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Preface
The 28th International Symposium on Temporal Representation and Reasoning (TIME 2021)
was planned to take place in Klagenfurt, Austria, but had to move to an online conference
due to the insecurities and restrictions caused by the pandemic. Since its first edition in 1994,
TIME Symposium is quite unique in the panorama of the scientific conferences as its main
goal is to bring together researchers from distinct research areas involving the management
and representation of temporal data as well as the reasoning about temporal aspects of
information. Moreover, TIME Symposium aims to bridge theoretical and applied research,
as well as to serve as an interdisciplinary forum for exchange among researchers from the
areas of artificial intelligence, database management, logic and verification, and beyond.
Besides the three traditional tracks on
Time in Artificial Intelligence
Temporal Databases
Temporal Logic and Reasoning
this year featured two additional special tracks on
Temporal representation and reasoning for COVID-19
Temporal explainability: connecting symbolic and sub-symbolic temporalities
Indeed, such a strange and long period of COVID-19 pandemic pushed for strong research
efforts in some previously unexplored direction, namely the temporal issues in any context
having to manage Covid-19 pandemic (healthcare, medicine, social contexts, school, and
so on). On the other side, the need of explaining the results coming from sub-symbolic AI
approaches is becoming more and more challenging and widespread. Thus, it is important to
push for research dealing with some kind of temporal logics/system/rules/visualization for
interpreting/explaining the results of machine learning algorithms considering temporally
relevant problems.
The 2021 TIME edition, received a total of 28 paper submissions representing a wide
range of research topics in the areas of artificial intelligence, databases, and theoretical
computer science, some of them explicitly focusing on the topics of the two special tracks.
Submissions came from Europe, North America, Africa, and Asia. We would like to thank
all the authors of the submitted papers, as they have helped to build a successful TIME 2021
symposium.
As a result of the review process coordinated by the PC chairs, 13 papers were selected
for full presentation at the symposium. The range of the considered topics is very wide –
without trying to mention each specific topic, they run from temporal logics to temporal
plans, to data models and query languages for new kinds of temporal data.
Most papers received 3 or more reviews, and each paper received at least two detailed
reviews. All papers were discussed intensively by the program committee.
Besides having such a high number of high-quality reviews, the PC members and the
program chairs have been involved in a deep additional discussion on many papers, to reach
a final sound decision about rejection and acceptance.
We are pleased to include invited talks by leading scholars in our scientific communities:
Torben Bach Pedersen (Aalborg University, Denmark), Johan Suykens (KU Leuven, Belgium),
Roberto Posenato (University of Verona, Italy) and Luke Hunsberger (Vassar College, USA).
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Finally, the program is completed by a panel coordinated by Alfredo Cuzzocrea, where
experts in the field will share share their views and discuss research achievements and open
challenges of Temporal Big Data Management.
We hope that the set of selected papers, their presentations, the invited talks, and the
panel will help to stimulate and improve several research efforts in the area of temporal
representation and reasoning.
The COVID-19 pandemic has created uncertainty and difficulties for people throughout
the world. As we acknowledge the consequent concerns about health and safety, after
having closely monitored the evolution of the pandemic, we decided to organize TIME 2021
completely on-line, as the evolution, still fast changing, unstable and different in different
countries, did not allow a successful organization of an in-presence event.
We would like to thank here all the members of the Program Committee and the
additional reviewers, who spent their time and volunteered their expertise to set up the
final program. We want also to thank Marco Franceschetti, for his efforts in organizing a
successful symposium.
Finally, we would like to acknowledge the generous support of the following institutions:
Department of Informatics-Systems of the Alpen-Adria Universität Klagenfurt, Austria,
and Department of Computer Science of the University of Verona, Italy. The open access
publication of these proceedings was supported by the Alpen-Adria-Universität Klagenfurt,
Austria.
Even though an in-presence symposium would be the ideal way of sharing ideas, discussing
and strengthening possible collaborations to advance our community, we are sure that the
on-line event increased the outreach to make the current and next TIME editions even more
attracting and with a long-lasting research impact.
Carlo Combi, University of Verona, Italy
Johan Eder, University of Klagenfurt, Austria
Mark Reynolds, University of Western Australia, Australia
TIME 2021 Program Co-chairs
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Since Simple Temporal Networks (STNs) were first introduced in 1991, there have been numerous
theoretic and algorithmic advances that have made them practical for a wide variety of applications.
However, the presentation of most of the important advances have been scattered across numerous
conference papers and journal articles. As a result, it is too easy for even experienced researchers to be
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Extended Abstract

Temporal networks are data structures for representing and reasoning about temporal constraints on activities. The most basic kind of temporal network is a Simple Temporal Network
(STN) which can accommodate such constraints as release times, deadlines, precedence constraints, and duration constraints [16]. The fundamental computational tasks associated
with STNs – checking consistency and managing execution – can be done in polynomial
time [16, 40].
STNs are used as temporal reasoning tools in numerous research projects and applications.
Currently, there are more than 2400 research papers in Google Scholar (more than 1200 in
Scopus) that employ STNs, either as the main temporal reasoning model or as the basis for
more expressive models. Considering only the most cited papers (more than 30 citations in
Scopus) that present a tool or a methodology based on STNs, the use of STNs falls into the
following two macro areas:
© Luke Hunsberger and Roberto Posenato;
licensed under Creative Commons License CC-BY 4.0
28th International Symposium on Temporal Representation and Reasoning (TIME 2021).
Editors: Carlo Combi, Johann Eder, and Mark Reynolds; Article No. 1; pp. 1:1–1:5
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planning for robots [30, 10, 25, 19, 1, 24, 27, 8, 7, 26, 31, 21],
industrial, business and health-care management systems [17, 3, 2, 45, 37, 20, 5, 12, 11, 9]
An STN contains a set of real-valued variables, called time-points, that typically represent
the starting or ending times of actions, together with a set of constraints on those time-points.
Each constraint in an STN has the form, Y − X ≤ δ, where X and Y are time-points, and δ
is a real number. Despite their limited form, the constraints in an STN can represent release
times, deadlines, precedence constraints, and duration constraints. For example, if X and Y
are the starting and ending times of an action, then Y − X ≤ 10 represents that the duration
of that action must be no more than 10. One advantage of STNs over earlier approaches is
that they allow flexibility: time-points need not be assigned values in advance, but may be
assigned in real time, during execution. In addition, STNs have an equivalent graphical form
that enables the use of algorithms from the vast literature on labeled, directed graphs.
The Simple Temporal Problem (STP) is the problem of determining whether a given
STN has a solution (i.e., is consistent, when viewed as a constraint satisfaction problem).
Many polynomial algorithms have been presented for solving the STP, their performance
differing depending on the structure of the STN graph. However, there are many other
computational problems that users of STNs need to be able to solve. For example, in most
applications, constraints are frequently inserted into the network incrementally, over time.
The incremental STP checks the consistency as new constraints are inserted [36, 18, 34]. In
addition, to take advantage of the flexibility offered by STNs, a system managing real-time
execution needs to be able to quickly determine when to execute each time-point while
preserving the network’s consistency. And, in cases where spurious events introduce an
inconsistency into the network, a system must be able to figure out modifications that will
restore a network’s consistency [14, 33]. For another example, in multi-agent scenarios with
limited communication, temporal networks may need to be decoupled to enable agents to
operate independently [22, 35, 4, 44]. All of these, and many other problems associated
with STNs have polynomial algorithms for solving them, making STNs a practical temporal
reasoning model for many real-world applications.
Because many real-world scenarios involve features that are not representable in STNs, the
STN model has been extended in many different ways. For example, an STNU accommodates
actions with uncertain durations (e.g., a taxi ride) [42, 43, 28], a CSTN accommodates
conditional constraints and test actions that generate information in real time [41, 13, 23],
and a DTN accommodates disjunctive constraints (e.g., action A must finish before action
B starts or vice-versa) [38, 39, 32]. Other extensions of STNs accommodate probabilistic
constraints [29, 15] and decisions (or choice points) [6].
Typically, the increase in expressiveness introduces a significant computational cost. (The
main exception is the STNU, for which many polynomial algorithms exist.) However, recent
advances have begun to make these extensions viable for practical applications. In each case,
the techniques applied to the more expressive networks builds on the theory and algorithms
for STNs.
This talk surveys the 30-year development of the theory and algorithms for Simple
Temporal Networks for researchers and application developers interested in incorporating
STNs into their projects.
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Abstract
To monitor critical industrial devices such as wind turbines, high quality sensors sampled at a high
frequency are increasingly used. Current technology does not handle these extreme-scale time series
well [1], so only simple aggregates are traditionally stored, removing outliers and fluctuations that
could indicate problems. As a remedy, we present a model-based approach for managing extremescale time series that approximates the time series values using mathematical functions (models) and
stores only model coefficients rather than data values. Compression is done both for individual time
series and for correlated groups of time series. The keynote will present concepts, techniques, and
algorithms from model-based time series management and our implementation of these in the open
source Time Series Management System (TSMS) ModelarDB[2, 3, 4] 1 . Furthermore, it will present
our experimental evaluation of ModelarDB on extreme-scale real-world time series, which shows that
that compared to widely used Big Data formats, ModelarDB provides up to 14× faster ingestion
due to high compression, 113× better compression due to its adaptability, 573× faster aggregatation
by using models, and close to linear scale-out scalability. ModelarDB is being commercialized by the
spin-out company ModelarData2 .
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Abstract
Kernel machines is a powerful class of models in machine learning with solid foundations and
many existing application fields. The scope of this talk is kernel machines in time with a main
focus on least squares support vector machines, and other related methods such as kernel principal
component analysis and kernel spectral clustering. For dynamical systems modelling different
possible input-output and state space model structures will be discussed. Applications will be shown
on electricity load forecasting and temperature prediction in weather forecasting. Approximate
closed-form solutions can be given to ordinary and partial differential equations. Kernel spectral
clustering applications to identifying customer profiles, pollution modelling and detecting topological
changes in time-series of bridges will be shown. Finally, new synergies between kernel machines
and deep learning will be presented, leading for example to generative kernel machines, with new
insights on disentangled representations, explainability and latent space exploration. Application of
these models will be illustrated on out-of-distribution detection of time-series data.
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Abstract
Big data analytics is an emerging research area with many sophisticated contributions in the actual
literature. Big data analytics aims at discovering actionable knowledge from large amounts of big
data repositories, based on several approaches that integrate foundations of a wide spectrum of
disciplines, ranging from data mining to machine learning and artificial intelligence. Among the
concrete innovative topics of big data analytics, temporal big data analytics covers a first-class role and
it is attracting the attention of larger and larger communities of academic and industrial researchers.
Basically, temporal big data analytics aims at modeling, capturing and analyzing temporal aspects
of big data during analytics phase, including specialized tasks such as big data versioning over time,
building temporal relations among ad-hoc big data structures (such as nodes of big graphs) and
temporal queries over big data. It is worth to notice that temporal big data analytics research is
characterized by several open challenges, which range from foundations, including temporal big
data representation and processing, to applications, including smart cities and bio-informatics tools.
Inspired by these considerations, this paper focuses on models, paradigms, techniques and future
challenges of temporal big data analytics, by reporting on state-of-the-art results as well as emerging
trends, with also criticisms on future work that we should expect from the community.
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1

Introduction

Big data analytics is an emerging research area with many sophisticated contributions in
the actual literature (e.g., [28, 18, 7, 21]). Big data analytics aims at discovering actionable
knowledge from large amounts of big data repositories, based on several approaches that
integrate foundations of a wide spectrum of disciplines, ranging from data mining to machine
learning and artificial intelligence. Among the concrete innovative topics of big data analytics,
temporal big data analytics covers a first-class role and it is attracting the attention of larger
and larger communities of academic and industrial researchers (e.g., [9, 26, 10, 24, 32]).
Basically, temporal big data analytics aims at modeling, capturing and analyzing temporal
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aspects of big data during analytics phase, including specialized tasks such as big data
versioning over time, building temporal relations among ad-hoc big data structures (such as
nodes of big graphs) and temporal queries over big data. It is worth to notice that temporal
big data analytics research is characterized by several open challenges, which range from
foundations, including temporal big data representation and processing, to applications,
including smart cities and bio-informatics tools.
Temporal big data analytics arise in many application scenarios. Consider, for instance,
the case of social networks. Here, the user content (such as posts, pictures, videos, etc.)
identify a very large big data repository, while the relationships among users and contents,
users and users, etc., across time, define an evolving temporal big data set. Basically, for
each reference timestamp, namely ti , ti+1 , ti+2 , . . . , we have a different big data set, namely
B = {B(ti ), B(ti+1 ), B(ti+2 ), . . . }. How to make analytics across the various big data sets
B(ti ), B(ti+1 ), B(ti+2 ), . . . in B? For instance, what was the most frequent itemset pattern
of posts of the user Bob at timestamp tj and what the one at timestamp tj+k ? Furthermore,
what is the intersection set of Facebook common friends of Bob and Alice at timestamp tj
and what the one at timestamp tj+k ? How common friends ave evolved (e.g., removing old
friends or adding new friends) across time? The latter one are simplest temporal big data
analytics patterns, which can be further developed towards more complex ones, for instance
based on multidimensional analytics (e.g., [19, 8, 11]).
In all the described settings, temporal big queries play a critical role. How to query
“historical” big data repositories? In order to to this, first a suitable representation model for
capturing the temporal aspect of big data must be introduced. The most popular approach
to this end is presented by straightforward application of classical models for temporal
databases, but targeted to the specific big data environment, thus, considering, for instance,
scalability issues (e.g., [22, 2, 20]). Here, big data objects are associated with a proper
timestamp, according to three different schema, namely valid time, transaction time, and
decision time. According to the first schema, given a big data object Ok , the reference
timestamp associated to Ok , namely tk , is the time period during which a fact is true in the
real world. According to the second schema, tk is the time at which a fact was recorded in
the database. Finally, according to the third schema, tk is the time at which the decision was
made about the fact. Based on the given temporal data model, given a big data repository
B, a temporal big query over B referring to timestamp tk , denoted by Q(B)tk , retrieves
from B all the big data objects in B associated to the timestamp tk and that satisfy the
query predicates in Q (e.g., aggregation predicates – [30, 15]). Formally, a temporal big data
analytics A over B, is defined as a collection of analytical functions A = {f0 , f1 , f2 , . . . , fn−1 }
such that every analytical function fj is defined on top of a collection of a set of temporal
big queries Q = {Q(B)tk , Q(B)tk+1 , Q(B)tk+2 , . . . Q(B)tk+m−1 }. fj can be of different nature,
for instance based on OLAP analytics (e.g., [6, 16, 13]).
The above described model based on temporal big queries can be easily extended to more
complex procedures, including, for instance, data mining programs and machine learning
procedures, still parameterized by timestamp. In this vest, the integration of the latter
temporal big data analytics model with emerging NoSQL databases (e.g., [29]) turns to be
very interesting.
Inspired by these considerations, this paper focuses on models, paradigms, techniques
and future challenges of temporal big data analytics, by reporting on state-of-the-art results
as well as emerging trends, with also criticisms on future work that we should expect from
the community. The remaining part of this paper is organized as follows. In Section 2, we
provide a brief overview of most relevant state-of-the-art proposal for temporal big data
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analytics appearing in literature. Section 3 is devoted to the description of most relevant
emerging challenges and open issues for temporal big data analytics. Finally, in Section 4,
we derive conclusions of our research.

2

Temporal Big Data Analytics: State-Of-The-Art Proposals

Inspired by considerations reported above, temporal big data analytics is a rich area of
research. As a consequence, there exist in literature a number of relevant proposals, with
many interesting scientific as well as industrial outcomes. Here, we outline some of the most
relevant ones.
[9] focuses on the issue of supporting temporal analytics on big data for web advertising.
For instance, they consider display advertising that makes use of Behavioral Targeting (BT)
to select ads for users based on prior searches, page views, etc. Previous work on BT has
focused on techniques that scale well for offline data using Map-Reduce (M-R). However,
this approach has limitations for BT-style applications that deal with temporal data: (1)
many queries are temporal and not easily expressible in M-R, and moreover, the set-oriented
nature of M-R frontends such as SCOPE is not suitable for temporal processing; (2) as
commercial systems mature, they may need to also directly analyze and react to real-time
data feeds since a high turnaround time can result in missed opportunities, but it is difficult
for current solutions to naturally also operate over real-time streams. The contributions of
the paper are twofold. First, authors propose a novel framework called TiMR, that combines
a time-oriented data processing system with a M-R framework. Users perform analytics using
temporal queries – these queries are succinct, scale-out-agnostic, and easy to write. They scale
well on large-scale offline data using TiMR, and can work unmodified over real-time streams.
They also propose new cost-based query fragmentation and temporal partitioning schemes
for improving efficiency with TiMR. Second, they show the feasibility of this approach for
BT, with new temporal algorithms that exploit new targeting opportunities. Experiments
using real advertising data show that TiMR is efficient and incurs orders-of-magnitude
lower development effort. The proposed BT solution is easy and succinct, and performs
up to several times better than current schemes in terms of memory, learning time, and
click-through-rate/coverage.
[26] considers, instead, temporal event tracing on big healthcare data analytics. The study
presents a comprehensive method for rapidly processing, storing, retrieving, and analyzing
big healthcare data. Based on NoSQL, a patient-driven data architecture is suggested to
enable the rapid storing and flexible expansion of data. Thus, the schema differences of
various hospitals can be overcome, and the flexibility for field alterations and addition is
ensured. The timeline mode can easily be used to generate a visual representation of patient
records, providing physicians with a reference for patient consultation. The sharding-key is
used for data partitioning to generate data on patients of various populations. Subsequently,
data reformulation is conducted as a first step, producing additional temporal and spatial
data, providing cloud computing methods based on query-MapReduce-shard, and enhancing
the search performance of data mining. Target data can be rapidly searched and filtered,
particularly when analyzing temporal events and interactive effects.
[10] deals with the challenge of defining and implementing temporal data analytics
on COVID-19 data with ubiquitous computing. Authors argue that, with technological
advancements in computing and communications, huge amounts of big data are generated
and collected at a very rapid rate from a wide variety of rich data sources. Embedded in
these big data are useful information and valuable knowledge. An example is healthcare and
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epidemiological data such as data related to patients who suffered from viral diseases like
the coronavirus disease 2019 (COVID-19). Knowledge discovered from these epidemiological
data via data science helps researchers, epidemiologists and policy makers to get a better
understanding of the disease, which may inspire them to come up ways to detect, control
and combat the disease. In the paper, authors present a temporal data science algorithm for
analyzing big COVID-19 epidemiological data, with focus on the temporal data analytics with
ubiquitous computing. The algorithm helps users to get a better understanding of information
about the confirmed cases of COVID-19. Evaluation results show the benefits of the
proposed system in temporal data analytics of big COVID-19 data with ubiquitous computing.
Although the algorithm is designed for temporal data analytics of big epidemiological data, it
would be applicable to other temporal data analytics of big data in many real-life applications
and services.
[24] moves the attention on large-scale smart grids, with specific temporal, functional and
spatial big data computing features. Indeed, with the deployment of monitoring devices, the
smart grid is collecting large amounts of energy-related data at an unprecedented speed. The
smart grid has become data-driven, which necessitates extracting meaningful data from a
large dataset. The traditional approach of data extraction improves the computing efficiency
in temporal dimension, but it is made for only one task in the smart grid. Moreover, the
existing solutions neglect the geographical distribution of computing capacity in a large-scale
smart grid. The future large-scale smart grid will run over the internet of energy where the
dataset will be sent to a specific destination along power routers hop-by-hop. Consequently,
authors design a novel temporal, functional and spatial big data computing framework for
large-scale smart grid. In functional dimension, they divide every dataset into sub-groups,
each of which has data items shared by different tasks. In spatial dimension, they determine
which location the power router should be placed to harvest computing resources used
for extracting the sub-group of data items. The proposed method achieves a promising
computing efficiency approaching to the optimal solution with 95 percent convergence ratio,
and it saves the in-path bandwidth with 81 percent improvement ratio over benchmarks.
Finally, [32] considers the specific application scenario represented by scientific big data
analytics and, in particular, text-based temporally linked event networks in such a scenario.
Authors recognize that events formulate the world of the human being and could be regarded
as the semantic units in different granularities for information organization. Extracting
events and temporal information from texts plays an important role for information analytics
in big data because of the wide use of multilingual texts. Based on these considerations,
the paper surveys existing research work on text-based event temporal resolution and
reasoning including identification of events, temporal information resolutions of events in
English and Chinese texts, the rule-based temporal relation reasoning between events and
relevant temporal representations. For the scientific big data analytics, authors point out the
shortcomings of existing research work and give the argument about the future research work
for advancing identification of events, establishment of temporal relations and reasoning of
temporal relations.

3

Temporal Big Data Analytics: Emerging Challenges and Open Issues

Temporal big data analytics opens several new and challenging research perspectives. In the
next, we focus the attention on those that have been scored as relevant by our study.
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Big Temporal Data Representation. As mentioned in Section 1, the first issue to face-off
is represented by how to model and capture big temporal data for supporting temporal big
data analytics effectively and efficiently. This involves in devising suitable temporal big data
models, which must also consider scalability issue of big temporal data processing (e.g., [5]).
On the other hand, another relevant aspect of big temporal data to consider is their clear
multi-granularity nature, according to which the same (big) data appear in different scales
and resolutions (e.g., year, quarter, month, and so forth – [4]). How to represent this special
feature effectively and efficiently? Cloud computing environments, with well-known elastic
metaphors (e.g., [1]), seem to be the most promising computational solutions to be considered
by future research efforts.
Big Queries on Big Temporal Data Repositories. Big queries on big temporal data
repositories is an exciting new challenge that is critical for temporal big data analytics, like in
some related cases (e.g., [31]). Basically, considering that big temporal data repositories are
characterized by a strong heterogeneity, big queries appear in several formats (e.g., tree-like
queries, graph-like queries, and so forth) and, as a consequence, the big query optimization
and evaluation layer of a hypothetical temporal big data analytics engine should include
several characteristics and functionalities, such as query translation and query rewriting
(e.g., [23]). In this respect, the implementation on top of MapReduce framework seems a
promising direction to follow.
Machine-Learning-Based Temporal Big Data Analytics. Temporal big data analytics
are usually based on a core methodology that characterizes their analytical functions (see
Section 1). Among several alternatives, machine-learning-based temporal big data analytics
should be considered as the most sophisticated collection of techniques available in literature
(e.g., [27]). Indeed, machine learning techniques are flexible enough to deal with big temporal
data, and to support the relevant knowledge discover process from such big data repositories
effectively and efficiently. A wide family of proposals are available in actual literature,
and they can be applied to the issue of supporting temporal big data analytics in real-life
application scenarios (e.g., smart cities, sensor networks, IoT systems, and so forth).
Uncertainty and Imprecision in Temporal Big Data Analytics. Big temporal data are
naturally affected by uncertainty and imprecision (e.g., [17]), due to several reasons, among
which data transmission errors and human data entry errors are just two possible instances.
How uncertainty and imprecision of big temporal data impact on the accuracy and the
global-quality of temporal big data analytics procedures built on top of them? This is a
critical question that future research efforts must consider seriously. To this end, probabilistic
temporal big data analytics models (e.g., [12]) seem to be a solid paradigm to be considered.
Privacy-Preserving Temporal Big Data Analytics. Temporal big data analytics usually
access sensitive data. To be convinced of this, consider the case of temporal big data analytics
developed in the contest of federated healthcare systems. Here, a massive amount of personal
data (e.g., [3]) are accessed and processed in order to derive suitable analytics for decision
making. How to design and devise privacy-preserving temporal big data analytics models
capable of preserving the privacy of sensitive (e.g., personal) data while not lowering the
degree of accuracy and decision-making-support of the target temporal big data analytics?
The latter question will be an annoying challenge for many years to come (e.g., [14]).
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4

Conclusions

In this paper, we provided a comprehensive overview of state-of-the-art temporal big data
analytics techniques and algorithms, by highlighting their benefits and limitations. As
a further contribution of our work, we have also provided a discussion on open research
challenges and future directions in this scientific field, aiming at achieving a significant
milestone to be exploited by forthcoming research efforts. Last but not least, we firmly
believe that innovative and emerging application scenarios (e.g., [25]) will provide more
insights and inspiration to the research community for the future years.
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1

Introduction

Information systems generate logs from a variety of sources: business process management
engines, web servers and instrumented programs alike produce sequences of data elements
called event streams. The analysis of these logs, either offline or in real-time, can be put to
numerous uses: computation of various metrics, evaluation of compliance with respect to a
policy [34], detection of anomalous patterns or presence of bugs [36]. The field of Complex
Event Processing (CEP) concentrates on the real-time evaluation of expressive queries over
streams of events [28]. Typically, CEP scenarios involve not only the expression of temporal
patterns, but also arithmetical (counts, sums) or even statistical computations over event
data. The development of tools and libraries for the processing of event streams has seen
a rapid growth in the past decade, with popular products such as Siddhi [33], Esper [2] or
Apache Flink [1].
As we shall see, none of these stream processing frameworks is directly amenable to the
formal verification of properties on their execution. This is an important gap, as multiple
tasks related to the management of event pipelines, which would require the establishment
of invariants, are currently impossible. The first obvious example is correctness, which
is the guarantee that a processing pipeline produces the expected result for all possible
input streams. The static verification of a processing pipeline can also be put to other uses:
identifying “dead paths” (parts of a pipeline that never contribute to the output and are
therefore useless), verifying the equivalence of two implementations of the same computation,
or making sure that I/O buffers allocated to each part of the chain are of sufficient size.
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This paper addresses this issue, by describing a formalization of event stream processing
pipelines as Kripke structures that can be handled by a model checker. Section 2 briefly
describes an existing stream processing library called BeepBeep [24]. Section 3 introduces
an extension to this library that makes it possible to export a BeepBeep pipeline into an
input file for the NuXmv model checker [15]. Section 4 illustrates the use of this extension
by presenting a few scenarios that require the model checking of stream processing programs;
an overview of the performance, in terms of execution time, is provided by experiments
discussed in Section 5. Section 6 gives a broad portrait of the state of the art in event
stream processing related to this question, while Section 7 touches upon future research
opportunities.

2

Stream Processing with BeepBeep

Taken in its broadest sense, event stream processing can be defined as the application
of a computation over a sequence of data elements called events. This computation is
typically executed in a “streaming” fashion: its output (generally another event sequence) is
progressively produced as input events of the sequence are consumed. Classical applications
of this model include the realtime calculation of descriptive statistics (such as the average
of values over a sliding window) and the detection of sequential patterns of events in the
sequence.
We now describe BeepBeep, an open source event stream processing engine implemented in
Java [20]. Over the years, BeepBeep has been involved in multiple case studies [10,11,21,25,36].
We briefly provide here a formal description of the operation of the system’s core elements.
For further details, the reader is referred to a complete textbook describing the system [24].
Let Σ be a set of arbitrary data elements {σ1 , σ2 . . . } called events; an event stream,
noted σ, is an element of the set Σ∗ . The notation σ[i] is used to denote the i-th event of
σ. We denote by σ ⪯ σ ′ the fact that σ is a prefix of σ ′ . If Σ1 , . . . , Σn are event alphabets,
a stream vector ⃗v = ⟨σ 1 , . . . , σ n ⟩ is an element of (Σ1 × · · · × Σm )∗ ; note that this imposes
that each stream within the vector is of the same length. A stream vector ⟨σ 1 , . . . , σ n ⟩
is a prefix of another vector ⟨σ ′1 , . . . , σ ′n ⟩ if each σ i is a prefix of σ ′i . Given a n-stream
vector ⃗v = ⟨σ 1 , . . . , σ n ⟩ and an n-uple v = (σ1 , . . . , σn ), the concatenation ⃗v · v is the n-uple
⟨σ 1 · σ1 , . . . , σ n · σn ⟩; this notion can then easily be extended to the concatenation of n-stream
vectors.
What in BeepBeep are called “processors” are functions π : (Σ1 × · · · × Σm )∗ → (Σ′1 ×
· · · × Σ′n )∗ , with the condition that ⃗v ⪯ ⃗v ′ implies π(⃗v ) ⪯ π(⃗v ′ ). The values of m and n are
the input and output arity of the processor, which is often represented with the notation
m:n. The core of the BeepBeep engine is made of a handful of basic processors performing
elementary operations on streams. Each of these processors is represented graphically as
a box with input and output “pipes”, and its operation is symbolized by a standardized
pictogram. The most common of these processors are shown in Figure 1.
First, the ApplyFunction processor lifts any function f : Σ1 × · · · × Σm → Σ′1 × · · · × Σ′n
into a processor π : (Σ1 × · · · × Σm )∗ → (Σ′1 × · · · × Σ′n )∗ defined as π(⃗v · (σ1 , . . . , σm )) ≜
π(⃗v ) · f (σ1 , . . . , σm ). CountDecimate is a 1:1 processor that keeps one event every k, and
is defined as π(⃗v ) ≜ ⟨⃗v [0], ⃗v [k], ⃗v [2k], . . . ⟩. Trim removes the first k events of the stream
and is defined as π(⃗v ) ≜ ⟨⃗v [k], ⃗v [k + 1], ⃗v [k + 2], . . . ⟩; Fork is a 1:n processor that simply
replicates its input on n independent outputs: π(⃗v ) ≜ ⟨⃗v , . . . , ⃗v ⟩. Filter is a processor
π : (Σ × {⊤, ⊥})∗ → Σ∗ that discards events based on a stream of Boolean values. The event
at position n in the first stream is sent to the output, if and only if the event at the same
position in the second stream is the Boolean value true; formally: π(⃗v · (σ, b)) ≜ π(⃗v ) · σ if
b = ⊤, and π(⃗v ) otherwise.
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Figure 2 Two examples of processor pipelines discussed in the text.

As its name implies, the Cumulate processor is designed to “accumulate” the successive
values of a binary function. Given a function f : Σ2 → Σ and an implicit initial value
σ0 ∈ Σ, the processor is defined recursively as: π(⟨σ⟩) ≜ ⟨f (σ0 , σ)⟩, and π(⟨σ · σ⟩) =
π(⟨σ⟩) · ⟨f (π(⟨σ⟩)[−1], σ)⟩, where π(⟨σ⟩)[−1] stands for the last event produced by π on
the input stream σ. This generic construction can represent various types of computations
depending on the function used. For example, if f is addition and σ0 = 0 is used as the start
value, π produces an output stream where the i-th event is the sum of all input events up to
the i-th. If f is Boolean conjunction and σ0 = ⊤, π produces an output stream where the
i-the event is the conjunction of all input events up to the i-th.
Finally, the Window processor is probably the most complex included in BeepBeep’s
core. It is parameterized by another processor π ′ : Σ∗ → Σ′∗ , which is used to evaluate a
sub-stream of k successive events in the global input stream:
π(⟨σ0 · · · σn ⟩) ≜ ⟨π ′ (⟨σ0 . . . σk−1 ⟩)[−1], π ′ (⟨σ1 . . . σk ⟩)[−1], . . . , π ′ (⟨σn−k . . . σn ⟩)[−1]⟩
Intuitively, the first output event of π is the last event produced by π ′ on the window of
width k running from input events 0 to k − 1; The second output event of π is the last
event produced by π ′ on the window of width k running from input events 1 to k, and so on.
Note that this processor produces no output event until it receives its first k input events.
This construction is very generic, and distinguishes BeepBeep from other stream processing
engines, as typically, sliding windows only apply to aggregations over numerical values; in
BeepBeep any computation can be put in a sliding window, as π ′ is an arbitrary processor.
Not represented here is the Group processor, which makes it possible to encapsulate a
complete pipeline and give it as an argument to another processor, as if it were a single
“black box”.
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In order to perform more complex computations, processors can be composed (or “piped”)
together, by letting the output of one processor be the input of another. This piping is
possible as long as the type of the first processor’s output matches the second processor’s
input type. Figure 2a shows a graphical rendition a possible pipeline, where events flow from
left to right. It represents a calculation made of three processors (A–C) connected by five
pipes (1–5), and where the i-th output event is the sum of input events at positions 3i and i.
It is important to note that BeepBeep processors are not defined on tuples of streams,
but are rather in terms of streams of tuples. For processors with an input arity of 2 or more,
this entails that the processing of their input is done synchronously: a computation step is
performed if and only if an event can be consumed from each input stream. This is a strong
assumption; many other CEP engines allow events to be processed asynchronously, meaning
that the output of a query may depend on what input stream produced an event first. As a
consequence, processors must implicitly manage buffers to store input events until a result
can be computed. This buffering is implicit: it is absent from both the formal definition of
processors and any graphical representation of their piping. Consider for example the input
stream 0, 1, 2, . . . fed to the previous pipeline. The fork A sends the event to the input of
B and the lower pipe of C, and processor B lets the event through to the upper pipe of C;
therefore, the sum 0 + 0 is computed. However, feeding the next event (1) to the chain results
in no output. Fork A sends the event through pipes 2 and 3, but processor B discards this
event. As a result, processor C cannot consume an event from both its inputs, and event 1 is
stored in the input queue associated to its second input pipe.

3

A Formal Modeling of BeepBeep Processors

This section presents a framework that enables the model checking of stream processing
models, based on the synchronous formal semantics of BeepBeep processors described in
Section 2. More precisely, it shows how a processor chain can be turned into a Kripke
structure specified in the form of an input model for the NuXmv model checker [15].

3.1

Design Hypotheses

The translation of a processor pipeline into a finite-state model rests on a number of
hypotheses, which are necessary in order to address some of the limitations incurred by the
use of a model checker.
The first obvious constraint is related to the use of event queues by processors. These
queues are theoretically unbounded, as is exemplified in the pipeline of Figure 2a; in this
scenario, the size of the input queue for the bottom pipe of processor C grows indefinitely.
The translation to a NuXmv model must therefore impose a fixed maximum size Q to the
input queues of each processor. Event types are restricted to the scalars supported by the
target model checker, namely Booleans, integers and symbolic constants. Integers themselves
are bounded to the range [0, N − 1], so all arithmetic operations are implicitly assumed to
be performed modulo N .
BeepBeep allows events to be generated in two modes. In pull mode, the handling
of events in the processor pipe is triggered by requesting for a new output event, which
propagates upstream. In order to produce this output event, the processor may require
itself to fetch new events from its input(s), which in turn may ultimately lead to fetching
events from the original event stream. On the contrary, in push mode, output events are
produced by signaling the arrival of new events at the input side of the processor pipe. This
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may trigger the computation of an output event by the processor, propagating push signals
downstream. Our proposed modeling currently simulates a processor chain that operates in
push mode only.
Computations in the target model are performed in a lockstep fashion. For example,
in the pipeline of Figure 2a, we have seen that pushing an event in pipe 1 results in this
event being pushed through pipes 2 and 3; this, in turn, triggers the evaluation of this
event through the CountDecimate processor, which may result in the event being pushed
in pipe 4, and so on. In the generated model, all computations in a chain resulting from
a single upstream push operation occur in a single transition. This design choice reduces
the potential state space of the resulting system. Were it defined in such a way that each
processor along the chain required its own transition, an event pushed through a straight
chain of n processors would result in n + 1 successive states of the model; our definition
rather conflates them into a single transition between two states.
However, this also brings challenges of its own. First, the definition of some processors
becomes more intricate, as some operations that are easily described through loops must
somehow be “flattened” into a single operation (we shall see that the Window processor
presents a particular challenge in this respect). Second, this design only handles processors
that produce 0 or 1 output event for a given input event. Fortunately, most processors satisfy
this condition, including all those presented in this paper.

3.2

Pipeline Modeling

Based on these hypotheses, it is now possible to define the translation of a BeepBeep pipeline
into a corresponding NuXmv model. The first element to simulate is that of a pipe connecting
two processors. Each pipe is represented by a triplet of variables in the model, called pc ,
pb and pℓ . First, pc is the variable that carries the events themselves: its value at a given
computation step indicates the event that this pipe carries from upstream to downstream at
that moment. Variable pb is a Boolean flag set to value ⊤ when the pipe does contain an
event, and to ⊥ otherwise. Finally, variable pℓ is also a Boolean flag that indicates whether
the event being pushed in the pipe is the last of the chain. Some processors use this signal
to perform a different action when receiving what is announced as the last event of a stream.
The modeling of processors takes advantage of NuXmv’s concept of modules, which makes
it possible to encapsulate a set of internal variables and transitions into a self-contained
computation unit. Each module instance can accept a number of parameters, which it can
read from or write to, in addition to its own internal variables. Each module corresponding
to a m:n processor has the same signature, made of 3m + 3n + 1 parameters. Its first 3m
parameters are the triplets that define its m input pipes; its next 3n parameters define its n
output pipes; a final parameter is a Boolean reset flag used to signal the processor that it
should revert its internal state to a predefined initial state.
The composition of processors in a pipeline is achieved by creating as many triplets of
variables as there are pipes in the chain, and passing to each module instance the appropriate
pipe variables either as inputs or outputs. An example is shown in Figure 3, where a fragment
of the NuXmv code for the pipeline of Figure 2a is presented. Variables pc,i , pb,i and pℓ,i ,
for i ∈ [1, 5], and a global reset flag prst are first declared. Then, the three processors
are represented by variables πi , whose type is a module corresponding to the appropriate
processor. Finally, one can observe by the input and output parameters of each processor
that their connections are made in accordance with the illustration.
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MODULE main
VAR
pc_1: 0..N;
pb_1: boolean;
pl_1: boolean;
prst: boolean;
...
pi_1: Fork_2(pc_1, pb_1, pl_1, pc_2, pb_2, pl_2, pc_3, pb_3, pl_3, prst);
pi_2: Decimate_3(pc2, pb_2, pl_2, pc_4, pb_4, pl_4, prst);
pi_3: ApplyFuction(pc_4, pb_4, pl_4, pc_3, pb_3, pl_3, pc_5, pb_5, pl_5, prst);

Figure 3 Creating the pipeline of Figure 2a in NuXmv.

Concretely, this process has been implemented by additions to a fork of the original
BeepBeep library.1 BeepBeep already provides a class that allows one to navigate through a
processor pipeline using the Visitor design pattern [19]. Our implementation adds a new
object, called SmvCrawler, which traverses a pipeline and makes an inventory of all the
processors encountered, along with their respective connections. Each connection results in a
unique triplet of model variables, and the processor variables are instantiated according to
their type and their input/output relationships. The resulting NuXmv code is then printed
to a file.

3.3

Processor Modeling

Any processor that can be exported as a NuXmv module must implement a Java interface
called SmvPrintable, which consists of a single method called printSmv(). This method
receives as arguments the user-specified values of Q and N described in Section 3.1. It
prints to the output the NuXmv code snippet defining its corresponding module. For some
processors, such as Trim and CountDecimate, the translation is straightforward and does not
depend on Q and N . We describe in the following the details of the translation for processors
presenting particular challenges.
The first such processor is ApplyFunction, for functions of input arity m > 1. As explained
earlier, this processor must handle input queues, whose behavior needs to be simulated
through arrays. Concretely, the queue associated to an input pipe is represented by two
array variables, qc and qb . The role of these two variables is similar to pc and pb : the first
contains the actual events inside the queue, while the second is used to record whether an
event is contained in the queue at a given position. Depending on the combination of input
pipes where an event is pushed at a given computation step, the transition relation of the
processor must take care of shifting queue contents forwards or backwards into the arrays.
The behavior of this processor when an event must be added to a full queue is left undefined
(this shall be discussed later).
The ApplyFunction processor is also special in that it is parameterized by another object
(the function f to apply). Therefore, BeepBeep functions themselves are also represented as
stateless NuXmv modules: a m:n function becomes a module with m + n arguments, and
whose transition relation in each state sets to the n outputs the result of applying f on the
m inputs. Consequently, each instance of ApplyFunction module needs only to be passed the
module created for its function f ; however, this is done in a modular fashion, as its module
merely sets inputs and reads outputs from another abstract module corresponding to the
function to apply. A similar process is done for Cumulate which, in addition to the module
corresponding to the function f to accumulate values from, also has an internal variable last
to store the value produced by f on the last push of an event.
1
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Finally, the Window processor deserves some discussion. We recall from Section 2 that
sliding windows in BeepBeep can be applied on any processor π –including stateful processors.
However, the design hypotheses elicited in Section 3.1 stipulate that each push action on a
pipeline must be accounted for in a single transition of the model. This rules out the “naïve”
way of handling windows, which would be to wait for k events to be received, push them
into a fresh instance of π, collect the last event it produces, and push it downstream.
The solution we propose works differently, and makes use of the reset flag that each
processor receives. For a window of width k, the Window module maintains as internal
variables k instances P1 , . . . , Pk of the processor π to be applied on a window. Each successive
processor receives the same input stream, with an increasing number of events trimmed from
the beginning. Hence, P1 receives the whole stream, P2 receives all events starting from the
second, and so on. An internal variable c determines which of these instances is due to be
considered for the next output event. Once an instance Pc has received k events, its output
is collected and set as the output of the Window processor, and that instance is then reset to
its initial state by setting its reset flag to ⊤. The value of c then shifts to the next processor
instance. In such a way, any processor can be applied to a sliding window, yet still use a
fixed number of variables and be processed in a single transition of the model. To the best of
our knowledge, this implementation is the first to consider stream processing pipelines with
cumulative functions and arbitrary sliding windows, which makes it possible to represent
complex operations on streams, such as “windows on windows”, and the like.
Finally, the Group processor can be handled easily. Each group is exported as an
independent NuXmv module, where a fresh instance of SmvCrawler is instructed to generate
the contents of the group (including any other module it may contain). Its piping is then
taken care of in a similar way as the main module, with the exception that the group is
exported as a module with a unique name, and with parameters corresponding to its open
input and output pipes.

4

Applications

Equipped with the capability of performing model checking on stream processing pipelines,
a number of applications become possible. A first obvious case is the verification of an
arbitrary invariant on the execution of a processor chain, expressed as a temporal logic
formula involving the state variables that represent the inputs and the outputs of the chain.
For example, liveness is a property stating that a pipeline may always output one more event
in the future; if pb is the Boolean variable associated to the chain’s output pipe, this can be
expressed in CTL as AG EF pb . Bounded liveness is a variant of liveness stipulating that
the processor pipeline never remains silent for more than k successive computation steps.
This stronger condition is written as an LTL property (G (pb ∨ X (pb ∨ . . . ))).

4.1

Implementation Comparison

We shall now mention a few other, less trivial applications that rest on model checking. A first
possibility is to check that two pipelines perform the same computation. The basic setup for
doing so is illustrated in Figure 4a. If pc and pb represent the pair of variables corresponding
to the output pipe of π, and p′c and p′b represent the pair of variables corresponding to the
output pipe of π ′ , the equivalence between the two implementations can be expressed as
the LTL formula G (pb = p′b ∧ (pb → (pc = p′c ))). This is what we call stepwise equivalence:
π(⃗v ) = π ′ (⃗v ) for every stream vector ⃗v ; that is, π and π ′ produce events at the same time, and
the same event is produced in such a case. In case the equivalence is not verified, the model
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Figure 4 Basic setup for comparing two implementations π and π ′ of the same pipeline.
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Figure 5 A processing pipeline and two simplified versions.

checker produces a counter-example which shows a possible input violating the condition. This
can be used by the developer to help pinpoint the cause of the discrepancy and fix the issue.
However, this setup is not restricted to strict equality. For example, if π and π ′ represent
pipelines evaluating a Boolean condition on an input stream, one could verify that π ′ is a
(stepwise) conservative approximation of π by checking that G (pb = p′b ∧ (pb → (p′c → pc ))).
There are a few situations where comparing two pipelines can be useful. First, one can
check that a simplification applied to an original pipeline does not disturb its operation. For
instance, Figure 5a shows a relatively convoluted pipeline, formed of 8 processors and 12
pipes; examining its operation, one can discover that this computation actually amounts to
producing sequence of square numbers (1, 4, 9, 16, . . . ).2 In contrast, Figure 5b shows a
much simpler chain of processors performing this computation formed of 4 processors and 7
pipes. In order to make sure that the two are actually equivalent, they could be plugged in
place of π and π ′ in Figure 4a.
Step-wise equivalence imposes that π and π ′ produce output events at the same time:
at each computation step, they either both remain silent, or they both produce the same
output. A looser condition, called sequence equivalence, asserts that π and π ′ produce
the same sequence of events, discarding in each any computation step where no event is
produced. This condition can be stated formally as the fact that for any stream vector ⃗v ,
either π(⃗v ) ⪯ π ′ (⃗v ) or π ′ (⃗v ) ⪯ π(⃗v ). Such a property is hard to express directly in temporal
logic: one must take into account the fact that either π or π ′ may not produce an output
at a given computation step, and then keep track of the relative offset between the output
values of π and π ′ . However, it can be easily verified (within the bounds for Q) by modifying

2
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the original setup to the one shown in Figure 4b. This time, the outputs of π and π ′ are
piped into a binary processor that evaluates equality between its inputs. By virtue of the
operation of processors, the events produced by π and π ′ will be buffered until two values
can be compared on each input. This has for effect that events at matching positions in both
output streams will be compared for equality, regardless of the number of computation steps
required to produce them.
Using this setup, it is possible to discover that the pipelines of Figures 5a and 5b are
sequence equivalent, but are not step-wise equivalent. Indeed, although both produce the
same stream of output values, in the case of the first pipeline, one must push two input events
in order to receive the first output event (1). In contrast, the pipeline of Figure 5b produces
the first output event immediately after the first push. In other words, the first output
stream is ϵ, 1, 4, 9, . . . , while the second one is 1, 4, 9, . . . The problem of finding simpler
equivalents to existing pipelines is far from trivial. Case in point, if one simply replaces the
even condition by odd in the pipeline of Figure 5a, the simplified pipeline becomes that of
Figure 5c. Indeed, the pipeline now computes the sum of successive even numbers, which can
be accomplished with only 3 processors and 4 pipes. One can see that both simplifications
are largely unrelated, in terms of structure, to the original pipeline, and that even a slight
change in the original layout can result in drastically different simplifications. The discovery
of “dead paths” mentioned in the introduction is simply the special case where a pipeline is
compared with a truncated version of itself –the truncation representing the elements of the
pipeline that can be deleted.

4.2

Reasoning on Buffers

Input buffers in BeepBeep are unbounded: they are simply instances of the Queue interface
that can be dynamically resized on demand. However, embedded systems and many resourcecritical systems disallow the use of dynamically allocated memory, which entails that all data
structures must be of a fixed size. Therefore, it may be desirable to verify that the memory
required to evaluate a pipeline never exceeds some given threshold, which can then be used
to bound the underlying data structures.
We recall that queues within a BeepBeep processor are represented by module variables
qb , which are arrays of size Q. A full queue therefore corresponds to a state where qb [Q] = ⊤.
If {qb,1 , . . . , qb,n } is the set of all module variables representing queue state inside a pipeline,
Vn
the full queue condition becomes straightforward to express as: G ( i=1 ¬qb,i [Q]). This
property is false exactly when there exists a sequence of input events given to the pipeline
that is such that a processor has one of its buffers reaching its maximum size, Q. On the
contrary, if the condition is true, the buffers can safely be bounded to a size of Q − 1. One
can even adopt an iterative approach, where the value of Q is progressively increased or
decreased in order to discover the existence of a minimal value for buffer size.
There exist pipelines whose queue size cannot be bounded; one example is Figure 2a. As
we have seen, its i-th output is the sum of the input events at positions 3i and i; therefore,
when the i-th output event is produced, 3i − 1 events are buffered in the processor’s second
input queue. Memory consumption grows linearly in the length of the input stream, and
therefore no upper bound on buffer size will ever satisfy the previous condition. However,
performing this verification with the pipeline of Figure 5a will reveal that a value of Q ≥ 1
satisfies the condition, while Q ≥ 0 is sufficient for the pipeline of 5b.
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Figure 6 Model checking a system observed by a monitor.

4.3

Stream-Based Formal Verification

So far, the applications we introduced are focused on the model checking of stream pipelines
themselves. However, these pipelines can also be fed as input the sequence of states of
another system that executes within the model checker environment. This is illustrated in
Figure 6. The leftmost box represents a standard Kripke structure K, defined with three
state variables x, y and z. The values of these variables at each execution step are taken as
streams of values that are fed to a BeepBeep processor pipeline φ, which in turn produces a
stream of Boolean values from these input streams.
Intuitively, φ represents a monitor that observes a run of K and evaluates a condition on
this run; the monitor emits ⊥ at the moment where the observed run is considered to violate
the property, if ever. This corresponds to a classical setup of runtime verification [8], but
where both the system and the monitor observing it are simulated within a model checker.
Therefore, while a monitor can only provide a verdict for a single execution at a time, its
presence within the model checker makes it possible to obtain guarantees for all executions
of K. If pb and pc are the variables modeling the output of the pipeline, asserting that
the property monitored by φ is true for all runs of K simply amounts to model checking
G (pb → pc ).
It turns out that such a setup can be useful to perform model checking of properties that
would be very inconvenient to express directly as temporal logic formulas on the state variables
of K. Consider the following property: at any moment, b contains the number of times a has
been true in the k previous states. Expressing this as an LTL formula is possible, but results in
a clumsy expression of the form: G (a ↔ X (a ↔ X (a ↔ X b = k ∨ ¬a ↔ X b = k − 1) · · · )).
In comparison, the corresponding pipeline that monitors this property is shown in Figure
2b. In addition to being arguably simpler to express, it is also easier to modify: changing
the value of k only requires a change on window width, instead of a complete rewrite of the
corresponding LTL specification.

5

Experimental Results

We shall now briefly discuss an experimental evaluation of the proposed implementation,
by measuring the execution time of NuXmv on a number of BeepBeep pipelines and for a
sample of generic properties, with a special focus on the impact of parameters Q and N .
Experiments are bundled into a LabPal [23] experimental package that is publicly available
online.3 Overall, the combinations of queue sizes, domain sizes and values of parameter k
represent 122 NuSMV input models, which, combined with the set of properties to model
check, correspond to 162 distinct model checking problems. Processor pipelines contain
between 1 and 22 processors, resulting in Kripke structures with up to 21 distinct modules
and 91 variables; for the sake of completeness, they are listed in the appendix. Experiments
were run on a Intel Xeon 12-core 3.6 GHz running Ubuntu 18.04, using NuXmv version 2.0.0.

3
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Query

No full queues

Liveness

Bounded liveness

Output if smaller than k
Passthrough
Product of 1 and k-th
Sum of 1s on window
Sum of doubles
Sum of odds
Sum of window of width 3

53
24
387
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612
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56
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2075
15641

(a) Verification time for various properties.
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23
24
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95619
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206
823
4158

23216
23385
22901
23018

49
58
67
95

(b) Impact of queue size on verification.

(c) Implementation comparison.

Figure 7 A summary of experimental results. All table entries are in milliseconds.

A first experiment measures the relative time taken to evaluate the properties discussed
in Section 4 on the same processor pipeline and the same values of Q and N . These results
are plotted in Table 7a. These results show that formal guarantees on pipelines can indeed
be checked in reasonable time; one can see that for all processor chains, bounded liveness
checking dominates verification time.
Table 7b shows the impact of queue size Q for all pipelines, on the property No full
queues. It shows, unsurprisingly, that verification time grows exponentially for pipelines
having queues, while it remains constant for processor pipelines where no queuing of events
ever happens. In the case where the property is false, we observed that NuXmv indeed
provides a counter-example input stream that results in one of the processors filling one of
its queues; moreover, for all counter-examples we examined, this stream is of the shortest
possible length for this to happen. Although not shown, a similar behavior has been observed
for the impact of parameter N . Over all models, maximum verification time is 275057 ms,
for the pipeline Sum of window of width 3 on the property Liveness.
Finally, Table 7c shows the time taken to verify implementation comparison. This is done
here by putting two copies of the same pipeline side by side; in each case, the model checker
is asked to verify that they are either step-wise or sequence equivalent. Two other pipelines
have also been added, which compare two different implementations of the same pipeline (a
sum over a sliding window). These experimental results reveal that step-wise equivalence,
although a stronger condition than sequence equivalence, is actually easier to verify.

6

Related Work

Stream processing has been the subject of various formal frameworks and implementations in
the recent past. We end this paper by providing a broad overview of existing works related
to the verification of properties on streams.

6.1

Stream Processing Engines

A variety of stream processing software and theoretical frameworks have been developed over
the years, which all differ in a number of dimensions. For example, TelegraphCQ [13] was built
to fix the problem of continuous stream of data coming from networked environments; it shares
similarities with the earlier Stream system [7]. Sase [37] was brought as a solution to meet
the needs of a range of RFID-enabled monitoring applications. On its side, Siddhi [33] focuses
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on the multi-threading aspect of evaluating CEP queries. Among other popular software,
we shall also mention Borealis [5], Cayuga [12], StreamBase SQL [3], StreamInsight [26],
and VoltDB [4]. Recently, stream processing engines have started adopting an SQL-like
declarative language called the Event Processing Language (EPL) [9]; such systems include
Esper [2] and Apache Flink [1]. Despite this large number of concrete implementations, few
of them have a formally-defined semantics, or have been studied under the angle of static
verification. This absence of formal grounds has for consequence that establishing properties
of computations made using these systems is difficult. The use of a model checker has been
suggested to solve the scheduling problem in a Synchronous Data Flow (SDF) pipeline [31].
However, to the best of our knowledge, we are not aware of the use of model checking to
establish formal properties of the pipeline itself, down at the individual event and buffer
level.
We finally mention Lola [16], a formal stream processing language where new event
streams are created by combining existing streams through stream operators, and where
complex processing is achieved by systems of equations on stream variables. In this context,
a system of equations is said to be efficiently monitorable when the worst-case memory
requirement for the online evaluation algorithm is constant in the length of the input stream;
a sufficient condition is demonstrated, by calculating a dependency graph between streams
and showing that it contains no cycle of positive weights. It has been shown that features of
this language can be reproduced by composing appropriate BeepBeep processor pipelines [22];
therefore, our proposed approach can be seen as a means to indirectly verify properties
on Lola models. Section 4.2 has also shown that a constant-memory requirement can be
established through model checking on BeepBeep pipelines.

6.2

Formal Models

Since some of these tools are designed as independent computation units passing events
downstream in a pipeline, it is somewhat sensible to compare them to formal models of
finite-state systems that communicate with each other. Input-output automata [29] are
a model of computation in asynchronous distributed networks, composed of a disjoint set
of inputs, outputs, and internal actions. The theory of communicating automata (CA)
considers networks of such units exchanging messages between each other. In this context,
the reachability problem consists of determining if there exists a sequence of interactions in
a given network such that each automaton can reaches an internal final state from an initial
state [32].
Compared to the BeepBeep event stream processing engine that is the focus of our
work, CAs present some important differences. First, CAs are asynchronous models, while
BeepBeep is strictly synchronous. Second, CAs define concurrent systems. Finally, CAs use
unbounded channels, while BeepBeep’s computation units may only send and receive one and
only one message at each computation step. A further line of research concentrates on the
impact of lossy channels, where a message sent by a CA may or may not reach its destination
point [6]. Although this problem is relevant in situations involving actual point-to-point
(e.g. network) communications, the message exchanges in ESP systems is typically internal
through shared memory, where such an issue is much less important.
Modular Petri nets is another model in which individual modules interact via shared
places and transitions [14]. Previous work combined Linear Time Logic with modular Petri
nets to show how LTL-X model checking can be done on the synchronization graph [27]: the
goal is to find an illegal execution of the modular net by synchronizing the Büchi automaton
with the visible transitions. Similarly, some works described how model checking can be
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using the net unfoldings approach [17, 18, 30], which use partial order techniques to verify
concurrent and distributed system. Communicating Transaction Processes (CTP), based on
Message Sequence Charts (MSCs), is another model of computation describing a network of
communicating processes interacting via common action labels [35]. Essentially, a CTP is a
Petri net where the places are the states inside each process. This transition system models
non-atomic inter-process communications (event structure) and describes intra-process control
flow (transaction scheme); in other words, a process interacts with another before performing
some internal computation. The problem of whether a CTP satisfies a specification expressed
as a Live Sequence Chart is then discussed.
In comparison to these approaches, BeepBeep processor pipelines are simpler, as communications are unidirectional, and are always performed in global transitions for the whole
pipeline at once. However, they allow for more complex forms of computation, such as
sliding windows and aggregation, which cannot easily be modeled as PNs. In addition, while
the previous works focus on the verification of reachability properties or compliance with a
predefined pattern of message exchanges between computational units, our approach is more
interested in the verification of input/output relationships of the global pipeline, and not on
the intermediate events that are passed within it.

7

Conclusion and Discussion

This paper has shown how a stream processing pipeline can be turned into a finite-state model
that simulates its execution, which makes it amenable to the model checking of properties
on the original chain. Although the proposed work focuses on the BeepBeep event stream
engine, the set of basic operators it handles are common to a large variety of other stream
processors. Worthy of mention is that this set includes aggregation and sliding windows; to
the best of our knowledge, the formal verification of such expressive types of computations
is being studied here for the first time. The specifics of this translation, however, remains
system-dependent.
This modeling presents a number of limitations that should be addressed in future work.
First are constraints inherent to the underling model checker: only scalar data types are
currently handled, whereas a few BeepBeep processors operate on richer types (character
strings and variable-sized associative maps) and had to be left out. Our model also supports
processors that produce at most one output event for each input event tuple received, which
excludes yet a few more processors. Input queues must be given the same (finite) size across
all processors of a chain, which makes it impossible to reason about queue size for individual
processors.
In counterpart, the paper has shown through a few examples the potential applications
that are opened by the model checking of stream pipelines. In addition to straightforward
invariants, we shall mention the simplification of processor chains, the calculation of minimum
buffer size, and the verification of equivalence between two implementations. The “monitor
within a model checker” concept introduced in Section 4.3 especially warrants further scrutiny,
as it presents the potential to easily verify properties of a system that would be cumbersome
to write directly using temporal logic.
Since the NuXmv model is based on the formal semantics of each processor, it also
becomes possible to use a combination of testing and model checking to assess whether the
actual Java code implementing each processor is faithful to that semantics. Finally, although
the lossy channel problem has not been addressed, it would be easy to include it in our
model by having pipes between processors non-deterministically “leak” events, and track the
consequences of such an action.
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Appendix: Pipelines

Here are illustrated the pipelines included in the experiments.

Passthrough
The passthrough is a processor that simply outputs whatever it receives as its input.

Sum on window of width 3
The pipeline sums three successive input events.
+

Σ
1

{
k

Sum of 1s on window
This pipeline turns every event into a 1, and then sums these values over a window of width
k. Therefore, it always returns k as its output events.
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Σ
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Σ

1

{
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Output if smaller than k
This pipeline turns every event into a 1, and then outputs these values only if they are smaller
than some constant k. As a result, it only outputs k events, and remains silent after that.

k
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Σ
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Product of 1 and k-th
This pipeline corresponds to a variant of Figure 2a, with multiplication replacing addition.

f
×

k

Sum of doubles
This chain multiplies an input event by two, and sums the resulting stream.
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f
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Sum of odds
This example was discussed as Figure 5a.
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Compare window sum of 2
This model compares two implementations of the sum over a sliding window of width 2.
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Compare window sum of 3
This model compares two implementations of the sum over a sliding window of width 3.
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1

Introduction

During a conference in 2009 some of the attendees (405 out of 1200 attendees in total) were
carrying a RFID tag that could detect close contacts for two days [16]. They aggregated all
daily contact information into two networks (snapshots) for the two consecutive days of the
conference. They finally generated snapshots of longer timescales by repeating these two
networks and adding some stochastic noise. Their goal was to study a SEIR epidemiological
model on the contact network. Such an approach, where a series of aggregated snapshots of
the same graph is analyzed, has two main advantages. Firstly, ease of modeling: aggregating
the dynamic contact information at a coarser time granularity, e.g., per day, renders the
modelling simpler albeit at the expense of losing some information, such as in which exact
time period within a day two people met. Secondly, ease of management: storing and
managing such time-evolving graphs for long periods is not an easy task, thus having fewer
snapshots facilitates their processing and analysis. In this paper, we focus on the second
aspect, related to the efficient data management of time-varying graphs. Improving the
data management efficiency also mitigates the problem of information loss given that the
more efficient the management of a series of snapshots, the higher the frequency at which
snapshots can be generated.
© Alexandros Spitalas, Anastasios Gounaris, Kostas Tsichlas, and Andreas Kosmatopoulos;
licensed under Creative Commons License CC-BY 4.0
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Introducing the time dimension in the analysis of networks has been of increasing interest
the last years in various scientific fields. This is the reason why such networks have been
called dynamic networks, adaptive networks, time-varying networks, evolving networks and
temporal networks that essentially refer to the same idea. In [1], a unified framework called
TVG (Time-Varying Graph) was proposed and all different formalisms have been shown to
be expressed easily in such a framework. Various time-related operations are discussed with
respect to their implementation. However, there is no discussion as to how these networks
are stored. In general, it seems that there is a lack of a comprehensive framework to actually
handle these time evolving graphs, meaning that one should start from the storage model
and go all the way to the actual implementation of the algorithm for a specific problem.
TVGs constitute a graph data structure with entities corresponding to vertices and the
relationships between them corresponding to edges; both the vertex and edge elements may
be annotated by attributes, such as name and weight respectively. The distinctive feature of
TVGs is their dynamic nature with vertices and edges constantly being inserted, removed or
altered as time progresses and entities interact with each other. By studying the evolution of
these dynamic graphs we can obtain useful information and metrics regarding the nature
of the originating network itself. As a result, one of the greatest challenges that arises in
the presence of such evolving graphs is maintaining the state of the graph at different time
instances (referred to as snapshots) in a spatially and temporally efficient way.

1.1

Background and Related Work

There have been two main approaches with regard to a TVG system’s design [10, 3, 4], the
time-centric approach and the entity-centric approach (see [2] for a related discussion with a
comparison between them). In the former case, the system is indexed according to the time
instances (i.e. changes are organized by the time instance they occur in), while in the latter
case the system is indexed according to the entities, their relationships and their respective
history throughout the snapshots (i.e. changes are organized based on the vertex or edge
they refer to). Most of the previous research work conducted so far aims at storing the
changes themselves (known as deltas) that occur between different snapshots. A system that
maintains sets of deltas is thus able to reconstruct any particular snapshot by sequentially
applying all the deltas up to the desired time instance. This framework can be used in both
approaches but lends itself more naturally to a time-centric approach.
Another viewpoint concerning a system’s design is based on the type of queries that the
system should be able to evaluate. Local queries are based on a particular vertex or a limited
selection of adjacent vertices (e.g., the 2-hop neighborhood of a vertex) while global queries
consider the majority or the entirety of a graph’s vertices (e.g., global clustering coefficient).
Furthermore, both local and global queries should be able to be executed on either a single
snapshot or on a range of snapshots (e.g., average shortest path length between two vertices
in the ten first snapshots).
There have been two main research directions over the previous years with regards to
evolving graph storage processing. Systems for non-evolving graphs, such as Trinity [14],
Pregel [9], and others can be leveraged to support historical queries through explicitly storing
each snapshot, but apparently, such solutions are inefficient. A comprehensive survey for
evolving graph data management can be found in [5] with the most notable proposals being
those in [3, 8, 15, 11]. In general, these techniques rely on storage of snapshots and deltas
(logging), which exhibits a trade-off between space and time. Having a large number of
snapshots results in deltas of small size but the space cost is substantial since we need to
maintain many copies of the graph. On the other hand, having a handful of snapshots means
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that deltas will be quite large and queries at specific time instances may require a long
time to execute. Three of these proposals operate in a parallel or distributed setting, i.e.,
DeltaGraph [3], TGI [4] and G∗ [8]. Notably, the G∗ parallel system takes advantage of the
commonalities that exist between snapshots by only storing each version of a vertex once
and avoids storing redundant information that is not modified between different snapshots.
Furthermore, G∗ achieves substantial data locality since each G∗ server is assigned its own
set of vertices and corresponding entities. On the other hand, G∗ uses some form of logging
to store connection information between different entities.
We take an entity-centric approach, the storage model of which has appeared in [7]. This
new storage model is more space efficient and in most of the cases more time efficient. This
model departs from the logging framework (snapshots + deltas) by storing the history at the
level of the nodes instead of storing snapshots. It has been attached in the G∗ prototype [15]
for handling TVGs. Unfortunately, this prototype is incomplete and with severe restrictions
that render its use rather impractical (see [6] for a related discussion). There also exist
solutions for specific problems that cannot be generalized to arbitrary operations, including
historical reachability queries [13], mining the most frequently changing component [17],
continuous pattern detection [17] or shortest path distance queries [12]. To tackle these
limitations, an early attempt to depart from G∗ and use NoSQL has appeared in [6]. In this
work, we further improve upon [6] by replacing Cassandra with MongoDB with a view to
exploiting additional indexing options and techniques to perform query processing.

1.2

Our contribution

Based on the aforementioned discussion, someone can expect that the time-centric approach
is more suited towards evaluating global queries over a few snapshots. At the same time, in
order to efficiently handle local queries, an entity-centric approach seems to be the natural
choice. While there has been plenty of work revolving around the usage of deltas and
(variants of) the time-centric approach, entity-centric systems are at their infancy and have
not been thoroughly studied. This paper describes our work on devising efficient storage
solutions for the entity-centric model; our work capitalizes on our previous work in [7, 6]. In
particular, in Section 2 we describe the vertex-centric storage model given by the authors in
[7], and we provide details for two completed implementation approaches of the vertex-centric
schema in Cassandra as described in [6], which are shown to outperform solutions based on
tailored graph management systems, such as Neo4j. We describe our new approach using
MongoDB, which better exploits in-database query processing mechanisms in Section 3.
To be more precise, our main motivation behind using MongoDB is to exploit the wider
range of indexing options and the capabilities provided to reduce the client involvement
when processing queries. Our proposal, which is freely available, is thoroughly evaluated in
Section 4 and the results show significant improvement especially for global queries, whereas
we manage to run more expensive queries on the same infrastructure. Our focus on global
queries is justified by the fact that local queries can be easily and efficiently handled by our
purely entity-centric approach. Finally, we conclude in Section 5.

2

The HiNode storage model and its initial implementation

Let G = (V, E) be a graph consisting of a set of vertices V and a set of edges E. The state
of the graph G at a particular time instance t, that is, the active vertices and edges of G at
a time instance t, is termed as snapshot and is denoted by Gt . We regard time as strictly
increasing quantities of indivisible time intervals that follow a linear order. Under this notion
of time G =< G1 , G2 , . . . > corresponds to a constantly evolving graph sequence of snapshots
that are to be stored and maintained appropriately.
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In [7], the first purely entity-centric, and more specifically, vertex-centric model for
maintaining graph historical data, termed as HiNode is introduced. Its strongest point is that
it builds upon a theoretical storage model that is asymptotically space-optimal, time efficient
and supports a general notion of time that needs not be contrained to linear as previously
described. The core idea behind HiNode’s solution is that a vertex history throughout all
snapshots is combined into a set of collections called diachronic node. HiNode supports
adding or removing vertices and attributes as fundamental operations upon which more
complex operations and queries (e.g., graph traversal, shortest path evaluation etc.) are
constructed. In HiNode, each change is stored O(1) times, resulting in an asymptotically
optimal total space cost. Furthermore, due to the local handling of history, HiNode performs
well on local queries and the authors further demonstrate that HiNode on top of G∗ is
competitive regarding global queries as well when compared to G∗ [7].

2.1

Data Structure Overview

A vertex v ∈ Gi is characterized by a set of attributes (e.g., color), a set of incoming edges
from the other vertices of Gi and a set of outgoing edges to the other vertices of Gi . We
construct an external interval tree I that maintains a set of intervals {Ttvs ,te } where an
interval Ttvs ,te signifies the “lifetime” of a vertex v, i.e. from time instance ts to time instance
te . We mark a vertex to be “active” (alive) up until the latest time instance, by setting the
te value to be +∞. Finally, each interval Ttvs ,te is augmented with a pointer (handle) to an
additional data structure for each vertex v, called diachronic node.
A diachronic node Dv of a vertex v maintains a collection of data structures corresponding to the full vertex history in the sequence G, i.e. when that vertex was inserted, all
corresponding changes to its edges or attributes and finally its deletion time (if applicable).
More formally, a diachronic node Dv maintains an external interval tree Iv which stores
information regarding all of v’s characteristics (attributes and edges) throughout the entire
G sequence. An interval in Iv is stored as a quadruple (f, {ℓ1 , ℓ2 , . . .}, ts , te ), where f is the
identifier of the attribute that has values ℓ1 , ℓ2 , . . . during the time interval [ts , te ]. Note
that an edge belonging to v (i.e. one endpoint of the edge is v), can be represented as an
attribute of v by using one value ℓi to denote the other end of the edge, another value ℓj to
mark the edge as incoming or outgoing and a last value ℓh that is used as a handle to the
diachronic node corresponding to the vertex in the other end of the edge. The remaining ℓ
values can be used to store the attributes of the edge themselves (e.g., weight). Additionally,
the diachronic node maintains a B-Tree for each attribute and for each individual edge of
the vertex. Full details are in [7].

2.2

Initial implementation in Cassandra

The first HiNode implementation, hereafter termed as HiNode-G∗1 , was based on extensions to
the G∗ [8, 15] parallel graph database. This design choice incurred severe limitations regarding
the efficiency and scalability of the HiNode-G∗ prototype (see [6] for a detailed discussion). In
a follow-up work [6], we proposed to leverage NoSQL as the underlying database technology
providing preliminary results about two different implementation approaches in Cassandra.
These approaches consist of the Single Table (ST) and Multiple Table (MT) implementations.
In the former case, the entire history of a vertex is stored in a single table with each vertex

1

Source code available at https://github.com/hinodeauthors/hinode.
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v1

Figure 1 Each vertex possesses two attributes: a name and a color. Additionally, vertices are
connected by labelled edges. Three consecutive snapshots are depicted. Snapshot G1 is obtained by
changing the name of v4 in G0 from d to lbl. Snapshot G2 is obtained from G1 by inserting v5 and
an edge from v2 to v5 .
Table 1 ST (Single Table) representation for the graph sequence shown in Fig. 1. The fields
“start” and “end” correspond to the time range in which the corresponding value is valid.
id

tart

nd

name

color

incoming_edges

outgoing_edges
‘2’: [{label: ’elbl1’,

1

0

∞

[{value: ’a’,

[{value: ’amber’,

start: ‘0’, end: ‘∞’}]

start: ‘0’, end: ‘∞’}]

null

start: ‘0’, end: ‘∞’}],
‘4’: [{label: ’elbl2’,
start: ‘0’, end: ‘∞’}]

2

3

0

0

∞

∞

0

∞

[{value: ’blue’,

start: ‘0’, end: ‘∞’}],

start: ‘0’, end: ‘∞’}],

start: ‘0’, end: ‘∞’}]

start: ‘0’, end: ‘∞’}]

‘3’: [{label: ’elbl5’,

‘5’: [{label: ’elbl4’,

start: ‘0’, end: ‘∞’}]

start: ‘2’, end: ‘∞’}]

[{value: ’c’,

[{value: ’cyan’,

start: ‘0’, end: ‘∞’}]

start: ‘0’, end: ‘∞’}]

2

2

null

‘2’: [{label: ’elbl5’,
start: ‘0’, end: ‘∞’}]

‘1’: [{label: ’elbl2’,

start: ‘0’, end: ‘1’},

[{value: ’denim’,

start: ‘0’, end: ‘∞’}],

{value: ’lbl’,

start: ‘0’, end: ‘∞’}]

‘2’: [{label: ’elbl3’,

start: ‘1’, end: ‘∞’}]

5

‘4’: [{label: ’elbl3’,

[{value: ’b’,

[{value: ’d’,
4

‘1’: [{label: ’elbl1’,

null

start: ‘0’, end: ‘∞’}]

[{value: ’f’,

[{value: ’ecru’,

‘2’: [{label: ’elbl4’,

start: ‘2’, end: ‘∞’}]

start: ‘2’, end: ‘∞’}]

start: ‘2’, end: ‘∞’}]

null

corresponding to a single table row, while in the latter case the data of each vertex is stored
in multiple tables with each table corresponding to a single vertex attribute. Tables 1 and 2
show the single table and multi table implementations for the toy example shown in Figure 1. 2
In order to adequately support global type of queries (i.e. queries that involve a significant
part of a snapshot’s vertices), the two models offer two querying modes for the retrieval of all
vertices relevant to a specified query. Let [ts , te ] be a specified time range for which a query
is about to be executed. In the first mode (termed retrieve_all (RA)), and regardless of the
given time range, we retrieve all vertices from each model and then perform a client-side
filtering operation, where we discard any vertices that do not belong in [ts , te ]. In the second
mode (termed retrieve_relevant (RR)), in each model, we first determine the vertices that
are “alive” at [ts , te ] and then, we retrieve them.
While in ST, the implementation of RR is straightforward, MT requires additional work
since retrieving a particular (set of) attribute(s) during a certain time interval [ts , te ] would
translate to a range query and the retrieval of all data with a “timestamp” value between ts
2

Source code available at https://github.com/akosmato/HinodeNoSQL
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Table 2 The MT (Multiple Table) representation of the graph sequence shown in Fig. 1. The
fields “start” and “end” correspond to the time range in which the corresponding value is valid. “vid”
corresponds to the id of the vertex while “sourceid” and “targetid” correspond to the source and the
target of a directed edge respectively.
(a) vertex

vid
1
2
3
4
5

(b) vertex_name

start
0
0
0
0
2

end
∞
∞
∞
∞
∞

vid
1
2
3
4
4
5

start
0
0
0
0
1
2

start
0
0
0
2
0

vid
1
2
3
4
5

start
0
0
0
0
2

name
amber
blue
cyan
denim
ecru

(f) edge_label_incoming

(e) edge_outgoing

sourceid
1
1
2
2
3

(d) edge_incoming

(c) vertex_color

name
a
b
c
d
lbl
f

end
∞
∞
∞
∞
∞

targetid
2
4
4
5
2

targetid
2
2
4
4
5

start
0
0
0
0
2

sourceid
1
3
1
2
2

targetid
2
2
4
4
5

start
0
0
0
0
2

end
∞
∞
∞
∞
∞

sourceid
1
3
1
2
2

(g) edge_label_outgoing

label
elbl1
elbl5
elbl2
elbl3
elbl4

sourceid
1
1
2
2
3

start
0
0
0
2
0

targetid
2
4
4
5
2

label
elbl1
elbl2
elbl3
elbl4
elbl5

and te (i.e. we are not interested in any updates that occur outside [ts , te ]). Since Cassandra
does not natively permit double-bounded range queries for the sake of efficiency, we fetch the
relevant data with a timestamp larger than ts and then filter all data with a timestamp larger
than te at the client side. In [6] there is extensive experimental evaluation. The conclusion
is that the choice of a particular vertex-centric implementation is not straightforward and
exhibits different trade-offs depending on the query at hand.

