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Preface

The 37th International Symposium on Computational Geometry (SoCG 2021) was held
online, June 7–11, 2021, as part of the Computational Geometry Week (CG Week 2021).
The event was planned to take place in Buffalo, NY, USA, but eventually it was organized
online because of the COVID-19 pandemic.

Altogether, 164 papers have been submitted to SoCG 2021. After a thorough review
process, in which each paper has been evaluated by three or more independent reviewers, the
Program Committee accepted 58 papers for presentation at SoCG 2021. These proceedings
contain extended abstracts of the accepted papers, limited to 500 lines (excluding references).
If any supporting material (e.g., proofs or experimental details) does not fit in the line limit,
the full paper is available at a public repository and referenced in the corresponding extended
abstract.

The Best Paper Award of SoCG 2021 goes to the paper “Lower bounds for semialgebraic
range searching and stabbing problems” by Peyman Afshani and Pingan Cheng; this paper will
be invited for possible publication in the Journal of the ACM. The Best Student Presentation
Award will be determined and announced at the symposium, based on ballots cast by the
attendees. A few selected papers with very positive reviews will be invited to forthcoming
special issues of Discrete & Computational Geometry and the Journal of Computational
Geometry dedicated to the symposium.

The SoCG Test of Time Award goes, this year, to the papers “The analysis of a simple
k-means clustering algorithm”, by Tapas Kanungo, David M. Mount, Nathan S. Netan-
yahu, Christine D. Piatko, Ruth Silverman, Angela Y. Wu, presented at SoCG 2000, and
“Constrained Delaunay triangulations”, by L. Paul Chew, presented at SoCG 1987.

The scientific program of CG Week 2021 was enriched by two distinguished invited speakers.
An invited talk, entitled “3SUM and related problems in fine-grained complexity”, was
delivered by Virginia Vassilevska Williams, from the Massachusetts Institute of Technology.
A second invited talk, entitled “On Laplacians”, was delivered by Robert Ghrist, from
the University of Pennsylvania. We thank these plenary speakers for kindly accepting our
invitation.

In addition to the technical papers, there were two submissions to the multimedia
exposition: one video and one applet. The submissions were reviewed, and both were
accepted for presentation. The extended abstracts that describe these submissions are
included in this proceedings volume. The multimedia content can be found at http://www.
computational-geometry.org.

A continuing feature in this year’s proceedings is the CG Challenge, now in its second
year being included in the proceedings. The challenge problem this year was a coordinated
motion planning problem for moving multiple labeled unit square “robots” within a regular
square grid, from specified starting points to specified goal positions, in order to minimize
the time when all robots have reached their goals (the makespan) or the total movement of
all robots. This year there were 17 teams submitting verified solutions, and these proceedings
contain contributions by the three top-placed teams describing their winning approaches.

We thank the authors of all submitted works. We are most grateful to the members of
the SoCG Program Committee, the Media Exposition Committee and the CG Challenge
Committee for their dedication, expertise, and hard work that ensured the high quality of
the works in these proceedings. We are grateful to the assistance provided by 242 reviewers;
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0:xii Preface

without their help it would be nearly impossible to run the selection process. Finally, we
would like to thank Irina Kostitsyna, who kindly accepted to be the Proceedings Chair and
did a meticulous work.

Many other people contributed to the success of SoCG 2021 and the entire CG Week. We
are very grateful to the local organization committee for their work in organizing the event,
and for switching to an online setting because of the situation. Finally, we thank all the
members of the Test of Time Award, Workshop, and Young Researchers Forum Committees,
the CG Challenge Advisory Board, and the Computational Geometry Steering Committee.

Kevin Buchin
SoCG program committee co-chair

Technical University Eindhoven

Éric Colin de Verdière
SoCG program committee co-chair

CNRS, LIGM, Marne-la-Vallée

Valentin Polishchuk
Media Exposition chair
Linköping University

Sándor P. Fekete
CG Challenge co-chair

TU Braunschweig

Joseph S. B. Mitchell
CG Challenge co-chair
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On Laplacians
Robert Ghrist ! Ï

University of Pennsylvania, Philadelphia, PA, USA

Abstract
The graph Laplacian is a fundamental tool in computational geometry and data science; its geometric
and spectral properties combine to yield a bridge between analytic methods, geometric intuition,
and topological properties.

This talk will survey recent generalizations of the graph Laplacian inspired by algebraic geometry
and algebraic topology. Given a sheaf over a graph – a functor from the vertex-edge poset to a
category of algebraic data – one can assign a type of Hodge Laplacian which, in the case of a constant
sheaf of 1-dimensional vector spaces, recapitulates the classic graph Laplacian. This Hodge (or
sheaf) Laplacian is the basis for diffusion and distributed algorithms over network sheaves. This talk
has very few prerequisites and will introduce the concepts carefully in the context of applications
ranging from distributed optimization, to learning, opinion dynamics, neural networks, and more.

From a mathematical perspective, the most interesting challenge is the extension of Laplacians
to systems – or sheaves – taking values in non-abelian categories, such as categories of lattices. Such
extensions will be a particular focus of the talk.

This talk surveys joint works with Jakob Hansen, Paige Randall North, and Hans Riess.

2012 ACM Subject Classification Mathematics of computing → Algebraic topology

Keywords and phrases Laplacian, sheaf theory, applied topology

Digital Object Identifier 10.4230/LIPIcs.SoCG.2021.1

Category Invited Talk

Funding Robert Ghrist: This work was funded by the Office of the Assistant Secretary of Defense
Research & Engineering through a Vannevar Bush Faculty Fellowship, ONR N00014-16-1-2010.

© Robert Ghrist;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 1; pp. 1:1–1:1

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:ghrist@math.upenn.edu
https://www2.math.upenn.edu/~ghrist/
https://doi.org/10.4230/LIPIcs.SoCG.2021.1
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de




3SUM and Related Problems in Fine-Grained
Complexity
Virginia Vassilevska Williams ! Ï

Massachusetts Institute of Technology, Cambridge, MA, USA

Abstract
3SUM is a simple to state problem: given a set S of n numbers, determine whether S contains three
a, b, c so that a + b + c = 0. The fastest algorithms for the problem run in n2poly(log log n)/(log n)2

time both when the input numbers are integers [1] (in the word RAM model with O(log n) bit words)
and when they are real numbers [2] (in the real RAM model).

A hypothesis that is now central in Fine-Grained Complexity (FGC) states that 3SUM requires
n2−o(1) time (on the real RAM for real inputs and on the word RAM with O(log n) bit numbers
for integer inputs). This hypothesis was first used in Computational Geometry by Gajentaan and
Overmars [4] 1 who built a web of reductions showing that many geometric problems are hard,
assuming that 3SUM is hard. The web of reductions within computational geometry has grown
considerably since then (see some citations in [11]).

A seminal paper by Pǎtraşcu [7] showed that the integer version of the 3SUM hypothesis can
be used to prove polynomial conditional lower bounds for several problems in data structures and
graph algorithms as well, extending the implications of the hypothesis to outside computational
geometry. Pǎtraşcu proved an important tight equivalence between (integer) 3SUM and a problem
called 3SUM-Convolution (see also [3]) that is easier to use in reductions: given an integer array a

of length n, do there exist i, j ∈ [n] so that a[i] + a[j] = a[i + j]. From 3SUM-Convolution, many
3SUM-based hardness results have been proven: e.g. to listing graphs in triangles, dynamically
maintaining shortest paths or bipartite matching, subset intersection and many more.

It is interesting to consider more runtime-equivalent formulations of 3SUM, with the goal of
uncovering more relationships to different problems. The talk will outline some such equivalences.
For instance, 3SUM (over the reals or the integers) is equivalent to All-Numbers-3SUM: given a set
S of n numbers, determine for every a ∈ S whether there are b, c ∈ S with a + b + c = 0 (e.g. [10]).

The equivalences between 3SUM, 3SUM-Convolution and All-Numbers 3SUM are (n2, n2)-fine-
grained equivalences that imply that if there is an O(n2−ε) time algorithm for one of the problems
for ε > 0, then there is also an O(n2−ε′

) time algorithm for the other problems for some ε′ > 0. More
generally, for functions a(n), b(n), there is an (a, b)-fine-grained reduction [11, 9, 10] from problem
A to problem B if for every ε > 0 there is a δ > 0 and an O(a(n)1−δ) time algorithm for A that
does oracle calls to instances of B of sizes n1, . . . , nk (for some k) so that

∑k

j=1 b(nj)1−ε ≤ a(n)1−δ.

With such a reduction, an O(b(n)1−ε) time algorithm for B can be converted into an O(a(n)1−δ)
time algorithm for A by replacing the oracle calls by calls to the B algorithm. A and B are
(a, b)-fine-grained equivalent if A (a, b)-reduces to B and B (b, a)-reduces to A.

One of the main open problems in FGC is to determine the relationship between 3SUM and
the other central FGC problems, in particular All-Pairs Shortest Paths (APSP). A classical graph
problem, APSP in n node graphs has been known to be solvable in O(n3) time since the 1950s.
Its fastest known algorithm runs in n3/exp(

√
log n) time [14]. The APSP Hypothesis states that

n3−o(1) time is needed to solve APSP in graphs with integer edge weights in the word-RAM model
with O(log n) bit words. It is unknown whether APSP and 3SUM are fine-grained reducible to each
other, in either direction. The two problems are very similar. Problems such as (min, +)-convolution
(believed to require n2−o(1) time) have tight fine-grained reductions to both APSP and 3SUM,
and both 3SUM and APSP have tight fine-grained reductions to problems such as Exact Triangle
[10, 8, 12] and (since very recently) Listing triangles in sparse graphs [7, 6, 13]. The talk will discuss
these relationships and some of their implications, e.g. to dynamic algorithms.

1 They used a more stringent version of the hypothesis that said that (real) 3SUM requires Ω(n2) time
which we now know to be false [5].
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1 Ilya Baran, Erik D. Demaine, and Mihai Pǎtraşcu. Subquadratic algorithms for 3sum. In

Algorithms and Data Structures, 9th International Workshop, WADS 2005, Waterloo, Canada,
August 15-17, 2005, Proceedings, pages 409–421, 2005.

2 Timothy M. Chan. More logarithmic-factor speedups for 3sum, (median, +)-convolution, and
some geometric 3sum-hard problems. ACM Trans. Algorithms, 16(1):7:1–7:23, 2020.

3 Timothy M. Chan and Qizheng He. Reducing 3sum to convolution-3sum. In Martin Farach-
Colton and Inge Li Gørtz, editors, 3rd Symposium on Simplicity in Algorithms, SOSA 2020,
Salt Lake City, UT, USA, January 6-7, 2020, pages 1–7. SIAM, 2020.

4 A. Gajentaan and M. Overmars. On a class of O(n2) problems in computational geometry.
Computational Geometry, 5(3):165–185, 1995.

5 Allan Grønlund and Seth Pettie. Threesomes, degenerates, and love triangles. J. ACM,
65(4):22:1–22:25, 2018.

6 Tsvi Kopelowitz, Seth Pettie, and Ely Porat. Higher lower bounds from the 3sum conjecture.
In Proceedings of the Twenty-Seventh Annual ACM-SIAM Symposium on Discrete Algorithms,
SODA 2016, Arlington, VA, USA, January 10–12, 2016, pages 1272–1287, 2016.
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Abstract
Let A be a convex body in the plane and A1, . . . , An be translates of A. Such translates give rise to an
intersection graph of A, G = (V, E), with vertices V = {1, . . . , n} and edges E = {uv | Au ∩ Av ̸= ∅}.
The subgraph G′ = (V, E′) satisfying that E′ ⊂ E is the set of edges uv for which the interiors of
Au and Av are disjoint is a unit distance graph of A. If furthermore G′ = G, i.e., if the interiors of
Au and Av are disjoint whenever u ̸= v, then G is a contact graph of A.

In this paper, we study which pairs of convex bodies have the same contact, unit distance, or
intersection graphs. We say that two convex bodies A and B are equivalent if there exists a linear
transformation B′ of B such that for any slope, the longest line segments with that slope contained
in A and B′, respectively, are equally long. For a broad class of convex bodies, including all strictly
convex bodies and linear transformations of regular polygons, we show that the contact graphs of A

and B are the same if and only if A and B are equivalent. We prove the same statement for unit
distance and intersection graphs.
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1 Introduction

Consider a convex body A, i.e., a convex, compact region of the plane with non-empty
interior, and let A = {A1, . . . , An} be a set of n translates of A. Then A gives rise to an
intersection graph G = (V, E), where V = {1, . . . , n} and E = {uv | Au ∩ Av ̸= ∅}, and a
unit distance graph G′ = (V, E′), where uv ∈ E′ if and only if uv ∈ E and Au and Av have
disjoint interiors. In the special case that G = G′ (i.e., the convex bodies of A have pairwise
disjoint interiors), we say that G is a contact graph (also known as a touch graph or tangency
graph). Thus, A defines three classes of graphs, namely the intersection graphs I(A), the
unit distance graphs U(A), and the contact graphs C(A) of translates of A.
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A1 A2

A3

Figure 1 Translates of a convex body not having the URTC property. The disk A3 can “slide”
along A1 and A2.

Figure 2 Reuleaux triangle (left), ellipse (middle), and regular hexagon (right).

The study of intersection graphs has been an active research area in discrete and com-
putational geometry for the past three decades. For instance, numerous papers consider
the problem of solving classical graph problems efficiently on various classes of geometric
intersection graphs; see Section 1.1 for some references. Meanwhile, the study of contact
graphs of translates of a convex body has much older roots. It is closely related to the
packings of such a body, which has a very long and rich history in mathematics going back
(at least) to the seventeenth century, where research on the packings of circles of varying
and constant radii was conducted and Kepler famously conjectured upon a 3-dimensional
counterpart of such problems, the packing of spheres.

In this paper we investigate the question of when two convex bodies A and B give rise
to the same classes of graphs. We restrict ourselves to convex bodies A that have the
URTC property (unique regular triangle constructibility). This is the property that given two
interior disjoint translates A1, A2 of A that touch, there are exactly two ways to place a third
translate A3 such that A3 is interior disjoint from A1 and A2, but touches both. Convex
bodies with the URTC property include all linear transformations of regular polygons except
squares and all strictly convex bodies [15]. Thus, almost all convex bodies in a measure
theoretic sense have the property [15, 18, 30]. A convex body without the property must
have a sufficiently long line segment on the boundary (to be made precise in Section 1.3); see
Figure 1 for an example.

The main result of the paper is summarized in the following theorem.

▶ Theorem 1. Let A and B be convex bodies with the URTC property. Then each of the
identities I(A) = I(B), U(A) = U(B), and C(A) = C(B) holds if and only if the following
condition is satisfied: there is a linear transformation B′ of B such that for any slope, the
longest segments contained in A and B′, respectively, with that slope are equally long.

If the condition from the theorem is satisfied, we say that A and B are equivalent. The
length of the longest segment with a given slope contained in a convex body A is often called
the width of A in the corresponding direction. A circle has constant width but there are
other convex bodies of constant width, the simplest example being the Reuleaux triangle;
see Figure 2. As an example it follows from the theorem that circles and Reuleaux triangles
have the same contact, unit distance, and intersection graphs, which in turn are the same as
those for ellipses (ellipses are linear transforms of circles). It also follows that these classes
are different from those of regular hexagons.
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Figure 3 The strength of radiation in every direction and at various frequencies for two different
transmitters described in [25]. In engineering circles, this known as the radiation pattern.

Figure 4 When the reachable region of a device is symmetric and the devices are oriented in the
same way, a communication network is the intersection graph of the reachable region scaled by 1/2.
Left: A network of five identical devices with the reachable regions shown. Right: The intersection
graph of the reachable regions scaled by 1/2.

1.1 Practical Implications

From a practical point of view, the research on intersection graphs is often motivated by the
applicability of these graphs when modeling wireless communication networks and facility
location problems. If a device is located at some point in the plane and is able to transmit to
and receive from all other devices within some distance, then the devices can be represented
as unit disks in such a way that two devices can communicate if and only if their disks
overlap. Many highly-cited papers gave this motivation for studying unit disk intersection
graphs [9, 14, 16, 21, 29] and it remains a motivation for new research [7, 12, 13, 24].

However, it is in general not the case that a transmitter emits an equally strong signal
in all directions. For a real-world example of how the signal strength may vary in different
directions; see Figure 3. If the networks that can be made with devices of a given type are not
the unit disk intersection graphs, the algorithms for unit disk graphs cannot be expected to
work when applied to the actual networks. It is therefore necessary to study how the possible
networks that can be made with devices of different types depend on the radiation pattern
of the devices. See Figure 4 for a demonstration of the connection between communication
networks of a device with a non-circular radiation pattern and intersection graphs of the
corresponding convex body.
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3:4 Classifying Convex Bodies by Their Contact and Intersection Graphs

1.2 Other Related Work
An important notion in the area of contact graphs is that of the Hadwiger number of a
body K, which is the maximum possible number of pairwise interior-disjoint translates Ki

of K that each touch but do not overlap K. The Hadwiger number of K is thus the maximum
degree of a contact graph of translates of K. In the plane, the Hadwiger number is 8 for
parallelograms and 6 for all other convex bodies. We refer the reader to the books and
surveys by László and Gábor Fejes Tóth [28, 10] and Böröczky [3].

Another noteworthy result on contact graphs is the Circle Packing Theorem (also known
as the Koebe–Andreev–Thurston Theorem): A graph is simple and planar if and only if it is
the contact graph of some set of circular disks in the plane (the radii of which need not be
equal). The result was proven by Koebe in 1935 [19] (see [11] for a streamlined, elementary
proof). Schramm [26] generalized the circle packing theorem by showing that if a planar
convex body with smooth boundary is assigned to each vertex in a planar graph, then the
graph can be realized as a contact graph where each vertex is represented by a homothet
(i.e., a scaled translation) of its assigned body.

Several papers have compared classes of intersection graphs of various geometric objects,
see for instance [4, 6, 8, 17, 20]. Most of the results are inclusions between classes of
intersection graphs of one-dimensional objects such as line segments and curves.

A survey by Swanepoel [27] summarizes results on minimum distance graphs and unit
distance graphs in normed spaces, including bounds on the minimum/maximum degree,
maximum number of edges, chromatic number, and independence number.

In the area of computational geometry, Müller, van Leeuwen, and van Leeuwen [23]
gave sharp upper and lower bounds on the size of an integer grid used to represent an
intersection graph of translates of a convex polygon with corners at rational coordinates.
Their results imply that for any convex polygon R with rational corners, the problem of
recognizing intersection graphs of translates of R is in NP. On the contrary, it is open
whether recognition of unit disk intersection graphs in the Euclidean plane is in NP. Indeed,
the problem is ∃R-complete (and thus in PSPACE), and using integers to represent the center
coordinates and radii of the disks in some graphs requires exponentially many bits [5, 22].

Bonnet, Grelier, and Miltzow [2] showed how well-known algorithms for the clique
problem in unit disk intersection graphs and disk intersection graphs can be adjusted to
work for intersection graphs of translates or homothets of an arbitrary centrally symmetric
convex body.

1.3 Preliminaries
We begin by defining some basic geometric concepts and terminology.

For a subset A ⊂ R2 of the plane we denote by A◦ the interior of A, that is,

A◦ = {x ∈ A | ∃ open U ⊂ R2 such that {x} ⊂ U ⊂ A}.

We say that A is a convex body if A is compact, convex, and has non-empty interior. We
say that A is symmetric if whenever x ∈ A, then −x ∈ A. It is well-known that if A is a
symmetric convex body, then the map ∥·∥A : R2 → R≥0 defined by

∥x∥A = inf{λ ≥ 0 | x ∈ λA},

is a norm. Moreover A = {x ∈ R2 | ∥x∥A ≤ 1} and A◦ = {x ∈ R2 | ∥x∥A < 1}.
It follows from these properties that for translates A1 = A + v1 and A2 = A + v2 it

holds that A1 ∩ A2 ̸= ∅ if and only if ∥v1 − v2∥A ≤ 2 and A◦
1 ∩ A◦

2 ̸= ∅ if and only if
∥v1 − v2∥A < 2. This means that when studying contact, unit distance, and intersection
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graphs of a symmetric convex body A, we can shift our viewpoint from translates of A to point
sets in R2 and their ∥·∥A-distances: If A ⊂ R2 is a set of points we define IA(A) and UA(A)
to be the graphs with vertex set A and edge sets {(x, y) ∈ A2 | x ̸= y and ∥x − y∥A ≤ 2}
and {(x, y) ∈ A2 | ∥x − y∥A = 2}, respectively. Moreover, if for all distinct points x, y ∈ A it
holds that ∥x − y∥A ≥ 2, we say that A is compatible with A and define CA(A) to be the
graph with vertex set A and edge set {(x, y) ∈ A2 | ∥x − y∥A = 2}. Then IA(A), UA(A), and
CA(A), respectively, are isomorphic to the intersection, unit distance, and contact graph of A

realized by the translates (A + a)a∈A. When studying contact, unit distance, and intersection
graphs of a symmetric, convex body A we will view them as being induced by point sets
rather than by translates of A.

We say that a (not necessarily symmetric) convex body A in the plane has the URTC
property if the following holds: For any two interior disjoint translates of A, A1 and A2,
satisfying A1 ∩ A2 ≠ ∅, there exists precisely two vectors v ∈ R2 such that for i ∈ {1, 2},
(A+v)◦ ∩A◦

i = ∅ but (A+v)∩Ai ̸= ∅. If A is symmetric, this amounts to saying that for any
two points v1, v2 ∈ R2 with ∥v1 − v2∥A = 2, the set {v ∈ R2 | ∥v − v1∥A = ∥v − v2∥A = 2}
has size two. Gehér [15] proved that a symmetric convex body A has the URTC property if
and only if the boundary ∂A does not contain a line segment of length more than 1 in the
∥·∥A-norm. See Figure 1 for an example of a convex body not having the URTC property.

A drawing of a graph G ∈ I(A) as an intersection graph of a symmetric convex body A

is a point set A ⊂ R2 and a set of straight line segments L such that IA(A) is isomorphic to
G and L is exactly the line segments between the points u, v ∈ A which are connected by an
edge in G. We define a drawing of a graph G as a contact and unit distance graph similarly.

For a norm ∥·∥ on R2 and a line segment ℓ with endpoints a and b we will often write
∥ℓ∥ = ∥ab∥ instead of ∥a − b∥. Also, if A is a symmetric convex body and U, V ⊂ R2, we
define dA(U, V ) := inf{∥uv∥A | (u, v) ∈ U × V }.

1.4 Structure and Techniques of the Paper
Establishing the sufficiency of the condition of Theorem 1, i.e., showing that if A and B are
equivalent then I(A) = I(B), U(A) = U(B), and C(A) = C(B), is relatively straightforward
and has been deferred to the full version of the paper. It is also relatively easy to reduce
Theorem 1 to the case where the convex bodies are symmetric so this too is deferred to
the full version. When both A and B are symmetric, they are equivalent according to the
condition of Theorem 1 if and only if they are linear transformations of each other.

Thus, left with the task of proving the necessity of the condition of Theorem 1 in the
symmetric case, we proceed in two steps. First, in Section 2, we prove the following result,
which for contact and unit distance graphs is a generalization of this direction of Theorem 1.

▶ Theorem 2. Let A and B be symmetric convex bodies with the URTC property such
that A is not a linear transformation of B. There exists a graph G ∈ C(A) such that
for all H ∈ C(B) and all subgraphs H ′ ⊆ H, G is not isomorphic to H ′. In particular
C(A) \ C(B) ̸= ∅.

As we will also discuss in Section 2 the same result holds if C(X) is replaced by U(X)
for X ∈ {A, B} everywhere in the theorem above and the proof is identical.

The core idea in proving Theorem 2 is to consider a graph G satisfying that any drawing
of G as a contact graph of A has certain structural properties. Concretely, we ensure that
any drawing of G as a contact graph of A consists of many large hollow hexagons. In the
interior of each hexagon, we force there to be a “bridge” of translates of A connecting the
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3:6 Classifying Convex Bodies by Their Contact and Intersection Graphs

sides of the hexagon. We show that if B is not a linear transformation of A, then the contact
graph cannot be realized by translates of B if we make sufficiently many and sufficiently
large hexagons with bridges of different slopes. See Figures 6 and 7 for illustrations.

To include intersection graphs, we proceed with the second step. In Section 3, we prove
the following result which combined with Theorem 2 immediately yields the necessity of the
condition of Theorem 1 for intersection graphs.

▶ Theorem 3. Let A and B be symmetric convex bodies. If there exists a graph G ∈ C(A)
such that for all H ∈ C(B) and all subgraphs H ′ ⊂ H, G is not isomorphic to H ′, then
I(A) ̸= I(B).

This result holds for general symmetric convex bodies. An improvement of Theorem 2 to
general symmetric convex bodies (not necessarily having the URTC property) would thus
yield a version of Theorem 1 that also holds for general convex bodies.

In order to prove Theorem 3, we proceed as follows. For every positive integer k we
construct a gadget Qk ∈ I(A) which contains as a subgraph a distinguished cycle αk ⊂ Qk.
We prove that in any drawing of Qk as an intersection graph of translates of A, αk is contained
in a translation of the annulus kA \ (k − 1)A (here, kA = {ka | a ∈ A} is the scaling of A by
k). This allows us to view αk as an upscaled copy of the boundary of A with a precision
error decreasing in k. Similarly, in any drawing of the same gadget Qk as an intersection
graph of another body, B, the cycle αk appears as an upscaled copy of B. The idea is then
to simulate a contact graph G ∈ C(A) using distinct copies of Qk, where each copy plays
the role of a single vertex in G. If A is not a linear transformation of B, we can choose G

with the properties promised in Theorem 2. We are then able to prove that if we choose k

sufficiently large (i.e., obtaining sufficiently high resemblence between αk and an upscaled
copy of A resp. B), then we can realize the simulation of G as an intersection graph using
translates of A, but not using translates of B. This then implies I(A) ̸= I(B) as desired.

Beyond aiding us in the proof of our main theorem, we believe that this proof technique –
the reduction from intersection to contact graphs – is of independent interest. It appears a
novel approach with the potential to answer other questions on intersection graphs.

2 Contact and Unit Distance Graphs

In this section we prove Theorem 2. The proof for unit distance graphs is completely identical
so we will merely provide a remark justifying this claim by the end of the section.

Throughout the section A and B will denote symmetric convex bodies. For θ ∈ [0, 2π)
we define eA(θ) to be the vector of argument θ and with ∥eA(θ)∥A = 1. We also define
ρA(θ) = 2 ∥eA(θ)∥2. Then ρA(θ) can be thought of as the “diameter” of A in direction θ.
One of our most important tools is the following lemma.

▶ Lemma 4. Let A, B be symmetric convex bodies in R2. If for every finite set Θ ⊂ [0, π) and
for every ε > 0, there exists a linear map T : R2 → R2 satisfying that |ρT (B)(θ) − ρA(θ)| < ε

for all θ ∈ Θ, then there exists a linear map T : R2 → R2 with T (B) = A.

Due to space limitations we have left out the proof, but it can be found in the full version.
We proceed to describe certain lattices which give rise to contact graphs that can only be

realized in an essentially unique way. We start with the following definition.

▶ Definition 5. Let A ⊂ R2 be a symmetric convex body, and ∥·∥A the associated norm.
Let e1, e2 ∈ R2 be such that ∥e1∥A = ∥e2∥A = ∥e1 − e2∥A = 2. We define the lattice
LA(e1, e2) = {a1e1 + a2e2 | (a1, a2) ∈ Z2}.
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conv(SA)
1
2 conv(SA)

e2

e1

e2 − e1

−e1

−e2 e1 − e2

Figure 5 A symmetric convex body A and the sets 1
2 conv(SA) and conv(SA) (blue and green

respectively) which satisfies 1
2 conv(SA) ⊆ A ⊆ conv(SA).

The left hand side of figure Figure 6 illustrates the lattice structure. Let us assume that
A has the URTC property and describe a few properties of the lattice LA(e1, e2). After
choosing e1 with ∥e1∥A = 2, there are precisely two vectors v with ∥v∥A = ∥v − e1∥A = 2,
using the URTC property. If one is v2 the second is e1 − v2 so regardless how we choose
e2 we obtain the same lattice. Using the triangle inequality and the URTC property of A

it is easily verified that for distinct x, y ∈ LA(e1, e2), ∥x − y∥A ≥ 2 with equality holding
exactly if x − y ∈ SA := {e1, e2, e2 − e1, −e1, −e2, e1 − e2}. This implies that the contact
graph G0 := CA(LA(e1, e2)) is in fact (isomorphic to) an infinite triangular grid.

Another useful fact is the following:

▶ Lemma 6. With SA as above it holds that 1
2 conv(SA) ⊂ A ⊂ conv(SA). Here conv(SA)

is the convex hull of SA. If in particular B is another symmetric convex body for which
∥e1∥B = ∥e2∥B = ∥e1 − e2∥B = 2, then for all x ∈ R2 it holds that 1

2 ∥x∥A ≤ ∥x∥B ≤ 2 ∥x∥A.

Proof. See Figure 5. As 1
2 SA ⊂ A and A is convex the first inclusion is clear. For the

second inclusion we note that all points y on the hexagon connecting the points e1, e2, e2 −
e1, −e1, −e2, e1 − e2 of SA in this order have ∥y∥A ≥ 1 by the triangle inequality and so
A ⊂ conv(SA).

For the last statement of the lemma note that if x ∈ R2 then

∥x∥B ≥ inf
λ≥0

{x ∈ λ conv(SB)} = inf
λ≥0

{x ∈ λ conv(SA)} ≥ inf
λ≥0

{x ∈ 2λA} = 1
2 ∥x∥A ,

and similarly ∥x∥A ≥ 1
2 ∥x∥B . ◀

▶ Definition 7. We say that a graph G = (V, E) is lattice unique if |V | = n ≥ 3 and there
exists an enumeration of its vertices v1, . . . , vn such that

The vertex induced subgraph G[v1, v2, v3] ≃ K3 is a triangle.
For i > 3 there exists distinct j, k, l < i such that G[vj , vk, vl] ≃ K3 and both (vi, vj) and
(vi, vk) are edges of G.

Suppose that A is a symmetric convex body with the URTC property, that A ⊂ R2

is compatible with A, and that G = CA(A) is lattice unique. Enumerate the points of
A = {v1, . . . , vn} according to the definition of lattice uniqueness. Without loss of generality
assume that v1 = 0. Then the URTC property of A combined with the lattice uniqueness of G

gives that v4, . . . , vn are uniquely determined from v2 and v3 and all contained in LA(v2, v3).
If moreover B is another convex body with the URTC property, B = {v′

1, . . . , v′
n} ⊂ R2

has v′
1 = 0 and is compatible with B, and CB(B) ≃ CA(A) via the graph isomorphism

φ : v′
i 7→ vi, then the linear map T : R2 → R2 defined by T : a1v′

2 + a2v′
3 7→ a1v2 + a2v3

satisfies that T |B = φ.
We will use this observation in the proof of Theorem 2 which we now provide.

SoCG 2021



3:8 Classifying Convex Bodies by Their Contact and Intersection Graphs

θ

Hk

Bθ(`)

S1(θ)

S2(θ)

zθ1

zθ2

Figure 6 Left: The points of H6 along with the corresponding lattice unique subgraph G0[H6].
Right: The attachment of the beam Bθ(ℓ).

Proof of Theorem 2. We choose e1, e2 ∈ R2 be such that ∥e1∥A = ∥e2∥A = ∥e1 − e2∥A = 2
and define the lattice L := LA(e1, e2). We also define the infinite graph G0 := CA(L) which
by the remarks following Definition 5 is isomorphic to the infinite triangular grid. Without
loss of generality we can assume that e1 and e2 satisfy that ∥e1∥2 = ∥e2∥2 = ∥e1 − e2∥2 = 2,
since there exists a non-singular linear transformation T such that ∥T (e1)∥2 = ∥T (e2)∥2 =
∥T (e1) − T (e2)∥2 = 2, and C(A) = C(T (A)). Note that in this setting we can use Lemma 6
to compare A to the disk of radius 1 and obtain 1

2 ∥x∥2 ≤ ∥x∥A ≤ 2∥x∥2 for every x ∈ R2.
We will construct G by specifying a finite point set A ⊂ R2 compatible with A and define

G = CA(A). The construction of A can be divided into several sub-constructions. We start
by describing a hexagon of points Hk for k ∈ N which satisfies that CA(Hk) is lattice unique.

▶ Construction 8 (Hk). For an illustration of the construction see the left-hand side of
Figure 6. For x, y ∈ L we write d(x, y) for the distance between x and y in the graph G0,
and for k ∈ N we define Hk = {x ∈ L | d(x, 0) ∈ {k, k + 1}}.

Using that G0 is the infinite triangular grid, it is easy to check that G0[Hk] is a lattice
unique graph by specifying an enumeration of its vertices satisfying the condition in Defin-
ition 7. Moreover, using that e1 and e2 satisfy ∥e1∥2 = ∥e2∥2 = ∥e1 − e2∥2 = 2 it follows
that the points {x ∈ L | d(x, 0) = k} ⊂ Hk lie on a regular hexagon Hk whose corners have
Euclidean distance exactly 2k to the origin. In particular any point p ∈ Hk has ∥p∥2 ≥

√
3k,

and thus ∥p∥A ≥
√

3
2 k by Lemma 6.

For a given θ ∈ [0, π) and ℓ ∈ N we will construct a set of points Bθ(ℓ) ⊂ R2 compatible
with A which constitute a “beam” of argument θ:

▶ Construction 9 (Bθ(ℓ)). See Figure 6 (right). Let eθ ∈ R2 be the vector of argument
θ with ∥eθ∥A = 2, and let fθ ∈ R2 be such that ∥fθ∥A = ∥fθ − eθ∥A = 2 (by the URTC
property we have two choices for fθ). For a given ℓ ∈ N we define

Bθ(ℓ) = {aeθ | a ∈ {−ℓ, . . . , ℓ}} ∪ {aeθ + fθ | a ∈ {−ℓ, . . . , ℓ − 1}}

As Bθ(ℓ) ⊂ LA(eθ, fθ) it is compatible with A. Moreover it is easy to specify an enumeration
of the vertices of C(Bθ(ℓ)) showing that it is lattice unique.

For a given k we want to choose ℓ as large as possible such that Bθ(ℓ) “fits inside” G0[Hk].
We then wish to “attach” Bθ(ℓ) to G0[Hk] with extra points S, the number of which does
neither depend on k nor on θ. We wish to do it in such a way that Ak

1(θ) := Bθ(ℓ)∪G0[Hk]∪S
is compatible with A. The precise construction is as follows:
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θ1

θ2

θ3

θ4

θ5

θ6

θ7

Figure 7 The final point set A where the point sets Ck(θ) are “glued” together by translating
them such that the contact graph realized by the union of the subsets Hk ⊂ Ck(θ) is lattice unique.

▶ Construction 10 (Ck(θ)). See Figure 6 (right). Consider the open line segment Lθ =
{reθ | r ∈ (−rmax, rmax)} where rmax is maximal with the property that for all points
x ∈ Lθ and all y ∈ Hk it holds that ∥x − y∥A > 4. Also let ℓ ∈ N be maximal such that
{aeθ | a ∈ {−ℓ, . . . , ℓ}} ⊂ Lθ. Note that

4 < dA({ℓeθ}, Hk) ≤ 6. Observe moreover that ℓ ≥
√

3
4 k − 3 as the points p ∈ Hk have

∥p∥A ≥
√

3
2 k. In particular we have the following property which we highlight for later use:

If k >
12√
3 − 1

it holds that ℓ >
k

4 . (1)

When ℓ is chosen in this fashion, we have that Bθ(ℓ) is contained in the interior of Hk.
Now, Bθ(ℓ) will constitute our beam in direction θ and we will proceed to show that we can
attach it to Hk, as illustrated, using only a constant number of extra points. That this can
be done is conceptually unsurprising but requires a somewhat technical proof.

We define S1(θ) to be extra points going from the boundary of Hk and zθ
1 to be the extra

point which connects Bθ(ℓ) and S1(θ). This attaches one end of the beam, Bθ(ℓ), to Hk, and we
similarly define S2(θ) and zθ

2 to attach the other end. See Figure 6 (right). In the full version
we show that |Si(θ)| ≤ 13 for i ∈ {1, 2}. Letting Ck(θ) = Hk ∪Bθ(ℓ)∪S1(θ)∪S2(θ)∪

{
zθ

1 , zθ
2
}

be the combination of the components completes the construction.

We are now ready to construct A which will consist of several translated copies Ck(θ).

▶ Construction 11 (A). By Lemma 4 we can find an ε ∈ (0, 1) and a finite set of directions
Θ ⊂ [0, π) such that for all linear maps T : R2 → R2 there exists θ ∈ Θ such that∣∣∣∣ ρA(θ)

ρT (B)(θ) − 1
∣∣∣∣ ≥ ε. (2)

That we can scale the deviation to be multiplicative rather than additive is possible because
0 < infθ∈[0,π) ρA(θ) ≤ supθ∈[0,π) ρA(θ) < ∞.

For each θ ∈ Θ we construct a copy of Ck(θ) = Hk ∪Bθ(ℓ)∪S1(θ)∪S2(θ)∪{zθ
1 , zθ

2} where k

is yet to be fixed (ℓ is of course determined by k and θ). We then choose translations tθ ∈ R2

for each θ ∈ Θ such that the sets (Hk + tθ)θ∈Θ are pairwise disjoint, and
⋃

θ∈Θ(Hk + tθ) ⊂ R2

is compatible with A and induces a lattice unique contact graph. We can choose (tθ)θ∈Θ
in numerous ways to satisfy this. One is depicted in Figure 7. Another is obtained by
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3:10 Classifying Convex Bodies by Their Contact and Intersection Graphs

enumerating Θ = {θ1, . . . , θq} and defining tθi = ((2k + 3)e1 − (k + 1)e2) × (i − 1). The exact
choice is not important and picking one, we define A(k) =

⋃
θ∈Θ(Ck(θ) + tθ) which is a point

set compatible with A. Lastly, we set A = A
(⌈ 180

ε

⌉)
.

We are now ready for the final step of the proof:

Proving that no graph in C(B) contains a subgraph isomorphic to G = CA(A).

Suppose for contradiction that there exists a set of points B ⊂ R2 such that G is isomorphic
to a subgraph of CB(B). We may clearly assume that |A| = |B| and we let φ : A → B be a
bijection which is also a graph homomorphism when considered as a map CA(A) → CB(B).
The points

⋃
θ∈Θ(Hk + tθ) induce a lattice unique contact graph of A. Thus, we may write⋃

θ∈Θ(Hk + tθ) = {p1, . . . , pn} such that p1, p2 and p3 induce a triangle of G and such that
for i > 3 there exist distinct j, k, l < i such that pj , pk and pl induce a triangle and such
that (pi, pk) and (pi, pl) are edges of G. By translating the point sets A and B we may
assume that φ(p1) = p1 = 0. Then applying an appropriate linear transformation T , thus
replacing B by T (B), we may assume that φ(p2) = p2 and φ(p3) = p3. Finally, the discussion
succeeding Definition 7 implies that in fact φ|⋃

θ∈Θ
(Hk+tθ) is the identity.

As noted in Construction 11, there exists θ ∈ Θ such that
∣∣∣ ρA(θ)

ρT (B)(θ) − 1
∣∣∣ ≥ ε. The outline

of the remaining argument is as follows: The Euclidean distance between the “endpoints”
of the beam Bθ(ℓ) is 2ℓρA(θ), but the rigidity of

⋃
θ∈Θ(Hk + tθ) means that it is also

2ℓρT (B)(θ) + O(1). When k (and hence ℓ) is large, this will contradict the inequality above.
We refer the reader to the full version of the paper for the technical details. ◀

▶ Remark 12. We claimed that the proof of the part of Theorem 1 concerning unit distance
graphs is identical to the proof above. In fact, if we replace C(X) by U(X) for X ∈ {A, B}
in the statement of Theorem 2, the result remains valid. To prove it we would construct A
in precisely the same manner. The important point is then that the comments immediately
prior to Theorem 1 concerning the rigidity of the realization of lattice unique graphs remains
valid. If in particular B ⊂ R2 satisfies that UA(A) ≃ UA(B) via the isomorphism φ : A → B,
we may assume that φ|⋃

θ∈Θ
(Hk+tθ) is the identity as in the proof above. The remaining part

of the argument comparing the lengths of the beams then carries through unchanged. In
conclusion, we are only left with the task of proving Theorem 1 for intersection graphs.

3 Intersection Graphs

In this section we prove Theorem 3. Consider two convex bodies A and B. We are going to
prove that if I(A) = I(B), then for every graph G ∈ C(A), there exists a graph Hk(G) ∈ I(A)
with properties as stated in the following lemma.

▶ Lemma 13. Assume that I(A) = I(B). For any G ∈ C(A) and k ≥ 7, there exists a graph
Hk(G) ∈ I(A) satisfying the following: Let X ∈ {A, B}. For any vertex w of G, there is a
corresponding vertex s0(w) of Hk(G) with the following properties. Consider an arbitrary
drawing of Hk(G) as in intersection graph of X and any two vertices w, w′ of G and let
s0 := s0(w) and s′

0 := s0(w′). Then ∥s0s′
0∥X ≥ 4k − 18. Furthermore, if ww′ is an edge of

G, then ∥s0s′
0∥X ≤ 4k + 2.

As is evident from the lemma, the vertices (s0(u))u∈V (G), of any drawing of Hk(G) as
an intersection graph of X, are placed approximately as the vertices of a drawing of G as
a contact graph of scaled convex body 2kX. To capture the uncertainty, we introduce the
concept of ε-overlap graphs.
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▶ Definition 14 (ε-overlap Graph). Let ε > 0 and A ⊂ R2 be a symmetric convex body, and
let v1, . . . , vn ∈ R2 be n points in the plane. Suppose that for any i, j ∈ [n], ∥vivj∥A ≥ 2 − ε.
A graph G with vertex set [n] and edge set satisfying E(G) ⊆

{
(i, j) ∈ [n]2

∣∣ ∥vivj∥A ≤ 2
}

is
called an ε-overlap graph of A. We say that {v1, . . . , vn} realize the graph G as an ε-overlap
graph of A. Further, we denote by Cε(A) the set of graphs that can be realized as ε-overlap
graphs of A.

We next show how Lemma 13 leads to a proof of Theorem 3. First, the following lemma
provides a reduction from ε-overlap graphs to contact graphs. The proof is a standard
compactness argument and can be found in the full version of the paper.

▶ Lemma 15. Let G1 = (V, E1) be a graph and A a convex body. If for every ε > 0, it holds
that G1 ∈ Cε(A), then there is a graph G2 = (V, E2) ∈ C(A) such that E1 ⊆ E2.

The following lemma uses Lemma 13 to show that if I(A) = I(B), then any G ∈ C(A) is
an ε-overlap graph of B for all ε > 0.

▶ Lemma 16. Assume that I(A) = I(B). For any G ∈ C(A), and any ε > 0, G ∈ Cε(B).

Proof. Write G = (V, E) and let k ≥ 7 be arbitrary. The assumption I(A) = I(B) in
particular implies that Hk(G) ∈ I(B). Consider a drawing of Hk(G) as an intersection graph
of B and define B :=

{
su

0
2k+1

∣∣∣ u ∈ V
}

. It follows from Lemma 13 that IB(B) is a drawing

of G as a
(

2 − 4k−18
2k+1

)
-overlap graph of B. Since 4k−18

2k+1 ≥ 2 − 10/k, it follows that G is an
10/k-overlap graph of B. As k ≥ 7 was arbitrary, the desired result follows. ◀

Theorem 3 is an easy consequence of Lemma 15 and Lemma 16:

Proof of Theorem 3. Let the graph G ∈ C(A) have the properties of the theorem, i.e., for
all H ∈ C(B), G is not isomorphic to a subgraph of H. Suppose that I(A) = I(B). By
Lemma 15 and 16, there is a graph H = (V, E) ∈ C(B) such that E′ ⊆ E, which is a
contradiction. ◀

It remains to prove Lemma 13. We will proceed to describe the construction of Hk(G)
and provide several lemmas needed in order to prove that it satisfies the desired properties.

The proofs of these lemmas and of Lemma 13 are deferred to the full version of the paper.
For each vertex u ∈ V (G), we make a copy of a graph Qk to be defined in the following.

The vertices of Hk(G) will in turn be the union of the vertices of these copies. We will
construct Qk to have a designated vertex s0 and a cycle αk with the property that for
every drawing of Qk as an intersection graph of X ∈ {A, B}, the cycle αk is contained in
(and winds all the way around) the annulus

{
x ∈ R2

∣∣ ∥s0x∥X ∈ (2k − 3, 2k]
}

. We may then
informally view αk as an upscaled copy of X up to a slight imprecision that, compared to the
size, decreases in k. In order to construct Qk, we first define another graph Pk (which will be
contained in Qk) with a vertex s0 such that in every drawing of Pk as an intersection graph,
s0 is contained in k nested disjoint cycles. A priori, it is not clear what it means for s0 to be
contained in a cycle of the graph in every drawing, since the drawing is not necessarily a
plane embedding of the graph. However, as the following lemma shows, it is well-defined if
Pk is triangle-free. We believe the result to be well-known but have been unable to find the
exact formulation that we require in the literature.

▶ Lemma 17. If G is a triangle-free graph then every drawing of G as an intersection graph
is a plane embedding.
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t0, s0
s1

a1

b1
t1s2

a2

b2
κ1κ2t2

σ1

σ2

Figure 8 The construction of P2.

Proof. See the full version of the paper. ◀

We are now ready to define Pk ∈ I(A) for any k > 0. Besides being triangle-free, our aim
is that Pk should have the following properties:
1. There is a vertex s0 such that in any drawing of Pk as an intersection graph of A and B,

s0 is contained in k nested disjoint, simple cycles σ1, . . . , σk.
2. There is a path κk from a vertex sk to a leaf tk such that in any drawing of Pk as an

intersection graph of A or B, the path κk is on the boundary of the outer face.

▶ Construction 18 (Pk). See Figure 8. We define Pk = IA(Ak), where Ak is a set of points
to be defined inductively. Let A0 = {0} and P0 = IA(A0) be the trivial graph consisting
of one vertex s0 = t0, which is also the path κ0. Suppose now that Pk−1 = IA(Ak−1) has
been defined. In order to define Pk, we first add vertices ak, bk, sk and edges such that
τk := (ak, tk−1, bk, sk) is a 4-cycle. We now add vertices and edges that together with the
path ak, sk, bk form a cycle σk. We make σk so long that there exists a drawing as an
intersection graph in which Pk−1 is contained in σk with respect to both A and B. We finish
the construction of Pk by adding vertices and edges that together with sk form a path κk

from sk to a vertex tk, where κk is so long that it cannot be contained in the cycle σk, neither
as an intersection graph of A nor B. (Note that a path of length n contains n/2 independent
vertices. A simple volume argument implies a bound on the number of independent vertices
contained in the region enclosed by a cycle of a plane intersection embedding.) Let Ak consist
of Ak−1 together with all the added points.

▶ Lemma 19. The graph Pk has properties 1–2.

Proof. See the full version of the paper. ◀

The most important property of Pk is that every vertex u ∈ σk has distance Ω(k) to s0
in any drawing of Pk as intersection graph of any X ∈ {A, B} in the norm ∥·∥X . This is
exactly what we will use when constructing Qk.

▶ Lemma 20. Let X ∈ {A, B}. Consider any drawing of Pk as an intersection graph of X.
For any vertex u ∈ σk, we have ∥s0u∥X > 2(k/9 − 1).

Proof. See the full version of the paper. ◀

Having defined Pk we are now ready for the construction of Qk.

▶ Construction 21 (Qk). We here define a graph Qk ∈ I(A) by specifying a drawing of Qk

as an intersection graph of A. Let k′ := 18(k + 1). We start with Pk′ and explain what to
add to obtain Qk. Let u0, . . . , un−1 be the vertices of σk′ in cyclic, counter-clockwise order.
Consider an arbitrary drawing of Pk′ as an intersection graph of A and a vertex ui. Note
that d :=

⌈
∥s0ui∥A−2

2

⌉
is the number of vertices needed to add in order to create a path from

s0 to ui. It follows from Lemma 20 that d ≥ 2k.
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s0
α1

α2

σk′

u0

un−1

u1

πn−1
π0
π1

Figure 9 A part of a graph Qk. The vertices vi(j) are only shown for j ∈ {1, 2}, and only edges
on paths πi and cycles α1, α2, σk′ are shown.

We want to minimize the vector of these values d with respect to each vertex ui ∈ σk′ .
To be precise, we define

(d0, . . . , dn−1) := min
(⌈

∥s0u0∥A − 2
2

⌉
, . . . ,

⌈
∥s0un−1∥A − 2

2

⌉)
,

where the minimum is with respect to the lexicographical order and taken over all drawings
of Pk′ as an intersection graph. Consider a drawing of Pk′ as an intersection graph realizing
the minimum and let P be the set of vertices in the drawing. For each vertex ui, we create
a path πi from s0 to ui as follows. Let vi be the unit-vector in direction ui − s0. We add
new vertices placed at the points vi(j) := s0 + 2jvi for j ∈ {1, . . . , di}. We now define the
vertices of Qk as Q := P ∪

⋃n−1
i=0 {vi(1), . . . , vi(di)} and define Qk = IA(Q). See Figure 9.

▶ Remark 22. By construction, there exists a drawing of Qk as an intersection graph of A.
If there does not exist one of B, we are done, since we then clearly have that I(A) ̸= I(B).
Now suppose that there exists a drawing of Pk′ as an intersection graph of B such that(⌈

∥s0u0∥B − 2
2

⌉
, . . . ,

⌈
∥s0un−1∥B − 2

2

⌉)
≺ (d0, . . . , dn−1), (3)

where ≺ denotes the lexicographical order. We can now define a graph QB
k ∈ I(B) from Pk′

in a similar way as we defined Qk by adding
⌈

∥s0ui∥B−2
2

⌉
vertices to form a path from s0 to

each ui. It then follows from (3) that QB
k /∈ I(A), so in this case we have likewise succeeded

in proving I(A) ̸= I(B). In the following, we therefore assume that Qk ∈ I(B) for any k and
that no drawing of Pk′ as an intersection graph of B satisfying (3) exists.

First we need to show that Qk contains a cycle αk as described earlier.

▶ Lemma 23. The set of edges of Qk contains the pairs vi(j)vi+1(j) for any i ∈ [n] and
j ∈ {1, . . . , k}, and for each j ∈ {1, . . . , k}, these edges thus form a cycle αj. In the specific
drawing of Qk as an intersection graph defined in Construction 21, the cycle αj is contained
in the annulus

{
x ∈ R2

∣∣ ∥s0x∥A ∈ [2j − 1, 2j]
}

.

Proof. See the full version of the paper. ◀

The above lemma shows that the cycle αk behaves nicely in one particular drawing of Qk

as an intersection graph. To see that something similar holds for every drawing, we refer the
reader to the full version.

We now provide the definition of the graph Hk(G), as mentioned in the beginning of this
section.
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s0 s′0A

αj

π′
i′

s0 s′0A

αk−3 α′
k−3

A′

Figure 10 From the proof of Lemma 13 (notation as in Lemma 25). There is either an intersection
between αj and π′

i′ (left) or between αk−3 and α′
k−3 (right) that violates Lemma 25.

▶ Construction 24 (Hk(G)). For any G ∈ C(A), consider a fixed drawing of G as a contact
graph of A. For each vertex w of G, we make a copy of the drawing of Qk as an intersection
graph as defined in Construction 21 which we translate so that s0 is placed at sw

0 := (2k−2)w.
We then add all edges induced by the vertices, and the result is denoted as Hk(G).

The following lemma characterizes some of the edges of Hk(G) and will be crucial in the
proof of Lemma 13.

▶ Lemma 25. Consider two vertices w, w′ of a drawing of a graph G as a contact graph.
Denote by Q and Q′ the copies of Qk in Hk(G) corresponding to w and w′, respectively,
such that s0, πi, αj , vi(j) denote objects in Q and s′

0, π′
i, α′

j , v′
i(j) denote objects in Q′. If

vi(j)v′
i′(j′) is an edge of Hk(G), then j + j′ ≥ 2k − 4.

If ww′ is an edge of G, then there is an edge vi(k)v′
i′(k) in Hk(G).

Proof. See the full version of the paper. ◀

As mentioned, the final proof of Lemma 13 is deferred to the full version, but we can now
provide the main ideas. We first need to prove that in any drawing of Qk as an intersection
graph with respect to X ∈ {A, B}, any cycle αj is contained in an annulus only slightly
wider than as stated in Lemma 23. Furthermore, αj winds around s0 in the sense that if we
trace the full curve αj , the change of argument with respect to s0 will be ±2π. To prove the
lower bound ∥s0s′

0∥X ≥ 4k − 18 in Lemma 13, we exclude that the distance is smaller by
dividing into two cases depending on the actual distance. Figure 10 depicts the two cases
for each of which we prove that there would be an edge in Hk(G) violating Lemma 25. The
upper bound ∥s0s′

0∥X ≤ 4k + 2 when ww′ is an edge of G is likewise an easy consequence of
Lemma 25, as otherwise, an edge vi(k)v′

i′(k) would be missing from Hk(G).

4 Concluding remarks

It is natural to investigate the special case of convex bodies with the URTC property. Here
our proof of Theorem 2 fails since the hexagons are not rigid structures. Together with
Konrad Swanepoel, we have promising progress in generalizing Theorem 1 to also handle
this case.

Another interesting direction is to consider convex bodies in three and higher dimensions.
Already in three dimensions, it appears to be very difficult to characterize when two bodies
induce the same graph classes.
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Abstract
Approximate nearest-neighbor search is a fundamental algorithmic problem that continues to inspire
study due its essential role in numerous contexts. In contrast to most prior work, which has focused
on point sets, we consider nearest-neighbor queries against a set of line segments in Rd, for constant
dimension d. Given a set S of n disjoint line segments in Rd and an error parameter ε > 0, the
objective is to build a data structure such that for any query point q, it is possible to return a line
segment whose Euclidean distance from q is at most (1 + ε) times the distance from q to its nearest
line segment. We present a data structure for this problem with storage O((n2/εd) log(∆/ε)) and
query time O(log(max(n, ∆)/ε)), where ∆ is the spread of the set of segments S. Our approach
is based on a covering of space by anisotropic elements, which align themselves according to the
orientations of nearby segments.
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1 Introduction

Proximity queries are essential building blocks in many important algorithms with numerous
applications [21–25, 28–30]. A primary example is nearest-neighbor searching, where a
given set of n points P in Rd is preprocessed into a data structure so that queries can
be answered efficiently. As the complexity bounds for such query problems grow very
rapidly as the dimension increases, either in terms of query time or space, most research
has focused on approximate solutions. There has been a great deal of work on approximate
proximity searching in spaces of very high dimension [5, 19, 32, 34] and in general metric
spaces [5,33,39,40]. Nonetheless, there are many important applications that naturally reside
in real spaces of relatively low dimensions.

In this paper, we consider approximate nearest-neighbor searching for a query point
against a discrete set of line segments in Rd, where d is a fixed constant. We are given a
set S of n disjoint line segments in Rd. The distance from any point q ∈ Rd to a segment s,
denoted dist(q, s), is the minimum Euclidean distance between q and any point of s. For
ε > 0, a segment s′ ∈ S is an ε-approximate nearest neighbor (ε-ANN ) of q if dist(q, s′) is
within a factor of 1 + ε of the distance to q’s closest segment in S. Given S and ε > 0, the
objective is to construct a data structure so that given any q ∈ Rd, it is possible to compute
an ε-ANN of q efficiently. We refer to this problem as segment-ANN.
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4:2 Approximate Nearest-Neighbor Search for Line Segments

Clearly, nearest-neighbor searching with respect to segments is at least as hard as for
point sets, and there are quadratic worst-case lower bounds in the exact and approximate
settings [6,31]. The difficulty of the problem can be appreciated by considering the increased
complexity of the Voronoi diagram of a set of lines or line segments, which is not fully
understood to date [14,16]. Recall that such Voronoi diagrams consist of cells bounded by
hyperplanes and algebraic surfaces of constant degree, and hence are generally nonconvex;
see [36,49] for the computation of Voronoi diagrams of line segments in R2. A set of just three
straight lines in R3 suffices to induce a highly intricate Voronoi diagram [27]. Better bounds
are known in restricted scenarios, for example, by bounding the number of orientations [26,37]
or working with a polyhedral distance function [20,38].

Our work follows in this tradition with the main motivation of developing a better
understanding of proximity searching among more complex objects than discrete sets of
points. We are particularly interested in distance functions whose rate of change is much
larger in some directions compared to others. This sort of behavior is characterized by the
notion of anisotropy, which can be defined for smooth convex functions as the ratio of the
largest to the smallest eigenvalues of the Hessian matrix at the point in question. Line
segments are perhaps the simplest objects inducing such distance functions. This type of
proximity searching against linear and affine subspaces has recently been applied to problems
in pattern recognition [17,51] and active learning [50]. A notion of direction-sensitive distances
in the plane has been studied in [3].

In this paper we present a new data structure for segment-ANN. Our data structure is
an AVD-style data structure [9,12,13,31]. By this we mean that it employs a hierarchical
subdivision of space (a covering in our case) by elements of constant complexity (ellipsoids in
our case). At the leaf level of the hierarchy, each element stores a representative segment of
S that is an ε-ANN for any query point lying within the element. Queries are answered by a
simple descent through the hierarchy, reporting the representative of the leaf-level element.
Up to now, AVD structures have relied on quadtree-based subdivisions. A novel feature of
our approach is that the elements are anisotropic, where their shapes are sensitive to the
local distribution of segments. The advantages of such an approach are illustrated intuitively
in Figure 1. Our approach is inspired by recent progress on the use of anisotropic covering
elements based on Macbeath regions [15,42] used in convex approximation [1, 7, 8, 10,11].

Figure 1 Approximation using isotropic (quadtree) elements compared to anisotropic elements.

Our input consists of a set S of n pairwise disjoint line segments in Rd. Define the
spread, denoted ∆(S) to be diam(S)/δmin(S), where diam(S) is the diameter of the set S

(the maximum distance between any two points lying on these segments), and δmin is the
minimum distance between any two segments. Since S will be fixed throughout, we will just
refer to this as ∆. Here is our main result.

▶ Theorem 1. Given a set S of n disjoint line segments in Rd of spread ∆ and ε > 0, there
exists a data structure that can answer ε-ANN queries in time O(log(max(n, ∆)/ε)) using
O((n2/εd) log ∆

ε ) storage.
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Note that because the line segments are disjoint and the dimension is constant, n = O(∆d),
the query time bound can be simplified to O(log ∆

ε ).
The most closely related works to ours are segment-ANN data structures by Mahabadi [43]

and Agarwal, Rubin, and Sharir [2]. Mahabadi’s solution is based on reducing segment-
ANN to point-ANN through a combination of reductions. These reductions produce nO(1)

point-ANN modules, where each module involves O(n/εO(1)) points. The space bounds
obtained are inferior to ours in terms of n and ε, and while individual modules can be solved
within the AVD model, the overall data structure is not in this model. Agarwal, Rubin, and
Sharir [2] consider the more general problem of ANN queries against k-flats in Rd. As in our
case, d is assumed to be constant. They solve the problem by approximating the Euclidean
ball with a polyhedron distance function of complexity 1/εO(1) [18], and they show that it
is possible to compute nearest neighbors exactly among k-flats with respect to the induced
polyhedral distance function through the use of multi-level partition trees. In the case of
line segments, their approach provides polylogarithmic query time with n2(log(n)/ε)O(1)

storage, but the approach makes critical use of the fact that the objects are (infinite) flats.
As with Mahabadi’s result, there is no dependence on the spread. There are also works that
consider the problem in its dual form, where the data set consists of points and the query is
a k-flat [2, 4, 44].

Our data structure has a number of notable features. First, it is in the AVD model (which
partially answers an open problem posed by Agarwal, Rubin, and Sharir [2]. The query
algorithm is almost trivial, involving a descent through a rooted directed acyclic graph (DAG)
of constant degree. The decision of which neighbor to visit next is just a membership test for
an ellipsoid. By abandoning the quadtree-based approaches used in prior AVD solutions, we
demonstrate how to exploit the anisotropic nature of the nearest-neighbor distance function
to obtain a space-efficient hierarchical spatial decomposition.

The remainder of the paper is organized as follows. Section 2 formalizes the notion of
anisotropy by examining the differential properties of the distance to the segments. Section 3
introduces the notion of a capsule, the basic shape upon which our data structure is built
and introduces the relevant properties of these objects. Section 4 presents our ANN search
structure, and finally Section 5 analyzes its storage requirements.

2 Exposing Anisotropy

In this section, we formally characterize how the distance function associated by a set of
line segments naturally induces a Riemannian metric whose metric tensor is anisotropic;
see Figure 2. This characterization underpins the design of our data structure which draw
inspiration from classical constructions in convex optimization. For the sake of efficiency, the
construction of our data structure will be based on a simpler approach, and this section may
be skimmed without hampering the understanding of the material that follows.

a b

x1

x2

x3

Figure 2 Demonstrating the local tensors induced by a segment ab as defined in Equation 5.
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4:4 Approximate Nearest-Neighbor Search for Line Segments

Given a set of pairwise-disjoint segments S = {s1, . . . , sn}, denote by ℓi the line supporting
si = aibi parallel to the unit vector vi. We define the distance functions at any x ∈ Rd as

Di(x) =
{

Dℓ
i (x), if x⊥ ∈ int(si),

D•
i (x), otherwise,

(1)

where Dℓ
i is half the squared distance to the line ℓi, and D•

i (x) = min{Dai(x), Dbi(x)} with
Dai and Dbi being half the squared distance to the endpoints ai and bi, respectively, x⊥ the
projection of x onto ℓi, and int(si) the interior of si. As is common for similar definitions, we
work with squared distances and introduce the 1

2 factor to simplify the resulting derivatives.
For every x ∈ Rd, we seek a definition of a local tensor to effectively consolidate the two

cases in the definition of Di(x) per Equation 1. Using such local tensors, we can define a
local descriptor, e.g., an ellipsoid, whose shape describes the rate of change of the distance
function Di in the neighborhood of x. We achieve this by first examining the Hessian of
the distance functions defining Di(x) for each segment in isolation. Then, we consider the
consolidation of all distance functions as needed for nearest-neighbor searching.

2.1 Distance Hessians
For a fixed point p ∈ Rd, the associated distance takes the form

Dp(x) = 1
2∥x − p∥2 = 1

2

d∑
i=1

(xi − pi)2, for which ∇2Dp = I, (2)

where ∇2 denotes the function’s Hessian and I is the identity matrix. For a fixed line
ℓ = {p + tv | t ∈ R}, with p, v ∈ Rd and ∥v∥ = 1, the distance takes the form

Dℓ(x) = 1
2∥x − x⊥∥2 = 1

2

d∑
i=1

((xi − pi) − ⟨x − p, v⟩vi)2
,

where x⊥ is the projection of x onto ℓ. We proceed to compute the Hessian ∇2Dℓ as follows.

∂Dℓ

∂xk
= (xk − pk) − ⟨x − p, v⟩vk,

∂2Dℓ

∂x2
k

= 1 − v2
k,

∂2Dℓ

∂xk∂xn
= −vkvn,

∇2Dℓ = I − vv⊺. (3)

It is easy to verify that v is an eigenvector of ∇2Dℓ with eigenvalue 0. Letting T be any
rotation matrix such that Tv = [1, 0, . . . , 0]⊺, we obtain

∇2(Dℓ ◦ T ) =


0 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1

 .

Noting that ∇2Dℓ = T −1∇2(Dℓ ◦ T )T −1, and that eigenvalues are invariant under change
of basis, the remaining eigenvalues of ∇2Dℓ are all equal to 1, where the corresponding
eigenvectors can be chosen as any basis of the subspace orthogonal to v. This form of the
Hessian reflects the constancy of the distance along trajectories parallel to the line.



A. Abdelkader and D. M. Mount 4:5

2.2 Local Tensors and Ellipsoids
Per the previous subsection, the Hessian ∇2Dℓ

i , of the distance to a line ℓi, is rank-deficient
with vi an eigenvector with eigenvalue 0 and all remaining eigenvalues equal to 1. We remedy
this deficiency by defining the local tensor as

Hi(x) = 1
Di(x)∇2Dℓ

i + 1
D•

i (x)viv
⊺
i . (4)

By construction, the local tensor Hi(x) has a single eigenvalue equal to 1/D•
i (x) with all

remaining d − 1 eigenvalues equal to 1/Di(x). The anisotropy of the distance function Di

reflected by this local tensor at x is equal to the ratio of the maximum of D•
i (x) and Di(x) to

their minimum. As x moves along any smooth trajectory, this anisotropy varies continuously
between of 1 and ∞. We use the tensor Hi(x) to define the ellipsoid

Ei(x) =
{

y ∈ Rd

∣∣∣∣ 1
2(y − x)⊺Hi(x)(y − x) ≤ 1

}
. (5)

(See Figure 2 for examples.) Observe that as D•
i becomes larger, the eigenvalue associated

with vi becomes smaller, and the ellipsoid Ei(x) extends further in the direction of vi. On
the other hand, as Dℓ

i (x) approaches D•
i (x), Hi(x) approaches a scaled identity matrix, and

the ellipsoid Ei(x) becomes more spherical.
One approach to account for the influence of all n segments is to define a blended tensor

at every x ∈ Rd, H(x) =
∑n

i=1 Hi(x) along with an induced local norm1 and a corresponding
local ellipsoid acting as a metric ball at x

Ẽ(x) =
{

y ∈ Rd | ∥y − x∥2
x ≤ 1

}
, where ∥y − x∥2

x = 1
2(y − x)⊺H(x)(y − x). (6)

Alternatively, we may directly bound the relative change of all distance functions in the
neighborhood of x by restricting attention to the cell 2

Ê(x) =
n⋂

i=1
Ei(x). (7)

The next lemma formalizes the relationship between the ellipsoids Ẽ(x) and the cells Ê(x).3

▶ Lemma 2. For any set of n segments and any point x ∈ Rd, we have the inclusions

Ẽ(x) ⊆ Ê(x) ⊆ Ẽ
√

n(x), where the superscript denotes the central scaling about x.

Proof. The first inclusion is immediate. For the second inclusion, observe that any y ∈ Ê(x)
satisfies maxi

1
2 (y − x)⊺Hi(x)(y − x) ≤ 1. Hence, ∥y − x∥2

x ≤ n, implying y ∈ Ẽ
√

n(x). ◀

Unfortunately, each of those two approaches has its own drawbacks. While the blended
tensors H(x) are easier to compute, the corresponding ellipsoids Ẽ(x) are unnecessarily small.
On the other hand, the cells Ê(x) can retain a suitable size but are difficult to construct. This
motivates an alternative, and more geometric, definition of a more efficient shape primitive.

1 See [45,47] for related derivations of Riemannian metrics from local tensors.
2 This can be seen by recognizing Hi(x) as the Hessian of a closely related function derived from Di, and

writing its Taylor expansion about x for points within Ẽ(x).
3 Readers familiar with the Dikin ellipsoid from convex optimization will recognize the similarities with

the local ellipsoids Ẽ(x). It is well-known that Macbeath regions and Dikin ellipsoids are related by a
similar inclusion as in Lemma 2: for a polytope K defined as the intersection of m halfspaces and a
point x ∈ K, the Macbeath region K ∩ (2x − K) contains the Dikin ellipsoid at x and is contained in
its

√
m expansion; see, e.g., [41,48]. While Dikin ellipsoids are derived from barrier functions [46,52],

we derive our ellipsoids from the Euclidean distance functions.
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4:6 Approximate Nearest-Neighbor Search for Line Segments

3 Anisotropic Space Covers

Building upon the derivations in the previous section, we propose a simple primitive shape
for constructing a hierarchical space covering, which will be amenable to computation and
analysis. Recall that S is a set of n disjoint line segments in Rd, each defined by its two
endpoints. Fix a segment s = ab ∈ S, and let r > 0 be a given distance parameter, to be
defined later. Recall that for any x ∈ Rd, its distance to segment s is denoted by dist(x, s).

For any point x ∈ Rd, we define a convex and centrally-symmetric subregion centered
about x, called a capsule and denote by Cs(x, r). If the closest point to x on s is an endpoint,
then Cs(x, r) is simply the ball centered at x with radius max(r, dist(x, s)). Otherwise,
Cs(x, r) is defined as follows. First, construct the infinite cylinder of radius max(r, dist(x, s))
with axis parallel to s and passing through x. Consider a ball centered at x whose radius
is max(r, min(∥x − a∥, ∥x − b∥), where a and b are the endpoints of s. The capsule is the
intersection of this cylinder and ball (see Figure 3(a) and (b)).

s

x

s

x

(a) (b)

Cs(x, r) Cs(x, r)

C1/2s (x, r)s

x

Cs(x, r)

dist(x, s)

r ≤ dist(x, s) r > dist(x, s)

(c)

r

r ≤ dist(x, s)

Figure 3 (a) The capsule Cs(x, r) at x for segment s for r ≤ dist(x, s), (b) for r > dist(x, s), and
(c) the shrunken capsule C1/2

s (x, r) for r ≤ dist(x, s).

We define the capsule associated with x for the set S of all segments as CS(x, r) =⋂
s∈S Cs(x, r). Since S will be fixed throughout, we will omit this subscript henceforth.

Clearly, C(x, r) is also convex and centrally symmetric about x. We start by showing that
capsules are closely related to the Hessian-based ellipsoids defined in Eq. (5).

▶ Lemma 3. For all x ∈ Rd and any r ≤ mini dist(x, si),

Ê(x) ⊆ C(x, r) ⊆ Ê
√

2(x). (8)

Proof. By the definition of the local tensor per Equation 4, we may express the capsule as

Csi
(x, r) =

{
y ∈ Rd

∣∣∣∣ max
i

(
(y − x)⊺∇2Dℓ

i (y − x)
max{r2, 2 · Di(x)} ,

(y − x)⊺(y − x)
max{r2, 2 · D•

i (x)}

)
≤ 1

}
, (9)

where, in contrast to Equation 4, we replaced viv
⊺
i in the second term by just the identity

matrix to make the shape nicer. Recognizing the definition of both Ê and the capsule C as
the intersection of n subsets, it suffices to establish the following claim: for all segments si,
and any r ≤ dist(x, si), we have that

Ei(x) ⊆ Csi
(x, r) ⊆ E

√
2

i (x). (10)
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Observing that Di(x) = dist2(x, si)/2 and Di(x) ≤ D•
i (x), we see that r2 cannot dominate

in either of the denominators in Equation 9. In addition, for any y ∈ Rd we may write
y − x = αv + βu, where u is a unit vector orthogonal to v. We obtain

y ∈ Ei(x) =⇒ 1
2(y − x)⊺Hi(x)(y − x) = 1

2

(
β2

Di(x) + α2

D•
i (x)

)
≤ 1.

From the above, the first term in Equation 9 is at most 1. For the second term, observe
that β2/D•

i (x) ≤ β2/Di(x). By making this substitution, we find that 1
2 (β2 + α2)/D•

i (x) =
1
2 ∥y − x∥2/D•

i (x) ≤ 1, implying the second term in Equation 9 is at most 1 as well. It follows
that y ∈ Csi

(x, r), establishing the first inclusion. For the second inclusion, observe that
for all y ∈ Csi

(x, r) we have that 1
2 (y − x)⊺Hi(q)(y − x) ≤ 2. This holds as both terms in

Equation 9 are at most 1, and we have (y − x)⊺vv⊺(y − x) ≤ (y − x)⊺(y − x) for all unit
vectors v. Using Equation 10, the proof follows by intersection over all i ∈ [n]. ◀

For the purposes of distance approximation, we work with a scaled version of these
capsules which we denote by the superscript Cλ for a scale factor λ. The scaled version of
each region is the central scaling around x by λ. When λ < 1, we say that the regions are
shrunken (see Figure 3(c)).

Capsules enjoy a number of useful properties, similar to the Macbeath regions in the
context of convex bodies; see [1, 15]. In particular, capsules satisfy the following expansion-
containment property, which states that whenever two shrunken capsules overlap, a constant
factor expansion of one contains the other.

▶ Lemma 4. Let S be a set of disjoint line segments and λ ∈ (0, 1) be a scale factor. For
any x, y ∈ Rd, if Cλ(x, r) ∩ Cλ(y, r) ̸= ∅ then Cλ(y, r) ⊆ Cαλ(x, r), where α = 3+λ

1−λ .

3.1 Local Feature Size
In order to use capsules for space covering, we need a principled way to select the distance
parameter r. We define the local feature size (LFS) at x ∈ Rd as the distance from x to the
second-nearest segment:

ϕ(x) = min
i,j∈(n

2)
max{dist(x, si), dist(x, sj)}, (11)

where we assume n ≥ 2. It is easy to see that ϕ is 1-Lipschitz, and the following lemma
further quantifies the sensitivity of capsules to the distances to the set of line segments. In
particular, all points within a shrunken capsule have comparable local feature size.

▶ Lemma 5. For all z ∈ Cλ(x, ϕ(x)), where 0 < λ < 1, ϕ(z) ∈ [1 − λ, 1 + λ] · ϕ(x).

Proof. Let r = ϕ(x), and denote by s1 and s2 the nearest and second-nearest segments
to x, respectively. Observing that r = dist(x, s2), the interior of C(x, r) cannot intersect
any segment except for s1. To obtain the lower bound, we bound the distance from any
z ∈ Cλ(x, r) to ∂ C(x, r).

Recalling the construction of capsules, for any segment s, as an infinite cylinder restricted
within a ball, we define the spine of the capsule at x with respect to s as the projection of s

onto the axis of the cylinder intersected with the capsule, or just x if the capsule is a ball;
see Figure 4.

For any z ∈ Cs2(x, r), define z′ as the projection of z onto the spine. By construction,
dist(z, z′) ≤ r and dist(z′, s2) = r, for all z ∈ Cs2(x, r) and z′ on the spine. Upon shrinking,
we obtain dist(z, z′) ≤ λr. In addition, dist(z, ∂ C(x, r)) ≥ (1 − λ)r. This lower bound is
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4:8 Approximate Nearest-Neighbor Search for Line Segments

x

s

z′ z

Figure 4 The spine construction used in Lemma 5.

obvious for the shrunken cylindrical shell. For the spherical caps, we note that they are at
least as far from x as the cylindrical shell, so the spherical caps of the shrunken capsule are
displaced by at least the same amount as the shrunken cylindrical shell. Since only s1 may
be closer to z than ∂ C(x, r), we have ϕ(z) ≥ (1 − λ)r.

For the upper bound, we consider Cs1(x, r) in addition to Cs2(x, r). For any z ∈ Cs1(x, r)∩
Cs2(x, r), let z′ and z′′ denote the projections of z onto the spines of Cs1(x, r) and Cs2(x, r),
respectively. By the above derivations dist(z, s2) ≤ dist(z, z′′) + dist(z′′, s2) ≤ (1 + λ)r. We
also have dist(z′, s1) = dist(x, s1) ≤ ϕ(x) = r, implying dist(z, s1) ≤ dist(z, z′)+dist(z′, s1) ≤
(1 + λ)r. It follows that,

ϕ(z) ≤ max{dist(z, s1), dist(z, s2)} ≤ (1 + λ)r,

as desired. ◀

From the above lemma, it is easy to obtain an approximation of nearest-neighbor distances
using the segment closest to the center point of the capsule as a representative. This
qualifies capsules to serve as cells for a type of approximate Voronoi diagram (AVD) data
structure [13,31].

▶ Lemma 6. For any z ∈ Cλ(x, ϕ(x)) with 0 < λ < 1, dist(z, sx) ≤ 1+λ
1−λ dist(z, sz), where sx

is the closest segment to x and sz is the closest segment to z.

Proof. Assume sz is distinct from sx, for the assertion holds trivially otherwise. In the same
notation we used to prove Lemma 5, let r = ϕ(x), and denote by sx and s′

x the nearest and
second-nearest segments to x, respectively. Observing that r = dist(x, s′

x), the interior of
C(x, r) cannot intersect any segment except for sx. As seen in the proof of Lemma 5, we
have that dist(z, sz) ≥ dist(z, ∂ C(x, r)) ≥ (1 − λ)r while dist(z, sx) ≤ (1 + λ)r. ◀

As an immediate corollary, we have the following.

▶ Corollary 7. For 0 < ε ≤ 1 and any z ∈ Cλ(x, ϕ(x)) with 0 < λ ≤ ε
3 , the nearest neighbor

of x is a (1 + ε)-approximate nearest neighbor of z.

Capsules enjoy a number of properties (described later in this section) that make them
suitable for forming hierarchical covers of space. However, as the intersection of n cylinders
and/or balls, capsules can have high combinatorial complexity. For this reason, we use their
John ellipsoids in our data structure instead, as in related data structures based on Macbeath
regions [1,10]. For x ∈ Rd and positive scalars λ and r, define Eλ(x, r) as the maximum volume
ellipsoid enclosed within Cλ(x, r). By John’s Theorem [35], Eλ(x, r) ⊆ Cλ(x, r) ⊆ Eλ

√
d(x, r).

Hence, up to constant factors, these capsule ellipsoids can serve as low-complexity proxies for
capsule. Our construction makes use of two particular constant scale factors independent of
ε, 0 < λ′′ < λ′ < 1. For any x and r, define E′′(x, r) = Eλ′′(x, r) and E′(x, r) = Eλ′(x, r).
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3.2 Net-Like Properties for Capsules
In this section, present a number of properties of capsules, demonstrating that they possess
similar properties to nets, which arise in the study of metric spaces [33, 39, 40]. While we
prove these results for capsules, they all hold for capsule ellipsoids, subject to an adjustment
of constant factors.

Our first result is a utility that relates two methods for growing capsules, first by expanding
the distance parameter and second by applying a scale factor.

▶ Lemma 8. For any γ ≥ 1, C(x, γr) ⊆ Cγ(x, r), and for 0 < λ ≤ 1, Cλ(x, r) ⊆ C(x, λr).

Proof. For each segment s, the radii used in Cs(x, r) are of the form max(r, dist(x, s)).
Clearly, max(γr, dist(x, s)) ≤ γ · max(r, dist(x, s)). The other inequality is similar. ◀

The next lemma bounds the growth in the volume of capsules upon scaling. The first
part follows directly from the fact that capsules are full dimensional and convex, and the
second part follows from this in combination with Lemma 8.

▶ Lemma 9. For any set of disjoint line segments S ⊆ Rd and an arbitrary x ∈ Rd:
(i) For λ > 0, vol(Cλ(x, r)) = λd · vol(C(x, r)).
(ii) For β ≥ 1, vol(C(x, βr)) ≤ βd · vol(C(x, r)).

Next, we derive a packing bound on the number of pairwise interior-disjoint capsules that
may fit within a larger capsule.

▶ Lemma 10. Given a set of disjoint line segments S ⊆ Rd, r ≥ 0, and two constant scale
factors 0 < λp < λc < 1, let Y ⊂ Rd denote a set of points such that the associated regions
Cλp(y, r), with y ∈ Y , are disjoint. Then, for any x ∈ Rd and β ≥ 1, the number of regions
in RY = {Cλc(y, r) | y ∈ Y } that intersect Cλc(x, βr) is O(βd).

Proof. Fix a y ∈ Y such that Cλc(x, βr) ∩ Cλc(y, r) ̸= ∅. As Cλc(y, r) ⊆ Cλc(y, βr), we
also have that Cλc(x, βr) ∩ Cλc(y, βr) ̸= ∅. Applying Lemma 4 (with the roles of x and y

swapped), we obtain Cλc(x, βr) ⊆ Cαλc(y, βr), where α = 3+λc

1−λc
> 1. Lemma 9 yields

vol(Cλp(y, r)) =
(

λp

λc

)d

vol(Cλc(y, r)) ≥
(

λp

λcβ

)d

vol(Cλc(y, βr))

=
(

λp

λcαβ

)d

vol(Cαλc(y, βr)) ≥
(

λp

λcαβ

)d

vol(Cλc(x, βr)).

By packing, the number of regions of RY intersecting Cλc(x, βr) is O
((

λcαβ
λp

)d)
. The result

follows since λc, λp, and α are all constants. ◀

Turning our attention to radius assignment through the local feature size ϕ, we show that
expansion-containment still holds.

▶ Lemma 11. Given two points x, y ∈ Rd and 0 < λ < 1, if Cλ(x, ϕ(x)) ∩ Cλ(y, ϕ(y)) ̸= ∅,
then Cλ(y, ϕ(y)) ⊆ Cβλ(x, ϕ(x)) for a constant β = (3+λ)(1+λ)

(1−λ)2 .

Proof. Assuming first that ϕ(y) ≤ ϕ(x), Cλ(y, ϕ(y)) ⊆ Cλ(y, ϕ(x)) and thus

Cλ(x, ϕ(x)) ∩ Cλ(y, ϕ(y)) ̸= ∅ =⇒ Cλ(x, ϕ(x)) ∩ Cλ(y, ϕ(x)) ̸= ∅.

Applying Lemma 4 with r = ϕ(x), implies that Cλ(y, ϕ(y)) ⊆ Cαλ(x, ϕ(x)).
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Otherwise, ϕ(x) ≤ ϕ(y), and by applying Lemma 5 twice with any z ∈ Cλ(x, ϕ(x)) ∩
Cλ(y, ϕ(y)), we obtain

ϕ(y) ≤ 1
1 − λ

ϕ(z) ≤ 1 + λ

1 − λ
ϕ(x).

By Lemma 8, Cλ(x, γ ϕ(x)) ⊆ Cγλ(x, ϕ(x)), where γ = 1+λ
1−λ > 1. Therefore

Cλ(x, ϕ(x)) ∩ Cλ(y, ϕ(y)) ̸= ∅ =⇒ Cλ(x, γ · ϕ(x)) ∩ Cλ(y, γ · ϕ(x)) ̸= ∅.

Applying Lemma 4 with r = γ ϕ(x), implies that Cλ(y, ϕ(y)) ⊆ Cαγλ(x, ϕ(x)). ◀

4 The ANN Data Structure

In this section, we apply the results of the previous section to present our data structure
for answering ε-ANN queries. Again, S = {s1, . . . , sn} is a set of n disjoint line segments in
Rd, and ε > 0 is the approximation parameter. Let B(S) be a minimum volume Euclidean
ball that contains S, and let B+(S) denote a concentric expansion of B(S) about its center
by a factor of 1 + 2/ε. It is easy to see that if the query point q lies outside of B+(S), any
segment may be reported as an ε-ANN of q. Thus, for the rest of the construction, we focus
on query points lying within B+(S). Let x0 and r+ denote the center and radius of this ball,
respectively. Clearly, r+ = Θ(diam(S)/ε). Let δ(S) denote the minimum distance between
any two segments of S. Observe that for every point x ∈ B+(S), its local feature size, ϕ(x),
is at least δ(S)/2.

Here is a high-level overview of the data structure. It consists of a rooted directed acyclic
graph (DAG), which is based on covering B+(S) with a hierarchy of capsule ellipsoids of
exponentially diminishing scales. The DAG is organized in levels, with a single root node
at level zero whose associated capsule ellipsoid contains B+(S). For i ≥ 0, the capsule
ellipsoids associated with the nodes of level i employ the scale parameter ri = r+/2i, and thus
successive levels are more refined. Each level of the DAG will be associated with a collection
of capsule ellipsoids that cover B+(S). In particular, each node at level i of the DAG stores a
point x ∈ B+(S), and the associated capsule ellipsoid, denoted E′(x), centered at this point
is defined to be the shrunken ellipsoid E′(x, ri) with respect to S. (The shrinking factor 1

2
can be taken to be any constant smaller than 1, subject to an adjustment in the various
constant factors used in our construction.) Each node at level i will either be declared to be
a leaf, or it will be linked to those nodes at level i + 1 whose capsule ellipsoids it overlaps,
which we call its children. (We will show that the out-degree of any node is a constant.)

We continue this refinement process until ri ≤ ε
3 ϕ(x). The resulting terminal nodes are

called leaves, and each stores the segment of S that is closest to the capsule center as its
representative.

Queries are answered by a simple descent through this DAG. Assuming that the query
point q lies within B+(S), we descend level by level through the DAG. On arriving at a
non-leaf node, we inspect the ellipsoids of its children on level i + 1. Their associated capsules
cover E′(x), and the search continues with any one of these children whose associated ellipsoid
contains q. When the search arrives at a leaf node, the associated representative segment is
returned as the answer to the query.

The DAG is constructed in a top-down manner, starting with the root of the DAG. The
root capsule is E′(x0), where x0 is the center of B+(S). We assert that this covers B+(S).
To see this, observe that by definition, E′(x, r) contains the ball of radius r centered at x, and
hence the same holds for E′(x, r). For i = 1, 2, . . ., let Ui denote the portion of B+(S) that
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is not covered by any of the leaves of the structure from prior levels. For any x ∈ Rd, define
E′′(x) = E′′(x, ri). Let Xi be any maximal set of points x within Ui such that the associated
ellipsoids E′′(x) are pairwise disjoint. It follows from maximality and expansion-containment
that the union of the expanded ellipsoids E′(x) for x ∈ Xi covers Ui. We create a node
at level i of the DAG for each point x ∈ Xi, and we link each such node as a child of any
non-leaf node from the previous level whose E′ capsule ellipsoid (computed with respect to
level i − 1) it overlaps.

In the remainder of this section, we analyze the correctness, query time and storage
requirements of this data structure. Our first two lemmas establish correctness and bound
the depth of the data structure. Correctness follows from Corollary 7.

▶ Lemma 12. Given a set S of line segments, the above search algorithm returns an ε-ANN
among the segments of S for any query point q ∈ B+(S).

Next we analyze the depth of the DAG.

▶ Lemma 13. Given a set S of n disjoint segments in Rd with spread ∆, the ε-AVD structure
described above has O(log(max(n, ∆)/ε)) levels.

Proof. Recall that B(S) is the minimum Euclidean ball containing S and B+(S) is its
expansion by 1 + 2

ε , and r+ is its radius. Clearly, r+ = Θ(diam(S)/ε). Letting δmin denote
the minimum distance between any pair of segments, ∆ = diam(S)/δmin. Clearly, for
any point x, ϕ(x) ≥ δmin. The refinement process terminates when the scale falls below
ε
3 ϕ(x) ≥ ε

3 δmin. Since the scale decreases by a factor of 2 with each level of the data structure,
the total number of levels is

O

(
log r+

εδmin

)
= O

(
log diam(S)

ε2δmin

)
= O

(
log ∆

ε

)
,

as desired. Recall that the spread of a set of segments in Rd grows at least polynomially
with n, therefore log n is O(log ∆). ◀

Our next result bounds the number of children for each node.

▶ Lemma 14. Each non-leaf node of the data structure has O(1) children.

Proof. Consider a node at some level i centered at a point x. Let r = ri+1 = ri/2. This
node’s children consist of the nodes y of level i + 1 whose ellipsoid E′(y, ri+1) overlaps
E′(x, ri). By construction, all such points y come from a set Y whose ellipsoids E′′(y, ri+1)
are disjoint. By applying Lemma 10 in the elliptical setting, the number of such overlapping
ellipsoids is O(2d) = O(1), given our assumption that the dimension d is fixed. ◀

Since each node of the DAG has constant degree, it follows that the overall query time is
proportional to DAG’s height, which is O(log(∆/ε)). Finally, we bound the total space used
by the data structure.

▶ Lemma 15. Given a set S of n line segments in Rd, the total storage required by the
ε-AVD is O((n2/εd) log ∆

ε ).

Proof. We distinguish between two transitions within the DAG structure. When the scale
parameter ri of a node x first falls below ϕ(x), we say that this is a basic leaf, and when it falls
below ε

3 ϕ(x) (the actual termination condition), we say it is a final leaf. Lemma 17 (presented
in Section 5) states that the number of capsules at the basic leaf level that are charged to
any pair of segments is O(log ∆

ε ). Therefore, the total number basic leaves is O(n2 log ∆
ε ).
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Observe that all of the points lying within E′(x, ϕ(x)) share the same local-feature size values
up to constant factors, and therefore, all the descendants of this node lie within the next
O(log 1

ε ) levels of the structure. They are all similarly shaped (up to constant factors), but
their sizes are smaller by a factor of at least ε

3 . By the disjointness of the shrunken E′′

capsule ellipsoids, it follows that the number of descendants is O(1/εd). Therefore, the total
number of nodes in the DAG is O((n2/εd) log ∆

ε ). ◀

By combining the results of the previous lemmas, we obtain Theorem 1.

5 Storage Bounds for Capsules

Recall the definition of capsules from Section 3. The infinite cylindrical component in the
definition of C(x, r) induced by a particular segment si ∈ S will be denoted Cyli(x, r) and
its radius will be denoted by ti(x).

For a given point x ∈ Rd and r > 0, we distinguish two such cylinders. Without loss of
generality, let s1 denote the nearest neighbor of x in S. Letting v1 be a unit vector parallel
to s1 (the direction does not matter by central symmetry). Denote by ℓx the line passing
through x in the direction of v1. Using ℓx, we define the set of points pi as the intersection
of ∂ Cyli(x, r) and ℓx such that ⟨v1, pi − x⟩ > 0. Again, without loss of generality, let p2
denote the closest intersection point to x, such that Cyl2(x, r) is the cylinder generating p2.
We use the two cylinders Cyl1(x, r) and Cyl2(x, r) to sandwich the capsule C(x, r) between
two simple shapes providing lower and upper bounds on its volume. The radii of Cyl1(x, r)
and Cyl2(x, r) will be denoted by t1 and t2, respectively. By definition, t1 = r. When r is
chosen as the local feature size ϕ(x) at x, we also have t2 ≥ r.

The inner bounding volume V −(x, r) is defined as the double cone whose axis is ℓx and
base is the (d − 1)-dimensional disk of radius r centered at x orthogonal to ℓx, with two
apexes at p2 and (symmetrically about x) 2x − p2. The outer bounding volume V +(x, r) is
defined as the cylinder with ℓx as axis whose radius is r and height is equal to the length of
the projection of Cyl1(x, r) ∩ Cyl2(x, r) onto ℓx.

▶ Lemma 16. Fix a point x ∈ Rd and let C(x, r) be the capsule of radius r induced at x by
a set S of n line segments. Then,

V −(x, r) ⊆ C(x, r) ⊆ V +(x, r), and vol(V +(x, r))
vol(V −(x, r)) ≤ 2(d + 1).

Proof. The containment follows by the construction of the bounding volumes. In bounding
the ratio of the two volumes, we use the same notation and assumptions as above, without
loss of generality. Letting θ denote the acute angle between the two lines supporting s1 and
s2, and Vd−1 denote the volume of a unit ball in Rd−1, we have

vol(V +(x, r))
vol(V −(x, r)) ≤ 4Vd−1rd−1t1(x) · csc(θ)

2
d+1Vd−1rd−1t1(x) · csc(θ)

≤ 2 · (d + 1),

where the numerator is the volume of the intersection of two cylinders, and the denominator
is the volume of a cone in Rd. ◀

In order to bound the number of leaf-level capsules within a ball of radius O
( 1

ε · diam(S)
)
,

we use the following charging scheme. Again, we use the simplified notation and assumptions
from before. A capsule C(x, r) will be charged to the two line segments s1 and s2. For a fixed
pair of segments si and sj , acting as respectively as s1 and s2 for the point x in consideration,
we may restrict attention to all center points x lying in the cylinder of radius r with the line
supporting si as axis; denote this cylinder by Cyl(si, r).
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▶ Lemma 17. The number of leaf level capsules charged to any pair of segments is O(log ∆
ε ).

Proof. We cover the points in Cyl(si, r) using a sequence of growing cylindrical intervals
based on their distances to sj . Define Ik(si, r) to be the set of points in Cyl(si, r) such
that for all x ∈ Ik(si, r) we have that 2k−1r ≤ dist(x, sj) ≤ 2kr. In other words, Ik(si, r)
is the intersection of Cyl(si, r) with the cylindrical shell Cyl(sj , 2kr) \ Cyl(sj , 2k−1r). It is
easy to see that the volume of the intersection is maximized when si intersects sj due to
the symmetry of the cylinder Cyl(si, r) about the line supporting si. Similar to the upper
bound on the volume of C(x, r) by that of V +(x, r), we see that vol(Ik(si, r)) is at most
4Vd−12krd · csc(θ), where θ is the acute angle between the two lines supporting si and sj .
For any capsule charged to si and sj with center x ∈ Ik(si, r), we use the inner volume
V −(x, r) ⊆ C(x, r) to obtain a lower bound vol(Cλ(x, r)) ≥ 1

d+1Vd−12krdλd · csc(θ). By
choosing the capsule centers to have global packing-covering properties as a Delone set, it
follows that there can be at most 4(d + 1)/λd = O(1) capsules centered within Ik(si, r).

The desired bound follows by repeating the above argument over all scales r, a total of
log(∆), and all k with 2kr ≤ 1

ε · diam(S), a total of log(1/ε). ◀

6 Conclusions and Future Work

We have presented a new AVD-based approach to answering ε-segment ANN queries based
on a hierarchical covering of space by ellipsoids. By elaborating on the intrinsic geometry
underlying more general distance functions, our work helps pave the way to extend well-
established techniques from data structure design and approximation algorithms in Euclidean
and metric spaces to more general geometries. Specifically, we anticipate further progress in
understanding the metric-like structure defined by the local tensors derived from the Hessians
of distance functions. This should directly benefit the development of more efficient space
covers, e.g., circumventing dependence on the spread and other geometric parameters. In
addition, we expect polytope approximation techniques to enable better ε-dependencies in
the storage requirements. Put together, we leave it to future work to achieve both remaining
tasks of eliminating dependence on the spread and improving low-level query processing
to obtain O(log n/ε) query times with only O(n2/εd/2) storage, by analogy with the best
known corresponding results for ANN against point sets under the Euclidean metric modulo
the quadratic dependence on n needed for storage in the case of segment-ANN.
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Abstract
We solve an open problem posed by Michael Biro at CCCG 2013 that was inspired by his and others’
work on beacon-based routing. Consider a human and a puppy on a simple closed curve in the
plane. The human can walk along the curve at bounded speed and change direction as desired. The
puppy runs with unbounded speed along the curve as long as the Euclidean straight-line distance to
the human is decreasing, so that it is always at a point on the curve where the distance is locally
minimal. Assuming that the curve is smooth (with some mild genericity constraints) or a simple
polygon, we prove that the human can always catch the puppy in finite time.
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5:2 Chasing Puppies: Mobile Beacon Routing on Closed Curves

1 Introduction

You have lost your puppy somewhere on a simple closed curve. Both of you are forced to
stay on the curve. You can see each other and both want to reunite. The problem is that
the puppy runs infinitely faster than you, and it believes naively that it is always a good
idea to minimize its straight-line distance to you. What do you do?

To be more precise, let γ : S1 ↪→ R2 be a simple closed curve in the plane, which we
informally call the track. Two special points move around the track, called the puppy p and
the human h. The human can walk along the track at bounded speed and change direction
as desired. The puppy runs with unbounded speed along the track as long as its Euclidean
straight-line distance to the human is decreasing, until it reaches a point on the curve where
the distance is locally minimized. As the human moves along the track, the puppy moves
to stay at a local distance minimum. The human’s goal is to move in such a way that the
puppy and the human meet. See Figure 1 for a simple example.

p

h

p

h

p

h

p

h

p

h p=h

Figure 1 Catching the puppy.

In this paper we show that it is always possible for the human to reunite with the puppy,
under the assumption that the curve is well-behaved in a sense to be defined.

This problem was posed in a different guise at the open problem session of the 25th
Canadian Conference on Computational Geometry (CCCG 2013) by Michael Biro. In Biro’s
formulation, the track was a railway, the human a locomotive, and the puppy a train carriage
that was attracted to an infinitely strong magnet installed in the locomotive.

h1

h2

h3 p1
p2

p′2
p3

p′3

h2
p2

p′2h1

p1 h3

p3

p′3

Figure 2 If the human walks only counterclockwise from h1, the human and the puppy will never
meet. To the right are closeups of two of the spikes of the star.

Returning to our formulation of catching a puppy, it was also asked if the human
will always catch the puppy by choosing an arbitrary direction and walking only in that
direction. This turns out not to be the case; consider the star-shaped track in Figure 2.
Suppose the human and puppy start at points h1 and p1, respectively, and the human walks
counterclockwise around the track. When the human reaches h2, the puppy runs from p2
to p′

2. When the human reaches h3, the puppy runs from p3 to p′
3. Then the pattern repeats
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indefinitely. Examples of this type, where the human walking in the wrong direction will
never catch the puppy, were independently discovered during the conference by some of the
authors and by David Eppstein.

1.1 Related work

Biro’s problem was inspired by his and others’ work on beacon-based geometric routing, a
generalization of both greedy geometric routing and the art gallery problem introduced at
the 2011 Fall Workshop on Computational Geometry [8] and the 2012 Young Researchers
Forum [9], and further developed in Biro’s PhD thesis [7] and papers [10,11]. A beacon is
a stationary point object that can be activated to create a “magnetic pull” towards itself
everywhere in a given polygonal domain P . When a beacon at point b is activated, a point
object p moves moves greedily to decrease its Euclidean distance to b, alternately moving
through the interior of P and sliding along its boundary, until it either reaches b or gets stuck
at a “dead point” where Euclidean distance is minimized. By activating different beacons
one at a time, one can route a moving point object through the domain. Initial results for
this model by Biro and his colleagues [7–11] sparked significant interest and subsequent work
in the community [3,4,6,14,19,21–23,27]. More recent works have also studied how to utilize
objects that repel points instead of attracting them [12,25].

Biro’s problem can also be viewed as a novel variant of classical pursuit problems, which
have been an object of intense study for centuries [26]. The oldest pursuit problems ask for a
description of the pursuit curve traced by a pursuer moving at constant speed directly toward
a target moving along some other curve. Pursuit curves were first systematically studied by
Bouguer [13] and de Maupertuis [15] in 1732, who used the metaphor of a pirate overtaking
a merchant ship; another notable example is Hathaway’s problem [17], which asks for the
pursuit curve of a dog swimming at unit speed in a circular lake directly toward a duck
swimming at unit speed around its circumference. In more modern pursuit-evasion problems,
starting with Rado’s famous “lion and man” problem [24, pp.114–117], the pursuer and target
both move strategically within some geometric domain; the pursuer attempts to capture
the target by making their positions coincide while the target attempts to evade capture.
Countless variants of pursuit-evasion problems have been studied, with multiple pursuers
and/or targets, different classes of domains, various constraints on motion or visibility,
different capture conditions, and so on. Biro’s problem can be naturally described as a
cooperative pursuit or pursuit-attraction problem, in which a strategic target (the human)
wants to be captured by a greedy pursuer (the puppy).

Kouhestani and Rappaport [20] studied a natural variant of Biro’s problem, which we
can recast as follows. A guppy is restricted to a closed and simply-connected lake, while
the human is restricted to the boundary of the lake. The guppy swims with unbounded
speed to decrease its Euclidean distance to the human as quickly as possible. Kouhestani
and Rappaport described a polynomial-time algorithm that finds a strategy for the human
to catch the guppy, if such a strategy exists, given a simple polygon as input; they also
conjectured that a capturing strategy always exists. Abel, Akitaya, Demaine, Demaine,
Hesterberg, Korman, Ku, and Lynch [1] recently proved that for some polygons and starting
configurations, the human cannot catch the guppy, even if the human is allowed to walk
in the exterior of the polygon, thereby disproving Kouhestani and Rappaport’s conjecture.
Their simplest counterexample is an orthogonal polygon with about 50 vertices.
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1.2 Our results

Before describing our results in detail, we need to carefully define the terms of the problem.
The track is a simple closed curve γ : S1 ↪→ R2. We consider the motion of two points on this
curve, called the human (or beacon or target) and the puppy (or pursuer). A configuration
is a pair (x, y) ∈ S1 × S1 that specifies the locations h = γ(x) and p = γ(y) for the human
and puppy, respectively. Let D(x, y) denote the straight-line Euclidean distance between
these two points. When the human is located at h = γ(x), the puppy moves from p = γ(y)
to greedily decrease its distance to the human, as follows.

If D(x, y + ε) < D(x, y) for all sufficiently small ε > 0, the puppy runs forward along the
track, by increasing the parameter y.

If D(x, y − ε) < D(x, y) for all sufficiently small ε > 0, the puppy runs backward along
the track, by decreasing the parameter y.

If both of these conditions hold, the puppy runs in an arbitrary direction. While the
puppy is running, the human remains stationary. If neither condition holds, the configuration
is stable; the puppy does not move until the human does. When the configuration is stable,
the human can walk in either direction along the track; the puppy walks along the track in
response to keep the configuration stable, until it is forced to run again. The human’s goal is
to catch the puppy; that is, to reach a configuration in which the two points coincide.

Our main result is that the human can always catch the puppy in finite time, starting
from any initial configuration, provided the track is either a generic simple smooth curve or
an arbitrary simple polygon.

The remainder of the paper is structured as follows. We begin in Section 2 by giving a
simple self-contained proof of our main result for the special case of orthogonal polygons.

We consider generic smooth tracks in Sections 3 and 4. Specifically, in Section 3 we
define two important diagrams, which we call the attraction diagram and the dual attraction
diagram, and we prove several useful structural results. At a high level, the attraction
diagram is a decomposition of the configuration space S1 × S1 according to the puppy’s
behavior, similar to the free space diagrams introduced by Alt and Godau to compute Fréchet
distance [5]. We show that for a sufficiently generic smooth track, the attraction diagram
consists of a finite number of disjoint simple closed critical curves, exactly two of which are
topologically nontrivial. Then in Section 4, we argue that the human can catch the puppy
on any track whose attraction diagram has this structure.

In Section 5, we sketch an extension of our analysis from smooth curves to simple
polygonal tracks; complete details of this extension can be found in the full version of this
paper [2]. Because polygons do not have well-defined tangent directions at their vertices,
this extension requires explicitly modeling the puppy’s direction of motion in addition to its
location. We first prove that the human can catch the puppy on a polygon that has no acute
vertex angles and where no three vertices form a right angle; under these conditions, the
attraction diagram has exactly the same structure as for generic smooth curves. We then
reduce the problem for arbitrary simple polygons to this special case by chamfering – cutting
off a small triangle at each vertex – and arguing that any strategy for catching the puppy on
the chamfered track can be pulled back to the original polygon.

Finally, we close the paper by suggesting several directions for further research.
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2 Warmup: Orthogonal polygons

As a warmup, we give a simple self-contained proof of our main result for the special case
where the track is a simple orthogonal polygon.

▶ Theorem 1. The human can catch the puppy on any simple orthogonal polygon, by walking
counterclockwise around the polygon at most twice.

Proof. Let P be an arbitrary simple orthogonal polygon. Let u1 be its leftmost point with
the maximum y-coordinate, and u2 be the next boundary vertex of P in clockwise order (see
Figure 3). Finally, let ℓ be the horizontal line supporting the segment u1u2.

We break the motion of the human into two phases. In the first phase, the human moves
counterclockwise around P from their starting location to u1. If the human catches the
puppy during this phase, we are done, so assume otherwise. In the second phase, the human
walks counterclockwise around P starting from u1 to u2.

We claim that the puppy p is never in the interior of the segment u1u2 during the second
phase; thus, p always lies on the closed counterclockwise subpath of P from h to u2 (or less
formally, “between h and u2”). This claim implies that the human and the puppy meet
during the second phase on u2 at the latest.

u1 hp=u2
ℓ

Figure 3 Proof of Theorem 1. During the human’s second trip around P , the puppy lies between
u2 and the human.

The puppy must first be at u2 if it ever wants to be in the interior of u1u2. So consider
any moment during the second phase when p moves upward to the vertex u2. At that
moment, h must be on the line ℓ to the right of p. (For any point a below ℓ, there is a point b

below u2 that is closer to a than u2.) Thus, the puppy will stay on u2 as long as h is on ℓ.
As soon as h leaves ℓ the puppy will leave u2 downward. Thus the puppy can never go to
the interior of the edge u1u2. ◀

The star-shaped track in Figure 2 shows that this simple argument does not extend to
arbitrary polygons, even with a constant number of edge directions.

3 Diagrams of smooth tracks

We first formalize both the problem and our solution under the assumption that the track
is a generic smooth simple closed curve γ : S1 ↪→ R2. In particular, for ease of exposition,
we assume that γ is regular and C3, meaning it has well-defined continuous first, second,
and third derivatives, and its first derivative is nowhere zero. We also assume γ satisfies
some additional genericity constraints, to be specified later. We consider polygonal tracks in
Section 5.
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3.1 Configurations and genericity assumptions
We analyze the behavior of the puppy in terms of the configuration space S1 × S1, which
is the standard torus. Each configuration point (x, y) ∈ S1 × S1 corresponds to the human
being located at h = γ(x) and the puppy being located at p = γ(y).

For any configuration (x, y), recall that D(x, y) denotes the straight-line Euclidean
distance between the points γ(x) and γ(y). We classify all configurations (x, y) ∈ S1 × S1

into three types, according to the sign of the partial derivative of distance with respect to
the puppy’s position.

(x, y) is a forward configuration if ∂
∂y D(x, y) < 0.

(x, y) is a backward configuration if ∂
∂y D(x, y) > 0.

(x, y) is a critical configuration if ∂
∂y D(x, y) = 0.

Starting in any forward (resp. backward) configuration, the puppy automatically runs
forward (resp. backward) along the track γ. Genericity implies that there are a finite number
of critical configurations (x, y) with any fixed value of x, or with any fixed value of y. We
further classify the critical configurations as follows:

(x, y) is a stable critical configuration if ∂2

∂y2 D(x, y) > 0.
(x, y) is an unstable critical configuration if ∂2

∂y2 D(x, y) < 0.
(x, y) is a forward pivot configuration if ∂2

∂y2 D(x, y) = 0 and ∂3

∂y3 D(x, y) < 0.
(x, y) is a backward pivot configuration if ∂2

∂y2 D(x, y) = 0 and ∂3

∂y3 D(x, y) > 0.

In any stable configuration, the puppy’s distance to the human is locally minimized, so the
puppy does not move unless the human moves. In any unstable configuration, the puppy can
decrease its distance by running in either direction. Finally, in any forward (resp. backward)
pivot configuration, the puppy can decrease its distance by moving in one direction but not
the other, and thus automatically runs forward (resp. backward) along the track.

Critical points can also be characterized geometrically as follows. Refer to Figure 4. A
configuration (x, y) is critical if the human γ(x) lies on the line N(y) normal to γ at the
puppy’s location γ(y). Let C(y) denote the center of curvature of the track at γ(y). Then
(x, y) is a pivot configuration if γ(x) = C(y), a stable critical configuration if the open ray
from C(y) through the human point γ(x) contains the puppy point γ(y), and an unstable
critical configuration otherwise.

p
h3h2h1

Figure 4 Three critical configurations: (h1, p) is unstable; (h2, p) is a pivot configuration, and
(h3, p) is stable.

Genericity of the track γ implies that this classification of critical configurations is
exhaustive, and moreover, that the set of pivot configurations is finite. In particular, our
analysis requires that in any pivot configuration (x, y), the puppy point γ(y) is not a
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local curvature minimum or maximum.1 Otherwise, we would need higher derivatives to
disambiguate the puppy’s behavior. In the extreme case where γ contains both an open
circular arc α and its center c, all configurations where h = c and p ∈ α are stable.

3.2 Attraction diagrams
The attraction diagram of the track γ is a decomposition of the configuration space S1 ×S1

by critical configurations. Our genericity assumptions imply that the set of critical points –
the common boundary of the forward and backward configurations – is the union of a finite
number of disjoint simple closed curves, which we call critical cycles. At least one of these
critical cycles, the main diagonal x = y, consists entirely of stable configurations; critical
cycles can also consist entirely of unstable configurations. If a critical cycle is neither entirely
stable nor entirely unstable, then its points of vertical tangency are pivot configurations, and
these points subdivide the curve into x-monotone paths, which alternately consist of stable
and unstable configurations.

Figure 5 shows a sketch of the attraction diagram of a simple closed curve. We visualize
the configuration torus S1 × S1 as a square with opposite sides identified. Green and red
paths indicate stable and unstable configurations, respectively; blue dots indicate pivot
configurations; and backward configurations are shaded light gray. Figure 6 shows the
attraction diagram for a more complex polygonal track, with slightly different coloring
conventions. (Again, we will discuss polygonal tracks in more detail in Section 5.)

0 1

3 2
4 5

7 6

ph

0

1

2

3

4

5

6

7

0

1 2 3 4 5 6 7 00

Figure 5 The attraction diagram of a simple closed curve, with one unstable critical configuration
emphasized.

The cycles in any attraction diagram have a simple but important topological structure.
A critical cycle in the attraction diagram is contractible if it is the boundary of a simply
connected subset of the torus S1 × S1 and essential otherwise. For example, the main
diagonal is essential, and the attraction diagram in Figure 5 contains two contractible critical
cycles and two essential critical cycles.

▶ Lemma 2. The attraction diagram of any generic closed curve contains an even number
of essential critical cycles.

1 More concretely, we assume the track γ intersects its evolute (the locus of centers of curvature)
transversely, away from its cusps.
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Figure 6 The attraction diagram of a complex simple polygon. Serrations in the diagram are
artifacts of the curve being polygonal instead of smooth. The river is highlighted in blue.
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Proof. This lemma follows immediately from standard homological arguments, but for the
sake of completeness we sketch a self-contained proof.

Fix a generic closed curve γ. Let α be the horizontal cycle {(0, y) | y ∈ S1}, and let β be
the vertical cycle {(x, 0) | x ∈ S1} in the torus S1 × S1. Without loss of generality, assume
α and β intersect every critical cycle in the attraction diagram of γ transversely.

A critical cycle C in the attraction diagram is contractible if and only if α and β each
cross C an even number of times. (Indeed, this parity condition characterizes all simple
contractible closed curves in the torus.) On the other hand, α and β each cross the main
diagonal once. It follows that α and β each cross every essential critical cycle an odd number
of times; otherwise, some pair of essential critical cycles would intersect.

Because the critical cycles are the boundary between the forward and backward configu-
rations, α and β each contain an even number of critical points. The lemma now follows
immediately. ◀

We emphasize that this lemma does not actually require the track γ to be simple; the
argument relies only on properties of generic functions over the torus that are minimized
along the main diagonal.

3.3 Dual attraction diagrams
Our analysis also relies on a second diagram, which we call the dual attraction diagram
of the track. We hope the following intuition is helpful. While the attraction diagram tells
us the possible positions of the puppy depending on the position of the human, the dual
attraction diagram gives us the possible positions of the human depending on the position of
the puppy. For each puppy configuration y ∈ S1, we consider the normal line N(y). We are
interested in the intersection points of γ with N(y), as those are the possible positions of the
human. The idea of the dual attraction diagram is to trace the positions of the human as a
function of the position of the puppy, see Figure 8.

Let T (y) denote the directed line tangent to γ at the point γ(y). For any configuration
(x, y), let ℓ(x, y) denote the distance from γ(x) to the tangent line T (y), signed so that
ℓ(x, y) > 0 if the human point γ(x) lies to the left of T (y) and ℓ(x, y) < 0 if γ(y) lies to
the right of T (y). More concisely, assuming without loss of generality that the track γ is
parameterized by arc length, ℓ(x, y) is twice the signed area of the triangle with vertices
γ(x), γ(y), and γ(y) + γ′(y).

Let L : S1 × S1 → S1 × R denote the function L(x, y) = (y, ℓ(x, y)). The dual attraction
diagram is the decomposition of the infinite cylinder S1 × R by the points {L(x, y) |
(x, y) is critical}. At the risk of confusing the reader, we refer to the image L(x, y) ∈ S1 × R
of any critical configuration (x, y) as a critical point of the dual attraction diagram.

The dual attraction diagram can also be described as follows. For any y ∈ S1 and d ∈ R,
let Γ(y, d) denote the point on the normal line N(y) at distance d to the left of the tangent
vector γ′(y). More formally, assuming without loss of generality that γ is parametrized by
arc length, we have Γ(y, d) = γ(y) + d

[ 0 −1
1 0

]
γ′(y). We emphasize that Γ(y, d) does not

necessarily lie on the curve γ. The dual attraction diagram is the decomposition of the
cylinder S1 × R by the preimage Γ−1(γ) of γ.

Because γ is simple and regular, the dual attraction diagram is the union of simple
disjoint closed curves. The function L continuously maps each critical cycle in the attraction
diagram to a closed curve in the cylinder S1 × R. Thus, the restriction of L to the set of
critical configuration is a homeomorphism onto its image in the dual attraction diagram. In
particular, L maps the main diagonal x = y to the horizontal axis ℓ(x, y) = 0 of the dual
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γ(y)γ(x)=Γ(y, d)

γ(xʹ)

d=ℓ(x, y)

ℓ(xʹ, y)

N(y)

T(y)

Figure 7 Examples of the functions ℓ and Γ used to define the dual attraction diagram.

attraction diagram. We emphasize, however, that the two diagrams are not topologically
equivalent. Figure 8 shows the dual attraction diagram of the same track whose attraction
diagram is shown in Figure 5; here preimages of points inside the track are shaded.

0 1

3 2
4 5

7 6

p
h

0 1 2 3 4 5 6 7 0

Figure 8 The dual attraction diagram of a simple closed curve, with one critical configuration
emphasized. Compare with Figure 5.

▶ Lemma 3. For any generic simple closed curve γ, the attraction diagram of γ and the
dual attraction diagram of γ contain the same number of essential critical cycles.

Proof. Let α denote the horizontal cycle y = 0 in the torus S1 ×S1, and let α′ be the vertical
line y = 0 in the infinite cylinder S1 ×R. Let C be any critical cycle on the attraction diagram,
and let C ′ = L(C) be the corresponding critical cycle in the dual attraction diagram.

Recall from the proof of Lemma 2 that C is contractible on the torus if and only if |C ∩ α|
is even. Similarly, C ′ is contractible in the cylinder if and only if |C ′ ∩ α′| is even. The map
L : S1 × S1 → S1 × R maps C ∩ α bijectively to C ′ ∩ α′. We conclude that C is essential if
and only if C ′ is essential. ◀

With this correspondence in hand, we can now more carefully describe the topological
structure of the attraction diagram when the track is simple.

▶ Lemma 4. The attraction diagram of a simple generic closed curve contains two essential
critical cycles.

Proof. Fix a generic closed curve γ. Lemma 2 implies that the attraction diagram of γ

contains at least two essential critical cycles, one of which is the main diagonal. Thus, to
prove the lemma, it remains to show that there are at most two essential critical cycles, in
either the attraction diagram or the dual attraction diagram.
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Let Σ ⊂ S1 × R denote the set of essential critical cycles in the dual attraction diagram.
Any two cycles in Σ are homotopic – meaning one can be continuously deformed into the
other – because there is only one nontrivial homotopy class of simple cycles on the infinite
cylinder S1 × R. It follows that the cycles in Σ have a well-defined vertical total order. In
particular, the highest and lowest intersection points between any vertical line and Σ always
lie on the same two essential cycles in Σ.

Without loss of generality, suppose γ(0) is a point on the convex hull of γ with a unique
tangent line. Let C be any essential critical cycle in the attraction diagram of γ, and let
C ′ = L(C) denote the corresponding essential cycle in the dual attraction diagram. C must
pass through all possible puppy positions and all possible human positions; thus, C contains
a configuration (0, y) for some parameter y ∈ S1. Recall that N(y) denotes the line normal
to γ at γ(y). Then γ(0) must also lie on the convex hull of γ ∩ N(y). We conclude that C ′

must be either the highest or lowest essential critical cycle in the dual attraction diagram.
We conclude that there are at most two critical cycles, completing the proof. ◀

In the rest of the paper, we mnemonically refer to the two essential critical cycles in the
attraction diagram of a simple track as the main diagonal and the river.

We emphasize that the converse of Lemma 4 is false; there are non-simple tracks whose
attraction diagrams have exactly two essential critical cycles. (Consider the figure-eight
curve ∞.) Moreover, we conjecture that Lemma 4 can be generalized to all (smooth) tracks
with turning number ±1.

4 Dexter and sinister strategies

We can visualize any strategy for the human to catch the puppy as a path through the
attraction diagram that consists entirely of segments of stable critical paths and vertical
segments, as shown in Figure 9. We refer to the vertical segments as pivots. Every pivot
(except possibly the first) starts at a pivot configuration, and every pivot ends at a stable
configuration.

p

h

p

h

p

h

p

h

p

h p=h

Figure 9 A sinister strategy for catching the puppy; compare with Figures 1 and 5.

We call a strategy dexter if it ends with a backward pivot – a downward segment,
approaching the main diagonal to the right – and we call a configuration (x, y) dexter if
there is a dexter strategy for catching the puppy starting at (x, y). Similarly, a strategy is
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sinister if it ends with a forward pivot – a skyward segment, approaching the main diagonal
to the left – and a configuration is sinister if it is the start of a sinister strategy.2 A single
configuration can be both dexter and sinister; see Figure 10.

Figure 10 Dexter (orange) and sinister (cyan) configurations in the example attraction diagram.
Arrows on the stable critical paths describe dexter and sinister strategies for catching the puppy.

▶ Theorem 5. Let γ be a generic track whose attraction diagram has exactly two essential
critical cycles. Every configuration on γ is either dexter or sinister; thus, the human can
catch the puppy on γ from any starting configuration.

Before giving the proof, we emphasize that Theorem 5 does not require the track γ to be
simple. Also, it is an open question whether having exactly two essential critical cycle curves
is a necessary condition for the human to always be able to catch the puppy. (We conjecture
that it is not.)

Proof. Fix a generic track γ whose attraction diagram has exactly two essential critical
cycles, which we call the main diagonal and the river. Assume γ has at least one pivot
configuration, since otherwise, from any starting configuration, the puppy runs directly to
the human.

Let D be the set of all dexter configurations, and let S be the set of all sinister configura-
tions. We claim that D and S are both annuli that contain both the main diagonal and the
river. Because S and D meet on opposite sides of the main diagonal, this claim implies that
D ∪ S is the entire torus, completing the proof of the lemma. We prove our claim explicitly
for D; a symmetric argument establishes the claim for S.

For purposes of argument, we partition the attraction diagram of γ by extending vertical
segments from each pivot configuration to the next critical cycles directly above and below. We
call the cells in this decomposition trapezoids, even though their top and bottom boundaries
may not be straight line segments. At each forward pivot configuration p, we color the
vertical segment above (x, y) green and the vertical segment below p red; the colors are
reversed for backward vertical segments, see Figure 11.

The first step of any strategy is a (possibly trivial) pivot onto a stable critical path.
Because the human and puppy can move freely within any stable critical path σ, either every
point in σ is dexter, or no point in σ is dexter. Similarly, for any green pivot segment π,
either every point in π is dexter or no point in π is dexter.

2 Dexter and sinister are Latin for right (or skillful, or fortunate, or proper, from a Proto-Indo-European
root meaning “south”) and left (or unlucky, or unfavorable, or malicious), respectively.
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Consider any trapezoid τ , and let σ be the stable critical path on its boundary. Starting
in any configuration in τ , the puppy immediately moves to a configuration on σ. Thus, if any
point in τ is dexter, then σ is dexter, which implies that every point in τ is dexter. Thus,
we can describe entire trapezoids as dexter or not dexter. It follows that D is the union of
trapezoids.

If two trapezoids share a stable critical path other than the main diagonal, then either
both trapezoids are dexter or neither is dexter. Similarly, if the green pivot segment leaving
a pivot configuration p is dexter, then all four trapezoids incident to p are dexter; otherwise,
either two or none of these four trapezoids are dexter.

We conclude that aside from the main diagonal, the boundary of D consists entirely of
unstable critical paths, pivot configurations, and red vertical segments. Moreover, for every
pivot configuration p on the boundary of D, the green pivot segment leaving p is not dexter.

Figure 11 Possible arrangements of dexter trapezoids near a forward pivot configuration.

By definition, every point in D is connected by a (dexter) path to the main diagonal, so D

is non-empty and connected. On the other hand, D excludes a complete cycle of forward
configurations just below the main diagonal. For any x ∈ S1, let D(x) denote the set of
dexter configurations (x, y); this set consists of one or more vertical line segments in the
attraction diagram.

Suppose for the sake of argument that some set D(x) is disconnected. Because D is
connected, the boundary of D must contain a concave vertical bracket: A vertical boundary
segment π whose adjacent critical boundary segments both lie (without loss of generality)
to the right of π, but D lies locally to the left of π. See Figure 12. Let p be the pivot
configuration at one end of π. The green vertical segment on the other side of p is dexter,
which implies that all trapezoids incident to p are dexter, contradicting the assumption that
π lies on the boundary of D. We conclude that for all x, the set D(x) is a single vertical line
segment; in other words, D is a monotone annulus.

p

π

Figure 12 A hypothetical concave vertical bracket on the boundary of D.

The bottom boundary of D is the main diagonal. The monotonicity of D implies that
the top boundary of D is a monotone “staircase” alternating between upward red vertical
segments and rightward unstable critical paths. Every trapezoid immediately above the top
boundary of D contains only forward configurations. Thus, there is a complete essential
cycle ϕ of forward configurations just above the upper boundary of D. Because ϕ contains
only forward configurations, ϕ must lie entirely above the river. It follows that D contains
the entire river.
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Symmetrically, S is an annulus bounded above by the main diagonal and bounded below
by a non-contractible cycle of backward configurations; in particular, the entire river lies
inside S. We conclude that D ∪ S is the entire configuration torus. ◀

If the attraction diagram of γ has more than two essential critical cycles curves, then D

and S are still monotone annuli, each bounded by the main diagonal and an essential cycle
of red vertical segments and unstable paths, and thus S and D each contain at least one
essential critical cycle other than the main diagonal. However, D ∪ S need not cover the
entire torus.

▶ Corollary 6. The human can catch the puppy on any generic simple closed track, from any
starting configuration.

5 Polygonal tracks

Our previous arguments require, at a minimum, that the track has a continuous derivative
that is never equal to zero. We now extend our analysis to arbitrary polygonal tracks, which
do not have well-defined tangent directions at their vertices. Due to space constraints, we
only sketch the main ideas here; a complete discussion can be found in the full version of
our paper [2]. Our high-level strategy has two stages. First we argue that suitably defined
attraction and dual attraction diagrams for generic polygons have the same structural
properties as the corresponding diagrams of smooth curves. Then we reduce the analysis
of arbitrary polygons to the generic case by chamfering – cutting small triangles from all
polygon vertices.

To properly describe the puppy’s behavior, we must account for the direction that the
puppy is facing, even when the puppy lies at a vertex. To that end, we represent the puppy
using both a continuous position function π : S1 → R and a continuous direction function
θ : S1 → S1, such that for all y ∈ S1, the derivative vector π′(y) is a non-negative scalar
multiple of the unit vector θ(y). Intuitively, as we increase y, the puppy alternately moves at
constant speed along edges, without changing direction (where π′(y) ∥ θ(y) and θ′(y) = 0)
and rotates at constant speed at vertices, without changing position (where π′(y) = 0 and
θ′(y) ̸= 0).

To define the attraction diagram of P , we decompose the torus S1 × S1 into a 2n × n grid
of rectangular cells, where each column corresponds to an edge ej containing the human, and
each row corresponds to either a vertex vi or an edge ei containing the puppy. See Figure 13
(left) for a complete example.

We now analyze the structure of polygonal attraction diagrams. Each edge-edge cell
ei × ej contains at most one boundary-to-boundary path of stable critical configurations
(x, y). Refer to Figure 14.

Each vertex-edge cell vi × ej contains at most one boundary-to-boundary path of stable
critical configurations and at most one boundary-to-boundary path of unstable critical
configurations. A configuration (x, y) with π(y) = vi is stable if and only if P (x) lies in the
outer normal cone at vi, and unstable if and only if P (x) lies in the inner normal cone at vi.
Refer to Figure 15.

Unlike the attraction diagrams of generic smooth curves defined in Section 3.2, attraction
diagrams of polygons are not always well-behaved. In particular, a pivot configuration
may be incident to more (or fewer) than two critical curves, and in extreme cases, pivot
configurations need not even be discrete. We call such a configuration a degenerate pivot
configuration; see Figure 16.
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Figure 13 The attraction diagram of a degenerate polygon, before and after chamfering. All
existing degeneracies disappeared in the chamfered polygon, which does have one new but harmless
degeneracy.

We first consider polygonal tracks which do not have any degeneracies. Generic obtuse
polygonal tracks behave almost identically to smooth tracks. In particular, we prove that
the polygonal attraction diagram of P is the union of disjoint simple critical cycles, that it
contains exactly two essential critical cycles, and that if the attraction diagram of P has
exactly two essential critical cycles, then the human can catch the puppy on P , starting from
any initial configuration.

Finally, we extend our analysis to arbitrary simple polygons. We define a chamfering
operation which transforms a polygon P into a new polygon P̄ , intuitively by cutting off
a small triangle at each vertex, as shown in Figure 17. First we show that chamfering a
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Figure 15 Stable and unstable vertex-edge critical configurations.

polygon removes most of its degenerate configurations – see Figure 13 (right) for an example.
All remaining degeneracies cause either isolated critical vertices or degenerate pivot edges
in the attraction diagram; these remaining degeneracies do not impact the existence of a
strategy to catch the puppy on P̄ . Finally, we argue that any strategy on P̄ can be correctly
translated back to a strategy on the original polygon P .

6 Further questions

For simple curves, we have only proved that a catching strategy exists. At least for polygonal
tracks, it is straightforward to compute such a strategy in O(n2) time by searching the
attraction diagram. In fact, we can compute a strategy that minimizes the total distance
traveled by either the human or the puppy in O(n2) time, using fast algorithms for shortest
paths in toroidal graphs [16,18]. Unfortunately, this quadratic bound is tight in the worst
case if the output strategy must be represented as an explicit path through the attraction
diagram. We conjecture that an optimal strategy can be described in only O(n) space
by listing only the human’s initial direction and the sequence of points where the human
reverses direction. On the other hand, an algorithm to compute such an optimal strategy in
subquadratic time seems unlikely.

If the track is a smooth curve of length ℓ whose attraction diagram has k pivot config-
urations, a trivial upper bound on the distance the human must walk to catch the puppy
is ℓ · k/2. In any optimal strategy, the human walks straight to the point on the curve
corresponding to a pivot located at one of the two endpoints of the current “stable sub-curve”
of a critical curve (walking less than ℓ). Then the configuration moves to another stable
sub-curve, and so on, never visiting the same stable sub-curve twice. Our question is whether
a better upper bound can be proved.

In fact, if minimizing distance is not a concern, we conjecture that no reversals are
necessary. That is, on any simple track, starting from any configuration, we conjecture that
the human can catch the puppy either by walking only forward along the track or by walking
only backward along the track. Figure 2 and its reflection show examples where each of these
naïve strategies fails, but we have no examples where both fail. (Our proof of Theorem 1
implies that the human can always catch the puppy on an orthogonal polygon by walking at
most once around the track in some direction, depending on the starting configuration.)
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Figure 16 Examples of degenerate pivot configurations, caused by an acute vertex (left) or a
vertex lying on a line perpendicular to an edge (right).
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Figure 17 The chamfering operation.

More ambitiously, we conjecture that the following oblivious strategy is always successful:
walk twice around the track in one (arbitrary) direction, then walk twice around the track in
the opposite direction.

Another interesting question is to what extent our result applies to curves in R3, or to
self-intersecting curves in the plane, when we consider the two strands of the curve at an
intersection point to be distinct. It is easy to see that the human cannot catch the puppy
on a curve that traverses a circle twice; see Figure 18. Indeed, we know how to construct
examples of bad curves with any rotation number except −1 and +1. We conjecture that
Lemma 4, and therefore our main result, extends to all non-simple tracks with rotation
number ±1.

h

p

Figure 18 A double loop; p and h will never meet.

Finally, it is natural to consider similar pursuit-attraction problems in more general
domains. In the full version of the paper [2], we prove that human can catch the puppy in
the interior of any simple polygon by walking along the dual tree of any triangulation. Can
the human always catch the puppy in any planar straight-line graph? Inside any polygon
with holes?
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Abstract
We consider online packing problems where we get a stream of axis-parallel rectangles. The rectangles
have to be placed in the plane without overlapping, and each rectangle must be placed without
knowing the subsequent rectangles. The goal is to minimize the perimeter or the area of the
axis-parallel bounding box of the rectangles. We either allow rotations by 90◦ or translations only.

For the perimeter version we give algorithms with an absolute competitive ratio slightly less
than 4 when only translations are allowed and when rotations are also allowed.

We then turn our attention to minimizing the area and show that the competitive ratio of any
algorithm is at least Ω(

√
n), where n is the number of rectangles in the stream, and this holds with

and without rotations. We then present algorithms that match this bound in both cases and the
competitive ratio is thus optimal to within a constant factor. We also show that the competitive
ratio cannot be bounded as a function of Opt. We then consider two special cases.

The first is when all the given rectangles have aspect ratios bounded by some constant. The
particular variant where all the rectangles are squares and we want to minimize the area of the
bounding square has been studied before and an algorithm with a competitive ratio of 8 has been
given [Fekete and Hoffmann, Algorithmica, 2017]. We improve the analysis of the algorithm and
show that the ratio is at most 6, which is tight.

The second special case is when all edges have length at least 1. Here, the Ω(
√

n) lower bound
still holds, and we turn our attention to lower bounds depending on Opt. We show that any
algorithm for the translational case has a competitive ratio of at least Ω(

√
Opt). If rotations are

allowed, we show a lower bound of Ω( 4√Opt). For both versions, we give algorithms that match
the respective lower bounds: With translations only, this is just the algorithm from the general
case with competitive ratio O(

√
n) = O(

√
Opt). If rotations are allowed, we give an algorithm with

competitive ratio O(min{
√

n, 4√Opt}), thus matching both lower bounds simultaneously.
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1 Introduction

Problems related to packing appear in a plethora of big industries. For instance, two-
dimensional versions of packing arise when a given set of pieces have to be cut out from a
large piece of material so as to minimize waste. This is relevant to clothing production where
cutting patterns are cut out from a roll of fabric, and similarly in leather, glass, wood, and
sheet metal cutting.
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In some applications, it is important that the pieces are placed in an online fashion. This
means that the pieces arrive one by one and we need to decide the placement of one piece
before we know the ones that will come in the future. This is in contrast to offline problems,
where all the pieces are known in advance. Problems related to packing were some of the
first for which online algorithms were described and analyzed. Indeed, the first use of the
terms “online” and “offline” in the context of approximation algorithms was in the early
1970s and used for algorithms for bin-packing problems [14].

In this paper, we study online packing problems where the pieces can be placed anywhere
in the plane as long as they do not overlap. The goal is to minimize the region occupied by the
pieces. The pieces are axis-parallel rectangles, and they may or may not be rotated by 90◦. We
want to minimize the size of the axis-parallel bounding box of the pieces, and the size of the
box is either the perimeter or the area. This results in four problems: PerimeterRotation,
PerimeterTranslation, AreaRotation, and AreaTranslation.

Competitive analysis

The competitive ratio of an online algorithm is the equivalent of the approximation ratio of
an (offline) approximation algorithm. The usual definitions [7, 9, 11] of competitive ratio (or
worst case ratio, as it may also be called [11]) can only be used to describe that the cost of
the solution produced by an online algorithm is at most some constant factor higher than the
cost Opt of the optimal (offline) solution. In the study of approximation algorithms, it is
often the case that the approximation ratio is described not just as a constant, but as a more
general function of the input. In the same way, we generalize the definition of competitive
ratios to support such statements about online algorithms.

Consider an algorithm A for one of the packing problems studied in this paper. Let L be
the set of non-empty streams of rectangular pieces. For a stream L ∈ L, we define A(L) to
be the cost of the packing produced by A and let Opt(L) be the cost of the optimal (offline)
packing. We say that A has a competitive ratio of f(L), for some function f : L −→ R+

which may just be a constant, if

sup
L∈L

A(L)
Opt(L)f(L) ≤ 1.

In this paper, the functions f(L) that we consider will be (i) constants, (ii) functions of the
number of pieces n = |L|, (iii) functions of Opt(L).

Results and structure of the paper

We develop online algorithms for the perimeter versions PerimeterRotation and Peri-
meterTranslation, both with a competitive ratio slightly less than 4. These algorithms
are described in Section 2. The idea is to partition the positive quadrant into bricks, which
are axis-parallel rectangles with aspect ratio

√
2. In each brick, we build a stack of pieces

which would be too large to place in a brick of smaller size. Online packing algorithms using
higher-dimensional bricks were described by Januszewski and Lassak [15] and our algorithms
are inspired by an algorithm of Fekete and Hoffmann [13].

In Section 3, we study the area versions AreaRotation and AreaTranslation. We
show in Section 3.1 that any algorithm A processing a stream of n pieces cannot achieve a
better competitive ratio than Ω(

√
n), and this holds for all online algorithms and with and

without rotations allowed. It also holds in the special case where all the edges of pieces have
length at least 1. We furthermore show that when the pieces can be arbitrary, no bound on
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the competitive ratio as a function of Opt for AreaRotation nor AreaTranslation. In
Section 3.2 we describe the algorithms DynBoxTrans and DynBoxRot, which achieve a
O(

√
n) competitive ratio for AreaTranslation and AreaRotation, respectively, for an

arbitrary stream of n pieces. This is thus optimal up to a constant factor when measuring
the competitive ratio as a function of n. Both algorithms use a row of boxes of exponentially
increasing width and dynamically adjusted height. In these boxes, we pack pieces using a
next-fit shelf algorithm, which is a classic online strip packing algorithm first described by
Baker and Schwartz [6].

We then turn our attention to two special cases. The first special case is when the aspect
ratio is bounded by a constant α ≥ 1. A case of particular interest is when all pieces are
squares, i.e., α = 1. It is natural to have the same requirement to the container as to the
pieces, so let us assume that the goal is to minimize the area of the axis-parallel bounding
square of the pieces, and call the problem SquareInSquareArea. This problem was
studied by Fekete and Hoffmann [13], and they gave an algorithm for the problem and proved
that it was 8-competitive. We prove that the same algorithm is in fact 6-competitive and
that this is tight. It easily follows that if the aspect ratio is bounded by an arbitrary constant
α ≥ 1 or if the goal is to minimize the area of the axis-parallel bounding rectangle, we also
get a O(1)-competitive algorithm.

The second special case is when all edges are long, that is, when they have length at least 1
(any other constant will work too). In Section 3.4, we show that under this assumption, there
is a lower bound of Ω(

√
Opt) for the competitive ratio of AreaTranslation, whereas for

AreaRotation, we get the lower bound Ω( 4
√

Opt). In Section 3.5, we provide algorithms
for the area versions when the edges are long. For both problems AreaRotation and
AreaTranslation, we give algorithms that match the lower bounds of Section 3.4 to within
a constant factor. With translations only, this is just the algorithm from the general case with
competitive ratio O(

√
n) = O(

√
Opt). The algorithm with ratio O( 4

√
Opt) for the rotational

case follows the same scheme as the algorithms for arbitrary rectangles of Section 3.2, but differ
in the way we dynamically increase boxes’ heights. We finally describe an algorithm for the
rotational case with competitive ratio O(min{

√
n, 4

√
Opt}), thus matching the lower bounds

Ω(
√

n) and Ω( 4
√

Opt) simultaneously. Actually, the two lower bounds for AreaRotation
can be summarized by Ω(max{

√
n, 4

√
Opt}), while we manage to achieve a competitive ratio

of O(min{
√

n, 4
√

Opt}). However, this gives no contradiction, it simply proves that the edge
cases that have a competitive ratio of at least Ω( 4

√
Opt) must satisfy Opt = O(n2), and

those for which the competitive ratio is at least Ω(
√

n) satisfy n = O(
√

Opt). We summarize
the results in Table 1.

Related work

The literature on online packing problems is rich. See the surveys of Christensen, Khan,
Pokutta, and Tetali [9], van Stee [25, 26], and Csirik and Woeginger [11] for an overview. It
seems that the vast majority of previous work on online versions of two-dimensional packing
problems is concerned with either bin packing (packing the pieces into a minimum number of
unit squares) or strip packing (packing the pieces into a strip of unit width so as to minimize
the total height of the pieces). From a mathematical point of view, we find the problems
studied in this paper perhaps even more fundamental than these important problems in
the sense that we give no restrictions on where to place the pieces, whereas the pieces are
restricted by the boundaries of the bins and the strip in bin and strip packing.

SoCG 2021
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Table 1 Results of this paper.

Measure Version Trans./Rot. Lower bound Upper bound

Perimeter General Translation 4/3, Sec. 2.2 4 − ε, Sec. 2.1
Rotation 5/4, Sec. 2.2 4 − ε, Sec. 2.1

Area

General
Translation Ω(

√
n) & ∀f : Ω(f(Opt)),

Sec. 3.1 O(
√

n), Sec. 3.2

Rotation Ω(
√

n) & ∀f : Ω(f(Opt)),
Sec. 3.1 O(

√
n), Sec. 3.2

Sq.-in-sq. N/A 16/9, Sec. 3.3 6, Sec. 3.3

Long edges
Translation Ω(

√
Opt), Sec. 3.4 O(

√
n) = O(

√
Opt),

Sec. 3.5

Rotation Ω(max{
√

n, 4√Opt}),
Sec. 3.1 and 3.4

O(min{
√

n, 4√Opt}),
Sec. 3.5

Another related problem is to find the critical density of online packing squares into a
square. In other words, what is the maximum Σ ≤ 1 such that there is an online algorithm
that packs any stream of squares of total area at most Σ into the unit square? This was
studied, among others, by Fekete and Hoffmann [13] and Brubach [8]. Lassak [16] and
Januszewski and Lassak [15] studied higher-dimensional versions of this problem.

Milenkovich [20, 21] and Milenkovich and Daniels [22] studied generalized offline versions
of the minimum area problem where the pieces are simple or convex polygons. Some
algorithms have been described for computing the packing of two or three convex polygons
that minimizes the perimeter or area of the convex hull or the bounding box [1, 5, 17, 23].

Alt [2] and Alt, de Berg, and Knauer [4] gave constant factor approximation algorithms
for the offline versions of AreaTranslation and AreaRotation when the pieces are axis
parallel rectangles or convex polygons, with translations only or arbitrary rotations allowed.

Lubachevsky and Graham [18] used computational experiments to find the rectangles of
minimum area into which a given number n ≤ 5000 of congruent circles can be packed; see
also the follow-up work by Specht [24]. In another paper, Lubachevsky and Graham [19]
studied the problem of minimizing the perimeter instead of the area.

Another fundamental packing problem is to find the smallest square containing a given
number of unit squares, with arbitrary rotations allowed. A long line of mathematical
research has been devoted to this problem, initiated by Erdős and Graham [12] in 1975, and
it is still an active research area [10].

2 The perimeter versions

In Section 2.1, we present two online algorithms to minimize the perimeter of the bounding
box: the algorithm BrickTranslation solves the problem PerimeterTranslation,
where we can only translate pieces; the algorithm BrickRotation solves the problem Peri-
meterRotation, where also rotations are allowed. Both algorithms achieve a competitive
ratio of 4. In Section 2.2, we show a lower bound of 4/3 for the version with translations and
5/4 for the version with rotations.
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Bk

Bk+1

Bk+2

Bk+3

B † 1

B † 2 † 1

B † 2 † 2

Figure 1 Left: Fundamental bricks. Middle: Splitting a brick. Right: Pieces packed in a brick.

2.1 Algorithms to minimize perimeter
Algorithm for translations

We pack the pieces into non-overlapping bricks; a technique first described by Januszewski
and Lassak [15] which was also used by Fekete and Hoffmann [13] for the problem Square-
InSquareArea. Let a k-brick be a rectangle of size

√
2−k ×

√
2−k−1 if k is even and√

2−k−1 ×
√

2−k if k is odd. A brick is a k-brick for some integer k.
We tile the positive quadrant using one k-brick Bk for each integer k as in Figure 1 (left):

if k is even, Bk is the k-brick with lower left corner (0,
√

2−k−1) and otherwise, Bk is the
k-brick with lower left corner (

√
2−k−1

, 0). The bricks Bk are called the fundamental bricks.
We define B>k :=

⋃
i>k Bi and B≥k := B>k−1, so that B>k is the k-brick immediately below

(if k is even) or to the left (if k is odd) of Bk.
An important property of a k-brick B is that it can be split into two (k + 1)-bricks: B † 1

and B † 2; see Figure 1 (middle). We introduce a uniform naming and define B † 1 to be the
left half of B if k is even and the lower half of B if k is odd.

We define a derived brick recursively as follows: a derived brick is either (i) a fundamental
brick Bk or (ii) B † 1 or B † 2, where B is a derived brick. We introduce an ordering ≺ of
the derived k-bricks as follows. Consider two derived k-bricks D1 and D2 such that D1 ⊂ Bi

and D2 ⊂ Bj . If i > j, then D1 ≺ D2. Else, if i = j then the bricks D1 and D2 are both
obtained by splitting the fundamental brick Bi, and the number of splits is ℓ := i − k. Hence
the bricks have the forms D1 = Bi † b11 † b12 † . . . † b1ℓ and D2 = Bi † b21 b22 . . . b2ℓ, where
bij ∈ {1, 2} for i ∈ {1, 2} and j ∈ {1, . . . , ℓ}. We then define D1 ≺ D2 if (b11, b12, . . . , b1ℓ)
precedes (b21, b22, . . . , b2ℓ) in the lexicographic ordering.

We say that a k-brick is suitable for a piece p of size w × h if the width and height of the
brick are at least w and h, respectively, and if that is not the case for a (k + 1)-brick. We
will always pack a given piece p in a derived k-brick that is suitable for p.

We now explain how we pack pieces into one specific brick; see Figure 1 (right). The
first piece p that is packed in a brick B is placed with the lower left corner of p at the lower
left corner of B. Suppose now that some other pieces p1, . . . , pi have been packed in B. If
k is even, then p1, . . . , pi form a stack with the left edges contained in the left edge of B,
and we place p on top of pi (again, with the left edge of p contained in the left edge of B).
Otherwise, p1, . . . , pi form a stack with the bottom edges contained in the bottom edge of B,
and we place p to the right of pi (again, with the bottom edge of p contained in the bottom
edge of B). We say that a brick has room for a piece p if the packing scheme above places p

within B, and it is apparent that an empty suitable brick for p has room for p.
The algorithm BrickTranslation maintains the collection D of non-overlapping derived

bricks, such that one or more pieces have been placed in each brick in D; see Figure 2. Before
the first piece arrives, we set D := ∅. Suppose that some stream of pieces have been packed,
and that a new piece p appears. Choose k such that a k-brick is suitable for p. If there exists
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Figure 2 Left: Some pieces have been packed by the algorithm. The bricks in D are drawn with
fat edges. Right: A new piece arrives. There is already a brick of the suitable size in D, but there is
not enough room, so a new brick of the same size is added to D where the piece is placed.

a derived k-brick D ∈ D such that D has room for p, then we pack p in D. Else, let D be
the minimum derived k-brick (with respect to the ordering ≺ described before) such that D

is interior-disjoint from each brick in D; we then add D to D and pack p in D.

▶ Theorem 1. The algorithm BrickTranslation has a competitive ratio strictly less than
4 for PerimeterTranslation.

Proof. This proof relies on a careful case analysis of which bricks are contained in D and is
deferred to the full version. ◀

Algorithm using rotations

The algorithm BrickRotation is almost identical to BrickTranslation, but with the
difference that we rotate each piece so that its height is at least its width.

▶ Theorem 2. The algorithm BrickRotation has a competitive ratio of strictly less than
4 for PerimeterRotation.

Proof. This proof is deferred to the full version. ◀

2.2 Lower bounds
In this section we state two lower bounds worth reporting. However, their proofs are of
modest interest and are deferred to the full version.

▶ Lemma 3. Any algorithm for PerimeterTranslation has competitive ratio ≥ 4/3.

▶ Lemma 4. Any algorithm for PerimeterRotation has competitive ratio ≥ 5/4.

3 Area versions

3.1 General lower bounds
In this section we show that, if we allow pieces to be arbitrary rectangles, we cannot bound
the competitive ratio for neither AreaTranslation nor AreaRotation as a function of
the area Opt of the optimal packing. However we will be able to bound the competitive
ratio as a function of the total number n of pieces in the stream.
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▶ Lemma 5. Consider any algorithm A solving AreaTranslation or AreaRotation
and let any m ∈ N and p ∈ R be given. There exists a stream of n = m2 + 1 rectangles such
that (i) the rectangles can be packed into a bounding box of area 2p2, and (ii) algorithm A

produces a packing with a bounding box of area at least mp2.

Proof. We first feed A with m2 rectangles of size p × p
m2 . These rectangles have total area

p2. Let a × b be the size of the bounding box of the produced packing.
Suppose first that a ≥ p

m and b ≥ p
m hold. We then feed A with a long rectangle of size

pm2 × p
m2 . The produced packing has a bounding box of area at least p

m · pm2 = mp2. The
optimal packing is to pack the m2 small rectangles along the long rectangle, which would
produce a packing with bounding box of size pm2 × 2p

m2 = 2p2.
Otherwise, we must have b > pm or a > pm, since ab ≥ p2. We then feed A with a square

of size p × p. The produced packing has a bounding box of area at least p · pm = mp2. The
optimal packing is obtained stacking the m2 thin rectangles on top of the big square, which
produces a packing with bounding box of size p × 2p = 2p2. ◀

▶ Corollary 6. Let A be an algorithm for AreaTranslation or AreaRotation. Then
A does not have a competitive ratio which is a function of Opt.

Proof. Let f be any function of Opt. For any value Opt = c, we choose p :=
√

c/2. We
now choose m > 2f(c) and obtain that the competitive ratio is at least mp2

2p2 = m/2 > f(c) =
f(Opt). ◀

▶ Corollary 7. Let A be an algorithm for AreaTranslation or AreaRotation. If A

has a competitive ratio of f(n), where n = |L| is the number of pieces in the stream, then
f(n) = Ω(

√
n). This holds even when all edges of the pieces are required to have length at

least 1.

Proof. We choose p := m2. Then all edges have length at least 1, and the competitive ratio
is at least mp2

2p2 = m/2 = Ω(
√

n). Here, Opt can be arbitrarily big by choosing m big enough,
so it is a lower bound on the competitive ratio. ◀

3.2 Algorithms for arbitrary pieces
In this section we provide algorithms that solve AreaTranslation and AreaRotation
with a competitive ratio of O(

√
n), where n is the total number of pieces. Thus we match

the bounds provided in the previous section.
We first describe the algorithm DynBoxTrans that solves AreaTranslation. We

assume to receive a stream of pieces p1, . . . , pn of unknown length n, such that piece pi has
size wi × hi. For each k ∈ Z, we define a rectangular box Bk with a size varying dynamically.
After pieces p1, . . . , pj have been processed Bk has size 2k × Tj , where Tj := Hj

√
j + 7Hj

and Hj := maxi=1,...,j hi. We place the boxes with their bottom edges on the x-axis and
in order such that the right edge of Bk−1 is contained in the left edge of Bk; see Figure 3.
Furthermore, we place the lower left corner of box B0 at the point (1, 0). It then holds that
all the boxes are to the right of the point (0, 0).

We say that the box Bk is wide enough for a piece pi = wi × hi if wi ≤ 2k. If a box Bk is
wide enough for pi, we can pack pi in Bk using the online strip packing algorithm NFSk that
packs rectangles into a strip of width 2k. The algorithm NFSk is the next-fit shelf algorithm
first described by Baker and Schwartz [6]. The algorithm packs pieces in shelves (rows), and
each shelf is given a fixed height of 2j for some j ∈ Z when it is created; see Figure 4. The
width of each shelf is 2k, since this is the width of the box Bk.
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BkBk−1Bk−2
Tj

2k

Figure 3 The algorithm DynBoxTrans packs pieces into the boxes Bk that form a row. Every
box has height Tj that depends on p1 . . . pj and is dynamically updated.

Figure 4 A packing produced by the next-fit shelf algorithm using four shelves.

A piece of height h, where 2j−1 < h ≤ 2j , is packed in a shelf of height 2j . We divide the
shelves into two types. If the total width of pieces in a shelf is more than 2k−1 we call that
shelf dense, otherwise we say it is sparse. The algorithm NFSk places each piece as far left
as possible into the currently sparse shelf of the proper height. If there is no sparse shelf
of this height or the sparse shelf has not room for the piece, a new shelf of the appropriate
height is created on top of the top shelf, and the piece is placed there at the left end of this
new shelf. This ensures that at any point in time there exists at most one sparse shelf for
each height 2j .

If we allow the height of the box Bk to grow large enough with respect to shelves’ heights,
the space wasted by sparse shelves becomes negligible and we obtain a constant density strip
packing, as stated in the following lemma.

▶ Lemma 8. Let H̃ be the total height of shelves in Bk, and Hmax be the maximum height
among pieces in Bk. If H̃ ≥ 6Hmax, then the pieces in Bk are packed with density at least
1/12.

Proof. Let 2m−1 < Hmax ≤ 2m, so that H̃ ≥ 3 · 2m. For each i ≤ m we have at most one
sparse shelf of height 2i and each shelf of Bk has height at most 2m, hence the total height
of sparse shelves is at most

∑
i≤m 2i = 2m+1, so the total height of dense shelves is at least

H̃ − 2m+1 ≥ H̃/3. Thus, the total area of the dense shelves is at least 2k · H̃/3.
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Consider a dense shelf of height 2i. Into that shelf, we have packed pieces of height at
least 2i−1, and the total width of these pieces is at least 2k−1. Hence, the density of pieces
in the shelf is at least 1/4. Therefore, the total area of pieces in Bk is at least 2k · H̃/12. On
the other hand, the area of the bounding box is 2k · H̃, that yields the desired density. ◀

Now we are ready to describe how the algorithm works. When the first piece p1 arrives,
let 2k−1 < w1 ≤ 2k, then we pack it in the box Bk according to NFSk and define Bk to be
the active box. Suppose now that Bi is the active box when the piece pj arrives, first we
update the value of the threshold Tj−1 to Tj , then we have two cases. If wj > 2i we choose
ℓ such that 2ℓ−1 < wj ≤ 2ℓ, pack pj in Bℓ and define Bℓ to be the active box. Else, Bi is
wide enough for pj and we try to pack pj into Bi. Since Bi has size 2i × Tj it may happen
that NFSi exceeds the threshold Tj while packing pj , generating an overflow. In this case,
instead of packing pj in Bi, we pack pj into Bi+1 and define that to be the active box.

▶ Theorem 9. The algorithm DynBoxTrans has a competitive ratio of O(
√

n) for the
problem AreaTranslation on a stream of n pieces.

Proof. First, define Σj as the total area of the first j pieces, W := maxi=1,...,n wi and recall
that Hj = maxi=1,...,j hi and Tj = Hj

√
n + 7Hj . Let Bk be the last active box, so that we

can enclose all the pieces in a bounding box of size 2k+1 ×Tn, and bound the area returned by
the algorithm as Alg = O(2kHn

√
n). On the other hand we are able to bound the optimal

offline packing as Opt = Ω(Σn + WHn).
If the active box never changed, then we have 2k < 2W that implies Alg = O(WHn

√
n) =

Opt · O(
√

n). Otherwise, let Bℓ be the last active box before Bk, and pj be the first piece
put in Bk. Here we have two cases.
Case (1) wj > 2ℓ In this case we have 2k < 2W that implies Alg = O(WHn

√
n) =

Opt · O(
√

n).
Case (2) wj ≤ 2ℓ In this case we have k = ℓ + 1. Denote with H̃i the total height of shelves

in Bi. Then we have H̃ℓ ≥ Tj − Hj = Hj
√

n + 6Hj , otherwise we could pack pj in Bℓ.
Thus, we can apply Lemma 8 and conclude that the box Bℓ of size 2ℓ × Tj is filled with
constant density. Here we have two cases.
Case (2.1) H̃k ≤ Tj In this case we have Alg = O(2kTj) and, thanks to the constant

density packing of Bℓ we have Σj = Θ(2ℓH̃ℓ) = Θ(2kTj). Since Opt ≥ Σj , we get
Alg = O(Opt).

Case (2.2) H̃k > Tj In this case we have Alg = O(2kH̃k). Moreover, H̃k = O(Hn +
Σn/2k), in fact if 2s−1 < Hn ≤ 2s, then the total height of sparse shelves is

∑
i≤s 2i =

2s+1 = O(Hn). Furthermore, dense shelves are filled with constant density, therefore
their total height is at most O(Σn/2k). Finally, we need to show that 2k = O(W

√
n).

Thanks to the constant density packing of Bℓ, we have 2kHj

√
j = O(2ℓTj) = O(Σj).

We can upper bound the size of every piece pi for i ≤ j with W × Hj and obtain
Σj ≤ n · WHj . Plugging it in the previous estimate and dividing both sides by
Hj

√
n we get 2k = O(W

√
n). Now we have Alg = O(2kH̃k) = O(2kHn + Σn) =

O(WHn
√

n + Σn) = Opt · O(
√

n). ◀

The algorithm DynBoxRot is obtained from DynBoxTrans with a slight modification:
before processing any piece pi we rotate it so that wi ≤ hi. In this way, it still holds that
Opt = Ω(Σn + WHn) and the proof of Theorem 9 works also for the following.

▶ Theorem 10. The algorithm DynBoxRot has a competitive ratio of O(
√

n) for the
problem AreaRotation on a stream of n pieces.
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E1

E3

E5

F2

F4

U2k

F2k

B>2k

E1

E3

E5

U2k

B>2k

Figure 5 Left: A 2k-packing. The grey bricks are non-empty and may have been split into smaller
bricks. Right: The 2k-packing produced by BrickTranslation when providing the algorithm with
enough copies of the square Sk (the small grey squares), showing that the competitive ratio can be
arbitrarily close to 6.

3.3 Bounded aspect ratio
In this section, we will consider the special case where the aspect ratio of all pieces is α = 1,
i.e., all the pieces are squares. Furthermore, we will measure the size of the packing as
the area of the minimum axis-parallel bounding square, and we call the resulting problem
SquareInSquareArea. Since we get a constant competitive ratio in this case, it follows
that for other values of α and when allowing the bounding box to be a general rectangle,
one can likewise achieve a constant competitive ratio. Here we give a lower bound, that is
proven in the full version.

▶ Lemma 11. Consider any algorithm A for the problem SquareInSquareArea. Then
the competitive ratio of A is at least 16/9.

We are now going to analyze the competitive ratio of the algorithm BrickTranslation
when it is fed with squares only. Note that a brick can never contain more than one piece.
The algorithm is almost the same as the one described by Fekete and Hoffmann [13]. Their
analysis proved that the algorithm is 8-competitive, with a more careful analysis we prove
the following.

▶ Theorem 12. The algorithm BrickTranslation has a competitive ratio of 6 for Square-
InSquareArea. The analysis is tight.

Proof. Suppose a stream of squares have been packed by BrickTranslation, and let Alg
be the area of the bounding square of the resulting packing. Let Bk be the largest elementary
brick in which a square has been placed. Suppose without loss of generality that k = 0, so
that Bk has size 1 × 1/

√
2 and B≥k, which contains all the packed squares, has size 1 ×

√
2.

We now recursively define a type of packing that we call a 2k-packing, for a non-negative
integer k; see Figure 5 (left). As k increases, so do the requirements to a 2k-packing, in the
sense that a (2k + 2)-packing is also a 2k-packing, but the other way is in general not the
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case. Define F0 := B≥1 and U0 := B0. A packing is a 0-packing if pieces have been placed in
U0 (the brick U0 may or may not have been split in smaller bricks). Hence, the considered
packing is a 0-packing by the assumption that a piece has been placed in B0. Suppose that
we have defined a 2k-packing for some integer k. A (2k + 2)-packing is a 2k-packing with
the additional requirements that

the brick U2k has been split into L := U2k † 1 and E2k+1 := U2k † 2,
the right brick E2k+1 is empty,
the left brick L has been split into F2k+2 := L † 1 and U2k+2 := L † 2, and
U2k+2 is non-empty, and thus also F2k+2 is non-empty.

The symbols Uj , Ej , Fj have been chosen such that the brick is a j-brick, i.e., the index
tells the size of the brick.

Consider a 2k-packing. It follows from the definition that along the top edge of B≥0 from
the right corner (1,

√
2) to the left corner (0,

√
2), we meet a sequence E1, E3, . . . , E2k−1 of

empty bricks of decreasing size, and finally meet a non-empty brick U2k which may have
been split into smaller bricks.

In the full version the following claim is proven.

▷ Claim 13. If the packing is a 2k-packing and not a (2k + 2)-packing, then Alg/Opt < 6.

Since we pack a finite number of squares, the produced packing is a 2k-packing but not a
(2k + 2)-packing for some sufficiently large k, so Claim 13 implies Theorem 12.

Moreover we prove in the full version that this analysis is tight. The idea is to show that
for any given k and a small ε > 0, we can force the algorithm to produce a 2k-packing, such
that as k −→ ∞ and ε −→ 0, the ratio Alg

Opt tends to 6. We use a stream where all pieces are
a square Sk of size slightly more than

√
2−k

/2 ×
√

2−k
/2; see Figure 5 (right). ◀

3.4 More lower bounds when edges are long
We already saw in Corollary 7 that as a function of n, the competitive ratio of an algorithm
for AreaTranslation or AreaRotation must be at least Ω(

√
n), even when all edges

have length 1. In this section, we give lower bounds in terms of Opt for the same case. Note
that the assumption that the edges are long is needed for these bounds to be matched by
actual algorithms, since Corollary 6 states that without the assumption, the competitive
ratio cannot be bounded as a function of Opt.

▶ Theorem 14. Consider any algorithm A for the problem AreaTranslation with the
restriction that all edges of the given rectangles have length at least 1. If A has a competitive
ratio f(Opt) as a function of Opt, then f(Opt) = Ω(

√
Opt).

▶ Remark 15. Note that when the edges are long,
√

Opt = Ω(
√

n), so this bound is stronger
than the Ω(

√
n) bound of Corollary 7.

Proof of Theorem 14. For any n ∈ N, we do as follows. We first provide A with n2 unit
squares. Let the bounding box of the produced packing of these squares have size a × b.
Assume without loss of generality that a ≤ b, so that b ≥ n. We now give A the rectangle
n2 × 1. The optimal offline solution to this set of rectangles has a bounding box of size n2 × 2.
The packing produced by A has a bounding box of size at least n2 ×n = Ω(

√
Opt) ·Opt. ◀

▶ Theorem 16. Consider any algorithm A for the problem AreaRotation with the restric-
tion that all edges of the given rectangles have length at least 1. If A has a competitive ratio
f(Opt) as a function of Opt, then f(Opt) = Ω( 4

√
Opt).
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Proof. For any n ∈ N, we do as follows. We first provide A with n2 unit squares. Let the
bounding box of the produced packing of these squares have size a × b. Assume without loss
of generality that a ≤ b. If a ≥ n1/2, we give A the rectangle 1 × n2. Otherwise, we have
b > n3/2, and then we give A the square n × n. In either case, there is an optimal offline
solution of area 2n2, but the bounding box of the packing produced by A has area at least
n5/2 = Ω( 4

√
Opt) · Opt. ◀

3.5 Algorithms when edges are long
In this section, we describe algorithms that match lower bounds of Section 3.4. We analyze
these algorithms under the assumption that we feed them with rectangles with edges of length
at least 1 (of course, any other positive constant will also work), but we require no bound on
the aspect ratio. Under this assumption, we observe that DynBoxTrans has competitive
ratio O(

√
Opt) for AreaTranslation. We then describe the algorithm DynBoxRot 4√Opt,

which we prove to have competitive ratio O( 4
√

Opt) for AreaRotation. By Theorems 14
and 16, both algorithms are optimal to within a constant factor.

In previous sections we proved lower bounds of Ω(
√

n) and Ω( 4
√

Opt) for AreaRo-
tation. They can be summarized stating that AreaRotation has a competitive ra-
tio of Ω(max{

√
n, 4

√
Opt}). The last theorem of this section, describes the algorithm

DynBoxRot√
n ∧ 4√Opt that simultaneously matches both lower bounds achieving a compet-

itive ratio of O(min{
√

n, 4
√

Opt}). At a first sight it may seem that this algorithm contradicts
the lower bound of Ω(max{

√
n, 4

√
Opt}); however this simply proves that the edge cases that

achieve a competitive ratio of at least Ω( 4
√

Opt) must satisfy Opt = O(n2). Likewise, those
for which the competitive ratio is at least Ω(

√
n) satisfy n = O(

√
Opt).

Translations only

Under the long edge assumption, we have n ≤ Opt. Therefore, DynBoxTrans achieves a
competitive ratio of O(

√
n) = O(

√
Opt) for AreaTranslation and matches the bound

stated in Theorem 14.

Rotations allowed

Now we tackle the AreaRotation problem and describe the algorithm DynBoxRot 4√Opt.
We define the threshold function Tj = Σ3/4

j + 7Hj , where Hj = maxi=1,...,j hi and Σj is the
total area of pieces p1, . . . , pj . DynBoxRot 4√Opt is obtained by running DynBoxRot, as
described in Section 3.2, employing this new threshold Tj .

▶ Theorem 17. The algorithm DynBoxRot 4√Opt has a competitive ratio of O( 4
√

Opt) for
the problem AreaRotation, where Opt is the area of the optimal offline packing.

Proof. This proof is similar to the one of Theorem 9. Define W := maxi=1,...,n wi. Recall that
in DynBoxRot we preprocess every piece p rotating it so that wp ≤ hp, hence W ≤

√
Σn.

Let Bk be the last active box, so that we can enclose all the pieces in a bounding box of size
2k+1 × Tn, and bound the area returned by the algorithm as Alg = O(2kHn + 2kΣ3/4

n ). On
the other hand we are able to bound the optimal offline packing as Opt = Ω(Σn + WHn).

If the active box never changed, then we have 2k < 2W that implies Alg = O(WHn +
Σ5/4

n ) = Opt · O( 4
√

Opt). Otherwise, let Bℓ be the last active box before Bk, and pj be the
first piece put in Bk. Here we have two cases.
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Case (1) wj > 2ℓ In this case we have 2k < 2W that implies Alg = O(WHn + Σ5/4
n ) =

Opt · O( 4
√

Opt).
Case (2) wj ≤ 2ℓ In this case we have k = ℓ + 1. Denote with H̃i the total height of shelves

in Bi. Then we have H̃ℓ ≥ Tj − Hj = Σ3/4
j + 6Hj , otherwise we could pack pj in Bℓ.

Thus, we can apply Lemma 8 and conclude that the box Bℓ of size 2ℓ × Tj is filled with
constant density. Here we have two cases.
Case (2.1) H̃k ≤ Tj In this case we have Alg = O(2kTj) and, thanks to the constant

density packing of Bℓ we have Σj = Θ(2ℓH̃ℓ) = Θ(2kTj). Since Opt ≥ Σj , we get
Alg = O(Opt).

Case (2.2) H̃k > Tj In this case we have Alg = O(2kH̃k). Moreover, H̃k = O(Hn +
Σn/2k), in fact if 2s−1 < Hn ≤ 2s, then the total height of sparse shelves is

∑
i≤s 2i =

2s+1 = O(Hn). Furthermore, dense shelves are filled with constant density, therefore
their total height is at most O(Σn/2k). Finally, we need to show that 2k = O( 4

√
Σn).

Thanks to the constant density packing of Bℓ, we have 2kΣ3/4
j = O(2ℓTj) = O(Σj).

Dividing both sides by Σ3/4
j we get 2k = O(Σ1/4

j ). In the end notice that, thanks to
the long edge hypotheses Hn ≤ Σn and we have Alg = O(2kH̃k) = O(2kHn + Σn) =
O(Σ5/4

n ) = Opt · O( 4
√

Opt). ◀

So far we managed to match the competitive ratio lower bounds of Ω(
√

n) and Ω( 4
√

Opt)
employing two different algorithms: DynBoxRot and DynBoxRot 4√Opt. A natural ques-
tion is whether is it possible to match the performance of these algorithms simultaneously,
having an algorithm that achieves a competitive ratio of O(min{

√
n, 4

√
Opt}). We give an

affirmative answer by describing the algorithm DynBoxRot√
n ∧ 4√Opt.

Again, we employ the same scheme of DynBoxRot with a different threshold function.
This time the definition of Tj is slightly more involved:

Tj =

0 if j = 0
max

{
Tj−1, T̃j

}
if j ≥ 1

where T̃j =
{

Σ3/4
j + 7Hj if Σj < j2

Hj
√

n + 7Hj otherwise.

▶ Theorem 18. The algorithm DynBoxRot√
n ∧ 4√Opt achieves a competitive ratio of

O(min{
√

n, 4
√

Opt}) on the problem AreaRotation, where Opt is the area of the op-
timal offline packing and n is the total number of pieces in the stream.

Proof. This proof is similar to the one of Theorem 17 and is deferred to the full version. ◀

4 Further questions

It is natural to consider problems where the given pieces are more general, such as convex
polygons. Here, we may allow the pieces to be rotated by arbitrary angles. In that case, it
follows from the technique described by Alt [2] that one can obtain a constant competitive
ratio for computing a packing with a minimum perimeter bounding box: For each new piece,
we rotate the piece so that a diameter of the piece is horizontal. We then use the algorithm
BrickRotation to pack the bounding boxes of the pieces. Since the area of each piece is
at least half of the area of its bounding box, the density of the produced packing is at least
half of the density of the packing of the bounding boxes. This results in an increase of the
competitive ratio by a factor of at most

√
2.

For the problem of minimizing the perimeter of the bounding box (or convex hull) with
convex polygons as pieces and only translations allowed, we do not know if it is possible to
get a competitive ratio of O(1), and this seems to be a very interesting question for future
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research. In order to design such an algorithm, it would be sufficient to show that for some
constants δ > 0 and Σ > 0, there is an online algorithm that packs any stream of convex
polygons of diameter at most δ and total area at most Σ into the unit square, which is in
itself an interesting problem. The three-dimensional version of this question has a negative
answer, even for offline algorithms: Alt, Cheong, Park, and Scharf [3] showed that for any
n ∈ N, there exists a finite number of 2D unit disks embedded in 3D that cannot all be
packed by translation in a cube with edges of length n.
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1 Introduction

For a graph G = (V, E), a cut is a partition of V into two disjoint subsets. Any cut
determines a cut set which is the set of all edges that have one endpoint in one partition
and the other endpoint in the other partition. The size of a cut is the cardinality of its
cut set. The maximum cut problem or Max Cut asks for a cut of maximum size. Max
Cut is a fundamental and well-known NP-complete problem [17]. The weighted version of
the problem is one of Karp’s original 21 NP-complete problems [25]. Besides its theoretical
importance, it has applications in VLSI circuit design [11], statistical physics [3] etc. Max
Cut remains NP-hard even for cubic graphs [4], split graphs [7], co-bipartite graphs [7], unit
disk graphs [15] and total graphs [20]. On the positive side, polynomial time algorithms are
known for planar graphs [21], line graphs [20], graphs not contractible to K5 [2] and graphs
with bounded treewidth [7].

It is well known that many classical NP-complete problems like colourability [19], Hamilto-
nian cycle [26], minimum dominating set [12], minimum feedback vertex set [29], minimum
vertex cover [30] and maximum clique [22] are polynomial time solvable for interval graphs.
This is because interval graphs are well structured graphs with many nice properties and
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decomposition models that are often exploited to design efficient dynamic programming or
greedy algorithms. Few problems that are known to be NP-hard in interval graphs include
optimal linear arrangement [14], achromatic number [5], harmonious colouring [1], geodetic
set [10], minimum sum colouring [31], metric dimension [16], identifying code [16] and
locating-dominating set [16]. The class of interval graphs is widely regarded as an important
graph class with many real-world applications. Interval graphs arise naturally in modelling
problems that involve temporal reasoning, e.g scheduling problems. Interval graphs are also
extensively used in bioinformatics (e.g. DNA mapping [32], protein sequencing [24]) and
mathematical biology (e.g. food webs in population biology [13]).

Surprisingly, the computational complexity of Max Cut for interval graphs is a long-
standing open problem. The first time that the problem was mentioned as open was probably
in 1985 [23]. No polynomial time algorithm is known even for the subclass of unit interval
graphs. There are two previous works [8, 9] reporting polynomial time algorithms solving
Max Cut for unit interval graphs. However, both algorithms were later reported to be
incorrect [6, 28]. In this paper, we show that Max Cut is NP-complete for interval graphs.

2 Preliminaries

For any simple undirected graph G = (V, E), a cut is a partition of V into two disjoint
subsets A and B, i.e., V = A ∪ B and A ∩ B = ∅. The corresponding cut set is the
set of all edges that have one endpoint in A and the other endpoint in B, i.e., the set
{(u, v) ∈ E | (u ∈ A, v ∈ B)∨ (u ∈ B, v ∈ A)}. The size of the cut is the cardinality of its cut
set. A typical instance of the decision version of Max Cut consists of a simple undirected
graph G = (V, E) and an integer k such that 1 ≤ k ≤ |E|. (G, k) is an yes-instance of Max
Cut if and only if G has a cut of size at least k.

Interval graphs are the intersection graphs of intervals on the real line. Formally, G =
(V, E) is said to be an interval graph if there is a set S of intervals on the real line and a
bijection φ : V −→ S such that u, v ∈ V are adjacent if and only if φ(u) ∩ φ(v) ̸= ∅.

3 NP-Completeness

In this section, we show that Max Cut is NP-complete on interval graphs. Max Cut is
known to be NP-complete on cubic graphs [4]. We reduce Max Cut on cubic graphs to
Max Cut on interval graphs.

3.1 Construction of the Reduction Graph
Let (G, x) be an instance of Max Cut where G = (V, E) is a cubic graph. Let |V | = n

and hence |E| = 3
2 n. We shall reduce it to an equivalent instance (G′, f(x)) of Max Cut

where G′ = (V ′, E′) is an interval graph. The construction of G′ is outlined in the following.
G′ = (V ′, E′) is described as the intersection graph of a set of intervals on the real line and
the vertices of G′ are referred to as intervals.
1. Fix an arbitrary ordering of the vertices and edges of G = (V, E) as v1, v2, . . . , vn, e1, e2,

. . . , em. We shall write any edge e ∈ E as an ordered pair of vertices that respects the
following convention. If e is an edge between vi and vj , where i < j, then we shall write
e = (vi, vj) (not e = (vj , vi)).

2. For each vertex v ∈ V , we construct a V-gadget G(v) and for each edge e ∈ E, we
construct an E-gadget G(e). They are shown in Fig. 1. The structure of a V-gadget is
identical to that of an E-gadget, the only difference is their size. Each V-gadget (E-gadget)
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consists of q (resp. q′) left long intervals, p (resp. p′) left short intervals, q (resp. q′) right
long intervals and p (resp. p′) right short intervals. The left long intervals and the right
long intervals of a V-gadget (E-gadget) all intersect each other to form a clique of size 2q

(resp. 2q′). All left short intervals of a V-gadget (E-gadget) are mutually disjoint and
each of them intersect only the q (resp. q′) left long intervals. Similarly all right short
intervals of a V-gadget (E-gadget) are mutually disjoint and each of them intersect only
the q (resp. q′) right long intervals. Therefore, the number of edges in each V-gadget
(E-gadget) is q(2q − 1) + 2pq (resp. q′(2q′ − 1) + 2p′q′).
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Figure 1 a) A V-gadget. b) An E-gadget.

3. We set q = 200n3 + 1, p = 2q + 7n, q′ = 10n2 + 1, p′ = 2q′ + 7n, where n is the number
of vertices in G. Note that the following inequalities hold:
a. p > 2q > 2p′ > 4q′ > 9n2

b. q2 > (p − q)6n

c. q′2 > (p′ − q′)6n

d. q > 3(p′ + q′)n + 9n2

4. There are a total of n V-gadgets, and 3n/2 E-gadgets. All 5n/2 gadgets are arranged in
the following order as shown in Fig. 2 : G(v1), G(v2), . . . , G(vn), G(e1), G(e2), . . . , G(e3n/2).
No two intervals belonging to different gadgets intersect.

5. To establish relationships between the V-gadgets and E-gadgets we introduce 6n link
intervals (See Fig. 2). Link intervals connect V-gadgets to E-gadgets. This will be
described in the next point. A link interval can intersect a gadget in four different ways
as described in the following.

A link interval is said to cover a gadget if it intersects all intervals of the gadget. (See
Fig. 3a)
A link interval is said to intersect a V-gadget in the first manner if it intersects only
the q right long intervals of the V-gadget. (See Fig. 3b).
A link interval is said to intersect an E-gadget in the second manner if it intersects
only the p′ left long intervals of the gadget. (See Fig. 3c).
A link interval is said to intersect an E-gadget in the third manner if it intersects only
the q′ left long intervals and the p′ left short intervals of the gadget. (See Fig. 3d).

6. For each edge e = (vi, vj) ∈ E, we introduce four link intervals: 1) a pair intersecting
G(vi) in the first manner and G(e) in the second manner, and 2) another pair intersecting
G(vj) in the first manner and G(e) in the third manner (See Fig. 4). Note that since G

is cubic, the total number of link intervals covering a V-gadget is 6k for some integer k,
where k may vary from 0 to n − 1. Similarly, the total number of link intervals covering
an E-gadget is 4k for some integer k, where k may vary from 0 to 3n/2 − 1. Also, the
total number of link intervals intersecting a V-gadget in the first manner is 6.

SoCG 2021
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G(v1) G(v2) G(vn) G(e1) G(e2) G(e3) G(em)

Figure 2 Arrangement of the gadgets and the link intervals.

(a) A gadget is covered by a link interval. (b) A link interval intersects a V-gadget in
the first manner.

(c) A link interval intersects an E-gadget
in the second manner.

(d) A link interval intersects an E-gadget
in the third manner.

Figure 3 Illustrations showing the four different ways a link interval can intersect a gadget.

G(vi) G(vj) G(vi, vj)

Figure 4 link intervals connecting an E-gadget G((vi, vj)) with V-gadgets G(vi) and G(vj).
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3.2 Properties of the Reduction Graph
In this section, we study some properties of the interval graph G′ constructed from G in
the previous section. We consider a partition of vertices of G′ that yields a maximum cut.
To prove that the partition satisfies some properties, in general we show that if it does not
satisfy those properties, then the size of the corresponding cut can be increased, contradicting
the maximality of the cut.

Now consider a maximum cut of G′ with the vertices partitioned into subsets A and B.
We show in the next lemma that for every vertex gadget G(vi), either A or B contains all of
its left short intervals. The same holds for the right short intervals of G(vi).

▶ Lemma 1. If a partition of G′ yields a maximum cut, then for any V-gadget G(vi), all of
its left short intervals lie in the same subset. The same holds for its right short intervals.

Proof. Consider a maximum cut of G′ that partitions its vertices into subsets A and B.
Let LLA

i and LLB
i denote the subset of left long intervals of G(vi) in A and B respectively.

Denote by OLA
i (resp. OLB

i ) the set of all link intervals that cover G(vi) and lie in subset A

(resp. B). Without loss of generality, let the following direction of inequality hold:

| LLA
i | + | OLA

i |>| LLB
i | + | OLB

i |

Note that the inequality must be strict since the sum of the number of left long intervals of
G(vi) and the number of link intervals covering G(vi) is 6k + q (0 ≤ k ≤ n − 1), which is odd
since q is odd. Suppose that a left short interval of G(vi) is in A. Recall that the left long
intervals of G(vi) and the link intervals covering G(vi) are the only intervals that a left short
interval of G(vi) intersects. Then due to the above inequality, moving the left short interval
to B increases the number of cut edges. This contradicts the fact that the partition yields a
maximum cut. Hence, all left short intervals of G(vi) must be in B. Using similar arguments
we can show that all right short intervals of G(vi) must be same subset. ◀

In the following lemma, we prove a property of the long intervals of each vertex gadget,
akin to the property of the short intervals proved in the previous lemma.

▶ Lemma 2. If a partition of G′ yields a maximum cut, then for any V-gadget G(vi), all its
left long intervals lie in the same subset. The same holds for its right long intervals.

Proof. Consider a maximum cut of G′ that partitions its vertices into subsets A and B. By
Lemma 1, all of the short intervals on the same side of G(vi) belong to the same subset.
Without loss of generality, we consider two cases, where (a) all the left short intervals of G(vi)
are in A, and all the right short intervals of G(vi) are in B, and (b) all the short intervals of
G(vi) are in A.

First consider Case (a), where all the left short intervals of G(vi) belong to A, and all the
right short intervals of G(vi) belong to B. Suppose that a left long interval of G(vi) is in A.
Then moving it to B results in losing at most 2q − 1 cut edges due to its intersections with
other long intervals of G(vi), and at most 6n cut edges due to its intersections with the link
intervals of G(vi). However, we gain at most p cut edges. Since p = 2q + 7n, the quantity
p − (2q − 1 + 6n) is positive, hence the size of the cut increases. This contradicts the fact
that the partition yields a maximum cut. Hence, all left long intervals of G(vi) must be in B.

Now consider Case (b), where all the short intervals of G(vi) belong to A. It can be seen
that the above argument is also applicable in this case, and the claim holds. ◀

In the following lemma, we consolidate the results obtained above into a complete partition
of a vertex gadget in a maximum cut.

SoCG 2021
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▶ Lemma 3. If a partition of G′ yields a maximum cut, then for any V-gadget G(vi), all the
left long and right short intervals are in one subset, while all the right long and left short
intervals are in the other.

Proof. Consider a maximum cut of G′ that partitions its vertices into subsets A and B.
Then without loss of generality, by Lemma 1, either (a) all left short intervals of G(vi) are in
A and all right short intervals of G(vi) are in B, or (b) all the short intervals of G(vi) are
in A.

First consider Case (a), i.e. G(vi) has all its left short intervals in A and right short
intervals in B. Then it follows from the proof of Lemma 2 that all left long intervals of G(vi)
are in B and all right long intervals of G(vi) must be in A, as claimed.

Now consider Case (b), i.e. G(vi) has all its short intervals in A. Since all the short
intervals of G(vi) are in A, it implies from the proof of 2 that all the long intervals of G(vi) are
in B. We move all the right short intervals of G(vi) to B and all right long intervals of G(vi)
to A. Due to their intersections with link intervals, this removes at most (p − q)6n edges
from the cut. But due to the intersections among the left and right long intervals, it also
adds at least q2 edges to the cut. Since by our choice of q and p, we have q2 − (p − q)6n > 0,
the total number of edges in the cut increases. This contradicts the fact that the partition
yields a maximum cut and hence this case is impossible. ◀

It can be seen that V-gadgets and E-gadgets are structurally similar, and only their
intersections with the link intervals can possibly be the cause of any different partitioning in
a maximum cut. We address this point in the following lemma and show that E-gadgets too
in fact admit a partition similar to that of V-gadgets.

▶ Lemma 4. Lemma 3 holds for E-gadgets of G′ as well.

Proof. Consider a maximum cut of G′ that partitions its vertices into subsets A and B. We
modify the proof of Lemma 1 a little, so that Lemma 1 holds for E-gadgets as well. Consider
an E-gadget G(ei) of G′. Observe that the proof holds for the right short intervals of G(ei),
since any link interval that intersects the right short intervals of an E-gadget, must also
cover the E-gadget. But the left short intervals of each E-gadget are intersected by two link
intervals in the third manner. Then denote by OL′A

i (resp. OL′B
i ) the set of all link intervals

that cover G(vi) or intersect G(vi) in the third manner, and lie in subset A (resp. B). Let
LLA

i and LLB
i denote the subset of left long intervals of G(vi) in A and B respectively, as

before. Again, without loss of generality we have the following inequality.

| LLA
i | + | OL′A

i |>| LLB
i | + | OL′B

i |

The rest of the proof is similar to that of 1, and it can be seen that the claim holds. The
proof of Lemma 2 for E-gadgets remains the same as for V-gadgets. Lemmas 1 and 2 along
with the choice of p′ and q′, imply Lemma 3 for E-gadgets as well. ◀

▶ Lemma 5. G has a cut of size at least x if and only if G′ has a cut of size at least
(2pq + q2)n + 3

2 (2p′q′ + q′2)n + 3(n − 1)(n − 2)(p + q) + 3n( 3
2 n − 1)(p′ + q′) + 6nq + 3np′ + 2xq′.

Proof. First suppose that G has a cut of size at least x. Denote the subsets in the partition
of the vertices of G by C and D. We partition the vertices of G′ as follows. If a vertex vi of
G is in C, then in the corresponding V-gadget G(vi) of G′, all left short intervals and right
long intervals are placed in A, all right short intervals and left long intervals are placed in
B. Finally, all link intervals intersecting G(vi) in the first manner are placed in B. If vi is
in D instead, then all the above placements of intervals are swapped. Recall that for each
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E-gadget exactly two link intervals intersect it in the second manner and exactly two link
intervals intersect it in the third manner. If the link intervals that intersect an E-gadget in
the third manner is in A, then we place the left short intervals and right long intervals of the
E-gadget in B, and the left long intervals and right short intervals in A. If the link intervals
are in B, then the placements of the intervals are swapped.

Due to the above placement of intervals in A and B, the number of cut edges obtained
internally from all the V-gadgets and E-gadgets of G′ are (2pq + q2)n and 3

2 (2p′q′ + q′2)n
respectively. The number of cut edges formed by the V-gadgets and the link intervals that
cover them is 3(n − 1)(n − 2)(p + q). The number of cut edges formed by the E-gadgets and
the link intervals covering them is 3n( 3

2 n − 1)(p′ + q′). For each V-gadget, the link intervals
intersecting it in the first manner give 6q cut edges, resulting in a total of 6nq cut edges.
Each link interval that intersects an E-gadget in the third manner gives p′ cut edges, thus
we have 3np′ in total. However, a link interval that intersects an E-gadget in the second
manner can produce cut edges from the E-gadget only when the other link interval mentioned
above is in a different subset, i.e. the vertices of G corresponding to the V-gadgets of these
link intervals are in C and D, and produce a cut edge. This means that such link intervals
produce at least 2xq′ cut edges in total, proving the forward direction of the claim.

Now we prove the backward direction of the claim. Assume that G′ has a cut of size at
least (2pq+q2)n+ 3

2 (2p′q′+q′2)n+3(n−1)(n−2)(p+q)+3n( 3
2 n−1)(p′+q′)+6nq+3np′+2xq′.

So the size of a maximum cut of G′ is at least this much. Consider a maximum cut of G′ that
partitions its intervals into two disjoint subsets A and B. By Lemma 3, for each V-gadget,
all the left long and right short intervals are in one subset, while all the right long and left
short intervals are in the other. Corresponding to this cut of G′, we define a cut of G in the
following way. If the left long and right short intervals of G(vi) are in A (resp. B), then we
put vi in C (resp. D). Let y be the size of the cut C ∪ D. We have to show that y ≥ x.

Due to Lemma 3 and 4, the internal cut edges of V-gadgets and E-gadgets, and the
cut edges formed between gadgets and the link intervals that cover them amount to (2pq +
q2)n + 3

2 (2p′q′ + q′2)n + 3(n − 1)(n − 2)(p + q) + 3n( 3
2 n − 1)(p′ + q′) cut edges in total.

Hence, the remaining 6nq + 3np′ + 2xq′ cut edges are obtained from the partial intersections
of the link intervals with the V-gadgets and E-gadgets, and the intersections among link
intervals. The number of cut edges among the link intervals is not more than (3n)2 = 9n2.
The partial intersections between link intervals and V-gadgets can contribute at most 6nq

cut edges. Note that the partial intersections between link intervals and E-gadgets, and
intersections among the link intervals cannot give more than 3(p′ + q′)n + 9n2 cut edges.
Since q > 3(p′ + q′)n + 9n2, it implies that exactly 6nq of the remaining cut edges are
obtained from link intervals intersecting V-gadgets in the first manner. This happens when
for each V-gadget, the link intervals intersecting it in the first manner are all in the subset
which contains the left long and right short intervals of the gadget. Hence, the placement
of the intervals of the V-gadget in the subsets A and B (and hence the placement of the
corresponding vertex of G in C or D) determines the placements of the link intervals.

The remaining 3np′ + 2xq′ cut edges should come from the partial intersections of the
link intervals with the E-gadgets, and the intersections among link intervals. We show that
this is not possible if y < x. For this, consider an E-gadget G(vi, vj). Let ℓi, ℓ′

i be the two
link intervals from G(vi) that intersect G(vi, vj) in the second manner and ℓj , ℓ′

j be the two
link intervals from G(vj) that intersect G(vi, vj) in the third manner. Consider the following
cases: ℓi, ℓ′

i, ℓj , ℓ′
j are in the same subset (Case 1), say ℓi, ℓ′

i, ℓj , ℓ′
j ∈ A and ℓi, ℓ′

i are in one
subset and ℓj , ℓ′

j are in the other (Case 2), say, ℓi, ℓ′
i ∈ A, ℓj , ℓ′

j ∈ B. In Case 2, the edge
(ei, ej) appears in the cut set of C ∪ D, while in Case 1, it does not. For each case, we have
two subcases as described in the following.
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Case 1a. A contains ℓi, ℓ′
i, ℓj , ℓ′

j and the left long and right short intervals of G(vi, vj). B

contains the right long and left short intervals of G(vi, vj). Hence, the intersections
between G(vi, vj) and ℓi, ℓ′

i, ℓj , ℓ′
j give 2p′ cut edges.

Case 1b. A contains ℓi, ℓ′
i, ℓj , ℓ′

j and the right long and left short intervals of G(vi, vj). B

contains the left long and right short intervals of G(vi, vj). Hence, the intersections
between G(vi, vj) and ℓi, ℓ′

i, ℓj , ℓ′
j give 4q′ cut edges.

Case 2a. A contains ℓi, ℓ′
i and the left long and right short intervals of G(vi, vj). B contains

ℓj , ℓ′
j and the right long and left short intervals of G(vi, vj). Hence, the intersections

between G(vi, vj) and ℓi, ℓ′
i, ℓj , ℓ′

j give 2q′ cut edges.
Case 2b. A contains ℓi, ℓ′

i and the right long and left short intervals of G(vi, vj). B contains
ℓj , ℓ′

j and the left long and right short intervals of G(vi, vj). Hence, the intersections
between G(vi, vj) and ℓi, ℓ′

i, ℓj , ℓ′
j give 2p′ + 2q′ cut edges.

Therefore, we see that an E-gadget gives at most 2p′ cut edges from its partial intersections
with link intervals if the link intervals belong to the same subset (since 2p′ > 4q′), and at most
2(p′+q′) cut edges if the link intervals belong to different subsets (since 2p′+2q′ > 2q′). Notice
that the later case occurs for exactly y E-gadgets. The number of cut edges obtained from
the partial intersections of E-gadgets with link intervals is at most 2p′( 3n

2 − y) + 2(p′ + q′)y =
3np′ + 2yq′. Hence if y < x, then at least 2(x − y)q′ > 2q′ cut edges must come from the
intersections among the link intervals. But this is not possible as 2q′ > 9n2. Hence y ≥ x as
required. ◀

▶ Theorem 6. Max Cut is NP-complete on interval graphs.

Proof. It can be checked in polynomial time if a given partition of an interval graph produces
a cut of a given size. Thus the problem is in NP. The construction of G′ from G clearly takes
polynomial time. The NP-hardness follows from Lemma 5. ◀

4 Concluding Remarks

In this paper, we have settled the question of computational complexity of Max Cut on
interval graphs. However, the question of whether Max Cut is polynomial-time solvable
or NP-hard on unit interval graphs still remains open. For an NP-hardness reduction, a
possible approach might be to reduce Max Cut on interval graphs to Max Cut on unit
interval graphs. An interval can be transformed into a sequence of unit intervals by replacing
it with a start and end interval, with “bunches” of unit intervals within (See Fig. 5). It is
easy to see that for such a standalone gadget, an alternating assignment of the bunches to
the two subsets yields a Max Cut. However, when multiple such gadgets of different sizes
are brought together to represent the whole interval graph for the reduction, such a partition
does not necessarily correspond to a partition in the original interval graph.

Figure 5 Transformation of an interval into a sequence of unit intervals in a possible reduction
from Max Cut on interval graphs to Max Cut on unit interval graphs.
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Another direction for future work is to find approximation algorithms for Max Cut
interval graphs. In general, polynomial-time approximation algorithm for Max Cut with
the best known approximation ratio is by Goemans and Williamson [18] which achieves an
approximation ratio ≈ 0.878. Assuming the Unique Games conjecture [27], this is the best
possible approximation ratio. An interesting question is whether this can be bettered for
interval graphs or unit interval graphs. A possible approach could be the following greedy
method. We first compute a unit interval representation the graph. In the first step, the
leftmost interval is put in A, then the leftmost interval not intersecting that interval is put
in A, and so on. In the second step, among the remaining intervals, we consider the ones
that intersect the most number of intervals put in A. The leftmost such interval is put in B,
then the leftmost of them not intersecting that interval is put in B, and so on. We repeat
this until all intervals are placed, i.e., in each odd (resp. even) step an independent set of
intervals, each of which intersect the most number of intervals put in B (resp A) thus far, are
put in A (resp. B). It is not clear to us how efficient this is, but the following is the worst
example that we have found so far which gives an approximation ratio of 0.9375. Consider a
graph G = (V, E) with 8a vertices {v1, . . . , v8a} where the first 6a vertices are all adjacent
to each other and the last 6a vertices are all adjacent to each other. The greedy algorithm
gives a cut of size 15a2, while the maximum cut is of size 16a2.
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Abstract

In the semialgebraic range searching problem, we are given a set of n points in Rd and we want to
preprocess the points such that for any query range belonging to a family of constant complexity
semialgebraic sets (Tarski cells), all the points intersecting the range can be reported or counted
efficiently. When the ranges are composed of simplices, then the problem is well-understood: it
can be solved using S(n) space and with Q(n) query time with S(n)Qd(n) = Õ(nd) where the Õ(·)
notation hides polylogarithmic factors and this trade-off is tight (up to no(1) factors). Consequently,
there exists “low space” structures that use O(n) space with O(n1−1/d) query time and “fast query”
structures that use O(nd) space with O(logd+1 n) query time. However, for the general semialgebraic
ranges, only “low space” solutions are known, but the best solutions match the same trade-off curve
as the simplex queries, with O(n) space and Õ(n1−1/d) query time. It has been conjectured that
the same could be done for the “fast query” case but this open problem has stayed unresolved.

Here, we disprove this conjecture. We give the first nontrivial lower bounds for semilagebraic
range searching and other related problems. More precisely, we show that any data structure for
reporting the points between two concentric circles, a problem that we call 2D annulus reporting
problem, with Q(n) query time must use S(n) =

o

Ω(n3/Q(n)5) space where the
o

Ω(·) notation hides
no(1) factors, meaning, for Q(n) = O(logO(1) n),

o

Ω(n3) space must be used. In addition, we study the
problem of reporting the subset of input points between two polynomials of the form Y =

∑∆
i=0 aiX

i

where values a0, · · · , a∆ are given at the query time, a problem that we call polynomial slab reporting.
For this, we show a space lower bound of

o

Ω(n∆+1/Q(n)∆2+∆), which shows for Q(n) = O(logO(1) n),
we must use

o

Ω(n∆+1) space. We also consider the dual problems of semialgebraic range searching,
semialgebraic stabbing problems, and present lower bounds for them. In particular, we show that in
linear space, any data structure that solves 2D annulus stabbing problems must use Ω(n2/3) query
time. Note that this almost matches the upper bound obtained by lifting 2D annuli to 3D. Like
semialgebraic range searching, we also present lower bounds for general semialgebraic slab stabbing
problems. Again, our lower bounds are almost tight for linear size data structures in this case.
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8:2 Lower Bounds for Semialgebraic Range Searching and Stabbing Problems

1 Introduction

We address one of the biggest open problems of the recent years in the range searching
area. Our main results are lower bounds in the pointer machine model of computation that
essentially show that the so-called “fast query” version of the semialgebraic range reporting
problem is “impervious” to the algebraic techniques. Our main result reveals that to obtain
polylogarithmic query time, the data structure requires

o

Ω(n∆+1) space1, where the constant
depends on ∆, n is the input size, and ∆+1 is the number of parameters of each “polynomial
inequality” (these will be defined more clearly later). Thus, we refute a relatively popular
recent conjecture that data structures with

o

O(nd) space and polylogarithmic query time
could exist, where d is the dimension of the input points. Surprisingly, the proofs behind
these lower bounds are simple, and these lower bounds could have been discovered years ago
as the tools we use already existed decades ago.

Range searching is a broad area of research in which we are given a set P of n points
in Rd and the goal is to preprocess P such that given a query range R, we can count or
report the subset of P that lies in R. Often R is restricted to a fixed family of ranges, e.g.,
in simplex range counting problem, R is a simplex in Rd and the goal is to report |P ∩ R|,
or in halfspace range reporting problem, R is a halfspace and the goal is to report P ∩ R.
Range searching problems have been studied extensively and they have numerous variants.
For an overview of this topic, we refer the readers to an excellent survey by Agarwal [17].

Another highly related problem which can be viewed as the “dual” of this problem is
range stabbing: we are given a set R of ranges as input and the goal is to preprocess R such
that given a query point p, we can count or report the ranges of R containing p efficiently.
Here, we focus on the reporting version of range stabbing problems.

1.1 Range Searching: A Very Brief Survey

1.1.1 Simplex Range Searching
Simplices is one of the most fundamental family of queries. In fact, if the query is decomposable
(such as range counting or range reporting queries), then simplices can be used as “building
blocks” to answer more complicated queries: for a query R which is a polyhedral region of
O(1) complexity, we can decompose it into O(1) disjoint simplices (with a constant that
depends on d) and thus answering R can be reduced to answering O(1) simplicial queries.

Simplicial queries were hotly investigated in 1980s and this led to development of two
important tools in computational geometry: cuttings and partition theorem and both of
them have found applications in areas not related to range searching.

1.1.1.1 Cuttings and Fast Data Structures

“Fast query” data structures can answer simplex range counting or reporting queries in
polylogarithmic query time but by using O(nd) space and they can be built using cuttings. In
a nut-shell, given a set H of n hyperplanes in Rd, a 1

r -cutting, is a decomposition of Rd into
O(rd) simplices such that each simplex is intersected by O(n/r) hyperplanes of H. These
were developed by some of the pioneers in the range searching area, such as Clarkson [15],
Haussler and Welzl [19], Chazelle and Friedman [8], Matoušek [20], finally culminating in a

1
o

Ω(·),
o

O(·),
o

Θ(·) notations hide no(1) factors and Ω̃(·), Õ(·), Θ̃(·) notations hide logO(1) n factors.
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result of Chazelle [11] who optimized various aspects of cuttings. Using cuttings, one can
answer simplex range counting, or reporting queries with O(nd) space and O((log n)d+1 + k)
query time (where k is the output size) [21]. The query time can be lowered to O(log n) by
increasing the space slightly to O(nd+ε) for any constant ε > 0 [14]. An interested reader
can refer to a book on cuttings by Chazelle [12].

1.1.1.2 The Partition Theorem and Space-efficient Data Structures

At the opposite end of the spectrum, simplex range counting or reporting queries can be
answered using linear space but with higher query time of O(n1−1/d), using partition trees
and the related techniques. This branch of techniques has a very interesting history. In 1982,
Willard [24] cleverly used ham sandwich theorem to obtain a linear-sized data structure
with query time of O(nγ) for some constant γ < 1 for simplicial queries in 2D. After a
number of attempts that either improved the exponent or generalized the technique to higher
dimensions, Welzl [23] in 1982 provided the first optimal exponent for the partition trees,
then Chazelle et al. [14] provided the first near-linear size data structure with query time
of roughly O(n1−1/d). Finally, a data structure with O(n) space and O(n1−1/d) query time
was given by Matoušek [21]. This was also simplified recently by Chan [7].

1.1.1.3 Space/Query Time Trade-off

It is possible to combine fast query data structures and linear-sized data structures to solve
simplex queries with S(n) space and Q(n) query time such that S(n)Q(n)d = Õ(nd). This
trade-off between space and query time is optimal, at least in the pointer machine model
and in the semigroup model [1, 13, 9].

1.1.1.4 Multi-level Structures, Stabbing and Other Related Queries

By using multi-level data structures, one can solve more complicated problems where both
the input and the query shapes can be simplicial objects of constant complexity. The best
multi-level data structures use one extra log n factor in space and query time per level [7]
and there exist lower bounds that show space/query time trade-off should blow up by at
least log n factor per level [2]. This means that problems such as simplex stabbing (where
the input is a set of simplices and we want to output the simplices containing a given query
point) or simplex-simplex containment problem (where the input is a set of simplices, and
we want to output simplices fully contained in a query simplex) all have the same trade-off
curve of S(n)Q(n)d = Õ(nd) between space S(n) and query time Q(n).

Thus, one can see that the simplex range searching as well as its generalization to problems
where both the input and the query ranges are “flat” objects is very well understood. However,
there are many natural query ranges that cannot be represented using simplices, e.g., when
query ranges are spheres in Rd. This takes us to semialgebraic range searching.

1.1.2 Semialgebraic Range Searching
A semialgebraic set is defined as a subset of Rd that can be described as the union or
intersection of O(1) ranges, where each range is defined by d-variate polynomial inequality of
degree at most ∆, defined by at most B values given at the query time; we call B the parametric
dimension. For instance, with B = 3, ∆ = 2, and given three values a, b and c at the query
time, a circular query can be represented as

{
(X, Y ) ∈ R2|(X − a)2 + (Y − b)2 ≤ c2}. In

semialgebraic range searching, the queries are semialgebraic sets.
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Before the recent “polynomial method revolution”, the tools available to deal with
semialgebraic range searching were limited, at least compared to the simplex queries. One
way to deal with semialgebraic range searching is through linearization [25]. This idea maps
the input points to RL, for some potentially large parameter L, such that each polynomial
inequality can be represented as a halfspace. Consequently, semialgebraic range searching
can be solved with the space/query time trade off of S(n)Q(n)L = Õ(nL). The exponent of
Q(n) in the trade-off can be improved (increased) a bit by exploiting that in RL, the input
set actually lies in a d-dimensional surface [5]. It is also possible to build “fast query” data
structures but using O(n2B−4+ε), but only in specific cases [5] (see [17] for details).

In 2009, Zeev Dvir [16] proved the discrete Kakeya problem with a very elegant and simple
proof, using a polynomial method. Within a few years, this led to revolution in discrete
and computational geometry, one that was ushered in by Katz and Guth’s almost tight
bound on Erdős distinct distances problem [18]. For a while, the polynomial method did not
have much algorithmic consequences but this changed with the work of Agarwal, Matoušek,
and Sharir [6] where they showed that at least as long as linear-space data structures are
considered, semialgebraic range queries can essentially be solved within the same time as
simplex queries (ignoring some lower order terms). Later developments (and simplifications)
of their approach by Matoušek and Patáková [22] lead to the current best results: a data
structure with linear size and with query time of Õ(n1−1/d).

1.1.2.1 Fast Queries for Semialgebraic Range Searching: an Open Problem

Nonetheless, despite the breakthrough results brought on by the algebraic techniques, the fast
query case still remained unsolved, even in the plane: e.g., the best known data structures
for answering circular queries with polylogarithmic query time still use Õ(n3) space, by
using linearization to R3. The fast query case of semialgebraic range searching has been
explicitly mentioned as a major open problem in multiple recent publications2. In light
of the breakthrough result of Agarwal et al. [6], it is quite reasonable to conjecture that
semialgebraic range searching should have the same trade-off curve of S(n)Q(n)d = Õ(nd).

Nonetheless, the algebraic techniques have failed to make sufficient advances to settle this
open problem. The best known result is given recently by Agarwal et al. [4]. They showed it
is possible to build “fast query” semialgebraic range searching data structures using O(nB+ϵ)
space. In general, B can be much larger than d and thus it leaves a big gap between current
best upper bound and the conjectured one. Given that it took a revolution caused by the
polynomial method to advance our knowledge of the “low space” case of semialgebraic range
searching, it is not too outrageous to imagine that perhaps equally revolutionary techniques
are needed to settle the “fast query” case of semialgebraic range searching.

1.1.3 Semialgebraic Range Stabbing
Another important problem is semialgebraic stabbing, where the input is a set of n semial-
gebraic sets, i.e., “ranges”, and queries are points. The goal is to output the input ranges
that contain a query point. Here, sometimes “fast query” data structures are possible, for
example by observing that an arrangements of n disks in the plane has O(n2) complexity

2 To quote Agarwal et al. [6],“[a] very interesting and challenging problem is, in our opinion, the fast-query
case of range searching with constant-complexity semialgebraic sets, where the goal is to answer a query
in O(log n) time using roughly O(nd) space.” The same conjecture is repeated in a different survey [3]
and it is also emphasized that the question is even open for disks in the plane, “... whether a disk
range-counting query in R2 be answered in O(log n) time using O(n2) space?”.
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and thus counting or reporting the disks stabbed by a query point can be done with O(n2)
space and O(log n) query time. However, it seems difficult to make advancements in the
“low space” side of things; the only known data structure with O(n) space is one that uses
linearization to 3D that results in Õ(n2/3) query time.

1.2 Our Results
Our main results are lower bounds in the pointer machine model of computation for four
central problems defined below. In the 2D polynomial slab reporting problem, given a set
P of n points in R2, the task is to preprocess P such that given a query 2D polynomial
slab R, the points contained in the polynomial slab, i.e., R ∩ P, can be reported efficiently.
Informally, a 2D polynomial slab is the set of points (x, y) such that P (x) ≤ y ≤ P (x) + w,
for some univariate polynomial P (x) of degree ∆ and value w given at the query time. In the
2D polynomial slab stabbing problem, the input is a set of n polynomial slabs and the query
is a point q and the goal is to report all the slabs that contain q. Similarly, in the 2D annulus
reporting problem, the input is a set P of n points in R2 and the query is a “annulus”, the
region between two concentric circles. Finally, in 2D annulus stabbing problem, the input is
a set of n annuli, the query is a point q and the goal is to report all the annuli that contain q.

For polynomial slab queries, we show that if a data structure answers queries in Q(n)+O(k)
time, where k is the output size, using S(n) space, then S(n) =

o

Ω(n∆+1/Q(n)∆2+∆); the
hidden constants depend on ∆. So for “fast queries”, i.e., Q(n) = Õ(1),

o

Ω(n∆+1) space
must be used. This is almost tight as the exponent matches the upper bounds obtained by
linearization as well as the recent upper bound of Agarwal et al. [4]! Also, we prove that
any structure that answers polynomial slab reporting queries in Q(n) + O(k) time must use
Ω(n1+1/∆/Q(n)(∆+1)/∆2) space. In the “low space” setting, when S(n) = O(n), this gives
Q(n) = Ω(n1−1/(∆+1)). This is once again almost tight, as it matches the upper bounds
obtained by linearization for when S(n) = Õ(n).

For the annulus reporting problem, our bound sharpens to S(n) =
o

Ω(n3/Q(n)5). For the
annulus stabbing problem, we show S(n) = Ω(n3/2/Q(n)3/4), e.g., in “low space” setting
when S(n) = O(n), we must have Q(n) = Ω(n2/3); compare this with simplex stabbing
queries can be solved with O(n) space and Õ(

√
n) query time. As before, this is almost tight,

as it matches the upper bounds obtained by linearization to 3D for when S(n) = Õ(n).
Somewhat disappointedly, no revolutionary new technique is required to obtain these

results. We use novel ideas in the construction of “hard input instances” but otherwise we
use the two widely used pointer machine lower bound frameworks by Chazelle [10], Chazelle
and Rosenberg [13], and Afshani [1]. Our results are summarized in Table 1.

2 Preliminaries

We first review the related geometric reporting data structure lower bound frameworks. The
model of computation we consider is (an augmented version of) the pointer machine model.

In this model, the data structure is a directed graph M . Let S be the set of input
elements. Each cell of M stores an element of S and two pointers to other cells. Assume a
query q requires a subset Sq ⊂ S to be output. For the query, we only charge for the pointer
navigations. Let Mq be the smallest connected subgraph, s.t., every element of Sq is stored
in at least one element of Mq. Clearly, |M | is a lower bound for space and |Mq| is a lower
bound for query time. Note that this grants the algorithm unlimited computational power
as well as full information about the structure of M .

In this model, there are two main lower bound frameworks, one for range reporting [10, 13],
and the other for its dual, range stabbing [1]. We describe them in detail here.
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2.1 A Lower Bound Framework for Range Reporting Problems

The following result by Chazelle [10] and later Chazelle and Rosenberg [13] provides a general
lower bound framework for range reporting problems. In the problem, we are given a set S
of n points in Rd and the queries are from a set R of ranges. The task is to build a data
structure such that given any query range R ∈ R, we can report the points intersecting the
range, i.e., R ∩ S, efficiently.

▶ Theorem 1 (Chazelle [10] and Chazelle and Rosenberg [13]). Suppose there is a data
structure for range reporting problems that uses at most S(n) space and can answer any
query in Q(n) + O(k) time where n is the input size and k is the output size. Assume we
can show that there exists an input set S of n points satisfying the following: There exist
m subsets q1, q2, · · · , qm ⊂ S, where qi, i = 1, · · · , m, is the output of some query and they
satisfy the following two conditions: (i) for all i = 1, · · · , m, |qi| ≥ Q(n); and (ii) the size of
the intersection of every α distinct subsets qi1 , qi2 , · · · , qiα

is bounded by some value c ≥ 2,
i.e., |qi1 ∩ qi2 ∩ · · · ∩ qiα | ≤ c. Then S(n) = Ω(

∑m

i=1
|qi|

α2O(c) ) = Ω( mQ(n)
α2O(c) ).

To use this framework, we need to exploit the property of the considered problem and
come up with a construction that satisfies the two conditions above. Often, the construction
is randomized and thus one challenge is to satisfy condition (ii) in the worst-case. This can
be done by showing that the probability that (ii) is violated is very small and then using
a union bound to prove that with positive probability the construction satisfies (ii) in the
worst-case.

Table 1 Our Results, ∗ indicates this paper. In the table,
o

Ω(·) and
o

O(·) notations hide no(1)

factors, and Õ(·) notation hides logO(1) n factors.

Problem Lower Bound Upper Bound

2D Polynomial Slab Reporting S(n) =
o

Ω
(

n∆+1

Q(n)∆2+∆

)∗
S(n) = Õ

(
n∆+1

Q(n)2∆

)
[5, 6, 21]

When Q(n) =
o

O(1) S(n) =
o

Ω
(
n∆+1

)∗
S(n) =

o

O
(
n∆+1

)
[5, 6, 21]

2D Annulus Reporting S(n) =
o

Ω
(

n3

Q(n)5

)∗
S(n) = Õ

(
n3

Q(n)4

)
[5, 6, 21]

When Q(n) =
o

O(1) S(n) =
o

Ω (n3)
∗

S(n) =
o

O (n3) [5, 6, 21]

2D Polynomial Slab Stabbing S(n) = Ω
(

n1+1/∆

Q(n)(∆+1)/∆2

)∗
S(n) = Õ

(
n2

Q(n)(∆+1)/∆

)
a

When S(n) =
o

O(n) Q(n) =
o

Ω
(
n1−1/(∆+1)

)∗
S(n) =

o

O
(
n1−1/(∆+1)

)
2D Annulus Stabbing S(n) = Ω

(
n3/2

Q(n)3/4

)∗
S(n) = Õ

(
n2

Q(n)3/2

)
b

When S(n) =
o

O(n) Q(n) =
o

Ω
(
n2/3

)∗
Q(n) =

o

O
(
n2/3

)
a The subdivision formed by n degree ∆ polynomial slabs has complexity O(n2) (for some constant

depending on ∆). We partition the subdivision into vertical strips where for any strip any slab
intersecting it fully span the strip and the number of slab changes of adjacent strips is O(1). Consider
these strips from left to right, we are solving a special dynamic slab stabbing problem. We can solve
this problem by building a persistent interval tree using O(n2) space that answers each query in time
O(log n + k). On the other hand, we can solve the problem in O(n) space and O(n1−1/(∆+1) + k) time
by linearization. Combining these two solutions using [21] gives the tradeoff.

b Similar to 2D polynomial slab stabbing.
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2.2 A Lower Bound Framework for Range Stabbing Problems
Range stabbing problems can be viewed as the dual of range reporting problems. In this
problem, we are given a set R of n ranges, and the queries are from a set Q of n points.
The task is to build a data structure such that given any query point q ∈ Q, we can report
the ranges “stabbed” by this query point, i.e., {R ∈ R : R ∩ q ≠ ∅}, efficiently. A recent
framework by Afshani [1] provides a simple way to get the lower bound of such problems.

▶ Theorem 2 (Afshani [1]). Suppose there is a data structure for range stabbing problems
that uses at most S(n) space and can answer any query in Q(n) + O(k) time where n is the
input size and k is the output size. Assume we can show that there exists an input set R ⊂ R
of n ranges that satisfy the following: (i) every query point of the unit square U is contained
in at least t ≥ Q(n) ranges; and (ii) the area of the intersection of every α < t ranges is at
most v. Then S(n) = Ω( t

v2O(α) ) = Ω( Q(n)
v2O(α) ).

This is very similar to framework of Theorem 1 but often it requires no derandomization.

3 2D Polynomial Slab Reporting and Stabbing

We first consider the case when query ranges are 2D polynomial slabs. The formal definition
of 2D polynomial slabs is as follows.

▶ Definition 3. Let P (x) =
∑∆

i=0 aix
i, where a∆ ̸= 0, be a degree ∆ univariate polynomial.

A 2D polynomial slab is a pair (P (x), w), where P (x) is called the base polynomial and w > 0
the width of the polynomial slab. The polynomial slab is then defined as {(x, y) ∈ R2 : P (x) ≤
y ≤ P (x) + w}.

3.1 2D Polynomial Slab Reporting
We consider the 2D polynomial slab reporting problem in this section, where the input is a set
P of n points in R2, and the query is a polynomial slab. This is an instance of semialgebraic
range searching where we have two polynomial inequalities where each inequality has degree
∆ and it is defined by ∆ + 1 parameters given at the query time (thus, B = ∆ + 1). Note that
∆ + 1 is also the dimension of linearization for this problem, meaning, the 2D polynomial slab
reporting problem can be lifted to the simplex range reporting problem in R∆+1. Our main
result shows that for fast queries (i.e., when the query time is polylogarithmic), this is tight,
by showing an

o

Ω(n∆+1) space lower bound, in the pointer machine model of computation.
To do that, we will use Chazelle’s framework. In our construction of a hard input instance,

a derandomization process will be needed. We do this using the following two general lemmas.
For the proofs of these lemmas, see the full version of the paper.

▶ Lemma 4. Let P be a set of n points chosen uniformly at random in a square S of
side length n in R2. Let R be a set of ranges in S such that (i) the intersection area of
any t ≥ 2 ranges R1,R2, · · ·Rt ∈ R is bounded by O

(
n/2

√
log n

)
; (ii) the total number of

intersections is bounded by O
(
n2k
)

for k ≥ 1. Then with probability > 1
2 , for all distinct

ranges R1,R2, · · · ,Rt ∈ R, |R1 ∩ R2 ∩ · · ·Rt ∩ P| < 3k
√

log n.

▶ Lemma 5. Let P be a set of n points chosen uniformly at random in a square S of side
length n in R2. Let R be a set of ranges in S such that (i) the intersection area of any range
R ∈ R and S is at least cnt for some constant c ≥ 4k and a parameter t ≥ log n, where
k ≥ 2; (ii) the total number of ranges is bounded by O

(
nk+1). Then with probability > 1

2 ,
for every range R ∈ R, |R ∩ P| ≥ t.
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Given a univariate polynomial P (x), the following simple lemma establishes the relation-
ship between the coefficient of the maximum degree term and the maximum range within
which its value is bounded. This lemma will be used to upper bound the intersection area of
two polynomial slabs. For the proof of this lemma, see the full version of the paper.

▶ Lemma 6. Let P (x) =
∑∆

i=0 aix
i be a degree ∆ univariate polynomial where ∆ > 0

and |a∆| ≥ d for some positive d. Let w be any positive value and xl be a parameter. If
|P (x)| ≤ w for all x ∈ [xl, xl + t], then t ≤ (∆ + 1)3 (w

d

) 1
∆ .

With Lemma 6 at hand, we now show a lower bound for polynomial slab reporting.

▶ Theorem 7. Let P be a set of n points in R2. Let R be the set of all 2D polynomial slabs
{(P (x), w) : deg(P ) = ∆ ≥ 2, w > 0}. Then any data structure for P that solves polynomial
slab reporting for queries from R with query time Q(n) + O(k), where k is the output size,
uses S(n) =

o

Ω
(

n∆+1/Q(n)∆2+∆
)

space.

Proof. We use Chazelle’s framework to prove this theorem. To this end, we will need to
show the existence of a hard input instance. We do this as follows. In a square S, we
construct a set of special polynomial slabs with the following properties: (i) The intersection
area of any two slabs is small; and (ii) The area of each slab inside S is relatively large.
Intuitively and consequently, if we sample n points uniformly at random in S, in expectation,
few points will be in the intersection of two slabs, and many points will be in each slab.
Intuitively, this satisfies the two conditions of Theorem 1. By picking parameters carefully
and a derandomization process, we get our theorem. Next, we describe the details.

Consider a square S = [0, n] × [0, n]. Let d, w be some parameters to be specified later.
We generate a set of Θ

((
n
2d

)∆ · n
w

)
polynomial slabs (P (x), w) with

P (x) =
( ∆∑

i=1

jidxi

ni

)
+ kw

where ji = ⌊ n
2d ⌋, ⌊ n

2d ⌋ + 1, · · · , ⌊ n
d ⌋ for 1 ≤ i ≤ ∆ and k = ⌊ n

4w ⌋, ⌊ n
4w ⌋ + 1, · · · , ⌊ n

2w ⌋. Note
that we normalize the coefficients such that for any polynomial slab in range x ∈ [0, n], a
quarter of this slab is contained in S if w < n/6. To show this, it is sufficient to show that
every polynomial is inside S, for every x ∈ [0, n/4]. As all the coefficients of the polynomials
are positive, it is sufficient to upper bound P (n/4), among all the polynomials P (x) that
we have generated. Similarly, this maximum is attained when all the coefficients are set
to their maximum value, i.e., when ji = n/d and k = n/(2w), resulting in the polynomial
Pu(x) =

(∑∆
i=1 xi/ni−1

)
+ n

2 . Now it easily follows that Pu(n/4) < 5n/6. Then, the claim
follows from the following simple observation.

▶ Observation 8. The area of a polynomial slab {P (x), w} for when a ≤ x ≤ b is (b − a)w.

Proof. The claimed area is (
∫ b

a
(P (x) + w)dx) − (

∫ b

a
P (x)dx) =

∫ b

a
wdx = (b − a)w. ◀

Next, we bound the area of the intersection of two polynomial slabs. Consider two distinct
slabs Rp = (P (x), w) and Rq = (Q(x), w). Observe that by our construction, if P (x) and
Q(x) only differ in their constant terms, their intersection is empty. So we only consider
the case that there exists some 0 < i ≤ ∆, such that the coefficients for xi are different
in P (x) and Q(x). As each slab is created using two polynomials of degree ∆, Rq ∩ Rp

can have at most O(∆) connected regions. Consider one connected region R and let the
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interval η = [x1, x2] ⊂ [0, n], be the projection of R onto the X-axis. Define the polynomial
R(x) = P (x) − Q(x) and observe that we must have |R(x)| ≤ w for all x ∈ [x1, x2]. We
now consider the coefficient of the highest degree term of R(x). Let jid/ni (resp. j′

id/ni)
be the coefficient of the degree i term in P (x) (resp. Q(x)). Clearly, if ji = j′

i, then the
coefficient of xi in R(x) will be zero. Thus, to find the highest degree term in R(x), we
need to consider the largest index i such that ji ̸= j′

i; in this case, R(x) will have degree
i and coefficient of xi will have absolute value

∣∣(ji − j′
i)d/ni

∣∣ ≥ d/ni. When w ≤ d, by

Lemma 6, x2 − x1 ≤ O(∆3)
(

wni

d

)1/i

≤ O(∆3)n
(

w
d

)1/∆. Next, by Observation 8, the area

of the intersection of Rq and Rp is O(∆3)nw
(

w
d

)1/∆.

We pick d = c∆3∆w∆+12∆
√

log n and w = 16∆Q(n), for a large enough constant c. Then,
the intersection area of any two polynomial slabs is bounded by n/2

√
log n. Since in total we

have generated O(n∆+1) slabs, the total number of intersections they can form is bounded
by O(n2(∆+1)). By Lemma 4, with probability > 1

2 , the number of points of P in any
intersection of two polynomial slabs is at most 3(∆ + 1)

√
log n. Also, as we have shown that

the intersection area of every slab with S is at least nw/4 = 4∆nQ(n), by Lemma 5, with
probability more than 1

2 , each polynomial slab has at least Q(n) points of P.
It thus follows that with positive probability, both conditions of Theorem 1 are satisfied,

and consequently, we obtain the lower bound of

S(n) = Ω
(

Q(n) ·
(

n
2d

)∆ · n
w

23(∆+1)
√

log n

)
=

o

Ω
(

n∆+1

Q(n)∆2+∆

)
. ◀

So for the “fast query” case data structure, by picking Q(n) = O(logO(1) n), we obtain a
space lower bound of S(n) =

o

Ω(n∆+1).

3.2 2D Polynomial Slab Stabbing

By small modifications, our construction can also be applied to obtain a lower bound for
(the reporting version of) polynomial slab stabbing problems using Theorem 2.

One modification is that we need to generate the slabs in such a way that they cover
the entire square S. The framework provided through Theorem 2 is more stream-lined and
derandomization is not needed and we can directly apply the “volume upper bound” obtained
through Lemma 6. There is also no no(1) factor loss (our lower bound actually uses Ω(·)
notation). The major change is that we need to use different parameters since we need to
create n polygonal slabs, as now they are the input. For the details refer to the full version
of the paper.

▶ Theorem 9. Give a set R of n 2D polynomial slabs {(P (x), w) : deg(P ) = ∆ ≥ 2, w > 0},
any data structure for R solving the 2D polynomial slab stabbing problem with query time

Q(n) + O(k) uses S(n) = Ω
(

n
1+ 1

∆

Q(n)
∆+1
∆2

)
space, where k is the output size.

So for any data structure that solves the 2D polynomial slab stabbing problem using
S(n) = O(n) space, Theorem 9 implies that its query time must be Q(n) = Ω(n1−1/(∆+1)).
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4 2D Annulus Reporting and Stabbing

4.1 2D Annulus Reporting
In this section, we show that any data structure that solves 2D annulus reporting with
O(logO(1) n) query time must use

o

Ω(n3) space. Recall that a annulus is the region between
two concentric circles and the width of the annulus is the difference between the radii of
the two circles. In general, we show that if the query time is Q(n) + O(k), then the data
structure must use

o

Ω(n3/Q(n)5) space. Note that this is also a better trade-off curve than
what we obtained for the polynomial slab reporting problem when ∆ = 2. We will still use
Chazelle’s framework.

We first present a technical geometric lemma which upper bounds the intersection area
of two 2D annuli. We will later use this lemma to show that with probability more than 1/2,
a random point set satisfies the first condition of Theorem 1.

▶ Lemma 10. Consider two annuli of width w with inner radii of r1, r2, where r1 + w ≤
r2, w < r1, and r1, r2 = Θ(n). Let d be the distance between the centers of two annuli.
When w ≤ d < r2, the intersection area of two annuli is bounded by O

(
wn
√

w2

(g+w)d

)
, where

g = max{r1 − r2 + d, 0}.

The proof sketch. For the complete proof see the full version of the paper. When w ≤ d ≤
r2 − r1 + 2w, the intersection region consists of two triangle-like regions. We only bound
the triangle-like region △̃PQR in the upper half annuli as shown in Figure 1. We can show
that its area is asymptotically upper bounded by the product of its base length |QR| = O(w)
and its height h. We bound h by observing that hd

2 is the area of triangle △PO1O2 but
we can also obtain its area of using Heron’s formula, given its three side lengths. This
gives h = O(n

√
w/d). Since in this case g ≤ 2w, the intersection area is upper bounded by

O
(

wn
√

w2

(g+w)d

)
as claimed.

(A) (B) (C)

d

r1 + w
r2h

P

Q R
O1 O2O1 O2

O1 O2
d

r1 + w

r2
h

h

d

r1 + w

r2
P

P

Q RQ R

Figure 1 Intersections When d is Small.

When r2 − r1 + 2w ≤ d ≤ r2, the intersection region consists of two quadrilateral-like
regions. Again we only consider □̃ABCD in the upper half of the annuli, which is contained
in a partial annulus, R̃EF HD, as shown in Figure 2a. We show the area of R̃EF HD is
asymptotically bounded by |BH| · w, where |BH| is the distance between the two endpoints
of the inner arc. We upper bound |BH| by |BD|. We use the algebraic representation
of the two annuli, to bound the length of the projection of BD on the X-axis by Θ

(
wn
d

)
;

See Figure 2b. We use Heron’s formula to bound the length of the projection of BD on
the Y -axis by O

(
n
√

w2/dg
)

. The maximum of the length of the two projections yields the
claimed bound. ◀
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D

h2 h1

g

T
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d
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(b) Bound the Length of |BD|

Figure 2 Cover a Quadrilateral-like Region by a Partial Annulus.

We use Chazelle’s framework to obtain a lower bound for 2D annulus reporting. Let S1
and S2 be two squares of side length n that are placed 10n distance apart and S2 is directly
to the left of S1. We generate the annuli as follows. We divide S1 into a n

T × n
T grid where

each cell is a square of side length T . For each grid point, we construct a series of circles as
follows. Let O be a grid point. The first circle generated for O must pass through a corner
of S2 and not intersect the right side of S2, as shown in Figure 3. Then we create a series of
circles centered at O by increasing the radius by increments of w, for some w < T , as long
as it does not intersect the left side of S2. Every consecutive two circles defines a annulus
centered on O. We repeat this for every grid cell in S1 and this makes up our set of queries.
The input points are placed uniformly randomly inside S2.

n

n

T

Tn

n

w

S2 S1

10n
· · · O

Figure 3 Generate a Family of Annuli at Point O.

We now show that for the annuli we constructed, the intersection of ℓ annuli is not too
large, for some ℓ we specify later. More precisely we prove the following.

▶ Lemma 11. There exists a large enough constant c such that in any subset of ℓ = cw2/
√

T

annuli, we can find two annuli such that their intersection has area O
(

nw
√

1
T

)
.

The proof sketch. For the complete proof see the full version of the paper. Let S be a set
of ℓ = cw2/

√
T annuli. Suppose for the sake of contradiction that we cannot find two annuli

in S whose intersection area is O
(

nw
√

1
T

)
. Since by Lemma 10, the intersection area of any

two annuli in our construction with distance Ω(wT ) is O
(

nw
√

1
T

)
. The maximum distance

between any two annuli in S must be o(wT ).

SoCG 2021
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r1 + a

r2 + b d
α

g′
g

P O1

O2

h

Figure 4 Intersection of Two Annuli.

Let P be a point in the intersection of annuli in S. Consider an arbitrary annulus
R1 ∈ S centered at O1 and another annulus R2 ∈ S centered at O2 for some O2 /∈ PO1.
For R1,R2 to contain P , we must have |PO1| = r1 + a, |PO2| = r2 + b for 0 ≤ a, b ≤ w.
See Figure 4 for an example. Also |O1O2| = d, by exploiting the shape of △PO1O2 and
applying Lemma 10, we can compute an upper bound for the distance between O2 and PO1,
namely, h = d sin α = o(w

√
T ), where α is the angle between O1O2 and PO1. This implies

that S must fit in a rectangle of size o(wT ) × o(w
√

T ). Since the gird cell size is T × T , only
o(w2/

√
T ) annuli are contained in such a rectangle, a contradiction. ◀

We are now ready to plug in some parameters in our construction. We set T = w222
√

log n.
First, we claim that from each grid cell O, we can draw Θ(n/w) circles; Let C1, C2, C3, and
C4 be the corners of S2 sorted increasingly according to their distance to O. As S1 and S2
are placed 10n distance apart, an elementary geometric calculation reveals that C1 and C2
are vertices of the right edge of S2, meaning, the smallest circle that we draw from O passes
through C2 and we keep drawing circles, by incrementing their radii by w until we are about
to draw a circle that is about to contain C3. We can see that |OC3| − |OC2| = Θ(n) and
thus we draw Θ(n/w) circles from O. As we have Θ((n/T )2) grid cells, it thus follows that
we have Θ(n3/(T 2w)) annuli in our construction.

Also by our construction, the area of each annulus within S2 is Θ(wn). To see this, let
P be an arbitrary point in S1, let A, B be the intersections of some circle centered at P as
in Figure 5.

P

S1S2

α

A

B

C

Figure 5 The Angle of a Annulus.
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We connect AB and let C be the center of AB. Let α = ∠APC. In the triangle △ABP ,
all the sides are within constant factors of each other and thus α = Θ(1) and so the area of
the annulus inside S2 is at least a constant fraction of the area of the entire annulus.

Suppose we have a data structure that answers 2D annulus reporting queries in Q(n)+O(k)
time. We set w = c′Q(n) for a large enough constant c′ such that the area of each annulus
within S2 is at least Θ(wn) > 8nQ(n). By Lemma 5, if we sample n points uniformly at
random in S2, then with probability more than 1/2, each annulus contains at least Q(n)
points.

Also by our construction, the total number of intersections of two annuli is bounded by
O(n6) and by our choice of T , O

(
nw
√

1
T

)
= O

(
n

2
√

log n

)
. Then by Lemma 4 and Lemma 11,

with probability > 1
2 , a point set of size n picked uniformly at random in S2 satisfies that

the number of points in any of the intersection of cw2/
√

T annuli is no more than 9
√

log n.
Now by union bound, there exist Θ

(
n3

wT 2

)
point sets such that each set is the output

of some 2D annulus query and each set contains at least Q(n) points. Furthermore, the
intersection of any cw2/

√
T sets is bounded by 9

√
log n. Then by Theorem 1, we obtain a

lower bound of

S(n) = Ω
(

Q(n)n3
√

T

wT 2w22O
(√

log n
)) =

o

Ω
(

n3

Q(n)5

)
.

This proves the following theorem about 2D annulus reporting.

▶ Theorem 12. Any data structure that solves 2D annulus reporting on point set of size n

with query time Q(n) + O(k), where k is the output size, must use
o

Ω
(
n3/Q(n)5) space.

So for any data structure that solves 2D annulus reporting in time Q(n) = O(logO(1) n),
Theorem 12 implies that

o

Ω
(
n3) space must be used.

4.2 2D Annulus Stabbing
Modifications similar to those done in Subsection 3.2 can be used to obtain the following
lower bound. See the full version of the paper for details.

▶ Theorem 13. Any data structure that solves the 2D annulus stabbing problem with query
time Q(n) + O(k), where k is the output size, must use S(n) = Ω(n3/2/Q(n)3/4) space.

So for any data structure that solves the 2D annulus stabbing problem using O(n) space,
Theorem 13 implies that its query time must be Q(n) = Ω(n2/3).

5 Conclusion and Open Problems

We investigated lower bounds for range searching with polynomial slabs and annuli in R2. We
showed space-time tradeoff bounds of S(n) =

o

Ω(n∆+1/Q(n)∆2+∆) and S(n) =
o

Ω(n3/Q(n)5)
for them respectively. Both of these bounds are almost tight in the “fast query” case,
i.e., when Q(n) = O(logO(1) n) (up to a no(1) factor). This refutes the conjecture of
the existence of data structure that can solve semialgebraic range searching in Rd using
o

O(nd) space and O(logO(1) n) query time. We also studied the “dual” polynomial slab
stabbing and annulus stabbing problems. For these two problems, we obtained lower bounds
S(n) = Ω(n1+1/∆/Q(n)(∆+1)/∆2) and S(n) = Ω(n3/2/Q(n)3/4) respectively. These bounds
are tight when S(n) = O(n). Our work, however, brings out some very interesting open
problems.

SoCG 2021
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To get the lower bounds for the polynomial slabs, we only considered univariate poly-
nomials of degree ∆. In this setting, the number of coefficients is at most ∆ + 1, and we
have also assumed they are all independent. It would be interesting to see if similar lower
bounds can be obtained under more general settings. In particular, as the maximum number
of coefficients of a bivaraite polynomial of degree ∆ is

(∆+2
2
)
, it would interesting to see if a

o

Ω(n(∆+2
2 )−1) space lower bound can be obtained for the “fast query” case.

It would also be interesting to consider space-time trade-offs. For instance, by combining
the known “fast query” and “low space” solutions for 2D annulus reporting, one can obtain
data structures with trade-off curve S(n) = Õ(n3/Q(n)4), however, our lower bound is
S(n) =

o

Ω(n3/Q(n)5) and it is not clear which of these bounds is closer to truth. For the
annulus searching problem in R2, in our lower bound proof, we considered a random input
point set, since in most cases a random point set is the hardest input instance and our
analysis seems to be tight, we therefore conjecture that our lower bound could be tight,
at least when Q(n) is small enough. We believe that it should be possible to obtain the
trade-off curve of S(n) = Õ(n3/Q(n)5) when the input points are uniformly random in the
unit square and Q(n) is not too big.

Finally, another interesting direction is to study the lower bound for the counting variant
of semialgebraic range searching.
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Abstract
A rectilinear Steiner tree for a set P of points in R2 is a tree that connects the points in P using
horizontal and vertical line segments. The goal of Minimum Rectilinear Steiner Tree is to
find a rectilinear Steiner tree with minimal total length. We investigate how the complexity of
Minimum Rectilinear Steiner Tree for point sets P inside the strip (−∞, +∞) × [0, δ] depends
on the strip width δ. We obtain two main results.

We present an algorithm with running time nO(
√

δ) for sparse point sets, that is, point sets where
each 1 × δ rectangle inside the strip contains O(1) points.
For random point sets, where the points are chosen randomly inside a rectangle of height δ and
expected width n, we present an algorithm that is fixed-parameter tractable with respect to δ

and linear in n. It has an expected running time of 2O(δ
√

δ)n.
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1 Introduction

In the Minimum Steiner Tree problem in the plane, we are given as input a set P of
points in the plane, called terminals, and the goal is to find a minimum-length tree that
connects the terminals in P . Thus the given terminals must be nodes of the tree, but the
tree may also use so-called Steiner points as nodes. Minimum Steiner Tree is a classic
optimization problem. It was among the first problems to be proven NP-hard, not only for
the case where the length of the tree is measured using Euclidean metric [13] but also in the
rectilinear version [14]. It was also shown to be NP-hard for other metrics [6]

The rectilinear version of the problem, where the edges of the tree must be horizontal or
vertical, is one of the most widely studied variants, and it is also the topic of our paper. The
Minimum Rectilinear Steiner Tree problem dates back more than 50 years [15, 16]. Its
popularity arises from its many applications, in particular in the design of integrated circuits [7,
4, 5, 23]. The two most important early insights on Minimum Rectilinear Steiner Tree
came from Hanan [16] and Hwang [17]. Hanan observed that any terminal set P admits
a minimum rectilinear Steiner tree (MRST, for short) whose edges lie on the grid formed
by all horizontal and vertical lines passing through at least one terminal in P . This grid is
often called the Hanan grid. This implies that the Minimum Rectilinear Steiner Tree
problem can be reduced to a purely combinatorial problem – namely, a Steiner-tree problem
on graphs – which is not possible for the Euclidean version of the problem. Hwang investigated
the structure of optimal MRSTs in more detail, by providing a characterization of the different
components of an MRST; see Section 2.
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As mentioned, Minimum Rectilinear Steiner Tree can be considered a special case
of the Steiner-tree problem on graphs. Here the input is an edge-weighted graph G =
(V (G), E(G)) and a terminal set P ⊆ V (G), and the goal is to compute a minimum-length
subtree of G that includes all terminals. In 1971 Dreyfus and Wagner [11] gave an algorithm
solving the Steiner-Tree problem on graphs in time 3n · log W · |V (G)|O(1), where W is
the maximum edge weight in G. This was later improved by Björklund et al. [3] and
Nederlof [19], who gave an algorithm with 2n · W · |V (G)|O(1) running time. A variant
of the Dreyfus-Wagner algorithm for Minimum Rectilinear Steiner Tree runs in time
O(n2 · 3n). Thobmorson et al. [21] and Deneen et al. [10] gave randomized algorithms for
the special case of Minimum Rectilinear Steiner Tree where the terminals are drawn
independently and uniformly from a rectangle. Both run in 2O(

√
n log n) expected time. Finally,

in 2018 Fomin et al. [12] presented a 2O(
√

n log n) algorithm for general point sets.
Due to the many applications of Minimum Steiner Tree variants in the plane, there

has also been significant interest in practical implementations. These implementations rely
on the insight that a minimum Steiner tree can always be decomposed into so-called full
components, which are maximal subtrees that do not have any terminals as internal nodes [17].
(This holds for the Euclidean as well as the rectilinear version.) To compute an exact solution,
a set of candidate full components is first computed and then it is computed which subset of
candidate full components can be concatenated into an MRST. This process was introduced
by Winter in 1985 [24], in his software package GeoSteiner. Still, only very small data sets
could be handled, and even in 1994 the state-of-the-art software could solve the rectilinear
variant of the problem for only up to 16 points [20]. Warme’s dissertation [22] significantly
improved the process of concatenating the full components, resulting in optimal Steiner trees
for up to 1,000 points for the rectilinear version of the problem and up to 2,000 points for
the Euclidean version. In 1998 Althaus [2] obtained similar results. Throughout the years,
GeoSteiner, which had become a collaboration between Warme, Winter and Zachariasen,
has remained the fastest publicly available software package for computing minimum Steiner
trees in the plane. By 2018, it could solve instances for up to 4,000 points for the rectilinear
version, and up to 10,000 points for the Euclidean version [18].

Our contribution. The fastest known algorithm for Minimum Rectilinear Steiner Tree
in R2 runs in 2O(

√
n log n) time [12]. In R, on the other hand, the problem can be trivially

solved in O(n log n) time by just sorting the points. In order to better understand the
computational complexity of the classic Minimum Rectilinear Steiner Tree problem in
the plane, we therefore investigate how the complexity depends on the width of the terminal
set P . If the point set in P is “almost 1-dimensional” in the sense that the points lie in
a narrow strip R× [0, δ], then can we solve Minimum Rectilinear Steiner Tree more
efficiently than in the general case? And if so, how does the complexity scale with δ? Can
we obtain an algorithm that is fixed-parameter tractable with respect to δ? This follows the
line of research started recently by Alkema et al. [1], who studied these questions for the
Traveling Salesman Problem. We study these questions in the following two scenarios.

Sparse point sets. In this scenario, for any x ∈ R the rectangle [x, x + 1]× [0, δ] contains
O(1) points. We show that for sparse point sets in R2 an MRST must be k-tonic – an
MRST is k-tonic if it intersects any vertical line at most k-times – for k = O(

√
δ), and

we give a dynamic-programming algorithm which runs in nO(
√

δ) time.
Random point sets. Our main result is for point sets P generated randomly inside a
rectangle of height δ and expected width n, as follows. First, we generate n independent
exponentially distributed variables ∆0, ..., ∆n−1 ∼ Exp(1). Using these, we compute the
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x-coordinates of our points by setting xi, the x-coordinate of the i-th point from P , as
xi :=

∑i−1
j=0 ∆i for 1 ⩽ i ⩽ n. Next, we generate the y-coordinates of the points by

picking each yi uniformly and independently from the interval [0, δ]. Thus the points
from P lie inside the rectangle [0, xn] × [0, δ]. One can show that asymptotically this
distribution is essentially the same as the distribution obtained by picking n points
uniformly at random from the rectangle [0, n] × [0, δ] [9]. However, the random point
process as just described is somewhat easier to analyze, so we will assume the points
are generated according to that process. For this case we provide an FPT algorithm for
Minimum Rectilinear Steiner Tree, which runs in expected time 2O(δ

√
δ)n. More

precisely, expected running time is min(nO(
√

δ), 2O(δ
√

δ)n). Note that the running time is
linear when δ = O(1).

2 Preliminaries

Notation and terminology. Let P := {p1, . . . , pn} be a set of terminals in a 2-dimensional
strip with height δ – we call such a strip a δ-strip – which we assume without loss of generality
to be R× [0, δ]. We use xi and yi to denote the x- and y-coordinate of point pi, respectively.
The points can be easily sorted on their x-coordinates: this can be done in O(n log n) time
for sparse point sets, and in O(n) expected time for random point sets [8]. Therefore, we
will from now on assume that xi ⩽ xj for all 1 ⩽ i ⩽ j ⩽ n. We define the spacing of pi (in
P ) as ∆i := xi+1 − xi, for all 1 ⩽ i ⩽ n− 1. We write P [i, j] to denote the set {pi, ..., pj}.
We denote the vertical distance between two horizontal edges e, e′ (or the horizontal distance
between two vertical edges) by dist(e, e′).

Next we give some (mostly standard) terminology concerning rectilinear Steiner trees;
see also Figure 1. A rectilinear tree is a tree structure embedded in the plane whose edges
are horizontal or vertical line segments overlapping only at their endpoints. The length of a
tree T , or ∥T∥, is the sum of the lengths of its edges. A rectilinear Steiner tree for a set P of
terminals is a rectilinear tree such that each terminal p ∈ P is an endpoint of an edge in the
tree. A minimal rectilinear Steiner minimal tree (MRST) is such a tree of minimum length.

The degree of a (Steiner or terminal) point q in a tree T is the number of edges incident
on it. We denote the degree of q in T by degreeT (q), or simply degree(q) when T is clear
from the context. Without loss of generality, if a degree-2 point has collinear (i.e. both
horizontal or both vertical) incident edges then that point must be a terminal. Clearly, a
point has degree at most 4. A point with degree of at least 3 that is not a terminal is called
a Steiner point. A corner is a degree-2 point with non-collinear incident edges that is not a
terminal. Hence, each endpoint of an edge is either a terminal, a Steiner point, or a corner.

A segment is defined to be a sequence of one or more adjacent collinear edges, with
no terminals in the segments’ interior.1 A complete segment is a inclusion-wise maximal
segment. Note that a complete segment does not have terminals in its interior. A corner
is incident to exactly one horizontal complete segment and exactly one vertical complete
segment. These complete segments are the legs of the corner. A T-point is a degree-3 Steiner
point. Finally, a cross is a degree-4 Steiner point. Note that the endpoints of a complete
segment are T-points, corners or terminals.

1 When we refer to the “interior” of a segment, we always mean its relative interior, i.e. the segment
excluding its endpoints.
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segmentedge

complete segment

leg

cornercross
T-point

Figure 1 Illustration of terminology concerning rectilinear Steiner trees.

Separators will play a crucial role in our algorithms. A separator is a vertical line,
not containing any of the points in P , that separates P into two non-empty subsets. For
all 1 ⩽ i < n such that xi < xi+1, we define si to be the separator with x-coordinate
(xi + xi+1)/2. The tonicity of a rectilinear tree T at a separator s is the number of times
T crosses s; when the tonicity of T at s is 1, we call it monotonic at s. The tonicity of a
rectilinear tree T is the maximum over the tonicity of T at all separators. A rectilinear tree
is called monotonic when its tonicity is 1.

Characterisation of the MRST. Over the years, many different properties of the MRST
have been proven. One of the most important ones is the following:

▶ Observation 1 (Hanan [16]). Let P be a set of terminals in R2. Then there exists an
MRST on P that is a subset of the Hanan grid, the grid formed by taking all horizontal and
vertical lines which pass through at least one of the points of P .

From now on, we will only consider rectilinear Steiner trees that lie on the Hanan grid.
Furthermore, we can now directly conclude that the tonicity of an MRST is at most n.

A continuation on this characterisation is given by the Hwang theorem. We define a full
component of a rectilinear Steiner tree T to be a maximal subtree that does not have any
terminals as internal nodes. Note that a node in a full component of an MRST is a terminal
if and only if it is a leaf in that component. Also note that any terminal pi ∈ P will be a leaf
in exactly degree(pi) full components. Hwang’s theorem is now given by the following:

▶ Theorem 2 (Hwang [17]). Let P be a set of terminals in R2. Then there exists an MRST
T on P with a maximal number of full components, such that each full component C is of
one of the following four types. Let mC be the number of terminals in C. Then C consists of

four edges, connected in a cross,
a single complete segment with mC − 2 alternating incident edges,
a corner and its legs, with mC − 2 alternating edges incident to a single leg, or
a corner and its legs, with mC − 3 alternating edges incident to a single leg and a single
edge incident to the other leg.

For all legs, the incident edge closest to the corner must point away from the opposite leg.
Furthermore, the edges incident to the long leg on the same side as the short leg are at least
as long as the short leg.

We will call MRSTs which have this property Hwang trees. See Figure 2 for an example of
each of the four types of full components of Hwang trees. Note that these full components
do not contain a U-shape formed by an edge and two adjacent segments lying to the same
side of that edge; any component with such a U-shape can be split into two full components
by sliding the edge towards the terminals at the end of those segments. See Figure 3 for an
example. We will call the complete segment with the mC − 2 or mC − 3 incident edges the
long leg, and the other leg (if any) the short leg. If there are two complete segments which
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long leg

short leg

long leg

short leg

long leg

long leg

short leg

Figure 2 An example of each of the four different types of full components in Hwang trees.

−→
Figure 3 An example showing that Hwang trees do not contain a U-shape. The tree on the left

has the same length as the tree on the right, but contains fewer full components. Therefore, the tree
on the left is not a Hwang tree.

both have mC − 2 or mC − 3 incident edges, we will consider the horizontal one to be the
long leg, and the vertical one to be the short leg. If the long leg is horizontal (vertical), we
call the full component a horizontal (vertical) full component.

3 Sparse point sets inside a narrow strip

We say a point set is sparse if for all x the rectangle [x, x + 1] × [0, δ] contains at most k

points for some arbitrary but fixed sparseness constant k. In this section, we will give a
nO(

√
δ) algorithm for sparse point sets. We will do so in two steps. First, we will show that

all separators are crossed at most O(
√

δ) times. Then, we will give a dynamic-programming
algorithm which sweeps from left to right and runs in the desired time.

First, we will show that parallel edges of an MRST cannot be too close. Recall that ∆i

denotes the horizontal spacing between pi and pi+1, and that δ denotes the height of the
strip containing P . Also recall that si is the separator in between the points pi and pi+1.

▶ Observation 3.
(i) Let E = {e1, . . . , em} be a set of m horizontal edges of an MRST T which all intersect

two vertical lines ℓ and ℓ′. Then m ⩽ 1 + ⌊δ/dist(ℓ, ℓ′)⌋. A similar statement holds
when E is a set of vertical edges intersecting two horizontal lines.

(ii) If ∆i > δ, then the tonicity of any MRST at si is 1.

For the proof, see the full version. We are now ready to bound the tonicity at the separators.
The following lemma will also be applicable for randomly generated point sets.

▶ Lemma 4. Let T be a Hwang tree on P . Let si be a separator such that

xi+⌈
√

δ⌉+c1
− xi > c2

√
δ

for an integer constant c1 ⩾ 0 and a constant c2 > 0. Then the tonicity of T at si is O(
√

δ+1).

The proof of Lemma 4 can be found in the full version.
Using Lemma 4 we can now prove a bound on the tonicity of MRSTs of sparse point sets.
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si

q1

q2

q3

q4

q5

si

Figure 4 An example of an MRST and its crossing pattern C = {{q1, q2, q5}, {q3, q4}} at si.

▶ Corollary 5. An MRST on a sparse point set P in a δ-strip is
(

(9k + 18)(2 +
√

δ)
)

-tonic,
where k is the sparseness constant.

Proof. First, we note that since our point set P is sparse, we have xj − xi ⩾ ⌊(j − i)/k⌋ for
all j > i. Specifically, for all si such that i + ⌈

√
δ⌉+ k ⩽ n, we get

xi+⌈√δ⌉+k − xi ⩾


⌈√

δ
⌉

+ k

k

 ⩾

⌊√
δ

k
+ 1
⌋
⩾

√
δ

k
.

Therefore, we can invoke Lemma 4 with c1 = k and c2 = 1/k, giving us that all these si are
crossed at most 17k + 36 + (4k + 17)

√
δ times. (These constant follow from the constants in

the proof of Lemma 4, see the Appendix.) By symmetry, we can do the same for all si such
that (i + 1)− ⌈

√
δ⌉ − k ⩾ 1. Finally, we note that if this does not cover all si, then we have

fewer than 17k + 36 + (4k + 17)
√

δ points in total. Since every separator is crossed at most
n times, the statement also holds in this case. We conclude that for sparse terminal sets, all
separators are crossed at most 17k + 36 + (4k + 17)

√
δ < (9k + 18)(2 +

√
δ) times. ◀

Corollary 5 gives rise to a natural dynamic-programming algorithm, as explained next.
Let T be a rectilinear Steiner tree, and let si be a separator. We define the crossing pattern
of T at si as follows. Let X(si) be the set of at most n points where the Hanan grid crosses si,
and let X(si, T ) ⊆ X(si) be the subset of points where T crosses si. If T is an MRST,

|X(si, T )| ⩽ (9k + 18)(2 +
√

δ) = O(
√

δ)

by Corollary 5. We partition X(si, T ) into parts (that is, subsets) such that two points
from X(si, T ) are in the same part if the path in T between these points fully lies to the
left of si. The resulting partition of X(si, T ) is the crossing pattern of T at si; see Figure 4
for an example. We will say that a rectilinear forest T adheres to C at si if T lies fully to
the left of si, and there exists a rectilinear forest T ′ which lies fully to the right of si such
that T ∪ T ′ is a rectilinear Steiner tree with crossing pattern C at si. Note that not all
crossing patterns can lead to an MRST: those that require crossing edges on the left-hand
side (because they do not have a proper “nesting structure”) can never lead to an MRST. We
call the crossing patterns that contain at most (9k + 18)(2 +

√
δ) points and do not require

crossing edges on the left-hand side viable crossing patterns. We will now count the number
of viable crossing patterns at si. There are nO(

√
δ) possible sets X(si, T ) that contain at

most (9k + 18)(2 +
√

δ) points. The number of viable partitions of these points – also known
as the number of non-crossing partitions – follows the Catalan numbers. Hence, there are
2O(

√
δ) possible viable partitions for each X(si, T ). This implies that the total number of

viable crossing patterns for si is nO(
√

δ) · 2O(
√

δ) = nO(
√

δ).
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The algorithm. We can now define a table entry A[i, X] for each separator si and viable
crossing pattern X at si as follows.

A[i, X] := the minimum length of a rectilinear forest adhering to X at si.

Note that the length of an MRST equals A[n, {∅}]. Next we describe a recursive formula to
compute the table entries. As a base case, we will use A[0, X] = 0 for X = {∅}, and ∞ for
all other X.

Let sj and si be consecutive separators, with j < i. Note that since the point set is
sparse, at most k points share an x-coordinate. Therefore, j ⩾ i − k. Let F (X, si) be a
minimum-length rectilinear forest adhering to X at si, and let X ′ be its (unknown) crossing
pattern at sj . Then the value of A[i, X] equals the value of A[j, X ′] plus the total length
of the edges of F (X, si) between sj and si. The total length of F (X, si) between these two
separators only depends on X ′ and X. Since this subproblem contains O(

√
δ) points with

three different x-coordinates, its Hanan grid contains only O(
√

δ) edges. Therefore, its value
can be computed in 2O(

√
δ) time by simply checking every possible subset of edges. Let

L(X ′, X) denote the total length of the solution to this subproblem. If no solution exists, we
define it to be ∞. Then we get

A[i, X] = min
viable X′

A[j, X ′] + L(X ′, X),

where sj is the separator immediately preceding si, and the sum is over all crossing patterns
X ′ that are viable at sj .

The running time. To analyse the running time, we first determine the number of table
entries. There are O(n) separators, and we have already seen for every separator si there
are nO(

√
δ) possible viable crossing patterns. Hence, the total number of table entries is

O(n) · nO(
√

δ) = nO(
√

δ). Next, we calculate the time needed per table entry. For each of
the nO(

√
δ) possible viable crossing patterns X ′ we compute L(X ′, X) in 2O(

√
δ) time. This

brings the total time needed per table entry to nO(
√

δ).
Since we have nO(

√
δ) table entries, each needing nO(

√
δ) time, we conclude:

▶ Theorem 6. Let P be a sparse point set of size n inside a δ-strip. Then we can compute
an MRST on P in nO(

√
δ) time.

4 Random point sets inside a narrow rectangle

In this section we give an algorithm with min{nO(
√

δ), 2O(δ
√

δ)n} expected running time for
points generated randomly inside a rectangle of height δ and expected width n. Specifically,
we assume the points in P are generated as follows. First, we generate n independent
exponentially distributed variables ∆0, ..., ∆n−1 ∼ Exp(1). Using these, we compute the
x-coordinates of our points by setting xi :=

∑i−1
j=0 ∆i for 1 ⩽ i ⩽ n. Next, we generate

the y-coordinates of the points by picking each yi uniformly and independently from the
interval [0, δ]. Thus the points from P lie inside the rectangle [0, xn]×[0, δ]. Since the spacings
∆i are chosen from an exponential distribution of rate 1, we have E[xn] = E[

∑n−1
i=0 ∆i] = n.

(More precisely,
∑n−1

i=0 ∆i converges to a normal distribution with mean n and variance
√

n.)
Recall that the algorithm for sparse point sets from the previous section, which had

running time nO(
√

δ), was based on the fact that any separator si of a sparse point set
is crossed only O(

√
δ) times. Thus for each separator there are nO(

√
δ) different crossing

patterns. Our main goal is now to change this algorithm into an algorithm for random point
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9:8 Rectilinear Steiner Trees in Narrow Strips

sets that is fixed-parameter tractable with parameter δ. We face two difficulties. First, unlike
in the case of sparse point sets, we cannot guarantee that all separators are crossed only
O(
√

δ) times. Second, even if a separator is crossed O(
√

δ) times, the number of candidate
crossing patterns can still be nΘ(

√
δ), which is too much for an FPT algorithm. We overcome

these difficulties as follows.
To deal with the first issue we will define a certain configuration of points and a cor-

responding separator – we will call such separator a soft wall – such that the separator
is crossed only O(

√
δ) times. Our new dynamic programming algorithm will have table

entries for every soft wall instead of for every separator. We will prove that we expect to
find sufficiently many soft walls, so that the expected number of points in between two
consecutive soft walls only depends on δ (and not on n). This still leaves the second problem,
because where a soft wall is crossed by an MRST may depend on points from P that are
beyond the previous or next soft wall. Thus the number of crossing patterns can still be
nΘ(

√
δ). We therefore also devise a second type of wall, the hard wall. This is a vertical

line ℓ through an input point pi that will not be crossed at all by an edge of an MRST. The
MRST will consist of two independent parts: an MRST for the points to the left of ℓ plus
pi itself, and an MRST for the points to the right of ℓ plus pi itself. More generally, if we
have a collection of hard walls then the subproblems between any two consecutive hard walls
are completely independent. Hard walls will occur much less frequently than soft walls, but
still the expected number of points in between two consecutive hard walls will be shown to
depend only on δ. Hence, the number of crossing patterns we need to consider for the soft
walls in between the two hard walls only depends on δ, giving us an FPT algorithm.

We first give pseudocode for the global algorithm. Recall that P [i, j] := {pi, ..., pj}. The
constant 100 mentioned is not special; it is merely an arbitrary large enough constant.

Algorithm 1 ComputeMRST(P ).

1: Compute a collection Whard = {ℓ0, . . . , ℓm} of hard walls, as described below. The walls
in Whard are numbered from left to right, with ℓ0 and ℓm being “hard walls” consisting
of the leftmost and rightmost points of P , respectively.

2: for i← 0 to m− 1 do
3: Let pj and pj′ be the middle points of the hard walls ℓi and ℓi+1, respectively.
4: if δ < 100 then
5: Compute an MRST Ti for P [j, j′] using the 2O(

√
n log n) algorithm by Fomin et al.

6: else
7: Compute a collection Wsoft = {t1, . . . , tz} of soft walls for P [j, j′], as described

below.
8: Compute an MRST Ti for P [j, j′] using the dynamic-programming algorithm

described in Section 3, but using the collection Wsoft as separators (instead of
using all separators between consecutive points), as described below.

9: return T0 ∪ · · · ∪ Tm−1.

Computing hard walls. Let P [i, i + 4] be a subset of points from P , and let ℓ be the vertical
line through pi+2. We call ℓ a hard wall if P [i, i + 4] has the following properties:

∆j > δ for all i ⩽ j ⩽ i + 3
yi+1 < yi+2 < yi+3

See Figure 5 for an example of a hard wall. A hard wall indeed splits the problem into
independent subproblems, as shown in the lemma below.
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δ

`

> δ > δ > δ > δ

pi pi+1

pi+2 pi+3

pi+4

Figure 5 Example of a hard wall.

pi

pi+1

pi+2 pi+3

pi+4

Figure 6 Illustration for the proof of Lemma 7 showing an MRST T where degreeT (pi+2) = 1.
In red, the U -shape showing that T is not a Hwang tree.

▶ Lemma 7. Let ℓ be a hard wall, defined by the subset P [i, i + 4]. Let T1 be an MRST on
P [1, i + 2] and let T2 be an MRST on P [i + 2, n]. Then ∥T∥ = ∥T1∥+ ∥T2∥ and so T1 ∪ T2
is an MRST on P .

Proof. Let T be a Hwang tree on P . By Observation 3 we know that an MRST on P is
monotonic at si, ..., si+3. The monotonicity at si+1 and si+2 implies that degreeT (pi+2) ⩽ 2.
If degreeT (pi+2) = 2 then splitting T at pi+2 results in subtrees on P [1, i + 2] and P [i + 2, n]
– this follows from the monotonicity at si+1 and si+2 – and so we are done. Now assume
for a contradiction that degreeT (pi+2) = 1. Then the incident edge if pi+2 must be vertical.
Assume without loss of generality that pi+2 is the top endpoint of this edge. But then the
(single) edge of T crossing si+2 must reach the vertical line through pi+3 at a point q that
lies somewhere below pi+3. The monotonicity at si+3 then implies that q must be connected
to pi+3 by a vertical segment, thus creating a U-shape and contradicting that T is a Hwang
tree. See Figure 6 for an example. ◀

The next lemma gives a bound on the probability that P [i, i + 4] is a hard wall.

▶ Lemma 8. P
[

P [i, i + 4] defines a hard wall
]

= e−4δ/6 for all 1 ⩽ i ⩽ n− 4.

Proof. Recall that the spacings ∆j are drawn from an exponential distribution with rate 1.
Hence, P[∆j ] > δ] = e−δ for all j. Since the spacings are independent, the probability
that all four spacings between the points in P [i, i + 4] are greater than δ is e−4δ. Finally,
P[yi+1 < yi+2 < yi+3] = 1/6, since all y-coordinates are chosen uniformly at random
from [0, δ] and so all six orderings of yi+1 < yy+2 < yi+3 are equally likely. ◀

The set Whard of hard walls is now computed in the following straightforward manner: we
check for all i := 5j + 1 with j ∈ {0, . . . , ⌊n/5⌋ − 1} whether P [i, i + 4] defines a hard wall; if
so, we add the corresponding hard wall to Whard. Note that this takes only O(n) time in
total, as each of the O(n) candidate hard walls can be checked in O(1) time.

Computing soft walls. Let P [i, i + ⌈
√

δ⌉] be a subset of ⌈
√

δ⌉ + 1 points from P such
that xi+⌈

√
δ⌉ − xi > ⌈

√
δ⌉/4. Then we call the separator si – recall that si is the separator

between pi and pi+1 – a soft wall. See Figure 7 for an example.
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pi

pi+d√δ∗e

>
√
δ/4

si

Figure 7 Example of a soft wall.

▶ Lemma 9. Let δ ⩾ 100. Let si be a soft wall, defined by P [i, i + ⌈
√

δ⌉]. Then si is crossed
O(
√

δ) times by an MRST. Furthermore, even under the assumption that ∆j < δ for all
1 ⩽ j ⩽ n− 1, we have

P
[

P
[
i, i +

⌈√
δ
⌉]

defines a soft wall
]

⩾ 1− 23−⌈√δ⌉/2 for all 1 ⩽ i ⩽ n−
⌈√

δ
⌉
.

Proof. The fact that si is crossed at most O(1+ ⌈
√

δ⌉) = O(⌈
√

δ⌉) times follows immediately
from Lemma 4. To be precise, si is crossed at most 18(2 +

√
δ) times. It remains to derive a

lower bound on the probability that P [i, i + ⌈
√

δ⌉] is a soft wall, given that ∆j < δ for all
1 ⩽ j ⩽ n− 1. We have

P
[
xi+⌈√δ⌉ − xi >

⌈√
δ
⌉

/4
]

= 1− P

i+⌈√δ⌉−1∑
j=i

∆j ⩽
⌈√

δ
⌉

/4


⩾ 1−min

t>0
et⌈√δ⌉/4 (E[e−t∆1 ]

)⌈√δ⌉−1 by the Chernoff bound

⩾ 1−min
t>0

et⌈√δ⌉/4

(∫ δ

x=0
e−txe−x 1

1− e−δ

)⌈√δ⌉−1

∆1 ∼ Exp(1) and ∆1 ⩽ δ

By taking t = 3, it can be shown that this is at least 1− 23−⌈√δ⌉/2. ◀

Recall that in Algorithm ComputeMRST we need to compute soft walls for every subset
P [j, j′] between two consecutive hard walls (including the points on those two hard walls).
To this end we check whether P [pr, ..., pr+⌈

√
δ⌉] forms a soft wall for all r := j + i⌈

√
δ⌉ with

0 ⩽ i ⩽ j′ − ⌈
√

δ⌉.

The dynamic-programming algorithm between two hard walls. Recall that X(si) is the
set of points where the Hanan grid crosses si. Let Xi denote the family of subsets of X(si) of
size at most 18(2 +

√
δ). We can now define a table entry A[i] for each soft wall si as follows.

A[i] := a representative set of pairs (X, l) where l is the minimum length of a
rectilinear forest adhering to X ∈ Xi at si.

Here, “representative” means that for every soft wall si there exists an MRST T and
(X, l) ∈ A[i] such that T adheres to X at si. We will call this T an MRST represented in
A[i]. See Figure 8 for an example. Note that A[n] contains one element, of which l equals
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si si si

Figure 8 An example of an element of a table entry A[i]. On the left, an MRST T represented in
A[i]. T is represented in A[i] by a pair (Xi, l). In the middle, we have Xi. On the right, the edges
contributing to the length l. Note that since T is an MRST, these edges indeed form a minimal
length rectilinear forest adhering to Xi at si.

the length of an MRST on P . Next we describe a recursive formula to compute the table
entries. As base case, we have A[0] = {{∅}, 0}. We first give pseudocode for this part of the
algorithm.

Algorithm 2 ComputeA(i).

1: Let sj be the rightmost soft wall to the left of si.
2: for (Xj , l) ∈ A[j] do
3: for all viable mirrored crossing patterns X ′

i at si do
4: Compute an MRST T ′ for the subproblem given by Xj and Xi.
5: Add (Xi, l + ∥T ′∥) to A[i], where Xi is the crossing pattern of T ′ at si.
6: Remove unviable pairs from A[i].

Let si be a soft wall, and let sj be the rightmost soft wall to the left of si. We define a
mirrored crossing pattern to be a crossing pattern where the partition denotes on how the
rectilinear Steiner tree is connected on the right hand side. Let (Xj , l) be a pair in A[j]. Let
T be an MRST adhering to Xj at sj , and adhering to some (unknown) mirrored crossing
pattern X ′

i at si. Then there is a pair (Xi, l′) in A[i], where l′ equals l plus the total length
of the edges of T between sj and si. The total length of T between these two separators
only depends on Xj and X ′

i. Let L(Xj , X ′
i) denote the total length of the solution to this

subproblem. Now, to compute the value of L(Xj , X ′
i), we use the 2O(

√
n log n) algorithm by

Fomin et al. [12]. Since this algorithm only computes Steiner trees (not forests adhering to
some crossing pattern), we need to adapt our subproblem. To ensure the crossing pattern
Xj , we mimic the edges on the left of Xj . For every part of Xj , we add a path of “virtual”
edges of length 0, connecting the points in that part. These are automatically added to
the so-called shortest path RST found by the first part of the algorithm by Fomin et al.
Since the number of virtual edges added is constant in n, it does not affect its running time.
We ensure the crossing pattern X ′

i analogously. Given the output T ′ of the algorithm, we
remove its virtual edges, and analyse its (non-mirrored) crossing pattern Xi at si. We then
add the pair (Xi, l + ∥T ′∥) to A[i]. After doing so for all pairs in A[j] and viable mirrored
crossing patterns X ′

i, we may be able to remove some elements from A[i]. First, we remove
any duplicates. Then, if two pairs have the same crossing pattern Xi, we need only the one
with the smallest l.

We will now prove that A[i] is indeed a representative set by induction on i. Clearly, A[0]
is a representative set. Now, suppose A[j] is a representative set. We will now show that
after performing the above, A[i] is a representative set. See Figure 9 for an example. Since
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sj si sj si

sj si sj si

(i) (ii)

(iii) (iv)

Figure 9 Illustration for the correctness proof of Algorithm 2. At (i), we have an MRST T which
adheres to Xj at sj , and to X ′

i at si. At (ii), we have the corresponding subproblem. The thick
grey edges denote the virtual edges of length 0. At (iii), a solution T ′ to the subproblem. Note that
the total length of T ′ equals the total length of T between sj and si. At (iv), the new MRST T ′′

represented in A[i], obtained by combining T and T ′.

A[j] is a representative set, there exists a pair (Xj , l) ∈ A[j] and an MRST T such that T

adheres to Xj at sj . Now, T adheres to some mirrored crossing pattern X ′
i at si. Therefore,

we will find an MRST T ′ on the subproblem defined by Xj and X ′
i, and add a pair (Xi, l′)

to A[i]. Let T ′′ be the MRST on P obtained by exchanging the part of T between sj and si

for T ′. Note that we can do that, since T and T ′ adhere to the same crossing patterns Xj

and X ′
i. Now, T ′′ is represented in A[i] by (Xi, l′).

Analysis of the running time. We now analyze the expected running time of Algorithm Com-
puteMRST. To do so, we will bound certain distributions by other distributions. To be
precise, we bound the expected running time of any algorithm on a point set with a ran-
dom number of points following a certain distribution by the expected running time of the
algorithm on a point set with a differently distributed random number of points.

▶ Observation 10 ([1]). Let Y1, Y2 be two discrete nonnegative random variables, such that
for all k ⩾ 0, the equation P[Y1 ⩽ k] ⩾ P[Y2 ⩽ k] holds. Let f(k) be an increasing nonnegative
function such that E[f(Y2)] <∞. Then

E[f(Y1)] =
∞∑

k=0
f(k)P[Y1 = k] ⩽

∞∑
k=0

f(k)P[Y2 = k] = E[f(Y2)].

We write Y1 ≼ Y2 to denote that for all k ⩾ 0, the equation P[Y1 ⩽ k] ⩾ P[Y2 ⩽ k] holds.
Let us take a look at the sizes of the subproblems defined by the hard walls. Suppose

we are computing Whard and have just found a hard wall ℓi. Let the random variable X1
denote the number of points in the subproblem P [j, j′] between the two hard walls ℓi and
the unknown ℓi+1. Note that X1 is at most m := n− j + 1, and that X1 only depends on m.
Therefore, we will write X1,m. Now, X1,m is almost geometrically distributed. There are two
differences: we only check whether P [i, i + 4] defines a hard wall for i of the form 5j + 1, and
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X1,m is at most m. Since the probability that P [i, i + 4] defines a hard wall is e−4δ/6, we
have X1,m ∼ min{m, 1 + 5 ·Geom(e−4δ/6)}. Here, the probability mass function of Geom(p)
is (1− p)k−1p. Let X2 be the same distribution, but where we ignore the maximum number
of points, X2 ∼ 1 + 5 ·Geom(e−4δ/6). Then, X1,m ≼ X2 for all m.

We are now ready to calculate the expected running time of ComputeMRST if δ < 100.
We have already seen that we can find Whard in O(n) time. Since X1,m ≼ X2 for all m, the
expected time needed per subproblem is bounded by the expected time needed to run the
2O(

√
n log n) algorithm by Fomin et al. on a point set with X2 points. We get:

∞∑
k=1

(1− e−4δ/6)k−1 ·
(
e−4δ/6

)
· 2O(

√
5k+1 log(5k+1)) <

∞∑
k=1

2−Θ(k) · 2O(
√

5k log(5k)) = O(1)

Since there are O(n) subproblems, this finishes the case δ < 100.
We can use the same trick for the distribution of the number of points between soft

walls. Here, we let the random variable Y1,m denote the number of points between two
consecutive soft walls, given that we have found no hard walls between the hard walls
defining our subproblem and where m is once more the maximum number of points. We
can bound Y1,m in three steps. First, note that the condition that no ∆j is larger than
δ is stronger than the condition that there are no hard walls between the hard walls
defining our subproblem. Let Y2,m denote the number of points between the soft walls,
given that no ∆j is larger than δ. Then Y1,m ≼ Y2,m. Next, recall that if δ ⩾ 100,
by Lemma 9 the probability that si is a soft wall is at least 1 − 23−⌈

√
δ⌉/2, even if all

∆j < δ. Define Y3,m ∼ min{m, ⌈
√

δ⌉ · Geom(1 − 23−⌈
√

δ⌉/2)}. Then Y2,m ≼ Y3,m. Finally,
analogously to the hard walls, we can remove the maximum number of points. Define
Y4 ∼ ⌈

√
δ⌉ ·Geom(1− 23−⌈

√
δ⌉/2). We conclude that Y1,m ≼ Y4 for all m.

Let c, λ > 0 be such that the algorithm by Fomin et al. runs in under c · 2λ
√

n log n time.
For the case δ ⩾ 100, the total expected time needed per subsubproblem is then bounded by

∞∑
i=1

c · 2λ
√

i⌈√δ⌉+1 log(i⌈√δ⌉+1) ·
(

23−⌈√δ⌉/2
)i−1

·
(

1− 23−⌈√δ⌉/2
)

< c · 2⌈
√

δ⌉/2−3
∞∑

i=1
2λ
√

2i⌈√δ⌉ log(2i⌈√δ⌉) · 2(3−⌈√δ⌉/2)i · 1

< c · 2⌈
√

δ⌉
∞∑

i=1
24λ(2i⌈√δ⌉)3/4

· 2−i⌈√δ⌉/5 since δ ⩾ 100

< c · 2⌈
√

δ⌉
∞∑

i=1
2⌈

√
δ⌉(8λi3/4−i/5)

Now, for a sufficiently large M , we have 8λi3/4 − i/5 < −i/10 for all i ⩾ M . We get:

c · 2⌈
√

δ⌉
∞∑

i=1
2⌈

√
δ⌉(8λi3/4−i/5)

= c · 2⌈
√

δ⌉
(

M∑
i=1

2⌈
√

δ⌉(8λi3/4−i/5) +
∞∑

i=M+1
2⌈

√
δ⌉(8λi3/4−i/5)

)

< c · 2⌈
√

δ⌉
(

M · 2⌈
√

δ⌉maxi⩾1(8λi3/4−i/5) +
∞∑

i=M+1
2−i/10

)
= 2O(⌈√δ⌉).

SoCG 2021
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Let m be the number of points in the corresponding subproblem defined by two hard walls.
Note that the above bound is independent of m. Analogously to the original sparse point-
set algorithm, there are mO(⌈√δ⌉) possible crossing patterns per separator. In total, this
algorithm therefore takes m ·mO(⌈√δ⌉) · 2O(⌈√δ⌉) = mO(

√
δ) expected time.

Now, all that remains is calculating the expected running time of our main random point
set algorithm in this case. Clearly, it runs in at most expected nO(

√
δ) time, since splitting

up the problem using the hard walls can only speed up the algorithm.
Let λ, µ ⩾ 1 be such that the mO(

√
δ) expected running time algorithm runs in at

most mλ
√

δ expected time, and that the probability of a hard wall is 2−µδ. Let Y1 be the
distribution of the number of points of a subproblem. Recall that Y1 ≼ 1 + 5 ·Geom(e−4δ/6).
Then the total expected time needed per subproblem is bounded by

E
[
Y λ

√
δ

1

]
⩽

∞∑
k=1

(1− 2−µδ)k−1 · 2−µδ · (5k + 1)λ
√

δ
< O(1) + 2−µδ

∞∑
k=2

24λ
√

δ log k−2−µδk.

Splitting this sum as well (see the full version for details), it can be shown that:

2−µδ
∞∑

k=2
24λ

√
δ log k−2−µδk < 2O(δ

√
δ).

This brings the total expected running time to O(n) · (O(1) + 2O(δ
√

δ)) = 2O(δ
√

δ)n.
All in all, our main random point set algorithm run in O(n) expected time if δ < 100,

and in min{nO(
√

δ), 2O(δ
√

δ)n} expected time if δ ⩾ 100. We conclude:

▶ Theorem 11. Let P be a set of n points generated randomly inside a rectangle of height δ

and expected width n, generated according to the procedure described earlier. Then an MRST
on P can be found in min{nO(

√
δ), 2O(δ

√
δ)n} expected time.

5 Concluding remarks

Our paper contains two main results on Minimum Rectilinear Steiner Tree. First, we
proved that for sparse point sets in a strip of width δ, an MRST can be found in nO(

√
δ) time.

Second, we gave a min{nO(
√

δ), 2O(δ
√

δ)n} expected running time algorithm for random point
sets. For δ = Θ(n) the running time equals the 2O(

√
n log n) of the algorithm for arbitrary

point sets in the plane [12]. A challenging open problem is to see if an algorithm with running
time 2O(

√
δ log δ)poly(n) is possible. Another direction for future research is to study the

problem in higher dimensions. We believe that our algorithmic results may carry over to Rd

to points that are almost collinear, that is, that lie in a narrow cylinder. Generalizing the
results to, say, points lying in a narrow slab will most likely be more challenging.

More generally, we believe that it is interesting to study the parameterized complexity
of geometric problems using a “geometric parameter”. For problems involving planar point
sets, the strip width δ is a natural parameter, which is interesting because it explores the
boundary between the 1-dimensional and 2-dimensional version of the problem. We have
studied this for TSP in a previous paper [1] and for Minimum Rectilinear Steiner Tree
in the current paper, but many other problems can be studied from this perspective as well.
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configurations of modules in the hexagonal grid. The reconfiguration moves that we consider are
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1 Introduction

Reconfiguration problems encompass a large family of problems in which we need to provide
a sequence of steps to transform one object into another. In this paper we consider the
problem of reconfiguring a collection of modular robots (referred in this paper as modules)
in a lattice using some prespecified set moves. Many variants of this problem have been
studied both in the robotics and in the computational geometry communities. In this paper
we study the reconfiguration problem for edge-connected configurations of hexagonal and
of square modules. We follow the commonly used single backbone condition [11], that
requires edge-connectivity to be maintained at all times. The moves allowed are pivots: a
module can rotate around vertices shared with other modules and at the end of a move the
pivoting module must lie in a lattice cell. The interior of two modules can never intersect.

A hexagonal module can perform only two types of pivoting moves, illustrated in Figure 1.
In a restricted move a module a adjacent to a module s pivots around a vertex v shared
by a and s and ends the pivoting move in the other cell that has v on the boundary. The
restricted model of pivoting only allows this move. In a monkey move a module a adjacent
to a module s starts pivoting around a vertex v shared by a and s as in the restricted move,
but halfway through the rotation another vertex w of a coincides with the vertex of a
module s′. Then a continues the move pivoting around w in the same direction (clockwise
or counterclockwise) as before until reaching a cell adjacent to s′. The monkey model of
pivoting includes both the restricted and the monkey moves. Informally, the monkey move
allows a module to keep pivoting in the same direction when a restricted move is not possible.

a s
as
a

s

(a) Restricted move.

a
s s sa a

s′ s′ s′

(b) Monkey move.

Figure 1 Pivoting moves for hexagonal modules and their free-space requirements.

In the square grid two modules that share a vertex might not share an edge. Thus, for
square modules there is a greater variety of pivoting moves. The three different sets of
moves are illustrated in Figure 2. The restricted model includes only restricted moves,
the leapfrog model includes both restricted and leapfrog moves, and the monkey model
includes all moves.

s s

a a a

as ss′ s′ s

a

(a) Restricted moves.

s s

s′s′a a

(b) Leapfrog move.

s′s′s′

s′ s′ s′ s s ss s s

a a a a a

a

(c) Monkey moves.

Figure 2 Pivoting moves for square modules and their free-space requirements.
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Related work and contribution

One of the most natural questions for modular robots is whether universal reconfiguration
is possible. That is, is there an algorithm to transform any (connected) configuration of n

modules into another configuration with the same number of modules?
Efficient algorithms are known for universal reconfiguration of modular robots using

moves that have significantly lighter free-space requirements [3, 10, 11, 12]. Relaxing the
connectivity requirement has also lead to reconfigurability results [7].

The setting of this paper (pivoting robots) has proven to be more challenging. Instead,
previous work has revolved around providing sufficient conditions for reconfiguration. Nguyen,
Guibas and Kim [15] showed that reconfiguration of hexagonal modules using only restricted
moves is always possible between configurations without the forbidden pattern illustrated in
Figure 3 (left). Similarly, for pivoting squares, Sung et al. [16] presented an algorithm for
reconfiguring between configurations without the patterns shown in Figure 3 (right). These
algorithms do not provide reconfiguration guarantees as soon as the configuration contains
a single copy of the forbidden pattern. In an attempt to remove global requirements, a
recent result [1] introduced a different type of necessary condition: an efficient algorithm for
reconfiguring between any two configurations that have 5 modules on the external boundary
that can freely move (for pivoting squares in the monkey model). Other algorithms to
reconfigure pivoting squares and hexagons are heuristics that do not provide termination
guarantees [5, 14].

Figure 3 Forbidden patterns in previous algorithms for hexagonal and square pivoting modules.

Despite many attempts, universal reconfiguration remains unsolved in the setting of
edge-connected pivoting robots. In this work we answer this question for all five pivoting
models for hexagons and squares. Specifically, we answer it positively for the hexagonal
monkey model by giving a universal reconfiguration algorithm in Section 2. For all other
models we show that it is PSPACE-hard to determine whether we can reconfigure one
configuration to another. In the process, we prove a stronger PSPACE-hardness result
about a restricted form of motion planning with reversible, deterministic gadgets from [9]
(our reduction highly limits the direction in which each edge can be traversed, effectively
reducing the number of cases to consider). This framework has already proven useful in
other swarm robot motion planning models [6, 8] and we believe the improvements here will
aid in future PSPACE-completeness proofs. The framework is described in Section 3.2 and
is used afterwards for hexagonal restricted robots in Section 3.3, and for all square models in
Sections 3.4 and 3.5. Table 1 summarizes our results.

Table 1 Summary of results. The leapfrog move does not make sense for hexagonal modules.

Model Restricted Leapfrog Monkey

Hexagons PSPACE-hard (Thm. 14) N/A O(n3) universal (Thm. 13)

Squares PSPACE-hard PSPACE-hard PSPACE-hard (Thm. 17)
(Thm. 16) (Thm. 17) O(n2) if +5 modules [1]

SoCG 2021
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2 Polynomial Algorithm for the Hexagonal Monkey Model

This section describes an algorithm that computes a sequence of O(n3) moves in the monkey
model that transforms a given configuration with n modules into another. Our approach uses
a canonical configuration defined as the configuration with n modules whose contact graph
is a path and each module is only adjacent to modules above and/or below it. Since each move
is reversible, an algorithm that takes a configuration and transforms it into the canonical
configuration within O(n3) moves can be used to compute O(n3) moves between any pair of
configurations. The main strategy is to increase the connectivity of the contact graph1. Note
that if the contact graph is 2-connected, every convex corner of the configuration is movable,
including the modules that are extremal in a grid direction. Then, there is a module that can
move to become the new topmost module by attaching itself to a previous topmost module.
We proceed in this manner inductively building the canonical configuration.

Definitions and Preliminaries. The contact graph G is the adjacency graph of the modules
in a configuration. Since connectivity is important for the problem, we use the block tree B
of the contact graph G. A graph is 2-connected if it contains no cut vertices. A block
(also 2-connected component) of G is a maximal subgraph of G that is 2-connected. We
call a block containing a single edge a trivial block. We define B to be a bipartite tree
whose nodes are the cut vertices of G in one partite set, and its blocks in the other partite
set. There is an edge between two nodes if the corresponding cut vertex is contained in the
corresponding block. The deletion of a cut vertex v of a connected graph G splits it into two
or more components. A subgraph induced by such a component union with {v} is called
a split component of v. Similarly, a 2-cut is a pair of vertices {v1, v2} whose deletion
increases the number of components of G. Its 2-split components are the subgraphs
induced by {v1, v2} united with each of the components obtained by the deletion of {v1, v2}.

We now give some more specific definitions used in the algorithm. Note that a module
corresponds to a vertex in G. We refer to them interchangeably. We label the topmost
rightmost module of G the root. We root B at the node containing the root module. A cut
vertex (2-cut) defines one parent (2-)split component, containing the root module, and one
or more child (2-)split components. Such a cut vertex (2-cut) is called the parent of its
children (2-)split components. A 2-split component ℓ is trivial if |V (ℓ)| is 3 or 4. The parent
of such a component is also called trivial. Note that because G is a subset of the triangular
grid, one of its faces is either the external face (whose edges form the boundary), a triangle,
or encloses an empty position of the grid, which we call a pocket. In a 2-connected block
ℓ, if v is a vertex in the boundary of ℓ and it is not incident to any pocket, deleting v can
cause only adjacent vertices to become cut vertices. We call a 2-cut {v1, v2} adjacent if v1
and v2 are adjacent. Note that when {v1, v2} is an adjacent trivial 2-cut, the faces of the
trivial 2-split component are triangles. Our algorithm uses the following fact about adjacent
nontrivial 2-cuts.

▶ Observation 1. If {v1, v2} is an adjacent nontrivial 2-cut, then {v1, v2} has only two
2-split components. Furthermore, if v1 is movable, {v1, v2} is the only 2-cut containing v1.

1 Increasing connectivity of the contact graph of the configuration is a concept that has recently proven
useful in the different setting of reconfiguring sliding squares [13].
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The previous observation comes from the maximum degree of the triangular grid. For an
adjacent 2-cut to have three 2-split components, two of them must be trivial. The fact that
v1 needs 3 adjacent empty positions around it to be movable implies that v1 must be adjacent
to 2 modules other than v2. Any cycle through v1 connecting the (2-)split components of
{v1, v2} must go through the two modules adjacent to v1 that are not v2.

The main technical part of our algorithm is a procedure called Merge that increases the
2-connectivity of G, i.e., decreases the number of nodes in B. For that, we want to move
modules in order to create new paths between blocks of G without destroying previously
existing blocks. We define a 2-free module to be a movable module whose movement
preserves 2-connectivity in the block containing it (a module that is not in a 2-cut). A crew
c = (m1, . . . , mk) is a sequence of modules that induce a connected component of G such that
m1 is 2-free, and mi, i ∈ {2, . . . , k} is 2-free after the deletion of all mj , j ∈ {1, . . . , i − 1}.
For a given 2-connected subgraph ℓ of G, let ℓ be the induced subgraph of G given by
V (G) \ V (ℓ). A bridge from ℓ is a set of modules that were previously a crew that moved
to create a path between ℓ and ℓ, thus potentially not being 2-free anymore. We say a set
of modules bridges from ℓ if they move to create a new path between ℓ and ℓ. One of
the goals of the algorithm is to get a crew of size three in a group of grid positions called
a flower that is otherwise empty. That allows us to maneuver the modules in the crew to
create a bridge while not creating new blocks. Let a flower be a set of grid positions defined
by a center cell and the six adjacent positions. A flower is adjacent to a grid position if
the flower does not contain it but contains a grid position that is adjacent to it. A flower
is valid for a 2-connected configuration ℓ and a disjoint crew c if it contains exactly the
modules in c (all modules in c and no other modules), and is adjacent to a module in ℓ.

The following are definitions that help us describe positions in the configuration. We
might reflect and/or rotate the configuration in order to fit our description w.l.o.g., and
the following definition always refer to the current frame of reference. A row containing
a position p is the set of all positions p + (−

√
3

2 , 1
2 )i for some integer i. An ascending

(descending) path in a row ρ is a path (m1, . . . , mk) induced by modules in ρ such that
mi+1 is the top-left (bottom-right) neighbor of mi. An extreme path is a path induced by
modules that are on the convex hull. Due to the geometry of the grid, extreme paths can
only have six possible directions. A SW extreme path of a configuration ℓ is an ascending
or descending path in the lower hull of ℓ. Given a position p in the grid, we use a sequence of
arrow superscripts on p to describe positions nearby. For example, p↑↗ refers to the position
to the top-right of the position above p, i.e., p + (

√
3

2 , 3
2 ). We overload this notation to refer

to the current positions of modules, replacing p by a module.

Main algorithm. We split the contact graph into two parts: the canonical path P which is
a canonical configuration, and the remainder of the graph G. We initialize G to be the entire
contact graph and P to be empty. Let B be the block tree of G rooted at the block containing
the topmost rightmost module. We divide our algorithm into three phases. Phase 1 is a
prepossessing procedure that eliminates all trivial leaves of B. Then, assume that every leaf
of B contains at least three modules and no further procedure will change that. Phase 2
transforms G into a 2-connected graph. While B is not a single node, let ℓ be a leaf of B.
We will apply Merge(ℓ), outlined in Algorithm 1, that will cause ℓ to merge with other nodes
of B until G becomes 2-connected. Phase 3 builds P . We decrease the size of G while
adding modules to P by moving a crew on its boundary so that each of its members in turn
move to become the new topmost module in the contact graph. We use a slightly modified
version of Merge to produce such a crew without breaking the 2-connectivity of G.
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2.1 Phase 1: Removing Trivial Leaves
Phase 1 reconfigures a connected configuration into one without vertices of degree 1 (which
are in trivial leaves) in G. There are configurations in which it is not enough to just pivot
the degree-1 modules, i.e., this task requires coordination with other modules. See Figure 4.

m

Figure 4 Configuration with one trivial leaf (m) that cannot be removed by pivoting it.

▶ Lemma 2. A connected configuration of n > 2 hexagons can be transformed in O(n2) moves
into a configuration without trivial leaves in the contact graph without breaking connectivity.

Proof sketch. Let m be a degree-1 module. If it is possible to move m to a place where it is
adjacent to more than one modules, then we do so. Else, we move m so that its shortest
path to the root module is maximized. The full proof uses a detailed case analysis to show
that, because of the specific position chosen for m, there is a nearby movable module with
which m can coordinate to locally reduce the total number of new trivial leaves. ◀

2.2 Phase 2: Merging Leaves
The goal of Phase 2 is to take a connected configuration with no degree 1 vertices, and
transform it into a 2-connected configuration in O(n3) moves. The main technical tool of this
phase is the Merge procedure, outlined in Algorithm 1, which allows us to reduce the number
of 2-connected components by merging them. Its input is a child (2-)split component of a cut
vertex v (adjacent 2-cut {v1, v2}). We first apply the necessary rotations so that v ({v1, v2})
is farthest from the row ρ0 containing the extreme SW path of ℓ. We then assume that ρ0
does not include v ({v1, v2}) and neither does the row above it except for the base case when
|V (ℓ)| = 3 and ℓ is a split component, or when |V (ℓ)| = 5 and ℓ is a 2-split component. The
output of the algorithm is a set of modules that, after O(|V (ℓ)|2) moves, bridges from ℓ.

Refer to Algorithm 1. Merge uses several other sub-procedures which we outline here. We
call m the ascending module, which by its definition in line 2 is movable. It is either 2-free,
in which case we will try to move it by cw pivots to its highest possible position in ρ0 before
it leaves ℓ; or it is part of a 2-cut, in which case we make it 2-free using sub-procedures.
The end goal is to either bridge using m while it ascends in ρ0 if it gets blocked by a vertex
m∗ /∈ ℓ, or accumulate 2-free modules at the top of the configuration where a valid flower will
form. Then, the Bridge sub-procedure moves the valid flower around ℓ until it hits ℓ where
we create a bridge with the crew. There are three main Cases given by lines 4, 16 and 21.

Assume we are in Case 1. If m is in a trivial 2-cut, it will try to move up as explained
before. Let m′ be the module at m↗. By Observation 1, {m, m′} is the only 2-cut containing
m. If m succeeds in moving up, at least one unit, that leaves m′ a cut vertex. Then, in
line 7, we move the (up two) modules that are in the 2-split component of {m, m′}, restoring
2-connectivity. During m’s ascension in ρ0, we identify whether a valid flower gets formed. In
the positive case, Bridge will accomplish our goal. During its ascension, m might be blocked
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by a module m∗ ∈ ℓ. If certain conditions are satisfied, the Local-Bridge sub-procedure uses
m to create a bridge to m∗. Else, the Incorporate sub-procedure moves m to the row ρ1 above
it, or out of ℓ, and we can find a new ascending module.

Now assume that m is part of a nontrivial 2-cut (Case 2). Then, either m is part of an
adjacent 2-cut or it is incident to a pocket. In the case m or an adjacent module is part of
an adjacent 2-cut we recurse in the child 2-split component, which makes m 2-free. Else
(Case 3), we either use Deflate, which decreases the number of empty positions enclosed by
the pocket, or Bubble-Up, which moves one of such empty positions up. In some situations,
Deflate produces a 2-free module in ρ0 that will be the next ascending module.

Algorithm 1 Merge(ℓ).

1 while True do
2 Let m be the topmost module in a SW extreme path of ℓ;
3 Let ρ−1, ρ0 and ρ1 be the rows below, of, and above m respectively;
4 if m is 2-free or part of an adjacent trivial 2-cut then
5 Pivot m cw to the highest position in ρ0 before it leaves ℓ;
6 if m was part of a trivial 2-cut then
7 Pivot cw once the other modules in the trivial child;
8 if m is ever in a crew c of size 3 in a valid flower F during its ascension then
9 Return Bridge(F, ℓ − c);

10 else if m bridges from ℓ then
11 Return m;
12 else if the requirements of Local-Bridge(m) are met then
13 Return Local-Bridge(m);
14 else
15 Incorporate(m);
16 else if {m, m↗} or {m↘, m↘↗} is a nontrivial 2-cut then
17 Let ℓ′ be the child 2-split component of the highest such 2-cut;
18 c′ := Merge(ℓ′);
19 if c′ bridges between ℓ and ℓ then
20 Return c′; ▷ c′ already merges ℓ into another block.
21 else
22 Deflate(m↗) or Bubble-Up(m↗); ▷ m↗ is empty
23 end
24 end

Bridge(ℓ, F ). The operation takes a 2-connected ℓ and a valid flower F containing a crew
c = (m1, m2, m3) where m1 was an ascending module. It returns c after a sequence of
moves that transforms c into a bridge from ℓ. Compute a maximal sequence of flowers
(F1 = F, . . . , Fk), where each subsequent flower is adjacent to ℓ, containing no modules except
for c, and obtained by moving the previous flower by one grid unit around the boundary of ℓ.
We choose to move cw or ccw around ℓ based on the following condition. If ℓ has a parent
cut vertex, then choose arbitrarily. Else, if ℓ has a parent adjacent 2-cut {v1, v2} where v1
is movable, we chose the direction towards v2 so that Fk is not adjacent to v1. Since G is
connected and planar, and there are vertices in ℓ, Fk is adjacent to a module m∗ in ℓ. We
show how to compute the sequence of moves to bring the the crew with the sequence of
flowers (F1, . . . , Fk) and finally bridge between ℓ and m∗ in Fk.
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m1
m2

m3

(a)

(b)

(c)

m1
m2

m3

m1
m2

m3

Figure 5 Maneuvers used to rotate around m1 a crew that induces a cycle. A possible next flower
is shown in pink.

If the modules in c induce a connected graph, this graph is either a triangle, a straight
path or a “bent” path. A configuration of c in a valid flower is useful if a module of c is
adjacent to ℓ and c induces a triangle or a “bent” path with m1 in the center of the flower
(i.e., both endpoints are adjacent to modules outside the flower). We show how to reach every
useful configuration of c in a valid flower Fi. This is enough to accomplish our objective since:
(i) by definition, Fi ∩ Fi+1 is adjacent to ℓ and there is a useful configuration contained in the
intersection of Fi and Fi+1 (Figure 5 (a)–(b)); and (ii) if m− ∈ ℓ is the only module adjacent
to Fk and m∗ is the only module of ℓ adjacent to Fk and they are across from the center of
Fk, e.g. m− (m∗) is at the topmost (bottommost) position adjacent to Fk, then we can move
Fk one more unit along the boundary of ℓ, contradicting the maximality of the sequence. By
(i) we can transition between flowers Fi and Fi+1 through a useful configuration, making
both valid. By (ii) there is a useful configuration at Fk that bridges between m− and m∗.

In the full version [2], we present four maneuvers shown in Figure 5 along with omitted
proofs. Note that, by the fact that c is a crew, we have a guarantee that some positions
adjacent to the flower are empty. We then use them to show the following lemma.

▶ Lemma 3. Every useful configuration of a crew c in a valid flower can be reached from
any useful configuration.

▶ Lemma 4. Bridge(ℓ, F ) performs O(|V (ℓ)|) moves and bridges from ℓ while not breaking
connectivity. After its execution, ℓ is still 2-connected. If {v1, v2} is the parent 2-cut of ℓ

and v1 is movable, then v1 remains movable.

