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Preface

This volume contains the proceedings of the 9th Conference on Algebra and Coalgebra in
Computer Science (CALCO), held both online and at the University of Salzburg, from August
30th to September 3rd, 2021. Previous CALCO editions took place in Swansea (Wales, 2005),
Bergen (Norway, 2007), Udine (Italy, 2009), Winchester (UK, 2011), Warsaw (Poland, 2013),
Nijmegen (The Netherlands, 2015), Ljubljana (Slovenia, 2017), and London (UK, 2019). This
year’s edition, following on the tradition started in 2015, was co-located with the conference
Mathematical Foundations of Programming Semantics (MFPS).

CALCO is a high-level, bi-annual conference formed by joining CMCS (the International
Workshop on Coalgebraic Methods in Computer Science) and WADT (the Workshop on
Recent Trends in Algebraic Development Techniques). It provides a forum to present and
discuss results of theoretical nature on the mathematics of algebras and coalgebras, the
way these results can support methods and techniques for software development, as well
as experience reports concerning the transfer of the resulting technologies into industrial
practice. Typical topics of interest include

Models and logics
Algebraic and coalgebraic semantics
Methodologies in software and systems engineering
Specialised models and calculi
System specification and verification
Tools supporting algebraic and coalgebraic methods
String diagrams and network theory
Quantum computing

At the conference were three invited talks by Holger Giese, Valeria de Paiva, and Viktor
Vafeiadis. Additionally, Eugenia Cheng was a joint invited speaker for CALCO and MFPS,
and there was a joint special session on Termination Analysis and Synthesis organised by
Azadeh Farzan, who delivered an invited tutorial, and with talks by Zac Kincaid and Florian
Zuleger. In addition, there were 20 contributed talks, of which 10 were regular papers, 7
(co)algebraic pearls, and 3 early ideas. This volume collects the abstracts of the four invited
talks, as well as the peer-reviewed papers.

We are grateful to the Program Committee members for their hard work in reviewing and
selecting the papers. They also selected the Best Paper, awarded to Tensor of Quantitative
Equational Theories, authored by Giorgio Bacci, Radu Mardare, Prakash Panangaden, and
Gordon Plotkin. The audience instead selected the Best Talk, awarded to Ana Sokolova
for her presentation of the paper Nawrotzki’s Algorithm for the Countable Splitting Lemma,
Constructively, coauthored with Harald Woracek. Warmest congratulations to the authors!

We would also like to thank the local organisers – Henning Basold, Adriana Pratter,
Jurriaan Rot, Sarah Sallinger, Ana Sokolova, and Michael Starzinger – who took on the
difficult task of organising a hybrid conference, Thorsten Wißmann, who was publicity chair,
and Stefan Milius and Markus Roggenbach, the CALCO steering committee chairs. Our last
acknowledgement goes to Michael Wagner and the LIPIcs team, who provided impeccable
support in the production of these proceedings.

Fabio Gadducci and Alexandra Silva
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Distributive Laws for Lawvere Theories
Eugenia Cheng #

School of the Art Institute, Chicago, IL, USA

Abstract
Distributive laws give a way of combining two algebraic structures expressed as monads; in this work
we propose a theory of distributive laws for combining algebraic structures expressed as Lawvere
theories. We propose four approaches, involving profunctors, monoidal profunctors, an extension of
the free finite-product category 2-monad from Cat to Prof, and factorisation systems respectively.
We exhibit comparison functors between CAT and each of these new frameworks to show that the
distributive laws between the Lawvere theories correspond in a suitable way to distributive laws
between their associated finitary monads. The different but equivalent formulations then provide,
between them, a framework conducive to generalisation, but also an explicit description of the
composite theories arising from distributive laws.

2012 ACM Subject Classification Theory of computation → Semantics and reasoning

Keywords and phrases Distributive laws, Monads, Lawvere theories
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Towards Engineering Smart Cyber-Physical
Systems with Graph Transformation Systems
Holger Giese
Hasso Plattner Institute for Digital Engineering, University of Potsdam, Potsdam, Germany

Abstract
A dramatic transformation of our technical world towards smart cyber-physical systems can be
currently observed. This transformation results in a networked technical world where besides the
embedded systems with their interaction with the physical world the interconnection of these nodes
in the cyber world becomes a key element. Furthermore, there is a strong trend towards smart
systems where artificial intelligence techniques and in particular machine learning is employed to
make software behave accordingly. This raises the question whether our capabilities to model these
future embedded systems are ready to tackle the resulting challenges.

In this presentation, we will first discuss how extensions of graph transformation systems can be
employed to design and analyse the envisioned future cyber-physical systems with an emphasis on
the synergies networking can offer and then characterise which challenges for the design, production,
and operation of these systems exist and how they can be tacked with graph transformation systems.
We will therefore discuss to what extent our current capabilities in particular concerning engineering
with graph transformation systems match these challenges and where substantial improvements for
the graph transformation systems have been crucial and will be crucial in the future.

Models are used in classical engineering to plan systems upfront to maximise envisioned properties
resp. minimise cost. For smart cyber-physical systems this decoupling of development-time and
run-time considerations vanishes, and self-adaptation and runtime models have been advocated
as concepts to shift some considerations to run-time. We will review the underlying causes for
this shift to run-time, discuss our work with graph transformation systems in this direction, and
outline related open challenges and implications for future work for graph transformation systems to
engineer smart cyber-physical systems.

2012 ACM Subject Classification Software and its engineering → Software notations and tools

Keywords and phrases Cyber-physical systems, Graph transformation

Digital Object Identifier 10.4230/LIPIcs.CALCO.2021.2

Category Invited Talk
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Dialectica Comonads
Valeria de Paiva
Topos Institute, Berkeley, CA, USA

Abstract
Dialectica categories are interesting categorical models of Linear Logic which preserve the differences
between linear connectives that the logic is supposed to make, unlike some of the most traditional
models like coherence spaces. They arise from the categorical modelling of Gödel’s Dialectica
interpretation and seem to be having a revival: connections between Dialectica constructions and
containers, lenses and polynomials have been described recently in the literature. In this note I will
recap the basic Dialectica constructions and then go on to describe the less well-known interplay
of comonads, coalgebras and comonoids that characterizes the composite functor standing for the
“of course!” operator in dialectica categories. This composition of comonads evokes some work on
stateful games by Laird and others, also discussed in the setting of Reddy’s system LLMS (Linear
Logic Model of State).

2012 ACM Subject Classification Theory of computation → Logic

Keywords and phrases Dialectica categories, Linear logic, Comonads

Digital Object Identifier 10.4230/LIPIcs.CALCO.2021.3

Category Invited Talk

Funding Valeria de Paiva: Research supported by AFOSR grant FA9550-20-10348.

Acknowledgements I would like to thank Fabio Gadducci and Alexandra Silva for the invitation to
speak at CALCO2021. Thinking about the CALCO community and how it influences my work was
much more fun than I had expected.

1 Introduction

Monads and comonads, T -algebras and F -coalgebras have been the subject of much invest-
igation within the CALCO (Conference on Algebra and Coalgebra in Computer Science)
community, since at least 2005, when the conferences CMCS (Workshop on Coalgebraic
Methods in Computer Science) and WADT (Workshop on Algebraic Development Techniques)
joined forces to form CALCO. Even earlier on, in 1998, Jacobs, Moss, Reichel and Rutten
already wrote in the preface to the first CMCS proceedings that “Coalgebra is beginning
to develop into a field of its own, with its own model theory and proof methods (involving
bisimulations and invariants).”

The equiparation between algebraic methods and coalgebraic ones is a relatively recent
phenomenon, as algebraic methods were much more prevalent in mathematics to begin with.
Also in computing the notions of monads and algebras had a head start both with algebraic
data types in the eighties and with notions of “computation as monads” in Moggi’s and
others work in the nineties. Part of the historic phenomenon was indeed that, because
categorical dualities are so ubiquitous, many researchers looked at their own tools and results
and considered “reversed arrows”. This means that the work in coalgebraic methods comes
from very different areas and motivations.

Our motivation here is clearly logical, coming from the categorical modelling of (especially
intuitionistic) linear and modal logics. We describe quickly Linear Logic, then its models
based on Gödel’s Dialectica interpretation, then the difficulties of modelling what I take to be

© Valeria de Paiva;
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3:2 Dialectica Comonads

the main innovation of linear logic (the shriek or bang modality !A). Finally, we discuss how
the models devised (the dialectica spaces) turned out to model other interactions between
operators that seem relevant in computing.

2 Linear Logic

Linear logic is a logic proposed by Jean-Yves Girard as a refinement of both classical and
intuitionistic logic more than 30 years ago. Linear logic possesses the dualities of classical
logic, but also many of the constructive properties of intuitionistic logic. Linear logic lends
itself to many different presentations, explanations, and intuitions. Proof-theoretically, it
derives from an analysis of classical sequent calculus in which uses of (the structural rules)
contraction and weakening are carefully controlled. Operationally, this means that logical
deduction is no longer merely about a collection of persistent “truths”, but also a way of
manipulating resources that cannot always be duplicated or thrown away at will.

In terms of denotational models, linear logic may be seen as refining the interpretation
of intuitionistic logic by replacing cartesian (closed) categories by symmetric monoidal
(closed) categories. But this is partial, and somewhat misleading because, while models of
intuitionistic propositional logic are specific kinds of cartesian closed categories, models of
linear logic need to take into account how linear logic relates to intuitionistic logic, so they
are better conceived (as has been the case recently) as “symmetric monoidal adjunctions”
between a cartesian closed category (modelling the intuitionistic world) and a symmetric
monoidal closed category, modelling the linear world, following the work of Benton [5] and
others.

This adjunction can be seen as a monoidal comonad (the operator !) in the linear category
L (satisfying some extra properties), or as a monad in the intuitionistic category C, again
with extra properties. This monoidal comonad ! behaves very much like a constructive
necessity operator □ in (S4) modal logic, so the whole area of type theory and categorical
semantics for Modal Logics can be given another (co)algebraic treatment, different from the
usual one, which is based on generalizing its Kripke-like semantics. This kind of type theory
and categorical semantics for modal logics can then be used as a blueprint to investigate
other modal-like languages, such as hybrid logics, description logics, temporal logics, etc.

A warning is that when we talk about logics, we are considering preferentially constructive
or intuitionistic logics. While we would like to sidestep as much as possible philosophical
questions about the nature of mathematics, of logic and computation, etc., it seems clear
that constructive reasoning principles are safer. If one asks whether “is there an x such that
P (x) holds?” most of us will be happier with the answer “yes, x0”, than with an answer of
the form “yes, for all x it is not the case that not P (x)”. We want reasoning to be as precise
and safe as possible. Thus, we would like to use constructive reasoning as much as possible.
If one needs a classical principle, we hope to be able to flag it, and to know where and why
it is needed. Hence, we consider in this note (co)monads and (co)algebras as constructive
modalities in an extended view of the categorical Curry-Howard correspondence.

2.1 Modalities

Modalities are unary operators over some logic basis. The logical basis can be a classical, an
intuitionistic or a linear basis. A logician can think of themselves as exploring the landscape
of possible logical systems, trying to answer questions such as: Which modalities? Which
basis? Why do I need a modality? How do I choose between modalities?
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Axioms:
A→ (B → A)

(A→ (B → C))→ ((A→ B)→ (A→ C))
A→ (B → A ∧B)

A ∧B → A

A ∧B → B

(A→ C)→ ((B → C)→ (A ∨B → C))
A→ A ∨B

B → A ∨B

⊥ → A

Figure 1 Axioms for propositional intuitionistic logic.

To start to answer these questions, we remind the reader that logics can be presented in
several different styles. The most traditional formal system to describe a logic is a collection
of axioms, in a Hilbert style calculus. For example Figure 1 describes an axiomatization of
the intuitionistic propositional calculus. This axiomatization relies on a single rule, Modus
Ponens:

⇒ A→ B ⇒ A Modus Ponens⇒ B

(plus substitutions or axiom-schemes)
The main advantage of axiomatic systems are that it is easier to prove theorems about a

logic described using them. The main problem with axiomatic systems is that it is difficult
to prove theorems within the logic, but also that there is no canonical system of axioms.
The axioms can be true for very obscure reasons. There are several choices of axioms and no
obvious criterion to choose between the possibilities.

Gentzen systems of sequent calculus and natural deduction are much more reliable.
Sequent calculus systems consist of structural and logical rules. For each logical connective
we have left and right rules. The main advantage of sequent calculi is that it is easier to find
proofs in the system, which facilitates automated deduction. The system is very symmetrical,
and the geometry of derivations helps to get theorems about the working of the system itself.

Natural Deduction is the other Gentzen system for proof construction and natural
deduction formulations of logic are usually preferred by logicians interested in proofs. These
model better how humans reason, hence the adjective “natural”. Many proofs assistants use
Natural Deduction, either in Prawitz or in Martin-Löf style, as their formalism to describe
logics.

Looking at presentations of the sequent calculus we can see the cleverness behind Girard’s
Linear Logic. Girard removed the structural rules of contraction and weakening from usual
rules of logic, so the logic becomes resource aware. One cannot discard premises not used in
a proof (weakening), one cannot duplicate a premise A that we used once (contraction).

Γ⇒ C WeakeningΓ, A⇒ C
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Γ, A, A⇒ C
ContractionΓ, A⇒ C

However, if you simply remove these two structural rules, the logic is too weak. To get
back the expressive power of usual logic, Girard uses a modality, written as ! and called “of
course!”. This works mostly via the translation

A→ B = (!A) ⊸ B.

Contraction and weakening are available only for !A formulas/objects. The operator ! (shriek
or bang) is a unary operator over a linear basis whose rules correspond to the □ (or necessity)
S4 modality. It was realized very early on that this modality should be modelled categorically
by a comonad.

Why? Which kind of comonad? Before facing these questions, we expand our description
of a propositional linear basis and its categorical modelling.

2.2 The challenges of modeling Linear Logic
When modelling of Linear Logic is discussed the first task is to explain the difference between
a resource-aware implication and an usual one. A traditional implication satisfies:

A, A→ B ⊢ B

A, A→ B ⊢ A ∧B

Thus one can use Modus Ponens (MP) to obtain B, from A and A→ B, but we still have A

after completing the inference. Meanwhile a linear implication satisfies instead:

A, A ⊸ B ⊢ B

A, A ⊸ B ̸⊢ A⊗B

As before we can deduce B from A and A ⊸ B, but A is then gone, we cannot produce it
again, from nowhere. Similarly, the traditional conjunction A ∧B satisfies A ∧B ⊢ B (or A)
while a linear conjunction does not entail its conjuncts A⊗B ̸⊢ A. We cannot project A (or
B) from a linear conjunction.

When we add the modality ! we can of course re-use formulae and discard them, if they
have the right type.

Of course: !A ⊢ !A⊗!A Re-use
!A⊗B ⊢ I ⊗B ∼= B Discard

The traditional categorical modeling of intuitionistic logic, associates a formula A to an
object A of an appropriate (i.e. a cartesian closed) category C. The intuitionistic conjunction
A ∧B is associated to a cartesian product A×B and the intuitionistic implication A→ B

is associated to a function space BA (the homset in C of functions from A to B).
The usual conjunction are modelled by real cartesian products, so we have projections

(A×B → A, B), and diagonals (A→ A×A), which correspond to deletion and duplication
of resources. This is not a linear setting. To cope with the removal of the structural rules
of weakening and contraction, the structure needs to be relaxed from a cartesian closed
category to a monoidal closed category, with tensors and internal-homs. This move is not
problematic, as category theorists had the mathematics done several decades before they
were needed. We may also need to have coproducts and products to model the linear logic
additives (written as ⊕ and &), if these are desired. But these structures were also part
of the category theorists vocabulary and their adaptation to the then new setting was not
problematic.
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However, the main challenge of modelling linear logic was really the operator !A. Let us
recap its rules:

!Γ ⊢ B
!Γ ⊢!B

Γ ⊢ B
Γ, !A ⊢ B

Γ, A ⊢ B

Γ, !A ⊢ B

Γ, !A, !A ⊢ B

Γ, !A ⊢ B

If in the first rule above we substitute !Γ for !A and B for !A, we end up with

!A ⊢!A
!A ⊢!!A

which shows that we need to have a morphism in the category with shape δ : !A→!!A, as
any category has the identity id!A : !A→!A. Similarly, for the other rules below:

Γ =!A, B =!A
δ : !A→!!A

Γ = ∅, B = I

er : !A→ I
Γ = ∅, B = A

der : !A→ A
Γ = ∅, B =!A⊗!A
copy : !A→!A⊗!A

Thus we see that, for each object of the category C of the form !A we must have a
collection of natural morphisms:

!A prom✲ !!A

!A counit✲ I

!A der✲ A

!A copy✲ !A⊗!A

Then we infer that !A needs to be a commutative comonoid with respect to the tensor
product. But also that it should be a coalgebra for the monoidal comonad “!”. The comonoid
and the coalgebra structures need to interact in a consistent and coherent way, which makes
many equations required. Which is the best way to describe these interactions?

3 Dialectica spaces

Historically Seely [28], Lafont [17] and de Paiva [9] presented their categorical models more
or less at the same time, around 1987. But de Paiva investigated a particular, concrete case
of Seely’s generic idea. Her original model also happens to be an instance of Lafont’s cofree
model.

Seely isomorphisms, already present in Girard’s original paper, mix multiplicative and
additive categorical structures.

!(A&B) ∼=!A⊗!B and !1 ∼= I

Work by Benton et al [4] and Bierman [6] came with a solution of model (for categories
without products), but the solution involved too many “commuting conversions”. Benton’s
LNL system [5] and Barber’s DILL “Dual Intuitionistic and Linear Logic”[2], as well as
Maietti et al [23] “Relating Models of Intuitionistic Linear Logic” and Hyland and Schalk’s
[20] glueing models have a working theory of what models should look like. A more complete
discussion, with full proofs, but from a very different perspective, can be found in Melliès [1].
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3.1 Dialectica Spaces
The Dialectica constructions give us a precision-based model of Linear Logic. All con-
nectives correspond to distinct structures in the categories. We describe two families of
models: the original Dialectica categories Dial2(C) model intuitionistic linear logic, while the
Dialectica-like construction, suggested by Girard, the categories DDial2(C), model classical
or full intuitionistic linear logic. We use the expression dialectica spaces to refer to both
constructions.

The difference between these constructions is mostly on morphisms, objects are the same,
i.e. triples (U, X, α : A ↪→ U ×X) where U, X are objects of C, a cartesian closed category
and α a relation between the objects U, X . However, different notions of morphism will
produce very different structures in the resulting categories. However, both constructions
produce dialectica categories Dial2(C) and DDial2(C) which are symmetric monoidal closed
categories with products, as we recall below.

The first construction, Dial2(C), comes from the internalization of the functionals in
Gödel’s Dialectica interpretation. Given a cartesian closed category C, we construct the
category Dial2(C) as follows. The objects of Dial2(C) are relations between U and X, so an
object in Dial2(C) is a monic A

α
↪→ U ×X written as (U α

+←− X).
A map in Dial2(C) between objects A = (U, X, α) and B = (V, Y, β) is a pair of maps in

C, (f : U → V, F : U × Y → X) satisfying the pullback condition below. We can think of
this condition in Set as saying if uαF (u, y) then f(u)βy. Thus

◦ - A

	�
�
�
�
�

◦ - U × Y
? 〈π1, F 〉- U ×X

?

α

B
? β- V × Y

?

f × Y

This is where the mathematics gets somewhat involved, as calculating pullbacks can be
tiresome. One has to prove that the definitions make sense and moreover that they work.
That is, the category Dial2(C) with the structure described below is a symmetric monoidal
closed category with products. The tensor product, the internal-hom and the categorical
product in Dial2(C) are given as follows:

A⊘B = (U × V
α⊘β

+←− X × Y )

A ⊸ B = (V U ×XU×Y α⊸β
+←− U × Y )

A&B = (U × V
αβ
+←− X + Y )

The category has only weak coproducts and a weak initial object. The full calculations and
properties needed to show that this structure works as required can be found in the technical
report [14].
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▶ Theorem 1 (de Paiva 1987). The category Dial2(C) has a symmetric monoidal closed
structure (and products and weak coproducts), that makes it a model of (exponential-free)
intuitionistic linear logic.

The category Dial2(C) is a good model for Linear Logic, since it has the structure needed
to model intuitionistic linear logic, including a highly non-trivial and very well-behaved
modality !. The model was an independent confirmation of the worth of Linear Logic,
since it is based on Gödel’s Dialectica interpretation, an interesting, useful and still a bit
mysterious tool in proof theory [21]. However, it was not clear if there was an obvious way
of transforming this model into a model of Classical Linear Logic.

We can reformulate Dial2(C) a little: Say we consider the category C as Set, objects are
maps U ×X

α−→ 2, morphisms are pairs of maps f : U → V , F : U × Y → X such that in
the diagram

U × Y U ×X

V × Y 2

⟨π1, F ⟩

f×idY α

β

we have α(u, F (u, y)) ≤ β(fu, y). The point of this formulation is to compare the categories
with other proposed models of linear logic like Chu spaces [24].

Following a suggestion of Girard a substantial modification can be made to the category
Dial2(C) to obtain a model of Classical Linear Logic. Actually, in the general case, the
category we obtain is a model of Full Intuitionistic Linear Logic [19], but if desired we can
restrict ourselves to a model of classical linear logic.

Again we assume that the category C is a cartesian closed category. The objects of the
category DDial2(C) are relations between U and X in C, as before. However, the maps
of DDial2(C) are now simply inverse pairs of maps of C, f : U → V , F : Y → X such that
uαF (y)⇒ f(u)βy. Thus the only difference is that in Dial2(C), the “counterexample” map
F has domain U × Y , while in DDial2(C), F has domain simply Y .

This simplification of the notion of morphism gives us more structure still to describe.
But the work with the categories Dial2(C) helps to make intuitions clearer. Summarizing
the structure in DDial2(C) is given by:

A ⊸ B = (V U ×XY +
α⊸β←−−−−−−−−−−− U × Y )

A⊗B = (U × V +
α⊗β←−−−−−−−−−− XV × Y U )

A ` B = (V X × UY +
α ` β←−−−−−−−−−−− X × Y )

A & B = (U × V +
α · β←−−−−−−−−−−−−− X + Y )

A⊕B = (U + V +
α · β←−−−−−−−−−−−−− X × Y )

For Dial2(C) the tensor product was easy to obtain, and we worked what the internal-hom
should be, to obtain the adjunction we wanted. For DDial2(C) the opposite process occurs:
we now know the shape of the internal-hom and have to guess an appropriate tensor-product
to obtain the monoidal closure. The guessing is shown to work, by proving the adjunction
that says that the category is symmetric monoidal closed.
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▶ Theorem 2 (de Paiva 1988). The category DDial2(C) has a symmetric monoidal closed
structure (and products, coproducts and units), that makes it a model of (exponential-free)
classical linear logic.

Products and coproducts work as expected. Also the units now work as expected, we
have four distinct units and calculations can be found, as before, in the technical report:

I = ( 1 +
i←−−−−−− 1 )

⊥ = ( 1 +
e←−−−−−− 1 )

1 = ( 1 +
·←−−−−−− 0 )

0 = ( 0 +
·←−−−−−− 1 )

Having prepared the linear logic basis (twice!), we now go back to the more interesting issue
of the modalities, that is our comonads and their coalgebras and comonoids.

4 Dialectica Comonads

We want all the expressive power of traditional logic. For that Linear Logic introduces
the modalities ! and ?, which are dual to each other. The intuition for these modalities is
well-known: !A means we can use A as many times as we want and, dually, the operator ?A

means we can create as many A’s as desired.
In this section, we first define a modality ! in Dial2(C) and then, to define the operator “!”

for DDial2(C), we have to compose comonads. We abstract a few lessons from this process.

4.1 A cofree !-comonad
Surprisingly enough the ! operator in Dial2(C) is a cofree comonad. There are many useful
and well-known monads in the literature like exceptions, side-effects, powerset, continuations,
etc... but there are fewer well-known and loved comonads. Since we want a comonad that
creates comonoids with respect to the tensor product in the category Dial2(C), we want an
object !A such that it has a diagonal like function to !A⊗!A. Now whatever the ! operator is,
the tensor product !A⊗!A needs to have something like U ×U as its left-handed side. This is
easy, as C is cartesian closed, we can use its diagonal. But we need to also construct a map
of shape U ×X ×X → X, so it would be nice to have a monoid structure in X. It turns out
that simply asking for free commutative monoids in C is enough.

This corresponds to the fact that our category Dial2(C) has objects with dual aspects
to it. The left-handed object U , in the triple (U, X, α), tends to behave as expected in
a cartesian closed category, that is, it works like a verifier of assertions. Meanwhile, the
right-handed side object, X, tends to behave like a producer of counter-examples to the
original claim made by the whole object A = (U, X, α) that, internally, there exists an u in
U , such that for all x in X, α(u, x) holds.

Thus in our case, to obtain a comonoid in Dial2(C) we simply need an object that is a
monoid in the second coordinate, this not only defines a comonad, but this comonad is a
cofree one.

▶ Definition 3. Define a comonad in Dial2(C) by saying !(U, X, α) = (U, X∗, α∗), where
X∗ is the free commutative monoid in C and the new relation α∗ is simply a repetition of
the α relation, as many times as necessary for the sequences in X∗.
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Then we prove that this is the cofree comonad in Dial2(C), that is, that there is an
adjunction between the forgetful functor from the category of commutative comonoids in
Dial2(C) and Dial2(C) itself.

▶ Theorem 4 (de Paiva 1987). The monoidal comonad ! in Dial2(C) models linear logic
modalities and recovers intuitionistic propositional logic.

To prove this, we transform it into

▶ Lemma 5. The co-Kleisli category associated with the (symmetric monoidal) comonad !
on Dial2(C) is cartesian closed.

Proof. To show cartesian closedness we need to show:

HomKl!(A&B, C) ∼= HomKl!(A, [B, C]Kl!)

The proof is then a series of equivalences that were proved previously:
HomKl!(A&B, C) ∼= HomDial2(C)(!(A&B), C) ∼= HomDial2(C)(!A⊗!B, C)
∼= HomDial2(C)(!A, [!B, C]Dial2(C)) ∼= HomKl!(A, [!B, C]Dial2(C) ∼= HomKl!(A, [B, C]Kl!)

This is described with details in [28] and section 2.5 of [14]. ◀

This was the first cofree comonad model of linear logic, not purely syntactic, that is, not
simply of the form this is what we want to be the case. It has inspired the comonad in Chu
spaces, as described by Lafont and Streicher [22].

The operator ! is a monoidal comonad, however, the significance of monoidal was not
realized to begin with. That means that there is a natural transformation

m(−,−) :!A⊗!B →!(A⊗B) and a morphism MI : I →!I

satisfying many commutative diagrams. The operator ! induces a commutative comonoid
structure on the object !A, but !A also has naturally a coalgebra structure induced by the
comonad !. The comonoid and coalgebra structures must interact in a nice way and how to
describe this nice way is up to controversy.

4.2 Exponential comonads for Dialectica-like constructions
The Dialectica-like category DDial2(C) [15] is a simpler category than Dial2(C). Since we
simplified the category, does it mean we simplified the exponential comonad used to embed it
into a traditional cartesian universe? Unfortunately, the answer is no. The previous comonad
we had for !A in Dial2(C) does not work for DDial2(C): we need commutative comonoids
and coalgebras with respect to the new tensor product, which is much more complicated
than the tensor product of Dial2(C).

Tensor products should be adjoint to internal-homs, which internalize the morphisms
of the category under discussion. The category DDial2(C) has simpler morphisms than
Dial2(C): the internal-hom of DDial2(C) is given by

A ⊸ B = (V U ×XY +
α⊸β←−−−−−−−−−−− U × Y )

where counterexample morphisms are simply from Y to X, as explained before. We can reverse
engineer a tensor product that works well with the simplified internal-hom of DDial2(C)
above. This tensor product is given by

(U, X, α)⊗ (V, Y, β) = (U × V, XV × Y U , α⊗ β).
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But this is more complicated than simply putting relations side-by-side as we had for the
category Dial2(C).

Given that the the previous comonad ! worked so well in the category Dial2(C) and that
it is still a comonad in DDial2(C), we can call it bang1 and use it to deal with the comonoid
structure. Note that in the previous definition we never used the dependency in U of the
morphisms considered.

▶ Definition 6. Define a functor in DDial2(C) by saying bang1(U, X, α) = (U, X∗, α∗),
where X∗ is the free commutative monoid in C and the new relation α∗ is simply a repetition
of the α relation, as many times as necessary for the sequences in X∗.

To have coalgebras we need a different comonad.

▶ Definition 7. Define a functor in DDial2(C) by saying bang2(U, X, α) = (U, XU , αU ),
where (−)U : C→ C is the corresponding monad, for a given U , in C.

This induces a comonad in DDial2(C) but bang2 isn’t enough!
The good news is that we can compose these comonads, unlike most comonads. We just

need a distributive law, which had been already described by Beck [3]. (The suggestion of
using a composite of comonads came from Th. Coquand, and it was much appreciated.)

Take bang(U, X, α) = (U, (X∗)U , (α∗)U ), where (−)∗ is the free commutative monoid in
C and (−)U : C → C is a monad in C that induces a comonad in DDial2(C). Most of the
calculations are in [14] and [15], except the ones for monoidicity of the (co)monads involved.

