Estimation of Moran’s I in the Context of
Uncertain Mobile Sensor Measurements
Dominik Bucher1
Institute of Cartography and Geoinformation, ETH Zurich, Switzerland
dobucher@ethz.ch

Henry Martin1
Institute of Cartography and Geoinformation, ETH Zurich, Switzerland
martinhe@ethz.ch

David Jonietz
HERE Technologies Switzerland, Zurich, Switzerland
david.jonietz@here.com

Martin Raubal
Institute of Cartography and Geoinformation, ETH Zurich, Switzerland
mraubal@ethz.ch

René Westerholt1
School of Spatial Planning, TU Dortmund University, Germany
rene.westerholt@tu-dortmund.de

Abstract
Measures of spatial autocorrelation like Moran’s I do not take into account information about the
reliability of observations. In a context of mobile sensors, however, this is an important aspect to
consider. Mobile sensors record data asynchronously and capture different contexts, which leads to
considerable heterogeneity. In this paper we propose two different ways to integrate the reliability
of observations with Moran’s I. These proposals are tested in the light of two case studies, one
based on real temperatures and movement data and the other using synthetic data. The results
show that the way reliability information is incorporated into the Moran’s I estimates has a strong
impact on how the measure responds to volatile available information. It is shown that absolute
reliability information is much less powerful in addressing the problem of differing contexts than
relative concepts that give more weight to more reliable observations, regardless of the general degree
of uncertainty. The results presented are seen as an important stimulus for the discourse on spatial
autocorrelation measures in the light of uncertainties.
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Introduction

Recent technological advances accompanied by price reductions of sensor hardware have
propelled the emergence of mobile sensor networks. Mobile sensor data is widely collected
using smartphones [27, 56], sensor-equipped cars and public transport vehicles [31, 28],
boats [2], animals [52], or semi-stationary objects like buoys [33]. Such mobile sensors make
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it possible to increase the spatial coverage of data collection while deploying relatively few
additional devices compared to static sensor networks [15, 44]. Mobile sensors hence allow
monitoring of our social and physical environments at a so far unprecedented scale.
Increasing the spatial coverage of sensor networks using mobile instead of static devices
can entail a loss of homogeneity in the collected data. Mobile measurements are often
recorded at different locations, at different points in time, and in an asynchronous mode.
They thus capture differing contextual conditions [38]. Mobile sensor data therefore may
represent different processes of dynamic geographic phenomena. For instance, measuring
air temperature at different times of the day may result in collecting samples representative
of different processes such as urban heating at midday or cooling at night due to atmospheric radiation losses into outer space. Such processes may behave very differently in
varying geographic regions despite involving the same phenomenon. Respective sensed data
may therefore be characterised by differing mean levels, dispersal mechanisms, and spatial
structures.
The outlined variations can distort the interpretation of measures and statistics obtained
from mobile sensor data. One example for this is the assessment of spatial autocorrelation,
which can be described as the quantification of spatial interaction, or as the “coincidence of
value similarity with locational similarity” [4, p. 241]. Computing the popular Moran’s I
index [43], for instance, establishes a relation between geographically close observations.
The statistic is thus highly sensitive to asynchronously sensed value pairs attached with
uncertainty, in particular when no or little prior knowledge is available about the underlying
processes. Novel ways are thus needed to incorporate this kind of uncertainty attached to
sensor measurements in the estimation of spatial measures.
This paper puts forward two approaches for estimating Moran’s I using uncertain mobile
measurements. Both approaches presented make use of weights reflecting the certainty
attached to pairs of sensor measurements. The certainty measures used are calculated
through a non-parametric probabilistic forecast of the measured values, with the underlying
model being constantly refitted from incoming sensor data. The certainty factors obtained
this way are then included in Moran’s I through two different kinds of matrices of pair-wise
terms, which rescale the spatial weights used in the statistic. The advantages of using
empirical forecasts to quantify uncertainty are that the temporal correlation does not have
to be modeled explicitly, that it allows treating problems that do not fall into a geostatistical
category (where we could model the spatio-temporal dependencies explicitly) and that it
naturally captures both uncertainties arising from the measured phenomenon itself as well as
from the sensors in use. We evaluate our concepts by applying them to two case studies: One
study contains data from sensor-equipped cars measuring air temperature in Switzerland
over a three day period, whereas the second one is based on controlled, synthetic data. The
latter study is used to investigate the capacity of our introduced certainty matrices to also
outweigh non-stationarity, that is, a temporally varying spatial process.