Deflate(p) and Bubble-Up(p). These operations take an empty position p to the top-right
of a module m which is a corner of a 2-connected subgraph ℓ of the contact graph. We
assume that m is a corner of ℓ in its SW extreme path, i.e., m↖, m↙, and m↓ are empty.
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Then, p is enclosed by ℓ by 2-connectivity. Refer to Figure 6. Deflate requires that positions
surrounded by a red line in Figure 6 (a) or (c) are as shown. In particular, if m↘↗ is full,
then m↑↖ is empty. Then, the operation fills p with a module adjacent to m and preserves
2-connectivity of ℓ, effectively reducing its area. Bubble-Up requires that positions surrounded
by a red line in Figure 6 (b) are as shown. In particular, if m↘↗ is full, then m↑↖ is full.
We additionally require that {m↘, m↘↗} is not a nontrivial 2-cut. Then, the operation
moves the empty position and m to their top-left position while preserving 2-connectivity.

m

(a)

m

m

(b)

(c)

Figure 6 Operations used in Deflate(m1).

Figure 6 shows the operations assuming that m performs a monkey move by pivoting cw.

▶ Lemma 5. Deflate(p) and Bubble-Up(p) perform O(1) moves, do not break connectivity,
and the resulting ℓ is 2-connected.

Shift(M). Although not used directly in Merge, this operation is used in following sub-
procedures. The input is an ascending or descending path of modules M = (m1, . . . , mt) in
the same row ρ and in the boundary of G. We require that none of the modules are cut
vertices, m1 is movable, and m↓

i is empty ∀i ∈ {1, . . . , t − 1}. We describe the operation
for descending M (Figure 7). There are two cases. In the first case, no module mi ∈ M is
such that m↗

i is empty and m↗↘
i is either empty or contains a module only adjacent to M .

Then, move each mi cw from i = 1 to t (Figure 7 (d) to (f)). In the second case, let mi ∈ M

be the first module such that m↗
i is empty and m↗↘

i is either empty or contains a module
m′ only adjacent to M . Move all mj from j = 1 to i − 1 and m′ (if it exists) by pivoting
cw. Then, apply Deflate(mi) and move back all the mj and m′ to their original positions by
a ccw pivot. This vacates mi’s original position (Figure 7 (a) to (d)). If i ̸= t, apply Shift
recursively on (mi+1, . . . , mt).

In the full version [2] we prove the following statement.

▶ Lemma 6. Shift(M) performs O(|M |) moves, does not break the connectivity and, after it
terminates, all pockets of ℓ remain intact except for possibly one that has mt in its boundary.

Inflate(m). This operation uses Shift to make a concave corner convex, possibly creating
a new empty space enclosed by ℓ. This will be used in Local-Bridge. The input m is
an ascending module in a 2-connected ℓ. We require that m↑ and m↗ are full, neither
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m1

mt

mi

(a) (b) (c)

(d) (e) (f)

Figure 7 Illustration of Shift(M) where M is descending.

{m↑, m↑↗} nor {m↑↑, m↑↑↖} are in adjacent nontrivial 2-cuts, and that at least one position
in {m↑↖, m↑↗, m↑↑↖} is full. Inflate moves the module at m↑ to m↖ via a series of operations,
returning such module.

Refer to Figure 8 (a)–(c) for examples (or [2] for a full proof). In short, we use Shift to
move away modules adjacent to the blue module, so that we can move it out. Then, we
reverse the Shift operation to put the moved models, except for the blue one, into their
original place.

m

m

m

(a)

(b)

(c)

m

(d)

Figure 8 Operations used in Local-Bridge.

▶ Lemma 7. Inflate(m) performs O(|V (ℓ|) moves, does not break connectivity and preserves
2-connectivity of ℓ.

Local-Bridge(m). This operation is used when there is an opportunity to create a bridge
when m either gets blocked by m∗ on its way to the top of ρ0 or it reaches the top and it
would jump to ℓ. We require that, if a cw pivot brings m to ρ−1, then m↗ is full and at
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least one position in {m↑↖, m↑↗, m↑↑↖} is full. We recurse on a child component, calling
Merge if there is an adjacent nontrivial 2-cut forbidden by Inflate. That guarantees that
we can apply Inflate which would create a bridge from ℓ. If a cw pivot maintains m in ρ0,
then it would land on a module m∗ ∈ ℓ. We require that the maximal ascending path M

ending in m↑ can be shifted down by Shift(M), i.e., ρ0 must contain only m below M ; see
Figure 8 (d). Then, we “squeeze” m in the space between m∗ and M creating a bridge. We
do that by moving m out of ℓ, Shift M down, moving m back and Shift M back.

▶ Lemma 8. Local-Bridge(m) bridges from ℓ, does not break connectivity, and preserves
2-connectivity of ℓ. It uses O(|V (ℓ)|) + Tm(|V (ℓ′)|) moves where Tm(|V (ℓ′)|) is the number
of operations performed by Merge in ℓ′.

Incorporate(m). Whenever a local bridge was not possible, this operation either incorpo-
rates m into ρ1 or leaves m attached to a module in ℓ with the promise that some module
will ascend in ρ0 and bridge (Figure 9 (d)). There are four cases. In case 1, we check if we
can call Deflate at position m↑↗. In the positive case, we move m and a possible neighbor
m′ in ρ0 out of the way, call Deflate, and move m and possibly m′ back (Figure 9 (a)–(b)).
In case 2, m↗ is empty and m↑↗ is full. Then, we “squeeze” m into m↗ by using Shift
operations, similar to Bridge (Figure 9 (c)). In case 3, if we pivot m cw, that brings m to
ρ1 and makes its degree 1. Then, we apply some local movements in order to incorporate
m into ρ1 while maintaining 2-connectivity (Figures 9 (e) and (g)). In case 4, we are not
in the previous cases and we simply pivot m cw. Note that m might leave ℓ (Figure 9 (d)).
We explore this case from now. As shown in the proof of Lemma 9, there is a guarantee
that a subsequent module s in ρ0 will ascend. There are three possible cases, either (i) s

creates a bridge using m (as in Figure 9 (d)), in which case nothing needs to be done; (ii)
s calls Local-Bridge or Bridge. Then, pivot m twice counterclockwise before Bridge or after
Local-Bridge; or (iii) s calls Incorporate. Then, there is either another module in ρ0 or we can
move s back to ℓ and apply Local-Bridge.

▶ Lemma 9. Incorporate(m) uses O(|V (ℓ)|) moves and brings m to ρ1 in every situation
that m would go to ρ−1 by pivoting cw to which Local-Bridge does not apply. It does not
break connectivity and maintains 2-connectivity of ℓ. Any created degree-1 module outside ℓ

can be reincorporated in ℓ, thus, no new block is created.

Analysis.

▶ Lemma 10. If ℓ ̸= G is a leaf block of B, Merge(ℓ) performs O(|V (ℓ)|2) moves merging ℓ

and a subset of nodes of B into a single block while not creating any other new blocks.

Proof sketch. A key observation is that each section of the perimeter can only be traversed
by at most three ascending modules until either a local bridge or a valid flower is formed.
Every time we use Incorporate to hide a module in ρ1 we have the guarantee that, if either
the next or the next two ascending modules reaches m, then Local-Bridge or Bridge will
be called and the method terminates. We can then charge the moves of a module to the
perimeter. Hence, each level of recursion of Merge makes a linear number of moves. Another
key observation is that there are only a constant number of recursive calls. Since we always
recurse on a smaller problem, the upper bound on the number of moves is O(|V (ℓ)|2). ◀

▶ Corollary 11. G can be made 2-connected in O(n3) moves.
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m

m

m

m

m

m

(e)

m(f) (g)

(b)

(c)

(d)

(a)

Figure 9 Operations used in Incorporate.

2.3 Phase 3: Building the Canonical Path
In the final phase, we will show that once the configuration is 2-connected, we can start
moving modules onto the end of our path P at a cost of O(n2) moves per module.

▶ Lemma 12. If G is 2-connected, in O(n2) moves we can produce a 2-free module on an
extreme path of G while maintaining the 2-connectivity of G.

Proof. We apply a subset of operation Merge to G. Then, this proof becomes a special case
of Lemma 10, where ℓ = G. In Merge, our goal is to bridge between ℓ and ℓ maintaining
ℓ 2-connected. Here, ℓ is empty and Local-Bridge will never be called since there are no
obstacles for ascending modules. Then, we are always able to produce a crew in an extremal
position. Moving the crew to P does not affect 2-connectivity of G by definition. ◀

Our main theorem is a direct consequence of Lemma 2, Corollary 11 and Lemma 12.

▶ Theorem 13. Any connected configuration of n hexagonal modular robots can be reconfigured
to any other with O(n3) pivoting moves in the Monkey model, while maintaining connectivity.
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(a) The locking 2-toggle gadget (L2T).

2
1

1
2

(b) The 1-toggle gadget.

Figure 10 Examples of reversible, deterministic gadgets. Purple boxes are states of the gadget,
labeled with a number outside the box. Arrows represent transitions from one location to another.
The small number close to an arrow indicates the state obtained by the transition. Dotted lines help
visualize which states are connected by transitions in the gadget.

3 PSPACE-hardness Reductions

In this section we show PSPACE-hardness for all other models. Our reduction follows the
framework introduced in [9]. We reduce from a reachability problem: given an agent that
moves along a graphlike structure whose traversability changes in response to the agent’s
actions, is there a series of moves which takes the agent from a start to a target location.

▶ Theorem 14. Given two configurations of n hexagonal modules, it is PSPACE-hard to
determine if we can reconfigure from one to the other using only restricted moves.

In Section 3.1 we describe the reachability problem introduced in [9] and the pieces we
need to simulate to create the reduction. We introduce a few modifications to this problem
and show it remains PSPACE-hard in Section 3.2. In Section 3.3 we discuss how to simulate
each of the gadgets with hexagonal modules. Reductions for other models are in Section 3.4.

3.1 Preliminaries

We reduce from a variation of 1-player motion planning with the locking 2-toggle (L2T) [9].
This restricted variant is called 1-toggle-protected motion planning with the locking 2-toggle
and described in Section 3.2. In the 1-player motion planning problem we want to decide
whether an agent has a series of moves that will take it to a target location. The constructs
we use in this problem are gadgets which have locations (entrances and exits), states, and
transitions. The agent is always at some unique location. Transitions are an ordered pair
of state and location pairs. If an agent is at some specific gadget location and the gadget
is in a state matching the first pair, then the agent can move to the location in the second
pair which changes the state of the gadget to the state in the second pair (see Figure 10). A
system of gadgets is a set of gadgets and connections between locations in those gadgets.
The agent can freely move between locations that have connections. Some gadget transitions
form a matching – we call these matched pairs tunnels.
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In order for us to reduce from this problem, we need to use modules to represent the agent,
the gadgets (specifically a locking 2-toggle and a branching hallway gadget), connections
between locations, and a goal location. In order to reduce from 1-toggle-protected motion
planning with the locking 2-toggle we need to create the following constructions:

Wires which allow the modules to travel between parts of the configuration. These
simulate the connection graph edges that allow the agent to travel between locations.
Branching hallways which connect three wires together and allow the modules to travel
down any of them.
Locking 2-toggle which is a 3 state, 4 location gadget shown in Figure 10a. The gadget
has two tunnels which are both traversable in state 3. After taking either transition, the
only option is returning back and restoring the gadget to its prior state.
Win gadget which can only be reconfigured if two additional modules reach it, simulating
the goal location in the motion planning problem.

3.2 1-toggle-protected Motion Planning

In this section we strengthen the result from [9] to show that motion planning with reversible,
deterministic gadgets with interacting tunnels is PSPACE-complete even when connections
can only be traversed as though they are 1-toggles. We will consider only branchless systems
of gadgets, but we will allow the branching hallway gadget. In a branchless system of
gadgets, the connections between locations form a matching [4]. The branching hallway
gadget is a 1-state, 3-location gadget with traversals among all three pairs of locations.

An instance of 1-toggle-protected motion planning with a set of gadgets G is an
instance of branchless 1-player motion planning with G as well as the branching hallway
gadget and the 1-toggle, where one end of every connection is a location on a 1-toggle.
Intuitively, this requires that every edge in the connection graph acts as a 1-toggle.

▶ Theorem 15. 1-toggle-protected planar 1-player motion planning problem with a reversible,
deterministic, on-tunnels gadget with interacting tunnels is PSPACE-complete.

3.3 Reduction for Hexagonal Modules

We now focus on describing how to simulate each of the pieces with hexagonal modules. The
agent is represented by two modules and while these could go different ways, our instance
contains several obstacles that can only be crossed by two modules working together. For
simplicity we refer to the two modules that form the agent as the agent modules (shown in
orange in the figures).

Figure 11 Each corner contains a spiral that prevents it from moving. In the protected case,
the agent can go to a specific location allowing two other modules on the other side of the spiral to
move (left and center), while in the blocked case, the spiral cannot be crossed at all (right).
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We simulate wires with sequences of modules in line segments. We also need to be able
to turn without letting corner modules move. We simulate these turns using two types of
corners: protected and blocked (Figure 11).

The branching hallway, shown in Figure 12, allows an agent that arrives on any of the
three wires to leave on any of the other two. This construction acts as a branching hallway
with 1-toggles on two of its wires. We can implement the toggle on the third wire by adding
two protected corners.

Figure 12 The branching hallway gadget simulated with hexagonal modules. Wires are shown in
blue, and the two modules simulating the agent are shown in orange. Protected corners are drawn as
green modules, while blocked corners are drawn as black. Both types of corners contain additional
robots (omitted for clarity).

Figure 13 The six configurations of a branching hallway with endpoints connected to 1-toggles.

The other main gadget needed for the reduction is the locking 2-toggle shown in Figure 14.

3.3.1 Finishing steps
Proof. (of Theorem 14) Our reduction follows the framework in [9]. Given a problem instance
for 1-toggle-protected motion planning with the locking 2-toggle, we embed in a way that
all edges are drawn with polylines that are multiples of 60◦, replacing gadgets with the

SoCG 2021
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a
b

d

e f
g

c
a
b
c

d

e
f

g

Figure 14 (left) The locking 2-toggle simulated with hexagonal modules (state 3 in Figure 10a).
Other than the agent (a and b), the modules that can move are c and d (but not at the same time).
(right) Once a, b and c form a bridge, they create a cycle allowing e, f and g to move. Two of the
three modules can exit the gadget along the bottom wire. This changes the state of the 2-toggle
(state 1 in Figure 10a).

corresponding module configurations (adding side switch and wire cut gadgets as needed, as
well as 1-gaps to all wire segments). Finally, we place two additional modules at the initial
position to define the agent. Since each gadget takes constant space, the problem instance
will have polynomial size. Our goal configuration is the same configuration with only one
change (the state of the win gadget).

If the problem instance is solvable, there is a way for the agent to reach the win gadget,
change its state, and then return back to the initial position in the exact reverse path. By
doing so we reset every gadget except the win gadget back to its original state. If the problem
instance is not solvable, the agent cannot reach the win gadget and thus the reconfiguration
problem will also be infeasible. ◀

3.4 Square Modules with the Restricted Move Model
▶ Theorem 16. Given two configurations of n square modules, it is PSPACE-hard to
determine if we can reconfigure from one to the other using only restricted moves.

Our reduction is analogous to the hexagonal reduction. We quickly list the pieces and a
small description for each, but for brevity the proof of correctness of each single gadget is
removed. The arguments are analogous to the hexagonal counterpart and we present a full
list of our gadgets in the full version [2].

The branching hallway gadget is show in Figure 15 and works like the hexagonal version.
The L2T gadget in the open state can be seen in Figure 16. Again, this gadget has

exactly the same functionality as its hexagonal counterpart. The reduction works similarly
and the proof for Theorem 16 follows a similar format as Theorem 14.

3.5 Hardness for the Square Model for Monkey and Leapfrog Models
Our final reduction applies to both remaining models for square modules.
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Figure 15 The branching hallway gadget for squares under the restricted model.

Figure 16 L2T in the open state. At this point the gadget can come from either of the top wires.

▶ Theorem 17. Given two configurations of n square modules, it is PSPACE-hard to
determine whether one can be reconfigured into the other in both the monkey and the leapfrog
models.

As before, the reduction is from 1-toggle-protected motion planning with the locking
2-toggle, but simpler. The main differences are as follows:

SoCG 2021
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A leapfrog move can pass through obstacles or bends without creating global cycles. All
the cycles created by the agent module are local, with size at most 8, which allows us to
have purely local arguments.
Because of this change, we can now represent the agent with a single module. This
eliminates the need to prove that multiple modules have to work together (and all other
intricacies related to the case of a 2-module agent).
Another interesting advantage is that we can represent a wire with two parallel sequences
of modules (5 units apart). The agent will move between the two lines, which reduces
the need of worrying about which side the agent is on.
Finally, the reduction works for the leapfrog model, but even if we allow monkey moves
the result holds. Thus, a single reduction will work for both models.

The gadgets we use are shown in Figure 17 and Figure 18. Due to space constraints, we
defer the description and proof of correctness to [2].

(a) (b)

(c)

(f)

(d) (e)

Figure 17 Gadgets used in PSPACE reduction (for leapfrog and monkey models).

4 Conclusions

This paper answers fundamental question, but also opens up further line of research. First,
for hexagonal modules under the monkey model (where universal reconfiguration is possible),
there is a gap between the upper bound of our algorithm (Theorem 13) and the naive
Ω(n2) lower bound (number of moves needed to transform a horizontal strip into a compact
hexagon). Even if the gap is closed, then the interest would be to design a distributed
algorithm and/or to consider a strategy that does many moves in parallel.
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Figure 18 L2T gadget with square modules for the monkey model. In the figure two of the three
possible states are shown (third one is symmetric).

For models in which universal reconfiguration is not possible it would be nice to find a
local property that would allow reconfiguration between many configurations. For example,
with square modules and the monkey operation, reconfiguration is possible as long as both
configurations have five modules on the outer shell that can move (these modules are called
musketeers [1]).
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Abstract
We study whether a given graph can be realized as an adjacency graph of the polygonal cells of
a polyhedral surface in R3. We show that every graph is realizable as a polyhedral surface with
arbitrary polygonal cells, and that this is not true if we require the cells to be convex. In particular,
if the given graph contains K5, K5,81, or any nonplanar 3-tree as a subgraph, no such realization
exists. On the other hand, all planar graphs, K4,4, and K3,5 can be realized with convex cells. The
same holds for any subdivision of any graph where each edge is subdivided at least once, and, by a
result from McMullen et al. (1983), for any hypercube.

Our results have implications on the maximum density of graphs describing polyhedral surfaces
with convex cells: The realizability of hypercubes shows that the maximum number of edges over all
realizable n-vertex graphs is in Ω(n log n). From the non-realizability of K5,81, we obtain that any
realizable n-vertex graph has O(n9/5) edges. As such, these graphs can be considerably denser than
planar graphs, but not arbitrarily dense.
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1 Introduction

A polyhedral surface consists of a set of interior-disjoint polygons embedded in R3, where each
edge may be shared by at most two polygons. Polyhedral surfaces have been long studied
in computational geometry, and have well-established applications in for instance computer
graphics [11] and geographical information science [8].

Inspired by those applications, classic work in this area often focuses on restricted cases,
such as surfaces of (genus 0) polyhedra [3, 23], or x, y-monotone surfaces known as polyhedral
terrains [7]. Such surfaces are, in a sense, 2-dimensional. One elegant way to capture this
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“essentially 2-dimensional behaviour” is to look at the adjacency graph (see below for a
precise definition) of the surface: in both cases described above, this graph is planar. In fact,
by Steinitz’s Theorem the adjacency graphs of surfaces of convex polyhedra are exactly the
3-connected planar graphs [35]. If we allow the surface of a polyhedron to have a boundary,
then every planar graph has a representation as such a polyhedral surface [12].

Recently, applications in computational topology have intensified the study of polyhedral
surfaces of non-trivial topology. In sharp contrast to the simpler case above, where the
classification is completely understood, little is known about the class of adjacency graphs
that describe general polyhedral surfaces. In this paper we investigate this graph class.

Our model. A polyhedral surface S = {S1, . . . , Sn} is a set of n closed polygons embedded
in R3 such that, for all pairwise distinct indices i, j, k ∈ {1, 2, . . . , n}:

Si and Sj are interior-disjoint (w.r.t. the 2D relative interior of the objects);
if Si ∩ Sj ̸= ∅, then Si ∩ Sj is either a single corner or a complete side of both Si and Sj ;
if Si ∩ Sj ∩ Sk ̸= ∅ then it is a single corner (i.e., a side is shared by at most two polygons).

To avoid confusion with the corresponding graph elements, we consistently refer to polygon
vertices as corners and to polygon edges as sides.

The adjacency graph of a polyhedral surface S, denoted as G(S), is the graph whose
vertices correspond to the polygons of S and which has an edge between two vertices if and
only if the corresponding polygons of S share a side. Note that a corner–corner contact is
allowed in our model but does not induce an edge in the adjacency graph. Further observe
that the adjacency graph does not uniquely determine the topology of the surface. Fig. 1
shows an example of a polyhedral surface and its adjacency graph. We say that a polyhedral
surface S realizes a graph G if G(S) is isomorphic to G. In this case, we write G(S) ≃ G.

(a) A surface S. (b) The graph G(S).

Figure 1 A convex-polyhedral surface S and its nonplanar 3-degenerate adjacency graph G(S).

If every polygon of a polyhedral surface S is strictly convex, we call S a convex-polyhedral
surface. Our paper focuses on convex-polyhedral surfaces; refer to Fig. 2 for an example of a
general (nonconvex) polyhedral surface. We emphasize that we do not require that every
polygon side has to be shared with another polygon.
Our work relates to two lines of research: Steinitz-type problems and contact representations.

Steinitz-type problems. Steinitz’s Theorem gives the positive answer to the realizability
problem for convex polyhedra. This result is typically stated in terms of the realizabilty of a
graph as the 1-skeleton of a convex polyhedron. Our perspective comes from the dual point
of view, describing the adjacencies of the faces instead of the adjacencies of the vertices.

Steinitz’s Theorem settles the problem raised in this paper for surfaces that are homeo-
morphic to a sphere. A slightly stronger version of Steinitz’s Theorem by Grünbaum and
Barnette [5] states that every planar 3-connected graph can be realized as the 1-skeleton



E. Arseneva et al. 11:3

of a convex polyhedron with the prescribed shape of one face. Consequently, also in our
model we can prescribe the shape of one polygon if the adjacency graph of the surface is
planar. For other classes of polyhedra only very few partial results for their graph-theoretic
characterizations are known [13, 22]. No generalization for Steinitz’s Theorem for surfaces
of higher genus is known, and therefore there are also no results for the dual perspective.
In higher dimensions, Richter-Gebert’s Universality Theorem implies that the realizability
problem for abstract 4-polytopes is ∃R-complete [31].

The algorithmic problem of determining whether a given k-dimensional simplicial complex
embeds in Rd is an active field of research [6, 17, 28, 30, 33, 34]. There exist at least three
interesting notions of embeddability: linear, piecewise linear, and topological embeddability,
which usually are not the same [28]. The case (k, d) = (1, 2), however, corresponds to testing
graph planarity, and thus, all three notions coincide, and the problem lies in P.

Contact representations. A realization of a graph as a polyhedral surface can be viewed as
a contact representation of this graph with polygons in R3, where a contact between two
polygons is realized by sharing an entire polygon side, and each side is shared by at most
two polygons. In a general contact representation of a graph, the vertices are represented by
interior-disjoint geometric objects, where two objects touch if and only if the corresponding
vertices are adjacent. In concrete settings, the object type (disks, lines, polygons, etc.), the
type of contact, and the embedding space is specified. Numerous results concerning which
graphs admit a contact representation of some type are known; we review some of them.

The well-known Andreev–Koebe–Thurston circle packing theorem [2, 27] states that every
planar graph admits a contact representation by touching disks in R2. A less known but
impactful generalization by Schramm [32, Theorem 8.3] guarantees that every triangulation
(i.e., maximal planar graph) has a contact representation in R2 where every inner vertex
corresponds to a homothetic copy of a prescribed smooth convex set; the three outer
vertices correspond to prescribed smooth arcs whose union is a simple closed curve. If the
prototypes and the curve are polygonal, i.e., are not smooth, then there still exists a contact
representation, however, the sets representing inner vertices may degenerate to points, which
may lead to extra contacts. As observed by Gonçalves et al. [19], Schramm’s result implies
that every subgraph of a 4-connected triangulation has a contact representation with aligned
equilateral triangles and similarly, every inner triangulation of a 4-gon without separating 3-
and 4-cycles has a hole-free contact representation with squares [15].

While for the afore-mentioned existence results there are only iterative procedures that
compute a series of representations converging to the desired one, there also exist a variety of
shapes for which contact representations can be computed efficiently. Allowing for sides of one
polygon to be contained in the side of adjacent polygons, Duncan et al. [12] showed that, in
this model, every planar graph can be realized by hexagons in the plane and that hexagons are
sometimes necessary. Assuming side–corner contacts, de Fraysseix et al. [10] showed that every
plane graph has a triangle contact representation and how to compute one. Gansner et al. [18]
presented linear-time algorithms for triangle side-contact representations for outerplanar
graphs, square grid graphs, and hexagonal grid graphs. Kobourov et al. [26] showed that
every 3-connected cubic planar graph admits a triangle side-contact representation whose
triangles form a tiling of a triangle. For a survey of planar graphs that can be represented by
dissections of a rectangle into rectangles, we refer to Felsner [15]. Alam et al. [1] presented
a linear-time algorithm for hole-free contact representations of triangulations where each
vertex is represented by a 10-sided rectilinear polygon of prescribed area.

SoCG 2021
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Representations with one-dimensional objects in R2 have also been studied. While every
plane bipartite graph has a contact representation with horizontal and vertical segments [9],
recognizing segment contact graphs is an NP-complete problem even for planar graphs [20].
Hliněný showed that recognizing curve contact graphs, where no four curves meet in one point,
is NP-complete for planar graphs and is solvable in polynomial time for planar triangulations.

Less is known about contact representations in higher dimensions. Every graph is
the contact graph of interior-disjoint convex polytopes in R3 where contacts are shared
2-dimensional facets [37]. Hliněný and Kratochvíl [21] proved that the recognition of unit-ball
contact graphs in Rd is NP-hard for d = 3, 4, and 8. Felsner and Francis [16] showed that every
planar graph has a contact representation with axis-parallel cubes in R3. For proper side
contacts, Kleist and Rahman [25] proved that every subgraph of an Archimedean grid can be
represented with unit cubes, and every subgraph of a d-dimensional grid can be represented
with d-cubes. Evans et al. [14] showed that every graph has a contact representation where
vertices are represented by convex polygons in R3 and edges by shared corners of polygons,
and gave polynomial-volume representations for bipartite, 1-planar, and cubic graphs.

Contribution and organization. We show that for every graph G there exists a polyhedral
surface S such that G is the adjacency graph of S; see Section 2. For convex-polyhedral
surfaces, the situation is more intricate; see Section 3. Every planar graph can be realized by
a flat convex-polyhedral surface (Proposition 3), i.e., a convex-polyhedral surface in R2. Some
nonplanar graphs cannot be realized by convex-polyhedral surfaces in R3; in particular this
holds for all supergraphs of K5 (Proposition 5), of K5,81 (Theorem 9), and of all nonplanar
3-trees (Theorem 14). Nevertheless, many nonplanar graphs, including K4,4 and K3,5, have
such a realization (Propositions 7 and 8). We remark that all our positive results hold for
subgraphs and subdivisions as well (Proposition 2). Similarly, our negative results carry over
to supergraphs. For some proofs and additional figures, see the full version of this article [4].

Our results have implications on the maximum density of adjacency graphs of convex-
polyhedral surfaces; see Section 4. While the non-realizability of K5,81 implies that the
number of edges of any realizable n-vertex graph is upperbounded by O(n9/5) edges, the
realizability of hypercubes (Section 3.4) implies that it is in Ω(n log n). Hence these graphs
can be considerably denser than planar graphs, but not arbitrarily dense.

2 General Polyhedral Surfaces

We start with a positive result.

▶ Proposition 1. For every graph G, there exists a polyhedral surface S such that G(S) ≃ G.

Proof. We start our construction with n = |V (G)| interior-disjoint rectangles such that
there is a line segment s that acts as a common side of all these rectangles. We then cut
away parts of each rectangle thereby turning it into a comb-shaped polygon as illustrated in
Fig. 2. These polygons represent the vertices of G. For each pair (P, P ′) of polygons that
are adjacent in G, there is a subsegment sP P ′ of s such that sP P ′ is a side of both P and P ′

that is disjoint from the remaining polygons. In particular, every polygon side is adjacent to
at most two polygons. The result is a polyhedral surface whose adjacency graph is G. ◀

If we additionally insist that each polygon shares all of its sides with other polygons,
the polyhedral surface describe a closed volume. In this model, K7 can be realized as the
Szilassi polyhedron; see Fig. 3. The tetrahedron and the Szilassi polyhedron are the only two
known polyhedra in which each face shares a side with every other face [36]. Which other
(complete) graphs can be realized in this way remains an open problem.
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Figure 2 A realization of K5 by arbitrary polygons with
side contacts in R3.

Figure 3 The Szilassi polyhe-
dron realizes K7 [36].

3 Convex-Polyhedral Surfaces

In this section we investigate which graphs can be realized by convex-polyhedral surfaces.
First of all, it is always possible to represent a subgraph or a subdivision of an adjacency
graph with slight modifications of the corresponding surface. While trimming the polygons
allows to represent subgraphs, subdivision can be obtained by trimming and inserting chains
of polygons. Consequently, we obtain the following result, which we prove formally in the
full version of this article [4].

▶ Proposition 2. The set of adjacency graphs of convex-polyhedral surfaces in R3 is closed
under taking subgraphs and subdivisions.

The existence of a flat surface with the correct adjacencies follows from the Andreev–
Koebe–Thurston circle packing theorem; we include a direct proof in the full version [4].

▶ Proposition 3. For every planar graph G, there exists a flat convex-polyhedral surface S
such that G(S) ≃ G. Moreover, such a surface can be computed in linear time.

So for planar graphs, corner and side contacts behave similarly. For nonplanar graphs
(for which the third dimension is essential), the situation is different. Here, side contacts are
more restrictive.

3.1 Complete Graphs
We introduce the following notation. In a polyhedral surface S with adjacency graph G, we
denote by Pv the polygon in S that represents vertex v of G.

▶ Lemma 4. Let S be a convex-polyhedral surface in R3 with adjacency graph G. If G

contains a triangle uvw, polygons Pv and Pw lie in the same closed halfspace w.r.t. Pu.

Proof. Due to their convexity, each of Pv and Pw lie entirely in one of the closed halfspaces
with respect to the supporting plane of Pu. Moreover, one of the halfspaces contains both Pv

and Pw; otherwise they cannot share a side and the edge vw would not be represented. ◀

A graph H is subisomorphic to a graph G if G contains a subgraph G′ with H ≃ G′.

▶ Proposition 5. There exists no convex-polyhedral surface S in R3 such that K5 is subiso-
morphic to G(S).

Proof. Suppose that there is a convex-polyhedral surface S with G(S) ≃ K5. By Lemma 4
and the fact that all vertex triples form a triangle, the surface S lies in one closed halfspace of
the supporting plane of every polygon P of S. In other words, S is a subcomplex of a (weakly)
convex polyhedron, whose adjacency graph must be planar. This yields a contradiction to
the nonplanarity of K5. Together with Proposition 2 this implies the claim. ◀
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Evans et al. [14] showed that every bipartite graph has a contact representation by
touching polygons on a polynomial-size integer grid in R3 for the case of corner contacts.
As we have seen before, side contacts are less flexible. In particular, in Theorem 9 we show
that K5,81 cannot be represented. On the positive side, we show in the following that those
bipartite graphs that come from subdividing edges of arbitrary graphs can be realized. In
our construction, we place the polygons in a cylindrical fashion, which is reminiscent to
the realizations created by Evans et al. However, due to the more restrictive nature of side
contacts, the details of the two approaches are necessarily quite different.

▶ Theorem 6. Let G be any graph, and let G′ be the subdivision of G in which every edge is
subdivided with (at least) one vertex. Then there exists a convex-polyhedral surface S in R3

such that G(S) ≃ G′.

Proof. Let V (G) = {v1, . . . , vn}, let E(G) = {e1, . . . , em}, and let P be a strictly convex
polygon with corners p1, . . . , p2m in the plane. We assume that m ≥ 2, that p1 and p2m lie
on the x-axis, and that the rest of the polygon is a convex chain that projects vertically onto
the line segment p1p2m, which we call the long side of P . We call the other sides short sides.
We choose P such that no short side is parallel to the long side.

Let Z be a (say, unit-radius) cylinder centered at the z-axis. For each vertex vi of G, we
take a copy P i of P and place it vertically in R3 such that its long side lies on the boundary
of Z; see Fig. 4a. Each polygon P i lies inside Z on a distinct halfplane that is bounded
by the z-axis. Finally, all polygons are positioned at the same height, implying that for
any j ∈ {1, . . . , 2m}, all copies of pj lie on the same horizontal plane hj and have the same
distance to the z-axis.

(a) polygons P 1, . . . , P n.

P k P `
sk s`

z

Q
p`2i

pk2i

pk2i−1

p`2i−1

(b) quadrilateral Q spanned by sk and sℓ.

Figure 4 Illustration for the proof of Theorem 6.

Let i ∈ {1, . . . , m}. Then the side s = p2i−1p2i is a short side of P . For k = 1, 2, . . . , n,
we denote by sk and pk

i the copies of s and pi in P k, respectively. We claim that, for
1 ≤ k < ℓ ≤ n, the sides sk and sℓ span a convex quadrilateral that does not intersect any
P j with j ̸∈ {k, ℓ}. To prove the claim, we argue as follows; see Fig. 4b.

By the placement of P k and P ℓ inside Z, the supporting lines of sk and sℓ intersect at
a point z on the z-axis, implying that sk and sℓ are coplanar. Moreover, pk

2i−1 and pℓ
2i−1

are at the same distance from z, and the same holds for pk
2i and pℓ

2i. Hence the triangle
spanned by z, pk

2i−1, and pℓ
2i−1 is similar to the triangle spanned by z, pk

2i, and pℓ
2i, implying

that pk
2i−1pℓ

2i−1 and pk
2ip

ℓ
2i are parallel and hence span a convex quadrilateral Q (actually

a trapezoid). Finally, no polygon P j with j ̸∈ {k, ℓ} can intersect Q as any point in the
interior of Q lies closer to the z-axis than any point of P j at the same z-coordinate, which
proves the claim.
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We use Q as polygon for the subdivision vertex of the edge ei of G (in case ei was
subdivided multiple times, we dissect Q accordingly). Let va and vb be the endpoints of ei.
By our claim, Q that does not intersect any P j with j ̸∈ {a, b}. The quadrilateral Q lies in
the horizontal slice of Z bounded by the horizontal planes h2i−1 and h2i. Since any two such
slices are vertically separated and hence disjoint, the m quadrilaterals together with the n

copies of P constitute a valid representation of G′. ◀

Note that the combination of Proposition 5 and Theorem 6 rules out any Kuratowski-type
characterization for adjacency graphs of convex-polyhedral surfaces. This graph class contains
a subdivision of K5, but it does not contain K5; hence it is not minor-closed.

3.2 Complete Bipartite Graphs
▶ Proposition 7. There exists a convex-polyhedral surface S such that G(S) ≃ K4,4.

Proof sketch. Start with a rectangular box in R3 and stab it with two rectangles that
intersect each other in the center of the box as indicated in Fig. 5 (left). We can now draw
polygons on these eight rectangles such that each of the four vertical rectangles (representing
the four vertices of one side of the bipartition of K4,4) contains a polygon that has a side
contact with a polygon on each of the four horizontal or slanted rectangles (representing the
other side of the bipartition of K4,4). To remove the intersection of the (polygons drawn
on the) two slanted rectangles, we shift one corner of the original box; see Fig. 5 (center
and right). A description of the resulting polygons via their coordinates and more figures
can be found in the full version [4]. Note that, in the resulting representation, there are two
additional side contacts between pairs of polygons that are colored blue in Fig. 5 (right). By
Proposition 2, these contacts can be removed. ◀

Figure 5 Construction of a convex-polyhedral surface S with G(S) ≃ K4,4. The 2-coloring of the
polygons in the central figure reflects the bipartition of K4,4.

▶ Proposition 8. There exists a convex-polyhedral surface S such that G(S) ≃ K3,5.

Proof. We call the vertices of the smaller bipartition class the gray vertices, and their
polygons gray polygons. For the other class we pick a distinct color for every vertex and use
the same naming-by-color convention. We start our construction with a triangular prism in
which the quadrilateral faces q1, q2, q3 are rectangles of the same size. Each of the faces qi

will contain one gray polygon. All colorful polygons lie inside the prism. We call the lines
resulting from the intersection of the supporting planes with the prism the colorful supporting
lines. Unfolding the faces q1, q2, and q3 yields Fig. 6, which shows the gray polygons and
the colorful supporting lines. Note that the vertices of the gray polygons in the figure are
actually very small edges that have the slope of the colorful supporting line there are placed
on. The colorful polygons are now already determined.
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Figure 6 Constructing a convex-polyhedral surface whose adjacency graph is isomorphic to K3,5.
The prism boundary is unfolded into the plane.

P1

P3

P2

P0

P4

Figure 7 Front view of the prism containing a realization of K3,5. Lines on the back are dashed.

P2

P3

s32
s23

P2P1

s12 s21
P1

P3

s31

s13

Figure 8 Certificates for the disjointness of colorful polygons P1, P2, and P3. The supporting
planes intersect in the thin black lines; thicker segments indicate where the lines intersect polygons.
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We are left with checking that the colorful polygons are disjoint. Fig. 7 shows the prism
in a view from the side where we dashed all objects on the hidden prism face. The brown
polygon P0 and the blue polygon P4 avoid all other colorful polygons in this projection and
thus they avoid all other polygons in R3, too.

For the pink polygon P1, the orange polygon P2 and the green polygon P3, we proceed as
follows to prove disjointness. Pick two of the polygons and name them Pi and Pj . The line ℓij

of intersection of the supporting planes of Pi and Pj is determined by the two intersections of
the corresponding colorful supporting lines. If the polygons intersect, they have to intersect
on this line. Polygon Pi intersects ℓij in a segment sij ; polygon Pj intersects ℓij in sji. Fig. 8
shows, however, that sij and sji do not overlap in any of the three cases. ◀

In contrast to Propositions 7 and 8, we can show that not every complete bipartite graph
can be realized as a convex-polyhedral surface in R3.

▶ Theorem 9. There exists no convex-polyhedral surface S in R3 such that K5,81 is subiso-
morphic to G(S).

To prove the theorem we start with some observations about realizing complete bipartite
graphs. We will consider a set R of red polygons, and a set B of blue polygons, so that each
red–blue pair must have a side contact. For all p ∈ R ∪ B we denote by p= the supporting
plane of p, by p− the closed half-space left of p=, and by p+ the closed half-space right of p=

(orientations can be chosen arbitrarily). We start with a simpler setting where we have an
additional constraint. We call B one-sided w.r.t. R if all red polygons must be on the same
half-space of each blue polygon, i.e., ∀b ∈ B : ((∀r ∈ R : r ⊆ b−) ∨ (∀r ∈ R : r ⊆ b+)).

▶ Lemma 10. Let R and B be two sets of convex polygons in R3 realizing K|R|,|B|. If |R| = 3
and B is one-sided w.r.t. R, then |B| ≤ 8.

Proof. Let R = {r1, r2, r3} and let A be the arrangement of the supporting planes of R.
Consider a polygon b ∈ B. For every polygon ri ∈ R, since b is convex and shares a side with
ri, b is contained in r−

i or r+
i . Thus, b is contained in a cell of A. Let r∗ = r=

1 ∩ r=
2 ∩ r=

3
be the intersection of the supporting planes of R. We may assume that no two supporting
planes of R coincide; otherwise, by strict convexity, all polygons (in B and finally in B ∪ R)
must lie in the same plane and the non-planarity of K3,3 implies that |B| ≤ 2. Further, if r∗
is a line, then every b lies in a cell C, in which one of the red polygons is only present as
a subset of r∗. It is not possible to add b such that it has a common segment with r∗ and
each of the bounding planes of C. Consequently, r∗ is either a point or the empty set. We
consider two cases: either (1) r∗ = ∅ or no polygon in R contains the point r∗, or (2) one
polygon in R does contain the point r∗.

Case (1). Either r∗ = ∅ or no polygon in R contains the point r∗. We claim that at most
four cells of A are incident to all polygons of R, and at most two polygons of B exist per
cell.

If r∗ = ∅, A contains two parallel planes or forms an infinite prism. It is easy to check
that A has at most four cells that are incident to three planes. If r∗ ̸= ∅, there are eight
cells, called octants, of space of the form Qa0b0c0 = ra0

1 ∩ rb0
2 ∩ rc0

3 , a0, b0, c0 ∈ {+, −}. If
the point r∗ is disjoint from all ri, then each ri intersects at most six octants: r1 rules out
the two octants Q±b1c1 , r2 “rules out” the two octants Qa2±c2 , and r3 rules out the two
octants Qa3b3± for some a2, a3, b1, b3, c1, c2 ∈ {+, −}. The maximal number of octants that
“remain” is four. For example one could pick a2 = a3 = b1 = b3 = c1 = c2 = +. By this
choice, Q+−−, Q−+−, Q−−+, and Q−−− remain. All other choices (a finite set to check) will
have at most four octants touching all three polygons.
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Now consider one such cell C incident to all ri. For the argument within this cell, we can
truncate ri to C. Since each ri lies in a boundary plane of C and we are looking for a polygon
b that has all of R on one side, the four polygons r1, r2, r3, b must be in convex position.
Assume that we have three such polygons b1, b2, and b3. The cell C has three (unbounded)
boundary faces f1, f2, and f3 such that rj lies in fj . Let ℓi,j be the segment that is the
intersection of the plane b=

i and the polygon fj , and let ti be the triangle formed by ℓi,1, ℓi,2,
ℓi,3. Two of these triangles intersect either in two points or they are disjoint. On no face
fj , all three ℓ1,j , ℓ2,j , ℓ3,j can be disjoint since then the polygon belonging to the “middle
segment” intersects the interior of rj . On the other hand, every pair ti, ti′ has one face fj

without intersection. Since we have three possible pairs, every face fj contains two segments
ℓi,j and ℓi′,j that do not intersect. Furthermore, the pair i, i′ will be different for every fj .
We call the corresponding parallel segments upper and lower, depending on whether rj lies
below or above the corresponding plane (b=

i or b=
i′ ). Now we have a contradiction to B being

one-sided with respect to R since there has to be one ti that belongs to an upper segment
on one face fj and to a lower segment on another face fj′ . In other words, not all polygons
in R lie on the same side of b=

i . Thus, at most two polygons of B lie in C, one corresponding
to upper segments and one corresponding to lower segments. This yields at most 2 · 4 = 8
polygons in B in Case (1).

Case (2). One red polygon contains r∗, w.l.o.g. this is r1. We claim that at most five cells
of A are incident to all polygons of R, and at most one polygon of B exist per cell.

Similar as in Case (1), now r2 and r3 both intersect at most 6 octants, and there are at
most five octants that intersect every polygon in R. Consider again some octant Q. Since r1
contains r∗, now there may be only one polygon b ∈ B that is contained in Q and has all
polygons in R on the same side of b= (the lower segments in Case (1) are now forbidden).
Thus, there are at most 1 · 5 = 5 polygons in B in Case (2). ◀

With the help of Lemma 10 we can now prove Theorem 9.

Proof of Theorem 9. Assume that K5,81 can be realized, and let R be a set of five red
polygons. Since every b ∈ B is adjacent to all polygons in R, b partitions R into two sets:
those in b− and those in b+. At least one of these subsets must have at least three elements.
Arbitrarily charge b to such a set of three polygons. By Lemma 10, each set of three red
polygons can be charged at most eight times. There are

(5
3
)

= 10 sets of three red polygons.
Therefore, there can be at most 8 · 10 = 80 blue polygons; a contradiction. Together with
Proposition 2 this implies the claim. ◀

3.3 3-Trees
The graph class of 3-trees is recursively defined as follows: K4 is a 3-tree. A graph obtained
from a 3-tree G by adding a new vertex x with exactly three neighbors u, v, w that form a
triangle in G is a 3-tree. We say x is stacked on the triangle uvw. It follows that for each
3-tree there exists a (not necessarily unique) construction sequence of 3-trees G4, G5, . . . , Gn

such that G4 ≃ K4, Gn = G, and where for i = 4, 5, . . . , n − 1 the graph Gi+1 is obtained
from Gi by stacking a vertex vi+1 on some triangle of Gi.

By Proposition 3, for every planar 3-tree G there is a polyhedral surface S (even in R2)
with G(S) ≃ G. On the other hand, we can show that no nonplanar 3-tree has such a
realization in R3. To this end, we observe that a 3-tree is nonplanar if and only if it contains
the triple-stacked triangle as a subgraph. The triple-stacked triangle is the graph that consists
of K3,3 plus a cycle that connects the vertices of one part of the bipartition; see Fig. 9. We
show that the triple-stacked triangle is not realizable.
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Figure 9 The unique minimal nonplanar 3-tree, which we call triple-stacked triangle.

▶ Lemma 11. Let uvw be a separating triangle in a plane 3-tree G = (V, E). Then there
exist vertices a, b ∈ V that belong to distinct sides of uvw in G such that both {a, u, v, w}
and {b, u, v, w} induce a K4 in G.

Proof. Let G4, G5, . . . , Gn denote a construction sequence of G = Gn, and let k be the largest
index in {4, 5, . . . , n} such that uvw is nonseparating in Gk. Since uvw is separating in Gk+1,
it follows that the vertex vk+1 = a is stacked on uvw (say, inside uvw) to obtain Gk+1 and,
hence, {a, u, v, w} induce a K4 in Gk+1 and G.

It remains to argue about the existence of the vertex b in the exterior of uvw. If uvw is
one of the triangles of the original G4 ≃ K4, there is nothing to show, so assume otherwise.
Let j be the smallest index in {5, 6, . . . , n} such that uvw is contained in Gj . It follows
that one of u, v, w, say u, is the vertex vj that was stacked on some triangle xyz of Gj−1
to obtain Gj . Without loss of generality, we may assume that {v, w} = {y, z}. It follows
that x = b forms a K4 with u, v, w in Gj and G. ◀

▶ Lemma 12. A 3-tree is nonplanar iff it contains the triple-stacked triangle as a subgraph.

Proof. The triple-stacked triangle is nonplanar because it contains a K3,3 (one part of the
bipartition is formed by the gray vertices and the other by the colored vertices).

For the other direction, let G be a nonplanar 3-tree. Let G4, G5, . . . , Gn be a construction
sequence of G. Let k be the smallest index in {4, 5, . . . , n} such that Gk is nonplanar. By
3-connectivity, the graph Gk−1, which is planar, has a unique combinatorial embedding.
Therefore, we may consider Gk−1 to be a plane graph. Let uvw be the triangle that the
vertex vk was stacked on to obtain Gk from Gk−1. Since Gk is nonplanar, the triangle uvw

is a separating triangle of Gk−1. It follows by Lemma 11 that Gk (and, hence, G) contains
the triple-stacked triangle. ◀

▶ Lemma 13. There exists no convex-polyhedral surface S in R3 such that triple-stacked
triangle is subisomorphic to G(S).

Proof. We refer to the vertices of the triple-stacked triangle as the three gray vertices and
the three colored (red, green, and blue) vertices; see also Fig. 9. Given the correspondence
between vertices and polygons (and their supporting planes), we also refer to the polygons
(and the supporting planes) as gray and colored.

Assume that the triple-stacked triangle can be realized. Consider the arrangement of the
gray supporting planes. By strict convexity, it follows that if a pair of gray polygons has the
same supporting plane, then all their common neighbors lie in the same plane. This implies
that all supporting planes coincide – a contradiction to the non-planarity of the triple-stacked
triangle. Consequently, the gray supporting planes are pairwise distinct. (Likewise, it holds
that no colored and gray supporting plane coincide.)
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We now argue that all colored polygons are contained in the same closed cell of the gray
arrangement. To see this, fix one gray polygon and observe, by Lemma 4, that all polygons
are contained in the same closed half space with respect to its supporting plane.

Note that gray plane arrangement has one of the following two combinatorics: either the
three planes have a common point of intersection (cone case) or not (prism-case). In the first
case, the planes partition the space into eight cones, one of which contains all polygons; in
the second case, the (unbounded) cell containing all polygons forms a (unbounded) prism.
For a unified presentation, we transform any occurrence of the first case into the second case.
To do so, we move the apex of the cone containing all polygons to the point at infinity by a
projective transformation. This turns each face of the cone into a strip that is bounded by
two of the extremal rays of the cone, which now has been deformed into a prism.

Consider one of the strips, which we call S. The strip S has to contain one of the gray
polygons, which we call PS . We know that PS has at least five sides, one for each neighbor.
Each of the two bounding lines contains a side to realize the adjacency to the other two gray
polygons. We call the sides of PS that realize the adjacencies to the remaining polygons
red, green, and blue, in correspondence to the vertex colors. The supporting line of the red
side intersects each bounding line of S. We add a red point at each of the intersections.
For the blue and green sides we proceed analogously. By convexity of PS , these points are
distinct. This yields a permutation of red, green, blue (see Fig. 10) on each bounding line.
The permutations on the boundary of two adjacent strips coincide because the supporting
lines are clearly contained in the supporting planes.

(a) 0 inversions. (b) 1 inversion. (c) 2 inversions. (d) 3 inversions.

Figure 10 The permutations of the intersections with the supporting lines of the red, green, and
blue edges as in the proof of Lemma 13. Figures (a) and (c) illustrate possible scenarios. Figures (b)
and (d) show impossible scenarios because they do not contain cells of complexity 5.

Consider the line arrangement inside S given by the supporting lines of the red, green,
and blue sides. Up to symmetry, Fig. 10 illustrates the different intersection patterns. To
realize all contacts, the polygon PS has to lie inside a cell incident to all five lines, namely the
two bounding lines and the supporting lines. It is easy to observe that such a cell exists only
if the permutation has exactly one or three inversions, see Figs. 10b and 10d. In particular,
the number of inversions is odd.

Following the cyclic order of the bounding lines around the prism, we record three odd
numbers of inversions in the permutations before coming back to the start. Since an odd
number of inversions does not yield the identity, we obtain the desired contradiction. ◀

Together Lemmas 12 and 13 yield the following theorem.

▶ Theorem 14. Let G be a 3-tree. There exists a convex-polyhedral surface S in R3 with
G(S) ≃ G if and only if G is planar.
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In contrast to Theorem 14, there are nonplanar 3-degenerate graphs that can be realized;
see the example in Fig. 1.

3.4 Hypercubes
In a paper from 1983, McMullen, Schulz, and Wills construct a polyhedron for every integer
p ≥ 4 such that all faces are convex p-gons [29, Sect. 4]. In the following, we show and
illustrate how their result proves the realizability of any hypercube.

▶ Proposition 15 ([29]). For every d-hypercube Qd, d ≥ 0, there exists a convex-polyhedral
surface S in R3 with G(S) ≃ Qd and every polygon of S is a (d + 4)-gon.

The main building block in their construction is a polyhedral surface whose adjacency
graph is a (p−4)-hypercube. In fact, we observed that the adjacency graph of the polyhedron
they finally construct is the Cartesian product of Qp−4 and a cycle graph Cn, n ≥ 3. For the
first few steps of their inductive construction, see Fig. 11.

(a) Realization of Q1 (red), xy-plane (blue). (b) Inductive step. (c) Realization of Q2.

Figure 11 The inductive construction of McMullen et al. [29].

Recall that the d-hypercube has 2d vertices. The base case for d = 0 is given by a single
4-gon, namely by the unit square. What follows is a series of inductive steps. In every step,
the value of d increases by one and the number of polygons doubles. Before explaining the
step, we state the invariants of the construction. After every step, all polygons have (almost)
the same orthogonal projection into the xy-plane. Furthermore, this projection looks like the
unit square in which we have replaced the upper right corner with a convex chain as shown
in Fig. 12(a). The sides on the convex chain (with negative slopes) have already two incident
polygons, the four other sides are currently incident to only one polygon. When projecting
the polygons into the xy-plane only the convex chain edges differ.

We explain next how to execute the inductive step. Suppose that we have a polyhedral
surface where every polygon is a (d + 4)-gon fulfilling our invariant. We apply a shear along
the z-axis and a vertical shift to the whole surface such that exactly the sides at x = 1 lie
completely below the xy-plane, see also Fig. 11a. These transformations do not change the
projections of the polygons to the xy-plane. We then cut the surface with the xy-plane. By
this we slice away one of the sides in all polygons but also add a side that lies in the xy-plane;
see Fig. 12(b). Each polygon now has a side that lies in the xy-plane and is disjoint from all
other polygons. We now take a copy of the surface at hand and reflect it across the xy-plane.
Every polygon of the original (unreflected) surfaces is now glued to its reflected copy via the
common side in the xy-plane. With this step, we already have transformed the adjacency
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(a)

e

(b) (c)

Figure 12 Projection of a polygon into the xy-plane in the construction of McMullen et al.
The gray rectangle depicts the unit square. Edges incident to only one polygon are drawn in blue.
(a) The start configuration for d + 4 = 7. (b) Cutting with the xy-plane after the shear that puts
only e below the xy-plane (before glueing the reflected copy). (c) Slicing off a corner to get the
initial situation for d + 4 = 8 modulo a projective transformation.

graph from a d-hypercube to a (d + 1)-hypercube. We only need to bring the surface back
into the shape required by the invariant. To do so, we cut off a corner (see Fig. 12(c)) by
slicing the whole construction with an appropriate plane, see also Fig. 11b. This turns all
(d + 4)-gons into (d + 5)-gons. Finally, we apply a projective transformation to restore a
required shape. Figures 11a–11c show spatial images of this construction.

4 Bounds on the Density

It is an intriguing question how dense adjacency graphs of convex-polyhedral surfaces can be.
In this section, we use realizability and non-realizability results from the previous sections
to derive asymptotic bounds on the maximum density of such graphs, which we phrase in
terms of the relation between their number of vertices and edges.

Let Gn be the class of graphs on n vertices with a realization as a convex-polyhedral
surface in R3. Further, let emax(n) = maxG∈Gn

|E(G)| be the maximum number of edges
that a graph in Gn can have.

▶ Corollary 16. emax(n) ∈ Ω(n log n) and emax(n) ∈ O(n9/5).

Proof. For the lower bound, note that by Proposition 15, every hypercube is the adjacency
graph of a convex-polyhedral surface. As the d-dimensional hypercube has 2d vertices and
2d · d/2 edges, the bound follows.

For the upper bound, we use that, by Theorem 9, the adjacency graph of a convex-
polyhedral surface cannot contain K5,81 as a subgraph. It remains to apply the Kővari–Sós–
Turán Theorem [24], which states that an n-vertex graph that has no Ks,t as a subgraph
can have at most O(n2−1/s) edges. ◀

Before being aware of the result of McMullen et al. [29], we constructed a family of
surfaces with (large, but) constant average degree; see the full version [4]. Our construction
is not recursive and therefore easier to understand and visualize; see Fig. 13. Note that some
polygons in our construction have polynomial degree.

▶ Proposition 17. There is an unbounded family of convex-polyhedral surfaces in R3 whose
adjacency graphs have average vertex degree 12 − o(1).
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(a) placement of octagon grids. (b) a vertical polygon. (c) a horizontal polygon from above.

Figure 13 An family of convex-polyhedral surfaces whose adjacency graphs have average vertex
degree 12 − o(1). The vertical polygons are attached to the “outside” of the grids; the horizontal
polygons touch each grid along a single polygon side.

5 Conclusion and Open Problems

In this paper, we have studied the question which graphs can be realized as adjacency graphs
of (convex-)polyhedral surfaces. In Corollary 16, we bound the maximum number emax(n) of
edges in realizable graphs on n vertices by Ω(n log n) and O(n9/5). It would be interesting
to improve upon these bounds. We conjecture that realizability is NP-hard to decide.
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Abstract
We study colored coverage and clustering problems. Here, we are given a colored point set, where
the points are covered by k (unknown) clusters, which are monochromatic (i.e., all the points covered
by the same cluster have the same color). The access to the colors of the points (or even the
points themselves) is provided indirectly via various oracle queries (such as nearest neighbor, or
separation queries). We show that one can correctly deduce the color of all the points (i.e., compute
a monochromatic clustering of the points) using a polylogarithmic number of queries, if the number
of clusters is a constant.

We investigate several variants of this problem, including Undecided Linear Programming and
covering of points by k monochromatic balls.
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1 Introduction

Given a set of points P in Rd that are labeled (say, colored as red and blue), the problem of
learning a classifier that labels the points correctly is a standard machine learning question.
In the active learning settings, querying/exposing the label of an input is an expensive
endeavor, and one tries to minimize such queries while performing the learning task.

We are interested in a somewhat related question: If the input point set has a “simple”
structure, but we are given access to the input via oracles that performs more “interesting”
queries than just exposing the label of a point, can one classify correctly all the input points
using relatively few oracle queries?

Implicit input model. In particular, consider the situation that instead of the algorithm
reading the input, as in the classical settings, the access to the input is via input primitives,
or oracles. Such indirect access to the data rises naturally if the data is already stored in
a preexisting database or data-structure. This approach is of relevance nowadays as large
amount of data makes even the basic task of reading the input infeasible or prohibitively
expensive.

This gives rise to the main motivation for this work – what input primitives/oracles one
needs, so that one can derive efficient algorithms. Here, of special interest are algorithms
with running times that are sublinear in the input size.
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12:2 On Undecided LP, Clustering and Active Learning

Problem I: Undecided linear programs. An instance of linear programming is a set of n

linear inequalities on d variables, where one needs to find an assignment of real values to the
variables, such that all the inequalities hold. We consider a new variant of LP, first studied
by Maass and Turán [14], where the n linear constraints are given, but we do not know a
priori whether the inequality is ≤ or ≥ for each one of them. Geometrically, this corresponds
to being given n hyperplanes in Rd, each having two closed halfspaces associated with it.
Which of the two halfspaces is the one used in the LP, can be revealed by querying an oracle.
For example, the “standard” separation oracle, which returns for a given query point p, a
violated constraint of the LP, or alternatively returns that p is feasible.

y = − 4
3x+ 4

y = 5
6x− 1

y = − 1
6x+ 3

(i) A set of “undecided” constraints in 2d... (ii) ... is a set of lines in the plane.

(iii) A possible commitment of the constraints,
and the feasible polygon induced.

(iv) An alternative commitment of the under-
lying constraints, and the induced polygon.

Figure 1 An instance of 3 undecided constraints (bottom) with two possible sets of underlying
decided constraints (top left and right).

Problem II: Separating red and blue points, with a counterexample oracle. The above
problem, in the dual, is the following: The input is a set of unlabeled points, and the task is
to compute a hyperplane separating the blue points from the red points. The “separation”
oracle here, is given an oriented hyperplane that is supposed to separate the points, and the
oracle returns a misclassified point. A natural question is how many queries of this type one
has to perform until classifying all the points correctly.

The learning model. Our model seems to be Angluin’s equivalence query model for active
learning [1]. In particular, Maass and Turán [16, 15] studied the above two problems. See
Remark 7 for more details.
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Problem III: Covering/clustering points with a ball using proximity oracle. Consider the
situation where the input is a set of colored points in Rd, where all the (say) red points are
inside a ball, and all the points outside the ball are blue. Here, our access to the color of the
points is via an oracle that can answer colored nearest-neighbor (NN) or furthest-neighbor
(FN) queries (that is, the oracle can return the closest red [or blue] point to the query point).
The task at hand is to label (i.e., color the points) correctly using a minimal number of
oracle queries.

The challenge. To appreciate the difficulty in solving the above problem, consider the
natural naive algorithm – pick a random sample, expose the colors of the points in the sample
(in this case the colored NN queries can do that), compute a ball separating the red points
and blue points in the sample, and feed it into the “counterexample” oracle (which returns a
colored point that is on the wrong side of the ball – this oracle can be implemented using the
NN/FN queries). The algorithm adds this counterexample to the current set of points that
their color is known. Now the algorithm repeats the process finding an updated separating
circle for the points their colors are known. This algorithm does arrive to the right answer,
but it is easy to come up with examples where it has to do a linear number of iterations. As
such, the challenge is to get a sublinear number of iterations.

Problem IV: Covering points by monochromatic balls. Consider the situation where the
input is a set of points that can be covered by k balls (i.e., clusters). All the points covered
by the same ball, have the same label/color (i.e., red or blue). Furthermore, given a query
point, the oracle returns the closest point of a prespecified color.

(a) A NN (blue) oracle query marked by an “x”
reveals that the points in the interior of the disk
are red, and the returned point is blue.

(b) The same query with the underlying colors of
the points, and an optimal solution with k = 12
monochromatic disks.

Figure 2 An instance of Problem IV.

Related work. Linear programming has a long history, see the survey by [5].
In active learning, also known as query learning or experimental design, the purpose of

the algorithm is learning a concept but by querying specific input entries for their label. The
main criteria for efficiency is minimizing the number of queries. The basic premise is that
asking a specialist to label a specific example is an expensive operation. See Settles [17] for a
survey on the topic of active learning.

SoCG 2021
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Table 1 A summary of the results on ULP. Here δ can be chosen to be any constant in (0, 1).
The Od hides constants that depends (probably exponentially or worse) on the dimension.

dim ref RT # queries Oracle

d = 2 Lemma 11 O(n log n) O(log n) Separation

Lemma 5 O(n) O(log2 n)
Lemma 13 O(n) O(log n) Separation + labeling

d = 3 Lemma 15 Õ(n3/2) O(log n) Separation

Theorem 18 Õ(n1+δ) O(δ−1 log n)

d
[16, 15]
Lemma 2

nO(d2) O(d2 log n) Separation

Lemma 2 Õ
(
nd

)
O(d3 log n)

Lemma 5 Od(n) Od(logd n)

Remark 12 Od(n log n) Od(logd−1 n)

Theorem 14 Od(n) Od(logd−1 n) Separation + labeling

d > 3 Remark 19 Õ
(
n1+δ

)
Od(logd−2 n) Separation

Closer to our settings, Har-Peled et al. [10], studied algorithms for actively learning a
convex body using a separation oracle. Such an oracle either confirms that that the query
point is within the convex body, or alternatively, returns a hyperplane separating the point
and the convex region.

Kane et al. [13] studied half plane classifiers using comparison queries, and showed an
exponential query complexity improvement over learning with only membership queries.
Their model is somewhat similar to the model of Problem II above (of separating red and
blue points), except that their model assumes that the oracle can return the distance of a
query point to the optimal separating hyperplane, while our model is somewhat different,
only assuming that the oracle can identify a misclassified point.

In general, computational models that involve various oracles as algorithmic building
blocks have been studied in computational geometry, as they represent algorithms in which
the input is given implicitly, and access to any information provided by the input is done by
oracle queries. See Har-Peled et al. [11] and references therein for such examples.

As mentioned above, Maass and Turán [16, 15] studied Problems I and II – our results
are better, but only in constant dimensions, see Remark 7 for details.

1.1 Our results
(A) Undecided LP. We present several algorithms for solving undecided LPs. In Section 2.1,

we revisit the algorithm of Maass and Turán, showing ULPs can be solved using
O(d2 log n) oracle queries, the main tool is repeatedly computing a centerpoint and
feeding it to the oracle to further truncate the search space. This bound is polynomial
in d, but the algorithm itself is doubly exponential in the dimension d. The running
time can be improved to (roughly) O(nd), with the number of queries deteriorating to
O(d3 log n).
We present a linear time algorithm, for constant dimension, that uses cutting in Sec-
tion 2.2, but the number of separation oracle queries is now O(logd n).
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In Section 2.3, we show that in the plane, if one is allowed also to use an exposure
oracle (i.e., an oracle that returns the color of a specific point), then one can reduce
the number of oracle queries to O(log n) (instead of O(log2 n) described above). The
algorithm is a (potentially interesting) combination of the two previous algorithms.

(B) Covering (red) points by a single ball. In Section 3.1 we study Problem III,
we present an algorithm that uses O(log2 n) colored NN/FN queries, and computes the
single ball that covers (say) all the red points, and avoids all the blue points. The
algorithm works by lifting the input point set to three dimensions, and then using the
algorithm for undecided LP.

(C) Covering points by k monochromatic balls. In Section 3.2 we address Problem
IV above, where the input is covered by k monochromatic balls, and we have access to a
colored NN oracle. Inspired by the one ball case, we show a greedy algorithm that finds
a ball that covers O(1/k) faction of the uncovered points. This leads to an algorithm
that performs O(kd+2 logd+2 n) queries (see Theorem 24) and correctly classifies all the
points.

2 Algorithms for solving undecided linear programs

▶ Remark 1. All the algorithms described below for undecided LP work in the same fashion
– they generate a sequence of separation oracle queries. Specifically, if any of the query
points are feasible, the algorithm immediately stops, and output the ULP is feasible, with the
queried point as a proof. As such, for the clarity of description, in the following we always
assume a separation oracle that returns a separating hyperplane.

2.1 Centerpoint based algorithm for solving ULPs
We review the algorithm of Maass and Turán [16, 15] for solving undecided LP (they did not
provide running time bounds for their algorithm, which we do).

Observe that for a set of d-dimensional (closed) hyperplanes H, if there exists a feasible
point, then, under general position assumption, there exists a vertex of the arrangement
A(H) that is feasible.

Let P be a set of n points in Rd. For a parameter α ∈ (0, 1), a point c ∈ Rd is an
α-centerpoint if all halfspaces containing c also contain at least αn points of P . A classical
implication of Helly’s theorem, is that for any set P of n points in Rd, there is a 1/(d + 1)-
centerpoint. Such a point is simply a centerpoint of P . Such a centerpoint can be computed
in O(nd−1) time [12, 3]. A 2/d2-centerpoint can be computed in near linear time [8] (here,
the running time is polynomial in d).

The algorithm. The input is a set H of n hyperplanes in d dimensions. The first step of
the algorithm is to compute the set P of vertices of the arrangement A(H). The number of
such vertices is ≤

(
n
d

)
. As long as P has more than d2 log n points, the algorithm computes a

centerpoint c of P . The algorithm then queries the separation oracle on c to decide whether
c is feasible. If it is, then the algorithm is done, as it computed a feasible point. Otherwise,
the oracle returned a violated constraint of the given LP (this also provides the algorithm
with the direction of the constraint for the associated input hyperplane). The algorithm
removes all the points of P that violate this constraint, and repeats until |P | = O(d2 log n).
Once P is that small, the algorithm simply checks the feasibility of each of the remaining
vertices by querying it with the separation oracle.

SoCG 2021
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▶ Lemma 2 (proof in full version [2]). The above algorithm computes a feasible point of
H using O(d2 log n) separation oracle queries. The runtime of this algorithm, ignoring the
oracle calls, is O(nd(d−1)) time.

Alternatively, the algorithm can be modified so that it computes a feasible point using
O(d3 log n) separation oracle queries. The running time of this algorithm, ignoring the oracle
calls, is Õ(nd) time, where Õ hides polylogarithmic terms.

2.2 Cutting based algorithm
Here, we present the new algorithm to solved undecided LP using cuttings.

▶ Definition 3. For a set of n d-dimensional hyperplanes H, a 1/r-cutting of H is a
partition Ξ of Rd into O(rd) simplices, such that the interior of each simplex of the cutting
intersects at most n/r hyperplanes of H. The list of hyperplanes intersecting the interior of
a simplex ∇ ∈ Ξ, is the conflict list of ∇.

A 1/r-cutting, and its conflict list can be computed in O(nrd−1) time [7].
▶ Remark 4. The algorithm we present next call recursively on subsets of the constraints,
and it also calls recursively on lower dimensional subspaces. In particular, the oracle can
be applied to any lower dimensional affine subspace F , by using the original oracle in the
ambient space – a returned constraint can be intersected with F to get a constraint in F .
We emphasize that the oracle always work on the whole original input set of constraints –
the recursive calls on subsets of the constraints are done for efficient bookkeeping, and do
not effect how the oracle works.

The Algorithm. The algorithm computes a 1/r-cutting of H. This is a partition of Rd

into O(rd) simplices, such that each simplex intersects at most n/r of the hyperplanes of
H, where n = |H|. Let Ξ be this set of simplices, and let Ξd−1(Ξ) be the set of O(rd)
(d− 1)-dimensional simplices that form the faces of the simplices of Ξ. The algorithm now
solves the problem recursively on each of the (d− 1)-dimensional simplices of Ξd−1(Ξ), and
the hyperplanes of H that intersects it. Each recursive call is on a problem that is one
dimensional lower, and involves only n/r constraints, the oracle still applies to the whole set
of constraints), see Remark 4.

If any of these recursive calls finds a feasible point, then we are done. Otherwise, the
recursive calls performed involved the oracle, and forced some of the constraints to expose
themselves. Let C be the set of these committed halfspaces (i.e., all the halfspaces returned by
the separation oracle). If the intersection of all these constraints is empty (i.e., the associated
LP is infeasible), then this can be discovered, in O(|C|) time, by invoking a standard LP
solver on C. If the LP is feasible, then it returns us a point p inside the polytope

K =
⋂

h+∈C

h+.

Furthermore, this polytope must be fully contained in the interior of one of the simplices of
Ξ (otherwise, the algorithm would have found a feasible point in one of the recursive calls).
By scanning Ξ, we discover the simplex ∇ ∈ Ξ that contains p. The algorithm now call
recursively on ∇ and its conflict list (passing C as the current set of committed constraints).

Algorithm in one dimension. The 1-dimensional case is solved using a binary search.
Indeed, we have n uncommitted rays on the real line, and our purpose is to find an atomic
interval that is feasible. To this end, the algorithm computes a median among the points
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Cells of a cutting of an arrangement of un-
decided constraints.

A single cell of the cutting might contain a
possibly feasible region in its interior.

Figure 3 Illustration of an iteration of the cutting-based algorithm. A cutting of an arrangement
of undecided constraints is depicted on the left. After solving the problem recursively on the cuttings
of the edges, some of the constraints are now committed. Their feasible region (the red polygon)
they induce is now a polygon that must be fully contained in one of the cells of the cutting.

defining the rays. The algorithm then asks the oracle to commit the direction of the ray.
This decrease the number of potential atomic intervals that might be feasible by half. In the
end of the process, the algorithm is left with a single atomic interval that might be feasible –
the algorithm asks the oracle whether the middle of this interval is feasible or not.

As such, after O(log n) iterations, the algorithm is done, as each iteration either finds a
feasible point, or throws away half the rays as being irrelevant. The running time is O(n),
and the number of oracle queries performed is O(log n).

Analysis: Number of oracle queries. The query complexity of this algorithm is

Qd(n) = O(rd)Qd−1

(n

r

)
+ Qd

(n

r

)
,

with Q1(n) = O(log n). The solution of this recurrence is O(logd n), for r chosen to be a
sufficiently large constant. Indeed, using induction, we have Qd(n) = O(rd logd−1 n

r )+Qd

(
n
r

)
,

Running time. As for the running time, we have

Td(n) = O(nrd−1) + O(rd)Td−1(n/r) + Td(n/r),

with T1(n) = O(n). Assuming Td−1(n) ≤ cd−1n, and for two constants c′
d and c′′

d , we have

Td(n) ≤ c′
dnrd−1 + c′′

drdcd−1
n

r
+ cd

n

r
≤

(
c′

drd−1 + c′′
drd−1cd−1 + cd

r

)
n ≤ cdn,

which holds if cd ≥ 2(c′
drd−1 + c′′

drd−1cd−1). This implies that Td(n) = O(n). We thus get
the following result.

▶ Lemma 5. Undecided LP with n constraints in Rd, can be solved in Od(n) time, using
O(logd n) separation oracle queries.

▶ Remark 6 (An implicit undecided LP). In the following, we need a variant of the above
problem – the input is a set of undecided constraints, but the real undecided LP instance I
corresponds to an (unknown) subset of these constraints. Fortunately, the given separation
oracle works on the “real” instance of constraints I. It is easy to verify that the above
algorithm of Lemma 5 works verbatim in this case.

SoCG 2021



12:8 On Undecided LP, Clustering and Active Learning

▶ Remark 7. The work of Maass and Turán [16, 15] also studied the dual settings of our
problem (i.e., Problem II of separating red and blue points) They assume the input points
are taken from a grid of bounded spread. They use the ellipsoid algorithm to get an efficient
algorithm with small number of queries.

2.3 Better algorithms in two dimensions
The algorithm of Lemma 5 above uses only a separation oracle. One can get a faster algorithm
if one is allowed to use a labeling oracle – this oracle, given an input point, returns its
label/color. In our case, the labeling oracle reveals the underlying halfspace constraint
defined by (undecided) input hyperplane.

We need the following lemma, due to Har-Peled and Mitchell [9].

▶ Lemma 8 ([9]). Let D be a fixed polygon with k edges, and let L be a set of m lines that
intersect the interior of D. After O(m(log k + log m)) preprocessing, one can compute the
number of vertices of A(L) that lie inside D, or sample such a vertex in O(log m) time.

2.3.1 Polygon and point set reduction
▶ Lemma 9 (proof in full version [2]). Consider an instance of undecided LP in the plane,
and a polygon D with t edges, such that the feasible region is contained in D. Using O(log t)
separation queries, and O(t) time, one can either compute a feasible point, or compute a
polygon D′ ⊆ D with (say) at most 10 edges, such that the feasible region must be contained
in D′.

▶ Lemma 10 (proof in full version [2]). Consider an instance of undecided LP in Rd, and a
set P of n points. In O(n) time, using O(log n) separation oracle queries, one can compute
either: (i) a feasible point to the ULP, or alternatively, (ii) a polytope D with O(log n) faces,
such that the feasible solution for the ULP lies inside D, and D contains no point of P .

2.3.2 Near linear running time in two dimensions
Let L be the input set of n lines (i.e., undecided constraints). Let L0 = L, and D0 = R2.

Let Vi denote the set of vertices of A(Li−1) that lie in Di−1. The algorithm computes
ni = |Vi|, using the algorithm of Lemma 8. There are two possibilities:
(A) If ni = 0, then the algorithm picks any point pi in Di−1, and calls the separation oracle

on pi. If pi is feasible the algorithm is done, otherwise, the algorithm returns that the
given instance is infeasible.

(B) If ni = O(n log n), the algorithm computes Vi by clipping the lines of L to Di−1,
and computing the arrangement of the resulting segments. This takes O(n log n + ni)
expected time, as this the time for computing the arrangement of n segments with ni

intersections.
The algorithm uses Lemma 10 on Vi to either find a feasible point, or a polygon D′

1
that must contain the feasible region, has at most O(log n) edges, and contains no point
of Vi. The algorithm next uses Lemma 9 to further reduce the polygon into a polygon
Di ⊆ D′

i with constant number of edges.
(C) Otherwise, the algorithm samples O(n) vertices from Vi, and let Ri be the resulting

sample. This is done using the algorithm of Lemma 8 in O(n log n) time. Next, the
algorithm applies, as above, Lemma 10 and Lemma 9 to get a constant complexity
polygon Di ⊆ Di−1 that does not contain any of the points of Ri.
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The algorithm now scans the lines of Li−1, computes the set of all lines Li ⊆ Li−1 that
intersect Di, and continues to the next iteration.

▶ Lemma 11 (proof in full version [2]). The above algorithm solves two dimensional undecided
LP in expected O(n log n) time, using O(log n) separation oracle queries.

▶ Remark 12. Combining the algorithm of Lemma 5 together with the algorithm of Lemma 11,
when the dimension is two, results in an algorithm that solves ULP in d dimensions, with
O(logd−1 n) separation queries, and running time O(n log n).

2.3.3 A linear time algorithm (using labeling oracle)
In the ith iteration, the algorithm computes a polygon Di, with at most k = 10 boundary
edges, that might contain a feasible point, and a list of lines Li that intersect it in the ith
iteration. Initially, D0 is the whole plane, and Li = H.

In the beginning of the ith iteration, the algorithm computes a random sample Ri ⊆ Li

of size O(ε−1k log k log ε−1) = O(1), where ε = 1/2. The sample Ri is, with probability close
to one, an ε-net of Li for polygons that have at most k boundary edges. The algorithm now
calls the oracle for each undecided constraint of Ri to expose its true constraint. Let Fi be
the face of the arrangement of the revealed constraints that is still feasible (if no such face
exists, then we are done). The algorithm next considers the polygon D′

i = Fi ∩Di−1. If this
polygon is empty, then the algorithm is done. If D′

i has at most k edges, then the algorithm
sets Di = D′

i, computes Li = Li−1 ∩Di, and continues to the next iteration.
The only bad case here, is that D′

i has too many edges. Clearly, in the worst case, it can
have at most |Ri| + k edges. The algorithm now computes a centerpoint for the vertices
of this polygon, and sends it to the oracle. If the point is feasible, then the algorithm is
done. Otherwise, the oracle returned a violated constraint, and the polygon is split into two
polygons, each with at most two thirds of its original vertices. Namely, in the new feasible
polygon the number of edges is decreased by a constant factor. After a constant number
of such iterations, the feasible polygon has at most k edges. The algorithm then sets this
polygon to be Di, and continues to the next iteration, as described above.

if Li is empty, then the algorithm asks the oracle if some point in the interior of the
polygon is feasible, and if not the given ULP is not feasible.

Analysis. Observe that Di intersects no lines of Ri, and it has at most k edges. As such,
by the ε-net theorem, with constant probability (say ≥ 0.99), the interior of Di intersects
at most ε |Li−1| lines. Namely, |Li| ≤ |Li−1| /2. This implies that the algorithm performs,
in expectation (and also with high probability), at most O(log n) iterations. Each iteration
requires O(1) + O(|Ri|) = O(1) oracle queries, which readily implies a bound of O(log n)
oracle queries.

The correctness of the algorithm itself follows as the feasible region if the LP is always
contained inside Di.

As for running time, each iteration requires O(1 + |Li|) amount of work. As such, the
total expected running time is

∑
i O(1 + |Li|) = O(n).

▶ Lemma 13 (proof in full version [2]). Undecided LP with n constraints in R2, can be solved
in O(n) expected time, using O(log n) separation and labeling oracle queries.

Combining the above algorithm with the cutting based algorithm of Lemma 5, results in
the following slightly improved algorithm.

▶ Theorem 14. Undecided LP with n constraints in Rd, for d ≥ 2, can be solved in Od(n)
time, using O(logd−1 n) separation and labeling oracle queries.
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2.4 A query efficient algorithm in three dimensions

2.4.1 Emulating the two dimensional algorithm

In three dimensions, one can still get O(log n) queries, albeit getting running time Õ(n3/2).
The input is a set H of n planes in three dimensions. The algorithm randomly samples a

set V1 of O(n3/2 log3 n) vertices of A(H). Each vertex is generated by randomly choosing
three constraints (planes) from H, and computing their intersection. Using the algorithm of
Lemma 10, one computes a convex polytope K1 with O(log n) faces, which does not contain
any vertex of V1 (since Lemma 10 returns the O(log n) halfspaces whose intersection form
the desired polytope, the polytope itself can be computed in O(log n log log n) time).

Next, the algorithm computes all the vertices of A(H) inside K1 – this can be done in an
output sensitive fashion. To this end, one “walks” around the arrangement of A(H), starting
(say) with the bottom vertex of K1. Specifically, one walks on edges of the arrangement (inside
K1) using the data-structure of Chan [4], which provide dynamic maintenance of convex-hull
in three dimensions, and extreme point queries. Each operation takes O(log4 n) amortized
time. The exact details of this exploration are somewhat delicate, but straightforward, and
we omit them as they are similar in nature to the 2d algorithms (see [6] and references
therein). Let V2 be the resulting set of vertices. As we show below, with high probability
|V2| = O(n3/2). As such, computing this set takes O(n3/2 log4 n) time.

Deploying the algorithm of Lemma 10, one computes a convex polytope K2 with O(log n)
faces, which does not contain any vertex of V2. Consider the intersection polytope K = K1∩K2.
It avoids the vertices of V1 and V2 and thus avoids all the vertices of the arrangement of
A(H). Furthermore, K is formed by the intersection of halfspaces, all induces by planes of
H. It follows that K is a 3d face of the arrangement. As such, perform a single query on a
point in the interior of K, and return it as the output of the algorithm.

The algorithm again invokes Lemma 10 to compute a polytope K2 that contains no
vertex of V2. The algorithm computes the polytope K1 ∩K2 (in polylogarithmic time). If the
intersection is empty then the given instance is infeasible. Otherwise, the algorithm query
an point inside this intersection using the separation oracle. If the point is feasible then the
algorithm is done, and otherwise, again, the instance is infeasible.

▶ Lemma 15 (proof in full version [2]). The above algorithm solves Undecided LP with n

constraints, in R3, in O
(
n3/2 log3 n

√
log log n

)
time, using O(log n) separation oracle queries.

2.4.2 A faster algorithm

In the following, we assume that the set of planes of H is in general position – no three
planes passes through a common line, and no four planes have a common intersection point.

Idea. A natural approach for getting a faster algorithm is to maintain a polytope Ki,
sample an ε-net for the vertices of the arrangement inside Ki (for an ε to yet be specified),
and use the algorithm of Lemma 9 to find a low complexity polytope that avoids all the
points in this ε-net. Intersecting this polytope with the previous active polytope, results in a
shrunken feasible region Ki. Furthermore, Ki contains an ε-fraction of the vertices of the
arrangement inside it compared to Ki−1. The algorithm then continues to the next iteration,
till the polytope contains no vertices of Ki, and then a single query in its interior settles the
feasibility of the given ULP.
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The challenge is that despite Ki being simple (i.e., having few faces), we do not know
how to sample uniformly and efficiently from V ∩ Ki, where V = V(H) is the set of vertices
of A(H). We leave this an open problem for further research. Instead, we offer the following
over-sampling approach.

▶ Lemma 16 (proof in full version [2]). Let K be a polytope in three dimensions with k faces,
and let H be a set of n planes, where all the faces of K lie on planes of H. One can sample a
non-empty set X of at most n− 1 vertices, such that (i) X ⊆ V ∩ K, where V = V(H), and
the probability of any vertex of V ∩ K to be included in the sample is the same.

The preprocessing time of the algorithm is O(nk log n), and a sampled set can be computed
in O(n) time.

▶ Lemma 17 (proof in full version [2]). Let δ ∈ (0, 1) be a fixed constant, let K be a polytope in
three dimensions with t = O(log n) faces, and let H be a set of n planes, where all the faces of
K lie on planes of H. Let V = V(H)∩K be the set of vertices of A(H) that lie inside K. One
can compute a polytope K′, that is the intersection of K with O(log n) halfspaces, such that
K′ contains at most |V|/nδ vertices of A(H). The algorithm runs in O(n1+δ log3 n log log n)
time. The algorithm uses O(log n) separation oracle queries.

Starting with R3 as the initial polytope, the algorithm repeatedly uses Lemma 17 to
reduce the number of vertices of the arrangement inside the current polytope by a factor of
1/nδ. In the ith iteration, the current polytope has O(i log n) faces, and as such the final
polytope has at most O((3/δ) log n) faces, as the algorithm has no vertices in it after ⌈3/δ⌉
iterations. We conclude the following.

▶ Theorem 18. For any δ ∈ (0, 1), an instance of undecided LP in three dimensions with n

constraints, one can solved using O((log n)/δ) separation oracle queries, in

O(n1+δ log4 n log log n)

time.

▶ Remark 19. Combining the algorithm of Lemma 5, together with the algorithm of The-
orem 18, when the dimension is three, results in an algorithm that solves ULP in d > 3
dimensions, with O(δ−1 logd−2 n) separation queries, and running time Õ(n1+δ).

3 Covering points by monochromatic balls using proximity queries

3.1 Learning a single monochromatic ball using NN/FN queries
Problem statement. The input is a set P = {p1, ..., pn} of n points in Rd. The points
are either blue or red, but their color is not initially provided. We have an access to a
nearest-neighbor (NN) oracle, such that given a query point, and a color, it returns the closest
point of this color to the query point. Similarly, we are given access to a furthest-neighbor
(FN) oracle, that returns the furthest point of this color in P .

The task at hand is to correctly classify all the given points as either red or blue,
minimizing the number of queries used.

Assumption: Single ball. Here we assume that all the red points in P can be covered by a
single ball, while all the blue points are outside this ball. Our purpose here is to develop an
efficient algorithm that performs as few oracle queries as possible, and exposes the color of
all the points of P .
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q

Figure 4 A set of red and blue points in R2 where a single disk suffices to separate the labels.
A red furthest-neighbor (FN) query and a blue nearest-neighbor (NN) query at q confirms that a
monochromatic disk centered at that point cannot contain every red point of the input.

The algorithm is described in the plane, but it also works in higher dimensions with
minor modifications.

3.1.1 Lifting to three dimensions
Let disk(p, r) denote the disk of radius r centered at p. Consider the mapping of such a disk
to the point

d= ϑ(disk(p, r)) =
(
2px, 2py, r2 − p2

x − p2
y

)
.

This can be interpreted as a somewhat bizarre encoding of disks as points in three dimensions.
We also map a point q ∈ R2 in the plane, to the plane

φ(q) =
(
z = −qxx− qyy + q2

x + q2
y

)
.

Note that if d is above h = φ(q) then

dz ≥ −qxdx − qydy + q2
x + q2

y. ⇐⇒ r2 − p2
x − p2

y ≥ −2qxpx − 2qypy + q2
x + q2

y.

⇐⇒ r2 ≥
(
px − qx

)2 +
(
py − qy

)2 ⇐⇒ q ∈ disk(p, r).

3.1.2 The algorithm
The above lifting of disks to points (in three dimensions), and points to planes, has the
property that a point is above a plane ⇐⇒ the original disk contains the original point. In
particular, if a lifted disk d∈ R3 is strictly below a plane h, then the original disk does not
contain q (i.e., the original point lifted to h).

In the lifted space, the input is a set of n planes in three dimensions. If a plane h is
red, then the computed disk must contain the original point, which means that the encoded
disk d must lie above h. Namely, every red point, corresponds to a commitment of the
corresponding plane, to the halfspace lying (vertically) above it. Similarly, an original blue
point corresponds to a commitment to the downward halfspace. We want to find a point in
this space which is feasible (after all the constraints have been committed).

The ULP oracle queries. A labeling oracle query on a plane, corresponds to providing the
color of the original point, which can be done using a single NN colored query. A feasibility
oracle query, is a point d in three dimensions, which corresponds to a disk, which asks
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whether it contains all the red points, and no blue points. The later can be answered by
performing a blue NN query, and a red FN query, and then making a decision according to
how the points interact with the query disk.

As such, we can plug the lifted instance into the algorithm of Theorem 14. This algorithm
also works verbatim in higher dimensions. We thus get the following.

▶ Theorem 20. Let P be a set of n points in Rd. Assume that there is an underlying coloring
of the point set by (say) red and blue, and there is an oracle that can answer nearest-neighbor
and furthest-neighbor colored queries on P . The above algorithm computes a ball that contains
only the red points, and no blue points, if such a ball exists, using O(logd−1 n) NN/FN oracle
queries. The running time of the algorithm is Od(n).

3.2 Learning a cover by k monochromatic balls using NN queries
Problem statement. The input is a set of n colored points P , and assume that the points
of P can be covered by k balls, such that each ball covers only points of a single color. Here,
we assume that we are given access to the points via a NN oracle queries (i.e., no FN queries).
The task at hand is to classify the points correctly (i.e., decide their color) using a small
number of oracle queries, by an efficient algorithm.

3.2.1 The algorithm
▶ Lemma 21 (proof in full version [2]). Let Q be a set of m points in Rd, and let R be the
(infinite) set of all balls in Rd. One can compute, in O(md+2) time, the family of O(md+1)
canonical sets induced by R on Q, that is F(Q) = {b∩Q | b ∈ R} .

For i > 0, let Pi denote the set of unlabeled points at the beginning of the ith iteration
and let ni = |Pi| (i.e., P1 = P , and n1 = n). The algorithm computes a random sample
Ri ⊆ Pi of size O(k log k), and determines the color of the points in Ri using NN queries.
The algorithm then computes the set of canonical sets Fi = F(Ri), using Lemma 21. For

every range r ∈ Fi, such that sRi
(r) = |r ∩Ri|

|Ri|
≥ 1

2k , and such that all the points in r are of

the same color, the algorithm runs a subroutine, described below in Section 3.2.2, to decide
if there is a monochromatic ball that contains all the points of r. Formally, the subroutine
decides if there is ball b, such that all the points of P ∩ bi are colored by the same color,
and r ⊆ b. If no such ball is found, the algorithm repeats this iteration until success.

The algorithm sets bi to be the ball computed, such that |bi ∩ Pi| is maximized among
all such balls. The algorithm then adds bi to the computed cover, assigns all the points in
bi ∩ Pi their color, and sets Pi+1 ← Pi \ bi.

The algorithm stops once all points have been assigned their correct color (i.e., Pi = ∅).

3.2.2 Searching for a monochromatic ball containing a set r
The subroutine is given a set of points r that are all (say) red. The subroutine is searching
for a ball b such that the point in P ∩ b are all red points, and r ⊆ b. The subroutine is
similar in spirit to the single ball case of Section 3.1, but the details are somewhat different.

Specifically, consider the set B of all blue points in P (this set is not explicitly known,
as many of the points color is yet unknown), and consider the problem of computing a ball
that contains all the points of r and none of the points of B. This is an implicit undecided
optimization problem, which via the lifting of Section 3.1.1, reduces to implicit undecided LP.
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A separation oracle here, in the original settings, is a query ball q. If q contains a blue
point, one can find it by performing a colored nearest-neighbor query on the blue points.
Similarly, one can verify that b contains all the red points of r. Thus, one can use the implicit
undecided LP algorithm of Lemma 5 (see Remark 6).

3.2.3 Analysis
Informally, each successful iteration reveals the color of a Ω(1/k)-fraction of the unlabeled
points. Specifically, at the ith iteration, at least one of the k balls of the optimal solution
must contain at least ni/k points of Pi, which are all of the same color (and are yet unlabeled).
As such, after O(k log n) iterations, the algorithm correctly exposes the colors of the points
in P .

▶ Lemma 22 (proof in full version [2]). Given a set r ⊆ P of (say) red points, such that
there exists a ball b such that all the points of b∩ P are of the same color, and r ⊆ b, the
subroutine of Section 3.2.2 returns a monochromatic ball that covers the points of r.

▶ Lemma 23 (proof in full version [2]). Under the assumption that the input can be covered by
k monochromatic balls, an iteration of the above algorithm succeeds with probability close to
one, and computes a monochromatic ball that covers at least 2/(5k) fraction of the uncolored
points.

▶ Theorem 24 (proof in full version [2]). Let P be a set of n points Rd, such that there are
(unknown) k monochromatic balls that cover all the points of P . Furthermore, assume we are
given an oracle that can answer NN colored queries on P . Then, one can compute the color
of all the points of P using O

(
kd+2 log2d+3 n

)
queries (this bound holds in expectation). The

expected running time of the algorithm is O
(

kd+2n logd+1 k
)

.
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Abstract
In this paper, we prove a two-sided variant of the Kirszbraun theorem. Consider an arbitrary subset
X of Euclidean space and its superset Y . Let f be a 1-Lipschitz map from X to Rm. The Kirszbraun
theorem states that the map f can be extended to a 1-Lipschitz map f̃ from Y to Rm. While
the extension f̃ does not increase distances between points, there is no guarantee that it does not
decrease distances significantly. In fact, f̃ may even map distinct points to the same point (that is,
it can infinitely decrease some distances). However, we prove that there exists a (1 + ε)-Lipschitz
outer extension f̃ : Y → Rm′

that does not decrease distances more than “necessary”. Namely,

∥f̃(x) − f̃(y)∥ ≥ c
√
εmin(∥x− y∥, inf

a,b∈X
(∥x− a∥ + ∥f(a) − f(b)∥ + ∥b− y∥))

for some absolutely constant c > 0. This bound is asymptotically optimal, since no L-Lipschitz
extension g can have ∥g(x) − g(y)∥ > Lmin(∥x− y∥, infa,b∈X(∥x− a∥ + ∥f(a) − f(b)∥ + ∥b− y∥))
even for a single pair of points x and y.

In some applications, one is interested in the distances ∥f̃(x) − f̃(y)∥ between images of points
x, y ∈ Y rather than in the map f̃ itself. The standard Kirszbraun theorem does not provide any
method of computing these distances without computing the entire map f̃ first. In contrast, our
theorem provides a simple approximate formula for distances ∥f̃(x) − f̃(y)∥.
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1 Introduction

In this paper, we prove a two-sided variant of the Kirszbraun theorem. The Kirszbraun
theorem [9] is widely used in high-dimensional geometry and analysis, and has recently found
applications in theoretical computer science and machine learning [1, 2, 3, 4, 5, 6, 7, 8, 10,
12, 14, 15, 16]. Recall that a function f from a subset S of Euclidean space1 ℓn

2 to Euclidean
space ℓm

2 is L-Lipschitz if it increases distances between points by at most a factor of L:

1 We denote d-dimensional Euclidean space by ℓd
2; i.e., ℓd

2 is Rd with the standard Euclidean distance.
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13:2 Two-Sided Kirszbraun Theorem

∥f(x) − f(y)∥ ≤ L∥x− y∥ for all x, y ∈ X. The Lipschitz constant ∥f∥Lip of a function f is
the minimum number L such that f is L-Lipschitz. Now, consider a subset S of Euclidean
space ℓn

2 , its superset T ⊂ ℓn
2 , and an L-Lipschitz map f : S → Rm. The Kirszbraun theorem

states that f can be extended to a map f̃ : T → Rm without increasing its Lipschitz constant.
That is, the theorem guarantees that f̃ does not increase distances by more than a factor
of L. Can we guarantee that distances ∥f̃(x) − f̃(y)∥ do not decrease significantly? The
theorem does not provide us with any such guarantee; in fact, f̃ may even map distinct
points to the same point and thus contract some distances infinitely.

In this paper, we prove that there exists an extension f̃ that does not decrease distances
more than “necessary”. What kind of distance contraction is necessary? Consider sets
S ⊂ T ⊂ ℓn

2 and an L-Lipschitz map f : S → ℓm
2 . Note if f significantly contracts the

distance between a, b ∈ S, then so must f̃ , since f and f̃ coincide on a and b. Moreover,
every L-Lipschitz extension f̃ must map points that are close to a and b to points close to
f(a) and f(b), which we assumed are close to each other. More generally, consider arbitrary
points x, y ∈ T , a, b ∈ S, and a cL-Lipschitz extension f̃ of f (where c ≥ 1). Then, we have

∥f̃(x) − f̃(y)∥ ≤ ∥f̃(x) − f̃(a)∥ + ∥f̃(a) − f̃(b)∥ + ∥f̃(b) − f̃(y)∥
≤ cL∥x − a∥ + ∥f(a) − f(b)∥ + cL∥b − y∥. (1)

Since f̃ is cL-Lipschitz, we also have

∥f̃(x) − f̃(y)∥ ≤ cL∥x− y∥. (2)

We see that f̃ must satisfy (1) for all a, b ∈ S and (2). We restate this condition in the
following claim.

▷ Claim 1. Let S ⊂ T ⊂ ℓn
2 and f be an L-Lipschitz map from S to ℓm

2 . Define metric
dub(·, ·) on T as follows.

dub(x, y) = min
(
L∥x− y∥, inf

a,b∈S
(L∥x− a∥ + ∥f(a) − f(b)∥ + L∥b− y∥)

)
. (3)

Then for every c ≥ 1 and a cL-Lipschitz extension f̃ : T → ℓm
2 of f , we have

∥f̃(x) − f̃(y)∥ ≤ cdub(x, y) for all x, y ∈ T.

Note that dub(·, ·) satisfies all the axioms of a metric except that dub(x, y) may be equal to 0
for x ̸= y.

Our goal now is to prove a “tight” variant of the Kirszbraun theorem: there
exists a Lipschitz extension f̃ of f such that ∥f̃(x) − f̃(y)∥ ≥ Ω(dub(x, y))
for every x and y.

However, in order to obtain such a result or, for that matter, any non-trivial result, we need
to relax two conditions in the Kirszbraun theorem. We use the following example to explain
what these conditions are and why we need to relax them.

▶ Example 2. Consider a set S that consists of a circle C around point (0, 0) ∈ ℓ2
2 and two

points x = (2, 0) and y = (2, 2).
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y
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new dimension
C

f−→

sets S and T extension f̃ in ℓ2
2 outer extension f̃ in ℓ3

2

Define f as follows: f maps each point of C to itself, x to x, and y to y′ = (0, 0). Let
T = S ∪ [x, y]. It is immediate that f is 1-Lipschitz and dub(u, v) > 0 for every pair of points
u and v. However, observe that the images of C and [a, b] under every Lipschitz extension
f̃ : T → ℓ2

2 necessarily intersect. Thus, every Lipschitz extension f̃ infinitely decreases the
distance between some pair of points.

To overcome this obstacle, we consider outer extensions f̃ of f [14], which are allowed to
use additional dimensions/coordinates. As standard, we denote the direct sum of Euclidean
or Hilbert spaces ℓa

2 and ℓb
2 by ℓa

2 ⊕ ℓb
2, which is isometrically isomorphic to ℓa+b

2 .

▶ Definition 3. Let S be a non-empty subset of Euclidean space ℓn
2 or separable Hilbert space

ℓ∞
2 and T be its superset. Consider a map f : S → ℓm

2 , where m can be finite or infinite.
Map f̃ from T to ℓm

2 ⊕ ℓ∆
2 ≃ ℓm′ is an outer extension of f : S → ℓm

2 to T ⊃ S (where ∆
may be finite or infinite, and m′ = m+ ∆) if it maps every point x ∈ S to f(x) ⊕ 0̄.2 We
will call extensions that do not use extra coordinates proper extensions.

In Example 2, a Lipschitz outer extension f̃ can map segment [x, y] to a curve that starts
at x, goes above the plane ℓ2

2, and then enters y. Map f̃ no longer maps distinct points to
the same point. However, the Lipschitz constant of f̃ must be greater than 1. Indeed, let
m be the midpoint between x and y. Point m is at distance 1 from each of the points x
and y. If f̃ were 1-Lipschitz, then it would map m to a point whose distances to x = f(x)
and y′ = f(y) would not exceed 1. However, the only such point is the midpoint between x

and y′, which lies on C. Thus, if f̃ were 1-Lipschitz, it would map distinct points to the same
point and thus would contract some distances infinitely. Therefore, given an L-Lipschitz
map f , we will construct a (1 + ε)L-Lipschitz outer extension f̃ rather than an L-Lipschitz
extension. We are ready to state our main result.

▶ Theorem 4 (Two-sided Kirszbraun Theorem). Consider m,n ∈ Z≥1 ∪ {∞} and ε ∈ [0, 1].
Let S ⊂ T be non-empty subsets of ℓn

2 and f be an L-Lipschitz map from S to ℓm
2 . Let

dub(·, ·) be as defined by formula (3). There exists a (1 + ε)L-Lipschitz outer extension f̃

from T to ℓm
2 ⊕ ℓ∆

2 ≃ ℓm′

2 such that

∥f̃(x) − f̃(y)∥ ≥ c
√
εdub(x, y) for all x, y ∈ T.

Here, c is an absolute constant. If |T \ S| is finite, then ∆ = O(log |T \ S|) and m′ = m+ ∆;
if |T \ S| is infinite, then ∆ = m′ = ∞.

2 That is, if m is finite, we identify ℓm
2 with the subspace of ℓm′

2 spanned by the first m basis vectors and
allow f̃ to take values in ℓm′

2 .

SoCG 2021



13:4 Two-Sided Kirszbraun Theorem

We discuss some properties of f̃ . It is easy to see that Claim 1 applies to both proper and
outer extensions. Therefore, ∥f̃(x) − f̃(y)∥ ≤ (1 + ε)dub(x, y). In particular, when ε ∈ (0, 1]
is fixed, distances ∥f̃(x) − f̃(y)∥ and Θ(dub(x, y)) are within a constant factor of each other.

∥f̃(x) − f̃(y)∥
dub(x, y) ∈ [c

√
ε, 1 + ε]. (4)

Least possible contraction for each pair (x, y). Another property of the map f̃ is that
it asymptotically contracts distances less than any other (c′L)-Lipschitz proper or outer
extension g of f :

∥f̃(x) − f̃(y)∥
by Theorem 4

≥ c
√
εdub(x, y)

by Claim 1
≥ c

√
ε

c′ ∥g(x) − g(y)∥ for all x, y ∈ T.

Easy to compute distances. For finite subsets S and T , we can efficiently compute extensions
– whose existence is guaranteed by the standard Kirszbraun theorem and Theorem 4 – using
semidefinite programming (SDP).3 However, in many proofs and applications we need to
know only distances ∥f̃(x) − f̃(y)∥ and not the map f̃ itself. The Kirszbraun theorem does
not provide any method for obtaining the distances other than computing the entire map f̃ ,
using SDP or MWU, and then directly computing ∥f̃(x) − f̃(y)∥. In contrast, Theorem 4
provides a simple formula (4) for approximately computing all pairwise distances.

Optimal parameters

The following theorem shows that the parameters in Theorem 4 cannot be significantly
improved.

▶ Theorem 5. The following items hold.

There exist finite sets S ⊂ ℓ2
2 and T = S ∪ {z1, z2} ⊂ ℓ2

2 and a 1-Lipschitz function
f : S → ℓ2

2 such that the following is true. For every ε ∈ (0, 1] and a (1 + ε)-Lipschitz
extension f̃ ,

∥f̃(z1) − f̃(z2)∥ ≤ O(
√
ε dub(z1, z2)).

For every m,n,N ≥ 1, there exist finite sets S ⊂ T ⊂ ℓn
2 with |T \S| = N and a 1-Lipschitz

map f : S → ℓm
2 such that the following is true. For every c > 0, if f̃ : ℓn

2 → ℓm′

2 is an
L-outer extension and ∥f̃(x) − f̃(y)∥ ≥ c dub(x, y) for every x, y ∈ T , then m′ ≥ c′ loge N

where c′ = 1/(loge(L/c+ 1)).

For every m,n ≥ 1, there exist infinite sets S ⊂ T ⊂ ℓn
2 and a 1-Lipschitz map f : S → ℓm

2
such that for every Lipschitz extension f̃ : T → ℓm′

2 satisfying ∥f̃(x) − f̃(y)∥ ≥ c dub(x, y)
(for every x, y ∈ T and some c > 0), we have m′ = ∞.

3 Standard Kirszbraun extensions can be also computed using quadratically constrained quadratic
programming (QCQP) or the multiplicative weight update method (MWU) [3].
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1.1 Applications
Next we discuss two applications of our result.

Updating Euclidean metric

Similarity information in data sets is often encoded with Euclidean distance: two data points
are similar if and only if they are close to each other (one can store either the distance itself
or an embedding of points in Euclidean space). Consider the scenario where we initially
have a data set X and some information about objects in X. Based on this information, we
compute a Euclidean distance dX on X. Then, we get an updated information about some
subset of points Y . Using this information, we compute a new Euclidean distance dY on Y .
Now we want to update dX with new distances from dY . A natural way to do this is to first
“combine” the metrics into a distance function dc(·, ·)

dc =
{
dY (x, y), if x, y ∈ Y

dX(x, y), otherwise
. (5)

Since dc is not necessarily a metric, we consider the metric closure du of dc (recall that by
definition du(x, y) is the length of the shortest path between x and y in the complete graph
on X with edge lengths dc(x, y); see Definition 10). Metric du is our updated metric. We
want du to be Euclidean (as dX and dY are), but, in general, it does not have to be Euclidean.

▶ Definition 6. A map f from a metric space (U, dU ) to a metric space (V, dV ) has distortion
at most D ≥ 1 if for some c > 0 and every x, y ∈ U ,

cdU (x, y) ≤ dV (f(x), f(y)) ≤ cDdU (x, y).

We say that a metric space (U, dU ) is D-Euclidean or that it embeds into Euclidean space
with distortion at most D, if there is an embedding f : U → ℓm

2 (for some m ∈ N ∪ ∞) with
distortion at most D.

We provide a sufficient condition when du is Euclidean.

▶ Theorem 7. I. Consider a finite DX-Euclidean metric space (X, dX). Let Y be a subset
of X and dY be a DY -Euclidean metric on Y . Assume that dY (x, y) ≤ CdX(x, y) for all
x, y ∈ Y (where C ≥ 1). Then the updated metric du (defined as the closure of dc; see (5))
is O(CDXDY )-Euclidean.

II. The requirement that dY (x, y) ≤ CdX(x, y) in item I is necessary. For every N , there
exist a 1-Euclidean metric space (X, dX) on at most N points, Y ⊂ X, and 1-Euclidean
metric dY on Y such that every embedding of the updated metric du into ℓ2 requires distortion
at least Ω(logN).

Bi-Lipschitz extension

The bi-Lipschitz constant, i.e., distortion, of a map f : X → Y is the minimum D such that
for some λ > 0 and every x, y ∈ X, λ·dX(x, y) ≤ dY (f(x), f(y)) ≤ λ·D ·dX(x, y). Recall that
the Bi-Lipschitz map, is a map with a bounded distortion. Recently, Mahabadi, Makarychev,
Makarychev, and Razenshteyn [14] proved a bi-Lipschitz variant of the Kirszbraun theorem
and showed its applications to prioritized dimension reductions.

SoCG 2021



13:6 Two-Sided Kirszbraun Theorem

▶ Theorem 8 (Kirszbraun theorem for bi-Lipschitz maps [14]). Consider S ⊂ T ⊂ ℓn
2 and a

map f : S → ℓm
2 with distortion at most D. There exists an outer extension f̃ : T → ℓm′

2
with distortion at most O(D), where m′ = m+ n.

This theorem follows immediately from Theorem 4 with the caveat that we do not get any
bound on m′ in terms of m and n (in particular, m′ might be significantly greater than m+n).
Indeed, we can assume without loss of generality that ∥f∥Lip = 1 and ∥f(x) − f(y)∥ ≥
∥x − y∥/D for all x, y ∈ S. Then dub(x, y) ≥ ∥x − y∥/D. Thus for the outer extension f̃

from Theorem 4 (say with ε = 1/2), we have Ω(∥x− y∥/D) ≤ ∥f̃(x) − f̃(y)∥ ≤ 3/2∥x− y∥;
that is, f̃ has distortion at most O(D).

Summary

In this paper, we prove a two-sided variant of the Kirszbraun theorem. The theorem
guarantees that there is a Lipschitz outer extension f̃ that contracts the distance of every pair
of points less than any other extension (up to a constant factor) and that has asymptotically
optimal parameters. Unlike the standard Kirszbraun theorem, our theorem provides a simple
approximate formula for distances ∥f̃(x) − f̃(y)∥. Additionally, we show an application of
our theorem to the Euclidean metric update problem.

Organization. In Section 2, we introduce some notation and relevant results as well as
formally state the Kirszbraun theorem. In Section 3, we prove Theorem 4. In Section 4, we
prove Theorem 5. Finally, in Section 5, we prove Theorem 7.

2 Preliminaries

In this paper, ℓn
2 denotes the n-dimensional Euclidean space equipped with the standard

Euclidean norm ∥ · ∥, when n < ∞; ℓ∞
2 = ℓ2 denotes the infinite dimensional separable

Hilbert space. For m < m′, we identify ℓm
2 with the m-dimensional subspace of ℓm′

2 spanned
by the first m standard basis vectors (in other words, we identify vectors (x1, . . . , xm) ∈ ℓm

2
and (x1, . . . , xm, 0, . . . , 0) ∈ ℓm′

2 ).
We will need the following theorem proved by Mendel and Naor [17].

▶ Theorem 9 (Lemma 5.2 in [17], restated). Consider space ℓn
2 (where n is finite or infinite).

For every r > 0, there exists a map ψr : ℓn
2 → ℓ2 such that4√

e− 1
e

min(∥x− y∥,
√

2 r) ≤ ∥ψr(x) − ψr(y)∥ ≤ min(∥x− y∥,
√

2 r)

∥ψr(x)∥ = r

for all x, y ∈ ℓn
2 .

We will consider maps h from R to Hilbert space ℓ2 equipped with the L2 norm:

∥h∥2
L2

=
∫ +∞

−∞
∥h(t)∥2dt.

4 The specific constants e−1
e and

√
2 do not appear in the statement of Lemma 5.2 in [17], but can be

easily deduced from the proof. Note that there is a typo on the last line of the proof of Lemma 5.2
in [17]: D should be replaced with

√
2D both in the lower and upper bounds for ∥F (x) − F (y)∥2.
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As standard, we denote the set of all such functions whose L2-norm is finite by L2(R, ℓ2).
We note that Hilbert space L2(R, ℓ2) is isometrically isomorphic to ℓ2.

In the proof, we will use a “bump function” λ:

λ(t) =

{
e

− 1
1−t2 , if t ∈ (−1, 1)

0, otherwise
−1 0 1

1/e

We will need the following easily verifiable properties of λ(t). Function λ is zero outside of
(−1, 1). It is non-negative and upper bounded by 1/e. Function λ is everywhere differenti-
able, and its derivative λ′(t) is bounded by 1 in absolute value. Finally, λ(t) > 1/4 when
t ∈ (−1/2, 1/2) and λ(t) > 1/7 when t ∈ (−2/3, 2/3).

▶ Definition 10 (Metric Closure). Consider a finite set of points X. Let d be a distance
function on X that does not necessarily satisfy the triangle inequality (we do assume that
for all x, y ∈ X: (i) d(x, y) = 0 if and only if x = y and (ii) d(x, y) = d(y, x)). Denote the
complete graph on X with edge lengths d(·, ·) by K(X, d). The metric closure of d is the
shortest path distance in K(X, d).

▶ Theorem 11 (Kirszbraun Extension Theorem). Consider a subset S of Euclidean space ℓn
2 ,

its superset T ⊂ ℓn
2 , and an L-Lipschitz map f : S → ℓm

2 . Then there exists an L-Lipschitz
extension f̃ : T → ℓm

2 . Dimensions m and n can be finite or infinite.

3 Two-sided Kirszbraun

In this section, we prove Theorem 4. We start with proving a simple geometric inequality
(Lemma 12) and then the main lemma (Lemma 13). Theorem 4 will easily follow from
Lemma 13.

Without loss of generality, we assume that set S is closed. If it is not, we let S′ be the
closure of S and extend f continuously to S′; then we apply the theorem to set S′. If ε = 0,
the theorem immediately follows from the standard Kirszbraun theorem, so we assume that
ε > 0. Let Rx = d(x, S) = miny∈S ∥x− y∥.

▶ Lemma 12. Let u, v ∈ ℓ2 be two vectors of length r and a ≥ b ≥ 0. Then

max((a− b)r, b∥u− v∥) ≤ ∥au− bv∥ ≤ (a− b)r + b∥u− v∥.

Proof. First, by the triangle inequality, ∥au− bv∥ ≤ ∥au− bu∥ + ∥bu− bv∥ = (a− b)∥u∥ +
b∥u− v∥ = (a− b)r + b∥u− v∥. Then ∥au− bv∥ ≥ ∥au∥ − ∥bv∥ = (a− b)r. Finally, observe
that ⟨u − v, u⟩ = r2 − r2 cosα ≥ 0, where α is the angle between u and v. Therefore,
⟨bu− bv, au− bu⟩ ≥ 0. We have ∥au− bv∥2 = ∥(bu− bv) + (au− bu)∥2 = ∥bu− bv∥2 + ∥au−
bu∥2 + 2⟨bu− bv, au− bu⟩ ≥ ∥bu− bv∥2. ◀

▶ Lemma 13. There is a map h : ℓn
2 → L2(R, ℓ2) such that

1. h maps S to 0,
2. ∥h(x) − h(y)∥L2 = Θ(min(∥x− y∥, Rx +Ry)) for all x, y ∈ ℓn

2 .

Proof. Let ψ be as in Theorem 9 and λ be the bump function defined in Section 2. Define
h : ℓn

2 → L2(R, ℓ2) as follows:

h(x)(t) = λ(lnRx − t)ψet(x).

Here, we assume that ln 0 = −∞ and λ(−∞) = 0; in other words, h(x)(t) = 0 if Rx = 0.

SoCG 2021



13:8 Two-Sided Kirszbraun Theorem

Let Ix = (lnRx − 1, lnRx + 1) for x /∈ S and Ix = ∅ for x ∈ S. We have the following
h(x)(t) = 0 when t /∈ Ix (since λ is supported on (−1, 1)).
∥h(x)(t)∥ = λ(lnRx − t)∥ψet(x)∥ = λ(lnRx − t)et < eRx when t ∈ Ix (since ∥λ∥∞ < 1
and ∥ψet(x)∥ = et).

We verify the first condition: If x ∈ S, then Rx = 0 and thus h(x) = 0, as required. Now
we verify the second condition. Below, we assume without loss of generality that Rx ≥ Ry.

First, we prove the desired upper bound on ∥h(x) − h(y)∥L2 for x, y ∈ ℓn
2 . Note that if

t /∈ Ix ∪ Iy, then ∥h(x)(t) − h(y)(t)∥ = 0. Further, the measure of Ix ∪ Iy is at most 4. For
t ∈ Ix ∪ Iy, ∥h(x)(t) − h(y)(t)∥ ≤ ∥h(x)(t)∥ + ∥h(y)(t)∥ ≤ e(Rx +Ry). Thus,

∥h(x) −h(y)∥2
L2 =

∫ +∞

−∞
∥h(x)(t) −h(y)(t)∥2dt =

∫
Ix∪Iy

∥h(x)(t) −h(y)(t)∥2dt ≤ 4e2(Rx +Ry)2.

We have proved that ∥h(x) − h(y)∥L2 = O(Rx +Ry).
Now we show that ∥h(x) − h(y)∥L2 = O(∥x − y∥). Note that if Rx > 2Ry, then

∥x−y∥ ≥ Rx −Ry > (Rx +Ry)/3 and therefore ∥h(x)−h(y)∥L2 ≤ O(Rx +Ry) ≤ O(∥x−y∥),
and we are done. So we assume that Rx ≤ 2Ry. From Lemma 12, we get

∥h(x)(t) − h(y)(t)∥ = ∥λ(lnRx − t)ψet (x) − λ(lnRy − t)ψet (y)∥
≤ |λ(lnRx − t) − λ(lnRy − t)|et + min(λ(lnRx − t), λ(lnRy − t))∥ψet (x) − ψet (y)∥.

We upper bound the first term using the Mean Value Theorem. Using that ∥λ′∥∞ ≤ 1 and
ln a ≤ a− 1 for every a ∈ R, we get that for some ξ ∈ (lnRy − t, lnRx − t),

|λ(lnRx−t)−λ(lnRy−t)|et = |λ′(ξ)|·|(lnRx−t)−(lnRy−t)|et ≤ | ln Rx/Ry|et ≤ Rx −Ry

Ry
et.

Now we upper bound the second term. By Theorem 9,

min(λ(lnRx − t), λ(lnRy − t))∥ψet(x) − ψet(y)∥ ≤ O(min(et, ∥x− y∥)) ≤ O(∥x− y∥).

We get

∥h(x) − h(y)∥2
L2 =

∫
Ix∪Iy

∥h(x)(t) − h(y)(t)∥2dt ≤ 4
(

max
t∈Ix∪Iy

(
Rx −Ry

Ry
et

)
+O(∥x− y∥)

)2

≤ O

(
Rx −Ry

Ry
·Rx + ∥x− y∥

)2

≤ O (2(Rx −Ry) + ∥x− y∥)2 .

Since Rx −Ry ≤ ∥x− y∥, we get that ∥h(x) − h(y)∥L2 = O(∥x− y∥).
We have proved the desired upper bound on ∥h(x) − h(y)∥L2 . Now we prove the lower

bound. Consider two cases.

Case 1: Rx ≥ eRy. In this case, lnRx ≥ lnRy + 1. Let I+
x = (lnRx, lnRx + 1/2). Note

that I+
x does not intersect Iy and thus h(y)(t) = 0 for t ∈ I+

x . Also, since λ(t) ≥ 1/4 on
[−1/2, 1/2], we have

∥h(y)(t)∥2 = λ(lnRx − t)∥ψet(x)∥ ≥ et
/4 ≥ Rx/4

for t ∈ I+
x . We have,

∥h(x) − h(y)∥2
L2

≥
∫

I+
x

∥h(x)(t) − h(y)(t)∥2dt =
∫

I+
x

∥h(x)(t)∥2dt ≥ 1
2

(
Rx

4

)2
.

We conclude that ∥h(x) − h(y)∥L2 = Ω(Rx +Ry).
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Case 2: Rx < eRy. In this case, lnRy ≤ lnRx < lnRy + 1. Let J = (lnRy + 1/3, lnRy +
2/3). Then for t ∈ J , we have lnRy − t ∈ (−2/3,−1/3) and lnRx − t ∈ (−2/3, 2/3).
Therefore, λ(lnRx − t) ≥ 1/7 and λ(lnRy − t) ≥ 1/7. By Lemma 12, we have for t ∈ J ,

∥h(x)(t) − h(y)(t)∥ = ∥λ(lnRx − t)ψet(x) − λ(lnRy − t)ψet(y)∥

≥ 1
7∥ψet(x) − ψet(y)∥ ≥ Ω(min(et, ∥x− y∥))

≥ Ω(min(Rx +Ry, ∥x− y∥))

Using that the length of segment J is 1/3, we get

∥h(x) − h(y)∥2
L2

≥
∫

J

∥h(x)(t) − h(y)(t)∥2dt ≥ Ω(min(Rx +Ry, ∥x− y∥))2.

This concludes the proof of the lower bound and the lemma. ◀

Since L2(R, ℓ2) is isometrically isomorphic to ℓ2, we get the following corollary.

▶ Corollary 14. Let T ⊂ ℓn
2 . There is a map h : T → ℓ∆

2 , where ∆ = O(log |T \ S|) (∆ is
infinite if |T \ S| is infinite) such that
1. h maps S to 0,
2. cmin(∥x− y∥, Rx +Ry) ≤ ∥h(x) − h(y)∥ ≤ min(∥x− y∥, Rx +Ry) for all x, y ∈ ℓn

2 and
some absolute constant c > 0.

Proof. We start with a map h0 : ℓn
2 → L(R, ℓ2) from Lemma 13. Since L2(R, ℓ2) is

isometrically isomorphic to ℓ2, there is a map h1 : ℓn
2 → ℓ2 satisfying the conditions in

Lemma 13. Now if T \ S is finite, we apply Johnson-Lindenstrauss dimension reduction
πJL with distortion at most 3/2 to h1(T ) [8]. Note that h1 maps all points in S to 0;
hence, |h1(T )| ≤ 1 + |h1(T \ S)| ≤ 1 + |T \ S|. Therefore, πJL maps h1(T \ S) to ℓ∆

2 with
∆ = O(log |T \ S|). Without loss of generality, we assume that πJL(0) = 0. We get map
h2 = πJL ◦ h1. If T \ S is infinite, we simply let h2 = h1. Finally, we rescale h2 so that the
obtained map h satisfies the desired inequality:

cmin(∥x− y∥, Rx +Ry) ≤ ∥h(x) − h(y)∥ ≤ min(∥x− y∥, Rx +Ry). ◀

We are ready to prove Theorem 4. Let g be the standard Kirszbraun extension of f
(Theorem 11) and h be the map provided by Corollary 14. Note that the second condition in
Corollary 14 guarantees that h is 1-Lipschitz. Define f̃(x) = g(x) ⊕ (

√
εL)h(x) ∈ ℓm

2 ⊕ ℓ∆
2 .

For x ∈ S, we have f̃(x) = f(x) ⊕ 0; thus f̃ is an outer extension of f . Since g is
L-Lipschitz and h is 1-Lipschitz,

∥f̃∥Lip ≤
√

∥g∥2
Lip + (

√
εL)2∥h∥2

Lip ≤
√

1 + εL ≤ (1 + ε)L.

Finally, consider arbitrary x, y ∈ ℓn
2 . If n is finite, let x′ and y′ be points in S closest to x and

y, respectively (such points exist, since S is closed). Then ∥x− x′∥ = Rx and ∥y − y′∥ = Ry.
If n is infinite, let x′ and y′ be points in S such that ∥x− x′∥ ≤ 2Rx and ∥y − y′∥ ≤ 2Ry.

Note that ∥g(x) − g(y)∥ ≥ ∥f(x′) − f(y′)∥ − ∥g(x) − f(x′)∥ − ∥g(y) − f(y′)∥ ≥ ∥f(x′) −
f(y′)∥ − 2L(Rx +Ry). We have,

∥f̃(x) − f̃(y)∥ =
√

∥g(x) − g(y)∥2 + εL2∥h(x) − h(y)∥2

≥ max(∥g(x) − g(y)∥,
√
εL∥h(x) − h(y)∥)

≥ max(∥f(x′) − f(y′)∥ − 2L(Rx +Ry), c
√
εLmin(∥x− y∥, Rx +Ry)).
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If ∥x− y∥ ≤ Rx +Ry, then we get that ∥f̃(x) − f̃(y)∥ ≥ c
√
εL∥x− y∥ ≥ c

√
ε dub(x, y) and

we are done. So we assume now that ∥x− y∥ ≥ Rx +Ry. Note that

dub(x, y) ≤ inf
a,b∈S

(L∥x− a∥ + ∥f(a) − f(b)∥ + L∥x− a∥)

≤ L∥x− x′∥ + ∥f(x′) − f(y′)∥ + L∥y′ − y∥
≤ ∥f(x′) − f(y′)∥ + 2L(Rx +Ry).

We have

∥f̃(x) − f̃(y)∥ ≥ max(∥f(x′) − f(y′)∥ − 2L(Rx +Ry), c
√
εL(Rx +Ry))

≥ (c
√
ε/4) · (∥f(x′) − f(y′)∥ − 2L(Rx +Ry)) + 1 · (c

√
εL(Rx +Ry))

c
√
ε/4 + 1

= c
√
ε

4 + c
√
ε

(∥f(x′) − f(y′)∥ + 2L(Rx +Ry)) ≥ c
√
ε

4 + c
√
ε
dub(x, y).

4 Proof of Theorem 5

In this section, we prove Theorem 5. To prove item 1, consider 4 points in the plane:
x = (0, 0), y = (0,

√
2), u = (1, 0), and v = (1,

√
2). Let f be the map that sends x,y,u, and

v to x′ = (0, 0), y′ = (1, 1), u′ = (1, 0), and v′ = (0, 1). It is easy to see that f is 1-Lipschitz.
Now let z1 = (x + y)/2 and z2 = (u + v)/2. Note that ∥x − z1∥ = ∥y − z1∥ = ∥u − z2∥ =
∥v − z2∥ =

√
2/2 and dub(z1, z2) = 1.

x

y

z1

u

v

z2

x′

y′

u′

v′
f−→

Consider a (1 + ε)-Lipschitz proper or outer extension f̃ of f to {x, y, u, v, z1, z2}. Let
z′

1 = f̃(z1) and z′
2 = f̃(z2). Since f̃ is (1 + ε)-Lipschitz, we have ∥x′ − z′

1∥2 ≤ (1 + ε)2/2 and
∥y′ − z′

1∥2 ≤ (1 + ε)2/2. Hence∥∥∥∥x′ + y′

2 − z′
1

∥∥∥∥2

= ∥x′ − z′
1∥2 + ∥y′ − z′

1∥2

2 − ∥x′ − y′∥2

4 ≤ (1 + ε)2/2 + (1 + ε)2/2
2 − 1

2 = ε+ ε2

2

Therefore,
∥∥∥ x′+y′

2 − z′
1

∥∥∥ = O(
√
ε). Similarly,

∥∥∥ u′+v′

2 − z′
2

∥∥∥ = O(
√
ε). Since x′+y′

2 = u′+v′

2 ,
we have ∥z′

1 − z′
2∥ = O(

√
ε) = O(

√
ε dub(z′

1, z
′
2)), as required.

Now we prove item 2. Consider sets S = {κe1 : 1 ≤ κ ≤ N} and S′ = {(κ+ 1/2)e1 : 1 ≤
κ ≤ N} in ℓn

2 (where e1 is the first standard basis vector in ℓn
2 ). Let T = S ∪ S′.

1 2 3 4 5

0 ∈ ℓm
2

f
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Consider map f that sends S to 0 in ℓm
2 . Trivially, map f is 1-Lipschitz. We have,

dub(x, y) = min(∥x − y∥, 1/2 + 0 + 1/2) = 1 for every distinct x, y ∈ S′. Consider an L-
Lipschitz extension f̃ : T → ℓm′

2 such that ∥f̃(x) − f̃(y)∥ ≥ cdub(x, y). Since every point x
in S′ is at distance 1/2 from some point in S, f̃ maps all points in S′ to a ball of radius L/2

around 0 in ℓm′

2 . The distance between the images of every two points is at least cdub(x, y) = c.
Therefore, f̃(S′) is a c-separated set in a ball of radius L/2 in ℓm′

2 . We apply a standard
argument to bound the size of f(S′). Ball of radius c/2 around points in f̃(S′) are mutually
disjoint and lie in a ball of radius (L+c)/2. Thus, the number of points in f̃(S′) by the ratio
of the volumes of balls of radius (L+c)/2 and c/2. That is,

N = |f̃(S′)| ≤
(
L+ c

c

)m′

.

It follows that m′ ≥ loge N
loge(L/c+1) , as required.

Finally, observe that item 3 follows from item 2 if we let N = ∞.

5 Proof of Theorem 7

In this section, we prove Theorem 7.

Proof of part I. We first assume that C = 1 and then consider the general case when C ≥ 1
is arbitrary. Let g and h be embeddings of (X, dX) and (Y, dY ) into Euclidean spaces ℓn

2 and
ℓm

2 with distortions at most DX and DY , respectively. Without loss of generality, we may
assume that g and h are 1-Lipschitz and that they do not contract distances by more than
DX and DY , respectively. Define map h′ as h′(y) = h(y)/DX . Let S = g(Y ) and T = g(X).
Consider map f that sends u ∈ S to h′(g−1(u)).

ℓn
2 ⊃ S = g(Y )

⊂
��

f=h′◦g−1

))
Y

goo

⊂
��

h′= h
DX // h′(Y ) ⊂ ℓm

2

⊂
��

ℓn
2 ⊃ T = g(X)

f̃

55X
goo Φ // ℓm′

2

Note that f is 1-Lipschitz, since

∥f(u) − f(v)∥ = ∥h′(g−1(u)) − h′(g−1(u))∥ ≤ ∥h′∥Lip · dY (g−1(u), g−1(v))

≤ ∥h∥Lip

DX
· dX(g−1(u), g−1(v)) ≤ 1

DX
·DX∥u− v∥ = ∥u− v∥.

Consider x, y ∈ X. We show that du(x,y)
DX DY

≤ dub(g(x), g(y)) ≤ du(x, y) where du is the
updated metric on X, and dub is with respect to the map f . We have,

dub(g(x), g(y)) = min(∥g(x) − g(y)∥, inf
a,b∈Y

(∥g(x) − g(a)∥ + ∥h′(a) − h′(b)∥ + ∥g(b) − g(y)∥))

≤ min(dX(x, y), inf
a,b∈Y

(dX(x, a) + dY (a, b)
DX

+ dX(b, y)))

≤ min(dc(x, y), inf
a,b∈Y

(dc(x, a) + dc(a, b) + dc(b, y))) = du(x, y)
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where to get the last inequality, we need to do case analysis on the four cases given by
whether x ∈ Y or x /∈ Y ; and y ∈ Y or y /∈ Y . The last equality follows by considering the
shortest path in dc between x and y (of weight du(x, y)), and doing simple case analysis
using the fact that C = 1. Then

dub(g(x), g(y)) = min(∥g(x) − g(y)∥, inf
a,b∈Y

(∥g(x) − g(a)∥ + ∥h′(a) − h′(b)∥ + ∥g(b) − g(y)∥))

≥ min
(
dX(x, y)
DX

, inf
a,b∈Y

(
dX(x, a)
DX

+ dY (a, b)
DY DX

+ dX(b, y)
DY

))
≥ du(x, y)

DXDY
.

By Theorem 4, there exists an 3/2-Lipschitz extension f̃ : T → ℓm′

2 of f such that
∥f̃(u) − f̃(v)∥ = Θ(dub(u, v)) for u, v ∈ T . Consider Φ = f̃ ◦ g, which maps X to ℓm′

2 . We
obtain

Ω
(
du(x, y)
DXDY

)
≤ ∥Φ(x) − Φ(y)∥ ≤ O(du(x, y)).

We conclude that X equipped with the updated metric du embeds into ℓm′

2 with distortion
at most O(DXDY ).

To get the result for an arbitrary C ≥ 1, we consider metric d′
Y defined by d′

Y (x, y) =
dY (x, y)/C. Note that d′

Y is also DY -Euclidean. Additionally, d′
Y (x, y) ≤ dX(x, y) for every

x, y ∈ Y . Thus the updated metric d′
u for dX and d′

Y is O(DXDY )-Lipschitz. Finally, we note
that d′

u(x, y) ≤ du(x, y) ≤ Cd′
u(x, y) and hence metric du is O(C DXDY )-Euclidean. ◀

Proof of part II. Let p be the largest prime number such that 2p ≤ N . We construct
an expander G = (V,E) on p vertices, which is a union of two Hamiltonian paths (the
paths are not necessarily disjoint). We note that any such expander will work, but we will
describe one to be more specific. Let V = Z/pZ, E1 = {(i, i + 1) : i ∈ {0, . . . , p − 2}, and
E′

2 = {(i, j) : i · j = 1, i ≠ j where i, j ∈ Z/pZ} (where the product i · j is computed in
Z/pZ). Observe that E′

2 is a partial matching, so we can choose a set of edges E′′
2 such that

E′
2 ∪E′′

2 is a path visiting all vertices in V once. Now, G = (V,E1 ∪E′
2 ∪E′′

2 ); P1 and P2 are
Hamiltonian paths with edge sets E1 and E2 = E′

2 ∪E′′
2 , respectively. Graph (V,E1 ∪E′

2) is
an expander (see [13] or Construction 4.26 in [18]) and thus so is G. Denote the shortest
path distance in G by dG.

Now, for every i ∈ V , we create two points ui and u′
i. Let X = {ui, u

′
i : i ∈ V } and

Y = {u′
i : i ∈ V }. Consider path P2 and one of its endpoints. Let π(i) be the distance from

vertex ui to this endpoint along P2. Let ε = 1/p. Now we define distances dX and dY :

dX(ui, uj) = dX(u′
i, u

′
j) = |i− j| and dX(ui, u

′
j) =

√
|i− j|2 + ε2,

dY (u′
i, u

′
j) = |π(i) − π(j)|.

Here, the value of |i− j| is computed in Z, not in Z/pZ. Observe that (X, dX) and (Y, dY )
embed into ℓ2

2 and ℓ1
2 = R isometrically. Indeed, the map that sends ui to (i, 0) and u′

i to
(i, ε) is an isometric embedding of X into the Euclidean plane; the map that sends u′

i to
π(i) ∈ R is an isometric embedding of Y into the real line. Now consider the combined and
updated metrics, dc and du, on X. We have,

dc(ui, uj) = dX(ui, uj) = |i− j| ≥ dG(i, j);
dc(ui, u

′
j) = dX(ui, u

′
j) =

√
|i− j|2 + ε2 > dG(i, j)

dc(u′
i, u

′
j) = dY (u′

i, u
′
j) = |π(i) − π(j)| ≥ dG(i, j).
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Let us derive lower and upper bounds on du(ui, uj) in terms of dG(i, j). Fix some i and j.
Denote the complete graph on X with edge lengths dc(·, ·) by K(X, dc); denote the complete
graph on V with edge lengths dG(·, ·) by K(V, dG). Note that the shortest path distance in
K(V, dG) equals dG.

By definition, du(ui, uj) is the shortest path distance between ui and uj in K(X, dc).
Consider a shortest path between ui and uj in K(X, dc) and its “projection” to K(V, dG),
which we obtain as follows. We replace each vertex on the path with a corresponding vertex
in V : namely, we replace ua and u′

a with a. We get a path from i to j in K(V, dG); its length
is at least dG(i, j). Since dc(ua, ub), dc(u′

a, ub), and dc(u′
a, u

′
b) are all greater than or equal

to dG(a, b), the length of the projected path in K(V, dG) is at most the length of the path
between ui and uj in K(X, dc). Therefore, the shortest path distance between ui and uj in
K(X, dc) is at least dG(i, j). We conclude that du(ui, uj) ≥ dG(i, j).

Now consider a shortest path P between i and j in G. We “lift” it to K(X, dc) as
follows. We replace each edge (a, b) ∈ E1 of P with edge (ua, ub) in K(X, dc) and each edge
(a, b) ∈ E2 \ E1 with edge (u′

a, u
′
b). Note that this transformation preserves edge lengths; all

of these edges have length 1. We obtain a sequence of edges in K(X, dc), which does not
necessarily form a path, since it may happen that one edge ends at ua and the next one starts
at u′

a (or vice versa). We transform it to a path between ui and uj in K(X, dc) by adding
edges of the form (ua, u

′
a) where necessary. The length of the lifted path equals the length of

P , which is dG(i, j), plus the length of all the additional edges (ua, u
′
a). Each of the additional

edges has length ε and there are at most p of them. We conclude that there is a path of
length at most dG(i, j) + 1 between ui and uj in K(X, dc). Thus du(ui, uj) ≤ dG(i, j) + 1.

We proved that du(ui, uj) = Θ(dG(i, j)). Because G is an expander, every embedding of
(V, dG) into Euclidean space requires distortion Ω(logN) [11]. Therefore, every embedding of
(X \Y, du) and, consequently, of (X, du) into ℓ2 also requires distortion at least Ω(logN). ◀
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Abstract
For a finite set A ⊂ R2, a map φ : A → R2 is orientation preserving if for every non-collinear triple
u, v, w ∈ A the orientation of the triangle u, v, w is the same as that of the triangle φ(u), φ(v), φ(w).
We prove that for every n ∈ N and for every ε > 0 there is N = N(n, ε) ∈ N such that the following
holds. Assume that φ : G(N) → R2 is an orientation preserving map where G(N) is the grid
{(i, j) ∈ Z2 : −N ≤ i, j ≤ N}. Then there is an affine transformation ψ : R2 → R2 and a ∈ Z2 such
that a+G(n) ⊂ G(N) and ∥ψ ◦ φ(z) − z∥ < ε for every z ∈ a+G(n). This result was previously
proved in a completely different way by Nešetřil and Valtr, without obtaining any bound on N . Our
proof gives N(n, ε) = O(n4ε−2).
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1 Introduction

This paper is about orientation preserving maps of the n× n grid. We denote by G(N) the
grid {(i, j) ∈ Z2 : −N ≤ i, j ≤ N} and by G∗(n) the grid {(i, j) ∈ Z2 : 1 ≤ i, j ≤ n}. A map
φ : G(N) → R2 is orientation preserving if for every non-collinear triple u, v, w ∈ G(N) the
orientation of the triangle u, v, w is the same as that of the triangle φ(u), φ(v), φ(w), or with
a formula

sign det
[
u v w

1 1 1

]
= sign det

[
φ(u) φ(v) φ(w)

1 1 1

]
.

We are going to show that given an orientation preserving map φ : G(N) → R2 there is a
n × n subgrid of G(N) whose image under φ is very close to an affine image of the n × n

grid provided N is large enough (polynomial in n and 1/ε). Precisely we have the following
result.

▶ Theorem 1. For every n ∈ N and for every ε > 0 there is N = N(n, ε) such that if
φ : G(N) → R2 is an orientation preserving map, then there is an affine transformation
ψ : R2 → R2 and a ∈ Z2 such that a+G∗(n) ⊂ G(N) and for every z ∈ a+G∗(n)

∥ψ ◦ φ(z) − z∥ < ε.

Here N(n, ε) = O(n4ε−2).
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Theorem 1 without the explicit bound N(n, ε) = O(n4ε−2) was already proved by Nešetřil
and Valtr [6, Lemma 10] as the key tool for proving several Ramsey-type results (see also
the paper [5] for related results). However, the proof in the paper [6] relied on repeated
compactness arguments, thus it gave no upper bound on N . Our bound N(n, ε) = O(n4ε−2)
makes ground for giving explicit bounds for Ramsey-type results given in the paper [6]; see
concluding remark (1) on page 105 of the paper [6] where the lack of an explicit bound
is discussed. From the (discrete and) computational geometry point of view, the most
interesting consequences of our bound N(n, ε) = O(n4ε−2) in Theorem 1 might be those
which are connected with the study of order types, as described in the next section.

We remark that the function N(n, ε) in Theorem 1 satisfies the lower bound N(n, ε) =
Ω(n2ε−1). The example showing this is a projective map that carries the line containing one
edge of the square [−N,N ]2 to the line at infinity.

2 Connections to order types and motivation

An order type of size n is an equivalence class of all n-point sets which can be mapped
into each other by strongly order preserving maps, where a map φ : A → R2 from a finite
planar point set A to R2 is strongly orientation preserving if it is orientation preserving
and, additionally, it maps collinear triples of A to collinear triples. If the sets of an order
type are in general position then we say that the order type is in general position. Order
types have been studied from various perspectives, for example, see the paper of Goodman
and Pollack [1] for a classical result and the recent paper of Pilz and Welzl [4] for further
references.

The span of a finite point set A ⊂ R2 is the ratio between the maximum distance in A

and the minimum distance in A. Note that due to projective transformations the supremum
of the spans of the sets of any fixed order type (of size at least three) is ∞. We define the
span of an order type T as the infimum of the spans of the point sets in T . By famous results
of Goodman, Pollack and Sturmfels [2] and of Kratochvíl and Matoušek [3], there are order
types of size n with double exponential span.

▶ Theorem 2. For n > 1, let f(n) be the smallest real number such that, for any order type
T of size n in general position and for any δ > 0, there exists a set A in T having the span
smaller than f(n) + δ. Then there are two positive constants c1 and c2 such that, for any
integer n > 3,

22c1n

≤ f(n) ≤ 22c2n

.

Our Theorem 1 considers subsets of sets of some order type with a small span. In
particular, an immediate consequence of Theorem 1 says that some order types have the
property that any set of this order type contains a rather large subset whose order type has
a very small span (asymptotically as small as possible for the given size).

▶ Theorem 3. For any N ≥ 2, there is an order type TN of size N in general position such
that any set A of TN contains a subset B of size n = Ω(N1/3) which is an affine transform
of a set having span O(

√
n).

We remark that due to a simple packing argument the span of any set (or order type) of
size n ≥ 2 is at least Ω(

√
n).

Another (almost immediate) consequence of Theorem 1 says that there are order types T
of arbitrary size n ≥ 2 in general position such that any set A of order type T contains a
quite large subset of points which lie, one by one, in small neighborhoods of equidistantly
distributed points along some line.
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▶ Theorem 4. For any N ≥ 2 and any ε > 0, there is an order type TN of size N in general
position such that any set A of TN contains a subset B of size n = Ω(N1/4ε1/2) such that
for some line ℓ and for some n equally distributed points p1, . . . , pn on ℓ where the distance
between pi and pi+1 is exactly d for some fixed d > 0 and for each i = 1, . . . , n − 1, the
following holds. There is exactly one point of B in the (εd)-neighborhood of pi for each
i = 1, . . . , n.

Since some of the ratios of distances among sufficiently many equidistantly distributed
points on a line approximate (with any prescribed precision) l prescribed distance ratios,
Theorem 4 immediately implies the following result of Nešetřil and Valtr [6, Theorem 6].

▶ Theorem 5 (Nešetřil and Valtr [6]). For any positive integer l > 0 and for any l+ 1 positive
real numbers ε, r1, r2, . . . , rl > 0, there exists a (finite) order type T in general position
such that any set of order type T determines l + 1 distances di, i = 0, 1, 2, . . . , l, such that
| di

d0
− ri| < ε (i = 1, 2, . . . , l).

3 Preparations and sketch of proof

We start with introducing basic notation and definitions. For distinct u, v ∈ R2, L(u, v)
denotes the line they span. The angle α(u, v) is defined as the angle the vector v − u and
the positive half of the x axis make. It is understood mod 2π. Assume φ0 : G∗(n) → R2

is an orientation preserving map on non-collinear triples, and it satisfies the conditions
φ0(1, 1) = (1, 1), φ0(n, 1) = (n, 1), φ0(1, n) = (1, n). Suppose further that for all u, v ∈ G∗(n)
with α(u, v) ∈ {0, π/4, π/2}

|α(u, v) − α(φ0(u), φ0(v))| < γ,

where γ > 0. In the last step of the proof of Theorem 1 we need the following lemma.

▶ Lemma 6. Assume γ = O(n−2). Then, under the above conditions for every z ∈ G∗(n)
we have

∥φ0(z) − z∥ < 20γn2.

The proof is given in the last section.
Another important notion is that of a block of an m × m grid. The horizontal, resp.

vertical blocks of G∗(m) are the sets (where i, j ∈ [m])

Hi = {(1, i), (2, i), . . . , (m, i)} and Vj = {(j, 1), (j, 2), . . . , (j,m)},

we will call (1, i) resp. (m, i) the first and last point of the block Hi, and similarly (j, 1) and
(j,m) are the first and last points of Vj . Similarly the plus and minus diagonal blocks of
G∗(m) are

D+
i = {(x, y) ∈ G∗(m) : x− y = i},

D−
j = {(x, y) ∈ G∗(m) : x+ y = j},

here i = 0,±1, . . . ,±(m− 1) and j = 2, . . . , 2m. Their first and last points are (i+ 1, 1) and
(m, i−m) for D+

i and (1, j − 1) and (j − 1, 1) for D−
j . Two blocks are neighbourly if they lie

in consecutive parallel lattice lines.

SoCG 2021
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v

ϕ(a)

ϕ(b)

ϕ(b′)

ϕ(a′)

Wϕ(B,B′)
a W (B,B′)

a′

b′

b

Figure 1 Neighbourly blocks and φ blocks separated.

Given an orientation preserving map φ : G∗(m) → R2 the image φ(B) of a block B is
called a φ block. We need separation properties of blocks and φ blocks. Let B and B′ be
two neighbourly blocks with first and last point a, b resp. a′, b′. Here b− a and b′ − a′ are
parallel and point in the same direction, see Figure 1. It is clear that both L(a, b′) and
L(a′, b) separate B and B′. The orientation preserving properties of φ imply that the lines

L1 = L(φ(a), φ(b′)) and L2 = L(φ(a′), φ(b))

also separate φ(B) and φ(B′), or, what is the same, conv φ(B) and conv φ(B′). The lines
L1 and L2 define a double cone Wφ(B,B′) with apex v = L1 ∩ L2 which is the double cone
not containing φ(B) and φ(B′). Similarly, let W (B,B′) be the double cone determined by
L(a, b′) and L(a′, b), again the one not containing B and B′. The following facts are well
known.

▶ Fact 1. If u ∈ Wφ(B,B′), then L(u, v) separates φ(B) and φ(B′).

▶ Fact 2. For any point z ∈ W (B,B′) ∩ G∗(m) the line L(φ(z), v) separates φ(B) and
φ(B′).

We say that a point z ∈ R2 is a separator for the horizontal blocks H1, . . . ,Hm if there
are lines L1, . . . , Lm−1, all passing through z such that Li separates Hi and Hi+1 for all
i. Separator points for a set of vertical and diagonal blocks, and for φ-blocks, are defined
analogously.

▶ Fact 3. If z ∈ G(N) is a separator for the horizontal (or vertical, diagonal) blocks of
G∗(m), then so is φ(z) for the corresponding φ blocks.

Here is a quick sketch of the proof of Theorem 1. First we find a small subgrid, G1, of
G(N). (G1 lies in the upper halfplane and we ignore the part of G(N) that is in the lower
halfplane.) The points zh = (N, 0) resp. z− = (−N,N) are separators for the horizontal and
minus diagonal blocks of G1. The points v+, v− and w+, w− are separators for the vertical
and plus diagonal blocks of G1, see Figure 2. These four points are very close to the line
L(zh, z−). From the φ-image of these points we construct four collinear points that are
separators for the corresponding φ blocks of G1. A projective transformation that carries the
line containing these separators to infinity can be chosen so that the horizontal resp vertical
φ blocks of G1 are separated by horizontal and vertical lines. This way we create a grid like
structure. A small subgrid of G1 can be found which satisfies the conditions of Lemma 6.
The resulting map is only projective and not affine. This is to be fixed in the end.
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(N, 0)(0, 0)(−N, 0)

(N,N)

zh

z−

G1

(−N,N)

v−
v+

w− w+

Figure 2 G(N) and G1.

4 Finding a smaller grid and a projective transformation

We set N = 6m2 and define G1 = Z2 ⋂
([−m,m] × [0, 2m], see Figure 2. The horizontal

blocks of G1 are H0, H1, . . . ,H2m and any point in
⋂2m−1

0 W (Hi, Hi+1) is a separator for
these blocks. An elementary calculation shows that any point (x, 0) with x > 4m2 −m is
a separator. In particular, zh = (6m2, 0) is a separator. Similarly, any point (0, y) with
y > 2m2 is a separator point for the vertical blocks of G1. Another calculation shows that
any point (x, x) resp. (−x, x) with x > m2 is a separator point for the plus diagonal and the
minus diagonal blocks of G1. We fix z− = (−6m2, 6m2) as a separator point for the minus
diagonal blocks.

By Fact 3, φ(zh) resp. φ(z−) is a separator point for the horizontal and minus diagonal φ
blocks of G1. Moreover v+ = (3m2 + 1, 0) and v− = (3m2 − 1, 0) are both separators for the
vertical blocks of G1. Then so are φ(v+) and φ(v−) for the vertical φ blocks. These points
lie on opposite sides of the line Lφ = L(φ(zh), φ(z−)). Consequently the intersection point,
zv, of Lφ and the segment [φ(v+), φ(v−)] is a separator for the vertical φ blocks. Completely
analogously, we find a separator z+ ∈ Lφ for the plus diagonal φ blocks of G1. Namely, both
w+ = (2m2 + 1, 2m2 + 1) and w− = (2m2 − 1, 2m2 − 1) are separators for the plus diagonal
blocks of G1, their φ-images lie on opposite sides of Lφ, so the intersection point, z+, works
again. Here is what we have established so far.

▶ Lemma 7. The line Lφ contains four points φ(zh), φ(z−), zv, z+ that are separators for
the horizontal, minus diagonal, vertical and plus diagonal φ blocks of G1.

Now apply a projective transformation ψ1 : R2 → R2 that maps Lφ to the line at infinity
so that the horizontal resp. vertical separating lines of the corresponding φ blocks are mapped
to horizontal and vertical lines of the form

L(bj)h = {(x, y) : y = bj} and L(ai)v = {(x, y) : x = ai},

here i, j ∈ [2m] and a1 < a2 < . . . < a2m and b1 < b2 < . . . < b2m. From this point onward
we only work on points of the grid that are in the lower triangular half, so that there is no
reason to worry that this projective transformation might modify orientations.

SoCG 2021
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ap

bq

ap+m

bq+m

ai

wi,j
wk,j

bj

L(wi,j , wk,j)

L(ap)
v L(ap+m)v

L(bq)
h

L(bq+m)h

Figure 3 The grid-like structure and the line L(wi,j , wk,j).

We still have some freedom to define ψ1 more precisely. That will come a little later.
Set φ1 = ψ1 ◦ φ and note that the plus and minus diagonal φ1 blocks of G1 are separated
by parallel lines because the corresponding separator points are at infinity. Of course, the
vertical resp. horizontal φ1 blocks are separated by the vertical and horizontal lines L(ai)v

and L(bj)h.
Observe now that we have a grid-like structure (see Figure 3): the lines L(ai)v and L(bj)h

determine (2m− 1)2 rectangular cells and each such cell contains the φ1 image of a unique
point from G1. Precisely, the cell C(i, j) is just the rectangle [ai, ai+1]× [bj , bj+1]. It contains
the point wi,j which is the φ1 image of a unique point in G1.

Suppose that m is large, m > 105 say, and let ap+5 − ap resp. bq+5 − bq be the minimal
among the numbers a8 −a3, a9 −a4, . . . , a2m−2 −a2m−7 and b8 −b3, b9 −b4, . . . , b2m−2 −b2m−7.
Note that the cells in the first and last two rows and columns are not used, this “double
frame” will be needed later. Here either p < m or p + 5 > m. Similarly, either q < m or
q+ 5 > m. We can assume by symmetry that p, q < m. We now fix ψ1 (and so φ1 as well) by
requiring that ap = bq = 0 and ap+m = bq+m = m. It follows then that 0 < ap+5, bq+5 ≤ 5.

We are going to show that, with φ1 fixed this way, the angles of the plus diagonal
separators are very close to π/4. A similar statement holds for the minus diagonal separators
but we do not need that. We have the following lemma.

▶ Lemma 8. If m is large enough, then 0 < ap+k+1 −ap+k < 11 and 0 < bq+k+1 − bq+k < 11
for all k = −1, 0, 1, . . . ,m− 1,m.

Proof. Let R be the rectangle [ap, ap+m] × [bq, bq+m]. Define G2 as the m×m subgrid of
G1 whose φ1-image lies in R. Horizontal, vertical, plus and minus diagonal blocks of G2
are defined the same way as those of G1. Let Bi be the plus diagonal φ1 blocks of G2 that
contains the point wp,q+i for i = 0, 1, 2, 3, 4 and let B−i be the one containing wp+i,q for
i = 1, 2, 3, 4.
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ap ap+5 ap+k

bq+k

bq

bq+5

L−3

L4

L3

L−4

R0

Rk

Figure 4 Only some of the lines Li are shown, the central cell of Rk is shaded.

These diagonals are separated by parallel lines L4, L3, . . . , L−4 in this order. So for
instance L1 separates B1 and B0, see Figure 4. Note that each such line intersects the
rectangle R0 = [ap, ap+5]× [bq, bq+5] as otherwise L−4 (say) would avoid it and then it cannot
separate two points inside this rectangle. This implies that the distance between L4 and L−4
is less then the sum of two neighbouring sides of R0, which is at most 10.

Note further that the lines L−4, . . . , L4 are parallel and their slope is a positive number.
Consequently the angle β these lines make with the positive half of the x axis is strictly
between 0 and π/2.

Consider the rectangle Rk = [ap+k, ap+k+5]×[bq+k, bq+k+5] where k = −2,−1, 0, . . . ,m−5.
(This is the point where we use the double frame.) It contains 52 cells. We claim that
its middle cell, C(p + k + 2, q + k + 2), lies between the lines L4 and L−4, see Figure 4.
Indeed, if it did not, then either the point (ap+k+3, bq+k+2) is below the line L−4, or the
point (ap+k+2, bq+k+3) is above the line L4. In the former case the cells C(p+k+ 3, q+k+ 1)
and C(p+ k+ 4, q+ k) also lie below the line L−4. But then L−4 cannot separate the points
wp+k+3,q+k+1 ∈ φ1(B−3) and wp+k+4,q+k ∈ φ1(B−4), yet L−4 separates these two φ1 blocks.
A similar argument works when the point (ap+k+2, bq+k+3) is not below the line L4.

The line L4 intersects L(ap)v below the point (ap, bq+5), and intersects L(ap+m)v above
the point (ap+m, bq+m), so its slope is least m−5

m . Similar argument shows that the slope of
the line L−4 is at most m

m−5 . As both slopes are equal to tan β we have

m− 5
m

≤ tan β ≤ m

m− 5 . (1)

SoCG 2021
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So for m large, β is very close to π/4 and the strip between L4 and L−4 (whose width
is at most 10) intersects both axes in a segment of length shorter than 11. This and the
fact that the central cell C(p+ k + 2, q + k + 2) lies between the lines L4 and L−4 finish the
proof. ◀

The next target is to show that if w1, w2 ∈ R belong to the same horizontal, vertical, or
plus diagonal φ1 block, then the angle of the line L(w1, w2) is very close to 0, π/2, π/4. We
need some preparations.

Assume that L and L′ are consecutive parallel separating lines between three plus diagonal
φ1 blocks ofG2 that have points in R. Then there are four cells C(p+k, q+h), C(p+k+1, q+h),
C(p+k, q+h+ 1), and C(p+k+ 1, q+h+ 1) so that L separates wp+k,q+h+1 from wp+k,q+h

and wp+k+1,q+h+1, and L′ separates wp+k+1,q+h from wp+k,q+h and wp+k+1,q+h+1. Then
both lines L and L′ have to intersect the rectangle [ap+k, ap+k+2] × [bq+h, bh+h+2]. The sides
of this rectangle have length at most 22.

▶ Corollary 9. If L and L′ are consecutive parallel separating lines between three (plus or
minus) diagonals φ1 blocks of G2, then the strip between them intersects both axes in a
segment of length at most 44.

We show next that if w1 and w2 belong to the same horizontal (or vertical) φ1 block,
then their line L(w1, w2) is almost horizontal (vertical). This is quite easy now. Recall the
notation α(w1, w2) for the angle of the line L(w1, w2).

▶ Lemma 10. Assume p ≤ i < k ≤ p+m and q ≤ j ≤ q+m. Then | tanα(wi,j , wk,j)| < 33
m .

Similarly p ≤ i ≤ p+m and q ≤ j < k ≤ q +m imply that | cotα(wi,j , wi,k)| < 33
m .

Proof for the horizontal case. The line L(wi,j , wk,j) (see Figure 3) intersects the line L(ap)v

on the interval [(ap, bj−1), (ap, bj+2)], as otherwise the cell C(p−1, j−1) or C(p−1, j+1) from
the double frame would be on the wrong side of L(wi,j , wk,j), contradicting the orientation
preserving property of φ1. Same way, the line L(wi,j , wk,j) intersects L(ap+m)v on the
interval [(ap+m, bj−1), (ap+m, bj+2)]. The length of both intervals is at most 33 by Lemma 8.
Same proof applies in the vertical case. ◀

We want to show the analogue of Lemma 10 for plus diagonal φ1 blocks. For that
purpose we have to consider a smaller subgrid of G2. Namely, let R′ be the rectangle
[ap′ , ap′+m′ ] × [bq′ , bq′+m′ ] anywhere near the middle of R with m′ much shorter than m,
m′ < m

110 , say. To make anywhere near more concrete choose the position of R′ so that centre
of R lies in R′.

▶ Lemma 11. Assume w1, w2 ∈ R′ belong to the same plus diagonal φ1 block of G2, and
α(w1, w2) differs from π/4 by δ.Then | tan δ| < K

m where K is a constant, for instance
K = 400 will do.

Proof. Let B0 be the plus diagonal φ1 block containing w1, w2, and let B−2, B−1, B0, B1, B2
the neighbouring diagonal φ1 blocks, with parallel separating lines L−2, L−1, L1, L2. The
strip between the lines L−2 and L2 intersects the lines L(ap+m/10)v and L(ap+9m/10)v in
two segments that lie in the rectangle R, and have length at most 3 · 44 with 44 coming from
Corollary 9. Same way as in the proof of Lemma 10, the line L(w1, w2) has to intersect these
two segments. A straightforward computation, using this fact and (1), finishes the proof. ◀

▶ Remark. In this proof we use the line L(ap+m/10)v (instead of L(ap)v) because its intersec-
tion with the strip between L−2 and L2 should lie inside R. The same reason explains the
line L(ap+9m/10)v.
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5 Finding an even smaller subgrid

We set m = Cn2ε−1 where C > 0 will be specified later. Let G3 be the subgrid of G2, a
translate of the set of grid points in [0, n]2 such that φ1 maps the bottom left corner of G3
to the point (ap′ , bq′). Note that n < m′, in fact much smaller. The set φ1(G3) is contained
in the rectangle R∗ = [ap′ , ap′+n] × [bq′ , bq′+n] whose sides are shorter than 11n.

We define an affine map ψ2 : R2 → R2 by requiring ψ2(wp′,q′) = (0, 0), ψ2(wp′+n,q′) =
(n, 0) and ψ2(wp′,q′+n) = (0, n). Then φ2 = ψ2 ◦ φ1 is well-defined on G3. The map ψ2
hardly changes any direction. More precisely, Lemmas 10 and 11 imply the following.

▶ Fact 4. If z1, z2 belong to the same horizontal, plus diagonal, vertical block of G3, then
α(φ2(z1), φ2(z2)) deviates from 0, π/4, π/2 by at most 2δ where | tan δ| < K/m.

The conditions of Lemma 6 are satisfied with γ = 2 arctanK/m. Thus its conclusion
holds: for every z ∈ G3

∥φ2(z) − z∥ < 20γn2 ≤ 40n2 arctan 2Kε
Cn2 <

80K
C

ε.

We are almost finished, except that ψ3 = ψ2 ◦ ψ1 is not an affine but a projective
transformation. It is of the form

ψ3(x) = Ax

ℓ(x)

where A is an orientation preserving affine map, and ℓ(x) is the equation of the line Lφ,
normalized so that ℓ(x) is the signed distance of x from the line Lφ. This line goes to infinity
under ψ1 and is disjoint from R and then is far from R∗; let d denote their distance. As
n,m′ < m

110 , the side length of R∗ is at most 11m′ < m
10 . Since R∗ is in the middle of R,

this implies that d > 4m
10 . The diameter of R∗ is at most 11n

√
2, very small compared to m.

Then for every x ∈ R∗, d ≤ ℓ(x) ≤ d+ 9n
√

2. Consequently, using m = Cn2ε−1

1 ≤ ℓ(x)
d

≤ 1 + 11n
√

2
.4Cn2ε−1 < 1 + 40ε

Cn
.

The map ψ(x) = Ax/d is affine and satisfies

∥ψ(z) − z∥ ≤ ∥ψ(z) − ψ3(z)∥ + ∥ψ3(z) − z∥.

Here Az/ℓ(z) is inside the square [0, n]2 or very close to it, so its norm is at most 2n. Then

∥ψ(z) − ψ3(z)∥ =
∥∥∥∥ Az

ℓ(z)

∥∥∥∥ ℓ(z) − d

d
≤ 2n40ε

Cn
= 80ε

C
.

Thus

∥ψ(z) − z∥ < 80ε
C

+ 80Kε
C

< ε,

when C is chosen larger than 80K + 80. ◀

SoCG 2021
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6 Proof of Lemma 6

Proof. Consider the quadrilateral Q = conv {A,B,C,D} as in Figure 5. Assume that

|α(A,B)|, |α(D,C)| < γ, |α(A,C) − π/4| < γ

|α(A,D) − π/2|, |α(B,C) − π/2| < γ.

The sine theorem shows that, with the notation of Figure 5,

d√
2

(1 − tan 2γ) < a, a′, b, b′ <
d√
2

(1 + tan 2γ).

Setting M = 1+tan 2γ
1−tan 2γ it follows that

M−1 <
a

a′ ,
b

a
,
b′

a
,
a

b′ < M

We are going to use these inequalities in the quadrilaterals whose vertices are φ0(i, j), φ0(i+
1, j), φ0(i, j + 1), φ0(i+ 1, j + 1). We define ai,j = φ0(i+ 1, j) − φ0(i, j) and bi,j = φ0(i, j +
1) − φ0(i, j). We write ax, ay for the x and y components of the vector a ∈ M2.

The above inequalities show that in the triangle with sides ai−1,1 and bi,1 (see Figure 5),
and in the triangle with sides bi,1 and ai,1

M−1 <
∥bi,1∥

∥ai−1,1∥
< M and M−1 <

∥ai,1∥
∥bi,1∥

< M.

Consequently

M−2 <
∥ai,1∥

∥ai−1,1∥
< M2 and so max ∥ai,1∥ ≤ min ∥ai,1∥M2(n−1).

As ax
i,1 > 0 follows from the conditions, and ax

i,1 ≥ ∥ai,1∥ cos γ, we have

max ax
i,1

min ax
i,1

≤ ∥ max ai,j∥
∥ min ai,j∥ cos γ <

M2(n−1)

cos γ =: 1 + ∆.

A

B

C
D

a

b

a′

b′
d

ai−1,1
ai,1

bi,1

ai,j−1

ai,j

Figure 5 The quadrilateral Q and a piece of the φ0-grid.
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The average of the ax
i,1 for i ∈ [n−1] is 1 because

∑n−1
1 ax

i,1 = n−1, so min ax
i,1 ≤ 1 ≤ max ax

i,x

implying that max ax
i,x < (1 + ∆) min ax

i,1 ≤ 1 + ∆, and min ax
i,1 > max ax

i,1/(1 + ∆) ≥ 1 − ∆.
Consequently

|ax
i,1 − 1| ≤ ∆ for all i ∈ [n− 1].

We need to estimate ∆:

∆ = M2(n−1)

cos γ − 1 =
(

1 + tan 2γ
1 − tan 2γ

)2n 1
cos γ − 1

≤
(

1 + 2 tan 2γ
1 − tan 2γ

)2(n−1)
(1 − γ2)−1/2 − 1

≤ exp
{

2(n− 1) 2 tan 2γ
1 − tan 2γ

}
(1 + γ) − 1 ≤ 10nγ.

The last inequality follows from et ≤ 1 + 1.1t which is true if t > 0 is small enough. This is
the case as t = 2(n− 1) 2 tan 2γ

1−tan 2γ ≈ 8nγ. Consequently

|ax
i,1 − 1| ≤ 10nγ and similarly |by

1,j − 1| ≤ 10nγ. (2)

In the quadrilateral with sides ai−1,j and ai,j (see Figure 5 again) we have, the same way
as in Q above, that

∥ai,j∥
∥ai,j−1∥

< M and so ∥ai,j∥ ≤ Mn−1∥ai,1∥.

Since Mn−1 is only slightly larger than 1 and |ay
i,j | ≤ ax

i,j sin γ we have

|ay
i,1| ≤ 2γ and similarly |by

1,j | ≤ 2γ. (3)

Finally we estimate the difference φ0(i, j) − (i, j). The absolute value of the x component
of this vector is

= |1 + ax
1,1 + . . .+ ax

i−1,1 + bx
i,1 + . . . bx

i,j−1 − i|
≤ |ax

1,1 − 1| + . . .+ |ax
i−1,1 − 1| + |bx

i,1| + . . .+ |bx
i,j−1|

≤ (i− 1)10nγ + (j − 1)2γ ≤ (n− 1)(10nγ + 2γ) < 10n2γ,

where we used (2) and (3). Estimating the y component of the vector φ0(i, j) − (i, j) is
similar but starts with writing this vector as

b1,1 + . . .+ b1,j−1 + aj,1 + . . . aj,i−1. ◀
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Abstract
Lightness is a fundamental parameter for Euclidean spanners; it is the ratio of the spanner weight
to the weight of the minimum spanning tree of a finite set of points in Rd. In a recent breakthrough,
Le and Solomon (2019) established the precise dependencies on ε > 0 and d ∈ N of the minimum
lightness of a (1 + ε)-spanner, and observed that additional Steiner points can substantially improve
the lightness. Le and Solomon (2020) constructed Steiner (1 + ε)-spanners of lightness O(ε−1 log ∆)
in the plane, where ∆ ≥ Ω(

√
n) is the spread of the point set, defined as the ratio between the

maximum and minimum distance between a pair of points. They also constructed spanners of
lightness Õ(ε−(d+1)/2) in dimensions d ≥ 3. Recently, Bhore and Tóth (2020) established a lower
bound of Ω(ε−d/2) for the lightness of Steiner (1 + ε)-spanners in Rd, for d ≥ 2. The central open
problem in this area is to close the gap between the lower and upper bounds in all dimensions d ≥ 2.

In this work, we show that for every finite set of points in the plane and every ε > 0, there
exists a Euclidean Steiner (1 + ε)-spanner of lightness O(ε−1); this matches the lower bound for
d = 2. We generalize the notion of shallow light trees, which may be of independent interest, and use
directional spanners and a modified window partitioning scheme to achieve a tight weight analysis.
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1 Introduction

Given an edge-weighted graph G, a spanner is a subgraph H of G that preserves the length of
the shortest paths in G up to some amount of multiplicative or additive distortion. Formally,
a subgraph H of a given edge-weighted graph G is a t-spanner, for some t ≥ 1, if for
every pq ∈

(
V (G)

2
)

we have dH(p, q) ≤ t · dG(p, q), where dG(p, q) denotes the length of the
shortest path in G. The parameter t is called the stretch factor of the spanner. Graph
spanners were introduced by Peleg and Schäffer [40], and since then it has turned out to
be a fundamental graph structure with numerous applications in the field of distributed
systems and communication, distributed queuing protocol, compact routing schemes, etc.;
see [19, 29, 41, 42]. For edge-weighted graphs, a natural parameter is the lightness of a
spanner, that is associated with the total weight of the spanner. The lightness of a spanner
H of an input graph G, is the ratio w(H)/w(MST) between the total weight of H and the
weight of a minimum spanning tree (MST) of G. Note that, since a spanner H is a connected
graph, the trivial lower bound for lightness is 1.
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In geometric settings, a t-spanner for a finite set S of points in Rd is a subgraph of the
underlying complete graph G = (S,

(
S
2
)
), that preserves the pairwise Euclidean distances

between points in S to within a factor of t, that is the stretch factor. The edge weights of
G are the Euclidean distances between the vertices. Chew [14, 15] initiated the study of
Euclidean spanners in 1986, and showed that for a set of n points in R2, there exists a spanner
with O(n) edges and constant stretch factor. Since then a large body of research has been
devoted to Euclidean spanners due to its many applications across domains, such as, topology
control in wireless networks [45], efficient regression in metric spaces [26], approximate
distance oracles [28], and others. Moreover, Rao and Smith [43] showed the relevance of
Euclidean spanners in the context of other fundamental geometric NP-hard problems, e.g.,
Euclidean traveling salesman problem and Euclidean minimum Steiner tree problem. Many
different spanner construction approaches have been developed for Euclidean spanners over
the years, that each found further applications in geometric optimization, such as spanners
based on well-separated pair decomposition (WSPD) [11, 27], skip-lists [3], path-greedy and
gap-greedy approaches [1, 4], locality-sensitive orderings [12], and more. We refer to the
book by Narasimhan and Smid [39] and the survey of Bose and Smid [10] for a summary of
results and techniques on Euclidean spanners up to 2013.

Lightness and sparsity are two natural parameters for Euclidean spanners. For a set S of
points in Rd, the lightness is the ratio of the spanner weight (i.e., the sum of all edge weights)
to the weight of the Euclidean minimum spanning tree MST(S). Then, the sparsity of a
spanner on S is the ratio of its size to the size of a spanning tree. Classical results show that
when the dimension d ∈ N and ε > 0 are constant, every set S of n points in d-space admits
an (1 + ε)-spanners with O(n) edges and weight proportional to that of the Euclidean MST
of S. We refer to a series of spanners constructions for a comprehensible understanding of
sparse spanners [15, 16, 30, 31, 44, 49].

Of particular interest, we elaborate on the lightness aspect of Euclidean spanners. Das
et al. [17] showed that the greedy-spanner (cf. [1]) has constant lightness in R3. This was
generalized later to Rd, for all d ∈ N, by Das et al. [18]. However the dependencies on ε

and d have not been addressed. Rao and Smith [43] showed that the greedy spanner has
lightness ε−O(d) in Rd for every constant d, and asked what is the best possible constant
in the exponent. A complete proof for the existance of a (1 + ε)-spanner with lightness
O(ε−2d) is in the book on geometric spanners [39]. Gao et al. [24] considered the spanners
in doubling metrics, and showed that every finite set of n points in doubling dimension d

has a spanner of sparsity ε−O(d). In 2015, Gottlieb [25] showed that a metric of doubling
dimension d has a spanner of lightness (d/ε)O(d), which improved the O(log n) lightness
bound of Smid [46]. Recently, Borradaile et al. [9] showed that the greedy (1 + ε)-spanner of
a finite metric space of doubling dimension d has lightness ε−O(d). In [33], Le and Solomon
established the precise dependencies of ε in the lightness and sparsity bounds of Euclidean
(1 + ε)-spanners. They constructed, for every ε > 0 and constant d ∈ N, a set S of n points
in Rd for which any (1 + ε)-spanner must have lightness Ω(ε−d) and sparsity Ω(ε−d+1),
whenever ε = Ω(n−1/(d−1)). Moreover, they showed that the greedy (1 + ε)-spanner in Rd

has lightness O(ε−d log ε−1).

Steiner Spanners. Steiner points are additional vertices in a network that are not part of
the input, and a t-spanner must achieve stretch factor t only between pairs of the input points
in S. Le and Solomon [33] observed that it is possible to use Steiner points to bypass the
lower bounds and substantially improve the bounds for lightness and sparsity of Euclidean
(1 + ε)-spanners. For minimum sparsity, they gave an upper bound of O(ε(1−d)/2) for d-space
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and a lower bound of Ω(ε−1/2/ log ε−1). For minimum lightness, they gave a lower bound of
Ω(ε−1/ log ε−1), for points in the plane (d = 2) [33]. In a subsequent work [34], they have
constructed Steiner (1 + ε)-spanners of lightness O(ε−1 log ∆) in the plane, where ∆ is the
spread of the point set, defined as the ratio between the maximum and minimum distance
between a pair of points. In particular, log ∆ ∈ Ω(log n) in doubling metrics.

Recently, Bhore and Tóth [7] established a lower bound of Ω(ε−d/2) for the lightness
of Steiner (1 + ε)-spanners in Euclidean d-space for all d ≥ 2. Moreover, for points in the
plane, they established an upper bound of O(ε−1 log n). In [35], Le and Solomon constructed
spanners of lightness Õ(ε−(d+1)/2) in dimensions d ≥ 3, nearly matching the lower bound
Ω(ε−d/2), for d ≥ 3. The central open problem in this area is to close the gap between the
lower and upper bounds of lightness, in all dimensions d ≥ 2.

▶ Question 1. Do there exist Euclidean Steiner (1 + ε)-spanners for a finite set of points in
Rd, of lightness O(ε−d/2), for any d ≥ 2?

Bounding the lightness of Euclidean spanners is often harder than bounding the sparsity,
as also noted by Le and Solomon [34]. Several works portrayed the difficulties of constructing
light spanners in Euclidean spaces, doubling metrics, as well as on other weighted graphs;
see [1, 9, 13, 22, 25, 33, 46, 18, 43]. A delicate aspect of the problem is to find suitable
locations for Steiner points. Recent results on Steiner spanners [7, 33, 34, 35] suggest that
highly nontrivial insights are required to argue the upper bounds for Steiner spanners, and
they tend to be even more intricate than their non-Steiner counterpart.

Related Previous Work. Steiner points were used in several occasions to improve the
overall weight of a network. Previously, Elkin and Solomon [23] and Solomon [47] showed
that Steiner points can improve the weight of the network in the single-source setting. In
particular, they introduced the so-called shallow-light trees (SLT), that is a single-source
spanning tree that concurrently approximates a shortest-path tree (between the source and
all other points) and a minimum spanning tree (for the total weight). They proved that
Steiner points help to obtain exponential improvement on the lightness of SLTs in a general
metric space [23], and quadratic improvement on the lightness in Euclidean spaces [47].

Our Contribution. In this work, we show that for every finite set of points in the plane and
every ε > 0, there exists a Euclidean Steiner (1 + ε)-spanner of lightness O(ε−1) (Theorem 2).
This matches the lower bound for d = 2, and thereby closes the gap between lower and upper
bounds of lightness for Euclidean (1 + ε)-spanners in R2.

On the one hand, without Steiner points, the greedy spanner in Euclidean plane has
lightness Õ(ε−2), which is the best possible up to lower-order terms [33]. On the other hand,
with Steiner points, recent constructions achieved linear dependence on ε−1, while loosing
the independence from n; see [7, 34]. Our result is the first that constructs Steiner spanners
with sub-quadratic dependence on ε−1 without any dependence on n or any assumption on
the point set, in fact our result achieves the optimal dependence on ε.

▶ Theorem 2. For every finite point sets S ⊂ R2 and ε > 0, there exists a Euclidean Steiner
(1 + ε)-spanner of weight O( 1

ε ∥MST(S)∥).

Outline. We review previous results on angle-bounded paths, SLTs, and window partitions
that we use in our construction (Section 2). The tight bound in Theorem 2 relies on three
new ideas, which may be of independent interest: First, we generalize Solomon’s SLTs to
points on a staircase path (Section 3). Second, we reduce the proof of Theorem 2 to the

SoCG 2021
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construction of “directional” spanners, in each of Θ(ε−1/2) directions, where it is enough to
establish the stretch factor 1 + ε for point pairs s, t ∈ S where dir(st) is in an interval of size√

ε (Section 4). Combining the first two ideas, we show how to construct light directional
spanners for points on a staircase path (Section 5). In each direction, we start with a
rectilinear MST of S, and augment it into a directional spanner. We modify the classical
window partition of a rectilinear polygon into histograms by replacing vertical edges with
angle-bounded paths; this is the final piece of the puzzle. Near-vertical paths (with slopes
± ε−1/2) allow sufficient flexibility to reduce the weight of a histogram subdivision, and we
can construct directional (1 + ε)-spanners for each face of such a subdivision (Section 6).

2 Preliminaries

The direction of a line segment ab in the plane, denoted dir(ab), is the minimum counter-
clockwise angle α ∈ [0, π) that rotates the x-axis to be parallel to ab. The set of possible
directions [0, π) is homeomorphic to the unit circle S1, and an interval (α, β) of directions
corresponds to the counterclockwise arc of S1 from α (mod π) to β (mod π).

Angle-Bounded Paths. For δ ∈ (0, π/2], a polygonal path (v0, . . . , vm) is (θ ± δ)-angle-
bounded if the direction of every segment vi−1vi is in the interval [θ − δ, θ + δ]; see Fig. 1(a).
Borradaile and Eppstein [8, Lemma 5] observed that the weight of a (θ ± δ)-angle-bounded
st-path is at most (1 + O(δ2))∥st∥. We prove this observation in a more precise form. The
quadratic growth rate in δ is due to the Taylor estimate sec(x) = 1

cos(x) ≤ 1 + x2 for x ≤ π
4 .

▶ Lemma 3. Let a, b ∈ R2 and let P = v0v1 . . . vm be an ab-path such that P is monotonic in
direction

−→
ab and |dir(vi−1vi) − dir(ab)| ≤ δ ≤ π

4 , for i = 1, . . . , m. Then ∥P∥ ≤ (1 + δ2)∥ab∥.

Proof. For i = 0, . . . , m, let ui be the orthogonal projection of vi to the line ab, and
let αi = dir(vi−1vi) − dir(ab). Then ∥ab∥ =

∑m
i=1 ∥ui−1ui∥ =

∑m
i=1 ∥vi−1vi∥ sec∠i ≤

∥P∥ sec δ ≤ (1 + δ2)∥P∥, as claimed. ◀

(c) (d)

a b

(a) (b)

s

L

Figure 1 (a) A (0 ± δ)-angle-bounded path. (b) A shallow-light tree between a source s and a
horizontal line segment L. (c)–(d) An x- and a y-monotone histogram.

Shallow-Light Trees. Shallow-light trees (SLT) were introduced by Awerbuch et al. [5] and
Khuller et al. [32]. Given a source s and a point set S in a metric space, an (α, β)-SLT is a
Steiner tree rooted at s that contains a path of weight at most α ∥ab∥ between the source s

and any point t ∈ S, and has weight at most β ∥MST(S)∥. We build on the following basic
variant of SLT between a source s and a set S of collinear points in the plane; see Fig. 1(b).

▶ Lemma 4 (Solomon [47, Section 2.1]). Let 0 < ε < 1, let s = (0, ε−1/2) be a point on the
y-axis, and let S be a set of points in the line segment L = [− 1

2 , 1
2 ] × {0} in the x-axis. Then

there exists a geometric graph of weight O(ε−1/2) that contains, for every point t ∈ L, an
st-path Pst with ∥Pst∥ ≤ (1 + ε) ∥st∥.



S. Bhore and C. D. Tóth 15:5

We note that the weight analysis of the st-path Pst in an SLT does not use angle-
boundedness. In particular, an SLT may contain short edges of arbitrary directions close to
t, but the directions of long edges are close to vertical. In Section 3 below, we generalize the
shallow-light trees to obtain (1 + ε)-spanners between points on two staircase paths.

Stretch Factor of 1 + ε Versus 1 + O(ε). In the geometric spanners we construct, an
st-path may comprise O(1) subpaths, each of which is angle-bounded or contained in an SLT.
For the ease of presentation, we typically establish a stretch factor of 1 + O(ε) in our proofs.
It is understood that 1 + ε can be achieved by a suitable scaling of the constant coefficients.

Histogram Decomposition. A path in the plane is x-monotone (resp., y-monotone) if its
intersection with every vertical (resp., horizontal) line is connected. A histogram is a rectilinear
simple polygon bounded by an axis-parallel line segment and an x- or y-monotone path; see
Fig. 1(c–d). It is well known that every rectilinear simple polygon P can be subdivided into
histograms (faces) such that every axis-parallel line segment in P intersects (stabs) at most
three histograms [21, 36]; such a subdivision is also called a window partition [37, 48] of P ,
and can be computed in O(n log n) time if P has n vertices. The stabbing property implies
that the total perimeter of the histograms in such a subdivision is O(per(P )).

Dumitrescu and Tóth [20] showed that for a finite point set S ⊂ R2, one can refine
the window partition, while increasing the weight by a constant factor, to construct a
graph with constant geometric dilation. The geometric dilation of a geometric graph G is
supa,b∈G dG(a, b)/∥ab∥, where dG(a, b) denotes the Euclidean length of a shortest path in
G, and the supremum is taken over all point pairs {a, b} at vertices and along edges of G.
We follow a similar approach here, but we construct a subdivision of “modified” histograms
(defined in Section 6), where the vertical edges are replaced by angle-bounded paths.

3 Generalized Shallow Light Trees

In Section 3.1, we generalize Lemma 4, and construct shallow-light trees between a source s

and points on an x- and y-monotone rectilinear path L, which is called a staircase path. In
Section 3.2, we show how to combine two shallow-light trees to obtain a spanner between
point pairs on two staircase paths.

3.1 Single Source and Staircase Chain
We present a new, slightly modified proof for Solomon’s result on SLTs between a single
source s and a horizontal line segment, and then adapt the modified proof to obtain a SLT
between s and an x- and y-monotone polygonal chain. In the proof below, we use the Taylor
estimates cos x ≥ 1 − x2/2 and sin x ≥ x/2 for x ≤ π/3.

Alternative proof for Lemma 4. Assume w.l.o.g. that ε = 2−k for k ∈ N. Let T = {ti :
i = 1, . . . , 2k+1} be 2k+1 points on the line segment L = [− 1

2 , 1
2 ] × {0} with uniform

1/(2k+1 − 1) < ε spacing between consecutive points. Consider the standard binary partition
of {1, . . . , 2k+1} into intervals, associated with a binary tree: At level 0, the root corresponds
to the interval [1, 2k+1] of all 2k+1 integer. At level j, we have intervals [i·2k−j +1, (i+1)·2k−j ]
for i = 0, . . . , 2j . Note that if a point q is the left (resp., right) endpoint of an interval at a
level j, then it is a left (resp., right) endpoint of all descendant intervals that contains it.

For every q ∈ {1, . . . , 2k+1}, we define a line segment ℓq with one endpoint at tq: Let
j ≥ 0 be the smallest level such that q is an endpoint of some interval Iq at level j. If q is
the left (resp., right) endpoint of Iq, then let ℓq be the line segment of direction π

2 − 2(j−k)/2

SoCG 2021
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s s s

t1 t2 t3 t5t4 t6 t7 t8 t1 t2 t3 t5t4 t6 t7 t8 t1 t2 t3 t5t4 t6 t7 t8

Figure 2 The segments added to graph G at level j = 0, 1, 2 for m = 23 = 8 points. The intervals
[ta, tb] at level j are indicated below the line L.

(resp., π
2 + 2(j−k)/2) such that its orthogonal projection to the x-axis is Iq; see Fig. 2. Note

that for j = 0, we use directions π
2 ± 2−k/2 = π

2 ±
√

ε. Let G be the union of segments ℓq for
q = 1, . . . , 2k+1, the horizontal segment L, and the vertical segment from s to the origin.
Lightness analysis. We show that ∥G∥ = O(ε−1/2). We have ∥L∥ = 1, and the length of the
vertical segment between s and the origin is ε−1/2. At level j of the binary tree, we construct
2j segments ℓ, each of length ∥ℓ∥ ≤ 2−j/ sin(2(j−k)/2) ≤ 2 · 2(k−3j)/2. Summation over all
levels yields

∑k
j=0 2j · 2 · 2(k−3j)/2 = 2k/2 · 2 ·

∑k
j=0 2−j/2 = O(2k/2) = O(ε−1/2).

Source-stretch analysis. We show that G contains an stq-path of length (1 + O(ε))∥stq∥
for all q = 1, . . . , 2k+1. First note that ∥stq∥ ≥ ε−1/2, as the distance between s and L

is ε−1/2. For each interval [ta, tb] in the binary tree, ℓa and ℓb have positive and negative
slopes, respectively, and so they cross above the interval [ta, tb]. Consequently, for every
point tq, the union of the k + 1 segments corresponding to the intervals that contain tq must
contain a y-monotonically increasing path Pq from tq to s. The y-projection of this path has
length ε−1/2. Consider one edge e of Pq along a segment ℓ at level j, which has direction
π
2 ±α = π

2 ±2(j−k)/2. Then the difference between the length of e and the y-projection of e is
∥e∥(1 − cos α) ≤ ∥ℓ∥(1 − cos α) ≤ 2−j 1−cos α

sin α ≤ 2−j α2/2
α/2 = 2−jα = 2−j · 2(j−k)/2 = 2−(j+k)/2.

Since Pq contains at most one edge in each level, summation over all edges of Pq yields∑k
j=0 2−(j+k)/2 = 2−k/2 ∑k

j=0 2−j/2 = O(ε1/2) ≤ ∥stq∥ · O(ε).
Finally, for an arbitrary point t ∈ L, we have ∥st∥ ≥ ε−1/2, and G contains an st-path

that consists of an stq-path from s to the point tq closest to t, followed by the horizontal
segment tqt of weight ∥tqt∥ ≤ 1/2k ≤ ε. The total weight of this path is (1+O(ε))∥st∥. After
suitable scaling of the constant coefficients, G contains a path of weight at most (1 + ε)∥st∥
for any t ∈ L, as required. ◀

▶ Lemma 5. Let 0 < ε < 1, let s = (0, ε−1/2) be a point on the y-axis, and let L be an x- and
y-monotone increasing staircase path between the vertical lines x = ± 1

2 , such that the right
endpoint of L is ( 1

2 , 0) on the x-axis. Then there exists a geometric graph G comprised of L

and additional edges of weight O(ε−1/2) such that G contains, for every t ∈ L, an st-path
Pst with ∥Pst∥ ≤ (1 + O(ε)) ∥st∥.

We can adjust the construction above as follows; refer to Fig. 3.
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Figure 3 The paths γq added to graph G at level j = 0, 1, 2 for m = 23 = 8 points. The intervals
[ta, tb] at level j are indicated below the staircase path L.

Proof. Assume w.l.o.g. that ε = 2−k for some k ∈ N. Let T = {ti : i = 1, . . . , 2k+1} be 2k+1

points in L on equally spaced vertical lines, with spacing 1/(2k+1 − 1) < ε. Consider the
standard binary partition of {1, . . . , 2k+1} into intervals as in the previous proof.

For every q ∈ {1, . . . , 2k+1}, we define a polygonal path γq with one endpoint at tq; see
Fig. 3. Let j ≥ 0 be the smallest level such that tq is an endpoint of some interval Iq at level
j. If tq is the right endpoint of Iq, then let γq be the line segment of direction π

2 + 2(j−k)/2

such that its x-projection is Iq. If tq is the left endpoint of Iq, then γq will be an x- and
y-monotone path whose x-projection is Iq, and its edges will be vertical segments along L

and segments of direction αq = π
2 − 2(j−k)/2. Specifically, γq starts from tq with a line of

direction αq. Whenever γq encounters a vertical edge of L, it follows it upward until its
upper endpoint, and then continues in direction αq.

Let G be the union of all paths γq for q = 1, . . . , 2k+1, as well as the path L, and the
vertical segment from s to the origin. This completes the construction of G.
Lightness analysis. We show that ∥G∥ = ∥L∥ + O(ε−1/2). The distance between s and L is
ε−1/2. For every q ∈ {1, . . . , 2k+1}, the path γq is composed of vertical segments along L,
and nonvertical segments whose total weight is the same as ∥ℓq∥ in the proof of Lemma 4,
where we have seen that

∑2k+1

q=1 ∥ℓq∥ = O(ε−1/2). Consequently, ∥G∥ = ∥L∥ + O(ε−1/2).
Source-stretch analysis. We show that G contains an stq-path of weight (1 + (ε))∥stq∥ for all
q = 1, . . . , 2k+1. Denoting y(tq) the y-coordinate of point tq, we have ∥stq∥ ≥ ε−1/2 + |y(tq)|.
For each interval [ta, tb] in the binary tree, the paths γa and γb cross above the portion
of L between ta and tb. Consequently, for every point tq, the union of the k + 1 paths γ

corresponding to the intervals that contain tq must contain a y-monotonically increasing
path Pq from tq to s. The y-projection of this path has length ε−1/2 + |y(tq)|. Some of the
edges of this path are vertical. Consider the union of all nonvertical edges e of Pq along a
path γ at level j, which all have direction π

2 ± 2(j−k)/2. The difference between the length
of e and the y-projection of e is bounded by the same analysis as in the proof of Lemma 4.
Summation over all levels yields O(ε1/2) ≤ ∥stq∥ · O(ε).
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15:8 Light Euclidean Steiner Spanners in the Plane

Finally, for an arbitrary point t ∈ L, we have ∥st∥ ≥ |y(s) − y(t)| = ε−1/2 + |y(t)|, and G

contains an st-path that consists of an stq-path from s to the closest point tq to the right of
t, followed by an x- and y-monotone path along L in which the total length of the horizontal
edges is bounded by 1/2k ≤ ε (and the length of vertical segment might be arbitrary). We
use the lower bound ∥st∥ ≥ ε−1/2 + |y(t)|. The vertical segments between tq and t do not
contribute to the error term ∥st∥ − (ε−1/2 + |y(t)|). The analysis in the proof of Lemma 4
yields ∥st∥ − (ε−1/2 + |y(t)|) ≤ O(

√
ε) ≤ O(ε)∥st∥. ◀

Note that the source-stretch analysis assumed that the vertical edges of an st-path (along
the vertical edges of L) do not accumulate any error. Consequently, the same analysis
carries over if we replace the vertical edges of L by ( π

2 ±
√

ε
2 )-angle-bounded paths. The key

observation is that in the proof of Lemma 5, all nonvertical edges have directions that differ
from vertical (i.e., from π

2 ) by
√

ε or more.

▶ Corollary 6. Let 0 < ε < 1, let s = (0, ε−1/2) be a point on the y-axis, and let L be a
path between the vertical lines x = ± 1

2 , obtained from an x- and y-monotone increasing
staircase path with the right endpoint at ( 1

2 , 0) on the x-axis, by replacing the vertical edges
with y-monotonically increasing ( π

2 ±
√

ε
2 )-angle-bounded paths. Then there exists a geometric

graph G that contains L and additional edges of weight O(ε−1/2) such that G contains, for
every t ∈ L, an st-path Pst with ∥Pst∥ ≤ (1 + O(ε)) ∥st∥.

3.2 Combination of Shallow-Light Trees
The combination of two SLTs yields a light (1 + ε)-spanner between points on two staircases.

▶ Lemma 7. Let R be an axis-parallel rectangle of width 1 and height 2ε−1/2; and let L1
(resp., L2) be a staircase path from the lower-left (upper-left) corner of R to a point on the
vertical line passing through the right side of R, lying below (above) R; see Fig. 4. Then there
exists a geometric graph comprised of L1 ∪ L2 and additional edges of weight O(ε−1/2) that
contains an ab-path Pab with ∥Pab∥ ≤ (1 + O(ε)) ∥ab∥ for any a ∈ L1 and any b ∈ L2.

R R

L2

1

2
ε−

1
/
2

2
ε−

1
/
2

s s

(a) (b)
L1

b

a

Figure 4 (a) A combination of two SLTs between the two horizontal sides of R. (b) A combination
of two SLTs between two staircases above and below R, respectively.
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Proof. Let s be the center of the rectangle R. Let G be the geometric graph formed
by the SLTs from the source s to L1 and L2, resp., using Lemma 5. By construction,
∥G∥ = ∥L1∥ + ∥L2∥ + O(ε−1/2). It remains to show that G has the desired spanning ratio.
Let a ∈ L1 and b ∈ L2. Let ha be the distance of a from bottom side of R, and hb the
distance of b from the top side of R. By Lemma 4, the two SLTs jointly contain an ab-path
Pab of length ∥Pab∥ ≤ (1 + O(ε)) (∥as∥ + ∥bs∥).

On the one hand, s is the center of R, and so ∥as∥ + ∥bs∥ ≤ diam(R) + ha + hb ≤
(1 + ε

8 )2ε−1/2 + ha + hb. On the other hand, ∥ab∥ ≥ height(R) + ha + hb = 2ε−1/2 + ha + hb.
Overall, ∥Pab∥ ≤ (1 + O(ε))(1 + ε

8 ) ∥ab∥ ≤ (1 + O(ε))∥ab∥. ◀

4 Reduction to Directional Spanners in Histograms

In this section, we present our general strategy for the proof of Theorem 2, and reduce the
construction of a light (1 + ε)-spanner for a point set S in the plane to a special case of
directional spanners for a point set on the boundary of faces in a (modified) window partition.

Directional (1 + ε)-Spanners. Our strategy to construct a (1 + ε)-spanner for a point set S

is to partition the interval of directions [0, π) into O(ε−1/2) intervals, each of length O(ε1/2).
For each interval D ⊂ [0, π), we construct a geometric graph that serves point pairs a, b ∈ S

with dir(ab) ∈ D. Then the union of these graphs over all O(ε−1/2) intervals will serve all
point pairs ab ∈ S. The following definition formalizes this idea.

▶ Definition 8. Let S be a finite point set in R2, and let D ⊂ [0, π) be a set of directions. A
geometric graph G is a directional (1 + ε)-spanner for S and D if G contains an ab-path of
weight at most (1 + ε)∥ab∥ for every a, b ∈ S with dir(ab) ∈ D.

In Section 6, we modify the standard window partition algorithm and partition a bounding
box of S into fuzzy staircases and tame histograms (defined below). We also construct
directional spanners for point pairs a, b ∈ S, where ab is a chord of a face in this partition. A
line segment ab is a chord of a simple polygon P if a, b ∈ ∂P , and ab ⊂ P . The perimeter of
a simple polygon P , denoted per(P ), is the total weight of the edges of P ; and the horizontal
perimeter, denoted hper(P ), is the total weight of the horizontal edges of P .

▶ Lemma 9. We can subdivide a simple rectilinear polygon P into a collection F of fuzzy
staircases and tame histograms of total perimeter

∑
F ∈F per(F ) ≤ O(ε−1/2per(P )) and total

horizontal perimeter
∑

F ∈F hper(F ) ≤ O(per(P )).

▶ Lemma 10. Let F be a fuzzy staircase or a tame histogram, S ⊂ ∂F a finite point set,
ε > 0, and D = [ π−

√
ε

2 , π+
√

ε
2 ] an interval of nearly vertical directions. Then there exists a

geometric graph of weight O(per(F ) + ε−1/2 hper(F )) such that for all a, b ∈ S, if ab is a
chord of F and dir(ab) ∈ D, then G contains an ab-path of weight at most (1 + O(ε))∥ab∥.

For the proof of Lemmas 9 and 10, refer to the full paper [6]. In the remainder of this
section, we show that these lemmas imply Lemma 11, which in turn implies Theorem 2.

▶ Lemma 11. Let S ⊂ R2 be a finite point set, ε > 0, and D ⊂ [0, π) an interval of length√
ε. Then there exists a directional (1 + ε)-spanner for S and D of weight O(ε−1/2 ∥MST∥).

Proof. We may assume, by applying a suitable rotation, that D = [ π−
√

ε
2 , π+

√
ε

2 ], that is, an
interval of nearly vertical directions. We construct a directional (1 + ε)-spanner for S and D

of weight O(ε−1/2 · ∥MST(S)∥).
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15:10 Light Euclidean Steiner Spanners in the Plane

Assume w.l.o.g. that the unit square U = [0, 1]2 is the minimum axis-parallel bounding
square of S. In particular, S has two points on two opposite sides of U , and so 1 ≤
diam(S) ≤ ∥MST(S)∥. Our initial graph G0 is composed of the boundary of U and a
rectilinear MST of S, where ∥G0∥ = O(∥MST(S)∥). Since each edge of G0 is on the
boundary of at most two faces, the total perimeter of all faces of G0 is also O(∥MST(S)∥).
Lemma 9 yields subdivisions of the faces of G0 into a collection F of fuzzy staircases and
tame histograms of total perimeter

∑
F ∈F per(F ) = O(ε−1/2∥MST (S)∥) and horizontal

perimeter
∑

F ∈F hper(F ) = O(∥MST (S)∥),
Let K(S) be the complete graph induced by S. For each face F ∈ F , let SF be the set of

all intersection points between the boundary ∂F and the edges of K(S). For each face F ,
Lemma 10 yields a geometric graph GF of weight O(per(F ) + ε−1/2hper(F )) with respect to
the finite point set SF ⊂ ∂F .

We can now put the pieces back together. Let G be the union of G0 and the graphs GF

for all F ∈ F . The weight of G is bounded by ∥G∥ = ∥G0∥ +
∑

F ∈F ∥GF ∥ = O(∥MST(S)∥ +∑
F ∈F (per(F ) + ε−1/2hper(F ))) = O(ε−1/2∥MST(S)∥).
Let a, b ∈ S. The edges of G0 subdivide the line segment ab into a path v0v1 . . . vm of

collinear segments, each of which is a chord of some face in F . For i = 1, . . . , m, graph G

contains a vi−1vi-path of weight at most (1 + ε)∥vi−1vi∥. The concatenation of these paths
is an ab-path of length at most

∑m
i=1(1 + ε)∥vi−1vi∥ = (1 + ε)∥ab∥, as required. ◀

Proof of Theorem 2. Let S be a finite set of points in the plane. Let ε > 0 be given. For
k = ⌈πε−1/2⌉, we partition the space of directions as [0, π) =

⋃k
i=1 Di, into k intervals of equal

length. By Lemma 11, there exists a directional (1+ε)-spanner of weight O(ε−1/2∥MST(S)∥)
for S and Di for all i. Let G =

⋃k
i=1 Gi. For every point pair s, t ∈ S, we have dir(st) ∈ Di

for some i ∈ {1, . . . , k}, and Gi ⊂ G contains an st-path of weight at most (1 + ε)∥st∥.
Consequently, G is a Euclidean Steiner (1 + ε)-spanner for S. The weight of G is ∥G∥ =∑k

i=1 ∥Gi∥ ≤ ⌈πε−1/2⌉ · O(ε−1/2∥MST(S)∥) ≤ O(ε−1∥MST(S)∥), as required. ◀

5 Construction of Directional Spanners for Staircases

In this section, we handle the special case where the points are on a x- and y-monotone
rectilinear path L, which is called a staircase path. Our recursive construction uses a type
of polygons that we define now. A shadow polygon is bounded by a staircase path L and a
single line segment of slope ε−1/2; see Fig. 5(a) for examples.

▶ Lemma 12. Let L be an x- and y-monotonically increasing staircase path, and let S ⊂ L be
a finite point set. Then there exists a geometric graph G comprised of L and additional edges
of weight O(ε−1/2width(L)) such that G contains a path Pab of weight ∥Pab∥ ≤ (1+O(ε))∥ab∥
for any a, b ∈ L where slope(ab) ≥ ε−1/2 and the line segment ab lies below L.

Proof. If a, b ∈ L and ab lies below L, then either both a and b are in the same edge of L

(hence L contains a straight-line path ab), or one point in {a, b} is on a vertical edge of L

and the other is on a horizontal edge of L. We may assume w.l.o.g. that a is on a vertical
edge and b is on a horizontal edge of L.

Let A be the set of all points p such that there exists a ∈ L on some vertical edge of L

such that slope(ap) ≥ ε−1/2 and ap is below L; see Fig. 5(a). The set A is not necessarily
connected, the connected components of A are shadow polygons for disjoint subpaths of
L. Let U be the set of these shadow polygons. Note that for every pair a, b ∈ L, if
slope(ab) ≥ ε−1/2 and ab lies below the path L, then ab lies in some polygon in U . For each
polygon U ∈ U , we construct a geometric graph G(U) of weight O(ε−1/2width(U)) such
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Figure 5 (a) A staircase path L; the shadow of vertical edges of L is shaded light gray. (b) The
shadow of the horizontal edges in the subpolygons is shaded dark gray. (c) Recursive subproblems
generated in the proof of Lemma 12.

that G(U) ∪ L is a directional spanner for the point pairs in S ∩ U . Then L together with⋃
U∈U G(U) is a directional spanner for all possible ab pairs. Since the shadow polygons

in U are adjacent to disjoint portions of L, we have
∑

U∈U width(U) ≤ width(L), and so∑
U∈U ∥G(U)∥ = O(ε−1/2width(L)), as required.

Recursive Construction. For all U ∈ U , we construct G(U) recursively as follows. Assume
that |S ∩ U | ≥ 2. Let B(U) be the set of all points p ∈ U for which there exists a point
b on some horizontal edge of U such that bp ⊂ U and slope(ab) ≥ 1

2 ε−1/2; see Fig. 5(b).
The set B(U) may be disconnected, each component is a simple polygon bounded by a
contiguous portion of L and a line segment of slope 1

2 ε−1/2. Denote by V the set of connected
components of B(U).

For every V ∈ V , let C(V ) be the set of all points p ∈ V for which there exists a point a

on some vertical edge of V such that ap ⊂ V and slope(ap) ≥ ε−1/2; see Fig. 5(b). Again,
the set C(V ) may be disconnected, each component is a shadow polygon. Denote by W the
set of all connected components of C(V ) for all V ∈ V .

Since height(W )/width(W ) = ε−1/2 for all W ∈ W and height(V )/width(V ) = 1
2 ε−1/2

for all V ∈ V , we have∑
W ∈W

width(W ) =
√

ε ·
∑

W ∈W
height(W ) =

√
ε ·

∑
V ∈V

height(V )

= 1
2

∑
V ∈V

width(V ) = 1
2

∑
U∈U

width(U). (1)

For every polygon V ∈ V , let sV be the bottom vertex of V . We construct a sequence of
shallow-light trees from source sV as follows. For every nonnegative integer i ≥ 0, let hi be
a horizontal line at distance height(V )/2i above sV . If there is any point in S between hi

and hi+1, then we construct an SLT from sV to the portion of L between hi and hi+1. By
Lemma 12, the total weight of these trees is O(ε−1/2width(V )). Over all V ∈ V , the weight
of these SLTs is

∑
V ∈V O(ε−1/2width(V )) = O(ε−1/2width(U)). For all V ∈ V , we also add

the boundary ∂V to our spanner, at a cost of
∑

V ∈V per(V ) =
∑

V ∈V O(ε−1/2width(V )) =
O(ε−1/2width(U)). This completes the description of one iteration. Recurse on all W ∈ W
that contain any point in S.
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15:12 Light Euclidean Steiner Spanners in the Plane

Lightness analysis. Each iteration of the algorithm, for a shadow polygon U , constructs SLTs
of total weight O(ε−1/2width(U)), and produces subproblems whose combined width is at
most 1

2 width(U) by Equation (1). Consequently, summation over all levels of the recursion
yields ∥G(U)∥ = O(ε−1/2width(U) ·

∑
i≥0 2−i) = O(ε−1/2width(U)), as required.

Stretch analysis. Now consider a point pair a, b ∈ S such that slope(ab) ≥ ε−1/2, a is in a
vertical edge of L, and b is in a horizontal edge of L. Assume that U is the smallest shadow
polygon in the recursive algorithm above that contains both a and b. Then b ∈ V for some
V ∈ V, and a is at or below vertex sV of V . Now we can find an ab-path Pab as follows:
First construct a y-monotonically increasing path from a to VS along vertical edges of L and
along edges of some polygons in V ; all these edges have slope larger than 1

2 ε−1/2. Then from
sV , follow an SLT to b. All edges of Pab from a to sV have slope at least 1

2 ε−1/2, and so their
directions differ from vertical by at most arctan(2ε1/2) ≤ 3ε1/2, using the Taylor expansion
of tan(x) near 0. By Lemma 3 the stretch factor of the paths from a to sV and the path
asV b are each at most 1 + O(ε). By Lemma 12, the SLT contains a path from sV to b with
stretch factor 1 + O(ε). Overall, ∥Pab∥ ≤ (1 + O(ε))∥ab∥. ◀

In the full paper [6], it is shown that Lemma 12 continues to hold if we replace the vertical
edges of the staircase L with angle-bounded paths. Furthermore, the horizontal edges can
also be replaced by x-monotone paths of approximately the same length.

6 Construction of Directional Spanners in Histograms

We would like to partition a simple rectilinear polygon P into a collection F of simple
polygons (faces), and then design a directional (1 + ε)-spanner for each face F ∈ F such that
the total weight of these spanners is under control. Lemma 12 tells us that we can handle
staircase polygons efficiently. The standard window partition [37, 48] would partition P into
histograms as indicated in Fig. 6(a). We would like to further reduce the problem to staircase
polygons. However, the worst-case weight of a standard decomposition of a histogram H into
staircases is Θ(per(H) log n), where n is the number of vertices of H. We cannot afford a
log n factor (or any function of the cardinality |S|). To overcome this technical difficulty, we
replace the vertical edges by nearly vertical δ-angle-bounded paths (cf. Lemma 3). By setting
δ = Θ(

√
ε), these paths provide enough flexibility to keep the weight of the subdivision

under control; and our result on SLTs for these “modified” staircases carry over with only a
constant increase in their total weight.

(a) (b)

P

e0

H

(c)

P

γ0

Figure 6 (a) A standard window partition of a rectilinear polygon P into histograms, starting
from a horizontal edge e0. (b) A decomposition of a y-monotone histogram into staircase polygons.
(c) The modified window partition of a rectilinear polygon P into x-monotone Λ-histograms and
y-monotone fuzzy histograms.
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We introduce some terminology; refer to Fig. 7. Let Λ ≥ 8 be a constant.
A Λ-path is a y-monotone path in which every edge is vertical, or has slope ± Λε−1/2.
A Λ-histogram is a simple polygon obtained from a histogram by replacing vertical edges
with some Λ-paths. A Λ-histogram is x-monotone (resp., y-monotone) if it is obtained
from an x-monotone (resp., y-monotone) histogram.
A fuzzy staircase is a simple polygon bounded by a path pqr, where pq is horizontal and
slope(qr) = ± Λε−1/2, and a pr-path obtained from an x- and y-monotone staircase by
replacing vertical edges with some Λ-paths.
A fuzzy histogram is a simple polygon bounded by a y-monotone rectilinear path L and a
path γ of one or two edges of slopes ± Λε−1/2; if the latter path has two edges, then its
interior vertex is a reflex vertex of the polygon.
A tame histogram (Fig. 8(a)) is a simple polygon bounded by a horizontal line segment
pq and an pq-path L that consists of ascending or descending Λ-paths and x-monotone
increasing horizontal edges with the following properties: (i) there is no chord between
interior points of any two ascending (resp., descending) Λ-paths; (ii) for every horizontal
chord ab, with a, b ∈ L, the subpath Lab of L between a and b satisfies ∥Lab∥ ≤ 2∥ab∥.
A tame path is a subpath of the pq-path L of a tame histogram.

(a) (e)(b) (c) (d)

L

γ

p p
q

r

r

r

q

p = q

Figure 7 (a) A Λ-path. (b) A y-monotone Λ-histogram. (c) An x-monotone Λ-histogram. (d)
Three fuzzy staircases. (e) A fuzzy histogram.

In what follows, we describe our spanner constructions in five modules. However, due to
space constraints we provide only an overview of these modules and refer to the full version
of the paper [6] for the formal description and the proofs.

Fuzzy Window Decomposition. Let R be a rectilinear simple polygon. By modifying the
standard window-partition, we show how to partition R into a collection H of x-monotone
Λ-histograms and y-monotone fuzzy histograms such that

∑
H∈H per(H) = O(per(P )); see

Fig. 6(b). Furthermore, we show that in the x-monotone Λ-histograms, there is no chord
between interior points of two ascending (resp., two descending) Λ-paths.

y-Monotone Histograms. Let H be a (y-monotone) fuzzy histogram. We recursively
subdivide H into a family F of fuzzy staircases using subdivision edges of total weight
O(ε−1/2 per(H)) such that

∑
F ∈F hper(F ) = O(per(H)); see Fig. 8(b) for an illustration.
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Figure 8 (a) A tame histogram. (b) Recursive subdivision of a fuzzy histogram into fuzzy
staircase polygons. (c) Recursive subdivision of an x-monotone Λ-histograms into tame histograms.

x-Monotone Λ-Histograms. Let H be an x-monotone Λ-histogram that does not have
any chords between interior points of any two ascending (resp., two descending) Λ-paths.
We use a sweepline algorithm to subdivide H into tame histograms; see Fig. 8(c) for an
illustration. Specifically, we subdivide H into a collection T of tame histograms such that∑

T ∈T per(T ) = O(per(H)). This module provides a proof for Lemma 9.

Directional Spanners for Tame Histograms. Given a tame histogram H and a finite set of
points S ⊂ ∂H , we construct a directional spanner for S with respect to point pairs a, b ∈ S

with |slope(ab)| ≥ ε−1/2. First we adapt Lemma 12 to construct a directional spanner for
points a, b ∈ S on a tame path L ⊂ ∂H ; and then generalize Lemma 7 to handle point pairs
where a is in the horizontal base of H and b ∈ L.

Directional Spanners for Fuzzy Staircases. Given a fuzzy staircase polygon F and a finite
point set S ⊂ ∂F , we construct a directional spanner of weight ∥G∥ = O(ε−1/2 hper(F )) for
S with respect to point pairs a, b ∈ S with |slope(ab)| ≥ ε−1/2. The last two modules jointly
imply Lemma 10, and complete all components needed for Theorem 2.

7 Conclusion and Outlook

We have proved a tight upper bound of O(ε−1) on the lightness of Euclidean Steiner (1 + ε)-
spanners in the plane. That is, for every finite set S ⊂ R2, there is a Euclidean Steiner
(1 + ε)-spanner of weight O(ε−1 ∥MST(S)∥). Our proof is constructive, but we do not control
the number of Steiner points. This immediately raises the question about the optimum
number of Steiner points: What is the minimum sparsity of a Euclidean Steiner (1+ε)-spanner
of weight O( 1

ε ∥MST(S)∥) that can be attained for all finite set of points in R2?
Planarity is an important aspect of any geometric networks. Therefore, it is desirable to

construct Euclidean (1 + ε)-spanners that are planar, i.e., no two edges of the spanner cross.
Any Steiner spanner can be turned into a plane spanner (planarized), with the same weight
and the same spanning ratio between the input points, by introducing Steiner points at all
edge crossings. However, planarization may substantially increase the number of Steiner
points. Bose and Smid [10, Sec. 4] note that Arikati et al. [2] constructed a Euclidean plane
(1 + ε)-spanner with O(ε−4n) Steiner points for any n points in R2; see also [38]. Borradaile
and Eppstein [8] improved the bound to O(ε−3n log ε−1) in certain special cases where all
Delaunay faces are fat. It remains an open problem to find the optimum dependence of ε for
plane Steiner (1 + ε)-spanners; and for plane Steiner (1 + ε)-spanners of lightness O(ε−1).
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Abstract
Generalizing Lee’s inductive argument for counting the cells of higher order Voronoi tessellations
in R2 to R3, we get precise relations in terms of Morse theoretic quantities for piecewise constant
functions on planar arrangements. Specifically, we prove that for a generic set of n ≥ 5 points in R3,
the number of regions in the order-k Voronoi tessellation is Nk−1 −

(
k
2

)
n + n, for 1 ≤ k ≤ n − 1, in

which Nk−1 is the sum of Euler characteristics of these function’s first k − 1 sublevel sets. We get
similar expressions for the vertices, edges, and polygons of the order-k Voronoi tessellation.
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1 Introduction

The size of the Voronoi tessellation of n points in Rd (by which we mean the number
of cells of dimension between 0 and d) is reasonably well understood, although there are
still open questions. In contrast, little is known about higher order Voronoi tessellations,
except in R2, where induction can be used to determine the size; see Lee [6]. The original
motivation for the work described in this paper is the extension of the inductive argument
beyond 2 dimensions. A result like in R2, where the size depends solely on the number of
points, cannot be expected even in R3. Nevertheless, we report precise formulas in terms of
elementary Morse theoretic concepts, such as the critical cells of piecewise constant functions
on arrangements. This connection opens up the use of topological methods to counting cells
and related combinatorial quantities.

Prior work. While Voronoi tessellations go back more than 100 years to the seminal work of
Voronoi [10] or earlier, higher order Voronoi tessellations have been introduced only recently,
by Shamos and Hoey [8] in computational geometry and by Gábor Fejes Tóth [4] in discrete
geometry. Particularly important for this paper is the incremental algorithm of Lee [6],
which also serves as inductive counting argument and establishes that the order-k Voronoi
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tessellation of n points in R2, as defined in Section 2.1, has Θ(kn) vertices, edges, and regions.
This implies that the first k higher order Voronoi tessellations have size Θ(k2n). The latter
bound was extended to Θ(k⌈ d+1

2 ⌉n⌊ d+1
2 ⌋) in Rd by Clarkson and Shor [2]. Indeed, it is easy

to give tight bounds on the total size, over all orders 1 ≤ k ≤ n− 1, but there are no good
bounds known for individual orders beyond 2 dimensions.

To illustrate the difficulties, we mention that the size of the (order-1) Voronoi tessellation
of n points in R3 depends not only on n but also on how the points are distributed in space. If
the points are uniformly distributed within the unit cube, the expected size is Θ(n), but if the
points are placed on the moment curve, then the size is Θ(n2). On the other hand, the total
size, over all orders, depends only on n and is therefore the same for both sets. This suggests
that for large values of k, the uniformly distributed points have larger Voronoi tessellations
than the points on the moment curve, and this has been experimentally quantified in [3].

Results. We extend the inductive approach of Lee [6] to 3 dimensions. The basis of this
extension is the contractibility of the skeleta that split the regions for order k − 1 into the
pieces that combine to the regions for order k. Weaker versions of this lemma can be found
in Lee [6] for R2 and in [3] for Rd. The inductive approach is simplified by interpreting the
tessellations in projective rather than Euclidean space. This effectively combines the order-k
and the order-(n− k) tessellations, with the benefit that in 2 dimensions we have precisely
(2k− 1)(n−k) − (k− 2) regions, and similar expressions for the number of edges and vertices,
provided the n points be in general position. Similarly, in 3 dimensions we have precisely
Nk−1 −

(
k
2
)
n + n regions, and similar expressions for the number of polygons, edges, and

vertices, again with the only requirement that the points be in general position. The Nk

form the connection to discrete Morse theory. Specifically, Nk = M1 +M2 + . . .+Mk, in
which Mi is the alternating sum of critical polygons of order at most i in

(
n
2
)

2-dimensional
arrangements of n− 2 lines each. For n points on the moment curve, each such arrangement
has only two critical polgyons: one at order k = 1 and the other at order k = n− 1. Hence
Nk = k

(
n
2
)
, for 1 ≤ k ≤ n− 2, and Nn−1 = n

(
n
2
)
, and we get a complete description of the

size but also of the combinatorial structure of the higher order Voronoi tessellations. For the
general case, the determination of the Nk is however a difficult question.

Outline. Section 2 explains the background needed to appreciate this paper, which are
basic geometric results on Voronoi tessellations, plane arrangements, and convex polytopes.
Section 3 extends the inductive argument of Lee [6] to 3 dimensions, getting relations for the
number of cells in terms of alternating sums of critical polygons. Section 4 introduces the
Morse theoretic framework within which the alternating sums can be interpreted as Euler
characteristics of sublevel sets of discrete Morse functions. Section 5 concludes the paper.

2 Geometric Background

We introduce order-k Voronoi tessellations and k-th Brillouin zones in d dimensions, together
with an explanation of the connection to arrangements in d + 1 dimensions. In addition,
we prove that the skeleta along which the regions in the order-k tessellations split are
contractible.

2.1 Voronoi Tessellations and Brillouin Zones
Let A be a finite set of points in Rd and write n = #A for the cardinality. For any subset
Q ⊆ A, the region of Q is the set of points in Rd that are at least as close to the points in Q

as to the points not in Q. Each such region is a d-dimensional convex polyhedron, and the
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common intersection of any collection of regions, each defined by the same number of points,
is either empty or a face common to all of them. We follow [6, 8] in defining the order-k
Voronoi tessellation of A, denoted Vork(A), as the polyhedral complex whose cells are the
regions defined by subsets Q of size k together with all their faces; see Figure 1, left panel.
By definition, the order-0 tessellation consists of a single region, which is the entire Rd.
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f g
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Figure 1 Left panel: starting with the blue (order-1) Voronoi tessellation of the points, we
construct the order-2 Voronoi tessellation by dividing up the order-1 regions with solid black lines
and merging them across the blue lines. Right panel: the bisectors of a and all other points divide
the plane into the Brillouin zones of a. The highlighed second Brillouin zone is where a expands
from the order-1 to the order-2 Voronoi tessellation; compare with left panel.

The set of points in Rd for which a ∈ A is the k-th nearest is the k-th Brillouin zone
of a. As illustrated in the right panel in Figure 1, this set consists of a number of regions in
the arrangement formed by the bisectors of a and the other points in A. The first Brillouin
zone is a convex polyhedron, and each of the other zones has the homotopy type of a sphere.
Furthermore, the union of the first k zones is star-convex, with a in the kernel; see [4].
Importantly, for k ≥ 2, every region in the k-th Brillouin zone is a d-dimensional convex
polytope whose boundary can be partitioned into the near boundary, which is visible from a,
the far boundary, which is not visible from a, and the silhouette, which separates the near
and far boundaries. By convexity, the silhouette is homeomorphic to a (d− 2)-sphere that
splits the boundary into two pieces, each homeomorphic to an open (d− 1)-ball.

2.2 Plane Arrangement
It is useful to consider the collection of d-dimensional planes in Rd+1 obtained by mapping
each point a ∈ A to the affine function α : Rd → R defined by α(x) = 2⟨x, a⟩ − ∥a∥2. Note
that α encodes the squared Euclidean distance from a: ∥x− a∥2 = ∥x∥2 − α(x). The graph
of α is a (non-vertical) d-plane in Rd+1. The collection of d-planes decomposes Rd+1 into
convex cells of dimension 0 ≤ i ≤ d + 1, referred to as the arrangement of d-planes. We
call the (d+ 1)-cells chambers, and the d-cells facets. For 1 ≤ k ≤ n, the k-th level of the
arrangement is the set of points (x, y) ∈ Rd × R such that α(x) < y for at most k − 1 affine
maps and α(x) > y for at most n− k affine maps. The k-th belt is the set of points between
the k-th level and the (k + 1)-st level.

▶ Lemma 2.1 (From Arrangement to Tessellation). Let A be a set of n points in Rd, let
0 ≤ k ≤ n, and recall that A defines an arrangement of n non-vertical d-planes in Rd+1.

There is a bijection between the regions of Vork(A) and the chambers of the k-th belt such
that each region is the vertical projection of the corresponding chamber.
The k-th Brillouin zone of a ∈ A is the vertical projection of the k-th level intersected
with the d-plane defined by a.

SoCG 2021
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As illustrated in Figure 2, it is convenient to take the projective view, in which we connect
the levels and belts at infinity. Henceforth, this is what we mean by the k-th belt, namely the
(non-projective) k-th and (n− k)-th belts connected at infinity, and similarly for the Voronoi
tessellations, and the Brillouin zones. Figure 1 shows the non-projective concepts, and to
make them projective, we would add the overlay of the order-7 and the order-6 to the left
panel, and we would shade the wedge on the lower right in the right panel since it belongs
to the shaded region that contains b on the left. Note that the k-th belt is the same as the
(n− k)-th belt, for every k. Counting every cell twice, this amounts to a double-covering of
the d-dimensional projective space. The main reason for adapting this view is the resulting
simplification of the counting arguments and the beautification of the results.

Figure 2 The first belt in the projective line arrangement consists of all chambers above exactly
one line and all chambers below exactly one line. The unbounded chambers are paired up, and each
pair is considered a single chamber. We thus count 6 (light blue) chambers in the first belt.

Another useful because simplifying assumption is that the points be in general position,
by which we mean that any i-dimensional plane in Rd passes through at most i+ 1 points,
and any i-dimensional sphere passes through at most i + 2 points of A, for 0 ≤ i ≤ d − 1.
If the points are in general position, the corresponding arrangement of d-planes in Rd+1 is
generic; that is: any i+ 1 d-planes intersect in a (d− i)-dimensional plane. This implies that
any d+ 2 or more d-planes have an empty common intersection.

2.3 Convex Polytopes and Their Skeleta
Consider n ≥ d+ 2 points in general position in Rd. In the projective view, every chamber in
the corresponding arrangement in Rd+1 is a (bounded) convex (d+ 1)-polytope, and in the
doubly-covered view, there is a second, antipodal copy of the polytope in the arrangement.
The boundary of the chamber consists of i-dimensional cells, for 0 ≤ i ≤ d, each a (convex)
i-polytope itself. Because of general position, the chamber is simple, by which we mean that
every vertex belongs to d+ 1 facets, every edge belongs to d facets, etc. It follows that every
vertex belongs to d+ 1 edges, which we express by saying that the vertex has degree d+ 1.

By Lemma 2.1, every region in the order-k Voronoi tessellation is the vertical projection
of a chamber, and by construction, the projection is generic, in the sense that its restriction
preserves the dimension of every face in the boundary. Since the projection is in the vertical
direction, it makes sense to distinguish between lower and upper facets. The k-th belt consists
of chambers above k planes or below k planes, and to be consistent, we reverse upper/lower
for the latter type. This will not cause any confusion since we always look at a single
chamber, which we may assume is bounded and of the former type. The lower boundary of
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such a chamber consists of all lower facets and their faces, the upper boundary consists of
all upper facets and their faces, and the silhouette is the intersection of the lower and the
upper boundaries. The projection of the silhouette is the boundary of the projected chamber.
Although this is a generic projection of a simple (d + 1)-polytope, it is not necessarily a
simple d-polytope. Indeed, a vertex of the silhouette may be incident to i lower facets and
j = d+ 1 − i upper facets, for any 1 ≤ i ≤ d. Such a vertex belongs to ij (d− 1)-cells in the
silhouette. See the dodecahedron in Figure 3 as an example, which has 8 degree-3 vertices
and 6 degree-4 vertices.

Figure 3 Left: projecting the 4-cube along a diagonal gives the rhombic dodecahedron in R3,
which we see decomposed into four distorted 3-cubes. The projection of the silhouette is the boundary
of the dodecahedron. The projection of the upper 2-skeleton of the 4-cube consists of the vertices,
edges, and light blue polygons shared by the distorted 3-cubes. Its boundary is a graph in the
boundary of the dodecahedron, which we highlight with dark blue edges. Right: the analogous
construction one dimension lower, in which the 3-cube projects to a decomposed hexagon.

We call the cells of dimension less than d in the lower boundary minus the silhouette the
lower skeleton of the chamber. Symmetrically, we define the upper skeleton of the chamber.
Both skeleta are open and (d− 1)-dimensional. The boundary of the lower skeleton consists
of all proper faces of its (d− 1)-cells that belong to the silhouette, and similarly for the upper
skeleton. Adding their boundaries, we get the closed lower and upper skeleta. For example,
the blue open trigon in the projection of the 3-cube in Figure 3 is the upper skeleton, and
closed trigon is the closed upper skeleton. We will make heavy use of a topological property
of the closed skeleta that does not hold for general convex polyhedra and therefore also not
for chambers in general arrangements.

▶ Lemma 2.2 (Contractible Skeleta). Let A be a set of n ≥ d+ 2 points in general position
in Rd, let 1 ≤ k ≤ n − 1, and consider a chamber in the k-th belt of the corresponding
arrangement in Rd+1. Then the closed lower skeleton of this chamber is contractible unless
k = 1, and the closed upper skeleton is contractible, unless k = n− 1. In the two exceptional
cases, the skeleta are empty.

Proof. We consider the lower skeleton first. Let Q ⊆ A with #Q = k such that the projection
of the chamber to Rd is the region of points that satisfy ∥x− a∥ ≤ ∥x− b∥ for all a ∈ Q and
all b ∈ A \Q. We denote this region R, and for each a ∈ Q, we write Ra ⊆ R for the subset
of points for which a is the k-th nearest or, equivalently, the furthest of the points in Q.
We note that Ra is convex and indeed a region of the k-th Brillouin zone of a. Assuming
k ≥ 2, the boundary of Ra can be partitioned into the near boundary, which is visible from
a, the far boundary, which is not visible from a, and the silhouette, which separates the two.
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16:6 Counting Cells of Order-k Voronoi Tessellations in R3 with Morse Theory

Indeed, the projection of the closed lower skeleton is the union of the near boundaries of all
Ra, with a ∈ Q. To prove that the closed lower skeleton is contractible, we give an explicit
deformation retraction from R to the projection of the closed lower skeleton. Within Ra, the
deformation retraction moves every point x ∈ Ra straight toward a until it reaches the near
boundary of Ra. This is well defined because k ≥ 2 so that a lies outside Ra. Because R is
convex and therefore contractible, the existence of this deformation retraction implies that
the lower skeleton is contractible.

We consider the upper skeleton second. For each b ∈ A \ Q, we write Rb ⊆ R for the
subset of points for which b is the (k+ 1)-st nearest or, equivalently, the nearest of the points
in A \Q. Now the near boundary of Rb belongs to the boundary of R, and the projection
of the closed upper skeleton is the union of far boundaries of all Rb, with b ∈ A \Q. Like
before, the deformation retraction moves a point y ∈ Rb straight away from b until it hits
the far boundary of Rb. This construction works for k ≤ n− 2, as claimed. ◀

For the cases in which Lemma 2.2 guarantees contractibility, we will refer to the closed
skeleta as closed (d− 1)-trees and their open versions simply as (d− 1)-trees.

3 Counting in Three Dimensions

We count the cells of the Voronoi tessellations in 3 dimensions inductively, following the
pattern of the 2-dimensional argument pioneered by Lee [6]. To begin, we need some
understanding of 4-dimensional convex polytopes and their projections.

3.1 Chambers Projected to Regions
It is instructive to look at the 4-cube and its projection along a diagonal direction, which is
known as the rhombic dodecahedron; see Figure 3. Each endpoint of the diagonal is incident to
four 3-cubes in the boundary, and their projections form two decompositions of the rhombic
dodecahedron into four distorted 3-cubes each. While the 4-cube is simple and the projection
is generic, the rhombic dodecahedron is not simple: it has vertices of degree 3 and of degree
4. The two decompositions into distorted 3-cubes are by projecting the lower skeleton and
the upper skeleton of the 4-cube, which by Lemma 2.2 are 2-trees. The boundary of each
2-tree is a graph in the silhouette of the 4-cube. Figure 3 shows one of these graphs, which
connects some of the degree-3 vertices and all of the degree-4 vertices by dark blue edges.
The other graph (not shown) uses the remaining edges in the silhouette. The two graphs are
disjoint except that they share all degree-4 vertices, where they cross. This is a pattern that
can be observed in general and not just in the example depicted in Figure 3.

We use the combinatorics of the 2-trees to count the cells in the order-k Voronoi tessellation,
which we recall are obtained by projecting the chambers in the k-th belt of the arrangement
in R4. It will be important to count the cells of different dimension and of different type
separately. We thus use the following notation:

uk = #old vertices, vk = #mid vertices, wk = #new vertices, (1)
dk = #old edges, ek = #new edges, (2)
pk = #polygons, rk = #regions, (3)

in which we call a vertex old, mid, or new in the order-k Voronoi tessellation if it belongs
to the tessellations of orders k − 2, k − 1, k, orders k − 1, k, k + 1, or orders k, k + 1, k + 2.
Similarly, we call an edge old or new in the order-k Voronoi tessellation if it belongs to the
tessellations of orders k − 1, k or orders k, k + 1.
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3.2 Graphs and 2-Trees
Recall that the upper 2-tree of a chamber contains all vertices, edges, and polygons shared by
at least two of the upper facets. This implies that the boundary of this 2-tree consists of the
new edges and the mid and new vertices in the silhouette. Symmetrically, the boundary of the
lower 2-tree consists of the old edges and the mid and old vertices in the silhouette. Together,
the two graphs exhaust all edges and vertices, and they intersect in the mid vertices, where
they cross. We call a cycle in the graph a loop and the cyclomatic number the number of
loops, which for a connected graph is #edges − #vertices + 1. Let u, v, w, d, e be the numbers
of old, mid, new vertices and old, new edges in the silhouette.

▶ Lemma 3.1 (Loops in Graphs). The boundary of the upper 2-tree is a connected graph with
1
2w + 1 loops, and the boundary of the lower 2-tree is a connected graph with 1

2u+ 1 loops.

Proof. It suffices to consider the boundary of the upper 2-tree. It is connected, else the
2-tree would not be contractible. It has e edges, v vertices of degree 2, and w vertices of
degree 3, which implies 2e = 2v + 3w. The number of loops is e− (v +w) + 1 = 1

2w + 1. ◀

The combinatorics of the boundary is important for the combinatorics of the 2-tree, but it
does not determine it. We therefore introduce a shape variable, which together with the graph
determines the number of vertices, edges, and polygons in the 2-tree. The corresponding
intuition will be revealed in Section 4.1. We call a polygon a minimum if its entire boundary
belongs to the 2-tree. Otherwise, the part of the boundary in the 2-tree consists of µ+ 1 arcs,
and we call the polygon a maximum if µ = −1, a non-critical polygon if µ = 0, and a saddle
with multiplicity µ if µ ≥ 1. The shape variable of the polygon is #edges − #vertices + 1, in
which we count only the faces in the 2-tree. Note that this is 1 for a minimum and maximum,
0 for a non-critical polygon, and −µ for a saddle with multiplicity µ. Taking the sum over
the polygons in the upper 2-tree, we get the characteristic of the chamber, which we denote
J . It is also defined for 2-skeleta that are not contractible, but the relation expressed in the
next lemma holds only for 2-trees.

▶ Lemma 3.2 (Size of 2-Tree). Let A be a set of n points in general position in R3 and
1 ≤ k ≤ n− 1. The numbers of vertices, edges, and polygons in the upper 2-tree of a chamber
in the k-th belt satisfy

W = 1
2w − 1 + J, (4)

E = 3
2w − 2 + 2J, (5)

P = 3
2w + J, (6)

in which w is the number of new vertices in the silhouette, and J is the characteristic of the
chamber.

Proof. We first dispose of an easy case: when the 2-tree contains a maximum. Then
J = 1 because the 2-tree contains only this one polygon and has no edges and no vertices.
Furthermore, w = 0, so the claimed relations give W = 0, E = 0, P = 1, as required.

We can therefore assume that the 2-tree contains no maximum, but there may be minima
and saddles beside the non-critical polygons. Consider the graph formed by the edges and
vertices in the 2-tree, to which we add the w new vertices in the silhouette so that each edge
has both endpoints. For each minimum in the 2-tree, this graph contains a loop, and for
each saddle with multiplicity µ, the graph contains µ extra components. The characteristic
is J = #loops − #components + 1, and the number of edges is

E = W + w + #loops − #components = W + w − 1 + J. (7)
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We also have 2E = 4W + w, which combined with (7) implies (4) and (5). To prove (6),
we recall that the closed 2-tree is contractible, which implies that its Euler characteristic
satisfies (W −E +P ) + (v+w− e) = 1. Substituting E = 2W + 1

2w and e = v+ 3
2w implies

P = W + w + 1 = 3
2w + J , as required. ◀

For counting purposes, we write Jk+1 for the sum of characteristics of the chambers in
the k-th belt, for 0 ≤ k ≤ n− 1. By Lemma 2.2, the upper 2-skeleton of every chamber is
contractible and therefore a 2-tree for 1 ≤ k ≤ n− 2. For k = 0, there is a single chamber
whose upper boundary projects to the entire first Voronoi tessellation. Its upper 2-skeleton is
therefore not a 2-tree, but its characteristics is still defined, namely the number of polygons
in Vor1(A).

3.3 Induction
We count the vertices, edges, polygons, and regions of the Voronoi tessellations inductively,
beginning with order k = 1.

▶ Lemma 3.3 (Induction Basis in R3). The order-1 Voronoi tessellation of n ≥ 5 points in
general position in R3 has

w1 = J1 − n vertices, (8)
e1 = 2J1 − 2n edges, (9)
p1 = J1 polygons, (10)
r1 = n regions. (11)

Proof. We have p1 = J1 by definition, and r1 = n because the order-1 Voronoi tessellation
has one region for each point. To get the relations for the vertices and edges, we note that
the order-1 Voronoi tessellation is a polyhedral complex that decomposes the 3-sphere, so
that Euler’s formula implies w1 − e1 + p1 − r1 = 0. By assumption of general position, every
vertex belongs to 4 edges, which gives 4w1 − 2e1 = 0. Combining these two relations, we can
express w1 and e1 in terms of p1 and r1 and therefore in terms of J1 and n, as stated. ◀

When we go from the order-(k − 1) to the order-k Voronoi tessellation, we see some cells
die, some cells age, and some cells get born according to relations (4), (5), (6).

▶ Lemma 3.4 (Induction Step in R3). The numbers of old, mid, new vertices, old and new
edges, polygons, and regions of the order-k Voronoi tessellation of n points in general position
in R3 satisfy

uk = vk−1, (12)
vk = wk−1, (13)
wk = 2wk−1 − rk−1 + Jk, (14)
dk = ek−1, (15)
ek = 6wk−1 − 2rk−1 + 2Jk, (16)
pk = 6wk−1 + Jk, (17)
rk = wk−1 − vk−1 + rk−1, (18)

for 2 ≤ k ≤ n− 1.
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Proof. Rules (12), (13), (15) express aging. By assumption of general position, each new
vertex of Vork−1(A) belongs to four regions, so we get rule (14) from (4), rule (16) from
(5), and rule (17) from (6). To get rule (18), we note that each of the uk + wk old and new
vertices has degree 4, and each of the vk mid vertices has degree 8, again by assumption of
general position. Hence 2(dk + ek) = 4(uk + 2vk + wk). Plugging this into the Euler formula
for the 3-sphere, we get rk = (uk + vk +wk) − (dk + ek) + pk = pk − (uk + 3vk +wk), which
implies (18). ◀

These rules can be used to find expressions for the cells in the Voronoi tessellations.
Recall that Jk is the alternating sum of critical polygons of order k; see text following
the proof of Lemma 3.2. It will be convenient to write Mk = J1 + J2 + . . . + Jk and
Nk = M1 +M2 + . . .+Mk = kJ1 + (k − 1)J2 + . . .+ Jk, and to set Jk = Mk = Nk = 0 for
k ≤ 0.

▶ Theorem 3.5 (Size of Order-k Voronoi Tessellations in R3). For 1 ≤ k ≤ n− 1, the order-k
Voronoi tessellation of n ≥ 5 points in R3 has

uk ≤ Nk−2 −
(

k−1
2

)
n old vertices, (19)

vk ≤ Nk−1 −
(

k
2
)
n mid vertices, (20)

wk ≤ Nk −
(

k+1
2

)
n new vertices, (21)

dk ≤ 2Nk−1 + 2Nk−2 − 2(k − 1)2n old edges, (22)
ek ≤ 2Nk + 2Nk−1 − 2k2n new edges, (23)
pk ≤ 6Nk−1 + Jk − 6

(
k
2
)
n polygons, (24)

rk ≤ Nk−1 −
(

k
2
)
n+ n regions, (25)

with equality in all seven cases if the points are in general position.

Proof. Let A be a set of n ≥ 5 points in R3. Whenever A is not in general position, we can
perturb it into general position without losing any vertex, edge, polygon, or region in any of
its Voronoi tessellations. We can therefore assume without loss of generality that A is in
general position and prove that in this case the seven claimed inequalities are equations.

For k = 1, we have u1 = v1 = 0, w1 = J1 −n, d1 = 0, e1 = 2J1 − 2n, p1 = J1, and r1 = n,
which agrees with Lemma 3.3. Assuming the relations are correct for index k − 1, we use
Lemma 3.4 to prove that they are correct for k. (19), (20), (22) follow straightforwardly
from (12), (13), (15) and (21), (23). To see (21), (23), (24), (25), we use (14), (16), (17),
(18) to compute

wk = [2Nk−1 −Nk−2 + Jk] − [2
(

k
2
)

−
(

k−1
2

)
+ 1]n = Nk −

(
k+1

2
)
n, (26)

ek = [6Nk−1 − 2Nk−2 + 2Jk] − [6
(

k
2
)

− 2
(

k−1
2

)
+ 2]n = 2Nk + 2Nk−1 − 2k2n, (27)

pk = [6Nk−1 + Jk] − 6
(

k
2
)
n, (28)

rk = [Nk−1 −Nk−2 +Nk−2] − [
(

k
2
)

−
(

k−1
2

)
+

(
k−1

2
)

− 1]n = Nk−1 −
(

k
2
)
n+ n, (29)

as claimed. ◀

3.4 Relations of Symmetry
By projective interpretation, the order-k Voronoi tessellation is also the order-(n−k) Voronoi
tessellation. Indeed, the only difference between the two is that upper and lower facets switch,
and so do old and new vertices and old and new edges. We state these relations formally
and use them to derive a similar relation for the characteristics of the belts.
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▶ Theorem 3.6 (Symmetry Relations). The numbers of old, mid, new vertices, old and new
edges, polygons, regions, and the characteristics of the order-k Voronoi tessellations of n ≥ 5
points in general position in R3 satisfy uk = wn−k, vk = vn−k, wk = un−k, dk = en−k,
ek = dn−k, pk = pn−k, rk = rn−k, Jk = Jn−k, for 1 ≤ k ≤ n− 1.

Proof. The symmetry relations for the vertices, edges, polygons, and regions follow from the
symmetry of the projective definition of order-k Voronoi tessellations. To see the relation for
the characteristic, we note that

(
k+1

2
)

− 2
(

k
2
)

+
(

k−1
2

)
= 1 and that Nk − 2Nk−1 +Nk−2 =

Mk − Mk−1 = Jk, for 1 ≤ k ≤ n − 1. Using rk = Nk−1 −
(

k
2
)
n+ n from Theorem 3.5 and

the symmetry relation for the regions, we get

0 = [rk+1 − 2rk + rk−1] − [rn−k−1 − 2rn−k + rn−k+1] = [Jk − n] − [Jn−k − n]. (30)

Simplifying (30), we get the claimed symmetry relation for the characteristic. ◀

To provide examples, we list the number of cells and characteristics of belts for two sets
of six points each in Table 1. Observe the symmetry in the columns as predicted by Theorem
3.6, and note that the numbers given for the moment curve example are consistent with the
expressions given in Section 1.

Table 1 Numbers of vertices, edges, polygons, and regions for six points on the moment curve in
R3 in the upper table, and of the six points of the double suspended tetrahedron in the lower table.

k uk vk wk dk ek pk rk Jk Mk Nk

1 0 0 9 0 18 15 6 15 15 15
2 0 9 12 18 42 54 15 0 15 30
3 9 12 9 42 42 72 18 0 15 45
4 12 9 0 42 18 54 15 0 15 60
5 9 0 0 18 0 15 6 15 30 90∑

30 30 30 120 120 210 60 30 90 240
1 0 0 8 0 16 14 6 14 14 14
2 0 8 14 16 44 52 14 4 18 32
3 8 14 8 44 44 78 20 -6 12 44
4 14 8 0 44 16 52 14 4 16 60
5 8 0 0 16 0 14 6 14 30 90∑

30 30 30 120 120 210 60 30 90 240

4 A Morse Theoretic Perspective

The Jk,Mk, Nk have alternative interpretations in terms of sublevel sets of discrete Morse
functions. As we will see, these functions are closer in spirit to the discrete Morse theory
introduced by Banchoff [1] than the more popular version developed by Forman [5]. It
is convenient to adopt the language of great-circle arrangements in the sphere instead of
doubly-covered projective line arrangements in the plane, which are of course equivalent.

4.1 Arrangements of Great-Circles
Let A be a set of n points in general position, let a, b, c be three different points in A,
and recall that they correspond to affine functions α, β, γ : R3 → R. We are interested in
α(x) = β(x), which describes a plane in R3, in γ(x) = α(x) = β(x), which describes a line,
and in γ(x) ≤ α(x) = β(x), which describes a half-plane; see Figure 4. In our spherical
view, the plane becomes a sphere, denoted Sa,b, and for each point c, we get a hemi-sphere,
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Hc ⊆ Sa,b. The n − 2 lines decomposing the plane correspond to the same number of
great-circles that decompose the sphere into vertices, edges, and (spherical) polygons, which
appear in antipodal pairs. The main concept in this section is the function

fa,b(φ) = 1 + #{c ∈ A \ {a, b} | φ ⊆ Hc}, (31)

in which φ is a polygon in the great-circle arrangement on Sa,b. For completeness, we define
fa,b for an edge or a vertex equal to the smallest value of any polygon incident to the edge
or vertex. Write φ̄ for the antipodal polygon of φ, and call a polygon, ψ, a neighbor of φ if
the two share an edge. Then we have

fa,b(φ) = fa,b(ψ) ± 1, (32)

fa,b(φ) = n− fa,b(φ̄), (33)

for all neighbors ψ of φ. We get (32) by assumption of general position, and (33) by symmetry.
Consistent with Section 3, we call φ a minimum if fa,b(φ) = fa,b(ψ) − 1 and a maximum

Figure 4 An arrangement of lines in which the shading indicates the coverage with half-planes.
The arrows go from smaller to larger coverage. Considering only polygons that are fully contained
inside the box, we see one minimum, one simple saddle, and seven non-critical polygons.

if fa,b(φ) = fa,b(ψ) + 1 for all neighbors ψ of φ. Otherwise, the function values of the
cyclically ordered neighbors change 2(µ+ 1) ≥ 2 times between fa,b(φ) ± 1. For µ = 0, φ is
a non-critical polygon, and for µ ≥ 1, it is a saddle with multiplicity µ.

4.2 Sublevel Sets and Euler Characteristics

A common feature in Morse theoretic studies is the occurrence of sublevel sets and their
relations. For each k, the sublevel set f−1

a,b (−∞, k] is a closed subset of Sa,b, with well-
defined Betti numbers, βp(k), and Euler characteristic, χ(k) = β0(k) − β1(k) + β2(k). Define
index(φ) = 0, 1, 2 if φ is a minimum, saddle, maximum. In the discrete setting at hand, it is
not difficult to prove an analog of the Euler–Poincaré Theorem, which implies that χ(k) is
the sum of (−1)index(φ), over all critical polygons that satisfy fa,b(φ) ≤ k, in which a saddle
with multiplicity µ is counted as µ simple saddles. We define Jk(a, b) = χ(k) − χ(k − 1),
Mk(a, b) = χ(k), and Nk(a, b) = χ(1) + χ(2) + . . .+ χ(k). The connection to the previous
discussion and, in particular, Theorem 3.5 should be clear, namely
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Jk =
∑

a,b∈A
Jk(a, b), (34)

Mk =
∑

a,b∈A
Mk(a, b), (35)

Nk =
∑

a,b∈A
Nk(a, b), (36)

in which the sums are over all unordered pairs in A. In other words, we have a piecewise
constant function on the disjoint union of

(
n
2
)

spheres, f : S2 ⊔S2 ⊔ . . .⊔S2 → [1, n−1], whose
components are the functions fa,b, such that Mk is the Euler characteristic of f−1(−∞, k],
and Jk is the increment from k − 1 to k. Equivalently, Jk is the alternating sum of critical
polygons in f−1(k). We note that this interpretation implies a strengthening of the relation
Jk = Jn−k in Theorem 3.6: Jk(a, b) = Jn−k(a, b), for all pairs a ≠ b, because antipodal
polygons have the same contribution to the sum.

4.3 Relations for Sums
Observe that a generic arrangement of n 3-dimensional great-spheres in S4 has 2

(
n
4
)

vertices,
8
(

n
4
)

edges, 12
(

n
4
)

+ 2
(

n
2
)

polygons, 8
(

n
4
)

+ 4
(

n
2
)

facets, and 2
(

n
4
)

+ 2
(

n
2
)

+ 2 chambers. This
implies relations on the number of cells in the Voronoi tessellations.

▶ Theorem 4.1 (Sum Relations). The new vertices, new edges, polygons, and regions of the
Voronoi tessellations of n ≥ 5 points in general position in R3 satisfy∑n−1

k=1
wk = 2

(
n
4
)
, (37)∑n−1

k=1
ek = 8

(
n
4
)
, (38)∑n−1

k=1
pk = 12

(
n
4
)

+ 2
(

n
2
)
, (39)∑n−1

k=1
rk = 2

(
n
4
)

+ 2
(

n
2
)
. (40)

Similarly, the characteristics of the belts, their cumulative sums, and the cumulative sums of
those satisfy∑n−1

k=1
Jk = 2

(
n
2
)
, (41)∑n−1

k=1
Mk = n

(
n
2
)
, (42)∑n−1

k=1
Nk =

[(
n
2
)

+ 1
] (

n
2
)
. (43)

Proof. The new vertices, new edges, polygons, and regions of the order-k Voronoi tessellations,
for 1 ≤ k ≤ n− 1, are in bijection with the vertices, edges, polygons, and chambers of the
arrangement in S4. Exceptions are the chamber below and above all great-spheres, which
are not covered by the tessellations. This implies (37), (38), (39), (40).

We get (41) because the sum of the Jk is equal to the sum of the Euler characteristics of(
n
2
)

2-spheres. To see (42), we note that for a pair of antipodal critical polygons, we have
[n− f (φ)] + [n− f (φ̄)] = n because f (φ) + f (φ̄) = n by (33). The contribution of the pair to
the sum of the Mk is therefore n if φ, φ̄ are a minimum and a maximum, and −µn if φ, φ̄ are
saddles with multiplicity µ. The contributions cancel, except for one minimum/maximum
pair per 2-sphere, and since there are

(
n
2
)

2-spheres, the sum of the Mk is n
(

n
2
)
. To prove

(43), we use (40) and (25), which for points in general position is an equality:∑n−1

k=1
Nk−1 =

∑n−1

k=1
rk + n

∑n−1

k=1

(
k
2
)

− n
∑n−1

k=1
1 = 2

(
n
4
)

+ n
(

n
3
)
. (44)
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By index transformation, the left-hand side is
∑n−2

k=1 Nk, and by straightforward calculations,
the right-hand side is

(
n
2
)(

n−1
2

)
. Adding Nn−1 = n

(
n
2
)

from (42) on both sides implies the
claimed relation. ◀

Observe that the relations in Theorem 4.1 are consistent with the column sums in Table 1,
which are the same for the two sets of six points each.

4.4 Relation for Individual Sphere
The proofs of (41) and (42) show that each sphere contributes the same amount, namely 2
to

∑
Jk and n to

∑
Mk. The proof of (43) does not show the same for

∑
Nk, but it is still

true, that is: each sphere contributes the same amount to the sum of the Nk.

▶ Theorem 4.2 (Stronger Sum Relation). Let A be a set of n ≥ 5 points in general position
in R3. Then

∑n−1
k=1 Nk(a, b) = 1 +

(
n
2
)

for any two points a ̸= b in A.

Proof. Fix a, b ∈ A and consider the arrangement of n − 2 great-circles on Sa,b. For
convenience, we write Jk, Mk, Nk, and f for Jk(a, b), Mk(a, b), Nk(a, b), and fa,b throughout
this proof. The goal is to show

∑n−1
k=1 Nk = 1 +

(
n
2
)
, but we already have Nn−1 = n from

(42) and Nn−2 = Nn−1 −Mn−1 = n− 2 from (41) and (42). Indeed, the proofs of (41) and
(42) imply the stronger relations for individual spheres. Therefore it suffices to prove

X =
∑n−3

k=1
Nk = 1 +

(
n
2
)

− n− (n− 2) =
(

n−2
2

)
. (45)

We rewrite the sum in terms of the Jk. A polygon contributes to Jk only if f (ψ) = k, and
this contribution depends on the cyclic sequence of neighboring polygons. Distinguishing
between polygons φ with f (φ) = k ± 1, the contribution to Jk is 1 minus half the number of
alternations between these two types along the cycle. We therefore write Jk = pk − 1

2 tk, in
which pk is the number of polygons ψ ⊆ Sa,b with f (ψ) = k, and tk is the number of triplets
of polygons (φ,ψ, ϱ) with f (φ) + 1 = f (ψ) = f (ϱ) − 1 = k that share a common vertex. This
vertex is where the type of neighboring polygons changes. We call such an ordered triplet of
polygons a short increasing path. Using Nk = kJ1 + (k − 1)J2 + . . .+ Jk, we get

X = N1 +N2 + . . .+Nn−3 (46)
=

(
n−2

2
)
J1 +

(
n−3

2
)
J2 + . . .+

(2
2
)
Jn−3 (47)

=
∑n−3

k=1

(
n−k−1

2
)
pk − 1

2

∑n−3

k=1

(
n−k−1

2
)
tk. (48)

Write Y and Z for the two sums in (48) so that X = Y − 1
2Z. Observe that Y is the number

of triplets (ψ,H,H′), in which ψ is a polygon and H ̸= H′ are two hemi-spheres that both do
not contain ψ. Indeed, if f (ψ) = k, then there are (n− 2) − (k− 1) = n− k− 1 hemi-spheres
that do not contain ψ. Similarly, Z is the number of triplets ((φ,ψ, ϱ), H,H′), in which
(φ,ψ, ϱ) is a short increasing path and H ̸= H′ are two hemi-spheres that both do not contain
ψ. We call (ψ,H,H′) a captured polygon and ((φ,ψ, ϱ), H,H′) a captured short increasing
path. In words, X = Y − 1

2Z counts the captured polygons but subtracts half the captured
short increasing paths.

Now fix two hemi-spheres, H and H′, and consider their lune, which is the closure of the
points neither contained in H nor in H′; see Figure 5. We are interested in the portion of the
arrangement of great-circles in this lune. Each vertex of this portion lies either in the interior
or on the boundary. For each interior vertex, we get two captured short increasing paths, and
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Figure 5 A lune identifies a portion of the arrangement of great-circles. Within this arrangement,
we count polygons and short paths whose middle polygons are in the lune. We have two short
increasing paths for each interior vertex and one for each boundary vertex, unless it is a corner of
the lune, in which case we get no such path.

for each boundary vertex, we get one such path, except for the two corners of the lune for
which we get no such path. Writing Vint and Vbd for the numbers of vertices in the interior
and on the boundary, the number of captured short increasing paths is 2Vint + Vbd − 2. The
number of captured polygons is just the number of polygons in the lune, which we denote P .
Ordering the lunes arbitrarily and writing Xi, Yi, Zi for the contributions of the lune defined
by H and H′, we have

Xi = Yi − 1
2Zi = P − 1

2 [2Vint + Vbd − 2]. (49)

But P = Vint + 1
2Vbd, which is easy to prove by adding the great-circles one at a time

and counting how many vertices and polygons a great-circle adds to the portion of the
arrangement in the lune. Hence Xi = 1. This implies X =

∑
i Xi =

(
n−2

2
)

and therefore∑n−1
k=1 Nk = 1 +

(
n
2
)
, as required. ◀

5 Discussion

The main contributions of this paper are an extension of the inductive argument for counting
cells in order-k Voronoi tessellations from 2 to 3 dimensions, and the Morse theoretic
perspective in which the number of cells are interpreted as alternating sums of critical
polygons of 2-dimensional discrete Morse functions. Alternatively, we can state the results in
terms of k-sets of n points on the unit 3-sphere or, more generally, for n points in convex
position in R4. There are connections between the alternating sums and the persistent
homology of the discrete Morse functions, which may be interesting to develop in the future.
There are a number of open questions this work raises:

Can the Morse theoretic interpretation of higher order Voronoi tessellations be used
to prove new upper and lower bounds on the maximum size of the order-k Voronoi
tessellation of n points in R3? In particular, can we prove an upper bound asymptotically
smaller than k2n2 or a lower bound asymptotically larger than k2n; see [2, 7]?
Can the inductive approach be generalized to sets beyond 3 dimensions? Clearly yes, but
how much more complicated does it get? Can we still hope for relations that involve only
one independent variable, like Nk in R3, or do we get extra independent variables?
The regions in the order-k Voronoi tessellation correspond to k-sets of points on a sphere
in R4. Can the inductive approach be extended to points not necessarily in convex
position? Proving bounds on the maximum number of k-sets in this more general setting
is a notoriously difficult combinatorial problem, and any advance would be exciting [9].
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Abstract

Isomanifolds are the generalization of isosurfaces to arbitrary dimension and codimension, i.e.
submanifolds of Rd defined as the zero set of some multivariate multivalued smooth function
f : Rd → Rd−n, where n is the intrinsic dimension of the manifold. A natural way to approximate
a smooth isomanifold M is to consider its Piecewise-Linear (PL) approximation M̂ based on a
triangulation T of the ambient space Rd. In this paper, we describe a simple algorithm to trace
isomanifolds from a given starting point. The algorithm works for arbitrary dimensions n and d, and
any precision D. Our main result is that, when f (or M) has bounded complexity, the complexity
of the algorithm is polynomial in d and δ = 1/D (and unavoidably exponential in n). Since it is
known that for δ = Ω(d2.5), M̂ is O(D2)-close and isotopic to M, our algorithm produces a faithful
PL-approximation of isomanifolds of bounded complexity in time polynomial in d. Combining this
algorithm with dimensionality reduction techniques, the dependency on d in the size of M̂ can be
completely removed with high probability. We also show that the algorithm can handle isomanifolds
with boundary and, more generally, isostratifolds. The algorithm for isomanifolds with boundary
has been implemented and experimental results are reported, showing that it is practical and can
handle cases that are far ahead of the state-of-the-art.
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17:2 Isomanifold Tracing in Rd, Using Coxeter-Freudenthal-Kuhn Triangulations

1 Introduction

Given a surface represented in R3 as the zero set of a function f : R3 → R, the goal of
isosurfacing is to find a piecewise linear (PL) approximation of the surface. This question
naturally extends to isomanifolds of higher dimensions and codimensions defined as the zero
set of multivariate multivalued smooth functions f : Rd → Rd−n. Isosurfaces play a crucial
role in medical imaging, computer graphics and geometry processing [22]. Higher dimensional
isomanifolds are also of fundamental importance in many fields like statistics [10], dynamical
systems [25], econometrics, or mechanics [22].

State-of-the-art. The most widely used algorithm to trace isomanifolds is the Marching
Cube (MC) algorithm and its numerous variants [17, 27]. The MC algorithm uses a cubical
grid to tesselate the ambient space. In many applications in 3-dimensions, the ambient space
is decomposed into unstructured tetrahedral meshes, which led to the development of a
variant of the MC algorithm named the Marching Tetrahedra algorithm. In higher dimensions,
any tessellation of the ambient space has a complexity that depends exponentially on the
ambient dimension. Hence a key to extending marching algorithms to higher dimensions is
to circumvent the curse of dimensionality by using an implicit representation of the ambient
tessellation. This is impossible for general triangulations but easy to do if one uses a grid.
However, using a grid has other drawbacks and is not sufficient to break the exponential
barrier. The reason for this is that the number of configurations inside a cubical cell grows
exponentially with the dimension [27].

Hence the most promising approach seems to be to subdivide the ambient space Rd using
a highly regular triangulation such as the Freudenthal-Kuhn triangulation. Some early work
along this direction has been published in Applied Mathematics [2, 15, 25], and a slightly
more recent paper by Dobkin et al. [13] attracted the interest of the Computer Graphics
community to the related Coxeter triangulations. Dobkin et al. however only considered
the case of curves (n = 1). The most advanced work we are aware of is due to Min [21].
Min’s method uses the Freudenthal-Kuhn triangulation over a dyadic grid of Rd and applies
to isomanifolds of any dimension and codimension. The time complexity of Min’s method
is, with our notations, O(δn log δ), where δ = 1/D and D is the maximal diameter of the
simplices. The ambient dimension d is a constant hidden in the big O. The fact that the
exponent of δ is the intrinsic dimension n, and not the ambient dimension d is a clear
improvement over earlier methods. However, although not explicitly analysed by Min, the
complexity in d remains exponential, and the method seems to be limited to small ambient
dimensions. Experimental results are only reported in 3, and 4D.

Contributions. This paper discusses an efficient algorithm to compute a PL-approximation
of isomanifolds. We extend the work of Dobkin et al. [13] and describe a simple algorithm
to trace an n-dimensional isomanifold M of Rd for arbitrary n and d. Our algorithm uses
any triangulation of a family of regular triangulations of Rd that includes the Coxeter and
the Freudenthal-Kuhn triangulations. Contrary to Min [21], our results are obtained with
a uniform triangulation leading to a very simple algorithm. Key to our results, is a data
structure that can implicitly store the full facial structure of such triangulations. The data
structure is very compact and allows to retrieve the faces or the cofaces of a simplex of any
dimension in an output sensitive way. Using this data structure, one can trace a connected
submanifold of Rd, starting from a given initial point on the manifold (Section 3). Our
algorithm produces a PL-approximation of size polynomial in d and δ = 1/D, and exponential
in n. The complexity of the algorithm is also polynomial in d, and δ, and exponential in n.
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Moreover, by taking δ large enough, the PL-approximation output by the algorithm
is a faithful approximation of the isomanifold. Specifically, as shown in the full version
of [9] and recalled in Section 2.2, if we take δ = Ω(d2.5), the PL-approximation M̂ is O(D2)-
close and isotopic to the isomanifold. Here the constants in the O depend on f and its
derivatives. Hence, our algorithm constructs geometrically close and topologically correct
PL-approximation of isomanifolds of bounded complexity in polynomial time.

Our algorithm can be extended in several directions. First, the dependency on d in
the size of M̂ can be completely removed by combining our algorithm with dimensionality
reduction (Section 3.4). We can also extend the algorithm to the case of isomanifolds with
boundary and, more generally, to stratifolds (Section 3.5).

The algorithm has been implemented. In Section 4, we report on experimental results
which show that the algorithm is practical and can handle cases that are far 16 ahead of the
state-of-the-art. We also present an application in Algebraic Geometry that was used to verify
a conjecture on projective varieties defined by polynomial equations in the complex projective
plane. Following numerous experiments on various projective varieties, the conjecture was
ultimately proved by Alvarez and Deroin [4].

The approximation of a manifold that is the zero set of a function is an example of the more
general question of how to triangulate a manifold which has a long history in Mathematics.
In particular, Whitney [28] introduced a construction that has some similarity with the
present algorithm (see [7]). A major difference though is that topological guarantees can
only be obtained if some intricate perturbations of the ambient triangulation are performed
(Section 5). These techniques are at the moment incompatible with polynomial complexity.

2 Background

2.1 Permutahedral representation of CFK-triangulations
In this section, we give the most important definitions and basic properties of Coxeter and
Freudenthal-Kuhn triangulations. An extensive discussion can be found in [8, Appendix A].

Both Coxeter and Freudenthal-Kuhn triangulations can be described as an arrangement
of hyperplanes. They are related by an affine transformation. Let E be a finite set of vectors
of Rd and consider the set of hyperplanes HE = {x ∈ Rd | ⟨x, u⟩ = k, u ∈ E, k ∈ Z}. Let, in
addition, H be the hyperplane of Rd+1 of equation ⟨x, 1⟩ = 0 where 1 is the vector of Rd+1

whose coordinates are all 1.

▶ Definition 1. The Freudenthal-Kuhn triangulation is the hyperplane arrangement HEF K

associated to the set of vectors EF K = {e1, . . . , ed} ∪ {ui,j = ej − ei | 1 ≤ i < j ≤ d}. The
Coxeter triangulation of type Ãd is the hyperplane arrangement HEC

in Rd+1 associated to
the set of vectors EC = {ri,j = ei − ej+1| 1 ≤ i ≤ j ≤ d} , restricted to H ≃ Rd.

Two important facts follows. On one hand, because Coxeter and Freudenthal-Kuhn
triangulations are related by an affine transformation, they have the same combinatorial
structure. We call any triangulation that is the image of a Freudenthal-Kuhn triangulation
under an affine transformation a CFK-triangulation. In this paper, we restrict our attention to
Coxeter and Freudenthal triangulations since they are the simplest, but any CFK-triangulation
could be used. The second fact is that each simplex in such a triangulation can be represented
as a cell in an arrangement of d(d − 1)/2 families of parallel hyperplanes which are known
and do not need to be stored.
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The next crucial observation relates CFK-triangulations and permutahedra, which allows
to represent CFK-triangulations in a compact way (The definition and some combinatorial
properties of permutahedra are given in [8, Appendix A]). We first recall that two complexes
are dual if there is a bijection between their faces that inverses the inclusion relationships.

▶ Proposition 2. The star of a vertex in a CFK-triangulation is combinatorially dual to a
permutahedron.

Since the facial structure of a permutahedron is fully described by ordered partitions,
any simplex σ in a CFK-triangulation is characterized by a star that contains σ and by the
ordered partition that specifies which simplex in the star is precisely σ. Since a simplex
appears in several stars, we take the one that is centered at the lowest vertex of σ in the
lexicographic order. This representation is called the permutahedral representation of a
CFK-triangulation, see Figure 1. We further have:
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Figure 1 The permutahedral representation of the simplices in the stars of vertices y and y′.

▶ Lemma 3 (Face computation). Let σ be an l-simplex in the FK-triangulation of Rd.
Computing all its k-faces can be done in time O(ds), where s =

(
l+1
k+1

)
is the number of

k-faces of an l simplex. The space complexity of the algorithm is O(l).

▶ Lemma 4 (Coface computation). Let σ be a k-simplex in the FK-triangulation of Rd given
by its permutahedral representation. Computing the permutahedral representations of all its
l-cofaces can be done in time O(ds), where s ≤ 1

2min(l,d−l)

(
d−k
d−l

)
(d − k + 1)! is the number of

l-cofaces of a k-simplex in the FK-triangulation. The space complexity of the algorithm is
O(d).
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2.2 PL-approximation of isomanifolds
We first recall sufficient conditions under which the PL-approximation M̂ output by the
algorithm faithfully reproduces the original isomanifold. These conditions are fully described
in the full version of [9] and we simply state here the main results specialized to the case of
CFK-triangulations.

We will say that f has bounded complexity if the three following quantities γmax, λmin
and αmax are positive and bounded.

γmax = max
x∈T0

(max
i

|gradf i(x)|) λmin = min
x∈T0

λmin(x), αmax = max
x∈T0

max
i

∥Hes(f i)(x)∥2

where
T0 denotes the set of all σ ∈ T , such that (f i)−1(0) ∩ σ ̸= ∅ for all i.
gradf i = (∂jfi)j denotes the gradient of component f i, for i ∈ [1, d − n],
Gram(∇f) denotes the Gram matrix whose elements are ∇f i · ∇f j where · stands for
the dot product.
λmin(x) denotes the smallest absolute value of the eigenvalues of Gram(∇f(x)),1
Hes(f) = (∂k∂lfi)k,l denotes the Hessian matrix of second order derivatives,
| · | denotes the Euclidean norm of a vector and ∥ · ∥2 the operator 2-norm of a matrix.2

We can now restate the topological result of [9]:

▶ Theorem 5. Assume that the function f has bounded complexity. If the precision of the
CFK-triangulation satisfies D = O(d−5/2), where the constant in the big O depends on γmax,
λmin and αmax, then M̂ is a manifold isotopic to the zero set M of f .

Moreover, we can bound the Fréchet distance between M and M̂. The Fréchet distance
is a quite strong notion of distance and, in particular, it bounds the Hausdorff distance.

▶ Definition 6 (Fréchet distance for embedded manifolds). Let Ma and Mb be two
homeomorphic, compact submanifolds of Rd. Write H for the set of all homeomor-
phisms from Ma to Mb. The Fréchet distance between Ma and Mb is dF (Ma, Mb) =
infh∈H supx∈Ma

d(x, h(x)).

▶ Theorem 7. Assume that the function f has bounded complexity. Then, dF (M, M̂) =
O(D2) where the constant in the big O depends on γmax, λmin and αmax.

3 Tracing isomanifolds

In this section, we describe an algorithm that computes a PL-approximation M̂ of an
isomanifold M. The algorithm has some similarity with the Marching Cube algorithm [20]
but departs from it in two fundamental ways. First, because of the curse of dimensionality,
we cannot afford to look at all the cells in the grid and need to limit the search to cells
that are close to M. The problem of computing M̂ can be naturally decomposed into two
subproblems: locating the various components of M (i.e., finding at least one point in each
connected component), and then tracing around each component, using the fact that the
components are connected. This decomposition is used by various authors, see for example
[27, 13]. In this paper, we focus on the tracing problem, although we discuss very briefly
(Section 3.2) the problem of locating the components. As pointed out by Dobkin et al. many
applications supply their own starting points.

1 Because a Gram matrix is a symmetric square matrix, its eigenvalues are well defined and real.
2 The operator norm is defined as ∥A∥p = maxx∈Rn

|Ax|p

|x|p
, with | · |p the p-norm on Rn.
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The second major difference with the original marching cube algorithm is to replace the
usual cubical grid by a CFK-triangulation of the ambient space. Taking a CFK-triangulation
instead of a grid is a major advantage in high dimensions that has been recognized in the
pioneering works of Allgower, and Schmidt [3] and of Dobkin et al. [13], see also [21]. The
novelty here is to use the data structure of Section 2.1 to represent a CFK-triangulation. As
a consequence, we will keep two main advantages of using grids: very limited storage and
fast basic operations.

3.1 Isomanifolds
Let f : Rd → Rd−n be a smooth (C2 suffices) function, and suppose that 0 is a regular value
of f , meaning that at every point x such that f(x) = 0, the Jacobian of f is non-degenerate.
Then the zero set of f is an n-dimensional manifold as a direct consequence of the implicit
function theorem, see for example [14, Section 3.5]. We further assume that f−1(0) is compact.
As in [1] we consider a triangulation T of Rd. The function f̂ is the linear interpolation of
the values of f at the vertices if restricted to a single simplex σ ∈ T , i.e.

∀x ∈ σ : f̂(x) =
∑
v∈σ

λv(x)f(v), (1)

where the λv are the barycentric coordinates of x with respect to the vertices v of σ. For
any function g : Rd → Rd−n we write gi, with i = 1, . . . , d − n, for the components of g.

The PL-approximation is now defined as f̂−1(0) = M̂. Locally, f̂ |−1
σ (0) is generically

the intersection of an n-flat Hσ with σ. More precisely we note that f̂ |−1
σ (0) is an n-flat if

the gradients of f̂ i|σ are linearly independent, which can be easily achieved by perturbing f

infinitesimally (or at least its values at the vertices). Let τd−n
j and τd−n−1

j be faces of σ of
dimension d − n and d − n − 1. An infinitesimal perturbation of f , can prevent either f̂ |−1

σ (0)
from intersecting the faces τd−n−1

j , or the gradients of f̂ i|σ and the normal spaces of τd−n
j

(for each fixed j) from failing to span Rd. More precise statements on the geometric and
topological stability of the triangulation under perturbations of f can be found in the full
version of [9, Section 5]. Because f̂ |−1

σ (0) is (generically) the intersection of an n-flat (Hσ)
and σ, it is an n-dimensional polytope denoted by Cσ. The PL-approximation or mesh M̂
of M is the polytopal cell complex obtained by gluing the polytopes Cσ associated to all the
simplices σ in T .

3.2 Manifold tracing algorithm
Let M be the zero set of some function f : Rd → Rd−n, and let M̂ be the associated
PL-approximation defined over a triangulation T of the ambient space Rd. Both n, and d are
known but arbitrary, and will be considered as parameters in the complexity analysis. We
write k = d − n for the codimension of M. The algorithm will use for T a CFK-triangulation
stored using the data structure from [8, Appendix A]. We assume that the manifold M̂, and
the triangulation T satisfy the following genericity hypothesis:

▶ Hypothesis 8 (Genericity). Let σ be a d-simplex of T that intersects Hσ. No subface of σ

of dimension less than k intersects Hσ, and any subface of σ of dimension k intersects Hσ

in at most one point and transversally.

We note that this condition can be satisfied by an infinitesimal perturbation for isomani-
folds. This requires some explanation. We recall that the CFK-triangulation is a hyperplane
arrangement, and up to translation there are a finite number of k-flats that contain all
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k-simplices in the CFK triangulation. Hypothesis 8 is not satisfied, if either the flat Hσ

is not linearly independent of these k-flats, or if Hσ does intersect some (k − 1)-flat in
the CFK-triangulation. In the previous section, we have already seen that an infinitesimal
perturbation ensures that Hσ is n-dimensional. Because two affine spaces whose dimensions
do not add up to the ambient dimension don’t intersect with generically and two affine
spaces whose dimensions add up to exactly the ambient dimension intersect in a single point,
we see that genericity can be achieved by perturbing f infinitesimally. We further remark
that, generically, any vertex of the PL-approximation M̂ is the intersection point between a
k-simplex σ of T with the n-flat Hσ that interpolates f inside σ.

Algorithm 1 Manifold tracing algorithm.

input : the permutahedral representation of a triangulation T of Rd,
the codimension of the isomanifold k = d − n,
a seed k-simplex τ0 that intersects M̂

oracle : Given a k-simplex σ of T , decide whether σ intersects Hσ and, in the
affirmative, report the corresponding vertex σ ∩ Hσ = σ ∩ M̂.

output : Set S of the simplices in T of dimension k that intersect M̂, represented by
their permutahedral representation, and the corresponding set M̂0 of
intersection points

1 Initialize the queue Q and the set S with τ0
2 while the queue Q is not empty do
3 Pop a k-dimensional simplex τ from Q
4 foreach cofacet ϕ of τ do
5 foreach facet σ of ϕ do
6 if σ does not lie in S and intersects M̂ (which can be decided using the

oracle) then
7 Insert σ into the queue Q
8 Insert σ into S together with the intersection point provided by the

oracle

The algorithm essentially computes the set S of k-simplices of T that intersect M̂. The
elements of S are in 1-1 correspondence with the vertices of M̂ thanks to the Genericity
hypothesis. The so-called intersection oracle is a basic ingredient of the algorithm:

Intersection oracle: Given a k-simplex σ of T , decide whether σ intersects Hσ and, in the
affirmative, report the corresponding vertex σ ∩ Hσ.

It is easy to see that the intersection oracle reduces to solving a linear system. Indeed,
generically, a vertex is the intersection of a k-simplex σ of T with the m-flat Hσ that
interpolates f inside σ. One can compute the barycentric coordinates of σ ∩ Hσ by solving
a linear system of k equations, and k unknowns. It then remains to check whether the
barycentric coordinates are all non-negative (to ensure that the intersection point lies inside σ).
It follows that the intersection oracle reduces to evaluating f at the k + 1 vertices of σ plus
solving a k × k linear system.

In addition, we need to provide a set of k-simplices of T to initialize the tracing. These
simplices must intersect all the connected components of the isomanifold and are called
seed simplices. If M consists of multiple connected components, then a seed simplex must
be provided per each connected component and we proceed in the same manner for each
component. So we will assume for now that M is connected.
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The seed simplices are given as part of the input and we don’t discuss in this paper the
problem of their construction. We simply observe that they can be obtained by computing a
critical point (e.g., a point with smallest x1-coordinate) on each connected component of the
isomanifold, which reduces to finding a solution to a system of equations, on which a large
body of literature exists. See for example [24, 23, 13] and also the discussion in Wenger’s
book [27, Section 8.4]. Once such a seed point has been computed, we simply translate
and rotate the triangulation T so that the seed point coincides with the barycenter of a
k-simplex of T and the intersection with the manifold is transversal as demanded by the
genericity hypothesis (for numerical stability it is convenient if the angle between the tangent
space of the manifold and the starting k-simplex is large, which is easy to ensure). If the
distance between M and M̂ is small enough, then M̂ also intersects the same k simplex, see
Section 2.2.

The algorithm is described as Algorithm 1. It takes as input the permutahedral represen-
tation of an ambient FKC-triangulation T and a seed k-simplex τ0 of T . We assume that T
satisfies the Genericity Hypothesis 8, which can be enforced by infinitesimal perturbations of
f as discussed in Section 3.1.

The algorithm maintains the subset S of the simplices in T of dimension k that intersect
M̂. S is initialized with the seed simplex τ0 and stored as a hash table so that we can decide
in constant time if a given k-simplex belongs to S. Then, starting from τ0, we look at all its
cofacets and consider all the facets of those cofacets that are not in S (i.e. they have not
been considered yet). This can be done using a queue Q of candidate k-simplices. Each of
these simplices is queried with the intersection oracle and, if it is found to intersect M̂, it
is added to S if not already present. Upon termination, S contains all the k-dimensional
simplices of T that intersect M̂. Each such intersection, which consists of a single point (by
the Genericity hypothesis), is a vertex of M̂. Hence M̂0 is the vertex set of M̂.

Note that our algorithm essentially traverses the adjacency graph of the k and (k + 1)-
simplices of T that intersect M̂. It therefore identifies not only the set M̂0 of vertices of M̂,
but also the edges joining two such vertices (associated to the cofacets of the k-simplices
in S). By simply reporting those cofacets on the fly, the algorithm can output the 1-skeleton
M̂1 of the n-dimensional polytopal cell complex M̂. The higher dimensional faces of M̂ are
the polytopes Cτ = τ ∩ Hτ for all the cofaces τ of the k-simplices of S. If needed, the full
Hasse diagram of M̂ can be computed from M̂0. This can be done in an output sensitive
manner by using the permutahedral representation of T and the algorithm of [8, Appendix A]
to compute cofaces by increasing dimensions.

3.3 Complexity analysis
We can easily bound the complexity of the manifold tracing algorithm as a function of the
size of the output.

▶ Proposition 9. The time complexity of the algorithm is O (k2nI|S|) where I is the time
complexity of one call of the intersection oracle, and |S| is the number of simplices of
dimension k output by the algorithm.

Since, the intersection oracle reduces to evaluating f at the k +1 vertices of σ plus solving
a k × k linear system, I = O(kω) where ω ≈ 2.375.

We will now express the size of the output in terms of quantities that depend on the
manifold, the ambient dimension d, and the resolution of the triangulation (the diameter
D of a simplex) which bounds the density of the output sample, and the precision of the
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approximation. Our result holds for K-sparse manifolds, i.e. submanifolds whose intersection
with any k-flat consists of at most K points. In practical situations, K is usually small and,
in particular, K is a constant for algebraic isomanifolds of bounded degree.

▶ Proposition 10 (Size of the output). Assume that M is contained in the unit cube
Cd = [0, 1]d, and that any k-flat intersects M at most K times. Writing |S| = NC when
T is a Coxeter triangulation and |S| = NF K for a Freudenthal triangulation, we have

NC ≤ K
n! ×

(
d2

√
d(d+2)

2
√

2D

)n

and NF K ≤ K
n! ×

(
d3

√
2D

)n

where D is the diameter of a simplex

of T .

We see that Coxeter triangulations lead to smaller samples than FK-triangulations by a
factor of roughly 2n. This will be confirmed experimentally (see Figure 4).

As noticed in Section 3.2, a simple variant of the algorithm can compute the full Hasse dia-
gram of M̂ in an output sensitive manner. The following lemma shows that the combinatorial
complexity of M̂ is of the same order as the combinatorial complexity as M̂0.

▶ Proposition 11. The combinatorial complexity of M̂ is |S| × ( 3
2 )n(n + 1)!, where |S| is

bounded in Proposition 10. If n = O(1), the combinatorial complexity of M̂ is polynomial in
d, and δ = 1/D.

We combine Propositions 9, 10, and 11 to obtain our main result.

▶ Theorem 12. Assume that M is contained in the unit cube [0, 1]d and that any affine
k-flat intersects M at most K times (K is usually small, and is in particular a constant for
algebraic isomanifolds of bounded degree). Let, in addition, D be the precision required on the
approximation (the diameter of a simplex in the ambient triangulation T ). The size of the
output, and the time complexity of the algorithm are polynomial in the ambient dimension d,
and in δ = 1/D, and exponential in the intrinsic dimension n. The same result holds for the
full PL-approximation M̂ of M.

3.4 Dimensionality reduction
As seen from Proposition 10, the size |S| of the output of the algorithm, considered as a
function of the resolution D of the triangulation, depends exponentially on n (which is to be
expected), and only polynomially on d (which is fortunate). Nevertheless, the computing
time of our algorithm and the size of the output depend on d. Removing the dependency on
d in the time complexity is impossible since we need to evaluate a vector-valued function f

at a number of points of Rd, which takes Ω(d) time per evaluation. However, we will see
that we can reduce the size of the mesh produced by our algorithm.

Examples of samples of M whose sizes depend on n but not on d, and lead to good
approximations are known. Especially important are D-nets [11, 6]. A D-net consists of
a finite number of sample points of M such that no point of M is at distance more than
D from a sample point (density condition), and no two sample points are closer than cD

for some positive constant c (separation condition). A simple volume argument shows that
the size of a D-net of a n-dimensional smooth submanifolds is O(1/Dn) [5, Lemma 5.3].
The sample produced by our algorithm is D-dense on the piecewise linear approximation.
This implies that we have a sample that has a Hausdorff distance of D + dF (M, M̂) to the
manifold, where dF (M, M̂) is bounded in Theorem 7.

Since its cardinality depends on d, it is not well separated and, in particular, not a D-net
of M. If we are mostly interested in the output sample, we can easily sparsify it to obtain a
D-net. However, by doing so, we will lose the combinatorial structure of the mesh.
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We now show how to compute a D-dense sample of M of size independent of d, together
with a mesh. Specifically, we will reduce dimensionality using a variant of the celebrated
Johnson-Lindenstrauss lemma for manifolds. Doing so, we depart from our previous worst-
case analysis by allowing some approximation factor ε and tolerate a guarantee that holds
only with high probability.

▶ Theorem 13 (Johnson-Lindenstrauss lemma for manifolds [12, 26]). Pick any ε, η > 0,
and let d′ = Ω

(
n
ε2 log 1

ε + 1
ε2 log Γ

η

)
, where Γ is a quantity that depends only on intrinsic

properties of M. Let Φ be the projection on a random affine subspace of dimension d′. Then,
with probability > 1 − η, for all x, y ∈ M, we have (1 − ε)

√
d′

d ≤ ∥Φx−Φy∥
∥x−y∥ ≤ (1 + ε)

√
d′

d .

Let Ψ =
√

d
d′ Φ. By the theorem, the image Ψ(M) of M is a submanifold of dimension n

embedded in Rd′ . One can now run the manifold tracing algorithm in Rd′ to sample, and
mesh Ψ(M). The algorithm works as described before except that we need another oracle
that, given a (d′ − n)-simplex σ of the CFK-triangulation of Rd′ , decides whether its inverse
image Ψ−1(σ) intersects M or not. Note that Ψ−1(σ) is a (d − d′)-dimensional flat strip
(that is the product of a face and an affine subspace) in Rd, and that the complexity of this
new oracle is the same as the complexity of the basic intersection oracle, i.e. polynomial in d.

Due to the scaling factor
√

d/d′, the resolution of the triangulation in the low dimensional
space Rd′ has to be scaled by the same factor if one wants to satisfy a given sampling density
on M. Since the geometry of the manifold is also scaled in the same way [16], the analysis
of the algorithm will be unchanged. Proposition 10 then shows that the size of the output
sample does not depend on d but only on n and D for fixed ε, and η. Moreover, since the
complexities of the projection and of the new oracle are polynomial in d, Proposition 9
implies that the overall complexity is still polynomial in d.

3.5 Isomanifolds with boundary, and isostratifolds
The case of isomanifolds with boundary and, more generally, of isostratifolds can be handled
in very much the same way. By an isomanifold of dimension n with boundary, we mean that,
on top of a function f : Rd → Rd−n, we are given another function f∂ : Rd → R, and the set
we consider is M = f−1(0) ∩ f−1

∂ ([0, ∞)). We note that ∂M = f−1(0) ∩ f−1
∂ (0).

Similarly to (1), we also define f̂∂ |τ (x) =
∑

v∈σ λv(x) f∂(v). We write f̂ for the (global)
piecewise linear function that coincides with f̂ |τ on each τ of T , and f̂∂ for the (global)
piecewise linear function that coincides with f̂∂ |τ on each τ of T . We note that the piecewise
linear approximation of the boundary ∂M̂ = f̂−1

∂ (0) ∩ f̂−1(0) is a subset of f̂−1(0), i.e. the
piecewise linear approximation of the manifold ignoring the boundary. The piecewise linear
approximation M̂ of the manifold with boundary consists of the following cells:

For each τ of T , such that f̂∂ |τ is positive on τ , and (f̂ |τ )−1(0) ∩ τ ̸= ∅, we add
(f̂ |τ )−1(0) ∩ τ .
For each τ of T , such that (f̂ |τ )−1(0) ∩ τ ̸= ∅, and (f̂∂ |τ )−1(0) ∩ τ ̸= ∅, we add
(f̂ |τ )−1(0) ∩ (f̂∂ |τ )−1([0, ∞)) ∩ τ .

We will assume that the Genericity Hypothesis 8 holds for both M̂, and ∂M̂.
We can now adapt the algorithm of Section 3.2 as follows. In addition to reporting the

set Sk of k-faces of the triangulation T that intersect M̂, the algorithm will also report the
set Sk+1 of (k + 1)-faces of the triangulation T that intersect ∂M̂. The computation of Sk+1
is done by the following simple modification of Algorithm 1: if the k-dimensional facet σ of
τ intersects f̂−1(0) at a point x such that f̂∂ |τ (x) < 0 (i.e. x is not in M̂), we then compute
the intersection point of τ with f̂−1

∂ (0), and put τ in Sk+1.
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As for the case of manifolds without boundary (see the discussion at the end of Section 3.2),
the algorithm traverses (and therefore computes) the 1-skeleton of M̂. Under the Genericity
Hypothesis 8, the vertices of M̂1 are in bijection with the simplices of Sk ∪ Sk+1. The edges
are obtained by applying the following rules below (we identify a simplex in Sk (resp. Sk+1)
and the intersection point Sk ∩ M̂ (resp. Sk+1 ∩ ∂M̂):
1. Two simplices σ1, and σ2 of Sk are joined by an edge in M̂1 if and only if there exists a

simplex in Tk+1 with faces σ1 and σ2.
2. Two simplices τ1, and τ2 of Sk+1 are joined by an edge in ∂̂M1 if and only if there exists

a simplex in Tk+2 with faces τ1 and τ2.
3. A simplex σ of Sk, and a simplex τ of Sk+1 are joined by an edge in ∂̂M1 if and only if

σ is a facet of τ .

The three rules above together with the permutahedral representation of T provide a way
to construct the 1-skeleton of M̂ on the fly. The total cost is output sensitive. If needed, the
entire combinatorial structure of M̂ can be computed by traversing the full triangulation T .

The above construction generalizes easily to arbitrary isostratifolds. Isostratifolds are
stratified spaces that are defined by equations and inequalities. An example of such an
isostratifold is an octant of the sphere in R3 that can be defined by as x2 + y2 + z2 − 1 = 0,
x ≥ 0, y ≥ 0, and z ≥ 0. We compute the 1-skeleton of M̂ and construct a graph whose
nodes are the simplices of dimensions k, k + 1, ..., d that intersect the strata of dimension
n, n − 1, ..., 0.

4 Experimental results

The algorithm of Section 3 has been implemented in C++. The code is robust and fast and
will be released in the GUDHI library [18]. Full detail on the implementation, including the
implementation of the oracle, can be found in [19].

In this section, we explore the dependency of our C++ implementation of the data structure
for the ambient CFK-triangulation, and of the manifold tracing algorithm on the properties
of the triangulation, and of the input manifold.

Figure 2 The piecewise-linear approximation of a flat torus embedded in R10 defined by the
equations x2

1 + x2
2 = 1, and x2

3 + x2
4 = 1, and xi = 0 for i > 4, projected to R3. The ambient

triangulation used is a Coxeter triangulation of type Ã10 with the diameter of the full-dimensional
simplices 0.23. The output size |S| is 509 952. The execution time of the algorithm is 231s. The
torus has been rotated and translated in R10 so that the coordinate axes do not play any special
role.
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4.1 Performance of the algorithm

We show the performance of our implementation of the manifold tracing algorithm for
various ambient and intrinsic dimensions in Figure 3. In Figure 4, we can see that using
Coxeter triangulation is beneficial in practice as it produces a smaller output in less time
(see Proposition 10).
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Figure 3 The effect of the ambient dimension d and of the intrinsic dimension n on the computation
time of the manifold tracing algorithm. The reconstructed manifold in the tests is the n-dimensional
sphere embedded in Rd. The ambient triangulation used is a Coxeter triangulation of type Ãd. The
diameter of the full simplices is fixed for all d.
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Figure 4 Comparison of the size of the output of the manifold tracing algorithm using two
types of ambient triangulations: a Coxeter triangulation of type Ãd (in blue), and the Freudenthal-
Kuhn triangulation of Rd (in red) with the same diameter 0.07

√
d of d-dimensional simplices. The

reconstructed manifold is the 2-dimensional implicit surface “Chair” embedded in Rd given by the
equations: (x2

1 + x2
2 + x2

3 − 0.8)2 − 0.4
(
(x3 − 1)2 − 2x2

1
) (

(x3 + 1)2 − 2x2
2
)

= 0, and xi = 0 for i > 3.

In Figure 2, we present a PL approximation of a two-dimensional Clifford torus without
boundary embedded in R10 built by the manifold tracing algorithm. The torus has been
rotated and translated in R10 so that the coordinate axes do not play any special role. Note
that there is no C2 isometric embedding of the Clifford torus in R3.
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4.2 Manifolds with boundary
The algorithm has been adapted to handle submanifolds with boundary and surfaces with a
piecewise smooth boundary, see Section 3.5. In Figure 5, we present the mesh obtained by
our algorithm on a portion of a flat torus embedded in R4, and cut by a hypersphere. The
torus has been rotated and translated in R4 so that the coordinate axes do not play any
special role.

Figure 5 Four views of the flat torus in R4 given by two equations x2
1 +x2

2 = 1, and x2
3 +x2

4 = 1 cut
by the hypersphere (x1−1)2+x2

2+(x3−1)2+x2
4 = 4, projected to R3. The ambient triangulation used

is a Coxeter triangulation of type Ã4 with the diameter 0.15 of the full-dimensional simplices. The
reconstructed boundary is highlighted in yellow. The size |S| of the piecewise-linear approximation
is 14 779. The execution time of the algorithm is 1.84s. The torus has been rotated and translated
in R4 so that the coordinate axes do not play any special role.

4.3 An application in algebraic geometry
We also applied our algorithm to a more complicated example of interest in algebraic
geometry [4] where an active field of research is to understand the geometry and topology
of various projective varieties. Projective varieties are isomanifolds defined by polynomial
equations in the complex projective space CPd = (Cd+1 \ 0)/C∗ of complex dimension d.
One such example is the complex one-dimensional curve (that is a real dimensional surface)
given by the equation z2

1 z̄2 + z2
2 z̄3 + z2

3 z̄1 = 0 in CP2, where z̄ denotes the conjugate of the
complex number z.
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To be able to apply our algorithm, we first need to pass from homogenous coordinates
[z1 : . . . : zd+1] on CPd to affine coordinates [z′

1 : · · · : z′
i−1 : 1 : z′

i+1 : · · · : z′
d+1] by picking

the ith coordinate to be equal to 1, that is z′
j = zj/zi. Given some homogenous coordinates

[z1 : . . . : zd+1], we can choose the ith coordinate to be set to 1 to be the coordinate whose
absolute value is the largest, so that CPd can be written as the union of the d + 1 sets{

[z′
1 : · · · : z′

i−1 : 1 : z′
i+1 : · · · : z′

d+1] | |z′
j | ≤ 1

}
, with the boundaries of these sets identified.

Writing z′
j = xj + iyj these sets are (seen as real sets) identical to the domain of R2d

Di = {(x1, y1, . . . , xi−1, yi−1, xi+1, yi+1, . . . , xd+1, yd+1) | x2
j + y2

j ≤ 1}.

Let f be a homogenous polynomial in d+1 complex variables and their complex conjugates.
For each i, we can fix the ith coordinate to be 1. Writing each variable in terms of its real
and imaginary part yields a real inhomogeneous polynomial in 2d (real) variables on the
domain Di. Taking the real and imaginary parts of the function yields two real functions
fR,i and fI,i on Di. As real sets, the projective variety f = 0 on CPd and the intersection
of the sets fR,i = 0 and fI,i = 0 on Di for each i (with the boundaries identified) are the
same. We can therefore apply the tracing algorithm to each isomanifold (fR,i = 0, fI,i = 0)
of Di independently. Since their boundaries coincide, we can then glue these isomanifolds
along their boundary to obtain a PL-approximation of the projective variety f = 0. This, for
example, allows to recover the Euler characteristic of f = 0 on CPd.

This principle generalizes to varieties of higher codimension, that is to varieties defined
by a number of homogenous polynomials f1, . . . , fd−m.

Figure 6 The three triangulated surfaces as discussed in the example of z2
1 z̄2 + z2

2 z̄3 + z2
3 z̄1 = 0

in CP2 after projection from R4 to R3.

We illustrate the above construction on the above equation z2
1 z̄2 + z2

2 z̄3 + z2
3 z̄1 = 0 in

CP2. By passing to affine coordinates, we recover z2
1 z̄2 + z2

2 + z̄1 = 0, z2
1 + z̄3 + z2

3 z̄1 = 0, and
z̄2+z2

2 z̄3+z2
3 = 0. By expanding z1 = x1+iy1, z2 = x2+iy2, and z3 = x3+iy3, we find two real

equations for each of the complex equations. We give those corresponding to z2
1 z̄2+z2

2 +z̄1 = 0,
the other equations being symmetric. For this complex equation, we get the real equations
x1 + x2

1x2 + x2
2 − x2y2

1 + 2x1y1y2 − y2
2 = 0 and −y1 + 2x1x2y1 − x2

1y2 + 2x2y2 + y2
1y2 = 0 in

R4. The domain D3 is in this case determined by the equations x2
1 + y2

1 ≤ 1 and x2
2 + y2

2 ≤ 1.
Hence we find a surface in R4 with a piecewise smooth boundary. The result provided by
our algorithm is shown in Figure 6. For visualization purposes, we show the three surfaces
separately and projected from R4 to R3.
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5 Conclusion and open questions

We have presented an efficient, practical and provably correct algorithm to compute the
PL-approximation of an isomanifold of any dimension and codimension. Since isomanifolds
are a special type of manifolds, it is tempting to see if our algorithm extends to general
smooth submanifolds of Rd.

The manifold tracing algorithm itself is quite general and works for any submanifold as
soon as we provide a seed point and an oracle that can determine whether a k-simplex of
the ambient triangulation intersects M or not. In this general setting, the simple algorithm
described above is sufficient to compute a PL-approximation of the manifold and satisfies
the bounds given in Section 3.

However, this is not enough to obtain guarantees on the geometric and topological quality
of the output mesh. Such guarantees can be obtained by slightly perturbing the ambient
Coxeter triangulation of type Ãd so that the following conditions are satisfied:
1. All k-dimensional faces τ in T , with k ≤ d − n − 1, are far enough from M.
2. The longest edge length of T is upper bounded and its smallest thickness is lower bounded.

Under these conditions, Algorithm 1 will output a PL-approximation that is topologi-
cally equivalent and close in Hausdorff distance to the input manifold [7]. However, the
perturbation scheme of [7] perturbs (in the worst case) all the simplices of T of dimension
less than the codimension d − n that are incident on a vertex (in a neighbourhood of M).
Since there are exponentially many such simplices, such methods have a complexity that
depends exponentially on the ambient dimension d, and have not proved useful in practice
except in some simple cases. It remains open whether general smooth manifolds embedded
in Rd can be triangulated in time polynomial in d as we were able to do here in the special
case of isomanifolds.
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Abstract
Computing the similarity of two point sets is a ubiquitous task in medical imaging, geometric shape
comparison, trajectory analysis, and many more settings. Arguably the most basic distance measure
for this task is the Hausdorff distance, which assigns to each point from one set the closest point in
the other set and then evaluates the maximum distance of any assigned pair. A drawback is that
this distance measure is not translational invariant, that is, comparing two objects just according to
their shape while disregarding their position in space is impossible.

Fortunately, there is a canonical translational invariant version, the Hausdorff distance under
translation, which minimizes the Hausdorff distance over all translations of one of the point sets.
For point sets of size n and m, the Hausdorff distance under translation can be computed in time
Õ(nm) for the L1 and L∞ norm [Chew, Kedem SWAT’92] and Õ(nm(n + m)) for the L2 norm
[Huttenlocher, Kedem, Sharir DCG’93].

As these bounds have not been improved for over 25 years, in this paper we approach the
Hausdorff distance under translation from the perspective of fine-grained complexity theory. We
show (i) a matching lower bound of (nm)1−o(1) for L1 and L∞ assuming the Orthogonal Vectors
Hypothesis and (ii) a matching lower bound of n2−o(1) for L2 in the imbalanced case of m = O(1)
assuming the 3SUM Hypothesis.
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1 Introduction

As data sets become larger and larger, the requirement for faster algorithms to handle such
amounts of data becomes increasingly necessary. One very common type of data that is
created during measurements is point sets in the plane, for example when recording GPS
trajectories or describing shapes of objects, in medical image analysis, and in various data
science applications.

A fundamental algorithmic tool for analyzing point sets is to compute the similarity of
two given sets of points. There are several different measures of similarity in this setting, for
example Hausdorff distance [21], geometric bottleneck matching [18], Fréchet distance [3],
and Dynamic Time Warping [25]. Among these measures, the Hausdorff distance is arguably
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the most basic and intuitive: It assigns to each point from one set the closest point in the
other set and then evaluates the maximum distance of all assigned pairs of points.1 For a
discussion of the other previously mentioned distance measures, see Section 1.1.

