» Theorem 14 (Theorem 3 of [12]). Let T;, for i € [3], be disjoint finite subsets of C™ such
that for every i # j and any two points p1 € T; and pa € T; there exists a point ps in the
third set that lies on the line passing through p1 and ps. Then, any such T; satisfy that
dim(span{U;7;}) < 3.

We also state the equivalent algebraic versions of Sylvester-Gallai.

» Theorem 15. Let S = {51,...,5,} C C™ be a set of pairwise linearly independent vectors
such that for every i # j € [m] there is a distinct k € [m] for which §), € span{3s;,5;}. Then
dim(S) < 3.

» Theorem 16. Let P = {{1,..., 0y} C Clay,...,2,] be a set of pairwise linearly independ-
ent linear forms such that for every i # j € [m] there is a distinct k € [m] for which whenever
0;, L vanish so does {,. Then dim(P) < 3.

In this paper we refer to each of Theorem 11, Theorem 15 and Theorem 16 as the Sylvester-
Gallai theorem. We shall also refer to sets of points/vectors/linear forms that satisfy the
conditions of the relevant theorem as satisfying the condition of the Sylvester-Gallai theorem.

2.2 Resultant

A tool that will play an important role in the proof of Theorem 5 is the resultant of two
polynomials. We will only define the resultant of a a quadratic polynomial and a linear
polynomial as this is the case relevant to our work.* Let A, B € C[xy,...,z,]. View A and
B as polynomials in 1 over Clx,...,z,]| and assume that deg, (A) = 2 and deg, (B) =1,
namely,

AZQI%+GI1+AO aHdB:bI1+B().

Then, the resultant of A and B with respect to z; is the determinant of their Sylvester

matrix
Ay By 0
Res,, (A,B)=:||a b By
a 0 b

A useful fact is that if the resultant of A and B vanishes then they share a common factor.

» Theorem 17 (See e.g. Proposition 8 in §5 of Chapter 3 in [8]). Given F,G € Flzy,...,zy]
of positive degree in x1, the resultant Res,, (F,G) is an integer polynomial in the coefficients
of F and G. Furthermore, F' and G have a common factor in Flxy,...,x,] if and only if

Res,, (F,G) = 0.

2.3 Rank of Quadratic Polynomials

In this section we define the rank of a quadratic polynomial, and present some of its useful
properties.

» Definition 18. For a homogeneous quadratic polynomial QQ we denote with ranky(Q) the
minimal v such that there are 2r linear forms {ax}s", satisfying Q = > _, ask - azp—1. We
call such representation a minimal representation of Q.

4 For the general definition of Resultant, see Definition 2 in §5 of Chapter 3 in [8].
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This is a slightly different definition than the usual way one defines rank of quadratic
forms,® but it is more suitable for our needs. We note that a quadratic Q is irreducible if
and only if ranks(Q) > 1. The next claim shows that a minimal representation is unique in
the sense that the space spanned by the linear forms in it is unique.

> Claim 19. Let @ be a homogeneous quadratic polynomial and let @ = 22:1 Qgi_1-ag; and
Q= 22:1 bai—1+ba; be two different minimal representations of ). Then span{ay, ..., as.} =
span{bl, ceay bQT-}.

Proof. Note that if the statement does not hold then, without loss of generality, a; is not
contained in the span of the b;’s. This means that when setting a; = 0 the b;’s are not
affected on the one hand, thus @ remains the same function of the b;’s, and in particular
ranky(Q|q,=0) = 7, but on the other hand rank(Q|s,=0) = 7 — 1 (when considering its
representation with the a;’s), in contradiction. <

This claim allows us to define the notion of minimal space of a quadratic polynomial @Q,
which we shall denote Lin(Q).

» Definition 20. Let @ be a quadratic polynomial, where rank,(Q) = r, and let Q =

s
> agi—1 - ag; be some minimal representation of Q. Define Lin(Q) =: span{ay,...,as},
i=1

also denote Lin(Q1,...,Qy)

M=

Lin(Q;).

1

i
Claim 19 shows that the minimal space is well defined. The following fact is easy to verify.
» Fact 21. Let Q =) _." | asi—1-az; be a homogeneous quadratic polynomial, then Lin(Q) C
span{ai,...,a2m}-

We now give some basic claims regarding rankg.

> Claim 22. Let @ be a homogeneous quadratic polynomial with ranks(Q) = r, and
let V' C Cl[zy,...,2,] be a linear space of linear forms such that dim(V) = A. Then
ranks(Q|y=o) > 1 — A.

Proof. Assume without loss of generality V' = span{zi,...,za}, and consider Q €
Clxat1y- - xn)[T1,...,xa]. There are ay,...,an € Clay,...,2z,] and Q' € Clxat1, ..., Tn)
such that Q = Zle a;z; + Q', where Qly—o = Q. As ranks(Zle a;x;) < A, it must be
that ranks(Q|v=0) > r — A. <

> Claim 23. Let P, € Clzy,...,z], and Py = y1y2 € Cly1,y2]. Then ranks(P; + P») =
ranks(Py) + 1. Moreover, y1,y2 € Lin(P; + P).

Proof. Denote ranks(P;) = r and assume towards a contradiction that there are aq, ..., as,

s T
linear forms in Clx1, ..., Zk, Y1, y2] such that Py + Py = 3~ agi—1a9,. Clearly, > asi—1a2; =y,
i=1 i=1
Py. As rankg(P;) = r this is a minimal representation of P;. Hence, for every 4, a;|y,—o €

Lin(P;) C Clzy,...,zE]. Moreover, from the minimality of r, a;|y,—o # 0. Therefore, as
y1 and yo are linearly independent, we deduce that all the coefficients of ys in all the a;’s
are 0. By reversing the roles of y; and y2 we can conclude that ay,...,as. C Clxy,.. .,z
which means that @ does not depend on y; and y, in contradiction. Consider a minimal

% ranks(Q) is the minimal ¢ such that there are ¢ linear forms {ay}%_,, satisfying Q = 22:1 az.

8:9

CCC 2020



8:10

A Generalized Sylvester-Gallai Type Theorem for Quadratic Polynomials

representation P; = 222;1 bai—1b2;, from the fact that ranks(P; + P2) = r + 1 it follows
that P, + P, = 212;1 bo;i_1b2; + y1y2 is a minimal representation of P, + P, and thus
Lin(P;, + P») = Lin(Py) + span{y1, y=}. <

» Corollary 24. Let a and b be linearly independent linear forms. Then, if c¢,d,e and f are
linear forms such that ab + c¢d = ef then dim(span{a,b} Nspan{c,d}) > 1.

> Claim 25. Let a,b,c and d be linear forms, and V be a linear space of linear forms.
Assume {0} # Lin(ab — ¢d) C V then span{a,b} NV # {0}.

Proof. As Lin(ab — ed) C V it follows that ab =y cd. If both sides are zero then ab € (V')
and without loss of generality b € V' and the statement holds. If neither sides is zero then
from Fact 8 there are linear forms vy,vy € V, and A\, Ao € C* such that, A2 = 1 and

without loss of generality ¢ = A\ja 4+ v1,d = A2b + v5. Note that not both vy, v, are zero, as
ab — cd # 0. Thus,

ab — cd = ab — (Ma + v1)(A2b + v2) = A\avy + Aabuy + v1vs.

As Lin(ab — ¢d) C V it follows that Lin(Aavy + A2bvy) C V and therefore there is a linear
combination of a,b in V and the statement holds. <

We end this section with claims that will be useful in our proofs.

> Claim 26. Let V =", V; where V; are linear subspaces, and for every i, dim(V;) = 2.
If for every i # j € [m], dim(V; NV;) = 1, then either dim(;*, V;) =1 or dim(V') = 3.

Proof. Let w € V4 N V,. Complete it to basis of V4 and Va: Vi = span{uj,w} and V, =
span{us,w}. Assume that dim(();~, V;) = 0. Then, there is some i for which w ¢ V;. Let
x1 € V; NV, and so z1 = ayuy + frw, where oy # 0. Similarly, let zo € V; N V5. Since
w ¢ Vi, xa2 = agug + P2w, where ag # 0. Note that 1 ¢ span{zs}, as dim(V3 NV3) =1, and
w is already in their intersection. Thus, we have V; = span{x1, 2o} C span{w, uy, us}.
Now, consider any other j € [m]. If V; does not contain w, we can apply the same
argument as we did for V; and conclude that V; C span{w,u1,uz}. On the other hand, if
w € Vj, then let x; € V; NV}, it is easy to see that x;,w are linearly independent and so
V; = span{w, z;} C span{w, V;} C span{w, u1,uz}. Thus, in any case V; C span{w, u1, us}.
In particular, Zj V; C span{w, u1,uz} as claimed. N

2.4 Projection Mappings

In this section we present and apply a new technique which allows us to simplify the structure
of quadratic polynomials. Naively, when we want to simplify a polynomial equation, we can
project it on a subset of the variables. Unfortunately, this projection does not necessarily
preserve pairwise linear independence, which is a crucial property in our proofs. To remedy
this fact, we present a set of mappings, which are somewhat similar to projections, but do
preserve pairwise linear independence among polynomials.

» Definition 27. Let V = span{v1,...,va} C span{z1,...,2,} be a A-dimensional linear
space of linear forms, and let {uy,...,un_a} be a basis for VX, For & = (aq,...,aa) € CA
we define Tg v : Clay, ..., 2z, = Clay, ..., 2y, 2], where z is a new variable, to be the linear

map given by the following action on the basis vectors: Ty v (v;) = a;z and Tz v (u;) = ;.