3

A MongoDB implementation

Our main motivation behind using MongoDB is to exploit the wider range of indexing options
and the capabilities provided to reduce the client involvement when processing queries.
Additionally, in Cassandra, data are saved as strings and, as such, they are being serialized
when returned to the client, while in MongoDB, we have the ability to store the elements of
the nodes with a combination of lists and documents. Overall, we are able to perform more
complex in-database queries and decrease the client involvement in query processing. Finally,
in the new implementation, instead of getting the documents from the database in a single
large batch, we have the option to employ a foreach approach (when this is expected to be
more efficient) and as a result, to mitigate intermediate client-side storage requirements. 3

3.1

Schema alternatives

Both the ST and MT models shown in Tables 1 and 2 have been transformed to comply
with MongoDB’s JSON format in a straightforward manner. In addition, we developed an
alternative schema for both models, where the elements of the primary key are inserted as
characteristics in the document; as primary key, we insert the standard key assigned by
MongoDB automatically. The reason for this schema is to further simplify the client-side
tasks (i.e., the processing refers to the document content exclusively) with no difference in
the capability of answering specific types of queries.

3

Source code available at https://github.com/alexspitalas/HiNode-MongoDB/.
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In the ST model, a document is a representation of a diachronic node and consists of the
primary key as a triple (vid, start and end of the node), the incoming and outgoing edges
and the vertex attributes. The features forming the key are stored as atomic string values,
while the vertex attributes are stored as a list of sub-documents, where each document is a
triple. The incoming and outgoing edge metadata are stored as a sub-document containing
a list of triples (where each triple is a MongoDB sub-document). The former document is
essentially a hashmap structure with the key corresponding to the vertex id, while the nested
sub-document stores the attributes and the period for each edge. The following 3 indices are
built on: (i) vid; (ii) start and end; the complete key. The first index allows quick retrieval
of a specific vertex, while the second and third indices facilitate stabbing queries. Finally, as
already mentioned, we have experimented with an alternative ST model created (termed as
NoKey), where the key is the default _id provided by MongoDB, and vid, start and end
are inserted as characteristics of the document, while the indices are the same.
In the MT model, we split the diachronic node into 3 sets of collections, one about the
vertex ((a)-(c) in Table 2), one about incoming edges ((d),(f)) and one about outgoing edges
((e)-(g)). Each set consists of one collection about the time period and the existence of the
vertex or edge and one collection for every attribute. The standard indices are on vid and
vid,start in the first set of collections ((a)-(c) in Table 2). For the edge collection sets, the
multikey indices are on sourceID (or targetID) and the start timestamp. In summary,
the main difference with the Cassandra-based implementation in [6] in terms of modelling is
the increased flexibility regarding indices and the fact that sub-documents are stored without
being serialized as strings.

3.2

Query processing

For local queries, the server (database) side is straightforward, while most of the work is
performed on the client side. The local queries we investigate in this paper are retrieving
the history of a vertex and one hop queries. In the former case, we retrieve the history of a
specified vertex for some time period. In the latter query, all neighboring vertex ids of the
query vertex at a specified time period are returned. Both tasks are supported by the two
implementation models in a straightforward manner.
Due to the vertex-centric approach, we investigate global queries since local queries can
be supported very efficiently. Global query processing comprises two phases. The first is
concerned with the retrieval of the data, while in the second one, the processing of the
retrieved data takes place. These phases can be intertwined. In our implementation and
experiments, the two phases are separated so that the client’s side is the same for all ST-based
and all MT-based techniques. Regarding the retrieval of the data, three variants have been
developed, retrieve_relevant (RR), retrieve_all (RA) and in-database (ID).
In RR, the main objective is to find the relevant documents by retrieving only their
necessary characteristics. In RA, we retrieve all the characteristics of the document, checking
at the same time whether the document is needed for the query. Compared to RR, we
perform only one read at the database, but we retrieve more data than necessary if the
document is not needed for the query; as a result, RR is expected to perform better when the
amount of data stored per node is much higher than the data needed to establish the necessity
of the node. The necessity check, along with the rest of the query execution, is performed
on the client. In the new MongoDB implementation, contrary to the initial Cassandra one,
we adopt a more incremental (iterative) approach instead of returning all data in a single
batch; this has increased the scope of global queries that can be executed without throwing
an out-of-memory error.
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Figure 2 Results for the vertex history query on the US Patents dataset.

However, the most notable difference between the two implementations is that MongoDB
naturally lends itself to in-database query processing, so that the client gets only the data
needed to compute the final results. This is achieved by submitting more complex queries
that are supported by the MongoDB driver. To this end, we use the in-database MongoDB
mechanisms to perform the necessity checks mentioned in the RR technique. Similarly to RR,
the data needed for the final answer computations are returned incrementally to the client.
As such, this approach has even lower space requirements on the client-side and at the same
time, it allows for both the server and client working in parallel. It should be mentioned,
that in some local queries (like onehop query), it may make sense to adopt an in-database
query processing rationale, but this is beyond the scope of this paper.

4

Experiments

In the experiments, we use the same 4 queries as in [6] (Vertex History, One Hop, Average
Vertex Degree, Vertex Degree Distribution) in 3 different datasets (hep-Th with 27.77K
vertices, 352.8K edges and 156 snapshots; hep-Ph with 34.5K vertices, 421.6K edges and 132
snapshots; and US Patents with 3,774.8K vertices, 16.5M edges and 444 snapshots). We
experiment with all MT and ST Cassandra and MongoDB combinations. For MongoDB,
we test both key and nokey flavors and all modes of global query processing (RA, RR and
ID). Each query is executed referring to a range of snapshots from 1 to all. We use a client
application written in Java, and all the experiments were executed on a single node system
with i5-3210M, 16GB RAM, and a 500GB SSD, while the client and the databases are
collocated on the same machine.

4.1

Local queries

Regarding local queries, we investigated the vertex history query and one hop query query at
the 3 datasets. We repeated each query 500 times and we report the average values. For each
set of such runs we have a cold start. Fig. 2 presents the results for the US Patents dataset,
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Figure 3 Results for the 1-hop query on the US Patents dataset.

but the results are similar for all datasets. In summary, for the vertex history query, ST
outperforms MT by more than 70% (as also mentioned at [6]) while we observe an increase
in performance at the best performing ST models executed in MongoDB by up to 42% (in
average, it is 39.6% across all snapshot amounts) compared to the Cassandra ones. The
best performing MT model in MongoDB is faster by up to 42% compared to its Cassandra
counterpart, as well. Another observation is that the performance of the models does not
depend on the amount of snapshots in the query. Finally, Key and NoKey settings (recall
that in NoKey, the key is the default _id provided by MongoDB) have small differences (Key
is faster by up to 8.5 %)
In the oneHop query, the observations are mixed but are still consistent across the three
datasets (see Fig. 3 for the large dataset). Firstly, the differences between Cassandra and
MongoDB are smaller with no dominant database system. More specifically, the differences
between the two databases for any range of snapshots are up to 20 % when MongoDB
performs better, and up to 6% when the dominant model is the Cassandra-based one, i.e.,
the differences between the two database systems are smaller than previously. Secondly, MT
is better than ST in all cases by up to 26%, while the average performance improvement is
13.2% (due to the fact that only edge info needs to be retrieved). When considering only MT
models, the differences between MongoDB and Cassandra do not exceed 10%. Finally, Key
and NoKey have larger differences, up to 23 %. In all cases except one, for the MT model,
the key version is the dominant one.

4.2

Global queries

For global queries, we demonstrate the results for both Hep-Th and US Patents datasets,
since hep-Ph has similar results as hep-Th. The graphs include more query processing modes
than previously, since we distinguish between RA, RR and ID.
Average Vertex Degree Query. The results are shown in Figure 4. Our observations for
the two datasets are summarized below.
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Figure 4 Results for the average degree query on the hep-Th (top) and US Patents (bottom)
datasets.

1. For the big dataset (US Patents), the MongoDB in-database techniques are always the
most efficient. Regarding the exact storage model, for snapshots in the range of [1-50%),
ST models behave better, while for more snapshots, MT is superior. On average, ID
MongoDB techniques improve upon the best performing Cassandra models (which manage
to handle up to 20% snapshots) by up to 75.9% (speedup factor of 4×).
2. For the smaller datasets, when accessing 50% or 100% of the snapsots, the MongoDB RA
approach is better than the ID approach, albeit by a small margin (on average, 11.5%).
On the other hand, when accessing [1 to 20 %] of the graph snapshots, MongoDB RR
approach is better than every other approach. When compared to ID, they improve the
performance on average by 84%, mostly due to the small intermediate results.
3. MongoDB solutions are superior to those of Cassandra, with the margin in performance
increasing with more snapshots. When accessing all snapshots, the MongoDB speedup is
1.96× for the smaller dataset; for the larger dataset, MongoDB managed to return results
when employing the ID technique, while Cassandra did not manage to run.
4. The RR and RA query processing methods perform differently in Cassandra and in
MongoDB. In Cassandra’s ST model, RA outperformed RR in 50% and 100% of snapshots
by less than 12%. In the MT model, it outperformed only when accessing 100% of the graph
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Figure 5 Results for the vertex degree distribution query on the hep-Th (top) and US Patents
(bottom) datasets.

(by 18.5%). On the other hand, in MongoDB, both for ST and MT, RA outperformed
RR when the queries were applied on over 50% of the snapshots; the differences for ST
were on average 73%, while, for MT, were 71.5%.
5. Overall, while MongoDB is always the main option, the best performing model differs. In
smaller datasets, when the query accesses less than half of the snapshots, ST combined
with RR is more efficient; for more snapshots MT combined with RA dominates. In the
large dataset, ID is always the main option, but ST is more efficient when accessing less
than 50% of the snapshots, while MT performs better otherwise.

Vertex Degree Distribution Query. The results are shown in Figure 5. Our main observations are the following:
1. MongoDB ST model combined with the ID technique manages to execute all queries over
all snapshot ranges; no other combination of choices achieves this, e.g., Cassandra-based
solutions can run queries only up to 20% snapshots.
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2. For the big dataset, the MongoDB RA approach is the most efficient. When accessing up
to 20% snapshots, MT combined with RA behave better and improve the performance by
77.3% on average. On the other hand, the only implementation that was able to execute
on all snapshots was MongoDB MT combined with ID, which improved upon the best
performing Cassandra models by 74% on average.
3. For the smaller datasets, MongoDB ST combined with ID is the best when accessing all
snapshots, by up to 51% compared to the Cassandra implementation. When accessing
50% of the snapshots, MongoDB ST combined with RA is better than the best-performing
Cassandra implementation by 48%. Finally, when the query access up to 20% of the
snapshots, MongoDB MT combined with RR improves upon their Cassandra counterparts
by 58.6% on average.
4. In Cassandra, RA does not increase the performance with minor exceptions. On the
other hand, in MongoDB, RA always increases the performance by up to 80%.
5. The NoKey option performs more efficiently than Key in most cases but by a small
margin, i.e., it does not decrease the best performing times by more than 10%.
Finally, to assess the impact of indices, we experimented with a MongoDB model without
using indexes on any non-key characteristic. The experiment was performed on the Hep-Th
dataset with global queries using only the ST model. The results show a serious performance
degradation. More specifically, when we use indexes, the execution time is reduced by up to
98% (improvement by a factor of 41×). This speedup is observed for both global queries.
Space issues. While Cassandra requires less space to store the data since it builds fewer
indices and adopts a different storage approach, MongoDB requires less memory on the client
while executing the query. This is the result of the iterative approach that was adapted in
MongoDB as well as from the ID query processing method. The space required for the three
datasets (in increasing size) in Cassandra ST was 31.0 MB, 37.4 MB and 1.83 GB, and for
MT 45.7 MB, 55.5 MB and 3.10 GB. The space for MongoDB ST was 89.70 MB, 107.37 MB,
4.84 GB, and for MT 218.34 MB, 260.87 MB and 10.96 GB, respectively. On the other hand,
MongoDB has exhibited a speedup above 2× for insertions.

5

Summary

In this work, we have shown how the HiNode vertex-centric approach for storing time-varying
graphs can be implemented in MongoDB. We have achieved significant improvements for
global queries compared to the previous NoSQL based implementation (over 4X in some
cases); the speedups were lower for local queries, but such queries are already performed
efficiently in any vertex-centric implementation. Our vision is broader. We aim to develop a
complete historical graph data management system through extending the described storage
layer with more sophisticated query processing and optimization techniques.
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logic decision tree extraction algorithm. Building on it, we study here its natural generalization
to interval temporal random forests, mimicking the corresponding schema at the propositional
level. Interval temporal random forests turn out to be a very performing multivariate time series
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on the time series that emerge from cough and breath recording of positive versus negative subjects.
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1

Introduction

Machine Learning (ML) is at the core of modern Artificial Intelligence. It can be defined
as the process of automatically extracting the theory that underlies a phenomenon, and
expressing it in machine-friendly terms, so that it can be later used in applications. The
potential of ML is limitless, and it ranges from learning rules that classify patients at some
risk, to formalizing the factors that influence pollution in a certain area, to recognizing
voices, signatures, images, and many others. The most iconic and fundamental separation
between the sub-fields of ML is the one between functional and symbolic learning. Functional
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learning is the process of learning a function that represents such underlying theory; functions
can be as simple as linear functions, or as complex as deep neural networks. Symbolic
learning, on the other hand, is the process of learning a logical description that represents
a phenomenon. Symbolic learning is sometimes statistically less accurate than functional
one, but its results can be interpreted and explained by humans, while, in general, functional
models are considered black-boxes. Until very recently, symbolic learning models were limited
by their underlying logical language, that is, propositional logic, and temporal, spatial, and,
in general, non-propositional data were usually dealt with propositional learning by flattening
the non-propositional dimension using global features (e.g., the average temperature instead
of all values within the monitored period). This resulted in the possibility of using off-the-shelf
methods after a phase of data abstraction, but severely hampered the interpretability of the
results, and in many cases the statistical performances of the extracted model as well.
Interval temporal logic decision trees are a first step in the direction of improving the
expressive power of symbolic methods by replacing propositional logic with a more expressive
formalism in a classical, well-known schema. They were introduced in [13, 38], and have
shown great potential as a method to classify multivariate time series. Temporal logic decision
trees are part of a bigger project that aims to establish a whole new area, generally known as
modal symbolic learning, whose driving principle is precisely the study of symbolic learning
schemata and methods based on propositional modal logic. Propositional decision trees
can be generalized into bags of trees and then into random forests [7] to obtain classifiers
based on several trees instead of a single one. Sets of trees tend to be more performing than
single trees, and while they are considered at the verge between symbolic and functional
learning, their symbolic nature is still evident: sets of trees, as single trees, can be analyzed
and discussed, and, although the process of extracting rules is not as immediate as in single
trees, is still possible [17, 31]. Building on this idea, in this paper we present an approach to
interval temporal logic random forests, based, as single temporal logic trees are, on interval
temporal logic. Interval temporal forests follow the same principles as the propositional ones:
as a general rule, a forest is a schema based on the idea that different trees are built from
different subsets of the training set and different subsets of the attributes; in the temporal
case, moreover, they may differ by the subset of interval relations that are allowed in the
learning (in [29], the problem of selecting subsets of relations in the learning phase, treated
as feature selection problem, has been studied). We use interval temporal random forests in
the same way as interval temporal decision trees, that is, to solve multivariate time series
classification problems. Classification of time series is an active area of research: air quality
control and prediction in climate science, prices and rates of inflation in economics, infectious
diseases trends and spreading patterns in medicine, pronunciation of word signs in linguistics,
sensor recordings of systems in aerospace engineering, among many others, are all problems
that can be expressed in terms of time series classification. But the intrinsic versatility of time
series allows us to act on less immediate applications, including, for example, interpreting
breath and cough recordings as a medium for diagnosis of respiratory diseases. COVID-19 is
a respiratory disease onset by the virus SARS-CoV2, classified in 2019, which has caused a
pandemic in the years 2020 and 2021; the current literature on this topic is huge, and spans
every field from the medical, economical, sociological, up to and including applications of
artificial intelligence. In early 2020, via an application and a website specifically built to this
purpose, several cough and breath sound samples were recorded from anonymous volunteers,
along with a small medical history and their declaration on positivity/negativitiy w.r.t. a
recent COVID-19 test. Such recordings were used in [11] to train a classical, functional,
adimensional classification system with the purpose of designing a prototype automatic
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diagnosis system. The data were also made publicly available. In this paper, we use the same
recordings by treating them as multivariate time series, and we test the interval temporal
logic random forest model on them, serving two purposes: contributing to the fight against
the pandemic with yet another system for automatic diagnosis and proving the effectiveness
of our model.
This paper is organized as follows. In Section 2 we give some necessary background
on time series and their classification, interval temporal logic, and sound-based diagnosis
of respiratory diseases. In Section 3 we briefly recall interval temporal decision trees and
introduce interval temporal random forests. Then, in Section 4 we discuss the data, the
applied transformations, the experimental setup, and the results, before concluding.

2

Background

Time series and their classification. A time series T is a set of n ≥ 1 variables that evolve
over time, where each variable is an ordered collection of NT numerical or categorical values
described as follows:

T =


A1



 A2





An

=
=
..
.

a1,1 ,
a2,1 ,

a1,2 ,
a2,2 ,

...,
...,

a1,NT
a2,NT

=

an,1 ,

an,2 ,

...,

an,NT .

A time series is called multivariate, if n > 1; otherwise it is univariate. A univariate time
series with categorical values is also known as a time (or temporal) sequence; we use the
term time series to denote multivariate, mixed (numerical and categorical) set of temporal
variables. Categorical values are fairly uncommon in time series, and typical temporal data
sets are usually numerical. A temporal data set is a set T = {T1 , . . . , Tm } of m temporal
instances defined over a set of n attributes A = {A1 , . . . , An }, each of which is a univariate
time series T having NT points. A categorical labeled temporal data set is a temporal data
set where the instances are associated to a target variable C = {C1 , . . . , Cl }, also known as
class variable. In this paper, we assume that temporal data sets have no missing values, or
that missing values are simply substituted by placeholders. Implicitly, we are also assuming
that temporal attributes are sampled at the same granularity.
Time series are very versatile and we can use them to represent very diverse situations.
For example, we may want to describe the clinical history of a patient; the set of numerical
attributes may include fever and level of pain, which change along time on a scale, say,
of minutes, and the problem may be to distinguish between relapsing and non-relapsing
patients. Similarly, we can use time series to describe the behaviour of complex machines
to which sensors are attached; they may measure temperature and pressure on a scale of
seconds, and the problem may be to distinguish between machines that need from those
which do not need preemptive maintenance. The multivariate time series classification is
the problem of finding a formula or a set of formulas (i.e., symbolic classification), or a
function (i.e., functional classification) that associates multivariate time series to classes.
Several approaches for time series classification have been proposed in the literature, that
span from purely functional ones [16, 24, 25, 30, 39], to distance-based ones [28], to symbolic
ones [2, 3, 15, 41], to shapeled-based ones [12].
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Interval temporal logic. While several different interval temporal logics have been proposed
in the recent literature [18], Halpern and Shoham’s (HS) [19] is certainly the formalism that
has received the most attention, being the most natural modal logic for temporal intervals.
From a logical point of view, HS and its fragments have been studied on the most important
classes of linearly ordered sets, from the class of all linear orders, to the classes of linear orders
that can be built on classical sets such as N, Q and R [9, 10, 19]. Nevertheless, from the
learning point of view, temporal (and static) data sets are finite, fully represented structures;
therefore, we focus our attention on finite domains. Let [N ] be a finite, initial subset of N+
of cardinality N > 1, that is, [N ] = {1, 2, . . . , N }. A strict interval over [N ] is an ordered
pair [x, y], where x, y ∈ [N ] and x < y. If we exclude the identity relation, there are 12
different binary ordering relations between two strict intervals on a linear order, often called
Allen’s interval relations [1]: the six relations RA (adjacent to), RL (later than), RB (begins),
RE (ends), RD (during) and RO (overlaps), depicted in Tab. 1, and their inverses, that
is, RX = (RX )−1 , for each X ∈ {A, L, B, E, D, O}. We interpret interval structures as
Kripke structures, with Allen’s relations playing the role of accessibility relations. Thus,
we associate an existential modality ⟨X⟩ with each Allen’s relation RX . Moreover, for each
X ∈ {A, L, B, E, D, O}, the transpose of modality ⟨X⟩ is modality ⟨X⟩ corresponding to the
inverse relation RX of RX . Now, let X = {A, A, L, L, B, B, E, E, D, D, O, O}; Halpern and
Shoham’s interval temporal logic (HS) [19] is a multi-modal logic with formulas built from
a finite, non-empty set AP of atomic propositions (also referred to as proposition letters),
the propositional connectives ∨ and ¬, and a modality for each Allen’s interval relation, and
well-formed formulas of HS are generated by the grammar:
φ ::= p | ¬φ | φ ∨ φ | ⟨X⟩φ,
where p ∈ AP and X ∈ X . The other propositional connectives and constants (e.g.,
ψ1 ∧ ψ2 ≡ ¬ψ1 ∨ ¬ψ2 , ψ1 → ψ2 ≡ ¬ψ1 ∨ ψ2 and ⊤ = p ∨ ¬p), as well as, for each X ∈ X , the
universal modality [X] (e.g., [A]φ ≡ ¬⟨A⟩¬φ), can be derived in the standard way.
The strict semantics of HS is given in terms of timelines (or, more commonly, interval
models) T = ⟨I([NT ]), V ⟩1 , where [NT ] = {1, 2, . . . , NT } is a finite linear order, I([NT ]) is the
set of all (strict) intervals over [NT ] with cardinality NT (NT − 1)/2, and V is a valuation
function V : AP → 2I([NT ]) which assigns to every atomic proposition p ∈ AP the set of
intervals V (p) on which p holds. The truth of a formula φ on a given interval [x, y] in
an interval model T , denoted by T, [x, y] ⊩ φ, is defined by structural induction on the
complexity of formulas as follows:
T, [x, y] ⊩ p
T, [x, y] ⊩ ¬ψ
T, [x, y] ⊩ ψ1 ∨ ψ2
T, [x, y] ⊩ ⟨X⟩ψ

if
if
if
if

and
and
and
and

only
only
only
only

if
if
if
if

[x, y] ∈ V (p), for each p ∈ AP;
T, [x, y] ̸⊩ ψ (i.e., it is not the case that T, [x, y] ⊩ ψ);
T, [x, y] ⊩ ψ1 or T, [x, y] ⊩ ψ2 ;
there exists [w, z] s.t. [x, y]RX [w, z] and T, [w, z] ⊩ ψ;

where X ∈ X . Given a model T = ⟨I([NT ]), V ⟩ and a formula φ, we say that T satisfies φ
if there exists an interval [x, y] ∈ I([NT ]) such that T, [x, y] ⊩ φ. A formula φ is satisfiable if
there exists an interval model that satisfies it. Moreover, a formula φ is valid if it is satisfiable
on every interval model or, equivalently, if its negation ¬φ is unsatisfiable.

1

We deliberately use the symbol T to indicate both a time series and a timeline.
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Table 1 Allen’s interval relations and HS modalities.
HS modality

Definition w.r.t. the interval structure

Example
y

x
⟨A⟩ (after)

[x, y]RA [w, z]

⇔

y=w

⟨L⟩ (later)

[x, y]RL [w, z]

⇔

y<w

⟨B⟩ (begins)

[x, y]RB [w, z]

⇔

x=w∧z <y

⟨E⟩ (ends)

[x, y]RE [w, z]

⇔

y =z∧x<w

⟨D⟩ (during)

[x, y]RD [w, z]

⇔

x<w∧z <y

⟨O⟩ (overlaps)

[x, y]RO [w, z]

⇔

x<w<y<z

w

z

w
w

z

z
w
w

z
z

w

z

Sounds and respiratory diseases. Human sounds, both audible (such as cough and breath)
and non-audible (such as heartbeat) have been long considered useful tools for diagnosis.
The recent use of sounds, and, in particular, cough, for the automatic, ML-based, diagnosis
of respiratory diseases includes many examples (see [35] for a systematic review). Because
of the current sanitary emergency, the case of COVID-19 has received a lot of attention.
Very recent approaches include [20, 23, 26] and [11], from which the data used in this paper
are borrowed. A common denominator to these approaches is their classical treatment of
the dimensional data, such as breath and cough, that consists of extracting (even complex)
numerical attributes from them, and then using such attributes to train classical classifier(s).
Moreover, following the recent trends, the existing systems share the use of functional,
complex classification learning systems (mainly deep neural networks). As it often happens,
such black-box solutions tend to outperform symbolic approaches in terms of accuracy, but
they give up, at the same time, the possibility of interpreting, discussing, and explaining
the models. We, on the contrary, treat cough and breath as time series, and use native
temporal methods to classify them. This results in an interesting compromise: our numerical
performances are comparable to those of functional classifiers, and yet our models are explicit.
While extracting a theory of the sound of COVID-19 is outside the scope of this paper, the
fact remains that we are able to pinpoint interval temporal logic formulas that in some way
describe the differences between negative and positive cases; these formula may be even
translated into diagnostic principles, and, in this particular case, audible sounds.

3

A Theory of Temporal Decision Trees and Forests

Temporal decision trees. Let T be a temporal data set described by n attributes
{A1 , . . . , An }. Given a time series T ∈ T and a time point t, we denote by A(t) the
value of A at the point t, and by dom(A) the domain of A. A temporal data set entails a
propositional alphabet AP defined as follows:
AP = {A ▷◁∼γ a | A ∈ A, ▷◁ ∈ {<, ≤, =, ≥, >}, ∼ ∈ {<, ≤, ≥, >} and a ∈ dom(A)}.
The set AP is the natural generalization of the set of propositional letters that implicitly
emerges in inductive processes from static data (e.g., fever greater than 38 degrees). The
main difference between the two cases, propositional and temporal, is that in the latter case
propositions in AP are given an interval semantics, that is, they are evaluated over intervals
of time; this is a natural choice that depends from the fact that time series describe continuous
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processes, in which evaluations based on punctual values have little sense. Intuitively, consider
an interval of time [x, y] and an attribute A that varies on it. We can ask the question A ▷◁ a
over the entire interval, which is positively answered if every value of A in the interval [x, y]
respects the given constraint; but, to enhance an interval-based semantics we soften the
meaning of A ▷◁ a using the expression A ▷◁∼γ a, with γ ∈ (0, 1], that is interpreted as true
if, assuming for example ∼ to be ≥, at least the γ fraction of the values in [x, y] respect the
given constraint. More formally, we say that:
T, [x, y] ⊩ A ▷◁∼γ a

if and only if

|{z|x≤z≤y and A(z)▷◁a}|
y−x+1

∼ γ.

In the particular case of propositional learning the set of propositional letter is complete, that
is, for every letter p there exists a letter q that behaves as ¬p. The set AP, as defined above,
is complete as well in this sense; however, completeness is not necessary in the learning phase,
and subsets of AP may be used to improve the experimental efficiency of the process. In
the context of temporal decision trees and forests we do not ask if A ▷◁∼γ a holds only in
the current interval but also if there exists an interval, related to the current one, in which
that holds. Thus, the language of temporal decision trees encompasses a set of temporal
existential decisions:
S♢ = {⟨X⟩(A ▷◁∼γ a) | X ∈ X , A ∈ A and a ∈ dom(A)},
a set of temporal universal decisions:
S□ = {[X](A ▷◁∼γ a) | X ∈ X , A ∈ A and a ∈ dom(A)},
and a set of atemporal decisions:
S= = {A ▷◁∼γ a | A ∈ A and a ∈ dom(A)}.
Together, they form a set of temporal and atemporal decisions S, defined as:
S = S♢ ∪ S □ ∪ S = .
So, binary temporal decision trees τ are formulas of the following grammar:
τ ::= (S= ∧ τ ) ∨ (¬S= ∧ τ ) | (S♢ ∧ τ ) ∨ (¬S♢ ∧ τ ) | C,
where S= ∈ S= is an atemporal decision, S♢ ∈ S♢ is a temporal existential decision, and
C ∈ C is a class. Thus, a temporal decision tree is a rooted tree whose leaves are labeled
with classes, and whose edges are labeled with temporal or atemporal decisions. We denote
by root(τ ) the root of τ , and we use ℓ1 , ℓ2 , . . . (resp., ν1 , ν2 , . . .) to denote the leaves (resp.,
nodes, both leaf and non-leaf ones). Each non-leaf node ν of τ has a left (resp., right) child
L(ν) (resp., R(ν)) whose edge is decorated with S ∈ S= ∪ S♢ (resp., ¬S ∈ S= ∪ S□ ), each
non-root node ν has a parent P (ν), and each leaf ℓ is labeled with a class, denoted by C(ℓ).
A path of length h between two nodes of τ is a finite sequence of nodes νh , νh−1 , . . . , ν0 such
that νi+1 = P (νi ), for each i = 0, . . . , h − 1; if νh is the root root(τ ) and ν0 is a leaf ℓ, then
the path root(τ ) ⇝ ℓ is called branch. In general, a path of length h is decorated with h
S

Sh−1

S

temporal and atemporal decisions on its edges, denoted by νh ⇝h νh−1 ⇝ . . . ⇝1 ν0 , where
Si ∈ S, for each i = 1, . . . , h.
In order to define the semantics of temporal decision trees, we need the notions of
temporal path-formula, satisfiability of a temporal path-formula, and temporal data set
S

Sh−1

S

splitting. A temporal path-formula φνh ⇝ν0 of a path νh ⇝h νh−1 ⇝ . . . ⇝1 ν0 , where Si ∈ S,
in a temporal decision tree τ , is inductively defined on h:
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if h = 0, then φν0 ⇝ν0 = ⊤;
′
∧. . .∧ξ1′ ∧⊤, and let us call ξi′ positive if it has the form
if h > 0, then let φνh−1 ⇝ν0 = ξh−1
′
′
ξi = ⟨X⟩(A ▷◁γ a ∧ ψi ), ξi = (⟨X⟩(A ▷◁γ a) ∧ ψi ), ξi′ = (A ▷◁γ a ∧ ψi ) or ξ ′ = (A ▷◁γ a ∧ ψi ),
with X ∈ X , and negative otherwise. Then φνh ⇝ν0 is defined by cases:
if νh−1 = lef t(νh ), then φνh ⇝ν0 = Sh ∧ ξh−1 ∧ . . . ∧ ξ1 ∧ ⊤, where, for 1 ≤ i ≤ h − 1:
∗ ξi = ⟨X⟩(A ▷◁γ a ∧ ξi′ ), if Sh = ⟨X⟩(A ▷◁γ a) and ξi′ is positive;
∗ ξi = (A ▷◁γ a ∧ ξi′ ), if Sh = A ▷◁γ a and ξi′ is positive;
∗ ξi = (⟨X⟩(A ▷◁γ a) ∧ [X](A ▷◁γ a → ξi′ )), if Sh = ⟨X⟩(A ▷◁γ a) and ξi′ is negative;
∗ ξi = (A ▷◁γ a → ξi′ ), if Sh = A ▷◁γ a and ξi′ is negative;
if νh−1 = right(νh ), then φνh ⇝ν0 = (Sh ) ∧ ξh−1 ∧ . . . ∧ ξ1 ∧ ⊤, where, for 1 ≤ i ≤ h − 1,
∗ ξi = ξi′ , if ξi′ is positive;
∗ ξi = (Sh ∧ ξi′ ), if ξi′ is negative.
Temporal path-formulas generalize their propositional counterpart, where propositional
path-formulas are simply conjunctions of the decisions. Now, we need to define how they
are actually interpreted. In the static case, from a data set Dν associated to a node ν of a
(static) decision tree τ one computes immediately the two data sets DL(ν) and DR(ν) that are
entailed by a propositional decision S ∈ S. In the temporal case, however, this step requires
a bigger effort. We start by assuming that each temporal instance T is anchored to a set of
intervals in the set I([NT ]) ∪ [0, 1], denoted T.ref s. At the beginning of the learning phase,
T.ref s = {[0, 1]} for every T , where [0, 1] is an external interval that we add to the domain
of every time series, and that we interpret as a privileged observation point from which the
learning takes place. Temporal decision tree learning is a local learning process; the local
nature of decision trees does not transpire at the static level, but it becomes evident at the
modal one. Every decision entails, potentially, new reference intervals for every instance of a
data set. In particular, given a time series T with associated T.ref s, and given a decision S,
we can compute a set of new reference intervals f (T.ref s, S) as:
{[w, z] ∈ I([NT ]) | ∃[x, y] ∈ T.ref s ∧ [x, y]RX [w, z] ∧ T, [w, z] ⊩ A ▷◁∼γ a}
if S = ⟨X⟩(A ▷◁∼γ a), and as:
{[w, z] ∈ T.ref s | T, [w, z] ⊩ A ▷◁∼γ a}
if S = A ▷◁∼γ a. When S is clear from the context, we use T.ref s′ to denote f (T.ref s, S).
For a decision S ∈ S= ∪ S♢ , we use the notation T ⊩ S or T, T.ref s ⊩ S (respectively,
T ⊩ ¬S or T, T.ref s ⊩ ¬S) to identify the members of T L(ν) (respectively, T R(ν) ). The
notion of a time series satisfying a decision allows us to discuss the instance semantics of a
temporal decision tree. Given a temporal decision tree τ and a temporal instance T ∈ T
anchored to T.ref s at root(τ ), the class assigned by τ to T , denoted by τ (T, T.ref s), is
inductively defined as:
C
τ L (T, T.ref s′ )
τ R (T, T.ref s)

if
if
if

τ = C,
τ = (S ∧ τ L ) ∨ (¬S ∧ τ R ) and T, T.ref s ⊩ S;
τ = (S ∧ τ L ) ∨ (¬S ∧ τ R ) and T, T.ref s ⊩ ¬S;

where S ∈ S= ∪ S♢ . Moreover, we denote by τ (T ) = τ (T, {[0, 1]}), where [0, 1] is the
privileged observation point; we call τ (T ) the instance semantics of τ . As a whole, a
temporal decision tree is interpreted over a labeled data set T via the dataset semantic
relation ⊩θ , which generalizes |= from single instances to data sets. The parameter θ can
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represent any suitable measure of statistical performances of τ on T , and it can be obtained
by systematic application of the instance semantics to (sub)sets of T ; we simply say that T
θ-satisfies τ , and denote it by:
T ⊩θ τ.
Information-based learning. Propositional decision trees date back to Belson’s [4] seminal
work, based on which in [33] the authors proposed their innovative solution as an alternative
to functional regression. The algorithm proposed in [32] is the first implementation of a
decision tree for classification, but CART [8], ID3 [36], and C4.5 [37], are the most well-known.
Because all share the same principles, they call can be generalized following the above schema,
ending up in what we can generically call information-based learning of temporal decision
trees. Information based learning is a general, greedy, sub-optimal approach to decision
tree induction (optimal decision tree induction is knowingly NP-hard [22]). Entropy-based
learning of (temporal) decision trees is a particular case of information-based learning, and
the most common one. It works as follows. Let πi be the fraction of instances labelled with
class Ci in a dataset T with l distinct classes. Then, the information conveyed by T (or
entropy of T ) is computed as:
Inf o(T ) = −

l
X

πi logπi .

i=1

Intuitively, the entropy is inversely proportional to the purity degree of T with respect to
the class values. In binary trees, splitting, which is the main greedy operation, is performed
over a specific attribute A, a threshold value a ∈ dom(A), a value γ, and the operators ∼
and ▷◁. Let S(A, a, γ, ∼, ▷◁) be the decision entailed by A, a, γ, ∼, and ▷◁, and let (Te , Tu ) be
the partition of T entailed by S(A, a, γ, ∼, ▷◁) (as defined above). The splitting information
of S = S(A, a, γ, ∼, ▷◁) is defined as:
Inf oSplit(T , S) =

|Tu |
|Te |
Inf o(Te ) +
Inf o(Tu ).
|T |
|T |

In this way, we can define the entropy gain of a decision as:
Inf oGain(T , S) = Inf o(T ) − Inf oSplit(T , S).
Existing open-source implementations of decision trees include, for example, the classes
DecisionTreeClassifier in Scikit-learn [34] and J48 in WEKA [40] learning frameworks, and
the DecisionTree package [5] written in the Julia [6] programming language. In [38], an
implementation of the algorithm for temporal decision tree learning based on the WEKA
implementation of C4.5, that is, J48, and called TemporalJ48 was presented. In recent years,
the Julia programming language is becoming increasingly popular for scientific computing
and, although the language is still young, there exists a stable Julia package for decision
tree learning. Due to the performance gains that Julia, as a compiled language, enables, we
developed an implementation of a temporal decision tree learning algorithm, called TCART,
starting from the existing Julia package. Besides the language, TCART and TemporalJ48
differ in implementation details only, and they can be considered the same algorithm to all
intents and purposes.
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Algorithm 1 High-level description of TCART.

function T CART (T , natt , nlan ):
τ ← initialize an empty decision tree
P reprocess(T )
root(τ ) ← Learn(T , natt , nlan )
return τ
end
function Learn(T , natt , nlan ):
if a stopping condition applies then return CreateLeaf N ode(T )
S ← F indBestDecision(T , natt , nlan )
◁ using natt attr.,nlan modal op.
(Te , Tu ) ← Split(T , S)
ν ← CreateN ode(T )
L(ν) ← Learn(Te )
R(ν) ← Learn(Tu )
return ν
end
Algorithm 2 High-level description of TRF.

function T RF (T , k, natt , nlan ):
P reprocess(T )
F ←∅
k
foreach i ∈ [1, . . . , k] do T ′ ← SubsetSample(T , ⌈ m
⌉)
τ ← T CART (T ′ , natt , nlan )
F ← F ∪ {τ }
return F
end

◁ choose dataset

Temporal random forests. In the propositional case, the generalization from single trees
to forests of trees is relatively easy. The idea that underlies the so-called random forests
model [7] is the following one: different trees can be learned from different subsets of the
training set, using different subsets of attributes. Each tree is precisely a propositional
decision tree; a random forest classifier, however, is a classifier whose instance semantics
depends on many trees, and it is computed via some voting function. So, introducing temporal
random forest models can be done in the same way. A temporal random forest is pair (F , v),
where F is a collection of k temporal decision trees, that is, F = {τ1 , . . . , τk }, and v : C k → C
is voting aggregation function of all the unit votes of each temporal decision tree τ ∈ F .
Given a temporal random forest (F = {τ1 , . . . , τk }, v) and a temporal instance T ∈ T , the
class assigned by F to T , denoted by F (T ), and called instance semantics of F , is defined as:
v(τ1 (T ), . . . , τk (T )).
For a random forest (F , v) and a temporal data set T , the notion T ⊩θ F is obtained, as
in the case of the single tree, by the systematic application of the instance semantics to a
certain (sub)set of the training dataset. Random forests differ from simple deterministic
decision trees in many subtleties, all related to the learning algorithm. Such differences,
along with the nature of the model, transform a purely symbolic method, such as decision
trees, into a hybrid symbolic-functional approach. A first attempt towards random forests
was made in [21], using the so-called random subspace method. Breiman’s proposal [7], which
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can be considered the standard approach to random forests, was later introduced in the R
learning package [27]. Julia [6] incorporates a class to generalize trees into forests [5]; we
used such a class to create a temporal random forest (TRF) learning algorithm. TRF is
based on a generalized version of TCART that allows one to use, at each step, only natt
attributes and nlan modal operators to find the best split, as shown in Algorithm 1; as a
matter of fact, this is a randomized version of the interval temporal logic decision tree learning
strategy, which degenerates into the deterministic version when natt = n and nlan = 12.
This solution generalizes the propositional case of random forests in which, at each step of
building a tree, only a subset of attributes is used as shown in the high-level description
of TRF in Algorithm 2. In terms of implementation, both TCART and TRF need special
attention to the supporting data structures. As a matter of fact, both the propositional
and the temporal versions of the information-based decision tree learning algorithm run in
polynomial time w.r.t. the size of the dataset, but the overhead introduced in the temporal
case can be quite relevant, because of the high number of decisions that can be taken at
each split. To solve this issue, the function Preprocess entails, among other steps, building
a hash table keyed on the tuple (T, [x, y], X, A, a, ∼) for specific values of γ, that returns
the truth value of the decision ⟨X⟩(A ▷◁∼γ a). In this way, at learning time, checking the
information conveyed by a decision takes (virtual) constant time plus the time to compute
the information function. Interestingly enough, such a structure is particularly useful for
TRF: as a matter of fact, it can be computed beforehand and then shared by all instances
of TCART without recomputing, effectively improving the overall experimental complexity
with respect to k independent executions of TCART.

4

Data and Experiments

Data and preparation. Breath and cough open data gathered in [11] have the following
structure. The entire dataset is composed by 9986 samples, recorded by 6613 volunteers.
Out of all volunteers, 235 declared to be positive for COVID-19. The subjects were quasinormally distributed by age, with an average between 30 and 39 and a frequency curve
slightly left-skewed towards younger ones; the data is not gender-balanced, with more than
double as many male subjects than female ones. Besides recording sound samples, subjects
were asked to fill in a very small clinical history, plus information about their geographical
location. The static data (that is, history and location) is used both here and in [11] to
create specific datasets, called tasks, from the original one. In particular, the location of
the subject has been used to distinguish among those that, at the moment of the recording,
were living in almost-COVID-free countries; by combining this information with the subjects’
declaration concerning a COVID-test, the negative subjects could be considered reliable. Of
the three different tasks considered in [11], we focused on the first one, which is the problem
distinguishing between subjects who were declared positive to COVID-19, from non-positive
subjects with a clean medical history, who have never smoked, have no symptoms, and live
in countries in which the virus spread at that moment was very low (and thus who can
reliably be considered negative to the virus). As a result, this task counts 141 positive and
298 negative instances. In [11] the tasks were declined into nine versions, which differ by how
subjects are represented, that is, using only their cough sample, only their breath sample, or
both (giving rise to three different problems) and how data are preprocessed. Unfortunately,
by treating breath and cough as time series, we can describe each instance with only one
multivariate time series at the time; this is not a limit when using classical, static methods.
Therefore, here we can approach only two of the above versions (referred to as cough version
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and breath version, respectively) of the problem. The raw audio data is encoded in the
Waveform Audio File (WAV) format, and consists of a discrete sampling of the perceived
sound pressure caused by (continuous) sound waves.
Despite the fact that this representation being already in the form of a time series,
it is customary in audio signal processing to extract spectral representations of sounds,
which facilitates their interpretation in terms of audio frequencies. To this end, we adopt
a variation of a widespread representation technique, which goes under the name of MelFrequency Cepstral Coefficients (MFCC). MFCC, first proposed in [14], is still the preferred
technique for extracting sensible spectral representations of audio data, and its use in
machine learning has been fruitful for tackling hard AI tasks, such as speech recognition,
music genre recognition, noise reduction, and audio similarity estimation. Computing the
MFCC representation involves the following steps:
(i) the raw audio is divided into (often overlapping) chunks of small size (e.g. 25ms), and
a Discrete Fourier Transform (DFT) is applied to each of the chunks, to produce a
spectrogram of the sound at each chunk, that is, a continuous distribution of sound
density across the frequency spectrum;
(ii) the frequency spectrum is then warped according to a logarithmic function, which
causes the frequency space to better reflect human ear perception of frequencies;
(iii) a set of triangular band-pass filters is convolved across the frequency spectrum, discretizing it into a finite number of frequencies; finally,
(iv) a Discrete Cosine Transform (DCT) is applied to the logarithm of the discretized
spectrogram along the frequency axis, which compresses the spectral information at
each point in time into a fixed number of coefficients.
This transformation does not modify the temporal ordering of the events; nevertheless, the
classical approach at this point is to feed data to off-the-shelf classification methods which do
not make use of such ordering (except, for example, recurrent neural networks). Moreover,
the transformation does not preserve the spectral component, and the description of each
time point is not directly related to sound frequencies. We applied MFCC up to step (iii),
ultimately obtaining that each audio sample is represented as a time series with attributes
describing the volume of different sound frequencies (called, here, features), and fed the
resulting data to our temporal decision tree and random forest learning methods which are
designed to learn natively from time series.

Test setting. We compare a temporal decision tree model (TDT), and two temporal random
forest models with 50 and 100 trees, respectively. As for the random forest models, different
choices for sampling the random subspace of decisions were explored:
(i) considering the decisional space in its entirety;
(ii) subsampling a low number of randomly-chosen features;
(iii) subsampling a low number of randomly-chosen relations;
(iv) subsampling a low number of randomly-chosen of features and relations.
After an initial pre-screening, we concluded that for this particular problem the best results
are obtained by using either all relations and all features, or all relations and half of the
features. While single decision trees experiments have been run with the standard pre-pruning
setting (minimum entropy gain of 0.01 for a split to be meaningful, and a maximum entropy
at each leaf of 0.6), random forest grow full trees.
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As for the data, the chunk size and overlap for the DFT were fixed to the standard
values of 15ms and 25ms, respectively, and, since the processed series in this form present
many points (100 for each second of recording), a moving average filter was applied, and
the resulting series were capped at a maximum of 30 time points. Ultimately, different
parametrizations were investigated by varying the number (f ) of filters (frequencies), the
size (w) and step (s) of the moving average, and by performing/not performing a peak
normalization step prior to the MFCC phase. After the pre-screening phase, the moving
average size and step have been fixed to 75 and 50 for the cough version, and to 45 and 30
for the breath version; moreover, f ∈ {40, 60} for cough and f ∈ {20, 40} for breath. In all
cases we let ▷◁ be in {≤, ≥}, ∼ be ≥, and γ = 0.8. Both versions count 439 audio samples,
of which, as recalled above, 141 are positives and 298 are negatives; to minimize the bias,
the dataset is, first, balanced by downsampling the majority class (thus deriving a subset of
282 samples), and, second, split into two (balanced) sets for training (80%) and test (20%).
Since these two steps are randomized, this process is repeated 5 times (with seeds from 1
to 5), and we show the results of each repetition plus their average and standard deviation.
Moreover, for a fixed training and test set, TRF is run 5 times with different seeds (again,
with seeds from 1 to 5), and only their average is shown; so, for example, the first line in
Tab. 2, is itself the result of averaging five runs on the same training/test splitting.
Results. The following questions are interesting: Is temporal random forest a suitable
method to solve this problem? Which combination of parameters gives the best results? Are
our best results comparable with the results obtained by standard techniques, especially
in [11]? How our results can be interpreted?
As much as the suitability of our method is concerned, let us focus on Tab. 2, first, in
which we show the detailed results for the case of temporal random forests; performances
are all expressed in percentage. Each group of results is characterized by some parameters,
and in particular different groups correspond to different numbers of features (20,40, or 60),
the fact that cough or breath samples were used, and the fact that peak normalization was
used (N ), or not. The first general observation is that the average accuracy obtained by
describing the subjects with their cough sample is 72.58 with a standard deviation of 0.72,
while it is 69.40 with a standard deviation of 2.16 when subjects are described by their breath
sample; this means that cough samples have a clear distinguishing power which is captured by
temporal random forests. The standard t-test run on the populations of accuracies (averaged
over the five runs) results in the two cases gives a p-value < 0.001, indicating that cough is
clearly more informative than breath, for this particular task. In terms of sensitivity versus
specificity, the best performance is obtained by a forest, learned on cough samples, with 100
trees and 60 features, using half of them in each tree: 71.57 and 74.86, respectively. This
means that this model is able to correctly identify a real COVID-19-positive subject from
his/her cough sample almost than 3 out of 4 times, with less than 28% of false negative
cases. This particular configuration showed also a peak in performance during the first run
(sensitivity: 81.43), possibly indicating that some samples are more informative than others.
Comparing our results with [11] is not immediate: we could not use instances described by
both cough and breath samples (and this combination resulted, in [11], more performing
than using cough or breath only), we used a moving window technique for data preparation,
and, more importantly, we limited our samples to the first 30 points of each sample, which
corresponds to a length between 5 and 15 seconds (while the original samples have a length
of around 30 seconds in most cases). Taking all this into account, however, we perform better
than [11]: our best model improves the best model from [11] for the same data (task 1) by
2% in both precision and sensitivity.
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Table 2 Detailed results: random forests.

breath,40

breath,20

breath,40,N

breath,20,N

cough,60

cough,40

cough,60,N

cough,40,N

TRF
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std

sens
80.0
75.71
58.57
66.43
65.0
69.14
8.62
79.29
79.29
57.86
66.43
67.86
70.15
9.18
76.43
70.0
59.29
74.29
70.71
70.14
6.61
75.71
70.0
54.29
72.14
72.14
68.86
8.4
77.14
60.71
60.0
64.29
70.71
66.57
7.27
75.71
66.43
62.86
62.14
68.57
67.14
5.46
72.14
65.0
65.0
62.14
62.86
65.43
3.96
69.29
61.43
65.0
62.86
62.14
64.14
3.17

50 trees, all features
spec
prec
acc
85.0
84.53
82.5
61.43
66.4
68.57
78.57
73.44
68.57
75.0
72.69
70.71
68.57
67.42
66.79
73.71 72.9
71.43
9.08
7.21
6.34
83.57
82.94
81.43
57.86
65.39
68.57
78.57
73.18
68.21
75.0
72.87
70.71
70.0
69.36
68.93
73.0
72.75 71.57
9.81
6.51
5.6
80.0
79.89
78.21
66.43
67.73
68.21
84.29
79.15
71.79
72.86
73.29
73.57
81.43
79.27
76.07
77.0
75.87 73.57
7.26
5.28
3.86
78.57
77.94
77.14
63.57
65.96
66.79
81.43
74.56
67.86
72.86
72.74
72.5
79.29
77.85
75.71
75.14 73.81 72.0
7.2
4.92
4.6
68.57
71.65
72.86
58.57
59.33
59.64
75.0
70.95
67.5
65.71
65.25
65.0
80.71
78.99
75.71
69.71
69.23
68.14
8.52
7.38
6.37
58.57
64.75
67.14
55.71
60.02
61.07
73.57
70.46
68.21
68.57
66.54
65.36
81.43
78.65
75.0
67.57
68.08
67.36
10.62
7.0
5.07
77.86
76.59
75.0
72.14
70.0
68.57
70.0
68.48
67.5
78.57
74.65
70.36
83.57
79.52
73.21
76.43
73.85
70.93
5.42
4.58
3.14
80.0
77.73
74.64
72.86
69.34
67.14
71.43
69.35
68.21
80.0
76.05
71.43
87.86
84.06
75.0
78.43
75.31
71.28
6.59
6.21
3.6

50
sens
78.57
75.0
55.0
70.0
70.71
69.86
9.0
80.71
74.29
55.0
68.57
69.29
69.57
9.48
73.57
70.0
57.14
73.57
72.14
69.28
6.94
75.0
74.29
57.86
73.57
70.71
70.29
7.13
77.86
62.86
63.57
62.86
67.14
66.86
6.4
72.86
62.86
60.0
62.14
69.29
65.43
5.41
70.71
70.71
62.86
64.29
67.86
67.29
3.62
71.43
66.43
65.0
62.14
64.29
65.86
3.48

trees, half features
spec
prec
acc
83.57
82.93
81.07
57.86
64.04
66.43
81.43
74.65
68.21
75.0
73.72
72.5
77.14
75.69
73.93
75.0
74.21 72.43
10.16
6.75
5.72
83.57
83.19
82.14
62.14
66.21
68.21
77.86
71.42
66.43
74.29
72.74
71.43
73.57
72.49
71.43
74.29 73.21 71.93
7.86
6.18
6.1
74.29
74.15
73.93
63.57
65.81
66.79
82.86
77.36
70.0
71.43
71.98
72.5
78.57
77.25
75.36
74.14 73.31 71.72
7.33
4.76
3.39
76.43
76.16
75.71
63.57
67.15
68.93
83.57
78.08
70.71
77.14
76.48
75.36
80.0
77.88
75.36
76.14 75.15 73.21
7.57
4.55
3.16
69.29
71.92
73.57
54.29
57.88
58.57
76.43
73.68
70.0
68.57
66.7
65.71
75.71
73.57
71.43
68.86
68.75
67.86
8.9
6.71
5.93
64.29
67.19
68.57
52.14
56.83
57.5
73.57
70.07
66.79
65.0
64.02
63.57
80.0
77.73
74.64
67.0
67.17
66.21
10.54
7.69
6.32
75.71
74.54
73.21
66.43
67.61
68.57
70.71
68.35
66.79
77.86
74.92
71.07
82.86
80.26
75.36
74.71
73.14
71.0
6.36
5.23
3.45
79.29
77.79
75.36
70.71
69.39
68.57
69.29
67.86
67.14
78.57
74.54
70.36
85.0
81.23
74.64
76.57
74.16
71.21
6.52
5.61
3.65

100 trees, all features
sens
spec
prec
acc
79.29
88.57
87.77
83.93
73.57
63.57
66.89
68.57
57.86
79.29
73.83
68.57
71.43
74.29
73.58
72.86
68.57
69.29
69.08
68.93
70.14 75.0
74.23 72.57
7.91
9.57
8.13
6.6
80.71
84.29
83.69
82.5
77.14
60.71
66.33
68.93
57.14
80.71
74.76
68.93
70.0
75.0
73.96
72.5
66.43
68.57
67.89
67.5
70.28 73.86 73.33 72.07
9.27
9.46
6.86
6.12
75.0
80.71
79.67
77.86
69.29
65.0
66.59
67.14
57.14
84.29
78.55
70.71
74.29
75.71
75.38
75.0
71.43
77.14
75.87
74.29
69.43 76.57 75.21 73.0
7.24
7.27
5.14
4.15
76.43
77.86
77.65
77.14
75.0
60.0
65.21
67.5
56.43
80.71
74.52
68.57
74.29
73.57
73.78
73.93
72.86
80.71
79.16
76.79
71.0
74.57 74.06 72.79
8.25
8.65
5.42
4.53
75.71
71.43
72.66
73.57
60.71
52.86
56.34
56.79
65.0
70.0
68.5
67.5
64.29
67.14
66.17
65.71
72.14
77.86
76.98
75.0
67.57
67.86
68.13
67.71
6.16
9.26
7.78
7.26
77.86
60.71
66.54
69.29
64.29
55.71
59.33
60.0
63.57
70.71
68.5
67.14
60.71
69.29
66.46
65.0
70.0
80.71
78.75
75.36
67.29
67.43
67.92
67.36
6.8
9.66
6.99
5.65
72.86
77.86
76.72
75.36
65.71
70.71
69.21
68.21
68.57
70.71
70.18
69.64
65.0
80.0
76.5
72.5
62.86
85.71
81.63
74.29
67.0
77.0
74.85
72.0
3.86
6.42
5.14
3.03
71.43
77.86
76.47
74.64
62.86
70.71
68.14
66.79
67.86
68.57
68.32
68.21
62.14
80.0
75.65
71.07
64.29
88.57
85.43
76.43
65.72
77.14
74.8
71.43
3.88
7.97
7.12
4.1

100 trees, half features
sens
spec
prec
acc
80.0
85.0
84.3
82.5
74.29
59.29
64.65
66.79
57.86
80.71
75.15
69.29
70.71
75.71
74.51
73.21
69.29
76.43
74.65
72.86
70.43 75.43 74.65 72.93
8.15
9.76
6.95
5.97
78.57
83.57
82.9
81.07
78.57
63.57
68.35
71.07
58.57
80.71
75.36
69.64
67.86
75.71
73.63
71.79
69.29
74.29
73.02
71.79
70.57 75.57 74.65 73.07
8.38
7.68
5.29
4.56
77.14
80.0
79.49
78.57
70.71
62.86
65.56
66.79
58.57
87.14
82.14
72.86
74.29
75.0
74.83
74.64
72.14
80.0
78.33
76.07
70.57 77.0
76.07 73.79
7.13
9.01
6.44
4.43
81.43
76.43
77.63
78.93
72.14
60.71
64.73
66.43
59.29
80.0
74.95
69.64
72.14
75.71
74.88
73.93
72.86
81.43
79.7
77.14
71.57 74.86 74.38 73.21
7.91
8.26
5.76
5.18
77.14
68.57
71.22
72.86
59.29
54.29
56.49
56.79
62.86
76.43
73.07
69.64
64.29
69.29
67.68
66.79
72.14
76.43
75.52
74.29
67.14
69.0
68.8
68.07
7.3
9.04
7.45
6.95
74.29
62.14
66.28
68.21
60.0
53.57
56.39
56.79
62.14
70.71
67.99
66.43
64.29
66.43
65.81
65.36
70.0
81.43
79.2
75.71
66.14
66.86
67.13
66.5
5.88
10.32
8.13
6.77
72.14
76.43
75.45
74.29
73.57
66.43
68.61
70.0
68.57
68.57
68.56
68.57
65.71
77.14
74.38
71.43
66.43
86.43
83.32
76.43
69.28 75.0
74.06 72.14
3.46
7.94
6.08
3.2
72.14
77.86
76.54
75.0
67.14
68.57
68.05
67.86
67.86
67.86
67.85
67.86
62.86
80.0
75.89
71.43
66.43
87.86
84.83
77.14
67.29
76.43
74.63
71.86
3.33
8.38
7.05
4.18

Single decision trees, whose results are shown in Tab. 3, are not as performing as forests
of trees: the maximum averaged (only on different training/test splits: single tree learning
is a deterministic process) accuracy reached with a single tree is 66%, which is less than
the minimum accuracy reached with forests of trees. But single trees can be interpreted. In
Tab. 3, right-hand side, each displayed tree has been learned in the conditions indicated by
the arrow (so, for example, the topmost one has been learned by cough samples, with 60
features, no normalization, and with the subsampling obtained by seed 1), but in full training
mode; in full training mode, the difference between the five runs of each configuration is
limited to the downsampling phase. On each of the trees, we selected specific leaves with high
confidence and support (in Tab. 3, right-hand side, these correspond to highlighted branches).
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Table 3 Detailed results: single temporal
decision trees.

breath,20

breath,40,N

breath,20,N

cough,60

cough,40

cough,60,N

cough,40,N

TDT
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std
1
2
3
4
5
avg
std

breath,40

7:14

sens
64.29
64.29
57.14
67.86
64.29
63.57
3.91
85.71
71.43
57.14
57.14
64.29
67.14
11.95
64.29
71.43
35.71
60.71
71.43
60.71
14.73
67.86
71.43
50.0
60.71
67.86
63.57
8.53
60.71
60.71
46.43
53.57
57.14
55.71
5.97
64.29
64.29
53.57
64.29
57.14
60.72
5.05
71.43
78.57
71.43
64.29
60.71
69.29
6.96
75.0
78.57
57.14
71.43
67.86
70.0
8.22

spec
71.43
35.71
67.86
50.0
64.29
57.86
14.81
75.0
39.29
82.14
67.86
60.71
65.0
16.44
75.0
50.0
89.29
50.0
64.29
65.72
16.87
75.0
46.43
78.57
53.57
60.71
62.86
13.74
71.43
50.0
75.0
53.57
75.0
65.0
12.22
67.86
39.29
71.43
57.14
78.57
62.86
15.28
39.29
39.29
60.71
75.0
78.57
58.57
18.83
53.57
35.71
50.0
71.43
75.0
57.14
16.17

prec
69.23
50.0
64.0
57.58
64.29
61.02
7.42
77.42
54.05
76.19
64.0
62.07
66.75
9.92
72.0
58.82
76.92
54.84
66.67
65.85
9.11
73.08
57.14
70.0
56.67
63.33
64.04
7.41
68.0
54.84
65.0
53.57
69.57
62.2
7.49
66.67
51.43
65.22
60.0
72.73
63.21
8.0
54.05
56.41
64.52
72.0
73.91
64.18
8.93
61.76
55.0
53.33
71.43
73.08
62.92
9.11

acc
67.86
50.0
62.5
58.93
64.29
60.72
6.8
80.36
55.36
69.64
62.5
62.5
66.07
9.45
69.64
60.71
62.5
55.36
67.86
63.21
5.73
71.43
58.93
64.29
57.14
64.29
63.22
5.59
66.07
55.36
60.71
53.57
66.07
60.36
5.84
66.07
51.79
62.5
60.71
67.86
61.79
6.26
55.36
58.93
66.07
69.64
69.64
63.93
6.49
64.29
57.14
53.57
71.43
71.43
63.57
8.15
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Table 4 Examples of extracted rules; all constants are scaled by a factor 103 , and the symbols ≥
and ≤ (resp., their duals < and >) denote ≥≥0.8 and ≤≥0.8 (resp., <≥0.2 and >≥0.2 ).

tree τ3

tree τ2

tree τ1

tree

rule
[L]A48 < 55.43 ⇒ neg
⟨L⟩A48 ≥ 55.43 ∧ [L](A48 ≥ 55.43 → [O]A19 < 580.08) ⇒ pos
⟨L⟩(A48 ≥ 55.43 ∧ ⟨O⟩A19 > 580.08 ∧ [O](A19 > 580.08 → [B](A39 < 4281.48 ∧ A27 > 476.12))) ⇒ neg
[L]A37 < 23.0 ⇒ neg
⟨L⟩A37 ≥ 23.0 ∧ [L](A37 ≥ 23.0 → [B]A12 < 560.8) ⇒ pos
⟨L⟩(A37 ≥ 23.0 ∧ ⟨B⟩(A12 ≥ 560.8 ∧ [B](A12 ≥ 560.8 → [L]A27 < 3931.8))) ⇒ neg
[L]A32 < 0.078 ⇒ neg
⟨L⟩A32 ≥ 0.078 ∧ [L](A32 ≥ 0.078 → A38 < 0.16) ⇒ neg
⟨L⟩(A32 ≥ 0.078 ∧ A38 ≥ 0.016) ⇒ pos

conf.
0.74
0.86
0.89
0.73
0.83
0.83
0.77
0.78
0.77

sup.
0.37
0.31
0.16
0.40
0.39
0.17
0.36
0.14
0.5

Each of these leaves can be interpreted as a classification rule of the type φ ⇒ pos/neg,
where φ if the path-formula that can be extracted from the branch as explained in Section 3.
The result of such an interpretation is in Tab. 4, in which every rule has been made explicit
and its confidence and support displayed. Rules of this type can be visualized by synthesizing
their model (in logical terms), and even converted into audible sound, which corresponds
to what should be heard (in a cough sample) to suspect a COVID-19 infection. Obviously,
implementing a tool for real-time screening based on rules as simple as these ones is much
easier and direct than performing complex higher-dimensional matrix computations.

5

Conclusions

The ability of explaining the underlying theory that is extracted with machine learning
methods is of uttermost importance, especially in medicine applications. Interpretability
and explainability in learning are often synonym of a symbolic approach, which, in turn,
should be based on logics that are able to capture the complexity of the phenomena. Modal
symbolic learning offers classical learning tools enhanced with modal propositional logics
that allow one to extract complex information from data; temporal symbolic learning is
the specialization of modal symbolic learning to the case of temporal data and temporal
logics. In the recent literature temporal decision trees, based on Halpen and Shoham’s
interval temporal logic HS have been proposed for learning from multivariate time series.
In this paper we proposed a generalization of temporal decision trees to temporal random
forest, following the path traced in the propositional case. In order to test our method, we
applied it to the case of recognizing COVID-19-positive subjects from negative ones using a
recording of cough/breath sample, interpreted as a multivariate time series. Not only this
approach is completely innovative, but our performances are superior to those of classical
methodologies applied to the same data, while allowing the interpretation of the results, and
enabling the visualization, and even the transformation in audible sounds of the models that
represent the distinguishing characteristics of a cough/breath sample of a positive subject.
In abstract terms, such an ability could be useful to train medical personnel to recognize
positive subjects, but also to develop automatic procedures that perform a (rough) screening,
for example as a smartphone application.
This work is part of a larger project that aims to generalize symbolic learning methods
with modal logics in a systematic way. As we have seen, not only this presents new challenges
at the mathematical level, but also at the implementation one. Open problems at this
moment include studying better interpretation techniques for temporal, and, in general,
modal random forests, that do not require resorting to single trees, studying more efficient
data structures that require less computational power, both in terms of space and time,
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for symbolic learning, and completing the generalization of the whole range of symbolic
methods, from decision trees to rule based classifiers, with deterministic and randomized
learning methods, and with underlying logics both crisp and fuzzy. Exploring how to learn
from multi-frame dimensional data is also on the agenda; this would allow us to improve our
performances in the classification between COVID/non-COVID subjects, as we would be
able to describe them using both their cough and breath samples. In the end, we want to
test our methodologies on all three tasks from [11], to establish if there is an improvement in
all cases, and if the rules that we are able to extract are indeed clinically useful in the fight
against the virus.
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1

Introduction

Linear Temporal Logic (LTL) [20] is the de-facto standard temporal specification language
in many areas including formal verification [8] and artificial intelligence [11]. Satisfiability
checking, that is, deciding whether a given formula admits a model, is a particularly
important problem because of its wide range of applications, and one of the first that
have been studied [23, 26]. Many techniques and tools have been developed to solve it,
ranging from tableau systems [1, 17, 22, 26] to reduction to model checking [5], from temporal
resolution [9, 10, 14] to automata-theoretic techniques [16].
The Bounded Ltl sAtisfiability ChecKer, BLACK for short, is a recently developed
tool [12] that solves the satisfiability checking problem for LTL by providing a SAT encoding
of the one-pass and tree-shaped tableau method for LTL proposed by Reynolds [22]. In an
iterative procedure, the tree-shaped tableau is symbolically explored in a breadth-first way
through a SAT encoding of its branches of depth at most k, for increasing values of k. The
tool proved to be competitive with other state-of-the-art approaches [12].
© Luca Geatti, Nicola Gigante, Angelo Montanari, and Gabriele Venturato;
licensed under Creative Commons License CC-BY 4.0
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In this paper, we extend BLACK to support LTL+Past, which enriches LTL with past
operators, i.e. temporal modalities that talk about the past of the current time point.
Although past operators do not add expressive power to the language, interestingly LTL+Past
is exponentially more succinct than LTL, and it is thus able to express some useful properties in
a more compact and natural way [19]. LTL+Past has been investigated from both theoretical
and algorithmic viewpoints [13, 17, 18, 21], in the areas of formal verification [7] and artificial
intelligence, e.g., in the context of multi-agent systems (see [3] and references therein).
We present and compare two different methods to support LTL+Past in BLACK.
The first one is a Tseitin-style [25] translation procedure that, given an LTL+Past formula,
generates an equisatisfiable LTL formula that can be solved by the original LTL engine of
BLACK, or, in principle, by any other tool for LTL satisfiability checking. Since the resulting
formula is equisatisfiable, and not equivalent, to the original one, it can avoid the exponential
blowup (it causes only a linear size increase). The core idea behind the translation is folklore,
but, to the best of our knowledge, this is the first time it is explicitly worked out for LTL,
implemented in a tool, and experimentally compared with other approaches.
The second method extends the SAT encoding [12] of the tableau system for LTL described
in [13,22] with the ability of directly handling past temporal operators. The resulting encoding
successfully supports the claim given in [12, 13] that the one-pass and tree-shaped tableau
system for LTL, together with its SAT encoding, can be easily extended to other temporal
logics. Last but not least, our encoding for the support of past operators is much simpler than
similar methods, like, for instance, the one based on virtual unrollings by Latvala et al. [15].
We make a comparison of the two methods, showing that the direct encoding outperforms
the translation, although both methods show comparable performance. This makes the direct
encoding the preferred way of handling the past in BLACK, but shows that the translation can
be a useful and effective preprocessing step to deal with past operators in tools that do not
support them natively. Since there is not a standardized set of benchmarks involving past operators in the literature, we introduce some novel sets of formulas for the sake of this comparison.
Finally, we compare both solutions with the nuXmv model checker, which is the only
widely available tool, as far as we know, that directly supports past operators. The results
are promising, showing BLACK to be competitive.
The paper is organized as follows. Section 2 introduces LTL+Past and Reynolds’
tableau [22]. Then, Section 3 and Section 4 describe the translation and the direct encoding, respectively. Finally, Section 5 describes the results of the experimental comparison,
and Section 6 concludes the paper.

2

Preliminaries

Let Σ be an alphabet of proposition letters. The syntax of an LTL+Past formula ϕ over Σ
can be defined as follows:
ϕ := p | ¬ϕ | ϕ1 ∨ ϕ2 | ϕ1 ∧ ϕ2 |
Xϕ | ϕ1 U ϕ2 | ϕ1 R ϕ2 |
Yϕ | Zϕ | ϕ1 S ϕ2 | ϕ1 T ϕ2

Boolean connectives
future temporal operators
past temporal operators

where p ∈ Σ and ϕ, ϕ1 , and ϕ2 are LTL+Past formulas. LTL is the fragment that only
uses Boolean connectives and future operators. We denote by LTL[Σ] and LTL+Past[Σ],
respectively, the sets of LTL and LTL+Past formulas built over the alphabet Σ. Standard
shorthands and derived operators are also available, such as ⊤ ≡ p ∨ ¬p, for some p ∈ Σ,
⊥ ≡ ¬⊤, Fϕ ≡ ⊤ U ϕ, Gϕ ≡ ¬F¬ϕ, Oϕ ≡ ⊤ S ϕ, Hϕ ≡ ¬O¬ϕ.
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LTL+Past is interpreted over infinite state sequences σ ∈ (2Σ )ω . Given a state sequence
σ ∈ (2Σ )ω , the satisfaction of a formula ϕ by σ at a time point i ≥ 0, denoted as σ, i |= ϕ, is
defined as follows:
1. σ, i |= p
iff p ∈ σi ;
2. σ, i |= ¬ϕ
iff σ, i ̸|= ϕ;
3. σ, i |= ϕ1 ∨ ϕ2 iff σ, i |= ϕ1 or σ, i |= ϕ2 ;
4. σ, i |= ϕ1 ∧ ϕ2 iff σ, i |= ϕ1 and σ, i |= ϕ2 ;
iff σ, i + 1 |= ϕ;
5. σ, i |= Xϕ
6. σ, i |= Yϕ
iff i > 0 and σ, i − 1 |= ϕ;
iff either i = 0 or σ, i − 1 |= ϕ;
7. σ, i |= Zϕ
8. σ, i |= ϕ1 U ϕ2 iff there exists j ≥ i such that σ, j |= ϕ2 ,
9. σ, i |= ϕ1 S ϕ2
10. σ, i |= ϕ1 R ϕ2

11. σ, i |= ϕ1 T ϕ2

and σ, k |= ϕ1 for all k, with i ≤ k < j;
iff there exists j ≤ i such that σ, j |= ϕ2 ,
and σ, k |= ϕ1 for all k, with j < k ≤ i;
iff either σ, j |= ϕ2 for all j ≥ i, or there exists
k ≥ i such that σ, k |= ϕ1 and
σ, j |= ϕ2 for all i ≤ j ≤ k;
iff either σ, j |= ϕ2 for all 0 ≤ j ≤ i, or there exists
k ≤ i such that σ, k |= ϕ1 and
σ, j |= ϕ2 for all i ≥ j ≥ k

We say that a state sequence σ satisfies ϕ, written σ |= ϕ, if σ, 0 |= ϕ. Observe that
the ∧ connective, the release operator (ϕ1 R ϕ2 ), the triggered operator (ϕ1 T ϕ2 ), and the
weak yesterday operator (Zϕ) can be defined in terms of the ∨ connective, the until operator
(ϕ1 U ϕ2 ), the since operator (ϕ1 S ϕ2 ), and the yesterday operator (Yϕ), respectively, but
here we consider them as primitive operators since this allows us to put any formula into
negation normal form (NNF), which will be useful later. Moreover, note that state sequences
have a definite starting point, hence the past is bounded, and we need to distinguish between
the yesterday operator (Yϕ, ϕ holds at the previous state) and the weak yesterday operator
(Zϕ, ϕ holds at the previous state, if it exists) as opposed to a single tomorrow operator (Xϕ,
ϕ holds at the next state).
The notion of closure of a formula will be useful later.
▶ Definition 1 (Closure of an LTL+Past formula). Let ψ be an LTL+Past formula built over
Σ. The closure of ψ is the smallest set of formulas C(ψ) satisfying the following properties:
1. ψ ∈ C(ψ);
2. for each sub-formula ψ ′ of ψ, ψ ′ ∈ C(ψ);
3. for each p ∈ Σ, p ∈ C(ψ) if and only if ¬p ∈ C(ψ);
4. if ψ1 U ϕ2 ∈ C(ψ), then X(ψ1 U ψ2 ) ∈ C(ψ);
5. if ϕ1 R ψ2 ∈ C(ψ), then X(ψ1 R ϕ2 ) ∈ C(ψ);
6. if ψ1 S ψ2 ∈ C(ψ), then Y(ψ1 S ψ2 ) ∈ C(ψ);
7. if ψ1 T ψ2 ∈ C(ψ), then Z(ψ1 T ψ2 ) ∈ C(ψ).
It is worth pointing out that item 3 of Definition 1 only applies to proposition letters because
formulas are assumed to be in NNF.