While these similarity measures are of great practical relevance, for some applications
it is a drawback that they are not translational invariant, i.e., when translating a point
set the distance can – and in most cases will – change. This is unfavorable in applications
that ask for comparing the shape of two objects, meaning that the absolute position of an
object is irrelevant. Examples of this task arise for example in 2D object shape similarity,
medical image analysis [19], classification of handwritten characters [10], movement patterns
of animals [12], and sports analysis [17].

Fortunately, any point set similarity measure has a canonical translational invariant
version, by minimizing the similarity measure over all translations of the two given point sets.
For the Hausdorff distance this variant is known as the Hausdorff distance under translation,
see Section 2 for a formal definition. Given two point sets in the plane of size n and m, the
Hausdorff distance under translation can be computed in time O(nm log2 nm) for the L1 and
L∞ norm [16], and in time O(nm(n + m) log nm) for the L2 norm [22]. We are not aware
of any lower bounds for this problem, not even conditional on a plausible hypothesis. The
only results in this direction are Ω(n3) lower bounds on the arrangement size [16] and on the
number of connected components of the feasible translations [28] (for the decision problem
on points in the plane with n = m). However, these bounds also hold for L1 and L∞, where
they are “broken” by the O(nm log2 nm)-time algorithm [16], so apparently these bounds
are irrelevant for the running time complexity.

In this paper, we approach the Hausdorff distance under translation from the viewpoint
of fine-grained complexity theory [29]. For two problem settings, we show that the known
algorithms are optimal up to lower order factors assuming standard hypotheses:
1. We show an (nm)1−o(1) lower bound for L1 and L∞, matching the O(nm log2 nm)-time

algorithm from [16] up to lower order factors.
This result holds conditional on the Orthogonal Vectors Hypothesis, which states that
finding two orthogonal vectors among two given sets of n binary vectors in d dimensions
cannot be done in time O(n2−εpoly(d)) for any ε > 0. It is well-known that the Orthogonal
Vectors Hypothesis is implied by the Strong Exponential Time Hypothesis [30], and thus
our lower bound also holds assuming the latter [23]. These two hypotheses are the most
standard assumptions used in fine-grained complexity theory in the last decade [29].

2. We show an n2−o(1) lower bound for L2 in the imbalanced case m = O(1), matching the
O(nm(n + m) log nm)-time algorithm from [16] up to lower order factors. Previously,
an n2−o(1) lower bound was only known for the more general problem of computing the
Hausdorff distance under translation of sets of segments in the case that both sets have
size n (a problem for which the best known algorithm runs in time2 Õ(n4)) [6].
Our result holds conditional on the 3SUM Hypothesis, which states that deciding whether
among n given integers there are three that sum up to 0 requires time n2−o(1). This
hypothesis was introduced by Gajentaan and Overmars [20], is a standard assumption
in computational geometry [24], and has also found a wealth of applications beyond
geometry (see, e.g., [26, 4, 2, 1]).

1 There is a directed and an undirected variant of the Hausdorff distance, see Section 2. In this introduction,
we do not differentiate between these two, since all our statements hold for both variants.

2 By Õ-notation we ignore logarithmic factors in n and m.
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Our lower bounds close gaps that have not seen any progress over 25 years. Furthermore,
note that our second lower bound shows a separation between the L2 norm and the L1 and
L∞ norms, as in the imbalanced case m = O(1) the former admits a Õ(n)-time algorithm [16]
while the latter requires time n2−o(1) assuming the 3SUM Hypothesis. We leave it as an
open problem whether for L2 the balanced case n = m requires time n3−o(1).

1.1 Related work
Our work continues a line of research on fine-grained lower bounds in computational geometry,
which had early success with the 3SUM Hypothesis [20] and recently got a new impulse
with the Orthogonal Vectors Hypothesis (or Strong Exponential Time Hypothesis) and
resulting lower bounds for the Fréchet distance [7], see also [13, 11]. Continuing this line
of research is getting increasingly difficult, although there are still many classic problems
from computational geometry without matching lower bounds. In this paper we obtain such
bounds for two settings of the classic Hausdorff distance under translation.

Besides Hausdorff distance, there are several other distance measures on point sets,
including geometric bottleneck matching [18], Fréchet distance [3], and Dynamic Time
Warping [25]. The geometric bottleneck matching minimizes the maximal distance in a
perfect matching between the two given point sets. Fréchet distance and Dynamic Time
Warping additionally take the order of the input points into account. They both consider the
same class of traversals of the input points, and the Fréchet distance minimizes the maximal
distance that occurs during the traversal, while Dynamic Time Warping minimizes the sum
of distances.

Let us discuss the canonical translational invariant versions of these distance measures. For
geometric bottleneck matching under translation, Efrat et al. designed an Õ(n5) algorithm [18].
The discrete Fréchet distance under translation has an Õ(n4.66...)-time algorithm and a
conditional lower bound of n4−o(1) [9], see also [10] for algorithm engineering work on this
topic. While Dynamic Time Warping is a very popular measure (in particular for video and
speech processing), no exact algorithm for its canonical translational invariant version is
known in L2 since it contains the geometric median problem as a special case [5].

Further work on the Hausdorff distance under translation includes an O((n + m) log nm)-
time algorithm for point sets in one dimension [27]. For generalizations to dimensions d > 2
see [16, 15].

2 Preliminaries

In this paper, we consider finite point sets which lie in R2. For any p ∈ R2, we use px and
py to refer to its first and second component, respectively. For a point set A ⊂ R2 and a
translation τ ∈ R2, we define A + τ := {a + τ | a ∈ A}. To denote index sets, we often use
[n] := {1, . . . , n}. Given a point x ∈ R2, its p-norm is defined as

∥x∥p :=

∑
i∈[d]

|xi|p
 1

p

.

We now introduce several distance measures, which are all versions of the famous Hausdorff
distance. First, let us define the most basic version. Let A, B ⊂ R2 be two point sets. The
directed Hausdorff distance is defined as

δH⃗(A, B) := max
a∈A

min
b∈B

∥a − b∥p.

SoCG 2021
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Note that, intuitively, the directed Hausdorff distance measures the distance from A to B but
not from B to A, and it is not symmetric. A symmetric variant of the Hausdorff distance,
the undirected Hausdorff distance, is defined as

δH(A, B) := max{δH⃗(A, B), δH⃗(B, A)}.

Note that, by definition, δH⃗(A, B) ≤ δH(A, B). Both of the above distance measures can be
modified to a version which is invariant under translation. The directed Hausdorff distance
under translation is defined as

δT
H⃗

(A, B) := min
τ∈R2

δH⃗(A, B + τ),

and the undirected Hausdorff distance under translation is defined as

δT
H(A, B) := min

τ∈R2
δH(A, B + τ).

Again, it holds that δT
H⃗

(A, B) ≤ δT
H(A, B). Naturally, for all of the above distance measures,

the decision problem is defined such that we are given two point sets A, B and a threshold
distance δ, and ask if the distance of A, B is at most δ.

For the Hausdorff distance (without translation) the undirected distance is at most as
hard as the directed distance, because the undirected distance can be calculated using two
calls to an algorithm computing the directed distance.3 However, note that for the Hausdorff
distance under translation, we cannot just compute the directed distance twice and then
obtain the undirected distance as we have to take the maximum for the same translation.

3 OV based (mn)1−o(1) lower bound for L1 and L∞

We now present a conditional lower bound of (mn)1−o(1) for the Hausdorff distance under
translation for L1 and L∞. For simplicity, we present the lower bound for the L1 case. This
construction is equivalent to the L∞ case, via a rotation by π

4 . Our lower bound is based on
the hypothesized hardness of the Orthogonal Vectors problem.

▶ Definition 1 (Orthogonal Vectors Problem (OV)). Given two sets X, Y ⊂ {0, 1}d with
|X| = m, |Y | = n, decide whether there exist x ∈ X and y ∈ Y with ⟨x, y⟩ = 0.

A popular hypothesis from fine-grained complexity theory is as follows.

▶ Definition 2 (Orthogonal Vectors Hypothesis (OVH)). The Orthogonal Vectors problem
cannot be solved in time O((nm)1−ϵpoly(d)) for any ϵ > 0.

This hypothesis is typically stated and used for the balanced case n = m. However, it is
known that the hypothesis for the balanced case is equivalent to the hypothesis for any
unbalanced case n = mα for any fixed constant α > 0, see, e.g, [8, Lemma 5.1 in Arxiv
version].

We now describe a reduction from Orthogonal Vectors to Hausdorff distance under
translation. To this end, we are given two sets of d-dimensional binary vectors X =
{x1, . . . , xm} and Y = {y1, . . . , yn} with |X| = m and |Y | = n, and we construct an instance
of the undirected Hausdorff distance under translation defined by point sets A and B and a

3 Actually, the directed Hausdorff distance is also at most as hard as the undirected Hausdorff distance
(thus, they are equally hard), as δH⃗(A, B) = δH(A ∪ B, B).
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1 1

Vector Gadgets

Translation Gadget

Undirected Gadget

ε

A:

B:

Figure 1 Sketch of the reduction from OV to the undirected Hausdorff distance under translation.
The microtranslations in the order of ϵ2 are not shown in this sketch.

decision distance δ = 1. First, we describe the high-level structure of our reduction. The
point set A consists only of Vector Gadgets, which encode the vectors of X using 2md points.
The point set B consists of three types of gadgets:

Vector Gadgets: They encode the vectors from Y , very similar to the Vector Gadgets
of A.
Translation Gadget: It restricts the possible translations of the point set B.
Undirected Gadget: It makes our reduction work for the undirected Hausdorff distance
under translation by ensuring that the maximum over the directed Hausdorff distances is
always attained by δH⃗(B + τ, A).

Intuitively, the two dimensions of the translation choose the vectors x ∈ X and y ∈ Y

by aligning a Vector Gadget from A with a Vector Gadget from B in a certain way. An
alignment of distance at most 1 is only possible if x and y are orthogonal. See Figure 1 for
an overview of the reduction.

3.1 Gadgets
We now describe the gadgets in detail. Let ϵ > 0 be a sufficiently small constant, e.g., think
of ϵ = 1

20mnd . Recall that the distance for which we want to solve the decision problem is
δ = 1. Furthermore, we denote the ith component of a vector v by v[i].

Vector Gadget

We define a general Vector Gadget, which we then use at several places by translating it.
Given a vector v ∈ {0, 1}d, the Vector Gadget consists of the points p1, . . . , pd ∈ R2:

pi =
{

(ϵ2, iϵ), if v[i] = 0
(0, iϵ), if v[i] = 1

We denote the Vector Gadget created from vector v by V (v). Additionally, we define a
mirrored version of the gadget V (v), defined as

V := V (v̄),

where v̄ is the inversion of v, i.e., each bit is flipped.

SoCG 2021
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V ((1, 1, 1, 0, 1, 0, 0)) V ((0, 1, 0, 1, 0, 0, 1))

pd

p1

qd

q11

ε2

1 0 0 1

ε

Figure 2 A depiction of the two types of Vector Gadgets and how they are placed to check for
orthogonality.

▶ Lemma 3. Given two vectors v1, v2 ∈ {0, 1}d and corresponding Vector Gadgets V1 = V (v1)
and V2 = V (v2) + (1, 0), δH(V1, V2) ≤ 1 if and only if v1 · v2 = 0.

Proof. Let the points of V1 (resp. V2) be denoted as p1, . . . , pd (resp. q1, . . . , qd). First, note
that ∥pi − qj∥1 = 1 + |i − j|ϵ + (v1[i] + v2[j] − 1)ϵ2 > 1 for i ̸= j. Thus, for the Hausdorff
distance to be at most 1, we have to match pi to qi for all i ∈ [d]. This is possible if and only
if v1[i] = 0 or v2[i] = 0, as pi and qi are only far for v1[i] = 1 and v2[i] = 1. ◀

See Figure 2 for an example. Note that if we swap both gadgets and invert both vectors (i.e.,
flip all their bits), the Hausdorff distance does not change and thus an analogous version of
Lemma 3 holds in this case, as we are just performing a double inversion.

▶ Lemma 4. Given two vectors v1, v2 ∈ {0, 1}d and corresponding Vector Gadgets V1 = V (v1)
and V2 = V (v2)+(1, 0), δH(V1, V2) ≤ 1 if and only if v̄1 ·v̄2 = 0, where v̄1, v̄2 are the inversions
of v1, v2.

For two Vector Gadgets V1 = V (v1) + (x, y) and V2 = V (v2) + (x + D, y), we say that V1
and V2 are vertically aligned, or more precisely vertically aligned in distance D.

Translation Gadget

To ensure that B cannot be translated arbitrarily, we introduce a gadget to restrict the
translations to the regime we require. The Translation Gadget T consists of two translated
Vector Gadgets of the zero vector:

T := (V (1d) − (2 + nϵ, 0)) ∪ (V (0d) + (2 + 2ϵ, 0))

We show that a simple property on the other set involved in the Hausdorff distance under
translation instance already restricts the feasible translations significantly.

▶ Lemma 5. Let P ⊂ [−1 − 1
2 ϵ, 1 + 1

2 ϵ] × R be a point set. If δT
H⃗

(T, P ) ≤ 1, then τ∗
x ∈

[−(n + 1
2 )ϵ − ϵ2, − 3

2 ϵ], where τ∗ is any translation satisfying δH⃗(T, P + τ∗) ≤ 1.

Proof. We show the contrapositive. Therefore, assume the converse, i.e., that τ∗
x /∈ [−(n +

1
2 )ϵ − ϵ2, − 3

2 ϵ]. If τ∗
x < −(n + 1

2 )ϵ − ϵ2, then −1 − 1
2 ϵ − (−2 + nϵ + ϵ2 + τ∗

x ) > 1 and
thus the left part of T cannot contain any point of P in distance 1. If τ∗

x > − 3
2 ϵ, then

2 + 2ϵ + τ∗
x − (1 + 1

2 ϵ) > 1 and thus the right part of T cannot contain any point of P in
distance 1. Thus, δT

H⃗
(T, P ) > 1. ◀
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Undirected Gadget

To ensure that each point in A can be matched to a point in B with distance at most 1, we
add auxiliary points to B. The Undirected Gadget is defined by the point set

U := {(−1
2 , 0), (1

2 , 0)}.

▶ Lemma 6. Given a set of points P ⊂ [−1− 1
2 ϵ, 1+ 1

2 ϵ]×[− 1
8 , 1

8 ], it holds that δH⃗(P, U+τ) ≤ 1
for any τ ∈ [−(n + 1

2 )ϵ − ϵ2, (n + 1
2 )ϵ + ϵ2] × [− 1

8 , 1
8 ].

Proof. By symmetry, we can restrict to proving that the distance of the point set

P ′ = P ∩ [0, (n + 1
2)ϵ + ϵ2] × [−1

8 ,
1
8 ]

to ( 1
2 , 0)+τ is at most 1. For any p′ ∈ P ′, we have |p′

x−( 1
2 +τx)| ≤ 1

2 +O(nϵ) and |p′
y −τy| ≤ 1

4 .
Thus, ∥p′ − (( 1

2 , 0) + τ)∥1 = 3
4 + O(nϵ), which is less than 1 for small enough ϵ. ◀

3.2 Reduction and correctness

We now describe the reduction and prove its correctness. We construct the point sets of our
Hausdorff distance under translation instance as follows. The first set, i.e., set A, consists
only of Vector Gadgets:

A :=

 ⋃
i∈[m]

V (xi) + (−1 − 1
2ϵ, i · 2dϵ)

 ∪

 ⋃
i∈[m]

V (1d) + (1 + 1
2ϵ, i · 2dϵ)


The second set, i.e., set B, consists of Vector Gadgets, the Translation Gadget, and the
Undirected Gadget:

B :=

 ⋃
j∈[n]

V (yj) + (jϵ, 0)

 ∪ T ∪ U

See Figure 1 for a sketch of the above construction. To reference the vector gadgets as they
are used in the reduction, we use the notation

Vr(xi) := V (xi) + (−1 − 1
2ϵ, i · 2dϵ) and V r(yj) := V (yj) + (jϵ, 0).

We can now prove correctness of our reduction. In the reduction, we return some canonical
positive instance, if the 0d vector is contained in any of the two OV sets. This allows us to
drop all 1d vectors from the input, as they cannot be orthogonal to any other vector. Thus,
we can assume that all vectors in our input contain at least one 0-entry and at least one
1-entry.

▶ Theorem 7. Computing the directed or undirected Hausdorff distance under translation in
L1 or L∞ for two sets of size n and m cannot be solved in time O((mn)1−γ) for any γ > 0,
unless the Orthogonal Vectors Hypothesis fails.

SoCG 2021
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Proof. Recall that we only have to consider the L1 case. We first prove that there is a pair
of orthogonal vectors x ∈ X and y ∈ Y if and only if δT

H(A, B) ≤ 1.

⇒: Assume that there exist xi ∈ X, yj ∈ Y and ⟨xi, yj⟩ = 0. Then consider the translation
τ = (−(j + 1

2 )ϵ, i ·2dϵ) which vertically aligns the Vector Gadgets Vr(xi) and V r(yj)+τ in
distance 1. As xi and yj are orthogonal, it follows from Lemma 3 that δH⃗(V r(yj)+τ, A) ≤
1. It remains to show that all remaining points of B + τ have a point in distance at
most 1. The Vector Gadgets in B + τ which correspond to yj′ with j′ < j are strictly
to the left of V r(yj) + τ and are thus also in Hausdorff distance at most 1 from Vr(xi).
If j = n, then we are done with the Vector Gadgets. Otherwise, consider the Vector
Gadget V r(yj+1) + τ . We claim that each point of it is in distance at most 1 from
V (1d) + (1 + 1

2 ϵ, i · 2dϵ). As the two gadgets are vertically aligned, we just have to check
their horizontal distance, which is

1 + 1
2ϵ − ((j + 1)ϵ − (j + 1

2)ϵ) = 1.

Thus, by Lemma 3, we have δH⃗(V r(yj+1) + τ, A) ≤ 1. Now, by the same argument as
above, all gadgets V r(yj′) + τ with j′ > j + 1 are in directed Hausdorff distance at most
1 from A.
As the points of the Undirected Gadget U + τ are closer by a distance of almost 1

2 to A

than the Vector Gadgets in B + τ , also δH⃗(U + τ, A) ≤ 1 holds. Finally, we have to show
that the Translation Gadget T + τ is in distance at most 1 from A. As the left part of
T and Vr(xi) are aligned vertically, we only have to check the horizontal distance. The
horizontal distance is

−1 − 1
2ϵ − (−2 + nϵ − (j + 1

2)ϵ) = 1 − (n − j)ϵ ≤ 1

for any j ∈ [n]. Similarly, the distance of the right part of the Translation Gadget from
the vertically aligned V (1d) in A is

2 + 2ϵ − (j + 1
2)ϵ − (1 + 1

2ϵ) = 1 − (j − 1)ϵ ≤ 1

for any j ∈ [n]. Thus, by Lemma 3 and Lemma 4, it holds that δH⃗(T + τ, A) ≤ 1. As
τ ∈ [−(n + 1

2 )ϵ − ϵ2, − 3
2 ϵ] × [− 1

8 , 1
8 ], we know by Lemma 6 that δH⃗(A, B + τ) ≤ 1 and

thus also δT
H(A, B) ≤ 1.

⇐: Now, assume that δT
H(A, B) ≤ 1 and let τ be any translation for which δH⃗(B + τ, A) ≤ 1.

We used the directed Hausdorff distance in the previous statement on purpose, as we
prove hardness for both versions. Lemma 5 implies that τx ∈ [−(n + 1

2 )ϵ − ϵ2, − 3
2 ϵ].

Let V r(yj) + τ, V r(yj+1) + τ be the Vector Gadgets such that V r(yj) + τ has directed
Hausdorff distance at most 1 to the left Vector Gadgets of A and V r(yj+1)+τ has directed
Hausdorff distance at most 1 to the right Vector Gadgets of A. This is well-defined as
the left Vector Gadgets of A and the right Vector Gadgets of A are in distance at least
2 + ϵ − ϵ2 from each other, and thus no Vector Gadget of B + τ can be in distance at most
1 from both sides. Furthermore, as τx ≤ − 3

2 ϵ, there has to be a Vector Gadget V r(yj) + τ

that has directed Hausdorff distance at most 1 to the left Vector Gadgets of A, as

jϵ − 3
2ϵ − (−1 − 1

2ϵ) = 1 + (j − 1)ϵ ≤ 1

for j = 1. If j = n, then V r(yj+1) + τ is undefined.
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As δH⃗(B + τ, A) ≤ 1, we know that V r(yj) + τ has directed Hausdorff distance at most 1
to a gadget Vr(x) for some x ∈ X. We claim that this distance cannot be closer than 1
as V r(yj+1) + τ must have a directed Hausdorff distance at most 1 from the right side of
A or, in case j = n, due to the restrictions imposed by the Translation Gadget. Let us
consider the case j ≠ n first. Any translation τ ′ which places V r(yj+1) + τ ′ in directed
Hausdorff distance at most 1 from the right side of A needs to fulfill

1 + 1
2ϵ − ((j + 1)ϵ + τ ′

1) ≤ 1

and thus τ ′
1 ≥ −(j + 1

2 )ϵ, using the fact that each vector in Y contains at least one 0-entry.
This, on the other hand, implies that V r(yj) + τ ′ is in Hausdorff distance at least

jϵ − (j + 1
2)ϵ − (−1 − 1

2ϵ) = 1

from Vr(x). Now consider the case j = n. As by Lemma 5 we have τx ≥ −(n + 1
2 )ϵ − ϵ2,

it follows that V r(yn) + τ is in Hausdorff distance at least

nϵ − (n + 1
2)ϵ − (−1 − 1

2ϵ) = 1

from Vr(x), using the fact that each vector in Y contains at least one 0-entry (this is the
reason why the ϵ2 disappears).
By the arguments above, the two gadgets V r(yj) + τ and Vr(x) have to be horizontally
aligned as required by Lemma 3. They also have to be vertically aligned as a vertical
deviation would incur a Hausdorff distance larger than 1 for the pair of points in the two
gadgets that are in horizontal distance 1. Then, applying Lemma 3, it follows that x an
yj are orthogonal.

It remains to argue why the above reduction implies the lower bound stated in the theorem.
Assume we have an algorithm that computes the Hausdorff distance under translation for L1 or
L∞ in time (mn)1−γ for some γ > 0. Then, given an Orthogonal Vectors instance X, Y with
|X| = m and |Y | = n, we can use the described reduction to obtain an equivalent Hausdorff
under translation instance with point sets A, B of size |A| = O(md) and |B| = O(nd) and
solve it in time O((mn)1−γpoly(d)), contradicting the Orthogonal Vectors Hypothesis. ◀

3.3 Generalization to Lp

We believe that we can extend the above construction such that it works for all Lp norms
with p ̸= ∞ by changing the spacing between 0 and 1 points of the Vector Gadgets and also
set ϵ accordingly. More precisely, it seems that we can use ϵ2p as spacing (instead of ϵ2) and
set ϵ < 1

40pmnd . The proofs should then be analogous to the L1 case.

4 3Sum based n2−o(1) lower bound for m ∈ O(1)

We now present a hardness result for the unbalanced case of the directed and undirected
Hausdorff distance under translation. We base our hardness on another popular hypothesis
of fined-grained complexity theory: the 3Sum Hypothesis. Before stating the hypothesis, let
us first introduce the 3Sum problem.
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2εε0 3ε 4ε
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p20p10 p21p11 p12q0
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Figure 3 The A set of the low-level gadget of the 3Sum reduction, which is used to build the
high-level gadgets. We just show the leftmost part of the gadget, but the remainder is similar.

▶ Definition 8 (3Sum). Given three sets of positive integers X, Y, Z all of size n, do there
exist x ∈ X, y ∈ Y, z ∈ Z such that x + y = z?

The corresponding hardness assumption is the 3Sum Hypothesis.

▶ Definition 9 (3Sum Hypothesis). There is no O(n2−ϵ) algorithm for 3Sum for any ϵ > 0.

There are several equivalent variants of the 3Sum problem. Most important for us is the
convolution 3Sum problem, abbreviated as Conv3Sum [26, 14].

▶ Definition 10 (Conv3SUM). Given a sequence of positive integers X = (x1, . . . , xn) of size
n, do there exist i, j such that xi + xj = xi+j?

This problem has a trivial O(n2) algorithm and, assuming the 3Sum Hypothesis, this is also
optimal up to lower order factors. As 3Sum and Conv3Sum are equivalent, a lower bound
conditional on Conv3Sum implies a lower bound conditional on 3Sum.

Therefore, given a Conv3Sum instance defined by the set of integers X with |X| = n,
we create an equivalent instance of the directed Hausdorff distance under translation for L2
by constructing two sets of points A and B with |A| = O(n) and |B| = O(1) and providing
a decision distance δ. Intuitively, we define a low-level gadget from which we build three
high-level gadgets by rotation and scaling. Recall that in the Conv3Sum problem we have
to find values i, j which fulfill the equation xi + xj = xi+j . We encode the choice of these
two values into the two dimensions of the translation. These three high-level gadgets then
verify if the Conv3Sum equation is fulfilled. In the remainder of this section, we present the
details of our reduction and prove that it implies the claimed lower bound.

4.1 Construction
Given an integer Conv3Sum instance with X ⊂ [M ] where n = |X|, we now describe
the construction of the Hausdorff distance under translation instance with point sets A, B

and threshold distance δ. We use a small enough ϵ, e.g., ϵ = (4Mn2)−2, as value for
microtranslations. Furthermore, we set δ = 1+4n2ϵ2. The additional 4n2ϵ2 term compensates
for the small variations in distance that occur on microtranslations due to the curvature of
the L2-ball.

4.1.1 Low-level gadget
We use a single low-level gadget, which is then scaled and rotated to obtain high-level gadgets.
This gadget consists of two point sets Al and Bl. The point set Al contains what we call
number points p1

i , p2
i and filling points qi for 0 ≤ i < n. The set Bl just contains two points:
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r1 and r2. The number points p1
i , p2

i encode the number xi, while the filling points make sure
that no other translations than the desired ones are possible. See Figure 3 for an overview.
All of the points in this gadget are of the form (x, 0). The number points are

p1
i =

(
2iϵ + xiϵ

1.5, 0
)

, p2
i = p1

i + (ϵ, 0)

for 0 ≤ i < n. The filling points are

qi =
((

2i + 3
2

)
ϵ, 0

)
for 0 ≤ i < n.

The points in Bl should introduce a gap to only allow alignment of the number gadgets
such that the microtranslations (i.e., those in the order of ϵ1.5) correspond to the number of
the gap in the number gadget. Thus Bl contains the points

r1 = (−1, 0), r2 = (1 + ϵ, 0).

Before we prove properties of the low-level gadget, we first prove that the error that is
happening due to the curvature of the L2-ball is small.

▶ Lemma 11. Let (px, py), (qx, qy) ∈ R2 be two points with |px − qx| ∈ [ 1
2 , 2] and py = qy.

For any τ ∈ [0, (2n − 1)ϵ]2, we have

|px − (qx + τx)| ≤ ∥p − (q + τ)∥2 ≤ |px − (qx + τx)| + 4n2ϵ2.

Proof. As each component is a lower bound to the L2 norm, the first inequality follows.
Thus, let us prove the second inequality. We first transform

∥p − (q + τ)∥2 =
√

(px − (qx + τx))2 + τ2
y = |px − (qx − τx)|

√
1 + τ2

y /(px − (qx + τx))2.

Because
√

1 + x ≤ 1 + x
2 for any x ≥ 0, we have

∥p − (q + τ)∥2 ≤ |px − (qx − τx)| + τ2
y /(2|px − (qx − τx)|).

As τy ≤ 2(n − 1)ϵ and |px − (qx − τx)| ≥ 1
2 , we obtain the desired upper bound. ◀

An analogous statement holds when swapping the x and y coordinates. Note that the 4n2ϵ2

term also occurs in the value of δ that we chose, as this is how we compensate for these
errors in our construction. While we have to consider this error in the following arguments,
it already seems that it will be insignificant due to its magnitude.

We now state two lemmas which show how the Hausdorff distance under translation
decision problem is related to the structure of the low-level gadget.

▶ Lemma 12. Given a low-level gadget Al, Bl as constructed above and the translation being
restricted to τ ∈ [0, (2n − 1)ϵ]2, it holds that if δH⃗(Al, Bl + τ) ≤ δ, then

∃i ∈ N : τx = 2iϵ + xiϵ
1.5 ± 4n2ϵ2.

Proof. Let τ ∈ [0, (2n − 1)ϵ]2 and assume δH⃗(Al, Bl + τ) ≤ δ. Then all points in Al are in
distance at most δ from one of the two points in Bl. Furthermore, both points in Bl + τ also
have at least one close point in Al, as
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∥r1 +τ −p1
0∥2 ≤ 1−τx +4n2ϵ2 ≤ δ and ∥r2 +τ −qn−1∥2 ≤ 1+τx −(2n− 1

2)ϵ+4n2ϵ2 < δ,

using Lemma 11.
The gaps between neighboring points in Al either have width close to 1

2 ϵ, if the gap is
between a number point and a filling point (p1

i and qi−1, or p2
i and qi), or they have a width

of ϵ, if the gap is between two number points (p1
i and p2

i ). Furthermore, the two points in
Bl have distance 2 + ϵ, so there is an ϵ − 8n2ϵ2 gap between their δ-balls. Thus, there is
an i such that p1

i has distance at most δ to r1, and p2
i has distance at most δ to r2. This

alignment of the gadgets can only be realized by a translation τ for which

τx = 2iϵ + xiϵ
1.5 ± 4n2ϵ2,

which completes the proof. ◀

▶ Lemma 13. Given a low-level gadget Al, Bl as constructed above and the translation being
restricted to τ ∈ [0, (2n − 1)ϵ]2, it holds that if

∃i ∈ N : τx = 2iϵ + xiϵ
1.5,

then δH(Al, Bl + τ) ≤ δ.

Proof. Let i ∈ N and let τx = 2iϵ+xiϵ
1.5. Consider any translations τ ∈ {τx}× [0, 2(n−1)ϵ].

Due to the restricted translation and Lemma 11, we can disregard the error terms that arise
from the vertical translation τy as they are compensated for by δ. Then all the points in
Al before and including p1

i are in distance at most δ from r1 ∈ Bl + τ and all the points
afterwards are in distance at most δ from r2 ∈ Bl + τ . Clearly, both points in Bl + τ then
also have points from Al in distance δ, and thus δH(Al, Bl + τ) ≤ δ. ◀

4.1.2 High-level gadgets
This construction is inspired by the hard instance that was given in [28]. We want to obtain
a grid of translations of spacing ϵ with some microtranslations in the O(ϵ1.5) range. We
already defined the low-level gadget above, and we now define the high-level gadgets.

Column Gadget

The column gadget induces columns in translational space, i.e., it enforces that valid
translations have to lie on one of these columns. The column gadget is actually the low-level
gadget we already described above. You can see a sketch of this gadget in Figure 4a. To
semantically distinguish it from the low-level gadget, we refer to the point sets of the column
gadget as Ac and Bc.

Row Gadget

The row gadget induces rows in translational space, i.e., it enforces that valid translations
have to lie on one of these rows. We obtain the row gadget by rotating all points in the
low-level gadget around the origin by π/2 counterclockwise. You can see a sketch of this
gadget in Figure 4b. We call the point sets of the row gadget Ar and Br.
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ε

δ

Ac

(a) Column Gadget.

ε

δ

Ar

(b) Row Gadget.

1√
2
ε

δ

Ad

(c) Diagonal Gadget.

Figure 4 Three of the high-level gadgets. The points of A are all in the low-level gadgets, while
the points in B are explicitly shown including their δ-ball.

Diagonal Gadget

The diagonal gadget induces diagonals in translational space, i.e., it enforces that valid
translations have to lie on one of these diagonals. As opposed to the column and row gadget,
the diagonal gadget also has to be scaled. We scale the sets Al and Bl separately. We scale
Al such that the gap between the number point pairs p1

i , p2
i becomes 1√

2 ϵ. And we scale Bl

such that the gap between the points becomes 2 + 1√
2 ϵ. After scaling, we rotate the points

counterclockwise around the origin by π/4. You can see a sketch of this gadget in Figure 4c.
We call the point sets of the diagonal gadget Ad and Bd.

Translation Gadget

To restrict the translations for the directed Hausdorff distance under translation, we introduce
another gadget. The first set of points At contains

zl := (−1 + (2n − 1)ϵ, 0), zr := (1, 0), zb := (0, −1 + (2n − 1)ϵ), zt := (0, 1).

The second point set Bt only contains the origin zc := (0, 0). We want to make sure that
this gadget behaves well in a certain range.

▶ Lemma 14. Given τ ∈ [0, (2n − 1)ϵ]2, it holds that δH(At, Bt + τ) ≤ δ.

Proof. As Bt has a point on all sides, clearly δH⃗(Bt + τ, At) ≤ δ. Furthermore,

∥zl − (zc + τ)∥2 ≤ 1 + 4n2ϵ2 ≤ δ and ∥zr − (zc + τ)∥2 ≤ δ,

using Lemma 11. Analogous statements hold for zb and zt. Thus, also δH⃗(At, Bt +τ) ≤ δ. ◀

4.1.3 Complete construction
To obtain the final sets of the reduction, we now place all four described high-level gadgets
(i.e., column gadget, row gadget, diagonal gadget, and translation gadget) far enough apart.
More explicitly, the point sets A, B of the Hausdorff distance under translation instance are
defined as

A := Ac ∪ (Ar + (10, 0)) ∪ (Ad + (20, 0)) ∪ (At + (30, 0))

and

B := Bc ∪ (Br + (10, 0)) ∪ (Bd + (20, 0)) ∪ (Bt + (30, 0)).

SoCG 2021



18:14 Fine-Grained Lower Bounds for Hausdorff Distance Under Translation

The far placement ensures that the two point sets of the respective gadgets have to be
matched to each other for a decision distance δ.

4.2 Proof of correctness
First, we want to ensure that everything relevant happens in a very small range of translations.

▶ Lemma 15. Let τ ∈ R2. If δH⃗(A, B + τ) ≤ δ, then τ ∈ [0, (2n − 1)ϵ]2.

Proof. Note that for a Hausdorff distance at most δ, the sets Ac and Bc have to matched to
each other and analogously for Ar, Br, and Ad, Bd, and At, Bt. To show the contrapositive,
now assume τ /∈ [0, (2n − 1)ϵ]2. For simplicity, we refer to the points in the high-level gadgets
with the notation of the low-level gadget. Additionally, due to the translation gadget, we
have

∥zl − (zc + τ)∥2 > δ for τx > (2n − 1)ϵ + 4n2ϵ2,

and

∥zr − (zc + τ)∥2 > δ for τx < −4n2ϵ2.

We now show that under these restricted translations and as δH⃗(A, B + τ) ≤ δ, both
points r1, r2 in Bc have at least one point of Ac in distance δ. In the column gadget for
τx ∈ [−4n2ϵ2, 0), we have

∥(r1 + τ) − p1
0∥2 ≥ |−1 − (p1

0)x + τx| > δ and ∥(r2 + τ) − p1
0∥2 ≥ 1 + ϵ − O(ϵ1.5) > δ,

for small enough ϵ. On the other hand, for τx ∈ ((2n − 1)ϵ, (2n − 1)ϵ + 4n2ϵ2], we have

∥r2 + τ −p2
n−1∥2 ≥ 1+ ϵ+ τx − (2n−1)ϵ > δ and ∥r1 + τ −p2

n−1∥2 ≥ 1+ ϵ−O(ϵ1.5) > δ

for small enough ϵ. An analogous argument holds for the row gadget and τy, as the row
gadget is just a rotated version of the column gadget and the translation gadget is symmetric
with respect to these gadgets. ◀

We can now prove the main result of this section.

▶ Theorem 16. Computing the directed or undirected Hausdorff distance under translation
in L2 for two sets of size n and O(1) cannot be solved in time O(n2−γ) for any γ > 0, unless
the 3Sum Hypothesis fails.

Proof. We construct a Hausdorff under translation instance in this proof from a Conv3Sum
instance as described previously in this section, and then show that they are equivalent. We
first consider how to apply Lemma 12 and Lemma 13 to the diagonal gadget. More precisely,
we consider which translations align the gaps of Ad and Bd as is used in these two lemmas.
Due to the scaling of the gadget, these translations are of the form

√
2τx = 2kϵ + xkϵ1.5. By

the rotation, we then obtain translations of the form
√

2(τx + τy)√
2

= ∥τ∥1 = 2(i + j)ϵ + xi+jϵ1.5.

⇐: Assume X is a positive Conv3Sum instance. Then there exist xi, xj such that xi + xj =
xi+j . Consider τ = (2iϵ + xiϵ

1.5, 2jϵ + xjϵ1.5) as translation. Due to Lemma 13, we have
that δH(Ac, Bc + τ) ≤ δ and analogously δH(Ar, Br + τ) ≤ δ. By the initial observation
we can also apply Lemma 13 to the diagonal gadget, and thus δH(Ad, Bd +τ) ≤ δ. Finally,
by Lemma 14, we also have that δH(At, Bt + τ) ≤ δ for the given τ .
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⇒: Assume δT
H⃗

(A, B) ≤ δ. From Lemma 15, it follows that τ ∈ [0, (2n − 1)ϵ]2. Then, due
to Lemma 12 and the initial observation about the diagonal gadget, we have that there
exist i, j, k that fulfill

τx = 2iϵ+xiϵ
1.5±4n2ϵ2 and τy = 2jϵ+xjϵ1.5±4n2ϵ2 and τx+τy = 2kϵ+xkϵ1.5±4n2ϵ2.

It follows that

2iϵ + xiϵ
1.5 + 2jϵ + xjϵ1.5 ± 8n2ϵ2 = 2kϵ + xkϵ1.5 ± 4n2ϵ2,

and thus i + j = k and xi + xj = xk.

It remains to argue why the above reduction implies the lower bound stated in the theorem.
Assume we have an algorithm that computes the Hausdorff distance under translation in
L2 in time O(n2−γ) for some γ > 0. Then, given a Conv3Sum instance X with |X| = n,
we can use the described reduction to obtain an equivalent Hausdorff under translation
instance with point sets A, B of size |A| = O(n) and |B| = O(1) and solve it in time O(n2−γ),
contradicting the 3Sum Hypothesis. ◀
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Abstract
The well known fractional Helly theorem and colorful Helly theorem can be merged into the so called
colorful fractional Helly theorem. It states: for every α ∈ (0, 1] and every non-negative integer d,
there is βcol = βcol(α, d) ∈ (0, 1] with the following property. Let F1, . . . , Fd+1 be finite nonempty
families of convex sets in Rd of sizes n1, . . . , nd+1, respectively. If at least αn1n2 · · · nd+1 of the
colorful (d + 1)-tuples have a nonempty intersection, then there is i ∈ [d + 1] such that Fi contains
a subfamily of size at least βcolni with a nonempty intersection. (A colorful (d + 1)-tuple is a
(d + 1)-tuple (F1, . . . , Fd+1) such that Fi belongs to Fi for every i.)

The colorful fractional Helly theorem was first stated and proved by Bárány, Fodor, Montejano,
Oliveros, and Pór in 2014 with βcol = α/(d + 1). In 2017 Kim proved the theorem with better
function βcol, which in particular tends to 1 when α tends to 1. Kim also conjectured what is the
optimal bound for βcol(α, d) and provided the upper bound example for the optimal bound. The
conjectured bound coincides with the optimal bounds for the (non-colorful) fractional Helly theorem
proved independently by Eckhoff and Kalai around 1984.

We verify Kim’s conjecture by extending Kalai’s approach to the colorful scenario. Moreover, we
obtain optimal bounds also in a more general setting when we allow several sets of the same color.
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1 Introduction

The target of this paper is to provide optimal bounds for the colorful fractional Helly theorem
first stated by Bárány, Fodor, Montejano, Oliveros, and Pór [5], and then improved by
Kim [13]. In order to explain the colorful fractional Helly theorem, let us briefly survey the
preceding results.

The starting point, as usual in this context, is the Helly theorem:
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19:2 Optimal Bounds for the Colorful Fractional Helly Theorem

▶ Theorem 1 (Helly’s theorem [8]). Let F be a finite family of at least d+1 convex sets in Rd.
Assume that every subfamily of F with exactly d + 1 members has a nonempty intersection.
Then all sets in F have a nonempty intersection.

Helly’s theorem admits numerous extensions and two of them, important in our context,
are the fractional Helly theorem and the colorful Helly theorem. The fractional Helly theorem
of Katchalski and Liu covers the case when only some fraction of the d + 1 tuples in F has a
nonempty intersection.

▶ Theorem 2 (The fractional Helly theorem [12]). For every α ∈ (0, 1] and every non-negative
integer d, there is β = β(α, d) ∈ (0, 1] with the following property. Let F be a finite family of
n ≥ d + 1 convex sets in Rd such that at least α

(
n

d+1
)

of the subfamilies of F with exactly
d + 1 members have a nonempty intersection. Then there is a subfamily of F with at least
βn members with a nonempty intersection.

An interesting aspect of the fractional Helly theorem is not only to show the existence of
β(α, d) but also to provide the largest value of β(α, d) with which the theorem is valid. This
has been resolved independently by Eckhoff [7] and by Kalai [10] showing that the fractional
Helly theorem holds with β(α, d) = 1 − (1 − α)1/(d+1); yet another simplified proof of this
fact has been subsequently given by Alon and Kalai [2]. It is well known that this bound
is sharp by considering a family F consisting of ≈ (1 − (1 − α)1/(d+1))n copies of Rd and
≈ (1 − α)1/(d+1)n hyperplanes in general position; see, e.g., the introduction of [10].

The colorful Helly theorem of Lovász covers the case where the sets are colored by d + 1
colors and only the “colorful” (d + 1)-tuples of sets in F are considered. Given families
F1, . . . , Fd+1 of sets in Rd a family of sets {F1, . . . , Fd+1} is a colorful (d + 1)-tuple if Fi ∈ Fi

for i ∈ [d + 1], where [n] := {1, . . . , n} for a non-negative integer n ≥ 1. (The reader may
think of F from preceding theorems decomposed into color classes F1, . . . , Fd+1.)

▶ Theorem 3 (The colorful Helly theorem [14, 4]). Let F1, . . . , Fd+1 be finite nonempty
families of convex sets in Rd. Assume that every colorful (d + 1)-tuple has a nonempty
intersection. Then one of the families F1, . . . , Fd+1 has a nonempty intersection.

Both the colorful Helly theorem and the fractional Helly theorem with optimal bounds
imply the Helly theorem. The colorful one by setting F1 = · · · = Fd+1 = F and the fractional
one by setting α = 1 giving β(1, d) = 1.

The preceding two theorems can be merged into the following colorful fractional Helly
theorem:

▶ Theorem 4 (The colorful fractional Helly theorem [5]). For every α ∈ (0, 1] and every
non-negative integer d, there is βcol = βcol(α, d) ∈ (0, 1] with the following property. Let
F1, . . . , Fd+1 be finite nonempty families of convex sets in Rd of sizes n1, . . . , nd+1, respect-
ively. If at least αn1 · · · nd+1 of the colorful (d + 1)-tuples have a nonempty intersection,
then there is an i ∈ [d + 1] such that Fi contains a subfamily of size at least βcolni with a
nonempty intersection.

Bárány et al. proved the colorful fractional Helly theorem with the value βcol(α, d) = α
d+1

and they used it as a lemma [5, Lemma 3] in a proof of a colorful variant of a (p, q)-theorem.
Despite this, the optimal bound for βcol seems to be of independent interest. In particular,
the bound on βcol has been subsequently improved by Kim [13] who showed that the colorful
fractional Helly theorem is true with βcol(α, d) = max{ α

d+1 , 1 − (d + 1)(1 − α)1/(d+1)}. On
the other hand, the value of βcol(α, d) cannot go beyond 1 − (1 − α)1/(d+1) because essentially
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the same example as for the standard fractional Helly theorem applies in this setting as well –
it is sufficient to set n1 = n2 = · · · = nd+1 and take ≈ (1 − (1 − α)1/(d+1))ni copies of Rd and
≈ (1 − α)1/(d+1)ni hyperplanes in general position in each color class.1 (Kim [13] provides a
slightly different upper bound example showing the same bound.)

Coming back to the lower bound on βcol(α, d), Kim explicitly conjectured that 1 − (1 −
α)1/(d+1) is also a lower bound, thereby an optimal bound for the colorful fractional Helly
theorem. He also provides a more refined conjecture, that we discuss slightly later (see
Conjecture 8), which implies this lower bound. We prove the refined conjecture, and therefore
the optimal bounds for the colorful fractional Helly theorem.

▶ Theorem 5 (The optimal colorful fractional Helly theorem). Let F1, . . . , Fd+1 be finite
nonempty families of convex sets in Rd of sizes n1, . . . , nd+1, respectively. If at least
αn1 · · · nd+1 of the colorful (d + 1)-tuples have a nonempty intersection, for α ∈ (0, 1], then
there is an i ∈ [d + 1] such that Fi contains a subfamily of size at least (1 − (1 − α)1/(d+1))ni

with a nonempty intersection.

In the proof we follow the exterior algebra approach which has been used by Kalai [10]
in order to provide optimal bounds for the standard fractional Helly theorem. We have to
upgrade Kalai’s proof to the colorful setting. This requires guessing the right generalization
of several steps in Kalai’s proof (in particular guessing the statement of Theorem 10 below).
However, we honestly admit that after making these “guesses” we follow Kalai’s proof quite
straightforwardly.

Let us also compare one aspect of our proof with the previous proof of the weaker bound
by Kim [13]: Kim’s proof uses the colorful Helly theorem as a blackbox while our proof
includes the proof of the colorful Helly theorem.

Last but not least, the exterior algebra approach actually allows to generalize Theorem 5
in several different directions. The extension to so called d-collapsible complexes is essentially
mandatory for the well working proof while the other generalizations that we will present
just follow from the method. We will discuss this in detail in forthcoming subsections of the
introduction.

1.1 d-representable and d-collapsible complexes
The nerve and d-representable complexes. The important information in Theor-
ems 1, 2, 3, 4, and 5 is which subfamilies have a nonempty intersection. This information
can be stored in a simplicial complex called the nerve.

A (finite abstract) simplicial complex is a set system K on a finite set of vertices N such
that whenever A ∈ K and B ⊆ A, then B ∈ K. (The standard notation for the vertex set
would be V but this notation will be more useful later on when we will often use capital
letters such as R for some set and the corresponding lower case letters such as r for its size.)
The elements of K are faces (a.k.a. simplices) of K. The dimension of a face A ∈ K is defined
as dim A = |A| − 1; this corresponds to representing A as an (|A| − 1)-dimensional simplex.
The dimension of K, denoted dim K, is the maximum of the dimensions of faces in K. A face
of dimension k is a k-face in short. Vertices of K are usually identified with 0-faces, that is,
v ∈ N is identified with {v} ∈ K. (Though the definition of simplicial complex allows that
{v} ̸∈ K for v ∈ N , in our applications we will always have {v} ∈ K for v ∈ N .) Given a

1 At the end of Section 3 we discuss this example in full detail in more general context. However, in
this special case, it is perhaps much easier to check directly that βcol cannot be improved due to this
example.

SoCG 2021



19:4 Optimal Bounds for the Colorful Fractional Helly Theorem

family of sets F , the nerve of F is the simplicial complex whose vertex set is F and whose
faces are subfamilies with a nonempty intersection. A simplicial complex is d-representable if
it is the nerve of a finite family of convex sets in Rd.

As a preparation for the d-collapsible setting, we now restate Theorem 5 in terms
of d-representable complexes. For this we need two more notions. Given a simplicial
complex K and a subset U of the vertex set N , the induced subcomplex K[U ] is defined as
K[U ] := {A ∈ K : A ⊆ U}. Now, let us assume that the vertex set N is split into d + 1
pairwise disjoint subsets N = N1 ⊔ · · · ⊔ Nd+1 (we can think of this partition as coloring each
vertex of N with one of the d + 1 possible colors).2 Then a colorful d-face is a d-face A, such
that |A ∩ Ni| = 1 for every i ∈ [d + 1].

▶ Theorem 6 (Theorem 5 reformulated). Let K be a d-representable simplicial complex with
the set of vertices N = N1 ⊔ · · · ⊔ Nd+1 divided into d + 1 disjoint subsets. Let ni := |Ni|
for i ∈ [d + 1] and assume that K contains at least αn1 · · · nd+1 colorful d-faces for some
α ∈ (0, 1]. Then there is an i ∈ [d + 1] such that dim K[Ni] ≥ (1 − (1 − α)1/(d+1))ni − 1.

Theorem 6 is indeed just a reformulation of Theorem 5: Considering F as disjoint union3

F = F1 ⊔ · · · ⊔ Fd+1, then K corresponds to the nerve of F , colorful d-faces correspond to
colorful (d + 1)-tuples with nonempty intersection and the dimension of K[Ni] corresponds to
the size of largest subfamily of Fi with nonempty intersection minus 1. (The shift by minus
1 between size of a face and dimension of a face is a bit unpleasant; however, we want to
follow the standard terminology.)

d-collapsible complexes. In [17] Wegner introduced an important class of simplicial com-
plexes, so called d-collapsible complexes. They include all d-representable complexes, which
is the main result of [17], while they admit quite simple combinatorial description which is
useful for induction.

Given a simplicial complex K, we say that a simplicial complex K′ arises from K by
an elementary d-collapse, if there are faces L, M ∈ K with the following properties: (i)
dim L ≤ d − 1; (ii) M is the unique inclusion-wise maximal face which contains L; and (iii)
K′ = K \ {A ∈ K : L ⊆ A}. A simplicial complex K is d-collapsible if there is a sequence of
simplicial complexes K0, . . . , Kℓ such that K = K0; Ki arises from Ki−1 by an elementary
d-collapse for i ∈ [ℓ]; and Kℓ is the empty complex.

We will prove the following generalization of Theorem 6 (equivalently of Theorem 5).

▶ Theorem 7 (The optimal colorful fractional Helly theorem for d-collapsible complexes). Let
K be a d-collapsible simplicial complex with the set of vertices N = N1 ⊔ · · · ⊔ Nd+1 divided
into d + 1 disjoint subsets. Let ni := |Ni| for i ∈ [d + 1] and assume that K contains at
least αn1 · · · nd+1 colorful d-faces for some α ∈ (0, 1]. Then there is an i ∈ [d + 1] such that
dim K[Ni] ≥ (1 − (1 − α)1/(d+1))ni − 1.

1.2 Kim’s refined conjecture and further generalization
As a tool for a possible proof of Theorem 5, Kim [13, Conjecture 4.2] suggested the following
conjecture. (The notation ki in Kim’s statement of the conjecture is our ri + 1.)

2 We use the notation ⊔ to emphasize the disjoint union.
3 If there are any repetitions of sets in F , which we generally allow for families of sets, then each repetition

creates a new vertex in the nerve.
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▶ Conjecture 8 ([13]). Let ni be positive and ri non-negative integers for i ∈ [d + 1] with
ni ≥ ri + 1. Let F1, . . . , Fd+1 be families of convex sets in Rd such that |Fi| = ni and there
is no subfamily of Fi of size ri + 1 with non-empty intersection for every i ∈ [d + 1]. Then
the number of colorful (d + 1)-tuples with nonempty intersection is at most

n1 · · · nd+1 − (n1 − r1) · · · (nd+1 − rd+1).

We explicitly prove this conjecture in a slightly more general setting for d-collapsible
complexes. (Note that the condition “no subfamily of size ri + 1” translates as “no ri-face”,
that is, “the dimension is at most ri − 1”.)

▶ Proposition 9. Let ni be positive and ri non-negative integers for i ∈ [d+1] with ni ≥ ri +1.
Let K be a d-collapsible simplicial complex with the set of vertices N = N1 ⊔ · · · ⊔ Nd+1
divided into d + 1 disjoint subsets such that |Ni| = ni. Assume that dim K[Ni] ≤ ri − 1 for
every i ∈ [d + 1]. Then K contains at most

n1 · · · nd+1 − (n1 − r1) · · · (nd+1 − rd+1)

colorful d-faces.

Our main technical result. Now, let us present our main technical tool for a proof of
Proposition 9 and consequently for a proof of Theorem 7 as well.

We denote by N the set of positive integers whereas N0 is the set of non-negative
integers. Let us consider c ∈ N and vectors k = (k1, . . . , kc), r = (r1, . . . , rc) ∈ Nc

0 and
n = (n1, . . . , nc) ∈ Nc such that k, r ≤ n. (Here the notation a ≤ b means that a is
less or equal to b in every coordinate.) We will also use the notation k := k1 + · · · + kc,
n := n1 + · · · + nc, and r := r1 + · · · + rc. Let N be a set with n elements partitioned as
N = N1 ⊔ · · · ⊔ Nc where |Ni| = ni for i ∈ [c]. By

(
N
k

)
we denote the set of all subsets A of

N such that |A ∩ Ni| = ki for every i ∈ [c]. Note that
(

N
k

)
⊆

(
N
k

)
where

(
N
k

)
denotes the set

of all subsets of N of size k.
Let K be a simplicial complex with the vertex set N as above. We say that a face A of K

is k-colorful if A ∈
(

N
k

)
, that is, |A ∩ Ni| = ki for every i ∈ [c]. The earlier notion of colorful

face corresponds to setting c = d + 1 and k = 1 := (1, . . . , 1) ∈ Nc. By fk = fk(K) we denote
the k-colorful f -vector of K, that is, the number of k-colorful faces in K.

Let us further assume that we are given sets Ri ⊆ Ni with |Ri| = ri for every i ∈ [c]. Let
R = R1 ⊔ · · · ⊔ Rc and R̄ := N \ R. Then, for n, r as above and a positive integer d, we
define the set system

Pk(n, d, r) =
{

S ∈
(

N

k

)
: |S ∩ R̄| ≤ d

}
.

We remark that Pk(n, d, r) is not a simplicial complex, as it contains only sets in
(

N
k

)
.

However, this set system is useful for estimating the number of k-colorful faces in a d-
collapsible complex.

By pk(n, d, r) we denote the size of Pk(n, d, r), that is, pk(n, d, r) := |Pk(n, d, r)|.

▶ Theorem 10. For integers c, d ≥ 1, let K be a d-collapsible simplicial complex with vertex
partition N = N1 ⊔ · · · ⊔ Nc and let n = (n1, . . . , nc) ∈ Nc be the vector with ni = |Ni|. For
r = (r1, . . . , rc) ∈ Nc such that dim K[Ni] ≤ ri − 1 for i ∈ [c] and k ∈ Nc

0 such that k ≤ n it
follows that

fk(K) ≤ pk(n, d, r).

SoCG 2021



19:6 Optimal Bounds for the Colorful Fractional Helly Theorem

Thm. 10 ⇒ Prop. 9 ⇒ Thm. 7

⇒ ⇒

Conj. 8 ⇒ Thm. 6 ⇔ Thm. 5

Figure 1 The diagram of implications from Theorem 10 to Theorem 5. The top implications are
proved below the statement of Theorem 10. The vertical implications follow from the main result
of [17]. The equivalence at the bottom line has been explained below the statement of Theorem 6.
Finally, note that we do not really need the implication Conj. 8 ⇒ Thm. 6. It comes from [13] where
it also appears without explicit proof but it is easy – the interested reader may reconstruct it by
checking the implication Prop. 9 ⇒ Thm. 7.

Theorem 10 is proved in Section 2. Here we show the implications Theorem 10 ⇒
Proposition 9 and Proposition 9 ⇒ Theorem 7. In addition, we advertise that Theorem 10
yields further generalizations of Theorem 7. We explain this last part in Section 3. For
the convenience of the reader, we survey all the implications between the six preceding
statements in Figure 1.

Proof of Proposition 9 modulo Theorem 10. We use Theorem 10 with c = d+1 and k = 1.
Then it is sufficient to compute p1(n, d, r). On the one hand, the size of

(
N
1

)
is n1 . . . nd+1.

On the other hand, A belongs to
(

N
1

)
\ P1(n, d, r) if and only if |A ∩ (Ni \ Ri)| = 1 for every

i ∈ [d + 1]. Then, the number of such A is (n1 − r1) · · · (nd+1 − rd+1). Combining these
observations we obtain the required formula

p1(n, d, r) = n1 . . . nd+1 − (n1 − r1) · · · (nd+1 − rd+1). ◀

Proof of Theorem 7 modulo Proposition 9. By contradiction, let us assume that for every
i ∈ [d + 1] we get dim K[Ni] < (1 − (1 − α)1/(d+1))ni − 1. Let us set ri := dim K[Ni] + 1 <

(1 − (1 − α)1/(d+1))ni. Then Proposition 9 gives that the number of colorful d-faces is at
most

d+1∏
i=1

ni −
d+1∏
i=1

(ni − ri) <
d+1∏
i=1

ni − (1 − (1 − (1 − α)1/(d+1)))d+1
d+1∏
i=1

ni = α
d+1∏
i=1

ni

which is a contradiction due to the strict inequality on the line above. ◀

A topological version? A simplicial complex K is d-Leray if the ith reduced homology
group H̃i(L) (over Q) vanishes for every induced subcomplex L ≤ K and every i ≥ d. As
we already know, every d-representable complex is d-collapsible, and in addition every d-
collapsible complex is d-Leray [17]. Helly-type theorems usually extend to d-Leray complexes
and such extensions are interesting because they allow topological versions of Helly-type
when collections of convex sets are replaced with good covers. We refer to several concrete
examples [9, 11, 3] or to the survey [16].

We conjecture that it should be possible to extend Theorem 7 to d-Leray complexes and
probably Theorem 10 as well. In the full version [6], we briefly discuss a possible approach
but also a difficulty in that approach.

▶ Conjecture 11 (The optimal colorful fractional Helly theorem for d-Leray complexes). Let
K be a d-Leray simplicial complex with the set of vertices N = N1 ⊔ · · · ⊔ Nd+1 divided into
d + 1 disjoint subsets. Let ni := |Ni| for i ∈ [d + 1] and assume that K contains at least
αn1 · · · nd+1 colorful d-faces for some α ∈ (0, 1]. Then there is an i ∈ [d + 1] such that
dim K[Ni] ≥ (1 − (1 − α)1/(d+1))ni − 1.
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2 Exterior algebra

In this section we prove Theorem 10. First we overview the required tools from exterior
algebra – here we follow [10, Section 2] very closely.

Let N be a finite set of n elements (with a fixed total order ≤) and let V = RN be
the n-dimensional real vector space with standard basis vectors ei for i ∈ N . Let

∧
V be

the 2n dimensional exterior algebra over V with basis vectors eS for S ⊆ N . The exterior
product ∧ on this algebra is defined so that it satisfies (i) e∅ is a neutral element, that is
e∅ ∧ eS = eS = eS ∧ e∅; (ii) eS = ei1 ∧ · · · ∧ eis

for S = {i1, . . . , is} ⊆ N where i1 < · · · < is

and we identify ei with e{i} for i ∈ N (iii) ei ∧ ej = −ej ∧ ei for i, j ∈ N . By
∧k

V we denote
the subspace of

∧
V generated by (eS)S∈(N

k ) where 0 ≤ k ≤ n. We consider the standard
inner product on both V and

∧
V so that (ei)i∈N and (eS)S⊆N are their orthonormal bases,

respectively. Then (eS)S∈(N
k ) is also an orthonormal basis of

∧k
V .

Given another basis (gi)i∈N , let A = (aij)i,j∈N be the N × N transition matrix4 from
(ei)i∈N to (gi)i∈N , that is, gi =

∑
j∈N aijej for any i ∈ N . The basis (gi)i∈N induces a basis

of
∧

V given by gS = gi1 ∧ · · · ∧ gis
for S = {i1, . . . , is} ⊆ N . Transition from the standard

basis (eS)S∈(N
k ) of

∧k
V to (gS)S∈(N

k ) is given by

gS =
∑

T ∈(N
k )

det(AS|T )eT (1)

where AS|T = (aij)i∈S,j∈T for S, T ⊆ N .
Given an m-element set M and M ×N -matrix A and k ≤ m, n, let Ck(A) be the compound

matrix (det AS|T )S∈(M
k ),T ∈(N

k ).
The following lemma is implicitly contained in [10].

▶ Lemma 12. If the columns of A are linearly independent, then the columns of Ck(A) are
linearly independent as well.

Proof. If columns of A are linearly independent, then n ≤ m. Consider an arbitrary square
submatrix B of rank n. Considering B as a transition matrix from (ei)i∈N to (gi)i∈N , we
get that Ck(B) is a transition matrix from (eS)S∈(N

k ) to (gS)S∈(N
k ), thus Ck(B) has full rank.

However, Ck(B) is also a submatrix of Ck(A) with all
(

n
k

)
columns. ◀

Now, let us in addition assume that (gi)i∈N is an orthonormal basis of V . As pointed out
by Kalai, it follows from the Cauchy-Binet formula that (gS)S∈(N

k ) is also an orthonormal

basis of
∧k

V .
For f, g ∈

∧
V we define its left interior product, denoted by g⌞f , as the unique element

in
∧

V which satisfies that ⟨u, g⌞f⟩ = ⟨u ∧ g, f⟩ for all u ∈
∧

V . It turns out that gT ⌞gS is
non-zero only if T ⊆ S, in which case gT ⌞gS = ±gS\T . (The sign is uniquely determined,
but we do not need to express it explicitly.)

Colored exterior algebra. Now we extend the previous tools to the colored setting. From now
on, let us assume that N is an n-element set decomposed into c-color classes, N = N1⊔· · ·⊔Nc.
(The total order on N in this case starts with elements of N1, then continues with elements

4 Here we index rows and columns of a matrix by elements from some set, not necessarily integers. That
is by N × N matrix we mean the matrix where both rows and columns are indexed by elements of N .
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19:8 Optimal Bounds for the Colorful Fractional Helly Theorem

of N2, etc.) We pick an N × N -matrix A so that it is a block-diagonal matrix with blocks
corresponding to individual Ni. That is, ANi|Nj

is a zero matrix whenever i ̸= j. On the
other hand, as shown by Kalai [10, Section 2], it is possible to pick each ANi|Ni

so that
(gj)j∈Ni is an orthonormal basis of the subspace of V generated by (ej)j∈Ni and each square
submatrix of ANi|Ni

has full rank. Therefore, from now on, we assume that we picked A and
the vectors gj this way. (Such a block matrix, for c = 2, is previously mentioned in [15].)

Similarly as in the introduction, let us set n = (n1, . . . , nc) so that ni = |Ni| for i ∈ [c];
for simplicity, let us assume that each Ni is nonempty – that is, n is a c-tuple of positive
integers. Let us also consider another c-tuple k = (k1, . . . , kc) of non-negative integers such
that k ≤ n and we set k := k1 + · · · + kc. Then by

∧k
V we mean the subspace of

∧
V

generated by (eS)S∈(N
k); recall that

(
N
k

)
is the set of all subsets A of N such that |A∩Ni| = ki

and that
(

N
k

)
⊆

(
N
k

)
. Thus we also get that

∧k
V is a subspace of

∧k
V . In addition, due

to our choice of (gj)j∈N we get that gS ∈
∧k

V if S ∈
(

N
k

)
. In addition det AS|T = 0 if

T ∈
(

N
k

)
\

(
N
k

)
because AS|T is in this case a block matrix such that some of the blocks is

not a square. Thus the formula (1) simplifies to

gS =
∑

T ∈(N
k)

det(AS|T )eT . (2)

Proof of Theorem 10. For k ∈ Nc such that k ≤ d we have that Pk(n, d, r) =
(

N
k

)
, thus

the theorem follows trivially. On the other hand, if k > r, then ki > ri for some i and
consequently fk(K) = 0 due to our assumption dim K[Ni] ≤ ri − 1; therefore the theorem
again follows trivially. From now on we assume d + 1 ≤ k ≤ r. (We also use the notation for
the sets R, R̄ and Ri with |Ri| = ri as in the definition of Pk(n, d, r).)

Let us define the following subspaces of
∧k

V

Ak :=
{

m ∈
k∧

V :
(

∀T ∈
(

R

k − d

))
gT ⌞m = 0

}
,

and

Wk := span
{

eS ∈
k∧

V : S ∈
(

N

k

)
and S ∈ K

}
,

from the definition it follows that the colorful f -vector and the dimension of Wk coincide, i.e.
fk = dim(Wk).

We claim that

dim(Ak) ≥
∣∣∣∣(N

k

)∣∣∣∣ − pk(n, d, r).

Indeed, if S ∈
(

N
k

)
such that S /∈ Pk(n, d, r), then |S ∩ R̄| > d. As S ⊆ R ⊔ R̄ = N and

|S| = k we have that |S ∩ R| < k − d. If T ∈
(

R
k−d

)
we have that S ⊉ T ; therefore gT ⌞gS = 0.

From this it follows that gS ∈ Ak and finally the claim because gS ∈
∧k

V .
The core of the proof is to show Ak ∩ Wk = {0}. Once we have this, we get fk(K) =

dim(Wk) ≤ dim
∧k

V − dim Ak ≤ pk(n, d, r) which proves the theorem.
For contradiction, let m ∈ Ak ∩ Wk be a non-zero element. Because m ∈ Wk, it can be

written as m =
∑

αSeS where the sum is over all S ∈
(

N
k

)
such that S ∈ K. Let K0, . . . , Kℓ

be a sequence of simplicial complexes showing d-collapsibility of K. In addition, due to [10,
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Lemma 3.2], it is possible to assume that Ki arises from Ki−1 by so called special elementary
d-collapse which is either a removal of a maximal face of dimension at most d − 1 or the
minimal face (the face L in the definition) has dimension exactly d − 1.

Now let us consider the first step from Ki−1 to Ki such that a face U ∈
(

N
k

)
with non-

zero αU is eliminated. Denote by L and M the faces determining the collapse as in the
definition. We have L ⊆ U ⊆ M , |M | ≥ |U | = k > d and therefore |L| = d (equivalently,
dim L = d − 1), because the collapse is special. For T ∈

(
R

k−d

)
let t = (t1, . . . , tc) ∈ Nc be

such that ti = |T ∩ Ni|. Then gT =
∑

P ∈(N
t ) det(AT |P )eP via (2). We also need to simplify

the expression ⟨eL, gT ⌞eS⟩ for S ∈
(

N
k

)
. We obtain

⟨eL, gT ⌞eS⟩ = ⟨eL ∧ gT , eS⟩ =
∑

P ∈(N
t )

det(AT |P )⟨eL ∧ eP , eS⟩ (3)

If S ⊉ L then ⟨eL ∧ eP , eS⟩ = 0 for all P , and therefore ⟨eL, gT ⌞eS⟩ = 0. If S ⊇ L then
⟨eL ∧ eP , eS⟩ = 0 unless P = S \ L and therefore ⟨eL, gT ⌞eS⟩ = ⟨eL ∧ eS\L, eS⟩ det(AT |S\L).

Since m ∈ Ak, for arbitrary T ∈
(

R
k−d

)
we get

0 = ⟨eL, gT ⌞m⟩ =
∑

S∈(N
k):S∈K

αS⟨eL, gT ⌞eS⟩ =
∑

S∈(N
k):S∈Ki−1

αS⟨eL, gT ⌞eS⟩

=
∑

S∈(N
k):S⊇L

αS⟨eL, gT ⌞eS⟩ =
∑

S∈(N
k):M⊇S⊇L

αS⟨eL ∧ eS\L, eS⟩ det(AT |S\L)

where the third equality follows from the fact that αS = 0 for S ∈ K \ Ki−1 due to our choice
of Ki−1 and the last two equalities follow from our earlier simplification of ⟨eL, gT ⌞eS⟩. (We
also use that the expressions S ⊇ L and M ⊇ S ⊇ L are equivalent as M is the unique
maximal face containing L.)

We also have U ∈
(

N
k

)
with M ⊇ U ⊇ L for which αU ̸= 0 as well as ⟨eL ∧ eU\L, eU ⟩ is

nonzero (the latter one equals ±1). Therefore the expression above is a linear dependence of
the columns of Ck−d(AR|M\L). However, we will also show that the columns of Ck−d(AR|M\L)
are linearly independent, thereby getting a contradiction. Via Lemma 12, it is sufficient to
check that the columns of AR|M\L are linearly independent. Because A is a block-matrix
with blocks ANi|Ni

, we get that AR|M\L is a block matrix with blocks ARi|(M\L)∩Ni
. Thus

it is sufficient to check that the columns are independent in each block. But this follows from
our assumptions of how we picked A in each block, using that |Ri| = ri ≥ |(M \ L) ∩ Ni| as
|M ∩ Ni| ≤ ri due to our assumption dim K[Vi] ≤ ri − 1. ◀

3 k-colorful fractional Helly theorem

Theorem 10 allows to generalize Theorem 7 in two more directions.
The first generalization of Theorem 7 is already touched in the introduction. We can

deduce an analogy of Theorem 7 for k-colorful faces (instead of just colorful d-faces) where
k = (k1, . . . , kc) ∈ Nc

0 is some vector with c ≥ 1. For example, if d = 2, k = (2, 1, 1) and we
understand the partition of N = N1 ⊔ N2 ⊔ N3 as coloring the vertices of K red, green, or
blue. Then we seek for the number of faces that contain two red vertices, one green vertex
and one blue vertex.

For the second generalization, let us first observe that in the conclusion of Theorem 7
there is the same coefficient 1 − (1 − α)1/(d+1) independently of i. However, in the notation of
Theorem 7, we may also seek for i such that dim K[Ni] ≥ βini + 1 where β = (β1, . . . , βc) ∈
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19:10 Optimal Bounds for the Colorful Fractional Helly Theorem

(0, 1]c is some fixed vector. Then for given β, we want to find the lowest α ∈ (0, 1] with which
we reach the conclusion analogous as in Theorem 7. This is a natural analogy of various
Ramsey type statements: for example, if the edges of a complete graph G with at least 9
vertices are colored blue or red, then the graph contains either a blue copy of the complete
graph on 3 vertices or a red copy of the complete graph on 4 vertices.

For the purpose of stating the generalization, let us set

Lk(d) := {ℓ = (ℓ1, · · · ℓc) ∈ Nc
0 : ℓ1 + · · · + ℓc ≤ d and ℓi ≤ ki for i ∈ [c]} (4)

and

αk(d, β) :=
∑

ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ki

ℓi

)
(1 − βi)ℓi(βi)ki−ℓi . (5)

▶ Theorem 13. Let c, d ≥ 1 and k = (k1, . . . , kc) ∈ Nc
0 be such that k := k1 + · · ·+kc ≥ d+1.

Let K be a d-collapsible simplicial complex with the set of vertices N = N1 ⊔ · · · ⊔ Nc divided
into c disjoint subsets. Let ni := |Ni| for i ∈ [c] and assume that K contains at least
αk(d, β)

∣∣(N
k

)∣∣ k-colorful faces for some β = (β1, . . . , βc) ∈ (0, 1]c. Then there is an i ∈ [c]
such that dim K[Ni] ≥ βini − 1.

The formula (5) for αk(d, β) in Theorem 13 is, unfortunately, a bit complicated. However,
this is the optimal value for α in the theorem. We first prove Theorem 13 and then we will
provide an example showing that for every d, k and β as in the theorem, the value for α

cannot be improved. The remark below is a probabilistic interpretation of (5). (This, for
example, easily reveals that αk(d, β) ∈ (0, 1] for given parameters and will help us with
checking monotonicity in β.)
▶ Remark 14. Consider a random experiment where we gradually for each i pick ki numbers
xi

1, . . . , xi
ki

in the interval [0, 1] independently at random (with uniform distribution). Let
ℓi be the number of xi

j which are greater than βi and let us consider the event Ak(d, β)
expressing that ℓ1 + · · · + ℓc ≤ d. Then αk(d, β) is the probability P[Ak(d, β)]. Indeed, the
probability that the number of xi

j which are greater than βi is exactly ℓi is given by the
expression beyond the sum in (5). Therefore, we need to sum this over all options giving
ℓ1 + · · · + ℓc ≤ d and ℓi ≤ ki.

In the proof of Theorem 13 we will need the following slightly modified proposition. We
relax “at least” to “more than” while we aim at a strict inequality in the conclusion – this
innocent change will be a significant advantage in the proof. On the other hand, after this
change we can drop the assumption k ≥ d + 1. But this is only a cosmetic change, because
the proposition below is vacuous if αk(d, β) = 1 which in particular happens if k < d + 1.

▶ Proposition 15. Let c, d ≥ 1 and k = (k1, . . . , kc) ∈ Nc
0. Let K be a d-collapsible simplicial

complex with the set of vertices N = N1 ⊔ · · · ⊔ Nc divided into c disjoint subsets. Let
ni := |Ni| for i ∈ [c] and assume that K contains more than αk(d, β)

∣∣(N
k

)∣∣ k-colorful faces
for some β = (β1, . . . , βc) ∈ (0, 1]c. Then there is an i ∈ [c] such that dim K[Ni] > βini − 1.

First we show how Theorem 13 follows from Proposition 15 by a limit transition. Then
we prove Proposition 15.

Proof of Theorem 13 modulo Proposition 15. Let us consider ε > 0 such that β − ε ∈
(0, 1]c for ε = (ε, . . . , ε) ∈ (0, 1]c.

First, we need to check αk(d, β) > αk(d, β−ε). For this we will use Remark 14 and we also
use k ≥ d+1. It is easy to check Ak(d, β) ⊇ Ak(d, β −ε) which gives αk(d, β) ≥ αk(d, β −ε).
In order to show the strict inequality, it remains to show that Ak(d, β) \ Ak(d, β − ε) has
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positive probability. Consider the output of the experiment when each xj
i ∈ (βi − ε, βi). This

output has positive probability εk. In addition, this output belongs to Ak(d, β) whereas it
does not belong to Ak(d, β − ε) (because k ≥ d + 1) as required.

This means, that we can apply Proposition 15 with αk(d, β − ε) as we know that K has
at least αk(d, β)

∣∣(N
k

)∣∣ k-colorful faces by assumptions of Theorem 13 which is more than
αk(d, β − ε)

∣∣(N
k

)∣∣. We obtain dim K[Ni] > (βi − ε)ni − 1. By letting ε tend to 0, we obtain
the required dim K[Ni] ≥ βini − 1. ◀

Boosting the complex. In the proof of Proposition 15, we will need the following procedure
for boosting the complex. For a given complex K with vertex set N = N1 ⊔· · ·⊔Nc partitioned
as usual, and a non-negative integer m we define the complex K⟨m⟩ as a complex with the
vertex set N × [m] = N1 × [m] ⊔ · · · ⊔ Nc × [m] whose maximal faces are of the form S × [m],
where S is a maximal face of K. We will also use the notation δk(K) := fk(K)/|

(
N
k

)
| for the

density of k-colorful faces of K. The item (ii) of the following lemma is the contents of [1,
Proposition 2.1]; we thank an anonymous referee for pointing out this reference to us.

▶ Lemma 16. Let K be a simplicial complex with vertex partition N = N1 ⊔ · · · ⊔ Nc and
k = (k1, . . . , kc) ∈ Nc

0, then
(i) δk(K⟨m⟩) ≥ δk(K); and
(ii) if K is d-collapsible, then K⟨m⟩ is d-collapsible as well.

Proof. We prove only (i) as (ii) is the contents of [1, Proposition 2.1].
If δk(K) = 0 there is nothing to prove. Thus we may assume that δk(K) > 0 (equivalently

fk(K) > 0) and consequently we have that |Ni| ≥ ki. Let us interpret δk(K) as the probability
that a random k-tuple of vertices in N is a simplex of K, and we interpret δk(K⟨m⟩) analogously.
Let π : N × [m] → N be the projection to the first coordinate. Now, let U be a k-tuple of
vertices in N × [m] taken uniformly at random. Considering the set π(U) ⊆ N , it need not
be a k-tuple (this happens exactly when two points in U have the same image under π) but
it can be extended to a k-tuple W using that |Ni| ≥ ki for every i. Let W be an extension
of π(U) to a k-tuple, taken uniformly at random among all possible choices. Because of the
choices we made, W is in fact a k-tuple of vertices in N taken uniformly at random. (Note
that the choices done in each Ni or Ni × [m] are independent of each other.) Altogether,
using P for probability, we get

δk(K⟨m⟩) = P[U ∈ K⟨m⟩] = P[π(U) ∈ K] ≥ P[W ∈ K] = δk(K). ◀

Density of Pk(n, d, r). Now, we will provide a formula for the density of Pk(n, d, r). In
the following computations we also set δk(n, d, r) = pk(n, d, r)/

∣∣(N
k

)∣∣ using the notation from
the definition of Pk(n, d, r). We get

pk(n, d, r) =
∣∣∣∣{S ∈

(
N

k

)
: |S ∩ R̄| ≤ d

}∣∣∣∣
=

∑
ℓ=(ℓ1,...,ℓc)∈Lk(d)

∣∣∣∣{S ∈
(

N

k

)
: |Si ∩ R̄i| = li

}∣∣∣∣
=

∑
ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ni − ri

li

)(
ri

ki − li

)
.
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Then, using (x)m := x · (x − 1) · · · (x − (m − 1)), the density is given by

δk(n, d, r) = pk(n, d, r)∏c
i=1

(
ni

ki

) =

∑
ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ki

ℓi

)
(ni − ri)ℓi(ri)ki−ℓi∏c

i=1(ni)ki

. (6)

Proof of Proposition 15. For contradiction, let us assume that for every i ∈ [c] we have
that dim(K[Vi]) ≤ βini − 1. Let us set ri := dim(K[Vi]) + 1 ≤ βini. Note that the conclusion
of Theorem 10 can be restated as δk(K) ≤ δk(n, d, r).

Now we get

δk(K) ≤ lim inf
m→∞

δk(K⟨m⟩) by Lemma 16(i)

≤ lim inf
m→∞

δk(mn, d, mr) by Theorem 10 using Lemma 16(ii)

≤ lim inf
m→∞

δk(mn, d, ⌊mniβi⌋) using ri ≤ βini and monotonicity of pk(n, d, r) in r

= lim inf
m→∞

∑
ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ki

ℓi

)
(mni − ⌊mniβi⌋)ℓi

(⌊mniβi⌋)ki−ℓi∏c
i=1(mni)ki

by (6)

=
∑

ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ki

ℓi

)
(1 − βi)ℓi(βi)ki−ℓi

= αk(d, β)

which is a contradiction with the assumptions. ◀

▶ Remark 17. It would be much more natural to try to avoid boosting the complex and
show directly δk(K) ≤ δk(n, d, r) ≤ αk(d, β) in the proof of Proposition 15. The former
inequality follows from Theorem 10. However, the latter inequality turned out to be somewhat
problematic for us when we attempted to show it directly from the definition of αk(d, β) and
from (6). Thus, in our computations, we take an advantage of the fact that the computations
in the limit are easier.

Tightness of Theorem 13. We conclude this section by showing that the bound given in
Theorem 13 is tight.

Let us fix c, d ∈ N, k = (k1, . . . , kc) ∈ Nc
0 with k := k1 + · · · + kc ≥ d + 1 and

β = (β1, . . . , βc) ∈ (0, 1]c as in the statement of Theorem 13. Let 0 ≤ α′ < αk(d, β). We will
find a complex K which contains at least α′|

(
N
k

)
| k-colorful faces while dim K[Ni] < βini − 1

for every i ∈ [c] (using the notation from the statement of Theorem 13).
Similarly as in the proof of Theorem 13 let us consider ε > 0 such that β − ε ∈ (0, 1]c

for ε = (ε, . . . , ε) ∈ (0, 1]c. In addition, because αk(d, β) is continuous in β due to its
definition (5), we may pick ε such that α′ < αk(d, β − ε). For simplicity of notation, let
β′ = (β′

1, . . . , β′
c) := β − ε.

Now we pick a positive integer m and set n = (m, . . . , m) ∈ Nc, that is, n1 = · · · = nc = m

and n = cm in our standard notation. We also set r = (r1, . . . , rc) so that ri := ⌊β′
im⌋.5

We assume that m is large enough so that ri ≥ ki for each i ∈ [c]. We define families Ni

of convex sets in Rd so that each Ni contains ri copies of Rd and m − ri hyperplanes in

5 This choice of n will yield a counterexample where each color class has equal size. It would be also
possible to vary the sizes.
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general position. We also assume that the collection of all hyperplanes in N1, . . . , Nc is in
general position. We set K to be the nerve of the family N = N1 ⊔ · · · ⊔ Nc. In particular K
is d-representable (therefore d-collapsible as well).

First, we check that dim K[Ni] < βim − 1 provided that m is large enough. A subfamily
of Ni with nonempty intersection contains at most d hyperplanes from Ni. Therefore
dim K[Ni] < ri + d = ⌊β′

im⌋ + d < βim − 1 for m large enough.
Next we check that K contains at least α′|

(
N
k

)
| k-colorful faces provided that m is large

enough. Partitioning Ni so that Ri is the subfamily of the copies of Rd and R̄i is the
subfamily of hyperplanes, we get

fk(K) = pk(n, d, r)

from the definition of pk(n, d, r). Therefore (6) gives

δk(K) =

∑
ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ki

ℓi

)
(m − ⌊β′

im⌋)ℓi
(⌊β′

im⌋)ki−ℓi∏c
i=1(m)ki

.

Passing to the limit (considering the dependency of K on m), we get

lim
m→∞

δk(K) =
∑

ℓ=(ℓ1,...,ℓc)∈Lk(d)

c∏
i=1

(
ki

ℓi

)
(1 − β′

i)ℓi(β′
i)ki−ℓi = αk(d, β′).

Therefore, for m large enough K contains at least α′|
(

N
k

)
| k-colorful as α′ < αk(d, β′).
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Abstract
A convex partition of a point set P in the plane is a planar partition of the convex hull of P into
empty convex polygons or internal faces whose extreme points belong to P . In a convex partition,
the union of the internal faces give the convex hull of P and the interiors of the polygons are pairwise
disjoint. Moreover, no polygon is allowed to contain a point of P in its interior. The problem is to
find a convex partition with the minimum number of internal faces. The problem has been shown
to be NP-hard and was recently used in the CG:SHOP Challenge 2020. We propose a new integer
linear programming (IP) formulation that considerably improves over the existing one. It relies on
the representation of faces as opposed to segments and points. A number of geometric properties are
used to strengthen it. Data sets of 100 points are easily solved to optimality and the lower bounds
provided by the model can be computed up to 300 points.
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1 Introduction

Let P be a set of points in the plane and n = |P | the number of points. Let H(P ) denote
the convex hull of P and I(P ) the set of internal points of P , i.e. the subset of points that
are not vertices of the convex hull H(P ). A simple polygon is empty if it does not contain
a point of P in its interior. A convex partition of P is a planar subdivision of H(P ) into
non-overlapping empty convex polygons whose vertices are the points of P . The minimum
convex partitions (MPC) problem is to find the convex partition minimizing the total number
of empty convex polygons. In the remainder of the paper, we refer to such empty convex
polygons as convex faces or simply faces. Fig. 1 illustrates the input data, its convex hull
(1a) and two feasible solutions ((1b) and (1c)). Solution (1c) is using 5 faces which is optimal
for this input data P . A practical application of this problem is reported in the area of
network design [10]. Additionally, the authors of [2] argue that decomposition into polygons
plays a key role in algorithm design where divide and conquer schemes take advantage of
such decomposition to reduce the problem’s size.

This problem was the subject of the 2020 Computational Geometry Challenge [4], which
proposed a number of instances of size n ∈ [10; 1000000] to be solved with no time limit [3].
A proof of NP-hardness for the case of planar point sets in not necessarily general position
(three points can be collinear) has been announced by N. Grelier in [8]. The complexity of the
MCP for points in general position (no three points are collinear) is still open. If the point
sets can be decomposed into a constant number of convex layers, a polynomial-time algorithm
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20:2 An IP Formulation Using Convex Polygons for the Convex Partition Problem

(a) Point set P with con-
vex hull in dashed line.

(b) A feasible solution. (c) The optimal solution.

Figure 1 Example of an instance and two solutions.

is given by Fevens, Meijer and Rappaport in [6]. For instance in general position, Knauer and
Spillner gave a 3-approximation algorithm that runs in O(n log n), and a 30

11−approximation
of complexity O(n2) in [10].

The worst-case bound for a set of n points in general position has also been studied, see
[9, 10, 11]. J. Urrutia conjectures that this number is at most n + 1 in [13]. At the present
time, the best known upper bound is 4

3 n − 2 in [12]. Conversely, the best lower bound is
12
11 n− 2 in [7].

For the exact resolution of the problem, in addition to the model of Barboza and al. [2]
that we detail below, Da Wei Zheng et al. (winners of the 2020 CG challenge) proposed the
use of a SAT model for the exact resolution of instances with n ≤ 50 [14].

We propose a new formulation in integer linear programming1. It involves an exponential
number of variables but O(n2) constraints. It considerably improves the formulation proposed
by Barboza and al.[2] and allows to entirely close the corresponding benchmark [1]. The key
idea of our approach is to reason with convex faces rather than edges and points.

Let us first introduce the notations as well as the formulation given in [2]. Let ij be
the line segment between two distinct points i, j ∈ P and S the set of all line segments of
P . Let E(P ) be the set of edges corresponding to S, i.e. E(P ) = {{i, j} | ij ∈ S}. So the
graph G = (P, E(P )) is a complete graph induced by P . The formulations presented below
require to distinguish two sides to an edge {i, j} namely the left and right side. For this,
we set an orientation to the segments of E(P ) and define A(P ) the set of arcs (i, j) such
that {i, j} ∈ E(P ) and the two points i and j are sorted by x-coordinate, i.e. xi < xj then
y-coordinate in case of a tie. Then we can define the orientation of another point k ∈ P with
respect to the arc (i, j) by the cross product: k is said to be to the left of (i, j) if i⃗j × i⃗k ≥ 0
(or k ∈ CCW(ij)), and to the right if i⃗j × i⃗k < 0 (k ∈ CW(ij)). In the following, we will
sometimes refer either to the edge {i, j} or to the arc (i, j), notice that an arc always has a
corresponding edge. A face f can be seen as a sub-graph Gf = (Vf , Ef ) of G and we refer to
Vf and Ef respectively as the vertices and edges of the face f . Consider a convex face f

and an edge {i, j} ∈ Ef of its boundary. f is said to be to the right (resp. left) of the arc
(i, j) ∈ A(P ) if for any vertex k ∈ Vf , k is at the right (resp. left) of (i, j). Since f is convex,
all vertices of Vf share the same orientation with respect to (i, j). Finally, for each edge
{i, j}, we define the set R(i, j) (resp. L(i, j)) as the set of all convex faces to the right (resp.
left) of arc (i, j). We denote by F the set of all possible empty convex faces for P , see Fig. 2
for an example.

1 See the video for a didactive synthesis: https://youtu.be/J9cW0vYaNzE.

https://youtu.be/J9cW0vYaNzE
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Figure 2 All possible faces F for an instance of P with n = 5.

Let us first recall the formulation proposed by Barboza and al. [2]. This formulation
addresses the problem where the set P is in a general position, i.e. with no three points being
collinear. It is a compact formulation with a boolean variable per edge which indicates if this
edge is selected in the partition. Let SC ⊆ S be the set of pairs of crossing line segments
and EC ⊆ E(P ) the corresponding edges.

z∗ = minimize
∑

(ij)∈E(P )
xij (1)

s.t. xij + xkl ≤ 1 ∀{{i, j}, {k, l}} ∈ EC (2)
xij = 1 ∀{i, j} ∈ H(P ) (3)∑
k∈CCW (ij)

xik ≥ 1 ∀(i, j) ∈ A(P ), i ∈ I(P ) (4)∑
j∈P

xij ≥ 3 ∀i ∈ P (5)

xij ∈ {0, 1} ∀{i, j} ∈ E(P ) (6)

The objective function (1) is expressed in terms of number of edges, which is equivalent
to the expression in terms of number of faces for this problem by Euler’s formula. Planarity
is ensured by the constraint (2). Constraint (3) imposes the selection of the edges of the
convex hull H(P ) in the solution. Constraint (4) ensures local convexity for each internal
point i ∈ I(P ), by forcing the selection of an edge to the left of each possible arc (i, j). The
last constraint (5) is redundant with the previous convexity constraint (4), and is there to
strengthen the formulation and improve the linear relaxation of the model.

A benchmark is introduced in [2] with two sets of instances, one with a number of points
n ≤ 50 (generated by keeping only instances for which the model above is able to prove
optimality in 20 minutes in order to have a known set of optimal solutions), and the other
with a larger number of points: 55 ≤ n ≤ 110.

The paper is organized as follows. Section 2 presents a number of geometric results
underlying the model proposed. Section 2 gives the novel integer programming formulation
and Section 3 reports some experimental results.

2 Geometric observations related to convex faces

We review a number of observations that will help to establish and strengthen the formulation
proposed Section 3.1. Note first that a very simple lower bound on the number of faces can
be obtained using Euler’s result. Since the edges of a convex partition form a planar graph,
the well-known Euler formula holds and state that f = e−v + 1 (without the external face) in
any convex partition (f is the number of faces, e the number of edges and v is the number of

SoCG 2021



20:4 An IP Formulation Using Convex Polygons for the Convex Partition Problem

vertices). Moreover, in a convex partition, the convexity constraint requires that the angles
between the incident edges of an internal point be less than or equal to 180 degrees. So
the internal points can have a degree two in the collinear case, or at least three if they are
not collinear with two other points. The points of H(P ) have a degree of at least two with
their neighbors in the convex hull. Some vertices can be shown to have a greater degree (see
Section 2.1 and Remark 3) and for each point p ∈ P , we can consider a lower bound d(p) on
its degree. Using Euler’s formula, we can compute the following lower bound:

f ≥ 1
2(

∑
p∈P

d(p))− n + 1

We refer to this lower bound as the Euler bound.

2.1 Geometric cuts
In general position, Knauer and al. in [10] proposed an interesting lower bound on the
degrees of the vertices of H(P ). They first compute the convex hull of the internal points
H(I(P )). According to the geometrical configuration of these points, they determine whether
one or two edges are needed to connect them to the vertices of the convex hull H(P ). In
addition, they present examples showing that this bound is almost tight.

We propose a generalization of this bound. Let C be a convex subset of R2, P C the
points of P inside C and P C = P \ P C its complement. We will determine d(P C ), a lower
bound of the number of edges between P C and P C .

a

b c

d
e

C

PC

PC

Figure 3 An example of partition with a convex C .

Let P ′C be the subset of points p ∈ H(P C ) such that there exists a line segment pp′ with
a point p′ ∈ P C that does not cross H(P C ), i.e. such that pp′ ∩H(P C ) = p. In terms of
the visibility graph, if we consider that H(P C ) is an obstacle, for each point p ∈ P ′C , there
exists an edge in the visibility graph between p and a point p′ ∈ P C .

To deal with collinearity, we now remove from H(P C ) the vertices of the convex hull
which are collinear with their two neighbors. As in [10], we classify the vertices of P ′C into
distinct sets. Let v be a point of P ′C and u and w its neighbors in the convex hull H(P C ).
Let Hw (resp. Hu) be the half-plane bounded by the straight line passing through v and u

(resp. w) and not containing w (resp. u). The vertex v is of type (1) if Hw ∩Hu contains
at least one point of P C , type (2) if v /∈ H(P ) and Hw ∩Hu contains no point of P C , and
type (3) if v ∈ H(P ). Let n1, n2 and n3 be respectively the number of points of type (1),
(2) and (3). Fig. 3 shows an example of partition with a convex C . The points {a, b, c, d, e}
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l

(a)

l

p

(b)

Figure 4 Two partition of P by a line l, P l
1 is circled solid and P l

2 is circled dashed.

belong to the convex hull H(P C ). Point a /∈ P ′C because there is no line segment between a

and a point of P C . So P ′C is the set {b, c, d, e}. The point d is of type (1), c is of type (2),
and b, e are of type (3) because they belong to H(P ).

▶ Lemma 1. In any solution, the number of edges between P C and P C is at least n1+2n2+n3,
d(P C ) ≥ n1 + 2n2 + n3.

Proof. A vertex v ∈ P ′C cannot satisfy its local convexity constraint only with the vertices
of H(P C ) since no three points of H(P C ) are on the same line and there is a half-plane
passing through v containing all the vertices of H(P C ). So there must be at least an edge
between v and a point of P C . For type (1), there is a point p′ ∈ P C in Hw ∩Hu such that
the edge {v, p′} can satisfy the convexity constraint. For type (2), at least two edges are
needed. Vertices of H(P ) (type (3)) don’t have to satisfy the convexity constraint, and need
only the edge of H(P ) between P C and P C , which are mandatory. ◀

A simple way to divide P into two convex partitions is to use a straight line to partition
the points of P . We propose a lower bound on the minimum number of edges that cross a
straight line in any solution.

▶ Corollary 2. Let l be a straight line that divides P into two parts P1 and P2, and let H(P1)
and H(P2) be their respective convex hulls (see Fig. 4). Let P l

1 (resp. P l
2) be the set of point

p ∈ H(P1) (resp. H(P2)) such that there exists a line segment with a point p′ ∈ P2 (resp. P1)
and pp′ does not cross H(P1) (resp. H(P2)), i.e. pp′ ∩H(P1) = p (resp. pp′ ∩H(P2) = p).
In any solution, there is at least max(d(P l

1), d(P l
2)) edges that cross the line l.

Proof. We simply apply the Lemma 1 with P1 and with P2, and take the maximum of the
two lower bounds. ◀

▶ Remark 3. With Corollary 2, we obtain a minimum bound on the degree of the points
belonging to the convex hull H(P ). Indeed, by definition of the convex hull, for a point
p ∈ H(P ) we can always partition P with a straight line into two sets {p} and {P \ p}, so
d(p) is obtained by applying the Lemma 1 on P \ {p}.

Fig. 4b shows an example of this lower bound on the degree of a point in H(P ). The
leftmost point p has at least 4 edges in any solution, so d(p) = 4.

2.2 Mandatory face
Recall that F is the set of all faces of P . Among this set, if a face must be present in any
feasible solution, it is considered as mandatory.

SoCG 2021



20:6 An IP Formulation Using Convex Polygons for the Convex Partition Problem

▶ Remark 4. If a point of R2 inside the convex hull H(P ) is covered by only one convex
f ∈ F , f must be in the solution.

Indeed, since any point of R2 inside the convex hull H(P ) must belong to a face of the
partition solution, the only face f that contains this point must be part of the solution.

An example of a mandatory face is shown in Fig. 5. The edge {i, j} belongs to the convex
hull, so it is mandatory. Let us now observe that taking the line passing through {j, k},
the side containing the {i, j} edge contains no other point than i. Similarly, taking the line
passing through {i, k}, the side containing the edge {i, j} does not contain any other point
than j. Therefore, no other convex face than the face defined by vertices {i, j, k} contains
the segment {i, j}.

i

j

k

Figure 5 Example of a mandatory face {i, j, k}.

2.3 Dominated face
Conversely, among the set F , one can determine a set of polygons which are sufficient to
obtain an optimal solution. Such a set is called a dominant set. We are now going to describe
several sets of faces that can be eliminated from the faces to be considered without losing
any optimal solution.

Two faces f1 and f2 are said to be adjacent along an edge e if Ef1 ∩ Ef2 = e. The union
f1 ∪ f2 of two adjacent faces f1 and f2 is a polygon defined by the union of their surfaces
and the removal of the common edge e, i.e. Ef3 = Ef1 ∪Ef2 \ {e}. The resulting polygon f3
is not necessarily convex.

▶ Remark 5. A face f is dominated if for all f ′ adjacent to f , f ∪ f ′ is convex (is in F ).

▶ Remark 6. If an edge belongs only to dominated faces, this edge does not belong to an
optimal solution. Such an edge is called a dominated edge.

For instance, an edge of two non-consecutive vertices of the convex hull is a dominated
edge. The points of the convex hull locally satisfy their convexity constraint with the edges
of the convex hull which are mandatory. So the union between two faces that share an edge
between two vertices of the convex hull is always convex and a solution without this edge is
always better (see Fig. 6).

2.4 Generation of the convex faces set
In Section 3.1, our integer linear program requires the computation of F , i.e. the enumeration
of the possible faces for P . See Fig. 2 for an example of set F (n = 5). We rely on the article
of Dobkin and al. [5] which describes an algorithm to find the set of empty convex r-gons (r
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Figure 6 From example of Fig. 2, the dashed edge is dominated, as well as the two triangle faces
that contain it.

is the number of points of the polygon) for a set of points in general position. The principle
of the algorithm is as follows. For each point p ∈ P , a star-shaped polygon is formed by
sorting the vertices to the left of p by angle around p. We then compute the visibility graph
of this polygon, including the edges of the polygon, but removing the edges containing p.
We finally compute the set of convex chains in the visibility graph (in [5] the algorithm lists
the convex chains of r − 2 edges, but here we want all the faces of any size). For each chain,
by adding the two edges connecting the ends with p, we obtain a face. We have adapted this
algorithm to handle the case of collinear points.

With the properties seen in this section, we can preprocess the F set to eliminate some
of the dominated faces, we call this subset F PP ⊆ F (PP for PreProcessing). In practice,
filtering all the dominated faces can be very expensive. We chose to perform an incomplete
but efficient preprocessing with the following algorithm.

Algorithm 1 Faces pre-processing.

1: F PP ← F

2: for each edge {i, j} do
3: if min(|R(i, j)|, |L(i, j)|) ≤ 3 then
4: if the union of any two faces of R(i, j)× L(i, j) is convex then
5: Remove all faces using edge {i, j} from F PP .
6: for each face f ∈ F PP and each edge {i, j} of Ef do
7: if the union of f with all its adjacent faces along {i, j} on the other side (if f ∈ R(i, j),

all faces of L(i, j), otherwise all faces of R(i, j)) is convex then
8: Remove the face f from F PP .
9: for each edge {i, j} s.t i and j are non-consecutive vertices of the convex hull H(P ) do

10: Remove all faces using edge {i, j} from F PP .

Note that the condition at line 3 deliberately limits the convexity verification of the union
of R(i, j) × L(i, j) faces to cases where |R(i, j)| or |R(i, j)| is less than three for efficiency
reasons. Note also that we are only deleting faces. Indeed, the starting set F is made by
definition of all the possible faces so when we check if the union of two faces is convex, the
resulting face of this union is already in F . Finally, this algorithm remains exponential in
the worst case due to line 7 but is efficient enough in practice.

3 An IP formulation based on convex polygons

3.1 Formulation
Recall that F denotes the set of all convex faces. Consider a variable xf ∈ {0, 1} for each
face f ∈ F that is set to 1 if f is in the convex partition, and 0 otherwise.

SoCG 2021
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We propose the following Integer Programming model:

minimize z =
∑

f∈F

xf (1)

(M)
∑

f∈L(i,j)
xf −

∑
f∈R(i,j)

xf =

 1 ∀{i,j}∈ H(P ), L(i, j) ̸= ∅
−1 ∀{i,j}∈ H(P ), R(i, j) ̸= ∅
0 ∀{i,j}∈ E \ H(P )

(2)

xf ∈ {0, 1} ∀f ∈ F (3)

The objective function (1) minimizes the total number of faces chosen for the solution.
Constraints (2) ensure that for each edge of H(P ), there is a face chosen at the left or
right, depending on the orientation of the edge, in the solution. It also ensures that for all
remaining internal edges, the number of faces chosen on its right is equal to the number of
faces chosen on its left (this number will be either 0 or 1). The constraint is very similar to a
flow or path conservation in a network and can be understood as a conservation of faces, i.e.
that whenever a face is used on one side of an edge, another face must match the other side
(to the exception of hull which acts as a source or sink of faces). It enforces the faces chosen
to tile the interior of H(P ). Note that the model is however not a network flow model.

Although this formulation is correct as it is, it can be strengthened by enforcing the
minimum number of convex faces, denoted d(i) that are adjacent to each point i ∈ P (the
degree of a vertex). Note that d(i) ≥ 2 using the reasonings presented in Section 2.1 and in
particular Remark 3.∑

f |i∈Vf

xf ≥ d(i) ∀i ∈ P (4)

Finally note that the linear relaxation consists in relaxing constraint (3) into xf ≥ 0 and the
optimal value is denoted z∗

LP .

Cutting planes. Observe that a feasible integer solution of (M) is an independent set in
the intersection graph of the convex faces. More precisely, let I = (VF , EF ) be an undirected
graph where each vertex vf ∈ VF is associated to a convex face f ∈ F and an edge (va, vb) is
added to EF if faces a and b intersect. Any feasible solution to (M) is an independent set of
I although the converse is not true. As a result, a number of valid inequalities known for
independent set can be used to strengthen (M). Since the size of I is exponential in n, such
inequalities must be added as cutting planes by solving a separation problem in the solution
of the linear relaxation. We considered two classes of such inequalities, the clique and the
odd cycle inequalities. Let C ⊆ VF be a clique of I, i.e. a set of two by two intersecting
faces. Since only one face of C can be chosen in a solution, the following cutting plane can
be added.∑

f∈C

xf ≤ 1

Let O ⊆ VF be an odd cycle of I, the following inequality holds:∑
f∈C

xf ≤
1
2(|O| − 1).

Size of the formulation and preprocessing. The enumeration of all convex faces required
by (M) is discussed Section 2.4. It is easy to see that the number of convex faces grows
exponentially with the number of points. The worst case is hit when all points belongs to the
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convex hull. In this case, any subset of points defines a valid convex face leading to 2n convex
faces. In general, |F | ∈ O(2n) and formulation (M) has an exponential number of variables.
In practice, some points lie inside the hull and not all subsets of points define a convex face.
We will see Section 4 that the formulation scales well to practical instances of size n = 100.
After preprocessing of the faces, the formulation is stated on the set F PP and the mandatory
faces f (See Remark 4) are enforced with xf = 1. The number of constraints is in O(n2) and
the preprocessing also helps reducing this number in practice (See Remark 6).

4 Experimental results

We report the experimental evaluation of the proposed model. Let us first give details on
the hardware, software as well as the benchmark used.

Computational Environment. All experiments were run on a Macbook pro with 4 processor
cores Intel Core i7 at 2.8 GHz and a limit of 4 Go of RAM. Algorithms are all implemented
in Java and CPLEX 12.8.0 is used in multi-thread mode. Note that experiments of Barboza
and al [2], which serve as a baseline, were run in single thread mode.

Benchmark. Two sets of instances T1 and T2 are available from [1]. T1 is made of 30
instances for each size n in 30, 32, . . . , 50 that is a total of 330 instances. Each instance is
generated using a uniform random distribution of the coordinates in the interval [0, 1]. But
for each size, the first 30 instances that were found optimally solvable within 20 minutes
were kept. Some instances were rejected (hit the time limit) from size n = 44 and onwards
so that set T1 is biased to be easy enough for the model given in [2]. Set T2 is made of 30
instances for each sizes 55, 60, . . . , 110 (so 330 in total) and no selection was made on set T 2.
A set of more structured instances was proposed in the CG:SHOP challenge 2020 [3, 4]. We
use instances of sizes ≤ 100 from the image set. This leads to four instances (four images:
euro-night, london, stars, us-night) for each size n in 10, 15, 20, . . . , 100 so a total of 56
instances. We also report some results on the 20 instances of size 100 < n ≤ 300 of the
challenge2.

The results are presented in two parts. Firstly, we evaluate our model by solving the
integer model. Secondly, we discuss the lower bound that can be obtained for larger problem
of sizes 150 < n ≤ 300 by focusing on the linear relaxation.

4.1 Exact solving
Table 1 and 2 presents the results on two benchmarks. Each line gives a summary of the
results for a class of instances gathered by size n and column # gives the number of instances
considered in the class. Note that all instances of size n ≤ 50 are considered in a single class
(the first line). For each class of instances, we report a number of metrics. We report the
average number of faces (Avg |F |) as well as the number of faces after preprocessing using
Algorithm 1 (Avg |F PP |). We solve the linear relaxation z∗

LP of our model 3 (changing all
xf ∈ {0, 1} into xf ≥ 0) and reports the median (Med), average (Avg) and maximum (Max)
gap (column %Gap) computed as follows: 100(z∗ − ⌈z∗

LP ⌉)/z∗. We also report the median,
average and maximum solving time (Cpu(s)) in seconds. Finally, the maximum number of
nodes (# Nodes) explored by the branch and bound algorithm is given.

2 All the instances used as well as the detailed results are available on the webpage https://pagesperso.
g-scop.grenoble-inp.fr/~cambazah/convexpartition/minconvex.html

3 Note that this is the linear relaxation and not the root node lower bound that is usually much stronger
after the automatic preprocessing performed by cplex.
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Table 1 Experimental results on the entire benchmark T1 and T2 of Barboza and al [2]. All
instances are solved to optimality.

# n Faces %Gap Cpu(s) #nodes
Avg |F | Avg |F PP | Med Avg Max Med Avg Max Max

330 30-50 11417 5592 0,00 0,02 3,85 0,35 0,41 1,58 0
30 55 23167 12253 0,00 0,20 3,13 0,87 1,07 1,86 0
30 60 27974 15141 0,00 0,00 0,00 1,11 1,35 2,48 0
30 65 35061 19201 0,00 0,17 2,56 1,79 1,89 3,00 0
30 70 40933 22392 0,00 0,32 2,56 2,46 2,31 6,13 45
30 75 48998 27818 0,00 0,44 2,38 3,55 3,91 9,37 25
30 80 55737 31606 0,00 0,41 2,08 4,09 3,71 6,61 0
30 85 66366 37677 0,00 0,48 2,17 5,31 5,45 13,18 26
30 90 73386 42299 0,00 0,51 1,92 5,74 7,49 35,18 77
30 95 84009 48642 0,00 0,90 3,51 8,83 16,23 82,61 1913
30 100 95135 55078 0,00 0,47 1,85 8,60 13,58 62,84 125
30 110 116568 69006 1,55 1,00 3,08 18,16 31,78 166,73 2399

All instances of size n ≤ 50 are easily solved optimally with a maximum time of 1,58
seconds (Table 1). Note the none of the instances require branching from the solver, i.e.
that all are solved at the root node.

The approach remains very efficient even for instances of size up to n = 110 with an
average time 31,78 seconds (Table 1). Branching is sometimes required from size n = 75
and onwards but the quality of the linear relaxation appears to be very good with a
maximum gap of 3.51% across all instances of size 55 ≤ n ≤ 110. The median gap is null
(except for n = 110) showing that the linear relaxation gives the optimal value for most
of the instances.

The preprocessing of faces remove around 44% of them in average across all instances.
However it seems to decrease slowly as the size increases and is around 41% for instances
of size n = 100 (Table 1).

The results observed on the structured image instances (Table 2) of the challenge are
very similar and all instances are easily solved to optimality.

Table 3 gives the results for instances with numerous collinear points on vertical and
horizontal lines. Although these structured instances tend to have a large number of
faces, the model can solve optimally the three instances available with a size around
100. Considering the large number of faces involved, we also give the results without
pre-processing of the faces to show its interest.

Even though the solving times can not be directly compared to [2] due to different
hardware and number of threads, we believe it is a significant improvement. Some of the
instances of size ≤ 50 could require a computation time of 20 minutes and none of instances
with 55 ≤ n ≤ 100 can be solved exactly in [2] where elaborate heuristics are used instead.

We now turn our attention to larger instances and discuss the possibility to use model
(M) to produce a lower bound.
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Table 2 Experimental results on the images benchmark (n ≤ 100) of the challenge. All instances
are solved to optimality. Each class is made of four instances referred to as euro-night, london, stars
and us-night.

# n Faces %Gap Cpu(s) #nodes
Avg |F | Avg |F PP | Med. Avg Max Med Avg Max Max

4 10 141 46 0,00 0,00 0,00 0,00 0,00 0,01 0
4 15 532 186 0,00 0,00 0,00 0,01 0,01 0,03 0
4 20 1308 659 0,00 0,00 0,00 0,03 0,04 0,07 0
4 25 2717 1276 0,00 0,00 0,00 0,06 0,06 0,06 0
4 30 3921 2170 0,00 0,00 0,00 0,11 0,11 0,15 0
4 35 6455 4047 0,00 0,00 0,00 0,15 0,14 0,16 0
4 40 11080 5627 0,00 0,00 0,00 0,36 0,38 0,61 0
4 45 12989 6702 1,79 1,82 3,70 0,42 0,50 0,86 0
4 50 20686 11826 0,00 0,00 0,00 1,18 1,42 2,44 0
4 60 26780 16091 0,00 0,00 0,00 1,77 1,63 2,25 0
4 70 39468 24258 0,00 0,00 0,00 1,35 1,58 2,44 0
4 80 53071 34618 1,00 1,04 2,17 5,41 5,83 8,86 0
4 90 76710 47341 0,00 0,00 0,00 7,26 6,40 7,79 0
4 100 91813 53815 0,00 0,43 1,72 11,53 17,55 42,53 63

Table 3 Experimental results on the instances (100 < n < 150) of the challenge with preprocessing
(first three lines) and without preprocessing (three last lines). The three instances are solved to
optimality.

name n |F | |F PP | Pp(s) Eul ⌈z∗
LP ⌉ z∗ %Gap Cpu(s) #nodes

rop101 101 449341 326348 16,43 4 21 21 0 177,14 10
rop107 107 785030 620263 262,03 4 23 24 4,17 1195,59 80
rop122 122 703772 553370 30,68 3 22 23 4,35 748,73 109

rop101 101 449341 - 0,39 4 21 21 0 222,53 14
rop107 107 785030 - 0,6 4 23 24 4,17 1389,5 90
rop122 122 703772 - 0,81 3 22 23 4,35 1495,05 67

4.2 Lower bounds
We now consider the linear relaxation z∗

LP of model (M) on larger instances. Table 4 reports
the results obtained on all instances of the challenge [3] of sizes 150 < n ≤ 3004. For each
instance, the table gives the best known upper bound obtained during the challenge (UB), the
number of convex faces remaining after preprocessing (|F PP |), the percentage of reduction
compared to the initial number of faces (%RF) computed as 100(1− |F PP |

|F | ), the percentage

of reduction of the number of edges (%RE) computed as 100(1− |EPP |
n(n−1)/2 ) the cpu time in

seconds required for pre-processing (Pp(s)), the value of the Euler lower bound (Eul), the

4 us-night-0000200, paris0000200, stars0000200, uniform00002001, uniform00002002, euronight0000200,
ortho_rect_union_170, ortho_rect_union_186, ortho_rect_union_199, ortho_rect_union_208,
rop0000262, us-night0000300, paris0000300, stars0000300, uniform0000300-1, uniform0000300-2, euro-
night0000300
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Table 4 Lower bounds (⌈z∗
LP ⌉) computed on all instances of the challenge with (150 < n ≤ 300).

Face generation Linear relaxation
name n UB |F PP | %RF %RE Pp(s) Eul ⌈z∗

LP ⌉ %Gap Slv(s) Tot(s)

us 200 107 298473 37,2 36,1 4,5 97 105 1,87 19,7 25,4
paris 200 110 259023 36,6 36,4 5,3 99 108 1,82 15,9 22,2
stars 200 110 285256 37,5 35,5 1,6 100 109 0,91 23,4 26,0

unif-1 200 112 271086 36,9 36,4 2,3 100 110 1,79 16,5 19,8
unif-2 200 111 280183 37,7 36,9 3,0 98 109 1,80 16,1 21,8

euro 200 110 263472 35,5 35,8 2,2 98 108 1,82 16,5 19,6
ortho 170 62 404356 30,1 35,6 5,4 10 59 4,84 10,8 17,7
ortho 186 65 469839 28,3 33,9 4,1 11 60 7,69 20,3 26,0
ortho 199 71 527131 30,7 34,6 11,6 11 66 7,04 22,7 36,3
ortho 208 74 703891 24,4 34,4 8,3 10 69 6,76 25,2 36,3

rop 262 41 3225861 15,9 22,2 211,4 3 40 2,44 342,3 574,6
us 300 160 760641 34,2 35,4 4,9 149 158 1,25 88,1 95,7

paris 300 161 651331 34,8 36,3 4,7 149 157 2,48 82,9 90,0
stars 300 163 760654 33,8 35,4 6,6 149 160 1,84 101,3 110,7

unif-1 300 161 654205 36,9 36,6 7,1 143 158 1,86 81,8 91,8
unif-2 300 167 640052 36,2 37,0 4,6 155 163 2,40 74,4 81,5

euro 300 163 776699 33,6 35,7 6,4 147 158 3,07 84,8 94,0

value of the linear relaxation of the proposed model (⌈z∗
LP ⌉), the gap to the best known upper

bound (%Gap) computed as 100(UB − ⌈z∗
LP ⌉)/UB, the time for computing the relaxation

(Slv(s)) in seconds and the total time in seconds (Tot(s)).

Despite the large number of convex faces, the model scales much better than expected
and solving the linear relaxation itself is faster than the preprocessing of faces.
The number of convex faces is considerably larger for the instances referred to as ortho or
rop where the points of P are collinear on vertical and horizontal lines. Note that Euler’s
formula lead to a very weak bound in this latter case. Note also that more than a third
of the edges are often removed by preprocessing.
The lower bound computed improves significantly the bound provided by the Euler’s
formula with gaps less than 3% for the image benchmark and gaps less than 8% for the
orthogonal benchmark.

Experiments using the cutting planes mentioned remained unconclusive so far and are
not reported in details in the present paper. The cutting planes seem to provide small
improvements of the bound and the separation routine is computationally expensive.

5 Conclusion and future work

We propose a new formulation in integer linear programming for the minimum convex
partition problem. It proves able to solve to optimality all instances of less than a hundred
points proposed so far in the literature, considerably improving the formulation given by [2].
Despite the exponential number of variables involved, its linear relaxation can be solved
efficiently for instances of size up to 300 points providing strong lower bounds.

A first direction of research is to investigate further the cutting planes that could be used
from the independent set formulation of the problem since a large family of such inequalities
are already known. More interestingly, cutting planes can also be derived from geometric
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statements. For instance, the result proposed in Lemma 1 directly lead to a cutting plane
but require to study a separation algorithm. A second direction of research is to propose an
implicit enumeration of the convex faces focusing on the faces with negative reduced cost
only as opposed to generate and preprocess the entire set of faces. In other words, the linear
relaxation of (M) could be solved using a column generation procedure.
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Abstract
Systems Biology is a fundamental field and paradigm that introduces a new era in Biology. The crux
of its functionality and usefulness relies on metabolic networks that model the reactions occurring
inside an organism and provide the means to understand the underlying mechanisms that govern
biological systems. Even more, metabolic networks have a broader impact that ranges from resolution
of ecosystems to personalized medicine.

The analysis of metabolic networks is a computational geometry oriented field as one of the
main operations they depend on is sampling uniformly points from polytopes; the latter provides a
representation of the steady states of the metabolic networks. However, the polytopes that result
from biological data are of very high dimension (to the order of thousands) and in most, if not all,
the cases are considerably skinny. Therefore, to perform uniform random sampling efficiently in
this setting, we need a novel algorithmic and computational framework specially tailored for the
properties of metabolic networks.

We present a complete software framework to handle sampling in metabolic networks. Its
backbone is a Multiphase Monte Carlo Sampling (MMCS) algorithm that unifies rounding and
sampling in one pass, obtaining both upon termination. It exploits an improved variant of the
Billiard Walk that enjoys faster arithmetic complexity per step. We demonstrate the efficiency of our
approach by performing extensive experiments on various metabolic networks. Notably, sampling
on the most complicated human metabolic network accessible today, Recon3D, corresponding to a
polytope of dimension 5 335, took less than 30 hours. To our knowledge, that is out of reach for
existing software.
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1 Introduction

1.1 The field of Systems Biology
Systems Biology establishes a scientific approach and a paradigm. As a research approach,
it is the qualitative and quantitative study of the systemic properties of a biological entity
along with their ever evolving interactions [32, 33]. By combining experimental studies with
mathematical modeling it analyzes the function and the behavior of biological systems. In
this setting, we model the interactions between the components of a system to shed light on
the system’s raison d’être and to decipher its underlying mechanisms in terms of evolution,
development, and physiology [27].

Initially, Systems Biology emerged as a need. New technologies in Biology accumulate vast
amounts of information/data from different levels of the biological organization, i.e., genome,
transcriptome, proteome, metabolome [49]. This leads to the emerging question "what shall
we do with all these pieces of information"? The answer, if we consider Systems Biology
as a paradigm, is to move away from reductionism, still the main conceptual approach in
biological research, and adopt holistic approaches for interpreting how a system’s properties
emerge [43]. The following diagram provides a first, rough, mathematical formalization of
this approach.

components → networks → in silico models → phenotype [47].

Systems Biology expands in all the different levels of living entities, from the molecular,
to the organismal and ecological level. The notion that penetrates all levels horizontally is
metabolism; the process that modifies molecules and maintains the living state of a cell or
an organism through a set of chemical reactions [53]. The reactions begin with a particular
molecule which they convert into some other molecule(s), while they are catalyzed by enzymes
in a key-lock relationship. We call the quantitative relationships between the components
of a reaction stoichiometry. Linked reactions, where the product of the first acts as the
substrate for the next, build up metabolic pathways. Each pathway is responsible for a
certain function. We can link together the aggregation of all the pathways that take place in
an organism (and their corresponding reactions) and represent them mathematically using
the reactions’ stoichiometry. Therefore, at the species level, metabolism is a network of its
metabolic pathways and we call these representations metabolic networks.

1.2 From metabolism to computational geometry
The complete reconstruction of the metabolic network of an organism is a challenging,
time consuming, and computationally intensive task; especially for species of high level
of complexity such as Homo sapiens. Even though sequencing the complete genome of a
species is becoming a trivial task providing us with quality insight, manual curation is still
mandatory and large groups of researchers need to spend a great amount of time to build
such models [57]. However, over the last few years, automatic reconstruction approaches for
building genome-scale metabolic models [40] of relatively high quality have been developed.
Either way, we can now obtain the metabolic network of a bacterial species (single cell
species) of a tissue and even the complete metabolic network of a mammal. Biologists
are also moving towards obtaining such networks for all the species present in a microbial
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Figure 1 From DNA sequences to distributions of metabolic fluxes. (A) The genes of an organism
provide us with the enzymes that it can potentially produce. Enzymes are like a blueprint for the
reactions they can catalyze. (B) Using the enzymes we identify the reactions in the organism. (C)
We construct the stoichiometric matrix of the metabolic model. (D) We consider the flux space
under different conditions (e.g., steady states); they correspond to polytopes containing flux vectors
addressing these conditions. (E) We sample from polytopes that are typically skinny and of high
dimension. (F) The distribution of the flux of a reaction provides great insights to biologists.

community. This will allow us to further investigate the dynamics, the functional profile,
and the inter-species reactions that occur. Using the stoichiometry of each reaction, which is
always the same in the various species, we convert the metabolic network of an organism
to a mathematical model. Thus, the metabolic network becomes an in silico model of the
knowledge it represents. In metabolic networks analysis mass and energy are considered to
be conserved [46]. As many homeostatic states, that is steady internal conditions [54], are
close to steady states (where the production rate of each metabolite equals its consumption
rate [8]) we commonly use the latter in metabolic networks analysis.

Stoichiometric coefficients are the number of molecules a biochemical reaction consumes
and produces. The coefficients of all the reactions in a network, with m metabolites and
n reactions (m < n), form the stoichiometric matrix S ∈ Rm×n [47]. The nullspace of S

corresponds to the steady states of the network:

S · x = 0, (1)

where x ∈ Rn is the flux vector that contains the fluxes of each chemical reaction of the
network. Flux is the rate of turnover of molecules through a metabolic pathway.

All physical variables are finite, therefore the flux (and the concentration) is bounded [47];
that is for each coordinate xi of the x, there are 2n constants xub,i and xlb,i such that
xlb,i ≤ xi ≤ xub,i, for i ∈ [n]. We derive the constraints from explicit experimental
information. In cases where there is no such information, reactions are left unconstrained by
setting arbitrary large values to their corresponding bounds according to their reversibility
properties; i.e., if a reaction is reversible then its flux might be negative as well [38]. The
constraints define a n-dimensional box containing both the steady and the dynamic states
of the system. If we intersect that box with the nullspace of S, then we define a polytope
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Figure 2 Flux distributions in the most recent human metabolic network Recon3D [7]. We
estimate the flux distributions of the reactions catalyzed by the enzymes Hexokinase (D-Glucose:ATP)
(HEX), Glucose-6-Phosphate Phosphatase, Edoplasmic Reticular (G6PPer) and Phosphoenolpyruvate
carboxykinase (GTP) (PEPCK). As we sample steady states, the production rate of glc__D_c

should be equal to its consumption rate. Thus, in the corresponding copula, we see a positive
dependency between HEX, i.e., the reaction that consumes glc__D_c and G6PPer, that produces
it. Furthermore, the PEPCK reaction operates when there is no glc__D_c available and does
not operate when the latter is present. Thus, in their copula we observe a negative dependency
between HEX and PEPCK. A copula is a bivariate probability distribution for which the marginal
probability distribution of each variable is uniform. It implies a positive dependency when the mass
of the distribution concentrates along the up-diagonal (HEX - G6PPer) and a negative dependency
when the mass is concentrated along the down-diagonal (HEX - PEPCK). The bottom line contains
the reactions and their stoichiometry.

that encodes all the possible steady states and their flux distributions [47]. We call it the
steady-state flux space. Fig. 1 illustrates the complete workflow from building a metabolic
network to the computation of a flux distribution.

Using the polytopal representation, a commonly used method for the analysis of a
metabolic network is Flux Balance Analysis (FBA) [45]. FBA identifies a single optimal flux
distribution by optimizing a linear objective function over a polytope [45]. Unfortunately,
this is a biased method because it depends on the selection of the objective function. To
study the global features of a metabolic network we need unbiased methods. To obtain an
accurate picture of the whole solution space we exploit sampling techniques [52]. If collect a
sufficient number of points uniformly distributed in the interior of the polytope, then the
biologists can study the properties of certain components of the whole network and deduce
significant biological insights [47]. Therefore, efficient sampling tools are of great importance.

1.3 Metabolic networks through the lens of random sampling

Efficient uniform random sampling on polytopes resulting from metabolic networks is a very
challenging task both from the theoretical (algorithmic) and the engineering (implementation)
point of view. First, the dimension of the polytopes is of the order of certain thousands. This
requires, for example, advanced engineering techniques to cope with memory requirements
and to perform linear algebra operations with large matrices; e.g., in Recon3D [7] we compute
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the null space of a 8 399× 13 543 matrix. Second, the polytopes are rather skinny (Sec. 4);
this makes it harder for sampling algorithms to move in the interior of polytopes and calls
for novel practical techniques to sample.

There is extended on-going research concerning advanced algorithms and implementations
for sampling metabolic networks over the last decades. Markov Chain Monte Carlo algorithms
such as Hit-and-Run (HR) [55] have been widely used to address the challenges of sampling.
Two variants of HR are the non-Markovian Artificial Centering Hit-and-Run (ACHR) [30] that
has been widely used in sampling metabolic models, e.g., [51], and Coordinate Hit-and-Run
with Rounding (CHRR) [25]. The latter is part of the cobra toolbox [26], the most commonly
used software package for the analysis of metabolic networks. CHRR enables sampling from
complex metabolic networks corresponding to the highest dimensional polytopes so far. There
are also stochastic formulations where the inclusion of experimental noise in the model makes
it more compatible with the stochastic nature of biological networks [39]. The recent study
in [19] offers an overview as well as an experimental comparison of the currently available
samplers.

These implementations played a crucial role in actually performing in practice uniform
sampling from the flux space. However, they are currently limited to handle polytopes of
dimension say ≤ 2 500 [19, 25]. This is also the order of magnitude of the most complicated,
so far, metabolic network model built, Recon3D [7]. By including 13 543 metabolic reactions
and involving 4 140 unique metabolites, Recon3D provides a representation of the 17% of
the functionally of annotated human genes. To our knowledge, there is no method that can
efficiently handle sampling from the flux space of Recon3D.

Apparently, the dimension of the polytopes will keep rising and not only for the ones
corresponding to human metabolic networks. Metabolism governs systems biology at all its
levels, including the one of the community. Thus, we are not only interested in sampling a
sole metabolic network, even if it has the challenges of the human. Sampling in polytopes
associated to network of networks are the next big thing in metabolic networks analysis and
in Systems Biology [4, 48].

Regarding the sampling process, from the theoretical point of view, we are interested
in the convergence time, or mixing time, of the Markov Chain, or geometric random walk,
to the target distribution. Given a d-dimensional polytope P , the mixing time of several
geometric random walks (e.g., HR or Ball Walk) grows quadratically with respect to the
sandwiching ratio R/r of the polytope [36, 37]. Here r and R are the radii of the smallest
and largest ball with center the origin that contains, and is contained, in P , respectively;
i.e., rBd ⊆ P ⊆ RBd, where Bd is the unit ball. It is crucial to reduce R/r, i.e., to put P in
well a rounded position where R/r = Õ(

√
d); the Õ(·) notation means that we are ignoring

polylogarithmic factors. A powerful approach to obtain well roundness is to put P in near
isotropic position. In general, K ⊂ Rd is in isotropic position if the uniform distribution
over K is in isotropic position, that is EX∼K [X] = 0 and EX∼K [XT X] = Id, where Id is the
d× d identity matrix. Thus, to put a polytope P into isotropic position one has to generate
a set of uniform points in its interior and apply to P the transformation that maps the
point-set to isotropic position; then iterate this procedure until P is in c-isotropic position
[17, 37], for a constant c. In [1] they prove that O(d) points suffice to achieve 2-isotropic
position. Alternatively in [25] they compute the maximum volume ellipsoid in P , they map
it to the unit ball, and then apply to P the same transformation. They experimentally show
that a few iterations suffice to put P in John’s position [28]. Moreover, there are a few
algorithmic contributions that combine sampling with distribution isotropization steps, e.g.,
the multi-point walk [5] and the annealing schedule [29].

SoCG 2021



21:6 Geometric Analysis of Metabolic Networks

An important parameter of a random walk is the walk length, i.e., the number of the
intermediate points that a random walk visits before producing a single sample point. The
longer the walk length of a random walk is, the smaller the distance of the current distribution
to the stationary (target) distribution becomes. For the majority of random walks there are
bounds on the walk length to bound the mixing time with respect to a statistical distance.
For example, HR generates a sample from a distribution with total variation distance less
than ϵ from the target distribution after Õ(d3) [37] steps, in a well rounded convex body and
for log-concave distributions. Similarly, CDHR mixes after a polynomial, in the diameter
and the dimension, number of steps [34, 42] for the case of uniform distribution. However,
extended practical results have shown that both CDHR and HR converges after O(d2)
steps [10, 17, 25]. The leading algorithms for uniform polytope sampling are the Riemannian
Hamiltonian Monte Carlo sampler [35] and the Vaidya walk [14], with mixing times Õ(md2/3)
and Õ(m1/2d3/2) steps, respectively. However, it is not clear if these random walks can
outperform CDHR in practice, because of their high cost per step and numerical instability.

Billiard Walk (BW) [23] is a random walk that employs linear trajectories in a convex
body with boundary reflections; alas with an unknown mixing time. The closest guarantees
for its mixing time are those of HR and stochastic billiards [18]. Interestingly, [23] shows
that, experimentally, BW converges faster than HR for a proper tuning of its parameters.
The same conclusion follows from the computation of the volume of zonotopes [11]. It is not
known how the sandwiching ratio of P affects the mixing time of BW. Since BW employs
reflections on the boundary, we can consider it as a special case of Reflective Hamiltonian
Monte Carlo [15].

For almost all random walks the theoretical bounds on their mixing times are pessimistic
and unrealistic for computations. Hence, if we terminate the random walk earlier, we generate
samples that are usually highly correlated. There are several MCMC Convergence Diagnostics
[50] to check if the quality of a sample can provide an accurate approximation of the target
distribution. For a dependent sample, a powerful diagnostic is the Effective Sample Size
(ESS). It is the number of effectively independent draws from the target distribution that the
Markov chain is equivalent to. For autocorrelated samples, ESS bounds the uncertainty in
estimates [21] and provides information about the quality of the sample. There are several
statistical tests to evaluate the quality of a generated sample, e.g., potential scale reduction
factor (PSRF) [20], maximum mean discrepancy (MMD) [22], and the uniform tests [16].
Interestingly, the copula representation we employ in Fig. 2 to capture the dependence
between two fluxes of reactions was also used successfully in a geometric framework to detect
financial crises capturing the dependence between portfolio return and volatility [9].

1.4 Our contribution
We introduce a Multi-phase Monte Carlo Sampling (MMCS) algorithm (Sec. 3 and Alg. 1)
to sample from a polytope P . In particular, we split the sampling procedure in phases where,
starting from P , each phase uses the sample to round the polytope. This improves the
efficiency of the random walk in the next phase, see Fig. 3. For sampling, we propose an
improved variant of Billiard Walk (BW) (Sec. 2 that enjoys faster arithmetic complexity per
step. We also handle efficiently the potential arithmetic inaccuracies near to the boundary,
see [15]. We accompany the MMCS algorithm with a powerful MCMC diagnostic, namely
the estimation of Effective Sample Size (ESS), to identify a satisfactory convergence to the
uniform distribution. However, our method is flexible and we can use any random walk and
combination of MCMC diagnostics to decide convergence.
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The open-source implementation of our algorithms1 provides a complete software frame-
work to handle efficiently sampling in metabolic networks. We demonstrate the efficiency of
our tools by performing experiments on almost all the metabolic networks that are publicly
available and by comparing with the state-of-the-art software packages as cobra (Sec. 4.2).
Our implementation is faster than cobra for low dimensional models, with a speed-up
that ranges from 10 to 100 times; this gap on running times increases for bigger models
(Table 1). The quality of the sample our software produces is measured with two widely
used diagnostics, i.e., ESS and potential scale reduction factor (PSRF) [20]. The highlight of
our method is the ability to sample from the most complicated human metabolic network
that is accessible today, namely Recon3D. In Fig. 2 we estimate marginal univariate and
bivariate flux distributions in Recon3D which validate (a) the quality of the sample by
confirming a mutually exclusive pair of biochemical pathways, and that (b) our method
indeed generates steady states. In particular, our software can sample 1.44 · 105 points from
a 5 335-dimensional polytope in a day using modest hardware. This set of points suffices for
the majority of systems biology analytics. To our understanding this task is out of reach for
existing software. Last, MMCS algorithm is quite general sampling scheme and so it has the
potential to address other hard computational problems like multivariate integration and
volume estimation of polytopes.

2 Efficient Billiard walk

The geometric random walk of our choice to sample from a polytope is based on Billiard
Walk (BW) [23], which we modify to reduce the per-step cost.

For a polytope P = {x ∈ Rd |Ax ≤ b}, where A ∈ Rk×d and b ∈ Rk, BW starts from a
given point p0 ∈ P , selects uniformly at random a direction, say v0, and it moves along the
direction of v0 for length L; it reflects on the boundary if necessary. This results a new point
p1 inside P . We repeat the procedure from p1. Asymptotically it converges to the uniform
distribution over P . The length is L = −τ ln η, where η is a uniform number in (0, 1), that is
η ∼ U(0, 1), and τ is a predefined constant. It is useful to set a bound, say ρ, on the number
of reflections to avoid computationally hard cases where the trajectory may stuck in corners.
In [23] they set τ ≈ diam(P ) and ρ = 10d. Our choices for τ and ρ depend on a burn-in step
that we detail in Sec. 4.

At each step of BW we compute the intersection point of a ray, say ℓ := {p + tv, t ∈ R+},
with the boundary of P , ∂P , and the normal vector of the tangent plane at the intersection
point. The inner vector of the facet that the intersection point belongs to is a row of A. To
compute the point ∂P ∩ ℓ where the first reflection of a BW step takes place, we solve the
following m linear equations

aT
j (p0 + tjv0) = bj ⇒ tj = (bj − aT

j p0)/aT
j v0, j ∈ [k], (2)

and keep the smallest positive tj ; aj is the j-th row of the matrix A. We solve each equation
in O(d) operations and so the overall complexity is O(dk). A straightforward approach for
BW would consider that each reflection costs O(kd) and thus the per step cost is O(ρkd).
However, our improved version performs more efficiently both point and direction updates by
storing computations from the previous iteration combined with a preprocessing step. The
preprocessing step involves the normal vectors of the facets, that takes m2d operations, and
the amortized per-step complexity of BW becomes O((ρ + d)k).

1 https://github.com/GeomScale/volume_approximation/tree/socg21

SoCG 2021

https://github.com/GeomScale/volume_approximation/tree/socg21


21:8 Geometric Analysis of Metabolic Networks

▶ Lemma 1. The amortized per step complexity of BW is O((ρ + d)k) after a preprocessing
step that takes O(k2d) operations, where ρ is the maximum number of reflections per step.

The use of floating point arithmetic could result to points outside P due to rounding
errors when computing boundary points. To avoid this, when we compute the roots in
Equation (2) we exclude the facet that the ray hit in the previous reflection.

3 Multiphase Monte Carlo Sampling algorithm

To sample steady states in the flux space of a metabolic network, with m metabolites and
n reactions, we introduce a Multiphase Monte Carlo Sampling (MMCS) algorithm; it is
multiphase because it consists of a sequence of sampling phases.

Let S ∈ Rm×n be the stoichiometric matrix and xlb, xub ∈ Rn bounds on the fluxes. The
flux space is the bounded convex polytope

FS := {x ∈ Rn |Sx = 0, xlb ≤ x ≤ xub} ⊂ Rn. (3)

The dimension, d, of FS is smaller than the dimension of the ambient space; that is
d ≤ n. To work with a full dimensional polytope we restrict the box induced by the
inequalities xlb ≤ x ≤ xub to the null space of S. Let the H-representation of the box be{

x ∈ Rn
∣∣∣ (

In

−In

)
x ≤

(
xub

xlb

)}
, where In is the n× n identity matrix, and let N ∈ Rn×d be

the matrix of the null space of S, that is S N = 0m×d. Then P = {x ∈ Rd | Ax ≤ b}, where

A =
(

InN

−InN

)
and b =

(
xub

xlb

)
N , is a full dimensional polytope (in Rd). After we sample

(uniformly) points from P , we transform them to uniformly distributed points (that is steady
states) in FS by applying the linear map induced by N .

MMCS generates, in a sequence of sampling phases, a set of points, that is almost
equivalent to n independent uniformly distributed points in P , where n is given. At each
phase, it employs Billiard Walk (Section 2) to sample approximate uniformly distributed
points, rounding to speedup sampling, and uses the Effective Sample Size (ESS) diagnostic
to decide termination. The pseudo-code of the algorithm appears in Alg. 1.

Overview. Initially we set P0 = P .
At each phase i ≥ 0 we sample at most λ points from Pi. We generate them in chunks; we

also call them chain of sampling points. Each chain contains at most l points (for simplicity
consider l = O(1)). To generate the points in each chain we employ BW, starting from a
point inside Pi; the starting point is different for each chain. We repeat this procedure until
the total number of samples in Pi reaches the maximum number λ; we need λ

l chains. To
compute a starting point for a chain, we pick a point uniformly at random in the Chebychev
ball of Pi and we perform O(

√
d) burn-in BW steps to obtain a warm start.

After we have generated λ sample points we perform a rounding step on Pi to obtain the
polytope of the next phase, Pi+1. We compute a linear transformation, Ti, that puts the
sample into isotropic position and then Pi+1 = Ti(Pi). The efficiency of BW improves from
one phase to the next one because the sandwiching ratio decreases and so the average number
of reflections decreases and thus the convergence to the uniform distribution accelerates
(Section 4.2). That is we obtain faster a sample of better quality. Finally, the (product of
the) inverse transformations maps the samples to P0 = P . Fig. 3 depicts the procedure.

Termination. There are no bounds on the mixing time of BW [23], hence for termination
we rely on ESS. MMCS terminates when the minimum ESS among all the univariate marginals
is larger than a requested value. We chose the marginal distributions (of each flux) because
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Figure 3 An illustration of our Multiphase Monte Carlo Sampling algorithm. The method is
given an integer n and starts at phase i = 0 sampling from P0. In each phase it samples a maximum
number of points λ. If the sum of Effective Sample Size in each phase becomes larger than n before
the total number of samples in Pi reaches λ then the algorithm terminates. Otherwise, we proceed
to a new phase. We map back to P0 all the generated samples of each phase.

they are essential for systems biologists, see [6] for a typical example. In particular, after
we generate a chain, the algorithm updates the ESS of each univariate marginal to take
into account all the points that we have sampled in Pi, including the newly generated chain.
We keep the minimum, say ni, among all marginal ESS values. If

∑i
j=0 nj becomes larger

than n before the total number of samples in Pi reaches the upper bound λ, then MMCS
terminates. Otherwise, we proceed to the next phase. In summary, MMCS terminates when
the sum of the minimum marginal ESS values of each phase reaches n.

Rounding step. This step is motivated by the theoretical result in [1] and the rounding
algorithms [37, 17]. We apply the linear transformation Ti to Pi so that the sandwiching ratio
of Pi+1 is smaller than that of Pi. To find the suitable Ti we compute the SVD decomposition
of the matrix that contains the sample row-wise [3].

Updating the Effective Sample Size. The effective sample size of a sample of points
generated by a process with autocorrelations ρt at lag t is function (actually an infinite series)
in the ρt’s; its exact value is unknown. Following [21], we efficiently compute ESS employing
a finite sum of monotone estimators ρ̂t of the autocorrelation at lag t, by exploiting Fast
Fourier Transform. Furthermore, given M chains of samples, the autocorrelation estimator

ρ̂t is given by, ρ̂t = 1 − C− 1
M

∑M

i=1
ρ̂t,i

B , where C and B are the within-sample variance
estimate and the multi-chain variance estimate given in [20] and ρ̂t,i is an estimator of the
autocorrelation of the i-th chain at lag t. To update the ESS, for every new chain of points
the algorithm generates, we compute ρ̂t,i. Then, using Welford’s algorithm we update the
average of the estimators of autocorrelation at lag t, as well as the between-chain variance
and the within-sample variance estimators given in [20]. Finally, we update the ESS using
these estimators.

▶ Lemma 2. Let P = {x ∈ Rd | Ax ≤ b}, A ∈ Rk×d, b ∈ Rk a full dimensional polytope in
Rd. The total number of operations per phase that Alg. 1 performs, is O(W (ρ+d)kλ+λ2d+d3),
where W is the walk length for Billiard Walk.

In Section 4 we discuss how to tune the parameters of MMCS to make it more efficient in
practice. We also comment on the (practical) complexity of each phase, based on the tuning.
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Algorithm 1 Multiphase Monte Carlo Sampling(P, n, l, λ, ρ, τ, W ).

Input : A full dimensional polytope P ∈ Rd; Requested effectiveness n ∈ N; l

length of each chain; upper bound for the number of generated points in
each phase λ; upper bound on the number of reflections ρ; length of
trajectory parameter τ ; walk length W .

Output : A set of approximate uniformly distributed points S ∈ P

Set P0 ← P, sum_ess← 0, S ← ∅, i← 0, T0 = Id;
do

sum_point_phase← 0, U ← ∅;
do

Generate a starting point p ∈ Pi;
Generate a set Q of l points with Billiard Walk starting from p;
S ← S ∪ T −1

i (Q); U ← U ∪Q;
sum_point_phase← sum_point_phase + l;
Update ESS ni of this phase;
if sum_ess + ni ≥ n then break ;

while sum_point_phase < λ;
sum_ess← sum_ess + ni; i← i + 1;
Compute T such that T (U) is in isotropic position;
Ti ← Ti−1 ◦ T ;

while sum_ess < n;
return S;

4 Implementation and Experiments

In the sequel we present the implementation of our approach and the tuning of various
parameters. We present experiments in an extended set of BURG models [31], including
the most complex metabolic networks i.e., the human Recon2D [56] and Recon3D [7]. We
end up to sample from polytopes of thousands of dimensions and show that our method
can estimate precisely the flux distributions. We analyze various aspects of our method as
the runtime, the efficiency and the quality of the output. We compare our method against
the state-of-the-art software for the analysis of metabolic networks, which is the Matlab
toolbox of cobra [26]. Our implementation for low dimensional networks is two orders of
magnitude faster than cobra. As the dimension grows this gap on the run-time increases.
The fast mixing of billiard walk allow us to use all the generated samples to approximate
each flux distribution improving the flux distribution estimation.

We provide a complete open-source software framework to handle big metabolic networks.
The framework loads a metabolic model in some standard format (e.g., mat, json files)
and performs an analysis of the model e.g., compute the marginal distributions of a given
metabolite. All the results in this paper are reproducible using our publicly available code2.
The core of our implementation is in C++ to optimize performance while the user interface
is implemented in R. The package employs eigen [24] for linear algebra, boost [41] for
random number generation, mosek [2] as the linear program solver, and expands volesti [12]
an open-source package for high dimensional sampling and volume approximation. All
experiments were performed on a PC with Intel® Core i7-6700 3.40GHz × 8 CPU and
32GB RAM.

2 https://github.com/GeomScale/volume_approximation/tree/socg21

http://eigen.tuxfamily.org
http://boost.com
https://www.mosek.com/
https://github.com/GeomScale/volume_approximation
https://github.com/GeomScale/volume_approximation/tree/socg21
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Figure 4 Our method estimation of the marginal distribution of the “Thioredoxin reductace”
flux in a constraint-based model of Homo Sapiens metabolism Recon2D [56] (left) and Recon3D [7]
(right).

4.1 Parameter tuning for practical performance

We give details on how we tune various parameters presented in Section 3 in our implement-
ation.

Parameters of Billiard Walk. To employ Billiard Walk (Section 2) we have to make efficient
selections for the parameter τ that controls the length of the trajectory in each step, for the
maximum number of reflections per step ρ, and for the walk length W of the random walk.
We experimentally found that setting W = 1 the empirical distribution converges faster to
the uniform distribution. Thus, we get a higher ESS faster than the case of W > 1. To set τ

in phase i, first we set τ = 6
√

dr where r is the radius of the Chebychev ball of Pi. Then, we
start from the center of the Chebychev ball, we perform 100 + 4

√
d Billiard Walk steps and

we store all the points in a set Q. Then we set τ = max{max
q∈Q
{||q − p||2}, 6

√
dr}. For the

maximum number of reflections we found experimentally that ρ = 100d is violated in less
than 0.1% of the total number of Billiard Walk steps in our experiments.

Rounding step. In each phase i of our method, when the minimum value of ESS among
all the marginals has not reached the requested threshold, we use the generated sample to
perform a rounding step by mapping the points to isotropic position. After computing the
SVD decomposition of the point-set we also rescale the singular values such that the smallest
one is 1, to improve numerical stability as suggested in [17]. We found experimentally that
setting the maximum number of Billiard Walk points per phase λ = 20d, where d is the
dimension of the polytope, suffice to improve the roundness from phase to phase. When, in
any phase, the ratio between the maximum over the minimum singular value is smallest than
3 we stop performing any new rounding step. In that case we stay on the current phase until
we reach the requested value of ESS.

▶ Remark 1. Given the Stoichiometric matrix S ∈ Rm×n of a metabolic network with flux
bounds xlb ≤ x ≤ xub, the total number of operations per phase that our implementation of
Alg. 1 performs, according the parameterization given in this Section is O(nd2), where d is
the dimension of the null space of S and n is the number of reactions occur in the metabolic
network.
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4.2 Experiments

We test and evaluate our software on 17 models from the BIGG database [31] and Recon2D,
Recon3D from [44]. In particular, we sample from models that correspond to polytopes
of dimension less than 100; the simplest model in this setting is the well known bacteria
Escherichia Coli. We also computed with models that correspond to polytopes of dimension
a few thousands; this is the case for Recon2D and Recon3D. We do not employ parallelism for
any implementation, thus we report only sequential running times. To assess the quality of
our results we employ a second MCMC convergence diagnostic besides the Effective Sample
Size (ESS). This is the potential scale reduction factor (PSRF), introduced by Rubin and
Gelman [20]. In particular, we compute the PSRF for each univariate marginal of the sample
that MMCS outputs. Following [20], a convergence is satisfying according to PSRF when all
the marginals have PSRF smaller than 1.1.

The workflow of cobra for sampling first performs a rounding step and then samples
using Coordinate Directions Hit-and-Run (CDHR). To compare with cobra we set the walk
length of CDHR according to the empirical suggestion made in [25], i.e., equal to 8d2, where
d is the dimension of the polytope we sample. For Recon2D we follow the paradigm in [25]
which shows that the method converges for walk length equal to 1.57e+08. To have a fair
comparison we let cobra to sample a minimum number of 1 000 points. If in the computed
sample there is a marginal with PSRF larger than 1.1 we continue sampling until all PSRFs
are smaller than 1.1.

Table 1 17 metabolic networks from [31] and Recon2D, Recon3D from [44]; (m) the number
of Metabolites, (n) the number of Reactions, (d) the dimension of the polytope; (N) is the total
number of sampled points × walk length; for MMCS we stop when the sum of the minimum value
of ESS among all the univariate marginals in each phase is 1000 (we report the number of phases
in parenthesis); for cobra we set the walk length to 8d2 and 1.57e+08 for Recon2D following [25],
sample at least 1000 points and stop when all marginals have PSRF < 1.1; the runtime of cobra for
Recon2D is an estimation of the sequential time just for the purpose of the comparison in this paper.

MMCS cobra
name (m) (n) (d) Time (sec) (N) Time (sec) (N)

e_coli_core 72 95 24 6.50e-01 3.40e+03 (8) 7.20e+01 4.61e+06
iLJ478 570 652 59 9.00e+00 5.40e+03 (5) 4.54e+02 2.79e+07
iSB619 655 743 83 1.70e+01 8.20e+03 (5) 9.56e+02 5.51e+07
iHN637 698 785 88 2.00e+01 6.80e+03 (4) 1.03e+03 6.19e+07
iJN678 795 863 91 2.50e+01 8.10e+03 (4) 1.17e+03 6.62e+07
iNF517 650 754 92 1.70e+01 6.20e+03 (4) 1.33e+03 6.77e+07
iJN746 907 1054 116 5.70e+01 8.70e+03 (3) 2.22e+03 1.07e+08

iAB_RBC_283 342 469 130 5.20e+01 1.07e+04 (5) 7.85e+03 4.05e+08
iJR904 761 1075 227 2.98e+02 1.62e+04 (4) 8.81e+03 4.12e+08

iAT_PLT_636 738 1008 289 3.25e+02 1.04e+04 (2) 1.73e+04 6.68e+08
iSDY_1059 1888 2539 509 2.813e+03 2.31e+04 (3) 6.66e+04 2.07e+09

iAF1260 1668 2382 516 6.84e+03 5.33e+04 (6) 7.04e+04 2.13e+09
iEC1344_C 1934 2726 578 4.86e+03 3.95e+04 (4) 9.42e+04 2.67e+09

iJO1366 1805 2583 582 6.02e+03 5.14e+04 (5) 9.99e+04 2.71e+09
iBWG_1329 1949 2741 609 3.06e+03 4.22e+04 (4) 1.05e+05 2.97e+09

iML1515 1877 2712 633 4.65e+03 5.65e+04 (5) 1.15e+05 3.21e+09
Recon1 2766 3741 931 8.09e+03 1.94e+04 (2) 3.20e+05 6.93e+09

Recon2D 5063 7440 2430 2.48e+04 5.44e+04 (2) ∼ 140 days 1.57e+11
Recon3D 8399 13543 5335 1.03e+05 1.44e+05 (2) – –
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In Table 1 we report the results of MMCS and cobra. We run MMCS until we get a
value of ESS equal to 1 000; meaning that we stop when the sum over all phases of the
minimum values of ESS among all the marginals is larger than 1 000. Moreover, in Table 1
all the marginals of the sample that MMCS returns have PSRF < 1.1. This is another
statistical evidence on the quality of the generated sample. The histograms in Fig. 4 illustrate
an approximation for the flux distribution of the reaction Thioredoxin as computed in
Recon2D and Recon3D respectively. The same marginal flux distribution in Recon2D was
estimated also in [25]. Notice that the estimated density slightly changes in Recon3D as the
stoichiometric matrix has been updated and thus the corresponding marginal is affected. In
Fig. 2 we also employ the copula representation to capture the dependency between two
fluxes to confirm a mutually exclusive pair of biochemical pathways. Notice that the run-time
of MMCS is one or two orders of magnitude smaller than the run-time of cobra and this gap
becomes much larger for higher dimensional models such as Recon2D and Recon3D.

For some models –see in the full version of the paper [13]– we introduce a further
improvement to obtain a better convergence. If there is a marginal in the generated sample
from MMCS that has a PSRF larger than 1.1 then we do not take into account the k first
phases, starting with k = 1 until we get both ESS equal to 1 000 and all the PSRF values
smaller than 1.1 for all the marginals. By “do not take into account” we mean that we neither
store the generated sample –for the first k phases– nor we sum up its ESS to the overall ESS
considered for termination by MMCS. Note that for these models it is not practical to repeat
MMCS runs for different k until we get the required PSRF value. We can obtain the final
results –reported in Tables 1– in one pass. We simply drop a phase when the ESS reaches
the requested value but the PSRF is not smaller than 1.1 for all the marginals.

Interestingly, the total number of Billiard Walk steps –and consequently the run-time–
does not increase as k increases [13]. This means that the performance of our method
improves for these models, when we do not take into account the k first phases of MMCS.
This happens because the performance of Billiard Walk improves as the polytope becomes
more rounded from phase to phase. In particular, in the full version of the paper [13] we
analyze the performance of Billiard Walk for the model iAF1260. We sample 20d points
per phase with walk length equal to 1 and we report the average number of reflections, the
ESS, the run-time, and the ratio σmax/σmin per phase. The latter is the ratio between the
maximum over the minimum singular value of the point-set. The larger this ratio is the more
skinny the polytope of the corresponding phase is. As the method progresses from the first
to the last phase, the average number of reflections and the run-time decrease and the ESS
increases. This means that as the polytope becomes more rounded from phase to phase, the
Billiard Walk step becomes faster and the generated sample has better quality. This explains
why the total run-time does not increase when we do not take into account the first k phases:
the initial phases are slow and they contribute poorly to the quality of the final sample; the
last phases are fast and contribute with more accurate samples.
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Abstract
In this paper, we introduce an extension of smoothing on Reeb graphs, which we call truncated
smoothing; this in turn allows us to define a new family of metrics which generalize the interleaving
distance for Reeb graphs. Intuitively, we “chop off” parts near local minima and maxima during
the course of smoothing, where the amount cut is controlled by a parameter τ . After formalizing
truncation as a functor, we show that when applied after the smoothing functor, this prevents
extensive expansion of the range of the function, and yields particularly nice properties (such as
maintaining connectivity) when combined with smoothing for 0 ≤ τ ≤ 2ε, where ε is the smoothing
parameter. Then, for the restriction of τ ∈ [0, ε], we have additional structure which we can take
advantage of to construct a categorical flow for any choice of slope m ∈ [0, 1]. Using the infrastructure
built for a category with a flow, this then gives an interleaving distance for every m ∈ [0, 1], which is
a generalization of the original interleaving distance, which is the case m = 0. While the resulting
metrics are not stable, we show that any pair of these for m, m′ ∈ [0, 1) are strongly equivalent
metrics, which in turn gives stability of each metric up to a multiplicative constant. We conclude by
discussing implications of this metric within the broader family of metrics for Reeb graphs.
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1 Introduction

The Reeb graph, originally defined in the context of Morse theory [44], represents a portion
of the underlying structure of a topological space X through the lens of a real valued function
h : X → R; the pair of data (X, h) is known as an R-space. Specifically, points in the Reeb
graph correspond to connected components in the levelsets of the function; as such, the
Reeb graph inherits a real valued function from the original input data. For nice enough

© Erin Wolf Chambers, Elizabeth Munch, and Tim Ophelders;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 22; pp. 22:1–22:17

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:erin.chambers@slu.edu
mailto:muncheli@msu.edu
https://orcid.org/0000-0002-9459-9493
mailto:t.a.e.ophelders@tue.nl
https://doi.org/10.4230/LIPIcs.SoCG.2021.22
https://arxiv.org/abs/2007.07795v3
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


22:2 Truncated Interleavings

0

2ε

4ε

−4ε

−2ε
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Figure 1 From left to right: an R-space (X, f̃), its Reeb graph (G, f), smoothings are shown for
two parameters, ε and 2ε. Function values are shown by height.

inputs, the resulting object is a finite graph. So, at its core, we focus our study on objects
of the form (G, f) where G is a graph and f : G → R is a function given on vertices and
interpolated linearly on the edges. See Figure 1 for an example.

Reeb graphs have become increasingly useful in a wide range of applications, including
settings such as shape comparison [35, 29], denoising [52], shape understanding [25, 34],
reconstructing non-linear 1-dimensional structure in data [42, 32, 19, 50], summarizing
collections of trajectory data [15], and allowing for informed exploration of otherwise hard-
to-visualize high-dimensional data [51, 33]; see [5] for a survey of these and more topics. As
a result, there is interest in defining metrics on these objects, to evaluate their quality in
the face of noisy input data as well as to allow for more accurate shape comparison and
analysis. In this setting, we are focused on metrics that incorporate both the graph and
function information: so d((G, f1), (G, f2)) should be non-zero if f1 ̸= f2 even though they
are defined on the same underlying graphs.

Several metrics have arisen recently to do this, taking inspiration from different math-
ematical backgrounds [23, 4, 3, 16, 27, 28, 1, 47, 2]. In this paper, we focus on the Reeb
graph interleaving distance [23]. The basic idea is to work with a notion of smoothing,
which returns a parameterized family of Reeb graphs, Sε(G, f) for every ε ≥ 0, starting with
ε = 0 which leaves the input unchanged. This procedure simplifies the loop structures and
stretches tails [54]; see Figure 1 for an example. Then the goal is to find an ε-interleaving,
which is a pair of families of maps making a particular diagram commute. If ε = 0, this
diagram simplifies down to finding an isomorphism between the two Reeb graphs; increasing
ε provides more flexibility to find such pairs of maps. Then we have a metric by defining
dI((G, f), (Hh)) to be the infimum over the set of ε for which such a diagram exists.

This metric takes root in the interleaving distance defined for persistence modules [18],
and is largely inspired by the subsequent category theoretic treatment [14, 12]. This viewpoint
comes from encoding the data of a Reeb graph in a constructible set-valued cosheaf [21, 22].
It was later shown that these metrics are special cases of a more general theory of interleaving
distances given on a category with a flow [24, 48, 20]. This framework encompases common
metrics including ℓ∞ distance on points or functions, regular Hausdorff distance, and the
Gromov-Hausdorff distance [48, 13]. Using this framework, interleaving metrics have been
studied in the context of R-spaces [8], multiparameter persistence modules [38], merge trees
[39], and formigrams [36, 37], and on more general category theoretic constructions [10, 45].
There are also interesting restrictions to labeled merge trees, where one can pass to a matrix
representation and show that the interleaving distance is equivalent to the point-wise ℓ∞
distance [40, 31, 53, 49].
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On the negative side, it has been shown that Reeb graph interleaving is graph isomorphism
complete [23, 6], and that many other variants are also NP-hard [6, 7]. All of this means
that these metrics, while mathematically interesting, may not lead to feasible algorithms for
comparison and analysis. However, a glimmer of hope arises with work investigating fixed
parameter tractable algorithms [30, 49]. Despite the issues of computational complexity,
notions of similarity for graphs in general, and Reeb graphs in particular, are of pressing
interest due to their extensive use in data analysis; in many such settings, we are concerned
with questions of quality in the face of noise, and understanding convergence of approximations
to a true underlying structure. For example, the interleaving distance has been used in
evaluating the quality of the mapper graph [46], which can be proven to be a approximation
of the Reeb graph using this metric [41, 11]. Furthermore, there is considerable interest in
unifying the interleaving distance with the emerging collection of other Reeb graph metrics.

In this paper, we introduce a truncation operation, which intuitively cuts off portions of
the Reeb graph near local extrema with respect to f ; this operation is easy to compute for
any Reeb graph and tends to result in a simplified Reeb graph. We show that truncation is a
functor, and when combined with the smoothing functor, defines a flow on the the category
of Reeb graphs. We investigate and prove particularly desirable geometric and topological
properties of truncated smoothing for certain ranges of the two parameters controlling the
functors. We then introduce a new family of metrics for Reeb graphs, called truncated
interleaving distances. They are parameterized by m ∈ [0, 1], and generalize the interleaving
distance, with the setting m = 0 being the original interleaving distance. We show that the
metrics arising from m ∈ [0, 1) are strongly equivalent. Although the metrics are not stable
in the sense of [3], strong equivalence implies that they are at least stable up to a constant.

When combined with preliminary work on geometric implications of smoothing [54],
truncated smoothing is interesting in its own right, as it provides a collection of paths for
Reeb graph space to be studied in terms of the resulting persistence diagrams. It also is useful
when considering algorithms to test planarity for Reeb graphs, or find planar representations
of them. The new family of metrics also provide the possibility for new approaches for
approximation algorithms for the interleaving distance, as well as new avenues for further
unification of the broader family of Reeb graph metrics.

Outline. We give the basic background on Reeb graphs, smoothing, and the Reeb graph
interleaving distance in Section 2. Next, we introduce our definition of truncated smoothing
in Section 3. In Section 4 we check properties of the truncated smoothing operation. We then
take a categorical view of truncated smoothing to develop a family of metrics and investigate
their properties in Sections 5 and 6. Finally, the results are discussed in Section 7. Note that
many proofs and technical details, as well as full background, several equivalent alternative
formulations, and more examples are included in the full version of the paper [17].

2 Background: Reeb graphs, smoothing, and interleaving

Given a topological space X along with a continuous R-valued function f : X → R, we call
the pair (X, f) an R-space. For two R-spaces (X, f) and (X′, g), we call a continuous map
φ : X → X′ function-preserving if f = g ◦ φ, and write φ : (X, f) → (X′, g) in that case.

For an R-space (X, f), we define an equivalence relation ∼f on the points of X, such
that x ∼f x

′ if and only if x and x′ lie in the same path-connected component of f−1(y)
for some y ∈ R. For sufficiently nice functions1, the quotient space X/∼f is a graph,

1 e.g. a Morse function on a manifold, or a constructible space and function [23], or a space with a
levelset-tame function [26].
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Dδ

δ

δ

Uδ

Figure 2 Left: the up-set (red) and down-set (blue) of a point. Although the up-set is a tree,
it is not an up-tree as it contains down-forks of the ambient graph. Right: the sets Uδ and Dδ of
points with no length δ up-path or down-path, respectively. The leftmost component of Dδ does not
contain the down-fork.

called a Reeb graph, and we denote the quotient map by qf : (X, f) → (X/∼f , g). Since
f(x) = f(x′) whenever x ∼f x

′, we can treat the Reeb graph as an R-space (X/∼f , g) by
defining g(qf (x)) = f(x), so that qf is function-preserving. Most but not all functions in
this paper are function preserving. Figure 1 illustrates the construction of a Reeb graph of
an R-space.

For the purposes of this work, we will largely divorce the idea of the Reeb graph from
the need for a starting space that was used to construct it. Thus for our purposes, a Reeb
graph is a pair (G, f) where G = (VG, EG) is a finite multigraph and f : G → R, referred
to as the height function, is a continuous map that is linearly interpolated along edges
of G, and for which no two neighboring vertices have the same function value. We write
Im(G, f) := f(G) ⊂ R for the image of the graph in R. The function can equivalently be
stored by defining f : VG → R as a function on the vertices, and extending it to the edges
implicitly. We treat G as a topological space, so that a point x ∈ G lies either on a vertex of
G, or interior to an edge of G. For succinctness, we also write x ∈ (G, f) to mean x ∈ G.
Since no two adjacent vertices have the same function value, a level set f−1(y) for y ∈ R is a
finite set of points in G which could be vertices and/or points in the interior edges.

Together, the collection of Reeb graphs (treated as R-spaces) with function-preserving
maps as morphisms forms a category, Reeb. For the reader without a background in category
theory, the basic idea is that that this collection of objects and morphisms satisfy some
basic axiomatic structures that make their analysis easier to view as a collection. It also
makes available the viewpoint of functors between categories, which are essentially structure
preserving maps. For now, we will largely hand-wave past the categorical constructions, and
defer the technicalities to the full version of the paper.

Define a path from x to x′ in (G, f) to be a continuous map π : [0, 1] → G such that
π(0) = x and π(1) = x′. A path is called an up-path if it is monotone-increasing with respect
to the function, i.e. f(π(t)) ≤ f(π(t′)) for t ≤ t′. Symmetrically, a path is a down-path if it
is monotone-decreasing. In the case of an up- or down-path π, we call |f(π(0)) − f(π(1))|
the height of the path.

In a Reeb graph (G, f), let the up-paths of a point x be the set of f -monotone paths that
have x as minimum. The up-set of a point x is the set of points reachable from x by an
up-path, including x itself. Define an up-fork to be a vertex x whose up-set contains at least
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ε

ε

Figure 3 From left to right: a Reeb graph (G, f), its ε-thickening (G × [−ε, ε], f + Id), and the
Reeb graph Sε(G, f) of the ε-thickening. The product of an edge with an interval is drawn to reflect
the function value at a given height.

two edges adjacent to x. We define down-paths, down-sets, and down-forks symmetrically.
Call the up-set of a point x an up-tree if it contains no down-forks of (G, f), and say that x
roots an up-tree in such case. The concept of rooting a down-tree is defined symmetrically.
See Figure 2.

▶ Definition 2.1. Fix a Reeb graph (G, f) and ε ≥ 0. Define the ε-thickening of G to be
the space G × [−ε, ε] with the product topology, and define (f + Id): G × [−ε, ε] → R by
(f + Id)(x, t) = f(x) + t. We define the ε-smoothing Sε(G, f) to be the Reeb graph of (f + Id),
and denote the corresponding quotient map by q : G× [−ε, ε] → Sε(G, f). The composition
of q with the the inclusion G ↪→ G× [−ε, ε];x 7→ (x, 0) is denoted η = q ◦ (Id, 0).

See Figure 3 for an example. In essence, smoothing eliminates small cycles whose height
is ≤ 2ε, and shrinks all other cycles; it also moves every up-fork and local maximum up and
every down-fork and local minimum down. Under the lens of studying the topology of the
graph (and in turn the original space), this serves as a functor that can be used to remove
noise and simplify topology in a parameterized fashion.

The smoothing construction, Sε, holds quite a bit more useful structure as not only is it
a functor, it is an example of a flow [24]. While we do not provide the full definition here,
the specifics are given in the full version of the paper. In particular, this comes from using
the additional structure afforded by the function preserving map η : (G, f) → Sε(G, f). We
will reserve the full investigation of η until the full version of the paper, but will use the
following property of categories with a flow.

▶ Theorem 2.2 ([24, Thm. 2.7]). A category with a flow gives rise to an interleaving distance
on the objects of the category; specifically, this construction is an extended pseudometric.

This construction is quite useful since simply by finding some relatively easy to check
structure on a category, we immediately get a distance measure on the objects. Depending
on the category and flow, this construction encompasses many standard metrics such as the
Hausdorff distance; and with a choice of other categories and flows we can construct new
metrics. We are particularly interested in the special case of the interleaving distance for
Reeb graphs as studied in [23].
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▶ Definition 2.3. An ε-interleaving with respect to Sε is a pair of maps, φ : (G, f) → Sε(H,h)
and ψ : (H,h) → Sε(G, f) such that the diagram

(G, f) Sε(G, f) S2ε(G, f)

(H,h) Sε(H,h) S2ε(H,h)

η

φ

Sε[η]

Sε[φ]

η

ψ

Sε[η]

Sε[ψ]

commutes. The interleaving distance is defined to be

dI((G, f), (H,h)) = inf
ε

{there exists an ε-interleaving of (G, f) and (H,h)}.

In the construction on this category, dI is an extended metric since the interleaving distance
between Reeb graphs with different numbers of connected components is ∞ as there is no
interleaving available for any ε [23]. One particularly useful property we will make use of
is understanding how the image of the smoothed Reeb graph, Im(Sε(G, f)) := f(G) ⊆ R,
changes under smoothing. Note that if G is connected, Im(G, f) is connected so it is an
interval.

▶ Proposition 2.4. For a connected Reeb graph (G, f) with Im(G, f) = [a, b],

Im(Sε(G, f)) = [a− ε, b+ ε].

Proof. For any c ∈ Im(Sε(G, f)), we show that c ∈ [a− ε, b+ ε]. There is some x ∈ Sε(G, f)
with fε(x) = c, where fε is the induced function on Sε(G, f). Then there is a (y, t) ∈ G×[−ε, ε]
with f(y) + t = c. Combining a ≤ f(y) ≤ b and −ε ≤ t ≤ ε gives that a− ε ≤ c ≤ b+ ε.

For the other direction, let c ∈ [a−ε, b+ε]. There exists some d ∈ [a, b] with c−d ∈ [−ε, ε].
Because Im(G, f) = [a, b], there exists some x ∈ f−1(d) and (x, c− d) ∈ G× [−ε, ε] quotients
to some y ∈ Sε(G, f) with fε(y) = c, so Im(Sε(G, f)) = [a− ε, b+ ε]. ◀

3 Truncated smoothing

We can now introduce our new, modified smoothing of Reeb graphs. Notice from Proposi-
tion 2.4 that as the Reeb graph is smoothed, the image becomes larger. The basic idea of
truncated smoothing is to cut off some of those expanding tails in a well-defined way.

Let Uτ (G, f) be the set of points of G that do not have a length τ up-path, and define
Dτ (G, f) symmetrically for down-paths. Note that for any point x ∈ Uτ (G, f), all up-paths
from x also lie in Uτ (G, f); the symmetric property is true for Dτ (G, f). Both Uτ (G, f) and
Dτ (G, f) are open subsets of (G, f). See Figure 2 for an example. With this, we can define
truncation as follows.

▶ Definition 3.1. The τ -truncation of (G, f), is the subgraph of (G, f) consisting of the
points that have both an up-path and a down-path of height τ ; specifically

T τ (G, f) := (G, f) \ (Uτ (G, f) ∪Dτ (G, f)).

This operation can be seen in the second and third graphs of Figure 4. Notice that T 0(G, f) =
(G, f), and that for large enough τ , it is entirely possible to disconnect the graph, or even
to be left with an empty graph. Utilizing the truncation operation in conjunction with the
Reeb graph smoothing operation is what we call truncated smoothing.
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0

2ε

4ε

−4ε

−2ε

(G, f) Sε
ε(G, f) S2ε

2ε(G, f)T ε(G, f) T 2ε(G, f) S2ε
ε (G, f) S4ε

2ε(G, f)

Figure 4 Example of smoothing and truncating for a range of values, on the graph from Figure 1.

▶ Definition 3.2. Let (G, f), ε ≥ 0 and τ ≥ 0 be given. Then the truncated smoothing of
(G, f) is defined by Sτε (G, f) = T τSε(G, f).

If τ = 0, S0
ε (G, f) = T 0(Sε(G, f)) = Sε(G, f). So S0

ε is the same as Sε, and thus the
truncated smoothing can be thought of as a generalization of the smoothing definition.

Consider Figure 4, which shows why we smooth before truncating and more generally,
why we will soon want to place restrictions on the relationship between τ and ε. Namely, for
this example, we have drawn T ε(G, f) and T 2ε(G, f). In the second case in particular, it is
clear that truncation has massive detrimental effects on the topology as evidenced by the
fact that T 2ε(G, f) has two connected components. However, we can avoid these issues when
we smooth first. In the last four examples, smoothing serves to move cycles away from the
extrema, so that for a limited amount of truncation, no cycles are broken. We will quantify
this “safe” amount of truncation in Section 4. So, while the smoothing parameter still gets
rid of the center circle, the truncation only gets rid of expanding tails.

Algorithm. The τ -truncation of a Reeb graph (G, f) can be computed by first storing the
length of the longest up-path and down-path of each vertex. This can be done in linear
time using a topological sort of the graph based on directing all edges upward. We can for
each local maximum store that it has a 0-length up-path, and for the remaining vertices,
processes in the order given by the topological sort, storing the length of their up-path based
on the stored length of all previously processed neighbors. We store the length of the longest
down-path for each vertex symmetrically. Now, we can compute for each edge how much
of it remains in the truncation, and subdivide the edges if necessary. Finally, remove all
vertices and edges that do not have a sufficiently long up-path or down-path. This procedure
takes O(n+m) time on a graph with n vertices at m edges. The truncated smoothing can
be computed by first computing the smoothing [23] in O(m log(m+ n)) time, giving a total
running time of O(m log(m+ n)).

4 Properties of truncated smoothing

We can visualize the relationship between τ and ε as drawn in Figure 5. For this figure, we
assume we start with a connected Reeb graph (G, f) and study properties of Sτε (G, f) which
is represented by the point (ε, τ) in the plane. In the remainder of this section, we state the
properties of Sτε in different regions of the ε-τ -plane, culminating in the parameter space
labeling of Figure 7. We will focus in this section on the case where G is a connected graph,
although some results can be modified to incorporate disconnected inputs. These results on
disconnected graphs, as well as many of the more technical proofs, are presented in the full
version of the paper.

SoCG 2021



22:8 Truncated Interleavings
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Figure 5 Visualization of Proposition 4.1. Given a connected G where Im(G, f) = [a, b] ⊂ R,
Sτ

ε (G, f) is empty if it is in the red region and non-empty if it is in the white region. Parameters in
the grey region can be either empty or not.

4.1 When is Sτ
ε (G, f) empty?

We first study the values of ε and τ for which the truncated smoothing is empty. For the
purposes of notation, define Im(G, f) = f(G) ⊂ R. Consider the following simple example:
Let L[a,b] be a Reeb graph consisting of a single edge with image [a, b] ⊆ R, and for an interval
I ⊆ [a, b], let LI ⊆ L[a,b] be the unique subgraph with image I. Then T τ (L[a,b]) = L[a+τ,b−τ ]
if 2τ ≤ b− a, and is the empty Reeb graph for 2τ > b− a. On the other hand, Sε(L[a,b]) is
isomorphic to L[a−ε,b+ε].

In particular, T τ and Sε transform any monotone path with image [a, b] into a monotone
path with image [a+ τ, b− τ ], [a− ε, b+ ε], respectively. In addition, smoothing or truncating
the empty Reeb graph again yields the empty Reeb graph. We can build this intuition into
the following proposition; details are in the full version of the paper. Note that in the case of
a connected graph G, Im(G, f) is connected and thus is an interval.

▶ Proposition 4.1. Let (G, f) be connected with Im(G, f) = [a, b].
If b− a < 2(τ − ε), then Im(Sτε (G, f)) = ∅.
If b− a ≥ 2(τ − ε) and τ ≤ 2ε, then Im(Sτε (G, f)) = [a− (ε− τ), b+ (ε− τ)].

Sketch proof. We first show that b − a < 2(τ − ε) implies the image is empty. We show
in the full version of the paper that for a connected graph (H,h) with image [a′, b′] and
b′ − a′ < 2τ , T τ (H,h) is empty. By Proposition 2.4, Im(Sε(G, f)) = [a − ε, b + ε]. Then
setting Sε(G, f) = (H,h), we have for b − a < 2(τ − ε), that (b + ε) − (a − ε) ≤ 2τ , so
Im(Sτε (G, f)) = Im(T τ (Sε(G, f))) = ∅.

Now, we can assume b − a ≥ 2(τ − ε). One direction of containment is easy since by
Proposition 2.4, Im(Sτε (G, f)) = Im(T τ (Sε(G, f))) ⊆ [a−(ε−τ), b+(ε−τ)]. Thus, it remains
to show that [a− (ε− τ), b+ (ε− τ)] ⊆ Im(Sτε (G, f)). The basic idea is to take two points
s, t ∈ Sε(G, f) with f(s) = a− ε and f(t) = b+ ε, and show that they are connected by a
path π in Sε(G, f) for which the only portions that get truncated are the endpoints. This
is simple if π is itself a monotone path; otherwise we use the fact that G has already been
smoothed and that we do not truncate too much (τ ≤ 2ε) to show that the parts of the path
which are not monotone still have long enough up- and down-paths to not be removed. ◀

This proposition gives us that Sτε (G, f) is an empty graph if (ε, τ) is interior to the red
region of Figure 5, and is empty in the white region. We cannot expand this proposition to
the grey region of Figure 5 as there are examples for which Sτε (G, f) can be either empty or
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τ

τ

Figure 6 A Reeb graph (G, f) for which T τ (G, f) = Sτ
0 (G, f) is empty. This choice of τ is such

that Im(G, f) has diameter greater than 2τ , thus Sτ
0 (G, f) is in the grey region of Figure 5.

not. For instance, in the example of Figure 6, |Im(G, f)| ≥ 2(τ − ε), but each position in the
graph is either missing a long enough up- or down-path, and hence the truncated graph is
empty. On the other hand, for the graph with a single edge L[a,b], any truncation τ < b−a

2 is
non empty.

4.2 When does Sτ
ε (G, f) maintain connectivity?

Our next goal is to understand when truncation preserves the connectivity of the input. As
seen in Figure 4, clearly just truncating the graph can disconnect an originally connected graph.
However, what is interesting is that smoothing first and not truncating too much relative to
the smoothing will maintain the connectivity; this will be made precise in Proposition 4.6.
For this, we introduce two properties, t-tailed and s-safe, and study how they are affected by
smoothing and truncation.

▶ Definition 4.2. A Reeb graph is t-tailed if it has a height t up-path at every down-fork
and a length t down-path at every up-fork. A Reeb graph is weakly s-safe if each component
has a point with both an up-path and a down-path of height at least s. A Reeb graph is s-safe
if it is both s-tailed and weakly s-safe.

Note that every non-empty Reeb graph is 0-safe. For example, the graph drawn in
Figure 2 is not δ-tailed because the bottommost up-fork has no down-path of height δ; in
addition, the topmost down-fork has no up-path of height δ.

We next have two results, proved in the full version of the paper, which show how the
•-tailed and •-safe properties are maintained under smoothing and truncating, albeit with
modified parameters.

▶ Proposition 4.3. If (G, f) is t-tailed, then Sε(G, f) is (t+ 2ε)-tailed. If (G, f) is s-safe,
then Sε(G, f) is (s+ ε)-safe. In particular, Sε(G, f) is always 2ε-tailed and ε-safe.

▶ Lemma 4.4. Fix 0 ≤ τ ≤ ε. If (G, f) is ε-tailed or safe, then T τ (G, f) is (ε− τ)-tailed or
safe, respectively.

Combining Proposition 4.3 and Lemma 4.4, we can see that outside the pink and grey
regions of Figure 7, we know that Sτε (G, f) is (t+ 2ε− τ)-tailed and (s+ ε− τ)-safe.

▶ Proposition 4.5. Fix 0 ≤ ε and 0 ≤ τ , and assume (G, f) is t-tailed and s-safe. If
τ ≤ t+ 2ε and τ ≤ ε+ ∥Im(G, f)∥/2, then Sτε (G, f) is (t+ 2ε− τ)-tailed and (s+ ε− τ)-safe.

Proof. Because (G, f) is t-tailed, Sε(G, f) is (t+ 2ε)-tailed by the first statement of Proposi-
tion 4.3. Since τ ≤ t+2ε, Sτε (G, f) = T τSε(G, f) is (t+2ε−τ)-tailed by Lemma 4.4. Similarly,
since (G, f) is s-safe, Sε(G, f) is (t + ε)-safe by the second statement of Proposition 4.3.
Then since τ ≤ t+ 2ε, Sτε (G, f) = T τSε(G, f) is (s+ ε− τ)-safe by Lemma 4.4. ◀

This brings us to our conclusion of parameters for which the connectivity is maintained,
with full details provided in the full version of the paper.
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τ (G, f) empty

?

s
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‖Im(f)‖
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(G, f) ∼= T 0S0(G, f)
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t
+
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m
(f
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<
τ
−
ε

T τSε(G, f) ∼= SεT
τ (G, f)

SεT
τ (G, f) connected

T τSε(G, f) connected,
(t+2ε− τ)-tailed, and
max(0, s+ ε− τ)-safe

Figure 7 For connected, t-tailed, and s-safe (G, f), properties of Sτ
ε (G, f) = T τ Sε(G, f) and

SεT τ (G, f), parameterized by τ and ε.

▶ Proposition 4.6. If (G, f) is connected and τ ∈ [0, 2ε], then Sτε (G, f) is also connected.

Sketch proof. We show in the full version of the paper that for a connected, t-tailed graph,
T t(G, f) is connected by ensuring disjointness of the portion of the graph G removed because
it is lacking an up-path, and that which is removed because it is lacking a down-path. The
result is then a corollary of Proposition 4.3. ◀

4.3 When do Sε and T τ commute?
We finally investigate the commutativity of smoothing and truncating. The example of
Figure 4 shows why we must be careful with order of operations since T τSε(G, f) is not
necessarily the same as SεT τ (G, f). Specifically, S2ε

2ε(G, f) = T 2εS2ε(G, f) has one connected
component, but any smoothing of T 2ε(G, f) has two connected components. However, the
next two results imply that this issue does not arise if we smooth sufficiently before truncating.

▶ Proposition 4.7. If (G, f) is τ -safe, then SεT
τ (G, f) ∼= T τSε(G, f).

The proof is provided in the full version of the paper. Combining the proposition with
Lemma 4.4 and Proposition 4.3 gives the surprising result that the functors T and S do
commute in the green region of Figure 7. We can next use this result to show that for certain
choices of ε and τ , we can additively combine the parameters for truncated smoothing.

▶ Theorem 4.8. If (1) (G, f) is empty or (2) τ1 ≤ 2ε1 and (G, f) is weakly (τ1 − ε1)-safe,
then Sτ2

ε2
Sτ1
ε1

(G, f) ∼= Sτ1+τ2
ε1+ε2

(G, f).

Proof. Both smoothing and truncating the empty Reeb graph yields the empty Reeb
graph. So we are done if (G, f) is the empty Reeb graph, and we obtain not only an
isomorphism but an equality. Now suppose that (G, f) is not empty. Then Sε1(G, f) is
2ε1-tailed and weakly (τ1 − ε1 + ε1)-safe, and by definition min(2ε1, τ1) ≥ τ1-safe. Therefore
Sε2T

τ1Sε1(G, f) ∼= T τ1Sε2Sε1(G, f), and hence using Proposition 4.7,

Sτ2
ε2
Sτ1
ε1

(G, f) = T τ2Sε2T
τ1Sε1(G, f) ∼= T τ2T τ1Sε2Sε1(G, f) ∼= Sτ1+τ2

ε1+ε2
(G, f). ◀

In particular, the assumptions of the theorem are satisfied if τ1 ≤ ε1 since every non-empty
graph is 0-safe.
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5 Truncated interleaving distance

In this section, we survey the results related to defining the family of truncated interleaving
distances, proving that certain linear subspaces of our two parameter functor space (shown
in Figure 7) form a categorical flow. Since any category with a flow gives an interleaving
distance, we then use truncated smoothing to build a new family of metrics for Reeb graphs.

The whole idea behind building a category with a flow is that the flow itself must
be functorial, which means we must have knowledge of how it acts both on objects and
morphisms. So far, the results discussed in Section 4 only correspond to the object information.
In the full version of the paper, we will describe how to explicitly build the morphisms
Sτε (G, f) → Sτ

′

ε′ (G, f) (i.e., function preserving maps). However, these morphisms are only
available for certain choices of parameters. Restricting our view only to (ε, τ ) pairs for which
these morphisms exist gives us that for any choice of m ∈ [0, 1] we can set τ = mε to get
a flow.

▶ Theorem 5.1. For any m ∈ [0, 1], the map Sm : ([0,∞),≤) → End(Reeb); ε 7→ Smεε is a
functor and defines a categorical flow on Reeb.

Essentially, this m can be thought of as defining the slope of a line based at the origin
in the parameter space of Figure 7, and thus using Theorem 2.2, we have an interleaving
distance for any line with slope less than 1.

▶ Corollary 5.2. For any m ∈ [0, 1], Sm gives rise to an interleaving-type distance

dmI ((G, f), (H,h)) := inf{ε ≥ 0 | there exists a ε-interleaving with respect to Sm}.

Specifically, dmI is an extended pseudo-metric.

In the next theorem, we show that with the exception of m = 1, all the metrics created
are closely related in the following sense. Two metrics dA and dB are said to be strongly
equivalent if there are positive constants α1 and α2 such that α1dA ≤ dB ≤ α2dA. In the
following theorem, we show that dmI and dm

′

I are strongly equivalent if (m,m′) is contained
in the white region of Figure 8.

▶ Theorem 5.3. For any pair m,m′ ∈ [0, 1) with 0 ≤ m′ −m < 1 −m′ the metrics dmI and
dm

′

I are strongly equivalent. Specifically, given Reeb graphs (G, f) and (H,h),

dmI ((G, f), (H,h)) ≤ dm
′

I ((G, f), (H,h)) ≤ 1 −m

1 −m′ d
m
I ((G, f), (H,h))

The proof of this theorem is contained in the full version of the paper. Of course, as long
as we are willing to loosen the bounds, this result extends to any pair of m,m′ ∈ [0, 1).

▶ Corollary 5.4. For all pairs 0 ≤ M ≤ M ′ < 1, there exist positive constants C1 and C2
dependent on M and M ′ such that

C1d
M
I ((G, f), (H,h)) ≤ dM

′

I ((G, f), (H,h)) ≤ C2d
M
I ((G, f), (H,h)),

and thus dMI and dM ′

I are strongly equivalent metrics.

Proof. Consider M , M ′ given with M ≤ M ′. If M ′ ≤ 1+M
2 , then Theorem 5.3 applies

directly. Otherwise, we assume that M ′ ≥ 1+M
2 . Then dMI is equivalent to dαI for any α in

the interval (M, 1+M
2 ) and dM

′

I is equivalent to dβI for any β in the interval (2M ′ − 1,M ′).
Then there is a zigzag like the example in Figure 8 between α and β which remains in the
white region and for which each adjacent pair are strongly equivalent metrics. Equivalence
of metrics is transitive, so this implies dMI and dM

′

I are equivalent. ◀
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Figure 8 Parameter space for comparing metrics dm
I and dm′

I . The white region is allowable pairs
for Theorem 5.3. The vertices of the zigzag (shown as red points) give pairs of strongly equivalent
metrics which, when combined, show that M and M ′ are strongly equivalent in Corollary 5.4.

In particular, this corollary gives that the original Reeb graph interleaving distance (where
m = 0) is strongly equivalent to dmI for all m ∈ [0, 1). We note that there are many possible
zigzag paths which can be used to obtain this bound, but further exploration is needed to
determine which, if any, provide optimal constants.

6 Properties of the metrics

As noted, dmI is an extended pseudometric, which means it is possible for dmI ((G, f), (H,h))
to be infinite. However, it turns out this is not the case for broad classes of graphs. In fact,
in order to take infinite value, there must be no ε-interleaving with respect to Sm between
the two Reeb graphs. That being said, there are very specific instances where this metric
takes on infinite value.

The easiest case to handle is when m ∈ [0, 1), since we can use the characterization given
in [23] in conjunction with the equivalence of metrics Corollary 5.4.

▶ Proposition 6.1. Let m ∈ [0, 1). Then dmI ((G, f), (H,h)) < ∞ iff G and H have the same
number of path-connected components.

Proof. Note that d0
I = dI . By [23, Prop. 4.5], dI((G, f), (H,h)) is finite if and only if G and

H have the same number of path connected components. This combined with Corollary 5.4
gives the proposition. ◀

The characterization of when dmI is infinite for m = 1 is more complicated. Consider
a connected graph (G, f) with Im(G, f) = [a, b]. When m = 1, we are interested in
understanding the behavior of Sεε(G, f). By Proposition 4.1, we see that b−a ≥ 2(τ − ε) = 0,
so Sεε(G, f) = [a, b]. That is to say that the image of (G, f) is unchanged by Sεε . Now,
if we wanted to determine the interleaving distance d1

I for a given (G, f) and (H,h), one
requirement is always that we must smooth the given graphs enough for there to be a
morphism (G, f) → Sεε(H,h). However, because Sεε does not change the image, the function
preserving requirement of morphisms mean that if the graphs did not start with the same
image no choice of ε will make this possible. With this example in mind, we can characterize
when dmI takes on infinite values for m = 1.
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▶ Proposition 6.2. Let m = 1 and assume G and H are connected. Then

dmI ((G, f), (H,h)) < ∞ if and only if Im(G, f) = Im(H,h).

Further, if Im(G, f) = Im(H,h), then dmI ((G, f), (H,h)) ≤ |Im(G, f)|.

Proof. Note that by Proposition 4.1, for any connected G′ with Im(G′, f ′) = [a, b], we
have ImSεε(G′, f ′) = [a, b]. So the truncated smoothing maintains the image for every
connected component, and thus for the union of the connected components. Thus, we have
Im(G, f) = Im(Sεε(G, f)) and Im(H,h) = Im(Sεε(H,h)) for any choice of ε.

Assume we have an Sεε interleaving φ : (G, f) → Sεε(H,h) and ψ : (H,h) → Sεε(G, f).
Because φ and ψ are function preserving, φ(G) = Im(G, f) ⊆ Im(Sεε(H,h)) and ψ(H) =
Im(H,h) ⊆ Im(Sεε(G, f)). But since Sεε leaves the images unchanged, this implies that
Im(G, f) = Im(H,h).

Now assume Im(G, f) = Im(H,h). Let ε = |Im(G, f)| and consider the thickening
G× [−ε, ε] and a value a ∈ Im(G, f). We claim that (f + Id)−1(a) ⊆ G× [−ε, ε] is exactly
A = {(x, a − f(x)) | x ∈ G} and in particular, that it is homeomorphic to G. Indeed, for
any x ∈ G, a− f(x) ∈ [−ε, ε] and the point y = (x, a− f(x)) has image (f + Id)(y) = a so
A ⊆ (f + Id)−1(a). Moreover, for any (x, t) ∈ (f + Id)−1(a), f(x) + t = a so t = a− f(x),
thus (f + Id)−1(a) ⊆ A.

So, since G is connected and f is continuous, (f + Id)−1(a) ∼= G is a single connected
component for any a ∈ Im(G, f), and the same is true for (H,h). Because the Sεε smoothing
maintains the image, this implies Sεε(G, f) = Sεε(H, f) is a single line segment with the same
image. We obtain an interleaving by simply sending every point in (G, f) to the unique point
at the same height in Sε(H,h) and vice versa, so the dmI distance is finite. ◀

We next investigate stability, for this collection of metrics.

▶ Definition 6.3. Let (X, f) and (X, g) be R-spaces with the same total space X, and let
R(X, f) and R(Y, g) be the respective Reeb graphs. A metric d is said to be stable if

d(R(X, f), R(X, g)) ≤ ∥f − g∥∞.

The original Reeb interleaving distance, m = 0, is stable [23, Thm 4.4]. Unfortunately, dmI is
not stable in the strictest sense; to see why, consider the following simple example. Consider
two simple line segments for graphs, for example, (L, f1) and (L, f2) where Im(L, f1) = [−a, a]
and Im(L, f2) = [−b, b] for a < b. Then ∥f1 − f2∥∞ = b − a. However, the interleaving
distance requires that we smooth at least until [−b, b] = Im(L, f2) ⊆ Im(Sε(L, f1)). But by
Proposition 4.1, Im(Sε(L, f1)) = [a− (ε−mε), a+(ε−mε)]. Thus dmI (f1, f2) ≥ b−a

1−m ≥ b−a,
and is strictly greater if m ̸= 0. This means that b− a = ∥f1 − f2∥∞ < dmI ((L, f1), (L, f2)),
and thus dmI is not stable.

We can regain at least partial control of the distance, however, as dmI is still Lipschitz
when given a fixed choice of m.

▶ Proposition 6.4. Let m ∈ [0, 1). Assume (X, g1) and (X, g2) are given for a connected
space X and denote the associated Reeb graphs by (G, f) and (H,h) respectively. Then there
is a positive constant C dependent on m for which

dmI ((G, f), (H,h)) ≤ C∥g1 − g2∥∞.

Proof. By Corollary 5.4, d0
I and dmI are strongly equivalent metrics, so there is a positive

constant C for which dmI ≤ Cd0
I . Then because the Reeb graph interleaving distance d0

I is
stable, we have

dmI ((G, f), (H,h)) ≤ Cd0
I((G, f), (H,h)) ≤ C∥g1 − g2∥. ◀
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Because of the dependence on Corollary 5.4 where the optimal choice of zigzag to find the
constant C is unclear, we do not give an explicit formulation here. We conclude by connecting
our extended pseudometric to two other metrics for Reeb graphs, the functional distortion
distance [2] and the bottleneck distance [43]. The proof is a straightforward implication
of inequalities, so due to space constraints we simply state these results without formally
defining either. The interested reader can find further details on the metrics in [2] and [43].
▶ Proposition 6.5. The truncated interleaving distance is strongly equivalent to the functional
distortion distance. Further, defining dB as the bottleneck distance of the level set persistent
homology, we have the inequality dB ≤ 5dmI .
Proof. The interleaving distance, d0

I , is strongly equivalent to the functional distortion
distance by [4, Thm 16]. So by Corollary 5.4 and transitivity of strong equivalence, they are
each strongly equivalent to dmI for any m ∈ [0, 1). To obtain the inequality, we use the bound
on the bottleneck distance of level set persistent homology by the Reeb graph interleaving
distance in [9, Thm. 4.13]. ◀

7 Conclusion and discussion

Our primary aim has been to introduce the concept of truncated smoothing and establish
properties and connections of this operation. We have several reasons for considering this as a
similarity measure on Reeb graphs. First, it has potential for providing bounds for the stable
interleaving distance via the equivalence of metrics. Second, we came to this definition while
investigating drawings of Reeb graphs and when planarity is achievable (that, is whether
a Reeb graph has a planar drawing which respects the function in the y-coordinate). In a
subsequent paper, we will show that while traditional smoothing does not maintain planarity,
the truncated smoothing does for ε ≤ τ ≤ 2ε.

We suspect additional potential applications of truncated smoothing in comparing geo-
metric or planar graphs, since it simplifies the graph’s topology (via smoothing) without
suffering from extensive expansion of the co-domain or destruction of desirable combinatorial
properties like level planarity. Truncated smoothing also allows for interesting manipulation
of the extended persistence diagram of the Reeb graph and computation of morphs between
Reeb graphs; again, we defer details to future work, as a full classification of that manipulation
is necessary.

We suspect that the loss of stability discussed in Section 6 is not as dire as it seems. If
nothing else, Proposition 6.4 gives a Lipschitz constant in advance dependent only on m, so
it is possible to upper bound the difference using these new interleaving distances.

While we are able to connect our collection of metrics to several Reeb metrics (Propos-
ition 6.5), we have not investigated further connections to other metrics as of yet. One
particularly interesting future direction is to determine whether this collection of metrics
provides results related to strong equivalence between the interleaving distance and the
universal distance of [3]. Perhaps this broader collection of metrics will help to provide
stronger bounds between the various metrics on Reeb graphs, since strong equivalence with
one is strong equivalence with all.
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1 Introduction

In a topological space X, a closed curve c : S1 → X is contractible if the map c extends
to a map of the standard disk, f : D → X , f |∂D = c; such a curve can be continuously
deformed to a point. Dating back to Dehn [12] more than a century ago, the problem of
testing contractibility has been an important focus in the development of efficient algorithms
in computational topology and group theory. Such problems are now well understood in
two dimensions, with recent works of the second author and Rivaud [29] and Erickson and
Whittlesey [17] providing linear-time algorithms to test contractibility and free homotopy
of curves on surfaces; Despré and the second author [13] also developed efficient algorithms
for the closely related problem of computing the geometric intersection number of curves.
On the other hand, in higher dimensions, homotopy problems quickly become undecidable:
testing contractibility of curves is already undecidable on 2-dimensional simplicial complexes
and in 4-manifolds (see Stillwell [39, Chapter 8]).

The aim of this paper is to further improve our understanding of the intermediate
3-dimensional case. In a 3-manifold, testing whether a curve is contractible is known to
be decidable, but the best known algorithms are intricate and rely on the proof of the
Geometrization Conjecture. We refer to the survey of Aschenbrenner, Friedl and Wilton [2].
When the input manifold is a knot complement, this problem contains as a special case
the famous Unknot Recognition problem, which asks whether an input knot in R3 is
trivial. That problem is now known to be in NP [19] and co-NP [26]. Recently, Colin
de Verdière and the fourth author [10] initiated the study of a problem in between those
two, which is testing the contractibility of a closed curve γ which lies on the boundary of a
triangulated 3-manifold M , and they provided an algorithm to solve this problem in time
2O(|M |+|γ|)2). They asked whether the problem lies in the complexity class NP and proved
that it holds in two cases: when the number of self-intersections of γ is at most logarithmic,
and when the boundary surface is a torus. We remark that the existence of an algorithm to
test contractibility of a closed curve on the boundary actually follows from the earlier results
of Waldhausen [40], and an exponential-time algorithm can be derived from the standard
3-manifold literature, as we will explain later in this paper. However, the algorithm of [10, 11]
is simpler in the sense that it relies only on the proof of the Loop Theorem.

Our main result is that the problem of contractibility when the curve is on the boundary
of the 3-manifold is in NP. Furthermore, the algorithm that we provide has two additional
features. First, it is fixed parameter tractable in the input manifold: for a given 3-manifold
M , after a preprocessing taking exponential time in |M |, we can solve any contractibility
test for curves on the boundary in polynomial time. Second, our algorithm also works if the
input curve is compressed via a straight-line program, in particular, it can be exponentially
longer than its encoding size (we defer to Section 2 for the precise definitions).

▶ Theorem 1. Let a triangulated 3-manifold M and a curve γ on the boundary of M be
given as the input. The problem of deciding whether γ is contractible in M is in NP, and
there is a deterministic algorithm that solves the problem in time 2O(|M |3)poly(|γ|). This is
also the case if γ is given as a compressed word, i.e., a straight-line program.

Our proof of Theorem 1 will reduce the problem to another problem involving only curves
on surfaces. However, there is an important subtlety. Many algorithms in 3-dimensional
topology involve an exponential blow-up in the size of the objects under consideration. This
is the case for example for Unknot Recognition, where the classical algorithm [19] looks
for a disk spanning the knot, but this disk might be exponentially large [20]. In order to
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get NP membership, this exponential blow-up is controlled using a compressed1 system of
coordinates called normal coordinates (see Section 2 for definitions). Our approach follows a
similar scheme and suffers from a similar blow-up, which forces us to deal with normal curves.
Precisely, we show that the problem of contractibility of an arbitrary curve on the boundary
of a 3-manifold reduces to the following problem. Given a family of disjoint normal closed
curves ∆ on a triangulated surface S, and a curve γ on S, decide if γ lies in the normal
subgroup of the fundamental group determined by the curves of ∆ (appropriately connected
to the basepoint). This is equivalent to deciding if the curve γ is contractible in the space
resulting from S by gluing a disk to each component of ∆. We call this problem the disjoint
normal subgroup membership problem, and we provide an algorithm to solve it in polynomial
time, despite the highly compressed nature of ∆ and γ.

▶ Theorem 2. Let an orientable triangulated surface S, a closed normal multi-curve ∆,
and a compressed curve γ be given as the input. There is a polynomial-time algorithm for
deciding the disjoint normal subgroup membership problem for γ and ∆ on S.

To solve the disjoint normal subgroup membership problem, one of our technical tools
is a polynomial-time algorithm to test triviality of a compressed closed curve on a surface,
which might be of independent interest. In fact, we compute a canonical form for such a
curve, such that there is a unique canonical representative in each based homotopy class.

▶ Theorem 3. Let an orientable triangulated surface S and a compressed loop γ on S

described by a straight-line program be given. Then one can transform γ, in polynomial time,
into a canonical form in its based homotopy class, given as a compressed word. In particular,
we can test in polynomial time whether γ is contractible.

We emphasize that in Theorem 3 the surface S is part of the input. The analogous
theorem, if we assume that surface S is not part of the input, has been known in a much
broader context, as we discuss in the next section.

1.1 Related work
Algorithms in 3-manifold topology. There is now a large body of research on the computa-
tional complexity of problems in 3-manifold topology and knot theory. To paint a picture
in broad strokes, most topological problems are now known to be decidable, using a combi-
nation of geometric, algebraic and topological tools and the complexity of the best known
algorithms range from exponential [19, 1] to quite galactic, see for example Kuperberg [25]
for the homeomorphism problem. In contrast, only very few complexity lower bounds are
known [1, 27, 9] and for many problems, including ours, it is open whether a polynomial-time
algorithm exists. One particular tool that our work relies on is normal surface theory,
which provides a powerful framework to enumerate and analyze the topologically relevant
embedded surfaces in a 3-manifold. Actually, tools from normal surface theory [38] provide
an off-the-shelf algorithm proving that deciding contractibility of a simple curve on the
boundary of a 3-manifold is in NP, as explained in [10, Section 3]. However, normal surface
theory is ill-adapted to study surfaces that are not embedded [5], hence the more technical
path that we follow in this paper. We refer to Lackenby [28] for a recent and extensive survey
on algorithms in 3-manifold topology.

1 There are two different forms of compression going on in this paper: normal coordinates and straight
line programs. We keep the name compressed for the latter, while a curve or a multicurve encoded with
normal coordinates will be simply called a normal (multi-)curve.
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Geometric and combinatorial group theory. The problem of deciding the contractibility
of a curve in a topological space, which is given for example as a finite simplicial complex,
can be equivalently rephrased as a problem of testing the triviality of a word in a finitely
presented group, the fundamental group of the space. In the case of 2- and 3-manifolds, the
geometry or topology of the underlying manifold has a strong impact on the properties of
the group, and there is a vast amount of literature on this interaction, see for example [8].
We refer to Aschenbrenner, Friedl and Wilton [2, 3] for the case of 3-manifold groups. Of
particular interest for the word problem is the notion of a Dehn function, which upper bounds
the area of a disk certifying the triviality of a word, and thus controls the complexity of a
brute-force algorithm to solve the word problem. For 3-manifold groups, this function can
be exponential [7, Theorem 8.1.3], making such an approach at least exponentially worse
than ours. When the Dehn function of a group presentation is polynomial (as is the case, for
instance, for the fundamental group of a compression body), it can be used to prove that the
word problem is in NP. However, the word problem is defined for a fixed presentation. In
our problem, the group presentation itself is part of the input, and we cannot use the bound
on the Dehn function directly.

Algorithms for compressed curves and surfaces. As we hinted at in the introduction,
3-dimensional algorithms naturally tend to involve exponentially large objects, which are
generally compressed using normal coordinates. This incurs a need for efficient algorithms
dealing with normal curves and surfaces, even for the most basic tasks. For example, it is not
easy to test whether a curve described by normal coordinates is connected. By now, there
are many known techniques to handle topological problems on compressed curves, see for
example Agol, Hass and Thurston [1], Schaefer, Sedgwick and Stefankovič [35, 36], Erickson
and Nayyeri [16], Bell [4] or Dynnikov [14] and Dynnikov and Wiest [15]. None of these
techniques seem to directly solve our disjoint normal subgroup membership problem, but we
rely extensively on the work of Erickson and Nayyeri [16] as a subroutine (see Section 4).
However, normal coordinates do not describe curves with self-intersections, which are our
main object of interest in this paper. This is why we rely on a different compression model
in the form of straight-line programs. The use of such programs in geometric group theory is
not new, and in particular there is a sketch of an algorithm to test triviality of compressed
curves on a surface of genus 3 in an appendix of Schleimer [37, Appendix A]. His approach
seems to be readily generalizable to higher genus, but the dependency on the genus is not
made explicit. More recently, Holt, Lohrey and Schleimer [23] provided a polynomial-time
algorithm to test triviality of compressed words in hyperbolic groups, of which (most) surface
groups are a subclass. The difference with our Theorem 3 is that in their result, the group
presentation is not part of the input. While both approaches could plausibly be used in our
setting, we rely on different tools to provide a complete proof of Theorem 3: our approach
treats the surface as an input and works for any genus, and seamlessly generalizes to the
case of wedges of surfaces that we also need.

1.2 Summary of our techniques
The standard methods of normal surface theory allow us to reduce our main contractibility
problem to the case where the input manifold belongs to a particular class of manifolds
called compression bodies, see Section 3. The fundamental group of a compression body is
roughly a free product of surface groups, and thus one can rely on known algorithms for
surfaces [17, 29] to solve the contractibility problem there. However, due to the exponential
size of normal surfaces, this would only yield an exponential time algorithm. In order to
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improve on this, we identify the precise problem that we need to solve to be the disjoint
normal subgroup membership problem and set out on a quest to solve it efficiently. While an
NP algorithm would suffice for our main result, we will develop a polynomial-time algorithm.

The disjoint normal subgroup membership problem is made delicate by the compressed
nature of the curves in ∆. If they were given as disjoint curves, say, on the 1-skeleton of
the surface, we could glue a disk on each of them, and observe that the resulting complex is
homotopically equivalent to a wedge of surfaces2, allowing us to reduce the problem to the
triviality of a curve in a surface (see Section 5 for a description of the homotopy equivalence).
In order to do so despite the compression, we compute in Section 4 a retriangulation of the
surface, so that the curves in ∆ are only polynomially long in the new triangulation. This
is done by tracing the normal curve and building the street complex which was specifically
designed by Erickson and Nayyeri to handle normal curves on surfaces in polynomial time.
We then track how the street complex interacts with our input curve γ. This operation
comes at a cost: even if the input curve γ was not compressed, it may become exponentially
long after the retriangulation. Since it may be not simple, we rely on straight-line programs
instead of normal curves to encode it. At this stage, we note that it might as well have been
a compressed straight-line program from the start.

Finally, we want to test the triviality of a compressed curve in a wedge of surfaces. The
fundamental group of this wedge is a free product of fundamental groups of surfaces, and thus
the crux of the problem is to solve it in a single surface. While there are known techniques
to test the contractibility of a curve on a surface, based on local simplification rules [17, 29],
the compressed nature of our curves is once again a stumbling block here, as we need to
be careful to never apply an exponential number of such simplification rules. The solution
sketched by Schleimer [37, Appendix A] to that issue is to introduce a family of well-tempered
paths, which are carefully designed to not necessitate such exponential simplifications. We
use a different approach: we rely on the standard tools developed for the non-compressed
case, namely quad systems and turn sequences, and detect exponential simplification and
realize them all at once in polynomial time. This relies on recent insights on the structure of
these quad systems [13] [30, Section 4.3].

Most proofs are omitted due to space constraints; complete details are provided in the
full version, which is appended after this extended abstract.

2 Background

We begin by recalling some key definitions and results, although we assume that the reader
is familiar with basic algebraic topology such as homotopy and fundamental groups; we refer
to Hatcher [21] or Stillwell [39] for more detailed definitions.

2.1 3-Dimensional manifolds
A 3-manifold is a topological space that is locally homeomorphic to a 3-dimensional ball or a
3-dimensional half-ball. The points of the latter type form the boundary of the 3-manifold,
which is always a surface. In this paper, 3-manifolds are always assumed to be triangulated,
and we use common and a less restrictive definition than simplicial complexes: a triangulation
of a 3-manifold M is a collection of n abstract tetrahedra, along with a collection of gluing

2 A wedge of a family topological spaces is the space obtained after attaching them all to a single common
point. Actually, there are also circle summands here – we do not mention them in this outline to keep
the discussion light.
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pairs which identify some of the 4n boundary triangles in pairs. In particular, we allow two
faces of the same tetrahedron to be identified. If we add the further restriction that the
neighborhood of each vertex is a 3-ball or a half 3-ball and no edge gets glued to itself with
the opposite orientation, then the resulting space is always a 3-manifold [34].

This paper makes heavy use of normal surface theory; see the full version for more
definitions and relevant background on this topic.

2.2 Curve and surface representations
All the surfaces in this article are closed, i.e., without boundary. We shall often represent
a surface by a graph cellularly embedded in that surface. This embedding is encoded
as a combinatorial surface thanks to a rotation system over the edges of the graph [33].
Equivalently, one can define a combinatorial surface as a gluing of polygons whose sides
are pairwise identified. When all the polygons are triangles, we speak of a triangulation, or
a triangulated surface. Note that we allow a triangle to have two sides identified after the
gluing or two triangles to share two vertices but no edge, etc.

The complexity of a surface is the number of cells (vertices, edges and faces) of the
complex induced by the graph embedding. A curve on such a surface can be represented or
encoded in a variety of ways. For instance, any curve is homotopic to a curve defined by a
walk on the 1-skeleton of the complex. The complexity of the curve is the number of edges in
the walk counted with repetition. One can also consider curves in general position avoiding
the vertices of the graph and cutting its edges transversely as in the next section, in which
case we say the complexity of a curve is its number of intersection points with the graph.

We next outline two different notions of compressed curve representations. To repeat the
footnote of warning in the introduction: normal coordinates and straight line programs are
two different methods for compressed representations, both of which we use in this paper. We
keep the name compressed for straight line programs, while a curve or a multicurve encoded
with normal coordinates will be simply called a normal (multi-)curve.

Normal curves. Let S be a triangulated surface. A multi-curve is a disjoint family of
curves embedded on a S. A multi-curve c is normal if it is in general position with respect
to the triangulation of S and if every maximal arc of c in a triangle has its endpoints on
distinct sides. In particular, no component of a normal curve is contained in the interior of
a single triangle. A normal curve may have three types of arcs in a triangle, one for each
pair of sides. Counting the number of arcs of c of each type in each of the t triangles of the
triangulation, we get 3t numbers called the normal coordinates of c. A normal isotopy of S

is an isotopy that leaves each cell of the triangulation invariant. Up to a normal isotopy, c is
completely determined by its normal coordinates. It is thus possible to encode a multi-curve
with exponentially many arcs by storing its normal coordinates, which then have polynomial
bit-complexity. A normal multi-curve is reduced if no two of its components are normally
isotopic.

Straight-line programs. Another method of compressing curves is to think of a curve
as a word over an alphabet. In this encoding, a letter of the alphabet corresponds to a
directed edge on the surface and juxtaposition of letters corresponds to concatenation of
paths. Therefore, we can consider curves as abstract words and to represent them using
compressed representations of abstract words. The length of a word w, denoted by |w|, is
the number of letters in it.
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A straight-line program is a four-tuple A = ⟨L, A, An, P⟩ where:
L is a finite alphabet of terminal characters,
A is a disjoint alphabet of nonterminal characters,
An ∈ A is the root, and
P = {Ai → Wi} is a sequence of production rules, where Wi is a word in (L ∪ A)∗

containing only non-terminals Aj for j < i.

A straight-line program is in Chomsky normal form if every production rule either has
two non-terminals or a single terminal on the right. Every straight-line program can be put in
polynomial time into Chomsky normal form by adding intermediate non-terminals, and thus
we will always assume that a straight-line program is in Chomsky normal form. We denote
by w(A) the word encoded by a non-terminal character A, or sometimes simply by A when
there is no confusion. Its length is denoted by |A|. We will always use a terminal alphabet
L equipped with an involution a 7→ ā. The reversal of a word w is the word obtained by
changing its letter a by its reverse ā and reversing the order of the letters.

Composition systems are straight-line programs of a more advanced type, where produc-
tions of the form P → A[i : j]B[k : l] are allowed, and the meaning is that A[i : j] represents
the subword between the i + 1th and jth letter (both included, starting the numbering
at 1) of the word that A encodes. We take the convention that negative indices count
from the end of the word, and that A[i :], A[i] and A[: j] are shorthand respectively for
A[i : −1], A[i : i+1] and A[0 : j]. While composition systems might seem more powerful than
straight-line programs, a theorem of Hagenah [18] says that given any composition system,
one can compute in polynomial time an equivalent straight-line program. Henceforth, we
will slightly abuse language and freely use the [· : ·] construct in our straight-line programs.

The following theorem summarizes the algorithms on straight-line programs that we will
rely on, see Schleimer [37] or Lohrey [32].

▶ Lemma 4. Let A and X be two straight-line programs, i be an integer and e be a letter in
the terminal alphabet of A. Then one can, in polynomial-time,

compute the length of A,
output the letter A[i],
find the greatest j so that A[j] = e,
compute a straight-line program A for the reversal word w(A),
decide whether w(A) = w(X),
find the biggest k such that A[: k] = X[: k].

For a given 2-complex K (in particular if K is a combinatorial surface), a straight-line
program with terminal alphabet L the set of directed edges of K can encode any closed curve
on K. We call such an encoding a compressed curve or walk. Simple operations on K can
seamlessly be done while updating a compressed curve appropriately to obtain a homotopic
compressed curve in the modified complex. For example, contracting an edge e of K simply
boils down to adding a production rule e → ε, where ε is the empty word. Likewise, deleting
an edge e bounding a face ēp, where p is the complementary path in that face, amounts to
replacing each occurrence of e by a p via a new production rule e → p. When no encoding
is specified for a closed (multi-)curve, then it is simply encoded as a (multi-)walk on the
one-skeleton of the underlying surface or complex.
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3 From contractibility to normal subgroup membership problem

The following proposition reduces the contractibility problem for closed curves on the
boundary of an orientable 3-manifold M to the normal subgroup membership problem
for a boundary surface of M , where the multi-curve ∆ is a reduced normal curve with
polynomial complexity. We note that this reduction is the only place where the algorithm is
non-deterministic, the rest of our algorithms run in deterministic polynomial time.

▶ Proposition 5. Let M be an orientable triangulated 3-manifold with boundary. There
exists a reduced normal multi-curve ∆ on ∂M with normal coordinates of linear bit-size (with
respect to |M |), so that for any curve γ on ∂M , γ is contractible in M if and only if γ is
contained in the normal subgroup N of π1(∂M) generated by the homotopy classes of the
components of ∆.

Further, given M , ∆, and a cubic-sized certificate (in |M |), there is a polynomial-time
algorithm to verify that ∆ has the property that all curves in N are contractible in M .

Our proof begins by crushing M to get an irreducible manifold [6] with the same
triangulated boundary, and then relies on the fact that normal surface theory [24] proves
the existence of a complete family of compression disks, whose boundary is the reduced
multi-curve ∆. Its properties follow from the Loop Theorem [22, Theorem 4.2]. We refer to
the full version for details.

Note that we did not strive to optimize the size of the certificate in this proposition,
since it does not matter for our application, so further improvements may be possible. In
particular, using enumeration techniques for vertex surfaces [19, Section 6], we suspect it can
be shown to be quadratic rather than cubic.

▶ Proposition 6. The problem of contractibility of a compressed curve on the boundary of
an arbitrary 3-manifold reduces, in polynomial time, to the problem of contractibility of a
compressed curve on the boundary of an orientable 3-manifold.

Relying on Proposition 6, for the rest of the paper we restrict our attention to orientable
surfaces.

Hardness of the general normal subgroup membership problem. If the curves ∆ in the
normal subgroup membership problem are not disjoint then this problem is much harder,
and possibly undecidable, even if they have few edges, see the full version for details.

4 Retriangulation

Given a reduced normal multi-curve ∆ on a triangulated 2-manifold, in this section we
present a way to compute a new triangulation of polynomial complexity, in which the curves
of ∆ lie in the 1-skeleton and are only polynomially long.

▶ Proposition 7. Let a simplicial complex K triangulating a surface S, a reduced normal
multi-curve ∆ and a compressed closed walk γ on the 1-skeleton of K be given as input. The
size of the input is the summation of the complexities of the curves γ, ∆ and complexity of
K. There is an algorithm that in polynomial time computes a new simplicial complex K ′

triangulating the same surface S, a multi-curve ∆′, and a walk γ′ on the 1-skeleton of K ′

given as a composition system, such that:



E. W. Chambers, F. Lazarus, A. de Mesmay, and S. Parsa 23:9

there is a homeomorphism f : |K| → |K ′|, such that the images of ∆ under f coincides
with ∆′,
γ′ is homotopic to f(γ),
the multi-curve ∆′ is an embedded multi-curve on the 1-skeleton of K ′.

Consequently, the homotopy class of γ′ belongs to the normal subgroup generated by the
components of ∆′ in |K ′| if and only if the homotopy class of γ belongs to the normal
subgroup generated by the components of ∆ in |K|.

Note that in this proposition, the complexities of the inputs γ and ∆ are compressed.

Figure 1 A left turn in the street complex; the arrows depict segments of the edge e.

Sketch of proof. We briefly outline our approach, and again refer the reader to the full
version for details. Our algorithm relies heavily on the street complex introduced by Erickson
and Nayyeri [16] (see also Bell [4]); we briefly recall its structure here. The overlay of ∆ with
K cuts the triangles of K into smaller pieces. We abuse notation and call quadrilaterals
the pieces bounded by exactly two subedges of K, though they can actually be degenerate
triangles. Merging the quadrilaterals whenever they share an edge segment of K results
in the street complex. The maximal sequences of merged quadrilaterals are called streets,
and the remaining faces are junctions. Quite surprisingly, the size of the street complex is
bounded by a linear function of the complexity of K [16, Lem. 2.3], independent of ∆. Note
that the curves in ∆ appears in the 1-skeleton of this complex at the street boundaries. The
complex K ′ in the proposition is essentially this street complex, further triangulated, and ∆′

is the image of ∆ in K ′.
In [16] the algorithm to construct the street complex works inductively by tracing the

curves in ∆. Intuitively, the tracing algorithm follows each curve from an arbitrary chosen
point and extends one of the incident streets as the curve traverses the current streets and
junctions. See Figure 1. An essential step in our algorithm is to somehow reverse the roles of
K and ∆ to compute for each edge e of K a composition system E encoding its intersections
with ∆. The terminals of this system correspond to the segments of e cut by ∆. We compute
E inductively in parallel to the street complex construction, following the tracing algorithm of
Erickson and Nayyeri. Each terminal of E is contained in some street and can be homotoped
to a path in the boundary of this street. We replace the terminal by this path to obtain a
composition system encoding a curve homotopic to e, while contained in K ′. At a very final
step, we replace the terminal edges of the straight line program for γ by the corresponding
composition systems. Our algorithm can be executed in polynomial time, by adapting the
analysis of Erickson and Nayyeri [16]. ◀
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Figure 2 Contraction of a component c of ∆ (shown on the left) results in a new complex K′

(shown on the right).

5 Capping off

In this section, we show that the complex obtained by gluing disks on a family of disjoint
curves on a surface is homotopy equivalent to a wedge of surfaces and circles. We provide a
polynomial-time algorithm to compute the resulting wedge, while also tracking what happens
to a compressed curve on the original surface.

▶ Proposition 8. Let L be simplicial complex triangulating a surface S of genus ≥ 1, ∆ be a
family of disjoint embedded closed curves in the 1-skeleton of L and γ be a compressed closed
walk on the 1-skeleton of L. The size of the input is the summation of the complexities of L,
γ and the number of edges of ∆. We can compute in polynomial time a simplicial complex K

which is a wedge of surfaces and circles, and a compressed walk w on K, so that:
K is homotopy equivalent to the complex obtained by gluing disks on each component of
∆,
w is homotopic to a trivial walk in K if and only if γ belongs to the normal subgroup
determined by the curves in ∆.

The proof is deferred to the full version, but the key idea is illustrated in Figure 2: we
repeatedly pinch the curves in ∆ to a single point, extend this point to a small path and
contract a spanning tree in the rest to have a single vertex, and thus a wedge.

6 Triviality for compressed words in free products of surface groups

In this section, we prove the following theorem:

▶ Theorem 9. Let K be a wedge of combinatorial surfaces and circles and w be a compressed
walk on K. Then one can compute in polynomial time a canonical form for the homotopy
class of w. In particular, we can test in polynomial time whether w is trivial.

We emphasize that in this theorem, we consider w as a walk with fixed endpoints, and
thus we are considering based homotopies (as opposed to free homotopies).

The proof of Theorem 9 is rather involved, and we only outline the main ideas here, in
the simpler case where the wedge consists of a single surface of negative Euler characteristic,
omitting proofs of the intermediate lemmas. Since the fundamental group of a wedge of
spaces is the free product of the fundamental groups of the spaces, the more general version
is not much harder. We refer to the full version for complete details.

Our algorithm starts in a similar way as the known linear-time algorithms to test
contractibility or homotopy of curves on surfaces [17, 29]: we first turn our surface into a
system of quads (Lemma 10), and then compute a canonical form for our curve w (Lemma 13).
This canonical form is unique, and therefore the walk w is homotopic to a trivial walk if
and only if its reduced canonical form is the empty walk. However, due to the compression
of the input, our techniques to reduce the curve w are more involved than those of the
aforementioned references.
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Figure 3 The reductions to eliminate a spur (top left) and a bracket (top right), and the shifting
moves to remove a 1 (bottom row).

Our first step is to turn our surface into systems of quads. First, we compute a spanning
tree and contract it. Then, we remove edges until there is a single face, we add a new vertex
inside the single face, add all the radial edges between this new vertex and the single vertex
of S and remove all the previous edges. The resulting complex is called a quad system.

▶ Lemma 10. Let K be a surface and let w be a compressed walk on K. In polynomial
time we can turn K into a quad system K ′ and compute a compressed walk w′ on K ′ that is
homotopic to w.

In the next step of our algorithm, we encode words using turn sequences. For any two
directed edges e and e′ on the same surface S, the turn τ(e, e′) is the number of corners,
counted with respect to our chosen orientation, between the end of e and the start of e′

on S. The turn sequence of our word is the concatenation of all the turn sequences of
consecutive edges. However, we lose information by encoding with turn sequences. First, a
turn sequence does not specify a starting edge. Second, even if we know the starting edge,
it is not immediately clear how to compute an arbitrary intermediate edge along the path
efficiently since we encode exponential length paths. The following lemma shows how to do
that in polynomial time.

▶ Lemma 11. Let T be a compressed turn sequence and k be an integer. Then if we are
given a starting edge einitial, then in polynomial time we can compute the edge of K we are
on just after starting at einitial and following the turn sequence up to T[k].

The point of turn sequences is that they make it easier to make local simplifications to a
contractible curve. Following Lazarus-Rivaud [29] and Erickson-Whittlesey [17], we use the
following simplification rules, see Figure 3, which are homotopies.

A spur in a turn sequence w is a 0 turn. Removing a spur is applying the rule x0y → x+y.
A bracket in a turn sequence w is a subword of the form 12 . . . 21 or 1̄2̄ . . . 2̄1̄. Flattening
a bracket is applying the rules x12 . . . 21y → (x − 1)2̄ . . . 2̄(y − 1) or x1̄2̄ . . . 2̄1̄y →
(x + 1)2 . . . 2(y + 1).
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Figure 4 Some production rules Ai → AjAk require an exponential number of bracket flattenings
and/or spur removals to be reduced, despite Aj and Ak being already reduced.

We are only considering homotopies of paths in this paper, and thus do not need the
other special cases considered in Erickson-Whittlesey [17]. Our goal is to modify the turn
sequence so that it is reduced, i.e., contains neither spurs nor brackets. However, unlike in the
aforementioned works, we cannot apply these rules directly, even inductively: in a production
rule Ai → AjAk, even when Aj and Ak are reduced, there might be an exponential number
of bracket flattenings in Ai, for example in the cases in Figure 4.

There are known techniques to handle exponentially long spurs [31, 37], but for the more
intricate cases pictured in Figure 4, especially the kind on the right side, we need to develop
our own tools. In order to do that, we rely on stronger inductive forms, similarly to those
used in the free homotopy test [17, 29]. A reduced path is leftmost (or rightmost, respectively)
if its turn sequence contains no 1, respectively no 1̄. One can transform a reduced path
into its rightmost (resp. leftmost) form by doing elementary right-shifts (resp. elementary
left-shifts); see Figure 3, bottom. Rightmost and leftmost paths are unique in their homotopy
classes [17, 29].

For each character in the straight-line program, we inductively compute both a rightmost
and leftmost turn sequence. Then, both are used to carry the induction step. So the
next step of our algorithm is the following reduction algorithm. Since turn sequences only
encode the turns at the interior vertices of a path and forget where the path starts, we store
this information separately: for each character in the straight-line program, we store in a
dictionary its starting and ending edges (which might be empty). To keep the description
concise, we explain the algorithm in words, and refer to the full version for a much more
detailed description.
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Algorithm 1 Reduction Algorithm.

Input: A compressed walk on a quad system, as output by Lemma 10.
Output: Two compressed turn sequences on a quad system which are the leftmost and
rightmost forms of the input, and their starting and ending edges.

A leaf of the production tree is a single edge, which is turned to ε, and the edge is stored
in the dictionary.
Let Ai → AjAk be a production rule, and assume that we have inductively computed
rightmost and leftmost reduced turn sequences for Aj and Ak, which are denoted by AR

j ,
AL

j , AR
k and AL

k , as well as their starting and ending edges. We explain how to compute
a rightmost reduced turn sequence AR

i , the leftmost case being symmetric.
1. Using Lemma 4 and the dictionary, we compute a maximal common path between

the end of AR
k and the start of AL

k (let us emphasize that we use the leftmost form
here). We trim the end of AR

j and the start of AR
k by the length of this path, manually

reconnecting them if there is some offset.
2. Using Lemma 4, we remove a maximal spur or ladder between AR

j and AR
k (as on the

left of Figure 4).
3. At this stage, no bad cases can happen anymore. We simply perform a single elementary

right shift, remove the at most two remaining brackets, and update the starting and
ending edge in the dictionary.

Step 3 simply implements the bracket flattenings and the shifts, so the main mysteries
in this algorithm are steps 1 and 2. These are tailored to deal with the bad cases pictured
in Figure 4, which are the only possible bad cases; see the proof of Lemma 12. Figure 5
illustrates how step 1 reduces (a subset of) the right case of Figure 4 to its left case, and how
step 2 deals with that case. Note that in these pictures, Aj and Ak were already rightmost.

We claim that after this procedure, the path that represents the word AR
i (respectively

AL
i ) is homotopic to the path represented by Ai, and is rightmost (respectively leftmost).

The following lemma is the crux of the analysis. We state it for rightmost paths but the
symmetric version with leftmost paths holds with the same proof.

▶ Lemma 12. At the end of step 2, the paths represented by AR
j and AR

k are rightmost.
Furthermore, denoting by τ the turn between AR

j and AR
k at the end of step 2, the path

represented by AR
j τAR

k is homotopic to the one before these two steps, contains no spurs,
contains at most two brackets, and these brackets contain both at least one 2.

The idea of the proof is that due to structural results on reduced paths on quad systems [13,
Theorem 10], paths that would incur long sequences of simplifications necessarily look like a
sequence of paths and staircases, as in the right side of Figure 4. These are dealt with a single
move in step 1, observing that taking the leftmost form of Ak collapses these staircases into
a long spur, which we know how to handle. After this step, we prove that there is either a
ladder or a spur, which are removed in step 2.

▶ Lemma 13. The Reduction Algorithm runs in polynomial time. The straight-line
program that it outputs has the property that every pair of characters AR

i and AL
i encode a

pair of turn sequence corresponding respectively to the rightmost and leftmost paths homotopic
to Ai. In particular, at the top level, AR and AL are the rightmost and leftmost paths
homotopic to the compressed input walk.

SoCG 2021
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Figure 5 The leftmost form AL
k forms a long spur with AR

j . After reducing AR
k by the length of

this spur, all of the staircases get removed, except possibly the last one. It disappears in step 2.

Since rightmost paths are unique, the reduction algorithm applied to the root of the
straight-line program produces a unique representative, and testing triviality amounts to
testing emptiness. This proves Theorem 9 (see the full version for details).

Proofs of the main theorems

The proof of Theorems 1, 2 and 3 follow from Propositions 6, 5, 7, 8 and Theorem 9. We
refer to the full version for details.
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Faster Algorithms for Largest Empty Rectangles
and Boxes
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Abstract
We revisit a classical problem in computational geometry: finding the largest-volume axis-aligned
empty box (inside a given bounding box) amidst n given points in d dimensions. Previously, the
best algorithms known have running time O(n log2 n) for d = 2 (by Aggarwal and Suri [SoCG’87])
and near nd for d ≥ 3. We describe faster algorithms with running time

O(n2O(log∗ n) log n) for d = 2,
O(n2.5+o(1)) time for d = 3, and
Õ(n(5d+2)/6) time for any constant d ≥ 4.

To obtain the higher-dimensional result, we adapt and extend previous techniques for Klee’s measure
problem to optimize certain objective functions over the complement of a union of orthants.
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1 Introduction

Two dimensions. In the first part of this paper, we tackle the largest empty rectangle
problem: Given a set P of n points in the plane and a fixed rectangle B0, find the largest
rectangle B ⊂ B0 such that B does not contain any points of P in its interior. Here and
throughout this paper, a “rectangle” refers to an axis-parallel rectangle; and unless stated
otherwise, “largest” refers to maximizing the area.

The problem has been studied since the early years of computational geometry. While
similar basic problems such as largest empty circle or largest empty square can be solved
efficiently using Voronoi diagrams, the largest empty rectangle problem seems more chal-
lenging. The earliest reference on the 2D problem appears to be by Naamad, Lee, and Hsu
in 1984 [26], who gave a quadratic-time algorithm. In 1986, Chazelle, Drysdale, and Lee [15]
obtained an O(n log3 n)-time algorithm. Subsequently, at SoCG’87, Aggarwal and Suri [3]
presented another algorithm requiring O(n log3 n) time, followed by a more complicated
second algorithm requiring O(n log2 n) time. The O(n log2 n) worst-case bound has not been
improved since.1

A few results on related questions have been given. Dumitrescu and Jiang [20] examined
the combinatorial problem of determining the worst-case number of maximum-area empty
rectangles and proved an O(n2α(n) log n) upper bound; their proof does not appear to have

1 Aggarwal and Suri’s first algorithm can be sped up to run in near O(n log2 n) time as well, since it relied
on a subroutine for finding row minima in Monge staircase matrices, a problem for which improved
results were later found [24, 12]; but these results do not appear to lower the cost of Aggarwal and
Suri’s second algorithm.

© Timothy M. Chan;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 24; pp. 24:1–24:15

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:tmc@illinois.edu
https://orcid.org/0000-0002-8093-0675
https://doi.org/10.4230/LIPIcs.SoCG.2021.24
https://arxiv.org/abs/2103.08043
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


24:2 Faster Algorithms for Largest Empty Rectangles and Boxes

any implication to the algorithmic problem of finding a maximum-area empty rectangle. If
the objective is changed to maximizing the perimeter, the problem is a little easier and an
optimal O(n log n)-time algorithm can already be found in Aggarwal and Suri’s paper [3].
Another related problem of computing a maximum-area rectangle contained in a polygon
has also been explored [16].

We obtain a new randomized algorithm that finds the maximum-area empty rectangle
in O(n2O(log∗ n) log n) expected time. This is not only an improvement of almost a full
logarithmic factor over the previous 33-year-old bound, but is also close to optimal, except
for the slow-growing iterated-logarithmic-like factor (as Ω(n log n) is a lower bound in the
algebraic decision tree model).

Our solution interestingly uses interval trees to efficiently divide the problem into sub-
problems of logarithmic size, yielding a recursion with O(log∗ n) depth.

Higher dimensions. The higher-dimensional analog of the problem is largest empty box :
Given a set P of n points in Rd and a fixed box B0, find the largest box B ⊂ B0 such that
B does not contain any points of P in its interior. Here and throughout this paper, a “box”
refers to an axis-parallel hyperrectangle; and unless stated otherwise, “largest” refers to
maximizing the volume.

Several papers [18, 20, 19, 30] have studied related questions in higher dimensions, e.g.,
proving combinatorial bounds on the number of optimal boxes, or proving extremal bounds
on the volume, or designing approximation algorithms. For the original (exact) computational
problem, it is not difficult to obtain an algorithm that finds the largest empty box in Õ(nd)
time (for example, as was done by Backers and Keil [4]).2 At the end of their SoCG’16 paper,
Dumitrescu and Jiang [20] explicitly asked whether a faster algorithm is possible:

“Can a maximum empty box in Rd for some fixed d ≥ 3 be computed in O(nγd) time
for some constant γd < d?”

Dumitrescu and Jiang attempted to give a subcubic algorithm for the 3D problem, but their
conditional solution required a sublinear-time dynamic data structure for finding the 2D
maximum empty rectangles containing a query point – currently, the existence of such a
data structure is not known.

On the lower bound side, Giannopoulos, Knauer, Wahlström, and Werner [23] proved
that the largest empty box problem is W [1]-hard with respect to the dimension. This implies
a conditional lower bound of Ω(nβd) for some absolute constant β > 0, assuming a popular
conjecture on the hardness of the clique problem.

We answer the above question affirmatively. For d = 3, we give an O(n5/2+ε)-time
algorithm, where ε > 0 is an arbitrarily small constant. For higher constant d ≥ 4, we obtain
an algorithm with an intriguing time bound that improves over nd even more dramatically:
Õ(n(5d+2)/6). For example, the bound is O(n3.667) for d = 4, Õ(n4.5) for d = 5, and O(n8.667)
for d = 10.

Not too surprisingly, our 3D algorithm achieves subcubic complexity by applying standard
range searching data structures (though the application is not be immediately obvious).
Dynamic data structures are not used.

The techniques for our higher-dimensional algorithm are perhaps more original and
significant, with potential impact to other problems. We first transform the largest empty
box problem into a problem about a union of n orthants in D = 2d dimensions (the

2 Throughout the paper, Õ notation hides polylogarithmic factor.
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transformation is simple and has been exploited before, such as in [5]). The union of orthants
is known to have worst-case combinatorial complexity O(n⌊D/2⌋) [7]. Interestingly, we show
that it is possible to maximize certain types of objective functions over the complement of
the union, in time significantly smaller than the worst-case combinatorial complexity.

We accomplish this by adapting known techniques on Klee’s measure problem [27, 10, 8, 11].
Specifically, we build on a remarkable method by Bringmann [8] for computing the volume of
a union of n orthants in D dimensions in O(nD/3+O(1)) time (the O(1) term in the exponent
was 2/3 but has been later removed by author [11]). However, maximizing an objective
function over the complement of the union is different from summing or integrating a function,
and Bringmann’s method does not immediately generalize to the former (for example, it
exploits subtraction). We introduce extra ideas to extend the method, which results in a
bigger time bound than nD/3 = n2d/3 but nevertheless beats nD/2 = nd. In particular, we
use some simple graph-theoretical arguments, applied to graphs with O(D) vertices.

Organization. We present our 2D algorithm in Sec. 2, our 3D algorithm in the full paper,
and our higher-dimensional algorithms in Sec. 3–4 (all these parts may be read independently).

2 Largest empty rectangle in 2D

As in previous work [15, 3], we focus on solving a line-restricted version of the 2D largest
empty rectangle problem: given a set P of n points below a fixed horizontal line ℓ0 and a
set Q of n points above ℓ0, where the x-coordinates of all points have been pre-sorted, and
given a rectangle B0, find the largest-area rectangle B ⊂ B0 that intersects ℓ0 and is empty
of points of P ∪ Q. By standard divide-and-conquer, an O(T (n))-time algorithm for the
line-restricted problem immediately yields an O(T (n) log n)-time algorithm for the original
largest empty rectangle problem, assuming that T (n)/n is nondecreasing.

We begin by reformulating the line-restricted problem as a problem about horizontal line
segments. In the subsequent subsections, we will work with this re-formulation.

For each point p ∈ P , let s(p) be the longest horizontal line segment inside B0 such
that s(p) passes through p and there are no points of P above s(p). See Figure 1(a). We
can compute s(p) for all p ∈ P in O(n) time: this step is equivalent to the construction of
the standard Cartesan tree [31, 22], for which there are simple linear-time algorithms (for
example, by inserting points from left to right and maintaining a stack, like Graham’s scan,
as also re-described in previous papers [15, 3]). Similarly, for each q ∈ Q, let t(q) be the
longest horizontal line segment inside B0 such that t(q) passes through q and there are no
points of Q below t(q). We can also compute t(q) for all q ∈ Q in O(n) time.

For a horizontal segment s, let x−
s and x+

s denote the x-coordinates of its left and right
endpoints respectively, and let ys denote its y-coordinate. We say that a set S of horizontal
segments is laminar if for every s, s′ ∈ S, either the two intervals [x−

s , x+
s ] and [x−

s′ , x+
s′ ]

are disjoint, or one interval is contained in the other (in other words, the intervals form a
“balanceded parentheses” or tree structure). It is easy to see that for the segments defined
above, {s(p) : p ∈ P} is laminar and {t(q) : q ∈ Q} is laminar.

The optimal rectangle must have some point p∗ ∈ P on its bottom side and some point
q∗ ∈ Q on its top side (except when the optimal rectangle touches the bottom or top side
of B0, a case that can be easily dismissed in linear time). Chazelle, Drysdale, and Lee [15]
already noted that the case when [x−

s(p∗), x+
s(p∗)] is contained in [x−

t(q∗), x+
t(q∗)] can be handled

in O(n) time (in their terminology, this is the case of “three supports in one half, one in the
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Figure 1 (a,b) Transforming points into horizontal segments. (c) Pseudo-ray ←γs.

other”).3 The key remaining case is when x−
t(q∗) < x−

s(p∗) < x+
t(q∗) < x+

s(p∗), where the area of
the optimal rectangle is (x+

t(q∗) − x−
s(p∗))(yt(q∗) − ys(p∗)). All other cases are symmetric. The

problem is thus reduced to the following (see Figure 1(b)):

▶ Problem 1. Given a laminar set S of n horizontal segments and a laminar set T of n

horizontal segments, where all x-coordinates have been pre-sorted, find a pair (s, t) ∈ S × T

such that x−
t < x−

s < x+
t < x+

s , maximizing (x+
t − x−

s )(yt − ys).

We find it more convenient to work with the corresponding decision problem, as stated
below. By the author’s randomized optimization technique [9], an O(T (n))-time algorithm
for Problem 2 yields an O(T (n))-expected-time algorithm for Problem 1, assuming that
T (n)/n is nondecreasing:

▶ Problem 2. Given a laminar set S of n horizontal segments and a laminar set T of
n horizontal segments, where all x-coordinates have been pre-sorted, and given a value
r > 0, decide if there exists a pair (s, t) ∈ S × T such that x−

t < x−
s < x+

t < x+
s and

(x+
t − x−

s )(yt − ys) > r, and if so, report one such pair. We call such a pair good.

2.1 Preliminaries
To help solve Problem 2, we define a curve γs for each s ∈ S:

γs(x) =
{

r
x−x−s

+ ys if x ≥ x−
s + δ

M + x−
s if x < x−

s + δ,

for a sufficiently small δ > 0 and a sufficiently large M = M(δ). (The main first part of
the curve is a hyperbola.) The condition (x+

t − x−
s )(yt − ys) > r is met iff the point (x+

t , yt)
(i.e., the right endpoint of t) is above the curve γs, assuming x+

t ≥ x−
s + δ. Note that these

curves form a family of pseudo-lines, i.e., every pair of curves intersect at most once: this
can be seen from the fact that for any two curves γs and γs′ with x−

s ≥ x−
s′ , the difference

γs(x) − γs′(x) = r(x−s −x−
s′

)
(x−x−s )(x−x−

s′
) + ys − ys′ is nonincreasing for x ≥ x−

s .

3 The solution is simple: for each p ∈ P , we find the lowest point qp ∈ Q with x-coordinate in the interval
[x−

s(p), x+
s(p)], and take the maximum of (x+

s(p) − x−
s(p))(yt(qp) − ys(p)). All these lowest points qp can be

found “bottom-up” in the tree formed by the intervals {[x−
s(p), x+

s(p)] : p ∈ P }, in linear total time.
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Figure 2 Proof of Lemma 1(b): the x-projected intervals and the division into slabs.

Define the curve segment ←γs to be the part of γs restricted to x ≤ x+
s . (See Figure 1(c).)

These curve segments form a family of pseudo-rays. The lower envelope of n pseudo-rays has at
most 2n edges, by known combinatorial bounds on order-2 Davenport-Schinzel sequences [29].
The following lemma summarizes known subroutines we need on the computation of lower
envelopes (proofs are briefly sketched).

▶ Lemma 1. Consider a set of n pseudo-lines, sorted by their pseudo-slopes, such that
if γ and γ′ intersects and γ has smaller pseudo-slope, then γ is above γ′ to the left of
the intersection. Assume that the intersection of any two pseudo-lines can be computed in
constant time.
(a) Consider n pseudo-rays that are parts of the given pseudo-lines, such that the x-coordinates

of the left endpoints are all −∞, and the x-coordinates of the right endpoints are monotone
(increasing or decreasing) in the pseudo-slopes. Then the lower envelope of these pseudo-
rays can be computed in O(n) time.

(b) Consider n pseudo-segments that are parts of the given pseudo-lines, such that x-
coordinates of the left endpoints are monotone in the pseudo-slopes and the x-coordinates
of the right endpoints are monotone in the pseudo-slopes. Then the lower envelope of
these pseudo-segments can be computed in O(n) time.

Proof. Part (a) follows by a straightfoward variant of Graham’s scan [17] (originally for
computing planar convex hulls, or by duality, lower envelopes of lines). We insert pseudo-rays
in decreasing order of their right endpoints’ x-values, while maintaining the portion of the
lower envelope to the left of the right endpoint of the current pseudo-ray. In each iteration,
by the monotonicity assumption, a prefix or suffix of the lower envelope gets deleted (i.e.,
popped from a stack).

For part (b), the main case is when both the left and right endpoints are monotonically
increasing in the pseudo-slopes (the case when both are monotonically decreasing is symmetric,
and the case when they are monotone in different directions easily reduces to two instances
of the pseudo-ray case). Greedily construct a minimal set of vertical lines that stab all the
pseudo-segments: namely, draw a vertical line at the leftmost right endpoint, remove all
pseudo-segments stabbed, and repeat. This process can be done in O(n) time by a linear
scan. These vertical lines divide the plane into slabs. (See Figure 2.) In each slab, the
pseudo-segments behave like pseudo-rays, so we can compute the lower envelope inside the
slab in linear time by applying part (a) twice, for the leftward rays and for the rightward rays
(the two envelopes can be merged in linear time). Since each pseudo-segment participates in
at most two slabs, the total time is linear. ◀

As an application of Lemma 1(b), we mention an efficient algorithm for a special case of
Problem 2, which will be useful later.

▶ Corollary 2. In the case when all segments in S and T intersect a fixed vertical line,
Problem 2 can be solved in O(n) time.
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Proof. Since S and T are laminar, the x-projected intervals in each set are nested. Let
s1, s2, . . . be the segments in S with [x−

s1
, x+

s1
] ⊆ [x−

s2
, x+

s2
] ⊆ · · · , and let t1, t2, . . . be the

segments in T with [x−
t1

, x+
t1

] ⊆ [x−
t2

, x+
t2

] ⊆ · · · . For each si, let a(i) be the smallest index with
x−

ta(i)
< x−

si
, let b(i) be the smallest index with x−

si
< x+

tb(i)
, and let c(i) be the largest index

with x+
tc(i)

< x+
si

. Note that a(i) is monotonically increasing in i, and b(i) is monotonically
decreasing in i, and c(i) is monotonically increasing in i. It is straightforward to compute
a(i), b(i), c(i) for all i by a linear scan.

The problem reduces to finding a pair (si, tj) such that max{a(i), b(i)} ≤ j ≤ c(i) and
the right endpoint of tj is above γsi . Define the curve segment γsi

to be the part of γsi

restricted to x ∈ [max{x+
ta(i)

, x+
tb(i)

}, x+
tc(i)

]. The problem reduces to finding a tj whose right
endpoint is above some curve segment γsi

, i.e., above the lower envelope of these curve
segments. We can compute this lower envelope in O(n) time by Lemma 1(b) (more precisely,
by two invocations of the lemma, as max{x+

ta(i)
, x+

tb(i)
} consists of a monotonically increasing

and a monotonically decreasing part). The problem can be then be solved by linear scan
over the envelope and the endpoints of tj . ◀

2.2 Algorithm
We are now ready to describe our new algorithm for solving Problem 2, using interval trees
and an interesting recursion with O(log∗ n) depth.

▶ Theorem 3. Problem 2 can be solved in O(n2O(log∗ n)) time.

Proof. As a first step, we build the standard interval tree for the given horizontal segments
in S ∪ T . This is a perfectly balanced binary tree of with O(log n) levels, where each node
corresponds to a vertical slab. The root slab is the entire plane, the slab at a node is the union
of the slabs of its two children, and each leaf slab contains no endpoints in its interior. Each
segment is stored in the lowest node v whose slab contains the segment (i.e., the segment is
contained in v’s slab but is not contained in either child’s subslab). Note that each segment
is stored only once (unlike in another standard structure called the “segment tree”). We can
determine the slab containing each segment in O(1) time by an LCA query [6] (which is
easier in the case of a perfectly balanced binary tree).

For each node v, let Sv (resp. Tv) be the set of all segments of S (resp. T ) stored in v.
Define the level of a segment to be the level of the node it is stored in.

Case 1. There exists a good pair (s∗, t∗) where s∗ and t∗ have the same level. Here, s∗ and
t∗ must be stored in the same node v of the interval tree. Thus, a good pair can be found as
follows:
1. For each node v, solve the problem for Sv and Tv by Corollary 2 in O(|Sv| + |Tv|) time.

Note that all segments in Sv ∪ Tv indeed intersect a fixed vertical line (the dividing line
at v).

The total running time of this step is O(n), since each segment is in only one Sv or Tv.

Case 2. There exists a good pair (s∗, t∗) where s∗ is on a strictly lower level than t∗. To
deal with this case, we perform the following steps, for some choice of parameter b ≥ log n:
2a. For each node v, compute the lower envelope of the pseudo-rays {←γs : s ∈ Sv} by

Lemma 1(a) in O(|Sv|) time; let Ev denote this envelope restricted to v’s slab. Note that
because all segments in Sv intersect a fixed vertical line and Sv is laminar, the x+

s values
are monotonically decreasing in the x−

s values for s ∈ Sv and so are indeed monotone in
the pseudo-slopes of these pseudo-rays.
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2b. Divide the plane into a set Σ of n/b vertical slabs each containing b right endpoints of T .
2c. For each slab σ ∈ Σ,

let Tσ be the set of all segments t ∈ T with right endpoints in σ, and
let Sσ be the set of all segments s ∈ S such that ←γs appears on Ev ∩ σ for some node v.

Divide Sσ (arbitrarily) into blocks of size b and recursively solve the problem for Tσ and
each block of Sσ.

Correctness. Consider a good pair (s∗, t∗) with s∗ on a strictly lower level than t∗. Let σ

be the slab in Σ containing the right endpoint of t∗, i.e., t∗ ∈ Tσ. Let v be the node s∗ is
stored in. Then t∗ intersects the left wall of the slab at v (since t∗ must be stored in a
proper ancestor of v). Now, the right endpoint of t∗ is below ←

γs∗ and is thus below Ev.
Let ←γs be the curve on Ev that the right endpoint of t∗ is below, with s ∈ Sv. Then ←γs

appears on Ev ∩ σ, and so s ∈ Sσ. Since the right endpoint of t∗ is below ←
γs, we have

x−
s < x+

t∗ < x+
s , and since t∗ intersects the left wall of v’s slab, we have x−

t∗ < x−
s . So,

(s, t∗) is good, and the recursive call for Tσ and some block of Sσ will find a good pair.
Analysis. The total number of edges in all envelopes Ev is at most 2

∑
v |Sv| ≤ 2n. Since the

envelopes Ev have disjoint x-projections for nodes v at the same level, and since there are
O(log n) levels, the O(n/b) dividing vertical lines of Σ intersect at most O((n/b) log n)
edges among all the envelopes. Thus,

∑
σ∈Σ |Sσ| ≤ 2n+O((n/b) log n) = O(n) if b ≥ log n,

and so the total number of recursive calls in step 2c is O(n/b).

Case 3. There exists a good pair (s∗, t∗) where s∗ is on a strictly higher level than t∗. This
remaining case is symmetric to Case 2 (by switching S and T and negating y-coordinates).

Total time. By running the algorithms for all three cases, a good pair is guaranteed to be
found if one exists. The running time satisfies the recurrence T (n) ≤ O(n/b)T (b) + O(n).
Setting b = log n gives T (n) ≤ n2O(log∗ n). ◀

By the observations from the beginning of this section, we can now solve Problem 1 and
the line-restricted problem in O(n2O(log∗ n)) expected time, and the original largest empty
rectangle problem in O(n2O(log∗ n) log n) expected time.
▶ Corollary 4. Given n points in R2 and a rectangle B0, we can compute the maximum-area
empty rectangle inside B0 in O(n2O(log∗ n) log n) expected time.

3 Largest empty anchored box in higher dimensions (warm-up)

To prepare for our solution to the largest empty box problem in higher constant dimensions,
we first investigate a simpler variant, the largest empty anchored box problem: given a
set P of n points in Rd and a fixed box B0, find the largest-volume anchored box in B0
that does not contain any points of P in its interior, where an anchored box has the form
B = (0, x1) × · · · (0, xd) (having the origin as one of its vertices).

Let
⋃

S denote the union of a set S of objects. By mapping a box B = (0, x1) × · · · (0, xd)
to the point (x1, . . . , xd), and mapping each input point (p1, . . . , pd) to the orthant (p1, ∞) ×
· · · × (pd, ∞), the largest empty anchored box problem reduces to:
▶ Problem 3. Define the function Hvol(x1, . . . , xd) = x1x2 · · · xd. Given a set S of n orthants
in Rd and a box B0, find the maximum of Hvol over B0 −

⋃
S.

By known results [7], the union of n orthants in Rd has worst-case combinatorial complexity
O(n⌊d/2⌋) and can be constructed in Õ(n⌊d/2⌋) time. We will show that Problem 3 can be
solved faster than explicitly constructing the union.
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3.1 Preliminaries
A key tool we need is a spatial partitioning scheme due to Overmars and Yap [27] (originally
developed for solving Klee’s measure problem in Õ(nd/2) time). The version stated below is
taken from [11, Lemma 4.6]; see that paper for a short proof. (The partitioning scheme is
also related to “orthogonal BSP trees” [21, 14].)

▶ Lemma 5. Given a set of n axis-parallel flats (of possibly different dimensions) in Rd,
and given a parameter r, we can divide Rd into O(rd) cells (bounded and unbounded boxes)
so that each cell intersects O(n/rj) (d − j)-flats.

The construction of the cells, along with the conflict lists (lists of all flats intersecting
each cell), can be done in Õ(n + rd + K) time,4 where K is the total size of the conflict lists.

Call a function H : Rd → R simple if it has the form

H(x1, . . . , xd) = h1(x1) · · · hd(xd),

where each hi is a univariate step function. The complexity of H refers to the total complexity
(number of steps) in these step functions. As an illustration of the usefulness of Lemma 5,
we first how to maximize simple functions over the complement of a union of orthants in
Õ(nd/2) time:

▶ Lemma 6. Let H be a simple function with O(n) complexity. Given a set S of n orthants
in Rd and a box B0, we can compute the maximum of H in B0 −

⋃
S in Õ(nd/2) time for

any constant d ≥ 2.

Proof. Apply Lemma 5 to the O(n) (d − 2)-flats that pass through the (d − 2)-faces of the
given orthants. This yields a partition of B0 into cells.

Consider a cell ∆. The number of (d − 2)-flats intersecting ∆ is bounded by O(n/r2),
which can be made 0 by setting r := Θ(

√
n). Consequently, only (d − 1)-faces of the given

orthants may intersect ∆, i.e., all orthants are 1-sided inside ∆. The union of 1-sided orthants
simplifies to the complement of a box (we can use orthogonal range searching or intersection
data structure to identify the 1-sided orthants intersecting ∆ and compute this box in Õ(1)
time [1, 17]). For a simple function H(x1, . . . , xd) = h1(x1) · · · hd(xd), we can maximize H

over a box by maximizing hi(xi) over an interval for each i ∈ {1, . . . , d} separately. This
corresponds to a 1D range maximum query for each i, which can be done straightforwardly in
O(log n) time (or more carefully in O(1) time [6]). As the number of cells is O(rd) = O(nd/2),
the total running time is Õ(nd/2). ◀

3.2 Algorithm
To improve over nd/2, we adapt an approach by Bringmann [8] (originally for solving Klee’s
measure problem for orthants in O(nd/3+O(1)) time). The approach involves first solving
the 2-sided special case, and then applying Overmars and Yap’s partitioning scheme. A
2-sided orthant is the set of all points (x1, . . . , xd) ∈ Rd satisfying a condition of the form
[xi ? a] ∧ [xj ? b] for some i, j ∈ {1, . . . , d}, where each occurrence of “?” is either ≤ or
≥. We will adapt the author’s subsequent re-interpretation [11, Section 4.1] of Bringman’s
technique, described in terms of monotone step functions.

▶ Theorem 7. In the case when all the input orthants are 2-sided, Problem 3 can be solved
in Õ(n⌊d/2⌋/2) time for any constant d ≥ 4.

4 A weaker time bound was stated in [11, Lemma 4.6], but the output-sensitive time bound follows directly
from the same construction.
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Figure 3 The union of one type of 2-sided orthants.

Proof. The boundary of the union of 2-sided orthants of the form [xi ? a] ∧ [xj ? b] with
a fixed i, j and a fixed choice for the two “?”s is a staircase, i.e., the graph of a univariate
monotone (increasing or decreasing) step function. (See Figure 3.) Thus, the complement
of the union of 2-sided orthants can be expressed as the set of all points (x1, . . . , xd) ∈ Rd

satisfying an expression E(x1, . . . , xd) which is a conjunction of O(d2) predicates each of the
form [xi ? f(xj)], where i, j ∈ {1, . . . , d}, “?” is ≤ or ≥, and f is a monotone step function.
The total complexity of these step functions is O(n). Conversely, any such expression can be
mapped back to the complement of a union of O(n) 2-sided orthants.

We first observe a few simple rules for rewriting expressions:
1. [xi ≤ f(xj)] ∧ [xi ≤ g(xj)] can be rewritten as [xi ≤ min{f, g}(xj)] if f and g are both

increasing or both decreasing. Note that the lower envelope min{f, g} is still a monotone
step function with O(n) complexity. A similar rule applies for ≥.

2. [xi ≤ f(xj)] can be rewritten as [xj ≥ f−1(xi)] if f is increasing (the inequality is flipped
if f is decreasing). Note that the inverse f−1 is still a monotone step function.

3. More generally, [f(xi) ≤ g(xj)] can be rewritten as [xj ≥ (f−1 ◦ g)(xi)] if f is increasing
(the inequality is flipped if f is decreasing). Note that the composition f−1 ◦ g is still a
monotone step function with O(n) complexity.

4. [xi ≤ f(xj)] ∧ [xi ≤ g(xk)] can be rewritten as the disjunction of [xi ≤ f(xj)] ∧ [f(xj) ≤
g(xk)] and [xi ≤ g(xk)] ∧ [g(xk) ≤ f(xj)]. A similar rule applies for ≥.

The plan is to decrease the dimension by repeatedly eliminating variables:
We maintain a simple function H. Initially, H(x1, . . . , xd) = σ(x1) · · · σ(xd), where σ(x)

denotes the successor of x among the O(n) input coordinate values (σ is a step function).
We call an index i free if the variable xi appears exactly once in H and is “unaltered”, i.e.,
hi(xi) = σ(xi). All indices are initially free.

In each iteration, we pick a free index i. Whenever xi appears more than twice in E, we
can apply rule 4 (in combination with rules 1–3) to obtain a disjunction of 2 subexpressions,
where in each subexpression, the number of occurrences of xi is decreased. By repeating this
process O(1) times (recall that d is a constant), we obtain a disjunction of O(1) subexpressions,
where in each subexpression, only at most two occurrences of xi remain – in at most one
predicate of the form [xi ≤ f(xj)], and at most one predicate of the form [xi ≥ g(xk)].

We branch off to maximize H over each of these subexpressions separately. In such a
subexpression, to eliminate the variable xi while maximizing H , we replace the two predicates
[xi ≤ f(xj)] and [xi ≥ g(xk)] with [f(xj) ≥ g(xk)], and replace xi with f(xj) in H (i.e., reset
hj(xj) to hj(xj)σ(f(xj)), which is still a step function with O(n) complexity). Now, i and j

are not free.
We stop a branch when there are no free indices left. At the end, we get a large but

O(1) number of subproblems, where in each subproblem, at least ⌈d/2⌉ variables have been
eliminated, i.e., the dimension is decreased to d′ ≤ ⌊d/2⌋. We solve each subproblem by
Lemma 6 in Õ(nd′/2) time. ◀
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We now combine Theorem 7 and Lemma 5 to solve Problem 3:

▶ Corollary 8. Problem 3 can be solved in Õ(nd/3+⌊d/2⌋/6) time for any constant d ≥ 4.

Proof. Apply Lemma 5 to the O(n) (d − 3)-flats and (d − 2)-flats through the (d − 3)-faces
and (d − 2)-faces of the given orthants. This yields a partition of B0 into cells.

Consider a cell ∆. The number of (d−3)-flats intersecting ∆ is O(n/r3), which can be made
0 by setting r := Θ(n1/3). The number of (d − 2)-flats intersecting ∆ is O(n/r2) = O(n1/3).
So, inside the cell ∆, all orthants are 2-sided or 1-sided, with O(n1/3) 2-sided orthants. The
union of 1-sided orthants simplifies to the complement of a box (we can use orthogonal range
searching or intersection data structures [1, 17] to identify the 1-sided orthants intersecting
∆ and compute this box). We can thus apply Theorem 7 to maximize H over the cell
∆ in Õ((n1/3)⌊d/2⌋/2) time. As there are O(rd) = O(nd/3) cells, the total running time is
Õ(nd/3 · (n1/3)⌊d/2⌋/2). ◀

▶ Corollary 9. Given n points in Rd and a box B0, we can compute the maximum-volume
empty anchored box inside B0 in Õ(nd/3+⌊d/2⌋/6) ≤ Õ(n5d/12) time for any constant d ≥ 4.

4 Largest empty box in higher dimensions

We now adapt the approach from Section 3 to solve the original largest empty box problem
in higher constant dimensions. By d levels of divide-and-conquer, it suffices to solve the
point-restricted version of the problem: given a set P of n points in Rd, a fixed box B0, and
a fixed point o, find the largest-volume box B ⊂ B0 that contains o and is empty of points
of P . An O(T (n))-time algorithm for the point-restricted problem immediately yields an
O(T (n) logd n)-time algorithm for the original problem (in fact, the polylogarithmic factor
disappears if T (n)/n1+δ is increasing for some constant δ > 0). Without loss of generality,
assume that o is the origin.

By mapping a box B = (−x1, x′
1) × · · · × (−xd, x′

d) (which has volume (x1 + x′
1) · · · (xd +

x′
d)) to the point (x1, x′

1, . . . , xd, x′
d) in 2d dimensions, and mapping each input point p =

(p1, . . . , pd) to the orthant (−p1, ∞) × (p1, ∞) × · · · (−pd, ∞) × (pd, ∞) in 2d dimensions (and
changing B0 appropriately), the problem reduces to the following variant of Problem 3, after
doubling the dimension:

▶ Problem 4. Define the function Hnew-vol(x1, . . . , xd) = (x1 + x2)(x3 + x4) · · · (xd−1 + xd)
for an even d. Given a set S of n orthants in Rd and a box B0, find the maximum of Hnew-vol
over B0 −

⋃
S.

The above objective function Hnew-vol is a bit more complicated than the one from
Section 3, and so further ideas are needed. . .

4.1 Preliminaries
For a multigraph G with vertex set {1, . . . , d} (without self-loops), define a G-function
H : Rd → R to be a function of the form

H(x1, . . . , xd) =
d∏

i=1
hi(xi) ·

∏
e=ij∈G

(h′
e(xi) + h′′

e (xj)),

where hi, h′
e, and h′′

e are univariate step functions. The complexity of H refers to the total
complexity of these step functions.
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Figure 4 After removing vertex i and adding edge jℓ, the graph G remains a pseudo-forest.

A pseudo-forest is a graph where each component is either a tree, or a tree plus an edge
– in the latter case, the component is called a 1-tree (and we allow the extra edge to be a
duplicate of an edge in the tree).

▶ Lemma 10. Let H be a G-function H with O(n) complexity. Given a box B0, we can
compute the maximum of H over B0 in Õ(n) time if G is a forest, or Õ(n2) time if G is a
pseudo-forest, for any constant d.

Proof. For the forest case: Pick a leaf i. Then H is of the form h(xi) · (h′(xi) + h′′(xj)) · · · ,
where h, h′, h′′ are step functions and xi does not appear in “· · · ”. Define F (ξ) :=
maxx∈R h(x) · (h′(x) + ξ). Then F is the upper envelope of O(n) linear functions in the
single variable ξ, and can be constructed in Õ(n) time by the dual of a planar convex hull
algorithm [17]. We can eliminate the variable xi by replacing the h(xi) · (h′(xi) + h′′(xj))
factor with F (h′′(xj)) (which is a step function in xj with O(n) complexity). As a result, H

becomes a (G − {i})-function in d − 1 variables. After d iterations, the problem becomes
trivial.

For the pseudo-forest case: We may assume the graph is connected, since we can maximize
the parts of H corresponding to different components separately. Pick a vertex i that belongs
to the unique cycle of G (if exists). Then G − {i} is a forest. By trying out all O(n) different
settings of xi (breakpoints of the step functions), the problem reduces to O(n) instances of
the forest case. ◀

▶ Lemma 11. Let H be a G-function with O(n) complexity, where G is a pseudo-forest.
Given a set S of n boxes in Rd and a box B0, we can compute the maximum of H over
B0 −

⋃
S in Õ(nd/2+1) time for any constant d.

Proof. Apply Lemma 5 to the O(n) (d − 2)-flats through the boundaries of the orthants,
together with the O(n) (d − 1)-flats xj = a for all breakpoints a of the step functions
appearing in H. This yields a partition of B0 into cells.

Consider a cell ∆. The number of (d − 2)-flats intersecting ∆ is O(n/r2), which can
be made 0 by setting r := Θ(

√
n). So, inside the cell ∆, we see only 1-sided orthants, and

their union simplifies to the complement of a box. In addition, the number of (d − 1)-flats
intersecting ∆ is O(n/r) = O(

√
n); in other words, the breakpoints of the step functions in

H relevant to the cell ∆ is O(
√

n). We can thus apply Lemma 10 to maximize H over the
cell ∆ in Õ((

√
n)2) time. As the number of cells is O(rd) = O(nd/2), the total running time

is Õ(nd/2 · (
√

n)2). ◀

4.2 Algorithm
We now modify the proof of Theorem 7 to solve Problem 4 for the 2-sided orthant case:

▶ Theorem 12. In the case when all input orthants are 2-sided, Problem 4 can be solved in
Õ(nd/4+1) time for any constant even d.
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Proof. We maintain a G-function H. Initially, H(x1, . . . , xd) = (σ(x1) + σ(x2))(σ(x3) +
σ(x4)) · · · (σ(xd−1) + σ(xd)), with G being a matching with d/2 edges, where σ(x) denotes
the successor of x among all O(n) input coordinate values. We call an index i free if xi

appears exactly once in H and is “unaltered” (i.e., H is of the form (σ(xi) + h(xℓ)) · · ·
where xi does not appear in “· · · ”). All indices are initially free. We maintain the following
invariants: at any time, (i) G is a pseudo-forest with at most d/2 edges, and (ii) for each
component T of G which is a tree (not a 1-tree), T has at least two free leaves.

In each iteration, we pick a free leaf i in some component T of G which is a tree. As
before, we rewrite the expression E as a disjunction of O(1) subexpressions, where in each
subexpression, only two occurrences of xi remain – in a predicate of the form [xi ≤ f(xj)],
and another predicate of the form [xi ≥ g(xk)].

We branch off to maximize H for each of these subexpressions separately. In such a
subexpression, to eliminate the variable xi while maximizing H , we replace the two predicates
[xi ≤ f(xj)] and [xi ≥ g(xk)] with [f(xj) ≥ g(xk)], and replace xi with f(xj) in H (since xi

is free). Now, i and j are not free. Also, in the graph G, the unique edge iℓ incident to i is
replaced by jℓ (unless j = ℓ). If j is in the same component T as i, then T becomes a 1-tree;
otherwise, two components are merged and the new component is either a tree with at least
two free leaves, or a 1-tree. (See Figure 4.) So, the invariants are maintained.

We stop a branch when there are no free indices left. At the end, we get O(1) subproblems,
where in each subproblem, all components are 1-trees, and so the number of nodes is exactly
equal to the number of edges, implying that the dimension is d′ ≤ d/2. Now we can apply
Lemma 11 to solve these subproblems in Õ(nd′/2+1) time. ◀

▶ Corollary 13. Problem 4 can be solved in Õ(n(5d+4)/12) time for any constant even d.

Proof. Following the proof of Corollary 8 but using Theorem 12 instead of Theorem 7 gives
running time Õ(nd/3 · (n1/3)d/4+1). ◀

Applying the above corollary in 2d dimensions, we finally obtain:

▶ Corollary 14. Given n points in Rd and a box B0, we can compute the maximum-volume
empty box inside B0 in Õ(n(5d+2)/6) time for any constant d.

5 Remarks

On the 2D algorithm. The 2O(log∗ n) factor can be analyzed more precisely (an upper bound
of 3log∗ n can be shown with minor changes to the algorithm). A question remains whether
the extra factor could be further lowered to inverse-Ackermann, or eliminated completely.

The previous algorithm by Aggarwal and Suri [3] used matrix searching techniques, namely,
for finding row minima in certain types of partial Monge matrices. We are able to bypass
such subroutines because we have focused our effort on solving the decision problem (due to
the author’s randomized optimization technique [9]). Generally, the row minima problem
is equivalent to the computation of lower envelopes of pseudo-rays and pseudo-segments,
not necessarily of constant complexity [12]. However, to solve the decision problem, we only
need lower envelopes of pseudo-rays and pseudo-segments of constant complexity (formed
by hyperbolas), for which there are simpler direct methods, as we have noted in Lemma 1.
(Incidentally, the proof we gave for reducing Lemma 1(b) to (a) is essentially equivalent to
Aggarwal and Klawe’s reduction of row minima in double-staircase to staircase matrices [2];
a similar idea has also been used in dynamic data structures with “FIFO updates” [13].)
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On the other hand, it should be possible to modify our approach to get improved
deterministic algorithms for 2D largest empty rectangle, by solving the optimization problem
directly and using known matrix searching subroutines [24], though details are more involved
and the running time seems slightly worse than in our randomized algorithm.

It is theoretically possible to devise an optimal algorithm for Problem 1 without knowing
the true complexity of the algorithm, since by a constant number of rounds of recursion in our
method, the problem is reduced to subproblems of very small size (say, log log log log n), for
which we can afford to explicitly build an optimal decision tree (this type of trick appeared
before in the literature [25, 28]).

On the higher-dimensional algorithms. Our approach in higher dimensions works for
maximizing the perimeter (sum of edge lengths) of the box as well. In fact, the algorithm
for the simpler, largest empty anchored box problem should suffice here after doubling the
dimension, since the required objective function here is Hperim(x1, . . . , xd) = x1 + · · · + xd,
which is “similar” to Hvol(x1, . . . , xd) = x1 · · · xd.

For the largest empty anchored box problem, the Õ(n5d/12) time bound can be further
improved to Õ(n(7d+6)/18), by building on the graph-theoretic ideas from Section 4, as we
show in the full paper. Still further improvements of the exponent is likely possible, by
working with G-functions for hypergraphs G, not just graphs, though improvement on the
fraction 7/18 appears very tiny and requires d to be a very large constant, and the algorithm
becomes more complicated. For the largest empty box problem, we currently don’t know
how to improve the fraction 5/6, even using hypergraphs. It remains a fascinating question
what the best fraction β is for which the problem could be solved in O(nβd+o(d)) time.

On the conditional lower bound side, another relevant question is whether Problem 3 or 4
remain W [1]-hard with respect to the parameter d in the special case of 2-sided orthants.
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Abstract
We study geometric set cover problems in dynamic settings, allowing insertions and deletions of points
and objects. We present the first dynamic data structure that can maintain an O(1)-approximation
in sublinear update time for set cover for axis-aligned squares in 2D. More precisely, we obtain
randomized update time O(n2/3+δ) for an arbitrarily small constant δ > 0. Previously, a dynamic
geometric set cover data structure with sublinear update time was known only for unit squares by
Agarwal, Chang, Suri, Xiao, and Xue [SoCG 2020]. If only an approximate size of the solution is
needed, then we can also obtain sublinear amortized update time for disks in 2D and halfspaces
in 3D. As a byproduct, our techniques for dynamic set cover also yield an optimal randomized
O(n log n)-time algorithm for static set cover for 2D disks and 3D halfspaces, improving our earlier
O(n log n(log log n)O(1)) result [SoCG 2020].
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1 Introduction

Approximation algorithms for NP-hard problems and dynamic data structures are two of the
major themes studied by the algorithms community. Recently, problems at the intersection
of these two threads have gained much attention, and researchers in computational geometry
have also started to systematically explore such problems. For example, at SoCG last year,
two papers appeared, one on dynamic geometric set cover by Agarwal et al. [2], and another
on dynamic geometric independent set by Henzinger, Neumann, and Wiese [19]. In this
paper, we continue the study by Agarwal et al. [2] and investigate dynamic data structures
for approximating the minimum set cover in natural geometric instances.

Static geometric set cover. In the static (unweighted) geometric set cover problem, we are
given a set X of O(n) points and a set S of O(n) geometric objects, and we want to find the
smallest subset of objects in S that covers all points of X. The problem is fundamental and
has many applications. Let OPT denote the value (i.e., cardinality) of the optimal solution.
As the problem is NP-hard for many classes of geometric objects, we are interested in efficient
approximation algorithms.

Many classes of objects, such as squares and disks in 2D, objects with linear union
complexity, and halfspaces in 3D, admit polynomial-time O(1)-approximation algorithms
(i.e., computing a solution of size O(1) · OPT), by using ε-nets and LP rounding or the
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multiplicative weight update (MWU) method [6, 14, 15]. Some classes of objects, such as
disks in 2D and halfspaces in 3D, even have PTASs [26] or quasi-PTASs [25], though with
large polynomial running time.

Agarwal and Pan [4] worked towards finding faster approximation algorithms that run in
near linear time. They gave randomized O(n log4 n)-time algorithms (based on MWU) for
computing O(1)-approximations, for example, for disks in 2D and halfspaces in 3D. At last
year’s SoCG [11], we described further improvements to the running time for 2D disks and 3D
halfspaces, including a deterministic O(n log3 n log log n)-time algorithm and a randomized
O(n log n(log log n)O(1))-time algorithm.

Dynamic geometric set cover. It is natural to consider the dynamic setting of the geometric
set cover problem. Here, we want to support insertions and deletions of points in X as
well as insertions and deletions of objects in S, while maintaining an approximate solution.
Note that the solution may have linear size in the worst case. In the simplest version of the
problem, we may just want to output the value of the solution. More strongly, we may want
some representation of the solution itself, so that afterwards, the objects in the solution can
be reported in constant time per element when needed.

Agarwal et al. [2] gave a number of results on dynamic geometric set cover. They showed
that for intervals in 1D, a (1 + ε)-approximation can be maintained in O((1/ε)nδ) time
per insertions and deletions of points and intervals. (Throughout the paper, δ > 0 denotes
an arbitrarily small constant.) In 2D, they had only one main result: a fully dynamic
O(1)-approximation algorithm for unit axis-aligned squares, with O(n1/2+δ) update time.

New results. We present several new results on dynamic geometric set cover. The first is
a fully dynamic, randomized, O(1)-approximation algorithm for the more general case of
arbitrary axis-aligned squares in 2D, with O(n2/3+δ) amortized update time. Though our
time bound is a little worse than Agarwal et al.’s for the unit square case, the arbitrary square
case is more challenging. (The unit square case reduces to case of dominance ranges, i.e.,
quadrants, via a standard grid approach; since the union of such ranges forms a “staircase”
sequence of vertices, the problem is in some sense “1.5-dimensional”. In contrast, the arbitrary
square problem requires truly “2-dimensional” ideas.)

We then consider the case of halfspaces in 3D. This case is fundamental, as set cover for
2D disks reduces to set cover for 3D halfspaces by the standard lifting transformation [17].
Also, by duality, hitting set for 3D halfspaces is equivalent to set cover for 3D halfspaces,
and hitting set for 2D disks reduces to set cover for 3D halfspaces as well.

For 3D halfspaces, we obtain a fully dynamic, randomized algorithm with O(n12/13+δ) ≤
O(n0.924) amortized update time. Our result here is slightly weaker: it only finds the value
of an O(1)-approximate solution (which could be good enough in some applications). If a
solution itself is required, we can still get sublinear update time as long as OPT is sublinear
(below n1−δ). This assumption seems reasonable, since sublinear reporting time is not
possible otherwise. (However, we currently do not know how to obtain a stronger time bound
of the form O(nα + OPT) with α < 1 to report a solution for 3D halfspaces.)

Remarks. Our results are randomized in the Monte Carlo sense: the computed solution
may not always be correct, but it is correct with high probability (w.h.p.), i.e., probability
at least 1 − 1/nc for an arbitrarily large constant c. The error probability bounds hold even
when the user has knowledge of the random choices made by the algorithms. (We do not
assume an “oblivious adversary”; in fact, the algorithms make a new set of random choices
each time it computes a solution, and the data structures themselves are not randomized.)
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The update times are better than stated in many cases, notably, when OPT is small or
when OPT is large. More precise OPT-sensitive bounds are given in lemmas and theorems
throughout the paper. (The O(n2/3+δ) and O(n12/13+δ) bounds are obtained by “balancing”.)

We have assumed that we are required to compute a solution after every update. In some
(but not all) cases, the update cost is smaller than the cost of computing a solution (this
may be useful if we are executing a batch of updates).

Techniques. Our algorithms are obtained by handling two cases differently: when OPT
is small and when OPT is large. Intuitively, the small OPT case is easier since we are
generating fewer objects, but the large OPT case also seems potentially easier since we can
tolerate a larger additive error when targeting an O(1)-factor approximation – so, we are in a
“win-win” situation. For our algorithms for 3D halfspaces, we even find it necessary to handle
an intermediate case when OPT is medium (aiming for sublinear time for sublinear OPT).

Our algorithms for the small OPT case are based on the previous static MWU algo-
rithms [6, 4, 11]. The adaptation of these static algorithms is not straightforward, and
requires using various known techniques in new ways ((≤ k)-levels in arrangements, for our
2D square algorithm in Section 3.1, and “augmented” partition trees, for our 3D halfspace
algorithm in Section 4.1). The medium case for 3D halfspaces (in Section 4.2) is technically
even more challenging (where we use “shallow” partition trees and other ideas).

Our algorithm for squares in the large OPT case (in Section 3.2) is different (not based
on MWU), and interestingly uses quadtrees in a non-obvious way. For 3D halfspaces,
our algorithm in the large OPT case (in Section 4.3) can compute only the value of an
approximate solution, and is based on random sampling. However, the obvious way to use a
random sample (just solving the problem on a random subset of points and objects) does
not work. We use sampling in a nontrivial way, combining geometric cuttings with planar
graph separators.

In some of our algorithms, notably the small OPT algorithms for squares and 3D halfspaces
(in Sections 3.1 and 4.1) and the large OPT algorithm for 3D halfspaces (in Section 4.3),
the data structure part is “minimal”: we just assume that points and objects are stored
separately in standard range searching data structures. We describe sublinear-time algorithms
to compute a solution from scratch, using range searching as oracles. Dynamization becomes
trivial, since range searching data structures typically are already known to support insertions
and deletions. (It also potentially enables other operations like merging sets, or solving the
set cover problem for range-restricted subsets of points and subsets of objects.)

The topic of sublinear-time algorithms has received considerable attention in the algorithms
community, due to applications to big data (where we want to solve problems without
examining the entire input). A similar model of sublinear-time algorithms where the input is
augmented with range searching data structures was proposed by Czumaj et al. [16], who
presented results on approximating the weight of the Euclidean minimum spanning tree in
any constant dimension under this model.

Application to static geometric set cover. Although we did not intend to revisit the
static problem, our techniques can lead a randomized O(1)-approximation algorithm for set
cover for 3D halfspaces running in O(n log n) time, which completely eliminates the extra
log log n factors in our previous result from SoCG’20 [11] and is optimal (in comparison-based
models)! This bonus result is interesting in its own right, but due to lack of space, we defer
the description to the full paper.

SoCG 2021
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2 Review of an MWU algorithm

We begin by briefly reviewing a known static approximation algorithm for geometric set
cover, based on the multiplicative weight updates (MWU) method. Some of our dynamic
algorithms will be built upon this algorithm.

Specifically, we consider the following randomized algorithm from our previous SoCG’20
paper [11], which is a variant of a standard algorithm by Brönnimann and Goodrich [6] or
Clarkson [14] (see also Agarwal and Pan [4]). Below, c0 is a sufficiently large constant. The
depth of a point p in a set S of objects is the number of objects of S containing p. A subset
of objects T ⊆ S is called an ε-net of S if all points with depth ≥ ε|S| in S are covered by T .
The size |Ŝ| of a multiset Ŝ refers to the sum of the multiplicities of its elements

∑
i∈S mi.

Algorithm 1 MWU for set cover.

1: Guess a value t ∈ [OPT, 2 OPT].
2: Define a multiset Ŝ where each object i in S initially has multiplicity mi = 1.
3: loop ▷ call this the start of a new round
4: Fix ρ := c0t log n

|Ŝ| and take a random sample R of Ŝ with sampling probability ρ.
5: while there exists a point p ∈ X with depth in R at most c0

2 log n do
6: for each object i containing p do ▷ call lines 6–8 a multiplicity-doubling step
7: Double its multiplicity mi, i.e., insert mi new copies of object i into Ŝ.
8: For each copy, independently decide to insert it into R with probability ρ.
9: if the number of multiplicity-doubling steps in this round exceeds t then

10: Go to line 3 and start a new round.
11: Terminate and return a 1

8t -net of R.

In the standard version of MWU, the “lightness” condition in line 5 was whether the
depth of p in Ŝ is at most |Ŝ|

2t . The main difference in the above randomized version is that
lightness is tested with respect to the sample R, which is computationally easier to work
with – R has size O(t log n) with high probability (w.h.p.). Justification of this randomized
variant follows from a Chernoff bound, and was shown in [11, Section 4.2].

It is known that the algorithm terminates in O(log n
t ) rounds and O(t log n

t ) multiplicity-
doubling steps [6, 4, 11]. Furthermore, |Ŝ| increases by at most a factor of 2 in each round;
in particular, |Ŝ| is bounded by nO(1) at the end of O(log n

t ) rounds.
In the standard version of MWU, line 11 returns a Θ( 1

t )-net of the multiset Ŝ, but a
Θ( 1

t )-net of R works just as well: in the end, the depth in R of all points of X is at least
c0
2 log n > |R|

8t w.h.p., and so X will be covered by the net. For objects that are axis-aligned
squares in 2D, disks in 2D, or halfspaces in 3D, ε-nets of size O( 1

ε ) exist, and thus the above
algorithm yields a set cover of size O(t), i.e., a constant-factor approximation. By known
algorithms (e.g., [12]), the net for R in line 11 can be constructed in Õ(|R|) = Õ(t) time.

Several modifications have been explored in previous work. For example, in the first
algorithm of Agarwal and Pan [4], each round examines all points of X in a fixed order and
test for lightness of the points one by one (based on the observation that a point found
to have large depth will still have large depth by the end of the round). In our previous
paper [11], we have also added a step at the beginning of each round, where the multiplicities
are rescaled and rounded, so as to keep |Ŝ| bounded by O(n). These modifications led to a
number of different static implementations running in Õ(n) time.
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3 Axis-aligned squares

Our first result for dynamic set cover is for axis-aligned squares. Previously, a sublinear
time algorithm for dynamic set cover was known only for unit squares. Our method will be
divided into two cases: when OPT is small and when OPT is large. Let t be a guess on OPT.
We will run our algorithm for each possible t = 2i in parallel. (When the guess is wrong, our
algorithm will be able to tell whether t is approximately smaller or larger than OPT w.h.p.)
The update time will increase only by a factor of O(log n).

3.1 Algorithm for small OPT
Our algorithm for the small OPT case will be based on the randomized MWU algorithm
described in Section 2. The key is to realize that this algorithm can actually be implemented
to run in sublinear time, assuming that the points and the objects have been preprocessed in
standard range searching data structures. Since these structures are dynamizable, we can
just re-run the MWU algorithm from scratch after every update.

3.1.1 Data structures
Our data structures are simple. We store the point set X in the standard 2D range
tree [17]. For each square s with center (x, y) and side length 2z, map s to a point s↑ =
(x − z, x + z, y − z, y + z) in 4D. We also store the lifted point set S↑ = {s↑ : s ∈ S} in a 4D
range tree. Range trees support insertions and deletions in X and S in polylogarithmic time.

3.1.2 Computing a solution
We now show how to compute an O(1)-approximate solution in sublinear time when OPT is
small by running Algorithm 1 using the above data structures. At first glance, linear time
seems unavoidable: (i) the obvious way to find low-depth points in line 5 is to scan through
all points of X in each round (as was done in previous algorithms [4, 11]), and (ii) explicitly
maintaining the multiplicities of all points would also require linear time.

To overcome these obstacles, we observe that (i) we can use data structures to find the
next low-depth point p without testing each point one by one (recall that there are only Õ(t)
multiplicity-doubling steps), and (ii) multiplicities do not need to be maintained explicitly, so
long as in line 8 we can generate a multiplicity-weighted random sample among the objects
containing a given point p efficiently (recall that the sample R has only Õ(t) size). The
subproblem in (ii) is a weighted range sampling problem.

Finding a low-depth point. Let b := c0
2 log n. Each time we want to find a low-depth point

in line 5, we compute (from scratch) L≤b(R), the (≤ b)-level of R, i.e., the collection of all
cells in the arrangement of the squares of depth at most b. It is known [27] that L≤b(R) has
O(|R|b) cells and can be constructed in Õ(|R|b) time, which is Õ(t) (since |R| = Õ(t) and
b = Õ(1)). To find a point p of X that has depth in R at most b, we simply examine each
cell of L≤b(R), and perform an orthogonal range query to test if the cell contains a point of
X. All this takes Õ(t) time.

As there are Õ(t) multiplicity-doubling steps, the total cost is Õ(t2).

Weighted range sampling. For each square s with center (x, y) and side length 2z, define
its dual point s∗ to be (x, y, z) in 3D. For each point p = (px, py), define its dual region p∗

to be {(x, y, z) : z ≥ max{|x − px|, |y − py|}} in 3D. Then a point p is in the square s iff the
point s∗ is in the region p∗.
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Let Q be the set of all points p for which we have performed multiplicity-doubling steps
thus far. Note that |Q| = Õ(t). Let b′ = c′

0 log n for a sufficiently large constant c′
0. Each time

we perform a multiplicity-doubling step, we compute (from scratch) L≤b′(Q∗), the (≤ b′)-level
of the dual regions Q∗ = {p∗ : p ∈ Q}. This structure corresponds to planar order-(≤ b′)
L∞ Voronoi diagrams. By known results [27, 7, 21], L≤b′(Q∗) has O(|Q|(b′)2) cells and can
be constructed in Õ(|Q|(b′)2) time, which is Õ(t) (since |Q| = Õ(t) and b′ = Õ(1)). The
multiplicity of a square s ∈ S is equal to 2depth of s∗ in Q∗ (since each p∗ in Q∗ containing s∗

doubles the multiplicity of s). In particular, since multiplicities are bounded by nO(1), the
depth (i.e., level) of s∗ must be logarithmically bounded. So, each s∗ is covered by L≤b′(Q∗),
and the multiplicity of s is determined by which cell of L≤b′(Q∗) the point s∗ is in.

To generate a multiplicity-weighted sample of the squares containing p for line 8, after
p has been inserted to Q, we examine all cells of L≤b′(Q∗) contained in p∗. For each such
cell γ, we identify the squares s ∈ S for which s∗ ∈ γ; this reduces to an orthogonal range
query in S↑, and the answer can be expressed as a disjoint union of Õ(1) canonical subsets.
Knowing the sizes and multiplicities of these canonical subsets for all such Õ(t) cells, we can
then generate the weighted sample in time Õ(t) plus the size of the sample.

Hence, the total cost of all Õ(t) multiplicity-doubling steps is Õ(t2).
In addition, we need to generate a new weighted sample R (with a new sampling

probability ρ) in line 4 at the beginning of each round; this can be done similar to above, in
Õ(t) time plus the size of the sample (Õ(t)), for each of the O(log n) rounds. As mentioned,
the final net computation in line 11 takes Õ(t) time. We have thus obtained:

▶ Lemma 1. There exists a data structure for the dynamic set cover problem for O(n)
axis-aligned squares and O(n) points in 2D that supports insertions and deletions in Õ(1)
time and can find an O(1)-approximate solution w.h.p. to the set cover problem in Õ(OPT2)
time.

3.2 Algorithm for large OPT
To complement our solution for the small OPT case, we now show that the problem also gets
easier when OPT is large, mainly because we can afford a large additive error. We describe a
different, self-contained algorithm for this case (not based on modifying MWU), interestingly
by using quadtrees in a novel way.

To allow for both multiplicative and additive error, we use the term (α, β)-approximation
to refer to a solution with cost at most α OPT + β.

For simplicity, we assume that all coordinates are integers bounded by U = poly(n). At
the end, we will comment on how to remove this assumption.

In the standard quadtree, we start with a bounding square cell and recursively divide a
square cell into four square subcells. We define the size of a cell Γ to be the number of vertices
in Γ among the squares of S, plus the number of points of X in Γ. We stop subdividing when
a leaf cell has size at most b, where b is a parameter to be set later. This yields a subdivision
into O( n

b ) cells per level, and O( n
b log U) cells in total. The quadtree decomposition can be

easily made dynamic under insertions and deletions of points and squares.
For each leaf cell Γ, a square in S intersecting Γ is called short if at least one of its vertices

is in the cell, and long otherwise, as shown in Fig. 1. Note that a long square can have at
most one side crossing the cell, because the quadtree cell Γ is also a square. The union of
the long squares within the cell is defined by at most 4 long squares – call these the maximal
long squares. (If there is a square containing Γ, we can designate one such square as the
maximal long square.) For each leaf cell Γ, it suffices to approximate the optimal set cover
for the input points in X ∩ Γ using only the short squares plus the at most 4 maximal long
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squares in Γ. By charging each square in the optimal solution to the cells containing its 4
vertices, we see that the sum of the sizes of the optimal covers in the leaf cells is at most
4 OPT + O( n

b log U), which is indeed an O(1)-approximation if we choose b ≥ n log n
OPT .

Figure 1 Short square (left) and long square (right). The quadtree cell is shaded.

Note that the complement of the union of the at most 4 maximal long squares in a cell
Γ is a rectangle rΓ. We will store the short squares in the cell Γ in a data structure SΓ to
answer the following type of query:

Given any query rectangle r, compute an O(1)-approximation to the optimal set cover
for the points in X ∩ r using only the short squares.

Assuming the availability of such data structures SΓ, we can solve the dynamic set cover
problem as follows:

An insertion/deletion of a square s in S requires updating 4 of these data structures SΓ
for the leaf cells Γ containing the 4 vertices of s, and also updating the maximal long
squares for all leaf cells in Õ( n

b ) time.
An insertion/deletion of a point p in X requires updating one data structure SΓ for the
leaf cell Γ containing p.
Whenever we want to compute a set cover solution, we examine all Õ( n

b ) cells Γ and
query the data structure SΓ for rΓ, and return the union of the answers.

First implementation of SΓ. A simple way to implement the data structure SΓ is as follows:
in an update, we just recompute an approximate solution from scratch for every possible
query rectangle in Γ. Since there are only O(b4) combinatorially different query rectangles,
and static approximate set cover on O(b) squares and points takes Õ(b) time [4, 11], the
update time is Õ(b5), and the query time is trivially O(1).

As a result, the cost of insertion/deletion in the overall method is Õ(b5 + n
b ).

Improved implementation for SΓ. We further improve the update time for the data
structure SΓ. Instead of recomputing solutions for all O(b4) rectangles, the idea is to
recompute solutions for a smaller number of “canonical rectangles”. More precisely, by using
a 2D range tree [3, 17] for the O(b) points in X ∩Γ, with branching factor a in each dimension,
we can form a set of canonical rectangles with total size O(aO(1)b(loga b)2), such that every
query rectangle can be decomposed into O((loga b)2) canonical rectangles, ignoring portions
that are empty of points. We set a := bδ for an arbitrarily small constant δ > 0.

For each canonical rectangle r with size bi, there are at most O(bi) maximal long squares
with respect to r: the union of the long squares that cut across r horizontally have at most
two edges between any two consecutive points/vertices; and a similar statement holds for the
long squares that cut across r vertically. These maximal long squares can be found in Õ(bi)
time by standard orthogonal range searching. We can thus approximate the optimal set
cover for the points in the canonical rectangle r, using the O(bi) short squares and maximal
long squares with respect to r, in Õ(bi) time by known static set cover algorithms [4, 11].
The total time over all canonical rectangles is Õ(aO(1)b(loga b)2) = Õ(b1+O(δ)).
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Given a query rectangle, we can decompose it into O((loga b)2) = O(1) canonical rectangles
and return the union of the optimal solutions in the canonical rectangles, which is an O(1)-
approximation (more precisely, an O(δ−2)-approximation).

As a result, the cost of insertion/deletion in the overall method is Õ(b1+O(δ) + n
b ).

Removing the dependency on U . When U may be large, we can reduce the tree depth
from O(log U) to O(log n) by replacing the quadtree with the BBD tree of Arya et al. [5].
Each cell in the BBD tree is the set difference of two quadtree squares, one contained in
the other. The size of each child cell is at most a fraction of the size of the parent cell.
As before, we stop subdividing when a leaf cell has size at most b. Since any such leaf
cell has size Θ(b) now, the number of leaf cells is O( n

b ). The BBD tree can be maintained
dynamically in polylogarithmic time (for example, by periodically rebuilding when subtrees
become unbalanced). Since a leaf cell Γ is the difference of two quadtree squares, it is not
difficult to see that the number of maximal long squares in Γ remains O(1). So, our previous
analysis remains valid.

▶ Lemma 2. Given a parameter b, there exists a data structure for the dynamic set cover
problem for O(n) axis-aligned squares and O(n) points in 2D that maintains an (O(1), O( n

b ))-
approximate solution with Õ(b1+O(δ) + n

b ) insertion and deletion time.

Combining the algorithms. When OPT ≤ n1/3, we use the algorithm for small OPT; the
running time is Õ(OPT2) ≤ Õ(n2/3). When OPT > n1/3, we use the algorithm for large
OPT with b = n2/3, so that an (O(1), O( n

b ))-approximation is indeed an O(1)-approximation;
the running time is Õ(b1+O(δ) + n

b ) = O(n2/3+O(δ)).

▶ Theorem 3. There exists a data structure for the dynamic set cover problem for O(n)
axis-aligned squares and O(n) points in 2D that maintains an O(1)-approximate solution
w.h.p. with O(n2/3+δ) insertion and deletion time for any constant δ > 0.

The case of fat rectangles can be reduced to squares, since such rectangles can be replaced
by O(1) squares (increasing the approximation factor by only O(1)). Our approach can be
modified to work more generally for homothets of a fixed fat convex polygon with a constant
number of vertices.

4 Halfspaces in 3D

In this section, we study dynamic geometric set cover for the more challenging case of 3D
halfspaces. Using the standard lifting transformation [17], we can transform 2D disks to
3D upper halfspaces. For simplicity, we assume that all halfspaces are upper halfspaces; we
discuss how to modify our algorithms when there are both upper and lower halfspaces in the
full paper. Our method will be divided into three cases: small, medium, and large OPT.

4.1 Algorithm for small OPT

Similar to the small OPT algorithm for axis-aligned squares in Section 3.1, we describe a
small OPT algorithm for halfspaces based on the randomized MWU algorithm in Section 2.
Although our earlier approach using levels in arrangements could be generalized, we describe
a better approach based on augmenting partition trees with counters.
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4.1.1 Data structures
We store the 3D point set X in Matoušek’s partition tree [22]: The tree has height O(log n)
and degree r for a sufficiently large constant r. Each node v stores a simplicial cell Γv and a
“canonical subset” Xv ⊂ Γv, where Xv = X at the root v, and Γv is contained in Γparent(v),
Xv is the disjoint union of Xv′ over all children v′ or v, and Xv has constant size at each
leaf v. Furthermore, any halfspace crosses O(n2/3+δ) cells of the tree for any arbitrarily small
constant δ > 0 (depending on r). Here a halfspace h crosses a cell Γ iff the boundary of h

intersects Γ.
For each upper halfspace h, let h∗ denote its dual point; for each point p, let p∗ denote

its dual upper halfspace. (Duality [17] is defined so that p is in h iff h∗ is in p∗.)
We also store the 3D dual point set S∗ = {h∗ : h ∈ S} in Matoušek’s partition tree. Each

node v stores a cell Γv and a canonical subset S∗
v ⊂ Γv like above.

Matoušek’s partition trees can be built in Õ(n) time and support insertions and deletions
in X and S in polylogarithmic time. (In the static case, there are slightly improved partition
trees reducing the nδ factor in the crossing number bound [22, 24, 10], but these will not be
important to us.)

4.1.2 Computing a solution
We now show how to compute an O(1)-approximate solution in sublinear time when OPT is
small by running Algorithm 1 using the above data structures. As in Section 3.1, the main
subproblems are (i) finding a low-depth point with respect to R, and (ii) weighted range
sampling, where the weights are the multiplicities (which are not explicitly stored).

Finding a low-depth point. We maintain two values at each node v of the partition tree
of X:

cv is the number of halfspaces of R containing Γv but not containing Γparent(v).
dv is the minimum depth among all points in Xv with respect to the halfspaces of R

crossing Γv.
The overall minimum depth with respect to R is given by the value dv at the root v. Whenever
we insert a halfspace h to R, for each of the O(n2/3+δ) cells Γv crossed by h, we update
the counters cv′ for the children v′ of the nodes v; we also update the value dv bottom-up
according to the formula dv = minchild v′ of v(dv′ + cv′). Thus, all values can be maintained
in O(n2/3+δ) time per insertion to R.