2
2.1

Related Work
Spatial Non-Stationarity

One characteristic causing uncertainty is spatial non-stationarity. This may be reflected in
variation in the mean, the variance, or higher-order moments. Ord & Getis have recently put
forward a measure called Local Spatial Heteroscedasticity (LOSH) [48, 72, 22]. It quantifies
spatially inhomogeneous variation allowing to disclose spatial boundaries separating regimes
and to characterise the internal stability of clusters [1]. Westerholt et al. [68] have modified
LOSH towards an entirely local test for identifying the role of spatial structure in local variance
characterisations. Varying mean levels are commonly investigated using residuals above
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trend surfaces [7, 25], defining the mean as a function of the coordinates levelling out spatial
trends. Some kinds of data lead to non-stationarity, for instance, through uncontrolled data
acquisition procedures. One example for this is georeferenced social media data. Such data
are prone to uncertainty because people contribute in different ways simultaneously, including
varying cognitive (e.g., [54, 66]), demographic (e.g., [65, 57]), idiosyncratically subjective
(e.g., [12, 29]), and other factors pertaining to spatial perception and communication. Recent
works have investigated the impact of this uncontrolled uncertainty on the estimation of
spatial structure, and initial proposals were made to address related issues [69, 70, 67].

2.2

Spatiotemporal Autocorrelation

Uncertainty can enter estimations temporally, for example, when phenomena are not stable
over time. The notion of spatial autocorrelation is a way to address this issue. One
way to achieve this is to incorporate explicitly temporal notions of autocorrelation in the
calculation of spatial measures. First discussed by [11] and [41], various approaches to measure
spatiotemporal autocorrelation have been proposed, such as [37], who incorporate temporal
trends through time-lagged correlation measures into the calculation of Moran’s I. Another
approach is to estimate Moran’s I using spatiotemporal weight matrices, with exemplary
studies including [16], who focus explicitly on how to build such matrices; [30], who, focusing
on the related concept of geographically weighted regression (GWR), construct weight
matrices from spatiotemporal (x, y, t)-coordinates; and [35], who, based on the assumption
that spatiotemporal effects can be calculated as a product of spatial and temporal effects,
integrate the according weights in a combined matrix, and compute both global and local
spatiotemporal Moran’s I. A slightly different approach is taken by [53], whose approach
eliminates certain time effects by temporally detrending spatially referenced time series.

2.3

Investigation of Rates

Rate variables are commonly attached with varying uncertainty levels. This is caused
by varying underlying populations like populations at risk or varying numbers of people
counted in aggregation units [63, 64]. Rates have a higher propensity of being extreme
when the underlying reference quantity is small [5]. In order to correct for these distortions,
several approaches have been proposed including empirical Bayes correction [17, 40, 5, 32],
omission of local population sizes by re-basing rates on the overall population size [46], and
weighting deviations of residual rates by the inverse of the size of the local population at
risk [62]. Methodically, our approach proposed below is closest to the adjustment proposed
by Waldhör [62], but we focus on a different kind of uncertainty in this paper.

3

Methodology

3.1

Assumptions

Our work presented below is based on certain assumptions concerning our uncertainty
assessment and the spatial method Moran’s I that we modify. Let oil and ojm be elements of
a set of observations O of a spatial phenomenon Q taken at geographic locations i and j, and
at different points in time tl and tm , respectively. The following assumptions are assumed to
hold true for the remainder:
Observations O obtained from mobile sensors provide an incomplete representation of
the phenomenon Q studied.
A higher spatial coverage of observations O of Q can lead to an improved representation
of Q, even if taken at different points in time.
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The certainty uoil ,ojm shared between two observations depends on the forecast horizon
∆tlm comprising a certain number of preceding observations. Predictions of the nearer
future are considered more certain than distant ones.
Phenomenon Q is assumed to show relatively stable spatial second-order characteristics
over the time points observed. This facilitates meaningful interpretation of Moran’s I.
Although Q is geostatistical in the case study example, our proposed solution is free
of model assumptions to ensure transferability to social science domains such as social
media analysis or georeferenced surveys [6, 55].

