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Abstract
In this invited contribution for ESA 2021, we will study the complexity of and algorithms for
network optimization tasks with a timing component. They occur, for example, in planning or
routing problems that need to be solved repeatedly over time. Typically, already simplified versions
of such problems are NP-hard. In addition, the instances typically are too large to be solved
straight-forwardly on a time-expanded graph. After an introduction into the area, we state the
problem of determining best possible non-stop trajectories in a network that are not allowed to cross
at any point in time. For simplified settings, polynomial-time solution approaches are presented
whereas already for restricted settings the problems are shown to be NP-hard. When moving to
more complex and more realistic settings as they occur, for example, in determining non-stop
disjoint trajectories for a set of aircraft, we present heuristic algorithms that adaptively refine coarse
disjoint trajectories in the timing dimension. In order to be able to solve the non-stop disjoint
trajectories problem over time, the method is integrated in a rolling-horizon algorithm. We present
computational results for realistic settings. Motivated by the fact that rolling-horizon approaches
are often applied in practice without knowledge on the quality of the obtained solutions, we study
this problem from an abstract point of view. In fact, we more abstractly analyze the solution quality
of general rolling-horizon algorithms for optimization tasks that show a timing component. We
apply it to different planning problems. We end by pointing out some challenges and possibilities
for future research.
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1 Summary

In this contribution, we will introduce several network optimization tasks that contain a
timing component. Such tasks often occur in planning or routing problems that need to
be solved repeatedly over time. Already simplified such network optimization tasks are
NP-hard. In addition, realistic instances are typically too large to be solved in an integrated
fashion. On the other hand, straight-forward decomposition approaches typically lead to bad
solution quality.

We first introduce the class of optimization problems that are considered here. We will
then more concretely show complexity results for several settings together with algorithms
and computational evaluations. We start by introducing the task of determining best possible
non-stop trajectories in a network that are not allowed to cross at any point in time. For
simplified settings, polynomial-time solution approaches are presented. Those settings include
instances with unit traversal times on the line or grids and meshes, where all commodities
have the same destination. For several only slightly more complicated settings the problems
are shown to be NP-hard. For example, if time intervals to start the trajectories are given,
the problem on the line is hard. On the mesh with arbitrary arc costs the problem is not
fixed-parameter tractable in the number of commodities, even if traversal times are unit.
More details can be found in [5].

We then move on to more complex and more realistic settings as they occur, for example,
in determining non-stop disjoint trajectories for a set of aircraft [4, 7, 8]. We focus on the
surroundings of airports where both the planning of conflict-free trajectories as well as the
determination of runway schedules are crucial and challenging tasks. In current practice, the
resulting continuous and discrete optimization problems are often solved sequentially. In this
work, we develop an integrated optimization model for conflict-free multi-aircraft trajectory
planning and runway scheduling. We use a space-time discretization and model conflict-free
trajectories by an integer linear program that is designed to provide optimal, piecewise-linear
reference trajectories and a runway scheduling for multiple aircraft. Even for moderately
sized instances, a sufficiently detailed representation of 3D-airspace and time leads to huge
models, which cannot be treated by current hard- and software. To overcome this issue,
we develop an iterative adaptive-refinement algorithm. Starting from an optimal solution
in a coarse discretization, the algorithm re-optimizes trajectories in a neighborhood of the
current solution with a higher resolution. The method is integrated into a rolling-horizon
approach. The latter repeatedly restricts trajectory determinations within a (sliding) time
window. Computational results on realistic instances illustrate the computational efficiency
of our approach.

The relevance of the rolling-horizon approach has been demonstrated by applying it to
solve a large variety of practical optimization problems, e.g. as in [6] or [1]. Hence it is
very interesting to know theoretical properties of the rolling-horizon approach, which have
been investigated, e.g. in [2] or [9]. We complement these works in [3]. Hence, we analyze
the solution quality of general rolling-horizon algorithms that are applied to multi-period
optimization problems with a timing component.

We demonstrate that the solution quality of the standard rolling-horizon procedure can
be arbitrarily low considering our general problem setting. We thus adapt the general
rolling-horizon procedure such that statements on the quality of solutions obtained from
adapted rolling-horizon algorithms can be made.

On the practical side, we present computational results on lot-sizing problems in produc-
tion planning as well as on tail-assignment problems in aircraft management. The latter
assigns available aircraft to specific flights in a best possible way. It can be shown that huge
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instances can be solved quickly with an almost negligible loss in solution quality by only a
few percent. We end by pointing out some challenges and possibilities for future research.
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