As there are Õ(t) insertions to R, the total cost is Õ(tn2/3+δ). This cost covers the
resetting of counters at every round.

(We remark that the idea of augmenting nodes of partition trees with counters appeared
before in at least one prior work on dynamic geometric data structures [8, Theorem 4.1].)

Weighted range sampling. Let Q be the set of all points p for which we have performed
multiplicity-doubling steps thus far. Note that |Q| = Õ(t). The multiplicity of a halfspace
h ∈ S is 2depth of h∗ in Q∗ . To implicitly represent the multiplicities and their sum, we
maintain two values at each node v of the partition tree for S∗:

cv is the number of dual halfspaces of Q∗ containing Γv but not containing Γparent(v).
mv is the sum of 2depth of h∗ among the halfspaces of Q∗ crossing Γv over all h∗ ∈ S∗

v .
Whenever we insert a point p to Q, for each of the O(n2/3+δ) cells Γv crossed by the dual
halfspace p∗, we update the counters cv′ for the children v′ of the nodes v; we also update the
value mv bottom-up according to the formula mv =

∑
child v′ of v 2cv′ mv′ . Thus, all values

can be maintained in O(n2/3+δ) time per insertion to Q.
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To generate a weighted sample of the halfspaces of S containing p for line 8, we find all
O(n2/3+δ) cells Γv crossed by the dual halfspace p∗, and consider the canonical subsets S∗

v′

for the children v′ of v with Γv′ contained in p∗. We can then sample from these canonical
subsets, weighted by mv′2

∑
u

cu , where the sum is over all ancestors u of v′. All this takes
time O(n2/3+δ) plus the size of the sample.

Hence, the total cost of all Õ(t) multiplicity-doubling steps is Õ(tn2/3+δ).

▶ Lemma 4. There exists a data structure for the dynamic set cover problem for O(n) upper
halfspaces and O(n) points in 3D that supports insertions and deletions in Õ(1) time and
can find an O(1)-approximate solution w.h.p. in Õ(OPT · n2/3+δ) time.

4.2 Algorithm for medium OPT
The preceding algorithm works well only when OPT is smaller than about n1/3. We show that
a more involved algorithm, also based on MWU, can achieve sublinear time even when OPT
approaches n1−δ. The basic approach is to use shallow versions of the partition trees [23].
Several technical new ideas are required, but due to space limitation, we defer the details to
the full paper and just state the result:

▶ Lemma 5. There exists a data structure for the dynamic set cover problem for O(n) upper
halfspaces and O(n) points in 3D that maintains an O(1)-approximate solution w.h.p. with
Õ( n7/8

OPT1/8 + n√
OPT

+ OPT1/3n2/3+O(δ)) amortized insertion and deletion time.

4.3 Algorithm for large OPT
Lastly, we give an algorithm for the large OPT case, which is very different from the
algorithms in the previous subsections (and not based on modifying MWU). Here, we can
only compute the size of the approximate set cover, not the cover itself. Like before, we will
show that the problem gets easier for large OPT, because we can afford a large additive error.
The idea is to decompose the problem into subproblems via geometric sampling and planar
separators, and then approximate the sum of the subproblems’ answers by sampling again.

4.3.1 Data structures
We just store the dual point set S∗ in a known 3D halfspace range reporting structure. The
data structure by Chan [9] supports queries in O((log n + k) log n) time for output size k,
and insertions and deletions in S in polylogarithmic amortized time.

We store the xy-projection of the point set X in a known 2D triangle range searching
structure [22] that supports queries in O( n1/2+δ

z1/2 + k) time for output size k, and insertions
and deletions in X in Õ(z) time for a given trade-off parameter z ∈ [1, n].

4.3.2 Approximating the optimal value
Let b and g be parameters to be set later. Take a random sample R of the halfspaces
S with size n

b . Imagine that R is included in the solution. The remaining uncovered
space is the complement of the union of R, which is a 3D convex polyhedron. There are
O(|R|) = O( n

b ) cells in the vertical decomposition VD(R) of this polyhedron (formed by
triangulating each face and drawing a vertical wall at each edge of the triangulation). Each
cell is crossed by O(b log n) halfspaces w.h.p., by well-known geometric sampling analysis [13].
The decomposition VD(R) can be constructed in Õ( n

b ) time.
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Our key idea is to use planar graph separators to divide into smaller subproblems. The
following is a multi-cluster version of the standard planar separator theorem [20] (sometimes
known as “r-divisions” [18]):

▶ Lemma 6 (Planar Separator Theorem, Multi-Cluster Version). Given a planar graph G =
(V, E) with n vertices, and a parameter g, we can partition V into n

g subsets V1, · · · , Vn/g of
size O(g) each, and an extra “boundary set” B of size O( n√

g ), such that no two vertices from
different subsets Vi and Vj are adjacent. The partition can be constructed in Õ(n) time.

(We remark that the general idea of combining cuttings/geometric sampling with planar
graph separators appeared in some geometric approximation algorithms before, e.g., [1].)

We apply Lemma 6 to the dual graph of VD(R) (which has size O( n
b )), yielding O((n/b)/g)

“clusters” of O(g) cells each, and a set B of O((n/b)/√
g) “boundary cells”, in Õ( n

b ) time.
Let SB be the subset of all halfspaces of S that cross boundary cells of B. Note that

|SB | = O((n/b)/√
g · b log n) = Õ( n√

g ) w.h.p.
For each cluster γ, let Xγ denote the subset of all points of X whose xy-projections lie in

the xy-projection of the cells of γ, and let Sγ denote the subset of all halfspaces of S that
cross the cells of γ. Note that |Sγ | = O(g · b log n) = Õ(bg) w.h.p. Let OPTγ denote the
optimal value for the set cover problem for the halfspaces of Sγ and the points of Xγ not
covered by R ∪ SB .

▷ Claim 7.
∑

γ OPTγ approximates OPT with additive error Õ( n
b + n√

g ) w.h.p.

Proof. A feasible solution can be formed by taking the union of the solutions corresponding
to OPTγ , together with R (to cover points not covered by VD(R)) and SB (to cover
points inside boundary cells). As |R| = n

b and |SB | = Õ( n√
g ) w.h.p., this proves that

OPT ≤
∑

γ OPTγ + Õ( n
b + n√

g ).
In the other direction, observe that if a halfspace h crosses two different clusters γi and

γj , it must also cross some boundary cell in X by convexity: pick points p ∈ h ∩ γi and
q ∈ h ∩ γj ; then the line segment pq must hit the wall of some boundary cell. So, after
removing R ∪ SB from the global optimal solution, we get disjoint local solutions in the
clusters. This proves that OPT ≥

∑
γ OPTγ . ◁

We use the following known fact about approximating a sum via random sampling (which
is of course a standard trick):

▶ Lemma 8. Suppose a1 + · · · + am = T where ai ∈ [0, U ]. Take a random subset R

of r = (c0/ε2)mU log n
T elements from a1, . . . , am, for a sufficiently large constant c0. Then∑

ai∈R ai · r
m is a (1 + ε)-approximation to T w.h.p.

Proof. By rescaling the ai’s and T by a factor U , we may assume that U = 1. Define a
random variable Yi, which is ai with probability r

m , and 0 otherwise. Then E[
∑

i Yi] =
T · r

m = (c0/ε2) log n. The result follows from a standard Chernoff bound on the Yi’s. ◀

By applying the above lemma with m = (n/b)/g, T = Θ(t), and U = Õ(bg) (assuming
OPT is finite), we can O(1)-approximate OPT by summing OPTγ over a random sample of
r = Õ( mU

T ) = Õ( n
t ) clusters γ.

We can generate the set SB by finding the halfspaces of S that contain the O((n/b)/√
g)

vertices of the cells in B – this corresponds to O((n/b)/√
g) halfspace range reporting queries

for the dual 3D point set S∗, each with output size Õ(b) w.h.p. and each taking Õ(b) time [9].
Thus, SB can be found in Õ( n√

g ) time. We compute the union of R ∪ SB, which is the
complement of an intersection of halfspaces, by the dual of 3D convex hull algorithm [17].
This takes Õ( n

b + n√
g ) time.
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For each chosen cluster γ, we can generate Sγ similarly by O(g) halfspace range reporting
queries for S∗, each with output size Õ(b) w.h.p. Thus, Sγ can be found in Õ(bg) time. We
can generate Xγ by performing O(g) triangle range reporting queries for the 2D xy-projection
of the point set X. Thus, Xγ can be found in Õ(g n1/2+δ

z1/2 + |Xγ |) time. We filter points of Xγ

covered by R ∪ SB , by performing |Xγ | planar point location queries [17] in the xy-projection
of the boundary of the union of R ∪ SB. This takes Õ(|Xγ |) time. We can then compute
an O(1)-approximation to OPTγ by running a known static set cover algorithm [4, 11] in
Õ(bg + |Xγ |) time.

The expected sum of Xγ over all chosen clusters γ is O(n · r
m ) = O(rbg). The total

expected time over r clusters is Õ(rbg + rg n1/2+δ

z1/2 ) = Õ( bgn
t + gn3/2+δ

tz1/2 ). The overall expected
running time is Õ( n

b + n√
g + bgn

t + gn3/2+δ

tz1/2 ), and we obtain an (O(1), Õ( n
b + n√

g ))-approximation.
(The expected bound can be converted to worst-case by placing a time limit and re-running
logarithmically many times.) Choosing g = b2 yields the following result:

▶ Lemma 9. Given parameters b and z ∈ [1, n] and any constant ε > 0, there exists a data
structure for the dynamic set cover problem for O(n) upper halfspaces and O(n) points in 3D
that supports insertions and deletions in Õ(z) amortized time and can find the value of an
(O(1), Õ( n

b ))-approximation w.h.p. in Õ( n
b + b3n

OPT
+ b2n3/2+δ

OPT·z1/2 ) time for any constant δ > 0.

A minor technicality is that when applying Lemma 8, we have assumed that the optimal
value is finite. The problem of checking whether a solution exists, i.e., whether a point set
is covered by a set of halfspaces (or more generally, maintaining the lowest-depth point),
subject to insertions and deletions of points and halfspaces, has already been solved before by
Chan [8, Theorem 4.1], who gave a fully dynamic algorithm with Õ(n2/3) time per operation
(based on augmenting partition trees with counters, similar to what we have done here).

Combining the algorithms. Finally, we combine all three algorithms:
1. When OPT ≤ n2/9, we use the algorithm for small OPT; the running time is Õ(OPT ·

n2/3+δ) ≤ Õ(n8/9+δ).
2. When n2/9 < OPT ≤ n10/13, we use the algorithm for medium OPT; the running time is

Õ( n7/8

OPT1/8 + n√
OPT

+ OPT1/3n2/3+O(δ)) ≤ O(n12/13+O(δ)).
3. When OPT > n10/13, we use the algorithm for large OPT with b = Θ̃(n3/13) and

z = n7/13, so that an (O(1), Õ( n
b ))-approximation is indeed an O(1)-approximation; the

running time is Õ( n
b + b3n

OPT
+ b2n3/2+δ

OPT·z1/2 ) ≤ O(n12/13+O(δ)).

▶ Theorem 10. There exists a data structure for the dynamic set cover problem for O(n)
upper halfspaces and O(n) points in 3D that maintains the value of an O(1)-approximate
solution w.h.p. with O(n12/13+δ) amortized insertion and deletion time for any constant
δ > 0.
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Abstract
We describe the first strongly subquadratic time algorithm with subexponential approximation
ratio for approximately computing the Fréchet distance between two polygonal chains. Specifically,
let P and Q be two polygonal chains with n vertices in d-dimensional Euclidean space, and let
α ∈ [

√
n, n]. Our algorithm deterministically finds an O(α)-approximate Fréchet correspondence in

time O((n3/α2) log n). In particular, we get an O(n)-approximation in near-linear O(n log n) time, a
vast improvement over the previously best know result, a linear time 2O(n)-approximation. As part
of our algorithm, we also describe how to turn any approximate decision procedure for the Fréchet
distance into an approximate optimization algorithm whose approximation ratio is the same up to
arbitrarily small constant factors. The transformation into an approximate optimization algorithm
increases the running time of the decision procedure by only an O(log n) factor.
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1 Introduction

The Fréchet distance is a commonly used method of measuring the similarity between a
pair of curves. Both its standard (continuous) and discrete variants have seen use in map
construction and mapping [5, 16], handwriting recognition [27], and protein alignment [23].

Formally, it is defined as follows: Let P : [1, m] → Rd and Q : [1, n] → Rd be two curves
in d-dimensional Euclidean space. We’ll assume P and Q are represented as polygonal
chains, meaning there exist ordered vertex sequences ⟨p1, . . . , pm⟩ and ⟨q1, . . . , qn⟩ such
that P (i) = pi for all 1 ≤ i ≤ m, Q(j) = qj for all 1 ≤ j ≤ n, and both P and Q are
linearly parameterized along line segments or edges between these positions. We define a
re-parameterization σ : [0, 1] → [1, m] of P as any continuous, non-decreasing function
such that σ(0) = 1 and σ(1) = m.1 We define a re-parameterization θ : [0, 1] → [1, n] of
Q similarly. We define a Fréchet correspondence between P and Q as a pair (σ, θ) of
re-parameterizations of P and Q respectively, and we say any pair of reals (σ(r), θ(r)) for any
0 ≤ r ≤ 1 are matched by the correspondence. Let d(p, q) denote the Euclidean distance
between points p and q in Rd. The cost of the correspondence is defined as

µ((σ, θ)) := max
0≤r≤1

d(P (σ(r)), Q(θ(r))).

1 Re-parameterizations are normally required to be bijective, but we relax this requirement to simplify
definitions and arguments throughout the paper.
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26:2 Approximating the (Continuous) Fréchet Distance

Let ΠFD denote the set of all Fréchet correspondences between P and Q. The (continuous)
Fréchet distance of P and Q is defined as

FD(P, Q) := min
(σ,θ)∈ΠFD

µ((σ, θ)).

The standard intuition given for this definition is to imagine a person and their dog
walking along P and Q, respectively, without backtracking. The person must keep the dog
on a leash, and the goal is to pace their walks as to minimize the length of leash needed to
keep them connected. There also exists a variant of the distance called the discrete Fréchet
distance where the input consists of two finite point sequences. Here, we replace the person
and dog by two frogs. Starting with both frogs on the first point of their sequences, we must
iteratively move the first, the second, or both frogs to the next point in their sequences. As
before, the goal is to minimize the maximum distance between the frogs.

Throughout this paper, we assume 2 ≤ m ≤ n. We can easily compute the discrete
Fréchet distance in O(mn) time using dynamic programming. The first polynomial time
algorithm for computing the continuous case was described by Alt and Godau [6]. They use
parametric search [17, 25] and a quadratic time decision procedure (see Section 2) to compute
the Fréchet distance in O(mn log n) time. Almost two decades passed before Agarwal et al. [3]
improved the running time for the discrete case to O(mn log log n/ log n). Buchin et al. [14]
later improved the running time for the continuous case to O(mn(log log n)2) (these latter
two results assume we are working in the word RAM model of computation).

Recently, Gudmundsson et al. [21] described an O(n log n) time algorithm for computing
the continuous distance between chains P and Q assuming all edges have length a sufficiently
large constant larger than FD(P, Q). In short, having long edges allows one to greedily move
the person and dog along their respective chains while keeping their leash length optimal.

From this brief history, one may assume substantially faster algorithms are finally forth-
coming for general cases of the continuous and discrete Fréchet distance. Unfortunately, more
meaningful improvements may not be possible; Bringmann [10] showed that strongly sub-
quadratic (n2−Ω(1)) time algorithms would violate the Strong Exponential Time Hypothesis
(SETH) that solving CNF-SAT over n variables requires 2(1−o(1))n time [22].

Therefore, we are motivated to look for fast approximation algorithms for these problems.
Aronov et al. [8] described a (1+ε)-approximation algorithm for the discrete Fréchet distance.
This algorithm runs in subquadratic and often near-linear time if P or Q fall into one of a
few different “realistic” families of curves such as ones modeling protein backbones. Driemel
et al. [18] describe a (1 + ε)-approximation for the continuous Fréchet distance that again
runs more quickly if one of the curves belongs to a realistic family than it would otherwise.
This latter algorithm was improved for some cases by Bringmann and Künnemann [12]. In
the same work mentioned above, Gudmundsson et al. [21] described a

√
d-approximation

algorithm that runs in linear time if the input polygonal chains have sufficiently long edges.
Approximation appears more difficult when the input is arbitrary. Bringmann [10]

showed there is no strongly subquadratic time 1.001-approximation for the Fréchet distance,
assuming SETH. For arbitrary point sequences, Bringmann and Mulzer [13] described an
O(α)-approximation algorithm for the discrete distance for any α ∈ [1, n/ log n] that runs in
O(n log n + n2/α) time. Chan and Rahmati [15] later described an O(n log n + n2/α2) time
O(α)-approximation algorithm for the discrete distance for any α ∈ [1,

√
n/ log n].

For the continuous Fréchet distance over arbitrary polygonal chains, the only strongly
subquadratic time algorithm known with bounded approximation ratio runs in linear time
but has an exponential worst case approximation ratio of 2Θ(n). This result is described in
the same paper of Bringmann and Mulzer [13] mentioned above. We note that there is also
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a substantial body of work on the (approximate) nearest neighbor problem using Fréchet
distance as the metric; see Mirzanezhad [26] for a survey of recent results. These results
assume the query curve or the curves being searched are short, so they do not appear directly
useful in approximating the Fréchet distance between two curves of arbitrary complexity.

The closely related problems of computing the dynamic time warping and geometric
edit distances have a similar history to that of the discrete Fréchet distance.2 They have
straightforward quadratic time dynamic programming algorithms that have been improved by
(sub-)polylogarithmic factors for some low dimensional cases [20]; substantial improvements
to these algorithms violate SETH or other complexity theoretic assumptions [9, 1, 11, 2]; and
there are fast (1+ε)-approximation algorithms specialized for realistic input sequences [4, 28].
And, there exist some approximation results for arbitrary point sequences as well. Kusz-
maul [24] described O((n2/α) polylog n) time O(α)-approximation algorithms for dynamic
time warping distance over point sequences in well separated tree metrics of exponential
spread and geometric edit distance over point sequences in arbitrary metrics. Fox and Li [19]
described a randomized O(n log2 n + (n2/α2) log n) time O(α)-approximation algorithm for
geometric edit distance for points in low dimensional Euclidean space. Even better approxi-
mation algorithms exist for the traditional string edit distance where all substitutions have
cost exactly 1; see, for example, Andoni and Nosatzki [7].

Each of the above problems for point sequences admit strongly subquadratic approximation
algorithms with polynomial approximation ratios when the input comes from low dimensional
Euclidean space. However, such a result remains conspicuously absent for the continuous
Fréchet distance over arbitrary polygonal chains. One may naturally assume results for the
discrete Fréchet distance extend to the continuous case. However, one advantage of discrete
Fréchet distance over the continuous case is that input points can only be matched with
other input points. The fact that vertices can match with edge interiors in the continuous
case makes it much more difficult to make approximately optimal decisions. In addition, we
can no longer depend upon certain data structures for testing equality of subsequences in
constant time. These structures are largely responsible for the relatively small running times
seen in the algorithms of Chan and Rahmati [15] and Fox and Li [19].

Our results
We describe the first strongly subquadratic time algorithm with subexponential approximation
ratio for computing Fréchet correspondences between polygonal chains. Let P and Q be
two polygonal chains of m and n vertices, respectively, in d-dimensional Euclidean space,
and let α ∈ [

√
n, n]. Again, we assume m ≤ n. Our algorithm deterministically finds a

Fréchet correspondence between P and Q of cost O(α) ·FD(P, Q) in time O((n3/α2) log n). In
particular, we get an O(n)-approximation in near-linear O(n log n) time, a vast improvement
over Bringmann and Mulzer’s [13] linear time 2O(n)-approximation for continuous Fréchet
distance. Our algorithm employs a novel combination of ideas from the original exact
algorithm of Alt and Godau [6] for continuous Fréchet distance, the algorithm of Chan and
Rahmati [15] for approximating the discrete Fréchet distance, and Gudmundsson et al.’s [21]
greedy approach for computing the Fréchet distance between chains with long edges.

2 The dynamic time warping distance is defined similarly to the discrete Fréchet distance, except the goal
is to minimize the sum of distances between the frogs over all pairs of points they stand upon. The
geometric edit distance can be defined as the minimum number of point insertions and deletions plus
the minimum total cost of point substitutions needed to transform one input sequence into another.
The cost of a substitution is the distance between its points.
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26:4 Approximating the (Continuous) Fréchet Distance

Let δ > 0. We describe an approximate decision procedure that either determines
FD(P, Q) > δ or finds a Fréchet correspondence of cost O(α) ·δ. The exact decision procedure
of Alt and Godau [6] computes a set of reachability intervals in the free space diagram of P

and Q with respect to δ (see Section 2). These intervals represent all points on a single edge
of Q that can be matched to a vertex of P (or vice versa) in a Fréchet correspondence of
cost at most δ. For our approximate decision procedure, we compute a set of approximate
reachability intervals such that the re-parameterizations realizing these intervals have cost
O(α) · δ. We cannot afford to compute intervals for all Θ(mn) vertex-edge pairs, so we
instead focus on O(n2/α2) vertex-edge pairs as described below that contain the first and last
vertices and edges of both chains. The approximate interval we compute for any vertex-edge
pair contains the exact interval for that same pair. So if FD(P, Q) ≤ δ, we are guaranteed
(pm, qn) is approximately reachable and our desired Fréchet correspondence exists.

The vertex-edge pairs chosen to hold the approximate reachability intervals follow from
ideas of Chan and Rahmati [15]. Similar to them, we place a grid of side length α · δ so that
at most O(n/α) vertices of P and Q lie within distance 3δ of the side of a grid box. We call
these O(n/α) vertices bad and the rest good. Also, we call any edge with a bad endpoint
bad. Our approximate reachability intervals involve only bad edges and vertices with at least
one bad incident edge. To compute these intervals, we describe a method for tracing how a
Fréchet correspondence of cost δ must behave starting from one approximate reachability
interval until it reaches some others we wish to compute. Recall, an approximate reachability
interval corresponds to pairs of points on P and Q that could be matched together. Either
the next edge of P or Q after one of these pairs to leave a box is good and therefore long, or
it is bad, and we can afford to compute some new approximate reachability intervals using
this edge. We can easily compute correspondences between long edges and arbitrary length
edges on the other curve, and we can greedily match the portions of the curves before they
leave the box at cost at most O(α) · δ. The traces take only O(n) time each, and we perform
at most O(n2/α2) traces, so our decision procedure takes O(n3/α2) time total.

We would like to use our approximate decision procedure as a black box to compute
a Fréchet correspondence of cost O(α) · FD(P, Q) without knowing FD(P, Q) in advance.
Unfortunately, we are unaware of any known general method to do so.3 Therefore, we
describe how to turn any approximate decision procedure into an algorithm with the same
approximation ratio up to arbitrarily small constant factors after an O(log n) factor increase
in running time. In particular, any improvement to our approximate decision procedure
would immediately carry over to our overall approximation algorithm. Our method involves
binary searching over a set of O(n) values approximating distances between pairs of vertices.
If there is a large gap between the Fréchet distance and the nearest of these values, we can
simplify both P and Q without losing much accuracy in the Fréchet distance computation
while allowing us to use the long edge exact algorithm of Gudmundsson et al. [21].

The rest of our paper is organized as follows. We describe preliminary notions in Section 2.
We describe our decision procedure in Section 3 and how to turn it into an approximation
algorithm in Section 4. We conclude with some closing thoughts in Section 5.

3 Bringmann and Künnemann [12, Lemma 2.1] claim there exists a general method for turning an
approximate decision procedure into an approximate optimization algorithm when the approximation
ratio of the decision procedure is at most 2. However, they rely on a method of Driemel et al. [18] that
uses certain structural properties of the input polygonal chains that we cannot assume.
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2 Preliminaries

Let R : [1, n] → Rd be a polygonal chain in d-dimensional Euclidean space. We let R[r, r′]
denote the restriction of R to [r, r′]. In other words, the notation refers to the portion of R

between points R(r) and R(r′). We generally use s to refer to members of the domain of a
polygonal chain P and t to refer to members of the domain of a polygonal chain Q. We use i

and j, respectively, when these members are integers. Recall, pi = P (i) for all 1 ≤ i ≤ m and
qj = Q(j) for all 1 ≤ j ≤ n. We use superscript notation (sa) to label particular members
of these domains (and not to take the ath power of s), and we use subscript notation (sk)
when we are working with an ordered list of these members.

Free space diagram and reachability

Let P : [1, m] → Rd and Q : [1, n] → Rd be polygonal chains. Fix some δ > 0. Alt and
Godau [6] introduced the free space diagram to decide if FD(P, Q) ≤ δ. It consists of
a set of pairs F = {(s, t) ∈ [1, m] × [1, n]}. Each (s, t) ∈ F represents the pair of points
P (s) and Q(t). Point (s, t) ∈ F is free if d(P (s), Q(t)) ≤ δ. The free space D≤δ(P, Q)
consists of all free points between P and Q for a given δ. Formally, it is given by the set
D≤δ(P, Q) := {(s, t) ∈ [1, m] × [1, n] : d(P (s), Q(t)) ≤ δ}. We say that a point (s′, t′) ∈ F is
reachable if there exists an s and t-monotone path from (1, 1) to (s′, t′) through D≤δ(P, Q).

The standard procedure for determining if FD(P, Q) ≤ δ divides F into cells Ci,j :=
[i − 1, i] × [j − 1, j] for all i ∈ ⟨2, . . . , m⟩ and j ∈ ⟨2, . . . , n⟩. The intersection of a cell Ci,j

with the free space is convex [6]. The intersection of an edge of the free space diagram cell
Ci,j with the free space forms a free space interval. The subset of reachable points within
a free space interval form what is called an (exact) reachability interval. We say a Fréchet
correspondence (σ, θ) between P and Q uses or passes through a reachability interval if
there exists some point (σ(r), θ(r)) within that interval.

Given the bottom and left reachability intervals of a free space diagram cell, we can
compute the top and right reachability intervals of the same cell in O(1) time [6]. The
exact decision procedure loops through the cells in increasing order of i and j, computing
reachability intervals one-by-one. Let α ∈ [

√
n, n]. We cannot afford to compute all Θ(mn)

reachability intervals, so instead we compute O(n2/α2) (α)-approximate reachability
intervals. The approximate reachability intervals are subsets of the free space intervals
such that for any point (s, t) on an approximate reachability interval, there exists a Fréchet
correspondence between P [1, s] and Q[1, t] of cost O(α) · δ. We express exact or approximate
reachability intervals by the subset of F they contain; for example, given j − 1 ≤ ta ≤ tb ≤ j,
we will use {i} × [ta, tb] to refer to an interval on the right side of cell Ci,j .

Grids, good points, bad points, and dangerous points

Chan and Rahmati [15] utilize a d-dimensional grid to create the useful notion of good and
bad vertices for their discrete Fréchet distance approximation algorithm. We adopt their
use of a d-dimensional grid. Unlike Chan and Rahmati, however, we are no longer working
with sequences of discrete points but instead polygonal chains. We must therefore define
new constructs of good and bad that work better for our problem’s input.

Let P : [1, m] → Rd and Q : [1, n] → Rd be two polygonal chains. Fix δ > 0 and
α ∈ [

√
n, n]. Let G be a d-dimensional grid consisting of boxes of side length α · δ. (We do

not use the term cell here to avoid confusion with the free space diagram.) We say a vertex
of P or Q is good if it is more than distance 3δ from any edge of G. If a vertex is not good,
then we call it bad. For simplicity, we also designate p1, q1, pm, and qn as bad, regardless of
their position within boxes of G.

SoCG 2021



26:6 Approximating the (Continuous) Fréchet Distance

We also extend the constructs of good and bad to the edges of P and Q. We say an edge
on either chain is good if both its endpoints are good vertices. Otherwise, the edge is bad.
Lastly, we say that a vertex is dangerous (but not necessarily good or bad) if at least one
of its incident edges is bad. Chan and Rahmati [15, Lemma 1] demonstrate how to compute
a grid G with O(n/α) bad vertices in O(n) time. Because each bad vertex has up to two
incident edges, there are also O(n/α) bad edges. Each bad edge is incident to two vertices,
so there are O(n/α) dangerous vertices as well. Our approximate decision procedure will
compute approximate reachability intervals only between dangerous vertices and bad edges.
Therefore, there will be at most O(n2/α2) such intervals.

Curve simplification

Let R : [1, n] → Rd be a polygonal chain with vertices ⟨r1, . . . , rn⟩. Our approximation
algorithm relies on a method for simplifying chains so their edges are not too short. We
slightly modify of a procedure of Driemel et al. [18]. Let ν > 0 be a parameter. We mark r1
and set it as the current vertex. We then repeat the following procedure until we no longer
have a designated current vertex. We scan R from the current vertex until reaching the first
vertex ri of distance at least ν from the current vertex. We mark ri, set it as the current
vertex, and perform the next iteration of the loop. The ν-simplification of R, denoted R̂,
is the polygonal chain consisting of exactly the marked vertices in order. Note that unlike
Driemel et al. [18], we do not require the final vertex of R to be marked. We can easily verify
that all edges of R̂ have length at least ν. Also, FD(R, R̂) ≤ ν [18, Lemma 2.3].

3 Approximate decision procedure

In this section, we present our O(α)-approximate decision procedure. Let P : [1, m] → Rd

and Q : [1, n] → Rd be two polygonal chains in d-dimensional Euclidean space as defined
before, and let α ∈ [

√
n, n]. Let δ > 0. We begin by computing the grid G along with O(n/α)

bad edges and points as defined in Section 2. We then explicitly compute and record a set
of O(n2/α2) approximate reachability intervals between dangerous vertices and bad edges.
To compute these intervals, we occasionally perform a linear time greedy search for a good
correspondence. We describe this greedy search procedure in Section 3.1 before giving the
remaining details of the decision procedure in Section 3.2.

3.1 Greedy mapping subroutines
We describe a pair of subroutines for greedily computing Fréchet correspondences along
lengths of P and Q. The first of these procedures GreedyMappingP(i, t) takes as its
input an integer i ∈ ⟨1, . . . , m⟩ such that pi is a good vertex of P along with a real value
t ∈ [1, n] such that d(pi, Q(t)) ≤ δ. Informally, the procedure does the following: Suppose
there exists a Fréchet correspondence (σ, θ) between P and Q of cost at most δ that maps
pi “close to” Q(t). Procedure GreedyMappingP(i, t) essentially follows P and Q from box
to box, discovering groups of points that must be matched by (σ, θ). When there is too
much ambiguity in what must be matched to continue searching greedily, it outputs a set of
approximate reachability intervals, including one used by (σ, θ). While we can infer which
boxes pairs of matched points belong to, it may still be unclear exactly which pairs appear
in (σ, θ). Also, the procedure may output intervals despite (σ, θ) not existing in the first
place! Therefore, we can only guarantee the intervals can be reached using a correspondence
of cost at most O(α) · δ. We define another procedure GreedyMappingQ(j, s) similarly,
exchanging the roles of P and Q. As they are rather technical, the precise definitions of
these procedures are best expressed in the following lemmas.
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▶ Lemma 1. Let i ∈ ⟨1, . . . , m⟩ and t ∈ [1, n] such that pi is good and d(pi, Q(t)) ≤ δ.
Procedure GreedyMappingP(i, t) outputs zero or more approximate reachability intervals
between a bad edge of P or Q and a dangerous vertex of Q or P , respectively. For each
pair (s′, t′) ∈ [i, m] × [t, n] in an approximate reachability interval computed by the procedure,
there exists a Fréchet correspondence of cost O(α) · δ between P [i, s′] and Q[t, t′]. Procedure
GreedyMappingQ(j, s) has the same properties with the roles of P and Q exchanged.

▶ Lemma 2. Let i ∈ ⟨1, . . . , m⟩ and t ∈ [1, n] such that pi is good and d(pi, Q(t)) ≤ δ.
Suppose there exists a Fréchet correspondence (σ, θ) between P and Q of cost at most δ that
matches i with some t∗ ≥ t such that every point of Q[t, t∗] is at most distance 3δ from pi.
Then, (σ, θ) passes through at least one approximate reachability interval output by procedure
GreedyMappingP(i, t). Procedure GreedyMappingQ(j, s) has the same properties with
the roles of P and Q exchanged.

We now describe GreedyMappingP(i, t). Procedure GreedyMappingQ(j, s) has an
analogous description, with the roles of P and Q exchanged. We provide details on the
implementation of GreedyMappingP(i, t) along with intuition for the steps it uses. We
defer formal proofs of the above lemmas until we are done describing the procedure. The
symmetric roles of P and Q in the problem input lead to a fair bit of redundancy in the
description of GreedyMappingP(i, t). Accordingly, we defer to symmetry a few times in
the description below and give full details of the procedure in the full version of the paper.

To begin, observe pi and Q(t) lie in the same box B of grid G, because pi is good and
d(pi, Q(t)) ≤ δ. We first follow P and Q to see where they leave B: Let se = m if P never
leaves B after pi. Otherwise, let se be the minimum value in (i, m] such that P (se) lies on
the boundary of B (the ‘e’ stands for exit). Define te similarly for Q. See Figure 1.

If either curve ends before leaving B, then the rest of the other curve needs to stay near
B if a correspondence like in Lemma 2 exists. Therefore, if se = m (resp. te = n), we check
if all points of Q[t, n] (resp. P [i, m]) lie in or within distance δ of B. If so, we output the
trivial approximate reachability interval of {(m, n)} and terminate the procedure. Otherwise,
we output zero approximate reachability intervals.

From here on, we assume se ̸= m and te ̸= n. Let ie ∈ ⟨1, . . . , m⟩ such that ie−1 ≤ se ≤ ie,
and define je similarly. We begin by considering cases where a curve leaves box B along a
good edge. Here, a correspondence as described in Lemma 2 must match a portion of the
other curve to the good edge. Fortunately, we can guess approximately where that portion
of the other curve begins and ends. Afterward, the other endpoint of the good edge serves as
a suitable parameter for a recursive call to one of our greedy mapping procedures.

Specifically, suppose edge P [ie − 1, ie] is good. In this case, let tf be the minimum value
in (t, n] such that d(pie , Q(tf )) ≤ δ, and let tc be the maximum value in [t, tf ) such that
d(pie−1, Q(tc)) ≤ δ (the ‘f ’ stands for far, and the ‘c’ stands for close). See Figure 2. We check
if every point of Q[t, tc] lies in or within distance δ of B and if FD(P [ie − 1, ie], Q[tc, tf ]) ≤ δ.
If so, we run GreedyMappingP(ie, tf ) and use its output. Otherwise, we output zero
approximate reachability intervals. The case where P [ie − 1, ie] is bad but Q[je − 1, je] is
good is handled symmetrically. See the full version of the paper.

From here on, we assume neither curve leaves box B through a good edge. Suppose there
is a correspondence (σ, θ) as described in Lemma 2. Further suppose the reparameterized
walks along P and Q leave box B along P before Q. In this case, we can show that P (se) is
matched with a point on a bad edge of Q. Accordingly, we iterate over the bad edges of Q

that appear before Q leaves box B, computing sufficiently large approximate reachability
intervals along the top and right sides of free space diagram cells for P [ie − 1, ie] and those
bad edges of Q. Both of the edges for each of these cells are bad, so the intervals we compute
are between bad edges and dangerous vertices.
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Figure 1 Basic setup for GreedyMappingP(i, t).

Figure 2 GreedyMappingP(i, t): The case where P [ie − 1, ie] is good.

Specifically, let t ≤ t1 < t2 < · · · < tℓ ≤ te be the list of first positions along their
respective edges of Q such that d(P (se), Q(tk)) ≤ δ for each k ∈ ⟨1, . . . , ℓ⟩. See Figure 3, left.
Observe that each edge containing a point tk must be bad, because Q does not leave B along
a good edge, and no good edge with two endpoints in B lies within distance δ of P (se). For
each k ∈ ⟨1, . . . , ℓ⟩, we do the following: Let jk ∈ ⟨1, . . . , n⟩ such that jk − 1 ≤ tk ≤ jk. Let
ta
k be the minimum value in [tk, jk] such that d(pie , Q(ta

k)) ≤ δ and let tb
k be the maximum

value in [tk, jk] such that d(pie , Q(tb
k)) ≤ δ. If ta

k and tb
k are well-defined, then we designate

the interval {ie}× [ta
k, tb

k] as approximately reachable. (If we have already designated a subset
of {ie} × [jk − 1, jk] as approximately reachable earlier in the decision procedure, then we
extend the approximately reachable area by taking the union with the old interval. Every
interval of {ie} × [jk − 1, jk] we compute will end at (ie, tb

k), so the union is also an interval.)
Similarly, let sa

k be the minimum value in [se, ie] such that d(P (sa
k), qjk

) ≤ δ and let sb
k be

the maximum value in [se, ie] such that d(P (sb
k), qjk

) ≤ δ. If sa
k and sb

k are well-defined, then
we designate the interval [sa

k, sb
k] × {jk} as approximately reachable. See Figure 3, right.

It is also possible that a good correspondence has the walk along Q leave box B first. So,
in addition to the above set of approximate reachability intervals, we create some based on
points of P between pi and P (se) that are near Q(te). See the full version of the paper.

We have concluded our description of GreedyMappingP(i, t). While it is still non-trivial,
the proof of Lemma 1 follows relatively easily from the description of GreedyMappingP(i, t).
The details appear in the full version of the paper. The proof of Lemma 2 is more surprising
and interesting, so it appears below.
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Figure 3 Left: Definition of ⟨t1, . . . , tℓ⟩. Right: Designating approximate reachability intervals
near a pair (se, tk). The clipped ellipse coincides with the free points inside cell Cie,jk .

Proof of Lemma 2. We use the same notation as given in the description of
GreedyMappingP(i, t). By assumption and the fact that pi is good, every point of Q[t, t∗]
lies within B. Let rse = σ−1(se) and rte = θ−1(te).

Suppose GreedyMappingP(i, t) does not do a recursive call. If we output the trivial
interval {(m, n)}, then the lemma is trivially true. Suppose we do not output the trivial
interval and rse ≤ rte. Point Q(θ(rse)) lies on an edge Q[jk − 1, jk] with one of the points
Q(tk) where d(P (se), Q(tk)) ≤ δ. By definition of tk, we have tk ≤ θ(rse). Recall, the free
space is convex within each individiaul cell of the free space diagram [6]. Therefore, the
set of se ≤ s′ ≤ ie such that FD(P [se, s′], Q[θ(rse), jk]) ≤ δ is precisely the approximate
reachability interval [sa

k, sb
k] × {jk} we computed. Similarly, the set of θ(rse) ≤ t′ ≤ jk such

that FD(P [se, ie], Q[θ(rse), t′]) ≤ δ is actually a suffix of the approximate reachability interval
{ie} × [ta

k, tb
k] we computed. A similar argument applies if rte < rse.

Finally, suppose GreedyMappingP(i, t) recursively calls GreedyMappingP(ie, tf ).
Let tf∗ be matched with ie and tc∗ be matched with ie − 1 by (σ, θ). Because pie−1 and pie

are both good, d(pie−1, Q(tc∗)) ≤ δ, and d(pie , Q(tf )) ≤ δ, points Q(tc∗) and Q(tf ) lie within
the same boxes as pie−1 and pie , respectively. These boxes are distinct, so we may conclude
tc∗ ≤ tf . Further, we chose tc ≥ tc∗ and tf ≤ tf∗, and we may infer Q(tc) and Q(tf∗) also lie
in the same boxes as pie−1 and pie , respectively. We conclude tc∗ ≤ tc < tf ≤ tf∗.

Consider the following correspondence between P [ie − 1, ie] and Q[tc, tf ]: Let sc ≥ ie − 1
and sf ≤ ie be matched to tc and tf , respectively, by (σ, θ). We match every point of
P [ie − 1, sc] to Q(tc), match P [sc, sf ] to Q[tc, tf ] exactly as done by (σ, θ), and match every
point of P [sf , ie] to Q(tf ). See Figure 4. We have d(pie−1, Q(tc)) ≤ δ and d(P (sc), Q(tc)) ≤ δ,
so the entire line segment P [ie − 1, sc] lies within distance δ of Q(tc). Similarly, the line
segment P [sf , ie] lies within distance δ of Q(tf ). Our correspondence has cost at most δ.

Now, consider any point Q(t′) with tc∗ ≤ t′ ≤ tc and let s′ be matched to t′ by
(σ, θ). We have d(P (s′), Q(t′)) ≤ δ. We argued that line segment P [ie − 1, sc] is within
distance δ of Q(tc), implying d(P (s′), Q(tc)) ≤ δ. Finally, d(pie−1, Q(tc)) ≤ δ. By triangle
inequality, d(pie−1, Q(t′)) ≤ 3δ, implying Q(t′) lies in B. As explained above, every point
of Q[t, t∗] lies in B. Also, every point of Q[t∗, tc∗] lies within distance δ of a point in
P [i, ie − 1] and therefore lies in or within distance δ of B. And, we just showed every point
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Figure 4 A correspondence of cost δ between P [ie − 1, ie] and Q[tc, tf ]. A subset of matched
points are represented by thin green line segments.

of Q[tc∗, tc] lies in B. Our algorithm will succeed at all its distance checks and recursively
call GreedyMappingP(ie, tf ). Finally, a similar triangle inequality argument implies every
point of Q[tf , t∗f ] is at most distance 3δ from pie . We are inductively guaranteed that (σ, θ)
passes through an approximate reachability interval output during the recursive call. Similar
arguments apply if GreedyMappingP(i, t) does a recursive call GreedyMappingQ(je, sf ).

The proof for GreedyMappingQ(j, s) is the same as that given above, but with the
roles of P and Q exchanged. ◀

3.2 Remaining decision procedure details
We now fill in the remaining details of our approximate decision procedure. Recall, we have
computed a grid G with boxes of side length α · δ such that there are O(n/α) bad vertices of
P and Q. Also recall, p1, pm, q1, and qn are designated as bad regardless of their position in
G’s boxes. As described below, our decision procedure, iteratively in lexicographic order,
checks each cell of the free space diagram for which we may have computed an approximate
reachablity interval on its left or bottom side. We then extend the known approximately
reachable space from each non-empty interval in one of two ways. Depending on whether
relevant edges are good or bad, we either perform a call to the appropriate greedy mapping
subroutine to seek out new intervals that are approximately reachable but potentially far
away in the free space diagram, or we directly compute approximate reachability intervals
on the right or top sides of the cell using the constant time method of Alt and Godau [6].

Specifically, we first check if d(p1, q1) ≤ δ. If not, our procedure reports failure. Otherwise,
let tb and sb be the maximum values in [1, 2] such that d(p1, Q(tb)) ≤ δ and d(P (sb), q1) ≤ δ,
respectively. We designate intervals {1}× [1, tb] and [1, sb]×{1} as (approximately) reachable.
Now, for each i ∈ ⟨2, . . . , m⟩ such that pi−1 is dangerous, for each j ∈ ⟨2, . . . , n⟩ such that
qj−1 is dangerous, we do the following.

Suppose we have designated an interval {i − 1} × [ta, tb] as approximately reachable
where j − 1 ≤ ta ≤ tb ≤ j. Suppose edge P [i − 1, i] is good. Then, we run the procedure
GreedyMappingP(i − 1, ta). If edge P [i − 1, i] is bad, we compute new approximate
reachability intervals more directly as follows. First, let ta′ be the minimum value in
[ta, j] such that d(pi, Q(ta′)) ≤ δ, and let tb′ be the maximum value in [ta, j] such that
d(pi, Q(tb′)) ≤ δ. We designate interval {i} × [ta′

, tb′ ] as approximately reachable (again,
we may end up extending a previously computed approximately reachability interval on
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{i}× [j −1, j]). Similarly, let sa′ be the minimum value in [i−1, i] such that d(P (sa′), qj) ≤ δ,
and let sb′ be the maximum value in [i − 1, i] such that d(P (sa′), qj) ≤ δ. We designate
interval [sa′

, sb′ ] × {j} as approximately reachable. We are done working with interval
{i − 1} × [ta, tb].

Now, suppose we have designated interval [sa, sb] × {j − 1} as approximately reachable
where i − 1 ≤ sa ≤ sb ≤ i. Suppose edge Q[j − 1, j] is good. If so, we run the procedure
GreedyMappingQ(j − 1, sa). If edge Q[j − 1, j] is bad, we compute new approximate
reachability intervals more directly as follows. First, let ta′ be the minimum value in
[j − 1, j] such that d(pi, Q(ta′)) ≤ δ, and let tb′ be the maximum value in [j − 1, j] such
that d(pi, Q(tb′)) ≤ δ. We designate interval {i} × [ta′

, tb′ ] as approximately reachable.
Similarly, let sa′ be the minimum value in [sa, i] such that d(P (sa′), qj) ≤ δ, and let sb′ be
the maximum value in [sb, i] such that d(P (sa′), qj) ≤ δ. We designate interval [sa′

, sb′ ] × {j}
as approximately reachable. We are done working with interval [sa, sb] × {j − 1}.

Once we have completed the iterations, we do one final step. We check if (m, n) lies on an
approximate reachability interval. If so, we report there is a Fréchet correspondence between
P and Q of cost O(α) · δ. Otherwise, we report failure.

The following lemmas establish the correctness and running time for our decision procedure.
Due to space constraints, proofs are given in the full version of the paper.

▶ Lemma 3. The approximate decision procedure creates approximate reachability intervals
only between bad edges of P or Q and dangerous vertices of Q or P , respectively.

▶ Lemma 4. The approximate decision procedure is correct if it reports FD(P, Q) ≤ O(α) · δ.

▶ Lemma 5. Suppose there exists a Fréchet correspondence (σ, θ) between P and Q of cost
at most δ. The approximate decision procedure will report FD(P, Q) ≤ O(α) · δ.

▶ Lemma 6. Procedures GreedyMappingP(i, t) and GreedyMappingQ(j, s) can be im-
plemented to run in O(n) time.

▶ Lemma 7. The approximate decision procedure can be implemented to run in O(n3/α2)
time.

Our decision procedure is easily extended to actually output a correspondence of cost
O(α) · δ instead of merely determining if one exists by concatenating the smaller correspon-
dences we discover directly during the iterations or during runs of GreedyMappingP and
GreedyMappingQ as we compute approximate reachability intervals. We are now able to
state the main result of this section.

▶ Lemma 8. Let P and Q be two polygonal chains in Rd of at most n vertices each, let
α ∈ [

√
n, n], and let δ ≥ 0 be a parameter. We can compute a Fréchet correspondence between

P and Q of cost at most O(α) · δ or verify that FD(P, Q) > δ in O(n3/α2) time.

4 The approximation algorithm

We now describe how to turn our approximate decision procedure into an approximation
algorithm whose approximation ratio is arbitrarily close to that of the decision procedure.
We emphasize that our techniques use the decision procedure as a black box subroutine,
so any improvement to the running time of our approximate decision procedure will imply
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the same improvement to our approximation algorithm. In short, we use our approximate
decision procedure to binary search over a set of O(n) distances approximating the distances
between vertices of P and Q. If the Fréchet distance lies in a large enough gap between a
pair of these approximate distances, then we can simplify both polygonal chains so that their
edge lengths become large compared to their Fréchet distance. We then run an exact Fréchet
distance algorithm of Gudmundsson et al. [21] designed for this case.

Let P : [1, m] → Rd and Q : [1, n] → Rd be two polygonal chains in d-dimensional
Euclidean space, and suppose we have an approximate decision procedure for the Fréchet
distance between two polygonal chains with approximation ratio α. We assume α is at most
a polynomial function of n (although it may be constant). Let T (n, α) denote the worst-case
running time of the procedure on two polygonal chains of at most n vertices each. We
assume T (n, α) = Ω(n). Finally, consider any 0 < ε ≤ 1. We describe how to compute an
O((1 + ε)α)-approximation of FD(P, Q) in O(T (n, α) log(n/ε)) time.

We begin by performing a binary search over a set Z of O(n) values close to all of the
distances between pairs of vertices in P and Q. Let V denote the set of vertex points in P

and Q. Our set Z is such that for any pair of distinct points o1, o2 ∈ V , there exist x, x′ ∈ Z

such that x ≤ d(o1, o2) ≤ x′ ≤ 2x. Such a set can be computed in O(n log n) time [18,
Lemma 3.9]. To perform the binary search, we simply search “down” if the approximate
decision procedure finds an α-approximate correspondence, and we search “up” if it does not.
Let a and b be the largest value of Z for which the procedure fails and the smallest value for
which it succeeds, respectively. If a does not exist, then we return the correspondence of cost
α · b found for b. We are guaranteed b exists, because the maximum distance between P and
Q is achieved at a pair of vertices. From here on, we assume a exists.

We check if the approximate decision procedure finds a correspondence when
given parameter δ := 12a/ε. If so, let Za denote the sequence of distances〈
(1 + ε)0 · a, (1 + ε)1 · a, . . . , (1 + ε)⌈12/ε⌉ · a

〉
. We binary search over Za and return the

cheapest correspondence found.
Suppose no correspondence is found for 12a/ε. We check if the approximate decision pro-

cedure finds a correspondence when given parameter δ := b/(2(1 + ε/2)(1 +
√

d)α). If not, let
Zb denote the sequence of distances

〈
b/(1 + ε)0, b/(1 + ε)1, . . . , b/(1 + ε)⌈2(1+ε/2)(1+

√
d)α⌉

〉
.

We binary search over Zb and return the cheapest correspondence found.
Finally, suppose no correspondence is found for 12a/ε but one is found for b/(2(1 +

ε/2)(1 +
√

d)α). We perform a 3a-simplification of P and Q, yielding the polygonal chains
P̂ and Q̂ with at most n vertices each. Gudmundsson et al. [21] describe an O(n log n) time
algorithm that computes the Fréchet distance of two polygonal chains exactly if all of their
edges have length at least (1 +

√
d) times their Fréchet distance. Their algorithm will succeed

in finding an optimal Fréchet correspondence between P̂ and Q̂. This correspondence can be
modified to create one for P and Q of cost at most (1 + ε)α · FD(P, Q) (see Driemel et al. [18,
Lemmas 2.3 and 3.5]). We prove the following two lemmas in the full version of the paper.

▶ Lemma 9. The approximation algorithm finds a correspondence between P and Q of cost
at most (1 + ε)α · FD(P, Q).

▶ Lemma 10. The approximation algorithm can be implemented to run in
O(T (n, α) log(n/ε)) time.

We may now state the main result of this section.

▶ Theorem 11. Suppose we have an α-approximate decision procedure for Fréchet distance
that runs in time T (n, α) on two polygonal chains in Rd of at most n vertices each. Let
0 < ε ≤ 1. Given two such chains P and Q, we can find a Fréchet correspondence between P

and Q of cost at most (1 + ε)α · FD(P, Q) in O(T (n, α) log(n/ε)) time.
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Combining Theorem 11 with Lemma 8 while setting ε := 1 gives us our main result.

▶ Corollary 12. Let P and Q be two polygonal chains in Rd of at most n vertices each, and
let α ∈ [

√
n, n]. We can compute a Fréchet correspondence between P and Q of cost at most

O(α) · FD(P, Q) in O((n3/α2) log n) time.

5 Conclusion

We described the first strongly subquadratic time approximation algorithm for the continuous
Fréchet distance that has a subexponential approximation guarantee. Specifically, it computes
an O(α)-approximate Fréchet correspondence in O((n3/α2) log n) time for any α ∈ [

√
n, n].

We admit that our result is not likely the best running time one can achieve and that it
serves more as a first major step toward stronger results. In particular, we are at a major
disadvantage compared to the O(n log n+n2/α2) time algorithm of Chan and Rahmati [15] for
discrete Fréchet distance in that they rely on a constant time method for testing subsequences
of points for equality and we know of no analogous procedure for quickly testing (near)
equality of subcurves. However, it may not be the case that our own running time analysis is
even tight; perhaps a more involved analysis applied to a slight modification of our decision
procedure could lead to a better running time. We leave open further improvements such as
the one described above.
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1 Introduction

Let A be a finite subset of Rd, whose points we call sites. For r ∈ [0,∞) and an integer
k ≥ 0, we define

Covr,k :=
{

b ∈ Rd | ||b− a|| ≤ r for at least k sites a ∈ A
}

.

Thus, Covr,k is the union of all k-wise intersections of closed balls of radius r centered at the
sites; see Figure 1. Define a bifiltration to be a collection of sets

C := (Cr,k)(r,k)∈[0,∞)×N

such that Cr,k ⊆ Cr′,k′ whenever r ≤ r′ and k ≥ k′. Clearly, the sets

Cov := (Covr,k)(r,k)∈[0,∞)×N
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Figure 1 The 2- and 3-fold cover of a few points with respect to a certain radius. The first
homology of the 2-fold cover is trivial, while the first homology of the 3-fold cover is non-trivial.

form a bifiltration. This is known as the multicover bifiltration. It arises naturally in
topological data analysis (TDA), and specifically, in the topological analysis of data with
outliers or non-uniform density [17, 26, 44].

We wish to study the topological structure of the bifiltration Cov algorithmically in
practical applications, via 2-parameter persistent homology [10]. For this, the natural first
step is to compute a combinatorial model of Cov, that is, a purely combinatorial bifiltration
C which is topologically equivalent to Cov. This step is the focus of the present paper. For
computational efficiency, C should not be too large.

In fact, we propose two closely related combinatorial models C, one polyhedral and one
simplicial. The polyhedral model is a bifiltration of the rhomboid tiling, a polyhedral cell
complex in Rd+1 recently introduced by Edelsbrunner and Osang to study the multicover
bifiltration [26]. Edelsbrunner and Osang have given an efficient algorithm for computing
the rhomboid tiling [27], and this adapts readily to compute our bifiltration. We use the
simplicial model to prove that the polyhedral model is topologically equivalent to Cov.

Motivation and prior work. For k = 1 fixed, (Covr,1)r∈[0,∞) is the well-known offset
filtration (also known as the union of balls filtration), a standard construction for analyzing
the topology of a finite point sample across scales [25]. It is a central object in the field
of persistent homology. While the persistent homology of this filtration is stable to small
geometric perturbations of the sites [19], it is not robust with respect to outliers, and it can
be insensitive to topological structure in high density regions of the data.

Within the framework of 1-parameter persistent homology, there have been many proposals
for alternative constructions which address these issues. These approaches include the removal
of low density outliers [9], filtering by a density function [7, 14, 15], distance to measure
constructions [1, 8, 17, 29], kernel density functions [42], and subsampling [4]. A detailed
overview of these approaches can be found in [6].

Several of these constructions have good stability properties or good asymptotic behavior.
However, as explained in [6], all of the known 1-parameter persistence strategies for handling
outliers or variations in density share certain disadvantages: First, they all depend on a
choice of a parameter. Typically, this parameter specifies a fixed spatial scale or a density
threshold at which the construction is carried out. In the absence of a priori knowledge
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about the structure of the data, it may be unclear how to select such a parameter. And
if the data exhibits topological features at multiple spatial or density scales, it may be
that no single parameter choice allows us to capture all the structure present in the data.
Second, constructions that fix a scale parameter are unable to distinguish between small
spatial features and large ones, and constructions that fix a density or measure parameter are
unable to distinguish features in densely sampled regions of the data from features involving
sparse regions.

A natural way to circumvent these limitations is to consider a 2-parameter approach,
where one constructs a bifiltration from the data, rather than a 1-parameter filtration [10].
The multicover bifiltration is one natural option for this. Alternatives include the density
bifiltrations of Carlsson and Zomorodian [10], and the degree bifiltrations of Lesnick and
Wright [39]; again, we refer the reader to [6] for a more detailed discussion. Among these three
options, the multicover bifiltration has two attractive features which together distinguish
it from the others. First, its construction does not depend on any additional parameters.
Second, the multicover bifiltration satisfies a strong stability property, which in particular
guarantees robustness to outliers [6].

There is a substantial and growing literature on the use of bifiltrations in data analysis.
Most approaches begin by applying homology with coefficients to the bifiltration, to obtain an
algebraic object called bipersistence module. In contrast to the 1-parameter case, where the
algebraic structure of a persistence module is completely described by a barcode [49], it is well-
known that defining the barcode of bipersistence modules is problematic [10]. Nevertheless,
one can compute invariants of a bipersistence module which serve as useful surrogates for a
barcode, and a number of ideas for this have been proposed [10, 13, 30, 39, 47].

Regardless of which invariants of the multicover bifiltration we wish to consider, to work
with this bifiltration computationally, the natural first step is to find a reasonably sized
combinatorial (i.e., simplicial or polyhedral) model for the bifiltration. With such a model,
recently developed algorithms such as those described in [40] and [34] can efficiently compute
minimal presentations and standard invariants of the homology modules of the bifiltration.

In the 1-parameter setting, there are two well-known simplicial models of the offset
filtration. The Čech filtration, is given at each scale by the nerve of the balls; the equivalence
of the offset and Čech filtrations follows from the Persistent Nerve Theorem. For large point
sets, the full Čech filtration is too large to be used in practical computations. However, the
alpha filtration (also known as the Delaunay filtration) [23, 25] is a much smaller subfiltration
of the Čech filtration which is also simplicial model for the offset filtration. It is given at
each scale by intersecting each ball with the Voronoi cell [48] of its center, and then taking
the nerve of the resulting regions. For d small (say d ≤ 3), the Delaunay filtration is readily
computed in practice for many thousands of points.

It is implicit in the work of Sheehy [44] that the multicover bifiltration has an elegant
simplicial model, the subdivision-Čech bifiltration, obtained via a natural filtration on the
barycentric subdivision of each Čech complex; see also [11, Appendix B] and [6, Section 4].
However, the subdivision-Čech bifiltration has exponentially many vertices in the size of the
data, making it even more unsuitable for computations than the ordinary Čech filtration.

Edelsbrunner and Osang [26] therefore seek to develop the computational theory of the
multicover bifiltration using higher-order Delaunay complexes [24, 36], taking the alpha
filtration as inspiration. Assuming the sites are in general position, they define a polyhedral
cell complex in Rd+1 called the rhomboid tiling, which contains all higher-order Delaunay
complexes as planar sections. Using the rhomboid tiling, they present a polynomial time
algorithm to compute the barcodes of a horizontal or vertical slice of the multicover bifiltration
(i.e., of a one-parameter filtration obtained by fixing either one of the two parameters r, k).

SoCG 2021
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The case of fixed r and varying k is more challenging because the order-k Delaunay complexes
do not form a filtration. The authors construct a zigzag filtration for this case. The problem
of efficiently computing 2-parameter persistent homology of the multicover bifiltration is not
addressed by [26].

We note that the subdivision-Čech bifiltration is more general than the Rhomboid tiling:
the rhomboid tiling is defined only for Euclidean data, whereas the topological equivalence of
the subdivision-Čech and multicover bifiltrations extends to data in any metric space where
finite intersections of balls are contractible.

Contributions. We introduce the first efficiently computable combinatorial models of the
multicover bifiltration Cov. First, we introduce a simplicial model, whose construction is
based on two main ideas: In order to connect the higher-order alpha complex constructions
for (r, k) and (r, k + 1), we simply overlay their underlying covers to a “double-cover”, whose
nerve is a simplicial complex that contains both alpha complexes. This yields a zigzag
of simplicial filtrations. The second main idea is that this zigzag can be “straightened
out” to a (non-zigzaging) bifiltration, simply by taking unions of prefixes in the zigzag
sequence. This straightening technique has previously been used by Sheehy to construct
sparse approximations of Vietoris-Rips complexes [45]. Together, these two ideas give rise to
a bifiltration S-Del := (S-Delr,k)(r,k)∈[0,∞)×N of simplicial complexes.

The bifiltration S-Del can also be obtained directly as the persistent nerve of a “thickening”
of Cov constructed via mapping telescopes. This observation leads to a simple proof of
topological equivalence (i.e., weak equivalence; see Section 2) of Cov and S-Del via the Nerve
Theorem. It follows that the persistent homology modules of Cov and S-Del are isomorphic.

Our second contribution is to show that the rhomboid tiling as defined in [26] also gives
rise to a (non-zigzaging) bifiltration of polyhedral complexes that is topologically equivalent
to the multicover. We proceed in two steps: First, we slice every rhomboid at each integer
value k (slightly increasing the number of cells) and adapt the straightening trick used to
construct S-Del. We prove the topological equivalence of this construction with the multicover
bifiltration by relating the slice rhomboid filtration with S-Del. The main observation is a
one-to-one correspondence of maximal-dimensional cells in both constructions, which leads
to a proof via the Nerve Theorem. Second, we relate the sliced and unsliced rhomboid tilings
at every scale via a deformation retraction.

We give size bounds for both of the bifiltrations we introduce. For n points in Rd, we
show that their size is O(nd+1). This is a decisive improvement over Sheehy’s Čech-based
construction, which has exponential dependence on n.

An efficient algorithm for computing rhomboid tilings has recently been presented in [27];
hence, using the accompanying implementation rhomboidtiling of this algorithm, our
second contribution gives us an efficient software to compute a bifiltration of cell complexes
equivalent to Cov, currently for points in R2 and R3. We combine this implementation with
the libraries mpfree and rivet to demonstrate that minimal presentations of multicover
persistent homology modules can now be efficiently computed, often within seconds, as can
invariants such as the Hilbert function.

2 Background

Filtrations. For P a poset, define a (P -indexed) filtration to be a collection of topological
spaces X = (Xp)p∈P indexed by P , such that Xp ⊆ Xq whenever p ≤ q ∈ P . For example,
an N-indexed filtration X is a diagram of spaces and inclusions of the following form:

X1 X2 X3 X4 · · · .
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A morphism φ : X → Y of P -indexed filtrations is a collection of continuous maps (φp :
Xp → Yp)p∈P which commute with the inclusions in X and Y . In the language of category
theory, a P -indexed filtration is a functor P → Top whose internal maps are inclusions, and
a morphism is a natural transformation.

Recall that the product poset P ×Q of posets P and Q is defined by taking (p, q) ≤ (p′, q′)
if and only if p ≤ p′ and q ≤ q′. When P is the product of two totally ordered sets, we call a
P -indexed filtration a bifiltration.

In the classical homotopy theory of diagrams of spaces, there is a standard analogue of
the notion of homotopy equivalence for diagrams of spaces, called weak equivalence. We now
define a version of this for P -indexed filtrations: A morphism of filtrations φ : X → Y is
called an objectwise homotopy equivalence if each φp : Xp → Yp is a homotopy equivalence.
If there exists a finite zigzag diagram of objectwise homotopy equivalences

X → Z1 ← Z2 → · · · ← Zn−1 → Zn ← Y

connecting X and Y , then we say that X and Y are weakly equivalent. The terminology
originates from the theory of model categories [21, 32]. See [5, 37, 43] for discussions of weak
equivalence of diagrams in the context of TDA.
▶ Remark 1. To motivate the consideration of zigzags in the definition above, we note that
for X and Y a pair of weakly equivalent P -indexed filtrations, there is not necessarily an
objectwise homotopy equivalence f : X → Y . For example, let P = R, X be the offset
filtration on {0, 1} ⊂ R, and Y be the nerve filtration of X. It is easy to check that there
is no objectwise homotopy equivalence f : X → Y . On the other hand, it follows from the
Persistent Nerve Theorem (Theorem 3 below) that X and Y are weakly equivalent. Moreover,
one can construct a similar example of weakly equivalent filtrations for which there is no
objectwise homotopy equivalence in either direction.

An objectwise weak equivalence φ : X → Y induces isomorphisms on the persistent
homology modules of X and Y . Hence, weakly equivalent filtrations have isomorphic
persistent homology modules.

We say a P -indexed filtration X is Euclidean if Xp ⊂ Rn for some n and all p ∈ P .

The Persistent Nerve Theorem. A cover of X ⊂ Rn is a collection X = {Xi}i∈I of subsets
of X whose union is X. The nerve of X is the abstract simplicial complex

Nrv (X) :=
{

σ ⊂ I |
⋂
i∈σ

Xi ̸= ∅
}

.

We say that the cover is good if it is finite and consists of closed, convex sets [25].
One version of the Nerve Theorem asserts that X and Nrv (X) are homotopy equivalent

whenever X is a good cover of X [25, 38]. It is TDA folklore that this version of the Nerve
Theorem can be extended to a persistent version; a proof appears in [3]; see also [16] for
formulation of the Persistent Nerve Theorem in terms of open covers.

In order to state the Persistent Nerve Theorem for closed, convex covers, we first extend
the definition of a cover.

▶ Definition 2 (Cover of a filtration). Let P be a poset and X a P -indexed Euclidean filtration.
A cover of X is a collection X = {Xi}i∈I of P -indexed filtrations such that for each p ∈ P ,
{Xi

p | i ∈ I} is a cover of Xp. We say X is good if each Xp := {Xi
p | i ∈ I} is a good cover.

The definition of the nerve above extends immediately to yield a nerve filtration Nrv (X)
associated to any cover of a filtration.

SoCG 2021
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Figure 2 Left: A bifiltration of good covers over {1 < 2 < 3} × {3 < 2 < 1}. Right: A bifiltration
consisting of the nerves of the covers. The Persistent Nerve Theorem ensures that not only the
individual spaces at scales (n, m) are homotopy equivalent, but also that the two bifiltrations are
weakly equivalent.

▶ Theorem 3 (Persistent Nerve Theorem [3]). Let P be a poset, X a P -indexed Euclidean
filtration, and X a good cover of X. There exists a diagram of objectwise homotopy equiva-
lences

X ∆X Nrv(X).≃ ≃

As shown in [3], the intermediate filtration ∆X in the statement of the theorem can be
taken to be a homotopy colimit of a diagram constructed from X, just as in the proof of the
Persistent Nerve Theorem for open covers [16]. Note that if P is a singleton set, the Persistent
Nerve Theorem specializes to the classical version of the Nerve Theorem mentioned above.

Multicovers. As indicated in the introduction, the multicover bifiltration of a finite set
A ⊂ Rd is the R× Nop-indexed bifiltration Cov given by

Covr,k :=
{

b ∈ Rd | ||b− a|| ≤ r for at least k points a ∈ A
}

.

A first step towards constructing a simplicial model for Cov is to identify a good cover for
Covr,k, with r and k fixed. For Ã ⊂ A we define

Covr(Ã) :=
{

b ∈ Rd | ||b− ã|| ≤ r for all ã ∈ Ã
}

.

Clearly, Covr,k is the union of all Covr(Ã) such that Ã ⊂ A and |Ã| = k, and each Covr(Ã)
is closed and convex. Hence, denoting

Covr,k :=
{

Covr(Ã) | Ã ⊂ A, |Ã| = k
}

and applying the Nerve Theorem, Covr,k is homotopy equivalent to Nrv(Covr,k). For fixed k

and r ≤ r′, we have an inclusion Nrv(Covr,k) ↪→ Nrv(Covr′,k).
Note that these nerves can be quite large: for large enough r, Nrv(Covr,k) contains

(|A|
k

)
vertices. To obtain a smaller simplicial model of Covr,k, we use the generalization of Delaunay
triangulations to higher-order Delaunay complexes. For a subset Ã ⊂ A with |Ã| = k, define
its order-k Voronoi region as

Vor(Ã) :=
{

b ∈ Rd | ||b− ã|| ≤ ||b− a|| for all ã ∈ Ã, a ∈ A \ Ã
}

.
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Figure 3 Left: The 2-fold cover of some points with respect to a certain radius overlapped with
its Voronoi diagram of order 2. Vor is combinatorially simpler than Cov. Right: The corresponding
3-fold cover overlapped with its Voronoi diagram of order 3.

The set of all order-k Voronoi regions yield a decomposition of Rd into closed convex subsets
having the same k closest points of A in common. This decomposition is called the order-k
Voronoi diagram [2, 28]. We denote it as Vork.

For any r ∈ R and k ∈ N, intersecting each order-k Voronoi region with the corresponding
multicovered region of fixed radius r yields the following good cover of Covr,k.

Vorr,k :=
{

Covr(Ã) ∩Vor(Ã) | Ã ⊂ A, |Ã| = k
}

.

For an illustration, see Figure 3. The nerve of Vorr,k, which we will denote Delr,k, is called
an order-k Delaunay complex. By the Nerve Theorem, Delr,k and Covr,k are homotopy
equivalent. Note that Delr,1 is the alpha complex of radius r [23, 25]. A different but related
concept is the order-k Delaunay mosaic, which is the geometric dual of the order-k Voronoi
diagram [26]; see Section 4.

3 A simplicial Delaunay bifiltration

For fixed r ≥ 0, we have inclusions

· · · Covr,5 Covr,4 Covr,3 Covr,2 Covr,1,

but there are no analogous inclusions Delr,k ↪→ Delr,k−1 between the higher-order Delau-
nay complexes. Indeed, we do not even have inclusions of the vertex sets. Consequently, Vor

is not a bifiltration of covers.

Overlaying consecutive covers. We replace the higher-order Delaunay complexes Delr,k

by the nerve of the union of two consecutive Vorr,k. For an illustration of the outcome, see
Figure 4. Formally, we define

D̃elr,k := Nrv (Vorr,k ∪Vorr,k+1) .

Importantly, Vorr,k ∪Vorr,k+1 covers the same space as Vorr,k for any r ≥ 0 and k ∈ N.
Furthermore, we get inclusions

Delr,k+1 D̃elr,k Delr,k.

SoCG 2021
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Delr,3

Delr,2 Delr,2

Delr,3

Figure 4 Left: The Delaunay complexes of order 2 and 3 of our running example. Right: The
construction of the simplicial complex D̃elr,2. D̃elr,2 consists of the Delaunay complexes Delr,2 and
Delr,3, and additional mixed simplices connecting these. This connection arises from intersections of
the 2-, and 3-fold covers restricted to their Voronoi diagrams of order 2 and 3, respectively.

Delr,3

Delr,2

Delr,4

Delr,5

Delr,n

Figure 5 S-Delr,2 is union of all D̃elr,i, i ≥ 2. By Theorem 4, it is homotopy equivalent to Delr,2.
S-Del is bounded by n, the number of sites in A. Thus, in this case, Delr,i is empty for i ≥ 5.

Straightening out zigzags. In order to define a simplicial bifiltration, let n := |A|, r ≥ 0,
and define the filtration

Delr,n D̃elr,n−1 D̃elr,n−2 ∪ D̃elr,n−1 · · ·
⋃n−1

i=1 D̃elr,i.

Since Delr,k = ∅ for all k > n, we can denote the spaces in this filtration by

S-Delr,k :=
⋃
i≥k

D̃elr,i.

For an illustration, see Figure 5. Letting both r and k vary, we obtain a R× Nop-indexed
bifiltration S-Del. Note that S-Delr,k is not equal to the nerve of the union of all Vorr,i,
i ≥ k, which is a much larger object.

The bifiltration S-Del is our desired simplicial model of the multicover bifiltration:

▶ Theorem 4. The multicover bifiltration Cov is weakly equivalent to S-Del.

The proof of Theorem 4 will use the following variant of the usual mapping telescope
construction [31, Section 3.F]: given any sequence of continuous maps

C = (C1 ↪→ C2 ↪→ · · · ↪→ Cn),
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let MC denote the quotient of the disjoint union

⊔n
i=1Ci × I

given by gluing each Ci × {1} to Ci+1 × {0} along the inclusion Ci ↪→ Ci+1. It is easy to
check that we have a deformation retraction MC → Cn.

Proof of Theorem 4. Our proof strategy is similar to ones used for sparse filtrations [12, 46].
We will observe that S-Del is isomorphic to the nerve of a good cover of a bifiltration X which
is weakly equivalent to Cov. The result then follows from the Persistent Nerve Theorem.

Let Xr,k be the mapping telescope of the sequence of

Covr,n ↪→ Covr,n−1 ↪→ · · · ↪→ Covr,k.

Letting r and k vary, the spaces Xr,k assemble into an R× Nop-indexed bifiltration X, and
the deformation retractions Xr,k → Covr,k assemble into an objectwise homotopy equivalence
X → Cov. Noting that the cover Vorr,k of each Covr,k induces a cover Vorr,k×I of Covr,k×I

in the obvious way, we see that the covers {Vorr,i × I}n
i=k descend to a good cover of Xr,k,

and these in turn assemble into a good cover of X. It is easy to see that S-Del is isomorphic
to the persistent nerve of this cover. ◀

Truncations of S-Del. When the point cloud is large, it may be computationally difficult to
construct the full bifiltration S-Del. We instead consider, for K ∈ N, the bifiltration S-Del≤K

constructed in the same way, but disregarding all order-k Voronoi cells with k > K,

S-Del≤K
r,k :=

⋃
(K−1)≥i≥k

D̃elr,i.

Note that S-Del≤|A| = S-Del. Viewing S-Del≤K as an (R× {1, . . . , K})-indexed bifiltration,
the proof of Theorem 4 adapts immediately to show that S-Del≤K is weakly equivalent to
the restriction of Cov to R× {1, . . . , K}.

Size of S-Del. By the size of a bifiltration X, we mean the number of simplices in the
largest simplicial complex in X. If the sites A ⊂ Rd are not in general position, the size of
S-Del≤K can be huge; indeed, if all points of A lie on a circle in R2 and r is at least the
radius of this circle, then Delr,k has 2(|A|

k ) simplices, so S-Del≤K is at least as large. However,
if A is in general position, then the situation is far better:

▶ Proposition 5. Let A ⊂ Rd be a set of n sites in general position, with a constant dimension
d. Then S-Del≤K has size O(n⌊

d+1
2 ⌋K⌈

d+1
2 ⌉). In particular, S-Del has size O(nd+1).

In brief, the idea of the proof is to bound the number of maximal simplices in S-Del≤K

using a bound on the number of Voronoi vertices at levels ≤ k [18]. The result then follows by
observing that the dimension of the complex is a constant that only depends on d. However,
this dependence on d is doubly exponential, so the O-notation hides a large factor if d is
large. See the full version of this paper for details of the proof.

In contrast to Proposition 5, the number of vertices in Sheehy’s subdivision-Čech model [44]
grows exponentially with |A|, regardless of whether A is in general position.
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k = 1

k = 2

k = 3

k = 4

k = 5

∅

a b c d e

ab bc de

abc bcd cde

abcd bcde

abcde

cd

Figure 6 The rhomboid tiling of 5 points on the real line. The highlighted 2-rhomboid ρ defined
by Ain(ρ) = {c} and Aon(ρ) = {b, d} is the convex hull of the points c, bc, cd, and bcd, simplifying
the labels here and, e.g., writing bcd instead of the cell complex associated to {b, c, d}. The horizontal
line at depth k intersects the tiling in the order-k Delaunay mosaic.

4 The rhomboid bifiltration

The rhomboid tiling. Let A ⊆ Rd be a finite set of sites in general position, and S an
arbitrary (d− 1)-sphere in Rd. Then S yields a decomposition A = Ain ⊔Aon ⊔Aout with
Ain the sites in the interior of S, Aon the sites on the sphere, and Aout the sites in the
exterior of S. We define the combinatorial rhomboid of S to be the collection of sets

ρS :=
{

Ain ∪ Ã | Ã ⊆ Aon
}

. (1)

We call elements of ρS combinatorial vertices, and call

Rhomb(A) =
{

ρS | S is a sphere in Rd
}

(2)

the (combinatorial) rhomboid tiling of A. Elements of Rhomb(A) are called rhomboids. Since
A is fixed throughout, we write Rhomb instead of Rhomb(A).

As observed in [26], the combinatorial rhomboid tiling can be geometrically realized as a
polyhedral cell complex [35, Def 2.38]. For that, a combinatorial vertex {a1, . . . , ak} (where
a1, . . . , ak are sites in Rd) is embedded as (

∑k
i=1 ai,−k) in Rd+1. We call k the depth of the

vertex. Embedding a combinatorial rhomboid as the convex hull of its embedded vertices
yields an actual rhomboid in Rd+1 whose dimension equals the cardinality of Aon in the
corresponding partition of A. The collection of these rhomboids is the (geometric) rhomboid
tiling for A. We illustrate the construction in Figure 6. In what follows, we identify vertices
and rhomboids with their combinatorial description. In particular, we will use Rhomb both
for the combinatorial and the geometric rhomboid tiling.

▶ Proposition 6 ([41, Proposition 4.8],[22, Section 1.2]). The total number of cells (of all
dimensions) in Rhomb is at most 2d+1

(d+1)! |A + 1|d+1 ≤ 2|A + 1|d+1.

For any rhomboid ρ ∈ Rhomb, we let rρ denote the infimal radius among all spheres S for
which ρS = ρ. It is easily checked that if ρ′ is a subset of ρ, then rρ′ ≤ rρ, and therefore, for
any r ≥ 0, the sublevel set Rhombr = {ρ ∈ Rhomb | rρ ≤ r} is also a polyhedral complex.
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Slicing. Next, we slice the rhomboid tiling by cutting every rhomboid along the hyperplanes
{x ∈ Rd+1 | −xd+1 = k} with k = 0, . . . , n. In this way, a rhomboid decomposes into its
intersections with these hyperplanes and with slabs of the form {x ∈ Rd+1 | k ≤ −xd+1 ≤
k + 1}. Clearly, the resulting polyhedra again form a polyhedral complex that we call the
sliced rhomboid tiling S-Rhomb. We refer to its cells as sliced rhomboids.

For a sliced rhomboid ρ, we define kρ as the minimum depth among its vertices. Moreover,
there is a unique (unsliced) rhomboid ρ′ of smallest dimension that contains ρ, and we define
rρ := rρ′ . Define

S-Rhombr,k := {ρ ∈ S-Rhomb | rρ ≤ r, kρ ≥ k}

and observe that for r ≤ r′ and k ≥ k′, we have S-Rhombr,k ⊆ S-Rhombr′,k′ . Hence,
(S-Rhombr,k)(r,k)∈[0,∞)×N is a bifiltration of combinatorial cell complexes. Again, we will
abuse notation and use the symbol S-Rhomb both for the sliced rhomboid tiling and the
bifiltration (S-Rhombr,k)(r,k)∈[0,∞)×N. As shown in [26], the restriction of S-Rhomb to cells
in the hyperplane −xd+1 = k is the order-k Delaunay mosaic, i.e., the geometric dual of the
order-k Voronoi diagram.

Comparison of S-Rhomb and S-Del. The following result establishes a close relationship
between the bifiltrations S-Rhomb and S-Del:

▶ Lemma 7. For all (r, k) ∈ [0,∞)× N,
1. The vertex sets of S-Rhombr,k and S-Delr,k are equal.
2. The vertices of each sliced rhomboid in S-Rhombr,k span a simplex in S-Delr,k.
3. The vertices of each simplex in S-Delr,k are contained in a sliced rhomboid of S-Rhombr,k.

Proof. For the first part, note that a set v = {a1, . . . , ak} of sites is a vertex in S-Rhomb if
and only if there is a sphere S that decomposes the sites into A = Ain ⊔ Aon ⊔ Aout such
that Ain ⊆ v ⊆ Ain ∪ Aon. Such a sphere exists if and only if its center has v among its
k closest sites, which is equivalent to the condition that the order-k Voronoi region Vor(v)
is not empty. A slightly more careful analysis shows that the vertices of S-Rhombr,k and
S-Delr,k are also the same for any choice of r and k.

For the second part, let v1, . . . , vm denote the vertices of a sliced rhomboid in S-Rhombr,k.
Let ρ denote the smallest rhomboid of Rhomb containing this sliced rhomboid, and let
S denote a sphere of radius ≤ r that gives rise to ρ. Let x denote the center of S and
A = Ain ⊔Aon ⊔Aout be the decomposition with respect to S. Now, each vi is the union of
Ain with a subset of Aon , and hence, the point x belongs to the Voronoi region of vi. Since i

is arbitrary, it follows that all Voronoi regions intersect, and x has distance ≤ r to each vi,
so v1, . . . , vm span a simplex in S-Delr,k.

For the third part, consider vertices v1, . . . , vm that span a simplex in S-Delr,k. Assume
that some vi has order k′ ≥ k and that the remaining vertices are of order k′ or k′ − 1. Since
v1, . . . , vm span a simplex, the corresponding higher-order Voronoi regions, intersected with
balls of radius r around the involved sites, have non-empty intersection. Choose such a point
x ∈ Rd. Define S as the smallest sphere centered at x that includes k′ sites (either on the
sphere or in its interior). S induces a partition A = Ain ⊔ Aon ⊔ Aout and a rhomboid ρ.
Each vertex vi of order k′ must contain all sites of Ain , and some subset of the sites of Aon ,
meaning that vi is in ρ. Furthermore, at least one site lies on S; otherwise, there would
be a smaller sphere. This implies that each vertex vj of order k′ − 1 also has to contain
all sites of Ain and some subset of Aon. Thus, all vertices lie in ρ, and in particular in its
(k′ − 1, k′)-slice. Finally, observe that because one of the sites lies on S, the radius of S is
the distance of that site to x, which is at most r. ◀
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Figure 7 An illustration of the difference between S-Del and S-Rhomb for three points in the
plane. The order-1 Voronoi regions of the points {x}, {y}, and {z} intersect in c, as do the order-2
Voronoi regions of {x, y}, {y, z}, and {x, z}. Consequently, S-Del contains a 5-simplex, but the
corresponding cell in S-Rhomb on the same vertex set is a 3-dimensional triangular skew prism.

▶ Remark 8. Parts 1 and 2 of Lemma 7 establish that we have a vertex-preserving injection
J from the cells of S-Rhombr,k to the simplices of S-Delr,k. Moreover, the third part of
Lemma 7 implies that J restricts to a bijection from the maximal cells of S-Rhombr,k to the
maximal simplices of S-Delr,k.

We note that J does not preserve dimension: For ν a cell of S-Rhomb spanned by vertices
of cardinality k (i.e., a cell in the order-k Delaunay mosaic), we have dim(ν) ≤ d. But if d ≥ 3,
it can be that dim(J (ν)) > d, even when the sites are in general position. For a cell ν of
S-Rhombr,k spanned by vertices of cardinality k and k +1, we may have dim(ν) ̸= dim(J (ν))
even for d = 2, see Figure 7.

▶ Theorem 9. The bifiltrations S-Rhomb and S-Del are weakly equivalent.

Proof. We define good covers of both bifiltrations: First, for S-Rhombr,k, we choose the
cover that consists of all its cells. This is a good cover because the cells are convex. The
collection of these covers over all choices of r and k yields a good cover U of the bifiltration
S-Rhomb, and the Persistent Nerve Theorem then gives objectwise homotopy equivalences

S-Rhomb ∆U Nrv(U).≃ ≃

for some intermediate bifiltration ∆U .
Moreover, we obtain a cover Vr,k of S-Delr,k whose elements are the simplices spanned

by the vertices of the sliced rhomboids in S-Rhombr,k. By the second part of Lemma 7,
these cover elements indeed exist. Moreover, in view of Remark 8, every maximal simplex
of S-Delr,k is an element of Vr,k. We thus obtain a good cover V of S-Del. Applying the
Persistent Nerve Theorem again, we obtain objectwise homotopy equivalences

S-Del ∆V Nrv(V).≃ ≃
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Finally, Nrv(U) and Nrv(V) are isomorphic: The elements of U and of V are in 1-to-1
correspondence (with corresponding cover elements having the same vertex set). In both
cases, an intersection of cover elements is non-empty if and only if the elements share a vertex,
which is determined by their vertex sets. Hence, we have objectwise homotopy equivalences

S-Rhomb ∆U Nrv(U) Nrv(V) ∆V S-Del.≃ ≃ ∼= ≃ ≃ ◀

Unslicing the rhomboid. Next, we define a bifiltration on the (unsliced) rhomboid tiling.
Recall that for a rhomboid ρ, we already defined rρ as the radius of the smallest sphere that
gives rise to that rhomboid. As in the sliced version, we define kρ as the minimal depth
among the vertices of ρ, and Rhombr,k := {ρ | rρ ≤ r, kρ ≥ k}. This yields a bifiltration
(Rhombr,k)(r,k)∈[0,∞)×N, which we denote by Rhomb.

▶ Lemma 10. The bifiltrations Rhomb and S-Rhomb are weakly equivalent.

Proof. For a rhomboid ρ in Rhomb, set kmin as the minimal depth and kmax as the maximal
depth among the vertices in ρ; note that kρ = kmin. For r and k fixed, we call ρ dangling if
rρ ≤ r and kmin < k < kmax. Note that ρ is not contained in Rhombr,k in this case, but some
of its slices are contained in S-Rhombr,k. Moreover, the only difference between Rhombr,k

and S-Rhombr,k are slices of dangling rhomboids in S-Rhombr,k.
Now, observe that for a dangling rhomboid of maximal dimension, there is a deformation

retraction that “pushes in” the slices of the dangling rhomboid, leaving the boundaries of the
slices unchanged and removing the entire interior part. Applying this deformation retraction
for all maximal-dimensional rhomboids in parallel, and repeating the process for the next
lower dimension yields a deformation retraction from S-Rhombr,k to Rhombr,k. This implies
that for every choice of r and k, the inclusion Rhombr,k ↪→ S-Rhombr,k is a homotopy
equivalence. Moreover, these inclusions commute with the inclusion maps in Rhomb and
S-Rhomb, hence define an objectwise homotopy equivalence. ◀

Combining the previous lemma with Theorem 9 and Theorem 4 yields the following result:

▶ Theorem 11. The bifiltrations Rhomb and Cov are weakly equivalent.

▶ Remark 12 (Size of the Rhomboid Bifiltration). In view of Proposition 6, Rhomb has at most
2|A + 1|d+1 = O(|A|d+1) cells. One can also bound the size of a truncated version of Rhomb,
defined analogously to the truncation of S-Del considered in Proposition 5. Indeed, Rhomb
is clearly smaller (in terms of number of cells) than S-Rhomb, and by Remark 8, S-Rhomb is
at least as small as S-Del. Moreover, this extends to truncations of these bifiltrations. Thus,
the bound of Proposition 5 also holds for truncations of Rhomb.

5 Experiments

The algorithm from [27] computes the rhomboids of the rhomboid tiling and their associ-
ated radius values. We extended its implementation rhomboidtiling1 to compute the
sliced and unsliced bifiltrations S-Rhomb and Rhomb and their free implicit representations
(FIREP) [40]. The implementation of rhomboidtiling is in C++, using the Cgal library2

for geometric primitives. The current version accepts only 2- and 3-dimensional inputs,
but all steps readily generalize to higher dimensions; adding support for higher-dimensional
inputs is a matter of software design rather than algorithm development.

1 https://github.com/geoo89/rhomboidtiling
2 CGAL, Computational Geometry Algorithms Library, https://www.cgal.org
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Figure 8 An illustration of the first Hilbert function of the multicover bifiltration, using grayscale
shading. The instances are samples of an annulus (top), a noisy annulus (middle), and a disk
(bottom). The sample size is 100 in the left column, and 200 in the right column. Darkness of the
shading is proportional to the value of the Hilbert function, up to some maximum value, above
which the shading is taken to be black; the lightest non-white shade of gray corresponds to a Hilbert
function value of 1.

We performed experiments on point sets in R2 and R3. We provide a brief summary
here; for detailed results, see the full version of this paper. We sampled points uniformly
at random from [0, 1]2 and [0, 1]3, from a disk, from an annulus, and from an annulus with
additional noise. We computed the rhomboid bifiltrations Rhomb≤K and S-Rhomb≤K . We
then used mpfree3 to compute minimal presentations of 2-parameter persistent homology
of our bifiltrations.

In one set of experiments, we found that Rhomb≤K is up to 47% smaller than S-Rhomb≤K ,
and can be computed more than 20% faster. The experiments suggest that the relative
performance of Rhomb≤K improves with increasing K.

We investigated the size of Rhomb≤K , varying the sample size and the density parameter.
For d = 2, our experiments show a clear subquadratic growth of the size of Rhomb≤K and
its FIREP with respect to increasing K. For d = 3, the growth is clearly subcubic. These
observations also extend to time complexity. Letting the number of points increase, the size
of Rhomb≤K and its FIREP shows roughly linear growth for both space dimensions, with a
slight superlinear tendency. Again, we observed the same behavior for the computation time.

We conclude this section with a data visualization enabled by the ideas of this paper:
For i ≥ 0, the i-th Hilbert function assigns to each parameter (r, k) ∈ R× N the rank of i-th
homology module of Covr,k (with coefficients in some fixed field). The Hilbert functions are

3 https://bitbucket.org/mkerber/mpfree

https://bitbucket.org/mkerber/mpfree
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well known to be unstable invariants. Nevertheless, their visualization can give us a feel for
how the Lipschitz stability property of the multicover bifiltration established in [6] manifests
itself in random data. Figure 8 shows a few examples, plotted using rivet4.

6 Conclusion

We have introduced a simplicial model for the multicover bifiltration, as well as a polyhedral
model based on the rhomboid tiling [26]. For a data set of size n in Rd with d constant, the
size of both constructions is O(nd+1). The size can be further controlled by thresholding the
parameter k of the multicover bifiltration. A recently introduced algorithm for computing
the rhomboid tiling [27] extends readily to the computation of the polyhedral bifiltration,
and we have implemented this extension. In our experimental results, this approach scales
well enough to suggest that practical applications could soon be within reach. A natural
next step is to begin exploring the use of the multicover bifiltration on real world data.

To obtain our combinatorial models of the multicover bifiltration, we begin with a zigzag
of filtrations, and then straighten it out by taking unions of prefixes. Notably, one could in
principle compute the persistent homology modules of the multicover bifiltration without
straightening out the zigzag, by inverting the isomorphisms on homology induced by the inclu-
sions Delr,k ↪→ D̃elr,k. It seems plausible that this approach could be computationally useful.

We are curious to learn which indecomposables typically arise in the persistent homology
modules of multicover bifiltration, and our approach could be used in conjunction with
existing algorithms [20, 33] to study this. It would also be interesting to investigate whether
there is an interplay between the geometry of a space and the multicover bifiltration of
a noisy sample of this space; we wonder if invariants of the bifiltration encode additional
information about geometric properties, such as the reach or differentiability.

Our experiments show a significant increase in the size of our models of multicover
bifiltration for increasing K. This suggests the need for refinements to our algorithmic
approach in order to handle large values of K. Aside from the truncations considered in
this paper, there are a couple of promising ways forward: One could construct a coarsened
bifiltration where some values of k are skipped. Alternatively, one could make use of the
inductive nature of our constructions: for the step from k to k + 1, one does not need
information about the bifiltrations at indices j < k. Therefore, one could provide the
bifiltration as an output stream without storing it completely in memory. Subsequent
algorithmic steps would then have to be implemented as streaming algorithms as well.
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Abstract
Given a set system (X, S), constructing a matching of X with low crossing number is a key tool in
combinatorics and algorithms. In this paper we present a new sampling-based algorithm which is
applicable to finite set systems. Let n = |X|, m = |S| and assume that X has a perfect matching M

such that any set in S crosses at most κ = Θ(nγ) edges of M . In the case γ = 1 − 1/d, our algorithm
computes a perfect matching of X with expected crossing number at most 10κ, in expected time
Õ
(
n2+2/d + mn

2/d
)
.

As an immediate consequence, we get improved bounds for constructing low-crossing matchings
for a slew of both abstract and geometric problems, including many basic geometric set systems
(e.g., balls in Rd). This further implies improved algorithms for many well-studied problems such as
construction of ϵ-approximations. Our work is related to two earlier themes: the work of Varadarajan
(STOC ’10) / Chan et al. (SODA ’12) that avoids spatial partitionings for constructing ϵ-nets, and
of Chan (DCG ’12) that gives an optimal algorithm for matchings with respect to hyperplanes in Rd.

Another major advantage of our method is its simplicity. An implementation of a variant of
our algorithm in C++ is available on Github; it is approximately 200 lines of basic code without any
non-trivial data-structure. Since the start of the study of matchings with low-crossing numbers with
respect to half-spaces in the 1980s, this is the first implementation made possible for dimensions
larger than 2.
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1 Introduction

Given a set system (X,S), we say that a set S ∈ S crosses a pair {x, y} ⊆ X iff |S∩{x, y}| = 1.
Define the crossing number of a perfect matching (resp. a spanning tree) G of X with respect
to S as the maximum number of edges of G crossed by any S ∈ S. The focus of this paper is
on constructing perfect matchings of X with low crossing numbers with respect to S.

Matchings with low crossing numbers were originally introduced by Welzl [31, 32] for the
special case where X is a set of points in Rd and S is induced on X by half-spaces. His result
was then generalized by Chazelle and Welzl [10] to a broader class of set systems, which
together with an improvement due to Haussler [20], gives the following general theorem.
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▶ Theorem A. Let (X,S) be a set system with n = |X|, and dual shatter function1 π∗
S(k) =

O(kd). Then there exists a perfect matching of X with crossing number O
(
n1−1/d

)
.

Previous constructions. Let (X,S) be a set system with n = |X|, m = |S|, and let κ denote
the smallest integer such that X has a perfect matching (resp. spanning tree) with crossing
number κ with respect to S. We review previous constructions in two separate settings.

Abstract set systems. The original method of Welzl [31, 32, 10] builds a perfect matching
using the multiplicative weight update (MWU) method. Briefly, the algorithm maintains
a weight function π on S, with initial weights set to 1. It selects edges iteratively, always
choosing an edge that is guaranteed to be crossed by sets of low total weight in π; it then
updates π based on the chosen edge. The algorithmic bottleneck is in finding such an
edge: for an abstract set system without additional structure, this takes O(n2m) time for
each of the n/2 iterations.
Another approach for the abstract case was proposed by Har-Peled [19] (see also [14]).
His result implies that if κ = Θ(nγ) for some γ ∈ [1/ log n, 1], then a spanning tree of
crossing number O(κ/γ) can be found by solving an LP on

(
n
2
)

variables and m + n

constraints. Combining this with an efficient approximate LP solver (e.g., [11]) leads
to a randomized Õ(mn2) time algorithm. The approximation factor can be further
improved using a general framework of rounding fractional solutions of minimax integer
programs with matroid constraints. This method gives a randomized algorithm that
constructs a spanning tree with expected crossing number at most κ + O(

√
κ log m) in

time Õ(mn4 + n8) [12].
Geometric set systems. Now we turn to the case where X is a set of n points in Rd and S

consists of subsets of X that are induced by geometric objects. In this setting, improved
bounds are made possible using spatial partitioning. The current-best algorithms for
geometric set systems induced by half-spaces recursively construct simplicial partitions,
stored in a hierarchical structure called the partition tree, which then at its base level
gives a matching with low crossing number. This approach is used in the breakthrough
result of Chan [8] who gave an O(n log n) time algorithm to build partition trees with
respect to half-spaces in Rd, which then implies the same for computing matchings with
crossing number O(n1−1/d).

While the use of cuttings – and more generally, spatial partitioning – gives o(mn2) running
times, progress remains blocked in several ways:
a) Simplicial partitions only exist in certain geometric settings. Indeed, as shown by Alon et

al.[6], they do not always exist in settings satisfying the requirements of Theorem A (e.g.,
the projective plane). Furthermore, spatial partitioning is not possible when dealing with
abstract set systems such as those arising in graph theory or learning theory.

b) Optimal bounds for constructing simplicial partitions are only known for the case of
half-spaces; this is one of the main problems left open by Chan [8]. Despite a series of
research for semi-algebraic set systems (using linearization, cuttings, and more recently,
polynomial partitioning [3]), the bounds are still sub-optimal for polynomials of degree
larger than 2, with exponential dependence on the dimension.

c) There are large constants in the asymptotic notation depending on the dimension d both
in the running time as well as the crossing number bounds, due to the use of cuttings
(see [13]). For instance, in Chan’s algorithm the constants are quite large – Theorem 3.2 [8]

1 The dual shatter function π∗
S of (X, S) is defined as follows. For any k ≤ |S|, π∗

S(k) is the maximum
number of equivalence classes on X defined by a k-element subfamily R ⊆ S, where x, y ∈ X are
equivalent with respect to R if x belongs to the same sets of R as y.
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requires δ ≤ 1
d2 , b = 22 (see [21]), which then implies that it constructs a spanning tree

with a guaranteed crossing number no better than 12 · 22 · d4n1−1/d; this is at least
20000 · n1−1/d even for d = 3. Furthermore, the actual construction running time is at
least 264 · d2n log n, not counting the typically large constants in the several complex
data structures that the algorithm needs (simplex range searching in Rd with dynamic
insertion; see [21] for a discussion of its practical aspects in R2).

d) Practical implementation of spatial partitioning in Rd, d > 2, even cuttings for hyperplanes,
remains an open problem in geometric computing. Cuttings have been implemented in
the planar case [18], which have then been used recently for computing ε-approximations
w.r.t. half-spaces in R2 [21]. In particular, for d > 2, we know of no implementations for
low-crossing matchings.

Recently there have been algorithms proposed for ε-nets and ε-approximations that avoid
spatial partitioning [29, 9, 27, 26]. Our work can be considered another step along this theme.

2 Our Results

We state our main result assuming that we have access to a membership Oracle of (X,S),
which for a given element x ∈ X and a set S ∈ S returns whether x ∈ S. Our main result is
the following.

▶ Theorem 1. Let (X,S) be a set system, n = |X|, m = |S| with m ≥ n. Let a > 0,
b and γ ∈ [1/ log n, 1] be constants such that any Y ⊆ X has a perfect matching with
crossing number at most a|Y |γ +b. Then BuildMatching

(
(X,S), a, b, γ

)
computes a perfect

matching of X with expected crossing number at most 5a
γ nγ + (3b + 8 ln m) log n, and with an

expected O
(
min

{
n4−2γ ln n + mn2−2γ ln m ln n, n3 + mn

})
calls to the membership Oracle

of (X,S).

Remarks:
The algorithm BuildMatching is presented in Section 3.
Our method can easily be modified to construct a spanning tree or a spanning path with
the same guarantees up to a constant factor.

Now we give a list of consequences of Theorem 1, divided into three topics. All stated
crossing number and running time bounds are in expectation.

1. Low-crossing matchings. Our results improve upon several previous constructions, see
Table 1 (the precise guarantees and their proofs are presented in Section 4). For abstract
set systems with dual shatter function π∗

S(k) = O(kd), we improve the running time from
Õ
(
mn2) to Õ

(
mn

2/d+n2+2/d
)
. This further implies a sub-cubic time construction for

matchings with asymptotically-optimal crossing number with respect to balls in Rd for
d ≥ 3. For set systems induced by semialgebraic sets in Rd (each set defined by at most
s polynomial inequalities of degree at most ∆), we significantly improve the crossing
number guarantee by removing the exponential dependence on d. However in contrast to
the previous best algorithm for this setup [3], our running time depends on m.
Importantly, our method does not use spatial partitioning, which makes it possible to
handle abstract set-systems, and geometric set systems in Rd (not only in R2) without
additional complications.

2. Practical aspects. Our algorithm consists of n
2 iterations, where each iteration adjusts

the weight of a random subset of
(

X
2
)

and S and adds a randomly picked edge to the
matching. The only black-box needed is the membership Oracle that returns for a given

SoCG 2021
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Table 1 Summary of our results for set systems (X, S) with n = |X|, m = |S|, n ≤ m, and d ≥ 2.
We use the notation π∗

S(·) for the dual shatter function of (X, S), Hd for half-spaces in Rd, Bd for
balls in Rd, and Γd,∆,s for semialgebraic ranges in Rd described by at most s equations of degree at
most ∆ (see Sec. 4).

Matchings / Spanning trees
Our method Previous-best

Set system Crossing number time Crossing number time

arbitrary
with π∗

S(k) ≤ ckd

(
5c

1/dd
d−1 + o(1)

)
n1−1/d

Õ
(
mn

2/d+n2+2/d
)

(Corollary 12) O
(
n1−1/d

) Õ(mn2)
[19, 11]

geometric
induced by Bd

(
6d2 + o(d2)

)
· n1−1/d

Õ
(
dn2+2/d

)
(Corollary 18) O

(
n1−1/d

) O
(
n3+1/d

)
[19, 11]

geometric
induced by Γd,∆,s

20e∆sd
d−1 n1−1/d + o

(
n1−1/d

) Õ
(
s∆d

(
mn

2/d+n2+2/d
))

(Corollary 14) O
(
10ds∆n1−1/d

) O
(

nO(d3)
)

[3]

O
(
∆sn1−1/d

) Õ(s∆dmn2)
[19, 11]

geometric
induced by Hd

(
6d2 + o(d2)

)
· n1−1/d

Õ
(
dn2+2/d

)
(Corollary 16) ≥ 264d4n1−1/d

Õ(d2n)
[8]

x ∈ X and S ∈ S, if x ∈ S. The time complexity of this operation depends on the precise
way (X,S) is given; typically this is independent of |X| and |S| (using indexing, hashing).
A preliminary multi-threaded implementation of a variant of our algorithm in C++ for set
systems induced on points by half-spaces in Rd is available on Github. It is approximately
200 lines of basic code without any non-trivial data-structures, being the first such
implementation for d > 2.
The figures below show the matchings with respect to half-planes returned by our algorithm
for 5, 000 points in R2 uniformly placed on a circle (in 17.39s), sine curve (in 17.17s), and
randomly perturbed in a uniform grid (in 17.41s), each with a zoomed-in region. We find
it surprising that our method, that is based only on random sampling, gives a matching
that adapts so well to each specific instance.

This makes progress towards the goals expressed at the end of the survey on range
searching and its applications [1]: “...an interesting open question is to develop simple
data structures that work well under some assumptions on input points and query ranges”.

3. Discrepancy and approximations. By plugging in various upper-bounds on crossing num-
bers given by Theorem 1 and using techniques in Matoušek et al.[25], we immediately get
improved construction bounds for discrepancy and ε-approximations. In particular, if d is
a constant such that (X,S) has dual shatter function π∗

S(k) = O(kd), then we improve the
running time of computing colorings with expected discrepancy O

(√
n1−1/d ln m

)
from

O(mn2) to Õ(mn2/d +n2+2/d). Moreover if in addition, (X,S) has VC dimension bounded
by a constant D ≥ 2, then our method can be used to compute an ε-approximations of

https://github.com/csikosm/LowCrossingMatchings
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expected size Õ
((

D
ε2

) d
d+1
)

in expected time Õ
(

n +
(

D
(

D
ε2

)D+2/d
))

, improving upon the

previous-best time O
(

n +
(

D
ε2

)D+2
)

. As these are standard applications of matchings
with low crossing number, the proofs are omitted (see the survey [28]).

Organization. In Section 3, we describe our algorithm and prove Theorem 1. In Section 4,
we show how Theorem 1 implies the bounds stated in Table 1. In Section 5, we present our
experiments. In Section 6, we give an application in learning theory.

3 Proof of Theorem 1

The proof rests on the following three key ideas:

1. We replace the bottleneck algorithmic step of finding a light edge in the multiplicative
weights update technique by simply sampling an edge according to a carefully maintained
distribution. In particular, we maintain weights not only on the sets in S, but also on(

X
2
)
. At each iteration we sample an edge e and a set S according to the current weights.

Then we add e to our matching and update the weights by doubling the weight of each
set that crosses e and halving the weight of each edge that is crossed by S. The idea of
maintaining “primal-dual” weights has been used earlier to approximately solve matrix
games [17] and in geometric optimization [4].

2. In our case, the process is more elaborate as we are constructing a matching M at the
same time as reweighing. Therefore, at the end of each iteration, as we add e to M , we
are forced to set the weights of e and all edges adjacent to e to 0. This breaks down the
reweighing scheme, as the removal of the edges amplifies the error introduced in later
iterations and thus our maintained weights degrade over time. However, we prove that
restarting the algorithm by “resetting” all the weights a logarithmic number of times
suffices to ensure the required low crossing numbers.

3. This still does not get us to our goal as updating the weights of all edges and sets
crossing the randomly picked set and edge would be too expensive. Instead, we show
that if γ ≥ 1/2, then updating the weights of a uniform sample of Õ

(
n3−2γ

)
edges and

Õ(mn1−2γ) sets at each iteration is sufficient for our purposes.
The main algorithm BuildMatching is given below, followed by the presentation of the
subroutine MatchHalf.

Algorithm 1 BuildMatching
(
(X, S), a, b, γ

)
.

M ← ∅
while |X| ≥ 4 do

M ′ ←MatchHalf ((X,S), a|X|γ + b) // M ′ covers |X|/2 elements
M ←M ∪M ′

X ← X \ vertices(M ′) // remove elements covered by M ′

M ←M ∪ {edge connecting the remaining two elements of X}
return M

SoCG 2021
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Algorithm 2 MatchHalf
(
(X, S), κ)

)
.

ω1(e)← 1, π1(S)← 1 ∀e ∈ E, S ∈ S // E denotes
(

X
2
)

p← min{106 · |X|/κ2 · ln(|E| · |X|/4), 1}
q← min{39 · |X|/κ2 · ln(|S| · |X|/4), 1}

for i = 1, . . . , |X|/4 do
ωi(E)←

∑
e∈E ωi(e)

πi(S)←
∑

S∈S πi(S)
choose ei ∼ ωi // P[ei = e] = ωi(e)

ωi(E) ∀e ∈ E

choose Si ∼ πi // P[Si = S] = πi(S)
πi(S) ∀S ∈ S

Ei ← sample from E with probability p // P[e ∈ Ei] = p ∀e ∈ E

Si ← sample from S with probability q // P[S ∈ Si] = q ∀S ∈ S
// I (e, S) = 1 if e crosses S, I (e, S) = 0 otherwise

for e ∈ Ei do
ωi+1(e)← ωi(e)

(
1− 1

2 I (e, Si)
)

// halve weight if Si crosses e

for S ∈ Si do
πi+1(S)← πi(S)

(
1 + I (ei, S)

)
// double weight if S crosses ei

set the weight in ωi+1 of ei and of each edge adjacent to ei to zero
return {e1, . . . , e|X|/4}

Proof of Theorem 1. Later, we will prove the following statement for MatchHalf.

▶ Theorem 2. Let (X,S) be a set system, n = |X|, m = |S| with m ≥ n, and let κ be such that
any Y ⊆ X of size |Y | = n/2 has a perfect matching of crossing number at most κ with respect
to S. Then MatchHalf

(
(X,S), κ

)
returns a matching of size n/4 with expected crossing

number at most 5κ/2+8 ln m, with expected O
(
min

{
n4 ln(n)/κ2+mn2 ln(m)/κ2, n3+mn

})
calls to the membership Oracle of (X,S).

The proof of Theorem 1 follows by applying Theorem 2 to each of the log n calls of Match-
Half. We get that the expected crossing number of the matching returned by BuildMatch-
ing
(
(X,S), a, b, γ

)
is at most

log n∑
i=1

[
5a

2

( n

2i

)γ

+ 5b

2 + 8 ln m

]
<

(
5b

2 + 8 ln m

)
log n + 5anγ

2

∞∑
i=1

(
1
2γ

)i

< (3b + 8 ln m) log n + 5a

γ
nγ .

If 1/2 < γ ≤ 1, then the overall expected number of calls to the membership Oracle is

log n∑
i=0

O

( (
n
2i

)4 ln
(

n
2i

)(
a
(

n
2i

)γ + b
)2 +

m
(

n
2i

)2 ln m(
a
(

n
2i

)γ + b
)2

)
= O

(
n4−2γ ln n + mn2−2γ ln m log n

)
,

and if γ ≤ 1/2, the overall expected number of calls to the membership Oracle is

log n∑
i=0

O

(( n

2i

)3
+ m

( n

2i

))
= O

(
n3 + mn

)
. ◀
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Proof of Theorem 2. The proof relies on the following technical lemma, whose proof is
presented later in this section. For an edge e and a set S, we define I (e, S) to be 1 if S

crosses e and 0 otherwise.

▶ Lemma 3 (Main Lemma). Let Ẽ denote the set of edges that have non-zero weight when
MatchHalf

(
(X,S), κ

)
terminates. Then

E

 max
S∈S

n/4∑
i=1

I (ei, S)

 ≤ 2 · E

 min
e∈Ẽ

n/4∑
i=1

I (e, Si)

+ κ

2 + 2 ln |E|+ ln |S|
ln 2 . (1)

The left-hand side of Equation (1) is precisely the expected crossing number of the edges
returned by MatchHalf. We use the following “short-edge” lemma.

▶ Lemma 4. Let (Y,R) be a set system and κ be such that Y has a perfect matching with
crossing number at most κ with respect to R. Then there is an edge spanned by the points of
Y that is crossed by at most 2|R|κ

|Y | sets of R.

Proof. Let M be a matching of Y such that any set of R crosses at most κ edges of M .
Then there are at most |R| · κ crossings between the edges of M and sets in R. By the
pigeonhole principle, there is an edge in M that is crossed by at most

|R| · κ
|M |

= |R| · κ
|Y |/2 = 2|R|κ

|Y |

sets of R. ◀

Let X̃ ⊂ X denote the set of points that are not covered by the edges {e1, . . . , en/4} returned
by MatchHalf

(
(X,S), κ

)
. Note that Ẽ =

(
X̃
2
)
. Applying Lemma 4 to Y = X̃ and

R = {S1, . . . , Sn/4}, we get that there is an edge e ∈ Ẽ that satisfies

n/4∑
i=1

I (e, Si) ≤
2 · |R| · κ
|X̃|

= 2 · n/4 · κ
n/2 = κ. (2)

Thus, by using the Main Lemma, the expected crossing number of the edges {e1, . . . , en/4}
with respect to S can be bounded as

E

 max
S∈S

n/4∑
i=1

I (ei, S)

 ≤ 2 · E

 min
e∈Ẽ

n/4∑
i=1

I (e, Si)

+ κ

2 + 2 ln n2 + ln m

ln 2 ≤ 5κ

2 + 8 ln m.

Finally, we bound the number of membership Oracle calls. At each iteration i = 1, . . . , n/4,
we update the weights of |Ei|+ |Si| = O

(
n2p + mq

)
elements in expectation, each requiring

one call to the membership Oracle. Thus in expectation, the total number of membership
Oracle calls is O

(
n
(
n2 ·min{n/κ2 ln n, 1}+ m ·min{n/κ2 ln m, 1}

))
. ◀

Proof of Main Lemma. The proof is subdivided into three lemmas. For brevity, we set
t = n/4. The first lemma is proved by examining the total weight of the sets of S in πt+1.

▶ Lemma 5.

E

[
max
S∈S

t∑
i=1

I (ei, S)
]
≤ 1

ln 2

t∑
i=1

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ κ

4 + ln |S|
ln 2 .
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Proof. Let πt+1(S) denote the total weight of the sets of S in πt+1. We bound πt+1(S) in
two different ways. On the one hand, πt+1(S) is clearly lower-bounded by the weight of the
set of maximum weight in πt+1. Recall that the weight of a set S is doubled in iteration i if
and only if S crosses ei, therefore

πt+1(S) ≥ max
S∈S

πt+1(S) = 2
max
S∈S

t∑
i=1

I (ei,S)·1{S∈Si}

,

where 1A denotes the indicator whether an event A happens. On the other hand, we can
express πt+1(S) using the update rule of the algorithm

πt+1(S) =
∑
S∈S

πt+1(S) =
∑
S∈S

πt(S)
(
1 + I (et, S) · 1{S∈St}

)
=
∑
S∈S

πt(S) +
∑
S∈S

πt(S)I (et, S) · 1{S∈St}

= πt(S) + πt(S)
∑
S∈S

πt(S)
πt(S) I (et, S) · 1{S∈St}

= πt(S)
(

1 +
∑
S∈S

πt(S)
πt(S) I (et, S) · 1{S∈St}

)
.

Unfolding this recursion and using the fact that 1 + a ≤ exp(a), we get

πt+1(S) = π1(S)
t∏

i=1

(
1 +

∑
S∈S

πi(S)
πi(S) I (ei, S) · 1{S∈Si}

)

≤ |S| · exp
(

t∑
i=1

∑
S∈S

πi(S)
πi(S) I (ei, S) · 1{S∈Si}

)
.

Putting together the obtained upper and lower bounds on πt+1(S), we get

2
max
S∈S

t∑
i=1

I (ei,S)·1{S∈Si}

≤ |S| · exp
(

t∑
i=1

∑
S∈S

πi(S)
πi(S) I (ei, S) · 1{S∈Si}

)
.

Taking the logarithm of each side yields

ln(2) ·max
S∈S

t∑
i=1

I (ei, S) · 1{S∈Si} ≤
t∑

i=1

∑
S∈S

πi(S)
πi(S) I (ei, S) · 1{S∈Si} + ln |S| . (3)

If q = 1, then 1{S∈Si} = 1 for all i and S ∈ S, thus taking total expectation we conclude

E

[
max
S∈S

t∑
i=1

I (ei, S)
]
≤ 1

ln 2

t∑
i=1

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ ln |S|

ln 2 .

Assume that q < 1. Since max f(x)−max g(x) ≤ max(f(x)− g(x)), Equation (3) implies

ln(2) · q ·max
S∈S

t∑
i=1

I (ei, S) ≤ ln(2) ·max
S∈S

t∑
i=1

I (ei, S) ·
(
q − 1{S∈Si}

)
+

t∑
i=1

∑
S∈S

πi(S)
πi(S) I (ei, S) · 1{S∈Si} + ln |S| .
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Taking total expectation of each side, we obtain

q ln(2) · E
[

max
S∈S

t∑
i=1

I (ei, S)
]
≤ ln(2) · E

[
max
S∈S

t∑
i=1

I (ei, S) ·
(
q − 1{S∈Si}

) ]

+
t∑

i=1

∑
S∈S

E
[

πi(S)
πi(S) I (ei, S) · 1{S∈Si}

]
+ ln |S| .

(4)

Since for each fixed i, the random variables {πi, ei} and Si are independent, we get that

t∑
i=1

∑
S∈S

E
[

πi(S)
πi(S) I (ei, S) · 1{S∈Si}

]
= q ·

t∑
i=1

∑
S∈S

E
[

πi(S)
πi(S) I (ei, S)

]
.

To bound the expectation of max
S∈S

t∑
i=1

I (ei, S) ·
(
q − 1{S∈Si}

)
, we will need the following

concentration bound for martingales.

▶ Lemma 6 (Freedman’s inequality [15, 5]). Let Y0, . . . , Yn be a martingale adapted to the
filtration F0, . . . , Fn such that |Yi−Yi−1| < M for all i and

∑n
i=1 E

[
(Yi − Yi−1)2 | Fi−1

]
≤ s

almost surely for some s > 0. Then for any ε > 0,

P [ Yn − Y0 ≥ ε ] ≤ exp
(
− ε2

2(s + Mε)

)
.

▷ Claim 7.

P

[
max
S∈S

t∑
i=1

I (ei, S) ·
(
q − 1{S∈Si}

)
≥ 2
√

qt ln(|S|t)
]
≤ 1

t
.

Proof. For each i ∈ [1, t] and S ∈ S, consider the random variable Xi(S) = I (ei, S) ·(
q − 1{S∈Si}

)
, which is measurable with respect to ei and Si.

Let Fi = σ (e1, . . . , ei, S1, . . . , Si, E1, . . . , Ei,S1, . . .Si) . Observe that conditioned on Fi−1,
ei and Si are independent, and thus E [ Xi(S) | Fi−1 ] = 0 for all i ∈ [1, t] and S ∈ S, as
E
[

q − 1{S∈Si}
]

= 0. Therefore, Y0(S) = 0, Yk(S) =
∑k

i=1 Xi(S) is a martingale adapted to
the filtration F0, . . . , Fk−1. Notice that for any S ∈ S,

∑t
i=1 E[(Yi(S)−Yi−1(S))2 | Fi−1] ≤ qt

and |Yi(S)− Yi−1(S)| ≤ 1.
Thus Lemma 6 combined with the union bound implies for any ε ≤ qt,

P
(

max
S∈S

Yt(S) ≥ ε

)
≤ |S| exp

(
− ε2

4qt

)
.

Setting ε = 2
√

qt ln(|S|t), we conclude the proof of Claim 7. ◁

Applying Claim 7 and using that
∑t

i=1 I (ei, S) ·
(
q − 1{S∈Si}

)
≤ t always holds, we get

E

[
max
S∈S

t∑
i=1

I (ei, S) ·
(
q − 1{S∈Si}

) ]
≤ 2
√

qt ln(|S|t) + t · 1
t
≤ 2
√

qt ln(|S|t) + 1.

Hence Equation (4) implies

ln (2) · q · E
[

max
S∈S

t∑
i=1

I (ei, S)
]

SoCG 2021
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≤ q ·
t∑

i=1
E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ 2
√

qt ln(|S|t) + 1 + ln |S|.

Dividing both sides by q ln 2 and substituting q = 39n log(|S|n/4)/κ2 = 156t log(|S|t)/κ2,

E

[
max
S∈S

t∑
i=1

I (ei, S)
]

≤ 1
ln 2 ·

t∑
i=1

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ 2

ln 2

√
t ln(|S|t)

q + 1 + ln |S|
q ln 2

≤ 1
ln 2 ·

t∑
i=1

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ 2κ√

156 ln 2
+ 1

ln 2 ·
1 + ln |S|

log(|S|n/4) ·
κ2

78(n/2)

≤ 1
ln 2 ·

t∑
i=1

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ κ

4 ,

where we used that κ ≤ n/2. This concludes the proof of Lemma 5. ◀

The next lemma is proven by applying analogous arguments for the total weight of edges in
ωt+1 with a small adjustment as in each iteration we set some edge weights to zero. Recall
that Ẽ denotes the set of edges that have non-zero weight in ωt+1.

▶ Lemma 8.
t∑

i=1
E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

]
< 2 ln(2) · E

[
min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ κ ln 2
4 + 2 ln |E|.

Proof. Let ωt+1(E) denote the total weight of edges in ωt+1. Again, we lower-bound ωt+1(E)
by the largest edge-weight in ωt+1, which is now attained at some edge of Ẽ:

ωt+1(E) ≥ max
e∈E

ωt+1(e) = max
e∈Ẽ

ωt+1(e) =
(

1
2

)min
e∈Ẽ

t∑
i=1

I (e,Si)·1{e∈Ei}

.

The upper bound is obtained by using the algorithm’s weight update rule. Since et has
positive weight in ωt, but its weight in ωt+1 is set to 0, we have a strict inequality

ωt+1(E) =
∑
e∈E

ωt+1(e) <
∑
e∈E

ωt(e)
(

1− 1
2I (e, St) · 1{e∈Et}

)
=
∑
e∈E

ωt(e)− 1
2
∑
e∈E

ωt(e)I (e, St) · 1{e∈Et}

= ωt(E)
(

1− 1
2
∑
e∈E

ωt(e)
ωt(E) I (e, St) · 1{e∈Et}

)
.

Unfolding this recursion and using the fact that 1 + a ≤ exp(a), we get

ωt+1(E) < |E| · exp
(
−1

2

t∑
i=1

∑
e∈E

ωi(e)
ωi(E) I (e, Si) · 1{e∈Ei}

)
.

Combining the obtained upper and the lower bounds on ωt+1(E) and taking the logarithm
of each side, we get
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ln
(

1
2

)
·min

e∈Ẽ

t∑
i=1

I (e, Si) · 1{e∈Ei} < −1
2

t∑
i=1

∑
e∈E

ωi(e)
ωi(E) I (e, Si) · 1{e∈Ei} + ln |E|,

which is equivalent to

t∑
i=1

∑
e∈E

ωi(e)
ωi(E) I (e, Si) · 1{e∈Ei} < 2 ln(2) ·min

e∈Ẽ

t∑
i=1

I (e, Si) · 1{e∈Ei} + 2 ln |E|. (5)

If p = 1, then 1{e∈Ei} = 1 for all i and e ∈ E, thus taking total expectation we conclude

t∑
i=1

E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

]
< 2 ln(2) · E

[
min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ 2 ln |E|.

Assume that p < 1. Since min f(x)−min g(x) ≤ max(f(x)− g(x)), Equation (5) implies

t∑
i=1

∑
e∈E

ωi(e)
ωi(E) I (e, Si) · 1{e∈Ei} < 2 ln(2) ·max

e∈Ẽ

t∑
i=1

I (e, Si) ·
(
1{e∈Ei} − p

)
+ 2 ln(2) ·min

e∈Ẽ

t∑
i=1

I (e, Si) · p + 2 ln |E| .

Taking total expectation of each side, and using that for each fixed i, the random variables
{ωi, Si} and Ei are independent, we get

p ·
t∑

i=1

∑
e∈E

E
[

ωi(e)
ωi(E) I (e, Si)

]
< 2 ln(2) · E

[
max
e∈Ẽ

t∑
i=1

I (e, Si) ·
(
1{e∈Ei} − p

) ]

+ 2 ln(2)p · E
[

min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ 2 ln |E| .

(6)

We need the following claim whose proof uses Lemma 6 and is similar to Claim 7.

▷ Claim 9.

P

[
max
e∈Ẽ

t∑
i=1

I (e, Si) ·
(
1{e∈Ei}−p

)
≥ 2
√

pt ln(|E|t)
]
≤ 1

t
.

This, together with the fact that
t∑

i=1
I (e, Si) ·

(
1{e∈Ei} − p

)
≤ t always holds imply

E

[
max
e∈Ẽ

t∑
i=1

I (e, Si) ·
(
1{e∈Ei}

)
− p

]
≤ 2
√

pt ln(|E|t) + t · 1
t
≤ 2
√

pt ln(|E|t) + 1.

Hence Equation (6) yields

p ·
t∑

i=1

∑
e∈E

E
[

ωi(e)
ωi(E) I (e, Si)

]

< 2 ln(2)p · E
[

min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ 4 ln(2) ·
√

pt ln(|E|t) + 2 ln 2 + 2 ln |E|.
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Dividing both sides by p = 106n log(|E|n/4)/κ2 = 424t log(|E|t)/κ2, we get

t∑
i=1

∑
e∈E

E
[

ωi(e)
ωi(E) I (e, Si)

]

< 2 ln(2) · E
[

min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ 4 ln(2) ·

√
t ln(|E|t)

p + 2 ln 2 + 2 ln |E|
p

= 2 ln(2) · E
[

min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ 4 ln(2) · κ√
424

+ 2 ln 2 + 2 ln |E|
2 log(|E|t) · κ2

n/2 ·
1

106

≤ 2 ln(2) · E
[

min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ κ ln 2
4 ,

where we used that κ ≤ n/2. This concludes the proof of Lemma 8. ◀

We need one more lemma to tie the previous two together.

▶ Lemma 10. For any i ∈ [1, t], we have

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
= E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

]
.

Proof. Let Fi = σ (e1, . . . , ei, S1, . . . , Si, E1, . . . , Ei,S1, . . .Si) . We have

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
= E

[
E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

∣∣∣∣ Fi−1

] ]
and

E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

]
= E

[
E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

∣∣∣∣ Fi−1

] ]
.

Observe that ωi and πi are measurable with respect to Fi−1, thus

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

∣∣∣∣ Fi−1

]
=
∑
e∈E

ωi(e)
ωi(E) ·

(∑
S∈S

πi(S)
πi(S) I (e, S)

)

=
∑
e∈E

∑
S∈S

ωi(e)
ωi(E) ·

πi(S)
πi(S) I (e, S)

=
∑
S∈S

πi(S)
πi(S) ·

(∑
e∈E

ωi(e)
ωi(E) I (e, S)

)
= E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

∣∣∣∣ Fi−1

]
. ◀

Finally, we combine Lemmas 5, 8, and 10 in the following way

E

[
max
S∈S

t∑
i=1

I (ei, S)
]
≤ 1

ln 2

t∑
i=1

E

[ ∑
S∈S

πi(S)
πi(S) I (ei, S)

]
+ κ

4 + ln |S|
ln 2 (Lemma 5)

= 1
ln 2

t∑
i=1

E

[ ∑
e∈E

ωi(e)
ωi(E) I (e, Si)

]
+ κ

4 + ln |S|
ln 2 (Lemma 10)

<
1

ln 2

(
2 ln(2) · E

[
min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ κ ln 2
4 + 2 ln |E|

)
+ κ

4 + ln |S|
ln 2 (Lemma 8)
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≤ 2 · E
[

min
e∈Ẽ

t∑
i=1

I (e, Si)
]

+ κ

2 + 2 ln |E|+ ln |S|
ln 2 .

This completes the proof of the Main Lemma and thus of Theorem 2. ◀

4 Corollaries of Theorem 1

Set systems with bounded dual shatter function. As before, let (X,S) be a set system,
n = |X| and m = |S|. We first recall the definition of the dual shatter function π∗

S of (X,S).
For any R ⊆ S, we say that the elements x, y ∈ X are equivalent with respect to R if x

belongs to the same sets of R as y. Then π∗
S(k) is defined as the maximum number of

equivalence classes on X defined by a k-element subfamily R ⊆ S. The following theorem
shows that set systems with polynomially bounded dual shatter function possess matchings
with sublinear crossing number [23, Chap. 5.4].

▶ Lemma 11. Let (X,S) be a set system and c, d be constants such that π∗
S(k) ≤ ckd for all

k ∈ [1, n]. Then there is a perfect matching of X such that any set S ∈ S crosses at most
c1/dn1−1/d + ln m edges of the matching.

Observe that by definition, the dual shatter function of (Y,S|Y ) is upper-bounded by the
dual shatter function of (X,S) for any Y ⊆ X. Thus Lemma 11 implies that any Y ⊆ X

has a perfect matching with crossing number at most c1/d|Y |1−1/d + ln m with respect to S.
Applying Theorem 1, we get the following corollary.

▶ Corollary 12. Let (X,S) be a set system and c, d be constants such that π∗
S(k) ≤ ckd for

all k ∈ [1, n]. Then BuildMatching
(
(X,S), c1/d, ln m, 1− 1

d

)
returns a perfect matching

of X with expected crossing number at most 5c1/dd
d−1 · n

1−1/d + 11 ln m log n with an expected
Õ
(
mn2/d + n2+2/d

)
calls to the membership Oracle of (X,S).

Semialgebraic set systems. Let Γd,∆,s denote the collection of semialgebraic sets in Rd

that can be defined as the solution set of a Boolean combination of at most s polynomial
inequalities of degree at most ∆. First, we give a bound on its dual shatter function.

▶ Lemma 13. Let (X,S) be a set system such that X is a set of points in Rd and each
set in S is induced by an element Γd,∆,s. Then the dual shatter function of (X,S) can be
upper-bounded as π∗

S(k) ≤ (4e∆s)d · kd.

Proof. Let R ⊆ Γd,∆,s be a set of k ranges, defined by P = {pij : 1 ≤ i ≤ k, 1 ≤
j ≤ s}, where each element is a d-variate polynomial of degree at most ∆. Observe that if
sign [ p(x) ] = sign [ p(y) ] for all p ∈ P , then x, y are equivalent with respect to R. Therefore,
π∗

Γd,∆,s
(k) can be upper-bounded by the number of different sign patterns in {−1, 1}ks induced

by ks d-variate polynomials of degree at most ∆. This quantity is bounded by (4e∆s)d · kd,
see [30, Theorem 3]. ◀

Now we can apply Corollary 12 and obtain the following.

▶ Corollary 14. Let (X,S) be a set system such that X is a set of n points in Rd and
S consists of m subsets of X, each induced by an element of Γd,∆,s. Then BuildMatch-
ing
(
(X,S), 4e∆s, ln m, 1− 1

d

)
returns a perfect matching of X with expected crossing number

at most 20e∆sd
d−1 · n1−1/d + 11 ln m log n in expected time Õ

(
s∆d

(
mn2/d + n2+2/d

))
.
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Half-spaces. Let Hd denote the set of all half-spaces in Rd and consider set systems induced
by Hd. For this setting, a typical pre-processing step is constructing a small-sized subfamily
of Hd – called a test-set – such that it suffices to construct a low-crossing matching with
respect to this subfamily. We use a result of Matoušek [22] on test-sets, with a small addition:

▶ Lemma 15 (Test set lemma [22]). Let X be a set of n points in Rd, Hd be the set of
all half-spaces in Rd, and t be a parameter. There exists a set T (t) of at most (d + 1)td

hyperplanes such that if a perfect matching of X has crossing number κ with respect to T (t),
then its crossing number with respect to Hd is at most (d + 1)κ + 6d2n

t .

Now let X be a set of n points in Rd and T = T (n1/d) be the set of (d+1)n half-spaces in Rd

provided by Lemma 15. Notice that T ⊂ Hd = Γd,1,1, thus by Lemma 13, π∗
T (k) ≤ (4e)dkd.

We apply Corollary 12 for (X, T ) and obtain the following.

▶ Corollary 16. Let X be a set of n points in Rd and T = T (n1/d) be the set of half-
spaces provided by Lemma 15. Then BuildMatching

(
(X, T ), 4e, ln n, 1 − 1

d

)
returns a

perfect matching of X with expected crossing number at most
[

6d2 + (d + 1) · 20ed
d−1

]
n1−1/d +

11
ln 2 ln2 n with respect to half-spaces in Rd, in expected time O

(
dn2+2/d ln n

)
.

Balls. Let Bd denote the subsets of X that are induced by balls in Rd. It is well known that
there are mappings α : X → Rd+1 and β : Bd → Hd+1 such that for any x ∈ X and B ∈ Bd,
we have x ∈ B iff α(x) ∈ β(B), see eg. [24, Chap. 10]. This mapping and Lemma 15 applied
in Rd+1 with t = n1/d give the following test set lemma for Bd.

▶ Lemma 17. Let X be a set of n points in Rd. There exists a set Q of at most (d+2)n1+1/d

balls such that if a perfect matching of X has crossing number κ with respect to Q, then its
crossing number with respect to Bd is at most (d + 2)κ + 6(d + 1)2n1−1/d.

Given a set X of n points in Rd, let Q be the set of balls provided by Lemma 15. As
Q ⊂ Bd ⊂ Γd,2,1, the dual shatter function of Q can be bounded as π∗

Q(k) ≤ (8e)dkd

(Lemma 13). We apply Corollary 12 for (X,Q), and obtain the following corollary.

▶ Corollary 18. Let X be a set of n points in Rd and let Q be the set of balls provided
by Lemma 17. Then BuildMatching

(
(X,Q), 8e, ln(n1+1/d), 1 − 1

d

)
returns a perfect

matching of X with expected crossing number at most
[

6(d + 1)2 + (d + 2) · 40ed
d−1

]
n1−1/d +

11(d+1)
d ln 2 ln2 n with respect to balls in Rd, in expected time Õ(dn2+2/d).

▶ Remark. The previous-best algorithm to construct spanning trees with crossing number
O(n1−1/d) with respect to Bd is based on randomized LP rounding and has time complexity
Õ(mn2) [19, 11], which combined with Lemma 17 yields an Õ

(
n3+1/d

)
time algorithm.

Alternatively, one can obtain a matching with suboptimal crossing number O
(
n1−1/(d+1))

by lifting X into Rd+1, where the image of each range in Bd can be represented by a range
in Hd+1 and applying Chan’s algorithm [8] with time complexity Õ(n).

5 Empirical Aspects

In this section we present preliminary experimental results and provide some implementation
details. We conducted our experiments on an accelerated version of BuildMatching
(available on Github):

https://github.com/csikosm/LowCrossingMatchings
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instead of maintaining the weights on all the O(n2) edges, we work with an initial uniform
random sample of O (n ln n) edges;
at each iteration, we set p = Θ

( ln n
n1−1/d

)
and q = Θ

( ln m
n1−1/d

)
instead of p = Θ

( ln n
n1−2/d

)
and q = Θ

( ln m
n1−2/d

)
.

Despite restricting ourselves to pick matching edges only from the inital sample of O(n log n)
edges, we still obtain matchings with relatively low crossing numbers (see the table below).
Incorporating this pre-sampling idea to the theoretical analysis of the algorithm is an
interesting direction for future study.

Experimental setup. We apply the algorithm for set systems induced by half-spaces in
dimensions 2, 4, 6, 8, and 10. We consider two different types of input point sets:

Grid: each point is picked randomly in a cell of the uniform grid;
Moment Curve: each point is a slightly perturbed element of the moment curve.

All the experiments are performed with dual Xeon E5-2643 v3 processors, each with 6
cores, 12 threads, at 3.4 GHz.

Grid
Input d = 2 d = 4 d = 6 d = 8 d = 10
size cr # time (s) cr # time (s) cr # time (s) cr # time (s) cr # time (s)

10000 162 58.89 699 11.84 1238 8.07 1639 6.38 1863 6.73
25000 330 279.82 1509 37.33 2804 26.49 3912 20.32 4525 20.76
50000 630 918.26 2732 99.62 5251 61.21 7387 47.02 8797 48.66
100000 1170 3001.16 5040 271.29 9774 147.91 13683 120.53 16754 110.48

Moment Curve

10000 57 58.51 324 11.68 807 7.9 1028 6.47 1354 6.12
25000 89 275.96 706 37.35 1698 24.08 2642 22.79 3411 20.62
50000 132 916.39 1151 98.25 2608 61.06 4836 52.4 6263 44.79
100000 209 2978.21 2797 268.95 5502 161.1 7743 133.25 10713 113.01

Evaluation. We present our experimental results in the table below. It shows the observed
crossing numbers and running times on inputs of size up to 100000. We see that the
algorithm becomes faster as the dimension increases (note that the crossing number
increases with dimension). For example, in dimension 6, it takes only around 160 seconds
to create a matching for 100000 points. Previous experimental results only considered
inputs of size at most 159, see [16].

Test set generation. Linear-sized test set that achieves the guarantee of Lemma 15 can be
constructed via cuttings, which are impractical in higher dimensions. Since the study
of test-sets is not the main focus of this work and to speed-up the computations, our
implementation, builds the test set by n log n random d-tuples of the input points; we
report the crossing numbers with respect to this particular test set. We refer to [2] for a
detailed overview on constructions and sizes of test-sets for various geometric objects.

6 Applications

We present an application of spanning path with low crossing number from learning theory.
Further applications will be provided in the full version of the paper.

SoCG 2021



28:16 Matchings with Low Crossing Numbers and Their Applications

Approximating sign rank. Let (X,S) be a set system and let A ∈ Rn×m be its signed
membership matrix, that is, (A)x,S = 1 if x ∈ S and (A)x,S = −1 otherwise. The sign rank
of (X,S) is defined as the minimum rank of a matrix having the same sign pattern as A.
Geometrically, it captures the minimum dimension of a Euclidean space in which (X,S) can
be embedded and realized by half-spaces through the origin. Using a connection between the
sign-rank and the crossing number of a spanning path established in Alon et al.[7], we get
the following corollary.

▶ Corollary 19. Let (X,S) be a set system and let a > 0, b and γ ∈ [1/ log n, 1] such
that any Y ⊆ X has a spanning path with crossing number at most a|Y |γ + b. Then
there is a randomized algorithm that constructs an embedding of X into RD with D ≤
5
γ nγ + (3b + 8 ln m) log n in expectation such that each S ∈ S can be represented with a
half-space in RD. The algorithm makes O

(
min

{
n4−2γ ln n + mn2−2γ ln m ln n, n3 + mn

})
calls to the membership Oracle of (X,S).
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Abstract
Curve pseudo-visibility graphs generalize polygon and pseudo-polygon visibility graphs and form a
hereditary class of graphs. We prove that every curve pseudo-visibility graph with clique number
ω has chromatic number at most 3 · 4ω−1. The proof is carried through in the setting of ordered
graphs; we identify two conditions satisfied by every curve pseudo-visibility graph (considered as an
ordered graph) and prove that they are sufficient for the claimed bound. The proof is algorithmic:
both the clique number and a colouring with the claimed number of colours can be computed in
polynomial time.
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1 Introduction

A polygon is a Jordan curve made of finitely many line segments. A polygon visibility graph is
the graph on the set of vertices of a polygon P that has an edge between each pair of mutually
visible vertices, which means that the line segment connecting them is disjoint from the exterior
of P . A class of graphs is χ-bounded if there is a function that bounds the chromatic number
in terms of the clique number for every graph in the class. A clique in a polygon visibility
graph has a natural interpretation – it is the maximum size of a subset of the vertices whose
convex hull is disjoint from the exterior of the polygon (see Figure 1, top-left). The starting
point of and main motivation for this work is the question of Kára, Pór, and Wood [23] of
whether the class of polygon visibility graphs is χ-bounded. We answer it in the affirmative.

▶ Theorem 1.1. Every polygon visibility graph with clique number ω has chromatic number
at most 3 · 4ω−1.
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Figure 1 From left to right: a polygon visibility graph (where the convex hull of a maximum clique
is shaded), a pseudo-polygon visibility graph, a curve visibility graph, and a curve pseudo-visibility
graph. A “visibility” between each pair of adjacent vertices is drawn with a red (pseudo-)segment.

The bound in Theorem 1.1 also holds for all induced subgraphs of polygon visibility graphs.
Such graphs can be defined alternatively as curve visibility graphs, that is, visibility graphs of
points on a Jordan curve, where two points are considered to be mutually visible if the line
segment connecting them is disjoint from the exterior of the curve (see Figure 1, bottom-left).

O’Rourke and Streinu [26] studied visibility graphs of pseudo-polygons (polygons on
pseudoline arrangements; see Figure 1, top-right), where two vertices of the polygon are con-
sidered to be mutually visible if the pseudoline segment connecting them in the arrangement
is disjoint from the exterior of the polygon. As a common generalization of these graphs and
curve visibility graphs, we define curve pseudo-visibility graphs as follows. For a pseudoline
arrangement L, a Jordan curve K, and a finite set V of points on K any two of which lie on
a common pseudoline in L, the curve pseudo-visibility graph GL(K,V ) has vertex set V and
has an edge between each pair of vertices such that the pseudoline segment in L connecting
them is disjoint from the exterior of K (see Figure 1, bottom-right). We elaborate on this
notion in Section 2; in particular, we show that curve pseudo-visibility graphs are exactly
the induced subgraphs of the visibility graphs of pseudo-polygons. With this notion in hand,
we provide the following topological generalization of Theorem 1.1.
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u v

a b c d

Figure 2 A graph in H (left), an ordered hole (middle), and the forbidden configuration for a
capped graph (right). Dashed lines indicate non-edges. The pairs of vertices where no lines are
drawn can be edges or non-edges.

▶ Theorem 1.2. Every curve pseudo-visibility graph with clique number ω has chromatic
number at most 3 · 4ω−1.

To prove Theorem 1.2 (and thus Theorem 1.1), we turn our attention to ordered graphs,
where an ordered graph is a pair (G,≺) such that G is a graph and ≺ is a linear order on the
vertices of G. A curve pseudo-visibility graph comes with a natural linear order on the vertices
(determined up to rotation), which makes it an ordered graph; it is the order in which the
vertices are encountered when following the Jordan curve in the counterclockwise direction
starting from an arbitrarily chosen vertex. An ordered graph (H,≺H) is an (induced) ordered
subgraph of an ordered graph (G,≺) if H is a subgraph (an induced subgraph, respectively)
of G and ≺H is the restriction of ≺ to the vertices of H. There are two natural families
of ordered obstructions to (that is, ordered graphs that cannot occur as induced ordered
subgraphs of) curve pseudo-visibility graphs: the family H that we define in Section 3 and
the family of ordered holes (see Figure 2), both easily verifiable in polynomial time. We
prove the following further generalization of Theorem 1.2.

▶ Theorem 1.3. Every H-free ordered graph with clique number ω ⩾ 2 has chromatic number
at most 3 · 4ω(ω − 1) in general and at most 3 · 4ω−1 when also ordered-hole-free. Moreover,
there is a polynomial-time algorithm that takes in an H-free ordered graph and computes its
clique number ω and a colouring with the claimed number of colours.

Our proofs of Theorems 1.1–1.3 ultimately lead to the class of capped graphs, which may
be of independent interest. A capped graph is an ordered graph (G,≺) such that for any
four vertices a ≺ b ≺ c ≺ d, if ac, bd ∈ E(G), then ad ∈ E(G); see Figure 2 (right). (This
condition was previously studied for terrain visibility graphs [1, 3] as the “X-property”.) We
show that the vertices of any H-free ordered graph can be partitioned into three sets each
inducing a capped graph. This way, Theorem 1.3 becomes a corollary to the following.

▶ Theorem 1.4. Every capped graph with clique number ω ⩾ 2 has chromatic number at
most 4ω(ω − 1) in general and at most 4ω−1 when also ordered-hole-free. Moreover, there is
a polynomial-time algorithm that takes in a capped graph and computes its clique number ω

and a colouring with the claimed number of colours.

Any improvement on the bounds in Theorem 1.4 would immediately imply corresponding
improvements in Theorems 1.1–1.3. A major open problem for most known χ-bounded
classes of graphs is whether they are polynomially χ-bounded, that is, whether the chromatic
number of the graphs in the class is bounded by a polynomial function of their clique
number. Esperet [17] conjectured that every hereditary class of graphs that is χ-bounded is
polynomially χ-bounded. While we have little faith in this conjecture, we do expect that it
holds for capped graphs (and, consequently, for the graphs considered in Theorems 1.1–1.3).

SoCG 2021
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Figure 3 The banana B4 (left) and the ordered graph X (right).

▶ Conjecture 1.5. There is a polynomial function p such that every capped graph with clique
number ω has chromatic number at most p(ω).

While our proof of Theorem 1.4 is direct, we remark that a recent result of Scott and
Seymour [32] implies χ-boundedness (with a much weaker bound) of the significantly broader
class of X-free ordered graphs, that is, ordered graphs excluding the four-vertex ordered
graph X illustrated in Figure 3 (right) as an induced ordered subgraph. In particular, every
capped graph is X-free. Tomon [35] conjectured that the class of X-free ordered graphs is
χ-bounded. This statement implies not only Theorem 1.4 but also the theorem of Rok and
Walczak [31] that so-called outerstring graphs are χ-bounded. This is because outerstring
graphs (with the natural linear order on the vertices) are easily seen to be X-free. Scott
and Seymour [32] proved that for every graph H that is a “banana” (or more generally – a
“banana tree”), the class of graphs excluding all subdivisions of H as induced subgraphs is
χ-bounded. Figure 3 (left) shows an example of a “banana” B4 with the property that no
subdivision of B4 can be made X-free under any order of the vertices. This shows that the
aforementioned result of Scott and Seymour implies Tomon’s conjecture.

▶ Theorem 1.6. The class of X-free ordered graphs is χ-bounded.

We present a detailed proof of Theorem 1.6 in the full version. We conclude the introduc-
tion with a brief literature review in order to place Theorems 1.1–1.4 and 1.6 in context.

Geometric graph classes and χ-boundedness

Various classic examples of χ-bounded graph classes are defined in terms of geometric
representations. For instance, intersection graphs of axis-parallel rectangles [5] and circle
graphs [22] are χ-bounded. Most of the literature in this direction focuses on intersection or
disjointness graphs of objects in the plane. While the class of intersection graphs of curves in
the plane is not itself χ-bounded [28], some very general subclasses are [14, 30]. There are
also very precise results for disjointness graphs of certain kinds of curves in the plane [27].

Less is known about χ-boundedness of visibility graphs, even though various kinds of such
graphs have been considered in the literature – see [20] for a survey. Kára, Pór, and Wood [23]
conjectured that the class of point visibility graphs is χ-bounded, but this was disproven
by Pfender [29]. Some types of bar visibility graphs are related to interval graphs [15] and
planar graphs [25] and are therefore known to be χ-bounded.

Axenovich, Rollin, and Ueckerdt [7] considered the problem of whether ordered graphs
excluding a fixed ordered graph (H,≺) as an ordered subgraph (not necessarily induced)
have bounded chromatic number; they showed various cases of (H,≺) for which the answers
are positive and negative. In particular, the answer is negative if H contains a cycle (as it is
for unordered graphs), but they showed it is also negative for some acyclic ordered graphs
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(H,≺). Pach and Tomon [27] used some specific classes of forbidden induced ordered graphs
as a tool for studying χ-boundedness of disjointness graphs of curves. Max point-tolerance
graphs [13] and classes of graphs of bounded twin-width [9] are also known to be χ-bounded
and have well-understood characterizations as ordered graphs.

Algorithmic considerations

The class of curve pseudo-visibility graphs is hereditary, whereas most well-known classes of
visibility graphs are not, including the classes of point visibility graphs, polygon visibility
graphs, and pseudo-visibility graphs. The condition of the class being hereditary is very
natural to impose when studying χ-boundedness and implies that curve pseudo-visibility
graphs can be characterized by excluded induced (ordered) subgraphs. There has been a
good deal of work on the characterization and recognition problems, but for point visibility
graphs and polygon visibility graphs the problems appear to be hard (see [12] and [19]).

These difficult characterization problems tend to become tractable, and have more natural
solutions, in the “pseudo-visibility setting” [1, 2, 18, 26]. This is due to the connection
between stretchability of pseudoline arrangements and representability of rank-3 oriented
matroids. So the pseudo-visibility setting is more combinatorial because it suffices to find the
associated rank-3 oriented matroid without worrying about representability. Representability
provides a real difficulty; the pseudo-visibility setting is strictly more general for polygon
visibility graphs [33], even when certain restrictions are imposed [3].

It is an interesting problem to characterize ordered curve pseudo-visibility graphs by
excluded induced ordered subgraphs. The two aforementioned classes of obstructions (H
and the ordered holes) are likely to be insufficient for a full characterization – they roughly
correspond to the first two of the four necessary conditions for an ordered graph to be a
polygon visibility graph described by Ghosh [19]. Nevertheless, we conjecture the following.

▶ Conjecture 1.7. Ordered curve pseudo-visibility graphs can be recognized in polynomial time.

The part of Theorem 1.3 concerning polynomial-time computation of clique number
extends well-known results regarding polygon visibility graphs [6, 16, 21], although our
algorithm is certainly slower. We cannot expect to get an exact algorithm for the chromatic
number, as Çağırıcı, Hliněný, and Roy [11] proved that it is NP-complete to decide if a polygon
visibility graph is 5-colourable, even when the polygon is provided as part of the input.

2 Curve pseudo-visibility graphs

A pseudoline is a simple curve which separates the plane into two unbounded regions. A
pseudoline arrangement is a set of pseudolines such that each pair intersects in exactly one
point, where they cross. A pseudo-configuration is a pair (L, V ) such that L is a pseudoline
arrangement and V is a (finite) set of points on

⋃
L with the property that any two points

in V lie on a common pseudoline in L (which is therefore unique). A pseudo-configuration
(L, V ) is in general position if no three points in V lie on a common pseudoline in L.

Let (L, V ) be a pseudo-configuration and K be a Jordan curve passing through all points
in V . The exterior of K is the unbounded component of R2 ∖K. We say that two points
u, v ∈ V are mutually visible in K if the pseudoline segment in L connecting u and v is
disjoint from the exterior of K. The curve pseudo-visibility graph GL(K,V ) has vertex set
V and has an edge uv for each pair of vertices u, v ∈ V that are mutually visible in K.
The curve K is a pseudo-polygon on L with vertex set V if every segment of K between
two consecutive points in V is contained in a single pseudoline in L. Graphs of the form

SoCG 2021
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GL(K,V ) where K is a pseudo-polygon on L with vertex set V and (L, V ) is in general
position were considered by O’Rourke and Streinu [26] as pseudo-polygon visibility graphs.
As we will see, the general position assumption is not actually restrictive in this setting.

The following two propositions imply that curve pseudo-visibility graphs are exactly the
induced subgraphs of pseudo-polygon visibility graphs. First we find a pseudo-polygon, and
then we take care of the general position assumption.

▶ Proposition 2.1. For every curve pseudo-visibility graph G = GL(K,V ), there exist a
pseudo-configuration (L′, V ′) and a pseudo-polygon K ′ on L′ with vertex set V ′ such that
L ⊆ L′, V ⊆ V ′, the points in V occur in the same cyclic order on K ′ as on K, and G is
the subgraph of GL′(K ′, V ′) induced on V .

Proof. We can assume that K intersects
⋃

L only finitely many times. To see this, consider
the finite plane graph H with a vertex for each intersection point of two pseudolines in L
(including the points in V ) and with an edge for each pseudoline segment in L connecting two
vertices and passing through no other vertex. Let H ′ be the vertex-spanning subgraph of H
obtained by including only the edges whose pseudoline segment is disjoint from the exterior
of K. Thus K is contained in the closure of the outer (unbounded) face of H ′. By following
the boundary of this outer face very closely (and making thin connections between connected
components of the boundary if H ′ is disconnected), we can choose K to intersect

⋃
L only

finitely many times while preserving the graph GL(K,V ) and the order of points on K.
Let (L∗, V ∗) be a pseudo-configuration such that L ⊂ L∗, V ⊂ V ∗ ⊂ K, every open

segment of K connecting two points in
⋃

L contains a point in V ∗ ∖
⋃

L, each point in V ∗

lies on at least two pseudolines in L∗, and |V ∗| ⩾ 3; we first select V ∗ and then extend L to
L∗ using Levi’s extension lemma [24]. As before, we can assume that K intersects

⋃
L∗ only

finitely many times. We further assume that K has the minimum number of intersection
points with

⋃
L∗ among all Jordan curves K∗ that pass through all of the points in V ∗ in

the same order as K and are such that G = GL(K∗, V ).
Let V ′ = K ∩

⋃
L∗. In particular, V ∗ ⊆ V ′. We extend L∗ to a family of pseudolines L′

such that (L′, V ′) is a pseudo-configuration, using Levi’s extension lemma [24]. For any two
points u, v ∈ V ′ consecutive on K, let Kuv be the segment of K between u and v (which is
internally disjoint from

⋃
L∗), let L′

uv be the pseudoline in L′ passing through u and v, let
K ′

uv be the segment uv of L′
uv, and let Euv be the unbounded component of R2∖(Kuv ∪K ′

uv).
To construct K ′, we replace Kuv by K ′

uv for every pair of points u, v ∈ V ′ consecutive on
K. Since any pseudoline in L∗ intersecting K ′

uv needs to intersect Kuv, every pseudoline in
L∗ ∖ {L′

uv} is fully contained in Euv ∪ {u, v}. Consequently, since each point in V ∗ lies on
at least two pseudolines in L∗, we have V ∗ ⊂ Euv ∪ {u, v}.

We claim that V ′ ⊂ Euv ∪ {u, v} as well. If L′
uv /∈ L∗, then indeed V ′ ⊂

⋃
L∗ ⊂

Euv ∪ {u, v}. Now, suppose L′
uv ∈ L∗. We have u /∈

⋃
L or v /∈

⋃
L by the choice of V ∗,

and thus L′
uv /∈ L. Suppose K ∖Kuv ̸⊂ Euv. Since

⋃
L ⊆

⋃
(L∗ ∖ {L′

uv}) ⊂ Euv ∪ {u, v},
V ∗ ⊂ Euv ∪ {u, v}, and K ∖Kuv is disjoint from Kuv, the parts of K ∖Kuv not lying in
Euv can be moved into Euv decreasing the number of intersection points with

⋃
L∗ (as

|V ∗| ⩾ 3) while preserving the graph GL(K,V ), which contradicts the choice of K. Thus
V ′ ⊂ (K ∖Kuv) ∪ {u, v} ⊂ Euv ∪ {u, v} when L′

uv ∈ L∗.
For any two pairs u, v ∈ V ′ and u′, v′ ∈ V ′ of consecutive points on K, if the internal parts

of K ′
uv and K ′

u′v′ intersect, then the four points u, u′, v, v′ occur in this or the reverse order
on the boundary of (Euv ∪ {u, v}) ∩ (Eu′v′ ∪ {u′, v′}), so the internal parts of Kuv and Ku′v′

intersect, which is impossible. Thus K ′ is a Jordan curve – a pseudo-polygon on L′ with vertex
set V ′. Furthermore,

⋃
L ⊂

⋂
uv(Euv ∪ {u, v}), which implies GL(K ′, V ) = GL(K,V ). ◀
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Figure 4 Replacing L with a bundle of pseudo-lines BL in the proof of Proposition 2.2.

▶ Proposition 2.2. For every curve pseudo-visibility graph G = GL(K,V ), there exist a
pseudo-configuration (L′, V ′) in general position and a pseudo-polygon K ′ on L′ with vertex
set V ′ such that V ⊆ V ′, the points in V occur in the same cyclic order on K ′ as on K, and
G is the subgraph of GL′(K ′, V ′) induced on V .

Proof. By Proposition 2.1, we can assume without loss of generality that K is a pseudo-
polygon on L. Suppose there is a pseudoline L in L passing through more than two points
in V . We show that L can be replaced in L by a bunch BL of pseudolines in a small
neighbourhood of L so that the set (L ∖ {L}) ∪ BL is a pseudoline arrangement and the
following conditions hold for any two distinct points u, v ∈ V ∩ L.
1. There is a pseudoline Luv ∈ BL passing through u, v, and no other points in V .
2. If u and v are consecutive points of V ∩ L on L, then the segment uv of Luv coincides

with the segment uv of L.
3. If the segment uv of L is disjoint from the exterior of K, then so is the segment uv of Luv.
4. If the segment uv of L intersects the exterior of K, then so does the segment uv of Luv.
Condition 4 is automatically satisfied whenever we make BL lie in a sufficiently small
neighbourhood of L. Applying this replacement repeatedly for every such pseudoline L yields
a claimed pseudoline arrangement L′.

For the replacement step, assume without loss of generality that L is a vertical line (by
applying an appropriate homeomorphism of the plane before and the inverse homeomorphism
after the step). Enumerate the points in V ∩ L as v0, . . . , vk from bottom to top. Let C be
the circle with vertical diameter v0vk. Let v′

0 = v0 and v′
k = vk. For 0 < i < k, let Hi be the

horizontal line through vi, and let v′
i be the left/the right/any intersection point of C and

Hi if the exterior of K touches vi from the left side/the right side/both sides of the vertical
line L (respectively). For 0 ⩽ i < j ⩽ k, let L′

i,j be the straight line passing through v′
i and

v′
j . The bundle BL is obtained by “flattening” the family of lines {Li,j}0⩽i<j⩽k horizontally

to fit it in a small neighbourhood of L and performing local horizontal shifts to guarantee
conditions 1 and 2; condition 3 then follows. See Figure 4 for an illustration. ◀

Recall that an ordered graph is a tuple (G,≺) such that G is a graph and ≺ is a linear
order on its vertex set. While it is more convenient to work with linear orders, the points
on a Jordan curve are really ordered cyclically. A rotation of a linear order ≺ is any linear
order obtained from ≺ by repeatedly making the largest element the smallest. We think of
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u v u v

Figure 5 A crossing sequence from u to v (left) and from v to u (right).

any finite set of points V on a Jordan curve K as being ordered counterclockwise around K,
as in Figure 1 (bottom-left). We call any linear order which begins at an arbitrary point in
V and then follows K in the counterclockwise direction a natural order of V on K. A curve
pseudo-visibility graph GL(K,V ) along with a natural order of V on K forms an ordered
curve pseudo-visibility graph.

If (G,≺) is an ordered graph with vertices a ≺ b ≺ c ≺ d and edges ac and bd, we say
that ac crosses bd, that ac and bd are crossing edges, and that bd is crossed by ac. Two
edges which are not crossing are called non-crossing. The property that a pair of edges is
crossing/non-crossing is preserved under rotation (since, using this terminology, we do not
specify which edge crosses the other). In particular, it is well defined for an ordered curve
pseudo-visibility graph regardless of the choice of a natural ordering.

▶ Lemma 2.3. For a curve pseudo-visibility graph GL(K,V ) with (L, V ) in general position,
two distinct edges uv and xy are crossing if and only if the open segments uv and xy of
pseudolines in L intersect.

Proof. If uv and xy are crossing edges, then the open segments uv and xy must intersect;
otherwise K along with uv and xy give an outerplanar drawing of K4, which is impossible.
If uv and xy are non-crossing while the open segments uv and xy intersect, then we can
again obtain an outerplanar drawing of K4 by re-connecting uv and xy in a sufficiently small
neighbourhood of their unique intersection point – a contradiction. ◀

3 Obstructions for curve pseudo-visibility graphs

In this section, we discuss the obstructions mentioned in the introduction: the class H and
the class of ordered holes. Ghosh [19] observed that these are obstructions for polygon
visibility graphs, and related obstructions in the pseudo-visibility setting appear in the works
of Abello and Kumar [2] and O’Rourke and Streinu [26].

Let u and v be two distinct vertices in an ordered graph (G,≺). If u ≺ v, then a crossing
sequence from u to v is a sequence of distinct edges e1, . . . , ek such that u is the smaller end
of e1, v is the larger end of ek, and ei crosses ei+1 for 1 ⩽ i < k. The notion of a crossing
sequence is invariant under rotation of ≺ as long as u ≺ v. If v ≺ u, then a crossing sequence
from u to v is a crossing sequence from u to v in any rotation ≺′ of ≺ such that u ≺′ v.
These definitions should be thought of cyclically; whichever vertex is smaller, a crossing
sequence from u to v begins at u and goes counterclockwise until it hits v (see Figure 5). If
u and v are adjacent, then the edge uv is a crossing sequence from u to v and from v to u.

▶ Lemma 3.1. If (G,≺) is an ordered graph with vertices a ≺ b ≺ c ≺ d and there are
crossing sequences from a to c and from b to d, then there is a crossing sequence from a to d.
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Figure 6 A pseudo-polygon with five articulation points: 1, 3, 4, 5 are convex, 2 is concave.

Proof. Let e1, . . . , ek and f1, . . . , ft be crossing sequences from a to c and from b to d,
respectively. Let ei be the edge with the smallest index such that its larger end, say v, is
greater than b in ≺. Let fj be the edge with the largest index such that its smaller end is less
than v in ≺. Then ei crosses fj and e1, . . . , ei, fj , . . . , ft is a crossing sequence from a to d. ◀

The first family of obstructions, which we denote by H, is defined as follows: H is the
family of all ordered graphs containing two non-adjacent vertices u and v such that there
exist a crossing sequence from u to v and a crossing sequence from v to u. See Figure 2 (left)
for an illustration. The second family of obstructions is the family of ordered holes. An
ordered hole is an ordered graph (H,≺) on vertex set V (H) = {c1, . . . , ck}, where k ⩾ 4 and
c1 ≺ · · · ≺ ck, with edge set E(H) = {c1c2, . . . , ck−1ck, ckc1}; see Figure 2 (middle).

▶ Proposition 3.2. Every ordered curve pseudo-visibility graph is H-free.

▶ Proposition 3.3. Every ordered curve pseudo-visibility graph is ordered-hole-free.

We prove Proposition 3.2 later in this section, and the proof of Proposition 3.3 is in
the full version. Before delving into the proof of the former, we show that we can test in
polynomial time whether a given ordered graph is free of the considered obstructions.

▶ Proposition 3.4. There is a polynomial-time algorithm which takes in an ordered graph
(G,≺) and determines whether (G,≺) is H-free.

Proof. It suffices to test, for any two non-adjacent vertices u and v, whether (G,≺) has a
crossing sequence from u to v. We assume that u ≺ v after possibly performing a rotation.
We create a directed graph H⃗ with a vertex for each edge of G and with an arc from e to f
for each pair of edges of G such that e crosses f . Then there is a crossing sequence from u

to v in (G,≺) if and only if there is an edge e with smaller end u and an edge f with larger
end v such that H⃗ has a directed path from e to f . ◀

▶ Proposition 3.5. There is a polynomial-time algorithm which takes in an ordered graph
(G,≺) and determines whether (G,≺) has an ordered hole.

Proof. It suffices to test, for any two adjacent vertices u ≺ v of G, whether u and v are the
first and last vertices of an ordered hole. This can be done by removing all vertices in a triangle
with u and v and then testing for a directed path from u to v in the natural digraph. ◀
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The proof of Proposition 3.2 requires some preparation. Let K be a pseudo-polygon on
L. A segment of K is a part of K that is contained in some pseudoline L ∈ L and connects
two distinct intersection points of L with other pseudolines in L. An articulation point of K
is a point in K that joins two segments of K contained in distinct pseudolines in L. Such an
articulation point of K is convex if those two pseudolines extend to the exterior of K at p,
and it is concave if they extend to the interior of K; see Figure 6. The following lemma was
proven by Arroyo, Bensmail, and Richter [4]; we provide a proof for the reader’s convenience.

▶ Lemma 3.6. Every pseudo-polygon on L has at least three convex articulation points.

Proof. Suppose otherwise, and choose a counterexample K with as few articulation points
as possible. Since L is a pseudoline arrangement, K has at least three articulation points.
Thus, we can choose consecutive articulation points p1, p2, and p3 which occur on K in that
order counterclockwise so that p2 is concave and if any articulation point is convex, then p3
is convex. Now, walk from p1 towards p2 along the pseudoline L ∈ L passing through p1 and
p2, and continue walking on L beyond p2 (through the interior of K, as p2 is concave) until
hitting K at a point a ∈ K ∩ L. Let K ′ denote the pseudo-polygon formed by the segment
p2a of L and the part of K from a to p2 counterclockwise. It follows that K ′ has at most
two convex articulation points and has fewer articulation points than K, because at most
one articulation point, a, is gained, and the articulation points p2 and p3 of K are lost. This
is a contradiction, completing the proof. ◀

▶ Lemma 3.7. Let K be a pseudo-polygon on L. Let u and v be distinct points on K such
that L contains a pseudoline L passing through u and v. If all articulation points of K other
than possibly u and v are convex, then the segment uv of L is disjoint from the exterior of K.

Proof. First, suppose that neither u nor v is a concave articulation point of K. Suppose for
the sake of contradiction that the segment uv of L is not disjoint from the exterior of K,
and let xy be a maximal subsegment of it with internal part contained in the exterior of K.
Thus x, y ∈ K. The segment xy of L together with one of the parts of K between x and y

forms a pseudo-polygon on L with interior contained in the exterior of K and with at most
two convex articulation points: x and y. This contradicts Lemma 3.6.

Now, suppose that u is a concave articulation point of K while v is not. Let L′ be a
pseudoline containing one of the two segments of K incident to u. Follow L′ from u in the
other direction (towards the interior of K) until it hits K at some point x. Let K ′ be a
pseudo-polygon formed by the segment ux of L′ and the part of K between x and u that
contains the point v. Thus x is a convex articulation point of K ′, u is no longer a concave
articulation point of K ′, and every other articulation point of K that lies on K ′ remains
convex on K ′. Therefore, as we shown in the first case, the segment uv of L is disjoint from
the exterior of K ′, so it is disjoint from the exterior of K.

The argument is analogous if v is a concave articulation point of K, except that when
u is also a concave articulation point of K, then we apply the same argument as above to
reduce to the case that only one of u, v is a concave articulation point of K. ◀

Proof of Proposition 3.2. Let G = GL(K,V ) be a curve pseudo-visibility graph and ≺ be
a natural order of V on K. By Proposition 2.2, we can assume that (L, V ) is in general
position. For an edge e = uv ∈ E(G), let ℓe denote the open segment uv of the pseudoline in
L passing through u and v. Suppose that there are u, v ∈ V with u ≺ v such that there are
crossing sequences e1, . . . , ek from u to v and f1, . . . , ft from v to u. Choose the two crossing
sequences so that k + t is minimum. We need to show that uv is an edge of G.
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By minimality and Lemmas 2.3 and 3.1, for 1 ⩽ i < j ⩽ k, the segments ℓei and ℓej

intersect if and only if j = i+ 1, and likewise for the crossing sequence f1, . . . , ft. Also by
Lemma 2.3, each ℓei

is disjoint from each ℓfj
. Therefore, by beginning at u and walking along

ℓe1 until its unique intersection with ℓe2 is reached, then turning left and walking along ℓe2

until either v or its unique intersection with ℓe3 is reached, and so on, we can find an open
curve K1 ⊆

⋃k
i=1 ℓei with ends u and v. Likewise we can find an open curve K2 ⊆

⋃t
j=1 ℓfj

with ends v and u. Let K = K1 ∪K2 ∪{u, v}. It follows that K is a pseudo-polygon on L and
all articulation points of K except possibly u and v are convex. Therefore, by Lemma 3.7,
the segment ℓuv is disjoint from the exterior of K, so uv ∈ E(G). ◀

4 Partitioning into capped graphs

Recall that an ordered graph (G,≺) is capped if the following holds for any four vertices
a, b, c, d with a ≺ b ≺ c ≺ d: if ac ∈ E(G) and bd ∈ E(G), then ad ∈ E(G). In contrast to
previous notions defined in terms of ≺, this one is not invariant under rotation of ≺.

▶ Lemma 4.1. If u ≺ v are two adjacent vertices of an H-free ordered graph (G,≺) and
X = {u, v}∪{x ∈ V (G) : u ≺ x ≺ v and ux, xv ∈ E(G)}, then (G[X],≺|X) is a capped graph.

Proof. If a, b, c, d ∈ X and ac, bd ∈ E(G), then ac, bd is a crossing sequence from a to d and
du, va (da if a = u or d = v) is a crossing sequence from d to a in (G,≺), so ad ∈ E(G). ◀

Lemma 4.1 reduces computing the clique number of an H-free ordered graph to computing
the clique number of the capped graphs (G[X],≺|X) for all adjacent pairs of vertices u ≺ v.
Thus, the following proposition allows us to conclude Theorem 1.3 from Theorem 1.4.

▶ Proposition 4.2. There is a polynomial-time algorithm that takes in an H-free ordered
graph (G,≺) and partitions its set of vertices into three subsets V1, V2, and V3 so that for
each i ∈ {1, 2, 3}, the ordered graph (G[Vi],≺|Vi) is capped.

The proof of Proposition 4.2 is technically complicated; see the full version of the paper.
Below, we sketch the proof for the case that (G,≺) is an ordered polygon visibility graph.
It is based on the “window partition” by Suri [34], which was used in a similar fashion to
approximate chromatic variants of the well-known art gallery problem [8, 10].

Proof sketch for polygons. We write pq for the closed line segment connecting points p and
q. Let G = G(P, V ) be a polygon visibility graph, where P is a polygon with vertex set V .
Let ≺ be a natural ordering of G. Let x and y be the smallest and the largest vertex in ≺,
respectively, so that xy is an edge of P and of G. Let Pxy = (P ∪ intP ) ∖ xy, where intP is
the interior of P . We construct a partition of V (G) into three sets, which we express in terms
of a colouring ϕ of V (G) that uses three colours: red, green, and blue. First we describe a
procedure that constructs a partition of Pxy into “windows”; these windows, as we will see,
will be naturally arranged with a tree structure, and the root window will be “based” at xy.

To define the root window, we need to introduce the notion of “visibility from xy”. We
say that a point p ∈ Pxy is visible from xy if p lies in the closed half-plane to the left of the
line from y to x and there is a point p′ ∈ xy such that pp′ ⊆ Pxy ∪ xy. The window Wxy

based at xy consists of all points p ∈ Pxy that are visible from xy. It follows that Wxy is a
connected subset of Pxy; see Figure 7 for an illustration. This set Wxy is the root of the
constructed window partition tree.

The points in Pxy ∖Wxy form some number (possibly zero) of connected subsets of Pxy. It
can be shown that each such set is of the form Iab for some polygon I and edge ab of I, where
a and b are on P and every point in the segment ab is visible from xy in P . Furthermore,
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xy

b
a

xy

Figure 7 To the left: a polygon P with window Wxy based at xy in red, oriented lines −→
Lab depicted

with red arrows and dashed lines, and the left/right-invisible sets Iab in green/blue, respectively. To
the right: the final window partition of Pab.

at least one of the points a and b is a vertex of P and the line Lab going through a and b

intersects xy; we direct Lab from a and b towards this intersection point to obtain an oriented
line −→

Lab. Given this description, we partition the invisible sets Iab into two groups:
Iab is left-invisible if it is “towards the left side” of −→

Lab;
Iab is right-invisible if it is “towards the right side” of −→

Lab.
We do not give formal definitions, but refer to Figure 7.

Given this partition, it can be shown that there are no mutually visible points in two
different left-invisible sets or two different right-invisible sets. Now, for each invisible set Iab,
we can recursively obtain a window partition of Iab which is rooted at a window Wab based
at ab. The window partition of Pxy is then obtained by making each of these windows Wab a
left-child or a right-child of Wxy according to whether Iab is left-invisible or right-invisible.
The following observation summarizes this construction of the window partition: if two
points in different windows W1 and W2 are mutually visible, then either W1 and W2 are in a
parent-child relationship, or there is a window W such that one of W1, W2 is a left-child of
W and the other is a right-child of W .

Now we show how to obtain the 3-colouring ϕ of the vertex set of (G,≺) such that each
colour class induces a capped subgraph. The property above allows us to colour the windows
by three colours (say, red, green, and blue) so that no two points in two different windows
of the same colour are mutually visible. We colour the root window, say, by red. Then we
extend this colouring on the remaining windows so that the children of each window W

obtain a colour different from W and the left children of W are coloured with a different
colour from the right children of W . This way every vertex of P other than x and y is
coloured. We colour x and y arbitrarily; see Figure 7 (right).

To complete the proof, we need to show that the vertices of P in Wxy ∪ {x, y} induce a
capped subgraph of (G,≺); for the other windows we can apply induction. It is well known
that the related class of ordered terrain visibility graphs is capped [18, Lemma 1], but we
give a proof sketch anyway, because that lemma does not apply directly.

Suppose there are four vertices a, b, c, d ∈ Wxy ∪{x, y} such that a ≺ b ≺ c ≺ d, ac ∈ E(G),
and bd ∈ E(G) (it is possible that a = x and/or d = y). By the definition of visibility from
xy, all four points a, b, c, d are in the closed half-plane to the left of the line from y to x. Let
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Figure 8 Possible relations between the segments a′a, d′d, ac, bd, yx.

a′, d′ ∈ xy be such that the segments a′a and d′d are disjoint from the exterior of P ; see
Figure 8 for an illustration. Now, the five segments a′a, d′d, ac, bd, yx divide the plane into
a set F of faces, and exactly one of the faces in F is unbounded (the outer face). Now, to
show that ad is disjoint from the exterior of P , it suffices to prove the following two claims.

The polygon P is contained in the closure of the outer face of F and P does not cross
(but may touch) any segment in the set {a′a, d′d, ac, bd}.
The segment ad is disjoint from the interior of the outer face of F .

The first claim is quite obvious; see the left side of Figure 8 for an illustration. The second
claim can be proven by considering all the cases for how the segments a′a, d′d, ac, and bd

can be placed with respect to each other. We leave the details to the reader. ◀

5 Colouring capped graphs

This section is devoted to the proof of Theorem 1.4 on colouring capped graphs. The proof
relies on decompositions; a decomposition of an ordered graph (G,≺) is a collection of
subgraphs such that every edge of G belongs to exactly one subgraph in the collection. For a
graph G and a set F ⊆ E(G), we write G[F ] and G− F for the graph obtained from G by
keeping/deleting (respectively) the edges in F .

▶ Proposition 5.1. There is a polynomial-time algorithm which takes in a capped graph (G,≺)
and returns its clique number ω and a decomposition of (G,≺) into ω−1 triangle-free capped
graphs. If (G,≺) is additionally ordered-hole-free, then so is each graph in the decomposition.

Proof. If G is triangle-free, then we return its clique number (1 or 2) and the decomposition
consisting of (G,≺) itself. Thus assume that G is not triangle-free. We say that an edge
uv ∈ E(G) with u ≺ v is triangle-crossed if v belongs to a triangle with vertices x and y such
that x, y ⪯ u. Let F be the set of all edges that are not triangle-crossed (see Figure 9).

If a, b, c are vertices of G such that a ≺ b ≺ c, ac, bc ∈ E(G), and ac is triangle-crossed,
then bc is triangle-crossed. This implies that (G[F ],≺) is capped and is ordered-hole-free if
(G,≺) is ordered-hole-free. Furthermore, if vertices a, b, c with a ≺ b ≺ c form a triangle in
G, then bc is triangle-crossed. So G[F ] is triangle-free. Moreover, we have the following.

▷ Claim 5.2. The graph (G− F,≺) is capped and has clique number exactly one less than
the clique number of (G,≺). Furthermore, if (G,≺) is ordered-hole-free, then so is (G−F,≺).
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654321

Figure 9 The decomposition from Proposition 5.1, where darker edges are removed first.

Proof. Let ω denote the clique number of (G,≺). If a, b, c are vertices of G such that
a ≺ b ≺ c, ab, ac ∈ E(G), and ab is triangle-crossed, then ac is triangle-crossed. So (G−F,≺)
is capped and is ordered-hole-free if (G,≺) is. Furthermore, the clique number of (G− F,≺)
is at least ω − 1, because every edge of a clique in (G,≺) that is not incident to the smallest
vertex of the clique is triangle-crossed. Now, suppose that Q ⊆ V (G) is a clique in G− F ,
and let u and v be the two smallest vertices of Q, with u ≺ v. Then v is in a triangle of G
with vertices x and y such that x ≺ y ⪯ u. It follows that (Q∖ {u}) ∪ {x, y} is a clique in G.
This shows that the clique number of (G− F,≺) is at most ω − 1, as desired. ◁

To conclude, the algorithm proceeds by continuing with (G− F,≺). The clique number
is the number of subgraphs in the decomposition plus one. ◀

Proof of Theorem 1.4. Let ω ⩾ 2 be the clique number of G, and let {(Gi,≺)}1⩽i<ω be
a decomposition of (G,≺) into ω − 1 triangle-free capped subgraphs as in Proposition 5.1.
Fix an index i with 1 ⩽ i < ω. If (G,≺) is ordered-hole-free, then let Fi = ∅, and otherwise
let Fi be the set of edges of (Gi,≺) which are not crossed in (Gi,≺). An ordered graph is
outerplanar if it has no crossing pair of edges.

▷ Claim 5.3. The ordered graph (G[Fi],≺) is outerplanar, and (Gi − Fi,≺) is both capped
and ordered-hole-free.

Proof. We can assume that (G,≺) is not ordered-hole-free. That (G[Fi],≺) is outerplanar is
clear from the definition of Fi. If a, b, c are vertices such that a ≺ b ≺ c, ab, ac ∈ E(Gi), and
ab is crossed, then ac is crossed. This implies that the ordered graph (Gi − Fi,≺) is capped
and every ordered hole in it is an ordered hole in (Gi,≺). Suppose for the sake of contradiction
that vertices c1 ≺ · · · ≺ ck induce an ordered hole in (Gi−Fi,≺) and thus in (Gi,≺). Since the
edge ck−2ck−1 is crossed, there is an edge xy ∈ E(Gi) with x ≺ ck−2 ≺ y ≺ ck−1. It follows
that x ≺ c1, as c1, . . . , ck induce an ordered hole in (Gi,≺). We conclude that x, ck−1, and
ck form a triangle in Gi. This contradiction shows that (Gi −Fi,≺) is ordered-hole-free. ◁

▷ Claim 5.4. There is a 4-colouring of Gi − Fi, which can be computed in polynomial time.

Proof. We just use the fact that (Gi − Fi,≺) is triangle-free, capped, and ordered-hole-free.
For each component of Gi −Fi, we claim that any level of any breadth-first search tree which
is rooted at the smallest vertex according to ≺ induces a bipartite subgraph. This suffices to
complete the proof, as we can reuse colours at every second level.

Suppose for the sake of contradiction that p is the smallest vertex of a component and C

is an induced odd cycle which is contained in a level. Since (Gi − Fi,≺) is triangle-free and
ordered-hole-free, there are ac, bd ∈ E(C) such that a ≺ b ≺ c ≺ d. So ad ∈ E(C), and none
of the edges ac, bd, ad are crossing with any other edge of C. It follows that V (C) ∖ {a, d}
induces a path bv1 · · · vtc with b ≺ v1 ≺ · · · ≺ vt ≺ c, for some positive integer t.
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Let P be a shortest path from v1 to p in Gi − Fi, and let v′
1 be the vertex adjacent to v1

in P . If a ⪯ v′
1 ⪯ d then we obtain a contradiction by finding a path which is shorter than P

from either a or d to p, using the fact that (Gi −Fi,≺) is capped. Otherwise, if v′
1 ≺ a, then

{v′
1, v1, . . . , vt, c} contains a triangle or an ordered hole, which is a contradiction. In the final

case that d ≺ v′
1, the vertices b, v1, v

′
1 form a triangle, which is again a contradiction. ◁

Let ϕi be a 4-colouring of Gi − Fi from the last claim, for 1 ⩽ i < ω. Let F =
⋃ω−1

i=1 Fi.
If (G,≺) is ordered-hole-free, then F = ∅ and the mapping v 7→ (ϕ1(v), . . . , ϕω−1(v)) is a
4ω−1-colouring of G. Otherwise, since every n-vertex outerplanar graph has at most 2n− 3
edges, every n-vertex subgraph of G[F ] has at most (2n− 3)(ω − 1) edges, for any n ⩾ 2. So
every non-empty subgraph of G[F ] has a vertex of degree less than 4(ω − 1), and thus there
exists a 4(ω− 1)-colouring ψ of G[F ]. Now, the mapping v 7→ (ϕ1(v), . . . , ϕω−1(v), ψ(v)) is a
4ω(ω − 1)-colouring of G. ◀
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Abstract
Graphs model real-world circumstances in many applications where they may constantly change to
capture the dynamic behavior of the phenomena. Topological persistence which provides a set of
birth and death pairs for the topological features is one instrument for analyzing such changing graph
data. However, standard persistent homology defined over a growing space cannot always capture
such a dynamic process unless shrinking with deletions is also allowed. Hence, zigzag persistence
which incorporates both insertions and deletions of simplices is more appropriate in such a setting.
Unlike standard persistence which admits nearly linear-time algorithms for graphs, such results for
the zigzag version improving the general O(mω) time complexity are not known, where ω < 2.37286
is the matrix multiplication exponent. In this paper, we propose algorithms for zigzag persistence on
graphs which run in near-linear time. Specifically, given a filtration with m additions and deletions
on a graph with n vertices and edges, the algorithm for 0-dimension runs in O(m log2 n + m log m)
time and the algorithm for 1-dimension runs in O(m log4 n) time. The algorithm for 0-dimension
draws upon another algorithm designed originally for pairing critical points of Morse functions on
2-manifolds. The algorithm for 1-dimension pairs a negative edge with the earliest positive edge so
that a 1-cycle containing both edges resides in all intermediate graphs. Both algorithms achieve the
claimed time complexity via dynamic graph data structures proposed by Holm et al. In the end,
using Alexander duality, we extend the algorithm for 0-dimension to compute the (p−1)-dimensional
zigzag persistence for Rp-embedded complexes in O(m log2 n + m log m + n log n) time.
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1 Introduction

Graphs appear in many applications as abstraction of real-world phenomena, where vertices
represent certain objects and edges represent their relations. Rather than being stationary,
graph data obtained in applications usually change with respect to some parameter such
as time. A summary of these changes in a quantifiable manner can help gain insight into
the data. Persistent homology [3, 10] is a suitable tool for this goal because it quantifies
the life span of topological features as the graph changes. One drawback of using standard
non-zigzag persistence [10] is that it only allows addition of vertices and edges during
the change, whereas deletion may also happen in practice. For example, many complex
systems such as social networks, food webs, or disease spreading are modeled by the so-called
“dynamic networks” [13, 14, 19], where vertices and edges can appear and disappear at
different time. A variant of the standard persistence called zigzag persistence [3] is thus a
more natural tool in such scenarios because simplices can be both added and deleted. Given

© Tamal K. Dey and Tao Hou;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 30; pp. 30:1–30:15

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:tamaldey@purdue.edu
mailto:hou145@purdue.edu
https://doi.org/10.4230/LIPIcs.SoCG.2021.30
https://arxiv.org/abs/2103.07353
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


30:2 Computing Zigzag Persistence on Graphs in Near-Linear Time

(a) (b) (c) (d)

Figure 1 A sequence of graphs with four prominent clusters each colored differently. Black edges
connect different clusters and forward (resp. backward) arrows indicate additions (resp. deletions)
of vertices and edges. From (a) to (b), two clusters split; from (b) to (c), two clusters merge; from
(c) to (d), one cluster disappears.

a sequence of graphs possibly with additions and deletions (formally called a zigzag filtration),
zigzag persistence produces a set of intervals termed as zigzag barcode in which each interval
registers the birth and death time of a homological feature. Figure 1 gives an example of a
graph sequence in which clusters may split (birth of 0-dimensional features) or vanish/merge
(death of 0-dimensional features). Moreover, addition of edges within the clusters creates
1-dimensional cycles and deletion of edges makes some cycles disappear. These births and
deaths are captured by zigzag persistence.

Algorithms for both zigzag and non-zigzag persistence have a general-case time complexity
of O(mω) [4, 10, 15, 16], where m is the length of the input filtration and ω < 2.37286 is
the matrix multiplication exponent [2]. For the special case of graph filtrations, it is well
known that non-zigzag persistence can be computed in O(mα(m)) time, where α(m) is the
inverse Ackermann’s function that is almost constant for all practical purposes [5]. However,
analogous faster algorithms for zigzag persistence on graphs are not known. In this paper,
we present algorithms for zigzag persistence on graphs with near-linear time complexity.
In particular, given a zigzag filtration of length m for a graph with n vertices and edges,
our algorithm for 0-dimension runs in O(m log2 n + m logm) time, and our algorithm for
1-dimension runs in O(m log4 n) time. Observe that the algorithm for 0-dimension works for
arbitrary complexes by restricting to the 1-skeletons.

The difficulty in designing faster zigzag persistence algorithms for the special case of
graphs lies in the deletion of vertices and edges. For example, besides merging into bigger ones,
connected components can also split into smaller ones because of edge deletion. Therefore,
one cannot simply kill the younger component during merging as in standard persistence [10],
but rather has to pair the merge and departure events with the split and entrance events (see
Sections 3 for details). Similarly, in dimension one, deletion of edges may kill 1-cycles so that
one has to properly pair the creation and destruction of 1-cycles, instead of simply treating
all 1-dimensional intervals as infinite ones.

Our solutions are as follows: in dimension zero, we find that the O(n log n) algorithm
by Agarwal et al. [1] originally designed for pairing critical points of Morse functions on
2-manifolds can be utilized in our scenario. We formally prove the correctness of applying
the algorithm and use a dynamic connectivity data structure [12] to achieve the claimed
complexity. In dimension one, we observe that a positive and a negative edge can be paired by
finding the earliest 1-cycle containing both edges which resides in all intermediate graphs. We
further reduce the pairing to finding the max edge-weight of a path in a minimum spanning
forest. Utilizing a data structure for dynamic minimum spanning forest [12], we achieve the
claimed time complexity. Section 4 details this algorithm.



T. K. Dey and T. Hou 30:3

Using Alexander duality, we also extend the algorithm for 0-dimension to compute (p−1)-
dimensional zigzag for Rp-embedded complexes. The connection between these two cases for
non-zigzag persistence is well known [9, 18], and the challenge comes in adopting this duality
to the zigzag setting while maintaining an efficient time budget. With the help of a dual
filtration and an observation about faster void boundary reconstruction for (p− 1)-connected
complexes [8], we achieve a time complexity of O(m log2 n+m logm+ n log n).

All omitted proofs in this version appear in the full version [7].

2 Preliminaries

A zigzag module (or module for short) is a sequence of vector spaces

M : V0
ψ0←−→ V1

ψ1←−→ · · · ψm−1←−−−→ Vm

in which each ψi is either a forward linear map ψi : Vi → Vi+1 or a backward linear map
ψi : Vi ← Vi+1. We assume vector spaces are over field Z2 in this paper. A module S of the
form

S : W0
ϕ0←−→W1

ϕ1←−→ · · · ϕm−1←−−−→Wm

is called a submodule of M if each Wi is a subspace of Vi and each ϕi is the restriction of ψi.
For an interval [b, d] ⊆ [0,m], S is called an interval submodule of M over [b, d] if Wi is one-
dimensional for i ∈ [b, d] and is trivial for i ̸∈ [b, d], and ϕi is an isomorphism for i ∈ [b, d− 1].
It is well known [3] that M admits an interval decomposition M =

⊕
α∈A I [bα,dα] which is

a direct sum of interval submodules of M. The (multi-)set of intervals {[bα, dα] |α ∈ A}
is called the zigzag barcode (or barcode for short) of M and is denoted as Pers(M). Each
interval in a zigzag barcode is called a persistence interval.

In this paper, we mainly focus on a special type of zigzag modules:

▶ Definition 1 (Elementary zigzag module). A zigzag module is called elementary if it starts
with the trivial vector space and all linear maps in the module are of the three forms: (i) an
isomorphism; (ii) an injection with rank 1 cokernel; (iii) a surjection with rank 1 kernel.

A zigzag filtration (or filtration for short) is a sequence of simplicial complexes

F : K0
σ0←−→ K1

σ1←−→ · · · σm−1←−−−→ Km

in which each Ki
σi←−→ Ki+1 is either a forward inclusion Ki ↪→ Ki+1 with a single simplex

σi added, or a backward inclusion Ki ←↩ Ki+1 with a single σi deleted. When the σi’s are
not explicitly used, we drop them and simply denote F as F : K0 ↔ K1 ↔ · · · ↔ Km.
For computational purposes, we sometimes assume that a filtration starts with the empty
complex, i.e., K0 = ∅ in F . Throughout the paper, we also assume that each Ki in F is a
subcomplex of a fixed complex K; such a K, when not given, can be constructed by taking
the union of every Ki in F . In this case, we call F a filtration of K.

Applying the p-th homology with Z2 coefficients on F , we derive the p-th zigzag module
of F

Hp(F) : Hp(K0)
φp

0←−→ Hp(K1)
φp

1←−→ · · ·
φp

m−1←−−−→ Hp(Km)

in which each φpi is the linear map induced by the inclusion. In this paper, whenever F is
used to denote a filtration, we use φpi to denote a linear map in the module Hp(F). Note
that Hp(F) is an elementary module if F starts with an empty complex. Specifically, we call
Pers(Hp(F)) the p-th zigzag barcode of F .

SoCG 2021
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(a) A zigzag filtration of graphs with 0-th barcode {[2, 2], [4, 4], [6, 8], [8, 9], [7, 10], [1, 10]}.

1 2 3 4 5 6 7 8 9Level: 10

(b) The barcode graph for the filtration shown in Figure 2a.

T2 1 2 T3 1 2 3

⇒

1 2 3 T5 1 5 T6 1 5 6T1

T9 1 5 9 1 5 9

⇒

1

T10

7 7

1 107

⇒

1 107

2 3 4 2 3 4

2 3 4 2 3 46 8 6 8

52 3 4 6 52 3 4 698 98

(c) Barcode forests constructed in Algorithm 1 for the barcode graph in Figure 2b. For brevity, some
forests are skipped. The horizontally arranged labels indicate the levels.

Figure 2 Examples of a zigzag filtration, a barcode graph, and barcode forests.

3 Zero-dimensional zigzag persistence

We present our algorithm for 0-th zigzag persistence1 in this section. The input is assumed
to be on graphs but note that our algorithm can be applied to any complex by restricting to
its 1-skeleton. We first define the barcode graph of a zigzag filtration which is a construct
that our algorithm implicitly works on. In a barcode graph, nodes correspond to connected
components of graphs in the filtration and edges encode the mapping between the components:

▶ Definition 2 (Barcode graph). For a graph G and a zigzag filtration F : G0 ↔ G1 ↔ · · · ↔
Gm of G, the barcode graph GB(F) of F is a graph whose vertices (preferably called nodes)
are associated with a level and whose edges connect nodes only at adjacent levels. The graph
GB(F) is constructively described as follows:

For each Gi in F and each connected component of Gi, there is a node in GB(F) at
level i corresponding to this component; this node is also called a level-i node.
For each inclusion Gi ↔ Gi+1 in F , if it is forward, then there is an edge connecting
a level-i node vi to a level-(i+ 1) node vi+1 if and only if the component of vi maps to
the component of vi+1 by the inclusion. Similarly, if the inclusion is backward, then vi
connects to vi+1 by an edge iff the component of vi+1 maps to the component of vi.

For two nodes at different levels in GB(F), the node at the higher (resp. lower) level is said
to be higher (resp. lower) than the other.

1 For brevity, henceforth we call p-dimensional zigzag persistence as p-th zigzag persistence.
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▶ Remark 3. Note that some works [6, 14] also have used similar notions of barcode graphs.

Figure 2a and 2b give an example of a zigzag filtration and its barcode graph. Note
that a barcode graph is of size O(mn), where m is the length of F and n is the number of
vertices and edges of G. Although we present our algorithm (Algorithm 1) by first building
the barcode graph, the implementation does not do so explicitly, allowing us to achieve the
claimed time complexity; see Section 3.1 for the implementation details. Introducing barcode
graphs helps us justify the algorithm, and more importantly, points to the fact that the
algorithm can be applied whenever such a barcode graph can be built.

Algorithm 1 Algorithm for 0-th zigzag persistence.

Given a graph G and a zigzag filtration F : ∅ = G0 ↔ G1 ↔ · · · ↔ Gm of G, we first build
the barcode graph GB(F), and then apply the pairing algorithm described in [1] on GB(F)
to compute Pers(H0(F)). For a better understanding, we rephrase this algorithm which
originally works on Reeb graphs:
The algorithm iterates for i = 0, . . . ,m− 1 and maintains a barcode forest Ti, whose leaves
have a one-to-one correspondence to level-i nodes of GB(F). Like the barcode graph, each
tree node in a barcode forest is associated with a level and each tree edge connects nodes at
adjacent levels. For each tree in a barcode forest, the lowest node is the root. Initially, T0 is
empty; then, the algorithm builds Ti+1 from Ti in the i-th iteration. Intervals for Pers(H0(F))
are produced while updating the barcode forest. (Figure 2c illustrates such updates.)
Specifically, the i-th iteration proceeds as follows: first, Ti+1 is formed by copying the
level-(i+ 1) nodes of GB(F) and their connections to the level-i nodes, into Ti; the copying
is possible because leaves of Ti and level-i nodes of GB(F) have a one-to-one correspondence;
see transitions from T5 to T6 and from T9 to T10 in Figure 2c. We further change Ti+1 under
the following events:
Entrance: One level-(i + 1) node in Ti+1, said to be entering, does not connect to any

level-i node.
Split: One level-i node in Ti+1, said to be splitting, connects to two different level-(i+ 1)

nodes. For the two events so far, no changes need to be made on Ti+1.
Departure: One level-i node u in Ti+1, said to be departing, does not connect to any

level-(i + 1) node. If u has splitting ancestors (i.e., ancestors which are also splitting
nodes), add an interval [j+1, i] to Pers(H0(F)), where j is the level of the highest splitting
ancestor v of u; otherwise, add an interval [j, i] to Pers(H0(F)), where j is the level of
the root v of u. We then delete the path from v to u in Ti+1.

Merge: Two different level-i nodes u1, u2 in Ti+1 connect to the same level-(i + 1) node.
Tentatively, Ti+1 may now contain a loop and is not a tree. If u1, u2 are in different
trees in Ti, add an interval [j, i] to Pers(H0(F)), where j is the level of the higher root of
u1, u2 in Ti; otherwise, add an interval [j + 1, i] to Pers(H0(F)), where j is the level of
the highest common ancestor of u1, u2 in Ti. We then glue the two paths from u1 and u2
to their level-j ancestors in Ti+1, after which Ti+1 is guaranteed to be a tree.

No-change: If none of the above events happen, no changes are made on Ti+1.

At the end, for each root in Tm at a level j, add an interval [j,m] to Pers(H0(F)), and for
each splitting node in Tm at a level j, add an interval [j + 1,m] to Pers(H0(F)).

▶ Remark 4. The justification of Algorithm 1 is given in Section 3.2.

SoCG 2021
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1 2 3T3

⇒

1 2 4T4 3

Figure 3 For the example in Figure 2, to form T4, our implementation only adds a level-4 entering
node, whereas the leaf in T3 is not touched. Since the level of a leaf always equals the index of the
barcode forest, the leaf at level 3 in T3 automatically becomes a leaf at level 4 in T4.

Figure 2c gives examples of barcode forests constructed by Algorithm 1 for the barcode
graph shown in Figure 2b, where T1 and T2 introduce entering nodes, T6 introduces a splitting
node, and T10 introduces a departing node. In T10, the departure event happens and the
dotted path is deleted, producing an interval [8, 9]. In T3 and T9, the merge event happens
and the dotted paths are glued together, producing intervals [2, 2] and [6, 8]. Note that the
glued level-i nodes are in different trees in T3 and are in the same tree in T9.

3.1 Implementation
Inserting (resp. deleting) a vertex in F simply corresponds to the entrance (resp. departure)
event, whereas inserting (resp. deleting) an edge corresponds to the merge (resp. split)
event only when connected components in the graph merge (resp. split). To keep track
of the connectivity of vertices for each Gi, we use a dynamic connectivity data structure
by Holm et al. [12], which we denote as D. The data structure D dynamically updates the
spanning forest of Gi when edges are inserted or deleted, and the connected component of
a vertex of Gi can be identified by the tree in the spanning forest containing the vertex.
The total time for querying and updating D is O(m log2 n) [12], where m is the length of F
and n is the number of vertices and edges of G. As mentioned, we do not explicitly build
a barcode graph, but instead maintain a key-value map from connected components of Gi
(i.e., identifiers of trees in D’s spanning forest) to leaves of Ti. We update Ti to form Ti+1
according to the changes of the connected components from Gi to Gi+1. We also only record
the level of a non-leaf node in a barcode forest Ti because the level of a leaf always equals i.
Note that at iteration i, a leaf in Ti may uniquely connect to a single leaf in Ti+1. In this
case, we simply let the leaf in Ti automatically become a leaf in Ti+1; see Figure 3. The size
of a barcode forest is then O(m). As in [1], using the mergeable trees data structure [11], the
traversal and updates of the barcode forest can be done in O(m logm) time. Therefore, the
time complexity of Algorithm 1 is O(m log2 n+m logm). See the full version of the paper [7]
for more details on the implementation of Algorithm 1.

3.2 Justification
In this subsection, we justify the correctness of Algorithm 1. For each entering node u in
a Ti of Algorithm 1, there must be a single node in GB(F) at the level of u with the same
property. So we also have entering nodes in GB(F). Splitting and departing nodes in GB(F)
can be similarly defined.

We first prepare some standard notions and facts in zigzag persistence (Definition 5 and 7,
Proposition 9) that help with our proofs. Some notions also appear in previous works in
different forms; see, e.g., [15].

▶ Definition 5 (Representatives). Let M : V0
ψ0←−→ · · · ψm−1←−−−→ Vm be an elementary zigzag

module and [s, t] ⊆ [1,m] be an interval. An indexed set {αi ∈ Vi | i ∈ [s, t]} is called a set of
partial representatives for [s, t] if for each i ∈ [s, t− 1], αi 7→ αi+1 or αi ←[ αi+1 by ψi; it
is called a set of representatives for [s, t] if the following additional conditions are satisfied:
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1. If ψs−1 : Vs−1 → Vs is forward with non-trivial cokernel, then αs is not in img(ψs−1); if
ψs−1 : Vs−1 ← Vs is backward with non-trivial kernel, then αs is the non-zero element in
ker(ψs−1).

2. If t < m and ψt : Vt ← Vt+1 is backward with non-trivial cokernel, then αt is not in
img(ψt); if t < m and ψt : Vt → Vt+1 is forward with non-trivial kernel, then αt is the
non-zero element in ker(ψt).

Specifically, when M := Hp(F) for a zigzag filtration F , we use terms p-representatives
and partial p-representatives to emphasize the dimension p.

▶ Remark 6. Let F be the filtration given in Figure 2a, and let α8, α9 be the sum of the
component containing vertex 1 and the component containing vertex 2 in G8 and G9. Then,
{α8, α9} is a set of 0-representatives for the interval [8, 9] ∈ Pers(H0(F)).

▶ Definition 7 (Positive/negative indices). Let M : V0
ψ0←−→ · · · ψm−1←−−−→ Vm be an elementary

zigzag module. The set of positive indices of M, denoted P(M), and the set of negative
indices of M, denoted N(M), are constructed as follows: for each forward ψi : Vi → Vi+1,
if ψi is an injection with non-trivial cokernel, add i+ 1 to P(M); if ψi is a surjection with
non-trivial kernel, add i to N(M). Furthermore, for each backward ψi : Vi ← Vi+1, if ψi is
an injection with non-trivial cokernel, add i to N(M); if ψi is a surjection with non-trivial
kernel, add i+ 1 to P(M). Finally, add rank Vm copies of m to N(M).

▶ Remark 8. For each ψi : Vi ↔ Vi+1 in Definition 7, if i + 1 ∈ P(M), then i ̸∈ N(M);
similarly, if i ∈ N(M), then i + 1 ̸∈ P(M). Furthermore, if ψi is an isomorphism, then
i ̸∈ N(M) and i+ 1 ̸∈ P(M).

Note that N(M) in Definition 7 is in fact a multi-set; calling it a set should not cause
any confusion in this paper though. Also note that |P(M)| = |N(M)|, and every index in
P(M) (resp. N(M)) is the start (resp. end) of an interval in Pers(M). This explains why
we add rank Vm copies of m to N(M) because there are always rank Vm number of intervals
ending with m in Pers(M); see the example in Figure 2a where rank H0(G10) = 2.

▶ Proposition 9. Let M be an elementary zigzag module and π : P(M) → N(M) be a
bijection. If every b ∈ P(M) satisfies that b ≤ π(b) and the interval [b, π(b)] has a set of
representatives, then Pers(M) = {[b, π(b)] | b ∈ P(M)}.

Now we present several propositions leading to our conclusion (Theorem 14). Specifically,
Proposition 10 states that a certain path in GB(F) induces a set of partial 0-representatives.
Proposition 11 lists some invariants of Algorithm 1. Proposition 10 and 11 support the proof
of Proposition 13, which together with Proposition 9 implies Theorem 14.

From now on, G and F always denote the input to Algorithm 1. Since each node in a
barcode graph represents a connected component, we also interpret nodes in a barcode graph
as 0-th homology classes throughout the paper. Moreover, a path in a barcode graph from a
node v to a node u is said to be within level j and i if for each node on the path, its level ℓ
satisfies j ≤ ℓ ≤ i; we denote such a path as (v ⇝ u)[j,i].

▶ Proposition 10. Let v be a level-j node and u be a level-i node in GB(F) such that j < i

and there is a path (v ⇝ u)[j,i] in GB(F). Then, there is a set of partial 0-representatives
{αk ∈ H0(Gk) | k ∈ [j, i]} for the interval [j, i] with αj = v and αi = u.

Proof. We can assume that (v ⇝ u)[j,i] is a simple path because if it were not we could always
find one. For each k ∈ [j + 1, i − 1], let w1, . . . , wr be all the level-k nodes on (v ⇝ u)[j,i]
whose adjacent nodes on (v ⇝ u)[j,i] are at different levels. Then, let αk =

∑r
ℓ=1 wℓ. Also, let

SoCG 2021
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2 3 4 5 6 7 8 9 10 11 12 13 141Level:

F :
a b c bc d bc ab cd ac ac ab cd bc ad

4 5 6 71T7 9 10 11 121 T1313

v1

u1

v2

u2

ṽ2

u2

ṽ1

u1

Figure 4 Illustration of invariants of Proposition 11. The top part contains a barcode graph with
its filtration given (a, b, c, and d are vertices of the complex). The bottom contains two barcode
forests.

αj = v and αi = u. It can be verified that {αk | k ∈ [j, i]} is a set of partial 0-representatives
for [j, i]. See Figure 4 for an example of a simple path (ṽ2 ⇝ u2)[10,13] (the dashed one) in a
barcode graph, where the solid nodes contribute to the induced partial 0-representatives and
the hollow nodes are excluded. ◀

For an i with 0 ≤ i ≤ m, we define the prefix F i of F as the filtration F i : G0 ↔ · · · ↔ Gi
and observe that GB(F i) is the subgraph of GB(F) induced by nodes at levels less than or
equal to i. We call level-i nodes of GB(F i) as leaves and do not distinguish leaves in Ti and
GB(F i) because they bijectively map to each other. It should be clear from the context
though which graph or forest a particular leaf is in.

▶ Proposition 11. For each i = 0, . . . ,m, Algorithm 1 maintains the following invariants:
1. There is a bijection η from trees in Ti to connected components in GB(F i) containing

leaves such that a leaf u is in a tree Υ of Ti if and only if u is in η(Υ).
2. For each leaf u in Ti and each ancestor of u at a level j, there is a path (ṽ ⇝ u)[j,i] in

GB(F) where ṽ is a level-j node.
3. For each leaf u in Ti and each splitting ancestor of u at a level j, let ṽ be the unique

level-j splitting node in GB(F). Then, there is a path (ṽ ⇝ u)[j,i] in GB(F).
▶ Remark 12. See Figure 4 for examples of invariant 2 and 3. In the figure, v1 is a level-1
non-splitting ancestor of u1 in T7 and ṽ1 is a level-1 node in the barcode graph; v2 is a
level-10 splitting ancestor of u2 in T13 and ṽ2 is the unique level-10 splitting node in the
barcode graph. The paths (ṽ1 ⇝ u1)[1,7] and (ṽ2 ⇝ u2)[10,13] are marked with dashes.

▶ Proposition 13. Each interval produced by Algorithm 1 admits a set of 0-representatives.

Proof. Suppose that an interval is produced by the merge event at iteration i. We have the
following situations:

If the nodes u1, u2 in this event (see Algorithm 1) are in the same tree in Ti, let v be the
highest common ancestor of u1, u2 and note that v is a splitting node at level j. Also
note that u1, u2 are actually leaves in Ti and hence can also be considered as level-i
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nodes in GB(F). Let ṽ be the unique level-j splitting node in GB(F). By invariant 3 of
Proposition 11 along with Proposition 10, there are two sets of partial 0-representatives
{αk | k ∈ [j, i]}, {βk | k ∈ [j, i]} for [j, i] with αj = ṽ, αi = u1, βj = ṽ, and βi = u2. We
claim that {αk+βk | k ∈ [j+1, i]} is a set of 0-representatives for the interval [j+1, i]. To
prove this, we first note the following obvious facts: (i) {αk + βk | k ∈ [j + 1, i]} is a set of
partial 0-representatives; (ii) αj+1 +βj+1 ∈ ker(φ0

j ); (iii) αi+βi is the non-zero element in
ker(φ0

i ). So we only need to show that αj+1 +βj+1 ̸= 0. Let v1, v2 be the two level-(j+ 1)
nodes in GB(F) connecting to ṽ. Then, αj+1 equals v1 or v2 and the same for βj+1.
To see this, we first show that αj+1 can only contain v1, v2. For contradiction, suppose
instead that αj+1 contains a level-(j + 1) node x with x ̸= v1, x ̸= v2. Let (ṽ ⇝ u1)[j,i]
be the simple path that induces {αk | k ∈ [j, i]} as in Proposition 10 and its proof. Then,
x is on the path (ṽ ⇝ u1)[j,i] and the two adjacent nodes of x on (ṽ ⇝ u1)[j,i] are at
level j and j + 2, in which we let y be the one at level j. Note that y ̸= ṽ because x is
not equal to v1 or v2. Since (ṽ ⇝ u1)[j,i] is within level j and i, y must be adjacent to
another level-(j+ 1) node distinct from x on (ṽ ⇝ u1)[j,i]. Now we have that y is a level-j
splitting node with y ̸= ṽ, contradicting the fact that GB(F) has only one level-j splitting
node. The fact that αj+1 contains v1 or v2 but not both can be similarly verified. To
see that αj+1 + βj+1 ̸= 0, suppose instead that αj+1 + βj+1 = 0, i.e., αj+1 = βj+1, and
without loss of generality they both equal v1. Note that we can consider Ti as derived by
contracting nodes of GB(F i) at the same level2. The fact that αj+1 = βj+1 = v1 implies
that u1, u2 are descendants of the same child of v in Ti, contradicting the fact that v is
the highest common ancestor of u1, u2. So we have that αj+1 + βj+1 ̸= 0.
If u1, u2 are in different trees in Ti, then without loss of generality let u1 be the one
whose root v1 is at the higher level (i.e., level j). As the root of u1, the node v1 must be
an entering node, and the connected component of GB(F i) containing u1 must have a
single level-j node ṽ1. Then, by invariant 2 of Proposition 11 along with Proposition 10,
there are two sets of partial 0-representatives {αk | k ∈ [j, i]}, {βk | k ∈ [j, i]} for [j, i] with
αj = ṽ1, αi = u1, βj = ṽ2, and βi = u2, where ṽ2 is a level-j node. We claim that
{αk + βk | k ∈ [j, i]} is a set of 0-representatives for the interval [j, i] and the verification
is similar to the previous case where u1 and u2 are in the same tree.

For intervals produced by the departure events and at the end of the algorithm, the
existence of 0-representatives can be similarly argued. ◀

▶ Theorem 14. Algorithm 1 computes the 0-th zigzag barcode for a given zigzag filtration.

Proof. First, we have the following facts: every level-j entering node in GB(F) introduces
a j ∈ P(H0(F)) and uniquely corresponds to a level-j root in Ti for some i; every level-j
splitting node in GB(F) introduces a j + 1 ∈ P(H0(F)) and uniquely corresponds to a level-j
splitting node in Ti for some i. Whenever an interval [j, i] is produced in Algorithm 1,
i ∈ N(H0(F)) and the entering or splitting node in Ti introducing j as a positive index
either becomes a regular node (i.e., connecting to a single node on both adjacent levels) or
is deleted in Ti+1. This means that j is never the start of another interval produced. At
the end of Algorithm 1, the number of intervals produced which end with m also matches
the rank of H0(Gm). Therefore, intervals produced by the algorithm induce a bijection
π : P(H0(F))→ N(H0(F)). By Proposition 9 and 13, our conclusion follows. ◀

2 We should further note that this contraction is not done on the entire GB(F i) but rather on connected
components of GB(F i) containing leaves.
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4 One-dimensional zigzag persistence

In this section, we present an efficient algorithm for 1-st zigzag persistence on graphs. We
assume that the input is a graph G with a zigzag filtration F : ∅ = G0

σ0←−→ G1
σ1←−→

· · · σm−1←−−−→ Gm of G. We first describe the algorithm without giving the full implementation
details. The key to the algorithm is a pairing principle for the positive and negative indices.
Then, in Section 4.1, we make several observations which reduce the index pairing to
finding the max edge-weight of a path in a minimum spanning forest, leading to an efficient
implementation.

We notice that the following are true for every inclusion Gi
σi←−→ Gi+1 of F (recall that

φ1
i denotes the corresponding linear map in the induced module H1(F)):

If σi is an edge being added and vertices of σi are connected in Gi, then φ1
i is an injection

with non-trivial cokernel, which provides i+ 1 ∈ P(H1(F)).
If σi is an edge being deleted and vertices of σi are connected in Gi+1, then φ1

i is an
injection with non-trivial cokernel, which provides i ∈ N(H1(F)).
In all the other cases, φ1

i is an isomorphism and i ̸∈ N(H1(F)), i+ 1 ̸∈ P(H1(F)).

As can be seen from Section 3, computing Pers(H1(F)) boils down to finding a pairing of
indices of P(H1(F)) and N(H1(F)). Our algorithm adopts this structure, where Ui denotes
the set of unpaired positive indices at the beginning of each iteration i:

Algorithm 2 Algorithm for 1-st zigzag persistence on graphs.

U0 := ∅
for i := 0, . . . ,m− 1:

if Gi
σi−−→ Gi+1 provides i+ 1 ∈ P(H1(F)):

Ui+1 := Ui ∪ {i+ 1}
else if Gi

σi←−− Gi+1 provides i ∈ N(H1(F)):
pair i with a j∗ ∈ Ui based on the Pairing Principle below
output an interval [j∗, i] for Pers(H1(F))
Ui+1 := Ui \ {j∗}

else:
Ui+1 := Ui

for each j ∈ Um:
output an interval [j,m] for Pers(H1(F))

Note that in Algorithm 2, whenever a positive or negative index is produced, σi must be
an edge. One key piece missing from the algorithm is how we choose a positive index to pair
with a negative index:

▶ Pairing Principle for Algorithm 2. In each iteration i where Gi
σi←−− Gi+1 provides

i ∈ N(H1(F)), let Ji consist of every j ∈ Ui such that there exists a 1-cycle z containing both
σj−1 and σi with z ⊆ Gk for every k ∈ [j, i]. Then, Ji ̸= ∅ and Algorithm 2 pairs i with the
smallest index j∗ in Ji.
▶ Remark 15. See Proposition 17 for a proof of Ji ̸= ∅ claimed above.
▶ Remark 16. Algorithms for non-zigzag persistence [10, 20] always pair a negative index with
the largest (i.e., youngest) positive index satisfying a certain condition, while Algorithm 2
pairs with the smallest one. This is due to the difference of zigzag and non-zigzag persistence
and our particular condition that 1-cycles can never become boundaries in graphs. See [4, 15]
for the pairing when assuming general zigzag filtrations.



T. K. Dey and T. Hou 30:11

G1 G2

a

G3

a d

G4

a
b

d

G5

a
b

d

G6

a
b

c

d

G7

a
b

c

G8

a
b

c

G9

a
bf feeeeeeee

c

Figure 5 A zigzag filtration with 1-st barcode {[4, 6], [2, 8], [6, 9], [8, 9]}. For brevity, the addition
of vertices and some edges are skipped.

Figure 5 gives an example of the pairing of the indices and their corresponding edges. In
the figure, when edge d is deleted from G6, there are three unpaired positive edges a, b, and
c, in which b and c admit 1-cycles as required by the Pairing Principle. As the earlier edge, b
is paired with d and an interval [4, 6] is produced. The red cycle in G6 indicates the 1-cycle
containing b and d which exists in all the intermediate graphs. Similar situations happen
when e is paired with a in G8, producing the interval [2, 8].

For the correctness of Algorithm 2, we first provide Proposition 17 which justifies the
Pairing Principle and is a major step leading toward our conclusion (Theorem 18):

▶ Proposition 17. At the beginning of each iteration i in Algorithm 2, for every j ∈ Ui,
there exists a 1-cycle zij containing σj−1 with zij ⊆ Gk for every k ∈ [j, i]. Furthermore, the
set {zij | j ∈ Ui} forms a basis of Z1(Gi). If the iteration i produces a negative index i, then
the above statements imply that there is at least one zij containing σi. This zij satisfies the
condition that zij ⊆ Gk for every k ∈ [j, i], σj−1 ∈ zij , and σi ∈ zij , which implies that Ji ̸= ∅
where Ji is as defined in the Pairing Principle.

▶ Theorem 18. Algorithm 2 computes the 1-st zigzag barcode for a given zigzag filtration on
graphs.

Proof. The claim follows directly from Proposition 9. For each interval [j∗, i] produced from
the pairing in Algorithm 2, by the Pairing Principle, there exists a 1-cycle z containing both
σj∗−1 and σi with z ⊆ Gk for every k ∈ [j∗, i]. The cycle z induces a set of 1-representatives
for [j∗, i]. For each interval produced at the end, Proposition 17 implies that such an interval
admits 1-representatives. ◀

4.1 Efficient implementation
For every i and every j ≤ i, define Γij as the graph derived from Gj by deleting every edge
σk s.t. j ≤ k < i and Gk

σk←−− Gk+1 is backward. For convenience, we also assume that Γij
contains all the vertices of G. We can simplify the Pairing Principle as suggested by the
following proposition:

▶ Proposition 19. In each iteration i of Algorithm 2 where Gi
σi←−− Gi+1 provides i ∈

N(H1(F)), the set Ji in the Pairing Principle can be alternatively defined as consisting of
every j ∈ Ui s.t. σi ∈ Γij and the vertices of σi are connected in Γi+1

j (σi ̸∈ Γi+1
j by definition).

We now turn graphs in F into weighted ones in the following way: initially, G0 = ∅;
then, whenever an edge σi is added from Gi to Gi+1, the weight w(σi) is set to i. For a
path in a weighted graph, let the max edge-weight of the path be the maximum weight of its
edges. Then, as can be seen from the full version [7] of the paper, the pairing boils down to
computing the max edge-weight of the path connecting u, v in the minimum spanning forest
(MSF) of Gi+1. For this, we utilize the dynamic-MSF data structure proposed by Holm et
al. [12]. Assuming that n is the number of vertices and edges of G, the dynamic-MSF data
structure supports the following operations:
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Return the identifier of a vertex’s connected component in O(log n) time, which can be
used to determine whether two vertices are connected.
Return the max edge-weight of the path connecting any two vertices in the MSF in
O(log n) time.
Insert or delete an edge from the current graph (maintained by the data structure) and
possibly update the MSF in O(log4 n) amortized time.

We now present the full details of Algorithm 2:

Algorithm Algorithm 2: details.

Maintain a dynamic-MSF data structure F, which consists of all vertices of G and no edges
initially. Also, set U0 = ∅. Then, for each i = 0, . . . ,m − 1, if σi is a vertex, do nothing;
otherwise, do the following:
Case Gi

σi−−→ Gi+1: Check whether vertices of σi are connected in Gi by querying F, and
then add σi to F. If vertices of σi are connected in Gi, then set Ui+1 = Ui ∪ {i + 1};
otherwise, set Ui+1 = Ui.

Case Gi
σi←−− Gi+1: Delete σi from F. If the vertices u, v of σi are found to be not connected

in Gi+1 by querying F, then set Ui+1 = Ui; otherwise, do the following:
Find the max edge-weight w∗ of the path connecting u, v in the MSF of Gi+1 by
querying F.
Find the smallest index j∗ of Ui greater than max{w∗, w(σi)}. (Note that we can store
Ui as a red-black tree [5], so that finding j∗ takes O(log n) time.)
Output an interval [j∗, i] and set Ui+1 = Ui \ {j∗}.

At the end, for each j ∈ Um, output an interval [j,m].

Now we can see that Algorithm 2 has time complexity O(m log4 n), where each iteration
is dominated by the update of F.

5 Codimension-one zigzag persistence of embedded complexes

In this section, we present an efficient algorithm for computing the (p− 1)-th barcode given
a zigzag filtration of an Rp-embedded complex, by extending our algorithm for 0-dimension
with the help of Alexander duality [17].

Throughout this section, p ≥ 2, K is a simplicial complex embedded in Rp, and F : ∅ =
K0 ↔ · · · ↔ Km is a zigzag filtration of K. We call connected components of Rp \ |K| as
voids of K or K-voids, to emphasize that only voids of K are considered in this section. The
dual graph G of K has the vertices corresponding to the voids as well as the p-simplices
of K, and has the edges corresponding to the (p − 1)-simplices of K. The dual filtration
E : G = G0 ↔ G1 ↔ · · · ↔ Gm of F consists of subgraphs Gi of G such that: (i) all vertices
of G dual to a K-void are in Gi; (ii) a vertex of G dual to a p-simplex is in Gi iff the dual
p-simplex is not in Ki; (iii) an edge of G is in Gi iff its dual (p− 1)-simplex is not in Ki.

One could verify that each Gi is a well-defined subgraph of G. We note the following:
(i) inclusion directions in E are reversed; (ii) E is not exactly a zigzag filtration (because
an arrow may introduce no changes) but can be easily made into one. Figure 6 gives an
example in R2, in which we observe the following: whenever a (p− 1)-cycle (i.e., 1-cycle) is
formed in the primal filtration, a connected component in the dual filtration splits; whenever
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K/G

K0 = ∅/G0 K1/G1 K2/G2 K3/G3

K4/G4 K5/G5 K6/G6 K7/G7

Figure 6 A zigzag filtration of an R2-embedded complex K and its dual filtration, where the
dual graphs are colored red. For brevity, changes of vertices in the primal filtration are ignored.

a (p− 1)-cycle is killed in the primal filtration, a connected component in the dual filtration
vanishes. Intuitively, Gi encodes the connectivity of Rp \ |Ki|, and so by Alexander duality,
we have the following proposition:

▶ Proposition 20. Pers(Hp−1(F)) = Pers(H̃0(E)).

Proposition 21 indicates a way to compute Pers(H̃0(E)):

▶ Proposition 21. Pers(H̃0(E)) = Pers(H0(E)) \ {[0,m]}.

The above two propositions suggest a naive algorithm for computing Pers(Hp−1(F)) using
Algorithm 1. However, building the dual graph G requires reconstructing the void boundaries
of K, which is done by a “walking” algorithm obtaining a set of (p− 1)-cycles and then by a
nesting test of these (p− 1)-cycles [8, Section 4.1]. The running time of this process is Ω(n2)
where n is the size of K. To achieve the claimed complexity, we first define the following [8]:

▶ Definition 22. In a simplicial complex X, two q-simplices σ, σ′ are q-connected if there
is a sequence σ0, . . . , σℓ of q-simplices of X such that σ0 = σ, σℓ = σ′, and every σi, σi+1
share a (q − 1)-face. A maximal set of q-connected q-simplices of X is called a q-connected
component of X, and X is q-connected if it has only one q-connected component.

Based on the fact that void boundaries can be reconstructed without the nesting test for
(p−1)-connected complexes in Rp [8], we restrict F to several (p−1)-connected subcomplexes
of K and then take the union of the (p− 1)-th barcodes of these restricted filtrations:

Algorithm 3 Algorithm for (p − 1)-th zigzag persistence on Rp-embedded complexes.

1. Compute the (p− 1)-connected components D1, . . . , Dr of K.
2. For each ℓ = 1, . . . , r, let

Cℓ = cls(Dℓ) ∪ {τ ∈ K | τ is a p-simplex whose (p− 1)-faces are in Dℓ}

and let X ℓ be a filtration of Cℓ defined as

X ℓ : K0 ∩ Cℓ ↔ K1 ∩ Cℓ ↔ · · · ↔ Km ∩ Cℓ

Then, compute Pers(Hp−1(X ℓ)) for each ℓ.
3. Return

⋃r
ℓ=1 Pers(Hp−1(X ℓ)) as the (p− 1)-th barcode of F .
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In Algorithm 3, cls(Dℓ) denotes the closure of Dℓ, i.e., the complex consisting of all faces
of simplices in Dℓ. For each ℓ, let nℓ be the number of simplices in Cℓ; then, the dual graph
of Cℓ can be constructed in O(nℓ log nℓ) time because Cℓ is (p − 1)-connected [8]. Using
Algorithm 1 to compute Pers(Hp−1(X ℓ)) as suggested by the duality, the running time of
Algorithm 3 is O(m log2 n+m logm+ n log n), where m is the length of F and n is the size
of K.

The correctness of Algorithm 3 can be seen from the following proposition:

▶ Proposition 23. The modules Hp−1(F) and
⊕r

ℓ=1 Hp−1(X ℓ) are isomorphic which implies
that Pers(Hp−1(F)) =

⋃r
ℓ=1 Pers(Hp−1(X ℓ)).
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Abstract
Motivated by recent work on Delaunay triangulations of hyperbolic surfaces, we consider the minimal
number of vertices of such triangulations. First, we show that every hyperbolic surface of genus
g has a simplicial Delaunay triangulation with O(g) vertices, where edges are given by distance
paths. Then, we construct a class of hyperbolic surfaces for which the order of this bound is optimal.
Finally, to give a general lower bound, we show that the Ω(√g) lower bound for the number of
vertices of a simplicial triangulation of a topological surface of genus g is tight for hyperbolic surfaces
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1 Introduction

The classical topic of Delaunay triangulations has recently been studied in the context
of hyperbolic surfaces. Bowyer’s incremental algorithm for computing simplicial Delaunay
triangulations in the Euclidean plane [5] has been generalized to orientable hyperbolic surfaces
and implemented for some specific cases [4, 11]. Moreover, it has been shown that the flip
graph of geometric (but not necessarily simplicial) Delaunay triangulations on a hyperbolic
surface is connected [7].

In this work, we consider the minimal number of vertices of a simplicial Delaunay trian-
gulation of a closed hyperbolic surface of genus g. Motivated by the interest in embeddings
where edges are shortest paths between their endpoints [8, 10], which have applications
in for example the field of graph drawing [17], we restrict ourselves to distance Delaunay
triangulations, where edges are distance paths.
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31:2 Minimal Delaunay Triangulations

Our main result is the upper bound on the number of vertices with sharp order of growth:

▶ Theorem 1. An orientable closed hyperbolic surface of genus g ≥ 2 has a distance Delaunay
triangulation with at most O(g) vertices. There exists a family of surfaces, Xg, g ≥ 2, such
that the number of vertices of any distance Delaunay triangulation of them grows like Ω(g).

The above result is a compilation of Theorems 4 and 18 where explicit upper and lower
bounds are given.

Another reason to study triangulations whose edges are distance paths, comes from the
study of moduli spaces Mg, which we can think of as a space of all hyperbolic surfaces of
genus g ≥ 2 up to isometry. These spaces admit natural coordinates associated to pants
decompositions (the so-called Fenchel-Nielsen coordinates, see Section 2 for details). It is a
classical theorem of Bers [2] that any surface admits a short pants decomposition, meaning
that the length of each of its simple closed geodesics is bounded by a function that only
depends on the topology of the surface (but not its geometry). As these curves provide a local
description of the surface, one might hope that they are also geodesically convex, meaning
that the shortest distance path between any two points of a given curve is contained in the
curve. It is perhaps surprising that most surfaces admit no short pants decompositions with
geodesically convex curves. Indeed it is known that any pants decomposition of a random
surface (chosen with respect to a natural probability measure on Mg) has at least one curve
of length on the order of g

1
6 −ε as g grows (for any fixed ε > 0) [9]. And it is a theorem of

Mirzakhani that these same random surfaces are also of diameter on the order of log(g) [13].
Hence the longest curve of any pants decomposition of a random surface is not convex.

The lengths of edges in a given triangulation are another parameter set for Mg. By the
theorem above, such a parameter set can be chosen with a reasonable number of vertices
such that the edges are all convex. Using the moduli space point of view, one has a function
ω : Mg → N which associates to a surface the minimal number of vertices of any of its
distance Delaunay triangulations. The above result implies that

lim sup
g→∞

max
X∈Mg

ω(X)
g

is finite and strictly positive, but for instance we do not know whether the actual limit exists.
The examples we exhibit are geometrically quite simple, as they are made by gluing

hyperbolic pants, with bounded cuff lengths, in something that resembles a line as the genus
grows. One might wonder whether all surfaces have this property, but we show this is not the
case by exploring the quantity minX∈Mg

ω(X). This quantity has a precise lower bound on
the order of Θ(√g) because we ask that our triangulations be simplicial [12]. We show how
to use the celebrated Ringel-Youngs construction [15] to construct a family of hyperbolic
surfaces that attain this bound for infinitely many genera (Theorem 26), showing that one
cannot hope for better than the simplicial lower bound in general.

This paper is structured as follows. In Section 2, we introduce our notation and give some
preliminaries on hyperbolic surface theory and triangulations. In Section 3, we prove our
linear upper bound for the number of vertices of a minimal distance Delaunay triangulation.
In Section 4, we construct classes of hyperbolic surfaces attaining the order of this linear
upper bound. Finally, in Section 5, we construct a family of hyperbolic surfaces attaining
the general Θ(√g) lower bound.



M. Ebbens, H. Parlier, and G. Vegter 31:3

2 Preliminaries

We will start by recalling some hyperbolic geometry. There are several models for the
hyperbolic plane [1]. In the Poincaré disk model, the hyperbolic plane is represented by the
unit disk D in the complex plane equipped with a specific Riemannian metric of constant
Gaussian curvature −1. With respect to this metric, hyperbolic lines, i.e., geodesics are given
by diameters of D or circle segments intersecting ∂D orthogonally. A hyperbolic circle is a
Euclidean circle contained in D. However, in general the centre and radius of a hyperbolic
circle are different from the Euclidean centre and radius.

A hyperbolic surface is a 2-dimensional Riemannian manifold that is locally isometric to
an open subset of the hyperbolic plane [6, 16], thus of constant curvature −1. Our surfaces
are assumed throughout to be closed and orientable, and because they are hyperbolic, via
Gauss-Bonnet, their genus g satisfies g ≥ 2 and their area is 4π(g − 1). Note that we will
frequently be interested in subsurfaces of a closed surface which we think of as compact
surfaces with boundary consisting of a collection of simple closed geodesics. The signature of
such a subsurface is (g′, k) where g′ is its genus and k is the number of boundary geodesics.

Via the uniformization theorem, any hyperbolic surface X can be written as a quotient
space X = D/Γ of the hyperbolic plane under the action of a Fuchsian group Γ (a discrete
subgroup of the group of orientation-preserving isometries of D). The hyperbolic plane D is
the universal cover of X and is equipped with a projection π : D → D/Γ.

In the free homotopy class of any non-contractible closed curve on a hyperbolic surface
lies a unique closed geodesic. If the curve is simple, then the corresponding geodesic is simple,
and hence it is a straightforward topological exercise to decompose a hyperbolic surface into
2g − 2 pairs of pants by cutting along 3g − 3 disjoint simple closed geodesics (Figure 1). A
pair of pants is a surface homeomorphic to a three times punctured sphere but we generally
think of its closure, and thus of a hyperbolic pair of pants as being a surface of genus 0 with
three simple closed geodesics as boundary, i.e., a surface of signature (0, 3).

It is a short but useful exercise in hyperbolic trigonometry to show that a hyperbolic
pair of pants is determined by its three boundary lengths. Hence, the lengths of the 3g − 3
geodesics determine the geometry of each of the 2g − 2 pairs of pants, but to determine X,
one needs to add twist parameters that control how the pants are pasted together. How
one computes the twist coordinate is at least partially a matter of taste, and although we
will not make much use of it, for completeness we follow [6], where the twist is the signed
distance between marked points on the boundary curves.

The length and twist parameters determine X and are called Fenchel-Nielsen coordinates.
These parameters can be chosen freely in the set (R>0)3g−3 × R3g−3. What they determine
is more than just an isometry class of a surface: they determine a marked hyperbolic surface,
homeomorphic to a base topological surface Σ. As the lengths and twists change, the marked
surface changes, and the Fenchel-Nielsen coordinates provide a parameter set for the space of
marked hyperbolic surfaces of genus g, called Teichmüller space Tg. The underlying moduli
space Mg can be thought of as the space of hyperbolic surfaces up to isometry, obtained
from Tg by “forgetting” the marking.

Throughout the paper, lengths of closed geodesics will play an important role. As
mentioned above, in the free homotopy class of a non-contractible closed curve lies a unique
geodesic representative, and as the metric changes, the length of the geodesic changes, but
the free homotopy class does not. Generally we will be dealing with a fixed surface X ∈ Tg,
and the length of a geodesic γ will be denoted by ℓ(γ). Nonetheless, it is sometimes useful
to think of the length of the corresponding homotopy class as a function over Tg which
associates to X the length of the geodesic corresponding to γ.

SoCG 2021



31:4 Minimal Delaunay Triangulations

To a pair of pants decomposition, we associate a 3-regular graph, where each pair of
pants is represented by a vertex and two vertices share an edge if the corresponding pairs of
pants share a boundary geodesic (see Figure 2). As our parametrization of Tg depends on a
choice of pair of pants decomposition, one can think of the Fenchel-Nielsen coordinates as
associating a length and a twist to each edge.

Figure 1 Decomposition of a genus 3 surface into 4 pair of pants using 6 disjoint simple closed
geodesics.

Figure 2 3-regular graph corresponding to the pair of pants decomposition shown in Figure 1.

Around a simple closed geodesic γ, the local geometry of a surface is given by its so-called
collar. Roughly speaking, for small enough r, the set Cγ(r) = {x ∈ X | d(x, γ) ≤ r} is an
embedded cylinder. A bound on how large one can take the r to be while retaining the
cylinder topology is given by the Collar Lemma:

▶ Lemma 2 ([6, Theorem 4.1.1]). Let γ by a simple closed geodesic on a closed hyperbolic
surface X. The collar Cγ(w(γ)) of width w(γ) given by

w(γ) = arcsinh
(

1
sinh( 1

2 ℓ(γ))

)
(1)

is an embedded hyperbolic cylinder isometric to [−w(γ), w(γ)] × S1 with the Riemannian
metric ds2 = dρ2 + ℓ2(γ) cosh2(ρ)dt2 at (ρ, t). Furthermore, if two simple closed geodesics γ

and γ′ are disjoint, then the collars Cγ(w(γ)) and Cγ′(w(γ′)) are disjoint as well.

This paper is about distance Delaunay triangulations on closed hyperbolic surfaces.

▶ Definition 3. A distance Delaunay triangulation is a triangulation satisfying the following
three properties:
1. it is a simplicial complex,
2. it is a Delaunay triangulation,
3. its edges are distance paths.

The set of all distance Delaunay triangulations of a closed hyperbolic surface X is denoted by
D(X).

We will describe each of these three properties in more detail below.
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Simplicial complexes. We will use the standard definition of a simplicial complex. In our
case, an embedding of a graph into a surface is a simplicial complex if and only if it does
not contain any 1- or 2-cycles. In particular, a geodesic triangulation of a point set in the
Euclidean or hyperbolic planes is always a simplicial complex. This is because there are no
geodesic monogons or bigons.

Delaunay triangulations. Given a set of vertices in the Euclidean plane, a triangle is called
a Delaunay triangle if its circumscribed disk does not contain any vertex in its interior. A
triangulation of a set of vertices in the Euclidean plane is a Delaunay triangulation if all
triangles are Delaunay triangles. Using the correspondence between hyperbolic and Euclidean
circles, we define Delaunay triangulations in the hyperbolic plane similarly.

Delaunay triangulations on hyperbolic surfaces can be defined by lifting vertices on a
hyperbolic surface X to the universal cover D [3, 7]. More specifically, let P be a set of
vertices on X and let π : D → D/Γ be the projection of the hyperbolic plane D to the
hyperbolic surface X = D/Γ. A triangle (v1, v2, v3) with vi ∈ P is called a Delaunay triangle
if there exist pre-images v′

i ∈ π−1({vi}) such that the circumscribed disk of the triangle
(v′

1, v′
2, v′

3) in the hyperbolic plane does not contain any point of π−1(P) in its interior. A
triangulation of P on X is a Delaunay triangulation if all triangles are Delaunay triangles.

A Delaunay triangulation of a point set on a hyperbolic surface X is related to a Delaunay
triangulation in D as follows [3]. Given a point set P on X, we consider a Delaunay
triangulation T ′ of the infinite point set π−1(P). Then, we let T = π(T ′). By definition,
T is a Delaunay triangulation. Moreover, because every triangulation in D is a simplicial
complex, T ′ is a simplicial complex. However, T is not necessarily a simplicial complex,
because projecting T ′ to X might introduce 1- or 2-cycles. We will use the correspondence
between Delaunay triangulations in D and in X in Definition 11 and the proof of Theorem 4
and show explicitly that in these cases the result after projecting to X is simplicial.

To make sure that T = π(T ′) is a well-defined triangulation, we will assume without loss
of generality that T ′ is Γ-invariant, i.e., the image of any Delaunay triangle in T ′ under an
element of Γ is a Delaunay triangle. Otherwise, it is possible that in so-called degenerate
cases T contains edges that intersect in a point that is not a vertex [4]. Namely, suppose
that T ′ contains a polygon P = {p1, p2, . . . , pk} consisting of k ≥ 4 concircular vertices and
let TP be the Delaunay triangulation of P in T ′. Because the Delaunay triangulation of a set
of at least four concircular vertices is not uniquely defined, assume that there exists A ∈ Γ
such that the Delaunay triangulation TA(P ) of A(P ) in T ′ is not equal to A(TP ). Because
π(P ) = π(A(P )), there exists an edge of π(TA(P )) and an edge of π(A(TP )) that intersect in
a point that is not a vertex.

Distance paths. Suppose we are given an edge (u, v) in a triangulation of a hyperbolic
surface X. Because (u, v) is embedded in X, there exists a geodesic γ : [0, 1] → X with
γ(0) = u and γ(1) = v. We say that (u, v) is a distance path if ℓ(γ) = d(u, v), where d(u, v)
is the infimum of the lengths of all curves joining u to v.

3 Linear upper bound for the number of vertices of a minimal distance
Delaunay triangulation

As our first result, we prove that for every hyperbolic surface there exists a distance Delaunay
triangulation with O(g) vertices. Note that the constant 151 is certainly not optimal.

SoCG 2021



31:6 Minimal Delaunay Triangulations

▶ Theorem 4. For every closed hyperbolic surface X of genus g there exists a distance
Delaunay triangulation T ∈ D(X) with at most 151g vertices.

The idea of the proof is the following. Given a hyperbolic surface X, we construct a vertex
set P on X consisting of at most 151g vertices such that the projection T of a Delaunay
triangulation of π−1(P) in D to X is a distance Delaunay triangulation of X.

It is known that T is a simplicial complex if P is sufficiently dense and well-distributed [3].
More precisely, there are no 1- or 2-cycles in T if the diameter of the largest disk in D not
containing any points of π−1(P) is less than 1

2 sys(X), where sys(X) is the systole of X, i.e.
the length of the shortest homotopically non-trivial closed curve. However, the systole of
a hyperbolic surface can be arbitrarily close to zero, which means that we would need an
arbitrarily dense set P to satisfy this condition.

Instead, for a constant ε > 0 we subdivide X into its ε-thick part Xε
thick = {x ∈

X | injrad(x) > ε} and its ε-thin part Xε
thin = X \ Xε

thick, where injrad(x) is the injectivity
radius at x, i.e., the radius of the largest embedded open disk centered at x. Note that the
minimum of injrad(x) over all x ∈ X is given by 1

2 sys(X). We will see in Section 3.1 that,
for sufficiently small ε, Xε

thin is a collection of hyperbolic cylinders (see Figure 3). In these
hyperbolic cylinders we want to construct a set of vertices the cardinality of which does not
depend on sys(X). To do this, we put three vertices on the “waist” and each of the two
boundary components of the cylinders that are “long and narrow” (for definitions of “waist”
and “long and narrow”, see Section 3.1). In the cylinders that are not “long and narrow” it
suffices to place three vertices on its waist only. Because injrad(x) > ε for all x ∈ Xε

thick, we
can construct a sufficiently dense and well-distributed point set in Xε

thick whose cardinality
does not depend on sys(X) but only on ε. In Section 3.2 we will describe how we combine
the vertices placed in the hyperbolic cylinders with the dense and well-distributed set of
vertices in Xε

thick. Finally, the proof of Theorem 4 is given in Section 3.3.

Figure 3 Decomposition of a hyperbolic surface into a thick part consisting of two connected
components and two narrow hyperbolic cylinders (in red).

3.1 Distance Delaunay triangulations of hyperbolic cylinders
We now describe our construction of a set of vertices for the ε-thin part Xε

thin of the hyperbolic
surface X. The following lemma describes Xε

thin in more detail.

▶ Lemma 5 ([6, Theorem 4.1.6]). If ε < arcsinh(1) then Xε
thin is a collection of at most

3g − 3 pairwise disjoint hyperbolic cylinders.



M. Ebbens, H. Parlier, and G. Vegter 31:7

Following the description of the geometry of the hyperbolic cylinders in [14], each
hyperbolic cylinder C in Xε

thin consists of points with injectivity radius at most ε and the
boundary curves γ+ and γ− consist of all points with injectivity radius equal to ε. Every
point on the boundary curves is the base point of an embedded geodesic loop of length
2ε (Figure 4), which is completely contained in the hyperbolic cylinder. All points on the
boundary curves have the same distance KC to a closed geodesic γ (called the waist of
C), where KC only depends on ε and the length ℓ(γ) of γ. To see this, fix a point p on
γ+ and consider a distance path ξ from p to γ (Figure 4). Cutting along γ, ξ and the loop
of length 2ε with base point p yields a hyperbolic quadrilateral. The common orthogonal
of γ and the geodesic loop subdivides this quadrilateral into two congruent quadrilaterals,
each with three right angles. Applying a standard result from hyperbolic trigonometry
yields sinh(ε) = sinh( 1

2 ℓ(γ)) cosh(ℓ(ξ)) (see, e.g., [6, Formula Glossary 2.3.1(v)]). Because
KC = ℓ(ξ), it follows that

KC = arccosh
(

sinh(ε)
sinh( 1

2 ℓ(γ))

)
. (2)

Figure 4 Computing KC .

We see that γ+ and, by symmetry, γ− consist of points that are equidistant to γ with
distance KC . Moreover, γ+ and γ− are smooth.

Recall the notion of a collar from Section 2. In particular, each hyperbolic cylinder
C in Xε

thin is a collar of width KC , i.e., C = Cγ(KC). Comparing equation (2) for KC

with equation (1) in the statement of the Collar Lemma, we see that w(γ) > KC , because
sinh ε < 1. This inequality will be used in the proof of Lemma 7 to give a lower bound for
the distance between distinct hyperbolic cylinders in Xε

thin.
We distinguish between two kinds of hyperbolic cylinders in Xε

thin, namely ε′-thin cylinders
and ε′-thick cylinders, where ε′ = 0.99ε. An ε′-thick cylinder with waist γ satisfies 2ε′ ≤
ℓ(γ) ≤ 2ε, since γ is contained in the ε-thin part. An ε′-thin cylinder satisfies ℓ(γ) < 2ε′.

Lemma 14 in Section 3.2 states that the triangulation depicted in Figure 5 is a Delaunay
triangulation for ε′-thin cylinders. We call this triangulation a standard triangulation and
describe it in more detail in the following definition. For ε′-thick cylinders we use a different
construction defined in Definition 10.

SoCG 2021



31:8 Minimal Delaunay Triangulations

▶ Definition 6. Let X be a closed hyperbolic surface. Let C be an ε′-thin hyperbolic
cylinder in Xε

thin with waist γ and boundary curves γ+, γ−. Place three equally-spaced points
xi, i = 1, 2, 3 on γ (see Figure 5). Then, place three points x+

i , i = 1, 2, 3 on γ+ and three
points x−

i , i = 1, 2, 3 on γ− such that the projection of x±
i on γ is equal to xi for i = 1, 2, 3.

Let V be the set consisting of xi, x−
i and x+

i for i = 1, 2, 3. Let E be the set of edges of
one of the forms (x−

i , x−
i+1), (x−

i , xi), (x−
i , xi+1), (xi, xi+1), (xi, x+

i ), (xi, x+
i+1), (x+

i , x+
i+1) for

i = 1, 2, 3 (counting modulo 3), where the embedding of an edge in C is as shown in Figure 5.
We call (V, E) a standard triangulation of C.

Figure 5 Standard triangulation of an ε′-thin cylinder.

We not only have to prove that a standard triangulation of an ε′-thin cylinder is a
Delaunay triangulation, we also have to show that its edges are distance paths. Corollary 9
states that all edges in a standard triangulation are distance paths if ε ≤ 0.72. Before we
can prove Corollary 9, we first need the following lemma.

▶ Lemma 7. Let X be a closed hyperbolic surface and let ε ≤ 0.72. For each pair of
distinct closed geodesics γ1 and γ2 in Xε

thin the collars Cγ1(KC1 + 1
3 ε) and Cγ2(KC2 + 1

3 ε)
are embedded and disjoint.

▶ Remark 8. The value 0.72 was found experimentally and is optimal up to two decimal
digits, i.e., the statement is not true for ε = 0.73. More specifically, if ε ≥ 0.73 then there
exists a closed hyperbolic surface X with disjoint closed geodesics γ1 and γ2 in Xε

thin such
that Cγ1(KC1 + 1

3 ε) and Cγ2(KC2 + 1
3 ε) are not disjoint.

Proof. See Figure 6. We will show that w(γi) − KCi ≥ 1
3 ε for i = 1, 2. Namely, this implies

that Cγi
(KCi

+ 1
3 ε) ⊆ Cγi

(w(γi)). Because Cγ1(w(γ1)) and Cγ2(w(γ2)) are embedded and
disjoint by the Collar Lemma, it follows that Cγ1(KC1 + 1

3 ε) and Cγ2(KC2 + 1
3 ε) are embedded

and disjoint as well. Comparing expression (2) for KCi
and expression (1) for w(γi), we see

that w(γi) − KCi
is a positive number, with infimum when ℓ(γi) → 0 [14]. A straightforward

computation shows that for ε = 0.72 this infimum is equal to 0.24 . . . > 1
3 ε. Since w(γi)−KCi

is decreasing as a function of ε, it follows that w(γi) − KCi
≥ 1

3 ε for all ε ≤ 0.72. ◀
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Figure 6 Illustration of the collars Cγi (KCi ) ⊂ Cγi (KCi + 1
3 ε) ⊆ Cγi (w(γi)).

▶ Corollary 9 (Proof in full version). Let X be a closed hyperbolic surface and let ε ≤ 0.72.
All edges in a standard triangulation of an ε′-thin cylinder in Xε

thin are distance paths.

For ε′-thick cylinders, we see from Equation (2) for KC that the width KC is close to
zero. It turns out that we only need to place three points on its waist.

▶ Definition 10. Let X be a closed hyperbolic surface. Let C be a ε′-thick hyperbolic
cylinder in Xε

thin with waist γ. Place three equally-spaced points xi, i = 1, 2, 3 on γ. Let
V = {xi | i = 1, 2, 3} and E = {(x1, x2), (x2, x3), (x3, x1)}. We call (V, E) a standard cycle
of C.

3.2 Constructing a distance Delaunay triangulation of X with few
vertices

After placing points in Xε
thin, we construct a sufficiently dense and well-distributed set of

vertices in the remainder of the surface. The following definition shows more precisely how
we construct a set of vertices in Xε

thick and a corresponding Delaunay triangulation.

▶ Definition 11. Set ε = 0.72 and ε′ = 0.99ε. Let X be a closed hyperbolic surface. Let
P1 be the set consisting of the vertices of a standard triangulation of every ε′-thin cylinder
in Xε

thin together with the vertices of a standard cycle for every ε′-thick cylinder in Xε
thin.

Let Tj be the union of triangles in a standard triangulation (Vj , Ej) of an ε′-thin cylinder
Cj. For every ε′-thick cylinder Cj, set Tj = ∅. Define P2 to be a maximal set in X \ ∪jTj

such that d(p, q) ≥ 1
2 ε for all distinct p ∈ P1 ∪ P2, q ∈ P2. Denote the union P1 ∪ P2 by P

and let T be the Delaunay triangulation of P on X obtained after projecting a Delaunay
triangulation of π−1(P) in D to X. We call T a thick-thin Delaunay triangulation of X.
The vertices in P1 and P2 are called the cylinder vertices and non-cylinder vertices of T ,
respectively.

▶ Remark 12. Because by Corollary 9 all edges in a standard triangulation of any ε′-thin
cylinder are distance paths if we choose ε ≤ 0.72, we have chosen ε = 0.72 in Definition 11.
Namely, we will see in the proof of Theorem 4 that the larger we choose ε, the smaller the
constant (in our case 151) in the upper bound for the number of vertices. As in Section 3.1
we will fix ε = 0.72 and ε′ = 0.99ε throughout this subsection.
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The edges between vertices on the same boundary curve of Cj are not equal to the
boundary curves of Cj (because the latter are not geodesics), so Tj is strictly contained in
Cj . We define P2 as a point set in X \ ∪jTj instead of in X \ ∪jCj to simplify our proof
of Lemma 16, where we show that a thick-thin Delaunay triangulation of X is a simplicial
complex. The definition of P does not explicitly forbid placing vertices of P2 in ε′-thick
cylinders. However, we will see in the next lemma that there are no vertices of P2 in ε′-thick
cylinders, because then they would be too close to the vertices of a standard cycle.

▶ Lemma 13 (Proof in full version). Let X be a closed hyperbolic surface and let T be a
thick-thin Delaunay triangulation of X. Every vertex of T contained in an ε′-thick cylinder
in Xε

thin is a cylinder vertex.

Even though the set of vertices of a thick-thin Delaunay triangulation of X contains the
vertices of a standard triangulation (Vj , Ej) for every ε′-thin cylinder Cj , a priori it is not
clear that the edges in Ej are edges in T as well. In the next lemma, we will show that
for every ε′-thin cylinder the triangles in a standard triangulation are Delaunay triangles
with respect to the set of vertices of any thick-thin Delaunay triangulation of X. Namely,
if this holds, then there exists a Delaunay triangulation of P on X containing a standard
triangulation of every ε′-thin cylinder in Xε

thin.

▶ Lemma 14 (Proof in full version). Let X be a closed hyperbolic surface. Let T be a thick-thin
Delaunay triangulation of X with vertex set P and let C be an ε′-thin cylinder in Xε

thin with
waist γ. Let (V, E) be a standard triangulation of C such that V ⊂ P. Then all triangles of
(V, E) are Delaunay triangles with respect to the point set P.

Henceforth, we will assume that for each ε′-thin cylinder the vertices and edges of a
standard triangulation are contained in a thick-thin Delaunay triangulation of X. To show
that T ∈ D(X), we must show that T is a simplicial complex, i.e. it does not contain any 1-
or 2-cycles, and that its edges are distance paths. This is stated in Lemma 16, for which we
need the following preliminary lemma.

▶ Lemma 15 (Proof in full version). Let X be a closed hyperbolic surface and let T be a
thick-thin Delaunay triangulation of X. Any edge of T that intersects Xε

thick has length
smaller than ε and is a distance path. Moreover, there are no 1- or 2-cycles that intersect
Xε

thick and consist of edges of length smaller than ε.

▶ Lemma 16 (Proof in full version). Every thick-thin Delaunay triangulation of a closed
hyperbolic surface is a distance Delaunay triangulation.

3.3 Proof of Theorem 4
Proof (Theorem 4). Let X be an arbitrary hyperbolic surface of genus g and let T be a
thick-thin Delaunay triangulation of X. By definition, T is a Delaunay triangulation. By
Lemma 16, T is a simplicial complex and all edges of T are distance paths. Hence, T ∈ D(X).

We will show here that the number of vertices of T is smaller than 151g. By Lemma 5,
Xε

thin consists of at most 3g −3 cylinders and each of these cylinders contains either 9 vertices
(if it is ε′-thin) or 3 vertices (if it is ε′-thick). Therefore, |P1| ≤ 27g − 27.

To find an upper bound for the cardinality of P2, observe that for distinct p, q ∈ P2
the disks Bp( 1

4 ε) and Bq( 1
4 ε) of radius 1

4 ε centered at p and q, respectively, are embedded
and disjoint. Therefore, the cardinality of P2 is bounded above by the number of disjoint,
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embedded disks of radius 1
4 ε that we can fit in X. Because the area of a hyperbolic disk of

radius 1
4 ε is 2π(cosh( 1

4 ε) − 1) [1] and because the area of X is 4π(g − 1) [16], we obtain

|P2| ≤ 2(g − 1)
cosh( 1

4 ε) − 1
.

Combining the upper bounds for |P1| and |P2| and plugging in ε = 0.72 yields the result. ◀

▶ Remark 17. The constant 151 is not optimal. We can obtain the stronger upper bound
|P| ≤ 124g by looking more precisely at the upper bounds of |P1| and |P2| but because we
are mainly interested in the the order of growth, we will not provide any details.

4 Classes of hyperbolic surfaces attaining the order of the upper
bound

As our second result, we show that there exists a class of hyperbolic surfaces which attains
the order of the upper bound presented in Theorem 4. We will first introduce this class of
hyperbolic surfaces and then state the precise result in Theorem 18.

Using the idea of a trivalent graph associated to a pair of pants decomposition discussed
in Section 2, define Lg as the trivalent graph depicted in Figure 7. Here, every vertex vi

corresponds to a pair of pants Yi. There is one edge from v1 to itself and similarly from
v2g−2 to itself. Moreover, for 1 ≤ i ≤ 2g − 3 there is one edge between vi and vi+1 if i is odd
and there are two edges if i is even.

v1

v2

v3 v2g−2

v2g−3

v2g−4

Y1 Y2 Y3 Y2g−4 Y2g−3 Y2g−2

Figure 7 Trivalent graph Lg (top) with corresponding pair of pants decomposition (bottom).

Now, fix some interval [a, b] ⊂ R with 0 < a < b. Let Sg(a, b) be the subset of Tg with
underlying graph Lg such that all length parameters are contained in [a, b]. In particular,
Sg(a, b) contains an open subset of Tg. The following result thus shows that having a linear
number of vertices in terms of the genus is relatively stable in this part of Teichmüller space.

▶ Theorem 18. There exists a constant B > 0 depending only on a, b such that a minimal
distance Delaunay triangulation of any hyperbolic surface in Sg(a, b) has at least Bg vertices.

The idea of the proof is the following. Let a hyperbolic surface X ∈ Sg(a, b) and a
triangulation T ∈ D(X) be given. Euler’s formula implies v − 1

3 e = 2 − 2g for triangulations
of a surface of genus g, where v and e are the number of vertices and edges of the triangulation.
We prove that e ≤ B′v for some constant B′ > 3 only depending on a, b, which implies that

v ≥ 6g − 6
B′ − 3 .

This implies the result of Theorem 18. Hence, the argument consists mostly in finding an
upper bound for the number of edges in terms of the number of vertices.
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Before we continue with the proof of Theorem 18, we will look at our construction of
Sg(a, b) in more detail. By definition, every boundary geodesic of a pair of pants in the pair
of pants decomposition of X ∈ Sg(a, b) with respect to Lg has length in [a, b]. As explained
in Section 2, the geometry of a pair of pants depends continuously on the lengths of its three
boundary geodesics. In particular, the diameter diam(Y ) of a pair of pants Y as well as the
minimal distance mindist(Y ) between any two of its boundary geodesics depend continuously
on the lengths of its boundary geodesics. Because [a, b] is a compact set, we obtain as an
immediate consequence the following lemma.

▶ Lemma 19. There exist positive numbers m(a, b) and M(a, b) depending on a and b such
that m(a, b) ≤ mindist(Y ) < diam(Y ) ≤ M(a, b) for every pair of pants Y whose boundary
geodesics have length in [a, b].

▶ Remark 20. It is not too difficult to compute bounds for mindist(Y ) and diam(Y ) in terms
of the lengths of the boundary geodesics of Y . This would give explicit expressions for m(a, b)
and M(a, b) in terms of a and b. As we are only interested in the order of growth, to avoid
further technical details, we do not provide details.

From now on, the numbers m = m(a, b) and M = M(a, b) will be fixed. Furthermore, a
cluster in a hyperbolic surface X is a subset of X consisting of a number of consecutive pairs
of pants, where consecutive is with respect to the ordering of Lg. Consider T ∈ D(X). A
k-gap is a cluster consisting of k consecutive empty pairs of pants, where empty means that
the pairs of pants do not contain any vertices of T . If a vertex of T is contained in two pairs
of pants, i.e., if the vertex lies on a boundary geodesic, then we only count it as a vertex of
the pair of pants with the lowest index in Lg. We say that an edge of T crosses a cluster if
the pairs of pants containing its endpoints are separated by the cluster. Note that the cluster
need not contain all pairs of pants which separate the two endpoints.

The next lemma states that if an edge of a distance Delaunay triangulation crosses many
pairs of pants, then “many” of these pairs of pants are empty.

▶ Lemma 21 (Proof in full version). Let X ∈ Sg(a, b) and define N = N(a, b) as

N(a, b) :=
⌈

M(a, b)
m(a, b)

⌉
+ 1.

Then, for every T ∈ D(X) the following statements hold:
1. If an edge of T crosses a cluster consisting of at least 3N pairs of pants, this cluster

contains an N -gap.
2. If an edge of T crosses a cluster in which the first N and the last N pairs of pants are

empty, then all pairs of pants in the cluster are empty.

The following lemma states that we can construct a set of clusters which has as one of its
properties that every edge of the distance Delaunay triangulation has its endpoints in the
same cluster, or in two consecutive clusters.

▶ Lemma 22 (Proof in full version). Let X ∈ Sg(a, b) be a hyperbolic surface and let
N = N(a, b) be as defined in Lemma 21. Let T ∈ D(X). There are interior-disjoint clusters
with the following properties:
1. Each cluster consists of at most 6N consecutive pairs of pants;
2. Every cluster contains at least one vertex of T , and every vertex of T belongs to exactly

one cluster;
3. Every edge of T has its endpoints in the same cluster, or in two consecutive clusters.
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In the following corollary, we denote the number of vertices of T ∈ D(X) contained in a
subset U of X by v(U). Likewise, let e(U, W ) be the number of edges of T with one endpoint
in U ⊂ X and one endpoint in W ⊂ X.

▶ Corollary 23. Let X ∈ Sg(a, b) be a hyperbolic surface and let T ∈ D(X). Let {Γi | i =
1, . . . , n} be a collection of clusters satisfying the properties of Lemma 22 for some n ∈ N. If
v and e are the number of vertices and edges of T , respectively, then

n ≤ v,

v =
n∑

i=1
v(Γi),

e =
n∑

i=1
e(Γi, Γi) +

n−1∑
i=1

e(Γi, Γi+1).

Proof. Because every cluster contains at least one vertex, the number of clusters is at most
the number of vertices, which proves the first equation. The second equation follows from
the property that every vertex is contained in a cluster. Because every edge has its endpoints
in the same cluster, or in two consecutive clusters, the third equation holds. ◀

Recall that we want to find a linear upper bound for the number of edges of a distance
Delaunay triangulation in terms of the number of vertices. By Corollary 23, it suffices to
find upper bounds for e(Γi, Γi) and e(Γi, Γi+1) for clusters Γi satisfying the properties of
Lemma 22. We will do this in the next lemma.

▶ Lemma 24 (Proof in full version). With notation as in Corollary 23, the following upper
bounds hold:
1. e(Γi, Γi) ≤ 3v(Γi) + 18N(N + 1) for all i = 1, . . . , n,
2. e(Γi, Γi+1) ≤ 18v(Γi ∪ Γi+1) + 216N(N + 1) for all i = 1, . . . , i − 1.

We can now commence with the proof of Theorem 18.

Proof (Theorem 18). Take X ∈ Sg(a, b) arbitrary and let T ∈ D(X) be arbitrary. Let
{Γi | i = 1, . . . , n} be a collection of clusters satisfying the properties of Lemma 22. By
Corollary 23,

e =
n∑

i=1
e(Γi, Γi) +

n−1∑
i=1

e(Γi, Γi+1).

Substituting the upper bounds for e(Γi, Γi) and e(Γi, Γi+1) from Lemma 24, we obtain

e ≤ 39
n∑

i=1

(
v(Γi) + 6N(N + 1)

)
.

From Corollary 23, we know that
∑n

i=1 v(Γi) = v and n ≤ v. Hence, e ≤ 39(1 + 6N(N + 1))v.
Euler’s formula for triangulations v − 1

3 e = 2 − 2g implies that

39(1 + 6N(N + 1))v ≥ e = 3v + 6g − 6,

v ≥ g − 1
6 + 39N(N + 1) ,

which finishes the proof. ◀
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5 Lower bound

In this section, we will look at a general lower bound for the minimal number of vertices of a
distance Delaunay triangulation of a hyperbolic surface of genus g.

In the more general situation of a simplicial triangulation of a topological surface of genus
g, one has an immediate lower bound on the minimal number of vertices. The fact that this
lower bound is sharp is the following classical theorem of Jungerman and Ringel:

▶ Theorem 25 ([12, Theorem 1.1]). The minimal number of vertices of a simplicial triangu-
lation of a topological surface of genus g is⌈

7 +
√

1 + 48g

2

⌉
.

We show that the same result holds for the minimal number of vertices of a distance
Delaunay triangulation of a hyperbolic surface of genus g for infinitely many values of g.

▶ Theorem 26. For any g ≥ 2 of the form g = 1
12 (n − 3)(n − 4) for some n ≡ 0 mod 12,

the minimal number of vertices of a distance Delaunay triangulation of a hyperbolic surface
of genus g is

n = 7 +
√

1 + 48g

2 .

Proof. Because there are no distance Delaunay triangulations with fewer than the stated
number of vertices by Theorem 25, it is sufficient to construct for a given hyperbolic surface
a distance Delaunay triangulation with the stated number of vertices.

Our construction is inspired by a similar construction in the context of the chromatic
number of hyperbolic surfaces [14]. Let n ≡ 0 mod 12 and assume that n ̸= 0. The
complete graph Kn on n vertices can be embedded in a topological surface Sg of genus
g = 1

12 (n − 3)(n − 4) which is the smallest possible genus [15]. Because we have assumed
that n ≡ 0 mod 12, we know that the embedding of Kn into Sg is a triangulation T [18].
To turn T into a distance Delaunay triangulation, we will add a hyperbolic metric to the
topological surface as follows. Every triangle in T is replaced by the unique equilateral
hyperbolic triangle with all three angles equal to 2π

n−1 . In the complete graph Kn every
vertex has n − 1 neighbouring vertices. This means that in every vertex n − 1 equilateral
triangles meet, so the total angle at each vertex is 2π. Therefore, the result after replacing
all triangles in T by hyperbolic triangles is a smooth hyperbolic surface Zg.

It remains to be shown that T ∈ D(Z). By construction, T is a simplicial complex. It
has also been shown that all edges are distance paths [14]. We will show here that T is a
Delaunay triangulation of Zg. Consider an arbitrary triangle (u, v, w) in T with circumcenter
c and let p ̸∈ {u, v, w} be an arbitrary vertex of T (Figure 8). Consider a distance path γ

from c to p. We can regard γ as the concatenation of simple segments that each pass through
an individual triangle.

The first of these simple segments starts from c and leaves the triangle (u, v, w), so its
length is at least the distance between c and a side of (u, v, w). Therefore, denoting by x the
projection of c on one of the edges as shown in Figure 8, the length of the first segment is at
least d(c, x). The last of the simple segments passes through a triangle, say ∆, before arriving
at p, so it has to pass through the side of ∆ opposite to p. Therefore, its length is at least
the distance between p and the opposite side of ∆. It is known that the distance between
a vertex and the opposite side of an equilateral triangle is at least 1

2 ℓ, where ℓ denotes the
length of the sides of the equilateral triangle [14]. Hence, d(c, p) = ℓ(γ) ≥ d(c, x)+ 1

2 ℓ. By the
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u

v w

p
c γ

` x

∆

Figure 8 Schematic overview of the proof of T being a Delaunay triangulation.

triangle inequality in triangle (c, w, x) we see that d(c, w) ≤ d(c, x) + d(x, w) = d(c, x) + 1
2 ℓ,

so we conclude that d(c, p) ≥ d(c, w). This means that p is not contained in the interior of
the circumcircle of (u, v, w), which shows that (u, v, w) is a Delaunay triangle. By symmetry,
it follows that all triangles are Delaunay triangles, which finishes the proof. ◀

References
1 Alan F. Beardon. The geometry of discrete groups, volume 91 of Graduate Texts in Mathematics.

Springer-Verlag, 2012.
2 Lipman Bers. An inequality for Riemann surfaces. In Differential geometry and complex

analysis, pages 87–93. Springer, Berlin, 1985.
3 Mikhail Bogdanov and Monique Teillaud. Delaunay triangulations and cycles on closed

hyperbolic surfaces. Technical Report RR-8434, INRIA, 2013.
4 Mikhail Bogdanov, Monique Teillaud, and Gert Vegter. Delaunay triangulations on orientable

surfaces of low genus. In Leibniz International Proceedings in Informatics, editor, 32nd
International Symposium on Computational Geometry (SoCG 2016), pages 20:1–20:17, 2016.

5 Adrian Bowyer. Computing Dirichlet tessellations. The Computer Journal, 24(2):162–166,
1981.

6 Peter Buser. Geometry and spectra of compact Riemann surfaces. Springer-Verlag, 2010.
7 Vincent Despré, Jean-Marc Schlenker, and Monique Teillaud. Flipping geometric triangulations

on hyperbolic surfaces. arXiv preprint, 2019. arXiv:1912.04640.
8 István Fáry. On straight-line representation of planar graphs. Acta scientiarum mathemati-

carum, 11(229-233):2, 1948.
9 Larry Guth, Hugo Parlier, and Robert Young. Pants decompositions of random surfaces.

Geom. Funct. Anal., 21(5):1069–1090, 2011.
10 Alfredo Hubard, Vojtěch Kaluža, Arnaud De Mesmay, and Martin Tancer. Shortest path

embeddings of graphs on surfaces. Discrete & Computational Geometry, 58(4):921–945, 2017.
11 Iordan Iordanov and Monique Teillaud. Implementing Delaunay triangulations of the Bolza sur-

face. In Proceedings of the Thirty-third International Symposium on Computational Geometry,
pages 44:1–44:15, 2017.

12 Mark Jungerman and Gerhard Ringel. Minimal triangulations on orientable surfaces. Acta
Mathematica, 145(1):121–154, 1980.

13 Maryam Mirzakhani. Growth of Weil-Petersson volumes and random hyperbolic surfaces of
large genus. J. Differential Geom., 94(2):267–300, 2013.

14 Hugo Parlier and Camille Petit. Chromatic numbers of hyperbolic surfaces. Indiana University
Mathematics Journal, pages 1401–1423, 2016.

SoCG 2021

http://arxiv.org/abs/1912.04640


31:16 Minimal Delaunay Triangulations

15 Gerhard Ringel and John W.T. Youngs. Solution of the Heawood map-coloring problem.
Proceedings of the National Academy of Sciences, 60(2):438–445, 1968.

16 John Stillwell. Geometry of surfaces. Springer-Verlag, 1992.
17 Roberto Tamassia. Handbook of graph drawing and visualization. Chapman and Hall/CRC,

2013.
18 Charles M. Terry, Lloyd R. Welch, and John W.T. Youngs. The genus of K12s. Journal of

Combinatorial Theory, 2(1):43–60, 1967.



The Density Fingerprint of a Periodic Point Set
Herbert Edelsbrunner !

IST Austria (Institute of Science and Technology Austria), Klosterneuburg, Austria

Teresa Heiss !

IST Austria (Institute of Science and Technology Austria), Klosterneuburg, Austria

Vitaliy Kurlin !

Department of Computer Science, University of Liverpool, UK

Philip Smith !

Department of Computer Science, University of Liverpool, UK

Mathijs Wintraecken !

IST Austria (Institute of Science and Technology Austria), Klosterneuburg, Austria

Abstract
Modeling a crystal as a periodic point set, we present a fingerprint consisting of density functions
that facilitates the efficient search for new materials and material properties. We prove invariance
under isometries, continuity, and completeness in the generic case, which are necessary features
for the reliable comparison of crystals. The proof of continuity integrates methods from discrete
geometry and lattice theory, while the proof of generic completeness combines techniques from
geometry with analysis. The fingerprint has a fast algorithm based on Brillouin zones and related
inclusion-exclusion formulae. We have implemented the algorithm and describe its application to
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1 Introduction

This paper considers a deceptively simple question: given periodic point sets (crystals) in
R3, determine how close the sets are to being isometric. In other words, how much do the
points need to be perturbed to allow for a rigid transformation between the two sets? More
generally, we may ask for the organization of a collection of periodic sets that facilitates
efficient search. In this context, a periodic (point) set is the Minkowski sum of a lattice and a
motif. The lattice is spanned by three linearly independent vectors, and the motif is a finite
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set of points in the unit cell, which is the parallelepiped whose edges are translates of the
three vectors. The main reason for the difficulty of the question is the complicated nature of
the continuous space of isometry classes of periodic sets:

There is no method for choosing a unique basis for a lattice in a continuous manner.
Indeed, continuity contradicts uniqueness as we can continuously deform a basis to a
different basis of the same lattice. For example, the Niggli reduced cell [15] is unique but
not continuous with respect to perturbations of the lattice [1].
Crystallographers often use the symmetry group of crystals, which define a stratification
of the space of isometry classes. Belonging to a given stratum is however not a continuous
property.
Small perturbations of a periodic set can significantly change the lattice with respect to
which it is periodic.

Periodic sets are usually given by a basis of a lattice and the motif within the unit cell
spanned by this basis. As explained above, even for extremely similar periodic sets, their
lattices, their bases, and thus their motifs can look completely different, making a direct
comparison between the motifs impossible. It is therefore advisable not to compute the
distances between the isometry classes but instead map the sets to a less complicated metric
space. This is the approach we take in this paper. Part of the challenge is to determine
which properties this map should possess, and how to balance its mathematical properties
with efficient computability. As in many applications, we consider false positives in the
comparison of two crystals less problematic than false negatives: a large distance in the
metric space should imply that the two periodic sets are far from isometric, while a small
distance should indicate a high chance that the sets are indeed close to being isometric.

The main contribution of this paper is a candidate solution, which we refer to as the
density fingerprint map. For different non-negative integers, k, and for different non-negative
radii, t, it maps the periodic set to the probability that a random point in the unit cell is at
distance at most t from exactly k points in the periodic set; see Definition 3.1.

▶ Main Theorem. The density fingerprint maps a periodic set in R3 to a series of density
functions that satisfy the following properties:

1. the map is invariant under isometries (rigid motions and reflections) of space;
2. the map is Lipschitz continuous with respect to small perturbations of the points, with the

Lipschitz constant depending on the packing and covering radii of the periodic set;
3. the map is generically complete: for a dense and open subset of the space of periodic sets,

the isometry class of the periodic set is uniquely determined.

Short of proving completeness beyond the generic case, we leave the completeness of the
density fingerprint map for all periodic sets as an open question. Indeed, the authors of this
paper failed to produce a counterexample to general completeness, but not because of a lack
of trying. The Main Theorem generalizes to arbitrary finite dimensions.

The quest for a fingerprint map is motivated by the study of crystals, for which the
configuration of atoms is important for their chemical properties. Quantifying the similarity
between crystals has the potential to greatly improve the practice of Crystal Structure
Prediction, which has come to rely on high-performance computing for simulating millions of
structures. Many of them are similar to each other, and very few are eventually produced in
the laboratory. An effective notion of similarity would allow an improved organization of the
structures and lead to vast savings of supercomputing time currently wasted on redundant
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simulations. The prior work in this area is best summarized by listing the software systems
currently used in practice: Compack [5], Mercury [13], and Compstru [10]. These systems
are of great help in comparing crystals, but they employ heuristics like cut-offs and tolerances,
which come with the usual drawbacks. It is our ambition to develop the mathematical and
computational foundations needed to overcome the current deficiencies.

Outline. Section 2 provides the necessary notation and terminology for lattices, periodic
sets, and isometries. Section 3 introduces the density functions for a periodic set and the
corresponding density fingerprint map. Section 4 proves that the density fingerprint map
is continuous with respect to perturbations of the periodic set. Section 5 proves that the
density fingerprint map is complete for generic periodic sets. Section 6 explains how the
density fingerprint is computed using the Brillouin zones of the points. Section 7 describes
a preliminary application of the density fingerprint map to Crystal Structure Prediction.
Section 8 concludes the paper.

2 Background

We cover two topics: locally finite point sets modeling crystals and transformations between
them.

2.1 Delone Sets and Periodic Sets
We recall that A ⊆ R3 is locally finite if any compact subset of R3 contains only finitely
many points of A. It is a Delone set [6] if there exist r,R > 0 such that every open ball of
radius r contains at most one point of A and every closed ball of radius R contains at least
one point of A. In other words, no two points of A can be closer than 2r and no point of R3

can be further from A than R. We refer to the largest such r as the packing radius and the
smallest such R as the covering radius of A. A Delone set is necessarily infinitely large and
its points are in a sense evenly spread out over the entire Euclidean space.

We get an important subclass starting with three linearly independent vectors, v1, v2, v3 ∈
R3, which we call a basis. The set of integer combinations is the lattice, Λ, and the set of
real combinations with coefficients in [0, 1) is the unit cell, U , the vectors span:

Λ = {n1v1 + n2v2 + n3v3 | n1, n2, n3 ∈ Z}, (1)
U = {r1v1 + r2v2 + r3v3 | 0 ≤ r1, r2, r3 < 1}. (2)

We call any finite set M ⊆ U a motif and M + Λ = {x + v | x ∈ M,v ∈ Λ} a periodic
(point) set. By construction, M + Λ + v = M + Λ for every v ∈ Λ, and if this exhausts all
translations that keep M + Λ invariant, then U is a primitive unit cell of M + Λ. Since the
International Union of Crystallography (IUCr) allows lattices that are spanned by fewer than
three linearly independent vectors, it calls lattices as defined above full. We observe that
M + Λ is a Delone set if Λ is full and not if Λ is not full, and therefore we will be exclusively
interested in full lattices and so will assume as much without mentioning the term.

It is important to keep in mind that the basis and therefore the primitive unit cell are
not unique. This is illustrated in Figure 1, which shows three of the infinitely many bases
of the hexagonal lattice: a together with b− a, b, or b+ a. Applying Niggli’s algorithm for
the Niggli reduced cell [15] to this particular lattice, there is an ambiguity between the bases
{a, b} and {a, b − a}, because the projections of b and b − a onto the line of a both have
length 1

2 ∥a∥. The tie can be broken by preferring b, but this causes a discontinuity in the
construction of the reduced unit cell.
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b − a

−a a

b b + a

Figure 1 The bases {a, b− a}, {a, b}, {a, b+ a} of the hexagonal lattice, and the corresponding
unit cells drawn as shaded parallelograms.

2.2 Rigid Motions and Isometries
Rather than a fixed set in R3, we often consider the class of sets that are equivalent under
a particular type of transformation. For example, a rigid motion is a map R3 → R3 that
is composed of a rotation and a translation. It preserves distances between pairs of points
as well as orientations of ordered triplets of points. An isometry is a rigid motion possibly
composed with a reflection, and so preserves distances but not necessarily orientations. This
is the most relevant group of transformations to this paper as we model crystals by isometry
classes of periodic sets.

3 The Density Fingerprint and its Invariance

A continuous invariant for comparing crystals is the density, defined as the total volume of
balls centered at points in the motif divided by the volume of the unit cell. To avoid the
choice of radii, we grow the balls continuously and simultaneously from their centers and get
a 1-dimensional function rather than a single number. There are still many periodic sets this
function cannot distinguish, for example any hexagonal close packing from the face-centered
cubic lattice. We therefore add information by distinguishing points covered by a different
number of balls.

▶ Definition 3.1 (Density Functions and Fingerprint). Let A = M+Λ ⊂ R3 be a periodic set and
write A(t) for the collection of closed balls, B(a; t), of radius t ≥ 0 centered at the points a ∈ A.
The k-fold cover of A(t), denoted

⋃k
A(t), consists of all points x ∈ R3 contained in k or more

of these balls. The fractional volume of the k-fold cover, φA
k (t) = Vol[U ∩

⋃k
A(t)]/Vol[U ],

is also the probability that a point chosen uniformly at random within a unit cell, U , belongs
to at least k balls, and subtracting the fractional volume of the (k + 1)-fold cover, we get the
probability that the random point belongs to exactly k balls:

φA
k (t) = Prob[x ∈ B(a; t) for k or more points a ∈ A]; (3)

ψA
k (t) = φA

k (t) − φA
k+1(t) = Prob[x ∈ B(a; t) for exactly k points a ∈ A]. (4)

We call ψA
k : [0,∞) → [0, 1] the k-th density function of A. The density fingerprint of A is

the vector of density functions: Ψ(A) = (ψA
0 , ψ

A
1 , . . . , ψ

A
k , . . .), and A 7→ Ψ(A) is the density

fingerprint map.

See Figure 2, which illustrates the density functions for the hexagonal and the square lattices
in R2. Note that the density fingerprint is an isometry invariant and that it neither depends
on the lattice used to write A as a periodic set, nor on its basis.
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▶ Lemma 3.2 (Invariance under Isometries). Let A ⊆ R3 be a periodic set, and let Q ⊆ R3 be
isometric to A. Then Ψ(A) = Ψ(Q).

Proof. Let now iso : R3 → R3 be the isometry for which Q = iso(A), and note that it also
maps A(t) to Q(t) and

⋃k
A(t) to

⋃k
Q(t) for every k ≥ 0. It follows that ψA

k (t) = ψQ
k (t),

for every k ≥ 0, and therefore Ψ(A) = Ψ(Q), as claimed. ◀

While the fingerprint map is not invariant under similarities, we can write Ψ(sA) =
(ψA

0 ◦s, ψA
1 ◦s, . . . , ψA

k ◦s, . . .), in which s(t) = st scales the radius. It would therefore be easy
to construct a fingerprint map that is invariant under similarities, namely by normalizing
the radius, e.g. by letting the radius be tr, in which r is the packing radius of A.
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Figure 2 The density fingerprint map of the hexagonal lattice on the top and, for comparison, of
the square lattice on the bottom. Left: the k-fold covers of the two sets for four different radii each:
t = 0.25, 0.55, 0.75, 1.00. Right: the graphs of the respective first nine density functions above the
corresponding densigram, in which the zeroth function can be seen upside-down and the remaining
density functions are accumulated from left to right.
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4 Continuity

We prove that the density fingerprint map is Lipschitz continuous with respect to small
perturbations of the points. To formalize this result, we introduce distances between periodic
sets and between density fingerprints. For sets A,Q ⊆ R3 of equal cardinality, the (Euclidean)
bottleneck distance is the infimum, over all bijections, γ : A → Q, of the supremum Euclidean
distance between matched points, and for density fingerprints, Ψ(A),Ψ(Q), we use the
supremum of the weighted infinity norms of the differences between corresponding density
functions:

dB(A,Q) = inf
γ : A→Q

sup
a∈A

∥a− γ(a)∥2, (5)

d∞(Ψ(A),Ψ(Q)) = sup
k≥0

1
3√k+12 ∥ψA

k − ψQ
k ∥∞. (6)

Note the damping of the difference between corresponding density functions. The reason for
it is technical and related to the fact that density functions with higher k tend to vanish at
later values of t. As a consequence, the sensitivity of the density function to any perturbation
increases with growing k, and the damping compensates for this tendency. Before proving
Lipschitz continuity, we show that two periodic sets with small bottleneck distance between
them necessarily have a common lattice.

▶ Lemma 4.1 (Common Lattice). Let A,Q be periodic sets in R3, and let rQ > 0 be the
packing radius of Q. If dB(A,Q) < rQ, then there is a lattice Λ with unit cell U in R3 such
that #(A ∩ U) = #(Q ∩ U) and A = (A ∩ U) + Λ and Q = (Q ∩ U) + Λ.

Proof. Since A,Q ⊆ R3 are periodic, there are lattices with unit cells such that A =
(A ∩ UA) + ΛA and Q = (Q ∩ UQ) + ΛQ. To get a contradiction, we assume that there is
however no common lattice for A and Q. Equivalently, ΛA ∩ ΛQ is a lattice of dimension
at most 2. Therefore there exists a basis vector, v, of ΛA such that nv ∈ ΛQ implies
n = 0. Picking a point a ∈ A, we consider the infinitely many points a(n) = a+ nv, with
n ∈ Z. For each a(n), let q(n) be the point in ΛQ such that a(n) ∈ q(n) + UQ, and define
b(n) = a(n) − q(n), which we note belongs to UQ.

There are infinitely many pairwise different points b(n) in the unit cell, and it suffices
to prove that at least one is at distance larger than δ = dB(A,Q) from all points in Q. To
see this, let b(i) and b(j) be at distance less than ε = rQ − δ from each other, and note that
b(i+ n[j − i]) = b(i) + n[b(j) − b(i)], for n ∈ Z, provided the point on the right-hand side of
the equation belongs to UQ. In other words, we have an entire line of points with distance
less than ε between contiguous points. The gap between balls of radius δ centered at the
points in Q is at least 2ε, which implies that at least one of the points on the line is outside
all such balls. This contradicts the assumption that the bottleneck distance between A and
Q is δ = rQ − ε. The existence of a common lattice of A and Q follows. ◀

The proof of Lipschitz continuity makes use of the common lattice of the sets before
and after the perturbation. We therefore formulate the claim assuming that the bottleneck
distance between the two sets is less than the packing radii.

▶ Theorem 4.2 (Fingerprint Continuity). Let A,Q be periodic sets in R3, both with packing
radius at least r > 0 and with covering radius at most R < ∞. If δ = dB(A,Q) < r, then
there exists a constant C = C(r,R) such that d∞(Ψ(A),Ψ(Q)) ≤ C · dB(A,Q).
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Proof. By Lemma 4.1, there is a lattice, Λ ⊆ R3, that is common to both sets, A and Q, and
we write U for the corresponding unit cell. Let γ : A → Q be a bijection such that dB(A,Q)
is the supremum Euclidean distance between corresponding points, let k be a non-negative
integer, and let t be a positive real number. We need an upper bound for∣∣∣ψA

k (t) − ψQ
k (t)

∣∣∣ =
∣∣Vol[Ak

t ∩ U ] − Vol[Qk
t ∩ U ]

∣∣
Vol[U ] , (7)

in which Ak
t =

⋃k
A(t) \

⋃k+1
A(t) consists of all points x ∈ R3 contained in exactly

k balls of A(t), and similarly for Qk
t . As a first step, we find an upper bound on the

numerator, ∆, for the case in which γ is the identity except for one point, a ∈ M , which
it maps to q = γ(a) ∈ B(a; δ); that is: Q = A \ (a + Λ) ∪ (q + Λ). A point x ∈ R3 is
possibly covered by a different number of balls before and after the perturbation only if
x ∈ [B(a; t) ⊖B(q; t)] + Λ, with ⊖ denoting the symmetric difference. Observe that this set
is contained in [B( a+q

2 ; t+ δ
2 ) \B( a+q

2 ; t− δ
2 )] + Λ. Hence,

∆ ≤ Vol[B(a; t) ⊖B(q; t)] ≤ 4π
3

[(
t+ δ

2
)3 −

(
t− δ

2
)3]

= 4π
3

[
3δt2 + 1

4δ
3]
. (8)

Perturbing one point of M after the other, we can bound the error by (8) each time. Using
the intensity, ρ = #M/Vol[U ], this implies∣∣∣ψA

k (t) − ψQ
k (t)

∣∣∣ ≤ ρ∆ ≤ ρ
4π
3

[
3δt2 + 1

4δ
3]
. (9)

We can eliminate the dependence on t by observing that for each k there is a value of t
beyond which the k-th density functions of A and Q vanish. To determine this value, consider
a point y ∈ R3 and the sets A ∩ B(y; t) and Q ∩ B(y; t). By the definition of R, the balls
of radius R centered at the points of A cover B(y; t−R), and similarly for Q. It follows
that the two sets contain at least (t/R − 1)3 points each. Setting k + 1 ≤ (t/R − 1)3, we
see that for t ≥ R 3

√
k + 1 +R, both sets have at least k + 1 points each. Equivalently, y is

covered by at least k + 1 balls of radius t. Since this holds for every point y ∈ R3, we have
ψA

k (t) = ψQ
k (t) = 0 for all t ≥ R 3

√
k + 1 + R. Note that R 3

√
k + 1 + R ≤ 2R 3

√
k + 1 for all

k ≥ 0. Replacing t in (9) by the latter bound, we get

1
3
√
k + 12 ∥ψA

k − ψQ
k ∥∞ ≤ 16πρR2δ + π

3 ρδ
3 ≤ 12R2

r3 δ + 1
4r3 δ

3, (10)

in which we use ρ 4π
3 r

3 ≤ 1 to get the final inequality. Using δ2 < r2 < R2, this gives
C = 13R2/r3 as an upper bound for the Lipschitz constant. ◀

Figure 3 illustrates Theorem 4.2 for a periodic set, A, and its perturbation, Q, in R2 by
showing the first eight (undamped) density functions for both sets in different colors.

5 Completeness

The fingerprint map is complete if it is injective up to isometries; that is: non-isometric
periodic sets are mapped to different fingerprints. We prove completeness generically, i.e.
on a dense open subset; compare to [4, 18, 12]. The density fingerprint also distinguishes
non-generic sets for which other means fail, as will be illustrated by an example in Section 5.2.
The completeness of the fingerprint for all periodic sets, however, remains an open question.
Indeed, at the time of writing this paper, the authors are not aware of a 3-dimensional
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Figure 3 Left: a periodic set with two black points in its square unit cell, and the perturbed
periodic set with two blue points in the same unit cell. Right: the graphs of the density functions
are solid for the original set and dashed for the perturbed set. As predicted by Theorem 4.2, the
small perturbation of the periodic set causes a small change in the fingerprint.

counterexample to completeness, but there is a 1-dimensional counterexample due to Morteza
Saghafian: letting U = {0, 4, 9} and V = {0, 1, 3}, it can be checked that the finite sets U +V

and U − V , and the periodic sets 15Z + (U + V ) and 15Z + (U − V ) cannot be distinguished
by the 1-dimensional density fingerprint map.

5.1 Generic Completeness
We prove the completeness of the density fingerprint map for generic periodic sets in R3. The
notion of genericity is defined by conditions that are satisfied by an open and dense subset of
the space of periodic point sets. We formulate such conditions in terms of the circumradius
of edges, triangles, and tetrahedra, which is the radius of the smallest sphere that passes
through the vertices of the simplex. To avoid infinitely many constraints, we introduce an
upper bound on the circumradii to consider. Denoting by L = L(A, ϑ) the list of all edges
(pairs), triangles (triples) and tetrahedra (quadruples) spanned by points of a periodic set A
whose circumradius is at most ϑ, we call A generic for a constant threshold, ϑ, if – apart
from necessary violations due to periodicity – it satisfies the following three conditions:

I. the circumradii of different simplices in L are different;
II. the circumradii of different edges in L are not related to each other by a factor of 2.

III. for every t ≤ ϑ, there is at most one set of six circumradii of simplices in L such that
the edges with twice their lengths assemble to a tetrahedron whose circumradius is t.

We call an edge a lattice edge if its length is the distance between two lattice points. Lattice
edges violate Condition II and can thus be identified as such. A lattice triangle has three
lattice edges, and a lattice tetrahedron has six lattice edges. The important difference between
lattice and non-lattice simplices is that only the latter are unique up to lattice translations.

Since Conditions I, II, III can be phrased via finitely many algebraic equations in the
vectors x ∈ M,v1, v2, v3, the set of generic periodic sets with threshold ϑ is is open and
dense in the space of all periodic sets with at most m motif points. We write Rad(A) for the
largest finite circumradius of p ≤ 4 points in A with pairwise distance at most four times the
diameter of the unit cell. Since the diameter is the distance between two lattice points, this
implies that Rad(A) is at least double the diameter.
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▶ Theorem 5.1 (Generic Completeness). Let A,Q ⊆ R3 be non-isometric periodic sets that
are generic for the threshold ϑ = max{Rad(A),Rad(Q)}. Then Ψ(A) ̸= Ψ(Q).

Proof. Let [A] denote the isometry class of A. We prove the unique reconstruction of [A]
from Ψ(A) in two steps:

Ψ(A) Step 1−−−−→ tetrahedra in L(A, ϑ), up to isometries Step 2−−−−→ [A]

Step 1: Each density function is a weighted sum of the volumes of intersections of 2, 3, or 4
balls around points of A; see [9, Equation (5)]. The volume formulas of such intersections
are given in [8]. It is cumbersome but not difficult to prove that they are piecewise analytic,
and that the circumradii of edges, triangles and tetrahedra spanned by points of A are the
positions where the functions are not analytic. Therefore, the set of all positions up to ϑ

where at least one density function is not analytic yields the set of circumradii of simplices of
L. We avoid the technicalities of using the differences between the left- and right-derivatives
to distinguish which of these are caused by 2, 3, or 4 balls meeting, with the following trick.
We treat all circumradii as if they were circumradii of edges, multiply them by two (to get the
edge length), and try to assemble six of these edge lengths to form a tetrahedron. Whenever
this gives a circumradius of a simplex of L, we have found a tetrahedron of A by Condition
III. This way we can uniquely construct all tetrahedra of L up to isometries.

Step 2: To start the process, we choose a non-lattice tetrahedron from the list. If there is
no such tetrahedron, then A is a lattice and can be reconstructed from the lexicographically
shortest lattice tetrahedron from the list – i.e. the tetrahedron consisting of the shortest
lattice edge, the second-shortest lattice edge (linearly independent from the first), and so on
– defining a (Minkowski-)reduced [14] and therefore primitive unit cell of A. On the other
hand, if there exist non-lattice tetrahedra, we choose the lexicographically shortest one, abcd,
with non-lattice edge ab.

Placing abcd in space – as we are only interested in the isometry class of A, we can place
it arbitrarily – we identify all tetrahedra abce from the list that have abc as a face and try to
glue them onto abcd. There are two possibilities (related by a reflection) of how to glue abce;
we denote the two different tip positions by e1 and e2. We prove that at most one of the
two options gives a positive result when checking if the tetrahedron abdei is in the list of
tetrahedra from Step 1: The triangles abd and abe are non-lattice, and therefore unique in A

up to lattice translations by Condition I. Thus, when glued along ab, they span a uniquely
defined tetrahedron abde with a certain edge length de that is the distance between d and ei

for at most one of its two possible positions.

This gluing procedure yields (among others) all points of distance at most four times the
diameter of the unit cell to a, b, c, d (by definition of Rad(A)), except the ones that lie on
a plane spanned by the triangles abc or abd. This neighborhood is large enough such that
it contains every motif point at least once and such that it contains a lattice basis, which
can be identified by computing the pairwise differences between the reconstructed points
and checking whether they satisfy Condition II. Repeating the reconstructed points with
respect to the lattice yields the isometry class of A. As the construction was unique given
the genericity conditions, we get Ψ(A) ̸= Ψ(Q). ◀

5.2 Distinguishing Non-Generic Periodic Sets
There are indications that the density fingerprint map distinguishes all periodic sets and not
just the generic ones. We now give the reason for our optimism. Example 5.2 describes two
periodic sets that violate the above genericity conditions and can nevertheless be distinguished
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by the density fingerprint map. On the other hand, the two sets can neither be distinguished
by their density nor by their X-ray diffraction patterns; two means commonly used in
crystallography to determine the structure of a crystal. X-ray diffraction patterns give all
pairwise distance vectors of the periodic set, but they do not determine the isometry class
of a periodic set [16]: there exist homometric structures, which are non-isometric periodic
sets with the same 2-point autocorrelation functions; that is: identical multisets of pairs, up
to translation. There even exist periodic sets with the same 2- and 3-point autocorrelation
functions, as we now explain.

0 82 5 76431 9 10 1812 15 1716141311 19 20 2822 25 2726242321 29 3130 32

0 82 5 76431 9 10 1812 15 1716141311 19 20 2822 25 2726242321 29 3130 32

A

Q

Figure 4 Periodic sets A and Q from Example 5.2, pictured with rectangular unit cells in two
dimensions, for simplicity. Filled dots belong to the motifs while unfilled dots show the periodicity.

▶ Example 5.2. Let A(1) and Q(1) be sets with periodicity 32 in R, each with 16 points in
the corresponding motif:

0, 7, 8, 9, 12, 15, 17, 18, 19, 20, 21, 22, 26, 27, 29, 30; (11)
0, 1, 8, 9, 10, 12, 13, 15, 18, 19, 20, 21, 22, 23, 27, 30; (12)

see Figure 4. The authors of [11, Section 5.3] show that A(1) and Q(1) have the same 2-
and 3-point autocorrelation functions. Taking the Cartesian product with Z2 preserves the
equality between the autocorrelation functions, which yields periodic sets, A,Q ⊆ R3, with
matching 2- and 3-point autocorrelation functions. Nevertheless, our density fingerprint
map distinguishes them, as shown in Table 1: the L∞-distances between the first four
corresponding density functions vanish but the next five L∞-distances are strictly positive.

Table 1 L∞-distances between the corresponding density functions of the sets A and Q in
Example 5.2.

k 0 1 2 3 4 5 6 7 8

∥ψA
k − ψQ

k ∥∞ 0.000 0.000 0.000 0.000 0.005 0.007 0.013 0.022 0.007

6 Computation

The algorithm for the density fingerprint map is based on two related geometric concepts:
the k-th Dirichlet–Voronoi domain and the k-Brillouin zone of a point. After introducing
both, we explain how they are used, and how much time it takes to construct them.
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Figure 5 The 6-th Dirichlet–Voronoi domain of the point in the center decomposed into the first
six Brillouin zones, which are indicated by colors and labels.

6.1 Dirichlet–Voronoi Domains and Brillouin Zones
Let A ⊆ R3 be a locally finite set of points. For every positive integer k, the k-th Dirichlet–
Voronoi domain of a point a ∈ A is the set of points in R3 for which a is among the k closest
points in A, and the k-th Brillouin zone is the difference between the k-th and the (k − 1)-st
Dirichlet–Voronoi domains:

domk(a,A) = {x ∈ R3 | ∥x− b∥ < ∥x− a∥ for at most k − 1 points b ∈ A}, (13)
zonek(a,A) = domk(a,A) \ domk−1(a,A); (14)

see Figure 5. Here we set dom0(a,A) = ∅ so that the first Brillouin zone is well defined.
Note that zonek(a,A) is the set of points x ∈ R3 for which there are exactly k − 1 points
b ∈ A that are closer to x than a is. Observe also that domk(a,A) is closed and star-
convex, and if A is Delone, then it is also compact. If A is a lattice, A = Λ, then all k-th
Dirichlet–Voronoi domains are translates of each other, and similarly for the Brillouin zones:
domk(a,Λ) = domk(0,Λ) + a and zonek(a,Λ) = zonek(0,Λ) + a. Except for a measure zero
subset of R3, every point x has a unique k-closest point in Λ. This implies that the k-th
Brillouin zones tile R3, by which we mean that their closures cover R3 while their interiors
are pairwise disjoint. These properties generalize to a periodic set, A = M + Λ: the k-th
Brillouin zones of the points in a + Λ are translates of each other, and the k-th Brillouin
zones of all a ∈ A tile R3.

6.2 Decomposed Multiple Cover
Assume from here on that A = M + Λ is a periodic set. To compute φA

k , we may use any
fundamental domain of the lattice. Particularly convenient is the union of the k-th Brillouin
zones of the points in M as it lends itself to finding the subset covered by at least k of the
balls.