The one-pass and tree-shaped tableau for LTL+Past
Let us now briefly describe the tableau system for LTL+Past introduced by Geatti et al. [13],
which will be used as the basis for the direct encoding discussed in Section 4. It extends
the tableau system for LTL by Reynolds [22]. The latter has the distinctive features of being
tree-shaped, as opposed to standard graph-shaped LTL tableaux, e.g., [17], and one-pass, since
a single pass is sufficient to either accept or reject a given branch.
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Table 1 Tableau expansion rules. When a formula ϕ of one of the types shown in the table is
found in the label Γ of a node u, one or two children u′ and u′′ are created with the same label as u,
but replacing ϕ by the formulas from Γ1 (ϕ) and Γ2 (ϕ), respectively.
Rule

ϕ∈Γ

Γ1 (ϕ)

Γ2 (ϕ)

DISJUNCTION
CONJUNCTION
UNTIL
SINCE
RELEASE
TRIGGERED

α∨β
α∧β
αU β
αS β
αRβ
αT β

{α}
{α, β}
{β}
{β}
{α, β}
{α, β}

{β}
{α, X(α U β)}
{α, Y(α S β)}
{β, X(α R β)}
{β, Z(α T β)}

For ease of exposition, w.l.o.g. we assume formulas to be in NNF. A tableau for a formula
ϕ is a tree where each node u is labeled by a set of formulas Γ(u), with the root u0 labeled
with Γ(u0 ) = {ϕ}. At each step, a set of rules is applied to a leaf, until all branches have been
either accepted or rejected. Each rule either adds one or more children to the current leaf or
either accept or reject the current branch. Given a branch u = ⟨u0 , . . . , un ⟩, the sequence of
nodes ⟨ui , . . . , uj ⟩, for some 0 ≤ i ≤ j ≤ n, is denoted by u[i,j] .
At each step, the selected node is subject to a number of expansion rules, that select a
formula of the label and expand it according to its semantics, as reported in Table 1. Each
expansion rule creates one or two children depending on the selected formula. After repeated
applications of the expansion rules, a node that only contains elementary formulas, that is,
propositions, tomorrow, yesterday, or weak yesterday formulas, is obtained (poised node).
Elementary formulas of the form X(ϕ1 U ϕ2 ) are called X-eventualities. An X-eventuality is
a formula that, intuitively, requests something to be fulfilled later. Given an X-eventuality
ϕ ≡ X(ϕ1 U ϕ2 ), ϕ is said to be fulfilled in a node u if ϕ2 ∈ Γ(u).
The tableau advances through time by making temporal steps. To do that, the following
rules are applied to poised nodes.
STEP A child un+1 is added to un , with:
Γ(un+1 ) = {α | Xα ∈ Γ(un )}
FORECAST Let


Yα ∈ C(ψ) or
Gn = α ∈ C(ϕ)
Zα ∈ C(ψ) for some ψ ∈ Γ(un )
For each subset G′n ⊆ Gn (including ∅), a child u′n is added to un such that Γ(u′n ) =
Γ(un ) ∪ G′n . This is done once and only once before every application of the STEP rule.
The STEP rule advances the construction of the current branch to the subsequent temporal
state. The FORECAST is essential to the well-functioning of the rule dealing with past, as it
adds a number of branches that nondeterministically guess formulas that may be needed to
fulfill past requests coming from future states. For details on the FORECAST rule, we refer
the reader to Geatti et al. [13].
Since the STEP rule is not applied to all the poised nodes (to some of which the FORECAST
rule is applied instead), we need the following definition.
▶ Definition 2 (Step node). In a complete tableau for an LTL+Past formula, a poised node un
is a step node if it is either a poised leaf or a poised node to which the STEP rule was applied.
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Given a node u, we define u∗ as the closest ancestor of u that is child of a step node, if any.
Γ (u) is the union of the labels of the nodes from u to u∗ or to the root, if u∗ does not exist.
Before applying the STEP rule though, poised nodes are subject to the application of a
few termination rules, that is, rules that decide whether the construction has to continue or
the current branch has to be either rejected or accepted. Given a branch u = ⟨u0 , . . . , un ⟩,
with un a step node, the termination rules are the following.
∗

CONTRADICTION If {p, ¬p} ⊆ Γ(un ), for some p ∈ Σ, then u is rejected.
EMPTY If Γ(un ) = ∅, then u is accepted.
YESTERDAY If Yα ∈ Γ(un ), then the branch u is rejected if either u∗n does not exist or
Yn ̸⊆ Γ∗ (u∗n ), where Yn = {ψ | Yψ ∈ Γ(un )}.
W-YESTERDAY If Zα ∈ Γ(un ), then u is rejected if u∗n exists and Zn ̸⊆ Γ∗ (u∗n ), where
Zn = {ψ | Zψ ∈ Γ(un )}.
LOOP If there exists a position i < n such that Γ(ui ) = Γ(un ) and all the X-eventualities
requested in ui are fulfilled in u[i+1...n] , then u is accepted.
PRUNE If there exist two positions i and j such that i < j ≤ n, Γ(ui ) = Γ(uj ) = Γ(un ), and
all the X-eventualities requested in these nodes which are fulfilled in u[j+1...n] are also
fulfilled in u[i+1...j] , then u is rejected.
Intuitively, the CONTRADICTION, YESTERDAY, and W-YESTERDAY rules reject
branches that contain some contradiction, either a propositional one or because of some
unfulfilled past request. The EMPTY rule accepts a branch devoid of contradictions where
there is nothing left to do, while the LOOP one accepts a looping branch where all the
X-eventualities are proposed again and fulfilled at every repetition of the loop. Finally, the
PRUNE rule, which was the main novelty of the system when introduced by Reynolds [22],
rejects a branch that, otherwise, is going to be infinitely unrolled because of an X-eventuality
impossible to fulfill.

3

The translation

In this section, we define a procedure which takes as input an LTL+Past formula, and returns
as output an equisatisfiable LTL formula. The increase in size is only linear, thus avoiding the
exponential blowup of the worst-case complexity of the translation of an LTL+Past formula
into an equivalent (and not simply an equisatisfiable) LTL one [19]. The idea behind the
translation is simple, but this is the first time, as far as we know, that it has been actually
implemented and experimentally compared with other approaches to support past operators.
The key idea is to replace past subformulas by fresh proposition letters that are forced to
replicate the semantics of past operators with ad-hoc axioms. Even though the produced
formula is not equivalent to the original one, the proposed translation procedure allows us to
easily recover a model of the original formula, if it is satisfiable in the first place, by simply
discarding the additional proposition letters. Note that we will define the translation without
assuming formulas to be in NNF.
To begin, we define two functions, τ and θ, which are the building blocks of the translation.
The function τ replaces past formulas with the corresponding placeholder proposition letters,
while θ enriches the formula with the axioms to force those letters to behave correctly.
Let Σ be the alphabet of proposition letters of the input formula ϕ. The alphabet of
the output formula is Σ+ = Σ ∪ Σpast , where Σpast is the set of fresh proposition letters
introduced by τ . We recursively define the function τ : LTL+Past[Σ] → LTL[Σ+ ] as follows:
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where p ∈ Σ

τ (p) = p
τ (¬ϕ) = ¬τ (ϕ)
τ (Xϕ) = Xτ (ϕ)
τ (ϕ1 ⊗ ϕ2 ) = τ (ϕ1 ) ⊗ τ (ϕ2 )

where ⊗ ∈ {∧, ∨, U , R}

τ (Yϕ) = pYτ (ϕ)
τ (Zϕ) = pZτ (ϕ)
τ (ϕ1 S ϕ2 ) = pτ (ϕ1 )Sτ (ϕ2 )
τ (ϕ1 T ϕ2 ) = τ (¬(¬ϕ1 S ¬ϕ2 ))
The function Θ : LTL[Σ+ ] → 2LTL[Σ++ ] , where Σ++ = Σ+ ∪ {pYpψ | pψ ∈ Σpast , ψ ≡
ϕ1 S ϕ2 }, produces a set of formulas which gives the appropriate semantics to the proposition
letters in Σpast . It is defined as follows:
Θ(p) = ∅
Θ(⊗ ϕ) = Θ(ϕ)

where p ∈ Σ
where ⊗ ∈ {¬, X}

Θ(ϕ1 ⊗ ϕ2 ) = Θ(ϕ1 ) ∪ Θ(ϕ2 )

where ⊗ ∈ {∧, ∨, U , R}

Θ(pYϕ ) = {YpYϕ } ∪ Θ(ϕ)

where YpYϕ ≡ ¬pYϕ ∧ G(XpYϕ ↔ ϕ)

Θ(pZϕ ) = {ZpZϕ } ∪ Θ(ϕ)

where ZpZϕ ≡ pZϕ ∧ G(XpZϕ ↔ ϕ)

Θ(pψ ) = {Spψ , YpYpψ } ∪ Θ(ϕ1 ) ∪ Θ(ϕ2 )
where ψ ≡ ϕ1 S ϕ2 and


Sp(ϕ1 Sϕ2 ) ≡ G p(ϕ1 Sϕ2 ) ↔ ϕ2 ∨ (ϕ1 ∧ pYp(ϕ1 Sϕ2 )
The first three cases are pretty straightforward. The last three, which are the core of the
whole translation, are, instead, more involved.
As for the yesterday operator, we state that if the argument ϕ of the yesterday operator is
true in a certain state, then in the next state Yϕ is true. Note that we force the proposition
letter pYϕ to be false in the initial state, because Yϕ cannot be true in that state. The weak
yesterday operator behaves almost the same. However, according to its semantics, Zϕ is
always true at the initial state, and thus we constrain the proposition letter pZϕ to hold at
the initial state.
Let us consider now the since operator. By exploiting its semantics and the corresponding
expansion rule defined for the tableau in Table 1, we say – in the scope of the always operator
– that ϕ1 S ϕ2 is true at a certain state if and only if, at that state, either ϕ2 is true, or ϕ1 is
true and ϕ1 S ϕ2 was true at the previous state. However, this is not enough to capture the
intended semantics, because we have introduced a new symbol, that is, pYpψ , and we need to
force the (yesterday) semantics also for it. This can be done exactly as before.
The function θ : LTL[Σ+ ] → LTL[Σ++ ] wraps a formula with the semantics of the
additional proposition letters. It is formally defined as follows:
^
θ(ϕ) = ϕ ∧
ψ
ψ ∈ Θ(ϕ)

The proposed translation procedure is simply the function composition of θ and τ .
▶ Definition 3 (RemovePast). The function RemovePast : LTL+Past[Σ] → LTL[Σ++ ] is
defined as follows: RemovePast = θ ◦ τ .
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It is possible to prove that the above translation results in an equisatisfiable formula.
▶ Theorem 4. Let ϕ be an LTL+Past formula. Then, RemovePast(ϕ) is an LTL formula
equisatisfiable with ϕ.
Proof. Since the input formula ϕ is finite, the procedure RemovePast(ϕ) always terminates.
We have to show that RemovePast(ϕ) is satisfiable if and only if ϕ is satisfiable.
(←) Let σ be the model which satisfies ϕ, i.e. σ |= ϕ. Let us show that there exists σ ′
such that σ ′ |= RemovePast(ϕ), where, for each i ≥ 0 and each sub-formula ψ of ϕ, σ ′ is
defined as follows.
1.
2.
3.
4.

p ∈ σi′
τ (Yψ) ∈ σi′
τ (Zψ) ∈ σi′
τ (ψ1 S ψ2 ) ∈ σi′

iff
iff
iff
iff

σ |=i p for p ∈ Σ
i > 0 and σ ′ |=i−1 τ (ψ)
either i = 0 or σ ′ |=i−1 τ (ψ)
there exists 0 ≤ j ≤ i such that
σ ′ |=j τ (ψ2 ), and σ ′ |=k τ (ψ1 )
for all k, with j < k ≤ i

By the definition above, we can prove by induction on the structure of ϕ, that σ ′ |= τ (ϕ).
Moreover, by Item 2 we have that, for each yesterday sub-formula ψ of ϕ, σ ′ |= Yτ (ψ) , because
with Table 2 we force a step-wise consistency between a yesterday formula and its request at
the previous state, in σ ′ , which is exactly what is stated by Yτ (ψ) . Similarly, by Item 2 and
Item 2, we also have that σ ′ |= Zτ (ψ) and σ ′ |= Sτ (ψ) for, respectively, each weak yesterday
and each since sub-formula ψ of ϕ. This means that σ ′ satisfies the conjunction of the three
V
formulas, hence σ ′ |= ψ∈Θ(τ (ϕ)) ψ. Thus, σ ′ |= θ(τ (ϕ)). This allows us to conclude that
σ ′ |= RemovePast(ϕ).
(→) Given a model σ ′ such that σ ′ |= RemovePast(ϕ), we can easily build σ for ϕ by
setting that p ∈ σi iff σ ′ |=i p for all p ∈ Σ. By induction on the structure of ϕ, using the
semantics of past operators stated by Yτ (ψ) , Zτ (ψ) , Sτ (ψ) , we can prove that σ |= ϕ.
◀

4

The direct encoding

The BLACK satisfiability checker is based on an iterative procedure that symbolically explores
the tableau tree breadth-first by means of a SAT encoding of the tableau branches up to
a given depth k, for increasing values of k. The satisfiability checking procedure employed
by BLACK is reported in Algorithm 1 [12]. The three formulas JϕKk , |ϕ|k , and |ϕ|kT encode
different rules of the tableau. This section shows how to extend them to support past
operators by encoding the tableau rules recalled in Section 2.
Let us start with some notation. Let ϕ be an LTL+Past formula in NNF over the alphabet
Σ. We define the following sets of formulas:
XR = {ψ ∈ C(ϕ) | ψ is a tomorrow formula}
YR = {ψ ∈ C(ϕ) | ψ is a yesterday formula}
ZR = {ψ ∈ C(ϕ) | ψ is a weak yesterday formula}
XEV = {ψ ∈ C(ϕ) | ψ is an X-eventuality}
The three encoding formulas are defined over an extended alphabet Σ, which includes:
1. any proposition letter from the original alphabet Σ;
2. the set {pψ | ψ ∈ XR, YR, ZR}, that is, the set of all the grounded X-, Y-, and Z-requests;
3. a stepped version pk of all the proposition letters defined in items 1 and 2, with k ∈ N
and p0 identified as p.
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Algorithm 1 BLACK’s main procedure [12].
1: procedure BLACK(ϕ)
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

k←0
while True do
if JϕKk is UNSAT then
return ϕ is UNSAT
end if
if |ϕ|k is SAT then
return ϕ is SAT
end if
if |ϕ|kT is UNSAT then
return ϕ is UNSAT
end if
k ←k+1
end while
end procedure

Intuitively, different stepped versions of the same proposition letter p are used to represent
the value of p at different states. Thus, when pi holds, it means that p holds at i-th step
node of the branch, i.e. the i-th state of the model.
Moreover, given ψ ∈ C(ϕ), we denote by ψG the formula in which all the X-, Y-, and
Z-requests are replaced by their grounded version. Similarly, given ψ ∈ C(ϕ), we denote by
ψ k the formula in which all proposition letters are replaced by their k stepped version. We
k
write ψG
to denote (ψG )k .
The formula JϕKk is called the k-unraveling of ϕ, and encodes the expansion of the tableau
tree. To define it, we need to encode the expansion rules of Table 1.
▶ Definition 5 (Stepped Normal Form). Given an LTL+Past formula ϕ in NNF, its stepped
normal form, denoted by snf(ϕ), is defined as follows:
where ℓ ∈ {p, ¬p}, for p ∈ Σ

snf(ℓ) = ℓ
snf(⊗ ϕ1 ) = ⊗ ϕ1

where ⊗ ∈ {X, Y, Z}

snf(ϕ1 ⊗ ϕ2 ) = snf(ϕ1 ) ⊗ snf(ϕ2 )

where ⊗ ∈ {∧, ∨}

snf(ϕ1 U ϕ2 ) = snf(ϕ2 ) ∨ (snf(ϕ1 ) ∧ X(ϕ1 U ϕ2 ))
snf(ϕ1 R ϕ2 ) = snf(ϕ2 ) ∧ (snf(ϕ1 ) ∨ X(ϕ1 R ϕ2 ))
snf(ϕ1 S ϕ2 ) = snf(ϕ2 ) ∨ (snf(ϕ1 ) ∧ Y(ϕ1 S ϕ2 ))
snf(ϕ1 T ϕ2 ) = snf(ϕ2 ) ∧ (snf(ϕ1 ) ∨ Z(ϕ1 T ϕ2 ))
The stepped normal form is the extension to past operators of the next normal form used
by Geatti et al. [13]. It can be noted how it follows the expansion rules of each operator in
Table 1. We can now define the k-unraveling of ϕ recursively as follows:
^
^
JϕK0 = snf(ϕ)G ∧
¬ψG ∧
ψG
ψ∈YR

k+1

JϕK
Sk ≡

ψ∈ZR

k

= JϕK ∧ Sk ∧ Yk ∧ Zk
^ 

Xα∈XR


(Xα)kG ↔ snf(α)k+1
,
G
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Yk ≡

^ 
Yα∈YR


k
(Yα)k+1
↔
snf(α)
G ,
G

Zk ≡

^ 

(Zα)k+1
↔ snf(α)kG
G
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Zα∈ZR

The Sk , Yk and Zk formulas encode, respectively, the STEP, YESTERDAY, and WYESTERDAY rules of the tableau, while the base case of the 0-unraveling ensures that
yesterday formulas are false and weak yesterday formulas are true at the first state. The
CONTRADICTION rule of the tableau is implicitly encoded in the fact that only satisfying
assignments of the formula are considered. Note that the FORECAST rule as well does not
need to be explicitly encoded: the intrinsic nondeterminism of the SAT solving process
accounts for the nondeterministic choices implemented by the rule.
Intuitively, if JϕKk is unsatisfiable, all the branches of the tableau for ϕ are rejected before
k + 1 steps.
▶ Lemma 6. Let ϕ be an LTL+Past formula. Then, JϕKk is unsatisfiable if and only if
all the branches of the complete tableau for ϕ are crossed by the CONTRADICTION or
(W-)YESTERDAY rules and contain at most k + 1 step nodes.
Proof. We prove the contrapositive, i.e. that JϕKk is satisfiable if and only if the complete
tableau for ϕ has at least a branch that is either accepted, crossed by PRUNE, or longer than
k + 1 step nodes. To do that we establish a connection between truth assignments of JϕKk
and suitable branches of the tableau.
From branches to assignments. Let u = ⟨u0 , . . . , un ⟩ be a branch that is either accepted,
crossed by PRUNE, or longer than k + 1 step nodes. Let π = ⟨π0 , . . . , πm ⟩ be the sequence of
its step nodes. We define a truth assignment ν for JϕKk as follows. Note that JϕKk contains
stepped propositions from p0 until pk for any given p, so we need at most k + 1 step nodes
from u, which however can be shorter if it is accepted or crossed by the PRUNE rule. Hence,
let us define ℓ = min{m, k}. Moreover, let us define pU to be p if p ∈ Σ, and to be ψ if
p = ψG for some X-, Y-, or Z-request ψ, i.e. (·)U is the inverse of the (·)G operation. Then,
for 0 ≤ i ≤ ℓ, we set ν(pi ) = ⊤ if and only if pU ∈ Γ(πi ). Then, we complete the assignments
for positions m < j ≤ k + 1 (if any) as follows:
1. if the branch has been accepted by the EMPTY rule, all the other positions j > m can be
filled arbitrarily;
2. if the branch has been accepted by the LOOP or crossed by the PRUNE rule, then there
is a position w such that Γ(πw ) = Γ(πm ). Then we continue filling the truth assignment
considering the successor of πw as a successor of πm .
It can be verified that the truth assignment so constructed satisfies JϕKk .
From assignments to branches. Let ν be a truth assignment for JϕKk . We use ν as a
guide to navigate the tableau tree to find a suitable branch which is either accepted, crossed
by PRUNE, or has more than k + 1 step nodes. To do that we build a sequence of branch
prefixes ui = ⟨u0 , . . . , ui ⟩ where at each step we obtain ui+1 by choosing ui+1 among the
children of ui , until we find a leaf or we reach k + 1 step nodes. During the descent, we build
a partial function J : N → N that maps positions j in ui to indexes J(j) such that for all ψ
J(j)
it holds that ψ ∈ Γ(uj ) if and only if ν |= snf(ψ)G , i.e. we build a relationship between
positions in the branch and steps in ν. As the base case, we put u0 = ⟨u0 ⟩ and J(0) = 0 so
that the invariant holds since Γ(u0 ) = {ϕ} and ν |= snf(ϕ)0G by the definition of JϕKk . Then,
depending on the rule that was applied to ui , we choose ui+1 among its children as follows:
1. if the STEP rule has been applied to ui , then there is a unique child that we choose as
ui+1 , and we define J(i + 1) = J(i) + 1. Now, for all Xα ∈ Γ(ui ), we have α ∈ Γ(ui+1 ) by
construction of the tableau. Note that snf(Xα) = Xα, hence we know by construction
J(j)
J(j)+1
that ν |= (Xα)G . Then, by definition of JϕKk , we know that ν |= snf(α)G
, i.e.
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J(i+1)

J(i+1)

ν |= snf(α)G
. On the other direction, if ν |= snf(α)G
, then by definition of JϕKk
J(i)
J(i)
we have ν |= (Xα)G , hence ν |= snf(Xα)G , hence Xα ∈ Γ(ui ), so by construction of
the tableau we have α ∈ Γ(ui+1 ). Hence the invariant holds.
2. if the FORECAST rule has been applied to ui , then there are n children {u1i , . . . , uni } such
that Γ(ui ) ⊆ Γ(um
i ) for all 1 ≤ m ≤ n. Now, we set J(i + 1) = J(i) and we choose ui+1
as a child um
with
a label Γ(um
i
i ) such that for any ψ we have ψ ∈ Γ(ui+1 ) if and only if
J(i+1)
ν |= snf(ψ)G
. Note that at least one such child exists, because at least one child has
the same label as ui . Thus the invariant holds by construction.
3. if an expansion rule has been applied to ui , then there are one or two children. In both
cases, we set J(i + 1) = J(i). Then:
a. if there is one child, then it is chosen as ui+1 . In this case, the rule is the CONJUNCTION
rule and has been applied to a formula ψ ≡ ψ1 ∧ ψ2 , hence ψ1 , ψ2 ∈ Γ(ui+1 ). By
J(i)
J(i+1)
. Now, note
construction we know that ν |= snf(ψ)G , hence ν |= snf(ψ)G
J(i+1)
and ν |=
that snf(ψ1 ∧ ψ2 ) = snf(ψ1 ) ∧ snf(ψ2 ), so it holds that ν |= snf(ψ1 )G
J(i+1)
J(i+1)
J(i+1)
snf(ψ2 )G
. On the other direction, if ν |= snf(ψ1 )G
and ν |= snf(ψ2 )G
we
J(i+1)
J(i)
know that ν |= snf(ψ1 ∧ ψ2 )G
hence ν |= snf(ψ1 ∧ ψ2 )G , hence by construction
we have ψ1 ∧ ψ2 ∈ Γ(ui ) and so we have ψ1 , ψ2 ∈ Γ(ui ), hence the invariant holds.
b. if there are two children u′i and u′′i , then let us suppose the rule applied is the
DISJUNCTION rule. Similar arguments will hold for the other rules. In this case, the
rule has been applied to a formula ψ ≡ ψ1 ∨ ψ2 , hence ψ1 ∈ Γ(u′i ) and ψ2 ∈ Γ(u′′i ). We
J(i)
J(i+1)
know ν |= snf(ψ)G , hence ν |= snf(ψ)G
. Since snf(ψ1 ∨ ψ2 ) = snf(ψ1 ) ∨ snf(ψ2 ),
J(i+1)
J(i+1)
it holds that either ν |= snf(ψ1 )G
or ν |= snf(ψ2 )G
. Now, we choose ui+1
accordingly, so to respect the invariant. Note that if both nodes are eligible, which one
is chosen does not matter. The other direction of the invariant also holds, since if either
J(i+1)
J(i+1)
J(i)
J(i)
ν |= snf(ψ1 )G
or ν |= snf(ψ2 )G
, then ν |= snf(ψ1 )G or ν |= snf(ψ2 )G , so
J(i)
ν |= snf(ψ1 ∨ ψ2 )G , hence ψ1 ∨ ψ2 ∈ Γ(ui ), hence either ψ1 ∈ Γ(ui+1 ) or ψ2 ∈ Γ(ui+1 ).
Let u = ⟨u0 , . . . , ui ⟩ be the branch prefix constructed as above, and let π = ⟨π0 , . . . , πn ⟩ be
the sequence of its step nodes. As mentioned, the descent stops when πn is a leaf or when
n = k + 1. Note in any case that ui = πn . In case we find a leaf, note that it cannot have
been crossed by the CONTRADICTION rule. Otherwise, we would have {p, ¬p} ⊆ Γ(ui ),
which would mean ν |= pJ(i) and ν |= ¬pJ(i) , which is not possible. Moreover, it cannot have
been crossed by the YESTERDAY rule, since that would mean there is some Yα ∈ Γ(πn ) with
J(i)
J(i)
α ̸∈ Γ∗ (πn−1 ). But, we know that ν |= snf(Yα)G , hence ν |= (Yα)G since snf(Yα) = Yα.
J(i)−1
Then, by definition of JϕKk , we know that ν |= snf(α)G
. Since ui = πn is a step node,
J(j)
J(i) − 1 = J(j) for some j such that uj = πn−1 , hence ν |= snf(α)G , and by construction
we know that α ∈ Γ(uj ), which conflicts with the hypothesis that the YESTERDAY rule
crossed the branch. With a similar argument, we can see that it cannot have been crossed
by the W-YESTERDAY rule neither. Hence we found a branch which is either longer than
k + 1 step nodes, or have been accepted, or have been crossed by the PRUNE rule.
◀
The formula |ϕ|k is called the base encoding of ϕ and, in addition to the k-unraveling,
includes the encoding of the EMPTY and LOOP rules, i.e. the rules that can accept branches.
The formula is defined as:
|ϕ|k ≡ JϕKk ∧ (Ek ∨ Lk )
where the Ek formula encodes the EMPTY rule and is defined as follows:
^
k
Ek ≡
¬ψG
ψ∈XR
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and the Lk formula encodes the LOOP rule and is defined as:
Lk ≡

k−1
_

( l Rk ∧ l Fk )

l=0

where
l Rk

≡



^


l
k
, and
ψG
↔ ψG

ψ∈XR∪YR∪ZR
l Fk

≡

^
ψ∈XEV
ψ≡X(ψ1 U ψ2 )



k
ψG
→

k
_


snf(ψ2 )iG .

i=l+1

Intuitively, l Rk encodes the presence of two nodes whose labels contain the same requests
for the next and the previous nodes, while l Fk checks that all the X-eventualities are fulfilled
between those nodes. It can be proved that |ϕ|k correctly encodes tableau trees where at
least one branch is accepted in k + 1 steps.
▶ Lemma 7. Let ϕ be an LTL+Past formula. If the complete tableau for ϕ contains an
accepted branch of k + 1 step nodes, then |ϕ|k is satisfiable.
Proof. Suppose that the complete tableau for ϕ contains an accepted branch of k + 1 step
nodes, so let u = ⟨u0 , . . . , un ⟩ be such a branch, and let π = ⟨π0 , . . . , πk ⟩ be the sequence of
its step nodes. Then, by Lemma 6, JϕKk is satisfiable. We can then build a truth assignment
ν in the same way as in the proof of Lemma 6, such that ν |= JϕKk . Remember that this
means we set ν(pi ) = ⊤ if and only if pU ∈ Γ(πi ) for all 0 ≤ i ≤ k. So now we have to prove
that ν satisfies either Ek or Lk . We will need an auxiliary fact, that is, that ψ ∈ Γ∗ (πi ) if
and only if ν |= snf(ψ)iG . That can be done by induction on the structure of ψ, exploiting
the definition of the expansion rules of the tableau.
Now, we distinguish two cases depending on which rule accepted the branch:
1. if the branch was accepted by the EMPTY rule, then Γ(πk ) = ∅, hence, in particular
k
Γ(πk ) does not contain any X-request. Hence by definition of ν we have that ν |= ¬ψG
for any ψ ∈ XR, so Ek is satisfied;
2. if the branch was accepted by the LOOP rule, then we have a node πl such that Γ(πl ) =
l
k
Γ(πk ), hence by definition of ν we have ν |= ψG
if and only if ν |= ψG
for any ψ ∈
XR ∪ YR ∪ ZR, so l Rk is satisfied. Moreover, we know that for any X-eventuality
ψ ≡ X(ψ1 U ψ2 ) requested in Γ(πk ), ψ has been fulfilled between πl and πk , i.e. there
is a l < j ≤ k such that ψ2 ∈ Γ∗ (πj ). Hence we know that ν |= snf(ψ2 )jG , hence l Fk is
satisfied. Then, l Rk ∧l Fk is satisfied for at least one l, so Lk is satisfied.
◀
▶ Lemma 8. Let ϕ be an LTL+Past formula. If |ϕ|k is satisfiable then the complete tableau
for ϕ contains an accepted branch.
Proof. Suppose that |ϕ|k is satisfiable, hence we have a truth assignment ν such that ν |= |ϕ|k .
Then, JϕKk is satisfiable, and we know from Lemma 6 that the complete tableau for ϕ has
a branch that is either accepted, crossed by PRUNE, or longer than k + 1 step nodes. Let
u = ⟨u0 , . . . , un ⟩ be the branch prefix found as shown in the proof of Lemma 6, and let
π = ⟨π0 , . . . , πm ⟩ be the sequence of its step nodes. By construction we have a function
J(i)
J : N → N fulfilling the invariant that ψ ∈ Γ(ui ) if and only if ν |= snf(ψ)G . We now show
that indeed u is accepted or is the prefix of an accepted branch. Since |ϕ|k is satisfiable,
either Ek or Lk are satisfiable as well:
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k
1. if Ek is satisfiable, we know that ν |= ¬ψG
for each ψ ∈ XR. Since ψ is an X-request,
k
snf(ψ) ≡ ψ, so ν ̸|= snf(ψ)G . Here, k = J(j) for some j, and from the invariant we know
that ψ ̸∈ Γ(uj ). Hence, uj does not contain any X-request, so its successor uj+1 has an
empty label, triggering the EMPTY rule that accepts the branch.
2. if Lk is satisfiable, so are l Rk and l Fk for some 0 ≤ l < k. Hence from l Rk we know
l
k
that ν |= ψG
if and only if ν |= ψG
for all ψ ∈ XR ∪ YR ∪ ZR, that is ν |= snf(ψ)lG if and
k
only if ν |= snf(ψ)G because ψ is an X-, Y-, or Z-request. Here, l = J(i) and k = J(j)
for some i and some j. Since the value of the function J increments at each step node,
we can assume w.l.o.g. that ui and uj are step nodes, and by the invariant we know
ψ ∈ Γ(ui ) if and only if ψ ∈ Γ(uj ), i.e. ui and uj have the same X-, Y-, and Z-request.
Similarly, the fact that ν |= l Fk tells us that all the X-eventualities requested in ui are
fulfilled between ui+1 and uj . The LOOP rule requires two identical labels in order to
trigger, but ui and uj only have the same requests. However, since they have the same
X-requests, we know that Γ(ui+1 ) = Γ(uj+1 ). Then, there is a step node uj ′ , grandchild
of uj , such that Γ(uj ) = Γ(uj ′ ) and the segment of the branch between ui+1 and uj is
equal to the segment between uj+1 and uj ′ , hence all the X-eventualities requested in ui
and uj , fulfilled between ui+1 and uj , are fulfilled between uj+1 and uj ′ as well, and the
LOOP rule can apply to uj ′ , accepting the branch.
◀

Lastly, the formula |ϕ|kT , called the termination encoding, encodes the PRUNE rule. The
formula is defined as follows:
|ϕ|kT

k

≡ JϕK ∧

k
^

¬P i

i=0

where
k

P ≡

k−2
_ k−1
_

l Rj

∧ j Rk ∧ l Pjk



l=0 j=l+1
k
l Pj

≡

^ 

k
ψG
∧

ψ∈XEV
ψ≡X(ψ1 U ψ2 )

k
_
i=j+1

snf(ψ2 )iG →

j
_

snf(ψ2 )iG



i=l+1

It can be proved that |ϕ|kT is unsatisfiable if the tableau for ϕ contains only rejected branches.
▶ Lemma 9. Let ϕ be an LTL+Past formula. If |ϕ|kT is unsatisfiable, then the complete
tableau for ϕ contains only rejected branches.
Proof. We prove the contrapositive, i.e. that if the complete tableau for ϕ contains an
accepted branch, then |ϕ|kT is satisfiable. Let u = ⟨u0 , . . . , un ⟩ be such a branch, and let
π = ⟨π0 , . . . , πm ⟩ be the sequence of its step nodes. By Lemma 6, we know JϕKk is satisfiable,
thus we can obtain a truth assignment ν such that ν |= JϕKk . We can build ν as in the proof
of Lemma 6, i.e. such that ν(pi ) = ⊤ if and only if pU ∈ Γ(πi ) for all 0 ≤ i ≤ k. Similarly
to the proof of Lemma 7, we highlight the fact that ψ ∈ Γ∗ (πi ) if and only if ν |= snf(ψ)iG .
Now, since the branch is accepted, the PRUNE rule cannot be applied to it. This means that
either a) there are no three nodes πu , πv , πw such that Γ(πu ) = Γ(πv ) = Γ(πw ), or b) these
three nodes exist but there is an X-eventuality ψ requested in Γ(πw ) that is fulfilled between
πu and πv and not between πv and πw . In case a) this means u Rv ∧ v Rw does not hold for
any u and v. In case b), u Rv ∧ v Rw holds but u Pvw does not. In any case, it follows that
¬P i holds for any 0 ≤ i ≤ k, hence |ϕ|kT is satisfied.
◀
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Together with the soundness and completeness results for the underlying tableau [13],
the above Lemmata allow us to prove the soundness and completeness of the procedure of
Algorithm 1.
▶ Theorem 10 (Soundness and completeness). Let ϕ be an LTL+Past formula. The BLACK
algorithm answers satisfiable on ϕ if and only if ϕ is satisfiable.
Proof. (→) Suppose the BLACK algorithm answers satisfiable on the formula ϕ. Then, it
means there is a k ≥ 0 such that |ϕ|k is satisfiable. By Lemma 8, the complete tableau for ϕ
has an accepting branch. By the soundness of the tableau, then ϕ is satisfiable.
(←) Now suppose the formula ϕ is satisfiable. By the completeness of the tableau, the
complete tableau for ϕ has an accepting branch. Let us suppose such a branch has k + 1
step nodes for some k ≥ 0. Then, we want to show that the BLACK algorithm eventually
answers satisfiable. Let i < k be any earlier iteration of the main loop of the algorithm. We
have that by Lemma 6, JϕKi is satisfiable because there is a branch longer than i + 1 step
nodes. Similarly, by Lemma 9, |ϕ|iT is satisfiable because not all the branches of the tableau
are rejected. Hence, the algorithm does not answer unsatisfiable at step i. Arrived at step
k, |ϕ|k is satisfiable by Lemma 7 because the tableau has an accepted branch of k + 1 step
nodes, hence the algorithm answers satisfiable.
◀
Despite the final encoding may seem trivially simple, this simplicity makes the approach
interesting for two reasons. First of all, it was not a priori clear that such a simple encoding
would be possible, given the presence of the FORECAST rule: a rule that kills the performance
of the explicit construction of the tableau turns out to be a non-problem in the symbolic
exploration of the tree. Secondly, this simplicity is what drives the experimental success of
the encoding. Comparing it for example with Biere et al. [2] which is, as far as we know,
the approach implemented by nuXmv: all the virtual unrollings machinery that they need to
support past operators is much more complex than our seemingly trivial encoding which,
however, performs better even though it does not generate CNF formulas of linear size.
Hence, showing that the approach by Geatti et al. [12] can be successfully extended so easily
can be considered one of the main contributions of this work.

5

Experimental results

We have implemented the above two approaches in version 0.3.0 of the BLACK tool1 : the
translation as an optional module that can be activated upon user request, and the direct
encoding as an expansion of the core procedure.
Since the literature lacks significant LTL+Past family of formulas for benchmarks, we have
devised two novel sets of formulas. As for the first family, we chose a set of random formulas,
generated with an algorithm adapted from [24], in order to verify how the tool scales in
general. The second family, that we called crscounter, is inspired by and adapted from
Cimatti et al. [7], where a Kripke structure called Counter(N ), where N is a power of two, is
introduced. Counter(N ) works as follows: it starts at c = 0, counts up to c = N , jumps back
to c = N/2, and then loops, counting up to c = N and jumping back to c = N/2, forever.
Afterwards, they evaluated, on top of that Kripke structure, some parametric properties of
the form:

P (i) ≡ ¬F O((c = N2 ) ∧ O((c = N2 + 1) ∧ . . . ∧ O(c = N2 + i) . . .)) .
1

The tool can be found at https://github.com/black-sat/black. Packages for macOS and common
Linux distributions are provided, together with all the necessary scripts to reproduce the tests performed.
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nuXmv (sbmc)

nuXmv (klive)

SAT UNSAT unsolved
Figure 1 Experimental results of BLACK against the other tested tools and modalities, for
random formulas of size n ∈ {500, 1000, 2000, 3000, 5000, 10000}. Times are in seconds. Note that
only instances that could not be solved by any tool are marked as unsolved.

The value i identifies the number of nested once operators, while the structure of such
properties requires that the loop of length N/2 in the model is traversed backwards several
times in order to reach a counterexample.
The crscounter benchmarks were introduced in the context of model checking. Thus,
we made a reduction from the model checking problem to the satisfiability checking one
for LTL+Past: we built the LTL+Past formulas ϕCounter(N ) and ϕP (i) encoding the above
elements. In this way, ¬(ϕCounter(N ) → ϕP (i) ) is UNSAT if and only if Counter(N ) |= P (i).
With this framework, we were able to obtain both SAT (i ≤ N2 ) and UNSAT (i > N2 ) instances.
Moreover, this family of formulas stresses the ability to process past operators and find short
counterexamples, and thus, it specifically challenges our contribution.
For each formula, we executed both an internal comparison between the two proposed
techniques – with BLACK over MathSAT [4], which is the best performing solver among those
supported by BLACK so far –, and an external comparison with nuXmv [5], which, as far as
we know, is the only state-of-the-art tool directly supporting past operators. Specifically,
we tested BLACK against nuXmv in both sbmc and klive modalities. The former stands for
Simple Bounded Model Checking [2], and it is the closest to our approach between the two.
The latter has been proposed more recently, and it is based on K-Liveness [6].
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Figure 2 Experimental results for crscounter formulas of size N ∈ {8, 16, 32}. Green vertical
bars indicate where formulas start to be UNSAT.

All the experiments have been performed on a Dell PowerEdge rack server equipped
with a 16-cores AMD EPYC™ 7281 CPU (2.7GHz) and 64GB of RAM (DDR4 2400 MT/s).
Moreover, experiments have been run in parallel, each on a single core, with a memory limit
of 3GB of RAM per core, and a 10 minutes timeout. Experimental results plots can be found
in Figure 1 and Figure 2.
Regarding the random formulas, what immediately catches the eye is that BLACK– in the
direct approach – performs overall significantly better, in particular if compared with nuXmv.
Indeed, the latter starts to be in difficulty already at size n = 3000, and gets almost always
stuck at size n = 10000. It can also be noticed that BLACK solves UNSAT instances quicker
than the SAT ones. This could be a bit surprising, considering that the former is a universal
property, while the latter is an existential one. However, this has a twofold explanation.
Firstly, the Boolean encoding acts like a breadth-first search, which is in some sense an
exhaustive search, up to depth k. Secondly, in all UNSAT random formulas the tableaux
are closed by contradiction, and never by the PRUNE rule. This is because of the nature of
the random formulas generator: it is less likely to generate a formula with such a peculiar
structure as to trigger the PRUNE rule. Also, it is more likely to produce contradictions that
can be spotted in the first depth levels. Nevertheless, it is interesting to note that BLACK is
able to manage those UNSAT formulas better than nuXmv, overall.
Looking instead at the crscounter plots, there are two interesting aspects to point out.
First, BLACK performs slightly better with the direct past encoding than with the translation
approach. Second, while BLACK performs worse with SAT formulas, the situation overturns
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when the formulas become UNSAT. This can be explained by the PRUNE rule: it may cause
an overhead in the encoding of SAT formulas, but it has the advantage of guaranteeing a
quicker termination, i.e. closure of the tableau, in case of UNSAT ones. Indeed, in this family
of formulas, all UNSAT ones have a tableau which is closed by the PRUNE rule.

6

Conclusions

This work contributes to the state of the art of the satisfiability problem for LTL+Past in
different directions. First of all, it provides a translation procedure for LTL+Past, that has
been implemented into the BLACK tool, but, in principle, can be used also as a preprocessing
step for any LTL satisfiability checker in order to let them support the past. Then, it extends
the SAT-based encoding of a one-pass and tree-shaped tableau for LTL to LTL+Past, and
shows that the resulting tool is very effective and efficient compared to the state-of-the-art
ones. It is also worth noting that the encoding is quite simple compared to the virtual
unrollings techniques used to support past operators by Latvala et al. [15], and it offers an
exponential advantage over the explicit construction of the tableau since the FORECAST
rule is not required to be encoded. Finally, it introduces two new sets of formulas which aim
at starting to build a larger set of standardized formulas for benchmarks in the field.
Results showed that the direct encoding is the preferred way to manage the past, but
also that the translation is a viable alternative, as it adds only a linear overhead.
Future work should head at reducing the overhead introduced by the PRUNE rule,
possibly by triggering it not at each step, but with some predetermined heuristics, in order
to reduce the gap in performance between SAT and UNSAT properties. Moreover, since the
framework has been shown to be efficient and modular, it could be interesting to investigate
its extension to other logics. Orthogonally, some in-depth theoretical comparison with other
state-of-the-art techniques could suggest new ways of improvement.
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Abstract
In this paper, we establish Pspace-completeness of the finite satisfiability and model checking
problems for the fragment of Halpern and Shoham interval logic with modality ⟨E⟩, for the “suffix”
relation on pairs of intervals, and modality ⟨D⟩, for the “sub-interval” relation, under the homogeneity
assumption. The result significantly improves the Expspace upper bound recently established for
the same fragment, and proves the rather surprising fact that the complexity of the considered
problems does not change when we add either the modality for suffixes (⟨E⟩) or, symmetrically, the
modality for prefixes (⟨B⟩) to the logic of sub-intervals (featuring only ⟨D⟩).
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1

Introduction

For a long time, in computer science, interval temporal logics (ITLs) have been considered an
attractive, but impractical, alternative to standard point-based ones. On the one hand, they
are a natural choice as a specification/representation language in a number of domains; on
the other hand, the high undecidability of the satisfiability problem for the most well-known
ITLs [8, 14, 16, 20, 30], such as Halpern and Shoham’s modal logic of time intervals (HS for
short) [14] and Venema’s CDT [30], discouraged their extensive use (in fact, some restricted
variants of them have been applied in formal verification and AI over the years [17, 24, 26]).
The present work finds its place in the framework of the logic HS, which features one
modality for each of the 13 Allen’s relations [1], apart from equality. In Table 1, we depict 6
Allen’s relations for ordered pairs of intervals, together with the corresponding HS (existential)
modalities; the other 7 relations are their inverses and the equality relation. The recent
discovery of a significant number of expressive and computationally well-behaved fragments of
HS changed the landscape of ITL research [11, 23]. Meaningful examples are the logic AA of
the temporal neighborhood [10] (the HS fragment with modalities for the meets relation and
its inverse) and the logic D of (temporal) sub-intervals [9] (the HS fragment with modality
⟨D⟩ for the contains relation only) over dense orderings.
Model checking (MC) of (finite) Kripke structures against HS and its fragments has
been investigated in a series of papers [3, 5, 17, 18, 19, 21, 22] and shown to be decidable.
In this setting, each finite path of a Kripke structure is interpreted as an interval whose
© Laura Bozzelli, Angelo Montanari, Adriano Peron, and Pietro Sala;
licensed under Creative Commons License CC-BY 4.0
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Table 1 Allen’s relations and corresponding HS modalities.

Allen relation

HS

Definition w.r.t. interval structures

Example
y

x
meets
before
started-by
finished-by
contains
overlaps

⟨A⟩
⟨L⟩
⟨B⟩
⟨E⟩
⟨D⟩
⟨O⟩

[x, y]RA [v, z]
[x, y]RL [v, z]
[x, y]RB [v, z]
[x, y]RE [v, z]
[x, y]RD [v, z]
[x, y]RO [v, z]

⇐⇒
⇐⇒
⇐⇒
⇐⇒
⇐⇒
⇐⇒

y=v
y<v
x=v∧z <y
y =z∧x<v
[v, z] ⊂ [x, y]
x<v<y<z

v

z
v

v

z

z
v
v

z
z
v

z

labeling satisfies the homogeneity assumption [27]: a proposition letter holds over an interval
if and only if it holds over all its constituent points (states). MC against full HS is at least
Expspace-hard [5] and the only known upper bound is non-elementary [21, 6].1 The known
complexity bounds of MC for full HS coincide with those of MC for the linear-time fragment
BE of HS which features modalities ⟨B⟩ and ⟨E⟩ for prefixes and suffixes. These complexity
bounds easily transfer to finite satisfiability, that is, satisfiability over finite linear orders,
of BE under the homogeneity assumption. Whether or not these problems can be solved
elementarily is a difficult open question. On the other hand, MC and finite satisfiability
under the homogeneity assumption for all the fragments of BE are known to be elementarily
decidable [2, 3, 7]. In particular, for the fragment D of BE (note that the contains relation RD
can be expressed as RB ∪ RE ∪ RB · RE ), these problems are known to be Pspace-complete [2].
In a recent contribution [7], we investigated finite satisfiability under the homogeneity
assumption for the maximal fragment BD of BE that features modalities ⟨B⟩ and ⟨D⟩ (the
other maximal fragment DE of BE with modalities ⟨D⟩ and ⟨E⟩ is completely symmetric,
and thus all results for BD immediately transfer to it, and vice versa). The addition of
modality ⟨B⟩ makes satisfiability checking for BD more complex than the one for D, as the
two relations/modalities may interact in a non-trivial way. We proved Expspace membership
of the problem [7] by means of a purely model-theoretic argument, leaving the question of
its exact complexity open. In this paper, we answer the question proving that, surprisingly,
Pspace-completeness of D is not affected by the addition of either ⟨B⟩ or ⟨E⟩, and the MC
problem for DE (and symmetrically BD) is Pspace-complete as well. In Figure 1, we add
these new MC results to the picture of known MC complexities, showing that they enrich the
set of HS “tractable” fragments with two meaningful members. We propose an automatatheoretic approach for solving MC and finite satisfiability under the homogeneity assumption
of DE and BD which non-trivially generalizes the one for D [2] and the well-known one for
standard LTL [29]. In particular, some important aspects that were not well understood
in [2] are generalized by an elegant algebraic framework, which allows us to solve in an
asymptotically optimal way the considered problems for DE and BD. In addition, we prove
that, over finite linear orders and under the homogeneity assumption, D is less expressive
than BD and DE, which in turn are less expressive than BE (in [4], we show that, under the
homogeneity assumption, BE and LTL over finite words have the same expressive power).

1

An expressive comparison of MC for HS and standard point-based temporal logics LTL [25], CTL, and
CTL* [13] can be found in [4].
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Figure 1 Complexity of the MC problem for HS and its fragments.

We conclude the introduction by recalling an interesting connection between the finite
satisfiability problem for BE and its fragments, under the homogeneity assumption, and the
non-emptiness problem for generalized ∗-free regular expressions [7]. The latter problem
has been shown to be non-elementarily decidable by Stockmeyer in [28], and it can be
easily proved to be equivalent to finite satisfiability for the interval temporal logic C of the
chop modality [15, 24, 30] under the homogeneity assumption (the chop modality allows
one to split the current interval in two parts and to state what is true over the first part
and what over the second one). It can be shown that over finite linear orders and under
the homogeneity assumption, BE (resp., its proper fragments BD and DE) is equivalent to
the weakening of generalized ∗-free regular expressions where the concatenation operator is
replaced by the weaker prefix and suffix ones (resp., prefix and infix, and infix and suffix) [7].
Note that the infix operator can be expressed in terms of the combination of the prefix and
suffix operators. An immediate by-product of the results given in this paper is that the
non-emptiness problem for ∗-free generalized regular expressions turns out to be elementarily
decidable and, precisely, Pspace-complete if one makes use of the suffix (resp., prefix)
operator and the infix operator instead of the concatenation operator in the expressions.
As for the fragment with both the prefix and the suffix operators, we only know that its
non-emptiness problem is (non-elementarily decidable and) Expspace-hard [5].

2

Preliminaries

We fix the following notation. For a finite word (or sequence) w over some finite alphabet Σ,
we denote by |w| the length of w. Moreover, for all 0 ≤ i < |w|, w[i] denotes the (i+1)th letter
of w. Given two non-empty finite words w, w′ over Σ, we denote by w · w′ the concatenation
of w and w′ . Moreover, if the last letter of w coincides with the first letter of w′ , we denote by
w ⋆ w′ the word w · w′ [1] . . . w ′ [n − 1], where n = |w| (i.e. the word obtained by concatenating
w with the word obtained from w′ by erasing the first letter). In particular, when |w′ | = 1,
then w ⋆ w′ = w.
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Finite automata over finite words. A nondeterministic finite automaton (NFA) is a tuple
N = ⟨Σ, Q, Q0 , δ, F ⟩, where Σ is a finite alphabet, Q is a finite set of states, Q0 ⊆ Q is the
set of initial states, δ : Q × Σ → 2Q is the transition function, and F ⊆ Q is the set of
accepting states. Given a finite word w over Σ, with |w| = n, a run of N over w is a finite
sequence of states q0 , . . . , qn such that q0 ∈ Q0 , and for all i ∈ [0, n − 1], qi+1 ∈ δ(qi , w[i]).
The language L(N ) accepted by N consists of the finite words w over Σ such that there is a
run over w ending in some accepting state. A deterministic finite automaton (DFA) is an
NFA D = ⟨Σ, Q, {q0 }, δ, F ⟩ such that for all (q, σ) ∈ Q × Σ, δ(q, σ) is a singleton.
Finite Kripke structures. We fix a finite set AP of proposition letters which represent
predicates over the states of the given system. A finite Kripke structure over AP is a tuple
K = ⟨W, s0 , E, µ⟩, where W is a finite set of states, s0 ∈ W is the initial state, E ⊆ W × W
is a left-total relation between states, and µ : W → 2AP is a labelling function assigning to
each state the set of propositions that hold at it.
A path of K is a non-empty finite sequence of states ρ = s1 · · · sn such that (i) the first
state s1 coincides with the initial state s0 of K, and (ii) (si , si+1 ) ∈ E for i = 1, . . . , n − 1.
We extend the labeling µ to paths of K in the usual way: for a path ρ = s1 . . . sn , µ(ρ)
denotes the word over 2AP of length n given by µ(s1 ) . . . µ(sn ). A trace of K is a non-empty
finite word over 2AP of the form µ(ρ) for some path ρ of K.

3

The logics DE and BD under the homogeneity assumption

In this section, we recall the logic BE of prefix and suffixes corresponding to the linear-time
fragment of HS, and we focus our attention on the fragments DE and BD of BE interpreted
over finite linear orders under the homogeneity assumption.
Let S = ⟨S, <⟩ be a linear order over the nonempty set S ̸= ∅, and ≤ be the reflexive
closure of <. Given x, y ∈ S such that x ≤ y, we denote by [x, y] the (closed) interval over
S given by the set of elements z ∈ S such that x ≤ z and z ≤ y. We denote the set of all
intervals over S by I(S). We focus our attention on three Allen’s relations over intervals:
1. the proper prefix (or started-by) relation RB defined as follows: [x, y]RB [x′ , y ′ ] if x = x′
and y ′ < y.
2. the proper sub-interval (or contains) relation RD defined as follows: [x, y]RD [x′ , y ′ ] if
x′ ≥ x, y ′ ≤ y, and [x, y] ̸= [x′ , y ′ ] (the proper subset relation over intervals), and
3. the proper suffix (or finished-by) relation RE defined as follows: [x, y]RE [x′ , y ′ ] if x < x′
and y ′ = y.
BE formulas φ are defined by the following syntax:
φ ::= ⊤ | p | ¬φ | φ ∨ φ | ⟨B⟩ φ | ⟨D⟩ φ | ⟨E⟩ φ
where p ∈ AP , and ⟨B⟩ (resp, ⟨D⟩, resp., ⟨E⟩) is the existential temporal modality for the
Allen’s relation RB (resp., RD , resp., RE ). We also exploit the conjunction connective
∧, and for any temporal modality ⟨X⟩, with X ∈ {B, D, E}, the dual universal modality
[X] defined as: [X] ψ := ¬ ⟨X⟩ ¬ψ. The size |φ| of a formula φ is the number of distinct
sub-formulas of φ. We focus on the fragments DE (logic of sub-intervals and suffixes) and BD
(logic of sub-intervals and prefixes) of BE obtained by disallowing the temporal modalities
for the Allen’s relations RB and RE , respectively. We also consider the fragments B, D, and
E defined in the obvious way.
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The semantics of the logic BE is given in terms of interval models. An interval model M is
a pair ⟨I(S), V⟩, where V : AP 7→ 2I(S) is a valuation function that assigns to every proposition
letter p the set of intervals V(p) over which p holds. Given an interval model M = ⟨I(S), V⟩,
an interval [x, y] ∈ I(S), and a formula φ, the satisfaction relation M, [x, y] |= φ, meaning
that φ holds over the interval [x, y] of M, is inductively defined as follows:
for every proposition letter p ∈ AP , M, [x, y] |= p if [x, y] ∈ V(p);
M, [x, y] |= ¬φ if M, [x, y] ̸|= φ;
M, [x, y] |= φ1 ∨ φ2 if M, [x, y] |= φ1 or M, [x, y] |= φ2 ;
M, [x, y] |= ⟨X⟩ φ for X ∈ {B, D, E} if there is an interval [x′ , y ′ ] ∈ I(S) such that
[x, y]RX [x′ , y ′ ] and M, [x′ , y ′ ] |= φ.
A BE-formula is satisfiable if it holds over some interval of an interval model. In this
paper, we restrict our attention to the finite satisfiability problems, that is, satisfiability over
the class of finite linear orders, for the fragments BD and DE. The problems are known to
be undecidable [20] in the general case, but decidability can be recovered by restricting to
the class of homogeneous interval models [21]. Formally, an interval model M = ⟨I(S), V⟩ is
homogeneous if for every interval [x, y] ∈ I(S) and every p ∈ AP , it holds that [x, y] ∈ V(p) if
and only if [x′ , x′ ] ∈ V(p) for every x′ ∈ [x, y].
We observe that homogeneous interval models over finite linear orders correspond to
non-empty finite words over 2AP . In particular, each non-empty finite word w over 2AP induces
the homogeneous interval model M(w) = ⟨I(S), V⟩ over the finite linear order induced by w
defined as follows:
S = ⟨{0, . . . , |w| − 1}, <⟩, and
for every interval [i, j] of S (note that 0 ≤ i ≤ j < |w|) and p ∈ AP , [i, j] ∈ V(p) if and
only if p ∈ w[h] for all h ∈ [i, j].
Any fragment F of BE interpreted over homogeneous models is denoted by FHom . A
non-empty finite word w over 2AP satisfies an FHom formula φ, denoted by w |= φ, if
M(w), [0, |w| − 1] |= φ. A finite Kripke structure K over AP is a model of φ, written K |= φ,
if each trace w of K satisfies φ. We also consider the model checking problem against DEHom
(resp., BEHom ) that is the problem of deciding for a given finite Kripke structure K and
DEHom (resp., BDHom ) formula φ, whether K |= φ.
Expressiveness issues. Let F1 and F2 be two logics interpreted over non-empty finite words
over 2AP . Given ψ1 ∈ F1 and ψ2 ∈ F2 , ψ1 and ψ2 are equivalent if ψ1 and ψ2 are satisfied
by the same non-empty finite words over 2AP . We say that F1 is subsumed by F2 , denoted
F1 ⪯f F2 , if for each F1 formula there is an equivalent F2 formula. F1 and F2 have the
same expressiveness (resp.,are expressively incomparable) if F1 ⪯f F2 and F2 ⪯f F1 (resp.,
F1 ̸⪯f F2 and F2 ̸⪯f F1 ). Finally, F1 is less expressive than F2 , denoted by F1 ≺f F2 ,
if F1 ⪯f F2 and F2 ̸⪯f F1 . It is known [4] that BEHom has the same expressiveness as
standard LTL over finite words. Here, we show that over finite words, the fragment DHom is
less expressive than the fragments BDHom and DEHom , which in turn are less expressive than
BEHom or, equivalently, LTL. In particular, the following hold (a proof is in Appendix A).
▶ Theorem 1. There exists a BHom (resp., EHom ) formula which cannot be expressed in
DEHom (resp., BDHom ) over finite linear orders. Hence, DHom ≺f BDHom ≺f BEHom ,
DHom ≺f DEHom ≺f BEHom , and BDHom and DEHom are expressively incomparable.
In order to illustrate the succinctness of the logics DHom , BDHom , and DEHom , we
consider a combinatorial requirement. For each n ≥ 1, let AP n = {p1 , . . . , pn , p1 , . . . , pn }.
The property that “there is a proper infix such for each i ∈ [1, n], exclusively either pi holds
at some position, or pi holds at some position” can be expressed by the following DHom
formula ψn .
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ψn := ⟨D⟩

i=n
^

((⟨D⟩ pi ∧ [D]¬pi ) ∨ (⟨D⟩ pi ∧ [D]¬pi ))

i=1

We conjecture that there is no LTL formula equivalent to ψn of size polynomial in n.
Encoding DEHom and BEHom in fragments of generalized ∗-free regular expressions.
In the following, we show how to encode in DEHom (resp., BEHom ) over finite linear orders
the fragment of generalized ∗-free regular expressions where the concatenation operator
is replaced by the infix and suffix ones (resp., the infix and prefix ones). Recall that a
generalized ∗-free regular expression (hereafter, simply called general expression) e over a
finite alphabet Σ is a term of the form:
e ::= ∅ | a | ¬e | e + e | e · e, for any a ∈ Σ.
We exclude the empty word ϵ from the syntax as it makes more direct the correspondence
between restricted expressions and BEHom fragments (such a simplification is quite common
in the literature). A general expression e of the above form defines the language L(e) ⊆ Σ+ ,
which is inductively defined as follows: (i) L(∅) = ∅; (ii) L(a) = {a}; (iii) L(¬e) = Σ+ \ L(e);
(iv) L(e1 + e2 ) = L(e1 ) ∪ L(e2 ); (v) L(e1 · e2 ) = {w1 · w2 : w1 ∈ L(e1 ), w2 ∈ L(e2 )}.
In [28], Stockmeyer proves that the problem of deciding non-emptiness of L(e), for a
given general expression e, is non-elementary hard. Here, we focus our attention on the
following class of restricted expressions, called prefix/suffix expressions:
e ::= ∅ | a | ¬e | e + e | Pre(e) | Suf(e) | Inf(e), for any a ∈ Σ,
where Pre(e) and Suf(e) are, respectively, a shorthand for e · (¬∅) and (¬∅) · e, while Inf(e) is
a shorthand for Pre(e) + Suf(e) + Pre(Suf(e)). An infix/suffix (resp., infix/prefix) expression
is obtained by a prefix/suffix expression by disallowing the prefix operator Pre (resp., the
suffix operator Suf). Assuming that Σ = 2AP , every suffix/prefix (resp., infix/suffix, resp.,
infix/prefix) expression e can be mapped into an equivalent formula ψe of BEHom (resp.,
DEHom , resp., BDHom ) by applying the usual constructions for empty language, letters,
negation, and union, plus the following three rules: (i) ψPre(e) = ⟨B⟩ ψe , (ii) ψSuf(e) = ⟨E⟩ ψe ,
and (iii) ψInf(e) = ⟨D⟩ ψe . It is well known that LTL over finite words characterizes the class of
languages defined by general expressions [12]. Since over finite words, LTL and BEHom have
the same expressiveness [4], prefix/suffix expressions and general expressions have the same
expressiveness as well. On the other hand, by Theorem 1, infix/suffix (resp., infix/prefix)
expressions are less expressive than general expressions.

4

Satisfiability and model checking of DEHom over finite linear orders

In this section, we provide an automata-theoretic approach for solving satisfiability and model
checking for DEHom -formulas over finite linear orders. The proposed approach generalizes in a
non-trivial manner the classical automata construction [29] for standard LTL over finite words
based on the notion of Hintikka sequence. Given a DEHom -formula φ and a non-empty finite
word w over 2AP , we associate to each interval [i, j] of w a maximal propositionally consistent
set of formulas (φ-atom) in the syntactical closure CL(φ) of φ which, intuitively, represents
the set of formulas in CL(φ) which hold at the interval [i, j]. The syntactical definition of
φ-atom locally captures the semantics of the Boolean connectives. In order to capture the
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semantics of the temporal modalities and the homogeneity assumption, we define syntactical
“semi-local” rules which allow (i) to specify in a functional way the atom associated to a nonsingleton interval I in terms of the atoms associated to the two proper maximal sub-intervals
of I, and (ii) to enforce “termination” conditions on the atoms associated with singleton
intervals of w. Next, for each prefix wp of w, we consider the sequence of φ-atoms, called row,
associated with the suffixes of wp ordered for increasing values of the length (note that in
the automata-theoretic approach for LTL, the notion of row collapses to the atom associated
to the current position of the given finite word). The previous syntactical rules guarantee
monotonicity properties on the atoms of a row and the existence of a functional relation that
given the row of a proper prefix wp of w and the uniquely determined atom of the singleton
interval associated to position |wp | of w, provides the row for the prefix of w leading to
position |wp | (see Section 4.1). As a main technical step (see Section 4.2), by exploiting
the monotonicity of rows, we deduce for the given DEHom -formula, the existence of an
equivalence relation on the set of rows of exponential-size index satisfying three fundamental
properties: (i) the equivalence relation preserves the set of atoms visited by a row and their
relative ordering along the row, (ii) each equivalence class has a minimal representative
whose length is polynomial in the size of the given formula, and (iii) the functional relation
crucially preserves the equivalence between rows. The previous three properties (i)–(iii) lead
to the construction in singly exponential time of a DFA having as states the set of minimal
rows and accepting the non-empty finite words over 2AP which satisfy the given formula (see
Section 4.3). We now proceed with the technical details.
Given a DE-formula φ, we define the closure of φ, denoted by CL(φ), as the set of all
sub-formulas ψ of φ and of their negations ¬ψ (we identify ¬¬ψ with ψ). A φ-atom A is a
subset of CL(φ) such that:
for every ψ ∈ CL(φ), ψ ∈ A if and only if ¬ψ ∈
/ A, and
for every ψ1 ∨ ψ2 ∈ CL(φ), ψ1 ∨ ψ2 ∈ A if and only if A ∩ {ψ1 , ψ2 } ̸= ∅.
We denote the set of all φ-atoms by Aφ ; its cardinality is clearly bounded by 2|φ| . We
now consider non-empty finite words over 2AP equipped with a mapping assigning to each
interval a φ-atom.
▶ Definition 2 (φ-word structures and fulfilling φ-word structures). Let φ be a DE-formula. A
φ-word structure W is a pair W = (w, L) consisting of a non-empty finite word over 2AP and
a mapping L assigning to each interval of w (i.e., an interval in the homogeneous interval
model M(w)) a φ-atom such that for each position 0 ≤ i < |w|, L([i, i]) ∩ AP = w[i]. The
φ-word structure W = (w, L) is fulfilling if for each interval I of w (we also say that I is an
interval of W) and for each ψ ∈ CL(φ) it holds that ψ ∈ L(I) if and only if M(w), I |= ψ.
Evidently, for each non-empty finite word w over 2AP , there exists a unique fulfilling φ-word
structure associated with w. Let W = (w, L) be a φ-word structure. For each interval [i, j]
of W, we write L(i, j) to mean L([i, j]). For each 0 ≤ i < |w|, the i-row of W is the sequence
rowi of φ-atoms given by rowi = L(i, i) · · · L(0, i), i.e., the sequence of atoms labeling the
suffixes of the prefix of w until position i ordered for increasing values of the length.

4.1

Characterization of fulfilling φ-word structures

In this section, for the given DEHom -formula φ, we provide a characterization of fulfilling
φ-word structures W in terms of a “syntactical” functional relation between adjacent W-rows.
For a φ-atom A and X ∈ {D, E}, we consider the following sets:
ReqX (A) := {ψ ∈ CL(φ) : ⟨X⟩ ψ ∈ A} (temporal requests of A);
ObsX (A) := {ψ ∈ A : ⟨X⟩ ψ ∈ CL(φ)} (observables of A).
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The next proposition, stating that, once the proposition letters of A and its temporal
requests have been fixed, A gets unambiguously determined, can be easily proved by induction.
▶ Proposition 3. Let φ be a DE-formula. Given a set RD ⊆ {ψ | ⟨D⟩ ψ ∈ CL(φ)}, a set
RE ⊆ {ψ | ⟨E⟩ ψ ∈ CL(φ)}, and a set P ⊆ CL(φ) ∩ AP , there exists a unique φ-atom A that
satisfies ReqD (A) = RD , ReqE (A) = RE , and A ∩ AP = P .
▶ Definition 4. Let AB and AE be two φ-atoms. We denote by succφ (AB , AE ) the unique
φ-atom A whose sets of propositions and (sub-interval and suffix) temporal requests satisfy:
(i) A ∩ AP = AB ∩ AE ∩ AP ,
(ii) ReqD (A) = ReqD (AB ) ∪ ObsD (AB ) ∪ ReqD (AE ) ∪ ObsD (AE ), and
(iii) ReqE (A) = ReqE (AE ) ∪ ObsE (AE ).
Definition 4 can be exploited to label a fulfilling φ-word structure W, namely, to determine
the φ-atoms labeling all the intervals [i, j] of W, starting from the singleton ones. The idea is
the following: if two φ-atoms AB and AE label respectively the greatest proper prefix [i, j − 1]
and the greatest proper suffix [i + 1, j] of the same non-singleton interval [i, j], then the atom
A labeling interval [i, j] is unique, and it is precisely the one given by succφ (AB , AE ). The
next lemma proves that this is the general rule for labeling fulfilling φ-word structures (a
proof of Lemma 5 is in Appendix B).
▶ Lemma 5. Let W = (w, L) be a φ-word structure. Then W is fulfilling if and only if for
each interval [i, j] of W, it holds that (i) L(i, j) = succφ (L(i, j − 1), L(i + 1, j)), if i < j, and
(ii) ReqD (L(i, j)) = ∅ and ReqE (L(i, j)) = ∅, if i = j.
We now introduce the abstract notion of φ-rows, finite sequences of φ-atoms satisfying
“syntactical” adjacency requirements which capture the behaviour of W-rows in fulfilling
φ-word structures W.
▶ Definition 6. A φ-row row is a non-empty finite sequence of φ-atoms such that for
all 0 ≤ i < |row| − 1: (i) (row[i] ∩ AP ) ⊇ (row[i + 1] ∩ AP ), (ii) ReqD (row[i + 1]) ⊇
ReqD (row[i]) ∪ ObsD (row[i]), and (iii) ReqE (row[i + 1]) = ReqE (row[i]) ∪ ObsE (row[i]).
The φ-row row is initialized if ReqD (row[0]) = ∅ and ReqE (row[0]) = ∅.
We denote by Rowsφ the set of all possible φ-rows. We observe that the sequence of
atoms along a φ-row row = A0 · · · An has a monotonic behaviour, and the number of distinct
atoms in row is linearly bounded in the size of φ. Indeed, by Definition 6, row induces three
monotonic sequences: (i) one concerns the atomic propositions, is decreasing and is given
by (A0 ∩ AP ) ⊇ (A1 ∩ AP ) ⊇ . . . ⊇ (An ∩ AP ), (ii) the second and the third are increasing,
concern the temporal requests, and are given by ReqD (A0 ) ⊆ ReqD (A1 ) ⊆ . . . ⊆ ReqD (An )
and ReqE (A0 ) ⊆ ReqE (A1 ) ⊆ . . . ⊆ ReqE (An ). The number of distinct elements in each
sequence is bounded by |φ| (w.l.o.g, we assume that |AP | ≤ |φ|, i.e. we can consider only the
propositional letters actually occurring in φ). Since a set of requests and a set of proposition
letters uniquely determine a φ-atom, any φ-row may feature at most 3|φ| distinct atoms, i.e.,
n ≤ 3|φ|. Since in a fulfilling φ-word structure there are no temporal requests in the atoms
labeling the singleton intervals, by Lemma 5, we have the following result.
▶ Lemma 7.
1. The number of distinct atoms in a φ-row row is at most 3|φ|. Moreover, for all 0 ≤ i <
j < |row|, if Ai = Aj , then Ak = Ai for all k ∈ [i, j].
2. Each W-row of a fulfilling φ-word structure W is an initialized φ-row.
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We now generalize the successor function succφ to φ-rows: given a φ-row row and
a φ-atom A, we consider the φ-row of length |row| + 1 and first atom A obtained by a
component-wise application of succφ starting from A and the first atom of row.
▶ Definition 8. Given a φ-atom A and a φ-row row with |row| = n, the A-successor of row,
denoted by succφ (row, A), is the sequence B0 . . . Bn of φ-atoms defined as follows: B0 = A
and Bi+1 = succφ (row[i], Bi ) for all i ∈ [0, n − 1].
By Definitions 4 and 8, we can easily derive the following lemma.
▶ Lemma 9. Let row be a φ-row and A be a φ-atom. Then, succφ (row, A) is a φ-row.
Moreover, if row is of the form row = row1 · row2 , then succφ (row, A) = succφ (row1 , A) ⋆
succφ (row2 , A1 ), where A1 is the last φ-atom of succφ (row1 , A).
By Lemma 5, consecutive rows in fulfilling φ-word structures respect the successor
function. In particular, by Lemmata 5 and 7, we obtain the following characterization result.
▶ Corollary 10 (Characterization of fulfilling φ-word structures). Let W = (w, L) be a φ-word
structure such that for all 0 ≤ i < |w|, ReqD (L(i, i)) = ∅ and ReqE (L(i, i)) = ∅. Then W is
fulfilling if and only if, for each 0 ≤ j < |w| − 1, rowj+1 = succφ (rowj , rowj+1 [0]), where
rowi is the i-row of W for all 0 ≤ i < |w|.