» Observation 28. Ty v is a linear transformation and is also a ring homomorphism.
This follows from the fact that a basis for span{xy,...,x,} is a basis for Clz1,...,x,] as
C-algebra.
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> Claim 29. Let V C span{x1,...,z,} be a A-dimensional linear space of linear forms. Let
F and G be two polynomials that share no common irreducible factor. Then, with probability
1 over the choice of @ € [0,1]* (say according to the uniform distribution), T5 v (F) and
T v (G) do not share a common factor that is not a polynomial in z.

Proof. Let {uy,...,un_a} be a basis for V+. We think of F and G as polynomials in
Clor,...,va,u1, .. Up—a). As Tgy @ Clog,...,va,u1, .. Un—a] = Clz,ur,...,up—al,
Theorem 17 implies that if Ty (F) and Tg,v(G) share a common factor that is not a
polynomial in z, then, without loss of generality, their resultant with respect to w is
zero. Theorem 17 also implies that the resultant of F' and G with respect to up is not
zero. Observe that with probability 1 over the choice of &, we have that deg, (F) =
deg, (Ta,v(F')) and deg, (G) = deg, (Ta,v(G)). As Tz is a ring homomorphism this
implies that Resy, (Ta,v(G), Ta,v(F)) = Ts v(Resy, (G, F)). The Schwartz-Zippel-DeMillo-
Lipton lemma now implies that sending each basis element of V' to a random multiple of z,
chosen uniformly from (0, 1) will keep the resultant non zero with probability 1. This also
means that Tz v (F) and T,y (G) share no common factor. <

» Corollary 30. Let V be a A-dimensional linear space of linear forms. Let F and G
be two linearly independent, irreducible quadratics, such that Lin(F), Lin(G) € V. Then,
with probability 1 over the choice of @ € [0,1]2 (say according to the uniform distribution),
Tsv(F) and Tgv(G) are linearly independent.

Proof. As F and G are irreducible they share no common factors. Claim 29 implies that
Tz v(F) and Tg v (G) do not share a common factor that is not a polynomial in z. The
Schwartz-Zippel-DeMillo-Lipton implies that with probability 1, Tg v (F) and T, v (G) are
not polynomials in z, and therefore they are linearly independent. |

> Claim 31. Let @ be an irreducible quadratic polynomial, and V' a A-dimensional linear
space. Then for every & € C2, rank,(T5,v(Q)) > ranks(Q) — A.

Proof. ranks(Tx,v(Q)) > ranks(Ta, v (Q)|:=0) = ranks(Q|v=0) > rank(Q) — A, where the
last inequality follows from Claim 22. <

> Claim 32. Let Q be a set of quadratics, and V be a A-dimensional linear space. Then,
if there are linearly independent vectors, {a',...,a%} C CA, such that, for every 3,°
dim(Lin(T5: v (Q))) < o then dim(Lin(Q)) < (o + 1)A.

Proof. As dim(Lin(T5: v(Q))) < o, there are u'y,...,u’, C V* such that Lin(T5: (Q)) C
span{z,u’y,...,u's}. We will show that Lin(Q) C V + span{{u‘1,...,u’,}2,}, which is of
dimension at most A + gA.

Let P € Q, then there are linear forms, ai,...,an C V*+ and polynomials Py, € C[V]
and P’ € C[V1], such that

A
P:PV+Zajvj+P’.

j=1

5 Recall that Lin(Tx: v (Q)) is the space spanned by UgegLin(T: 1(Q)).
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Therefore, after taking the projection for a specific T v/, for some v € C,

A
T&'i,V(P) :’}/Zz—f— Za;aj Z—‘y—Pl
j=1

A
Denote bp; = > ajaj. By Corollary 30 if a1, ..., aa are not all zeros, then, with probability
i=1

J
1, bp; #0.

If bp; ¢ Lin(P') then from Claim 23 it follows that {z,bp; Lin(P")} C
span{Lin(Tz: v (P))}. If, on the other hand, bp; € Lin(P’), then clearly {bp,, Lin(P’")} C
span{z,Lin(T5: v (P))}. To conclude, in either case, {bp;, Lin(P’)} C span{z,u'1,...,u's}.

Applying the analysis above to T v, ..., Tza yy we obtain that span{bp1,---bpa} C
span{{u’y,...,u's Y2 }. As a',...a» are linearly independent, we have that
{a1,...,an} C span{bpi,---bpa}, and thus Lin(P) C V + {a1,...,an} + LS(P’) C
V +span{{u’y,...,u's 12 }. <

3 Sylvester-Gallai theorem for quadratic polynomials

In this section we prove Theorem 4. For convenience we repeat the statement of the theorem.

» Theorem (Theorem 4). There exists a universal constant ¢ such that the following holds.
Let Q = {Qi}icqr,...my C Clz1,...,2,] be a finite set of pairwise linearly independent
homogeneous polynomials, such that every @Q; € Q is either irreducible or a square of
a linear form. Assume that, for every i # j, whenever Q; and Q; vanish then so does

[reqr,. mpgijy @k Then, dim(span{Q}) < c.

» Remark 33. The requirement that the polynomials are homogeneous is not essential as
homogenization does not affect the property Qr € /(Qi, Q;)-

» Remark 34. Note that we no longer demand that the polynomials are irreducible but rather
allow some of them to be square of linear forms, but now we restrict all polynomials to be of
degree exactly 2. Note that both versions of the theorem are equivalent, as this modification
does not affect the vanishing condition.

We use the following claim of [17].

> Claim 35 (Claim 11 in [17]). Let Py,..., P4, Q1,...,Qr € Clxy,...,2,] be homogeneous
and the degree of each P; is at most r. Then,

k d

[[QieV(P...,Ps) = 3{ir,... ipa} C [k] suchthat [] @i, € V(Pr,..., Pa).

i=1 j=1

» Remark 36. Note that from Claim 35 for r = d = 2, it follows that for every i # j there
exists a subset K C [m] \ {4, j} such that || < 4 and whenever Q; and @); vanish then so

does [],cxc Q-

In what follows we shall use the following terminology. Whenever we say that two
quadratics Qq,Qs € Q satisfy Theorem 5i we mean that there is a polynomial Qs €
9\ {Q1,Q>} in their linear span. Similarly, when we say that they satisfy Theorem 5ii
(Theorem 5iii) we mean that there is a reducible quadratic in their linear span (they belong
to (a1, as9) for linear forms ay,as).
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Proof of Theorem 4. Partition the polynomials to two sets. Let £ be the set of all squares
and let Q be the subset of irreducible quadratics, thus Q = QU L. Denote Q| =m, |L|=r.
Let 6 = ﬁ, and denote
Py = {P € Q| There are at least dm polynomials in Q such that P
satisfies Theorem 5i but not Theorem 5ii with each of them}.
Ps ={P € Q| There are at least dm polynomials in Q such that P
satisfies Theorem b5iii with each of them}.
The proof first deals with the case where Q@ = P; U P3. We then handle the case that there
is Qe Q\ (PLUPs).

3.1 Thecase Q = P; UP;

Assume that Q = P; U P3. For our purposes, we may further assume that P; NP3 = ), by
letting P; = P \P3

> Claim 37. There exists a linear space of linear forms, V', such that dim(V) = O(1) and
Ps C <V>

The intuition behind the claim is based on the following observation.

» Observation 38. If Q1, Q2 € Q satisfy Theorem 5% then dim(Lin(Q1)), dim(Lin(Q2)) < 4
and dim(Lin(Q1) N Lin(Q2)) > 2.

Thus, we have many small dimensional spaces that have large pairwise intersections and
we can therefore expect that such a V' may exist.

Proof. We prove the existence of V' by explicitly constructing it. Repeat the following
process: Set V = {0}, and PL = 0. At each step consider any @ € Ps3 such that Q ¢ (V)
and set V = Lin(Q) + V, and P§ = P, U {Q}. Repeat this process as long as possible, i.e,
as long as P3 Z (V). We show next that this process must end after at most % steps. In

particular, |P4| < 2. It is clear that at the end of the process it holds that P3 C (V).

> Claim 39. Let @ € Q and B C P} be the subset of all polynomials in P} that satisfy
Theorem 5iii with Q, then |B| < 3.

Proof. Assume towards a contradiction that |B| > 4, and that @1, Q2, Q3 and Q4 are the
first 4 elements of B that where added to P§. Denote U = Lin(Q), and U; = U N Lin(Q;),
for 1 < <4.

As @ satisfies Theorem 5iii we have that dim(U) < 4. Furthermore, for every ¢, dim(U;) >

2 (by Observation 38). As the @);s were picked by the iterative process, we have that Us € U;.

Indeed, since Q2 € (Us), if we had Us C Uy C Lin(Q1) C V, then this would imply that
Q2 € (V), in contradiction to the fact that Q2 € P4. Similarly we get that Us € Uy + Us
and Uy € Uy + Us + Us. However, as the next simple lemma shows, this is not possible.

» Lemma 40. Let V be a linear space of dimension < 4, and let V1,Vo, V3 C V each of
dimension > 2, such that Vi € Vo and V3 € Vo + Vi then V =V + Vo + V3.