3.2

Spatial Autocorrelation and Moran’s I

Tobler’s first law of geography states that “everything is related to everything else, but near
things are more related than distant things” [60, p. 234]. This characteristic can be utilised
for spatial interpolation, to detect pockets of non-stationarity, or to characterise spatial
heterogeneity [19]. Spatial autocorrelation operationalises this empirical law [42] to quantify
spatial associations [21] disclosing spatially clustered (positive), dispersed (negative), or
random behaviour (close to zero autocorrelation) [21]. A number of global and local measures
of spatial autocorrelation are available, including Moran’s I [43, 10, 3], Geary’s c [18, 3],
Rogerson’s R [50], and Getis and Ord’s G hotspot statistics [47, 23].
Moran’s I is often preferred over other measures because of its superior statistical power
properties and its robustness against unfavourable configurations of spatial units, that is,
outliers in the spatial weights matrix [9, 21]. Let xi be measured values with arithmetic
mean x̄. Moran’s I and its feasible range are then given as


n
P
wij (xi − x̄)(xj − x̄)
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Matrix W holds spatial weights wij . These establish pairwise connections between the n
spatial units based on their inverse distance, spatial contiguity, or other characteristics [20].
The measure strongly depends on the spatial weights structure chosen [13, 59]. Therefore,
the range of I depends on the smallest and largest eigenvalues λmin and λmax of the centred
symmetric part of the spatial weights matrix given as (I − 11T /n)((1/2)(W + W T ))(I −
11T /n). Thereby, I is the n × n identity matrix and 1 denotes the n × 1 all-ones vector.
Values of global Moran’s I below its expected value E[I] = −1/(n − 1) indicate negative
spatial autocorrelation. Values for I larger than E[I] hint on the opposite case [43, 10].
We argue that the effects of observations oil and ojm made at different points in time of a
temporally non-static phenomenon Q should be explicitly considered in the calculation of the
global Moran’s I. Our approach consists of extending traditional Moran’s I with measures of
pair-wise certainty uoil ,ojm (abbreviated to uil,jm hereafter), which represent the influence of
past time intervals on the reliability of measurements. The measures of certainty that we
use are equivalent to projecting values observed at time tl to more recent points in time tm ,
and hence to their hypothetical re-measurement. We propose two different ways to include
pair-wise certainty measures in Moran’s I. Let ∆tlm denote a temporal forecast horizon. The
indicators proposed are then given as
n
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wil,jm (1 + uil,jm − ū)(oil − ō)(ojm − ō)
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.

(3)

i

In the indicator proposed in Equation 2 the spatial weights are rescaled proportional to the
joint certainties shared by neighboured locations. In practice, most weights will be affected,
but some weights more than others depending on their joint certainty. The terms uil,jm range
1
in the interval [0, 1]. Indicator I∆t
equals standard Moran’s I only when no uncertainty is
lm
1
present. In all other cases, I∆tlm shall be interpreted in the light of its feasible range given
in Equation 1 but with the eigenvalues of W substituted by those of the Hadamard product
Pn
W ◦ U and with the normalising factor replaced with n( i,j6=i wij uil,jm )−1 .
The second indicator defined in Equation 3 presumes that uncertainty is acceptable
as long as it is distributed evenly across the map. Whenever the joint certainty of two
observations is above average, their relative importance in the spatial analysis increases.
Analogously, when the mutual certainty of a pair of observations is below average, their joint
spatial weight is penalised. The terms 1 + (uil,jm − ū), with ū being the mean certainty
2
estimate, range in the interval [0, 2]. I∆t
equates to Moran’s I when either all certainties
lm
are close to their own average, or when there is at least a balance between above and below
1
average certainties in the map. Like with I∆t
, we shall consider the respective eigenvalue
lm
2
spectrum determining the feasible range of I∆t
to assess the impact of the uncertainty
lm
modelling proposed on the range of Moran’s I values.