▶ Theorem 6.1 (Density for Periodic Set). Let A = M + Λ be periodic with lattice Λ ⊆ R3

and motif M ⊆ U in the unit cell of Λ, and let k ≥ 1 be an integer. Then the probability that
a random point x ∈ U belongs to k or more balls of radius t ≥ 0 centered at the points of A is

φA
k (t) = 1

Vol[U ]

∑
a∈M

Vol[zonek(a,A) ∩B(a; t)]. (15)

SoCG 2021



32:12 The Density Fingerprint of a Periodic Point Set

Proof. Let Mk be the union of the k-th Brillouin zones of the points a ∈ M and note
that Mk + Λ tiles R3. It follows that Vol[Mk] = Vol[U ]. Let x ∈ Mk be in the interior of
zonek(a,A). By construction, a is the unique k-closest point to x, so x lies in k or more balls
if and only if x ∈ B(a; t). Summing over all points a ∈ M gives (15). ◀

Clearly, φA
0 (t) = 1 for all radii t. Given k ≥ 0 and t ≥ 0, we use (15) to compute φA

k (t)
and φA

k+1(t), and we get ψA
k (t) = φA

k (t) − φA
k+1(t). To implement (15), we need to compute

the volume of the intersection of a ball with a convex polyhedron. We could, for example,
decompose the polyhedron into tetrahedra and use explicit expressions for the volume of
intersections between balls and simplices; see for example [3]. A C++ implementation
evaluating the density functions for a given periodic set using this strategy can be found
at [19]. Alternatively, we could use inclusion-exclusion, which allows for further consolidation
of the formula, writing φA

k (t) as an alternating sum of common intersections of up to four
balls each. This does not lead to any asymptotic improvements of the running time, so we
omit further details and refer to [9] instead.

6.3 Algorithm and Running Time

To evaluate the density functions ψA
0 , ψ

A
1 , . . . , ψ

A
k at a value t, we compute a plane arrangement

for each point a ∈ M that consists of enough planes so that the first k + 1 Brillouin zones of
a occur. Specifically, for a large enough radius, s, we consider for each b ̸= a in A ∩B(a; s)
the bisector of b and a, which is the plane defined by ∥x− a∥ = ∥x− b∥. These bisectors
decompose R3 into convex cells. We refer to this decomposition as the arrangement of the
planes. The 3-dimensional cells that are separated from a by exactly j − 1 planes form the
j-th belt of the arrangement.

We now address the question how small we can choose s such that the first k + 1 belts
are the first k + 1 Brillouin zones of a. To begin, we recall that t ≥ 2R 3

√
k + 1 implies that

ψi(t) = 0 for 0 ≤ i ≤ k; see the proof of Theorem 4.2. To express this insight geometrically,
let Rk+1(a) be the maximum distance of a point in the (k + 1)-st Brillouin zone of a from
a. That the density functions ψA

0 to ψA
k are zero for t ≥ 2R 3

√
k + 1 implies φA

k+1(t) = 1, for
these values of t, and therefore Rk+1(a) ≤ 2R 3

√
k + 1. To capture all the relevant planes,

it thus suffices to consider all points b ∈ A \ {a} at distance at most s = 2Rk+1(a) from
a. Using a straightforward volume argument, we see that B(a; 2Rk+1(a)) contains at most
(4R 3

√
k + 1 + r)3/r3 = O(k) points, in which we treat r and R as constants.

Constructing the arrangement of O(k) planes incrementally, as described in [7, chapter
7], takes time O(k3). Doing this for each point in the motif takes time O(#M · k3), and
within the same time bound we can evaluate the first k + 1 density functions.

7 An Application to Crystal Structure Prediction

Crystal Structure Prediction (CSP) aims to predict whether a selected molecule can exist as
a functional material, i.e. a crystal with useful functions or properties. In other words, CSP
seeks to answer the question of whether copies of a molecule can be arranged in such a way
that the resulting crystal is stable (will not deform and lose its properties over time) as well
as useful. Crucially, CSP tries to answer this question without setting foot in a laboratory,
with the hope of dramatically reducing the need to perform the time-consuming process of
physically synthesizing crystals.
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Figure 6 Left: a T2 molecule. Middle: the T2-δ crystal with highlighted unit cell. Right: the
output of CSP for the T2 molecule. It is a plot of 5679 simulated T2 crystal structures [17, Fig. 2d],
each represented by two coordinates: the physical density (atomic mass within a unit cell divided by
the unit cell volume) and energy (determining the crystal’s thermodynamic stability). Structures at
the bottom of the “downward spikes” are likely to be stable.

Our collaborators at Liverpool’s Materials Innovation Factory [17] used CSP to predict
that the T2 molecule (Figure 6) can be crystallized into a new structure that has half the
physical density of the only previously known structure for T2, a desirable property for
applications such as gas storage. As part of this process, they also identified four other
structures of interest. Following the CSP predictions, they synthesized 5 families of T2-
crystals in the laboratory by varying parameters like temperature and pressure, calling
them T2-α, T2-β, . . . , T2-ϵ. One of them, T2-γ, indeed had the desired property of having
only half the physical density of the previously known structure T2-α. They scanned the
synthesized crystals using X-ray powder diffraction yielding Crystallographic Information
Files, each containing the unit cell and the motif points representing the atoms. These
files were then compared with the results of the simulations, either by using their physical
density alongside the Compack algorithm – which compares only a finite portion of the
structure – or by looking at visualizations of the crystal structures. This comparison showed
that the synthesized crystals matched the prediction well. Our collaborators deposited these
structures into the globally used Cambridge Structural Database.

At a later time, we used our newly developed fingerprints to verify our collaborators’
matchings between the synthesized crystals T2-α to T2-ϵ and the simulated crystals entry 99,
28, 62, 09, 01. We did so by computing, for each of the five matches, the distance between
the density functions of the synthesized and the simulated crystal. As one is the prediction
of the other, we expected to see small distances. And for four of the five structures this was
true: T2-γ, for example, always has an L∞-distance of less than 0.04 over the first eight
pairs of corresponding density functions; see Table 2. However, when we came to check the
distances between density functions of T2-δ with its predicted structure, we were surprised
to see large distances (the final row of Table 2). It turned out that a mix-up of files had
happened, and what was uploaded to the Cambridge Structural Database as T2-δ was in fact
T2-β′ (a crystal from the T2-β family). The density fingerprint revealed this error, which
was verified by chemists upon a visual inspection, and it is because of this that T2-δ was
subsequently correctly deposited.

Plots of the density functions of correctly matched synthesized and simulated structures
can be seen in Figure 7. As another application, we expect that the fingerprint will be used
to simplify the large output data sets produced by CSP by comparing simulated structures
with each other, thus speeding up what is currently a slow process.
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Table 2 First five rows: the L∞-distances between the first eight pairs of corresponding density
functions of physically synthesized T2 crystals (T2-α, T2-β, etc.) and the simulated structures
that had predicted them from the CSP output dataset (entry XX). Last row: the suspiciously
larger numbers revealed the mix-up of the files T2-δ and T2-β′ and thus led to depositing the
initially omitted Crystallographic Information File of the T2-δ crystal into the Cambridge Structural
Database.

∥ψA
k − ψQ

k ∥∞ k = 0 1 2 3 4 5 6 7

T2-α vs entry 99 0.0042 0.0092 0.0125 0.0056 0.0099 0.0088 0.0127 0.0099
T2-β vs entry 28 0.0157 0.0156 0.0159 0.0224 0.0334 0.0396 0.0357 0.0454
T2-γ vs entry 62 0.0020 0.0080 0.0128 0.0155 0.0153 0.0250 0.0296 0.0391
T2-δ vs entry 09 0.0610 0.0884 0.1267 0.0676 0.0915 0.0801 0.0733 0.0388
T2-ϵ vs entry 01 0.0132 0.0152 0.0207 0.0571 0.0514 0.0431 0.0468 0.0550
T2-β′ vs entry 09 0.2981 0.2631 0.3718 0.3747 0.2563 0.2360 0.3161 0.3232

8 Discussion

The main contribution of this paper is a fingerprint map from periodic sets in R3 (which model
crystals) to series of density functions. This map is obviously invariant under isometries,
and we prove it is continuous and generically complete. We leave the completeness without
genericity assumption as an open question. In this context, it is worth noticing that our proof
of generic completeness makes only limited use of the order, k, at which the circumradius of
an edge, triangle, or tetrahedron is detected. Recall that the order is the number of points
in the respective circumsphere. Is this additional information sufficient to prove general
completeness?

A drawback of the bottleneck distance between periodic sets used in this paper is its
sensitivity to changes of the unit cell; see Lemma 4.1. An alternative dissimilarity that may
be more relevant in practice considers affine transformations, τ , that minimize the bottleneck
distance:

dAT(A,Q) = inf
τ

max{min{dB(A, τ(Q)), dB(τ(A), Q)}, | log s1|, | log s3|}, (16)

in which s1 ≥ s2 ≥ s3 are the three singular values of the matrix of τ . Is the density
fingerprint map defined in Section 3 continuous with respect to this dissimilarity?

We close this paper with three extensions of the results presented in this paper. Different
types of atoms are often modeled as balls with different radii. A possible geometric formalism
is that of weighted points and the power distance [2]. Our geometric results generalize
to this setting, but some need a careful adaptation. Our continuity result for periodic
sets (Theorem 4.2) also generalizes to non-periodic Delone sets that allow for a reasonable
definition of density functions. Considering that quasiperiodic crystals can be modeled as
such, it might be worthwhile to find out how far such an extension can be pushed. Finally,
we mention that our results generalize to arbitrary finite dimension.
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Figure 7 Left: experimental T2 crystals (curved gray molecules) and their simulated versions
(straight green molecules) overlaid. Right: the density functions of the periodic sets of molecular
centres of the experimental T2 crystals (solid curves) vs. simulated crystals (dashed curves).
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Abstract
The greedy t-spanner of a set of points in the plane is an undirected graph constructed by considering
pairs of points in order by distance, and connecting a pair by an edge when there does not already
exist a path connecting that pair with length at most t times the Euclidean distance. We prove
that, for any t > 1, these graphs have at most a linear number of crossings, and more strongly that
the intersection graph of edges in a greedy t-spanner has bounded degeneracy. As a consequence, we
prove a separator theorem for greedy spanners: any k-vertex subgraph of a greedy spanner can be
partitioned into sub-subgraphs of size a constant fraction smaller, by the removal of O(

√
k) vertices.

A recursive separator hierarchy for these graphs can be constructed from their planarizations in
linear time, or in near-linear time if the planarization is unknown.
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1 Introduction

Geometric spanners are geometric graphs whose distances approximate distances in complete
graphs, while having fewer edges than complete graphs. Given a set of points V on the
Euclidean plane (or in any other metric space), a t-spanner on V can be defined as a graph
S having V as its set of vertices V and satisfying the following inequality for every pair of
points (P, Q):

dS(P, Q) ≤ t · d(P, Q) (1)

where dS(P, Q) is the length of the shortest path between P and Q using the edges in S,
and d(P, Q) is the Euclidean distance of P and Q. We call Equation 1 the bounded stretch
property. Because of this inequality, t-spanners provide a t-approximation for the pairwise
distances between the set of points in V . The parameter t > 1 is called the stretch factor or
spanning ratio of the spanner and determines how accurate the approximate distances are;
spanners having smaller stretch factors are more accurate.

Spanners can be defined in any metric space, but they are often located in a geometric
space, where a heavy or undesirable network is given and finding a sparse and light-weight
spanner and working with it instead of the actual network makes the computation easier and
faster. Finding light-weight geometric spanners has been a topic of interest in many areas of
computer science, including communication network design and distributed computing. These
subgraphs have few edges and are easy to construct, leading them to appear in a wide range
of applications since they were introduced [14, 38, 45]. In wireless ad hoc networks t-spanners
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Figure 1 Greedy spanners of 128 random points with stretch factor 2 (left) and 1.1 (right).

Figure 2 Nonplanar greedy spanner with stretch factor 11.3.

are used to design sparse networks with guaranteed connectivity and guaranteed bounds
on routing length [5]. In distributed computing spanners provide communication-efficiency
and time-efficiency through the sparsity and the bounded stretch property [9, 23, 7, 24].
There has also been extensive use of geometric spanners in the analysis of road networks
[25, 2, 13]. In robotics, geometric spanners helped motion planners to design near-optimal
plans on a sparse and light subgraph of the actual network [19, 43, 16]. Spanners have many
other applications including computing almost shortest paths [22, 15, 46, 30], and overlay
networks [12, 47, 37].

Researchers have developed various construction techniques for spanners, depending on the
specific additional properties needed in these applications. Well-separated pair decomposition,
θ-graphs, and greedy spanners are among the most well-known of these geometric spanner
constructions. Here, we focus on the greedy spanner. It was first introduced by Althöfer [3, 4]
and Bern, generalizing a pruning strategy used by Das and Joseph [17] on a triangulation of
the planar graph [25].
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A greedy spanner can be constructed by running the greedy spanner algorithm (Algo-
rithm 1) on a set of points on the Euclidean plane. This short procedure adds edges one at a
time to the spanner it constructs, in ascending order by length. For each pair of vertices,
in this order, it checks whether that pair already satisfies the bounded stretch inequality
using the edges already added. If not, it adds a new edge connecting the pair. Therefore,
by construction, each pair of vertices satisfies the inequality, either through previous edges
or (if not) through the newly added edge. The resulting graph is therefore a t-spanner.
Examples of the results of this algorithm, for two different stretch factors, are shown in
Figure 1. Although the 2-spanner in the figure is planar, this is not true for 2-spanners in
general: there exist point sets with non-planar greedy t-spanners for arbitrarily large values
of t (Figure 2), and by placing widely-spaced copies of the same construction within a single
point set, one can construct point sets whose greedy t-spanners have linearly many crossings,
for arbitrarily large values of t.

Algorithm 1 The naive greedy spanner algorithm.

1: procedure Naive-Greedy(V )
2: Let S be a graph with vertices V and edges E = {}
3: for each pair (P, Q) ∈ V 2 in increasing order of d(P, Q) do
4: if dS(P, Q) > t · d(P, Q) then
5: Add edge PQ to E

return S

A naïve implementation of the greedy spanner algorithm runs in time O(n3 log n), where n

is the number of given points [11]. Bose et al. [11] improved the running time of Algorithm 1
to near-quadratic time using a bounded version of Dijkstra’s algorithm. Narasimhan et al.
proposed an approximate version of the greedy spanner algorithm that reached a running
time of O(n log n), based on the use of approximate shortest path queries [18, 36, 44].

Despite the simplicity of Algorithm 1, Farshi and Gudmundsson [29] observed that in
practice, greedy spanners are surprisingly good in terms of the number of edges, weight,
maximum vertex degree, and also the number of edge crossings. Many of these properties
have been proven rigorously. Filster and Solomon [31] proved that greedy spanners have
size and lightness that is optimal to within a constant factor for worst-case instances. They
also achieved a near-optimality result for greedy spanners in spaces of bounded doubling
dimension. Borradaile, Le, and Wulff-Nilsen [10] recently proved optimality for doubling
metrics, generalizing a result of Narasimhan and Smid [44], and resolving an open question
posed by Gottlieb [35], and Le and Solomon showed that no geometric t-spanner can do
asymptotically better than the greedy spanner in terms of number of edges and lightness [41].
However, past work has not proven rigorous bounds on the number of crossings of greedy
spanners.

One reason for particular interest in bounds on the number of crossings is the close
relation, for geometric graphs in the plane, between crossings and separators. The well-known
planar separator theorem of Lipton and Tarjan [42] states that any planar graph (that is, a
geometric graph with no crossings) can be partitioned into subgraphs whose size is at most
a constant fraction of the total by the removal of O(

√
n) vertices. This property is central

to the efficiency of many algorithms on planar graphs [34, 21, 27, 26, 40], and applied as
well in multiple computational geometry problems [32, 6, 39]. Analogous separator theorems
have been extended from planar graphs to graphs with few crossings per edge [20], or more
generally to graphs with sparse patterns of crossings [28, 8]. Past work has not shown that
greedy spanners have small separators, but as we will show, bounds on their crossings can be
used to show that they do.
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1.1 Our Contribution
In this paper we prove that greedy t-spanners in the Euclidean plane have few crossings,
for any t > 1, and we use this result (together with a result of Eppstein and Gupta [28] on
graphs with sparse patterns of crossings) to prove that greedy spanners in the Euclidean
plane have small separators. In particular, we prove:

Claim 1. Each edge in a greedy spanner can be crossed by only O(1) edges of equal or
greater length, where the constant in the O(1) depends only on t, the stretch factor of
the spanner. More precisely as t → 1 there are O(1/(t − 1)2) edges that cross the given
edge and are longer than it by a factor of Ω(1/(t − 1)) (Theorem 14), and 1/(t − 1)O(1)

edges that cross the given edge and have length at least ϵ times it, for any constant ϵ > 0
(Theorem 17).
Claim 2. For some choices of t, there exist greedy spanners in which some edges are
crossed by a linear number of (significantly shorter) edges.
Claim 3. Every n-vertex greedy spanner, and every n-vertex subgraph of a greedy
spanner, can be partitioned into connected components of size at most cn for a constant
c < 1 by the removal of O(

√
n) vertices. Again, the constant factor in the O(

√
n) term

depends only on the stretch factor of the spanner. Moreover, a separator hierarchy
for the greedy spanner can be constructed from its planarization in near-linear time
(Theorem 20).

It is known that the spanners that are constructed by some other methods, i.e. semi-
separated pair decomposition [1] and hierarchical decomposition [33], have small O(

√
n)-

separators in two dimensions. Although experimental results of Farshi and Gudmundsson
on greedy spanners of random point sets had shown the number of crossings to be small in
practice [29] our results are the first theoretical results on this property, the first to study
crossings for worst-case and not just random instances, and the first to prove that greedy
spanners have small O(

√
n)-separators.

1.2 Intuition
Our proof that edges can be crossed by only a bounded number of edges of greater or equal
length splits into two cases, one for crossings by edges of significantly greater length and
another for crossings by edges of similar length.

For edges of significantly greater length, we divide the greedy spanner edges that might
cross the given edge into a constant number of nearly-parallel sets of edges, and prove the
bound separately within each such set. We show that, within a set of nearly-parallel long
edges that all cross the given edge, the edges can be totally ordered by their projections
onto a base line, because edges whose endpoints project to nested intervals would contradict
the greedy property of the spanner (the inner of two nested edges could be used to shortcut
the outer one). By similar reasoning, the endpoints of any two nearly-parallel long crossing
edges are separated by a distance that is at least a constant fraction of the length of the
smaller edge. This geometric growth in the separation of the endpoints leads to a system
of inequalities on the lengths of the edges that can only be satisfied when the number of
crossing edges is bounded by a constant.

For edges of comparable length to the crossed edge, we use a grid to partition the crossing
edges into a constant number of subsets of edges, such that within each subset all edges have
pairs of endpoints that are close to each other relative to the length of the edge, and we show
that each of these subsets can contain only a unique edge.
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Our construction showing that a single edge can be crossed linearly many times is based
on the combination of three “zig-zag” sets of points, evenly spaced in their x-coordinates and
alternating between two different y-coordinates. In the top and bottom zig-zag, the distance
along the zigzag between two consecutive points with the same y-coordinates is exactly t

times the difference between their x-coordinates, while in the middle zig-zag it is slightly
greater. The greedy spanner for this point set contains the zig-zag edges, plus a single long
edge crossing all of the middle edges, for a pair of points that are far enough from each
other along the middle zig-zag for their Euclidean distance to be almost the same as their
difference in x-coordinates (differing by a number smaller than the amount by which a single
edge of the middle zig-zag exceeds t times its difference in x-coordinates).

The results on separators follow from previous results on the existence of separators in
graphs whose edge intersection graphs have bounded degeneracy [28].

2 Preliminaries

As we mentioned earlier, t-spanners can be defined in any metric space. For a given graph G,
a t-spanner is defined in the following way,

▶ Definition 1 (t-spanner). Given a metric graph G = (V, E, d), i.e. weighted graph with
distances as weights, a t-spanner is a spanning subgraph S of G such that for any pair of
vertices u, w ∈ V ,

dG(u, w) ≤ t · d(u, w)

where dG(u, w) is the length of the shortest path in G between u and w.

Then the greedy spanner on a given set of points V can be defined in the following way,

▶ Definition 2 (greedy spanner). Given a set of points V in any metric space, a greedy
spanner on V is a t-spanner that is an output of Algorithm 1.

Here we restrict the problem to geometric graphs and we take advantage of inequalities
that hold in geometric space.

We consider the natural embedding that the greedy spanner inherits from its vertices.
Edges are drawn as straight segments between the two points corresponding to the two
endpoints of the edge. We say two edges of the spanner cross or intersect if their corresponding
segments intersect at some interior point. The crossing graph of a given embedding can be
defined in this way,

▶ Definition 3 (crossing graph). Given a graph G(V, E) and its Euclidean embedding, the
crossing graph Cr(G) is a graph G′(E, C) whose vertices are the edges of the original graph
and for each two vertices e, f ∈ E there is an edge between them if and only if they intersect
with each other in the embedding given for G.

Most of the proofs here use a lemma that we call the short-cutting lemma, which is simple
but very useful in greedy spanners. The lemma is proven in [44] and it states that a t-spanner
edge cannot be shortcut by some other edges of the spanner by a factor of t. Formally,

▶ Lemma 4 (short-cutting). An edge AB of a greedy t-spanner cannot be shortcut by some
other spanner edges by a factor of t, i.e. there is no constant k and points A = P0, P1, . . . , Pk =
B that P0P1, P1P2, . . . , Pk−1Pk are all spanner edges distinct from AB, and

k−1∑
i=0

|PiPi+1| ≤ t · |AB|.
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If some of the segments PiPi+1 are not included in the spanner, the same argument still
works but a factor t appears before the term |PiPi+1| in the summation. So

▶ Corollary 5 (Extended short-cutting). Given a greedy t-spanner S and an edge AB of S,
there cannot be a constant k and points A = P0, P1, . . . , Pk = B such that∑

PiPi+1∈S

|PiPi+1| + t ·
∑

PiPi+1 /∈S

|PiPi+1| ≤ t · |AB|.

The proof of Lemma 4 and Corollary 5 are included in the full version for reference. In
the following section we consider intersections between an arbitrary edge of a greedy spanner
and sufficiently larger edges, and we show a constant bound on the number of intersections
per edge. In Section 3.5 we again prove a constant bound for the number of intersections
between a spanner edge and other edges of almost the same length. Finally, we introduce
an example in which the number of intersections with smaller edges can be more than any
constant bound, completing our analysis. In Section 4 we introduce some new results and
improvements based on the constant bound we provided earlier.

3 Few intersections with long edges

In this section, we prove an upper bound on the number of intersections of an edge with
sufficiently larger edges. We will specifically show that the number of intersections, in this
case, has a constant bound that only depends on t. Later in Section 3.5 we prove a constant
bound also exists for the intersections with the edges that have almost the same length of
the intersecting edge. Hence we prove our first claim.

In this setting, we consider an arbitrary edge AB of the spanner, and we are interested
in counting the number of intersections that AB may have with sufficiently larger edges, i.e.
edges PQ that intersect AB at some interior point with |PQ| > c · |AB| for some constant
c > 1 which we will specify later.

First, we only consider a set of almost-parallel spanner segments that cross AB, where we
define the term almost-parallel below, and we put a bound on the number of these segments.
Then we generalize the bound to hold for all large spanner segments that cross AB.

3.1 Definitions
▶ Definition 6 (almost-parallel). We say a pair of arbitrary segments PQ and RS in the
plane are almost-parallel or θ-parallel if there is an angle of at most θ between them. We
say a set of segments are almost-parallel if every pair of segments chosen from the set are
almost-parallel.

For any set of almost-parallel segments, we define a baseline to measure the angles and
distances with respect to that line.

▶ Definition 7 (baseline). Given a set of almost-parallel (or θ-parallel) segments in the plane,
denoted by S, the baseline b(S) of the set of segments S is the segment with the smallest
slope.

We use the uniqueness of the segment chosen in Definition 7 and we emphasize that
any other definition works if it determines a unique segment for any almost-parallel set of
segments.
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Figure 3 Ordering segments by projecting on the baseline l, here PiQi <R PjQj .

In Section 3.2, we define a total ordering on a set of almost-parallel segments that cross
a spanner segment AB. Once we have sorted these segments based on the ordering, in
Section 3.3 we prove the distance between the endpoints of two consecutive segments is at
least a constant fraction of the length of the smaller segment. Putting together these two
parts, in Section 3.4 we prove there cannot be more than a constant number of segments in
the sequence.

3.2 A total ordering on almost-parallel intersecting segments
In this section, we define an ordering on a set of almost-parallel segments of the t-spanner.
The ordering is based on the order of the projections of the endpoints of the segments on
the baseline corresponding to the segments. We first define the ordering and then we use
Lemma 9 and Lemma 10 to prove that it is a total ordering when the set of almost-parallel
segments are all crossing a given segment of the spanner.

Consider a set of almost-parallel spanner segments that cross some spanner segment. One
can define an ordering on this set of almost-parallel segments, which we call the endpoint-
ordering, based on how their endpoints are ordered along the direction they are aligned to.
We formulate the definition in the following way,

▶ Definition 8 (endpoint-ordering). Let S = {PiQi : i = 1, 2, . . . , k} be a set of almost-parallel
segments. Also let l be the baseline of S, b(S). Define the endpoint-ordering R between
two segments PiQi and PjQj by projecting the endpoints Pi, Pj , Qi, Qj to the baseline l and
comparing the order of the projected points P ′

i , P ′
j , Q′

i, Q′
j along an arbitrary direction of the

baseline l,
PiQi <R PjQj if the projections are ordered as P ′

i P ′
jQ′

iQ
′
j or P ′

i Q′
iP

′
jQ′

j.
PiQi >R PjQj if they are ordered as P ′

jP ′
i Q′

jQ′
i or P ′

jQ′
jP ′

i Q′
i. (Figure 3)

We claim that the endpoint-ordering is a total ordering on the set of almost-parallel
segments. This basically means that after projecting two almost-parallel segments on the
baseline, none of the resulting projections would lie completely inside the other one. Other
cases correspond to a valid endpoint-ordering.

In order to prove this, first, we prove a simpler case when the two segments intersect with
each other. This assumption will help to significantly simplify the proof. Later we use this
lemma to show the original claim is also true.

▶ Lemma 9. Let MN and PQ be two intersecting segments from a set of θ-parallel spanner
segments. Also assume that θ < t−1

2t where t is the stretch factor of the spanner. Then MN

and PQ are endpoint-ordered, i.e. the projection of one of the segments on the baseline of
the set cannot be included in the projection of the other one.
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Figure 4 Proof of Lemma 9.

Proof. We prove the lemma by contradiction. Without loss of generality suppose that the
projections of P and Q on some baseline l are both between the projections of M and N (on
the same baseline). We show that MN can be shortcut by PQ by a factor of t, i.e.

t · |MP | + |PQ| + t · |QN | ≤ t · |MN |.

Let P ′, Q′, M ′, and N ′ be the corresponding projections of P, Q, M , and N on l, respec-
tively (Figure 4). Also let I be the intersection point and α = ∠PMI, and also γ to be
the angle between MN and the baseline, according to the figure. By the assumption P ′

is between M ′ and N ′, so α ≤ π/2 + γ ≤ π/2 + θ. Let also P ′′ be the point on MN s.t.
|MP ′′| = |MP | and β = ∠MPP ′′ = ∠MP ′′P . Then by sine law,

|MI| − |MP |
|PI|

= |P ′′I|
|PI|

= sin(β − θ)
sin β

= sin(π/2 − α/2 − θ)
sin(π/2 − α/2) = cos(α/2 + θ)

cos(α/2)
= cos θ − sin θ tan(α/2) (2)

but we have,

cos θ ≥ 1 − θ2/2 ≥ 1 − θ/4 (3)

as θ < t−1
2t < 1/2. Also,

tan(α/2) ≤ tan(π/4 + θ/2) = tan(π/4 + 1/4) <
7
4 . (4)

Putting together Equation 2, Equation 3, and Equation 4, also using sin θ ≤ θ,

|MI| − |MP |
|PI|

≥ (1 − θ/4) − (7
4)θ = 1 − 2θ >

1
t

which is equivalent to t · |MI| − t · |MP | ≥ |PI|. Similarly, t · |NI| − t · |NQ| ≥ |QI|. Adding
together,

t · |MN | − t · |MP | − t · |NQ| ≥ |PQ|

which is what we are looking for. ◀

Lemma 9 assumes that segments intersect at some interior point. In order to prove the
totality of the ordering, we also need to prove the claim when the segments do not intersect
with each other. Instead, in this case, both segments intersect some spanner edge. We use
Lemma 9 to prove this in the Lemma 10.
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▶ Lemma 10. Let MN and PQ be two segments chosen from a set of θ-parallel spanner
segments that cross a spanner edge AB. Also assume that θ < t−1

2(t+1) , and min(|MN |, |PQ|) ≥
3t(t+1)

t−1 |AB|, where t is the spanner parameter. Then MN and PQ are endpoint-ordered.

The proof of this lemma is included in the full version due to space limits. Based on
Lemma 10 it is easy to prove the main result of this section, Proposition 11.

▶ Proposition 11. Given an arbitrary edge AB of a t-spanner, for a set of sufficiently
large almost-parallel spanner edges that intersect AB, the endpoint-ordering we defined in
Definition 8 is a total ordering.

Proof. Totality requires reflexivity, anti-symmetry, transitivity, and comparability. Reflexiv-
ity and transitivity are trivial because of the projection. Anti-symmetry and comparability
follow directly from Lemma 10. ◀

Now that we have ordered the set of almost-parallel spanner segments, we can prove
a lower bound on the distance of two ordered segments. Later we prove a bound on the
number of these segments based on the resulting distance lower bound.

3.3 Lower bounding the distance of endpoints of two crossing segments

In Section 3.2 we restricted the problem to a set of almost-parallel spanner segments that
intersect another spanner segment, and we defined an ordering on these segments. The next
step is to find a lower bound on the distance of two almost-parallel segments that intersect
some spanner segment AB. The idea is to show that both endpoints of two ordered segments
cannot be arbitrarily close, and hence there cannot be more than a constant number of them
in a sequence.

More specifically, we show in Proposition 13 that the corresponding endpoints of two
almost-parallel spanner segments that both cross the same spanner segment should have
a distance of at least a constant fraction of the length of the smaller segment, otherwise
the longer segment could be shortcut by the smaller one, which is indeed a contradiction.
A weaker version of this lemma is proven in [44] and it is called “gap property”, but the
inequality we show here is actually stronger.

First we propose a geometric inequality in Lemma 12 that helps to prove the proposition.
Then we complete the proof of the proposition at the end of this section.

▶ Lemma 12. Let MN and PQ be two segments in the plane with angle θ. Then

||MN | − |PQ|| > ||MP | − |NQ|| − 2 sin(θ/2) · |PQ|.

Proof. By swapping MN and PQ, it turns out that the case where |MN | ≥ |PQ| is stronger
than |MN | ≤ |PQ|. So without loss of generality, let |MN | ≥ |PQ| and by symmetry
|MP | ≥ |NQ|. Let Q′ be the rotation of Q around P by θ, so that PQ′ and MN are parallel,
and |PQ′| = |PQ| (Figure 5). Let Q′′ be the point on the ray PQ′ where |PQ′′| = |MN |.
As a result Q′′ and P will be on different sides of Q′. By the triangle inequality,

|MN | − |PQ| = |PQ′′| − |PQ′| = |Q′Q′′| ≥ |NQ′′| − |NQ′|
= |MP | − |NQ′| ≥ |MP | − (|NQ| + |QQ′|)
= |MP | − |NQ| − 2|PQ| · sin(θ/2). ◀
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Figure 5 Proof of Lemma 12.

Now we state and prove Proposition 13. As we mentioned earlier, the idea is to show one
of the segments can be shortcut by the other one if one of the matching endpoints is very
close. In the simplest case when the segments are two opposite sides of a rectangle, it is easy
to see that a distance of t−1

2 |PQ| on both sides is required to prevent short-cutting. In the
general case, when the segments are placed arbitrarily, Proposition 13 holds.

▶ Proposition 13. Let MN and PQ be two θ-parallel spanner segments. The matching
endpoints of these two segments cannot be closer than a constant fraction of the length of the
smaller segment. More specifically,

min(|MP |, |NQ|) ≥ t − 1 − 2 sin(θ/2)
2t

min(|MN |, |PQ|).

Proof. Without loss of generality and by symmetry, let |NQ| ≤ |MP |. Suppose, on the
contrary, that |NQ| < t−1−2 sin(θ/2)

2t |PQ|. Then,

t · |MP | + |P Q| + t · |NQ| ≤ t · (|MN | − |P Q| + |NQ| + 2 sin(θ/2) · |P Q|) + |P Q| + t · |NQ|
= t · |MN | − (t − 1 − 2 sin(θ/2))|P Q| + 2t · |NQ|
< t · |MN |.

So MN can be shortcut by PQ within a factor of t which contradicts the extended short-
cutting lemma for the edge MN and the path MPQN . ◀

So far, in Proposition 13 we proposed an ordering on the set of almost-parallel spanner
segments that cross a given edge and we proved each of these segments has a significant
distance from the other ones. In the next section we put together these results and we find a
constant upper bound on the number of these segments.

3.4 Putting together
Based on the ordering proposed in Section 3.2, and the lower bound we proved in Section 3.3,
we can show that the following constant upper bound on the number of intersections with
sufficiently large edges holds.

If we look at one of the endpoints of the endpoint-ordered sequence of almost-parallel
spanner segments, and we project them on the baseline, the distance of every two consecutive
projected points cannot be smaller than a constant fraction of the length of the smaller
segment, i.e. |P ′

i P ′
i+1| ≥ C · min(|PiQi|, |Pi+1Qi+1|) for all values of i = 0, 1, . . . , k − 1.

Summing up these inequalities leads to a bound on k, the number of segments.
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▶ Theorem 14. For sufficiently small θ, the number of sufficiently large θ-parallel segments
that intersect a given edge AB of a t-spanner is limited by

4t

(t − 1 − 2 sin(θ/2)) cos θ
+ 1.

By sufficiently large we specifically mean larger than 3t(t+1)
t−1 |AB|.

Proof. Let PiQis be the segments larger than AB that intersect AB at some angle in
[α, α + θ). Let P0Q0 be the shortest edge among PiQis. Because of the total ordering, at
least half of the segments are larger than P0Q0 with respect to the ordering R, or at least
half of them are smaller than P0Q0 with respect to R. Without loss of generality, assume
that half of the segments are larger than P0Q0 with respect to R, and they are indexed
by i = 1, 2, . . . , (k − 1)/2. Also let P ′

i s and Q′
is be the projections of Pis and Qis on the

base line l. By Proposition 13, for all i, Pi+1 is farther than Pi by a constant fraction of
min(|PiQi|, |Pi+1Qi+1|), so

(k−3)/2∑
i=0

|PiPi+1| >
t − 1 − 2 sin(θ/2)

2t

(k−3)/2∑
i=0

min(|PiQi|, |Pi+1Qi+1|)

≥ t − 1 − 2 sin(θ/2)
2t

· k − 1
2 |P0Q0|.

If k ≥ 4t
(t−1−2 sin(θ/2)) cos θ + 1,

(k−3)/2∑
i=0

|PiPi+1| >
1

cos θ
|P0Q0|

or equivalently

|P0Q0| <

(k−3)/2∑
i=0

|PiPi+1| cos θ ≤
(k−3)/2∑

i=0
|P ′

i P ′
i+1| = |P ′

0P ′
k−1

2
|,

which is not possible, because P ′
0P ′

k−1
2

lies inside P ′
0Q′

0 and so |P ′
0P ′

k−1
2

| ≤ |P ′
0Q′

0| ≤ |P0Q0|
which contradicts the last inequality above. ◀

The constraints on θ imposed by our earlier lemmas imply that, as t → 1, we should
choose θ proportional to t − 1. Asymptotically, as t → 1, the number of large segments of
all angles that intersect AB is O(1/(t − 1)2), with one factor of 1/(t − 1) coming from the
bound in the theorem and the second factor coming from the number of different classes of
nearly-parallel segments.

3.5 Almost-equal length edges
In the previous subsections, we proved a bound on the number of intersections with relatively
larger edges. Here we prove a constant bound on the number of intersections with edges that
are nearly the same length as the length of the intersecting edge. In the full version we also
consider intersections with relatively smaller edges, which completes our analysis for this
problem.

For same-length intersections Lemma 10 does not hold anymore, hence the endpoint-
ordering is not necessarily a total ordering in this case. Since totality is a key requirement
for the rest of the proof the same proof will not work anymore. But Proposition 13 still holds
as it has no assumption on the ordering of the segments.
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Our idea is to partition the neighborhood of AB into a square network, such that no two
spanner segments can have both endpoints in the same squares (Figure 6). If this happens,
then by Proposition 13 one of the segments should be shortcut by the other one, leading to a
contradiction because both segments are already included in the spanner.

We first prove a simpler version of Proposition 13 that does not include θ in the inequality,
as we are not using the almost-parallel assumption and the value of θ can be large enough to
make the inequality in Proposition 13 trivial. We will use this modified version to prove our
claim.

▶ Lemma 15. Given a greedy spanner with parameter t and two spanner segments MN and
PQ,

max(|MP |, |NQ|) ≥ t − 1
2t

min(|MN |, |PQ|).

Proof. Suppose on the contrary that

max(|MP |, |NQ|) <
t − 1

2t
min(|MN |, |PQ|).

Also, without loss of generality assume that |MN | ≥ |PQ|. Then,

t · |MP | + |PQ| + t · |NQ| ≤ (t − 1) min(|MN |, |PQ|) + |PQ| = t · |PQ| ≤ t · |MN |

which contradicts the extended short-cutting lemma for the edge MN and the path MPQN .
◀

▶ Proposition 16. The number of spanner segments PQ that cross a segment AB of a
t-spanner and that have length within α · |AB| ≤ |PQ| ≤ β · |AB| is limited by[

2β(2β + 1)
α2 · 8t2

(t − 1)2

]2

where t is the spanner parameter.

Proof. Partition the area around AB with squares of edge length t−1
2

√
2t

· α|AB| with edges
parallel or perpendicular to AB. The area that an endpoint of a crossing segment can lie in
is a rectangle of size (2β + 1)|AB| by 2β|AB| (Figure 6). The total number of squares in
this area would be

2β(2β + 1)
α2 · 8t2

(t − 1)2 .

But for each crossing segment the pair of squares that contain the two endpoints of the
segment is unique. Otherwise two segments, e.g. MN and PQ, will have both endpoints at
the same pair, which means

max(|MP |, |NQ|) < (
√

2)( t − 1
2
√

2t
· α|AB|) = t − 1

2t
· α|AB| ≤ t − 1

2t
min(|MN |, |PQ|)

which cannot happen due to Lemma 15. So the total number of pairs, and hence the total
number of crossing segments, would be[

2β(2β + 1)
α2 · 8t2

(t − 1)2

]2

. ◀
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Figure 6 Partition of the area around AB.

In Proposition 16 both α and β can be chosen arbitrarily, and the bound is a strictly
increasing function of β and a strictly decreasing function of α. The bound tends to infinity
when β is large enough, and also when α is small enough. So it basically does not prove any
constant bound for the cases that edges are very small or very large. But for the edges of
almost the same length, it gives a constant upper bound.

Putting together the main results of Section 3 and Section 3.5 we can prove the following
bound for the number of intersections with not-relatively-small spanner segments.

▶ Theorem 17. Given a spanner segment AB in the Euclidean plane and a positive constant
ϵ, the number of edges of length at least ϵ·|AB| of the spanner that intersect AB is O( t12

ϵ4(t−1)8 ).

Proof. By Theorem 14 the number of intersections with edges PQ such that |PQ| ≥
3t(t+1)

t−1 |AB| is bounded by

C1 = 4t

(t − 1 − 2 sin(θ/2)) cos θ
+ 1 ∈ O( t

t − 1).

On the other side, putting α = ϵ and β = 3t(t+1)
t−1 into Proposition 16 implies that the number

of intersections with edges larger than AB and smaller than 3t(t+1)
t−1 |AB| is at most

C2 =
[

2
ϵ2

(
3t(t + 1)

t − 1

) (
23t(t + 1)

t − 1 + 1
) (

8t2

(t − 1)2

)]2

∈ O( t12

ϵ4(t − 1)8 ).

Hence the number of intersections with edges larger than AB is at most C1 + C2, which is
O( t12

ϵ4(t−1)8 ). ◀

In Section 3 we proved the number of intersections with sufficiently large edges is bounded
by a constant and now we completed the proof for all larger edges. In the full version of the
paper, we also show that the same argument does not work for intersections with arbitrarily
smaller edges, and we provide an example that shows there can be an arbitrarily large
number of intersections with smaller edges. This completes our analysis of the problem. In
the following section, we show some of the applications of this result, most importantly, the
sparsity of the crossing graph of the greedy spanner.
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4 Separators

In this section, we use the crossing bound that we proved in Theorem 17 to show that greedy
spanners have small separators. First, we start with the definition of degeneracy, which is a
measure of sparsity of a graph.

▶ Definition 18 (degeneracy). A graph G is called k-degenerate, if each subgraph of G has
a vertex of degree at most k. The smallest value of k for which a graph is k-degenerate is
called the degeneracy of the graph.

The first important consequence of Theorem 17 is the constant degeneracy of the crossing
graph of the greedy spanner, implying its sparsity and linearity of the number of edges, i.e.
crossing.

▶ Theorem 19. The crossing graph of a greedy t-spanner has a constant degeneracy.

Proof. In any subgraph of the crossing graph, by Theorem 17 the node corresponding to the
smallest edge has at most a constant number of neighbours. ◀

This, together with the result of [28] implies the existence of sublinear separators for
greedy spanners. A separator is a subset of vertices whose removal splits the graph into
smaller pieces. A sublinear separator is a sublinear number of vertices with the same
property. The splitting can be recursively performed on the smaller parts and a separator
hierarchy can be constructed in this way, which effectively helps in the design of new recursive
algorithms. The planarization of a graph, which is obtained by adding new vertices on the
edge intersections of the graph, would help us to find such hierarchy in linear time, otherwise,
a near-linear time algorithm would be used.

▶ Theorem 20. Greedy spanners have separators of size O(
√

n). Also, a separator hierarchy
for them can be constructed from their planarization in linear time.

Proof. By Theorem 19 the crossing graph of the greedy t-spanner has a constant degeneracy,
so by Theorem 6.9 of [28] they have separators of size O(

√
n). Also by the same theorem, a

separator hierarchy for them can be constructed from their planarization in linear time. ◀

One of the basic algorithms that can be improved using the separator hierarchy is
Dijkstra’s single-source shortest path algorithm, which runs in O(n log n) time on a graph
with n vertices. As a result of Theorem 20 linear algorithms exist for finding single-source
shortest path on greedy spanners, If the planarization has not already been found, it can be
constructed in time O(n log(i) n) for any constant i, where log(i) denotes the i-times iterated
logarithm, e.g. log(3) n = log log log n [27].

▶ Corollary 21. Single source shortest paths can be computed in time O(n log(i) n) on a
greedy spanner.

Proof. This follows from the planarization algorithm and from the existence and construction
of separators from planarizations by Corollary 6.10 of [28]. ◀

5 Conclusions

We have shown that greedy t-spanners in the plane have linearly many crossings, and that
the intersection graphs of their edges have bounded degeneracy but can have unbounded (and
even linear) degree. As a consequence, we proved that these graphs have small separators.
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Given these results, it is natural to ask whether higher-dimensional Euclidean greedy
t-spanners also have small separators. This cannot be achieved through bounds on crossings,
because in dimensions greater than two, graphs whose vertices are in general position can
have no crossings. We leave this question open for future research.
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On Ray Shooting for Triangles in 3-Space and
Related Problems
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Abstract
We consider several problems that involve lines in three dimensions, and present improved algorithms
for solving them. The problems include (i) ray shooting amid triangles in R3, (ii) reporting
intersections between query lines (segments, or rays) and input triangles, as well as approximately
counting the number of such intersections, (iii) computing the intersection of two nonconvex polyhedra,
(iv) detecting, counting, or reporting intersections in a set of lines in R3, and (v) output-sensitive
construction of an arrangement of triangles in three dimensions.

Our approach is based on the polynomial partitioning technique.
For example, our ray-shooting algorithm processes a set of n triangles in R3 into a data

structure for answering ray shooting queries amid the given triangles, which uses O(n3/2+ε) storage
and preprocessing, and answers a query in O(n1/2+ε) time, for any ε > 0. This is a significant
improvement over known results, obtained more than 25 years ago, in which, with this amount of
storage, the query time bound is roughly n5/8. The algorithms for the other problems have similar
performance bounds, with similar improvements over previous results.

We also derive a nontrivial improved tradeoff between storage and query time. Using it, we
obtain algorithms that answer m queries on n objects in

max
{

O(m2/3n5/6+ε + n1+ε), O(m5/6+εn2/3 + m1+ε)
}

time, for any ε > 0, again an improvement over the earlier bounds.
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1 Introduction

In this paper we consider several algorithmic problems that involve, explicitly or implicitly, a
finite set of lines in three dimensions. The main problems that we consider are:

(i) Ray shooting amid triangles in three dimensions. Given a set T of n triangles in R3,
preprocess T into a data structure that supports efficient ray-shooting queries, each of
which specifies a ray ρ and asks for the first triangle of T that is hit by ρ, if such a
triangle exists.
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(ii) Intersection reporting, emptiness, and approximate counting queries amid triangles in
three dimensions. For a set T of n triangles in R3, preprocess T into a data structure that
supports efficient intersection reporting (resp., emptiness) queries, each of which specifies
a line, ray, or segment ρ and asks for reporting the triangles of T that ρ intersects (resp.,
determining whether such a triangle exists). We want the queries to be output-sensitive,
whose cost is a small (sublinear) overhead plus a nearly linear term in the output size k.
For approximate counting queries, we want to preprocess T into a data structure, such
that given a query ρ as above, it computes the number of triangles of T that ρ intersects,
up to some prescribed small relative error.

(iii) Compute the intersection of two nonconvex polyhedra. The complexity of the intersection
can be quadratic in the complexities of the input polyhedra, and we therefore seek an
output-sensitive solution, where the running time is a small (subquadratic) overhead plus
a term that is nearly linear in k, where k is the complexity of the intersection.

(iv) Detect, count, or report intersections in a set of lines in 3-space. Again, in the reporting
version we seek an output-sensitive solution, as above.

(v) Output-sensitive construction of an arrangement of triangles in three dimensions.

All these problems, or variants thereof, have been considered in several works during the
1990s; see [3, 4, 11, 13, 14, 21, 23] for a sample of these works. See also Pellegrini [24] for a
recent comprehensive survey of the state of the art in this area.

Pellegrini [23] presents solutions to some of these problems, including efficient data
structures (albeit less efficient than ours) for the ray-shooting problem, and also (a) an
output-sensitive algorithm for computing the intersection of two nonconvex polyhedra in
time O(n8/5+ε + k log k), for any ε > 0, where n is the number of vertices, edges, and facets
of the two polyhedra and k is the (similarly defined) complexity of their intersection; (b)
an output-sensitive algorithm for constructing an arrangement of n triangles in 3-space in
O(n8/5+ε + k log k) time, where k is the output size; and (c) an algorithm that, in O(n8/5+ε)
expected time, counts all pairs of intersecting lines, in a set of n lines in 3-space.

Background. Algorithmic problems that involve lines in three dimensions have been studied
for more than 30 years, covering the problems mentioned above and several others. An early
study by McKenna and O’Rourke [22] has developed some of the tools and techniques for
tackling these problems. Various techniques for ray shooting, and for the related problems
of computing and verifying depth orders and hidden surface removal have been studied in
de Berg’s dissertation [13], and later by de Berg et al. [14]. Another work that developed
some of the infrastructure for these problems is by Chazelle et al. [11], who presented several
combinatorial and algorithmic results for problems involving lines in 3-space. Agarwal and
Matoušek [3] reduced ray shooting problems, via parametric search, to segment emptiness
problems (where the query is a segment and we want to determine whether it intersects any
input object), and obtained efficient solutions via this reduction. See also [21] and [4] for
studies of some additional and special cases of the ray shooting problem.

Most of the works cited above suffer from the “curse’ of the four-dimensionality of (the
parametric representation of) lines in space, which leads to algorithms whose complexity is
inferior to those obtained in our work. Nevertheless, there are a few instances where better
solutions can be obtained, such as in [10,11] and some other works.

Our results. Using the polynomial partitioning technique of [16,17], we derive more efficient
algorithms for the problems listed above. In our first main result, presented in Section 2, we
tackle the ray-shooting problem, and construct a data structure on an input set of n triangles,
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which requires O(n3/2+ε) storage and preprocessing, so that a ray shooting query can be
answered in O(n1/2+ε) time, for any ε > 0. We then extend the technique, in Section 3,
to obtain an equally-efficient data structure for the segment-triangle intersection reporting,
emptiness, and approximate counting problems, where in the case of reporting the query
time bound has an additional term that is nearly linear in the output size.

These are significant improvements over previous results, which, as already noted, have
treated the lines supporting the edges of the input triangles and the line supporting the
query ray (or segment) as points or surfaces in a suitable four-dimensional parametric space
(in many of the earlier works, lines were actually represented as points on the Klein quadric
in five-dimensional projective space; see [8, 19,24,26]). As a result, the algorithms obtained
by these techniques were less efficient.

A weakness, or rather an intriguing peculiarity, of our analysis is that it does not provide
a desirably sharp tradeoff between storage and query time. To make this statement more
precise, the tradeoff that the earlier solutions provide, say for the ray shooting problem for
specificity, is that, for n input triangles and with s storage, for s varying between n and
n4, a ray-shooting query takes O(n1+ε/s1/4) time; see, e.g., [24] (the “4” in the exponent
comes from the fact that lines in 3-space are represented as objects in four-dimensional
parametric space). Thus, with storage O(n3/2+ε), which is what our solution uses, the query
time becomes about O(n5/8), considerably weaker than our bound.

An ambitious, and maybe unrealistic goal would be to improve the tradeoff so that the
query time is only O(n1+ε/s1/3). (This does indeed coincide with the bound that our main
result gives, as the storage that it uses is O(n3/2+ε), but this coincidence only holds for this
amount of storage.) Although not achieving this goal, still, combining our technique with
the known, aforementioned “4-dimensional” tradeoff, we are able to obtain an “in between”
tradeoff, which we present in Section 4, where, with s storage, the query cost is

Q(n, s) =

O
(
n5/4+ε

s1/2

)
, s = O(n3/2+ε),

O
(
n4/5+ε

s1/5

)
, s = Ω(n3/2+ε).

(1)

Note that this tradeoff contains our bounds (s,Q) =
(
O(n3/2+ε), O(n1/2+ε)

)
, as a special

case, that at the extreme ends s = Θ(n), s = Θ(n4), of the range of s we get Q = O(n3/4+ε),
Q = O(nε), respectively,1 as in the older tradeoff, and that the new tradeoff is better for
any in-between value of s. A comparison between the two tradeoffs is illustrated in Figure 1.
Our improved tradeoff applies to all the problems studied in this paper: the overall cost of
processing m queries with n input objects, including preprocessing cost, is

max
{
O(m2/3n5/6+ε + n1+ε), O(n2/3m5/6+ε +m1+ε)

}
, (2)

for any ε > 0; for the output-sensitive problems, this bounds the total overhead cost. The
first (resp., second) bound dominates when n ≥ m (resp., n ≤ m).

We then present, in Section 5, extensions of our technique for solving the other problems
(iii), (iv) and (v) listed above. In all these applications, our algorithms are output-sensitive
for the reporting versions, so that the query time bound, or the full processing cost bound,
contains an additional term that is nearly linear in the output size. See Section 5.

Due to lack of space, many details of the above results are omitted in this version. They
can all be found in the full version [15].

1 The actual query time in the older tradeoff, with maximum storage, is Q = O(log n).
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Figure 1 The old tradeoff (green) and the new tradeoff (red). The x-axis is the storage as a
function of n, and the y-axis is the query cost. Both axes are drawn in a logarithmic scale.

2 Ray shooting amid triangles

Let T be a collection of n triangles in R3. We fix some sufficiently large constant parameter
D, and construct a partitioning polynomial f of degree O(D) for T , so that each of the
O(D3) connected components τ of R3 \Z(f) (the cells of the partition) is crossed by at most
n/D2 triangle edges. We refer to triangles with an edge that crosses τ as narrow triangles
(with respect to τ), and refer to the remaining triangles that cross τ (but none of their edges
do) as wide triangles. We denote the set of narrow (resp., wide) triangles in τ by Nτ (resp.,
Wτ ). The existence of such a partitioning polynomial is implied, as a special case, by the
general machinery developed in Guth [16]. An algorithm for constructing f is given in a
recent work of Agarwal et al. [2]. It runs in O(n) time, for any constant value of D, where
the constant of proportionality depends (polynomially) on D.

For technical reasons, we want to turn any query ray into a bounded segment, and we do
it by enclosing all the triangles of T by a sufficiently large bounding box B0, and by clipping
any query ray to its portion within B0.

For each (bounded) cell τ ⊆ B0 of the partition, we take the set Wτ of wide triangles in
τ , and prepare a data structure for efficient segment-shooting queries into the triangles of
Wτ , by segments that are fully contained in τ . The nontrivial details of this procedure are
given in Section 2.1. As we show there, we can construct such a structure with storage and
preprocessing O(|Wτ |3/2+ε) = O(n3/2+ε), for any ε > 0 (where the choice of D depends on
ε), and each segment-shooting query takes O(|Wτ |1/2+ε) = O(n1/2+ε) time.

The preprocessing then recurses within each such cell τ of the partition, with the set Nτ

of the narrow triangles in τ . The recursion terminates when the number of input triangles
becomes smaller than the constant threshold n0 := O(D2), in which case we simply output
the list of triangles in the subproblem.

A query, with a ray (now turned into a segment) ρ, emanating from a point q, is answered
as follows. We first consider the case where ρ (that is, the line containing ρ) is not fully
contained in Z(f), and discuss the (simpler, albeit still involved) case where ρ ⊂ Z(f), later.

The case where ρ ̸⊂ Z(f). We use a standard model of algebraic computation, in
which computations involving polynomials of constant degree, such as computing (some
discrete representation of) their roots, performing comparisons and algebraic computations
(of constant degree) with these roots, and so on, can be done exactly in constant time C(δ),
that depends on the degree δ of the polynomial; see, e.g., [6, 7].
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Using this model, we first locate the cell of the partition that contains the starting
endpoint q of the segment ρ, in constant time (recalling that D is a constant). One way of
doing this is to construct the cylindrical algebraic decomposition (CAD) of Z(f) (see [12,25]),
associate with each cell σ of the CAD the cell of R3 \ Z(f) that contains it (or an indication
that σ is contained in Z(f)), and then search with q in the CAD, coordinate by coordinate
(see, e.g., [2] for more details). We then find, in constant time, the t = O(D) points of
intersection of ρ with Z(f), and sort them into a sequence P := (p1, . . . , pt) in their order
along ρ; we assume that pt ∈ ∂B0, and ignore the suffix of ρ from pt onwards. The points in
P partition ρ into a sequence of segments, each of which is a connected component of the
intersection of ρ with some cell. The first segment is e1 = qp1, the subsequent segments are
e2 = p1p2, e3 = p2p3, . . . , et = pt−1pt. We denote by τi the cell containing the i-th segment,
for i = 1, . . . , t (a cell can appear several times in this sequence). See Figure 2.

pt

B0

q p1

p2

Z(f)

Figure 2 A two-dimensional rendering of the the general structure of the ray-shooting mechanism.

We now process the segments ei in order. For each segment ei, let τi denote the partition
cell that contains ei. We first perform a ray-shooting (or rather a segment-shooting) query
in the structure for Wτi

with the segment ei. As already mentioned (and will be described
in Section 2.1), this step can be performed in O(n1/2+ε) time, with O(n3/2+ε) storage
and preprocessing, for any ε > 0. We then query with ei in the substructure recursively
constructed for Nτi . If at least one of the two queries succeeds, i.e., outputs a point that
lies on ei, we report the point nearest to the starting point of ei, and terminate the whole
query. If both queries fail, we proceed to the next segment ei+1 and repeat this step. If the
mechanism fails for all the segments, we report that ρ does not hit any triangle of T .

The case where ρ ⊂ Z(f). We use the cylindrical algebraic decomposition (CAD) of
Z(f) (see [12, 25]), already discussed earlier. One of its by-products is a stratification of
Z(f), which is a decomposition of Z(f) into pairwise disjoint relatively open patches of
dimensions 0, 1, and 2, called strata (each stratum is a cell of the CAD), so that each of the
two-dimensional strata is xy-monotone and its relative interior is free of any singularities
of Z(f), and Z(f) is the union of the closures of these two-dimensional strata, ignoring
possible components of Z(f) of dimension at most 1. We compute the intersection arcs
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γ∆ := Z(f) ∩ ∆, for ∆ ∈ T , and distribute each arc amid the closures of the two-dimensional
strata that it traverses. We then project the closure of each two-dimensional stratum σ onto
the xy-plane, including the portions of the arcs γ∆ that the closure contains, and preprocess
the resulting collection of O(n) algebraic arcs, each of degree O(D) = O(1), into a planar
ray-shooting data structure, whose details are omitted in this version, and can be found in
the full version [15].2 As we show there, we can answer a ray-shooting query in O(n1/2+ε)
time, using O(n3/2+ε) storage, for any ε > 0, where the constants of proportionality depend
on ε, as does the choice of D. The overall storage complexity, over all the (projected) strata
of Z(f), is thus O(n3/2+ε), and the overall query time, over all strata met by the query ray
ρ, is O(n1/2+ε), for a larger constant of proportionality (that depends on ε).

The recursion on D terminates when the query ray comes to lie on the zero set of the
current partitioning polynomial. We solve the problem in such a recursive instance using
a (nonrecursive) procedure, as detailed in the full version [15], and terminate the (current
branch of the) recursion. That is, the leaves of the D-recursion tree represent either constant-
size subproblems or subproblems on the zero set of the current partitioning polynomial, and
the inner nodes represent subproblems of shooting within the partition cells.

Analysis. The correctness of the procedure is fairly easy to establish. Denote by S(n) the
maximum storage used by the structure for a set of at most n triangles, and denote by
S0(n) (resp., S1(n)) the maximum storage used by the auxiliary structure for a set of at
most n wide triangles in a cell of the partition, as analyzed in Section 2.1 (resp., for a set of
at most n intersection arcs on Z(f), which we process for planar ray-shooting (see the full
version [15]). Then S(n) obeys the recurrence

S(n) = O(D3)S0(n) + S1(n) +O(D3)S(n/D2), (3)

for n > n0, and S(n) = O(n) for n ≤ n0, where n0 := cD2, for a suitable constant c ≥ 1. We
show, in the respective Section 2.1 and the full version [15], that S0(n) = O(n3/2+ε) and
S1(n) = O(n3/2+ε), for any ε > 0, where both constants of proportionality depend on D

and ε, from which one can easily show that the solution of (3) is S(n) = O(n3/2+ε), for a
slightly larger, but still arbitrarily small ε > 0; to achieve this bound, we need to take D to
be 2Θ(1/ε), as will follow from our analysis. Regarding the bound on the preprocessing time
T (n), we obtain a similar recurrence as in (3), namely,

T (n) = O(n) +O(D3)T0(n) + T1(n) +O(D3)T (n/D2),

where the non-recursive linear term is the time to compute the polynomial f , and T0(n),
T1(n) are defined in an analogous manner as above, and have similar upper bounds as S0(n),
S1(n) (see Section 2.1 and the full version [15]).

Similarly, denote by Q(n) the maximum query time for a set of at most n triangles, and
denote by Q0(n) (resp., Q1(n)) the maximum query time in the auxiliary structure for a set
of at most n wide triangles in a cell of the partition (resp., for a set of at most n intersection
arcs within Z(f), when the query ray lies on Z(f)). Then Q(n) obeys the recurrence (recall
that the recursion terminates when the query ray lies on the zero set)

Q(n) = max
{
O(D)Q0(n) +O(D)Q(n/D2), Q1(n)

}
, (4)

2 This specific planar ray-shooting problem, amid constant-degree algebraic arcs, has not received full
attention in the past, although several algorithms have been proposed, mostly with suboptimal solutions.
Consult, e.g., Table 2 in Agarwal [1]; see also [5, 20].
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for n > n0, and Q(n) = O(n) = O(1) for n ≤ n0. Again, the analysis in Section 2.1 and the
full version [15] shows that Q0(n) = Q1(n) = O(n1/2+ε), for any ε > 0 (where the choice of
D depends on ε, as above), from which one can easily show, using induction on n, that the
solution of (4) is Q(n) = O(n1/2+ε), for a slightly larger but still arbitrarily small ε > 0. The
main result of this section is therefore:

▶ Theorem 1. Given a set T of n triangles in three dimensions, and a prescribed parameter
ε > 0, we can process T into a data structure of size O(n3/2+ε), in time O(n3/2+ε), so that
a ray shooting query amid these triangles can be answered in O(n1/2+ε) time.

2.1 Ray shooting into wide triangles

Preliminaries. In this subsection we present and analyze our procedure for ray shooting in
the set Wτ of the wide triangles in a cell τ of the partition. We then present, only in the
full version [15], a different approach that yields a procedure for ray shooting within Z(f).
Both procedures have the performance bounds stated in Theorem 1. The efficiency of our
structures depends on D being a constant, since the constants of proportionality depend
polynomially (and rather poorly) on D.

We thus focus now on ray shooting in a set of wide triangles within a three-dimensional
cell τ of the partition. To appreciate the difficulty in solving this subproblem, we make the
following observation. A simple-minded approach might be to replace each wide triangle
∆ ∈ Wτ by the plane h∆ supporting it. Denoting the set of these planes as Hτ , we could
then preprocess Hτ for ray-shooting queries, each of which specifies a query ray ζ and asks
for the first intersection of ζ with the planes of Hτ . Using standard machinery (see, e.g. [1]),
this would result in an algorithm with the performance bounds that we want. However, this
approach is problematic, since, even though ∆ is wide in τ , h∆ could intersect τ in several
connected components, some of which lie outside ∆. See Figure 3 for an illustration. In
such cases, ray shooting amid the planes in Hτ is not equivalent to ray shooting amid the
triangles of Wτ , even for rays, or rather portions thereof, that are contained in τ .

τ

∆

h∆

ζ

Figure 3 Wide triangles cannot be replaced by their supporting planes for ray shooting within τ .

Our solution is therefore more involved, and proceeds as follows.
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Canonical sets of wide triangles. Consider first, for exposition sake, the case where the
starting point of the shooting segment lies on ∂τ (the terminal point always lies on ∂τ). As
we will show, for each such segment query, the set of wide triangles in Wτ that it intersects
can be decomposed into a small collection of precomputed “canonical” subsets, where in each
canonical set the wide triangles can be treated as planes (for that particular query segment).
The overall size of these sets, over all possible segment queries, is O(n3/2+ε), for any ε > 0.

Actually, to prepare for the complementary case, where the starting point of the query
segment lies inside τ , we calibrate our algorithm, so that we control the storage that it uses,
and consequently also the query time bound. We introduce a storage parameter s, which
can range between n and n2, as a second input to our procedure, and then require that the
actual storage and preprocessing cost be both O(s1+ε), for any ε > 0. This relaxed notion of
storage offers some simplification in the analysis.

For each ∆ ∈ Wτ , let γ∆ denote the intersection curve of ∆ with ∂τ . Note that γ∆ does
not have to be connected – it can have up to O(D2) connected components, by Harnack’s
curve theorem [18] (applied on the plane containing ∆). Note also that ∂τ does not have to
be connected, so γ∆ can have nonempty components on different connected components of
∂τ , as well as several components on the same connected component of ∂τ .

We construct the locus Sτ of points on ∂τ that are either singular points of Z(f) or
points with z-vertical tangency. Since D is constant, Sτ is a curve of constant degree (by
Bézout’s theorem, its degree is O(D2)). We take a random sample R of r0 triangles of Wτ ,
where the analysis dictates that we choose r0 = DΘ(1/ε), for the arbitrarily small prescribed
ε > 0. Since we have chosen D to be 2Θ(1/ε), the actual choice of r0 is 2Θ(1/ε2).

Let ΓR = {γ∆ | ∆ ∈ R}, and let A0 = A(ΓR ∪ {Sτ}) denote the arrangement of these
curves within ∂τ , together with Sτ . By construction, each face of A0 is xy-monotone and
does not cross any other branch of Z(f) (at a singular point). We partition each face φ of
A0 into pseudo-trapezoids (called trapezoids for short), using a suitably adapted version
of a two-dimensional vertical decomposition scheme. Let A∗

0 denote the collection of these
trapezoids on ∂τ . The number of trapezoids in A∗

0 is proportional to the complexity of A0,
which is OD(r2

0) = O(1).
We assume that the trapezoids are relatively open. For exposition sake, we only handle

here two-dimensional trapezoids; lower-dimensional boundary features are handled in the
full version [15]. Let ψ1, ψ2 be two distinct trapezoids of A∗

0. Let S(ψ1, ψ2) denote the
collection of all segments e such that one endpoint of e lies in ψ1, the other endpoint lies in
ψ2, and the relative interior of e is fully contained in the open cell τ . We can parameterize
such a segment e by four real parameters, two for the starting endpoint of e and two for its
other endpoint. Denote by F the corresponding (at most) four-dimensional parametric space.
Since each of τ , ψ1, ψ2 is of constant complexity, S(ψ1, ψ2) is a semi-algebraic set in F of
constant complexity, implicitly expressed by the quantified formula

S(ψ1, ψ2) = {(p1, p2) | p1 ∈ ψ1, p2 ∈ ψ2, and p1p2 ⊂ τ},

where p1p2 denotes the line-segment connecting p1 to p2. Using the singly exponential
quantifier-elimination algorithm in [7, Theorem 14.16], we can construct, in OD(1) time, a
quantifier-free semi-algebraic representation of S(ψ1, ψ2) of OD(1) complexity, and we can
decompose S(ψ1, ψ2) into its connected components, in OD(1) time as well.

For each segment e ∈ S(ψ1, ψ2), let T (e) denote the set of all wide triangles of Wτ that e
crosses. We have the following technical lemma, whose proof can be found in [15].

▶ Lemma 2. In the above notations, each connected component C of S(ψ1, ψ2) can be
associated with a fixed set TC of wide triangles of Wτ , none of which crosses ψ1 ∪ψ2, so that,
for each segment e ∈ C, TC ⊆ T (e), and each triangle in T (e) \ TC crosses either ψ1 or ψ2.
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The collection of all these sets TC , over all connected components C, and all pairs of
trapezoids (ψ1, ψ2), is part of the whole output collection of canonical sets over τ ; the rest of
this collection is constructed recursively over the trapezoids ψ of A∗

0.

The algorithm. For each trapezoid ψ of A∗
0, the conflict list Kψ of ψ is the set of all wide

triangles that cross ψ. By standard random sampling arguments [9], with high probability,
the size of each Kψ is OD

(
n
r0

log r0

)
. (Special cases, involving lower-dimensional boundary

features and triangles fully containing trapezoids, are handled in the full version [15].)
For every pair of trapezoids ψ1, ψ2, we compute S(ψ1, ψ2) and decompose it into its

connected components. We pick some arbitrary but fixed segment e0 from each component
C, compute the set T (e0) of the wide triangles that cross e0, and remove from it any triangle
that crosses ψ1 ∪ ψ2, thereby obtaining the set TC . All this takes OD(r4

0n) = OD(n) time,
and the overall size of the produced canonical sets is also OD(n).

Let s be the storage parameter associated with the problem, as defined earlier, and recall
that we require that n ≤ s ≤ n2. Each canonical set TC is preprocessed into a data structure
that supports ray shooting in the set of planes HC = {h∆ | ∆ ∈ TC}, where h∆ is the
plane supporting ∆. We construct these structures so that they use O(s1+ε) storage (and
preprocessing), for any ε > 0, and a query takes O(n polylog(n)/s1/3) time (see, e.g., [1]).

We now recurse on each conflict list Kψ, over all trapezoids ψ of A∗
0. Each subproblem uses

the same parameter r0, but now the storage parameter that we allocate to each subproblem
is only s/r2

0. We keep recursing until we reach conflict lists of size close to n2/s. More
precisely, after j levels of recursion, we get a total of at most (c0r

2
0)j = cj0r

2j
0 subproblems,

each involving at most
(
c1 log r0
r0

)j
n wide triangles, for some constants c0, c1 that depend on

D, and thus on ε, but are considerably smaller than r0 = DΘ(1/ε).
We stop the recursion at the first level j∗ at which (c1r0 log r0)j∗ ≥ s/n. As a result, we

have r0
j∗ ≤ s/n, and we get cj

∗

0 r
2j∗

0 = O(s2/n2−ε) subproblems, for any ε > 0, where the
choice of D (and therefore also of c0, c1 and r0) depends, as above, on ε. With a suitable
choice of D, each of these subproblems involves at most(

c1 log r0

r0

)j∗

n =
(

(c1 log r0)2

c1r0 log r0

)j∗

n ≤ (c1 log r0)2j∗
· n

2

s
= n2+ε

s

triangles, for any ε > 0. Hence the overall size of the inputs and of the canonical sets, at all

recursive subproblems, is O
(

s2

n2−ε

)
· n

2+ε

s
= O(sn2ε) = O(s1+ε), for a slightly larger ε > 0.

Note that the canonical sets that we encounter when querying with a fixed segment e are
not necessarily pairwise disjoint. This is because the sets Kψ1 and Kψ2 are not necessarily
disjoint (they are disjoint of TC , though). This does not pose a problem for ray shooting
queries, but will be problematic for counting queries; see Section 3.

At the bottom of the recursion, each subproblem contains at most n2+ε/s wide triangles,
which we merely store in the structure. As just calculated, the overall storage that this
requires is O(s1+ε), for a slightly larger ε, as above. We obtain the following recurrence for
the overall storage S(NW , sW ) for the structure constructed on NW wide triangles, where
sW denotes the storage parameter allocated to the structure (at the root NW = n, sW = s).

S(NW , sW ) =
{

OD(r4
0s

1+ε
W ) + c0r

2
0S
(
c1NW log r0

r0
, sW

r2
0

)
for NW ≥ n2+ε/s,

O(NW ) for NW < n2+ε/s.

}

Throughout the recursion we have NW ≤ sW ≤ N2
W (see the full version for details).
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Unfolding the first recurrence up to the terminal level j∗, where NW < n2+ε/s, the sum
of the nonrecursive overhead terms OD(r4

0s
1+ε
W ), over all nodes at a fixed level j, is

cj0r
2j
0 ·O

(
s1+ε
W

r
2j(1+ε)
0

)
= O

(
cj0
r2jε

0
s1+ε
W

)
= O

(
s1+ε
W

)
,

by the choice of r0. Hence, starting the recurrence at (NW , sw) = (n, s), the overall
contribution of the overhead terms (over the logarithmically many levels) is O(s1+ε), for
a slightly larger ε. At the bottom of recurrence, we have, as already noted, O(s2/n2−ε)
subproblems, each with at most O(n2+ε/s) triangles, so the sum of the terms NW at the
bottom of recurrence is also O(s1+ε). In other words, the overall storage used by the data
structure is O(s1+ε). Using similar considerations, one can show that the overall preprocessing
time is O(s1+ε) as well, since the time obeys essentially the same recurrence.

Answering a query. To perform a query with a segment e that starts at a point a (that
lies anywhere inside τ), we extend e from a backwards, find the first intersection point a′

of the resulting backward ray with ∂τ , and denote by e′ the segment that starts at a′ and
contains e. See Figure 4 for an illustration. This takes OD(1) time. This step is vacuous
when e starts on ∂τ , in which case we have e′ = e.

τ

e

a

a′

e′

Figure 4 Segment shooting from inside the cell τ : Extending the segment backwards and the resulting
canonical set of triangles.

We find the pair of trapezoids ψ1, ψ2 that contain the endpoints of e′, find the connected
component C ⊆ S(ψ1, ψ2) that contains e′, and retrieve the canonical set TC . We then
perform segment shooting along e from a in the structure constructed for HC , and then
continue recursively in the subproblems for Kψ1 and Kψ2 . We output the triangle that e
hits nearest to a, or else report that e does not hit any wide triangle inside τ . See the full
version [15] for the case where both endpoints of e′ lie in the same trapezoid ψ.

The correctness of the procedure follows from the fact that e′ intersects all the triangles
of TC , and thus replacing these triangles by their supporting planes cannot produce any new
(false) intersection of any of these triangles with e, and any other wide triangle that e hits
must belong to Kψ1 ∪Kψ2 .

The query time Q(NW , sW ) satisfies the recurrence

Q(NW , sW ) =

 OD(1) + O

(
NW polylog(NW )

s
1/3
W

)
+ 2Q

(
c1NW log r0

r0
, sW

r2
0

)
for NW ≥ n2+ε/s,

O(NW ) for NW < n2+ε/s.

 .
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Unfolding the first recurrence, we see that when we pass from some recursive level to the
next one, we get two descendant subproblems from each recursive instance, and the term
NWpolylog(NW )/s1/3

W is replaced in each of them by the (upper bound) term
c1NW log r0

r0(
sW

r2
0

)1/3 · polylog(NW ) = c1 log r0

r
1/3
0

· NWpolylog(NW )
s

1/3
W

.

Hence the overall bound for the nonrecursive overhead terms in the unfolding, starting from
(NW , sW ) = (n, s), is at most

O

∑
j≥0

(
2c1 log r0

r
1/3
0

)j · n polylog(n)
s1/3 = O

(
n polylog(n)

s1/3

)
,

provided that r0 is sufficiently large. Adding the cost at the 2j∗ subproblems at the bottom
level j∗ of the recursion, where the cost of each subproblem is at most n2+ε/s, gives an
overall bound for the query time of

Q(n, s) = O

(
n polylog(n)

s1/3 + n2+ε

s

)
. (5)

Starting with s = n3/2, the query time is O(n1/2+ε). We thus obtain

▶ Proposition 3. For a (bounded) cell τ of the polynomial partition, and a set W of n wide
triangles in τ , one can construct a data structure of size and preprocessing cost O(n3/2+ε), so
that a segment-shooting query within τ , from any starting point, can be answered in O(n1/2+ε)
time, for any ε > 0.

See the full version [15] for the case where the query ray lies in Z(f). We show:

▶ Proposition 4. For a partitioning polynomial f of sufficiently large constant degree, and
a set W of n triangles, one can construct a data structure of size and preprocessing cost
O(n3/2+ε), so that a segment-shooting query with a segment that lies in Z(f), can be answered
in O(n1/2+ε) time, for any ε > 0.

As already concluded, Propositions 3 and 4 complete the proof of Theorem 1.

3 Segment-triangle intersection reporting, emptiness, and
approximate counting queries

We extend the technique presented in Section 2 to answer intersection reporting queries
amid triangles in R3. Here too we have a set T of n triangles in R3, and our goal is to
preprocess T into a data structure that supports efficient intersection queries, each of which
specifies a line, ray or segment ρ and asks for reporting the triangles of T that ρ intersects.
In particular, this data structure also supports segment emptiness queries, in which we want
to determine whether the query segment meets any input triangle. We obtain the following
result, whose proof is given in the full version [15].

▶ Theorem 5. Given a collection of n triangles in three dimensions, and a prescribed
parameter ε > 0, we can process the triangles into a data structure of size O(n3/2+ε), in
time O(n3/2+ε), so that a segment-intersection reporting (resp., emptiness) query amid these
triangles can be answered in O(n1/2+ε + k log n) (resp., O(n1/2+ε)) time, where k is the
number of triangles that the query segment crosses.
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Unfortunately, for technical reasons, the method does not extend to segment-triangle
intersection (exact) counting queries, in which we want to find the (exact) number of triangles
that intersect a query segment (or a line or a ray). Briefly, this arises because the canonical
sets that a query segment collects are not necessarily pairwise disjoint. As a “compensation”,
we present a partial solution, which supports queries that approximately count the number of
intersections, up to any prescribed relative error ε > 0. Specifically, we obtain the following
result, whose proof is given in the full version [15].

▶ Theorem 6. Given a collection of n triangles in three dimensions, and prescribed parameters
ε, δ > 0, where δ = ω(1/nε), we can process the triangles, using random sampling, into a data
structure of size O(n3/2+ε), in time O(n3/2+ε), so that, for a query segment e, the number
of intersections of e with the input triangles can be approximately computed, up to a relative
error of 1 ± δ, with very high probability, in O(n1/2+ε) time.

4 Tradeoff between storage and query time

In this section, spelled out in the full version [15], we extend the technique in Sections 2
and 3 to obtain a tradeoff between storage (and preprocessing) and query time. A similar
tradeoff holds for the problems in Section 5.

Briefly, consider the ray-shooting structure of Section 2, and let s be the storage parameter
that we allocate to it, which now satisfies n ≤ s ≤ n4. We modify the procedure for ray
shooting inside a cell τ by (i) stopping the r0-recursion at some earlier “premature” level,
and (ii) modifying the structure at the bottom of recursion so that it uses the (weaker)
ray-shooting technique of Pellegrini [23], instead of a brute-force scanning of the triangles
(the current cost of O(n2/s) is too expensive when s is small). With additional care, we
obtain the performance bounds (1) and (2) announced in the introduction.

5 Other applications

5.1 Detecting, counting or reporting line intersections in R3

It is more convenient, albeit not necessary, to consider the bichromatic version of the problem,
in which we are given a set R of n red lines and a set B of n blue lines in R3, and the
detection problem asks whether there exists a pair of intersecting lines in R×B.

An algorithm that solves this problem in O(n3/2+ε) time is easily obtained by regarding
the problem as a special degenerate (and much simpler) instance of the ray shooting problem,
in which we regard the, say red lines as degenerate triangles (unbounded and of zero area),
construct the data structure of Section 2 and query it with each of the blue lines. There
exists a red-blue pair of intersecting lines if and only if at least one query has a positive
outcome – the corresponding blue query line hits a red line.

Since there are no wide triangles in this special variant, there is no need to construct the
auxiliary data structure for wide triangles, as in Section 2.1, and we simply construct the
recursive hierarchy of polynomial partitions, with the subset of red lines associated with each
cell in each subproblem. A blue query line ℓ is propagated through the cells that it crosses
until it reaches bottom-level cells, and we check, in each such cell, whether ℓ intersects any
of the red lines associated with the cell.

Handling lines that lie fully in the zero set Z(f) is also an easy task (which can be
performed using planar segment-intersection range searching, which also supports counting
queries); further details are omitted.
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Both correctness and runtime analysis follow easily, as special and simpler instances of
the analysis in Section 2. Note that here we do not face the issue of non-disjointness of
canonical sets of wide triangles, which has prevented us from extending the technique to
segment-triangle intersection counting problems; see Section 3.

5.2 Computing the intersection of two polyhedra
Let K1 and K2 be two polyhedra in 3-space, not necessarily convex, each with n edges (so
the number of vertices and faces of each of them is O(n)). The goal is to compute their
intersection K := K1 ∩K2 in an output-sensitive manner. We note that computing the union
K1 ∪K2 can be done using a very similar approach, within the same time bound.

Details of the procedure are given in the full version [15]. Briefly, the main step is
to compute all the vertices of K, each of which is either a vertex of K1 or of K2, or an
intersection of an edge of one polyhedron and a face of the other. The vertices of the latter
type are readily obtain by applying the segment intersection reporting algorithm of Section 3,
twice, with the (triangulated) faces of one polyhedron as input and the edges of the other as
queries. See [15] for the complete algorithm, which yields:

▶ Corollary 7. Given two arbitrary polyhedra K1 and K2 each of complexity O(n), we can
compute K1 ∩K2 in time O(n3/2+ε + k log k), where k is the size of the intersection.

As discussed in the introduction, the overhead term of Pellegrini [23] was O(n8/5+ε).

5.3 Output-sensitive construction of an arrangement of triangles
Let T be a set of n possibly intersecting triangles in R3, let A = A(T ) denote their
arrangement, and let k denote its complexity, which, as in Section 5.2, we measure by
the number of its vertices, as the number of its other features (edges, faces, and cells) is
proportional to k. The goal is to construct A in an output-sensitive manner with a small,
subquadratic overhead. Pellegrini [23] gave such an algorithm that runs in O(n8/5+ε+k log n),
and the algorithm that we present here reduces the overhead to O(n3/2+ε) time.

As in the previous subsection, we focus on the main step of the algorithm that constructs
the features of A (vertices, edges, and faces) on each triangle of T . The other, simpler
complementary steps are discussed in the full version.

Fix a triangle ∆ ∈ T . We first construct the set of intersection segments ∆ ∩ ∆′, for
∆′ ∈ T \ {∆}. We observe that, for any such segment e = ∆ ∩ ∆′, each endpoint of e is
either a vertex of ∆, or an intersection of an edge of one triangle with the other triangle.

We therefore take the collection of the 3n edges of the triangles of T , and, for each such
edge e, apply Theorem 5, which reports all ke triangles that e meets. This identifies all the
intersection segments ∆ ∩ ∆′. We then take all the intersection segments within a fixed
triangle ∆, and run a sweepline procedure within ∆ to obtain the portion of A on ∆. Gluing
these portions to each other, and some additional steps, complete the construction of A.

6 Conclusion

In this paper we have managed to improve the performance of ray shooting amid triangles in
three dimensions, as well as of several related problems. The improvement is based on the
polynomial partitioning technique of Guth. The improvement is most significant when the
storage is about n3/2 and the query takes about n1/2 time, but one gets an improvement for
all values of the storage between n and n4, except at the very ends of this range. This is a
significant improvement, the first in nearly 30 years, in this basic problem.

SoCG 2021
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There are several open questions that our work raises. First, can we improve our tradeoff
for all values of storage, beyond the special values of O(n3/2+ε) storage and O(n1/2+ε) query
time? Ideally, can we obtain query time of O(n1+ε/s1/3), with s storage, as in the case of
ray shooting amid planes? Alternatively, can one establish a lower-bound argument that
shows the limitations of our technique?

Another open issue follows from our current inability to extend the technique to counting
queries, due to the fact that the canonical sets that we collect during a query are not necessarily
pairwise disjoint. It would be interesting to obtain such an extension, or, alternatively, to
establish a gap between the performances of the counting and reporting versions of the
segment intersection query problem.

Finally, could one obtain similar bounds for non-flat input objects? for shooting along
non-straight curves? It would also be interesting to find additional applications of the general
technique developed in this paper.
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Abstract
We show that the maximum number of pairwise non-overlapping k-rich lenses (lenses formed by
at least k circles) in an arrangement of n circles in the plane is O(n3/2 log(n/k3)k−5/2 + n/k), and
the sum of the degrees of the lenses of such a family (where the degree of a lens is the number of
circles that form it) is O(n3/2 log(n/k3)k−3/2 + n). Two independent proofs of these bounds are
given, each interesting in its own right (so we believe). We then show that these bounds lead to the
known bound of Agarwal et al. (JACM 2004) and Marcus and Tardos (JCTA 2006) on the number
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1 Introduction

Let C be a set of circles in the plane. A lens in the arrangement A(C) consists of a pair of
distinct points p, q and a set of circles C ′ ⊂ C, each of which contain p and q. We will denote
a lens by λp,q(C ′). We say that two lenses λp,q(C ′) and λs,t(C ′′) are overlapping if there is a
circle c ∈ C ′ ∩ C ′′ so that the shorter arc of c containing p and q intersects the shorter arc
of c containing s and t.1 If two lenses are not overlapping, we call them non-overlapping.
Finally, the degree of a lens λp,q(C ′) is the cardinality of C ′, and we say a lens is k-rich if it
has degree at least k.

1 This definition requires a small modification if either p, q or s, t are antipodal points of c; if p, q are
antipodal points of c, we say the corresponding lens overlaps every lens that contains c.
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35:2 On Rich Lenses in Arrangements of Circles

In this paper, we will be concerned with bounding the maximum size of a collection of
pairwise non-overlapping k-rich lenses determined by a set of n circles in the plane. As we
will see below, this question is closely related to the problem of lens cutting, which has a host
of applications in combinatorial geometry; chief among these is the problem of obtaining
incidence bounds for points and circles in the plane.

In [8] (sharpening a bound earlier obtained in [1, 3]) Marcus and Tardos proved that
if C is a set of n circles, then any set of pairwise non-overlapping 2-rich lenses in C has
cardinality O(n3/2 log n). Using standard random sampling techniques, this implies that any
set of pairwise non-overlapping k-rich lenses has cardinality O

(n3/2 log(n/k)
k3/2

)
. Our main result

considerably improves this bound.

▶ Theorem 1. Let C be a set of n circles in the plane, let k ≥ 2, and let Λ be a set of
pairwise non-overlapping k-rich lenses. Then |Λ| = O

(
n3/2 log (n/k3)

k5/2 + n
k

)
, and the sum of

the degrees of the lenses in Λ is O
(

n3/2 log (n/k3)
k3/2 + n

)
.

As mentioned, Theorem 1 was proved for the case k = O(1) by Marcus and Tardos [8].
When k is large, we will show that Theorem 1 can be recast as an incidence problem between
points and lines in R3. Crucially, we will show that only a few incidences of the type we
analyze can occur inside any plane, and this will allow us to use a variant of Guth and Katz’s
point-line incidence bound from [7] to prove Theorem 1 when k ≥ n1/3. The details of this
argument will be discussed in Section 2.

For intermediate values of k, we will give two proofs of Theorem 1. The first proof
yields the bounds stated above, and the second proof gives a sightly weaker bound, in which
the log (n/k3) factor is weakened to polylog n. Both of these proofs will use polynomial
partitioning to divide the arrangement C of circles into smaller sub-arrangements. This breaks
the problem of estimating |Λ| into many smaller sub-problems, with smaller corresponding
parameters n′ (for the number of circles) and k′ (for the richness). In the first proof, we will
construct our partitioning so that in each sub-problem we have k′ = 2, while in the second
proof we will construct our partitioning so that in each sub-problem we have2 k′ = (n′)1/3.
▶ Remark 2. When k ≥ n1/3 log2/3 n, Theorem 1 states that |Λ| = O(n/k). This bound is
tight, since we can choose C to be a union of n/k sets of circles, where each set of circles has
cardinality k and the circles in each set contain a common pair of points. For smaller values
of k we conjecture that the bound in Theorem 1 is not tight.

▶ Remark 3. Theorem 1 implies that the circles in C can be cut into O
(

n3/2 log (n/k3)
k3/2 + n

)
arcs, so that no pair of points is contained in k of the arcs, i.e., the resulting collection of
arcs do not form any k-rich lens. Combining this observation with a variant of Székely’s
crossing-lemma technique [12], yields a new proof that the number of incidences between m

points and n circles in the plane is (see Section 5):

O
(

m2/3n2/3 + m6/11n9/11 log2/11 n + m + n
)

.

This bound was first proved in [1, 8]. The point-circle incidence problem is among the most
basic problems in incidence geometry, and has been studied intensively during the first half of
the 2000’s [1, 3, 8], culminating in the bound above. This bound is strongly suspected not to
be tight for n1/3 ≤ m < n5/4 log3/2 n (which is the range where the second term dominates),

2 To simplify the presentation we ignore, throughout the paper, the issue of rounding non-integer values,
and regard any such value as being rounded to the nearest integer.
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but no improvement has been found in the last 15 years. While our result also does not yield
an improvement, it provides a new proof (two proofs as a matter of fact), and we hope that
this development will spur efforts to improve the above bound.

2 Preliminaries: The Case of Large or Small k

In this section we will prove Theorem 1 when k is small or k ≥ n1/3. As discussed above,
when k is small (smaller than some constant) then the result immediately follows from [8].

▶ Theorem 4 (Marcus and Tardos [8]). Let C be a set of n circles in the plane, let k ≥ 2,
and let Λ be a set of pairwise non-overlapping k-rich lenses in C. Then Λ has cardinality
O(n3/2 log n), and the sum of the degrees of the lenses in Λ is also O(n3/2 log n).

When k ≥ n1/3, Theorem 1 will follow from a variant of Guth and Katz’s point-line
incidence bound [7]. Before stating this result we will need to introduce some additional
notation. In what follows, C will be a set of circles in the plane, k ≥ 2, and Λ will be a set of
pairwise non-overlapping k-rich lenses in C. We define deg(Λ) to be the sum of the degrees
of the lenses in Λ. We say that a circle c ∈ C participates in a lens λp,q(C ′) ∈ Λ if c ∈ C ′.

We identify each circle c, with center (x, y) and radius r, with the point

c∗ = (x, y, r2 − x2 − y2)

in R3. We define C∗ = {c∗ | c ∈ C}, and identify each point p = (px, py) ∈ R2 with the plane

p∗ = {(x, y, z) | z = −2pxx − 2pyy + (p2
x + p2

y)}.

Observe that (x, y, r2 − x2 − y2) ∈ p∗ if and only if (x − px)2 + (y − py)2 = r2, i.e. the point
p is contained in the circle centered at (x, y) of radius r. We identify each lens λ = λp,q(C ′)
with the line λ∗ = p∗ ∩ q∗. Note that the lines p∗ ∩ q∗ and s∗ ∩ t∗ coincide if and only if
{p, q} = {s, t}, and therefore our setting does not contain coinciding lines.3 Define

Λ∗ = {λ∗ | λ ∈ Λ}.

For technical reasons, it will be convenient to require that no two distinct lenses in Λ share
the same pair {p, q} of endpoints, and thus the map λp,q(C ′) 7→ λ∗

p,q is injective on Λ, i.e.,
|Λ∗| = |Λ|. As we will see, this additional assumption is harmless, and we will discuss it
briefly in Remark 10 below. We define (“nov” is an abbreviation for “non-overlapping”)

Inov(Λ) = {(c∗, λ∗) | c ∈ C, λ ∈ Λ, c participates in λ}.

If the sets C and Λ are apparent from the context, we write Inov in place of Inov(Λ). Note
that |Inov| = deg(Λ). If (c∗, λ∗) ∈ Inov then c∗ ∈ λ∗. Thus Inov ⊂ I(C∗, Λ∗), where I(C∗, Λ∗)
denotes the set of all incidences between the points of C∗ and the lines of Λ∗. Note that
Inov may be a proper subset of I(C∗, Λ∗) due to the pairwise non-overlapping property of
the lenses in Λ. That is, a circle c might pass through the vertices p, q of λ but it does not
participate in λ because there is another lens λ′ ∈ Λ, in which c does participate, so that the
arc of c in λ′ overlaps its arc between p and q; see Figure 1 for an illustration.

3 This is because all planes of the form p∗ are tangent to the paraboloid Π : z = −x2 − y2. A line p∗ ∩ q∗

that is disjoint from Π is contained in exactly two such tangent planes, which determine p and q.
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Figure 1 The non-overlapping property may exclude some arcs from participating in a lens.

As a first attempt to bound |Inov|, observe that the Szemerédi-Trotter theorem [13]
implies that |Inov| = O(n2/3|Λ|2/3 + n + |Λ|), and thus, since each λ ∈ Λ is k-rich, we have,
when k is sufficiently large, |Λ| = O(n2/k3 + n/k). Unfortunately this bound is too weak to
prove Theorem 1. To strengthen the bound, we use a crucial property about non-overlapping
lenses, which implies that few of the incidences in Inov can concentrate in a plane.

▶ Lemma 5. Let C be a set of circles and let Λ be a set of pairwise non-overlapping lenses
in C. Let λ1, λ2, λ3 ∈ Λ be distinct lenses, and suppose that there is a circle c ∈ C that
participates in all three lenses, that is, (c∗, λ∗

i ) ∈ Inov for i = 1, 2, 3. Then λ∗
1, λ∗

2, λ∗
3 are not

coplanar.

Proof. Throughout the paper, |ab| denotes the length of the segment ab (the Euclidean
distance between a and b). The transformations c 7→ c∗ and λ 7→ λ∗ described above have
the following property. For each nonvertical plane h ⊂ R3 there exists a point w ∈ R2 and a
power4 π such that

h = {c∗ | c is a circle, and w has power π with respect to c}.

Next, suppose that λ∗
1, λ∗

2, λ∗
3 lie in a common nonvertical plane h (this plane must necessarily

contain c∗), and let w and π be the point and power associated with h. Let pi and qi be the
vertices of λi, for i = 1, 2, 3. It is then easy to see that w must lie on each of the lines (in the
xy-plane) through pi and qi, for i = 1, 2, 3, and the power π is ±|wpi| · |wqi|, where the sign
is positive (resp. negative) if w lies outside (resp. inside) the segment piqi; this is so because
any other point cannot have a fixed power with respect to all the circles c whose dual points
c∗ lie on λ∗

i . In other words, the lines through p1q1, p2q2, and p3q3 are concurrent and meet
at w. This however is impossible, because the circle c participates in all three lenses, which
implies, as is easily verified (see Figure 2), that at least two of the lenses λ1, λ2, λ3 must be
overlapping, a contradiction that completes the proof for nonvertical planes.

The situation is similar when h is vertical. In this case all the circles c for which c∗ ∈ h

are centered at points on the line ℓ of intersection of h with the xy-plane. For a lens λ = λp,q,
the associated line λ∗ is contained in h if and only if ℓ is the bisector of pq. Again, the fact
that the lenses of Λ are pairwise non-overlapping is easily seen to imply that a circle c can
contain at most two pairs p, q such that λp,q is a lens in L, with λ∗ ⊂ h, and c participates
in λp,q. Hence, λ∗

1, λ∗
2, λ∗

3 cannot all lie in h. ◀

Note that a point c∗ can be incident to arbitrarily many lines on a plane h, but Lemma 5
implies that at most two of them can contribute to Inov.

▶ Corollary 6. Let C be a set of circles and let Λ be a set of pairwise non-overlapping lenses
in C. Let h ⊂ R3 be a plane, and let C ′ ⊂ C∗ and L′ ⊂ Λ∗ be the set of points and lines
contained in h, respectively. Then

|Inov(Λ) ∩ I(C ′, L′)| ≤ 2|C ′|.

4 Recall that the power of a point w with respect to a circle c, centered at ξ and having radius r, is
|wξ|2 − r2.
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Figure 2 The lines in R3 corresponding to three pairwise non-overlapping lenses that share a
common circle, which participates in all three of them, cannot be coplanar. (They are not the lines
in the xy-plane drawn in the figure.)

Corollary 6 suggests that lines contained in a plane contribute few incidences to Inov.
Later in our arguments, we will need to study the contribution to Inov coming from lines
contained in an algebraic surface. The following lemma says that after removing a small
number of ill-behaved lines, the contribution to Inov is still small.

▶ Lemma 7. Let C be a set of circles and let Λ be a set of pairwise non-overlapping lenses in
C. Let P ∈ R[x, y, z] be a polynomial of degree D, and let L′ ⊂ Λ∗ be a set of lines contained
in the zero set Z(P ) of P . Then there is a set L′′ ⊂ L′ of cardinality at most 11D2, so that

|Inov(Λ) ∩ I(C∗ ∩ Z(P ), L′\L′′)| ≤ 2|C∗ ∩ Z(P )| + D|L′\L′′|.

Proof. This result follows immediately from the statements in Guth and Katz [7, Section 3],
so we just briefly sketch the proof. Write Z(P ) = Z(1) ∪ Z(2) ∪ Z(3) ∪ Z(4), where Z(1) is
a union of planes, Z(2) is a union of reguli, Z(3) is a union of irreducible surfaces that are
singly ruled by lines and are not planes or reguli, and Z(4) is the union of all irreducible
components of Z(P ) that are not ruled. Let L′′ be the set of lines contained in Z(4). By [7,
Corollary 3.3] we have |L′′| ≤ 11D2.

Let Z1, . . . , Zh be the irreducible components of Z(P ). For each index i = 1, . . . , h, let
C∗

i be the set of points c∗ ∈ C∗ that are contained in Zi and are not contained in any Zj

with j < i. Similarly, let Li be the set of lines ℓ ∈ L′\L′′ that are contained in Zi and are
not contained in any Zj with j < i (note that if the component Zi is not ruled, then by
definition Li is empty).

First, we count the number of incidences (c∗, ℓ) ∈ I(C∗ ∩ Z(P ), L′\L′′) for which c∗ ∈ Ci

and ℓ ∈ Lj with j ̸= i. For such an incidence, we must have that ℓ properly intersects Zi.
Thus there are at most (D − 1)|L′\L′′| incidences of this form.

Next we count the number of incidences (c∗, ℓ) ∈ I(C∗ ∩ Z(P ), L′\L′′) for which c∗ ∈ Ci

and ℓ ∈ Li. If Zi is a plane, then by Corollary 6, there are ≤ 2|C∗
i | incidences of this

type. If Zi is a regulus, and hence doubly ruled, then it immediately follows that there are
at most 2|C∗

i | incidences of this type. Finally, if Zi is singly ruled, then Zi has at most
one exceptional point (incident to infinitely many lines contained in Zi), and at most two
exceptional (non-generator) lines, in the terminology of [7], which then implies that there are
at most 2|C∗

i | + |Li| incidences of this type. Summing the above contributions, we conclude

|Inov ∩ I(C∗ ∩ Z(P ), L′\L′′)| ≤ (D − 1)|L′\L′′| +
∑

i

(2|C∗
i | + |Li|)

= 2|C∗ ∩ Z(P )| + D|L′\L′′|. ◀
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▶ Proposition 8. Let C be a set of circles and let Λ be a set of pairwise non-overlapping
lenses in C. Then there is an absolute constant A so that

|Inov(Λ)| ≤ A
(
|C|1/2|Λ|3/4 + |C| + |Λ|

)
. (1)

Proof. The proposition is a slight variant of Guth and Katz’s point-line incidence bound
from [7], so we just briefly sketch the proof. We prove the result by induction on |Λ|. Let
M = |C|, let L = Λ∗, and let N = |L|. First we can suppose that N ≤ M2. If not, then
Proposition 8 follows immediately from the Kővári-Sós-Turán theorem (see [2, Theorem 9.5]),
because the incidence graph of the points and the lines does not contain K2,2 as a subgraph.

Let D = ⌊min
{

M1/2N−1/4, N1/2/10
}

⌋. We can suppose that N1/2/10 (and thus D)
is at least one, since otherwise |Inov(Λ)| ≤ 100|C| and we are done. Using the polynomial
partitioning for varieties established by Guth [6], we can find a polynomial P ∈ R[x, y, z] of
degree ≤ D so that R3\Z(P ) is a union of O(D3) open connected sets (such sets are often
called cells), so that each cell contains O(M/D3) points from C∗, and each cell is intersected
by O(N/D2) lines from L. If D = N1/2/10 then each cell intersects O(1) lines from L. Since
each point from C∗ is contained in at most one cell, we have in this case

I(C∗\Z(P ), Λ) = O(M).

If D = M1/2N−1/4, then standard incidence estimates allow us to bound

I(C∗\Z(P ), Λ) = O(M1/2N3/4).

Similarly, standard incidence estimates allow us to bound

|{(c∗, ℓ) ∈ I(C∗ ∩ Z(P ), Λ) | ℓ ̸⊂ Z(P )}| = O(ND) = O(M1/2N3/4).

Let L′ ⊂ L be the set of lines contained in Z(P ). Applying Lemma 7, we obtain a set
L′′ ⊂ L′ with |L′′| ≤ 11D2 ≤ |L|/2, and

|Inov ∩ I(C∗ ∩ Z(P ), L′\L′′)| ≤ 2|C∗ ∩ Z(P )| + D|L′\L′′| = O(M1/2N3/4 + M).

Finally, we apply the induction hypothesis to bound

|Inov ∩ I(C∗ ∩ Z(P ), L′′)| ≤ A
(
M1/2|L′′|3/4 + M + |L′′|

)
≤ 2−3/4AM1/2N3/4 + A(M + N).

Combining these bounds, we conclude that

|Inov| ≤ 2−3/4AM1/2N3/4 + A(M + N) + O(M1/2N3/4),

with implicit constant independent of A. Selecting A sufficiently large closes the induction. ◀

If C is a set of n circles and Λ is a set of pairwise non-overlapping k-rich lenses in C,
then |Inov(Λ)| ≥ k|Λ|. Substituting this inequality in (1), we see that if n is sufficiently large
(n > 8A3 will suffice), then |Λ| = O

(
n2

k4 + n
k

)
. Thus for all values of n = |C|, we have

deg(Λ) = |Inov(Λ)| = O

(
n2

k3 + n

)
. (2)

In particular, Theorem 1 is true when k ≥ n1/3 log−2/3 n.
In the next two sections, we will prove Theorem 1 when 2 < k < n1/3, and also give a

second proof of a slightly weaker bound. Note that Theorem 1 consists of two statements: a
bound on |Λ| and a bound on deg(Λ). The second statement immediately implies the first,
by dividing the resulting bound by k. The next lemma shows that the first statement also
implies the second.
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▶ Lemma 9. Suppose that for every set C of circles in the plane and every k ≥ 2, every
set of pairwise disjoint k-rich lenses in C has cardinality at most A

(
|C|3/2 log (|C|/k3)

k5/2 + |C|
k

)
.

Then for every set C of circles in the plane, every k ≥ 2, and every set Λ of pairwise disjoint
k-rich lenses in C, we have deg(Λ) = O

(
|C|3/2 log (|C|/k3)

k3/2 + |C|
)

, where the implicit constant
depends only on A.

Proof. Let C be a set of n circles in the plane. Let k ≥ 2 and let Λ be a set of pairwise
disjoint k-rich lenses in C. If k ≥ n1/3, then by (2) we have deg(Λ) = O(n) and we are done.

Suppose now that 2 ≤ k ≤ n1/3. Let Λ0 ⊂ Λ be the set of lenses that are n1/3-rich. Let j0
be the smallest integer so that 2−j0n1/3 ≤ k, and for each j = 1, . . . , j0, let Λj ⊂ Λ\

⋃j−1
i=0 Λj

be the set of lenses that are 2−jn1/3-rich. By construction, Λ =
⊔j0

j=0 Λj , and for each index
1 ≤ j ≤ j0, the lenses in Λj have degree between 2−jn1/3 and 2−j+1n1/3. Thus

deg(Λ) = deg(Λ0) +
j0∑

j=1
deg(Λj)

≤ deg(Λ0) +
j0∑

j=1
(2−j+1n1/3)|Λj |

≤ O(n) +
j0∑

j=1
(2−j+1n1/3)

(
An3/2 log 23j

(2−jn1/3)5/2

)

= O(n) + O

(
2 3

2 j0 · n3/2 log 23j0

n1/2

)
= O

(
n3/2 log (n/k3)

k3/2 + n

)
,

where the implicit constant depends on A. ◀

▶ Remark 10. Recall that at the beginning of this section, we added the assumption that no
two distinct lenses in Λ share the same pair {p, q} of endpoints. We can now explain why
this assumption is harmless. Indeed, let C be a set of circles and let Λ be a set of pairwise
non-overlapping k-rich lenses in C. Let Λ′ be the set of lenses formed by “merging” all lenses
in Λ that share common endpoints, i.e., if λp,q(C ′) and λp,q(C ′′) are k-rich lenses in Λ, then
λp,q(C ′ ⊔ C ′′) will replace these two lenses in Λ′. While |Λ′| might be smaller than |Λ|, we
have deg(Λ′) = deg(Λ), because Λ consists of pairwise non-overlapping lenses. To summarize:
if we can prove that every set of k-rich lenses with distinct pairs of endpoints has cardinality
O
(

|C|3/2 log (|C|/k3)
k5/2 + |C|

k

)
, then this implies that every set Λ′ of k-rich lenses with distinct

endpoints has degree deg(Λ′) = O
(

|C|3/2 log (|C|/k3)
k3/2 + |C|

)
. This implies the same bound for

any set Λ of k-rich lenses (i.e., the distinct endpoint requirement can be dropped).

3 First Proof of Theorem 1: Reduction to Small k

Let C be a set of n circles in the plane, and let Λ be a set of pairwise non-overlapping k-rich
lenses in C. Let C∗, L = Λ∗, and Inov be as defined in Section 2, and let 2 ≤ k ≤ n1/3.
By Lemma 9, to prove Theorem 1 it suffices to show that |Λ| = O

(
n3/2 log (n/k3)

k3/2

)
. Let

α > 0 be a small absolute constant that will be specified below. We will suppose that
2/α ≤ k ≤ 1

10 n1/3, since otherwise Theorem 1 follows from (2).
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We can assume that |Λ| ≥ 16n/k, since otherwise we are done. Together with the
inequality k ≤ n1/3/10, this implies that |Λ| ≥ 100k2 (the constant is actually larger, but 100
will suffice for our purpose). Let D = αk. As in [7], we construct a partitioning polynomial
f of degree O(D), so that each of the O(D3) cells of R3 \ Z(f) contains at most n/D3 points
of C∗ (note that some points of C∗ might lie on the zero set Z(f)).

Let L′ ⊂ L be the set of lines contained in Z(f). By Lemma 7, there is a set L′′ ⊂ L′

with |L′′| ≤ 11 deg(f)2 = O(α2k2) so that

|Inov ∩ I(C∗ ∩ Z(P ), L′\L′′)| ≤ 2|C∗ ∩ Z(P )| + D|L′\L′′| ≤ 2n + αk|L′\L′′|.

Recall that |L| = |Λ| ≥ 100k2, and thus if α > 0 is chosen sufficiently small then |L′′| ≤ |L|/4.
Since each line in L′\L′′ participates in at least k incidences in Inov, we have

|L′\L′′| ≤ 1
k

(2n + αk|L′\L′′|) ≤ 2n

k
+ α|L| ≤ |L|

4 ,

where the final inequality follows by choosing α < 1/8 and by using the assumption that
|Λ| ≥ 16n/k. We conclude that |L\L′| ≥ |L|/2. Next, each ℓ ∈ L\L′ participates in at least
k incidences in Inov, at least k − deg(f) ≥ (1 − O(α))k of which must be inside the cells
of R3 \ Z(f). We say an incidence (c∗, ℓ) ∈ Inov is lonely if c∗ is inside a cell of R3 \ Z(f),
and (c∗, ℓ) is the only incidence in Inov involving ℓ that occurs inside that cell (i.e., there
are no other points of C∗ on ℓ inside that cell, so in the primal plane this implies that this
configuration does not form a lens). Since each ℓ ∈ L\L′ intersects at most deg(f)+1 ≤ αk+1
cells, each ℓ ∈ L\L′ participates in at least (1 − α)k − 1 incidences in Inov that are not lonely.
Let I ′

nov be the set of incidences (c∗, ℓ) ∈ Inov where c∗ is inside a cell of R3 \ Z(f), and the
incidence is not lonely. Then if α > 0 is selected sufficiently small, we have

|I ′
nov| ≥ |L\L′|(k/2) ≥ 1

4k|L|. (3)

On the other hand, Theorem 4 says that there are O
(
(n/D3)3/2 log(n/D3)

)
non-lonely

incidences inside each cell. Thus

|I ′
nov| = O

(
D3
( n

D3

)3/2
log
( n

D3

))
= O

(
n3/2 log (n/k3)

k3/2

)
, (4)

where the implicit constant depends on α. Combining (3) and (4), we conclude that

|L| = O

(
n3/2 log (n/k3)

k5/2

)
.

This completes the first proof of Theorem 1.

▶ Remark 11. It is an interesting challenge to extend the analysis in this section from circles
to more general families of algebraic curves. This topic will be discussed in Section 6.

4 Second Proof of Theorem 1: Reduction to Large k

In this section we prove a slightly weaker version of Theorem 1 using a different proof
technique. We feel that each of the techniques is interesting in its own right, and that each
has the potential of being extended into different and more general contexts.

Most of the analysis in this section extends to more general algebraic curves, except for
one (significant) step. We will discuss possible generalizations in Section 6.
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Sharpening our notation from the previous sections, we define F (n, k) to be the smallest
integer with the following property: Let C be a set of at most n circles in the plane; let Λ be
a set of pairwise disjoint k-rich lenses in C. Then deg(Λ) ≤ F (n, k). Note that F (n, 1) = ∞
(i.e., it is undefined for k = 1), and, trivially, F (n, k) = O(n2) for all k ≥ 2. Furthermore,
F (n, k) is monotone increasing in n and monotone decreasing in k. Abusing notation
slightly, we extend our definition of F (n, k) to all real numbers n ≥ 1 and k ≥ 2 by defining
F (n, k) = F (⌊n⌋, ⌈k⌉). Finally, note that if A and n are integers, then F (An, k) ≥ AF (n, k),
since we may take A disjoint copies of a configuration of n circles that achieves the F (n, k)
bound.

In Section 2 we proved that F (n, k) = O(n2/k3 +n), and in particular there is an absolute
constant A0 so that, for any z > 1 and any k,

F (k3z, k) ≤ A0k3z2. (5)

In this section we will establish the following recurrence relation for F (n, k).

▶ Lemma 12. There is a constant A so that for any D, n, k ≥ 1 we have

F (n, k) ≤ AD3F (n/D2, k/4) + F (AD2, k/4) + AD2n. (6)

Before proving Lemma 12, we show that it implies

F (n, k) = O

(
n3/2 logb(n/k3)

k3/2

)
, (7)

for some constant b and for all n > k3. To show this, we solve the recurrence in the lemma in
several steps. First, given n and k, we construct a sequence of real numbers n0, n1, . . . , ns = n,
where n0 = k3z, for a suitable value of z > 1 (the actual value will be between

√
2 and

2, and its concrete choice will be given towards the end of the forthcoming analysis), and
nj+1 = n2

j/k3, for j ≥ 0. That is, nj = k3z2j for j ≥ 0, as is easily verified by induction
on j. Since we want ns to be equal to n, we have z2s = n/k3. We also define, for each
j, Dj := n

1/2
j /k3/2 = z2j−1 , and note that nj+1 = D2

j nj . The rationale for choosing these
sequences will become clear as the solution of the recurrence unfolds. We have

n
3/2
j+1

k3/2 =
D3

j n
3/2
j

k3/2 =
D2

j n2
j

k3 = D2
j nj+1. (8)

Note that AD2
j = Anj/k3. For simplicity, we shall suppose that k ≥ A1/3 and thus AD2

j ≤ nj

(if this inequality failed then Theorem 1 follows from Theorem 4, since k becomes a constant).
We next prove that for each j ≥ 0 we have

F (nj , 4jk) ≤ A0z1/2(4A)jn
3/2
j /k3/2, (9)

where A0 is the constant from (5). The case j = 0 is precisely (5). For the induction step,
we compute, using Lemma 12:

F (nj+1, 4j+1k) ≤ AD3
j F (nj+1/D2

j , 4jk) + F (AD2
j , 4jk) + AD2

j nj+1

≤ 2AD3
j F (nj , 4jk) + AD2

j nj+1

≤ 2AD3
j (A0z1/2)(4A)jn

3/2
j /k3/2 + AD2

j nj+1

≤ 2 · 4j(A0z1/2)Aj+1n
3/2
j+1/k3/2 + AD2

j nj+1

≤ A0z1/2(4A)j+1n
3/2
j+1/k3/2,

where in the last inequality we used the equality (8), namely D2
j nj+1 = n

3/2
j+1/k3/2.
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Thus if n > k3, we can find z > 1 and s so that ns = k3z2s = n i.e., 2s = log(n/k3)
log z or

s = log log(n/k3) − log log z. Using (9), with j = s, nj = n and replacing k by k/4s we get

F (n, k) ≤ A0z1/2(25A)s n3/2

k3/2 .

Putting B := 25A and b := log B, we get

(25A)s = Bs = (2s)b =
(

log(n/k3)
log z

)b

= logb(n/k3)
logb z

,

and hence

F (n, k) ≤ A0z1/2Bs n3/2

k3/2 = A0z1/2

logb z
· n3/2 logb(n/k3)

k3/2 .

It remains to determine the value of z. Put zj = (n/k3)1/2j , for j ≥ 0. This sequence
converges to 1 and satisfies zj = √

zj−1 for each j. We take s to be that (unique) value of j

for which
√

2 < zj ≤ 2 (for such a z to exist we need to assume that n > k3√
2). We then

have

A0z1/2

logb z
≤ A1 := A0

√
2

logb
√

2
, and so F (n, k) ≤ A1

n3/2 logb(n/k3)
k3/2 .

This establishes (7), and leaves us with the task of proving Lemma 12.

Proof of Lemma 12. Let C be a set of n circles in the plane and let Λ be a set of pairwise
non-overlapping k-rich lenses in C. Following the technique of Ellenberg, Solymosi, and
Zahl [5], for each circle c ∈ C with defining polynomial g (i.e., c = Z(g)), consider the variety

{(x, y, z) ∈ R3 | g(x, y) = 0, z∂yg(x, y) + ∂xg(x, y) = 0}.

As discussed in [5, Section 3.3], this variety is a union of three irreducible curves in R3, two of
which are vertical lines (one above each of the points in c where the circle has infinite slope).
Define γ(c) ⊂ R3 to be the irreducible component that is not a vertical line. If (x, y) ∈ c is a
point where c has finite slope, then (x, y, z) ∈ γ(c) if and only if c has slope z at (x, y). In
particular, if λp,q(C ′) is a lens and if c ∈ C ′, then the (shorter) arc β ⊂ c with endpoints p

and q lifts to a curve segment γ(β) ⊂ γ(c). We will call this curve segment the lifted arc of c

corresponding to the lens λ.
For a set of circles C, define γ(C) = {γ(c) | c ∈ C}. Let Λp,q(C ′) be a lens in C, and

suppose that none of the circles c ∈ C ′ have infinite slope at the point p or q (this is a
harmless assumption, since at most two circles containing p and q can have infinite slope
at p or q). Let ℓp, ℓq ⊂ R3 be vertical lines passing through (p, 0) and (q, 0) respectively.
Then each of the curves in γ(C ′) intersect ℓp and ℓq. Furthermore, each of the intersection
points {γ(c) ∩ ℓp | c ∈ C ′} are distinct, and similarly for ℓq. Define z(γ(c) ∩ ℓp) to be the
z-coordinate of γ(c) ∩ ℓp. The curves in γ(C ′) have the following property:

Order Reversal Property. If we order the curves c1, . . . , cm ∈ C ′ so that

z(γ(c1) ∩ ℓp) < z(γ(c2) ∩ ℓp) < · · · < z(γ(cm) ∩ ℓp),
then z(γ(c1) ∩ ℓq) > z(γ(c2) ∩ ℓq) > · · · > z(γ(cm) ∩ ℓq).

I.e., the order on C ′ given by the z-coordinates of γ(c) ∩ ℓp is precisely the reverse of the
order given by γ(c) ∩ ℓq. See Figure 3.
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p q
c1

c2

c3

ℓp ℓq

γ(c1)

γ(c3)

γ(c2)

Figure 3 A lens is lifted to a multi-2-cycle in three dimensions.

We employ the approach of Aronov and Sharir [4], as detailed in Sharir and Zahl [10],
with some modifications, as follows. We construct a partitioning polynomial f , of degree
O(D), so that we have O(D3) open connected cells of R3 \ Z(f) (recall that Z(f) is the zero
set of f), and at most n/D2 curves from γ(C) intersect each cell. The existence of such
a partitioning polynomial was established in Guth [6]. For each cell O of R3\Z(f), define
CO = {c ∈ C | γ(c) ∩ O ̸= ∅}.

For a cell O ⊂ R3 \ Z(f), we say that a lens λ = λp,q(C ′) ∈ Λ is preserved within O if for
at least deg(λ)/4 = |C ′|/4 circles c ∈ C ′, the lifted arc of c corresponding to the lens λ is fully
contained in O. In particular, if λp,q(C ′) is preserved within O, then |C ′ ∩CO| ≥ |C ′|/4 ≥ k/4.
Thus for each cell O, we have∑

deg(λp,q(C ′)) ≤ 4
∑

|C ′ ∩ CO| ≤ 4F (n/D2, k/4),

where the sum is taken over all lenses λp,q(C ′) that are preserved within O. Summing over
all cells O, we conclude that∑

λ preserved within a cell
deg(λ) = O(D3)F (n/D2, k/4). (10)

If a lens is not preserved within any cell, we say that it is disrupted by Z(f). It remains to
bound the sum of the degrees of the disrupted lenses. The arguments here are very similar
to those in [10], so we just sketch them briefly. First, for each (x, y, z) ∈ R3, define h(x, y, z)
to be the number of intersections between Z(f) and the infinite ray {(x, y, t) | t > z}. This
quantity is finite (indeed bounded by deg f) unless the vertical line passing through (x, y, z)
is contained in Z(f). Following the arguments in [4, 10], there is a polynomial g ∈ R[x, y, z]
of degree O(D2) with the following properties.

h is constant on each connected component of R3\
(
Z(f) ∪ Z(g)

)
.

h is constant on Z(f)\Z(g).
g(x, y, z) is independent of z, i.e., g(x, y, z) = g̃(x, y) for some polynomial g̃(x, y) ∈ R[x, y].
If Q(x, y, z) is an irreducible component of f that is independent of z, then Q divides g,
i.e., Q is also an irreducible component of g.

In brief, the polynomial g(x, y, z) = g̃(x, y) is constructed by computing the resultant of
f and ∂zf ; see [4, 10] for details.
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We say that a lens λp,q(C ′) is preserved by Z(g) if at least deg(λ)/4 = |C ′|/4 of the curves
from γ(C ′) are contained in Z(g). Recall that g(x, y, z) = g̃(x, y), and thus if γ(c) ⊂ Z(g),
we must have c ⊂ Z(g̃). In particular, at most deg(g) = deg(g̃) = O(D2) circles from C can
be contained in Z(g). Arguing as before, we conclude that∑

λ preserved by Z(g)

deg(λ) ≤ 4F (O(D2), k/4) = F (O(D2), k/4). (11)

It remains to bound the sum of the degrees of the lenses that are disrupted by Z(f) and not
preserved by Z(g).

Claim. If λp,q(C ′) is such a lens, then there are at least |C ′|/4 − 1 circles c ∈ C ′ so that
the lifted arc of c corresponding to the lens λ properly intersects Z(f) or Z(g).

Once this claim has been established we are done, since the number of such proper
intersections is at most n(deg f + deg g) = O(D2n), and since the lenses are pairwise
non-overlapping, each such intersection is counted towards at most one lens.

To verify this claim, let λp,q(C ′) be a lens that is disrupted by Z(f) and not preserved
by Z(g). We will divide our argument into the following two cases.

Case 1. At least half of the lifted circles in C ′ are contained in Z(f) ∪ Z(g).
Since the lens λp,q(C ′) is not preserved by Z(G), fewer than |C ′|/4 circles from C ′ can be
contained in Z(g). Thus at least |C ′|/4 circles from C ′ are contained in Z(f). Enumerate
these circles as c1, . . . , cw, for some w ≥ |C ′|/4, so that z(γ(c1) ∩ ℓp) < · · · < z(γ(cw) ∩ ℓp).
Since each circle ci is contained in Z(f) but not contained in Z(g), we have

h(γ(c1) ∩ ℓp) < · · · < h(γ(cw) ∩ ℓp).

However, by the Order Reversal Property, we have z(γ(c1) ∩ ℓq) > · · · > z(γ(cw) ∩ ℓq), so

h(γ(c1) ∩ ℓq) > · · · > h(γ(cw) ∩ ℓq).

Since h is constant on Z(f)\Z(g), we conclude that for all but at most one index i, the lifted
arc of ci corresponding to the lens λ intersects Z(g). Thus for at least |C ′|/4 − 1 circles
c ∈ C ′, the lifted arc of c corresponding to the lens λ properly intersects Z(g).

Case 2. At least half of the lifted circles in C ′ are not contained in Z(f) ∪ Z(g).
Let c1, . . . , cw, for some w ≥ |C ′|/2, be circles in C ′ whose lifted curve is not contained in
Z(f) ∪ Z(g). For each index i = 1, . . . , w, let βi be the (shorter) arc of ci with endpoints p

and q. Let v be the number of arcs γ(βi) that properly intersect Z(f); if v ≥ |C ′|/4 then
we are done. If not, then at least w − v of the arcs γ(βi) are contained inside a cell of Z(f)
(though different arcs might be contained inside different cells). But an argument analogous
to the one above shows that all of the arcs in all but one of the cells must properly intersect
Z(g). Since no cell contains more than |C ′|/4 of the lifted arcs, at least w − v − |C ′|/4 of the
lifted arcs must properly intersect Z(g). We conclude that v arcs properly intersect Z(f)
and at least w − v − |C ′|/4 ≥ |C ′|/4 − v arcs properly intersect Z(g). Thus at least |C ′|/4
arcs properly intersect either Z(f) or Z(g).

Combining the bounds in (10), (11), adding the overhead O(D2n), and making the
constants in the O(·) notation explicit, bounding all of them by the same constant A, we
obtain the recurrence asserted in the lemma. ◀
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5 Point-Circle and Lens-Circle Incidence Bounds

5.1 Point-circle incidence bounds
We can use Theorem 1 to bound the number of incidences between m points and n circles in
the plane. As it turns out, the bound that we get is the same as the best known bound due
to Agarwal et al. [1] (and to [8]). We describe the derivation nonetheless, as an illustration
of the power of Theorem 1.

Let P be a set of m points and let C be a set of n circles. We fix a parameter k, to be
determined below, and use a modified variant of Székely’s technique [12]. We first construct
a graph G whose vertices are the points of P , and whose edges connect pairs of consecutive
points along each circle of C. Some edges of G form k-rich lenses, and we observe that these
lenses are pairwise non-overlapping. Let Λ denote the set of these lenses. We split G into two
subgraphs G0 and G1, where G1 consists of all the edges in the lenses of Λ and G0 consists
of all the remaining edges.

By Theorem 1, the number of edges of G1 is O

(
n3/2 log(n/k3)

k3/2 + n

)
.

The number E0(c) of edges of G0 along a circle c is |Nc| − E1(c), where Nc = P ∩ c

and E1(c) is the number of edges of G1 along c. Note that the multiplicity of each edge of
G0 is smaller than k. An upper bound on the number of edges of G0 then follows from a
variant of Székely’s technique (see Theorem 8 of [12]), which takes into account the maximum
multiplicity of an edge in the graph (which is smaller than k). Concretely, denoting by |G0|
(resp., |G1|) the number of edges of G0 (resp., G1), we have

|G0| = O
(

k1/3m2/3n2/3 + km
)

, and thus

|G| = |G0| + |G1| = O

(
n3/2 log(n/k3)

k3/2 + k1/3m2/3n2/3 + km + n

)
.

We balance the first two terms in the bound for |G| by choosing k =n5/11(log(n/k3))6/11/m4/11.
This is meaningful when k ≥ 1, which holds when m ≤ n5/4 log3/2 n, which is indeed the
interesting range. For larger values of m, we take k = 2 and get the bound O(m2/3n2/3 +
m + n3/2 log n), which is dominated by O(m2/3n2/3 + m). The bound then becomes (see [1])

O
(

m2/3n2/3 + m6/11n9/11 log2/11(m3/n) + m + n
)

.

Note that the bound is meaningful only for m > n1/3. For smaller values of m, the bound
becomes O(n). The logarithmic factor provides a “smooth” transition from the above bound
to the linear bound as m ↘ n1/3.

5.2 Circle-lens incidence bounds
We can apply the bounds in Theorem 1 to obtain an upper bound on the number of
incidences between m pairwise non-overlapping lenses and n circles, where a lens λ is said
to be incident to a circle c if c participates in λ. To do so, let Λ be the given set of m

lenses (which are not necessarily rich). Set k := n3/5 log2/5(n/k3)
m2/5 . (Note that k = Ω(1)

since we always have m = O(n3/2 log n) [1, 8].) The non-k-rich lenses of Λ contribute at
most km = m3/5n3/5 log2/5(n/k3) incidences. The k-rich lenses contribute, by Theorem 1,

O

(
n3/2 log(n/k3)

k3/2 + n

)
= O

(
m3/5n3/5 log2/5(n/k3) + n

)
incidences. Since log(n/k3) = O(log(m3/n2)), we thus obtain:
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▶ Theorem 13. Let Λ be a family of m pairwise non-overlapping lenses in an arrangement
of n circles in the plane. Then the number of incidences between the lenses of Λ and the
circles of C is O

(
m3/5n3/5 log2/5(m3/n2) + n

)
.

▶ Remark 14. Aside from the log factor, this bound generalizes the recent result of Sharir and
Zlydenko [11] (see also Sharir, Solomon, and Zlydenko [9]) on incidences between so-called
directed points and circles. A directed point is a pair (p, u) where p is a point in the plane
and u is a direction, and (p, u) is incident to a circle c if p ∈ c and u is the direction of
the tangent to c at p. The bound in [9, 11] is O(m3/5n3/5 + m + n) which is similar, albeit
slightly sharper, than the bound in Theorem 13. The two setups are indeed related, as a
directed point of degree at least two is a limiting case of a lens, and the resulting infinitesimal
limit lenses are clearly pairwise non-overlapping. The novelty in Theorem 13 is that lenses
are 4-parameterizable, that is, each lens is specified by four real parameters (the coordinates
of its vertices p, q), whereas directed points are 3-parameterizable. This makes the analysis
in [9, 11] inapplicable to the case of lenses, and yet the bound is more or less preserved.

6 Discussion

Each of the two proofs of the main result, given in Sections 3 and 4, can be extended to more
general contexts, provided that certain key properties can be established, or alternatively are
assumed. In this section we discuss such possible extensions, and then summarize the state
of affairs developed in this paper.

First proof. We offer a few informal comments on a possible approach to extending Theorem
1 to more general plane curves. First, we need to assume that the curves in our family
C are 3-parameterizable, so that we can represent them as points in a dual 3-space, and
also that they are algebraic of some constant degree. Each point p ∈ R2 then becomes
a two-dimensional surface p∗, consisting of the points in R3 whose corresponding curves
contain p. Then a lens with endpoints p, q becomes the curve ℓp,q = p∗ ∩ q∗ (we ignore in
this informal discussion various issues involving degeneracies and various assumptions that
one might need to impose).

We can then apply the same partitioning argument. Inside each cell, we use the (slightly
weaker) bound O(n3/2polylog(n)), due to Sharir and Zahl [10], on the number of lenses
formed by a set of bounded-degree algebraic curves.

The main difference is in handling points and curves that lie on the zero set of the
partitioning polynomial. The preceding analysis strongly relied on Lemma 5, which requires
that the curves in C be circles. This in turn allowed us to control the number of incidences
occurring on the zero-set Z(f) of the partitioning polynomial. With an analogue of Lemma
5 for more general curves, it seems plausible that the rest of the argument will work with
standard modifications.

Second proof. Lemma 12 holds with almost no modification if the circles in C are replaced
by arbitrary (bounded degree, algebraic) curves. Indeed, the only important difference is that
the Order Reversal Property might not be true, but the dichotomy that a lens must either
be preserved within a cell or disrupted by Z(f) remains true, and the bound on the number
of lenses that are disrupted by Z(f) and not preserved by Z(g) also remains true. Thus
the only obstruction to extending Theorem 1 to more general curves is that the estimate
F (n, n1/3) = O(n) (or, more precisely, F (nz, n1/3) = O(nz2) for z > 1), which serves as the
base case of the induction, might not be true. We conjecture that for other classes of curves,
an estimate of the form F (n, nb) = O(n) should hold (where b > 0 depends on the class of
curves). As b becomes larger, the corresponding analogue of Theorem 12 becomes weaker.
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Abstract
We provide a tight result for a fundamental problem arising from packing squares into a circular
container: The critical density of packing squares into a disk is δ = 8/5π ≈ 0.509. This implies that
any set of (not necessarily equal) squares of total area A ≤ 8/5 can always be packed into a disk
with radius 1; in contrast, for any ε > 0 there are sets of squares of total area 8/5 + ε that cannot
be packed, even if squares may be rotated. This settles the last (and arguably, most elusive) case
of packing circular or square objects into a circular or square container: The critical densities for
squares in a square (1/2), circles in a square (π/(3+2

√
2) ≈ 0.539) and circles in a circle (1/2) have

already been established, making use of recursive subdivisions of a square container into pieces
bounded by straight lines, or the ability to use recursive arguments based on similarity of objects
and container; neither of these approaches can be applied when packing squares into a circular
container. Our proof uses a careful manual analysis, complemented by a computer-assisted part
that is based on interval arithmetic. Beyond the basic mathematical importance, our result is also
useful as a blackbox lemma for the analysis of recursive packing algorithms. At the same time, our
approach showcases the power of a general framework for computer-assisted proofs, based on interval
arithmetic.
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1 Introduction

Geometric packing and covering problems arise in a wide range of natural applications. They
also have a long history of spawning many demanding (and often still unsolved) mathematical
challenges. These difficulties are also notable from an algorithmic perspective, as relatively
straightforward one-dimensional variants of packing and covering are already NP-hard [16];
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however, deciding whether a given set of one-dimensional segments can be packed into a
given interval can be checked by computing their total length. This simple criterion is no
longer available for two-dimensional, geometric packing or covering problems, for which the
total area often does not suffice to decide feasibility of a set, making it necessary to provide
an explicit packing or covering. A recent result by Abrahamsen et al. [1] indicates that these
difficulties have far-reaching consequences: Two-dimensional packing problems are ∃R-hard,
so they are unlikely to even belong to NP.

We provide a provably optimal answer for a natural and previously unsolved case of tight
worst-case area bounds, based on the notion of critical packing density: What is the largest
number δ ≤ 1, such that any set of squares with a total area of at most δ can always be
packed (in a not necessarily axis-parallel fashion) into a disk C of area 1, regardless of the
individual sizes of the squares? We show the following theorem that implies δ = 8/5π ≈ 0.509
for squares in a disk.

▶ Theorem 1. Every set of squares with a total area of at most 8/5 can be packed into the
unit disk. This is worst-case optimal, i.e., for every A > 8/5 there exists a set of squares with
total area A that cannot be packed into the unit disk.

This critical density δ is of mathematical importance, as it settles the last open case
of packing circular or square objects into a circular or square container. Figure 1 provides
an overview of the critical densities in similar settings, i.e., the critical density for packing
squares in a square (1/2), disks in a square (π/(3+2

√
2) ≈ 0.539), and disks in a disk (1/2).

This result is also of algorithmic interest, because it provides a simple sufficient criterion
for feasibility. Note that the previous results illustrated in Figure 1 benefitted from recursive
subdivisions of a square container into subpieces bounded by straight lines, or from recursion
based on the similarity of objects and container when both are disks; neither applies when
objects are squares and the container is a disk. This gives our approach added methodical
significance, as it showcases a general framework for establishing computer-assisted proofs
for difficult packing problems for which concise manual arguments may be elusive.

A proof of Theorem 1 consists of (i) a class of instances that provide the upper bound
of 8/5π for the critical packing density δ and (ii) an algorithm that achieves the matching
lower bound for δ by packing any set of squares with a total area of at most 8/5 into the unit

1

2+
√
2

1
2

2√
5

11
2

(b)(a) (c) (d)

Figure 1 Worst-case optimal approaches and matching worst-case instances for packing:
(a) Squares into a square with Shelf Packing by Moon and Moser [23]. (b) Disks into a square by
Morr et al. [24, 15]. (c) Disks into a disk by Fekete et al. [14]. (d) Squares into a disk [this paper].
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disk. The first part is relatively simple: As shown in Figure 1(d), a critical configuration
consists of two squares of side length s = 2/

√
5 and a disk D of radius 1. It is easy to see that

any infinitesimally larger square (of side length s + ε for any ε > 0) must contain the center
of D in its interior, so two such squares cannot be packed.

The remainder of our paper focuses on the difficult part: providing a strategy for packing
sets of squares into a disk (described in Section 2), and then proving that any set of squares
with a total area of at most 8/5 can indeed be packed into the unit disk. This proof is set up
with two sets of tools: In Section 3, we describe a general technique that we employed for
automated parts of our proof, while Section 4 provides a number of helpful lemmas. Section 5
gives an outline of the actual analysis of our algorithm. Due to space constraints, some
detailed proofs are omitted and can be found in the full version of the paper.

1.1 Related work: geometric packing
Problems of geometric packing have been studied for a long time. Providing a survey that
does justice to the wide range of relevant work goes beyond the scope of this paper; therefore,
we strictly focus on very closely related results, in particular, concerning critical packing
density. We refer to Fejes Tóth [10, 28], Lodi, Martello and Monaci [22], Brass, Moser and
Pach [8] and Böröczky [7] for more comprehensive surveys.

Even the decision problem whether it is possible to pack a given set of squares into the
unit square was shown to be strongly NP-complete by Leung et al. [21], using a reduction
from 3-Partition. Already in 1967, Moon and Moser [23] proved that it is possible to pack
a set of squares into the unit square if their total area does not exceed 1/2. This bound is best
possible, because two squares even infinitesimally larger than the ones shown in Figure 1(a)
cannot be packed. The proof is based on a simple recursive argument.

For the scenario with circular objects, Demaine, Fekete, and Lang [9] showed in 2010
that deciding whether a given set of disks can be packed into a unit square is NP-hard.
Using a recursive procedure for partitioning the container into triangular pieces, Morr,
Fekete and Scheffer [15, 24] proved that the critical packing density of disks in a square is
π/(3+2

√
2) ≈ 0.539.

More recently, Fekete, Keldenich and Scheffer [14] established the critical packing density
of disks into a disk. Employing a number of algorithmic techniques in combination with
some interval arithmetic and computer-assisted case checking, they proved that the critical
packing density of disks in a disk is 1/2; they also provide a video including an animated
overview [6]. In a similar manner, Fekete et al. [13] established a closed-form description
of the total disk area that is sometimes necessary and always sufficient to cover a rectangle
depending on its aspect ratio.

Note that the main objective of this line of research is to compute tight worst-case bounds.
For specific instances, a packing may still be possible, even if the density is higher; this also
implies that proofs of infeasibility for specific instances may be trickier. However, the idea of
using the total item volume for computing packing bounds can still be applied. See the work
by Fekete and Schepers [11, 12], which shows how a modified volume for geometric objects
can be computed, yielding good lower bounds for one- or higher-dimensional scenarios.

1.2 Related work: interval arithmetic and computer-assisted proofs
Establishing tight worst-case bounds for packing problems needs to overcome two main
difficulties. The first is to deal with the need for accurate computation in the presence of
potentially complicated coordinates; the second is the tremendous size of a full case analysis
for a complete proof.
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Developing methods for both of these challenges has a long tradition in mathematics.
One of the first instances of interval arithmetic is Archimedes’s classic proof [4] that 223/71 ≤
π ≤ 22/7, establishing a narrow interval for the fundamental constant of geometry. This
entails dealing with inaccurate computation not merely by giving a close approximation, but
by establishing an interval for the correct value, which can be used for valid lower and upper
bounds for subsequent computations.

Employing electronic devices (e.g., calculators or computer algebra) for mathematical ar-
guments is a well-established method for eliminating tedious, error-prone manual calculations.
A famous milestone for the role of computers in theorem proving itself is the confirmation of
the Four Color Theorem, a tantalizing open problem for more than 100 years [29]. While the
first pair of papers by Appel and Haken [2, 3] was still disputed, the universally accepted
proof by Robertson et al. [26] still relies on extensive use of automated checking.

Another example is the resolution of the Kepler conjecture by Hales et al. [17]: While the
first version of the proof [18] was still met with some skepticism, the revised and cleaned up
variant [17] fits the mold of a more traditional proof, despite relying both on combinatorial
results and computational case checking. Note that this proof uses a subdivision technique
and interval arithmetic in a manner similar to the one used in this paper. As in this paper,
the result of Hales et al. [17] is tight in the numerical sense, which means that due to the
discretization error introduced by subdividing a space over R into finitely many pieces, parts
of the proof must be carried out by other means.

Other instances of classic geometric problems that were resolved with the help of computer-
assisted proofs are a tight bound for the Erdős-Szekeres problem for the existence of convex
paths in planar sets of 17 points [27], a precursor by Hass and Schlafly [19] to the proof of
the double bubble theorem by Hutchings et al. [20] (the shape that encloses and separates
two given volumes and has the minimum possible surface area is a standard double bubble,
i.e., three spherical surfaces meeting at angles of 2π/3 on a common disk), or the proof of
NP-hardness of finding a minimum-weight triangulation (MWT) of a planar point set by
Mulzer and Rote [25].

Further examples in the context of packing and covering include a branch-and-bound
approach for covering of polygons by not necessarily congruent disks with prescribed centers
and a minimal sum of radii by Bánhelyi et al. [5].

2 A worst-case optimal algorithm

Now we describe Layer Packing, our worst-case optimal algorithm for packing squares into
the unit disk D. The basic idea is to combine refined variants of basic techniques (such as
Shelf Packing) in several directions, subdividing the packing area into multiple geometric
layers and components.

2.1 Outline of Layer Packing
By s1, . . . , sn, we denote a sequence of squares and simultaneously their side lengths and
assume that s1 ≥ · · · ≥ sn is a sorted sequence. Layer Packing distinguishes three cases
that depend on the sizes of the first few, largest squares; see Figure 2 for illustrations.

(C1) If s1 ≤ 0.295, we place a square of side length X = 1.388 concentric into D and place
one square of side length Xi = 0.295, i ∈ {1, . . . , 4}, to each side of X , see Figure 2(a).
The four largest squares s1, . . . , s4 are placed in these containers X1, . . . , X4. All other
squares are packed into X using Shelf Packing.
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Figure 2 Illustration of the packings (a) in Case (C1), (b) in Case (C2), and (c) in Case (C3).

(C2) If s1 ≤ 1/
√

2 and s2
1 + s2

2 + s2
3 + s2

4 ≥ 39/25, let X1, . . . , X4 be four squares of side length
1/

√
2 that are placed into D as depicted in Figure 2(b). Furthermore, let X be a square

of side length
√

2/5 that can be packed into D in addition to X1, . . . , X4; see Figure 2(b).
For i ≤ 4, si is the only square packed into Xi; this is possible because si ≤ s1 ≤ 1/

√
2.

All other squares are packed into X using Shelf Packing.
(C3) In the remaining cases, we make extensive use of a refined shelf packing approach.

Specifically, the largest square s1 is packed into D as high as possible, see Figures 2(c)
and 3. The bottom side of s1 induces a horizontal split of D into a top and a bottom part,
which are then filled by two subroutines called Top Packing and Bottom Packing,
described in Section 2.2. For each i ≥ 2, we then
(C3a) use Top Packing to pack si if possible,
(C3b) else we use Bottom Packing to pack si.

In the remainder of the paper, we prove that Layer Packing only fails to pack a
sequence of squares if its total area exceeds the critical bound of 8/5.

Top Packing

Bottom Packing

top
b
ottom

Figure 3 In case (C3), the largest (hatched) square is packed topmost, inducing a top and a
bottom part of D. Subsequent (white) squares are packed into the pockets of the top part with
Top Packing (using Refined Shelf Packing as a subroutine) if they fit; if they do not fit, they
are shown in gray and packed into the bottom part with Bottom Packing, which uses horizontal
SubContainer Slicing, and vertical Refined Shelf Packing within each slice.

2.2 Subroutines of Layer Packing
Layer Packing employs a number of different subroutines.
Refined Shelf Packing The greedy-type packing procedure Shelf Packing, employed by

Moon and Moser [23], packs objects by decreasing size; see the top of Figure 1(a). At
each stage, there is a (w.l.o.g. horizontal) straight cut that separates the unused portion
of the container from a “shelf” into which the next square is packed. The height of a
shelf is determined by the first packed object. Subsequent objects are packed next to
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each other, until an object no longer fits into the current shelf; in this case, a new shelf is
opened on top of the previous one. For Layer Packing, we use two modifications.
(1) Parts of the shelf boundaries may be circular arcs; however, we still have a supporting
straight axis-parallel boundary and a second, orthogonal straight boundary.
(2) Our refined shelf packing uses the axis-parallel boundary line of a shelf as a support
line for packing squares; in case of a collision with the circular boundary, we may move a
square towards the middle of a shelf if this allows packing it. Note that this may only
occur in shelves containing the horizontal diameter.

Top Packing The first and largest square s1 is packed as high as possible into D; see
Figure 4(a). Then the horizontal line through the bottom of s1 cuts the container into a
top part that contains s1, with two congruent empty pockets Cℓ and Cr left and right
of s1; and a bottom part. Each pocket has two straight axis-parallel boundaries, bx and
by. By σ, we denote the largest square that fits into either pocket. For large s1, the
bottom side of σ does not lie on the same height as the bottom side of s1; in that case,
we ignore the parts of Cℓ and Cr that lie below σ; see Figure 4(e). We use Refined
Shelf Packing with shelves parallel to the shorter boundary among bx and by, as shown
in Figure 4(b) and (c). If a square does not fit into either pocket, it is packed into the
bottom part.

Bottom Packing A square that does not fit into the top part of D is packed into the bottom
part. For this purpose, we use (horizontal) SubContainer Slicing, and (vertical)
SubContainer Packing within each subcontainer; see Figure 3 for the overall picture.

SubContainer Slicing For packing squares in the bottom part of D, SubContainer Slicing
subdivides D into smaller containers Ci, by using straight horizontal cuts; see Figure 4(a).
The height of a subcontainer is determined by the first square packed into it.

SubContainer Packing Within each subcontainer, we use Refined Shelf Packing with
vertical shelves. These shelves are packed from the longer of the two horizontal cuts, i.e.,
to pack Ci, we start from the boundary that is closer to the disk center; see Figure 4(d).

top
b
ottom

C` Cr

C1

Ci

s1
(a)

(d)

(b) (c) (e)

s1

σ σ

C` Cr

Figure 4 (a) Packing s1 topmost into D yields the top part of D with pockets Cℓ and Cr, and the
bottom part of D. The bottom part is partitioned by SubContainer Slicing into subcontainers Ci,
with heights corresponding to the first packed square. (b) A pocket Cℓ for which bx ≤ by implies
horizontal shelf packing. (c) A pocket Cℓ for which bx > by implies vertical shelf packing. (d) Within
each subcontainer Ci, SubContainer Packing places squares along vertical shelves, starting from
the longer straight cut of Ci. (e) For large s1, we disregard the parts of Cℓ and Cr that lie below
their inscribed square σ.

3 Proofs based on interval arithmetic

In interval arithmetic, operations like addition, multiplication or taking the square root are
performed on real intervals [a, b] ⊂ R instead of real numbers. When applied to intervals,
an operation [a1, b1] ◦ [a2, b2] results in the smallest interval that contains all possible values
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of x ◦ y for x ∈ [a1, b1], y ∈ [a2, b2]. In a practical implementation on computers with finite
precision, computing the smallest such interval is not always possible. However, using
appropriate rounding modes or error bounds, it is still possible to compute an interval
that over-approximates the resulting interval, i.e., contains all possible outcomes of the
corresponding real operation. Predicates such as [a1, b1] ≤ [a2, b2] can also be evaluated on
intervals. The result is a subset of {false, true} containing all possible outcomes of x ≤ y

for x ∈ [a1, b1], y ∈ [a2, b2]. This allows evaluating quantifier-free formulas on the Cartesian
product of intervals in an over-approximative way.

In many cases throughout this paper, we want to prove that a given non-linear system of
real constraints over a bounded k-dimensional space R is unsatisfiable. This space is typically
spanned by a set of k real variables. Conceptually, to do this in an automatic fashion, we
subdivide R into a sufficiently large number of k-dimensional cuboids. Each such cuboid is
defined by an interval for each of the k real variables spanning R. We then apply interval
arithmetic to each such cuboid C to find a set S of constraints that together eliminate all
points of C, thus proving that no point in C satisfies all our constraints for a counterexample.

We use this simple technique because it scales relatively well with the complexity of the
constraints and can handle non-polynomial constraints involving functions such as arccos(x)
that occur in some of our proofs.

To improve the efficiency of this approach, our implementation of the basic concept
is optimized in several ways. For instance, the subdivision proceeds in a tree-like fashion
according to a fixed ordering of the k variables v1, . . . , vk spanning R. If variables v1, . . . , vj

suffice to exclude a part of R, we do not split vj+1, . . . , vk on that part. Furthermore, we
adaptively increase the local fineness of our subdivision if a coarser subdivision does not
suffice for some part of R.

Overall, this leads to a limited number of automated proofs1; for some of these, manual
checking would also be feasible, but would involve many case distinctions and would be tedious
and unsatisfying. Instead, we replace these proofs by the automatic procedure outlined above
to have a clear structure instead of an otherwise overwhelming set of arguments. Combined,
all automatic proofs required for this paper take less than 1.5 hours and less than 300 MB of
memory on the 4 physical cores of the 2.3 GHz Intel i5-8259U CPU in one of the authors’
laptops. The proofs involve up to k = 9 variables.

4 Analysis of subroutines

In the following, we establish a number of bounds for the subroutines from Section 2.2 that
we use to prove the performance guarantee for Layer Packing.

4.1 Shelf Packing
In several places we make use of the following classic result regarding Shelf Packing.

▶ Lemma 2 ([23]). Shelf Packing packs every sequence t1 ≥ · · · ≥ tu of squares with a
total area of at most 1/2 · hw into an h × w-rectangle with t1 ≤ h ≤ w.

If the side length of the largest square is small compared to the size of the container, one
can guarantee a higher packing density.

1 Source code available at https://github.com/phillip-keldenich/squares-in-disk.
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▶ Lemma 3 ([23]). Any finite set of squares with largest square x1 < 1/2 is packed by Shelf
Packing into a unit square, provided its total area is at most 1/2 + 2(x1 − 1/2)2.

4.2 Top Packing
We prove the following lower bound on the square area packed by Top Packing, as long as
at least one square fits into the left pocket Cℓ. By σ = σ(s1), we denote the side length of
the largest square that can be packed into Cℓ or Cr; see Figure 5(c)–(e).

▶ Lemma 4. Let s1 ≥ · · · ≥ sn be a sequence of squares for which Layer Packing fails to
pack sn. If sn ≤ σ, then Top Packing packs squares of total area at least 0.83σ2.

Intuitively, the proof makes use of the Shelf Packing bound on the squares inscribed
in Cℓ and Cr, but additionally uses the gaps in Cr and Cℓ to bound the square area packed
into each of Cℓ and Cr by 0.415σ2.

Before presenting its proof, we make some helpful observations. We assume the center of
our unit disk D lies at the origin (0, 0) of our coordinate system. Recall that Top Packing
packs the largest square s1 as high as possible into D. This implies that the center of s1 is
on the vertical line x = 0. For some u ∈ (−1, 1), we denote by T (u) the side length of the
largest square with center on x = 0 and bottom on y = u that fits into D; see Figure 5(a).

The inverse function T −1(s) of T (u) describes the highest possible y-coordinate of the
bottom side of a square of side length s; see Figure 5(b). Thus, Top Packing places the
bottom-left corner of s1 at (−s1/2, T −1(s1)); note that this can be below or above the center
of D. Furthermore, recall that Top Packing packs the remaining disks into the pockets Cℓ

and Cr induced by placing s1; see Figure 5(c).
Now, we present explicit formulas. Solving the equations in Figure 5(a)–(b), we get

T (u) = 2/5 ·
(√

5 − u2 − 2u
)

and T −1(s) =
√

1 − 1/4 · s2 − s.

To compute σ(s1), we observe the following. Below some threshold s∗
1, the bottom side of

the inscribed square of Cℓ lies on the horizontal line y = T −1(s1) and its top left corner
touches D; see Figure 5(c). At the threshold s∗

1 =
√

1/3 · (2 +
√

2), both left corners of

σT (u)

T−1(s)

s

(0,0)

u

(0,0)

1/4 · s2 + (s+ T−1(s))2 = 1

T−1(s1)

s1

(0,0)

(s1/2 + σ)2 + (T−1(s1) + σ)2 = 1

σC` Cr
(a) (b) (c)

s∗1 =√
1
3
(2 +

√
2)

σ

(d)

(s
∗
1/2 + σ)2 + 1/4 · σ2 = 1

σ

T−1(s∗1) = −1/2 · σ

s1

(s1/2 + σ)2 + 1/4 · σ2 = 1

σ σ

σ
2

(e)

1/4 · T (u)2 + (u+ T (u))2 = 1

Figure 5 (a) The definition of T (u) and its defining equation. (b) The definition of T −1(s) and
its equation. (c) The pockets Cℓ and Cr used by Top Packing with their inscribed square σ and
its equation if s1 < s∗

1, (d) s1 = s∗
1 and (e) s1 > s∗

1.
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the inscribed square of Cℓ touch the disk; see Figure 5(d). For s1 > s∗
1, the center of Cℓ’s

inscribed square lies on y = 0 and both left corners touch the disk; see Figure 5(e). Overall,
this yields

σ =

1/4 ·
(

−s1 − 2T −1(s1) +
√

8 − (s1 − 2T −1(s1))2
)

, if s1 ≤ s∗
1,

1/5 ·
(√

20 − s2
1 − 2s1

)
, otherwise.

Now we are ready to present a proof of Lemma 4.

Proof of Lemma 4. We begin by observing that sn ≤ σ would fit into either Cℓ or Cr; as
we fail to pack sn, Cℓ and Cr must contain other squares. In the following, we prove that
Top Packing packs squares of area A ≥ 0.415σ2 into Cℓ. An analogous argument works
for Cr, implying an overall bound of 0.83σ2.

By ℓ1 :=
√

1 − T −1(s1)2 − s1/2, we denote the length of the bottom boundary of Cℓ; see
Figure 6(a). W.l.o.g., we assume ℓ1 ≤ s1; the other case is symmetric. In other words, we
assume that the bottom boundary of Cℓ is shorter than its right boundary, which means
that we are using horizontal shelves that we fill from right to left as depicted in Figure 4(b).

Consider the subsequence t1, . . . , tu, tu+1 of s1, . . . , sn, where t1, . . . , tu are the squares
packed by Top Packing into Cℓ before height σ is (strictly) exceeded, and tu+1 is the next
square that we try to pack into Cℓ. We observe that tu+1 may or may not be packed into Cℓ

by Top Packing, and that u ≥ 1 by t1 ≤ σ, i.e., after placing the first square, height σ is
not exceeded. We make use of the following lemma, proved by interval arithmetic.

▶ Lemma 5 (Automatic Analysis for Top Packing). Let ℓ1 ≤ s1, x+1 = s1/2 + σ/2
√

2 and
x+2 = s1/2 + 0.645σ. Furthermore, let

y+1 =
{

T −1(s1) + σ + σ/2
√

2, if s1 ≤ s∗
1,

σ/2 + σ/2
√

2, otherwise,
y+2 =

{
T −1(s1) + 2 · 0.645σ, if s1 ≤ s∗

1,

−σ/2 + 2 · 0.645σ, otherwise;

see Figure 6. Let FT P1(s1) := x2
+1 + y2

+1 and FT P2(s1) := x2
+2 + y2

+2. Then, for all
0.295 ≤ s1 ≤

√
8/5, we have (1) FT P1(s1) ≤ 1 and (2) FT P2(s1) ≤ 1.

s1

σσ

σ
2
√
2

T−1(s1)`1

(b)

σ
t1

tu+1

s1

︸︷︷︸

(a)

s1

σ

σ
2
√
2

s1

σ
t1

tu+1

(x+1, y+1) (x+2, y+2)

(x+1, y+1) (x+2, y+2)

Figure 6 Illustration of the proof of Lemma 5. In both parts, the red point is always contained in
the disk D. (a) The values occurring in part (1). (b) The situation for t1, tu+1 of maximum possible
size in part (2).
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If 0.645σ ≤ t1, the packed area inside Cℓ is at least t2
1 ≥ 0.6452σ2 > 0.415σ2. Thus, in

the following, we assume t1 < 0.645σ.
Furthermore, if tu+1 ≤ σ/2

√
2, we can apply Lemma 5 (1), showing that tu+1 can be

packed into Cℓ by Top Packing; see Figure 6(a). In particular, tu+1 can always be packed
into Cℓ such that its bottom side lies on height σ and its right side touches s1. The total area
packed by Top Packing into Cℓ is at least the total area packed by Shelf Packing into the
square of area σ; here we use the fact that the height of the bottom segment of a pocket and
the bottom segment of the contained square σ coincide, see also Figure 4(e). Because packing
tu+1 exceeds height σ, Lemma 3 implies that the total area of tu+1 and the squares already
packed into Cℓ exceeds σ2

/2. Thus, in the following, we assume σ/2
√

2 < tu+1 ≤ t1 < 0.645σ.
If t1 ≤ σ/2, at least four squares are packed into Cℓ by Refined Shelf Packing before

height σ is exceeded. Consequently, the total packed area is at least 4 (σ/2
√

2)2 = σ2
/2. Thus,

in the following we assume t1 > σ/2.
Now let us assume that only one shelf is constructed before height σ is exceeded. That shelf

has height t1 and thus we must have tu+1 > σ − t1. We use Lemma 5 (2) to prove that we can
pack tu+1 on top of the first shelf, assuming that t1 = tu+1 = 0.645σ are as large as possible;
see Figure 6(b). Thus, the total area packed into Cℓ is at least t2

1 +t2
u+1 ≥ t2

1 +(σ−t1)2 ≥ σ2
/2.

Otherwise, at least two shelves are constructed before height σ is exceeded. The first
shelf has height t1. The second shelf contains at least two squares because its height is at
most σ − t1 ≤ σ/2, and thus at most half of its width. Thus, the area packed into Cℓ is at
least t2

1 + 2t2
u+1 ≥ σ2

/4 + 2(σ/2
√

2)2 = σ2
/2, concluding the proof of Lemma 4. ◀

4.3 Subcontainer Packing
For the analysis of SubContainer Packing, let C1, . . . , Ck be the subcontainers constructed
by Bottom Packing and let R1, . . . , Rk be the maximal rectangles contained in C1, . . . , Ck;
see Figure 7.

C1

s1

R1

· · ·

w1

Ck

z

Rkhk

h1

Figure 7 Subcontainers
Ci, i ≤ k, produced by Sub-
Container Slicing.

a

b

Y Y

(a) (b) (c)

−wi

2

hi

X X

T (u)

u

u

b+ u 1

X√
1− (u+ b)2

b

a

u

(0, 0)

Figure 8 The computation of X for a square of side length u: (a)
in case b ≥ 0, which is symmetric to a < 0; (b) in case a > 0 > b and
u ≤ 2c; (c) in case a > 0 > b and u > 2c.

For i = 1, . . . , k, let hi and wi denote the height and the width of Ri. Recall that hi

simultaneously denotes the height of Ci and the first square packed into Ci. Let z be the
largest square that could be packed below Ck. We define hk+1 := sn, so hi+1 always denotes
the first square that did not fit into Ci. Furthermore, we denote the total area of squares
packed into Ci by ∥Ci∥. We establish several lower bounds on this area ∥Ci∥. One such
bound is derived from the following observation.

▶ Observation 6. The total area packed by SubContainer Packing into Ci is at least the
total area packed by Shelf Packing into Ri.

If the width of Ri is at least twice its height, the following lemma improves on this bound.
A proof can be found in the full version of this paper.
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▶ Lemma 7. For every sequence of squares s1, . . . , sn for which Layer Packing constructs
at least i subcontainers and fails to pack sn, if wi ≥ 2hi, we can bound the area packed into
Ci by

∥Ci∥ ≥ B1(hi, wi, hi+1) := max


1/2 · hiwi + 1/4 · h2

i ,

h2
i + (wi − hi − hi+1)hi+1,

1/2 · hi(wi + hi) − h2
i+1.

We always pack at least the square hi into Ci. As hi+1 ≤ hi, if hi + hi+1 ≤ wi, we pack
at least two squares into Ci: Let sj be the second square we consider packing into Ci. If hi

and sj do not fit into Ci, then sj = hi+1, as we would open a new subcontainer for sj . This
contradicts hi + hi+1 ≤ wi, as hi and hi+1 fit into Ri and thus into Ci. Summarizing, we
can extend B1 as follows.

▶ Lemma 8. For every sequence of squares s1, . . . , sn for which Layer Packing constructs
at least i subcontainers and fails to pack sn, we can bound the area packed into Ci by

∥Ci∥ ≥ B2(hi, wi, hi+1) :=


h2

i if wi < hi + hi+1,

h2
i + h2

i+1 if hi + hi+1 ≤ wi < 2hi,

B1(hi, wi, hi+1) if 2hi ≤ wi.

For the last lemma of this subsection, we introduce some useful notation. Let a, b be the
y-coordinates of the upper and the lower side of Ci and let c := c(a, b) = min{a, −b}. When
Ci contains the center of the disk, i.e., a > 0 > b, c denotes the distance of the origin to the
nearer side of Ci, see Figure 8(b) and (c). The maximal x-coordinate X of the left side of a
square of side length u in Ci is determined by

X(a, b, u) :=



√
1 − (u + b)2 − u if b ≥ 0,√
1 − (u − a)2 − u if a < 0,

T −1(u) else if u ≤ 2c,√
1 − (u − c)2 − u otherwise

 =
{

T −1(u) if u ≤ 2c,√
1 − (u − c)2 − u otherwise

The x-coordinate of the right side of the first square hi packed into subcontainer Ci is
−1/2 · wi + hi. Thus, as hi+1 did not fit into Ci, we can lower bound the total width of
squares packed into Ci after hi, see Figure 9(a), by

Y := Y (a, hi, wi, hi+1) := 1/2 · wi − hi + X(a, a − hi, hi+1).

hi+1

Y = wi
2

− hi +Xhi

hi+1

hi+1Yhi hi hi+1

(b)(a) (c)0 X

Figure 9 (a) Definition of Y . (b) The lower bound B3(a, hi, wi, hi+1) when two squares are
packed into Ci. (c) The lower bound B3(a, hi, wi, hi+1) when at least three squares packed into Ci.
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▶ Lemma 9. For every sequence of squares s1, . . . , sn for which Layer Packing constructs
at least i subcontainers and fails to pack sn, we can bound the area packed into Ci by

∥Ci∥ ≥ B3(a, hi, wi, hi+1) := max
{

h2
i + max{0, Y (a, hi, wi, hi+1)} · hi+1, (8.1)

h2
i + min

(
max2(Y (a, hi, wi, hi+1), 0), 2h2

i+1
)

. (8.2)

Proof. If Y ≤ 0, both bounds (8.1) and (8.2) simplify to h2
i and are valid, because hi is

packed into Ci. Thus, let us assume Y > 0. This implies that there are at least two squares
packed into Ci; otherwise, hi+1 would fit into Ci. As Y is a lower bound on the total width
of squares packed into Ci after hi and hi+1 is a bound on their height, we obtain bound (8.1);
see Figure 9(a).

Furthermore, if exactly two squares are packed into Ci, Y 2 can be used as lower bound on
the area of the second square, see Figure 9(b). Otherwise, at least three squares are packed
into Ci, and we can use 2h2

i+1 to bound their area, see Figure 9(c). Combining these two
cases yields bound (8.2). ◀

We combine these previous bounds into a general lower bound for ∥Ci∥.

▶ Corollary 10. For every sequence of squares s1, . . . , sn for which Layer Packing constructs
at least i subcontainers and fails to pack sn, we can bound the area packed into Ci by

∥Ci∥ ≥ B4(a, hi, wi, hi+1) := max
{

B2(hi, wi, hi+1), (Lemma 8)
B3(a, hi, wi, hi+1). (Lemma 9)

5 Analysis of the main algorithm

In this section, we prove our main result using the tools provided in Sections 3 and 4. On
the highest level, the proof consists of three parts corresponding to the three cases that our
algorithm distinguishes.

5.1 Analysis of (C1)
Recall that in case (C1), we place a container square X of side length 1.388 into D, and
pack the first four squares into pockets outside X and all remaining disks into X using Shelf
Packing; see Figure 2(a).

▶ Lemma 11. If Layer Packing fails to pack a sequence of squares s1, . . . , sn with s1 ≤
0.295, the total area of the squares exceeds 8/5.

Proof. Consider scaling down all side lengths by a factor of 1/1.388, such that X is the
unit square and s1 ≤ 0.295/1.388 ≈ 0.2125. As s5 is the first square packed by Shelf
Packing into X , Lemma 3 implies that the total area packed into the scaled D is at least
f(s5) = 4s2

5 + 1/2 + 2(s5 − 1/2)2 with derivative f ′(s5) = 12s5 − 2, which is minimized for
s5 = 1/6, where f(1/6) = 5/6. Thus, in the non-scaled configuration, the area packed is at
least 5/6 · 1.3882 = 120409/75000 ≈ 1.605 > 8/5, concluding the proof. ◀

5.2 Analysis of (C2)
Recall that in case (C2), we pack the four largest squares into the squares X1, . . . , X4; all
other squares are packed into a square container X on top of them; see Figure 2(b).

▶ Lemma 12. If Layer Packing fails to pack a sequence s1, . . . , sn of squares with 0.295 <

s1 ≤ 1/
√

2 and s2
1 + s2

2 + s2
3 + s2

4 ≥ 39/25, the total area of the squares exceeds 8/5.
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Proof. By assumption, the total area of the squares s1, s2, s3, s4 is at least 39/25 = 8/5 − 1/25.
As X has an area of 2/25, Lemma 2 implies that Shelf Packing (and thus Layer Packing)
only fails to pack all remaining squares into X if their area exceeds 1/25. Consequently, the
total area of the squares exceeds 8/5, concluding the proof. ◀

5.3 Analysis of (C3)
Recall that z denotes the largest square that could be packed below the last subcontainer Ck

constructed by Bottom Packing, as illustrated in Figure 7 or in Figure 10, where we have
reflected the instance along the x-axis. We consider a sequence s1, . . . , sn of squares of total
area S that Layer Packing fails to pack, and assume w.l.o.g. that sn−1 is packed. This
implies z < sn, where z denotes the side length of the largest square that could be packed
below the last subcontainer Ck constructed by Bottom Packing; otherwise, a further
subcontainer is constructed. We have z = T (−T −1(s1) +

∑k
i=1 hi); see Figure 10(a).

By w(yt, h) = 2
√

min{1 − y2
t , 1 − (yt − h)2}, we denote the maximum width of a rectan-

gle R that can be placed in D with top side at y = yt and height h; see Figure 10(b). Thus,
we can express the width wi of the rectangle Ri inscribed in some subcontainer Ci in terms
of s1, h1, . . . , hi as

wi := w

(
T −1(s1) −

i−1∑
j=1

hj

)
, hi

 .

Recall that σ := σ(s1) denotes the side length of the largest squares that fits into the
pockets Cℓ and Cr as illustrated in Figure 5(c). In order to distinguish whether Top Packing
has packed any squares into the pockets, we consider the function

E(s1, sn) :=
{

0.83 · σ(s1)2, if sn ≤ σ,

0, otherwise,

which describes the total square area that Top Packing is guaranteed to pack due to
Lemma 4.

For the analysis of Case (C3), we distinguish cases depending on the number k of
subcontainers constructed by Bottom Packing. Specifically, we consider the cases k =
0, k = 1, k ∈ {2, 3, 4}, and k ≥ 5.

︸︷︷
︸

s1

T−1(s1)
h1

h2

z ︸︷︷
︸

T (h)

︸︷
︷︸ h

(a) (b)

yt
Ri

wi = w(yt, hi)

wi

2 ≤
√

1− y2t
wi

2 ≤
√

1− (yt − hi)2

hi

Figure 10 (a) Computing z for k = 2 using functions T and T −1. (b) Computing the width
wi = w(yt, h) of rectangle Ri.
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5.3.1 Analysis for no subcontainer
▶ Lemma 13. If Layer Packing fails to pack a sequence s1, . . . , sn of squares and Bottom
Packing does not construct a subcontainer, the total area of the squares exceeds 8/5.

Proof. Because the algorithm fails to construct a first subcontainer in the bottom part, it
follows that placing sn as far to the bottom as possible yields an overlap with s1. However,
the minimum value for s2

1 + s2
n for two overlapping squares packed into a disk is attained for

s1 = sn. This corresponds to the worst-case configuration, implying that the total area of s1
and sn exceeds 8/5. ◀

5.3.2 Analysis for one subcontainer
▶ Lemma 14. If Layer Packing fails to pack a sequence s1, . . . , sn of squares and Bottom
Packing constructs exactly one subcontainer, the total area of the squares exceeds 8/5.

Proof. Combining Lemma 4 and Corollary 10 allows us to bound the area of s1, . . . , sn by

S ≥ FSC1(s1, h1, sn) := s2
1 + B4(T −1(s1), h1, w1, sn) + s2

n + E(s1, sn),

where E(s1, sn) = 0.83 · σ(s1)2 if sn ≤ σ, and E(s1, sn) = 0 if sn > σ. Furthermore, we know
0 < z < sn, because Layer Packing fails to pack sn. Moreover, we claim that at least one
of the following conditions must hold: s1 > 1/

√
2, w1 < 2h1, or s2

1 + h2
1 + 2s2

n < 39/25. Assume
for contradiction that neither of these conditions hold. By w1 ≥ 2h1, we know that at least
two squares are packed into the first subcontainer. One of these squares has area h2

1, and the
other has area at least s2

n. In particular, this implies that the algorithm packs s1, s2 and s3.
This implies s2 ≥ h1 and s3, s4 ≥ sn. Thus we have s2

1 + s2
2 + s2

3 + s2
4 ≥ s2

1 + h2
1 + 2s2

n ≥ 39/25,
which together with s1 ≤ 1/

√
2 implies that we are in Case (C2) of our algorithm. This is a

contradiction, because we only construct subcontainers in Case (C3). Thus the following
lemma, proved automatically using interval arithmetic, proves that these conditions are
sufficient to ensure S ≥ 8/5.

▶ Lemma 15 (One Subcontainer, Automatic Analysis for Lemma 14). Let z := T (T −1(s1)+
h1). For all s1, h1, sn with 0 < z < sn ≤ h1 ≤ s1, h1 ≤ T −1(s1) + 1 and

(s1 > 1/
√

2) ∨ (w1 < 2h1) ∨
(
s2

1 + h2
1 + 2s2

n < 39/25
)

,

we have FSC1(s1, h1, sn) > 8/5. ◀

5.3.3 Analysis for two to four subcontainers
▶ Lemma 16. If Layer Packing fails to pack a sequence s1, . . . , sn of squares and Bottom
Packing constructs k ∈ {2, 3, 4} subcontainers, the total area of the squares exceeds 8/5.

Proof. We use similar ideas as in the proof of Lemma 14. We bound the area packed by
Top Packing by E(s1, sn) using Lemma 4. Furthermore, we use Corollary 10 to bound the
area packed into each of the k ∈ {2, 3, 4} subcontainers by

∥Ci∥ ≥ B4

(
T −1(s1) −

i−1∑
j=1

hi

)
, hi, wi, hi+1

 , 1 ≤ i ≤ k,

where hk+1 := sn. We can express wi = w(T −1(s1) −
∑i−1

j=1 hj , hi) in terms of s1 and
hj , 1 ≤ j ≤ i. In total, for k subcontainers, this yields the bound

S ≥ FSCk
(s1, h1, . . . , hk, sn) := s2

1+s2
n+E(s1, sn)+

k∑
i=1

B4

T −1(s1) −
i−1∑
j=1

hi, hi, wi, hi+1

 .
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Finally, we know 0 < z < sn because the algorithm fails to pack sn. Thus, the following
lemma, proved automatically using interval arithmetic, suffices to complete the proof of
Lemma 16.

▶ Lemma 17 (Automatic Analysis for Lemma 16). Let zk = T (−T −1(s1) +
∑k

i=1 hi).
(k = 2) For all s1, h1, h2, sn with 0 < z2 < sn ≤ h2 ≤ h1 ≤ s1 and 0.295 ≤ s1 ≤

√
8/5 and

h1 + h2 ≤ 1 + T −1(s1), we have FSC2 > 8/5.
(k = 3) For all s1, h1, h2, h3, sn with 0 < z3 < sn ≤ h3 ≤ h2 ≤ h1 ≤ s1 and 0.295 ≤ s1 ≤√

8/5 and h1 + h2 + h3 ≤ 1 + T −1(s1), we have FSC3 > 8/5.
(k = 4) For all s1, h1, h2, h3, h4, sn with 0 < z4 < sn ≤ h4 ≤ h3 ≤ h2 ≤ h1 ≤ s1 and

0.295 ≤ s1 ≤
√

8/5 and h1 + h2 + h3 + h4 ≤ 1 + T −1(s1), we have FSC4 > 8/5. ◀

Due to space constraints, we omit the detailed analysis for five or more subcontainers,
which can be found in the full version of the paper. This completes the analysis of (C3)
and thus the proof of our main result.

6 Conclusion

We have established the critical density for packing squares into a disk: Any set of squares
of total area at most 8/5 can be packed into a unit disk. As shown by our lower bound
example, this guarantee is best-possible, i.e., it cannot be improved. The proof is based
on an algorithm that subdivides the disk into horizontal subcontainers and uses a refined
shelf packing scheme. The correctness of this algorithm is shown by careful manual analysis,
complemented by a computer-assisted part that is based on interval arithmetic.

There is a variety of interesting directions for future research. Of particular interest is the
critical density for packing squares of bounded size into a disk, which will result in a higher
packing density; a more general problem concerns the critical packing density for packing
other types of objects of bounded size into other types of containers. Other questions arise
from considering questions in three- or even higher-dimensional space. We are optimistic
that many of our techniques will be useful for settling these problems.
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Abstract
Given a family F of k-element sets, S1, . . . , Sr ∈ F form an r-sunflower if Si ∩ Sj = Si′ ∩ Sj′ for all
i ̸= j and i′ ̸= j′. According to a famous conjecture of Erdős and Rado (1960), there is a constant
c = c(r) such that if |F| ≥ ck, then F contains an r-sunflower.

We come close to proving this conjecture for families of bounded Vapnik-Chervonenkis dimension,
VC-dim(F) ≤ d. In this case, we show that r-sunflowers exist under the slightly stronger assumption
|F| ≥ 210k(dr)2 log∗ k

. Here, log∗ denotes the iterated logarithm function.
We also verify the Erdős-Rado conjecture for families F of bounded Littlestone dimension and

for some geometrically defined set systems.
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1 Introduction

An r-sunflower is a collection of r sets whose pairwise intersections are the same. That is,
r distinct sets S1, . . . , Sr form an r-sunflower if Si ∩ Sj = Si′ ∩ Sj′ for all i ̸= j and i′ ̸= j′.
For brevity, a k-element set is called a k-set.

Let fr(k) be the minimum positive integer m such that every family of k-sets whose size
is at least m contains r members that form an r-sunflower. Erdős and Rado [11] proved
that fr(k) ≤ k!(r − 1)k. The Erdős-Rado “sunflower conjecture” states that there is a
constant C = C(r) depending only on r such that fr(k) ≤ Ck. Over the years, some small
improvements have been made on the upper bound k!(r − 1)k, see [1, 14]. Very recently, a
breakthrough has been achieved by Alweiss, Lovett, Wu, and Zhang [5], who proved that

fr(k) ≤ (cr3 log k log log k)k,

where c is an absolute constant. For an alternative proof of this result, using Shannon
capacities, see [19]. Some weaker versions of the conjecture are discussed in [3, 17, 16].
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37:2 Sunflowers in Set Systems of Bounded Dimension

The aim of this note is to study the Erdős-Rado sunflower conjecture for families of
bounded dimension. Apart from set systems realized in low-dimensional Euclidean spaces,
we consider two additional notions of dimension: the Vapnik-Chervonenkis dimension (in
short, VC-dimension) and the Littlestone dimension (LS-dimension), introduced in [24]
and [15], respectively. Both are important combinatorial parameters that measure the
complexity of graphs and hypergraphs, and play important roles in statistics, algebraic
geometry, PAC learning, and in model theory. There is a growing body of results in extremal
combinatorics and Ramsey theory which give much better bounds or stronger conclusions
under the additional assumption of bounded dimension (see [12, 13]).

Given a family of sets F with ground set V , the VC-dimension of F , denoted by
VC-dim(F), is the maximum d for which there exists a d-element set S ⊂ V such that for
every subset B ⊂ S, one can find a member A ∈ F with A ∩ S = B. In this case, we say
that S is shattered by F .

Let fd
r (k) denote the least positive integer m such that every family F of k-sets with

|F| ≥ m and VC-dim(F) ≤ d contains an r-sunflower. Clearly, we have fd
r (k) ≤ fr(k), and

the Erdős-Rado sunflower conjecture implies the following weaker conjecture.

▶ Conjecture 1. For d ≥ 1 and r ≥ 3, there is a constant C = C(d, r) such that fd
r (k) ≤ Ck.

It is not difficult to see that, even for d = 1, the function f1
r (k) grows at least exponentially

in k. More precisely, we have f1
r (k) > (r − 1)k−1. Indeed, consider a rooted complete (r − 1)-

ary tree T with the root on level 0 and with (r − 1)k−1 leaves on level k − 1. Let F be the
family of k-sets consisting of the vertex sets of the root-to-leaf paths in T . Obviously, F does
not contain any r-sunflower, and its VC-dimension is at most 1.

More generally, we have the recursive lower bound

fd
r (k1 + k2) > (fd

r (k1) − 1)(fd
r (k2) − 1).

Indeed, for i = 1, 2, let Fi be a family of ki-sets of size fd
r (ki) − 1 with VC-dimension at

most d and without any r-sunflower. For each set S in F1, make a new copy of F2 and add
S to each set in F2. The ground set of copies of F2 are pairwise disjoint for distinct sets
of F1. The resulting set system F is (k1 + k2)-uniform with size (fd

r (k1) − 1)(fd
r (k2) − 1),

VC-dimension at most d, and has no r-sunflower. This implies that if fr(k′) > Ck′ + 1
for some k′ and C, then there is d depending on k′ such that for all sufficiently large k,
fd

r (k) > Ck. Thus, any exponential lower bound for the classical sunflower problem (with
unbounded VC-dimension) can be achieved by a construction with bounded (but sufficiently
large) VC-dimension.

Using a result of Ding, Seymour, and Winkler [10], we settle Conjecture 1 for families of
k-sets with VC-dimension d = 1.

▶ Theorem 2. For integers r ≥ 3 and k ≥ 1, every family of k-sets with VC-dimension d = 1
and cardinality at least r10k has an r-sunflower. That is, we have

f1
r (k) ≤ r10k.

Let log∗ k denote the iterated logarithm of k, i.e., the minimum i for which the i times
iterated logarithm of k satisfies log(i) k ≤ 2. All logarithms used in this note are of base 2.

For d ≥ 2, our upper bound on fd
r (k) is not far from the one stated in Conjecture 1.

▶ Theorem 3. For integers d, k, r ≥ 2, every family of k-sets with VC-dimension at most d

and cardinality at least 210k(dr)2 log∗ k has an r-sunflower. In notation,

fd
r (k) ≤ 210k(dr)2 log∗ k

.
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The Littlestone dimension of F ⊆ 2V is defined as follows. Consider a rooted complete
binary tree Td, with the root at level 0 and with 2d leaves at the last level. Let the leaves
of Td be labeled by sets in F , and all other vertices by elements of V . We say that Td is
shattered by F if for every root-to-leaf path with labels v0, v1, . . . , vd−1, F, we have vi ∈ F

if and only if the (i + 1)st vertex along the path is the left-child of vi, for all 0 ≤ i < d.
The Littlestone dimension of F , denoted by LS-dim(F), is the largest d for which there is a
labeling of Td which is shattered by F .

Obviously, we have VC-dim(F) ≤ LS-dim(F), because if the S = {s0, . . . , sd−1} ⊆ V

is shattered by F , then the labeling of Td in which all vertices at level i are labeled by si,
0 ≤ si < d, and the leaves by the corresponding sets in F with the appropriate intersection
with S, is also shattered by F .

Let hd
r(k) denote the least positive integer m such that every family F of k-sets with

|F| ≥ m and LS-dim(F) ≤ d contains an r-sunflower. Since the Littlestone dimension of a
set system is at least as large as its VC-dimension, we have

hd
r(k) ≤ fd

r (k) ≤ fr(k).

It turns out that hd
r(k), as a function of k, grows much more slowly than fd

r (k). Its growth
rate is only polynomial in k, albeit the degree of this polynomial depends on d.

▶ Theorem 4. For positive integers d, r, k, every family of k-sets with LS-dimension at most
d and cardinality at least (rk)d has an r-sunflower. Using our notation, we have

hd
r(k) ≤ (rk)d.

On the other hand, for integers d, r ≥ 3, and k ≥ 4d, we have

hd
r(k) ≥ (rk/d)d−o(d),

where the o(d) term goes to 0 as d → ∞.

For several geometrically defined set systems, one can verify the sunflower conjecture by
exploring the special properties of the underlying configurations.

A collection D of Jordan regions in the plane is called a family of pseudo-disks if the
boundaries of any two members in D intersect in at most two points. For simplicity, we will
assume that D is in general position, that is, no point lies on the boundary of three regions
and no two regions are tangent. It is well known that the VC-dimension of the set system
obtained by restricting D to V is at most 3 (see [7]) and, hence, Theorem 3 applies. However,
in this case, we can verify the sunflower conjecture.

▶ Theorem 5. Let V be a planar point set and let D = {D1, . . . , DN } be a family of pseudo-
disks such that the size of every set Si = Di ∩ V is equal to k. If N ≥ (500 + r)900k, where
r > 2, then there are r distinct sets Si1 , . . . , Sir

that form an r-sunflower.

Our paper is organized as follows. Sections 2 and 3 contain the proofs of Theorems 2
and 3, respectively. Theorem 4 about set systems of bounded Littlestone dimension is
established in Section 4. Section 5 is devoted to low-dimensional geometric instances of the
sunflower conjecture, while the last section contains some concluding remarks.

For the clarity of presentation, throughout this paper we make no attempt to optimize
the absolute constants occurring in the statements.

SoCG 2021
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2 VC-dimension 1–Proof of Theorem 2

Given a family F of subsets of a ground set V , as usual, let ν(F) denote the packing number
of F , i.e., the maximum number of pairwise disjoint members of F . Also, let τ(F) be the
transversal number of F , i.e., the minimum number of elements that can be selected from V

such that every member of F contains at least one of them. Finally, let λ(F) denote the
maximum integer l such that there are l sets S1, . . . , Sl ∈ F with the property that for any
1 ≤ i < j ≤ l, there is v = vij ∈ Si ∩ Sj such that v ̸∈ St for t ∈ [m] \ {i, j}. It is easy to
verify that λ(F) is at least as large as the VC-dimension of the set system (hypergraph) F∗

dual to F .
We need the following result of Ding, Seymour, and Winkler [10] which bounds the

transversal number of F in terms of its packing number and λ(F).

▶ Lemma 6 (Ding, Seymour, Winkler). Let F be a set system with ground set V , and let
ν(F) = ν, τ(F) = τ and λ(F) = λ. Then we have

τ ≤ 11λ2(λ + ν + 3)
(

λ + ν

λ

)2
.

Notice that VC-dim(F) = 1 implies that λ(F) ≤ 3. Hence, Theorem 2 is an immediate
corollary to the following result.

▶ Theorem 7. Let r ≥ 3 and let F be a family of k-sets with λ(F) = λ which does not
contain an r-sunflower. Then we have |F| ≤ (λ + r)6λk.

Proof. We proceed by induction on k. The base case k = 1 follows from the trivial bound
|F| ≤ r − 1. The induction hypothesis is that the bound holds for families of (k − 1)-sets.
For the inductive step, let F ⊆ 2V be a family of k-sets with no r-sunflower. In particular,
F has no r disjoint members, so that ν(F) < r. By Lemma 6,

τ(F) ≤ 11λ2(λ + r + 3)
(

λ+r
λ

)2 ≤ 11λ2(λ + r + 3)(λ + r)2λ(λ!)−2

≤ 11(λ + r + 3)(λ + r)2λ ≤ 20(λ + r)2λ+1.

Therefore, there is v ∈ V incident to at least |F|/τ(F) ≥ |F|/
(
20(λ + r)2λ+1)

members
of F .

Let F ′ = {S \ {v} : S ∈ F , v ∈ S}. Then we have |F ′| ≥ |F|/
(
20(λ + r)2λ+1)

, λ(F ′) ≤
λ(F), and F ′ does not contain any r-sunflower. By the induction hypothesis, we have
|F ′| ≤ (λ + r)6λ(k−1). Thus, we obtain

|F| ≤ 20(λ + r)2λ+1|F ′| ≤ 20(λ + r)2λ+1(λ + r)6λ(k−1) ≤ (λ + r)6λk,

as required. ◀

3 Bounded VC-dimension–Proof of Theorem 3

In this section, we prove Theorem 3, which is the main result of this paper. We need the
following lemma due to Sauer [20], Shelah [22], Perles, and, in a slightly weaker form, to
Vapnik and Chervonenkis [24]. See also [18].

▶ Lemma 8 (Sauer, Shelah, Perles). Let F be a set system with ground set V and VC-
dimension at most d. Then we have |F| ≤

∑d
i=0

(|V |
i

)
.
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Before turning to the proof, we need to discuss some closely related variants of the
sunflower problem.

First, we could ask the same question for multifamilies of sets, that is, for collections of
not necessarily distinct sets. Let gr(k) be the minimum positive integer m such that every
multifamily of k-sets of size m contains an r-sunflower. It is an easy exercise to prove that
gr(k) = (r − 1)fr(k) + 1.

Analogously, for any d ≥ 1, let gd
r (k) be the minimum positive integer m such that every

multifamily of k-sets of size m with VC-dimension at most d contains an r-sunflower. We
similarly have gd

r (k) = (r − 1)fd
r (k) + 1.

To obtain upper bounds for gd
r (k) and fd

r (k), we define the following related function.
Let αd

r(k) denote the maximum α such that for every nonempty multifamily F of k-sets
with VC-dimension at most d, if we select r members uniformly at random from F with
replacement, the probability that they have pairwise equal intersections is at least α.

Next, notice that the value of fr(k) remains the same if we change the definition from
families of k-sets to families of sets with at most k elements. Indeed, this can be achieved by
adding distinct “dummy” vertices to each set of size smaller than k so that it will have size
exactly k. The same holds for the functions fd

r (k), gr(k), gd
r (k), and αd

r(k) because adding
dummy vertices does not affect the VC-dimension of the family.

Considering a family of VC-dimension d which consists of fd
r (k) − 1 sets of size k and

contains no r-sunflower, we immediately obtain the following upper bound on αd
r(k) as the

r-tuples of sets from the family that have pairwise equal intersections are those that consist
of the same set r times.

αd
r(k) ≤ (fd

r (k) − 1)1−r. (1)

The following lemma implies that this bound on αd
r(k) is tight within a factor err−1.

▶ Lemma 9. For integers d, k, r ≥ 2 we have

αd
r(k) ≥ gd

r (k)1−r/e.

Proof. Let Sd
r (m, k) denote the minimum possible number of r-sunflowers in a multifamily

F of at most k-element sets with cardinality m and VC-dimension at most d. From the
definition, if m < gd

r (k), then Sd
r (m, k) = 0, while if m ≥ gd

r (k), then Sd
r (m, k) ≥ 1.

Our argument is based on the proof technique used to obtain the “crossing lemma” [2],
see also [23]. The idea is to use an averaging (or, equivalently, probabilistic) argument to
amplify a weak bound to a better bound. By deleting one set from each r-sunflower, we get
the trivial bound Sd

r (m, k) ≥ m − gd
r (k) + 1. For M ≥ m, by averaging over all subfamilies

of size m, we obtain

Sd
r (M, k) ≥ Sd

r (m, k)
(

M

r

)
/

(
m

r

)
.

In particular, Sd
r (m, k)/

(
m
r

)
is a monotone increasing function of m. Set m0 = (1+1/r)gd

r (k)−
1. Then we have Sd

r (m0, k) ≥ m0 − gd
r (k) + 1 = gd

r (k)/r. Thus, for m ≥ m0, we have

Sd
r (m, k) ≥ Sd

r (m0, k)
(

m

r

)
/

(
m0

r

)
≥ 1

r
gd

r (k)
(

m

r

)
/

(
(1 + 1/r)gd

r (k)
r

)
(2)

≥ 1
er

gd
r (k)1−rmr.
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Let αd
r(m, k) be the maximum α with the property that for every multifamily F of at

most k-element sets with cardinality m and VC-dimension at most d, if we uniformly at
random choose r sets from F with replacement, the probability that they have pairwise equal
intersections is at least α. Thus,

αd
r(m, k) ≥ Sd

r (m, k)/
(

m

r

)
+ m1−r, (3)

where the first term comes from possibly choosing r different sets (in terms of label, if we
view the m not necessarily distinct sets as labeled from 1 to m), and the second term comes
from possibly choosing the same set r times.

For m ≥ m0, by using (3) and then (2), we have

αd
r(m, k) ≥ Sd

r (m, k)/
(

m

r

)
≥ r!Sd

r (m, k)m−r ≥ (r − 1)!gd
r (k)1−r/e.

For m < m0, using the trivial bound Sd
r (m, k) ≥ 0, we have

αd
r(m, k) ≥ m1−r > m1−r

0 =
(
(1 + 1/r)gd

r (k) − 1
)1−r ≥ gd

r (k)1−r/e.

As αd
r(k) = infm αd

r(m, k), we have the desired bound αd
r(k) ≥ gd

r (k)1−r/e. ◀

Combining the previous lemma with the Erdős-Rado bound fr(k) ≤ k!(r − 1)k, and the
inequality gd

r (k) ≤ gr(k) = (k − 1)fr(k) + 1, we obtain the following corollary.

▶ Corollary 10. For any integers d, k, r ≥ 2, we have

αd
r(k) ≥

(
k!(r − 1)k+1 + 1

)1−r
/e.

We are now in a position to prove the following result which, together with (1), immediately
implies Theorem 3.

▶ Theorem 11. For any d, k, r ≥ 2, we have

αd
r(k) ≥ 2−10k(dr)2 log∗ k

.

Proof. If r = 2, then we have αd
2(k) = 1 and the result follows. Therefore we can assume

r ≥ 3. We use induction on k. For the base cases k < 8, by Corollary 10, we have

αd
r(k) ≥

(
k!(r − 1)k+1 + 1

)1−r
/e ≥ 2−10k(dr)2 log∗ k

.

For the inductive step, let k ≥ 8 and assume that the statement holds for all k′ < k.
Let F be a non-empty multifamily of at most k-element sets with VC-dimension at most d.
Without loss of generality, we may assume that the ground set is N. Let ϵi be the fraction
of sets in F that contain i. By reordering the elements of the ground set, if necessary, we
may also assume that ϵ1 ≥ ϵ2 ≥ . . ., that is, the elements of the ground set are ordered in
decreasing frequency.

As each member of F has size at most k, the expected size of the intersection of
[s] = {1, 2, . . . , s} with a randomly selected member of F is at most k. On the other hand,
this expectation is ϵ1 + · · · + ϵs ≥ sϵs. Therefore, we have ϵs ≤ k/s.

Set s = ⌈4k4/αd
r(log k)⌉. Define two multifamilies, F1 and F2, as follows. Let

F1 = {S : S ∈ F and |S ∩ [s]| ≤ log k}, F2 = F \ F1.
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Thus, we have |F| = |F1| + |F2|. We select at random, uniformly and independently with
repetition, r sets S1, . . . , Sr ∈ F . Let X denote the event that the r sets form an r-sunflower.
The proof now falls into two cases.

Case 1: Suppose that |F1| ≥ (1 − 1/r)|F|. Let Y denote the event that S1, . . . , Sr ∈ F1.
Let Z be the event that S1 ∩ [s], . . . , Sr ∩ [s] have pairwise equal intersections, and let W

be the event that S1 \ [s], . . . , Sr \ [s] are pairwise disjoint. Hence,

P[X] ≥ P[Y ∩ Z ∩ W ] = P[Y ∩ Z] − P[Y ∩ Z ∩ W̄ ] ≥ P[Y ∩ Z] − P[W̄ ]. (4)

Clearly, we have

P[Y ] ≥ (1 − 1/r)r ≥ 1
4 , (5)

and, by definition,

P[Z | Y ] ≥ αd
r(log k). (6)

Therefore, by (5) and (6), we have

P[Y ∩ Z] = P[Y ]P[Z | Y ] ≥ 1
4αd

r(log k). (7)

Fixing Si \ [s], which has size at most k, the probability that Sj \ [s] contains at least
one of the elements of Si \ [s] is at most kϵs+1 ≤ k2/(s + 1). Hence, by the probability
union bound, we have

P[W̄ ] ≤
(

k
2
)
k2

s + 1 <
k4

2s
≤ αd

r(log k)
8 . (8)

Combining (4), (7), and (8), we obtain

P[X] = P[Y ∩ Z] − P[W̄ ] ≥ αd
r(log k)

4 − αd
r(log k)

8 = αd
r(log k)

8 .

Hence, by the induction hypothesis, we have

αd
r(k) ≥ P[X] ≥ 1

8αd
r(log k) ≥ 1

82−10(log k)(dr)2 log∗ k−2
≥ 2−10k(dr)2 log∗ k

.

Case 2: Suppose that |F2| ≥ |F|/r. Since F has VC-dimension at most d, by the Sauer-
Shelah-Perles lemma, Lemma 8, the number of distinct sets in {S ∩ [s] : S ∈ F} is at
most sd. By the pigeonhole principle, there is a subset A ⊂ [s] with |A| ≥ log k such that
the family

F ′ = {S ∈ F : S ∩ [s] = A}

has at least |F2|/sd ≥ |F|/(rsd) members.
Select r sets S1, . . . , Sr from F uniformly at random with repetition. Let Y ′ denote the
event that S1, . . . , Sr ∈ F ′ and let Z ′ denote the event that S1 \ [s], . . . , Sr \ [s] form an
r-sunflower. Hence,

P[X] ≥ P[Y ′ ∩ Z ′]

= P[Y ′] · P[Z ′ | Y ′]

≥
( 1

rsd

)r
αd

r(k − log k)

≥ 1
rr(5k4)dr

(
αd

r(log k)
)dr

αd
r(k − log k).
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37:8 Sunflowers in Set Systems of Bounded Dimension

By the induction hypothesis, we obtain

P[X] ≥ 1
rr(5k4)dr

(
2−10(log k)(dr)2 log∗ k−2

)dr (
2−10(k−log k)(dr)2 log∗ k

)
.

Since dr ≥ 6 and k ≥ 8, we have

P[X] ≥ 1
rr(5k4)dr

2−10k(dr)2 log∗ k+8 log k(dr)2 log∗ k

≥ 2−10k(dr)2 log∗ k

.

This completes the proof. ◀

4 Littlestone dimension – Proof of Theorem 4

Originally, the Littlestone dimension was introduced for the characterization of regret bounds
in online learning, see [4, 15, 6]. As Chase and Freitag [8] pointed out, the notion is equivalent
to Shelah’s model theoretic rank. The definition can also be reformulated as follows.

For a finite family F of sets with ground set V , define LS-dim(F), the Littlestone
dimension of F , recursively. If |F| ≤ 1, then let LS-dim(F) = 0. For an element x of the
ground set, let Fx = {S \ {x} : x ∈ S and S ∈ F} and F ′

x = {S : x ̸∈ S and S ∈ F}. If
|F| > 1, then let

LS-dim(F) = 1 + max
x∈V

min (LS-dim(Fx), LS-dim(F ′
x)) .

For d ≥ 1, let hd
r(k) be the minimum positive integer m such that every family of k-sets

with size at least m and Littlestone dimension at most d contains an r-sunflower.

▶ Lemma 12. For positive integers k and r, we have h1
r(k) = k + r − 1.

Proof. We have h1
r(k) > k + r − 2 by considering the following family Fr,k of k-sets. For

k = 1, let the family consist of r − 1 singleton sets. For k > 1, we obtain Fr,k from Fr,k−1
by adding one new ground element to all sets in Fr,k−1, and then including one additional
k-set with entirely new ground elements. It is straightforward to check that this family of
k-sets has k + r − 2 members, its Littlestone dimension is 1, and it does not contain any
r-sunflower.

We prove the upper bound inductively on k, with the base case k = 1 being trivial. Let
k ≥ 2 and let F be a family of k-sets with size h1

r(k) − 1 which has Littlestone dimension at
most 1 and does not contain an r-sunflower. A family of sets has Littlestone dimension at
most 1 if and only if every element x of the ground set belongs to at most one or to all but
at most one set in the family, that is, if |Fx| ≤ 1 or |F ′

x| ≤ 1 for all x. If there is an element
x for which |F ′

x| ≤ 1, then |Fx| = |F| − 1 = h1
r(k) − 2 and Fx is a family of (k − 1)-sets

of Littlestone dimension at most 1 which does not contain an r-sunflower, from which we
obtain h1

r(k − 1) ≤ h1
r(k − 1) + 1. If there is no ground element x in more than one set in F ,

then all members of F are disjoint. Therefore, |F| < r and h1
r(k) ≤ r. ◀

▶ Lemma 13. For any family F of sets of size at most k with no (r + 1)-sunflower, there is
an element of the ground set which belongs to at least a 1

kr -fraction of the sets.

Proof. Consider a maximum family {S1, . . . , Ss} of sets in F which are pairwise disjoint.
Such a family forms a sunflower and hence s ≤ r. In particular, any set in F contains at
least one element from

⋃s
i=1 Si, which has a total of ks ≤ kr elements. By the pigeonhole

principle, there is an element of the ground set which belongs to at least a fraction 1
kr of the

sets in F . ◀
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▶ Lemma 14. For integers k, r ≥ 1 and d ≥ 2, we have

hd
r(k) ≤ max

(
k(r − 1)

(
hd−1

r (k − 1) − 1
)

+ 1, hd
r(k − 1) + hd−1

r (k) − 1
)

.

Proof. Let F be a family of k-sets with size hd
r(k) − 1 which has Littlestone dimension at

most d and does not contain an r-sunflower. By Lemma 13, there is an element x of the
ground set in at least a fraction 1

k(r−1) of the sets in F . As F has Littlestone dimension d,
at least one of Fx or F ′

x has Littlestone dimension at most d − 1.
If Fx has Littlestone dimension at most d − 1, then Fx is a family of (k − 1)-sets which

has no r-sunflower, and hence

1
k(r − 1)

(
hd

r(k) − 1
)

= 1
k(r − 1) |F| ≤ |Fx| ≤ hd−1

r (k − 1) − 1,

from which it follows that hd
r(k) ≤ k(r − 1)

(
hd−1

r (k − 1) − 1
)

+ 1.
If F ′

x has Littlestone dimension at most d − 1, then we have |F ′
x| ≤ hd−1

r (k) − 1 and
|F ′

x| ≤ hd
r(k − 1) − 1, from which it follows that

hd
r(k) − 1 = |F| = |Fx| + |F ′

x| ≤ hd−1
r (k) − 1 + hd

r(k − 1) − 1,

and, hence, hd
r(k) ≤ hd−1

r (k) + hd
r(k − 1) − 1. ◀

We can now prove Theorem 4.

Proof of Theorem 4. For the upper bound, the proof is by induction on the Littlestone
dimension d. In the base case d = 1, we have h1

r(k) = k + r − 1 ≤ kr. Suppose d ≥ 2.
Consider the recursive upper bound on hd

r(k) from Lemma 14. We split the proof into two
cases depending on the maximum of the two functions in the upper bound on hd

r(k). In each
case, we use the induction hypothesis.

In the first case, we have

hd
r(k) ≤ k(r − 1)

(
hd−1

r (k − 1) − 1
)

+ 1 ≤ kr(kr)d−1 = (kr)d.

In the latter case, we have

hd
r(k) ≤ hd−1

r (k)+ hd
r(k −1)−1 < (kr)d−1 +((k −1)r)d ≤ (kr)d−1 +(1− 1

k
)(kr)d < (kr)d.

In either case, we obtained the desired bound.

For the lower bound, let d ≥ 6, r ≥ 3, k be sufficiently large with k ≥ 4d, n =
k2r/(500d log k), t = ⌈log d⌉ and m = n−1(n/k)d−t. We use the probabilistic method to
show that there exists a family F of k-element subsets of [n] := {1, . . . , n} with |F| ≥ m/2,
F does not contain any r-sunflower, and the Littlestone dimension of F is at most d. This
implies the desired lower bound on hd

r(k).
We will show that F satisfies four properties each with high probability. This means that

the probability is of the form 1 − o(1) with the o(1) term tending to 0 as k tends to infinity.
Hence, all four properties hold with high probability. These four properties guarantee that
F has the desired properties and hence there is a choice of F with the desired properties.

Pick m subsets S1, . . . , Sm ⊂
([n]

k

)
uniformly and independently at random. Let F be the

family of distinct Si. Since m ≪
(

n
k

)
, it is easy to see that, with high probability, we have

|F| ≥ m/2.

SoCG 2021



37:10 Sunflowers in Set Systems of Bounded Dimension

We next show that, with high probability, F does not contain any r-sunflower. Consider
a subsequence of r of these random sets, say S1, . . . , Sr. The number of sequences of r sets
in

([n]
k

)
which have pairwise equal intersection, and this intersection has size s, is(

n

s

) r∏
i=1

(
n − s − (i − 1)(k − s)

k − s

)
= s!−1(k − s)!−rn!/ (n − s − r(k − s))!

This is because there are
(

n
s

)
ways of choosing the common intersection of size s, and given

the Sj with j < i, the remaining k − s elements from Si not in the common intersection
must be chosen from the n − s − (i − 1)(k − s) elements not in any of the Sj with j < i. As
there are

(
n
k

)
ways to pick each Si, the probability that the r random sets S1, . . . , Sr have

pairwise equal intersection of size s is(
n

k

)−r

s!−1(k−s)!−r n!
(n − s − r(k − s))! =

(
k

s

)
·(k!/(k − s)!)r−1·n!/(n − s − r(k − s))!(

k!
(

n
k

))r . (9)

Note that the expression in the right hand side of (9) is the product of three factors.
The middle factor is at most ks(r−1). In the third factor in the right hand side of (9), the
numerator can be expressed as the product of factors (n − j) for j = 0, . . . , s + r(k − s) − 1,
which is a total of s + r(k −s) factors, while the denominator can be expressed as the product
of rk factors which are of the form (n − h) with h ≤ k. It follows that the third factor in the
right hand side of (9) is at most

(n − k)−s(r−1)
(r−1)(k−s)−1∏

j=1

(
1 − j

n − k

)
≤ (n − k)−s(r−1)e−(r−1)2(k−s)2/(4n),

where we used the inequality 1 − x ≤ e−x for x ≥ 0 to bound each factor in the product.
It follows that the expression on the right hand side of (9) is at most(

k (k/(n − k))r−1
)s

· e−(r−1)2(k−s)2/(4n). (10)

Thus, the probability that S1, . . . , Sr form an r-sunflower is at most

k∑
s=0

(
k (k/(n − k))r−1

)s

e−(r−1)2(k−s)2/(4n).

We bound the probability that there is an r-sunflower in F by taking the union bound over
all the

(
m
r

)
choices of r sets from S1, . . . , Sm. Note that (10) is the product of two factors

which are each at most 1. We bound (10) for s ≥ 2d by the first factor, and for s < 2d by
the second factor. We also use the inequality

(
m
r

)
≤ (em/r)r. Substituting in the chosen

values for n and m, we get a o(1) probability that there is an r-sunflower in F .
Finally, we bound the probability that F has Littlestone dimension greater than d. If F

has Littlestone dimension greater than d, in the rooted complete binary tree realizing the
Littlestone dimension, going down from the root by taking the left-child each time for d − t

levels, we see that there are at least 2t ≥ d sets that each contain the same d − t vertices. So
the probability that F has Littlestone dimension greater than d is at most the probability
that there are d sets in F that each contain the same d− t elements from [n]. This probability
in turn is at most(

m

d

)(
n

d − t

) (
k

n

)(d−t)d

<
(em

d

)d
(

en

d − t

)d−t (
k

n

)(d−t)d

= o(1).
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Here we used the union bound over all
(

m
d

)
choices of d indices from [m] and over all

(
n

d−t

)
choices of d − t distinct integers in [n]. We also used that the probability that a given set
of d − t elements in [n] is in a random k-set is at most (k/n)d−t. The last inequality is by
substituting in the chosen values of n and m. ◀

5 Geometric versions of the sunflower conjecture

We start with the proof of Theorem 5. We need the following lemma due to Sharir [21].

▶ Lemma 15. Let D = {D1, . . . , Dt} be a family of pseudo-disks in the plane, and let P

denote the set of all intersection points of the boundaries of Di. Then the number of points
in P covered by the interior of at most k other regions Di is at most 26kt.

Proof of Theorem 5. Given r > 2, let N = (500 + r)900k. We proceed by induction on k.
The base case k = 1 is trivial. Now assume the statement holds for k′ < k.

Let V be a planar point set and let D = {D1, . . . , DN } be a family of pseudo-disks
in the plane such that |Di ∩ V | = k for all i. By slightly perturbing each region Di, we
can assume that no point in V lies on the boundary of Di for all i. Set Si = Di ∩ V and
F = {S1, . . . , SN }.

Let t = λ(F) and suppose the sets S1, . . . , St ∈ F have the property that for any
1 ≤ i < j ≤ t, there is a vertex v ∈ Si ∩ Sj from V such that v ̸∈ Sℓ for ℓ ∈ [t] \ {i, j}. Then,
by letting Ci denote the boundary of Di, there are at least

(
t
2
)

connected components in
R2 \

⋃
i Ci that are covered by at most two regions Di. On the other hand, by Lemma 15,

there are at most 4(52)t such regions, since every point in the arrangement
⋃

i Ci is incident
to at most four such connected components. Therefore, we have(

t

2

)
≤ 208t,

which implies that t ≤ 417.

Further, we can assume that ν(F) ≤ r − 1, since otherwise we would be done. By
Lemma 6, we have

τ(F) ≤ 11(417)2(419 + r)
(

416 + r

417

)2
≤ (500 + r)900.

There is a vertex v ∈ V which is incident to at least N/τ(F) members in F . Let D′ = {Di ∈
D : v ∈ Di}, V ′ = V \ {v}, and S′

i = V ′ ∩ D′
i. Hence, |D′| ≥ N/τ(F) ≥ (500 + r)900(k−1).

By the induction hypothesis, there are r sets S′
i1

, . . . , S′
ir

in D′ that form an r-sunflower.
Together with vertex v, we obtain an r-sunflower in F . ◀

Replacing Lemma 15 with Clarkson’s theorem on levels in arrangement of hyperplanes [9],
the argument above gives the following.

▶ Theorem 16. Given r > 2, there is a constant C = C(r) for which the following statement
is true. If V is a point set in R3 and H = {H1, . . . , HN } is a family of N ≥ Ck half-spaces
such that the size of the set Si = Hi ∩V is k for all i, then there are r distinct sets Si1 , . . . , Sir

that form an r-sunflower.

SoCG 2021



37:12 Sunflowers in Set Systems of Bounded Dimension

6 Concluding Remarks

The Erdős-Rado sunflower conjecture remains an outstanding open problem. Although we
made progress in this paper, it still remains open for families of bounded VC-dimension.

We were able to prove the conjecture in a geometric setting in the plane (Theorem 5).
We think it would be interesting to prove the conjecture in other geometric settings, such
as for families of sets that are the intersection of the ground set with semi-algebraic sets of
bounded description complexity. Such families are of bounded VC-dimension. The following
conjecture is a natural special case to consider.

▶ Conjecture 17. For each integer r ≥ 3, there is a constant C = C(r) such that the
following holds. If V ⊂ R3 and F is a family of subsets of V each of size k with |F| ≥ Ck

such that every set in F is the intersection of V with a unit ball in R3, then F contains an
r-sunflower.
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1 Introduction

Two edges in a graph are independent if they do not share a vertex. A drawing of a graph on
a surface is independently even, or iocr-0 for short, if every two independent edges cross1 an
even number of times in the drawing.

In the plane, there is a beautiful characterization of planar graphs known as the Hanani-
Tutte theorem which says that a graph has an embedding in the plane (i.e., is planar) if and
only if it has an independently even drawing in the plane. Equivalently, any drawing of a
non-planar graph in the plane must contain two independent edges that cross oddly. The
Hanani-Tutte theorem has a wide array of applications in computational and combinatorial
geometry [32], some of which we discuss below.

There are several proofs of the Hanani-Tutte theorem, including the original 1934 proof
by Hanani and the 1970 proof by Tutte; see [26] for more references. We also know that the
result remains true for the projective plane2 [4, 25]. On the other hand, counterexamples
were found recently which show that the Hanani-Tutte theorem does not extend to orientable
surfaces of genus 4 and higher [8]. This opened up a path to the study of approximate
versions of the Hanani-Tutte theorem [9, 11].

We complement these results by proving that the Hanani-Tutte theorem does extend to
the torus.

▶ Theorem 1. Let G be a graph. Suppose that G can be drawn on the torus so that every
two independent edges cross evenly. Then G can be embedded on the torus.

Among orientable surfaces, this leaves only the double and triple torus for which we
do not yet know whether the Hanani-Tutte theorem holds. For non-orientable surfaces, all
cases starting with the Klein bottle are open. Our approach extends and refines techniques
developed in [4, 25] and other papers.

1 Crossings for us are proper crossings, not shared endpoints or touching points.
2 Equivalently, a sphere with a crosscap. We assume that the reader is familiar with the basic terminology

of drawings and embeddings in surfaces. For background see [6, 21].
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38:2 Strong Hanani-Tutte for the Torus

The proof of Theorem 1 is inductive, and for the induction to work we need to strengthen
the result; this strengthened version is Theorem 4 in Section 3. For the induction, we
carefully define a partial order on drawings of graphs on the torus, then consider a minimal
counterexample to Theorem 4 with respect to the partial order. Our reductions are mostly,
but not always, minor preserving.

In the base case of the proof, we work with drawings of subdivisions of K3,t, t ≤ 6 and
K5, possibly with some added paths in the case of K3,t. Reducing to the base case is a
relatively smooth procedure using natural redrawing tools, up to the point when the graph is
a subdivision of K3,t or K5 with additional simple “bridges”. In this case an extensive case
analysis seems to us the only way to proceed. The bulk of the full version of the paper deals
with these cases. The main difficulty then lies in performing the reduction steps so that the
case analysis is manageable.

Applications

Smorodinsky and Sharir [33] showed that if P is a collection of n points, and C a collection
of m pseudo-disks in the plane such that every pseudo-disk in C passes through a distinct
pair of points in P , and no pseudo-disk contains a point of P in its interior, then m ≤ 3n − 6,
where 3n − 6 is just the maximal number of edges in a planar graph on n vertices. For
pseudodisks in the projective plane, we have m ≤ 3n − 3 [32]. Using Theorem 1, one can
now obtain m ≤ 3n for pseudodisks in the torus.

A family of simply connected regions is k-admissible if each pair of region boundaries
intersect in an even number of points, not exceeding k. Whitesides and Zhao [36] showed
that the union of n ≥ 3 planar k-admissible sets is bounded by at most k(3n − 6) arcs, where
3n − 6 is again the maximum number of edges in an n-vertex planar graph. This result was
reproved by Pach and Sharir [23] using the Hanani-Tutte theorem. Consequently, we can get
a bound of k(3n − 3) for the projective plane [32] and 3kn for the torus.

Keszegh [17] gave a more uniform treatment of these types of results based on hypergraphs,
which at the core again uses the Hanani-Tutte theorem. While he only states results for
the plane, all of his material should lift to the projective plane and the torus based on the
availability of the Hanani-Tutte theorem on those surfaces.

Known Results

The Hanani-Tutte theorem [2, 35] for the plane has been known for a while, with many
proofs; for a survey of known results see [32]. It was shown to be true for the projective
plane by Pelsmajer et al. [25] using the excluded minors for the projective plane, and later
directly, without recourse to excluded minors, by É. Colin de Verdière et al. [4]. Excluded
minors stop being useful at this point, since we do not know the complete list of excluded
minors for the torus or any higher-order surfaces.

If we strengthen the assumption of the Hanani-Tutte theorem to also require adjacent
edges to cross each other evenly, then embeddability follows, for any surfaces. This is known
as the weak Hanani-Tutte theorem.3

▶ Theorem 2 (Weak Hanani-Tutte for Surfaces [1, 28]). If a graph can be drawn in a surface S

(orientable or not) so that every two edges cross an even number of times, then the graph can
be embedded in S with the same rotation system (if S is orientable), or the same embedding
scheme (if S is non-orientable).

3 Naming this variant “weak” is somewhat misleading, as it has a strengthened conclusion.
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Unfortunately, the available proofs of Theorem 2 do not give any insight on how to
establish the strong version on a surface (when it is possible). It does not even settle the
seemingly easy question of whether a graph which can be drawn in a surface so that the only
crossings are between adjacent edges, can always be embedded in that surface.

For work on applying Hanani-Tutte to different planarity variants, see [5, 12, 13, 14, 16, 31].
A variant of the (strong) Hanani-Tutte theorem in the context of approximating maps of
graphs, which works on any surface, was announced in a paper co-authored by the first
author [7].

Organization

We introduce the terminology and basic redrawing tools in Section 2 and 3, respectively. As
a sample applicaion, in Section 4 we extend the Hanani-Tutte theorem to the 1-spindle (a
pseudosurface). In Section 5, we discuss the base case of our inductive proof of Theorem 1. In
Section 6, we discuss the properties of a hypothetical minimal counterexample to Theorem 1.
In Section 7 we outline the proof of Theorem 1. We conclude with open problems in Section 8.

2 Terminology, Definitions, and Basic Properties

For the purposes of this paper, graphs are simple (no multiple edges or loops), and surfaces
are compact 2-manifolds (with or without boundary).

For a particular drawing D of a graph G on a surface S, we make the following definitions:
The crossing parity of a pair of edges is the number of times the two edges cross modulo 2.
Two edges form an odd pair if their crossing parity is 1. A subgraph (or single edge) is even
if none of its edges belong to an odd pair in G.

A closed curve γ on a surface S is non-essential if it forms the boundary of a (not
necessarily connected) closed sub-manifold of S, or equivalently, if its complement in S can
be two-colored so that path-connected components sharing a non-trivial part of γ receive
opposite colors. In homological terms, a closed curve γ on S is essential if its homology class
does not vanish over Z2. A closed curve separates the surface if removing the curve from the
surface disconnects the surface. A curve is simple if it is free of self-intersections. A closed
simple curve γ separates the surface if and only if γ is non-essential. An essential simple
closed curve is therefore non-separating.

We apply the same terminology to cycles in graph drawings, since a cycle determines a
closed curve. We say a subgraph in a drawing is essential if it contains an essential cycle.

Closed curves in the plane are non-essential. Non-essential curves, on any surface, tend
to be easier to handle when proving results similar to ours, because they cross every other
closed curve an even number of times. (This is easy to see by two-coloring of the complement
of the non-essential curve as described above.) The greater difficulty in proving Hanani-Tutte
type results lies in the presence of essential curves.

Edge-vertex move

An edge-vertex (e, v)-move (also known as van Kampen’s finger-move, or edge-vertex switch)
is a generic deformation of the edge e in a drawing of G changing the crossing parity between
e and all the edges incident to v, without changing any other crossing parities; see the left
illustration in Figure 1. An edge-vertex move is performed as follows. Connect an interior
point of e to v via a curve γ that does not pass through any vertices (and does not cross e).
Then reroute e close to γ and around v (as shown in the illustration). Since e traverses γ

twice, only the crossing parities of e with edges incident to v change.

SoCG 2021



38:4 Strong Hanani-Tutte for the Torus

v v

e e
v v v′ v′′v

Figure 1 Left: An (e, v)-move. Middle: An edge-flip. Right: A vertex-split.

Edge-flip

An edge-flip, or flip, (at v) in a drawing is a redrawing operation that happens near a vertex
v, and which takes two consecutive edges in the rotation at v and (locally) exchanges their
position in the rotation at v; see the middle illustration in Figure 1. As a result, the crossing
parity between the two flipped edges changes, and no other crossing parities are affected.

Edge contraction and vertex split

A contraction of an edge e = uv in a drawing of a graph is an operation that turns e into a
vertex by moving v along e towards u while dragging all the other edges incident to v along
e. If e is even, then contracting e in this fashion does not change the crossing parity of any
pair of edges. Contraction may introduce multi-edges or loops at the vertices; we avoid this
by only contracting partially, just enough to make uv crossing-free.

We will also often use the following operation which can be thought of as the inverse of a
contraction in a drawing. To split a vertex v, we split its rotation into two contiguous parts,
and then cut through the vertex to separate those two parts. This results in two vertices v′

and v′′ which we connect by a crossing-free edge v′v′′ so that contracting v′v′′ recovers the
original rotation at v; see the right illustration in Figure 1. Vertex splits are not unique.

Edge-vertex moves and contractions may introduce self-crossings of edges. Such self-
crossings are easily resolved [15, Section 3.1]: remove the crossing, and reconnect the four
severed ends so that the edge consists of a single curve. In this redrawing, essential cycles
remain essential and non-essential cycles remain non-essential. (This is easy to see by
two-coloring of the complement of the curve corresponding to a non-essential cycle.)

3 Redrawing iocr-0-Drawings on the Torus

In this section we establish some of the basic redrawing tools for iocr-0-drawings. We start
with some results which (mostly) work on all surfaces, and may be useful for establishing
Hanani-Tutte type results for surfaces other than the torus. We focus on orientable surfaces.

We will say that a vertex v in a drawing D of a graph on a surface is even if every two
edges incident to v cross each other an even number of times; otherwise, v is odd.4

A drawing D2 of a graph G in an orientable surface S is compatible with a drawing D1
of G in S if every even vertex in D1 is even in D2 and the rotation at each even vertex in
D1 is preserved in D2. Note that the compatibility relation is transitive, but not necessarily
symmetric. We define a notion of connectivity on even vertices: two even vertices u and v in
a drawing of a graph are evenly connected if there exists a path connecting u and v consisting
only of even vertices. An evenly connected component in a drawing is a maximal connected
subgraph in the underlying abstract graph induced by a set of even vertices.

4 This will not conflict with the usual degree-based definition of even and odd vertices, since we will not
be using that terminology.
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A drawing D2 of a graph G in an orientable surface S is weakly compatible with a drawing
D1 of G in S if every even vertex in D1 is even in D2 and, for every evenly connected
component K in D1, either the rotation in D2 at every vertex v ∈ V (K) is the same as
the rotation of v in D1, or the rotation in D2 at every vertex v ∈ V (K) is the reverse of
the rotation of v in D1. Note that the weak compatibility relation is transitive, but not
necessarily symmetric, just like compatibility.

We can now state a version of the Hanani-Tutte theorem on the plane that implies both
the weak and the strong version. While the result follows from the proof of the Hanani-Tutte
theorem in [26], it was first explicitly stated, and given a new proof, in [10].

▶ Theorem 3 (The Unified Hanani-Tutte Theorem [10]). If G has an iocr-0-drawing D in the
plane, then G has an embedding in the plane compatible with D.

Theorem 3 does not hold on any surface other than the plane [8, Theorem 7]. The
counterexample requires compatibility; it fails for weak compatibility. If we assume that the
graph is 3-connected, then weak compatibility can be achieved on the torus.

▶ Theorem 4. If a 3-connected graph G has an iocr-0-drawing D in the torus, then G has
an embedding in the torus that is weakly compatible with D.

The next lemma is one of our main redrawing tools. It shows that we can always clear
an essential cycle of crossings, in any surface. A precursor of this lemma, for the projective
plane can be found in [25].

▶ Lemma 5. Let D be an iocr-0-drawing of a graph G on a surface S. Suppose that C is an
essential cycle in D. Then there exists an iocr-0-drawing D′ of G compatible with D on S in
which C is crossing free, and each cycle is essential in D′ if and only if it is essential in D.

As a first application of Lemma 5 we obtain the following corollary.

▶ Corollary 6. If G has an iocr-0-drawing D on the torus containing an essential cycle C

consisting of even vertices only, then G has an embedding on the torus that is compatible
with D.

The following lemma shows, roughly speaking, that in an iocr-0-drawing, one vertex alone
cannot make the difference between planarity and non-planarity. (It appeared, with a slightly
different proof, for the projective plane in [25].)

▶ Lemma 7. Let x ∈ V (G) and H = G − x. Suppose there is an iocr-0-drawing D of G in
a surface S such that H is non-essential. Then G has a plane embedding. If S is orientable,
then the plane embedding of G restricted to H is compatible with D restricted to H.

Lemma 7 implies that if a graph H has a non-essential embedding on a surface, then H

has a compatible plane embedding.

Proof. We consider the surface S as a sphere with handles and crosscaps. We can choose a
set C of 1-sided and 2-sided essential curves so that cutting the surface along these curves
in C results in a planar surface, with a single hole for each crosscap and handle5: for each
crosscap we choose a 1-sided closed curve cutting through the crosscap, and for each handle
we pick two 2-sided closed curves (sharing a single point) so that cutting the surface along
the two curves results in a single “square” boundary hole.

5 For non-orientable surfaces Mohar [20] calls these “planarizing system of disjoint curves”. If we deformed
the curves of C so that they all shared a single point, we’d get a set of generators of the fundamental
group of the surface.
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u v

u

v

C ∈ C C ∈ C

Figure 2 Contracting the edge uv by pulling u along uv to v.

Given an edge uv, we may contract the edge by pulling u toward v until uv no longer
crosses any curve of C. For any edge e that crosses uv, when u reaches e then e will be
deformed so that instead of u crossing e, e will get pulled along to just stay in front of u,
see Figure 2. This may cause e to add new crossings with curves of C, two crossings at a
time, whenever u crosses a curve of C. Thus the crossing parity between each edge of G not
incident to u and each curve of C will be unchanged by this operation.

Let F be a rooted maximum spanning forest in H := G − x. For each component of F ,
perform a breadth-first search transversal, contracting each edge as described towards the
root of the component. After an edge e of F is contracted it has zero crossings with every
curve of C; later contractions may add crossings between e and curves of C but without
affecting the crossing parity. Thus, at the end of this process, every edge of F crosses every
curve of C evenly.

Consider any edge e ∈ E(H) − E(F ). Since we assumed that H is non-essential (and
that did not change during the redrawing we did), e must cross each C ∈ C evenly (if it did
not, the (unique) cycle in F ∪ {e} is essential, a contradiction). In summary, every edge of
H crosses each C ∈ C evenly.

Now cut the surface along the curves in C, and fill in each boundary hole with a disk,
resulting in a sphere. For each edge-crosscap intersection, reconnect the ends with a curve
passing straight through the disk; for each edge broken at a handle, reconnect it straight
across the disk. We remove any resulting self-crossings using the standard method [15,
Section 3.1]. Since each edge of H intersects each curve of C evenly, its crossing parity with
other edges does not change. In particular: if two edges did not cross oddly before the
redrawing, but they do now, then both edges are incident to x, and even vertices, except
possibly x, remain even.

We can then apply Theorem 3 to obtain a plane drawing of G. If S is orientable, then
the subdrawing of H is compatible to the original drawing of H on S. ◀

The following result shows that an even tree (all its edges are even) can always be cleaned
of crossings. The result is true for all surfaces, and it remains true for forests, but we will
not need these stronger versions.

▶ Lemma 8. If G has an iocr-0-drawing D that contains an even tree T , then there exists
an iocr-0-drawing of G that is compatible with D in which T is free of crossings. Only edges
incident to T are redrawn.

A pair of edge-disjoint cycles C1 and C2 touch at a vertex v ∈ V (C1) ∩ V (C2) if in the
rotation at v the edges of C1 and C2 do not interleave; otherwise, we say the cycles cross
at v. A pair of nearly disjoint cycles is a pair of edge-disjoint cycles for which any shared
vertices are even and touching.
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v v

K3

v1 v2

Figure 3 Surgery in the proof of Theorem 10. Eliminating the pinched point splits the vertex v

into two vertices v1 and v2 that are subsequently merged using the handle. A 3-cycle K3 is added
around the handle passing through v.

▶ Lemma 9. If G has an iocr-0-drawing on the torus containing two nearly disjoint essential
cycles, then G has an embedding on the torus that is compatible with the iocr-0-drawing, and
the two nearly disjoint cycles remain essential.

This lemma implies that we can assume that a counterexample to the Hanani-Tutte
theorem on the torus does not contain two vertex-disjoint essential cycles.

4 The 1-Spindle

Before we move on to the torus, we show how to apply our tools so far in a much simpler
context than the torus (or the projective plane).

We show that there is a strong Hanani-Tutte theorem for the 1-spindle. The 1-spindle is
a pseudosurface obtained from the sphere by identifying two distinct points (the pinchpoint).
Embeddings are defined as usual; for drawings, we allow at most one edge to pass through
the pinchpoint.

▶ Theorem 10 (Hanani-Tutte for 1-Spindle). If a graph has an iocr-0-drawing on the 1-spindle,
it can be embedded on the 1-spindle. The embedding is compatible with the original drawing,
except for (possibly) the vertex at the pinchpoint.

One might suppose that this result should follow directly from a Hanani-Tutte theorem
for the projective plane or the torus, but if true, it does not seem to be immediately obvious.

Proof. Fix an iocr-0-drawing of G on the 1-spindle. We can assume that there is a vertex v

at the pinchpoint. If not, there must be an edge e passing through the pinchpoint (otherwise,
we have an iocr-0-drawing on the sphere, and we are done by the Hanani–Tutte theorem in
the plane). Consider the subcurve γ of e between the pinchpoint and a vertex v. For any
edge f which crosses γ oddly, we perform an (f, u)-move for every vertex u in G. This does
not change the crossing parity of any pair of edges, but it does ensure that γ is an even curve.
We can then partially contract e by pulling v along γ onto the pinchpoint. Since γ is even,
the drawing remains iocr-0.

Refer to Figure 3. Remove the pinchpoint (splitting v into two copies), giving us a drawing
on a sphere. Add a handle close to the two copies (close to where they were split), and move
them back together, merging them into a single vertex. This gives us an iocr-0-drawing of G

on the torus. Add a crossing-free essential cycle, say a 3-cycle K3, through v on the handle;
let G∗ denote the new graph. If the drawing of G − v (as part of G∗) does not contain an
essential cycle, then G is planar, by Lemma 7, and we are done. So the drawing of G − v

contains an essential cycle, implying that the drawing of G∗ contains two disjoint essential
cycles. By Lemma 9 we can find a compatible embedding of G∗ in the torus. Note that
in that embedding the essential cycle K3 is still essential (and free of crossings), so we can
contract it until it becomes a point, which yields an embedding of G on the 1-spindle. ◀
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5 Hanani-Tutte for Some Kuratowski Minors

Fulek and Kynčl [11] showed that the Hanani-Tutte theorem is true for any surface if we
restrict ourselves to the graphs known as Kuratowski minors, which include K3,t for any
t ≥ 3.

▶ Lemma 11 ([11]). For t ≥ 7, K3,t does not admit an iocr-0-drawing on the torus.

Since K3,7 has no toroidal embedding, Lemma 11 implies that the Hanani-Tutte theorem
on the torus is true for all K3,t, t ≥ 7 (and their subdivisions). Figure 4 shows a toroidal
embedding of K3,6 with an 3-cycle added to the vertices of degree 6, so Lemma 11 is sharp
even if with that added 3-cycle.

a b c

a b c

Figure 4 A torus embedding of K3,6 ∪K3, with the union taken over the three vertices of degree 6.

As a base case for our proof of Theorem 1, we need a unified Hanani-Tutte result like
Theorem 3 for Kuratowski minors on the torus. Fulek and Kynčl [8] showed that this is not
possible, even for a K3,4: there is an iocr-0-drawing of K3,4 on the torus which does not have
a compatible embedding. We can show, however, that there always is a weakly compatible
embedding of K3,n up to n = 6 which is sharp, since K3,7 has no embedding on the torus.

We establish a slightly stronger result. Let a, b, and c be the three vertices of degree n in
K3,n. We call a graph a K3,n with bracers (at a, b, c) if it is the union of the K3,n with (any
number of) internally-disjoint paths of length at most two added between any two of {a, b, c}
(no multiple edges). These paths are the bracers.

▶ Lemma 12. Let G be a subgraph of a subdivision of a K3,n with bracers at {a, b, c}. For
every iocr-0-drawing of G on the torus, there exists a weakly compatible embedding of G.

The result remains true for bracers of arbitrary length, but we will not need that.

Proof. We can assume that G contains no vertex v of degree 0 or 1, since removing such
a vertex cannot make another even vertex odd, and any embedding of G − v can easily be
extended to G. If v is a vertex of degree 2 with neighbors u, w with uw ̸∈ E(G), then we can
suppress v by similar reasoning. Thus we may assume that G is an induced subgraph of a
K3,n with bracers.

Let S = {a, b, c}. We want to replace bracers of length 1 with bracers of length 2. So
suppose there is an edge uw with u, w ∈ S. If necessary, we use edge-flips at u to ensure
that uv crosses every edge incident to u evenly. We can then subdivide uw with a vertex v

placed very close to u; then even vertices stay even, and after embedding we can suppress v.
Thus we may assume that all bracers are paths of length 2. Finally, we may assume that all
the vertices of degree at most 3 are even, by performing edge-flips if necessary. So any odd
vertices must belong to S.
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If S contains no even vertices, then each even vertex of G is its own evenly connected
component. Since any two rotations of a degree-3 vertex are weakly compatible, any
embedding of G on the torus suffices, which we have from Figure 4. If S contains only even
vertices, we are done by Theorem 2.

Suppose that S contains exactly one odd vertex. If there is an essential cycle that avoids
the odd vertex in S, we are done by Corollary 6. Otherwise, all essential cycles pass through
the odd vertex in S, in which case we are done by Lemma 7.

This leaves us with the case that S contains two odd vertices and one even vertex. This
case is more complicated and its proof can be found in the full version of the paper. ◀

We also need a unified Hanani-Tutte theorem for K5.

▶ Lemma 13. For every iocr-0-drawing D of a subgraph G of a subdivision of K5 on the
torus, there exists an embedding of G on the torus that is compatible with D.

6 Minimal Counterexamples

In this section we collect properties of a minimal counterexample to the Hanani-Tutte theorem
on the torus. We order graphs first by their number of isolated vertices (increasing), then
by the number of edges (increasing), and finally by the number of vertices (decreasing).
We denote by ≺ the strict partial ordering based on these three numbers, and refer to a
≺-minimal graph (with certain properties). We write minimal, rather than ≺-minimal.

Since isolated vertices do not affect embeddability on a surface, nor the Hanani-Tutte
criterion, a minimal counterexample contains no isolated vertices. Graphs without isolated
vertices are then ordered by number of edges (increasing), and number of vertices (decreasing);
equivalently, we use the (strict, partial) lexicographic order on (|E(G)|, 2|E(G)| − |V (G)|);
since graphs without isolated vertices satisfy |V (G)| ≤ 2|E(G)|, this order is well-founded.
Note that if H is a proper subgraph of G, then H ≺ G, simply because it has fewer edges
(since G has no isolated vertices).

Section 6.1 presents some basic properties of minimal counterexamples with respect to
cycles and cuts. In Section 6.2 we identify what we call an X-configuration, which must
occur in a minimal counterexample to Theorem 1, the Hanani-Tutte theorem on the torus.
One issue we will not further discuss in this extended abstract, is that the proof of Theorem 1
requires a strengthened assumption on (weakly) compatible embeddings, for which we do
not know how to show that an X-configuration occurs.

6.1 Nearly Disjoint Cycles and Cuts
The next lemmas are true whether “weakly” is included or omitted.6

▶ Lemma 14. If G is a minimal graph that has an iocr-0-drawing D on the torus, but does
not have a [weakly] compatible embedding on the torus, then D does not contain a pair of
nearly-disjoint cycles at least one of which is essential.

We use the previous lemma to repeatedly reduce a minimal counterexample G to the
Hanani-Tutte theorem on the torus, to show that it does not exist.

6 It is tempting to assume that the weakly compatible version of the lemma implies the compatible
version, but this is not necessarily the case, since the minimal counterexample in the two cases may be
different, and therefore have different properties.
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C C

C ′

C C

H

G G∗

v

Figure 5 Construction of a reduced graph G∗ drawn on a cylinder, illustrating a case in the
omitted proof of Lemma 15. C and C′ are weakly disjoint cycles. C is essential so we are able to
clear it of crossings, then cut along it, creating a cylinder bounded by two copies of C. Replacing
the subgraph H interior to C′ with a vertex v constructs G∗ from G. Note that G∗ ≺ G.

The following lemma allows us to focus on 2-connected (for compatibility and weak
compatibility) or 3-connected counterexamples (in general).

▶ Lemma 15. If G is a minimal graph D that has an iocr-0-drawing D on the torus, but
does not have a [weakly] compatible embedding on the torus, then G is 2-connected and it has
no 2-cut consists of two odd vertices of D.

If we do not require the embedding to be [weakly] compatible, then a minimal counter-
example must be 3-connected.

6.2 The X-Configuration
The Hanani-Tutte theorem holds for cubic graphs on arbitrary surfaces; this is because
vertices of degree 3 can be made even by edge-flips, at which point Theorem 2 can be applied.

Consider a vertex v incident to four edges e1, e2, e3, e4 which occur in (cyclic) order
e1, e2, e3, e4 in the rotation at v. Suppose that e1 and e3 cross oddly, and every other pair of
(these four) edges crosses evenly. No matter what edge-flips are performed at v, there will
always remain at least one pair of edges crossing oddly. Moreover, this configuration is the
unique obstacle to a vertex being even, up to edge-flips: suppose v is incident to four edges.
Using edge-flips we can make three consecutive edges at v cross evenly with each other. Say
the edges are e1, e2, e3, e4, in this order, and every two of e1, e2 and e3 cross evenly. If e4
crosses exactly e2 oddly, we are done. If it crosses e3 and e1 oddly, we move the end of e4
once around v, so that e4 crosses exactly e2 oddly. In all other cases, e4 and the edges that
it crosses oddly form a consecutive subset of the cyclic order, so e4 can be made to cross all
of e1, e2 and e3 evenly using edge-flips.

Hence, the edges incident to a vertex v of degree 4 are equivalent via edge flips to one of
two configurations, either with no odd crossings or with a single odd crossing between a pair
of non-consecutive edges in the rotation at v. The next lemma shows that four edges are
always the obstacle to making a vertex even by flips, independent of its degree.

▶ Lemma 16. If a vertex in a drawing cannot be made even by flips, then it is incident to
four edges which cannot be made to cross each other evenly by flips.

Lemma 16 can also be found in the full version of [7, Claim 8].
The core of the inductive proof will be working with a specific configuration in iocr-0-

drawings: Two essential cycles C1 and C2 which intersect in a single vertex v so that the
edges of C1 and C2 incident to v cannot be made to cross each other evenly by edge-flips at
v. We call such a pair (C1, C2) an X-configuration, see Figure 6.
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C1

C2

v

u3

u4

u2

u1

C1

C2

P3
P4

C12
w

Figure 6 An X-configuration (left). At illustration of the construction of an X-configuration
(C1, C2) in the proof of Lemma 17; crossings are not shown.

▶ Lemma 17. If G is a minimal 3-connected graph that has an iocr-0-drawing D on the
torus, but does not have an embedding on the torus, then D contains an X-configuration
(C1, C2).

We emphasize that Lemma 17 does not require the embedding to be compatible, or
weakly compatible.

Proof. If every vertex of G in an iocr-0-drawing of G on the torus can be made even by
flips, we can obtain an embedding of G by Theorem 2, the weak version of the Hanani-Tutte
theorem. Therefore, there exists a vertex v for which this is not the case. By Lemma 16
there are four edges ei = vui, 1 ≤ i ≤ 4 incident to v which cannot all be made to cross each
other evenly by edge-flips.

Refer to Figure 6 (on the right). Using the 3-connectedness of G, we will find edge-disjoint
cycles C1, C2 intersecting in v as follows: Consider a minimal path in G connecting two
ui vertices that avoid v; without loss of generality this path is P12 between u1 and u2
in G − {v, u3, u4}. Let C12 denote the cycle obtained as the edge union of E(P12), {e1}
and {e2}. Let P3 denote a path in G − {v, u4} between u3 and V (C12) − {v}. Let w

denote the end vertex of P3 on C12 − {v}. Finally, let P4 denote a path in G − {v, w}
between u4 and (V (P3) ∪ V (C12)) − {v, w}. No matter where P4 ends, the edge union of
E(C12), E(P3), E(P4), {e3} and {e4} contains a pair of cycles C1 and C2 meeting exactly
in v.

As explained before Lemma 16, using edge-flips we can assume that the ei cross each
other evenly, with the exception of one pair of edges which are not consecutive at v. If the
ends of C1 and C2 do not alternate at v, then the two edges crossing oddly cannot both
belong to the same Ci, since they would then be consecutive; therefore one belongs to C1
and the other to C2, which implies that C1 and C2 cross each other oddly (all edges of the
cycles not incident to v cross evenly, and the two cycles do not cross at v), hence both cycles
are essential. If the ends of C1 and C2 do alternate at v, then the two edges crossing oddly
must belong to the same cycle (since otherwise they would be consecutive), so again C1 and
C2 cross each other oddly (at v, no other odd crossings), and both are essential. ◀

7 Proof of Theorem 1

Assume, for a contradiction, that Theorem 1 fails. Then there is a graph G with an iocr-0-
drawing D on the torus, such that G cannot be embedded on the torus. Let G be a minimal
such counterexample, with iocr-0-drawing D. By Lemma 15 we know that G is 3-connected,
and by Lemma 17 that D contains an X-configuration (C, C0). So there is a counterexample
to the following statement, a strengthened version of Theorem 1:

Let D be an iocr-0-drawing of a graph G containing an X-configuration (C, C0), then
G has a weakly compatible embedding on the torus.
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If the statement is true, we say that G – or more precisely, (G, D, C, C0) – satisfies
HT-XWC, acronym for Hanani-Tutte–X-Weakly-Compatibility. So we know that there is a
(G, D, C, C0) which does not satisfy HT-XWC, and therefore a minimal such counterexample.

The omitted technical parts of the proof proceed by reducing the 4-tuple (G, D, C, C0)
using Lemma 14 and similar technical tools. In the end, an application of Lemma 12 or
Lemma 13 shows that no counterexample violating HT-XWC exists, which is the desired
contradiction.

8 Open Questions

8.1 Crossing Elimination
Theorem 1 implies that if a graph can be drawn on the torus so that its only crossings are
between adjacent edges, then it is toroidal. This might appear to be intuitively clear, but
for the plane, for the projective plane, and now for the torus, we only know it to be true
by virtue of their respective Hanani-Tutte theorems; even for the plane no simpler proof is
known. Since we know that the Hanani-Tutte theorem does not hold for orientable surfaces of
genus at least 4 [8], this begs the question whether we can always remove adjacent crossings.

▶ Conjecture 18. If a graph can be drawn in a surface without any independent crossings,
then the graph is embeddable in that surface.

The counterexample from [8] requires independent edges to cross (evenly), so it does not
resolve this conjecture.

The Hanani-Tutte theorem is related to the independent odd crossing number iocr(G) of
a graph G, the fewest number of pairs of independent edges that have to cross oddly in a
drawing of G (see [24, Section 6]). The Hanani-Tutte theorem then states that iocr(G) = 0
implies that cr(G) = 0, where cr(G) is the traditional crossing number of G. It is even
true that iocr(G) = cr(G) for iocr(G) ≤ 2 [29], though we know that there are graphs G

for which iocr(G) < cr(G) [27]. The two crossing numbers cannot be arbitrarily far apart
though, one can show that cr(G) ≤

(2 iocr(G)
2

)
[29]. It is not known whether similar bounds,

or any bounds, for that matter, hold for other surfaces, not even the projective plane. (The
subscript in crossing number variants indicates the surface we work on.)

▶ Conjecture 19. crΣ(G) ≤
(2 iocrΣ(G)

2
)
, where Σ is the projective plane, or the torus.

We also now have a crossing lemma for iocr on the torus.

▶ Corollary 20 (Crossing Lemma). iocrT (G) ≥ cm3/n2, where T is the torus, c = 1/64,
m = |E(G)|, and n = |V (G)|.

The proof follows from the standard crossing lemma argument done carefully combined
with Theorem 1 (see the section on crossing lemma variants in [30]). Since iocr lower bounds
several other crossing number variants, such as iacr, pcr, and pcr− this also implies a crossing
lemma for these variants. Also see [18] for a sketch of an argument that shows a crossing
lemma for iocr for arbitrary surfaces, but without explicit constants c.

The proof of Theorem 1 is algorithmic in the sense that given an iocr-0-drawing of G we
can find an embedding of G in the torus (all reductions in the lemmas are constructive in that
sense, so the minimal counterexample assumption can be turned into a recursion). This does
not imply that testing whether a graph can be embedded in the torus lies in polynomial time.
The planar Hanani-Tutte theorem can be turned into a linear system of equations over Z2,
which is solvable in polynomial time (see [32, Section 1.4.2]). Unfortunately, modeling the
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handle of the torus requires quadratic equations, which loses us polynomial-time solvability.
This is similar to the situation for the projective plane, where the projective handle also
leads to quadratic equations.

▶ Question 21. Can the Hanani-Tutte criteria for the projective plane and the torus be
turned into a polynomial-time test?

Such tests would not be competitive with existing algorithms – the running time in
the plane is O(n6), but they have the potential to be significantly simpler (as is true for
the plane).

8.2 Arf and Approximating the Hanani-Tutte Theorem
The fact that the Hanani–Tutte theorem cannot be extended to all orientable surfaces has
some positive practical consequences. Some results about graphs embedded on a surface
remain true if we only require that the graph has an independently even drawing on the
surface, and this is a strictly larger class of graphs in general (starting at genus 4).

One notable example is the Arf invariant formula for the number of perfect matchings in
a graph embedded on an orientable surface [19, Remark 1.4, Theorem 1]7, see also [3, 22].
The proof of the similar result by Tesler [34], which applies to all closed surfaces, still works
for independently even drawings instead of embeddings. In both cases, the complexity of
the formula depends exponentially on the genus of the underlying surface, so for graphs
which have an independently even drawing in a surface in which they cannot be embedded,
the complexity of the formula is improved; its length does not depend on the genus of the
graph, but rather its Z2-genus, the smallest genus of a surface on which the graph has an
independently even drawing.

It is therefore interesting to study how large the gap between the genus and the Z2-genus
of a graph may be. It is known that the gap can be at least linear [8, Corollary 4.1]. There
also is an upper bound on this gap, but it is not effective [11].
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Abstract
In the 2-Dimensional Knapsack problem (2DK) we are given a square knapsack and a collection
of n rectangular items with integer sizes and profits. Our goal is to find the most profitable subset of
items that can be packed non-overlappingly into the knapsack. The currently best known polynomial-
time approximation factor for 2DK is 17/9 + ε < 1.89 and there is a (3/2 + ε)-approximation
algorithm if we are allowed to rotate items by 90 degrees [Gálvez et al., FOCS 2017]. In this paper,
we give (4/3 + ε)-approximation algorithms in polynomial time for both cases, assuming that all
input data are integers polynomially bounded in n.

Gálvez et al.’s algorithm for 2DK partitions the knapsack into a constant number of rectangular
regions plus one L-shaped region and packs items into those in a structured way. We generalize this
approach by allowing up to a constant number of more general regions that can have the shape of an
L, a U, a Z, a spiral, and more, and therefore obtain an improved approximation ratio. In particular,
we present an algorithm that computes the essentially optimal structured packing into these regions.
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1 Introduction

The 2-Dimensional (Geometric) Knapsack problem (2DK) is a natural geometric
generalization of the fundamental (one-dimensional) Knapsack problem. In 2DK we are
given a set I of n items i which are axis-parallel rectangles specified by their width w(i) ∈ N,
height h(i) ∈ N, and profit p(i) ∈ N. Furthermore, we are given an axis-parallel square
knapsack K = [0, N ]×[0, N ] for some N ∈ N. The goal is to select a subset I ′ ⊆ I of maximum
total profit p(I ′) :=

∑
i∈I′ p(i) that can be placed non-overlappingly inside K. Formally, for
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each i ∈ I ′ we have to define a pair (lc(i), bc(i)) that specifies the left and bottom coordinates of
i, respectively, such that i is placed inside K as R(i) := (lc(i), bc(i))×(lc(i)+w(i), bc(i)+h(i));
we require that R(i) ⊆ K and also that for any two i, j ∈ I ′ it holds that R(i) ∩ R(j) = ∅.
We will consider also the case with rotations, in which each item i ∈ I can be rotated by 90
degrees, i.e., i can be replaced by a rectangle with width h(i), height w(i) (and profit p(i)).
In the cardinality (or unweighted) setting of the problem all profits are 1.

2DK has several applications. For example, the rectangles can model banners out of
which one wants to place the most profitable subset on a website or an advertisement board.
Also, they can model pieces that one wants to cut out of some raw material like wood or
steel. In addition, there are scheduling settings in which jobs need a consecutive amount of
some given resource (e.g., a frequency bandwidth) for some amount of time; thus, each job
can be modeled via a rectangle.

Most algorithms for 2DK and related problems work as follows: they guess a partition
of the knapsack into Oε(1) rectangular boxes, for some small constant ε > 0. Inside each
box the items are packed greedily using the Next-Fit-Decreasing-Height algorithm [18], or
even simpler by stacking items on top of each other or next to each other. Implicitly, Jansen
and Zhang use this strategy to obtain a (2 + ε)-approximation algorithm for 2DK [38, 39].
The same approach, however using (log N)Oε(1) boxes, is used in a QPTAS which assumes
that N is quasi-polynomially bounded in n [4]. Finding a PTAS for 2DK or ruling it out is a
major open problem in the area. This question is also open if N is polynomially bounded
in n, i.e., for pseudo-polynomial time algorithms.

One might wonder whether a PTAS can be constructed using Oε(1) boxes only. Unfortu-
nately, as observed in [24], essentially no better approximation ratio than 2 is achievable in
this way. Hence a different type of packing is needed to breach this approximation barrier (in
polynomial time). This was recently achieved by Gálvez et al. [24], where the authors pack
the items into Oε(1) boxes and additionally one container with the shape of an L (which is
packed with an ad-hoc, more complex algorithm).

This yields an approximation ratio of 17/9 + ε < 1.89 (and 558/325 + ε < 1.72 in the
unweighted case). The authors also present (3/2+ε)- and (4/3+ε)-approximation algorithms
for 2DK with rotations in the weighted and unweighted case, respectively.

Gálvez et al. [24] pose as an open problem how to efficiently pack items into a constant
number of L-shaped containers, and observe that this would lead to improved approximation
algorithms for 2DK. This problem was open even for just two L-shaped containers and using
pseudo-polynomial time (nN)Oε(1). In this paper we solve (a generalization of) this problem,
and hence obtain an improved approximation ratio.

1.1 Our contribution
In this paper, we present a (4/3 + ε)-approximation algorithm with a (pseudo-polynomial)
running time of (nN)Oε(1) for (weighted) 2DK. We also achieve improved (4/3 + ε)- and
(5/4 + ε)-approximation algorithms for 2DK with rotations in the weighted and unweighted
case, resp., with the same running time. See Table 1 for an overview of our and previous
results in the respective settings.

Our algorithms use Oε(1) boxes and, in addition, rather than one single L-shaped container
as in [24], a combination of Oε(1) containers with the shape of an L or even more complicated
shapes. The latter are intuitively thin corridors with the property that if we traverse them,
we change the orientation at the turns (i.e., clockwise or counter-clockwise) at most once.
For example, they can have figuratively the shape of a U, a Z, or a spiral (see Figure 1).
Since they are thin, they help us to distinguish the parts of K that are used by items that
are wide and thin (horizontal items) and items that are high and narrow (vertical items).
The interaction of these types of items is a major difficulty in 2DK.
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Table 1 A summary of our approximation ratios compared to the best known results with running
time (nN)Oε(1) for the respective settings.

Setting Known result Our result

Without rotations Weighted 17/9 + ε < 1.89 [24] 4/3 + ε

Unweighted 558/325 + ε < 1.72 [24] 4/3 + ε

With rotations Weighted 3/2 + ε [24] 4/3 + ε

Unweighted 4/3 + ε [24] 5/4 + ε

Figure 1 Left: a packing based on a single L-shaped container and boxes as it was used in
previous work. Right: A packing based on a box and cooridors with the shapes of an L, a U, a Z,
and a spiral, as we use them in our algorithms.

By standard arguments (in particular building upon the corridor decomposition in [2]), it
is not hard to show that we can partition K into a constant number of boxes and corridors of
the allowed types, so that there exists a feasible packing of a (4/3 + ε)-approximate solution
into them. The non-trivial part is how to efficiently pack items into our corridors. Here we
cannot exploit the L-packing algorithm in [24]. Indeed, the latter algorithm does not seem
to generalize even to two L-shaped corridors (even if N = nO(1)), while we need to handle
Θε(1) corridors with possibly even more general shapes.

Our strategy is to partition each of our corridors into Oε(log N) rectangular boxes. Using
the properties of their shapes, we show that this is indeed possible by losing only a factor of
1 + ε in the approximation guarantee. Guessing these boxes explicitly would take NOε(log N)

time which is too slow. Instead, we show how to guess the sizes of almost all of the boxes in
time (nN)Oε(1). Then, we place them into the corridors in polynomial time using a dynamic
program based on color-coding, using that in total there are only Oε(log N) boxes to place.

We remark that the above approach compromises between corridor shapes that are
general enough to allow for (4/3 + ε) -approximate packings, and at the same time simple
enough so that we can partition them into Oε(log N) boxes that we can essentially guess
in time (nN)Oε(1). It is not clear how to extend our algorithm to Θ(log1/ε N), or just even
Θ(log2 N) such boxes. However, this would allow us to exploit corridors of more general
shapes (say W -shaped), hence achieving better approximation ratios. We leave this as an
interesting open problem.

1.2 Related Work
The QPTAS in [4] (though with some restrictions on N) suggests that 2DK most likely
admits a PTAS. This is already known for some relevant special cases: if the profit of
each item equals its area [7], if the size of the knapsack can be slightly increased (resource
augmentation) [22, 35], if all items are relatively small [21], or squares [31, 36].
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One might consider packing geometric objects other than rectangles. In particular, there
are constant approximation algorithms for packing triangles and also arbitrary convex poly-
gons under resource augmentation, both assuming that arbitrary rotations are allowed [46].
Also, for circles a (1 + ε)-approximation is known under resource augmentation in one dimen-
sion if the profit of each circle equals its area [45]. One can consider natural generalizations
of 2DK to a higher number of dimensions. In particular, the 3-dimensional case, 3DK, has
applications like packing containers into a ship or cargo into a truck. 3DK is known to be
APX-hard [14], and constant approximation algorithms are known [19, 27]. Khan et al. [44]
have given a (2 + ε)-approximation algorithm for a generalization of 2DK, which generalizes
geometric packing and vector packing.

A parameterized version of 2DK for rectangles (where the parameter is the number k of
packed items) is studied in [26]. The authors show that the problem is W [1]-hard (both with
and without rotations). Furthermore, they provide an FPT (1 + ε)-approximation for the
case with rotations. Achieving a similar result for the case without rotations is open.

A packing is called a guillotine packing if all rectangles can be separated by a sequence
of end-to-end (guillotine) cuts [43]. Abed et al. [1] have given QPTAS for 2DK satisfying
guillotine packing constraints, assuming the input data is quasi-polynomially bounded.
Recently, Khan et al. [42] have shown a pseudo polynomial-time approximation scheme for
2DK satisfying guillotine packing constraints.

In the 2-Dimensional Bin Packing problem we are given a collection of items similarly
to 2DK, and copies of the same square knapsack (the bins). Our goal is to pack all the
items using the smallest possible number of bins. The best known (asymptotic) result for
this problem is due to Bansal and Khan [9]: they achieve a 1.405 approximation based on a
configuration-LP. This improves a series of previous results [8, 10, 16, 35, 40].

Another closely related problem is Strip Packing. Informally, we are given a knapsack
of width N and infinite height, and we wish to pack all items so that the topmost coordinate
is as small as possible. This problem admits a (5/3 + ε)-approximation [28] (improving
on [6, 18, 29, 49, 50, 51]) in the general case, (3/2 + ε)-approximation [23] when none of
the items are large, and it is NP-hard to approximate it below a factor 3/2 by a simple
reduction from Partition. However, strictly better approximation ratios can be achieved in
pseudo-polynomial time (Nn)Oε(1) [25, 34, 47], being 5/4 + ε essentially the best possible
ratio achievable in this setting [30, 33]. This shows that pseudo-polynomial time can make the
difference for rectangle packing problems. It would be interesting to understand whether the
techniques in our paper (as well as those in [4]) can be strengthened so as to run in polynomial
time for arbitrary N . Strip Packing was also studied in the asymptotic setting [35, 40]
and in the case with rotations [37].

Another related problem is the Independent Set of Rectangles problem: here we
are given a collection of axis-parallel rectangles embedded in the plane, and we need to find a
maximum cardinality/weight subset of non-overlapping rectangles [2, 3, 11, 17]. The problem
has also been studied for squares, disks, and pseudo-disks, see e.g., [20, 32, 12].

We refer the readers to [15, 41] for surveys on geometric packing problems.

2 Preliminaries

We start with a classification of the input items according to their heights and widths. Let
ε > 0. For two constants 1 ≥ εlarge > εsmall > 0 to be defined later, we classify an item i as:

small: if h(i), w(i) ≤ εsmallN ;
large: if h(i), w(i) > εlargeN ;
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horizontal: if w(i) > εlargeN and h(i) ≤ εsmallN ;
vertical: if h(i) > εlargeN and w(i) ≤ εsmallN ;
intermediate: otherwise, i.e., the length of at least one edge is in (εsmallN, εlargeN ].

We call skewed the items that are either horizontal or vertical. We let Ismall, Ilarge, Ihor,
Iver, Iskew, and Iint be the items which are small, large, horizontal, vertical, skewed, and
intermediate, respectively. The corresponding intersection with the optimal solution OPT

defines the sets OPTsmall, OPTlarge, OPThor, OPTver, OPTskew and OPTint, respectively.
In order to describe our main ideas, we will start by considering the cardinality case of

the problem (i.e., p(i) = 1 for each item i ∈ I) without rotations. In Sections 3, 4, and 5, we
will present a simplified algorithm that yields a 1.6 + ε approximation.

Notice that the optimum solution can contain at most 1/ε2
large large items. Thus, unless

|OPT | ≤ 1/(ε·ε2
large) (in which case we can solve the problem optimally in time nO(1/(ε·ε2

large))

by complete enumeration), we can drop all large items by losing only a factor of 1 + ε in the
approximation. Similarly, by standard shifting techniques (e.g. Lemma 2.1 in [24]), when
defining εlarge and εsmall one can ensure that the intermediate items can be neglected by
losing only a factor of 1 + ε in the approximation ratio (while maintaining that εlarge and
εsmall are lower-bounded by some constant depending only on ε).

Hence, w.l.o.g. we can assume that all items are small or skewed. It is possible to deal with
small items by standard techniques from the literature (e.g. Section 6.2.1 in [24]), however
this would make our exposition much more technical without introducing substantially new
ideas. Hence, for the sake of simplicity, we will assume that there are no small items, i.e., all
items are skewed. We remark that, even with the mentioned restrictions, the problem is far
from being trivial. In particular, the best known approximation for the considered setting is
558
325 + ε ≈ 1.72 [24]. Our simplified algorithm has a better approximation ratio 1.6 + ε, and it
is also substantially simpler.

For the main result, which is a (4/3 + ε)-approximation algorithms for the general case
with and without rotations, please refer to the full version of this work.

3 Partition into LU-corridors

Our strategy is to partition the knapsack into Oε(1) thin corridors, each having the shape of
an L or a U, such that there exists a (1.6 + ε)-approximate solution in which each item is
contained in one of these corridors (see Figure 2). In this section, we will make this precise
and show that such a partition indeed exists. Our algorithm will then guess this partition in
polynomial time. In Sections 4 and 5 we will show how to find the corresponding solution
afterwards efficiently.

Intuitively, a path corridor is a polygon inside K that describes a path of width at most
ε · εlarge and that is allowed to have bends, see Figure 3. Formally, it is a simple rectilinear
polygon within K with 2k edges e0, . . . , e2k−1 for some integer k ≥ 2, such that for each pair
of horizontal (resp., vertical) edges ei, e2k−i, i ∈ {1, ..., k − 1} there exists a vertical (resp.,
horizontal) line segment ℓi of length less than ε · εlarge such that both ei and e2k−i intersect
ℓi and ℓi does not intersect any other edge, and require ei and e2k−i to have length at least
εlarge/2. Note that e0 and ek are not required to satisfy these properties. We say that such
a path corridor C has s(C) := k − 1 subcorridors. We say that a box is a path corridor with
only one subcorridor, i.e., it is simply a rectangle.

Similarly, a cycle corridor is intuitively a path corridor in which the start and end point
of the path coincide (see Figure 3). Formally, we define it to be a face bounded by two simple
non-intersecting rectilinear polygons defined by edges e0, e1, . . . , ek−1 and e′

0, e′
1, . . . , e′

k−1,
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Figure 2 Left: a packing of horizontal, vertical and small items into the knapsack. Right: a
decomposition of the knapsack into box-shaped, L-shaped and U-shaped corridors which contain the
previous items.

each of them of length at least εlarge/2, such that the second polygon is contained in the first
one, and for each pair of corresponding horizontal (vertical) edges ei, e′

i for i ∈ {0, . . . , k − 1}
there is a vertical (horizontal, respectively) line segment ℓi of length less than ε · εlarge such
that both edges ei and e′

i intersect ℓi and ℓi does not intersect any other edge of the cycle
corridor. We say that the resulting cycle corridor C has s(C) := k subcorridors.

We use a result from [2] that implies directly that there there exists a partition of K into
Oε(1) corridors and a near-optimal solution in which each item is contained in some corridor.

▶ Lemma 1 ([2]). There exists a solution OPT ⊆ OPT with |OPT | ≤ (1 + ε)
∣∣OPT

∣∣ and a
partition of K into a set of corridors C̄ with |C̄| ≤ Oε(1) where each corridor C ∈ C̄ has at
most 1/ε subcorridors and each item i ∈ OPT is contained in a corridor of C.

Algorithmically, we could guess C̄ in time NOε(1) and then try to compute a profitable
solution in which each item is contained in one corridor in C̄, i.e., mimicking OPT . However,
it is not clear how to compute such a solution in polynomial time. Therefore, we partition C̄
further into a set of smaller corridors C such that each resulting corridor has the shape of an
L or a U. We will ensure that there exists a (1.6 + ε)-approximate solution in which each
item is contained in one corridor of C. Since the corridors in C are simpler than the corridors
in C̄, we will be able to compute in polynomial time essentially the most profitable solution
in which each item is contained in a corridor of C (see in Sections 4 and 5).

We say that a path corridor C is an L-corridor if C has exactly two subcorridors, and
then figuratively it has the shape of an L (see Figure 3). Intuitively, we define that a path
corridor is a U-corridor if it has the shape of a U. Formally, let C be a a path corridor with
exactly three subcorridors, and hence C is defined via edges e0, ..., e7. Assume w.l.o.g. that
e2 and e6 are horizontal. We project e2 and e6 on the x-axis, let I2 and I6 be the resulting
intervals. Then C is a U-corridor if I2 ⊆ I6 or I6 ⊆ I2.

In order to partition C̄, we first define a partition of each path/cycle corridor C ∈ C̄ into
s(C) subcorridors (see Figure 3). We say that a subcorridor of a corridor C is a simple
polygon P ⊆ C whose boundary consists of two parallel edges (in most cases these will be
edges of C) and of two monotone axis-parallel curves, i.e., sets of axis-parallel line segments
such that either for any two points (x1, y1), (x2, y2) ∈ P where x1 < x2 we have y1 ≤ y2,
or for any such two points we have y1 ≥ y2. We require that each vertex of P has integral
coordinates. Given a corridor C and a set of non-overlapping items I ′ inside C, we say that
a partition of C into a set of subcorridors is nice for I ′ if each subcorridor either intersects
only items from I ′ ∩ Ihor or only items from from I ′ ∩ Iver.



W. Gálvez, F. Grandoni, A. Khan, D. Ramírez-Romero, and A. Wiese 39:7

e0

e1

e2

e3

e4

e5

e0

e1

e2

e3

e4

e5

e6

e7

e0

e1

e2

e3

e4

e5

e6

e7

e0

e1

e2

. . .

e′0

e′1

e′2

es(C)−1

Figure 3 An L-corridor, a U-corridor, another path corridor with two bends, and a cycle corridor.
The monotone axis-parallel curves indicate the boundaries of the subcorridors.

▶ Lemma 2 ([4], Lemma 2.4). Let C be a path/cycle corridor containing a set of items I ′.
There is a partition of C into s(C) subcorridors that is nice for I ′.

Now we take each path corridor C ∈ C̄ and delete the items in every third subcorridor,
starting with the α-th subcorridor for some offset α ∈ {1, 2, 3}. Then we can divide C into
L-corridors such that each remaining item is contained in one of these L-corridors. Each
item i ∈ OPT contained in C is deleted only for one choice of α, and hence there is a choice
for α such that we lose at most one third of the profit due to this step. Now consider a cycle
corridor C ∈ C̄. Note that s(C) is even and s(C) ≥ 4. If s(C) = 4 (i.e., C is a ring), we
delete the items in one of its four subcorridors, losing at most one quarter of the profit, and
obtain a U-corridor. If s(C) ≥ 6 and s(C) is divisible by 3 we do the same operation as for
path corridors, losing at most one third of the profit. For all other values of s(C) we might
lose a larger factor since then s(C) is not divisible by 3 and P0 and Ps(C)−1 are adjacent,
e.g., if s(C) = 8. However, a case distinction shows that we can still partition C into L- and
U-corridors while decreasing the profit at most by a factor of 1.6.

▶ Lemma 3. There exists a solution OPT ′ ⊆ OPT with |OPT | ≤ (1.6 + ε)|OPT ′| and a
partition of K into a set C of Oε(1) L- and U-corridors such that each item i ∈ OPT ′ is
contained in one corridor of C.

The first step in our algorithm is to guess C which can be done in time NOε(1). The
next step is to compute a solution with at least (1 − ε)|OPT ′| items in which each item
is contained in one corridor of C. For this, we consider two cases separately, which are
intuitively the case that |OPT ′| ≥ Ωε(log N) and |OPT ′| ≤ Oε(log N), and they are treated
in Sections 4 and 5, respectively.

4 Packing via guessing slices

In this section, we assume that |OPT ′| > cε · log N for some constant cε to be defined later.
We describe an algorithm that computes a solution of size (1 − ε)|OPT ′| such that each item
of this solution is contained in a corridor in C.

First, we group the items into Oε(log N) groups where we group the items in Ihor

according to their heights and the items in Iver according to their widths. Formally, for
each ℓ ∈ {0, ...,

⌊
log1+ε N

⌋
} we define I

(ℓ)
hor := {i ∈ Ihor|h(i) ∈ [(1 + ε)ℓ, (1 + ε)ℓ+1)} and

I
(ℓ)
ver := {i ∈ Iver|w(i) ∈ [(1 + ε)ℓ, (1 + ε)ℓ+1)}. So intuitively, for each ℓ the items in I

(ℓ)
hor

essentially all have the same height and the items in I
(ℓ)
ver essentially all have the same

width. Now, for the groups I
(ℓ)
hor, I

(ℓ)
ver we guess estimates opt(ℓ)

hor, opt(ℓ)
ver for |I(ℓ)

hor ∩ OPT ′|,
|I(ℓ)

ver ∩ OPT ′|, respectively. Even though there can be Θε(log N) of these groups and for
each guessed value there are potentially Ω(n) options, we guess the estimates for all groups
in parallel in time (nN)Oε(1), adapting a technique from [13].
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▶ Lemma 4. In time (nN)Oε(1) we can guess the values for all pairs opt(ℓ)
hor, opt(ℓ)

ver with
ℓ ∈ {0, ...,

⌊
log1+ε N

⌋
} such that∑

ℓ opt(ℓ)
hor + opt(ℓ)

ver ≥ (1 − ε)|OPT ′| and
opt(ℓ)

hor ≤ |OPT ′ ∩ I
(ℓ)
hor| and opt(ℓ)

ver ≤ |OPT ′ ∩ I
(ℓ)
hor| for each ℓ ∈ {0, ...,

⌊
log1+ε N

⌋
}.

Proof. First, we guess |OPT ′| for which there are only n options. We show now how to
guess in time NOε(1) the feasible values for opt(ℓ)

hor; a symmetric argument holds for opt(ℓ)
ver.

Let us define each opt(ℓ)
hor as the largest integer of the form k

(ℓ)
hor · ε

4 log1+ε N |OPT ′| which is

upper bounded by |OPT ′ ∩ I
(ℓ)
hor|, where k

(ℓ)
hor is a non-negative integer. Notice that trivially∑

ℓ k
(ℓ)
hor ≤ 4 log1+ε N

ε . We encode all such values k
(ℓ)
hor as a single binary string as follows:

we represent each k
(ℓ)
hor as a string of k

(ℓ)
hor 0-bits followed by one 1-bit, and then chain such

strings according to the index ℓ. The final bit string encodes the solution. Notice that this
string contains at most log1+ε N+1 +

∑
ℓ k

(ℓ)
hor = O( log1+ε N

ε ) bits, hence we can guess it in
time NOε(1). The claim follows since

|OPT ′| −
∑

ℓ

(
opt(ℓ)

hor + opt(ℓ)
ver

)
≤ 2(log1+ε N+1) · ε

4 log1+ε N
|OPT ′|≤ε|OPT ′|. ◀

Definition of slices. Next, for each group I
(ℓ)
hor we define slices that together are essentially

as profitable as the items in OPT ′ ∩ I
(ℓ)
hor. We first order the items in I

(ℓ)
hor non-decreasingly

by width and select the first 1
1+ε opt(ℓ)

hor items. One can show easily that their total height is
at most h(OPT ′ ∩ I

(ℓ)
hor). Let i be one of these items. Intuitively, we slice i horizontally into

slices of height 1. Formally, for i we introduce h(i) items of height 1 and profit 1/(1 + ε)ℓ

each. Let Î
(ℓ)
hor denote the resulting set of slices. We do this procedure for each ℓ and a

symmetric procedure for the group I
(ℓ)
ver for each ℓ, resulting in a set of slices Î

(ℓ)
ver.

▶ Lemma 5. It is possible to place the slices in
{

Î
(ℓ)
hor, Î

(ℓ)
ver

}
ℓ

non-overlappingly inside K such

that each slice is contained in some corridor in C. Also, we have that
∑

ℓ

(
p(Î(ℓ)

hor) + p(Î(ℓ)
ver)

)
≥

1
1+O(ε) |OPT ′|.

Proof sketch. Let ℓ ∈ {0, ...,
⌊
log1+ε N

⌋
}. Recall that opt(ℓ)

hor ≤ |OPT ′ ∩ I
(ℓ)
hor|, all items in

I
(ℓ)
hor have the same height (up to a factor of 1 + ε), and we selected the 1

1+ε opt(ℓ)
hor items in

I
(ℓ)
hor of minimum width. Using this, one can show that the slices in Î

(ℓ)
hor fit into the space that

is occupied by the items in OPT ′ ∩ I
(ℓ)
hor in OPT ′. Also, 1

1+O(ε) h(OPT ′ ∩ I
(ℓ)
hor) ≤ |Î(ℓ)

hor| ≤
h(OPT ′ ∩ I

(ℓ)
hor) and each slice in Î

(ℓ)
hor has a profit of 1/(1 + ε)ℓ. Using this for each ℓ and a

similar statement for the vertical items, one can prove the second claim of the lemma. ◀

Next, for each ℓ ∈ {0, ...,
⌊
log1+ε N

⌋
} we round the widths of the slices in Î

(ℓ)
hor via linear

grouping such that they have at most 1/ε different widths and we lose at most a factor
of 1 + O(ε) in their profit due to this rounding. Formally, we sort the slices in Î

(ℓ)
hor non-

increasingly by width and then partition them into 1/ε + 1 groups such that each group
contains

⌈
1

1/ε+1 |Î(ℓ)
hor|

⌉
slices (apart from possibly the last group which might contain fewer

slices). Let Î
(ℓ)
hor = Î

(ℓ)
hor,1∪̇...∪̇Î

(ℓ)
hor,1/ε+1 denote the resulting partition. We drop the slices in

Î
(ℓ)
hor,1 (whose total profit is at most ε · p(Î(ℓ)

hor)). Then, for each j ∈ {2, ..., 1/ε + 1} we increase
the width of the slices in Î

(ℓ)
hor,j to the width of the widest slice in Î

(ℓ)
hor,j . By construction,

the resulting slices have 1/ε different widths. Let Ĩ
(ℓ)
hor denote the resulting set and let

Ĩ
(ℓ)
hor = Ĩ

(ℓ)
hor,1∪̇...∪̇Ĩ

(ℓ)
hor,1/ε denote a partition of Ĩ

(ℓ)
hor according to the widths of the slices, i.e.,

for each j ∈ {1, ..., 1/ε} the set Ĩ
(ℓ)
hor,j contains the rounded slices from Î

(ℓ)
hor,j+1.
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We do this procedure for each ℓ and a symmetric procedure for the group I
(ℓ)
ver for each ℓ.

▶ Lemma 6. It is possible to place the slices in
{

Ĩ
(ℓ)
hor,j , Ĩ

(ℓ)
ver,j

}
ℓ,j

non-overlappingly in-
side the knapsack such that each slice is contained in some corridor in C. Also, we have∑

ℓ

(
p(Ĩ(ℓ)

hor) + p(Ĩ(ℓ)
ver)

)
≥ 1

1+ε

∑
ℓ

(
p(Î(ℓ)

hor) + p(Î(ℓ)
ver)

)
.

Proof sketch. For each ℓ ∈ {0, ...,
⌊
log1+ε N

⌋
} and j ∈ {2, ..., 1/ε + 1}, the slices in Ĩ

(ℓ)
hor,j fit

into the space occupied by the slices in Î
(ℓ)
hor,j−1. Also, for each ℓ we lost slices in Î

(ℓ)
hor with a

total profit of at most ε · p(Î(ℓ)
hor). A similar argumentation holds for the sets I

(ℓ)
ver. ◀

We fix a partition of each corridor C ∈ C into subcorridors that is nice for the slices{
Ĩ

(ℓ)
hor,j , Ĩ

(ℓ)
ver,j

}
ℓ,j

. Note that we do not compute this partition explicitly but we use it for
our analysis and as guidance for our algorithm. For each corridor C ∈ C or subcorridor S

denote by Ĩ(C) and Ĩ(S) the slices assigned to C and S, resp., due to Lemma 6.

Structuring slices inside subcorridors. Consider a subcorridor S of a corridor C ∈ C. The
placement of the slices inside S due to Lemma 6 might be complicated. Instead, we would
like to have a packing where the slices are packed nicely, i.e., they are stacked on top of each
other if S is horizontal, and side by side if S is vertical (see Figure 4). This might not be
possible to achieve exactly, but we construct something very similar. We prove that inside S

we can place Oε(1) boxes and one subcorridor S′ ⊆ S (which we will call sub-subcorridor in
order to distinguish it from the subcorridors) that are pairwise disjoint and such that inside
them we can nicely place essentially all slices from Ĩ(C) (see Figure 4). We can guess the
placement of the Oε(1) boxes inside S. Unfortunately, we cannot guess S′ directly, but we
can guess the two edges that define the boundary of S′ together with the two axis-parallel
curves. We refer to them as the edges of S′. Note that they are horizontal if S (and hence S′)
is horizontal, and vertical otherwise. We construct S′ such that the longer of these two
edges is always also an edge of S (see Figure 4).

Figure 4 Left: a subcorridor with items packed inside it. Right: A partition of each subcorridor
into Oε(1) boxes and a sub-subcorridor, all containing slices which are nicely packed.

▶ Lemma 7. For each horizontal/vertical subcorridor S we can guess in time NOε(1)

the two edges of a horizontal/vertical sub-subcorridor S′ ⊆ S such that the longer edge of
S′ coincides with the longer edge of S,
Oε(1) non-overlapping boxes B(S) inside S that are disjoint with S′,

such that we can nicely place slices from Ĩ(S) with a total profit of (1 − ε)p(Ĩ(S)) inside S′

and the boxes B(S).
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We apply Lemma 7 to each subcorridor S of a corridor C ∈ C. Let S and B denote
the resulting set of sub-subcorridors and boxes, respectively. For each ℓ, each j, and each
F ∈ B ∪ S denote by Ĩ

(ℓ)
hor,j(F ) and Ĩ

(ℓ)
ver,j(F ) the respective slices from Ĩ

(ℓ)
hor,j , Ĩ

(ℓ)
ver,j in F ,

respectively. Using simple slice reorderings, we can prove the following lemma.

▶ Lemma 8. There is a packing of the slices in
{

Ĩ
(ℓ)
hor,j(F ), Ĩ

(ℓ)
ver,j(F )

}
j,ℓ,F

such that for each
box or sub-subcorridor F ∈ B ∪ S we can assume w.l.o.g. that

horizontal/vertical items inside F are ordered non-increasingly by width/height, starting
at the longer edge of F if F is a sub-subcorridor, and starting at an arbitrary edge if F is
a box; ties are broken according to the input items that the slices correspond to,
any two adjacent horizontal/vertical slices of the same width/height are placed exactly on
top of each other/side by side.

Therefore, we can construct this packing of the slices if we knew the cardinality of Ĩ
(ℓ)
hor,j(F )

and Ĩ
(ℓ)
ver,j(F ) for each F ∈ B ∪ S and each ℓ and j. We guess this cardinality approximately

in the following lemma for each F, ℓ and j in parallel.

▶ Lemma 9. In time (nN)Oε(1) we can guess values opt(ℓ)
hor,j(F ), opt(ℓ)

ver,j(F ) for each ℓ ∈
{0, ...,

⌊
log1+ε N

⌋
}, j ∈ {1, ..., 1/ε}, F ∈ B ∪ S such that

opt(ℓ)
hor,j(F ) ≤

∣∣∣Ĩ(ℓ)
hor,j(F )

∣∣∣ and opt(ℓ)
ver,j(F ) ≤

∣∣∣Ĩ(ℓ)
ver,j(F )

∣∣∣ for each ℓ, j, F and∑
F ∈B∪S opt(ℓ)

hor,j(F ) ≥ (1 − ε)
∑

F ∈B∪S

∣∣∣Ĩ(ℓ)
hor,j(F )

∣∣∣ and
∑

F ∈B∪S opt(ℓ)
ver,j(F ) ≥ (1 −

ε)
∑

F ∈B∪S

∣∣∣Ĩ(ℓ)
ver,j(F )

∣∣∣ for each ℓ, j.

Proof sketch. For each ℓ, j, and F we define opt(ℓ)
hor,j(F ) to be the largest integral multiple of

ε
|B|+|S|

∣∣∣Ĩ(ℓ)(F )
hor,j

∣∣∣ that is at most
∣∣∣Ĩ(ℓ)

hor,j(F )
∣∣∣ and note that for this value there are only |B|+|S|

ε =

Oε(1) options. We define the values opt(ℓ)
ver,j(F ) similarly. Since there are only Oε(log nN)

of these values altogether, we can guess all of them in time 2Oε(log nN) = (nN)Oε(1). ◀

Placing slices inside subcorridors. Given the number of slices in each box and each sub-
subcorridor due to Lemma 9, we compute a corresponding packing for the slices. Inside of
each box we simply sort the slices by height or width, respectively, and then pack them in
this order. For packing the slices inside the sub-subcorridors of a corridor C, recall that we
do not know the precise sub-subcorridors, we know only the guessed edges due to Lemma 7.
However, we can still find a packing for the slices inside of the sub-subcorridors of C. We
start with the first sub-subcorridor S1 of C, sort its slices by height or width, respectively
(breaking ties according to the input items that the slices correspond to), and place them
in this order, starting at the longer edge of S1. When we do this, we push the slices as far
as possible to the edge e0. The resulting packing satisfies the properties of Lemma 8. If
s(C) ≥ 2 then we do the same procedure for the last sub-subcorridor Ss(C) of C, and in
particular we push its slices as far as possible to the edge es(C). If s(C) ∈ {1, 2} then we are
done now. Otherwise s(C) = 3 since s(C) ≤ 3 for each C ∈ C and the slices of the second
sub-subcorridor S2 are still not placed. We sort the slices as before and place them in this
order, starting at the longer edge of S2 and such that their placement satisfies the properties
of Lemma 8. Since we had pushed the slices in S1 and S3 maximally to the edges e0 and ek,
one can show that this is indeed possible.

Rounding slices. For each set I
(ℓ)
hor, I

(ℓ)
ver, their corresponding slices induce in total Oε(1)

rectangular areas into which we assigned these slices: at most one for each of the Oε(1)
sub-subcorridors and at most one for each of the Oε(1) boxes inside each of the Oε(1)
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subcorridors. For each ℓ we denote by B(ℓ)
hor, B(ℓ)

ver these corresponding areas which are in fact
boxes. Now the important observation is that inside the boxes B(ℓ)

hor we can place at least
(1 − O(ε))

∣∣∣I(ℓ)
hor ∩ OPT ′

∣∣∣ − 2|B(ℓ)
hor| items from I

(ℓ)
hor as follows. Based on the slices for I

(ℓ)
hor,

we first construct a fractional packing of 1
1+O(ε) opt(ℓ)

hor items from I
(ℓ)
hor in which there are

at most 2|B(ℓ)
hor| items that are fractionally assigned to a box. Then we simply drop these

fractional items. We use a symmetric procedure for the sets I
(ℓ)
ver.

▶ Lemma 10. For each ℓ ∈ {0, ...,
⌊
log1+ε N

⌋
}, in time Oε(nN) we can pack at least

(1−O(ε))
∣∣∣I(ℓ)

hor ∩ OPT ′
∣∣∣−2|B(ℓ)

hor| items from I
(ℓ)
hor into the boxes B(ℓ)

hor. A symmetric statement

holds for I
(ℓ)
ver and B(ℓ)

ver for each ℓ ∈ {0, ...,
⌊
log1+ε N

⌋
}.

Thus, we obtain a packing with (1 − O(ε))|OPT ′| − 2
(∑

ℓ |B(ℓ)
hor| + |B(ℓ)

ver|
)

items in total.

Note that
(∑

ℓ |B(ℓ)
hor| + |B(ℓ)

ver|
)

≤ Oε(log N). Recall that we assumed that |OPT ′| > cε log N .

Thus, by choosing cε sufficiently large, we can ensure that
(∑

ℓ |B(ℓ)
hor| + |B(ℓ)

ver|
)

≤ ε · |OPT ′|
and hence our packing contains at least (1 − O(ε))|OPT ′| items in total.

▶ Lemma 11. For each ε > 0 there is a constant cε such that if |OPT ′| > cε · log N we can
compute a solution of size (1 − ε)|OPT ′| in time (nN)Oε(1).

5 Dynamic programming with color coding

Assume that |OPT ′| ≤ c · log N for some given constant c (which we will later choose to be
the constant cε defined in Section 4). We describe an algorithm that computes a solution of
size |OPT ′| for this case in time (nN)O(c) such that each item of this solution is contained
in a corridor in C. Our strategy is to use color-coding [5] in order to reduce the setting of
Oε(1) L- and U-corridors in C to the setting of only one single such corridor. Then we show
how to solve this problem in polynomial time.

First, we guess |OPT ′|. Then we color each item in I randomly with one color in
{1, ..., |OPT ′|}. It is easy to show that with probability at least 1/e|OP T ′| ≥ 1

NO(c) all items
in |OPT ′| have different colors, in which case we say that the coloring was successful. If this
is the case, then for each color d ∈ {1, ..., |OPT ′|} we can guess in time Oε(1) which corridor
in C contains an item of OPT ′ that we colored with color d. This yields Oε(1)|OP T ′| = NOε(c)

guesses overall. By repeating the random coloring NO(c) times, we can ensure that, with high
probability, one of these colorings was successful. Also, we can derandomize this procedure
using a k-perfect family of hash functions [5, 48], which yields the following lemma.

▶ Lemma 12. In time NOε(c) we can guess a partition of {IC}C∈C of I such that for each
corridor C ∈ C the set IC contains all items from OPT ′ that are placed inside C.

5.1 Routine for one corridor
Recall that we are given a corridor C ∈ C and an input set IC of items colored with
γ ≤ c · log N colors. W.l.o.g., let {1, . . . , γ} be these colors. Our goal is to place precisely
one item per color inside C such that they do not overlap. Let OPT ′

C denote the items of
OPT ′ placed inside C and note that also OPT ′

C contains one item of each color.
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For our (1.6 + ε)-approximation it is sufficient to consider corridors with up to three
sub-corridors; however, we will next describe a procedure that works for corridors with k

sub-corridors for any k ≤ 1/ε. This extension will actually be needed to obtain a (4/3 + ε)-
approximation (see the full version).

Our strategy is to cut C recursively into pieces (see Figure 5). Whenever we make a
cut, we guess the items from OPT ′

C that are intersected by this cut and their placement
in OPT ′

C . The cut splits the considered subpart of C into two pieces and we guess the
colors of the items in OPT ′

C in each one of these pieces. Then, we recursively solve the
subproblem defined by each piece. Guessing the colors ensures that we do not place an item
twice, e.g., once in each of the two subproblems. We define our cuts such that there are only
a polynomial number of possible arising pieces during the recursion, and we observe that for
the guesses of the colors there are only 2γ≤ N c many options. Hence, we can embed this
recursion into a polynomial time dynamic program.

Long chords. Formally, whenever we cut C we do this along long chords defined as follows.
A long chord is a sequence of k axis-parallel line segments f1, ..., fk that intuitively connect e0
with ek+1, i.e., such that for each j ∈ {1, ..., k} each end-point of fj has integral coordinates
and coincides with an endpoint of fj−1 or fj+1 or lies on e0 or ek+1, see Figure 5. Note that
there are two special long chords that go along the edges of C, defined by ℓR := e1, ..., ek

and ℓL := ek+2, ..., e2k+1.
We can compute a set L containing all of the NO(k) long chords. We fix an (unknown)

partition of C into s(C) =: k subcorridors S1, ..., Sk that is nice for OPT ′
C . We are interested

in the long chords f1, ..., fk in L with the property that for each j ∈ {1, ..., k} the line segment
fj is contained in Sj and it is parallel to the two parallel edges that define Sj (see Figure 5).
We say that such a long chord is consistent with S1, ..., Sk (or just consistent for short). Note
that we do not know S1, ..., Sk and hence we cannot determine whether a given long chord is
consistent or not. However, there are two key observations

we can subdivide C recursively along the long chords such that each arising piece is
defined as the area enclosed by two given long chords and e0 and ek+1 (see Figure 5),
each consistent long chord can intersect with at most k/εlarge items in OPT ′

C since the
corridors are thin and all input items are skewed.

Subproblems of DP. Therefore, we can compute a recursive partitioning of C via a dynamic
program. Each cell of the DP-table is defined by

two long chords ℓ1, ℓ2 ∈ L that might intersect but that do not properly cross each other;
together with (a part of) e0 and ek+1 they define a polygon C ′ ⊆ C,
a set of O(k/εlarge) items I ′

C ⊆ IC with a non-overlapping placement of them inside C

such that the interior of each item in I ′
C intersects ℓ1 or ℓ2, and

a set of colors Γ ⊆ {1, ..., γ}.
The subproblem encoded in this cell is to place items from IC inside C ′ such that they do not
overlap with the items in I ′

C and such that for each color d ∈ Γ we place exactly one item of
color d. If this subproblem has a solution OPT (ℓ1, ℓ2, I ′

C , Γ), we store it in the corresponding
DP-cell; otherwise we store fail.

To compute such a solution, consider any long chord ℓ ∈ L that lies completely inside C ′

but is not identical to ℓ1 or ℓ2 (we would like to select a consistent long chord; however, we
do not know which long chords are consistent and hence we try all of them). Let us first
assume that at least one such ℓ exists. Note that ℓ divides C ′ into two smaller polygons
C ′

1, C ′
2 that are surrounded by the pairs (ℓ1, ℓ), and (ℓ, ℓ2), respectively. Then, we consider
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e0 ek+1

`1 `2`

Figure 5 A U-corridor and two consistent long chords ℓ1 and ℓ2. The long chords intersect only
a constant number of items from the optimal solution (shown in the figure). There is a DP-cell that
is defined by ℓ1, ℓ2, and these items, and whose corresponding area is shaded. This cell splits into
smaller subproblems by defining a new long chord ℓ that lies in-between ℓ1 and ℓ2.

any subset of items I ′′
C ⊆ IC and a placement of such items inside C ′ such that: (1) I ′′

C are
pairwise non-overlapping and not overlapping with I ′

C , (2) they are intersected by ℓ in their
interior, and (3) have distinct colors Γℓ ⊆ Γ. Finally, we consider any partition Γ1∪̇Γ2 of the
remaining colors Γ \ Γℓ. Let I ′

C,1 and I ′
C,2 be the items in I ′

C ∪ I ′′
C that intersect C ′

1 and
C ′

2, respectively. We consider the DP-cells (ℓ1, ℓ, I ′
C,1, Γ1) and (ℓ, ℓ2, I ′

C,2, Γ2) and, if none of
them contains the value “fail”, we store in (ℓ1, ℓ2, I ′

C , Γ) the union of I ′′
C , OPT (ℓ1, ℓ, I ′

C,1, Γ1),
and OPT (ℓ, ℓ2, I ′

C,2, Γ2) (together with the placement of the corresponding items) and halt
the computation for the considered DP-cell. If the above event never happens, we store “fail”
in this DP-cell.

The base cases of the DP are given by pairs ℓ1, ℓ2 which are at most one unit apart
from each other (everywhere inside C), so that it is not possible to define any long chord ℓ

between ℓ1 and ℓ2 (recall that the endpoints of the line segments of the long chords have
integral coordinates). Notice however that in this case at most O(k/εlarge) skewed items can
fit inside C ′, hence we can determine whether a feasible solution OPT (ℓ1, ℓ2, I ′

C , Γ) exists by
enumeration in time (nN)O(k/εlarge).

At the end we output the solution stored in the cell (ℓL, ℓR, ∅, {1, ..., γ}). We will show that
this is the optimal solution for C. The number of DP-cells is bounded by (nN)O(k/εlarge) · 2γ

and the number of possible guesses when computing the entry of a DP-cell is bounded by
(nN)O(k/εlarge) · 2O(γ). This allows us to bound the running time of our DP.

▶ Lemma 13. Given a path corridor C with k subcorridors and a set of skewed items IC

with γ distinct colors. In time (nN)O(k/εlarge) · 2O(γ) we can determine whether there exists
a set I ′

C ⊆ IC with γ distinct colors that fits non-overlappingly inside C.

We apply Lemma 13 to each corridor C ∈ C which yields the following lemma.

▶ Lemma 14. Assume that |OPT ′| ≤ c · log N for some constant c. Then we can compute a
solution of size |OPT ′| in time (nN)O(c).
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Now Lemmas 11 and 14 yield the following theorem.

▶ Theorem 15. There is an (1.6 + ε)-approximation algorithm with a running time of
(nN)Oε(1) for unweighted instances of 2DK with only skewed items.
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Abstract
Intersection patterns of convex sets in Rd have the remarkable property that for d+1 ≤ k ≤ ℓ, in any
sufficiently large family of convex sets in Rd, if a constant fraction of the k-element subfamilies have
nonempty intersection, then a constant fraction of the ℓ-element subfamilies must also have nonempty
intersection. Here, we prove that a similar phenomenon holds for any topological set system F in
Rd. Quantitatively, our bounds depend on how complicated the intersection of ℓ elements of F can
be, as measured by the maximum of the ⌈ d

2 ⌉ first Betti numbers. As an application, we improve
the fractional Helly number of set systems with bounded topological complexity due to the third
author, from a Ramsey number down to d + 1. We also shed some light on a conjecture of Kalai
and Meshulam on intersection patterns of sets with bounded homological VC dimension. A key
ingredient in our proof is the use of the stair convexity of Bukh, Matoušek and Nivasch to recast a
simplicial complex as a homological minor of a cubical complex.
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1 Introduction

In this paper, we investigate the intersection patterns of topological set systems, by which we
mean families F of subsets of Rd such that for any G ⊆ F , the intersection of the elements
of G has finite Betti numbers. Our main goal is to analyze how the intersection patterns of a
set system F are influenced by the complexity of the intersection of subfamilies of F . To
measure this complexity, let us fix some integer h (set to ⌈ d

2 ⌉ for our purpose) and a ring to
use for homology calculations (Z2 throughout this paper), and associate to F the function

ϕ
(h)
F :

{
N → N ∪ {∞}
k 7→ sup{β̃i (∩G) : G ⊆ F , |G| ≤ k, 0 ≤ i < h}.

We call it the (hth) homological shatter function of F . Although here F is a set system
in Rd, the definition (and most of our methods) apply more generally (see Section 1.3).

A stepping-up phenomenon. For a set system F , that is a family of subsets of some ground
set, and an integer k ≥ 1, let δF (k) ∈ [0, 1] denote the proportion of the k-element subsets
of F that have nonempty intersection. Technically, our main result is the following:
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▶ Theorem 1. For any d + 1 ≤ k ≤ ℓ and b ≥ 0, for any δ > 0, there exists δ′ > 0 such that
for any sufficiently large set system F in Rd, if ϕ

(⌈ d
2 ⌉)

F (ℓ) ≤ b and δF (k) ≥ δ, then δF (ℓ) ≥ δ′.

Informally, Theorem 1 states that in nerves of topological set systems, positive densities tend
to propagate towards higher dimension, in a form of “reverse Kruskal-Katona theorem”. This
generalizes earlier observations in combinatorial convexity and topological combinatorics, as
we discuss in the next section. Moreover, the propagation rate can be bounded from below
in terms of the homological shatter function.

Our result is existential and our proof does not aim at giving any reasonable estimate; the
bound we obtain is an elementary recursive function, E3 in the Grzegorczyk hierarchy, of the
parameters. Theorem 1 is, however, qualitatively sharp: without bounding the Betti numbers
of intersections in all dimensions 0 ≤ j < ⌈ d

2 ⌉ we can obtain topological set systems in Rd

with arbitrary intersection patterns. Indeed, fix an integer k ≥ 0 and let K be the k-skeleton
of the simplex on the vertex set V . Given nonempty subsets S1, . . . , Sm of V , define induced
subcomplexes K1, . . . , Km where Ki = K[Si]. Note that for any subset ∅ ≠ I ⊂ [m] we have⋂

i∈I Ki = K[
⋂

i∈I Si], and so any nonempty intersection of the Ki has trivial j-dimensional
homology for any j ̸= k. Since K has a geometric realization in Rd for any d ≥ 2k + 1,
it follows that the family F = {K1, . . . , Km} forms a topological set system in Rd where
intersections have Betti numbers equal to zero except possibly in dimension k. The subsets
S1, . . . , Sm can be chosen arbitrarily, so their intersection pattern is also arbitrary.

Lowering fractional Helly numbers. One use of Theorem 1 is the reduction of fractional
Helly numbers. For instance, it easily improves a theorem of Patáková [29, Theorem 3] into:

▶ Corollary 2. For every non-negative integers b and d, there is a function βd,b : (0, 1) → (0, 1)
such that for any α ∈ (0, 1), for any sufficiently large set system F in Rd with ϕ

(⌈d/2⌉)
F ≤ b,

if δF (d + 1) ≥ α then some βd,b(α)|F| members of F intersect.

Specifically, [29, Theorem 3] required instead of “δF (d + 1) ≥ α” that “δF (m) ≥ α” for some
hypergraph Ramsey number m. The number m depends only on b and d, so we can first
apply [29, Theorem 3], then follow up by Theorem 1 with k = d + 1 and ℓ = m. (Note
that the implicit bound given by the proof of [29, Theorem 3] on the function βd,b also
changes in the process.) This improvement in turn sharpens several other results, including
a (p, q)-theorem, a weak ε-net theorem and a property testing algorithm. This systematic
reduction of fractional Helly numbers also offers some evidence in support of some conjectures
of Kalai and Meshulam [21] on a theory of homological VC dimension. We discuss these
consequences in the next section.

1.1 Context and motivation
Let us briefly present some of the lines of research in discrete geometry, topological combina-
torics and computational geometry that motivate Theorem 1.

Combinatorial convexity and beyond. The theorems of Carathéodory, Helly and Radon
initiated a combinatorial theory of convexity that investigates the intersection patterns of
families of convex sets, with a particular attention to the systems formed by the convex hulls of
subsets of a finite point set. See the textbook of Matoušek [28, §8−10] and the surveys [8, 12, 9]
for an introduction. One approach to extend combinatorial convexity is to think of a convex set
as a hyperedge in an infinite hypergraph with vertex set Rd. One can then reformulate results
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from combinatorial convexity as properties of this hypergraph, and investigate whether the
dependencies between theorems found in the convex setting hold for more general hypergraphs.
In this sense, Alon et al. [2] established that the (reformulation of the) fractional Helly
theorem implies, among others, the (reformulations of the) (p, q)−theorem, the weak ε-net
theorem and the selection lemma, three landmarks in combinatorial convexity. (Note that
this pivotal role of the fractional Helly theorem is only surpassed by Radon’s lemma [17].)
The study of the homological shatter functions of topological set systems recasts several
previous topological relaxations of convexity [27, 24, 23, 10, 14, 29] into a broader setting.

Fractional Helly, stepping up, and upper bound theorems. The original fractional Helly
theorem of Katchalski and Liu [26] asserts that for any d ≥ 1 there is a function βd : (0, 1) →
(0, 1) such that for any α ∈ (0, 1), any finite family F of convex sets in Rd where a fraction α

of the (d + 1)-element subsets have non-empty intersection must contain an intersecting
subfamily of size at least βd(α)|F|. In other words, if a positive fraction of the (d+1)-element
subfamilies of F have nonempty intersection, then a positive fraction of F has nonempty
intersection. The size of the subsets for which the “positive fraction” property is assumed,
d + 1 here, is referred to as the fractional Helly number.

Katchalski and Liu [26] already observed that one can require that βd(α) → 1 when
α → 1. They derived it from the observation, which they dubbed the stepping-up lemma,
that for any family F of convex sets in Rd,

∀d + 1 ≤ k ≤ ℓ, δF (ℓ) ≥ 1 − (1 − δF (k))
(

ℓ

k

)
. (1)

In particular, if δF (k) > 1 − 1/
(

ℓ
k

)
, then δF (ℓ) > 0. Kalai [20] later showed that one can

take βd(α) def= 1 − (1 − α)
1

d+1 , which is best possible. His proof is based on the upper bound
theorem that he [20] and Eckhoff [11] established independently. The upper bound theorem
asserts that for any family F of n convex sets in Rd,

∀d ≤ k ≤ d + r − 1, fk(F) >

d∑
i=0

(
n − r

i

)(
r

k − i + 1

)
⇒ fd+r(F) > 0, (2)

where fi(F) =
(

n
i+1

)
δF (i + 1) denotes the number of (i + 1)-element subsets of F that have

nonempty intersection. (That is, fi(F) is the number of i-dimensional faces of the nerve of
F .) It was recently shown [25] that the propagation phenomenon revealed by Equations (1)
and (2) also holds for set systems in R2 (or on a surface) with bounded 1st homological shatter
function, indicating that this phenomenon extends far beyond convexity. Our Theorem 1
gives further evidence of this by generalizing [25, Theorem 2.2] to arbitrary dimension.