▶ Proposition 8. There is a comonad bang in DDial2(C), a composite of two comonads,
which models the modality ! in Linear Logic.

▶ Theorem 9 (Linear-Non-Linear version). There is a monoidal adjunction between DDial2(C)
and its coKleisli category for the composite monoidal comonad bang described above.

A comonad that is a composite of two comonads is harder to deal with than the situation
we had with Dial2(C). The fact that this comonad is obtained from a composite monad
in C and that we need to use two distributive laws (one for the monads in C, one for the
comonads in DDial2(C)) makes the whole enterprise somewhat convoluted. One might be
led to think that this is a “hack”, without further significance. The calculations get bigger
and cumbersome, but do not present intrinsic difficulties. They require a small amount of
Street’s theory of monads [31] suitably dualized in places.

But something more interesting is happening here: the comonads come with their own
appropriate tensor products, as they need to be monoidal, for logical reasons. The comonad !
in Dial2(C) is very well-behaved, it is cofree. The composite comonad bang in DDial2(C) seems
very ad hoc, it is clearly not cofree, but it is monoidal and this is enough for the modelling role
we wanted it for. The calculations showing that all the commutative diagrams really commute
are easy, but there are many of them and they are long. Computer systems can help with
them, e.g. the Agda report from Eades in https://github.com/heades/cut-fill-agda
for the paper [16].

These constructions look ad hoc, but they have been used repeatedly and reappear in
many other projects, starting with [8] and [11]. We describe this use in the next section.
We also draw the reader’s attention to the formal similarity of these notions of multiple
tensors with associated comonads to the work of Retoré in [26] and of Laird anf Churchill on
sequentiality [7].

https://github.com/heades/cut-fill-agda
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5 Modelling State?

The concept of state-manipulation plays an important role in computation. There are many
suggestions of how to formalise this concept, especially using type systems derived from
Girard’s Linear Logic. Linear Logic was long considered a candidate logic for modelling
“state” as usually considered in programming languages. Reddy introduced his system LLMS
(Linear Logic Model of State) in 1993 [25] to address the issue of state in functional and
imperative programming languages. As he says “This work addresses twin issues: how to
incorporate state manipulation in functional programming languages, and how to describe
the semantics of higher-order imperative programming languages.”

Reddy’s system is an extended intuitionistic linear calculus with extra connectives for
modelling state manipulation. The system LLMS adds two extra connectives to those of
Intuitionistic Linear Logic: first, a sequencing binary operator ▷, called “before”, which
is a non-commutative tensor product and a “regenerative” storage operator †, a modality
associated with “before”, in a way that parallels the relationship between tensor and the
exponential !.

Discussing the system, Reddy explains the connective ‘before’ ▷ as the denotation of
sequential composition of components. Meanwhile the “regenerative” storage operator †
allows him to build sequentially reusable storage objects. The approach is shown to work by
embbeding a higher-order Algol-like language in the system LLMS.

If “before” captures composition with possible left to right communication, it stands
to reason that it should be non-commutative. But we can consider a commutative variant
of the connective, obtaining a non-ordered combination of elements. This was the work
in [8]. In that work non-ordered combination does not mean communication both ways.
Instead it represents concurrent execution without interaction or synchronization, which was
a suggestion of Haeusler.

The work with Correa and Haeusler [8] follows exactly Reddy’s description, which in
its turn is based on Retoré Pomset logic [26]. Pomset logic is not an easy system, and
it is particularly difficult, if “proof-nets” are not your area of expertise. A context Γ is
characterized as a pomset (a partially ordered multiset) (|Γ|,≤Γ), where |Γ| is the set of
formula occurrences in Γ, and ≤Γ is a partial order on the context |Γ|. It turns out that the
commutative version of LLMS, LLMSc, can be soundly modeled by the dialectica category
DDial2(C) and LLMS itself can be modelled by a suitable (non-commutative) variant of the
dialectica construction [11]. This non-commutative variant of the dialectica construction had
first been considered as a model for the Lambek calculus in [10].

The intrinsic order of the pomset context makes proofs much harder and leads into issues
discussed by the community interested in Deep Inference. Many questions are still open, as
discussed recently by Retoré [27] and Slavnov [29]. But some answers can be provided.

▶ Theorem 10 (cut elimination). If a sequent is provable in the commutative system LLMSc,
then it is provable in LLMSc without any application of the cut rule.

Cut elimination together with the theorem below, are the main results of [8], together
with the interpretation in terms of CSP processes of formulae of the system.

▶ Theorem 11 (Corrêa, Haeusler, de Paiva, 1996). The dialectica categories DDial2(C) are a
sound model of LLMSc.

The fact that the ad hoc construction of the dialectica-like modality was recreated, inde-
pendently, in the totally unrelated field of managing state in functional and imperative
programming languages, makes one wonder. The construction seems to be robust. As it is
shown in [11] we also have
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▶ Theorem 12 (Tucker 1998). There exists a small variant of the dialectica categories
DDial2(C), where the original, non-commutative system LLMS can be soundly modeled.

6 Conclusions

We discussed some stories of monads, comonads, algebras and coalgebras that appear in work
related to logic systems oriented towards computing. My main examples have to do with
Linear Logic, so I called these “Linear Modalities” as (co)monads behave like S4 modalities
when considered as components of proof systems over a linear basis. I hope every one can
see how Dialectica spaces of several kinds introduce different (co)monads useful to provide
models of several possible extensions of linear logic.

I have not discussed much other constructive modal logics, which is also work that goes
under the heading of (co)monads and (co)algebras for Computer Science. Constructive modal
logics are interesting for programmers, logicians, mathematicians and philosophers who know
about them under different names and for different applications. It is a shame that these
communities do not talk much to each other. The consortium of researchers united under
the title “Intuitionistic Modal Logics and Applications” (IMLA) [30, 13, 12] has been trying
to change this since 1999. It would be good if this work could be continued and improved.
There is plenty of future work along these lines, producing categorical models for systems
with linear modalities of different styles.

I have started the talk, that is now written as this note, with a quote from Martin Hyland
in “Proof Theory in the Abstract” [18]. He says

Elegant mathematics will of itself tell a tale, and one with the merit of simplicity.
This may carry philosophical weight. But that cannot be guaranteed: in the end one
cannot escape the need to form a judgement of significance.

Working within the confines of categorical versions of the Curry-Howard correspondence has
been a guiding principle for me, others can find their own judgements of significance. There
is plenty of interesting work to do.
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Abstract
Non-volatile memory (NVM) is a new hardware technology that provides durable storage at
performance similar to that of plain volatile RAM. As such, there is a lot of interest in exploiting
this technology to improve the performance of existing disk-bound applications and to find new
applications for it. Nevertheless, developing correct programs that interact with non-volatile memory
is by no means easy, since mainstream architectures provide rather weak persistency semantics and
rather low-level and expensive mechanisms in order to avoid weak behaviors. This creates many
opportunities for researchers in programming language semantics, logic, and verification to develop
techniques to assist programmers writing NVM programs. This short paper and the associated talk
outline the challenges caused by NVM and the research opportunities for PL researchers.
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1 Introduction

Until recently, computer storage came in two flavors: (1) volatile storage, such as DRAM,
that enables fast byte-sized access but loses its contents upon a power outage, and (2) durable
storage, such as hard drives, that preserves its contents upon a power failure but provides only
slow block-sized access to data. Due to these characteristics of computer storage, software
applications use different mechanisms to access memory and disks.

All this is about to change with the adoption of non-volatile memory (NVM), a recent
technology that provides durable storage with performance similar to that of volatile memory.
NVM is plugged to the memory bus and can be accessed in byte-sized chunks with latency
and throughput slightly worse than those of DRAM (within an order of magnitude). It is
thus expected that NVM will soon supplant or even replace volatile memory.

2 Results and Open Questions

Non-volatile memory raises a number of questions relevant for researchers in programming
language semantics and verification. Although recent research in this area has scratched
the surface of these questions providing some first answers to them, much more research is
needed to provide more thorough answers. In the following, I summarize these questions and
partial answers in four groups.

First, what semantics do programs interacting with non-volatile memory have? Among
the multiple ways of defining semantics, to date, only operational and declarative/axiomatic
approaches have been applied to model the semantics of persistent programs. Specifically,
Raad et al. [8, 9] have developed formal operational and axiomatic models for subsets of
the Intel-x86 and the Arm architectures. These models describe the persistency semantics
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of the core instructions for interacting with non-volatile memory (namely, plain memory
accesses and cache-line flush instructions). As can be seen in the cited publications, their
semantics is often quite unexpected. Instructions execute asynchronously and even out-of-
order, which leads to a number of possible weak persistency behaviors similar in natural
to the weakly consistent behaviors observed by concurrent programs running on modern
multicore processors. In the future, it would be useful to extend the existing models to
cover additional features of the computer architectures, to extensively validate them with
respect to hardware implementations, as well as to construct further characterizations of the
persistency semantics of NVM programs using, say, denotational semantics with the overall
goal at arriving at cleaner definitions.

Second, given that basic memory accesses have weak persistency semantics, how can
programmers defend their programs against such weak behaviors, i.e., how can they avoid
weak persistency behaviors? Currently, the only way to achieve this is to invoke special
low-level hardware instructions, such as cache-line flush instructions (on x86 and Arm) or
non-temporal store instructions (only on x86). Naively using these instructions, however, does
not generate the desired result, because these instructions are weakly ordered with respect to
other instructions. One therefore typically has to combine the usage of such instructions with
(store) fence instructions to ensure their correct operation. Naturally, it would be desirable to
define higher-level architecture-independent mechanisms for persisting stores to non-volatile
memory, and to develop correct compilation schemes for these mechanisms to the various
different platforms. Beyond higher-level fences and flushes, one can imagine developing even
higher-level primitives, such as persistent transactions, persistent data structures.

Third, what are good correctness criteria for such persistent data structures and trans-
actions? At a very basic level, one can require some basic algorithm-specific invariants to
hold over the persistent state. For example, for a persistent sorted list, one may want to
establish that the list is always well-formed in the persistent storage: its links point to
valid fully initialized nodes, all such nodes are reachable from the head of the list, and the
values of linked nodes are in ascending order. In addition, one may wish to establish an
algorithm-independent correctness notion such as persistent serializability or linearizability,
roughly stating that the implementation guarantees that the various operations executed in
some total order, and that a prefix of that order has persisted.

Finally, given such appropriate correctness notions for persistent algorithms, what tech-
niques can we used to establish correctness of such persistent algorithms? The work so
far has considered mainly establishing invariants of the persisted state. Two approaches
that have been tried are program logics and model checking. Specifically, Raad et al. [6]
develop the Persistent Owicki-Gries (POG) program logic, an adaptation of the well-known
Owicki-Gries proof system that is able to reason about invariants over the durable state
under a subset of the Px86 semantics. In terms of model checking, Gorjiara et al. [4] have
developed an approach for verifying assertions (such as invariants) of NVM programs. In
a different context, Kokologiannakis et al. [5] developed a model checker for concurrent
programs interacting with the ext4 file system, but their technique can easily be re-purposed
to verify programs interacting with non-volatile memory. There has also been some works
establishing persistent linearizability of simple durable algorithms (e.g., [2, 7]), but clearly
much more work is needed to reach the level of complexity and automation that has been
achieved for the verification of concurrent algorithms. Obvious next steps are: (1) to consider
more advanced program logics, such as GPS [10] and FSL [3], which are extensions of
separation logic that handle weak memory consistency, (2) to consider the complexity of basic
verification questions following the initial results of Abdulla et al. [1], and (3) to develop
automated techniques for checking and/or proving persistent linearizability.
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In summary, NVM has created many research opportunities for our community. I intend
to explore them in the near future and I hope that other researchers will join me in doing so
– whether in collaboration or independently.
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Abstract
The Initial Algebra Theorem by Trnková et al. states, under mild assumptions, that an endofunctor
has an initial algebra provided it has a pre-fixed point. The proof crucially depends on transfinitely
iterating the functor and in fact shows that, equivalently, the (transfinite) initial-algebra chain stops.
We give a constructive proof of the Initial Algebra Theorem that avoids transfinite iteration of the
functor. For a given pre-fixed point A of the functor, it uses Pataraia’s theorem to obtain the least
fixed point of a monotone function on the partial order formed by all subobjects of A. Thanks to
properties of recursive coalgebras, this least fixed point yields an initial algebra. We obtain new
results on fixed points and initial algebras in categories enriched over directed-complete partial
orders, again without iteration. Using transfinite iteration we equivalently obtain convergence of the
initial-algebra chain as an equivalent condition, overall yielding a streamlined version of the original
proof.
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1 Introduction

Owing to the importance of initial algebras in theoretical computer science, one naturally
seeks results which give the existence of initial algebras in the widest of settings. We can
distinguish two different, but related ideas which are commonly used in such results. By
Lambek’s Lemma, for every endofunctor F : A → A , every initial algebra α : FA → A has
a structure α which is an isomorphism. So one might hope to obtain an initial algebra from
a fixed point, viz. an F -algebra with isomorphic structure. It is sometimes much easier to
find a pre-fixed point, an object A together with a monomorphism m : FA ↣ A. The Initial
Algebra Theorem by Trnková et al. [28] states that, with inevitable but mild assumptions,
any functor F which preserves monomorphisms and has a pre-fixed point also has an initial
algebra. The proof uses the second prominent idea in the area: iteration, potentially into the
transfinite. Indeed, transfinite iteration of F seems to be an essential feature of the proof.
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The purpose of this paper is to prove the Initial Algebra Theorem in as wide a setting
as possible with no use of iteration whatsoever. Moreover, the side conditions are mild:
they apply, e.g. to the categories of complete metric spaces and directed-complete partial
orders with a least element (shortly, dcpo with bottom). To situate our method in a larger
context, recall that some fixed point theorems are proved with iteration, and some without.
On the iterative side, we find Kleene’s Theorem: continuous functions on ω-cpos with a
least element have least fixed points obtained by iteration in countably many steps; and
Zermelo’s Theorem: monotone functions on chain-complete posets with a least element
have least fixed points, using a transfinite iteration. On the non-iterative side, we have
the Knaster-Tarski Theorem: monotone functions on complete lattices have both least and
greatest fixed points, obtained by a direct definition without iteration. A relatively new
result is Pataraia’s Theorem: monotone functions on dcpos with bottom have a least fixed
point. The latter two theorems are ordinal-free and indeed constructive.

The initial algebra for a functor F can often be constructed by iterating the functor,
starting with the initial object 0 and obtaining a transfinite chain 0 → F0 → FF0 · · ·
(Definition 6.2). The reason why fixed point theorems are useful for the proof of the Initial
Algebra Theorem is that in every category A , the collection Sub(A) of subobjects of a given
object A is a partial order, and the iteration of F can be reflected by a particular monotone
function f : Sub(A) → Sub(A) when α : FA ↣ A is a pre-fixed point; it takes a subobject
u : B ↣ A to α · Fu. If Sub(A) is sufficiently complete, then f has a least fixed point, and
we show that this yields an initial algebra for F .

In order to make this step it is important for us that joins in Sub(A) are given by colimits
in A . Therefore Pataraia’s Theorem is the best choice as a basis for the move from the
least fixed point of f to the initial F -algebra. The reasons are that (a) it balances the weak
assumption of monotonicity on f with the comparatively weak directed-completeness of the
subobject lattice; and (b) its use yields an ordinal-free proof (in contrast to using Zermelo’s
Theorem, for which (a) is also the case). In fact, we present many examples of categories
where directed joins of subobjects are given by colimits, while this is usually not the case for
arbitrary joins, rendering the Knaster-Tarski Theorem a bad choice for us.

We start our exposition in Section 2.1 with a review of Pataraia’s Theorem and also its
non-constructive precursor, Zermelo’s Theorem which we use later in Section 6. The second
ingredient for the proof of our main result are recursive coalgebras, which we tersely review
in Section 2.2. We use the fact that a recursive coalgebra which is a fixed point already is an
initial algebra. Section 3 discusses the property that joins of subobjects are given by colimits.
We make the technical notion of smoothness parametric in a class M of monomorphisms
(representing subobjects), and we prove our results for a smooth class M.

Our main result is the new proof of the Initial Algebra Theorem in Section 4. We apply
it in Section 5 to the category DCPO⊥ of dcpos with bottom. The class of all embeddings is
smooth. We derive a new result: if an endofunctor preserves embeddings and has a fixed
point, then it has an initial algebra which coincides with the terminal coalgebra.

Finally, Section 6 rounds off our paper by providing the original Initial Algebra Theorem,
which features the initial-algebra chain obtained by transfinite iteration. Although our proof
has precisely the same mathematical content as the original one, it is slightly streamlined in
that it appeals to Zermelo’s Theorem rather than unfolding its proof.

Related work. Independently and at the same time, Pitts and Steenkamp [22] have obtained
a result on the existence of initial algebras, which makes use of sized functors and is
formalizable in Agda. In effect, they show that a form of iteration using sized functors is
sufficient to obtain initial algebras. Our work, while constructive, is not aimed at formalization,
and, as previously mentioned avoids iteration.
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2 Preliminaries

We assume that readers are familiar with standard notions from the theory of algebras and
coalgebras for an endofunctor F . We denote an initial algebra for F , provided it exists, by

ι : F (µF ) → µF.

Recall that Lambek’s Lemma [17] states that its structure ι is an isomorphism. This means
that µF is a fixed point of F , viz. an object A ∼= FA.

2.1 Fixed Point Theorems
In this subsection we present preliminaries on fixed point theorems for ordered structures.
The most well-known such results are, of course, what is nowadays called Kleene’s fixed point
theorem and the Knaster-Tarski fixed point theorem. The former is for ω-cpos, partial orders
with joins of ω-chains, with a least element (bottom, for short). Kleene’s Theorem states that
every endofunction which is ω-continuous, that is preserving joins of ω-chains, on an ω-cpo
has a least fixed point. The Knaster-Tarski Theorem [16,24], makes stronger assumptions on
the poset but relaxes the condition on the endofunction. In its most general form it states
that a monotone endofunction f on a complete lattice P has a least and greatest fixed point.
Moreover, the fixed points of f form a complete lattice again.

Here we are interested in fixed point theorems that still work for arbitrary monotone
functions but make do with weaker completeness assumptions on the poset P . One such
result pertains to chain-complete posets. It should be attributed to Zermelo, since the
mathematical content of the result appears in his 1904 paper [31] proving the Wellordering
Theorem.

An i-chain in a poset P for an ordinal number i is a sequence (xj)j<i of elements of P

with xj ≤ xk for all j ≤ k < i. The poset P is said to be chain-complete if every i-chain in it
has a join. In particular, P has a least element ⊥ (take i = 0).

Let f : P → P be a monotone map on the chain-complete poset P . Then we can define
an ordinal-indexed sequence f i(⊥) by the following transfinite recursion:

f0(⊥) = ⊥, f j+1(⊥) = f(f j(⊥)), and f j(⊥) =
∨
i<j

f i(⊥) for limit ordinals j. (1)

It is easy to verify that this is a chain in P .

▶ Theorem 2.1 (Zermelo). Let P be a chain-complete poset. Every monotone map f : P → P

has a least fixed point µf . Moreover, for some ordinal i we have µf = f i(⊥).

Proof. Take i to be any ordinal larger than |P |, the cardinality of the set P . For this i,
there must be some j < i such that f j(⊥) = f j+1(⊥). Indeed, this follows from Hartogs’
Lemma [14], stating that for every set P there exists an ordinal i such that there is no
injection i ↣ P . Thus, f j(⊥) is a fixed point of f . Let f(x) = x. An easy transfinite
induction shows that f i(⊥) ≤ x for all i. Hence, f j(⊥) is the least fixed point of f . ◀

There are also variations on Theorem 2.1, such as the result often called the Bourbaki-Witt
Theorem [6,30]; this states that every inflationary endo-map on a chain-complete poset has
a fixed point above every element. (A map f : P → P is inflationary, if x ≤ f(x) for every
x ∈ P .)

Theorem 2.1 is not constructive. Our proof relied on Hartogs’ Lemma, which in turn builds
on the standard theory of ordinals. That theory uses classical reasoning. A related point:
some prominent results depending on ordinals are known to be unavailable in constructive set
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theory (see [5]). For many of the end results, there is an alternative, Pataraia’s Theorem [21],
proved without iteration and without ordinals (see Theorem 2.4). This result is at the heart
of this paper. It uses dcpos in lieu of chain-complete posets.

Pataraia sadly never published his result in written form. But it has appeared e.g. in
work by Escardó [11], Goubault-Larrecq [13], Bauer and Lumsdane [5] based on a preprint
by Dacar [9], and Taylor [27]. We present a proof based on Martin’s presentation [19].

First recall that a directed subset of a poset P is a non-empty subset D ⊆ P such that
every finite subset of D has an upper bound in D. The poset P is called a dcpo with bottom if
it has a least element and every directed subset D ⊆ P has a join. Note that by Markowsky’s
Theorem [18], a poset is chain-complete iff it is a dcpo.

▶ Remark 2.2.
1. Observe that the set of all maps on a poset P form a poset using the point-wise order:

f ≤ g if for every x ∈ P we have f(x) ≤ g(x).
2. Hence, f : P → P is inflationary iff idP ≤ f , where idP is the identity function on P .
3. Function composition is left-monotone: we clearly have f · h ≤ g · h whenever f ≤ g.

Right-monotonicity additionally requires that the fixed argument be a monotone map:
we have f · g ≤ f · h for every g ≤ h whenever f is monotone.

4. A monoid (M, ·, 1) is partially ordered if M carries a partial order such that multiplication
is monotone: a ≤ b and a′ ≤ b′ implies a · a′ ≤ b · b′. It is directed complete if it is a dcpo.
An element z ∈ M is a zero if z · m = z = m · z for every m ∈ M .

▶ Theorem 2.3 [19, Thm. 1]. Every directed complete monoid (M, ·, 1) whose bottom is the
unit 1 has a top element which is a zero.

Proof. The set M itself is directed: for m, n ∈ M we see that m · n is an upper bound since

m = m · 1 ≤ m · n ≥ n · 1 = n,

using that 1 is the bottom and multiplication is monotone. Thus M has a top element
⊤ =

∨
M . We have ⊤ = ⊤ · 1 ≤ ⊤ · m for every m ∈ M , and clearly ⊤ · m ≤ ⊤. Thus,

⊤ · m = ⊤ and, similarly m · ⊤ = ⊤, whence ⊤ is a zero. ◀

▶ Theorem 2.4 (Pataraia’s Theorem). Let P be a dcpo with bottom. Then every monotone
map on P has a least fixed point.

Proof.
1. Let M the set of all monotone inflationary maps on P . This is a monoid under function

composition, with the unit idP . Furthermore, M is a dcpo with bottom. Indeed, the
order is the pointwise order from Remark 2.2, the least element is idP , and directed joins
are computed pointwise in P . Function composition is monotone (in both arguments) by
Remark 2.2.3. By Theorem 2.3, M therefore has a top element t : P → P which is a zero.

2. Let f : P → P be inflationary and monotone. Then f ∈ M and therefore f · t = t. This
means that for every x ∈ P , f(t(x)) = t(x), whence t(x) is a fixed point of f .

3. Now let f : P → P be just monotone. Let S be the collection of all subsets S of P which
contain ⊥, are closed under f , and under joins of directed subsets. (In more detail, we
require that if s ∈ S, then f(s) ∈ S; and if X ⊆ S is directed,

∨
X ∈ S.) Clearly, S is

closed under arbitrary intersections. Let T =
⋂

S.
The set of all post-fixed points x ≤ f(x) belongs to S. Indeed, ⊥ ≤ f(⊥), and f(x) ≤
f(f(x)) whenever x ≤ f(x). Moreover, a join p =

∨
D of a directed set D of post-fixed

points of f is post-fixed point: p satisfies d ≤ f(d) ≤ f(p) for every d ∈ D due to the



J. Adámek, S. Milius, and L. S. Moss 5:5

monotonicity of f ; thus, p ≤ f(p). By the minimality of T , we therefore know that
T consists of post-fixed points of f . Thus, f restricts to a function f : T → T . That
restriction is inflationary (and monotone, of course) and therefore has a fixed point p

by item 2.
4. We show that p is a least fixed point of f : P → P . Suppose that x is any fixed point.

The set L = {y ∈ P : y ≤ x} belongs to S. Therefore T ⊆ L, which implies p ≤ x. ◀

▶ Corollary 2.5. The collection of all fixed points of a monotone map on a dcpo with bottom
forms a sub-dcpo.
This is analogous to fixed points of a monotone map on a complete lattice forming a complete
lattice again, see Tarski [24].

Proof. Let f be monotone on the dcpo with bottom P . Put S = {x ∈ P : x = f(x)}.
Suppose that D ⊆ S be a directed subset, and let w =

∨
D be its join in P . Then we have

x = f(x) ≤ f(w) for every x ∈ S since f is monotone. Therefore w ≤ f(w) since w is the join
of S. We now see that f restricts to W = {y ∈ P, w ≤ y}, the set of all upper bounds of D

in P : for every y ∈ W we have w ≤ f(w) ≤ f(y), which shows that f(y) ∈ W . Moreover, W

is clearly a dcpo: it has least element w, and the join of every directed set of upper bounds
of D is an upper bound, too. By Theorem 2.4, the restriction of f to W has a least fixed
point p, say. In other words, p is the least fixed point of f among the upper bounds of D

in P , and therefore it is the desired join of D in S. ◀

Here is our statement of a principle which we shall use later as a key step in our main
result. It also appears in work by Escardó [11, Thm. 2.2] and Taylor [27].

▶ Corollary 2.6 (Pataraia Induction Principle). Let P be a dcpo with bottom. If f : P → P is
monotone, then µf belongs to every subset S ⊆ P which contains ⊥ and is closed under f

and under directed joins.

This follows from the proof of Theorem 2.4: items 3 and 4 show that µf ∈ S.
We apply the above principle to prove the following result that we will use in Section 5.

A monotone function f on a dcpo D with bottom is continuous if it preserves directed joins,
and strict if f(⊥) = ⊥.

▶ Lemma 2.7. Let P, Q be dcpos with bottom and let f : P → P and g : Q → Q be monotone.
For every strict continuous map h : P → Q such that g · h = h · f we have h(µf) = µg.

Proof. First, h(µf) is a fixed point of g: we have g(h(µf)) = h(f(µf)) = h(µf). Therefore
µg ≤ h(µf). For the reverse, let S = {x ∈ P : h(x) ≤ µg}. Since h is strict, we see that
⊥ ∈ S. Moreover, S is closed under f , for if x ∈ S we obtain h(f(x)) = g(h(x)) ≤ g(µg) = µg

using monotonicity of g in the second step. Finally, S is closed under directed joins: if D ⊆ S

is a directed set we obtain h(
∨

D) =
∨

x∈D h(x) ≤
∨

x∈D µg = µg, whence
∨

D lies in S.
Thus, by Corollary 2.6, µf ∈ S, which means that h(µf) ≤ µg. ◀

2.2 Recursive Coalgebras
A crucial ingredient for our new proof of the Initial Algebra Theorem are recursive coalgebras.
They are closely connected to well-founded coalgebras and hence to the categorical formulation
of well-founded induction. In his work on categorical set theory, Osius [20] first studied the
notions of well-founded and recursive coalgebras (for the power-set functor on sets and, more
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5:6 Initial Algebras Without Iteration

generally, the power-object functor on an elementary topos). He defined recursive coalgebras
as those coalgebras α : A → PA which have a unique coalgebra-to-algebra homomorphism
into every algebra (see Definition 2.8).

Taylor [25–27] considered recursive coalgebras for a general endofunctor under the name
“coalgebras obeying the recursion scheme”, and proved the General Recursion Theorem that
all well-founded coalgebras are recursive for more general endofunctors; a new proof with
fewer assumptions appears in recent work [2]. Recursive coalgebras were also investigated by
Eppendahl [10], who called them algebra-initial coalgebras.

Capretta, Uustalu, and Vene [8] studied recursive coalgebras, and they showed how
to construct new ones from given ones by using comonads. They also explained nicely
how recursive coalgebras allow for the semantic treatment of recursive divide-and-conquer
programs. Jeannin et al. [15] proved the general recursion theorem for polynomial functors on
the category of many-sorted sets; they also provided many interesting examples of recursive
coalgebras arising in programming.

In this section we will just recall the definition and a few basic results on recursive
coalgebras which we will need for our proof of the initial algebra theorem.

▶ Definition 2.8. A coalgebra γ : C → FC is recursive if for every algebra α : FA → A there
exists a unique coalgebra-to-algebra morphism h : C → A, i.e. a unique morphism h such
that the square below commutes:

C A

FC FA

γ

h

F h

α (2)

Recursive coalgebras are regarded as a full subcategory of the category Coalg F of all
coalgebras for the functor F .

▶ Definition 2.9. A fixed-point of an endofunctor is an object C together with an isomorphism
C ∼= FC. We consider C both as an algebra and a coalgebra for F .

▶ Remark 2.10 [8, Prop. 7]. Every recursive fixed point is an initial algebra: for a coalgebra
(C, γ) with γ invertible, the coalgebra-to-algebra morphisms from (C, γ) to an algebra (A, α)
are the same as the algebra homomorphisms from (C, γ−1) to (A, α).

▶ Proposition 2.11 [8, Prop. 6]. If (C, γ) is a recursive coalgebra, then so is (FC, Fγ).