3.3

Uncertainty Estimation using Empirical Prediction Intervals

We make use of the quantiles of empirical prediction intervals. Such intervals are a form
of probabilistic forecasting, expressing predictions of the future in the form of probability
distributions over all possible outcomes [24]. Empirical prediction intervals thus allow to
assign a degree of certainty (or uncertainty) to each of those potential events [34]. The
method is based on the historical forecast errors of an existing deterministic forecast [36, 71].
Empirical prediction intervals cannot be conditioned on known variables like model or
ensemble-based probabilistic forecasts. They are, however, straightforward and do not
require a priori assumptions about the distribution of random variables or the distribution of
forecast errors [36].
An empirical prediction interval can be constructed as follows [36]: Given observations
O = {Ot : t ∈ T} of a random process, with T being an interval of R describing a set of time
stamps [26], Oti is an observation at time ti . We say that all observations O with t < ti
are in the past of ti and all observations O with t > ti are in the future of ti . Now with
tn = ti + h, let
Ôtn ,h = f (Ot≤ti )

(4)

be the h-step deterministic forecast of Otn created at time ti = tn − h using a function f
utilising all observations that are in the past of or at time ti . Thus,
etn ,h = Otn − Ôtn ,h

(5)
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gives the forecast error for observation Otn with forecast horizon h. For k available forecast
errors et,h with forecast horizon h we define the forecast horizon specific empirical cumulative
distribution function as
F̂h (e) = k

−1

k
X

I(et,h ≤ e)

(6)

t=1

with e indicating a fixed threshold of some still acceptable error, and I(S) referring to the
indicator function of some set S [36]. This distribution allows to draw conclusions on the
uncertainty of the model. The deterministic forecast can then be enhanced by “dressing”
the error distribution around it. In order to smooth the empirical cumulative distribution
function, a kernel density estimation can be used.
Quantifying the pairwise joint certainty of the projection of past sensor observations to
the present time would require deriving the joint probability distribution of the prediction of
the two random variables involved. As we can not assume independence, this is not simply
the product of their individual probabilities. The derivation of joint CDFs of two dependent
variables can be achieved by assuming specific distributions or by using copula models [45].
We try to avoid both the complexity of copula models and the need to make rigid assumptions.
Instead, we use a method developed in [39] and [51] to estimate the (sharp) lower and upper
bounds bl (e) and bu (e) for the probability that the sum of two dependent random variables
exceeds a certain threshold e. Let X + Y be the sum of the forecast errors from two locations.
We are looking for bounds such that
bl (e) ≤ P (X + Y ≤ e) ≤ bu (e).

(7)

The bounds bl (e) and bu (e) define the possible range of the probability that the sum
of the error of two variables does not exceed a specified threshold. To be sure not to
overestimate this probability, we are interested in the the lower bound of the possible range
of P (X + Y ≤ e). This can be calculated by the equation given in [14]:
bl (e) = sup max{F1− (x) + F2− (e − x) − 1, 0},

(8)

x∈R

whereby X +Y is to be substituted for x. Equation 8 determines the lower stochastic bound bl
that represents the lowest probability with which the sum of two dependent random variables
exceeds a specified value e. For the calculation of a certainty measure, we calculate the
distributions of the absolute forecast errors of the oil , ojm . Xin and Xjn are then distributions
of absolute forecast errors for the projections of observations oil , ojm to a later point in time
tn . These distributions allow to estimate the joint uncertainty of both projected observations
by calculating the lowest probability that the sum of the absolute forecast errors is below a
specific threshold e:
uoil→n ,ojm→n = bl (e) ≤ P (X + Y ≤ e).