Collapsibility, Leray number and homological VC dimension. The known proofs of the
upper bound theorem (2) abstract away the geometry into some property shared by nerves of
families of convex sets. The more elementary proofs apply to d-collapsible complexes [11, 20, 1],
that is complexes that can be reduced by discrete homotopy moves (called collapses) to a
d-dimensional complex [31, Lemma 1]. The more general proof, also due to Kalai (see Hell’s
PhD thesis [16, §5.2] for a presentation), applies to d-Leray complexes, that is complexes in
which all induced subcomplexes have vanishing homology in dimension d and above.

SoCG 2021
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Deeper connections between discrete geometry and topological combinatorics were sug-
gested by Kalai and Meshulam in a program to develop a theory of homological VC dimension.
The homological shatter function that we introduce here is already apparent in that pro-
gram. Two of their conjectures, when combined, suggest that topological set systems with
polynomial homological shatter function should enjoy a fractional Helly theorem:

▶ Conjecture 3 (Following Kalai and Meshulam [21, Conjectures 6 and 7]). For any integer
0 ≤ k ≤ d and any A > 0, there exists a function β : (0, 1) → (0, 1) such that the following
holds. For any α > 0 and any sufficiently large set system F in Rd such that ∀m ≥ 0,
ϕ

(d)
F (m) ≤ Amk, if δF (d + 1) ≥ α then some β(α)|F| members of F have a point in common.

This combination of Conjectures 6 and 7 from [21], also appeared in [22, Conjecture 17],
except that we took upon ourselves to dissociate the dimension d of the space and the order k

of the homological shatter function. Our Corollary 2 settles the case k = 0 of this conjecture.
Moreover, our Theorem 1 reveals that for k ≥ 1, if the assumptions of Conjecture 3 imply
any fractional Helly theorem at all, then the fractional Helly number can be brought down
to d + 1. (Note that Corollary 2 and Theorem 1 need only control ϕ

(⌈ d
2 ⌉)

F , not ϕ
(d)
F .)

Property testing. The fact that fractional Helly theorems ensure the existence of small
weak ε-nets already give them potential for computational applications. Let us stress another
connection between fractional Helly theorems and algorithms, which comes from the area of
property testing. Recall that Helly’s theorem relates to the size of witness sets for convex
programming, so that its generalizations, the so-called Helly-type theorems, correspond to the
combinatorial dimension of LP-type problems [3] (see also [14, §1.3]). Similarly, generalizations
of the fractional Helly theorem lead to property testing algorithms for optimization under
constraints, by relating the probability that a random choice of k constraints is satisfiable to
the size of the largest subset of constraints that can be simultaneously satisfied. (Here, k

denotes the fractional Helly number.) This relation was spelled out by Chakraborty et al. [7]
in the convex settings and holds more generally. Again, notice that reducing a fractional Helly
number also improves, in principle, the efficiency of the related property testing algorithm.

1.2 Approach and further results
At a high-level, we prove Theorem 1 by a two-stage approach that we learned from Bárány
and Matoušek [5], who use it for convex lattice sets. We first identify (or, in our case, prove)
a Helly-type theorem that turns some intersection pattern on the k-element subsets of some
family of constant size into at least one intersection of k + 1 sets. We then use the positive
density assumption δF (k) > 0 to find many occasions to apply that constant-size theorem.

Supersaturation brings out colors... For this approach to work, we need the intersection
pattern used in the first stage to be “massively unavoidable” when δF (k) > 0. Here, some
extremal hypergraph theory comes into play, as in Matoušek’s words [28, §9.2], “Hypergraphs
with many edges need not contain complete hypergraphs, but they have to contain complete
multipartite hypergraphs”. So, our Helly theorem for constant size should not rely on a
complete intersection pattern, as in Helly’s original theorem, but rather on a complete
k-partite intersection pattern, as in the colorful Helly theorem [4]. The fact that complete
k-partite intersection patterns can be found in abundance as soon as δF (k) > 0 follows
from the supersaturation theorem of Erdős and Simonovits; We postpone its presentation to
Section 7, as we will only need it (and the related terminology) in the final step of our proof.
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... and colors lead to stair convexity. Given set systems F1, F2, . . . , Fm, a subfamily
G ⊂

⋃m
i=1 Fi is called colorful (with respect to the families F1, F2, . . . , Fm) if G contains at

most one member from each Fi. Here is our colorful Helly theorem:

▶ Theorem 4. For any integers b ≥ 0 and m > d ≥ 1 there exists an integer t = t(b, d, m)
such that for any topological set systems F1, F2, . . . , Fm in Rd, each of size t, if every colorful
subfamily G satisfies ϕ

(⌈d/2⌉)
G ≤ b and has nonempty intersection, then some 2m − d members

of
⋃m

i=1 Fi have nonempty intersection.

We prove Theorem 4 using a technique developed in [14, 29] for studying intersection
patterns via homological minors [30]. In short, a cellular chain complex C1 is a minor of a
cellular chain complex C2 if there is a non-trivial chain map C1 → C2 that sends disjoint
faces to chains with disjoint supports. One novelty here is that, in order to account for the
k-partite structure of the color classes, we work with minors in chain complexes built out of
cubical cells rather than simplices. For this, we have to transfer some results from simplicial
homology, like the homological Van Kampen-Flores Theorem (adapted in Proposition 8).
We show that the stair convexity of Bukh et al. [6] offers a systematic way of building chain
maps from simplicial complexes into grid-like complexes (Proposition 7). Along the way,
we also establish a new Ramsey-type result (Lemma 9) which we use to construct grid-like
minors inside the intersections of sets with bounded homological shatter function.

Further consequences. Let us say a word on some of the consequences of the fractional
Helly theorem as spelled out by Alon et al. [2]. Our Corollary 2, via Theorems 8(i) and 9
and the discussion in §2.1 in [2], implies:1

▶ Corollary 5. For every d, b and p ≥ d + 1, there exists τ = τ(d, b, p) such that the following
holds. Let F be a set system in Rd with ϕ

(⌈d/2⌉)
F ≤ b. If among any p members of F , some

d + 1 intersect, then there exists a set of τ points of Rd that intersects every member of F .

Here, without our sharpening of Corollary 2 by Theorem 1, it would take any p ≥ m members
of F to contain some m intersecting members, for some hypergraph Ramsey number m.
Similarly, our Corollary 2 together with the Theorem 9 and the discussion in §2.1 from [2]
imply that for any b and d, there are c1 and c2 such that any topological set system in Rd

with ⌈d/2⌉th homological shatter function bounded from above by b admits a weak ε-net of
size c1/εc2 . Here, the effect of our sharpening is to reduce the constants c1 and c2.

1.3 Remarks and open questions
1. Do nerves of topological set systems with finite homological shatter functions have bounded

Leray number? Indeed Theorem 1 reveals that these nerves enjoy some of the consequences
of d-Lerayness. A first step in this direction was done by Holmsen, Kim and Lee [18],
but the question remains open, already for a homological shatter function bounded by a
constant.

2. In the proof of Theorem 1, the assumption that the sets are in Rd is used in exactly one
place, namely in Section 4 when we invoke the homological version of the Van Kampen-
Flores theorem [14, Corollary 14]. The proof therefore generalizes readily to, for instance,
topological set systems in a manifold with some forbidden homological minor.

1 More precisely, the statements follow from Corollary 2 applied to the family F∩ def= {∩S∈GS : G ⊂ F}.
Note that ϕ

(⌈d/2⌉)
F∩ is bounded from above by b if and only if ϕ

(⌈d/2⌉)
F is.

SoCG 2021
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3. The idea behind stretched grids [6] suggest a general transfer principle between stair
convex hulls and (limits of) simplices in Rd. Perhaps this could offer a more conceptual
approach to proving Proposition 7. Our efforts in that direction were not fruitful.

2 Background

We write N = {1, 2, . . .} for the set of positive integers and N0 = {0, 1, . . .} for the set of
non-negative integers. We write [n] def= {1, 2, . . . , n} and

([n]
k

)
for the set of k-element subsets

of [n]. All homology in this paper is computed with coefficients in Z2, and we write C#
(
Rd

)
for the singular chain complex of Rd with Z2 coefficients. Given a chain α in a chain complex,
we write supp(α) for its support. We use homology on a family of cubical complexes, in the
sense, e.g., of Kaczynski et al. [19], which we now define.

2.1 Grid complexes
Let G[n] denote the 1-dimensional cell complex whose vertices (0-cells) are the singletons
{1}, {2}, . . . , {n} and whose closed 1-cells are the closed intervals [1, 2], [2, 3], . . . , [n − 1, n].
For m ≥ 1, define the grid complex G[n]m as the m-fold product G[n]m def= G[n] × · · · × G[n]︸ ︷︷ ︸

m-fold

,

equipped with the product topology.

Cells. For every integer a ∈ [n] we use interchangeably the notations [a, a] = {a} to denote
the corresponding 0-cell in G[n]. For every integers a, b ∈ [n] with a < b we let [a, b] = [b, a]
denote the 1-chain with Z2 coefficients

[a, b]
[b, a]

}
def= [a, a + 1] + [a + 1, a + 2] + · · · + [b − 1, b].

For any pairwise distinct integers a, b, c ∈ [n] we have [a, c] = [a, b] + [b, c]. Every (closed)
k-cell σ in G[n]m can be written as the product of exactly (m − k) 0-cells and k 1-cells

σ = [a1, b1] × [a2, b2] × · · · × [am, bm],

where 1 ≤ ai ≤ bi ≤ ai + 1 ≤ n. A k-chain is a sum of k-cells in G[n]m with coefficients
in Z2. We note that G[n]m is a regular cell complex of dimension m which can be realized
geometrically as an m-dimensional axis-parallel cube in Rm with sidelength n − 1. For ℓ ≤ m,
the set of cells of dimension at most ℓ of G[n]m is a regular cell complex of dimension ℓ,
called the ℓ-dimensional skeleton of G[n]m and denoted by (G[n]m)(ℓ). For X a subcomplex
of a grid complex, we write V (X) for the set of vertices of X.

Products and boundaries. The product × of a k1-cell of G[n]m1 by a k2-cell of G[n]m2 is a
(k1 + k2)-cell of G[n]m1+m2 . We extend it to chains by putting

(σ1 + · · · + σℓ1) × (τ1 + · · · + τℓ2) def=
ℓ1∑

i=1

ℓ2∑
j=1

σi × τj .

We denote the null chain (with empty support) by 0 and clarify that for any chain σ we have
σ × 0 = 0 × σ = 0. We can now define the boundary of a cell of G[n]m recursively, as follows:
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(0-cells) ∂{a} def= 0 (the trivial chain)
(1-cells) ∂[a, a + 1] def= {a} + {a + 1}

(≥ 2-cells) ∂(σ × τ) def= ∂σ × τ + σ × ∂τ

The definition of ∂ extends from k-cells to k-chains by linearity. For X a (skeleton of a) grid
complex, we write C# (X) for the chain complex defined by the chains of X together with ∂.

2.2 Stair convexity

The stair convex hull was introduced by Bukh, Matoušek, and Nivasch [6] as a tool for
analyzing point configurations and extremal problems in discrete geometry such as lower
bounds on the size of weak ε-nets. We now reformulate this notion in terms of chains of the
grid complex G[n]m; this resembles their recursive definition.

Stair convex chains. We fix some integer n ≥ 2 and work, implicitly, in the grid com-
plexes G[n]m. For any m ≥ k ≥ 0 and any integers 1 ≤ a1 < · · · < ak+1 ≤ n we define a stair
convex k-chain scm(a1, . . . , ak+1) ∈ Ck(G[n]m), which we also denote by scm

k (a1, . . . , ak+1)
when we want to make its dimension explicit. The definition is recursive:

(k = 0) scm(a) def=

m-fold︷ ︸︸ ︷
(a, . . . , a)

(k > m) scm(a1, . . . , ak+1) def= 0 (the trivial chain)
(0 < k < m) scm(a1, . . . , ak+1) def= scm−1

k−1 (a1, . . . , ak) × [ak, ak+1]
+ scm−1

k (a1, . . . , ak+1) × {ak+1}
(0 < k = m) scm(a1, . . . , am+1) def= [a1, a2] × [a2, a3] × . . . × [am, am+1]

First examples. At one end, for k = 0, scm(a) is a vertex on the diagonal of G[n]m. At
the other end, for k = m, scm(a1, . . . , am+1) is a m-dimensional box. Let us examine some
simple examples of what happens in-between. For m = 2 and k = 1 we have

sc2(a, b) = sc1(a) × [a, b] + sc1(a, b) × {b} = {a} × [a, b] + [a, b] × {b}

which is a rectilinear path from (a, a) to (b, b) with a bend at (a, b). Here are more examples:

sc3(a, b)
= sc2(a) × [a, b] + sc2(a, b) × {b}
= (a, a) × [a, b] + ({a} × [a, b] + [a, b] × {b}) × {b}
= (a, a) × [a, b] + {a} × [a, b] × {b} + [a, b] × (b, b)

(a, a, a)

(a, a, b)

(a, b, b)

(b, b, b)

x1

x2

x3
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40:8 A Stepping-Up Lemma for Topological Set Systems

(a, a, a)

(b, b, b)

(c, c, c)

x1

x2

x3

sc3(a, b, c)
= sc2(a, b) × [b, c] + sc2(a, b, c) × {c}
= {a} × [a, b] × [b, c]

+ [a, b] × {b} × [b, c]
+ [a, b] × [b, c] × {c},

A non-recursive definition. Let us extend the definition of stair convex hull to the case
m = k = 0 by putting, for any integer a and any chain σ, sc0

0(a) × σ = σ × sc0
0(a) = σ. With

this convention, we can “unwrap” the recursive definition of scm
k :

scm
k (a1, . . . , ak+1) =

∑
t1,t2,...,tk+1∈N0

t1+t2+...+tk+1=m−k

sct1
0 (a1) ×

k∏
i=1

(
[ai, ai+1] × scti+1

0 (ai+1)
)

(3)

So, for instance, sc3(a, b) = {a}2 × [a, b] + {a} × [a, b] × {b} + [a, b] × {b}2. From (3) we get:

▶ Lemma 6. If an axis-aligned hyperplane xj = a contains a k-dimensional face of the
support of scm

k (a1, . . . , ak+1), then a ∈ {a1, . . . , ak+1}.

Proof. The k-dimensional faces of the support of scm
k (a1, . . . , ak+1) are the summands of

the right hand term of (3). A summand is contained in xj = a only if for some i we have
ti ̸= 0 and ai = a. ◀

3 Stair convex hulls and boundary operator

The key property of stair convex hull for our purpose is that under some conditions, it
behaves like k-dimensional simplices with respect to the boundary operator on grid complexes.
Figure 1 illustrates this phenomenon in 2 dimensions. To formalize this claim, let us write
(a1, . . . , âi, . . . , ak+1) def= (a1, . . . , ai−1, ai+1, . . . , ak+1), that is, ˆ denotes coordinates to be
omitted. (Recall that all homology in this paper has coefficients in Z2.)

▶ Proposition 7. For integers m ≥ k ≥ 1 and any sequence a1 < a2 < . . . < am of elements

from [n] we have ∂ scm
k (a1, . . . , ak+1) =

k+1∑
i=1

scm
k−1(a1, . . . , âi, . . . , ak+1).

Sketch of proof. Our proof is a (not so short) calculation. We set up an induction on m by
using the recursive definition of scm

k (for k < m) or by applying the product rule after singling
out the factor [am, am+1] (for k = m). One important idea is to handle the factors [ai−1, ai+1]
arising from scm

k−1(a1, . . . , âi, . . . , ak+1) using the identity [ai−1, ai+1] = [ai−1, ai] + [ai, ai+1]
between 1-chains. See the full version for the details. ◀

4 A homological van Kampen-Flores theorem for grid complexes

We now use Proposition 7 to prove a non-embeddability result, in homological terms, that is
well-suited for grid complexes. Following [30], we call chain map non-trivial if the image of
every vertex is a 0-chain supported on an odd number of vertices.
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a b

b

c

sc2
2(a, b, c)

(a, a)

(b, b)

(c, c)

sc2
1(b, c)

sc2
1(a, b)

sc2
1(a, c)

Figure 1 Left: An illustration of the 2-chain sc2
2(a, b, c) with highlighted boundary. Right: An

illustration of the boundary of sc2
2(a, b, c) decomposed into the sum of sc2

1(a, b), sc2
1(b, c) and sc2

1(a, c),
respectively. Note that both {a} × [a, b] and [b, c] × {c} cancel out since we work with Z2 coefficients.

▶ Proposition 8. Let m > d ≥ 1 be integers and let X be the ⌈d/2⌉-skeleton of the grid
complex G[d + 3]m. For every nontrivial chain map f# : C# (X) → C#

(
Rd

)
, there exist cells

σ and τ in X such that (i) dim σ + dim τ ≤ d, (ii) σ and τ are not contained in a common
axis-parallel hyperplane, and (iii) the supports of f#(σ) and f#(τ) intersect.

Proof. For p ≥ 0 even, let Mp be the p/2-skeleton of the (p + 2)-dimensional simplex. For
p ≥ 1 odd, let Mp be the cone over Mp−1. The simplicial complex Md satisfies:

The dimensions of any two disjoint faces in Md sum to at most d. Indeed, for d odd,
every face of dimension ⌈d/2⌉ contains the coning vertex.

For any non-trivial chain map C#(Md) → C#(Rd), there exist two disjoint simplices of
Md whose images have non-disjoint supports. In other words, Md enjoys a homological
van Kampen-Flores theorem. For d even, it follows from a standard proof of the van
Kampen–Flores theorem through the Van Kampen obstruction [14, § 2]. The case where
d is odd can be reduced to the even case d − 1 using properties of this obstruction with
respect to coning, see the proof of [14, Corollary 14].

Let us label the vertices of Md by v1, v2, . . . , vd+3. For every simplex {vi1 , . . . , vik+1} in Md

with i1 < i2 < . . . < ik+1, we let g({vi1 , . . . , vik+1}) def= scm(i1, . . . , ik+1). We extend g linearly
into a map g# : C#(Md) → C#(X) and note that g# is a chain map, as Proposition 7 ensures
that for any simplex σ ∈ C#(Md) we have ∂(g#(σ)) = g#(∂σ). Now, let us consider the
chain map f# ◦ g# : Md → Rd. It is non-trivial, so by the homological van Kampen–Flores
theorem there exist two disjoint simplices σM and τM of Md whose images under f# ◦g# have
non-disjoint supports. So, there exists a cell σ in the support of g(σM ) with dim σ ≤ dim σM

and a cell τ in the support of g(τM ) with dim τ ≤ dim τM such that f#(σ) and f#(τ) have
non-disjoint support. Note that σ and τ satisfy condition (iii). The dimensions of σ and τ ,
like the dimensions of σM and τM , sum to at most d, so condition (i) is also satisfied. Finally,
since σM an τM are disjoint, Lemma 6 ensures that σ and τ are not contained in a common
axis-aligned hyperplane, and condition (ii) is satisfied as well. ◀

Note that a k-dimensional cell of G[n]m has m − k coordinates that are constant. So, for
any two simplices σ1, σ2 of X such that dim σ1 + dim σ2 < m, there is at least one coordinate
that is constant for both. In particular, if two such simplices intersect they must be contained
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40:10 A Stepping-Up Lemma for Topological Set Systems

in a common axis-parallel hyperplane. So Conditions (i) and (ii) imply that σ and τ are
vertex-disjoint, as in the usual van Kampen–Flores theorem. More generally, the chain map
g# maps disjoint simplices to chains with disjoint support: in the general sense of [30], it is
a homological almost embedding that shows that Md is a homological minor of X.

We have no reason to believe that the complex X = (G[d + 3]m)(⌈d/2⌉) is a minimal one
for which the conclusion of Proposition 8 holds. For instance, it is easy to see that the
conclusion holds for chain maps C#((G[2]m)(1)) → C#(R1). Furthermore, we could show
that the conclusion also holds for chain maps C#((G[3]3)(1)) → C#(R2) by computation of
the van Kampen obstruction (but were unable to extend this to a general approach).

5 Filling holes: A Ramsey-type result for grid complexes

We now prove the last ingredient of our colorful Helly type Theorem 4: a Ramsey-type result.

5.1 Subgrids and the subgrid lemma

The structure that our Ramsey-type result identifies is a subgrid of G[n]m. Formally, a
subgrid of G[n]m is a map γ : V (G[ℓ]m) → V (G[n]m), for some 1 ≤ ℓ ≤ n, given by
(x1, . . . , xm) 7−→ (γ1(x1), . . . , γm(xm)), where each γi : [ℓ] → [n] is a strictly increasing
function. We write the fact that γ is a subgrid by γ : G[ℓ]m ↪→ G[n]m. For any a, b ∈ [n] we
let γi({a}) def= {γi(a)} and γi([a, b]) def= [γi(a), γi(b)], and let

γ# :
{

C#(G[ℓ]m) → C#(G[n]m)
σ1 × · · · × σm 7→ γ1(σ1) × · · · × γm(σm).

As we spell out in the full version, γ# is a chain map. Now, fix an integer k ≥ 1 and consider
a group homomorphism h from the group (Ck(G[n]m), +) of k-chains into (Z2)b, where b ∈ N.
We say that a subgrid γ : G[a]m ↪→ G[n]m lies in the kernel of h if h(γ#(c)) = 0 for every
c ∈ Ck(G[a]m). Here is our Ramsey-type statement:

▶ Lemma 9 (subgrid lemma). For any b, k, m, ℓ ∈ N, ℓ ≥ 2, there exists N = N(b, k, m, ℓ)
such that for any group homomorphism h : Ck(G[N ]m) → (Z2)b, there exists a subgrid
γ : G[ℓ]m ↪→ G[N ]m in the kernel of h.

5.2 Proof of the subgrid lemma

The rest of this section is devoted to the proof of Lemma 9. It may help the reader to first
read the rest of this section once with the sole case k = m in mind.

Coloring vertices. We first establish a simple Ramsey-type property of subgrids:

▶ Lemma 10. For any m, ℓ and q there exists N = N(m, ℓ, q) such that for every q-coloring
of V (G[N ]m), there exists a monochromatic subgrid G[ℓ]m ↪→ G[N ]m.

This follows for instance from the Gallai-Witt theorem [15, p. 40], but it is in fact much
simpler as it dispenses of the “homothetic” constraint. See the full version for a direct proof.
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Figure 2 A homomorphism h : C1(G[8]2) → Z2. The blue subgrid γ : G[3]2 ↪→ G[8]2 lies in the
kernel of h.

Boxes. Let 1 def= (1, 1, . . . , 1) ∈ [N ]m. Given two grid points x, y ∈ [N ]m we write x ⪯ y if
xi ≤ yi for 1 ≤ i ≤ m. We also put diff(x, y) def= {i ∈ [m] : xi ̸= yi}. For any two vertices
x ⪯ y in G[N ]m we put

boxk(x, y) def=
{

0 if | diff(x, y)| ̸= k,

[x1, y1] × [x2, y2] × · · · × [xm, ym] otherwise.

That is, boxk(x, y) is a k-chain. It is non-trivial if and only if x and y disagree on exactly
k coordinates. In that case, it is a k-dimensional box, contained in the intersection of all
coordinate hyperplanes where x and y agree.

Shuffles. For any I ⊂ [m] and x, y ∈ [N ]m we define the I-shuffle of x and y as

⌊x, y⌉I
def= (z1, z2, . . . , zm) where zi =

{
xi if i ∈ I, and
yi otherwise.

Notice that if boxk(x, y) is a non-trivial k-chain, then its support is the k-dimensional
box with corners {⌊x, y⌉I}I⊂diff(x,y). For z ∈ [ℓ]m, we let Gk(z) denote the set of vertices
of G([ℓ]m) that can be reached from z by incrementing exactly k coordinates, that is

Gk(z) def= {w ∈ [ℓ]m : z ⪯ w, diff(z, w) = k, ∀i ∈ [m] zi ≤ wi ≤ zi + 1}.

Notice that the set {boxk (z, w)}z∈[ℓ]m,w∈Gk(z) generates the vector space Ck(G[ℓ]m). It
follows that a subgrid γ : G[ℓ]m ↪→ G[N ]m lies in the kernel of h if

∀z ∈ [ℓ]m, ∀w ∈ Gk(z), h (boxk (γ(z), γ(w))) = 0. (4)

Inclusion-exclusion. We next define for any x, y ∈ [N ]m a base point, also in [N ]m:

base(x, y) def= (z1, z2, . . . , zm) where zi =
{

1 if i ∈ diff(x, y),
xi = yi otherwise.

Now, for any x ⪯ y in [N ]m with | diff(x, y)| = k, the inclusion-exclusion principle yields

boxk(x, y) =
∑

I⊆diff(x,y)

(−1)|I| boxk (base(x, y), ⌊x, y⌉I) . (5)
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40:12 A Stepping-Up Lemma for Topological Set Systems

Indeed, for k = m, this merely writes a full-dimensional, axis-parallel box B as the alternating
sum of the boxes spanned by 1 and each of corners of B. The argument is the same for
k < m by simply dropping all coordinates where x and y agree. The factors (−1)|I|, which
would be necessary if the chains had coefficients in Z, may be surprising over Z2. Their
interest comes from considering the above identity through the homomorphism h:

h (boxk(x, y)) =
∑

I⊆diff(x,y)

(−1)|I|h (boxk (base(x, y), ⌊x, y⌉I)) . (6)

Coloring. Let us associate to the group homomorphism h : Ck(G[N ]m) → (Z2)b the coloring

χh :
{

V (G[N ]m) → (Z2)b(m
k )

z 7→ (h (boxk (⌊1, z⌉F , z)))
F ∈([m]

k )

In plain english, χh(z) is a vector of
(

m
k

)
elements of (Z2)b, one per k-element subset F ⊆ [m]

(the order in which these subsets are considered is irrelevant). The element of (Z2)b associated
to subset F is obtained by considering the k-dimensional axis parallel subspace through
x where coordinates with index in F are fixed: (χh(z))F is the image under h of the
k-dimensional box spanned by the base point ⌊1, z⌉F and z.

Wrapping up. Let N0
def= N

(
m, ℓ, 2b( m

k+1)
)

for the function N(·, ·, ·) from Lemma 10. So, if
N ≥ N0, then there exists a subgrid γ : G[ℓ]m ↪→ G[N ]m that is monochromatic for χh.

To argue that γ lies in the kernel of h, we use Condition (4): we consider some arbitrary z ∈
[ℓ]m and w ∈ Gk(z), let x

def= γ(z) and y
def= γ(w), and set out to prove that h(boxk(x, y)) = 0.

Note that the fact that γ is a subgrid and w ∈ Gk(z) ensures that | diff(x, y)| = k. For
I ⊆ diff(x, y) let us write cI

def= ⌊x, y⌉I . Each coordinate of cI comes from either x = γ(z)
or y = γ(w), so cI is a vertex of the subgrid γ. Moreover, for every i /∈ diff(x, y) we have
xi = yi = (cI)i so base(x, y) = ⌊1, x⌉diff(x,y) = ⌊1, y⌉diff(x,y) = ⌊1, cI⌉diff(x,y). Equation (6)
then rewrites as

h (boxk(x, y)) =
∑

I⊆diff(x,y)

(−1)|I|h
(
boxk

(
⌊1, cI⌉diff(x,y), cI

))
. (7)

Notice that the value h
(
boxk

(
⌊1, cI⌉diff(x,y), cI

))
is independent of I ⊆ diff(x, y). This

follows from the facts that (i) | diff(x, y)| = k, (ii) cI is a vertex of the subgrid γ, and (iii) γ

is monochromatic for χh. Equation (7) therefore rewrites as

h (boxk(x, y)) = h
(
boxk

(
⌊1, c∅⌉diff(x,y), c∅

))  ∑
I⊆diff(x,y)

(−1)|I|

 = 0.

This concludes the proof of the subgrid lemma.

6 A weak colorful Helly theorem

We now set out to prove Theorem 4. Recall that we are given arbitrary integers b ≥ 0 and
m > d ≥ 1. Our task is to prove that there exists an integer t = t(b, d, m) such that for any
topological set systems F1, F2, . . . , Fm in Rd, each of size t, if every colorful subfamily G
satisfies ϕ

(⌈d/2⌉)
G ≤ b and the members of G have nonempty intersection, then some 2m − d

members of
⋃m

i=1 Fi have nonempty intersection. Before we state the main technical step of
our proof, Lemma 14, we need some definitions.
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6.1 Setup

We define constants t0 > t1 > · · · > t⌈d/2⌉ starting with t⌈d/2⌉
def= d + 3 and, having defined

ti+1, setting ti
def= N(b, i, m, ti+1) where N(·, ·, ·, ·) is the function from the subgrid lemma

(Lemma 9). We prove Theorem 4 for t(b, d, m) def= t0. We let Xi
def= G[ti]m and note that the

definition of the ti’s ensures:

▷ Claim 11. For any homomorphism h : Ci(Xi) → (Z2)b, there exists a subgrid γ : Xi+1 ↪→
Xi in the kernel of h.

We label the members of each Fi arbitrarily as Fi = {S(1,i), . . . , S(t0,i)}. For every vertex
v = (v1, v2, . . . , vm) of X0 we set G(v) def= {S(v1,1), . . . , S(vm,m)}.

▷ Claim 12. v 7→ G(v) is a bijection between the vertices of X0 and the maximal colorful
subfamilies of F1, F2, . . . , Fm.

Let A be an axis-parallel k-dimensional affine subspace A, or axis parallel k-flat for short.
We put G(A) def=

⋂
v∈V (X0)∩A G(v).

▷ Claim 13. The map A 7→ G(A) induces a bijection between the axis-parallel k-flats that
intersect V (X0) and the colorful subfamilies of size m − k.

Last, we further associate to any chain α ∈ Ck(Xi) a colorful family G(α) set to be G(A),
where A is the smallest axis-parallel flat of Rm that contains the support of α (that is, its
affine span). Note that if σ is a k-face of Xi, then |G(α)| = m − k.

6.2 A constrained chain map
The main technical step in the proof of Theorem 4 is the following construction.

▶ Lemma 14. Under the conditions of Theorem 4, there exists a subgrid γ : X⌈d/2⌉ ↪→ X0
and a nontrivial chain map f# : C#

(
(X⌈d/2⌉)(⌈d/2⌉)) → C#(Rd) with the property that

supp f#(σ) ⊂
⋂

G (γ#(σ)) for any cell σ ∈ (X⌈d/2⌉)(⌈d/2⌉),

Before we describe the construction of γ and f#, let us see how our weak colorful Helly
theorem follows from Lemma 14.

Proof of Theorem 4. Let γ and f# be as given by Lemma 14. Since X⌈d/2⌉ = G[d + 3]m,
we can apply Proposition 8 to find cells σ and τ in (X⌈d/2⌉)(⌈d/2⌉) such that:
1. dim σ + dim τ ≤ d, from Proposition 8,

2. σ and τ are not contained in any axis parallel hyperplane, from Proposition 8,

3. the supports of f#(σ) and f#(τ) intersect, again from Proposition 8, and

4. supp f#(σ) ⊂
⋂

G (γ#(σ)) and supp f#(τ) ⊂
⋂

G (γ#(τ)), from Lemma 14.
From (3) and (4) it comes that there is a point contained in every member of G (γ#(σ)) ∪
G (γ#(τ)). From (2) and the definition of subgrids, it comes that the span of γ#(σ) and
the span of γ#(τ) are not contained in a common hyperplane. This in turn implies that
G (γ#(σ)) and G (γ#(τ)) are disjoint. Finally, we have

|G (γ#(σ)) ∪ G (γ#(τ)) | = |G (γ#(σ)) | + |G (γ#(τ)) | = (m − dim σ) + (m − dim τ)

which is at least 2m − d by (1). ◀
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6.3 Proof of Lemma 14
It remains to construct the announced subgrid γ and constrained chain map f#.

Proof of Lemma 14. We construct the subgrid γ : X⌈d/2⌉ ↪→ X0 and the chain map f#
inductively using the subgrid lemma. For each i = 0, 1, . . . , ⌈d/2⌉ we claim there exists a
subgrid γ(i) : Xi ↪→ X0 and a nontrivial chain map f

(i)
# : C#

(
(Xi)(i)) → C#(Rd) such that

∀σ ∈ (Xi)(i)
, supp f

(i)
# (σ) ⊂ ∩G

(
γ

(i)
# (σ)

)
. (8)

Setting γ = γ(⌈d/2⌉) and f# = f
⌈d/2⌉
# will then complete the proof.

For i = 0, we let γ(0) be the trivial inclusion X0 ↪→ X0. For each vertex v ∈ X0 we fix a
point pv in the intersection ∩G(v) of the maximal colorful family G(v), which is nonempty by
hypothesis. We define the chain map f

(0)
# by setting f

(0)
# (v) = pv for every vertex v of X0.

Before proceeding to the inductive step, for each colorful subfamily G of F1, F2, . . . , Fm we
fix a basis (arbitrarily) for H̃i(∩G), 0 ≤ i ≤ ⌈d/2⌉. These bases remains fixed for remainder
of the proof. The hypothesis ϕ

(⌈d/2⌉)
G ≤ b allows to consider each homology group H̃i(∩G) as

a subgroup of (Z2)b.

Let 0 ≤ i < ⌈d/2⌉ and suppose we are given the subgrid γ(i) : Xi ↪→ X0 and the chain
map f

(i)
# : C#

(
(Xi)(i)) → C#(Rd) satisfying Condition (8). Let σ be an (i + 1)-cell in Xi.

The chain γ
(i)
#i+1(σ) is well-defined and has the same affine span as the chain γ

(i)
#i(∂σ), so

supp f
(i)
#i (∂σ) ⊂

⋂
G

(
γ

(i)
#i(∂σ)

)
=

⋂
G

(
γ

(i)
#i+1(σ)

)
.

Define a homomorphism h : Ci+1 (Xi) → (Z2)b by setting

h(σ) def=
[
f

(i)
#i (∂σ)

]
∈ H̃i

(⋂
G

(
γ

(i)
#i+1(σ)

))
.

In other words, h(σ) equals the homology class of the image f
(i)
#i (∂σ) in the i-dimensional

(reduced) homology group of ∩G
(

γ
(i)
#i+1(σ)

)
, which we can view as an element in (Z2)b. By

Claim 11, there exists a subgrid φ : Xi+1 ↪→ Xi in the kernel of h. We set γ(i+1) def= γ(i) ◦ φ

and note that γ(i+1) is indeed a subgrid Xi+1 ↪→ X0. Moreover, for every (i+1)-cell τ ∈ Xi+1

we have h(φ(τ)) = 0, that is
[
f

(i)
#i (∂φ(τ))

]
= 0 ∈ H̃i

(⋂
G

(
γ

(i)
#i+1(φ(τ))

))
, which rewrites

[
f

(i)
#i (φ(∂τ))

]
= 0 ∈ H̃i

(⋂
G

(
γ

(i+1)
#i+1(τ)

))
. (9)

For a cell σ ∈ Xi+1 of dimension at most i, we set f
(i+1)
# (σ) def= f

(i)
# (φ#(σ)). For any (i + 1)-

cell τ ∈ Xi+1, Equation (9) reveals that f
(i+1)
# (∂τ) is a boundary in Ci

(⋂
G

(
γ

(i+1)
#i+1(τ)

))
.

We pick some arbitrary α ∈ Ci+1

(⋂
G

(
γ

(i+1)
#i+1(τ)

))
such that ∂α = f

(i+1)
# (∂τ), and set

f
(i+1)
#i+1 (τ) def= α. Thus defined, f

(i+1)
# is indeed a chain map, from C#

(
(Xi+1)(i+1)) to

C#
(
Rd

)
, and it satisfies Condition (8). ◀
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7 A stepping-up lemma for topological set systems

We can finally prove Theorem 1. Recall that we are given integers d + 1 ≤ k ≤ ℓ and b ≥ 0.
Our task is to show that for any δ > 0, there exists δ′ > 0 such that for any sufficiently large
topological set system F in Rd, if ϕ

(⌈ d
2 ⌉)

F (ℓ) ≤ b and δF (k) ≥ δ, then δF (ℓ) ≥ δ′.

Preparation. An m-uniform hypergraph is a pair H = (V, E) where V = V (H) is a finite
set of vertices and E = E(H) ⊂

(
V
m

)
is the edge set. A hypergraph H contains a hypergraph

H ′ if there is an injection f : V (H ′) → V (H) such that for every e′ ∈ E(H ′), f(e) ∈ E(H).
(In particular, we do not require that H ′ is an induced sub-hypergraph of H .) An m-uniform
hypergraph is m-partite if the vertex set can be partitioned into disjoint sets (vertex classes)
V (H) = V1 ∪ · · · ∪ Vm such that every edge contains exactly one vertex from each Vi. Given
integers m ≥ 2 and t ≥ 1, we let Km(t) denote the complete m-partite m-uniform hypergraph
on vertex classes V1, . . . , Vm where |Vi| = t. That is, the edge set of Km(t) consists of all
m-tuples of V1 ∪· · ·∪Vm that contain exactly one element from each Vi. We use the following
“supersaturation” theorem of Erdős and Simonovits:

▶ Theorem ([13, Corollary 2]). For any positive integers m and t and any ε > 0 there exists
ρ = ρ(ε, m, t) > 0 such that any m-uniform hypergraph H = (V, E) with |E| ≥ ε

(|V |
m

)
contains

at least ρ|V |mt copies of Km(t).

Proof of Theorem 1. The general case follows from the special case where ℓ = k + 1 by
stepping-up one dimension at a time.2 Consider some topological set system F in Rd. Let
t = t(b, d, k) be the constant from Theorem 4 where b

def= ϕ
(⌈ d

2 ⌉)
F (ℓ) and the number m of

colors is now k. For F ′ ⊆ F , let H[F ′] be the k-uniform hypergraph whose vertices are the
members of F ′ and whose edges are the k-tuples of F ′ with nonempty intersection.

Now, our hypergraph H[F ] contains at least δ
(|F|

k

)
edges. By the Erdős–Simonovits

theorem it follows that for some constant ρ > 0 depending only on k, t, and δ, there are
at least ρ

(|F|
kt

)
distinct kt-element subfamilies F ′ of F such that H[F ′] contains a copy of

Km(t). Our choice of t ensures that Theorem 4 applies to every such subfamily F ′, and
therefore each F ′ contributes some 2k − d ≥ k + 1 members with non-empty intersection.
Each (k + 1)-element subset of F with non-empty intersection is contained in

(|F|−(k+1)
kt−(k+1)

)
distinct (kt)-tuples F ′. There are therefore at least

ρ
(|F|

kt

)(|F|−(k+1)
kt−(k+1)

) = ρ(
kt

k+1
)(

|F|
k + 1

)

(k + 1)-tuples of F with nonempty intersection. In other words, δF (k + 1) is at least
δ′ def= ρ/

(
kt

k+1
)
, where ρ depends only on k, t, and δ, that is on k, b, d and δ. ◀

2 The careful reader may note that Theorem 4 allows to step up more than one dimension at a time,
therefore weakening the assumption ϕ

(⌈ d
2 ⌉)

F (ℓ) ≤ b to ϕ
(⌈ d

2 ⌉)
F

(
ℓ′

)
≤ b with ℓ′ def= max

(
⌈ d+ℓ

2 ⌉, k
)
.
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Throwing a Sofa Through the Window
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Abstract
We study several variants of the problem of moving a convex polytope K, with n edges, in three
dimensions through a flat rectangular (and sometimes more general) window. Specifically:

(i) We study variants where the motion is restricted to translations only, discuss situations where
such a motion can be reduced to sliding (translation in a fixed direction), and present efficient
algorithms for those variants, which run in time close to O(n8/3).

(ii) We consider the case of a gate (an unbounded window with two parallel infinite edges), and
show that K can pass through such a window, by any collision-free rigid motion, iff it can slide
through it, an observation that leads to an efficient algorithm for this variant too.

(iii) We consider arbitrary compact convex windows, and show that if K can pass through such a
window W (by any motion) then K can slide through a slab of width equal to the diameter
of W .

(iv) We show that if a purely translational motion for K through a rectangular window W exists,
then K can also slide through W keeping the same orientation as in the translational motion.
For a given fixed orientation of K we can determine in linear time whether K can translate
(and hence slide) through W keeping the given orientation, and if so plan the motion, also in
linear time.

(v) We give an example of a polytope that cannot pass through a certain window by translations
only, but can do so when rotations are allowed.

(vi) We study the case of a circular window W , and show that, for the regular tetrahedron K of
edge length 1, there are two thresholds 1 > δ1 ≈ 0.901388 > δ2 ≈ 0.895611, such that (a) K

can slide through W if the diameter d of W is ≥ 1, (b) K cannot slide through W but can pass
through it by a purely translational motion when δ1 ≤ d < 1, (c) K cannot pass through W

by a purely translational motion but can do it when rotations are allowed when δ2 ≤ d < δ1,
and (d) K cannot pass through W at all when d < δ2.

(vii) Finally, we explore the general setup, where we want to plan a general motion (with all six
degrees of freedom) for K through a rectangular window W , and present an efficient algorithm
for this problem, with running time close to O(n4).
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1 Introduction

Let K be a convex polytope (a “sofa”) in R3 with n edges, and let W be a rectangular
window, placed in the xy-plane in the axis-parallel position [0, a] × [0, b], where a and b are
the respective width and height of W . We assume that the complement of W in the xy-plane
is a solid wall that K must avoid. The problem is to determine whether K can be moved,
in a collision-free manner, from any position that is fully contained in the upper halfspace
z > 0, through W , to any position that is fully contained in the lower halfspace z < 0, and,
if so, to plan such a motion (see Figure 1).

Figure 1 Moving a convex polytope K through a window W .

A continuous motion of a rigid body in three dimensions has six degrees of freedom,
three of translation and three of rotation, and in the general form of the problem, studied in
Section 8, we allow all six degrees. On the way, we will study simpler versions where only
restricted types of motion are allowed, such as purely translational motion (that has only
three degrees of freedom), a translational motion in a fixed direction, which we refer to as
sliding (one degree of freedom), or a translational motion combined with rotations around
the vertical axis only (four degrees of freedom), etc. Some of our main results show that, in
certain favorable situations, the existence of a general collision-free motion of K through W

implies the existence of a restricted motion of one of these types. This allows us to solve the
problem in a significantly more efficient manner.

In terms of the free configuration space F of K, all the placements of K that are fully
contained in the upper (resp., lower) halfspace are free, and form a connected subset F+

(resp., F−) of F . Our problem, in general, is to determine whether both F+ and F− are
contained in the same connected component of F . This interpretation applies to the general
setup, with six degrees of freedom, as well as to any other subclass of motions, with fewer
degrees of freedom.

Motion planning is an intensively studied problem in computational geometry and robotics.
A systematic and general way to describe the free space F is by using constraint surfaces,
namely surfaces describing all the configurations where some feature on the boundary of the
moving object (K in our case) touches a feature on the boundary of the free workspace (W
in our case); see, e.g., [12, 18, 19]. These surfaces partition the configuration space into cells,
each of which is either fully contained in F or fully contained in the forbidden portion of the
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configuration space. This representation is based on the arrangement A of the constraint
surfaces, whose number in our case is O(n), one surface for each feature (edge or vertex)
of W and each feature (edge, vertex or face) of K. Each cell of A is fully contained either
in F or in its complement. Hence the complexity of F is O(nd), where d is the number of
degrees of freedom (namely, the dimension of the configuration space) [12]. To exploit this
representation, we construct and transform it into a so-called discrete connectivity graph,
which can be searched for the existence of a motion of the desired kind.

One common way of doing this is to further decompose the arrangement into subcells
of constant complexity, using vertical decomposition [4]. Such constructions are easily
implementable for motion planning with two degrees of freedom [8], but become significantly
more involved for problems with three or more degrees of freedom. This has lead to the
development of alternative methods, such as sampling-based techniques (see [5, Chapter 7]
and [10]), the best known of which are PRM [16] and RRT [17], which have dozens of variants.
While extremely successful in solving practical problems, they trade-off the completeness
of the arrangement approach with efficiency, and may fail when the setting contains tight
passages [21, 22], a situation that can arise in the problems that we study in this paper.

Toussaint [25] studied movable separability of sets, where he collected a variety of tight-
setting motion planning problems, similar in nature to the problems studied here. These
problems are interesting theoretically (see, e.g., [24] for such a problem and its intriguing
solution), but also from an applied perspective, since motion in tight settings often arises in
manufacturing processes such as assembly planning [11] or casting and molding [3].

It was in Toussaint’s review [25] that we encountered the problem of “throwing” a polytope
through a window. Although Toussaint’s paper was published 35 years ago, we are not aware
of any previous progress on this specific problem. We remark that the word sofa in the
title of the paper is borrowed from the classical two-dimensional moving sofa problem (see,
e.g., [6, 9]), which is to find the shape of largest area that can be moved through a corner in
an L-shaped corridor whose legs have width 1.

Our results. We first consider, in Section 2, sliding motions (translations in a fixed direction)
of K. We characterize situations in which such a sliding motion exists, and present efficient
algorithms, with runtime close to O(n8/3), for finding such a motion when one exists.

We next consider, in Section 3, the case where W is an unbounded slab, enclosed between
two parallel unbounded lines (we call it a gate). We show that if K can pass through such a
gate W , by any collision-free rigid motion, it can also slide throgh W , making the general
motion planning problem through a gate particularly easy to solve.

In Section 4, we consider arbitrary compact convex windows, and show that if K can
move through such a winodw W , by an arbitrary collision-free motion, then K can slide
through a gate of width equal to the diameter of W , and this holds in any sliding direction.
This requires nontrivial topological arguments, presented in Section 4 and in the full version
of the paper [14].

We then consider, in Section 5, purely translational motions of K through a rectangular
window W , and prove that the existence of such a purely-translational collision-free motion
implies the existence of a collision-free sliding motion keeping the same orientation as in the
translational motion. For a given fixed orientation of K we can determine in linear time
whether K can translate (and hence slide) through W keeping the given orientation, and if so
plan the motion, also in linear time. We also give a near-linear time algorithm for planning
the motion of K through an arbitrary (flat) polygonal window of fixed (constant) complexity.

SoCG 2021
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In Section 6, we show that rotations are sometimes needed, by giving an example of a
convex polytope K (actually a tetrahedron) that can move through a square window W by
a collision-free motion that includes rotation (only around an axis orthogonal to W ), but
there is no purely translational motion of K through W .

In Section 7, we consider the problem of passing through a circular window W , and show
that, for the regular tetrahedron K of edge length 1, there are two thresholds 1 > δ1 ≈
0.901388 > δ2 ≈ 0.895611, such that (i) K can slide through the window W if the diameter d
of W is ≥ 1, (ii) K cannot slide through W but can pass through it by a purely translational
motion when δ1 ≤ d < 1, (iii) K cannot pass through W by a purely translational motion
but can do it with rotations when δ2 ≤ d < δ1, and (iv) K cannot pass through W at all
when d < δ2.

We finally consider, in Section 8, the general problem, with all six degrees of freedom.
We present an efficient algorithm, which runs in time close to O(n4), for constructing the
free configuration space, from which one can construct, within a comparable time bound, a
valid motion through W if one exists.

2 Translation in a fixed direction

In this section we address the case in which the movement is purely translational in a single
fixed direction. Such a motion, to which we refer as a sliding motion, has only one degree of
freedom. In the most restricted version (which is very easy to solve), we are given a fixed
orientation of K at a fixed initial placement, and also the direction of motion. In this section
we study a more general setting, in which we seek values for these parameters – orientation,
initial placement, and direction of motion, for which such a sliding motion of K through W

is possible (or determine that no such motion is possible).
In Section 2.1 we observe that if a sliding motion for K exists, then K can also slide in a

direction orthogonal to the plane of the window. Using this and other structural properties
of the problem, we transform the problem at hand into a certain range searching problem.
We present an efficient novel solution to the latter problem, which yields an algorithm for
solving our original problem, whose running time is close to O(n8/3).

2.1 The existence of an orthogonal sliding motion
For the most general version of the sliding motion, in which none of the parameters (orienta-
tion, initial placement, and direction of motion) is prespecified, we have:

▶ Lemma 1. If K can slide through W from some starting placement in some direction,
then K can slide through W , possibly from some other starting placement (and at another
orientation), by translating it in the negative z-direction.

Proof. Let K0 be the starting placement of K and let v⃗ be the direction of motion through
W , for which the resulting sliding motion is collision-free. Form the infinite prism Π0 :=⋃

λ∈R(K0 + λv⃗) that K0 spans in direction v⃗. The premise of the lemma implies that the
intersection of Π0 with the xy-plane is contained in W .

Let W0 be the orthogonal projection of W onto some plane orthogonal to v⃗. Note that
W0 is a parallelogram, and that, by construction, K0 can pass through W0 when translated
in direction v⃗. By an old result, reviewed and proved by Debrunner and Mani-Levitska [7],
it follows that, when mapped rigidly into the xy-plane, W0 (the “shadow” of W in direction
v⃗) can be placed fully within W (see Figure 2).1

1 Curiously, as shown in [7], this property, of containing your shadows, may fail in higher dimensions.



D. Halperin, M. Sharir, and I. Yehuda 41:5

Figure 2 The projection of W (green) can be located in a congruent copy of W (blue).

Now rotate and translate R3 so that v⃗ becomes the (negative) z-direction, and the image
of W0 is fully contained in (the former, untransformed copy of) W . Then the image of
K under this transformation can be moved vertically down through W , in a collision-free
manner, as asserted. ◀

Debrunner and Mani-Levitska’s proof is involved, and applies to an arbitrary planar
convex shape (showing that it contains its projection in any direction). In the full version of
the paper [14] we give a simple alternative proof for the case of a rectangle.

2.2 Finding a sliding motion
The following discussion is with respect to a fixed initial placement K0 of K. For a given
direction v⃗, the projected silhouette of K0 in direction v⃗ is the boundary of the convex
polygon obtained by the projection of K0 in direction v⃗, within the image plane hv⃗ (which
is orthogonal to v⃗). The silhouette itself is the cyclic sequence of vertices and edges of K,
whose projections form the projected silhouette.2 The silhouette and its projection do not
change combinatorially, that is, when represented as a cyclic sequence of vertices and edges
of K (or of their projections), as long as v⃗ is not parallel to any face of K0. We thus form
the set of the O(n) great circles on S2 that are parallel to the faces of K0, and construct
their arrangement A0 on S2, which is also known as the aspect graph of K0 [20]. In each face
φ of A0 the combinatorial structure of the silhouette is fixed, but the projected silhouette
varies continuously as v⃗ moves in φ.

A view of K0 is a pair (v⃗, θ), where v⃗ is a direction, and θ is the angle of rotation of the
projected silhouette within hv⃗ (translations within that plane are ignored). The space of views
is thus three-dimensional. A fixed view (v⃗, θ) fixes the uppermost, leftmost, bottommost and
rightmost vertices wt, wl, wb and wr of the projected silhouette. The view is valid if

xvr
− xvl

≤ a and yvt
− yvb

≤ b (1)

(in the coordinate frame of hv⃗ when rotated by θ).
When v⃗ is fixed and θ varies, we get O(n) quadruples (wt, wl, wb, wr) of the projected

silhouette. The view is valid if the inequalities in (1) (which depend on (v⃗, θ)) have a solution
for one such quadruple, which lies in the appropriate portion of the view space (in which
wt, wl, wb, wr are indeed the four extreme vertices). The existence of a valid view is equivalent
to the existence of a sliding motion of K0 through W , after suitably shifting K0 and rotating
it around v⃗ by θ. We give more details in the full version [14], where we show that the total
number of quadruples of vertices is O(n3), from which we obtain an algorithm for finding a
valid view, with near-cubic running time.

2 The silhouette is indeed such a cycle of vertices and edges of ∂K for generic directions v⃗. When v⃗ is
parallel to a face f of K0, the entire f is part of the silhouette.
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2.3 An improved algorithm
We next present an improved, albeit more involved algorithm that solves the problem of
finding a sliding motion of K, if one exists, in time O(n8/3polylog(n)). The problem of
finding a direction v⃗ in which we can slide K through W is equivalent to the problem of
finding a placement of W in some plane h, such that the projected silhouette of K on h is
contained in W , which in turn is equivalent to verifying that all the projected vertices of K
fit into that placement of W .

An equivalent way of checking for the latter characterization is to look for two unit vectors
x and y in R3 (which will be the directions of the axes of W in the desired placement; note
that h is spanned by x and y) that satisfy:
(i) x and y are perpendicular to each other.
(ii) For every segment e connecting two vertices of K we have ⟨x, e⟩ ≤ a.
(iii) For every segment e connecting two vertices of K we have ⟨y, e⟩ ≤ b.
(Note that since we go over all ordered pairs of vertices of K in (ii), (iii), we actually require
that |⟨x, e⟩| ≤ a and |⟨y, e⟩| ≤ b for each such segment e.) Every inequality in (ii) defines
a halfspace that has to contain x. We intersect those O(n2) halfspaces, to obtain a convex
polytope Q of complexity O(n2), and intersect Q with the unit sphere S2 to obtain the
admissible region A of the vectors x that satisfy (ii), in O(n2 log n) time. The region A is
bounded by circular arcs (not necessarily arcs of great circles), which meet at the vertices of
A. We apply the same procedure for y using the suitable collection of halfspaces in (iii), and
obtain the admissible region B for the vectors y that satisfy (iii), also in O(n2 log n) time.

To satisfy (i) too, we need to check whether there exist an orthogonal pair of vectors
x ∈ A, y ∈ B. We use the following lemma, whose proof is given in the full version [14].

▶ Lemma 2. Let SA denote the set of all vertices of A, and let TA denote the set of the
points that are closest locally to the north pole of S2 along each circular arc of ∂A. (If the
direction of the north pole of S2 is generic, TA is finite and |SA ∪ TA| = O(n2).) Define
similarly the sets SB , TB. If there exist an orthogonal pair (x, y) ∈ A× B then there exist
such an orthogonal pair so that either x ∈ SA ∪ TA or y ∈ SB ∪ TB.

We iterate over the points of SA ∪ TA. For each such point v let Cv be the great circle
orthogonal to v, and let C denote the collection of these O(n2) great circles. We face the
problem of determining whether any great circle in C crosses B, which is essentially the
problem of determining whether any great circle in C crosses an arc of ∂B. By centrally
projecting the setup onto two parallel planes, the problem is further reduced to the problem
where we have a set of M = O(n2) lines and a set of N = O(n2) arcs of conic sections in the
plane, and the goal is to determine whether there is a line-arc intersection. The important
role of Lemma 2 is that it enables us to reduce the quest for an orthogonal pair (x, y) into
a finite number (O(n2)) of range-searching queries, by asserting that if an orthogonal pair
exists, then there exists an orthogonal pair where at least one of x, y is from a prescribed
discrete set of points.

In the full version [14] we give full details of our solution. Here is a brief sketch. With no
loss of generality, assume that each input arc is x-monotone and convex. Then a rightward-
oriented line ℓ intersects an arc γ if and only if one of the following conditions holds:
(i) The two endpoints of γ lie on different sides of ℓ. See Figure 3(i).
(ii) The two endpoints of γ lie to the left of ℓ, γ has a tangent that is parallel to ℓ (that is,

the slope a of ℓ lies between the slopes of the tangents to γ at its endpoints), and ℓ lies
to the left of the tangent to γ with slope a. See Figure 3(ii).



D. Halperin, M. Sharir, and I. Yehuda 41:7

Using carefully designed multi-level range-searching data structures, we can test whether
some pair of an input line and an input arc satisfy (i) or (ii), in time O(M2/3N2/3polylog(M+
N)) = O(n8/3polylog(n)).3 Hence, within the same time bound, we can find a valid view of
K, and thus a collision-free sliding motion of K through W , if one exists. That is, we have:

Figure 3 A line ℓ intersecting a convex x-monotone elliptic arc γ: (i) The two endpoints of γ lie
on different sides of ℓ. (ii) The two endpoints lie to the left of ℓ and ℓ lies to the left of the parallel
tangent to the arc. (iii) The two endpoints lie to the right of ℓ (and then there is no intersection).
(iv) The two endpoints lie to the left of ℓ but γ has no tangent parallel to ℓ (and then there is no
intersection).

▶ Theorem 3. Given K and W as above, we can determine whether K can slide through W
in a collision-free manner, and, if so, find such a sliding motion, in time O(n8/3polylog(n)).

3 Unbounded windows

In this section we consider the variant in which W is an infinite slab in the xy-plane, bounded
by, say, two vertical lines x = 0 and x = a. We refer to such a window as a gate. We show:

▶ Theorem 4. Let K be a convex polytope that can be moved by some collision-free rigid
motion through a gate W . Then there exists a sliding collision-free motion of K through W .

We can therefore apply the machinery of Theorem 3, and conclude that we can determine
whether K can be moved through W by a collision-free motion, in time O(n8/3polylog(n)).

The full details of the proof of the theorem are given in the full version [14]. Here is brief
sketch. By projecting the moving polytope K and W onto the xz-plane, W projects to the
interval g := [0, a] × {0}, and K projects to a time-varying convex polygon that starts from
a placement that lies in the upper halfplane z > 0 and reaches a placement that lies in the
lower halfplane z < 0. For technical reasons, we approximate K by a smooth convex body,
and reduce the problem to the case where K is smooth and convex.

3 We are not aware of any published result that solves this problem efficiently. A different solution, with
a similar performance bound, was improvised and sketched to us by Pankaj Agarwal, and we thank him
deeply for the useful interaction concerning this problem.

SoCG 2021



41:8 Throwing a Sofa Through the Window

At any time t during the motion, the projected planar region π(K(t)) (where K(t) is
the placement of K at time t) meets g at some interval I(t) (we ignore the prefix and suffix
of the motion where K(t) does not yet meet, or no longer meets W ). We consider the two
tangents to π(K(t)) at the endpoints κ−(t), κ+(t) of I(t), and note that, at the beginning of
the motion, the wedge that these tangents form and that contains K(t) points upwards, and
at the end of the motion it points downwards; see Figure 4.

Figure 4 Moving the projection of K through g. Left: At the beginning of the crossing of g, the
tangents τ−(t) and τ+(t) “open up” (with respect to their sides that contain K(t)). Right: At the
end of the crossing, they “open down”.

Since the tangents vary continuously (because K(t) is always smooth), there must be a
time t0 at which the two tangents are parallel to each other, and thus span a slab σ (in the
xz-plane) whose width is clearly ≤ a. See Figure 5. The Cartesian product of σ and the
y-axis yields a slab σ∗ in R3, whose cross-section with the xy-plane is contained in W . This
in turn implies that K can slide through W , and completes the proof. □

Figure 5 The critical instance t0 where the tangents at κ−(t0) and at κ+(t0) become (anti-)
parallel.

4 From passing through an arbitrary convex window to sliding through
a gate

In this section we prove a similar yet different property of a convex polytope passing through
an arbitrary compact planar convex window, not necessarily rectangular.

▶ Theorem 5. Let W be an arbitrary compact convex region in the xy-plane. Let K be a
convex polytope that can be moved by some collision-free motion (possibly full rigid motion,
with six degrees of freedom) through W , and let d be the diameter of W (the maximum
distance between any pair of points in W ). Let h be an arbitrary plane, and let Kh be the
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orthogonal projection of K on h. Then Kh can be rigidly placed between two parallel lines
at distance d. That is, for any fixed direction v⃗, K can slide, from its (arbitrary) initial
placement, in direction v⃗ through a gate of width d, in a plane perpendicular to v⃗.

We provide two different topology-based proofs of Theorem 5, both presented in full detail
in the full version [14]. We sketch here one of these proofs. But first here is an interesting
corollary of the theorem, also proved in [14].

▶ Corollary 6. If K can be moved through a rectangular window W of dimensions a×b by some
collision-free motion, then K can slide through a rectangle of dimensions min (a, b)×

√
a2 + b2.

Sketch of a proof of Theorem 5. Similar to the previous section, we first prove the theorem
for smooth strongly convex compact bodies, and then extend the result to polytopes (see [14]).
Consider the motion of K, now assumed to be a smooth, strongly convex, and compact body,
during the time interval [0, 1]. Assume that at t = 0 (resp., at time t = 1), K lies fully above
(resp., below) the xy-plane.

Fix some direction v⃗, and let C = C(v⃗) denote the silhouette of K when viewed in direction
v⃗. Let h be some plane orthogonal to v⃗, and let πh denote the orthogonal projection onto h.
Parameterize a point u ∈ C by the orientation θ of the tangent at πh(u) to Kh := πh(K),
which is well defined since K is smooth and strongly convex, and let γ = γh be the inverse
of πh, that is, γ(θ) is the unique point u ∈ C such that πh(u) = θ. Since K is assumed
to be strongly convex, Kh is also strongly convex, and γ is a well-defined and continuous
function on S1. We extend γ to a bivariate function γ∗ : S1 × [0, 1] 7→ R3, so that γ∗(θ, t) is
the position (in the ambient 3-space) of γ(θ) at time t during the motion of K.

Let δ : S1 × [0, 1] 7→ R be the function δ(θ, t) = z(γ∗(θ, t)), namely, the z-coordinate of
the corresponding point γ(θ) of C at time t. Note that at time t = 0 (resp., t = 1), δ is
positive (resp., negative) at each θ, since K lies fully above (resp., below) the xy-plane at
that time. Put M := maxθ∈S1 δ(θ, 0) and m := minθ∈S1 δ(θ, 1), so M > 0 and m < 0.

The functions δ0(θ) = δ(θ, 0) and δ1(θ) = δ(θ, 1) are defined and continuous on S1, and
we extend each of them to the closed unit disk B1 bounded by S1, in polar coordinates,
which, for technical reasons, we write in reverse order as (θ, r), by

δ∗
0(θ, r) = rδ0(θ) + (1 − r)M
δ∗

1(θ, r) = rδ1(θ) + (1 − r)m.

It is easily checked that these extensions are well defined and continuous over B1. Moreover,
δ∗

0(θ, r) > 0 and δ∗
1(θ, r) < 0 for every θ.

We now take our function δ, which is so far defined on the side surface S of the cylinder
S1 × [0, 1], and extend it to the entire boundary S∗ := S ∪B0 ∪B1 of the cylinder, so that
δ coincides with δ∗

0 on the base B0 of the cylinder at t = 0, and with δ∗
1 on the base B1 at

t = 1. Clearly, the extended δ is well defined and continuous over S∗.
To simplify the forthcoming analysis, we identify S∗ with the unit sphere S2, which we

parameterize by (θ, z), where θ ∈ S1 is the horizontal orientation of the point on S2 and z is
its z-coordinate (so θ is not well defined at the north and south poles of S2). We use the
simple homeomorphism f that maps a point (θ, t) ∈ S to (θ, t − 1/2) ∈ S2, maps a point
(θ, r) ∈ B0 to (θ,−1 + r/2) ∈ S2, and maps a point (θ, r) ∈ B1 to (θ, 1 − r/2) ∈ S2. See
Figure 6 for an illustration.

Define a function G from S2 to R2 by G(θ, z) = (δ(θ, z), δ(θ + π, z)) , for (δ, z) ∈ S2. Our
goal is to show that G(S2) contains the origin. Note that, by construction, G(f(B0)) is fully
contained in the positive quadrant Q1 := {(x, y) | x, y > 0}, and G(f(B1)) is fully contained
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Figure 6 Identifying S∗ with the unit sphere S2. B0 is shown in green, B1 in orange, and S

in light blue. In (i) S∗ is depicted, in (ii) an intermediate snapshot of the deformation is shown,
for visual convenience, and in (iii) the final unit ball is shown, divided into the three parts that
correspond to B0, S and B1.

in the negative quadrant Q3 := {(x, y) | x, y < 0}. Thus, if G(S2) contains the origin then so
does G(f(S)). Once this property is established, it provides us with a pair (θ, z) such that
δ(θ, z) = δ(θ+ π, z) = 0, which means that there are two antipodal points u, v ∈ C that pass
through W simultaneously. Therefore their distance must be at most the diameter of W ,
and hence also the distance between the parallel tangent planes through them, which is a
slab parallel to v⃗ of width at most d that contains K, as asserted.

Assume to the contrary that G(S2) does not contain the origin. Then we can normalize
G to the function

H(θ, z) := G(θ, z)
∥G(θ, z)∥ , for (θ, z) ∈ S2,

which maps S2 continuously to the unit circle S1. The function G, and thus also the function
H, are symmetric with respect to the line y = x in R2, meaning that

G(θ + π, z) = Σ(G(θ, z)), for (θ, z) ∈ S2, and thus also
H(θ + π, z) = Σ(H(θ, z)), for (θ, z) ∈ S2,

where Σ is the reflection about y = x, that is, Σ(x, y) = (y, x).
We now use the property that the real line is a covering space of S1, in the specific (and

easily verified) sense that the continuous map p : R 7→ S1, given by p(x) = e2πix, for x ∈ R, is
surjective, and, for each w ∈ S1, there exists an open neighborhood U of w such that p−1(U)
is the disjoint union of open sets in R, each of which is mapped homeomorphically to U by p.
The map p is called the covering map.

A well known property of covering spaces is the lifting property (reviewed, e.g., in [1]; see
also [15]), a special case of which asserts, in the specific context used here, that, if φ is any
continuous map from S2 to S1 then φ can be lifted to a map ψ : S2 7→ R, so that p ◦ ψ = φ.

Applying the lifting property to the function H, we get a continuous mapping T : S2 7→ R,
such that p ◦ T = H, so we have the property that

p(T (θ + π, z)) = Σ(p(T (θ, z))), for (θ, z) ∈ S2.

As is easily checked, we have Σ
(
eiy

)
= ei(π/2−y), and therefore, for a point x ∈ R, we have

Σ(p(x)) = Σ
(
e2πix

)
= eπi/2−2πix = p(1/4 − x), so

p(T (θ + π, z)) = p(1/4 − T (θ, z)), for (θ, z) ∈ S2.
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This in turn implies, by the definition of p, that

T (θ + π, z) = 1/4 + kθ,z − T (θ, z),

for some integer kθ,z. However, since T is continuous, there must be a single integer k such
that kθ,z ≡ k for all θ and z. That is, we have

T (θ + π, z) + T (θ, z) = 1/4 + k, for all (θ, z) ∈ S2. (2)

By an easy application of the mean-value theorem (which is also a special case of the
Borsuk-Ulam theorem in dimension 1), there exist θ0 and θ1 such that, recalling that the
value z = −1/2 (resp., z = 1/2) corresponds to points on the lower (resp., upper) circle
bounding S,

T (θ0 + π,−1/2) = T (θ0,−1/2)
T (θ1 + π, 1/2) = T (θ1, 1/2).

Substituting in (2), we get

T (θ0,−1/2) = T (θ1, 1/2) = 1/8 + k/2.

However, by construction, H(θ0,−1/2) lies in the first quadrant Q1, and H(θ1, 1/2) lies in the
third quadrant Q3. Hence we have T (θ0,−1/2) ∈ (0, 1/4)+Z and T (θ1, 1/2) ∈ (1/2, 3/4)+Z,
but 1/8 + k/2 can belong to only one of these sets (depending on whether k is even or odd).
This contradiction shows that G(S2), and thus also G(f(S)), contains the origin, as asserted.

So far the proof was for a smooth strongly convex compact bodies. The extension to
the case of a convex polytope K is done exactly as in the analysis in the preceding section
(which is spelled out in the full version [14]). ◀

5 Purely translational motions

In this section we show that purely translational motions of K through a rectangular window
W are not more powerful than sliding. Specifically, we have the following theorem, which is,
in a sense, a strengthening of Lemma 1. The proofs of the theorems in this section are given
in [14].

▶ Theorem 7. If K can be moved through a rectangular window W by a purely translational
collision-free motion in some fixed orientation Θ, then K can be moved through W , possibly
from some other starting position, by sliding while keeping the same orientation Θ.

We also address a more restricted case where we are given a prescribed orientation Θ and
we wish to find a purely translational motion for K with this orientation. We denote the
polytope K at orientation Θ (ignoring translations) by KΘ. We obtain the following results.

▶ Theorem 8. Given an orientation Θ, we can determine whether a translational motion
for KΘ through the rectangular W exists, and if so find a sliding motion for KΘ through W ,
in O(n) time.

▶ Theorem 9. Let W be an arbitrary (not necessarily convex) polygonal window with k

edges, lying in the xy-plane. Given a prescribed orientation Θ of K, we can determine
whether a translational motion for KΘ through W exists, and, if so, find such a motion, in
O(nk log k log kn) randomized expected time.
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6 Rotations are needed

So far we have considered versions of the problem in which we were able to show that the
existence of an arbitrary collision-free motion of K through W implies that K can also slide
through W (or, in one instance, through another window related to W ). However, perhaps
not very surprisingly, this is not the case in general. We show in this and the following
section that in general rotations are needed to obtain a collision-free motion of the polytope
through the window.

▶ Lemma 10. Let W be a square window with side length
√

5. Let A = (0, 0, 0), B =
(1, 3, 0), C = (1, 0, h), D = (0, 3, h) be four points, where h ≫ 1 is a sufficiently large
parameter, and let K be the tetrahedron ABCD (see Figure 7). Then
1. K cannot pass through W by any purely translational collision-free motion (for sufficiently

large h ≫ 1).
2. K can pass through W by a collision-free motion with only two degrees of freedom:

translating in the z-direction combined with rotation around a z-vertical axis (for any
value of h > 0).

The proof is given in the full version [14].

Figure 7 The tetrahedron K = ABCD of Lemma 10.

7 The case of a circular window

In this section we study the case where W is a circular window. There are (at least) three
possible types of motion of K through W : sliding, purely translational motion, and general
motion with all six degrees of freedom. In this section we show that these types are not
equivalent, as spelled out in the following theorem.

▶ Theorem 11. Let K be the regular tetrahedron of side length 1. Then there exist two
threshold parameters 1 > δ1 ≈ 0.901388 > δ2 ≈ 0.895611, so that, denoting by d the diameter
of W , we have:

(i) K can slide through W if d ≥ 1.
(ii) K cannot slide through W , but can pass through W by a purely translational motion, if

δ1 ≤ d < 1.
(iii) K cannot pass through W by a purely translational motion, but can pass through W by

a general motion, if δ2 ≤ d < δ1.
(iv) K cannot pass through W at all if d < δ2.
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Proof sketch; the full proof is in [14].
(i) If d ≥ 1 then, as is easy to show, K can slide through W , because K can be enclosed

in a cylinder of diameter 1, whose axis is orthogonal to two opposite edges of K.
(ii) We need to show that, for this range of d, (a) K cannot slide through W at any fixed

orientation and direction of sliding, but (b) K can pass through W by a collision-free
purely translational motion.
For (a), a suitable adaptation of Lemma 1 shows that if K can slide through W in
some direction then it can also slide in the vertical z-direction. It therefore suffices to
show that K cannot be contained in a cylinder of diameter smaller than 1. A proof of
this fact can be found in [2]. For the sake of completeness, we reproduce the proof in
the full version [14], where we also provide the full details of the proof of (b).

(iii) We construct a simple five-step motion of K through W , or rather of W through K.
The details are given in the full version [14], and are illustrated in Figure 8.

Figure 8 Moving W around K. (i) The initial configuration. (ii) Translating W until it contains
the triangle BUV . (iii) Rotating W around UV until it contains the rectangle UV V ′U ′. (iv)
Translating W until it contains the symmetric rectangle, with edge lengths swapped. The remainder
of the motion is a fully symmetric reversal of the first two steps.

For this five-step motion to work, there has to exist a cross section through B (BUV
in Figure 8(ii)) that can be enclosed by a disc of diameter d (and we show, in the full
version [14], that this ensures that the entire motion is collision-free). A numerical
calculation shows that the cross section through a vertex with the smallest enclosing
disc is such that the diameter of this disc is δ2 ≈ 0.895611. This establishes (iii).

(iv) When d < δ2 no motion is possible because no cross section through a vertex can be
enclosed by a disc of diameter d, as just argued. ◀

8 Planning general rigid collision-free motion of a convex polytope
through a rectangular window

Finally we deal with the general case, in which the motion of K has all six degrees of freedom.
By standard (and general) arguments in algorithmic motion planning the free configuration
space for this problem has complexity O(n6), and it can be computed in O(n8+ε) time [13],
from which we can easily extract a solution path, when one exists, within the same time
bound. We show here that we can exploit the special structure of the problem at hand to
find a solution, or detect and notify that none exists, in time close to O(n4). We sketch
below the main ideas; the full details are given in the full version [14].

If there is a solution path for K to move through W with all six degrees of freedom, then
there is also a canonical solution path where at all times at which K intersects the plane
of W (namely the xy-plane), K touches the bottom and left edges of W with two edges eb
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and eℓ (possibly with the closure of these edges, namely with vertices of K, and possibly
with more than one edge touching a side of W ). During this motion, for every point on
the path define et to be the edge of K whose intersection with the xy-plane has the largest
y-coordinate, and er to be the edge of K whose intersection with the xy-plane has the largest
x-coordinate.

We now split the canonical solution path into maximal open segments, along which the
open edges eb, eℓ, et, and er are fixed. We construct a collection of four-dimensional subspaces
of the full-dimensional configuration space, one for each such quadruple eb, eℓ, et, er of four
edges, consisting of those free placements that have those four edges as the extreme edges in
the x- and y-directions within the xy-plane. This can be done in total O(n4) time since each
of these subspaces has constant descriptive complexity.

The major remaining problem is to economically detect the free connections among these
O(n4) subspaces. The efficiency of our approach relies on the following lemma (proved in [14]),
which asserts that the total number of certain quintuplets of edges of K that encode these
connections is only O(n4), rather than O(n5), and that they can be computed efficiently:

▶ Lemma 12. The maximum number of quintuplets (er, et, eℓ, eb, eξ), where er, et, eℓ, eb are
as defined above, and eξ is another edge of K whose intersection with the xy-plane hxy has
the same x- (respectively, y-) coordinate as the intersection with hxy of eℓ or er (respectively,
eb or et), is O(n4). All these quintuplets can be computed in O(n3λq(n) log n) time4 for some
small constant q.

This in turn leads to the following summary result.

▶ Theorem 13. Given a convex polytope K with n edges and a rectangular window W , we
can construct a collision-free motion of K through W , if one exists, or determine that no
such motion exists, in time O(n3λq(n) log n), for some small constant q. The algorithm
requires O(n4) storage.

The proofs and the algorithm are given in the full version [14].

9 Conclusion and further research

In this paper we have studied a variety of problems concerning collision-free motion of a
convex polytope through a planar window, under several kinds of allowed motion – sliding
(translating in a fixed direction), purely translational motion, and general motion. We have
presented several structural properties and characterizations of such motions, and obtained
efficient algorithms for several special cases, as well as for the general case.

There are several open problems and directions for further research. One such direction
is to show that the near-quartic upper bound, established in Section 8, on the cost of the
general motion planning problem for K and a rectangular window W is almost tight in
the worst case, in the specific sense of establishing a lower bound Ω(n4) on the worst-case
complexity of the resulting free configuration space, a property that we conjecture to hold,
and have in fact an initial plan for establishing this bound.

In addition, in Section 6, we presented an example in which a rotation is needed to
pass a polytope through a rectangular window. However, in this construction we only used
rotation about the line perpendicular to the plane that contains the window. This suggests

4 λq(n) is a near-linear function related to Davenport-Schinzel sequences [23].
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the conjecture that every convex polytope that can pass through a rectangular window W

can also pass through W by a motion consisting of arbitrary translations and rotations only
about the line perpendicular to the plane of W . The results of Section 7 show that for
circular windows this claim is false in general, but the status of the conjecture is still open
for a rectangular window.

It is also not clear what can be said about the motion of a general non-convex polytope
through a rectangular, general convex, or even non-convex window. There are several variants
of this question, depending on the type of motion that we allow, both in terms of structural
properties of the motion, and of the efficiency of algorithms for performing it.
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Abstract
We study the problem of constructing weak ε-nets where the stabbing elements are lines or k-flats
instead of points. We study this problem in the simplest setting where it is still interesting – namely,
the uniform measure of volume over the hypercube [0, 1]d. Specifically, a (k, ε)-net is a set of k-flats,
such that any convex body in [0, 1]d of volume larger than ε is stabbed by one of these k-flats. We
show that for k ≥ 1, one can construct (k, ε)-nets of size O(1/ε1−k/d). We also prove that any such
net must have size at least Ω(1/ε1−k/d). As a concrete example, in three dimensions all ε-heavy
bodies in [0, 1]3 can be stabbed by Θ(1/ε2/3) lines. Note, that these bounds are sublinear in 1/ε,
and are thus somewhat surprising.
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1 Introduction

Range spaces and ε-nets. A range space is a pair X = (U , R), where U is the ground
set (finite or infinite) and R is a (finite or infinite) family of subsets of U . The elements of
R are ranges.

Suppose that U is a finite set. For a parameter ε ∈ (0, 1), a subset S ⊆ U is an ε-net
for the range space X, if for every range r ∈ R with |r ∩ U| ≥ ε|U| has r ∩ S ̸= ∅. The ε-net
theorem of Haussler and Welzl [5] implies the existence of ε-nets of size O(δε−1 log ε−1),
where δ is the VC dimension of the range space X. The use of ε-nets is widespread in
computational geometry [7, 4].

Weak ε-nets. Consider the range space (P, C), where C is the collection of all compact
convex bodies in Rd and P ⊂ Rd is a point set of size n. This range space has infinite
VC dimension – the standard ε-net constructions do not work for this range space. The
notion of weak ε-nets bypasses this issue by allowing the net S to use points outside of P .
Specifically, any convex body Ξ that contains at least εn points of P must contain a point of
S. The first construction of weak ε-net is due to Bárány et al. [1]. There was quite a bit of
work on this problem, culminating in the somewhat simpler construction of Matoušek and
Wagner [8], who constructed weak ε-nets of size O(ε−d logf(d) ε−1), where f(d) = O(d2 log d).
Recently, Rubin [10, 11] gave an improved bound, showing existence of weak ε-nets of size
O(ε−(d−0.5+α)) for arbitrarily small α > 0. For more detailed history of the problem, see
the introduction of Rubin [10, 11]. As for a lower bound, Bukh et al. [2] gave constructions
of point sets for which any weak ε-net must have size Ω(ε−1 logd−1 ε−1). Closing this gap
remains a major open problem.

© Sariel Har-Peled and Mitchell Jones;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 42; pp. 42:1–42:12

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:sariel@illinois.edu
https://sarielhp.org
mailto:mfjones2@illinois.edu
http://mfjones2.web.engr.illinois.edu
https://orcid.org/0000-0003-2971-398X
https://doi.org/10.4230/LIPIcs.SoCG.2021.42
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


42:2 Stabbing Convex Bodies with Lines and Flats

(k, ε)-nets and uniform measure. A natural extension of weak ε-nets is to allow the net S
to contain other geometric objects. Given a collection of n points P ⊂ Rd and a parameter
0 ≤ k < d, we define a (weak) (k, ε)-net to be a collection of k-flats S such that if Ξ is a
convex body containing at least εn points of P , then there exists a k-flat in S intersecting Ξ.
Note that (0, ε)-nets are exactly weak ε-nets.

In general, one would expect that as k increases, the size of the (k, ε)-net shrinks. For
example, a (1, ε)-net for a collection of points in R3 can be constructed by projecting the
points down onto the xy-plane and applying Rubin’s construction in the plane to obtain a
weak ε-net S of size O(ε−(3/2+α)) [10]. Lifting S up back into three dimensions results in
a (1, ε)-net of the same size, which is smaller than the best known weak ε-net size in R3

[8, 10, 11]. However, one might expect that a (1, ε)-net of even smaller size is possible in R3,
as this construction uses a set of parallel lines (i.e., one would expect the lines in an optimal
net to be arbitrarily oriented).

Here, we study an even simpler version of the problem, where the ground set is the
hypercube B = [0, 1]d. In particular, for ε ∈ (0, 1) and 0 ≤ k < d, we are interested in
computing the smallest set K of k-flats, such that if Ξ is a convex body with vol(Ξ ∩ B) ≥ ε,
then there is a k-flat in K which intersects Ξ. For sake of exposition, throughout the rest of
the paper we refer to this set K as a (k, ε)-net for volume measure. We note that [0, 1]d
can be replaced with any arbitrary compact convex body in the definition (the size of the
(k, ε)-net increases by a factor depending on d, see Appendix B).

1.1 Our results & paper organization

Notation. Throughout, the notation Od, Ωd, and Θd hides constants depending on the
dimension d.

First, we show that any (k, ε)-net for volume measure must have size Ωd(1/ε1−k/d)
(Lemma 3). Perhaps surprisingly, we give a relatively simple construction of (k, ε)-nets for
volume measure of size Od(1/ε1−k/d) for k ≥ 1 (Theorem 6). For k = 0, we obtain nets of
size Od((1/ε) logd−1(1/ε)) (Theorem 11). Importantly, both constructions are deterministic
and explicit (see the discussion below).

As far as the authors are aware, this particular problem we study has not been addressed
before. The only related result known is the existence of explicit constructions of (0, ε)-nets
for volume measure for axis parallel boxes in Rd, and is briefly mentioned in [2]. In this case,
one can construct a (0, ε)-net for volume measure of size Od(1/ε) using Van der Corput sets
in two dimensions, and Halton-Hammersely sets in higher dimensions. For completeness, we
describe these construction in Appendix A.

Deterministic vs. explicit constructions of ε-nets. For the regular concept of ε-nets, there
are known deterministic constructions. They work by repeatedly halving the input point set,
using deterministic discrepancy constructions, until the set is of the desired size [6, 3]. On
the one hand, for our setting (i.e., the measure is uniform volume on the unit hypercube) it
is not clear what the generated ε-net is without running this construction algorithm outright.
On the other hand, we develop a construction of weak ε-nets – for uniform volume measure
over the hypercube for ellipsoids – which are much simpler and are explicit; one can easily
compute the ith point in this net using polylogarithmic space.
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Figure 3.1 The multi-level grid, and its associated lines.

2 Lower bound

▶ Definition 1. The affine hull of a point set P = {p1, . . . , pn} ⊆ Rd is the set{∑
i

αipi

∣∣∣ ∀i αi ∈ R and
∑

i

αi = 1
}

.

For 0 ≤ k < d, a k-flat is the affine hull of a set of k + 1 (affinely independent) points.

▶ Definition 2. For parameters ε ∈ (0, 1) and k ∈ {0, 1, . . . , d − 1}, a set K of k-flats is a
(k, ε)-net for volume measure if for any convex body Ξ ⊆ Rd with vol

(
Ξ ∩ [0, 1]d

)
≥ ε,

there exists a flat φ ∈ K such that φ ∩ Ξ ̸= ∅.

▶ Lemma 3. For a parameter ε ∈ (0, 1), any (k, ε)-net for volume measure must have size
Ωd(1/ε1−k/d).

Proof. Let K be a (k, ε)-net for volume measure. For each k-flat φ ∈ K, let H(φ, r) be the
locus of points in [0, 1]d within distance at most r from φ (for k = 1 in three dimensions,
this is the intersection of [0, 1]d and the cylinder with radius r centered at the line φ). Note
that a ball b with center c and radius r intersects a k-flat φ if and only if c ∈ H(φ, r).

Fix r = (ε/µ)1/d, where µ is a constant to be determined shortly. We claim that by
choosing µ appropriately, if K is a (k, ε)-net for volume measure, then the collection of
objects {H(φ, r) | φ ∈ K} covers [0, 1]d. Indeed, suppose not. Then there exists a point
p ∈ [0, 1]d not covered by any of the objects H(φ, r). This implies that a ball b centered at p

with radius r does not intersect any k-flat of K, and its volume is cdrd = cdε/µ, where cd

is a constant that depends on d. Choose µ = cd so that b has volume at least ε, but does
intersect any k-flat of K. A contradiction to the required net property.

Hence, by the choice of r, any (k, ε)-net for volume measure must satisfy the condition that
{H(φ, r) | φ ∈ K} covers [0, 1]d. For any k-flat φ, we have β = vol(H(φ, r)) = Od(rd−k) =
Od(ε1−k/d). Thus, to cover [0, 1]d, we have that |K| ≥ 1/β = Ωd(1/ε1−k/d). ◀

3 Constructing (k, ε)-nets for volume measure for k ≥ 1

Here, we give a self-contained proof of a deterministic, explicit construction of (k, ε)-nets for
volume measure of size Od(1/ε1−k/d) for k ≥ 1 which matches the lower bound of Lemma 3
up to constant factors. The construction will be done recursively on the dimension d.

Base case: k = d−1. Here a (d−1, ε)-net for volume measure of size d/ε1/d = Od(1/ε1−k/d)
follows readily by overlaying a d-dimensional grid of size length ε1/d and letting the net
consist of the hyperplanes forming the grid. As such, we assume k < d − 1.

SoCG 2021
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x

(vol(C ∩ (x = α)))1/9

vol(C ∩ (x = α))

Figure 3.2 The slice volume, and its 1/9th power, for the unit radius ball Ξ in 10 dimensions.
This is an example of the concavity implied by the Brunn-Minkowski inequality, which in turn
implies that the slice function is unimodal.

3.1 Construction
The construction is based on quadtrees. Starting with the entire cube [0, 1]d, we construct d

orthogonal hyperplanes which split the cube into 2d cubes of side length 1/2. We refer to
such hyperplanes as splitting hyperplanes. This splitting process is continued recursively
inside each cell, for i = 0, . . . , τ , where

τ =
⌈

1
d

lg 1
ε

⌉
+ 3 ⌈log(3d)⌉ + 1 (3.1)

(and lg = log2), so that cubes at the ith level of the construction has side length 1/2i. The
number of such cubes at the ith level is 2di. Naturally, these cubes together form a grid with
side length 1/2i. See Figure 3.1 for an illustration of the construction in two dimensions.

For each splitting hyperplane h at level i ≥ 1, which splits cells of side length 1/2i−1

into cells of side length 1/2i, we recursively construct a (k, εi)-net for volume measure on h

(which lies in d − 1 dimensions), where

εi = 2iε

4d
. (3.2)

We collect all k-flats on all splitting hyperplanes at all levels into our (k, ε)-net for volume
measure K.

3.2 Analysis
▶ Lemma 4. The constructed (k, ε)-net for volume measure has size Od(1/ε1−k/d).

Proof. Let T (ε, d) denote the minimum size of a (k, ε)-net for volume measure over [0, 1]d.
The proof is by induction on d. When d = k + 1, we have T (ε, k + 1) ≤ (k + 1)/ε1/(k+1),
by the base case described above. So assume d ≥ k + 2 and T (δ, d′) ≤ β(d′)/δ1−k/d′ for all
d′ < d, where β(d′) is a constant to be determined. By the inductive hypothesis, the above
construction produces a (k, ε)-net for volume measure of size

|K| ≤ d
τ∑

i=1
2i−1T (εi, d − 1) ≤ d

τ∑
i=1

2i−1β(d − 1)
ε

1−k/(d−1)
i

≤ 4d2β(d − 1)
ε1−k/d

τ∑
i=1

2i−1

2i−ik/(d−1)

≤ 2d2β(d − 1)
ε1−k/d

τ∑
i=1

2ik/(d−1) ≤ 4d2β(d − 1)
ε1−k/(d−1) · 2τk/(d−1) ≤ 16d2β(d − 1)

ε1−k/d
.

The last inequality follows since τ ≤ 1
d lg 1

ε + 2. In particular, we obtain the recurrence
β(d) = 16d2β(d−1), which solves to β(d) = dO(d). As such, the size of K is Od(1/ε1−k/d). ◀
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riri+2

v

ri+1 r1

Figure 3.3 By the choice of rτ ≤ . . . ≤ r1, we have v(rτ ) ≥ . . . ≥ v(r1).

The Brunn-Minkowski inequality and unimodal functions. The Ξ be a convex body in
Rd. For a parameter α ∈ R, let f(α) denote the (d − 1)-dimensional volume of Ξ intersected
with the hyperplane x = α. The Brunn-Minkowski inequality [7, 4] implies that the function
g(α) = f(α)1/(d−1) is concave. In particular, g is unimodal. Namely, there exists a α ∈ R
such that g is non-decreasing on (−∞, α] and non-increasing on [α, ∞). As such, the function
f itself is unimodal. See Figure 3.2.

▶ Lemma 5. The set K is a (k, ε)-net for volume measure.

Proof. Let Ξ be a convex body contained in [0, 1]d with volume at least ε. Assume, for the
sake of contradiction, that Ξ is not stabbed by any of the k-flats of K.

Let h(α) be the hyperplane orthogonal to the first axis which intersects the first axis at
α ∈ R. Define the function

f(α) = vol
(
Ξ ∩ h(α)

)
.

By the Brunn-Minkowski inequality, the function g(α) = f(α)1/(d−1) is concave and unimodal.
Define the point x∗ ∈ [0, 1] so that x⋆ = arg maxα f(α).

Let V (∆) = f(x⋆ +∆), and let v(∆) = (V (∆))1/(d−1). The function v, being a translation
of g, is concave and unimodal. Let ri ≥ 0 be the maximum number such that V (ri) = εi,
for i = 1, . . . , τ . Observe that if ri ≥ 1/2i, then there is hyperplane orthogonal to the first
axis that has a recursive construction of a net on it, for εi. This by induction would imply
that the net intersects Ξ. We thus assume from this point on that

ri <
1
2i

,

for all i. Observe that r1 ≥ r2 ≥ · · · ≥ rτ , as ε1 < ε2 < · · · < ετ (more specifically,
εi = 2εi−1 for all i).

The concavity of v(·), see Figure 3.3, implies that

v(ri+2) − v(ri+1)
ri+2 − ri+1

≥ v(ri+1) − v(ri)
ri+1 − ri

=⇒ ri+1 − ri

ri+2 − ri+1
≤ v(ri+1) − v(ri)

v(ri+2) − v(ri+1) ,

as ri+1 − ri < 0 and v(ri+2) − v(ri+1) > 0. Since V (ri+1) = εi+1 = 2εi = 2V (ri), we have
that v(ri+1) = 21/(d−1)v(ri). For i < τ , let ℓi = ri − ri+1. Plugging this into the above,
observe

ℓi

ℓi+1
= ri − ri+1

ri+1 − ri+2
≤ v(ri+1) − v(ri)

v(ri+2) − v(ri+1) = (21/(d−1) − 1)v(ri)
21/(d−1)(21/(d−1) − 1)v(ri)

= 1
21/(d−1) .

SoCG 2021
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Since ℓτ−1 ≤ rτ−1 ≤ 1/2τ−1, we have

r1 = rτ +
τ−1∑
i=1

ℓi ≤ rτ + ℓτ−1

(
1 + 1

21/(d−1) + 1
22/(d−1) + · · ·

)
≤ rτ + 2dℓτ−1 ≤ (2d + 1)rτ−1 <

2d + 1
2τ−1 <

ε1/d

4d2 ,

by the value of τ , see Eq. (3.1).
Let I1 be the maximum interval, where the value of V (x) ≥ ε1, for any x ∈ I1. By the

above, we have that if the net does not intersect Ξ, then ∥I1∥ ≤ 2r1 ≤ 2ε1/d/(4d2).
We define I2, . . . , Id in a similar fashion on the other axes, and the same argumentation

would imply that ∥Ij∥ ≤ 2ε1/d/(4d2), for all j. Furthermore, any plane orthogonal to the
axes that avoids the box B = I1 × I2 · · · × Id has an intersection with Ξ of volume at most
ε1. We conclude that the total value of Ξ is at most

vol(Ξ) ≤ vol(B) +
d∑

j=1

∫
y∈[0,1]\Ij

vol
(

Ξ ∩ (xj = y)
)

dy ≤
d∏

j=1
∥Ij∥ + dε1 ≪ ε,

which is a contradiction to vol(Ξ) ≥ ε. ◀

▶ Theorem 6. Given ε ∈ (0, 1) and k ∈ {1, . . . , d − 1}, the above is a deterministic and
explicit construction of a (k, ε)-net for volume measure over [0, 1]d of size Od(1/ε1−k/d).

4 Constructing (0, ε)-nets for volume measure

4.1 Ellipsoids are enough
We now give constructions for (0, ε)-nets for volume measure. The following result shows
that it suffices to build such nets when the convex bodies are restricted to be ellipsoids.

▶ Lemma 7. Suppose there exists a (0, ε)-net for volume measure over [0, 1]d for ellipsoids
of size T (ε, τ), for τ = 1, . . . , d. Then one can construct a (0, ε)-net for volume measure over
[0, 1]d of size T (ε/dd, d).

Proof. Consider any convex body Ξ, such that vol
(
Ξ ∩ [0, 1]d

)
≥ ε. Let E be the ellipsoid

of largest volume contained inside Ξ ∩ [0, 1]d. By John’s ellipsoid theorem, we have that
E ⊆ Ξ ⊆ dE . In particular,

vol(E) = vol(dE)/dd ≥ vol(Ξ)
dd

≥ ε

dd
.

As such, any (0, ε/dd)-net for volume measure when the convex bodies are restricted to be
ellipsoids is a (0, ε)-net for volume measure in the general setting. ◀

Hence, we focus on building (0, ε)-nets for volume measure (equivalently, these are also
ε-nets for volume measure) for ellipsoids. Note that it is easy to obtain an ε-net of size
Od(ε−1 log ε−1) by random sampling [5]. Here, we give a deterministic, explicit construction
of such a net.

4.2 Stabbing ellipsoids with points
4.2.1 Net construction in 2D
Let E be an ellipse contained in the unit square [0, 1]2 with area(E) ≥ ε. The following
construction is inspired by a construction of Pach and Tardos [9].
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Figure 4.1 The net constructed.

Construction. Let M = 3 +
⌈
lg ε−1⌉

. For j = 1, . . . , M − 1, consider the rectangle

Rj = [0, 1/2M−j ] × [0, 1/2j ].

Consider the natural tiling of [0, 1]2 by the rectangle Ri, and let Pi be the set of vertices of
the resulting grid Gi in the interior of the unit square. Let N = ∪iPi. See Figure 4.1.

Correctness. We need the following easy observation, whose proof is included for the sake
of completeness.

▷ Claim 8. Let c be the center of an ellipse E , and let h be the longest horizontal segment
contained in E . The segment h passes through c.

Proof. By the central symmetry of E , if h does not pass through c, then it has a symmetric
reflection h′ through c, which is a horizontal segment of the same length. Let ℓ be the
horizontal line through c, and observe that |ℓ ∩ E| ≥ |h| by convexity. By the smoothness of
E , it follows that |ℓ ∩ E| > |h|, which is a contradiction. ◁

▶ Lemma 9. The set N constructed above is an ε-net for volume measure over [0, 1]2 for
ellipses. Furthermore, |N | = O(ε−1 log ε−1).

Proof. Observe that for any i, we have area(Ri) = 2−(M−j)−j = 2−M ≥ ε/8. As such,
|Pi| = O(1/ε), and |N | = O(M/ε) = O(ε−1 log ε−1).

Let E ⊆ [0, 1]2 be any ellipse with area(E) ≥ ε. Let Y denote the projection of E onto
the y-axis. Observe that |Y | ≥ ε. Let h be the longest horizontal segment contained in E
(which passes through the center of E by Claim 8). The two extreme y-axis points in E , and
the segment h forms a quadrilateral in E of area |h| |Y | /2, see Figure 4.2. Let Y = [y−, y+],
and for α ∈ Y , let g(α) = |{y = α} ∩ E|. We have that

|h| |Y | /2 ≤ area(E) =
∫ y+

α=y−

g(α)dα ≤ |h| |Y | .

Since area(E) ≥ ε, we conclude that |h| ≥ ε/ |Y |.
We set y1/4 = (3/4)y− + (1/4)y+ and y3/4 = (1/4)y− + (3/4)y+. Consider the two

horizontal segments h1/4 =
{

y = y1/4
}

∩ E and h3/4 =
{

y = y3/4
}

∩ E . These two segments
are of the same length and are parallel. Furthermore, γ =

∣∣h1/4
∣∣ =

∣∣h3/4
∣∣ ≥ |h| /2,

see Figure 4.2. Consider the parallelogram Z formed by the convex hull of h1/4 and
h3/4. Observe, that for any α ∈ [y1/4, y3/4], we have that |{y = α} ∩ Z| = γ. As such,
area(Z) = γ · |Y | /2 ≥ |h| /2 · |Y | /2 ≥ ε/4. Let k be the minimum integer such that
1/2k+1 ≤ |Y | /2. Since |Y | ≥ ε, it follows that k < M − 2.

SoCG 2021
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Z

`k

β

h

E

Figure 4.2 The setup for proof of correctness.

This implies that the grid Gk+1 has a horizontal line ℓk that intersects Z. Furthermore,
we have

|ℓk ∩ E| ≥ |ℓk ∩ Z| = γ ≥ |h|
2 ≥ ε

2|Y |
≥ ε2k ≥ 8 · 2k

2M
= 1

2M−k−3 >
1

2M−(k+1) = β,

since M = 3 +
⌈
lg ε−1⌉

. Namely, the spacing of the points of Gk+1 on the line ℓk (i.e., β)
is shorter than the interval ℓk ∩ E . It follows that a point of Pk+1 ⊆ N lies in E , and thus
establishing the claim. ◀

4.2.2 The construction in higher dimensions
We now extend the previous construction to higher dimensions. The construction is recursive.
Namely, we assume that for all d′ < d we can construct an ε-net for volume measure over
[0, 1]d′ for ellipsoids of size (β(d′)/ε) lgd′−1(1/ε), where β(d′) is a constant depending on the
dimension d′ (to be determined shortly). Lemma 9 proves the claim when d = 2.

Construction. Label the d axes x1, . . . , xd. Let τ = ⌈(1/d) lg(1/ε)⌉ and define the function
∆(i) = 2iε1/d. We repeat the following construction for each axis xℓ, where ℓ = 1, . . . , d.
For each i = 0, . . . , τ , let Mi = ⌈lg(1/∆(i))⌉. For each i, and for each j = 0, . . . , Mi, form
2j + 1 evenly spaced hyperplanes which are orthogonal to the axis xℓ (thus consecutive
hyperplanes are separated by distance 2−j). For each hyperplane h, we recursively construct
a ε/∆(i + 2)-net Pℓ,i,j for [0, 1]d−1 on h ∩ [0, 1]d. Let Pℓ = ∪τ

i=1 ∪Mi
j=1 Pℓ,i,j . Finally, we claim

the point set P = ∪d
ℓ=1Pℓ is the desired ε-net for volume measure.

▶ Theorem 10. For ε ∈ (0, 2−2d], there exists a ε-net for volume measure over [0, 1]d for
ellipsoids, of size 2O(d2)ε−1 lgd−1 ε−1.

Proof. We first bound the size of the resulting net. Since ε ≤ 2−2d, by a direct calculation,

|P | ≤
d∑

ℓ=1
|Pℓ| ≤ d

τ∑
i=0

Mi∑
j=0

(2j + 1) · β(d − 1) ·
(

∆(i + 2)
ε

lgd−2
(

∆(i + 2)
ε

))

≤ 2d · β(d − 1)
ε

τ∑
i=0

2Mi+1 · 22∆(i) lgd−2
(

∆(i + 2)
ε

)

≤ 25d · β(d − 1)
ε

τ∑
i=0

lgd−2
(

2i+2

ε1−1/d

)
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≤ 25d · β(d − 1)
ε

τ∑
i=0

(
(i + 2) + lg

(
1

ε1−1/d

))d−2
.

Since i + 2 ≤ τ + 2 ≤ lg(1/ε) for ε ≤ 2−2d, we have

|P | ≤ 25d · β(d − 1)
ε

[
(τ + 1) · 2d−2 lgd−2

(
1
ε

)]
≤ 25d · β(d − 1)

ε

[
4
d

lg 1
ε

· 2d−2 lgd−2 1
ε

]
.

As such, |P | ≤ 2d+5·β(d−1)
ε lgd−1( 1

ε

)
. In particular, we obtain the recurrence β(d) = 2d+5β(d−

1), which solves to β(d) = 2O(d2). Hence, |P | = 2O(d2)ε−1 lgd−1 ε−1.
We now argue correctness. Let E be an ellipsoid of volume at least ε. Let B be the

smallest enclosing axis-aligned box for E . Suppose that the longest edge of B is along
the ℓth axis. In particular, along this ℓth axis B has side length s ≥ ε1/d, for otherwise
vol(E) ≤ vol(B) ≤ sd < ε. We claim that E intersects a point in the set Pℓ.

Let L = [ℓ−, ℓ+] be the projection of E onto the ℓth axis, with s = |L|. For x ∈ L, define
H(x) to be the hyperplane orthogonal to the ℓth axis which intersects the ℓth axis at x.
Finally, let K be the hyperplane through the center of E which is orthogonal to the ℓth
axis and set F = E ∩ K. We claim that vol(F) ≥ ε/s. To prove the claim, suppose towards
contradiction that vol(E ∩ K) < ε/s. Then,

vol(E) =
∫ ℓ+

ℓ−

vol(E ∩ H(x)) dx <
ε

s

∫ ℓ+

ℓ−

1 dx = ε

s
|L| = ε,

a contradiction.
Choose an integer i ≥ 0 such that s ∈ [∆(i), ∆(i + 1)). Let z1/4 = (3/4)ℓ− + (1/4)ℓ+ and

z3/4 = (1/4)ℓ− + (3/4)ℓ+. Observe that for all x ∈ [z1/4, z3/4], vol(E ∩ H(x)) ≥ ε/(2s) ≥
ε/∆(i + 2). Next, let j be the minimum integer such that 1/2j+1 ≤ s/2. Note that such
an integer exists, as we can choose j = ⌈lg(1/s)⌉. Since s ≥ ∆(i), j ≤ ⌈lg(1/∆(i))⌉ ≤ Mi.
Thus, for our choices of i and j, we have found a hyperplane h which intersects E with
vol(E ∩ h) ≥ ε/∆(i + 2). By our recursive construction, there is a point in the net Pℓ,i,j

which intersects E ∩ h and thus E . ◀

▶ Theorem 11. There is a deterministic, explicit construction of (0, ε)-nets for volume
measure over [0, 1]d of size

Od

(
1
ε

logd−1 1
ε

)
.

Proof. Follows by plugging in the bound for Theorem 10 into Lemma 7. ◀

5 Conclusion

The main open problem left by our work is bounding the size of (k, ε)-nets in the general case.
That is, the input is a set P of n points in Rd, and we would like to compute a minimum set
of k-flats which stab all convex bodies containing at least εn points of P . As noted earlier,
there is a (k, ε)-net of asymptotically the same size as of a weak ε-net in Rd−k. This follows
by projecting the point set to a subspace of dimension d − k, constructing a regular weak
ε-net, and lifting the net back to the original space. Can one do better than this somewhat
naive construction?

Note that it is easy to show a lower bound of size Ω(1/ε) for (1, ε)-nets in the general
case. Take a point set that consists of ⌈2/ε⌉ equally sized clusters of tightly packed points,
such that no line passes through three clusters. Namely, our sublinear results in 1/ε are
special for the uniform measure on the hypercube.
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A (0, ε)-nets for volume measure when the bodies are axis-aligned
boxes

Here we show the existence of a (0, ε)-net for volume measure of size O(1/ε) that intersects
any axis-aligned box B with vol

(
B ∩ [0, 1]2

)
≥ ε. The following constructions are essentially

described in [6] (in the context of low-discrepancy point sets), however the proofs use similar
tools. We give the proofs for completeness.

▶ Definition 12 (the Van der Corput set). For an integer α, let bin(α) ∈ {0, 1}⋆ denote the
binary representation of α, and rev(bin(α)) be the reversal of the string of digits in bin(α).
We define br(α) ∈ [0, 1] to be the bit-reversal of α, which is defined as the number obtained
by concatenating “0.” with the string rev(bin(α)). For example, br(13) = 0.1011. Formally, if
α =

∑∞
i=0 2ibi with bi ∈ {0, 1}, then br(α) =

∑∞
i=0 bi/2i+1.

For an integer n, the Van der Corput set is the collection of points p0, . . . , pn−1, where
pi = (i/n, br(i)). See Figure A.1.

▶ Lemma 13. For a parameter ε ∈ (0, 1),there is a collection of O(1/ε) points P ⊂ [0, 1]2
such that any axis-aligned box B with vol

(
B ∩ [0, 1]2

)
≥ ε contains a point of P .

Proof. Let n = ⌈4/ε⌉. We claim that the Van der Corput set of size n is the desired point
set P .

Let B be a box contained in [0, 1]2 of width w and height h, with wh ≥ ε. Let q ≥ 2 be
the smallest integer such that 1/2q < h/2 ≤ 1/2q−1. By the choice of q, the projection of B

onto the y-axis contains an interval of the form I = [k/2q, (k + 1)/2q) for some integer k. Let
BI = B ∩

{
(x, y) ∈ [0, 1]2

∣∣ y ∈ I
}

be the box restricted to I along the y-axis. Observe that

vol(BI) = w/2q = w/(4 · 2q−2) ≥ wh/4 ≥ ε/4 ⇐⇒ w ≥ 2qε/4.

https://doi.org/10.1007/BF02123008
https://doi.org/10.1145/1542362.1542365
http://www.cs.princeton.edu/~chazelle/book.html
http://www.cs.princeton.edu/~chazelle/book.html
https://doi.org/10.1090/surv/173
https://doi.org/10.1007/BF02187876
https://doi.org/10.1007/978-3-642-03942-3
https://doi.org/10.1007/978-1-4613-0039-7
https://doi.org/10.1007/s00454-004-1116-4
https://doi.org/10.1090/S0894-0347-2012-00759-0
https://doi.org/10.1109/FOCS.2018.00030
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Figure A.1 The Van der Corput set with n = 16 (left) and n = 128 (right).

Let S = [0, 1] × I, so that each pj ∈ P ∩ S has br(j) ∈ I. In particular, the first q binary
digits of br(j) are fixed. This implies that the q least significant binary digits of j are fixed.
In other words, P ∩ S contains all points pj such that j ≡ ℓ (mod 2q) for some integer ℓ –
the x-coordinates of the points in P are regularly spaced in the strip S with distance 2q/n.
If the width of BI is at least 2q/n, then this implies that B contains a point of P in the strip
S. Indeed, by the choice of n, 2q/n ≤ 2qε/4 ≤ w. ◀

By extending the definition of the Van der Corput set to higher dimensions, the above
proof also generalizes.

▶ Definition 14 (the Halton-Hammersely set). For a prime number ρ and an integer α =∑∞
i=0 ρibi, bi ∈ {0, . . . , ρ − 1}, written in base ρ, define brρ(α) =

∑∞
i=0 bi/ρi+1. Note that

br2 = br from Definition 12.
For integers n and d, the Halton-Hammersely set is the collection of points

p1, . . . , pn−1,

where pi = (brρ1(i), brρ2(i), . . . , brρd−1(i), i/n), and ρ1, . . . , ρd−1 are the first d − 1 prime
numbers. (Making i/n the dth coordinate instead of the 1st coordinate simplifies future
notation.)

▶ Lemma 15. For a parameter ε ∈ (0, 1), there is a collection of 2O(d log d)/ε points P ⊂ [0, 1]d
such that any axis-aligned box B with vol

(
B ∩ [0, 1]d

)
≥ ε contains a point of P .

Proof. The proof is similar to Lemma 13, with the Chinese remainder theorem as the
additional tool.

Let n =
⌈
(2d−1/ε) · (d − 1)♯

⌉
, where k♯ is the primorial function, defined as the product

of the first k prime numbers. It is known that k♯ ≤ exp((1 + o(1))k log k), which implies
n = 2O(d log d)/ε. We claim that the Halton-Hammersely set of size n is the desired point
set P .

Denote the side lengths of the box B by s1, . . . , sd, with
∏d

i=1 si ≥ ε. For each i =
1, . . . , d − 1, let qi be the smallest integer such that 1/ρqi

i < si/2 ≤ 1/ρqi−1
i , where ρi is the

ith prime number. By the choice of qi, the projection of B onto the ith axis contains an
interval of the form Ii = [ki/ρqi

i , (ki + 1)/ρqi

i ] for some integer ki. Let S denote the box
I1 × . . . × Id−1 × [0, 1] and BS = B ∩ S. Observe that

vol(BS) = sd

d−1∏
i=1

1
ρqi

i

≥ sd

d−1∏
i=1

si

2ρi
≥ ε

2d−1

d−1∏
i=1

1
ρi

⇐⇒ sd ≥ ε

2d−1

d−1∏
i=1

ρqi−1
i .
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Similar to Lemma 13, we observe that the point pj ∈ P falls into S when j ≡ ℓi (mod ρqi

i )
for some integers ℓ1, . . . , ℓd−1. By the Chinese remainder theorem, there is exactly one
number in the set

{
0, 1, . . . ,

∏d−1
i=1 ρqi

i − 1
}

(the dth coordinate of pj) which satisfies these
d − 1 equations. In particular, the points in P ∩ S are spaced regularly along the dth axis
with distance δ = (1/n)

∏d−1
i=1 ρqi

i . Once again, we argue that the length of B along the dth
axis is at least δ, which implies the result. Indeed, by our choice of n we have that,

δ = 1
n

d−1∏
i=1

ρqi

i ≤ ε

2d−1

d−1∏
i=1

ρqi−1
i ≤ sd. ◀

B Extension: Replacing [0, 1]d with other convex bodies

▶ Lemma 16. Let C be an arbitrary compact convex body in Rd with non-empty interior.
Suppose there is a (k, ε)-net for volume measure over [0, 1]d of size T (ε, k, d). For a given
integer k < d and ε ∈ (0, 1), there is a collection of k-flats K of size T (Ωd(ε), k, d)), such
that any convex body Ξ with vol(Ξ ∩ C) ≥ ε vol(C) is intersected by a k-flat in K.

Proof. Assume without loss of generality that Ξ ⊆ C. John’s ellipsoid theorem [7] implies
that there exists a non-singular affine transformation M, and a ball b of diameter 1, such
that b/d ⊆ M(C) ⊆ b ⊆ [0, 1]d, where b/d is b scaled by a factor of 1/d. We have that
vol(b) = cd2−d, where cd is the volume of the unit ball in Rd. Additionally,

vol
(
[0, 1]d

)
= 1 = 2d

cd
vol(b) = (2d)d

cd
vol(b/d) ≤ (2d)d

cd
vol(M(C)).

Set δ = cd/(2d)d. Compute a (k, ε′)-net for volume measure K over [0, 1]d, where ε′ = ε/δ,
which has size T (ε′, k, d). We claim that this is a (k, ε)-net for volume measure with respect
to M(Ξ). Indeed, consider any convex body Ξ ⊆ C with vol(Ξ ∩ C) ≥ ε vol(C). Since M
preserves the ratios of volumes, we have that

vol
(
M(Ξ) ∩ [0, 1]d

)
≥ vol(M(Ξ) ∩ M(C)) ≥ ε vol(M(C)) ≥ ε

δ
vol

(
[0, 1]d

)
= ε′ vol

(
[0, 1]d

)
.

As such, one of the k-flats in K intersects M(Ξ). After applying the inverse transformation
M−1 to each k-flat in K, one of the k-flats in M−1(K) intersects Ξ. ◀
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1 Introduction

Let M “ pP, dq be a finite metric space. Let G “ pP, Eq be a sparse graph on the points
of M whose edges are weighted with the distances of their endpoints. The graph G is a
t-spanner (or t-emulator) if for any pair of vertices u, v P V we have dGpu, vq ď t ¨ dpu, vq,
where dGpu, vq is the length of the shortest path between u and v in G, and dpu, vq is the
distance in the metric space between u and v. Spanners were first introduced by Peleg and
Schäffer [20] as a tool in distributed computing, but have since found use in other areas of
algorithms, networking, data structure and metric geometry, see [19, 18].

Fault tolerant spanners. A desired property of spanners is a resilience to failures of their
vertices. The basic notion that captures this is fault tolerance [7, 13, 14, 16, 21]. A graph G

is a k-fault tolerant t-spanner, if for any subset of vertices B, with |B| ď k, the graph GzB

is a t-spanner. The disadvantage of k-fault tolerant graphs, is that there is no guarantee if
more than k vertices fail, and furthermore, the size of a fault tolerant graph grows (linearly)
with the parameter k. In particular, for fixed t ě 1, the optimal size of k-fault tolerant
p2t ´ 1q-spanners on n vertices is Opk1´1{tn1`1{tq [4]. Note that vertex degrees must be at
least Ωpkq to avoid the possibility of isolating a vertex. Thus, it is not suitable for massive
failures in the network.
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Table 1.1 Our results. Polylog factors are polynomial factors in log n and log Φ, where Φ is the
spread of the metric. For trees and planar graphs, these results are for graphs with weights on the
edges. Here in expectation denotes that the spanner works against an oblivious adversary (here, the
expectation is over the randomization in the construction), and the guarantee is on the expected
size of the damaged set. Similarly, deterministic implies an adaptive adversary.

Constructions of ϑ-reliable ∆-spanners
metric ∆ guarantee size ref

Uniform
2 expectation Opnϑ´1 log ϑ´1

q Lemma 4
t det. lower bound Ωpn1`1{t

q Lemma 5
2t ´ 1 deterministic O

´

ϑ´2n1`1{t
¯

Theorem 9

2t deterministic O
´

ϑ´1n1`1{t
¯

Theorem 9

Finite metrics

Oplog nq expectation O
`

ϑ´1n polylog
˘

Lemma 39
Optq expectation O

´

ϑ´1n1`1{t polylog
¯

Lemma 39

Opt log nq deterministic O
´

ϑ´1n1`1{t polylog
¯

Lemma 40

Opt2
q deterministic O

´

ϑ´1n1`1{t polylog
¯

Lemma 40

Ultrametrics 2 ` ε expectation O
`

ϑ´1ε´2n polylog
˘

Lemma 41

p2 ` εqt ´ 1 deterministic O
´

ϑ´2ε´3n1`1{t polylog
¯

Lemma 42

Trees 3 ` ε expectation O
`

ϑ´1ε´2n polylog
˘

Lemma 43

p4 ` εqt ´ 3 deterministic O
´

ϑ´2ε´3n1`1{t polylog
¯

Lemma 44

Planar graphs 3 ` ε expectation O
`

ϑ´1ε´4n polylog
˘

Lemma 45
p4 ` εqt ´ 3 deterministic Opϑ´2ε´6n1`1{t polylogq Lemma 46

Reliable spanners. An alternative is reliable spanners. For a parameter ϑ ą 0, a ϑ-reliable
t-spanner has the property that for any failure (or attack) set B, the residual graph GzB

has a t-spanner path between all pairs of points of V zB`, where B` Ě B is some set such
that |B`| ď p1 ` ϑq |B|. We consider two variants. In the standard model (i.e., adaptive
adversarial model) the adversary “knows” the spanner G, and the set B is chosen as a worst
case for G. In the oblivious (or randomized) case the spanner G is drawn from a probability
distribution χ (over the same number of vertices). The adversary knows χ in advance, but
not the sampled spanner. In this oblivious model, we require that Er|B`|s ď p1 ` ϑq|B|. See
Section 2 for precise definitions.

Previously, results for reliable spanners were only known in the geometric setting. For
any point set P Ď Rd, and for any constants ϑ, ε P p0, 1q, one can construct a ϑ-reliable
p1 ` εq-spanner with only O

`

n log n loglog6 n
˘

edges [6]. The number of edges can be further
reduced by using the relaxed notion of reliable spanners. For any point set P Ď Rd and
parameters ϑ, ε P p0, 1q, one can construct an oblivious p1 ` εq-spanner that is ϑ-reliable in
expectation and has Opn loglog2 n logloglog nq edges [5].

Our results

We provide new constructions of reliable spanners for uniform metrics, finite metrics, ultra-
metrics, trees and planar graphs. Our new results are summarized in Table 1.1.

Technique. Our approach for constructing reliable spanners is in two steps: We first
construct reliable spanners for uniform metrics and then reduce the problem of constructing
reliable spanners for general metrics to uniform metrics using covers.
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Spanners for uniform metrics. Uniform metrics have trivial classical 2-spanners: star
graphs. It turns out that in the oblivious model one can simply use “constellation of stars”
with a constant number of random centers. I.e. the spanner is linear in size. In the adaptive
settings we present a lower bound of Ωpn1`1{tq edges for a reliable t-spanner. We present
an asymptotically matching construction of a deterministic p2t ´ 1q-reliable spanner with
Opn1`1{tq edges. The construction is based on reliable expanders, i.e., expanders that remain
expanding under attacks as defined above for spanners. See Section 3.

Covers. A t-cover of a finite metric space M “ pP, dq is a family of subsets C “ tS | S Ď P u,
such that for each pair p, q P P of points there exists a subset in C that contains both points
and whose diameter is at most t ¨ dpp, qq. Covers are used here to extend reliable spanners
for uniform metrics into reliable spanners for general metrics. This is done by using spanners
for uniform in each set of the cover and then taking a union of the edges of those graphs.
See Section 5.

Naturally, the size
ř

SPC |S| of a t-cover C is an important parameter in the resulting
size of the spanner, so in Section 4 we study good covers. For general n-point spaces with
spread at most Φ, we observe that the Ramsey partitions of [17] provide Optq covers of size
Opn1`1{t log Φq, which is close to optimal, because of an Ωpnpn1{t ` logt Φqq lower bound on
the size that we prove. In more specific cases like ultrametrics, trees and planar graphs one
can do better. Specifically, for trees and planar graphs one gets p2 ` εq-covers of near linear
size. For planar graphs, known partitions have much larger gap, which makes these results
quite interesting.

New reliable spanners. Plugging the constructions of spanners for uniform metrics with
the construction of covers yields reliable spanners for uniform, ultrametric, tree, planar, and
general finite metrics. The results are summarized in Table 1.1.

Efficient construction. All our constructions relies on randomized constructions of expanders
(over m vertices), that succeeds with probability ě 1 ´ 1{mOp1q. As such, the constructions
described can be done efficiently, with potentially an extra Oplog tq factor in the number of
edges, if one wants a constructions of spanners, for n vertices, that succeeds with probability
1 ´ 1{nOp1q. See Remark 13 for details.

2 Preliminaries

2.1 Metric spaces
For a set X, a function d : X2 Ñ r0, 8q, is a metric if it is symmetric, complies with the
triangle inequality, and dpp, qq “ 0 ðñ p “ q. A metric space is a pair M “ pX, dq,
where d is a metric. For a point p P X, and a radius r, the ball of radius r is the set

bpp, rq “ tq P X | dpp, qq ď ru .

For a finite set X Ď X, the diameter of X is

diampXq “ diamMpXq “ max
p,qPX

dpp, qq,

and the spread of X is ΦpXq “
diampXq

minp,qPX,p‰q dpp,qq
. A metric space M “ pX, dq is finite, if X

is a finite set. In this case, we use Φ “ ΦpXq to denote the spread of the (finite) metric.
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A natural way to define a metric space is to consider an undirected connected graph
G “ pP, Eq with positive weights on the edges. The shortest path metric of G, denoted by
dG, assigns for any two points p, q P P the length of the shortest path between p and q in the
graph. Thus, any graph G readily induces the finite metric space pV pGq, dGq. If the graph is
unweighted, then all the edges have weight 1.

A tree metric is a shortest path metric defined over a graph that is a tree.

2.2 Reliable spanners
▶ Definition 1. For a metric space M “ pP, dq, a graph H “ pP, Eq is a t-spanner, if for
any p, q P P , we have that dpp, qq ď dHpp, qq ď t ¨ dpp, qq.

Given a weighted graph G “ pV, Eq, and B Ď V we denoted by G|B the subgraph induced
on B. We also use the notation GzB “ G|V zB .

An attack on a graph G is a set of vertices B that fail, and no longer can be used. An
attack is oblivious, if the set B is picked without any knowledge of G.

▶ Definition 2 (Reliable spanner). Let G “ pP, Eq be a t-spanner for some t ě 1 constructed
by a (possibly) randomized algorithm. Given an attack B, its damaged set B` is a set of
smallest possible size, such that for any pair of vertices p, q P P zB`, we have

dGzBpp, qq ď t ¨ dpp, qq, (2.1)

that is, distances are preserved (up to a factor of t) for all pairs of points not contained
in B`. The quantity |B`zB| is the loss of G under the attack B. The loss rate of G is
λpG, Bq “ |B`zB| { |B|. For ϑ P p0, 1q, the graph G is ϑ-reliable (in the deterministic or
non-oblivious setting), if λpG, Bq ď ϑ holds for any attack B Ď P . Furthermore, the graph G

is ϑ-reliable in expectation (or in the oblivious model), if ErλpG, Bqs ď ϑ holds for any
oblivious attack B Ď P .

▶ Remark. The damaged set B` is not necessarily unique, since there might be freedom in
choosing the point to include in B` for a pair that does not have a t-path in GzB.

Miscellaneous. For a graph G, and a set of vertices Y Ď V pGq, let

ΓpY q “ tx P V pGq | xy P EpGq and y P Y u

denote the neighbors of Y in G.

▶ Definition 3. For a collection of sets F , and an element x, let

degpx, Fq “ |tX P F | x P Xu|

denote the degree of x in F . The maximum degree of any element of F is the depth of F .

Notations. We use P ` p “ P Y tpu and P ´ p “ P ztpu. Similarly, for a graph G, and a
vertex p, let G ´ p denote the graph resulting from removing p.

3 Reliable spanners for uniform metric

Let P be a set of n points and let pP, dq be a metric space equipped with the uniform metric,
that is, for all distinct pairs p, q P P , we have that dpp, qq is the same quantity. Note that
n ´ 1 edges are enough to achieve a 2-spanner for the uniform metric by using the star graph.
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3.1 A randomized construction for the oblivious case
Construction. Let ϑ P p0, 1q be a fixed parameter. Set k “ 2

P

ϑ´1 log ϑ´1T

` 1 and sample
k points from P uniformly at random (with replacement). Let C Ď P be the resulting set of
center points. For each point p P C, build the star graph ˙p “ pP, tpq | q P P ´ puq, where p

is the center of the star. The constellation of C is the graph ˚ “
Ť

pPC ˙p, which is the
union of the star graphs induced by centers in C.

▶ Lemma 4 (For the proof, see [11]). The constellation ˚, defined above, is a ϑ-reliable
2-spanner in expectation. The number of its edges is Opnϑ´1 log ϑ´1q.

3.2 Lower bound for a deterministic construction
In the non-oblivious settings, the attacker knows the constructed graph G when choosing the
attack set B.

▶ Lemma 5 (For the proof, see [11]). Let G “ pP, Eq be a ϑ-reliable t-spanner on P for the
uniform metric, where ϑ P p0, 1q and t ě 1. Then, in the non-oblivious settings, G must have
Ωpn1`1{tq edges.

▶ Remark 6. Erdős’ girth conjecture states that there exists a graph G with n vertices and
Ωpn1`1{kq edges, and girth at least 2k ` 1, where the girth of G is the length of the shortest
cycle in G. The argument in the proof of Lemma 5 is closely related to the standard argument
for proving a tight counterpart – any graph with Ωpn1`1{kq edges has girth at most 2k ` 1.

3.3 Reliable spanners of the uniform metric for adaptive adversary
Here, we present a construction of reliable spanner that is close to being tight. The spanner
is simply a high-degree expander whose properties are described in the following definition.

▶ Definition 7. Denote by λpGq the second eigenvalue of the matrix M{d, where M “ AdjpGq

is the adjacency matrix of a d-regular graph G. A proper expander specifies a constant
C ą 1, and functions Cδ, cδ ą 0, such that for every δ P p0, 1{4q an even integers d ě Cδ,
n ě d2, there exists an n-vertex, d-regular graph G “ pV, Eq, such that:
(P1) @S Ď V, |S| ě 12n{pδdq ùñ |ΓV pSq| ą p1 ´ δqn,

(P2) @S Ď V, |S| ď cδn{d ùñ |ΓV pSq| ě p1 ´ δqd|S|.

(P3) λpGq ď C{
?

d.

For each one of the properties above, it is known that there exists an expander satisfying
it: Property (P1) is essentially proved in [6], Property (P2) is folklore, and Property (P3)
appears in [8]. Since they hold almost surely for “random regular graphs”, they also hold
simultaneously. However, we were unable to find in the literature proofs of almost sure
existence in the same model of random regular graphs, and contiguity of the different random
models does not necessarily hold in the high-degree regime (which is what we need here).
Therefore, for completeness, in the full version we reprove (P1) and (P2) in the same random
model in which (P3) was proved. We thus get the following in the full version of the paper [11].

▶ Theorem 8. A random graph construction leads to is a proper expander (see Definition 7),
asymptotically almost surely.

With the appropriate choice of parameters, these expanders are reliable spanners for
uniform metrics. The proof is somewhat cumbersome and is included in the full version of
the paper.
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▶ Theorem 9. For every t P N, θ P p0, 1q, and n P 2N such that n ě eΩptq, there exist:
(i) ϑ-reliable 2t-spanner with Opϑ´1n1`1{tq edges for n-point uniform space, and
(ii) ϑ-reliable p2t ´ 1q-spanner with Opϑ´2n1`1{tq edges for n-point uniform space.

Applying the above theorem directly on non-uniform metric we obtain the following
corollaries.

▶ Corollary 10. Let M “ pX, dq be a metric space, and let P Ď X be a finite subset of size
n. Given parameters t P N, and ϑ P p0, 1q, there exists a weighted graph G on P , such that:
(A) The graph G has |EpGq| “ O

`

ϑ´2 ¨ n1`1{t
˘

edges.
(B) The graph G is ϑ-reliable. Namely, given any attack set B Ă X, there exists a subset

Q Ď P , such that |Q| ě |P | ´ p1 ` ϑq |B X P |. Furthermore, for any two points p, q P Q,
we have

dMpp, qq ď dG|Q
pp, qq ď p2t ´ 1q ¨ diamMpP q,

and the path realizing it has at most p2t ´ 1q hops.
In particular, G has hop diameter at most 2t ´ 1, and diameter at most p2t ´ 1q ¨ diamMpP q.

▶ Corollary 11. Let M “ pX, dq be a metric space, and let P Ď X be a finite subset of size
n. Given parameters t P N, and ϑ P p0, 1q, there exists a weighted graph G on P , such that:
(A) The graph G has |EpGq| “ O

`

ϑ´1 ¨ n1`1{t
˘

edges.
(B) The graph G is ϑ-reliable. Namely, given any attack set B Ă X, there exists a subset

Q Ď P , such that |Q| ě |P | ´ p1 ` ϑq |B X P |. Furthermore, for any two points p, q P Q,
we have

dMpp, qq ď dG|Q
pp, qq ď 2t ¨ diamMpP q,

and the path realizing it has at most 2t hops.
In particular, G has hop diameter at most 2t, and diameter at most 2t ¨ diamMpP q.

3.3.1 A simpler construction of reliable spanner
Here, we prove a somewhat inferior construction of reliable spanner. In particular, the
ensuing construction cannot produce reliable expanders with a constant degree but simpler
to prove.

The proof will only use Property (P1) of proper expanders from Definition 7. Specifically,
it will use the following lemma which is a minor variant of known constructions.

▶ Lemma 12 ([6]). Let L, R be two disjoint sets, with a total of n P 2N elements, and let
ξ P p0, 1q be a parameter. There exists a bipartite graph G “ pL Y R, Eq with Opn{ξ2q edges,
such that

(I) for any subset X Ď L, with |X| ě ξ|L|, we have that |ΓpXq| ą p1 ´ ξq|R|, and
(II) for any subset Y Ď R, with |Y | ě ξ|R|, we have that |ΓpY q| ą p1 ´ ξq|L|.

▶ Remark 13. The randomized construction of Lemma 12 succeeds with probability 1´1{nOp1q.
Since we use the construction below on sets that are polynomially large (i.e., n1{t), one
can use Lemma 12 constructively in this case (potentially losing an additional log t factor).
This applies to the other expander constructions used in this paper. Note, that while the
construction works with high probability, verifying that it indeed works seems computationally
intractable.
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Construction of the reliable spanner. We define a tree T that contains the n points in its
leaves and has exactly t ` 1 levels. Level 0 corresponds to the leaves, and in level k each
node has exactly m “ n1{t children from level k ´ 1, for k “ 1, . . . , t. Note that each level
corresponds to a partition of P . At level k, each cluster (i.e., tree node) is of size nk{t, and
there are n1´k{t clusters (i.e., nodes) at this level. For a node u P T , let v1, . . . , vm be the
children of u, and let Pu be the set of leaves of the subtree rooted at u. The graph Gu is
defined to be the union of bipartite expanders between Pvi

and Pvj
, for 1 ď i ă j ď m, using

Lemma 12 with parameter ξ “ ϑ{8. The graph G is the union of graphs Gu for all internal
nodes u P T .

Analysis.

▶ Lemma 14 (For the proof, see [11]). The graph G, defined above, has Opϑ´2t ¨ n1`1{tq

edges.

Fix an arbitrary attack set B Ď P . A node u P T is damaged, if |Pu X B| ě p1´ϑ{2q |Pu|

(i.e., most of the nodes in the subtree of u are in the attack set). Let B` be all the points of
P , that get removed when one removes all the subtrees rooted at damaged nodes.

▶ Lemma 15 (For the proof, see [11]). Let B` be the set defined above. We have |B`| ď

p1 ` ϑq |B|.

Let �pp, ℓq denote the ball of radius ℓ centered at p in the graph GzB. For a point p P P ,
let upp, ℓq be the node in the tree that is the ancestor of p that is ℓ hops upward toward the
root. For a point p P P and ℓ ě 1, let

βpp, ℓq “
ˇ

ˇPupp,ℓq X B
ˇ

ˇ

M

ˇ

ˇPupp,ℓq

ˇ

ˇ, and ωpp, ℓq “
ˇ

ˇPupp,ℓq X �pp, ℓq
ˇ

ˇ

M

ˇ

ˇPupp,ℓq

ˇ

ˇ,

be the ratio of attack points in Pupp,ℓq, and the ratio of ℓ-reachable survivors from p in Pupp,ℓq,
respectively.

▶ Lemma 16 (For the proof, see [11]). For any p P P zB`, and any ℓ “ 1, . . . , t, we have
ωpp, ℓq ě 3ϑ{8, where t is the height of T .

▶ Proposition 17 (For the proof, see [11]). For every t P N, θ P p0, 1q, and n P N such
that n1{t P t2, 3, 4, . . .u, there exists ϑ-reliable p2t ´ 1q-spanner with O

`

ϑ´2tn1`1{t
˘

edges for
n-point uniform space.

▶ Remark 18. A constructive version of Proposition 17 requires repeating the construction
of the underlying expanders Oplog tq times, so that it succeeds (per such expander) with
probability ą 1 ´ 1{n. This would yield an extra Oplog tq factor in the number of edges in
the graph, see Remark 13.

4 Covers for trees, bounded spread metrics, and planar graphs

▶ Definition 19. For a finite metric space M “ pP, dq, a t-cover, is a family of subsets
C “ tSi Ď P | i “ 1, . . . mu, such that for any p, q P P , there exists an index i, such that
p, q P Si, and

diampSiq{t ď dpp, qq ď diampSiq.

The size of a cover C is sizepCq “
ř

SPC |S|. For a point p P P , its degree in C, is the number
of sets of P that contain it. The depth of C is the maximum degree of any element of P ,
and is denoted by DpCq.
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4.1 Lower bounds
Unfortunately, in the worst case, the depth of any cover and its size must depend on the
spread of the metric.
▶ Lemma 20 (For the proof, see [11]). For any parameter t ą 1, any integer h ą 1, and
Φ “ th, there exists a metric M “ pP, dq of n points, such that

(I) ΦpP q “ Φ, and
(II) any t-cover C of P has size Ωpn logt Φq “ Ωpnhq, average degree ě h{2, and depth h.

▶ Proposition 21 (For the proof, see [11]). For any t P 2, 3, . . ., and any sufficiently large n

there exists an n-point metric space for which any t-cover must be of size at least Ωpn1`1{2tq.

4.2 Cover for ultrametrics
▶ Definition 22. A hierarchically well-separated tree (HST ) is a metric space defined
on the leaves of a rooted tree T . To each vertex u P T there is associated a label ∆u ě 0. This
label is zero for all the leaves of T , and it is a positive number for all the interior nodes. The
labels are such that if a vertex u is a child of a vertex v, then ∆u ď ∆v. The distance between
two leaves x, y P T is defined as ∆lcapx,yq, where lcapx, yq is the least common ancestor of
x and y in T . An HST T is a k-HST if for all vertices v P T , we have that ∆v ď ∆ppvq{k,
where ppvq is the parent of v in T .

HSTs are one of the simplest non-trivial metrics, and surprisingly, general metrics can be
embedded (randomly) to trees with expected distortion Oplog nq [2, 9].
▶ Definition 23. A metric M “ pP, dq is an ultrametric, if for any x, y, z P P , we have
that dpx, zq ď maxpdpx, yq, dpy, zqq. Notice, that this is a stronger version of the triangle
inequality, which states that dpx, zq ď dpx, yq ` dpy, zq.
The following is folklore, easy to verify (see, e.g., [3, Lemma 3.5].
▶ Lemma 24. For k ě 1, every finite ultrametric can be k-approximated by a k-HST.
▶ Lemma 25 (For the proof, see [11]). For k ą 1, every k-HST with spread Φ has 1-cover of
depth at most logk Φ.

The following corollary is immediate from the above two lemmas.
▶ Corollary 26. Let M “ pP, dq be an ultrametric over n points with spread Φ. For any
ε P p0, 1q, one can compute a p1 ` εq-cover of M of depth Opε´1 log Φq.

4.3 Cover for general finite metrics
We need the following result.
▶ Lemma 27 ([17]). Let pP, dq be an n-point metric space and k ě 1. Then there exists a
distribution over decreasing sequences of subsets P “ P0 Ľ P1 Ľ ¨ ¨ ¨ Ľ Ps “ H (s itself is
a random variable), such that for all µ ą ´1{k, we have E

”

řs´1
j“1 |Pj |µ

ı

ď max
´

k
1`µk , 1

¯

¨

nµ`1{k, and such that for each j P rss there exists an ultrametric ρj on P satisfying for every
p, q P P , that ρjpp, qq ě dpp, qq, and if p P P and q P Pj´1zPj then ρjpp, qq ď Opkq ¨ dpp, qq.

By computing a cover for each ultrametric generated by the above lemma, we get the
following.
▶ Lemma 28 (For the proof, see [11]). For an n-point metric space M “ pP, dq with spread
Φ, and a parameter k ą 1, one can compute, in polynomial time, a Opkq-cover of M of size
Opn1`1{k log Φq and depth Opkn1{k log Φq.
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4.4 Covers for trees
Using a tree separator, and applying it recursively, implies the following construction of
covers for trees.

▶ Lemma 29 (For the proof, see [11]). For a weighted tree metric T “ pP, dq, with spread Φ,
and a parameter ε P p0, 1q, one can compute in polynomial time a p2 ` εq-cover of T of depth
Opε´1 log Φ log nq, and size Opnε´1 log Φ log nq, where n “ |P |.

4.5 Covers for planar graphs
Preliminaries. The next lemma can be traced back to the work of Lipton and Tarjan [15],
and we include a sketch of the proof for completeness.

▶ Lemma 30 (For the proof, see [11]). Let H “ pP, Eq be a planar triangulated graph with
non-negative edge weights. There is a partition of P to three sets X, Y, Z, such that

(i) |X| ď p2{3qn and |Y | ď p2{3qn,
(ii) there is no edge between X and Y , and
(iii) Z is composed of two interior disjoint shortest paths that share one of their endpoints,

and an edge connecting their other two endpoints.

▶ Definition 31. For a metric space pX, dq and a parameter r, an r-net N is a maximal set
of points in X, such that

(i) for any two net points p, q P N , we have dpp, qq ą r, and
(ii) for any p P X, we have dpp, Nq “ minqPN dpp, qq ď r.

A net can be computed by repeatedly picking the point furthest away from the current
net N , and adding it to the net if this distance is larger than r, and stopping otherwise. We
denote a net computed by this algorithm by netpX, rq.

The following lemma testifies that if we restrict the net to lay along a shortest path in
the graph, locally the cover it induces has depth as if the graph was one dimensional.

▶ Lemma 32 (For the proof, see [11]). Let G be a weighted graph, and let d be the shortest path
metric it induces. Let π be a shortest path in G and let N “ netpπ, rq Ď π be a net computed
for some distance r ą 0. For some R ą 0, consider the set of balls B “ tbpp, Rq | p P Nu.
For any point q P V pGq, we have that the degree of q in B is at most 2R{r ` 1.

Construction. Let ε P p0, 1q be an input parameter, and let G be a weighted planar graph.
We assume that G is triangulated, as otherwise it can be triangulated (we also assume that
we have its planar embedding). Any new edge pq is assigned as weight the distance between
its endpoints in the original graph. This can be done in linear time. As usual, we assume
that the minimum distance in G is one, and its spread is Φ.

Let Z be the cycle separator given by Lemma 30 made out of two shortest paths π1 and
π2. Let p1, p2, p3 be the endpoints of these two paths.

For i “ 0, . . . , m “ rlog1`ε{8 Φs, let Ni “ netpπ1, εri{8q Y netpπ2, εri{8q Y tp1, p2, p3u,
where ri “ p1 ` ε{8qi. The associated set of balls is

Bi “ tbpp, p1 ` ε{8qriq | p P Niu .

The resulting set of balls is BpZq “
Ť

i Bi. We add the sets of BpZq to the cover, and continue
recursively on the connected components of G ´ Z. Let C denote the resulting cover.
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Analysis.

▶ Lemma 33 (For the proof, see [11]). For any two vertices p, q P V pGq, there exists a cluster
C P C, such that p, q P C, and diampCq ď p2 ` εqdGpp, qq. That is, C is a p2 ` εq-cover of G.

▶ Lemma 34 (For the proof, see [11]). The depth of C is Opε´2 log n log Φq.

4.5.1 The result
▶ Theorem 35. Let G be a weighted planar graph over n vertices with spread Φ. Then, given
a parameter ε P p0, 1q, one can construct a p2 ` εq-cover of G with depth Opε´2 log n log Φq

in polynomial time.

▶ Remark 36. It is possible generalize Theorem 35 to the shortest path metric on families of
graphs excluding a fixed minor. Specifically, by [12, Lemma 3.3], there exists Ops2q-cover
of depth Op3s log Φq for every metric spaces supported on graph excluding Ks minor and
spread Φ. It may be possible to improve the approximation parameter to Opsq using [1], but
we have not pursued this avenue. However, this approach can not recover approximation
parameter 2 ` ε for planar graphs as in Theorem 35.

5 From covers to reliable spanners

5.1 The oblivious construction
▶ Lemma 37 (For the proof, see [11]). Let M “ pP, dq be a finite metric space, and suppose
there exists C, a ξ-cover of M of size s and depth D. Then, there exists an oblivious ϑ-reliable
2-hop 2ξ-spanner for M, of size O

`

s D
ϑ log D

ϑ

˘

.

5.2 The deterministic construction
▶ Lemma 38 (For the proof, see [11]). Let M “ pP, dq be a finite metric space over n points,
and let C be a ξ-cover of it of depth D and size s. Then, for any integer t ě 1, there exists:
(A) A ϑ-reliable p2t ´ 1q-hop p2t ´ 1qξ-spanner for M, of size Opϑ´2D2sn1{tq.
(B) A ϑ-reliable 2t-hop 2tξ-spanner for M, of size Opϑ´1Dsn1{tq.

5.3 Applications

5.3.1 General metrics
▶ Lemma 39 (For the proof, see [11]). Let M “ pP, dq be an n-point metric space of spread
at most Φ, and let ϑ P p0, 1q and k P N be parameters. Then, one can build an oblivious
ϑ-reliable Opkq-spanner for M with

O
´

ϑ´1kn1`1{k log2 Φ log kn1{k log Φ
ϑ

¯

edges. In particular, for k “ log n, we obtain ϑ-reliable Oplog nq-spanner for M with

O
`

ϑ´1n log n log2 Φplog log n ` log log Φ ` logpϑ´1q
˘

edges.
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▶ Lemma 40 (For the proof, see [11]). Let M “ pP, dq be a finite metric over n points of
spread Φ, and let ϑ P p0, 1q and k, h P N int be parameters. Then, one can build a ϑ-reliable
Opktq-spanner for M with Opϑ´1kn1`1{k`1{t log2 Φq edges. In particular, when t “ log n,
we obtain ϑ-reliable Opk log nq-spanner for M with Opϑ´1kn1`1{p2kq log2 Φq edges, and when
t “ k we obtain ϑ-reliable Opt2q-spanner for M with Opϑ´1tn1`1{t log2 Φq edges.

5.3.2 Ultrametrics
▶ Lemma 41 (For the proof, see [11]). Let M “ pP, dq be an ultrametric over n points with
spread Φ, and let ϑ, ε P p0, 1q be parameters. Then, one can build an oblivious ϑ-reliable
p2 ` εq-spanner for M with O

`

ϑ´1ε´2n log2 Φ log log Φ
ϑε

˘

edges.

▶ Lemma 42 (For the proof, see [11]). Let M “ pP, dq be an ultrametric over n points with
spread Φ, and let ϑ, ε P p0, 1q, and t P N be parameters. Then, one can build a ϑ-reliable
pp2 ` εqt ´ 1q-spanner for M of size Opϑ´2ε´3t ¨ n1`1{t log3 Φq.

5.3.3 Tree metrics
▶ Lemma 43 (For the proof, see [11]). Let M “ pP, dq be a tree metric over n points
with spread Φ, and let ϑ, ε P p0, 1q be parameters. Then, one can build an oblivious ϑ-
reliable p3 ` εq-spanner for M with O

`

ϑ´1ε´2n polylogpn, Φq
˘

edges, where polylogpn, Φq “

log2 n log2 Φ log log Φ log n
ϑε .

▶ Lemma 44 (For the proof, see [11]). Let M “ pP, dq be a tree metric over n points with
spread Φ, and let ϑ, ε P p0, 1q, and t P N be parameters. Then, one can build a ϑ-reliable
pp4 ` εqt ´ 3q-spanner for M of size Opϑ´2ε´3 ¨ n1`1{t log3 n log3 Φq.

5.3.4 Planar graphs
▶ Lemma 45 (For the proof, see [11]). Let G be a weighted planar graph with n vertices
and spread Φ. Furthermore, let ϑ, ε P p0, 1q be parameters. Then, one can build an oblivious
ϑ-reliable p3 ` εq-spanner for G with O

`

ϑ´1ε´4n polylogpn, Φq
˘

edges, where polylogpn, Φq “

log2 n log2 Φ log log Φ log n
ϑε .

▶ Lemma 46 (For the proof, see [11]). Let G be a weighted planar graph with n vertices and
spread Φ. Furthermore, let ϑ, ε P p0, 1q and t P N be parameters. Then, one can build a
deterministic ϑ-reliable pp4 ` εqt ´ 3q-spanner for G of size Opϑ´2ε´6 ¨ n1`1{t log3 n log3 Φq.

6 Concluding remarks and open problems

Subsequent work. Recently Filtser and Le [10] improved the results here, getting bounds
that do not depend on the spread of the metrics in some cases, for the oblivious adversary
case.

Tradeoffs in deterministic constructions for general spaces. Classical spanners are known
to have an approximation–size trade-off for general n-point metrics: To achieve Θptq approx-
imation it is sufficient and necessary to have n1`1{t edges in the worst case. In contrast,
for reliable spanners we were able only to give an upper bound on the trade-off, with no
asymptotically matching lower bound: To achieve Opt2q approximation it is sufficient to have
rOpn1`1{tq edges. Classically, the uniform metric is 2-approximated by a star graph with
only n ´ 1 edges. In contrast, we have shown here reliable spanners for uniform metric have
approximation–size trade similar to the classical spanner for general metrics. The connection
between the two problems is quite intriguing, and is worthy of further research.

SoCG 2021
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The dependence of the size on the spread. The size of spanners constructed in this paper
depends on the spread of the metric space. This is because of the reduction to uniform
spaces via covers, in which the dependence on the spread is unavoidable in general. However,
in some setting this dependence is avoidable. For example [6, 5] achieves this for fixed
dimensional Euclidean spaces, and [10] achieves it for doubling spaces, and general finite
spaces in the oblivious adversary model. Getting spread-free bounds for the non-oblivious
adversary is an interesting problem for further research.

Explicit constructions. To the best of our knowledge, there is no known polynomial time
deterministic algorithm for constructing expanders with Property (P1) or Property (P2).
Getting such a construction is an interesting open problem.
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Abstract
Given a closed simple polygon P , we say two points p, q see each other if the segment seg(p, q) is
fully contained in P . The art gallery problem seeks a minimum size set G ⊂ P of guards that sees
P completely. The only currently correct algorithm to solve the art gallery problem exactly uses
algebraic methods. As the art gallery problem is ∃R-complete, it seems unlikely to avoid algebraic
methods, for any exact algorithm, without additional assumptions.

In this paper, we introduce the notion of vision-stability. In order to describe vision-stability
consider an enhanced guard that can see “around the corner” by an angle of δ or a diminished guard
whose vision is by an angle of δ “blocked” by reflex vertices. A polygon P has vision-stability δ if
the optimal number of enhanced guards to guard P is the same as the optimal number of diminished
guards to guard P . We will argue that most relevant polygons are vision-stable. We describe a
one-shot vision-stable algorithm that computes an optimal guard set for vision-stable polygons
using polynomial time and solving one integer program. It guarantees to find the optimal solution
for every vision-stable polygon. We implemented an iterative vision-stable algorithm and show
its practical performance is slower, but comparable with other state-of-the-art algorithms. The
practical implementation can be found at: https://github.com/simonheng/AGPIterative. Our
iterative algorithm is inspired and follows closely the one-shot algorithm. It delays several steps and
only computes them when deemed necessary. Given a chord c of a polygon, we denote by n(c) the
number of vertices visible from c. The chord-visibility width (cw(P )) of a polygon is the maximum
n(c) over all possible chords c. The set of vision-stable polygons admit an FPT algorithm when
parameterized by the chord-visibility width. Furthermore, the one-shot algorithm runs in FPT time
when parameterized by the number of reflex vertices.
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44:2 A Practical Algorithm with Performance Guarantees for the Art Gallery Problem

1 Introduction

For most algorithmic problems, there is a practice-theory gap. That is a gap between
algorithms that perform best in practice and that perform best in theory. A striking example
is the euclidean traveling salesperson problem. It has long been known to be NP-hard,
see [46] for the most recent hardness results. Despite those theoretical hardness results, in
practice, new records of optimally solved large scale instances keep making the news [11].

In this work, we narrow this gap for the art gallery problem. We present several closely
related algorithms. Some of them have provable performance guarantees under some mild
assumptions. Other algorithms perform comparably well to the best state-of-the-art practical
algorithms on the art gallery problem, however at the cost of losing these theoretical
performance guarantees.

Motivation. The theoretical study [57] of algorithms has three main motivations:
Prediction: Given a specific algorithm, we want to predict how well it will perform. This

can help us to decide if we want to implement it in the first place.
Explanation: Assuming that we know how well an algorithm performs, we want to find an

underlying reason for its performance.
Invention: Can we design better algorithms in practice?
These goals are an important measure of success. In an ideal world, theory and practice go
hand-in-hand. Theory researchers design and analyze algorithms and practically oriented
researchers implement those algorithms and rigorously test them. These tests help to adapt
models, assumptions, and performance measures. At the same time, practical researchers
may find other approaches fruitful and then in turn theoretical researchers need to find out
why those approaches work. This theory-practice cycle should ideally lead to a very good
theoretical understanding and very fast practical algorithms. Unfortunately, as we will lay
out, the study on the art gallery problem has two almost independent lines of research. One
solely theoretical and another purely practical one. Thus our theoretical study has limited
value to predict, to explain, or to invent. We believe that a solid theoretical understanding
will be also useful for experimental research. Our main contribution is to narrow this gap
and give a starting point to the theory-practice cycle.

Related work. Let us start by considering practical research. Various researchers imple-
mented algorithms and found the optimal solution on synthetic instances of up to 500
vertices [68, 36, 21, 49, 25, 20, 26, 10, 27, 19]. The idea is to discretize the problem and hope
that the solution to the discretized problem also gives the optimal solution to the original
problem. To be more specific, the approach is to generate a candidate set C and a witness
set W , then compute the optimal way to guard W using the minimum number of guards
in C. In an iterative manner, more candidates and witnesses are generated until the optimal
solution is found. While these algorithms usually find the optimal solution, there is a simple
polygon on which these algorithms run forever [2]. We do not know sufficient conditions
under which these practical algorithms would give the optimal solution in a finite amount
of time.

Let us continue by considering worst-case optimality. We know that the art gallery
problem is decidable using tools from real algebraic geometry. The idea is to encode guards
by real numbers and use polynomial equations and inequalities to encode visibility [32].
Currently, researchers working on solving polynomial equations repeatedly report that 12 is
the maximum number of variables they could handle, using exact methods. (The second
author asked this at several conferences and workshops.) To express the art gallery problem
by polynomial equations has a considerable blow-up and needs existentially and universally
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quantified variables. To summarize, we would be surprised if these exact methods could even
find an optimal solution of size two for the art gallery problem. As the art gallery problem is
∃R-complete [3], we know that methods from real algebraic geometry are unavoidable for any
exact algorithm, without additional assumptions. The ∃R-completeness of the art gallery
problem [3] is a very good explanation of why researchers were not able to find algorithms
that avoid the aforementioned algebraic methods. Furthermore, it explains why it is hard
to prove that practical discretization schemes work from a theoretical perspective. To be
precise, if there would be a discretization scheme with worst-case guarantees then NP ≠ ∃R.

To the reader not familiar with the existential theory of the reals (∃R), it may be insightful
to get some background information. It is defined in an analogously to NP. Recall that a
problem is in NP if for every input there is a binary witness w ∈ {0, 1}∗ and a verification
algorithm that runs on the word RAM in polynomial time. We say a problem is contained
in ∃R if for every input there is a real witness w ∈ R∗ and a verification algorithm that
runs on the real RAM in polynomial time. Note that the usage of witness in the context of
complexity classes is very different from the usage of witness in the context of the art gallery
problem [35]. The complexity class ∃R is important as it gives a precise characterization
of many important algorithmic problems [1, 3, 5, 15, 22, 23, 29, 31, 34, 37, 42, 47, 51, 52,
53, 56, 58, 59, 60, 62, 63, 64, 4, 28]. None of these algorithmic problems are known to be
contained in NP. The problem to show NP-membership is that it is seemingly impossible
to describe a discrete witness of polynomial-size. The complexity-class ∃R relates the issue
for each of those algorithmic problems. To be more specific, either all of those algorithmic
problems admit a polynomial size witness or none of them do. This also makes it difficult to
discretize any of those problems as any such discretization, usually, would also give rise to a
polynomial sized witness.

Maybe the main approach to overcome the discretization problem for the art gallery
problem was to consider variants. Specifically, restricting guard placements to the vertices of
the polygon avoids the discretization problem, see [55, 14, 45, 7, 54, 38]. While many of these
results are very intricate and innovative, we are not aware of any of these algorithms being
implemented in practice. We think that there are two main reasons for this. In practice, the
discretization problem is solved to a fairly large degree. That is the candidates and witnesses
are usually sufficient to determine an optimal solution, even if this cannot be proven, i.e.,
restricting the guards to the vertices has only a small added benefit. The second reason is
that theoretical research focuses on the study of approximation algorithms, which may not
be so relevant in practice.

The study of approximation algorithms is mainly motivated by the fact that the art
gallery problem and many of its variants are NP-hard [33, 50, 61, 18]. Thus we cannot expect
a polynomial-time algorithm, assuming P ̸= NP. However, there are four important facts to
consider when dealing with the practical performance of approximation algorithms:
Discretization: While the concept of approximation relaxes the worst-case condition, it has

not been shown to help sufficiently to find a nice discretization [17]. (See below for a
detailed discussion.)

IP-solvers: For some inexplicable reason, once we have a discretization of the art gallery
problem, IP-solvers often find the optimum for that discretized problem very fast in
practice. (Often only 10% of the total running time is spent on solving IPs [27].) Thus
the aim of having a polynomial-time algorithm is not so important.

Visibility: The real bottleneck in practical performance seems to be computing visibilities
between candidates and witnesses. Approximation algorithms have to do these computa-
tions as well. Thus they may just not be any faster.

Non-optimality: By definition approximation algorithms do not give the optimal solution.
This may just be a too high price to pay.

SoCG 2021
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Contribution. In this paper, we introduce the notion of vision-stability. We argue that
most practical polygons are vision-stable. Using this assumption, we give a theoretical
solution to the discretization problem. Based on this discretization, we develop the one-shot
(vision-stable) algorithm that is guaranteed to find an optimal solution for every vision-stable
polygon. The algorithm takes polynomial preprocessing time and thereafter solves one integer
program. In particular, this shows that the art gallery problem is in NP for vision-stable
polygons. We refine the algorithm and present the iterative (vision-stable) algorithm. The
iterative algorithm delays many steps of the one-shot algorithm. Both algorithms are reliable,
in the sense that even if the input polygon is not vision-stable, the reported result is correct.
In order to make the iterative algorithm comparable in performance to the state-of-the-art,
we cut many corners in our implementation. The downside of this approach is that we are
not able to show theoretical performance guarantees for this practical version of the iterative
algorithm. On the upside, our implementation has slower but similar performance to previous
practical algorithms.

We believe that the concept of vision-stability contributed to all three main goals, as
mentioned above. It gives an explanation of why the discretization problem is solvable in
practice. It led to the design of a new practical algorithm, that, as we will see, works quite
differently from previous algorithms in many aspects. And finally, it predicted correctly that
this algorithm is feasible, which we verified in practice.

Let us emphasize here that there is still a large gap, between theory and practice. Our
predicted running times are far worse than the observed practical running time. Furthermore,
in practice, we used many techniques for which it seems very hard to give a profound
theoretical explanation of why they work so well. We hope our work contributes to a
deepened theoretical understanding of the art gallery problem.

Vision-stability. Before we formally define the notion of vision-stability, which is the key
concept of this paper, let us give some basic intuition on discretizing the art gallery problem.
The aim of the discretization process is to define a suitable candidate set C such that opt[C],
the optimum guard set restricted to C, is “pretty close” to the actual optimum opt. After
defining C in a suitable fashion, we can compute opt[C] by solving an integer program. We
know [17] that the grid Γ = wZ2 ∩ P with a small enough width w is a good such candidate
set in the sense that |opt[Γ]| ≤ 10 |opt|, under some mild general position assumptions. Using
smoothed analysis [30, 35] and a suitable random model of perturbation, we even know
that |opt[Γ]| = |opt|, with high probability. In summary, a fine enough grid contains the
optimal solution, under certain assumptions, however, the size of the candidate set C is also
important. The grid Γ as described above is huge. Thus computing opt[Γ] is infeasible in
practice, making it very desirable to attain a candidate set C with similar properties as Γ
and of polynomial size.

As a first step, we realize that a uniformly distributed candidate set would either be too
large or too coarse. Thus at some spots, we want the candidate set to be denser and at other
places in the polygon, we want it to be more sparse. Let us say two guard positions g, g′ have
almost the same visibility region then hopefully it is not so important to keep track of both
positions, but keeping only one of the positions is hopefully sufficient. Thus if the visibility
regions of g and g′ are very different, we should potentially include both of them in our
candidate set C. Another, almost trivial, observation is that a small movement of g towards
g′ may dramatically change visibility regions, if g and g′ are close to a reflex vertex. If g and
g′ are both very far away from all reflex vertices their visibility regions change almost not at
all, see Figure 1 a). Those two observations suggest that we may want to pick a candidate
set that is denser closer to reflex vertices and more sparse farther away from reflex vertices.
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Figure 2 A ray is rotated around a reflex vertex r. It defines a region that is either added or
removed from the visibility region.

x

opt(P, x)

Figure 3 On the x-axis, we have the value by which we either diminish or enhance guards. On
the y-axis we display the optimal number of guards. The function opt(P, x) only takes discrete
values and is monotonically decreasing. Thus it has a finite number of breakpoints.

This motivates the following approach. Shoot rays from every reflex vertex, such that the
angle between any two rays is at most some given angle δ. This defines an arrangement A.
All intersection points of the rays within the polygon P define our candidate set C, see
Figure 1 b). On an intuitive level, for every point p ∈ P there is a candidate c ∈ C such that
the visibility regions of p and c are similar. When r denotes the number of reflex vertices, we
get a total number of rays upper bounded by O( r

δ ). Thus, the candidate set has size O( r2

δ2 ).
We are now ready for the formal definition of vision-stability. Given a simple polygon P

and a point q, the visibility region of q is defined as vis(q) = {x ∈ P : x sees q}. Let r be
a reflex vertex of P and we assume that q sees r. Then, given some δ > 0, we can define
the visibility enhancing region A = A(q, r, δ) as follows. Rotate a ray v with apex r by some
angle of δ, clockwise and counter-clockwise. At each time of the rotation, the ray v defines a
maximal segment inside P with endpoint r. In some cases, the segment is the single point r,
see Figure 2. The region A(r, δ) is the union of all those segments. For some δ > 0, we define
the δ-enhanced visibility region visδ(q) of q as vis(q) and for every suitable reflex vertex, we
add the region A(r, δ). We define the δ-diminished visibility region vis−δ(q) of q as vis(q)
after we remove the regions A(r, δ), for every applicable reflex vertex r. To be precise, we
define visδ(q) to be a closed set, both for δ > 0 and δ ≤ 0. Given a polygon P , we say that
G is δ-guarding P if

⋃
g∈G visδ(g) = P . We denote by opt(P, δ) the size of the minimum

δ-guarding set. For brevity, we denote opt(P, 0), merely by opt(P ) or, if P is clear from the
context, by opt. We say that a polygon P is vision-stable or equivalently has vision-stability
δ > 0, if opt(P, −δ) = opt(P, δ). Note that for δ′ > δ > 0, it holds that P has vision-stability
δ′ implies that P also has vision-stability δ. Thus the smaller the vision-stability the larger
we expect the candidate set to be. To avoid confusion, at no time are we interested in
actually computing opt(P, x), for any value x ≠ 0. The notion of vision-stability is purely a
theoretical concept in order to formulate assumptions on the underlying polygon.
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Here, we will give a summary of the justification of vision-stability. First, without any
assumption, we cannot avoid algebraic methods unless NP = ∃R. Furthermore, there is an
argument to be made related to smoothed analysis. Consider opt(P, x) as a function f of x,
see Figure 3. Clearly, f takes only a discrete number of values, by definition. Furthermore,
the function is monotonically decreasing, as visx(p) ⊆ visx′(p), if x ≤ x′. Thus the function f

has only a finite number of breakpoints. If a breakpoint happens to be at zero then P is not
vision-stable. Intuitively, this seems unlikely. See the full version for more details [40].

Discretization. Using vision-stability, we exhibit a candidate set C of polynomial size. The
idea is to use the vertices of arrangement A from Figure 1 b). For technical reasons, we will
not use the arrangement A, but a refinement of it. Note that the smaller the vision-stability,
the weaker the assumption on the underlying polygon, and thus the larger the required
candidate set.

▶ Theorem 1 (Candidate Set). Given a polygon with vision-stability δ and r reflex vertices,
it is possible to compute a candidate set C (of size O( r4

δ2 )) in polynomial time on a real RAM.
The candidate set C contains an optimal solution.

Although some of the details of the proof are tedious and involved, we see the main
contribution on a conceptual level. It is surprising to us that the vision-stability was not
formulated earlier. In particular, regarding the popularity of the art gallery problem within
computational geometry and the problematic lack of algorithmic results. Let us stress
that while we use augmented and diminished visibilities as abstract concepts, we are only
interested in solving the original art gallery problem.

Let us give an intuition of the proof idea of Theorem 1. As mentioned before, we use
all the vertices of a refinement of the arrangement A, as in Figure 1 b), as our candidate
set C. Consider a minimum size set G0 that is (−δ)-guarding P . Replace each guard g ∈ G0
by a guard g′ ∈ C that is “close by”. This gives a new solution G1 ⊆ C of equal size.
Using that G0 is (−δ)-guarding, we can show that G1 is guarding P in the usual sense. As
opt(P, −δ) = opt(P, 0) = opt(P, δ), we can conclude that G1 ⊆ C is of minimum size. The
technical demanding part of the proof is to show that for every point p ∈ P there exists a
point c ∈ C such that vis−δ(p) ⊆ vis(c).

Theorem 1 answers an open question posed by several authors of related works [10, 66,
67, 27]. For instance, De Rezende et al. [27] states “Therefore, it remains an important
open question whether there exists a discretization scheme that guarantees that the algorithm
always converges [...].”

In the next paragraph, we discuss how the discretization scheme leads to a correct
algorithm that avoids algebraic methods.

One-Shot vision-stable algorithm. Note that in practice there does not exist an algorithm
which can be used to compute whether or not a polygon has vision-stability δ. Therefore,
it is important that our algorithms work correctly even if the underlying polygon is not
vision-stable. Specifically, our algorithms will either compute the optimal solution or report
that the input polygon had lower vision-stability than specified by the user. We say our
algorithms are reliable, as they never return an incorrect answer.

▶ Theorem 2 (One-Shot vision-stable Algorithm). Let P be an n vertex polygon, with r reflex
vertices. We assume that a suggested value for δ is given as part of the input. Then the
one-shot algorithm has a preprocessing time of O( r8

δ4 log n + n log n) on a real RAM and
additionally solves exactly one integer program. The algorithm either returns the optimal
solution or reports that the given suggested value for δ is incorrect.
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This is the first algorithm for the classical art gallery problem that avoids using algebraic
methods and gives an exact solution.

The core idea of the algorithm is to utilize the candidates from Theorem 1 and use them
to build a set-cover instance, which can then be solved using integer programming.

Let us point out that next to vertex-candidates, we also use faces as candidates. This is a
distinct feature of our algorithm. All previous algorithms used only points as candidates. In
this way, we can easily check that we have not missed a better solution. Say the algorithm
returns a solution G of size k and suppose for the purpose of contradiction that there would
be a smaller solution G′ of size k′ < k. Pick for each g ∈ G′ a face containing g. (If g lies
on an edge or a vertex of A make an arbitrary choice.) This defines a set F of faces with
|F| = k′. Now we arrive at a contradiction, as F is a valid guarding of the polygon P . The
algorithm primarily minimizes the number of used guards (vertex or face guards), but among
the minimum size solutions, it prefers vertex guards over face guards. We say that using
vertex guards is a soft constraint.

Similar to previous algorithms, we also use witnesses. In the context of the art gallery
problem, we require only that all the witnesses are seen, instead of the entire polygon. The
hope is that the computed guards will also see the entire polygon. This is a second important
step to discretize the problem. In our case, the witness set W will be all faces and vertices
of some arrangement A. This is a second feature that makes our algorithm unique. As all
the faces of A are covering P , seeing all faces guarantees that P is completely seen. We
impose the hard constraint that all point-witnesses are seen and the soft constraint that each
face-witness must be seen by at least one guard.

Due to the hard constraints, we know that our solution is at most the optimal size
(theoretically it could be smaller, as face-guards are more powerful than point-guards). If we
see all face-witnesses, then we know that the guards are actually guarding P . Furthermore,
if all guards are points, we know that we have found a minimum size point guard set. In case
that one of the soft-constraints is violated, we will be able to deduce that the underlying
polygon was not vision-stable, with the suggested value δ given in the input. The last
statement is the technically demanding part of the proof. One of the central concepts of
the proof is the angular capacity of a face. It measures how small a face is while taking into
account the distance to reflex vertices.

For the remainder of the paper, whenever we refer to a candidate, witness or a guard, we
could mean either a point or a face, if not further specified.

Parameterized algorithms. As the size of the integer program of the one-shot algorithm
only depends on r and 1/δ, it exhibits an FPT algorithm, with respect to the number of
reflex vertices r, for every fixed δ. The most natural parameter for the art gallery problem
is the solution size. As the art gallery problem is W[1]-hard, when parameterized by the
solution size [18], research focused on other parameters [9, 7, 8, 12, 43, 44, 6]. Specifically,
Agrawal et al. [7] described an elegant FPT algorithm for the art gallery problem. They
considered three variants of the art gallery problem defined by restricting guard positions
and the part of the polygon that needs to be guarded. By considering the number of reflex
vertices as the parameter, they answered a question by Giannopoulos, for those variants.
“Guarding simple polygons has been recently shown to be W[1]-hard w.r.t. the number of
(vertex or point) guards. Is the problem FPT w.r.t. the number of reflex vertices of the
polygon?” [39]. We answer the same question, with respect to vision-stable polygons and the
classic variant of the art gallery problem.
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▶ Corollary 3 (Reflex-FPT Algorithm). Given a vision-stable polygon, with any fixed vision-
stability. The one-shot algorithm is FPT with respect to the number of reflex vertices.

Practical algorithm. Although the one-shot algorithm does not require algebraic methods
and only polynomial preprocessing time, it is still way too slow to be considered practical.
Note that the performance bottleneck is not solving the integer program, but computing
visibilities. As a next step, we develop the iterative vision-stable algorithm. It is practical
and follows the basic principle of the one-shot algorithm. Ideally, we would also like to show
provable performance guarantees for the iterative algorithm. Note that the statement that
an algorithm is both practical and has theoretical guarantees must be taken with caution.
Once we have a practical algorithm P and a theoretical algorithm T , we can easily get a
third algorithm B that has both properties as follows. Run algorithm P within the running
time bound of T . If P does not return a solution abort and run T . Here, T serves as a safe
guard for P . Clearly B performs as well in practice as P and has the theoretical bounds of T .
Thus, when we say that we show theoretical performance guarantees of some algorithm, we
should really ask ourselves, if we show those guarantees for the algorithm that we actually
use or for some safe guards that aren’t ever used in practice.

The core idea of the iterative algorithm is as follows. We start with a very coarse
arrangement A. Using the faces and the vertices of A, we define a candidate set C and a
witness set W . We compute which candidates see which witnesses. This enables us to build
an integer program, that tries to find a minimum guard set G ⊆ C, as described for the
one-hot algorithm. Note that vertices and faces may serve as guards and some face-witnesses
may be unguarded. As a secondary objective function, the integer program tries to minimize
the number of face-guards used in G and the number of unseen face-witnesses. If the guard
set G contains only point guards and sees all face-witnesses, the iterative algorithm reports
the optimal solution. Otherwise, it refines the arrangement A and goes to the next iteration.

Irrational-Guard Polygon. In Figure 4 we show the first 8 iterations of the Irrational-Guard
polygon [2]. The orange points and faces represent point- and face-guards in the intermediate
solution. The green faces represent faces not fully seen by the current candidate solution.
Both orange and green faces are split in the next iteration. Note that for each of the orange
and green faces, we draw a random vertex in the same colour, to make also very small faces
visible.

Local complexity. One of the bottlenecks is the large number of possible visibilities between
candidates and witnesses that we have to compute. Due to the low local complexity of the
input polygons, most of those pairs are not seeing each other. We exploit this by building a
so-called weak visibility polygon tree. In this tree, any point p in node n(p) can see a point q

in node n(q), if the two nodes are siblings or in a parent-child relationship, see Figure 5.
Before, we can describe the weak visibility polygon tree, recall that the weak visibility

polygon vis(s) (of a segment s) is defined by vis(s) = {p ∈ P : ∃q ∈ s s.t. seg(p, q) ⊆ P}.
To build the weak visibility polygon tree T of P , we start with an arbitrary edge e on
the boundary of P . We compute the weak visibility polygon vis(e) of e, which is the root
of T . For every edge e′ of vis(e), which is not part of the boundary of P , we compute the
weak visibility polygon vis(e′) with respect to the polygon P \ vis(e). Those weak visibility
polygons are the children of vis(e). We continue recursively to compute the children of every
weak visibility polygon. Note that every node of T is a weak visibility polygon W of some
defining chord c.
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Figure 4 The first 8 iterations of the Irrational-Guard polygon [2].

Interestingly, this inspired a new structural parameter, which we call the chord-visibility
width. Given a chord c of P , we denote by n(c) the number of vertices visible from c. The
chord-visibility width (cw(P )) of a polygon is the maximum n(c) over all possible chords c.

We show that the art gallery problem is FPT with respect to the chord-visibility width.

▶ Theorem 4 (Chord-Width-FPT). Let P be a simple polygon with vision-stability at least
some fixed δ. Then there is an FPT algorithm for the art gallery problem with respect to the
chord-visibility width.

The core idea is to use dynamic programming along the weak visibility polygon tree,
similar to dynamic programming algorithms for tree-width. The challenge here is to find
bounds on the number of candidates per node.

Critical witnesses. Another practical idea is to reduce the total number of witnesses that
we use. Instead of using all faces and vertices of A as witnesses, we only use some random
selection, which we call critical witnesses. We use heuristics to update this critical witness
set. In deciding whether to add a critical witness or not, we are faced with some trade-offs. If
we add very few critical witnesses, we have to make more loops until the IP solution returns
a guard set that sees the entire polygon. If we add too many critical witnesses, the set of
critical witnesses grows unnecessarily fast and we have to compute many more visibilities.

SoCG 2021
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Figure 5 The polygon together with a weak visibility polygon tree. The polygon has 200 vertices,
but each node in the weak visibility polygon tree has only about 20 vertices. The red segment
indicates the starting edge of the weak visibility polygon tree.

Visibility queries. One of the major bottlenecks at the beginning of this project was the
computation of weak visibility queries. That is, we often need to decide if a given face sees
a given point or another face. In a follow-up project [41], we developed a fast practical
algorithm to compute weak visibility polygons.

Losing performance guarantees. The main reason that the iterative algorithm does not
have the same performance guarantees as the one-shot algorithm is as follows. It is possible
that the iterative algorithm keeps splitting a certain face (and its children) many times, only
to conclude much later that it was misled. It could have found a solution much earlier by
splitting one of the larger faces. In practice, it seems usually a very good idea to split the
faces that were selected by the Integer program solution. Especially, if those faces are small,
we made progress and avoided usually unnecessary splits of big unimportant faces. It is
easily possible to design an algorithm in a way that it will not split too small faces, before
also splitting occasionally bigger faces, that might be useful. In this way, we are still able
to ensure theoretical performance guarantees, see Theorem 5. However, this theorem adds
little to the goals of explanation, prediction, and invention. Quite the opposite, this analysis
suggests that faces should be split in a way that is harmful to practical performance. In the
full version [40], we describe several different versions of the iterative algorithm. When we
use the safeguard version of the algorithm, we get the following theorem.

▶ Theorem 5 (Iterative Algorithm). Let P be an n vertex polygon, with vision-stability δ.
Then the iterative algorithm returns the optimal solution to the art gallery problem. It has
a running time of ( n

δ )O(1) + T per iteration and takes at most ( n
δ )O(1) iterations. Here T

denotes the time it takes to solve one integer program.

Experimental results. We implemented and tested the iterative algorithm with a 64-bit
Windows 10 operating system, an 8-core Intel(R) Core i7-7700HQ CPU at 2800 Mhz and 16
GB of main memory. The practical implementation makes heavy use of version 4.13.1 of
CGAL [65]. The IP solver used was IBM ILOG CPLEX version 12.10 [16].

We compared our implementation directly with the algorithm from Tozoni et al. [68], as
this is the currently best algorithm, for which there was freely accessible code available. In
order to get a deeper understanding, we analyzed various aspects of the running time. One
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of them is the distribution of the running time w.r.t. different subroutines. Furthermore,
we studied the influence of vision-stability on the running time. We also study the effect
of our speed-up methods. Lastly, we study the iterative algorithm on the irrational-guard
polygon [2]. For an in-depth description of our experiments with all details, we refer the
reader to the full version [40]. Here, we only highlight the most important findings.

Comparison. We tested our algorithm and the algorithm of Tozoni et.al. on 5 sets of 30
polygons of sizes 60, 100, 200, and 500 vertices. The results can be seen in Table 1. We
see that, except for size 60, our algorithm is slightly faster. However, we want to point out
that comparing those running times should be taken with a grain of salt. Both algorithms
rely on a software environment that is not identical. To some degree, the differences in the
running time may come from performance differences from this software. First note, that
Tozoni et al. implemented their algorithm in Linux, whereas, we implemented our algorithm
in Windows. Interestingly, CGAL runs between factor 2 − 3 faster on Linux compared to
Windows [48]. Secondly, our algorithm has to compute visibilities of faces instead of point
visibilities. Thirdly, while testing the implementation of Tozoni et al, we could not use the
best available IP solver, which might skew the results a bit. Overall, our algorithm seems
faster for larger polygons, but does not make a very large improvement.

Table 1 A comparison of the iterative algorithm without safe guards with the results from Tozoni
et al. [68], both the results reported by Tozoni et al. themselves [68] and results found using their
implementation on our hardware.

Sizes
Average time (s)

Tozoni et al. Tozoni et al. (Our hardware) The Iterative Algorithm
60 0.26 0.18 0.39
100 0.94 0.68 0.52
200 3.77 2.54 2.02
500 35.04 22.34 18.2

CPU distribution. We analyzed the distribution of the CPU time of the iterative algorithm.
The results are shown below in a pie-chart. We see that solving integer programs is the
dominating factor of the running time. This shows that to improve the running time of the
algorithm, we must reduce the total number or the size of the IPs. Alternatively, we can
optimize the IP solver, or perhaps experiment with different IP solvers.

It may appear strange that we spend so much energy on reducing the CPU time spent on
speeding up visibility queries when the CPU usage is dominated by solving IPs. The reason
is that before we implemented all of the improvements described before, the running time
was dominated by weak-visibility queries.

In general, the CPU distribution needs to be regarded with a grain of salt. It seems
that there is usually one subroutine that dominates the running time. Often conceptual
improvements decrease the running time by several factors, which in turn makes a different
subroutine appear to dominate the running time. Thus the fact that solving IPs says more
about the components that we optimized rather than which parts are inherently more difficult.
Thus we consider it a success that the running time is now dominated by solving IPs.
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CPU distribution (200 vertex polygons)

Pre-processing

Point-guard visibility queries

Face-guard visibility queries

IP solving

Other tasks

Figure 6 The chart shows the CPU distribution of the Iterative Algorithm implementation for
solving 30 polygons of size 200.

Vision-stability. Unfortunately, we cannot measure the vision-stability of a polygon nor
approximate it. To get a vague idea of the influence of the vision-stability on the running
time, we define the granularity of the subdivision at the end of the iterative algorithm. The
granularity is related to the smallest face in the final subdivision. Interestingly, even with
polygons of the same size the running times vary widely. The large correlations between
the observed running times and the granularity indicate that vision-stability may have a
significant influence on the total running time.

Table 2 The correlation coefficients between the measured minimum granularity and the running
time, computed per size.

Size 60 100 200 500
Correlation 0.07 0.32 0.21 0.76

Weak visibility polygon tree. To verify the amount of visibility queries that we save by
using the weak visibility polygon tree, we conducted an experiment. Note that computing the
weak visibility polygon tree requires the computation of weak visibility polygon. In practice,
this was achieved by using an efficient new algorithm, about which a follow-up paper will be
published [41]. The precise percentage highly depends on the type of polygon. See Table 3
for a detailed overview. Interestingly, the number of reflex vertices per node of the weak
visibility polygon grows much slower than the input size. This indicates that chord-visibility
width may be a useful practical parameter to study for geometric algorithms in polygons.

Table 3 We tested 30 input polygons from the AGPLIB library [24] of four sizes. For each size
class we see the averages of characteristics of the weak visibility polygon trees.

Size 60 100 200 500
Tree size 14.2 23.0 46.3 115.0

Largest polygon 20.5 23.3 26.2 28.4
Largest number of reflex vertices 5.9 6.2 7.0 9.2

Percentage of queries saved 16.7% 35.4% 63.5% 87.3%
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Figure 7 The iterative algorithm based on the notion of vision-stability reports a sequence of
solutions. The Graph shows on the x-axis the iterations from 1 to about 300 and on the y-axis, the
log2 of the Hausdorff distance to the optimal solution.

Irrational guards. We show that the implementation of our algorithm provides a rapidly
improving solution even for polygons that are not vision-stable. Specifically, Abraham-
sen et al. [2] introduced a small and simple polygon, which requires irrational guards for an
optimal guarding using point-guards. Although, the iterative algorithm avoids irrational
numbers it still returns a guard set Gi for each iteration i = 1, 2, 3, . . .. Recall that Gi consists
of faces and points. As we know the optimal solution G∗, we can compute di = d(G∗, Gi),
see Figure 7.

Future research. The vast majority of the work on the art gallery problem focused on
variants of the classic question. There are almost no positive theoretical algorithmic results
on the original art gallery problem, with some exceptions [13, 32, 17]. We believe that the
main reason for this focus on variants is the fact that the art gallery problem is inherently
continuous, as is reflected by its ∃R-completeness [3]. Now that we arguably broke that
barrier, we hope that more progress will be made on the original problem.

Can we adapt the algorithm to polygonal domains with holes? Here, the main bottleneck
seems to be adapting the visibility queries to polygons with holes.
Does the iterative algorithm always converge towards the optimal solution, even if the
underlying polygon is not vision-stable? Our experimental results suggest that we converge
exponentially fast to an optimal solution. It is intriguing to see if this also holds true in
general.
One simple way to make the one-shot algorithm more practical would be to find a smaller
witness and candidate set. What is the smallest integer program that guarantees to give
the optimal solution for vision-stable polygons? The bound we gave seems to have plenty
of room for improvement.
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Abstract
Range counting under differential privacy has been studied extensively. Unfortunately, lower bounds
based on discrepancy theory suggest that large errors have to be introduced in order to preserve
privacy: Essentially for any range space (except axis-parallel rectangles), the error has to be
polynomial. In this paper, we show that by allowing a standard notion of geometric approximation
where points near the boundary of the range may or may not be counted, the error can be reduced
to logarithmic. Furthermore, our approximate range counting data structure can be used to solve
the approximate nearest neighbor (ANN) problem and k-NN classification, leading to the first
differentially private algorithms for these two problems with provable guarantees on the utility.
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1 Introduction

Differential privacy (DP) [7] is a rigorous notion of privacy-preserving data publishing, which
has been widely adopted. Essentially, it ensures that no individual can substantially change
the probability distribution on the published results of an analysis. A central problem studied
under differential privacy is counting queries. Given a set of points P ⊆ U , where U is the
universe, the goal is to release a differentially private data structure of P , so that for any
query Q ⊆ U from a certain query family Q, we can find the count1 |P ∩Q|. To ensure the
privacy of P , some noise has to be injected to the query answers, so the key challenge is to
minimize the error under a given privacy budget (ε, δ); please see Section 2.1 for a more
formal DP definition and the meaning of the privacy parameters ε, δ.

When Q consists of arbitrary subsets of U , then the optimal error achievable is
√

n ·
poly( 1

ε , log |U|·|Q|
δ ) [12]. In the other extreme when Q = U , which are called point queries,

also known as the histogram problem, the error is O( 1
ε ·min{log |U|, log 1

δ }) [22]. This is a
large gap. Thus, there have been a lot of interest in studying specific query families, and
particularly, identifying those that yield polylogarithmic errors. In this paper, we study query
families in constant-dimensional Euclidean space. More precisely, the dataset P consists of n

points from U = [u]d, where [u] denotes integers from 1 to u, while Q consists of geometric
ranges of a certain type, e.g., (axis-parallel) rectangles, halfspaces, simplices, spheres, or
arbitrarily-shaped regions. In the geometric setting, Q is often called a range space.

1 We allow P to be a multiset, i.e., the same point from U may appear multiple times in P . In this case,
|P ∩ Q| adds up all the multiplicities of points of P that are in Q.
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1.1 Previous work
For d = 1, the only interesting range space is the set of intervals. For this case, Dwork et
al. [8] present an (ε, 0)-DP algorithm with error O

( 1
ε log1.5 u

)
, as well as a lower bound

of Ω( 1
ε log u)2. Bun et al. [4] show that under (ε, δ)-DP, this lower bound can be broken,

achieving error 2(1+o(1)) log∗ u · log(1/δ)/ε. They also show an Ω(log∗ u · log(1/δ)/ε) lower
bound for exp(−εn/ log∗ n) ≤ δ ≤ 1/n2. Note that these lower bounds justify the restriction
that the points must have integer coordinates. In addition, they hold irrespective of the
space/time of the data structure. They solely rely on the privacy requirement.

For d ≥ 2, Chan et al. [5] extend the algorithm of [8] to answer axis-parallel rectangle
queries with error O

(
1
ε log1.5d u

)
, which is later improved to O

(
1
ε (log u + log1.5d n)

)
[9].

These results show that rectangles are “easy”, namely, they admit polylogarithmic errors.
Unfortunately, it turns out they are essentially the only easy cases. Muthukrishnan and
Nikolov [18] and Nikolov et al. [19] build an equivalence between the error and the discrepancy
of the range space Q. Rectangle range counting has polylogarithmic errors essentially because
the discrepancy of rectangles is polylogarithmic [17]. On the other hand, since the discrepancy
of other natural range spaces, such as halfspaces, simplices, and spheres, is all nϕ(d), where
ϕ(d) ∈ [ 1

4 , 1
2 ] is a constant depending on the particular range space and d [17], they are ruled

out for having polylogarithmic errors. Making things worse, if we allow nonconvex ranges,
the discrepancy becomes

√
n, which means that the aforementioned solution that works for

arbitrary query families [12] is already optimal, namely, geometry doesn’t help.
However, a series of differentially private range counting data structures [6, 14, 23, 16, 20,

21, 24] have been proposed by practitioners, mostly based on hierarchical space decompositions.
They work well on many real-world datasets, but perform badly on high-discrepancy point
sets, as predicted by the lower bounds [18, 19].

Must not be counted

May be counted

Must be counted

Q−
α

Q
Q+
α

Figure 1 Approximate range counting.

1.2 Our results
This paper provides the theoretical justification that geometry does help, at least in constant
dimensions. However, in order to circumvent the polynomial discrepancy lower bounds, we
have to introduce some relaxation. Specifically, we consider approximate range counting as
defined in [1]. The diameter of a range Q is the largest distance between any two points in
Q. Given a range Q of diameter w and a constant fuzziness parameter 0 < α < 1, the inner
range Q−

α is defined as the region of points whose distance from any point exterior to Q is at

2 All upper bounds stated in this paper hold for any single query with constant probability, while lower
bounds hold for the maximum error of all queries with constant probability.
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least αw, while the outer range Q+
α is those points whose distance from a point interior to Q

is at most αw. Then any count between |P ∩Q−
α | and |P ∩Q+

α | is considered a valid answer
to Q, i.e., points in Q+

α −Q−
α may or may not be counted (see Figure 1). In fact, Blum et

al. [3] used a similar notion of geometric approximation with differential privacy, but their
error is still polynomial.

We show that polylogarithmic errors are achievable under this notion of approximation.
In particular, we show that (1) under (ε, 0)-DP, the error is O

( 1
ε log u

)
, with a lower bound

of Ω
( 1

ε log u
)
; and (2) under (ε, δ)-DP, the error can be reduced to O( 1

ε (log log u + log 1
δ +

log1.5 n)), with a lower bound of Ω
( 1

ε log∗ u · log(1/δ)
)

for exp(−εn/ log∗ n) ≤ δ ≤ 1/n2.
These results hold for any range space in constant dimensions (even if the ranges are
nonconvex). Compared with the

√
n lower bound mentioned above, we obtain this exponential

improvement exactly due to geometry – the notion of fuzziness has no counterpart in arbitrary
query families over an abstract set system. Technically, the fuzziness allows a packing
argument (see Theorem 5), which we borrow from the non-private setting [1].

In practice, this notion of fuzziness is often acceptable, considering that either data or
the range (or both) are often imprecise themselves. For example, if the public want to
know how many people got COVID-19 in their neighborhood, whether the cases near the
boundary are included or not is not very important. Another way of comparing our result
with prior work on DP range counting (which does not allow fuzziness) is that we have an
extra |P ∩ (Q+

α −Q−
α )| term in our error bound. This term is incomparable to

√
n, so our

result doesn’t contradict the discrepancy-based lower bound [18, 19]. However, this error
term is small on most real-world datasets, which explains why small errors are often observed
in many practical solutions.

Our data structures are naturally based on approximate range counting structures in the
non-private setting, in particular, the BBD-tree [1]. However, some non-trivial modifications
and analyses are needed to make the BBD-tree private, especially for reducing the dependence
on u in the (ε, δ)-DP case.

Our approximate range counting data structure can also be used to solve the approximate
nearest neighbor (ANN) problem and k-NN classification, yielding the first DP algorithms
for these two problems with provable guarantees on the utility. For the ANN problem,
returning the NN itself (or any other point in P ) is not private; instead, we return a distance
that approximates the nearest distance. Returning only the distance can still be useful in
many applications, e.g., if the user only wants to know whether there is a point in P that is
sufficiently close to her query point. Also, only the distance to the query point is needed in
k-NN classification; please see Section 4 for details.

2 Preliminaries

2.1 Differential privacy
Let P ∼ P ′ denote two neighboring databases, i.e., one contains one more point than the
other.

▶ Definition 1 (Differential Privacy [10]). For ε > 0 and δ ≥ 0, a randomized algorithm M is
(ε, δ)-differentially private if for any neighboring databases P ∼ P ′ and any S ⊆ Range(M),

Pr[M(P ) ∈ S] ≤ eε · Pr[M(P ′) ∈ S] + δ

The case when δ = 0 is also referred to as pure differential privacy. In practice, ε is usually
a constant ranging from 0.1 to 10, while δ must be much smaller than 1/n. For a numeric
query f , the most common technique for designing DP mechanisms is by masking the result

SoCG 2021



45:4 Approximate Range Counting Under Differential Privacy

with Laplace noise calibrated to the sensitivity of the query ∆f = maxP ∼P ′ |f(P )− f(P ′)|.
We use Lap(λ) to denote the Laplace distribution with parameter λ, which has probability
density function Pr[X = z] = 1

2λ exp(−|z|/λ) and variance 2λ2. And the fact that Pr[|X| >
t · λ] ≤ exp(−t) is often useful to analyze the accuracy of the Laplace mechanism.

▶ Theorem 2 (Laplace Mechanism [10]). For a numeric query f over a database P , an
(ε, 0)-differentially private mechanism is to output f(P ) + X, where X ∼ Lap(∆f /ε).

We need the following properties of DP mechanisms.

▶ Theorem 3 (Basic Composition [10]). Let Mi be an (ε, δ)-differentially private mechanism
for all i ∈ [k], then M(P ) = (M1(P ),M2(P ), . . . ,Mk(P )) is (kε, kδ)-differentially private.

▶ Theorem 4 (Group Privacy [10]). Let M be an (ε, 0)-differentially private mechanism. For
any two databases P and P ′ that differ by at most k individuals and any S ⊆ Range(M),

Pr[M(P ) ∈ S] ≤ ekε · Pr[M(P ′) ∈ S]

2.2 The BBD-tree
The balanced box-decomposition tree (BBD-tree) [2] is a hierarchical space decomposition3

where each node is associated with a region of space called a cell. We define a box to be
an axis-parallel rectangle whose aspect ratio is either 1 or 2. Recall that points in P have
integer coordinates. To avoid the ambiguity of points lying on the boundary of a box, the
boxes’ corners all have coordinates in the form x + 1

2 for integer x. Each cell in the BBD-tree
is either a box or the region between two boxes, one enclosed within the other. Thus each
cell comprises of an outer box and an optional inner box. For a cell c, its size is the length of
the longest side of its outer box. We use size(c) to denote its size and count(c) to denote
the number of points in P lying inside c. The aspect ratio of each cell in the BBD-tree is
bounded by 2, which allows us to bound the number of cells that intersect any range of a
given diameter.

▶ Theorem 5 ([1]). Consider any space decomposition of height h, consisting of cells of
bounded aspect ratios. Let C be any subset of its cells, where each cell has size at least s and
they all intersect a range of diameter w. Then |C| = O(h + (w/s)d). If the cells are also
disjoint, then |C| = O((w/s)d).

Note that the quadtree has this property (where the aspect ratios are all 1), but it has a
large height h = O(log u). On the other hand, the BBD-tree has only O(log n) height. To
achieve this without violating the aspect ratio constraint, the key idea is to give a little more
flexibility to the shape of the cells.

The BBD-tree is a binary tree and is constructed by the repeated application of two
partitioning operations alternatively on each level, split and shrink. Starting from the root
node whose corresponding cell is the entire space [u]d, we recursively divide each cell c by
either split or shrink, until size(c) or count(c) is at most 1.

To split a cell, we bisect it along its longest side (it is guaranteed that the bisecting
hyperplane does not intersect c’s inner box if it has one). The resulting cells have aspect
ratio of either 1 or 2. Now consider the shrink operation. If c does not have an inner box,

3 As a hierarchical space decomposition naturally corresponds to a tree, where each node corresponds to
a cell, we will use the terms “node” and “cell” interchangeably.
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the shrink operation is performed by repeatedly applying split operations and recursing on
the child box bc with the majority of points in c, until count(bc ∩ c) ≤ 2

3 count(c). Then all
intermediate splits are discarded, and the two children of c are bc and c− bc (i.e., c and bc are
the outer and inner boxes of the cell c−bc; see Figure 2a). For the case when there is an inner
box bI in c, we first follow the same procedure to obtain the box bc. If bI ⊆ bc, then we shrink
c to bc − bI (the other child is thus c− bc). Otherwise, suppose the majority boxes obtained
during the series of splits are b1, . . . , bk = bc. Let bj be the smallest box in the sequence that
contains bI . Then we first shrink c to bj − bI (the other child is c− bj), then split bj − bI

to bj+1 and bj − bj+1 − bI , then shrink bj+1 to bc (the other child is bj+1 − bc), as shown in
Figure 2b. The shrink operations ensure that count(c) decreases by a constant factor as we
descend a constant number of levels, leading to an O(log n) height of the BBD-tree.

shrink

(a) shrink without an existing inner box

bI

split

shrink

bI

(b) shrink with an existing inner box bI

Figure 2 The shrink operation in the BBD-tree.

3 Approximate range counting

In this section, we describe and analyze our private range counting data structure. It is
similar to the existing heuristic solutions [6, 20, 24], namely, we also release a hierarchical
space decomposition that is differentially private and can be used to answer any range query.
Each cell c in the space decomposition is associated with a count masked by Laplace noise,
which we denote by noisy_count(c). However, there are two differences, which are important
for achieving theoretical guarantees: First, we use a different query procedure, which is
described in Section 3.1. Second, we use the BBD-tree as our space decomposition, and we
show how to make it private in Sections 3.2 and 3.3.

3.1 Query procedure

Our query procedure is similar to the one in [1]. Given a space decomposition and a range
Q, we visit its cells in a top-down manner, summing up the noisy counts of cells as we go
along. We stop exploring further at a cell in the following two cases: (1) if c ∩Q−

α = ∅, we
just skip c; and if (2) if c ⊆ Q+

α , we add noisy_count(c) and then skip c. If we do not skip a
cell, we visit its children recursively. The detailed query procedure is given in Algorithm 1.

It is clear that line 1 in Algorithm 1 does not introduce any error. Line 2 introduces a
zero-mean error with magnitude proportional to the noise level, while line 3 introduces a
bias equal to count(c). We will account for these two sources of errors when analyzing the
accuracy of our private BBD-tree.

SoCG 2021
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Algorithm 1 Approximate Range Counting Procedure: Query(Q, α, c).

Input: a range Q; range approximation factor α; a cell c in the space decomposition.
Output: an answer to the α-approximate range query Q.

1: if c ∩Q−
α = ∅ then return 0

2: if c ⊆ Q+
α then return noisy_count(c)

3: if c is a leaf cell then return 0
4: s← 0
5: for each child c′ of c do
6: s← s + Query(Q, α, c′)
7: return s

3.2 Pure differential privacy
For pure DP, we use the BBD-tree with only split operations, which results in a full (binary)
quadtree. The quadtree has ud leaves and O(log u) height. It is safe to release this tree
structure as it does not depend on P . It is clear that the sensitivity of count(c) is 1 for each
cell c and each point contributes to the counts of d log u nodes on a root-to-leaf path. Then
by the basic composition theorem, adding noise drawn from Lap(d log u/ε) to each count(c)
is sufficient to preserve (ε, 0)-DP.

Now we analyze the error of an approximate range counting query. The proofs of the
following theorem, as well as some others, are given in the full version [15].

▶ Theorem 6. There is an (ε, 0)-differentially private space decomposition, such that any
α-approximate range counting query can be answered within error O

(
ε−1α−d/2 log u log 1

β

)
with probability at least 1− β. Moreover, it can be pruned to O(n) nodes with probability at
least 1− β, and in this case the error is O

(
ε−1α−d log u log n

β

)
.

The log u dependency of the error follows from the height of the tree. One may wonder
if we could make the shrink operation differentially private, thus reducing its height to
O(log n). Unfortunately, we show that this is not possible under pure DP, by presenting an
Ω(log u) lower bound on the error for any pure DP approximate range counting algorithm
(see Section 5).

3.3 (ε, δ)-differential privacy
By adopting (ε, δ)-DP, we can improve the error dependence on u from log u to log log u. The
key, as mentioned above, is to make the shrink operations private. Recall that the original
shrink algorithm on a cell c uses a series of splits until the majority box contains at most
2
3 count(c) points. To make this comparison private and ensure that the shrink algorithm still
decreases count(c) by a constant factor, we can add noise proportional to count(c). However,
directly using count(c) to calibrate the noise would not be differentially private. In fact, even
the total count, i.e., n, cannot be released; so we use ñ := n + 4

ε log 2
β + Lap( 4

ε ) instead. The
idea is to make O(log ñ) “guesses” for the right noise level, which is captured by a parameter
h. At h = 0, the magnitude of noise is ñO(1)/ε, and it will exponentially decrease as h

increases; at h = O(log ñ), the noise magnitude will become O(1/ε).
We now describe how to construct a private BBD-tree. We still use shrink and split

operations on alternating levels of the tree. The split operation is the same as in the standard
BBD-tree, while the private shrink operation is shown in Algorithm 2 for a given cell c with
noise level h. The shrink operation on the root node is invoked with h = 0; on a non-root
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node c, we will use h = hp + 1, where hp is the noise level used in the shrink operation at
the grandparent of c. We stop further subdividing c when size(c) = 1, when we are about to
invoke the shrink algorithm with h = H := ⌈2.5 log ñ⌉, or after the shrink algorithm returns
LEAF.

Algorithm 2 works as follows. If count(c) is too small compared with the the current
noise level (determined probabilistically), the algorithm will return AGAIN. In this case, we
invoke the algorithm again with h← h + 1, decreasing the noise magnitude by a constant
factor. Otherwise it will split c repeatedly and recurse on the majority box. Compared
with the non-private shrink operation, we make the following changes. Let bc be the current
majority box. First, we add noise before checking if count(bc ∩ c) ≤ 2

3 count(c). As a result,
we cannot guarantee that count(c) will decrease by a constant factor, but it will be the
case with high probability. Second, in the non-private case, we can just return bc when
count(bc∩ c) ≤ 2

3 count(c) after the last split. We can no longer do this, as being the majority
box is also sensitive information which depends on P (this was not sensitive before the splits
stop, as the count of the majority box was large enough to hide the presence or absence of
one data point). Instead, we return bc or its sibling after a noisy comparison. Finally, when
c has an inner box bI , the non-private shrink algorithm will never try to split bI because
the count would have become 0 ≤ 2

3 count(c) already. However, as the comparison with
2
3 count(c) is now probabilistic, we need to guard against this from happening. In particular,
when the algorithm tries to split bI , it will return LEAF. If the algorithm does not return
AGAIN or LEAF, it will return a box bc. Then we shrink c to bc as in the standard BBD-tree
as described in Section 2.2; this may involve an interleaving split in case c has an inner box
bI that is disjoint from bc.

Algorithm 2 Private Shrink Operation; Shrink(c, h, β).

Input: an input cell c = bo − bI (bI is optional) with noise level h; the failure probability β.
Output: a child box bc, AGAIN, or LEAF.

1: εh ←
( 3

4
)H−h · ε/100

2: Draw ζ ∼ Lap(1/εh). Let R̃← count(c) + ζ.
3: if R̃ < 370 ·

(
log 2ñd

βδ + log log u
)

/εh then return AGAIN

4: Draw γ ∼ Lap(1/εh). Let T̃ ← 2
3 count(c) + γ.

5: bc ← bo

6: repeat
7: bl, br ← split(bc)
8: if count(bl ∩ c) > count(br ∩ c) then bc ← bl else bc ← br

9: if bI exists and bc = bI then return LEAF
10: Draw η ∼ Lap(1/εh). Let θ̃ ← count(bc ∩ c) + η.
11: until θ̃ < T̃ or size(bc) = 1
12: Draw ξl, ξr ∼ Lap(1/εh).
13: if count(bl ∩ c) + ξl > count(br ∩ c) + ξr then bc ← bl else bc ← br

14: return bc

Finally, after the BBD-tree has been constructed, we associate each cell c a noisy count,
obtained by adding noise drawn from Lap(40 log ñ/ε) to count(c). The following theorem
guarantees its privacy and establishes some of its key properties that will be useful for proving
its utility.
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▶ Theorem 7. The private BBD-tree preserves (ε, δ)-differential privacy. Furthermore, for
n > 8

ε log 2
β , with probability at least 1− β, it has height O(log n) and O(n) nodes, and every

leaf cell c has either size(c) = 1 or count(c) = O
(

ε−1 ·
(

log n
βδ + log log u

))
.

Proof. Let ℓh = 10 · (log 2ñd
βδ + log log u)/εh. Note that in a private shrink operation

(Algorithm 2) on an input cell c with noise level h, all the noises are generated from
Lap(1/εh). We say that a Laplace noise is bounded if its absolute value does not exceed ℓh.

We begin with the following lemma on one invocation of Algorithm 2:

▶ Lemma 8. If all its Laplace noises are bounded, then Algorithm 2 (1) will not return
LEAF; (2) if it returns AGAIN, then we have count(c) ≤ 38ℓh; (3) otherwise we must have
count(c) ≥ 36ℓh, and the algorithm returns a child box bc which satisfies either of the following
two properties: (a) size(bc) > 1 and 1

4 count(c) ≤ count(bc ∩ c) ≤ 3
4 count(c); (b) size(bc) = 1

and count(bc ∩ c) ≥ 1
4 count(c).

Proof. (2) is easy to show. If Algorithm 2 returns AGAIN, since all noises are bounded, then
it follows from line 3 that count(c) ≤ 37ℓh − ζ ≤ 38ℓh. The first part of (3) is also true, since
if the algorithm does not return AGAIN, we must have count(c) ≥ 37ℓh − ζ ≥ 36ℓh.

Next, we prove the second part of (3). Let b
(1)
c , b

(1)
l , b

(1)
r , θ̃(1), . . . , b

(k)
c , b

(k)
l , b

(k)
r , θ̃(k) denote

the values of the variables bc, bl, br, θ̃ at the end of each iteration in the repeat-until loop;
note that b

(i)
c is always the majority box between b

(i)
l and b

(i)
r , i = 1, . . . , k. Let bc be the

final output child box which is either b
(k)
l or b

(k)
r after a noisy comparison (line 13). We have

k ≤ d log u as every d splits will decrease size(b(i)
c ) by a factor of 2. To prove the second part

of (3), we only need to consider the case size(bc) > 1. In this case, we have θ̃(k) < T̃ and
θ̃(k−1) ≥ T̃ according to line 11. Given θ̃(k) < T̃ , we have

count(bc ∩ c) ≤ count(b(k)
c ∩ c) ≤ 2

3count(c)− η(k) + γ ≤ 2
3count(c) + 2ℓh ≤

3
4count(c),

where the first inequality is because bc is either b
(k)
l or b

(k)
r , while b

(k)
c is the majority box

between b
(k)
l and b

(k)
r ; the second inequality follows from the definition of θ̃(k) and T̃ ; the

third inequality follows from the boundedness of η(k) and γ; and the fourth inequality is due
to count(c) ≥ 36ℓh. On the other hand, given θ̃(k−1) > T̃ , following similar arguments, we
have

count(b(k−1)
c ∩ c) ≥ 2

3count(c)− η(k−1) + γ ≥ 2
3count(c)− 2ℓh.

Assume w.l.o.g. that bc = b
(k)
l . Then,

2 · count(bc ∩ c) = count(b(k)
l ∩ c) + count(b(k)

l ∩ c)

≥ count(b(k)
l ∩ c) + (count(b(k)

r ∩ c)− ξl + ξr)

= count(b(k−1)
c ∩ c)− ξl + ξr

≥ count(b(k−1)
c ∩ c)− 2ℓh

≥ 2
3count(c)− 4ℓh,

where the first inequality follows from line 13, and the second inequality follows from the
boundedness of ξl and ξr. Because count(c) ≥ 36ℓh, we have

count(bc ∩ c) ≥ 1
3count(c)− 2ℓh ≥

1
4count(c),

proving (3).
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For (1), observe that b
(i)
c is not identical to bI (if it exists) for any i ∈ [k], since

count(b(i)
c ∩ c) ≥ 1

2count(b(i−1)
c ∩ c) ≥ 1

3count(c)− ℓh > 0,

where the first inequality is because b
(i)
c is the majority box after a split on b

(i−1)
c ; the

second inequality follows from θ̃(i−1) > T̃ and the boundedness of η(i−1) and γ; and the third
inequality is due to count(c) ≥ 36ℓh. Thus the algorithm will not return LEAF. ◁

We are now ready to prove the utility properties of a private BBD-tree. If the event F that
n ≤ ñ ≤ 2n holds, the O(log n) height trivially follows from the construction algorithm. Due
to the exponential tail of the Laplace distribution and n > 8

ε log 2
β , we have Pr[F ] ≥ 1− β/2.

To prove that the tree has O(n) nodes and the property of the leaves stated in the theorem,
consider the event E that the Laplace noises used in all invocations of Algorithm 2 when
constructing the private BBD-tree are bounded, conditioned upon which the properties
stated in Lemma 8 hold.

▶ Lemma 9. Pr[E] ≥ 1− βδ/2.

Proof. In one invocation of Algorithm 2 on a cell c, we draw O(d log u) independent Laplace
noises from Lap(1/εh), so they are all bounded with probability at least 1− βδ/(2ñ10), due
to the exponential tail of Laplace distribution and a union bound. To bound the noise values
in all the invocations, first consider the case when Algorithm 2 returns AGAIN. When this
happens, we invoke it on c again with noise level h← h + 1. This step is logically equivalent
to making two copies of c, say c′ and c′′, such that c′ is the only child of c and c′′ is the
only child of c′. Recall that we alternate between split and shrink operations, so we will
later perform a shrink on c′′ with h ← h + 1. Then in this logically equivalent BBD-tree,
we only invoke one split operation or one shrink operation (or just make a copy of itself).
Recall that we stop the construction when we reach H = 2.5 log ñ, and one shrink operation
may generate 4 levels of the tree (in case an interleaving split is needed), so the height of the
logical tree is at most 4H = 10 log ñ. Thus, it has at most ñ10 nodes, namely, at most ñ10

invocations of Algorithm 2. Then the lemma is proved by a union bound. ◁

▶ Lemma 10. Conditioned upon E ∧ F , the private BBD-tree has O(n) nodes and every
leaf cell c has either size(c) = 1 or count(c) = O

(
ε−1 ·

(
log n

βδ + log log u
))

.

Proof. Conditioned upon E, all the shrink operations have the three properties stated in
Lemma 8. For any leaf c of size larger than 1, consider the path from root to c in the
BBD-tree. There are exactly H invocations of Algorithm 2 on the path, as none of them
has returned LEAF. At most log4/3 n < H (as the event F holds) of them have returned a
child box, since every such shrink operation decreases the count by a factor at least 1

4 . This
means that there is at least one invocation of Algorithm 2 that returned AGAIN.

Let c∗ be the smallest cell on this path on which Algorithm 2 returned AGAIN, and let h∗

be its noise level. By Lemma 8,

count(c∗) ≤ 38ℓh∗ = O

((
4
3

)H−h∗

·
(

log nd

βδ
+ log log u

)
/ε

)
.

Each of the remaining H − h∗ shrink operations must have reduced the count by a factor of
at least 1

4 , so

count(c) = O

((
3
4

)H−h∗

· ℓh∗

)
= O

((
log nd

βδ
+ log log u

)
/ε

)
.
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To see that the BBD-tree has O(n) nodes, consider the parent or grandparent, depending
on which one is on the shrink level, of any leaf. Algorithm 2 might have been invoked on
this node multiple times, but the last one must have returned a child box, implying that it
contained at least ℓH data points by Lemma 8. Then we conclude that the private BBD-tree
has O(n) nodes since there are O(log n) levels and each level has at most O(n/ℓH) nodes.

◁

Finally, we prove its privacy.

▶ Lemma 11. The private BBD-tree preserves (ε, δ)-differential privacy.

Proof. Note that releasing ñ preserves (ε/4, 0)-DP. Furthermore, there are two parts of
the BBD-tree: its structure and the noisy counts associated with its cells. Since the
height of the tree is at most 10 log ñ, the released noisy counts preserves (ε/4, 0)-DP by a
standard argument. Below, we show that the tree structure is (ε/2, δ)-DP. Then by the basic
composition theorem, the private BBD-tree achieves (ε, δ)-DP.

The structure depends on the input point set P , as well as the Laplace noises generated
internally during all the invocations of Algorithm 2. Let M(P, Γ) denote the tree structure
constructed on point set P using noises Γ. We will show that for any two neighboring data
sets P , P ′, and any tree structure y,

Pr[M(P, Γ) = y ∧ E] ≤ eε/2 · Pr[M(P ′, Γ) = y], (1)

where the probability is computed over the randomness of Γ, Then, for any set of output
structures S, we have

Pr[M(P, Γ) ∈ S] ≤ Pr[M(P, Γ) ∈ S ∧ E] + Pr[Ē] ≤ eε/2 · Pr[M(P ′, Γ) ∈ S] + δ,

namely, M is (ε/2, δ)-DP.
To prove Eq. (1), it suffices to demonstrate an injection f from {Γ :M(P, Γ) = y ∧E}

to {Γ : M(P ′, Γ) = y} such that Pr(Γ) ≤ eε/2 · Pr(f(Γ)). In order to achieve this, f can
only change a small number of Laplace noises by a constant magnitude each. Note that
the presence or absence of a data point will only affect the cells on a root-to-leaf path of y.
For any Γ such that M(P, Γ) = y and all noises in Γ are bounded (i.e., event E holds), we
follow the path starting from the root while making changes to Γ so that M(P ′, f(Γ)) = y.
Since the split operations do not depend on P , we only need to consider all the H shrink
operations on that path.

For a cell c, we use count(c) to denote its count in P while count′(c) its count in P ′. Note
that |count(c)− count′(c)| ≤ 1 for any c. We use ζ, η, R̃, T̃ , . . . to denote the noises in Γ,
and ζ ′, η′, R̃′, T̃ ′, . . . for their counterparts in f(Γ). The injection is defined as follows for
each invocation of Algorithm 2:
1. Set ζ ′ := ζ + count(c)− count′(c). Then we have R̃′ = R̃, which makes the decisions at

line 2 on P and P ′ are the same. Note that |ζ ′ − ζ| = |count(c)− count′(c)| ≤ 1.
2. Recall the definitions of b

(·)
c , b

(·)
l , b

(·)
r , η(·), θ̃(·) in the proof of Lemma 8. Set T̃ ′ := T̃ − 1,

η′(i) := η(i) for 1 ≤ i < k, and θ̃′(k) := θ̃(k) − 2. Note that |γ′ − γ| ≤ 2 in order to
achieve T̃ ′ := T̃ − 1 since |count(c) − count′(c)| ≤ 1. We already have θ̃(i) ≥ T̃ for
1 ≤ i < k and θ̃(k) < T̃ on P . For 1 ≤ i < k, since θ̃(i) ≥ T̃ , we have count(b(i)

c ) >
2
3 count(c) − 2ℓh > 1

2 count(c) + ℓh by |η(i)| ≤ ℓh, |γ| ≤ ℓh and count(c) ≥ 36ℓh. This
implies that the difference between count(b(i)

l ) and count(b(i)
r ) is at least ℓh, then the

presence or absence of a single data point will not affect the choice of the majority
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box b
(i)
c on line 8, thus we have |θ̃′(i) − θ̃(i)| ≤ 1 by |count(b(i)

c ) − count′(b(i)
c )| ≤ 1 and

η′(i) = η(i). Since b
(k−1)
c in the invocations on P and P ′ are the same, we can conclude

that |count′(bc
(k))− count(b(k)

c )| ≤ 1, implying that |η′(k) − η(k)| ≤ 3 in order to achieve
θ̃′(k) := θ̃(k) − 2. Given θ̃(i) ≥ T̃ for 1 ≤ i < k and θ̃(k) < T̃ , by the above mapping, we
will have θ̃′(i) ≥ T̃ ′ for 1 ≤ i < k and θ̃′(k)

< T̃ ′. This implies that the repeat-until loop
in the invocations on P and P ′ are the same.

3. Set ξ′
l := count(b(k)

l ) + ξl − count′(b(k)
l ), ξ′

r := count(b(k)
r ) + ξr − count′(b(k)

r ). This makes
the decision on line 13 in the invocations on P and P ′ the same. We have |ξ′

l − ξl| ≤ 1
since |count′(b(k)

l )− count(b(k)
l )| ≤ 1, and similarly |ξ′

r − ξr| ≤ 1.

Note that the injection defined above changes the values of the noises drawn from
Lap(1/εh) by at most 8, so the ratio between Pr(Γ) and Pr(f(Γ)) is bounded by exp(8 · εh)
for the invocation of Algorithm 2 at noise level h. Across all H invocations, we have

Pr(Γ) ≤ exp
(

8 ·
H∑

h=0
εh

)
· Pr(f(Γ)) ≤ exp(ε/2) · Pr(f(Γ)),

and Eq. (1) is proved. ◁

Then Theorem 7 follows from Lemma 9, 10, and 11. ◀

Now we analyze the error when using the private BBD-tree to answer approximate range
queries.

▶ Theorem 12. Given an (ε, δ)-differentially private BBD-tree and any α-approximate range
query Q, for n > 8

ε log 2
β , with probability at least 1 − β, Algorithm 1 answers Q with an

error of O
(

ε−1 ·
(

α−d(log n
βδ + log log u) + log1.5 n log 1

β + α−d/2 log n log 1
β

))
.

4 Applications

4.1 Approximate nearest neighbor
In the approximate nearest neighbor (ANN) problem, the goal is to find a data point p ∈ P

such that dist(p, q) ≤ (1 + α)dist(p∗, q) for any given query point q, where p∗ is the nearest
neighbor of q in P and 0 < α < 1 is the approximation ratio. In the non-private setting, there
is a standard approach using BBD-tree to solve ANN problem [2]. In the private setting,
however, there are two differences. First, returning a data point in P will clearly breach
privacy. Thus, we must settle for a slightly weaker target, namely, we will aim to return only
the approximate distance to the NN, but not the NN itself. Second, the non-private BBD-tree
has no errors, while its private versions do. This introduces some technical complications. In
particular, we can no longer measure the approximation ratio of the ANN compared with the
nearest neighbor p∗, but the τ -th nearest neighbor. More precisely, our goal is to return a
distance r such that r(1) ≤ r ≤ (1 + α)r(τ), where r(τ) is the distance between q and its τ -th
nearest neighbor in P . We call τ the rank error ; obviously, smaller τ means better utility.

We present a more general algorithm for approximately finding the distance between
a query point q and its k-th nearest neighbor in P , given an approximate range counting
synopsis with error κ for (α/10)-approximate spherical range queries. Note that since the
whole space is [u]d, the smallest and the largest possible distance between two distinct
points are 1 and

√
du respectively. Let B(q, w) denote the open ball with radius w centered

at q. From the approximate range counting synopsis, we obtain approximate counts for
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|P ∩B(q, 1/2)|, |P ∩B(q, (1 + α/3)/2)|, |P ∩B(q, (1 + α/3)2/2)|, . . . , |P ∩B(q, (1 + α/3)t/2)|,
where t = ⌈log1+α/3(2

√
du)⌉; denote these approximate counts as a0, a1, a2, . . . , at. Let

i = min{i | ai > k + κ}. Then we output r = (1 + α/10)(1 + α/3)i/2 if i ̸= 0; otherwise we
return r = 0.

▶ Lemma 13. For any k ≤ n− 2κ, the above algorithm returns an r such that r(k) ≤ r ≤
(1 + α)r(k+2κ).

In the private setting, we use our private BBD-trees presented in Section 3.2 and 3.3 as
the approximate range counting synopsis.

▶ Theorem 14. There is an (ε, δ)-differentially private synopsis such that, with probability
at least 1− β, the distance to the ANN for any query point can be found with a rank error of
O(τε,δ), where t = ⌈log1+α/3(2

√
du)⌉, and

τε,δ =
{

ε−1α−d/2 log u log t
β , δ = 0;

ε−1 ·
(

α−d(log n
βδ + log log u) + log1.5 n log t

β + α−d/2 log n log t
β

)
, δ > 0.

4.2 k-NN classification
In k-NN classification, we are given m classes of points P1, P2, . . . , Pm, and i is called the
label of Pi. Given a query point q, the k-NN algorithm returns the label that is most common
among its k nearest neighbors in P = P1 ∪ · · · ∪ Pm.

To obtain a private k-NN algorithm, we release an (ε/2, δ/2)-private BBD-tree for P , as
well as an (ε/2, δ/2)-private BBD-tree for each Pi. This preserves an overall (ε, δ)-DP, since
the presence or absence of one point affects only two private BBD-trees. For a given query
point q, we invoke the algorithm in Section 4.1 on P with approximation factor α/3, obtaining
an r such that r(k) ≤ r ≤ (1 + α/3)r(k+O(τε,δ)). Next, we query the private BBD-trees with
approximation factor α/10 to obtain approximate counts for |P1∩B(q, r)|, . . . , |Pm ∩B(q, r)|.
Finally, we return the label i with the largest estimated |Pi ∩B(q, r)|.

Our private k-NN algorithm has the following utility guarantee. Intuitively, it says that
as long as the correct label wins the majority in the k nearest neighbors of q by a poly-
logarithmic margin, while the distances measured are allowed an (1±α)-factor approximation,
then the algorithm will find it with high probability.

▶ Theorem 15. There exists absolute constants C1 and C2 such that, with probability at least
1− β, our private k-NN synopsis can be used to find the correct label i for any query point q,
provided that |Pi ∩B(q, (1−α)r(k))| − |Pj ∩B(q, (1 + α)r(k+C1·τε,δ))| ≥ C2 · τε,δ for all j ̸= i.

Note that our algorithm releases a private k-NN classifier, which can be used to classify
any query point. On the other hand, the private k-NN classifier in [11] only releases the
classification results (with no utility guarantees) for a given set of queries, while no more
queries can be accepted afterwards. Thus we solve a much more general problem than theirs.

5 Lower bounds

Observe that the errors in Theorem 6 and 14 for pure DP have an O(log u) term. In this
section, we show that this is unavoidable even in one dimension. In particular, we prove the
following lower bound on the one-dimensional ANN problem with a constant approximation
factor α = 0.1 and a constant failure probability β = 1/3 via a packing argument [13]. This
in turn implies a lower bound for approximate range counting.
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▶ Theorem 16. Any (ε, 0)-differentially private one-dimensional ANN algorithm that, with
probability at least 2/3, returns an r such that r(1) ≤ r ≤ 1.1 · r(τ) for every query point q,
must have a rank error τ = Ω

( 1
ε log u

)
.

▶ Corollary 17. Any (ε, 0)-differentially private one-dimensional approximate range counting
algorithm that, with probability at least 2/3, answers all 0.01-approximate range queries with
error at most κε,0, must have κε,0 = Ω

( 1
ε log u

)
.

We can also show a lower bound under (ε, δ)-DP by a reduction from exact (i.e., no
fuzziness) range counting [4]:

▶ Theorem 18. Any (ε, δ)-differentially private one-dimensional approximate range counting
algorithm that, with probability at least 2/3, answers all 0.01-approximate range queries with
error at most κε,δ, must have κε,δ = Ω

( 1
ε · (log∗ u) · log(1/δ)

)
, for exp(−εn/ log∗ n) ≤ δ ≤

1/n2.

Note that this lower bound means that (1) some dependency on u is inevitable even
under (ε, δ)-DP, justifying the restriction that the points have integer coordinates; and (2) a
logarithmic dependency on n/δ is also necessary.
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Abstract

We consider the problem of computing shortest paths in weighted unit-disk graphs in constant
dimension d. Although the single-source and all-pairs variants of this problem are well-studied in
the plane case, no non-trivial exact distance oracles for unit-disk graphs have been known to date,
even for d = 2.

The classical result of Sedgewick and Vitter [Algorithmica ’86] shows that for weighted unit-disk
graphs in the plane the A∗ search has average-case performance superior to that of a standard
shortest path algorithm, e.g., Dijkstra’s algorithm. Specifically, if the n corresponding points of a
weighted unit-disk graph G are picked from a unit square uniformly at random, and the connectivity
radius is r ∈ (0, 1), A∗ finds a shortest path in G in O(n) expected time when r = Ω(

√
log n/n),

even though G has Θ((nr)2) edges in expectation. In other words, the work done by the algorithm
is in expectation proportional to the number of vertices and not the number of edges.

In this paper, we break this natural barrier and show even stronger sublinear time results. We
propose a new heuristic approach to computing point-to-point exact shortest paths in unit-disk
graphs. We analyze the average-case behavior of our heuristic using the same random graph model
as used by Sedgewick and Vitter and prove it superior to A∗. Specifically, we show that, if we
are able to report the set of all k points of G from an arbitrary rectangular region of the plane in
O(k + t(n)) time, then a shortest path between arbitrary two points of such a random graph on
the plane can be found in O(1/r2 + t(n)) expected time. In particular, the state-of-the-art range
reporting data structures imply a sublinear expected bound for all r = Ω(

√
log n/n) and O(

√
n)

expected bound for r = Ω(n−1/4) after only near-linear preprocessing of the point set.

Our approach naturally generalizes to higher dimensions d ≥ 3 and yields sublinear expected
bounds for all d = O(1) and sufficiently large r.
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46:2 Sublinear Average-Case Shortest Paths in Weighted Unit-Disk Graphs

1 Introduction

Computing shortest paths is certainly one of the most fundamental graph problems and has
numerous theoretical and practical applications. The two classical variants of the shortest
paths problem are single-source shortest paths (SSSP) and all-pairs shortest path (APSP).
A common generalization of these variants is the distance oracle problem, where we are
allowed to preprocess a given network into a (possibly small) data structure that is later
used to answer arbitrary point-to-point shortest paths queries. Clearly, SSSP and APSP
algorithms can be viewed as extreme solutions to the distance oracle problem: the former
can be used without any preprocessing to query a distance in near-linear time, whereas the
latter precomputes the answers to all the n2 possible queries and thus can answer queries
in constant time. Hence, when constructing distance oracles we seek a tradeoff between
these two extremes. Unfortunately, it is not known how to obtain a non-trivial (with both
subquadratic space and sublinear query time) exact distance oracle for general graphs.
Subquadratic space and constant query time oracle is only known for undirected weighted
graphs if approximation factor of at least 3 is allowed [19].

Due to this theoretical inefficiency of distance oracles, researchers either focus on special
graph classes, or study approximate approaches. On one hand, near-optimal (in terms of space
and query time) exact distance oracles have been recently described for planar graphs [8]. On
the other hand, for many important graph classes near-optimal (1 + ϵ)-approximate distance
oracles are known [15, 2].

Nevertheless, in practice heuristic approaches are usually preferable – for an overview
of used techniques see [3]. However, the term “heuristic” in this domain usually refers to
ways of speeding up exact algorithms. There are some examples of heuristics that have been
analyzed theoretically and proved to yield speedups in meaningful settings, see e.g., [1].

Perhaps the most well-known heuristic approach to speeding up a shortest path
computation is a variant of Dijkstra’s algorithm called the A∗ search [13]. This algo-
rithm incorporates a heuristic function that lower-bounds the distance to the target and
uses it to decide which search paths to follow first. The algorithm is still guaranteed to
find the shortest path to the target vertex, but the number of vertices explored can be
much smaller compared to the standard Dijkstra’s algorithm. For example, if vertices of the
network correspond to points in the plane, the Euclidean distance to the target is a valid and
well-working heuristic function. The natural question arises when such algorithms perform
provably better than in the worst-case.

1.1 Shortest paths in weighted unit-disk graphs
The seminal result that answers this question is by Sedgewick and Vitter [18], who studied
the performance of A∗ search on various random geometric graph models. Perhaps the most
interesting of their results concerns the weighted unit-disk graphs. In a weighted unit-disk
graph with connectivity radius r, vertices correspond to points on the plane. An edge between
two distinct vertices (points) u, v exists in such a graph if ||u − v||2 ≤ r and has weight
||u − v||2. This class of geometric graphs has been widely studied from the algorithmic
perspective since such graphs can model e.g., ad-hoc communication networks. A random
weighted unit-disk graph G, given n and radius r ∈ (0, 1), is obtained from a set of n random
points of a unit square [0, 1]2. Note that such a random G has Θ((nr)2) edges in expectation.
However, Sedgewick and Vitter [18] show that, assuming that the neighbors of each vertex
in G are stored explicitly, one can compute a point-to-point shortest path in G using A∗
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search in O(n) expected time, i.e., independent of r and sublinear in the size of the edge set
of G. In other words, they have given an exact distance oracle for random weighted unit-disk
graphs that in expectation requires O((nr)2) space and O(n) query time.

Sedgewick and Vitter’s result [18] can be also interpreted as follows: for weighted unit-
disk graphs G = (V, E), just storing the graph explicitly allows O(n)-time queries for an
average-case graph G. Whereas such a query time is sublinear in the graph size, the Θ((nr)2)
space used might be superlinear in the graph’s description – observe that a weighted unit-disk
graph can be described using O(n) space solely with n point locations and the connectivity
radius r. In recent years efficient single-source shortest paths algorithm for weighted unit-disk
graphs have been proposed [4, 14, 20], culminating in the O(n log2 n) algorithm of Wang and
Xue [20]. Note that their worst-case bound is near-optimal and almost matches the bound
of [18] which holds only on average. All-pairs shortest paths in weighted unit-disk graphs
can be computed slightly faster that running single-source computations n times [6]. To the
best of our knowledge, no exact distance oracle with non-obvious space and query bounds
for this graph class is known. On the contrary, a very efficient (1 + ϵ)-approximate distance
oracle with near-optimal space, preprocessing, and query bounds was given by Chan and
Skrepetos [7].

The notion of a weighted unit-disk graph naturally generalizes to three- and higher
dimensions: an edge between two vertices appears if the d-dimensional balls of radius r at
these points intersect. We are not aware of any non-trivial results on computing shortest
paths in such graphs for d ≥ 3.

1.2 Our results
Observe that all of the above algorithms in order to answer distance queries require work
essentially proportional to the number of vertices and not the number of edges. In this paper,
we break this natural barrier and show an even stronger sublinear time results.

We propose a natural heuristic approach to computing exact shortest paths in weighted
unit-disk graphs. Following Sedgewick and Vitter, we analyze its average-case query time by
studying its performance on a random n-vertex graph with connectivity radius r in the unit
square [0, 1]2, where r = Ω

(√
log(n)/n

)
.1 In this setting, we prove that after near-linear

preprocessing, the query procedure of our average-case distance oracle has O(1/r2 +
√

n)
expected running time. Formally, we prove:

▶ Theorem 1. Let r ∈ (0, 1) be such that r = Ω
(√

log(n)/n
)

. Let G be a weighted unit-disk
graph with connectivity radius r on a set P of n points picked uniformly at random from
the unit square [0, 1]2. Let D be a data structure that, after preprocessing P in O(p(n))
time, supports reporting all k points in P lying in an arbitrary (not necessarily orthogonal)
rectangular subregion in O(k + t(n)) time. Then, there exists an exact distance oracle on G

with O(p(n)) preprocessing time and O(1/r2 + t(n)) expected query time.

The state-of-the-art range searching data structures [5] imply that t(n) = O(
√

n) using
O(n) space and O(n log n) preprocessing. Consequently, for r = Ω(1/n1/4) the expected
query time is O(

√
n) and it remains truly sublinear for all r = Ω(

√
log(n)/n) – improving

the running time of Sedgewick and Vitter in the full range of parameters r they consider.

1 This simplifying assumption has also been made by Sedgewick and Vitter [18] and excludes only
very sparse graphs with m = O(n log n) from our consideration. Moreover, it is known that if
r = o(

√
log(n)/n), then the random unit-disk graph is disconnected with high probability [12].
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46:4 Sublinear Average-Case Shortest Paths in Weighted Unit-Disk Graphs

The general idea behind our heuristic algorithm for computing a shortest s − t path is
fairly intuitive: we run the single-source shortest paths algorithm limited to increasingly “fat”
rectangular subregions of G surrounding the segment s − t. The subregions of interest are
computed using a range reporting data structure which constitutes the only preprocessed
information of our oracle. Since dynamic variants of such range searching data structures
are known [16] (with query and space bound matched up to polylogarithmic factors, and
polylogarithmic update bounds), our heuristic distance oracle can be trivially dynamized as
well (see Remark 12).

Another advantage of our algorithm is that it easily generalizes to higher dimensions.
Using new ideas we prove that for random weighted unit-disk graphs2 in [0, 1]d, the expected
query time is O(min(1/r2d−1, n) + td(n)), assuming one can report the points from an
arbitrary (not necessarily orthogonally aligned) d-dimensional hyperrectangle in O(td(n) + k)
time. It is known [5] that td(n) = O(n1−1/d) so this expected time is sublinear in n unless
r = Ω

(
n− 1

2d−1

)
. It is worth noting that for d = 2, the expected query time has a “better”

dependence, i.e., O(1/rd), on r than for d ≥ 3 where the dependence is O(1/r2d−1). This is
justified by the fact that whereas single-source shortest paths in weighted unit-disk graphs
for d = 2 can be computed nearly-optimally [20], no non-trivial algorithm like this is known
for d ≥ 3 and we have to resort to running the standard Dijkstra’s algorithm.

Undoubtedly, the technical difficulty of our result lies in the probabilistic analysis. We
use similar approach to the one used by Sedgewick and Vitter [18] to bound the probability
that the sought path exist in ellipsoidal grid-like regions called channels. However, in order
to avoid looking at all the edges incident to a vertex we need to use a new heuristic that
allows us to consider only edges induced within an rectangular region.

Interestingly, we also identify a shortcoming in their original analysis for the two-
dimensional case and give a more delicate argument inspired by the techniques from so-called
oriented percolation theory (see e.g., [10]). The original result of Sedgewick and Vitter [18]
wrongly limited the sets of directed paths going through the channel grid. Thus the resulting
probability that a path exists was overestimated. The more detailed description of the
shortcoming of the original proof can be found in the full version of this paper.

We note that for d = 2 the graph model considered here has been widely studied in
the context of wireless networks [12]. For example, Gupta and Kumar [11] studied the
connectivity of such networks, and have shown a critical r above which the graph is connected
with high probability. This result was generalized by Penrose [17] to k-connectivity. Our
result gives the first known sublinear shortest path routing oracle for such networks. In a
sense, our results call for further work on exact distance oracles for weighted unit disk graphs.
In particular it might suggest that near-linear space and sublinear query time exact distance
oracles in the worst-case exist, as proving such result over random graphs can be a seen as a
proof-of-concept for such a possibility.

2 Preliminaries

A weighted unit-disk graph G = (V, E) with connectivity radius r is an undirected geometric
graph whose vertices are identified with some n points in Rd, where d ≥ 2 is a constant. The
edge set of G contains an edge {u, v} for all u = (u1, . . . , ud), v = (v1, . . . , vd) ∈ V such that
||u − v||2 =

√∑d
i=1(ui − vi)2 ≤ r. For brevity, in the following we omit the subscript and

write ||x − y|| instead of ||x − y||2.

2 Since a disk is a subset of a plane, in higher dimensions d > 2, it would be perhaps more appropriate
to call such graphs weighted unit-ball graphs. However, anyway, we stick to the well-established term
weighted unit-disk graph since our main result concerns the plane case d = 2.
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For u, v ∈ V , by distG(u, v) we denote the length of a shortest u → v path in G.
We consider exact distance oracles for weighted unit-disk graphs G, i.e., data structures

that preprocess G (ideally into a near-linear space data structure using near-linear time)
and then accept point-to-point distance queries, i.e., given query vertices u, v ∈ V , compute
distG(u, v). The algorithms we propose can be straightforwardly extended to also report
actual shortest paths within the same asymptotic time bound. Hence, we focus only on
computing distances.

In order to perform a meaningful average-case analysis of a distance oracle’s query
algorithm on weighted unit-disk graphs for a given r, we need to limit the space of possible
graphs. To this end, following Sedgewick and Vitter [18], for r ∈ (0, 1) we limit our attention
to graphs with all n points in [0, 1]d. In order to compute the average running time of a
shortest path query, we would like to compute it over all possible such graphs. Equivalently,
we study the expected running time of a query algorithm on a random graph G, where each
of n points is picked uniformly at random from [0, 1]d. Note that in such a case, each vertex
w has Θ(nrd) neighbors in expectation: the probability that another vertex z is connected
with w with an edge equals the probability that z is picked in the d-dimensional ball of
radius r around v which clearly has volume Θ(rd).

We also assume r ≥
(

β log n
n

)1/d

for a sufficiently large constant β > 1. Then, the random

graph G has Ω(n log n) edges in expectation. For d = 2, the bound r = Ω
((

log n
n

)1/d
)

has also been assumed by Sedgewick and Vitter [18], as it greatly simplifies calculations.

Moreover, for r = o

((
log n

n

)1/d
)

, with high probability G is not connected [11].

3 The distance oracle

3.1 Preprocessing
Let the coordinates of the n points of an input weighted unit-disk graph G be given. In the
preprocessing phase, in O(n log n) time we build a simplex range searching data structure
on V [5]. This data structure requires only linear space and allows O(n1−1/d + k) worst-case
time queries reporting all of the k input points in an arbitrary hyperrectangle (with sides
not necessarily parallel to the axes) of Rd.

3.2 Query algorithm
Suppose the query is to compute distG(s, t) for s, t ∈ V . Let

w = ||t − s||.

Clearly, we have distG(s, t) ≥ w. Moreover, in the following we assume w > r, since otherwise
we trivially have distG(s, t) = w.

Let us first move and rotate the coordinate system so that the origin is now in s and the
direction of the first axis is the same as −→

st , thus we have s = (0, 0, . . . , 0) and t = (w, 0, . . . , 0)
in the new coordinate system.

▶ Observation 2. Let W ≥ w denote an upper bound on dist(s, t). If a s–t shortest path
in G contains a vertex x ∈ V then

||x − s|| + ||x − t|| ≤ W. (1)

SoCG 2021
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Inequality (1) describes a set of points contained in a d-dimensional ellipsoid. The first axis
of that ellipsoid has length W/2, whereas all other d − 1 axes have length R, where R satisfies
(w/2)2 + R2 = (W/2)2. Hence:

R = 1
2
√

W 2 − w2.

Note that the ellipsoid is contained in a d-dimensional bounding box[
−W − w

2 ,
W + w

2

]
× [−R, R] × . . . × [−R, R] (2)

with first side length equal to W and the other d − 1 side lengths equal to 2R.
We will later pick an unbounded increasing function Wub : Z+ → R+ with values

depending on n, d, r, with the goal of defining increasingly large bounding boxes, as follows.

▶ Definition 3. For a given integer i ≥ 1, by BE(i) we denote the set of points satisfying
inequality (1) for W = Wub(i). Similarly, by BB(i) we denote the bounding box as in
formula (2) for W = Wub(i).

Our entire algorithm will be to run a single-source shortest paths algorithm on the graphs

G(i) = (Vi, Ei) = G ∩ BB(i),

subsequently for i = 1, 2, . . . , imax (where imax is to be set later) until an s → t path of length
no more than Wub(i) is found. If we are successful with that for some i, the found path is
returned as the shortest s → t path. Otherwise, we simply run Dijkstra’s algorithm from s

on the entire G and either return the found shortest s → t path, or return ∞ if no path is
found.

▶ Lemma 4. The above algorithm is correct.

Proof. The algorithm clearly stops. Moreover, the final Dijkstra step ensures that an s → t

path is found if and only if a s → t path in G exists.
To prove correctness suppose that distG(s, t) < ∞. Let i∗ be the first i for which

distG(i∗)(s, t) ≤ Wub(i∗), if such i∗ exists. Since G(i∗) ⊆ G, distG(s, t) ≤ distG(i∗)(s, t)
and hence distG(s, t) ≤ Wub(i∗). So, by Observation 2, a path of length distG(s, t) has
all its vertices in BE(i∗) ⊆ BB(i∗). This proves distG(s, t) ≥ distG(i∗)(s, t), so in fact
distG(s, t) = distG(i∗)(s, t).

If i∗ does not exists, we run Dijkstra’s algorithm on the entire graph G, so clearly a
shortest s → t path is returned. ◀

Let TV
gen(i) and TE

gen(i) be the times required to find sets Vi and Ei, respectively. Since
Vi is defined as a subset of V inside a d-dimensional bounding box BB(i), it can be clearly
computed using a single query to the preprocessed range searching data structure. Hence,

TV
gen(i) = O(n1−1/d + |Vi|).

Denote by Td(i) the worst-case running time of step i. The cost Td(i) might differ depending
on the algorithm that we use to find a shortest path in G(i). Note that G(i) is a weighted
unit-disk graph, so if d = 2, and we employ the recent nearly-linear (in the number of
vertices), albeit difficult to implement, algorithm of Wang and Xue [20], so we have:3

T2(i) = O
(

|Vi| log2(|Vi| + 2) + TV
gen(i)

)
= O

(
|Vi| log2(|Vi| + 2) +

√
n
)

. (3)

3 We use log (|Vi| + 2) instead of just log |Vi| to make sure this term is at least a positive constant.



A. Karczmarz, J. Pawlewicz, and P. Sankowski 46:7

On the other hand, if d > 2, we need to use the simple-minded Dijkstra’s algorithm to
find a shortest path in G(i), so we have

Td(i) = O
(

|Vi| log(|Vi| + 2) + |Ei| + TE
gen(i)

)
. (4)

Let P̄ (i) be the probability that we fail to find a path of length at most Wub(i) in the
graph Gi. The expected running time of the algorithm is then

O

(
imax∑
i=1

P̄ (i − 1) · E[Td(i)] + P̄ (imax) · n2

)
. (5)

We will prove that by choosing

imax = Θ(nrd), (6)

and

Wub(i) = Θ

w ·

√
1 +

(
i

nrd

) 2
d−1

 = O(w), (7)

as described precisely in Section 5, we can obtain the following key bound. The proof of this
bound is covered in Sections 4 and 5.

▶ Lemma 5. For i = 1, . . . , imax, P̄ (i) ≤ e−i.

We now derive bounds on the expected sizes of sets Vi and Ei.

▶ Lemma 6. For i = 1, . . . , imax, E[|Vi|] = Θ
(
(w/r)di

)
.

Proof. Clearly, E[|Vi|] equals the volume of BB(i) times n. For W = Wub(i) we have

R = 1
2
√

W 2 − w2 = Θ
(

w ·
(

i

nrd

) 1
d−1
)

. (8)

Since BB(i) has size W × 2R × . . . × 2R, its volume is

W · (2R)d−1 = Θ(w) · Θ(Rd−1) = Θ(w) · Θ
(

wd−1i

nrd

)
= Θ

(
1
n

·
(w

r

)d

· i

)
. ◀

In order to analyse the running time we will need the following technical lemma whose
proof can be found in the full version.

▶ Lemma 7. Let X be a random variable from a binomial distribution with n variables and
mean E[X] = µ = Ω(1). Then for any constant integer α ≥ 1:

E[X · logα(X + 2)] = O(E[X] · logα(E[X] + 2))) = O(µ · logα(µ + 2))).

▶ Corollary 8. For any integer α ≥ 1 we have

E[|Vi| logα(|Vi| + 2)] = O(E[|Vi|] · logα(E[|Vi|] + 2)).

Proof. We can apply Lemma 7 since E[|Vi|] = Ω(1) by Lemma 6. ◀

SoCG 2021
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▶ Lemma 9. Let

fE(i) = min{nrd, (w/r)d−1i} =
{

(w/r)d−1i for r ≥ 2d−1
√

wd−1i/n

nrd otherwise.

Then for i = 1, . . . , imax, E[|Ei|] = E[|Vi|] · O(fE(i)).

Proof. Take a vertex v ∈ Vi. All neighbours of v in G(i) belong to the intersection of the
d-dimensional ball of radius r centered at v, and the bounding box BB(i). This intersection,
on one hand, is contained in a box of size 2r × 2R × · · · × 2R, where R = 1

2
√

(Wub(i))2 − w2

(see (8)). On the other hand, it is trivially inside a ball of radius r. In the former case the
volume of the box with v’s neighbours is

O(rRd−1) = O

(
1
n

(w/r)d−1 · i

)
In the latter case the volume is O(rd). Therefore, the expected number of neighbours of v is

O

(
n · min

{
1
n

(w/r)d−1 · i, rd

})
= O(min{(w/r)d−1 · i, nrd}). (9)

By linearity of expectation we get the desired bound on E[|Ei|]. ◀

The following lemma describes how to efficiently generate the edges Ei when we use
Dijkstra’s algorithm (for d ≥ 3).

▶ Lemma 10. Let fE be as in Lemma 9. Given Vi, the edge set Ei can be computed in
TE

gen(i) = O(E[|Vi|] · fE(i)) expected time.

Proof. We divide [0, 1]d into cubes of size r × r × · · · × r. With each non-empty cube we will
keep a list of vertices from Vi that belongs to that cube. We build these lists by iterating
over all v ∈ Vi and assign v to the appropriate cube’s list. Technically speaking, the lists
are stored in a hash table with expected O(1) insertion and access time (see e.g., [9]): note
that the cubes can be mapped to integers [1, (⌈1/r⌉)d] and we have (⌈1/r⌉)d = O(n) by
r = Ω

(
(log(n)/n)1/d

)
. To find the edges, for each v we iterate over all vertices w belonging

to the same cube as v or a neighbouring cube and check whether ||v − w|| ≤ r. There are at
most 3d such cubes and each neighbor of v necessarily lies in these neighboring cubes.

Each cube contains O(n min{rRd−1, rd}) vertices in expectation, where we again set R =
1
2
√

(Wub(i))2 − w2 (see (8)). Recall from (9) in Lemma 9 that this quantity is O(fE(i)). This
is because if 2R < r then the cube’s intersection with BB(i) has size at most r×(2R)×· · ·×(2R)
and only in that part of the cube the vertices from Vi can appear. Therefore, the expected
total work for each vertex will be O(3d · fE(i)) = O(fE(i)). Thus, by linearity of expectation,
the expected running time is indeed O(E[|Vi|] · fE(i)). ◀

We are now ready to prove the following theorem bounding the expected running time of
the query algorithm.

▶ Theorem 11. The expected running time of the query algorithm on an n-vertex random
weighted unit-disk graph in [0, 1]d with connectivity radius r is
(a) O

(
(w/r)2 log2(1 + w/r) +

√
n
)

for d = 2,
(b) O

(
(w/r)2d−1 + n1−1/d

)
for d ≥ 3 and r ≥ 2d−1

√
wd−1/n,

(c) O(nwd + n1−1/d) otherwise.
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Proof. In all cases we will bound the expected query time as given in sum (5):

O

(
imax∑
i=1

P̄ (i − 1) · E[Td(i)] + P̄ (imax) · n2

)
.

First of all, note that by Equation 6, Lemma 5 and the assumption r ≥ (β log(n)/n)1/d

where β > 1 is a large enough constant, for some constant γ > 0 we have:

imax ≥ γ · nrd ≥ γ · β log n

So, picking β = 2/γ gives us

P̄ (imax) · n2 = O
(
e−imax · n2) = O

(
e−2 log n · n2) = O(1).

Hence, we can focus on the below sum. By Lemma 5, we have:

O

(
imax∑
i=1

P̄ (i − 1) · E[Td(i)]
)

= O

( ∞∑
i=1

E[Td(i)]e−(i−1)

)
= O

( ∞∑
i=1

E[Td(i)]e−i

)
.

In the following, we will use the asymptotic formula
∑∞

i=1 f(i)e−i = O(1) that holds for any
function f(i) = poly(i). Recall that w > r.

Let us first prove item (a). By (3) and Lemma 6, we have:

O

( ∞∑
i=1

E[T2(i)]e−i

)

= O

( ∞∑
i=1

(w/r)2 · i · log2((w/r)2i + 2
)

· e−i +
∞∑

i=1

√
ne−i

)

= O

(
(w/r)2 log2(w/r + 1)

∞∑
i=1

i log2(i) · e−i +
√

n

∞∑
i=1

e−i

)
= O

(
(w/r)2 log2(1 + w/r) +

√
n
)

.

Above we silently used Corollary 8 for X = |Vi| and α = 2. Now let us prove items (b) and (c).
Let us first argue that the term E[|Vi| log |Vi|] is, by Corollary 8, asymptotically dominated
by the bound E[|Vi|] · O(fE(i)) on E[|Ei|] from Lemma 9. This follows by Lemmas 6 and 9 –
if r is sufficiently large. Thus by plugging that bound into (4) we get

O

( ∞∑
i=1

E[Td(i)]e−i

)

=
∞∑

i=1
(w/r)di · min{nrd, (w/r)d−1i}e−i +

∞∑
i=1

n1−1/de−i

= O

min

nwd
∑
i≥1

ie−i, (w/r)2d−1
∞∑

i=1
i2e−i

+ n1−1/d
∞∑

i=1
e−i


= O

(
min

{
nwd, (w/r)2d−1}+ n1−1/d

)
. ◀

▶ Remark 12. The described distance oracle can be very easily made dynamic with only
polylogarithmic overhead. That is, we can support insertions and deletions of vertices of the
weighted unit-disk graph G, in amortized O(polylog n) time. To this end we simply replace
the simplex range query data structure of Chan [5] that we build in the preprocessing with
that of Matousek [16] which allows for polylogarithmic amortized updates to the point set
and has only polylogarithmically slower preprocessing and query times.
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4 Channels

The remaining part of the paper is devoted to proving the very convenient bound on P̄ (i)
from Lemma 5.

We start by introducing a notion of a channel, which is a parameterized grid-like object
whose goal is to “discretize” the space of possible shortest s → t paths in BB(i). The next
step is to upper-bound the probability that we fail to find reasonably short s → t path in
the channel. Afterwards, we are ready to give explicit formulas for imax and Wub(i) so that
the asymptotic bounds (6) and (7), as well as the bound P̄ (i) ≤ e−i hold.

Roughly speaking, a channel is a subset of vertices V restricted to some subspace. We
generalize the channels defined in [18, page 41] to d-dimensional space and arbitrary start/end
vertices s and t.

Recall that w = ||t − s|| and w > r. Let K ≥ 1 be the smallest integer such that
l = w/(4K + 1) ≤ r/4. We also have

l = w

4(K − 1) + 1 · 4(K − 1) + 1
4K + 1 > r/4 · 4K − 3

4K + 1 ≥ r/20. (10)

We are going to work in the coordinate system introduced in Section 3.2. Let us denote the
first axis by x0 and the remaining axes by x1, . . . , xd−1.

▶ Definition 13 (Box R(z0, z1, . . . , zd−1)). Let h > 0 be fixed. Let us cut the space using
planes x0 = lz and xi = (1/2 + z)h for all integers z and i = 1, . . . , d − 1.

For z0, z1, . . . , zd−1 ∈ Z, the box R(z0, z1, . . . , zd−1) contains all points (xi)d−1
i=0 satisfying:

lz0 ≤ x0 ≤ l(z0 + 1),
(−1/2 + zi)h ≤ xi ≤ (1/2 + zi)h for all i = 1, . . . , d − 1.

Each box, defined as above, has size l × h × · · · × h. Note that s ∈ R(0, 0, . . . , 0) and
t ∈ R(4K, 0, . . . , 0). Now suppose we want to travel from the box containing s to the box
containing t using jumps, defined below.

▶ Definition 14 (Jumping between boxes). We say that we can jump from box
R(z0, z1, . . . , zd−1) to box R(z′

0, z′
1, . . . , z′

d−1) iff
z′

0 = z0 + 2,
|z′

i − zi| = 1 for all i = 1, . . . , d − 1.

Consider a jumping trip from R(0, 0, . . . , 0) to R(4K, 0, . . . , 0).

▶ Observation 15 (Reachable boxes). Let B = R(z0, z1, . . . , zd−1) be an arbitrary box.
Suppose a sequence of jumps (as defined above) from R(0, 0, . . . , 0) to R(4K, 0, . . . , 0) goes
through the box B. Then, the following conditions hold:

z0 = 2k for some integer k, 0 ≤ k ≤ 2K,
|zi| ≤ min(k, 2K − k) for all i = 1, . . . , d − 1,
zi ≡ k (mod 2).

Now we are ready to define the channel parameterized by h.

▶ Definition 16 (Channel). A channel ch(h) is a subset of [0, 1]d defined as the union of all
boxes B satisfying the conditions of Observation 15.

In other words, a channel ch(h) consists of all boxes that can appear in a sequence of
jumps from the box containing s to the box containing t. Boxes, jumps, and channels are
depicted in Figure 1.

In the following, we say that a box B is empty if it does not contain any vertex of G.
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0 l 2l 3l 4K · l

0
h

−h

3h

−3h

R(0, 0)

R(2,-1)

R(2, 1)

R(4K, 0)

R(1, 3)

Figure 1 The rectangles represent boxes from Definition 13 for d = 2. The red arrows represent
possible jumps from a single box. The channel ch(h) for K = 3 (see Definition 16) is represented by
rectangles with thick black border.

4.1 Paths in a channel
Not all channels ch(h) are of our interest. We need a condition on h guaranteeing that if
we can jump from a non-empty box B to another non-empty box B′ then there exists an
appropriate edge in the graph, namely if there is u ∈ B ∩ V and v ∈ B′ ∩ V then ||u − v|| ≤ r.
Then, a sequence of jumps between non-empty boxes will certify the existence of a path in G.

Observe that the distance between two opposite corners of B and B′ (recall that B and
B′ have to satisfy Definition 14) is√

(3l)2 + (d − 1)(2h)2.

We need this to be smaller than r. Taking into account that l ≤ r/4, it is sufficient that(3
4r
)2

+ (d − 1)(2h)2 ≤ r2,

which gives

h ≤ 1
8

√
7

d − 1 · r. (11)

▶ Definition 17 (Path in ch(h)). A path in ch(h) with h satisfying (11) is a sequence of
non-empty boxes B0, . . . , B2K such that B0 = R(0, 0, . . . , 0), B2K = R(4K, 0, . . . , 0), and we
can jump from Bj to Bj+1 for all j = 0, . . . , 2K − 1.

Now we show that a path in ch(h) certifies the existence of an s − t path in G which is
not too long. Specifically, we show the following bound.

▶ Lemma 18 (Channel induced path length). Suppose there is a path in ch(h). Then, there
exists an s − t path in G of length no more than

w
√

1 + 402(d − 1)(h/r)2. (12)

SoCG 2021



46:12 Sublinear Average-Case Shortest Paths in Weighted Unit-Disk Graphs

Proof. Let uj = (uj
0, . . . , uj

d−1) be a vertex of G in Bj ∩ V . Additionally, set u0 = s and
u2K = t. Recall that uj exists since each box in a path in ch(h) is non-empty. Consider
subsequent vertices uj and uj+1. Note that

||uj+1 − uj || =

√√√√d−1∑
i=0

(uj+1
i − uj

i )2 = (uj+1
0 − uj

0)

√√√√1 +
d−1∑
i=1

(
uj+1

i − uj
i

uj+1
0 − uj

0

)2

.

Recall that we have uj+1
0 − uj

0 ≥ l and uj+1
i − uj

i ≤ 2h for i ≥ 1. Hence,

||uj+1 − uj || ≤ (uj+1
0 − uj

0)
√

1 + (d − 1)(2h)2

l2 .

Since u0 → u1 → . . . u2K is a path in G, the length of a shortest s − t path in G can be
bounded by:

2K−1∑
j=0

||uj+1 − uj || ≤
√

1 + (d − 1)(2h)2

l2 ·
2K−1∑
j=0

(uj+1
0 − uj

0)

=

√
1 + (d − 1)

(
2h

l

)2
· w.

The claimed bound is obtained by l ≥ r/20. ◀

4.2 Probability
Denote by q the probability that a single box is empty. We have:

q = (1 − lhd−1)n ≤ exp(−nlhd−1). (13)

Denote by P̂ (h) the probability that no path exists in ch(h). We are going to prove the
following lemma.

▶ Lemma 19. There exists constants q0 ∈ (0, 1) and c > 0 such that if q < q0 then we have

P̂ (h) ≤ (cq)2d−3
. (14)

Proof. The proof will proceed by induction on d. We will thus use the notation P̂d(h) and
chd(h) to underline which dimension d we are currently referring to.

The crux of the proof is to prove the induction base d = 2, i.e., the bound

P̂2(h) ≤ √
cq

that holds for all q < q0 for some constants c, q0. Due to space constraints, the proof of this
bound can be found in the full version. The general idea behind that proof is to reformulate
it in terms of directed reachability in n × n grids: we want to bound the probability that
no path between the corners of the grid exist when each vertex of the grid can fail with
probability q. Then next step is to adapt the so-called contour argument from oriented
percolation theory (see e.g., [10]) to work with finite grids.

For larger d it is enough to prove that the bound

P̂d(h) ≤
(
P̂d−1(h)

)2
.

holds. Let s ∈ {−1, 1}. Consider a subchannel chs
d(h) of the channel chd(h) that is composed

of the reachable boxes B = R(z0, z1, . . . , zd−1) fulfilling the following conditions:
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z0 = 2k for some integer k, 0 ≤ k ≤ 2K,
|zi| ≤ min(k, 2K − k) for all i = 1, . . . , d − 2,
zd−1 = s · min(k, 2K − k),
zi ≡ k (mod 2).

Observe that the above conditions say that B is a reachable box in chd(h) with additional
constraint zd−1 = s·min(k, 2K−k), which can also be written as zd−1 = s·min(z0, 4K−z0)/2.

Now one can see that chs
d(h) has exactly the same structure as chd−1(h): we can jump

between boxes R(z0, . . . , zd−2) and R(z′
0, . . . , z′

d−2) in channel chd−1(h) if and only if we can
jump between boxes

R(z0, . . . , zd−2, s · min(z0, 4K − z0)/2)

and

R(z′
0, . . . , z′

d−2, s · min(z′
0, 4K − z′

0)/2)

in channel chs
d(h). Therefore the probability that no path exists in chs

d(h) is bounded by
P̂d−1(h).

Observe that ch−1
d (h) and ch1

d(h) share only the corner boxes R(0, 0, . . . , 0) and
R(4K, 0, . . . , 0). Thus if no path exists in chd(h), there must be no paths in ch−1

d (h)
and ch1

d(h) independently. This clearly happens with probability at most
(
P̂d−1(h)

)2. ◀

5 Choosing the size of i-th bounding box

In this section we show how we derive the bound of Lemma 5 from Lemma 19. We will also
be able to explicitly define the value imax and the function Wub(i) so that the asymptotic
bounds (6) and (7) hold.

Suppose that for a fixed i we pick such hi that Wub(i) = w
√

1 + 402(d − 1)(hi/r)2. Then,
by Lemma 18, a path in ch(hi) certifies the existence of a s → t path in G of length at most
Wub(i). Such a path is clearly contained in BE(i), and thus also in BB(i). As a result, we
conclude

P̄ (i) ≤ P̂ (hi).

Given this, and since we want the probability P̄ (i) to decay exponentially with i, we would
like to choose hi in a such way that P̂ (hi) ≤ e−i, which will imply P̄ (i) ≤ e−i.

Suppose exp(−nlhd−1) < q0, where q0 is the constant of Lemma 19. By combining
inequality (13) and the bound of Lemma 19, we have

P̂ (h) ≤ exp
(
2d−3(log c − nlhd−1)

)
.

In order to guarantee P̂ (hi) ≤ e−i, it is thus enough to have

2d−3(log c − nlhd−1
i ) ≤ −i

log c + i

2d−3 ≤ nlhd−1
i , (15)

and

log 2
q0

≤ nlhd−1
i .
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Let c′ be such a positive constant that for i ≥ 1 we have

max
(

log 2
q0

, log c + i

2d−3

)
≤ c′ · i. (16)

Now let h0 be such that hd−1
0 = c′

nl , and let

hi = h0 · i
1

d−1 . (17)

Then we have

max
(

log 2
q0

, log c + i

2d−3

)
≤ c′ · i = c′ ·

(
hi

h0

)d−1
= c′ · hd−1

i · nl

c′ = nlhd−1
i .

So indeed, if hi is defined as in (17), we have P̂ (hi) ≤ e−i. So the explicit formula for
Wub(i) is:

Wub(i) = w

√
1 + 402(d − 1)

(
c′i

nlrd−1

) 2
d−1

,

where c′ is a constant defined in (16) and l = Θ(r) is as defined in (10). It is now verified
that Wub(i) indeed satisfies the asymptotic formula (7) from Section 3.

The above proof derivation of P̄ (i) ≤ e−i is only correct if hi is not too large. Namely,
recall that the bound (11) requires that

hi ≤ 1
8

√
7

d − 1 · r. (18)

Since hi is an increasing function of i, this imposes a constraint on maximum possible i = imax
allowed. Hence, we need to have

(
c′ · imax

nl

) 1
d−1

≤ 1
8

√
7

d − 1 · r.

imax =

 1
c′ ·

(
1
8

√
7

d − 1 · r

)d−1

· nl

 = Θ(nrd).

Observe that the above definition of imax agrees with the bound (6) from Section 3.
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Abstract
For a family F of non-empty sets in Rd, the Krasnoselskii number of F is the smallest m such that
for any S ∈ F , if every m or fewer points of S are visible from a common point in S, then any finite
subset of S is visible from a single point. More than 35 years ago, Peterson asked whether there
exists a Krasnoselskii number for general sets in Rd. The best known positive result is Krasnoselskii
number 3 for closed sets in the plane, and the best known negative result is that if a Krasnoselskii
number for general sets in Rd exists, it cannot be smaller than (d + 1)2.

In this paper we answer Peterson’s question in the negative by showing that there is no
Krasnoselskii number for the family of all sets in R2. The proof is non-constructive, and uses
transfinite induction and the well-ordering theorem.

In addition, we consider Krasnoselskii numbers with respect to visibility through polygonal paths
of length ≤ n, for which an analogue of Krasnoselskii’s theorem for compact simply connected sets
was proved by Magazanik and Perles. We show, by an explicit construction, that for any n ≥ 2,
there is no Krasnoselskii number for the family of compact sets in R2 with respect to visibility
through paths of length ≤ n. (Here the counterexamples are finite unions of line segments.)
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1 Introduction

▶ Definition 1. For a set S ⊂ Rd and two points x, y ∈ S, we say that “x sees y through S”
or “y is visible from x through S” if S includes the segment [x, y] or x = y. A set S ⊂ Rd is
“starshaped” if some point x ∈ S sees all other points in S. A set S ⊂ Rd is “finitely starlike”
if every finite subset of S is visible from a common point.

One of the best-known applications of Helly’s theorem (that is, actually, equivalent to
Helly’s theorem, see [1]) is the following theorem, due to Krasnoselskii [12]:

▶ Theorem 2 (Krasnoselskii). Let S be a non-empty compact set in Rd. If every d + 1 or
fewer points of S are visible from a common point, then S is starshaped.

In particular, the case d = 2 of the theorem asserts that if an art gallery is so shaped that
for every three paintings there is a place where you can stand and see those three, then there
is a place where you can stand and see all the paintings.

Krasnoselskii’s theorem fails for unbounded closed sets. However, all known counter-
examples satisfy the weaker requirement of being finitely starlike. This led Peterson [15] to
ask the following:
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47:2 No Krasnoselskii Number for General Sets

▶ Question 3 (Peterson). Is there a Krasnoselskii number K(d) such that for any infinite set
S ⊂ Rd, if every K(d) points of S are visible from a single point, then S is finitely starlike?

Peterson’s question appears in the Handbook of Combinatorics [9, Chapter 14, Sec-
tion 6.1.2, written by Erdős and Purdy] and in a treatise on open problems in geometry
by Croft, Falconer and Guy [8, Chapter E1]. It was studied in a number of works. A few
positive results were obtained, for special cases of sets that satisfy additional topological
conditions [2, 4,5]. Those include Krasnoselskii number 3 for closed sets in the plane, and
Krasnoselskii numbers 4 and 5 under more complex conditions on the boundary of the set.
On the other hand, the complement of the closed unit cube in Rd shows that if a Krasnoselskii
number for open sets in Rd exists, it must be ≥ 2d. Breen [4] showed by an explicit example
that if a Krasnoselskii number for Fσ sets in the plane exists, then it must be ≥ 9. This
result was generalized to any d ≥ 2, with the lower bound (d + 1)2, by Shlezinger [16]. For
other partial results and related problems, see [3] and the references therein.

In this paper we answer Peterson’s question in the negative by showing that the Krasnosel-
skii number K(2) does not exist, and consequently, K(d) does not exist for any d > 2, since a
planar construction can be embedded in Rd for any d > 2. Formally, we prove the following:

▶ Theorem 4. For any k ≥ 2, there exists a set S ⊂ R2 such that any 2k + 3 points in S

are visible from a common point, but some 2k + 4 points in S are not simultaneously seen
from any point.

Unlike Breen’s construction that leads to an Fσ-set, our proof is non-constructive and
uses transfinite induction and the well-ordering theorem. We note that we do use the axiom
of choice which is equivalent to the well-ordering theorem, but we do not use any additional
hypothesis except for the standard ZFC system of axioms.

In the second part of the paper, we consider a generalization of the notion of visibility,
namely visibility through polygonal paths.

▶ Definition 5. For a set S ⊂ Rd and x, y ∈ S, we say that “x sees y through S by a
polygonal path of length n” or “y is visible from x through S by a polygonal path of length n”
if there exist points x1, x2, . . . , xn−1 and a polygonal path

⟨x, x1, . . . , xn−1, y⟩ = [x, x1] ∪ [x1, x2] ∪ . . . ∪ [xn−1, y]

that lies entirely within S.

This definition of visibility is closely related to the notion of Ln-sets. These are sets that
are connected through polygonal paths of length ≤ n. This notion was defined by Horn and
Valentine [10], and studied in numerous papers (see, e.g., [7, 14, 17]). Of course, the original
notion of visibility considered above corresponds to the case of visibility through polygonal
paths of length n = 1.

In [14, Theorem 1.2], Magazanik and Perles proved a Krasnoselskii-type theorem with
respect to visibility through polygonal paths. Formally, they showed that for any n and for
any compact and simply connected set S ⊂ R2, if every three points in S are visible from a
common point through polygonal paths of length ≤ n, then all points of S are visible from a
single point through polygonal paths of length ≤ n.

This raises the natural analogue of Peterson’s question for this notion of visibility: Is
there a number K ′(2, n) such that for any set S ⊂ R2, if every K ′(2, n) or fewer points of S

are visible from a common point through polygonal paths of length ≤ n, then every finite
subset of S is visible from a common point through polygonal paths of length ≤ n?

We answer this question in the negative. Namely, we prove, by constructing a sequence
of explicit examples, the following:
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▶ Theorem 6. For any n, k ≥ 2, there exists a compact set S ⊂ R2 such that every k points
in S are visible from a common point through polygonal paths of length ≤ n, but some k + 1
points of S are not visible from a common point through polygonal paths of length ≤ n.

The sets S we construct in the proof of Theorem 6 are actually finite unions of closed
line segments.

A similar result with respect to the related concept of visibility through staircase paths
of length ≤ n was obtained by Breen [6]. However, the construction of [6] is significantly
different from ours.

This paper is organized as follows: In Section 2 we study Peterson’s problem with respect
to the classical definition of visibility and prove Theorem 4. In Section 3 we study visibility
through polygonal paths of length ≤ n and prove Theorem 6.

2 Proof of Theorem 4

2.1 Some basic facts from set theory
In this subsection we recall a few basic definitions and facts from set theory that will be used
in our proof. For the sake of brevity, we present the definitions in a somewhat informal way.
A formal treatment can be found in standard textbooks on basic set theory, e.g., [11, 13].

Well ordering. Let S be a set. A binary relation < on S is called a well-ordering if:
1. For any x, y ∈ S, exactly one of the following holds: either x < y, or y < x, or x = y.
2. ” < ” is transitive.
3. Any non-empty subset S′ of S has a first element x0, namely, ∀∅ ̸= S′ ⊂ S, ∃x0 ∈ S′ :

∀x ∈ S′, x0 ≤ x.
A pair (S, <) where < is a well-ordering on S is called a well-ordered set.

Transitive sets and ordinals. A set S is called transitive if any element of S is a subset of S,
that is, if (x ∈ S) ∧ (y ∈ x) ⇒ (y ∈ S). A set O is called an ordinal if it is transitive and
(O, ∈) (i.e., O with the relation (x < y) ⇔ (x ∈ y)) is a well-ordered set.

Initial section. Let (S, <) be a well-ordered set. An initial section of S is a subset S′ ⊂ S of
the form S′ = {x ∈ S : x < y}, for some y ∈ S.

Isomorphism. Two well-ordered sets (S, <S) and (T, <T ) are isomorphic if there exists a
bijection f : S → T such that ∀x, y ∈ S : (x <S y) ⇔ (f(x) <T f(y)).

Two basic facts on ordinals.
1. For any set O of ordinals, (O, ∈) is a well-ordered set. In particular, any set of ordinals

contains a minimal element with respect to the relation ∈.
2. Any well-ordered set (S, <) is isomorphic to a unique ordinal.

The well-ordering theorem. For any set S, there exists a relation < on S such that (S, <)
is a well-ordered set. (This theorem may be considered an axiom, being equivalent to the
Axiom of Choice).

Initial ordinal. For a set S, consider all possible well-orderings of S. Each of them is
isomorphic to a unique ordinal. The corresponding set of ordinals has a minimal element
(with respect to the relation ∈). This element is called the initial ordinal that corresponds to S.
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Cardinals. Informally, the cardinality of a set S measures its “size”. Formally, the cardinal of
S, denoted by |S|, is identified with the initial ordinal that corresponds to S. This allows
comparing the “sizes” of any two sets, as any two ordinals are comparable by the relation ∈.
It is clear that we have |S| ≤ |T | if and only if there exists an injection f : S → T .

Arithmetic of infinite cardinals. We use two basic facts from cardinal arithmetic. If S, T

are infinite sets then |S × T | = |S ∪ T | = max(|S|, |T |). If, in addition, |S| < |T |, then
|T \ S| = |T |.

Initial section of an initial ordinal. It follows from the above definitions that if O is the initial
ordinal that corresponds to some set S and O′ is an initial section of O, then |O′| < |O|.

Induction on ordinals and transfinite induction. The induction principle on ordinals implies
the following: Let O be an ordinal, and let P be a property of ordinals. If for any O′ ∈ O,
we have (∀O′′ < O′ : P (O′′)) ⇒ P (O′), then ∀O′ ∈ O, P (O′). As any well-ordered set
corresponds to a unique ordinal, this method can be used to prove claims on general well-
ordered sets. Its application is commonly called transfinite induction.

Application in our case. A classical way to use transfinite induction to prove an assertion
on a general set S is to use the well-ordering theorem to define a well-ordering < such that
(S, <) is isomorphic to the initial ordinal that corresponds to S, and then to use transfinite
induction to prove the assertion for (S, <). An important feature deployed in this method is
that for any initial section S′ of (S, <), we have |S′| < |S|, as was explained above.

We shall apply this method to the set S all k-tuples of points in the lower half-plane
(whose cardinality is clearly c = 2ℵ0), and the fact that the cardinality of any initial section
in our ordering is strictly smaller than c will play a crucial role in our proof.

2.2 Proof of the theorem
In this subsection we prove Theorem 4. Let us recall its statement.

Theorem 4. For any 2 ≤ k ∈ N, there exists a set T = T (k) ⊂ R2 such that the following
holds:
1. Any 2k + 3 points of T are seen, through T , from a common point x ∈ T .
2. There are 2k + 4 points in T that are not seen, through T , from any point of T .

We divide the presentation into three parts. First, we reduce the problem to proving the
existence of a subset S of the real line that satisfies certain conditions, called a k-shutter.
Then, we describe the transfinite induction argument, without getting into the geometric
details. Finally, we present a formal proof that fills in the geometric part.

2.2.1 Reduction to proving the existence of a k-shutter
Let us denote by R2

+ the upper open half-plane R2
+ = {(x, y) ∈ R2|y > 0}, and by R2

− the
lower open half-plane R2

− = {(x, y) ∈ R2|y < 0}. For two points x ∈ R2
+, y ∈ R2

−, and a
subset S of the x-axis, S ⊂ {(x, 0)|x ∈ R}, we say that x sees y via S, if x sees y through
R2

+ ∪ S ∪ R2
−. (Note that this last definition is not the same as visibility through S defined

above.)
The following definition plays a central role in the proof of Theorem 4.

▶ Definition 7. A subset S of the x-axis, S ⊂ {(x, 0)|x ∈ R}, is called a k-shutter, if:
(a) For any k-tuple {a1, . . . , ak} ⊂ R2

− there exists a point z ∈ R2
+ that sees each ai

(1 ≤ i ≤ k) via S, and
(b) There exists a (k + 1)-tuple K = {y1, . . . , yk+1} ⊂ R2

− such that no point in R2
+ sees all

the points of K via S.
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Note that, by symmetry, the definition of a k-shutter is not sensitive to interchanging R2
+

and R2
−. In addition, it is easy to see that for k ≥ 2, any k-shutter S satisfies |S| ≥ 2 and

does not include a segment.

▶ Observation 8. In order to prove Theorem 4, it suffices to prove that for any k ∈ N, there
exists a k-shutter S.

Proof of Observation 8. Given a k-shutter S, let T = R2
+ ∪ R2

− ∪ S, and let T ′ be a set of
2k +3 points of T . If T ′ ∩S = ∅, then any point of S sees all points of T ′ through T . If T ′ ∩S

consists of a single point x, then x sees all the points of T ′ through T . If |T ′ ∩ S| ≥ 2, then
by the pigeonhole principle, either T ′ ∩ R2

− or T ′ ∩ R2
+ contains at most k points. W.l.o.g.,

assume |T ′ ∩ R2
−| ≤ k. As S is a k-shutter, some point z ∈ R2

+ sees T ′ ∩ R2
− through T . The

point z clearly sees all points of T ′ through T .
On the other hand, take K1 ⊂ R2

− to be a (k + 1)-set that is not seen via S by any point
in R2

+, and take K2 ⊂ R2
+ to be a (k + 1)-set that is not seen via S by any point in R2

−.
Since |S| ≥ 2 and S does not include a segment, there exist two points s1, s2 ∈ S that do
not see each other through S. Then the set K1 ∪ K2 ∪ {s1, s2} ⊂ T is a (2k + 4)-sized subset
of T that is not seen by any point through T . ◀

2.2.2 The transfinite induction argument
To prove the existence of a k-shutter, we use transfinite induction. Let K = {y1, . . . , yk+1} ⊂
R2

− be a fixed (k + 1)-set of points in R2
−, and let U = {{a1, a2, . . . , ak} ⊂ R2

−} be the family
of all k-subsets of R2

−. Clearly, |U | = c. Let O be the initial ordinal of cardinality c, namely,
|O| = c and for each λ ∈ O, |{α ∈ O : α < λ}| < c. Let λ 7→ uλ (λ ∈ O) be a bijection
between O and U (whose existence follows from the well-ordering theorem). We shall prove
the existence of a k-shutter S such that each k-set in U is seen via S by some z ∈ R2

+, while
no z ∈ R2

+ sees the (k + 1)-set K via S.
We construct S by a transfinite induction process, that corresponds to induction on the

ordinal O. We index the steps of the process by the elements of O, and in step λ we “take
care” of the k-set aλ = {aλ

1 , . . . , aλ
k} that corresponds (in the isomorphism) to λ ∈ O.

During the process, we construct two increasing sequences of subsets of the x-axis:
{Aλ}λ∈O and {Bλ}λ∈O (where “increasing” means that if λ1 < λ2 then Aλ1 ⊆ Aλ2 and
Bλ1 ⊆ Bλ2). The sets Aλ contain points that will be included in S, while the sets Bλ contain
points that will not be included in S. Of course, we make sure that the Bλ’s are disjoint from
the Aλ’s. In addition, we make sure that at each step λ, we have |Aλ|, |Bλ| ≤ max(|λ|, ℵ0).

At Step λ, we define Aλ and Bλ by adding points to the sets A0
λ =

⋃
λ′<λ Aλ′ and

B0
λ =

⋃
λ′<λ Bλ′ , respectively. First we add at most max(|λ|, ℵ0) points to B0

λ to form Bλ in
a certain way to be explained shortly. Then we add k − 1 (or fewer) points to A0

λ to form
Aλ, in such a way that the set aλ = {aλ

1 , . . . , aλ
k} is seen through Aλ by some z ∈ R2

+, while
the set K is not seen through Aλ by any z ∈ R2

+. The points added to Bλ are responsible
for the latter condition – they are chosen in such a way that forcing Aλ to avoid them will
guarantee that K is not seen via Aλ from any point in the upper open half-plane.

At the end of the process, we set S =
⋃

λ∈O Aλ. It is clear from the construction that
any k-set aλ ∈ U is seen via S by some z ∈ R2

+ (since it is seen via Aλ) and also that K

is not seen via S by any z ∈ R2
+ (as otherwise, assuming that for any 1 ≤ i ≤ k + 1, yi is

seen via some Aλi
, K would be seen via Aλ for λ = max{λ1, . . . , λk+1}, contradicting the

construction).
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The crucial observation that makes the definition of the sets Aλ and Bλ possible is that
the cardinality of any initial section of O is smaller than c, and thus, at any step λ of the
process we have |A0

λ|, |B0
λ| < c. This means that the sets A0

λ and B0
λ cover only a “very small”

part of the x-axis, and so we have “enough room” to select the points we need to add in
order to define Bλ and Aλ, as will be shown formally below.

2.2.3 Formal proof
We prove the following proposition.
▶ Proposition 9. There exist increasing sequences of sets {Aλ}λ∈O and {Bλ}λ∈O, such that,
for any λ ∈ O, we have:
1. Aλ, Bλ ⊂ {(x, 0)|x ∈ R};
2. Aλ ∩ Bλ = ∅;
3. |Aλ|, |Bλ| ≤ max(|λ|, ℵ0) < c;
4. The k-set aλ = {aλ

1 , . . . , aλ
k} is seen via Aλ by some z ∈ R2

+, while the (k + 1)-set
K = (y1, . . . , yk+1) is not seen via Aλ by any z ∈ R2

+.
5. ∀1 ≤ i < j ≤ k + 1, ℓ(yi, yj) ∩ {(x, 0)|x ∈ R} ⊂ Bλ, where ℓ(yi, yj) is the line spanned by

yi and yj.
6. For any z ∈ R2

+ such that z sees at least two points of K via
⋃

λ′<λ Aλ′ , there exists
1 ≤ i ≤ k + 1 such that {(x, 0)|x ∈ R} ∩ [z, yi] ∈ Bλ.

Proposition 9 implies Theorem 4, since the set S =
⋃

λ∈O Aλ is a k-shutter, as was explained
in Section 2.2.2. Note that the inductive step is performed for any λ ∈ O, namely, for any
λ < c (and not for λ = O), and the set S is a union of c sets.

Proof. The proof is by transfinite induction on the elements of O.
Induction basis. We start by defining A0 and B0. (Note that there is no formal need to
present the initial step separately. However, in our case this step is somewhat different from
the other ones, and thus we have to present it.)

Consider all lines that are spanned by two points yi, yj ∈ K. Let B0 be the set of all
intersection points of these lines with the x-axis. Clearly, |B0| ≤

(
k+1

2
)
, and B0 satisfies

condition 5. Condition 6 is satisfied vacuously, since
⋃

λ′<0 Aλ′ = ∅.
In order to define A0, consider all lines that pass through at least one point of a0 =

{a0
1, . . . , a0

k} and at least one point of B0. The union of these lines does not cover the
upper half-plane (being a finite union of lines), hence, there exists a point z ∈ R2

+ that is
not incident with any such line. Denote the intersections of the segments [z, a0

1], . . . , [z, a0
k]

with the x-axis by s1, . . . , st for some t ≤ k, and set A0 = {s1, . . . , st}. Note that by the
construction of B0, A0 ∩ B0 = ∅.

Both A0 and B0 are finite, and so we have |A0|, |B0| ≤ max(0, ℵ0). The point z sees all
k points in a0 = {a0

1, . . . a0
k} via A0. Furthermore, no point in R2

+ can see K via A0. Indeed,
|A0| ≤ k, and thus, by the pigeonhole principle, if some z ∈ R2

+ sees K via A0, it must see
two points yi, yj via the same point sℓ ∈ A0. In such a case, sℓ ∈ B0 by the definition of B0,
contradicting the construction which assures that A0 ∩ B0 = ∅. Therefore, A0 and B0 satisfy
the assertion of the proposition.
Induction step. For λ ∈ O, we describe the definition of Aλ and Bλ, assuming that for any
λ′ < λ, Aλ′ and Bλ′ have been defined and satisfy the assertion. As described above, we
denote

A0
λ = ∪λ′<λAλ′ and B0

λ = ∪λ′<λBλ′ .

(Note that if λ = λ̄ + 1 is a successor ordinal, then we have A0
λ = Aλ̄ and B0

λ = Bλ̄.)



C. Keller and M. A. Perles 47:7

Defining Bλ. Consider the family L̄ of lines that pass through at least one point of A0
λ and

at least one of the points of K = {y1, . . . , yk+1}. Let Z ⊂ R2
+ be the set of all intersection

points of two lines in L̄ that lie in R2
+. Fix z ∈ Z. Since z does not see all k + 1 points of K

via A0
λ (by the induction hypothesis), there exists 1 ≤ i ≤ k + 1 such that the intersection

point between [z, yi] and the x-axis is not in A0
λ. We add such an intersection point to B0

λ

(if there are several such points, we just add one of them arbitrarily). We do this process for
all z ∈ Z, thus condition 6 is satisfied. The resulting set is Bλ.

Note that since |A0
λ|, |B0

λ| ≤ max{|λ|, ℵ0}, and since |λ|2 ≤ max{|λ|, ℵ0}, it follows that
|Bλ| ≤ max{|λ|, ℵ0}. Furthermore, by construction, Bλ ∩ A0

λ = ∅ and B0 ⊂ B0
λ ⊂ Bλ, thus

condition 5 is satisfied.

Motivation behind the definition of Bλ. In the definition of Aλ to be presented below, we
add at most k − 1 points to A0

λ. As no point z ∈ R2
+ can see more than a single point of K

via the same point in Aλ (due to the definition of B0), a point z ∈ R2
+ can see K via Aλ only

if it sees at least two points of K via A0
λ. Z is the set of all “dangerous” points in the upper

half-plane, that see via A0
λ at least two points of K. By our definition of Bλ, we ensure that

once we define Aλ such that Aλ ∩ Bλ = ∅, no point in Z will see via Aλ all k + 1 points of
K. This guarantees that no point z ∈ R2

+ can see K via Aλ.

Defining Aλ. Aλ is obtained by adding at most k − 1 points to A0
λ. These points are

chosen such that aλ = {aλ
1 , . . . , aλ

k} will be seen via Aλ by some point z in the upper open
half-plane. Furthermore, the point z will be a point that sees aλ

1 via A0
λ. (This condition

allows us to add only k − 1 points, rather than k points.)
Let x ∈ A0

λ be chosen arbitrarily, and let ℓ be the line that passes through x and aλ
1 . Let

L = {ℓ(aλ
i , b)|2 ≤ i ≤ k, b ∈ Bλ}

be the set of all lines ℓ(aλ
i , b) that pass through some point aλ

i ∈ aλ, (2 ≤ i ≤ k), and some
point b ∈ Bλ.

Since |Bλ| ≤ max(|λ|, ℵ0) < c, and since any line in L intersects ℓ in at most one point in
the upper open half-plane, it follows that there exists a point z ∈ ℓ ∩ R2

+ that is not covered
by any line of L. (Recall that no line in L coincides with ℓ, since ℓ intersects the x-axis in
x ∈ A0

λ, while any line in L intersects the x-axis in some point of Bλ.)

The set Aλ is obtained from A0
λ by adding the intersections of the segments [z, aλ

i ], for
2 ≤ i ≤ k, with the x-axis. Note that the intersection of [z, aλ

1 ] with the x-axis is included in
A0

λ so there is no need to add it. Also note that it is possible that some of the k − 1 “added”
points already belong to A0

λ, and so fewer than k − 1 points are added.

Obviously, A0
λ ⊂ Aλ and |Aλ| ≤ max(|λ|, ℵ0). By the construction, the added points

are not in Bλ, and hence, Aλ ∩ Bλ = ∅. Furthermore, the point z sees aλ
1 , . . . , aλ

k via Aλ.
Finally, the definition of Bλ guarantees that no z ∈ R2

+ sees K via Aλ, thus condition 4 is
also satisfied. (See the motivation above.) Therefore, Aλ and Bλ satisfy the assertion.

By transfinite induction, this completes the proof of the proposition, and thus, also of the
theorem. ◀

▶ Remark 10. One can strengthen the assertion of Theorem 4 by considering a countable
dense collection of “forbidden” (k + 1)-sets, instead of a single (k + 1)-set K. No significant
change in the proof method is needed.
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3 Proof of Theorem 6

In this section we prove that no Krasnoselskii-type theorem exists for the notion of visibility
through a polygonal path of length ≤ n (in short, an n-path). By constructing a sequence of
planar sets Sn,k, n, k ≥ 2, each consisting of a finite union of closed segments, we prove:

Theorem 6 (Restatement). For any n, k ≥ 2, there exists a set S = Sn,k ⊂ R2 such that
every k points in S are visible from a common point through n-paths in S, but some k + 1
points of S are not visible from a common point through n-paths in S.

Proof. The proof consists of two steps. In the first step we prove the existence of S2,k for
any k ≥ 2, and in the second step we extend the construction of the first step to obtain Sn,k

for n > 2.

Step 1: Constructing S2,k, k ≥ 2. We obtain S2,k by an appropriate planar embedding
of the complete bipartite graph Kk+1,k+1 with one perfect matching removed. Let P ⊂ R2

be a convex (2k + 2)-gon. We assume that no three diagonals of P have a common point
inside P . (This can be achieved by slightly perturbing the vertices of P .)

Label the vertices of P cyclically (clockwise) a0, b0, a1, b1, . . . , ak, bk. We regard the
indices as numbers modulo k + 1 (see Figure 1). Define κ = ⌊ k

2 ⌋.
The matching to be removed will be

{[ai, bi+κ] : i = 0, 1, . . . , k} = {[ai−κ, bi] : i = 0, 1, . . . , k}.

Note that the segments [ai, bi+κ] are diagonals, not boundary edges of P .
Define, therefore, for i = 0, 1, . . . , k,

Bi =
⋃

{[aν , bi] : ν = 0, 1, . . . , k, ν ̸= i − κ},

and let

S2,k =
k⋃

i=0
Bi.

S2,2 is just a hexagon. S2,3 is an octagon with four vertex-disjoint diagonals of order 3.
See Figure 1 for S2,4 and S2,5.

Claims 11 and 12 below assert that in S2,k, every k points are visible from a common
point through a 2-path, but there exist k + 1 points in S2,k that are not visible from any
common point through 2-paths.

▷ Claim 11. For any k points x1, . . . , xk ∈ S2,k there exists a point z ∈ S2,k that sees all of
them through 2-paths in S2,k.

Proof. Each point xi (1 ≤ i ≤ k) belongs to some Bj , 0 ≤ j ≤ k. (If xi lies in two Bj ’s,
choose one of them arbitrarily.) Hence we may assume, without loss of generality, that
x1, . . . , xk are all contained in B1 ∪ . . . ∪ Bk. It follows that ak+1−κ sees each xi through a
2-path. Indeed, ak+1−κ is connected by a segment in S2,k to each of b1, . . . , bk, and each bi

is connected by a segment in S2,k to every point in Bi. ◁

▷ Claim 12. For i = 0, 1, . . . , k, let ci be the midpoint of [bi, ai+1], where the indices are
taken modulo k + 1. Then c0, . . . , ck are not visible from any common point in S2,k through
2-paths.
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Figure 1 The left figure is S2,4 and the right figure is S2,5. Each Bi is colored in a different color.

Proof. The cases k = 2, 3 are easy to verify. Let k ≥ 4 and assume to the contrary that some
point z ∈ S2,k sees all the points c0, . . . , ck through 2-paths in S2,k. It follows that for each
0 ≤ i ≤ k, z sees bi or ai+1 through a 1-path, and in particular, the set of vertices of P that
z sees through a 1-path is of size ≥ k + 1 ≥ 5. We reach a contradiction, by considering three
cases:

Case 1: z is a vertex of P . Thus z = ai or z = bi for some i, 0 ≤ i ≤ k. But ai sees neither
bi+κ, nor ai+κ+1 through a 1-path in S2,k, and bi sees neither bi−κ−1, nor ai−κ through
a 1-path in S2,k.

Case 2: z is not a vertex of P , but z lies on a boundary edge of P . In this case, z sees
through a 1-path only two vertices of P , a contradiction.

Case 3: z is not a vertex of P , but z lies on a diagonal of P . In this case, z lies on at
most two diagonals of P . (Here we use the assumption that no three diagonals of P have
a common point inside P .) Thus, z sees through a 1-path at most four vertices of P .
This is a contradiction, as z must see at least 5 vertices of P , as was explained above.

This completes the proof. ◁

Step 2: Construction of Sn,k for n > 2, k ≥ 2. Given n > 2 and k ≥ 2, we modify the
construction of S2,k to obtain Sn,k, in the following way: We consider S2,k, and for each
0 ≤ i ≤ k we add a simple polygonal path Γi of length n − 2 (with no two consecutive
edges collinear) that starts at ci and lies outside the (2k + 2)-gon P , such that the paths Γj

(0 ≤ j ≤ k) are pairwise disjoint (see Figure 2). For 0 ≤ i ≤ k, define Ci = Bi ∪ Γi, and let

Sn,k =
k⋃

i=0
Ci.

▷ Claim 13. Sn,k satisfies the assertion of Theorem 6.

Proof. Same as in the proof of Claim 11, given x1, . . . , xk ∈ Sn,k we may assume that
{x1, . . . , xk} ⊂ C1 ∪ . . . ∪ Ck. In this case, ak+1−κ sees each of the points b1, . . . , bk through
a 1-path, and thus, sees every point in C1 ∪ . . . ∪ Ck through an n-path.
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Figure 2 An illustration of S5,4. Each Ci is colored in a different color.

On the other hand, we claim that the k + 1 outer endpoints of Γ0, . . . , Γk are not seen by
any common point x through n-paths. Indeed, assume on the contrary that some x ∈ Sn,k

sees all these points through n-paths. If x ∈ S2,k, then this assumption clearly implies that x

sees all the points c0, . . . , ck through 2-paths, contradicting Claim 12. If x ̸∈ S2,k then x ∈ Γi

for some i. In this case, our assumption implies that even ci sees the k + 1 outer endpoints
of Γ0, . . . , Γk through n-paths. However, ci ∈ S2,k, and thus we obtain a contradiction, same
as in the first case. ◁

This completes the proof of Theorem 6. ◀

4 Open problems

The proof method of Theorem 4 is not constructive, and the resulting set T does not admit
any “nice” topological structure (e.g., being a Borel set). Thus, it will be interesting to
determine whether one may add some topological restriction on T to the conditions of
Theorem 4.
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Abstract
In two-dimensional geometric knapsack problem, we are given a set of n axis-aligned rectangular
items and an axis-aligned square-shaped knapsack. Each item has integral width, integral height
and an associated integral profit. The goal is to find a (non-overlapping axis-aligned) packing
of a maximum profit subset of rectangles into the knapsack. A well-studied and frequently used
constraint in practice is to allow only packings that are guillotine separable, i.e., every rectangle in
the packing can be obtained by recursively applying a sequence of edge-to-edge axis-parallel cuts
that do not intersect any item of the solution. In this paper we study approximation algorithms
for the geometric knapsack problem under guillotine cut constraints. We present polynomial time
(1 + ε)-approximation algorithms for the cases with and without allowing rotations by 90 degrees,
assuming that all input numeric data are polynomially bounded in n. In comparison, the best-known
approximation factor for this setting is 3 + ε [Jansen-Zhang, SODA 2004], even in the cardinality
case where all items have the same profit.

Our main technical contribution is a structural lemma which shows that any guillotine packing
can be converted into another structured guillotine packing with almost the same profit. In this
packing, each item is completely contained in one of a constant number of boxes and L-shaped
regions, inside which the items are placed by a simple greedy routine. In particular, we provide a
clean sufficient condition when such a packing obeys the guillotine cut constraints which might be
useful for other settings where these constraints are imposed.
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1 Introduction

Geometric packing problems have many important applications in cutting stock [27], VLSI
design [32], logistics [13], smart-grids [25], etc. Two-dimensional geometric knapsack (2GK),
a multidimensional generalization of the classical knapsack problem, is one of the central
problems in this area. We are given a set of n axis-aligned (open) rectangles (also called
items) I := {1, 2, . . . , n}, where rectangle i has integral width w(i), integral height h(i)
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48:2 Guillotine Separable Packings for the 2D Geometric Knapsack

and an associated integral profit p(i). We are also given an axis-aligned square knapsack
K := [0, N ] × [0, N ], where N ∈ N. The goal is to select a subset of items I ′ ⊆ I of
maximum total profit p(I ′) :=

∑
i∈I′ p(i) so that they can be packed in the knapsack. The

packing needs to be axis-parallel and non-overlapping, i.e., such packing maps each rectangle
i ∈ I ′ to a new translated open rectangle R(i) := (left(i), right(i)) × (bottom(i), top(i))
where right(i) = left(i) + w(i), top(i) = bottom(i) + h(i), left(i) ≥ 0, bottom(i) ≥ 0,
right(i) ≤ N, top(i) ≤ N and for any i, j ∈ I ′, we must have R(i) ∩ R(j) = ∅. In 2GK, items
are not allowed to be rotated. There is another variant with rotations that we denote by
2GK(R), where items are allowed to be rotated by 90 degrees.

2GK has rich connections with many important problems, such as maximum independent
set of rectangles (MISR) [2], 2-D bin packing [7], strip packing [23,30], mixed packing [39],
fair allocation [45], storage allocation [42], unsplittable flow [28], etc. Leung et al. [40] showed
that the problem is strongly NP-hard. Jansen and Zhang [35] gave (2 + ε)-approximation
algorithms for both 2GK and 2GK(R), where ε > 0 is an arbitrarily small constant. Finally,
Gálvez et al. [24] broke the barrier of 2 by giving a 1.89-approximation algorithm for 2GK and
(3/2 + ε)-approximation algorithm for 2GK(R). Furthermore, if the input data is quasi-
polynomially bounded (i.e., N ≤ n(log n)c for some c > 0 ) then there exists a quasi-polynomial
time approximation scheme (QPTAS) for both problems [3]. Polynomial time approximation
schemes (PTASs) are known for many special cases: if all items are small [20], if all items
are squares [31, 34], if the profit of each item equals its area [5], and if we allow resource
augmentation (i.e., the size of the knapsack can be slightly increased) [21, 33]. However, it is
an open problem to construct a PTAS, even with pseudo-polynomial running time.

One can view geometric packing as a cutting problem where we are given a large sheet or
stock unit (maybe metal, glass, wood, rubber, or cloth), which should be cut into pieces out
of the given input set. Cutting technology often only allows axis-parallel end-to-end cuts
called guillotine cuts. See [8, 49] for practical applications and software related to guillotine
packing. In this setting, we seek for solutions in which we can cut out the individual objects
by a recursive sequence of guillotine cuts that do not intersect any item of the solution. The
related notion of k-stage packing was originally introduced by Gilmore and Gomory [27].
Here each stage consists of either vertical or horizontal guillotine cuts (but not both). On
each stage, each of the sub-regions obtained on the previous stage is considered separately
and can be cut again by using horizontal or vertical guillotine cuts. In k-stage packing,
the number of cuts to obtain each rectangle from the initial packing is at most k, plus an
additional cut to trim (i.e., separate the rectangles itself from a waste area). Intuitively, this
means that in the cutting process we change the orientation of the cuts k − 1 times. The
case where k = 2, usually referred to as shelf packing, has been studied extensively.

Figure 1 The first three packing are guillotine separable packings of 2-stages, 5-stages, and
many stages, respectively. The last packing is not a guillotine packing as any end-to-end cut in the
knapsack intersects at least one of the packed rectangles.
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In this paper, we study the two-dimensional knapsack problem under guillotine cuts
(2GGK). The input is the same as for 2GK, but we require additionally that the items
in the solution can be separated by a sequence of guillotine cuts, and we say that then
they are guillotine separable. NP-hardness of 2GGK follows from a reduction from the
(one-dimensional) knapsack problem. Christofides et al. [14] studied the problem in 1970s.
Since then many heuristics have been developed to efficiently solve benchmark instances,
based on tree-search [50], branch-and-bound [29], dynamic optimization [9], tabu search [4],
genetic algorithms [44], etc. Despite a staggering number of recent experimental papers
[10, 15, 16, 18, 19, 22, 41, 51], there was little theoretical progress for 2GGK, due to limitations
of past techniques. Since 2004, the (3 + ε)-approximation for 2GK by Jansen and Zhang [35]
has been the best-known approximation algorithm for 2GGK. Recently, Abed et al. [1] have
studied approximation algorithms for the cardinality cases of 2GGK and 2GGK(R) and have
given a QPTASs, assuming the input data to be quasi-polynomially bounded.