Proof. Let (A, α) be an algebra and denote by h : C → A the unique coalgebra-to-algebra
morphism. We will show that

g =
(
FC

F h−−−→ FA
α−−→ A

)
is the unique coalgebra-to-algebra morphism from (FC, Fγ) to (A, α). First, diagram (2) for
g commutes as can be seen on the left below:

FC FA A

FFC FFA FA

F h

F γ

g

α

F F h

F g

F α

F α

α

C FC A

FC FFC FA

γ

k·γ

γ

k

F γ

F γ

F (k·γ)

F k

α
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To see that g is unique, suppose that k : FC → A is a coalgebra-to-algebra morphism from
(FC, Fγ) to (A, α). Then k · γ : C → A is one from (C, γ) to (A, α). This is shown by the
diagram on the right above. Thus, we have h = k · γ, and we conclude that

g = α · Fh = α · Fk · Fγ = k,

where the last equation holds since k is a coalgebra-to-algebra morphism. ◀

▶ Corollary 2.12. If a terminal recursive F -coalgebra exists, it is a fixed point of F .

Indeed, the proof is the same as that for Lambek’s Lemma, using Proposition 2.11 to see that
for a terminal recursive coalgebra (T, τ ), the coalgebra (FT, Fτ ) is recursive, too: the unique
coalgebra homomorphism h : (FT, Fτ ) → (Tτ) satisfies h·τ = idT since τ : (T, τ ) → (FT, Fτ )
is a coalgebra homomorphism, and finally, τ · h = Fh · Fτ = F idT = idF T .

▶ Theorem 2.13 [8, Prop. 7]. The terminal recursive coalgebra is precisely the same as the
initial algebra.

In more detail, let F : A → A be an endofunctor. Then we have:
1. If (T, τ) is a terminal recursive coalgebra, then (T, τ−1) is a initial algebra.
2. If (µF, ι) is an initial algebra, then (µF, ι−1) is a terminal recursive coalgebra.

Proof.
1. By Corollary 2.12, we know that τ is an isomorphism. By Remark 2.10, (T, τ−1) is an

initial algebra.
2. The coalgebra (µF, ι−1) is clearly recursive. It remains to verify its terminality. So

let (C, γ) be a recursive coalgebra. There is a unique coalgebra-to-algebra morphism
from (C, γ) to the algebra (µF, ι), and this means that there is a unique coalgebra
homomorphism h : (C, γ) → (µF, ι−1). ◀

▶ Proposition 2.14. Every colimit of recursive coalgebras is recursive.

Proof. We use the fact that the colimits in Coalg F , the category of coalgebras for F , are
formed on the level of the underlying category. Suppose that we are given a diagram of
recursive coalgebras (Ci, γi), i ∈ I, with a colimit cocone ci : (Ci, γi) → (C, γ) in Coalg F .
We prove that (C, γ) is recursive, too. Indeed, given an algebra (A, α) one takes for every i

the unique coalgebra-to-algebra morphisms hi : (Ci, γi) → (A, α). Using unicity one sees that
all hi form a cocone of the diagram formed by all Ci in the underlying category. Therefore,
there is a unique morphism h : C → A such that h · ci = hi holds for all i ∈ I. We now verify
that h is the desired unique coalgebra-to-algebra morphism using the following diagram:

Ci C A

FCi FC FA

ci

γi

hi

γ

h

F ci

F hi

F h

α

We know that the upper and lower parts, the left-hand square and the outside commute.
Therefore so does the right-hand square when precomposed by every ci. Since the colimit
injections ci form a jointly epic family, we thus see that the right-hand square commutes if
and only if h · ci = hi holds for all i ∈ I. ◀
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5:8 Initial Algebras Without Iteration

3 Smooth Monomorphisms

As we have just seen in Proposition 2.14, the collection of recursive coalgebras is closed under
colimits. In order to apply an order-theoretic fixed point theorem to this collection, or to
subcollections of it, we need a connection between colimits and subobjects. We make this
connection by using the definition of smooth class of monomorphisms in a category.

For an object A of a category A , a subobject is represented by a monomorphism s : S ↣ A.
If s and t : T ↣ A are monomorphisms, we write s ≤ t if s factorizes through t. If also t ≤ s

holds, then t and s represent the same subobject; in particular S and T are then isomorphic.
Generalizing a bit, let M be a class of monomorphisms. An M-subobject of A is a subobject
represented by a morphism s : S → A in M. If the object A has only a set of subobjects,
then we write

SubM(A)

for the poset of M-subobjects of A.
If every object A only has a set of M-subobjects, then A is called M-well-powered.

▶ Definition 3.1. Let M be a class of monomorphisms closed under isomorphisms and
composition.
1. We say that an object A has smooth M-subobjects provided that SubM(A) is a dcpo with

bottom (in particular, not a proper class) where the least element and directed joins are
given by colimits of the corresponding diagrams of subobjects.

2. The class M is smooth if every object of A has smooth M-subobjects.
Moreover, we say that a category has smooth monomorphisms if the class of all monomorph-
isms is smooth.

▶ Remark 3.2.
1. In more detail, let D ⊆ SubM(A) be a directed set of subobjects represented by mi : Ai ↣

A (i ∈ D). Then D has a join m : C ↣ A in SubM(A). Moreover, consider the diagram
of objects (Ai)i∈D with connecting morphisms ai,j : Ai ↣ Aj for i ≤ j in D given by the
unique factorizations witnessing mi ≤ mj :

Ai Aj

A

ai,j

mi mj

(Note that ai,j need not lie in M.) Then for every i ∈ D there exists a monomorphism
ci : Ai ↣ C with m · ci = mi, since mi ≤ m. The smoothness requirement is that these
monomorphisms form a colimit cocone.

2. Requiring that the least subobject in SubM A is given by (the empty) colimit means that
A has an initial object 0 and the unique morphism 0 ↣ A lies in M.

3. If M is a smooth class, then A is M-well-powered.

Since the above notion of smoothness is new, we discuss examples at length now. Below
we show that in a number of categories the collection of all monomorphisms is smooth, as
is the collection of all strong monomorphisms (those having the diagonal fill-in property
with respect to epimorphisms). We also present some counterexamples and discuss other
classes M.
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Recall the concept of a locally finitely presentable (lfp, for short) category (e.g. [4]): it is
a cocomplete category A with a set of finitely presentable objects (i.e. their hom-functors
preserve filtered colimits) whose closure under filtered colimits is all of A . Examples are
Set, Pos (posets and monotone maps), Gra (graphs and homomorphisms) and all varieties of
finitary algebras such as monoids, vector spaces, rings, etc.

We say that A has a simple initial object 0 if all the morphisms with domain 0 are strong
monomorphisms (equivalently, 0 has no proper quotients).

▶ Example 3.3. Both monomorphisms and strong monomorphisms are smooth in every lfp
category with a simple initial object 0 [4, Cor. 1.63]. This includes Set, Pos, Gra, monoids
and vector spaces. But not rings: in that category the initial object is Z, the ring of integers,
and there are non-monic ring homomorphisms with that domain (e.g. Z → 1).

▶ Example 3.4. Let us consider the category DCPO⊥ of dcpos with bottom and continuous
maps between them, where a map is continuous if it is monotone and preserves directed
joins.
1. In Section 5 we prove that the class of all embeddings (Definition 5.1) is smooth. (These

play a major role in Smyth and Plotkin’s solution method for recursive domain equa-
tions [23].) This example is one of several motivations for our move from the class of all
monomorphisms to the more general situation of a class M in Definition 3.1.

2. In contrast, the class of all monomorphisms is non-smooth in DCPO⊥. For example,
consider the dcpo N⊤ of natural numbers with a top element ⊤. The subposets Cn =
{0, . . . , n} ∪ {⊤}, n ∈ N, form an ω-chain in DCPO⊥. Its colimit is N⊤ ∪ {∞} where
n < ∞ < ⊤ for all n ∈ N. The cocone of inclusion maps Cn ↪→ N⊤ consists of
monomorphisms. However, the factorizing morphism from colim Cn to N⊤ is not monic,
as it merges ∞ and ⊤.

3. The same example demonstrates that strong monomorphisms are not smooth in DCPO⊥.

▶ Example 3.5.
1. Let us consider the category MS of metric spaces with distances at most 1 and non-

expanding maps f : (X, dX) → (Y, dY ) (that is dY (f(x), f(y)) ≤ dX(x, y) for all x, y, ∈ X.
Although this category is not lfp, both monomorphisms and strong monomorphisms form
smooth classes. The proof for strong monomorphisms is easy since the strong (equivalently,
extremal) subobjects of a metric space A are represented by its subspaces (with the
inherited metric). Given a directed set of subspaces Ad ⊆ A (d ∈ D) their join in Sub(A)
the subspace

⋃
d∈D Ad and this is also the colimit of the corresponding diagram in MS.

The somewhat technical proof for monomorphisms is given in the appendix (Lemma A.1).
2. In the full subcategory CMS of MS given by all complete metric spaces monomorpisms

are not smooth. This can be demonstrated as in Example 3.4.2: Let N⊤ be the metric
space with distances d(n, m) = |1/2−n − 1/2−m| and d(n, ⊤) = 1/2−n, and consider the
ω-chain of spaces Cn where d(n, ⊤) = 1 and other distances are as in N⊤.

3. In contrast, strong monomorphisms are smooth in CMS (see Lemma A.2).
The following equivalent formulation is often used in proofs.

▶ Proposition 3.6. An object A has smooth M-subobjects if and only if for every directed
diagram D of monomorphisms in A (not necessarily members of M), and every cocone
mi : Ai ↣ A, i ∈ D, of M-monomorphisms, the following holds:
1. the diagram D has a colimit, and
2. the factorizing morphism induced by the cocone (mi) is again an M-monomorphism.
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5:10 Initial Algebras Without Iteration

Proof. The “only if” direction is obvious. For the “if” direction, suppose we are given a
directed set D ⊆ Sub(A) of M-subobjects mi : Ai ↣ A for i ∈ D as in Remark 3.2. By item 1,
the ensuing directed diagram of monomorphisms ai,j : Ai ↣ Aj has a colimit ci : Ai → C,
i ∈ D, and we will prove that this yields the join

∨
i∈D mi. By item 2, we have a unique

M-monomorphism m : C ↣ A such that m · ci = mi for all i ∈ D.
Now let s : S ↣ A be any M-subobject with mi ≤ s for all i ∈ D. That is, we have

morphisms si : Ai → S with s · si = mi for all i ∈ D. They form a cocone because for the
monomorphism ai,j : Ai ↣ Aj witnessing mi ≤ mj we have

s · sj · ai,j = mj · ai,j = mi = s · si,

whence sj · ai,j = si since s is monic. We therefore obtain a unique t : C → S with t · ci = si

for all i ∈ D. Consequently, we have

s · t · ci = s · si = mi = m · ci for all i ∈ D.

Since the colimit injections ci form an epic family, we conclude that s · t = m, which means
that m ≤ s in SubM(A), as desired. ◀

▶ Remark 3.7.
1. Note that the conditions for M to be smooth are a part of the conditions of Taylor’s notion

of a locally complete class of supports [25, Def. 6.1. & 6.3] (see also [27, Assumption 4.18]).
2. Smoothness previously appeared for joins and colimit of chains in lieu of directed sets [2].

That formulation is related to the list of conditions for a class of monomorphisms given
by Trnková et al. [28]. Note that a class M of monomorphisms containing the identities
and closed under composition can be regarded as the subcategory of A given by all
morphisms in M. The list of conditions in op. cit. is equivalent to stating that the
inclusion functor M ↪→ A creates colimits of chains. Requiring that the inclusion creates
directed colimits implies that the class M is smooth. For the converse, we would need to
add that for every directed diagram of M-monomorphisms the colimit cocone consists of
M-monomorphisms.

4 The Initial Algebra Theorem

We are now ready to prove the main result of this paper.

▶ Assumption 4.1. Throughout this section we assume that A is a category with a class
M of monomorphisms containing all isomorphisms and closed under composition. We say
that F : A → A preserves M if m ∈ M implies Fm ∈ M.

▶ Definition 4.2. An M-pre-fixed point of F is an algebra whose structure m : FA ↣ A lies
in M. In the case where M consists of all monomorphisms we speak of a pre-fixed point.

▶ Theorem 4.3 (Initial Algebra Theorem). Let m : FA ↣ A be an M-pre-fixed point for an
endofuctor preserving M. If A has smooth M-subobjects, then F has an initial algebra which
is an M-subalgebra of (A, m).

Proof. We have the following endomap

f : SubM(A) → SubM(A) defined by f
(
B Au )

=
(
FB FA AF u m )

. (3)
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It is clearly monotone. We are going to apply Pataraia Induction to it. We take the subset
S ⊆ SubM(A) of all u : B ↣ A such that u ≤ f(u) via some recursive coalgebra β : B → FB.
More precisely,

S = {u : B ↣ A : u = m · Fu · β for some recursive coalgebra β : B ↣ FB}.

Note that if β exists for u, then it is unique. Moreover, u ∈ S is a coalgebra-to-algebra
morphism from (B, β) to (A, m).

The least subobject 0 ↣ A is clearly contained in S. Further, S is closed under f since
(FB, Fβ) is a recursive coalgebra by Proposition 2.11: for u ∈ S we have

f(u) = m · Fu = m · F (m · Fu · β) = m · F (f(u)) · Fβ.

We continue with the verification that S is closed under directed joins. Let D ⊆ S be directed.
Given u : Bu ↣ A in D we write βu : Bu → FBu for the recursive coalgebra witnessing
u ≤ f(u). We show that these recursive coalgebras form a (then necessarily) directed diagram.
To see this, we only need to prove that every morphism h : Bu ↣ Bv witnessing u ≤ v in D;
i.e. v · h = u, is a coalgebra homomorphism. Consider the diagram below:

Bu FBu

Bv FBv

A FA

βu

h

u

F h

F u
βv

v F v

m

Since the outside, the lower square and the left-hand and right-hand parts commute, we
see that the upper square commutes when extended by the monomorphism m · Fv. Thus it
commutes, proving that h is a coalgebra homomorphism.

Now denote by v : B ↣ A the join
∨

D in SubM(A). Since A has smooth subobjects, B

is the colimit of the diagram formed by the Bu, u ∈ D, in A . Since the forgetful functor
Coalg F → A creates colimits, we have a unique coalgebra structure β : B → FB such
that the colimit injections are coalgebra homomorphisms; moreover (B, β) is colimit of
the coalgebras (Bu, βu), u ∈ D. Thus, (B, β) is recursive by Proposition 2.14. Moreover,
v : B ↣ A is the unique morphism induced by the cocone given by all u : Bu ↣ A in D.
Since every u ∈ S is the unique coalgebra-to-algebra morphism from (Bu, βu) to (A, m), we
know from the proof of Proposition 2.14 that v is the unique coalgebra-to-algebra morphism
from (B, β) to (A, m). Thus, v lies in S.

By Theorem 2.4, f has a least fixed point, and by Corollary 2.6, µf ∈ S. Denote this
subobject be u : I ↣ A. Since u ∈ S, there is a recursive coalgebra ι : I → FI such that
u = m · Fu · ι. But u and f(u) = m · Fu represent the same subobject of A. So ι is an
isomorphism. Thus (I, ι−1) is an initial algebra by Remark 2.10. ◀

▶ Corollary 4.4. Let A be a category with a smooth class M of monomorphisms. Then the
following are equivalent for every endofunctor F preserving M:
1. an initial algebra exists,
2. a fixed point exists,
3. an M-pre-fixed point exists.
Moreover, if these hold, then µF is an M-subalgebra of every M-pre-fixed point of F .
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Indeed, Lambek’s Lemma [17] tells us that 1 implies 2. Clearly, 2 implies 3 since M contains
all isomorphisms. Theorem 4.3 shows that that 3 implies 1, and it also yields our last
statement.

▶ Corollary 4.5. Let A be an lfp category with a simple initial object. An endofunctor
preserving monomorphisms has an initial algebra iff it has a pre-fixed point.

▶ Example 4.6. We present examples which show, inter alia, that neither of the hypotheses
in Theorem 4.3 can be left out. In each case M is the class of all monomorphisms.
1. The assumption that 0 → A is monic. Let A be the variety of algebras (A, u, c) with

unary operation u and a constant c. Its initial object is (N, s, 0) with s(n) = n + 1, which
is not simple. We present an endofunctor having no initial algebra even though it has a
fixed point and preserves monomorphisms. Let P0 be the non-empty power-set functor.
We obtain an analogous endofunctor P̄0 on A defined by P̄0(A, u, c) = (P0A, P0u, {c}).
It clearly preserves monomorphisms, and the terminal object 1 is a fixed point of P̄0
(since P01 ∼= 1). This is, up to isomorphism, the only fixed point. However, it is not
µP̄0 because given an algebra on (A, u, c) with u(x) ̸= x for all x ∈ A, no P̄0-algebra
homomorphism exists from 1 to A.

2. The assumption that Sub(A) is a set in Definition 3.1.1. Let Ord be the totally ordered
class of all ordinals taken as a category. In the opposite category Ordop, all morphisms
are monic, so every endofunctor preserves monomorphisms. For the functor F on Ordop

given by F (i) = i + 1, every object is a pre-fixed point, and there are no fixed points. For
each object i, Sub(i) has all the properties requested in Definition 3.1.1 except that it is
a proper class.

3. Preservation of monomorphisms. Here we use the category Set × Set which satisfies all
assumptions of Theorem 6.6. We define an endofunctor F by F (X, Y ) = (∅, 1) if X ≠ ∅
and F (X, Y ) = (∅, PY ) else. It is defined on morphisms as expected, using P in the
case where X = ∅. This functor has many pre-fixed points, e.g. F (1, 1) = (∅, 1) ↣ (1, 1).
But it has no fixed points (thus no initial algebra): first, (∅, Y ) and (∅, PY ) are never
isomorphic, by Cantor’s Theorem [7]. Second, if X ̸= ∅, then there exists no morphism
from (X, Y ) to F (X, Y ) = (∅, 1).

5 Initial Algebras in DCPO⊥-enriched Categories

It follows from the seminal paper by Smyth and Plotkin [23] that every locally continuous
functor F on a category A enriched over ω-cpos (i.e. partial orders with a least element
and joins of ω-chains) has an initial algebra (µF, ι) which is also a terminal coalgebra by
inverting its structure. Local continuity means that the corresponding mappings A (A, B) →
A (FA, FB) preserve (pointwise) directed joins. Here we assume the weaker property that
F is locally monotone; for example, the endofunctor assigning to a dcpo its ideal completion
is locally monotone, whence preserves embeddings, but not locally continuous. We apply
Corollary 4.4 to derive that such an endofunctor has a pre-fixed point given by an embedding
iff it has an initial algebra (being also the terminal coalgebra).

▶ Definition 5.1.
1. A category A is DCPO⊥-enriched provided that each hom-set is equipped with the

structure of a dcpo with bottom, and composition preserves bottom and directed joins:
for every morphism f and appropriate directed sets of morphisms gi (i ∈ D) we have

f · ⊥ = ⊥, ⊥ · f = ⊥, f ·
∨

i∈D gi =
∨

i∈D f · gi,
( ∨

i∈D gi

)
· f =

∨
i∈D gi · f. (4)
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2. A functor on A is locally monotone if its restrictions A (A, B) → A (FA, FB) to the
hom-sets are monotone.

3. A morphism e : A → B is called an embedding if there exists a morphism ê : B → A such
that ê · e = idA and e · ê ⊑ idB .

It is easy to see that the morphism ê is unique for e; it is called its projection.
The following result is a slight variation of a result by Smyth and Plotkin for ω-cpos [23].

We include the proof in the appendix for the convenience of the reader.

▶ Theorem 5.2. Let D be a directed diagram of embeddings in a DCPO⊥-enriched category.
For every cocone (ci : Di → C) of D, the following are equivalent:
1. The cocone (ci) is a colimit.
2. Each ci is an embedding, the composites ci · ĉi form a directed set in A (C, C), and⊔

i ci · ĉi = idC . (5)

▶ Remark 5.3. A DCPO⊥-enriched category A is M-well-powered for the class M of all
embeddings. The reason is that, given an object A, a subobject represented by an embedding
e : S → A is determined by the endomorphism e · ê on A. Indeed, let f : T → A be an
embedding with e · ê = f · f̂ . Then e = e · ê · e = f · f̂ · e. Therefore, e ≤ f in SubM(A). By
symmetry f ≤ e. Since A (A, A) is a set, M-well-poweredness follows.

▶ Theorem 5.4. Let A be a DCPO⊥-enriched category with directed colimits. Then the class
of all embeddings is smooth.
The proof is presented in Section A.3.

▶ Corollary 5.5. Let A be a DCPO⊥-enriched category with directed colimits. For a locally
monotone endofunctor F the following are equivalent:
1. an initial algebra exists,
2. a terminal coalgebra exists,
3. a fixed point exists.
Moreover, if (µF, ι) is an initial algebra, then (µF, ι−1) is a terminal coalgebra.

Item 3 can be strengthened to state existence of a pre-fixed point carried by an embedding.

Proof. The dual category A op is DCPO⊥-enriched w.r.t. the same order on hom-sets. But the
embeddings in A op are precisely the projections in A . Every locally monotone endofunctor
F on A clearly preserves embeddings and projections. Thus, the dual functor F op on A op

preserves embeddings. Now 1 ⇔ 3 follows from an application of Corollary 4.4 to A and
F , and 2 ⇔ 3 is an application to A op and F op. In each case the class M consists of all
embeddings in A and A op, respectively.

Finally, we prove that the initial algebra and terminal coalgebra coincide. Let ι : FI → I

be an initial algebra. Then we know that a terminal coalgebra τ : T → FT exists. Moreover,
from the last statement in Corollary 4.4 applied to F and its fixed point (T, τ−1) we see
that the unique F -algebra homomorphism e : (I, ι) → (T, τ−1) is an embedding. Another
application of Corollary 4.4 to F op and its fixed point (I, ι−1) yields that the unique F op-
algebra homomorphism f : µF op = (T, τ) → (I, ι−1) is an embedding in A op. This means
that this an F -coalgebra homomorphism f : (I, ι−1) → (T, τ ) which is a projection in A . By
the universal properties of (I, ι) and (T, τ), e = f , and this morphism is both an embedding
and a projections, whence an isomorphism. ◀
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The requirement of local monotonicity of F can be weakened: the theorem holds for any
endofunctor F which fulfils Ff ⊑ idF A whenever f ⊑ idA. Indeed, a functor satisfying
that property preserves embedding-projection pairs; in categories with split idempotents the
converse holds, too [3, Obs. 6.6.5].

We close this section with a proposition on locally monotone functors which gives a
version of a result for ω-cpo-enriched categories proved by Freyd [12] for locally continuous
functors. He used Kleene’s Theorem in lieu of Pataraia’s.

▶ Proposition 5.6. Let A be a DCPO⊥-enriched category. If a locally monotone functor F

has an initial algebra (µF, ι), then (µF, ι−1) is a terminal coalgebra.

We shall see in the proof that it is enough to assume that composition is left-strict: ⊥ · f = ⊥
holds for every morphism f of A (but f · ⊥ = ⊥ in (4) need not hold). This holds in
categories typically used in semantics of programming languages, such as the category of
dcpos with bottom and (non-strict) continuous maps, where composition is not (right-) strict.

Proof. Let ι : FI → I be an initial algebra. For every coalgebra α : A → FA, we prove that
a unique homomorphism into (I, ι−1) exists.
1. Existence. The endomap f on A (A, I) given by h 7→ ι · Fh · α is monotone since F is

locally monotone. Hence, it has a least fixed point h : A → I with ι−1 · h = Fh · α by
Pataraia’s Theorem 2.4. This is a coalgebra homomorphism.

2. Uniqueness. First notice that for A (I, I) we have an the analogous endomap g given by
k 7→ ι · Fk · ι−1. Since I is initial, the only fixed point of g is k = idI . Thus idI = µg.
Now suppose that h′ : (A, α) → (I, ι−1) is any coalgebra homomorphism. We know that
A (h′, I) : A (I, I) → A (A, I) is a strict continuous map; strictness follows from left-strict-
ness of composition: ⊥I,I · h′ = ⊥A,I . We now show that g · A (h′, I) = A (h′, I) · f .
Indeed, unfolding the definitions, we have for every k : I → I:

g · A (h′, I)(k) = g(k · h′) = ι · F (k · h′) · α = ι · Fk · Fh′ · α = ι · Fk · ι−1 · h′

= f(k) · h′ = A (h′, I)(f(k)).

Therefore, by Lemma 2.7, A (h′, I)(µf) = µg, which means that h′ = idI ·h′ = h. ◀

We leave as an open problem to find an endofunctor on DCPO⊥ which has a fixed point
but not an initial algebra.

6 The Initial-Algebra Chain

The proof of Theorem 4.3, relying on Pataraia’s Theorem 2.4, is constructive. However, if
one admits non-constructive reasoning and ordinals, then we can add another equivalent
characterization to Corollary 4.4 in terms of the convergence of the initial-algebra chain,
which we now recall.

▶ Remark 6.1.
1. Recall that an ordinal i is the (linearly ordered) set of all ordinals smaller than i. As

such it is also a category.
2. By an i-chain in a category C is meant a functor C : i → C . It consists of objects Cj

for all ordinals j < i and (connecting) morphisms cj,j′ : Cj → Cj′ for all pairs j ≤ j′ < i.
Analogously, an Ord-chain in C is a functor from the totally ordered class Ord of all
ordinals to C . In both cases we will speak of a (transfinite) chain whenever confusion is
unlikely.
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3. A category C has colimits of chains if for every ordinal i a colimit of every i-chain exists
in C . (This does not include Ord-chains.) In particular, C has an initial object since the
ordinal 0 is the empty set.

▶ Definition 6.2 [1]. Let A be a category with colimits of chains. For an endofunctor F

we define the initial-algebra chain W : Ord → A . Its objects are denoted by Wi and its
connecting morphisms by wij : Wi → Wj , i ≤ j ∈ Ord. They are defined by transfinite
recursion as follows

W0 = 0, Wj+1 = FWj for all ordinals j, Wj = colimi<j Wi for all limit ordinals j,

w0,1 : 0 → W1 is unique, wj+1,k+1 = Fwj,k : FWj → FWk,

wi,j (i < j) is the colimit cocone for limit ordinals j

▶ Remark 6.3.
1. There exists, up to natural isomorphism, precisely one Ord-chain satisfying the above

equations. For example, wω,ω+1 : Wω → FWω is determined by the universal property of
Wω = colimn<ω Wn = colimn<ω Wn+1 as the unique morphism with wω,ω+1 · wn+1,ω =
wn+1,ω+1 = Fwn,ω for every n < ω.

2. Every algebra α : FA → A induces a canonical cocone αi : Wi → A (i ∈ Ord) on the
initial-algebra chain; it is the unique cocone with αi+1 = (Wi+1 = FWi

F αi−−−−→ FA
α−−→ A)

for all ordinals i. This is easy to see using transfinite induction.

▶ Definition 6.4. We say that the initial-algebra chain of a functor F converges in λ steps if
wλ,λ+1 is an isomorphism, and we simply say that it converges, if it converges in λ steps for
some ordinal λ.

If wi,i+1 is an isomorphism, then so is wi,j , for all j > λ. This is easy to prove by
transfinite induction.

Convergence of the initial-algebra chain yields an initial algebra [1]. We obtain this as a
consequence of results from Section 2.2 on recursive coalgebras:

▶ Theorem 6.5. Let A be a category with colimits of chains. If the initial-algebra chain
of an endofunctor F converges in λ steps, then Wλ is the initial algebra with the algebra
structure w−1

λ,λ+1 : FWλ → Wλ.

Proof. An easy transfinite induction shows that every coalgebra wi,i+1 : Wi → FWi is
recursive: the coalgebra 0 → F 0 is trivially recursive, for the isolated step use Proposition 2.11,
and Proposition 2.14 yields the limit step. If wλ,λ+1 is an isomorphism, then (Wλ, w−1

λ,λ+1) is
the initial algebra by Remark 2.10. ◀

The existence of an M-pre-fixed point implies that the initial-algebra chain converges. The
proof below is somewhat similar to the proof of Theorem 4.3. The difference is that one only
uses the recursive coalgebras Wi → FWi in the initial-algebra chain and applies Zermelo’s
Theorem 2.1 in lieu of Pataraia’s Theorem. For this we work again under Assumption 4.1.

▶ Theorem 6.6. Let F preserve M and m : FA ↣ A be an M-pre-fixed point. If A has
smooth M-subobjects, then the initial-algebra chain for F converges.

Proof. Again, we use the monotone endomap f : SubM(A) → SubM(A) in (3). Theorem 2.1
applies since SubM(A) is a dcpo by assumption, and therefore it is a chain-complete poset.
Thus, f has the least fixed point µf = f i(⊥) for some ordinal i. The cocone mj : Wj → A

of Remark 6.3.2 satisfies mj = f j(⊥) for all j ∈ Ord. This is easily verified by transfinite
induction. Hence, from f(f i(⊥)) = f i(⊥) we conclude that mi and mi+1 represent the same
subobject of A. Since mi = mi+1 · wi,i+1, it follows that wi,i+1 is invertible, which means
that the initial-algebra chain converges. ◀
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We now obtain the original initial-algebra theorem by Trnková et al. [28]:

▶ Corollary 6.7. Let A be a category with colimits of chains and with a smooth class M of
monomorphisms. Then the following are equivalent for an endofunctor F preserving M:
1. the initial-algebra chain converges,
2. an initial algebra exists,
3. a fixed point exists,
4. an M-pre-fixed point exists.
Moreover, if these hold, then µF is an M-subalgebra of every M-pre-fixed point of F .