4.2

Finite abstractions of rows

We describe now the core of the proposed automata-theoretic approach to the satisfiability
and model checking problems for DEHom . Given a DEHom formula φ, we introduce an
equivalence relation ∼φ of finite index over Rowsφ , whose number of equivalence classes is
singly exponential in the size of φ and such that each equivalence class has a representative
whose length is polynomial in the size of φ. As a crucial result we show that the successor
function preserves the equivalence between φ-rows. The equivalence relation ∼φ is based
on the notion of uniform factorization of φ-rows and rank of φ-atoms. In the following,
we denote by ND,φ the number of sub-interval temporal requests in CL(φ) plus one, i.e.,
|{ψ | ⟨D⟩ ψ ∈ CL(φ)}| + 1, and by NE,φ the number of suffix temporal requests in CL(φ)
plus one, i.e., |{ψ | ⟨E⟩ ψ ∈ CL(φ)}| + 1. Note that 1 ≤ ND,φ ≤ |φ| and 1 ≤ NE,φ ≤ |φ|.
▶ Definition 11 (Uniform φ-rows). A φ-row row is uniform if for all 0 ≤ i < |row| − 1,
(row[i] ∩ AP ) = (row[i + 1] ∩ AP ) and ReqD (row[i + 1]) = ReqD (row[i]).
Thus, in a uniform φ-row row, all the atoms occurring in row have the same propositional
letters and the same sub-interval temporal requests. We represent an arbitrary φ-row row in
the form row = row1 · . . . · rowk (uniform factorization of row) where row1 , . . . , rowk are
uniform φ-rows and rowi · rowi+1 [0] is not uniform for all 1 ≤ i < k. By the monotonicity
properties of a φ-row row (see Definition 6 and Lemma 7(1)), the number k of uniform
segments in the factorization of row is linearly bounded in the size of φ.
▶ Lemma 12. The following statements hold:
1. Let row be a φ-row with uniform factorization row1 · . . . · rowk . Then k is at most 3|φ|.
2. Let row be a uniform φ-row such that |row| > NE,φ . Then row is of the form row =
row′ · B m where |row′ | = NE,φ , m ≥ 1, and B is the last atom of row′ .
3. Given a φ-atom A and an integer n ≥ 1, there is at most one uniform φ-row row such
that row[0] = A and |row| = n.
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Proof. By Lemma 7(1), the number k of uniform segments in the uniform factorization of
the φ-row row is at most the number of distinct atoms in row. Hence, k is at most 3|φ|,
and Property (1) directly follows. As for Property (2), let row be a uniform φ-row such that
|row| > NE,φ . By definitions of φ-row and uniform φ-row, for all 0 ≤ i < |row| − 1, either
ReqE (row[i]) ⊂ ReqE (row[i + 1]) or row[j] = row[i] for all i ≤ j < |row|. Thus, since for a
φ-atom A, 0 ≤ |ReqE (A)| < NE,φ , we obtain that row is of the form row = row′ · B m where
|row′ | = NE,φ , m ≥ 1, and B is the last atom of row′ .
As for Property (3), it suffices to observe that in a uniform φ-row all the atoms have
the same propositional letters and the same sub-interval temporal requests. Thus, since
the suffix temporal requests of a non-first atom in a φ-row are completely specified by the
previous atom along the row, the result follows.
◀
We now introduce the notion of rank of a φ-atom. We first define the D-rank of a
φ-atom A, written rankD (A), as ND,φ − |ReqD (A)|. Clearly, 1 ≤ rankD (A) ≤ |φ|. The
rank of a φ-atom A, written rank(A), is defined as rankD (A) · NE,φ (i.e. the product of
the D-rank of A with the increment of the overall number of suffix temporal requests in φ).
Clearly, 1 ≤ rank(A) ≤ |φ|2 . Intuitively, we can see the rank of an atom as the “number
of degrees of freedom” that it gives to the atoms that stay “above it”. In particular, by
Definition 6, for every φ-row row = A0 · · · An , we have rankD (A0 ) ≥ . . . ≥ rankD (An ) and
rank(A0 ) ≥ . . . ≥ rank(An ). Moreover, in a uniform φ-row row, all the atoms occurring in
row have the same rank, and we write rank(row) for such a rank.
▶ Definition 13 (Equivalence relation). Given two uniform φ-rows row and row′ , we say
that row and row′ are equivalent, written row ∼φ row′ , if the following conditions hold:
row[0] = row′ [0] (hence rank(row) = rank(row′ )), and
either |row| = |row′ | or both |row| and |row′ | are strictly greater than rank(row).
Two arbitrary φ-rows row and row′ with uniform factorizations row1 · . . . rowk and row1′ ·
. . . rowk′ ′ , respectively, are equivalent, written row ∼φ row′ , if k = k ′ and rowi ∼φ rowi′ for
all i ∈ [1, k]. A minimal φ-row is a φ-row whose uniform factorization row1 · . . . rowk is such
that |rowi | ∈ [1, rank(rowi ) + 1], for each 1 ≤ i ≤ k.
By construction and Lemma 12, the number of minimal φ-rows is finite and each equivalence
class of ∼φ contains a unique minimal φ-row. Thus, the equivalence relation ∼φ has finite
index coinciding with the number of minimal φ-rows. This number is roughly bounded by
the number of all the possible uniform factorizations of the form row1 · . . . · rowk where
k ≤ 3|φ| and for all i ∈ [1, k], |rowi | ranges from 1 to |φ|2 and rowi is the unique uniform
φ-row of length |rowi | having as first atom rowi [0]. Since the number of possible φ-atoms is
2
2|φ| , the number of distinct equivalence classes of ∼φ is bounded by (2|φ| · |φ|2 )3|φ| ≤ 29|φ| ,
which is exponential in the length of the input formula φ. Moreover, each minimal φ-row
has length at most 3|φ|3 . Hence, we obtain the following result.
▶ Lemma 14. Each equivalent class of ∼φ contains a unique minimal φ-row. The length of
2
a minimal φ-row is at most 3|φ|3 , and the number of minimal φ-rows is at most 29|φ| .
We observe that if we replace a segment (sub-row) of a φ-row by an equivalent one, we
obtain a φ-row which is equivalent to the original one (for a proof, see Appendix C).
▶ Lemma 15. Let row1 , row1′ , row2 , row2′ be φ-rows such that row1 ∼φ row1′ and row2 ∼φ
row2′ . If row1 ⋆ row2 and row1′ ⋆ row2′ are defined, then row1 ⋆ row2 ∼φ row1′ ⋆ row2′ .
We now show that the successor function succφ on φ-rows preserves the equivalence of
φ-rows. We first show (Lemma 16) that the result holds for uniform φ-rows (the proof is
provided in Appendix D), and then we generalize Lemma 16 to arbitrary φ-rows.
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▶ Lemma 16. Let A be a φ-atom. Then the following statements hold:
1. let row be a uniform φ-row such that |row| > rank(row). Then the φ-row succφ (row, A)
is of the form A · row1 · . . . · rowk for some k ≥ 1 such that row1 , . . . , rowk are uniform
φ-rows and |rowk | > rank(rowk ).
2. Let row and row′ be two uniform φ-rows such that row ∼φ row′ . Then succφ (row, A) ∼φ
succφ (row′ , A).
▶ Lemma 17. Let A be a φ-atom and row and row′ be two φ-rows such that row ∼φ row′ .
Then for the φ-rows succφ (row, A) and succφ (row′ , A), it holds that succφ (row, A) ∼φ
succφ (row′ , A).
Proof. The proof is by induction on the number N (row) of distinct uniform segments in the
uniform factorization of row. Being row and row′ equivalent, N (row′ ) = N (row).
Base step: N (row) = N (row′ ) = 1, i.e. row and row′ are uniform. In this case, the result
directly follows from Lemma 16.
Inductive step: N (row) = N (row′ ) > 1. Hence, being row ∼φ row′ , row (resp., row′ ) can
be written in the form row = row1 · row2 (resp., row′ = row1′ · row2′ ) such that row1 ∼φ
row1′ , row2 ∼φ row2′ , N (row1 ) = N (row1′ ) < N (row) = N (row′ ), and N (row2 ) =
N (row2′ ) < N (row) = N (row′ ). Let A1 (resp., A′1 ) be the last atom in succφ (row1 , A)
(resp., succφ (row1′ , A)). By the induction hypothesis, succφ (row1 , A) ∼φ succφ (row1′ , A),
A1 = A′1 , and succφ (row2 , A1 ) ∼φ succφ (row2′ , A′1 ) (note that by Lemma 12, two equivalent φ-rows have the same last atom). By Lemma 9, succφ (row, A) = succφ (row1 , A) ⋆
succφ (row2 , A1 ) and succφ (row′ , A) = succφ (row1′ , A) ⋆ succφ (row2′ , A′1 ). Thus, by applying Lemma 15, we obtain that succφ (row, A) ∼φ succφ (row′ , A), and we are done. ◀

4.3

Optimal upper bounds for DEHom satisfiability and model-checking

In this subsection, by exploiting Corollary 10 and Lemma 17, we derive an asymptotically
optimal automata-theoretic approach for satisfiability and model checking of DEHom over
finite linear orders. Given a DEHom -formula φ, we show that it is possible to construct a
deterministic finite automaton (DFA) Dφ over the alphabet 2AP having as states the initialized
minimal φ-rows which accepts the non-empty finite words over 2AP which satisfy formula φ.
▶ Definition 18. Let row be a minimal φ-row and A an atom. We denote by succmin
φ (row, A)
the unique minimal φ-row in the equivalence class of ∼φ containing succφ (row, A). Moreover,
for a set P ⊆ AP of proposition letters, we denote by A(P ) the unique φ-atom such that
A(P ) ∩ AP = P , ReqD (A(P )) = ∅, and ReqE (A(P )) = ∅.
We associate with the formula φ the DFA Dφ = ⟨2AP , Rowsmin
∪ {q0 }, {q0 }, δ, F ⟩, where
φ
Rowsmin
is the set of initialized minimal φ-rows, and δ and F are defined as follows:
φ
δ(q0 , P ) = A(P ) for all P ∈ 2AP ,
AP
δ(row, P ) = succmin
and row ∈ Rowsmin
φ (row, A(P )) for all P ∈ 2
φ ;
min
F is the set of φ-rows row ∈ Rowsφ such that φ ∈ row[n − 1], where n = |row|.
We now establish the main technical result of this paper.
▶ Theorem 19. Given a DEHom -formula φ, the DFA Dφ accepts all and only the non-empty
finite words over 2AP which satisfy φ.
Proof. Let w be a non-empty finite word over 2AP and n = |w| − 1. We need to show that
for the homogeneous interval model M(w), M(w), [0, n] |= φ if and only if w ∈ L(Dφ ).
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(⇒). Assume that M(w), [0, n] |= φ. Let W = (w, L) be the unique fulfilling φ-word
structure associated with the word w and for all i ∈ [0, n], let rowi be the initialized φrow corresponding to the i-row of W. By hypothesis φ ∈ rown [n], and by construction
|row0 | = 1 and rowi [0] = A(w[i]) for all i ∈ [0, n]. Moreover, by Corollary 10, rowi+1 =
succφ (rowi , rowi+1 [0]) for all i ∈ [0, n − 1]. For each i ∈ [0, n], let rowimin be the unique
minimal φ-row in the equivalence class [rowi ]∼φ . Note that row0min = row0 , the last atom
of rownmin contains φ, rowimin is initialized and rowimin [0] = rowi [0] = A(w[i]) for all
i ∈ [0, n]. By applying Lemma 17, succφ (rowimin , rowi+1 [0]) is equivalent to rowi+1 =
succφ (rowi , rowi+1 [0]) for all i ∈ [0, n − 1]. Hence, by the definition of succmin
φ , we obtain
min
min
that rowi+1
= succmin
, A(w[i + 1])) for all i ∈ [0, n − 1]. By Definition 18, it follows
φ (rowi
that there is an accepting run of Dφ over w, i.e. w ∈ L(Dφ ).
(⇐). Let us assume that w is accepted by Dφ . By Definition 18, there exist n + 1
minimal initialized minimal φ-rows row0min , . . . , rownmin such that row0min = A(w[0]), φ
min
belongs to the last atom of rownmin , rowimin [0] = A(w[i]) for all i ∈ [0, n], and rowi+1
=
min
min
min
succφ (rowi , rowi+1 [0]) for all i ∈ [0, n − 1]. Let row0 , . . . , rown be the sequence of
min
φ-rows defined as follows: row0 = row0min and rowi+1 = succφ (rowi , rowi+1
[0]) for all
min
i ∈ [0, n − 1]. By Lemma 17, we have rowi ∼φ rowi
for all i ∈ [0, n]. Hence, rowi is
initialized for all i ∈ [0, n], and φ ∈ rown [n]. Let us define the φ-word structure W = (w, L)
where L(i, j) = rowj [j − i] for every 0 ≤ i ≤ j ≤ n. By Corollary 10, W is fulfilling. Thus,
since φ ∈ L(0, n), we obtain that M(w), [0, n] |= φ and the result follows.
◀
By Theorem 19, satisfiability of a DEHom -formula φ reduces to checking non-emptiness
of the DFA Dφ in Definition 18 whose number of states is singly exponential in the size
of φ (Lemma 14). For the model-checking problem, given a finite Kripke structure K, for
checking that K is a model of φ, we apply the standard model-checking approach taking the
synchronous product K × D¬φ of K with the automaton associated with the negation of the
formula φ: the NFA K × D¬φ accepts all and only the traces of K which violate property φ.
Hence, K ̸|= φ if and only if the language accepted by K × D¬φ of K is not empty. Note that
the number of states in K × D¬φ is linear in the number of K-states and singly exponential
in the size of φ, and the automata Dφ and K × D¬φ can be constructed “on the fly”. Thus,
since non-emptiness of NFA is in NLogspace, the complexity classes NPspace =Pspace
and NLogspace are closed under complement, and satisfiability and model checking against
the fragment DHom are known to be Pspace-complete [2], we obtain the following result.
▶ Theorem 20. Finite satisfiability and model checking for DEHom -formulas are both Pspacecomplete. Moreover, for DEHom -formulas of fixed size, model checking is in NLogspace.
As for the logic BDHom over finite linear orders, we obtain results similar to Theorem 20.
Let DE(φ) be the DEHom formula obtained from a BDHom formula φ by replacing each
occurrence of modality ⟨B⟩ with ⟨E⟩. For each non-empty finite word w over 2AP , w |= φ iff
wR |= DE(φ) (wR is the reverse of w). Hence, the automaton Nφ accepting the models w of
φ corresponds to the “reverse” of the DFA DDE(φ) of Definition 18 associated with DE(φ).
Note that Nφ has the same states as DDE(φ) but it is not deterministic. This is an important
difference between BDHom and DEHom in the proposed automata-theoretic approach.

5

Results for BDHom and concluding remarks

For the logic BDHom over finite linear orders, we obtain results similar to Theorem 20. For a
BDHom formula φ, let DE(φ) be the DEHom formula obtained by replacing each occurrence
of modality ⟨B⟩ with ⟨E⟩. Evidently, for each non-empty finite word w over 2AP , w |= φ iff
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wR |= DE(φ) (wR is the reverse of w). Hence, the automaton Nφ accepting the models
w of φ corresponds to the “reverse” of the DFA DDE(φ) of Definition 18 associated with
DE(φ). Note that Nφ has the same states as DDE(φ) but it is not deterministic. On the
other hand, Nφ is deterministic in the backward-direction. Thus, for the DEHom formulas,
the associated automata are deterministic in the forward-direction but non-deterministic
in the backward-direction. Dually, for the BDHom formulas, the equivalent automata are
deterministic in the backward-direction but non-deterministic in the forward-direction.
The results obtained for DEHom and BDHom are particularly interesting when compared
with known results for BEHom , where the latter includes DEHom and BDHom as proper
fragments and, apparently, is quite close to DEHom and BDHom . The complexity of MC for
BEHom is still unknown: the problem is at least Expspace-hard [5], while the only known
upper bound is nonelementary [21]. Whether or not this problem can be solved elementarily
is a difficult open question. Being DE and BD the most significant fragments of BE, the
proved results provide a better insight into such an open question. The exact complexity of
finite satisfiability for BEHom is also an open issue: the same upper/lower bounds can be
shown to hold by linear-time reductions to/from the MC problem.
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Proof of Theorem 1

In this section we provide a proof of Theorem 1. We establish the following result. Hence,
Theorem 1 directly follows.
▶ Proposition 21. Over finite linear orders, the following holds:
1. there exists a BHom formula which cannot be expressed in DEHom ;
2. there exists an EHom formula which cannot be expressed in BDHom .
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We prove Proposition 21(2). The proof of Proposition 21(1) is similar and we omit the
details here. Let AP = {p}. We consider the EHom formula φE over AP defined as follows:
φE := ⟨E⟩(p ∧ ⟨E⟩ ⊤)
which asserts the existence of a proper suffix of length at least 2 where p holds. In order to
prove that no formula in BDHom is equivalent to φE over finite linear orders, we define two
families (wn )n≥1 and (wn′ )n≥1 of non-empty finite words over 2{p} such that
φE distinguishes between wn and wn′ for each n ≥ 1, and
for every BDHom formula ψ, there is n ≥ 1 such that ψ does not distinguish between wn
and wn′ .
For each n ≥ 1, the words wn and wn′ over 2{p} are defined as follows:
wn = (∅{p}n )n+2 {p} and wn′ = (∅{p}n )n+2 ∅{p}
Note that for each n ≥ 1, the property of having a suffix of length at least 2 where p holds is
satisfied by wn but not by wn′ . Hence, the following holds:
▶ Lemma 22. For each n ≥ 1, wn |= φE and wn′ ̸|= φE .
For a BDHom formula ψ, we denote by d(ψ) the joint nesting depth of the temporal
modalities in ψ. Proposition 21(2) directly follows from Lemma 22 and the following lemma.
▶ Lemma 23. Let n ≥ 1. Then, for each BDHom formula ψ such that d(ψ) < n, it holds
that wn |= ψ if and only if wn′ |= ψ
Proof. Fix n ≥ 1. In order to prove Lemma 23, we need some preliminary results. The
following claim can be proved by a straightforward induction on k ≥ 1.
▷ Claim 1. Let k ≥ 1. Then for each BDHom formula ξ such that d(ξ) < k, it holds that (i)
{p}k |= ξ iff {p}k+1 |= ξ and (ii) {p}j ∅{p}k |= ξ iff {p}j ∅{p}k+1 |= ξ for each j ≥ 0.
▷ Claim 2. Let i, j ≥ 0, k ≥ 1, and ν(j, i, k) = {p}j (∅{p}n )i ∅{p}k . Then for each BDHom
formula ξ such that d(ξ) < k, ν(j, i, k) |= ξ iff ν(j, i, k) · {p} |= ξ.
Proof of Claim 2. The proof is by induction on k ≥ 1. For the base case (k = 1), being
d(ξ) < 1 (hence, ξ does not contain temporal modalities), the result trivially follows. Now,
assume that k > 1. We proceed by a double induction on i ≥ 0. If i = 0, the result
directly follows from Claim 1. Now, let us assume that i > 0. By construction, for each
proper prefix (resp., proper infix) v of ν(j, i, k) · {p}, there is a proper prefix (resp., proper
infix) v ′ of ν(j, i, k) such that either (i) v ′ = v, or (ii) v = {p}k+1 and v ′ = {p}k , or (iii)
v = ν(j ′ , i′ , k ′ ) · {p} and v ′ = ν(j ′ , i′ , k ′ ) for some j ′ , i′ ≥ 0 and k ′ ≥ 1 such that either k ′ = k
and i′ < i, or k ′ = k − 1 and i′ ≤ i. Hence, the result easily follows from the induction
hypothesis and Claim 1.
◁
▷ Claim 3. Let h ≥ 1, i, j ≥ 0, ν(j, h) = {p}j (∅{p}n )h and ν(j, h, i) = {p}j (∅{p}n )h ∅{p}i .
Then, for each BDHom formula ξ such that d(ξ) < h, it holds that (i) ν(j, h) |= ξ iff
ν(j, h + 1) |= ξ, and (ii) ν(j, h, i) |= ξ iff ν(j, h + 1, i) |= ξ.
Proof of Claim 3. The proof is by induction on h ≥ 1. The base case (h = 1) trivially follows,
since being d(ξ) < 1, ξ does not contains temporal modalities. Now, assume that h > 1. Let
w = ν(j, h) (resp., w = ν(j, h, i)) and w′ = ν(j, h + 1) (resp., w′ = ν(j, h + 1, i)). We need to
prove that w |= ξ iff w′ |= ξ. By construction, the following holds:
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for each proper infix of v (resp., v ′ ) of w (resp., w), there exists a proper infix of v ′ (resp.,
v) of w′ (resp., w) such that v ′ (resp., v) is a prefix of w′ (resp., w) if v (resp., v ′ ) is a
prefix of w (resp., w′ ) and either (i) v ′ = v, or (ii) v ′ = ν(j ′ , h) and v = ν(j ′ , h − 1) for
some j ′ ≥ 0, or (iii) v ′ = ν(j ′ , h, i′ ) and v = ν(j ′ , h − 1, i′ ) for some i′ , j ′ ≥ 0.
Hence, the result easily follows from the induction hypothesis.
◁
By Claim 3, we easily deduce the following result.
▷ Claim 4. Let j ≥ 0. Then for each BDHom formula ξ such that d(ξ) < n, {p}j (∅{p}n )n+1 |=
ξ iff {p}j (∅{p}n )n+1 ∅{p} |= ξ.
We now prove Lemma 23. The proof is by induction on n. The base case (n = 1) trivially
follows, since being d(ψ) < n, ψ does not contains temporal modalities. Now, assume that
n > 1. We need to show that for each BEHom formula ξ such that d(ξ) < n − 1, the following
holds:
for each proper infix (resp., proper prefix) v of wn , there exists a proper infix (resp.,
proper prefix) v ′ of wn′ such that v |= ξ iff v ′ |= ξ ′ ;
for each proper infix (resp., proper prefix) v ′ of wn′ , there exists a proper infix (resp.,
proper prefix) v of wn such that v |= ξ iff v ′ |= ξ ′ .
The result easily follows from the definition of wn and wn′ and Claims 1–4.
◀

B

Proof of Lemma 5

▶ Lemma 5. Let W = (w, L) be a φ-word structure. Then W is fulfilling if and only if for
each interval [i, j] of W, it holds that (i) L(i, j) = succφ (L(i, j − 1), L(i + 1, j)), if i < j, and
(ii) ReqD (L(i, j)) = ∅ and ReqE (L(i, j)) = ∅, if i = j.
Proof.
(⇒). Assume that W is fulfilling. Hence, for each interval [i, j] of W, L(i, j) is the set
of formulas ψ ∈ CL(φ) such that M(w), [i, j] |= ψ (recall that M(w) is the homogeneous
interval model associated with the word w). Thus, if i = j, then ReqD (L(i, j)) = ∅
and ReqE (L(i, j)) = ∅. Otherwise, i < j and being M(w) homogeneous, we have that
L(i, j) ∩ AP = L(i, j − 1) ∩ L(i + 1, j) ∩ AP . Moreover, by the semantics of DE, the following
holds:
for each ⟨D⟩ ψ ∈ CL(φ), ⟨D⟩ ψ ∈ L(i, j) if and only if either ⟨D⟩ ψ ∈ L(i, j − 1), or
ψ ∈ L(i, j − 1), or ⟨D⟩ ψ ∈ L(i + 1, j), or ψ ∈ L(i + 1, j);
for each ⟨E⟩ ψ ∈ CL(φ), ⟨E⟩ ψ ∈ L(i, j) if and only if either ⟨E⟩ ψ ∈ L(i + 1, j) or
ψ ∈ L(i + 1, j).
This means that L(i, j) = succφ (L(i, j − 1), L(i + 1, j)), and the result follows.
(⇐). Assume that for every interval [i, j] of W, we have L(i, j) = succφ (L(i, j − 1), L(i +
1, j)) if i < j, and ReqD (L(i, j)) = ∅ and ReqE (L(i, j)) = ∅ if i = j. We have to prove that
W is fulfilling. Let [i, j] be an interval of W and ψ ∈ CL(φ). We prove by induction on the
structure of ψ that ψ ∈ L(i, j) if and only if M(w), [i, j] |= ψ. Hence,
\the result follows.
ψ = p with p ∈ AP : we have to show that L(i, j) ∩ AP =
L(h, h) ∩ AP . The
h∈[i,j]

proof is by a double induction on j − i ≥ 0. If i = j, the property trivially holds.
Let us assume now that j − i > 0. Since L(i, j) = succφ (L(i, j − 1), L(i + 1, j)), by
Condition
(i) of Definition
4 and the induction hypothesis, we obtain that L(i, j) ∩ AP =
\
\
L(h, h) ∩
L(h, h) ∩ AP . Hence, the result directly follows.
h∈[i+1,j]

h∈[i,j−1]
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ψ = ¬ψ1 or ψ = ψ1 ∨ ψ2 : for these cases, the result directly follows from the induction
hypothesis and the definition of φ-atom (recall that L(i, j) is a φ-atom).
ψ = ⟨D⟩ ψ1 or ψ = ⟨E⟩ ψ1 : the proof is by a double induction on j − i ≥ 0. If i = j, then
M(w), [i, j] ̸|= ψ, ReqD (L(i, j)) = ∅, and ReqE (L(i, j)) = ∅. Hence, the result follows.
Now, assume that j − i > 0. First, let us consider the case where ψ = ⟨D⟩ ψ1 . Since
L(i, j) = succφ (L(i, j − 1), L(i + 1, j)), by Condition (ii) of Definition 4 and the induction
hypothesis, we have that ⟨D⟩ ψ1 ∈ L(i, j) if and only if either M(w), [i, j − 1] |= ⟨D⟩ ψ1 ,
or M(w), [i, j − 1] |= ψ1 , or M(w), [i + 1, j] |= ⟨D⟩ ψ1 , or M(w), [i + 1, j] |= ψ1 if and
only if M(w), [i, j] |= ⟨D⟩ ψ1 .
Now, let us consider the case where ψ = ⟨E⟩ ψ1 . By Condition (iii) of Definition 4 and the
induction hypothesis, we have that ⟨E⟩ ψ1 ∈ L(i, j) if and only if either M(w), [i + 1, j] |=
⟨E⟩ ψ1 or M(w), [i + 1, j] |= ψ1 if and only if M(w), [i, j] |= ⟨E⟩ ψ1 , and the result follows.
◀

C

Proof of Lemma 15

▶ Lemma 15. Let row1 , row1′ , row2 , row2′ be φ-rows such that row1 ∼φ row1′ and row2 ∼φ
row2′ . If row1 ⋆ row2 and row1′ ⋆ row2′ are defined, then row1 ⋆ row2 ∼φ row1′ ⋆ row2′ .
Proof. We consider the case where row1 and row2 are uniform, hence, row1′ and row2′ are
uniform as well. The general case easily follows from the considered case. By hypothesis
row1 ⋆ row2 and row1′ ⋆ row2′ are defined. This entails that row1 ⋆ row2 and row1′ ⋆ row2′ are
uniform as well. Thus since row1 ∼φ row1′ and row2 ∼φ row2′ , by Definition 13, we obtain
that row1 ⋆ row2 and row1′ ⋆ row2′ have the same first atom A and indicated by m (resp.,
m′ ) the length of row1 ⋆ row2 (resp., row1′ ⋆ row2′ ), it holds that either m = m′ , or both
m > rank(A) and m′ > rank(A). Hence, the result follows.
◀

D

Proof of Lemma 16

In order to prove Lemma 16, we need a preliminary technical result (Lemma 5) that considers
uniform φ-rows of the form B m for some φ-atom B.
▶ Lemma 5. Let A and B be two φ-atoms such that rankD (succφ (B, A)) = rankD (B) − h
for some h ≥ 0 (note that h < rankD (B)). Given m > (rankD (B) − h) · NE,φ , if B m is a
φ-row than the φ-row succφ (B m , A) is of the form A · row1 · . . . · rowk for some k ≥ 1 such
that row1 , . . . , rowk are uniform φ-rows and
rankD (rowi ) > rankD (rowi+1 ) for each 1 ≤ i < k,
|rowk | > rank(rowk ).
Proof. Let rankD (succφ (B, A)) = rankD (B) − h for some 0 ≤ h < rankD (B), m >
(rankD (B) − h) · NE,φ , and row be the φ-row of length m + 1 given by succφ (B m , A). Since
row[0] = A and row[i + 1] = succφ (B, row[i]) for all i ∈ [0, m − 1], by Definition 4, for all
i ∈ [1, m], the following holds:
row[i] = B ∩ A ∩ AP ;
rankD (row[i − 1]) ≥ rankD (row[i]) and ReqE (row[i − 1]) ⊆ ReqE (row[i]);
if i < m and row[i] = row[i + 1], then row[j] = row[i] for all j ≥ i.
Since by hypothesis rankD (row[1]) = rankD (B) − h, we easily deduce that row =
succφ (B m , A) is of the form
A · row1 · . . . · rowk
for some k ≥ 1 such that row1 , . . . , rowk are uniform φ-rows and
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rankD (row1 ) = rankD (B) − h,
rankD (rowi ) > rankD (rowi+1 ) for each 1 ≤ i < k, and
|rowi | ≤ NE,φ for each 1 ≤ i < k.
It remains to show that |rowk | > rank(rowk ). By the previous points, we have that
rankD (B)−h = rankD (row1 ) > . . . > rankD (rowk ). Hence, rankD (B)−h ≥ rankD (rowk )+
k − 1. Since m > (rankD (B) − h) · NE,φ and |rowi | ≤ NE,φ for each 1 ≤ i < k, we obtain
Pi=k−1
Pi=k−1
|rowk | = m − i=1 |rowi | ≥ m − i=1 NE,φ > (rankD (B) − h) · NE,φ − (k − 1)NE,φ ≥
rankD (rowk ) · NE,φ = rank(rowk ).
◀
By exploiting Lemma 5, we now prove Lemma 16.
▶ Lemma 16. Let A be a φ-atom. Then the following statements hold:
1. let row be a uniform φ-row such that |row| > rank(row). Then the φ-row succφ (row, A)
is of the form A · row1 · . . . · rowk for some k ≥ 1 such that row1 , . . . , rowk are uniform
φ-rows and |rowk | > rank(rowk ).
2. Let row and row′ be two uniform φ-rows such that row ∼φ row′ . Then succφ (row, A) ∼φ
succφ (row′ , A).
Proof.
Proof of Property (1). Let A be a φ-atom and row be a uniform φ-row such that |row| >
rank(row). We need to show that the length |η| of the last uniform segment η in the
uniform factorization of succφ (row, A) satisfies |η| > rank(η). Since |row| > rank(row) and
rank(row) ≥ NE,φ , by Lemma 12(2), row is of the form row = row1 · B m where m ≥ 1,
|row1 | = NE,φ and B is the last atom of row1 . Let row′ be the φ-row given by succφ (row, A).
Then row′ can be written in the form
row′ = (A · row1′ ) ⋆ succφ (B m , B ′ )
where A·row1′ = succφ (row1 , A) and B ′ is the last atom of row1′ . In particular, |row1′ | = NE,φ .
Let B ′′ = succφ (B, B ′ ). By Definition 4, we have that rankD (B ′′ ) ≤ rankD (row1′ [0]) ≤
rankD (row). We distinguish two cases:
rankD (B ′′ ) = rankD (row). In this case, we have that all the atoms in row1′ · B ′′ have
the same sub-interval temporal requests. Moreover, since row is uniform, by Definition 4,
all the atoms in row1′ · B ′′ have the same propositional letters. Hence, row1′ · B ′′ is a
uniform φ-row. Since |row1′ | = NE,φ , by Lemma 12(2), B ′′ coincides with the last atom
B ′ of row1′ . Thus, B ′ = succφ (B, B ′ ) and row′ = A · row1′ · (B ′ )m where row1′ · (B ′ )m
is a uniform φ-row having the same length and the same rank as row. Thus, since
|row| > rank(row), the result in this case holds.
rankD (B ′′ ) < rankD (row) = rankD (B). We have that m = |row|−NE,φ > rank(row)−
NE,φ = (rankD (B) − 1) · NE,φ ≥ rank(B ′′ ). Since B ′′ = succφ (B, B ′ ), by Lemma 5, the
length |η| of the last uniform segment η in the uniform factorization of succφ (B m , B ′ )
satisfies |η| > rank(η), and the result follows.
Proof of Property (2). Let A be a φ-atom and row and row′ be two uniform φ-rows such
that row ∼φ row′ . We need to show that succφ (row, A) ∼φ succφ (row′ , A). By hypothesis
and Definition 13, there are two cases:
row[0] = row′ [0] and |row| = |row′ |. Since row and row′ are uniform, by Lemma 12(3),
row = row′ , and the result obviously follows.
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row[0] = row′ [0], |row| ̸= |row′ |, |row| > rank(row) and |row′ | > rank(row′ ). Assume
that |row| < |row′ | (the case where |row′ | < |row| being similar). Since row and row′
are uniform and row[0] = row′ [0], it holds that rank(row) = rank(row′ ). Moreover,
|row| > rank(row) ≥ NE,φ . Applying Lemma 12(2) and Lemma 12(3), we deduce that
row is of the form row = row1 · B 2 and row′ = row1 · B k+2 where B is a φ-atom
and k = |row′ | − |row|. By Property (1) of Lemma 16 the last uniform segment η of
succφ (row, A) satisfies |η| > rank(η) ≥ NE,φ . Thus, by Lemma 12(2), succφ (row, A) is of
the form row′ ·(B ′ )2 for a φ-atom B ′ such that B ′ = succφ (B, B ′ ). Since succφ (row′ , A) =
(row′ · (B ′ )2 ) ⋆ succφ (B k , B ′ ), we obtain that succφ (row′ , A) = row′ · (B ′ )2+k . Thus,
since the last uniform segment η in row′ · (B ′ )2 satisfies |η| > rank(η), we deduce that
succφ (row, A) and succφ (row′ , A) are equivalent.
◀
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1

Introduction

Motivation. The problem we consider in this paper originates in the area of ontology-based
data access (OBDA) to temporal data. The aim of the OBDA paradigm [38, 51] and systems
such as Mastro or Ontop1 is to facilitate management and integration of possibly incomplete
and heterogeneous data by providing the user with a view of the data through the lens of a
description logic (DL) ontology. Thus, the user can think of the data as a “virtual knowledge
graph” [52], A, whose labels – unary and binary predicates supplied by an ontology, O – are
the only thing to know when formulating queries, κ. Ontology-mediated queries (OMQs)
q = (O, κ) are supposed to be answered over A under the open world semantics (taking
account of all models of O and A), which can be prohibitively complex. So the key to
practical OBDA is ensuring first-order rewritability of q (aka boundedness in the datalog
literature [1]), which reduces open-world reasoning to evaluating an FO-formula over A. The
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W3C standard ontology language OWL 2 QL for OBDA is based on the DL-Lite family of
DL [3,17], which uniformly guarantees FO-rewritability of all OMQs with a conjunctive query.
Other ontology languages with this feature include various dialects of tgds; see, e.g., [7,16,19].
However, by design such languages are rather inexpressive.
Theory and practice of OBDA have revived the interest to the problem of deciding
whether an OMQ given in some expressive language is FO-rewritable, which was thoroughly
investigated in the 1980–90s for datalog queries; see, e.g., [2,21,37,44,46]. The data complexity
and rewritability of OMQs in various DLs and disjunctive datalog have become an active
research area in the past decade [14, 24, 28, 29, 36], lying at the crossroads of logic, database
theory, knowledge representation, circuit and descriptive complexity, and CSP.
There have been numerous attempts to extend ontology and query languages with
constructors capable of representing events over temporal data; see [5, 35] for surveys
and [15,49,50] for more recent developments. However, so far the focus has been on the uniform
complexity of reasoning with arbitrary ontologies and queries in a given language rather than
on understanding the data complexity and FO-rewritability of individual temporal OMQs.
On the other hand, the non-uniform analysis of OMQs in DLs or datalog mentioned above is
not applicable to standard temporal logics interpreted over linearly-ordered structures.
In this paper, we take a first step towards understanding the problem of FO-rewritability
of OMQs over temporal data by focusing on the temporal dimension and considering OMQs
given in linear temporal logic LTL interpreted over (Z, <).
▶ Example 1. Let O be an LTL ontology with the following axioms (describing a system’s
behaviour and) containing the temporal operators ✷F /✷P (always in the future/past), ✸F /✸P
(sometime in the future/past) and ⃝F /⃝P (the next/previous minute):

✷P ✷F Malfunction → ✸F Fixed ,
(1)

✷P ✷F Fixed → ⃝F InOperation ,
(2)

2
✷P ✷F Malfunction ∧ ⃝P Malfunction ∧ ⃝P Malfunction → ¬⃝F InOperation .
(3)
We query temporal data, say
A = {Malfunction(2), Malfunction(5), Malfunction(6), Fixed(6), Malfunction(7)}
by means of LTL-formulas such as
_
_

⃝i (Fixed ∧
κ = ✸P ✸F Malfunction ∧
¬⃝Fj InOperation)
F
1≤i≤5

1≤j≤5

asking whether there was a malfunction that was fixed in ≤ 5m but within the next 5m the
equipment went out of operation again. The certain answer to the OMQ q = (O, κ) over A
is yes because κ is true in all models of O and A. It is readily seen that the certain answer
to q over any given data instance A′ in the signature {Malfunction, Fixed} can be computed
by evaluating over A′ the following FO(<)-sentence, called an FO(<)-rewriting of q:
_
_
^


∃x Malfunction(x) ∧
Fixed(x + i) ∧
Malfunction(x + i + j − k) .
1≤i≤5

1≤j≤5 0≤k≤2

Problem and related work. The problem we are interested in can be formulated in
complexity-theoretic terms: given an LTL OMQ q, determine the data complexity of
answering q over any data instance A in a given signature Ξ. For simplicity’s sake, let
us assume that q is Boolean (with a yes/no answer). Then the data instances A, over
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which the answer to q is yes, form a language L(q) over the alphabet 2Ξ . In fact, using
the automata-theoretic view of LTL [48], one can show that L(q) is regular, and so can
be decided in NC1 [8, 10]. The circuit and descriptive complexity of regular languages was
investigated in [9, 43], which established an AC0 /ACC0 /NC1 trichotomy, gave algebraic
characterisations of languages in these classes (implying that the trichotomy is decidable)
and also in terms of extensions of FO. Namely, the languages L in AC0 are definable by
FO(<, ≡)-sentences with unary predicates x ≡ 0 (mod n); those in ACC0 are definable by
FO(<, MOD)-sentences with quantifiers ∃n x ψ(x) checking whether the number of positions
satisfying ψ is divisible by n; and all regular languages L are definable in FO(RPR) with
relational primitive recursion [20].
Thus, our problem can be equivalently formulated in logic terms: given an LTL OMQ q,
decide whether L(q) is FO(<, ≡)- or FO(<, MOD)-definable. In the OBDA context, we are
also interested in FO(<)-definability (without any extra predicates, quantifiers or recursion),
which has been thoroughly investigated in both automata theory and logic; see, e.g., [23]
and references therein. In particular, deciding FO(<)-definability of regular languages given
by a NFA can be done in PSpace [13, 41], with a matching lower bound established even for
languages given by a minimal DFA [18]. These classical results have recently been extended by
showing that deciding each of FO(<)-, FO(<, ≡)-, and FO(<, MOD)-definability of languages
given by a two-way NFA can be done in PSpace, and that a matching lower bound holds
for languages given by a minimal DFA [33]. Note also that, by Kamp’s Theorem [30, 39],
FO(<)-rewritability reduces answering LTL OMQs to model checking LTL-formulas.
FO(RPR)-rewritability of all LTL OMQs was proved in [6], which also provided (uniform)
rewritability results for various classes of LTL OMQs (to be defined below); see Table 2.
Our contribution. Let L ∈ {FO(<), FO(<, ≡), FO(<, MOD)}. To investigate L-rewritability
of LTL OMQs q = (O, κ), we follow the classification of [6], according to which the axioms
of every LTL ontology O are given in the clausal form

✷P ✷F C1 ∧ · · · ∧ Ck → Ck+1 ∨ · · · ∨ Ck+m ,

(4)

where the Ci are atoms, possibly prefixed by the temporal operators ⃝F , ⃝P , ✷F , ✷P . Given
some o ∈ {✷, ⃝, ✷⃝} and c ∈ {bool, horn, krom, core}, we denote by LTLoc the fragment of
LTL with clauses of the form (4), where the Ci can only use the (future and past) operators
indicated in o, and m ≤ 1 if c = horn; k+m ≤ 2 if c = krom; k+m ≤ 2 and m ≤ 1 if c = core;
and arbitrary k, m if c = bool. If o is omitted, the Ci are atomic. An LTLohorn -ontology O is
linear if, in each of its axioms (4), at most one Ci , for 1 ≤ i ≤ k, can occur on the right-hand
side of an axiom in O (is an IDB predicate, in datalog parlance). We distinguish between
arbitrary LTLoc OMQs q = (O, κ), where O is any LTLoc ontology and κ any LTL-formula
with ⃝-, ✷- and ✸-operators; positive OMQs (OMPQs), where κ is →, ¬-free; existential
OMPQs (OMPEQs) with ✷-free κ; and atomic OMQs (OMAQs) with atomic κ.
The main result of this paper is the tight complexity bounds on deciding L-rewritability
(and so data complexity) of LTL OMQs in various classes defined above, which are summarised
in Table 1. The ExpSpace upper bound in the first stripe is shown using the L-definability
criteria recently obtained in [33] and exponential-size NFAs for LTL akin to those in [47];
in the proof of the matching lower bound, an exponential-size automaton is encoded in a
⃝
polynomial-size ontology. If the ontology in an LTLhorn OMAQ is linear, we show that its
language (yes-data instances) can be captured by a 2NFA with polynomially many states,
which allows us to reduce the complexity of deciding L-rewritability to PSpace. However, for
⃝
linear LTLhorn OMPQs (with more expressive queries κ), the existence of polynomial-state
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Table 1 Complexity of deciding FO-rewritability of LTL OMQs.

class of OMQs
⃝
LTLhorn OMAQs
LTLkrom OMPEQs
⃝
LTL✷
bool OMQs
⃝
linear LTLhorn OMAQ
⃝
linear LTLhorn OMPQs
⃝
LTLkrom OMAQs
⃝
LTLcore OMPEQs
⃝
LTLcore OMPQs

FO(<)

FO(<, ≡), AC0

FO(<, MOD), ACC0

ExpSpace

ExpSpace

ExpSpace

PSpace

PSpace

PSpace
?

coNP
Πp2
PSpace

all in AC0 [6]

–

2NFAs remains open; instead, we show how the structure of the canonical (minimal) models
⃝
for LTLhorn -ontologies can be utilised to yield a PSpace algorithm. In the third stripe
of the table, we deal with binary-clause ontologies. The coNP-completeness of deciding
FO-rewritability of LTL⃝
krom OMAQs is established using unary NFAs and results from [42].
⃝
The Πp2 -completeness for LTLcore OMPEQs (without ∨ in ontologies but with ∧, ∨, ✸ in
⃝
queries) and the PSpace-completeness for LTLcore OMPQs (admitting ✷ in queries, too)
can be explained by the fact that the combined complexity of answering such OMPEQs and
OMPQs is NP-hard rather than tractable as in the previous case.
All omitted details and proofs are provided in the full draft of the paper [40].

2

Preliminaries

Temporal ontology-mediated queries. In our setting, the alphabet of LTL comprises a
set of atomic concepts Ai , i < ω. Basic temporal concepts, C, are defined by the grammar
C ::= Ai | ✷F C | ✷P C | ⃝F C | ⃝P C. A temporal ontology, O, is a finite set of axioms in
normal form (4) with ✷P ✷F omitted. An LTLoc ontology-mediated query (OMQ) is a pair
q = (O, κ), where O is an LTLoc ontology (defined above) and κ a temporal concept built
from atoms Ai using the Booleans and temporal operators ⃝F , ✷F , ✸F and their past-time
counterparts ⃝P , ✷P , ✸P . The set of atomic concepts occurring in q is denoted by sig(q).
A data instance – ABox in description logic parlance – is a finite set A of atoms Ai (ℓ), for
ℓ ∈ Z, together with a finite interval tem(A) = [m, n] ⊆ Z, the active domain of A, such that
m ≤ ℓ ≤ n, for all Ai (ℓ) ∈ A. If A = ∅, then tem(A) may also be ∅. Otherwise, we assume
(without loss of generality) that m = 0. If tem(A) is not specified explicitly, it is assumed to
be either empty or [0, n], where n is the maximal timestamp in A. By a signature, Ξ, we
mean any finite set of atomic concepts. An ABox A is a Ξ-ABox if Ai (ℓ) ∈ A implies Ai ∈ Ξ.
A temporal interpretation is a structure of the form I = (Z, AI0 , AI1 , . . . ) with AIi ⊆ Z,
for every i < ω. The extension κ I of a temporal concept κ in I is defined inductively
I
I
⃝
as usual in LTL under the “strict semantics” [22, 27]:
 ( F κ) = n ∈ Z | n + 1 ∈ κ I ,
I
I
I
(✷F κ) = n ∈ Z | k ∈ κ for all k > n , (✸F κ) = n ∈ Z | there is k > n with k ∈ κ ,
and symmetrically for the past-time operators. We say that an axiom (4) is true in I if
I
I
C1I ∩ · · · ∩ CkI ⊆ Ck+1
∪ · · · ∪ Ck+m
. An interpretation I is a model of O if all axioms of O
are true in I; it is a model of A if Ai (ℓ) ∈ A implies ℓ ∈ AIi .
We can treat q as a Boolean OMQ, which returns yes/no, or as a specific OMQ, which
returns timestamps from the ABox in question assigned to the free variable, say x, in the
standard FO-translation of κ. In the latter case, we write q(x) = (O, κ(x)). More precisely,
a certain answer to a Boolean OMQ q = (O, κ) over an ABox A is yes if, for every model
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Table 2 Rewritability of LTL OMQs [6].

c

LTL✷
c

FO(RPR)

bool
krom

OMAQs
⃝
⃝
LTLc and LTL✷
c

FO(<)

LTL✷
c
FO(RPR)

FO(<, ≡)

horn

FO(RPR)

core

FO(<, ≡)

OMPQs
⃝
⃝
LTLc and LTL✷
c
FO(RPR)

FO(<)
FO(<, ≡)

I of O and A, there is k ∈ Z such that k ∈ κ I , in which case we write (O, A) |= ∃xκ(x).
We write (O, A) |= κ(k), for k ∈ Z, if k ∈ κ I in all models I of O and A. A certain answer
to a specific OMQ q(x) = (O, κ(x)) over A is any k ∈ tem(A) with (O, A) |= κ(k). By
the evaluation (or answering) problem for q or q(x) we understand the decision problem
“(O, A) |=? ∃xκ(x)” or “(O, A) |=? κ(k)” with input A or, respectively, A and k ∈ tem(A).
▶ Example 2.
(i) Suppose O1 = {A → ✷F B, ✷F B → C} and q 1 = (O1 , C ∧ D). The certain answer
to q 1 over A1 = {D(0), B(1), A(1)} is yes, and no over A2 = {D(0), A(1)}. The only
answer to q 1 (x) = O1 , (C ∧ D)(x) over A1 is 0.
(ii) Let O2 = { ⃝P A → B, ⃝P B → A, A ∧ B → ⊥ }. The certain answer to q 2 = (O2 , C)
over A1 = {A(0)} is no, and yes over A2 = {A(0), A(1)}. There are no certain answers
to q 2 (x) = (O1 , C(x)) over A1 , while over A2 the answers are 0 and 1.
(iii) Consider now the ontology O3 = {⃝P Bk ∧ A0 → Bk , ⃝P B1−k ∧ A1 → Bk | k = 0, 1}.
For any word e = e1 . . . en ∈ {0, 1}n , let Ae = {B0 (0)} ∪ {Aei (i) | 0 < i ≤ n} ∪ {E(n)}.
The answer to q 3 = (O3 , B0 ∧ E) over the ABox Ae is yes iff the number of 1s in e is
even.
▶ Remark 3. As follows from [4, 25], if arbitrary (boxed) LTL-formulas are used as axioms of
⃝
′
an ontology O, then one can construct an LTL✷
bool ontology O that is a model conservative
′
extension of O. For example, let O be the result of replacing (1) in O from Example 1 by
Malfunction ∧ ✷F X → ⊥ and ⊤ → X ∨ Fixed, for a fresh X. Then q = (O, κ) is equivalent to
q ′ = (O′ , κ) in the sense that q and q ′ have the same certain answers over any sig(q)-ABox.
Let L ∈ {FO(<), FO(<, ≡), FO(<, MOD), FO(RPR)}. A Boolean OMQ q is L-rewritable
over Ξ-ABoxes if there is an L-sentence Q such that, for any Ξ-ABox A, the certain answer
to q over A is yes iff SA |= Q. Here, SA is a structure with domain tem(A) ordered by <,
in which SA |= Ai (ℓ) iff Ai (ℓ) ∈ A. A specific OMQ q(x) is L-rewritable over Ξ-ABoxes
if there is an L-formula Q(x) with one free variable x such that, for any Ξ-ABox A, k is
a certain answer to q(x) over A iff SA |= Q(k). The sentence Q and the formula Q(x)
⃝
are called L-rewritings of the OMQs q and q(x), respectively. All LTL✷
bool (Boolean and
specific) OMQs are FO(RPR)-rewritable. The syntactic classification of LTL OMQs by their
⃝
rewritability type, obtained in [6], is shown in Table 2. It follows, e.g., that all LTL✷
core
OMPQs are FO(<, ≡N )-rewritable, with some of them being not FO(<)-rewritable. It is
to be noted that FO(<, MOD)-rewritable OMQs such as q 3 in Example 2 and 4 are not
captured by these syntactic classes.
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▶ Example 4.
(i) An FO(<)-rewriting of q 1 (x) over arbitrary ABoxes is
Q1 (x) = D(x) ∧ [C(x) ∨ ∃y (A(y) ∧ ∀z ((x < z ≤ y) → B(z)))],
∃x Q1 (x) is an FO(<)-rewriting of q 1 .
(ii) An FO(<, ≡)-rewriting of q 2 (x) is
Q2 (x) = C(x) ∨ ∃x, y [(A(x) ∧ A(y) ∧ odd(x, y)) ∨
(B(x) ∧ B(y) ∧ odd(x, y)) ∨ (A(x) ∧ B(y) ∧ ¬odd(x, y))],

where odd(x, y) = x ≡ 0 (mod 2) ↔ y ̸≡ 0 (mod 2) implies that |x − y| is odd, and an
FO(<, ≡)-rewriting of q 2 is ∃x Q2 (x). Recall that odd is not expressible in FO(<) [34].
(iii) The OMQ q 3 is not rewritable to an FO-formula with any numeric predicates as
PARITY is not in AC0 [26]; the following sentence is an FO(<, MOD)-rewriting of q 3 :


Q3 = ∃x, y E(x) ∧ (y ≤ x) ∧ ∀z (y < z ≤ x) → A0 (z) ∨ A1 (z) ∧

(B0 (y) ∧ ∃2 z ((y < z ≤ x) ∧ A1 (z))) ∨ (B1 (y) ∧ ¬∃2 z ((y < z ≤ x) ∧ A1 (z))) .
In this paper, our aim is to understand how (complex it is) to decide the optimal type of
FO-rewritability for a given LTL OMQ q over Ξ-ABoxes. Although all of our results hold for
both Boolean and specific OMQs, here we only focus on the former; detailed proofs for the
latter can be found in the full draft. We begin by observing an intimate connection between
L-rewritability of OMQs and L-definability of certain regular languages.
Automata, languages, and OMQs. A two-way nondeterministic finite automaton is a
quintuple A = (Q, Σ, δ, Q0 , F ) that consists of an alphabet Σ, a finite set of states Q with a
subset Q0 ̸= ∅ of initial states and a subset F of accepting states, and a transition function
δ : Q × Σ → 2Q×{−1,0,1} indicating the next state and whether the head should move left
(−1), right (1), or stay put (0). If Q0 = {q0 } and |δ(q, a)| = 1, for all q ∈ Q and a ∈ Σ,
then A is deterministic, in which case we write A = (Q, Σ, δ, q0 , F ). If δ(q, a) ⊆ Q × {1}, for
all q ∈ Q and a ∈ Σ, then A is a one-way automaton, and we write δ : Q × Σ → 2Q . As
usual, DFA and NFA refer to one-way deterministic and non-deterministic finite automata,
respectively, while 2DFA and 2NFA to the corresponding two-way automata. Given a 2NFA
A, we write q →a,d q ′ if (q ′ , d) ∈ δ(q, a); given an NFA A, we write q →a q ′ if q ′ ∈ δ(q, a).
A run of a 2NFA A is a word in (Q × N)∗ . A run (q0 , i0 ), . . . , (qm , im ) is a run of A on a
word w = a0 . . . an ∈ Σ∗ if q0 ∈ Q0 , i0 = 0 and there exist d0 , . . . , dm−1 ∈ {−1, 0, 1} such
that qj →aj ,dj qj+1 and ij+1 = ij + dj for all j, 0 ≤ j < m. The run is accepting if qm ∈ F ,
im = n + 1. A accepts w ∈ Σ∗ if there is an accepting run of A on w; the language L(A) of
A is the set of all words accepted by A.
Given an NFA A, states q, q ′ ∈ Q, and w = a0 . . . an ∈ Σ∗ , we write q →w q ′ if either
w = ε and q ′ = q or there is a run of A on w that starts with (q0 , 0) and ends with (q ′ , n + 1).
We say that a state q ∈ Q is reachable if q ′ →w q, for some q ′ ∈ Q0 and w ∈ Σ∗ . Given a
DFA A = (Q, Σ, δ, q0 , F ), for any word w ∈ Σ∗ , we define a function δw : Q → Q by taking
δw (q) = q ′ iff q →w q ′ .
A language L over an alphabet Σ is L-definable if there is an L-sentence φ in the
signature Σ, whose symbols are treated as unary predicates, such that, for any w ∈ Σ∗ , we
have w = a0 . . . an ∈ L iff Sw |= φ, where Sw is a structure with domain {0, . . . , n}, in
which Sw |= a(i) iff a = ai , for i ≤ n.
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For any OMQ q and Ξ ⊆ sig(q), we regard ΣΞ = 2Ξ as an alphabet. Any Ξ-ABox A can
be given as a ΣΞ -word wA = a0 . . . an with ai = {A | A(i) ∈ A}. Conversely, any ΣΞ -word
w = a0 . . . an gives the ABox Aw with tem(Aw ) = [0, n] and A(i) ∈ Aw iff A ∈ ai . The word
∅ corresponds to A∅ = ∅ with tem(A∅ ) = [0, 0]. The language LΞ (q) is defined to be the set
of ΣΞ -words wA with a yes-answer to q over A.
▶ Proposition 5. The language LΞ (q) is regular. For L ∈ {FO(<), FO(<, ≡), FO(<, MOD)},
the OMQ q is L-rewritable over Ξ-ABoxes iff LΞ (q) is L-definable.
Proof. Let subq be the set of temporal concepts in q and their negations. A type is any
maximal subset τ ⊆ subq consistent with O. Let T be the set of all types. Define an NFA A
over ΣΞ with L(A) = Σ∗Ξ \ LΞ (q). Its states are Q¬κ = {τ ∈ T | ¬κ ∈ τ }. The transition
relation →a , for a ∈ ΣΞ , is defined by taking τ1 →a τ2 if the following conditions hold: (a)
a ⊆ τ2 , (b) ⃝F C ∈ τ1 iff C ∈ τ2 , (c) ✷F C ∈ τ1 iff C ∈ τ2 and ✷F C ∈ τ2 , (d) ✸F C ∈ τ1 iff
C ∈ τ2 or ✸F C ∈ τ2 , and symmetrically for ⃝P , ✷P , ✸P . The initial (accepting) states are
those τ ∈ Q¬κ , for which τ ∪ {✷P ¬κ} (respectively, τ ∪ {✷F ¬κ}) is consistent with O. Then
w ∈ L(A) iff (O, Aw ) ̸|= ∃x κ(x), for any w ∈ Σ∗Ξ . The number of states in A is 2O(|q|) and
A can be constructed using space polynomial in |q| as LTL-satisfiability is in PSpace. ◀
Thus, we can reformulate the evaluation problem for an LTL OMQ q over Ξ-ABoxes as
the word problem for the regular language LΞ (q).

3

Deciding FO-rewritability of LTL OMQs

In this section, we establish the complexity of recognising the rewritability type of an arbitrary
⃝
LTL✷
bool OMQ.
▶ Theorem 6. For any L ∈ {FO(<), FO(<, ≡), FO(<, MOD)}, deciding L-rewritability of
⃝
LTL✷
bool OMQs over Ξ-ABoxes is ExpSpace-complete; the lower bound holds already for
⃝
LTLhorn OMAQs.
Proof. The upper bound follows from Proposition 5 and the fact that L-definability of the
language of an NFA can be checked in polynomial space [33]. Here, we sketch the proof of
⃝
the matching lower bound for LTLhorn OMAQs, which is inspired by the reductions used for
the PSpace-hardness proofs of L-definability of DFA languages in [18] and [33, Theorem 2].
The structure of the proof is as follows: given a Turing machine M that decides a
language using at most N = exp(n) tape cells on any input of size n, for some exponential
function exp, we construct (following [33]) automata A< , A≡ , and AMOD of size polynomial
in N whose languages L(A< ), L(A≡ ), and L(AMOD ) are, respectively, FO(<)-, FO(<, ≡)-,
⃝
and FO(<, MOD)-definable iff M rejects x. Then we construct LTLhorn OMAQs (O< , F ),
(O≡ , F ), and (OMOD , F ) of polynomial size in |x| and |M | that are rewritable into FO(<),
FO(<, ≡), and FO(<, MOD), respectively, iff the corresponding language L(AL ) is L-definable.
Suppose M = (Q, Σ, γ, b, q0 , qacc ) with a set Q of states, tape alphabet Σ with b for blank,
transition function γ, initial state q0 and accepting state qacc . Without loss of generality we
assume that M erases the tape before accepting and has its head at the left-most cell in an
accepting configuration, and if M does not accept the input, it runs forever. Given an input
word x = x1 . . . xn over Σ, we represent configurations c of the computation of M on x by
an N -long word written on the tape (with sufficiently many blanks at the end), in which
the symbol, y, in the active cell is replaced by the pair (q, y) for the current state q. The
accepting computation of M on x is encoded by the word ♯ c1 ♯ c2 ♯ . . . ♯ ck−1 ♯ ck ♭ over the
alphabet Σ′ = Σ ∪ (Q × Σ) ∪ {♯, ♭}, with c1 , c2 , . . . , ck being the subsequent configurations.
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In particular, c1 is the initial configuration on x of the form (q0 , x1 )x2 . . . xn b . . . b, and ck
is the accepting configuration the form (qacc , b)b . . . b. As usual for this representation of
3
computations, we may regard γ as a partial function from Σ ∪ (Q × Σ) to Σ ∪ (Q × Σ).
Let p be the first prime such that p > N + 1 and p ̸≡ ±1 (mod 10). By [12, Corollary 1.6],
p is polynomial in N . Our first aim is to construct a p + 1-long sequence Ai of disjoint DFAs
over Σ′ such that each Ai is of size polynomial in N and |M |, it checks certain properties of
an accepting computation on x, and M accepts x iff the intersection of the L(Ai ) is not
empty and consists of the single word encoding the accepting computation on x.
The DFA A0 checks whether an input word starts with ♯c1 and ends with ♯ck ♭:
♯

q00

start

q01

(q1 , x1 )

♭

f0

x2

q02

...

b

q1N +1

xn

b

...

b

q0n+1

q0N +1

♯
(qacc , b)

q12

b

...

♯

q11

q10

y ̸= ♯, ♭

y ̸= (qacc , b), ♯, ♭
j
j
If 1 ≤ i ≤ N , the DFA Ai checks, for all j, whether γ(σi−1
, σij , σi+1
) = σij+1 , where σlk
denotes the lth symbol of ck . Finally, if N + 1 ≤ i ≤ p, then Ai accepts all words with a
single occurrence of ♭, which is the input’s last character. It is not hard to check that the Ai
Tp
are such that M accepts x iff i=0 L(Ai ) ̸= ∅, in which case this intersection consists of a
single word that encodes the accepting computation of M on x.
Now we use the Ai to define the automata A< , A≡ , and AMOD . To begin with, we
construct DFAs Bp< , Bp≡ and BpMOD , where p > 5 is a prime number, following the patterns
shown in the picture below for p = 7:

s2

a

a
a

s1

B7<
s0

a
s4

a
s6
s5

a

♮

a
♮

a

a

♮

s3

♮
♮

a

♮
♮

♮

♮

a

s7

a

a

s5

s0

start

s4

s6

a
♮

a

a

♮

s2

s1

B7MOD
s3

♮

s0

a

a

a
start

♮

s2

s1

♮

s3

a
start

B7≡

s6
a

♮

s5

s4
a


p
In general, BpMOD = {si | i ≤ p}, {a, ♮}, δ BMOD , s0 , {s0 } , where
Bp
MOD

δa

Bp
MOD

(sp ) = sp , and δa

Bp
δ♮ MOD (s0 )

(si ) = sj if i, j < p and j ≡ i + 1 (mod p);

Bp
sp , δ♮ MOD (sp )

Bp
MOD

=
= s0 , and δ♮
that is, j = −1/i in the finite field Fp .

(si ) = sj if 1 ≤ i, j < p and i·j ≡ p−1 (mod p),

Now take some fresh symbols a1 , a2 . We define the automata A< , A≡ , AMOD over the
same alphabet Σ+ = Σ′ ∪ {a1 , a2 , ♮} by taking, respectively, Bp< , Bp≡ , BpMOD and replacing
each transition si →a sj in them by a fresh copy of Ai , for i ≤ p, as shown in the picture
below, where q0i is the initial state of Ai :

Ai
si

a

sj

❀

si

a1

q0i

fi

a2

sj
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We make A< , A≡ , AMOD deterministic by adding a trash state tr looping on itself with
every y ∈ Σ+ , and adding the missing transitions leading to tr. It follows that A< , A≡ , and
AMOD are minimal DFAs of size polynomial in N and |M |. Using the algebraic properties of
respective syntactic monoids of these languages (see [33, Theorem 1]), one can prove that the
languages L(A< ), L(A≡ ), and L(AMOD ) are L-definable for the respective L iff M rejects x.
⃝
Now we define LTLhorn ontologies O< , O≡ and OMOD simulating A< , A≡ and AMOD such
that the size of each ontology is polynomial in |x| and |M |.
While A0 is of size exponential in n, it has a rather repetitive structure with many
transitions of the “same type”: q0l →b q0l+1 , for n < l < N . We deal with them with
the help of counters, where a counter is a set A = {Aij | i = 0, 1, j = 1, . . . , k} of
atoms for some k logarithmic in N that is used to store values between 0 and 2k − 1,
which can be different at different time points. We can define Boolean formulas such as
[A = c], [A > c], [A = B + 1] with self-explanatory names that are true iff the value
stored in the counters satisfies the corresponding
condition. For example, the formula

Vk
[A = B] = j=1 (Bj0 → A0j ) ∧ (Bj1 → A1j ) is true at a time point m ∈ Z in an interpretation
I iff the values stored in A and B are the same. In particular, we can have counters A
and L with atomic concepts Aij and Lij , for i = 0, 1, j = 1, . . . , k, and then the transitions
q0l →b q0l+1 for n < l < N in A0 are captured by the formula
[A = 0] ∧ Q0 ∧ [L > n] ∧ [L < N + 1] ∧ b → [(⃝F A) = 0] ∧ ⃝F Q0 ∧ [(⃝F L) = L + 1],
⃝

which is equivalent to polynomially-many LTLhorn axioms. Using the same idea, we can
⃝
encode all of the transitions of the automata A< and A≡ by LTLhorn ontologies O< and O≡
of size polynomial in n and M .
S
Given a word w = a1 . . . ak , we denote by Aw the ABox constructed by taking {aj (j)}
and adding to it X(0) to mark the beginning of the word, and Y (k + 1) to mark the end.
We also add to the ontology axioms to ensure that an atomic concept F is entailed by the
counters and the end word marker Y when the values of the counters correspond to the
accepting state of AL . This way we have that A< accepts w iff (O< , Aw ) |= ∃x F (x). Thus
(O< , F ) is FO(<)-rewritable iff M rejects x, as required. O≡ is constructed very similarly
(see B7< vs. B7≡ ) and one can show that (O≡ , F ) is FO(<, ≡)-rewritable iff M rejects x.
Defining OMOD requires some additional tricks. Most importantly, we need to extend O<
with axioms for handling ♮-transitions between certain states of AMOD as follows:
[A = 0] ∧ S ∧ ♮ → [(⃝F A) = p] ∧ ⃝F S,

[A = p] ∧ S ∧ ♮ → [(⃝F A) = 0] ∧ S,

[A > 0] ∧ [A < p] ∧ S ∧ ♮ → [(⃝F A) = J] ∧ ⃝F S.
Here, J is a new counter that stores the value j = −1/i in the field Fp , which is required
to make sure that, for i ̸= 0, p, we have OMOD |= [A = i] ∧ S ∧ ♮ → [(⃝F A) = j] ∧ ⃝F S.
We achieve this as follows. To compute modular inverses using the standard algorithm [31,
Exercise 4.5.2.39], we need to halve the number in a counter (easy), compare two counters
(using an additional counter), add and subtract (using extra counters for carries). All of this
can be done by means of O(k) counters (a fixed number of counters per O(k) steps of the
algorithm) with polynomially-many additional axioms. So we compute j when required and
store it in the counter J.
◀
⃝

We also observe that LTLhorn ontologies can be encoded by positive existential queries
mediated by covering axioms available in LTLkrom :
▶ Theorem 7. L-rewritability of LTLkrom OMPEQs over Ξ-ABoxes is ExpSpace-complete.
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⃝

⃝

Proof. Any LTLhorn OMAQ q = (O, A) can be reduced to an LTLkrom OMPEQ q ′ = (O′ , κ).
For example, we can encode O = {⃝P A1 ∧ A2 → A} by κ = A ∨ ✸P ✸F (⃝P A1 ∧ A2 ∧ Ā), for
a fresh atom Ā, and O′ = {A ∧ Ā → ⊥, ⊤ → A ∨ Ā}.
◀

4

⃝

Deciding L-rewritability of linear positive LTLhorn OMQs

As well known, deciding FO-rewritability of monadic datalog queries is 2ExpTime-complete
[11,21], which goes down to PSpace for the important class of linear monadic queries [21,45].
⃝
It is not hard to see that any DFA can be simulated by a linear LTLhorn OMAQ, which
gives a PSpace lower bound for deciding L-rewritability. Also, recall from [6] that, for any
⃝
LTL✷
horn ontology O and ABox A consistent with O, there is a canonical model CO,A of O
and A such that (O, A) |= A(k) iff CO,A |= A(k), for all k ∈ Z. Given an interpretation I, an
OMQ q and k ∈ Z, we denote by τI (k) the q-type of k in I (see the proof of Proposition 5).
▶ Theorem 8.
(i) For any L ∈ {FO(<), FO(<, ≡), FO(<, MOD)}, deciding L-rewritability of linear
⃝
LTLhorn OMAQs over Ξ-ABoxes is PSpace-complete.
⃝
(ii) For any L ∈ {FO(<), FO(<, ≡)}, deciding L-rewritability of linear LTLhorn OMPQs
over Ξ-ABoxes is PSpace-complete.
Proof.
Ξ
(i) We encode an OMAQ q as a polysize 2NFA AΞ
O over the alphabet 2 , having (among
∗
N
N
others) states qL for L ∈ idb(O) ∪ {⊥}, with LΞ (q) = {a ∈ ΣΞ | ∅ a∅ ∈ L(AΞ
O )}, idb(O)
comprising the IDB predicates of O and N = poly(|q|). To illustrate, the following transitions
⃝2 A′ ∧ ⃝P A → B with IDB A: qA →a,−1 q ′ for any a ∈ 2Ξ ,
are in AΞ
P
O for the axiom
′
′
q →q,1 qh if A ∈ a and q ′ →q,1 q ′′ otherwise, and q ′′ →a,1 qB for any a ∈ 2Ξ , where qh
′
is a fixed trash state. Then we transform, in PSpace, the 2NFA AΞ
O to a DFA A with
′
LΞ (q) = L(A ) in the same way as in [33, Section 5], but with different initial and accepting
states, to reflect the fact that accepted words have ∅N as a prefix and suffix.
(ii) The canonical model property of LTL✷
horn allows us to formulate the following criteria
in terms of types of the canonical model and ABoxes (cf. [33, Theorem 1 (i), (ii)]):
⃝

▶ Lemma 9. An LTL✷
horn OMPQ q = (O, κ) is not FO(<)-rewritable iff there exist ABoxes
A, B, D and k ≥ 2 such that the following conditions hold:
(O, AB k D) is consistent, ¬κ ∈ τCO,ABk D (|A|−1), τCO,ABk D (|A|−1) = τCO,ABk D (|AB k |−1);
either κ ∈ τCO,ABk+1 D (|AB| − 1) and τCO,ABk+1 D (|AB| − 1) = τCO,ABk+1 D (|AB k+1 | − 1) or
(O, AB k+1 D) is inconsistent.
Furthermore, q is not FO(<, ≡)-rewritable iff there also exist ABoxes U and W such that
B = UW, |W| = |U| the following conditions hold:
τCO,ABk D (|AB i | − 1) = τCO,ABk D (|AB i U| − 1), for all i < k, and
either (O, AB k+1 D) is inconsistent or τCO,ABk+1 D (|AB i | − 1) = τCO,ABk+1 D (|AB i U| − 1),
for all i, 1 ≤ i ≤ k.
Moreover, if O is linear, then |A|, |B|, |D|, |W|, |U|, k = 2O(|q|) .
⃝

Similarly to the algorithm of [33, Theorem 3], we guess the ABoxes X required by
Lemma 9 in the form of quadruples of binary relations b(X ) on the states of the 2NFA AΞ
O,
and then prove that checking the conditions of the lemma can be done in PSpace.
◀
We note that it is harder to transform [33, Theorem 1 (iii)] to a PSpace-checkable
condition on canonical models and ABoxes. The complexity of FO(<, MOD)-rewritability of
linear OMPQs remains open.
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⃝

FO(<)-rewritability of LTLkrom OMAQs and LTLcore OMPQs

Our next aim is to look for non-trivial OMQ classes deciding FO-rewritability of which could
be “easier” than PSpace. Syntactically, the simplest type of axioms (4) are binary clauses:
C1 → C2 and C1 ∧C2 → ⊥, known as core axioms, which together with C1 ∨C2 form the class
Krom. In the atemporal case, the W3C standard language OWL 2 QL for ontology-based
data access allows core clauses only and uniformly guarantees FO-rewritability [3, 17].
⃝
By Theorem 7, OMPEQs with Krom axioms can simulate LTLhorn OMAQs, and so are
⃝
⃝
too complex for our aims. On the other hand, LTLkrom OMAQs and LTLcore OMPQs are
all FO(<, ≡)-rewritable [6], so we can focus on deciding FO(<)-rewritability in these classes.
⃝

▶ Theorem 10. FO(<)-rewritability of LTLkrom OMAQs over Ξ-ABoxes is coNP-complete.
Proof. Given q = (O, A), let q ′ = (O′ , Y ) with O′ = O ∪ {A → ⊥} and fresh Y ∈
/ Ξ. For
any Ξ-ABox A, we have (O, A) |= ∃xA(x) iff (O′ , A) |= ∃x Y (x) iff (O′ , A) is inconsistent.
One can show, using Kromness, that if LBC = {∅n | O |= B → ⃝Fn+1 ¬C} is FO(<)-definable
for all B, C ∈ Ξ, then so is LΞ (q ′ ), and the OMAQ q is therefore FO(<)-rewritable. We
can construct a unary NFA accepting LBC in polynomial time [6]. It is also readily seen
that a unary language is FO(<)-definable iff it is finite or cofinite. Therefore, deciding
FO(<)-definability of a unary NFA is coNP-complete (using [42, Theorem 6.1]) and FO(<)⃝
rewritability of an LTLkrom OMAQ is in coNP.
⃝
To show coNP-hardness, given a unary NFA A = (Q, {a}, δ, q0 , F ), we define an LTLcore
ontology OA with the axioms X → ⃝F q0 , p → ⃝F q for (p, a, q) ∈ δ, and Y ∧ q → ⊥ for q ∈ F :
X

q0

q1 , q 2

q ∈ F,Y

For a {X, Y }-ABox A we have O, A |= ∃xA(x) iff there are m, n ∈ Z such that X(n) ∈ A,
Y (m) ∈ A, and am−n−1 ∈ L(A). Therefore, the OMAQ (OA , A) is FO(<)-rewritable over
{X, Y }-ABoxes iff L(A) is FO(<)-definable.
◀
In our next result, the ontology language is weaker (core, which is contained in both
Krom and Horn), but the queries are more expressive.
⃝

▶ Theorem 11. FO(<)-rewritability of LTLcore OMPEQs q = (O, κ) over Ξ-ABoxes is
Πp2 -complete.
P
Proof. Let B = {w1 . . . wk ∈ Σ∗Ξ | ∀i |w(i)| > 0,
i |w(i)| ≤ |κ|}. For w ∈ B, consider the
language Lw = L(∅∗ w1 ∅∗ . . . ∅∗ wk ∅∗ ) ∩ LΞ (q). For v, v ′ ∈ Σ∗Ξ , we write v ′ ≤ v if |v| = |v ′ |
and vi′ ⊆ vi , for all i.
⃝
As q is an LTLcore OMPEQ, we can prove by induction on |κ| that (O, A) |= ∃xκ(x)
iff (O, A′ ) |= ∃xκ(x), for some A′ ⊆ A with |A′ | ≤ |κ|. Therefore, for every v ∈ Σ∗Ξ , we
have v ∈ LΞ (q) iff there is v ′ ≤ v with v ′ ∈ Lw for some w ∈ B. It follows that LΞ (q) is
FO(<)-definable iff Lw is FO(<)-definable, for every w ∈ B.
For w = w1 . . . wk ∈ B and I = (i0 , . . . , ik ) let vw,I = ∅i0 w1 ∅i1 . . . wk ∅ik . If Lw is FO(<)rewritable, then for every j < k, the set {l | vw,I ′ ∈ Lw , I ′ = (i1 , . . . , ij−1 , l, ij+1 , . . . , ik )}
is finite or cofinite. For c ∈ N and I, let Ic→j be I with ij replaced by min(c, ij ). We can
find c = 2O(|O|) such that Lw is FO(<)-definable iff, for any vw,I with max(I) ≤ 2c and any
j ≤ |I|, we have vw,I ∈ Lw iff vw,Ic→j ∈ Lw .
Now, q is not FO(<)-rewritable iff there are w ∈ B, I and j with max(I) ≤ 2c and j < |I|
such that only one of vw,I and vw,Ic→j is in Lw . To check that vw,I ∈ Lw can be done in
NP, so FO(<)-rewritability of q is in coNPNP = Πp2 .
The lower bound is established by reduction of ∀∃3CNF.
◀
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If we increase the expressive power of LTLcore OMPEQs q = (O, κ) by allowing ✷operators in κ, the problem of deciding FO(<)-rewritability becomes more complex:
⃝

⃝

▶ Theorem 12. FO(<)-rewritability of LTLcore OMPQs over Ξ-ABoxes is PSpace-complete.
Proof. The upper bound is by Theorem 8. The lower one is proved by reduction of the
PSpace-complete DFA intersection problem [32]. Let Ai = (Qi , Σ, δi , q0i , Fi ), i ≤ n, be
S
DFAs that do not accept ε and have disjoint Qi ={qji }. We let Ξ = {X, Y, B} ∪ i≤n δi
V
W
i
i
and κ = B ∧ X ∧ ✷F
i ,a,q i )∈δ (qk , a, ql ) ∨ Y . The ontology O contains the
i≤n
(qk
i
l
following axioms: B → ⃝F ⃝F B, Y → ⃝F Y , X ∧ ⃝F Y → ⊥, X ∧ ⃝F (qki , a, qli ) → ⊥ for
i
k ̸= 0, ⃝F Y ∧ (qki , a, qli ) → ⊥ for qli ∈
/ Fi , (qki , a, qli ) ∧ (qm
, b, qni ) → ⊥ for all k ̸= m or l ̸= n,
i
i
i
i
i
i
j
(qk , a, ql ) ∧ ⃝F (qm , b, qn ) → ⊥ for all l ̸= m, (qk , a, ql ) ∧ (qm
, b, qnj ) → ⊥ for all a ̸= b.
T
Let q = (O, κ). We prove that i≤n L(Ai ) ̸= ∅ iff q is not FO(<)-rewritable.
T
(⇒). Suppose w = a1 . . . ak ∈ i≤n L(Ai ) and let (q0i , a1 , qli1 ) . . . (qlik−1 , ak , qlik ) be the run
of the ith automaton on w. Let Rji = (qlij−1 , aj , qlij ).