Most algorithms for 2GK utilize a container packing (see Section 2) which arranges
the items in the knapsack such that they are packed inside a constant number of axis-
aligned boxes (containers). The best sizes and locations of these containers can be guessed
efficiently since there are only a constant number of them. Then inside each container the
items are packed either in one-stage packings or in two-stage packings (if items are small).
However, Gálvez et al. [24] show that one cannot obtain a better approximation ratio than 2
with container-based packings with only O(1) many containers, due to interaction between
horizontal (wide and thin) and vertical (tall and narrow) items. To break this barrier, they
use a corridor-decomposition where the knapsack is divided into axis-parallel polygonal
regions called corridors with constant number of regions called subcorridors. Vertical (resp.
horizontal) items are packed in only vertical (resp. horizontal) subcorridors. After simplifying
the interaction between vertical and horizontal items, they define two types of packings. In
one packing, they process the subcorridors to obtain a container-based packing. In the other,
a profitable subset of long horizontal and long vertical items are packed in an L-shaped
region. They prove that the best of these two packings achieves a better approximation
ratio than 2. However, it is not clear how to use this approach for 2GGK: even if we start
with an optimal guillotine packing, the rearrangements of items may not preserve guillotine
separability, and hence they might not lead to a feasible solution to 2GGK.

1.1 Our contribution
In this paper, we obtain (1 + ε)-approximation algorithms with pseudo-polynomial running
time for both 2GGK and 2GGK(R), i.e., the running time is a polynomial if the (integral)
input numbers are all polynomially bounded in n. The key idea is to show that there are
(1 + ε)-approximate solutions in which the knapsack is divided into simple compartments that
each have the shape of a rectangular box or an L, see Figure 2. Inside each compartment,
the items are placed in a very simple way, e.g., all horizontal items are simply stacked on
top of each other, all vertical items are placed side by side, and all small items are packed
greedily with the Next-Fit-Decreasing-Height algorithm [17], see Figure 2. To establish this
structure, we crucially exploit that the optimal solution is guillotine separable; in particular,
in 2GK (where the optimal solution might not be guillotine separable) more complicated
compartments may be necessary for near-optimal solutions, e.g., with the form of a ring.

While the items in our structured solution are guillotine separable, we cannot separate
the compartments by guillotine cuts since we cannot cut out an L-shaped compartment with
such cuts. This makes it difficult to compute a solution of this type since it is not sufficient
to ensure that (locally) within each compartment the items are guillotine separable (which is
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immediately guaranteed by our simple packings inside them). Therefore, our compartments
have an important additional property: they can be separated by a pseudo guillotine cutting
sequence. This is a cutting sequence in which each step is either a guillotine cut, or a cut
along two line segments that separates a rectangular area into an L-shaped compartment and
a smaller rectangular area, see Figure 5. We prove a strong property for compartments that
admit such a pseudo guillotine cutting sequence: we show that if we pack items into such
compartments in the simple way mentioned above, this will always yield a solution that is
globally guillotine separable. This property and our structural result might have applications
also in other settings where we are interested in solutions that are guillotine separable.

Our strong structural result allows us to construct algorithms (for the cases with and
without rotations) that are relatively simple: we first guess the constantly many compartments
in the structured solution mentioned above. Then we compute up to a factor 1 + ε, the most
profitable set of items that can be placed nicely into them, using a simplified version of a
recent algorithm in [26]. The resulting solutions use up to Θ(log(nN)) stages (unlike e.g.,
solutions of the Next-Fit-Decreasing-Height algorithm [17] that need only two stages). We
prove a lower bound, showing that there is a family of instances of 2GGK that does not
admit (2 − ε)-approximate solutions with only o(log N)-stages.

Figure 2 A structured packing of items into compartments that each have the shape of an L- or
a rectangular box.

1.2 Other related work
There are many well-studied geometric packing problems. In the 2D bin packing prob-
lem (2BP), we are given a set of rectangular items and unit square bins, and the goal is
to pack all the items into a minimum number of bins. The problem is APX-hard [6] and
the currently best known approximation ratio is 1.405 [7]. In the 2D strip packing problem
(2SP), we are given a set of rectangular items and a fixed-width unbounded-height strip, and
the goal is to pack all the items into the strip such that the height of the strip is minimized.
Kenyon and Rémila gave an APTAS for the problem [36] using a 3-stage packing.

Both 2BP and 2SP are well-studied in the guillotine setting [46]. Caprara [11] gave a
2-stage T∞(≈ 1.691)-approximation for 2BP. Afterwards, Caprara et al. [12] gave an APTAS
for 2-stage 2BP and 2-stage 2SP. Later, Bansal et al. [8] showed an APTAS for guillotine
2BP. Bansal et al. [7] conjectured that the worst-case ratio between the best guillotine 2BP
and the best general 2BP is 4/3. If true, this would imply a ( 4

3 + ε)-approximation algorithm
for 2BP. Seiden et al. [47] gave an APTAS for guillotine 2SP. Both the APTAS for guillotine
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2BP and guillotine 2SP are based on the fact that general guillotine 2BP or guillotine 2SP
can be approximated arbitrarily well by O(1)-stage packings, and such O(1)-stage packings
can be found efficiently. Interestingly, we showed that this property is not true for 2GGK.

Pach and Tardos [43] conjectured that, for any set of n non-overlapping axis-parallel
rectangles, there is a guillotine cutting sequence separating Ω(n) of them. Recently, the
problem has received attention in [1,38] since, if true, this would imply a O(1)-approximation
for the Maximum Independent Set of Rectangles problem, a long-standing open problem.

2 Methodology

For simplicity of presentation, we primarily focus on the cardinality case, i.e., assume that
p(i) = 1 for each item i ∈ I. For a detailed description of the generalization to arbitrary
item profits, see [37]. For each n ∈ N we define [n] := {1, 2, . . . , n}.

We classify the input items according to their heights and widths. For two constants
1 ≥ εlarge > εsmall > 0 to be defined later, we classify each item i ∈ I as:

Large: wi > εlargeN and hi > εlargeN ;
Small: wi ≤ εsmallN and hi ≤ εsmallN ;
Horizontal: wi > εlargeN and hi ≤ εsmallN ;
Vertical: hi > εlargeN and wi ≤ εsmallN ;
Intermediate: Either εlargeN ≥ hi > εsmallN or εlargeN ≥ wi > εsmallN .

Using standard shifting arguments, one can show that we can ignore intermediate items.

▶ Lemma 1 ([24]). Let ε > 0 and f(.) be any positive increasing function such that f(x) < x

∀x ∈ (0, 1]. Then we can efficiently find εlarge, εsmall ∈ Ωε(1), with ε ≥ f(ε) ≥ εlarge ≥
f(εlarge) ≥ εsmall so that the total profit of intermediate rectangles is at most εp(OPT ).

We define skewed items to be items that are horizontal or vertical. Let Ilarge, Ismall,
Ihor, Iver, Iskew be the set of large, small, horizontal, vertical, and skewed rectangles, respect-
ively. The corresponding intersections with OPT (the optimal guillotine packing) defines the
sets OPTlarge, OPTsmall, OPThor, OPTver, OPTskew, respectively.

2.1 Compartments
Our goal is to partition the knapsack into compartments, such that there is an (1 + ε)-
approximate solution whose items are placed in a structured way inside these compartments.
We will use two types of compartments: box-compartments and L-compartments.

▶ Definition 1 (Box-compartment). A box-compartment B is an axis-aligned rectangle that
satisfies B ⊆ K := [0, N ] × [0, N ].

▶ Definition 2 (L-compartment). An L-compartment L is a subregion of K bounded by a
simple rectilinear polygon with six edges e0, e1, . . . , e5 such that for each pair of horizontal
(resp. vertical) edges ei, e6−i with i ∈ {1, 2} there exists a vertical (resp. horizontal) line
segment ℓi of length less than εlargeN/2 such that both ei and e6−i intersect ℓi but no other
edges intersect ℓi.

Since the length of the line segments ℓi is less than εlargeN/2, this implies that inside
an L-compartment L we cannot place large items, inside the horizontal part of L we cannot
place vertical items, and inside the vertical part of L we cannot place horizontal items.

We seek for a structured packing inside of these compartments according to the following
definitions. Inside box-compartments, we want only one type of items and we want that the
skewed items are placed in a very simple way, see Figure 2.
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▶ Definition 3. Let B be a box-compartment and let IB ⊆ I be a set of items that are placed
non-overlappingly inside B. We say that the placement of IB is nice if the items in IB are
guillotine separable and additionally

IB contains only one item, or
IB ⊆ Ihor and the items in IB are stacked on top of each other inside B, or
IB ⊆ Iver and the items in IB are placed side by side inside B, or
IB ⊆ Ismall and for each item i ∈ IB it holds that wi ≤ ε · w(B) and hi ≤ ε · h(B)

Inside L-compartments we allow only skewed items and we want them to be placed in a
similar way as in the boxes, see Figure 2 and 3.

▶ Definition 4. Let L be an L-compartment and let IL ⊆ I be a set of items that are placed
non-overlappingly inside L. We say that the placement of IL is nice if

IL ⊆ Iskew, and
the items in IL ∩ Ihor are stacked on top of each other inside L, and
the items in IL ∩ Iver are stacked side by side inside L.

A nice placement inside an L-compartment yields a guillotine separable packing.

▶ Lemma 2. Consider a set of items IL ⊆ I that is placed nicely inside an L-compartment
L. Then IL is guillotine separable.

Proof sketch. One can show that there always exists a guillotine cut that separates one or
more horizontal or vertical items in IL from the other items in IL, see Figure 3. Then this
argument is applied recursively. ◀

I ′
hor

iv

lv

(a)

I ′
hor

lh

iv

lv

(b)

I ′
hor

lh

(c)

Figure 3 (a) A nicely packed set of skewed items inside an L-compartment. The vertical cut lv

separates the leftmost vertical item iv from the other vertical items but it intersects the horizontal
items in I ′

hor. (b) However, then the horizontal cut lh separates the items in I ′
hor from the other

horizontal items without intersecting any vertical item. (c) The corresponding guillotine cut that
partitions the L-compartment into a box-compartment and a smaller L-compartment.

2.2 Pseudo-guillotine separable compartments
We seek to partition the knapsack into box- and L-compartments and then place items
into these compartments. We also want to ensure that the resulting solution is guillotine
separable. We could guarantee this if there was a guillotine cutting sequence that separates
all compartments and require that the items inside the compartments are placed nicely.
Then, we could first separate all compartments by the mentioned cutting sequence and then
separate the items inside of each compartment by guillotine cuts (as they are packed nicely).
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However, there is no guillotine cutting sequence that cuts out an L-compartment from the
knapsack since no guillotine cut can separate the L-compartment from the area at the “inner”
part of the L-compartment. Therefore, we require for the compartments in our knapsack
only that there is a pseudo-guillotine cutting sequence. A pseudo-guillotine cutting sequence
has the following two operations (see Figure 5): given a rectangle R ⊆ K it

applies a horizontal or vertical guillotine cut that separates R into two disjoint rectangles
R1, R2 and then continues recursively with R1 and R2, or
for an L-compartment L ⊆ R such that R \ L is a rectangle, it partitions R into L and
R \ L and then continues recursively with R \ L (but not with L). Note that we cannot do
this operation with every L-compartment L′ ⊆ R since possibly R \ L′ is not a rectangle.

We formalize this in the following definition.

▶ Definition 5. A pseudo-guillotine cutting sequence (for compartments) for a set of
compartments C is a binary tree T = (V, E) where for each vertex v ∈ V there is an associated
shape Sv ⊆ K such that

for the root r ∈ V of T it holds that Sr = K,
for each internal vertex v with children u, w it holds that

Sv is a rectangle with Sv = Su∪̇Sw (so in particular Su and Sw are disjoint),
either Su and Sw are both rectangles or one of them is an L-compartment and the
other is a rectangle,

for each compartment C ∈ C there is a leaf v ∈ V such that Sv = C.

Observe that each L-compartment corresponds to a leaf node in T .
Now the important insight is that if a set of compartments C admits a pseudo-guillotine

cutting sequence, then any nice placement of items inside these compartments is guillotine
separable (globally). In particular, given such compartments C, we can place items inside the
compartments in C without needing to worry whether the resulting packing will be guillotine
separable globally, as long as we place these items nicely. Intuitively, this is true since we
can use the cuts of the pseudo-guillotine cutting sequence as a template for a global cutting
sequence for the items: whenever the former sequence

makes a guillotine cut, we simply do the same cut,
when it separates an L-compartment L from a rectangular region R, we separate the
items inside L by a sequence of guillotine cuts; it turns out that we can do this since all
items inside L are placed nicely and skewed.

Finally, we separate the items inside each box-compartment B by guillotine cuts, using the
fact that the items inside B are placed nicely.

▶ Lemma 3. Let C be a set of compartments inside K that admit a pseudo-guillotine cutting
sequence. Let I ′ ⊆ I be a set of items that are placed nicely inside the compartments in C.
Then there is a guillotine cutting sequence for I ′.

Proof sketch. Let P denote the pseudo-guillotine cutting sequence. We construct a guillotine
cutting sequence for I ′ based on P . We follow the cuts of P . Whenever P makes a guillotine
cut, then we also do this guillotine cut. When P separates an L-compartment L from a
rectangular region R, then we apply a sequence of guillotine cuts that step by step separates
all items in L from R \ L. Since inside L the items are placed nicely, one can show that there
exist such cuts that don’t intersect any item in R \ L (see Figure 4). ◀
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ℓ0

ℓ1

ℓ2

ℓ3 ℓ4 ℓ5 ℓ6

ℓ7

R \ L

L

R \ L

L

Figure 4 Partition of rectangle R into L and R \ L when items inside L are packed nicely.
ℓ0, . . . , ℓ7 (dashed lines) are a sequence of guillotine cuts that ultimately separate out the items in L

from R.

2.3 Near-optimal structured solutions
Our main technical contribution is to show that there exists a (1 + ε)-approximate solution
whose items can be placed nicely inside a set of compartments C that admit a pseudo-guillotine
cutting sequence. By Lemma 3 there is a guillotine cutting sequence for them.

▶ Lemma 4. There exists a set OPT ′ ⊆ I and a partition of K into a set of Oε(1) 1

compartments C such that
|OPT ′| ≥ (1 − ε)|OPT |,
the compartments C admit a pseudo-guillotine cutting sequence,
the items in OPT ′ can be placed nicely inside the compartments C.

We will prove Lemma 4 in Section 3. Our main algorithm works as follows. First, we
guess the Oε(1) compartments C due to Lemma 4 in time (nN)Oε(1) (note that we can
assume w.l.o.g. that they have integral coordinates). Then we place items nicely inside C
while maximizing the cardinality of the placed items. For this we use a (1 + ε)-approximation
algorithm which is a slight adaptation of a recent algorithm in [26] for the 2GK problem (i.e.,
without requiring that the computed solution is guillotine separable). In fact, we simplify
some steps of that algorithm since our compartments are very simple.

▶ Lemma 5. Given a set of compartments C. In time (nN)Oε(1) we can compute a set of
items ALG ⊆ I that are placed nicely inside C such that |ALG| ≥ (1 − ε)|OPT ′| for any set
of items OPT ′ that can be placed nicely inside the compartments C. Inside each compartment
C ∈ C the set ALG admits an Oε(log(nN))-stage packing.

We will prove Lemma 5 in Section 4. Then, Lemmas 3, 4, and 5 imply our main theorem for
the cardinality case. Due to Lemma 4, our pseudo-guillotine cutting sequence has Oε(1) leaf
nodes and each of them is either a box- or an L-compartment. The packing algorithm due to
Lemma 5 gives a Oε(log(nN))-stage packing inside each compartment. This yields globally
a Oε(log(nN))-stage packing. For the analysis of our (1 + ε)-approximation algorithm for
the weighted case, see [37].

1 The notation Oε(f(n)) means that the implicit constant hidden by the big O notation can depend on ε.
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ℓ2
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ℓ4

ℓ5

ℓ1

ℓ6
ℓ2

ℓ7

ℓ3
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ℓ5

Figure 5 (a) A pseudo-guillotine cutting sequence. The first cut is l1, and then the resulting
right piece is further subdivided by ℓ2, ℓ3, ℓ4 and ℓ5. Similarly, ℓ6, ℓ7 subdivide the left piece. Note
that ℓ3, ℓ5 and ℓ7 are not guillotine cuts, but they cut out the corresponding L-compartments. (b)
step by step pseudo-guillotine cutting sequence corresponding to Figure (a). Dashed line at each
level indicates a partition of a rectangle into two regions (two boxes, or one box and one L-shaped).

▶ Theorem 6. There is a (1 + ε)-approximation algorithm for 2GGK with a running time
of (nN)Oε(1) that computes an Oε(log(nN))-stage packing.

We obtain a similar result also for the rotational case: our structural result from Lemma 4
still holds and the algorithm due to Lemma 5 needs only some minor modifications.

▶ Theorem 7. There is a (1 + ε)-approximation algorithm for 2GGK(R) with a running
time of (nN)Oε(1) that computes an Oε(log(nN))-stage packing.

3 Existence of near-optimal structured solutions

In this section, we prove Lemma 4 in the cardinality case, i.e., there exists a (1+ε)-approximate
solution whose items can be placed nicely inside a set of compartments C that admit a
pseudo-guillotine cutting sequence. Note that Lemma 4 trivially holds if |OPT | ≤ Oε(1) and
hence we assume that |OPT | is larger than any given constant (thus we can drop any set of
Oε(1) items from OPT while losing only a factor of 1 + ε).

Consider an optimal solution OPT and a corresponding guillotine cutting sequence S.
Temporarily, we remove from the packing the items in OPTsmall; we will put back most of
them later. We identify a set of cuts of S as follows. Let ℓ0 denote the first cut of S. Assume
w.l.o.g. that ℓ0 is vertical. If the distance of ℓ0 to the left and to the right edge of K is at
least εlargeN/4 then we stop. Otherwise ℓ0 cuts K into two rectangles R1, R2 and assume
w.l.o.g. that the width of R1 is at most εlargeN/4. Now we consider how S continues within
R2. We continue recursively. Assume inductively that we identified a set of cuts ℓ0, ..., ℓk−1
of S and suppose that ℓk−1 is vertical cut with distance less than εlargeN/4 to the left or the
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Figure 6 Transformation to obtain an L-compartment.

right edge of K, or that ℓk−1 is horizontal cut with distance less than εlargeN/4 to the top or
the bottom edge of K. Assume w.l.o.g. that ℓk−1 is vertical with distance less than εlargeN/4
to the left edge of K. Then the cut ℓk−1 yields two rectangles R1, R2, and assume that R1
lies on the left of R2. Then we define ℓk to be the next cut of S within R2. If the distance of
ℓk to the top and the bottom edge of K is at least εlargeN/4 then we stop. Otherwise we
continue iteratively. Eventually, this procedure must stop, let ℓ0, ..., ℓk denote the resulting
sequence. Let B0, ..., Bk−1 denote the rectangles that are cut off by ℓ0, ..., ℓk−1 and into
which we did not recurse when we defined ℓ1, ..., ℓk. Let Bk denote the rectangle that is
cut by ℓk. Then each rectangle Bi with i ∈ {1, ..., k − 1} satisfies that w(Bi) ≤ εlargeN/4
or h(Bi) ≤ εlargeN/4 and in particular cannot contain both horizontal and vertical items.
Also, the items of OPT inside Bi are guillotine separable. The important insight is that
we can rearrange the rectangles B0, ..., Bk (while moving their items accordingly) such that
B0, ..., Bk−1 lies in an L-compartment L ⊆ K such that K \ L is a rectangle, i.e., L lies at
the boundary of K as shown in the Figure 6.

▶ Lemma 8. There exists an L-compartment L ⊆ K such that K \ L is a rectangle and we
can rearrange the rectangles B0, ..., Bk such that

B0, ..., Bk−1 fit non-overlappingly into L,
there is a guillotine cutting sequence for B0, ..., Bk−1,
Bk fits into K \ L.

Proof. Following the cutting sequence S as described, let us assume that Bk := [wL, N −
wR] × [hB , N − hT ], where 0 ≤ wR, wL, hT , hB ≤ εlargeN/4. Therefore, the cuts ℓ1, ..., ℓk−1
separate of a ring-like region Q := ([0, wL] × [0, N ]) ∪ ([N − wR, N ] × [0, N ]) ∪ ([0, N ] ×
[0, hB ]) ∪ ([0, N ] × [N − hT , hT ]) (see Figure 6). Note that some of the values wR, wL, hT , hB

might be 0. The rectangles B0, ..., Bk−1 fit in Q and we want to show that we can rearrange
the rectangles in B0, ..., Bk−1 into an L-compartment L ⊆ K such that L := ([0, wL + wR] ×
[0, N ]) ∪ ([0, N ] × [0, hB + hT ]) and there is a guillotine cutting sequence for B0, ..., Bk−1.
Clearly, Bk fits into K \ L. We prove the claim by induction on k. The base case is trivial.
W.l.o.g. assume the vertical cut ℓ0 that divides K into B0, R′, where B0 lies on the left
of R′. Hence, B0 := [0, b0] × [0, N ] and R′ := K \ B0. We use induction on R′ to find a
packing of B1, ..., Bk−1 in L′ := [b0, wL + wR] × [0, N ] ∪ [0, N ] × [0, hB + hT ]. Therefore,
adding B0 to L′ yields the desired L-compartment L. For the guillotine cutting sequence
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for B0, ..., Bk−1, we follow ℓ0 and afterwards the guillotine cutting sequence for B1, ..., Bk−1
obtained by induction from R′. The other cases, i.e., when B0 lies right or top or bottom of
R′, follow analogously. ◀

We adjust the packing of OPT according to Lemma 8, i.e., for each rectangle Bi with
i ∈ {0, ..., k} we move its items according to where Bi was moved due to the lemma. The
resulting packing inside L might not be nice. However, we can fix this by dropping at most
Oε(1) items and subdividing L into Oε(1) box-compartments and a smaller L-compartment
L′ ⊆ L that lies at the outer boundary of L, i.e., such that L \ L′ is again an L-compartment
and h(L′) = h(L) and w(L′) = w(L).

▶ Lemma 9. Given an L-compartment L containing a set of items I(L). There exists a
partition of L into one L-compartment L′ ⊆ L and Oε(1) box-compartments B(L) such that

L′ lies at the outer boundary of L,
the box-compartments in B(L) are guillotine separable, and
there is a nice placement of a set of items I ′(L) ⊆ I(L) with |I ′(L)| ≥ (1−ε)|I ′(L)|−Oε(1)
inside B(L) and L′.
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Figure 7 Processing done in Lemma 9 to obtain a nice packing in L-compartment.

Proof sketch. Since it is sufficient to place (1 − ε)|I ′(L)| − Oε(1) items, we can drop Oε(1)
items. So w.l.o.g. assume that I(L) contains only skewed items (i.e., we remove all large
items). Intuitively, we partition L into two polygons PH and PV that are separated via a
monotone axis-parallel curve connecting the two vertices of L at the bend of L, such that
PH contains all horizontal items placed inside L and PV contains all vertical items inside L,
see Figure 7a. We rearrange the items in PH and PV separately, starting with PH . Denote
by I(PH) ⊆ I(L) the items of I(L) placed inside PH .

We place 1/ε2 boxes inside PH of height ε2h(PH) each, stacked one on top of the other. We
define their width maximally large such that they are still contained inside PH (note that some
area of PH is then not covered by these boxes), see Figure 7b. Denote by

{
B0, ..., B1/ε2−1

}
these boxes in this order, such that B0 touches the longer horizontal edge of PH . With
a shifting argument, we can show that there are two consecutive boxes Bj∗ , Bj∗+1 with
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j∗ ≤ 1/ε that intersect with at most an Oε(1) + O(ε|I(PH)|) items in I(PH). We remove
these items. Let P ′

H ⊆ PH denote the part of PH underneath Bj∗ (see Figure 7c). We move
down by ε2h(P ) units each item in I(PH) that intersect one of the boxes Bj∗+2, ..., B1/ε2−1
and we remove all Oε(1) items from I(L) that intersect more than one box. Note that then
the moved items fit into the boxes B′ :=

{
Bj∗+1, ..., B1/ε2−2

}
.

Using another shifting step, we delete all items in 6/ε consecutive boxes of B′; since there
are Ω(1/ε2) boxes in B′ this costs only a factor 1 + O(ε) in the profit. We use the empty
space to place in it all items in P ′

H that are shorter than the shorter horizontal edge of PH ,
see Figure 7e. One can show that they can be placed into this empty space using Steinberg’s
algorithm [48] (maintaining guillotine separability) since the available space is much larger
than the area of the items to be placed. For the remaining items in P ′

H one can show that
the width of each of them is more than half of the width of L. Hence, we can assume w.l.o.g.
that they are placed nicely within P ′

H . Again, we remove all items that intersect more than
one box after this movement, which are at most Oε(1) items. Denote by Bhor the resulting
set of boxes.

We do a symmetric procedure for PV , yielding a set of boxes Bver and a nicely packed
region P ′

V . Intuitively, we want to define L′ as P ′
H ∪ P ′

V . However, P ′
H ∪ P ′

V might not have
exactly the shape of an L-compartment. Nevertheless, one can show that we can subdivide
one of these polygons, say P ′

H , along a horizontal line into two subpolygons P ′
H,top, P ′

H,bottom
(with P ′

H,top lying on the top of P ′
H,bottom) such that

we can place the items in P ′
H,top into another set of Oε(1) boxes B′

hor that are non-
overlapping with Bhor ∪ Bver, and
L′ := P ′

H,bottom ∪ P ′
V forms an L-compartment, see Figure 7f.

Then the items are nicely placed inside L′. To each of the Oε(1) boxes B ∈ Bhor ∪B′
hor ∪Bver

we apply a standard routine that removes some of the items inside B and partitions B into
smaller boxes, such that the remaining items inside these smaller boxes are nicely placed. ◀

Therefore, we define that the first cuts of our pseudo-guillotine cutting sequence S′ looks
as follow: we first separate K into L′ and K \ L′ and then separate the boxes in B(L). Then
we apply a guillotine cut to the rectangular area K \ L that corresponds to ℓk (since we
moved the items in Bk we need to adjust ℓk accordingly), which yields two rectangular areas
R1, R2. With each of them we continue recursively, i.e., we apply the same routine that we
had applied to K above.

We do not recurse further if for a considered rectangular area R it holds that h(R) <

εlargeN or w(R) < εlargeN . In this case R contains only horizontal or only vertical items,
respectively. However, these items might not be packed nicely. Thus, we apply to R a similar
routine as in Lemma 9. In a sense, R behaves like a degenerate L-compartment with only
four edges. Also note that R is a box-compartment.

▶ Lemma 10 ([37]). Given a box-compartment B containing a set of items I(B) with
h(B) < εlargeN or w(B) < εlargeN , there exists a partition of B into Oε(1) box-compartments
B(B) such that

the box-compartments in B(B) are guillotine separable, and
there is a nice placement of a set of items I ′(B) ⊆ I(B) with |I ′(B)| ≥ (1−ε)|I ′(B)|−Oε(1)
inside B(B).

It remains to put back the (small) items in OPTsmall. Intuitively, we assign them to
the empty space in our Oε(1) constructed compartments. More formally, we subdivide our
compartments further into smaller compartments by guillotine cuts, some of the resulting
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compartments are empty, and into those we assign the small items with the Next-Fit-
Decreasing-Height algorithm [17]. For each of these compartments we ensure that their
height and width are εsmallN/ε. There might be empty space that is not used in this way,
however, we can ensure that its total area is very small, e.g., at most O(ε2N2). This allows
us to pack essentially all items in OPTsmall (handling a few special cases differently, e.g., if
the total area of the items in OPTsmall is very small).

Let S′ denote the resulting pseudo-guillotine cutting sequence. We need to argue that this
yields in total Oε(1) compartments. This follows easily since every time we identify a sequence
of cuts ℓ0, ..., ℓk of S, we construct exactly one L-compartment and Oε(1) box-compartments.
Also, after each such operation, we recurse on rectangular areas R1, R2 that are at least
by εlargeN/4 units thinner or shorter (i.e., by at least εlargeN/4 units smaller in one of the
two dimensions) than the rectangular area that we had started with when we constructed
ℓ0, ..., ℓk (which is the whole knapsack K in the first iteration). Also, when we do not recurse
further we subdivide the remaining region into Oε(1) box-compartments. Each resulting
compartment is subdivided into Oε(1) smaller compartments when we place the small items.
Hence, the depth of the binary tree T defining the pseudo-guillotine cutting sequence S′ is
Oε(1) and thus we define at most Oε(1) compartments in total. In particular, we applied
Lemmas 9 and 10 at most Oε(1) times and, therefore, the constructed solution contains at
least (1 − ε)|OPT | − Oε(1) items. A refined argument extends this to the weighted case as
well, we refer the readers to the full version [37] for a detailed description.

4 Assigning items into compartments

For proving Lemma 5, we need to provide an algorithm that, given a set of compartments
C, computes a solution ALG ⊆ I with p(ALG) ≥ (1 − ε)p(OPT ′) that can also be placed
nicely in C (where OPT ′ ⊆ I is the subset of I of maximum profit that can be placed nicely
in the compartments in C).

First, we guess for each box-compartment B ∈ C which case of Definition 3 applies, i.e.,
whether B contains only a single large item, or only horizontal items, or only vertical items,
or only small items. For each box-compartment B ∈ C for which we guessed that it contains
only one large item, we simply guess this item. We can do this deterministically in time
O(n|C|) = nOε(1) for all such box-compartments B ∈ C.

Then, for assigning the small items, we use a standard reduction to the Generalized
Assignment Problem (GAP) [24] for selecting a near-optimal set of small items and an
assignment of these items into the corresponding box-compartments. Inside of each box-
compartment B we place the items with the Next-Fit-Decreasing-Height algorithm [17] which
results in a 2-stage guillotine separable packing for the items inside B.

▶ Lemma 11 ([37]). Given a set of box compartments B such that a set of items I∗
small ⊆ Ismall

can be placed non-overlappingly inside B, in nOε(1) time we can we can compute a set of
items I ′

small ⊆ Ismall with p(I ′
small) ≥ (1 − ε)p(I∗

small) and a nice placement of the items in
I ′

small inside B which is guillotine separable with Oε(1) stages.

Let Cskew ⊆ C denote the compartments in C into which skewed items are placed in OPT ′

(which in particular contains all L-compartments in C). It remains to select a profitable
set of items from Iskew that can be placed nicely in the compartments in Cskew. For this
task, we use a recent algorithm in [26] which is a routine for 2GK which takes as input
(in our terminology) a set of box- and L-compartments, and also compartments of more
general shapes (e.g., with the shapes of a U or a Z). In time (nN)Oε(1), it computes a
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subset of the input items of maximum total profit, up to a factor of 1 + ε, that can be
placed non-overlappingly inside the given compartments. In fact, it first partitions the given
compartments such that there exists a profitable solution for the smaller compartments
inside of which the items are placed nicely (according to our definition). Then it computes a
(1 + ε)-approximation of the most profitable subset of items that can be placed nicely.

In our setting, we can skip the first step since in OPT ′ the items are already placed nicely
inside the compartments Cskew. Hence, we execute directly the second part the algorithm
in [26]. In fact, a simpler version of that routine is sufficient since we have only box- and
L-compartments. The algorithm in [26] can handle also the case where rotations by 90
degree are allowed, and the same holds for the routine in Lemma 11. Thus our result works
for the case with rotations as well. We refer to the full version [37] for a complete and
self-contained description of this routine, adapted to the guillotine setting. In particular,
inside each compartment its solution is guillotine separable with Oε(log nN) stages.

5 Power of stages in guillotine packing

Figure 8 Hard example for Theorem 12.

Our two algorithms compute packings with Oε(log(nN))-stages. This raises the question
whether one can obtain (1 + ε)-approximate solutions with fewer stages. In particular, for
the related guillotine 2BP and guillotine 2SP problems there are APTASs whose solutions
use O(1)-stage packings [8, 47]. However, we show that in contrast for 2GGK sometimes
Ω(log N) stages are necessary already for a better approximation ratio than 2, even if there
are only skewed items. For a detailed proof, we refer to the full version [37].

▶ Theorem 12. For any constant 0 < ε < 1
2 , there is a family of instances of 2GGK with

only skewed items for which any (2 − ε)-approximate solution requires k = Ω(ε log N) stages.

6 Conclusion

Two main open questions are to obtain PTASes for 2GGK and 2GK. We conjecture that the
worst-case ratio between the optimal profit of 2GGK and 2GK is 4/3. If this conjecture is
true, then a PTAS for 2GGK will imply a 4/3 + ε-approximation for 2GK, improving the
present best approximation guarantee [24].
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Abstract
We introduce the restricted constrained Delaunay triangulation (restricted CDT), a generalization
of both the restricted Delaunay triangulation and the constrained Delaunay triangulation. The
restricted CDT is a triangulation of a surface whose edges include a set of user-specified constraining
segments. We define the restricted CDT to be the dual of a restricted Voronoi diagram defined on
a surface that we have extended by topological surgery. We prove several properties of restricted
CDTs, including sampling conditions under which the restricted CDT contains every constraining
segment and is homeomorphic to the underlying surface.
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1 Introduction

The constrained Delaunay triangulation (CDT) in the plane [19, 25, 13] is a popular geo-
metric construction that shares some of the advantages and mathematical properties of the
Delaunay triangulation, but also permits users to constrain specified edges to be part of
the triangulation. CDTs are used in applications such as computer graphics, geographical
information systems, and guaranteed-quality mesh generation algorithms [12]. Our goal here
is to offer a mathematically rigorous way to define a Delaunay-like triangulation on a curved
surface embedded in three-dimensional space, with the same ability to constrain edges.

Another variant of the Delaunay triangulation, called the restricted Delaunay triangulation
(RDT), has become a well-established way of generating triangulations on curved surfaces [16].
RDTs have equipped theorists to rigorously prove the correctness of algorithms for surface
reconstruction [14] and surface mesh generation [12]. In this paper we introduce restricted
constrained Delaunay triangulations (restricted CDTs), which combine ideas from CDTs and
RDTs to enable the enforcement of constraining edges in RDTs.

Think of the restricted CDT as a function that takes in three inputs: a compact, smooth
surface Σ ⊂ R3 without boundary; a finite set 𝑉 ⊂ Σ of points (called sites or vertices); and
a finite set 𝑆 of line segments whose endpoints are in 𝑉 . If certain conditions on the density
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49:2 Restricted Constrained Delaunay Triangulations

of 𝑉 and the lengths of the segments are met then, as illustrated in Figure 1, the output
is a simplicial complex T such that the set of vertices of T is 𝑉 , the set of edges of T is
a superset of 𝑆, and T is a triangulation of Σ. The last phrase means that the underlying
space of T , written |T | = ⋃

𝜏∈T 𝜏, is homeomorphic to Σ.

Figure 1 Given a set of points sampled from a surface Σ and a set of segments, red, we wish to
compute a triangulation of Σ that contains all of the red segments.

Although Delaunay triangulations in the plane can be constrained to include arbitrary
edges, the same is not true of three-dimensional Delaunay triangulations; consider the fact
that not all nonconvex polyhedra can be tetrahedralized [24]. Nor is it always possible to
constrain arbitrary edges to be part of a surface triangulation. Our challenge is to establish
conditions on the input that guarantee that a suitable triangulation exists.

We follow the example of the RDT, which is defined by dualizing a restricted Voronoi
diagram. Given inputs Σ and 𝑉 (but no segments), the restricted Voronoi cell of a site 𝑣 ∈ 𝑉 ,
denoted Vor|Σ 𝑣, is the set of all points on Σ for which 𝑣 is the closest site in 𝑉 (possibly tied
for closest), as measured by the Euclidean distance in R3. Equivalently, Vor|Σ 𝑣 = Vor 𝑣 ∩ Σ,
where Vor 𝑣 is 𝑣’s standard Voronoi cell in R3. The name “restricted Voronoi cell” arises
because Vor|Σ 𝑣 is the restriction of Vor 𝑣 to the surface Σ.

A restricted Voronoi face is any nonempty set of points found by taking the intersection
of one or more restricted Voronoi cells. The restricted Voronoi diagram Vor|Σ 𝑉 is the cell
complex containing all the restricted Voronoi cells and faces.

The restricted Delaunay triangulation Del|Σ 𝑉 is the simplicial complex dual to Vor|Σ 𝑉 .
If the restricted Voronoi cells of two sites 𝑣, 𝑤 ∈ 𝑉 have a nonempty intersection (typically a
path on Σ), then 𝑣𝑤 is a restricted Delaunay edge in Del|Σ 𝑉 . If the restricted Voronoi cells
of three sites 𝑢, 𝑣, 𝑤 ∈ 𝑉 have a nonempty intersection (typically a single point on Σ, called a
restricted Voronoi vertex), then △𝑢𝑣𝑤 is a restricted Delaunay triangle in Del|Σ 𝑉 . Every site
in 𝑉 is a vertex in Del|Σ 𝑉 . Note that Del|Σ 𝑉 may not be a valid simplicial complex unless
𝑉 is a sufficiently dense sample of Σ, perhaps with suitable perturbations of Σ and 𝑉 . See
Section 3 for a more nuanced discussion.

To modify RDTs so that we can constrain edges, we borrow from Seidel [25] the idea of
an extended Voronoi diagram, which is the natural dual of the CDT in the plane. Seidel
performs a topological surgery on the plane in which each segment in 𝑆 becomes a slit cut in
the plane; upon these slits he glues topological extensions called “secondary sheets” on which
additional portions of the extended Voronoi diagram are drawn. Likewise, we perform surgery
by cutting slits in the surface Σ and grafting independent new surfaces called extrusions
onto Σ at these slits. We think of these slits as portals: an ant crawling on the surface across
a constraining edge finds itself transported by the portal to a secondary space where the
extended surface continues along an infinite extrusion.

A key contribution of this paper is our definition of the restricted constrained Delaunay
triangulation, as the dual of the Voronoi diagram restricted to this surgically extended surface.
Another contribution is to prove several properties of restricted CDTs, including conditions
under which the restricted CDT contains every constraining edge, conditions under which
the restricted CDT is homeomorphic to the underlying surface Σ, and a characterization of
which vertices must be considered to compute the triangles near a segment.
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Shewchuk [26] demonstrates that for Delaunay mesh generators that create high-quality
meshes of domains in the plane with constraining segments, the use of a CDT (rather than
a pure Delaunay triangulation) reduces the number of triangles and vertices – on some
domains, by as much as 25%. He also proves that there is a theoretical advantage: Delaunay
meshing with a CDT offers a guarantee of a “size optimal” mesh with no angle less than
26.56◦, whereas an unconstrained Delaunay triangulation offers a weaker guarantee, a size
optimal mesh with no angle less than 20.7◦. It is very likely that surface meshing algorithms
based on restricted CDTs can offer the same advantages, compared to what pure RDTs can
achieve.

An alternative approach sometimes suggested is to define a Voronoi diagram based on
an intrinsic (geodesic) distance metric, then obtain a triangulation by duality. This idea
is mathematically elegant, but computing a geodesic Voronoi diagram entails numerical
approximation algorithms [18, 20, 21], which add coding complexity and running time. RDTs
are popular in surface mesh generation because they are easier to compute. We emphasize
that although our construction of restricted CDTs may seem complicated, it is in the service
of producing simple algorithms. (In particular, Theorems 1 and 3 simplify computing the
triangles near a segment.) See Section 6 for some speculation on prospective algorithms.

2 Portals and topological surgery

Informally, a portal 𝑃 is a doorway between two topological spaces, with 𝑃 shared by both.
Our main topological construction starts with disjoint topological spaces 𝑌 and 𝑍 , then glues
them together into a single space by specifying an equivalence relationship between a subset
of points 𝑃 ⊂ 𝑌 and a subset 𝑃′ ⊂ 𝑍 . For clarity, we explain Seidel’s construction of portals
in the plane [25] first, then our construction of portals and an extended surface in R3.

2.1 Portals and extended Voronoi diagrams in the plane

Let 𝑋 = R2 and let 𝑆 be a finite set of line segments in the plane; the segments may intersect
each other only at their endpoints. Consider a segment 𝑠 = 𝑝𝑞 ∈ 𝑆 (meaning 𝑠 has endpoints
𝑝 and 𝑞). The relative interior of 𝑠, denoted relint 𝑠, consists of all points on 𝑠 except 𝑝

and 𝑞. Let the slitted plane 𝑋𝑠 = 𝑋 − relint 𝑠 be the plane with the relative interior of 𝑠

removed. The affine hull of 𝑠 has two “sides.” Our goal is to augment 𝑋𝑠 by gluing it to
two additional topological spaces, one for each side of 𝑠, along the slit created by removing
relint 𝑠. The three spaces are glued together along two portals, each of which is topologically
a copy of 𝑠. Thus an ant crawling on the extended space that crosses 𝑠 from one side finds
itself in a secondary branch; and an ant that crosses 𝑠 from the other side finds itself in a
different secondary branch. After repeating this augmentation for every segment in 𝑆, we
can draw on the extended space an extended Voronoi diagram whose dual is the CDT.

Topologically, 𝑋𝑠 has a hole such that 𝑋𝑠 is almost an open set, except that 𝑋𝑠 has two
boundary points, 𝑝 and 𝑞. We want to glue two additional spaces to 𝑋𝑠 – one for each side
of 𝑠 – so we augment 𝑋𝑠 with additional points that serve as two portals to those additional
spaces. We define a closed topological space 𝑋𝑠 by augmenting 𝑋𝑠 with two connected curves
𝜁+ and 𝜁−, called portals, that together serve as the boundary of the hole. Each of 𝜁+ and 𝜁−

has 𝑝 and 𝑞 as its endpoints, but the two curves share no other points. In essence, the portals
are copies of 𝑠 with shared endpoints. Formally, 𝑋𝑠 is the completion of the incomplete
metric space 𝑋𝑠 with respect to the shortest-path metric in 𝑋𝑠.
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The points in 𝑋𝑠 inherit Cartesian coordinates from the plane, and the points on the
portals 𝜁+ and 𝜁− inherit Cartesian coordinates from the segment 𝑠. Two points in 𝑋𝑠 –
one on 𝜁+ and one on 𝜁− – can have the same (𝑥, 𝑦)-coordinate values yet be topologically
distinct.

Let R2
− and R2

+ be two copies of R2. We treat 𝑋𝑠, R2
−, and R2

+ as three distinct topological
spaces that all inherit the Cartesian coordinate system – so two points in two different spaces
can have the same coordinate values yet be topologically distinct.

Informally, we glue R2
+ to 𝑋𝑠 along 𝜁+ and glue R2

− to 𝑋𝑠 along 𝜁−. Formally, we write
𝑥 ≡ 𝑦 if 𝑥 and 𝑦 have the same coordinate values, even though they may lie in different spaces.
Let 𝑝 and 𝑞 be the endpoints of 𝑠. Define an equivalence relation ∼ as

𝑥 ∼ 𝑦 ⇐⇒


𝑥 = 𝑦 𝑥, 𝑦 ∈ 𝑋𝑠 or 𝑥, 𝑦 ∈ R2

+ or 𝑥, 𝑦 ∈ R2
−,

𝑥 ≡ 𝑦 𝑥 ∈ R2
+ and 𝑦 ∈ 𝜁+,

𝑥 ≡ 𝑦 𝑥 ∈ R2
− and 𝑦 ∈ 𝜁−,

𝑥 ≡ 𝑝 ≡ 𝑦 or 𝑥 ≡ 𝑞 ≡ 𝑦 𝑥 ∈ R2
+ and 𝑦 ∈ R2

−.

(1)

With ∼ we construct the quotient space 𝑋 = (𝑋𝑠 ⊔ R2
+ ⊔ R2

−)/∼. We refer to 𝑋𝑠 as the
principal branch and refer to R2

+ and R2
− as secondary branches. Figures 2 and 3 illustrate

this construction. Note that in the quotient space, the endpoints 𝑝 and 𝑞 of the segment 𝑠

are present in, and shared by, all three of the original spaces.

R2R2

R2
�R2
�R2

+R2
+

pp

qq

�� e�e�

Figure 2 The completion of the slitted plane has a topological hole bounded by two portals,
marked in blue and orange. (Geometrically, the two portals are straight line segments that occupy
exactly the same coordinates.) The equivalence relation ∼ identifies the blue path in the principal
branch with the blue path in R2

−; likewise the two orange paths become one. A path in the principal
branch (bottom) that enters a portal continues in the appropriate secondary branch.

The construction works for any finite number 𝑚 = |𝑆 | of non-crossing segments. Let
𝑋𝑆 = 𝑋 −⋃

𝑠∈𝑆 relint 𝑠. Let 𝑋𝑆 be the completion of 𝑋𝑆 with respect to the shortest-path
metric in 𝑋𝑆 , which adds two portals for each segment. Then we construct a quotient space 𝑋

composed of 𝑋𝑆 and 2𝑚 copies of R2 glued along the 2𝑚 portals bounding the 𝑚 holes in 𝑋𝑆 .
For the sake of defining the Voronoi diagram of a finite set of sites in 𝑋, Seidel [25]

defines a distance function on 𝑋 which is essentially the Euclidean distance, except that the
distance between two points is infinite if they are not visible from each other. (Note that
this distance function is not a metric.) A path 𝛾 ⊂ 𝑋 may pass through portals and visit
secondary branches, but because of the slits we have cut in 𝑋𝑆, 𝛾 cannot cross the relative
interior of a segment without being transported by a portal. We call a path straight if its
Cartesian embedding is a straight line segment. Two points 𝑝, 𝑞 ∈ 𝑋 are visible from each
other if there is a straight path 𝛾 ⊂ 𝑋 with endpoints 𝑝 and 𝑞. The distance 𝑑 (𝑝, 𝑞) from 𝑝

to 𝑞 is the Euclidean distance if 𝑝 and 𝑞 are visible from each other; otherwise, 𝑑 (𝑝, 𝑞) = ∞.
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Figure 3 A one-segment CDT (top) and its dual extended Voronoi diagram (bottom). The blue
and orange regions show the portions of the Voronoi diagram on the secondary branches.

The extended Voronoi diagram assigns each point in 𝑋 to (the Voronoi cells of) one or
more sites in 𝑉 . Those sites must be visible from the point; no site can claim a point it cannot
see. If a point on a secondary branch is claimed by a site other than the branch’s portal’s
endpoints, the site is visible from the point through the portal, as Figure 3 illustrates. Seidel
gives an algorithm for constructing the extended Voronoi diagram, and by duality the CDT.

2.2 Portals on surfaces embedded in R3

A similar construction works for a compact, smooth surface without boundary Σ ⊂ R3.
However, whereas in the plane we construct one new topological space, here we will require
two. We surgically augment the surface Σ by cutting slits along portal curves, one for each
segment, and gluing two extrusions onto each portal curve, yielding an extended surface Σ̃.
The purpose of this extended surface is to serve as a canvas upon which we can draw an
extended restricted Voronoi diagram, which we dualize to define a restricted CDT.
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To define a Voronoi diagram we need a distance function, and Σ̃ alone does not provide
one that is easily computed. While an intrinsic (geodesic) distance might be ideal in principle,
for the sake of speed and a simple implementation, we use the Euclidean distance in R3

as RDTs do; but we must modify the Euclidean distance so that the restricted Voronoi
diagram respects the input segments. Hence most of our work will be to construct a surgically
modified three-dimensional space 𝑋 in which we embed Σ̃ ⊂ 𝑋. Like Seidel’s extended space
in Section 2.1, 𝑋 obstructs (and supports) visibility in a manner that is suitable for defining
a restricted Voronoi diagram on Σ̃ and makes it easy to compute restricted CDTs.

To define 𝑋, we specify portals in R3 where points will be removed, analogous to cutting
slits in the plane. Each portal is a two-dimensional ruled surface with boundary (not generally
flat), approximately perpendicular to Σ. The intersection of a portal with Σ is a portal curve.
Each portal has two “sides,” and on each side we glue an additional copy of R3 to form 𝑋.
In each copy of R3 we embed an extrusion to form Σ̃. The extended Voronoi diagram assigns
each point 𝑥 on Σ̃ to one or more sites in 𝑉 that are visible from 𝑥 along straight paths in 𝑋.

To define portal geometry, we need several definitions. The medial axis 𝑀 of Σ is the
closure of the set of all points in R3 for which the closest point on Σ is not unique. Intuitively,
the medial axis of Σ is meant to capture the “middle” of the region bounded by Σ. A medial
ball is a ball whose center lies on 𝑀 and whose boundary intersects Σ (tangentially), but the
interior of the ball does not. For any point 𝑥 ∈ Σ, there are one or two medial balls that have
𝑥 on their boundaries, called medial balls at 𝑥. If there are two, there is one on each side
of Σ. If there is only one, it is enclosed by Σ.

For 𝑥 ∈ Σ, the normal line L𝑥 at 𝑥 is the line orthogonal to Σ at 𝑥 with 𝑥 ∈ L𝑥 . The normal
segment ℓ𝑥 at 𝑥 is a line segment or ray whose endpoints lie on 𝑀, satisfying 𝑥 ∈ ℓ𝑥 ⊂ L𝑥 . If
there are two medial balls at 𝑥, the endpoints of ℓ𝑥 are the centers of those two medial balls.
If there is only one medial ball at 𝑥, then ℓ𝑥 is a ray originating at the medial ball’s center.

The local feature size function is lfs : Σ → R, 𝑥 ↦→ 𝑑 (𝑥, 𝑀) where 𝑑 (𝑥, 𝑀) denotes the
Euclidean distance from 𝑥 to 𝑀. We require that Σ is smooth in the sense that inf 𝑥∈Σ lfs(𝑥) > 0.
A finite point set 𝑉 ⊂ Σ is an 𝜖-sample of Σ if for every point 𝑥 ∈ Σ, 𝑑 (𝑥,𝑉) ≤ 𝜖 lfs(𝑥). That
is, the ball with center 𝑥 and radius 𝜖 lfs(𝑥) contains at least one point in 𝑉 . See Figure 4.

𝑥

𝑀

Σ

𝑀

Figure 4 Left: A 1-manifold Σ and its medial axis 𝑀 (as medial axes in three dimensions are hard
to draw or understand). This medial axis is unbounded; one of its components extends infinitely far
away. Center: Some of the medial balls that define 𝑀. Right: A 0.5-sample of Σ (filled circles). The
ball with center 𝑥 and radius 0.5 lfs(𝑥) contains a site.
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Let 𝑆 be a finite set of line segments whose endpoints are in 𝑉 , called the segments, which
constrain the restricted CDT. Consider a segment 𝑠 = 𝑝𝑞 ∈ 𝑆 (its endpoints are 𝑝, 𝑞 ∈ 𝑉).
Let 𝐵𝑠 be the diametric ball of 𝑠 – the smallest closed ball such that 𝑠 ⊂ 𝐵𝑠, so that 𝑠 is a
diameter of 𝐵𝑠. Suppose that 𝑑 (𝑝, 𝑞) ≤ 𝜌 lfs(𝑝) for some 𝜌 ∈ (0, 1); that is, 𝑠 is short relative
to the local feature size. Then 𝐵𝑠 ∩ Σ is a topological disk [12, Lemma 12.6].

Suppose that we know (or can approximate) the unit vector 𝑛𝑝 normal to Σ at any site 𝑝.
We choose a cutting plane ℎ𝑠 ⊃ 𝑠 that is locally orthogonal to the surface Σ at 𝑝 or 𝑞 (or
perhaps somewhere between 𝑝 and 𝑞). We use ℎ𝑠 to specify a portal curve 𝜁𝑠 = ℎ𝑠 ∩ 𝐵𝑠 ∩ Σ,
which is a single connected curve from 𝑝 to 𝑞 on Σ. There is not a canonical choice of cutting
plane (and thus portal curve) for 𝑠, and the user might be presented with a range of choices,
but for our presentation here, we choose ℎ𝑠 = span{𝑛𝑝 , ®𝑝𝑞}. We require that the portal
curves do not cross each other. More precisely, the relative interior of a portal curve may not
intersect another portal curve nor a site in 𝑉 .

Our requirement that each portal curve must lie on a plane has both a theoretical
motivation and a practical one. The fact that every constraining segment is an edge in the
restricted CDT (Theorem 2) depends on the fact that each portal curve lies in a plane and its
extrusions are orthogonal to that plane. The requirement simplifies algorithms for computing
a restricted CDT, because the Voronoi cells on an extrusion are solely influenced by sites on
the other side of the cutting plane – plus the segment endpoints 𝑝 and 𝑞. (See Theorem 1.)

⌃⌃
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Figure 5 (1) The plane ℎ𝑠 intersects Σ in a curve; the portal curve 𝜁𝑠 (red) is the portion of this
curve in the diametric ball 𝐵𝑠 of the segment 𝑠 = 𝑝𝑞. (2) Our portal 𝑃𝑠, shown in green, is the union
of the normal segments (locally orthogonal to Σ) of the points on the portal curve 𝜁𝑠. The normal
segments terminate on the medial axis 𝑀. (3) We extrude the portal curve 𝜁𝑠 into R3

+ in a direction
𝑏𝑠 orthogonal to ℎ𝑠, thus defining Σ+

𝑠 . (4) We glue the extrusion Σ+
𝑠 to Σ𝑆 (the surface Σ with slits

cut into it) along 𝜁+𝑠 at the entrance to the portal 𝑃+
𝑠 .
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49:8 Restricted Constrained Delaunay Triangulations

Figure 5 illustrates our portal construction. For each segment 𝑠, the portal 𝑃𝑠 =
⋃

𝑥∈𝜁𝑠 ℓ𝑥
is the union of the normal segments of the points on the portal curve 𝜁𝑠. Hence a portal is a
ruled surface, topologically two-dimensional but not lying in a plane. Each portal reaches to
the medial axis, thereby obstructing visibility so that sites on one “side” of a segment do not
influence the restricted Delaunay triangles on the other “side.”

If two segments share an endpoint 𝑝, then their portals share the boundary segment ℓ𝑝.
The other location where portals’ boundaries may intersect each other is at the medial axis.
However, no portal intersects the relative interior of another portal.

We construct the extended space 𝑋 as we did in Section 2.1, with 𝑃𝑠 replacing 𝑠 and
R3 replacing R2. Let 𝑋 = R3. Let 𝑋𝑆 = 𝑋 \ ⋃𝑠∈𝑆 relint 𝑃𝑠, which is R3 with the relative
interior of each portal removed. Let 𝑋𝑆 be the completion of the incomplete metric space 𝑋𝑆

endowed with the shortest path metric. The effect of completing 𝑋𝑆 is to augment each “slit”
𝑃𝑠 with two portals 𝑃+

𝑠 and 𝑃−
𝑠 , one for each side of 𝑃𝑠. These two portals are distinct copies

of 𝑃𝑠, but 𝑃+
𝑠 and 𝑃−

𝑠 share a common boundary 𝜕𝑃𝑠 = 𝑃+
𝑠 ∩ 𝑃−

𝑠 = 𝑃+
𝑠 ∩ 𝑋𝑆 = 𝑃−

𝑠 ∩ 𝑋𝑆.
For each segment 𝑠 ∈ 𝑆, let R3

𝑠+ and R3
𝑠− be two topologically distinct copies of R3, called

secondary branches. The points in each secondary branch and the points in the principal
branch 𝑋𝑆 all inherit Cartesian coordinates, but points with the same coordinates in different
branches are topologically distinct. Define an equivalence relation ∼ analogous to (1) that
identifies (glues) the points of the portal 𝑃+

𝑠 ⊂ 𝑋𝑆 with the points in R3
𝑠+ having the same

coordinates, and identifies the points of 𝑃−
𝑠 ⊂ 𝑋𝑆 with the corresponding points in R3

𝑠−. Thus
we glue 2𝑚 copies of R3 along the 2𝑚 portals bounding the 𝑚 holes in 𝑋𝑆. The extended
space is the quotient space 𝑋 = (𝑋𝑆 ⊔ ⊔

𝑠∈𝑆 R
3
𝑠+ ⊔

⊔
𝑠∈𝑆 R

3
𝑠−)/∼.

Similarly, we surgically modify Σ to construct an extended surface Σ̃ ⊂ 𝑋, as shown in the
bottom two illustrations in Figure 5. Let Σ𝑆 = Σ\⋃𝑠∈𝑆 relint 𝜁𝑠 be the surface with the portal
curve interiors removed, and let the principal surface Σ𝑆 ⊂ 𝑋𝑆 be its completion. For each
𝑠 ∈ 𝑆, Σ𝑆 includes two portal curves 𝜁+𝑠 ⊂ 𝑃+

𝑠 and 𝜁−𝑠 ⊂ 𝑃−
𝑠 , one for each side of the cutting

plane ℎ𝑠. We extrude 𝜁+𝑠 into R3
𝑠+ and 𝜁−𝑠 into R3

𝑠−, each in one of the two directions normal to
the cutting plane ℎ𝑠. Let 𝑏𝑠 be a unit vector normal to ℎ𝑠, directed to pass through 𝑃+

𝑠 from the
principal branch to R3

𝑠+. For each point 𝑥 ∈ 𝜁𝑠 we define a ray 𝑥+𝑠 = {𝑥+𝜔𝑏𝑠 ∈ R3
𝑠+ : 𝜔 ∈ [0,∞)}

and a ray 𝑥−𝑠 = {𝑥 −𝜔𝑏𝑠 ∈ R3
𝑠− : 𝜔 ∈ [0,∞)} (specifying points by their coordinates). We then

define two extrusions, the ruled surfaces Σ+
𝑠 = {𝑥+𝑠 : 𝑥 ∈ 𝜁𝑠} ⊂ R3

𝑠+ and Σ−
𝑠 = {𝑥−𝑠 : 𝑥 ∈ 𝜁𝑠} ⊂ R3

𝑠−.
The extended surface is Σ̃ = (Σ𝑆 ⊔ ⊔

𝑠∈𝑆 Σ
+
𝑠 ⊔

⊔
𝑠∈𝑆 Σ

−
𝑠 )/∼.

3 Restricted constrained Delaunay triangulations

To define the restricted constrained Delaunay triangulation, we first define the extended
restricted Voronoi diagram (or just extended Voronoi diagram for short) on the extended
surface Σ̃. As in Section 2.1, we define a distance function 𝑑 (𝑝, 𝑞) that is the Euclidean
distance in R3 if 𝑝 and 𝑞 are visible to each other along a straight path in 𝑋, or ∞ if they
cannot see each other. For any 𝑣 ∈ 𝑉 , the extended restricted Voronoi cell of 𝑣 is

Vor|
Σ̃
𝑣 = {𝑥 ∈ Σ̃ : 𝑑 (𝑥, 𝑣) ≤ 𝑑 (𝑥, 𝑢), ∀𝑢 ∈ 𝑉}.

An extended restricted Voronoi face is any nonempty intersection of one or more extended
restricted Voronoi cells. The extended restricted Voronoi diagram Vor|

Σ̃
𝑉 is the cell complex

containing all the extended restricted Voronoi cells and faces.
We define the restricted constrained Delaunay subdivision Del|

Σ̃
𝑉 to be the polyhedral

complex dual to the extended Voronoi diagram in this sense: for each extended Voronoi face
𝑓 ∈ Vor|

Σ̃
𝑉 , let 𝑊 ⊆ 𝑉 be the set of sites whose restricted Voronoi cells include 𝑓 and let 𝑓 ∗ be

the convex hull of 𝑊 . We say that 𝑓 ∗ is the face dual to 𝑓 . Then Del|
Σ̃
𝑉 = { 𝑓 ∗ : 𝑓 ∈ Vor|

Σ̃
𝑉}.
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A one-point face in Vor|
Σ̃
𝑉 is called an extended restricted Voronoi vertex, and its dual is a

polygonal or polyhedral face in Del|
Σ̃
𝑉 , usually a triangle. If an intersection of two extended

restricted Voronoi cells includes a path on Σ, we call it an extended restricted Voronoi edge,
and its dual is a (straight) restricted constrained Delaunay edge in Del|

Σ̃
𝑉 . Figure 6 illustrates

an extended Voronoi vertex on an extrusion and its dual restricted Delaunay triangle, as
well as three extended Voronoi edges and their dual restricted constrained Delaunay edges.

𝑞

Σ

𝑃𝑠

Σ+
𝑠𝑠

𝑝

Figure 6 An extended Voronoi vertex on an extrusion and its dual restricted Delaunay triangle.

If Del|
Σ̃
𝑉 contains a polyhedron, we can perturb Σ̃ infinitesimally so that Σ̃ does not pass

through the polyhedron’s circumcenter; thus with suitable perturbations, Del|
Σ̃
𝑉 contains

no polyhedra. Relatedly, just as a standard Delaunay triangulation in the plane can be
ambiguous if four vertices lie on a common circle, if 𝑉 has four or more cocircular vertices
then Del|

Σ̃
𝑉 might contain polygons with four or more sides. If desired, a triangulation

can be obtained by subdividing each polygonal face into triangles or by an infinitesimal
perturbation of 𝑉 . We recommend the former in practice, but for the sake of our proofs, we
will exploit the latter. For simplicity, we will assume in this paper that no point on Σ̃ is
equidistant from four visible vertices in 𝑉 ; then every polygonal face is a triangle and we can
call Del|

Σ̃
𝑉 a restricted constrained Delaunay triangulation (restricted CDT).

Whereas a restricted Delaunay triangulation (RDT) is a subcomplex of a three-dimensional
Delaunay triangulation, we know no natural three-dimensional complex that has the restricted
CDT as a subcomplex. One could define a Voronoi diagram over 𝑋 and dualize it, but there
is no reason to suppose the dual will be a valid polyhedral complex: the Voronoi cells that
are supposed to be kept apart by portals are likely to meet near the medial axis. (The dual
complex would also be difficult to compute.) The rest of this paper seeks sampling conditions
that tame the extended Voronoi diagram (over Σ̃, not 𝑋) and its dual restricted CDT.

Now we present several useful properties of extended Voronoi diagrams and restricted
CDTs, supposing that no segment is too long. The following theorem shows that the sites
whose extended Voronoi cells lie in part on an extrusion Σ+

𝑠 must lie on the side of the cutting
plane ℎ𝑠 strictly opposite Σ+

𝑠 (excepting the endpoints of 𝑠, which lie on ℎ𝑠). Thus the
restricted Voronoi vertices on Σ+

𝑠 dualize to restricted Delaunay triangles that are also on the
side of ℎ𝑠 opposite Σ+

𝑠 . This theorem simplifies computing the restricted CDT, because an
algorithm only needs to look at sites in one halfspace when computing the portion of Vor|

Σ̃
𝑉

that lies on Σ+
𝑠 . Unfortunately, the proof is five pages long; see the full-length article [17].

▶ Theorem 1 (Cutting Plane Theorem). Let 𝑠 ∈ 𝑆 be a segment with endpoints 𝑝, 𝑞 ∈ 𝑉 such
that 𝑑 (𝑝, 𝑞) ≤ 𝜌 lfs(𝑝) for 𝜌 ≤ 0.47. Consider a point 𝑥 ∈ Σ+

𝑠 and a site 𝑣 ∈ 𝑉 \ {𝑝, 𝑞} such
that 𝑥 ∈ Vor|

Σ̃
𝑣. Then 𝑣 is strictly on the side of ℎ𝑠 opposite Σ+

𝑠 . (The symmetric claim
holds for any 𝑥 ∈ Σ−

𝑠 .)
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49:10 Restricted Constrained Delaunay Triangulations

The next theorem shows that the restricted CDT Del|
Σ̃
𝑉 contains every edge in 𝑆.

▶ Theorem 2 (Constraint Theorem). Let 𝑠 ∈ 𝑆 be a segment with endpoints 𝑝, 𝑞 ∈ 𝑉 such that
𝑑 (𝑝, 𝑞) ≤ 𝜌 lfs(𝑝) for 𝜌 ≤ 0.47. Then Vor|

Σ̃
𝑝 ∩ Vor|

Σ̃
𝑞 ≠ ∅. Hence 𝑝𝑞 is an edge in Del|

Σ̃
𝑉 .

Moreover, the rays 𝑝+𝑠 and 𝑝−𝑠 lie in the interior of Vor|
Σ̃
𝑝 (“interior” with respect to the

space Σ̃), and neither ray intersects any other extended restricted Voronoi cell. Likewise,
𝑞+𝑠 and 𝑞−𝑠 lie in the interior of Vor|

Σ̃
𝑞, and neither ray intersects another cell.

Proof. We will show that Vor|
Σ̃
𝑝 meets Vor|

Σ̃
𝑞 on the extrusion Σ+

𝑠 , as Figures 3 and 6 show.
(The same is true on Σ−

𝑠 .) Let Π be the plane orthogonally bisecting 𝑠. Consider the point
𝑧 = Π ∩ 𝜁𝑠 on the portal curve and the ray 𝑧+𝑠 = Π ∩ Σ+

𝑠 , whose origin is 𝑧. Let 𝑥 be a point
on 𝑧+𝑠 . Note that 𝑧 is the point closest to 𝑥 on the portal plane ℎ𝑠, and 𝑥𝑧 is perpendicular
to 𝑧𝑝. We will show that for all 𝑥 ∈ 𝑧+𝑠 sufficiently far from 𝑧, 𝑥 ∈ Vor|

Σ̃
𝑝 ∩ Vor|

Σ̃
𝑞.

Theorem 1 states that for every site 𝑣 ∈ 𝑉 \ {𝑝, 𝑞} whose extended Voronoi cell Vor|
Σ̃
𝑣

intersects Σ+
𝑠 , 𝑣 is strictly on the side of ℎ𝑠 opposite Σ+

𝑠 . Therefore, there exists some 𝛿 > 0
such that 𝑑 (𝑥, 𝑣) ≥ 𝑑 (𝑥, 𝑧) + 𝛿 for every such site 𝑣. Consider any point 𝑥 ∈ 𝑧+𝑠 such that
𝑑 (𝑥, 𝑧) ≥ 𝑑 (𝑧, 𝑝)2/(2𝛿). By Pythagoras’ Theorem, for every site 𝑣 whose cell intersects Σ+

𝑠 ,

𝑑 (𝑥, 𝑝)2 = 𝑑 (𝑥, 𝑧)2 + 𝑑 (𝑧, 𝑝)2 ≤ 𝑑 (𝑥, 𝑧)2 + 2𝛿 𝑑 (𝑥, 𝑧) < (𝑑 (𝑥, 𝑧) + 𝛿)2 ≤ 𝑑 (𝑥, 𝑣)2.

Hence 𝑑 (𝑥, 𝑞) = 𝑑 (𝑥, 𝑝) < 𝑑 (𝑥, 𝑣) for every site 𝑣 ∈ 𝑉 \ {𝑝, 𝑞}. As 𝑥 is visible from 𝑝 and 𝑞,
𝑥 ∈ Vor|

Σ̃
𝑝 and 𝑥 ∈ Vor|

Σ̃
𝑞. Hence Vor|

Σ̃
𝑝 ∩ Vor|

Σ̃
𝑞 ≠ ∅.

To prove the final claim, consider a point 𝑥 ∈ 𝑝+𝑠 . Observe that 𝑝 is the point nearest 𝑥

on ℎ𝑠 and 𝑑 (𝑥, 𝑝) < 𝑑 (𝑥, 𝑞). Repeating the reasoning above, there exists some 𝛿 > 0 such
that 𝑑 (𝑥, 𝑣) ≥ 𝑑 (𝑥, 𝑝) + 𝛿 for every site 𝑣 ∈ 𝑉 \ {𝑝} such that Vor|

Σ̃
𝑣 intersects Σ+

𝑠 . Therefore,
there is an open neighborhood 𝑁 ⊂ Σ̃ of 𝑥 such that 𝑁 ⊂ Vor|

Σ̃
𝑝 and 𝑁 intersects no other

cell. The same reasoning applies to points on 𝑝−𝑠 , 𝑞+𝑠 , and 𝑞−𝑠 . Hence 𝑝+𝑠 and 𝑝−𝑠 lie in the
interior of Vor|

Σ̃
𝑝 and do not intersect another extended Voronoi cell. ◀

The shape of our extrusions Σ+
𝑠 and Σ−

𝑠 is motivated in part by Theorem 2, which justifies
the word “constrained” in “restricted constrained Delaunay triangulation.”

The following theorem shows that the sites whose extended Voronoi cells lie in part on an
extrusion Σ+

𝑠 must lie in a ball (of modest radius) centered on the midpoint of the segment 𝑠.
This helps us to efficiently compute the restricted CDT, because the portion of Vor|

Σ̃
𝑉 that

lies on Σ+
𝑠 or Σ−

𝑠 depends only on sites near 𝑠.

▶ Theorem 3 (Possession Theorem). Let 𝑠 ∈ 𝑆 be a segment with endpoints 𝑝, 𝑞 ∈ 𝑉 such that
𝑑 (𝑝, 𝑞) ≤ 𝜌 lfs(𝑝) for 𝜌 ≤ 0.47. Let 𝑐 be the midpoint of 𝑠. Let 𝑣 ∈ 𝑉 be a site whose extended
Voronoi cell Vor|

Σ̃
𝑣 contains a point 𝑥 ∈ Σ+

𝑠 or 𝑥 ∈ Σ−
𝑠 . Then 𝑣 lies in the ball 𝐵(𝑐, 𝜆 lfs(𝑝))

with center 𝑐 and radius 𝜆 lfs(𝑝), where

𝜆 =
√︁

1 − 2𝜌 ©«1 −

√︄
1 − 𝜌2

4 (1 − 2𝜌)
ª®¬ +

√√√√
(2 − 4𝜌) ©«1 −

√︄
1 − 𝜌2

4 (1 − 2𝜌)
ª®¬.

For the limiting case 𝜌 = 0.47, 𝜆 � 0.4694; 𝐵(𝑐, 𝜆 lfs(𝑝)) has almost twice the radius of 𝑠.

4 Extended Voronoi cell boundaries

There are only two phenomena that can determine the boundary of an extended Voronoi
cell. (1) Portions of a cell’s boundary may be determined by hyperplanes, each hyperplane
being equidistant from two sites. For example, a point on the boundaries of two cells Vor|

Σ̃
𝑣
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and Vor|
Σ̃
𝑤 might lie on the hyperplane that orthogonally bisects the line segment 𝑣𝑤.

(2) Portions of a cell’s boundary may be determined by a shadow cast by a portal. For
example, consider a point 𝑥 ∈ Vor|

Σ̃
𝑣 such that the line segment 𝑥𝑣 intersects the boundary

of a portal 𝑃𝑠. Portal boundaries do not block visibility; hence the set of points on Σ̃ visible
from 𝑣 is closed. But an infinitesimal perturbation of 𝑥 might cause 𝑥 to be no longer visible
from 𝑣. If 𝑥 is in the principal branch, this may happen because the perturbed 𝑥𝑣 intersects
the relative interior of 𝑃𝑠; if 𝑥 is in a secondary branch, it may happen because the perturbed
𝑥𝑣 no longer intersects 𝑃𝑠. We say that a portal casts a shadow at 𝑥 if 𝑥 ∈ Vor|

Σ̃
𝑣 lies on the

boundary of the points on Σ̃ visible from 𝑣. A Voronoi cell Vor|
Σ̃
𝑤 is not necessarily closed,

because its boundary might contain a shadow point 𝑥 ∈ Vor|
Σ̃
𝑣 such that 𝑑 (𝑣, 𝑥) < 𝑑 (𝑤, 𝑥).

The following theorem states sampling conditions under which the second phenomenon
cannot happen, so the boundaries of all the extended Voronoi cells are determined solely
by bisecting hyperplanes, all the extended Voronoi cells are closed point sets, and every
point on Σ̃ is in an extended Voronoi cell. For a site 𝑣 ∈ 𝑉 , 𝑣’s principal Voronoi cell
Vor|

Σ𝑆
𝑣 = Σ𝑆 ∩ Vor|

Σ̃
𝑣 is the subset of 𝑣’s extended Voronoi cell in the principal branch,

including the portal curves but excluding the remainder of the extrusions.

▶ Theorem 4 (Shadow Theorem). Let 𝑆 be a set of segments (with endpoints in 𝑉) such that
for every segment 𝑠 = 𝑝𝑞 ∈ 𝑆, 𝑑 (𝑝, 𝑞) ≤ 0.47 lfs(𝑝). Suppose that for every site 𝑣 ∈ 𝑉 and
every point 𝑥 in the principal Voronoi cell Vor|

Σ𝑆
𝑣, 𝑑 (𝑣, 𝑥) ≤ max{lfs(𝑣), lfs(𝑥)}. (This last

condition holds if 𝑉 is a constrained 𝜖-sample, as defined in Section 5, for some 𝜖 ≤ 1.)
Then for every site 𝑣 ∈ 𝑉 and every point 𝑥 in the extended Voronoi cell Vor|

Σ̃
𝑣, the

relative interior of the line segment 𝑥𝑣 does not intersect the boundary of a portal.

▶ Corollary 5. Under the conditions of Theorem 4, every extended Voronoi cell is a closed
point set (closed with respect to the topological space Σ̃ or 𝑋).

▶ Corollary 6. Under the conditions of Theorem 4, for every site 𝑣 ∈ 𝑉 and every point 𝑥 on
the boundary of Vor|

Σ̃
𝑣, there is a site 𝑤 ∈ 𝑉 \ {𝑣} such that 𝑥 ∈ Vor|

Σ̃
𝑤 and 𝑑 (𝑣, 𝑥) = 𝑑 (𝑤, 𝑥).

▶ Corollary 7. Under the conditions of Theorem 4, if every connected component of Σ

contains at least one site in 𝑉 , then every point on Σ̃ is in at least one extended Voronoi cell.

The proofs of the Shadow Theorem and its corollaries appear in the full-length article [17].

5 Topological guarantees

Here we introduce conditions under which a restricted CDT is homeomorphic to the surface Σ,
with a view toward applications in guaranteed-quality surface mesh generation. The nearest
point map 𝜈 (nu) maps a point 𝑥 ∈ R3 \ 𝑀 to the point 𝜈(𝑥) nearest 𝑥 on Σ. We show that
the nearest point map (with its domain restricted to |Del|

Σ̃
𝑉 |) is a homeomorphism from

the underlying space of the restricted CDT Del|
Σ̃
𝑉 to the surface Σ.

Our proof has three conditions: a segment length condition, that each segment 𝑠 ∈ 𝑆 with
endpoints 𝑝 and 𝑞 satisfies 𝑑 (𝑝, 𝑞) ≤ 0.3647 lfs(𝑝); a sampling condition requiring the sites 𝑉 to
be sufficiently dense; and an encroachment condition that prevents vertices in 𝑉 from being too
close to a segment, to prevent the possibility of triangles with excessively large circumcircles.
We build on a long line of theoretical work for proving that certain triangulations are
topologically correct approximations of surfaces [1, 2, 4, 5, 6, 8, 12, 14, 16], developed to
support provably good algorithms for surface reconstruction and mesh generation. Many
RDT-based surface mesh generation algorithms enforce a sampling condition by inserting new
vertices on Σ [6, 7, 11, 12, 22], and some support constraining segments by inserting additional
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vertices that subdivide segments until the RDT naturally respects them [9, 10, 12, 15, 23].
Our three conditions can likewise be enforced by inserting new vertices, but restricted CDTs
will often reduce the number of new vertices needed on the segments.

To understand the sampling condition, consider a surface Σ ⊂ R3 without boundary,
a set of segments 𝑆 with their endpoints on Σ, and a set of portal curves 𝑍 = {𝜁𝑠 : 𝑠 ∈ 𝑆}.
Recall the principal surface Σ𝑆 , defined in Section 2 to be the completion of Σ−⋃

𝑠∈𝑆 relint 𝜁𝑠.
We say that a finite vertex set 𝑉 ⊂ Σ is a constrained 𝜖-sample of (Σ, 𝑆, 𝑍) if 𝑉 contains
every endpoint of every 𝑠 ∈ 𝑆 and for every point 𝑥 ∈ Σ𝑆, there is a site 𝑣 ∈ 𝑉 such that
𝑑 (𝑥, 𝑣) ≤ 𝜖 lfs(𝑥). That is, the ball with center 𝑥 and radius 𝜖 lfs(𝑥) contains at least one site
visible from 𝑥. Here, visibility and 𝑑 are as defined in Section 2.2; they are what differentiates
a constrained 𝜖-sample from a standard 𝜖-sample. (If 𝑆 is empty, the two are the same.) Our
homeomorphism proof requires that 𝑉 be a constrained 0.3202-sample of (Σ, 𝑆, 𝑍).

The encroachment condition applies only to restricted Delaunay triangles whose dual
faces intersect an extrusion, as in Figure 6. (A triangle’s dual face is usually a single point,
called an extended Voronoi vertex, but our homeomorphism proof does not depend on it.)
Let 𝜏 be such a triangle. The circumradius 𝑟 of 𝜏 is the radius of the unique circle that
passes through 𝜏’s three vertices. Let 𝑤 be the vertex of 𝜏 at 𝜏’s largest plane angle. We
require that 𝑟 ≤ 0.3606 lfs(𝑤). The purpose of this restriction is to prevent the existence of
“inverted” triangles in Del|

Σ̃
𝑉 , which create foldovers, points where the nearest point map 𝜈

from |Del|
Σ̃
𝑉 | to Σ is not locally injective (hence 𝜈 is not a homeomorphism).

To put the encroachment condition into perspective, suppose that Σ is a sphere and
consider a segment 𝑠 ∈ 𝑆 having the maximum safe length of 0.3647 times the sphere’s radius.
A triangle 𝜏 whose dual vertex lies on Σ+

𝑠 can exceed the safe radius of 0.3606 times the
sphere’s radius only if 𝜏 has an angle greater than 149.62◦. If 𝑠 is shorter, this angle is larger:
in the limit as the segment lengths approach zero (or the radius of Σ approaches infinity),
the encroachment condition falls away and restricted CDTs on Σ behave like CDTs in the
plane. By contrast, in standard approaches using an RDT that conforms to the segments, no
triangle with edge 𝑠 can have an angle opposite 𝑠 greater than 90◦.

The sampling and encroachment conditions both rule out triangles with circumradii that
are excessively large relative to the local feature size. A large circumradius implies either
that the triangle is large, or that it has a large plane angle (close to 180◦). Imposing these
conditions is consistent with a mesh generator’s goal of producing only well-shaped triangles,
so our conditions are not onerous. Nevertheless, there are other applications such as surface
reconstruction where the encroachment condition is not a natural condition. The restricted
CDT may nevertheless still be useful in that context; see the Conclusions for speculations.

Our main topological result is the next theorem. Unfortunately, the proof is over twenty
pages long; see the full-length article [17]. To keep the proof from being even longer, we
assume that no point on Σ̃ is equidistant from four visible vertices in 𝑉 , which implies that
no point is in more than three cells. (This assumption is not actually necessary.)

▶ Theorem 8 (Homeomorphism). Let 𝑉 be a constrained 𝜖-sample of (Σ, 𝑆, 𝑍) for some
𝜖 ≤ 0.3202. Suppose that for every segment 𝑝𝑞 ∈ 𝑆, 𝑑 (𝑝, 𝑞) ≤ 0.3647 lfs(𝑝). Suppose that
no portal curve in 𝑍 has a relative interior that intersects another portal curve in 𝑍 or a
site in 𝑉 . Suppose that no point on Σ̃ is equidistant from four visible vertices in 𝑉 . Suppose
that for every restricted Delaunay triangle 𝜏 whose dual extended Voronoi face intersects an
extrusion, 𝜏 satisfies 𝑟 ≤ 0.3606 lfs(𝑤), where 𝑟 is 𝜏’s circumradius and 𝑤 is the vertex of 𝜏 at
𝜏’s largest plane angle. Then the nearest point map 𝜈 : |Del|

Σ̃
𝑉 | → Σ is a homeomorphism.
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The proof is related to proofs by Amenta et al. [3] and Boissonnat and Ghosh [5] that
also use the nearest point map. We sketch a few ideas. To make every extended Voronoi cell
become a topological disk and to clarify the duality between the extended Voronoi diagram
and the restricted CDT, it is convenient to define a compact 2-manifold without boundary Σ̊,
obtained from Σ̃ by gluing each pair Σ+

𝑠 and Σ−
𝑠 together along their boundaries as illustrated

in Figure 7. For each segment 𝑠 = 𝑝𝑞, we topologically identify the ray 𝑝+𝑠 with the ray 𝑝−𝑠 ,
and 𝑞+𝑠 with 𝑞−𝑠 . (Theorem 2 shows that 𝑝+𝑠 and 𝑝−𝑠 are subsets of 𝑝’s extended Voronoi cell,
so this gluing does not confuse which points are in which Voronoi cell.) We create a single
point 𝑠∞ “at infinity” (one such point per segment 𝑠) at the end of every ray 𝑥+𝑠 and 𝑥−𝑠 for all
𝑥 ∈ 𝜁𝑠, thereby making Σ̊ compact. Thus the hole created in Σ𝑆 by cutting a slit at 𝜁𝑠 is filled
in Σ̊ with a topological disk Σ+

𝑠 ∪ Σ−
𝑠 ∪ 𝑠∞, as illustrated. Clearly, Σ̊ is homeomorphic to Σ.

(Note that unlike Σ̃, Σ̊ is not embedded in 𝑋 and has neither coordinates nor distances.)

𝜁𝑠

𝑞

𝑝

𝑠∞

Σ+
𝑠 Σ−

𝑠

𝑝−𝑠𝑝+𝑠

𝑞−𝑠𝑞+𝑠

𝑝−𝑠𝑝+𝑠

𝑥−𝑠𝑥+𝑠

𝑞−𝑠𝑞+𝑠

𝑥+𝑠 𝑥−𝑠
𝑥− 𝑥+ 𝑥− 𝑥+ 𝑥−𝑥 𝑥+

𝑠∞

𝑝

𝑞𝑞

𝑝

𝑞

𝑝

𝑞

𝑝

Figure 7 After we remove relint 𝜁𝑠 from Σ, we glue two extrusions Σ+
𝑠 and Σ−

𝑠 in the hole to
create Σ̃. Additional gluing can transform Σ̃ into a compact 2-manifold without boundary Σ̊, restoring
the topology of Σ, by gluing the ray 𝑝+𝑠 to 𝑝−𝑠 , gluing 𝑞+𝑠 to 𝑞−𝑠 , and filling the hole with a point 𝑠∞.

If 𝑉 is a constrained 0.44-sample and 𝑆 satisfies the segment length condition, we show
that every extended Voronoi cell on Σ̊ is homeomorphic to a closed disk. With the assumption
that no point is in more than three cells, this implies that the adjacency graph of Vor|

Σ̃
𝑉 ,

which is the graph of Del|
Σ̃
𝑉 , can be drawn on Σ̊ (and therefore on Σ̃) with no crossings.

We call an extended Voronoi vertex a principal vertex if it lies in the principal branch
(on Σ𝑆), or a secondary vertex if it lies on an extrusion but not on a portal curve. We show
that if 𝑉 is a constrained 0.3202-sample, each principal vertex dualizes to a triangle whose
circumradius is not large (relative to the local feature size). The encroachment condition
implies that each secondary vertex dualizes to a triangle whose circumradius is not large.

The bounds on circumradii allow us to prove that the nearest point map restricted to
any single restricted Delaunay triangle is a homeomorphism. Moreover, there is a sense in
which the map preserves orientation: for any extended Voronoi vertex 𝑢 whose dual extended
Delaunay triangle is 𝜏 = △𝑝𝑝′𝑝′′, the sites 𝑝, 𝑝′, and 𝑝′′ are in counterclockwise order around
𝜈(𝜏) if and only if the cells Vor|

Σ̃
𝑝, Vor|

Σ̃
𝑝′, and Vor|

Σ̃
𝑝′′ adjoin 𝑢 in counterclockwise order

around 𝑢 (as seen from outside Σ). From this, we argue that along each of its edges, each
restricted Delaunay triangle adjoins another restricted Delaunay triangle with a consistent
orientation, and therefore the triangles must cover the whole surface Σ – that is, the nearest
point map is a surjection from |Del|

Σ̃
𝑉 | to Σ. As the boundary of a Voronoi cell Vor|

Σ̃
𝑣 is a

simple loop, the restricted Delaunay triangles adjoining 𝑣 form a fan of triangles around 𝑣

whose union is a topological disk. From these facts we prove that the nearest point map is
an injection from |Del|

Σ̃
𝑉 | to Σ (there are no foldovers) and therefore a homeomorphism.
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6 Conclusions

The restricted constrained Delaunay triangulation is a rigorous generalization of the con-
strained Delaunay triangulation to surfaces. Under suitable conditions on the vertex density
and the segment lengths, the restricted CDT is homeomorphic to Σ and contains every
constraining segment. We believe that the restricted CDT will become a useful tool for
enforcing specified boundaries in guaranteed-quality algorithms for surface meshing. But first
and foremost, we think the existence of restricted CDTs is a beautiful mathematical fact.

Several algorithms suggest themselves for computing the restricted CDT. The classical
gift-wrapping algorithm [12, Section 3.11] [25] can be adapted. Another approach, likely
faster in practice, is to start with the RDT and then incrementally insert the segments one
by one [27]. It is an open problem to design an algorithm that runs in 𝑂 ( |𝑉 |2) time or better.

Another open problem is to design a guaranteed-quality algorithm that uses the restricted
CDT to mesh surfaces with prescribed boundaries. The algorithm must generate new vertices
on Σ with the goal of enforcing the sampling and encroachment conditions, in addition to
the customary goal of constructing high-quality triangles. As we have said, we believe that
restricted CDTs will require fewer triangles and vertices than algorithms based on RDTs.

Although our encroachment condition is reasonable in a surface mesh generator, it is
undesirable in some applications such as surface reconstruction. Unfortunately, without
this condition, we cannot prove a homeomorphism because the nearest point map is not
necessarily injective. Figure 8 illustrates the problem. Suppose that we place two segments 𝑠

and 𝑠′ close together and we place a vertex 𝑟 very close to the midpoint of 𝜁𝑠′ (violating the
encroachment condition), as shown in Figure 8. Consider the triangle formed by 𝑟 and 𝑠′,
and its dual 3D Voronoi edge 𝑒; 𝑒 can be arbitrarily close to perpendicular to 𝑃𝑠′. Then 𝑒

may enter both portals 𝑃𝑠 and 𝑃𝑠′ and generate two extended Voronoi vertices (illustrated
in red) where it intersects Σ+

𝑠′ (which is desirable) and Σ+
𝑠 (which is not). This circumstance

is possible because the segments are close together, the portals are tilted toward each other,
and Σ+

𝑠 is extruded infinitely far. Increasing the sampling density does not fix this problem.

rr

rr

ee

ss

s0s0 ⌃+
s⌃+
s

⌃+
s0⌃+
s0

PsPs Ps0Ps0

Figure 8 The left figure shows a top view of a Voronoi diagram drawn on Σ̃; the right figure
shows a side view. The segments 𝑠 and 𝑠′ are placed close together on Σ and their portals 𝑃𝑠 and
𝑃𝑠′ are tilted toward each other in the side view. If 𝑟 is arbitrarily close to 𝑃𝑠′ , the Voronoi edge 𝑒

dual to △𝑟𝑠′ is tilted nearly tangent to the surface and can leave 𝑃𝑠′ , enter 𝑃𝑠, and intersect Σ+
𝑠

(perhaps far down the extrusion). The dual triangulation contains a dangling triangle △𝑟𝑠′.

If we drop the encroachment condition (but retain the other two conditions), we conjecture
that the restricted Delaunay triangles still form a watertight enclosure such that the nearest
point map is a surjection from the restricted CDT to Σ. However, it is not necessarily
injective; there may be foldovers where sites brush up against segments. There may also be
“dangling” triangles, connected to the remainder of the triangulation by only a single edge;
an example is the triangle formed by 𝑟 and 𝑠′ in Figure 8. Such triangles are easily pruned.
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Abstract
A recent series of papers by Andoni, Naor, Nikolov, Razenshteyn, and Waingarten (STOC 2018,
FOCS 2018) has given approximate near neighbour search (NNS) data structures for a wide class of
distance metrics, including all norms. In particular, these data structures achieve approximation on
the order of p for ℓd

p norms with space complexity nearly linear in the dataset size n and polynomial
in the dimension d, and query time sub-linear in n and polynomial in d. The main shortcoming is
the exponential in d pre-processing time required for their construction.

In this paper, we describe a more direct framework for constructing NNS data structures for
general norms. More specifically, we show via an algorithmic reduction that an efficient NNS data
structure for a metric M is implied by an efficient average distortion embedding of M into ℓ1 or the
Euclidean space. In particular, the resulting data structures require only polynomial pre-processing
time, as long as the embedding can be computed in polynomial time.

As a concrete instantiation of this framework, we give an NNS data structure for ℓp with
efficient pre-processing that matches the approximation factor, space and query complexity of the
aforementioned data structure of Andoni et al. On the way, we resolve a question of Naor (Analysis
and Geometry in Metric Spaces, 2014) and provide an explicit, efficiently computable embedding
of ℓp, for p ≥ 1, into ℓ1 with average distortion on the order of p. Furthermore, we also give data
structures for Schatten-p spaces with improved space and query complexity, albeit still requiring
exponential pre-processing when p ≥ 2. We expect our approach to pave the way for constructing
efficient NNS data structures for all norms.
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1 Introduction

In the nearest neighbor problem, a fundamental problem in computational geometry, we are
given an n-point subset P of a metric space M with a distance function dM, and our goal is
to preprocess P into a data structure that, given a query point q ∈ M, finds a point x ∈ P

minimizing dM(x, q). The main parameters of a nearest neighbor search data structure are
the pre-processing time required to construct the data structure given P ;
the space taken up by the data structure, in words of memory;
the query time required to answer a nearest neighbor query.
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A trivial solution is to store P as a list of points and to answer queries by linear search.
Ignoring the time required to compute distances, this solution takes Θ(n) space, but also
requires Θ(n) query time, which is prohibitively large when we have a large data set and
expect to answer many queries. However, in some cases it is possible to use the geometry of
the metric to design data structures with much more efficient query procedures and nearly
the same space requirements. For instance, Lipton and Tarjan [19] gave a data structure
for the nearest neighbor problem in the 2-dimensional Euclidean plane with O(n log n)
pre-processing, O(n) space, and O(log n) query time. This result has been extended to
d-dimensional Euclidean space (see e.g. [21]), and other d-dimensional normed spaces. There
is, however, no known nearest neighbor data structure for the d-dimensional Euclidean space
that achieves space that is polynomial in n and d, and query time that is polynomial in d,
and sublinear in n (i.e., O(poly(d) · n1−α) for some α > 0).1 There is, furthermore, some
evidence that no such data structure exists [30].

The nearest neighbor search problem finds a multitude of applications beyond computa-
tional geometry, in areas as diverse as databases, computer vision, and machine learning.
For example, it is used to find joinable tables in publicly available data [24]; for object
recognition [22] and shape matching [10] in computer vision; to solve analogical reasoning
tasks [23]; in machine learning, the k-Nearest Neighbors classifier is a common baseline. In
these applications, often both the data set size n and the dimension d are large, making query
times that are linear in n or exponential in d unacceptable. It makes sense then to relax this
problem in the hope of allowing for efficient data structures in the high-dimensional regime.
A common relaxation is to allow returning an approximate nearest neighbor to the query
point q, i.e., a point x ∈ P for which dM(x, q) ≤ c miny∈P dM(y, q) for some approximation
factor c > 1. A long and fruitful line of work, recently surveyed in [4], has shown that it is
possible to construct data structures for this approximate nearest neighbor problem over
certain spaces such as the d-dimensional Euclidean or Manhattan distance that use space
O(n1+ε · poly(d)) and support queries in time O(nε · poly(d)), for a constant ε < 1 that goes
to 0 as the approximation factor c goes to infinity.

Rather than solving the nearest neighbor search problem directly, it is more convenient
to fix a scale for the distance, and work with the (c, r)-near neighbor search ((c, r)-NNS)
problem, defined below.

▶ Definition 1. In the (c, r)-near neighbor search ((c, r)-NNS) problem, we are given a set
of n points P in a metric space (M, dM), and are required to build a data structure so that
given a query point q ∈ M with the guarantee that dM(x∗, q) ≤ r for some x∗ ∈ P , we can
use the data structure to output a point x ∈ P satisfying dM(x, q) ≤ cr with probability at
least 2

3 .

It was shown by Indyk and Motwani [15] that the approximate nearest neighbor problem can
be reduced to solving poly(log n) instances of the (c, r)-NNS problem. Therefore, we focus
on the latter problem from this point onward.

Most (but not all) efficient data structures for the NNS problem in the high-dimensional
regime are based on the idea of locality sensitive hashing (LSH), introduced by Indyk and
Motwani [15]. A locality sensitive family of hash functions is a probability distribution H
over random functions h : M → Ω such that pairs of close points are much more likely to be
mapped by h to the same value than far points. In particular, pairs of points at distance at

1 Here and in the rest of the paper, we use the notation poly(A) to denote the class of polynomials in the
expression A.
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most r get mapped to the same bucket with probability at least p1, while pairs of points
at distance at least cr get mapped to the same bucket with probability at most p2, with
p1 > p2. Indyk and Motwani showed that an LSH family implies a data structure for the
(c, r)-NNS problem with space O(n1+ρ log1/p2(n)), and query time O(nρ log1/p2(n)), where
ρ = log(1/p1)

log(1/p2) . Moreover, they constructed LSH families for the Hamming and Manhattan
(i.e., ℓ1) distance with ρ ≈ 1

c . Subsequent work also showed the existence of LSH families for
the Euclidean distance (i.e., ℓ2), as well as the ℓp metric for 1 ≤ p ≤ 2, and improved the
parameters [2, 12]. The LSH definition above has the property that the distribution H is
independent of the dataset P . Sometimes, however, data structures with better trade-offs
can be constructed by allowing H to depend on properties of P [3, 5, 8].

Until recently, relatively little was known about the NNS problem beyond the ℓp spaces
for 1 ≤ p ≤ 2, and the ℓd

∞ space,2 for which Indyk gave an efficient deterministic decision
tree data structure with approximation O(log log d) [14]. Data structures for other spaces
can be constructed by reducing to these special cases via bi-Lipschitz embeddings. I.e., if
for some metric M we can find an efficiently computable injection f : M → ℓd

2 such that
∥f(x) − f(y)∥2 ≈ dM(x, y) for all x, y ∈ M, then we can use NNS data structures for ℓd

2 to
solve the NNS problem in M. The best approximation factor achievable by this approach
depends on the distortion of f , which measures how well ∥f(x) − f(y)∥2 approximates
dM(x, y) in the worst case, and is defined as ∥f∥Lip · ∥f−1∥Lip, where

∥f∥Lip := sup
x ̸=y,x,y∈M

∥f(x) − f(y)∥
dM(x, y) , ∥f−1∥Lip := sup

x ̸=y,x,y∈M

dM(x, y)
∥f(x) − f(y)∥2

are the Lipschitz constants of f and its inverse, respectively. Although this approach does
yield some non-trivial results (see [4] for a survey), it only produces data structures with
approximation c ≥ d

1
2 − 1

p even in the special case of ℓd
p (with p > 2), as this is the best

possible distortion achievable by a bi-Lipszhitz embedding into ℓ2 (see, e.g., [11]). It is
natural to ask if the best approximation achievable by an efficient NNS data structure for
a metric M is characterized by the optimal distortion of a bi-Lipschitz embedding into ℓ2.
More generally, a fundamental problem in high-dimensional computational geometry is to
determine the geometric properties of a metric space that allow efficient and accurate NNS
data structures.

A recent line of work showed that the answer to the first question above is negative, and
there exist efficient NNS data structures with approximation much better than what is implied
by bi-Lipszhitz embeddinds into ℓd

2 or ℓd
1 [6, 7]. These papers give data-dependent LSH

families for any d-dimensional normed space with approximation factor that is sub-polynomial
in the dimension d. A sample theorem is the following.

▶ Theorem 2 ([6]). For any r > 0, p ≥ 2 and any ε ∈ (0, 1), there is some c ≲ p
ε such

that the following holds. For any set P of n points in Rd such that for all x ∈ Rd we have
|Bℓd

p
(x, cr) ∩ P | ≤ n

2 , there exists a probability distribution on axis-aligned boxes S satisfying

P
[

n

4 ≤ |S ∩ P | ≤ 3n

4

]
= 1

∥x − y∥p ≤ r =⇒ P[|S ∩ {x, y}| = 1] ≤ ε.

2 Recall the ℓd
p norm on Rd: ∥x∥p :=

(∑d

i=1 |xi|p
)1/p

for 1 ≤ p < ∞, and ∥x∥∞ := maxd
i=1 |xi|.
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Here, Bℓd
p
(x, cr) = {y ∈ Rd : ∥y−x∥p ≤ cr} is the ℓd

p-ball of radius cr centered at x. Moreover,
here and in the rest of the paper, the notation A ≲ B means that there exists an absolute
constant C, independent of all other parameters, such that A ≤ CB.

Theorem 2 gives a form of LSH: we can think of points inside S as being mapped to 1,
and points outside mapped to 0. We still have the p1 condition: close points get mapped to
the same value with probability at least 1 − ε. Rather than guaranteeing that far points are
less likely to be mapped to the same value, we have a data-dependent condition: if the data
set contains no dense clusters of points, then most pairs of points are mapped to different
values. It is not hard to construct a randomized decision tree using Theorem 2, and [6]
showed how to use it to give a data structure for (c, r)-NNS over ℓd

p with approximation
c ≲ p

ε , space O(n1+ε · poly(d)) and query time O(nε · poly(d)). Similar results were also
proved for the Schatten-p norms, which extend the ℓp norms to matrices, and for arbitrary
norms (with appropriate access to the norm ball) in [7].

Theorem 2, however, has a significant shortcoming: it does not guarantee that the
distribution over axis-aligned boxes can be sampled efficiently given P as input. Indeed,
the proof of the theorem in [6], as well as the proofs of other similar results in [6, 7], rely
on a duality argument and yield sampling algorithms with running time exponential in the
dimension. For this reason, the resulting data structures have pre-processing time that is
also exponential in the dimension. These works thus raise an intriguing open problem: can
we sample a distribution such as the one in Theorem 2 in time polynomial in n and d?

1.1 Our Results on Near Neighbor Search
In this work, we resolve the open problem above (also posed explicitly in [6]), and prove the
following theorem.

▶ Theorem 3. Let ε ∈ (0, 1], r > 0, p ≥ 2. For some c ≲ p
ε , there exists a data structure for

the (c, r)-NNS problem over n-point sets in ℓd
p with

pre-processing time poly(nd);
space O(n1+ε log(n) · poly(d));
query time O(nε log(n) · poly(d)).
We note that the only previous NNS data structure over ℓd

p (for p > 2) with pre-processing
time poly(nd) could only achieve approximation on the order of 2p, and used polynomial
rather than nearly linear space [28, 9].

We further extend this result to the Schatten-p norms, which are a natural extension
of ℓd

p to matrices. For a d × d symmetric real matrix X and p ∈ [1, ∞], the Schatten-p
norm ∥X∥Cp of X is defined as the ℓp norm of the eigenvalues of X. In addition to their
intrinsic interest [16, 17, 18, 27], the Schatten-p spaces are an interesting first step when
extending geometric and analytic results from the ℓp spaces to more general norms: while
Schatten-p shares many properties with ℓp, extending proofs and algorithms from ℓp to
Schatten-p requires finding coordinate-free and often, more natural arguments. Here, we
partially succeed in extending Theorem 3 to Schatten-p spaces, and show the following two
theorems.

▶ Theorem 4. Let ε ∈ (0, 1], r > 0, 1 ≤ p ≤ 2. For some c ≲ 1
ε2/p , there exists a data

structure for the (cr, r)-NNS problem over n-point sets of d × d symmetric matrices with
respect to the Schatten-p norm with

pre-processing time poly(nd);
space O(n1+ε log(n) · poly(d));
query time O(nε log(n) · poly(d)).
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The only previously known NNS data structures for Schatten-p with constant approxi-
mation and poly(nd) pre-processing time have polynomial rather than nearly linear space
complexity. While not explicitly described there, such data structures follow from the
techniques in [28, 9], in combination with the results in [29].

▶ Theorem 5. Let ε ∈ (0, 1], r > 0, p ≥ 2. For some c ≲ 1
ε , there exists a data structure for

the (cr, r)-NNS problem over n-point sets of d × d symmetric matrices with respect to the
Schatten-p norm with

pre-processing time poly(n) · 2poly(d);
space O(n1+ε log(n) · poly(d));
query time O(nε log(n) · poly(d)).
In this theorem, the pre-processing time is exponential in the dimension as it is, as well,

in [6]. Nevertheless, the data structure in Theorem 5 has the benefit that it has query time
polynomial in d, rather than polynomial in dp, as in the data structure in [6].

1.2 Techniques and Results on Average Distortion Embeddings
To prove Theorems 3, 4, and 5, we develop a new approach for proving partitioning statements
such as Theorem 2 that relies on the notion of embeddings with average distortion, defined
below (this definition is taken from [26]).

▶ Definition 6. Given two metric spaces (M, dM) and (N , dN ), and an n-point set P ⊆ M,
we say a function f : M → N is an embedding of M into N with q-average distortion D

(with respect to P ) if

∑
x∈P

∑
y∈P

dN (f(x), f(y))q ≥
∥f∥q

Lip

Dq

n∑
x∈P

n∑
y∈P

dM(x, y)q.

As before, ∥f∥Lip is the Lipschitz constant of f , i.e., ∥f∥Lip = supx ̸=y,x,y∈M
dN (f(x),f(y))

dM(x,y) .
When the embedding has 1-average distortion D, we simply say it has average distortion
D. If for every integer n and any n point set in M, there exists an embedding into N with
average distortion D, then we say that M embeds into N with average distortion D.

Somewhat informally, we show that if a metric space M embeds into ℓd
1 with average

distortion D via an embedding f that can be efficiently computed from P , and efficiently
evaluated, then M supports NNS data structures with approximation c ≲ D log D

ε , space
O(n1+ε), query time O(nε), and efficient pre-processing. (Precise statements follow from
Lemmas 14 and 19, and Theorem 20 below.) This connection strengthens the reductions
via bi-Lipschitz embeddings mentioned above. Moreover, this connection between NNS
and average distortion embeddings is closely related to the connection between NNS and
the cutting modulus from prior work [6]. In particular, bounds on the cutting modulus
in [6] were proved by utilizing comparison inequalities between non-linear spectral gaps, in
the sense of [25]. Such comparison inequalities were shown in [25] to be equivalent to the
existence of average distortion embeddings. However, the connection between the cutting
modulus and NNS data structures in [6] is not algorithmic: it involves a non-algorithmic
duality argument that only yields data structures with exponential pre-processing, even
when the cutting modulus bound is witnessed by an efficiently computable average distortion
embedding. By contrast, our new connection between average distortion embeddings and
NNS data structures is an efficient reduction: if the embedding is computationally efficient,
so is the data structure, including the pre-processing.
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To reduce constructing efficient NNS data structures to finding efficient average distortion
embeddings, we first formalize the type of data dependent LSH family implicit in Theorem 2
and in other similar results. As mentioned above, these data-dependent LSH families relax
the p2 requirement of the standard LSH definition, by requiring that it holds empirically for
the input point set P . I.e., we require that each hash function in the family maps at least
1 − p2 fraction of the pairs of points in P to different values (see Definition 9 for the precise
requirement). As noted above, such a data-dependent LSH family is still sufficient to design
an NNS data structure with similar running time and space guarantees as given by standard
LSH (Lemma 14). Moreover, it is also not hard to construct a data-dependent LSH family
using a standard LSH family when the point set P is dispersed, i.e., when no ball of radius
cr contains more than half of P (Lemma 15).

So far these results just give a different perspective on standard NNS data structures
using LSH. The benefit of using data-dependent LSH, however, is that the data-dependent
requirement allows using a larger class of embeddings in reductions. While the existence
of a standard LSH family for, e.g., ℓd

1, is inherited by all metrics that have a bi-Lipschitz
embedding into ℓd

1 with small distortion,3 the existence of a data-dependent LSH family for
ℓd

1 is inherited by metrics M that have, for any dispersed point set P ⊆ M, an embedding f

into ℓd
1 which (1) does not expand distances too much, and (2) does not map a dispersed

point set P into a point set that is not dispersed. We formally define this class of embed-
dings, which we call embeddings with weak average distortion, in Definition 6 below. To
finish the connection between NNS and average distortion embeddings, we prove that the
existence of (computationally efficient) average distortion embeddings implies the existence
of (computationally efficient) weak average distortion embeddings. The proof of this fact uses
ideas previously used to relate embeddings with p- and q-average distortion (see Section 5.1
in [26]).

Finally, in order to utilize this general connection between average distortion embeddings
and NNS data structures, we need to construct explicit, efficiently computable average
distortion embeddings into ℓd

1 or ℓd
2. Naor has shown that the existence of average distortion

embeddings of a metric space M into ℓ2 is equivalent to proving a certain inequality between
non-linear spectral gaps, and, using this equivalence, he showed that when p ≥ 2 ℓd

p embeds
into ℓ2 with average distortion D ≲ p [25, 26]. The connection between average distortion
embeddings and spectral gap inequalities, however, uses a duality argument, and does not
provide explicit, efficiently computable embeddings. In fact, an explicit construction of an
embedding of ℓd

p into ℓ2 is given as an open problem in [25]. Here we resolve (a variant of)
this open problem. In the theorem below, the functions Mp,1, M̃p,1 : ℓd

p → ℓd
1 are defined by

Mp,1(x) = (sign(xi)|xi|p)d
i=1 M̃p,1(x) = ∥x∥pMp,1

(
x

∥x∥p

)
= ∥x∥1−p

p Mp,1(x),

with M̃p,1(0) = 0.

▶ Theorem 7. For any p ≥ 1, and any n-point set P in Rd, for t ∈ Rd so that

∀i ∈ [d] : |{x ∈ P : xi < ti}| = |{x ∈ P : xi > ti}|,

the map g : ℓd
p → ℓd

1 defined by g(x) = M̃p,1(x − t) has average distortion D ≲ p.

We note that Naor’s open problem was defined for embeddings into ℓ2 and 2-average
distortion. Our techniques can be extended to give similar results for such embeddings as
well.

3 In fact a weaker notion of randomized embedding suffices [4].
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Above, Mp,1 is the classical Mazur map from ℓd
p to ℓd

1. This map sends the unit sphere in
ℓd

p to the unit sphere in ℓd
1, and its restriction to the sphere has Lipschitz constant bounded

by p up to absolute constants. The Mazur map was previously used by Matoušek to prove
bounds on non-linear spectral gaps in ℓd

p [20]. As mentioned before, such bounds are closely
related to the existence of average distortion embeddings, via Naor’s duality argument
in [25]. The Mazur map itself, however, cannot be used directly to give an average distortion
embedding, since its Lipschitz constant is unbounded over all of ℓd

p. Our main technical
contribution in the proof of Thereom 7 is the observation that the rescaled Mazur map M̃p,1
has Lipschitz constant ≲ p everywhere, and that the machinery of Matoušek’s spectral gap
argument can be then used to prove a bound on the average distortion directly, without
going through a duality argument.

Our technique for constructing explicit average distortion embeddings in fact extends to
every pair of normed spaces X and Y for which we have a Hölder-continuous homeomorphism
f between the unit spheres of X and Y . We can then show that this homeomorphism can be
extended to a function f̃ which is Hölder-continuous on all of X, and that there is a shift t ∈ X

so that the map g : X → Y defined by g(x) = f̃(x − t) is an average distortion embedding of
(a snowflake of) X into Y . One can then use a variety of known homemorphisms between
spheres and construct reasonably explicit average distortion embeddings. We do so for the
Schatten-p spaces, and one can also use the homeomorphism between finite dimensional
normed spaces in [7] to give results for general normed spaces, too. Except for some special
cases like ℓd

p and Schatten-p for 1 ≤ p ≤ 2, however, one aspect of these embeddings is still
not fully explicit, and in particular, not computationally efficient. Namely, the argument
showing that there exists a good shift t, which was first given in [6], uses the theory of
topological degree that is also used in textbook proofs of Brouwer’s fixed point theorem, and
does not suggest an efficient algorithm for computing t. We leave finding such an algorithm,
even for the case of Schatten-p norms with p ≥ 2, as an open problem.

2 Weak Average Distortion Embeddings Imply NNS

We are going to assume that the metric spaces (M, dM) we deal with are endowed with a
dimension dim(M), which we use to quantify running times of basic tasks, e.g., evaluating
distances. We will mostly deal with metric spaces defined by a norm on Rd, in which case
dim(M) = d. We will assume that a point x ∈ M can be represented by poly(dim(M)) bits,
and that the distance dM(x, y) can be computed in time poly(dim(M)), as well.

In this section we first introduce a formalization of the data-dependent LSH families we
are going to use. We show how to use such LSH families to construct a data structure for the
NNS problem, by generalizing the randomized decision tree data structure from [6]. Then
we introduce the notion of weak average distortion embedding, and show that it can weak
average distortion embeddings into ℓd

1 or ℓd
2 imply the existence of data-dependent LSH.

2.1 Data-dependent LSH Families Imply NNS
The following definition is standard.

▶ Definition 8. Let (M, dM) be a metric space and fix a scale r > 0, approximation factor
c > 1, and range Ω. Then a probability distribution H over maps from M to Ω is called
(r, cr, p1, p2)-sensitive if

dM(x, y) ≤ r =⇒ P
h∼H

[h(x) = h(y)] ≥ p1,

dM(x, y) > cr =⇒ P
h∼H

[h(x) = h(y)] < p2.
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Our data structures are based on the following, in a sense, weaker definition which allows
H to depend on the point set, and defines p2 in terms of the how hash functions spread the
points among the bins they are hashed to.

▶ Definition 9. Let (M, dM) be a metric space and fix a scale r > 0, and range Ω. Let
P ⊆ M be set of cardinality |P | = n. Then a probability distribution H(P ) over maps from
M to Ω is called (r, p1, p2)-empirically sensitive for P if

dM(x, y) ≤ r =⇒ P
h∼H

[h(x) = h(y)] ≥ p1,

∀ω ∈ Ω, ∀h ∈ supp(H) : |{x ∈ P : h(x) = ω}| ≤ p2n.

We call families of hash functions H(P ) as in Definition 9 data-dependent locality sensitive
hash functions, because p2 constrains the data-dependent distribution of the points in P

among the bins defined by the hash function.

▶ Definition 10. Let (M, dM) be a metric space and fix a scale t > 0. A set P of n points
in a metric space M is called (t, β)-dispersed if, for all x ∈ M, |P ∩ BM(x, t)| ≤ (1 − β)n.

The following is a straightforward observation.4

▶ Lemma 11. Suppose for a set P of n points in a metric space M, for every x0 ∈ P we
have |P ∩ BM(x0, 2t)| ≤ (1 − β)n. Then P is (t, β)-dispersed.

▶ Definition 12. For a metric space (M, dM), and a (multi-)set P ⊂ M of size n, we use
the notation

ΨM(P, t) = |{(x, y) ∈ P × P : dM(x, y) > t}|
n2 .

The following lemma relates the notion of being (r, β)-dispersed and the function ΨM(P, t).

▶ Lemma 13. Let (M, dM) be a metric space, and let P be a set of n points in M. Then, if P

is (t, β)-dispersed, then ΨM(P, t) ≥ β. Conversely, P is (t, β)-dispersed for β = 1
2 ΨM(P, 2t).

The next lemma shows that data-dependently LSH families imply the existence of efficient
NNS data structures.

▶ Lemma 14. Let (M, dM) be a metric space and let r > 0, and c > 1. Suppose that
for every (cr, 1

2 )-dispersed m-point set Q ⊆ M, there exists a (r, p1(Q), p2(Q))-empirically
sensitive H(Q) such that log(1/p1(Q))

log(1/p2(Q)) ≤ ρ where all p2(Q) ≤ p2 for some p2 ∈ (0, 1). Define
b = max( 1

2 , p2). Further, suppose that any h in the support of H(Q) can be stored in space
and evaluted in time polynomial in dim(M), that h ∼ H(Q) can be sampled in time Ts(m),
for a non-decreasing function Ts(m) and the range Ω of H(Q) has size at most exp(dim(M)).
Then there exists a data structure for the (O(c), r)-NNS problem over n-point sets in M with

pre-processing time O(poly(n log1/b(n) dim(M)) · Ts(n));
space O(n1+ρ log1/b(n) · poly(dim(M)));
query time O(nρ log1/b(n) · poly(dim(M)));

The terminology used in its proof is largely adopted from [6]. The data structure is a
randomized decision tree similar to the one in [6] with a couple of generalizations: we allow
the hash function to split space into more than two parts, and, more importantly, we allow
the parameters of the data-dependent LSH family to change from one node of the decision
tree to the next.

4 The proofs of the statements in this section can be found in the full version of this paper.
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2.2 Data-dependent LSH Families from LSH Families
We show that the existence of an LSH family implies the existence of a data-dependent LSH
family.

▶ Lemma 15. Let (M, dM) be a metric space and let r > 0, and c > 1. Suppose there exists
a (r, cr, p1, p2)-sensitive H where p2 ≤ 1/2. Let P ⊆ M be a (cr, β)-dispersed n-point set.
Then, for

p′
2 =

√
1 − β(1 − 2p2)

the event E = {maxω∈Ω |{x ∈ P : h(x) = ω}| ≤ p′
2n} occurs with probability at least 1/2, and

H conditioned on E is (r, 2p1 − 1, p′
2)-empirically sensitive for P .

We instantiate this lemma with the LSH for ℓd
1 due to Indyk and Motwani [15] (see

also [13]).

▶ Lemma 16. For any r > 0, any c > 1, and any ∆ ≥ 1, the space ℓd
1 restricted to [−∆, ∆]d

has a (r, cr, p1, p2)-sensitive H with p1 = 1 − r
2d∆ and p2 = 1 − cr

2d∆ . Moreover, h ∼ H can
be sampled and evaluated in constant time.

Together with Lemma 15, Lemma 16 implies the following corollary.

▶ Corollary 17. Let r > 0, c > 6, ∆ ≥ 1, and let P be a (cr, β)-dispersed n-point set in
ℓd

1 restricted to [−∆, ∆]d. There exists a (r, 1 − 8
c , 1 − β

4 )-empirically sensitive Hℓd
1
(P ) for

P . Moreover, a function h ∼ H(P ) can be sampled in O(n poly(d∆/r)) time, evaluated in
poly(d∆/r) time, and stored using poly(d∆/r) bits.

2.3 Weak Average Distortion Embeddings
Below is our definition of weak average distortion embedding. We will use such embeddings
to construct data-dependent LSH families for spaces other than ℓd

1.

▶ Definition 18. Let (M, dM) and (N , dN ) be two metric spaces, and let P ⊆ M be an
n-point set. A function f : M → N is an embedding with weak average distortion D with
respect to P if we have

sup
t≥0

tΨN (f(P ), t) ≥ ∥f∥Lip

D
sup
t≥0

tΨM(P, t).

The name “weak average distortion” originates from the fact that supt≥0 tΨM(P, t) is the
weak-L1 norm of dM with respect to the uniform measure over f(P ) × f(P ). So, a weak
average distortion embedding is required to not expand distances too much while also not
decreasing the weak-L1 norm of the pairwise distances. The analogous notion of q-average
distortion, where we instead take the Lq norm of dM with respect to the same measure (see
Definition 6), has been studied before. The definition of weak average distortion embedding
appears to be new. It can be extended in the natural way to more general probability
measures, but we will not pursue this here.

In this subsection, we show that a weak average distortion embeddings of M into ℓd
1

imply, via Corollary 17, a data-dependent LSH family for M.

▶ Lemma 19. Let r > 0, D ≥ 1, and ∆ > 0. Fix an approximation factor c ≥ 48D. Suppose
that P is a (cr, 1

2 )-dispersed set of n points in a metric space (M, dM), and let ∆ be the
diameter of P . If f : M → ℓd

1 (or f : M → ℓd
2) is an embedding with weak average distortion

D with respect to P , then there exists a (r, p1, p2)-empirically sensitive H(P ) for P with
log(1/p1)
log(1/p2) ≲ D

c and p2 ≥ 1 − cr
16D∆ .
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Moreover, assume that d ∈ poly(dim(M)), and that f can be computed from P in time
T , and then stored in poly(dim(M)) bits, and evaluated in poly(dim(M)) time. Then
a function h ∼ H(P ) can be sampled in time O(T + poly(n dim(M)∆/r)), evaluated in
poly(dim(M)∆/r) time, and stored using using poly(dim(M)∆/r) bits.

3 From Average to Weak Average Distortion Embeddings

We show the following theorem connecting average and weak average distortion embeddings.

▶ Theorem 20. Suppose that the metric space (M, dM) embeds with into a Banach space
(X, ∥ · ∥) with average distortion D. Then, for any n-point set P ⊆ M, there exists an
embedding with weak average distortion D′ ≲ D(1 + log D).

Moreover, assume that for any point set Q of m ≤ n points in M, an embedding into
X with average distortion D with respect to Q can be can be computed from Q in time T ,
and then stored in poly(dim(M)) bits, and evaluated in poly(dim(M)) time. Then, for
any n-point set P ⊆ M, the embedding into X with weak average distortion D′ can be
computed in time poly(T + n dim(M)), stored in poly(dim(M)) bits, and evaluated in time
poly(dim(M)).

The proof of Theorem 20 is inspired by arguments relating p-average and q-average
distortion embeddings for different p and q in [26], and is discussed in complete detail in the
full version of this paper.

4 Efficient Average Distortion Embeddings

4.1 Average Distortion Embeddings from Bi-Hölder Homeomorphisms
We first give a general construction of embeddings with bounded average distortion using
homeomorphisms between spheres of normed spaces. The main theorems mentioned in
the Introduction are then proved using this general construction and the classical and
non-commutative Mazur maps as the homeomorphisms. Proofs and some of the additional
theorems from this section can be found in the full version of this paper. For a Banach space
(X, ∥ · ∥), we will use the notation SX = {x ∈ X : ∥x∥ = 1}.

We begin by showing that homeomorphisms between spheres can be radially extended to
the entire normed spaces while retaining their continuity properties. The lemma below was
also shown in [7] but with worse constants.

▶ Lemma 21. Let (X, ∥ · ∥X) and (Y, ∥ · ∥Y ) be Banach spaces, and let α, β ∈ (0, 1]. Let
f : SX → SY be a function that, for any x, y ∈ SX satisfies

1
L

∥x − y∥1/β
X ≤ ∥f(x) − f(y)∥Y ≤ K∥x − y∥α

X .

Then the function f̃ : X → Y defined by f̃(x) = ∥x∥α
Xf

(
x

∥x∥X

)
, and f̃(0) = 0 satisfies the

following for any x, y ∈ X:

∥f̃(x) − f̃(y)∥Y ≤ (1 + 2αK)∥x − y∥α
X (1)

∥f̃−1(x) − f̃−1(y)∥X ≤
(

1
αβ

+ 2βLβ

)
∥x − y∥β

Y max{∥x∥Y , ∥y∥Y } 1
α −β (2)

Moreover, ∥f̃(x)∥Y = ∥x∥α
X for all x ∈ X.
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Recall that a median of a set of n points P in a metric space M is any point y ∈ M that
minimizes 1

n

∑
x∈P dM(x, y). The next definition is an approximate version of the median.

▶ Definition 22. We say that a point y in a metric space M is a (C, ε)-approximate median
of a finite point set P ⊆ M if

1
n

∑
x∈P

dM(x, y) ≤ C min
z∈M

1
n

∑
x∈P

dM(x, z) + ε.

The next lemma is our main tool for constructing explicit average distortion embeddings.
Recall that, for α ∈ (0, 1] the α-snowflake of a metric space (M, dM) is the metric space
Mα on the same ground set, with distance function dM(x, y)α.

▶ Lemma 23. Let (X, ∥ · ∥X) and (Y, ∥ · ∥Y ) be Banach spaces, and let α ∈ (0, 1]. Let
f : SX → SY be a function that, for any x, y ∈ SX satisfies

∥f(x) − f(y)∥Y ≤ K∥x − y∥α
X ,

and let f̃(x) = ∥x∥α
Xf

(
x

∥x∥X

)
, f̃(0) = 0. Let P ⊆ X be an n point set, let t ∈ X, and define

g : Xα → Y by g(x) = f̃(x − t). Suppose that one of the following conditions is satisfied for
some C ≥ 1 and ε ≤ 1

4n2

∑
x∈P

∑
y∈P ∥x − y∥α

X

1. 0 is a (C, ε)-approximate median for g(P );
2.

∥∥ 1
n

∑
x∈P g(x)

∥∥
Y

≤ ε.
Then g is an embedding of the α-snowflake Xα into Y with average distortion at most D

with respect to P , where D ≲ C(1 + K) if the first condition is satisfied, and D ≲ 1 + K if
the second condition is satisfied.

Its proof is similar in spirit to bounds on non-linear Rayleigh quotients proved in [7], and is
discussed in the full version. In order to use Lemma 23, we need to find some t ∈ X that
satisfies one of the two assumptions in the lemma. A general method for establishing the
existence of such a t was proposed in [6, 7, 26], and relies on the following lemma. For a
proof, see Lemma 45 from [26].

▶ Lemma 24. For any finite dimensional Banach space (X, ∥ · ∥), and any continuous
function h : X → X such that

lim
M→∞

inf
t:∥t∥≥M

(∥t∥ − ∥h(t) − t∥) = ∞,

we have that h is surjective.

Using Lemma 24, we can show that there exists a t so that 0 is the mean of g(P ). The
argument is essentially identical to arguments in [6, 7], but, since the result was not stated in
the general form given below, we include a proof of the following lemma in the full version.

▶ Lemma 25. Under the assumptions and notation of Lemma 21, there exists some t ∈ X

such that 1
n

∑
x∈P g(x) = 0. Moreover, any such t must satisfy ∥t∥X ≤

(
M
n

∑
x∈P ∥x∥α

X

) 1
α ,

for a constant M that only depends on K, L, α, β.

While Lemma 25 is very general, it does not readily give rise to an efficient algorithm
to find t. The proof of Lemma 24 in [6, 26] is existential, and relies on a topological degree
argument of the type used to prove Brouwer’s fixed point theorem. Identifying general cases
in which we can give an algorithmic proof of Lemma 25 is an interesting open problem. In
the full version of this paper, we instantiate Lemma 23 with the Mazur map (for embedding
ℓd

p) and the non-commutative Mazur map (for embedding Schatten-p), and give alternative
algorithmic methods for finding a good center t in these special cases. This leads us to the
proofs of Theorems 3, 4, and 5 stated in the Introduction.

SoCG 2021
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5 Conclusion and Open Problems

We have constructed data structures for the (c, r)-NNS problem with efficient pre-processing,
nearly linear space, and sub-linear query time with approximation c ≲ p in the case of ℓp

spaces for all p ≥ 1, and with c ≲ 1 for Schatten-p spaces for 1 ≤ p ≤ 2. Furthermore, we
have laid out a general framework for producing such efficient data structures for general
metrics: as long as there are (computationally efficient) average distortion embeddings of
such metrics into ℓd

1 or ℓd
2, we can produce efficient NNS data structures. This framework is

an analogue of the cutting modulus framework from [6], but allows efficient pre-processing.
This connection between NNS data structures and low average distortion embeddings

naturally warrants further research into constructing such computationally efficient embed-
dings of arbitrary metric spaces into ℓd

1 or ℓd
2. A natural first step is to do this for Schatten-p

spaces where p > 2. As noted earlier, the bottleneck in our construction is the design of
an efficient algorithm for computing a center T satisfying the conditions of Lemma 23 for
embedding Schatten-p into Schatten-2.

▶ Problem 1. Given a dataset P of n d × d symmetric matrices in Schatten-p, find a
matrix T in poly(n, d, 1/ε) time such that either 0 is a (C, ε)-median of M̃p,2(T − P ), or∥∥∥ 1

n

∑
X∈P M̃p,2(T − X)

∥∥∥
C2

≤ ε.

In our quest to construct efficient NNS data structures for arbitrary finite-dimensional
norms, a slightly more ambitious goal is to make the main result of [26] algorithmic, as
follows.

▶ Problem 2. Given an n-point dataset P in a d-dimensional normed space (M, ∥ · ∥),
construct an embedding f : M 1

2 → ℓd
2 with 2-average distortion ≲

√
log d with respect to P

such that f can be computed in time poly(nd), stored in poly(d) bits, and evaluated in time
poly(d).

A solution to this problem will imply NNS data structures for any d-dimensional norm with
polynomial time pre-processing, nearly linear space, sub-linear query time, and approximation
poly-logarithmic in the dimension, solving also an open problem in [6]. Note that such data
structures are not known even with exponential pre-processing, but it was shown in [6] that
they do exist in the cell-probe model.

Finally, on a somewhat different note, it would also be very interesting to further optimize
the approximation factor c of our NNS data structures, even in the special case of ℓp spaces.

▶ Problem 3. Establish Theorem 3 with c ≲ log p
ε .

A solution to this problem would interpolate between data structures for ℓd
1 and ℓd

2, where
constant approximation is possible, and Indyk’s data structure for ℓd

∞ which guarantees an
O(log log d) approximation [14], and is optimal in several natural models [1].
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Abstract
The Gibbs Sampler is a general method for sampling high-dimensional distributions, dating back to
1971. In each step of the Gibbs Sampler, we pick a random coordinate and re-sample that coordinate
from the distribution induced by fixing all the other coordinates. While it has become widely used
over the past half-century, guarantees of efficient convergence have been elusive. We show that for a
convex body K in Rn with diameter D, the mixing time of the Coordinate Hit-and-Run (CHAR)
algorithm on K is polynomial in n and D. We also give a lower bound on the mixing rate of CHAR,
showing that it is strictly worse than hit-and-run and the ball walk in the worst case.
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1 Introduction

Sampling a high-dimensional distribution is a fundamental problem and a basic ingredient
of algorithms for optimization, integration, statistical inference, and other applications.
Progress on sampling algorithms has led to many useful tools, both theoretical and practical.
In the most general setting, given access to a function f : Rn → R+, the goal is to generate
a point x whose density is proportional to f(x). Two special cases of particular interest are
when f is uniform over a convex body and when f is a Gaussian restricted to a convex set.

The generic approach to sampling is by a Markov chain whose state space is the convex
body. The chain is designed so that it is ergodic, time-reversible, and has the desired density
as its stationary distribution. The key question is to bound the rate of convergence of the
Markov chain. The Ball walk [14, 12, 18] and Hit-and-Run [2, 22, 17] are two Markov chains
that work in full generality, and have been shown to mix rapidly (i.e, the convergence rate is
polynomial) for arbitrary log-concave densities. Over three decades of improvements, the
complexity of this problem has been reduced to a small polynomial in the dimension for
the total number of function evaluations with a factor of n2 per function call for the total
number of arithmetic operations. For a log-concave density with support of diameter D, the
mixing time is O∗(n2D2), taking the same number of function evaluations, with arithmetic
complexity of O∗(n4D2)[12, 15, 17].

A simple and widely-used algorithm that pre-dates these developments considerably is
the Gibbs Sampler, proposed by Turchin in 1971 [23]. It is inspired by statistical physics
and is commonly used for sampling distributions [5, 6] and Bayesian inference [8, 9, 10]. To
sample a multivariate density, at each step, the sampler picks a coordinate (either at random
or in order, cycling through the coordinates), fixes all other coordinates, and re-samples this
coordinate from the induced distribution. This is very similar to Hit-and-Run, except that
instead of picking a direction uniformly at random from the unit sphere, it is picked only
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from one of the n basis vectors (see [1] for a historical account and more background). It was
reported to be significantly faster than Hit-and-Run in state-of-the-art software for volume
computation and integration [3, 7, 4]. Gibbs sampling, also called Coordinate Hit-and-Run,
has a computational benefit: updating the current point takes O(n) time rather than O(n2)
even for polyhedra since the update is along only one coordinate direction. Thus the overhead
per step is reduced from O(n2) as in all previous algorithms to O(n). However, despite half
a century of intense study, the convergence rate of Gibbs sampling has remained an open
problem.

In this paper, we show that the Gibbs sampler mixes rapidly for any convex body K.
Before stating our main theorem formally, we define the Gibbs sampler.

Coordinate Hit-and-Run

Algorithm 1 describes the Coordinate Hit-and-Run walk for sampling uniformly from a
convex body K ∈ Rn. Let {ei : 1 ≤ i ≤ n} be the standard basis for Rn. The starting point
is in the interior of K and is given as an input to the algorithm.

Algorithm 1 Coordinate Hit-and-Run (CHAR).

Input: a point x(0) ∈ K, integer T .
for i = 1, 2, · · · , T do

Pick a uniformly random axis direction ej

Set xi to be a random point along the line ℓ =
{

x(i−1) + tej : t ∈ R
}

chosen
uniformly from ℓ ∩ K.

end
Output: xT .

The stationary distribution of the Coordinate hit-and-run walk is the uniform distribution
πK over K. To sample from a general log-concave density f : Rn → R+ the only change is
in Step 2, where the next point y is chosen according to f(y) restricted to ℓ. In both cases,
the process is symmetric and ergodic and so the stationary distribution of the Markov chain
is the desired distribution.

We can now state our main theorem (see Sec. 1.2 for the definition of a warm start).

▶ Theorem 1. Let K be a convex body in Rn containing a unit ball. Let R2 be the expected
squared distance of a uniform random point in K from the centroid of K. Then the mixing
time of Coordinate Hit-and-Run from a warm start in K is Õ

(
n9R2)

.

By applying an affine transformation, R can be made O(
√

n). We note that from a warm
start both the Ball Walk and Hit-and-Run have a mixing time of Õ(n2R2) [12, 17]. While
our bound is likely not the best polynomial bound for CHAR, in Section 4, we show that it
is necessarily higher than the bound for hit-and-run.

Concurrently and independently, Narayanan and Srivastava [20] also proved a polynomial
bound on the mixing rate of Coordinate Hit-and-Run, with a different proof. They showed
that CHAR mixes in Õ(n7R4

1) steps where R1 is the smallest number s.t., B∞ ⊆ K ⊆ R1B∞,
i.e., the cube sandwiching ratio (R1 can be larger than R in our theorem by a factor of

√
n).

This quantity R1 can be bounded by O(n) after an affine transformation.
A key ingredient of our proof is a new “ℓ0”-isoperimetric inequality. We will need the

following definition.

▶ Definition 2 (Axis-disjoint). Two measurable sets S1, S2 are called axis-disjoint if ∀x ∈
S1,∀y ∈ S2, |{i ∈ [n] : xi = yi}| ≤ n − 2.
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In other words, no point from S1 is on the same axis-parallel line as any point in S2 (see Fig. 1).
The main component of the proof of Theorem 1 is the following isoperimetric inequality

for axis-disjoint subsets of a convex body.

▶ Theorem 3. Let K be a convex body in Rn containing a unit ball with R2 = EK(∥x − zK∥2)
where zK is the centroid of K. Let S1,S2 ⊆ K be two measurable subsets of K such that
S1, S2 are axis-disjoint. Then for any ϵ ≥ 0, the set S3 = K\{S1 ∪ S2} satisfies

vol(S3) ≥ ϵ

48 · 103 · n3.5R log n
(min{vol(S1), vol(S2)} − ϵvol(K)) .

Figure 1 Axis-disjoint subsets S1 and S2.

1.1 Approach

At a high level, we follow the proof of rapid mixing based on the conductance of Markov
chains [21] in the continuous setting [16]. We give a simple, new one-step coupling lemma
which reduces the problem of lower bounding the conductance of the underlying Markov
chain to an isoperimetric inequality about axis-disjoint sets in high dimension. Roughly
speaking, the inequality says the following: If two subsets of a convex body are axis-disjoint,
then the remaining mass of the body is proportional to the smaller of the two subsets. This
inequality is our main technical contribution. In comparison, the inequality for Euclidean
distance says that for any two subsets of a convex body, the remaining mass is proportional
to their (minimum) Euclidean distance times the smaller of the two subset volumes.

Standard approaches to proving such inequalities, notably localization [11, 13], which
reduce the desired high-dimensional inequality to a one-dimensional inequality, do not seem
to be directly applicable to proving this “ℓ0-type” inequality. So we develop a first-principles
approach where we first prove the inequality for cubes, taking advantage of their product
structure, and then for general bodies using a tiling of space with cubes. In the course of
the latter part, we will use several known properties of convex bodies, including Euclidean
isoperimetry.

SoCG 2021
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1.2 Preliminaries
Markov chain: Let M be a Markov chain with state space K and stationary distribution
Q. For any measurable subset S ⊆ K and x ∈ K, let Px(S) be the probability that
one step of M from x goes to a point in S. Q being stationary implies that for any
measurable subset S ⊆ K∫

K

Px(S)dQ(x) = Q(S).

The Markov chain is time-reversible if for any two subsets A, B ⊆ K∫
A

Px(B)dQ(x) =
∫

B

Px(A)dQ(u).

For a measurable subset S of the state space of a Markov chain with stationary distribution
Q, the ergodic flow of S, denoted by p(S) is defined as

p(S) =
∫

S

Px(K \ S) dQ(x).

Conductance: The conductance of a subset S ⊆ K, denoted by ϕ(S), is defined as

ϕ(S) =
∫

S
Px(K \ S) dQ(x)

min{Q(S), Q(K\S)} ,

and the conductance of M is defined as

ϕ = inf
0<Q(S)≤1/2

ϕ(S).

For any s ∈ [0, 1/2] the s-conductance of the Markov chain is:

ϕs = inf
S:s<Q(S)≤ 1

2

p(S)
Q(S) − s

.

Warm Start: Given distributions P and Q on the same state space A, P is said to be
M -warm with respect to Q if

M = sup
A⊆A

P (A)
Q(A) .

If the initial distribution Q0 is O(1)-warm with respect to the stationary distribution Q

for some Markov chain, we say that Q0 is a warm start for Q.
Lazy chain: A lazy version of a Markov chain with transition probability P is one
where we use the transition probability Px({y}) = Px({y})/2 + 1(x = y)/2, so that with
probability 1/2, the chain feels lazy and stays in the same state.
For a body K ⊆ Rn, let πK denote the uniform distribution on K and EK(X) denote
the expected value of X with respect to πK .

The following theorem shows that the s-conductance of a Markov chain bounds its rate
of convergence from a warm start.

▶ Theorem 4 ([16]). Suppose that a lazy, time-reversible Markov chain with stationary
distribution Q has s-conductance at least ϕs. Then with initial distribution Q0, and

Hs = sup {|Q(A) − Q0(A)| : A ⊂ K, Q(A) ≤ s} ,

the distribution Qt after t steps satisfies

dT V (Qt, Q) ≤ Hs + Hs

s

(
1 − ϕ2

s

2

)t

.
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2 The isoperimetric inequality

Before proving Theorem 3, we need a few definitions.

▶ Definition 5 (Axis-aligned Line). A line ℓ in Rn is called axis-aligned if ℓ = {x ∈ Rn : x =
c + tei, t ∈ R} for an i ∈ {1, . . . , n} and a point c ∈ Rn.

▶ Definition 6 (Axis-aligned Cube). An axis-aligned cube C is defined as

C = {x ∈ Rn : ∥x − y∥∞ ≤ c},

where y ∈ Rn is a fixed point and c is a positive constant.

▶ Definition 7 (Axis-parallel Extension). For a body K in Rn and a measurable subset S ⊆ K,
the axis-parallel extension of S in K, denoted by extK(S) is defined as

extK(S) = {x ∈ K\S : ∃y ∈ S such that |{i ∈ [n] : xi = yi}| = n − 1}.

In other words, extK(S) is the set of points in K\S obtained by changing exactly 1 coordinate
from a point in S.

We will bound the conductance of CHAR in an axis aligned cube by its mixing time.

▷ Claim 8. The mixing time of the Coordinate Hit-and-Run chain in an axis-aligned cube
C ∈ Rn is O(n log n).

Proof. WLOG, assume that C is a cube with side length 1. In a step of CHAR, if axis ei is
selected, then the i-th coordinate of the current point is re-sampled uniformly at random
from [0, 1]. So starting from any point in C, after every axis direction has been picked at
least once, the distribution induced by CHAR will be uniform on C. Using the coupon
collector bound, the number of steps of CHAR needed to ensure that every coordinate has
been re-sampled at least once is at most 4n log n = O(n log n) in expectation. ◁

▶ Lemma 9 (Cube isoperimetry). For an axis-aligned cube C ∈ Rn, and any two axis-disjoint
subsets S1, S2 ⊆ C, with S3 = C \ {S1 ∪ S2}, the following holds:

vol(S3) ≥ 1
4n log n

· min {vol(S1), vol(S2)} .

▶ Remark 10. We believe that the bound above is not optimal, and even an absolute constant
factor might be possible. In the appendix, we give a different proof achieving a weaker bound.

Proof. Let vol(S1) ≤ vol(S2). For a Markov chain with mixing time tmix, the conductance
is at least 1/tmix [19]. From Claim 8, we get

ϕ(S1) =
∫

S1
Px(C \ S1) dx

vol(S1) ≥ 1
4n log n∫

S1

Px(C \ S1) dx ≥ vol(S1)
4n log n

(1)

Since S1 and S2 are axis-disjoint, the probability of moving from a point in S1 to a point in
S2 in one step is 0 and hence∫

S1

Px(C \ S1) dx ≤
∫

S1

Px(S3) dx =
∫

S3

Px(S1) dx ≤ vol(S3). (2)

Combining equation (1) and equation (2), we get

vol(S3) ≥ 1
4n log n

· vol(S1). ◀

SoCG 2021
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The next lemma is an isoperimetric inequality from [11].

▶ Lemma 11 (Euclidean isoperimetry). [11] Let K ⊂ Rn be a convex body containing a unit
ball and R2 = EK(∥x − zk∥2) where zK is the centroid of K. For a subset S ⊆ K, let ∂K(S)
denote the boundary of S, relative to K. Then for any S ⊆ K of volume at most vol(K)/2,
we have

voln−1(∂KS) ≥ ln 2
R

vol(S).

We can now prove the new isoperimetric inequality, restated below for convenience.

▶ Theorem 3. Let K be a convex body in Rn containing a unit ball with R2 = EK(∥x − zK∥2)
where zK is the centroid of K. Let S1,S2 ⊆ K be two measurable subsets of K such that
S1, S2 are axis-disjoint. Then for any ϵ ≥ 0, the set S3 = K\{S1 ∪ S2} satisfies

vol(S3) ≥ ϵ

48 · 103 · n3.5R log n
(min{vol(S1), vol(S2)} − ϵvol(K)) .

Proof of Theorem 3. Let K ′ = (1 − α)K for α = ϵ
20n , and S′

i = Si ∩ K ′ for i ∈ {1, 2}.
Assume vol(S′

1) ≤ vol(S′
2). For any subset X ⊆ K, we have

vol(X ∩ K ′) ≥ vol(X) − (1 − (1 − α)n)vol(K) ≥ vol(X) − ϵ

2 · vol(K).

Next consider a standard lattice of width δ, with each lattice point inducing a cube of
side length δ. We choose δ = α

4
√

n
to ensure that the cubes which intersect K ′ are fully

contained in K. Let C be the set of hypercubes in this lattice that intersect S1. We partition
the set of cubes in C as

C1: the set of cubes in C where S1 takes up less than 2
3 of the volume of the cube, and

C2: the set of cubes in C where S1 takes up at least 2
3 of each cube.

If vol(C1 ∩S1) ≥ vol(S1)/2, i.e., at least 1
2 of vol(S1) resides in cubes in C1, then we can apply

Lemma 9 to every cube in C1 individually to get a bound on vol(S3). However, the cubes in C1
might not be fully contained in K and so before using the cube isoperimetry, we need to move
to K ′ and consider the subset of cubes of C1 that intersect K ′. Let C′

1 = {c ∈ C1 : c∩K ′ ̸= ∅}.
By our choice of α, we have C′

1 ⊆ K and

vol(C′
1 ∩ S1) ≥ vol(C1 ∩ S1 ∩ K ′) ≥ vol(C1 ∩ S1) − ϵ

2 · vol(K).

Now consider a cube c in C′
1. Let x = vol(c∩S1)

vol(c) and y = vol(c∩S2)
vol(c) where 0 < x ≤ 2/3 and

x + y ≤ 1. Then, applying Lemma 9for any feasible values of x and y, we have

vol(S3 ∩ c)
vol(c) ≥ max

{
1 − x − y,

1
4n log n

min {x, y}
}

≥ 1
4n log n

· x

4

Applying this argument to each cube in C′
1, we get

vol(S3) ≥ 1
16n log n

·
∑
c∈C′

1

vol(c ∩ S1) = 1
16n log n

· vol(C′
1 ∩ S1)

≥ 1
16n log n

(
vol(C1 ∩ S1) − ϵ

2 · vol(K)
)

≥ 1
16n log n

(
1
2 · vol(S1) − ϵ

2 · vol(K)
)

≥ 1
32n log n

(vol(S1) − ϵ · vol(K)) .
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Figure 2 Illustration of the isoperimetry proof.

So assume that vol(C1 ∩S1) ≤ 1
2 ·vol(S1) and consequently vol(C2 ∩S1) ≥ 1

2 ·vol(S1). Let ∂C2
be the internal boundary of C2 in K. Because C2 is comprised of hypercubes, ∂C2 consists
of facets of axis-aligned n-dimensional cubes. Consider a facet f on this boundary with
normal axis ef , let the cube adjacent to this facet in C2 be f2 and the cube adjacent to the
facet not in C2 be f1. So, voln−1(f) · δ = vol(f1) and f1 cannot be in C2 (it can belong to
C1 but we account for that in the next step). Since at least 2/3 of the volume f2 is in S1,
the support of marginal of S1 along any axis direction will be at least 2/3 of the support of
marginal of f2 along that axis. Therefore, at least 2/3 of the mass of f and by extension f1
is reachable from a point in S1 along ef and therefore cannot be in S2. Now if f1 ∈ C1, there
are 2 possibilities:
1. vol(f1 ∩ S1) ≤ vol(f1)/3, we can simply subtract this volume from the volume of S3

gained from f1 and get

vol(f1 ∩ S3) ≥ 2
3 · δvoln−1(f) − 1

3 · vol(f1) = 2
3 · vol(f2) − 1

3 · vol(f1) = 1
3 · vol(f1).

2. Otherwise, 1
3 · vol(f1) ≤ vol(f1 ∩ S1) ≤ 2

3 · vol(f1) and using Lemma 9, we get

vol(f1 ∩ S3) ≥ 1
4n log n

· vol(f1 ∩ S1)
4 = 1

48n log n
· vol(f1).

So, for every facet f ∈ ∂K(C2), we get

min
{

1
48n log n

,
1
4

}
· δ · voln−1(f) = 1

48n log n
· δ · voln−1(f). (3)

Since every such neighboring cube can be counted at most 2n times using this argument, we
get at most 1/2n of the above volume in S3. But f2 might not be (fully) contained in K.
So, we need to move to K ′. Let C′

2 = {c ∈ C2 : c ∩ K ′ ̸= ∅}. Our choice of α ensures that
the cubes in C′

2 and all their neighboring cubes are fully contained in K. Let ∂K′ (C′
2) be

the boundary of C′
2 relative to K ′. Then ∂K′ (C′

2) ⊆ ∂K(C2) as ∂K′ (C′
2) only consists of the

boundary of C2 ∩ K ′ internal to K ′. So, every facet f ∈ ∂K′ (C′
2) contributes at least

1
2n

· 1
48n log n

· δ · voln−1(f)

to vol(S3). Because S1 occupies at least 2/3 of every cube in C′
2,

vol (C′
2 ∩ S1) ≤ vol (C′

2) ≤ 3
2vol (S1 ∩ K ′) ≤ 3

4vol (K ′) (4)

SoCG 2021
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and by Lemma 11,

vol (∂K′ (C′
2)) ≥ ln 2

R
· min {vol (C′

2) , vol (K ′\C′
2)}

≥ ln 2
R

· min
{

vol (C2 ∩ K ′) ,
1
4vol (K ′)

}
(from eq. (4))

≥ ln 2
R

· min
{

vol (C2 ∩ K ′) ,
1
3vol (C2 ∩ K ′)

}
≥ ln 2

3R
· vol (C2 ∩ K ′) . (5)

Combining equation (3) and equation (5), we get

vol(S3) ≥ 1
2n

·
∑

f∈∂K′ (C′
2)

δ

48n log n
voln−1(f)

= δ

96n2 log n
· vol(∂K′(C′

2)) ≥ δ ln 2
300Rn2 log n

· vol (C2 ∩ K ′)

≥ δ ln 2
300Rn2 log n

· vol (C2 ∩ K ′ ∩ S1)

≥ δ ln 2
300Rn2 log n

· (vol (C2 ∩ S1) − (1 − (1 − α)n)vol(K))

≥ δ ln 2
300Rn2 log n

·
(

1
2vol(S1) − ϵ

2vol(K)
)

≥ δ ln 2
600Rn2 log n

· (vol(S1) − ϵvol(K))

Using δ = α
4

√
n

= ϵ
80n

√
n

, we have

vol(S3) ≥ ϵ ln 2
48 · 103 · Rn3.5 log n

· (vol(S1) − ϵvol(K)) . ◀

3 Conductance

Here we bound the s-conductance of CHAR. The following simple lemma lets us reduce the
s-conductance of K to isoperimetry of axis-disjoint subsets in K.

▶ Lemma 12. Let S1 ⊆ K be a measurable subset of K and S2 = K\S1. Let S′
1 = {x ∈ S1 :

Px(S2) < 1
2n } and S′

2 = {x ∈ S2 : Px(S1) < 1
2n }. Then S′

1 and S′
2 are axis disjoint.

Proof. Assume S′
1 and S′

2 are not axis-disjoint, then let ℓ be an axis-parallel line passing
through both S′

1 and S′
2. Let x ∈ S′

1 ∩ ℓ and y ∈ S′
2 ∩ ℓ. Then

Px(S2) ≥ 1
n

len(ℓ ∩ S2)
len(ℓ ∩ K) ⇒ len(ℓ ∩ S2) <

len(ℓ ∩ K)
2

and

Py(S1) ≥ 1
n

len(ℓ ∩ S1)
len(ℓ ∩ K) ⇒ len(ℓ ∩ S1) <

len(ℓ ∩ K)
2 .

This is a contradiction as len(ℓ ∩ K) = len(ℓ ∩ S1) + len(ℓ ∩ S2). ◀
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▶ Theorem 13. Let K be a convex body in Rn containing a unit ball with R2 = EK(∥x − zK∥2)
where zK is the centroid of K. Then the s-conductance of coordinate hit-and-run in K is at
least s

8 · 105 · Rn4.5 log n
.

Proof. Let S1 ⊆ K be a measurable subset of K with s < πK(S1) ≤ 1/2 and let S2 = K\S1.
Let

S′
1 = {x ∈ S1 : Px(S2) <

1
2n

} and S′
2 = {x ∈ S2 : Px(S1) <

1
2n

}.

Let S′
3 = K\{S′

1 ∪ S′
2}. From Lemma 12, we know that S′

1 and S′
2 are axis-disjoint. Thus,

from Theorem 3 with ϵ = s/2, we get

vol(S′
3) ≥ s

96 · 103 · Rn3.5 log n

(
min{vol(S′

1), vol(S′
2)} − s

2vol(K)
)

.

If vol(S′
1) < vol(S1)/2, then∫

x∈S1

Px(S2)dx =
∫

x∈S′
1

Px(S2)dx +
∫

x∈S1\S′
1

Px(S2)dx

≥ 1
2n

vol(S1\S′
1) ≥ 1

4n
vol(S1),

and ϕs(S1) ≥ 1
4n . If vol(S′

2) < vol(S2)/2, then∫
x∈S1

Px(S2)dx =
∫

x∈S2

Px(S1)dx ≥ 1
4n

vol(S2).

So, assume that vol(S′
1) ≥ vol(S1)/2 and vol(S′

2) ≥ vol(S2)/2. Then,∫
x∈S1

Px(S2)dx ≥
∫

x∈S1\S′
1

Px(S2)dx ≥ 1
2n

· vol(S1\S′
1), (6)

and∫
x∈S1

Px(S2)dx ≥
∫

x∈S1

Px(S2\S′
2)dx =

∫
y∈S2\S′

2

Py(S1)dy ≥ 1
2n

vol(S2\S′
2). (7)

Thus, from equations (6) and (7),∫
x∈S1

Px(S2)dx ≥ 1
2 · 1

2n
· (vol(S1\S′

1) + vol(S2\S′
2)) = 1

4n
· vol(S′

3)

≥ s

400 · 103 · Rn4.5 log n
·
(

min{vol(S′
1), vol(S′

2)} − s

2 · vol(K)
)

≥ s

800 · 103 · Rn4.5 log n
(min{vol(S1), vol(S2)} − s · vol(K))

≥ s

8 · 105 · Rn4.5 log n
(vol(S1) − s · vol(K))

= vol(K)s
8 · 105 · Rn4.5 log n

(πK(S1) − s)

⇒
∫

S1

Px(K\S1)dπK(x) ≥ s

8 · 105 · Rn4.5 log n
(πK(S1) − s) .

Thus, for any S1 ⊆ K with s < πK(S1) ≤ 1/2, we get

p(S1)
πK(S1) − s

≥
∫

x∈S1
Px(K\S1)dπK(x)
πK(S1) − s

≥ s

8 · 105 · Rn4.5 log n
,

which implies that the s-conductance of the CHAR Markov chain is

ϕs ≥ s

8 · 105 · Rn4.5 log n
. ◀
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Proof of Theorem 1. For a convex body K, let π0 be the starting distribution and πt be
the distribution after t steps of CHAR. Assume that π0 is M -warm with respect to πK . From
Theorem 4 and selecting s = ϵ

2M , we get

dT V (πt, πK) ≤ ϵ

2 + M

(
1 − ϕ2

s

2

)t

.

Combining this with Theorem 13,

t = 4
ϕ2

s

log 2M

ϵ
= O

(
M2R2n9 log2 n

ϵ2 log 2M

ϵ

)
steps of the CHAR Markov chain suffice to ensure dT V (πt, πK) ≤ ϵ. ◀

4 Lower bound

▶ Theorem 14. For a convex body K in Rn with diameter D and containing a unit ball, the
conductance of Coordinate Hit-and-Run is O(1/n2D).

Proof. Fix a simplex C in Rn−1 with center of gravity at zero containing a unit ball. We
construct a convex body K in Rn so that K(x1), the slice of K with the first coordinate x1,
is C + (x1, 0, . . . , 0) for x1 ∈ [0, D] and empty outside this range of x1. We choose D ≥ 2n.
Let S ⊂ K be the set of all points in K with x1 ≤ D/2. We now observe that the volume of
axis-aligned extension of S, extK(S) is bounded by O(1/nD) times the volume of S. To see
this, note that the shadow of the cross-section has volume that can be computed as∫ h

0
tn−2(h − t) = hn−1

(
1

n − 1 − 1
n

)
= hn−1

n(n − 1) = A

n

where A is the area of the cross-section. This shows that the isoperimetric ratio is O(1/nD).
Next, we note that the extension of S goes beyond S only along e1, and the probability that
CHAR chooses e1 at any step is only 1/n. This gives a conductance bound of O(1/(n2D)). ◀

Figure 3 The lower bound construction.
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We expect that this translates to a lower bound of Ω̃(n3D2) on the mixing rate even
from a warm start. Consider two subsets of K at opposite ends: K ∩ {x : x1 ≤ D/4} and
K ∩ {x : x1 ≥ 3D/4}. Suppose we start with a uniformly random point in the first set. Then
in order to mix, the current point must reach the latter set. Even though this is worse than
the Õ(n2D2) mixing rate of hit-and-run, it is an interesting open problem to determine the
precise mixing rate of CHAR.
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Abstract
Motivated by a rigidity-theoretic perspective on the Localization Problem in 2D, we develop an
algorithm for computing circuit polynomials in the algebraic rigidity matroid CMn associated to the
Cayley-Menger ideal for n points in 2D. We introduce combinatorial resultants, a new operation
on graphs that captures properties of the Sylvester resultant of two polynomials in the algebraic
rigidity matroid. We show that every rigidity circuit has a construction tree from K4 graphs based
on this operation. Our algorithm performs an algebraic elimination guided by the construction tree,
and uses classical resultants, factorization and ideal membership. To demonstrate its effectiveness,
we implemented our algorithm in Mathematica: it took less than 15 seconds on an example where a
Gröbner Basis calculation took 5 days and 6 hrs.
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1 Introduction

This paper addresses combinatorial, algebraic and algorithmic aspects of a question motivated
by the following ubiquitous problem from distance geometry:

Localization. A graph together with weights associated to its edges is given. The goal is
to find placements of the graph in some Euclidean space, so that the edge lengths match
the given weights. In this paper, we work in 2D. A system of quadratic equations can be
easily set up so that the possible placements are among the (real) solutions of this system.
Rigidity Theory can help predict, a priori, whether the set of solutions will be discrete (if the
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given weighted graph is rigid) or continuous (if the graph is flexible). In the rigid case, the
double-exponential Gröbner basis algorithm can be used, in principle, to eliminate all but
one of the variables. Once a polynomial in a single variable is obtained, numerical methods
are used to solve it. We then select one solution, substitute it in the original equations,
eliminate to get a polynomial in a new variable and repeat.

Single unknown distance problem. Instead of attempting to directly compute the coordin-
ates of all the vertices, we restrict our attention to the related problem of finding the possible
values of a single unknown distance corresponding to a non-edge (a pair of vertices that
are not connected by an edge). Indeed, if we could solve this problem for a collection of
non-edge pairs that form a trilateration when added to the original collection of edges, then
a single solution in Cartesian coordinates could be easily computed afterwards in linearly
many steps of quadratic equation solving.

Rigidity circuits. We formulate the single unknown distance problem in terms of Cayley-
coordinates (squared distances between points) rather than Cartesian xy-coordinates. Known
theorems from Distance Geometry, Rigidity Theory and Matroid Theory help reduce this
problem to finding a certain irreducible polynomial in the Cayley-Menger ideal, called the
circuit polynomial. Its support is a graph called a circuit in the rigidity matroid, or shortly
a rigidity circuit. Substituting given edge lengths in the circuit polynomial results in a
uni-variate polynomial which can be solved for the unknown distance.

The focus of this paper is the following:

▶ Main Problem. Given a rigidity circuit, compute its corresponding circuit polynomial.

Related work. While both distance geometry and rigidity theory have a distinguished
history for which a comprehensive overview would be too long to include here, very little is
known about computing circuit polynomials. To the best of our knowledge, their study in
arbitrary polynomial ideals was initiated in the PhD thesis of Rosen [23]. His Macaulay2
code [24] is useful for exploring small cases, but the Cayley-Menger ideal is beyond its reach.
A recent article [25] popularizes algebraic matroids and uses for illustration the smallest
circuit polynomial K4 in the Cayley-Menger ideal. We could not find non-trivial examples
anywhere. Indirectly related to our problem are results such as [28], where an explicit
univariate polynomial of degree 8 is computed (for an unknown angle in a K3,3 configuration
given by edge lengths, from which the placement of the vertices is determined) and [26],
for its usage of Cayley coordinates in the study of configuration spaces of some families of
distance graphs. A closely related problem is that of computing the number of embeddings
of a minimally rigid graph [4], which has received a lot of attention in recent years (e.g.
[6, 1, 10, 9], to name a few). References to specific results in the literature that are relevant
to the theory developed here and to our proofs are given throughout the paper.

How tractable is the problem? Circuit polynomial computations can be done, in principle,
with the double-exponential time Gröbner basis algorithm with an elimination order. The
largest we could do with the GroebnerBasis function of Mathematica 12 (running on a
2019 iMac computer with 6 cores at 3.7Ghz and 16GB RAM) was the Desargues-plus-one
(Fig. 1) circuit (658, 175 terms), which took 5 days and 6 hours. In all other cases the
execution timed out or crashed. Our goal is to make such calculations more tractable by
taking advantage of structural information inherent in the problem.
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Our results. We describe a new algorithm to compute a circuit polynomial with known
support. It relies on resultant-based elimination steps guided by a novel inductive construction
for rigidity circuits. While inductive constructions have been often used in Rigidity Theory,
most notably the Henneberg sequences for Laman graphs [14] and Henneberg II sequences for
rigidity circuits [2], we argue that our construction is more natural due to its direct algebraic
interpretation. We have implemented our method in Mathematica and applied it successfully
to compute all circuit polynomials on up to 6 vertices and a few on 7 vertices, the largest of
which having over two million terms. The previously mentioned example that took over 5
days to complete with GroebnerBasis, was solved by our algorithm in less than 15 seconds.

Main theorems. We first define the combinatorial resultant of two graphs as an abstraction
of the classical resultant. Our main theoretical result is split into the combinatorial Theorem 1
and the algebraic Theorem 2, each with an algorithmic counterpart.

▶ Theorem 1. Each rigidity circuit can be obtained, inductively, by applying combinatorial
resultant operations starting from K4 circuits. The construction is captured by a binary
resultant tree whose nodes are intermediate rigidity circuits and whose leaves are K4 graphs.

Theorem 1 leads to a graph algorithm for finding a combinatorial resultant tree of a circuit.
Each step of the construction can be carried out in polynomial time using variations on the
Pebble Game matroidal sparsity algorithms [18] combined with Hopcroft and Tarjan’s linear
time 3-connectivity algorithm [15]. However, it is conceivable that the resultant tree could
be exponentially large with non-repeating subtrees, and thus the entire construction could
take an exponential number of steps: understanding in detail the algorithmic complexity of
our method remains a problem for further investigation.

▶ Theorem 2. Each circuit polynomial can be obtained, inductively, from K4 circuit poly-
nomials by applying resultant operations in a manner guided by the combinatorial resultant
tree from Theorem 1. At each step, the resultant produces a polynomial that may not be
irreducible. A polynomial factorization and a test of membership in the ideal may need to be
applied to identify the factor which is the circuit polynomial.

The resulting algebraic elimination algorithm runs in exponential time, in part because of
the growth in size of the polynomials that are being produced. Several interesting theoretical
open questions remain, whose answers may affect the precise time complexity analysis.

Computational experiments. We implemented our algorithms in Mathematica V12.1.1.0
on two computers with the following specifications: Intel i5-9300H 2.4GHz, 32 GB RAM,
Windows 10 64-bit; and Intel i5-9600K 3.7GHz, 16 GB RAM, macOS Mojave 10.14.5. We
also explored Macaulay2, but it was much slower than Mathematica (hours vs. seconds) in
computing one of our examples. The polynomials resulting from our calculations, summarized
in Table 1 at the end of the paper, are made available on a github repository [19].

Overview of the paper. In Section 2 we introduce the background concepts from matroid
theory and rigidity theory. We introduce combinatorial resultants in Section 3, prove
Theorem 1 and describe the algorithm for computing a combinatorial resultant tree. In
Section 4 we introduce the background concepts pertaining to algebraic matroids in the
Cayley-Menger ideal and elimination theory. In Section 5 we prove Theorem 2. We conclude
in Section 6 with a summary of the preliminary experimental results we carried with our
implementation. For complete details and a self-contained presentation, including relevant
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definitions and results from Rigidity Theory, Matroid Theory, Ideals, the Cayley-Menger
ideal, Resultants and Elimination theory, complete proofs and further details on our results,
the reader should refer to the full version of the paper, currently available on the arxiv [21].

2 Preliminaries: circuits in the rigidity matroid

We start with the combinatorial aspects of our problem. In this section we review well-known
concepts and results from combinatorial rigidity theory that are relevant for our paper.

Notation. We work with (sub)graphs given by subsets E of edges of the complete graph
Kn on vertices [n] := {1, · · · , n}. If G is a (sub)graph, then V (G), resp. E(G) denote its
vertex, resp. edge set. The support of G is E(G). The vertex span V (E) of edges E is the
set of all edge-endpoint vertices. A subgraph G is spanning if its edge set E(G) spans [n].
The neighbours N(v) of v are the vertices adjacent to v in G.

Rigid graphs. Let G = (V, E) be an undirected graph and let ℓ = {ℓij |ij ∈ E} be a collection
of numbers interpreted as lengths associated to its edges. Up to rigid transformations, in
how many ways can we place the vertices of G at points in the plane, so that the segments
corresponding to edges have the prescribed lengths? The answer can be a finite number or
a continuum of possibilities, and it depends in principle on both G and ℓ. For all but a
measure zero set of possible lengths (said to be generic2), the answer depends only on G.
We say that G is rigid if, for generic edge lengths, the number of placements is finite, and
flexible otherwise. G is said to be minimally rigid if it is rigid, but it becomes flexible when
any of its edges is removed.

Laman graphs. Minimally rigid graphs are characterized by Laman’s Theorem [17]: a graph
G = (V, E) is minimally rigid in 2D iff (a) G is (2, 3)-sparse (no subset of n′ ≤ n = |V |
vertices spans more than 2n′ − 3 edges) and (b) G is (2, 3)-tight (has a total of 2n − 3 edges).
Graphs with these two properties will be called Laman graphs. A Laman-plus-one graph is
obtained by adding one edge to a Laman graph: it has a total of 2n − 2 edges and thus it
violates the (2, 3)-sparsity condition on V and possibly on some other proper subsets of V .

Matroids. A matroid is an abstraction capturing (in)dependence relations among collections
of elements from a ground set, and is inspired by both linear dependencies (among, say, rows
of a matrix) and by algebraic constraints imposed by algebraic equations on a collection
of otherwise free ("independent") variables. The standard way to specify a matroid is via
its independent sets, which have to satisfy certain axioms [22] (skipped here, since they are
not relevant for our presentation). A base is a maximal independent set and a dependent
set is one which is not independent. A minimal dependent set is called a circuit. Relevant
for our purposes are the following general aspects: (a) (hereditary property) a subset of an
independent set is also independent; (b) all bases have the same cardinality, called the rank
of the matroid. Further properties will be introduced in context, as needed. In this paper we
encounter two types of matroids: a graphic matroid, defined on a ground set given by all
the edges En := {ij : 1 ≤ i < j ≤ n} of the complete graph Kn; this is the (2, 3)-sparsity

2 Many results in Rigidity Theory are often using the very strong assumption that the edge lengths should
be algebraically independent in order to be generic; this assumption simplifies the proofs but is not
necessary and would preclude any effective algorithmic application of generic graphs.
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matroid or the generic rigidity matroid described below; and an algebraic matroid, defined
on an isomorphic ground set of variables Xn := {xij : 1 ≤ i < j ≤ n}; this is the algebraic
matroid for the Cayley-Menger ideal and will be introduced in Section 4. These matroids are
isomorphic (for a comprehensive proof, see [21]).

Figure 1 The four types of circuits on n = 6 vertices: 2D double-banana, 5-wheel W5, Desargues-
plus-one and K3,3-plus-one.

Circuits in the Rigidity Matroid. Laman graphs form the bases of the so-called (generic)
2D rigidity matroid. The independent sets are the (2, 3)-sparse graphs; the dependent sets
violate the (2, 3)-sparsity condition on at least one subset of vertices. A (rigidity) circuit is a
dependent graph with minimum edge support: removing any of its edges leads to a Laman
graph on its spanned vertex set. A spanning rigidity circuit has V as its vertex set (Fig. 1).
A Laman-plus-one graph contains a unique circuit. A spanning rigidity circuit C = (V, E) is
a special case of a Laman-plus-one graph: it has a total of 2n − 2 edges and it satisfies the
(2, 3)-sparsity condition on all proper subsets of n′ ≤ n − 1 vertices.

Operations on circuits. If G1 and G2 are two graphs, we use a consistent notation for
their number of vertices and edges ni = |V (Gi)|, mi = |E(Gi)|, i = 1, 2, and for their union
and intersection of vertices and edges, as in V∪ = V (G1) ∪ V (G2), V∩ = V (G1) ∩ V (G2),
n∪ = |V∪|, n∩ = |V∩| and similarly for edges, with m∪ = |E∪| and m∩ = |E∩|. Let C1 and
C2 be two circuits with exactly one common edge uv. Their 2-sum C := C1 ⊗ C2 is the
graph C = (V∪, E∪ \ {uv}). The inverse operation of splitting C into C1 and C2 is called a
2-split 3 (Fig. 2). It is easy to see that the 2-sum of two circuits is a circuit, and that any
2-split of a circuit gives a pair of circuits ([2], Lemmas 4.1, 4.2 or use sparsity).

Figure 2 Splitting twice a 2-connected circuit (left) to get three 3-connected circuits (right).

3 The 2-sum operation assumes that the two vertices of the summands coincide, and the 2-split operation
produces two graphs, shown as disjoint in Fig. 2, for clarity.
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Connectivity. A circuit is always a 2-connected graph (this follows easily from sparsity),
and for simplicity we refer to one that is not 3-connected as a 2-connected circuit. The Tutte
decomposition [27] of a graph into 3-connected components, applied on a circuit, induces
2-splits and produces smaller circuits: any 2-connected circuit can be constructed from
smaller 3-connected circuits via 2-sums (Fig. 2).

Inductive constructions for 3-connected circuits. A Henneberg II extension (also called
an edge splitting operation) is defined for an edge uv and a non-incident vertex w, as follows:
the edge uv is removed, a new vertex a and three new edges au, av, aw are added. Berg and
Jordan [2] have shown that, if G is a 3-connected circuit, then a Henneberg II extension on
G is also a 3-connected circuit. The inverse Henneberg II operation on a circuit removes one
vertex of degree 3 and adds a new edge among its three neighbors in such a way that the
result is also a circuit. Berg and Jordan have shown that every 3-connected circuit admits
an inverse Henneberg II operation which also maintains 3-connectivity. As a consequence, a
3-connected circuit has an inductive construction, i.e. it can be obtained from a single K4 by
Henneberg II extensions that maintain 3-connectivity. Their proof is based on the existence
of two non-adjacent vertices with 3-connected inverse Henneberg II circuits. We will make
use in Section 3 of the following weaker result, which does not require the maintenance of
3-connectivity in the inverse Henneberg II operation.

Figure 3 A Henneberg II extension of the Desargues-plus-one circuit.

▶ Lemma 3 (Theorem 3.8 in [2]). A 3-connected circuit with at least 5 vertices has either (a)
four vertices that admit an inverse Henneberg II to a circuit, or (b) three pairwise non-adjacent
vertices that admit an inverse Henneberg II to a circuit (not necessarily 3-connected).

3 Combinatorial resultants

We define now the combinatorial resultant operation on two graphs, prove Theorem 1 and
describe its algorithmic implications.

Figure 4 Circuit-invalid combinatorial resultant of two properly intersecting circuits. Left to
right: a 4-wheel W4, a complete K4 graph, their common Laman graph (dotted, with red elimination
edge) and the combinatorial resultant, which is a non-circuit Laman-plus-one graph.
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Combinatorial resultant. Let G1 and G2 be two distinct graphs with non-empty intersection
E∩ ≠ ∅ and let e ∈ E∩ be a common edge. The combinatorial resultant of G1 and G2 on the
elimination edge e is the graph CRes(G1, G2, e) with vertex set V∪ and edge set E∪ \ {e}.

The 2-sum is the special case when the two graphs have exactly one edge in common.
Circuits are closed under the 2-sum operation, but they are not closed under general
combinatorial resultants (Fig. 4). We are interested in combinatorial resultants that produce
circuits from circuits. The following Lemma gives a necessary condition.

▶ Lemma 4. The combinatorial resultant of two circuits has m = 2n−2 edges iff the common
subgraph G∩ of the two circuits is Laman.

Figure 5 Circuit-valid combinatorial resultant of two properly intersecting circuits. Left to right:
a 4-wheel W4, a complete K4 graph, their common Laman graph (dotted, with red elimination edge)
and their combinatorial resultant, the 5-wheel W5 circuit.

Proof. Let C be the combinatorial resultant with n vertices and m edges of two circuits C1
and C2 with ni vertices and mi edges, i = 1, 2. By inclusion-exclusion n = n1 + n2 − n∩ and
m = m1+m2−m∩−1. Substituting here the values for m1 = 2n1−2 and m2 = 2n2−2, we get
m = 2n1−2+2n2−2−m∩−1 = 2(n1+n2−n∩)−2+2n∩−3−m∩ = (2n−2)+(2n∩−3)−m∩.
We have m = 2n − 2 iff m∩ = 2n∩ − 3. Since both C1 and C2 are circuits, it is not possible
that one edge set be included in the other: circuits are minimally dependent sets of edges and
thus cannot contain other circuits. As a proper subset of both E1 = E(C1) and E2 = E(C2),
E∩ satisfies the hereditary (2, 3)-sparsity property. If furthermore G∩ has exactly 2n∩ − 3
edges, then it is Laman. ◀

Circuit-valid combinatorial resultant sequences. Two circuits are said to be properly
intersecting if their common subgraph is Laman. Being properly intersecting is a necessary
but not sufficient condition for the combinatorial resultant of two circuits to produce a circuit
(Fig. 4). A combinatorial resultant operation applied to two properly intersecting circuits is
said to be circuit-valid if it results in a spanning circuit (Fig. 5).

▶ Open Problem 1. Find necessary and sufficient conditions for the combinatorial resultant
of two circuits to be a circuit.

In Section 2 we have seen that a 2-connected circuit can be obtained from 3-connected
circuits via 2-sums. To complete the proof of Theorem 1 we show now:

▶ Proposition 5. Let C = (V, E) be a 3-connected circuit spanning n + 1 ≥ 5 vertices. Then,
in polynomial time, we can find two circuits A and B such that A has n vertices, B has at
most n vertices and C is a circuit-valid combinatorial resultant of A and B. Algorithm 1
summarizes the procedure.
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Algorithm 1 Inverse Combinatorial Resultant.
Input: 3-connected circuit C

Output: circuits A, B and edge e such that C = CRes(A, B, e)
1: for each vertex a of degree 3 do
2: if inverse Henneberg II is possible on a

3: and there is a non-adjacent degree 3 vertex b then
4: Get circuit A and edge e by inverse Henneberg II in C on a

5: Let D = C without b (and its edges) and with new edge e

6: Compute unique circuit B in D

7: return circuits A, B and edge e

8: end if
9: end for

Proof. We apply a weaker version of Lemma 3 to find two non-adjacent vertices a and b of
degree 3 such that a circuit A can be produced via an inverse Henneberg II operation on
vertex a in C (see Fig. 6). Let the neighbors N(a) = {u, v, w} of vertex a be labeled such
that e = uw is a non-edge in C and becomes an edge in the new circuit A = (V \ {a}, E \
{au, av, aw} ∪ {uv}).

Figure 6 The 3-connected circuit C spanning n + 1 vertices with two non-adjacent vertices a

(red) and b (blue) of degree 3. Their neighbors N(a) and N(b) may not be disjoint. An inverse
Henneberg II at a removes the red edges at a and adds dotted red edge e = uv. Circuit A (red).

Figure 7 Remove from C the edges from b (blue dotted) and add red edge e. Circuit B (blue).

To define circuit B, we first let L be the subgraph of C induced by V \ {b}. Simple
sparsity considerations show that L is a Laman graph. The graph D obtained from L by
adding the edge e = uv, as in Fig. 7 (left), is a Laman-plus-one graph containing the three
edges incident to a (which are not in A) and the edge e (which is in A). Thus D contains a
unique circuit B (Fig. 7 left) with edge e ∈ B (see e.g. [22, Proposition 1.1.6]). It remains to
prove that B contains a and its three incident edges. If B does not contain a, then it is a
proper subgraph of A: this contradicts the minimality of A as a circuit. Therefore a is a
vertex in B, and because a vertex in a circuit can not have degree less than 3, it follows that
B must contain all three of its incident edges.
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The combinatorial resultant CRes(A, B, e) of the circuits A and B with e the eliminated
edge satisfies the desired property that C = CRes(A, B, e). Algorithm 1 captures this
procedure. The main steps, the Inverse Henneberg II step on a circuit at line 4 and finding
the unique circuit in a Laman-plus-one graph at line 6 can be done in polynomial time using
properties of the (2, 3) and (2, 2)-sparsity pebble games from [18]. ◀

▶ Corollary 6. The representation of C as the combinatorial resultant of two smaller circuits
is, in general, not unique: an example is the 2D “double-banana” (Fig. 8).

Figure 8 The 2-connected double-banana circuit can be obtained as combinatorial resultant from
two K4 graphs (left, 2-sum), and from two wheels on 4 vertices (right). Dashed lines indicate the
eliminated edges, and in each case one of the two circuits is highlighted to distinguish K4 from W4.

Resultant tree. The inductive construction of a circuit using combinatorial resultant
operations is captured by a tree structure, whose size influences the complexity of the
algorithm. A resultant tree TC for the circuit C on n vertices is a rooted binary tree with
C as its root and such that: (a) the nodes of TC are circuits; (b) circuits on level k have
at most n − k vertices; (c) the two children {Ca, Cb} of a parent circuit Cc are such that
Cc = CRes(Ca, Cb, e), for some common edge e, and (d) the leaves are complete graphs on 4
vertices. The depth of the tree is at most n − 4, and its size may be anywhere between linear
to exponential in n. The best case occurs when the resultant tree is path-like, with each
internal node having a K4 leaf. The worst case could be a complete binary tree: each internal
node at level k would combine two circuits with the same number n − k − 1 of vertices into
a circuit with n − k vertices. Sporadic examples of small balanced combinatorial resultant
trees exist (e.g. for K33-plus-one), but it remains an open problem to find infinite families of
such examples. Even if such a family would be found, it is still conceivable that alternative,
non-balanced combinatorial resultant trees could yield the same circuit. Answers to the
following questions would refine the algorithm’s analysis.

▶ Open Problem 2. Are there infinite families of circuits with only balanced combinatorial
resultant trees?

▶ Open Problem 3. Characterize the circuits produced by the worst-case size of the combin-
atorial resultant tree.

4 Preliminaries: the Cayley-Menger ideal and its circuit polynomials

In preparation for the proof of Theorem 2, we turn now to the algebraic aspects of our
problem and review concepts from polynomial ideals and algebraic matroids. We define circuit
polynomials in the 2D Cayley-Menger ideal and make the connection with combinatorial
rigidity circuits. Complete details and proofs appear in [21].
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Notations and conventions. To keep the extended abstract focused, we avoid giving the
most general definitions unless necessary. We restrict the presentation to the field of rational
numbers Q, to the set of variables Xn = {xi : 1 ≤ i ≤ n} (or Xn = {xi,j : 1 ≤ i < j ≤ n} in
the Cayley-Menger setting) and to polynomial rings R = Q[X] over sets of variables X ⊂ Xn.
The support supp f of a polynomial f ∈ Q[Xn] is the set of indeterminates appearing in f .

Polynomial ideals. A set of polynomials I ⊂ Q[X] is an ideal of Q[X] if it is closed under
addition and multiplication by elements of Q[X]. If I ⊂ Q[X] is an ideal and X ′ ⊂ X is a
subset of variables, then I ∩ Q[X ′] is also an ideal, called the elimination ideal of I with
eliminated variables X \ X ′. A generating set for an ideal is a set S ⊂ Q[X] such that every
polynomial in the ideal is an algebraic combination (addition and multiplication) of elements
in S with coefficients in Q[X]. Hilbert Basis Theorem (see [7]) guarantees that every ideal
in a polynomial ring has a finite generating set. Ideals generated by a single polynomial
are called principal. An ideal I is a prime ideal if, whenever fg ∈ I, then either f ∈ I or
g ∈ I. A polynomial is irreducible (over Q[X]) if it cannot decomposed into a product of
non-constant polynomials in Q[X]. A principal ideal of Q[X] is prime iff it is generated by an
irreducible polynomial. However, an ideal generated by two or more irreducible polynomials
is not necessarily prime. We’ll make use of the following well-known result.

▶ Proposition 7. If I is a prime ideal of Q[X] and X ′ ⊂ X is non-empty, then the elimination
ideal I ∩ Q[X ′] is prime.

The theory of Gröbner bases [5, 7] gives a general framework for computing generating sets
of an ideal. Gröbner bases also give a general approach for computing elimination ideals: if
G is a Gröbner basis for I with respect to an elimination order (see Exercises 5 and 6 in §1
of Chapter 3 in [7]), e.g. the lexicographic order xi1 > xi2 > · · · > xin

, then the elimination
ideal I ∩ Q[xik+1 , . . . , xin ] which eliminates the first k indeterminates from I in the specified
order has G ∩ Q[xik+1 , . . . , xin

] as its Gröbner basis.

Resultants. The resultant can be introduced in several equivalent ways [11]. Here we use
its definition as the determinant of the Sylvester matrix. Given two polynomials f and g in
one variable x, of degrees r, resp. s, the Sylvester matrix is an (r + s) × (r + s) matrix whose
entries are a special arrangement of the coefficients of f and g; the precise formulation is
given in the full paper [21]. If the coefficients of f, g are themselves polynomials in a ring
R = Q[X], i.e. f, g ∈ R[x], then the resultant Res(f, g, x) ∈ Q[X] is a polynomial in the
coefficients’ variables but not in x. In short, the resultant eliminates the variable x. A proof
of the following proposition can be found in [7, pp. 167].

▶ Proposition 8. Let I be an ideal of R[x] and f, g ∈ I. Then Res(f, g, x) is in the elimination
ideal I ∩ R.

Algebraic matroid of a prime ideal. Intuitively, a collection of variables is independent if it
is not constrained by any polynomial in the ideal, and dependent otherwise. Formally, let I

be a prime ideal of the polynomial ring Q[Xn]. We define the algebraic matroid A(I) of I on
the ground set Xn by its independent sets: subsets of variables that are not supported by
any polynomial in the ideal. Its dependent sets are supports of polynomials in the ideal (see
[25] for some small examples).
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Circuits and circuit polynomials. A circuit is a minimal set of variables supported by a
polynomial in I, called a circuit polynomial. The following theorem, encompassing a result of
Lovasz and Dress [8], implies that circuit polynomials generate elimination ideals supported
on circuits.

▶ Theorem 9. Let I be a prime ideal in Q[X] and C ⊂ X a circuit of the algebraic matroid
A(I). The ideal I ∩ Q[C] is principal and generated by an irreducible circuit polynomial pC ,
which is unique up to multiplication by a constant.

The Cayley-Menger ideal and its algebraic matroid. We turn now to the Cayley-Menger
setting specific to our paper, where we use variables Xn = {xi,j : 1 ≤ i < j ≤ n} for unknown
squared distances between pairs of points. The distance matrix of n labeled points is the
matrix of squared distances between pairs of points. The Cayley matrix is the distance
matrix bordered by a new row and column of 1’s, with zeros on the diagonal:

0 1 1 1 · · · 1
1 0 x1,2 x1,3 · · · x1,n

1 x1,2 0 x2,3 · · · x2,n

1 x1,3 x2,3 0 · · · x3,n

...
...

...
...

. . .
...

1 x1,n x2,n x3,n · · · 0


Cayley’s Theorem says that, if the distances come from a point set in the Euclidean space
Rd, then the rank of this matrix must be at most d + 2. Thus all the (d + 3) × (d + 3) minors
of the Cayley-Menger matrix should be zero. These minors induce polynomials in Q[Xn]
which generate the (n, d)-Cayley-Menger ideal. They are called the standard generators, are
homogeneous polynomials with integer coefficients and are irreducible over Q. The (n, d)-
Cayley-Menger ideal is a prime ideal of dimension dn −

(
d+1

2
)

[3, 12, 13, 16] and codimension(
n
2
)

− dn +
(

d+1
2

)
. We work with the 2D Cayley-Menger ideal CMn, generated by the 5 × 5

minors of the Cayley matrix. Its algebraic matroid is denoted by A(CMn).
The following result (see [21] for a complete proof), allows us to identify the ground set

of the Cayley-Menger algebraic matroid Xn with the edges of the complete graph Kn, and
the circuits in the algebraic matroid (supports of circuit polynomials in CMn), as sets of
variables, with graph-theoretical rigidity circuits on n vertices.

▶ Theorem 10. The Cayley-Menger algebraic matroid is isomorphic to the rigidity matroid.

From now on, we will use the isomorphism to move freely between subsets of variables X ⊂ Xn

and their corresponding edge sets, and between algebraic circuits and rigidity circuits. Given
a (rigidity) circuit C, we denote by pC its corresponding circuit polynomial.

Resultants in the Cayley-Menger ideal. Let f, g be two polynomials in the Cayley-Menger
ideal with xij one of their common variables. We treat them as polynomials in xij , therefore
the coefficients are themselves polynomials in the remaining variables. The fact that the entries
in the Sylvester matrix are polynomials supported exactly on the variables corresponding to
the combinatorial resultant of the supports of f and g on elimination variable (edge) ij is
what motivated the definition given in Section 3.

The following lemma, whose proof follows immediately from Proposition 8, provides the
connection with combinatorial resultants.
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▶ Lemma 11. Let I be an ideal in Q[Xn], f, g ∈ I with supports Sf = supp f and Sg = supp g,
and let xij be a common variable in Sf ∩ Sg. Let S = CRes(Sf , Sg, ij) ⊂ Xn be the
combinatorial resultant of the supports. Then Res(f, g, xij) ∈ I ∩ Q[S].

Homogeneous properties. The standard generators of the Cayley-Menger ideal, in particular
those that correspond to K4 graphs, are obviously homogeneous. The following proposition
(to be used in Algorithm 2) shows that the polynomials obtained via resultants are also
homogeneous, and allows us to infer their homogeneous degrees.

▶ Proposition 12. The resultant Res(f, g, x) of homogeneous polynomials f and g of homo-
geneous degree m and n is a homogeneous polynomial of degree:

m degx g + n degx f − degx f · degx g.

5 Computing resultants of circuit polynomials

We are now ready to prove our main result, Theorem 2. Algorithm 2 below describes how to
obtain the circuit polynomial pC from the circuits pA and pB , when C = CRes(A, B, e).

Algorithm 2 Circuit polynomial: resultant step.
Input: Circuits A, B and edge e such that C = CRes(A, B, e). Circuit polynomials pA and
pB and elimination variable xe.
Output: Circuit polynomial pC for C.

1: Compute the resultant p = Res(pA,pB ,xe).
2: if p is irreducible then
3: pC = p return pC

4: else
5: factors = factorize p over Q
6: factors = discard factors with support not equal to C

7: if exactly one remaining factor (possibly with multiplicity) then
8: pC = the unique factor supported on C

9: else
10: apply a test of membership in the CM ideal on the remaining factors
11: pC = unique factor for which ideal membership test succeeded
12: return pC

13: end if
14: end if

The correctness of Steps 1–4 follows from the following Lemma.

▶ Lemma 13. Let C be a rigidity circuit C = CRes(A, B, e) obtained as a combinatorial
resultant of two other circuits A and B with pA and pB as their circuit polynomials. Then:
1. The resultant Res(pA, pB , xe) is supported on C and contained in the elimination ideal

⟨pC⟩ generated by the circuit polynomial pC .
2. The circuit polynomial pC of C is an irreducible factor over Q of Res(pA, pB , xe).
3. When Res(pA, pB , xe) is irreducible then it will be equal to pC .

Proof. The resultant Res(pA, pB , xe) is a non-constant polynomial supported on C. Since
⟨pA, pB⟩ ⊂ CMn, by Lemma 11 we have that Res(pA, pB , xe) is contained in the elimination
ideal CMn ∩ Q[C] = ⟨pC⟩. ◀
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Steps 6–9 would not be necessary if the resultant would always be irreducible. But in
general pC will only be one of the irreducible factors over Q of Res(pA, pB , xe).

▶ Lemma 14. The resultant of two circuit polynomials is not always a circuit polynomial.

Proof. We prove the Lemma with an example, which can be easily generalized. Recall from
Corollary 6 that in general a rigidity circuit C can be represented as the combinatorial
resultant of two circuits in more than one way. If C = CRes(C1, C2, e) = CRes(C3, C4, f)
and pCi for i ∈ {1, 2, 3, 4} are the corresponding circuit polynomials, then Res(pC1 , pC2 , xe)
and Res(pC3 , pC4 , xf ) will in general be distinct elements of ⟨pC⟩. The 2-connected circuit
in Fig. 8 has two distinct combinatorial resultant trees. Using Prop. 12 to compute the
homogeneous degrees of the resultants, we obtain degrees 8 and 48. Both resultants have the
same circuit as its supporting set, hence they are both in the elimination ideal of the circuit,
but only the one of homogeneous degree 8 is the circuit polynomial. ◀

In general, if two resultant steps produce two polynomials on the same rigidity circuit
support, the one of higher degree must have a non-trivial factor, while the other one will
possibly be irreducible, but this is not guaranteed.

▶ Corollary 15. Under the assumptions of Theorem 13, the resultant Res(pA, pB , xe) is a
circuit polynomial if and only if it is irreducible (over Q).

This leads to the following natural question.

▶ Open Problem 4. Let C, A and B be rigidity circuits such that C = CRes(A, B, e) with
pC , pA and pB the corresponding circuit polynomials. Identify sufficient conditions under
which Res(pA, pB , xe) is pC .

Since in general pC will only be one of the irreducible factors over Q of Res(pA, pB , xe),
we must proceed to Step 7 in the Algorithm and factorize the resultant p. The need for the
factorization step was already encountered in the examples we have so far computed.

Determining the circuit polynomial from the resultant. If Res(pA, pB , xe) is not irreducible,
then exactly one of its irreducible factors (over Q) is in CMn, and that “good” factor is
precisely the circuit polynomial pC . A “bad” factor can be discarded in two steps: by
analysing its support (lines 8–11) and by an ideal membership test (lines 13-14).

Analysing the supports of the irreducible factors. The elimination ideal ⟨pC⟩ is an ideal
of Q[C], and since Res(pA, pB , xe) ∈ ⟨pC⟩, any irreducible factor (over Q) of this resultant
is supported on a subset of C that is not necessarily proper. We know that at least one of
these factors must be supported on exactly C, and if there is only one such factor (possibly
with multiplicity), then it must be pC . Factors with a proper support are necessarily not in
the ideal (they are independent in the Cayley-Menger matroid) and can be discarded. Hence,
if there are no other factors supported on C, the algorithm stops on line 11 and returns
PC without any additional calculations. So far, in all the concrete examples on which we
could complete the calculations with our algorithm, the “bad” factors were supported on strict
subsets of C: whether this is always true remains an intriguing open question/conjecture.
Should it be true, then there will be no need for Steps 9–14 in our algorithm.

▶ Open Problem 5. Identify sufficient conditions for the resultant Res(pA, pB , xe) of two
circuit polynomials to have exactly one factor (up to multiplicity) supported on CRes(A, B, e).

Lacking a definitive answer at this time, we describe a way for the algorithm to proceed.
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Ideal membership test. Let’s assume that we have an irreducible factor of Res(pA, pB , xe)
that is supported on C. We will have to test it for membership in CMn. The ideal membership
test [7, pp. 97] invokes a Gröbner basis calculation, but it can be with any monomial order,
not necessarily an elimination order, hence it has a better chance at succeeding. Further
details and possible algorithm optimization ideas (which we did not have yet to employ in
the experimental part reported in the next section) are described in the full paper [21].

6 Concluding remarks

In this paper we introduced the combinatorial resultant operation, analogous to the classical
resultant of polynomials, and used it to derive a new algorithm for computing circuit polyno-
mials in the 2D Cayley-Menger ideal. Our approach highlights an inherent combinatorial
structure in this ideal and leads to further theoretical and algorithmic questions. To demon-
strate the effectiveness of our method we conclude by listing in Table 1 the circuit polynomials
that we could compute within a reasonable amount of time. The most challenging was
the K3,3-plus-one circuit, which required an extension of the method presented here: this
extended resultant is the topic of an upcoming paper [20].

Table 1 Results: all circuit polynomials on n ≤ 6 vertices and two circuit polynomials on n = 7
vertices. For the definition of Extended Resultant, see [20].

n Circuit Method Comp. time
(seconds) No. terms Hom.

degree

4 K4 Determinant 0.0008 22 3

5 Wheel on 4 vertices Gröbner 0.02 843 8
Resultant 0.013

6 2D double banana Gröbner 0.164 1 752 8
Resultant 0.029

6 Wheel on 5 vertices Gröbner 10 857 273 123 20
Resultant 7.07

6 Desargues-plus-one Gröbner 454 753 658 175 20
Resultant 14.62

6 K3,3-plus-one Extended Resultant 1 402 1 018 050 18

7 2D double banana ⊕16 K1567
4 Resultant 38.14 1 053 933 20

7 2D double banana ⊕56 K4567
4 Resultant 89.86 2 579 050 20
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Abstract
We give a general fixed parameter tractable algorithm to compute quantum invariants of links
presented by planar diagrams, whose complexity is singly exponential in the carving-width (or the
tree-width) of the diagram.

In particular, we get a O(N 3
2 cwpoly(n)) ∈ NO(

√
n) time algorithm to compute any Reshetikhin-

Turaev invariant – derived from a simple Lie algebra g – of a link presented by a planar diagram with
n crossings and carving-width cw, and whose components are coloured with g-modules of dimension
at most N . For example, this includes the N th-coloured Jones polynomial.
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1 Introduction

In geometric topology, testing the topological equivalence of knots (up to isotopy) is a
fundamental yet remarkably difficult algorithmic problem.

A main approach is to compare knots by properties depending on their topological
types, called invariants. Starting with the introduction by Jones [15] in the 1980s of a
new polynomial invariant of knots, we have witnessed the birth of a new domain of low
dimensional topology called quantum topology. From the study of quantum groups [6, 14]
in algebra, topologists have designed new families of topological invariants for knots, links,
and 3-manifolds, such as the Reshetikhin-Turaev invariants [25]. In practice, these quantum
invariants have shown outstanding discriminative properties for non-equivalent knots and
links, e.g., in the composition of knot census databases [4] that are fundamental to the
mathematical work in geometric topology. The infinite families of quantum invariants have
even been conjectured to be complete, i.e., that no non-equivalent knot may have all identical
quantum invariants. They are also at the heart of deep mathematical conjectures in the
field [7, 8, 16, 24].

Consequently, in order to effectively distinguish between knots or verify experimentally
mathematical conjectures, efficient algorithms to compute quantum invariants are of strong
interest. However, even the simplest quantum invariants, such as the Jones polynomial [13],
are #P-hard to compute. A successful approach towards practical implementations has been
the introduction of parameterized complexity to low dimensional topology. Independently,
computing the Jones polynomial [19] and the HOMFLYPT polynomial [3] have been shown
to admit fixed parameter tractable algorithms in the tree-width of the input link diagrams.
Note that similar techniques have been applied to quantum invariants of 3-manifolds, such

© Clément Maria;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 53; pp. 53:1–53:17

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:clement.maria@inria.fr
https://www-sop.inria.fr/members/Clement.Maria/
https://orcid.org/0000-0002-2007-2584
https://doi.org/10.4230/LIPIcs.SoCG.2021.53
https://arxiv.org/abs/1910.00477
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


53:2 Parameterized Complexity of Quantum Knot Invariants

as the Turaev-Viro-Barrett-Westbury invariants of triangulated 3-manifolds [5, 30], where
other types of parameters have also been considered [22]. These algorithms led to significant
speed-ups in practice, with applications in experimental mathematics [4, 21].

Contribution. We introduce an algorithm to compute quantum invariants derived from
ribbon categories [25, 29], taking into account the carving-width of the input link diagram.

▶ Theorem 1. Fix a strict ribbon category C of Z[q]-modules, and free modules V1, . . . , Vm ∈ C
of dimension bounded by N . The problem:

Quantum invariant at C, V1, . . . , Vm:
Input: m-components link L, presented by a diagram D(L),
Output: quantum invariant JC

L(V1, . . . , Vm)

can be solved in O(poly(n)N 3
2 cw) ∈ NO(

√
n) machine operations, with O(N cw + n) memory

words, where n and cw are respectively the number of crossings and the carving-width of the
diagram D(L).

In particular, this implies that, up to some easily computable re-normalisation, computing
any fixed Reshetikhin-Turaev invariant derived from a simple Lie algebra g is fixed parameter
tractable (complexity class FPT) in the carving-width (and also the tree-width) of the input
link diagram.

To compare with the state-of-the-art, the only known parameterized and sub-exponential
time algorithms for quantum knot invariants are the Jones polynomial [19] (g = sl(2,C)
and N = 2) and the HOMFLYPT polynomial [3] (which interpolates the invariants for
g = sl(m,C), for all m). So,

1. Theorem 1 generalises these results (fixed parameter tractable algorithm and sub-
exponential time algorithm) to all the infinitely many dimensions N ≥ 2 – the so
called coloured Jones polynomials – quantum invariants, and in general to all coloured
invariants derived from other simple Lie algebras g.

2. It also generalises Burton’s result on the parameterized complexity of the HOMFLYPT
polynomial, to offer a parameterized solution to the coloured HOMFLYPT polynomials
by interpolation; see [23].

3. More generally, for knot theorists, the algorithm of Theorem 1 is a low exponent ( 3
2 cw)

singly exponential algorithm for quantum invariants1. In practice, and considering
past experience in 3-manifolds, this work offers a practical algorithm in order to verify
fundamental mathematical conjectures [7, 8, 16, 24] experimentally, and further tools to
distinguish between non-equivalent knots in the constitution of knot censuses [4] thanks
to the outstanding discriminative power of quantum invariants.

4. Finally, for computer scientists, the Jones polynomial has been studied in detail as it has
a very rich complexity theory: it is #P -hard [13] but admits an FPT and sub-exponential
time algorithm [19] ; it is also one of the few known natural BQP-complete problems in
quantum computing [1]. This article completes the computational complexity picture
on quantum invariants by showing that very large families of them admit an FPT and
sub-exponential algorithm.

1 Note that previous algorithms [19] are expressed in terms of tree-width, which is proportional but not
equal to the carving-width, in consequence exponents are not directly comparable ; see Theorem 4.
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Figure 1 Left: Diagram of a 4-components oriented tangle; leftmost component has framing +2.
Right: Positive/negative twists and crossings. The .= symbol is an equivalence of diagrams.

The key approach of this work is the use of the abstract construction of quantum invariants
via ribbon categories, in order to state the complexity result in full generality. This way, we
abstract ourselves from the specificity of each singular invariant to give a general algorithm.

In Section 2 we recall the general definition of quantum invariants derived from ribbon
categories, and notions of parameterized complexity. In Section 3 we give the general dynamic
programming approach for the parameterized algorithm, relying on a decomposition of the
knot diagram. In Section 4 we detail the topological and algebraic operations necessary
to implement the dynamic programming procedure ; the connection between topology and
algebra relies on graphical calculus. Finally, in Section 5, we implement the algebraic
operations with matrix multiplications, and analyse their complexity and the complexity of
the whole algorithm. In conclusion, we prove that all arithmetic operations have polynomial
time complexity and prove the main Theorem 1 in Section 6. Finally, in [23], we implement the
algorithm and verify mathematical conjectures on formally intractable quantum invariants.

2 Background

We introduce the necessary notions from knot theory and parameterized complexity.

Tangles and their diagrams. A tangle is a piecewise linear embedding of a collection of
arcs and circles into R2 × [0, 1], such that the arcs’ endpoints belong to the top or bottom
boundaries R2 × {0} and R2 × {1}. A tangle intersecting i times R2 × {0} and j times
R2 × {1} is an (i, j)-tangle.

A link is a tangle whose connected components are all closed curves (a (0, 0)-tangle), and
a knot is a 1-component link. An orientation on a tangle is an orientation of each tangle
component. Two tangles are equivalent iff they differ by an ambient isotopy of R2 × [0, 1]
maintaining the boundary fixed.

A tangle diagram is a projection of the tangle into the plane, induced by a projection of
R2 × [0, 1] into R× [0, 1], sending R2 × {0} and R2 × {1} to R× {0} and R× {1} respectively.
In a tangle diagram, the only multiple points are crossings, at which one section of the tangle
crosses under or over another one transversally. We consider diagrams of (0, 0)-tangles (i.e.,
link diagrams) as drawn on the sphere S2. Component orientations are pictured with arrow
heads, and a k ∈ Z framing is pictured by k positive twists if k > 0, and k negative twists is
k < 0. See Figure 1. We refer to [17] for more details on knot theory.

Graphical calculus on coloured tangles. We work in the category C of free finitely generated
R-modules, for a commutative ring R, with their usual tensor product ⊗ and dual V ∗ for
every object V . Additionally, some fixed special objects and morphisms are distinguished
and play an important role:

SoCG 2021
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(a) a finite set of objects {Vi : i ∈ I} ⊂ C, called colours,
(b) for every pair of colours Vi, Vj , an isomorphism cVi,Vj

: Vi ⊗ Vj → Vj ⊗ Vi and its inverse
c−1

Vi,Vj
, called braidings,

(c) for every colour Vi, two morphisms bVi : 1 → Vi ⊗ V ∗
i and dVi : V ∗

i ⊗ Vi → 1, called
respectively co-evaluation and evaluation, and

(d) for every colour Vi, an isomorphism θVi : Vi → Vi and its inverse θ−1
Vi

, called a twist.

We call the ring R, seen as a module over itself, the unit module, and denote it by 1. Note
that the set of morphisms HomC(1,1) has the structure of a commutative ring, isomorphic to
R, i.e., every module morphism 1 → 1 is a multiplication by a scalar τ ∈ R. By convention,
the tensor product of zero objects is equal to R.

Such category of modules, with braidings, twists, evaluations and co-evaluations, is a strict
ribbon category if the objects and morphisms satisfy a certain set of additional equations.
The theory of strict ribbon category is outside the scope of this article, and we only use the
fact that strict ribbon categories define topological invariants of links (Theorem 2 below).
We refer the interested reader to [29] for the general theory.

Fix a strict ribbon category C. A colouring of a link L, with m ordered components
L1, . . . , Lm, is an assignment of a colour Vi ∈ C, 1 ≤ i ≤ m, to every component Li of L.

A link diagram is in standard position if it can be decomposed into the following pieces:
vertical strands, positive and negative crossings, positive and negative right twists, and caps
and cups. See Figure 3 for a Hopf link in standard position. Any link diagram can be
isotoped into standard position without modifying the diagram combinatorially [29].

Figure 2 presents the conversion from oriented coloured tangles to C-morphisms, called
graphical calculus, and Figure 3 gives a full example on the Hopf link. Specifically, given a
coloured link diagram D(L) in standard position, the graphical calculus turns the diagram
into a morphism, following a set of conversion rules (from link diagram to morphism) and
equivalence relations, pictured graphically in Figure 2, and described below:

Figure 2a (i)&(ii) A morphism f : U → V in C is represented graphically by a box, aligned
with x- and y−axis, called a coupon, with an incoming vertical V -coloured strand (top)
and an outgoing vertical U -coloured strand (bottom). The identity morphism idV is
equivalent to a vertical downward-oriented V -coloured strand. Note that morphisms, and
more generally entire diagrams, are read bottom-to-top.

Figure 2a (iii) reversing a component orientation changes a colour V to its dual V ∗. See
also Figure 2b for equivalent representations of a morphism changing strands orientations.

Figure 2c (i)&(ii) two parallel strands coloured U (left) and V (right) respectively are
equivalent to a single strand coloured U ⊗ V . Two side-by-side coupons for morphisms h1
(left) and h2 (right) are equivalent to a single coupon for morphism h1 ⊗ h2.

Figure 2c (iii) a coupon for morphism g on top of a coupon for morphism f is equivalent to
their composition g ◦ f ,

Figure 2d (i)&(ii) a positive crossing is equivalent to a braiding morphism, a negative
crossing is equivalent to the inverse of the braiding morphism. See also Figure 2d (iii) for
a realisation of c−1 ◦ c = id as a Reidemeister move.

Figure 2e (i)&(ii) positive and negative twists are equivalent to the twist morphism and its
inverse respectively,

Figure 2f (i)&(ii) caps and cups are equivalent to evaluation and co-evaluation morphisms
respectively.
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Figure 2g graphical and algebraic definition of the dual morphism f∗ : V ∗ → U∗ of a
morphism f : U → V .

Figure 2h Sliding coupons along strands does not change the corresponding morphism.

The morphisms are applied to the objects colouring the entering and leaving strands. Note
that, by convention, morphisms are composed bottom-up. Additionally, we can reverse the
orientation of strands by dualising their colours if convenient. Figure 3 gives the morphism
associated to the Hopf link coloured with objects U and V .

Consequently, for a category C, graphical calculus associates to any coloured link, seen as
a (0, 0)-tangle, a morphism 1 → 1. More generally, it associates to a coloured (i, j)-tangle a
morphism U1 ⊗ . . . ⊗ Ui → V1 ⊗ . . . ⊗ Vj , for the C-objects Uk and Vℓ colouring the bottom
and top endpoints of the tangle respectively.

If the ordered components of a link L are coloured V1, . . . , Vm, this morphism is written:

JC
L(V1, . . . , Vm) ∈ HomC(1,1).

Strict ribbon categories produce topological invariants, called quantum invariants:

▶ Theorem 2 ([25, 29]). Let L be an m-components link, and D1 and D2 two arbitrary
diagrams of L in S2. Let V1, . . . , Vm ∈ C be a colouring of the components of L, and
JC

D1
(V1, . . . , Vm) and JC

D2
(V1, . . . , Vm) the two quantities obtained by graphical calculus on

D1 and D2 respectively. Then:

JC
D1

(V1, . . . , Vm) = JC
D2

(V1, . . . , Vm) = JC
L(V1, . . . , Vm).

Using Hom(1,1) ∼= R, we identify the invariant JC
L(V1, . . . , Vk) to a scalar in R.

Graph parameters. The carving-width, also known as congestion, is a graph parameter
introduced by Seymour and Thomas [28].

▶ Definition 3. Let G = (X, E) be a graph on n vertices, with loops and multiple edges. Let
T be an unrooted binary tree, with all internal nodes of degree 3, and with n leaves.

An embedding ϕ of G into T is a bijective mapping between the nodes X of G and
the leaves of T . Every edge e of T induces a partition of the vertices of G into two sets,
X = X

(1)
e ⊔ X

(2)
e , inherited from the partition of T ∖e into two trees. Let w(e) denote the

number of edges in G between X
(1)
e and X

(2)
e , called the weight of e. See Figure 4.

The width of an embedding (T , ϕ) is the maximal weight of a tree edge:
maxe edge of T w(e).

The carving-width cw(G) of a graph G is the minimal width over all its embeddings into
binary trees. The carving-width cw(D(L)) of a link diagram D(L) is the carving-width of
the 4-valent planar graph it realises (we use the same notation).

The carving-width cw(G) of a graph G is closely related to its tree-width [26] tw(G), which
plays a major role in combinatorial algorithms.

▶ Theorem 4 (Theorem 1 of [2]). Let G be a graph of maximal degree δ. Then,
2
3(tw(G) + 1) ≤ cw(G) ≤ δ(tw(G) + 1). For tangle diagrams δ ≤ 4.

Carving-width has several advantages over tree-width, and has been successfully used in
low dimensional topology [11, 12, 20, 27].

First, optimal tree embeddings of planar graphs can be realised topologically, as stated
below. A tree embedding (T , ϕ) of G is bond if the two vertex sets X

(1)
e and X

(2)
e from the

cut associated to an edge e of T induce connected sub-graphs in G.
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f

V

U

(i)

.
= idV

V

V

V(ii)

.
=

V V ∗(iii)

(a) (i) Graphical representation of morphism f : U → V
via stands and coupon. (ii) Equivalence strand and identity.
(iii) Dualisation and strand orientation.

f

V

U

.
= f

V ∗

U

.
= f

V

U∗

.
= f

V ∗

U∗

(b) Four equivalent representations of
morphism f : U → V with all possible
strands orientations.

V1

U1

V2

U2

h1 h2 h1 ⊗ h2

V1

U1

V2

U2

.
= h1 ⊗ h2

.
=

V1 ⊗ V2

U1 ⊗ U2

U V
.
=

U ⊗ V
g

f
g ◦ f.

=

V

U

V

U

(i) (ii) (iii)

(c) (i) & (ii) Side-by-side coloured strands and morphisms is equivalent to tensor product of colours
and morphisms. (iii) Morphisms on top of one another is equivalent to composition.

.
= cU,V

U ⊗ V
U V

UV
V ⊗ U(i)

cU,V :U ⊗ V → V ⊗ U

U

V

V

U
c−1
U,V

V ⊗ U

.
=

U ⊗ V(ii)

c−1
U,V :V ⊗ U → U ⊗ V

U V

VU

.
=

VU U ⊗ V

.
=

c−1
U,V ◦ cU,V = idU ⊗ idV = idU⊗V

(iii)

(d) (i) Positive and (ii) negative crossings are equivalent to the braiding morphism and its inverse,
respectively. As illustration, the equation c−1 ◦ c = id is equivalent to a Reidemeister move II.

.
= θV

V V

V

(i)

.
= θ−1

V

V V

V

(ii)

(e) (i) Positive and (ii) negative twists (framing)
are equivalent to the twist morphism and its in-
verse, respectively.

V ∗ V

dV

V ∗ ⊗ V

.
=

(i)
V V ∗

bV

V ⊗ V ∗
.
=

(ii)

(f) (i) Local maxima (caps) and (ii) local min-
ima (cups) are equivalent to evaluation and co-
evaluation morphisms.

f

U∗

V ∗

f∗ .
=

V

U

f :U → V

f∗:V ∗ → U∗

(g) Definition of the dual f∗ of a morphism f , as
f∗ := (dV ⊗ idU∗ )◦ (idV ∗ ⊗f ⊗ idU∗ )◦ (idV ∗ ⊗bU ).

U1 U2 U1 U2 U1 U2

h1

V1 V2

h2

h2

V1 V2 V1 V2

h1
h1 h2

.
=

.
=

(h) Invariance by sliding coupons along strands,
i.e., (h1 ⊗ idU2 ) ◦ (idU1 ⊗h2) = h1 ⊗ h2 =
(idU1 ⊗h2) ◦ (h1 ⊗ idU2 ).

Figure 2 Formal rules and some equations for graphical calculus.

▶ Theorem 5 ([28, Theorem 5.1]). Let G be 2-connected with at least two nodes. If G has
carving-width cw then there exists a bond tree embedding of G of width cw.

This theorem applies to link diagrams [27]. We interpret a bond tree embedding of a
planar graph (on the sphere S2) as a collection of disjoint Jordan curves λe ⊂ S2, one for
each edge e of T , realising the cut X

(1)
e ⊔ X

(2)
e .
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U∗ ⊗ U ⊗ V ⊗ V ∗

U∗ ⊗ V ⊗ U ⊗ V ∗

U∗ ⊗ U ⊗ V ⊗ V ∗

VU

[(dU ⊗ dV ∗) ◦ (idU∗ ⊗ cU,V ⊗ idV ∗) ◦ (idU∗ ⊗ cV,U ⊗ idV ∗) ◦ (bU∗ ⊗ bV )] : 1→ 1

(bU∗ ⊗ bV )

(idU∗ ⊗ cV,U ⊗ idV ∗)

(idU∗ ⊗ cU,V ⊗ idV ∗)

(dU ⊗ dV ∗)
1

1

Figure 3 Application of graphical calculus to the Hopf link coloured by objects U and V from a
strict ribbon category, leading to a 1 → 1 morphism by composition. Composition is bottom-to-top,
the expression of morphisms is given on the right, and correspond to the two cups (co-evaluations),
then the crossings (braidings), then the two caps (evaluations).

1

2

3 4

6

5

1

2

3 4

6

5

1 2

3

4 6

5

1 2

3

4 6

5

∞∞

Figure 4 Left/middle: 6-vertex graph on S2 with width 3 bond tree embedding (tree and Jordan
curves). Note that the two green curves represent the same cut on S2. Right: rooting of the tree by
adding a node at ∞.

For planar graphs, a bond tree embedding of minimal width can be computed in polynomial
time [10, 28]. No such result is known for tree-width. By the planar separator theorem [18],
the carving-width of a planar graph with n-vertices is in O(

√
n).

3 Fixed parameter tractable algorithm via graphical calculus

Let C be a strict ribbon category, and let L be an oriented link with m components L1, . . . , Lm.
Let D(L) be an oriented link diagram of L, where each link component Li is coloured by an
object Vi from the category C, such that graphical calculus gives an isotopy invariant of L

associated to its colouring, as described in Theorem 2.
It follows from the definition of graphical calculus, and particularly equality Fig-

ure 2c (i)&(ii), that the quantum invariant of a separable link L ∪ L′ is the product of
the invariants of L and L′, such that they can be computed separately. W.l.o.g. we assume
that the diagram D(L) is connected as a graph, and has at least 2 crossings, not all twists.
If any of the two last requirements are not met, which can be checked in linear time, the
diagram represents a possibly framed trivial knot, for which quantum invariants can be
deduced directly. Consequently, all crossings of diagrams have degree four, with at most one
self-edge ; see Figure 5. These properties are used in the complexity analysis Section 5.2.

SoCG 2021
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bVbU∗

V U
c−1
V,U

V

bV ∗

θV

?
?

? ?
cV,U

V U

bVbU∗

?

?

V

bV ∗

θ−1
V

?

?

Figure 5 Morphisms associated to neighbourhoods of crossings, i.e., morphisms at leaves of a tree
embedding. From left to right, the corresponding equations are given by Eq. (1), (2), (3), and (4) of
Section 3.3. The starred point is selected such that only these four morphisms are encountered (i.e.,
between the two arrow heads for crossings, and on the side of the loop for twists).

3.1 Tree embedding of link diagrams
Let (T , ϕ) be a bond tree embedding of the planar graph of D(L) in S2. We add a fake,
disconnected, node at infinity to the graph D(L), and we add a corresponding new leaf to
the tree embedding T by subdividing an arbitrary tree edge, and connecting a leaf to it.
Topologically, the Jordan curve in a neighbourhood of the node at infinity encircles the entire
graph D(L). We root the tree T to the new inner node to which the new leaf is attached ;
see Figure 4. All edges of T have now a parent and child endpoint.

Let e be an edge of T with child node z, and Z the set of crossings mapped to the
leaves of the subtree Tz rooted at z. According to Theorem 5, there exists a Jordan curve
λe separating Z from the rest of the diagram. All tangle diagrams are on the sphere. By
convention, we draw the tangle inside the Jordan curve when we represent it on the plane.

To an edge e corresponds a (0, w(e))-tangle T , spanned by the crossings Z and contained
inside the Jordan curve λe. We mark an arbitrary but fixed starred point on λe, and order
the endpoints of the tangle T counter-clockwise starting at that starred point. We get a
(0, w(e))-tangle by isotopically sliding all tangle endpoints to the top boundary, such that the
first endpoint in the starred point ordering is rightmost on the top boundary. See Figure 5
for examples of (0, w(e))-tangles at the tree leaves, and Figure 6 (left) for endpoints ordered
by starred point ordering.

In the process of the algorithm below, starred points are assigned on the fly. They
are used exclusively to deterministically order tangles’ endpoints and process the isotopy
described above ; they induce a planar isotopy of the tangle and consequently affect the
computation, but lead to the same output thanks to the isotopy invariance Theorem 2.

3.2 Tree traversal algorithm
Let D(L) be coloured by objects of the category C. To every edge e of weight w(e) in T ,
graphical calculus assigns a C-morphism fe : 1 → V1 ⊗ . . . ⊗ Vw(e) to the associated tangle,
where V1, . . . , Vw(e) are the colours of the strands intersecting the Jordan curve λe.

The morphism associated to the half-edge at the root is a 1 → 1 morphism, because the
corresponding Jordan curve does not intersect the link diagram. This morphism gives the
invariant JC

L ∈ R of Theorem 2. All edge morphisms are computed recursively following a
depth first traversal of T . We describe the base morphisms assigned to the edges whose child
node is a leaf, and we describe an algorithm for inner edges in the next section.
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fe1 fe2

1
2

3 a
bc

e2e1
3

2
1

a
b

c

fe1 fe2

a
bc4

3

1
2

e2e1
a

bc

21

34

fe1 fe2

4
1

2 a
b

cd
3

e2e1
b1

3

2

a

c

d
4

? ? ? ? ?

? ?

?

? ?

?

?
?

?

? ?
?

Figure 6 Merging two sub-trees. Top: Planar embeddings of the diagram with Jordan curves
λe1 , λe2 (inner circles) and λe (outer circle), depending on the relative position of the starred points
for λe1 and λe2 . The bold lines connecting the Jordan curves represent multiple parallel strands
connecting the corresponding tangles. Bottom: Coupons for fe1 , fe2 and fe (outer coupon) obtained
after plane isotopy. The starred point for λe is selected so as to restrict to these three cases.

3.3 Morphisms at the leaves

The tree leaves are in bijection with tangles made by small neighbourhoods around single
crossings. All crossings being of degree 4, and up to reorientation of the strands which
algebraically consists of dualising colours, we get four base morphisms: one positive or
negative crossing, or one positive or negative twist (with a self-edge),

(idU∗ ⊗cV,U ⊗ idV ∗) ◦ (bU∗ ⊗ bV ) (1) (idU∗ ⊗c−1
V,U ⊗ idV ∗) ◦ (bU∗ ⊗ bV ) (2)

(idV ∗ ⊗θV ) ◦ bV ∗ (3) (idV ∗ ⊗θ−1
V ) ◦ bV ∗ (4)

They correspond graphically to the diagrams in Figure 5 (nodes of degree 4 are crossings,
nodes of degree 2 are twists).

3.4 Merging morphisms at tree nodes

Every inner node x of T is the parent node of two edges e1 and e2, and the child of an
edge e. Given the morphisms fe1 and fe2 for edges e1 and e2 respectively, we construct the
morphism fe for edge e. This is the fundamental operation of the dynamic programming
algorithm ; the end of Section 3 and Section 4 are dedicated to the design of an algorithm
for this operation.

First, note that the starred point ordering of the strands intersecting λe1 and λe2 leads to
three configurations when representing morphisms fe1 and fe2 with coupons ; see Figure 6
where thick lines represent sets of parallel tangle strands. By hypothesis, morphisms on tree
edges have domain 1. The coupons for fe1 , fe2 , and fe (the outer coupon) are obtained by a
plane isotopy forcing the strands to intersect coupons on their top side, and putting starred
points on the coupons’ left sides. More specifically, the isotopies are implemented by rotating
annulus neighbourhoods of the Jordan curves (grey circles in Figure 6) in order to position
the starred point on the left, then straightening the strands.

The starred point of the outer coupon fe is selected so as to restrict to the three
configurations of Figure 6.

SoCG 2021
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VU

f .
=

U

f

V
V1V2V3VjU1U2Ui · · · · · ·

· · ·

· · ·

U = Ui ⊗ . . .⊗ U1 V = Vj ⊗ . . .⊗ V1

f

.
=

Figure 7 Sliding of a V = Vj ⊗ . . . ⊗ V1-coloured strand under an f -coupon by underlying knot
isotopy. The operation composes f with a consecutive sequence of j twists θVℓ , of j(j − 1) crossings
c±

Vi,Vj
, and ij crossings c±

Uk,Vℓ
.

4 Factorisation of morphisms at tree nodes

Given the morphisms fe1 and fe2 in Figure 6, we describe graphically a factorisation scheme
to obtain the morphism fe.

4.1 Sliding and canonical form
The canonical form for morphisms to be merged is depicted in the top left corner of Figure 8.
It consists of two side-by-side morphisms g1 and g2, bridged by parallel strands coloured
U1, . . . Uk. All other strands go up vertically.

Given morphisms fe1 and fe2 in Figure 6, we obtain a canonical form by sliding strands,
wrapping clockwise around the coupons, under the coupons. For example, in the top right
case of Figure 6, we slide strand 1 under the fe1-coupon, and strands a and b under the
fe2 -coupons.

The details of the operation are depicted in Figure 7, where the V -strand wraps clockwise
around the f -coupon, and f is a 1 → U ⊗ V morphism. Sliding the V -strand under the
coupon by tangle isotopy produces a positive twist θV and a positive crossing cV,U .

More specifically, decomposing further in Figure 7, let U = Ui ⊗ . . . ⊗ U1 be the tensor
product of the colours of i parallel strands, and V = Vj ⊗ . . . ⊗ V1 the tensor product of j

parallel strands wrapping clockwise around the f coupon. As depicted in the figure, sliding
the j strands under f induces:

a twist θVℓ
on each of the Vℓ-coloured strands, 1 ≤ ℓ ≤ j,

a sequence of j(j − 1) positive and negative crossings of type c±
Vℓ,Vk

, followed by
a sequence of ij positive crossings of type cVℓ,Uk

.

We obtain the morphisms g1, g2 of the canonical form (Figure 8) by factorising the
morphisms fe1 and fe2 with these sequences of twists and crossings, after the sliding operation.

4.2 Factorisation of the canonical form
Figure 8 pictures two factorisation schemes for side-by-side morphisms g1 and g2 in canonical
form, bridged by k parallel strands coloured U1, . . . , Uk. Denote by cw the carving-width of
the link diagram, and assume the tree embedding (T , ϕ) has width cw.

We distinguish between two cases, depending on the value of k, which is necessary to
obtain the factor 3

2 in the exponent of the complexity analysis of the main Theorem 1:
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g2

g1

V1 Vi
WjW1

· · ·

Uk

U1

· · · · · ·
· · ·

g2

g1

V1 Vi
WjW1

· · ·

· · · · · ·
· · ·

U1 Uk

U1
Uk

dU1⊗...⊗Uk

if k ≤ cw
2

if k > cw
2

V1 Vi

· · ·

Wj
· · · · · ·

g∗2

g1

· · ·
U1 Uk

V1 Vi

· · ·

· · · · · ·
g∗2

g1

· · ·
U1 Uk

W1 Wj

bW1⊗...⊗Wj

WjW1

.
=

W1

V1 Vi

· · ·

WjW1

h′
· · ·

U1 Uk

g1

· · ·

.
=

.
=

.
=

V1 Vi

· · ·Uk Ukg2

· · ·

fe

· · ·

WjW1

.
=

g1

V1 Vi

· · ·
· · · · · ·h

U1
Ukh2h
· · ·

WjW1

· · ·U1 Uk

V1 Vi

· · · · · ·Uk

U1
Ukh2g2

· · ·
WjW1

fe

· · ·

.
=

.
=

Figure 8 Merging of two coupons in a canonical form (top left) along k strands coloured U1, . . . , Uk.
The factorisation scheme differs whether k ≤ cw /2 (left column) or k > cw /2 (right column). The
top right equivalence comes from the equality in Figure 9.

Small bridge. For k at most half the carving-width (Figure 8, Left), we consider first the
morphism dU1⊗...⊗Uk

induced by the composition of the evaluation morphisms dUℓ
, ℓ = k . . . 1.

More precisely, the morphism dU1⊗...⊗Uk
: U1 ⊗ . . . ⊗ Uk ⊗ U∗

k ⊗ . . . ⊗ U∗
1 → 1, is obtained by

composing the evaluation morphisms from bottom up:

dU1⊗...⊗Uk
: U1 ⊗ . . . ⊗ Uk ⊗ U∗

k ⊗ . . . ⊗ U∗
1 → 1,

=
∏1

ℓ=k

(
idU1⊗...⊗Uℓ−1 ⊗dU∗

ℓ
⊗ idU∗

ℓ−1⊗...⊗U∗
1

)
,

(5)

where ℓ = k is the rightmost term of the composition.
The (partial) composition of dU1⊗...⊗Uk

with g2 through U∗
k ⊗ . . .⊗U∗

1 gives the morphism:

h : U1⊗. . .⊗Uk → W1⊗. . .⊗Wj , h :=
(
dU1⊗...⊗Uk

⊗ idW1⊗...⊗Wj

)
◦(idU1⊗...⊗Uk

⊗g2) . (6)

Finally, the morphism fe obtained from the merging of fe1 and fe2 is given by the (partial)
composition of g1 and h, through U1 ⊗ . . . ⊗ Uk. Precisely,

fe : 1 → V1 ⊗ . . . ⊗ Vi ⊗ W1 ⊗ . . . ⊗ Wj , fe := (idV1⊗...⊗Vi
⊗h) ◦ g1. (7)

By construction, these operations give the morphism fe induced by graphical calculus on
the coloured tangle associated to the subtree of T rooted at the child node of edge e.

Large bridge. The case k strictly larger than half the carving-width starts by flipping
upside-down coupon g2. This operation is depicted in Figure 9. Starting with a morphism g,
it consists of a planar isotopy to produce g∗, the dual morphism to g. In the case where the
category C satisfies the hypothesis of Theorem 2, Figure 9, depicting an isotopy, proves the
equality: (dU ⊗ idV ) ◦ (idU∗ ⊗g) = (idV ⊗g∗) ◦ (bV ⊗ idU∗) .

SoCG 2021
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g g∗g.
=

.
=

V

U∗
U∗

V V

U∗

Figure 9 Planar isotopy, then factorisation with g∗, the dual morphism to g.

Applied to the canonical form on g1 and g2 (Figure 8, Top) the operation gives the
composition of morphisms, involving g1 and g∗

2 , in the top right corner of Figure 8.
The following compositions are similar to the case of a small bridge. Morphism bW1⊗...⊗Wj

describes the composition of the co-evaluation morphisms for W1, . . . , Wj , i.e.,

bW1⊗...⊗Wj
: 1 → W ∗

1 ⊗ . . . ⊗ W ∗
j ⊗ Wj ⊗ . . . ⊗ W1,

=
∏j

ℓ=1

(
idW ∗

1 ⊗...⊗W ∗
ℓ−1

⊗bVℓ
⊗ idWℓ−1⊗...⊗W1

)
,

(8)

where ℓ = 1 is the rightmost term of the composition.
The morphism h′ is obtained by (partial) composition of bW1⊗...⊗Wj

and g∗
2 :

h′ =
(

idW ∗
1 ⊗...⊗W ∗

j
⊗g∗

2

)
◦

(
bW1⊗...⊗Wj ⊗ idU1⊗...⊗Uk

)
, and fe is obtained by (partial) com-

position of g1 and h′: fe = (idV1⊗...⊗Vi ⊗h′) ◦ g1.

Correctness. The algorithm consists uniquely of:
ambient isotopies, when ordering tangle endpoints (Figure 6), sliding strands under
coupons (tree leaves Figure 5, and inner tree nodes Figure 7), and flipping coupons upside
down (dual morphism, Figure 9), and,
factorisations of morphisms in a specific order (Figure 8).

By virtue of Theorem 2, ambient isotopies do not affect the output of the algorithm
(even though it changes computation), as the algorithm computes a topological invariant
of links. By properties of ribbon categories, and more specifically the equivalence relations
pictured in Figure 2, the order of factorisation of morphisms does not change the output. In
conclusion, the high-level algorithm presented in Sections 3 and 4 outputs the topological
invariant JC

L(V1, . . . , Vm) for a (V1, . . . , Vm)-coloured link diagram L.

5 Algebraic implementation and complexity

For the implementation of the algorithm, we assume that the objects in the category C are
finite dimensional free R-modules, for a commutative ring with unity R and usual tensor
product. Denote the dimension of every link component colour Vi by Ni := dim Vi, and
let N := maxi{dim Vi}. Fixing a basis for every Vi, all morphisms in C – in particular the
distinguished braiding, evaluation and co-evaluation, and twist morphisms – are represented
by matrices with R coefficients.

This model is general, and contains all quantum invariants derived from simple Lie
algebras. We describe seven elementary matrix operations in Section 5.1, and use them in
Section 5.2 as building blocks to implement and analyse the complexity of the algorithm for
computing quantum invariants.
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· · · · · ·

f

· · · · · ·

f

· · · · · ·

f

V V ′U W U W
V V

U W
V

(1) (2) (3)

h h h

f
· · ·

V
U U

h

f

gg

f f

g
V V V

W U U W

U W
hh h

(6)(5) (7)

(4)

Figure 10 Graphical representation of the seven elementary compositions of morphisms.

5.1 Elementary compositions
We consider the seven elementary compositions of morphisms depicted in Figure 10. They
respectively represent the composition with (1) a single braiding, (2) a single twist, (3) a
single co-evaluation, (4) a single evaluation. Cases (5), (6), and (7) represent three types of
partial compositions of the morphisms f and g. We describe algorithms to perform these
compositions on matrices, then use them in Section 5.2 to implement the FPT algorithm
described in Sections 3 and 4.

▶ Lemma 6. Consider the elementary morphism compositions in Figure 10 (1), (2), (3),
and (4). Let U, V, V ′, W be finite dimensional free R-modules, with dim U = a, dim V = b,
dim V ′ = b′, and dim W = c. Then, given the matrices for morphisms f , θ±

V , c±
V,V ′ , bV , and

dU , we can compute the matrix for morphism h in:
O(a(bb′)2c) arithmetic operations in R for (1),
O(abc) arithmetic operations for (2),
O(ab2c) arithmetic operations for (3), and
O(a2b) arithmetic operations for (4).

The memory complexity of the operation does not exceed the size of the output, which is a
row or column vector h containing scalars from R.

Proof.
Figure 10 (1), (2), and (3). All three cases consist of the matrix-vector product h =

(idU ⊗M ⊗ idW ) ·f , where M is respectively the (bb′ ×bb′)-matrix c±
V,V ′ , the (b×b)-matrix

θ±
V , and the (b2 × 1)-matrix bV . Consider M to be an (m × m′)-matrix, with coefficients

(Mi,j)1≤i≤m,1≤j≤m′ . Matrix (idU ⊗M ⊗ idW ) has at most m′ non-zero coefficients per
row. Restricting to these non-zero coefficients, we get the ith entry of h:

hi,1 =
∑

k=1...m′

Mβ+1,k · fαcm′+γ+(k−1)c,1,

where i is uniquely written as i = α · cm + β · c + γ, with 0 ≤ α ≤ a − 1, 0 ≤ β ≤ m − 1,
and 1 ≤ γ ≤ c. Computing h requires O(m′|f |) arithmetic operations in R, where |f | is
the length of vector f , storing O(|f |) scalars from R. Note that matrix (idU ⊗M ⊗ idW )
does not need to be explicitly constructed, and only matrix M suffices.

Figure 10 (4) is treated similarly; see [23] for an explicit formula. ◀

▶ Lemma 7. Consider the elementary morphism compositions in Figure 10 (5), (6), and (7).
Let U, V, W be finite dimensional free R-modules, with dim U = a, dim V = b, and dim W = c.
Then, given the matrices for morphisms f and g, we can compute the matrix for morphism h

in O(abc) arithmetic operations in R, and memory complexity O(ab + bc + ac) times the size
of a scalar in R.

SoCG 2021
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Proof. In the same spirit of Lemma 6, the proof exploits the sparsity of tensoring with the
identity. Explicit formulae can be found in [23]. ◀

5.2 Implementation and complexity analysis
We implement the algorithm described in Sections 3 and 4 using the elementary compositions
of Figure 10. Let N be an upper bound on the dimensions of the different modules Ui, Vj ,
Wk, over all i, j, k, colouring the components of the link.

Leaf morphisms. The leaf morphisms described in Equations (1)-(4) and Figure 5 are
implemented using elementary compositions (1) and (2). By Lemma 6, the complexity is at
most O(N6) arithmetic operations in R.

Sliding under a coupon. The sliding operation as presented in Figure 7 composes a
morphism f with a sequence of twist and braiding morphisms. More precisely, let h denote
the entire morphism in Figure 7. Starting from the (O(N i+j) × 1) matrix f , it is computed
iteratively applying j times elementary composition (2) for the twists, then j(j − 1) times
elementary composition (1) for the braidings between Vi- and Vj-strands, and finally ij times
elementary composition (1) for the braidings between Vi- and Uj-strands.

During the computation, we maintain a vector of size (1 × O(N i+j)). Applying Lemma 6,
the sliding operation runs in O(j(i + j)N i+j+2) arithmetic operations in R, storing O(N i+j)
scalars from R. In the algorithm, i + j ≤ cw, the carving-width of the link diagram.
Consequently, we get O(cw2 N cw +2) operations, with memory O(N cw).

Construction of evaluations and co-evaluations. The morphism dU1⊗...⊗Uk
appearing in

Figure 8 is the result of k elementary compositions of type (4). The morphisms maintained
during the computation are of size (1 × O(N2k)). Applying Lemma 6, the computation
takes a total of O(kN2k) arithmetic operations in R, storing O(N2k) scalars from R. The
case bW1⊗...⊗Wj is similar. In the algorithm, k (or j) is at most cw /2. Consequently, the
complexity is O(cw N cw) arithmetic operations, storing O(N cw) scalars.

Composition of morphisms. Finally, the compositions of morphisms described in Figure 8
are implemented with a constant number of elementary compositions (5), (6), and (7).
Considering Lemma 7, the product abc of dimensions never exceeds N

3
2 cw. Indeed, by

property of the tree embedding, we have i + k, j + k, i + j ≤ cw in Figure 8 ; the dichotomy
with k

?
≤ cw /2 further ensures than no more than 3/2 cw are involved in the elementary

compositions. Consequently, the compositions of Figure 8 are implemented using O(N 3
2 cw)

arithmetic operations in R, storing O(N cw) scalars from R.

Overall complexity. In conclusion, we sum up the different steps of the algorithm and its
implementation. Let D be a coloured link diagram with n crossings and carving width cw,
where the dimension of each colouring module is at most N . The algorithm first computes
an optimal tree embedding in O(poly(n)) operations. The tree has size n and width cw.
W.l.o.g., we assume the diagram has at least one crossing that is not a twist, and consequently
cw ≥ 4, the maximal degree of the graph. Considering cw ∈ O(

√
n) and 4 ≤ cw +2 ≤ 3

2 cw,
the quantum invariant associated to the colouring is computed in:

O(nN
3
2 cw + n2N cw +2) arithmetic operations in R,

storing: O(n) words for the diagram, plus O(N cw) scalars from R for the matrices.
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Note that this complexity is expressed in algebraic operations in R, when the main
Theorem 1 is expressed in machine operations. We bound the arithmetic complexity of
operations in R in the following Section 6.

6 Bounding arithmetic complexity and proof of the main theorem

Working with matrices with R-coefficients, for a ring R, allows the algorithm to be applied
in great generality. We focus on the case R = Z[q], which is sufficient for all Jg

L invariants of
Theorem 1. See [29, Chapter 6] for an explicit construction of the Jg

L.

▶ Remark 8. Note that quantum invariants are usually defined in the category of Z[q, q−1]-
modules. Multiplying the braiding, twist, and (co)evaluation matrices by qa for a large
enough, and re-normalising the output, allows us to restrict to the case of Z[q]-modules.

Processing matrix multiplications with coefficients in Z[q], both degrees of polynomials
as well as values of coefficients may blow-up during intermediate computation. Specifically,
both arithmetic operations in R and bit size of R-elements may become exponential in n.

In the long version of the article [23], we describe a solution based on Lagrange interpo-
lation and the Chinese remainder theorem to reconstruct polynomial Jg

L from evaluations,
using only integers of bit size O(log n). Specifically, we prove that, for a fixed category C of
Z[q]-modules:

▶ Proposition 9. The invariant JC
L(V1, . . . , Vm) ∈ Z[q] of an m-component link L, of size n

and coloured with V1, . . . , Vm ∈ C of dimension at most N , can be computed by:
running O(n2√

n) times the FPT algorithm described in this article, using matrices with
coefficients in Z/pZ, for various primes p ∈ O(n

√
n),

and an extra cost of O(n4) for large integers reconstruction (Chinese remainder theorem)
and polynomial reconstruction (Lagrange interpolation).

The complexity analysis of Section 5.2 and Theorem 9 allows us to conclude the proof
of the main Theorem 1. Considering arithmetic operations in Z/pZ, p ∈ O(n

√
n), constant

time, the algorithm has complexity O(n3√
nN

3
2 cw + n4√

nN cw +2) machine operations.

Conclusion. We have introduced a general sub-exponential, and fixed parameter tractable
algorithm to compute any quantum knot invariants derived from a ribbon category, which
include infinite families of meaningful knot invariants such as coloured Jones polynomials.

We mention two open research directions:
This new algorithm offers a new tool to verify important mathematical conjectures [7,
8, 16, 24] on knots that where until now intractable computationally. As a proof of
concept, we have implemented the algorithm for coloured Jones polynomials and verified
experimentally some behaviours related to the volume conjecture and the slope conjecture
in [23].
No lower bound is known for the computation of quantum invariants. However, progress [9]
on the complexity of planar Tutte polynomials under the exponential time hypothesis
(ETH) may lead to a lower bound of 2Ω(

√
n) for the Jones polynomial, which would imply

that our FPT algorithm is optimal up to a constant in the exponent, under ETH.
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Abstract
A generic rectangulation is a partition of a rectangle into finitely many interior-disjoint rectangles,
such that no four rectangles meet in a point. In this work we present a versatile algorithmic
framework for exhaustively generating a large variety of different classes of generic rectangulations.
Our algorithms work under very mild assumptions, and apply to a large number of rectangulation
classes known from the literature, such as generic rectangulations, diagonal rectangulations, 1-
sided/area-universal, block-aligned rectangulations, and their guillotine variants. They also apply to
classes of rectangulations that are characterized by avoiding certain patterns, and in this work we
initiate a systematic investigation of pattern avoidance in rectangulations. Our generation algorithms
are efficient, in some cases even loopless or constant amortized time, i.e., each new rectangulation
is generated in constant time in the worst case or on average, respectively. Moreover, the Gray
codes we obtain are cyclic, and sometimes provably optimal, in the sense that they correspond to a
Hamilton cycle on the skeleton of an underlying polytope. These results are obtained by encoding
rectangulations as permutations, and by applying our recently developed permutation language
framework.
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1 Introduction

Partitioning a geometric shape into smaller shapes is a fundamental theme in discrete and
combinatorial geometry. In this paper we consider rectangulations, i.e., partitions of a
rectangle into finitely many interior-disjoint rectangles. Such partitions have an abundance
of practical applications, which motivates their combinatorial and algorithmic study. For
example, rectangulations are an appealing way to represent geographic information as a
cartogram. This is a map where each country is represented as a rectangle, the adjacencies
between rectangles correspond to those between countries, and the areas of the rectangles are
determined by some geographic variable, such as population size [34]. If the rectangulation
is area-universal [12], then such an adjacency-preserving cartogram can be drawn for any
assignment of area values to the rectangles. Another important use of rectangulations is as
floorplans in VLSI design and architectural design. These problems often involve additional
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constraints on top of adjacency, such as extra space for wires [27] or proportion limits for the
rooms [24]. An important notion in this context are slicing floorplans [27], i.e., floorplans
that can be subdivided into rectangles by a sequence of vertical or horizontal guillotine cuts.

Rectangulations have rich combinatorial properties, and a task that has received a lot of
attention is counting, i.e., determining the number of rectangulations of a particular type with
n rectangles, either exactly as a function of n [37] or asymptotically as n grows [32]. This led
to several beautiful bijections of rectangulations with pattern-avoiding permutations [1, 4, 29]
or with twin binary trees [37]. The focus of this paper is on another fundamental algorithmic
task, which is more fine-grained than counting, namely exhaustive generation, meaning that
every rectangulation from a given class must be produced exactly once. While such generation
algorithms are known for many other discrete objects such as permutations, combinations,
subsets, trees etc. and covered in standard textbooks such as Knuth’s [20], much less is
known about the generation of geometric objects such as rectangulations.

The ultimate goal for a generation algorithm is to produce each new object in time O(1),
which requires that consecutively generated objects differ only by a “small local change”.
Such a minimum change listing of combinatorial objects is often called a Gray code [31]. If
the time bound O(1) for producing the next object holds in every step, then the algorithm is
called loopless [11], and if it holds on average it is called constant amortized time (CAT) [30].
The Gray code problem entails the definition of a flip graph, which has as nodes all the
combinatorial objects to be generated, and an edge between any two objects that differ in
the specified small way. Clearly, computing a Gray code ordering of the objects is equivalent
to traversing a Hamilton path or cycle in the corresponding flip graph. It turns out that
some interesting flip graphs arising from rectangulations can be equipped with a natural
lattice structure [21, 22], analogous to the Tamari lattice on triangulations, and realized as
polytopes in high-dimensional space [28], analogous to the associahedron. This ties in the
Gray code problem with deep methods and results from lattice and polytope theory.

1.1 Our results
The main contribution of this paper is a versatile algorithmic framework for generating a
large variety of different classes of generic rectangulations, i.e., rectangulations with the
property that no four rectangles meet in a point. In particular, we obtain efficient generation
algorithms for several interesting classes known from the literature, in some cases loopless
or CAT algorithms; see Table 1. The initialization time and memory requirement for all
these algorithms is linear in the number of rectangles. The classes of rectangulations shown
in the table arise from generic rectangulations by imposing structural constraints, such as
the guillotine property or forbidden configurations, or by equivalence relations, and they
will be defined in Section 2.2. We implemented the algorithms generating the classes of
rectangulations from the table in C++, and we made the code available for download and
experimentation on the Combinatorial Object Server [10].

The classes of rectangulations that our algorithms can generate are not limited to the
examples shown in Table 1, but can be described by the following closure property; see
Figure 1. Given an infinite class of rectangulations C, we require that if a rectangulation R

is contained in C, then the rectangulation obtained from R by deleting the bottom-right
rectangle is also in C, and the two rectangulations obtained from R by inserting a new
rectangle at the bottom or right, respectively, are also in C. If C satisfies this property, then
our algorithms allow generating the set Cn ⊆ C of all rectangulations from C with exactly n

rectangles, for every n ≥ 1, by so-called jumps, a minimum change operation that generalizes
simple flips, T-flips, and wall slides studied in [8, 29]. Moreover, if the class C is symmetric,
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Table 1 Classes of rectangulations that can be generated by our algorithms. The second
column gives a description of the class in terms of forbidden rectangulation patterns (n/a means
not applicable), and one or more bijectively equivalent classes of pattern-avoiding permutations.
Underlined and overlined permutation patterns are so-called vincular and barred patterns; see [15]
and the papers referenced in the table. The last column specifies the obtained runtime bound
for generating each rectangulation, where n is the number of rectangles. These are all worst case
bounds that apply in every step (in particular, LL=loopless), with the exception of the O(1) bound
for generic rectangulations, which holds on average (CAT=constant amortized time). For more
extensive counting results on pattern-avoiding rectangulations, see [23].

Class Forbidden patterns Counts/OEIS [26] Refs. Runtime
generic ∅

{35124, 35142, 24513, 42513}:
2-clumped permutations

1, 2, 6, 24, 116, 642, 3938, 26194, . . . [22, 29] O(1) CAT

diagonal
=mosaic floorpl.
/R-equivalence

{
,

}
{2413, 3142}: Baxter
{2413, 3412}: twisted Baxter
{2143, 3142}

1, 2, 6, 22, 92, 422, 2074, 10754, . . .

A001181 (Baxter numbers)
[1, 8]
[21, 37]

O(1) LL

1-sided
=area-universal

{
, , ,

} 1, 2, 6, 20, 72, 274, 1088, 4470, . . . [12] O(n)

block-aligned
/S-equivalence

n/a
{2143, 3412}

1, 1, 2, 6, 22, 88, 374, 1668, 7744, . . .

A214358
[4] O(1) LL

gu
ill

ot
in

e

generic {
,

} 1, 2, 6, 24, 114, 606, 3494, 21434, . . . O(n)

diagonal
=slicing fl.pl.
/R-equiv.

{
, , ,

}
{2413, 3142}: separable

1, 2, 6, 22, 90, 394, 1806, 8558, . . .

A006318 (Schröder numbers)
[1, 37]
[4, 5]

O(n)

1-sided {
, , , , ,

}
{2413, 3142, 21354, 45312}

1, 2, 6, 20, 70, 254, 948, 3618, . . .

A078482
[5] O(n)

{
, , , , , ,

,
}

{2413,3142,2143,3412}

1, 2, 6, 20, 68, 232, 792, 2704, . . .

A006012
[5] O(n2)

block-aligned
/S-equiv.

n/a
{2413, 3142, 2143, 3412}

1, 1, 2, 6, 20, 70, 254, 948, 3618, . . .

A078482
[4] O(n)

i.e., if R is in C then the rectangulation obtained from R by reflection at the diagonal from
top-left to bottom-right is also in C, then the jump Gray code for Cn is cyclic, i.e., the last
rectangulation differs from the first one only by a jump. In other words, we not only obtain
a Hamilton path in the corresponding flip graph, but a Hamilton cycle. In fact, all the
classes of rectangulations listed in Table 1 satisfy the aforementioned closure and symmetry
properties, so in all those cases we obtain cyclic jump Gray codes.

Generic rectangulations and diagonal rectangulations, shown in the first two rows of
Table 1, have an underlying lattice and polytope structure [21, 22, 28], and in those two
cases our Gray codes form a Hamilton cycle on the skeleton of this polytope, i.e., jumps are
provably optimal minimum change operations.

It turns out that many interesting classes of rectangulations can be characterized by
pattern avoidance; see the second column in Table 1. Under very mild conditions on the
patterns, these classes satisfy the aforementioned closure property, and can hence be generated
by our framework. In this work we initiate a systematic investigation of pattern avoidance in
rectangulations, and we obtain the first counting results for many known and new classes;
see the third column in Table 1 and the more extensive tables in [23].

Our generation framework for rectangulations consists of two main algorithms. The
first is a simple greedy algorithm that generates a jump Gray code ordering for any set
of rectangulations Cn ⊆ C for which C satisfies the aforementioned closure property; see
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Figure 1 Closure property and symmetry property.

Algorithm J□ and Theorem 5 in Section 3. The second is a memoryless version of the first
algorithm, which computes the same ordering of rectangulations; see Algorithm M□ and
Theorem 8 in Section 5. This algorithm can be fine-tuned to derive efficient algorithms
for several known rectangulation classes such as the ones listed in Table 1, by providing
corresponding jump oracles for the class C.

To prove Theorems 5 and 8, we encode rectangulations by permutations as described by
Reading [29], and we then apply our framework for exhaustively generating permutation
languages presented in [14, 15, 17]. The minimum change operations on permutations used
in that framework translate to jumps on rectangulations. Generating different classes of
rectangulations efficiently is thus another major new application of our permutation language
framework, and in this paper we flesh out the details of this application.

1.2 Related work
There has been some prior work on generating a few special classes of rectangulations, all
based on Avis and Fukuda’s reverse search method [6]. Specifically, Nakano [25] described a
CAT generation algorithm for generic rectangulations, which does not produce a Gray code,
however. This algorithm has been adapted by Takagi and Nakano [33] to generate generic
rectangulations with bounds on the number of rectangles that do not touch the outer face.
Yoshii, Chigira, Yamanaka and Nakano [38] gave a Gray code for diagonal rectangulations
based on a generating tree that is different from ours, resulting in a loopless algorithm. Their
Gray code changes at most 3 edges of the rectangulation in each step, whereas our algorithm
changes only 1 edge in each step for diagonal rectangulations and generic rectangulations.
Consequently, none of the listings produced by these earlier algorithms corresponds to a walk
along the skeleton of the underlying polytope.

There has been a lot of work on combinatorial properties of rectangulations. Yao, Chen,
Cheng and Graham [37] showed that diagonal rectangulations are counted by the Baxter
numbers and that guillotine diagonal rectangulations are counted by the Schröder numbers,
using a bijection between diagonal rectangulations and twin binary trees. Ackerman, Barequet
and Pinter [1] presented another bijection between diagonal rectangulations and Baxter
permutations, which also yields a bijection between guillotine diagonal rectangulations
and separable permutations. Shen and Chu [32] provided asymptotic estimates for these
two rectangulation classes. Moreover, He [16] presented an optimal encoding of diagonal
rectangulations with n rectangles using only 3n− 3 bits, which is optimal.
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The term “generic rectangulation” was coined by Reading [29], who established a bijection
between generic rectangulations and 2-clumped permutations, proving that these permu-
tations are representatives of equivalence classes of a lattice congruence of the weak order
on the symmetric group. Earlier, generic rectangulations had been studied under the name
“rectangular drawings” by Amano, Nakano and Yamanaka [3] and by Inoue, Takahashi and
Fujimaki [13, 19], who established recursion formulas and asymptotic bounds for their number.
More general classes of rectangular partitions were analyzed by Conant and Michaels [9].

Ackerman, Barequet and Pinter [2] considered the setting where we are given a set of
n points in general position in a rectangle, and the goal is to partition the rectangle into
smaller rectangles by n walls, such that each point from the set lies on a distinct wall. They
showed that for every set of points that forms a separable permutation in the plane, the
number of possible rectangulations is the (n + 1)st Baxter number, and for every point set
the number of possible guillotine rectangulations is the nth Schröder number. They also
presented a counting and generation procedure based on simple flips and T-flips using reverse
search, which was later improved by Yamanaka, Rahman and Nakano [36].

1.3 Outline of this paper
In Section 2 we provide basic definitions and concepts that will be used throughout the paper.
In Section 3 we present a greedy algorithm for generating a set of rectangulations by jumps,
and we provide a sufficient condition for the algorithm to succeed. In Section 4 we show
that the algorithm applies to a large number of rectangulation classes that are characterized
by pattern avoidance. In Section 5 we demonstrate how to make our generation algorithm
memoryless and efficient. The implementation details of these algorithms and the proofs of
Theorems 5 and 8 are omitted due to space constraints; they can be found in [23].

2 Preliminaries

2.1 Generic rectangulations
A generic rectangulation, or rectangulation for short, is a partition of a rectangle into finitely
many interior-disjoint axis-aligned rectangles, such that no four rectangles of the partition
have a point in common; see Figure 2. Given rectangles r and s, we say that r is left of s,
and s is right of r, if the right side of r intersects the left side of s (necessarily in a line
segment, rather than a single point). Similarly, we say that r is below s, and s is above r, if
the top side of r intersects the bottom side of s. We consider generic rectangulations up to
equivalence that preserves the left/right and below/above relations between rectangles, and
we write Rn for the set of all rectangulations with n rectangles.

We refer to every rectangle corner in a rectangulation as a vertex, to every minimal line
segment between two vertices as an edge, and to every maximal line segment between two
vertices that are not corners of the rectangulation as a wall. The type of a vertex that is not
a corner describes the shape of the T-joint at this vertex, and it is one of ⊤, ⊢, ⊥, or ⊣.

2.2 Flip operations and classes of rectangulations
Our Gray codes use three types of local change operations on rectangulations; see Figure 3.

A wall slide swaps the order of two neighboring vertices of types ⊢ and ⊣ along a vertical
wall, or of types ⊤ and ⊥ along a horizontal wall. A simple flip swaps the orientation of a
wall that separates two rectangles. For a vertex v that belongs to three rectangles, consider
the wall w that goes through v and the wall t that ends at v, and let w′ and w′′ be the two
halves of w meeting in v. A T-flip swaps the orientation of w′ or w′′ so that it merges with t.
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R

r1

r2 r3 r4

r8

r6

vertices

walls

edges

r5
r7

Figure 2 Generic rectangulation R with 11 rectangles. The rectangle r1 is below r2, r3 and r4,
above r5 and r6, right of r7 and left of r8.

simple flip

wall slide

T-flip
v t

w′

w′′

Figure 3 Local change operations on rectangulations.

We now define various interesting subclasses of generic rectangulations that have been
studied in the literature and that appear in Table 1. A diagonal rectangulation is one
in which every rectangle intersects the main diagonal that goes from the top-left to the
bottom-right corner of the rectangulation. We write Dn ⊆ Rn for the set of all diagonal
rectangulations with n rectangles. Diagonal rectangulations are characterized by avoiding the
wall patterns and [8]. Consider the equivalence relation on Rn obtained from wall
slides, sometimes referred to as R-equivalence [4]. The equivalence classes are referred to as
mosaic floorplans, and every equivalence class contains exactly one diagonal rectangulation,
obtained by repeatedly destroying occurrences of or by wall slides [8]. Consequently,
in a diagonal rectangulation, along every vertical wall, all ⊢-vertices are below all ⊣-vertices,
and along every horizontal wall, all ⊥-vertices are to the left of all ⊤-vertices.

In a 1-sided rectangulation, every wall is the side of at least one rectangle. This notion
was introduced by Eppstein, Mumford, Speckmann, and Verbeek [12], who used it to
characterize area-universal rectangulations, i.e., for any assignment of areas to the rectangles,
the rectangulation can be drawn so that each rectangle has the prescribed area.

Asinowski et al. [4] also considered the equivalence relation on Rn obtained from wall
slides and simple flips, and they called it S-equivalence. By definition, S-equivalence is a
coarser relation than R-equivalence, i.e., the equivalence classes are obtained by identifying
mosaic floorplans that differ in simple flips. In [23] we introduce block-aligned rectangulations,
which are a subset of diagonal rectangulations with the property that every equivalence class
of S-equivalence contains exactly one block-aligned rectangulation.
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A rectangulation is guillotine, if each of its rectangles can be cut out from the entire
rectangulation by a sequence of straight vertical or horizontal cuts. Guillotine rectangu-
lations are characterized by avoiding the windmill patterns and . Various special
classes of guillotine diagonal rectangulations, characterized by the avoidance of certain wall
configurations, were introduced by Asinowski and Mansour [5] (see Section 4 for precise
definitions). Mosaic floorplans that are guillotine are also known as slicing floorplans.

2.3 Deletion of rectangles
We now describe two operations on a generic rectangulation R with n rectangles, namely
deleting a rectangle and inserting a rectangle. The resulting rectangulations have n− 1 or
n + 1 rectangles, respectively, and they will be denoted by p(R) and ci(R), notations that
refer to the parent and children of R, in a tree structure that will be discussed shortly. The
deletion and insertion operations were introduced in [18] and heavily used e.g. in [1] and [25].

The idea of deletion is to contract the rectangle in the bottom-right corner of the
rectangulation. Formally, given a rectangulation R ∈ Rn, n ≥ 2, we consider the rectangle r

in the bottom-right corner, and we consider the top-left vertex of r. If this vertex has type ⊢,
then we collapse r by sliding its top side, which forms a wall, downwards until it merges
with the bottom side of r; see Figure 4 (a). Similarly, if this vertex has type ⊤, then we
collapse r by sliding its left side, which forms a wall, to the right until it merges with the
right side of r; see Figure 4 (b). We denote the resulting rectangulation with n− 1 rectangles
by p(R) ∈ Rn−1, and we say that p(R) is obtained from R by deletion.

R p(R)

R p(R)

(a)

(b)

r

r

Figure 4 Deletion operation.

Moreover, we denote the n rectangles of R by rn, rn−1, . . . , r1 in the order in which they
are deleted when applying the deletion operation exhaustively; see Figure 5. Clearly, if ri

is deleted and its top-left vertex has type ⊢, then the rightmost rectangle above ri is ri−1.
Similarly, if the top-left vertex has type ⊤, then the lowest rectangle to the left of ri is ri−1.

For any R ∈ Rn and i = 1, . . . , n we define R[i] := pn−i(R), i.e., this is the sub-
rectangulation of R formed by the first i rectangles; see Figure 5.

2.4 Insertion of rectangles
The idea of insertion is to add a new rectangle into the bottom-right corner of the rectangu-
lation. Given a rectangulation R ∈ Rn, we first define a set of points in R that can become
the top-left corner of the newly added rectangle; see Figure 6.
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R p(R) = R[8] p2(R) = R[7] p3(R) = R[6]

. . .

Figure 5 A rectangulation and the indexing of its rectangles given by repeated deletion.

For any rectangle r in R ∈ Rn, n ≥ 1, that touches the bottom boundary of R, we
consider all edges forming the left side of r, and from every such edge we select one interior
point, and we refer to it as a vertical insertion point. Similarly, for any rectangle r in R

that touches the right boundary of R, we consider the set of all edges forming the top side
of r, and from every such edge we select one interior point, and we refer to it as a horizontal
insertion point. Combinatorially it does not make a difference which interior point is selected.

I(R)

1 2

3
4

5
6
7

8 9 10

11

12

13 16

17

18

19 23

24

25

14

2120

R

n

15

22

Figure 6 Linear ordering of insertion points. First and last insertion point are filled.

We order the insertion points linearly, by sorting all vertical insertion points lexico-
graphically by their (x, y)-coordinates, followed by all horizontal insertion points sorted
lexicographically by their (y, x)-coordinates; see Figure 6. We write I(R) = (q1, q2, . . . , qν)
for the sequence of all insertion points ordered in this linear order. In particular, ν = ν(R)
denotes the number of insertion points.

▶ Lemma 1. For any rectangulation R ∈ Rn we have ν(R) ≤ n + 1.

The proof of Lemma 1 is straightforward; see [23]. The upper bound in Lemma 1 is
attained if every rectangle touches the bottom or right boundary of R.

Given R ∈ Rn and the sequence of insertion points I(R) = (q1, . . . , qν), for each i =
1, . . . , ν we define a rectangulation ci(R) ∈ Rn+1 as follows: If qi is a vertical insertion
point, then ci(R) is obtained from R by inserting a new rectangle rn+1 in the bottom-right
corner such that rn+1 has above it exactly all rectangles which in R lie to the right of qi and
touch the bottom boundary of R, and such that rn+1 has to its left exactly all rectangles
which in R touch the vertical wall through qi below qi; see Figure 7 (a). Similarly, if qi is a
horizontal insertion point, then ci(R) is obtained from R by inserting a new rectangle rn+1
in the bottom-right corner such that rn+1 has to its left exactly all rectangles which in R
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lie below qi and touch the right boundary of R, and such that rn+1 has above it exactly all
rectangles which in R touch the horizontal wall through qi to the right of qi; see Figure 7 (b).
We say that ci(R) is obtained from R by insertion.

qi

qi

ci(R)R

R ci(R)

n
+
1

n+ 1

n

nn

n

(a)

(b)

Figure 7 Insertion operation.

By these definitions, the operations of deletion and insertion are inverse to each other,
which we record in the following lemma.

▶ Lemma 2. For any rectangulation R ∈ Rn and any two distinct insertion points qi and qj

from I(R), the rectangulations ci(R) ∈ Rn+1 and cj(R) ∈ Rn+1 are distinct, and we have
R = p(ci(R)) = p(cj(R)).

The first and last insertion point, highlighted in Figure 6, play a special role. We say
that R is bottom-based if R has a rectangle whose bottom side is the entire bottom boundary
of R, and R is right-based if R has a rectangle whose right side is the entire right boundary
of R. Note that □ is both bottom-based and right-based, and if n ≥ 2, then R ∈ Rn is
bottom-based if and only if R = c1(p(R)) and right-based if and only if R = cν(p(R))(p(R)).

3 The basic algorithm

We now present the basic algorithm that we use to generate a set of rectangulations Cn ⊆ Rn.

3.1 Jumps in rectangulations
We first introduce a local change operation that generalizes the three kinds of flips introduced
in Section 2.2 (recall Figure 3) and that will be applied when moving from one rectangulation
in Cn to the next in the algorithm. A jump changes the insertion point for exactly one
rectangle of the rectangulation. Formally, for a rectangulation R ∈ Rn, we say that R′ ∈ Rn

differs from R by a right jump of rectangle rj by d steps, denoted R′ = #„

J (R, j, d), where
2 ≤ j ≤ n and d > 0, if one of the following conditions holds; see Figure 8:
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I(P )

P = p(R) = p(R′)

j − 1

k

k + d

R = ck(P )

j − 1

j

R′ = ck+d(P )

j − 1 j

right jump of rj

left jump of rj

Figure 8 Definition of jumps.

j = n, and p(R) = p(R′) =: P ∈ Rn−1, R = ck(P ) and R′ = ck+d(P ) for some k > 0;
j < n, and R and R′ are either both bottom-based or both right-based, and p(R′) differs
from p(R) in a right jump of rectangle rj by d steps.

In words, the first condition asserts that the first n− 1 rectangles in R and R′ form the same
rectangulation P ∈ Rn−1, and R and R′ are obtained by insertion from P using the kth and
(k + d)th insertion point, respectively. The second condition asserts that R and R′ agree in
the rectangle rn, which either forms the bottom boundary or the right boundary of those
rectangulations, and p(R′) differs from p(R) in a right jump with the same parameters.

A right jump as before is called minimal w.r.t. to a set of rectangulations Cn ⊆ Rn, if in
the first condition above there is no index ℓ with k < ℓ < k + d such that cℓ(P ) ∈ Cn.

A (minimal) left jump, denoted R′ = #„

J (R, j, d), is defined analogously by replacing
ck+d by ck−d and k < ℓ < k + d by k > ℓ > k − d in the definitions above. Clearly, if R′

differs from R by a right jump of rectangle rj by d steps, then R differs from R′ by a left
jump of rectangle rj by d steps, and vice versa, i.e., we have R′ = #„

J (R, j, d) if and only if
R = #„

J (R′, j, d). We sometimes simply say that R and R′ differ in a jump, without specifying
the direction. We state the following simple observations for further reference; see Figure 9.

I(P )

P

j − 1

wall slides

simple flips

T-flips

Figure 9 Jumps generalize wall slides, simple flips and T-flips.

▶ Lemma 3. Consider two rectangulations R, R′ ∈ Rn that differ in a jump of rectangle rj ,
define P := R[j−1] = R′[j−1] ∈ Rj−1, and let qk and qℓ be the insertion points in I(P ) such
that R[j] = ck(P ) and R′[j] = cℓ(P ).
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(a) If qk and qℓ are consecutive (w.r.t. I(P )) on a common wall of P , then R and R′ differ
in a wall slide.

(b) If qk lies on the last vertical wall and qℓ on the first horizontal wall of P (w.r.t. I(P )),
then R and R′ differ in a simple flip.

(c) If qk lies on a vertical wall and qℓ is the first insertion point on the next vertical wall
of P (w.r.t. I(P )), or if qk lies on a horizontal wall and qℓ is the last insertion point on
the previous horizontal wall, then R and R′ differ in a T-flip.

3.2 Generating rectangulations by minimal jumps
Consider the following algorithm that attempts to greedily generate a set of rectangulations
Cn ⊆ Rn using minimal jumps.

Algorithm J□ (Greedy minimal jumps).

This algorithm attempts to greedily generate a set of rectangulations Cn ⊆ Rn using minimal
jumps starting from an initial rectangulation R0 ∈ Cn.
J1. [Initialize] Visit the initial rectangulation R0.
J2. [Jump] Generate an unvisited rectangulation from Cn by performing a minimal jump of

the rectangle with maximum index in the most recently visited rectangulation. If no
such jump exists, or the jump direction is ambiguous, then terminate. Otherwise visit
this rectangulation and repeat J2.

To illustrate how Algorithm J□ works, consider the set of five rectangulations C4 =
{R1, . . . , R5} ⊆ R4 shown in Figure 10. If initialized with R0 := R1, then the algorithm
performs a left jump of rectangle 4 by one step (a right jump of rectangle 4 is impossible)
to reach R2, i.e., we have R2 = #„

J (R1, 4, 1). In R2, there are two options, either a right
jump of rectangle 4 by one step, leading back to R1, which has been visited before, or a left
jump of rectangle 4 by two steps, leading to R3, so we visit R3 = #„

J (R2, 4, 2). In R3, the
jumps involving rectangle 4 lead to rectangulations that were visited before (R1 and R2).
Moreover, a jump of rectangle 3 does not lead to a rectangulation in C4. However, a right
jump of rectangle 2 by one step leads to R4 (a left jump of rectangle 2 is impossible), so
we visit R4 = #„

J (R3, 2, 1). Finally, in R4 a right jump of rectangle 4 by two steps leads
to R5 = #„

J (R4, 4, 2) (a left jump of rectangle 4 is impossible). In this example, Algorithm J□

successfully visits every rectangulation from C4 exactly once.
On the other hand, suppose we instead initialize the algorithm with R0 := R3. The

algorithm will then visit R2 := #„

J (R3, 4, 2) followed by R1 := #„

J (R2, 4, 1), and then terminates
without success, as from R1 no jump leads to an unvisited rectangulation from C4. Lastly,

1

2

3 4
1

2

3
33 1

1
2

2
4

44

R1 R2 R3 R4 R5

C4 ⊆ R4

#„

J (R1, 4, 1) = R2
#„

J (R2, 4, 2) = R3
#„

J (R3, 2, 1) = R4
#„

J (R4, 4, 2) = R5

3

1 2

4

Figure 10 Example execution of Algorithm J□.

SoCG 2021



54:12 Rectangulations via Permutation Languages

suppose we initialize Algorithm J□ with R0 := R2. As before, in R2, there are two possibilities,
either a right jump or a left jump of rectangle 4, both leading to an unvisited rectangulation
from C4. Both are minimal jumps in opposite directions, and as the jump direction is
ambiguous, the algorithm terminates immediately without success.

▶ Remark 4. We do not recommend using Algorithm J□ in the stated form to generate a set
of rectangulations efficiently! This is because the algorithm requires to maintain the list of
all previously visited rectangulations (possibly exponentially many), and to look up this list
in each step to check whether a rectangulation obtained by a jump from the current one has
been visited before. For us, Algorithm J□ is merely a tool to define a Gray code ordering
of the rectangulations in the given set Cn in way that is easy to remember (cf. [35]). In
fact, in Section 5 we will present a modified algorithm that dispenses with the costly lookup
operations, and that computes the very same sequence of rectangulations.

3.3 A guarantee for success
By definition, Algorithm J□ visits every rectangulation from a given set Cn ⊆ Rn at most
once, but it may terminate before having visited all. We now provide a sufficient condition
guaranteeing that Algorithm J□ visits every rectangulation from Cn exactly once.

A set of generic rectangulations Cn ⊆ Rn is called zigzag, if either n = 1 and C1 = {□}, or
if n ≥ 2 and Cn−1 := {p(R) | R ∈ Cn} is zigzag and for every R ∈ Cn−1 we have c1(R) ∈ Cn

and cν(R)(R) ∈ Cn. In words, a zigzag set Cn is closed under repeatedly deleting bottom-
right rectangles and replacing them by rectangles inserted either below or to the right of
the remaining ones; recall Figure 1. The name “zigzag” does not refer to the shape of a
rectangulation and will become clear momentarily. We also say that Cn is symmetric, if
reflection at the main diagonal is an involution of Cn, i.e., if R ∈ Cn, then the rectangulation
obtained from R by reflection at the main diagonal is also in Cn. We write ...

n for the
rectangulation that consists of n vertically stacked rectangles.

▶ Theorem 5. Given any zigzag set of rectangulations Cn and initial rectangulation R0 = ...
n ,

Algorithm J□ visits every rectangulation from Cn exactly once. Moreover, if Cn is symmetric,
then the ordering of rectangulations generated by Algorithm J□ is cyclic, i.e., the first and
last rectangulation differ in a minimal jump.

Note that the rectangulation R0 = ...
n is contained in every zigzag set by definition, so this

is a valid initialization for Algorithm J□. We write J□(Cn) for the sequence of rectangulations
generated by Algorithm J□ for a zigzag set Cn when initialized with R0 = ...

n .
It is easy to see that the number of distinct zigzag sets of generic rectangulations is at

least 2|Rn|(1−o(1)) ≥ 2Ω(11.56n) (the latter estimate uses the best known lower bound on |Rn|
from [3]), i.e., at least double-exponential in n. In other words, Algorithm J□ exhaustively
generates a given set of generic rectangulations in a vast number of cases. Moreover, many
natural classes of rectangulations are in fact zigzag. In particular, all the classes introduced
in Section 2.2 and shown in Table 1 satisfy the aforementioned closure property. Moreover,
all of these classes are symmetric, so for each of them we obtain cyclic jump orderings.

3.4 Tree of rectangulations
The notion of zigzag sets and the operation of Algorithm J□ can be interpreted combinatorially
in the so-called tree of rectangulations, which is an infinite rooted tree, defined recursively
as follows; see Figure 11: The root of the tree is a single rectangle □ ∈ R1. For any node



A. Merino and T. Mütze 54:13

R ∈ Rn, n ≥ 1, of the tree we consider all insertion points of the rectangulation R, and
the set of children of R in the tree is {ci(R) ∈ Rn+1 | i = 1, . . . , ν(R)}. Conversely, the
parent of each R ∈ Rn, n ≥ 2, is p(R) ∈ Rn−1. In words, insertion leads to the children of a
node, and deletion leads to the parent of a node. By Lemma 2, each generic rectangulation
appears exactly once in the tree, and the set of nodes in distance n from the root of the tree
is precisely the set Rn+1 of generic rectangulations with n + 1 rectangles. We emphasize
that this tree is unordered, i.e., there is no specified ordering among the children of a node.

By Lemma 1, a node R ∈ Rn in the tree has at most n+1 children, i.e., we have |Rn| ≤ n!.
As we see from Figure 11, this inequality is tight up to n = 4, but starting from n = 4, there
are nodes R ∈ Rn with strictly less than n + 1 children, i.e., we have |R5| < 5!. In fact, it
was shown in [3] that |Rn| = O(28.3n).

1

1

1

1

1111

1 1 1

1 1

1
1 1 1

1

1

11

1

1

11

11

11

1

2

2

2

2 2

2 2

2

2

2

2

2

2

2
2

2 2

2

2

2

2

2

2

2

2

2

2

2

2

3

3

3 3

31

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

2

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4

4 4

4

4

4

1

3

4

2

1

3 4

2

3

Figure 11 Tree of generic rectangulations up to depth 3 with insertion points highlighted, where
first and last insertion point are filled. The rectangulations in the dashed boxes at the bottom
level R4 are stacked on top of each other due to space constraints, but they are children of a common
parent node. Bottom- or right-based rectangulations, corresponding to insertion at the first or last
insertion point, are marked by gray boxes.

SoCG 2021



54:14 Rectangulations via Permutation Languages

A subset Cn ⊆ Rn of nodes in depth n− 1 of this tree is zigzag, if and only if it arises
from the full tree of rectangulations by pruning some subtrees whose roots are neither
bottom-based nor right-based rectangulations. In Figure 11, all bottom-based or right-based
rectangulations are highlighted by gray boxes, and can therefore not be pruned, while all
other nodes can possibly be pruned. If no nodes are pruned, then we have Cn = Rn, and
if all possible nodes are pruned, then Cn is the set Bn of 2n−1 rectangulations obtained
by repeatedly stacking a new rectangle either below or to the right of the previous ones,
i.e., Bn = {c1(R), cν(R)(R) | R ∈ Bn−1} for n ≥ 2 and B1 = {□}. Moreover, we have
Bn ⊆ Cn ⊆ Rn for any zigzag set Cn.

The operation of Algorithm J□ for a zigzag set Cn as input can be interpreted as follows:
Given the pruned tree corresponding to Cn, we consider the set of nodes on all previous
levels of the tree, i.e., the sets Ci−1 := {p(R) | R ∈ Ci} for i = n, n − 1, . . . , 2, which are
all zigzag sets by definition. Moreover, we consider the orderings J□(Ci), i = 1, . . . , n,
defined by Algorithm J□ for each of these sets. These sequences turn the unordered tree
corresponding to Cn into an ordered tree, where the children ci(R) of each node R from
left to right appear alternatingly in increasing order i = 1, . . . , ν(R) or in decreasing order
i = ν(R), ν(R)− 1, . . . , 1. Consequently, in the sequence J□(Ci), i ≥ 2, which forms the left-
to-right sequence of all nodes in depth i− 1 of this ordered tree, the rectangle ri alternatingly
jumps left and right between the first and last insertion point, which motivates the name
“zigzag” set; see also the animations provided in [10].

4 Pattern-avoiding rectangulations

We now show that Algorithm J□ applies to a large number of rectangulation classes that are
defined by pattern avoidance, under some very mild conditions; recall Table 1.

A rectangulation pattern is a configuration of walls with prescribed directions and inci-
dences. For example, the windmill patterns and describe four walls such that when
considering the walls in clockwise or counterclockwise order, respectively, the end vertex of
one wall lies in the interior of the next wall. We can also think of a pattern as the rectangu-
lation formed by the given walls and incidences. For example, we can think of the windmill
patterns as rectangulations with 5 rectangles. We say that a rectangulation R contains the
pattern P , if R contains a subset of walls with the directions and incidences specified by P .
Otherwise we say that R avoids P . For any set of rectangulation patterns P and for any set
of rectangulations C, we write C(P) for the rectangulations from C that avoid each pattern
from P. For example, diagonal rectangulations are given by Dn = Rn

({
,

})
.

We say that a rectangulation pattern P is tame, if for any rectangulation R that avoids P ,
we also have that c1(R) and cν(R)(R) avoid P . In words, inserting a new rectangle below R

or to the right of R must not create the pattern P . These definitions yield the next lemma.

▶ Lemma 6. If a rectangulation pattern is neither bottom-based nor right-based, then it is
tame. In particular, each of the patterns , , , , , , , is tame.

The following powerful theorem allows to obtain many new zigzag sets of rectangulations
from a given zigzag set Cn ⊆ Rn by forbidding one or more tame patterns. All of these
zigzag sets can then be generated by our Algorithm J□.

▶ Theorem 7. Let Cn ⊆ Rn be a zigzag set of rectangulations, and let P be a set of tame
rectangulation patterns. Then Cn(P) is a zigzag set of rectangulations. Moreover, if P is
symmetric, then Cn(P) is symmetric.
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Recall that P is symmetric if for each pattern P ∈ P , we have that the pattern obtained
from P by reflection at the main diagonal is also in P. The significance of the second part
of the theorem is that if Cn(P) is symmetric, then the ordering of rectangulations of Cn(P)
generated by Algorithm J□ is cyclic by Theorem 5. See [23] for a proof of Theorem 7.

5 Efficient computation

Recall from Remark 4 that Algorithm J□ in its stated form is unsuitable for efficient
implementation. We now discuss how to make the algorithm efficient, so as to achieve the
time bounds claimed in Table 1 for several interesting classes of rectangulations.

5.1 Memoryless algorithm
Consider Algorithm M□ below, which takes as input a zigzag set of rectangulations Cn ⊆ Rn

and generates them exhaustively by minimal jumps in the same order as Algorithm J□, i.e.,
in the order J□(Cn). After initialization in line M1, the algorithm loops over lines M2–M5,
visiting the current rectangulation R at the beginning of each iteration (line M2), until it
terminates (line M3). The key idea is to track explicitly which rectangle jumps in each
step, and the direction of the jump. With this information, the jump is determined by the
condition that it must be minimal w.r.t. Cn, i.e., starting from the current insertion point of
the given rectangle, we choose the first insertion point (w.r.t. their linear ordering) for that
rectangle in the given direction that creates the next rectangulation from Cn.

Algorithm M□ (Memoryless minimal jumps).

This algorithm generates all rectangulations of a zigzag set Cn ⊆ Rn by minimal jumps in
the same order as Algorithm J□. It maintains the current rectangulation in the variable R,
and auxiliary arrays o = (o1, . . . , on) and s = (s1, . . . , sn).
M1. [Initialize] Set R← ...

n , and oj ←◁ , sj ← j for j = 1, . . . , n.
M2. [Visit] Visit the current rectangulation R.
M3. [Select rectangle] Set j ← sn, and terminate if j = 1.
M4. [Jump rectangle] In the current rectangulation R, perform a jump of rectangle rj that

is minimal w.r.t. Cn, where the jump direction is left if oj =◁ and right if oj =▷ .
M5. [Update o and s] Set sn ← n. If oj =◁ and R[j] is bottom-based set oj ←▷ , or

if oj =▷ and R[j] is right-based set oj ←◁ , and in both cases set sj ← sj−1 and
sj−1 ← j − 1. Go back to M2.

Specifically, the jump directions are maintained by an array o = (o1, . . . , on), where
oj =◁ means that rectangle rj performs a left jump in the next step, and oj =▷ means
that rectangle rj performs a right jump in the next step (line M4). All sub-rectangulations
of the initial rectangulation ...

n are right-based, so the initial jump directions are oj =◁ for
j = 1, . . . , n (line M1). Whenever rectangle rj jumps left and reaches the first insertion point,
which means that R[j] is bottom-based, or if it jumps right and reaches the last insertion
point, which means that R[j] is right-based, then the jump direction oj is reversed (line M5).

The array s = (s1, . . . , sn) is used to determine which rectangle jumps in each step.
Specifically, the last entry sn determines the rectangle that jumps in the current iteration
(line M3). This array simulates a stack in a loopless fashion, following an idea first used
by Bitner, Ehrlich, and Reingold [7]. The stack is initialized by (s1, . . . , sn) = (1, 2, . . . , n)
(line M1), with sn being the value on the top of the stack. The stack is popped (by the
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instruction sj ← sj−1 in line M5) when rectangle rj reaches its first or last insertion point in
this step, meaning that this rectangle is not eligible to jump in the next step, but becomes
eligible again after the next step, which is achieved by pushing the value j on the stack again
(by the instructions sn ← n and sj−1 ← j − 1 in line M5). See Table 2 for an example.

▶ Theorem 8. For any zigzag set of rectangulations Cn ⊆ Rn, Algorithm M□ visits every
rectangulation from Cn exactly once, in the order J□(Cn) defined by Algorithm J□.

To make meaningful statements about the running time of Algorithm M□, we need to
specify the data structures used to represent the current rectangulation R, and the operations
on this data structure to perform the operations in lines M4 and M5. Most importantly, we
need to develop oracles which efficiently compute the next minimal jump w.r.t. Cn for some
interesting zigzag sets Cn. One should think of Cn here as a class of rectangulations specified
by some properties or forbidden patterns, such as “diagonal guillotine rectangulations”, and
not as large precomputed set of rectangulations. All of these details can be found in [23],
and they are part of our C++ implementation provided in [10].

Table 2 Execution of Algorithm M□ for the set C4 = D4 of diagonal rectangulations with
4 rectangles. Empty entries in the o and s column are unchanged compared to the previous row.

J□(C4) jump o1o2o3o4 s1s2s3s4 J□(C4) jump o1o2o3o4 s1s2s3s4

1

1
2

3
4

#„
J (R, 4, 1) ◁ ◁ ◁ ◁ 1 2 3 4 12

1
2

3
4

#„
J (R, 4, 1) ▷ 1 1 4

2

1
2

3
4

#„
J (R, 4, 1) 4 13

1
2

3
4

#„
J (R, 4, 1) 4

3

1
2

3
4

#„
J (R, 4, 1) 4 14

1
2

3
4

#„
J (R, 4, 1) 4

4

1
2

3
4

#„
J (R, 3, 1) ▷ 3 3 15

1
2

3
4

#„
J (R, 3, 1) ◁ 3 3

5

1
2

3
4

#„
J (R, 4, 1) 4 16

1
2

3
4

#„
J (R, 4, 1) 4

6

1
2

3
4

#„
J (R, 4, 1) 4 17

1
2

3
4

#„
J (R, 4, 1) 4

7

1
2

3
4

#„
J (R, 4, 1) 4 18

1
2

3
4

#„
J (R, 4, 1) 4

8

1
2

3
4

#„
J (R, 3, 1) ◁ 3 3 19

1
2

3
4

#„
J (R, 3, 1) ▷ 3 3

9

1
2

3
4

#„
J (R, 4, 1) ▷ 2 2 4 20

1
2

3
4

#„
J (R, 4, 1) ◁ 2 1 4

10

1
2

3
4

#„
J (R, 4, 2) 4 21

1
2

3
4

#„
J (R, 4, 2) 4

11

1
2

3
4

#„
J (R, 2, 1) ▷ 3 2 22

1
2

3
4 ◁ 3 1
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Abstract
We study a fundamental question from graph drawing: given a pair (G, C) of a graph G and a
cycle C in G together with a simple polygon P , is there a straight-line drawing of G inside P

which maps C to P ? We say that such a drawing of (G, C) respects P . We fully characterize those
instances (G, C) which are polygon-universal, that is, they have a drawing that respects P for any
simple (not necessarily convex) polygon P . Specifically, we identify two necessary conditions for an
instance to be polygon-universal. Both conditions are based purely on graph and cycle distances
and are easy to check. We show that these two conditions are also sufficient. Furthermore, if an
instance (G, C) is planar, that is, if there exists a planar drawing of G with C on the outer face,
we show that the same conditions guarantee for every simple polygon P the existence of a planar
drawing of (G, C) that respects P . If (G, C) is polygon-universal, then our proofs directly imply a
linear-time algorithm to construct a drawing that respects a given polygon P .
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1 Introduction

Graphs are a convenient way to express relations between entities. To visualize these
relations, the corresponding graph needs to be drawn, most commonly in the plane and with
straight edges. Naturally there are a multitude of different optimization criteria and drawing
restrictions that attempt to capture various perceptual requirements or real-world conditions.
In this paper we focus on drawings which are constrained to the interiors of simple polygons.

The polygon-extension problem asks, whether a given graph admits a (planar) drawing
where the outer face is fixed to a given simple polygon P ; see Fig. 1 for examples. Our
main focus is the polygon-universality problem, which asks whether a given plane graph
admits a polygon-extension for every choice of fixing the outer face to a simple polygon.
As is often the case with geometric problems, a natural complexity class for the polygon-
extension problem is ∃R, the class of problems that can be encoded in polynomial time as an
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existentially quantified formula of real variables (rather than Boolean variables as for Sat),
which was introduced by Schaefer and Štefankovič [12]. The natural complexity class for the
polygon-universality problem is ∀∃R, the universal existential theory of the reals, which has
been recently defined by Dobbins et al. [5]. It is known that NP ⊆ ∃R ⊆ ∀∃R ⊆ PSPACE [3].

Tutte [13] proved that there is a straight-line planar drawing of a planar graph G inside an
arbitrary convex polygon P if one fixes the outer face of (an arbitrary planar embedding of) G

to P . This result has been generalized to allow polygons P that are non-strictly convex [4, 6]
or even star-shaped polygons [7]. These results have applications in partial drawing extension
problems. Here, in addition to an input graph G, we are given a subgraph H ⊆ G together
with a fixed drawing Γ of H. The question is whether one can extend the given drawing Γ
to a planar straight-line drawing of the whole graph G by drawing the vertices and edges
of G − H inside the faces of H. If the embedding of G is fixed, the results by Tutte and
others allow to reduce the problem by removing vertices of G that are contained in convex
or star-shaped faces of Γ. Such reduction rules have lead to efficient testing algorithms for
special cases, for example, when the drawing of H is convex [10].

Recently, Lubiw et al. [9] showed that it is ∃R-complete to decide for a given planar graph
that is partially fixed to a non-crossing polygon with holes, whether the partial drawing
can be extended to a planar straight-line drawing that does not intersect the outside of the
polygon. That is, the planar polygon extension problem is ∃R-complete for polygons with
holes. They leave the case of simple polygons open.

If we do not insist on straight-line drawings, then other questions arise. Angelini et al. [2]
give an O(mn)-time algorithm for testing whether an n-vertex outer-planar graph admits
a planar one-bend drawing whose outer face is fixed to a simple polygon on m vertices.
Mchedlidze and Urhausen [11] link the number of bends per edge that are necessary for
extending a drawing to a convexity measure for the faces of the partial drawing. Angelini et
al. [1] present a linear time algorithm to decide if a partially fixed drawing has a planar
drawing using Jordan arcs, while Jelínek et al. [8] characterize the solvable instances by
forbidden substructures.

Quite recently, Dobbins et al. [5] considered the problem of area-universality for graphs
with partial drawings. Let G be a planar graph with a fixed embedding, including the
outer face. An assignment of areas to faces of G is realizable if G admits a straight-line
drawing such that each face has the assigned area. A graph is area-universal if every area
assignment is realizable. Dobbins et al. prove that it is ∃R-complete to decide whether an
area assignment is realizable for a planar triangulation, which has been partially drawn, and
testing area-universality is ∀∃R-complete if the planarity condition is dropped (but still parts
of the drawing are fixed). They conjecture that the same area-universality problems without
a partially fixed drawing are ∃R- and ∀∃R-complete in general.

Notation. Let G = (V, E) be a graph with n vertices. A drawing D of G is a map from
each v ∈ V to points in the plane and from each edge e ∈ E to a Jordan arc connecting its
endpoints. A straight-line drawing maps each edge to a straight line segment. A drawing is
planar, if no two edges intersect, except at common endpoints. A graph G is planar if it has a
planar drawing. Let C = [c1, . . . , ct] with ci ∈ V be a simple cycle in G. An instance (G, C)
is planar if G has a planar drawing with C as the outer face. Let P be a simple polygon with t

vertices [p1, . . . , pt] with pi ∈ R2. A drawing D of (G, C) respects P if it is a map D : V → P

from vertices to points in P such that D(ci) = pi and for each edge {u, v} ∈ E, the line
segment between D(u) and D(v) lies in P (see Figure 1). That is, D is a straight-line
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C

c1 c8

c7

c6

c5c4

c3

c2

p1

p2p3

p4 p5

p6

p7

p8

P

Figure 1 Left: an instance (G, C). Center left: a drawing of (G, C) that respects a polygon P

(shaded in grey). Center right: there is no drawing of (G, C) that respects this polygon. Right: A
triangulated convex polygon with a drawing that is not triangulation-respecting; moving the vertices
along the dashed arrows results in a triangulation-respecting drawing.

drawing of G inside P that fixes the vertices of C to the corresponding vertices of P . An
instance (G, C) is (planar) polygon-universal if it admits a (planar) straight-line drawing
that respects every simple (not necessarily convex) polygon P on t vertices.

Our algorithms use a triangulation T of P to construct a drawing or prove the non-
universality. We say that a drawing of (G, C) respects T if no edge of G properly crosses an
edge of T . Although every triangulation-respecting drawing is also a drawing, the converse
is not true. In fact, there are graphs G, cycles C, and polygons P that have a drawing, but
no triangulation of P exists that allows a triangulation-respecting drawing (see Figure 2).

c2

p2
c3

p3

c4c1

c5c6

p4

p5p6

p1

Figure 2 A graph G and a polygon for which there exists a drawing of G, but no triangulation
with a triangulation-respecting drawing.

Results and organization. In Section 2 we identify two necessary conditions for an in-
stance (G, C) to be polygon-universal. These conditions are purely based on graph and cycle
distances and hence easy to check. To show that these two conditions are also sufficient, we
use triangulation-respecting drawings: if there is a triangulation T of a simple polygon P

such that (G, C) does not admit a triangulation-respecting drawing for T , then we can argue
that G contains one of two forbidden substructures, violating the necessary conditions (see
Section 5). These substructures certify that (G, C) is not polygon-universal.

To arrive at this conclusion, in Section 3 we first present an algorithm that tests in linear
time for a given instance (G, C), a polygon P , and triangulation T of P , whether there exists
a triangulation-respecting drawing of G for T inside P . If so, we can construct the drawing
in linear time. Then, in Section 4, we consider planar instances (G, C) and show that the
same algorithm can decide in linear time whether there is a triangulation-respecting drawing
that is planar after infinitesimal perturbation. An analysis of this algorithm shows that a
planar instance (G, C) is planar polygon-universal if and only if it is polygon-universal.

SoCG 2021
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2 Necessary conditions for polygon-universality

We present two necessary conditions for an instance (G, C) to be polygon-universal. Intuitively,
both conditions capture that there need to be “enough” vertices in G between cycle vertices
for the drawing not to become “too tight”. The Pair Condition captures this for any two
vertices on the cycle C. The Triple Condition is a bit more involved: even if the Pair
Condition is satisfied for any pair of vertices on the cycle, there can still be triples of vertices
which together “pull too much” on the graph. Specifically, for an instance (G, C) of a graph G

and a cycle C ⊂ G with t vertices, we denote by dG : V ×V → N the graph distance in G and
by dC : V (C) × V (C) → N the distance (number of edges) along the cycle C. The following
conditions are necessary for (G, C) to be polygon-universal for all simple polygons P :

Pair For all i and j, we have dC(ci, cj) ≤ dG(ci, cj) (and hence dC(ci, cj) = dG(ci, cj)).

Triple For all vertices v ∈ V and distinct i, j, k with dC(ci, cj) + dC(cj , ck) + dC(ci, ck) ≥ t

(and hence = t), we have dG(ci, v) + dG(cj , v) + dG(ck, v) > t/2.

To establish that these two conditions are necessary, we use the link distance between two
points inside certain simple polygons P . Specifically, the link distance of two points q1 and q2
with respect to a simple polygon P is the minimum number of segments for a polyline π

that lies inside P and connects q1 and q2. If the Pair Condition is violated for two cycle
vertices ci and cj , we can construct a Pair Spiral polygon P (see Figure 3 (left)) such that
the link distance between pi and pj (the vertices of P to which ci and cj are mapped)
exceeds dG(ci, cj). Clearly there is no drawing (G, C) that respects P .

If the first condition holds, but the second condition is violated by a vertex v, consider
the shortest paths via v that connect ci, cj , ck to each other. By assumption the total length
of these three paths is 2dG(ci, v) + 2dG(cj , v) + 2dG(ck, v) ≤ t, while the total length of the
paths connecting ci, cj , ck to each other along C is dC(ci, cj) + dC(cj , ck) + dC(ci, ck) = t.
Since the pair condition holds, the paths via v are not shorter than the paths along C, and
therefore the paths via v must be shortest paths connecting the pairs. That is, dC(ci, cj) =
dG(ci, v) + dG(cj , v), dC(cj , ck) = dG(cj , v) + dG(ck, v) and dC(ci, ck) = dG(ci, v) + dG(ck, v).
In that case, we can construct a Triple Spiral polygon P (see Figure 3 (right)) such that there
is no point that lies within link-distance dG(ci, v) from ci, link-distance dG(cj , v) from cj ,
and link-distance dG(ck, v) from ck simultaneously. Hence, there exists no drawing of the
aforementioned shortest paths via v that respects P .

pj

pi

pkv

pi

pj

Figure 3 Left: Pair Spiral. Points with link-distance greater than dG(ci, cj) from pi shaded red.
Right: Triple Spiral. Points of link-distance ≤ dG(cx, v) from px for one x ∈ {i, j, k} in light gray; for
two x ∈ {i, j, k} in dark gray; there is no point q in P with dG(cx, q) ≤ dG(cx, v) for all x ∈ {i, j, k}.



T. Ophelders, I. Rutter, B. Speckmann, and K. Verbeek 55:5

3 Triangulation-respecting drawings

In this section we are given the following input: an instance (G, C) consisting of a graph G

with n vertices and a cycle C with t vertices, and a simple polygon P with t vertices together
with an arbitrary triangulation T of P . We study the following question: is there a drawing
of (G, C) that respects both P and T ?

We describe a dynamic programming algorithm which can answer this question in linear
time. The basic idea is as follows: every edge of T defines a pocket of P . We recursively
sketch a drawing of G within each pocket. Such a sketch assigns an approximate location,
such as an edge or a triangle, to each vertex. Ultimately we combine the location constraints
on vertex positions posed by the sketches and decide if they can be satisfied.

We root (the dual tree of) T at an arbitrary triangle Troot. Each edge e of T partitions P

into two regions, one of which contains Troot. Let Q be the region not containing Troot. We
say that Q is a pocket with the lid e = eQ, and we denote the unique triangle outside Q

adjacent to eQ by T +
Q . Since a pocket is uniquely defined by its lid, we will for an edge e

also write Qe to denote the pocket with lid e. We say that a pocket is trivial if its lid lies on
the boundary of P ; in such case the pocket consists of only that edge. If Q is a non-trivial
pocket, then we denote the unique triangle inside Q adjacent to eQ by TQ (see Figure 4).

For ease of explanation we consider all indices on C and P modulo t, that is, we identify ci

and ci+t as well as pi and pi+t. Moreover, when talking about a non-trivial pocket Q with
lid (pi, pj), whose third vertex of TQ is pk, we will assume that i ≤ k ≤ j (otherwise simply
shift the indices cyclically). We first define triangulation-respecting drawings for pockets:

▶ Definition 1. A triangulation-respecting drawing for a pocket Q with lid eQ = (pi, pj) is
an assignment of the vertices of G to locations inside the polygon P , such that
1. Any vertex cℓ with i ≤ ℓ ≤ j is assigned to the polygon vertex pℓ.
2. For any edge (u, v) of G, u and v lie on a common triangle (or edges or vertices thereof).

We consider the triangles of the triangulation as closed, so that distinct triangles may share a
segment (namely an edge of the triangulation) or a point (namely a vertex of P ). We define
a triangulation-respecting drawing for the entire triangulation analogously, requiring that cℓ

is assigned to pℓ for all ℓ.

A sketch is an assignment of the vertices of G to simplices (vertices, edges, or triangles)
of the triangulation with the property that, if we draw each vertex anywhere on its assigned
simplex, then the result is a triangulation-respecting drawing. We hence interpret a simplex
as a closed region of the plane in the remainder of this paper.

Troot

eQ

Q TQ

T+
Q

P

pi pj

Figure 4 A triangulation with labels for the pocket Q (shaded dark) and triangles TQ and T +
Q

incident to edge eQ of the triangulation.

SoCG 2021



55:6 Polygon-Universal Graphs

▶ Definition 2. A sketch of the triangulation is a function Γ that assigns vertices of G to
simplices of T , such that (i) for any vertex ci of the cycle, Γ(ci) = pi, and (ii) for any two
adjacent vertices u and v, there exists a triangle of T that contains both Γ(u) and Γ(v). A
sketch of a pocket is defined similarly, except that vertices pi of the polygon that lie outside
the pocket do not need ci assigned to them.

We show that a sketch exists (for a pocket or a triangulation) if and only if there is a
triangulation-respecting drawing (for that pocket or triangulation). If a pocket admits a
sketch, we call a pocket sketchable. If a particular pocket is sketchable, then so are all of its
subpockets, since any sketch for a pocket is also a sketch for any of its subpockets.

We present an algorithm that for any sketchable pocket constructs a sketch, and for
any other pocket reports that it is not sketchable. This algorithm recursively constructs
particularly well-behaved sketches for child pockets, and combines these sketches into a new
well-behaved sketch. To obtain a sketch for T , we combine the three well-behaved sketches for
the three pockets of the root triangle Troot – assuming that all three pockets are sketchable.

Well-behaved sketches. We restrict our attention to local sketches for a pocket Q, which
assign vertices either to simplices in Q or to the triangle T +

Q just outside Q, and interior
local sketches, which assign vertices to simplices in Q only.

▶ Lemma 3. If there is a sketch for pocket Q, then there is a local sketch for Q.