(9)

Finally, uoil→n ,ojm→n is the lowest probability that the sum of the absolute errors is below
the threshold e when projecting oil , ojm to tn . As described in Section 3.2 these terms are
used to rescale the spatial weights attached to pairs of sensor measurements oil , ojm when
calculating the extended versions of Moran’s I presented in Equations 2 and 3 at time tI = tn .
It is important to note that we take the lowest possible probability that the error is in an
acceptable range P (X + Y ≤ e) in order not to underestimate the joint uncertainty of two
measurements.
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Case Studies

We apply our proposed solutions to two case studies. The first one is based on real temperature
and mobility data, which we combined to engineer a dataset that could realistically have been
generated by mobile temperature sensors on cars, yet for which we know the ground truth
of the phenomenon (i.e., we know the temperature at every location and time in the study
area). The temperatures are obtained from the COSMO Regional Reanalysis Project2 [61].
They were measured hourly in the years 2007–2013 at 2 metres above the ground and are
available in a 0.018◦ cell grid, which in Central Europe corresponds to a spatial resolution
of about 2 × 2 km. We use these grid cells as discrete locations. For the mobility data,
we use car trajectories obtained from customers of a Mobility-as-a-Service offer operated
by the Swiss Federal Railways3 . We have thus cropped the temperatures to a subset of
320 × 150 cells covering Switzerland. Also, because the trajectories were recorded in 2016,
we have reset their timestamps to early July 2013 to match the temperatures available. We
further restricted the GPS points of the trajectories to one point per cell maximum in order
to harmonise the different spatial resolutions. Figure 1a illustrates the temperature data and
Figure 1b shows the number of samples in each grid cell in one month.
The second case study uses controlled synthetic data and introduces non-stationarity
by varying the scale of the generative spatial process, allowing us to study the potential
of probabilistic models to infer spatial autocorrelation of non-stationary phenomena (e.g.,
student location check-ins). We generate i = 1, . . . , 60 grids (representing 60 time intervals)
of 60 × 60 cells each (representing 3 600 spatial locations). The grids are populated using
Simple Kriging based on a Gaussian spatiotemporal variogram [8] with sill s = 1, nugget
n = 0, and a time-dependent range ri :



h2
γ(h, ri ) = (s − n) 1 − exp − 1 2
+ n.
(10)
3 ri
The range parameter is calculated using a sinusoidal function to simulate periodicity in
the level of autocorrelation as ri = 0.5 + |10 · sin (2i/2π)|, which is our way to impute
non-stationarity. The temporal correlatedness is modelled analogously to Equation 10 using
a temporal range of 1 (i.e., ri = 1, ∀i in the case of temporal correlatedness) and both the
spatial and temporal correlatedness are weighted with 50% each. The simulation of values
for individual cells is based on the approach outlined in [49, p. 27]: following a random
sequence through the grid, the conditional distribution (based on previously simulated values)
is calculated for each visited cell, and a new value is drawn from this distribution. In our
case, this distribution is always assumed to be Gaussian (as this represents a wide range
of naturally occurring phenomena and is a well-studied distribution), and the mean and
variance are taken from the Kriging interpolation estimate and error. Once all cells in a
grid i have been assigned a value, the process is repeated for grid i + 1. To simulate sensor
measurements, each grid is finally sampled at 25 random locations.
Both case studies exemplify two different forms of sensory data: The first one is arguably
the most well-known, where sensors sample temporally and spatially dependent phenomena
at single points in space and time. The second one could be seen as sampling the aggregated
movements of entities who periodically gather (e.g., students who go to campus during the
day and use a location-based service to “check-in” at certain locations). Within the context

2
3

This dataset can be retrieved from http://reanalysis.meteo.uni-bonn.de.
www.sbb-greenclass.ch
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(a) The temperature (in Kelvin) at 09:00 on the
2nd of July 2013.

(b) The number of temperature measurements in
July for each grid cell.