Proof. As Vi € V5 we have that dim(V; +V5) > 3. Similarly we get 4 < dim(V; + Vo +V3) <
dim(V) = 4. <
Thus, Lemma 40 implies that V' = U; + Uy + Us and in particular, Uy C Uy + Uy + Us in
contradiction. This completes the proof of Claim 39. <
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For Q; € P4, define T; = {Q € Q| Q, Q; satisfiy Theorem 5iii}. Since |T;| > dm, and as
by Claim 39 each @ € Q belongs to at most 3 different sets, it follows by double counting
that |P}| < 3/6. As in each step we add at most 4 linearly independent linear forms to V,
we obtain dim(V) < 12.

This completes the proof of Claim 37. |

So far V satisfies that Ps C (V). Next, we find a small set of polynomials Z such that
Q C (V) + span{Z}.

>> Claim 41. There exists a set Z C Q such that Q C (V) +span{Z} and |Z| = O(1/9).

Proof. As before the proof shows how to construct Z by an iterative process. Set Z = ) and
B = Ps. First add to B any polynomial from P; that is in (V). Observe that at this point
we have that B C QN (V). We now describe another iterative process for the polynomials in
P;. In each step pick any P € P; \ B such that P satisfies Theorem 5i, but not Theorem 5ii,”
with at least %m polynomials in B, and add it to both Z and to B. Then, we add to B all the
polynomials P’ € P; that satisfy P’ € span{(Q N (V)) UZ}. Note, that we always maintain
that B C span{(Q N (V)) UT}.

We continue this process as long as we can. Next, we prove that at the end of the process
we have that |Z| < 3/4.

> Claim 42. In each step we added to B at least gm new polynomials from P;. In particular,
7)< 3/6.

Proof. Consider what happens when we add some polynomial P to Z. By the description
of our process, P satisfies Theorem 5i with at least gm polynomials in B. Any Q € B,
that satisfies Theorem 5i with P, must span with P a polynomial P’ € Q. Observe that
P’ ¢ L as Q, P do not satisfy Theorem 5ii, and thus P’ € Q. It follows that P’ € P; since
otherwise we would have that P € span{B} C span{(Q N (V)) UZ}, which implies P € B in
contradiction to the way that we defined the process. Furthermore, for each such @ € B
the polynomial P’ is unique. Indeed, if there was a P # P’ € P; and Q1, Q> € B such that
P’ € span{Q1, P} Nspan{Q2, P} then by pairwise independence we would conclude that
P € span{Q1,Q2} C span{B}, which, as we already showed, implies P € B in contradiction.
Thus, when we add P to Z we add at least gm polynomials to B. In particular, the process
terminates after at most 3/ steps and thus |Z| < 3/4. <

Consider the polynomials left in P; \ B. As they ”survived” the process, each of them
satisfies the condition in the definition of P; with at most gm polynomials in B. From the
fact that P3 C B and the uniqueness property we obtained in the proof of Claim 42, we get
that P; \ B satisfies the conditions of Definition 12 with parameter ¢/3 and thus, Theorem 13
implies that dim(P; \ B) < O(1/6). Adding a basis of P \ B to Z we get that |Z| = O(1/9)
and every polynomial in Q is in span{(Q N (V)) UZ}. <

We are not done yet as the dimension of (V), as a vector space, is not a constant.
Nevertheless, we next show how to use Sylvester-Gallai theorem to bound the dimension of
Q given that Q C span{(Q N (V)) UZ}. To achieve this we introduce yet another iterative
process: For each P € Q\ (V), if there is quadratic L, with ranks(L) < 2, such that
P+ L € (V), then we set V =V + Lin(L) (this increases the dimension of V' by at most
4). Since this operation increases dim ((V) N Q) we can remove one polynomial from Z, and
thus decrease its size by 1, and still maintain the property that Q@ C span{(Q N (V)) UZ}.

7 By this we mean that there are many polynomials that together with P span another polynomial in Q
but not in L.
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We repeat this process until either Z is empty, or none of the polynomials in Z satisfies
the condition of the process. By the upper bound on |Z| the dimension of V' grew by at
most 4|Z] = O(1/4) and thus it remains of dimension O(1/6) = O(1). At the end of the
process we have that Q C span{(Q N (V)) UZ} and that every polynomial in P € Q\ (V)
has ranks(P) > 2, even if we set all linear forms in V to zero.

Consider the map Tz y as given in Definition 27, for a randomly chosen & € [0, 1]
Each polynomial in @ N (V') is mapped to a polynomial of the form form zb, for some linear
form b. From Claim 22, it follows that every polynomial in Q\ (V') still has rank larger than
2 after the mapping. Let

A= {b| some polynomial in QN (V) was mapped to zb} UTz v (L) .

We now show that, modulo z, A satisfies the conditions of Sylvester-Gallai theorem. Let
b1,bs € A such that by ¢ span{z} and by ¢ span{z,b1}. As O satisfies the conditions of
Theorem 4 we get that there are polynomials Q1,...,Q4 € Q such that H?:l Tav(Q;:) €

(b1,ba) = (by,bs), where the equality holds as (b1, bs) is a prime ideal. This fact also
implies that, without loss of generality, T5 v (Q4) € (b1,b2). Thus, Tg v (Q4) has rank at
most 2 and therefore Q4 € LU (QN (V). Hence, T5 1 (Q4) was mapped to zby or to b. In
particular, by € A. Claim 29 and Corollary 30 imply that b, is neither a multiple of b; nor
a multiple of bs, so it must hold that by depends non-trivially on both b; and bs. Thus, A

satisfies the conditions of Sylvester-Gallai theorem modulo z. It follows that dim(A) = O(1).

The argument above shows that the dimension of Tz v (£ U (QN(V))) = O(1). Claim 32
implies that if we denote U = span{LULin(Q N (V))} then dim(U) is O(1). As Q C

span{(Q N (V)) UZ}, we obtain that dim(Q) = dim(£ U Q) = O(1), as we wanted to show.
This completes the proof of Theorem 4 for the case Q@ = P, U Ps.

3.2 The case Q # P, UPs

In this case there is some polynomial Q, € Q\ (P1 U Ps). In particular, Qo satisfies
Theorem b5ii with at least (1 — 2d)m of the polynomials in Q; of the remaining polynomials,
at most dm satisfy Theorem 51 with @Q,; and, @, satisfies Theorem 5iii with at most dm
polynomials. Let

9, ={P € Q| P,Q, satisfiy Theorem 5ii } U{Q,}

Qs ={P € Q| P,Q, do not satisfiy Theorem 5ii }

my = |Q1], mg = |Qa|.
As Q, ¢ Py U P we have that mae < 26m and m; > (1 — 2§)m. These properties of Q, and
Q are captured by the following definition.

» Definition 43. Let Q1 = {Q0, @1, -, Qm, } and Qa = {P1,..., Pn,} be sets of irreducible
homogeneous quadratic polynomials. Let £L = {€*1,... 02} be a set of squares of homogeneous
linear forms. We say that O=QUL where Q=0Q,UQ5 isa (Qo, m1, mo)-set if it satisfies
the following:

1. Q satisfy the conditions in the statement of Theorem 4.

mi > dmo + 2.

For every j € [m4], there are linear forms a;,b; such that Q; = Qo + a;b;.

For every i € [ma], every non-trivial linear combination of P; and Q, has rank at least 2.
At most mo of the polynomials in Q satisfy Theorem 5iii with Q.

Wb

By the discussion above, the following theorem is what we need in order to complete the
proof for the case Q # P1 U Ps.

» Theorem 44. Let Q satisfy the conditions of Definition 43, then dim Q = O(1).

We prove this theorem in Section 4. This concludes the proof of Theorem 17. <

dim(V)_

8:15

CCC 2020



8:16

A Generalized Sylvester-Gallai Type Theorem for Quadratic Polynomials

4 Proof of Theorem 44

In this section we prove Theorem 44. The proof is divided to two parts according to whether
the polynomial @), in Definition 43 is of high rank (Claim 46) or of low rank (Claim 60). Each
part is also divided to two — first we consider what happens when ms = 0 and then the general
case where mg # 0. The reason for this split is that when @, is of high rank then we know,
e.g., that it cannot satisfy Theorem 5iii with any other polynomial. Similarly any polynomial
satisfying Theorem 5ii with @, is also of high rank and cannot satisfy Theorem 5iii with any
other polynomial. The reason why we further break the argument to weather mos = 0 or not,
is that when mo = 0 all the polynomials are of the form @, + ab for some linear forms a, b,
which means we have fewer cases to analyse. While this seems a bit restrictive, the general
case is not much harder and most of the ideas there already appear in the case mqo = 0.

Throughout the proof we use the notation of Definition 43. In particular, each Q; € Q1
is of the form Q; = Q, + a;b;.

4.1 @, is of high rank

In this subsection we assume that O is a (Qo, m1, ma)-set for some quadratic @, of rank at
least 100, this constant is arbitrary, as we just need it to be large enough. The following
observation says that for our set @ we will never have to consider Theorem b5iii.

» Observation 45. For Q = QU L that satisfy Definition 43 with rank(Q,) > 100, for
every j € [mq] the rank of Q; is at least 100 — 1 > 2 and so Q); never satisfies Theorem 5%

with any other polynomial in Q.
Our goal in this subsection is to prove the next claim.

> Claim 46. Let @ = QUL be a (Qo,m1,m2)-set with ranks(Q,) > 100. Then
dim(span{Q}) = O(1).

We break the proof of Claim 46 to two steps. First we handle the case mo = 0 and then
the case mo # 0.

4.1.1 The case m, =0

In this subsection we prove the following version of Claim 46 for the case mg = 0.