Generally, it is advantageous for a sketch to place its vertices as far “to the outside” as
possible, to generate maximum flexibility when combining sketches. Hence, we introduce
a preorder ⪯Q on local sketches of a pocket Q, defined as Γ ⪯Q Γ′ iff Γ(v) ∩ T +

Q ⊆ Γ′(v)
for all vertices v. Intuitively, maximal elements with respect to this preorder maximize for
each vertex, the intersection of its assigned simplex with T +

Q . We call a local sketch Γ of Q

well-behaved if it is maximal with respect to ⪯Q, and interior well-behaved if it is maximal
among all interior local sketches of Q. A similar preorder and notion of well-behaved can be
defined for sketches of the entire triangulation, by replacing T +

Q by Troot in the definition.

The construction. We show in Lemma 5 that for any sketchable pocket Q, we can construct
a specific interior well-behaved sketch ΛQ, and a specific well-behaved sketch Λ+

Q. Before we
can present the proof, we first need to define ΛQ and Λ+

Q.
If Q is a trivial pocket, that is, it consists of a single edge eQ of P , we define

ΛQ(v) =


pi if v = ci,
pj if v = cj ,
eQ otherwise.

For non-trivial pockets Q (that do not consist of a single edge), we will define ΛQ differently.
This definition will rely on the definitions of Λ+

L and Λ+
R for the child pockets L and R of Q

(whose outer triangles T +
L and T +

R equal the inner triangle TQ of Q). Therefore, we postpone
the definition of ΛQ for non-trivial pockets until after the definition of Λ+

Q. Intuitively, Λ+
Q

pushes those vertices which can be placed anywhere on eQ out to T +
Q if their neighbors allow

this and it pushes all remaining vertices as “far out as possible”. Formally, Λ+
Q is defined in

terms of ΛQ and will hence be defined if and only if ΛQ is defined:

Λ+
Q(v) =


T +

Q if eQ ⊆ ΛQ(v) and ∀(u,v)∈EΛQ(u) ∩ eQ ̸= ∅,
ΛQ(v) ∩ eQ otherwise, if ΛQ(v) ∩ eQ ̸= ∅,
ΛQ(v) otherwise.
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e

Λ+
L Λ+

R ΛQ Λ+
Q

pi
pj

pk

pi
pj

pk

T+
Q

T+
L = TQ = T+

R

Figure 5 Λ+
L and Λ+

R are merged into ΛQ which is then transformed into Λ+
Q for a subgraph of G.

Vertex c is constrained to pk in Λ+
L and can lie anywhere in T +

R in Λ+
R, hence c is constrained to

pk in both ΛQ and Λ+
Q. Vertex a can lie anywhere in T +

L = T +
R = TQ in ΛQ; since a is connected

to b it is pushed to the edge (pi, pj) in Λ+
Q (and not further). Vertex d can also lie anywhere in

T +
L = T +

R = TQ in ΛQ; since it has no further restrictions it is pushed all the way to T +
Q in Λ+

Q.

It remains to define ΛQ for non-trivial pockets. We will define ΛQ only if Λ+
L and Λ+

R are
defined for both of its child pockets L and R. We attempt to combine Λ+

L and Λ+
R into a

sketch ΛQ by taking the more restrictive placement for each vertex; here an assignment
to T +

L or T +
R is interpreted as “no placement restriction” (see Figure 5). Potentially, Λ+

L

and Λ+
R restrict the location of a vertex v in such a way that there is no valid placement

for v. In such cases, the following definition assigns that vertex to an “undefined” location.

ΛQ(v) =


Λ+

L(v) ∩ Λ+
R(v) if Λ+

L(v) ∩ Λ+
R(v) ̸= ∅,

Λ+
L(v) otherwise, if TQ = Λ+

R(v),
Λ+

R(v) otherwise, if TQ = Λ+
L(v),

undefined otherwise.

If the above equation assigns any vertex to an “undefined” location, we say that ΛQ is
undefined. In summary, ΛQ is defined if and only if Λ+

L is defined, Λ+
R is defined, and the

above equation does not assign any vertex to an undefined location. We inductively show
that ΛQ and Λ+

Q are defined if and only if the pocket Q is sketchable. Moreover, if they are
defined, then ΛQ and Λ+

Q are interior well-behaved and well-behaved sketches, respectively.
Lemma 4 shows that if both ΛQ and Λ+

Q are defined, then they are sketches. Lemma 5 shows
that if pocket Q is sketchable, then ΛQ and Λ+

Q are both defined and (interior) well-behaved.
We try to construct a sketch ∆ for the root triangle Troot, which (similar to ΛQ for

a non-trivial pocket Q) combines well-behaved sketches for its child pockets. Where a
non-trivial pocket Q has two child pockets, Troot has three child pockets A, B, and C (with
T +

A = T +
B = T +

C = Troot). The equation for ∆ is analogous to that of ΛQ; we say that ∆ is
defined if and only if all of Λ+

A, Λ+
B , and Λ+

C are defined, and the following equation does not
assign any vertex to an “undefined” location.

∆(v) =


Λ+

A(v) ∩ Λ+
B(v) ∩ Λ+

C(v) if Λ+
A(v) ∩ Λ+

B(v) ∩ Λ+
C(v) ̸= ∅,

Λ+
A(v) otherwise, if Λ+

B(v) = Λ+
C(v) = Troot,

Λ+
B(v) otherwise, if Λ+

A(v) = Λ+
C(v) = Troot,

Λ+
C(v) otherwise, if Λ+

A(v) = Λ+
B(v) = Troot,

undefined otherwise.

Lemma 6 shows that the triangulation T does not admit a sketch if ∆ is undefined. Otherwise,
Lemma 4 shows that ∆ is a sketch for the triangulation.

▶ Lemma 4. The functions ΛQ, Λ+
Q and ∆ are sketches whenever they are defined.
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Proof. ΛQ, Λ+
Q and ∆ are sketches if neighboring vertices are assigned to simplices of a

common triangle and ck is assigned to pk for all k; with i ≤ k ≤ j in the case of ΛQ and Λ+
Q

with Q = Q(pi,pj). We prove that ΛQ and Λ+
Q are sketches by structural induction.

First consider ΛQ for a trivial pocket Q. ΛQ assigns all vertices to simplices of the triangle
containing the edge (pi, pj), and assigns ΛQ(ci) = pi and ΛQ(cj) = pj , so ΛQ is a sketch.

Next, assume that Λ+
Q is defined for a pocket Q. By induction, ΛQ is defined and a sketch.

If ΛQ assigns ck to pk, so does Λ+
Q. If Λ+

Q(v) = T +
Q , all neighbors of v are by definition

assigned to simplices of T +
Q . If Λ+

Q(v) ̸= T +
Q , then ΛQ(v) ⊇ Λ+

Q(v) ̸= ∅, so if ΛQ assigns
neighboring vertices to simplices of a common triangle, so does Λ+

Q. So Λ+
Q is a sketch.

Next, assume that ΛQ is defined for a non-trivial pocket Q. Then Λ+
L and Λ+

R are sketches
for the subpockets L and R of Q with T +

L = T +
R = TQ. ΛQ assigns ck to pk for all i ≤ k ≤ j.

Suppose for a contradiction that ΛQ assigns two neighboring vertices to simplices that do not
share a triangle. Since both Λ+

L and Λ+
R assign neighboring vertices to simplices of common

triangles, there are neighboring vertices u and v such that ΛQ(u) ̸⊆ Λ+
L (u) and ΛQ(v) ̸⊆ Λ+

R(v).
So by definition of ΛQ, we have Λ+

L(v) ∩ Λ+
R(v) = ∅ and Λ+

L(u) = Λ+
R(v) = TQ. Because Λ+

L

assigns u and v to a common triangle, we have Λ+
L (u)∩Λ+

L (v) = TQ∩Λ+
L (v) ̸= ∅, contradicting

that Λ+
L(v) ∩ TQ = Λ+

L(v) ∩ Λ+
R(v) = ∅. Hence ΛQ is a sketch.

An analogous argument shows that ∆ is a sketch if for pockets A, B and C with T +
A =

T +
B = T +

C = Troot, each of Λ+
A, Λ+

B and Λ+
C are sketches, and for all vertices v, we have Troot ⊆

(Λ+
B(v) ∩ Λ+

C(v)) ∪ (Λ+
A(v) ∩ Λ+

C(v)) ∪ (Λ+
A(v) ∩ Λ+

B(v)) or Λ+
A(v) ∩ Λ+

B(v) ∩ Λ+
C(v) ̸= ∅. ◀

By the following lemma, ΛQ and Λ+
Q are defined if and only if Q has a sketch.

▶ Lemma 5. If a pocket Q is sketchable, then ΛQ is defined and interior well-behaved, and
Λ+

Q is defined and well-behaved.

Proof. We prove this by structural induction along the definitions of ΛQ and Λ+
Q.

For the base case, consider ΛQ for a trivial pocket Q with lid eQ = (pi, pi+1). As ΛQ

is defined unconditionally, it is a sketch by Lemma 4. Observe that for any interior local
sketch Γ of Q, we have Γ(ci) = pi and Γ(ci+1) = pi+1. For all vertices v /∈ {ci, cj}, we
have Γ(v) ∩ eQ ⊆ ΛQ(v), so Γ ⪯Q ΛQ. That is, ΛQ is interior well-behaved.

For the inductive step of Λ+
Q, consider a (not necessarily trivial) sketchable pocket Q

with lid eQ = (pi, pj). By induction we may assume that ΛQ is defined and interior
well-behaved. Therefore Λ+

Q is defined and a sketch (by Lemma 4). It remains to show
that Λ+

Q is well-behaved, so for a contradiction suppose that it is not. Then there exists
a local sketch Γ of Q and a vertex v for which Γ(v) ∩ T +

Q ̸⊆ Λ+
Q(v). Because ΛQ does not

assign any vertex to simplices outside Q, we have ΛQ(v) ⊆ Q, and by definition of Λ+
Q,

we have ΛQ(v) ∩ eQ ⊆ Λ+
Q(v) ∩ T +

Q . By interior well-behavedness of ΛQ and assumption
that Γ(v) ∩ T +

Q ̸⊆ Λ+
Q(v), we have Γ(v) ̸⊆ Q. Therefore, Γ(v) = T +

Q and for all (u, v) ∈ E we
have Γ(u) ∩ eQ ̸= ∅. By interior well-behavedness of ΛQ, we have Γ(v) ∩ eQ = eQ ⊆ ΛQ(v),
and for all (u, v) ∈ E, that ∅ ≠ Γ(u)∩eQ ⊆ ΛQ(u) and hence ΛQ(u)∩eQ ≠ ∅. So by definition
we have Λ+

Q(v) = T +
Q , contradicting that Γ(v) ∩ T +

Q ̸⊆ Λ+
Q(v), so Λ+

Q is well-behaved.
For the inductive step of ΛQ, suppose that Q is a non-trivial sketchable pocket with

lid eQ = (pi, pj). Since Q is sketchable, so are the child pockets L and R of Q (with T +
L =

T +
R = TQ). Inductively, we may assume that Λ+

L and Λ+
R are well-behaved sketches for L and R.

Let ΓL be the local sketch for L obtained from Γ by replacing Γ(v) by T +
L = TQ whenever

Γ(v) ̸⊆ L. Define ΓR to be the analogous local sketch for R. For the sake of contradiction,
assume that ΛQ is not defined. Then there is some vertex v for which Λ+

L(v) ∩ Λ+
R(v) = ∅

and TQ ̸⊆ Λ+
L (v) ∪ Λ+

R(v). Because TQ ̸⊆ Λ+
L (v) ∪ Λ+

R(v), we have TQ ̸⊆ ΓL(v) ∪ ΓR(v), and
therefore Γ(v) ⊆ L and Γ(v) ⊆ R. So Γ(v) ⊆ L ∩ R = pm, where pm is the vertex of TQ not
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on the lid of Q. Since Γ(v) ̸= ∅, well-behavedness of Λ+
L and Λ+

R tells us that pm ∈ Λ+
L(v)

and pm ∈ Λ+
R(v). But then Λ+

L(v) ∩ Λ+
R(v) ̸= ∅, which is a contradiction, so ΛQ is defined.

To show that ΛQ is also interior well-behaved, we show that Γ(v) ∩ eQ ⊆ ΛQ(v) for all v ∈ V .
By well-behavedness of Λ+

L and Λ+
R, we have Γ(v) ∩ eQ ⊆ Λ+

L(v) and Γ(v) ∩ eQ ⊆ Λ+
R(v).

So Γ(v) ∩ eQ ⊆ Λ+
L(v) ∩ Λ+

R(v), and by definition of ΛQ we have Λ+
L(v) ∩ Λ+

R(v) ⊆ ΛQ(v),
and hence Γ(v) ∩ eQ ⊆ ΛQ(v). So ΛQ is interior well-behaved. ◀

Similarly, we can show for a given T of a polygon P , that if T has a sketch, then ∆ is
defined and a well-behaved sketch.

▶ Lemma 6. If there exists a sketch for a given triangulation T of a simple polygon P ,
then ∆ is defined and well-behaved.

The following two corollaries summarize that the existence of a sketch is equivalent to the
existence of a well-behaved sketch, both for pockets Q and for a complete triangulation T .

▶ Corollary 7. ΛQ and Λ+
Q are defined if and only if Q has a sketch.

▶ Corollary 8. Sketch ∆ is defined if and only if the triangulation T has a sketch.

Computing triangulation-respecting drawings. Any sketch implies a drawing that places
vertices anywhere in their assigned simplex. Conversely, any triangulation-respecting drawing
implies a sketch that assigns vertices to the corresponding simplex. The definition of ∆
hence directly results in a O(t|V ||E|)-time algorithm both to decide the existence of, and to
compute a triangulation-respecting drawing. We can improve this running time to linear.

▶ Theorem 9. There is a linear-time algorithm to decide if (G, C) has a triangulation-
respecting drawing for a simple polygon P with fixed triangulation T ; the same algorithm
also constructs a drawing if one exists.

4 Planar triangulation-respecting drawings

We are given the same input as in Section 3, namely an instance (G, C) consisting of a
graph G with n vertices and a cycle C with t vertices, and a simple polygon P with t

vertices together with an arbitrary triangulation T of P . In addition, we assume that the
instance (G, C) is planar, that is, G has a planar drawing D with C on the outer face. Note
that D does not necessarily map vertices of C to vertices of P .

Analogously to Section 3, we can ask the following question: is there a planar drawing
of (G, C) that respects both P and T ? The answer to this question is often “no”, even when
both triangulation-respecting drawings and planar polygon-respecting drawings exist. Con-
sider, for example, Figure 6: a planar triangulation-respecting drawing for this combination

C
G

P

Figure 6 Left: A planar instance. Center: a triangulation-respecting drawing in which two
vertices coincide. Right: a perturbed drawing that is planar but not triangulation-respecting.
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of (G, C), P , and T does not exist; any drawing inside P either places two vertices on top of
each other, or edges cross edges of the triangulation. Still, triangulation-respecting drawings
are a useful tool for our final goal of constructing planar polygon-respecting drawings. The
triangulation-respecting drawing of Figure 6 can be perturbed infinitesimally to obtain a
planar polygon-respecting drawing (that is not triangulation-respecting). In this section, we
show that if a planar instance (G, C) has a triangulation-respecting drawing, then it also
has a weakly-planar triangulation-respecting one: a triangulation-respecting drawing that is
planar and polygon-respecting after infinitesimal perturbation (moving vertices to simplices
of T that contain their original location.) Hence, the algorithm in Section 3 can decide for a
planar instance (G, C) whether there is a weakly-planar triangulation-respecting drawing.

Let D be a planar drawing of (G, C). We call the triple (G, C, D) a plane instance. We
say that a weakly-planar triangulation-respecting drawing W accommodates (D, T ) if there
exists a planar polygon-respecting infinitesimal perturbation W̃ of W that is isotopic to D in
the plane. That is, one can be continuously deformed into the other without introducing
self-intersections. We now construct a weakly-planar triangulation-respecting drawing that
accommodates (D, T ). A plane instance (G, C, D) is sketchable if (G, C) has a sketch (for T ).
Recall that a sketch does not have a notion of planarity. However, we show in Theorem 11
that any sketchable plane instance (G, C, D) has a drawing W which accommodates (D, T ).

Minimal plane instances. We show how to transform any plane instance (G, C, D) into a
minimal plane instance, while preserving its sketchability; details can be found in the full
version. First of all, we carefully triangulate (G, C, D), so as not to influence sketchability.
If all faces of D interior to C are triangles, we call (G, C, D) a triangulated instance. A
triangulation of a plane instance (G, C, D) is a triangulated instance (G′, C, D′) such that G′

is a supergraph of G (with potentially additional vertices) and D is the restriction of D′

to G. Second, we remove the interior of all separating triangles. If G does not have any
separating triangles, then we contract any edge not on C that preserves sketchability and
remove the interior of any separating triangles this edge contraction might create. If no
further simplifications are possible, we call (G, C, D) minimal.

▶ Lemma 10. Every sketchable minimal plane instance (G, C, D) has a drawing that accom-
modates (D, T ).

Proof. Consider a pocket Q = Q(pi,pj). We claim that if Λ+
Q(v) = pk for some k ∈ [i, j],

then v = ck, and moreover that if Λ+
Q(v) = eQ, then Q does not consist of a single edge and v

is a neighbor of cm, where pm is the third vertex of TQ. If Q consists of a single edge, then
the claim clearly holds. If Q does not consist of a single edge, we have by induction that the
claim holds for the subpockets L = Q(pi,pm) and R = Q(pm,pj). If Λ+

L(v) = eL for some v,
then we claim that the instance is not minimal. Let pl be the third vertex of TL, and without
loss of generality assume that v is the most counter-clockwise neighbor (according to D)
of cl for which Λ+

L(v) = eL (see Figure 7). Then the (triangular) face counter-clockwise of

pi
pj

pm

TQ = T+
L

L

pl

vu

Figure 7 The vertex u must be assigned to pi or pm. In both cases an edge can be contracted
while preserving the existence of a sketch.
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edge (cl, v) is a triangle whose third vertex u does not have Λ+
L (u) = eL. Since u has cl and v

as neighbors, Λ+
L (u) is a simplex of TL, but not eL, so by definition of Λ+

L it is a vertex of TL.
By induction, u is therefore cm, cl, or ci. Because u is a neighbor of cl, u itself is not cl. We
argue that we can contract an edge while preserving sketchability, contradicting minimality.

First consider the case where u = cm. Then (cl, cm) divides G into two subgraphs, to the
left and to the right of (cl, cm). We obtain a new sketch by reassigning all vertices of the right
subgraph that are placed outside the pocket with lid (pl, pm) to that lid. By construction,
the triangle cl, cm, v lies right of (cl, cm). Then v and its neighbors are reassigned to pl, pm,
or (pl, pm), so contracting the edge (u, v) maintains sketchability, contradicting minimality.

Now consider the case where u = ci. If Λ+
Q(u) = Λ+

Q(v), it is clear that we can contract
the edge and preserve a sketch. So since Λ+

Q(v) is either pi or pm, we have Λ+
Q(v) = pm, but

then Λ+
R(v) is not TQ, so either Λ+

R(v) = pm or Λ+
R(v) = eR. The first case implies v = cm

and hence contradicts Λ+
L (v) = eL. In the second case, the inductive hypothesis implies that

v is a neighbor of the third vertex pr of the triangle TR. Now consider the subgraph of G

that is right of the path consisting of the edges (pl, v) and (v, pr). Any of its vertices that
is assigned outside L and R can be assigned to pm, maintaining a sketch. There exists a
path from cm to v that avoids cl and cr, and the last edge of this path can be contracted,
contradicting minimality. So Λ+

L (v) ̸= eL and symmetrically Λ+
R(v) ̸= eR. By definition, Λ+

Q

assigns (for k ∈ [i, j]) only ck to pk, and only neighbors of cm to eQ, so the claim holds.
Therefore, in the sketch ∆, all vertices other than those of C are assigned to edges of Troot,

or Troot itself. If there is such a vertex not on C, then contracting an edge between C

and G \ C yields an instance with a sketch, contradicting minimality. So all vertices in a
minimal instance lie on C. Because G is triangulated, this means that its edges coincide with
those of the triangulation of P . So the instance clearly has an accommodating drawing. ◀

The proof of Theorem 11 shows that the accommodating drawing of the minimal instance
obtained from the simplification procedure (if that instance is sketchable) can be extended to
be an accommodating drawing for the original instance, by undoing the simplification steps.

▶ Theorem 11. A plane instance (G, C, D) has a drawing that accommodates (D, T ) if and
only if (G, C, D) is sketchable.

The algorithm implied by Theorem 9 can check in linear time if a plane instance (G, C, D)
has a sketch and via Theorem 11 the same algorithm can decide in linear time if (G, C, D) has
an accommodating drawing. This drawing can be constructed in polynomial time, following
the (polynomial number of) steps in the minimization procedure.

5 Sufficient conditions for polygon-universality

In Section 2 we proved that the Pair and Triple Conditions are necessary for an instance (G, C)
to be polygon-universal. Here we show, using triangulation-respecting drawings, that these
two conditions are sufficient as well. In Sections 3 and 4 we argued that an instance (G, C)
has a triangulation-respecting drawing for a triangulation T of P if and only if it has a sketch
for T ; we also gave an algorithm that tests whether such a sketch exists. Below we show that
if the Pair and Triple Conditions are satisfied for an instance (G, C) then it has a sketch for
any triangulation T . We do so by examining the testing algorithm more closely.

We first show that the Pair Condition alone already implies that each pocket has a sketch.
The Triple Condition then allows us to combine sketches at the root Troot of T . Denote by
Qe = Q(pi,pj) the pocket with lid e = (pi, pj). We want to determine whether an individual
vertex can be drawn outside a pocket. Definition 12 relates the position of a vertex in a
sketch of a pocket to its distance to points on the cycle, see Figure 8.
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pjpi

pk

T+
Q

v pjpi

pk

T+
Q

v

pl
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Figure 8 Cases for Definition 12. Left: we have π ≤ a and π ≤ b. Right: we have π1 ≤ a1 + 1,
π1 ≤ b1 − 1, π2 ≤ a2 − 1, and π2 ≤ a2 + 1.

▶ Definition 12. Vertex v is pulled by pocket Q(pi,pj) if and only if either of the following
two conditions hold:
1. for some k ∈ {i, . . . , j}, we have dG(v, ck) ≤ min(k − i, j − k);
2. for some k, l ∈ {i, . . . , j}, we have dG(v, ck) ≤ min(k − i + 1, j − k − 1) and

dG(v, cl) ≤ min(l − i − 1, j − l + 1).

Let Q be a pocket and let v be an arbitrary vertex. Either the well-behaved sketch Λ+
Q

of Q places v outside of Q or Lemma 13 characterizes where in Q vertex v “is stuck”.

▶ Lemma 13. Let v be a vertex and Q = Q(pi,pj) with i < j < i + t be a sketchable pocket.
1. If pj /∈ Λ+

Q(v), then v = cj−1 or there exists a triangle in Q with vertices pa, pb, pj

and i ≤ a < b < j such that for pocket Q′ = Q(pa,pb), Λ+
Q′(v) ̸= T +

Q′ .
2. If pi /∈ Λ+

Q(v), then v = ci+1 or there exists a triangle in Q with vertices pi, pa, pb

and i < a < b ≤ j such that for pocket Q′ = Q(pa,pb), Λ+
Q′(v) ̸= T +

Q′ .

Proof. Statements (1) and (2) can be proved using symmetric arguments, so we prove
only statement (1). We proceed by induction on the size of Q. If Q consists of the single
edge (pi, pj), then i = j − 1, and if pj /∈ Λ+

Q(v), then v = ci = cj−1. So assume that Q

does not consist of a single edge. Let pm with i < m < j be the third vertex of TQ and
let L = Q(pi,pm) and R = Q(pm,pj). If pj /∈ Λ+

Q(v), then Λ+
L (v) or Λ+

R(v) does not contain pj .
If pj /∈ Λ+

R(v), then by induction we are done. So assume that pj ∈ Λ+
R(v) and hence

that pj /∈ Λ+
L(v). This means that Λ+

L(v) ̸= T +
L , completing the proof. ◀

Lemma 14 and 15 relate the characterization in Lemma 13, which uses the well-behaved
sketch Λ+

Q, to the requirements on graph and cycle distances expressed in Definition 12.
Lemma 14 covers the first condition of Definition 12, while Lemma 15 covers the remainder.

▶ Lemma 14. Assume that pocket Q = Q(pi,pj) with i < j < i + t admits a sketch.
If Λ+

Q(v) ̸= T +
Q , then v is pulled by Q.

Proof. If Λ+
Q(v) ̸= T +

Q , then either eQ ̸⊆ ΛQ(v) or for some neighbor u of v, ΛQ(u) does not
intersect eQ. We proceed by induction on the size of Q.

Q is trivial. If Q is trivial, it consists of one edge eQ, and ΛQ(u) intersects eQ for all u. By
assumption that Λ+

Q(v) ̸= T +
Q , we have eQ ̸⊆ ΛQ(v) by definition of Λ+

Q, so v = ci or v = cj .
Hence, dG(v, ck) = 0 ≤ min{k − i, j − k} = 0 for some k ∈ {i, j}, so v is pulled by Q.

Q is non-trivial. Next, suppose that Q is non-trivial, and thus contains the triangle TQ.
Let pm (with i < m < j) be the third vertex of TQ and let L = Q(pi,pm) and R = Q(pm,pj)
be the two subpockets of Q with T +

L = T +
R = TQ. If eQ ̸⊆ ΛQ(v), then TQ ̸= Λ+

L(v)
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or TQ ̸= Λ+
R(v), so by induction v is pulled by L or R, and hence also by Q. So assume

that eQ ⊆ ΛQ(v) and there exists some neighbor u of v for which ΛQ(u) does not intersect eQ.
It follows by construction that Λ+

L (v) = Λ+
R(v) = TQ. Because u is assigned to a simplex of the

same triangle as v, we have Λ+
L (u) ⊆ TQ and Λ+

R(u) ⊆ TQ, so ΛQ(u) ⊆ TQ. Since ΛQ(u) does
not intersect eQ, we have ΛQ(u) = pm and hence Λ+

L (u) ∩ Λ+
R(u) = pm. So either Λ+

L (u) = eL

and Λ+
R(u) = eR, or Λ+

L(u) or Λ+
R(u) is pm. We consider these cases separately.

Edge case. Suppose that Λ+
L(u) = eL and Λ+

R(u) = eR. Then m ∈ [i + 2, j − 2] and by
induction u is pulled by both L and R. We distinguish three cases depending on what
causes u to be pulled by L and R, and show in each case that v is pulled by Q.
1. If there exists some l ∈ [i, m] with dG(u, cl) ≤ min(l − i − 1, m − l + 1), then

dG(v, cl) ≤ dG(u, cl) + 1
≤ min(l − i − 1, m − l + 1) + 1
≤ min(l − i, j − l),

so v is pulled by Q.
2. Symmetrically, v is pulled by Q if dG(u, ck) ≤ min(k −m+1, j −k −1) for some k ∈ [m, j].
3. In the remaining case, there exist k ∈ [i, m] and l ∈ [m, j] with dG(u, ck) ≤ min(k−i, m−k)

and dG(u, cl) ≤ min(l − m, j − l). Therefore

dG(v, ck) ≤ dG(u, ck) + 1
≤ min(k − i, m − k) + 1
≤ min(k − i + 1, m − k + 1)
≤ min(k − i + 1, j − k − 1)

and symmetrically dG(v, cl) ≤ min(l − i − 1, j − l + 1), so v is pulled by Q.

Corner case. Assume that Λ+
L(u) = pm (the case Λ+

R(u) = pm is symmetric). Then pi /∈
Λ+

L(u), so by Lemma 13, we have either u = ci+1 or there exists some pocket Q′ = Q(pa,pb)
with i < a < b ≤ m such that Λ+

Q′(u) ̸= T +
Q′ . If u = ci+1, then for k = i + 1 we

have dG(v, ck) ≤ dG(u, ck) + 1 ≤ 1 ≤ min(k − i, j − k) in which case v is pulled by Q.
Otherwise, u is by induction pulled by some pocket Q(pa,pb) with i < a < b ≤ m < j, and
since dG(v, u) ≤ 1, the triangle inequality shows that v is pulled by Q(pi,pj).

By induction, v is pulled by Q whenever Λ+
Q(v) ̸= T +

Q . ◀

▶ Lemma 15. Assume that pocket Q = Q(pi,pj) with i < j < i + t admits a sketch.
If v is pulled by Q but there exists no k ∈ [i, j] such that dG(v, ck) ≤ min(k − i, j − k),
then there exist k, o, l ∈ [i, j] such that k < o < l and a vertex x ̸= v with dG(x, ck) ≤
min(k − i, o − k) ≤ min(k − i + 1, j − k − 1) − dG(x, v) and dG(x, cl) ≤ min(l − o, j − l) ≤
min(l − i − 1, j − l + 1) − dG(x, v).

Lemma 16 ties together our preceding arguments to show that if a pocket has no sketch,
then the Pair Condition is violated. This directly implies Corollary 17.

▶ Lemma 16. If pocket Q = Q(pi,pj) with i < j < i + t has no sketch, then there exist i ≤
k ≤ l ≤ j such that dG(ck, cl) < dC(ck, cl).

▶ Corollary 17. If the Pair Condition is satisfied, then all pockets have a sketch.
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We now established that the Pair Condition implies that each pocket has a sketch. If
additionally the Triple Condition is satisfied, then Theorem 18 shows that we can combine
the sketches for the three pockets, whose lids are the edges of the root triangle Troot, to
obtain a sketch, and hence a triangulation-respecting drawing, for (G, C).

▶ Theorem 18. If an instance (G, C) satisfies the Pair and Triple Conditions, then (G, C)
has a triangulation-respecting drawing for any triangulation T of any simple polygon P .

▶ Corollary 19. If a plane instance (G, C, D) satisfies the Pair and Triple Conditions,
then (G, C) has a drawing that accommodates (D, T ) for any triangulation T of any simple
polygon P .

6 Discussion and conclusion

We have characterized the (planar) polygon-universal graphs (G, C) by means of simple
combinatorial conditions involving (graph-theoretic) distances along the cycle C and in the
graph G. In particular, this shows that, even though the recognition of polygon-universal
graphs most naturally lies in ∀∃R, it can in fact be tested in polynomial time, by explicitly
checking the Pair and the Triple Conditions. Our main open question concerns the restriction
to simple polygons without holes. Can a similar characterization be achieved in the presence of
holes? Or is the polygon-universality problem for simple polygons with holes ∀∃R-complete?

Another interesting question concerns the running time for recognizing polygon-universal
graphs. Testing the Pair and Triple Conditions naively requires at least Ω(n3) time. On the
other hand, at least in the non-planar case, given (G, C) and a polygon P with arbitrary
triangulation T , we can in linear time either find an extension or a violation of the Pair/Triple
Condition, which shows that the instance is not polygon-universal. (Recall that a polygon-
extension for P might exist, though not one that respects T , see Figure 2). For planar
instances, the contraction to minimal instances causes an additional linear factor in the
running time. Can (planar) polygon-universality be tested in o(n2) time?
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Abstract
Let L be a set of n lines in R3 that is contained, when represented as points in the four-dimensional
Plücker space of lines in R3, in an irreducible variety T of constant degree which is non-degenerate
with respect to L (see below). We show:

(1) If T is two-dimensional, the number of r-rich points (points incident to at least r lines of L) is
O(n4/3+ε/r2), for r ⩾ 3 and for any ε > 0, and, if at most n1/3 lines of L lie on any common
regulus, there are at most O(n4/3+ε) 2-rich points. For r larger than some sufficiently large
constant, the number of r-rich points is also O(n/r).
As an application, we deduce (with an ε-loss in the exponent) the bound obtained by Pach and
de Zeeuw [16] on the number of distinct distances determined by n points on an irreducible
algebraic curve of constant degree in the plane that is not a line nor a circle.

(2) If T is two-dimensional, the number of incidences between L and a set of m points in R3 is
O(m + n).

(3) If T is three-dimensional and nonlinear, the number of incidences between L and a set of m

points in R3 is O
(
m3/5n3/5 + (m11/15n2/5 + m1/3n2/3)s1/3 + m + n

)
, provided that no plane

contains more than s of the points. When s = O(min{n3/5/m2/5, m1/2}), the bound becomes
O(m3/5n3/5 + m + n).

As an application, we prove that the number of incidences between m points and n lines in R4

contained in a quadratic hypersurface (which does not contain a hyperplane) is O(m3/5n3/5 + m + n).
The proofs use, in addition to various tools from algebraic geometry, recent bounds on the

number of incidences between points and algebraic curves in the plane.
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1 Introduction

The setup: Incidences between a set of points and a restricted set of lines in R3. Let
P be a set of m points and L a set of n lines in R3. We consider the problem of obtaining
sharp incidence bounds between the points of P and the lines of L, when the lines of L,
considered as points in the four-dimensional Plücker space of lines in R3, are restricted to lie
on a two- or three-dimensional constant-degree algebraic variety T . The topic of incidences
between points and lines is a fundamental topic in incidence geometry, significantly boosted

© Micha Sharir and Noam Solomon;
licensed under Creative Commons License CC-BY 4.0

37th International Symposium on Computational Geometry (SoCG 2021).
Editors: Kevin Buchin and Éric Colin de Verdière; Article No. 56; pp. 56:1–56:14

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:michas@tauex.tau.ac.il
https://orcid.org/0000-0002-2541-3763
mailto:noam.solom@gmail.com
https://doi.org/10.4230/LIPIcs.SoCG.2021.56
https://arXiv.org/abs/2012.11913
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


56:2 Rich Points and Incidences with Restricted Sets of Lines in R3

since Guth and Katz’s seminal work [11] on point-line incidences in R3. Instead of asking for
a bound on the number of incidences between points and lines, we can ask, for each r ⩾ 3,
for a bound on the number of r-rich points in a set of lines, which are the points that are
incident to at least r of the lines. As it turns out, the two questions are equivalent. The
related, and finer problem of bounding the number of 2-rich points, determined by a set
of n lines in R3, studied in [11], is also discussed in this paper, under the restricted setup
considered here. Building on recent works of Sharir and Zahl [25] and Zahl [29], we are able
to improve Guth and Katz’s point-line incidence bounds when the lines in L are restricted
to lie on a two- or three-dimensional variety T in the Plücker space.

Background: Points and curves, the planar case. The study of incidences between points
and curves has a rich history, starting with the simplest instance of points and lines in the
plane, where we have (see also [4, 27]):

▶ Theorem 1 (Szemerédi and Trotter [28]). The maximum number of incidences between m

points and n lines in the plane is Θ(m2/3n2/3 + m + n).

In fact, an equivalent formulation of Szemerédi-Trotter theorem asserts that, given n lines in
the plane, the number of points that are incident to at least r of the lines, for any parameter
2 ⩽ r ⩽ n, which we call r-rich points and denote the set of these points by P⩾r(L), satisfies

|P⩾r(L)| = O

(
n2

r3 + n

r

)
. (1)

Still in the plane, Pach and Sharir [17] extended this bound to incidence bounds between
points and curves with k degrees of freedom, namely, for each set of k distinct points, there
are only µ = O(1) curves that pass through all of them, and each pair of curves intersect in
at most µ points; µ is called the multiplicity (of the degrees of freedom). Here is their result,
tailored to the case of algebraic curves.

▶ Theorem 2 (Pach and Sharir [17]). Let P be a set of m points in R2 and let C be a set of
n bounded-degree algebraic curves in R2 with k degrees of freedom and with multiplicity µ.
Then (where the constant of proportionality depends on k and µ)

I(P, C) = O
(

m
k

2k−1 n
2k−2
2k−1 + m + n

)
.

Except for the case k = 2 (lines have two degrees of freedom), the bound is not known,
and is strongly suspected not to be tight in the worst case (see [1, 2, 15] for an improvement
for the case of circles and similar curves).

Recently, Sharir and Zahl [25] have considered general families of constant-degree algebraic
curves in the plane that belong to an s-dimensional family of curves. This means that each
curve in such a family can be represented by a constant number of real parameters, so that,
in this parametric space, the points representing the curves lie in an s-dimensional algebraic
variety F of some constant degree (the so-called “complexity” of F). See [25] for details.

▶ Theorem 3 (Sharir and Zahl [25]). Let C be a set of n algebraic plane curves that belong to
an s-dimensional family F of curves of maximum constant degree E, no two of which share
a common irreducible component, and let P be a set of m points in the plane. Then, for any
ε > 0, the number I(P, C) of incidences between the points of P and the curves of C satisfies

I(P, C) = O
(

m
2s

5s−4 n
5s−6
5s−4 +ε + m2/3n2/3 + m + n

)
,

where the constant of proportionality depends on ε, s, E, and the complexity of the family F .



M. Sharir and N. Solomon 56:3

Except for the factor O(nε), this is a significant improvement over the bound in Theorem 2
(for s ⩾ 3) when C has k = s degrees of freedom (as it often does).

Incidences with lines in three dimensions. The groundbreaking work of Guth and Katz [11]
implies1 the sharper bound O(m1/2n3/4 +m2/3n1/3q1/3 +m+n) on the number of incidences
between m points and n lines in R3, provided that no plane contains more than q of the
given lines. We use the following variant (see the full version [21] for the proof).

▶ Theorem 4. Let P be a set of m points in R3, and let L be a set of n lines in R3, so that
no 2-flat contains more than s points of P . Then

I(P, L) = O(m1/2n3/4 + m1/3n2/3s1/3 + m + n).

Plugging the bound of Theorem 4 into the proof of [23, Theorem 1.3(a)], we get

▶ Theorem 5. Let P be a set of m points and L a set of n lines in Rd, for d ⩾ 3, so that
all the points and lines lie in a two-dimensional algebraic variety V of degree D that does
not contain any 2-flat, and so that no 2-flat contains more than s points of P . Then

I(P, L) = O(m1/2n1/2D1/2 + m1/3D4/3s1/3 + m + n).

Guth and Katz’s work has lead to many recent works on incidences between points and
lines or other curves in three and higher dimensions; see [3, 12, 19, 22, 23, 20] for a sample.

Of particular significance is the recent work of Guth and Zahl [12] on the number of
2-rich points in a collection of algebraic curves of constant degree, namely, points incident to
at least two of the given curves, which extends Guth and Katz’s bound of O(n3/2), obtained
for the case of lines, when no plane or regulus contains more than O(n1/2) lines [11]. The
extension requires analogous (but stricter) restrictive assumptions (concerning surfaces that
are doubly ruled by the given family of curves).

Our new bounds require the extension to three dimensions of the notions of having k

degrees of freedom and of being an s-dimensional family of curves. The definitions of these
concepts, as given above for the planar case, extend, basically verbatim, to three (or higher)
dimensions, but, even in typical situations, these two concepts do not coincide anymore.

Our results. We obtain improved incidence bounds when the lines of L, as points in
Plücker space, lie on a two- or three-dimensional variety T . When T is two-dimensional and
non-planar, the number of r-rich points is O(n4/3+ε/r2), for r ⩾ 3 and for any ε > 0, and,
if at most n1/3 lines of L lie on any common regulus, there are at most O(n4/3+ε) 2-rich
points. For r larger than some sufficiently large constant, the number of r-rich points is also
O(n/r), which is a better bound when r = O(n1/3). These bounds improve significantly, for
the restricted context at hand, the bound O(n3/2/r2) due to Guth and Katz [11] (which
holds when no plane or regulus contains more than O(n1/2) lines). Moreover, the number of
incidences between L and a set of m points in R3 is O(m+n), again a significant improvement,
in our context, over the previous bound in [11].

As an application, we show that the number of distinct distances determined by n points
on an irreducible algebraic curve of constant degree in the plane that is not a line nor a circle,
is Ω(n4/3−ε), for any ε > 0, which is (with an ε-loss in the exponent) the bound obtained by
Pach and de Zeeuw [16].

1 This bound is not explicitly stated in [11], but it readily follows from the analysis given there, and by
now it is generally attributed to that work.
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If T is three-dimensional and nonlinear, the number of incidences between L and a set of
m points in R3 is O

(
m3/5n3/5 + (m11/15n2/5 + m1/3n2/3)s1/3 + m + n

)
, provided that no

plane contains more than s of the points. When s = O(min{n3/5/m2/5, m1/2}), the bound
becomes O(m3/5n3/5 + m + n).

An interesting novel feature of our results is that, like Theorem 4, it is obtained under an
assumption that restricts the number of points that can lie on a common plane (instead of
restricting the number of coplanar lines in the previous studies). Very few earlier works have
used this kind of restriction; see Elekes et al. [5] for one of the few exceptions.

Similar bounds have recently been obtained by the authors for other special cases of the
incidence problem [24, 25], using related but different approaches.

As an application, we prove that the number of incidences between m points and n

lines in R4 contained in a quadratic hypersurface (which does not contain a hyperplane) is
O(m3/5n3/5 + m + n).

All our bounds are significant improvements, under the restricted scenarios assumed in
this work, over the standard incidence bounds in three dimensions, and shed, as we believe,
new light on the structure of point-line incidences in three dimensions.

As is standard in the “modern” study of incidence geometry, the analysis is based on the
polynomial partitioning technique (see [10, 11] for details), combined with a variety of tools
from algebraic geometry. Due to lack of space, some details are missing in this version; they
can be found in the full version [21].

2 Rich points determined by a two-dimensional family of lines

We first remark that, wherever needed in the analysis, we switch to the (projective 3-space
over) the complex field, which simplifies it and lets us use numerous tools from algebraic
geometry, available in this setting. The passage from the complex projective setup back to
the real affine one is easy – the former is a generalization of the latter. The real affine setup
is needed only for constructing a polynomial partitioning, which is meaningless over C. Once
we are, say, within the zero set Z(f) of the partitioning polynomial f , we can switch to the
complex projective setup, and reap the benefits just noted.

As already said, we parameterize lines in three dimensions by their Plücker coordinates, as
follows (see, e.g., Griffiths and Harris [9, Section 1.5]). For a pair of distinct points x, y ∈ P3,
given in projective coordinates as x = (x0, x1, x2, x3) and y = (y0, y1, y2, y3), let ℓx,y denote
the (unique) line in P3 incident to both x and y. The Plücker coordinates of ℓx,y are given
in projective coordinates in P5 as (π0,1, π0,2, π0,3, π2,3, π3,1, π1,2), where πi,j = xiyj − xjyi.
Under this parameterization, the set of lines in P3 corresponds bijectively to the set of points
in P5 lying on the Klein quadric Q given by the quadratic equation

π0,1π2,3 + π0,2π3,1 + π0,3π1,2 = 0 (2)

(which is indeed always satisfied by the Plücker coordinates of a line).
Given a surface V in P3, the set of lines fully contained in V , represented by their Plücker

coordinates in P5, is a subvariety of the Klein quadric Q, which is denoted by F (V ), and is
called the Fano variety of V ; see Harris [13, Lecture 6, page 63] and [13, Example 6.19].

Let H denote a plane in R3, and let H∗ denote the 2-flat in the Plücker coordinates
consisting of the points that represent the lines fully contained in H (see Rudnev [18] for
why H∗ is indeed a 2-flat and for more details).

For a set L of lines, we put H(L) = {H∗
ℓ,ℓ′ | ℓ, ℓ′ ∈ L and ℓ, ℓ′ are coplanar}, where for

coplanar lines ℓ, ℓ′, Hℓ,ℓ′ is the (unique) 2-flat containing ℓ and ℓ′.
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In this paper, we study incidences between a set of points P ⊂ R3, and a set of lines L in
R3, whose Plücker images lie on some irreducible algebraic subvariety T of the Klein quadric
Q, which is of constant degree, and which has dimension either 2 or 3.

In this section we restrict ourselves to the case where dim(T ) = 2. For a set L of lines,
we say that the (two-dimensional) variety T is non-degenerate with respect to L if
(i) T is irreducible of constant degree,
(ii) T is not a 2-flat, and
(iii) the intersection of T with each 2-flat H∗ ∈ H(L) consists of O(1) Plücker points.
Note that condition (iii) is what one would expect to hold in a generic situation in a
four-dimensional space. The simpler case where T is a 2-flat can be handled via the
Szemerédi–Trotter theorem (Theorem 1) [28], but we will not consider this case in this work.

▶ Theorem 6.
(a) Let L be a set of n lines in R3, such that, in Plücker space, L is a subset of some

two-dimensional variety T that is non-degenerate with respect to L. Then the number of
r-rich points determined by L is |P⩾r(L)| = O(n4/3+ε/r2), for any ε > 0 and r ⩾ 3.

(b) If the number of lines of L contained in any common regulus2 is at most n1/3 then the
number of 2-rich points determined by L is |P⩾2(L)| = O(n4/3+ε), for any ε > 0.

Proof. First here is a high-level overview of the proof. After a pruning step, we may assume
that the set γℓ, for a line ℓ ∈ L, of the lines coplanar with ℓ and lying in T , is a one-dimensional
curve in T . An r-rich point generates Ω(r2) incidences between the Plücker points of the
lines of L and the curves γℓ, so it suffices to bound the number of such incidences. There
are two kinds of curves, those that represent the lines in one ruling of some regulus, and
those that do not. For r-rich points, with r ⩾ 3, only the latter kind of curves matter, and
a suitable application of Theorem 3 allows us to obtain an upper bound for the number of
such incidences. For 2-rich points (part (b) of the theorem), the regulus-curves also play a
part, and the analysis is complicated because these curves do not have to be distinct. Still,
the assumptions in (b) allow us to handle this case and get the desired bound.

To simplify the presentation, we use the same notation for a line in 3-space and for its
Plücker point in Q (we will deviate from this convention in Section 5). The following notation
will also be useful later on in the paper. For each line ℓ ∈ Q, define the variety Sℓ to be

Sℓ = {ℓ′ ∈ Q | and ℓ, ℓ′ are coplanar}.

If the Plücker coordinates of ℓ are (π0,1, π0,2, π0,3, π2,3, π3,1, π1,2), then

Sℓ = {(π′
0,1, π′

0,2, π′
0,3, π′

2,3, π′
3,1, π′

1,2) ∈ Q |
π0,1π′

2,3 + π0,2π′
3,1 + π0,3π′

1,2 + π′
0,1π2,3 + π′

0,2π3,1 + π′
0,3π1,2 = 0}.

In particular, Equation (2) implies that ℓ ∈ Sℓ. We see that, for every line ℓ, the variety
Sℓ is the intersection of Q with a hyperplane, so it is a three-dimensional quadratic surface
contained in Q, and we clearly have ℓ ∈ Sℓ. We say that a line ℓ is exceptional with respect
to T if T ⊂ Sℓ. We say that a point p ∈ R3 is exceptional with respect to T if the set of lines
incident to p in 3-space, which we denote by Sp and which is known to be a 2-plane (see
the proof below), is equal to T . Clearly, since T is non-degenerate, there are no exceptional
points with respect to T (see the full version [21] for an additional discussion).

2 This assumption is needed only for bounding the number of 2-rich points.
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▶ Lemma 7. There are at most two exceptional lines with respect to T .

Proof. Assume to the contrary that there are three exceptional lines. Assume first that two
of these lines are coplanar, and denote them by ℓ1 and ℓ2. Then T ⊆ Sℓ1 ∩ Sℓ2 , i.e., T is
contained in the set of lines intersecting both ℓ1 and ℓ2. If ℓ1 and ℓ2 do not intersect one
another, then Sℓ1 ∩Sℓ2 = H∗

ℓ1,ℓ2
. Otherwise, letting p = ℓ1∩ℓ2, we have Sℓ1 ∩Sℓ2 = H∗

ℓ1,ℓ2
∪Sp,

i.e., it is a union of two 2-flats. In both cases, T is a 2-flat, contradicting our assumption.
We may thus assume there are (at least) three lines ℓ1, ℓ2 and ℓ3 that are pairwise skew,

such that T ⊆ Sℓ1 ∩ Sℓ2 ∩ Sℓ3 . As is well known (see, e.g., [7, Theorem 16.4] and [23, Lemma
2.2]), the Plücker points of lines that intersect r ⩾ 3 pairwise-skew lines ℓ1, . . . , ℓr belong
to one ruling of a regulus, and the Plücker points of ℓ1, . . . , ℓr belong to the other ruling
of this regulus. That is, Sℓ1 ∩ Sℓ2 ∩ Sℓ3 is one ruling of the regulus generated by the lines
intersecting ℓ1, ℓ2 and ℓ3, which is a quadratic curve in the Plücker space, contradicting the
fact that T is two-dimensional. ◀

We prune away, as we may, the (at most) two exceptional lines, thereby losing at most
2(n − 1) < 2n 2-rich points.

For each of the (remaining) lines ℓ ∈ L, the intersection Sℓ ∩ T is a curve contained in T

(possibly also containing a discrete finite subset), which we denote by γℓ. Define

C = {γℓ | ℓ is not exceptional}. (3)

We have the following simple observation, whose trivial proof is omitted.

▶ Lemma 8. Let p ∈ P be an r-rich point, with r ⩾ 2, and denote the lines of L incident to
p as ℓ1, . . . , ℓs, for some s ⩾ r. Then, for each pair of indices 1 ⩽ i ̸= j ⩽ s, ℓi, viewed as a
point in Q, is incident to γℓj

, and for every such incidence there is at most one point p ∈ P

that induces it, in the sense stated above.

The lemma asserts that each r-rich point contributes at least r(r − 1) incidences between
the lines of L (as points in Q) and the curves γℓ of C (as curves in Q). Hence, to bound
the number of r-rich points, it suffices to bound the number of incidences between the lines
in L and the curves of C (and then divide the bound by r(r − 1)). For any curve γℓ, its
corresponding discrete subset of O(1) points contributes only O(1) incidences, for a total of
O(n) incidences. We may therefore ignore all these discrete subsets.

The notion of dimensionality for families of curves (see the definition preceding Theorem 3)
easily extends in a natural way to collections C of higher-dimensional algebraic varieties.

▶ Lemma 9. The family C defined in (3) is two-dimensional.

Proof. Each curve γℓ of C can be parameterized by the parameters of the corresponding line
ℓ, and these lines lie in the two-dimensional variety T in the Plücker parametric space. ◀

Denote by L∗ the set of points in the Klein quadric Q that represent the lines of L. When
analyzing incidences between the points of L∗ and the curves γj , as in Lemma 8, some care
has to be exercised, to handle situations in which many of the curves γℓ share a common
irreducible component (or even coincide).
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(⩾ 3)-rich points. Assume that ℓ1, . . . , ℓξ ∈ L are such that γℓ1 , . . . , γℓξ
all share a common

curve, for some ξ ⩾ 3. If some pair of lines ℓi, ℓj are coplanar, we write Hi,j for the (unique)
plane Hℓi,ℓj

containing both ℓi and ℓj . As in the proof of Lemma 7, (i) if ℓi and ℓj are parallel
then Sℓi ∩ Sℓj = H∗

i,j , and (ii) if ℓi and ℓj intersect in a point p then Sℓi ∩ Sℓj = H∗
i,j ∪ Sp,

so Sℓi
∩ Sℓj

is either a 2-flat or the union of two 2-flats. Therefore,

γℓi
∩ γℓj

= Sℓi
∩ Sℓj

∩ T = H∗
i,j ∩ T or (H∗

i,j ∪ Sp) ∩ T,

and the right hand sides of these equations are the intersection of one or two 2-flats with T .
Since T is assumed to be non-degenerate, it follows that γℓi

∩ γℓj
is a finite set of points, and

thus γℓi
and γℓj

cannot intersect in a common curve. We can thus assume that ℓ1, . . . , ℓξ are
pairwise skew (and that γℓ1 , . . . , γℓξ

intersect in a common curve).

▶ Lemma 10. Assume that the arc (in Plücker space) γ :=
⋂ξ

i=1 γℓi
is nonempty (and is

not a finite set), where ℓ1, . . . , ℓξ are ξ pairwise-skew lines, ξ ⩾ 3. Then γ parameterizes
one ruling of a regulus, and, for each line ℓ ∈ T whose Plücker point is in γ, ℓ intersects
ℓ1, . . . , ℓξ, so its Plücker point lies in the curve that represents the other ruling of the same
regulus.

Proof. The proof is similar to that of Lemma 7. The intersection
⋂ξ

i=1 Sℓi
consists of the

Plücker points of the lines that intersect the ξ ⩾ 3 pairwise-skew lines ℓ1, . . . , ℓξ. Thus, as
already noted (see [7]), all these lines belong to one ruling of a regulus, and the Plücker
points of ℓ1, . . . , ℓξ belong to the other ruling of this regulus. Therefore, γ parameterizes one
ruling of a regulus, and ℓ1, . . . , ℓξ belong to the other ruling of this regulus, as asserted. ◀

Partition the set of irreducible components of the curves γℓ, over all lines ℓ ∈ L that are not
exceptional, into two subsets C0 and C1, where C0 (resp., C1) contains all the components that
do not (resp., do) parameterize one ruling of some regulus. Since deg(γℓ) ⩽ deg(T ) = O(1),
for each ℓ ∈ L, it follows that |C0| = |C1| = O(n). We partition the set of incidences into
incidences between the Plücker points of the lines in L and the curves in C0, and incidences
with the curves in C1. We remind the reader that at this stage we are only concerned with
incidences induced by a concurrence of r ⩾ 3 lines of L at some (r-rich) point p.

By Lemma 8, any r-rich point p, for r ⩾ 3, corresponds to incidences between the points
in Plücker space that represent lines ℓ of L that are incident to p and the (at least three)
curves γℓ′ that are associated with these lines, and any such incidence can arise for at most
one point p. One possibility is that the Plücker point of a line ℓ (incident to p), is incident to
a common component of at least three of these curves, call them γℓp

1
, γℓp

2
, γℓp

3
. However, the

analysis preceding Lemma 10 implies that ℓp
1, ℓp

2, ℓp
3 are pairwise skew, which is impossible

as they are all incident to p. Hence an incidence between a line and a common component of
at least three curves γℓi does not generate any r-rich points, for r ⩾ 3, and, by construction,
curves in C1 also do not generate any r-rich points, for r ⩾ 3. We may therefore assume that
every curve in C0 is an irreducible component of at most two curves in C.

Summarizing, the number of r-rich points, with r ⩾ 3, is proportional to the number of
incidences between the Plücker points of the lines in L and the distinct curves in C0, divided
by
(

r
2
)
, and there is no contribution by the curves in C1.

2-rich points. The situation is different for 2-rich points, which may arise also as incidences
between the Plücker points of lines in L and curves in C1. Handling them requires more care,
and is done as follows. A proper 2-rich point p, namely a point that is incident to precisely
two lines ℓp and ℓ′

p of L, corresponds to an incidence between the Plücker point of ℓp and
the curve γℓ′

p
(and also between the Plücker point of ℓ′

p and the curve γℓp
). We count this

incidence at most deg(γℓ′) = O(1) times, once for each irreducible component of the curve
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γℓ′
p
. It therefore suffices to count incidences between the Plücker points of the lines in L and

the curves in C0 (as we have just argued, this is relevant only for curves of multiplicity at
most 2) and in C1 (which may have an arbitrary multiplicity).

We now combine the arguments in the two subcases in the final phase of the analysis.
Consider first incidences with curves of C0. By projecting T onto some generic plane, the
number of incidences between the n points representing the lines of L and the curves of C0 is
the same as the number of incidences between the projected points and the projected curves.
Since C is a two-dimensional family of curves (Lemma 9), so is C0. It therefore follows, by
Theorem 3, that the number of these incidences is O(n4/3+ε), for any ε > 0. As argued above,
this gives us the bound O(n4/3+ε/r2) on the number of r-rich points, for r ⩾ 3, thereby
establishing part (a) of Theorem 6.

This also gives us the bound O(n4/3+ε) for the number of 2-rich points that correspond to
incidences formed with the curves of C0. For the remaining 2-rich points, which correspond
to incidences between lines in L (points of L∗) with curves of C1 (which may appear with
arbitrarily large multiplicity), we recall that each of the curves in C1 represents one ruling of
some regulus, and that we have assumed that no regulus contains more than n1/3 lines of
L. Hence the each curve in C1 is incident to at most n1/3 lines in L (points in L∗), which
implies that the number of incidences with these curves, counted with multiplicity, is at most
O(n4/3). Hence part (b) of the theorem also follows, and the proof is thus completed. ◀

3 Application: Distinct distances between points on an algebraic
curve in the plane

Let P be a set of n points on an irreducible algebraic curve γ of constant degree in the plane,
which is not a line or a circle. We derive a lower bound on the number of distinct distances
between the points of P ; we only sketch our approach, with details in the full version [21].
To derive the bound, we apply the Elekes-Sharir-Guth-Katz framework [6, 11], and define a
set L of n(n − 1) lines in the parametric 3-space of rotations (rigid motions) in the plane,
as L = {ha,b | a ̸= b ∈ P}, where ha,b is the locus of all rotations that map a to b. Then L

is contained in the two-dimensional family of lines C = {hx,y | x, y ∈ γ}. We show that C
is irreducible and is not a 2-flat, and, after pruning away some lines of L, the number of
remaining lines in L that are contained in a common plane or regulus in 3-space is O(1),
and thus C is non-degenerate with respect to L. We can then apply the machinery of the
previous section to L and C, and derive our bound.

In more detail, let ∆ denote the number of distinct distances determined by P . We count
the number of quadruples {(a, b, a′, b′) ∈ P 4 | |ab| = |a′b′|} in two different ways. First, let
Nk (resp., N⩾k) denote the number of rotations of multiplicity exactly (resp., at least) k;
that is, rotations that map exactly (resp., at least) k points of P to k other points of P . By
construction, a rotation of multiplicity at least k is mapped to a k-rich point with respect to
the lines of L. Then Theorem 6 implies

N⩾k = O((n2)4/3+ε/2/k2) = O(n8/3+ε/k2), (4)

provided that the number of lines in L contained in a common plane or regulus is O(|L|1/3),
a property that we establish. In fact, we show that no plane or regulus contains more than a
constant number of lines of L, except for at most O(1) special planes, whose effect on the
asserted bound is negligible, and which we ignore by removing all the lines contained in these
planes. Hence, arguing as in [6, 11] and using (4), the number of quadruples is at most
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n∑
k=2

(
k

2

)
Nk ⩽

n∑
k=2

kN⩾k = O

(
n∑

k=2

n8/3+ε

k

)
= O(n8/3+ε log n) = O(n8/3+2ε). (5)

On the other hand, by Elekes’s analysis, which is based on the Cauchy-Schwarz inequality
(see, e.g., Guth and Katz [6, 11]), the number of quadruples is also Ω(n4/∆), implying that
the number of distinct distances satisfies ∆ = Ω(n4/3−2ε). This result was obtained earlier
in [16], without the ε-loss in the exponent, but the proof here is much simpler, and we hope
that it will find similar applications of this kind.

4 Incidences between points and lines in a two-dimensional family of
lines

The main result of this section is the following theorem.

▶ Theorem 11. Let P be a set of m points in R3, and let L be a set of n lines in R3, such
that, in Plücker coordinates, L is contained in some two-dimensional, non-planar, irreducible
variety T of constant degree, as in Section 2. Then I(P, L) = O(m + n).

Proof. We only provide a sketch here; full details are given in the full version [21]. As
observed above, for a point p ∈ C3, the set of lines Sp that are incident to p form a 2-flat in
the parametric Plücker space, which is contained in Q. We assume that for every p ∈ C3,
T ̸= Sp; otherwise, all the lines in T would be incident to p, so the number of incidences
would be O(m + n), as asserted.

As T is two-dimensional, Bézout’s theorem [8] implies that for every p ∈ C3, the
intersection Sp ∩T is a union of a constant number of curves of constant degree and a discrete
set of a constant number of points.

Put V := {p ∈ C3 | Sp ∩ T is a curve}. Similar to [22, Theorem 2.16], one can define a
polynomial of constant degree, via multivariate resultants, whose vanishing at a point p is
equivalent to Sp ∩ T being one-dimensional. Hence, V is a complex algebraic variety, and, as
T is of constant degree, so is V . We may assume that V is irreducible.

We argue that if V = C3 then T has to be three-dimensional, so we have V ̸= C3. We
then argue that V cannot be two-dimensional, using a somewhat involved argument, whose
details are given in [21]. Hence, V must be one-dimensional. By definition of V , every point
p ∈ P \ V is incident to at most O(1) lines of L, for a total of O(m) incidences. Thus, we
may assume that all the points of P are contained in the curve V . For each line ℓ ∈ L, if ℓ is
not contained in V it contributes at most O(deg V ) = O(1) incidences with P . Thus, we get
a total of O(n) incidences, except for at most O(deg V ) = O(1) lines that are contained in
V , for a total of O(m) additional incidences. This completes the proof of the theorem. ◀

The following corollary is an immediate consequence of the theorem.

▶ Corollary 12. Let T be a two-dimensional, non-planar, irreducible subvariety, of constant
degree, of the Klein quadric Q. Then, there exists a constant r0 = r0(deg(T )) so that, if L is
a set of n lines in R3 whose Plücker images are points in T then, for r ⩾ r0, the set P⩾r(L)
of r-rich points determined by L satisfies |P⩾r(L)| = O(n/r).
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5 Incidences between points and lines in a three-dimensional family of
lines

In this section we prove the following main result.

▶ Theorem 13. The number of incidences between m points in R3 and n lines in R3 whose
Plücker images are contained in an irreducible nonlinear constant-degree three-dimensional
variety T is

O
(

m3/5n3/5 + (m11/15n2/5 + m1/3n2/3)s1/3 + m + n
)

,

provided that no plane contains more than s of the points. If s = O(min{n3/5/m2/5, m1/2}),
the bound becomes O(m3/5n3/5 + m + n).

Proof. Recal that Sp is the 2-flat in Plücker space that consists of all lines passing through
a point p ∈ R3, and define

W := {p ∈ C3 | Sp ∩ T is two-dimensional}.

▶ Lemma 14. W is an algebraic variety of dimension at most 2 and of constant degree.

Proof. Since Sp is a 2-flat, Sp ∩ T is two-dimensional if and only if Sp ⊂ T . Similarly to the
Fano variety of lines, the Grassmannian manifold of 2-flats contained in a constant-degree
variety is an algebraic variety [9] of constant degree, so W is algebraic of constant degree. To
bound the dimension of W , we repeat the proof of [23, Theorem 2.3(a)], which proceeds by
counting the dimensions of the fibers that arise in the problem. Here we omit the details and
give the high-level idea. Assume to the contrary that W is three-dimensional, i.e., W = C3,
so for every point p ∈ C3, the 2-flat Sp is contained in T . Omitting details, we note that
each p ∈ C3 contributes a two-dimensional set (dim(Sp) = 2), but then every line is counted
by the infinitely many points incident to it. A standard dimension counting argument then
implies that dim(F (T )) ⩾ 4, where F (T ) is the Fano variety of lines contained in T . By [22,
Theorem 3.11], this implies that T has to be a 3-flat, contradicting our assumption. ◀

We first treat incidences with points p ∈ P ∩W . We decompose W into its O(1) irreducible
components, and treat each component separately. If a component W0 of W is not a 2-flat
then, by [23, Corollary 1.4], the number of incidences between points contained in W0 and
lines in L is O(m+n). If W0 is a 2-flat, we invoke the Szemerédi-Trotter bound in Theorem 1,
and get the bound O(s2/3n2/3 + s + n), using our assumption that no 2-flat contains more
than s points of P . This in turn can be upper bounded by O(s1/3m1/3n2/3 + m + n), which
is subsumed by the bound asserted by the theorem.

Next, we treat incidences involving points in R3 \ W , i.e., points that are incident to a
one-dimensional family of lines in T . In this case we use duality, replacing each point p in
R3 with the one-dimensional curve γp of lines incident to p and contained in T , in Plücker
space. This yields a family of m constant-degree curves that is a family of pseudo-lines.
(Two such curves γp and γq intersect in at most one point, corresponding to the (unique)
line connecting p and q, if it lies in T .) We replace each of the n lines in L by its Plücker
image, and obtain an incidence problem between n points and m pseudo-lines within the
variety T , a three-dimensional subset of the four-dimensional Klein quadric Q. Using a
generic projection of T onto R3 (in which all projected points are distinct and no pair of
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projected curves overlap), the analysis then proceeds by invoking Zahl [29, Lemma 4.1],
which extends the Guth–Katz incidence bound from incidences with lines to incidences
with pseudo-lines. Specifically, Zahl shows that the number of incidences between n points
and m pseudo-lines in R3, assuming that these pseudo-lines are constant-degree algebraic
curves, is O(n1/2m3/4 + n2/3m1/3ξ1/3 + m + n), where ξ is an upper bound on the number of
pseudo-lines that are contained in any common two-dimensional surface contained in T that
is infinitely ruled by curves from the infinite family from which our pseudo-lines are taken.

As argued in Guth and Zahl [12], any such surface must be of degree at most 100E2,
where E is the degree of the pseudo-lines γp, so it is sometimes convenient, especially when
no simple characterization of such infinitely ruled surfaces is known, to impose the stronger
assumption that no surface of degree at most 100E2 contains more than ξ pseudo-lines. In
general, this assumption is too restrictive, and difficult to verify. One of the main technical
contribution of the analysis in this section is to exploit the dual nature of the present setup,
and replace this assumption by the simpler and more natural assumption that, in the original
“primal” 3-space, no plane contains more than s points of P , allowing us to replace ξ by s,
and obtain the incidence bound

I(P, L) = O(n1/2m3/4 + n2/3m1/3s1/3 + m + n).

Since n1/2m3/4 ⩽ m3/2 when n ⩽ m3/2, and n1/2m3/4 ⩽ n otherwise, we get the following
bootstrapping bound

I(P, L) = O(m3/2 + n2/3m1/3s1/3 + n). (6)

The analysis then proceeds by “starting over” in primal space, i.e., by constructing a
partitioning polynomial g of degree O(D), for a suitable value of D, to be fixed shortly, using
the techniques in [10, 11], so that each connected component (cell) τ of R3 \ Z(g) contains
at most m/D3 points of P and is crossed by at most n/D2 lines of L (but any number of
points and lines can be contained in the zero set Z(g)).

Incidences within the cells. We first bound the number of incidences within the partition
cells. We apply the bootstrapping bound in (6) to each cell τ and sum the bound over all
components, to obtain the bound

O
(

D3((m/D3)3/2 + (n/D2)2/3(m/D3)1/3s1/3 + n/D2)
)

= O

(
m3/2

D3/2 + n2/3m1/3D2/3s1/3 + nD

)
.

To balance the first and last terms, we choose D = m3/5/n2/5. For this to make sense, we
require that 1 ⩽ D ⩽ min{m1/3, n1/2}, or, equivalently, that n ⩽ m3/2 and m ⩽ n3/2. When
the first inequality does not hold, we do not use any partitioning and just apply (6) to obtain
the bound I(P, L) = O(n2/3m1/3s1/3 + n). When the second inequality does not hold, we
choose D = an1/2, for a suitable constant a, which satisfies the inequalities. In fact, we can
construct a polynomial g of this degree so that all the lines of L are fully contained in Z(g)
(see, e.g., [14]), and we may therefore assume that all the points of P are also contained
in Z(g), as the other points contribute no incidences. That is, in this case there are no
incidences within the cells.

In the middle range, our choice of D yields the bound O(m3/5n3/5 + m11/15n2/5s1/3).
Combining all the bounds, the number of incidences within the partition cells is

O
(

m3/5n3/5 + (m11/15n2/5 + m1/3n2/3)s1/3 + m + n
)

. (7)
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Incidences on the zero set. Consider next incidences involving points that lie on Z(g). A
line ℓ that is not fully contained in Z(g) crosses it in at most O(D) points, for an overall
O(nD) bound, which is subsumed by the bound (7) for incidences within the cells. It
therefore remains to bound the number of incidences between the points of P on Z(g) and
the lines that are fully contained in Z(g).

We handle each irreducible component of Z(g) separately. For non-planar components,
Theorem 5, combined with Hölder’s inequality (for summing up the bounds over the irreducible
components) implies that the number of incidences between points and lines contained in
Z(g), but not in any planar component of Z(g), is

O(m1/2n1/2D1/2 + m1/3D4/3s1/3 + m + n).

In the middle range n2/3 ⩽ m ⩽ n3/2, the choice of D = m3/5/n2/5 is easily seen to yield
the desired bound O(m3/5n3/5 + m + n). The case m < n2/3 has already been handled, by a
single application of (6), which yields the bound O(n2/3m1/3s1/3 + n). When m > n3/2, the
choice of D = an1/2, as made above, yields the bound O(n2/3m1/3s1/3 + m).

For the planar components, we use the standard technique of assigning each point and
line to the first planar component that contains it (according to some arbitrary enumeration
of the components). The number of incidences between points and lines assigned to different
components is O(nD) = O(m3/5n3/5 + m + n) (the right-hand side does indeed bound the
left-hand side for each of the sub-ranges). For incidences between points and lines assigned
to the same planar component, we apply the Szemerédi-Trotter bound (Theorem 1) to
each component and sum the resulting bounds over the components. The assumption that
each plane contains at most s points, combined with Hölder’s inequality, yields the bound
O(m1/3n2/3s1/3 + m + n).

That is, the number of incidences with points on Z(g) is bounded by

O
(

m3/5n3/5 + m1/3n2/3s1/3 + m + n
)

. (8)

Combining with the bound (7) for incidences within the cells, we get the overall bound

I(P, L) = O
(

m3/5n3/5 + (m11/15n2/5 + m1/3n2/3)s1/3 + m + n
)

,

thereby completing the proof of the theorem. ◀

▶ Remark. An interesting challenge in incidence geometry is to sharpen the Guth-Katz
bound [11] when the number of lines in any common plane is at most some constant. When
the lines in L are contained, as points in Plücker space, in an irreducible nonlinear constant-
degree three-dimensional variety T then, while we cannot deduce that the number of lines
contained in a common plane is constant, we can nevertheless show: For any plane Π ⊂ C3,
T ∩ Π∗ (recall that Π∗ is the 2-flat dual to Π, consisting of all the points dual to lines that
are contained in Π) is a constant-degree curve, and thus, except for O(1) points, every point
in Π is incident to O(1) lines in T , implying that the number of incidences in a common
plane is O(mΠ + nΠ), where mΠ (nΠ) is the number of points (lines) contained in Π. Such
a linear bound on the number of incidences within a plane is a key property for deriving
improved incidence bounds, as demonstrated in this work. For Theorem 13, we also added
the condition that mΠ ⩽ s, for every plane Π, to further improve the bound.
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6 Application: Incidences between points and lines on a quadric in
four dimensions

Solomon and Zhang [26] give a configuration of m points and n lines in a quadratic hyper-
surface in R4, having Ω(m2/3n1/2 + m + n) incidences. The following theorem follows as a
corollary from the previous section.

▶ Theorem 15. Let P be a set of m points and L a set of n lines contained in a quadratic
hypersurface S ⊂ C4 such that no 2-flat contains more than s = O(n3/5/m2/5) of the points
of P . Then I(P, L) = O(m3/5n3/5 + m + n).

▶ Remark. When m = O(n3/2), the lower bound Ω(m2/3n1/2 + m + n) obtained in [26] is
(asymptotically) smaller than the upper bound O(m3/5n3/5 + m + n) asserted in Theorem 15.
Closing this gap remains a challenging open problem.
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Abstract
Given a persistence diagram with n points, we give an algorithm that produces a sequence of n

persistence diagrams converging in bottleneck distance to the input diagram, the ith of which has i

distinct (weighted) points and is a 2-approximation to the closest persistence diagram with that
many distinct points. For each approximation, we precompute the optimal matching between the
ith and the (i + 1)st. Perhaps surprisingly, the entire sequence of diagrams as well as the sequence of
matchings can be represented in O(n) space. The main approach is to use a variation of the greedy
permutation of the persistence diagram to give good Hausdorff approximations and assign weights
to these subsets. We give a new algorithm to efficiently compute this permutation, despite the high
implicit dimension of points in a persistence diagram due to the effect of the diagonal. The sketches
are also structured to permit fast (linear time) approximations to the Hausdorff distance between
diagrams – a lower bound on the bottleneck distance. For approximating the bottleneck distance,
sketches can also be used to compute a linear-size neighborhood graph directly, obviating the need
for geometric data structures used in state-of-the-art methods for bottleneck computation.
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1 Introduction

Persistent homology (PH) is a topological invariant with a built-in metric. Thus, qualitative
shape information (topology) becomes quantitative (distances). This is why PH is so useful
as a meta-analysis tool; it can map an entire data set to a single point in a metric space,
i.e., a persistence diagram (PD). The complexity of computing the distance between PDs is
determined by the complexity of the PDs themselves, which are multisets of pairs of numbers.
The exact distance is computed by finding the minimum bottleneck matching between the
sets. Naturally, smaller diagrams lead to faster computation.

In this paper, we will explore methods for sketching PDs, producing much smaller
diagrams while maintaining some guaranteed proximity to the original PD. Given a PD D

with n distinct (nondiagonal) points, we will produce a sequence of PDs D0, . . . , Dn where
each Di has i distinct points. Let εi be the bottleneck distance dB(D, Di) for all i. The
sequence has the property that ε0 ≥ ε1 ≥ · · · ≥ εn = 0. In other words, the sequence
approaches D in the bottleneck distance. Moreover, the triangle inequality then gives a
guarantee that for any PD X and all i

|dB(X, D) − dB(X, Di)| ≤ εi.

In addition to computing the sequence of diagrams, we will also compute the optimal
matching Mi : Di → Di+1. Thus, given a matching M : X → Di, we will be able to compute
a matching Mi ◦ M : X → Di+1 whose bottleneck cost is only increased by at most εi+1.
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We will show how this can be used to efficiently reuse much of the work in computing a
bottleneck distance to Di when computing the distance to the finer approximation Di+1.
Surprisingly, the total space required to represent the sequence of diagrams as well as the
sequence of matchings will only be O(n). So, for a constant factor extra space, the PD can
be stored in a way that allows for fast approximate distance computations.

Our approach is based on a greedy permutation (also known as a farthest-point traversal)
of the points in the persistence diagram combined with a weighting scheme. For a PD with
n points, we will produce n different approximations, where the ith approximation has i

distinct weighted points. During construction, we precompute both the bottleneck distance
between the successive approximations, but also the matching that realizes this distance.
Thus, we have bounds on the error associated to any given approximation.

The main motivation for our work is to improve data analysis on spaces of persistence
diagrams. In many proximity search problems, it is often less important to compute distances
than it is to guarantee that distances are larger than some bound in order to prune a search.
In simple metric spaces where distances are inexpensive to compute or are part of the input,
this is usually accomplished by direct comparison. For expensive to compute metrics such as
the bottleneck distance, we would benefit from fast approximations.

2 Background

The extended plane is the set R2
∞ := (R ∪ {∞})2. Let p = (pb, pd) be a point in R2

∞. The
subscripts b and d on the coordinates refer to “birth” and “death” respectively. The distance
between points p, q ∈ R2 is defined using the L∞-norm

∥p − q∥ = max{|pb − qb|, |pd − qd|}.

The distance between between points in R2
∞ is defined similarly with the usual care required

for arithmetic on ∞.
A persistence diagram (PD) is a multiset of points in R2

∞ that contains the diagonal
{(x, x) | x ∈ R∞} with infinite multiplicity. For any multiset X, let X denote the underlying
set, and for any x ∈ X, let mult(x) be the multiplicity of x in X.

Let A and B be PDs. A bijection M : A → B is called a matching. The bottleneck cost
of M is maxa∈A ∥a − M(a)∥. The bottleneck distance between PDs A and B is defined to be
the minimum bottleneck cost over all matchings M : A → B.

Every matching M : A → B induces a transportation plan. This is a function T : A×B →
Z that counts the number of edges between a point a ∈ A and b ∈ B. More generally a
function T : A × B → Z is a transportation plan between multisets A and B if for all a ∈ A

and all b ∈ B, we have∑
b′∈B

T (a, b′) = mult(a) and
∑

a′∈A

T (a′, b) = mult(b).

The bottleneck cost of a matching is easily computed from the transportation plan. For
this reason, it is not uncommon to see the bottleneck distance presented in terms of either.
Both matchings and transportation plans will be useful in this paper. Matchings have
the advantage that their composition is canonically defined. Transportation plans have
the advantage that they are simpler to represent and therefore reduce space usage. Every
transportation plan represents an equivalence class of matchings.
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The bottleneck distance is a special case of the Wasserstein distance. For a given matching
M , the p-Wasserstein cost is

costp(M) =
(∑

x∈X

d(x, M(p))p

)1/p

.

The bottleneck distance is the case of p = ∞.

2.1 Greedy Permutations
Given two subsets A and B in a metric space, the Hausdorff distance between A and B is
defined to be

dH(A, B) := max{sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)}.

Let (X, d) be any metric space and let P ⊆ X be finite. Let P be ordered (p0, . . . , pn−1).
The ith prefix of the ordering is denoted Pi = {p0, . . . , pi−1}. The ordering is a greedy
permutation if for all i ∈ {1, . . . , n − 1},

min
q∈Pi

d(pi, q) = dH(Pi, P ).

In other words, each point pi is the farthest point from the prefix Pi. For this reason,
greedy permutations are also known as farthest point samples. The point p0 may be chosen
arbitrarily.

For each pi, the distance εi = d(pi, Pi) is called the insertion radius. By convention
ε0 = ∞. By construction, for a greedy permutation, we have

ε0 ≥ ε1 ≥ · · · ≥ εn−1.

The spread ∆ of a point set is the ratio of the largest to smallest pairwise distances. If
the points are arranged in a greedy permutation, then the spread is at most 2ε1

εn
. We define

the spread for a persistence diagram similarly, except that we ignore multiplicity and treat
the entire diagonal as a single point.

3 Related Work

The state-of-the-art for computing the bottleneck distance between persistence diagrams is
the work of Kerber et al. [17]. They borrow the geometric insight from the work of Efrat et
al. [12], in which the Hopcroft-Karp matching algorithm [16] is combined with geometric data
structures to avoid constructing the entire bipartite graph. With this approach Efrat et al.
reduce the execution time of the matching algorithm from O(n2.5) to O(n1.5 log n). Kerber
et al. use this idea to give a similar running time for computing the bottleneck distance of
persistence diagrams.

Kerber et al. also adapt Bertsekas’ auction algorithm [2] to find an approximate Wasser-
stein distance between diagrams, including the adaptation by Bertsekas and Castanon [3]
that works with multiplicity.

Our approach is based on greedy permutations of the points as originally presented for
clustering (see [14, 11]). An efficient algorithm to compute such permutations comes from
the work of Clarkson [8] and his data structures for nearest neighbor search. Har-Peled
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and Mendel [15] showed that Clarkson’s algorithm runs in 2O(d)n log(∆) time and O(2O(d)n)
space, where d is the doubling dimension and ∆ is the spread. Our work extends Clarkson’s
algorithm and uses it to compute greedy permutations of PDs.

There are many novel applications of the bottleneck and Wasserstein distance, or its
approximation. Fasy et al. [13] consider the problem of approximating nearest neighbors of
PDs. Mumey [19] provides an approach to approximate nearest bottleneck distance queries
over a finite point set by indexing a set of points to create a database and a trie-based data
structure. Soler et al. [22] track topological changes in time by finding matchings in a lifted
Wasserstein metric. Vidal et al. [23] provide an iterative algorithm to calculate progressively
accurate approximations of the Wasserstein barycenters on a space of PDs. All of these
approaches could benefit from faster distance computation.

There are several previous approaches that transforming PDs into another representation
to make certain tasks computationally simpler. Bubenik [4] introduces one such form called
persistence landscape which enables statistical inference via standard statistical tests. Adams
et al. [1] show that PDs can be converted to a vector representation called a persistence
image. Divol and Lacombe [10] give a framework to study PDs by converting them to partial
optimal transport problems and expressing them as Radon measures on the upper half plane.
Lacombe et al. [18] describe a scalable framework to compute standard properties of PDs by
reformulating them as optimal transport problems.

Additionally, there has been significant work in representing PDs as vectors leading to a
combination of machine learning theory with topological data analysis. Carrière et al. [6]
define a stable topological point signature for shapes by extracting vectors from PDs. Many
machine learning techniques require the underlying space to be a Hilbert space. It is shown
by Reininghaus [20] that it is possible to use topological information encapsulated in PDs
in all kernel-based machine learning methods. The kernel thus defined, however, performs
poorly when encumbered with a large number of training vectors. Zeppelzauer [24] attempts
to overcome these limitations by analysing 3D surfaces using persistence image descriptors
of Adams et al. [1]. Carrière et al. [5] implement a provably stable sliced Wasserstein kernel
and an algorithm to approximate it.

4 From Hausdorff to Bottleneck Approximations

The main idea of this paper is to use greedy permutations to give approximations to a persist-
ence diagram. The greedy permutation is often used to give approximations that are close in
Hausdorff distance. If A and B are PDs, then it is possible that dH(A, B) = 0 and dB(A, B)
is large. Therefore, one should not, in general, expect that a good Hausdorff approximation
will give a good bottleneck approximation. The same holds for other Wasserstein metrics.

There is one important case in which we can relate the Hausdorff distance and the
Bottleneck distance – when one diagram is a subset of the other and the multiplicities of
its points have been carefully adjusted. This section gives the construction and proves the
equivalence of the Hausdorff and Bottleneck distances for that case.

Natural Reweighting

A reweighting of a PD A is a new persistence diagram A′ formed by assigning new multiplicities
to the points. Thus, if A is a reweighting of A, then A = A′.

Given A ⊆ B, the natural reweighting of A with respect to B is one that assigns a
multiplicity to each point a in A according to the number of points in B having a as their
nearest neighbor. That is, for a ∈ A, we have mult(a) is the number of points of B that are
closer to a than to any other point of A. Ties can be broken arbitrarily, possibly resulting in
non-uniqueness.
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▶ Lemma 1. Let A and B be PDs with A ⊆ B. If A′ is a natural reweighting of A, then

dB(A′, B) = dH(A, B).

Proof. All points in A ∩ B will be matched to themselves. The points of B \ A will be
matched to their nearest neighbor. This exactly matches each point of A′ with the correct
multiplicity. This is a matching whose bottleneck is maxb∈B d(b, A) = dH(A, B). This
matching must be optimal, because every edge from b ∈ B is the globally shortest possible
to a point in A. ◀

Optimal Transport

The natural reweighting can be understood in terms of optimal transport. Specifically, for
A ⊆ B, the natural reweighting A′ corresponds to the transportation plan that moves every
point b of B to its nearest point NNA(b) in A. Formally, the transportation plan is

T (a, b) :=
{

mult(b) if a = NNA(b)
0 otherwise.

The transportation plan T is optimal for any Wasserstein metric. Any other transportation
plan would suffer increased cost for each point of B that is not moved to its nearest neighbor.

5 Greedy Permutations of PDs

Given a PD, the diagonal and the multiplicity of points makes it impossible to give a greedy
permutation directly. With a slight adjustment, we can define a greedy permutation of the
nondiagonal points of a PD. Let D be a PD and let the nondiagonal points of D be ordered
p0, . . . , pn−1. The ith approximate diagram Di is the natural reweighting of the ith prefix of
the ordering with the diagonal added to make it a PD. So, D0 is the empty diagram consisting
of just the diagonal and Dn is D. The ordering is greedy if for all i ∈ {0, . . . , n − 1},

min
q∈Di

∥pi − q∥ = dH(Di, D).

The sequence (D0, . . . , Dn) is called a greedy PD sketch of D.
By always starting with the diagonal, the choice of p0 is not arbitrary as is the case

of greedy permutations in other metrics. The permutation will always start with p0 as a
point of maximum persistence. Also, it is not relevant to consider multiplicities when finding
greedy permutations of PDs. Once all the distinct points have been added, the Hausdorff
distance will be zero.

Because Di is the natural reweighting with respect to D, the result is a sequence of
bottleneck approximations to D. Up to a factor of two, these approximations are optimal for
their size in the following sense.

▶ Theorem 2. Let D be a persistence diagram and let (D0, . . . , Dn) be a greedy PD sketch
of D. For all i, let Opti be the PD with i distinct points that minimizes dB(D, Opti). Then,
for all i, the approximation Di satisfies

dB(D, Di) ≤ 2dB(D, Opti).

Proof. The proof follows the same pattern as the standard proof that greedy permutations
yield 2-approximate k-centers in metric spaces [14, 11]. Let r = dB(D, Opti). Any point of
D paired with the diagonal in the optimal matching with Opti can also be matched with
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the diagonal in the matching with Di. So, it will suffice to consider points of D matched to
nondiagonal points. By construction, the distance between any pair of nondiagonal points in
Di is at least minq∈Di

∥pi − q∥ = dH(Di, D). So, if any two points a, b ∈ Di are matched to
the same nondiagonal point q in Opti, then, by the triangle inequality,

dH(Di, D) ≤ ∥a − b∥ ≤ ∥a − q∥ + ∥b − q∥ ≤ 2r.

So, we may assume that the bottleneck matching that realizes dB(D, Opti) matches each
point of Di with a unique point of Opti. Using the triangle inequality, every point of D

is within 2r of a point of Di. Therefore, we have shown that dH(Di, D) ≤ 2r, and so, by
Lemma 1, it follows that dB(Di, D) ≤ 2r. ◀

The preceding theorem shows the sense in which the PD sketch is approximately optimal
for its size. When used as a proxy for a full diagram, there is a clear upper bound on the
error; using Di instead of D introduces at most εi error as shown in the following lemma.

▶ Lemma 3. Let X and D be persistence diagrams and let i be a nonnegative integer. Let
Di be the ith PD in a greedy PD sketch of D and let εi = dH(Di, D). Then,

|dB(X, D) − dB(X, Di)| ≤ εi.

Proof. Because Di is the natural reweighting of a subset of D, Lemma 1 implies that
dB(D, Di) = dH(D, Di) = εi. The desired inequality, then follows from the triangle inequality
for the bottleneck distance. ◀

5.1 Transportation Plans
In addition to the approximate PDs, we also want to compute a matching or a transportation
plan that take us from Di to Di+1. The difference between these PDs is

the addition of point pi,
some mass moves from points in Di to pi, and
some mass moves from the diagonal to pi.

By the definition of the natural reweighting, the movement of mass is just a count of how
many points of D have pi as their nearest neighbor. By the triangle inequality in the plane,
any such transportation plan must be optimal as the source and target of every unit of mass
is known and the straight lines have minimal cost.

The natural reweighting of Di+1 is with respect to D rather than Di. As a result, the
bottleneck distance between Di and Di+1 may be larger than the bottleneck distance between
Di and D. Specifically, we have

εi = dH(Di, Di+1) ≤ dB(Di, Di+1) ≤ εi + εi+1.

The sketch for a PD with n points contains n + 1 PDs and n transportation plans. With
a little care, this can be represented in O(n) space as shown in the following theorem.

▶ Theorem 4. Given a persistence diagram D with n points, the greedy PD sketch and the
optimal transportation plans can be represented in O(n) space.

Proof. Without the multiplicities, the sequence of diagrams is represented by the greedy
permutation of the points. The multiplicities are encoded in the transportation plans from
Di to Di+1. In such a transportation plan, all the mass that moves is shifted to the newly
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added point pi. Say that a point q ∈ Di is a neighbor of pi if it is one of the points that
shifts some of its mass to pi. That is, there is some point x ∈ D such that NNDi

(x) = q and
NNDi+1(x) = pi. By the greedy ordering,

∥x − pi∥ < ∥x − q∥ ≤ εi.

Moreover, the greedy permutation guarantees that the neighbors of pi are all εi-separated.
So, the squares of side-length εi centered at the neighbors of pi are all disjoint and contained
in the square of side length 5εi centered at pi. It follows that there are at most 25 neighbors
including the diagonal. Thus, the ith transportation plan can be represented by a list of at
most 25 neighbors along with an integer for each counting the amount of mass moved. In
total this is O(n) numbers to store. ◀

6 Modifying Clarkson Algorithm for Greedy Permutations of
Persistence Diagrams

It is possible to compute the greedy permutation of a persistence diagram using the standard
quadratic time algorithm [14, 11]. The naive approach is simply to treat the entire diagonal as
the first point in the permutation. To get a faster algorithm, a simple and effective approach
due to Clarkson can compute a greedy permutation in O(n log ∆) time in low-dimensional
metrics. However, the inclusion of the diagonal in a persistence diagram is an obstacle to
direct application of Clarkson’s algorithm. The reason is that treating the diagonal as a
point breaks the triangle inequality, e.g., consider two points that are both close to the
diagonal but far from each other (see Fig. 1). If one enforced the triangle inequality, the
impact would be that the diagram could appear to have high doubling dimension; all n

points could be one unit from the diagonal and thus equidistant (exactly two units) from
each other. In this section, we will show how to modify the algorithm so that we can achieve
the same O(n log ∆) running time for persistence diagrams. The main insight is to augment
the PD with its projection to the diagonal and modify the way distances are computed. We
will also give an example where the direct application of Clarkson’s algorithm devolves to
quadratic time.

6.1 Overview of Clarkson’s Algorithm
In his work on nearest neighbor search in metric spaces [7, 8, 9], Clarkson developed several
data structures based on a kind of discrete Voronoi diagram. Points are inserted into the
structure one at a time and the uninserted points are assigned to their nearest neighbors
among the inserted points. The set of points whose nearest neighbor is a point p are called
the (discrete) Voronoi cell of p and are denoted Vor(p). A neighborhood graph is constructed
on the inserted points with edges between points p and q representing the possibility that
inserting a point in Vor(p) would alter Vor(q) or vice versa. As points are inserted, updates
to the structure remain local with respect to this neighborhood graph. Some extra edges are
maintained to simplify construction, pruning only those between points whose distance is
more than some constant times their radii.

The Voronoi cells provide exactly the information required to compute both the natural
reweighting as well as the optimal transportation plans. The improvements in running time
come from the sparsity of the neighborhood graph. That sparsity will also translate into the
sparsity of the PD sketch.

The simplest version of Clarkson’s data structure is called sb and was implemented
in C. It was originally designed to use a random permutation of the input points, but
after experimental analysis, it was shown that performance improved when using a greedy

SoCG 2021



57:8 Sketching Persistence Diagrams

Figure 1 The triangle inequality fails when treating the diagonal as a point. If d(a, b) ≫ d(a, â)
and d(a, b) ≫ d(b, b̂) then the triangle inequality fails as d(a, b) > d(a, â) + d(â, b).

Figure 2 In this example, Clarkson’s algorithm devolves to quadratic time. As points are added
p0 to p5, all other points have to be checked to see if they move.

permutation [8]. The data structure also finds the greedy permutation efficiently as part of
the construction: knowing the Voronoi cells of the points added so far makes it easy to add
the next farthest point by storing the Voronoi cells in a priority queue. Later, Har-Peled and
Medel showed that this algorithm runs in O(n log ∆) time in doubling metrics. A Python
implementation of this algorithm is also available [21].

Consider a PD in which all the points are on a line one unit from the diagonal and
are spaced out two units apart. With a slight perturbation, any given ordering can be the
greedy permutation. If the ordering is sorted along the line, then each new point would
require checking all the other points to see if they move. Thus the total running time is
quadratic, even though the spread is linear. This is illustrated in Fig. 2. The reason this
seems to violate the O(n log ∆) running time is that the big-O hides a term exponential in
the doubling dimension. If the distances are replaced with shortest path distances to enforce
the triangle inequality, the doubling dimension of this example becomes log n because the
the path from a point to the diagonal plus the diagonal to another point results in all points
equidistant. So, in order to compute the greedy permutation in subquadratic time using
Clarkson’s algorithm, one must treat the diagonal differently.
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6.2 Using Projections
Let D be a persistence diagram. Let X be the nondiagonal points of D and let X̂ be the
projections of the points of X to the diagonal. For each a ∈ X, we will write â for its
projection. Ultimately, we will compute the greedy permutation of X ∪ X̂ and retain only
the ordering on X.

Let S be a subset of X ∪ X̂. The points X̂ naturally partition the diagonal into segments
where for any x̂ ∈ S ∩ X̂,

segS(x̂) := {ŷ | for all ẑ ∈ S ∩ X̂, ∥x̂ − ŷ∥ ≤ ∥ẑ − ŷ∥}.

When partitioning the points into discrete Voronoi cells, we will consider the Voronoi cells of
the segments for the diagonal points. Formally,

dS(x, y) :=
{

minẑ∈segS(x) ∥ẑ − y∥ if x ∈ X̂

∥x − y∥ otherwise.

This way of computing distances does not give a metric, but it will give the correct notion
of discrete Voronoi cells, defined as

VorS(x) := {y ∈ X ∪ X̂ | for all z ∈ S, dS(x, y) ≤ dS(z, y)}.

Note that the addition of more points of X̂ into S will not affect the Voronoi cells of
points in S ∩ X. This is the desired invariant because it means that the union of the Voronoi
cells of the diagonal points only depends on the nondiagonal points. The points of S ∩ X̂

serve only to partition what would otherwise be one large cell associated to the diagonal.
The projection distance is

r(x, y) :=
{

∥y − ŷ∥ if x ∈ X̂ and y ∈ X

∥x − y∥ otherwise.

The radius of a Voronoi cell of a point x ∈ S is

rad(x) := max
y∈VorS(x)

r(x, y).

The modified Clarkson algorithm then computes the greedy PD sketch by maintaining
these Voronoi cells. The next point added at each step is the farthest point (in projection
distance) in the Voronoi cell of maximum radius. The neighborhood graph connects two
Voronoi cells as long as their distance is less than four times the larger of their radii.

The key to the analysis of Clarkson’s algorithm is that the neighborhood graph maintains
constant degree. One must keep enough edges so that the following two conditions hold.
1. The Voronoi cell of a newly inserted point is contained in the union of the cells of the

neighbors of its parent, i.e., the nearest neighbor just prior to insertion.
2. The neighbors of a newly inserted point are contained in the union of the neighbors of

neighbors of its parent just prior to insertion.

Our changes to how distances are computed produce only a small change to the analysis
of Clarkson’s algorithm, requiring us to store edges in the neighborhood graph up to four
times the radius (rather three times the radius as in the original). The full version gives the
details on why this small change is sufficient (by repeated use of the triangle inequality).

▶ Theorem 5. The modified Clarkson algorithm restricted to the nondiagonal points gives a
greedy PD sketch.
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Proof. It suffices to prove that each time a nondiagonal point pi is added, it is the farthest
point from Di. The algorithm explicitly chooses the farthest point at each step, so we need
only observe that the inclusion of the projections do not change the Voronoi cells of the
nondiagonal points. In other words, the projections do not change the order in which the
nondiagonal points are added. This follows from the definition of the projection distance. ◀

▶ Theorem 6. The greedy PD sketch can be computed in O(n log ∆) time.

Proof. Using the projections, the analysis of the running time is the same as the standard
analysis as given in Har-Peled and Mendel [15] and also in Clarkson [8]. The key idea is to
count the number of times any point is considered for moving into a new Voronoi cell. By
a volume packing argument, this can happen only a constant number of times before the
maxmimum radius goes down by at least a factor of 2. The one caveat is that the projection
could artificially increase the spread. This is resolved by stopping the algorithm as soon as
all of the nondiagonal points are inserted. This happens at scale 1

∆ times the diameter and
therefore, the total running time is O(n log ∆) as desired. ◀

A natural improvement in many instances would be to stop early and return a prefix
of the PD sketch. In particular, if one has other sources of error – such as the grid size in
persistence images [1] – one need not compute the full sketch. For constant precision, the
running time will be linear.

▶ Corollary 7. Let D be a PD, and let Rmax be the maximum persistence of any point in D.
For a fixed precision ε, a partial greedy PD sketch (D0, . . . , Dk) can be computed such that

dB(Dk, D) ≤ ε

in O(n log Rmax
ε ).

7 Updating a Matching

Starting from a greedy PD sketch of D and a second PD X, an approximation Di in the
sketch can be used to estimate dB(X, D). In doing so, an optimal bottleneck matching
between Di and X is computed. Choosing a larger value of i will increase the precision. In
this section, we show how to bootstrap the computation that has already been done for Di

to get good matching between X and Di+1. The principle idea is to compose a matching
X → Di with a matching Di → Di+1 that is consistent with the transportation plan Ti. The
result will not necessarily be the optimal matching X → Di+1, but it will satisfy the cost
guarantee of Lemma 3. Thus, in many cases, most of the work of finding the bottleneck
matching will already be done.

Naive Update

The transportation plan Ti : Di × Di+1 → Z encodes an equivalence class of matchings.
Any matching Mi : Di → Di+1 that has Ti(q, q′) edges from q to q′ is in this class. One
can easily choose such a matching arbitrarily and compose it with the previously computed
optimal matching M : X → Di. That is, Mi ◦ M : X → Di+1 is a matching. Because Mi

has bottleneck cost at most εi, the new matching will increase in cost by at most εi (by the
triangle inequality).
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A Short Auction

It is possible to choose a locally optimal matching update consistent with Ti. This is perhaps
most easily understood in terms of the p-Wasserstein cost of the matching. Minimizing this
cost is equivalent to minimizing the pth power of the cost. So, replacing one edge xq with an
edge xpi in a matching M ′ results in the following change.

costp(M ′)p − costp(M)p = d(x, pi)p − d(x, q)p.

Thus, for each such edge xq, we compute the corresponding pth power change in cost. Then,
we update the edges in order of this change. This resembles an abbreviated version of the
auction algorithm [2].

For bottleneck matchings, one cannot assign costs using the pth power of the distances,
because p = ∞ in that case. Instead, one can find the optimal matching from the neighbors
of q in the matching M to the points q and pi (with multiplicities). This only requires sorting
the O(n) edges by their length. The bottleneck matching can be found in the minimum
prefix of this ordering that has sufficiently many edges incident to the points of X and the
points q and pi (by Hall’s Theorem). We call the resulting matching, the locally optimal
matching consistent with Ti.

In either case, the time is bounded by the cost of sorting the points matched to q for each
q that shifts some mass to pi in the transportation plan Ti. We have already shown that
there are only at most 25 such points q, but with multiplicity, there could be as many as
|X| = Θ(n) edges to consider. This makes the overall, worst-case running time O(n log n)
for an update to the matching.

Amortizing the Cost of Updates

Although the worst case cost of updating the matching when going from Di to Di+1 is
O(n log n), not every such update can be that expensive. Below, we show that a sequence of
these updates from Di to Dj such that εi ≤ 2εj will also only take O(n log n) time. This
means adding points in the sketch to halve the error (double the precision) is asymptotically
the same (in the worst-case) as updating the matching for one new point.

▶ Theorem 8. Let (D0, . . . , Dn) be a greedy PD sketch of D. For any i, k such that εi ≤ 2εk,
the total cost of computing the locally optimal matchings Mj consistent with Tj for all
i ≤ j ≤ k can be computed in O(n log n) time.

Proof. The total cost is
∑

q∈Q mult(q) log(mult(q)) where Q is the set of points whose mass
changes at some point in the sequence of updates. Recall that by the definition of the
natural reweighting used in the greedy PD sketch, the multiplicity of a point q ∈ D is equal
to the number of points in a discrete Voronoi cell at some point in the construction. If
Tj(q, pj) > 0, then q and pj have neighboring Voronoi cells in some step of the construction.
This means that every point in Vor(q) is touched when pj is inserted to see if it must be
move. So, as we observed in the analysis of the construction (Theorem 6), any given point
can be touched at most O(1) times before the insertion radius decreases by a factor of 2. As
the edges incident to any point q in the matching are in correspondence with the points of
Vor(q), it follows that each such edge participates in at most O(1) updates. In other words,∑

q∈Q Vor(q) =
∑

q∈Q mult(q) = O(n). So, the total cost is∑
q∈Q

mult(q) log(mult(q)) ≤
∑
q∈Q

mult(q) log(n) = O(n log n). ◀
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8 Filtered Neighborhood Graphs

Matchings are computed on neighborhood graphs. In this section, we show how the greedy
sketch computation can also simplify the construction of these graphs. We then show how
this same construction allows for fast Hausdorff approximation between PD sketches, leading
to fast lower bounds on the bottleneck distance.

The α-neighborhood graph on a set P is the graph

Nbrhd(P, α) := (P, {(pi, pj) | d(pi, pj) ≤ α}).

Let λ and γ be constants. If the points of P are all pairwise λ apart, then the degree of any
vertex in Nbrhd(P, γλ) cannot exceed (2γ + 1)2. This follows because the squares of side
length λ centered at the neighbors will be disjoint and contained in the square of side length
(2γ + 1)λ.

Let P = (p0, . . . , pn−1) be a set ordered according to a greedy permutation. The γ-filtered
neighborhood graph on P is the graph with vertices P and edges (pj , pi) whenever i < j and
d(pi, pj) < γλj . Because Pj is a λj-net for all j, there will be at most (2γ + 1)2 neighbors of
pj that precede it in the greedy permutation. Thus, the total number of edges is (2γ + 1)2n.
Moreover, the graph contains Nbrhd(Pi, γλi) for all i.

When computing the greedy permutation, one can compute the filtered neighborhood
graph at the same time in the same asymptotic running time. This is the underlying idea in
the Clarkson algorithm (the graph is an undirected version of the sb data structure).

For a pair of compact sets P, Q, the bipartite α-neighborhood graph is

BiNbrhd(P, Q, α) := (P ⊔ Q | {(p, q) ∈ P × Q | d(p, q) ≤ α)

The Hausdorff distance between P and Q is the minimum α such that BiNbrhd(P, Q, α)
contains no isolated vertices. The bottleneck distance between P and Q is the minimum α

such that BiNbrhd(P, Q, α) contains a perfect matching. If P and Q are persistence diagrams,
one adds the diagonal as an extra vertex to each set and adds edges from points to the
diagonal if their projection to the diagonal is within α.

The main way that “geometry helps” for matching problems in the plane is that one can
use a geometric data structure to implicitly store this graph. However, when working with
approximations, one can show that the bipartite neighborhood graph has linear size and can
be computed in linear time if one has already precomputed the filtered neighborhood graphs
of the two sets. Below, we explain the construction.

▶ Lemma 9. Let R, B ⊂ R2. If BiNbrhd(Rλ, Bλ, γλ) has an isolated vertex, then dH(R, B) ≥
λ(γ − 1).

Proof. Without loss of generality, let x ∈ Rλ be an isolated vertex. Then, there are no
points of Bλ within distance λγ of x and so, dH(R, Bλ) ≥ λγ. Because Bλ is a λ-net,
dH(B, Bλ) ≤ λ. Therefore, by the triangle inequality, dH(R, B) ≥ λγ − λ = λ(γ − 1). ◀

▶ Theorem 10. Let R, B be PDs and let λ and γ be constants such that λ(γ −1) ≥ dH(R, B).
Given the greedy permutations of R and B as well as the corresponding (2γ + 1)-filtered
neighborhood graphs, the BiNbrhd(Rλ, Bλ, γλ) can be computed in linear time.

Proof. The algorithm will be incremental, adding the points in order of their insertion radii.
At each step i, we maintain Gi = BiNbrhd(Rλi , Bλi , γλi), where λi is the insertion radius
of the newly inserted point. When inserting pi, we add its neighbors Gi. Without loss of
generality, assume pi ∈ R. Let y be the nearest neighbor of pi in Nbrhd(Ri, 2γ(λi)). So
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d(y, pi) = λi. There are only a constant number of neighbors. Then, let a be any neighbor
of y in Gi (which are contained in the neighbors of y in Gi−1). The neighbor a must exist
because of Lemma 9 and our choice of λ. By the triangle inequality,

d(a, b) ≤ d(a, y) + d(y, x) + d(x, b) ≤ λiγ + λi + λiγ = λi(2γ + 1).

It follows that a and b are neighbors in Nbrhd(Bλi , λi(2γ + 1)). So, the neighbors of pi can
all be found among the neighbors of y. Because the degrees are constant and edges that are
too long for the current value of λi can be deleted as they are encountered the neighbors of
pi can be found in amortized constant time.

One pass over the edges suffices to remove any that are longer than λγ. Thus, the total
running time is linear. ◀

▶ Theorem 11. Given the greedy permutations of R and B as well as the corresponding
(2γ + 1)-filtered neighborhood graphs, an approximation of dH(R, B) to within a factor of
1 ± 1

γ can be computed in linear time.

Proof. If the algorithm from Theorem 10 is run until it either inserts all the points or
discovers an isolated vertex, it will produce a graph with a linear number of edges. By
iterating over the edges, one can find, for each vertex, the distance to the nearest adjacent
vertex in the graph. The maximum of these distances indicates the distance r = λγ at which
a vertex becomes isolated and is the desired approximation. By Lemma 9, we know that
dH(R, B) ≥ λ(γ − 1) = r(1 − 1

γ ). Similarly, because dH(R, Bλ) ≤ λ, the triangle inequality
implies that dH(R, B) ≤ dH(R, Bλ) + λ = λ(γ + 1) = r(1 + 1

γ ). ◀

9 Conclusions and Future Work

We have presented an efficient method to preprocess a persistence diagram so that one
can extract guaranteed approximations with any number of distinct points. It remains to
explore the relationship between greedy PD sketches and other PD simplicifcations such as
persistence landscapes [4] or persistence images [1]. In particular, it is possible to construct
a persistence landscape or a persistence image from a PD sketch, possibly much faster than
with the entire diagram. Another application where many PD distance computations are
used is in the computation of Wasserstein barycenters. In Vidal et al. [23], a kind of sketch
is used to dramatically speed up the Wasserstein barycenter computation. In that case, they
use the subset of points of highest persistence. Although the approximation guarantees we
prove are only applicable to the bottleneck distance, it seems reasonable that they should
also be applicable to other Wasserstein metrics. Indeed, we give the matching update for
these metrics in Section 7.

In future work, we will incorporate these sketches into a data structure that supports
standard proximity search queries including (approximate) nearest neighbor search, metric
range search, and metric range counting. This is the main target of our work as it is a case
where there is immediate benefit to finding fast approximate distances with bounds on the
error to prune a search.
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A Sparse Delaunay Filtration
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Abstract
We show how a filtration of Delaunay complexes can be used to approximate the persistence diagram
of the distance to a point set in Rd. Whereas the full Delaunay complex can be used to compute this
persistence diagram exactly, it may have size O(n⌈d/2⌉). In contrast, our construction uses only O(n)
simplices. The central idea is to connect Delaunay complexes on progressively denser subsamples by
considering the flips in an incremental construction as simplices in d + 1 dimensions. This approach
leads to a very simple and straightforward proof of correctness in geometric terms, because the final
filtration is dual to a (d + 1)-dimensional Voronoi construction similar to the standard Delaunay
filtration. We also, show how this complex can be efficiently constructed.
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1 Introduction

The persistent homology of the distance to a set of points P in Rd describes the evolution of
the topology of

⋃
p∈P ball(p, α) as α grows from 0 to ∞. It is a multi-scale description of

the “shape” of the point set. The theory of persistent homology has its origins in the work
by Edelsbrunner et al. [17, 15] on α-hulls and α-shapes and their relation to the Delaunay
triangulation. The paper that introduced persistent homology [18] was based on ordering
the simplices of the Delaunay triangulation. Many papers have followed that use alternatives
to the Delaunay triangulation in different spaces, but in Euclidean space, the Delaunay
triangulation has a certain perfection in its ability to represent the topology of the distance
function. For approximations, the potential O(n⌈d/2⌉) size of the Delaunay triangulation
cannot compete with the linear size of so-called sparse filtrations [35, 2, 6, 13]. In this paper,
we combine the ideas from sparse filtrations with the Delaunay triangulation, achieving both
the elegance of the Delaunay triangulation and the worst-case linear-size guarantees. Along
the way, we will give a new topological perspective to the classic approach to computing
Delaunay triangulations by flips.

A flip in a 2-dimensional triangulation is the replacement of two adjacent triangles whose
four vertices are in convex position with the other two possible triangles on the same vertices.
A classic way of visualizing flips is to view the two configurations as projections of the upper
and lower hull of a tetrahedron in three dimensions (see Fig. 1). This view also permits one to
interpret other operations as flips, such as the insertion of a new vertex splitting one triangle
into three. We call the former class of flips (2, 2)-flips and the latter (1, 3)-flips, indicating the
number of triangles before and after the flip. More generally, there are (k, d + 2 − k)-flips for
sets of d + 2 points in Rd. These are likewise interpreted as projections of (d + 1)-simplices.
In this paper, we will use the (d + 1)-simplices of the flips to give a topological connection
between the Delaunay triangulation of a set of points and the Delaunay triangulation of a
subset – both triangulations are subcomplexes of a (d + 1)-dimensional complex containing
the flip simplices. Throughout, we will distinguish between the terms Delaunay triangulation
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58:2 A Sparse Delaunay Filtration

Figure 1 Flips in the plane correspond to the upper and lower facets of a tetrahedron in R3.

for the embedded geometric complex on a set of points and a Delaunay complex, which is
the corresponding abstract simplicial complex. As will become clear, the addition of the flip
simplices will result in a simplicial complex that will not be embedded in Rd.

Many Delaunay triangulation algorithms use flips as an algorithmic primitive. This idea
goes back to the work of Lawson [28, 27] and reached its more modern form in the simultaneous
papers of Bowyer [3] and Watson [37]. As the d-simplices of the Delaunay triangulation are
those for which the circumsphere is empty of other input points, a transformations of the
problem into Rd+1 can make this criterion linear. This was first done by Brown [4] using
the stereographic map and later by Edelsbrunner and Seidel [19] using the parabolic lifting.
Adjusting the parabolic lifting can be interpreted as assigning weights to points and leads
to weighted Delaunay triangulations (also known as regular triangulations). Edelsbrunner
and Shah showed that incremental, flip-based algorithms also work in the weighted case [20]
despite obstructions discovered by Joe [26] to applying Lawson’s algorithm in R3.

The theory of persistent homology applies to settings much more general than the sublevel
sets of distance functions in Euclidean space. One common setting is to consider points in
finite metric spaces. The complex used for this is called the (Vietoris-)Rips complex. At
scale α, it contains a simplex for every clique in the α-neighborhood graph of the points.
In order to deal with the size blowup of this complex, several sparsification methods have
been proposed [35, 2, 6, 13]. All of these approaches attempt to use only subsets of the input
points as the scale increases. In this paper, we will show how to adapt this approach to the
Delaunay complex.

In other related work, several authors have given sparse approximations for distance
functions in Euclidean space. For example, Hudson et al. [25] use ideas from mesh generation
to give an approximation to the distance function. Choudhary et al. [11] used a method of
overlapping grids to give an approximation that has an asymptotically smaller dependence
on the dimension than previous methods.
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2 Background

2.1 Distances, Points, and Weights
Let ∥a − b∥ denote the Euclidean distance between a and b in Rd. Let ball(c, r) denote the
closed ball centered at c ∈ Rd with radius r. For a set P ⊂ Rd, let

d(x, P ) = min
p∈P

∥x − p∥.

Equivalently, d(x, P ) is the minimum r such that P ∩ ball(x, r) is nonempty.
The distance function induced by a point set P maps each point x ∈ Rd to d(x, P ). The

sublevel sets of this distance function is often used in topological data analysis as a way to
extend a finite set and fill in the space between the points. These sublevel sets are sometimes
called offsets and are formally defined for each scale α as

P α := {x ∈ Rd | d(x, P ) ≤ α} =
⋃

p∈P

ball(p, α).

The Hausdorff distance between two point sets P and Q is defined as

dH(P, Q) := max{max
p∈P

d(p, Q), max
q∈Q

d(q, P )}.

Equivalently, dH(P, Q) is the minimum r such that P ⊆ Qr and Q ⊆ P r.
One way to modify a distance function and give more or less importance to certain points

is to assign a weight to each point. A weighted point p̂ is a point p ∈ Rd and a weight wp ∈ R.
The weighted distance to p̂ is defined as

πp(x) :=
√

∥x − p∥2 + w2
p.

The weighted distance is also called the power distance, especially in the case where one
subtracts the weight rather than adds it. Throughout the paper, we add weights rather than
the usual power distance as it substantially simplifies both the conceptual use of weights
to decrease the importance (i.e., radius) of some points and also the arithmetic. All of the
constructions we present can be translated into power distances by a global transformation
of all the weights and a reinterpretation of the scale. A similar approach to weighting point
may be found in [5].

We use the same notation for the weighted distance of a (non-weighted) point x to a
weighted point set P̂ as we did in the unweighted case.

d(x, P̂ ) := min
p̂∈P̂

πp̂(x).

Thus, unweighted points way be viewed as points with weight zero. The offsets of P̂ are

P̂ α = {x ∈ Rd | d(x, P̂ ) ≤ α}.

2.2 Persistent Homology
A family of sets {Xα | α ∈ R} is called a filtration if for all α ≤ β, we have Xα ⊆ Xβ . We
will reserve superscripts on sets as a notation for filtration parameters and will denote a
filtration (Xα) with parentheses to stress the importance of the ordering. For filtrations that
are defined only over an interval [s, t] ⊂ R, we will assume that Xα = Xs for α < s and
Xα = Xt for α > t.

SoCG 2021
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The persistent homology of (Xα) is a representation of the changes in the topology of
Xα as α varies over R. The result is a persisence diagram, denoted Dgm(Xα), that is a
multiset of pairs (b, d) in the extended plane (R∪∞)2. Each pair (b, d) represents a nontrivial
homology class that exists only in Xα for α in the half open interval [b, d). Thus, b is the
birth time of a topological feature and d is its death time.

Persistent homology is usually computed on combinatorial objects called simplicial
complexes. A simplicial complex is a pair of sets (V, S) where V is the vertex set and
S ⊆ Pow(V ) is the simplex set. It is required that S is closed under subsets, i.e., if σ ⊆ τ ∈ S,
then σ ∈ S. A family (Kα) of simplicial complexes is called a filtered simplicial complex if
for all α ≤ β, we have Kα is a subcomplex of Kβ .

The main problem addressed in this paper is the efficient approximation of Dgm(P α) by
constructing a linear-size filtered simplicial complex based on the Delaunay triangulation.

2.3 Greedy Permutations
For ranges of indices, let [a : b] denote {a, . . . b − 1} and [b] denote [0 : b]. If the input set P

is ordered as (p0, . . . , pn−1), let Pi{pj | 0 ≤ j < i} denote the ith prefix of the ordering. The
spread ∆ of P is the ratio of the largest and smallest pairwise distances among points of P .

A greedy ordering or greedy permutation of P is defined as follows. The first point, p0,
may be chosen arbitrarily. The ith point, pi is chosen to be a point that maximizes d(pi, Pi).
That is, each point after the first is the farthest from its predecessors. Equivalently,

d(pi, Pi) = dH(Pi, P ).

Greedy permutations have been reinvented several times, especially in the context of
k-center clustering (see Gonzalez [21] or Dyer and Frieze [14]). Clarkson [12] adapted his
sb data structure for nearest neighbor search to compute greedy permutations. Har-peled
and Mendel [23] showed that Clarkson’s approach yields an O(n log ∆)-time algorithm in
low-dimensional metric spaces. They also gave an O(n log n)-time algorithm in such cases.

The insertion radius of a point pi is defined as

ri := d(pi, Pi)

By convention, r0 = ∞. For greedy orderings, if i < j, then ri ≥ rj .
Every prefix Pi of a greedy permutation satisfies both packing and covering conditions in

the following sense. The set Pi is a ri−1-packing: for every pair of points in a, b ∈ Pi, we
have ∥a − b∥ ≥ ri−1. The set Pi is an ri-covering of P : for every point a ∈ P , there is a
point b ∈ Pi such that ∥a − b∥ ≤ ri.

2.4 Weights and Time
We will be considering weighted point sets in which the weights vary in time. For each point
pi in P , we will assign a nonnegative weight function wi : R → R. For a given α, the set

P̂ (α) := {(pi, wi(α)) | pi ∈ P}

is a weighted point set in which the weight of pi is wi(α). Let πi,α(x) denote the weighted
distance from the weighted point (pi, wi(α)) to x.
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The weight functions will be defined in terms of the freezing time λi of each point pi.
The exact value chosen for λi will depend on our desired approximation guarantees and the
specifics of the algorithm. Once the freezing times are fixed, the weights are as follows.

wi(α) =
{

0 if α < λi√
α2 − λ2

i otherwise

The ball bi(α) centered at pi with weight wi(α) is

bi(α) = {x ∈ Rd | πi,α(x) ≤ α} = ball(pi, min{α, λi}).

This is why λi is called the freezing time; at scales α > λi, the Euclidean radius of a ball of
weighted radius α will not grow.

The following lemma shows how weighting the points according to the freezing time
guarantees that at all scales, there is always a point nearby that is sufficiently close and
sufficiently far from its freezing time. The proof can be found in the full version.

▶ Lemma 1. Let P ⊂ Rd be ordered according to a greedy permutation with insertion radii
r0 . . . ri−1. Let ε > 0 be any constant. For all j ∈ [1 : n], let the freezing times λj be chosen
so that λj ≥ 1+ε

ε rj. Then, for all k ∈ [1 : n] and all α ≥ 0, there exists i such that
λi ≥ (1 + ε)α, and
∥pi − pk∥ < εα.

In the special case of α = λk in the preceding lemma, ball(pk, λk) is completely covered
by ball(pi, (1 + ε)λk), where the point pi is not yet frozen at time (1 + ε)λk. For larger
values of α, there will always be a point pi to cover this ball. This lemma has two important
consequences. First, it implies that we will be able to remove or ignore the point pk after
time (1 + ε)λk. Second, it allows us to relate the offsets of P with the weighted offsets as
shown in the following lemma whose proof may be found in the full paper.

▶ Lemma 2 (Weighted Offset Interleaving). Let P ⊂ Rd be ordered according to a greedy
permutation with insertion radii r0 . . . ri−1. Let ε > 0 be any constant. For all j ∈ [1 : n], let
the freezing times λj be chosen so that λj ≥ 1+ε

ε rj . Then, for all α ≥ 0,P̂ α ⊆ P α ⊆ P̂ (1+ε)α.

2.5 Delaunay and Voronoi

Figure 2 The Voronoi diagram and its dual Delaunay triangulation.

Let P be a set of points in Rd. The Voronoi cell of a point q ∈ P is defined as

VorP (q) := {x ∈ Rd | ∥x − q∥ = d(x, P )}.

SoCG 2021
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For a subset of points S ⊆ P , we can define its Voronoi cell as

VorP (S) :=
⋂
q∈S

VorP (q).

The same definitions apply to weighted points. For a given α, the Voronoi cell of q is

VorP̂ (α)(q) := {x ∈ Rd | πq(x) = π(x, P̂ (α))}.

It is well-known that the Voronoi cells are polyhedra. The Voronoi diagram of P is defined
as the polyhedral complex composed of nonempty Voronoi cells VorP (S) for all S ⊆ P .

The Delaunay complex (also known with some nuances as the Delaunay triangulation,
tesselation, or mosaic) is the simplicial complex formed by the subsets S ⊆ P for which
VorP (S) is nonempty. The subsets are the simplices and the dimension of S is |S| − 1. We
are defining the Delaunay complex here as an abstract simplicial complex. In the special
case where all simplices have dimension at most d, the Delaunay complex will embed neatly
into Rd with the vertices embedded at the points of P and each simplex embedded as the
convex closure of its vertices. For the purposes of this paper we will not need the embedding
and thus will have no need for the usual general position conditions as would usually be
required for the geometric realization of the complex in Rd. In fact, we will explicitly
construct “degenerate” Delaunay complexes because the adjustment of weights over time
will necessarily pass through instants where higher dimensional simplices are present in the
Delaunay complex. These are the moments when a flip occurs. We will only require that at
most one flip occurs at a time.

2.6 The Kinetic View of Flips
Kinetic data structures [22] generalize the classic sweepline approach of Bentley and Ottmann.
The goal is to maintain some geometric structure as points move along trajectories. The
principal technique is to rewrite the geometric predicates defining the structure as functions
(usually polynomials) of time and then solving (finding roots) for the time when the predicate
will no longer hold. At that time, some combinatorial change is required. These changes are
stored in a priority queue, ordered by time.

Incremental Delaunay triangulation can be phrased as a kinetic data structures problem
if one understand the motion in d + 1 dimensions as a continuous change in the weight of the
point being inserted. This perspective is often abandoned because the precise ordering of the
flips is rarely important and is not necessary for correct computation (see Edelsbrunner [20]).
However, in our case, we want the precise order and time of the flips that occur, because
these inform the final filtration. Also, we will be adding multiple points at once, so the order
is important.

A similar approach was used by Miller and Sheehy [30] in an output-sensitive algorithm
for computing Delaunay triangulations. In that paper, it was observed that the predicate
polynomials are linear for the case where the points are partitioned into two sets, one with
weight zero and one with squared weight varying linearly in time.

2.7 Clipping the Voronoi Diagram
The clipped Voronoi cell is the intersection of a Voronoi cell and a ball. Let P̂ be a weighted
point set with weights varying in time as above. Then, for each pi ∈ P̂ and each α ≥ 0 there
is a ball

bi(α) := ball(pi, min{λi, α}).
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Figure 3 The clipped Voronoi cells exactly cover the offsets. In the last frame, we illustrate how
the addition of extra points may not change the offsets or the Delaunay filtration. These extra
points are used in Section 4 to keep the complexity linear.

I II III IV V

V

IV

III

II

I

Figure 4 For two points, the lifted, clipped Voronoi cells are shown from the side. The clipped
Voronoi diagrams at five different scales are illustrated. Note that at some scale, the left ball ceases
growing. Then, it is overtaken by the cell of the right point.

Specifically, for pi ∈ P , we define the clipped Voronoi cell of pi as

V α
i := VorP̂ (α)(pi) ∩ bi(α).

The Delaunay complex at scale α is the subcomplex of the Delaunay complex defined by
using the clipped Voronoi cells instead of the full Voronoi cells. That is,

Dα := {σ ⊆ P |
⋂

pi∈σ

V α
i ̸= ∅}.

By defining the weights as above, we guarantee that for all scales α ≥ (1 + ε)λk, the
clipped Voronoi cell V α

k will be empty. This is a direct consequence of Lemma 1, but we give
the formal statement below and the proof in the full version for completeness. (See Fig. 4.)

▶ Lemma 3. Let P ⊂ Rd be ordered according to a greedy permutation with insertion radii
r0 . . . ri−1. Let ε > 0 be any constant. For all j ∈ [1 : n], let the freezing times λj be chosen
so that λj ≥ 1+ε

ε rj. Then, for all k ∈ [1 : n] and all α > (1 + ε)λk, we have V α
k = ∅.

SoCG 2021
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This is how some points will cease to impact the filtration at larger scales. In the next
section, we will see how to simulate the removal of vertices whose clipped Voronoi cells are
empty. Before we give that construction, we will relate the clipped Voronoi diagram to the
(weighted) offsets. For completeness, we include a proof of this well-known fact (see for
example Edelsbrunner [15]) in the full version.

▶ Lemma 4. Let P ⊂ Rd be ordered according to a greedy permutation with insertion radii
r0 . . . ri−1. Let ε > 0 be any constant. For all j ∈ [1 : n], let the freezing times λj be chosen
so that

λj ≥ 1 + ε

ε
rj .

Then, for all α ≥ 0,

P̂ α =
⋃

i∈[n]

V α
i .

2.8 Extending Voronoi and Delaunay in Time and Space
Given that we will be considering weighted point sets in which the weights of the points vary
in time, it is useful to give a concrete geometric structure that captures the evolution of the
Voronoi diagram and the Delaunay triangulation.

Define

P̂ α
+ := {(x, γ) ∈ Rd × [0, α] | x ∈ P̂ γ}.

This filtration has the property that for any α ≥ 0, there is a natural homotopy equivalence
m : P̂ α

+ → P̂ α defined by the projection m(x, γ) = x. This follows from the fact that P̂ α

only grows with increasing α and thus the fibers of m are simply connected (line segments).
We can similarly embed the clipped Voronoi cells in Rd+1 by defining

V α
+i := {(x, γ) ∈ Rd × [0, α] | x ∈ V γ

i }.

The collection of these sets is

V α
+ := {V α

+i}i∈[n].

The extended Delaunay complex is defined as

Dα
+ := {σ ⊆ P |

⋂
pi∈σ

V α
+i ̸= ∅}.

So, Dα
+ contains every simplex that appears in any Delaunay complex Dγ for any γ ∈ [0, α].

2.9 Nerves
Construction of the Delaunay triangulation from the Voronoi cells is an example of a nerve.
More generally, given a collection U of sets, we define a simplicial complex

Nrv(U) := {σ ⊂ U |
⋂

S∈σ

S ̸= ∅}.

For the Delaunay triangulation, if there is a nonempty intersection of Voronoi cells, we
identify the corresponding simplex with the set of points defining those cells. So, Dα is
(isomorphic to) the nerve of V α and Dα

+ is the nerve of V α
+ .
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The collection U is called a cover, and the set W =
⋃

S∈U S is the set that U covers. A
cover is a good cover if the intersections of elements are all either empty or contractible. In
the case of the Voronoi diagram as well as the clipped Voronoi diagram, the convexity of the
cells guarantees that the cover is good.

The Nerve Theorem says that the nerve of a good cover is homotopy equivalent to the
union, so the homology of the nerve matches the homology of the union. In the case of the
clipped Voronoi diagram, the Nerve Theorem implies that the Delaunay complex at scale
α is equivalent in homology to the weighted offsets. This observation was one of the main
ideas that drove the development of persistent homology.

If, instead of a collection of sets, we have a collection of filtrations, we can define their
nerve as a filtered simplicial complex. For example, if we have filtrations {(Uα

0 ), . . . , (Uα
k−1)},

then for each α we can define the cover Uα = {Uα
0 , . . . , Uα

k−1} of W α =
⋃

i∈[k] Uα
i and the

nerve Nα = Nrv(Uα). Then, we have a new filtration (W α) and a filtered simplicial complex
(Nα). The Persistent Nerve Lemma [8] implies that if Uα is a good cover for all α, then the
persistence diagrams of (Nα) and (W α) are identical.

3 The Sparse Delaunay Filtration

In this section, we will prove that our sparse Delaunay filtration Dgm(Dα
+) is a good

approximation to Dgm(P α). In Section 2, we established the geometric lemmas that will
allow us to relate Dgm(P α) with Dgm(

⋃
V α

+ ). We will use the Persistent Nerve Lemma to
show that Dgm(

⋃
V α

+ ) = Dgm(Dα
+), but it will require showing that lifted clipped Voronoi

cells form a good cover. Although the slices of these cells are convex at any fixed α, they are
not themselves convex as can be seen in the example in Fig. 4. In this section, we will show
despite having non-convex sets, V α

+ is a good filtered cover. The proof will depend on our
careful choice of weights.

3.1 Adding Points in Waves

To define the weight functions, it suffices to establish the freezing times. The specific choice
of the freezing times impacts the size (larger freezing times yields a larger filtration), but
also the correctness (the cover must be good). For many of the preceding lemmas, it was
necessary to choose freezing times so that

λi ≥ 1 + ε

ε
ri,

where ri is the insertion radius of pi in a greedy ordering of the input set P . Recall that ε is
the user chosen parameter that will define the accuracy of our approximation.

We will satisfy this requirement by grouping points according to their insertion radius,
rounding up to the nearest power of 1 + ε. All the points in a group will have the same
freezing time. Formally, we set

λi := (1 + ε)⌈log1+ε( 1+ε
ε ri)⌉.

Rounding the weights simplifies the proofs, but it is an open question as to whether it is
necessary for the correctness of the construction.

The filtration (Dα
+) defined with these weight functions on a greedy permutation is The

Sparse Delaunay Filtration.

SoCG 2021
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3.2 Monotonicity

The first step in showing that V α
+ is a good filtered cover is to show that every Delaunay

simplex in Dα appears and disappears at most once. There are two ways that a simplex can
be removed at time α. First, it may be that its Voronoi cell becomes empty and therefore it
is removed from the Delaunay triangulation entirely. This is the standard case to analyze
in flip-based Delaunay computation. Second, it may be that only the clipped Voronoi cell
becomes empty. In this case, we must show that it remains empty for the rest of the filtration.

The challenge is that the lifted Voronoi cells are not convex. Aurenhammer et al. [1]
showed that this monotonicity does not hold for a related set of weight functions. That
paper addressed the problem of computing the Voronoi diagram of parallel halflines and
showed that the slices perpendicular to the halflines are weighted Voronoi diagrams. Similar
to the current paper, they construct a d + 1-dimensional decomposition by sweeping through
d-dimensional slices. That paper gives an example attributed to Peter Widmayer’s research
group in which a particular triangle would be flipped out and later flipped back in. Such a
non-monotone example highlights the need to be careful in choosing the weights.

▶ Lemma 5. If σ ∈ Dα and σ ∈ Dβ, then σ ∈ Dγ for all γ ∈ [α, β].

Proof. Let λσ = minpi∈σ λi. Lemma 3 implies that no point pi appears in Dγ for γ > (1+ε)λi.
So, it must be that β ≤ (1 + ε)λσ. If α < λσ, the points pi of σ all have weight wi(γ) = 0
for all γ ∈ [α, λσ]. In that case, the nonempty set

⋂
pi∈σ V γ

i is a subset of
⋂

pi∈σ V λσ
i and so,

σ ∈ Dγ . So, it will suffice to prove the lemma for the case where α and β are in the interval
[λσ, (1 + ε)λσ].

For any γ ∈ [α, β], let t = γ2−α2

β2−α2 .
This choice implies that γ =

√
(1 − t)α2 + tβ2.

By rounding the freezing times to powers of (1 + ε), there are no freezing times in the
open interval (α, β). In particular, wi(α) = 0 iff wi(β) = 0. So, for all pi ∈ P , we have

wi(γ)2 = (1 − t)wi(α)2 + twi(β)2.

Let x be a point in the intersection
⋂

pi∈σ V α
i and let y be a point in

⋂
pi∈σ V β

i . These
points witness the existence of σ in Dα and Dβ respectively. We will show that z = (1−t)x+ty

is in
⋂

pi∈σ V γ
i .

Let pi ∈ σ be chosen arbitrarily. Using the convexity of the squared distance to a point,

πi,γ(z)2 = ∥pi − z∥2 + wi(γ)2

= ∥pi − z∥2 + (1 − t)wi(α)2 + twi(β)2

≤ (1 − t)∥pi − x∥2 + t∥pi − y∥ + (1 − t)wi(α)2 + twi(β)2

= (1 − t)πi,α(x) + tπiβ
(y)

≤ (1 − t)α2 + tβ2

= γ.

So, z ∈ bi(γ).
Let pj ∈ P be any point. Because x ∈ VorP̂ (α)(σ) and y ∈ VorP̂ (β)(σ), we know that

πj,α(x)2 ≥ πi,α(x)2, and πj,β(y)2 ≥ πi,β(y)2.
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So, by the definition of the power distance,

πj,γ(z)2 − πi,γ(z)2 = ∥pj − z∥2 − ∥pi − z∥2 + wj(γ)2 − wi(γ)2

= ∥pj∥2 − ∥pi∥2 − 2z⊤(pj − pi) + wj(γ)2 − wi(γ)2

= (1 − t)(πj,α(x) − πi,α(x)) + t(πj,β(y) − πi,β(y))
≥ 0.

So, for all pi ∈ σ and pj ∈ P , we have πi,γ(z) ≤ πj,γ(z) and thus z ∈ VorP̂ (γ)(pi). We
have shown z ∈ bγ

i and z ∈ VorP̂ (γ)(pi), and therefore, z ∈ bγ
i ∩ VorP̂ (γ)(pi) = V γ

i . As this
holds for all pi ∈ σ, we have a point z ∈

⋂
pi∈σ V γ

i , and thus, σ ∈ Dγ as desired. ◀

3.3 A Good Filtered Cover
We can now prove that the lifted Voronoi cells form a good filtered cover.

▶ Lemma 6. Let ε > 0 be any constant. Let V α
+ be the lifted Voronoi cells whose nerve is

the ε-Sparse Delaunay Filtration for P ⊂ Rd. Then, (V α
+ ) is a good filtered cover of (P̂ α).

Proof. Fix any α ≥ 0. Let σ ∈ Nrv(V α
+ ) be any simplex. We will show that the intersection

of the lifted, clipped Voronoi cells {V α
i | pi ∈ σ} is contractible.

In each d-dimensional slice, the clipped Voronoi cells V α
i are convex, so their intersection

is convex. We can deformation retract the nonempty clipped Voronoi cells in each slice to
the orthocenter, i.e., the point in the cell that minimizes the maximum weighted distance
to the points of σ. The cells change continuously in time and so does the orthocenter of
the simplex. The retractions in each slice will be continuous as a retraction in Rd+1. By
Lemma 5 the collection of orthocenters in the slices will form a connected path and thus are
contractible. ◀

▶ Theorem 7. Let ε > 0 be any constant. Let (Dα
+) be the ε-Sparse Delaunay Filtration for

P ⊂ Rd. Then, Dgm(Dα
+) is a (1 + ε)-approximation to Dgm(P α).

Proof. By Lemma 6, the lifted clipped Voronoi cells {V α
i } form a good cover of P̂ α for all α

and therefore, by the Persistent Nerve Lemma,

Dgm(Dα) = Dgm(P̂ α).

Lemma 2 gives an interleaving of persistence modules (see [7]) so that Dgm(P̂ α) is a
(1 + ε)-approximation to Dgm(P α). Combining these facts, we get that Dgm(Dα) is a
(1 + ε)-approximation to Dgm(P α). ◀

3.4 Size Analysis
In general, the Delaunay complex on n points (in general position) may have O(n⌈d/2⌉)
simplices [32]. There are several special cases where it is known that the Delaunay complex
has size O(n). Most such cases are based on input models that guarantee the points are
spaced according to some Poisson process. The analysis invariably depends on showing that
the complex is everywhere locally sparse in the sense that every vertex participates in at
most a constant number of simplices. It will not be hard to show that a similar bound holds
for every slice and, in particular, every slice has linear size (Lemma 8). Then, we will show
that the total number of simplices (the union of all slices) also has linear size (Theorem 9).

▶ Lemma 8. For all α ≥ 0, every vertex in the weighted Delaunay complex Dα has at most
O

(( 1+ε
ε

)d
)

neighbors.
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Proof. Let p be any point in P . Let Q = {q0, . . . , qk−1} be the neighbors of p in Dα. Every
edge of Dα has length at most 2α. By Lemma 3, every qi must have a freezing time at least

α
1+ε and thus, an insertion radius of at least εα

(1+ε)3 . So, the points of Q are contained in
ball(p, 2α) and are all pairwise εα

(1+ε)3 -separated. By comparing the volumes of the k disjoint
empty balls of radius εα

2(1+ε)3 around the points of Q to the volume of the ball of radius that(
2 + ε

(1+ε)3

)
α that contains them, we get that k = O

(( 1+ε
ε

)d
)

. ◀

▶ Theorem 9. Let P be a set of n points in Rd with greedy weights. Let ε ≥ 0 be a constant.
The total size of (Dα) is O(n).

Proof. The proof follows the exact pattern of previous work on sparse filtrations (see [35, 6]
for more a more detailed analysis). Each simplex of the filtration is charged to the vertex
with the smallest insertion radius. By a packing volume argument analogous to that in
Lemma 8, we see that no vertex is charged for more than a constant number of simplices in
the final filtration. Thus the total size is O(n) as desired. ◀

4 Efficient Construction

The main challenge to efficiently constructing the Sparse Delaunay Filtration is to avoid
constructing the entire Delaunay complex. Doing so could easily negate any efficiency gains
from sparsification. In this section, we will describe an approach based on Voronoi refinement
that uses extra points called Steiner points to keep the complexity of the Delaunay complex
linear in the number of points. None of the Steiner points will appear in the output filtration.
They serve only to fill in large gaps that could potentially create a superlinear number of
Delaunay simplices.

Earlier work in approximating the persistence diagram of the distance to Euclidean points
also used Steiner points [25, 33], but in that case, the Steiner points were an essential part of
the filtration. Steiner points and Voronoi refinement have also been used in output-sensitive
algorithms to construct Dα [36]. In that case, the output could still be superlinear in the
input size depending on the arrangement of the points and the choice of α.

Flip-based algorithms for computing the Delaunay triangulation start the insertion of
a new point by flipping a new vertex in with a (1, d + 1)-flip. This requires that the new
point is contained in one of the simplices of the current triangulation. If we ignore or discard
simplices in the Delaunay triangulation that do not appear in the subcomplex Dα, then we
cannot necessarily flip in new points, because we could have discarded a simplex containing
the new point. If we maintain the full Delaunay triangulation at all times, we might store
too many simplices. To balance between the two, we use Steiner point to give a sparse
representation of the regions far from the input points at a given scale. In Section 4.1, we
explain how these Steiner points are chosen. Then, in Section 4.2, we show why these Steiner
points do not affect the output. The full algorithm is then presented in Section 4.3, and a
detailed analysis is available in the full version.

4.1 Voronoi Refinement
Voronoi cells are polyhedra whose vertices we will call corners to distinguish them from the
input vertices. We will assume that the affine closure of the points is d-dimensional, so every
Voronoi cell has at least one corner. Let P ⊂ Rd and let y ∈ P be any point. Let z be the
nearest neighbor of y in P , and let x be the corner of VorP (y) farthest from y. The aspect of
VorP (y) is

aspect(y) := ∥y − x∥
∥y − z∥

.
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The point set P is τ -well-spaced if aspect(y) < τ for all y ∈ P . There are many advantages
to well-spaced points when constructing Delaunay triangulations. A major advantage is that
the number of simplices incident to any vertex will be at most a constant. So, the total
complexity of the Delaunay triangulation of n well-spaced points is at most O(n).

Voronoi refinement is a variant of Delaunay refinement [10, 31] and is commonly used in
mesh generation (see the books by Edelsbrunner [16] and Cheng et al. [9] for more details).
The corners of a Voronoi cell are the circumcenters of their dual Delaunay simplices. The
basic Voronoi refinement algorithm is to add the farthest corner of any cell VorP (y) for which
aspect(y) > τ . Repeating this process eventually produces a τ -well-spaced set of points.
Moreover, the total number of points in the output is asymptotically optimal [31, 34], i.e.,
the size is within a constant factor of any τ -well-spaced superset of P .

4.2 Why the Steiner points don’t appear in the filtration
Every edge in Dα is induced by the intersection of two clipped Voronoi cells, so the length
of every edge is at most 2α. The following lemma is the key to guarantee that the Sparse
Delaunay Filtration we construct contains no Steiner points as vertices. It shows that the
Steiner points are always more than 2α away from any other points, and therefore, there can
be no edges incident to a Steiner point in Dα.

▶ Lemma 10. Let ε and α be nonnegative real numbers. Let P and S be subsets of Rd such
that no point of S is within 2α and no point of P is within εα of any other point of P ∪ S.
If S′ is formed by adding Steiner points to S at the far corners of Voronoi cells with aspect
greater than 2

ε , then no point of S′ will be within 2α of any other point of P ∪ S′.

Proof. It suffices to show that the spacing condition holds after the insertion of each Steiner
point x. Let y be the point whose Voronoi cell was refined by the addition of x and let z be
the nearest neighbor of y. Then, ∥y − z∥ ≥ εα and the aspect of the cell is bounded as

2
ε

<
∥y − x∥
∥y − z∥

≤ ∥y − x∥
εα

.

It follows that ∥y − x∥ > 2α. Because x was in the Voronoi cell of y, it follows that the
distance to any other point is also greater than 2α. ◀

4.3 The Full Algorithm
In the preprocessing phase of the algorithm, we compute a greedy permutation of P . During
this computation, we also compute for each pi, the nearest predecessor in the ordering as
well as its distance, the insertion radius ri. The radius will be used to establish the weights
and define the waves. The nearest predecessor will be used for point location when inserting
new points.

The algorithm then proceeds by constructing the filtration one wave at a time in order of
the greedy permutation. That is, for wave w, the filtration is constructed for the interval
[(1 + ε)w, (1 + ε)w+1]. Moreover, as the construction increases the density of points as it goes,
it also decreases the radius, so the simplices of the filtration are discovered in reverse order.

At the start of each wave, some set U of points have already been inserted, and some set
F of points will be inserted into to the Delaunay triangulation. The points U are unfrozen
throughout the wave so their weights will always be zero. The points F are frozen at the
start of the wave interval, so their weights will vary equally in time. We start the wave by
locating the Delaunay simplices containing each of the points of F . Each pair of a point and
the d-simplex that contains it forms a (d + 1)-simplex. We compute the flip time for each of
these simplices and store the flip in the event queue.
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Processing the flips only requires that we remove the next flip from the event queue. We
check that the simplices are still present in the complex, i.e., that no other flip removed some
of its subsimplices. Then, we execute the flip, updating the Delaunay triangulation, and
relocating uninserted points of F that were in the removed simplices.

For each flip, we update the birth times of all simplices that may have been affected. That
is, if S is the set of d + 2 points involved in the flip at scale α, we will process each simplex
σ ⊆ S starting with the highest dimensions. The tentative birth time of every simplex is
computed assuming that the structure of the triangulation will not change. A simplex is
finalized when we add it to the filtration. A simplex is discarded if we have established that
it will never appear in the filtration. Discarded simplices do not need to be updated in
this step. For σ = S, set birth(S) = α and either finalize it if radius(S) ≤ α, or discard it
otherwise. For simplices σ removed by the flip, either finalize it if birth(σ) ≥ α or discard
it otherwise. For all other simplices, if the newly computed birth time is at most α, then
update birth(σ) and finalize σ otherwise.

At the end of each wave, we perform a Voronoi refinement step, adding Steiner points
until the points are 2

ε -well-spaced. That is, while any Voronoi cell has aspect greater than 2
ε ,

we add its farthest corner. As a consequence of Lemma 10, no changes to the filtration are
made at this time.

The overall running time is just the cost of computing a greedy permutation, doing
an incremental Delaunay triangulation with sparse refinement, and performing a constant
amount of extra work per flip. These are relatively standard analyses, so in the interest of
space, they have been relegated to the full version.

5 Conclusion

We have presented a linear size Delaunay filtration for n points in Rd as well an efficient
algorithm to compute it.

It is also relevant to note that this algorithm also can be used to compute a well-spaced set
of points. That is, if one keeps the final Delaunay triangulation of the input plus the Steiner
points, the result will be well-spaced. Performing a more aggressive Voronoi refinement to
achieve a better spacing constant then resembles a standard Voronoi/Delaunay refinement
starting from a well-spaced point set. This is substantially simpler than previous algorithms
to do Sparse Voronoi Refinement [24, 29] because it obviates any need to “snap” Steiner
points to nearby input points. It is not obvious whether the tradeoff between a size increase
from the difference in the spacing constant offsets the improvements from simplified point
location.
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Abstract
Given a set S of m point sites in a simple polygon P of n vertices, we consider the problem of
computing the geodesic farthest-point Voronoi diagram for S in P . It is known that the problem
has an Ω(n + m log m) time lower bound. Previously, a randomized algorithm was proposed [Barba,
SoCG 2019] that can solve the problem in O(n + m log m) expected time. The previous best
deterministic algorithms solve the problem in O(n log log n + m log m) time [Oh, Barba, and Ahn,
SoCG 2016] or in O(n + m log m + m log2 n) time [Oh and Ahn, SoCG 2017]. In this paper, we
present a deterministic algorithm of O(n + m log m) time, which is optimal. This answers an open
question posed by Mitchell in the Handbook of Computational Geometry two decades ago.
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1 Introduction

Let P be a simple polygon of n vertices in the plane. Let S be a set of m points, called sites,
in P (each site can be either in the interior or on the boundary of P ). For any two points in
P , their geodesic distance is the length of their Euclidean shortest path in P . We consider
the problem of computing the geodesic farthest-point Voronoi diagram of S in P , which is to
partition P into Voronoi cells such that all points in the same cell have the same farthest
site in S with respect to the geodesic distance.

This problem generalizes the Euclidean farthest Voronoi diagram of m sites in the plane,
which can be computed in O(m log m) time [23]; this is optimal as Ω(m log m) is a lower bound.
For the more general geodesic problem in P , Aronov et al. [3] showed that the complexity of
the diagram is Θ(n + m) and provided an O(n log n + m log m) time algorithm. The runtime
is close to optimal as Ω(n + m log m) is a lower bound. No progress had been made for over
two decades until in SoCG 2016 Oh et al. [20] proposed an O(n log log n + m log m) time
algorithm. Later in SoCG 2017 Oh and Ahn [19] gave another O(n + m log m + m log2 n)
time algorithm and in SoCG 2019 Barba [8] presented a randomized algorithm that can solve
the problem in O(n + m log m) expected time.

In this paper, we give an O(n + m log m) time deterministic algorithm, which is optimal.
The space complexity of the algorithm is O(n + m). This answers an open question posed by
Mitchell [17] in the Handbook of Computational Geometry two decades ago.
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1.1 Related work
If all sites of S are on the boundary of P , then better results exist. The algorithm of Oh et
al. [20] can solve the problem in O((n + m) log log n) time while the randomized algorithm
of Barba [8] runs in O(n + m) expected time.

The geodesic nearest-point Voronoi diagram for sites in a simple polygon has also attracted
much attention. The problem also has an Ω(n+m log m) time lower bound. The first close-to-
optimal algorithm was given by Aronov [2] and the running time is O((n+m) log(n+m) log n).
Papadopoulou and Lee [21] improved the algorithm to O((n + m) log(n + m)) time. Recent
progress has been made by Oh and Ahn [19] who presented an O(n + m log m log2 n) time
algorithm and also by Liu [16] who designed an O(n + m(log m + log2 n)) time algorithm.
Finally the problem was solved optimally in O(n + m log m) time by Oh [18].

Another closely related problem is to compute the geodesic center of a simple polygon P ,
which is a point in P that minimizes the maximum geodesic distance from all points of P .
Asano and Toussaint [4] first gave an O(n4 log n) time algorithm for the problem. Pollack et
al. [22] derived an O(n log n) time algorithm. Recently the problem was solved optimally
in O(n) time by Ahn et al. [1]. The geodesic diameter of P is the largest geodesic distance
between any two points in P . Chazelle [9] first gave an O(n2) time algorithm and then
Suri [24] presented an improved O(n log n) time solution. Hershberger and Suri [13] finally
solved the problem in O(n) time.

All above results are for simple polygons. For polygons with holes, the problems become
more difficult. The geodesic nearest-point Voronoi diagram for m point sites in a polygon
with holes of n vertices can be solved in O((n + m) log(n + m)) time by the algorithm of
Hershberber and Suri [14]. Bae and Chwa [5] gave an algorithm for constructing the geodesic
farthest-point Voronoi diagram and the algorithm runs in O(nm log2(n + m) log m) time. For
computing the geodesic diameter in a polygon with holes, Bae et al. [6] solved the problem
in O(n7.73) or O(n7(h + log n)) time, where h is the number of holes. For computing the
geodesic center, Bae et al. [7] first gave an O(n12+ϵ) time algorithm, for any constant ϵ > 0;
Wang [26] solved the problem in O(n11 log n) time.

1.2 Our approach
We follow the algorithm scheme in [19], which follows [3]. Specifically, we first compute the
geodesic convex hull of all sites of S in O(n + m log m) time [11,12,25], and then compute
the geodesic center c∗ of the hull in O(n + m) time [1]. Aronov [3] showed that the farthest
Voronoi diagram forms a tree with c∗ as the root and all leaves on ∂P , the boundary of P .
We construct the farthest Voronoi diagram restricted to ∂P ; this can be done in O(n + m)
time by a recent algorithm of Oh et al. [20] once the geodesic convex hull of S is known.

Next we run a reverse geodesic sweeping algorithm to extend the diagram from ∂P to the
interior of P (i.e., based on all leaves on ∂P and the root c∗ of the tree, we want to construct the
tree). Here we use a geodesic sweeping circle that consists of all points with the same geodesic
distance from c∗. Aronov [3] implemented this sweeping algorithm in O((n + m) log(n + m))
time. Oh and Ahn [19] gave an improved solution of O(n + m log m + m log2 n) time by using
a data structure for the following query problem: Given three points in P , compute the point
that is equidistant from them. Oh and Ahn [19] built a data structure in O(n) time that can
answer each query in O(log2 n) time, and that is why the time complexity of their algorithm
has a log2 n factor. We improve the query time to O(log n) (with O(n) time preprocessing)
with the help of the following observations. First, the three points involved in a query are
three sites of S whose Voronoi cells are adjacent along the sweeping circle. Second, among
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the three sites involved in a query, for every two sites whose Voronoi cells are adjacent, the
sweeping algorithm provides us with a point equidistant to them. These observations along
with the tentative prune-and-search technique of Kirkpatrick and Snoeyink [15] lead us to a
query algorithm of O(log n) time. Consequently, the sweeping algorithm can be implemented
in O(n + m log m) time.

We should point out that in her algorithm for computing the geodesic nearest-point
Voronoi diagram, Oh [18] also announced an O(log n) time algorithm for the above query
problem and her algorithm also uses the tentative prune-and-search technique (although the
details are omitted due to the page limit). However, the difference is that she uses a balanced
geodesic triangulation [10] and her result is based on the assumption that the sought point
of the query lies in a known geodesic triangle △ and the three query points are in the same
subpolygon of P separated by a side of △ (see Lemma 4.2 in [18]). For our problem, we do
not need the balanced geodesic triangulation and do not have such an assumption. Instead,
our algorithm relies on the observations mentioned above.

The rest of the paper is organized as follows. Section 2 defines notation and introduces
some concepts. The algorithm for constructing the geodesic Voronoi diagram is described in
Section 3. Section 4 presents the algorithm for a lemma about the query problem discussed
above. Due to the space limit, some proofs are omitted but can be found in the full paper.

2 Preliminaries

Like the previous work [3, 8, 19, 20], for ease of discussion, we make a general position
assumption that no vertex of P is equidistant from two sites of S and no point of P has four
farthest sites. We occasionally use polygon vertex to refer to a vertex of P and use polygon
edge to refer to an edge of P .

For any two points p and q in P , let π(p, q) denote the (Euclidean) shortest path from p

to q in P ; let d(p, q) denote the length of π(p, q). π(p, q) is also called the geodesic path and
d(p, q) is called the geodesic distance between p and q. The vertex of π(p, q) adjacent to q

(resp., p) is called the anchor of q (resp., p) in π(p, q).
For any two points a and b in the plane, denote by ab the line segment with a and b as

endpoints, and denote by |ab| the length of the segment.
For two sites s and t of S, their bisector, denoted by B(s, t), consists of all points of P

equidistant from them, i.e., B(s, t) = {p | d(s, p) = d(t, p), p ∈ P}. Due to the general
position assumption, Aronov et al. [2] showed that B(s, t) is a smooth curve connecting two
points on ∂P with no other points common with ∂P and B(s, t) comprises O(n) straight and
hyperbolic arcs (a straight arc is a line segment); the endpoints of the arcs are breakpoints,
each of which is the intersection of B(s, t) and a segment extended from a polygon vertex u

to another polygon vertex v such that u is an anchor of v in π(s, v) or in π(t, v) (it is possible
that u = s or u = t); e.g., see Fig. 1.

For any site s ∈ S, define C(s) as the region consisting of all points p of P whose farthest
site is s, i.e., C(s) = {p | d(p, s) ≥ d(p, s′), s′ ∈ S}. We call C(s) the (farthest) Voronoi cell
of s. Note that C(s) may be empty; if C(s) is not empty, then it is simply connected [3].
The Voronoi cells of all sites of S form a partition of P . We define the geodesic farthest-point
Voronoi diagram (or farthest Voronoi diagram for short), denoted by FVD(S), as the closure
of the interior of P minus the union of the interior of C(s) for all s ∈ S; alternatively,
FVD(S) = {p ∈ B(s, t) | s, t ∈ S and d(s, p) = maxr∈S d(r, p)}. A point v of FVD(S) is a
Voronoi vertex if it is an intersection of a bisector with ∂P or if it has degree 3 (i.e., it has
three equidistant sites). The curve of FVD(S) connecting two adjacent vertices is called a
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Figure 1 Illustrating the bisector B(s, t) (the dashed curve) with three breakpoints.
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Figure 2 Illustrating a geodesic triangle △(s, t, r) (the gray region).

Voronoi edge, which is a portion of a bisector of two sites. Note that a Voronoi edge may not
be of constant size because it may contain multiple breakpoints. While FVD(S) has O(m)
Voronoi vertices and edges, the total complexity of FVD(S) is O(n + m) [3].

A subset P ′ of P is geodesically convex if π(p, q) is in P ′ for any two points p and q in P ′.
The geodesic convex hull of S in P , denoted by GCH(S), is the common intersection of all
geodesically convex sets containing S. GCH(S) is a weakly simple polygon of at most n + m

vertices. Let c∗ be the geodesic center of GCH(S), which is also the geodesic center of S [3].
Note that c∗ must be on a Voronoi edge of FVD(S). Indeed, if c∗ has three farthest sites in
S, then c∗ is a Voronoi vertex; otherwise it has two farthest sites and thus is in the interior
of an edge of FVD(S). Aronov [3] proved that FVD(S) is a tree with c∗ as the root and all
leaves on ∂P ; he also showed that only sites on the boundary of GCH(s) have nonempty cells
in FVD(S) and the ordering of the sites with nonempty cells around the boundary of GCH(s)
is the same as the ordering of their Voronoi cells around ∂P (the ordering lemma). Note
that a site on the boundary of GCH(s) may still have an empty Voronoi cell and intuitively
this is because P is not large enough [3].

Consider any three points s, t, r in P . The vertex farthest to s in π(s, t) ∩ π(s, r) is
called the junction vertex of π(s, t) and π(s, r). The closure of the interior of the geodesic
convex hull GCH(s, t, r) is called the geodesic triangle of s, t, and r, denoted by △(s, t, r),
whose boundary is composed of three convex chains π(s′, t′), π(t′, r′), π(r′, s′), where s′ is
the junction vertex of π(s, t) and π(s, r), and t′ and r′ are defined likewise; e.g., see Fig. 2.
The three convex chains are called sides of △(s, t, r). The three vertices s′, t′, and r′ are
called the apexes of △(s, t, r).

3 Computing the farthest Voronoi diagram FVD(S)

In this section, we present our algorithm for computing the farthest Voronoi diagram FVD(S).
First, we compute the geodesic convex hull GCH(S) of S in O(n+m log m) time [11,12,25].

Second, we compute the geodesic center c∗ of GCH(S) in O(n + m) time [1]. Third, we
compute the portion of FVD(S) restricted to the polygon boundary ∂P , i.e., the leaves of
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FVD(S). This can be done in O(n + m) time by the algorithm in [20].1 The fourth step is
to extend the diagram to the interior of P , i.e., construct the tree FVD(S) based on all its
leaves and the root c∗. This is achieved by a reverse geodesic sweeping algorithm, whose
details are described below.

The algorithm first computes the adjacency information of FVD(S). Specifically, we will
compute the locations of all Voronoi vertices of FVD(S); for Voronoi edges, however, we will
not compute them exactly (i.e., the locations of their breakpoints will not be computed)
but only output their incident Voronoi vertices, i.e., if u and v are two Voronoi vertices
incident to the same Voronoi edge, then we will output the pair (u, v) as an abstract Voronoi
edge. In this way, we will output the abstract tree FVD(S) with the exact locations of all
Voronoi vertices; this is called the topological structure of FVD(S) in [19]. After having
the topological structure, Oh and Ahn [19] gave an algorithm that can construct FVD(S)
in additional O(n + m log m) time. More specifically, with O(n) time preprocessing, each
Voronoi edge can be computed in O(log n + k) time, where k is the number of breakpoints in
the Voronoi edge (see Section 4 of [19] for details). As FVD(S) has O(m) Voronoi edges, the
total time for computing all Voronoi edges is O(m log n + K), where K is the total number
of breakpoints on all Voronoi edges. As K = O(n + m) [3], the total time is bounded by
O(n + m log n), which is O(n + m log m).2 In the following, we will focus on computing the
topological structure of FVD(S).

We use a reverse geodesic sweeping as in [3,19]. Roughly speaking, the sweep line is a
geodesic circle C consisting of all points in P that have the same geodesic distance from the
geodesic center c∗ of S. This statement is actually not quite accurate as initially the sweep
circle is just the boundary of P . During the sweeping, we maintain the sites whose Voronoi
cells currently intersect C; these sites are stored in a cyclic linked list L ordered by their
intersections with C. Initially when C = ∂P , as we already have the leaves of FVD(S), we
can build L in O(n + m) time. Note that |L| = O(m). During the algorithm, C will shrink
until c∗; an event happens when C hits a Voronoi vertex, which will be computed on the
fly. Specifically, for each triple of adjacent sites s, t, r in the list L, we compute the point,
denoted by α(s, t, r), equidistant from them, which is the intersection of the bisectors B(s, t)
and B(t, r). Due to our general position assumption, α(s, t, r) is unique if it exists (see
Lemma 2.5.3 [3]). We store all these α-points in a priority queue Q, ordered by decreasing
geodesic distance from c∗. In order to compute the α-points, for any pair of adjacent sites s

and t in L, we maintain a Voronoi vertex, denoted by β(s, t), on their bisector B(s, t) with
the following property: β(s, t) is outside or on the current geodesic circle C. Initially, we set
β(s, t) to be the Voronoi vertex on ∂P incident to the Voronoi cells of s and t; so the above
property holds as C = ∂P .

The main loop of the algorithm works as follows. As long as Q is not empty, we repeatedly
extract the point with largest geodesic distance from c∗ and let the point be α(s, t, r) defined
by three sites s, t, r in this order in L. We report α(s, t, r) as a Voronoi vertex and report

1 Note that the result was not explicitly given in [20] but can be obtained from their O(n log log n+m log m)-
time algorithm for computing FVD(S). Indeed, given GCH(S), the algorithm first partitions P in
O(n + m) time into O(1) subpolygons such that each subpolygon P ′ is for a problem instance where all
involved sites are on the boundary of P ′ (see Section 7 [20]). Then, each problem instance is further
reduced in linear time to a problem instance where all sites are vertices of P ′ (see Section 6 [20]), and
each such problem instance can be solved in linear time (see Section 3 [20]). The total running time of
all above is O(n + m) (for computing FVD(S) restricted to the boundary of P only). This result was
also used by Oh and Ahn [19] in their O(n + m log m + m log2 n)-time algorithm for computing FVD(S).

2 Indeed, if m < n/ log n, then n + m log n = Θ(n), which is O(n + m log m); otherwise, log n = O(log m)
and n + m log n = O(n + m log m).
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(β(s, t), α(s, t, r)) and (β(t, r), α(s, t, r)) as two abstract Voronoi edges. We remove t from L
and set β(s, r) = α(s, t, r). Let x be the neighbor of s other than r in L and let y be the
neighbor of r other than s. We remove α(x, s, t) and α(t, r, y) from Q if they exist. Next,
we compute α(x, s, r) and α(s, r, y) (if exist) as well as their geodesic distances from c∗, and
insert them into Q.

For the running time, there are O(m) events, for the total number of Voronoi vertices of
FVD(S) is O(m) [3], and thus the total time of the algorithm is O(m · σ), where O(σ) is the
time for computing each α point. Lemma 1, which will be proved later in Section 4, is for
computing the α-points.

▶ Lemma 1. With O(n) time preprocessing, for any triple of adjacent sites s, t, r in L at
any moment during the algorithm, given the two Voronoi vertices β(s, t) and β(t, r), our
algorithm can do the following in O(log n) time: if α(s, t, r) is a Voronoi vertex, then compute
it; otherwise, either compute α(s, t, r) or return null.

We remark that Lemma 1 is sufficient for the correctness of our geodesic sweeping
algorithm as only Voronoi vertices are essential. If the algorithm returns null, the event will
not be inserted to Q. With Lemma 1 at hand, our geodesic sweeping algorithm computes the
topological structure of FVD(S) in O(n + m log m) time. After that, as discussed above, we
can compute the full diagram FVD(S) in additional O(n + m log m) time by the techniques
of Oh and Ahn [19]. Also, the space of the algorithm is bounded by O(n + m).

▶ Theorem 2. The geodesic farthest-point Voronoi diagram of a set of m points in a simple
polygon of n vertices can be computed in O(n + m log m) time and O(n + m) space.

4 Algorithm for Lemma 1

In this section, we present our algorithm for Lemma 1. We first present an algorithm in
Section 4.1 for the following triple-point geodesic center query problem: given any three
points in P , compute their geodesic center in P , which is a point that minimizes the largest
geodesic distance from the three query points. Oh and Ahn [19] solved this problem in
O(log2 n) time, after O(n) time preprocessing. Our algorithm runs in O(log n) time also
with O(n) time preprocessing.3 This algorithm will be used as a subroutine in our algorithm
for Lemma 1, which will be discussed in Section 4.2.

4.1 The triple-point geodesic center query problem
As preprocessing, we construct the two-point shortest path query data structure by Guibas
and Hershberger [11, 12] and we refer to it as the GH data structure. The data structure can
be constructed in O(n) time, after which given any two points p and q in P , the geodesic
distance d(p, q) can be computed in O(log n) time and the geodesic path π(p, q) can be
output in additional time linear in the number of edges of π(p, q).

Consider three query points s, t, and r in P . Our goal is to compute their geodesic center,
denoted by c. We follow the algorithm scheme in [19]. Consider the geodesic convex hull
GCH(s, t, r) and the geodesic triangle △(s, t, r). We know that c is the geodesic center of
GCH(s, t, r) [3]. Depending on whether c is in the interior of △(s, t, r), there are two cases.

3 To be fair, this problem is not a dominant one in their algorithm, which might be a reason Oh and
Ahn [19] did not push their result further.
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4.1.1 c is not in the interior of △(s, t, r)
If c is not in the interior of △(s, t, r), then it must be on the geodesic path of two points
of {s, t, r}. Without loss of generality, we assume that c ∈ π(s, t). Note that c must be the
middle point of π(s, t). To locate c in π(s, t), we wish to do binary search on the vertices of
π(s, t). It was claimed in [19] that the query algorithm of the GH data structure returns
π(s, t) as a binary tree (so that binary search can be done in a straightforward way), in
particular, when the simpler approach in [12] is utilized. In fact, this is not quite correct.
Indeed, the binary tree structures in both [11] and [12] are used for representing convex
chains (or more rigorously, semiconvex chains [12]). However, π(s, t) is actually a string [11],
which in general is not a semiconvex chain. The data structure for representing a string is a
tree but not a binary tree because a node in the tree may have three children.

For completeness, we provide a binary search scheme on the geodesic path π(p, q) returned
by the GH data structure for any two query points p and q in P . Suppose we are looking for
either a vertex or an edge of π(p, q), denoted by w∗ in either case, and we have access to
an oracle such that given any vertex v ∈ π(p, q), the oracle can determine whether w∗ is in
π(p, v) or in π(v, q). Then, we have the following lemma (whose proof is omitted).

▶ Lemma 3. With O(n) time preprocessing, given any two query points p and q, the sought
vertex or edge w∗ can be located by a binary search algorithm that calls the oracle on O(log n)
vertices of π(p, q), and the total time of the binary search excluding the time for calling the
oracle is O(log n). In particular, the middle point of π(p, q) can be found in O(log n) time.

With Lemma 3 at hand, we can find c on π(s, t) in O(log n) time.
We can determine whether c is in the interior of △(s, t, r) in O(log n) time using Lemma 3

as follows. First, we determine whether c is the middle point of π(s, t). To do so, we first
compute the middle point pst of π(s, t) by Lemma 3. Then, we compute d(s, pst) and d(r, pst)
in O(log n) time using the GH data structure. It is not difficult to see that pst is c if and
only if d(s, pst) ≥ d(r, pst). If pst ̸= c, then we use the same way to determine whether the
middle point of π(s, r) (resp., π(r, t)) is c. If the above algorithm fails to locate c, then we
know that c is in the interior of △(s, t, r).

The above finds c in O(log n) time for the case where c is not in the interior of △(s, t, r).

4.1.2 c is in the interior of △(s, t, r)
We proceed to the case where c is in the interior of △(s, t, r). Our algorithm utilizes the
tentative prune-and-search technique of Kirkpatrick and Snoeyink [15].

First observe that in this case c must be equidistant from all three points s, t, and r.
Let s′ be the junction vertex of π(s, t) and π(s, r). Define t′ and r′ similarly. With the GH
data structure, each junction vertex can be computed in O(log n) time [11].

Define ps, pt, and pr to be the anchors of c in π(s, c), π(t, c), and π(r, c), respectively.
Note that the segment connecting c to ps (resp., pt, pr) is tangent to the side of △(s, t, r)
that contains it. As c is equidistant to s, t, and r, c is the common intersection of the three
bisectors B(s, t), B(s, r), and B(t, r). The proof of the lemma below is omitted.

▶ Lemma 4. The middle point pst of π(s, t) must be in π(s′, t′); the middle point psr of
π(s, r) must be in π(s′, r′); the middle point ptr of π(t, r) must be in π(t′, r′).

Since ps is the anchor of c in π(s, c), ps has smaller geodesic distance from s than from t or r.
Hence, by Lemma 4, ps must be in γs = π(s′, pst) ∪ π(s′, psr), which consists of two convex
chains; we call γs a pseudo-convex chain. Similarly, pt must be in γt = π(t′, pst) ∪ π(t′, ptr)
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Figure 3 Illustrating the geodesic triangle △(s, t, r) and the function f(a) for a ∈ A = γs.

and pr must be in γr = π(r′, ptr) ∪ π(r′, psr). We consider pst and psr as two ends of γs. If
we move a point p on γs from one end to the other, then the slope of the tangent line of γs

at p continuously changes. Further, ps is the only point on γs such that cps is tangent to γs.
Similar properties hold for γt, pt, γr, and pr.

With the above discussion, we now describe our algorithm for computing c. First, we
compute the three junction vertices and the three middle points s′, t′, r′, pst, psr, and ptr.
This can be done in O(log n) time using the GH data structure. To compute c (as well as
locate ps, pt, and pr), we resort to the tentative prune-and-search technique [15], as follows.

To avoid the lengthy background explanation, we follow the notation in [15] without
definition. We will rely on Theorem 3.9 in [15]. To this end, we need to define three
continuous and monotone-decreasing functions f , g, and h. We define them in a way similar
to Theorem 4.10 in [15] for finding a point equidistant to three convex polygons. Indeed, our
problem may be considered as a weighted case of their problem because each point in our
pseudo-convex chains has a weight equal to its geodesic distance from one of s, t, and r.

We parameterize over [0, 1] each of the three pseudo-convex chains A = γs, B = γt, and
C = γr from one end to the other in counterclockwise order around △(s, t, r). For example,
without loss of generality, we assume that s′, t′, and r′ are counterclockwise around △(s, t, r).
Then, γs is parameterized from psr to pst over [0, 1], i.e., each value of [0, 1] corresponds to a
slope of a tangent at a point on γs. For each point a of A, we define f(a) to be the parameter
of the point b ∈ B such that the tangent of A at a and the tangent of B at b intersect at a
point on the bisector B(s, t) of s and t (e.g., see Fig. 3). Similarly, we define g(b) for b ∈ B

with respect to C and define h(c) for c ∈ C with respect to A. One can verify that all three
functions are continuous and monotone-decreasing (the tangent at an apex of △(s, t, r) is
not unique but the issue can be handled [15]). The fixed-point of the composition of the
three functions h · g · f corresponds to c, which can be computed by applying the tentative
prune-and-search algorithm of Theorem 3.9 [15].

To see that the algorithm can be implemented in O(log n) time, we need to show that
given any a ∈ A and any b ∈ B, we can determine whether f(a) > b in O(1) time. To this
end, we first find the intersection p of the tangent of A at a and the tangent of B at b.
Then, d(s, a) + |pa| < d(t, b) + |pb| if and only if f(a) > b. We will discuss below that the
values d(s, a) and d(t, b) will be available during the tentative prune-and-search algorithm.
Note that here the tangent of A at a actually refers to the half-line of the tangent whose
concatenation with π(s′, a) is still a convex chain (so that the shortest path can follow that
half-line), as shown in Fig. 3. Hence, it is possible that the tangent half-line of a does not
intersect the tangent half-line of b. If that happens, either the tangent half-line of a intersects
the backward extension of the tangent half-line of b or the backward extension of the tangent



H. Wang 59:9

half-line of a intersects the tangent half-line of b; in the former case we have f(a) < b and in
the latter case f(a) > b. Similar properties hold for functions of g and h. Finally, we show
that we have appropriate data structures to represent the three pseudo-convex chains A, B,
and C so that the algorithm can terminate in O(log n) rounds. We only discuss A since other
two are similar. When the algorithm picks the first vertex of A to test, we will use the vertex
s′. After the test, the algorithm will proceed on A on one side of s′, say, on π(s′, pst). We
apply the binary search scheme of Lemma 3 on π(s′, pst), which will test O(log n) vertices.
Further, whenever a vertex a ∈ π(s′, pst) is tested, the binary search scheme of Lemma 3
can keep track of d(s, a). Therefore, applying the tentative prune-and-search technique in
Theorem 3.9 [15] can compute the geodesic center c in O(log n) time.

The lemma below summarizes our result on the triple-point geodesic center query problem.

▶ Lemma 5. With O(n) time preprocessing, the geodesic center of any three query points in
P can be computed in O(log n) time.

4.2 Proving Lemma 1
With Lemma 5, we are ready to present our algorithm for Lemma 1. Consider any three sites
s, t, r as specified in the statement of Lemma 1. Our goal is to compute the point α(s, t, r),
which is equidistant from the three sites. Recall that we have two points β(s, t) and β(t, r)
available for us, which are critical to the success of our approach.

The first step of our algorithm is to apply the algorithm for Lemma 5 to compute the
geodesic center c of the three sites. We check whether c is equidistant to the three sites, in
O(log n) time. If yes, α(s, t, r) = c and we are done. In the following we assume otherwise.

Our algorithm may not compute α(s, t, r) even if it exists, but will guarantee to do so if
α(s, t, r) is a Voronoi vertex of FVD(S). This is sufficient for constructing FVD(S) correctly.
Hence, in what follows we assume that α(s, t, r) is a Voronoi vertex. This implies that there
are two Voronoi edges connecting α(s, t, r) with β(s, t) and β(t, r), respectively. Recall that
c∗ is the geodesic center of S. The following lemma was discovered by Aronov et al. [3].

▶ Lemma 6 (Aronov et al. [3]). If a point p moves from β(s, t) (resp., β(t, r)) to α(s, t, r)
along the Voronoi edge, both d(c∗, p) and d(t, p) are monotonically decreasing.

To simplify the notation, unless otherwise stated, we use α to refer to α(s, t, r). We define
the three junction vertices s′, t′, and r′ in the same way as before, which are the three apexes
of the geodesic convex hull △(s, t, r). Without loss of generality, we assume that s′, t′, and
r′ are counterclockwise around the boundary of △(s, t, r) (e.g., see Fig. 2). We define ps, pt,
and pr as the anchors of α in π(s, α), π(t, α), and π(r, α), respectively. Define pst, psr, and
ptr as the middle points of π(s, t), π(s, r), and π(t, r), respectively.

Lemma 7, obtained from the results of Aronov [2], will occasionally be used later.

▶ Lemma 7 (Aronov [2]). Suppose x and y are two points of P such that their bisector
B(x, y) does not contain any vertex of P . Then, for any point z ∈ P , the shortest path
π(x, z) (resp., π(y, z)) either does not intersect B(x, y) or intersects it at a single point.

Recall that α(s, t, r) is not c. Hence, c must be equidistant to two sites and the geodesic
distance from them to c is strictly larger than that from the third site to c. Depending on what
the two sites are, there are three cases d(c, s) = d(c, r) > d(c, t), d(c, t) = d(c, r) > d(c, s),
and d(c, t) = d(c, s) > d(c, r). The following lemma (whose proof is omitted) shows that the
latter two cases cannot happen.

▶ Lemma 8. Neither d(c, t) = d(c, r) > d(c, s) nor d(c, t) = d(c, s) > d(c, r) can happen.
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Figure 4 Illustrating the subcase c ∈ π(s′, r′): c is on uv.

Note that Lemma 8 is obtained based on the assumption that α(s, t, r) is a Voronoi vertex
of FVD(S). Therefore, if one of the two cases in Lemma 8 happens during the algorithm,
then we can simply return null.

In what follows, we assume that d(c, s) = d(c, r) > d(c, t). Thus, c must be the middle
point of π(s, r). Depending on where the location of c is, there are three cases: c ∈ π(s′, r′),
c ∈ π(s, s′) \ {s′}, and c ∈ π(r′, r) \ {r′}. The latter two cases are symmetric, so we will only
discuss the first two cases.

4.2.1 The case c ∈ π(s′, r′)

Let uv be the edge of π(s′, r′) containing c such that d(s, u) < d(s, v). It possible that u is s

or/and v is t. We first assume that both u and v are polygon vertices; we will show later the
other case can be reduced to this case.

Since both u and v are polygon vertices, uv divides P into two sub-polygons; one of them,
denoted by P1, does not contain t and we use P2 to denote the other one. Note that all three
sites s, t, r are in P2. According to Oh and Ahn [19] (see the proof of Lemma 3.6), α is in P1
and ptα intersects uv, i.e., pt is in the pseudo-convex chain π(t′, r′) ∪ π(t′, s′); e.g., see Fig. 4.

Consider the bisector B(s, t). Because α is equidistant from s and t, α ∈ B(s, t). As
both s and t are in P2, the middle point pst of π(s, t) is also in P2. Note that pst ∈ B(s, t).
As α ∈ P1 and pst ∈ P2, B(s, t) must cross uv; further, by Lemma 7, as uv ⊆ π(s, r), B(s, t)
intersects uv at a single point, denoted by qst (e.g., see Fig. 4). Hence, qst partitions B(s, t)
into two parts, one inside P1 and the other in P2. We use B1(s, t) to denote the part in P1.
Recall that β(s, t) is on B(s, t).

▶ Lemma 9. β(s, t) is on B1(s, t), and α is on B1(s, t) between β(s, t) and qst (e.g., see
Fig. 4).

Proof. First of all, since α ∈ P1, α ∈ B(s, t), and B1(s, t) = B(s, t) ∩ P1, we obtain that
α ∈ B1(s, t). Notice that pst is the point on B(s, t) closest to t and if we move p from one
end of B(s, t) to the other end, d(s, p) will first decrease until p = pst and then increase.
By Lemma 6, if we move a point p along B(s, t) from β(s, t) to α, d(t, p) decreases. Since
α ∈ B1(s, t), β(s, t) must be on B1(s, t) and α is between β(s, t) and qst. ◀

Our algorithm relies on the following lemma to compute α (e.g., see Fig. 5).
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Figure 5 Illustrating the proof of Lemma 10.

▶ Lemma 10.
1. α must be in the geodesic triangle △(s, r, β(s, t)).
2. The apexes of △(s, r, β(s, t)) are u, v, and β(s, t).
3. ps must be on the convex chain π(u, β(s, t)) and αps is tangent to the chain.
4. pr must be on the convex chain π(v, β(s, t)) and αpr is tangent to the chain.
5. pt must be on the pseudo-convex chain π(tuv, u) ∪ π(tuv, v) and αpt is tangent to the

chain, where tuv is the junction vertex of π(t, u) and π(t, v).
6. αpt intersects uv.

Proof. To simplify notation, let q = β(s, t). Since q ∈ B(s, t), due to the general position
assumption, the incident edges of q in π(q, s) and π(q, t) cannot be coincident [3]. Hence, q

is the junction vertex of π(q, s) and π(q, t). As t ∈ P2 and q ∈ P1, π(q, t) must cross uv at a
point p; see Fig. 5. This implies that q is the junction vertex of π(q, u) and π(q, p). As p ∈ uv,
q must also be the junction vertex of π(q, u) and π(q, v). Since u ∈ π(s, q) and v ∈ π(q, r), q

must be the junction vertex of π(q, s) and π(q, r). Hence, q is an apex of △(s, r, q).
Next we show that u and v are the other two apexes of △(s, r, q). By the definition of

P1, for any point p′ ∈ P1, π(s, p′) must contain u and π(r, p′) must contain v. Recall that
B(s, t) intersects uv at a single point qst. Due to the general position assumption, qst is in
the interior of uv. Hence, u and v are on different sides of B(s, t). As q ∈ B(s, t), π(u, q)
cannot contain v and π(v, q) cannot contain u. Since π(s, q) contains u, we obtain that
π(s, q) = π(s, u) ∪π(u, q) and thus π(s, q) does not contain v. Similarly, since π(r, q) contains
v, we obtain that π(r, q) = π(r, v) ∪ π(v, q) and thus π(r, q) does not contain u. Therefore,
u is the junction vertex of π(s, q) and π(s, r); v is the junction vertex of π(r, q) and π(r, s).
Thus, both u and v are apexes of △(s, r, q).

The above argument proves that the three apexes of △(s, r, q) are u, v, and q.
We proceed to show that α ∈ △(s, r, q). Indeed, as α is on B(s, t) between q and qst by

Lemma 9, α must be in the geodesic triangle △(s, t, q). As α ∈ P1, α ∈ P1 ∩ △(s, t, q). Since
π(q, s) ∩ P1 = π(q, u) and π(q, t) ∩ P1 = π(q, p), we have P1 ∩ △(s, t, q) = △(u, p, q). Hence,
α ∈ △(u, p, q). Further, since p ∈ uv, △(u, p, q) ⊆ △(u, v, q). Thus, we obtain α ∈ △(s, r, q),
for △(s, r, q) = △(u, v, q). This proves the first two lemma statements.

The lemma statement (6) was already proved in [19]. Finally we prove the lemma
statements (3-5). Clearly, the anchor ps must be on the two sides of △(s, r, q) incident to the
apex u, i.e., ps ∈ π(u, q) ∪ uv. Note that π(u, α) cannot contain v unless α = v. However,
α ̸= v because α is not in △(s, t, r) (otherwise the first step of our algorithm, which is the
algorithm for Lemma 5, would have already computed α(s, t, r)). Hence, ps must be on
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Figure 6 Illustrating the pseudo-triangle △(s, t, p).

π(u, q), which is a convex chain. This also means that αps is tangent to π(u, q) at ps. For the
same reason, αpr is tangent to π(v, q) at pr. For pt, because αpt intersects uv, it is obviously
true that αpt must be tangent to the pseudo-convex chain π(tuv, u) ∪ π(tuv, v) at pt. ◀

In light of Lemma 10, uv, it is actually tangent to π(t′, u) ∪ π(t′, v). Then, we can apply
the tentative prune-and-search technique [15] on the three chains specified in the lemma in a
similar way as before to compute α in O(log n) time.

We summarize our algorithm for this case. First, we compute the edge uv, in O(log n)
time using the GH data structure by Lemma 3. Second, we compute the junction vertex tuv

of π(t, u) and π(t, v) in O(log n) time by the GH data structure [11]. Third, we apply the
tentative prune-and-search technique on the three chains as specified in Lemma 10, along
with the binary search scheme in Lemma 3 on the chains, to compute α in O(log n) time.

Recall that the above algorithm is based on the assumption that α is a Voronoi vertex of
FVD(S). However, when we invoke the procedure during the geodesic sweeping algorithm we
do not know whether the assumption is true. Therefore, as a final step, we add a validation
procedure as follows. Suppose α is the point returned by the algorithm. First, we check
whether d(s, α) = d(t, α) = d(r, α). If not, we return null. Otherwise, we further check
whether d(c∗, α) ≤ min{d(c∗, β(s, t)), d(c∗, β(t, r))}. This is because the Voronoi vertex α is
only useful if it is inside the current sweeping circle C, whose geodesic distance to c∗ is at
most min{d(c∗, β(s, t)), d(c∗, β(t, r))} (because neither β(s, t) nor β(t, r) is in the interior of
C). Hence, if d(c∗, α) ≤ min{d(c∗, β(s, t)), d(c∗, β(t, r))}, then we return α; otherwise, we
return null. This validation step takes O(log n) time by the GH data structure.

At least one of u and v is not a polygon vertex. The above discusses the case where both
u and v are polygon vertices. In the following, we consider the other case where at least
one of them is not a polygon vertex, i.e., u = s or/and v = r (because all vertices of π(s, r)
except s and r are polygon vertices). In fact, this case is missed from the algorithm of Oh
and Ahn [19] (see the proof of Lemma 3.6 [19]). It turns out that Lemma 10 still holds for
this case and thus we can apply exactly the same algorithm as above. By reducing this case
to the previous case where u and v are polygon vertices. we can obtain the following lemma
(whose proof is omitted).

▶ Lemma 11. Lemma 10 still holds when u = s or/and v = r.

We finally prove the following technical lemma, which is needed in the proof of Lemma 11.
The lemma, which establishes a very basic property of shortest paths in simple polygons,
may be interesting in its own right. The proof is omitted.

▶ Lemma 12. Let s and t be any two points in P such that B(s, t) does not contain any
vertex of P . Suppose p is a point in B(s, t) and p′ is a point in π(t, p). Then, π(s, p′)
intersects B(s, t) at a single point z and d(s, z) ≥ d(z, p′) (in particular, d(s, z) > d(z, p′) if
p′ ̸= t); e.g., see Fig. 6.
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Figure 7 Illustrating an example where α exists when c ∈ π(s, s′) \ {s′}. The apexes of the geodesic
triangle △(s, r, t) are s′, r′ = r, and t′ = t. |s′t| < |s′r|. c is the middle point of π(s, r) = ss′ ∪ s′r.
However, one can verify (e.g., by a ruler) that q is equidistant to s, r, and t, and thus α = q exists.

4.2.2 The case c ∈ π(s, s′) \ {s′}
We now consider the case c ∈ π(s, s′) \ {s′}. For this case, Oh and Ahn [19] (see the proof of
Lemma 3.6 [19]) claimed that α does not exist. However, this is not correct; see Fig. 7 for a
counterexample.

Let v be the vertex incident to s′ in π(s′, r′). To make the notation consistent with the
previous subcase, we let u = s′. We have the following lemma (e.g., see Fig. 8), which is
analogous to Lemma 10. The proof is omitted.

▶ Lemma 13.
1. α must be in the geodesic triangle △(s, r, β(t, r)).
2. The apexes of △(s, r, β(t, r)) are s′′, v, and β(t, r), where s′′ be the junction vertex of

π(s, r) and π(s, β(t, r)).
3. ps must be on the pseudo-convex chain π(s′′, β(t, r)) ∪ π(s′′, v) and αps is tangent to the

chain.
4. pr must be on the convex chain π(v, β(t, r)) and αpr is tangent to the chain.
5. pt must be on pseudo-convex chain π(tuv, u) ∪ π(tuv, v) and αpt is tangent to the chain,

where tuv is the junction vertex of π(t, u) and π(t, v).
6. αpt must intersect uv.

Due to the preceding lemma, our algorithm works as follows. First, we compute the
vertices s′′, u, v, and tuv, which can be done in O(log n) time by the GH data structure.
Then we apply the tentative prune-and-search technique [15] on the three pseudo-convex
chains specified in the lemma in a similar way as before to compute α in O(log n) time.
Finally, we validate α in O(log n) time in a similar way as before. The overall time of the
algorithm is O(log n). Lemma 1 is thus proved.
▶ Remark. As discussed above, there are two mistakes in the algorithm of Oh and Ahn [19]
(Lemma 3.6): (1) In the subcase c ∈ π(s′, r′), the case where not both u and v are polygon
vertices is missed; (2) in the subcase c ̸∈ π(s′, r′), they erroneously claimed that α does not
exist. Both mistakes can be corrected with our new results. Indeed, in both cases we have
proved that αpt intersects uv. With this critical property, their algorithm of Lemma 3.6 [19]
(which was originally designed for the case where c ∈ π(s′, r′) and both u and v are polygon
vertices) can be applied to compute α in O(log2 n) time. In this way, Lemma 3.6 of [19] is
remedied and thus all other results of [19] that rely on Lemma 3.6 are not affected.
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References
1 H.-K. Ahn, L. Barba, P. Bose, J.-L. De Carufel, M. Korman, and E. Oh. A linear-time

algorithm for the geodesic center of a simple polygon. Discrete and Computational Geometry,
56:836–859, 2016.

2 B. Aronov. On the geodesic Voronoi diagram of point sites in a simple polygon. Algorithmica,
4:109–140, 1989.

3 B. Aronov, S. Fortune, and G. Wilfong. The furthest-site geodesic Voronoi diagram. Discrete
and Computational Geometry, 9:217–255, 1993.

4 T. Asano and G. Toussaint. Computing the geodesic center of a simple polygon. Technical
Report SOCS-85.32, McGill University, Montreal, Canada, 1985.

5 S.W. Bae and K.Y. Chwa. The geodesic farthest-site Voronoi diagram in a polygonal domain
with holes. In Proceedings of the 25th ACM Symposium on Computational Geometry (SoCG),
pages 198–207, 2009.

6 S.W. Bae, M. Korman, and Y. Okamoto. The geodesic diameter of polygonal domains. Discrete
and Computational Geometry, 50:306–329, 2013.

7 S.W. Bae, M. Korman, and Y. Okamoto. Computing the geodesic centers of a polygonal
domain. Computational Geometry: Theory and Applications, 77:3–9, 2019.

8 L. Barba. Optimal algorithm for geodesic farthest-point Voronoi diagrams. In Proceedings
of the 35th International Symposium on Computational Geometry (SoCG), pages 12:1–12:14,
2019.

9 B. Chazelle. A theorem on polygon cutting with applications. In Proceedings of the 23rd
Annual Symposium on Foundations of Computer Science (FOCS), pages 339–349, 1982.

10 B. Chazelle, H. Edelsbrunner, M. Grigni, L. Guibas, J. Hershberger, M. Sharir, and J. Snoeyink.
Ray shooting in polygons using geodesic triangulations. Algorithmica, 12(1):54–68, 1994.

11 L.J. Guibas and J. Hershberger. Optimal shortest path queries in a simple polygon. Journal
of Computer and System Sciences, 39(2):126–152, 1989.

12 J. Hershberger. A new data structure for shortest path queries in a simple polygon. Information
Processing Letters, 38(5):231–235, 1991.

13 J. Hershberger and S. Suri. Matrix searching with the shortest-path metric. SIAM Journal on
Computing, 26(6):1612–1634, 1997.

14 J. Hershberger and S. Suri. An optimal algorithm for Euclidean shortest paths in the plane.
SIAM Journal on Computing, 28(6):2215–2256, 1999.

15 D. Kirkpatrick and J. Snoeyink. Tentative prune-and-search for computing fixed-points with
applications to geometric computation. Fundamenta Informaticae, 22(4):353–370, 1995.

16 C.-H. Liu. A nearly optimal algorithm for the geodesic Voronoi diagram of points in a simple
polygon. Algorithmica, 82:915–937, 2020.



H. Wang 59:15

17 J.S.B. Mitchell. Geometric shortest paths and network optimization, in Handbook of Compu-
tational Geometry, J.-R Sack and J. Urrutia (eds.), pages 633–702. Elsevier, Amsterdam, the
Netherlands, 2000.

18 E. Oh. Optimal algorithm for geodesic nearest-point Voronoi diagrams in simple polygons.
In Proceedings of the 20th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA),
pages 391–409, 2019.

19 E. Oh and H.-K. Ahn. Voronoi diagrams for a moderate-sized point-set in a simple polygon.
Discrete and Computational Geometry, 63:418–454, 2020.

20 E. Oh, L. Barba, and H.-K. Ahn. The geodesic farthest-point Voronoi diagram in a simple
polygon. Algorithmica, 82:1434–1473, 2020.

21 E. Papadopoulou and D.T. Lee. A new approach for the geodesic Voronoi diagram of points
in a simple polygon and other restricted polygonal domains. Algorithmica, 20:319–352, 1998.

22 R. Pollack, M. Sharir, and G. Rote. Computing the geodesic center of a simple polygon.
Discrete and Computational Geometry, 4(1):611–626, 1989.

23 F.P. Preparata and M.I. Shamos. Computational Geometry. Springer-Verlag, New York, 1985.
24 S. Suri. Computing geodesic furthest neighbors in simple polygons. Journal of Computer and

System Sciences, 39:220–235, 1989.
25 G. Toussaint. Computing geodesic properties inside a simple polygon. Technical report, McGill

University, Montreal, Canada, 1989.
26 H. Wang. On the geodesic centers of polygonal domains. Journal of Computational Geometry,

9:131–190, 2018.

SoCG 2021





A Parallel Batch-Dynamic Data Structure for the
Closest Pair Problem
Yiqiu Wang !

Massachusetts Institute of Technology, Cambridge, MA, USA

Shangdi Yu !

Massachusetts Institute of Technology, Cambridge, MA, USA

Yan Gu !

University of California, Riverside, CA, USA

Julian Shun !

Massachusetts Institute of Technology, Cambridge, MA, USA

Abstract

We propose a theoretically-efficient and practical parallel batch-dynamic data structure for the
closest pair problem. Our solution is based on a serial dynamic closest pair data structure by Golin
et al., and supports batches of insertions and deletions in parallel. For a data set of size n, our data
structure supports a batch of insertions or deletions of size m in O(m(1 + log((n + m)/m))) expected
work and O(log(n + m) log∗(n + m)) depth with high probability, and takes linear space. The key
techniques for achieving these bounds are a new work-efficient parallel batch-dynamic binary heap,
and careful management of the computation across sets of points to minimize work and depth.

We provide an optimized multicore implementation of our data structure using dynamic hash
tables, parallel heaps, and dynamic k-d trees. Our experiments on a variety of synthetic and
real-world data sets show that it achieves a parallel speedup of up to 38.57x (15.10x on average) on
48 cores with hyper-threading. In addition, we also implement and compare four parallel algorithms
for static closest pair problem, for which we are not aware of any existing practical implementations.
On 48 cores with hyper-threading, the static algorithms achieve up to 51.45x (29.42x on average)
speedup, and Rabin’s algorithm performs the best on average. Comparing our dynamic algorithm
to the fastest static algorithm, we find that it is advantageous to use the dynamic algorithm for
batch sizes of up to 20% of the data set. As far as we know, our work is the first to experimentally
evaluate parallel closest pair algorithms, in both the static and the dynamic settings.
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1 Introduction

The closest pair problem is a fundamental computational geometry problem with applications
in robot motion planning [30, 3], computational biology [37], collision detection, hierarchical
clustering, and greedy matching [18]. In many cases, the data involved can quickly change
over time. In the case that a subset of the data gets updated, a dynamic algorithm can be
much faster than a static algorithm that recomputes the result from scratch.

We consider a metric space (S, d) where S contains n points in Rk, and d is the Lt-metric
where 1 ≤ t ≤ ∞. The static closest pair problem computes and returns the closest pair
distance δ(S) = min{d(p, q) | p, q ∈ S, p ̸= q}, and the closest pair (p, q). The dynamic
closest pair problem computes the closest pair of S, and also maintains the closest pair
upon insertions and deletions of points. A parallel batch-dynamic data structure processes
batches of insertions and deletions of points of size m in parallel. In this paper, we propose a
new parallel batch-dynamic data structure for closest pair on (S, d).

There is a rich literature on sequential dynamic closest pair algorithms [34, 46, 39, 42, 43,
40, 13, 27, 9, 24, 2]. More details on this related work is provided in [44] and the full version
of this paper. However, as far as we know, none of the existing dynamic algorithms have been
implemented and none of them are parallel. The main contribution of our paper is the design
of a theoretically-efficient and practical parallel batch-dynamic data structure for dynamic
closest pair, along with a comprehensive experimental study showing that it performs well in
practice. Our solution is inspired by the sequential solution of Golin et al. [24], which takes
O(n) space to maintain O(n) points and supports O(log n) time updates, and is the fastest
existing sequential algorithm for the Lt-metric. Our parallel solution takes a batch update
of size m and maintains the closest pair in O(m(1 + log((n + m)/m))) expected work and
O(log(n + m) log∗(n + m)) depth (parallel time) with high probability (whp).1 Compared to
the sequential algorithm of Golin et al., our algorithm is work-efficient (i.e., matches the work
of the sequential algorithm) for single updates, and has better depth for multiple updates
since we process a batch of updates in parallel. Our data structure is based on efficiently
maintaining a sparse partition of the points (a data structure used by Golin et al. [24]) in
parallel. This requires carefully organizing the computation to minimize the work and depth,
as well as using a new parallel batch-dynamic binary heap that we design. This is the first
parallel batch-dynamic binary heap in the literature, and may be of independent interest.

We implement our data structure with optimizations to improve performance. In particu-
lar, we combine the multiple heaps needed in our theoretically-efficient algorithm into a single
heap, which reduces overheads. We also implement a parallel batch-dynamic kd-tree to speed
up neighborhood queries. We evaluate our algorithm on both real-world and synthetic data
sets. On 48 cores with two-way hyper-threading, we achieve self-relative parallel speedups
of up to 38.57x across various batch sizes. Our algorithm achieves throughputs of up to
1.35 × 107 and 1.06 × 107 updates per second for insertions and deletions, respectively.

In addition, we implement and evaluate four parallel algorithms for the static closest pair
problem. There has been significant work on sequential [41, 36, 8, 20, 7, 25, 23, 28, 16, 14, 5]
and parallel [4, 33, 32, 11, 10] static algorithms for the closest pair (more details can be found
in [44] and the full version of the paper). As far as we know, none of the existing parallel
algorithms have been evaluated and compared empirically. We implement a divide-and-
conquer algorithm [11], a variant of Rabin’s randomized algorithm [36], our parallelization
of the sequential sieve algorithm [28], and a randomized incremental algorithm [10]. On 48

1 Holds with probability at least 1 − 1/nc for an input of size n and some constant c > 0.
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cores with two-way hyper-threading, our algorithms achieve self-relative parallel speedups of
up to 51.45x.2 Our evaluation of the static algorithms shows that Rabin’s algorithm is on
average 7.63x faster than the rest of the static algorithms. Finally, we compare our parallel
batch-dynamic algorithm with the static algorithms and find that it can be advantageous
to use the batch-dynamic algorithm for batches containing up to 20% of the data set. Our
source code is publicly available at https://github.com/wangyiqiu/closest-pair.

2 Review of the Sparse Partition Data Structure

We give an overview of the sequential dynamic closest pair data structure proposed by Golin
et al. [24], which is based on the serial static closest pair algorithm by Khuller and Matias [28].
More details are presented in the full version of the paper. Our new parallel algorithm also
uses this data structure, which is referred to as the sparse partition of an input set.

2.1 Sparse Partition
For a set S with n points, a sparse partition [24] is defined as a sequence of 5-tuples
(Si, S′

i, pi, qi, di) with size L (1 ≤ i ≤ L), such that (1) S1 = S; (2) S′
i ⊆ Si ⊆ S; (3) If

|Si| > 1, pi is drawn uniformly at random from Si, and we compute the distance di = d(pi, qi),
to pi’s closest point qi in Si; (4) For all x ∈ Si: a) if the closest point of x in Si (denoted
as d(x, Si)) is larger than di/3, then x ∈ S′

i; b) if d(x, Si) ≤ di/6k then x /∈ S′
i; and c) if

x ∈ Si+1, there is a point y ∈ Si such that d(x, y) ≤ di/3 and y ∈ Si+1; (5) Si+1 = Si \ S′
i.

The sparse partition is constructed using these rules until SL+1 = ∅. It contains O(log n)
levels in expectation, as |Si| decreases geometrically. The expected sum of all |Si| is linear [24].
We call pi the pivot for partition i. At a high level, S′

i contains points that are far enough
from each other, and the threshold di that defines whether points are “far enough” decreases
for increasing i. In particular, for any 1 ≤ i < L, di+1 ≤ di/3 as shown in Golin et al. [24].
Hence, the closest pair will likely show up in deeper levels that do not contain many points.
Based on the definition, each S′

i is non-empty, and {S′
1, . . . , S′

L} is a partition of S.

2.2 A Grid-Based Implementation of Sparse Partition
We now describe Golin et al.’s implementation of the sparse partition. There are L levels of
the sparse partition, and we refer to each as level i for 1 ≤ i ≤ L. We maintain each level
using a grid data structure, similar to many closest pair algorithms (e.g., [36, 23, 28, 24]).

To represent Si, we place the points into a grid Gi with equally-sized axis-aligned grid
boxes with side length di/6k, where k is the dimension, and di is the closest pair distance of
the randomly chosen pivot pi. This can be done using hashing. Denote the neighborhood
of a point p in Gi relative to S by Ni(p, S), which refers to the set of points in S \ {p}
contained in the collection of 3k − 1 boxes bordering the box containing p, as well as p’s
box. We say that point p is sparse in Gi relative to S if Ni(p, S) = ∅. We use this notion of
sparsity to compute S′

i = {p ∈ Si : p is sparse in Gi relative to Si}, which satisfies definition
(4) of the sparse partition. The points in S′

i are stored in a separate grid.
An example of the grid structure in two dimensions is shown in Figure 1. We illustrate

the grid Gi for the Si of each level, as well as the pivot pi and its closest neighbor qi. The
grid size is set to di/6k = d(pi, qi)/12. The sparse points, represented by the hollow blue

2 With hyper-threading, the parallel speedup can be more than the total core count.
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Figure 1 This figure contains an example of 14 points in R2, for which a grid-based sparse
partition (Si, S′

i, pi, qi, di) for 1 ≤ i ≤ 3 is constructed. On each level, we use a dotted line to indicate
di, the Euclidean distance between the pivot pi and its closest neighbor qi, and we set the grid size
to be di/6k = di/12. We denote non-sparse points as solid black circles and sparse points as hollow
blue circles. The S′

i sets are represented implicitly by the set of hollow blue circles in each Si. We
denote the true closest pair by letters x and y.

circles, have empty neighborhoods, and do not have another point within a distance of di/3.
The solid black circles, representing the non-sparse points, are copied to the grid Gi+1 for
Si+1. In S3, all points are sparse.

To construct a sparse partition, the sequential algorithm proceeds in rounds. On round i,
the i’th level is constructed. We start with i = 1 where S1 = S, and iteratively determine
the side length of grid Gi based on a random pivot, and place Si into Gi. Then, we compute
S′

i based on the definition of sparsity above, and set Si+1 = Si \ S′
i. The algorithm proceeds

until Si = S′
i (i.e., Si+1 = ∅). The expected work for construction is O(n) since |Si| decreases

geometrically [24]. A single insertion of point q starts from S1, and proceeds level by level.
When q is non-sparse in Si, it will be added to Si+1, and can promote points from S′

i to
S′

i+1 if q falls within their neighborhood. The insertion of q will stop if it becomes sparse at
some level, at which point the insertion algorithm finishes. A deletion works in the opposite
direction, starting from the last level where the deleted point exists, and working its way
back to level 1. Each insertion or deletion takes O(log n) expected work.

2.3 Obtaining the Closest Pair
As observed by both Khuller and Matias [28] and Golin et al. [24], although the grid data
structure rejects far pairs, and becomes more fine-grained with a larger i, the grid at the
last (L’th) level does not necessarily contain the closest pair. For example, as illustrated in
Figure 1, S3 for the last level does not contain the closest pair (x, y), as x is sparse on level
2 and not included in S3. Therefore, we need to check more than just the last level.

The restricted distance d∗
i (p) [24] is the closest pair distance from point p to any point

in
⋃

0≤j≤k S′
i−j , and defined as d∗

i (p) := min{di, d(p, S′
i−k ∪ S′

i−k+1 ∪ . . . ∪ S′
i)}, where p ∈ S′

i.
Golin et al. show that δ(S) = minL−k≤i≤L minp∈S′

i
d∗

i (p), meaning that the closest pair can
be found by taking the minimum among the restricted distance pairs for all points in the last
k + 1 levels of S′

i. The sequential algorithm [24] computes the restricted distance for each
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Algorithm 1 Construction.

Input : Point set S.
Output : A sparse partition and its associated heaps.

1 Algorithm Main()
2 Build(S, 1); /* Initially, Si := S. */
3 Procedure Build(Si, i)
4 Choose a random point pi ∈ Si. Calculate di := d(pi, Si), set the grid side length

to di/6k, and store pi’s nearest neighbor as qi.
5 Create a parallel dictionary Sdict

i to store points in Si keyed by box ID. In parallel,
compute the box ID of each point in Si based on the grid size, and store the
point in the box keyed by the box ID in Sdict

i .
6 Create a parallel dictionary S′

i
dict to store points in S′

i keyed by box ID. In
parallel, determine if each point x in Si is sparse by checking Ni(q, Si) (using
Sdict

i ). Store the sparse points in S′
i and S′

i
dict, and the remaining points in a new

point set represented by an array Si+1.
7 In parallel for each point x ∈ S′

i, compute d∗
i (x) by checking its neighborhoods

(using S′
j

dict) in S′
j where i − k ≤ j ≤ i .

8 fork Create a heap for {d∗
i (x) : x ∈ S′

i}.
9 Build(Si+1, i + 1) if Si+1 is not empty.

10 join

point in S′
i, and stores it in a min-heap Hi for level i. To obtain the closest pair, we read the

minimum of Hi for L − k ≤ i ≤ L, and then take the overall minimum. This takes O(1) work.
In the full version of the paper, we provide more background on the restricted distance.

3 Computational Model

We use the classic work-depth model for analyzing parallel algorithms [15, 26]. The work
W of an algorithm is the number of instructions in the computation, and the depth D

is the length of the longest sequential dependence. Using Brent’s scheduling theorem [12],
we can execute a parallel computation in W/p + D running time using p processors. A
parallel algorithm is work-efficient if its work asymptotically matches the work of the best
sequential algorithm for the same problem. We assume that arbitrary concurrent writes are
supported in O(1) work and depth. Our pseudocode uses the fork and join keywords for
fork-join parallelism [15]. A fork creates a task that can be executed in parallel with the
current task, and a join waits for all tasks forked by the current task to finish. In the full
version of the paper, we present details on the parallel primitives that we use.

For our batch-dynamic data structure, we assume that the updates are independent of
the random choices made in our data structure.

4 Parallel Batch-Dynamic Data Structure

In this section, we introduce our parallel batch-dynamic algorithm, including the construction
of the sparse partition (defined in Section 2) and how to handle batch updates.

As shown in Algorithm 1, we start with an initial point set S, on which we construct
a grid structure recursively level by level, until all points become sparse. Starting with
Si = S, the algorithm works on point set Si for level i. We first pick a pivot point pi ∈ Si
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Heap H1 = {
         (a, e)1
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         (b, a)1→(b, g)1
         (g, b)1   }

Heap H2 = {
         (a, f)2
         (e, f)2
         (c, d)2→(c,f)2
         (f, c)2         
         (d, c)2   }

Heap H2 = {
         (a, f)2
         (e, f)2
         (c, f)2→(c,d)2
         (f, c)2
         (d, c)2  }

Heap H1 = {
         (a, e)1
         (e, a)1         
         (b, g)1→(b, a)1
         (g, b)1   }
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f
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f

Batch Insert { f, g }
to { a, b, c, d, e }

a e a e

Batch Delete { f, g }
from { a, b, c, d, e, f, g }

Existing non-sparse point 
Existing sparse point
Inserted non-sparse point
Inserted sparse point
Deleted point
Moved sparse point

(b, c)i

A qualified close point

Restricted
distance di

*(b)

Figure 2 The figure illustrates the interaction between our parallel batch-dynamic insertion (left)
and deletion (right) algorithms with the data structure. For ease of illustration, we do not show
all the points in the data set. We show the data structure with two levels, and explicitly show Si

and Hi for each level. The grid structure in the upper half of the figures determines the sparsity
of points. We represent different types of points as defined in the middle legend. In the lower half
of the figures, we show the heaps with the restricted distances that they store. We show the pair
defining the restricted distance of a sparse point x on level i as (x, y) if another point y is the closest
sparse point to x in levels i − j where 0 ≤ j ≤ 2. For both insertion and deletion, we annotate the
direction of the update between grids using large bold arrows (i.e., insertion starts with S1 and
deletion starts with S2). We indicate the movement of points and heap entries using dotted arrows.

and obtain its closest pair by computing distances to all other points in parallel, followed
by computing the minimum to determine the side length of the grid boxes, which we use a
parallel dictionary [22] to store (Lines 4–5). We check the sparsity of each point x in parallel
by looking up neighboring boxes using the dictionary, and store the sparse points S′

i in a
new parallel dictionary and the remaining points in a new point set array Si+1 (Line 6).
Then, we compute the restricted distances of all points in S′

i in parallel (Line 7), and spawn
a thread to asynchronously construct the heap Hi to store the restricted distances (Line 8).
We recursively call the construction procedure on Si+1 to construct the next level until all
points in a level are sparse (Line 9). In the full version of the paper, we include more details
about the algorithm, prove a high probability bound on the number of levels, and explain
how to achieve optimal linear work and space. We summarize our bounds in the following
theorem.

▶ Theorem 1. We can construct a data structure that maintains the closest pair containing
n points in O(n) expected work, O(log n log∗ n) depth whp, and O(n) expected space.

Next, we present our parallel algorithm that processes a batch Q of m insertions or
deletions. For m ≥ n, we can simply rebuild the data structure on all of the points using
Theorem 1 to obtain the desired bounds. We now describe the case for m < n. For batch
updates, there are two main tasks: updating the grid and updating the heap. We first
describe updating the grid. We let Qi be the subset of points in Q that are inserted at level
i, and downi be the set of points that move from level i − 1 to level i due to the insertion
of Qi. We start with a simple example of an insertion in Figure 2 (left), which originally
contains five points {a, b, c, d, e}. For simplicity, we assume that the pivot remains unchanged
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Algorithm 2 Batch Insert.

Input : (Si, S′
i, pi, qi, di) and Hi for 1 ≤ i ≤ L; a batch Q to be inserted.

1 Algorithm Main()
2 Insert(Q, ∅, 1);
3 Procedure Insert(Qi, downi, i)
4 (Qi+1, downi+1) := GridInsert(Qi, downi, i);
5 HeapUpdate(i);
6 if (Qi+1 ∪ downi+1) ̸= ∅ then Insert(Qi+1, downi+1, i + 1) ;
7 Procedure GridInsert(Qi, downi, i)
8 Determine if pi, qi, and di should change when inserting Qi and downi, which

happens with probability (|Qi| + |downi|)/(|Qi| + |downi| + |Si|), or if a new
point is closer to pi than the previously closest point qi.

9 If pi, qi, or di change on Line 8, or if i > L, call Build(Qi ∪ downi ∪ Si, i) to
rebuild subsequent levels, and terminate the batch insertion.

10 Insert each point in downi and Qi into the dictionary of Si in parallel.
11 For each point x in Qi in parallel, check if it is sparse in Si. If so, insert x into

the dictionary of S′
i, and otherwise, insert x into Qi+1.

12 For each point x in downi in parallel, check if it is sparse in Si. If so, insert x into
the dictionary of S′

i, and otherwise, insert x into downi+1.
13 In parallel, for each point x in Qi, and for each point r in the neighborhood

N(x, S′
i), delete r from S′

i, and insert r into downi+1.
14 return (Qi+1, downi+1);

and also omits S′
i. Q1 = {f, g} is the set of points inserted into the grid at level 1. We first

update S1 to include f and g, and then update S2 to include Q2 = {f} but not g, since g is
already sparse in S1. In the example, the insertion of Q1 triggers further point movements
of {a, e} from level 1 to level 2, as the sparse points a and e in S1 become non-sparse due to
the insertion of f .

We explain the insertion algorithm in detail, and defer most details of the deletion
algorithm to the full version of the paper. As shown in Algorithm 2, the update proceeds
recursively level by level (Lines 3–6). Each call to the procedure Insert(Qi, downi, i) updates
(Si, S′

i, pi, qi, di) and Hi. Initially, Q1 = Q and down1 is empty, as shown on Line 2. For each
level i, we update the pivot and rebuild the level with probability (|Qi| + |downi|)/(|Qi| +
|downi| + |Si|) to ensure that the pivot is still selected uniformly at random among the
points in Si, and we also update the pivot if a new point is closer to pi than the previous
closest point qi (Lines 8–9). Otherwise, we insert the points in both downi and Qi into the
dictionary representing Si. We then check if the points that we inserted are sparse, and
insert the sparse ones into the dictionary representing S′

i. The points that are not sparse will
be added to sets downi+1 and Qi+1 and passed on to the next level (Lines 10–12). We then
determine additional elements of downi+1 by including the points in the neighborhood of Qi

in S′
i (Line 13). In general, downi+1 is computed by downi+1 = {x | x ∈ Ni(q, S′

i ∪ downi)
for some q ∈ Qi}. If Qi+1 and downi+1 are empty, nothing further needs to be done for
subsequent levels, and the tuples (Sl, S′

l , pl, ql, dl) for i < l ≤ L remain unchanged.
We now argue that the algorithm is correct. Consider a round i that inserts a non-empty

Qi ∪ downi. After the insertion, the pivot is still chosen uniformly at random, since on Line 8,
we choose pi such that each point in Si ∪Qi ∪downi has the same probability of being chosen.
All sparse points in Qi and downi inserted into Si are included in S′

i (Lines 11–12). Line 13
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additionally ensures that all points that were originally sparse in S′
i, but are no longer sparse

after the insertion, are removed from S′
i. Given that the non-sparse points in the original Si

will not become sparse due to the batch insertion, S′
i must contain exactly all of the sparse

points of the updated Si.
In our algorithm, each point can be moved across multiple levels as a result of a batch

insertion. In the full version of the paper, we prove the following lemmas, which are key to
maintaining work-efficiency.

▶ Lemma 2. |
⋃

1≤i≤L downi| ≤ m · 3k = O(m)

▶ Lemma 3.
∑

1≤i≤L E[|Qi|] = O(m)

Deletions work similarly in the reverse direction as shown in Figure 2 (right), and we
provide more details in the full version of the paper. We obtain Lemmas 4 and 5.

▶ Lemma 4. We can maintain a sparse partition for a batch of m insertions in O(m)
amortized work in expectation and O(log(n + m) log∗(n + m)) depth whp.

Proof. The expected cost of rebuilding on Line 9 summed across all rounds is proportional to
the batch size. First, we re-select the pivot and rebuild with probability (|Qi|+|downi|)/(|Si|+
|Qi| + |downi|). When the pivot pi is unchanged, it may update its closest point to q∗

i from
Qi ∪ downi. It is easy to show that q∗

i can be the nearest neighbor of at most 3k − 1 points
in Si. Hence, considering all candidates Qi ∪ downi, it follows that they can be the nearest
neighbors to O(3k · (|Qi| + |downi|)) points in Si. Therefore, the pivot distance changes
with probability at most 3k · (|Qi| + |downi|)/|Si|, in which case we rebuild the sparse
partition. The expected work of rebuilding at level i is O((|Si| + |Qi| + |downi|) · ((|Qi| +
|downi|)/(|Si| + |Qi| + |downi|) + 3k · (|Qi| + |downi|)/|Si|)) = O(m). As we terminate the
insertion algorithm when a rebuild occurs, the rebuild can occur at most once for each batch,
which contributes O(m) in expectation to the work and O(log(n + m) log∗(n + m)) whp to
the depth by Theorem 1.

For the rest of the algorithm, in terms of work, Line 10–12 does work proportional to
O(

∑
i(|Qi| + |downi|)) = O(m) across all the levels due to Lemmas 2 and 3. On Line 13,

the number of points in the neighborhood Ni(x, S′
i) of each x is upper bounded by 3k since

the points in S′
i are sparse, therefore it takes O(3k · m) = O(m) expected work. Note that

the work is amortized due to resizing the parallel dictionary when necessary. In terms
of depth, looking up and inserting points takes O(log∗(n + m)) depth using the parallel
dictionary. Therefore, all operations in Lines 10–13 takes O(log∗(n + m)) depth, and across
all O(log(n + m)) whp rounds, the total depth is O(log(n + m) log∗(n + m)) whp. ◀

▶ Lemma 5. We can maintain a sparse partition for a batch of m deletions in O(m) amortized
work in expectation and O(log(n + m) log∗(n + m)) depth whp.

Now we describe the parallel updates of min-heaps Hi associated with each level i of
the sparse partition. Recall that Hi contains the restricted distances d∗

i (q) for q ∈ S′
i. By

definition, d∗
i (q) is the closest distance of q to another point in S′

i−l where 0 ≤ l ≤ k (k is the
dimensionality). Therefore, following an update on S′

i, we need to update the d∗
i (q)’s in Hi+l

for 0 ≤ l ≤ k, and q ∈ S′
i+l. We use same example in Figure 2 (left), where we denote the

restricted distance of point x as (x, y)i = d∗
i (x) = d(x, y), where y ∈

⋃
0≤j≤k S′

i−j is another
point that defines x’s closest distance. As shown in Figure 2 (left), due to the insertion of
the sparse point g to S1, entry (g, b)1 is added to H1. Some entries in H1 are moved due to
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the point movements, e.g., (a, e)1 from H1 is moved and updated to (a, f)2 in H2 because
a has moved from S1 to S2, and f is now closer. Some entries are updated, e.g., (c, d)2 is
updated to (c, f)2 in H2 since the new point f is closer to c than d.

Our algorithm uses a new parallel batch-dynamic binary heap that we introduce in
Section 5. For a batch-parallel binary heap of size n and a batch update (a mix of inserts,
deletes, and increase/decrease-keys) of size m, updating the heap takes O(m log((n + m)/m))
work and O(log(n + m)) depth, and find-min takes O(1) work. A simple implementation
of our algorithm would execute all min-heap updates for an updated S′

i before processing
the updates for S′

j where j > i for insertions and j < i for deletions. This level-by-level
dependence leads to O(log2(n + m)) depth overall for the heap updates. In the full version of
the paper, we present an improved algorithm that breaks the level dependencies and enables
updates to be performed to a min-heap as early as possible, leading to O(log(n + m)) depth
overall for the heap updates. Together with Lemma 4 and Lemma 5, we obtain the following
theorem, whose analysis we present in the full version of the paper.

▶ Theorem 6. Updating our data structure for a batch of m insertions/deletions takes
amortized O(m(1 + log((n + m)/m))) expected work and O(log(n + m) log∗(n + m)) depth
whp.

Obtaining the closest pair from our data structure takes O(1) work and depth. We simply
call find-min on Hi for L − k ≤ i ≤ L, and then take the overall minimum.

5 Parallel Batch-Dynamic Binary Heap

One of the key components in parallelizing our closest pair algorithm is a parallel binary
heap that supports batch updates (inserts and deletes) and find-min efficiently. This heap
allows us to perform the parallel construction in linear work and perform updates with low
depth. Our data structure may be of independent interest, since to the best of our knowledge,
the only existing work on parallelizing a binary heap is on individual inserts or deletes [35].

A binary heap is a complete binary tree, where each node contains a key that is smaller
than or equal to the keys of its children. Sequentially, the construction of a binary heap takes
linear work, and each insert and delete takes O(log n) work [15]. The heap is represented as
an array, and uses relative positions within the array to represent child-parent relationships.
Sequentially, each insertion adds a new node at the end of the heap and runs Up-Heap to
propagate the node up to the correct position in the heap. A deletion first swaps the node to
delete with the node to the end of the heap, reduces the heap size by one, and then runs
Up-Heap followed by Down-Heap (to propagate a node down to its correct position) for
the node swapped to the middle of the heap.

Central to our parallel batch-dynamic binary heap is a new parallel Heapify algorithm,
that takes m updates from a valid heap of n elements, and returns another valid heap. It
runs in two phases: the first phase works on increase-key updates, and the second phase on
decrease-key updates. In both phases, we first use parallel integer sorting [38, 47] to categorize
all updates based on the level where the update belongs. Simply running the Up-Heap and
Down-Heap calls for the different updates in parallel does not achieve work-efficiency and
low depth, and also leads to potential data races. Therefore, we pipeline each level of the
Up-Heap and Down-Heap procedure. Specifically, in the first phase, once the first swap for
the Down-Heap in level i is finished, we can immediately start the Down-Heap on level
i − 1, instead of waiting for the Down-Heap in level i to completely finish (the root is at
level 0, and level numbers increase going down). The swaps in the Down-Heap calls from
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level i − 1 will never catch up with the swaps from level i. Pipelining the second phase with
Up-Heap is more complicated. Our parallel Up-Heap is run in a level-synchronous manner
from the top level down to the bottom level. For each node on each level, both of its children
may want to swap with the parent for having a larger value. In the parallel algorithm, we
only make the child with the smaller value swap with the parent and continue its update to
the upper levels, while the update for the other child terminates. We prove in the full paper
that our parallel Heapify algorithm takes O(m(1 + log(n/m))) work and O(log n) depth.

We now explain how to perform batch insertions and deletions. A batch of m insertions
to a binary heap of size n can be implemented using decrease-keys. We first add the m

elements to end of the heap with keys of ∞. Then, we decrease the keys of these m elements
to their true values and run the parallel Heapify algorithm. A batch of m deletions can be
processed similarly, but the deletions will generate “holes” in the tree structure, and so we
need an additional step to fill these holes first. We pack the last m elements in the heap
based on whether they are deleted. Then, we use them to fill the rest of the empty slots by
deletions, and run the parallel Heapify algorithm. Hence, batch insertions and deletions
take O(m(1 + log((n + m)/m))) work and O(log(n + m)) depth.

We provide more details about our data structure and prove the following theorem in the
full version of the paper.

▶ Theorem 7. For a batch-parallel binary heap of size n and a batch update (a mix of inserts,
deletes, and increase/decrease-keys) of size m, updating the heap takes O(m(1 + log((n +
m)/m))) work and O(log(n + m)) depth, and find-min takes O(1) work.

6 Implementations

Simplified Data Structure. While the sparse partition maintains (Si, S′
i, pi, qi, di) and Hi

for each level 1 ≤ i ≤ L, we found that implementing S′
i and its associated heap Hi on every

level was inefficient in practice. We found it more efficient to only maintain (Si, pi, qi, di)
for 1 ≤ i ≤ L, and one heap H∗ that stores the closest neighbor distances for all q in Sj ,
where j = L − ⌈log3 2

√
k⌉. When L changes due to insertion or deletion, we recompute j

and rebuild H∗ if necessary. We prove in the full version of the paper that H∗ contains the
closest pair. Our implementation uses the parallel heap from [45]. Additionally, we compute
S′

i from Si on the fly when needed.

Neighborhood Search. Some of the work bounds are exponential in the dimensionality k,
e.g., a grid’s box neighborhood is of size 3k. For k ≥ 5, the straightforward implementation
is inefficient due to a large constant overhead in the work. Hence, we implement a parallel
batch-dynamic kd-tree for k ≥ 5. This is because performing a range query on the tree works
better in practice, as it only needs to traverse the non-empty boxes in the neighborhood
instead of all boxes. Our dynamic kd-tree is a standard spatial median kd-tree [6], augmented
with the capability for parallel batch updates. Each internal node maintains metadata on the
points in its subtree, which are partitioned by a spatial median along the widest dimension.
The points are only stored at leaf nodes. We flatten a subtree to a single leaf node when it
contains at most 16 points.

The tree supports batch insertion by first adding the batch to the root, and then traversing
down multiple branches of the tree in parallel. At each internal node, we partition the inserted
batch by the spatial median stored at the node, and modify its metadata, such as the point
count and the coordinates of its bounding box. At each leaf node, we directly modify the
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metadata and store the points. The tree supports batch deletions by modifying the metadata,
and marking the deleted points at the leaves as invalid. We manage the memory periodically
to free up the invalid entries.

Static Algorithms. In addition to our batch-dynamic closest pair algorithm, we implement
several sequential and parallel algorithms for the static closest pair problem. As far as we
know, this paper presents the first experimental study of parallel algorithms for static closest
pair. We implement a parallel divide-and-conquer algorithm by Blelloch and Maggs [11], a
simplified and parallel version of Rabin’s algorithm [36] that we designed, a parallel version
of Khuller and Matias’s [28] sieve algorithm that we designed, and a parallel randomized
incremental algorithm by Blelloch et al. [10]. We explain more details about these static
algorithms and their implementations in the full paper.

7 Experiments

Algorithms Evaluated. We evaluate our parallel batch-dynamic algorithm by benchmarking
its performance on batch insertions (dynamic-insert) and batch deletions (dynamic-
delete). We also evaluate the four static implementations described in Section 6, which we
refer to as divide-conquer, rabin, sieve, and incremental. In addition, we implement
and evaluate sequential versions of all of our algorithms that do not have the overheads of
parallelism. Our implementations use the Euclidean metric (L2-metric).

Data Sets. We use the synthetic seed spreader (SS) data sets produced by the generator
in [21]. It produces points generated by a random walk in a local neighborhood, but jumping
to a random location with some probability. SS-varden refers to the data sets with variable-
density clusters. We also use a synthetic data set called Uniform, in which points are
distributed uniformly at random inside a bounding hyper-cube with side length

√
n, where n

is the total number of points. The points have double-precision floating-point values. We
generated the synthetic data sets with 10 million points for dimensions k = 2, 3, 5, 7. We name
the data sets in the format of Dimension-Name-Size. We also use the following real-world
data sets: 7D-Household-2M [17] is a 7-dimensional data set containing household sensor
data with 2, 049, 280 points excluding the date-time information; 16D-Chem-4M [19, 1]
is a 16-dimensional data set with 4, 208, 261 points containing chemical sensor data; and
3D-Cosmo-298M [29] is a 3-dimensional astronomy data set with 298, 246, 465 points.

Testing Environment. Our experiments are run on an r5.24xlarge instance on Amazon
EC2. The machine has 2 × Intel Xeon Platinum 8259CL CPU (2.50 GHz) CPUs for a total
of 48 cores with two-way hyper-threading, and 768 GB of RAM. By default, we use all cores
with hyper-threading. We use the g++ compiler (version 7.5) with the -O3 flag, and use
Cilk Plus for parallelism [31]. We use the -48h and -1t suffixes in our algorithm names to
denote the 48-core with hyper-threading and single-threaded times, respectively. We allocate
a maximum of 2 hours for each test, and do not report times for tests that exceed this limit.

Influence of Batch Size on Throughput. In this experiment, we evaluate our batch-dynamic
algorithm by measuring their throughput as a function of the batch size. For insertions, we
insert batches of the same size until the entire data set is inserted. For deletions, we start
with the entire data set and delete batches of the same size until the entire data set is deleted.
We compute throughput by the number of points processed per second. We vary the batch
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Figure 3 Plots of throughput vs. batch size in log-log scale for our parallel batch-dynamic algorithm
on 5D-Uniform-10M and 3D-Cosmo-298M. The algorithm on 48-cores with hyper-threading and
1 thread has a suffix of “48h” and “1t”, respectively. For 3D-Cosmo-298M, we omit the 1-thread
times as the experiments exceeded our time limit.
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Figure 4 Plots of running time (in seconds) vs. insertion batch size for the dynamic and static
methods using 48 cores with hyper-threading on 5D-Uniform-10M and 3D-Cosmo-298M. The plots
are in log-log scale.

size from 100 points to the size of the entire data set. Our parallel batch-dynamic algorithm
achieves a throughput of up to 1.35×107 points per second for insertion, and up to 1.06×107

for deletion, under the largest batch size. On average, it achieves 1.75 × 106 for insertion and
1.94 × 106 for deletion across all batch sizes. We show plots of throughput vs. batch size for
5D-Uniform-10M and 3D-Cosmo-298M in Figure 3. We see that the throughput increases
with larger batch sizes because of a lower relative overhead of traversing the sparse partition
data structure, and the availability of more parallelism.

Efficiency of Batch Insertions. We evaluate the performance of dynamic batch insertion vs.
using a static algorithm to recompute the closest pair. Specifically, we simulate a scenario
where given the data structure storing the closest pair among c data points, we perform
an insertion of b additional points. We compare the time taken by the dynamic algorithm
to process one batch insertion of size b, vs. that of a static algorithm for recomputing the
closest pair for all c + b points. We set c to contain 40% of the data set and vary b. Figure 4
shows the running time as a function of b for 5D-Uniform-10M and 3D-Cosmo-298M. For 5D-
Uniform-10M, we see that our batch-dynamic algorithm outperforms the fastest among the
static algorithms when the insertion batch size is smaller than 500,000. For 3D-Cosmo-298M,
we see that the dynamic method outperforms the fastest static algorithm when the insertion
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Figure 5 Plots of running time (in seconds) vs. deletion batch size for the dynamic and static
methods using 48 cores with hyper-threading on 5D-Uniform-10M and 3D-Cosmo-298M. The plots
are in log-log scale.

batch is smaller than 10 million. In general, both the static and dynamic algorithms require
more time to process the updates when the batch size is larger. The dynamic algorithm is
much more advantageous for small to moderate batch sizes.

Efficiency of Batch Deletions. We evaluate the performance of dynamic batch deletion vs.
using a static algorithm to recompute the closest pair. In this experiment, we are given the
closest pair of all n points in the data set, and perform a deletion of b points. We compare
the time taken for the dynamic algorithm to process one batch deletion of size b, vs. that of
a static algorithm for recomputing the closest pair for the n − b remaining points. Figure 5
shows the running time vs. deletion batch size for 5D-Uniform-10M and 3D-Cosmo-298M. For
5D-Uniform-10M, the dynamic algorithm outperforms the fastest static algorithm when the
batch size is less than 3 million. For 3D-Cosmo-298M, the dynamic algorithm outperforms
the static algorithm when the batch size is less than 60 million. In general, our dynamic
algorithm requires more time to process the update when the batch size is larger, while the
converse is true for the static algorithms.

Compared to the fastest static algorithms on our data sets, we find that it is faster to use
our dynamic algorithm for batch sizes of up to 20% of the data set.

Static Methods. We evaluate and compare the static algorithms and present all detailed
running times in Table 1. Among the four parallel static algorithms, Rabin’s algorithm is
on average 7.63x faster than the rest of the algorithms across all data sets. The divide-and-
conquer, sieve, and the incremental algorithms are on average 17.86x, 2.29x, and 2.73x slower
than Rabin’s algorithm, respectively. The divide-and-conquer algorithm actually achieves the
fastest parallel running time on 7 out of the 11 data sets. However, it is significantly slower
for most of the higher dimensional data sets, due to its higher complexity with increased
dimensionality. The sieve algorithm and the incremental algorithm, though doing the same
amount of work in theory as Rabin’s algorithm, have higher constant factor overheads.

Parallel Speedup and Work-Efficiency. We measure the parallel speedups of our implemen-
tations by dividing the 1-thread time by the 48-core with hyper-threading time. Our parallel
batch-dynamic algorithm achieves up to 38.57x self-relative speedup (15.10x on average across
all batch sizes), averaging over both insertions and deletions. Our static implementations
achieve up to 51.45x speedup (29.42x on average). Specifically, the divide-and-conquer
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Table 1 Running times (in seconds) of static algorithms. “Seq” denotes the sequential imple-
mentation. “1t” and “48h” denote the parallel implementation run on 1 thread and 48 cores with
hyper-threading, respectively.

Divide-Conquer Rabin Sieve Incremental
Seq 1t 48h Seq 1t 48h Seq 1t 48h Seq 1t 48h

2D-Uniform-10M 9.54 9.62 0.24 11.2 11.6 0.28 23.3 24.5 0.81 22.1 17.7 1.02
3D-Uniform-10M 24.9 25.2 0.66 28.4 30.5 0.78 60.3 60.6 1.82 50.5 46.2 2.50
5D-Uniform-10M 101 136 3.04 25.3 28.4 1.28 56.7 60.6 2.63 49.2 50.3 2.40
7D-Uniform-10M 561 618 14.7 81.7 82.8 1.70 124 135 4.24 93.7 106 4.58

2D-SS-varden-10M 7.58 8.95 0.23 10.5 11.2 0.26 22.2 22.8 0.94 23.4 17.5 1.11
3D-SS-varden-10M 17.3 19.1 0.51 28.4 29.1 0.77 58.4 58.3 1.68 48.7 43.1 1.97
5D-SS-varden-10M 24.9 33.4 0.82 22.6 26.1 1.43 47.2 49.3 2.58 40.4 41.7 2.44
7D-SS-varden-10M 43.1 50.3 1.33 33.1 34.0 1.61 64.4 70.9 3.00 43.4 48.0 2.53
7D-Household-2M 342 392 13.4 7.23 7.70 0.40 15.9 18.1 0.73 13.8 15.7 0.94

16D-Chem-4M 315 499 202 38.3 39.8 1.38 88.2 96.7 2.68 59.1 70.8 3.91
3D-Cosmo-298M 750 747 20.7 1243 1625 31.6 3383 2819 70.6 3456 2629 104

algorithm, Rabin’s algorithm, the sieve algorithm, and the incremental algorithm achieve
average self-relative speedups of 35.17x, 33.84x, 29.22x, and 19.45x, respectively; in addition,
they achieve an average speedup of 19.10x, 23.56x, 10.56x, and 9.23x, respectively, over the
fastest serial algorithm for each data set.

Our parallel implementations when run on one thread demonstrate modest overheads over
their sequential counterparts. Our parallel batch-dynamic algorithm running on 1 thread has
only 1.13x lower throughput on average over our sequential implementation of the algorithm.
For the static algorithms, the parallel divide-and-conquer, Rabin’s, sieve, and incremental
algorithms running on 1 thread are only 1.18x, 1.08x, 1.04x, and 1.00x slower on average,
respectively, than their corresponding sequential algorithms.

References
1 Chem dataset. URL: https://archive.ics.uci.edu/ml/datasets/Gas+sensor+array+

under+dynamic+gas+mixtures.
2 Pankaj K. Agarwal, Haim Kaplan, and Micha Sharir. Kinetic and dynamic data structures for

closest pair and all nearest neighbors. ACM Transactions on Algorithms (TALG), 5(1):1–37,
2008.

3 Suguru Arimoto and Hiroshi Noborio. A 3d closest pair algorithm and its applications to
robot motion planning. IFAC Proceedings Volumes, 21(16):471–480, 1988.

4 Mikhail J. Atallah and Michael T. Goodrich. Efficient parallel solutions to some geometric
problems. J. Parallel Distrib. Comput., 3(4):492–507, 1986.

5 Bahareh Banyassady and Wolfgang Mulzer. A simple analysis of Rabin’s algorithm for finding
closest pairs. European Workshop on Computational Geometry (EuroCG), 2007.

6 Jon L. Bentley. Multidimensional binary search trees used for associative searching. Commun.
ACM, 18(9):509–517, 1975.

7 Jon L. Bentley. Multidimensional divide-and-conquer. Commun. ACM, 23(4):214–229, 1980.
8 Jon L. Bentley and Michael I. Shamos. Divide-and-conquer in multidimensional space. In

ACM Symposium on Theory of Computing (STOC), pages 220–230, 1976.
9 Sergei N. Bespamyatnikh. An optimal algorithm for closest-pair maintenance. Discrete &

Computational Geometry, 19(2):175–195, 1998.

https://archive.ics.uci.edu/ml/datasets/Gas+sensor+array+under+dynamic+gas+mixtures
https://archive.ics.uci.edu/ml/datasets/Gas+sensor+array+under+dynamic+gas+mixtures


Y. Wang, S. Yu, Y. Gu, and J. Shun 60:15

10 Guy E. Blelloch, Yan Gu, Julian Shun, and Yihan Sun. Parallelism in randomized incremental
algorithms. In ACM Symposium on Parallelism in Algorithms and Architectures (SPAA), page
467–478, 2016.

11 Guy E. Blelloch and Bruce M. Maggs. Parallel algorithms. In Algorithms and Theory of
Computation Handbook: Special Topics and Techniques, pages 25–25. Chapman & Hall/CRC,
2010.

12 Richard P. Brent. The parallel evaluation of general arithmetic expressions. J. ACM, 21(2):201–
206, 1974.

13 Paul B. Callahan and S. Rao Kosaraju. Algorithms for dynamic closest pair and n-body
potential fields. In ACM-SIAM Symposium on Discrete Algorithms (SODA), page 263–272,
1995.

14 Timothy M. Chan. Geometric applications of a randomized optimization technique. Discrete
& Computational Geometry, 22(4):547–567, 1999.

15 Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford Stein. Introduction
to Algorithms (3rd edition). MIT Press, 2009.

16 Martin Dietzfelbinger, Torben Hagerup, Jyrki Katajainen, and Martti Penttonen. A reliable
randomized algorithm for the closest-pair problem. J. Algorithms, 25(1):19–51, 1997.

17 Dheeru Dua and Casey Graff. UCI machine learning repository, 2017. URL: http://archive.
ics.uci.edu/ml.

18 David Eppstein. Fast hierarchical clustering and other applications of dynamic closest pairs.
J. Experimental Algorithmics, 5:1–es, 2000.

19 Jordi Fonollosa, Sadique Sheik, Ramón Huerta, and Santiago Marco. Reservoir computing
compensates slow response of chemosensor arrays exposed to fast varying gas concentrations
in continuous monitoring. Sensors and Actuators B: Chemical, 215:618–629, 2015.

20 Steve Fortune and John Hopcroft. A note on rabin’s nearest-neighbor algorithm. Information
Processing Letters, 8(1):20–23, 1979.

21 Junhao Gan and Yufei Tao. On the hardness and approximation of euclidean DBSCAN. ACM
Transactions Database Systems, 42(3):14:1–14:45, 2017.

22 Joseph Gil, Yossi Matias, and Uzi Vishkin. Towards a theory of nearly constant time parallel
algorithms. In IEEE Symposium on Foundations of Computer Science (FOCS), pages 698–710,
1991.

23 Mordecai Golin, Rajeev Raman, Christian Schwarz, and Michiel Smid. Simple randomized
algorithms for closest pair problems. Nordic J. of Computing, 2(1):3–27, 1995.

24 Mordecai Golin, Rajeev Raman, Christian Schwarz, and Michiel Smid. Randomized data
structures for the dynamic closest-pair problem. SIAM J. Scientific Computing, 27(4):1036–
1072, 1998.

25 Klaus Hinrichs, Jurg Nievergelt, and Peter Schorn. Plane-sweep solves the closest pair problem
elegantly. Information Processing Letters, 26(5):255–261, 1988.

26 Joseph JaJa. Introduction to Parallel Algorithms. Addison-Wesley Professional, 1992.
27 Sanjiv Kapoor and Michiel Smid. New techniques for exact and approximate dynamic

closest-point problems. SIAM J. Scientific Computing, 25(4):775–796, 1996.
28 Samir Khuller and Yossi Matias. A simple randomized sieve algorithm for the closest-pair

problem. Information and Computation, 118(1):34–37, April 1995.
29 YongChul Kwon, Dylan Nunley, Jeffrey P. Gardner, Magdalena Balazinska, Bill Howe, and

Sarah Loebman. Scalable clustering algorithm for N-body simulations in a shared-nothing
cluster. In Scientific and Statistical Database Management, pages 132–150, 2010.

30 Md. Nasir Uddin Laskar and TaeChoong Chung. Mobile robot path planning : an efficient
distance computation between obstacles using discrete boundary model (dbm), 2012.

31 Charles E. Leiserson. The Cilk++ concurrency platform. J. Supercomputing, 51(3), 2010.
32 Hans-Peter Lenhof and Michiel Smid. Sequential and parallel algorithms for the k closest pairs

problem. International J. of Computational Geometry & Applications, 5(03):273–288, 1995.

SoCG 2021

http://archive.ics.uci.edu/ml
http://archive.ics.uci.edu/ml


60:16 A Parallel Batch-Dynamic Data Structure for the Closest Pair Problem

33 Philip D. MacKenzie and Quentin F. Stout. Ultrafast expected time parallel algorithms. J.
Algorithms, 26(1):1–33, 1998.

34 Mark H. Overmars. Dynamization of order decomposable set problems. J. Algorithms,
2(3):245–260, 1981.

35 Maria Cristina Pinotti and Geppino Pucci. Parallel algorithms for priority queue operations.
Theoretical Computer Science (TCS), 148(1):171–180, 1995.

36 Michael O. Rabin. Probabilistic algorithms, 1976.
37 Sanguthevar Rajasekaran and Sudipta Pathak. Efficient algorithms for the closest pair problem

and applications. arXiv preprint, 2014. arXiv:1407.5609.
38 Sanguthevar Rajasekaran and John H. Reif. Optimal and sublogarithmic time randomized

parallel sorting algorithms. SIAM J. Scientific Computing, 18(3):594–607, 1989.
39 Christian Schwarz and Michiel Smid. An O(n log n log log n) algorithm for the on-line closest

pair problem. In ACM-SIAM Symposium on Discrete Algorithms (SODA), SODA ’92, page
280–285, USA, 1992. Society for Industrial and Applied Mathematics.

40 Christian Schwarz, Michiel Smid, and Jack Snoeyink. An optimal algorithm for the on-line
closest-pair problem. Algorithmica, 12(1):18–29, 1994.

41 Michael I. Shamos and Dan Hoey. Closest-point problems. In IEEE Symposium on Foundations
of Computer Science (FOCS), pages 151–162, 1975.

42 Michiel Smid. Maintaining the minimal distance of a point set in less than linear time. In
Algorithms Rev., pages 33–44, 1991.

43 Michiel Smid. Maintaining the minimal distance of a point set in polylogarithmic time. In
ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 1–6, 1991.

44 Michiel Smid. Closest-point problems in computational geometry. In Handbook of Computa-
tional Geometry, pages 877–935. North Holland / Elsevier, 2000.

45 Yihan Sun and Guy E. Blelloch. Parallel range, segment and rectangle queries with augmented
maps. In Algorithm Engineering and Experiments (ALENEX), pages 159–173, 2019.

46 Kenneth J. Supowit. New techniques for some dynamic closest-point and farthest-point
problems. In ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 84–90, 1990.

47 Uzi Vishkin. Thinking in parallel: Some basic data-parallel algorithms. University of Maryland,
2010.

http://arxiv.org/abs/1407.5609


An Interactive Tool for Experimenting with
Bounded-Degree Plane Geometric Spanners
Fred Anderson !

School of Computing, University of North Florida, Jacksonville, FL, USA

Anirban Ghosh !

School of Computing, University of North Florida, Jacksonville, FL, USA

Matthew Graham !

School of Computing, University of North Florida, Jacksonville, FL, USA

Lucas Mougeot !

School of Computing, University of North Florida, Jacksonville, FL, USA

David Wisnosky !

School of Computing, University of North Florida, Jacksonville, FL, USA

Abstract
The construction of bounded-degree plane geometric spanners has been a focus of interest in the
field of geometric spanners for a long time. To date, several algorithms have been designed with
various trade-offs in degree and stretch factor. Using JSXGraph, a state-of-the-art JavaScript library
for geometry, we have implemented seven of these sophisticated algorithms so that they can be used
for further research and teaching computational geometry. We believe that our interactive tool can
be used by researchers from related fields to understand and apply the algorithms in their research.
Our tool can be run in any modern browser. The tool will be permanently maintained by the second
author at https://ghoshanirban.github.io/bounded-degree-plane-spanners/index.html
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1 Introduction

Given a set P of n points in the Euclidean plane, a geometric t-spanner on P is a geometric
graph G := (P, E), such that for every pair of points u, v ∈ P , the distance between them in
G (the length of a shortest path between u, v in G) is at most t times their Euclidean distance
|uv|, for some t ≥ 1. The complete geometric graph on P is a 1-spanner with Θ(n2) edges.
The quantity t is referred to as the stretch factor of G. A geometric spanner G is plane if it is
crossing-free. If there is no necessity to specify t, we simply use the term geometric spanner.

Bose, Gudmundsson, and Smid [7] were the first to show that there always exists a plane
8.3-spanner of degree at most 27 on any point set. This result was subsequently improved in
a series of papers [8, 3, 10, 6, 25, 22] in terms of degree and stretch factor. Bonichon et al. [5]
reduced the degree to 4 with t ≈ 156.8. Soon after this, Kanj et al. improved this stretch
factor upper bound to 20 in [19]. A summary of these results is presented in Table 1.
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Table 1 A summary of results on constructions of plane geometric spanners, sorted by the degree
(∆) they guarantee. The implemented algorithms are marked in bold. The best known upper bound
of 1.998 for the stretch factor of the L2-Delaunay triangulation [27] is used in this table for expressing
the stretch factors. These algorithms run in time that is polynomial in n.

Reference ∆ Upper bound on stretch factor

Bose, Gudmundsson, and Smid [7] 27 1.998(π + 1) ≈ 8.3
Li and Wang [22] 23 1.998(1 + π√

2 ) ≈ 6.4
Bose, Smid, and Xu [10] 17 1.998(2 + 2

√
3 + 3π

2 + 2π sin π
12 ) ≈ 23.6

Kanj, Perković, and Xia [20] 14 1.998(1 + 2π
14 cos(π/14) ) ≈ 2.9

Bose, Hill, and Smid [8] 8 1.998
(

1 + 2π
6 cos(π/6)

)
≈ 4.4

Bose, Carmi, and Chaitman-Yerushalmi [6] 7 1.998(1 +
√

2)2 ≈ 11.6

Bose, Carmi, and Chaitman-Yerushalmi [6] 6 1.998
(

1
1−tan(π/7)(1+1/ cos(π/14))

)
≈ 81.7

Bonichon et al. [3] 6 6
Bonichon et al. [5] 4

√
4 + 2

√
2(19 + 29

√
2) ≈ 156.8

Kanj, Perković, and Türkoǧlu [19] 4 20

The question whether the degree can be reduced to 3 keeping t bounded, still remains
open at this time; refer to [9, Problem 14] and [26, Chapter 32]. If one does not insist on
constructing a plane geometric spanner, Das and Heffernan [14] showed that degree 3 is
always achievable. It is shown in the book [24, Section 20.1] by Narasimhan and Smid that
no degree-2 plane spanner of the infinite integer lattice can have constant stretch factor.
Thus, a minimum degree of 3 is necessary to achieve a constant stretch factor. Biniaz et
al. [2] showed that if P is convex, then it is always possible to construct a plane 5.2-spanner
having degree 3. From the other direction, lower bounds on the stretch factors of plane
spanners for finite point sets have been investigated in [16, 15, 21, 23]. Plane geometric
spanners find their applications in robotics and wireless networks where edge crossings may
cause interference. An advantage of using plane spanners is that they have O(n) edges and
consequently take less storage space. In related works, the construction of plane hop spanners
(where the number of hops in shortest paths is of interest) for unit disk graphs has been
considered in [11, 1, 17].

Every algorithm designed so far that can construct bounded-degree plane spanners relies
on some variant of Delaunay triangulation as the starting point. The rationale behind this is
that these triangulations are geometric spanners [27, 12, 13, 4] and are plane by definition. As
such, this family of plane spanner construction algorithms has turned out to be a fascinating
application of Delaunay triangulation. In this work, we have implemented a set of seven
novel algorithms that rely only on the L2-Delaunay triangulation; refer to Table 1. The
algorithms in Table 1 that are not implemented, use other kinds of Delaunay triangulations
and are not considered in this work due to their inherent implementation complexities. To
our knowledge, this is the first time that these novel algorithms have been implemented. We
urge the readers to refer to the source papers to gain an understanding of the implemented
algorithms.

Our implementations have two-fold contributions. First, they will help in the research of
geometric spanners where tools are rarely available for experiments. Second, they can be
used in teaching geometric spanners in computational geometry courses. This tool will be
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permanently maintained by the second author in his GitHub1. In-browser implementations
of path-greedy, gap-greedy, Θ-graph, and Yao-graph algorithms were considered by Farshi
and Hosseini in [18].

2 Implementation and usage

We have implemented the spanner algorithms using the JSXGraph library for attractive
visualization and easy interaction. A technical description and documentation of this tool
is included in the tool itself; click on the ReadMe button in the tool to launch this. We
encourage users to read this read-me before using the tool.

After the tool is launched in a browser, the user can enter points manually either by
clicking on the canvas or by entering coordinates explicitly in a text-box. The tool also
comes with several built-in point sets which can also be used for experiments along with the
manually entered points. Random point generation is also supported by the tool. Once the
point set is finalized, an algorithm needs to be selected for spanner construction. Some of
these algorithms accepts an extra parameter from the user for spanner construction which
can be easily specified using a slider.

The tool draws the generated spanner and outputs the following: |V |, |E|, the exact
stretch factor of G, degree of G, average degree (taken over all points in P ), lightness (the
ratio of the weight of G to that of the Euclidean Minimum Spanning Tree on P ), and the
spanner edges. It also shows the point pair that achieves the exact stretch factor for G in
red, along with a shortest path between them in G. The built-in screenshot support allows
the user to export the current board to a png or svg image for future uses.

3 Conclusions

We believe that our tool can bring new insights to the research of geometric spanners. In
particular, we hope that this tool will aid researchers to solve the fascinating open problem
posed in [9, Problem 14] and [26, Chapter 32] that asks whether degree-3 plane geometric
spanners having bounded stretch factor are always possible. This tool can also be used in
teaching computational geometry courses where geometric spanners hold special importance.
Furthermore, researchers from related fields such as robotics and networking can use our
tool in their research.
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Abstract
We illustrate and animate the classic problem of deciding whether a given graph has an Eulerian
path. Starting with a collection of instances of increasing difficulty, we present a set of pictorial
instructions, and show how they can be used to solve all instances. These IDEA instructions (“A
series of nonverbal algorithm assembly instructions”) have proven to be both entertaining for experts
and enlightening for novices. We (w)rap up with a song and dance to Euler’s original instance.

2012 ACM Subject Classification Mathematics of computing → Discrete mathematics; Applied
computing → Education

Keywords and phrases Eulerian tours, algorithms, education, IDEA instructions

Digital Object Identifier 10.4230/LIPIcs.SoCG.2021.62

Category Media Exposition

1 Introduction

Deciding whether a connected graph G = (V, E) has an Eulerian path is a natural problem of
graph theory: Find a path P that contains all edges in E, starting at a suitable vertex s and
ending at a vertex t. As a path, P is connected and may not contain any edge more than
once; therefore, following an Eulerian path corresponds to drawing all of the edges in one
continuous stroke, without duplicating any edge or lifting the pen – or crossing all bridges
in a city in one contiguous walk without duplicating a bridge. First introduced by Euler
in 1741 [2], it is not just a classic, but arguably the problem that started graph theory itself.

The algorithmic side of the problem spans several centuries, with publications in a variety
of languages; see Fig. 1. In his paper (published in Latin), Euler gave a necessary condition
for the existence of P : there may be at most two vertices of odd degree, which would have
to be s and t. Hierholzer [6] (in an 1873 posthumous paper published in German) gave an
algorithmic proof that this condition is sufficient, based on iteratively merging cycles. An
alternative was given by Fleury [4] in 1883 (published in French): If the necessary condition
is satisfied, it is possible to find an Eulerian path by greedily following edges, starting at
an odd-degree vertex s if one exists, subject to never disconnecting the set of unused edges.
From an algorithmic point of view, Fleury’s algorithm is somewhat inefficient, as it requires
keeping track of connected components; from an intuitive perspective, Fleury’s method is
quite elegant, as it does indeed provide a method for drawing the graph in one stroke, without
resorting to retroactively including leftover cycles according to Hierholzer.
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Figure 1 Three fundamental papers on the topic that describe the relationship between geometry
and graph theory in three different languages: (Left) Euler [2], (Center) Hierholzer [6], (Right)
Fleury [4].

2 Eulerian paths and education

Euler made use of the combination of a specific instance and a relatively accessible problem
to develop the universal and deep concept of graphs: He provided a very concrete example,
instead of a series of axioms and abstract definitions. This makes questions of Eulerian paths
ideally suited for introducing novices to both graphs and algorithmic problems. Not only
first-year undergraduates, but also high-school and even elementary school students quickly
grasp the underlying concepts when challenged with a sequence of instances of increasing
difficulty. Progressing from easier to harder instances ensures a good balance between pitfalls
and rewards, leading to insights and generalizations, providing both motivation, a sense for
solutions and difficulties, and appreciation for general methods and algorithms. Such a set of
instances was used in actual work with students at all levels, starting at elementary school.
The first set of twelve instances (Figure 2) focuses on the role of odd vertices, supporting the
discovery of their importance by gradually increasing the level of complexity. The second set
(starting with (2.1), not shown in the figure, but used in the video) provides larger instances
in which odd-degree vertices do not matter, but the role of connectivity is highlighted.

Figure 2 The set of instances used in the video.
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3 IDEA instructions

One of the fundamental concepts of mathematics is abstraction: definitions, theorems and
proofs ought to be valid regardless of a visual depiction. This angle is also quite natural
and important when turning mathematical results into algorithms and computer code:
“The computer doesn’t need to understand the algorithm, its task is to run the program.”
(Tarjan [5]). However, the main purpose of a human brain (in particular, one in the process
of being trained) is not to run code, but to develop an understanding for the underlying
concepts and methods.

That is why two of us (Sándor Fekete and Sebastian Morr) have designed a series of
instruction sheets that show algorithms without words, loosely inspired by furniture assembly
instructions, but more challenging: While a piece of furniture is just a single, specific instance,
an algorithm has to be ready for any instance. (See our website [3].) The absence of words
forces the user to interpret the meaning of images, thereby enhancing the role of intuitive
understanding. In combination with sets of instances, this encourages experimentation, so the
IDEA instructions may also play the role of “cheat sheets” that provide light-bulb moments
when trying to overcome a challenging difficulty. Experience shows that this strengthens
both the interpretation of individual steps and the appreciation for crucial tricks.

For the specific problem of Eulerian paths, our instruction sheet (shown in Figure 3) pro-
vides a visual description of Fleury’s algorithm. The setup proceeds in the usual algorithmic
manner (given/wanted, input/output). The first step describes identifying the odd-degree
vertices, while the second step instructs the user to mark them in the actual instance. Just
like furniture instructions or mathematical structures, this comes with a minor puzzle for
the user to figure out: Can there be instances with only a single odd-degree vertex? This
has turned out to be a tantalizing question for curious students of all ages, and serves as a
bridge (no pun intended) to further mathematical explorations.

The second part of the instruction sheet carries out the actual algorithm. This is split
up between carrying out specific steps (left column) and figuring out a suitable next edge
(right column). The latter is easily the most challenging step, in particular in a general,
abstract manner, as it requires discovering the concepts of connected components and k-edge
connectivity. However, given the context of bridges between islands, students are usually
able to figure out this step with a combination of studying instances and referring to the
instructions. This also highlights the seam between intuition and formalism, driving home
the importance of clear definitions and setting the stage for universal notation and code: How
can these picture puzzle steps be formalized when working towards actual implementations?

4 The Video

The video opens with the original problem in Königsberg, followed by a young boy presented
with the problem set shown in Figure 2. After a sequence of successes and failures, the
scene switches to the IDEA instruction sheet shown in Figure 3. This is applied to the
set of instances, animating the algorithmic progress on each instance and the visual code.
The video switches back to the young boy solving a large, exam-level problem for university
students. The video concludes with a rap performance based on the following poem by Bill
Tutte, under the pen name Blanche Descartes [1].

Some citizens of Königsberg
Were walking on the strand
Beside the river Pregel
With its seven bridges spanned.

SoCG 2021



62:4 Can You Walk This?

Figure 3 IDEA instructions for finding an Eulerian path: algorithmic description without words.

“O Euler, come and walk with us,”
Those burghers did beseech.
“We’ll walk the seven bridges o’er,
And pass but once by each.”

“It can’t be done,” thus Euler cried.
“Here comes the Q.E.D.
Your islands are but vertices
And four have odd degree.”
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This paper describes the heuristics used by the Shadoks1 team for the CG:SHOP 2021 challenge on
motion planning. Using the heuristics outlined in this paper, our team won first place with the best
solution to 202 out of 203 instances and optimal solutions to at least 105 of them.
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1 Introduction

We explain some heuristics used by the Shadoks team to solve the CG:SHOP 2021 challenge
that considers a coordinated motion planning problem in the two-dimensional grid Z2. The
goal is to move a set of n labeled unit squares called robots between given start and target
grid cells without collisions. For more details, see the overview [3] and also [2].

The objective of the problem is to minimize the makespan2 m. A trivial lower bound to
the makespan is the largest obstacle-avoiding L1 distance between the start and the target of
a robot. Since the problem is symmetric with respect to the time, we may always exchange
start-target positions and reverse the paths, keeping the best solution found.

The challenge CG:SHOP 2021 provided 203 instances containing between 10 and 9000
robots, out of which 202 of our solutions were the best ones among all the 17 teams who
participated. To our surprise, we succeed in finding 105 solutions that match the trivial
lower bound. Our strategy consists of two steps, presented in Section 2 and 3: finding a
feasible solution and reducing its makespan.

At the beginning of the challenge, we tried some approaches from the multi-agent path
finding literature [4, 7] (notably CBS [5]) to solve the challenge instances. To our surprise,
they did not perform well. Indeed, the challenge instances are much denser than the ones in
the literature. These instances are usually sparse in the number of agents (there are from
2 to 120 agents placed in grids with over 100,000 cells in these instances, where instances
of the challenge contain hundreds or thousands of agents placed in grids never larger than
100 × 100). This structural difference has a dramatic effect on the performance of CBS and
in our experiments, CBS fails to find solutions for most of the challenge instances (with the
exception of some very small ones).

2 Initial Solutions

Feasibility is guaranteed for the challenge instances since the number of obstacles is finite
and every start and target are located in the unbounded region of space. In this section, we
show how to obtain feasible solutions with a moderate makespan. We divide the heuristics
in two categories. In Section 2.1, we compute the solution one step at a time, considering
multiple robots simultaneously. In Section 2.2, we compute the solutions one robot at a time.

The heuristics of the first category are not guaranteed to find a solution, but when they do
they often find solutions of lower makespan than those of the second category. The algorithms
of the second category are guaranteed to find a solution, but the resulting makespan may
potentially be high.

2.1 Step by Step Computation
The problem of finding a solution for coordinated motion planning in a given number of
steps can be modeled as an Integer Linear Problem (ILP) or equivalently as a SAT problem
(see [8, 9] and references therein). While applying such an approach is intractable even for
small instances, it can be adapted to find an initial solution. The general idea of the Greedy
solver is to plan only a small number k of steps for the robots such that the overall distance
to the targets decreases as much as possible and repeat until reaching the targets.

2 The challenge also considered the objective of minimizing the sum of the distances, but we did not
optimize our solutions for this version.
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Our ILP model considers a Boolean variable xr,P for each robot r and for each possible
path P of length k starting at the position of the robot. Constraints of having one and only
one path per robot and avoiding obstacles and collisions between robots are easily expressed
as linear inequalities. The objective function we maximize is the sum of all the variables
with weight

weight(r, P ) =
(

δr(p(0)) − δr(p(k))
)

·
(

(δr(p(0)))2 + 1
)

,

where p(0) and p(k) are the first and the last positions of path P and δr(p) is the obstacle-
avoiding distance from a point p to the target of robot r. The first factor encourages the
solution to push the robots towards their targets, since it is better to get closer to target.
The second factor prioritizes moving robots that are farther from their targets and we add
one so that robots that are already at their target position are encouraged to remain there.

In practice, we set k = 3 and we only perform the first step of the planned moves so that
the robots can anticipate the moves of the other robots. Using the CPLEX [1] library to
solve these problems, we can handle instances with up to roughly 200 robots. Note that this
Greedy algorithm is not guaranteed to find a solution, and it fails to solve instances with
corridors such as universe_bg_000.

2.2 Robot by Robot Computation
The algorithms in this section compute the solution one robot at a time using an A* search.
The search happens in 3-dimensional space where each robot state has integer coordinates of
the form (x, y, t) for position coordinates x, y and time t. There are 5 possible movements,
all of which increase t by one unit. One movement keeps the position x, y unchanged, while
the other 4 movements increment or decrement one of the two coordinates. A movement is
feasible if it does not violate any of the problem constraints, considering the current path of
the other robots.

We refer to the bounding box as an integer axis-aligned rectangular region containing
all the start, target positions and obstacles inside its strict interior (not on the boundary).
Given a set of obstacles and a bounding box, the depth of a position p is the minimum
obstacle-avoiding distance from p to a position outside the bounding box.

All algorithms in this section are based on a storage network N . A storage network is a
set N of positions outside a predetermined bounding box such that for every position p in N ,
there exists a path that avoids all other positions of N and goes from p to some point in the
bounding box. Each robot ri is assigned to a distinct element of N , called the storage of ri.

Initially, we set the path of each robot to be stationary at the start position. We sort the
robots by increasing start depth and for each robot in order, we use A* search to find the
shortest path from start to storage, replacing the previous stationary path. The order by
which the robots are sorted guarantees that such a path exists.

After finding paths from start to storage for every robot, we proceed to the next phase of
the algorithm. We now sort the robots by decreasing target depth. Again, the order of the
robots guarantees that a path from storage to target exists. However, we do not compute
such a path. Instead, we compute a path from start to target directly, whose existence is
guaranteed by the existence of a path from start to storage and another one from storage to
target. The following paragraphs describe the design of four different storage networks.

Cross. In the Cross strategy, we define the storage network N as the set of columns of
even x coordinate lying directly above or below the bounding box and the set of rows of
even y coordinate lying directly to the left or right of the bounding box, hence the name

SoCG 2021



63:4 Shadoks Approach to Low-Makespan Coordinated Motion Planning

Figure 1 Cross storage network for the small_free_016 instance colored based on start and
target locations, respectively.

Cross. Then, we compute a maximal cardinality matching between the robots and N . We
tried both minimum-weight matching and greedy matchings, minimizing a weight function
that considers the distance from start to storage as well as the distance from storage to
target. In the greedy matching version, robots are assigned a storage ordered by decreasing
start-to-target distance. The result is represented in Figure 1.

Cootie Catcher. The previous strategy works very well for small or sparse instances.
However, the different directions of the flow of robots from start to storage make the solutions
inefficient for large dense instances. The Cootie Catcher strategy computes the storage using
only the start location, in order to better exploit parallel movement of the robots. The
storage network shape consisting of four diamonds is presented in Figure 2. For instances
without obstacles, the strategy is guaranteed to find a path from start to storage using at
most w/2 + O(1) steps, where w is the largest bounding box side. Surprisingly, this strategy
also works well for many instances with obstacles.

Figure 2 Cootie Catcher storage network for the small_free_016 instance colored based on start
and target locations, respectively.
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Dichotomy. The weakness of the previous method is that robots may be assigned storage
in a location that is opposite to the direction from start to target. In order to exploit parallel
movements while taking the target location into consideration, we developed the Dichotomy
strategy. The strategy only works for instances without obstacles.

We translate the coordinate system so that the origin is the center of the bounding
box. The robots are partitioned into two sets called left side and right side according to
the sign of the target location’s x-coordinate. Left-side robots are assigned storage with
positive x-coordinate while right-side robots are assigned storage with negative x-coordinate,
as represented in Figure 3.

Figure 3 Dichotomy storage network for the small_free_016 instance colored based on start
and target locations, respectively.

Escape. This strategy focuses on instances with obstacles, especially on dense instances
where the obstacles create bottlenecks. The goal of the Escape strategy is to clear the
bounding box as quickly as possible. To do so, we move the robots by blocks as large as
possible making efficient use of parallel movements. The Escape strategy defines layers inside
the bounding box. Robots located in each layer will move in a straight line to reach the
previous layer and then in another straight line outside of the bounding box as represented
in Figure 4. We used a naive algorithm to define the layers, and partially redefined them by
hand for the most complicated instances and the unsatisfying results.

3 Improving Solutions

In this section we discuss the two heuristics that we used to reduce the makespan of a given
feasible solution. The first heuristic makes local changes to the solution, which remains
feasible throughout the process, and possibly reduces the makespan. The second heuristic
destroys the feasibility of the solution and either finds another solution of reduced makespan,
or no feasible solution at all. Throughout, let m be the makespan of the input solution.

Feasible Optimizer. The idea of the Feasible Optimizer is the following. We iteratively
remove the path of a robot r from the solution, and then use the A* algorithm to find a new
(hopefully different) path for r. The A* algorithm may be tuned in several ways to produce
different paths, and we do so in such a way that the makespan of the solution never increases
and also that a robot is only allowed to move at time m if it already did so in the original
path. This way, not only the makespan but also the number of robots moving at time m

never increase. Next, we list some examples on how to modify the A* search.

SoCG 2021
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Robots starting in the 1st (resp. 2nd and 3rd) layer

Blocks entirely located in the 1st (resp. 2nd) layer that started in another layer

a) b) c) d)

f)e)

1st step 5th step 6th step

9th step 15th step

Figure 4 Escape strategy.

Figure 5 Escape storage network for the medium_007 and buffalo_003 instances, respectively.

Find the path from start to target that reaches the target as quickly as possible but break
ties using the sum of random weights given to each grid cell the robot passes through.
Reversing the direction of time and then finding a path from target to start that reaches
the start as quickly as possible. In the original time direction, that means that the robot
will remain at the start for as long as possible.
In the reversed case, force the robot to stay at target for a certain number of steps.

Conflict Optimizer. The previous optimization strategy may take very long to reduce the
makespan. Next, we describe a more aggressive approach that leaves the feasible solution
space and works far better than we expected. The algorithm uses a modified A* search that
allows for a robot to go over another robot’s path, which we call a conflict. We start by
creating a queue with all the robots that move at makespan time m. While the queue is not
empty, we repeat the following procedure for a robot r popped from the front of the queue.
Let q(r) be the number of times a robot r has been popped out of the queue. We define the
weight of a robot r as 1 + (q(r))2.
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Figure 6 Improved makespan over computation time using the Conflict Optimizer.

1. Erase r’s path.
2. Find a path for r from start to target that arrives no later than time m − 1 and minimizes

the weighted sum of conflicting robots.
3. Add all conflicting robots to the queue.

For sparse instances, the Conflict Optimizer can even be used to compute solutions from
scratch by choosing an initial makespan and putting all the robots in the queue.

4 Results

Tables 1 and 2 show the makespan obtained using different heuristics on some selected
challenge instances and the makespan lower bound. Figure 6 shows the improvement
obtained by the Conflict Optimizer over a little more than one hour of execution.

The two other teams UNIST [10] and gitastrophe [6] on the podium of the CG:SHOP
2021 challenge used similar strategies, also computing an initial solution through storage
networks. The methods used to optimize a solution are somewhat similar to our Feasible
Optimizer, plus simulated annealing for UNIST and optimization of samples of k robots chosen
according to their makespan, distance, or conflicts for gitastrophe. None of them used an
optimization algorithm with a dynamic queue of robots as our Conflict Optimizer.
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Table 1 Makespan of different heuristics for selected instances without obstacles.

initial solution optimizer lower
instance n w Gree. Cross Coot. Dich. Feas. Conf. bound
small_free_002 40 10 17 22 27 22 17 15 15
small_free_003 70 10 20 31 27 26 20 16 14
small_free_010 200 20 34 46 54 45 33 32 32
small_free_015 280 20 · 60 68 65 51 40 32
small_free_016 320 20 63 68 77 68 60 47 36
medium_free_007 630 30 148 89 103 95 81 60 52
medium_free_009 800 40 93 97 124 109 81 71 71
medium_free_012 1000 50 · 114 125 127 96 94 94
microbes_004 1250 50 · 132 159 135 125 91 91
buffalo_free_003 1440 60 · 149 165 158 125 87 78
london_night_005 1875 50 · 179 190 173 157 124 92
universe_bg_005 2000 50 · 194 198 177 173 141 82
galaxy_c2_008 3000 100 · 198 258 234 168 163 163
large_free_004 3938 75 · 274 276 256 240 204 127
large_free_005 5000 100 · 260 316 293 252 184 184
large_free_007 6000 100 · 297 343 325 295 236 189
sun_009 7500 100 · 424 395 361 354 345 187
large_free_009 9000 100 · 514 440 391 378 374 182

Table 2 Makespan of different heuristics for selected instances with obstacles.

initial solution optimizer lower
instance n w Gree. Cross Coot. Esca. Feas. Conf. bound
small_005 63 10 27 28 32 37 25 20 18
sun_000 143 20 32 39 46 61 29 27 27
small_011 183 20 56 60 70 67 48 40 37
small_016 276 20 · 67 72 79 57 43 36
medium_005 407 30 · 119 110 106 94 74 58
london_night_002 825 50 · 149 162 165 142 94 84
microbes_002 958 50 · 111 135 173 97 89 89
clouds_001 912 50 · 117 138 159 94 83 83
medium_014 1165 40 · 180 161 180 161 151 73
algae_004 1113 50 · 139 160 191 121 84 79
buffalo_004 1404 60 · 136 164 195 120 104 104
large_003 1906 100 · 172 224 250 154 154 154
large_004 2034 100 · 431 391 381 · 381 185
large_005 3223 75 · 398 310 317 · 299 141
universe_bg_007 3820 100 · 224 289 323 202 184 184
large_007 4706 100 · 753 497 491 497 471 215
microbes_008 5643 100 · 329 359 425 322 279 188
algae_009 7311 100 · 500 439 441 · 421 176
large_009 8595 100 · 398 387 566 · 352 176
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Abstract
This paper examines the approach taken by team gitastrophe in the CG:SHOP 2021 challenge.
The challenge was to find a sequence of simultaneous moves of square robots between two given
configurations that minimized either total distance travelled or makespan (total time). Our winning
approach has two main components: an initialization phase that finds a good initial solution, and a
k-opt local search phase which optimizes this solution. This led to a first place finish in the distance
category and a third place finish in the makespan category.
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1 Introduction

For a set of unit square robots R each with start and target locations {sr}r∈R, {dr}r∈R ⊂ Z2,
and a set of unit square obstacles O ⊂ Z2, the coordinated motion planning problem asks for
an optimal sequence of simultaneous “moves” for each robot that brings the robots from their
start location to their target location. At each timestep, robots can move to an adjacent
grid cell or stand still (a no-op). These moves are subject to the following constraints at all
timesteps:

No robot shares a location with another robot or an obstacle.
No robot moves into a location previously occupied by another robot, unless the other
robot is moving in the same direction at that timestep.

An optimal sequence of moves can refer to two different criteria:
MAX: The minimum makespan, i.e. the total number of timesteps needed.
SUM: The minimum total distance, i.e. the total number of position-changing moves
each robot takes.

We, team gitastrophe, explored this problem as a part of the 2021 Computational
Geometry Challenge (CG:SHOP 2021). The challenge ranked teams according to each of
the two different optimality criteria. Our team ranked first among all junior teams, first
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according to the total distance criterion, and third according to the makespan criterion.
Team Shadoks [1] ranked first according to makespan and third according to total distance,
while Team UNIST [3] ranked second in both categories.

One important property of the test instances of the challenge is that feasibility is always
guaranteed – no obstacles enclose the starting or target positions of any robots. In the
following sections, we assume this property. We refer the reader to the survey of the
challenge [2] for more details on the instances.

2 Methods

As with other teams who took part in the challenge, our strategy consisted of two phases:
initialization (Section 2.1) and solution optimization (Section 2.2).

The initialization phase consisted of moving the robots out of the initial problem grid,
into an intermediate state that can easily be routed to their end goals. This strategy was
remarkably similar to the feasibility approaches used by both Team Shadoks [1] and Team
UNIST [3]. The solution optimization phase used a novel local search strategy, which
consisted of locally reordering the movements of k sampled robots while keeping all others
fixed.

2.1 Initialization strategy
Our initialization strategy is simple and relies on the notion of depth values (see Definition 1).
The depth values partition the robots into subsets which can be routed in parallel. Intuitively,
once a robot is routed, it will not interfere with robots of smaller depth value.

▶ Definition 1. Given a set of locations H ⊂ Z2, the depth value D(v) for v ∈ Z2 is computed
recursively:

If v ∈ H, then D(v) = 0.
Otherwise, D(v) = 1 + minu D(u) where the min is over all non-obstacle squares adjacent
to v.

Such values are uniquely defined and can easily be found via breadth-first search.

The initialization operates in a few phases:
1. Compute a set of intermediate positions H , derived from a superset of candidate positions

which we call filler shapes (see Figure 2). These filler shapes are located outside of
the bounding box of the robots’ start positions, and arranged in a way such that no
intermediate positions are adjacent.

2. Compute a min-cost matching of the robots to their intermediate positions. The cost of
a matching is the sum of distances from the robots’ start and target positions to their
matched intermediate position. To improve the initialization, we generate many more
intermediate positions than robots. Figure 1 shows an example of the robots’ start and
target positions and the corresponding matched intermediate positions.

3. For each coordinate, compute the depth of that coordinate using H (see Definition 1).
Route the robots from their start position to their corresponding intermediate positions
one at a time, in order according to decreasing depth values of their start positions. The
routes here are constructed to avoid the paths of the robots routed before it. In this
phase we route robots with starting locations of larger depth before smaller ones.

4. Re-route the robots from their start positions to their target positions’ in decreasing
order of their depth values. We start with the paths computed in the previous phase,
and reroute each robot individually. We do this by removing their path and inserting a
new path respecting the current paths of all robots.
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(a) small_005 start and intermediate positions. (b) small_005 target and intermediate positions.

(c) medium_005 start and intermediate positions. (d) medium_005 target and intermediate posi-
tions.

Figure 1 A visualization of our initializations for the instances small_005 and medium_005. The
grey squares are obstacles. On the left (Figures 1a and 1c), the colours of the filled boxes match
the instances start positions to the intermediate positions. On the right, (Figures 1b and 1d), the
colours match the target positions and intermediate positions.

Although a natural alternative to step 4 is to simply route the robots from the intermediate
locations to their target locations, it is instead much more efficient to re-route from the
robots’ starting locations. Given the paths produced in the third step, a feasible set of paths
is guaranteed to exist in the fourth step, since it’s clear that there exists a set of paths from
each robots’ intermediate position to their target positions: All that is needed is a path
from the intermediate position to the target position that works after all other robots have
finished moving. Such a path exists since robots residing at higher depth values do not block
the paths of robots at lower depth values.

Initialization variations

Local search strategies are typically very sensitive to the initialization. We used a number of
variations to generate a family of different initializations:

Using different filler shapes in step 1, or different costs for matching in step 3.
Finding random shortest paths, or approximate shortest paths for steps 3 and 4.
Swapping the robots’ start and target locations.

The optimization procedure was run on the initializations that scored the highest.

SoCG 2021
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(a) Octagon filler. (b) Diamond filler.

(c) Quad rectangle filler. (d) Rectangle filler.

Figure 2 Visualizations of the different methods we used to generate intermediate positions for
the instance small_012. This visualization only shows the matched potential intermediate positions,
which is why the displayed intermediate positions in Figure 2d do not resemble a rectangle.

2.2 Solution optimization
As previously described, the basic paradigm of our local optimization is to choose k robots,
and improve their paths while keeping the paths of all others fixed. This type of approach is
often referred to as k-opt. This approach has two distinct components: (1) the choice of the
k robots and (2) the improvements of their paths.

Choosing the k robots

We experimented with a few types of weighted sampling to choose the k robots:
Sampling by completion time. Sample k robots without replacement, where the sampling
probability for each robot is proportional to their completion time (the time at which
they make their last move).
Sampling by closeness. Sample the initial robot proportional to completion time, then
sample k − 1 other robots based on proximity to the initial robot’s path. The proximity
of two paths is the number of time steps for which the two paths are adjacent to each
other.
Sampling by constraints. Sample the initial robot proportional to completion time, then
find a minimum completion time path from the start to the target for the sampled robot
with the relaxation that this robot is allowed to move through k − 1 other robots. The
robots that the path moves through forms the k − 1 other robots in the sample.
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In our experiments, sampling by completion time and by closeness seemed to produce the
best results. However, we note that team Shadoks was able to exploit a variant of sampling
by constraints to win the MAX category.

Path optimization

Given a sample of k robots, one would like to jointly optimize the k robots simultaneously.
However, this approach causes the state space to grow exponentially with the number of
robots. Furthermore, due to the size of the grid, the state space for path finding is already
quite large to begin with. Like other teams, our path finding was done in the grid-time
graph where states are characterized by the positions of the robots at each time t. For the
largest instance in the data set, the size of this state space is already on the order of 105.
For these reasons, we were only able to scale to k = 2 in our code with the approach of joint
optimization.

Instead, our main insight was to approximate the joint optimization by k individual single
path optimizations. Our inspiration was the analogy of sorting: given the k robots, we route
the robots one-by-one to their targets, where the j-th robot routed (j ≤ k) respects the path
of robots 1 . . . j − 1. Crucially, this avoids the exponential blow-up of the state space as we’re
routing each robot from start to target in succession. The problem then reduces to finding
a good ordering of the k robots to reroute. We had the most success by simply ordering
the robots by decreasing completion time. If an ordering was infeasible (e.g. due to some
subset of the k robots completely blocking off the path from the remaining robots) or not an
improvement, it was discarded.

During the competition we found that there were advantages to relatively smaller values
of k for faster computation. For our approximate joint optimization, larger k helped to get
out of bad local optima. We iteratively used all values of k between 1 and 7 during the
challenge.

Since the main component of our algorithm is path-finding, we used a number of practical
techniques to reduce its cost. We use A* with a bucket priority queue, where the heuristic
function was taken to be either the Manhattan distance or the shortest path distance in the
graph with only obstacles without robots. To further speed up the search when we have
an initial feasible solution, we limit the path-finding algorithm to search locally around the
robot’s original path, by enforcing that no robot may deviate more than R steps away from
the set of positions forming their initial path for a fixed parameter R. Since the search
is centred around the initial solution, the solution space is guaranteed to have a feasible
solution for any value of R.

The optimizations above are agnostic to the optimization objective and allowed for large
gains following the initialization phase for both SUM and MAX.

3 Results

3.1 Computational environment

For the most part, our experiments were done on a desktop with a Core i7-2600. In the last
three weeks of the competition we used Stanford’s Sherlock High-Performance Computing
Cluster for SUM optimization. The University of Waterloo’s Multicore lab also generously
donated some night-time compute during the last week of the competition in the form of two
EPYC 7662s.

SoCG 2021
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3.2 Experimental results

(a) SUM optimization varying k where R = 20. (b) SUM optimization varying R where k = 7.

Figure 3 Varying k and R for SUM optimization on microbes_004. Final SUM: 43437.

(a) MAX optimization varying k where R = 20. (b) MAX optimization varying R where k = 7.

Figure 4 Varying k and R for MAX optimization on microbes_004. Final MAX: 126.

To empirically determine the effect of k and R had on the optimization, we ran our
algorithm on the instance microbes_00004. As seen in Figure 3a, different values of k had
an effect on the rate of convergence and the value of the local minimum found by our strategy.
Experimentally, values of k greater than 10 did not improve our scores and also ran slower.
For MAX (in Figure 4a), improvements were much more discrete.

As we varied R, we had a similar trade-off between performance and runtime for each
optimization step of our algorithm (Figures 3b and 4b). Empirically, choosing R to be around
20 achieved the best balance for most of the instances.

Figure 5 compares the solutions we computed during the competition to the trivial lower
bound, which is given by the maximum shortest-path distance for SUM and the sum of
all shortest-path distances for MAX. There is a clear trend that score decreases as density
increases (and as n increases, to a lesser extent). This could be due to two factors: first,
that the trivial lower bound becomes a worse approximation of the optimal score as these
values increase; second, that our algorithm performs poorer on these instances, because more
computational time is required and local changes to k robots at a time are insufficient to
traverse the solution space.
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Figure 5 Plots of score
lower bound versus n for both SUM and MAX. Each point corresponds to one

instance. The density of the instance, as defined by the contest organizers, is indicated by colour.
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Abstract
The third computational geometry challenge was on a coordinated motion planning problem in
which a collection of square robots need to move on the integer grid, from their given starting points
to their target points, and without collision between robots, or between robots and a set of input
obstacles. We designed and implemented an algorithm for this problem, which consists of three
parts. First, we computed a feasible solution by placing middle-points outside of the minimum
bounding box of the input positions of the robots and the obstacles, and moving each robot from its
starting point to its target point through a middle-point. Second, we applied a simple local search
approach where we repeatedly delete and insert again a random robot through an optimal path. It
improves the quality of the solution, as the robots no longer need to go through the middle-points.
Finally, we used simulated annealing to further improve this feasible solution. We used two different
types of moves: We either tightened the whole trajectory of a robot, or we stretched it between two
points by making the robot move through a third intermediate point generated at random.
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1 Introduction

In this paper, we present our solution to the third computational geometry challenge, which
was on a coordinated motion planning problem [2, 3]. We first briefly describe this problem.
A set of N robots, modeled as unit squares, need to move on the integer grid Z2, from their
starting positions s1, . . . , sN ∈ Z2 to their target positions d1, . . . , dN ∈ Z2. A (possibly
empty) set O ⊂ Z2 of obstacles is also given. We denote by pi(t) = (xi(t), yi(t)) ∈ Z2

the position of robot i at time t ∈ N. At each time t ∈ N, the robot may either stay
at the same position, or move to one of the four neighboring squares, hence we have
pi(t + 1) − pi(t) ∈ {(0, 0), (−1, 0), (0, −1), (0, 1), (1, 0)}.

While moving, each robot must avoid collision with obstacles or other robots. In particular,
for any robot i and any time t ∈ N, we must have pi(t) /∈ O and pi(t) ̸= pj(t) for all j ̸= i. In
addition, a constraint is enforced in order to model coordinated movement: a robot i can only
move to the position previously occupied by another robot j if they move in the same direction.
More precisely, if pi(t + 1) = pj(t), then we must have pi(t + 1) − pi(t) = pj(t + 1) − pj(t).
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The length of the trajectory of robot i is the number of times robot i moves, in other
words it is |{t ∈ N | pi(t + 1) ̸= pi(t)}|. Its completion time tC(i) is the time when robot i

ceases to move; in other words, it is the minimum time tC(i) such that for all t ≥ tC(i), we
have pi(t) = di. The makespan is the maximum completion time.

The solutions to this coordinated motion planning problem were scored according to two
criteria: we should either minimize the makespan (MAX), or minimize the sum of the lengths
of the paths (SUM). Our team (UNIST) ranked second according to both criteria, out of 17
teams participating in the contest. Team Shadoks [1] ranked first according to MAX and
third according to SUM, while team gitastrophe [4] ranked first according to SUM and third
according to MAX. More information on the contest can be found in the survey by Fekete
et al. [3]

2 Data structure

Our data structure consists of two 3-dimensional arrays G and H. The array G is a 3D-array
of 8-bit integers, where G[x, y, t] = −1 if (x, y) is an obstacle, G[x, y, t] = 0 if the cell (x, y)
is empty at time t, and if (x, y) = pi(t) for some i, then G[x, y, t] records pi(t + 1) − pi(t).
In other words, if robot i is located at (x, y) at time t, then G[x, y, t] records the direction
taken by robot i. We encode this direction as an integer in {1, . . . , 5}, where 5 means that
robot i does not move. (In particular, G and H do not record robot numbers.) The array H

is a 3D-array of 16-bit integers, which is only needed in the SUM version.
We chose this data structure in order to minimize memory usage, as we feared that large

instances would not fit in RAM otherwise. It turns out that we only used a small percentage
of our RAM even for the largest instances (less than 7%), so we could have afforded a larger
data structure.

For the sake of analyzing our algorithms, we use w to denote the size of G in either
dimension. The reason is that, for the problem instances given in the contest, the makespan
of the solutions we constructed was not much larger than the length and width of the grid
we used – less than a factor 10. So we may assume that G is a w × w × w-array. Our data
structure allows us to do the following.

Deletion. We can delete the trajectory of robot i from G in O(w) time. It suffices to follow
the direction given by G[x, y, t] from the starting point si.

Insertion. Assuming robot i is not yet recorded in G, and there is a feasible path from
si to di, we can insert in O(w3) time a feasible trajectory of robot i that either minimizes
the completion time Cp(i), or minimizes its length. It can be done by a simple sweep of
G by increasing values of t, and storing in G[x, y, t] the direction of the move from the
parent (if any) of (x, y, t) as an integer in {11, . . . , 15}. In the SUM version, we also record
in H [x, y, t] the length of the shortest feasible trajectory to (x, y, t). At the end of the sweep,
we reconstruct the path backwards, and we remove all values larger than 10 from G.

3 Computing a feasible solution

In order to compute a feasible solution, we construct a middle-point mi for each robot
i, such that there is a feasible path from si to di through mi. (See Figure 1a.) Let B

be the minimum bounding box of the starting points, target points and obstacles. The
middle-points are chosen from the set of grid points outside B, not adjacent to B, and whose
x and y-coordinates are even.
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Figure 1 (a) Robot i goes from si to di through mi. (b) The geodesic distance from o.

In a first stage, we move all the robots to their middle-points, and in a second stage we
move them from their middle-points to their target points. In order to do this, we insert the
robots one by one in our 3D array G, by applying the insertion procedure from Section 2.

One difficulty here is that a robot can be blocked by other robots that are still at their
starting position, so we need to move the robots in an appropriate order. To this end, we
compute the geodesic distances from an arbitrary point o outside B. (See Figure 1b.) We
sort the robots by increasing geodesic distance, and insert them in this order. This ensures
that there is always a feasible path from si to mi for each i. In the second stage, we proceed
in the same way, except that we proceed by decreasing geodesic distance from o to the target
points. This approach finds a feasible solution to all the input instances from the contest, as
all robots are in the unbounded face of Z2 \ O.

For each robot i, we have several choices for the middle-point mi. We tried a few
possibilities. The one that most often gives the best results was to choose the available
middle-point that minimizes the sum of the Manhattan distances to si and di.

As we run the deletion and insertion procedures 2w times, we obtain a feasible solution
in O(w4) time. We were able to compute a feasible solution for each instance in less than 2
hours.

4 Simple local search

In order to improve the feasible solution from Section 3, we can simply pick a robot i, delete
it from G and insert it again using the procedures from Section 2. It may give a quite large
improvement for this robot, as it no longer has to go through its middle-point mi. We call
this operation a tightening move. (See Figure 2.)

A first approach is to repeatedly tighten the path of a robot chosen at random. We
implemented it in a slightly different way, which produced better results. We first compute a
random permutation of the robots. Then we go through this random list, and perform a
tightening operation on the current robot. If, at the end of the list, no improvement was
made, we return the current solution. Otherwise, we compute a new random permutation
and repeat the process with the new permutation. The procedure above can be restarted
from the original feasible solution several times, as it does not always produce the same
solution.

SoCG 2021



65:4 A Simulated Annealing Approach to Coordinated Motion Planning

pi(t1)

pi(t2)

si

di

x

y

t

G

si

di

tighten

pi(t2)

si

di

pi(t1)

pi(t2)

pi(tm)

x

y

t

G

si

di

stretch
t = tm

pi(t1)

Figure 2 Tightening and stretching moves.

5 Simulated annealing

One drawback of the local search approach described in Section 4 is that the only type of
moves that is allowed consists in shortening the whole trajectory of one robot, and thus it
can easily be trapped in a local minimum. To remedy this, we used a simulated annealing
approach [5] that uses two types of moves: tightening moves as described in Section 4, and
stretching moves, which can make a trajectory longer.

We now describe stretching moves. (See Figure 2.) As mentioned above, we assume that
G is a w × w × w array. Let i be a robot, and let t1, t2 be integers such that 0 ≤ t1 ≤ t2 < n.
We will see later how we generate t1 and t2 at random. We first delete the trajectory of i

between pi(t1) and pi(t2). Let tm be chosen uniformly at random between t1 and t2. We
compute all of the cells (x, y, tm) of G that are reachable from pi(t1), and that are reachable
backwards from pi(t2). We pick one of these points uniformly at random, which we denote
by q. Then we connect q to pi(t1) and pi(t2) through shortest paths, computed in the same
way as we did in the insertion operation from Section 2.

Let δ = t2 − t1. As we only need to sweep a sub-array of size at most 2δ × 2δ × δ, and we
need linear time to find pi(t1) and pi(t2), the stretching operation takes time O(w + δ3).

We now explain how we generate t1 and t2. We first set δ = min(w − 1, ⌊α
√

1/x⌋), where
α is a constant larger than 2, and x is a random floating point number in (0, 1]. Then we
generate t1 as a random number chosen uniformly between 0 and n − 1 − δ, and we set
t2 = t1 + δ. This approach ensures that, for k < n − 1, we have Pr(δ = k) = Θ(1/k3), and
thus E[δ3] = Θ(w). It follows that our stretching operation takes O(w) expected time.
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We use as the objective function a score that is either the makespan, or the sum of the
lengths of the paths divided by the number of robots. A move that improves the score is
always accepted by the algorithm, but a move that increases it is accepted with probability
exp(−∆/T ), where T is the current temperature and ∆ is the score increase. We used a
cooling schedule consisting of ncycle cycles of niter iterations each, such that the temperature
decreases exponentially within each cycle, and the maximum temperature decreases linearly.
(See Figure 3.) We did not try other cooling schedules, but we tried different number of
cycles and iterations per cycle.

Choice of parameters. We determined the values of the various parameters of the algorithm
by trying it on several instances, varying the parameters and comparing the results.

We found that α = 5 did better than other values on most instances. Regarding the
choice of the moves, we generated a tightening move or a stretching move with the same
probability 1/2, which implies that the algorithm is spending much more time on tightening.
For the SUM version, in some cases, we obtained better results by generating a tightening
move with probability 1/1 000, which means that the algorithm spends roughly the same
amount of time on stretching and tightening.

We chose the minimum temperature to be Tmin = 0.0001. The maximum Tmax was
between 0.03 and 1 for the MAX version, and between 0.001 and 0.02 for the SUM version.
The number of cycles was between 500 and 5 000. The number of iterations per cycle
(typically 10 000-1 000 000) was adjusted depending on the time we wanted the computation
to run for.

We tried different sets of moves; for instance, we tried to do tightening moves in a time
window [t1, t2] instead of [0, n]. We also tried to use a smoothed objective function, using a
linear combination of the makespan and the sum of the lengths. Unfortunately, it did not
seem to help.

6 Experimental results

We implemented the algorithms above in C++ and ran them on a server (4 Intel Xeon
E5-2695 V4, 2.1 GHz, 72 cores in total). We denote by F, LS and SA the algorithm that
generates the initial feasible solution (Section 3), the simple local search algorithm (Section 4)
and the simulated annealing algorithm (Section 5), respectively.

We computed a feasible solution for each instance using F, which has two versions: one
for SUM and one for MAX. Then we ran LS on each of these feasible solutions. After this, we
ran SA on the solution given by LS, which is the approach denoted by LS+SA. Alternatively,
we ran SA directly from the solution given by F.
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Figure 4 shows the results on 24 instances grouped into small, medium and large size,
after running either SA for 8 days, or LS+SA for a total of 8 days (4 days LS, 4 days
SA). Table 1 and Table 2 record the related data. Figure 5 and Figure 6 show the score
improvement over time for one instance.

These results suggest that we could run SA directly after F, instead of running LS in
between. One point of using LS during the contest was that it does not use any parameter,
so we could run it until completion, or for large instances, stop it after a few day. Figure 4
shows that SA only does clearly worse than LS+SA for the MAX version of medium-size
instances, which suggest that we may not yet have found the best parameters in this case.

Table 1 A few instances with the scores obtained after applying our algorithms (SUM).

instance nb. of normalized score (SUM) score (SUM)
name robots F LS SA LS+SA LS+SA

small instances
medium_free_004 480 2.86 1.03 1.02 1 11300

redblue_00002 669 1.99 1.01 1 1 25083
galaxy_c_00005 750 1.97 1.01 1 1 27107
galaxy_c2_00005 860 1.96 1.01 1 1 37413
microbes_00002 958 2.22 1.01 1 1 34754

large_001 1563 2.04 1 1 1 79793
medium_018 1993 2.32 1 1 1 98984

microbes_00006 2500 1.95 1 1 1 169912
sum 17.31 8.07 8.02 8

medium-size instances
universe_bg_00006 3000 2.08 1 1 1 217456

sun_00006 3796 2.38 1 0.99 1 268569
algae_00007 4000 2.33 1 1.00 1 275157

redblue_00009 4500 2.40 1 0.99 1 322346
galaxy_c_00008 5000 2.54 2.54 0.99 1 356037

london_night_00008 5648 2.44 2.44 0.98 1 444974
london_night_00009 6000 2.58 2.58 0.98 1 462928

microbes_00009 6000 2.50 2.50 0.99 1 468081
sum 19.25 14.06 7.92 8

large instances
clouds_00009 7229 2.33 2.33 0.97 1 641904
algae_00009 7311 2.39 2.39 0.97 1 648026
sun_00009 7500 2.42 2.42 0.97 1 675357

galaxy_c2_00009 7555 2.32 2.32 0.97 1 694166
galaxy_c_00009 7838 2.31 2.31 0.97 1 740212

universe_bg_00009 8000 2.29 2.29 0.97 1 755800
large_009 8595 2.22 2.22 0.96 1 876814

large_free_009 9000 2.25 2.25 0.96 1 911623
sum 18.53 18.53 7.74 8
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Table 2 A few instances with the scores obtained after applying our algorithms (MAX).

instance nb. of normalized score (MAX) score (MAX)
name robots F LS SA LS+SA LS+SA

small instances
medium_free_004 480 3 1.2 0.98 1 60

redblue_00002 669 2.35 1.05 0.95 1 91
galaxy_c_00005 750 2.22 1.1 1.09 1 87
galaxy_c2_00005 860 2.67 1.19 1 1 105
microbes_00002 958 3.01 1.11 1.02 1 90

large_001 1563 2.29 1.01 1.94 1 137
medium_018 1993 2.87 1.2 0.98 1 190

microbes_00006 2500 2.14 1 1.94 1 179
sum 20.58 8.88 9.93 8

medium-size instances
universe_bg_00006 3000 2.25 1.02 2.17 1 198

sun_00006 3796 2.69 1 2.54 1 214
algae_00007 4000 2.92 1 2.78 1 206

redblue_00009 4500 2.74 1.02 2.62 1 221
galaxy_c_00008 5000 2.62 1 2.55 1 265

london_night_00008 5648 3.47 1.01 2.88 1 318
london_night_00009 6000 3.52 1 3.45 1 292

microbes_00009 6000 3.3 1.01 3.17 1 287
sum 23.54 8.08 22.19 8

large instances
clouds_00009 7229 1 1 0.98 1 1099
algae_00009 7311 1 1 0.98 1 1195
sun_00009 7500 1 1 0.94 1 1094

galaxy_c2_00009 7555 1.01 1.01 0.99 1 1095
galaxy_c_00009 7838 1 1 0.98 1 1261

universe_bg_00009 8000 1 1 0.99 1 1132
large_009 8595 1 1 0.99 1 1348

large_free_009 9000 1 1 0.98 1 1334
sum 8.05 8.05 7.87 8
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