Figure 1 The temperature dataset used within this study. One can easily spot mountainous
regions, where the temperatures (in Kelvin) are lower. We sampled this dataset along various real
trajectories, leading to the measurements depicted in the right figure. Most samples can be found
along major traffic axes as well as in bigger cities such as Zurich, Bern or Lausanne.

of this work, those are the sensor types of primary interest: they sample a phenomenon with
unknown temporal dependency at different points in space and time. For both case studies,
pairwise uncertainty values uil,jm are needed. As described in Section 3.3, we construct
empirical prediction intervals from errors available at previous hours. We apply persistence
prediction, assuming a temperature value observed like oil to not have changed during ∆tln ,
so it would still be the same at that respective location i. In order to log our forecast errors,
whenever an observation is made at time tn in a certain raster cell i, we check if an earlier
persistence forecast is available for the respective time horizon (e.g., 2 hours into the future).
If this is not the case, a deterministic persistence forecast is made for this location and the
next 24 hours. Instead, if a forecast for this location and time horizon is available, we can
calculate the forecast error from the absolute difference of the forecasted (persistence) and
the actually measured value. Figures 2a and 2b illustrate errors and their distributions for
one point in time of the temperature dataset. The spatial weights matrix is constructed
from k-nearest-neighbour relations, whereby we use k = 5 (in combination with a 30-cell
maximum distance in case of the temperature case study) as threshold (primarily to reduce
the computational complexity), and a weighting function of 1/r (where r is the Euclidean
distance). Increasing k does not substantially change the outcomes of the case studies, while
decreasing it towards zero leads to non-interpretable results. As most of the associated
weights thus are zero, we use sparse matrix representations for all computations. We use
e = 3°C as a threshold for the tolerable error in the first case study and e = 0.5 in the second
case study for the calculation for the certainty values.

4

Results

As displayed in Figure 3, our results for the temperature case study show an improvement
in Moran’s I estimation when using the approach proposed in Equation 3 (shown in green)
compared to both the baseline, which only uses values sampled within the same hour (leading
to gaps when an insufficient number of samples is available), as well as to simply ignoring
different time intervals and confidence values (denoted by Moran’s I and shown in red in
Figure 3; this essentially considers all samples recorded during previous hours as if they
were recorded during the hour under investigation). The estimated values are consistently
higher than those using plain spatial weights, and thus closer to the ground truth calculated
from the measured temperatures (i.e., the non-sampled data shown in Figure 1a). The
results are particularly promising for time windows in the early morning hours, which follow
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(a) Marginal distributions of the forecast errors for
forecast horizons 1 ≤ h ≤ 5 hours.

2:9

(b) Cumulative distribution function of the absolute
forecast errors at different horizons. The red dotted
line marks an exemplary threshold value e = 1.5°C.

Figure 2 Uncertainty and cumulative distribution functions of errors at different horizons for the
temperature dataset at t = 32.

Figure 3 Different versions of Moran’s I calculated for 45 hours of the temperature case study.
The ground truth indicator is calculated from the measured temperatures. The baseline approach is
based on forecasts using data from the respective previous hour only but without taking account of
time differences or certainty values. The gaps in the plot for the baseline are caused by data gaps in
the night time where no trajectories are available.
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periods without data availability. The latter occurs at night, when no drivers use cars from
the fleet and so there are no trajectories available. A look at the way Equation 3 contains
certainty information shows that the method is not susceptible to large increases or decreases
in the amount of available information, since it is based on reliability relative to the mean
confidence level. This relative notion of including certainty values means that the most
reliable observations are relied upon more than others, even if the overall average certainty of
the information available decreases. Similarly, the proposed method improves on the baseline
which heavily relies on a large number of samples and thus fails to provide an accurate
estimate during the night and in the morning hours.
The other method proposed in Equation 2 (shown in orange) also leads to an improvement
compared to the baseline, but not compared to the exclusive use of spatial weights. The
Moran’s I estimates shown in Figure 3 show that this method leads to a greater systematic
underestimation of actual spatial associations in the data. More importantly, this method
of incorporating certainty information is less stable and more volatile than the alternative
presented in Equation 3. The obtained Moran’s I values fluctuate more and show a more
erratic behaviour. One reason for this is that the method is much more prone to missing
information and simple prediction methods. The time windows after the nights described
above are much more affected by the lack of available information, which is reflected in
a sudden drop in Moran’s I values. The reason for this is the immediacy of the method.
Absolute rather than relative certainty information is used, and therefore a general decline
in the overall confidence in the available information has a direct effect on the Moran’s I
estimates. This is a major limitation of the approach presented in Equation 2.
The above paragraphs describe the behaviour of the proposed approaches when a spatial
pattern is present. Figure 4 shows the empirical distributions of Moran’s I generated by
Monte Carlo repetitions under spatial randomisations. For this purpose, the temperatures
were randomised within their respective time periods and then Moran’s I was repeatedly
calculated (n = 1000). The graph of z-score standardised values contains not only the
empirical distributions in the null hypothesis, but also the z-score standardized eigenvalues of
the underlying matrices (i.e., either W or W ◦ U ). The latter eigenvalues give an indication
of the shape of the distribution of Moran’s I values [58]. What we see is that the distribution
using Equation 3 has a slight right skew, which is indicated by the clustering of eigenvalues
on the left margin of the distribution. This may complicate the determination of p-values
and the interpretation of Moran’s I. The method from Equation 2 behaves more similar to
the usual spatial weights matrix, which is an advantage of this method.
The results obtained for the case study of synthetic observations indicate that both of our
approaches proposed in this paper are not suitable for dealing with non-stationarity (Figure 5).
Recall the temporal periodicity present in the level of autocorrelation in this case study,
implying that observations are not necessarily related over time. Therefore, disregarding