S
S
i
Consider Aw = {X(0)} ∪
i∈[1,n]
j∈[1,k] {Rj (j)} ∪ {Y (k + 1)}. The answer to q over
Aw ∪{B(l)} is yes iff l ≤ 0 and even, because only in this case we have O, Aw ∪{B(l)} |= B(0)
and consequently O, Aw ∪ {B(l)} |= κ(0). Since the set {l | O, Aw ∪ {B(l)} |= ∃xκ(x)} is
not FO(<)-definable, the OMQ q is not FO(<)-rewritable. The picture below illustrates the
structure of the ABox Aw ∪ {B(l)}:
B

B

B, X

(q01 , a1 , qj11 )
...
(q0n , a1 , qjn1 )

(qj1

, ak , qj1 )
k
...
, ak , qjn )

k−1

(qjn

k−1

k

Y

Y

0

l

T
(⇐). Suppose i≤n L(Ai ) = ∅. Then, for any ABox A and k, we have O, A |= κ(k) iff the
ABox A is inconsistent with O, by the construction of q. We can then easily construct the
FO(<)-rewriting of q by encoding the inconsistency axioms of O by FO(<)-formulas.
◀

6

Conclusions

Motivated by ontology-based access to temporal data – a paradigm relying on FO-rewritability
of ontology-mediated queries – we considered the problem of determining the optimal
rewritability type and data complexity of answering any given LTL OMQ. We showed that
this problem is closely related to deciding FO(<)-, FO(<, ≡)- and FO(<, MOD)-definability
of regular languages given by DFAs, NFAs and 2NFAs of different size. Based on this
correspondence, we showed how the clausal form of ontology axioms in OMQs, the temporal
operators involved and the type of queries are reflected in the structure of automata accepting
the OMQs’ yes-data instances and the complexity of deciding their FO-definability.
Interesting open problems include understanding the impact of the ✷-operators in linear
and core ontologies on the complexity of deciding FO-rewritability, extending our analysis to
MTL-ontologies where OMQs are not necessarily FO(RPR)-rewritable, and so are outside of
NC1 , and to 2D combinations of LTL with description logics, in particular DL-Lite.
It would be also interesting to experiment with algorithms for checking L-rewritability of
⃝
LTL OMQs and constructing rewritings into various types of SQL queries. For some LTL✷
bool
⃝
OMQs and linear LTLhorn OMQs, the best target rewriting language is FO(<, RPR), which
can only be captured in SQL with recursion or procedural extensions that are not always
supported by RDBMSs and are less efficient. The FO(<, MOD)-rewritable OMQs can be
implemented in the most basic SQL using the count operator, while FO(<, ≡)-rewritable
ones do not need it.
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1

Introduction

Events are structured entities with multiple components and relations with other entities [18].
The most important components of an event are the event type, the participants with their
roles, the sub-events, and the event outcome. Therefore, the approaches for full fledged
event recognition should be able to extract the information about all the components of the
events that happen in a data sequence. To this aim, a system for event detection should
solve a number of different simpler tasks like recognizing the objects involved in the events
and their roles, the outcome of the events as well as the sub-events. In this context, having
background knowledge about the event structure, specified in logic languages, could be very
useful to solve the aforementioned challenges. However, looking at [22], one can see that
the majority of neural approaches (also knows as sub-symbolic) applied in event recognition
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strictly rely on the features learnt by the underlying networks with limited, if any, support
for background knowledge. Furthermore, the training of the underlying networks of these
approaches requires a large amount of training data with a detailed supervision on all the
events’ components (e.g., a video annotated with events, sub-events, object roles and object
bounding boxes). Alternatively, one could think to have data with an annotation limited
to the occurrence of an event (i.e., a ”shallow” annotation) and exploit the background
knowledge to infer information on the event components. For example, if a video clip is
annotated with the event ”John is preparing a cappuccino to Mary”, one can infer from
the background knowledge that the video is showing at least two people, one male and one
female, that John is preparing the cappuccino by mixing milk and coffee into two cups,
etc. All of these inferred facts can be used as supervision to neural networks to solve the
simpler tasks defined above and to recognize the structured event as well. In this case,
neuro-symbolic frameworks e.g., DeepProbLog [13], Logic Tensor Networks [19], LYRICS
[14] that combine low-level neural perceptions with logic reasoning (also know as symbolic)
seem to be suitable approaches to achieve these objectives. In this paper, we propose a
neuro-symbolic approach for structured event recognition from raw data that uses ”shallow”
annotation on the high-level events and exploits background knowledge to propagate this
supervision to simpler tasks such as object classification. We develop a prototype of the
approach and compare it with a purely neural solution based on a recurrent neural network,
showing the higher capability of solving both the event recognition task and the simpler task
of object classification, as well as the ability to generalize to events with unseen outcomes.
The detailed contributions of the paper are the following:
1 a formal definition of the problem of structured event recognition from raw data sequences
with ”shallow” annotations and of a neuro-symbolic solution combining low-level neuralbased predictions with high-level reasoning;
2 a framework for automatically generating simple videos containing events which are fully
annotated;
3 a prototypical neuro-symbolic recognition approach based on DeepProbLog;
4 an experimental evaluation that compares our approach with a purely neural solution,
showing the advantage of explicitly using background knowledge.
The rest of the paper is organized as follows: Sections 2 formally defines the problem of
structured event recognition with ”shallow” annotation; Section 3 presents our proposed
solution; Section 4 briefly reviews the state of the art approaches that have been proposed in
the context of event recognition, and presents some of the most well-known neuro-symbolic
frameworks; Section 5 describes the event generation framework; Section 6 presents the
experimental setting; Section 7 describes the neural LSTM approach and our prototype
approach based on DeepProbLog; Section 8 reports the experimental results; Finally, Section 9
draws some concluding remarks and discusses directions for future work.

2

Problem definition

Let L be a first order language with three sorts, O, E, and T. Terms of sort O denote
objects, terms of sort E denote events, and terms of sort T denote time-points. The language
contains the constants 0, 1, 2, . . . of sort T, used to name time points and the binary relation
<: T × T → {⊤, ⊥}. The language L also contains a set of predicates P of sort Ok → {⊥, ⊤},
which are used to describe the time invariant properties and relations between objects. L
contains also a set of function symbols E of sort Ok → E that are used to describe events that
involve a (possible empty) tuple of objects. We also have a relationship outcome(E, O) that
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is used to describe the fact that the outcome of an event is an object. Finally, L contains
the predicate happens(E, T, T) that is used to describe the fact that a certain event happens
within an interval of time. For example, the formula ∃x.happens(drop(John, x), t1 , t2 ) states
that John drops an object x at some time between t1 and t2 . Notice that events can “create”
new objects, for example the result of mixing milk and coffee is a cappuccino. This is
expressed by the formula milk(x) ∧ coffee(y) → outcome(mix(x, y), z) ∧ cappuccino(z). A
narrative is an interpretation I of the language L, where the terms of sort T are interpreted
in the set of natural numbers and < in the usual linear order. The terms of sort O are
interpreted in a domain of objects ∆O and those of E are interpreted in a domain of events
∆E . Since we are interested in finite narratives, i.e., narratives that involve a finite number of
objects and a finite number of events and time points, we can specify a narrative by using the
Herbrand Base. In particular, for every k > 0 we define a k-narrative as a pair N = (C, F )
where:
C is a finite set of new constants for objects of type O;
F is a subset of ground atoms in the language of L extended with the constants in C and
the constants 0, 1, . . . , k of sort T; such that: if happens(e, t1 , t2 ) ∈ F then t1 ≤ t2 .
Our main aim is to reconstruct a narrative from a data stream using some neuro-symbolic
method that is capable of combining low-level data processing capabilities with the ability to
leverage background knowledge about the structure of events. More formally, let D = {di }ki=1
be a data sequence of length k, where each di ∈ X is a low-level representation for sequence
element i (like a real-valued vector, matrix or tensor). Our main objective is to generate a knarrative that describes the events that happen in D, when they happens, their participants,
and their outcomes. In other words we want to extract from D:
a set of objects;
the properties and the relations between the objects;
the set of events that happen;
the objects (arguments) that are involved in each event that happens;
the outcomes of the events that happen.
▶ Example 1. Let D be a video showing two people, one moving, leaving a bag and then
moving away, and the other standing. We would like to produce the following narrative:


person(p1 ), person(p2 ), bag(b1 ),


C = {p1 , p2 , b1 }
F=
happens(move(p1 ), 0, 4), happens(drop(p1 , b1 ), 4, 5)


happens(move(p1 ), 5, 7),
The type of supervision we suppose to have, in order to learn a model that extracts narratives
from data, is partial and consists of a set of n data sequences labelled with some (not
necessarily all the) ground facts about events happening in the sequence:
n
on
D (i) , Fp(i)
i=1
(i)

(i)

where D (i) = {dj }kj=1 is a data sequence and Fp is a set of positive and negative literals,
denoting a subset of the events that happen or don’t happen in D (i) . Notice that we do not
need to have a complete labelling for all the events. Furthermore, notice that the supervision
(i)
provided via Fp also provide a supervision for the subset of objects (i) that appear in the
data stream D (i) , which is the set of constants of type O that appear in the positive literals
(i)
of Fp .
Events can be related to each other, and structured events can be defined in terms of
simpler ones.
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▶ Example 2. Let potential_threat represent a structured event corresponding to a potential
threat represented by something happening in a video like the one in the previous example.
The threat could be modelled by the following formula:
happens(potential_threat, t0 , t3 ) ↔
∃x, y, t1 , t2 .person(x) ∧ bag(y) ∧
happens(move(x), t0 , t1 ) ∧
happens(drop(x, y), t1 , t2 ) ∧
happens(move(x), t2 , t3 )

(1)

An example of supervision in this context could be a set of videos D (1) , D (2) , . . . , D (m) of
length k, each of which is annotated with either the single fact happens(potential_threat, 0, k)
or with the single fact ¬happens(potential_threat, 0, k).

3

Proposed solution

Looking at the examples of the previous section, we observe that a structured event can
be expressed in terms of simple events using logical languages. Simple events include the
objects participating in the structured event, their relationships and their individual actions.
Therefore, the correct recognition of the simple events combined with the definition of the
structured event at the logical level will lead to the recognition of the structured event.
Our proposed approach has two aims, respectively learning to recognize the structured event
happening in a data sequence and the simple events that compose it. To achieve these aims,
we provide both background knowledge on the domain, expressed in terms of logical formulas,
and ”shallow” annotations on the structured event, like the one for the potential_threat
example of section 2. In order to solve our problem, we have to complete three tasks:
object detection: in order to build the narrative, we have to find the set of objects C 1 that
appear in a data sequence D.
object classification and relation detection: We also have to classify the objects in their
types, e.g., a chair, a person, . . . , and we have to detect relations between objects, e.g. if
the person holds a bag or not.
event recognition: we have to recognize the events that happen in the video.
The traditional approach to solve the problem is to use a pipeline, where the above tasks are
solved sequentially and the result of the solution of the previous task is provided as input to
the next task. However, this requires supervision at all levels, the objects in the data, their
class and the events. We instead have only partial supervision on some events.
In our solution we propose to have a fully end-to-end approach in which both the supervision
on data and the background knowledge are used to train some neural networks for more data
driven tasks such as object detection and classification. We therefore suppose to have the
following components:
A neural network Detnn that takes as input a sequence D and returns a set of objects
C each of which is associated with a set of numeric features f (o). For example, if
D = {di }ki=1 is a video, then f (o) contains the bounding boxes of object o at each frame
di and the crop of the image on the bounding box for each frame;
for some (not necessarily all) object predicates we have a network Pnn that takes as
input the features of an n-tuple of objects f (o1 ), f (o2 ), . . . , f (on ) and returns a sequence
in [0, 1]k which represents the level of truth or probability of truth of the predicate at

1

objects and constants are used interchangeably
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each time point 0 ≤ i ≤ k. For example, for the person predicate in the examples in
the previous section we would have a network that given a sequence of cropped images
outputs for each image the probability that it contains a person.
All the outputs of the neural networks defined above can be combined with the background
knowledge which is described in terms of the axioms, such as equation (1). The way in
which this combination is achieved could be based both on probabilistic semantics or on
fuzzy semantics. At this stage we do not want to commit on one or the other. A list of
neuro-symbolic approaches that can be adopted to implement our architecture is provided in
the related work section. In the following we provide a proof-of-concept implementation of
the architecture described above using DeepProbLog [13].

4

Related work

Event recognition from data streams like videos, audio and text is a well-studied problem.
With the advent of deep learning, most sub-symbolic approaches to event recognition have
moved from processing hand-crafted features to automated representation learning from raw
data (see [1] and [22] for a survey). In order to be effective, however, these approaches require
large and deeply annotated datasets, where supervision on the different sub-tasks defining
the event recognition problem is available for training. On the other hand, purely symbolic
approaches to event recognition [4] allow to explicitly define the conditions that lead to the
occurrence of an event, but may fail in the presence of noise. As a consequence, symbolic
approaches that can deal with uncertainty have emerged (see [2]). In [20, 3], the authors
recognize structured events from a combination of low-level events. This recognition was done
considering only uncertainty on low-level events and using ProbLog [17] as a probabilistic
reasoner. Low-level predictions are however assumed to be given and no attempt is made
at predicting low-level events from raw data. A number of approaches [9, 10, 23] combine
symbolic reasoning with pre-trained neural networks used to recognize low-level events. These
approaches require full supervision at the different levels and cannot be applied in the setting
we address in this work.
In this work we aim at combining the advantages of low-level neural processing and high-level
symbolic reasoning to achieve effective event recognition from small datasets and shallow
annotations. Neuro-symbolic integration is an active area of research and multiple frameworks
have been proposed. These frameworks combines low-level neural perception with high level
reasoning in different ways. Many approaches, like LYRICS [14] or Logic Tensor Networks [19]
combine neural predictors with fuzzy logic. NeurASP [24] combines neural networks with
answer set programming, while [6] and [15], use neural networks to define potentials in
probabilistic graphical models. Among existing frameworks, DeepProbLog [13] is particularly
appealing in terms of expressivity. DeepProbLog extends the probabilistic programming
language ProbLog with neural predicates, achieving an elegant and powerful combination of
neural networks, logic and probability. We thus leverage DeepProbLog as the underlying
integration framework for our neuro-symbolic event recognition prototype.

5

Event generation framework

Most of the available datasets for event recognition provide only limited annotations on some
but not all the elements of an events. For example, in the context of event recognition in
video there are dataset like Olympic Sport [16] and UCF101 [21] that provide annotation only
on the event happening in the video. Datasets like CAVIAR [5], MEVA [7], Cooking [11] and
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(a)

(b)

Figure 1 Example of events generated by the framework: join_add (a) and join_sub (b).

HiEve [12] provide a richer annotation, e.g., objects classes, object locations and distinction
between simple and structured events, but they introduce a level of complexity in the visual
part that requires pre-trained models for processing low level features. Here we are interested
in developing a neuro-symbolic system that is trainable end-to-end, where the learning of
the low-level processing is influenced by the high-level knowledge. Furthermore, the above
mentioned datasets were manually curated, and cannot be extended to consider newly defined
structured events without a tedious process of data collection and manual annotation. We,
instead, would like to be able to quickly generate new data streams containing new events so
as to support a fast prototyping and testing of recognition architectures. For these reasons,
we have implemented a video generator of events involving mnist digits. The generator allows
to generate videos of different length and with a different number of digits that interact with
each other, together to the narrative describing the objects and events in the video. The
generator uses an object predicate digit(x, v) to indicate that v is the value corresponding to
object x. Concerning events, we distinguish between simple events that involve single digits
and structured ones that involve combinations of digits. The simple events we defined are:
appear(x): a digit x appears in the video
disappear(x): a digit x disappears from the video
enter(x): a digit x enters in the video
exit(x): a digit x exits from the video
The difference between appear/disappear and enter/exit is that in the former case the
digit is always fully visible when in the video, while in the latter case the digit is only partially
visible upon entering/exiting. Example of structured events definable in the framework are:
join_add(x, y): two digits, respectively x and y, approach each other, overlap and then the
digit that is the result of the sum of the two digits appears, i.e., outcome(join_add(x, y), z)
with digit(x, vx ), digit(y, vy ), digit(z, vz ) and vz = vx + vy . Note that this event can only
happen if the sum of the two digits is ≤ 9.
join_sub(x, y): two digits, respectively x and y, approach each other, overlap and
then the digit that is the result of the difference between the two digits appears,
i.e., outcome(join_sub(x, y), z) with digit(x, vx ), digit(y, vy ), digit(z, vz ) and vz =
max(vx , vy ) − min(vx , vy ).
split(x): a digit x splits into two digits whose sum or difference gives the value of x,
i.e., outcome(split(x), (y, z)) with digit(x, vx ), digit(y, vy ), digit(z, vz ) and vx = vy + vz
or vx = max(vy , vz ) − min(vy , vz ).
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Some examples of structured events produced by the generator are shown in Figure 1.
For simplicity, each object is assumed to participate in at most one simple event and one
structured event for each frame. For each video, a narrative file is also produced that contains
the following information for each digit:
the name: a label
the class: the corresponding mnist class
the position: x and y coordinates inside the frame
the simple event (if any) the digit is involved in
the structured event (if any) the digit is involved in

6

Experimental setting

Our experimental evaluation is aimed at verifying whether a neuro-symbolic solution has
an advantage in recognizing structured events with respect to a fully neural approach. In
addition to the capability of correctly classifying each video into the corresponding structured
event, we aim at evaluating the ability to learn to correctly classify the underlying objects
(the digits) as well as the ability to generalize to unseen outcomes (e.g., the result of a
join_add being a digit for which no explicit supervision was ever received). The scenario
and learning setting we created to this aim are described in the following.

6.1

Scenario

The scenario consists of videos produced with the event generation framework described in
Section 5. Each video consists of 10 frames, each frame showing one or two digits. Digits can
appear anytime within the first half of the video, and only disappear if they join together.
When present, the digits are always completely visible, apart from the frames in which they
overlap with each other (e.g., right before a join). We generated three types of videos:
join_add
join_sub
no_join
The first two refer to videos where the corresponding structured event as discussed in Section 5
takes place. The resulting digit can stay in the same position or move. To avoid ambiguities,
we refrain from generating videos where one of the two operands is a zero. As consequence,
the only way to get a zero is in a join_sub when both digits are equal. The third type
refers to videos where neither of the two structured events takes place. In this case the video
contains two arbitrary digits that wander around with no restrictions, possibly overlapping
with each other.

6.2

Learning setting

Our goal is to test the ability of the different approaches to learn to recognize events with
partial supervision. The idea is to provide supervision in terms of the structured event taking
place (if any) and the outcome of the event (i.e., the result of the addition/subtraction).
Supervision is thus provided in terms of sets like the following:
{happens(join_add(x, y), 1, T ), outcome(join_add(x, y), z), digit(z, 4)}
{happens(join_sub(x, y), 1, T ), outcome(join_sub(x, y), z), digit(z, 2)}
{¬happens(join_add(x, y), 1, T ), ¬happens(join_sub(x, y), 1, T )}
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Note that this type of feedback provides information on the classification of the underlying
objects, even if only when a join takes place, and only for the digit which is the result of the
join. We thus build the task to additionally test the ability of the methods to generalize to
unseen outcomes, i.e., digits that were never observed as the result of a join during training
(or validation). For the sake of conciseness, in the following we will refer to the combination
of structured event and outcome as the class of a video (with no_join being the class of a
video where no join occurs). To generate the videos we first split the original MNIST dataset
into training, validation and test set. Then, separately for each set, we randomly picked
digits to generate a set of videos for each of the video classes, making sure that each class
had the same number of videos. We generated training and validation videos containing
no_join, join_add with outcome from 2 to 7 and join_sub with outcome from 0 to 7, for a
total of 15 video classes. Test videos contain the same classes as the training and validation
ones plus join_add with outcome 8 and 9 and join_sub with outcome 8, for a total of 18
classes. We generated 1500 videos for training, 150 for validation and 180 for testing, so that
each class always contains 100 videos.

7

Event recognition approaches

In this section, we describe the learning approaches that we used to solve the aforementioned
task. We start presenting the low-level neural networks that we use for object detection and
classification and proceed describing the fully neural and the neuro-symbolic approaches
that build on them. The object detector is pre-trained, while the object classifier is trained
end-to-end both in the fully neural and neuro-symbolic approaches. Training is performed
for 35 epochs, using the Adam optimizer with a learning rate of 0.001 and early stopping on
the validation set. Training for more epochs does not lead to improvements in recognition
quality.

7.1

Object detector and classifier

The object detector is a neural network that extracts (processed) patches from frames. Its
architecture is shown in Figure 2 for the case of a single frame, as the same structure is
repeated for all frames in a video. Its main module is a standard convolutional neural network
that consists of two convolutional layers, each followed by a max-pooling layer, and two
fully-connected layers. ReLU are used as activation in all layers apart from the output layer
where a sigmoid is used. The module takes as input a frame of size 128×128 and gives as
output a vector of length 6:
odet = ⟨v1 , v2 , x1 , x2 , y1 , y2 ⟩
where vi ∈ [0, 1] indicates whether the i-th digit is present in the frame and xi , yi ∈ [0, 1]×[0, 1]
are the normalized digit coordinates (digits are ordered according to the distance between
their predicted coordinates and the origin). The two patches corresponding to the coordinates
are extracted from the frame, and their content is multiplied by the value of their visibility
flag. In so doing, the detector outputs “soft” patches, that depending on the value of the
visibility flag range from the patch itself (vi = 1) to a completely black patch (vi = 0).
The digit classifier has the same architecture as the main module of the detector, with the
sigmoid replaced by a softmax in the output layer. The classifier takes as input an image of
size of 28×28 which corresponds to a processed patch extracted by the detector and returns
as output a vector of length 11, where the first 10 element refers to the 0-9 digits and the last
one indicates the absence of a digit. This module is repeated for all patches and all frames
of the input video.
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Figure 2 Mnist digit detector.

7.2

Fully neural approach

The fully neural approach combines the predictions of the digit detector and classifier on
the different frames using an LSTM recurrent neural network [8]. The overall architecture is
shown in Figure 3. For each frame in the input video, the detector extracts a pair of patches
and sends them to the digit classifier. The predictions of the classifier are concatenated
with the visibility and coordinate predictions from the detector and fed to an LSTM cell.
After processing the entire input sequence, the LSTM outputs a prediction in three classes,
join_add, join_sub and no_join. The outcome of the join event is recovered from the
output of the digit classifier on the first patch of the last frame. If the class with the highest
prediction is no_join, the outcome prediction is ignored.

7.3

Neuro-symbolic approach

We developed a neuro-symbolic approach for structured event recognition using the DeepProbLog [13] framework. This framework can be seen as a neural extension of the probabilistic
extension of Prolog, ProbLog [17]. Like ProbLog, the knowledge about the domain is encoded
as a set of logical rules (i.e., horn clauses). In addition, DeepProbLog introduces neural
predicates that allow to instantiate facts as outputs of neural predicates processing raw data.
The neural extension is realized by enhancing ProbLog with a primitive that allows to declare
neural predicates:
nn(nid , Xs , Y, ys )
where nn is a reserved functor used to declare a neural predicate, nid is an identifier for
the underlying neural network, Xs denotes a sequence of n input variables, Y is the output
variable, and ys denotes a sequence of m possible values that Y can assume. Training of these
neural predicates is done by providing supervision on the head of the logical rules expressed
as standard logical queries. This means that in our prototype the ”shallow” annotations on
the structured event will be mapped to queries, while simple events will be mapped to neural
predicates.
The DeepProbLog program we defined to address the event recognition task is shown in
Figure 4. It consists of the following predicates:
digit(X, V, T, Vx ): a neural predicate that states that the X digit of video V at time T
is Vx
join_add_res(V, Vz ): a binary predicate that states that video V is a join_add and the
resulting digit of the join is Vz
join_sub_res(V, Vz ): a binary predicate that states that video V is a join_sub and the
resulting digit of the join is Vz
no_join(V ): a unary predicate that states that video V is a no_join video
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Figure 3 Fully neural approach: LSTM-based architecture.

The neural predicate digit(X, V, T, Vx ) is mapped to the combination of digit detector and
classifier shown in Figure 3, with the difference that only the output of the classifier (i.e.,
a probability distribution on the 0-9 digits plus the absence of the digit) is provided. The
predicate join_add_res(V, Vz ) basically represents the combination of join_add(X, Y ),
outcome(join_add(X, Y ), Z) and digit(Z, Vz ), with the addition of the V variable indicating
the video (omitted for simplicity in the formalization throughout the paper). The predicate
checks whether there are two digits in the first half of the video and only one digit at the
end that is the sum of the two. The join_sub_res predicate is similar to join_add_res
with sum replaced by difference (in absolute value, so that digits do not need to be sorted).
Finally, for a no_join, we know that there are two digits for the whole duration of the video.
Therefore, we define a rule that only fires when both digits are visible in the last frame.
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nn(mnist_net, [I, V, T], Y, [0,1,2,3,4,5,6,7,8,9,-1]) :: digit(I, V, T, Y).
join_add_res(V, Z) :between(0, 4, T1),
digit(0, V, T1, X),
X > 0, X < 9,
digit(1, V, T1, Y),
Y > 0, Y < 10 - X,
digit(0, V, 9, Z),
Z is X + Y, Z > 1,
digit(1, V, 9, -1).

join_sub_res(V, Z) :between(0, 4, T1),
digit(0, V, T1, X),
X > 0,
digit(1, V, T1, Y),
Y > 0,
digit(0, V, 9, Z),
Z is abs(X-Y),
digit(1, V, 9, -1).

no_join(V) :- digit(1, V, 9, X), X =\= -1.
Figure 4 Neuro-symbolic approach: DeepProbLog program.

8

Results

In this section, we present and compare the results of the neural based LSTM approach
with our proposed neuro-symbolic approach based on DeepProbLog on the tasks defined in
Section 6.
Confusion matrices, where entries (i, j) denote the number of samples of true class i
classified as class j, for the event recognition problem and related sub-problems for the two
approaches are shown in Figure 5. The first row shows the confusion matrices for the event
and outcome recognition (join_add with outcome from 1 to 9, join_sub with outcome from
0 to 8, no_join), while the second row reports the confusion matrices for the underlying task
of digit classification (0-9, and -1 corresponding to no digit). The left column reports results
for the fully neural approach, the right column those for the neuro-symbolic approach.
Looking at the top left confusion matrix, we can observe that the neural approach is able
to recognize the events for which the supervision is provided, even if it sometimes mistakes
a join_add for a join_sub and vice-versa when the outcome is the same. On the other
hand, it completely fails in generalizing to unseen events (join_add with outcome 8 or 9,
join_sub with outcome 8). This fact highlights the difficulty of the neural approach in fully
learning the semantic behind the join operations. The results of the confusion matrix on
digits (bottom left) confirm these findings, as the network fails to classify digits for which no
direct supervision is available (i.e., 8 and 9).
The situation with our neuro-symbolic approach is rather different (right column). Indeed,
DeepProbLog is capable of predicting the unseen outcomes with reasonable accuracy, and the
same holds for the underlying digit classification task. If we compare the confusion matrices
on the digits of the two approaches (bottom row), we can observe that our approach has a
higher accuracy even on digits for which direct supervision is available. These results clearly
indicate the importance of the background knowledge in compensating partial supervision
and allowing to generalize beyond what is observed during training.

9

Conclusion and future work

In this work, we have proposed a neuro-symbolic approach for structured event recognition
from data sequences, where background knowledge about event structure is combined with
deep neural networks used to solve the sub-tasks of event recognition such as object detection
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Figure 5 Experimental results: confusion matrices for event + outcome recognition (top row)
and digit classification (bottom row). Left: fully neural approach; right: neuro-symbolic approach.

and classification. The proposed architecture can be trained end-to-end with data streams
containing only shallow annotations. We prototyped our architecture using DeepProblog as a
neuro-symbolic integration framework and tested it on a structured event recognition problem
defined on a synthetic dataset automatically generated. The experiments show that the
background knowledge about structured events and their outcomes translates supervision on
the structured event into supervision on lower-level predictive tasks like object classification,
allowing to successfully train the neural components of the architecture. We compare our
architecture with a purely neural solution that uses the same basic components for object
detection and classification. The comparison shows how the use of background knowledge
improves performance for both high-level and low-level prediction tasks. The advantages of
these effects are multiple. The first advantage is the fact that we are able to train a classifier
without a direct supervision on some of the classes (the classes 8 and 9 in our experiment); a
second advantage concerns explanability: while in a fully neural approach it is not possible
to explain the happening of an event in terms of its components (object participants, and
their types), in our approach the reasoning process that infers the happening of a structured
event on the basis of the recognition of some basic facts (detection of an object of a certain
type) can be provided as an explanation. As future work, we plan to test the implementation
of the proposed architecture on different neuro-symbolic frameworks, and to consider more
structured events and also the application of the methodology on real data.
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Introduction

Temporal logics are widely used as formal languages for the specification of properties of
reactive systems. The most widely known such logics are LTL [19] and CTL [12], having
achieved this status partially due to their simplicity as extensions of propositional logic by
a small set of intuitive temporal operators. This simplicity in syntax is also reflected by
relatively low expressive power; both do not even reach up to full regularity in the sense that
they are not equi-expressive to finite-state word, resp. tree automata.
Regular expressive power is a cornerstone in the study of the theory of temporal specification languages, as logics not exceeding this expressivity limit typically possess appealing
properties like decidability of their model and satisfiability checking problems.
On the other hand, there are also interesting program properties which are not regular
and can therefore not be expressed in such logics, like the absence of buffer over-/underflows,
assume-guarantee properties, etc. The literature contains several non-regular extensions of
temporal logics or related modal fixpoint logics, e.g. PDL[CFL] [13], FLC [18] and HFL [21].
These have certain features in common: a syntax that makes it difficult to understand the
meaning of formulas, and – despite undecidability of their satisfiability problems – a decidable
model-checking problem over finite structures [15, 16, 5]. The upshot to take from this is
that model checking need not become undecidable when going beyond regular expressiveness.
In order to overcome issues with unintuitive syntaxes in expressive temporal logics, we
recently proposed Recursive CTL (RecCTL) [10], an extension of the basic branching-time
temporal logic CTL with a single recursion operator which takes formulas as arguments that
can be manipulated using other operators and passed into a recursive call. This achieves
expressive power, capturing all regular branching-time properties and many non-regular
ones. At the same time, model checking is decidable albeit exponentially worse: it is
EXPTIME-complete compared to P-completeness for CTL.
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licensed under Creative Commons License CC-BY 4.0
28th International Symposium on Temporal Representation and Reasoning (TIME 2021).
Editors: Carlo Combi, Johann Eder, and Mark Reynolds; Article No. 12; pp. 12:1–12:14
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

12:2

Model Checking Timed Recursive CTL

Another way of extending the expressive power of temporal logics, which has been followed
in the literature for quite some time, is more semantic in nature: the labelled transition
systems that logics like CTL are interpreted over model the evolution of time very abstractly
by discrete steps taken when passing from one state to another. Hence, the only real timing
properties expressible in such logics are unitless and non-quantitative like “at some point in
the future” etc. This is not sufficient for the modelling of embedded or real-time systems
where concrete timing constraints play a role in correctness properties, for instance as in
“within 5 milliseconds of receiving a signal, a control command is issued.”
In order to capture such effects, transition systems have been extended to model the
flow of time more realistically with non-negative, real-numbered delays between time point.
Timed Automata [3] are a popular model for the finite representation of such systems. Their
great expressiveness compared to ordinary discrete systems shows by the fact that the basis
for temporal logics, the simple reachability problem, is already PSPACE-complete.
One of the most popular temporal logics for expressing more complex reachability
properties of Timed Automata is Timed CTL [2], an extension of CTL that is capable of
making simple assertions about the amount of time that passes before certain events occur
on some, resp. all paths. Its model checking problem over Timed Automata is not more
difficult than simple reachability: it is also PSPACE-complete, cf. [17].
Here we introduce and study Timed Recursive CTL (TRCTL), a logic that arises from
combining the extensions to real-time on one hand, and to non-regular properties on the
other. We show that TRCTL retains decidability of model checking over timed automata,
but the combination increases the complexity to 2-EXPTIME-completeness.
The paper is organised as follows. In Sect. 2 we recall necessary preliminaries about Timed
Automata and TCTL, about RecCTL, and characterise doubly exponential time complexity.
In Sect. 3 we introduce TRCTL formally. In Sect. 4 we establish 2-EXPTIME-completeness
of its model checking problem. The upper bound is obtained by an exponential reduction to
the RecCTL model checking problem, making use of the known region graph abstraction. The
lower bound requires a fair amount of encoding large numbers as propositions interpreted over
timed automata. TRCTL is then capable of mimicking the aforementioned characterisation
of doubly exponential time. We conclude in Sect. 5 with remarks on further work.

2
2.1

Preliminaries
Doubly Exponential Time Complexity

The main result of this paper is 2-EXPTIME-completeness of an expressive extension of
Timed CTL interpreted over Timed Automata. For the lower bound we reduce from a
problem that is essentially a reformulation of the problem to decide whether a deterministic
n
Turing Machine (DTM) accepts the empty word in 22 steps, given some n ≥ 0.
Suppose Q is the set of states and Γ the tape alphabet of a DTM M, containing a
special □ symbol and not containing #. Let Γ̂ := Γ ∪ (Q × Γ) ∪ {#}. Let f : N → N. The
unique f (n)-time-bounded computation of M on the empty input can be represented by
a square, containing f (n) rows, representing time, each of which contains f (n) symbols
from Γ̂, representing a configuration, or space. Each row is of the form #w# for some
w ∈ (Γ̂ \ {#})f (n)−2 , and, if q0 , qacc are M’s starting and accepting states, the bottom row
is #(q0 , □)□f (n)−3 #, and the top row is of the form #(qacc , □)w# for some w ∈ Γ̂f (n)−3 .
Now suppose that δ is M’s transition function. This gives rise to a relation δ̂ ⊆ Γ̂ such
that (y1 , y2 , y3 , x) ∈ δ̂ iff whenever y1 , y2 , y3 are consecutive symbols in row t at positions
s − 1, s, s + 1, then x is the symbol at position s in row t + 1.
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An f (n)-certificate (for M and given n) is a set of mutually recursive predicates Cert a :
[f (n)] × [f (n)] → {⊤, ⊥}, one for each a ∈ Γ̂ with the following properties. Intuitively,
Cert a (t, s) = ⊤ iff the s-th symbol in the t-the configuration of the unique computation of
M on the empty input is a. Clearly, t, s ≤ f (n). Formally,
Cert (qacc ,□) (f (n) − 1, 0) = ⊤,
for all t ∈ {1, . . . , f (n) − 1}, s ∈ {1, . . . , f (n) − 2} and a ∈ Γ̂ \ {#} with Cert a (t, s) there
are b1 , b2 , b3 ∈ Γ̂ with (b1 , b2 , b3 , a) ∈ δ̂ and
Cert y1 (t − 1, s − 1) ∧ Cert y2 (t − 1, s) ∧ Cert y3 (t − 1, s + 1) ,
for all t ∈ {0, . . . , f (n) − 1}, s ∈ {0, f (n) − 1} we have Cert a (t, s) iff a = #,
Cert a (0, 1) iff a = (q0 , □), and for all s = 2, . . . , f (n) − 2: Cert a (0, s) iff a = □.
Note that the last two clauses determine the values of a in Cert a (t, s) uniquely for the left,
lower und right edge of the square defined by the coordinates t, s, and determinism of the
TM A then determines the values at the inner coordinates uniquely as well.
This characterisation of acceptance in deterministic time-bounded Turing Machines is
taken from [11] and can also be used to establish a generic 2-EXPTIME-hardness result.
▶ Proposition 1. It is 2-EXPTIME-hard to decide, given a DTM M and an n ∈ N encoded
n
unarily, whether or not there is a 22 -certificate for M and n in the sense above.

2.2

Models of Real-Time Systems

Timed Transition Systems. A timed labelled transition system (TLTS) over a finite set
Prop of atomic propositions is a T = (S, →
− , s0 , λ) such that
S is a set of states containing a designated starting state s0 ,
→
− ⊆ S × S ∪ S × R≥0 × S is the transition relation, consisting of two kinds:
discrete transitions of the form s →
− t for s, t ∈ S, and
d
0
delay transitions of the form s −→
t for s, t ∈ S and d ∈ R≥0 , satisfying s −→
t iff s = t
for any s, t ∈ S, and
d

d

d
1
2
∀d, d1 , d2 ∈ R≥0 , ∀s, t ∈ S : d = d1 +d2 and s −→
t ⇔ ∃u ∈ S s.t. s −−→
u and u −−→
t,

λ : S → 2Prop labels the states with the set of atomic propositions that hold true in it.
Here we consider TLTS over a singleton set of discrete actions. This is purely done since the
temporal logics based on CTL here do not consider different actions. It would be possible to
a
b
extend the entire theory to TLTS over several discrete transition relations −→,
−→,
. . ., and
d
≥0
make the logics aware of these. The extended transition relations =⇒, d ∈ R , are obtained
by padding discrete transitions with delays:
d

s =⇒ t

iff

d

d

1
2
∃d1 , d2 ∈ R≥0 , s′ , t′ ∈ S s.t. s −−→
s′ , s ′ →
− t′ , t′ −−→
t and d = d1 + d2

d

d

0
1
A trace is a sequence π = s0 =⇒
s1 =⇒
...
An (untimed) labeled transition system (LTS) is a TLTS over an empty delay transition
relation. It is finite if the set of its states is finite.
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Clock Constraints. Let X = {x, y, . . .} be a set of R≥0 -valued variables called clocks. By
CC (X ) we denote the set of clock constraints over X which are conjunctive formulas of the
form ⊤ or x ⊕ c for x ∈ X , c ∈ N and ⊕ ∈ {≤, <, ≥, >, =}.
A clock evaluation is an η : X → R≥0 . A clock constraint φ is interpreted in a clock
evaluation η in the obvious way:
η |= ⊤ holds for any η,
η |= φ1 ∧ φ2 if η |= φ1 and η |= φ2 ,
η |= x ⊕ c if η(x) ⊕ q for ⊕ ∈ {≤, <, ≥, >, =}.
Given a clock evaluation η, d ∈ R≥0 and a set R ⊆ X , we write η+d for the clock
evaluation that is defined by (η+d)(x) = η(x) + d for any x ∈ X , and η|R for the clock
evaluation that is defined by η|R (x) = 0 for x ∈ R and η|R (x) = η(x) otherwise.
Timed Automata. As with TLTS, here we consider timed automata whose transitions are
always taken with a single action which is consequently not named. As above, the reason for
considering this simplified model is purely the fact that CTL-based logics as defined – the
main object of study in this paper – are oblivious of differences in actions anyway.
A timed automaton (TA) over Prop is a A = (L, X , ℓ0 , ι, δ, λ) where
L is a finite set of so-called locations containing a designated initial location ℓ0 ∈ L,
X is a finite set of clocks,
ι : L → CC (X ) assigns a clock constraint, called invariant, to each location,
g,R
δ ⊆ L × CC (X ) × 2X × L is a finite set of transitions. We write ℓ −−−→ ℓ′ instead of
(ℓ, g, R, ℓ′ ) ∈ δ. In such a transition, g is called the guard, and R ⊆ X are the reset clocks
of this transition.
The index of the TA A is the largest constant occurring in its invariants or guards, denoted
m(A). The size of A is
|A| = |δ| · (2 · (log L) + |X | + log m(A)) + |L| · 2 · (log |X | + log m(A)) + |L| · |Prop|.
Note that the size is only logarithmic in the value of constants used in clock constraints as
they can be represented in binary notation for instance.
TA are models of state-based real-time systems. The semantics, resp. behaviour of a TA
A = (L, X , ℓ0 , ι, δ, λ) is given by an TLTS TA over the time domain R≥0 as follows.
The state set is S = {(ℓ, η) | ℓ ∈ L, η ∈ (X → R≥0 ) such that η |= ι(ℓ)} consisting of pairs
of locations and clock evaluations that satisfy the locations’s invariant.
The initial state is s0 = (ℓ0 , η0 ) where η0 (x) = 0 for all x ∈ X .
Delay transitions retain the underlying location and (possibly) advance the value of clocks
d
in a state: for any (ℓ, η) ∈ S and d ∈ R≥0 we have (ℓ, η) −→(ℓ,
η+d) if η+d |= ι(ℓ).
Discrete transitions possibly change the location and reset clocks: for any (ℓ, η) ∈ S,
ℓ′ ∈ L and R ⊆ X we have (ℓ, η) →
− (ℓ′ , η|R ) if there is g ∈ CC (X ) such that (ℓ, g, R, ℓ′ ) ∈ δ
′
and η|R |= ι(ℓ ).
The propositional label of a state is inherited from the propositional label of the underlying
location: λ(ℓ, η) = λ(ℓ).
In other words, a TA finitely represents a TLTS. Clearly, not every TLTS is finitely representable, so only a subset is captured by TA.
For a detailed introduction into timed automata we refer to the literature [3, 6]. Here
we give an example which will be used later on in the lower bound proof in Sect. 4. The
TA here act as gadgets which means that they have defined locations by which they can be
connected to form larger TA. This may entail putting guards or resets onto transitions which
do not connect locations in this gadget, as they will be connected later on. The example TA
in Fig. 1 are used to encode a counter of some width.
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¬φ0

Reset i if φi

z:=0

ℓ0
z=0

φ0
x0 :=0

y=1
y:=0

Reset i
if xi =1 ∧
V
j<i

y=1

xj >1

y:=0

Reset i
if x =2 ∨
V i
j≤i

xj =3

¬φn−1

¬φ1
ℓ1
z=0

x1 :=0

y=1
y:=0

...

φ1

φn−1

ℓn
z=0

xn−1 :=0

Reset i
if xi >1

y=1
y:=0

Reset i
if xi =2

Figure 1 Examples of timed automata: Reset i if φi for arbitrary clock constraints φ0 , . . . , φn−1
(upper TA), and Incrx̄ (lower TA).

▶ Definition 2. Let x̄ = (x0 , . . . , xn−1 ). An environment η is called a small x̄-counter if
Pn−1
η(xi ) ∈ {0, 1} for all i = 0, . . . , n − 1. Its value is ⟨ηx̄ ⟩ = i=0 η(xi ) · 2i .
We drop the annotation by x̄ if it is clear from context. Now consider the TA Reset i if φ
(read “for i = 0, . . . , n − 1 reset the i-th clock if φi holds”) and Incrx̄ in Fig. 1.
▶ Observation 3.
Suppose φ̄ = (φ0 , . . . , φn−1 ) is a tuple of clock constraints over the clocks in x̄. Then,
in the TLTS associated to the TA Reset i if φ, there is a path from (ℓ0 , η) to (ℓn , η ′ ) iff
η ′ = η|{xi |φi } .
Suppose η is small counter encoding the value m ∈ [2n ] over n clocks in x̄. Then, if
entering the sub-TLTS generated by the gadget Incrx̄ from some state (ℓ, η), this sub-TLTS
is left towards some (ℓ′ , η ′ ) such that η ′ encodes m + 1 modulo 2n .
Clearly, there is a gadget similar to Incrx̄ that decreases the value encoded in these clocks.
We denote it by Decrx̄ . Note that technically, Incrx̄ is not a TA since the conditions on the
resets, resp. their negations, which are used as guards in the reset gadget, contain disjunctions.
However, in this case, the guards can be brought into disjunctive normal form at a minimal
blowup, whence a disjunction ψ1 ∨ . . . ∨ ψk in a supposed guard can be replaced by k separate
transitions.
The Region Abstraction. There is a well-known abstraction of an TLTS arising from a TA
A into a finite LTS known as the region graph RA , used in decidability proofs for decision
problems on TA.
In the following we only consider TLTS TA that arise from some TA A = (L, X , ℓ0 , ι, δ, λ).
The region abstraction is a mapping of such R≥0 -TLTS into finite LTS. It is based on an
equivalence relation ≃m , for m ∈ N, on clock evaluations defined as follows.
η ≃m η ′

iff

for all x ∈ X : η(x) > m and η ′ (x) > m
or ⌊η(x)⌋ = ⌊η ′ (x)⌋ and frac(η(x)) = 0 ⇔ frac(η ′ (x)) = 0
and for all y ∈ X with η(y) ≤ m and η ′ (y) ≤ m :
frac(η(x)) ≤ frac(η(y)) ⇔ frac(η ′ (x)) ≤ frac(η ′ (y))

Here, frac(r) denotes the fractional part of a real number. It is easy to see that ≃m is
indeed an equivalence relation for any m. It is lifted to states of the TLTS TA in the most
straight-forward way:
(ℓ, η) ≃m (ℓ′ , η ′ )

iff

ℓ = ℓ′ and η ≃m η ′ .

We write [η]m for the equivalence class of η under ≃m and likewise for [(ℓ, η)]m . When m is
clear from the context we may also drop it and simply write [η], resp. [(ℓ, η)].
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This is not only an equivalence relation on the state space of TA but in fact even a
congruence w.r.t. the labelling and discrete and delay transitions when m ≥ m(A). This is
what makes it usable in order to abstract the uncountable state space of TA into a finite
discrete state space as follows.
The region graph RA of the TA A is the LTS obtained as the quotient of TA under the
congruence relation ≃m (with m = m(A)), together with an additional collapse of delay
transitions for different delays into a single “some-delay” value τ . Its components are as
follows.
The state space is {(ℓ, [η]) | ℓ ∈ L, η ∈ (X → R≥0 ), η |= ι(ℓ)}. The initial state is (ℓ0 , [η0 ]).
Discrete transitions from one state to another are obtained by possibly delaying, then
performing a discrete transition in the timed space and then possibly delaying again
afterwards. We have
(ℓ, [η]) →
− (ℓ′ , [η ′ ])

d

d

′ ′
1
2
if there are d, d′ ∈ R≥0 , η̂, η̂ ′ s.t. (ℓ, η) −−→(ℓ,
η̂) →
− (ℓ′ , η̂ ′ ) −−→(ℓ
,η )

for any ℓ, ℓ′ ∈ L, η, η ′ ∈ X → R≥0 .
The propositional labelling is given as λ(ℓ, [η]) = λ(ℓ, η) = λ(ℓ).
We obtain the following proposition:
▶ Proposition 4 ([3]). Let A be a TA over n clocks with ℓ locations and of index m. Then
RA is an (untimed) LTS of size ℓ · 2O(n(log n+log m)) , i.e. exponential in |A|, and there is a
d

d

0
1
trace s0 =⇒
s1 =⇒
. . . in TA iff there is a path [s0 ] −
→[s1 ] −
→ . . . in RA .

2.3

Temporal Logics

We recall the two most relevant temporal logics which form the basis for the definition of
Timed Recursive CTL in Sect. 3: Timed CTL, the extension of pure CTL by operators to
quantitatively speak about the passage of time, and Recursive CTL, the extension of CTL
by a recursion operator which gives it much greater expressive power.
Timed Computation Tree Logic. As before, let Prop be a set of atomic propositions.
Formulas of Timed CTL (TCTL) are given by the following grammar.
φ ::= q | φ ∧ φ | ¬φ | E(φ UJ φ) | A(φ UJ φ)
where q ∈ Prop and J denotes a natural-number bounded interval in R≥0 , i.e. it takes one of
the forms [n, m], (n, m], [n, m), (n, m), [n, ∞), (n, ∞) with n, m ∈ N, n ≤ m.
Other Boolean connectives are defined as abbreviations in the usual way: tt := q ∨ ¬q for
some q ∈ Prop, φ∨ψ := ¬(¬φ∧¬ψ), φ → ψ := ¬φ∨ψ, etc. Likewise, other familiar temporal
operators can be obtained as abbreviations as well: QFJ φ := Q(tt UJ φ) for Q ∈ {E, A},
QGJ φ := ¬QFJ ¬φ where E = A and A = E. We also use an intuitive way of the form ⊕n
with ⊕ ∈ {≤, <, ≥, >, =} for denoting intervals when possible, for instance EF>2 q stands for
EF(2,∞) q, and AG≤5 q stands for AG[0,5] q.
Formulas of TCTL are interpreted over R≥0 -timed transition systems T = (S, →
− , s0 , λ):
T
JφK denotes the set of states in T in which φ holds, defined inductively as follows.
JqKT := {s | q ∈ λ}

Jφ ∧ ψKT := JφKT ∩ JψKT
J¬φKT := S \ JφKT

JE(φ U ψ)KT := {s ∈ S | there is a trace π = s, . . . s.t. π |= φ UJ ψ}
J

JA(φ UJ ψ)KT := {s ∈ S | for all traces π = s, . . . we have π |= φ UJ ψ}
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d

d

d

0
1
2
and for a non-zeno trace π = s0 =⇒
s1 =⇒
s2 =⇒
. . . we have π |= φ UJ ψ iff

d

∃i ≥ 0, ∃d ∈ [0, di ], ∃s′ s.t. si =⇒ s′ and (

i
X

di ) + d ∈ J and T , s′ |= ψ and

h=0
d′

∀j < i, ∀d′ ∈ [0, dj ], ∀s′ s.t. sj =⇒ s′ we have T , s′ |= φ ∨ ψ and
d′

∀d′ ∈ [0, d), ∀s′ s.t. si =⇒ s′ we have T , s′ |= φ ∨ ψ.
We write T , s |= φ if s ∈ JφKT for arbitrary s ∈ S, and also T |= φ if T , s0 |= φ.
The model checking problem for TCTL is the following: given a TA A and a TCTL
formula φ, decide whether or not RA |= φ.
▶ Proposition 5 ([1, 17]). The model checking problem for TCTL is PSPACE-complete,
even for TA over a single clock.
Temporal Logic with Recursion. We briefly present Recursive CTL (RecCTL), the other
building block besides TCTL that make up Timed Recursive CTL, to be defined in the
following section.
Let Prop be a set of atomic propositions. Formulas of RecCTL are obtained by addition
of the recursion operator to the (purely modal part of) CTL. Let V1 = {x, y, . . .} be a set of
propositional variables and V2 = {F, . . .} be a set of so-called recursion variables. Formulas
of RecCTL are given by the following grammar.
φ ::= q | x | φ ∧ φ | ¬φ | EXφ | Φ(φ, . . . , φ)

Φ ::= F | rec F (x1 , . . . , xk ; y1 , . . . , yh ). φ

where x, xi , yi ∈ V1 , F ∈ V2 .
A formula derived from φ in this grammar is called propositional, those derived from
Φ are called first-order. Formulas are interpreted over (untimed) LTS T over some state
set S. A propositional formula φ denotes a predicate JφKT ∈ 2S , i.e. a set of states just
like any CTL formula does; a first-order formula however denotes a predicate transformer
JΦKT : 2S × . . . × 2S → 2S .
We do not give the details of the formal semantics here. It suffices to note that the
recursion operator is interpreted as the least fixpoint in the corresponding complete lattice
of first-order functions called predicate transformers. For this to work seamlessly, i.e. these
fixpoints to exist, we need to guarantee that any variable F is used monotonically in φ
inside of rec F (⃗x; ⃗y ). φ only. The fact that the logic features negation (¬) and application
(Φ(φ1 , . . . , φk )) requires a slightly more involved syntactic criterion for monotonicity. In
particular, in order to know whether some variable is used monotonically, it may be required
to know this for others as well. This is why the formal parameters x1 , . . . , xk ; y1 , . . . , yh
(k, h ≥ 0) to a recursion operator are separated into two parts: those left of the divider “;”
are used monotonically, those to the right are used antitonically. RecCTL employs a small
type system to ensure these properties. For details we refer to the literature [10] or the next
section where the machinery is carried out for full Timed Recursive CTL anyway.
An important result on RecCTL to notice here, as it will be used later on in Sect. 4, is
decidability of its model checking problem.
▶ Proposition 6 ([10]). The model checking problem for RecCTL over finite LTS is
EXPTIME-complete.
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3

Timed Recursive Computation Tree Logic

The formal syntax. Let Prop be a set of atomic propositions. The syntax of Timed Recursive
CTL (TRCTL) is similar to that of RecCTL in that we distinguish between propositional
and first-order formulas. We also need two kinds of variables again: first-order variables
V2 = {F, G, . . .} to form recursion anchors and propositional variables V1 = {x, y, . . .} for
formal parameters of recursive formulas. Formulas are then given by
φ ::= p | x | φ ∧ ψ | ¬φ | E(φ UJ φ) | Φ(φ, . . . , φ)

Φ ::= F | rec F (x1 , . . . , xk ). φ

where p ∈ Prop, k ≥ 0, x, x1 , . . . , xk ∈ V1 , F ∈ V2 and J denotes an interval in R≥0 with
integer bounds as in the syntax for TCTL. We write m(φ) to denote the largest constant
that occurs in interval annotations of the Until operators in φ.
Note that CTL features the Next operators QX as well as the Until operators QU. The
former is missing in TCTL since there is no “next” moment in dense real time. RecCTL,
however, seems to feature the Next but not the Until. This is simply because Q(φU ψ) is
expressible via QX using the recursion operator which is stronger than propositional fixpoints,
i.e. Q(φUψ) ≡ (rec F (). ψ∨(φ∧QXF()))(), written more conveniently as rec F . ψ∨(φ∧QXF ),
along the lines of the embedding of CTL into the modal µ-calculus. This does not work for
the time-bounded Until operator anymore. Hence, TRCTL features such the Until but not
the Next operator just like TCTL.
Other Boolean and temporal operators are defined in the usual way, for instance EFJ φ :=
E(tt UJ φ), AGJ φ := ¬EFJ ¬φ, etc. and will be used freely henceforth.
Vectorial form. The semantics of the recursion operator will be explained using least
fixpoints in complete function lattices. This makes the Bekic̀ Lemma [7] available which
allows formulas with mutual dependencies between recursion variables to be written down in
a more readable form. A formula in vectorial form, cf. [4] for its use in Lµ , is a


F1 (x1 , . . . , xk )


rec i 
Fn (x1 , . . . , xk )

.
..
.

φ1

.

φn



 (ψ1 , . . . , ψk ).

Informally, this defines not just one but several functions F1 , . . . , Fn which may all depend
on each other in a mutually recursive way formalised in the φj ’s. In the end, the function
named by Fi is applied to the initial arguments ψ1 , . . . , ψk .
Well-formed formulas. Not every formula generated by the formal syntax as introduced
above is well-formed. For instance, when a recursion formula has k formal parameters
as in Φ = rec F (x1 , . . . , xk ). φ, it should only be applied to a tuple of k arguments as in
Φ(φ1 , . . . , φk ). The same goes for any subformula of the form F (ψ1 , . . . , ψk ).
More importantly, a well-defined semantics can only be given to recursive formulas when
the recursion variable occurs monotonically in the defining fixpoint formula only. Here we
refrain from giving further formalities in terms of a type system that ensures well-formedness.
For what follows, it suffices to work with the intuitive notion of “occurring only monotonically”.
For formal details we refer to [10] where the notion of well-formedness is made precise for
RecCTL. The same principles can be applied here to this real-time extension of this logic.
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The formal semantics. As with TCTL, (propositional) formulas of TRCTL are interpreted
in states of an TLTS T = (S, →
− , s0 , λ). In fact, it suffices to extend the semantics of TCTL to
those operators (propositional variables and first-order formulas) which do not already occur
in the syntax of TCTL. Due to the presence of variables, we need variable interpretations
ϑ in order to explain the meaning of a formula inductively. Such a ϑ maps propositional
variables to sets of states, ϑ(x) ∈ 2S for x ∈ V1 , and first-order variables to functions of
corresponding arity over these: ϑ(F ) : 2S × . . . × 2S → 2S .
These functions form a complete Boolean lattice ordered pointwise, hence least fixpoints of
monotone functionals mapping one such function to another exist due to the Knaster-Tarski
Theorem [20]. These are used to explain the meaning of the recursion operator. For details,
we refer to the exposition on RecCTL [10] or on HFL [21] that this idea goes back to – the
only difference is that there, S is the state space of an untimed LTS rather than a TLTS.
A propositional formula φ gives rise to a set JφKTϑ of states that satisfy it under the
variable interpretation ϑ, and similarly for first-order formulas and corresponding first-order
functions. The semantics is defined as follows. The clauses presented for φ ∈ TCTL apply
here as well under the provision that each J·KT is replaced by J·KTϑ . Additionally,
JxKTϑ := ϑ(x)

for x ∈ V1 ,

JΦ(φ1 , . . . , φk )KTϑ := JΦKTϑ (Jφ1 KTϑ , . . . , Jφk KTϑ )

for propositional formulas, while for first-order formulas we set JF KTϑ := ϑ(F ) if F ∈ V2 and
Jrec F (x1 , . . . , xk ). φKTϑ :=
l
{f : (2S )k → 2S | ∀S1 , . . . , Sk : JφKTϑ[F 7→f,x1 7→S1 ,...,xk 7→Sk ] ⊆ f (S1 , . . . , Sk )}

where ⊓ denotes the point-wise intersection for functions: (f ⊓ g)(S) := f (S) ∩ g(S).
Examples. We illustrate the use of the recursion operator in TRCTL to form structurally
complex properties which cannot be expressed in TCTL. We refer to [10] for more exposition
regarding RecCTL. It is helpful, though, to imagine the recursive formulas to be unrolled so
that new arguments are being built and these to be plugged in for the formal parameters.

▶ Example 7. Consider φag := rec F (x, y). (x ∧ ¬y) ∨ F (AF≤3 x, AF≤2y ) (p, p). Unrolling
of the recursion shows that it is equivalent to
_
≤3
≤3
≤3
≤2
≤2
AF≤2
|AF AF {z. . . AF } p ∧ ¬ AF
|
{z. . . AF } p
i≥0

i times

i times

stating “there is an i such that on all paths we see i occurrences of p in distances of at
most 3 seconds, but not in distances of at most 2 seconds.” Negating this to ¬φag then
formalises “whenever it is possible to see p in distances of 3 seconds i times on a path, then
it is also possible to do so in distances of 2 seconds on some path.” This is inspired by the
formalisation of assume-guarantee properties in HFL [21].
▶ Example 8. Note that the context-free grammar G with productions
F1 → F2 F3 ,

F2 → out | inF2 F2 ,

F3 → ε | inF3 | outF3

generates the set of all in, out-sequences such that some prefix contains more out’s than in’s.
It can be seen as the set of all finite computations in which a buffer underflow occurs. Now
consider the TRCTL formula


F1 (x) . F2 (F3 (x))
 (tt) .
φbuf := rec 1  F2 (x) . E(pout U≥1 x) ∨ E(pin U≥1 F2 (F2 (x)))
≥1
≥1
F3 (x) . x ∨ E(pin U F3 (x)) ∨ E(pout U F3 (x))
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It states that there is a path forming a buffer underflow, provided that consecutive traversal
of states satisfying pin , resp. pout for at least 1sec are taken as input/output actions for the
buffer. Then ¬φbuf formalises absence of such underflows under this interpretation.

4

The Complexity of Model Checking

In this section we show that the model checking problem for TRCTL is 2-EXPTIME-complete.
We begin with the upper bound.
Upper Bound. We follow the same principles as usual decidability proofs for problems on
TA, using so-called untiming constructions like the one for the region graph. Let φ ∈ TRCTL
and A be a TA not using the clock z. Let Az result from it by simply adding the clock z to
it (which is not accessed or manipulated anywhere). Let RAz be the corresponding region
graph. Note that its states are of the form (ℓ, [η]), where ℓ is a location of A and [η] is a
region, i.e. an equivalence class of a clock evaluation η that is also defined on z now.
We construct a new LTS Rφ
− , s0 , λ) in the following two ways:
Az by extending RAz = (S, →
For each state (ℓ, [η]) and each c ≤ m(φ), add new proposition pz⊕c to λ(ℓ, [η]) if η |= z ⊕ c
for ⊕ ∈ {≤, <, ≥, >, =}.
For each state (ℓ, [η]) introduce a new state sℓ,[η] with the sole label {rz }, and add
transitions (ℓ, [η]) →
− sℓ,[η] →
− (ℓ, [η|{z} ]).
This has introduced new traces in this region graph: at any moment, it is now possible to
reset clock z, and then continue some original trace. Moreover, the resetting of z becomes
visible through the traversal of a state that satisfies rz . Since z is not used in A, this is
the only way that it is being reset. Moreover, the values of z are also accessible through
propositions of the form pz⊕c .
Next we rewrite φ so that it can make use of these propositions. The formula φz results
from φ by replacing each subformula of the form
E(ψ1 U[c,d] ψ2 ) by EX(rz ∧ EXE((¬rz ∧ ψ1 ) U (¬rz ∧ pz≥c ∧ pz≤d ∧ ψ2 ))), resp.
A(ψ1 U[c,d] ψ2 ) by EX(rz ∧ EXA((¬rz → ψ1 ) U (¬rz → pz≥c ∧ pz≤d ∧ ψ2 ))).
For open intervals on one side, the p-propositions are amended accordingly to pz>c etc.
The following forms the basis of an exponential reduction of TRCTL model checking to
RecCTL model checking.
▶ Lemma 9. Let A be a TA, φ ∈ TRCTL.
(a) φz is a formula of (untimed) RecCTL and is constructible in time O(|φ|).
(b) Rφ
Az is an (untimed) LTS of size at most (singly) exponential in |A| and m(φ) and also
constructible in such time.
z
(c) TA |= φ iff Rφ
Az |= φ .
Parts (a) and (b) are easily checked. Part (c) can be proved by simple induction on the
structure of φ using Prop. 4.
▶ Theorem 10. The model checking problem for TRCTL over TA is decidable in 2EXPTIME.
Proof. Let a TA A and a TRCTL formula φ be given. To check whether TA |= φ holds, first
z
construct Rφ
Az and φ . According to Lemma 9, this can be done in exponential time, and it
suffices to check whether or not RzA |= φz holds. According to Prop. 6, the latter can be
solved in exponential time. Altogether, this gives a doubly exponential upper bound on the
time complexity of model checking TRCTL over TA.
◀
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x0 =0

Incr∗x̄

y:=0

A

y=0

ℓ1

ℓ2
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ℓ3
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xn−1 =0

i

Incr∗x̄

p
x=0

Decr∗x̄

y=4
y:=0

ℓ4

y=0

d

Figure 2 A gadget for arbitrary incrementation (upper part), the TA A (lower part).
n

Encoding Large Numbers. We now want to encode numbers in the range [22 ] in TRCTL.
We have seen in Obs. 3 how numbers in the range [2n ] can be encoded in small counters and
that there is a polynomially-sized gadget such that passing through (the TLTS generated by)
that gadget increases the value encoded in the counter by 1. We now extend this to larger
numbers. Clearly, increasing the number of clocks involved is not sufficient unless we use
exponentially many clocks. However, note that a TA already generates an exponentially large
TLTS through the values of its associated clocks, even after the region graph abstraction.
This stems from the fact that both locations and clock values in a TA contribute to the TLTS,
and with multiple clocks present, one location may generate many TLTS states. Informally
put, the question whether some proposition holds at some location, and for which small
counter values, already has exponentially many possible answers. We use small counters
to represent the bits in binary numbers of exponential width, exactly enough to represent
numbers of doubly exponential size. Hence, large counters are sets of TLTS states that agree
on the location component, say ℓ. What varies are the clock values. Intuitively, we shall
consider a bit b ∈ [2n ] set in the representation of a number through such a set, if said set
contains the state (ℓ, η) such that η is a small counter with ⟨η⟩ = b.
▶ Definition 11. Consider the TLTS TA generated by the TA A, depicted in the upper part
of Fig. 2. Let x̄ = (x0 , . . . , xn−1 ). A set S of states of the form
(p, η), where η is a small
P2n −1
x̄-counter, is called a large (x̄)-counter. Its value is ⟨S⟩ = i=0 bi · 2i where bi = 1 if the
small counter with value i belongs to S, and bi = 0 otherwise.
For example, the empty set encodes m = 0 since (p, η) ∈ S for no η. Any set that contains
n
all states of the form (p, η) encodes m = 22 − 1, since (p, η) ∈ S for all small counters η.
On the other hand, a set that contains only (p, η) such that ⟨η⟩ = 0 encodes m = 1, while a
n
set that contains all states but those with ⟨η⟩ = 0 encodes m = 22 − 2. Note that the first
two sets are expressible in TRCTL via ff and tt. In fact, every TRCTL-formula of the form
p ∧ ψ defines a large counter, whence we write φ = ⟨m⟩ for a formula that defines a counter
that encodes m.
Now assume that the gadget Decr∗x̄ is obtained from Incr∗x̄ , by replacing Incrx̄ by Decrx̄
and by replacing the test for 0 by a test for 1. We use the following lemma.
▶ Lemma 12. Consider TA where A is the TA in the lower part of Fig. 2. Let (p, η) and
(p, η ′ ) be states in TA such that η, η ′ are small counters. If (p, η ′ ) is reachable from (p, η)
by passing exactly once through the sub-TLTS generated by the gadget Incr∗x̄ and η encodes
m ∈ 2n − 1, then η ′ encodes a value in in {m + 1, . . . , 2n − 1}. Moreover, for each such
m′ ∈ {m + 1, . . . , 2n − 1}, there is a path through the gadget such that the η ′ encodes m′ , and
there is no such path if m = 2n − 1. The analogue holds for Decr∗x̄ .
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Proof. In Incr∗x̄ , time flows only between ℓ3 and ℓ4 , namely for exactly 4 units in Incrx̄ (cf.
Obs. 3). Now assume that the sub-TLTS generated by Incr∗x̄ is entered from (p, η). When
passing directly from ℓ3 to ℓ4 , the value encoded in η is increased by 1. Moreover, passing
from ℓ1 to ℓ3 and, hence to the end of the gadget, is only possible if at least one of the xi is
0, i.e. if η encodes a number less than 2n − 1. Finally, it is not hard to see that the return
path from ℓ4 to ℓ1 can be taken without making it impossible to leave the gadget as long
as at least one of the xi is 0, whence the gadget can be left with any value in the range
{m + 1, . . . , 2n − 1} encoded in η.
◀
We use Lem. 12 to manipulate large counters by TRCTL-formulas. Recall that, when
incrementing a binary number m given as b0 · · · bn−1 with least significant bit left, a bit is
set in the representation of m + 1 iff it is already set in (the representation) of m, and there
is a bit of lesser significance that is not set, or if it is not set in m, but all bits of lesser
significance are. We now apply this to large counters. Let m be a number encoded in a large
counter S. Then the set that encodes m + 1 comprises exactly all states (p, η) such that
(p, η) is already included in X and there is η ′ with ⟨ηx̄′ ⟩ < ⟨ηx̄ ⟩ such that (p, η) ∈
/ S, and all
such (p, η) such that (p, η) ∈
/ S, but for all (p, η ′ ) with ⟨ηx̄′ ⟩ < ⟨ηx̄ ⟩ we have (p, η ′ ) ∈ S. This,
incrementation, and a test for 0 are expressed by the following formulas:
inc(X) = (X ∧ E(¬(p ∨ i) U>0 (p ∧ ¬X))) ∨ (¬X ∧ A(¬p U>0 (i ∨ p ∧ X)))
dec(X) = (X ∧ E(¬(p ∨ i) U>0 (p ∧ X))) ∨ (¬X ∧ A(¬p U>0 (i ∨ p ∧ ¬X)))
eq 0 (X) = ¬X ∧ A(¬p U>0 (p ∧ ¬X))
n

▶ Lemma 13. Let S be a large counter in TA such that S encodes m for m ∈ [22 ].
n
n
Then inc(S) encodes m + 1 modulo 22 and dec(X) encodes m − 1 modulo 22 . Finally,
(p, η) ∈ eq 0 (S) iff S encodes 0.
Proof. We show the claim for inc(). Let S encode m. The left part of the disjunction
concerns the case of a bit that is already set in the representation of m, i.e. (p, η) ∈ S such
n
that ⟨η⟩ is some k ∈ [2n ]. Then (p, η) is in the representation of m + 1 modulo 22 iff there
is k ′ ∈ [k] such that (p, η ′ ) ∈
/ S if η ′ encodes k ′ . This is formalised in the EU-formula, which
requires the existence of a path of length different than 0 where, at the first occurrence of
p after the initial state, ¬S holds. Moreover, since i can also not hold, that path must go
exactly once through the gadget Decr∗x̄ . By Lem. 12, respectively its analogue for Decr∗x̄ , we
obtain that, for each k ′ < k, there is a path through this gadget such that x̄ encodes k ′ after
leaving it, and no other paths through this gadget exist. Hence, the EU-formula only holds if
there is k ′ ∈ [k] representing the bit of lesser significance than k not set in the representation
of m. The other disjunct follows the same pattern, except here, the AU-formula formalises
the forall quantifier in the logic of binary incrementation, and the proposition i moves to
formalise that each path either goes through i and, hence, is of no concern, or ends up in the
location p such that the corresponding lower bit is set.
The formula for decrementation follows the same logic. Finally, a set S encodes 0 iff it
contains no states (p, η) with η of any kind. In other words, (p, η) is in (the semantics of)
eq 0 (S) iff it is not in S and, no matter which path is taken through one of the two gadgets,
one ends up outside of S upon reaching the location p for the first time, i.e. no matter how
the clocks in x̄ are changed, one cannot reach S.
◀
We add that the following are also expressible via the formulas given below: The fact that a
large counter encodes 1, the fact that it encodes a number greater than 0 or 1, and the fact
n
that it encodes a number less than 22 − 1:
eq 1 (X) = eq 0 (dec(X))

eq 22n −1 (X) = eq 0 (inc(X))

gt 0 (X) = ¬eq 0 (X)

lt 2

2n

−1 (X)

= ¬eq 0 (dec(X))

gt 1 (X) = ¬eq 0 (X) ∧ ¬eq 0 (dec(X))
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Lower Bound. A matching lower bound can be obtained by a polynomial reduction from
problem stated in Prop. 1. We construct, given such a DTM M and an n ∈ N, a TA AM,n
and a TRCTL formula φM,n each of polynomial size in |M| and n, such that AM,n |= φM,n
n
iff there is a 22 -certificate for M and n. Given the previous work on encodings or large
numbers, the existence of such a certificate is easily defined in TRCTL, as we will see below.
▶ Theorem 14. The model checking problem for TRCTL over Timed Automata is 2EXPTIME-hard.
Proof. Let M and n be given. Let Γ̂ = {a1 , . . . , am } and δ̂ be as defined in Sect. 2.1,
resulting from M’s state set, tape alphabet and transition function. Let


..
.