> Claim 47. Let Q = QU L be a (Q,, m1,0)-set with ranks(Q,) > 100. Then, for
@i, b;, £ as in Definition 43, dim(span{a1, ..., am,, b1, ..., bm,, b1, ..., £-}) < 7. In particular,
dim(span{Q}) < 8.

We first show some properties satisfied by the products {a1b1, ..., adm,bm, }-

» Remark 48. For (? € £ we can write £7 = 0 - Q, + £;¢;. Thus, from now on we can assume
that every Q; € Q is of the form @Q; = @;Q, + a;b;, for a; € {0,1}, and when a; = 0 it holds
that a; = b;. We shall use the convention that for i € {my +1,...,m1 +r}, a; = l;_p,.

> Claim 49. Let Q = QUL bea (Qo,m1, 0)-set with ranks(Q,) > 100, and let Q; = Q,+a;b;

and Q; = Q, + a;jb; be polynomials in Q = Q;.

1. If @Q; and Q; satisfy Theorem 5i then there exists k € [m; + r] such that for some
a,f € C\ {0}

aa;b; + Bajb; = apby. (4)
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2. If Q; and Q; satisfy Theorem 5ii then there exist two linear forms, ¢ and d such that
aibi — ajbj = cd. (5)

The claim only considers Theorem 5i and Theorem 5ii as by Observation 45 we know that
@i, Q; do not satisfy Theorem 5iii. Note that the guarantee of this claim is not sufficient to
conclude that the dimension of ai,...,am,,b1,...,bm, is bounded. The reason is that ¢ and

d are not necessarily part of the set. For example if for every i, a;b; = 27 — 3. Then every

pair, Q;, Q); satisfy Theorem 5ii, but the dimension of a1,...,am,,b1,...,bn, is unbounded.

Proof of Claim 49. If @;,Q; satisfy Theorem 5i then there are constants «,3 € C and

k € [my+7]\{i,j} such that a(Q, +aib;) +B(Qo +a;b;) = aQ; + BQ; = Qr = arQ, + arby.

Rearranging we get that
aa;b; + Bajb; — arby, = (o — (a + B3))Q, -
From the fact that ranks(Q,) > 100, it must be that ay — (o + 3) = 0. Hence,
aa;b; + fa;b; = apby (6)

and (4) holds. Observe that «, 8 # 0 as otherwise we will have two linearly dependent
polynomials in Q.

If Q;, Q; satisfy Theorem 5ii then there are o, 5 € C and two linear forms ¢ and d such
that a(Qo+a;b;)+ B(Qo+ajb;) = cd, and again, by the same argument, we get that § = —a,
and that, without loss of generality,

aibi — ajbj = cd. <

Let V; =: span{a;, b;}. We next show that the different spaces V; satisfy some non-trivial
intersection properties.

> Claim 50. Let Q be a (Q,,m1,0)-set such that rank,(Q,) > 100. If for some i € [m;] we
have dim(V;) = 2 then for every j € [m4] it holds that dim(V; N'V;) > 1. In particular it
follows that if dim(V;) =1 then V; ¢ V;.

Proof. This follows immediately from Claim 49 and Corollary 24. <
Next we use this fact to conclude some structure on the set of pairs (a;, b;).

> Claim 51.  Let Q be as in Claim 47. If dim(span{a;,b;}) > 3 then there is a linear
space of linear forms, V such that dim(V') < 4, and for all i € [m;y + r|, b; € span{a;, V'} or
a; € span{b;, V}.

Proof. Consider the set of all V;’s of dimension 2. Combining Claim 49 and Claim 26 we get
that either dim(|J]", V;) < 3 or dim((;~, Vi) = 1. If dim(J;~, V;) <3 then V = JI*, V; is
the linear space promised in the claim. If ()]~ V;) = 1 there is a linear form, w, such that
span{w} = dim(N~, V;). It follows that for every i € [m;] there are constants €;,d; such
that, with out loss of generality, b; = €;a; + d;w. Note that if dim(V;) = 1 this representation

also holds with §; = 0, and thus V = span{w}. is the linear space promised in the claim.

<

From now on we assume there is a linear space of linear forms, V' such that dim(V) < 4
and for every i € [my + r] it holds that b; = €;a; + v; (we can do this by replacing the roles
of a; and b; if needed). Indeed, if dim(span{a;,b;}) > 3 then this follows from Claim 51 and
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otherwise we can take V' = span{a;, b;}. Thus, following Remark 48, every polynomial in Q
is of the form a;Q + a;(€;a; + v;) and for polynomials in £ we have that a; =0, ¢, = 1 and
v = 0.

The following claim is the crux of the proof of Claim 47. It shows that, modulo V', the
set {a1,...,am,+r} satisfies the Sylvester-Gallai theorem..

> Claim 52. Let ¢ # j € [mq + r] be such that a; ¢ V and a; ¢ span{a;, V}. Then, there is
k € [m1 + r] such that ay, € span{a;,a;,V} and ay, ¢ span{a;, V} Uspan{a,;,V}.

Proof. We split the proof to three cases (recall Remark 48): Either
(i) cy=a;=1,0r

(ii) oy = 1,5 = 0 (without loss of generality), or

(iii) oy = a; = 0.

Recall that a; =0 if and only if i € {m +1,...,m +r}.

(i) o = a; = 1. Claim 49 implies that there are two linear forms ¢ and d such that cd is a
nontrivial linear combination of a;(eja; + vj), a;(€;a; + v;). We next show that without
loss of generality ¢ depends non-trivially on both a; and a;.

» Lemma 53. In the current settings, without lost of generality, ¢ = pa; + na; where

psm # 0.

Proof. Setting a; = 0 gives that, without loss of generality, cd =,, a;(eja; 4+ v;) and as
a; & span{a;, V'} we have that cd #,, 0. Thus, without loss of generality ¢ =,, na;, for
some non-zero 1. Let p and 7 be such that ¢ = pa; +na;. We will now show that p # 0.
Indeed, if this was not the case then we would have that cd = na;d. This means that
a;(€;a; +v;) € span{a,;(e;a; + v;),na;d} (since the linear dependence was non-trivial)
setting a; = 0 we see that either a;, or ¢;a; + v; in span{a,}, which contradicts our
assumption. |

Equation 4 and Lemma 53 show that if Q); and @Q); satisfy Theorem 5i, i.e. they span
Qr (for k ¢ {i,j}), then one of ay, exar + vi is a non-trivial linear combination of a;
and a;. Thus, modulo V, a;, is in the span of a; and a;, which is what we wanted to
show.

We next handle the case where @; and Q; satisfy Theorem 5ii. Let cd be a product of
linear forms in the span of ); and @;. From Lemma 53 we can assume that ¢ = pa; +na;
with pn # 0. In particular, this means that \/(Q;, Q;) = \/(cd, Q;).

The assumption that ranks(Q,) > 100 implies that Q; is irreducible even after setting
¢ = 0. It follows that if a product of irreducible polynomials satisfy [[, 4; € \/(cd, Q;)
then, after setting ¢ = 0, some A; is divisible by Q;|c=o. Thus, there is a multiplicand

that is equal to a@; + ce for some linear form e. In particular, there must be a
polynomial Qy, k € [m1 + 7]\ {7,7}, such that Qi = aQ; + ce. If & = 0 then it holds
that Qi = aj = ce and therefore ay, satisfies the claim. Otherwise, as before, the rank
condition on @, implies that o = 1 and thus ax(exar +vi) = a;(€;a; +v;)+ (pa; +naj)e.
Consider what happens when we set a; = 0. We get that ax(exar + vi) =, pae. Note
that it cannot be the case that e =,; 0 as this would imply that a; € span{a;, vy}
and in turn, this implies that a; € span{a;, V'} in contradiction to the choice of a; and
aj. Thus, we get that either ay or exay + vi are equivalent to a; modulo a;. We next
show that if either of them depends only on a;, then we get a contradiction. Thus,
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we are left in the case that a; = Aa; (the case egar + v, = Aa; is equivalent). Since
Qr = Qo+Aa; (exAa; + vi) = Qj+ce and we have that Q; = Qo+a,(e;a;,+v;) = Q;+cd
we get by subtracting Q; from @y that

a; (Nex — €)a; + (Avp — v;)) = Aai(epAas +vi) —ai(€a; +v;) = Qe — Qs = cle—d)

and clearly neither side of the equation is zero since @; # Q. This implies that
¢ € span{a;, V}, in contradiction. Thus, in this case too we get that aj satisfies the
claim.

(ii) a; = 1,a; = 0. In this case, Q;, Q; must satisfy Theorem 5ii, as 0- Q; + Q; = a?.

As before, the assumption that rankg(Q,) > 100 implies that @; is irreducible even
after setting a; = 0. It follows that if a product of irreducible polynomials satisfy
I A: € ,/<a§,Qi> then, after setting a; = 0, some A; is divisible by Q;|q,—0. In
our case we get that there is a multiplicand that is equal to aQ; + aje for some
linear form e. In particular, there must be a polynomial Qy, for k € [mq + ]\ {4,5},
such that Qi = aQ; + aje. If o = 0 it follows that Q) is reducible and thus of
the form Qp = az = aje which is a contradiction to pairwise linear independence
(as Qr ~ Q). Thus o = ai = 1, and ap(erar + vi) = ai(ga; + ve) + aje. As
before, we can conclude that a; € span{a;,a;,V} and that it cannot be the case
that ar € spanf{a;, V} Uspan{a;,V} (as by rearranging the equation we will get a
contradiction to the fact that a; ¢ span{a,, V'}), which is what we wanted to show.