Figure 4 Histogram and density estimates of the null distributions for the different Moran’s I
values calculated for the temperature case study. The black bars at the bottom of each plot indicate
the locations of the eigenvalues of each of the corresponding matrices used to calculate the respective
measures.
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Figure 5 Different versions of Moran’s I calculated for two temporal periodic cycles of the
simulated data case study. All Moran’s I values are given in standardised form to facilitate the
readability of the figure. The bar at the top of the plot shows the simulated data.

certainty information of potential forecasts and simply using the baseline approach of only
taking into account samples taken during the same hour (resp. time interval) has led to the
best results for this case study, though also these are far from optimal (shown in blue in
Figure 5). This finding demonstrates the importance of complying with the assumptions of
Moran’s I. Otherwise, the non-stationarity may lead to the disclosure of spurious patterns,
which, in turn, may then lead to drawing wrong conclusions about geographic phenomena.

5

Conclusions

We put forward two ways of incorporating certainty information about sensor observations in
the estimation of Moran’s I. One of these approaches (Equation 2) uses an absolute notion of
incorporating raw certainty scores. The alternative approach (Equation 3) proposed is based
on the certainty of observations relative to others, that is, to the mean level of confidence
in forecasts. These approaches were applied to two case studies. One study uses real-world
temperatures and depicts one spatial process. The other one is based on synthetic values and
simulates a succession of temporally varying spatial processes, which is realised by alternating
the scale of the spatial patterns.
The results obtained show that using the best information available (relatively speaking)
and weighting them accordingly performs better than using only good information in an
absolute sense. The respective approach put forward in this paper (Equation 3) has, in comparison to ignoring time and reliability, led to a reduction of the systematic underestimation
of Moran’s I. The other approach presented here (Equation 2) is volatile and depends strongly
on a sufficient amount of trustworthy data being available. These results are informative
for the wider scholarly discussion on how to incorporate uncertainty in spatial measures
like Moran’s I. For future research, we recommend using certainty measures that work in a
relative manner by giving more weight to those observations which are above-average reliable.
In practice, researchers may use more sophisticated forecasting mechanisms, which may lead
to further improvements like pushing Moran’s I closer to the ground truth reference. Another
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important result of this study is that it was shown that non-stationarity is a source of uncertainty that cannot be addressed by the approaches presented (or similar ones). This type of
uncertainty needs to be addressed differently and corresponding attempts should be targeted
in future research. Similarly, while the two presented case studies represent commonly found
phenomena, evaluating the methods on a wider range of sensor measurements and synthetic
data is required to further understand the impact of uncertainties arising due to different
spatial and temporal distributions and individual (inaccurate or faulty) sensors.
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