Indeed, 4 implies 1 by Theorem 6.6, and 1 implies 2 is shown as in Theorem 6.5. The
remaining implications are as for Corollary 4.4.

▶ Remark 6.8. Note that in lieu of assuming that A has colimits of all chains, it suffices that
the initial-algebra chain exists (i.e. the colimits in Definition 6.2 exist). This weaker condition
enables more applications, e.g. the category of relations with M the class of injective maps
and functors F which are lifted from Set.

▶ Remark 6.9. For a set functor F no side condition is needed: if F has a pre-fixed point,
then it has an initial algebra. This is clear if F∅ = ∅. If not, there is a set functor G

with G∅ ̸= ∅ which preserves monomorphisms and agrees with F on all nonempty sets and
maps [29]. Since every pre-fixed point of F must be nonempty, it is also a pre-fixed point
of G. Hence G has an initial algebra, which clearly is an initial algebra for F , too.

▶ Corollary 6.10. An endofunctor on one of the categories Set, Pfn, or K-Vec has an initial
algebra iff it has a pre-fixed point.

Proof. For Set, use Remark 6.9. For Pfn and K-Vec, apply Corollary 6.7 with M the class
of all monomorphisms (which are split and therefore preserved by every endofunctor). ◀
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A Further Technical Details

A.1 Details for Example 3.5
▶ Lemma A.1. Monomorphisms are smooth in MS.

Proof. Fix a space (A, d), and consider a directed set D of subobjects mi : (Ai, di) ↣ (A, d)
(i ∈ D) with monomorphisms ai,j : Ai ↣ Aj witnessing i ≤ j in D. Let B =

⋃
i∈D mi[Ai],

and let d′ : B → [0, 1] be defined as follows:

d′(x, y) = inf{di(x′, y′) : i ∈ D, x′, y′ ∈ Ai, mi(x′) = x and mi(y′) = y}. (6)
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We show that d′ is a metric. It is clearly symmetric and fulfils D′(x, x) = 0. We verify
that distinct points x, y in B have non-zero distance. For each i, x′, and y′ as in (6),
di(x′, y′) ≥ d(x, y), since mi is non-expanding. Thus d′(x, y) ≥ d(x, y) > 0.

Finally, we verify that d′ satisfies the triangle inequality. To this end it suffices to show
that for all x, y, z ∈ B and every ε > 0 we have d′(x, z) ≤ d′(x, y) + d′(y, z) + ε.

Let x, y, z ∈ B and fix ε > 0. We can choose i, x′, y′ as in (6) such that di(x′, y′) <

d′(x, y) + ε/2. Analogously, let j, y′′, z′′ be such that dj(y′′, z′′) < d′(x, y) + ε/2. Since the
collection mi[Ai] is directed, we can assume i ≤ j in D. Using that the connecting map
ai,j is non-expanding we obtain dj(ai,j(x′), ai,j(y′)) < d′(x, y) + ε/2. Since mj is injective,
ai,j(y′) = y′′. Let x′′ = ai,j(x′), and note that mj(x′′) = x. By the triangle inequality in Aj ,

dj(x′′, z′′) ≤ dj(x′′, y′′) + dj(y′′, z′′) < d′(x, y) + d′(y, z) + ε.

It follows that d′(x, z) ≤ d′(x, y) + d′(y, z) + ε, as desired.
It is obvious that the inclusion m : B ↣ A is non-expanding. It is also easy to check that

(B, d′) is the join in Sub(A, d) of the directed diagram corresponding to given directed set D.
Finally, for every i ∈ D, we have the codomain restriction m′

i : Ai ↣ B of mi, which
is non-expanding. We verify that the family of all m′

i (i ∈ D) forms a colimit cocone. It
clearly is a cocone. Consider any cocone fi : (Ai, di) → (A∗, d∗), i ∈ D. Clearly, the union
B is the colimit in Set. Therefore, we have a unique map f : B → A∗ such that fi = f · m′

i

for all i ∈ D. This is given by f(x) = fi(x) whenever x ∈ mi[Ai]. We check that f is
non-expanding, and this will conclude our verification. Let x, y ∈ B, and choose i, x′, y′ as
in (6). Since fi is non-expanding,

d∗(f(x), f(y)) = d∗(fi(x′), fi(y′)) ≤ di(x′, y′) ≤ d′(x, y). ◀

▶ Lemma A.2. Strong monomorphisms are smooth in CMS.

Proof. Fix a complete metric space (A, d), and consider a directed set D of closed subspaces
Ai ↪→ A. Their join B ↪→ A is the closure of their union

B =
⋃
i<λ

Ai.

We know from Lemma A.1 that the union is the colimit of the directed diagram corresponding
to D in MS. Moreover, the colimit of a diagram in CMS is given by forming the Cauchy
completion of the colimit of that diagram in MS. (This follows from the fact that CMS is a
reflective subcategory of MS with Cauchy completions as reflections.) Since B is complete
and

⋃
i∈D Ai is dense in it, B is the Cauchy completion of that union, whence it is desired

colimit in CMS. ◀

A.2 Proof of Theorem 5.2
Proof. 1 ⇒ 2: Let D have objects Di and connecting morphisms ei,j : Di → Dj . Write êi,j

for the projection of ei,j . We verify that for i ≤ j ≤ k, êi,k = êi,j · ej,k. In fact, êi,j is unique
with êi,j · ei,j = idDi

and ei,j · êi,j ⊑ idDj
. But êi,k · ej,k also has these properties, since

(êi,k · ej,k) · ei,j = êi,k · ei,k

= idDi ,
and

ei,j · (êi,k · ej,k) = ei,j · êi,j · êj,k · ej,k

= ei,j · êi,j · idDk

⊑ idDk
.

This shows that indeed êi,k = êi,j · ej,k for i ≤ j ≤ k.
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For each i form the subdiagram Di of all Dj for j ≥ i, with connecting maps ej,k for
i ≤ j ≤ k inherited from D. Since I is directed, the colimit of Di is (cj)j≥i. Our observation
at the outset shows that we have a cocone of Di:

êi,j =
(
Dj

ej,k−−−→ Dk
êi,k−−−→ Di

)
.

Thus, there is a unique factorization ĉi : C → Di through the colimit cocone:

êi,j = ĉi · cj for j ≥ i. (7)

In particular, for i = j, we see that ĉi · ci = idDi . We will verify below the equation⊔
j cj · ĉj = idC , and this of course implies that ci · ĉi ⊑ idC . (This justifies our use of the

projection notation ĉj and shows the first point in item 2, that ci is an embedding.)
Next, we show that for each j, the morphisms ĉi for i ≤ j form a cone of Dj :

ĉi =
(
C

ĉj−−→ Dj
êi,j−−−→ Di

)
.

Indeed, the colimit cocone (ck)k≥j is collectively epic, so we need only establish this after
precomposing with each ck. We apply (7) twice to obtain: ĉi ·ck = êi,k = êi,j ·êj,k = êi,j ·ĉj ·ck.

We are ready to argue for 2. The maps ci · ĉi form a directed subset of A (C, C) because
for i ≤ j,ci · ĉi = (cj ·ei,j) ·(êi,j · ĉj) ⊑ cj · ĉj . Thus,

⊔
j cj · ĉj exists. We use that the family (ci)

is collectively epic, and verify that
⊔

j cj · ĉj · ci = ci for every i. Fix i, and consider the join
above. Since it is over a directed set, we need only consider

⊔
j≥i cj · ĉj · ci. In addition, for

j ≥ i we obtain cj · ĉj · ci = cj · ĉj · (cj · ei,j) = cj · ei,j = ci.

2 ⇒ 1: Let (bi : Di → B) be a cocone. For all i ≤ j we have bi = bj · ei,j . We also have a
cocone (ci), and so ci = cj · ei,j , and thus ĉi = êi,j · ĉj . From this we have

bi · ĉi = (bj · ei,j) · (êi,j · ĉj) ⊑ bj · ej .

Thus, the following join exists in A (C, B): b =
⊔

j bj · ĉj . To prove that bi = b · ci for all i,
we fix one i and consider the join above with j ≥ i:

bj · ĉj · ci = (bj · ĉj) · (cj · ei,j) = bj · ei,j = bi.

Thus b · ci =
⊔

j≥i(bj · ĉj · ci) =
⊔

j≥i bi = bi. This shows that b is the desired factorization
of (bi). For its uniqueness, let b′ : C → B be a morphism with b′ · ci = bi for all i. Since⊔

i ci · ĉi = idC , we have b′ = b′ ·
( ⊔

i ci · ĉi

)
=

⊔
i b′ · ci · ĉi =

⊔
i bi · ĉi = b. This completes

the proof. ◀

A.3 Proof of Theorem 5.4

Proof. We use Proposition 3.6. Fix an object A in A . Let E be the class of embeddings, so
that SubE(A) denotes the poset of subobjects of A represented by embeddings. Let D be a
directed diagram of monomorphisms in A , not necessarily embeddings, and let mi : Ai ↣ A,
i ∈ D, be a cocone of morphisms in SubE(A). By hypothesis, D has a colimit cocone, say
ci : Ai → B. We have a unique morphism m : B → A such that for all i, mi = m · ci. Our
task is to show that m is an embedding, and that m =

⊔
i∈A mi in SubE(A).

For i ≤ j in A, we have a morphism ei,j such that mi = mj · ei,j . Let us verify that ei,j is
an embedding and that êi,j = m̂i · mj . To see this, we use the characterization of projections.
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First, (m̂i · mj) · ei,j = m̂i · mi = id. Second, we verify ei,j · (m̂i · mj) ⊑ id:

ei,j · (m̂i · mj) = (m̂j · mj) · ei,j · m̂i · mj since m̂j · mj = id
= m̂j · mi · m̂i · mj since mi = ei,j · mj

⊑ m̂j · mj since mi · m̂i = id
= id .

We next show that for i ≤ j, ci · m̂i ⊑ cj · m̂j . Once this is done, we put m̂ =
⊔

i ci · m̂i and
show that it is a projection for m. We thus calculate:

ci · m̂i = cj · ei,j · m̂i

= cj · ei,j · m̂j · ei,j

= cj · ei,j · êi,j · m̂j

⊑ cj · m̂j

To prove that m̂ · m = id, we use that the family (ci) is collectively epic. Thus, we show that
for all i, m̂ · m · ci = ci. We again consider

⊔
j≥i cj only:

m̂ · m · ci =
( ⊔

j≥i cj · m̂j

)
· m · ci

=
⊔

j≥i cj · m̂j · mi

=
⊔

j≥i cj · m̂j · mj · ei,j

=
⊔

j≥i cj · ei,j

=
⊔

j≥i ci

= ci.

In the other direction, we show that m · m̂ ⊑ id:

m ·
( ⊔

i ci · m̂i

)
=

⊔
i m · ci · m̂i =

⊔
i mi · m̂i ⊑ id .

Our last order of business is to show that m =
⊔

i∈A mi in SubE(A). Since m · ci = mi, we
see that mi ⊑ m for all i. Let u : U ↣ A be an embedding with mi ⊑ u for all i. Thus we
have morphisms ui such that mi = u · ui. The family (ui)i is a cocone of the original diagram
D, because if i ≤ j, then

uj · ei,j = (û · u) · uj · ei,j = û · mj · ei,j = û · mi = û · u · ui = ui.

Since (ci) is a colimit, there is a unique f : M → U such that ui = f · ci for all i. We aim to
show that m = u · f , so that m ⊑ u. For this, we again use the fact that (ci) is a collectively
epic family: m · ci = mi = u · ui = u · f · ci. ◀
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1 Introduction

In his dissertation in 1963 Lawvere not only introduced algebraic theories. He also character-
ized finitary single-sorted varieties as precisely those categories, up to equivalence, which
have
(1) finite limits and coequalizers,
(2) effective equivalence relations, and
(3) an abstractly finite, regularly projective regular generator G.
Regular projectivity means that the hom-functor of G preserves regular epimorphisms.
Abstract finiteness states that every morphism from G to a copower of G factorizes through
a finite subcopower; this is much weaker than being finitely generated.

In Condition (1) of the dissertation coequalizers are not included. But they are used in
the proof with no explanation, so this is just a small typo. Condition (2) can be avoided if a
bit more than regular projectivity is required of G, as observed by Pedicchio und Wood [11].
We follow their idea and call an object G effective if its hom-functor preserves coequalizers
of equivalence relations. Given a regularly projective regular generator G in a category K,
then it is effective iff K has effective equivalence relations (Proposition 25 below).

In software specification one typically works with many-sorted algebras, and the purpose
of our paper is to generalize Lawvere’s result to that case and improve it slightly: in (1) we
need only to assume that kernel pairs and reflexive coequalizers exist. In (3) it is sufficient
(in case of single-sorted varietie) to assume that G is an abstractly finite, effective, strong
generator. For many-sorted varieties the concept of an abstractly finite set of objects was
presented [1]. In case of finitely many sorts we obtain a completely analogous result to that
above: a category with kernel pairs and reflexive coequalizers is equivalent to a finitary
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S-sorted variety iff it has an abstractly finite strong generator formed by finitely many
effective objects. The proof is based on the fact that for a monad T on SetS to be finitary
it is sufficient that it be finitely bounded (which, for S finite, has been shown in [3]). This
means that every element of TX lies in the image of Tm for some finite S-sorted subset
m : M ↪→ X.

For infinitely many sorts an analogous, but slightly weaker result, is proved: in place
of abstract finiteness one has to work with finitely presentable objects in the generator. In
Example 39 below we demonstrate that the (expected) stronger result does not hold.

The results presented here are not substantially new. For example in [1] single-sorted
varieties are characterized as cocomplete categories with a finitely generated, effective regular
generator. But the message of our paper is that the beautiful result of Lawvere can be
sharpened a little bit and extended to many-sorted varieties by applying the categorical
methods developed in the subsequent 58 years. Many-sorted varieties have also been
characterized as precisely the strongly locally presentable categories in [5]. We show that
this result is an easy corollary of our main theorems.

Related Work. The concept of an abstractly finite set of objects was introduced in [1] and
[2], where it was claimed that for many-sorted varieties the result of Lawvere completely
generalizes. But the proof (based on the Birkhoff Variety Theorem) was not correct: see
Example 39 which shows that the assumption of finitely many sorts is essential.

2 Abstractly Finite Objects

There are several concepts generalizing finite sets to “finite” objects of a category. Among the
most important ones are that an object A of K is finitely presentable or finitely generated if
its hom-functor K(A, −) preserves directed colimits (or directed colimits of monomorphisms,
resp.). Lawvere [9] used in his characterization of varieties a weaker concept, abstract
finiteness. He commented that it had been introduced by Peter Freyd.

We denote by

M • G =
∐
M

G

the copower of an object G indexed by a set M . By a subcopower is meant the morphism

i • M ′ : M ′ • G → M • G

where i : M ′ ↪→ M is the inclusion map of a subset M ′ ⊆ M .

▶ Definition 1. An object G is called abstractly finite if it has copowers, and every morphism
f : G → M • G factorizes through a finite subcopower:

M ′ • G

i • G

��
G

;;✇
✇

✇
✇

✇

f
// M • G

(M ′ ⊆ M finite)

▶ Remark 2.
(1) Let G be an object with copowers. If it is finitely generated, then it is abstractly finite –

but not vice versa, as we demonstrate in Example 3 below.
In fact, for every set M ̸= ∅ we form a directed diagram of all finite non-empty
subcopowers of M • G. It has the colimit M • G. Its connecting morphisms are
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j • G : M ′ • G → M ′′ • G for inclusion maps j : M ′ ↪→ M ′′. Since j splits in Set, j • G

is a split monomorphism. Thus the hom-functor of G preserves this directed colimit.
Equivalently, G is abstractly finite.

(2) In a single-sorted variety of algebras, a free algebra G on a set X is abstractly finite iff
X is finite. This follows easily from the fact that M • G is the free algebra on M × X

for every set M .

▶ Examples 3.
(1) In Set abstractly finite means finite. In the category of vector spaces it means finite-

dimensional. So here finitely generated = abstractly finite.
(2) In the category of posets the abstractly finite objects are precisely the posets with finitely

many connected components. Thus, an abstractly finite object can have an arbitrarily
large cardinality.
The same is true in the category of unary algebras on one operation or in the category of
graphs.

(3) In the category DCPO of dcpo’s, i.e. posets with directed joins (and continuous maps)
no nonempty object is finitely generated. In contrast, a dcpo is abstractly finite iff it has
finitely many connected components.

▶ Remark 4. Our focus is on varieties of S-sorted algebras, which we now shortly recall from
[5, Chapter 14].
(1) By an S-sorted signature (for a set S) is meant a collection Σ of (operation) symbols σ

with prescribed arities in S∗×S. We write σ : s0 . . . sn−1 → s if σ has arity (s1 . . . sn−1, s).
(2) The category of S-sorted sets is denoted by SetS . Let X ∈ SetS be an S-sorted set of a

variables. The S-sorted set FΣX of terms is the least one containing X and such that
given an operation symbol σ : s0 . . . sn−1 → s and terms pi of sort si, then σ(p0, . . . , pn−1)
is a (composite) term of sort s.

(3) A Σ-algebra is a sorted set A equipped with operations σA : As0 × · · · × Asn−1 → As for
every operation symbol σ : s0 . . . sn−1 → s. Given another Σ-algebra B, a homomorphism
is a sorted map f : A → B preserving the operations: for every σ : s0 . . . sn−1 → s we
have

fs · σA = σB · (fs0 × · · · × fsn−1) .

We denote by Σ- Alg the category of Σ-algebras and homomorphisms.
Example: FΣX is a Σ-algebra w.r.t. composite terms as operations. This is a free
Σ-algebra on X w.r.t. the inclusion map η : X ↪→ FΣX.

(4) An equation using variables xi of sort si (i = 0, . . . , k − 1) is an expression

∀x0 . . . ∀xk−1(t = t′)

where t, t′ are terms in FΣ{x0, . . . , xn−1} of the same sort. A Σ-algebra A satisfies this
equation if for every sorted function f : {x0, . . . , xn−1} → A the free homomorphism
f̄ : FΣ{xi} → A fulfils f̄(t) = f̄(t′).

(5) For every set E of equations we denote by

(Σ, E)- Alg

the full subcategory of Σ-Alg of all algebras satisfying all equations in E . It is easy to
see that this is a reflective subcategory of Σ-Alg, thus, it has free algebras on all sorted
sets. And it is a complete and cocomplete category.

CALCO 2021
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▶ Definition 5. By a variety is meant a category (Σ, E)-Alg for some many sorted signature
Σ and some set E of equations.

▶ Remark 6. In a variety the usual meaning of “finitely generated”, that is, having a finite
set of generators, is equivalent to the categorical concept. The same is true about “finitely
presentable”, that is, presentable by finitely many generators and finitely many relations.
See [4] 3.11 and 3.12.

For many-sorted varieties we need to generalize the concept of an abstractly finite object
to sets of objects:

▶ Definition 7. A set G of objects is abstractly finite if all coproducts of collections of
objects from G exist, and given a morphism f : G →

∐
i∈I

Gi with G and all Gi in G, then f

factorizes through a finite subcoproduct of
∐
i∈I

Gi.

The factorization of f is not required to be unique (and coproduct injections are not required
to be monic).

▶ Example 8. In an S-sorted variety we form the free algebra Gs on one generator of sort s

for each s ∈ S. The set {Gs}s∈S is abstractly finite. Indeed, the coproduct
∐
i∈I

Gsi
is precisely

a free algebra on the S-sorted set X with Xs = {i ∈ I, si = s}. Every homomorphism
f : Gs →

∐
i∈I

Gsi maps the generator x ∈ Gs to a term over X. If Y ⊆ X is the set of all

variables that appear in the term f(x), then f(x) lies in the finite subcoproduct
∐

si∈Y

Gsi
.

Consequently, f factorizes through this subcoproduct.

▶ Remark 9. Recall that a strong generator is a set G of objects such that coproducts of
collections of objects from G exist, and for every object X there exists an epimorphism
c :

∐
i∈I

Gi → X with Gi ∈ G for i ∈ I which is extremal (i.e., c does not factorize through

any proper subobject of X).
A regular generator has the stronger property that the following canonical morphism

cX = [f ] :
∐

G∈G

∐
f : G→X

G → X

is a regular epimorphism.

▶ Example 10.
(1) In a single-sorted variety K the free algebra G on one generator is an abstractly finite

regular generator. Indeed, for every algebra X the coproduct
∐

f : G→X

G is the free algebra

of K generated by K(G, X), and the canonical morphism cX is surjective, i.e., a regular
epimorphism.

(2) In an S-sorted variety the set {Gs}s∈S from Example 8 is an abstractly finite regular
generator. The argument is as above.

▶ Remark 11.
(1) In the next theorem we use the standard construction of colimits via coproducts and

coequalizers [10] Thm. V.2.2. Let D : D → K be a diagram with objects Di (i ∈ I).
Suppose that the following coproducts exist: A =

∐
i∈I

Di with injections ai, and B =∐
f : Di→Dj

Di with injection bf , where the f ’s range over all morphisms of D. Then
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we form the morphisms p, q : B → A with f -components ai and aj · f , resp. for all
f : Di → Dj . Suppose a coequalizer c of p and q exists:

Di

ai

��
B

p //

q
// A c

// C

Then the cocone of c · ai (i ∈ I) is a colimit of D.
(2) We recall the concept of dense subcategory. Given a full subcategory G of K, for every

object K we form the slice category G/K of all morphisms f : G → K with G ∈ G. The
forgetful functor DK : G/K → K sending f : G → K to G has the cocone formed by all
f ’s. Then G is dense if this cocone is a colimit of DK (for every object K).

The proof of the following theorem uses ideas of Lawvere’s thesis [9]. A shorter proof
presented in [1] was not correct.

▶ Theorem 12. Let G be an abstractly finite, regular, singleton generator. Then the full
subcategory of finite copowers of G is dense.

Proof. Denote by G the full subcategory of all n • G, n ∈ N. For every object K we prove
that K = colim DK . In detail, given an object L and a cocone of DK denoted by (−)′:

n • G
f // K

n • G
f ′

// L
(n ∈ N)

we prove that there exists a unique morphism h : K → L with f ′ = h · f for all f . The fact
that (−)′ is a cocone means that

f = g · u implies f ′ = g′ · u (2.1)

for all morphisms u : n • G → m • G and g : m • G → K. In particular, if fi : G → K are
the components of f : n • G → K (i = 1, . . . , n), then we get the corresponding morphisms
f ′

i : G → L. We then obtain

f ′ =
[
f ′

1, . . . , f ′
n

]
(2.2)

by applying (2.1) to the coproduct injections on n • G.
The canonical morphism cK :

∐
f : G→K

G → K is a coequalizer of a pair u1, u2 : U →∐
f : G→K

G. Denote by c′
K :

∐
f : G→K

G → L the morphism with components f ′ for every

f : G → K:

U
u2 //

u1
//

∐
f : G→K

G

c′
K

��

cK // K

h

yys s
s
s
s
s
s

L

We are going to prove that c′
K ·u1 = c′

K ·u2. Then we obtain a factorization h with c′
K = h·cK .

This is the desired morphism: for every f : G → K we then have f = h · f ′, and due to (2.2)
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the same holds for every f : n • G → K. Uniqueness of h is clear since G is a generator. For
proving c′

K · u1 = c′
K · u2 we just need to verify

c′
K · u1 · g = c′

K · u2 · g for every g : G → U . (2.3)

The morphisms u1g, u2g : G →
∐

f : G→K

G both factorize through a finite subcopower,

since G is abstractly finite. That is, we have fi : G → K for i = 1, . . . , k such that for the
corresponding coproduct injection m : k • G →

∐
f : G→K

G there exist morphisms vi with
g · ui = m · vi :

G
v2 //

v1
//

g

��

k • G

m

��

[f1,...,fk]

%%❑❑
❑❑❑

❑❑❑
❑❑❑

❑❑

U
u2 //

u1
//

∐
f : G→K

G

c′
K

��

cK

// K

L

From cK · u1 = cK · u2 we get cK · m · v1 = cK · m · v2, thus, (cK · m · v1)′ = (cK · m · v2)′. By
applying (2.1) to the morphisms mvi of G we get

c′
Kuig = c′

Kmvi = (cKmvi)′ = (cKuig)′

for i = 1, 2, which proves (2.3). ◀

▶ Remark 13. The above theorem and proof immediately generalize to non-singleton abstractly
finite regular generators G: the closure of G under finite coproducts is dense.

▶ Remark 14. A pair of morphisms f1, f2 : A → B is called reflexive if there exists d : B → A

with f1 · d = f2 · d = idB . A category is said to have reflexive coequalizers if every reflexive
pair has a coequalizer.

▶ Corollary 15. Let K be a category with reflexive coequalizers. Then it is complete and
cocomplete provided that it has an abstractly finite regular generator consisting of regular
projectives.

This follows from Remark 13. Let Ḡ be the dense closure of G. Consequently, the functor
E : K →

[
Ḡop, Set

]
assigning to K the restriction of K(−, K) to Ḡop is full and faithful.

Moreover E has a left adjoint: it assigns to H : Ḡop → Set the colimit of the category of
elements of H . The reason why this colimit exists is that in Remark 11(1) the two coproducts
exist, since they are formed by object of Ḡop (and so they are coproducts of objects of
G), and the coequalizer c exists because the pair p, q : B → A is reflexive. Indeed, the
morphism d : A → B whose i-component is the coproduct injection corresponding to idDi

fulfils p · d = q · d = idA. The details why this yields a left adjoint of E can be found in [1,
Corollary 2.12].

We conclude that K is equivalent to a full reflective subcategory of [Ḡop, Set], hence, it is
complete and cocomplete.
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3 Effective Objects

A category is said to have effective equivalence relations if every equivalence relation (see
below) is the kernel pair of its coequalizer. We define effective objects as those whose
hom-functors preserve coequalizers of equivalence relations. Based on an idea of Pedicchio
and Wood [11] we then prove that given a regularly projective regular generator G, it is
effective iff equivalence relations are effective.

The usual definition of a relation R on an object A is: a subobject of A×A. The restricted
projections then form a parallel pair r1, r2 : R → A of morphisms which is collectively monic.
Our main theorem makes no assumptions about the existence of products. We therefore
introduce relations via parallel pairs:

▶ Definition 16 ([7] 2.5.2). Let A be an object of a category K.
(1) A relation on A is represented by a collectively monic ordered pair of morphisms r1,

r2 : R → A. Another such pair r′
1, r′

2 : R′ → A represents the same relation iff there is
an isomorphism i : R′ → R with r′

1 = r1i and r′
2 = r2i.

We speak about “the relation R” if r1, r2 are clear.
(2) A relation R is an equivalence if for every object X of K the following relation on the

hom-set K(X, A) is an equivalence relation in the usual sense:{
(r1f, r2f); f : X → R

}
.

▶ Remark 17. Let K have finite limits and regular factorizations (every morphism factorizes
as a regular epimorphism followed by a monomorphism). Then equivalence relations are
more intuitive:
(1) A relation R on A is precisely a subobject of A × A.

Example: ∆A given by idA, idA.
(2) Every parallel pair of morphisms f1, f2 : B → A represents a relation on A : factorize

⟨f1, f2⟩ : B → A × A as a regular epimorphism e : B → R followed by a monomorphism
⟨r1, r2⟩ : R → A × A. This gives you a relation R ↣ A × A.

(3) A composite of relations r1, r2 : R → A and s1, s2 : S → A is the relation P = R ◦ S

represented by the pair (r1p1, s2p2) for the following pullback P of r2 and s1 :

P
p1

~~⑦⑦
⑦⑦ p2

��❅
❅❅

❅

R
r1

��⑦⑦
⑦⑦

r2   ❅
❅❅

❅ S

s1��⑦⑦
⑦⑦ s2

��❄
❄❄

❄

A A A

(4) The relation R0 is represented by r2, r1 : R → A.
(5) A relation R on A is an equivalence relation iff it is reflexive (∆A ⊆ R), symmetric

(R0 ⊆ R) and transitive (R ◦ R ⊆ R). This is equivalent to the definition above by [7]
Proposition 2.5.1.

(6) For every morphism f : A → B the kernel pair, which means the pullback of two copies
of f , is an equivalence relation. By an effective equivalence is meant the kernel pair of
some morphism.

(7) A functor E : K → L is said to reflect isomorphisms if whenever Eh is invertible in L,
then h is invertible in K. Analogously for reflecting regular epimorphisms, limits, etc.

Suppose that E preserves and reflects (a) finite limits and (b) regular factorizations. Then
it preserves and reflects relations and relation composition. Since the operation R 7→ R0 is
also preserved and reflected, we conclude that E preserves and reflects equivalence relations.
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▶ Definition 18. A category is said to have effective equivalence relations if every equivalence
on an object A is effective (the kernel equivalence of some morphism f : A → B).

▶ Example 19. Let K be a variety. A relation on an algebra A is a subalgebra of A × A.
And an equivalence is precisely a congruence R on A, represented by its projections r1,
r2 : R → A. Every variety has effective equivalence relations.

▶ Definition 20. An object A is called effective if its hom-functor K(A, −) preserves coequal-
izers of equivalence relations.