(iii) oy = a;j = 0. Then /(Q;,Q;) = (ai,a;) is a prime ideal. It follows that there is
k € [my + 7]\ {¢,7} such that Qi € (ai,a;) the rank condition on @), implies that
ap, = 0 and therefore ay, is a non-trivial linear combination of a; and a;, which is what
we wanted to show.

This completes the proof of Claim 52. <
We can now prove Claim 47.

Proof of Claim 47. Claim 52 implies that any two linear functions in {a1, ..., am,+r} that
are linearly independent modulo V', span (modulo V') a third function in the set. This implies
that if we project all the linear functions to the perpendicular space to V' then they satisfy
the usual condition of the Sylvester-Gallai theorem and thus the dimension of the projection

is at most 3. As span{ai,...,@my, 015+, 0mys Qmyt1s- v Qmy4r} Cspan{ag, ..., Gm,4r, V 1},
we get that dim({a1, ..., @m,, 015y Dmys Gmytls - vy Gmytr}) < 3+dim(V) < 7, as claimed.
<

Thus far we have proved Claim 47 which is a restriction of Claim 46 to the case my = 0.
In the next subsection we handle the general case mgq # 0.

4.1.2 The case my # 0

In this subsection we prove Claim 46. We shall assume without loss of generality that me # 0.
We first show that each P; € Qs (recall Definition 43) is either a rank-2 quadratic, or it is
equal to @, plus a rank-2 quadratic.

> Claim 54. Let Q be a (Q,,m1,ms)-set such that rank,(Q,) > 100. Then for every
i € [mg] there exists 7; € C such that ranks(P; — v:Q,)) = 2.
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Proof. Fix i € [my]. We shall analyse, for each j € [m;], which case of Theorem 5 @); and P;
satisfy. From Observation 45 we know that P; does not satisfy Theorem 5iii with any Q.
We start by analysing what happens when P; and @; satisfy Theorem 5ii. By definition,
there exist linear forms a’, b" and non zero constants «, 5 € C, such that aP; + fQ; = a't’
and thus,

Pi = é (a’b' - 6 (Qo + ajbj)) = FﬁQo + <;a’b/ — ﬁajbj) . (7)
Hence, the statement holds with ~; = —g. Indeed, observe that the rankg of (La/b’ — gajbj)
cannot be 1 as this will contradict item 4 in Definition 43.

Thus, the only case left to consider is when P; satisfies Theorem 5i alone with all the
Q;’s. If for some j € [mq] there is j° € [m4] such that Q; € span{Q;, P;}, then there are
a, € C\ {0}, for which P, = aQ; + 8Q;s and then

P, = (a+ B)Q, + aa;bj + Bajbj,

and the statement holds with 7; = 8+ «. So, let us assume that for every j € [mq], there is
tj € [mg] such that P, € span{Q;, P;}. As 5my + 2 < m; there must be j' # j” € [m4] and
t" € [mo] such that Py € span{Q;, P;} and Py € span{Q;~, P;}. Since Q is a set of pairwise
linearly independent polynomials, we can deduce that span{P;, P;} = span{Q;/,Q;~}. In
particular there exist o, 8 € C, for which P; = aQ; + 5Q;/, which, as we already showed,
implies what we wanted to prove. <

For simplicity, rescale P; so that P; = v;Q, + L; with ranks(L;) = 2 and 7; € {0,1}.
Clearly Q still satisfies the conditions of Definition 43 after this rescaling, as it does not affect
the vanishing conditions or linear independence. The next claim shows that even in the case
mgy # 0, the linear forms {ay,...,am,,b1,...,bm, } “mostly” belong to a low dimensional
space (similar to Claim 47).

> Claim 55. Let Q be a (Q,,m1,ms)-set such that ranky(Q,) > 100. Then, there exists
a subspace V of linear forms such that dim(V) < 4 and that for at least m; — ms indices
j € [ma] it holds that a;,b; € V. Furthermore, there is a polynomial P € Qy such that
P =~Q,+ L and Lin(L) = V.

Proof. Let P, = 11Q, + L1 where ranky(L;) = 2. To simplify notation we drop the index
1 and only talk of P, L and «y. Set V = Lin(L). As before, Observation 45 implies that P
cannot satisfy Theorem b5iii with any Q; € Q;.

Let Q; € Q1 UL. If Qj, P satisfy Theorem 5iii, then a; = 0 and Q; = a?. By the rank
condition on @, it follows that v = 0 and therefore a; € Lin(L) = V.

Let Q; € Q1 UL be such that ; and P satisfy Theorem 5ii. This means that there are
two linear forms e, f, and non zero «, 8 € C for which aP — Q; = ef, and so,

(ay — Baj)Qo = —aL + Pajb; +ef (8)

As we assumed that ranks(Q,) > 100 this implies that ay—Ba; = 0 and thus fa;b;+ef =
BL. Claim 19 implies that e, f,a;,b; € V.

We have shown that V' contains all a;,b; that come from polynomials satisfying The-
orem bii with P.

Let j € [m1] be such that P and @, satisfy Theorem 5i but not Theorem 5ii, i.e, they span
another polynomial in Q \ £. If this polynomial is in Qy, i.e. there exists 5’ € [m;] such that
Qj € span{P,Q;} then P = aQ; + Qs and as before we would get that a;/,b;r,a;,b; € V.
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All that is left is to bound the number of j € [m;] so that P and @; span a polynomial
in Qs. If there are more than msy such indices j then, by the pigeonhole principle, for two of
them, say j,j’ it must be the case that there is some i € [ms] such that P; € span{P,Q;}
and P; € span{P,Q;}. As our polynomials are pairwise independent this implies that
P € span{Q;,Q;}, and as before we get that a;/,b;,a;,b; € V.

It follows that the only j’s for which we may have a;,b; € V must be such that @; and P
span a polynomial in @y, and no other (); spans this polynomial with P. Therefore, there
are at most mso such “bad” j’s and the claim follows. <

» Remark 56. The proof of Claim 55 implies that if Q; = «;Q, + a;b; € Q7 satisfies that
{ai,b;} Z V then it must be the case that @); and P span a polynomial P; € Q,.

> Claim 57. Let O be a (Qo, m1, ma)-set such that rank.(Q,) > 100. Then there exists a
4-dimensional linear space V, such that for every P; € Q either P; is defined over V, or there
is a quadratic polynomial P/ and a linear form v; that are defined over V, and a linear form
c;, such that P, = Q, + P/ + ci(e;c; +v;), or Py = c2.

Proof. Claim 55 implies the existence of a polynomial P = vQ, + L € Q5 and 4-dimensional
linear space V' = Lin(L) such that the set Z = {Q; | j € [m1] and a;,b; € V} satisfies
|Z| > my1 — ma. We will prove that V' is the space guaranteed in the claim. We first note
that every P; € T satisfies the claim with P/ = a;b; and v; = ¢; = 0, and clearly for Q; € £
the claim trivially holds.

Consider Q; € Q1 \Z. By Remark 56 it must be the case that ); and P span a polynomial
P; € Q5. Hence, there are o, 8 € C\ {0} such that P; = aP + $Q;. From Claim 54 we get
that P; = v;Q, + L; and thus

(vj —ay = B)Qo = aL + Baib; — L; .

As ranky(Q,) > 100 it follows that (y; — a7y — ) = 0 and oL + Ba;b; = L;. Claim 23 implies
that span{a;, b;} NV # {0} and therefore there is v; € V such that, without loss of generality,
b; = €;a; + v;, for some constant ¢;. Thus, the claimed statement holds for Q); with ¢; = q;
and Q; =0. Le., Q; = Qo + 0+ a;(&;a; + v;).

Consider a polynomial P; = v;Q, + L; € Qs.

If 7; = 0 then by rank argument we see that P; cannot satisfy Theorem 5ii nor Theorem biii

with any polynomial in Q;. Hence it must satisfy Theorem 5i with all the polynomials in Q.

Therefore, by the pigeonhole principle P; must be spanned by two polynomials in Z. Note
that in this case we get that P, = L; is a polynomial defined over V.
Assume then that v; = 1. If P; is spanned by @; and @, such that j,j’ € Z, then,

as before, Lin(L;) C span{a;b;,a;b; } and hence L; is a function of the linear forms in V.

Thus, the statement holds with P/ = L and v; = ¢; = 0.
The only case left to consider is when 7; = 1 and every polynomial @, for j € Z, that
satisfies Theorem 5i with P;, does not span with P; any polynomial in {Q; | j € Z}UL. Note

that in such a case it must hold that Q; spans with P; a polynomial in {Q; | j € [m1]\Z}UQ>.

Observe that since our polynomials are pairwise linearly independent, if two polynomials
from Z span the same polynomial with P; then P; is in their span and we are done. From

HQj [ J € [mi]\T}U Qa| < (m1 — |Z]) +ma < 2mg <my —mg —2< |Z] -2,

we see that for P; to fail to satisfy the claim it must be the case that it satisfies Theorem b5ii

with at least 2 polynomials whose indices are in Z. Let Q;, @, € Z be two such polynomials.

In particular, there are four linear forms c,d, e and f and scalars €;, €;/, such that

H—é‘ijZCd and Pi—€j/Qj/=€f. (9)

8:21

CCC 2020



8:22

A Generalized Sylvester-Gallai Type Theorem for Quadratic Polynomials

Equivalently,
(1—-€;)Qo =cd+cjajb; —L; and (1—¢;)Q, =ef +ejajbj—L;.
As ranky(Q,) > 100 it must hold that ¢; = ¢, = 1 and hence
L;=cd+ajb; and L;=ef+ajbj .