 C (t, s) . chk (t, s) ∨ W nxt
 2n
(t,
s)
a
a
b
,b
,b

 (⟨2 − 1⟩, ⟨0⟩)
i
i
1
2
3
φM,n := rec (qacc,□ ) 

(b1 ,b2 ,b3 ,ai )∈δ̂


..
.
where


eq (s) ∨ eq 22n −1 (s)

 0

eq (t) ∧ eq (s)
0
1
chk a (t, s) :=
gt 1 (s) ∧ lt 22n −1 (s)




ff

, if a = #
, if a = (q0 , □)
, if a = □
, otherwise

nxt b1 ,b2 ,b3 (t, s) := gt 0 (t) ∧ gt 0 (s) ∧ lt 22n −1 (s) ∧
Cb1 (dec(t), dec(s)) ∧ Cb2 (dec(t), s) ∧ Cb3 (dec(t), inc(s))
n

Let A be the TA from Fig. 2. Then TA |= φM,n iff there is a 22 -certificate for M. This
follows from the fact that the definition of the C mirrors the pattern of the certificate Cert
described in Sec. 2.1. The arithmetic used is described above. Note that φM,n is well-defined
w.r.t. monotonocity of the C since all of them occur only positively in nxt b1 ,b2 ,b3 (t, s). The
variables s and t occur both positively and negatively but they are not recursion variables,
so this is unproblematic.
◀

5

Conclusion & Further Work

We have introduced Timed Recursive Temporal Logic (TRCTL) and shown that its modelchecking problem is 2-EXPTIME-complete. Its satisfiability problem is undecidable, this
is inherited from Recursive Temporal Logic [10]. TRCTL is strictly stronger in expressive
power than its two constituent parts RecCTL and TCTL since either can express properties
that the other cannot, namely higher-order properties (cf. [10]) or real-time properties. A
fine-grained analysis of the expressive power of TRCTL, i.e. which properties of e.g. TLTS
become accessible that are not accessible in TCTL, is still to be done. It should be noted
that our lower bounds already hold in the setting with just two clocks, the constructions
from [17] carry over with few adaptations.
Further research concerns two angles: practicability and extensions in expressive power.
With respect to the former, the 2-EXPTIME-complete model checking problem might seem
prohibitive, yet higher-order algorithms are open to optimisations that can yield surprisingly
competitive algorithms [9, 14]. The latter angle includes straightforward extensions such as
propositions that test for the value of some clock that are unlikely to require new methods,
but also more intricate ones like diagonal constraints etc. which, of course, are also likely to
lead to undecidability [8].
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1

Introduction

When planning and scheduling techniques are employed in practical applications, one of the
major problems is the need for on-line re-planning when the observed contingencies are not
aligned with the ones that were considered at planning time. These situations are common,
because it is arguably impossible to predict the entire range of situations an autonomous
system can encounter, especially when the planning domain encompasses time and temporal
constraints. Unfortunately, re-planning can be costly in terms of time, and computational
resources can be scarce on-board, so limiting the use of re-planning is very important for
practical purposes. In principle, it is also possible to continue with the execution of a plan
even when the observed contingencies are unexpected, optimistically hoping for a successful
completion. However, this approach offers no formal guarantee, and is prone to the risk of
continuing execution of a plan that is bound to fail.
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Several approaches have been proposed in the literature to address this problem (see [13]
for a survey focused on robotics). Some authors propose to post-process plans and generalize
them relying on the scheduling constraints that are relevant for execution [17, 15, 10]. Another
line of research focuses on the creation of “least commitment plans”, i.e. plans that are left
partially open by the planner so that the execution can be adapted to some variation in the
contingencies [11, 20, 9, 4, 19]. Others tackled the idea of transforming temporal plans with
no adaptability into flexible plans [7]. Finally, one can explicitly model the uncertainties in
the planning problem and construct a plan that offers formal guarantees with respect to
such a model. Examples include Conformant and Contingent Planning [12], Probabilistic
Planning [14] and Strong Temporal Planning with Uncertain Durations [5] that considers
temporal uncertainty in the durations of actions.
Recently, Robustness Envelopes (REs) have been proposed to overcome several limitations
of the approaches mentioned above. REs formally capture the possible contingencies that
a given temporal plan, obtained by planning in a deterministic domain, can deal with,
without having to re-plan [2]. REs are regions defined over a set of numeric parameters
that represent possible contingencies, and contain all the parameter valuations ensuring
plan validity. In general, REs may be non-convex, and can express dependencies between
the parameters. However, the technique proposed in [2] has two main drawbacks limiting
its practical applicability. First, the exact computation of REs is extremely expensive: the
proposed approach is doubly exponential in the size of the planning problem. Second, REs in
their general form are not suited for efficient execution: the dependencies among parameters
might require run-time reasoning.
In this paper, we overcome these limitations, achieving scalability and executability.
We focus on Decoupled Robustness Envelopes (DREs), i.e. hyper-rectangular REs where
the dependencies among parameters are not present, and are thus much easier to execute.
Our first contribution is a novel and scalable algorithm for computing DREs as sound
approximations of REs. A sound approximation ensures that every point within the DRE
belongs within the RE. The algorithm is anytime, and proceeds by incrementally underapproximating the RE with increasingly large DREs. The algorithm can be stopped at
any time, providing a meaningful result already amenable to start execution. In its general
formulation, the RE for a given plan is naturally modeled as a quantified first order formula
in the theory of Linear Real Arithmetic. Our algorithm does not need to precisely compute
the quantifier-free description of the RE (which requires an expensive step of quantifier
elimination, and is ultimately responsible for the inefficiency demonstrated in [2]). Rather, it
starts from a degenerate DRE consisting of a single point, and progressively tries to enlarge
it along different dimensions, checking if each extension is contained in the RE, until a given
precision is reached. The algorithm relies on quantifier-free queries to a Satisfiability Modulo
Theory [1] solver.
Our second contribution is to demonstrate the practical use of DREs in a robotic executor,
extending the classical flow from planning to execution to re-planning, as follows. First,
a plan is generated from a deterministic model using temporal planning technologies, and
transformed into a Simple Temporal Network (STN) formulation [6]; at this point, we
parametrize the durations of some of the actions in the plan and/or the consumption rates
in the domain specification. DREs are then computed for the introduced parameters and
passed to the executor. In turn, the dispatching of the actions in the STN plan begins and
continues until one observed duration or consumption rate happens to be outside of the DRE.
At this point, the executor detects that the plan is no longer guaranteed to succeed, and
re-planning is triggered.
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The proposed approach was implemented in the ROSPlan [3] framework, and experimentally evaluated along two directions. The algorithm for DRE generation was compared against
the base line in [2], demonstrating orders-of-magnitude improvements compared to the exact
computation of REs, and the ability to deal with a much larger number of parameters. The
overall execution loop has been evaluated on a family of concrete case studies in a logistic
domain, showing that the use of DREs, compared to the optimistic executor in ROSPlan,
significantly reduces the number of re-plannings and improves the execution success-rate.

2

Background

We consider planning problems expressed in the PDDL 2.1 [8] temporal planning language;
for the sake of brevity we do not report the full syntax and semantics of such planning
problems, but we directly introduce the parametrized planning problem idea adapted from [2].
▶ Definition 1. A parametrized planning problem PΓ is a tuple ⟨Γ, P⟩, where Γ is a
finite set of real-valued parameters {γ1 , · · · , γn } and P is a PDDL 2.1 planning problem in
which action conditions, action effects, goals and initial states can all contain parameters.
Intuitively, symbols (from a known set Γ) can be used in expressions where real-typed
constants are usually allowed.
As customary in many cases of plan execution, we use plans expressed as Simple Temporal
Networks (STN) [6]. An STN plan is a set of constraints of the form ti − tj ≤ k where ti and
tj are time points linked to action happenings (i.e. either the start or the end of an action
instance in the plan) and k ∈ Q. In addition, we allow parameters in the plan specification
by generalizing the notion of STN plans.
▶ Definition 2. A parametrized STN plan πΓ for a parametrized planning problem
.
PΓ = ⟨Γ, P⟩ is an STN Plan where some constraints are in the form ti − tj ≤ γi where ti
and tj are time-points of the STN plan and γi ∈ Γ.
We define the Robustness Envelope (RE) for a parametrized problem and plan as the set of
possible values for the parameters that make the plan valid when the symbols are substituted
with values in the plan and problem specifications. In order to compute the RE, [2] defines a
set of logical formulae that characterize the RE and use quantifier elimination techniques
(e.g. [18]) to explicitly construct the region. The encoding is divided in three expressions:
Γ
indicated as encπtnΓ , encπeffΓ and encπproofs
. The formula encπtnΓ encodes the temporal constraints
imposed by πΓ limiting the possible orderings of time points. The formula encπeffΓ encodes
Γ
the effects of each time point on the state variables, while encπproofs
encodes the validity
properties of the plan, namely that the conditions of each executed action are satisfied,
that the goal is reached, and that the ϵ-separation constraint [8] imposed by PDDL 2.1 is
respected. Then, let X̄ be the set of all the variables appearing in the formulae above except
the parameter values, the RE is characterized by all the models of the following formula.
Γ
∃X̄.(encπtnΓ ∧ encπeffΓ ) ∧ ∀X̄.((encπtnΓ ∧ encπeffΓ ) → encπproofs
)

As observed in [2], any under-approximation of the RE gives sound information on
the contingencies in which the plan is guaranteed to be valid; in particular, a convenient
restriction for the representation and handling of REs is to associate a closed interval of
possible values to each parameter, defining an hyper-rectangle. If such hyper-rectangle is
contained in the RE, we have a “Decoupled Robustness Envelope” (DRE) that retains the
guarantees of the RE but avoids the complexity of inter-dependencies among parameters.
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Figure 1 Overview of the proposed flow.

▶ Definition 3. A Decoupled Robustness Envelope for a parametrized planning problem
PΓ and STN plan πΓ is a bound assignment ρ : Γ → Q>=0 × Q>=0 , such that any parameter
.
assignment v : Γ → Q>=0 , with l ≤ v(γ) ≤ u and ⟨l, u⟩ = ρ(γ), is contained in the RE for
PΓ and πΓ .
Note that many DREs are possible for a given problem and plan: it suffices that all the
assignments allowed by the DRE are points in the RE. In this paper, we elaborate on this
idea and propose an algorithm that incrementally builds DREs that are contained within
the unconstrained RE without paying the cost of explicitly computing the RE itself.
Finally, we highlight that given any two DREs ρ1 and ρ2 three cases are possible: either
ρ1 is subsumed by ρ2 (i.e. for each parameter γ, ρ1 (γ) ⊆ ρ2 (γ)), or ρ1 subsumes ρ2 , or the
two DREs are incomparable. Hence, there is no absolute best DRE in general: we aim for a
DRE that is not subsumed by any other, but there can be multiple DREs with this property.

3

Execution Flow

The general idea we pursue in this paper is to exploit the information and the generalization
provided by the synthesis of REs to limit the number of re-plannings and increase the
success-rate in execution. In particular, we propose the flow from planning to execution
depicted in Figure 1. Starting from a planning problem formulation expressed in PDDL 2.1,
we use any off-the-shelf temporal planner1 to compute a timed sequence of actions that
reaches the goal from the initial state. We call this plan “time-triggered” (indicated with πtt )
in the picture. This plan is not natively amenable for execution because it defines one
specific trace that does not allow any adaptability: it is extremely unlikely for a real system
to be perfectly controlled to satisfy a specific trace. Hence, πtt needs to be converted in
a flexible, executable STN (πstn ) by the ESTEREL transformer of ROSPlan. The usual
flow would pass this STN directly to the dispatcher for translating the plan actions into
commands for the robotic platform at the proper time. Instead, here we pre-process this
1

Several existing PDDL planners are unable to generate flexible STNs either because of an implementation
limitation or because the technique does not allow it (e.g. SAT-based planners). Our approach is able
to generate DREs from these planners as well, and work in concert with existing algorithms for the
execution of STNs.
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plan using REs in the hope of generalizing its applicability and reducing the number of
re-plannings. In particular, the STN plan is passed to a parametrization component that
re-reads the planning problem formulation and enriches it with parameters, generating a
Parametric Planning Problem and a parametric STN plan (πΓ ). Those are the inputs for the
computation of the RE. In our flow, for performance reasons and to avoid complex run-time
reasoning, instead of computing the exact, unconstrained RE, we use a novel algorithm,
called Incremental Rectangular-Robustification (IRR for short), that computes a DRE. The
algorithm is anytime, so that it is possible to retrieve unfinished computations and exploit
them in execution: in fact, any under-approximation of the final result retains the needed
properties of the RE. At this point, we pass the DRE (ρ) together with the parametrized
STN plan to the STN dispatcher. We modified the dispatching algorithm to exploit the
information in the DRE to limit the re-plannings to situations where they are needed. In
particular, the dispatcher translates the actions, while checking that the observed values
for the parameters (being either action durations, resources or rates) fall within the bounds
imposed by ρ. If this is not the case, re-planning is needed and the whole flow is re-executed.
Parametrization. The first non-standard step highlighted in Figure 1 is the parametrization.
In fact, there are multiple ways in which parameters can be added to a deterministic
temporal planning problem to characterize useful quantities for execution. In general, one
can parametrize any numeric quantity in the planning problem whose value might differ
from the environment in which the plan will be executed. In order to be useful for the STN
dispatcher, however, such quantities must be eventually observable (directly or indirectly).
Otherwise, it is impossible for the executor to check whether the RE is still satisfied or if
a re-planning is needed. In this paper experimentation, we focused on two such quantities,
namely the durations of actions and resource consumption rates. The former is a classical
source of uncertainty when temporal planning is employed in a robotics scenario, the latter
is another source of uncertainty that can perturbate the execution of a plan, for example
when the resource harvesting is not fully controllable (e.g. a solar panel yield depends on the
weather) or when the consumption is not fully predictable (e.g. the battery consumption is
very hard to precisely estimate as it depends on temperature, exact capacity and so on).

4

Incremental Rectangular-Robustification

We now present our novel algorithm for incrementally computing decoupled robustness
envelopes. We call this algorithm “Incremental Rectangular-Robustification” (IRR).
The idea behind the algorithm is to construct incrementally better hyper-rectangular
under-approximations of the RE for a given problem and plan. In fact, this constitutes a
direct way of computing a DRE by generate-and-test. The starting point is the de-generated
hyper-rectangle composed of the single point given by the parameter values of the original
plan. The algorithm tries to extend the hyper-rectangle along one dimension (i.e. it tries
to widen the interval of possibilities associated to one of the parameters) and checks if the
resulting hyper-rectangle is in fact an under-approximation of the RE. If it is, the new
hyper-rectangle is kept as it is guaranteed to be a valid DRE. Otherwise, another dimension
or another increment is chosen for the algorithm to proceed. The general intuition behind
the algorithm is depicted in Figure 2.
Algorithm 1 reports the pseudo-code of IRR. The formula encvalid is computed once and
off-line. It corresponds to the basic requirements for the hyper-rectangle to be a valid DRE:
only parameter values that are not contradicting the STN plan and the causal flow of effects
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Figure 2 A graphical representation of IRR: starting from the parameter values from the original
plan (depicted as the black point), IRR tries to construct increasingly better under-approximations
(the colored rectangles) of the RE (the gray area), without actually computing it. Upon termination,
each edge of the resulting DRE is guaranteed to be at most β apart from the border of the actual
region.

are admissible. This is the same as the first piece of the logical formulation in [2], but luckily
it is the easier part of the quantification and can be efficiently computed. Then, the IRR
function is in charge of computing a hyper-rectangle R maintaining the following invariant:
at each step, R is a subset of the RE of the problem. The hyper-rectangle R is represented
as a pair of bounds (lower- and upper-) assigned to each parameter (this directly models a
DRE as per Definition 3), and is initialized (line 3) with the values of the non-parametric
plan π. The algorithm uses two functions to control how the hyper-rectangle is transformed
from one cycle to the next. ∆ associates to each parameter a number that is the value used
to increase the upper-bound or to decrease the lower-bound for that parameter. The initial
value for ∆ is the original value of the parameter scaled by a weight for such parameter, but
any positive number bigger than β is enough to guarantee soundness and termination of the
algorithm. Note that these weights can be used to express preferences on the parameters: a
higher weight pushes the algorithm to expand a specific parameter more than others. The
function Θ is used to decide in which direction the interval of a parameter can be extended.
Two directions are possible: UB indicates that we want to extend the upper-bound and LB
indicates that we want to decrease the lower-bound (line 10). Initially both directions are
possible, but when we discover (line 13) that one direction is infeasible with the current
∆, we remove this direction from the possibilities. This process will be continued with the
current ∆ values until expansion in all directions is infeasible. At this stage the value of
∆ is halved, eventually reaching a value lower than β. Each time that the values of ∆ are
updated, we reset Θ to allow expansion in both directions once again.
The main loop of the algorithm continues until all the values of ∆ are lower than β:
this is to guarantee that the minimum distance from each border of the hyper-rectangle
and the border of the actual RE is at most β. The algorithm picks a parameter γ̃ to be
analyzed among the parameters having at least one direction available in Θ and that have not
converged already (line 7); then, it generates a candidate hyper-rectangle R′ by extending
either the lower- or the upper- bound of γ̃. At this point, we check if R′ is contained in the
RE or not (line 12). If it is, we keep it and continue the loop, otherwise, we discard this
hyper-rectangle and we record that with the current ∆ we cannot extend γ̃ in this direction
by removing the direction θ from Θ(γ̃). Moreover, if no direction is left for γ̃, we halve its
value of ∆ and reset Θ so that γ̃ can be tentatively extended again using a smaller step (lines
15–16).
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Algorithm 1 Incremental Rectangular-Robustification.
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

encvalid ← QuantifierElimination(∃X̄.encπtnΓ ∧ encπeffΓ )
function IRR(β : Q>0 )
R ← {γ → [π(γ), π(γ)] | γ ∈ Γ}
∆ ← {γ → max(π(γ) × ωγ , β) | γ ∈ Γ}
Θ ← {γ → {UB, LB} | γ ∈ Γ}
while ∃γ ∈ Γ.∆(γ) ≥ β do
γ̃ ← Pick({γ | γ ∈ Γ ∧ Θ(γ) ̸= ∅ ∧ ∆(γ) ≥ β})
θ ← Pick(Θ(γ̃))
[l, u] ← R(γ̃)
if θ = UB then u ← (u + ∆(γ̃)) else l ← (l − ∆(γ̃))
R′ ← {γ → R(γ) | γ ∈ Γ ∧ γ ̸= γ̃} ∪ {γ̃ → [l, u]}
if CheckInEnvelope(R′ ) then R ← R′
else
Θ(γ̃) ← Θ(γ̃) \ θ
if Θ(γ̃) = ∅ then
∆(γ̃) ← ∆(γ̃)/2; Θ(γ̃) ← {LB, UB}
return R
function CheckInEnvelope(R)
V
encR ← γ∈Γ,[l,u]=R(γ) l ≤ γ̄ ∧ γ̄ ≤ u
if IsSAT(encR ∧ ¬encvalid ) then return false
else
Γ
)
return IsValid((encπtnΓ ∧ encπeffΓ ∧ encR ) → encπproofs

The core part of the algorithm consists in checking a candidate hyper-rectangle for
containment in the actual RE, without explicitly computing the region itself. This is done
via the CheckInEnvelope function that performs two SMT checks corresponding to the
two quantifiers appearing in the RE logical formulation of [2]. The first check looks for points
belonging to R that are not parts of the validity region encvalid , the second checks if the
rectangle (together with the guarantees from the plan and the effects) implies the proof
requirements characterizing the REs. The important point here, is that both checks are
quantifier-free, i.e. no quantifier elimination is involved.
▶ Theorem 4. The CheckInEnvelope(R) function returns true if and only if R is a valid
DRE.
Proof. The algorithm logically checks the following formula: ¬(∃Γ̄.encR ∧ ¬encvalid ) ∧
Γ
∀Γ̄, X̄.(encπtnΓ ∧ encπeffΓ ∧ encR ) → encπproofs
, that can be rewritten as ∀Γ̄.encR → (encvalid ∧
πΓ
πΓ
(∀X̄.(enctn ∧ enceff ) → encproofs )) that states that encR is a subset of the encoding of the
RE. Then, for Definition 3, R is the encoding of a valid DRE.
◀
An interesting feature of the algorithm is that it is “anytime”, i.e. at each time, we can
take the hyper-rectangle R and we have the guarantee that R is contained in the RE and is
thus a valid DRE. Moreover, the algorithm is guaranteed to terminate if the RE is finite in
all dimensions.
▶ Theorem 5. If the robustness envelope is bounded in all dimensions, IRR always terminates.
Proof. All the values in ∆ are initially positive and whenever the candidate rectangle is
found to exit the RE (line 13) one of the values in ∆ is halved. Eventually all the parameters
will be considered and they will be eventually found to exit the RE because it is bounded in
all dimensions. Therefore, all the values of ∆ will become smaller than β.
◀
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Figure 3 Scalability experiments on [Cashmore et al., 2019] domains: the number of solved
instances (sorted by difficulty for each solver) is considered on the X axis and is compared with the
logarithmic time needed to solve each instance (lower, longer lines are better).

We highlight that IRR is in fact an optimization procedure that incrementally maximizes
the size of a starting DRE, terminating when a maximal DRE is found within the given
precision limit β.

5

Experiments

We now present our empirical analysis that comprises three sets of experiments. The first
aims at showing the superior performance of IRR as compared with the logical approach
of [2]. The second shows a practical use-case of the execution flow proposed in this paper
when the duration of actions is uncertain. In the third experimentation we use our DRE
technique to execute plans when the consumption rates of resources is uncertain.
IRR. We start by considering the experimental dataset and the tool (hereafter called
CCMMZ) provided in [2]. The benchmarks use a varying number of parameters; in
particular, AUV ranges from 1 to 8 parameters, Generator Linear from 1 to 4 and Solar
Rover between 1 and 4. We compare our IRR implementation with CCMMZ on all the
available instances and domains, measuring the total run-time and using the “decoupled
envelope generation” functionality of the tool. Moreover, in order to take into account the
anytime nature of IRR, we also measure the time at which the rectangle R in IRR widens
and becomes different than a single point (i.e. we measure the first time the Algorithm 1
reaches line 17) and we call this timing “IRR First Widening”. In all our experiments we
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Figure 4 Scalability experiments on the delivery domain: the number of solved instances (sorted
by difficulty for each solver) is considered on the X axis and is compared with the logarithmic time
needed to solve each instance (lower, longer lines are better).

set β = 1 and all ωi = 1 to find the decoupled region approximated to a single unit with no
preferences among the parameters (obviously, we set the same parameter preference also in
CCMMZ). We executed all of the instances on a Xeon E5-2620 2.10GHz machine setting a
time limit of 3600s and a RAM memory limit of 20GB.
Figure 3 shows the result of this analysis. IRR is able to solve many more instances than
CCMMZ and is consistently quicker. Moreover, we note how the first widening is often
encountered quite early in the execution, marking the margin for anytime exploitation of
IRR. In fact, after the first widening, IRR already computed a meaningful and non-trivial
under-approximation of the RE that can be used for execution. This is particularly evident
in the Generator Linear domain where the algorithm is unable to fully terminate in some
cases, but the first widening point is reached.
In addition to these domains, we also experiment with several instances of a service-robot
domain that we also use for the following execution experimental analysis. The domain,
called “Robot Delivery” is a simplified version2 of the domain used in the Planning and
Execution Competition for Logistics Robots in Simulation [16]. The domain comprises a fleet
of small robots that can navigate in an euclidean graph. These robots are tasked to pick and
deliver orders within a deadline. Collecting orders requires two robots present at a machine.
We scaled the number of parameters in the instances between 1 and 33. Figure 4 shows
the scalability of IRR and CCMMZ on this domain. These instances are much harder for
both the solvers compared to the previous domains; in fact, CCMMZ is only able to solve 3
instances, while IRR is able to solve 15 of them. Also in this case, the anytime nature of IRR
is evident by observing the difference from the first widening and the algorithm completion.
Finally, we investigate how quickly the IRR algorithm converges in our experiments. We
define convergence at step i in a run of IRR that terminates with hyper-rectangle Rend as
follows (Ri indicates the hyper-rectangle at step i).
P
Convergence(i) = P

2

[l,u]∈Ri

u−l

[l,u]∈Rend

u−l

× 100

A simplified RCLL domain was used because the PDDL provided in the RCLL image is not complete
and the RCLL simulation requires external processes, e.g. a referee box. We are interested in the flexible
execution success rate, so we created PDDL instances encoding logistics problems without any external
processes.
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Figure 5 Convergence of IRR in terms of steps: each red dot is a DRR computed by IRR and
the plot shows the progression in terms of convergence at each step of the algorithm. The purple
line indicates the poorest convergence percentage for each step in any experiment; similarly the
black, dashed line shows the best convergence.
Table 1 Coverage and average number of re-plans in the duration-uncertain delivery domain.

Executor

DREEx
BlEx(0)
BlEx(10)
BlEx(20)
BlEx(30)
BlEx(40)
BlEx(50)
BlEx(60)

1 Parameter
2 Parameters
3 Parameters
4 Parameters
5 Parameters
Avg
Avg
Avg
Avg
Avg
Coverage
Coverage
Coverage
Coverage
Coverage
Replans
Replans
Replans
Replans
Replans
92.2%
0.0%
24.5%
44.4%
58.9%
68.8%
75.0%
78.8%

0.1
NA
1.0
0.8
0.7
0.6
0.5
0.4

85.8%
0.0%
4.8%
19.9%
34.0%
52.2%
62.2%
69.0%

0.2
NA
1.0
1.0
0.9
0.8
0.7
0.5

83.2%
0.0%
0.8%
6.3%
18.8%
34.7%
49.0%
59.4%

0.2
NA
1.2
1.0
1.2
1.0
0.9
0.7

72.8%
0.0%
0.2%
2.4%
9.2%
23.8%
37.8%
53.4%

0.1
NA
0.8
1.6
1.2
1.1
1.1
0.9

63.0%
0.0%
0.0%
0.8%
4.5%
11.8%
27.9%
44.5%

0.1
NA
NA
1.9
1.4
1.5
1.2
1.1

Intuitively, this gives the percentage of the region covered by Ri with respect to Rend . (Note
that Rend contains Ri because the IRR algorithm only expands previous hyper-rectangles.)
Figure 5 shows, for all problems solved by IRR in our benchmark set, the percentage of
convergence achieved after any number of steps of the IRR algorithm. Clearly from the plot,
in a limited number of steps we often approximate very well the final intervals; in particular,
within 50 steps we already cover more than 70% of the final sum of the interval sizes in all
the cases.
Duration-Uncertain Flexible Execution. We use the Robot Delivery domain to investigate
the merits of an on-line plan executor equipped with our IRR algorithm. In particular, we
begin by focusing the analysis on the number of re-plans and on the plan execution success
rate when only the duration of actions is uncertain during execution. In this domain, a robot
has to collect a spindle from a shelf, construct a base by performing six steps (possibly in
parallel), then mount a number of rings, and finally deliver the order. Orders have deadlines
that must be met for delivery. The domain allows the agent to drop an order and restart from
scratch with a new one at any time, but this disposal action takes some time (10 seconds in
our case) and the robot needs to navigate on a symbolic euclidean graph to pick the parts,
assemble and deliver the order. Each instance is simulated in an environment where actions
have a non-deterministic duration described by a normal distribution with a minimum value.
Due to the difficulty in manipulation tasks, the actions executed for preparing the base
(in which the robots interact with machines) have the highest degree of variance. These

M. Cashmore, A. Cimatti, D. Magazzeni, A. Micheli, and P. Zehtabi

13:11

Algorithm 2 STN Dispatch.
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:

function STNDispatch(πstn , ρ)
f inished = f alse
while ¬f inished do
for each node n ∈ πstn do
min, max ← MinMaxDispatchTime(n, πstn , ρ)
if n is action start then
if (min ≤ n ≤ max) ∧ ¬started(n) then
StartExecuting(n)
else if (n ≥ max) ∧ ¬started(n) then
f inished = true
else if n is action end then
if (n ≥ max) ∧ ¬Completed(n) then
f inished = true
else if (n ≤ min)∧ Completed(n) then
f inished = true
return GoalsAchieved( )

actions have mean durations of 120, 130, 140, 150, 160 and 170 seconds, and a standard
deviation of 70. Due to this uncertainty and the presence of deadlines for the order delivery,
the execution of a plan can fail even when a re-planning schema is employed. We generated
a total of 100 problems by varying the deadlines for the orders.
Our DRE-based approach was implemented in ROSPlan, as described in Section 3. The
STN dispatcher starts the execution of actions following the temporal constraints of the
STN: the process is illustrated in Algorithm 2. For each node, the minimum and maximum
dispatch times are calculated during execution (line 5). The dispatch ends when an action
completes outside of the temporal constraints allowed by the STN, or has not been started
after the maximum allowed dispatch time. When the dispatch ends, it returns true if the
goals have been achieved; otherwise, re-planning is triggered as shown in Figure 1. The
system will continuously attempt to re-plan until the deadlines make the PDDL planning
problem unsolvable.
We compare the executor described in Section 3 (indicated as DREEx) against several
baselines in which we dispatch the STN plan πstn without parameterization. In such baselines,
the executor dispatches the STN plan allowing for a fixed deviation in the duration of actions
and ends dispatch only when the action duration falls outside of this interval. This is the
optimistic technique for execution implemented in ROSPlan that, differently from DREEx,
offers no formal guarantees. We consider baseline executors named BlEx(0) to BlEx(60)
allowing for 0% to 60% variability in action duration before triggering a re-plan. For example,
given an action with a predicted duration 100 seconds, BlEx(0) will re-plan if the duration is
not exactly 100; BlEx(20) will re-plan if the duration is outside of the interval [80, 120]. The
baseline BlEx(0) corresponds to formally executing the time-triggered plan πtt : re-planning
happens if any action duration differs from what was expected in πtt . We highlight that,
when DREEx is employed and the observation is within the envelope computed by IRR,
we have the formal guarantee of plan success; as soon as one observation is outside of the
envelope, we choose to re-plan.
The overarching idea in these experiments is that the planner usually optimistically
selects the easier, quicker goal and the agent starts to execute the plan. If the execution of
the preparation actions goes overlong, it might become impossible to deliver the order, so
the only way to successfully recover is to immediately dispose the current order and switch
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Table 2 Coverage and average number of re-plans in the resource-uncertain delivery domain.
Executor

Coverage

Avg Replans

DREEx
BlEx(0)
BlEx(10)
BlEx(20)
BlEx(30)
BlEx(40)
BlEx(50)
BlEx(60)

99.2%
1.0%
25.6%
50.7%
66.4%
77.9%
82.1%
86.8%

0.1
2.0
0.1
0.1
0.1
0.1
0.1
0.1

to another one with a less imminent deadline. If the executor fails in realizing this situation,
it continues to execute the plan until it tries to deliver the order, at which point it realizes
that the deadline is not met. Since a lot of time has been wasted in the preparation, it might
be impossible to recover from this situation. Ideally, we expect that the predictive power of
DREs allows the identification of situations where the deadline cannot be met and a swift
re-planning to change the objective order is needed.
Table 1 reports the results of the experiment. We report the coverage percentage (i.e.
the percentage of problems successfully executed over the benchmark set) as well as the
average number of re-plannings for successful runs. The baseline BlEx(0), not accounting
for any variance in action duration, was unable to solve any problem successfully. Allowing
for more flexibility in the duration of actions increases the coverage as should be expected.
However, the DREEx approach achieves greater coverage than all baselines in all the cases.
This is because in this problem, the ability to realize early that the agent is late for the first
order and change course of actions to achieve the second order is pivotal for achieving a good
success rate.
Resource-Uncertain Flexible Execution. Finally, we show that our flow can be used when
parameters are not just action durations. We expanded the delivery domain to consider the
battery consumption of the robots. In particular, each action in the revised domain checks
that enough battery is present upon start and consumes a fixed amount of battery. We
parametrized the consumption rate of actions, so that the DRE will compute the possible
consumption values for which a given plan is valid. The executor is then demanded to observe
the contingent consumption and possibly invoke a re-planning if the observation does not
fall in the DRE prescription. Also in this case, the baselines BlEx(X) invoke the replanning
when the battery consumption is observed to be X% higher or lower than the nominal value.
Table 2 reports the results of the experiment, and shows how the use of DREEx
is beneficial for the success-rate achieving an almost perfect success-rate with very few
replannings on average.

6

Conclusion

In this paper, we make the case for the use of Robustness Envelopes (RE) in a plan execution
framework. We present a novel, anytime algorithm to compute Decoupled Robustness
Envelopes (DRE) that is empirically superior to the previously known logic-based construction.
Moreover, we demonstrate the usefulness of the produced artifacts by integrating them in the
ROSPlan framework and showing on a concrete example the positive impact on the number
of re-plannings and the plan success-rate.
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In the future, we will consider other kinds of approximations for the robustness envelope
(e.g. hyper-octagons instead of hyper-rectangles). We will also explore the link to temporal
uncontrollability and non-deterministic planning. Finally, using Incremental RectangularRobustification (IRR) in parallel with the dispatcher could allow variation in parameters
being considered during execution.
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A

Planning Semantics

In this section we reproduce the additional syntax and semantics of planning problems
presented in [2], which provide additional background on definitions 1 and 2. For a more
complete description linking these concepts we refer the reader to the source. We start by
defining our planning language: we adopt the full PDDL 2.1 [8] with continuous change.
▶ Definition 6. A planning problem P is a tuple ⟨P, V, A, I, G⟩, where P is a set of
propositions; V is a set of real variables, called fluents; A is a set of durative and instantaneous
actions; I : P ∪V → {⊤, ⊥}∪R is the total function describing the initial state of the predicates
and the fluents. G : P ∪ V → {⊤, ⊥} ∪ R is a (possibly partial) function indicating the goal
condition. A durative action a is a tuple ⟨prea , eff a , dura ⟩, where prea is a set of conditions
for the actions partitioned in three subsets pre⊢a , pre↔a and pre⊣a of at-start, over-all and
at-end conditions; eff a is the set of action effects, partitioned in seven sets: eff +
⊢a (positive
num
starting effects), eff −
(negative
starting
effects),
eff
(numeric
starting
effects),
eff +
⊢a
⊣a
⊢a
num
(positive ending effects), eff −
(numeric ending effects)
⊣a (negative ending effects), eff ⊣a
and eff num
↔a (continuous numeric effects); and dura is a set of duration constraints. An
instantaneous action a is a tuple ⟨prea , eff a ⟩, where prea is a set of pre-conditions and eff a
−
is the set of action effects, partitioned in eff +
a (positive effects), eff a (negative effects) and
num
eff a
(numeric effects).
In the usual PDDL 2.1 setting, a plan is defined as a set of actions associated with a starting
time and a duration. We define this kind of plans as time-triggered plans.
.
▶ Definition 7. A time-triggered plan π for a planning problem P = ⟨P, V, A, I, G⟩ is a
set of tuples ⟨t, a, d⟩, with t ∈ R≥0 , a ∈ A and d ∈ R>0 iff a is a durative action.
For the sake of brevity, we omit the formal definition of validity for such a plan, which can
be found in [8]. Here, it suffices to remind oneself that a plan is valid if by simulating the
system controlled by the plan, all the prescribed actions are applicable (all their conditions
are satisfied at the time the action is executed) and the goal is reached after the last action
terminates.
We define an STN plan as a constraint network of time points indicating the starting or
the ending of actions. Note that the STN plan contains all the information of, and is strictly
more general than a time-triggered plan. Moreover, that it is not necessary to first find a
time-triggered plan in order to generate an STN plan.
.
▶ Definition 8. An STN plan π for P = ⟨P, V, A, I, G⟩ is a tuple ⟨T, C⟩, where T is the set
s
e
of time points {z} ∪ {tda , tda | da is a durative action instance} ∪ {ta | a is an instantaneous
action instance} and C is a set of constraints in the form ti − tj ≤ b with ti , tj ∈ T , and
b ∈ R.
Finally, we can define the validity of an STN plan by considering the set of all possible
time-triggered plans that are compatible with the STN specification. If all such plans are
valid, we say that the STN plan is valid.
.
▶ Definition 9. Given an STN plan π = ⟨T, C⟩ and an assignment µ : T → R s.t.
.
µ(z) = 0, the induced time-triggered plan by µ is the time-triggered plan tt(µ) =
{⟨µ(tsda ), da, µ(teda ) − µ(tsda )⟩ | da is a durative action} ∪ {⟨µ(ta ), a, 0⟩ | a is an instantaneous
action}.
.
▶ Definition 10. An STN plan π = ⟨T, C⟩ for P is valid if for each assignment µ : T → R
s.t. µ(z) = 0 and for all ti − tj ≤ b ∈ C µ(ti ) − µ(tj ) ≤ b, the time-triggered plan tt(µ) is
valid for P.
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1

Introduction

A tuple-timestamped, temporal relational database is a relational database in which each
tuple is annotated with a period timestamp, that is, a period of time from some start time
to some end time. The timestamp is metadata about the tuple; it records when the data was
“live” in some temporal dimension.
Temporal relational database management systems (TDMBSs) provide special handling
for time metadata in queries. For instance, the timeslice operation retrieves the data that
is alive at a specified time. TDBMSs typically support a wide range of temporal query
operations but the most important is arguably sequenced semantics [2]. Informally, sequenced
semantics states that the meaning of a sequenced query is that it is equivalent to the (nontemporal) query applied to every snapshot of the data, effectively sequenced semantics is akin
to running the query simultaneously in every snapshot in the data’s history. We previously
showed that sequenced semantics sequenced semantics can be leveraged to support other
kinds of semantics [11], e.g., nonsequenced semantics [3].
© Curtis E. Dyreson and M. A. Manazir Ahsan;
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SELECT dept
FROM storesGoldCoast
WHERE dept NOT IN (SELECT dept FROM storesRobina)
Figure 1 Query to compute the difference between two tables.

Data
Dept
Shoe

Metadata
Time
[1,11]

Data
Dept
Shoe
Shoe

(a) Relation storesGoldCoast

Metadata
Time
[2,3]
[5,6]

(b) Relation storesRobina

Data
Dept

Metadata
Time

Shoe
Shoe
Shoe

[1,1]
[4,4]
[7,11]

(c) Result of sequenced evaluation of query in Figure 1.
Figure 2 Example relations.

The history of data can span many instants so it is infeasible to actually run a query
on each and every snapshot. To support sequenced semantics a TDBMS must evaluate
a sequenced query in some other way. Generally sequenced semantics is implemented by
modifying the query evaluation engine c.f., [7]. Previously it was thought not possible to
perform sequenced queries on an unaltered relational database management system (RDBMS),
e.g., using an unaltered installation of MySQL or Postgres.
To illustrate what makes sequenced query evaluation challenging, consider the SQL query
given in Figure 1 which computes the difference between the dept attribute in two relations,
storesGoldCoast and storesRobina shown in Figure 2. The query evaluates when there
were departments in a storesGoldCoast relation and no departments with the same name
in the storesRobina relation (Robina is a small area within the Gold Coast in Australia).
The result of the sequenced evaluation of the query is shown in Figure 2(c). What makes the
computation complicated is that no single pairing of tuples from the relations computes each
tuple in the result, i.e., it cannot be produced by a Cartesian product of the two relations.
For instance, we can only figure out the timestamp of the second tuple in the result [4,4] by
determining that [2,3] and [5,6] leaves a gap of [4,4] within [1,11] and that there is no
other tuple in storesRobina that overlaps [4,4]. When moving to the extended relational
algebra or SQL, (sequenced) temporal grouping and aggregation, and some subqueries, e.g.,
NOT IN subqueries, are similarly problematic.
In this paper we show how it is possible to translate a sequenced query into a non-temporal
query. The translation uses a kind of timestamp that we describe in Section 3. We focus on
relational algebra as an example of a complete query language that is widely-known, easy
to describe, has a procedural semantics, and provides the basic operations to implement
an SQL query evaluation engine. We give a translation of sequenced relational algebra to
non-temporal relational algebra in Section 4.

C. E. Dyreson and M. A. M. Ahsan

2

14:3

Related Work

This paper extends previous research in the area of temporal query languages, There are many
temporal extensions of query languages, c.f., [4, 8, 13, 16, 17]. These extensions are designed
to add to, rather than change or modify, the prior syntax and semantics of a language. The
extensions have been broadly characterized in various ways. Sequenced vs. nonsequenced
distinguishes extensions, in part, by whether the time metadata is manipulated implicitly or
explicitly. Temporal languages have also been characterized as abstract vs. concrete based
on whether their syntax and semantics depends on a specific representation of the time
metadata [5].
Two implementation approaches are common for SQL-like temporal query languages. A
stratum-approach adds a source-to-source translation layer to translate a query in a temporal
extension into an equivalent query in the original, non-extended language [19, 20]. Some
constructs prove not possible to translate using period timestamps, e.g., sequenced outer join,
so the only feasible approach is to extend the DBMS itself [7]. In general, sequenced semantics
cannot be directly supported in standard SQL because some of the needed operations are not
part of SQL, hence the second strategy extends the DBMS to support additional operations for
sequenced semantics. A related approach is to translate to a non-standard variant of SQL [10].
To the best of our knowledge this is the first paper to implement sequenced semantics by
translating to standard relational algebra. The translation supports implementation in
garden-variety, unaltered relational DBMSs, e.g., MariaDB, Postgres, etc.
Finally, hierarchical partitioning of intervals into smaller segments, similar to log segments,
for the purposes of indexing has been explored recently [6]. Our research [9] predates this
effort and supports indexing by B-tree indexes.

3

Log-segmented Timestamps

Most temporal database research and implementation uses period timestamps to annotate
data with temporal metadata [15]. Period timestamping appends a timestamp to each data
item to represent its lifetime. Research has also explored coalesced period timestamping
in which value-equivalent tuples must have maximally disjoint periods [1]. Another way
to represent a coalesced timestamp is with a temporal element, which is a set of disjoint
periods [14]. Since a temporal element is a set, it can only be directly stored in a non-1NF
data model. A variation of tuple-timestamped models is attribute timestamping where
timestamps are appended to each attribute in a tuple rather than to the entire tuple [18].
Period timestamps are a poor fit for architectures which need to partition large data sets
into smaller shards to process, e.g., mapreduce architectures. Consider, for instance a join
operation. Hash-join is usually a good strategy for mapreduce. The mapreduce hash-join
maps data items that have the same join values to a common shard, and then joins the items
in the shard. The strategy is efficient since it ensures that only data items that actually will
join are put into a shard. A sequenced (temporal) join adds a further condition that two
data items join only on the times at which they are both alive. For period timestamps this
is computed as the temporal intersection of the timestamps. If the intersection is empty, the
items do not join since they do not coexist at any point in time. The problem is that periods
cannot be directly mapped to shards in a way that ensures that the items within a shard
temporally intersect. Consider the periods [1,2], [8,9], and [0,10]. [1,2] and [8,9]
should be placed in different shards since they do not intersect, and hence, never represent
data that coexists. But [0,10] intersects both, it has to be placed into both. Since a period
of size n has n2 sub-periods that could intersect, every period potentially needs to belong to
many shards.
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Figure 3 Log segments on a time-line.
Table 1 Some example labels for the time-line 0. . .15.
Label

Period

tx

ty

1
10
110
1101
10011

0 – 15
0–7
8 – 11
10 – 11
3–3

0
0 = 0 ∗ 24
8 = 1 ∗ 23
10 = 1 ∗ 23 + 1 ∗ 21
3 = 1 ∗ 21 + 1 ∗ 20

15 = 0 + (24 − 1)
8 = 0 + (23 − 1)
11 = 8 + (22 − 1)
11 = 10 + (21 − 1)
3 = 3 + (20 − 1)

To address this challenge we developed a log-segmented timestamp [9]. The timestamp
uses a labelling scheme for pre-determined periods on a time-line. A label is a binary number
that has the following meaning.
▶ Definition 1 (Log-segment Label). Let a (discrete) time-line consist of the times t0 , . . . , tn ,
where n = 2k − 1. Note that n can be represented using a binary number of length k with
each digit set to 1. A label is a binary number, b0 . . .bj , and b0 is always 1. The label 1b1 . . .bj ,
j ≤ k, represents the time period tx to ty where tx = b1 2k−1 + b2 2k−2 + . . . bj 2k−j and
ty = tx + (2k−j − 1).
The log segments for a time-line from 0 to 15 are depicted in Figure 3. The chronons in
the time-line are numbered at the bottom of the figure. Each gray rectangle in the figure is
a segment. A label for a segment is the concatenation of 1’s and 0’s along the path from the
root to a segment. Some example labels are shown in Table 1. Note that only 2n − 1 of the
n2 possible periods in the timeline are labelled.
A log-segmented timestamp is the minimal set of segments that spans a given period.
For example, the log-segmented timestamp representing the period [3,11] is {10011, 101,
110} (naming the periods {[3,3], [4,7], [8,11]}, respectively). The log-segmented
timestamps for the times in the relations in Figure 2 a) and b) is graphically depicted in
Figure 5. Figure 4 shows the log-segmented tuples for the relations in Figure 2.
Log-segmented timestamps have the following properties.
Comprehensive – A time-line of size n has at most 2n − 1 labels. Each label will have
a maximum length of 1 + ⌈log2 (n)⌉ bits. So a label of 64 bits (the size of a long long
scalar in C++) can represent a time-line of 263 − 1 time values, which encompasses a
time-line longer than current estimates of the lifetime of the universe to the granularity
of microseconds [12].
Compact – The maximum number of segments in a log-segmented timestamp for a period,
[tx ,ty ], is ⌈log2 ((1 + ty ) − tx )⌉. So assuming 64 bit labels, a log-segmented timestamp
has at most 64 labels.
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Figure 4 Example log-segmented relations.
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Figure 5 Log segments for the times in the relations in Figure 2 a) and b).

Efficient for temporal predicates – Predicates in Allen’s algebra can be quickly computed.
For example for overlaps, given two labels, L1 and L2 ,

if L2 is a prefix of L1
 L1
overlaps(L1 , L2 ) =
L2
if L1 is a prefix of L2

nothing otherwise
Groups – In temporal aggregation a membership-constant period is a period of time when
some data items, and only, those data items, belong to a group. In a log-segmented
timestamp, a label and all prefixes/suffixes of it describe a membership-constant period.
So, assuming a timestamp of length 4 the membership-constant period 1001 includes
data timestamped with any prefix. Said differently, if we want to compute an aggregate
for the period 1001, we use the data timestamped with 1001, 100, 10, and 1. So for a
time-line of size n there are ⌈log2 (n)⌉ segments for a membership-constant period.

4

Relational Algebra

In this section we describe a complete set of relational algebra operators for sequenced
semantics with log-segmented timestamps. The algebra is defined in terms of non-temporal
relational algebraic operators.

4.1

Sequenced Projection

Log-segmented, sequenced projection, π T , for some set of attributes A on relation r is defined
as follows.
T
πĀ
(r) = Φ(πĀ,r.T (r))

Φ is the sequenced duplicate elimination operator, which is needed because projection in
relational algebra produces a set of tuples, unlike SQL where the underlying model is a bag of
tuples. Sequenced duplicate elimination is simple to define for log-segments since for any pair

TIME 2021

14:6

Sequenced Queries with Log-Segmented Timestamps

Data
Name
Dept
Joe
Fred
Jennifer

Shoe
Shoe
Shoe

Metadata
Time

Data
Dept Floor

10
1001
101

Figure 6 Example Employee relation.

Shoe
Shoe
Photo

2
2
1

Metadata
Time
10
111
101

Figure 7 Example Departments relation.

of value-equivalent tuples, t and v, if t’s timestamp is temporally during v’s timestamp, then
t can be removed because it is a duplicate. The sequenced duplicate elimination operator
is defined below, where ρ is the relation renaming operator (to give a copy of a relation
a unique name), D(t1 , t2 ) is the timestamp during predicate, r.T (s.T ) is the timestamp
for a tuple in relation r (s), r.V (s.V ) is the list of non-temporal attributes in r (s), and
▷◁r.V =s.V is a value-equivalent equi-join, i.e., the timestamps are ignored in the join, only
the non-temporal values are used.
Φ(r) = r − πr.V,r.T (σD(r.T,s.T ) (r ▷◁r.V =s.V ρs (r)))
As an example, consider the relation shown in Figure 6 and the query
T
πDept
(Employees).

First we project the Dept attribute, as well as the timestamp metadata yielding a relation
with three tuples as shown in Figure 9. Next we eliminate sequenced duplicates, yielding
the result in Figure 8. The sequenced duplicate elimination removes the second and third
tuples because they are during the first tuple’s timestamp and are value-equivalent to the
first tuple.

4.2

Sequenced Selection (Restriction)

The next operation is log-segmented, sequenced selection, where P is a predicate for deciding
if a tuple is in the result relation.
σPT (r) = σP (r)
Sequenced selection is straightforward it is the same as non-temporal selection; duplicate
elimination is not needed since the relation being selected does not contain duplicates, hence
the result of a selection cannot have duplicates.

4.3

Sequenced Cartesian Product

Sequenced Cartesian product similarly cannot produce duplicates, but result tuples only
exist at the time given by the intersection of two tuples. In the definition, O(r.T, s.T ) is the
overlaps temporal predicate, I(r.T, s.T ) is the temporal intersection constructor, and r.V
(s.V ) is the list of non-temporal attributes in tuple r (s). Note that the projection operator
in the definition is a generalized projection since it constructs a timestamp value not present
in the operand relations.
r ×T s = πr.V,s.V,I(r.T,s.T ) (σO(r.T,s.T ) (r × s))
As an example if we take the Cartesian product of the relation in Figure 6 with itself, we
end up with the relation in Figure 10.
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Figure 8 After sequenced duplicate
are eliminated.

Data
Name
Dept
Joe
Fred
Jennifer
Joe
Fred
Joe
Jennifer

Shoe
Shoe
Shoe
Shoe
Shoe
Shoe
Shoe

Data
Dept

Metadata
Time

Shoe
Shoe
Shoe

10
1001
101

Figure 9 The (non-temporal) projection of the
Dept attribute, need to eliminate sequenced duplicates.
Metadata
Name

Dept

Time

Joe
Joe
Joe
Fred
Fred
Jennifer
Jennifer

Shoe
Shoe
Shoe
Shoe
Shoe
Shoe
Shoe

10
1001
101
1001
1001
101
101

Figure 10 Example sequenced Cartesian Produce of the Employee relation with itself.

4.4

Sequenced Union

Log-segmented, sequenced union adds duplicate elimination to the result of a non-temporal
union.
r ∪T s = Φ(r ∪ s)
As an example, consider the union of the Departments relation shown in Figure 7 with the
Employees relation in Figure 6 (or rather the projection of each on the Dept attribute) as
follows.
T
T
πDept
(Departments) ∪T πDept
(Employees)

The projection of the Employees relation is in Figure 8 and the projection of the Departments
relation is shown in Figure 11. The result of the union is shown in Figure 12.

4.5

Sequenced Intersection

Sequenced intersection can be expressed using sequenced Cartesian product, selection, and
sequenced projection.
Data
Dept

Metadata
Time

Data
Dept

Metadata
Time

Shoe
Shoe
Photo

10
111
101

Shoe
Shoe
Photo

10
111
101

Figure 11 Sequenced projection of the
Departments relation.

Figure 12 Example of a union operation.
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T
r ∩T s = πr.V
(σr.V =s.V ) (r ×T s))

Intersection can be computed by first taking the sequenced Cartesian product. From this, for
all tuples that have value-equivalent pairs in the underlying relation, it takes the sequenced
projection of r’s attributes. As an example, consider the intersection of the Employee relation
with itself. First we take the Cartesian product as shown in Figure 10. Next the selection
restricts the result to the first, fifth, and seventh tuples since these tuples have the same
departments and employee names. Finally the sequenced projection produces the result
shown in Figure 6.

4.6

Sequenced Difference

The problem of sequenced, relational difference was described in Section 1. Log-segmented,
sequenced relational difference is somewhat complicated. The operation is defined below
assuming C(t1 , t2 ) is the temporal contains predicate, O(t1 , t2 ) is the temporal overlaps
predicate, and E(t1 , t2 ) is the temporal equals predicate.
r −T s = Φ(rc ∪ (rd − (rd ⋉r.V =s.V ∧ (C(rd .T,s.T ) ∨ E(rd .T,s.T )) s)))
where
rc = r − (r ⋉r.V =s.V ∧ O(r.T,s.T ) s),
rd = πr.V,P.T3 ((r ▷◁r.V =s.V ∧ C(s.T,r.T ) s) ⋊
⋉r.T =P.T1 ∧s.T =P.T2 P)), and
P(T1 , T2 , T3 ) is the pre-computed log-segmented difference relation.
First, rc , is the set of tuples that have no value-equivalent match in s or if they have a
value-equivalent match do not overlap in time with any tuple in s. Second, rd is the tuples in
r that have a value-equivalent match in s and a lifetime that is during (excluding equals) the
lifetime of the tuple in s, which we will call the during tuples. The challenge in computing
the during tuples is determining potentially when they exist since the time is usually not the
time of either the tuple in r or in s, which is why relation P is needed. P is the log-segmented
difference relation. It computes the log-segments, attribute T3 , in the difference between a
pair of times T1 and T2 and is defined as follows, assuming S is the domain of log segments,
C(t1 , t2 ) is the temporal contains predicate, and O(t1 , t2 ) is the temporal overlaps predicate.
P(T1 , T2 , T3 ) = Φ({(t1 , t2 , t3 ) | t1 , t2 , t3 ∈ S ∧ C(t1 , t3 ) ∧ C(t1 , t2 ) ∧ ¬O(t2 , t3 )})
Figure 13 shows some of the tuples in P. For instance, the difference between 10 and 10001
yields the log-segments in the set (in different tuples) {101, 1001, 10000}. Observe that in
Figure 3 these log segments are a set of log segments that together with 10001 span 10, and
are coalesced, i.e., no log segment in the set is contained within some log segment, x, such
that x is not in the set and x is contained by 10.
As an example suppose that we take the difference between the Employees relation in
Figure 6 and the relation in Figure 14. The result is shown in Figure 16. First Fred is in
the result unchanged from the Employee relation since the time in his tuple, 1001, does not
overlap time 11. That is, Fred’s tuple is in rc . Second, Jennifer is not in the result since
her tuple’s time, 101, is contained within the time of her tuple in the difference relation, 10.
Jennifer’s tuple is not in rd (or rc ). Finally, consider Joe. His tuple has a value-equivalent
match that has a lifetime, 10, which contains his lifetimes in s, 10001 and 101. 10 - 10001
is {101,1001,10000} while 10 - 101 yields {100}. So rd is the relation shown in Figure 15.
From this relation we remove any tuple that is value-equivalent and contains or is equal to
a time in the difference relation (Figure 14. The first (101 is equal to 101), third (1001 is
equal to 1001), and fourth tuples (100 is equal to 100) are removed yielding only the third
tuple to be added to the final result.
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T1

T2

T3
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10
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10
10
10

...
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Figure 13 Some tuples in P.
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Metadata
Time
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Figure 14 Employee difference relation.

Metadata
Time
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Name Dept
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Figure 15 The during tuples in computing
the difference.
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Joe
Fred

Shoe
Shoe

Metadata
Time
10001
1001

Figure 16 Result of the sequenced difference
of Figure 6 and Figure 14.

Sequenced Grouping and Aggregation

Sequenced grouping and aggregation is also possible with log segments, though the process
is somewhat complicated. We first give an informal example of sequenced aggregation and
group by, and then a formal definition.
Assume that we want to count the number of Employees per Department over time, i.e.,
a sequenced aggregation and grouping. Furthermore, assume that our relation has four
tuples for the Clothing department timestamped with log-segments 1010, 1010, 101, and 1
as shown in Figure 17.
Step 1: Determine log segment fragments Long-lived tuples potentially span many temporal groups. For instance, in the relation in Figure 17, Freya’s tuple contains the lifetime
of all the other tuples in the relation so should belong to each group, but also to groups
not in the lifetimes of those tuples, e.g., Freya is present at time 11 while none of the other
tuples are (they are all within 10). So the goal of this step is to split the timestamps to
determine coverage with respect to the other timestamps in the relation. We use temporal
difference to split the lifetimes, that is for any lifetime that is contained in another, we
take the difference. For instance, in our running example, (Susan, Clothing, 1010)
Data
Name
Dept
Susan
Pedro
Malik
Freya

Clothing
Clothing
Clothing
Clothing

Metadata
Time
1010
1010
101
1

Figure 17 Example relation for grouping.

Data
Name
Dept
Malik
Freya
Freya
Freya

Clothing
Clothing
Clothing
Clothing

Metadata
Time
1011
1011
11
100

Figure 18 Fragments of lifetimes.
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Name
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Malik
Freya

Clothing
Clothing
Clothing

Metadata
Time
1010
1010
101

Figure 19 Long-lived tuple are potential
group members.

Count

Data
Name

Dept

Metadata
Time

4
4
4
4
2
2
1
2
2
1
1

Susan
Pedro
Freya
Malik
Malik
Freya
Freya
Malik
Freya
Freya
Freya

Clothing
Clothing
Clothing
Clothing
Clothing
Clothing
Clothing
Clothing
Clothing
Clothing
Clothing

1010
1010
1010
1010
1011
1011
100
101
101
11
1

Figure 20 Union of the original relation, Figure 18 and Figure 19 with the aggregate computed.

lifetime is contained in that of (Malik, Clothing, 101) so we take the difference of
101 and 1010 to get 1011 and so generate the tuple (Malik, Clothing, 1011). We also
do the other pairs, 1 - 101 yielding (Freya, Clothing, 11) and (Freya, Clothing,
100), and the pair 1 - 1010 yielding (Freya, Clothing, 1011) and (Freya, Clothing,
11). The result relation is shown in Figure 18.
Step 2: Add long-lived tuples to contained lifetime groups This step add long-lived
tuples to the groups that have lifetimes that are contained within the lifetimes of the
long-lived tuple. For instance, in the relation in Figure 17, Freya’s tuple contains the
lifetime of all the other tuples in the relation so should belong to each group, e.g., Freya
is present at time 101 and 1010. The resulting relation is shown in Figure 19.
Step 3: Gather potential group members Form the union of the results of the original
relation, Step 1, and Step 2. The result relation is shown in Figure 20 (the relation
depicted has the computed aggregates as well, but those will be added in the next step).
Step 4: Group and aggregate Group and aggregate the result of Step 3, pre-pending the
aggregate value (computed for the group) to each tuple. The result relation is shown in
Figure 20.
Step 5: Remove containing lifetimes Since lifetimes were fragmented in Step 1 to represent
smaller periods, this step removes duplicate counts. A duplicate count is for any tuple that
has a lifetime that contains that of another tuple in the relation produced in Step 4. For
instance, (2, Mailik, Clothing, 101) is a duplicate tuple since its lifetime contains
the lifetime of another tuple (4, Freya, Clothing, 1010). Hence it has already been
counted and should be removed. The result of this step is shown in Figure 21, which is
the sequenced count of Employees grouped by Dept.
T
The aggregation operator Ḡ FĀ
, where Ḡ is a list of grouping attributes and Ā is a list of
aggregate functions, is defined below.
T
Ḡ FĀ (r)

= r5
where (note: relation ri is produced by Step i)
r1 = πr.V,P.T3 ((r ▷◁C(r.T,s.T ) ∧ r.Ḡ=s.Ḡ ρs (r)) ⋊
⋉r.T =P.T1 ∧s.T =P.T2 P),
r2 = πr.V,s.T (r ▷◁C(r.T,s.T ) ∧ r.Ḡ=s.Ḡ ρs (r)),
r3 = r ∪ r1 ∪ r2 , and
r4 =r̄.G FĀ (r3 ).
r5 = r4 − (r4 ⋉r.Ḡ=s.Ḡ ∧ C(r4 .T,s.T ) ρs (r4 ))
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1011
1011
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11

Figure 21 Sequenced count of Employees grouped by Dept.

4.8

Cost Analysis

The primary disadvantage of log-segmented relational algebra is cost since the log-segmented
increases the size of the relations. Note however, that the size cost could be reduced by
normalizing a log-segmented relation, that is, by splitting the data and metadata columns
into separate tables, with a foreign key from the metadata table into the data table. In this
analysis we do not assume such normalization.
Let relation r (s) be a period timestamped relation with N (M ) tuples. Representing
the relations using log segments increase the size of the relation by a factor of f = log2 (k)
where k is the maximum time (assuming a time domain from 0 to k). Then the relational
algebra operators have the following cost.
Sequenced projection of r: The cost is O(f N ) to project r and O((f N )3 ) to perform
duplicate elimination, so the cost is dominated by duplicate elimination.
Sequenced selection of r: The cost is O(f N ) to scan through the relation.
Sequenced Cartesian product of r with s: The cost is O(f 2 N M ).
Sequenced Union of r with s: The cost is O(f N ) + O(f M ) + ≀((f (N + M ))3 ), so the cost
is dominated by duplicate elimination.
Sequenced Intersection of r with s: The cost is O((f N ) ∗ (f M )) since the projection and
selection can performed as the Cartesian product is computed.
Sequenced Difference of r minus s: To compute the during tuples costs O(f 3 N M )
assuming that P can by dynamically computed, e.g., such as using a table function in
Postgres. To compute rc costs O(f 3 N 2 M ). The union of rc with the during tuples and
performing the duplicate elimination costs O(f 9 N 3 M 2 ), so the duplicate elimination
again dominates the cost.
Sequenced Grouping and Aggregation: There are five steps. To compute r1 costs
O(f 3 N M ). Computing r2 squares the cost of r1 and, assuming linear-time union can be
performed, the cost of r3 is O((f N )2 ), which is the maximum possible size of r2 or r3 .
We will assume computing the aggregate can be done in linear time, so the cost of r5 is
O((f N )4 )
Note that the most frequent query operations are projection, selection, and Cartesian
product. The cost of selection and Cartesian product are the same as their non-temporal
counterparts (except for the increased size of the relation). But unlike temporal periods,
log segments can be indexed using a non-temporal index, e.g., a B+ -tree, so there are likely
significant query optimization opportunities for sequenced queries using standard SQL query
optimization techniques involving indexes. Only projection is significantly more expensive,
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but the cost is largely due to duplicate elimination, which can be thought of as optional
in an SQL-based DBMS, which allows duplicates in the data model. The cost of the other
operations (except intersection which is the same as the non-temporal cost) is much higher
than their non-temporal counterpart (which do not support sequenced semantics, with
the additional functionality comes increased cost). But, overall sequenced queries can be
supported in a vanilla SQL-based DBMS and we suspect that query optimization combined
with standard indexes can achieve reasonable run-time efficiency.

5

Conclusion and Future Work

The primary contribution of this paper is to show how sequenced semantics can be implemented for a relational query language using the non-temporal form of the language. This
demonstration means that it is possible to implement sequenced semantics when evaluating
queries in a relational DBMS such as MariaDB without having to make any changes to the
DBMS.
In this paper we presented sequenced relational algebra by defining its operations entirely
in terms of standard relational algebra, lacking any temporal semantics or constructs. The
key to the translation is to interpret timestamps in a different way. Rather than taking the
standard approach of using period timestamps we chose to timestamp using log segments.
The log segments are an a priori dividing of the time-line into segments such that the
segments cover the time-line and form a hierarchy in which smaller segments group into
larger segments. The labels on the segments can be used to efficiently and easily determine
temporal relationships such as overlaps or contains. We showed how the segments are used
in various operations such as sequenced aggregation and grouping.
Future work is focused on implementation. We are currently implementing a sequenced
SQL to SQL translator using Postgres. An open question is the impact of the translation
on query optimization. That is, can the query optimizer take advantage of indexes for the
log segments in the translated queries? We are also investigating the benefits and costs
of normalized representation (factoring the metadata into separate tables). We have not
yet begin to look at other issues such as implementation of sequenced constraints using
log segments, recursive queries, or application to other query languages such as sequenced
GraphQL.
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Abstract

The robust execution of a temporal plan in a perturbed environment is a problem that remains to
be solved. Perturbed environments, such as the real world, are non-deterministic and filled with
uncertainty. Hence, the execution of a temporal plan presents several challenges and the employed
solution often consists of replanning when the execution fails. In this paper, we propose a novel
algorithm, named Olisipo, which aims to maximise the probability of a successful execution of
a temporal plan in perturbed environments. To achieve this, a probabilistic model is used in the
execution of the plan, instead of in the building of the plan. This approach enables Olisipo to
dynamically adapt the plan to changes in the environment. In addition to this, the execution of the
plan is also adapted to the probability of successfully executing each action. Olisipo was compared
to a simple dispatcher and it was shown that it consistently had a higher probability of successfully
reaching a goal state in uncertain environments, performed fewer replans and also executed fewer
actions. Hence, Olisipo offers a substantial improvement in performance for disturbed environments.
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Introduction

Automated temporal planning is the technology of choice when it comes to automatically
controlling systems subject to temporal constraints such as deadlines. However, one of the
key underlying assumptions of (classical) temporal planning is the perfect knowledge of a
deterministic environment. Formalisms such as PDDL 2.1 [14] allow the modeling of planning
problems where actions to be executed have known and deterministic effects on the system
and on its environment. Moreover, the world is assumed to be static, meaning that when no
action is executed by the agent, then no change is possible.
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All these assumptions greatly simplify the reasoning needed to efficiently find a plan, but
rarely apply to application scenarios. In robotics, for example, the environment where the
machine operates is almost never static and there is uncertainty on the actual effect of the
actions, due to interference of other actors (e.g. humans) or simply because some actions
may fail due to lack of dexterity or because of mishaps.
In this paper, we want to tackle the problem of executing a temporal plan generated
under the assumptions above in a system where these assumptions may not hold, exploiting
probabilistic information to maximize the likelihood of achieving the original plan goal. To
this end, we follow the execution schema proposed by [21] but we revise the on-line execution
part. In particular, we propose an execution algorithm, called Olisipo, that exploits a
probabilistically-sound reasoning on Dynamic Bayesian Networks (DBNs) to select the next
action to be executed. The algorithm is able to cope with the need of skipping planned
actions, of repeating actions, and of re-ordering the actions to achieve the original goal
taking into account the observed state of the world. The former case can be useful to avoid
operations that become useless (and may fail) due to the non-static nature of the environment:
for example, consider a plan prescribing to open a door that was supposedly closed, while
it is in fact open because a human forgot to close it. The second feature allows to repeat
actions that might have failed to achieve their effects or whose effects have been canceled by
the dynamic nature of the environment. Finally, re-ordering actions allows the handling of
mutated temporal and precedence constraints.
We implemented the proposed approach in the ROSPlan [5] framework and we experimentally compare its merits against the original ROSPlan dispatcher, showing that the use
of our approach is able to reduce the number of re-planning invocations and to increase the
probability of successfully reach a goal state at the end of the execution.

1.1

Related Work

How to robustly execute and adapt plans at runtime is a central problem for the development
of autonomous systems [18]. In fact, when a plan is being generated it is often impossible to
foresee all the situations the controlled agent could encounter during execution; therefore,
different approaches have been explored to tackle these issues. A common technique consists
in relying on runtime monitoring to check that the conditions under which the plan was
generated hold at runtime and if they do not a new plan is generated online; this approach
is usually called replanning [13, 4]. Another direction is to model some of the uncertainties
at planning time (most notably the action durations) as uncontrollable entities in the model
and use planning algorithms that synthesize strategies to deal with such uncertainties [23, 7].
Finally, the approach we also pursue in this paper consists in generalizing a plan that was
optimistically generated and allow the executor to adapt to unforeseen circumstances.
Probabilistic planning is a standard approach for planning with discrete uncertainty. An
overview of approaches to probabilistic planning is provided in [17]. A common approach is
to model the task as a Markov Decision Problem, which can handle the kind of exogenous
and unforeseen events that we consider in this paper. Solutions to the MDPs typically
formulate policies with finite horizon [2]. In contrast we rely on the efficiency and speed of
deterministic search to find a solution that can then be generalized for an execution.
Some authors [1, 16, 12, 3] have focused on the problem of generalizing a temporal plan to
make it more likely to succeed when executed. On the same line, some planners try to produce
“flexible” plans, meaning that they reduce the commitments in the plan to a minimum to
allow the exploitation of more degrees of freedom at execution time [15, 6]. Generally, a
flexible temporal plan is represented as Simple Temporal Network (STN) [11], a Disjunctive
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Temporal Network (DTN) [28] or as a Temporal Plan Network [20]; possibly with an explicit
representation of the uncertainty [23]. The executor is then responsible for dispatching the
prescribed events at the right time given the available observations [24, 9, 22]. However, one
key assumption of these approaches is that the plan is never invalidated according to the
original model, only valid re-scheduling is admitted.
In this paper, we take a radically different view: we want to exploit any PDDL 2.1
temporal planner and change the way in which the plan is dispatched by creating an actionselector that reasons over the uncertainties with the freedom to re-arrange, skip, and repeat
the planned actions.

2

Algorithm

The Olisipo algorithm is an extension of the algorithm presented in [21]. The flow from
planning to execution of Olisipo can be visualised in Figure 1. The approach is essentially
composed of an offline and an online phase. The offline phase of Olisipo remains unchanged
from [21], while the online phase is completely reformulated.
In summary, the offline phase, performed before starting plan execution, is responsible
Qtt
for converting a totally-ordered plan
, generated by an external planner, to an adaptable
Q′
partially-ordered plan
. The adaptable partially-ordered plan is passed on to the online
phase. The offline generation of the partially-ordered plan allows for a more flexible execution,
namely by skipping and reordering actions during plan execution.
PDDL 2.1 planners output is commonly represented as time-triggered plans (e.g. [8, 26]).
A time-triggered plan is a set of tuples ⟨t, a, d⟩, where a is an action, t is the time at which the
action should start execution and d is the prescribed duration. An adaptable partially-ordered
plan is defined below, and a complete description can be found in [21].
Q′
▶ Definition 1. An Adaptable Partially-Ordered Plan
is the graph ⟨N, C⟩, where
each node n ∈ N represents either the plan start, an instantaneous action, or the start
or end of a durative action; and each edge c ∈ C represents a temporal relation: x <
time(n1 ) − time(n2 ) < y for n1 , n2 ∈ N and x, y ∈ R. Each edge is labelled as either causal,
interference, or action duration. Action duration edges express the temporal constraints
between the start and end of durative actions. Causal edges express temporal relationships
inferred from the causal support between actions. Similarly, interference edges express the
temporal relationships inferred from the interference between actions.
The online phase has two sub-phases: the Plan Generation Sub-Phase (PGen) and the
Dynamic Plan Execution Sub-Phase (PExec). PGen is used to generate the totally-ordered
plan Γ with the highest probability of a successful execution, taking into consideration the
Q′
current state of the world, say S0 , and the partially-ordered plan
. In our approach, each
fact in S0 is represented by a probability value referring to the degree of belief of that fact
being present in the world. In addition to this, the first action of Γ is dispatched for execution.
PExec concerns the dynamic and robust execution of the plan Γ. These 2 sub-phases are
further explained in the next sections.
The online phase of Olisipo controls the action deliberation depending on the observations
made by the agent. As shown in Figure 1, the agent reads the state of the world S0 and
checks whether a totally-ordered plan Γ has already been determined or not. At the start,
no Γ has been determined so the algorithm enters PGen. In PGen, the algorithm uses
the Total-Order Extractor to build a set of totally-ordered plans. Then, the Plan Selector
chooses the totally-ordered plan with the highest success probability and sets it as Γ, the
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Figure 1 High-level overview of Olisipo’sQ
flow from planning to execution. The
Q′ offline phase
tt
consists of converting a totally-ordered plan
into the partially-ordered plan
. The online
phase consists of two sub-phases, PGen and PExec. The PGen consists of finding the totally-ordered
plan with the highest success probability, Γ, and dispatching its first action for execution. The
PExec occurs when Γ has already been found and is compatible with the state of the world S0 . If Γ
is compatible with S0 , then the compatible lattermost action of Γ is dispatched for execution.

totally-ordered plan to be used. Lastly, the first action of Γ is dispatched for execution. After
executing this action, the system updates its world state representation and checks whether a
totally-ordered plan has already been found. Since Γ has already been found, the algorithm
advances to PExec. In this sub-phase, it first checks whether S0 is compatible with Γ. If it
is not compatible, then PGen is repeated and a new Γ is computed. If it is compatible, then
the compatible lattermost action is dispatched for execution. The lattermost, as opposed to
first, compatible action is chosen so that it becomes possible to skip actions that no longer
contribute to achieving the goals. The agent will keep on reading the state of the world, and
executing PGen and PExec, until the state of the world matches the goal.