▶ Example 21. In a variety K all free algebras are effective. In fact, let us first consider a
single-sorted variety. Its forgetful functor U : K → Set preserves coequalizers of congruences.
(Indeed, if R is a congruence on A, then the quotient algebra A/R is formed on the
corresponding quotient set. And the canonical map c : A → A/R is precisely the coequalizer
of the projections r1, r2 : R → A.) Now U ≃ K(G, −) where G is the free algebra on one
generator. Thus, G is effective. And since a free algebra on a set M is precisely M • G, its
hom-functor is the M -copower of U , and it also preserves coequalizers of congruences.

The argument for S-sorted varieties is analogous, using that the forgetful functor U : K →
SetS preserves coequalizers of congruences.

▶ Definition 22. An object G is called regularly projective if its hom-functor preserves regular
epimorphisms. More detailed: given a regular epimorphism e : A → B, every morphism from
G to B factorizes through e.

▶ Remark 23. Let K be a category with kernel pairs. Recall that kernel pairs are called
effective equivalences.
(1) Every effective object G is regularly projective.

In fact, given a regular epimorphism e : A → B form its kernel pair r1, r2 : R → A. Then
K(G, e) is a coequalizer of K(G, ri), thus it is surjective.

(2) An object G is regularly projective iff its hom-functor preserves coequalizers of effective
equivalences – thus, this is very “near” to being effective.

Indeed, let r1, r2 : R → A be an effective equivalence. Then the coequalizer e : A → B

has the kernel equivalence R. Since K(G, −) preserves pullbacks, K(G, e) has the kernel pair
K(G, ri), i = 1, 2 in Set. We know that K(G, e) is surjective. This implies that this is the
coequalizer of its kernel pair.
▶ Remark 24. Let K be a category with kernel pairs and their coequalizers and let G be a
regular generator formed by regular projectives.
(1) K has regular factorizations: every morphism f factorizes as a regular epimorphism

followed by a monomorphism. Indeed, let p1, p2 : P → A be the kernel pair of f : A → B

and e : A → C be a coequalizer of p1, p2. Then we have m : B → C with f = m · e.
To prove that m is monic, consider u1, u2 : G → B for G ∈ G: if mu1 = mu2, we
prove u1 = u2. Since G is regularly projective, there exist morphisms u′

i : G → A with
ui = e·u′

i. From fu′
1 = fu′

2 we conclude that there is u : U → P with u′
i = piu. Therefore

u1 = ep1u = ep2u = u2.
(2) The functor U : K → SetG with components K(G, −) preserves and reflects both regular

epimorphisms and isomorphisms. Preservation is clear. Let f : A → B be such that
Uf is epic, i.e., sort-wise surjective. Factorize f = m · e where e : A → C is a regular
epimorphism and m : C → B is a monomorphism. Then m is invertible because for every
G ∈ G we see that all morphisms G → B factorize through m. Analogously, U reflects
isomorphisms.

(3) Consequently, U preserves and reflects equivalences, see Remark 17(7).
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▶ Proposition 25. Let K be a category with kernel pairs and reflexive coequalizers, having a
regular generator G formed by regular projectives. Equivalent are:
(1) all objects of G are effective, and
(2) K has effective equivalence relations.

Proof. 2 → 1. Given an equivalence relations e1, e2 : E → A and its coequalizer c : A → B,
we prove that K(G, −) preserves it for every G ∈ G. Let f : K(G, A) → X be a function
with f · K(G, e1) = f · K(G, e2). We prove that it factorizes through K(G, c). In other
words: for every pair x1, x2 ∈ K(G, A) merged by K(G, c) we prove that f also merges it.
By assumption, c · x1 = c · x2. Thus x1, x2 factorize through the kernel pair of c, which by
(2) is e1, e2. Given h : G → B with xi = ei · h, we get

f(xi) = f(ei · h) =
(
f · K(G, ei)

)
(h) (i = 1, 2) .

This proves f(x1) = f(x2).
1 → 2. Let G consist of effective objects. For every equivalence relation e1, e2 : E → A

form its coequalizer c : A → B and a kernel pair e′
1, e′

2 : E′ → A of c. We have a factorization
h : E → E′ with ek = e′

k · h for k = 1, 2. Our task is to prove that h is an isomorphism.
The functor U = K(G, −) for G ∈ G preserves limits and regular epimorphisms since

G is a regular projective. Consequently, by Remarks 24 and 17(7) it preserves equivalence
relations. Thus UE and UE′ are equivalence relations on the set UA and, since G is effective,
they have a common coequalizer Uc. It follows for the factorization morphism h that Uh is
an isomorphism. Consequently, so is h. ◀

▶ Remark 26. The above proposition was inspired by the paper [11] in which an object is
called an effective projective if its hom-functor preserves reflexive coequalizers. Preservation
of coequalizers of equivalence relations seems a more suitable condition first because of the
above proposition. Second, for varieties of infinitary algebras free algebras are effective but
no longer effective projectives.

▶ Definition 27. By a split coequalizer of morphisms r1, r2 : R → A is meant a morphism
c : A → C with cr1 = cr2 such that there exist morphisms i : C → A and j : A → R with
ci = idC , jr1 = idA and jr2 = ic.

▶ Lemma 28. In a category with finite limits and regular factorizations for every split
coequalizer c of a relation r1, r2 : R → A the kernel pair of c is the composite relation R ◦ R0.

Proof. The relation R0 is represented by r2, r1 : R → A. Thus R ◦ R0 is represented by r1p1,
r1p2 : P → A where p1, p2 : P → R is the kernel pair of r2, see Remark 17(3):

P
p1

~~⑦⑦
⑦⑦ p2

  ❅
❅❅

❅

R
r1

��⑦⑦
⑦⑦

r2   ❅
❅❅

❅ R

r2~~⑦⑦
⑦⑦ r1

��❅
❅❅

❅

A A A

The corresponding collectively monic pair r′
1, r′

2 : R′ → A is obtained by factorizing
⟨r1p1, r1p2⟩ : P → A × A as a regular epimorphism e : P → R′ followed by a monomorphism
⟨r′

1, r′
2⟩. We prove that r′

1, r′
2 is a kernel pair of c.

(1) cr′
1 = cr′

2. Since e is epic, this follows from

c · (r′
1e) = c · (r1p1) = cr2p1 = cr2p2 = c · (r1p2) = c · (r′

2e) .
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(2) Given u1, u2 : U → A with cu1 = cu2, then this pair uniquely factorizes through r′
1, r′

2.
Unicity is clear since ⟨r′

1, r′
2⟩ is monic.

For i and j as in Definition 27 we see that

r2 · (ju1) = icu1 = icu2 = r2 · (ju2) .

Since p1, p2 is the kernel pair of r2, this implies that there exists h : U → P with ju1 = p1h

and ju2 = p2h. The desired factorization is eh : U → R′: we have

u1 = (r1j)u1 = r1p1h = r′
1(eh)

analogously u2 = r′
2(eh). ◀

▶ Remark 29. Given a reflexive relation r1, r2 : R → A in a category with finite limits and
regular factorizations, then the relations R and R ◦ R0 have the same coequalizers. In fact,
a morphism f merges the projections of R iff if merges those of R ◦ R0. Indeed, let p1,
p2 : P → A be the kernel pair of f .

(1) If f merges R, then R ⊆ P and since P is an equivalence relation, we conclude R ◦ R0 ⊆
P ◦ P 0 = P .

(2) If f merges R◦R0, then since R is reflexive we have ∆A ⊆ R0, hence, R = R◦∆A ⊆ R◦R0.
Thus f merges r1, r2.

▶ Proposition 30. Let K be a category with kernel pairs and their coequalizers. Then every
strong generator consisting of effective objects is a regular generator.
Proof.
(1) K has regular factorizations. Indeed, given a morphism f : X → Y form its kernel pair

p1, p2 : P → X and a coequalizer e : X → C of p1, p2. We have a unique morphism
m : C → Y with f = m · e, and our task is to prove that m is monic. Since G is a strong
generator, this is equivalent to proving for every pair u1, u2 : G → C with G ∈ G that
m · u1 = m · u2 implies u1 = u2.

P
p2 //

p1
// X

e

��

f // Y

G

h

OO✤
✤
✤

u1 //

u2
// C

m

;;✈✈✈✈✈✈✈✈✈✈

Since G is regularly projective, K(G, −) preserves regular epimorphisms. Thus there
exist morphisms vi : G → X with ui = e · vi (i = 1, 2). From m · u1 = m · v1, we derive
f ·v1 = f ·v2. Therefore, the pair v1, v2 factorizes through the kernel pair via a morphism
h : G → P with vi = pi · h. Thus ui = e · pi · h and e · p1 = e · p2 implies u1 = u2.

(2) Consequently, every extremal epimorphism e is regular: given its regular factorization
e = m · k, we conclude that m is an isomorphism. Given a strong generator G consisting
of effective objects, we prove that the canonical morphism cX (Remark 9) is a regular
epimorphism for every object X. We have an extremal epimorphism e = [ei] :

∐
i∈I

Gi → X

for some collection of objects Gi ∈ G. Define h :
∐
i∈I

Gi →
∐

G∈G

∐
f : G→X

to have the i-th

component equal to the coproduct injection of ei : Gi → X. Then clearly e = cX · h.
Since e is an extremal epimorphism, so is cX . Thus cX is a regular epimorphism. ◀

▶ Corollary 31. Let K have an abstractly finite strong generator consisting of regular
projectives. If K has reflexive coequalizers and kernel pairs, then it is complete and cocomplete.

This follows from the above Proposition and Corollary 15.



J. Adámek and J. Rosický 6:11

4 A characterization of varieties

▶ Definition 32 ([3]). An endofunctor F of SetS is called finitely bounded if for every object
X and every element x ∈ FX there exists a finite subobject m : M ↪→ X (that is,

∐
s∈S

Ms is

finite) with x in the image of Fm.

▶ Proposition 33 ([3]). If S is a finite set, then an endofunctor of SetS is finitely bounded
iff it is finitary (i.e., preserves directed colimits).

▶ Example 34. A finitely bounded endofunctor of SetN need not be finitary. Consider F

assigning to X itself if all but finitely many sorts of X are empty, else FX is the terminal
object. F is finitely bounded: given x ∈ X of sort n, let M ⊆ X have all sorts but n empty
and Mn = {x}. Then x ∈ FMn. But F does not preserves the colimit of the ω-chain of
N-sorted sets X(k) = (X(k))n∈N for k < ω where X

(k)
n = ∅ if k > n, else X

(k)
n = {0, 1}.

The following proof is based on the idea of the proof of Theorem 4.4.5 in [7].

▶ Theorem 35. A category is equivalent to a variety of finitary many-sorted algebras of
finitely many sorts iff it has
(a) kernel pairs and reflexive coequalizers, and
(b) an abstractly finite, strong generator consisting of finitely many effective objects.

▶ Remark. If in (b) we require the generator to be regular (rather than just strong), then the
assumption that kernel pairs exist can be dropped. See Corollary 15.

Proof. Necessity follows from Remark 4(5) and Examples 21 and 10(2). To prove sufficiency,
let {Gs}s∈S be a set as in (b) above in K. From Corollary 15 and Remark 23(1) we know
that K is complete and cocomplete. It has regular factorizations by Remark 24.

(i) The functor U : K → SetS with components K(Gs, −) for s ∈ S has a left adjoint
F : SetS → K with

FX =
∐
s∈S

Xs • Gs for X = (Xs)s∈S .

Denote by T the corresponding monad on SetS . It is finitely bounded. Indeed, to give,
for an S-sorted set X, an element of sort t in TX = UFX means to give a morphism
f : Gt →

∐
s∈S

Xs • Gs. Since {Gs}s∈S is abstractly finite, there is a finite sorted subset

m : M ↪→ X such that f factorizes through the subcoproduct FM ↪→ FX. That is,
f ∈ Tm[TM ].
Since by the above proposition T is finitary, SetT is equivalent to a variety, see Theorem
A40 in [5]. Thus it is sufficient to prove that U is monadic, then K is also equivalent to
that variety.

(ii) To prove that U is monadic we use Beck’s Theorem as formulated in [6] Theorem 3.3.10:
U is monadic iff (1) U has a left adjoint, (2) U reflects isomorphisms, and (3) for every
reflexive pair r1, r2 : R → A in K if Ur1, Ur2 have a split coequalizer, then r1, r2 have
a coequalizer and U preserves it.

(1) The left adjoint is given by (Xs)s∈S 7→
∐

s∈S

Xs • Gs.

(2) See Remark 24.
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(3) Assuming first that r1, r2 are collectively monic, we work with the relation R on
A. Since U preserves finite limits and reflects isomorphisms, it reflects finite limits.
By Remark 24 K has regular factorizations and U preserves and reflects regular
epimorphisms, relation composition and equivalence relations. Indeed, each Gs is
regularly projective (Remark 23).

By assumption the relation R̄ on UA represented by Ur1, Ur2 has a split coequalizer.
Thus R̄◦ R̄0 is an equivalence relation: see Lemma 28. Consequently, R◦R0 is an equivalence
relation on A. Let k : A → K be its coequalizer. Then k is, since R is a reflexive relation,
the coequalizer of R (Remark 29).

Since each Gs is effective, U preserves coequalizers of equivalence relations. Thus Uk is
a coequalizer of R̄ ◦ R̄0. Arguing as above, we conclude that Uk is also coequalizer of UR̄.
This proves that U preserves the coequalizer of r1, r2.

Let us next consider r1, r2 arbitrary. For Ur1, Ur2 we have a split coequalizer c : UA → C

(Remark 27): there are morphisms i : C → UA and j : UA → UR satisfying c · i = idC ,
(Ur1) · j = idUA and (Ur2) · j = i · c. Since K has finite products and regular factorizations,
we can factorize r1, r2 as a regular epimorphism e : R → R′ followed by a collectively monic
pair r′

1, r′
2 : R′ → A. The relation R′ is reflexive: given a morphism d with rid = idA, the

morphism ed fulfils r′
ied = idA. Moreover, the morphisms Ur′

1, Ur′
2 also have the split

coequalizer c : the splitting is given by i and Ue · j. Thus r′
1, r′

2 have a coequalizer preserved
by U . Since e is epic, the coequalizers of r1, r2 and r′

1, r′
2 coincide; analogously for Ue: this

is an epimorphism since each Gs is regularly projective. This concludes the proof. ◀

▶ Corollary 36. A category is equivalent to a single-sorted variety iff it has
(a) kernel pairs and reflexive coequalizers, and
(b) an effective, abstractly finite singleton strong generator.

▶ Example 37. None of the assumptions on the generator G in the above corollary can be
omitted:
(1) Abstract finiteness. The one-element space G in the category of compact Hausdorff

spaces forms a regular generator and is effective. But not abstractly finite: the copower∐
N

G is the space βN and almost no morphism from G to βN factorizes through a finite

subcopower. Analogously, no nonempty space is abstractly finite. Thus, the above
category is not equivalent to a (finitary) variety.

(2) Effectivity. In the category DCPO (Example 3) consider the three-element chain 3. This
is an abstractly finite strong generator (see [8]). But it is not effective: DCPO does not
have effective equivalence relations.

(3) Strength. The one-element poset forms an abstractly finite, effective generator of Pos.
But not a strong one. Pos also fails to have effective equivalence relations.

(4) Existence of copowers. Let Set0 be the full subcategory of Set on all nonempty sets.
Here the terminal object 1 has almost all the required properties: every object is a
copower of 1, every morphism from 1 to a coproduct factorizes through a coproduct
injection, and 1 is effective. And 1 has “almost all” copowers – but not the empty one!
Moreover, Set0 is clearly not equivalent to a variety: it is not complete.

▶ Theorem 38. A category is equivalent to a variety of finitary, many-sorted algebras iff it
has
(a) kernel pairs and reflexive coequalizers, and
(b) a strong generator consisting of finitely presentable effective objects.
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The proof is the same as that of the preceding theorem, except that the verification
that T is finitary can be left out: since each Gs is finitely presentable, U preserves directed
colimits, hence, so does T = UF .

▶ Example 39. Theorem 35 does not generalize to varieties with infinitely many sorts. We
present a category K whose only finitely presentable object is the initial one (thus, K is not
equivalent to a variety). Yet, K has coequalizers and an abstractly finite regular generator
formed by effective objects.

K is the full subcategory of SetN consisting of the terminal object 1 = (1, 1, 1 . . . ) and
all objects (Xn)n∈N such that for some k ∈ N we have

Xn ̸= ∅ iff n < k .

K is closed under coequalizers in SetN. But not under colimits of ω-chains: consider the
chain of inclusions of A(k) = (A(k)

n ) (k < ω) where A
(k)
n = {0, 1} for n ≤ k, else ∅. Then

colimk<ω A(k) = 1 in K. And the only object of K whose hom-functor preserves this colimit
is (∅, ∅, ∅ . . . ).

However, K has the abstractly finite regular generator {B(k)}k∈N where B
(k)
n = 1 for

n ≤ k, else ∅. Every morphism f : B(k) →
∐
i∈I

B(ki) has the property that k ≤ ki for some i,

thus f factorizes through the coproduct injection of B(ki). The verification that each B(k) is
effective and that they form a regular generator is easy.

▶ Remark 40. Many-sorted varieties have also been characterized in [5] as precisely the
strongly locally finitely presentable categories. We recall this shortly and show how this
follows from the above reults.
(1) Using [4] Theorem 1.11, a locally finitely presentable category can be defined as a

cocomplete category with a strong generator formed by finitely presentable objects.
(2) Let us recall that a small category is filtered iff colimits in Set with that domain commute

with finite limits. Analogously one defines a small category to be sifted iff colimits in Set
with that domain commute with finite products. An object A of a category K is called
perfectly presentable if its hom-functor preserves sifted colimits (which are colimits of
diagrams with sifted domains). If K has finite coproducts, these are precisely the finitely
presentable objects A with K(A, −) preserving reflexive coequalizers ([5], Thm. 7.7).
For example, in every variety all free algebras on finitely many generators are perfectly
presentable ([5], Corollary 5.14).

(3) Using [5] Theorem 7.7, a strongly locally finitely presentable category can be defined as a
cocomplete category with a strong generator G formed by perfectly presentable objects.

▶ Corollary 41 ([5] Thm. 6.9). A category is strongly locally finitely presentable iff it is
equivalent to a finitary many-sorted variety.

Proof.
(1) Let K be strongly locally finitely presentable. For the strong generator G in the above

remark every member G ∈ G is finitely presentable and effective, thus G is abstractly
finite. By Theorem 38 K is equivalent to a variety.

(2) Conversely, every variety is strongly finitely presentable since the regular generator of
Example 10(2) consists of perfectly presentable objects. ◀
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Conclusions and Open Problems

Lawvere’s characterization of (single-sorted) finitary varieties can be sharpened as follows:
these are precisely the categories with reflexive coequalizers, kernel pairs and a strong
generator formed by an abstractly finite effective object. We have presented a proof based
on the theory of monads. And we have proved that for varieties of many-sorted algebras a
completely analogous result holds in case of finitely many sorts: many-sorted varieties are,
up to equivalence, precisely the categories with reflexive coequalizers, kernel pairs and an
abstractly finite strong generator formed by finitely many effective objects. For infinitely
many sorts a somewhat weaker characterization holds: instead of abstract finiteness one
requires that the given generator consists of finitely presentable objects.

It is interesting to consider other base categories than Set or SetS . For example Pos:
can one characterize (finitary) varieties of ordered algebras in a similar way?

Another direction of research are non-finitary varieties: what is an abstract characteriza-
tion of categories monadic over SetS , or over Pos?
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Abstract
We develop a theory for the commutative combination of quantitative effects, their tensor, given as a
combination of quantitative equational theories that imposes mutual commutation of the operations
from each theory. As such, it extends the sum of two theories, which is just their unrestrained
combination. Tensors of theories arise in several contexts; in particular, in the semantics of
programming languages, the monad transformer for global state is given by a tensor.

We show that under certain assumptions on the quantitative theories the free monad that arises
from the tensor of two theories is the categorical tensor of the free monads on the theories. As an
application, we provide the first algebraic axiomatizations of labelled Markov processes and Markov
decision processes. Apart from the intrinsic interest in the axiomatizations, it is pleasing they are
obtained compositionally by means of the sum and tensor of simpler quantitative equational theories.
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1 Introduction

The theory of computational effects began with the work of Moggi [24, 25] seeking a unified
category-theoretic account of the semantics of higher-order programming languages. He
modelled computational effects (which he called notions of computation) by means of strong
monads on a base category with cartesian closed structure. With Cenciarelli [5], he later
extended the theory by allowing a compositional treatment of various semantic phenomena
such as state, IO, exceptions, resumptions, etc, via the use of monad transformers. This work
was followed up by the program of Plotkin and Power [26, 27] on an axiomatic understanding
of computational effects as arising from operations and equations via the use of Lawvere
theories (see also [14]). In a fundamental contribution [12] together with Hyland they
developed a unified modular theory for algebraic effects that supports their combination by
taking the sum and tensor of their Lawvere theories. This allowed them to recover in a more
pleasing algebraic structural way many of the monad transformers considered by Moggi.

Quantitative equational theories, introduced by Mardare et al. [21], are a logical framework
generalising the standard concept of equational logic to account for a concept of approximate
equality. They are used to describe quantitative effects as monads on categories of metric
spaces. Following the work of Hyland et al. [12], in [1] we developed a theory for the sum of
quantitative equational theories, and proved that it corresponds to the categorical sum of
quantitative effects as monads. As a major example, we axiomatised Markov processes with
discounted probabilistic bisimilarity distance [7] as the sum of two theories: interpolative
barycentric algebras (which axiomatises probability distributions with the Kantorovich
metric [21]) and contractive operators (used to express the transition to the next state).
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7:2 Tensor of Quantitative Equational Theories

Whereas the sum of two monads is the simplest combination supporting both given effects
with no interactions between them, the tensor additionally requires commutation of these
effects over each other. Some of the most important monad transformers have an elegant
abstract description using tensor. Specifically, Moggi’s transformers for state, reader, and
writer are examples of tensors [12].

In the present paper we extend the work initiated in [1], and develop the theory for the
tensor of quantitative equational theories. The main contributions are:
1. we prove that the tensor of quantitative theories corresponds to the categorical tensor of

their induced quantitative effects as strong monads;
2. we give quantitative axiomatisations to the quantitative reader and writer monads, from

which we obtain analogues of Moggi’s transformers at the level of theories using tensor;
3. we provide the first axiomatization of labelled Markov processes and Markov decision

processes with their discounted bisimilarity metrics.

For the proof of (1) we introduce the concept of pre-operation of a strong functor, which
we use to conveniently characterise the commutative bialgebras for the monads (which
correspond to the Eilenberg-Moore algebras for their tensor). Crucially, this allows us to
carry out the technical development directly at the level of quantitative equational theories
without passing via a correspondence with metric-enriched Lawvere theories.

The axiomatisations in (3) are two major examples for our compositional theory quantit-
ative effects. Specifically, we obtain the discounted bisimilarity metrics for labelled Markov
processes and Markov decision processes with rewards by complementing the axiomatization
for Markov processes presented in [1]. We model reactions to action labels by tensoring with
the theory of quantitative reading computations (corresponding to Moggi’s reader monad
transformer); while rewards are recovered by tensoring with the theory of quantitative writ-
ing computations (corresponding to Moggi’s writer monad transformer). We will illustrate
our compositional approach by decomposing the proposed axiomatisations into their basic
components and showing how to combine them step-by-step to get the desired result.

Further Related Work. In [12, 11] the tensor of (enriched) Lawvere theories is character-
ized as the colimit of certain commutative cocones, and the correspondence with the tensor
of monads is obtained via the equivalence between Lawvere theories and monads. Since it
is not hard to show that (basic) quantitative equational theories can be characterised as
metric-enriched Lawvere theories, one may think to recover the correspondence with the
tensor of monads via the equivalence with Lawvere theories. Alas, quantitative equational
theories and Lawvere theories are not equivalent, as the latter allows generic operations with
metric spaces as arities, while the framework of Mardare et al. [21] does not. An equivalence
with discrete Lawvere theories [13] (where arities are just countable ordinals) does not
hold either, because quantitative equations implicitly impose the existence operations with
non-discrete arities which cannot be expressed in the framework of discrete Lawvere theories.

The above arguments required us to follow a different path, which led us to the intro-
duction of pre-operations for a strong functor F . Pre-operations are related to Plokin and
Power’s algebraic operations [28, 29] in the sense that their assignment to F -algebras are the
appropriate version of algebraic operations for functors. Moreover, when considered over
a strong monad T they correspond to generic effects of type I → Tv (i.e., Kleisli maps of
type I → v, where I is the identity for the monoidal product). The reason why we consider
pre-operations over functors, and not just monads, is to relate the operations of an algebraic
monad with those of its signature. This was crucial in the technical development of Section 5.

Finally, we remark that quantitative equational theories are a natural kind of enriched
equational theory expressive enough to recover many examples of interest in computer science
(see [21, 1, 23]), but not corresponding to metric-enriched Lawvere theories. In this respect,
it is nice that also this simpler subclass of enriched theories are closed under sum and tensor.
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2 Preliminaries and Notation

An extended metric space is a pair (X, d) consisting of a set X equipped with a distance
function d : X × X → [0,∞] allowed to have infinite values, satisfying: (i) d(x, y) = 0 iff
x = y, (ii) d(x, y) = d(y, x) and (iii) d(x, z) ≤ d(x, y) + d(y, z).

A sequence (xi) in X is Cauchy if ∀ϵ > 0, ∃N, ∀i, j ≥ N, d(xi, xj) ≤ ϵ. If every Cauchy
sequence converges, the extended metric space (X, d) is said to be complete. If a space is not
complete it can be completed by a well-known construction called Cauchy completion. We
write (X, d), or just X, for the completion of (X, d).

We denote by Met the category of extended metric spaces with morphisms the non-
expansive maps, i.e. the f : (X, dX) → (Y, dY ) such that dX(x, y) ≥ dY (f(x), f(y)). This
category is both complete (i.e., have all limits) and cocomplete (i.e., have all colimits). We
will consider also the full subcategory CMet of complete extended metric spaces.

The categorical properties of extended metric spaces are much nicer than usual metric
spaces. In particular, we note that Met is a symmetric monoidal category, with monoidal
product (X, dX) □ (Y, dY ) being the extended metric space with underlying set X × Y and
extended metric dX□Y ((x, y)(x′, y′)) = dX(x, x′) + dY (y, y′) (cf. [19]). Note that this is not
the cartesian product in Met (for which + above would be replaced by max).

The monoidal product □ introduced above defines a closed monoidal structure on Met,
with internal hom [(X, dX), (Y, dY )] given by the set of non-expansive maps from X to Y
with point-wise supremum extended metric d[X,Y ](f, g) = supx∈X d(f(x), g(x)).

Finally, we recall the basic definitions of strong functor (and monad), strong natural
transformations, and fix the notation (for more details see e.g. [17, 18]). Let V be a symmetric
monoidal closed category with monoidal product1 □ : V × V → V, unit object I ∈ V, and
internal hom-functor [−,−] : V × V → V. We will denote the counit (or evaluation map) of
the adjunction (V □ −) ⊣ [V,−] by evV : V □ [V,−] ⇒ Id and the unit (or co-evaluatation
map) by evV : Id → [V, V □ −].

A functor F : V → V is strong with monoidal strength tV,W : V □ F (W ) → F (V □
W ), if t is a natural transformation satisfying the coherence conditions Fλ ◦ t = λ and
t ◦ (id□ t) ◦ α = Fα ◦ t, w.r.t. the associator α and left unitor λ of V. The dual strength
t̂V,W : F (W ) □ V → F (W □ V ) is given by t̂ = F (s) ◦ t ◦ s, where s : V □W → W □ V is
the natural isomorphism of the symmetric monoidal category V. A natural transformation
θ : F ⇒ G is said strong if F,G are strong functors with strengths t, σ, respectively, and
σ ◦ (id□ θ) = θ ◦ t, meaning that θ interacts well with the strengths.

A monad (T, η, µ) with unit η : Id ⇒ T and multiplication µ : TT ⇒ T , is strong if T is a
strong functor with strength t such that t ◦ (id□ η) = η and µ ◦ tt = t ◦ (id□ µ).

Note that strong functors (resp. monads) on a symmetric monoidal closed category V
are equivalent to V-enriched functors (resp. monads) on the self-enriched category V [17].

3 Quantitative Equational Theories

Quantitative equations were introduced in [21]. In this framework equalities t ≡ε s are
indexed by a positive rational number, to capture the idea that t is “within ε” of s. This
informal notion is formalised in a manner analogous to traditional equational logic. In this
section we review this formalism.

1 We denote the monoidal product by □ to avoid confusion with other tensorial operations we will deal
with in this paper, e.g., the tensor of monads.
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7:4 Tensor of Quantitative Equational Theories

Let Σ be a signature of function symbols f : n ∈ Σ of arity n ∈ N. Let X be a countable
set of variables, ranged over by x, y, z, . . . . We write T(Σ, X) for the set of Σ-terms freely
generated over X, ranged over by t, s, u, . . ..

A substitution of type Σ is a function σ : X → T(Σ, X), canonically extended to terms as
σ(f(t1, . . . , tn)) = f(σ(t1), . . . , σ(tn)); we write S(Σ) for the set of substitutions of type Σ.