It follows that cd —ef = ajbjs — a;b; and therefore Lin(cd —ef) C V. Claim 25 implies that
without loss of generality d = €;¢ + v;. We therefore conclude that

Pi = Qo + Lz = Qo + ajbj + C(GiC-l- 'Ui)

and the statement holds for P/ = a;b; and ¢; = ¢. This completes the proof of the Claim 57.
<

Consider the representation guaranteed in Claim 57 and let

S = {c; | there is P; € Q such that either P; = ¢? or, for some P/ defined over V,
P; = Qo + P} + cieici +vi)} -

Clearly, in order to bound the dimension of Q it is enough to bound the dimension of S. We
do so, by proving that S satisfies the conditions of Sylvester-Gallai theorem modulo V', and
thus have dimension at most 3 + dim (V) = 7.

> Claim 58. Let ¢;,¢; € S be such that ¢; ¢ V and ¢; ¢ span{c;, V}. Then, there is ¢, € S
such that ¢, € span{c;,c;, V} and ¢ ¢ span{c;, V} Uspan{c;, V}.

Before proving the claim we prove the following simple lemma.

» Lemma 59. Let Py be a polynomial defined over V and let c;, c; as in Claim 58. If there
are linear forms e, f such that

Cj(EjCj + 'Uj) + CZ‘(EiCi + ’U,L') + ef = Py
then, without loss of generality, e € span{c;,c;,V} and e ¢ span{c;, V} Uspan{c;, V}.

Proof. First note that e € V' as otherwise we would have that ¢; =v ¢; in contradiction.
By our assumption, ef = Py modulo ¢;,c;. We can therefore assume without loss of
generality that e € span{c;,c;,V}. Assume towards a contradiction and without loss of
generality that e = Ac; + ve, where A # 0 and v. € V. Consider the equation c;(e;c; +
v;) + ci(eici + v;) + ef = Py modulo ¢;. We have that ¢;(ejc; + v;) + vef =., Py which
implies that ¢; = 0. Consequently, we also have that f = uc; + nc; + vy, for some p # 0 and
vy € V. We now observe that the product c¢;c; has a non zero coeflicient Ay in ef and a zero
coefficient in Py — ¢;(€;c; + v;) + ¢i(eic; + v;), in contradiction. <

Proof of Claim 58. Following the notation of Claim 57, we either have Q; = Q,+ Q) +c¢;(eic; +
v;) or Q; = c2. Very similarly to Claim 52, we consider which case of Theorem 5 Q; and Q;
satisfy, and what structure they have.

Assume Q; = Qo + Q] +ci(eic; +v;) and Q; = Q, + Q' +¢;(€jc; +v;). As argued before,
since the rank of @, is large they can not satisfy Theorem 5iii. We consider the remaining
cases:
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Qi, Q; satisfy Theorem 5i: there is Q; € Q such that Qi € span{Q;, Q;}.
By assumption, for some scalars «, 8 we have that

Qr = Qo + Q; +cileici +vi)) + B(Qo + Q) + cilejcy +v5)) - (10)

If Q, depends only on V' then we would get a contradiction to the choice of ¢;, ¢;. Indeed,
in this case we have that

(a+B)Qo = Qr — Q] + cileici +vi)) — B(Q) + ¢j(ejcs +vy)) -
Rank arguments imply that « + § = 0 and therefore
OéCi(eiCi + Ui) + ﬁCj(EjCj + Uj) = Qk — OZQ; — ﬁQ; s

which implies that ¢; and c; are linearly dependent modulo V' in contradiction.

If Q) = ¢2 then by Lemma 59 it holds that c, satisfies the claim condition.

We therefore assume that Q) is not a function of V' alone and denote Q, = Q, + Q). +
ek (exck + vi). Equation 10 implies that

(1—a-08)Q, =aQ) + ﬁQ;- — Q) + aci(€ci +vi) + Bejleje; +v;) — cx(enck + vg) -

As aQ; + BQ’; — Qj, is a polynomial defined over V, its rank is smaller than 4 and thus,
combined with the fact that ranks(Q,) > 100, we get that (1 — o — 8) = 0 and

Q. — aQ; — BQ’; = aci(eici + vi) + Bejleje; +v;) — cnlencr + vg) -

We now conclude from Lemma 59 that c;, satisfies the claim.
Q;, Q; satisfy Theorem 5ii: There are linear forms e, f such that for non zero scalars «, 3,
aQ; + fQ; = ef. In particular,

(a+B)Qo = ef — aQ; — BQ; — aci(eici +vi) — Bej(eje; + vj).

From rank argument we get that o+ 8 = 0 and from Lemma 59 we conclude that, without
loss of generality, e = pc; + nc; + ve where p,m # 0. We also assume without loss of
generality that Q; = Q; +ef.

By our assumption that ranks(Q,) > 100 it follows that @; is irreducible even after
setting e = 0. It follows that if a product of irreducible quadratics satisfy

T4 € (Qi.@) = \/tef. Q)
k

then, after setting e = 0, some Ay, is divisible by Q;|e=o. Thus, there is a multiplicand
that is equal to v@Q; + ed for some linear form d and scalar . In particular, there must
be a polynomial Q; € O\ {Q1,Q2}, such that Q; = vQ; + ed. If v = 0 then it must
hold that Qr = ai = ed and thus aj ~ e, and the statment holds. If v = 1 then we can
assume without loss of generality that Qi = @; + ed. Thus,

Q+ Q) +culence +vr) = Qr = Qj +ed = Qo + Q) +cj(ejcj +v;) + (uci +m¢j +ve)d .
Setting c¢; = 0 we get that
Q. + cr(excr + k) =¢; Q) + (pei +ve)d . (11)

Note that it cannot be the case that d =, 0. Indeed, if d = 0 then we get that Q; and Q)
are linearly dependent in contradiction. If d ~ ¢; then (11) implies that c; € span{c;, V'}.
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From the equality @, = (); + ed and the fact that e depends non trivially on ¢;, it now
follows that ¢; € span{c;, V'} in contradiction to the choice of ¢; and ¢;. As d Zc; 0, we
deduce from (11) that, modulo ¢;, ¢; € span{c;, V'}. We next show that if ¢; depends
only on ¢; and V then we reach a contradiction and this will conclude the proof. So
assume towards a contradiction that ¢, = Ac; + v}, for a scalar A and v}, € V. Since

Qj+ed=Qr= Qo+ Q)+ crlenck +vr) = Qo + Q) + (Aci + vy,) (ex(Aes +vy,) + v)
and

Qj+ef =Qi = Qo+ Q; + cileici + i)
we get by subtracting Q; from @y that

e(d—f) = Qr — Qi = Qr — Qi + (Aci +v3) (ex(Aes + v) + vk) — cileici + v7)

and clearly neither side of the equation is zero since Q; # Q. This implies that
e € span{c;, V'}. This however contradicts the fact that e = pc; +ne; + ve where p, 1 # 0.

Now let us consider the case where without loss of generality, Q; = Q, + Q} + ci(€ic; +v;)
and Q; = C?. In this case the polynomials satisfy Theorem 5ii as 0 - Q; + @Q; = c?. Similarly
to the previous argument, it holds that there is Qi such that Qn = vQ; +cje. If v =0
it holds that @Qj is reducible, and therefore a square of a linear form, in contradiction to
pairwise linear independence. Thus v # 0. If @)y is defined only on the linear functions in V'
then it is of rank smaller then dim(V') < 4, which will result in a contradiction to the rank
assumption on @Q,. Thus Qi = Q, + Q) + ck(excy + v) and v = 1. Therefore, we have

Qo + Q + cr(exck +vi) = Qr = Qi + cje = Qo + Q; + cileici +v;) + cje.
Hence,
Q;c - Q; - Ci(fici + Ui) —Cje = —Ck(ekck + vk).

Looking at this equation modulo ¢; implies that ¢, € span{V,¢;,¢;}. and ¢x ¢ span{V,¢;},
or we will get a contradiction to the fact that ¢; ¢ span{c;, V}. Similarly it holds that
¢ ¢ span{V, ¢;}, as we wanted to show.

The last structure we have to consider is the case where Q; = ¢Z, Q; = c?. In this case,

the ideal |/(cf,¢3) = (ci, ¢;) is prime and therefore there is Q € (¢;,¢;) this means that
ranks(Qr) < 2. If ranks(Q)) = 1 then Q; = ¢} and the statement holds. rankg(Qy) = 2
then Q) is defined on the linear function of V', which implies ¢;,c; € V' in contradiction to

our assumptions. 4

We are now ready to prove Claim 46.

Proof of Claim 46. Claim 58 implies that if we project the linear forms in S to V* then, after
removing linearly dependent forms, they satisfy the conditions of the Sylvester-Gallai theorem.
As dim (V') < 4 we obtain that dim(span{S UV}) < 7. By Claim 57 every polynomial P € Q
is a linear combination of @, and a polynomial defined over span{S UV} which, by the
argument above, implies that dim(span{Q}) < 8. <

This completes the proof of Theorem 44 when @, has high rank. We next handle the
case where @), is of low rank.
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4.2 (@, is of Low Rank

In this section we prove the following claim.

> Claim 60. Let Q be a (Q,,mi,ms)-set such that 2 < rank,(Q,) < 100. Then,
dim(span{Q}) = O(1).