2.1

Offline Phase: Generating an Adaptable Partially-Ordered Plan

Qtt
The totally-ordered plan
, generated by an external planner, is converted into a partiallyQ
ordered plan
by creating a node for each instantaneous action and each durative action
start and end. Then, temporal, durative and interference relations are generated between
Q
the nodes. Before starting plan execution, the causal support edges of
are removed to
Q′
give more flexibility in action selection, therefore resulting in the partially-ordered plan
.
A more detailed description of this process can be found on [21].
By first relaxing the problem to become deterministic, we are changing the problem’s
state-space and enabling the use of deterministic planners, which are able to scale for larger
problem instances than undeterministic planners. This relaxation also means that we are
moving the probability reasoning to the execution phase. Inspiration for this was taken
from FF-Replan [30], which was the winner of the 2004 International Probabilistic Planning
Competion (IPPC-04) and a top performer on IPPC-06. FF-Replan consisted of using a
deterministic planner to solve a carefully constructed deterministic variant of the planning
problem and replanning when an unexpected effect is observed. Similarly, we first solve
Qtt
a deterministic variant of the planning problem and obtain the plan
, which is then
Q′
converted to
.
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Online Phase
PGen: Building the Set of Totally-Ordered Plans and Calculating
a Plan’s Success Probability

The set of totally-ordered plans is built using a Branch and Bound search [19] through the
Q′
nodes of
, excluding the action start nodes which have already been dispatched but their
respective action end nodes have not. This enables the repetition of an already executed
action but prevents the algorithm from dispatching the action start of an action that has
already started but has not finished yet.
Q′
Essentially, the search takes every node in
and orders them sequentially, hence building
a totally-ordered plan. During search a Dynamic Bayesian Network (DBN) [10] is used to
compute the joint probability of all actions being successful. When a solution is found, its
probability is calculated as the joint probability of all actions being successful and of the
facts of the goal being present in the solution. This solution probability is then used as
reference value to prune the remaining search.
The search is pruned at a certain state Si when one of the following conditions is verified:
If the state Si matches the goal;
If the sequence of actions leading to Si violates the temporal constraints;
If the joint probability of the actions leading to Si is lower than the probability of the best
previously found solution (as Propositions 2 and 3 later explain, the joint probability of
the actions is monotonically decreasing and is an upper bound to the solution probability);
If there are no more applicable actions to Si .
Our intention is to compute the success probability of a totally-ordered plan. We assume
that it is possible to determine whether the execution of an action was successful. In addition
to this, we say that a plan is successful if all the prescribed actions are applicable (i.e. the
plan can be simulated) and if the goal condition is achieved in the final state of the plan.
A DBN, such as the one presented in Figure 2, is built to calculate a plan’s success
probability. This DBN contains two types of nodes: propositional nodes, which represent
propositions at a certain time instant; and action nodes, which represent actions executed
at a certain time instant. As it can be seen by the structure of the example DBN from
Figure 2, the propositional nodes are divided into layers with one action node between
each layer. Propositional nodes are propagated from layer to layer, representing their
probability of spontaneously changing value with time. Action nodes have as parents and
children their corresponding conditions and effects, respectively. We use the time and causal
model of PDDL 2.1 [14], where durative actions are split into two instantaneous actions,
corresponding to the start and end of a durative action. In the DBN of Figure 2, the
action node goto_waypoint_start(r0, w0, m2) corresponds to the start of the durative action
goto_waypoint(r0, w0, m2), with its parents being the nodes corresponding to the at start
conditions of the durative action, in the previous layer, and its children being the nodes
corresponding to the at start effects, in the following layer. The node corresponding to the
start of an action is a parent of the node corresponding to the end of an action. The nodes,
in the layers between the action start and action end nodes, corresponding to the over all
conditions of an action are parents of the action end node.
The uncertainty in the environment is represented in the Conditional Probability Distribution (CPD) of each node. Propositional nodes, from the first layer, do not have any
parents so their CPD is represented by a single value, being 1 or 0 if they are True or False
in the initial state, respectively. Propositional nodes with another propositional node as
the only parent have a probability of spontaneously becoming True or False. Propositional
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Figure 2 Example of the DBN’s structure. Rectangular nodes symbolise proposition nodes and
ellipsoidal nodes represent action nodes.

nodes with an action node and another propositional node as parents, have a probability of
spontaneously becoming True or False, if the action node is False, and have a probability
of being True corresponding to the effects of the action, if the action node is True. Action
start nodes have a probability of being True, corresponding to the success probability of the
action if all its preconditions are met, and have a probability of 0 of being True otherwise.
Action end nodes have a probability of 1 of being True if all its preconditons are met and
the action start node is True, and have a probability of 0 of being True otherwise.
The success probability of each action, of the effects of each action and of facts spontaneously changing in the world are an input from the user.
With the DBN fully built, we can compute the success probability of a plan. This success
probability is defined as the conjunction of all actions in the plan being successful and of
the goal facts being in the final state, P (A ∩ G). In other words, it is defined as the joint
probability of all action nodes, in the DBN, being True and of the facts from the goal being
True in the last layer, marginalised over all other nodes. This calculation is represented in
Eq. (1), with A being the set of action nodes and G being the set of nodes corresponding to
the goal propositions in the last layer of the DBN. In addition to this, we also calculate the
joint probability of all action nodes being True, P (A), as displayed in Eq. (2), to prune the
search.
"
#
X
X
Y
Y
Y
P (A ∩ G) =
ρ(π(S))
P (T |P a(T ))
P (S|P a(S)) (1)
S0 ,...,SN −1 SN \G

T ∈A

S∈S0

S∈S1 ∪...∪SN

"
P (A) =

X

X

S0 ,...,SN −1 SN

#
Y
S∈S0

ρ(π(S))

Y
T ∈A

P (T |P a(T ))

Y

P (S|P a(S))

(2)

S∈S1 ∪...∪SN

In Eqs. (1) and (2), we calculate P (A ∩ G) and P (A), respectively, by marginalising
Q
over all other nodes in the network. The term S∈S1 ∪...∪SN P (S|P a(S)) represents the
Q
marginalisation of proposition nodes over its parents, The term T ∈A P (T |P a(T )) represents
Q
marginalising an action node T over its parents P a(T ) and, lastly, the term S∈S0 ρ(π(S))
represents marginalising over the nodes of S0 (initial state).
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From Equations (2) and (1), it is possible to infer the following two propositions.
▶ Proposition 2. P (A) is monotonically decreasing as more actions are added to the DBN.
Q
Proof. As more actions are considered in A, more factors are considered in T ∈A P (T |P a(T ))
and, since P (T |P a(T )) ≤ 1, the computed value will reduce or stay the same.
◀
▶ Proposition 3. P (A) is an upper bound for P (A ∩ G), meaning P (A) ≥ P (A ∩ G).
Proof. This proposition comes from the fact that Equation (2) marginalises over a greater
number of nodes than Equation (1). This can can be seen on the second sum of each Equation,
P
P
since the sum SN , from Equation (2), yields a greater or equal value than the sum SN \G ,
from Equation (1).
◀
These two propositions enable the use of P (A) to prune the Branch and Bound search,
since it is an upper bound for P (A ∩ G) and is monotonically decreasing as more actions are
added to A.
The DBN is then simplified by the iterative application of the 3 pruning rules defined
below; these rules remove nodes and marginalisations which do not affect the probabilities
calculation.
1. A node that is not the goal, is not an action and is not a parent of any other node can be
discarded by marginalisation.
Proof: We marginalise over all nodes which are neither the goal nor the actions. If a
marginalised node has no children, then no other node depends on its value and it does
not affect the probability calculation. The example below shows the effect of marginalising
over node a, which has no children.
X
X
P (a|P a(a)) · λ(b, c, ..) =
λ(b, c, ..)
(3)
a,b,c,...

b,c

2. The marginalisation sum corresponding to a node that is precondition of an action can
be removed.
Proof : The marginalisation of an action’s parent includes two terms, when it is True and
when it is False. Only one of these terms satisfies the precondition of the action. The
term which does not satisfy the action’s precondition corresponds to the action having a
null success probability, according to its CPD. Hence, we can discard the term which does
not satisfy the action’s preconditions and not marginalise over the parents of an action.
3. For all proposition nodes with an action node T as parent, the edges from any other
parent can be removed.
Proof : In our model, we have defined that the probability of a propositional node, with
both another propositional node and an action node as parents, does not depend on the
value of the propositional parent if the action parent is True, according to its CPD. Since
we are only interested in calculating the case where all action nodes are True, then the
edges from any other parents can be removed and the action node can be considered as
the single parent of the propositional node.
Figure 3 illustrates which nodes can be removed, according to the 3 pruning rules, from
the DBN of Figure 2.
Since we are building a DBN and calculating a probability at every step of the B&B search,
the DBN is expected to be a bottleneck in terms of computing time and resources. Hence,
it is vital to make this process efficient and iterative. Given this, instead of first building
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Figure 3 DBN representing which nodes can be removed from the DBN of Figure 2, by applying
the 3 pruning rules. Rectangular nodes symbolise proposition nodes and ellipsoidal nodes represent
action nodes. The colours of the nodes illustrate under which pruning rule they can be removed.
Nodes and edges in red can be removed by Rule 1. Nodes in yellow have their marginalisation
discarded, according to rule 2. Nodes and edges in orange can be removed after applying rule 3,
followed by rule 1.

the entire DBN and then simplifying it, we build the already simplified DBN iteratively.
In addition to this, we also use dynamic programming to calculate the values of P (A) and
P (A ∩ G) iteratively.
The computation of the probabilities can be verified by resorting to any exact inference
method, e.g., the well-known exact variable elimination.

2.2.2

PExec: Checking if a Plan is Compatible with the State of the
World and Dispatching the Compatible Lattermost Action

In the PExec sub-phase, we wish to check if the state of the world is compatible with the
plan Γ and to dispatch the lattermost action from Γ compatible with the state of the world.
To achieve this, Algorithm 1 is used.
The pruning rules remove all irrelevant proposition nodes from the DBN, so the nodes
remaining in the DBN, at a certain layer, must be verified in the state of the world to enable
the execution of the action node that follows that layer.
Let us now consider the function findCompatibleLattermostLayer from Algorithm 1. This
function traverses the DBN of plan Γ from the last layer to the first one, from SN to S0 ,
searching for a layer which only contains propositions that match the state of the world,
S. After finding a layer i that matches this condition, it dispatches the action node after
it for execution, ai . If the action node ai corresponds to the end of an action, then its
corresponding action start must have already been dispatched. If all layers are verified and
no layer satisfies these conditions, then the function returns −1, meaning that no layer is
compatible with the state of the world.
As it can be seen in Figure 1, this verification will occur after the execution of each action.
By considering the lattermost compatible action we are allowing for the skipping of actions.
One important detail is that, due to the formalism of PDDL, every action that has been
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Algorithm 1 Find the Lattermost Layer in the DBN Compatible with the State of the Sorld.
1: global S
2: global index_last_layer
3: global actions_executing

▷ Current state of the world.
▷ Index of the last DBN layer.
▷ Set of executing actions.

4: function findCompatibleLattermostLayer
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

if G ⊂ S and actions_executing ̸= [] then
return index_last_layer
for i = index_last_layer-1 to 0 do
if ai is an action start node then
if Si ⊂ S then
return i
else
ast = getCorrespondingActionStart(ai )
if Si ⊂ S and ast ⊂ actions_executing then
return i
return −1

▷ No layer matches S

started needs to be finished. So, even if the goal is already verified in the state of the world,
the algorithm will first finish the actions that are still executing and only then declare that
the goal has been reached. Another advantage that comes from using the pruned DBN is
that we are only considering the propositions which are relevant for the execution of certain
actions and for reaching the goal. If irrelevant propositions in the world change, then the
same plan will remain valid. Plus, if the execution of a certain action fails, then the same
plan might remain valid and the algorithm might retry the same action. Therefore, this
algorithm can resist unexpected changes in the world and action failures without the need of
replanning.
We allow for the repetition of actions because, in the interaction between a robot and the
real world, it is very rare to have the exact same conditions. In fact, the failing of an action
might be enough to slightly alter the environment. For example, a robot might fail to grasp
a certain object, but in doing so change the object’s pose such that it would succeed if it
tried to grasp the object again. As another example, a robot might fail to navigate from
room A to room B because someone stood on its way. However, if the robot tried to navigate
again the person might no longer be there and the robot would navigate successfully. It is to
account for situations like these that we allow for the repetition of actions.

3

Experimental Evaluation

Since the main feature of Olisipo consists in coping with unexpected changes in the world and
action failures, it was necessary to develop a simulation environment capable of replicating
these events. Hence, the environment developed for the original paper [21] was extended to
account for simulated state perturbations.
The extended environment uses ROSPlan [5] to parse the domain and problems files.
ROSPlan was chosen because it is compatible with ROS [25] and it is able to parse the
Qtt
PDDL language. The planner POPF [8] was used to build the totally-ordered plan
. ROS
Services were used to handle the communication between different scripts. The ROS version
utilised was ROS Kinetic Kame1 .
1

http://wiki.ros.org/kinetic
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Scripts were developed to simulate perturbations in the environment. These perturbations
occur after the execution of the start or end of an action and consist in randomly adding
and removing propositions, as well as accounting for the failure of actions and of the effects
of actions. The user defines the perturbations’ probabilities in a configuration file which is
then used to build and make calculations in the DBN.
Olisipo was compared to a simple dispatcher, which tries to execute a temporal plan and
replans when the execution fails. Hence, the Esterel Dispatcher, from ROSPlan, was used
and POPF was used to build the plan, since it was the same planner used in the offline phase
of Olisipo. Ten replans was defined as the maximum amount of allowed replans both for the
Esterel dispatcher and for the Olisipo algorithm.

3.1

Results

The Olisipo and Esterel Dispatchers were compared by performing 2000 trials on 10 different
problems of Simple Factory Robot Domain with 3 machines (SF3) and 2000 trials on 8
different problems of Advanced Factory Robot Domain with 3 machines (AF3). The SF3
domain only has one action, where the AF3 domain has two actions. Each problem was
manually generated and represents a different perturbed environment 2 .
The chosen metrics to compare both dispatchers are:
M1: Estimated probability of a successful execution;
M2: Average number of replans;
M3: Average number of actions executed.
Considering that each algorithm is either able or not able to solve a problem, its success
distribution is a discrete binary distribution, namely a Bernoulli distribution. Hence, the
Wilson Score Interval [29], presented in Equation (4), can be used to estimate the probability
of each algorithm solving a problem, corresponding to M1.
In Equation (4), n is the total number of trials, ns is the number of successful trials,
nf is the number of failed trials and z is the quantile function, with z = 1.9599 for a 95%
confidence interval.
r
ns + 21 z 2
z2
z
ns nf
+
(4)
p̂ =
±
2
2
n+z
n+z
n
4
Table 1 Tables showing the estimated probabilities of the Esterel dispatcher and of the Olisipo
algorithm solving each problem from the SF3 and AF3 domains. These probabilities were calculated
by making use of Equation (4). The last column displays the range of values where the estimated
improvement, due to the use of Olisipo, lays.
Problem
p1
p2
p3
p4
p5
p6
p7
p8
p9
p10

2

Esterel
0.13 ± 0.01
0.10 ± 0.01
0.07 ± 0.01
0.043 ± 0.009
0.024 ± 0.007
0.06 ± 0.01
0.020 ± 0.006
0.12 ± 0.01
0.20 ± 0.02
0.025 ± 0.007

SF3
Olisipo
0.23 ± 0.02
0.22 ± 0.02
0.18 ± 0.02
0.17 ± 0.02
0.12 ± 0.01
0.08 ± 0.01
0.043 ± 0.009
0.16 ± 0.02
0.23 ± 0.02
0.038 ± 0.008

Improvement
[0.07, 0.13]
[0.09, 0.15]
[0.08, 0.14]
[0.10, 0.16]
[0.08, 0.11]
[0.00, 0.04]
[0.008, 0, 038]
[0.01, 0.07]
[−0.01, 0.07]
[−0.002, 0.028]

Problem
p1
p2
p3
p4
p5
p6
p7
p8

Esterel
0.17 ± 0.02
0.15 ± 0.02
0.16 ± 0.02
0.17 ± 0.02
0.09 ± 0.01
0.038 ± 0.008
0.029 ± 0.007
0.024 ± 0.007

Domains, problems, and configurations are available online [27].

AF3
Olisipo
0.22 ± 0.02
0.20 ± 0.02
0.23 ± 0.02
0.21 ± 0.02
0.09 ± 0.01
0.047 ± 0.009
0.038 ± 0.008
0.031 ± 0.008

Improvement
[0.01, 0.09]
[0.01, 0.09]
[0.03, 0.11]
[0.00, 0.08]
[−0.02, 0.02]
[−0.008, 0.026]
[−0.006, 0.024]
[−0.008, 0.022]
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The results referring to M1 can be seen in Table 1. From these tables, it is possible
to verify that, overall, the Olisipo algorithm achieved a higher probability of success than
the Esterel dispatcher. On the SF3 domain, the Olisipo algorithm presented an estimated
improvement between −0.02 and 0.16. On the AF3 domain, the improvement was between
−0.02 and 0.11. Despite the presence of some negative values, indicating a possible worst
performance for the Olisipo algorithm, it is worth noting that on 12 of the 18 problems used,
the improvement interval contained only positive values, indicating that Olisipo does present
an improvement. Regarding the other problems, with the exception of problem 5 of AF3, at
least 73% of the estimated interval is positive.

Figure 4 Distribution chart of the number of replans performed in the successful executions of
the 2000 trials, for each problem of the SF3 and AF3 domains and for each dispatcher. The number
on top of each distribution corresponds to its median.

Figure 4 presents the results referring to M2, namely the distribution of the number of
replans, on successful executions, for each algorithm and for each problem. A successful
execution occurs when a problem is successfully solved, with 10 or fewer replans performed.
In these Figures, it is possible to verify that, for successful executions, the mean of the number
of replans on the Olisipo algorithm is consistently lower than on the Esterel dispatcher.
The mean of the number of replans in successful executions on the Olisipo algorithm was
consistently zero, whereas the Esterel dispatcher often needed to replan, even achieving more
than 5 replans on some problems.

Figure 5 Distribution chart of the number of actions executed in the successful executions of the
2000 trials, for each problem of the SF3 and AF3 domains and for each dispatcher. The number on
top of each distribution corresponds to its median.

Figure 5 presents the results corresponding to M3, more specifically to the distribution
for the number of actions executed on successful executions. From these results, is possible
to verify that the mean for the number of actions in successful executions on the Olisipo
algorithm was consistently lower than on the Esterel dispatcher. For all problems of SF3,
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except problem 6, the Olisipo algorithm offered a relative improvement of, at least, 10% in the
mean of the number of actions for successful executions. The biggest relative improvements
were achieved on problems 7 and 8, where the improvements were 21% and 18%, respectively.
For all problems of AF3, the Olisipo algorithm offered an improvement of, at least, 28%. The
biggest relative improvements were achieved on problems 6, 7 and 8, where the improvements
were 48%, 47% and 52%, respectively.

Figure 6 Distribution chart of the number of actions executed in the failed executions of the
2000 trials, for each problem of the SF3 and AF3 domains and for each dispatcher. The number on
top of each distribution corresponds to its median.

Lastly, we will analyse the distribution of the number of actions on unsuccessful executions,
from Figure 6, which also corresponds to M3. The mean and mode of executed actions before
failing was lower on the Olisipo algorithm than on the Esterel dispatcher, for all problems of
SF3 and AF3. The mean of executed actions before failure on SF3 was improved by, at least,
39% with the Olisipo algorithm. The biggest relative improvements occurred on problems
3, 4 and 5, where they were 56%, 57% and 58%, respectively. On the problems of AF3,
the Olisipo algorithm also offered an improvement of at least 39% on the mean of executed
actions before failure. The biggest improvements were achieved on problems 3, 4 and 5, with
an improvement of 56%, 57% and 58% respectively.
Olisipo executes less actions than the Esterel dispatcher on failed executions because
it requires the conditions of future actions to hold in the current state. This is achieved
through the propagation of the parents of an action node to the previous layers in the DBN.
Hence, Olisipo avoids the partial execution of plans which will not achieve the goal.
Regarding the execution time of the algorithm, it was found that the execution of the
PGen sub-phase, which is the most resource consuming sub-phase, consistently had a duration
under 2 seconds for all of the problems used.
From these results, it is possible to conclude that, in comparison to a simple dispatcher,
the Olisipo algorithm has a higher probability of solving a given problem, needs to replan
less times to successfully solve a problem and executes less actions on successful and failed
executions. The consistency in the obtained results is especially useful to support this claim,
since the results were obtained from 18 different problems from 2 different domains.
There were only two instances where the performance of Olisipo was similar to the Esterel
dispatcher, which was the success probability of problem 5 of AF3 and the number of actions
on successful executions of problem 6 of SF3. However, the performance of Olisipo in the
other metrics, for each problem, surpassed the performance of the Esterel dispatcher. Hence,
even in problems where the performance of Olisipo, in one metric, is similar to that of the
Esterel dispatcher, the performance in the other metrics favour Olisipo.
Regarding the mean of executed actions in successful executions, the difference between
Olisipo and Esterel was greater in AF3 than in SF3. Considering that SF3 only has one
action on its domain, whereas AF3 has two actions, it is possible that this difference increases
for domains with a greater number of actions.
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Regarding the number of replans on successful executions, the mean for Olisipo was
consistently zero for all problems. This means that Olisipo almost never needed to replan
to achieve a successful execution. At the same time, it also means that Olisipo’s replans
rarely resulted in a successful execution. This implies that the replanning effort requested
by the Esterel dispatcher was largely to recompute the same (sub)set of actions as was
originally generated. In scenarios with limited computational time to spend planning, or
larger problems for which full replanning is not feasible, the flexible approach of Olisipo
is an obvious solution. More tests to evaluate this metric would be interesting, since this
could mean that repeating the PGen sub-phase does not achieve any additional successful
executions.

4

Conclusion

The robust execution of a temporal plan in a perturbed environment is a problem that remains
to be solved. Perturbed environments, such as the real world, are non-deterministic and filled
with uncertainty. Hence, the execution of a temporal plan presents several challenges and
the employed solution often consists of replanning when the execution fails. In this paper,
we propose a novel algorithm, named Olisipo, which aims to maximise the probability of
a successful execution of a temporal plan in perturbed environments. To achieve this, a
probabilistic model is used in the execution of the plan, instead of in the building of the plan.
This approach enables Olisipo to dynamically adapt the plan to changes in the environment.
In addition to this, the execution of the plan is also adapted to the probability of successfully
executing each action. Olisipo was compared to a simple dispatcher and it was shown that
it consistently had a higher probability of successfully solving a problem, performed fewer
replans and executed fewer actions. Hence, Olisipo offers a substantial improvement in
performance for disturbed environments.
Regarding the future work, there are several directions it could take. One possibility
would be to save intermediate results, either from the DBN or the search tree, to cope with
perturbations more efficiently. In addition to this, it would be interesting to study further
the relevance of repeating the PGen sub-phase. Lastly, another possibility would be to test
the Olisipo algorithm in a real world robot.
All source code and experimental setup is open source and available online [27]. Olisipo
works as an add-on to any external planner and can easily be implemented by third-parties
to improve execution performance.
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1

Introduction

Linear temporal logic (LT L) was introduced by Pnueli [13] as a formal tool for reasoning
about programs execution. Many properties that an execution should have can be expressed
elegantly using this formalism. The logic LT L is used for systems verification [16]. With
advances in technologies, systems became more and more complex, displaying new features
and behaviours. One of these behaviours is tolerating exceptions. In more general terms,
if an error occurs, within an execution of a program, at certain points of time where it is
tolerated, the program can still function properly.
Let us say, for the sake of argument, that there is an execution of a program in which a
parameter cannot have a certain value. We notice that, at some given points of time, the
execution produces the invalid value in the aforementioned parameter. Nevertheless, we do
not mind that the program produces the error at these time points deemed to be harmless.
The crucial point is that this behaviour is not present in other, more important, points
of time. We want to be sure that the execution still continues and the program functions
properly even in the presence of such benign time points.
We want a formalism for verifying properties of executions that can, on one hand, be
strictly required at some points of time, and on the other hand, be missing in other points
of time. That is why we introduced an extended formalism of LT L, called defeasible
© Anasse Chafik, Fahima Cheikh-Alili, Jean-François Condotta, and Ivan Varzinczak;
licensed under Creative Commons License CC-BY 4.0
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linear temporal logic (LT L˜) [6]. It uses the preferential approach of Kraus et al. to
non-monotonic reasoning [11] (a.k.a. the KLM approach). The defeasible aspect of LT L˜
adds a new dimension to the verification of a program’s execution. We can order time points
from the important ones, which we call normal, to the lesser and lesser ones. Normality in
LT L indicates the importance of a time point within an execution compared to others.
We also introduced defeasible versions of the modalities always and eventually. With
these defeasible modalities, we can express properties similar to their classical counterparts,
targeting the most normal time points within the execution.
The main goal of this paper is to establish a satisfiability checking method for our logic, in
particular, for a fragment thereof. In the case of LT L, many tableau methods were proposed
in the literature. There are two types of tableau methods: multi-pass and one-pass tableaux.
Multi-pass tableau methods [22, 12, 10] go through an initial phase of building a tree-shaped
structure by putting the sentence in the root node and expanding the tableau via a systematic
application of a set of rules. The second phase is a culling phase, which uses an auxiliary
structure built from the tableau, and checks for the satisfiability of the input sentence in
this structure. Whereas in one-pass tableau methods [17, 14], the construction and the
verification are done simultaneously. Reynolds’ tableau for LT L [15, 14] is a tree-shaped
one-pass tableau where each branch is independent from the others. Moreover, each successful
branch by itself is a representation of an interpretation that satisfies the sentence.
As for the KLM approach, tableau methods were developed for the preferential approach
of Kraus et al. logic [11] and formalisms extending the preferential approach [9, 4, 5]. In the
case of preferential modal logic, Britz and Varzinczak [4] proposed a tree-shaped tableau
that builds the ordering relation on worlds at the same time as the tableau is expanded. The
tableau method in this paper is based on both the one-pass tableau of Reynolds [14] and the
tableau for preferential modal logic by Britz and Varzinczak [4]. The novelty of this paper is
in showing how preferential semantics works in a tableau for a fragment of LT L˜.
The plan of this paper goes the following way: We talk briefly about LT L and LT L˜ in
Section 2. We then describe a tableau method for a fragment of LT L˜ in Section 3. We show
soundness, and completeness of our method in Section 4. Section 5 concludes the paper.

2

Preliminaries

Linear Temporal Logic [1] is a modal logic in which modalities are considered to be temporal
operators that describe events happening in different time points over a linearly ordered timeline. Let P be a finite set of propositional atoms. The set of operators in LT L can be split into
two parts: the set of Boolean connectives (¬, ∧, ∨), and that of temporal operators (□, ♢, ⃝),
where □ reads as always, ♢ as eventually, and ⃝ as next. Let p ∈ P, sentences in LT L are
built up according to the following grammar: α ::= p | ¬α | α ∧ α | α ∨ α | □α | ♢α | ⃝α.
def
def
def
Standard abbreviations are included in LT L, such as: ⊤=
p∨¬p, ⊥=
p∧¬p, α → β =
¬α∨β
def
and α ↔ β =
(α → β) ∧ (β → α). There are other temporal operators such as U (until
operator) and R (release operator) in LT L, but we chose to omit them in this paper.
The temporal semantics structure is a chronological linear succession of time points.
We use the set of natural numbers in order to label each of these time points i.e., (N, <).
Hence, a temporal interpretation associates each time point t with a truth assignment of all
propositional atoms. A temporal interpretation is defined as follows:
▶ Definition 1 (Temporal interpretation). A temporal interpretation I is a mapping function
V : N −→ 2P which associates each time point t ∈ N with a set of propositional atoms V (t)
corresponding to the set of propositions that are true in t. (Propositions not belonging to V (t)
are assumed to be false at the given time point.)
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The truth value of a sentence in an interpretation I at a time point t ∈ N, denoted by
I, t |= α, is recursively defined as follows:
I, t |= p if p ∈ V (t); I, t |= ¬α if I, t ̸|= α;
I, t |= α ∧ α′ if I, t |= α and I, t |= α′ ; I, t |= α ∨ α′ if I, t |= α or I, t |= α′ ;
I, t |= □α if I, t′ |= α for all t′ ∈ N s.t. t′ ≥ t; I, t |= ♢α if I, t′ |= α for some t′ ∈ N s.t.
t′ ≥ t;
I, t |= ⃝α if I, t + 1 |= α.
In previous work [6], we introduced a new formalism called preferential linear temporal
logic. The motivation is to provide a formalism for the specification and verification of
systems where exceptions can be tolerated.
Let p ∈ P, sentences of the logic LT L˜ are built up according to the following grammar:
∼α | ♢
∼α
α ::= p | ¬α | α ∧ α | α ∨ α | □α | ♢α | ⃝α | □

⋎

∼ reads as nonThe intuition behind the new temporal operators is the following: □
∼ reads as non-monotonic eventually. The set of all well-formed
monotonic always and ♢
LT L˜ sentences is denoted by L˜. It is worth to mention that any well-formed sentence α in
LT L is a sentence of L˜.
∼α reads as: in all normal future time points, α is true. A sentence
A sentence such as □
∼α reads as: in some normal future time point, α is true. We can even express
of the form ♢
∼α reads as:
properties using a mix of classical and non-monotonic operators. A sentence □♢
always, there is a normal future time point where α is true.
The preferential component of the interpretation of our language is directly inspired by
the preferential semantics proposed by Shoham [19] and used in the KLM approach [11].
The ordering relation, denoted by , is a strict partial order on points of time. Following
Kraus et al. [11], t t′ means that t is more preferred than t′ . We use the pair notation
(t, t′ ) ∈ to indicate that t is more normal than t′ w.r.t. .

⋎

⋎

⋎

⋎

⋎

▶ Definition 2 (Minimality w.r.t.
). Let
be a strict partial order on a set N and
N ⊆ N. The set of the minimal elements of N w.r.t. , denoted by min (N ), is defined by
def
min (N ) =
{t ∈ N | there is no t′ ∈ N such that (t′ , t) ∈ }.
⋎

⋎

⋎

⋎

⋎

▶ Definition 3 (Well-founded set). Let be a strict partial order on a set N. We say N is
well-founded w.r.t. iff min (N ) =
̸ ∅ for every ∅ ̸= N ⊆ N.
⋎

⋎

⋎

In what follows, given a relation and a time point t ∈ N, the set of preferred time points
relative to t is the set min ([t, ∞[) which is denoted in short by min (t).
⋎

⋎

⋎

⋎

▶ Definition 4 (Preferential temporal interpretation). An LT L ˜ interpretation on a set of
propositional atoms P, also called preferential temporal interpretation on P, is a pair
def
I=
(V, ) where V is a mapping function V : N −→ 2P , and ⊆ N × N is a strict partial
order on N such that N is well-founded w.r.t. . We denote the set of preferential temporal
interpretations by I.
⋎

⋎

Preferential temporal interpretations provide us with an intuitive way of interpreting
sentences of L˜. Let α ∈ L˜, let I = (V, ) be a preferential temporal interpretation, and let t
be a time point in I in N. Satisfaction of α at t in I, denoted I, t |= α, is defined as follows:
The truth values of Boolean connectives and classical modalities are defined as in LT L.
∼α if I, t′ |= α for all t′ ∈ min (t);
I, t |= □
∼α if I, t′ |= α for some t′ ∈ min (t).
I, t |= ♢
⋎

⋎
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We say α ∈ L ˜ is satisfiable if there is a preferential temporal interpretation I and a
time point t in N such that I, t |= α. We can show that α ∈ L ˜ is satisfiable iff there is a
preferential temporal interpretation I s.t. I, 0 |= α.

3

A one-pass tableau for LT L˜

⋎

In this paper, we address the computational task of satisfiability checking in LT L˜. That
is, given a sentence α in LT L˜, decide whether or not there is an interpretation I that
satisfies the sentence α. As mentioned in the Introduction, we propose a one-pass tree-shaped
tableau for a fragment of LT L˜ based on Reynolds’ tableau [15] and inspired by the semantic
rules for defeasible modalities in modal logic proposed by Britz and Varzinczak [4]. This
fragment, denoted by L1 , serves as a starting point for showing how the ordering is built
for preferential interpretations in LT L˜.

3.1

The fragment L1

The fragment L1 considers that sentences are in NNF (negation is only allowed on the level
∼ is omitted from
of atomic propositions). On the other hand, the non-monotonic operator □
L1 . Furthermore, only Boolean sentences are permitted within the scope of □ sentences.
In what follows, we define formally well formed sentences of L1 . In order to do that, we
introduce first the set of Boolean sentences Lbool . Let p ∈ P, sentences αbool ∈ Lbool are
defined recursively as such:
αbool ::= p | ¬p | αbool ∧ αbool | αbool ∨ αbool
Next, let αbool ∈ Lbool , sentences in L1 are recursively defined as such:
∼α
α ::= αbool | α ∧ α | α ∨ α | ♢α | □αbool | ⃝α | ♢

Sentences of the form ♢α are called eventualities, because its truth depends on α being
∼α are called non-monotonic eventualities.
true in the future. Similarly, sentences of the form ♢
Their truth depends not only on α being true in some future, but it depends also on this
future being preferred to the other future time points. Sentences of the form ⃝♢α are called
⃝-eventuality.

3.2

Tableau method for L1

A tableau for α ∈ L1 is a tree of nodes. Each node has a positive integer n as a label. It
has also two sets of sentences: one we denote as Γ and the other as une (which stands for
unfulfilled non-monotonic eventualities, a notion to be detailed below). The set Γ is a subset
∼αk ), where
of L1 which contains the sentences in the node. The set une is a set of pairs (nk , ♢
∼
nk is a label and ♢αk is a non-monotonic eventuality.
▶ Definition 5 (Labelled node). A labelled node is a triple of the form n : (Γ, une) where
n ∈ N, Γ ⊆ L1 and une ⊆ [0, n] × L1 .

⋎

It is worth to mention that different nodes can have the same label. Intuitively, the nodes
labelled by a same integer n represent the set of sentences that are satisfied at the time point
associated with n. Hence, these nodes correspond with a given temporal state.
A branch B is a sequence of nodes, we introduce also a strict partial ordering relation
B on the labels of the nodes within the branch. The branch B has also a set of pairs of
labels denoted by min B . The relation B represents a preference relation on the temporal
⋎
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states of the branch B. On the other hand, the set min B represents some constraints that
the final preference relation issued from B must satisfy. More precisely, each pair (n, n′ ) in
min B indicates that n′ represents a preferred temporal state compared to all n′′ ≥ n.
⋎

def
▶ Definition 6 (Branch). A branch is a tuple B =
(⟨x0 , x1 , x2 , . . . ⟩, B , min B ) where the
first element is a sequence of labelled nodes xi := ni : (Γi , une i ), B is a strict partial order
( B ⊆ N × N) on labels within the branch, and min B is a set of pairs of labels (min B ⊆ N × N).

⋎

⋎

⋎

Let B := (⟨x0 , x1 , x2 , . . . ⟩, B , min B ) be a branch, xn , xm be two labelled nodes in B. If
xm comes after xn in the sequence, then xm is a successor of xn , and xn is a predecessor of
xm . We denote it by xn ≤ xm . Moreover, if xm is not the same labelled node as xn , we say
that xm is a proper successor of xn (same goes for a proper predecessor). We denote it by
xn < xm . The last node of a branch is called a leaf node. When a leaf node is ticked with
✓, we say that the branch is a successful branch. On the other hand, when a leaf node is
crossed with ✗, we say that the branch is a failed branch.
def
A tree is a set of branches T =
{B0 , B1 , B2 , B3 , . . . , Bk } where k ≥ 0. A tableau T for
α is the limit of a sequence of trees ⟨T 0 , T 1 , T 2 , . . . ⟩ where the initial tree is T 0 := {(⟨0 :
(α, ∅)⟩, ∅, ∅)} and every T i+1 is obtained from T i by applying a rule on one of its branches.
We say that a tableau T for α is saturated if no more rules can be applied after a tree T .
We have two types of rules, static and dynamic rules. We introduce static rules first. Let
T be a tree, and let B be a branch of T that has a leaf n : (Γ, une). We say that a static
rule (ρ) is applicable at the leaf n : (Γ, une) if a sentence in Γ or a pair in une instantiates
the pattern ρ. A static rule is a rule of the form:
n : (Γ, une), B , min B
| . . . | n : (Γk , une k ),
⋎

B1 , min B1

Bk , min Bk

⋎

n : (Γ1 , une 1 ),

⋎

(ρ)

⋎

In a tree T i , after applying the static rule (ρ), we obtain the tree T i+1 by replacing the branch B := (⟨x0 , x1 , x2 , . . . , n : (Γ, une)⟩, B , min B ) by the branches
B1 := (⟨x0 , x1 , x2 , . . . , n : (Γ, une), n : (Γ1 , une 1 )⟩, B1 , min B1 ), B2 := (⟨x0 , x1 , x2 , . . . , n :
(Γ, une), n : (Γ2 , une 2 )⟩, B2 , min B2 ), and so on. The symbol “|” indicates the occurrence of
a split in the branch, i.e., a non-deterministic choice of possible outcomes, each of which
needs to be explored. It is worth to mention that after applying a static rule on n : (Γ, une),
the leaf nodes of all the new branches keep the same label n.
In what follows, we show the rules for Boolean and the operators (□, ♢). We also show
two stopping conditions, namely, Empty and Contradiction. We chose to omit B and
min B to lighten these rules. The crucial detail to remember is that they do not change after
applying the rules below, i.e., Bi = B and min Bi = min B for all resulting branches. The
symbol ∪ is the union of two sets. The symbol ⊎ represents the union between disjoint sets.
⋎

⋎

⋎

(∧)

(□)

⋎

⋎

(Contradiction)

n : ({α, ¬α} ⊎ Σ}, une)

(Empty)

(✗)

n : ({α1 ∧ α2 } ⊎ Σ, une)
n : ({α1 , α2 } ∪ Σ, une)
n : ({□α1 } ⊎ Σ, une)
n : ({α1 , ⃝□α1 } ∪ Σ, une)

(∨)

(♢)

n : (∅, ∅)
(✓)

n : ({α1 ∨ α2 } ⊎ Σ, une)
n : ({α1 } ∪ Σ, une) | n : ({α2 } ∪ Σ, une)
n : ({♢α1 } ⊎ Σ, une)
n : ({α1 } ∪ Σ}, une) | n : ({⃝♢α1 } ∪ Σ}, une)
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∼, we discuss firsthand the
Before introducing the rule for the non-monotonic operator ♢
notion of fulfillment for classical and non-monotonic eventualities. Following Reynolds’
tableau, let an eventuality ♢α be in a node with a label n. If the sentence α appears in a
proper successor node x with the label m ≥ n, we say that ♢β at the position n is fulfilled in
m. In a similar fashion, we define the fulfillment for non-monotonic eventualities as follows:

▶ Definition 7 (Fulfillment of non-monotonic eventualities). Let a non-monotonic eventuality
∼α be in a node with a label n in a branch B. If α appears in a proper successor node x with
♢
∼α at the position n is fulfilled in m.
a label m ≥ n, and (n, m) ∈ min B , we say ♢
⋎

∼α in a temporal state n depends on α being true on a future temporal
The truth value ♢
state m and m being minimal to all temporal states that come after n w.r.t. B . We say m
is minimal to n as shorter way to say that m is minimal to all temporal states that come
after n. Unfulfilled non-monotonic eventualities in a node x with the label n are represented
def
∼α1 ), (n2 , ♢
∼α2 ), . . . }, each pair (nk , ♢
∼αk ) represents a non-monotonic
by the set une =
{(n1 , ♢
∼
eventuality ♢αk at a position nk that needs to be fulfilled. Therefore each node x has three
components: n is a label indicating the temporal state, Γ is the set of sentences within the
node and une is the set of non-monotonic eventualities at x that need to be fulfilled. With
∼ operator:
all of our notions introduced, here is the rule for the ♢
B , min B

⋎

∼α1 } ⊎ Σ, une),
n : ({♢

∼)
(♢

B , min B

⋎

∼α1 )}),
B , min B ∪ {(n, n)} | n : (Σ, une ∪ {(n, ♢

⋎

n : ({α1 } ∪ Σ, une),

∼), we explore two outcomes. The first outcome is when the non-monotonic
For the rule (♢
∼α1 at n is fulfilled in n. We then add α1 to the set of sentences Γ of the leaf
eventuality ♢
∼α1 is not fulfilled in
node and add (n, n) ∈ min of the branch. The second outcome is when ♢
∼
n, then we add the pair to (n, ♢α1 ) to une of the leaf node as a non-monotonic eventuality
∼] rule.
that needs to be fulfilled. Example 8 shows the application of [♢

⋎

∼r}, ∅).
▶ Example 8. Let a branch B have B , min B and a leaf node 5 : ({p, q, □(p ∧ q), ♢
∼) rule on ♢
∼r, we have two new branches B1 and B2 . The branch B1 has a
After applying (♢
leaf node where the sentence r is in Γ of the leaf node and (5, 5) ∈ min B1 . The branch B2
∼r) in une of the leaf node.
has (5, ♢
B , min B

⋎

∼r}, ∅),
5 : ({p, q, □(p ∧ q), ♢

∼r)}),
5 : ({p, q, □(p ∧ q)}, {(5, ♢

B , min B

⋎

∪ {(5, 5)}

B , min B

⋎

5 : ({p, q, □(p ∧ q), r}, ∅),

The next static rule we discuss is the rule (une). Let n, n′ be two labels such that n′ < n,
∼α1 ), the rule (une) is applied one and only one time. The
for each label n and a pair (n′ , ♢
rule goes as follows:
∼α1 )} ⊎ U ),
n : (Γ, {(n′ , ♢

B , min B

⋎

(une)

′
B , min B ∪ {(n , n)} |

⋎

n : ({α1 } ∪ Γ, U ),

∼α1 )} ∪ U ),
n : (Γ, {(n′ , ♢

⋎

B , min B

⋎

∼α1 )} ∪ U ),
n : (Γ, {(n′ , ♢

B

∪ {(n′ , n)} |

∪{(n′ , n)}, min B

∼α1 at the
For the rule (une), we explore three outcomes. The first outcome is when ♢
∼α1 ) from une, then we add α in Γ of the leaf
position n′ is fulfilled at n. We remove (n′ , ♢
node and (n′ , n) in min of the branch. In the second and third branches, we explore the
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⋎

∼α1 not being fulfilled yet in n, we keep the pair (n′ , ♢
∼α1 ) on the leaves of two
outcome of ♢
branches. The second branch explore the outcome of n being minimal to n′ w.r.t. to of
the branch. We then add (n′ , n) to the min of the branch. In the third branch, we explore
the outcome of n not being minimal to n′ w.r.t. of the branch. It means that there exists
a temporal state m′ that come after n′ where m′ is preferred to n w.r.t. to of the branch,
we add the pair (n′ , n) in of the branch to represent this case. It is worth to mention that
∼α1 ). The
the rule (une) does not apply when the label of the node n is the same as (n, ♢
reason behind this is that we have already explored the case when the eventuality is fulfilled
∼) rule. Example 9 shows the application of (une) rule.
in n thanks to (♢

⋎

⋎

⋎

⋎

∼s)}).
▶ Example 9. Let a branch B have B , min B and a leaf node 5 : ({□(p ∧ q)}, {(2, ♢
∼s), we have three branches B1 , B2 and B3 . B1 has the
After the application of une on (2, ♢
∼s) in the une of its
sentence s in Γ of its leaf node, it has also (2, 5) in min B1 . B2 keeps (2, ♢
∼
leaf node, with (2, 5) ∈ min B2 . B3 keeps also (2, ♢s) in une of its leaf node, with (2, 5) ∈ B3 .

⋎

B , min B

⋎

∼s)}),
5 : ({□(p ∧ q)}, {(2, ♢

∼s)}),
5 : ({□(p ∧ q)}, {(2, ♢

B , min B

∪ {(2, 5)}

∼s)}),
5 : ({□(p ∧ q)}, {(2, ♢

⋎

∪ {(2, 5)}

⋎

B , min B

⋎

5 : ({□(p ∧ q), s}, ∅),

B

∪{(2, 5)}, min B

⋎

∼) introduced, we need to check the consistency of
With the (une) and (♢
of all the
∼) rule. Let B :=
new branches. We apply this check each time we apply (une) or (♢
(⟨x0 , x1 , x2 , . . . ⟩, B , min B ) be a branch, the rule goes as follows:

⋎

B,

⋎

⋎

[ -inconsistency] If (n, n′ ) ∈ min B and there exists n′′ ≥ n s.t. (n′′ , n′ ) ∈
branch is crossed (✗).

then the

⋎

⋎

In a branch B, if (n, n′ ) ∈ min B , then we are currently exploring a branch where n′ is
minimal to n w.r.t. B . Therefore there should be no n′′ ≥ n where (n′′ , n) ∈ B . Each time
we explore a branch where this inconsistency arises, we close the branch.
⋎

▶ Example 10. Let B be a branch where B is empty, min B has (1, 5) in it, and a leaf node
∼s)}). After applying une rule on (2, ♢
∼s), we have three branches B1 , B2 and B3 .
5 : (Γ, {(2, ♢
The relation B1 is empty, and min B1 has the pairs (1, 5) and (2, 5). In this case, there is no
inconsistency w.r.t. B1 so far. The same goes for B2 . However, we add (2, 5) to B3 . Since
we already have (1, 5) ∈ min B3 , we then cannot have (2, 5) ∈ B3 . We close B3 .
⋎

⋎

⋎

⋎

∼s)}), ∅, {(1, 5)}
5 : (Γ, {(2, ♢

...

...

∼s)}), {(2, 5)}, {(1, 5)}
5 : (Γ, {(2, ♢

(✗)

In a branch B of a tree T with a leaf node xi , after applying every static rule aforementioned (the order of application these rules is non-deterministic) that can be applied, all leaf
nodes of the generated branches contain only sentences of the form p, ¬p or ⃝α in their Γ.
When no more static rules can be applied in a node, this node is called a state-labelled node.
State-labelled nodes mark the full expansion of all sentences that hold in a state n.
Once we are in a state-labelled node, in order to go from a temporal state to the next, we
need a transition rule (a rule to go from a temporal state n to the next n + 1). In a branch
B with a leaf state-labelled node, the rule transition goes the following way:
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n : ({⃝α1 , ⃝α2 , ⃝α3 , . . . , ⃝αk } ⊎ Σ, une),

B , min B

⋎

(Transition)

B , min B

⋎

n + 1 : ({α1 , α2 , α3 , . . . , αk }, une),

⋎

After the transition rule is applied to a state-labelled node n : (Γ, une), we add a node
with the label n + 1. It marks the start of a new temporal state n + 1. We carry over to n + 1
only sentences within the scope of ⃝αi sentences. The set une gets transferred as well to the
∼α1 ) ∈ une remaining in the state node with the label n
next temporal state. Any pair (n′ , ♢
indicates that the rule (une) was applied on the temporal state n and the current branch
∼α1 is not yet fulfilled in n. Therefore, these non-monotonic
explores an outcome where ♢
eventualities need to be fulfilled in n′′ ≥ n + 1.
Before applying the transition rule, we need to add a set of checks to prevent branches
from expanding indefinitely. These checks are called loop and prune rules. These rules,
together with the transition rule, are called dynamic rules.
Let B := (⟨x0 , x1 , x2 , . . . , v⟩, B , min B ) be a branch where v is a state-labelled node
n : (Γv , une v ). Let u be the last state-labelled node n − 1 : (Γu , une u ) that comes before v in
the branch B. Before applying the transition rule on v, we check for these rules:
[Loop] Let v be a state-labelled node such that it has at least one sentence of the form
⃝□αbool in Γv but has no ⃝αbool , ⃝♢β, ⃝♢
∼β in Γv and une v = ∅. If for all ⃝□αbool in Γv ,
there exists u < s ≤ v such that □αbool ∈ Γs , then the branch B is ticked (✓).
Notice that once an eventuality is fulfilled, it does not appear any longer in the successors
of the node. In this case, we say that the sentence is consumed. On the other hand, sentences
of the form □αbool never get consumed and get replicated indefinitely. Once a branch has
no eventuality left, □αbool sentences give rise to an infinite tableau with repetitive nodes.
Nevertheless, we can represent this by looping nodes of the last temporal state. We can, in
this case, stop the branch from ever going infinite. The loop rule states that when the leaf
state node v has no eventualities (classical or non-monotonic), has only ⃝□αbool as sentences
with the pattern ⃝, and each ⃝□αbool is a result from applying the □ rule to a node in B
with label n, the branch is ticked and marked as a successful branch.
[Prune] Let u < v be two consecutive state-labelled nodes s.t. Γv = Γu and une v = une u
∼β) ∈ une u ),
and that there is at least one eventuality in xu (either ⃝♢β ∈ Γu or (n′ , ♢
then the branch is crossed (✗).
The prune rule states that when the last two state nodes u and v have the same set of
classical and non-monotonic eventualities that need to be fulfilled, and there is at least one
eventuality in u, the branch is then crossed and marked as an unsuccessful branch. Any
branch that does not fulfill at least one eventuality between the current and the last temporal
state is closed, to prioritize the exploration of branches that fulfill one or more eventuality of
the last temporal state. If neither prune or loop apply on v, we apply the transition rule
on the node v. Note that the loop and prune rules are fundamentally different from the
ones proposed in Reynolds’ tableau [14]. These rules are tailored to the restrictions of the
fragment L1 , in particular, the restriction of not allowing temporal sentences inside the □
operator. We argue in this paper that when eventualities (either classical or non-monotonic)
are not infinitely replicated inside globally operators, we only need to check the current state
node with the last one that comes beforehand. It is the reason why we also omit also the
operator U , since the right part of a U -sentence can also replicate eventualities.
Once we are in a state-labelled node, we check for the loop and prune within the branch
before applying the transition rule. If the transition rule is applied on a state node with a
label n, we obtain a new node with the label n + 1. We can then expand the tree from this
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node by applying static rules until we find ticked branches (thanks to the empty rule), closed
branches (thanks to the contradiction or -inconsistency rules), or branches with a state
node that has the label n + 1. We then repeat the cycle between static and dynamic rules.
We can see that the tableau method does not go indefinitely. Thanks to prune rule, we close
any branch (✗) that does not fulfill any eventuality in the current temporal state. Anytime
we apply a transition rule (from n to n + 1), we need to fulfill at least one eventuality in n.
Therefore, as long as a branch is not closed with prune rule, eventuality sentences (either
classical or non-monotonic) get consumed one by one over the execution of the method. Thus
any branch that is not closed with prune has no eventualities left to fulfill. Note that if a
branch contains at least one sentence of the form □αbool , it is then ticked thanks to the loop
rule (□αbool sentences do not get consumed). Otherwise, it is ticked thanks to the empty
rule. Therefore any tableau T for a sentence in L1 is a saturated tableau.

4

Soundness and completeness

4.1

Soundness

⋎

Here we prove that the tableau method is sound, that is, when a tableau T of a sentence α ∈
L1 has a successful branch, then α is satisfiable. As a first step, we show that we can extract
an interpretation I ∈ I from the successful branch. Let B := (⟨x0 , x1 , x2 , . . . , xn , (✓)⟩, B
, min B ) be a successful branch of a tableau T for α, the sequence of nodes contains normal
and state-labelled nodes. Each state-labelled node, denoted by xji , within this sequence has
a distinct label i. Figure 1 shows an example of the branch B.
x0 x1 . . . xj0 . . .

xj1 . . .

xjk−1 . . .

xj2 . . .

xjk

B:
0

1

2

k−1

k

Figure 1 Illustration of the branch B.

⋎

From the aforementioned branch B, we can build an interpretation IB = (V, ). In this
section, k denotes the label of the last state node. The function V is defined as follows:
(
{p ∈ P | p ∈ Γxji }, if 0 ≤ i ≤ k;
V (i) :=
V (k), otherwise.
⋎

⋎

⋎

The ordering relation is defined as follows := {(n, n′ ) | (n, n′ ) ∈ B }. We can see that
is irreflexive, since there is no (n, n) ∈ B . The relation is also transitive, since for all
(n1 , n2 ) and (n2 , n3 ) in B , there is no (n3 , n1 ) ∈ B . Finally, since B has no infinitely
descending chains, then we can conclude that preserves the well-foundness condition over
N. Therefore the interpretation IB ∈ I.
With the model construction introduced, we can move on to the second part of the proof
of soundness. We need to show that the model I satisfies the sentence α. In order to do so,
we introduce a mapping function, denoted by ∆B , that links each time point i ∈ N to a set
of sentences that are true in said i. These sentences come from the branch B. Depending on
how the branch is ticked, the function ∆B is defined in the following way.
If the branch was ticked with the empty rule:
 S
Γx , if i = 0;


 Sx0 ≤x≤xj0
∆B (i) :=
xji−1 <x≤xji Γx , if 1 ≤ i ≤ k − 1;



{}, otherwise.
⋎

⋎

⋎

⋎

⋎

⋎

⋎
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If the branch was ticked with the loop rule:
 S
Γx , if i = 0;


 Sx0 ≤x≤xj0
∆B (i) :=
xji−1 <x≤xji Γx , if 1 ≤ i ≤ k;



∆B (k), otherwise.
For a time point 0 ≤ i ≤ k, ∆B (i) contains the set of all sentences in Γ of the node
between the two consecutive state nodes xji−1 and xji , xji−1 not included. If B is ticked
thanks to the empty rule, then ∆B (i) is empty for all i ≥ k. If B is ticked thanks to the
loop rule, then ∆B (i) has the same set of sentences as ∆B (k) for all i ≥ k. We can show
next that if a sentence α1 is in ∆B (i), then IB , i |= α1 . In what follows, let B be a successful
branch of a tableau T , let k be the label of the last state node in B, and let IB , ∆B be the
interpretation and the mapping function of sentences extracted from B.
▶ Lemma 11. Let B be a successful branch, and i ∈ N. If

⃝α 1

∈ ∆B (i), then α1 ∈ ∆B (i + 1).

▶ Lemma 12. Let B be a successful branch, and i ∈ N. If □α1 ∈ ∆B (i), then for all f ≥ i,
we have {α1 , □α1 , ⃝□α1 } ⊆ ∆B (f ).
▶ Lemma 13. Let B be a successful branch, and i ∈ N. If ♢α1 ∈ ∆B (i), then there exists
d ≥ i s.t. α1 ∈ ∆B (d) and for all i ≤ f < d, we have {♢α1 , ⃝♢α1 } ⊆ ∆B (f ).
Lemma 11 to 13 are analogous to Reynolds’ method [14]. Their proof are in Appendix A.

⋎

▶ Proposition 14. Let B be a successful branch. If (i, i′ ) ∈ min B , then there is no i ≤ i′′
where (i′′ , i′ ) ∈ B .
⋎

⋎

Proof. Let B be a successful branch s.t. (i, i′ ) ∈ min B . Since the branch is successful, then
it is not closed with -inconsistency and therefore there is no i ≤ i′′ where (i′′ , i′ ) ∈ B . ◀
∼α1 ∈ ∆B (i), then there exists
▶ Lemma 15. Let B be a successful branch and 0 ≤ i ≤ k. If ♢
d ≥ i s.t. (i, d) ∈ min B and α1 ∈ ∆B (d).

Proof. Let B be a ticked branch of the tableau, k be the label of the last state node and
i ∈ N. We discuss two possibilities:
∼α1 ∈ ∆B (i), then we have
When the branch B is ticked with empty rule, whenever ♢
∼α1 ∈ ∆B (i), then ♢
∼α1 ∈ Γx where xji−1 < x ≤ xji . Let x be
0 ≤ i ≤ k − 1. Since ♢
∼) on ♢
∼α1 , then we either have α1 in Γ of the next
the node where we apply the rule (♢
∼α1 ) ∈ une of the next node. If α1 is in Γ of
node with (i, i) ∈ min B or we have (i, ♢
∼α1 ) ∈ une of the next node, then we find
the next node, then the lemma holds. If (i, ♢
∼
∼α1 ) ∈ une xj +1 . By applying
(i, ♢α1 ) ∈ une xji . Thanks to the transition rule, we have (i, ♢
i
the rule une on a node with the label i + 1,then we either have α1 in Γ of the next node
∼α1 ) ∈ une (the two remaining branches) of the
with (i, i + 1) ∈ min B or we have (i, ♢
next node. In a similar way as in i, we can conclude that either α1 ∈ ∆B (i + 1) with
∼α1 ) ∈ une xj
(i, i + 1) ∈ min B (the lemma holds) or (i, ♢
. Without loss of generality,
i+1
∼α1 ) is in une xj for i ≤ f ≤ k − 1 unless we find i ≤ d ≤ f with α1 ∈ ∆B (d)
(i, ♢
f
and (i, d) ∈ min B . Since the branch is closed thanks to the empty rule, it means that
∼α1 ) ̸∈ une xj
(i, ♢
. Therefore, there is a state i ≤ d ≤ k − 1 where α1 ∈ ∆B (d) with
k−1
(i, d) ∈ min B .
When the branch B is ticked with loop rule, the proof is analogous to the case of the
∼α1 ) ̸∈ une xj ).
empty rule (notice that we also have (i, ♢
◀
k
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▶ Theorem 16. Let B be a ticked branch from a saturated tableau, and IB = (V, ) be the
model built from the branch B. For all α ∈ L1 , for all i ≥ 0, if α ∈ ∆B (i) then IB , i |= α.
⋎

Proof. We prove this lemma using structural induction on the size of the sentence α. Let B
be a successful branch for a tableau T , and IB = (V, ) be the model built from B.
α = p. Let p ∈ ∆B (i). By construction of the model IB , we have p ∈ V (i). Therefore,
we have IB , i |= p.
α = ¬p. Let ¬p ∈ ∆B (i). Since B is a ticked branch, then it was not closed with the
contradiction rule, therefore we have p ̸∈ V (i). Therefore, we have IB , i |= ¬p.
α = α1 ∧ α2 . Let α1 ∧ α2 ∈ ∆B (i). By ∧-rule, we have α1 , α2 ∈ ∆B (i). By induction
hypothesis on α1 , α2 , we have IB , i |= α1 and IB , i |= α2 . Thus, we have IB , i |= α1 ∧ α2 .
α = α1 ∨ α2 . Let α1 ∨ α2 ∈ ∆B (i). By ∨-rule, we either have α1 or α2 in ∆B (i). Suppose
that α1 ∈ ∆B (i), by induction hypothesis on α1 , we have IB , i |= α1 . Therefore, we have
IB , i |= α1 ∨ α2 . Same reasoning applies when α2 ∈ ∆B (i).
α = ⃝α1 . Let ⃝α1 ∈ ∆B (i). Thanks to Lemma 11, we have α1 ∈ ∆B (i + 1). By induction
hypothesis on α1 , we have IB , i + 1 |= α1 . Therefore, we have IB , i |= ⃝α1 .
α = □α1 . Let □α1 ∈ ∆B (i). Thanks to Lemma 12, we have α1 ∈ ∆B (f ) for all f ≥ i.
By induction hypothesis on α1 , we have IB , f |= α1 for all f ≥ i. Therefore, we have
IB , i |= □α1 .
α = ♢α1 . Let ♢α1 ∈ ∆B (i). Thanks to Lemma 13, we have α1 ∈ ∆B (d) for some d ≥ i.
By induction hypothesis on α1 , we have IB , d |= α1 . Therefore, we have IB , i |= ♢α1 .
∼α1 . Let ♢
∼α1 ∈ ∆B (i). Depending on where i is, we have two cases:
α=♢
∼α1 ∈ ∆B (i), then we have ♢
∼α1 ∈ ∆B (k). Furthermore,
In the case of i > k, since ♢
∼α1 ) ̸∈ une xj . Therefore
since the branch is ticked with loop rule, we know that (i, ♢
k
α1 ∈ ∆B (k), thus α1 ∈ ∆B (i). Furthermore, since := B , and there is no f ≥ i such
∼α1 .
(f, i) ∈ B , then i ∈ min (i), and therefore, IB , i |= ♢
0 ≤ i ≤ k. Thanks to Lemma 15, there exists d ≥ i s.t. α1 ∈ ∆B (d) and (i, d) ∈ min B .
By induction hypothesis on α1 , we have IB , d |= α1 . Thanks to Proposition 14, there
is no i ≤ f ≤ k where (f, d) ∈ B and therefore there is no i ≤ f ≤ k where (f, d) ∈ .
Furthermore, by the construction of the model IB , there is no f ≥ k where (f, d) ∈ .
∼α1 .
Therefore, we have d ∈ min (i). Thus, we have IB , i |= ♢
◀
⋎

⋎

⋎

⋎

⋎ ⋎

⋎

⋎

⋎

Let α ∈ L1 , B be a ticked branch from a saturated tableau for α, IB = (V, ) be a model
built from B. Since we have α ∈ ∆B (0), then we have IB , 0 |= α.

4.2

Completeness

We conclude this paper by proving the completeness of the tableau method for sentences
in L1 i.e., if a sentence α is satisfiable, then any tableau for α has a successful branch, no
matter the order of applying the rules. We use a model I for α to find a ticked node.
▶ Theorem 17. Let α ∈ L1 be a satisfiable sentence of LT L ˜ . Then any tableau for α has
a successful branch.

⋎

⋎

The idea behind this proof is to have an intermediate sequence s that serves as a link
between an interpretation I that satisfies the sentence α and a tableau T for α. The sequence
s is a tuple s := (⟨x0 , x1 , x2 , . . . ⟩, s , min s ) where each xi is a pair (Γ, une), s , min s are
the set of constraints that the sequence s must follow in order to be coherent with
of
the interpretation. The set s is not an ordering relation, it records instances of points of
time not being minimal to other points of time w.r.t. the ordering relation . Remember
⋎

⋎

⋎
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⋎

that each when we apply the une rule, we add a pair (n′ , n) to in order to symbolize the
outcome of n not being minimal to n′ . The set of min s records the instances of points of
points of time being minimal to other points of time w.r.t. the ordering relation .
⋎

We link each node of the sequence xi to a time point J(xi ) of the interpretation I and a
labelled node f (xi ) of the tableau T . Depending on I, we can build the sequence s using the
tableau, we then show the sequence s ends up with a tick (✓). We make sure that for each
node xi with the index time point J(xi ) of the sequence, we have the following invariant:

⋎

Inv(xi , J(xi ))


For each α ∈ Γxi , we have I, J(xi ) |= α;







∼α1 ) ∈ une xi , there exists J2 ≥ J(xi ) where
For each (J1 , ♢




 J2 ∈ min (J1 ) and I, J2 |= α1 ;
⋎



For each (J1 , J2 ) ∈ min s , we have J2 ∈ min (J1 );







For each (J1 , J2 ) ∈ s , there exists J3 ≥ J1 s.t. (J3 , J2 ) ∈



(in other words J2 ̸∈ min (J1 )).

⋎

⋎

⋎

⋎

We start by putting the root node 0 : ({α}, ∅) with the index time point J(x0 ) := 0 at the
start of the sequence. For the first node x0 with the index time point 0 (since there is no rule
applied before the root node, the sets min s and s are empty at the start), we have I, 0 |= α.
Therefore the invariant Inv(x0 , 0) holds. Suppose that the invariant holds up to xi , and a
rule was applied to xi , we then add a new node xi+1 to the sequence depending on which
outcome of the rule represents the interpretation I. We then move to the outcome node in
the tableau, and see which rule is applied to it, and so on and so forth. Each time we add a
new node xi+1 to the sequence s, we need to make sure that the invariant Inv(xi+1 , J(xi+1 ))
holds. In general, the sequence will head from the parent node to a child node but it might
occasionally jump backwards (only in the case of the parent being a prune node, more on
that later). It is worth to point out that since we might be jumping back and forth between
nodes of T , each time we are add a new node xi+1 to the sequence s, we are going to rename
labels within the sets une x , B and min B by their respective indexed time points J. The
function f links each node xi of the sequence s to a labelled node f (xi ) of the tableau T .
It is worth to mention that, since we are only renaming labels of other sets, then we have
Γxi = Γf (xi ) . In Appendix B, we discuss the case of each rule that is applied to xi .
⋎

5

Conclusion

⋎

We introduced the basis for a tableau method for LT L˜. We showed how preferential
semantics work in a one-pass tree-shaped tableau. We also established semantic rules for the
∼ operator. We showed how to handle non-monotonic eventualities using une, B and min B .
♢
In the end, we proved that our method is sound and complete. The loop/prune checkers
proposed in this paper are specific to L1 , and work well under these restrictions.
With the foundation laid in this work, the next step is to establish semantic rules for
∼ operator. The next fragment of LT L˜ that we are investigating is the sub-language
the □
∼. We conjecture that the satisfiability of
that allows only Boolean sentences within □ and □
this fragment is decidable and has an upper bound model property similar to one that we
published in [6].
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A

Soundness proof

▶ Lemma 11. Let B be a successful branch, and i ∈ N. If

⃝α 1

∈ ∆B (i), then α1 ∈ ∆B (i + 1).

Proof. Let B be a ticked branch of the tableau, k be the label of the last node and i ∈ N.
We discuss two possibilities:
When the branch B is ticked with empty rule. We can see that when i ≥ k, ∆B (i) = {}
and therefore ⃝α1 ̸∈ ∆B (i). We also know that since ∆B (k) = {}, then there is no
⃝α1 ∈ Γxj
. Furthermore, there is no static rule that removes ⃝α1 , we can conclude
k−1
that there is no ⃝α1 ∈ ∆B (k − 1).
Otherwise, in the case of 0 ≤ i < k − 1, if ⃝α1 ∈ ∆B (i), then ⃝α1 ∈ Γx where
xji−1 < x ≤ xji . Since there is no static rule that removes ⃝α1 , we have ⃝α1 ∈ Γxji .
Furthermore, after applying the transition rule on the node xji , we have α1 ∈ Γxji +1 .
Thus, we have α1 ∈ ∆B (i + 1).
When the branch B is ticked with loop rule. In the case of 0 ≤ i < k, the proof is analogous
to the case of empty rule. When i = k, if ⃝α1 ∈ ∆B (k), then ⃝α1 is subsequently in Γxjk .
Since B is ticked with loop, then α1 is a sentence of the form □αbool and □αbool ∈ Γx
(xjk−1 < x ≤ xjk ) and therefore □αbool ∈ ∆B (k). Moreover, we have ∆B (k) = ∆B (k + 1).
Therefore, we have □αbool ∈ ∆B (k + 1) and thus α1 ∈ ∆B (k + 1).
In the case where i ≥ k. If ⃝α1 ∈ ∆B (i), then ⃝α1 ∈ ∆B (k − 1). As mentioned before,
since ⃝α1 ∈ ∆B (k − 1), then α1 is □α2 and □α2 ∈ ∆B (k − 1). Since □α2 ∈ ∆B (k − 1),
then □α2 ∈ ∆B (i + 1) and therefore α1 ∈ ∆B (i + 1).
◀
▶ Lemma 12. Let B be a successful branch, and i ∈ N. If □α1 ∈ ∆B (i), then for all f ≥ i,
we have {α1 , □α1 , ⃝□α1 } ⊆ ∆B (f ).
Proof. Let B be a ticked branch of the tableau, k be the label of the last node and i ∈ N.
For all 0 ≤ i ≤ k, whenever □α1 ∈ ∆B (i), then both α1 and ⃝□α1 is in ∆B (i). By
Lemma 11, since ⃝□α1 ∈ ∆B (i), then we have □α1 ∈ ∆B (i + 1). By successive applications
of Lemma 11, we have {α1 , □α1 , ⃝□α1 } ⊆ ∆B (f ) for all i ≤ f ≤ k. Note that in the case
of a branch ticked with empty rule, since ∆B (k) = {}, □α1 cannot be in any ∆B (i) where
0 ≤ i ≤ k. In other words, if a branch contains □α1 , it can only be ticked with loop rule.
Since {α1 , □α1 , ⃝□α1 } ⊆ ∆B (k), and for all f ≥ k, we have ∆B (f ) = ∆B (k), then
{α1 , □α1 , ⃝□α1 } ⊆ ∆B (f ). Thus, the lemma holds when 0 ≤ i ≤ k.
In the case of i > k, since □α1 ∈ ∆B (i) and ∆B (i) = ∆B (k − 1). Thanks to □-rule,
{α1 , □α1 , ⃝□α1 } ⊆ ∆B (k − 1). Thus, we have {α1 , □α1 , ⃝□α1 } ⊆ ∆B (f ) for all f ≥ k and
subsequently {α1 , □α1 , ⃝□α1 } ⊆ ∆B (f ) for all f ≥ i.
◀
▶ Lemma 13. Let B be a successful branch, and i ∈ N. If ♢α1 ∈ ∆B (i), then there exists
d ≥ i s.t. α1 ∈ ∆B (d) and for all i ≤ f < d, we have {♢α1 , ⃝♢α1 } ⊆ ∆B (f ).
Proof. Let B be a ticked branch of the tableau, k be the label of the last node and i ∈ N.
We discuss two possibilities:
When the branch B is ticked with empty rule. In the case of 0 ≤ i ≤ k − 1, whenever
♢α1 ∈ ∆B (i), then either α1 is in ∆B (i) or ⃝♢α1 is in ∆B (i). If α1 ∈ ∆B (i), the lemma
holds. Otherwise, by Lemma 11, if ⃝♢α1 ∈ ∆B (i) then ♢α1 ∈ ∆B (i + 1). By successive
applications of Lemma 11, {♢α1 , ⃝♢α1 } is in ∆B (f ) for i ≤ f ≤ k − 1, unless we find
i ≤ d ≤ f with α1 ∈ ∆B (d).
It remains to show that there is a time point d where α1 ∈ ∆B (d). Since the branch is
closed thanks to the empty rule, it means that ⃝♢α1 ̸∈ ∆B (k − 1). Therefore, there is a
state i ≤ d ≤ k − 1 where α1 ∈ ∆B (d).
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When the branch B is ticked with loop rule and in the case of 0 ≤ i ≤ k, the proof
is analogous to the case of empty rule (notice that ⃝♢α1 ̸∈ ∆B (k) also in the case of
branches ticked with loop).
In the case of i > k, since ♢α1 ∈ ∆B (i), then we have ♢α1 ∈ ∆B (k − 1). Furthermore,
since the branch is ticked with loop rule, we know that ⃝♢α1 ̸∈ ∆B (k). Therefore
α1 ∈ ∆B (k), thus α1 ∈ ∆B (i).
◀

B

Completeness proof

⋎

Proof. In this section, suppose that we build the sequence s up to xi and the invariant holds
for all the nodes in the sequence.
[Empty, Loop]: If we end up with a ticked node in the sequence s, the theorem holds.
[Contradiction]: If the sequence s is closed, then we have p and ¬p in Γxi . Since we
have Inv(xi , J(xi )), then we I, J(xi ) |= p and I, J(xi ) |= ¬p. This cannot happen in a
interpretation I ∈ I.
[∧]: Suppose that the rule ∧ is applied to the sentence α1 ∧ α2 on the node f (xi )
of the tableau T . Let y be the child node of the node f (xi ) in the branch. We have
Γy = (Γf (xi ) \ {α1 ∧ α2 }) ∪ {α1 , α2 }. We define the next node in the sequence xi+1 with
Γxi+1 = Γy , une xi+1 = une xi , and the sets min s , s remain unchanged. Since we have
Inv(xi , J(xi )) and α1 ∧ α2 ∈ Γxi , then I, J(xi ) |= α1 and I, J(xi ) |= α2 . For the node xi+1 ,
we have Γxi+1 = (Γxi \ {α1 ∧ α2 }) ∪ {α1 , α2 } and une xi+1 = une xi . Therefore the first and
second conditions of Inv(xi+1 , J(xi )) are met. Moreover, since min s , s remain unchanged
and we have Inv(xi , J(xi )), then the third and forth conditions of Inv(xi+1 , J(xi )) are met.
Consider that J(xi+1 ) = J(xi ), the invariant Inv(xi+1 , J(xi )) holds.
We can see that by applying a static rule of the from (∧, ∨, □, ♢) on the node f (xi ), we do
not add in either une, B or min B while applying these rules nor add a new non-monotonic
eventuality to be fulfilled in the outcome nodes. In order to lighten the proof, we skip the
∼ and une rules.
check for the second, third and fourth conditions of Inv up until ♢
[∨]: Suppose that the rule ∨ is applied to the sentence α1 ∨ α2 on the node f (xi ) of
the tableau T . We obtain two children nodes y and z of f (xi ). We have Γy = (Γf (xi ) \
{α1 ∨ α2 }) ∪ {α1 } and Γz = (Γf (xi ) \ {α1 ∨ α2 }) ∪ {α2 }. Since we have Inv(xi , J(xi )),
and α1 ∨ α2 ∈ Γxi , then we either have I, J(xi ) |= α1 or I, J(xi ) |= α2 . Consider that
J(xi+1 ) = J(xi ), we discuss two cases:
Case 1: If I, J(xi ) |= α1 , then we define the next node xi+1 with Γxi+1 = Γy and
une xi+1 = une xi . We know that Γxi+1 = (Γxi \ {α1 ∨ α2 }) ∪ {α1 }. Therefore for all
γ ∈ Γxi+1 , we have I, J(xi ) |= γ. Thus, the invariant Inv(xi+1 , J(xi )) holds.
Case 2: Otherwise, when I, J(xi ) |= α2 , then we define the node xi+1 with Γxi+1 = Γz
and une xi+1 = une xi . We know that Γxi+1 = (Γxi \ {α1 ∨ α2 }) ∪ {α2 }. Therefore for all
γ ∈ Γxi+1 , we have I, J(xi ) |= γ. Thus, the invariant Inv(xi+1 , J(xi )) holds.
⋎

⋎

[♢]: Suppose that the rule ♢ is applied to the sentence ♢α1 on the node f (xi ) of the tableau
T . We obtain two children nodes y and z of f (xi ). We have Γy = (Γf (xi ) \ {♢α1 }) ∪ {α1 }
and Γz = (Γf (xi ) \ {♢α1 }) ∪ {⃝♢α1 }. Since we have Inv(xi , J(xi )), and I, J(xi ) |= ♢α1 , then
we have I, J(xi ) |= α1 ∨ ⃝♢α1 . Therefore, we either have I, J(xi ) |= α1 or I, J(xi ) |= ⃝♢α1 .
Consider that J(xi+1 ) = J(xi ), we discuss two cases:
Case 1: If I, J(xi ) |= α1 , then we define the next node xi+1 with Γxi+1 = Γy and
une xi+1 = une xi . We know that Γxi+1 = (Γxi \ {♢α1 }) ∪ {α1 }. Therefore for all γ ∈ Γxi+1 ,
we have I, J(xi ) |= γ. Thus, the invariant Inv(xi+1 , J(xi )) holds.
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Case 2: When I, J(xi ) |= ⃝♢α1 , then we define the next node xi+1 with Γxi+1 = Γz
and une xi+1 = une xi . We know that Γxi+1 = (Γxi \ {♢α1 }) ∪ {⃝♢α1 }. Therefore for all
γ ∈ Γxi+1 , we have I, J(xi ) |= γ. Thus, the invariant Inv(xi+1 , J(xi )) holds.