A quantitative equation of type Σ over X is an expression of the form t ≡ε s, for
t, s ∈ T(Σ, X) and ε ∈ Q≥0. We use V(Σ, X) to denote the set of quantitative equations of
type Σ over X, and its subsets will be ranged over by Γ,Θ, . . .. Let E(Σ, X) be the set of
conditional quantitative equations on T(Σ, X), which are expressions of the form

{t1 ≡ε1 s1, . . . , tn ≡εn
sn} ⊢ t ≡ε s ,

for arbitrary si, ti, s, t ∈ T(Σ, X) and εi, ε ∈ Q≥0.
A quantitative equational theory of type Σ over X is a set U of conditional quantitative

equations on T(Σ, X) containing the axioms and closed under the rules of inference below, for
arbitrary x, y, z, xi, yi ∈ X, terms s, t ∈ T(Σ, X), rationals ε, ε′ ∈ Q≥0, and Γ,Θ ⊆ V(Σ, X),

(Refl) ⊢ x ≡0 x ,

(Symm) {x ≡ε y} ⊢ y ≡ε x ,

(Triang) {x ≡ε z, z ≡ε′ y} ⊢ x ≡ε+ε′ y ,

(Max) {x ≡ε y} ⊢ x ≡ε+ε′ y , for all ε′ > 0 ,
(Cont) {x ≡ε′ y | ε′ > ε} ⊢ x ≡ε y ,

(f -NE) {xi ≡ε yi | i=1..n} ⊢ f(x1, . . . , xn) ≡ε f(y1, . . . , yn) , for f : n ∈ Σ ,

(Subst) If Γ ⊢ t ≡ε s, then {σ(t) ≡ε σ(s) | t ≡ε s ∈ Γ} ⊢ σ(t) ≡ε σ(s) , for σ ∈ S(Σ) ,
(Ass) If t ≡ε s ∈ Γ, then Γ ⊢ t ≡ε s ,

(Cut) If Γ ⊢ Θ and Θ ⊢ t ≡ε s, then Γ ⊢ t ≡ε s ,

where we write Γ ⊢ Θ to mean that Γ ⊢ t ≡ε s holds for all t ≡ε s ∈ Θ.
The rules (Subst), (Cut), (Ass) are the usual rules of equational logic. The axioms

(Refl), (Symm), (Triang) correspond, respectively, to reflexivity, symmetry, and the triangle
inequality; (Max) represents inclusion of neighborhoods of increasing diameter; (Cont) is the
limiting property of a decreasing chain of neighborhoods with converging diameters; and
(f -NE) expresses non-expansivness of f ∈ Σ.

A set A of conditional quantitative equations axiomatises a quantitative equational theory
U , if U is the smallest quantitative equational theory containing A.

The models of these theories, called quantitative Σ-algebras, are Σ-algebras in Met.

▶ Definition 1 (Quantitative Algebra). A quantitative Σ-algebra is a tuple A = (A,ΣA), where
A is an extended metric space and ΣA = {fA : An → A | f : n ∈ Σ} is a set of non-expansive
interpretations (i.e., satisfying maxi dA(ai, bi) ≥ dA(fA(a1, . . . , an), fA(b1, . . . , bn))).

The morphisms between quantitative Σ-algebras are non-expansive Σ-homomorphisms.
Quantitative Σ-algebras and their morphism form a category, denoted by QA(Σ).

A = (A,ΣA) satisfies the conditional quantitative equation Γ ⊢ t ≡ε s in E(Σ, X), written
Γ |=A t ≡ε s, if for any assignment ι : X → A, the following implication holds(

∀t′ ≡ε′ s′ ∈ Γ , dA(ι(t′), ι(s′)) ≤ ε′) ⇒ dA(ι(t), ι(s)) ≤ ε ,

where ι(t) is the homomorphic interpretation of t in A.
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A quantitative algebra A is said to satisfy (or be a model for) the quantitative theory U ,
if Γ |=A t ≡ε s whenever Γ ⊢ t ≡ε s ∈ U . We write K(Σ,U ) for the collection of models of a
theory U of type Σ.

Sometimes it is convenient to consider the quantitative Σ-algebras whose carrier is a
complete extended metric space. This class of algebras forms a full subcategory of QA(Σ),
written CQA(Σ). Similarly, we write CK(Σ,U ) for the full subcategory of quantitative
Σ-algebras in CQA(Σ) which are models of U .

The following lifts the Cauchy completion of metric spaces to quantitative algebras.

▶ Definition 2. (Algebra Completion) The Cauchy completion of a quantitative Σ-algebra
A = (A,ΣA), is the quantitative Σ-algebra A = (A,ΣA), where A is the Cauchy completion
of A and ΣA = {fA : An → A | f : n∈ Σ} is such that for Cauchy sequences (bij)j converging
to bi ∈ A, for 1 ≤ i ≤ n, fA(b1, . . . , bn) = limj f

A(b1
j , . . . , b

n
j ).

The above extends to a functor C : QA(Σ) → CQA(Σ) which is the left adjoint to the
functor embedding CQA(Σ) into QA(Σ).

The completion of quantitative Σ-algebras extends also to a functor from K(Σ,U ) to
CK(Σ,U ), whenever U can be axiomatised by a collection of continuous schemata, which are
conditional quantitative equations of the form

{xi ≡εi yi | i = 1..n} ⊢ t ≡ε s , for all ε ≥ f(ε1, . . . , εn),

where f : Rn≥0 → R≥0 is a continuous real-valued function, ε, εi ∈ Q≥0, and xi, yi ∈ X. We
call such a theory continuous.

Free Monads on Quantitative Equational Theories

To every signature Σ, one can associate a signature endofunctor (also called Σ) on Met by:

Σ =
∐
f :n∈Σ

Idn .

It is easy to see that, by couniversality of the coproduct, quantitative Σ-algebras correspond
to Σ-algebras for the functor Σ in Met, and the morphisms between them to non-expansive
homomorphisms of Σ-algebras. Below we pass between the two points of view as convenient.

▶ Theorem 3 (Free Algebra [21]). The forgetful functor K(Σ,U ) → Met has a left adjoint.

The left adjoint assigns to any X ∈ Met a free quantitative Σ-algebra (TX , ψU
X) satisfying U ,

from which one canonically obtains the monad (TU , η
U , µU ), with functor TU : Met → Met

mapping X ∈ Met to the carrier TX of the free algebra.
A similar free construction also holds for quantitative algebras in CQA(Σ) for continuous

quantitative equational theories, implying that the forgetful functor from CK(Σ,U ) to CMet
has a left adjoint. In particular, CTU is the free monad on U in CMet, provided that the
quantitative equational theory is continuous.

Finally, let T -Alg denote the category of Eilenberg-Moore (EM) algebras for a monad T .
In [1], it is shown that, whenever the quantitative theory U is basic, i.e., it can be axiomatised
by a set of conditional equations of the form

{x1 ≡ε1 y1, . . . , xn ≡εn
yn} ⊢ t ≡ε s ,

where xi, yi ∈ X (cf. [22]), then EM TU -algebras are in 1-1 correspondence with the quantit-
ative algebras satisfying U :

▶ Theorem 4. For any basic quantitative equational theory U of type Σ, TU -Alg ∼= K(Σ,U ).
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7:6 Tensor of Quantitative Equational Theories

4 Tensor of Strong Monads

In this section we provide the definition of tensor of strong monads on a generic symmetric
monoidal closed category V. The presentation follows and generalises that of Manes [20],
which considers only the case of monads on Set.

Let v be an object in V. As V is self-enriched, it has all v-fold powers (or v-powers)
Xv, of any object X ∈ V, defined as Xv = [v,X] [16]. Moreover, (−)v : V → V is a strong
functor with strength ξX,Y : X □ Y v → (X □ Y )v obtained by currying

v □ (X □ Y v)
∼=−→ X □ (v □ Y v) X□ev−−−−→ X □ Y .

Let F : V → V be a strong functor with strength t. The v-power functor (−)v can be
lifted to F -algebras by mapping (A, a) to (A, a)v = (Av, av ◦σA), where σA : FAv ⇒ (FA)v is
the strong natural transformation obtained from t by currying F evvA◦tv,Av . Hence F -algebras
are closed under powers of V-objects.

▶ Definition 5 (Pre-operation of a strong functor). Let F : V → V be a strong functor and
v ∈ V. A v-ary pre-operation of F is a strong natural transformation of type (−)v ⇒ F .

We denote by OF (v) the set of v-ary pre-operations of F . An application of g ∈ OF (v)
to an F -algebra (A, a) is the composite ag = a ◦ gA. We call ag an operation of (A, a).

▶ Proposition 6. Let (A, a), (B, b) be F -algebras of a strong endofunctor F on V and
f : A → B a morphism in V. Then, the following are equivalent:
1. f is an F -homomorphisms from (A, a) to (B, b);
2. For every v ∈ V and g ∈ OF (v), f ◦ ag = bg ◦ fv.

The above proposition indicates that F -algebras are precisely characterised by their
operations. In some situations, depending on the functor F , one gets the same characterisation
with much fewer operations. We identify this property with the following definition.

▶ Definition 7 (Density). A set D of pre-operations of a strong functor F : V → V is dense,
if for any F -algebras (A, a), (B, b) and f : A → B in V, the following are equivalent:
1. f is an F -homomorphisms from (A, a) to (B, b);
2. For every v-ary pre-operation g ∈ D, f ◦ ag = bg ◦ fv.

Let F,G be two strong endofunctors on V. A ⟨F,G⟩-bialgebra is a triple (A, a, b) consisting
of an object A ∈ V with both an F -algebra structure a : FA → A and a G-algebra structure
b : GA → A. A morphism of ⟨F,G⟩-bialgebras is an arrow that is simultaneously an F - and
G-homomorphism. Denote by ⟨F,G⟩-biAlg the category of ⟨F,G⟩-bialgebras.

▶ Proposition 8. Let (A, a, b) be an ⟨F,G⟩-bialgebra. The following statements are equivalent:
1. For all v ∈ V and g ∈ OF (v), ag is a G-homomorphism;
2. For all w∈ V and h ∈ OG(w), bh is an F -homomorphism.
Diagrammatically:

GAv Av

GA A

b̄

G(ag) (1) ag

b

iff
FAw Aw

FA A

ā

F (bh) (2) bh

a

where (A, a)w = (Aw, ā) and (A, b)v = (Av, b̄).
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▶ Definition 9 (Commutative bialgebra). A ⟨F,G⟩-bialgebra (A, a, b) is commutative if it
satisfies either of the equivalent conditions of Proposition 8.

In the case the functors F and G admit dense sets of pre-operations, commutativity for
their bialgebras can be more conveniently expressed in the following way.

▶ Proposition 10. Let D and E be dense sets of pre-operations for F and G, respectively. A
⟨F,G⟩-bialgebra (A, a, b) is commutative iff it satisfies either of the equivalent conditions:
1. For all g ∈ D, ag is a G-homomorphism;
2. For all h ∈ E, bh is an F -homomorphism.

Let (T, η, µ) be a strong monad on V. Note that, as T is a strong functor and the
EM-algebras for T are closed under powers of V-objects, all the results and definitions given
in this section extends to EM-algebras for T .

Let (T, η, µ), (T ′, η′, µ′) be two strong monads on V. A EM ⟨T, T ′⟩-bialgebra is a triple
(A, a, a′) consisting of an object A ∈ V with both an EM T -algebra structure a : TA → A

and an EM T ′-algebra structure a′ : T ′A → A. We say that an EM ⟨T, T ′⟩-bialgebra
(A, a, a′) is commutative if it is so as a ⟨T, T ′⟩-bialgebra for the functors T, T ′. We denote
by ⟨T, T ′⟩-biAlg the category of EM ⟨T, T ′⟩-bialgebras and by (T ⊗ T ′)-biAlg, the full
subcategory of the commutative EM ⟨T, T ′⟩-bialgebras.

▶ Definition 11 (Tensor of monads). If the forgetful functor (T ⊗ T ′)-biAlg → V has a left
adjoint, then the monad induced by the adjunction is the tensor of T, T ′, denoted T ⊗ T ′.

Note that the tensor of monads does not necessarily exist (see [4] for counterexamples).
However, when it does T ⊗ T ′ ∼= T ′ ⊗ T , as the categories of commutative biagebras
(T ⊗ T ′)-biAlg and (T ′ ⊗ T )-biAlg are isomorphic.

5 Tensor of Quantitative Theories

In this section, we develop the theory for the tensor of quantitative equational theories. The
main result is that the free monad on the tensor of two theories is the tensor of the monads
on the theories. In the proof given, we use the fact that the quantitative theories are basic,
as this allows us to exploit the correspondence between the algebras of a theory U and the
EM-algebras of the monad TU (Theorem 4).

Let Σ, Σ′ be two disjoint signatures. Following Freyd [8] (and [12]), we define the tensor
of two quantitative equational theories U , U ′ of respective types Σ and Σ′, written U ⊗ U ′,
as the smallest quantitative theory containing U , U ′ and the quantitative equations

⊢ f(g(x1
1, . . . , x

1
m), . . . , g(xn1 , . . . , xnm)) ≡0 g(f(x1

1, . . . , x
n
1 ), . . . , f(x1

m, . . . , x
n
m)) , (1)

for all f : n ∈ Σ and g : m ∈ Σ′, expressing that the operations of one theory commute with
the operations of the other.

5.1 Density of Symbolic Pre-operations
Towards our main result, we identify a dense set of pre-operations for the free monads on
quantitative equational theories which, in turn, will gives us a simpler characterization for
commutative bialgebras for these monads (cf. Proposition 10).

First notice that any signature functor Σ =
∐
f :n∈Σ Id

n in Met is strong, as it is the
coproduct of the strong functors Idn ∼= (−)n, where n ∈ Met denotes the set {1, . . . , n}
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7:8 Tensor of Quantitative Equational Theories

equipped with the discrete extended metric assigning infinite distance to distinct elements.
Moreover, the injections inf : (−)n ⇒ Σ are strong natural transformations, hence they are
n-ary pre-operations of Σ (cf. Definition 5).

▶ Proposition 12. SΣ = {inf | f : n ∈ Σ} is a dense set of pre-operations of Σ.

In the following, the pre-operations in SΣ will be called symbolic, and to simplify the notation,
for any f : n ∈ Σ and Σ-algebra (A, a), we write af instead of ainf .

Let U be a quantitative equational theory of type Σ. Then, also the monad TU is strong,
with strength ζX,Y : X □ TUY → TU (X □ Y ) obtained by uncurrying the unique map hX,Y
that, by Theorem 3, makes the following diagram commute

Y TUY ΣTUY

(TU (X □ Y ))X Σ(TU (X □ Y ))X
βX,Y

ηU
Y

hX,Y

ψU
Y

ΣhX,Y

ψU
(T (X□Y ))X

where βX,Y is the currying of ηU
X□Y : X □ Y → TU (X □ Y ).

Since a monad is strong iff both its unit and multiplication are strong natural transform-
ations, both ηU , µU are strong. Moreover, also ψU : ΣTU ⇒ TU is strong.

Thus any pre-operation g ∈ OΣ(v) can be tuned into an pre-operation of TU as the
composite

(−)v g−→ Σ ΣηU

−−−→ ΣTU
ψU

−−→ TU .

In particular, when the theory U is basic, by exploiting Theorem 4, the above transforma-
tion allows us to turn any dense set of pre-operations of Σ into a dense set of pre-operations
of TU .

▶ Proposition 13. Let U be a basic quantitative theory of type Σ and D a dense set of
pre-operations of Σ. Then {ψU ◦ ΣηU ◦ g | g ∈ D} is a dense set of pre-operations of TU .

By combining Propositions 12 and 13, we have that STU = {ψU ◦ ΣηU ◦ inf | f : n ∈ Σ} is
a dense set of pre-operations of TU . We call also these pre-operations symbolic and we simplify
the notation by writing a⟨f⟩ instead of a(ψU ◦ΣηU ◦inf ), for f : n ∈ Σ and (A, a) ∈ TU -Alg.

Thus, as an immediate consequence of Propositions 10 and 13, we obtain the following
simpler characterization for commutative ⟨TU , TU ′⟩-bialgebras.

▶ Corollary 14. Let U , U ′ be basic quantitative theories respectively of type Σ, Σ′. A
⟨TU , TU ′⟩-bialgebra (A, a, b) is commutative iff it satisfies either of the equivalent conditions
1. For all f : n ∈ Σ, a⟨f⟩ is a TU ′-homomorphism;
2. For all g : n ∈ Σ′, b⟨g⟩ is a TU -homomorphism.

5.2 Tensor of Free Monads on Quantitative Theories
Let U ,U ′ be basic quantitative theories respectively of type Σ,Σ′. We show that any model
for U ⊗ U ′ is a ⟨U ⊗ U ′⟩-bialgebra: an extended metric space A with both a Σ-algebra
structure a : ΣA → A satisfying U and a Σ′-algebra structure b : Σ′A → A satisfying U ′ and
respecting the diagrammatic condition below, for all f : n ∈ Σ and g : m ∈ Σ′

An A Am

(Am)n (An)m

af bg

χ

∼=

(bg)n (af )m (2)
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Formally, we denote by (U ⊗U ′)-biAlg the category of ⟨U ⊗U ′⟩-bialgebras, with morphisms
the non-expansive homomorphisms preserving both algebraic structures. Then, the following
isomorphism of categories holds.

▶ Proposition 15. K(Σ+Σ′,U ⊗U ′) ∼= (U ⊗U ′)-biAlg, for U ,U ′ basic quantitative theories.

Moreover, by adapting the isomorphism of Theorem 4 and exploiting the density of
symbolic pre-operations (cf. Corollary 14) the following is also true.

▶ Proposition 16. (U ⊗U ′)-biAlg ∼= (TU ⊗TU ′)-biAlg, for U ,U ′ basic quantitative theories.

By combining the above two propositions we get the main theorem of this section.

▶ Theorem 17. Let U ,U ′ be basic quantitative theories. Then, the monad TU ⊗U ′ in Met is
the tensor of monads TU ⊗ TU ′ .

Proof. By Propositions 15 and 16 the forgetful functor from (TU ⊗ TU ′)-biAlg to Met has
a left adjoint and the monad generated by this adjunction is isomorphic to TU ⊗U ′ . Thus, by
definition of tensor of monads, TU ⊗U ′ ∼= TU ⊗ TU ′ . ◀

The above results do not require any specific property of Met, apart that its morphisms
are non-expansive maps. Thus, when the quantitative equational theories are continuous, we
can reformulate an alternative version of Theorem 17 which is valid in CMet.

▶ Theorem 18. Let U ,U ′ be continuous quantitative theories. Then, CTU ⊗U ′ in CMet is
the tensor of monads CTU ⊗ CTU ′ .

6 Quantitative Reader Algebras

Let E be a finite set of input values and fix an enumeration E = {e1, . . . , en} for it. The
quantitative reader algebras of type E are the algebras for the signature

ΣRE
= {r : |E|}

having only one operator r of arity equal to the number of the input values in E, and
satisfying the following axioms

(Idem) ⊢ x ≡0 r(x, . . . , x) ,
(Diag) ⊢ r(x1,1, . . . , xn,n) ≡0 r(r(x1,1, . . . , x1,n), . . . , r(xn,1, . . . , xn,n)) .

The quantitative theory induced by the axioms above, written RE , is called quantitative
theory of reading computations.

Intuitively, the term r(t1, . . . , tn) can be interpreted as the computation that proceeds as
ti after reading the value ei from its input. The axiom (Idem) says that if we ignore the value
of the input the reading of it is not observable; (Diag) says that the resulting computation
after reading the input is the same no matter how many times we read it.

▶ Remark 19. For the binary case (|E| = 2) we can think of r as an if-then-else statement
b?(S, T ) checking for the value of a fixed global Boolean variable b and proceeding as S when
b = true, and as T otherwise. In this case, (Idem) and (Diag) express the standard program
equivalences S ≡ b?(S, S) and b?(S, T ) ≡ b?(b?(S, T ′), b?(S′, T )).

In the following, when the set E is clear from the context, we use R in place of RE .
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7:10 Tensor of Quantitative Equational Theories

On Metric Spaces

Let E be a finite set. We denote by E the extended metric space on E equipped with the
indiscrete metric that assigns infinite distance to any pair of distinct elements.

Consider the E-power functor (−)E : Met → Met, assigning to each X ∈ Met the
metric space [E,X] of (necessarily non-expansive) maps from E to X.

This functor has a monad structure, with unit κ : Id ⇒ (−)E and multiplication
∆: ((−)E)E ⇒ (−)E , respectively given as follows, for x ∈ X, e ∈ E, and f ∈ E → XE

κX(x)(e) = x , ∆X(f)(e) = f(e)(e) .

This is also known as reader monad (also called environment monad or function monad).
▶ Remark 20. The reader monad is always well defined in a cartesian closed category. Fix
an object E. The reader monad (−)E has unit and multiplication respectively given by

X ∼= X1 X!

−−→ XE and (XE)E ∼= XE×E Xδ

−−→ XE ,

where ! : E → 1 is the unique map to the terminal object and δ : E → E × E the diagonal
map δ = ⟨id, id⟩. However, this definition does not generalise to arbitrary monoidal closed
categories, and Met is such a counterexample. The specific problem with Met is that
δ : E → E □ E is not well-defined for arbitrary E ∈ Met, as non-expansivness requires that

dE(e, e′) ≥ dE□E(δ(e), δ(e′)) = dE(e, e′) + dE(e, e′) ,

which holds only when E has the discrete metric. This is the reason why in our treatment
we restrict the set of input values to have discrete metric.

The reader monad (−)E is isomorphic to the free monad TR . In other words, the
quantitative theory R of reading computations axiomatises the reader monad.

▶ Theorem 21. The monads TR and (−)E in Met are isomorphic.

Let T be a strong monad with strength t. The natural transformation λX : TXE ⇒ (TX)E
obtained from the strength t by currying T evEX ◦ tE,XE , is a distributive law of monads.
Distributive laws induce a notion of monad composition [2], so Moggi’s reader monad
transformer T 7→ (T−)E is also available in Met. The following says that we can recover
this monad transformer as the operation of tensoring with the reader monad.

▶ Theorem 22 (Tensoring with Reader Monad). Let T be a strong monad. Then, T ⊗ (−)E
exists and is given as the monad composition (T−)E.

By using the above result in combination with Theorem 17, we obtain an analogous
transformer at the level of quantitative equational theories as follows.

▶ Corollary 23. Let U be a basic quantitative equational theory. Then, (TU −)E is the free
monad on the theory U ⊗ R in Met.

On Complete Metric Spaces

The category CMet has finite products. Since, we assumed the set of input values E to be
finite, the functor (−)E is isomorphic to the finite product (−)n, for n = |E|. Therefore the
power functor (−)E , preserves Cauchy completeness and can be restricted to an endofunctor
on CMet. Thus also the reader monad restricts to CMet.

Because R is a continuous quantitative theory, the free monad on R in CMet is CTR .
Thus, by restricting Theorem 21 to quantitative algebras over CMet, we obtain:
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▶ Theorem 24. The monads CTR and (−)E in CMet are isomorphic.

In virtue of the above characterisation, by instantiating Theorem 22 in the category of
complete extended metric spaces, in combination with Theorems 17 we obtain the following
variant of the quantitative reader theory transformer on continuous quantitative theories.

▶ Corollary 25. Let U be a continuous quantitative theory. Then, (CTU −)E is the free
monad on the theory U ⊗ R in CMet.

7 Quantitative Writer Algebras

Fix an extended metric space Λ ∈ Met of output values having monoid structure (Λ, ∗, 0)
with non-expansive multiplication operation ∗ : Λ × Λ → Λ.

The quantitative writer algebras of type Λ are the algebras for the signature

ΣWΛ = {wα : 1 | α ∈ Λ}

having a unary operator wα, for each output value α ∈ Λ, and satisfying the following axioms

(Zero) ⊢ x ≡0 w0(x) ,
(Mult) ⊢ wα(wα′(x)) ≡0 wα∗α′(x) ,
(Diff) {x ≡ε x

′} ⊢ wα(x) ≡δ wα′(x′) , for δ ≥ dΛ(α, α′) + ε .

The quantitative theory induced by the axioms above, written WΛ, is called quantitative
theory of writing computations.

The term wα(t) represents the computation that proceeds as t after writing α on the
output tape. The axiom (Zero) says that writing the identity element 0 is not observable on
the tape; (Mult) says that consecutive writing operations are stored in the tape in the order
of execution; (Diff) compares two computations w.r.t. the distance of their output values.

In the following, when the metric space Λ of output values is clear from the context, we
use W in place of WΛ.

On Metric Spaces

Let (Λ □ −) : Met → Met be the functor assigning to each extended metric space X the
space (Λ □X). By exploiting the monoid structure of Λ, the functor (Λ □ −) can be given a
monad structure with unit τ : Id ⇒ (Λ □ −) and multiplication ς : (Λ □ (Λ □ −)) ⇒ (Λ □ −),
respectively given as follows, for arbitrary x ∈ X and α, α′ ∈ Λ

τX(x) = (0, x) , ςX((α, (α′, x))) = (α ∗ α′, x) .

This monad is also known as writer monad (also called complexity monad). Note that,
the non-expansiveness of the maps above crucially depends on the assumption that the
multiplication ∗ in Λ is non-expansive.

The next theorem says that the writer monad (Λ □ −) has a quantitative equational
presentation in terms of the theory W of writing computations.

▶ Theorem 26. The monads TW and (Λ □ −) in Met are isomorphic.
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Let T be a strong monad with strength t. There is a canonical distributive law of the
monad (Λ □ −) over T , obtained using the strength tΛ,− : (Λ □ T−) ⇒ T (Λ □ −) of T . So
T (Λ □ −) acquires a canonical monad structure [2], and we obtain Moggi’s writer monad
transformer T 7→ T (Λ □ −) in Met.

In [12], Hyland et al. observed that Moggi’s writer monad transformer can be equivalently
recovered as the operation of tensoring with the writer monad.

▶ Theorem 27 (Tensoring with Writer Monad [12]). Let T be a strong monad. Then, the
monad composition T (Λ □ −) is given as T ⊗ (Λ □ −).

By combining the above with Theorems 17 and 26, we get an analogous transformer at
the level of quantitative equational theories as follows:

▶ Corollary 28. Let U be a basic quantitative theory. Then, TU (Λ □−) is the free monad on
the theory U ⊗ W in Met.

On Complete Metric Spaces

If we assume the monoid (Λ, ∗, 0) to be over a complete extended metric space Λ, the writer
monad (Λ □ −) is well defined also in CMet.

Since W is axiomatised by a continuous schema of quantitative conditional equations the
free monad on W in CMet is given by CTW . Thus, by restricting the use of Theorem 26 to
quantitative algebras over complete extended metric spaces, we obtain:

▶ Theorem 29. The monads CTW and (Λ □ −) in CMet are isomorphic.

Thus, by similar arguments as before, we obtain the following variant of Corollary 28.

▶ Corollary 30. Let U be a continuous quantitative theory. Then, CTU (Λ □ −) is the free
monad on the theory U ⊗ W in CMet.

8 The Algebras of Labeled Markov Processes

In this section we show how to obtain a quantitative equational axiomatization of labelled
Markov processes with discounted bisimilarity metric as the combination, via sum and tensor,
of the following simpler quantitative equational theories:

(a) The quantitative theory of interpolative barycentric algebras B from [21] over the signature
ΣB = {+e : 2 | e ∈ [0, 1]} extends M. H. Stone’s theory of barycentric algebras [31] (a.k.a.
abstract convex algebras) with the following axiom

(IB) {x≡ε y, x
′ ≡ε′ y′} ⊢x+e x

′ ≡δ y +e y
′, for δ ≥ eε+ (1 − e)ε′

expressing that the distance between convex combinations is obtained as the convex
interpolation of the distance of their sub-terms. This theory will be used to axiomatise
probability distributions with Kantorovich metric [15].

(b) The pointed quantitative theory, defined as the free quantitative theory U 0 (i.e., the
one imposing no additional axioms) for a signature Σ0 = {0 : 0} consisting of a single
constant 0 symbol. This will be used to axiomatise termination.

(c) The quantitative theory RA of reading computations (cf. Section 6) will be used to
axiomatise the reaction to the choice of a label from a set A of action labels.
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(d) The quantitative theory of contractive operators discussed in [1], is the theory obtained
by imposing a Lipschitz contractive axiom for each operator in the signature. In our case,
we consider a signature Σ⋄ = {⋄ : 1} with only one unary operator and the contractive
theory U ⋄ generated from the axiom

(⋄-Lip) {x =ε y} ⊢ ⋄(x) ≡δ ⋄(y) , for δ ≥ cε ,

where c ∈ (0, 1) is a fixed contractive factor for the operator ⋄. This theory will be used
to axiomatise the transition to a next state with discount factor c.

Formally, we define the quantitative theory U LMP of labelled Markov processes as the
following combination of quantitative theories, with signature ΣLMP given by the disjoint
union of those from its component theories:

ΣLMP = ΣB + Σ0 + ΣRA
+ Σ⋄ , U LMP = ((B + U 0) ⊗ RA) + U ⋄ .