Before we start with the proof of the main claim, let us prove a similar claim but for a
more specific structure of polynomials. We will later see that, essentially, this structure holds
when 2 < ranks(Q,) < 100.

> Claim 61. Let Q be a set of quadratics polynomials that satisfy the conditions in the
statement of Theorem 4. Assume farther that there is a linear space of linear forms, V
such that dim(V) = A and for each polynomial Q; € Q one of the following holds: either
Qi € (V) or there is a linear form a; such that Lin(Q;) C span{V,a;}. Then dim(Q) < 8AZ2.

Proof. Note that by the conditions in the statement of Theorem 4, no two polynomials in Q
share a common factor.

Let & € C2 be such that if two polynomials in T, (Q) (recall Definition 27) share a
common factor then it is a polynomial in z. Note that by Claim 29 such & exists. Thus, each
P € Q, satisfies that either T v (P) = apz? or Lin(Ts,y (P)) C span{z,ap} for some linear
form ap independent of z. It follows that every polynomial in T&y(@) is reducible. We next
show that S = {ap | P € Q} satisfies the conditions of Sylvester-Gallai theorem modulo z.

Let ai,as € S such that as ¢ span{z,a;}. Consider ()1 such that Lin(Tzy(Q1)) C
span{z, a1} yet Lin(Tx v (Q1)) € span{z}. Similarly, let Q2 be such that Lin(Tx v (Q2)) C
span{z,as} and Lin(T v (Q2)) € span{z}. Then there is a factor of Tz v (Q1) of the form
~12+ 01a1 where §; # 0. Similarly there is a factor of Tz v (Q2) of the form 22z 4 doags where
da # 0.

This implies that \/<T&’V(Q1), Tz v(Q2)) C (y1z2+4 01a1,722 + d2a2). Indeed, it is
clear that for i € {1, 2}, T&‘,V(Qi) S <’Y¢Z + (5laz> Hence, \/<T5’V(Q1), T&’V(Q2)> -
V(nz +61a1,722 + 62a2) = (712 + d1a1,722 + d2az), where the equality holds since
(v1z + 61a1,7v22 + d2az) is a prime ideal.

We know that, there are Q3, Q4, @5, Qs € Q such that

Q3-Qs-Qs- Qs € V(Q1,Q2).

As Ty v is a ring homomorphism it follows that,

Tav(Q3) Tav(Qa) Tav(Qs) Tav(Qs) € \/<T&,V(Q1)7Ta,v(Q2)>,

and

\/(Ta,V(Q1), Tz v(Q2)) C (mz+ 101,722 + d2a2) .

Since (y1z + d1a1,722 + d2a2) is prime it follows that, without loss of generality,
Tz v(Qs) € (M1z + d1a1, 722 + d2az). It cannot be the case that Tz v (Qs) € (viz + d;a;) for
any ¢ € {1,2}, because otherwise this will imply that T v (Q3) and T, v (Q;) share a common
factor that is not a polynomial in z, in contradiction to our choice of Ty . This means

that there is a factor of Tz y (Q3) that is in span{a,as, 2} \ (span{ai, 2z} Uspan{as, z}).

Consequently, ag € span{a, ag, 2z} \ (span{aq, z} Uspan{as, z}) as we wanted to prove. This

shows that S satisfies the conditions of Sylvester-Gallai theorem, and therefore dim(S) < 3.

Repeating the analysis above for linearly independent dy, ..., &, we can use Claim 32 and
obtain that dim(Lin(Q)) < (3 4+ 1)A, and thus dim(Q) < (*2*) + A < 8A2. <
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Back to the proof of Claim 60. As before we first prove the claim for the case my =0
and then we prove the general case.

4.2.1 The case m, =0
Similarly to the high rank case, in this subsection we prove the following claim.

> Claim 62. Let @ = QU £ be a(Q,,m1,0)-set such that 2 < rank,(Q,) < 100, then
dim(span{ai,...,am,, 01, bmy, l1,..., - }) = O(1).

The proof is similar in structure to the proof of Claim 47. As before, we consider a
polynomial /2 € £ as 0- Q, + £;¢;. We start by proving an analog of Claim 49. The claims
are similar but the proofs are slightly different as we cannot rely on @), having high rank.

> Claim 63. Let Q satisfy the assumptions of Claim 62. Let i € [m;] be such that
dim(a;,b;) = 2 and span{a;, b;} N Lin(Q,) = {0}. Then, for every j € [m;] the following
holds:
1. @; and Q; do not satisfy Theorem biii.
2. If @; and @, satisfy Theorem 5i then there exists a, 5 € C\ {0} such that for some
ke [ma] \ {i, 5}
aa;b; + Bajbj = aibs . (12)

3. If Q; is irreducible and (); and @); satisfy Theorem 5ii then there exist two linear forms,
c and d such that

Cl,'bi - Cljbj =cd . (13)
Proof. Assume @; and @Q; satisfy Theorem b5i, i.e., there are o, 5 € C and k € [m4] \ {4, j}
such that
a(Qo + aibi) + B(Qo + ajb;) = aQ; + BQ; = Qr = k@ + axby

This implies that aa;b; + Ba;b; — agby, = (ax — (o + 5))Qo. We next show that it must be
the case that ay, — (o + ) = 0.

Indeed, if ay — (a4 B) # 0 we get that Sa;b; —arby = (o — (a4 B3)) Qo — aa;b;. However,
as we assumed span{a;, b;} N Lin(Q,) = {0}, we get by Claim 23 that

ranks(ax — (o + §))Qo — aa;b;) = ranks(Q,) + 1 > 2 > ranky(Ba;b; — arby)
in contradiction. We thus have that aj — (a + 8) = 0 and hence
aa;b; + Ba;b; = aby (14)

and Equation 12 is satisfied. Observe that since our polynomials are pairwise independent
a, #0.

A similar argument to the one showing o — (a+ ) = 0 also implies that @; and @; do not
satisfy Theorem biii. If this was not the case then we would have that ranks(Q, + a;b;) = 2
which would again contradict Claim 23.

If Q; is irreducible, the only case left is when @, +a;b;, Qo+a;b; satisfy Theorem 5ii. In this
case there are o, § € C and two linear forms ¢ and d such that a(Q,+a;b;)+8(Qo+a;b;) = cd,
and again, by the same argument we get that 5 = —a and so (after rescaling c)

aibi — ajbj =cd.

This completes the proof of Claim 63. <
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For each i € [m1] let V; =: span{a;, b;}. The next claim is analogous to Claim 50.

> Claim 64. Let Q satisfy the assumption in Claim 62. If for some i € [m4] it holds that
dim(V;) = 2 and Lin(Q,)NV; = {0} then for every j € [m1] it is the case that dim(V;NV;) > 1.
In particular, if dim(V;) =1 then V; ¢ V;.

Proof. The proof of this claim follows immediately from Claim 63 and Corollary 24. <
the next claim is an analogous to Claim 51.

> Claim 65. Under the assumptions of Claim 62 there exists a subspace V' of linear forms
such that dim(V) < 2-100 + 3 and for every i € [mq] there exists v; € V and a constant
¢; € C such that b; = ¢;a; + v; (or a; = €;b; + v;).

Proof. Let Z = {i € [m] | dim(V;) = 2 and Lin(Q,) N V; = {0}}. If dim(|J;; Vi) < 3 then
we set V = span{Lin(Q,) U (U,c7 Vi)}. Clearly dim(V) < 2 - rank,(Q) +3 < 2-100 + 3.
Claim 64 implies that V' has the required properties.

If dim({J,c7 Vi) > 3 then from Claim 64 and Claim 26 it follows that dim((),.; Vi) = 1.
Let w be such that span{w} = ;.7 Vi and set V' = span{Lin(Q,), w}. In this case too it is
easy to see that V' has the required properties. <

From now on we assume, without loss of generality that for every i € [m1], b; = €;a; + v;.

This structure also holds for the polynomials in L.

Proof of Claim 62. Claim 65 implies that there is a linear space of linear forms, V', with
dim (V) < 2-100 + 3, with the property that for every Q; € Q there is a linear form a; such
that Lin(Q;) C span{V, a;}. Thus Q satisfies the conditions of Claim 61, and dim(Q) = O(1),
as we wanted to show. <

We next consider the case mq # 0.

4.2.2 The case ms # 0

In this subsection we prove Claim 60, we can assume without loss of generality that mqo # 0,
as the case that mos = 0 was proved in the previous subsection. To handle this case we prove
the existence of a subspace V' of linear forms, of dimension O(1), such that every polynomial
in Q is in (V), and then, like we did before, we bound the dimension of Q. The first step is
proving an analog of Claim 54.

> Claim 66. Let O be a (Qo, m1, ma)-set such that ranks(Q,) < 100. Then for every
i € [mg)] there exists 4; € C such that ranks(P; — v;Q,) = 2.

Proof. Consider i € [ms]. If P; satisfies Theorem 5iii with any ; € Q, then the claim holds
with v; = 0. If P; satisfies Theorem 5ii with any @); € Q then there exist linear forms ¢ and
d and non zero «, 3 € C, such that aP; + fQ; = cd. Therefore, P; = é(cd — B(Q + a;b;))
and the statement holds with ; = —g. Observe that the rank of cd — Ba;b; cannot be 1 by
Definition 43.