⋎

[□]: Suppose that the rule □ is applied to the sentence □α1 on the node f (xi ) of the
tableau T . Let y be the child node of the node f (xi ) in the branch. We have Γy = (Γf (xi ) \
{□α1 }) ∪ {α1 , ⃝□α1 }. We define the next node xi+1 with Γxi+1 = Γy and une xi+1 = une xi
and I, J(xi ) |= □α1 , then we have I, J(xi ) |= α1 ∧ ⃝□α1 . Therefore, we have I, J(xi ) |= α1
and I, J(xi ) |= ⃝□α1 . We know that Γxi+1 = (Γxi \ {□α1 }) ∪ {α1 , ⃝□α1 }. Therefore
for all γ ∈ Γxi+1 , we have I, J(xi ) |= γ. Consider that J(xi+1 ) = J(xi ), the invariant
Inv(xi+1 , J(xi )) holds.
∼]: When the rule [♢
∼] is applied to ♢
∼α1 on the node f (xi ) of T , we explore two outcomes.
[♢
Let n be the label of the node f (xi ) in the branch. In the first outcome, we have a child y
∼α1 }) ∪ {α1 } and (n, n) in min of the branch. In the second outcome,
with Γy = (Γf (xi ) \ {♢
∼α1 }) and une z = une f (x ) ∪ (n, ♢
∼α1 ). Since
we have a child node z with Γz = (Γf (xi ) \ {♢
i
∼α1 ∈ Γxi , then we have I, J(xi ) |= ♢
∼α1 . It means that there
we have Inv(xi , J(xi )), and ♢
exists J1 ≥ J(xi ) s.t. J1 ∈ min (J(xi )) and I, J1 |= α1 . Consider that J(xi+1 ) = J(xi ), we
discuss two cases:
Case 1: If J1 = J(xi ), then we have I, J(xi ) |= α1 and J(xi ) ∈ min (J(xi )). We then
define the next node xi+1 of the sequence with Γxi+1 = Γy , une xi+1 = une xi and add the
pair (J(xi ), J(xi )) to min s . Notice that we swap the labels of nodes with the position of
their indexed time point J(xi ), we will be using indexed time point J instead of labels
∼α1 }) ∪ {α1 } with I, J(xi ) |= α1 .
throughout this proof. We know that Γxi+1 = (Γxi \ {♢
Additionally, we have min s := min s ∪ {(J(xi ), J(xi ))} with J(xi ) ∈ min (J(xi )). The
sets une xi+1 , s remains unchanged. Therefore, the invariant Inv(xi+1 , J(xi )) holds.
Case 2: when J1 > J(xi ), then we define the next node xi+1 of the sequence with
∼α1 )}. We also know that J1 > J(xi ) and
Γxi+1 = Γz , une xi+1 = une xi ∪ {(J(xi ), ♢
J1 ∈ min (J(xi )) and I, J1 |= α1 . Therefore, the second condition of Inv(xi+1 , J(xi ))
∼α1 ). The sets min s and s remain unchanged. The invariant
holds on the pair (J(xi ), ♢
Inv(xi+1 , J(xi )) holds.
⋎

⋎

⋎

⋎

⋎

⋎

∼α1 ) in une of f (xi ). Let n be the
[une]: When the rule [une] is applied on a pair (n1 , ♢
∼] was applied on
label of the node f (xi ). Let x be the predecessor of xi in s where the rule [♢
∼α1 , let J(x) be the indexed time point of x. Note that the label of f (x) is n1 . In the first
♢
∼α1 )} and
outcome, we have a child y where Γy = Γf (xi ) ∪ {α1 }, une y = une f (xi ) \ {(n1 , ♢
(n1 , n) in min of the branch. In the second outcome, we have a child z where Γz = Γf (xi ) ,
une z = une f (xi ) and (n1 , n) in min of the branch. In the third outcome, we have a child v
where Γv = Γf (xi ) , une v = une f (xi ) and (n1 , n) in of the branch.
On the other hand, since x is a predecessor of xi in s, then we have Inv(x, J(x)).
∼α1 ) ∈ une f (x ) , it means that when the rule [♢
∼] is applied
Furthermore, since we have (n1 , ♢
i
∼α1 ) ∈ une f (x+1) is the path that corresponds with
on the node f (x), the branch where (n1 , ♢
∼] rule, since we have Inv(x + 1, J(x + 1)), (n1 , ♢
∼α1 ) ∈ une f (x+1)
the interpretation I. By [♢
∼α1 ) ∈ une x+1 . Furthermore, since
and we know that J(x + 1) = J(x), then we have (J(x), ♢
∼α1 ) up to f (xi ), then the pair (J(x), ♢
∼α1 ) remains also
no rule application consumed (n1 , ♢
′
′
in une xi . Also, we have Inv(xi , J(xi )), then there is J ≥ J(xi ) where J ∈ min (J(x)) and
I, J ′ |= α1 . Consider that J(xi+1 ) = J(xi ), we discuss all possibilities below:
Case 1: If J ′ = J(xi ), then we have J(xi ) ∈ min (J(x)) and I, J(xi ) |= α1 . We
∼α1 )} and add
define the next node xi+1 with Γxi+1 = Γy , une xi+1 = une xi \ {(J(x), ♢
(J(x), J(xi )) to min s . We have Γxi+1 = Γxi ∪ {α1 } with I, J(xi ) |= α1 . Additionally, we
have (J(x), J(xi )) ∈ min s with J(xi ) ∈ min (J(x)). The set s remains unchanged.
Thus, the invariant Inv(xi+1 , J(xi )) holds.

⋎

⋎

⋎

⋎
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⋎

Case 2: when J ′ > J(xi ), we have two possibilities:
Case 2.1: If J(xi ) ∈ min (J(x)), then we define the next node xi+1 with Γxi+1 = Γz ,
une xi+1 = une xi and add (J(x), J(xi )) to min s . We have (J(x), J(xi )) ∈ min s with
J(xi ) ∈ min (J(x)). The sets Γxi+1 , une xi+1 and s remain unchanged. Thus, the
invariant Inv(xi+1 , J(xi )) holds.
Case 2.2: If J(xi ) ̸∈ min (n1 ), then there exists J ′′ ≥ J(x) s.t. (J ′′ , J(xi )) ∈ . We
define the next node xi+1 with Γxi+1 = Γv , une xi+1 = une xi and add (J(x), J(xi )) to
s . We have (J(x), J(xi )) ∈ s with J(xi ) ̸∈ min (n1 ). The sets Γxi+1 , une xi+1 and
min s remain unchanged. Thus, the invariant Inv(xi+1 , J(xi )) holds.
⋎

⋎

⋎

⋎

⋎

⋎

⋎

⋎ ⋎

[Transition]: Suppose that the transition rule is applied on the state node f (xi ). Let
y be the child node of the node xi in the branch. We have Γy = {α1 | ⃝α1 ∈ Γf (xi ) } and
une y = une f (xi ) . We define the next node xi+1 in s with Γxi+1 = Γy and une xi+1 = une xi .
We consider that J(xi+1 ) = J(xi ) + 1.
Since we have Inv(xi , J(xi )), then for all ⃝α1 ∈ Γxi , we have I, J(xi ) |= ⃝α1 and
therefore I, J(xi ) + 1 |= α1 . The first condition of the invariant Inv(xi+1 , J(xi ) + 1) is met.
∼α1 ) ∈ une f (x ) , either the
Secondly, since xi is a state node, then for each remaining (n1 , ♢
i
′
′
∼] or [une] was applied to a node f (xi ) with the index J(xi ) = J(xi ) and (n1 , ♢
∼α1 ) was
rule [♢
∼α1 ) ∈ une f (x ) , we have (J(x1 ), ♢
∼α1 ) ∈
carried over to f (xi ). In both rules, for each (n1 , ♢
i
∼] was applied to ♢
∼α1 (see Case 2 for [♢
∼] and
une xi s.t. f (x1 ) is the node where the rule [♢
[une] rules). Furthermore, since we have Inv(xi , J(xi )) and f (xi ) is a state node, then for
∼α1 ) ∈ une xi , there exists J2 > J(xi ) where J2 ∈ min (J(x1 )) and I, J2 |= α1 .
each (J(x1 ), ♢
Without loss of generality, there exists J2 ≥ J(xi )+1 where J2 ∈ min (J(x1 )) and I, J2 |= α1 .
The second condition of the invariant Inv(xi+1 , J(xi ) + 1) is met. Since min s and s remain
unchanged, the invariant Inv(xi+1 , J(xi ) + 1) holds.
[ -inconsistency]: Suppose that the -inconsistency rise on the node f (xi ), and let n
be the label of the f (xi ) on the branch B. If this inconsistency rises, we have (n1 , n) in min B
∼] or [une] rule
and (n2 , n) in B where n1 ≤ n2 ≤ n. These two pairs come from applying [♢
′
on two predecessors f (x), f (x ) of f (xi ) with the same label n and the same indexed time
point J(x) = J(x′ ) = J(xi ).
Let J1 be the time point corresponding to the node f (x1 ) with the label n1 , and let
J2 be the time point corresponding to the node f (x2 ) with the label n2 . It is worth to
mention that J1 ≤ J2 ≤ J(xi ). Since x, x′ are predecessors of x, we have Inv(x, J(x)),
Inv(x′ , J(x′ )) and Inv(xi , J(xi )). Therefore, we the rules are applied on x and x′ , we end
up with (J1 , J(xi )) ∈ min s and (J2 , J(xi )) ∈ s . Since (J1 , J(xi )) ∈ min s , then we have
J(xi ) ∈ min (J1 ). On the other hand, since (J2 , J(xi )) ∈ s , then there exists J3 ≥ J2
s.t. (J3 , J(xi )) ∈ . Moreover, we have J1 ≤ J2 , this entails that there exists J3 ≥ J1 s.t.
(J3 , J(xi )) ∈ . This contradicts Definition 4 of minimality w.r.t. to the relation . Therefore
this cannot happen in a interpretation I ∈ I.
[Prune]: Let f (xi ) be a state node where the prune condition is met. There is a sequence
within s that goes the following way, xh = u, xh+1 , xh+2 , . . . , v = xi . The node u or xh is
the state node that comes before xi and the node v is the current state node. Since v is a
prune node, we have Γv = Γu and une u = une v . We can see that if we apply the transition
rule to the node xi , we will have Γxi+1 = Γxh+1 and une xi+1 = une xh+1 . Therefore, we can
proceed with the construction of s as if xi was linked to f (u) instead of f (v). Thanks to the
transition, since we have Inv(xu , J(xu )), then we have Inv(xi+1 , J(xi ) + 1).
Each time we find a pair (u, v) in the sequence s, we call it a jump. These jumps may
occur once or many times (and it may go infinite) in s. In a sequence s, if a pair (u, v) jumps
repeatedly in succession, we call the pair a recurring jump. It is worth to point out that,
⋎

⋎

⋎

⋎

⋎

⋎

⋎

⋎

⋎

⋎
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each time we jump backwards because of a node closed with prune, we return to the state
labelled node that comes before. In general, the sequence s explores one branch B of T , and
it deviates sometime to a prune node and goes back to B. Furthermore, since no eventuality
is fulfilled within a prune loop, eventualities and their fulfillment are in the same branch B.
What we showed so far is that for an interpretation I and its corresponding sequence s,
we have Inv(xi , J(xi )) for each i ≥ 0. Going back to the start of the proof, we need to prove
that the sequence finishes with a ticked node (such is the case when we end up in [loop] or
[empty] node). We can see that if the sequence s is on a [prune] node, we jump back to the
state node that comes before it. Theoretically, this jump can recur infinitely many times.
This means that sequence goes infinite on this case (and never find a ticked node). We need
to prove that this case cannot happen in the sequence s of I. Suppose that is the case, that
means the last jump (uk , vk ) in the sequence s is a recurring jump that goes infinitely many
times. The jumps (uj , vj ) that come before may recur many times but not infinitely many
times (otherwise, (uk , vk ) would not be the last jump). In the recurring jump (uk , vk ), no
eventuality is fulfilled (whether it is classical or non-monotonic). This entails that when we
are in a parent node uk < xl < vk that applies either [♢] or [une] rule, we move to the child
node that delays the propagation of the eventuality (we are in Case 2 for both rules).
It is worth to point out that we have at least one eventuality in uk . Let us take ⃝♢α1 ∈ Γuk
for example, since we have Inv(uk , J(uk )), that means that I, J(uk ) |= ⃝♢α1 . Thus, we take
the first time point Jα1 > J(uk ) s.t. I, Jα1 |= α1 . We also have I, Jα1 |= ♢α1 . On the other
hand, for all J(uk ) < J < Jα1 , we have I, J |= ♢α1 I, J |= ⃝♢α1 . In other words, each time
we encounter ♢α1 ∈ Γxl−1 within our jumps (keep in mind we have Inv(xl−1 , J)), we pick
the node in Case 2 of the [♢] rule i.e., ⃝♢α1 ∈ Γxl . However, in the node indexed with Jα1 ,
when we encounter ♢α1 ∈ Γxl′ −1 (keep in mind we have Inv(xl′ −1 , Jα1 )), we pick the node
in Case 1 of the [♢] rule i.e., α1 ∈ Γx′l . This raises a contradiction, because the node xl′ is
not present within the jump (uk , vk ). Thus breaking the infinite recurring jump (uk , vk ).
∼α1 ) ∈ une uk . Since we have
If the eventuality is a non-monotonic one, namely (J1 , ♢
Inv(uk , J(uk )) with uk being a state node, there exists J ′ > J(uk ) s.t. J ′ ∈ min (J1 )
and I, J ′ |= α1 . Let Jα1 be the first time point that met these criteria. For all J(uk ) <
∼α1 ) ∈ une xl−1 with the index J, we have Jα1 > J,
J < Jα1 , each time we encounter (J1 , ♢
∼α1 ) ∈
Jα1 ∈ min (J1 ) and I, Jα1 |= α1 . Therefore, we pick Case 2 of [une] rule i.e., (J1 , ♢
∼α1 ) ∈ une x ′
une xl . However, when we encounter (J1 , ♢
with
the
index
J
,
we
have
α
1
l −1
Jα1 ∈ min (J1 ) and I, Jα1 |= α1 , then we pick the node in Case 1 of [une] rule i.e., α1 ∈ xl′ .
This raises a contradiction, because the node xl′ is not present within the jump (uk , vk ).
We proved that since I, 0 |= α, then the corresponding sequence s cannot finish on a
contradiction, -inconsistency or a prune jump. Therefore it must finish with a ticked node.
Hence, the tableau T of α has a ticked node and therefore a successful branch.
◀
⋎

⋎

⋎
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Introduction

Two-player zero-sum games are well studied for controller synthesis of discrete event systems.
But, they are not sufficient to model real-time probabilistic systems. To model real-time
systems, one needs to capture the semantics of time. Timed automata [4] are a well-known
and extensively studied formalism widely used to model real timed systems. Timed automata
models time with a finite set of real valued variables known as clocks. The reachability
problem of timed automata is showed to be PSPACE-Complete using a special abstraction
known as region automata [4]. But, only clocks are not sufficient to model stochastic behaviors
of a system. In [7] probabilistic semantics were added in timed automata where choices of
time and transitions are randomized. The probabilistic notion was mostly used to solve the
“almost sure model checking” [8] of timed automata i.e., to check if a property is satisfied
with some certainty or not. Different formalisms like probabilistic timed automata [18],
continuous probabilistic timed automata [17], continuous timed Markov chains [6], and
stochastic timed automata [9] have been proposed that capture both of the real-time and
stochastic nature of the system. Timed games [5] are a natural extension of timed automata
to model interactive systems in a more robust manner. Stochastic timed games (STG in
short) was proposed in [10], which extends timed games with probabilities. Just like timed
games, the locations are partitioned among players but in STG there is a special player
known as the “environment”. A player can only process their move if she is in a location
that belongs to her. The player “environment” is different from other players in the sense
that it can choose delays and transitions stochastically based on a distribution. Hybrid
automata [3] is a powerful formalism that uses more generalized real valued variables to model
hybrid systems. Unlike clocks, the value of the variables in a hybrid automaton changes
depending on a function defined on the locations. These functions can be linear as well as
non-linear. But, most of the interesting problems of hybrid automata like reachability are
© Sparsa Roychowdhury;
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undecidable [14]. Hybrid automata have been studied extensively under different constraints
like time-bounded hybrid automata [12], initialized hybrid automata [20], singular hybrid
automata [16], etc. A hybrid automaton is linear if its constraints can be expressed as linear
expressions over the set of variables [2]. A stopwatch [13] is a real-valued variable that can
either track time like clocks or can choose to stay in the current value depending on the
current location. It is shown in [13] that a minor upgrade from timed automata to stopwatch
automata immediately yields the full expressive power of linear hybrid automata.
In case of stochastic systems reachability, one can associate a probability parameter p
with reachability query to ask, “is a state reachable from another state with probability
p?”. The parameter p is called threshold probability. Depending on the value of threshold
probability, we can have two different types of reachability queries,
Quantitative Reachability: When the constraint on the threshold is 0 < p < 1,
Qualitative Reachability: When the constraint on the threshold is p ∈ {0, 1}.
It is known that [10], the qualitative reachability problem is decidable for 1 12 -player stochastic
timed games with one clock, and quantitative reachability is undecidable for 2 12 -player
stochastic timed games with ≥ 3 clocks. These results were further refined in [1], where it
was shown that the qualitative reachability problem is undecidable for 1 12 -STGs with four or
more clocks, and the same problem is undecidable for 2 21 -STGs for three or more clocks.
Just as stopwatches generalizes clocks, we generalize stochastic timed games to stochastic
stopwatch games (SSG in short) by replacing clocks with stopwatches. We solve the qualitative
reachability problem on this extended model. Our focus in this paper is only on qualitative
reachability and 1 12 player games on SSG. We keep the case of two and a half player qualitative
reachability for future work. Our main results are,
(1) The qualitative reachability problem is EXPTIME-Complete for 1 12 player stochastic
stopwatch games with two stopwatches.
(2) The qualitative reachability problem for 1 12 player stochastic stopwatch games is
undecidable (Π01 hard) with three stopwatches.
Our results give a tight demarcation between decidability and undecidability in the case of
1 21 player SSGs.

2

Preliminaries

We use standard notations for the set of reals (R), rationals (Q), and natural numbers (N),
and add subscripts to indicate additional constraints (for instance R≥0 is for the set of
non-negative reals). Let X be a finite set of real-valued variables called clocks. A valuation
on X is a function ν : X → R≥0 . We assume an arbitrary but fixed ordering on the clocks
and write xi for the clock with order i. This allows us to treat a valuation ν as a point
|X |
(ν(x1 ), ν(x2 ), . . . , ν(xn )) ∈ R≥0 . For a subset of clocks R ⊆ X and valuation ν ∈ R|X | , we
write ν[R] for the valuation where ν[R](x) = 0 if x ∈ R, and ν[R](x) = ν(x) otherwise. For
t ∈ R≥0 , write ν + t for the valuation defined by ν(x) + t for all x ∈ X . The valuation
0 ∈ R|X | is a special valuation such that 0(x) = 0 for all x ∈ X . A constraint (or guard)
|X |
over X is a subset of R≥0 defined by a (finite) conjunction of constraints of the form x ▷◁ k,
where k ∈ N, x ∈ X , and ▷◁ ∈ {<, ≤, =, >, ≥}. We write rect(X ) for the set of constraints
on X . For a constraint φ ∈ rect(X ), and a valuation ν, we write ν |= φ to represent the fact
that valuation ν satisfies constraint φ (defined in a natural way).
▶ Definition 1 (Timed Automata [4]). A timed automaton is a tuple A = (Q, Q0 , X , ∆, F )
where Q is a finite set of locations, Q0 ⊆ Q is a set of initial locations, X is a finite set
of clocks, F ⊆ Q is a set of accepting locations and ∆ is a set of transitions of the form
(l1 , φ, R, l2 ) where, l1 , l2 ∈ Q, R ⊆ X is known as the set of reset clocks, and φ ∈ rect(X ).
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|X |

A state s of timed automata is a pair s = (l, ν) ∈ (Q × R≥0 ) consists of a location and
valuation. A transition (t, e) from a state s = (l, ν) to a state s′ = (l′ , ν ′ ) is written as
t,e
s −−→ s′ if e = (l, φ, R, l′ ) ∈ ∆, such that ν + t |= φ, and ν ′ = (ν + t)[R](x).
t1 ,e1

t2 ,e2

A run is a finite or infinite sequence of transitions ρ = s0 −−−→ s1 −−−→ s2 . . . of states
0,e
and transitions. An edge e is enabled from s whenever there is a state s′ such that s −−→ s′ .
t,e
Given a state s of A and an edge e, we define E(s, e) = {t ∈ R≥0 | s −−→ s′ } for some s′ and
S
E(s) = e∈∆ E(s, e). We say that A is non-blocking if and only if for all states s, E(s) ̸= ∅.
▶ Definition 2 (Singular Stopwatch Automata ). A Singular Stopwatch automaton is a tuple
H = (Q, Q0 , V, ∆, R, F ) where,
Q is a finite set of locations including a distinguished initial set of locations Q0 ⊆ Q,
V is an (ordered) set of variables called stopwatches,
∆ ⊆ Q × rect(V ) × 2V × Q is the set of transitions of the form (l, φ, R, l′ ) such that,
l, l′ ∈ Q, φ ∈ rect(V ), and R ⊆ V subset of variables that are reset during the transition.
R : Q → {0, 1}|V | is the location dependent flow function characterizing the rate of each
variable in each location.
F ⊆ Q is the set of final locations.
A variable x ∈ V is a clock when for all locations l ∈ Q, R(l)[x] = 1, and a variable is a
stopwatch when, for all locations l ∈ Q, R(l)[x] ∈ {0, 1}. Just like timed automata the map
ν : V → R≥0 represents the current valuation of the variables, we define a state of H as a
|V |
pair of locations and valuations (l, ν) ∈ (Q × R≥0 ). For a state s = (l, ν) of H and t ∈ R≥0
we define s + t = (l, ν + t) where, (ν + t)(x) = ν(x) + R(l)[x] · t, ∀x ∈ V . A transition (t, e) of
t,e
H from a state s = (l, ν) to a state s′ = (l′ , ν ′ ) is written as s −−→ s′ if e = (l, φ, R, l′ ) ∈ ∆,
t1 ,e1
t2 ,e2
such that ν + t |= φ, and ν ′ = (ν + t)[R](x). A run of H is ρ = (l0 , ν0 ) −−−→ (l1 , ν1 ) −−−→ . . .
S
of states and transitions. The notions of non blocking states, and E(s) = e∈∆ E(s, e) for all
states carry over as in timed automata.
Singular Stopwatch automata are a special case of singular hybrid automata [16], when
the variables are stopwatches. We now formally define the stochastic stopwatch games in the
same line of stochastic timed games as defined in [10].
▶ Definition 3 (1 12 -Stochastic Stopwatch Games (1 12 -SSG)). A 1 12 -player stochastic stopwatch
game is a tuple SG = (H, Q♢ , Q⃝ , w, µ) where H = (Q, Q0 , V, ∆, R, F ) is a singular
stopwatch automaton, (Q♢ , Q⃝ ) is a partition of Q such that they are controlled by players
♢ and ⃝ respectively, w is a map that assigns weight to each transition leaving Q⃝ , and µ
|X |
is a function that assigns a measure over E(s) for every state s ∈ Q⃝ × R≥0 . The function
µ(s) satisfies the following properties,
(1) µ(s)(E(s)) = 1 (Law of total probability)
(2) Let λ be the Lebesgue measure, if λ(E(s)) > 0 then for each measurable set B ⊆ E(s)
we have λ(B) = 0 if and only if µ(s)(B) = 0. The choice of measures is such that the
measures evolve smoothly while moving from one state to another.
The singular stopwatch automaton H is equipped with uniform distributions over delays
if for every state s, E(s) is bounded, and µ(s) is the uniform distribution over E(s). H is
equipped with exponential distributions over delays whenever, for every state s, either E(s)
has Lebesgue measure zero,
R or E(s) = R≥0 and for every location l, there is a positive rational
αl such that µ(s)(E) = t∈E αl e−αl t dt. We assume αl = 1 for all locations l. The locations
in Q♢ are controlled by player ♢. The locations in Q⃝ are governed by probabilistic laws.
|V |
For s ∈ Q⃝ × R≥0 , both delays and discrete moves will be chosen probabilistically: from s,
a delay d is chosen following the probability distribution over delays µ(s). Then, from state
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s + d, an enabled edge is selected following a discrete probability distribution that is given in
a usual way with the weight function w: in state s + t, the probability of edge e (if enabled),
denoted p(s + t)(e) is P {w(e′ )|e′ isw(e)
enabled in s+t} . This way of probabilizing behaviours
e′

in timed automata has been presented in [10]. We refer to ℓ ∈ Q⃝ as stochastic nodes and
ℓ ∈ Q♢ as diamond (♢) nodes.
tn ,en

t1 ,e1

Strategies. Let ρ = (l0 , ν0 ) −−−→ (l1 , ν1 ) . . . −−−→ (ln , νn ) be a finite run of SSG SG. A
tn ,en
t1 ,e1
strategy (for ♢) is a function that maps a finite run ρ = (l0 , ν0 ) −−−→ (l1 , ν1 ) . . . −−−→ (ln , νn )
t,e
to a pair (t, e) such that (ln , νn ) −−→ (l′ , ν ′ ) for some (l′ , ν ′ ), whenever ln ∈ Q♢ . In order
to measure probabilities of certain sets of runs, the following measurability condition is
imposed on strategy λ♢ : for every finite sequence of edges e1 , . . . , en and every state
s, the function χ : (t1 , . . . , tn ) → (t, e) is such that χ(t1 , . . . , tn ) = (d, e) if and only if
t1 ,e1
t2 ,e2
tn ,en
λ♢ (s0 → s1 → s2 . . . → sn ) = (t, e) is measurable.
Given SSG SG, a finite run ρ ending in state s0 , and a strategy λ♢ , we define
Runs(SG, ρ, λ♢ ) to be the set of all runs generated by λ♢ after prefix ρ; that is, the
set of all runs of the automaton satisfying the following condition: If si = (li , ν)
t1 ,e1
t2 ,e2
ti ,ei
and l ∈ Q♢ , then λ♢ returns (ti+1 , ei+1 ) when applied to ρ → s1 → . . . → si .
Given a finite sequence e1 , . . . , en of edges, a symbolic path πλ♢ (ρ, e1 . . . en ) is defined as
t1 ,e1

t2 ,e2

tn ,en

πλ♢ (ρ, e1 . . . en ) = {ρ′ ∈ Runs(SG, ρ, λ♢ ) | ρ′ = s0 → s1 → s2 . . . → sn , with ti ∈ R≥0 }.
When λ♢ is clear, we simply write π(ρ, e1 . . . en ).
Given a strategy λ♢ , and a finite run ρ ending in state s = (l, ν), a probability measure
Pλ♢ can be defined on the set Runs(G, ρ, λ♢ ), following [10]. First, define Pλ♢ on symbolic
paths starting with ρ, Pλ♢ (π(ρ)) = 1. Then:
If ℓ ∈ Q♢ , and λ♢ (ρ) = (t, e),


if e1 ̸= e
0
Pλ♢ (π(ρ, e1 . . . en )) =

t,e
Pλ (π(ρ −
−→ s′ , e2 . . . en )) otherwise
♢
If ℓ ∈ Q⃝
Z

t,e1

p(s + t)(e1 ) · Pλ♢ (π(ρ −−→ s′ , e2 . . . en )) tµ(s)(t)

Pλ♢ (π(ρ, e1 . . . en )) =
t∈E(s,e1 )
t,e1

where s −−→ s′ for every d ∈ E(s, e1 ).
The correctness of these integrals is done as in [10], assuming some measurability
conditions. When Q♢ = ∅ we call this game a 21 -player stochastic stopwatch games.
▶ Example 4. We give here an example to explain the method of computing probabilities in
the ( 21 -SSG) SG in the Figure 1. There is a single stopwatch x.
x ≤ 1, e3
x ≤ 1, e1

A

{x}
x ≤ 4, e4

Figure 1 An example of

1
2

SSG.

3 ≤ x ≤ 4, e2

D

x ≤ 1, e3

C

B

S. Roychowdhury

17:5

We consider two cases. First, assume the rate of x R[l](x) = 0 when, l = B, and
R[l](x) = 1 when l ̸= B. The initial state is s0 = (A, 0). Then:
1

Z
P(π((A, 0), e1 e3 )) =
0

P(π((B, 0), e3 ))
dµ(A,0) (t) =
2

1

Z
0

1
2

∞

Z
0

1
· dµ(B,0) (t1 ) · dµ(A,0) (t)
3
1

Z
=
0

11
23

∞

Z

e

−t1

dt1 dt =

0

1
6

dµ(A,0) is the uniform distribution over [0,1]. Note that since the rate of x is 0 at B,
an unbounded time can be spent, enabling transition e3 . Hence, dµ(B,0) is the exponential
distribution. Second, if we assume the rate of x is 1 in all locations (x is a clock), then we
have the uniform distribution of all delays.
1

Z
P(π((A, 0), e1 e2 )) =
0

P(π((B, 0), e2 ))
dµ(A,0) (t) =
2

1

Z
0

1
2

4

Z
3

1
· dµ(B,0) (t1 ) · dµ(A,0) (t)
3
1

Z
=
0

11
23

4

Z
3

1
1
dt1 dt =
4−0
24

Note that SSGs are defined on top of a stopwatch automata. In general, reachability is
undecidable for stopwatch automata [13]. On restricting the number of stopwatches, we find
the fine boundary between decidability and undecidability for 1 21 -SSG.
Qualitative Reachability. We study the qualitative reachability problem for SSGs, stated as
follows. Given a SSG SG with a set T of target locations, an initial state s0 and p ∈ {0, 1},
decide whether there is a strategy λ♢ for Player ♢ such that Pλ♢ ({ρ ∈ Runs(SG, s0 , λ♢ ) |
ρ visits T }) ▷◁ p. Now we state our main theorem,
▶ Theorem 5. The qualitative reachability problem of 1 21 -SSG is
(1) decidable with two stopwatches moreover, it is EXPTIME complete.
(2) undecidable with three variables (with at least one stopwatch, and other two are clocks).

3

Qualitative Reachability of 1 12 SSG : the two stopwatches case

The qualitative reachability of 1 12 SSG SG consists of two major objectives, reaching a desired
set of locations F of SG, with probability greater than 0, and equal to 1, represented by
Prob_Reach>0 (F ) and Prob_Reach=1 (F ) respectively. All other objectives can be achieved
using these two. All the edges of SG have some positive probability greater than 0 because
we can remove the negligible edges effectively [10]. Since objectives under consideration are
Prob_Reach>0 (F ) and Prob_Reach=1 (F ), exact probability does not matter. Thus, we only
need to check if there is some clock valuation which allows us to make a move, or if all
valuations are good. Hence, it is sufficient to work with regions.
▶ Lemma 6. Given a 2 variable 1 12 SSG SG, and desired set of target locations F , we
can compute the set of states from which player ♢ has a strategy to attain the objective of
Prob_Reach>0 (F ).
Proof. The first thing to do is to work with the underlying singular stopwatch automaton A
of the SG. Since A has only 2 stopwatches, with some care, the region construction applies
to A (Appendix A.1), and we can construct the region automaton R(A) corresponding to
A, such that there is a run ρ in A reaching a target location T ∈ F if and only if there is a
run ρ′ in R(A) reaching a corresponding target location T ′ . R(A) is an untimed automaton,
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and the locations of R(A) have the form (l, α) where l is a location of A and α ∈ Reg(V ) is
a region over the variables V of A. Thus, T ′ = {(T, α) | α ∈ Reg(V ), T ∈ F )} is the set of
target locations in R(A). Note that the region construction for singular stopwatch automata
does not extend when there are 3 variables (see Appendix A.2).
Given a location (l, α) ∈ R(A), we say that it belongs to Q♢ if l ∈ Q♢ ; likewise,
(l, α) ∈ Q⃝ if l ∈ Q⃝ .
For brevity, in the following, we use ℓ to denote locations of R(A). Likewise we use
F to denote target locations in R(A). Our reachability algorithm operates on the region
automaton R(A). We do backward reachability, starting from the target F . We construct a
set Y as follows.
1. Initialize: Y0 =F
2. Repeatedly add locations ℓ to Yi , to construct Yi+1 as follows, Yi+1 = Yi ∪ {ℓ},
a. If ℓ ∈ Q⃝ , and has at least one enabled edge going into the set Yi .
b. If ℓ ∈ Q♢ , and has at least one enabled edge going into the set Yi .
We will repeat Step-2 until a fixpoint is reached.
Now, we claim that: a location ℓ ∈ Y if and only if there exists a strategy of player ♢
from ℓ to attain the objective Prob_Reach>0 (F ).
(⇒) Let ℓ ∈ Y . The rank of a location ℓ is i if it is added to Yi . We prove that if ℓ ∈ Y ,
then player ♢ has a strategy such that F is reached with positive probability by inducting
on the rank of locations. The base case is trivial when i = 0 since target locations have rank
0. Assume the result holds for ranks ⩽ i. Now, we will prove for rank i + 1. There can be
two different cases depending on the type of location.
Case ℓ ∈ Q♢ : If location ℓ belongs to player ♢, then the probability of reaching F from ℓ is
equal to the probability of reaching some location ℓ′ of rank i (because of which ℓ was
added to Y ) which can be reached from ℓ according to the strategy of player ♢.
Case ℓ ∈ Q⃝ : If location ℓ is probabilistic, then there exists an enabled out-going edge
from ℓ to ℓ′ ∈ Yi whose probability is greater than 0 (say p1 ). Since ℓ ∈ Yi , it reaches F
with some probability (say p2 ). Then the probability of reaching F from ℓ is p1 .p2 , which
is greater than 0.
(⇐) If ℓ ∈
/ Y , then the probability of reaching F from ℓ is equal to 0. To prove this we
will consider the following,
Case ℓ ∈ Q⃝ ∪ Q♢ : If ℓ belongs to player ♢, then player ♢ has no strategy to reach set Y
(because of the way Y is constructed). The case of probabilistic location is also the same.
Hence, the probability of reaching Y from ℓ is equal to zero.
◀
▶ Lemma 7. Given a 2 variable 1 12 SSG SG, and a desired set of target locations F ,
we can compute the set of states from which player ♢ has a strategy to attain objective
Prob_Reach=1 (F ).
Proof. First, we construct the set Y from which player ♢ has a strategy to reach F with
probability greater than 0 (using algorithm given in Lemma 6). From set Y , we will construct
a set Z as follows,
1. Initialize: Z0 =Y
2. Repeatedly remove locations ℓ from Z depending on their type, Zi+1 = Zi \ ℓ until a
fix-point is reached.
a. If ℓ ∈ Q⃝ , and has any enabled edge going out of the set Zi .
b. If ℓ ∈ Q♢ , and has no enabled edge going into the set Zi .
Now, we claim: a location ℓ ∈ Z if and only if player ♢ has a strategy to attain the objective
Prob_Reach=1 (F ) from ℓ.

S. Roychowdhury

17:7

Let us consider the case that ℓ ∈
/ Z. We show that player ♢ does not have a strategy to
reach a location in F with probability 1 from ℓ.
1. If ℓ ∈
/ Y . Then by Lemma 6, the probability of reaching F from ℓ is 0.
2. If ℓ ∈ Y \Z. Since ℓ ∈
/ Z, there exists some i ≥ 0 such that ℓ ∈ Zi ⊆ Y , but ℓ ∈
/ Zi+1 ⊂ Zi ,
and as ℓ ∈ Y , atleast one outgoing edge of ℓ must be in Y .
a. If ℓ ∈ Q⃝ , then there exists an outgoing edge from ℓ to a node ℓ′ ∈
/ Zi .
b. If ℓ ∈ Q♢ , then all outgoing edges from ℓ are to nodes ℓ′ ∈
/ Zi .
Continuing backward from these nodes ℓ′ , we eventually reach nodes ℓbad such that ℓbad ∈
/
/ Y implies that the probability of reaching F is 0. Since ℓbad is reachable
Z0 = Y . ℓbad ∈
from ℓ ∈ Y \ Z, we conclude that the probability of reaching F from ℓ is not 1. The converse
case, that is, if ℓ is a location such that player ♢ has no strategy to reach a location in F
with probability 1, then ℓ ∈
/ Z can be proved in a similar way.
◀
▶ Theorem 8. The qualitative reachability problem is decidable for 1 12 SSG with two variables.
Moreover, it is EXPTIME complete.
Proof. We give the EXPTIME membership and hardness.
Membership. First, construct the region game graph from the given SSG (Appendix A.1).
As seen in Lemma 6, a location (l, α) in the region graph is in Q⃝ if and only if l ∈ Q⃝ ;
likewise, it is in Q♢ if l ∈ Q♢ . Given the region game graph, we solve the qualitative
reachability question using a backward fixpoint algorithm that iteratively refines the
probability computation starting from the target locations. We know that the fixed point
computation is polynomial time with respect to the size of the underlying graph (as this can
be solved using BFS on the underlying graph). The size of the region graph (Appendix A.1)
is exponential in the number of the variables V , when |V | > 1. Given the polytime algorithm
for the fixed point, this problem is in EXPTIME.
Hardness. For the hardness we use the qualitative reachability problem of probabilistic
timed automata (PTA) with two clocks [15]. A probabilistic timed automata (PTA) [17] is
defined as T = (Q, ℓ0 , X , ∆, ∆prob ) where, Q is a finite set of locations, ℓ0 ∈ Q is the initial
location, X is the finite set of real valued variables called clocks, ∆ is a set of transitions of
the form (ℓ, φ, R, ℓ′ ) with the usual semantics as timed automata
 transitions, and ∆prob is
the set of probabilistic transitions of the form ℓ, φ, Dist(2X × Q) where ℓ ∈ Q, φ is a clock
constraint in the outgoing transitions from ℓ and Dist(2X × Q) is a probability distribution
which assigns probabilities to (reset set, target location) pairs (R, ℓ′ ) on outgoing transitions
(ℓ, φ, R, ℓ′ ) from ℓ. W.l.o.g, in the PTA, we replace probabilities with weights (and calculate
probabilities from weights in the usual way). See Figure 2 for a PTA (on the left).
A 1 12 SSG with two variables can simulate a PTA T = (Q, ℓ0 ,{x, y}, ∆, ∆prob ) with two
clocks x, y. We construct a 1 12 SSG SG with two variables x′ , y ′ corresponding to the two
clocks x, y of the T. For each location ℓ ∈ Q of the T we create location ℓ♢ ∈ Q♢ . The
two clocks of the T are simulated using the two variables of the 1 12 SSG whose rate is 1
R(ℓ♢ )[x′ ] = R(ℓ♢ )[y ′ ] = 1 in all locations from Q♢ . The transitions ∆ of the T are added
in the 1 12 -SHG (by replacing ℓ with ℓ♢ , and replacing x, y with x′ , y ′ ). It remains to add
the probabilistic transitions ∆prob to SG. Consider t = ℓi , φ, Disti ∈ ∆prob . We add a new
stochastic location ℓt ∈ Q⃝ such that, the rate of x′ , y ′ are zero at ℓt and add the following
transitions in the SG.
(ℓi♢ , φ, ∅, ℓt ) i.e., a transition from ℓi♢ to the stochastic location ℓt with the same constraints
of the transition t.
For each pair (Rj , ℓj ) ∈ Dist(2X × Q) in the probability distribution (ℓi , φ, Dist(2X × Q))
with weight wj , we add the transition (ℓt , ⊤, Rj , ℓj♢ ) with the same weight wj .
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w
The probability incurred to go from ℓt to ℓj♢ is given by P jw

R∞
j

0

e−t dt, since an unbounded

w
delay is allowed at ℓt . Hence, the probability in the SSG SG to go from ℓi♢ to ℓj♢ is P jw

j

which is the same as the probability given by the PTA T. Since we preserve all probabilities,
it is easy to check that, by solving the qualitative reachability of the constructed 1 12 SSG we
solve the qualitative reachability of the T with two clocks. Hence the qualitative reachability
of 1 12 SSG is EXPTIME-Hard.
◀
⊤, 8
x ≤ 1, 0.8

1 ≤ x ≤ 2, 0.3
x ≤ 1, 0.2

A

{x}
1 ≤ x ≤ 2, 0.7

B

x < 1, 1

A

C

⊤,3

x≤1
⊤, 7

⊤, 2
{x}

D

B

x<1

1≤x≤2

Figure 2 PTA to 1 12 SSG reduction (PTA is on left and 1 12 -SSG on right). Probabilities (and
weights for SSG) are in red color. From A, on x ≤ 1, there is a reset free edge and a reset edge with
probabilities 0.8 and 0.2. Likewise, from B, on 1 ≤ x ≤ 2, there is a distribution (0.3, 0.7), while for
x ≤ 1, there is just one transition. The green diamond shaped nodes in the right are of Player ♢
and other nodes are stochastic.

We next show that the qualitative reachability problem becomes undecidable as soon as
we have three variables. The proof goes via a reduction from the non-halting problem for
Minsky two counter machines to the qualitative reachability problem for 1 12 SSG with three
variables, where we have one stopwatch and two clocks.
Two-counter machine. A counter machine can be defined as a tuple (L, C), where L is the
finite state of instructions including the special instruction “HALT”, and C = {C1 , C2 }. The
instruction can be any one of the following types,
1) (Increment the counter) ℓp : Ci := Ci + 1; goto ℓq ; ∀i ∈ {1, 2},
2) (Decrement the counter) ℓp : Ci := Ci − 1; goto ℓq ; ∀i ∈ {1, 2},
3) (Checking zero) ℓp : if (Ci = 0) then goto ℓq else goto ℓr ; ∀i ∈ {1, 2},
4) (Halting instruction) ℓq : HALT;
Where, Ci ∈ C, ℓp , ℓq , ℓr ∈ L. A configuration of a two-counter machine is a tuple (ℓ, m, n)
where, ℓ ∈ L and m, n ∈ N∪{0} represents the current value of the counters c1 , c2 respectively.
A two-counter machine starts from the initial configuration (ℓ0 , 0, 0). A run of a two-counter
machine is a sequence of configurations (ℓ0 , 0, 0) → (ℓ1 , m1 , n1 ) → (ℓ2 , m2 , n2 ) · · · . The
transition between two configurations depends on the instruction of the first configuration.
We say a run is halting if it is finite and ends with an HALT instruction, in fact the twocounter machine never progresses beyond a HALT instruction. The halting problem of a
two-counter machine is checking if a given two-counter machine has a halting run or not.
It is well-known that two-counter machine is Turing complete and the halting problem for
two-counter machine is undecidable [19].
Q0
▶ Theorem 9. The qualitative reachability problem for 1 12 SSG is 1 hard with one stopwatch
variable and two clocks.
Q0
We prove the 1 hardness of qualitative reachability for 1 12 SSG with one stopwatch and
two clocks by reducing it to the non-halting problem for two counter machines.
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Reduction to reachability in 1 12 SSG
Given a two counter machine M, we construct a one and half player SSG G(M), where ♢
has a strategy to reach some desired location (denoted as pink square nodes labeled T ) with
probability =1 if and only if M does not halt.
The game graph G(M) uses 3 variables : a stopwatch x and two clocks y, z. The values
i, j of the counters C1 , C2 are encoded in the variable x as 2i13j . y, z are used as auxiliary
clock variables. The stopwatch x has rate rx = 1 in all the stochastic nodes. The ♢ nodes
where x has rate rx = 0 are colored blue. The graph G(M) has one gadget per instruction
of the two counter machine. By adjoining the gadgets appropriately, depending on the
instructions of M, we obtain the complete game graph G(M).

Decrement C1
Let us begin with the gadget for the instruction ℓi : C1 := C1 − 1; goto ℓj . Figure 3 depicts
the gadget for decrementing counter C1 .
x=

1
2i 3j , y

= 0, z = 0

ℓi

x = 1?
B
{x, y}

z = 1?
{z}

y = 1?
C

{y}

D

z = 1?
{z, y}
z = 0?
T

E
z = 0?
ℓj

Figure 3 Gadget Dec C1 .

▶ Lemma 10. On entering the gadget Dec C1 in Figure 3, in node ℓi with values x = 2i13j ,
1
y = z = 0, the node ℓj is reached with probability 12 with x = 2i−1
3j , y = z = 0 and the target
1
node T is reached with probability 2 .
Proof. The proof of correctness of Lemma 10 can be seen by examining the functioning of
the gadget: On entry to node ℓi , we have the values x = 2i13j , y = z = 0. A time 1 − 2i13j is
spent at location ℓi , obtaining x = y = 0,z = 1 − 2i13j on entry into node B.
Time equal to 2i13j is spent at node B, obtaining valuations x = y = 2i13j ,z = 0 on entry
to node C. Subsequently time equal to 1 − 2i13j is spent at node C, obtaining valuations
x = 2i13j ,y = 0, z = 1 − 2i13j on entry to node D. The value of x remains constant
during this transition to node D as the node is shaded blue. Then the constraint forces
to spend time equal to 2i13j at node D and reaches the stochastic node E with valuation
1
x = 2i23j = 2i−1
3j ,y = z = 0. Through the stochastic node E, ℓj and T can be reached with
1
probability = 12 each, with the clock valuation x = 2i−1
◀
3j ,y = z = 0 as required.

Increment C1
Next, let us look at the instruction for incrementing. Figure 4 depicts the gadget for
incrementing counter C1 simulating the instruction ℓi : C1 := C1 + 1, goto ℓj .
▶ Lemma 11. On entering the gadget Inc C1 in Figure 4, in node ℓi with values x = 2i13j ,
1
y = z = 0, the node ℓj is reached with probability 12 and x = 2i+1
3j , y = z = 0. The target
node is reached with probability 21 .
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y = 1?
D

{y}

E

z = 1? {z} z = 1, x = 2? {z, x}
C
y ≤ 1? {y}
x=

1
2i 3j , y

= 0, z = 0

ℓi

ℓj

F
y = 1? {y, z}

z = 0?

y = 0?
B

G

z = 0?

T

Figure 4 Gadget Inc C1 .

Proof. The proof of Lemma 11 can be seen by examining the functioning of the gadget in
Figure 4. The node ℓi is entered with x = 2i13j , y = z = 0. The node B is entered with
the same values but the stopwatch x is now stopped because the node is blue shaded. An
amount of time t ≤ 1 is spent at B obtaining x = 2i13j , y = 0, z = t on entering node C. We
spend 1 − t time at node C entering node D with valuations x = 1 − t + 2i13j , y = 1 − t, z = 0.
Now t time is spent at node D with x paused (the node D is blue shaded) and hence we
enter node E with valuations x = 1 − t + 2i13j , y = 0, z = t. Now to satisfy the first guard
i.e., z = 1 for leaving E we need to spend 1 − t time at E which would mean x would now
be x = 2 − 2t + 2i13j . To move to F we also need x = 2 which would imply that 2t = 2i13j .
1
Then we enter node F with x = z = 0, y = 1 − t where t = 2i+1
3j . We spend t time at F
and through the stochastic node G. We enter node ℓj and target node T with probability 12
1
each, with clock values x = 2i+1
◀
3j , y = 0, z = 0 as required.

Zero Check for C1
Next, we look at the zero check instruction, ℓi : if C1 = 0, then goto ℓj , else goto ℓk . Figure 5
depicts the gadget for zero check of counter C1 .
▶ Lemma 12. On entering the gadget Zero Check C1 in Figure 5, in node ℓi with values
x = 2i13j , y = z = 0, player ♢ has a strategy to reach the nodes lj and the target T with
probability 12 each if and only if i = 0, that is, the value of x = 31j on entry at ℓi . Similarly,
player ♢ has a strategy to reach the nodes lk and the target node T with probability 12 each if
and only if i ̸= 0, that is, the value of x = 2i13j , i > 0 on entry at ℓi .
Proof. The proof of Lemma 12 follows by examining the functioning of the gadget in Figure 5.
The ♢ player has two possible strategies at node ℓi : to goto Z or N Z. The correct strategy is
to go to Z when x = 31j and to go to N Z when x = 2i13j , i > 0 at node ℓi . No time is elapsed
at node ℓi . Assume the strategy is to go to Z, no time is elapsed at Z, and the stochastic
node SZ is entered. Then from the stochastic node SZ, with probability 12 each, the node ℓj
(corresponding to the next instruction) and the gadget M ake C2 0 is entered. This gadget is
in Figure 6. From the ♢ node SZ, we enter the starting location A of in Figure 6, and from
the same node A, we can move to the location T of Figure 5 if x = 1, z = 0. If the strategy of
choosing Z was indeed the correct one, then, decrementing C2 some number of times would
give x = 1. In this case, after some number of iterations of the gadget in Figure 6, we reach
T in Figure 5 with probability 12 . Note that the gadget in Figure 6 has no stochastic nodes,
so on successful completion we reach T with x = 1 incurring probability 12 .
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Z

z = 0?

1
2i 3j , y

= 0, z = 0

z = 0?

ℓj

z = 0?

z = 0?
x=

SZ

M ake C2 0

ℓi

x=1∧z =0

T

z = 0?
NZ

z = 0?

SN Z

z = 0?

ℓk

z = 0?
z=0

M ake C1 0

M ake C2 0

x=1∧z =0

T

x=1∧z =0

Figure 5 Gadget Zero Check C1 .
x=

1
3j , y

= 0, z = 0

x = 1?, z > 0?
A

B

{x, y}

z = 1?
{z}

y = 1?
C

D

{y}

z = 1?
{z}

E
y = 1? {y}

z = 0?
G

z = 1?
{y, z}

F

Figure 6 Make C2 0.

Note that if the decision of choosing node Z is incorrect, that is, if x = 2i13j , i > 0, then
the value of x will exceed 1 and we will be stuck in the gadget M ake C2 0.
The decision of choosing N Z from ℓi is similar : in this case, the gadget M ake C1 0 has
to be visited at least once, before the target T is reached. M ake C1 0 can be obtained similar
to M ake C2 0, and it also has no stochastic nodes. In particular, if we have x = 2i13j , i > 0,
then we must iterate M ake C1 0 i times exactly, and in case x < 1 we iterate M ake C2 0 j
times. If we iterate M ake C1 0 < i (> i) times, we will get stuck in M ake C1 0 (M ake C2 0).
Otherwise, we will reach T in Figure 5 with probability 12 .
◀
Gadgets for incrementing, decrementing and zero check gadget for C2 are similar to the seen
gadgets. We now argue that ♢ has a strategy to reach a target location T with probability 1
if and only if the two counter machine does not halt.
▶ Theorem 13. Given a two counter machine M, Player ♢ has a strategy to reach a target
node T with probability 1 in the constructed game graph G(M) if and only if the two counter
machine M does not halt.
Proof. The proof of Theorem 13 is obtained by putting together the lemmas above. Since
HALT is also an instruction in the two counter machine, we have a gadget with location
labeled Halt corresponding to the HALT instruction. From this node, there is no outgoing
edge and hence this is a dead state. The rest of the SSG is made by appropriately stringing
together the gadgets as per the design of the two counter machine. We claim that player ♢
has a strategy to reach a target location T with probability 1 if and only if he simulates all
the instructions correctly and if and only if M does not halt.
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Consider the first instruction of the two counter machine that is executed. By using all
lemmas so far, whatever this instruction might be, on a correct simulation, the SSG enters
a target T in some gadget with probability 12 and continues execution from the state as
specified by the instruction with probability 12 .
Therefore the probability of reaching a target T is Ptotal = 12 (reaching T in the first
gadget) + 12 Prest where Prest is the probability of reaching the target T node when continuing
the simulation of M after the current instruction. Recall that each gadget corresponding to
instructions went with probability 12 to the next instruction ℓj to be simulated; the 12 in the
term 21 Prest comes from there.
We now apply the above process for finding Ptotal to find Prest recursively for the next
executed instruction from ℓj and we get Ptotal = 12 + 12 ( 12 + 12 Prest ) where Prest is the
probability of reaching T when continuing execution from the subsequent instruction reached.
This above processes can be recursively repeated. If M reaches HALT, then we will reach
a gadget where with probability 12 we reach T and with probability 12 we reach HALT. In
PI
this case, the above summation will add up to < 1 : Ptotal = n=1 2−n < 1 where I is the
total number of instructions executed to reach HALT. However if M does not halt, then the
run is not finite, and we keep going one gadget after the other. Then we get the infinite sum
P∞
Ptotal = n=1 2−n = 1. Hence player ♢ will reach the target node T with probability 1 if
and only if the two counter machine does not halt.
◀

4

Conclusion

In this paper, we have proposed stochastic stopwatch games, an extension of stochastic
timed games and proved decidability and undecidability results for 1 12 -stochastic stopwatch
games. This work leads us to further open problems for e.g., how does the undecidability
result change if we consider time-bounded qualitative reachability or when we consider only
1
2 -stochastic stopwatch games.
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Singular Stopwatch Automata with Two Stopwatches

Let 2-H be a singular stopwatch automata with two stopwatch variables V = {x, y}. When
the current location l ∈ Q is known, we represent the rate of c ∈ V as rc = R(l)[c] i.e.,
rx , ry ∈ {0, 1} for x, y ∈ V respectively. Let cmax be the maximum constant used in any of
the guards of 2-H. Note that, unlike clock regions defined in [4], we can not directly define
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regions for stopwatches, as the successor region depends on the current rate of change rx , ry
of stopwatch x and y respectively. So, we need to define regions such that they agree with
the successor function with different rates.

A.1

Regions and Region Automaton of 2-H

In this section, we define a region abstraction, which is reachability preserving in the sense
of the region automaton from [4]. Intuitively, a region ℜ is a collection of infinitely many
valuations ν ∈ R2≥0 , having some good properties preserving reachability. The number of
regions must be finite.
▶ Definition 14. Let φ ∈ rect(V ) be a constraint. A region ℜ is compatible with φ if and
only if for all valuations ν ∈ ℜ, either ν |= φ or ν |= ¬φ.
We define a map Res : ℜ → ℜ that maps a region ℜ to the region Res(ℜ) obtained from ℜ
by assigning value 0 to all variables which were reset to 0.
▶ Definition 15. A set of regions ℜ is compatible with resets (or with the map Res) if
whenever a valuation ν ′ ∈ ℜ′ is reachable from a valuation ν ∈ ℜ after a reset, then ℜ′ is
reachable from any ν ∈ ℜ by the same reset.

Construction of Regions Reg(V )
We first construct a set of regions for 2-H that are compatible with resets and guards. For
z ∈ {x, y}, we define the set of intervals



Iz = [c] | 0 ≤ c ≤ cmax ∪ (c, c + 1) | 0 ≤ c < cmax ∪ (cmax , ∞)
For a variable x and its current valuation ν[x], we use Ix ∈ Ix to represent its current interval,
and fract(ν[x]) to denote the fractional part of ν[x]. For example, if we have a variable x
with valuation ν[x] = 4.5 then it’s interval Ix = (4, 5) ∈ Ix and fract(ν[x]) = 0.5. Let us
define a relation ∼ℜ between two valuation ν1 and ν2 such that ν1 ∼ℜ ν2 if and only if,
∀z ∈ V , Iz ∈ Iz ν1 [z] ∈ Iz ⇐⇒ ν2 [z] ∈ Iz
x, y ∈ V , fract(ν1 [x]) ≤ fract(ν1 [y]) ⇐⇒ fract(ν2 [x]) ≤ fract(ν2 [y])
Clearly, the relation ∼ℜ is an equivalence relation and this forms a finite partitioning of R2≥0 .
Let us define such a partition by α = (Ix , Iy , ≺, Rel) where, Ix , Iy represents
 the interval
of clocks x and y respectively, and ≺ is a total pre-order on the set Rel = x ∈ V | Ix ∈

(c, c + 1) | 0 ≤ c < cmax . Assume ℜα represents the region defined by α.
We define Reg(V ) to be the set of all such partitions ℜα . For each valuation ν ∈ R2≥0 of
variables, the unique element ℜ of Reg(V ) that contains ν is called a region, denoted [ν].

Successors of a Region
We define the successors of a region ℜ, Succ(rx ,ry ) (ℜ) ⊆ Reg(V ), in the following natural
way: rx , ry ∈ {0, 1}, x, y ∈ V ,
ℜ′ ∈ Succ(rx ,ry ) (ℜ) if ∃ν ∈ ℜ, ∃t ∈ ℜ such that [ν + (rx , ry )t] = ℜ′
(1)

By ν + (rx , ry )t, we represent the valuation ν[x] + rx · t, ν[y] + ry · t .
A finite partition Reg(V ) of R2≥0 is a set of regions whenever the following condition
holds:
ℜ′ ∈ Succ(rx ,ry ) (ℜ) if and only if ∀ν ∈ ℜ, ∃t ∈ ℜ such that [ν + (rx , ry )t] = ℜ′

(2)
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We now consider resets. Formally, we have
ℜ′ ∈ Res(ℜ) → ∀ν ∈ ℜ, ∃ν ′ ∈ ℜ′ such that ν ′ ∈ Res(ν)

(3)

Now, we will show that Reg(V ) follows the conditions (2) and (3) defined above.
▶ Lemma 16. For all partitions ℜ ∈ Reg(V ), ℜ′ ∈ Succ(rx ,ry ) (ℜ) if and only if for all
valuation ν ∈ ℜ, there exists t ∈ R≥0 such that [ν + (rx , ry )t] = ℜ′
Proof. Consider a partition ℜα defined by α = (Ix , Iy , ≺, Rel).
If Ix = Iy = (cmax , ∞), then Succ(rx ,ry ) (ℜα ) = {ℜα } because, for all ν ∈ ℜα , for all
t ∈ R≥0 , for rx , ry ∈ {0, 1}, ν + (rx , ry )t ∈ ℜα .
If rx = ry = 0 then, Succ(rx ,ry ) (ℜα ) = {ℜα }, for all ℜα .
If Succ(rx ,ry ) (ℜα ) ̸= {ℜα }, then there exists atleast one another region in Succ(rx ,ry ) (ℜα )
that is different from ℜα . Let ℜβ denote the region that is closest to region to ℜα such that,
ℜβ ∈ Succ(rx ,ry ) (ℜα ), and for all ν ∈ ℜα , for all t ∈ R≥0 , if ν + (rx , ry )t ∈
/ ℜα , then ∃t′ ≤ t
′
such that ν +(rx , ry )t ∈ ℜβ . Assume that, such a region ℜβ is defined by β = (Ix′ , Iy′ , ≺′ , Rel′ )
and characterized as follows:

Let Z = z ∈ V | Iz is of the form [c] , i.e., Z is the set of clocks with integer value.
1. If Z ̸= ∅ and rx = ry = 1, (if x ∈
/ Z then y ∈ Z and vice versa)


if z ∈
/ Z,

 Iz
′
Iz = (c, c + 1) if z ∈ Z, Iz = [c], and 0 ≤ c < cmax


(c
, ∞) if z ∈ Z and I = [c
]
z

max

max

and, x ≺′ y if Ix = [c], Ix′ = (c, c + 1) with 0 ≤ c < cmax and Iy′ is of the form (d, d + 1),
Rel′ = {x, y}.
2. If Z ̸= ∅ and atleast one of rx , ry is 0, (if x ∈
/ Z then y ∈ Z and vice versa, and if rx = 1
then ry = 0 and vice versa.)



Iz
if rz = 0,



[c + 1]
if z ∈
/ Z, Iz = (c, c + 1), rz = 1, and 0 ≤ c < cmax
Iz′ =
(c, c + 1) if z ∈ Z, Iz = [c], rz = 1 and 0 ≤ c < cmax





(cmax , ∞) if z ∈ Z, Iz = [cmax ], and rz = 1
and, Rel′ = {x, y}, x ≺′ y if rx = 1 and x ∈ Z, y ∈
/ Z. If (rx = 0 and x ∈ Z) or (rx = 1
and x ∈
/ Z) or if x, y ∈ Z, then Rel′ = ∅.
3. If Z = ∅ and rx = ry = 1. Let M denote the set of variables with the maximum fractional
part, whose interval is of the form (c, c + 1) for 0 ≤ c < cmax . Then,

Iz′ =


I

z

[c + 1]

if z ∈
/ M,
if z ∈ M and Iz = (c, c + 1) with 0 ≤ c < cmax

One variable moves to an integer value, or both variables are in (cmax , ∞) thus, Rel′ = ∅.
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4. If Z = ∅ and atleast one of rx , ry is 0. Then,



 Iz
′
Iz = [c + 1]


I
z

if rz = 0,
if z ∈ M, rz = 1, and Iz = (c, c + 1) with 0 ≤ c < cmax
if z ∈
/ M, rz = 1, and Iz = (c, c + 1) with 0 ≤ c < cmax

and, x ≺′ y is same as x ≺ y when rx = ry = 0. Otherwise, one of the variables gets an
integer value, and hence Rel′ = ∅.
We now claim that,
∀ν ∈ ℜα , ∃t ∈ R≥0 such that ν + t ∈ ℜβ
Let ν be a valuation in ℜα .
1. If Z ̸= ∅ and rx = ry = 1. Let τ = min{1 − fract(ν[z]) | Iz is of the form (c, c + 1)}. Then
ν + (1, 1) τ2 is in the region Rβ .
2. If Z ̸= ∅ and atleast one of rx , ry is 0.
(i) If x ∈ Z, y ∈
/ Z and rx = 1, then pick τ = fract(ν[y]). Then ν + (1, 0) τ2 is in the
region ℜβ .
(ii) If rx = 0 and x ∈ Z, then pick τ = 1 − fract(ν[y]). Then ν + (0, 1)τ is in the region
ℜβ .
(iii) If rx = 1 and x ∈
/ Z, then pick τ = 1 − fract(ν[x]). ν + (1, 0)τ is in the region ℜβ .
(iv) If x, y ∈ Z, and rx = 1, then pick τ = 0.5. Then ν + (1, 0)τ is in the region ℜβ .
3. If Z = ∅ and rx = ry = 1.
Pick the variable z ∈ M . Let τ = 1 − fract(ν[z]). Then ν + (1, 1)τ is in the region ℜβ .
4. If Z = ∅ and atleast one of rx , ry is 0.
If rx = 1 and ry = 0. Pick τ = 1 − fract(ν[x]). Then ν + (1, 0)τ is in the region ℜβ .
Thus we obtain that ℜβ ∈ Succ(rx ,ry ) (ℜα ) is the closest successor of ℜα . Inducting on
ℜβ , we get the closest successor of ℜβ , which is also a successor of ℜα , 2 steps away, and so
n
on. We write ℜα −→ ℜnα if ℜnα is the nth closest successor of ℜα with respect to some choice
of rates (rx , ry ). This clearly means that there is a sequence of regions ℜ0α , ℜ1α , ℜ2α , . . . , ℜnα
such that ℜ0α = ℜα , and ℜi+1
is the closest successor of ℜiα for all 1 ≤ i < n.
α
In this way, we can find all successors ℜ′α of ℜα such that ℜ′α ∈ Succ(rx ,ry ) (ℜα ) if and
only if for all ν ∈ ℜα there exists some t ∈ R≥0 such that ν + (rx , ry )t ∈ ℜ′α . Hence, Reg(V )
is indeed a set of regions partitioning R2≥0 .
◀
Given two valuations ν1 , ν2 ∈ ℜα for some region ℜα , we say that ν1 and ν2 are equivalent
if they lie in the same region, i.e., [ν1 ] = [ν2 ].

Reg(V ) compatible with resets and guards
▶ Lemma 17. Reg(V ) is compatible with the guards φ and with the resets Res.
Proof.
(1) Let ℜ′ ∈ Res(ℜ). Consider ν1 , ν2 ∈ ℜ, i.e., [ν1 ] = [ν2 ]. Clearly, ν1 [x] and ν2 [x] lie
in the same interval;
 same with ν1 [y] and ν2 [y]. If the operation Res resets x, then
Res(ν1 ) = 0, ν1 [y] and Res(ν2 ) = 0, ν2 [y] . Since ν1 [y] and ν2 [y] are in the same
interval, we have [Res(ν1 )] = [Res(ν2 )]. Similar results are obtained when y is reset, or
when both x, y are reset.
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(2) Let [ν1 ] = [ν2 ] be valuations in the same region ℜ. Let φ be a guard. The result can be
proved by structural induction on φ. If φ is atomic of the form x ∼ c, clearly, ν1 |= φ if
and only if ν2 |= φ, since ν1 and ν2 are equivalent. Assume for guards of size ≤ n − 1.
It can be seen that the inductive hypothesis can be easily extended to guards of size n.
Thus, Reg(V ) is a finite set of regions compatible with guards and resets, partitioning
R2≥0 .
◀
Hence, we can use the region abstraction for the above set of regions to obtain a region
automaton Reg(2-H) capturing the untimed language of 2-H. The set of states of such a
region automaton is the set Q × Reg(V ), where Q is the set of locations of 2-H. The initial
location of Reg(2-H) is l0 , (0, 0) where l0 ∈ Q0 is the initial location of 2-H. The transitions
a
of Reg(2-H) are defined as (l, ℜ) −→ (l′ , ℜ′ ) if and only if there is a region ℜ̂ and a transition
from l to l′ on (φ, a, Res) in 2-H such that,
(1) ℜ̂ ∈ Succ(rx ,ry ) (ℜ). (rx , ry are the rates at the location l),
(2) For all ν ∈ ℜ̂, ν |= φ, and
(3) Res(ℜ̂) = ℜ′
The final states of the region automaton are the states (f, ℜ) such that f is a final location
of 2-H. It can be seen that the language accepted by this region automaton is indeed the
untimed counterpart of L(2-H). We thus have, the following result.
▶ Theorem 18. The region automaton construction for singular stopwatch automata 2-H
with two stopwatches is a correct abstraction. For each run ρ in 2-H from an initial state
(l0 , ν0 ) to a state (ln , νn ), if and only if we have a run ρ′ in Reg(2-H) from (l0 , (0, 0)) to
(ln , ℜn ) such that νn ∈ ℜn .
The proof is straightforward since in each step, we obtain a new region which is compatible
with the constraints and resets of the transition taken.
However, this does not extend to 3 variables, as shown below.

A.2

Problem in extending the region construction to 3 variables

It is an interesting exercise to note where the above region construction fails if we try to
extend it to 3 variables with at least one stopwatch. In a nutshell, the problem arises in
defining the successor regions of ℜ i.e., in defining ℜβ . The above construction only works
for 2 variables and fails if we try to extend the same to 3 variables. The following example
helps to illustrate this point. Consider the natural extension of case 4 in the construction
above to 3 variables
If Z = ∅ and one of rx , x ∈ V is 0. Here M is the set of variables with the maximum
fractional part as before.


if rz = 0,

 Iz
′
Iz = [c + 1] if z ∈ M, rz = 1, and Iz = (c, c + 1) with 0 ≤ c < cmax


I
if z ∈
/ M, r = 1, and I = (c, c + 1) with 0 ≤ c < c
z

z

z

max

The problem here arises in constructing the total preorder Rel′ . Consider the case when
z ≺ x ≺ y and rx = 0. Consider two distinct valuations ν and ν ′ such that ν[y] = ν ′ [y]
and they belong to the same region ℜ in consideration. Now depending on the value of
t = 1 − fract(ν[y]), the successor valuations ν1 = ν + (0, 1, 1)t and ν1′ = ν ′ + (0, 1, 1)t
of ν, ν ′ respectively, might belong to different regions as they might result in different
partial orders i.e., fract(ν1 [z]) > fract(ν1 [x]) in one case and fract(ν1′ [z]) < fract(ν1′ [x])
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Figure 7 A singular stopwatch automaton with three stopwatches.

in the other. Coming up with such valuations is not difficult and it can be verified by
the valuations ν[x, y, z] = (0.20, 0.75, 0) and ν ′ [x, y, z] = (0.30, 0.75, 0). The successor of
ν ′ [x, y, z] = (0.30, 0.75, 0) after time 1 − 0.75 is ν1′ [x, y, z] = (0.30, 1, 0.25), having z ≺ x as
0.25 < 0.3 and the successor of ν after time 1 − 0.75 is ν1 [x, y, z] = (0.20, 1, 0.25) having
order x ≺ z as 0.2 < 0.25. One might think that further subdividing into smaller regions
might help out but as shown in [11] it can be seen that no matter how many such finite
number of subdivisions are made this problem will still persist.
This idea can be materialized using a stopwatch automaton with three variables as shown
in the Figure 7 and details are given in Example 19.
▶ Example 19. We show that any amount of partitioning (finite number) will fail to correctly
bi-simulate the given timed automaton.
Note that the shaded nodes B, C have rx = 0 and rx = 1 elsewhere.
Suppose we have partitioned [0, 1] using the n points p1 , p2 ..., pn Lets consider the following
run of the automaton. We first spend time t < p21 in state A and then subsequently time t1
in state B therefore we will enter state C with clock value t, t1 , 0. Due to the continuity of
the real line ∃δ ∈ R≥0 , ∃i st. 1 − t − δ ∈ (pi , pi+1 ) ∧ 1 − t + δ ∈ (pi , pi+1 ) Now consider the
two clock valuations ν = (t, 1 − t − δ, 0) and ν ′ = (t, 1 − t + δ, 0)
 using the above assertion
clearly ν and ν ′ belong to the same region (0, p1 ), (pi , pi+1 ), [0] . Hence they have the same
successor and should behave in exactly the same way if the bi-simulation is correct. Now say
we enter state C with these clock values we then spend t ± δ time in C and enter D with
valuation (t, 0, t ± δ) now only the valuation (t, 0, t + δ) will allow us to take the edge to
enter E hence clearly these valuations differ in there behavior but the current partitioning is
not fine enough to distinguish between them.