Following [32, Section 6], we regard A-labelled Markov processes over extended metric
spaces as (∆(1 + −))A -coalgebras in Met, where ∆ is the Kantorovich functor assigning to
each X ∈ Met the space of Radon probability measures with finite moment over X equipped
with Kantorovich metric. In [32] it is shown that the probabilistic bisimilarity distance on a
labelled Markov processes (X, τ) is equal to the (pseudo)metric

d(X,τ)(x, x′) = dZ(h(x), h(x′)) ,

where h : X → Z is the unique homomorphism to the final coalgebra (Z, ω).
Similarly to [1], we slightly extend the type of the coalgebras to encompass the case when

the probabilistic bisimilarity distance is discounted by a factor 0 < c < 1. Explicitly, we
consider coalgebras for the functor (∆(1 + c · −))A, where (c · −) is the rescaling functor,
mapping a metric space (X, dX) to (X, c · dX). This will not change the essence of the results
from [32] that are used in this section to characterise the probabilistic bisimilarity metric.

In the reminder of the section we prove that the theory U LMP axiomatizes (the monad
of) A-labelled Markov processes with c-discounted bisimilarity metric.

On Metric Spaces

We characterise the monad TU LMP in steps. First, note that TU 0
∼= 1∗ = (1 + −) is the

maybe monad, i.e., freely generated monad on the constant terminal object functor 1. As the
monad (1 + −) is isomorphic to (1F )∗, for any functor F , by [1, Theorems 4.4 and 5.2], and
[12, Theorem 4], we obtain the following isomorphism of monads in Met:

TB+U 0
∼= TB + TU 0

∼= Π(1 + −) ,

where Π(1 + −) is the finite sub-distribution monad with functor assigning to X ∈ Met the
space of finitely supported Borel sub-probability measures with Kantorovich metric. Thus,
B + U 0 axiomatizes finitely supported sub-probability distributions with Kantorovich metric.

From the above, Theorem 17 and Corollary 23, we further get the monad isomorphism

T(B+U 0)⊗RA
∼= Π(1 + −) ⊗ (−)A ∼= (Π(1 + −))A ,

saying that tensoring with the theory RA of reading computations corresponds to axiomatic-
ally adding the capability of reacting to the choice of an action label.
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By [1, Theorem 6.3], TU ⋄ is isomorphic to the free monad over the rescaling functor (c ·−).
Hence, by [1, Theorem 4.4] and [12, Corollary 2] we get the following last isomorphism

TU LMP = T((B+U 0)⊗RA)+U ⋄
∼= µy.(Π(1 + c · y + −))A .

Explicitly, this means that, the free monad on U LMP assigns to an arbitrary metric space
X ∈ Met the initial solution of the following functorial equation in Met

LMPX ∼= (Π(1 + c · LMPX +X))A .

In particular, when X = 0 is the empty metric space (i.e., the initial object in Met) the
above corresponds to the isomorphism on the initial (Π(1+c ·−))A -algebra. The isomorphism
gives us also a (Π(1 + c · −))A -coalgebra structure on LMP0, which can be converted into a
labeled Markov process (LMP0, τ0) via a post-composition with the inclusion Π(−) ↪→ ∆(−).

The key aspect is that the metric of LMP0 is exactly the bisimilarity metric.

▶ Lemma 31. dLMP0 is the c-discounted probabilistic bisimilarity metric on (LMP0, τ0).

▶ Remark 32. For a less abstract description of (LMP0, τ0), notice that the elements of LMP0
are (equivalence classes of) ground terms over the signature ΣLMP, which one can interpret
as pointed (or rooted) acyclic labelled Markov processes quotiented by bisimilarity.

On Complete Metric Spaces

Since all the quantitative theories considered are continuous, we can replicate the same steps
also while interpreting the theory U LMP over complete metric spaces, obtaining the monad

CTU LMP
∼= µy.∆(1 + c · y + −)A .

By following similar arguments to [1, Section 8.3], one can prove that the functorial
equation LMPX ∼= ∆(1 + c · LMPX + X)A has a unique solution. Thus by applying the
monad above on X = 0 we recover the carrier of the final (∆(1 + c ·−))A -coalgebra, equipped
with c-discounted probabilistic bisimilarity metric.
▶ Remark 33. While by interpreting the theory U LMP over Met we can only characterise
Markov processes that are acyclic, by doing it over CMet we obtain an algebraic representa-
tion of all bisimilarity classes as the elements of the final coalgebra. Thus, among others, we
also recover Markov processes with cyclic structures as the limit of all their finite unfoldings.

9 The Algebras of Markov Decision Processes with Rewards

As a last example, we provide a quantitative axiomatization of Markov decision processes
with rewards equipped with discounted bisimilarity metric. As the construction is similar to
Section 8, we avoid repeating the details of each step of the monad characterization.

Let (R,+, 0) be the standard monoid structure on the reals. We define the quantitative
theory U MDP of Markov decision processes with real-valued rewards as follows

ΣMDP = ΣB + ΣWR + ΣRA
+ Σ⋄ , U MDP = ((B ⊗ U WR) ⊗ RA) + U ⋄ ,

where WR is the theory of writing computations and the other theories are as in Section 8.
For convenience, we regard Markov decision processes over metric spaces as the coalgebras

for the functor (∆(R□ c · −))A on Met, where the endofunctor (R□ −) is used to encode
the metric differences at each decision step for the real-valued reward available for two states.
Via this coalgebraic representation, the c-discounted probabilistic bisimilarity distance on
this structures can be defined as in [32] (following the same definition of Section 8).
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▶ Remark 34. In [30] a Markov decision process is defined as a tuple (S, p(·|s, a), r(s, a))
with a Markov kernel p : S ×A → ∆(S) and randomised reward function r : S ×A → ∆(R).
Our coalgebraic representation is the natural generalisation over metric spaces, where the
randomness of the Markov kernel and reward function is combined as a probability measure
on (R□ c · S), by regarding R and S as extended metric spaces (for each a ∈ A).

On Metric Spaces and Complete Metric Spaces

Similarly to what we have done in Section 8 for labelled Markov processes, we relate Markov
decision processes and their c-discounted probabilistic bisimilarity pseudometric with the
free monads on the theory U MDP in Met and CMet.

The only step that changes in the characterisation of TU MDP , regards the combination of
theories B ⊗ U WR , which is dealt using Corollary 28. Thus, similarly to Section 8 we get

TU MDP = T((B+⊗U WR )⊗RA)+U ⋄
∼= µy.Π((R□ y) + −)A .

The metric on the initial solution for the functorial fixed point definition corresponds to the
c-discounted probabilistic bisimilarity (pseudo)metric on its coalgebra structure.

Similar considerations apply also when interpreting the theories in the category CMet of
complete metric spaces, as the argument follows without issues because R a complete metric
space. Thus we obtain the following characterisation for the monad:

CTU LMP
∼= µy.∆((R□ y) + −)A .

Again, the metric on the solution for the above functorial fixed point definition corresponds
to the c-discounted probabilistic bisimilarity metric. Moreover, as the fixed point solution is
unique, CTU LMP0 is an algebraic characterization of the final (∆(R□ c · −))A -coalgebra.

10 Conclusions

We studied the commutative combination of quantitative effects as the tensor of their
quantitative equational theories. The key result in this regard is Theorem 17, asserting
that the tensor of two quantitative theories corresponds to the categorical tensor of their
free monads. In addition to this general result, we show how to extend to the quantitative
algebraic setting Moggi’s notions of reader and writer monad transformers.

We illustrate the applicability of our theoretical development with two examples: labeled
Markov processes and Markov decision processes. Apart from the intrinsic interest in their
quantitative equational axiomatisations, what is particularly pleasant is the systematic
compositional way with which one can obtain quantitative axiomatisations of different
variants of Markov processes by just combining theories as new basic ingredients.

An example that escapes our compositional treatment via sum and tensor is the com-
bination of probabilities and non-determinism as illustrated in [23]. A possible future work
in this direction is to extend the combination of theories with another operator: the dis-
tributive tensor (see [13, Section 6]). Following a similar intuition by Cheng [6], we claim
that these correspond in a suitable way to Garner’s weak distributive law [9]. Our claim
seems promising in the light of the work [10, 3] which consider equational axiomatisations
combining probabilities and non-determinism.
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Abstract
The Turing machine models an old-fashioned computer, that does not interact with the user or with
other computers, and only does batch processing. Therefore, we came up with a Reactive Turing
Machine that does not have these shortcomings. In the Reactive Turing Machine, transitions have
labels to give a notion of interactivity. In the resulting process graph, we use bisimilarity instead of
language equivalence.

Subsequently, we considered other classical theorems and notions from automata theory and
formal languages theory. In this paper, we consider the classical theorem of the correspondence
between pushdown automata and context-free grammars. By changing the process operator of
sequential composition to a sequencing operator with intermediate acceptance, we get a better
correspondence in our setting. We find that the missing ingredient to recover the full correspondence
is the addition of a notion of state awareness.
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1 Introduction

A basic ingredient of any undergraduate curriculum in computer science is a course on
automata theory and formal languages, as this gives students insight in the essence of a
computer, and tells them what a computer can and cannot do. Usually, such a course
contains the treatment of the Turing machine as an abstract model of a computer. However,
the Turing machine is a very old-fashioned computer: it is deaf, dumb and blind, and all
input from the user has to be put on the tape before the start. Computers behaved like this
until the advent of the terminal in the mid 1970s. This is far removed from computers the
students find all around them, which interact continuously with people, other computers and
the internet. It is hard to imagine a self-driving car driven by a Turing machine that is deaf,
dumb and blind, where all user input must be on the tape at the start of the trip.

In order to make the Turing machine more interactive, many authors have enhanced it
with extra features, see e.g. [10, 16]. But an extra feature, we believe, is not the way to go.
Interaction is an essential ingredient, such as it has been treated in many forms of concurrency
theory. We seek a full integration of automata theory and concurrency theory, and proposed
the Reactive Turing Machine in [4]. In the Reactive Turing Machine, transitions have labels
to give a notion of interactivity. In the resulting process graphs, we use bisimilarity instead
of language equivalence.
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Subsequently, we considered other classical theorems and notions from automata theory
and formal languages theory [2]. We find richer results and a finer theory. In this paper,
we consider the classical theorem of the correspondence between pushdown automata and
context-free grammars. Before [3], we did not get a good correspondence in the process
setting. By changing the process operator of sequential composition to a sequencing operator
with intermediate acceptance, we get a better correspondence in our setting [5, 7, 8]. We
find that the missing ingredient to recover the full correspondence is the addition of a notion
of state awareness, by means of a signal that can be passed along a sequencing operator.

2 Preliminaries

As a common semantic framework we use the notion of a labelled transition system.

▶ Definition 1. A labelled transition system is a quadruple (S,A,−→, ↓), where
1. S is a set of states;
2. A is a set of actions, τ ̸∈ A;
3. −→ ⊆ S × A ∪ {τ} × S is an A ∪ {τ}-labelled transition relation; and
4. ↓ ⊆ S is the set of final or accepting states.
A process graph is a labelled transition system with a special designated root state ↑, i.e., it
is a quintuple (S,A,→, ↑, ↓) such that (S,A,→, ↓) is a labelled transition system, and ↑ ∈ S.
We write s a−→ s′ for (s, a, s′) ∈ → and s↓ for s ∈ ↓.

By considering language equivalence classes of process graphs, we recover languages as
a semantics, but we can also consider other equivalence relations. Notable among these is
bisimilarity.

▶ Definition 2. Let (S,A,→ , ↓) be a labelled transition system. A symmetric binary relation
R on S is a bisimulation if it satisfies the following conditions for every s, t ∈ S such that
s R t and for all a ∈ A ∪ {τ}:
1. if s a−→ s′ for some s′ ∈ S, then there is a t′ ∈ S such that t a−→ t′ and s′ R t′; and
2. if s↓, then t↓.
The results of this paper do not rely on abstraction from internal computations, so we can
use the strong version of bisimilarity defined above, which does not give special treatment to
τ -labelled transitions. But in general we have to use a version of bisimilarity that accomodates
for abstraction from internal activity; the finest such notion of bisimilarity is divergence-
preserving branching bisimilarity, which was introduced in [14] (see also [12] for an overview
of recent results).

A process is a bisimulation equivalence class of process graphs.

3 Pushdown Automata

We consider an abstract model of a computer with a memory in the form of a stack: this
stack can be accessed only at the top: something can be added on top of the stack (push), or
something can be removed from the top of the stack (pop).

▶ Definition 3 (pushdown automaton). A pushdown automaton M is a sextuple
(S,A,D,→, ↑, ↓) where:
1. S is a finite set of states,
2. A is a finite input alphabet, τ ̸∈ A is the unobservable step,
3. D is a finite data alphabet,
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4. → ⊆ S × (A ∪ {τ}) × (D ∪ {ϵ}) × D∗ × S is a finite set of transitions or steps,
5. ↑ ∈ S is the initial state,
6. ↓ ⊆ S is the set of final or accepting states.

↑ ↓
a[ϵ/1]

a[1/11]
b[1/ϵ]

c[ϵ/ϵ]
c[1/1]

b[1/ϵ]

Figure 1 An example pushdown automaton.

If (s, a, d, x, t) ∈ → with d ∈ D, we write s a[d/x]−−−−→ t, and this means that the machine,
when it is in state s and d is the top element of the stack, can consume input symbol a,
replace d by the string x and thereby move to state t. Likewise, writing s a[ϵ/x]−−−−→ t means
that the machine, when it is in state s and the stack is empty, can consume input symbol a,
put the string x on the stack and thereby move to state t. In steps s τ [d/x]−−−−→ t and s τ [ϵ/x]−−−−→ t,
no input symbol is consumed, only the stack is modified.

For example, consider the pushdown automaton depicted in Figure 1. It represents the
process that can start to read an a or a c, and after it has read at least one a, can also read
b’s. Upon acceptance, it will have read just one c, up to as many b’s as it has read a’s, and
no a’s after reading the c.

We do not consider the language of a pushdown automaton, but rather consider the
process, i.e., the bisimulation equivalence class of the process graph of a pushdown automaton.
A state of this process graph is a pair (s, x), where s ∈ S is the current state and x ∈ D∗ is
the current contents of the stack (the left-most element of x being the top of the stack). In
the initial state, the stack is empty. In a final state, acceptance can take place irrespective of
the contents of the stack. The transitions in the process graph are labeled by the inputs of
the pushdown automaton or τ .

▶ Definition 4. Let M = (S,A,D,→, ↑, ↓) be a pushdown automaton. The process graph
P(M) = (SP(M),A,−→P(M), ↑P(M), ↓P(M)) associated with M is defined as follows:
1. SP(M) = {(s, x) | s ∈ S & x ∈ D∗};
2. −→P(M) ⊆ SP(M) × A ∪ {τ} × SP(M) is the least relation such that for all s, s′ ∈ S,

a ∈ A ∪ {τ}, d ∈ D and x, x′ ∈ D∗ we have

(s, dx) a−→P(M) (s′, x′x) if, and only if, s a[d/x′]−−−−→ s′ ;

(s, ϵ) a−→P(M) (s′, x) if, and only if, s a[ϵ/x]−−−−→ s′ ;

3. ↑P(M)= (↑, ϵ);
4. ↓P(M) = {(s, x) | s ∈ ↓ & x ∈ D∗}.

To distinguish, in the definition above, the set of states, the transition relation, the initial
state and the set of accepting states of the pushdown automaton from similar components
of the associated process graph, we have attached a subscript P(M) to the latter. In the
remainder of this paper, we will suppress the subscript whenever it is already clear from the
context whether a component of the pushdown automaton or its associated transition system
is meant.
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(↑, ϵ) (↑, 1) (↑, 11) . . .

(↓, ϵ) (↓, 1) (↓, 11) . . .

a a a

bbb

bbb

c c c

Figure 2 The process graph associated with the pushdown automaton in Figure 1.

Figure 2 depicts the process graph associated with the pushdown automaton depicted in
Figure 1.

By adding additional states and τ -transitions, it is enough to consider only push and pop
transitions: a push transition is of the form s

a[d/ed]−−−−→ t or s a[ϵ/d]−−−−→ t, where one data element
is added on top of the stack, and a pop transition is of the form s

a[d/ϵ]−−−−→ t, where the top of
the stack is removed (a ∈ (A ∪ {τ})), see [2].

4 Sequential Processes

In our setting, a context-free grammar is denoted by a finite guarded recursive specification
over the process theory of sequential expressions.

In this section we present the Theory of Sequential Processes adopting the revised
operational semantics for sequential composition proposed in [5]. Sequential composition
with the operational semantics of [6] is denoted by ·, and we call the operator with the
revised operational semantics sequencing and denote it by ;.

Let A be a set of actions and τ ̸∈ A the silent action, symbols denoting atomic events,
and let P be a finite set of process identifiers. The sets A and P serve as parameters of the
process theory that we shall introduce below. The set of sequential process expressions is
generated by the following grammar (a ∈ A ∪ {τ}, X ∈ P):

p ::= 0 | 1 | a.p | p+ p | p ; p | X .

The constants 0 and 1 respectively denote the deadlocked (i.e., inactive but not accepting)
process and the accepting process. For each a ∈ A ∪ {τ} there is a unary action prefix
operator a._. The binary operators + and ; denote alternative composition and sequencing,
respectively. We adopt the convention that a._ binds strongest and + binds weakest. For
a (possibly empty) sequence p1, . . . , pn we inductively define

∑n
i=1 pi = 0 if n = 0 and∑n

i=1 pi = (
∑n−1

i=1 pi) + pn if n > 0. The symbol ; is often omitted when writing process
expressions. In particular, if α ∈ P∗, say α = X1 · · ·Xn, then α denotes the process
expression inductively defined by α = 1 if n = 0 and α = (X1 · · ·Xn−1) ;Xn if n > 0.

A recursive specification over sequential process expressions is a mapping ∆ from P to
the set of sequential process expressions. The idea is that the process expression p associated
with a process identifier X ∈ P by ∆ defines the behaviour of X. We prefer to think of ∆ as
a collection of defining equations X def= p, exactly one for every X ∈ P . We shall, throughout
the paper, presuppose a recursive specification ∆ defining the process identifiers in P, and
we shall usually simply write X def= p for ∆(X) = p. Note that, by our assumption that P is
finite, ∆ is finite too.
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a.p
a−→ p

p
a−→ p′

p+ q
a−→ p′

q
a−→ q′

p+ q
a−→ q′

1 ↓
p ↓

(p+ q) ↓
q ↓

(p+ q) ↓

p ↓ q ↓
p ; q ↓

p
a−→ p′

p ; q a−→ p′ ; q
p ↓ p↛ q

a−→ q′

p ; q a−→ q′

p
a−→ p′ X

def= p

X
a−→ p′

p↓ X
def= p

X↓

Figure 3 Operational semantics for sequential process expressions.

We associate behaviour with process expressions by defining, on the set of process
expressions, a unary acceptance predicate ↓ (written postfix) and, for every a ∈ A ∪ {τ}, a
binary transition relation a−→ (written infix), by means of the transition system specification
presented in Fig. 3. We write p a↛ for “there does not exist p′ such that p a−→ p′” and p↛
for “p a↛ for all a ∈ A ∪ {τ}”.

For w ∈ A∗ we define p w→−→ p′ inductively, for all process expressions p, p′, p′′;
p

ϵ→−→ p;
if p a−→ p′ and p′ w→−→ p′′, then p

aw→−→ p′′ (a ∈ A);
if p τ−→ p′ and p′ w→−→ p′′, then p

w→−→ p′′.

We see that τ -steps do not contribute to the string w. We write p −→ p′ for there exists
a ∈ A ∪ {τ} such that p a−→ p′. Similarly, we write p →−→ p′ for there exists w ∈ A∗ such that
p

w→−→ p′ and say that p′ is reachable from p.
It is well-known that transition system specifications with negative premises may not

define a unique transition relation that agrees with provability from the transition system
specification [11, 9, 13]. Indeed, in [5] it was already pointed out that the transition system
specification in Fig. 3 gives rise to such anomalies, e.g., if ∆ includes for X the defining
equation X

def= X ; a.1 + 1. For then, if X ↛, according to the rules for sequencing and
recursion we find that X a−→ 1, which is a contradiction. On the other hand, the transition
X

a−→ 1 is not provable from the transition system specification.
We remedy the situation by restricting our attention to guarded recursive specifications,

i.e., we require that every occurrence of a process identifier in the definition of some (possibly
different) process identifier occurs within the scope of an action prefix. Note that we
allow τ as a guard. This is possible since we use strong bisimulation, not branching
bisimulation. If ∆ is guarded, then it is straightforward to prove that the mapping S from
process expressions to natural numbers inductively defined by S(1) = S(0) = S(a.p) = 0,
S(p1 + p2) = S(p1 ; p2) = S(p1) +S(p2) + 1, and S(X) = S(p) if (X def= p) ∈ ∆ gives rise to a
so-called stratification S′ from transitions to natural numbers defined by S′(p a−→ p′) = S(p)
for all a ∈ A ∪ {τ} and process expressions p and p′. In [11] it is proved that whenever such
a stratification exists, then the transition system specification defines a unique transition
relation that agrees with provability in the transition system specification.

The operational rules in Fig. 3 deviate from the operational rules for the Theory of
Sequential Processes discussed in [6] in only two ways: to get that set of rules, the symbol ;
should be replaced by ·, and the negative premise p ↛ should be removed from the third
sequencing rule. The replacement of ; by · is, of course, insignificant; the removal of the
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negative premise p↛, however, does have a significant effect on the semantics of sequencing.
The negative premise ensures that a sequencing can only proceed to execute its second
argument when its first argument not only satisfies the acceptance predicate, but also cannot
perform any further activity. The semantic difference between ; and · is illustrated in the
following example.

X XY XY 2 XY n−1 XY n

1 Y Y 2 Y n−1 Y n

a a a

b b b b b

ccc

c
c

c

c
c

c

Figure 4 The difference between ; and ·.

▶ Example 5. Consider the recursive specification

X
def= a.(XY ) + b.1 Y

def= c.1 + 1 .

We have deliberately omitted the occurrence of the sequencing operator between X and Y

from the right-hand side of the defining equation for X (as is, actually, standard practice).
Depending on whether we interpret the sequencing of X and Y using the semantics for ·
or for ;, we obtain the process graph shown in Fig. 4 with or without the red c-transitions.
Note that, under the ·-interpretation, the phenomenon of transparency plays a role: from
Y n we have c-transitions to every Y k with k < n, by executing the c-transition of the kth
occurrence of Y , thus skipping the first k − 1 occurrences of Y . This behaviour is prohibited
by the negative premise in the rule for ;, for, since Y c−→ 1, none of the occurrences of Y
can be skipped.

When a term p satisfies both p ↓ and p −→ we say p has intermediate acceptance. We
will need to take special care of such terms in the sequel.

We proceed to define when two closed terms are behaviourally equivalent.

▶ Definition 6. A binary relation R on the set of sequential process expressions is a
bisimulation iff R is symmetric and for all closed terms p and q such that if (p, q) ∈ R:
1. If p a−→ p′, then there exists a term q′, such that q a−→ q′, and (p′, q′) ∈ R.
2. If p↓, then q↓.

The terms p and q are bisimilar (notation: p ↔ q) iff there exists a bisimulation R such that
(p, q) ∈ R.

The operational rules presented in Fig 3 are in the so-called panth format from which it
immediately follows that bisimilarity is a congruence [15].

▶ Proposition 7. The relation ↔ is a congruence on sequential process expressions.
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5 The correspondence

The classical theorem states that a language can be defined by a push-down automaton
just in case it can be defined by a context-free grammar. In our setting, we do have that
the process of a given guarded sequential specification (i.e., the equivalence class of process
graphs bisimilar to the process graph associated with the sequential specification) coincides
with the process of some push-down automaton (i.e., the equivalence class of process graphs
bisimilar to the process graph associated with the push-down automaton), but not the other
way around: there is a push-down automaton of which the process is different from the
process of any guarded sequential specification. In this section, we will prove these facts, in
the next section, we investigate what is needed in addition to recover the full correspondence.

First of all, we look at the failing direction. It can fail if the push-down automaton has
at least two states. For one state, it does work.

▶ Theorem 8. For every one-state pushdown automaton there is a guarded sequential
specification of which the process coincides with the process of the automaton.

Proof. Let M = ({↑},A,D,→, ↑, ↓) be a pushdown automaton. We can assume → only has
push and pop transitions. If there is no transition ↑ a[ϵ/d]−−−−→ ↑, then we can take either X = 1
or X = 0 as the resulting specification (in case ↓ = {↑} resp. ↓ = ∅). Otherwise, add a
summand a.Xd ;X for each such transition to the equation of the initial identifier X. Next,
the equation for the added identifier Xd has a summand a.1 for each transition ↑ a[d/ϵ]−−−−→ ↑
and a summand a.Xe ; Xd for each transition ↑ a[d/ed]−−−−→ ↑, apart from a summand 1 or 0,
depending on whether ↑ ∈ ↓ or not. ◀

▶ Example 9. The stack that is accepting in every state has a pushdown automaton with
state ↑, data some finite set D, actions {pushd, popd | d ∈ D}, ↓ = {↑} and transitions
↑ pushd[ϵ/d]−−−−−−−→ ↑ and ↑ popd[d/ϵ]−−−−−−→ ↑ for each d ∈ D and transitions ↑ pushe[d/ed]−−−−−−−→ ↑ for each
d, e ∈ D.

The recursive specification becomes

X
def= 1 +

∑
d∈D

pushd.Xd ;X Xd
def= 1 + popd.1 +

∑
e∈D

pushe.Xe ;Xd (d ∈ D)

Note that if we use the sequential composition operator · of [6] instead of the present
sequencing operator ;, then Theorem 8 fails because of the transparency illustrated in Figure 4.
With the sequential composition operator, we cannot find a recursive specification of the
stack accepting in every state of Example 9, because of the same phenomenon.

In order to prove that there is a push-down automaton, of which the process cannot
be specified by a guarded sequential specification, it is convenient to present a guarded
sequential specification in a normal form, the so-called Greibach normal form, see [8].

▶ Definition 10. A guarded sequential specification is in Greibach normal form, GNF, if
every right-hand side of every equation has one of the following two forms:∑n

i=1 ai.αi for actions ai ∈ A ∪ {τ} and identifiers αi ∈ P∗, n ≥ 0.
1 +

∑n
i=1 ai.αi for actions ai ∈ A ∪ {τ} and identifiers αi ∈ P∗, n ≥ 0.

Recall that the empty summation equals 0 and the empty sequence is 1.

By adding a finite number of process identifiers, every guarded sequential specification
can be brought into Greibach normal form (i.e. the behaviour associated with a process
identifier by the original specification is strongly bisimilar to the behaviour associated with
it by the transformed specification, see [8]).
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8:8 Pushdown Automata and Context-Free Grammars in Bisimulation Semantics

▶ Theorem 11. There is a pushdown automaton with two states, such that there is no
guarded sequential specification with the same process.

Proof. Consider the example pushdown automaton in Figure 1. Suppose there is a finite
guarded sequential specification with the same process, depicted by the representative in
Figure 2. Without loss of generality we can assume that this specification is in Greibach
Normal Form (see [8]). As a consequence, each state of the process graph generated by
the automaton corresponds to a sequence of identifiers of the specification (as defined
earlier). Take k a natural number that is larger than the number of process identifiers of
the specification, take i ≤ k and consider the state (↑, 1i) reached after executing i a-steps.
From this state, consider any sequence of steps w→−→ where a ̸∈ w. Thus, w contains at most
one c and at most i b’s.

In the process graph generated by the recursive specification, this same sequence of steps
w→−→ is possible from the sequence of identifiers αi bisimilar to state (↑, 1i). Let Xi be the

first element of αi. From Xi, we can also execute at most one c-step and i b-steps, without
executing an a-step.

Since k is larger than the number of process identifiers of the specification, there must be
a repetition in the identifiers Xi (i ≤ k). Thus, there are numbers n,m, n < m ≤ k, with
Xn = Xm. The process identifier Xm can execute at most one c and n < m b’s without
executing an a. But αm

bm

→−→, so the additional b-steps must come from the second and
following identifiers of the sequence. As the second identifier is reached by just executing b’s,
this is a state reached by just executing a’s and b’s, so it must allow an initial c-step. Now
we can consider αm

cbm

→−→. This sequence of steps must also reach the second identifier, but
then, a second c can be executed, which is a contradiction.

Thus, our assumption was wrong, and the theorem is proved. ◀

We see that the contradiction is reached, because when we reach the second identifier
in the sequence αi, we do not know whether we are in a state relating to the initial state
or the final state of the pushdown automaton. Going from the first identifier to the second
identifier by means of the sequencing operator, no extra information can be passed along. We
will describe a mechanism that allows the passing of extra information along the sequencing
operator.

Theorem 11 holds for the sequencing operator we introduced, but it holds in the same
way for the sequential composition operator of [6]. No intermediate acceptance is involved in
the proof.

In the other direction, we can find a pushdown automaton with the same process as a given
guarded sequential specification. The proof we give is more complicated than the classical
proof, where it is only needed to find a pushdown automaton with the same language. There,
we can handle all acceptance in a single state, which is only entered when the stack memory is
empty. In bisimulation semantics, it is not true that every pushdown automaton is equivalent
to one with such a single accepting state. We carefully need to consider every instance of
intermediate acceptance. Consider the sequencing (a.1 + 1) ; b.1. The first term in this
sequencing shows intermediate acceptance, the second does not. As (a.1 + 1) ; b.1 ↔ a.1 ; b.1,
the intermediate acceptance in the first term is redundant, and can be removed. We have to
restrict the notion of Greibach normal form, in order to remove all redundant intermediate
acceptance.