Thus, the only case left to consider is when P; satisfies Theorem 5i with all the @;’s
in Q;. We next show that in this case there must exist j # j' € [my] such that Q; €
span{Q;, P;}. Indeed, since my > 5mg + 2 there must be j,j’ € [m4] and ¢’ € [ms] such
that Py € span{Q,., P;} and Py € span{Q;, P;}. As we saw before this implies that
P; € span{Q;, Q;s}, which is what we wanted to show.
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Let j # j' € [m1] be as above and let «, § € C be such that P; = aQ; + £Q;:. It follows
that

P, = (a + B)Qo + aajbj + Baj/bj/ .

Let 75 = a + . Property 4 in Definition 43 implies that ranks(ca;b; + Sa;bj) = 2 and the
claim follows. <

As before, whenever v; # 0 let us replace P; with %PZ Thus, from now on we shall
assume y; € {0,1}. We next prove an analog of Claim 55.

> Claim 67. Let O be a (Qo, m1, ma)-set such that ranks(Q,) < 100. Then there is a
subspace V' of linear forms such that dim(V') < 2-100 + 4, Lin(Q,) C V and for at least
my — 2mg of the indices j € [m4] it holds that a;,b; € V.

Proof. Let P = P;. Claim 66 implies that P = vQ, + L, for some L of rank 2. Set
V = span{Lin(Q,) ULin(L)}. Clearly dim(V) < 2-100 + 4.

Let j € [my]. If P and Q; satisfy Theorem b5iii, then there are two linear forms ¢ and
d such that Q;, P € \/(c,d), this implies that span{c,d} C Lin(P) C V. If Q, = Q; — a;b;
is not zero modulo ¢, d, then we obtain that @, =¢ 4 —a;b;. Thus, there are linear forms
v1,v2 € Lin(Q,) such that a; =; 4 v1 and b; = q v2. In particular, as Lin(Q,) U {¢,d} C V/
it follows that a;,b; € V. If @), is zero modulo ¢ and d, then @)}, Q, satisfy Theorem 5iii and
from property 5 of Definition 43 we know that there are at most my such @;’s. Furthermore,
as ¢,d € Lin(Q,) C V we obtain that Q; € (V). Denote by K the set of all Q; that satisfy
Theorem 5iii with @Q,. As we mentioned, |K| < ma.

If P and Q; satisfy Theorem 5ii then there are two linear forms ¢ and d, and non zero
a, B € C, such that aP + 8Q; = cd. Hence,

BQ, + aP = —Bajb; +cd .

As BQ, + P is a non trivial linear combination of @, and P, we get from property 4 of
Definition 43 that 2 < ranks((ay + 8)Q, + aL). It follows that

rankg(—fajb; + cd) = ranks((oy + 5)Qo + aL) =2
and therefore by Fact 21,
{a;,bj,¢,d} C Lin(—pBa;b; + cd) = Lin((ay + B)Qo + L) C V

and again a;,b; € V.

The last case to consider is when P and @); satisfy Theorem 5i. If they span a polynomial
Qi € Q1 UL, then P = a@); + fQ; and as in the previous case we get that a;,b; € V.

Let J be the set of all indices j € [m1] such that P and @); span a polynomial in Qs but
no polynomial in Q; U L. So far we proved that for every j € [m1] \ (J UK) we have that
a;,b; € V. We next show that | 7| < mg which concludes the proof.

Indeed, if this was not the case then by the pigeonhole principle there would exist a
polynomial P; € Qy and two polynomials Q;,Q; € Qp such that P, € span{@,, P} and
P; € span{Q;s, P}. By pairwise independence this implies that @;/ is in the linear span of P
and Q; which contradicts the definition of 7. <

Our next claim gives more information about the way the polynomials in Q relate to the
subspace V found in Claim 67.
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> Claim 68. Let Q and V be as in Claim 67. Then, every polynomial P in Q satisfies (at

least) one of the following cases:

1. Lin(P) CV or

2. Pe(V)or

3. P =P’ +c(c+v) where P’ is a quadratic polynomial such that Lin(P") CV, v € V and
¢ is a linear form.

Proof. Let Z = {j € [m1] | a;,b; € V}. Claim 67 implies that |Z| > m; — 2ms. Furthermore,
by the construction of V' we know that Lin(Q,) C V. Observe that this implies that for
every j € Z, Lin(Q;) C V.

Note that every polynomial in £ satisfies the third item of the claim. Let P be any
polynomial in Q> U{Q; | j € [m1] \ Z}. We study which case of Theorem 5 P satisfies with
polynomials whose indices belong to Z.

If P; satisfies Theorem 5iii with any polynomial Q;, for j € Z, then, as Lin(Q;) C V/, it
follows that P € (V).

If P is spanned by two polynomials Q;, @, such that j, j* € Z, then clearly Lin(P) C V.

Similarly, if P is spanned by a polynomial @;,Q; such that j € 7 and Q5 € L then
P=aQ;+ Ba?,, and hence it also satisfies the claim.

Hence, for P to fail to satisfy the claim, it must be the case that every polynomial
Q;, for j € Z, that satisfies Theorem 5i with P, does not span with P any polynomial in
{Q; | j € I} U L. Thus, it must span with P a polynomial in {Q; | j € [m1]\Z} U Qa. As
before, observe that by pairwise linear independent, if two polynomials from Z span the same
polynomial with P, then P is in their span and we are done. Thus, since

|{Qj|j€[m1]\I}UQ2|S(m1—|I|)+m2§3m2<m1—2m2—2§\Z|—2,

for P to fail to satisfy the claim it must be the case that it satisfies Theorem 5ii with at least
2 polynomials whose indices are in 7.

Let @, Q;s be two such polynomials. There are four linear forms, c, d, e and f and scalars
€;, €5+ such that

P+eiQj=cd and P+epQy =ef.
Therefore

€ij - €j/Qj/ =cd — ef . (15)

In particular, Lin(cd — ef) C V. Claim 25 and Equation (15) imply that, without loss of
generality, d = ec+ v for some v € V and € € C. Thus, P = cd—¢;Q; = c(ec+v) —¢;Q; and
no matter whether € = 0 or not. P satisfies the claim. Indeed, if ¢ = 0 then P € (V) and we
are done. Otherwise, we can normalize c, v to assume that € = 1 and get that Lin(P—c?) € V
as claimed. <

We can now complete the proof of Claim 60.

Proof of Claim 60. Claim 68 implies that there is a linear space of linear forms, V', such that
dim (V) < 2-100+4 and every polynomial Q; € Q satisfies the following. Either Q; € (V') or,
there is a linear form a; such that Lin(Q;) C span{V, a;}. (It might be that Lin(Q;) C V or
that Lin(Q;) C span{a;}). Thus O satisfies the conditions of Claim 61, and dim(Q) = O(1),
as we wanted to show.

<

Claim 46 together with Claim 60 completes the proof of Theorem 44.
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5 Conclusions and future research

In this work we solved Problem 2 in the case where all the polynomials are irreducible and
of degree at most 2. This result directly relates to the problem of obtaining deterministic
algorithms for testing identities of BIISIIR circuits. As mentioned in Section 1, in order
to obtain PIT algorithms we need a colored version of this result. Formally, we need to prove
the following conjecture:

» Conjecture 69. Let 71,72 and T3 be finite sets of homogeneous quadratic polynomials over
C satisfying the following properties:
FEach Q, € U;T; is either irreducible or a square of a linear form.®
No two polynomials are multiples of each other (i.e., every pair is linearly independent).
For every two polynomials Q1 and Qo from distinct sets, whenever Q1 and Q2 vanish
then also the product of all the polynomials in the third set vanishes.
Then the linear span of the polynomials in U;T; has dimension O(1).

We believe that tools similar to the tools developed in this paper should suffice to verify
this conjecture. Another interesting question is a robust version of this problem, which is
still open.

» Problem 70. Let § € (0,1]. Can we bound the linear dimension (as a function of §) of a
set of polynomials Q1,...,Qm € Clxy,...,x,] that satisfy the following property: For every
i € [m] there exist at least 0m values of j € [m] such that for each such j there is ICj C [m],

where 1,7 ¢ IC; and er,cj Qr € (@i, Qj).

In this result, we prove that the dimension of a set of quadratic polynomials satisfying
the conditions of Theorem 4 is bounded by a constant ¢. By carefully examining the proof,
we get that ¢ < 20,000. This is a very loose bound, and we believe it can be improved. Thus,
it might be interesting to find a tight bound on the dimension, or even presenting examples
for which the dimension is larger then 10.

Extending our approach to the case of more than 3 multiplication gates (or more than
3 sets as in the colored version of the Sylvester-Gallai theorem (Theorem 14)) seems more
difficult. Indeed, an analog of Theorem 5 for this case seems harder to prove in the sense
that there are many more cases to consider which makes it unlikely that a similar approach
will continue to work as the number of gates get larger. Another difficulty is proving an
analog of Theorem 5 for higher degree polynomials. Thus, we believe that a different proof
approach may be needed in order to obtain PIT algorithms for SICMITIAETIOMW] circuits.

In this paper we only considered polynomials over the complex numbers. However, we
believe (though we did not check the details) that a similar approach should work over positive
characteristic as well. Observe that over positive characteristic we expect the dimension of
the set to scale like O(log|Q)|), as for such fields a weaker version of Sylvester-Gallai theorem
holds.

» Theorem 71 (Corollary 1.3 in [5]). Let V = {#y,..., 0} C FE be a set of m vectors, no
two of which are linearly dependent. Suppose that for every i,j € [m], there exists k € [m)]
such that v;, v, U are linearly dependent. Then, for every e > 0

dim(V) < poly(p/e) + (4 + ¢€) log, m .

8 We replace a linear form with its square to keep the sets homogeneous of degree 2.
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