▶ Definition 12. A guarded sequential specification is in Acceptance Irredundant Greibach
normal form, AIGNF, if it is in Greibach normal form, and moreover, every state of the
resulting process graph is given by a sequence of identifiers of the specification of the form αβ

(α, β ∈ P∗), where all identifiers in α do not have intermediate acceptance, and all identifiers
in β do have intermediate acceptance (or equal 1). The sequence α or β may be empty.
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It is proven in [8] that every guarded sequential specification can be transformed to
one in Acceptance Irredundant Greibach normal form, so that all redundant intermediate
acceptance is removed.

▶ Theorem 13. For every guarded sequential specification there is a pushdown automaton
with a bisimilar process graph, with at most two states.

Proof. Let ∆ be a guarded sequential specification over P. Without loss of generality, we
can assume ∆ is in Acceptance Irredundant Greibach Normal Form [8]. Every state of
the specification is given by a sequence of identifiers that is acceptance irredundant. The
corresponding pushdown automaton has two states {n, t}. The initial state is n iff the initial
identifier S ̸↓ and t iff the initial identifier S ↓ (as defined by the operational semantics), and
the final state is t.

For each summand a.α of an identifier X with X ↓ and the first identifier of α an identifier
with ↓, add a step t

a[X/α]−−−−→ t. Moreover, in case X is initial, a step t
a[ϵ/α]−−−−→ t;

For each summand a.α of an identifier X with X ↓ and the first identifier of α an identifier
with ̸↓, add a step t

a[X/α]−−−−→ n. Moreover, in case X is initial, a step t
a[ϵ/α]−−−−→ n;

For each summand a.α of an identifier X with X ̸↓ and the first identifier of α an identifier
with ↓, add a step n

a[X/α]−−−−→ t. Moreover, in case X is initial, a step n
a[ϵ/α]−−−−→ t;

For each summand a.α of an identifier X with X ̸↓ and the first identifier of α an identifier
with ↓, add a step n

a[X/α]−−−−→ n. Moreover, in case X is initial, a step n
a[ϵ/α]−−−−→ n.

Now it is not difficult to check that the process of this pushdown automaton is the same as
the process of the given guarded sequential specification. ◀

In the case of the sequential composition operator of [6], Theorem 13 also holds, the proof
is simpler because of the more straightforward handling of intermediate acceptance, but it is
not as simple as in the classical case.

6 Signals and conditions

In order to obtain the missing correspondence, we need a mechanism to pass state information
along a sequencing operator. This mechanism is provided by propositional signals together
with a conditional statement as given in [1], see also [6].

▶ Definition 14. First of all, we add the data domain B of the Booleans, with two constants
true and false, operators ¬ for negation and ∨,∧ for or, and. We use a set P1, ..., Pn as
propositional variables. In this data type, we can make propositional formulas.

Next, we can define a conditional statement or guarded command. Given a propositional
formula ϕ, we write ϕ :→ x, with the intuitive meaning ’if ϕ then x’. In order to give
an operational semantics, it is important to note that it is needed to know the values of
the propositional variables in order to decide on possible transitions. Moreover, values
of propositional variables can change during the execution of a process expression. Thus,
we need a valuation that in each state of a process graph assigns true or false to each
propositional variable. Upon executing an action a in a state with valuation v, a state with
a possibly different valuation v′ results. The resulting valuation v′ is called the effect of the
execution of a in a state with valuation v.

We present operational rules for guarded command in Fig. 5; it presupposes a function
effect that associates with every action a and every valuation v its effect. We define when a
term in a certain valuation can take a step or be in a final state.

CALCO 2021



8:10 Pushdown Automata and Context-Free Grammars in Bisimulation Semantics

⟨1, v⟩ ↓
v′ = effect(a, v)

⟨a.x, v⟩ a−→ ⟨x, v′⟩

⟨x, v⟩ a−→ ⟨x′, v′⟩
⟨x+ y, v⟩ a−→ ⟨x′, v′⟩ ⟨y + x, v⟩ a−→ ⟨x′, v′⟩

⟨x, v⟩ ↓
⟨x+ y, v⟩ ↓ ⟨y + x, v⟩ ↓

⟨x, v⟩ a−→ ⟨x′, v′⟩ v(ϕ) = true
⟨ϕ :→ x, v⟩ a−→ ⟨x′, v′⟩

⟨x, v⟩ ↓ v(ϕ) = true
⟨ϕ :→ x, v⟩ ↓

⟨x, v⟩ ↓ ⟨y, v⟩ ↓
⟨x ; y, v⟩ ↓

⟨x, v⟩ a−→ ⟨x′, v′⟩
⟨x ; y, v⟩ a−→ ⟨x′ ; y, v′⟩

⟨x, v⟩ ↓ ⟨x, v⟩ ↛ ⟨y, v⟩ a−→ ⟨y′, v′⟩
⟨x ; y, v⟩ a−→ ⟨y′, v′⟩

⟨x, v⟩ a−→ ⟨x′, v′⟩ X
def= x

⟨X, v⟩ a−→ ⟨x′, v′⟩
⟨x, v⟩↓ X

def= x

⟨X, v⟩↓

Figure 5 Operational rules for guarded command (a ∈ A ∪ {τ}).

On the basis of these rules, we can define a notion of bisimulation. We use stateless
bisimulation, which means that two process graphs are bisimilar iff there is a bisimulation
relation that relates two process expressions iff they are related under every possible valuation.
The stateless bisimulation also allows non-determinism, as the effect of the execution of an
action will allow every possible resulting sequel. See the example further on, after we also
introduce the root signal operator. Notice that ⟨false :→ 1, v⟩ is not final for any valuation v.

Next, we introduce an operator that allows the observation of aspects of the current
state of a process graph. The central assumption is that the visible part of the state of a
process graph is a proposition, an expression over the booleans. We introduce the root-signal
emission operator ∧▲ . A term ϕ∧▲x represents the process x that shows the signal ϕ in its
initial state. In order to define this operator by operational rules, we need to define an
additional predicate on terms, namely consistency. Cons(⟨x, v⟩) will not hold when the
valuation of the root signal of x is false. A step a−→ can only be between consistent states,
and a state can only be final when it is consistent. Thus, the term a.(false ∧▲x) can under no
valuation execute action a.

The operational rules are defined in Fig. 6. First, we define the consistency predicate.
Next, we find that the second, third, fourth and eighth rule of Table 5 require an extra
condition. The other rules of Table 5 can remain unchanged. Finally, we give the operational
rules of the root signal emission operator. To emphasise again the difference between guarded
commands and root signal emission, term false :→ (1 + a.1) is consistent and has, under any
valuation, the same process graph as 0, whereas false ∧▲(1 + a.1) is inconsistent, this state
cannot be reached.

We again have a stateless bisimulation, where two terms are related iff any valuation that
makes the root signal of one term true also makes the root signal of the other term true and
for each such valuation, the process graphs of the terms are bisimilar.

The information given by the truth of the signals allows to determine the truth of some
of the guarded commands. In this way, we can give a semantics for terms and specifications
as regular process graphs, leaving out the valuations.
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Cons(⟨0, v⟩) Cons(⟨1, v⟩) Cons(⟨a.x, v⟩)

Cons(⟨x, v⟩) Cons(⟨y, v⟩)
Cons(⟨x+ y, v⟩)

Cons(⟨x, v⟩)
Cons(⟨ϕ :→ x, v⟩)

Cons(⟨x, v⟩) v(ϕ) = true
Cons(⟨ϕ∧▲x, v⟩)

Cons(⟨x, v⟩) ⟨x, v⟩ ̸↓
Cons(⟨x ; y, v⟩)

⟨x, v⟩ ↓ Cons(⟨y, v⟩)
Cons(⟨x ; y, v⟩)

Cons(⟨x, v⟩) X
def= x

Cons(⟨X, v⟩)
Cons(⟨x, v′⟩) v′ = effect(a, v)

⟨a.x, v⟩ a−→ ⟨x, v′⟩

⟨x, v⟩ a−→ ⟨x′, v′⟩ Cons(⟨y, v⟩)
⟨x+ y, v⟩ a−→ ⟨x′, v′⟩ ⟨y + x, v⟩ a−→ ⟨x′, v′⟩

⟨x, v⟩ ↓ Cons(⟨y, v⟩)
⟨x+ y, v⟩ ↓ ⟨y + x, v⟩ ↓

⟨x, v⟩ a−→ ⟨x′, v′⟩ Cons(⟨x′ ; y, v′⟩)
⟨x ; y, v⟩ a−→ ⟨x′ ; y, v′⟩

⟨x, v⟩ a−→ ⟨x′, v′⟩ v(ϕ) = true
⟨ϕ∧▲x, v⟩ a−→ ⟨x′, v′⟩

⟨x, v⟩ ↓ v(ϕ) = true
⟨ϕ∧▲x, v⟩ ↓

Figure 6 Operational rules for root-signal emission (a ∈ A ∪ {τ}).

▶ Definition 15. Let t, s be sequential terms with signals and conditions, let a ∈ A ∪ {τ}
and suppose the root signal of t is not false.

t
a−→ s iff for all valuations v such that Cons(⟨t, v⟩) we have ⟨t, v⟩ a−→ ⟨s, effect(a, v)⟩,

t ↓ iff for all valuations v such that Cons(⟨t, v⟩) we have ⟨t, v⟩ ↓.

The above definition makes all undetermined guarded commands false, as is illustrated in
the following example.

▶ Example 16. Let P be a proposition variable, let a and b be actions without noticeable
effect (i.e. effect(a, v) = effect(b, v) = v for all valuations v), and let s = P :→ a.1 and
t = P :→ b.1. Note that we have Cons(⟨s, v⟩) for all valuations v (since s does not emit
any signal), but ⟨s, v⟩ a−→ ⟨1, v′⟩ only if v(P ) = true. Hence, s does not have any outgoing
transitions according to Definition 15. By the same reasoning, also t does not have any
outgoing transitions. Therefore, s and t are bisimilar with respect to the transition relation
induced on them by Definition 15.

When two terms are stateless bisimilar, then they are also bisimilar with respect to the
transition relation induced on them by the Definition 15. The converse, however, does not
hold: although the terms s and t in Example 16 are bisimilar, they are not stateless bisimilar.

To illustrate the interplay of root signal emission and guarded command, and to show
how nondeterminism can be dealt with, we give the following example.

▶ Example 17. A coin toss can be described by the following term:

T
def= toss.(heads ∧▲1) + toss.(tails ∧▲1),

where effect(toss, v) = v′ is such that v′(heads) = v′(tails) = true (for all v). Now, consider
the expression

S
def= T ; (heads :→ hurray.1 + tails :→ S).
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tails

heads

toss

toss

toss

toss

hurray

Figure 7 The process graph associated with the specification in Example 17.

Then S represents the process of tossing a coin until heads comes up, and its process
graph is shown in Figure 7, as we shall now explain. Let

Heads = (heads ∧▲1) ; (heads :→ hurray.1 + tails :→ S)

and let

Tails = (tails ∧▲1) ; (heads :→ hurray.1 + tails :→ S) .

To see that S toss−→ Tails and S
toss−→ Heads, note that ⟨S, v⟩ toss−→ ⟨Heads, effect(toss, v)⟩ and

⟨S, v⟩ toss−→ ⟨Heads, effect(toss, v)⟩ for every valuation v.
To see that Tails toss−→ Tails and Tails toss−→ Heads, first observe that Cons(⟨Tails, v⟩) if,

and only if, v(tails) = true, and then note that for all such valuations v we, indeed, have
⟨Tails, v⟩ toss−→ ⟨Tails, effect(toss, v)⟩ and ⟨Tails, v⟩ toss−→ ⟨Heads, effect(toss, v)⟩.

It is instructive to see why we do not have that Tails hurray−→ 1. This is because if
v is a valuation that satisfies v(tails) = true and v(heads) = false, then we also have
Cons(⟨Tails, v⟩), whereas ⟨Tails, v⟩ hurray↛ ⟨1, effect(hurray, v)⟩.

Finally, to see that Heads hurray−→ 1, first observe that Cons(⟨heads, v⟩) if, and only if,
v(heads) = true, and then note that, indeed, ⟨Heads, v⟩ hurray−→ ⟨1, effect(hurray, v)⟩ for all
such valuations v.

7 The full correspondence

We prove that signals and conditions make it possible to find a guarded sequential specification
with the same process as a given pushdown automaton.

▶ Theorem 18. For every pushdown automaton there is a guarded sequential recursive
specification with signals and conditions with the same process.

Proof. Let M = (S,A,D,→, ↑, ↓) be a pushdown automaton. We can assume M only has
push and pop transitions. For every state s ∈ S we have a propositional variable state(s).
The effect function for every action invariantly results in a valuation that assigns true to every
propositional variable state(s), to make sure that the execution of an action from a consistent
state always results in a consistent state. Note that it is the interplay between the emitted
root signal and the guards that ensures appropriate continuations (cf. also Example 17). We
proceed to define the recursive specification with initial identifier X and additional identifiers
{Xd | d ∈ D}.

If M does not contain any transition of the form ↑ a[ϵ/d]−−−−→ s, and the initial state is final,
we can take X def= 1 as the specification, and we do not need the additional identifiers.
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If M does not contain any transition of the form ↑ a[ϵ/d]−−−−→ s, and the initial state is
not final, we can take X def= 0 as the specification, and we do not need the additional
identifiers.
Otherwise, there is some transition ↑ a[ϵ/d]−−−−→ s in M . For each such transition, add a
summand

a.(state(s)∧▲Xd ; (state(↑) :→ X + ¬state(↑) :→ 1))

to the equation of X. The effect v of a in any valuation satisfies v(state(s)) = true.
Besides these summands, add a summand 1 iff the initial state of M is final. Notice that
no restriction on the initial valuation is necessary.
Next, the equation for the added identifier Xd has a summand state(s) :→ a.(state(t)∧▲1)
for each transition s a[d/ϵ]−−−−→ t, for every s, t ∈ S. The effect v of a in any valuation satisfies
v(state(t)) = true.
In addition, the equation for the added identifier Xd has a summand

state(s) :→ a.((state(t)∧▲Xe ;Xd)

for each transition s
a[d/ed]−−−−→ t, for every s, t ∈ S. The effect v of a in any valuation

satisfies v(state(t)) = true.
Finally, the equation for the added identifier Xd has summands state(s) :→ 1 (whenever
s ∈ ↓) or state(s) :→ 0 (otherwise). ◀

▶ Example 19. For the pushdown automaton in Fig. 1, we find the following guarded
recursive specification:

S = a.(state ↑ ∧▲A ;(state ↑:→ S + state ↓:→ 1)) + c.(state ↓∧▲1)

A = state ↓:→ b.(state ↓∧▲1) +

+ state ↑:→ (a.(state ↑∧▲A;A) + b.(state ↑∧▲1) + c.(state ↓∧▲A)).

Finally, we are interested in the question whether the mechanism of signals and conditions
is not too powerful: can we find a pushdown automaton with the same process for any
guarded sequential specification with signals and conditions? We will show the answer is
positive. This means we recover the perfect analogue of the classical theorem: the set of
processes given by pushdown automata coincides with the set of processes given by guarded
sequential specifications with signals and conditions.

In order to prove this final theorem, we need another refinement of Greibach normal
forms, now in the presence of signals and conditions. We start out from a result from [6].
Actually, we modify this result, using the sequencing ; instead of the sequential composition
·. The proof goes the same way. We use identities χ∧▲x ↔ χ ∧▲0 +x and χ ∧▲0 + ψ :→ 1 ↔
χ ∧▲0 + (χ ∧ ψ) :→ 1.

▶ Theorem 20. Every sequential term with signals and conditions is bisimilar to one in
head normal form, i.e. of the form

χ ∧▲(ψ :→ 1) +
n∑

i=1
ϕi :→ ai.pi ai ∈ A ∪ {τ}
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for terms pi, and is consistent in any state with a valuation v satisfying v(χ) = true. Here,
χ is the root signal of the term, and χ ∧ ψ is the acceptance condition of the term. If the
acceptance condition χ ∧ ψ = false, we write this as

χ ∧▲0 +
n∑

i=1
ϕi :→ ai.pi ai ∈ A ∪ {τ}.

In the summation, we only write summands satisfying χ ∧ ϕi ̸= false.

We see a term in head normal form is accepting in any state with a valuation v that
makes the acceptance condition true, and it shows intermediate acceptance whenever the
sum is nonempty and there is i with v(χ ∧ ψ ∧ ϕi) = true.

Based on this, we can write each equation in a guarded sequential specification with
signals and conditions in a Greibach normal form, as follows:

X = χ ∧▲(ψ :→ 1) +
n∑

i=1
ϕi :→ ai.αi ai ∈ A ∪ {τ}, X ∈ P , αi ∈ P∗.

Here, χ is the root signal of X, and ψ the acceptance condition of X, writing again

X = χ ∧▲0 +
n∑

i=1
ϕi :→ ai.αi ai ∈ A ∪ {τ}, X ∈ P, αi ∈ P∗

if the acceptance condition is false. We define the Acceptance Irredundant Greibach normal
form as before, disregarding the remaining signals and conditions.

▶ Theorem 21. For every guarded sequential recursive specification with signals and condi-
tions there is a pushdown automaton with the same process.

Proof. Suppose a finite guarded sequential specification with signals and conditions is given.
Without loss of generality we can assume this specification is in Acceptance Irredundant
Greibach normal form, so every state of the specification is given by a sequence of identifiers
that is acceptance irredundant. Consider the set of propositional variables P1, ..., Pn occurring
in this specification. For each possible valuation v : {P1, ..., Pn} → {true, false}, we create
two states in the pushdown automaton to be constructed, the state ⟨v, t⟩ is final and the
state ⟨v, n⟩ is not. Then, we go along the lines of Theorem 13.

Take a valuation v such that the root signal of the initial identifier is true. If v(ψ) = true,
where ψ is the acceptance condition of the initial identifier, then the initial state is ⟨v, t⟩.
Otherwise, the initial state is ⟨v, n⟩. Next, for any identifier X of the specification with root
signal χ and acceptance condition ψ, and any valuation v satisfying v(χ) = true, we consider
two cases.

Case 1. Suppose v(ψ) = true. Look at a summand ϕ :→ a.α of X. If v(ϕ) = false or the
effect of executing a from v, the valuation v′, makes the root signal of the first identifier
of α false, we add no steps; otherwise, we consider two subcases.

Subcase 1.a. Suppose v′ makes all root signals of the identifiers α and all acceptance
conditions of the identifiers α true. Add a step ⟨v, t⟩ a[X/α]−−−−→ ⟨v′, t⟩. Moreover, in case
X is initial, a step ⟨v, t⟩ a[ϵ/α]−−−−→ ⟨v′, t⟩;
Subcase 1.b. Suppose v′ makes some root signal of α or some acceptance condition
of α false. Add a step ⟨v, t⟩ a[X/α]−−−−→ ⟨v′, n⟩. Moreover, in case X is initial, a step
⟨v, t⟩ a[ϵ/α]−−−−→ ⟨v′, n⟩;
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Next, repeat this procedure for the remaining summands of X.
Case 2. Suppose v(ψ) = false. Look at a summand ϕ :→ a.α of X. If v(ϕ) = false or the
effect of executing a from v, the valuation v′ makes the root signal of the first identifier
of α false, we add no steps; otherwise, we consider two subcases.

Subcase 2.a. Suppose v′ makes all root signals of α and all acceptance conditions
of α true. Add a step ⟨v, n⟩ a[X/α]−−−−→ ⟨v′, t⟩. Moreover, in case X is initial, a step
⟨v, n⟩ a[ϵ/α]−−−−→ ⟨v′, t⟩;
Subcase 2.b. Suppose v′ makes some root signal of α or some acceptance condition
of α false. Add a step ⟨v, n⟩ a[X/α]−−−−→ ⟨v′, n⟩. Moreover, in case X is initial, a step
⟨v, n⟩ a[ϵ/α]−−−−→ ⟨v′, n⟩;

Next, repeat this procedure for the remaining summands of X.

Now it is not difficult to check that the process of this pushdown automaton coincides with
the process of the given guarded sequential specification. ◀

8 Conclusion

We looked at the classical theorem, that the set of languages given by a pushdown automaton
coincides with the set of languages given by a context-free grammar. A language is an
equivalence class of process graphs modulo language equivalence. A process is an equivalence
class of process graphs modulo bisimulation. The set of processes given by a pushdown
automaton coincides with the set of processes given by a finite guarded sequential recursive
specification, if and only if we add a notion of state awareness, that allows to pass on some
information during sequencing.

We see that signals and conditions add expressive power to TSP, since a signal can be
passed along the sequencing operator. If we go to the theory BCP, so without sequencing
but with parallel composition, then we know from [1] that value passing can be replaced by
signal observation. We leave it as an open problem, whether or not signals and conditions
add to the expressive power of BCP.

This paper contributes to our ongoing project to integrate automata theory and process
theory. As a result, we can present the foundations of computer science using a computer
model with interaction. Such a computer model relates more closely to the computers we see
all around us.
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Abstract
Farkas’ lemma is a celebrated result on the solutions of systems of linear inequalities, which finds
application pervasively in mathematics and computer science. In this work we show how to formulate
and prove Farkas’ lemma in diagrammatic polyhedral algebra, a sound and complete graphical
calculus for polyhedra. Furthermore, we show how linear programs can be modeled within the
calculus and how some famous duality results can be proved.
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1 Introduction

Farkas’ lemma is a classical result on the solutions of systems of linear inequalities, which
appears ubiquitously across various fields of Mathematics and Computer Science; more than
a century after its introduction in [16, 17], it continues to receive attention and generate new
lines of research [3, 10, 15, 22, 30, 25, 31, 4, 24, 28, 1]. Throughout the decades, different
proofs have been given, and many variations have been proposed. The most established
formulation asserts that, given an m× n matrix A, a vector b ∈ Rm and their transposes AT

and bT , exactly one of the following two propositions is true.

(a) ∃x ∈ Rn s.t. x ≥ 0 and Ax = b (b) ∃y ∈ Rm s.t. AT y ≥ 0 and bT y < 0

Farkas’ lemma finds application in a number of different scenarios, ranging from non-
linear optimisation [28, 4] to the algebraic semantics of non-deterministic and probabilistic
systems [23]. Most computer scientists first meet Farkas’ lemma when studying duality
theory in linear programming. A gentle introduction to this theory is provided by the farmer
problem.

A farmer grows wheat and barley on a land of size l, with a provision f of fertilizer and p

of pesticide. To grow one unit of wheat the farmer needs one unit of land, f1 units of fertilizer
and p1 units of pesticide. Analogously, one unit of barley requires one unit of land, f2 of
fertilizer and p2 of pesticide. The sell prices for wheat and barley are, respectively, s1 and
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s2. By fixing x1 to be the units of wheat and x2 those of barley to be produced, the farmer
should solve the following linear program to maximize the profit out of the production.

max{c
(

x1
x2

)
| x1, x2 ≥ 0, A

(
x1
x2

)
≤ b} where c =

(
s1 s2

)
, A =

 1 1
f1 f2
p1 p2

 , b =

 l

f

p


Now assume that a planning board needs to establish prices for land, fertilizer and pesticide.
The board’s job is to minimize the cost of production while assuring some profit to the
farmer. To do so, it is sufficient to solve the following program where A, b and c are as above.

min{bT

y1
y2
y3

 | y1, y2, y3 ≥ 0, AT

y1
y2
y3

 ≤ cT }

The problem of the farmer and the one of the board are a typical example of a pair of
dual problems. A result in duality theory (which makes the relevance of Farkas’ lemma
apparent) is that, if a problem has unbounded solution, then its dual has no solution. Most
importantly, when a problem and its dual have finite solutions, then these solutions coincide.
In the example above, the minimum cost of the production and the maximum profit of the
farmer should then be equal.

In this paper we revisit Farkas’ lemma and duality results in linear programming through
the lens of string diagrams.

String diagrams are a graphical syntax for representing arrows of symmetric monoidal
categories [33]. In recent years, increasingly they have been adopted as a formal language to
study component-based systems across different fields of science [12, 2, 18, 19, 21, 29, 32]
using the compositional methods that are typical of programming language semantics. One
striking property of this approach is that, even though string diagrams have an appealing
graphical representation, they are completely formal syntactic objects. Furthermore, they
may receive semantics interpretation in some mathematical domain (such as functions,
relations, matrices, subspaces, etc.) and many results have been provided on how equational
theories of string diagrams are able to axiomatise semantic equality over these domains,
see e.g. [6, 8, 36, 37, 2, 7]. Such a complete equational theory yields a powerful pictorial
calculus to reason algebraically about system behaviour, for instance in concurrency [6, 11],
control [9, 2] and quantum theory [13].

The core of the calculus that we exploit in this paper is the theory of Interacting
Hopf Algebras [36, 8, 2], originally introduced to reason about the behaviour of signal flow
graphs [34]. Such theory has been extended first in [7] to study non-passive electrical network
and concurrent connectors [11], and then in [5], for studying continuous Petri nets [14]. The
latter extension, called diagrammatic polyhedral algebra, provides a sound and complete
calculus which is able to express exactly polyhedra. We claim this is the proper string
diagrammatic setting to express Farkas’ lemma and duality in linear programming.

In diagrammatic polyhedral algebra, recalled in Section 2, different entities of traditional
algebra, like vectors, matrices and subsets C ⊆ Rn are all regarded as relations amongst
vectors spaces. Starting from few primitive relations (depicted as wires and gates of circuits),
one can syntactically construct all polyhedra by means of relational composition and cartesian
product (graphically rendered as horizontal and vertical juxtaposition). It is exactly this
linguistic aspect the main novelty of our proof of Farkas’ lemma: statements about existence
of solutions, like (a) and (b) above, translate into equations amongst terms of the string
diagrammatic syntax; proofs are symbolic manipulation of diagrams, whose soundness is
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guaranteed by the axiomatisation. Moreover, compositionality allows to break complex
notions into simple inductive definitions on the sets of primitive relations. For instance, the
polar operator which is given inductively in Section 3, captures the notions of polar and dual
cone that are defined in the traditional language by mean of universal quantifications.

In the context of diagrammatic polyhedral algebra, the proof of Farkas’ lemma becomes
straightforward: using a basic observation, named the lemma of alternatives in Section 4, the
proof –in Section 5– reduces to compute the polar operator over a certain string diagram.

The final part of our work (Section 6) is dedicated to duality in linear programming.
Interestingly, diagrammatic polyhedral algebra allows to prove various duality theorems in a
rather different way than those found in traditional textbooks (see e.g. [35]). In the classical
approach, one first needs to massage the dual problems to bring them into an appropriate
shape, and then prove, in sequence, a weak and a strong duality theorems. Our proof method
instead is based on a general principle (Theorem 23) that, independently from the shape
of the problem at hand, allows to prove all the results at once. Curiously, our proof does
not rely on Farkas’ lemma: rather both the duality theorems and Farkas’ lemma stem from
general results encoded in the axiomatisation of diagrammatic polyhedral algebra.

: (1, 2) : (1, 0) k : (1, 1) x : (1, 1) : (2, 1) : (0, 1)

: (2, 1) : (0, 1) k : (1, 1) x : (1, 1) : (1, 2) : (1, 0)

≥ : (1, 1) : (0, 1) : (0, 0) : (1, 1) : (2, 2)

c : (n, z) d : (z, m)

c ; d : (n, m)

c : (n, m) d : (r, z)

c⊕d : (n+r, m+z)

Figure 1 Sort inference rules.

2 Diagrammatic Polyhedral Algebra

This section presents a calculus of string diagrams for reasoning about polyhedra, which we
will later use to prove Farkas’ Lemma and the duality theorems for linear programming. The
calculus was first introduced in [5], to which we refer for a more detailed exposition.

We fix an ordered field k, i.e. a field equipped with a total order ≥ such that for all
i, j, k ∈ k: (a) if i ≥ j, then i + k ≥ j + k; (b) if i ≥ 0 and j ≥ 0, then i · j ≥ 0. The syntax
of the calculus is given by the following context free grammar, where k ranges over k.

c :: = | | k | | | (1)
| | k | | | (2)
≥ | (3)
| (4)
| | | c ; c | c⊕ c (5)

We shall consider only terms that are sortable, i.e. that one may associate with a pair (n, m)
of natural numbers n, m ∈ N using the rules in Figure 1.

The above syntax specification purposefully uses a graphical rendering of the components.
As customary for string diagrams, we will render composition via ; and ⊕ graphically by
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9:4 From Farkas’ Lemma to Linear Programming: An Exercise in Diagrammatic Algebra

horizontal and vertical juxtaposition of boxes, respectively.

c d
...

...
...

d
...

...

c
...

...

For an example, consider the diagram c in Example 4 below. This represents the term
( ⊕ ⊕ );( ⊕ k2 ⊕ ⊕ );( k1 ⊕ ⊕ ⊕ ).

Note that one-dimensional syntax coincides with diagrammatic notation only modulo
certain structural rules (e.g. associativity of composition), which amount to the equations of
symmetric monoidal categories [33] (SMCs). It turns out that structurally equivalent terms
have the same meaning in the semantic model we will consider below. Thus, henceforth we
shall exclusively focus on string diagrams as our notation for syntax.

It is worth to also recall the categorical viewpoint on diagrammatic syntax. Equivalently
to the presentation given above, one may formalise string diagrams as the morphisms of a
prop (product and permutation category [27, 26]), i.e. a strict SMC with objects the natural
numbers, where ⊕ on objects is by addition. We introduce the prop for our syntax below.

▶ Definition 1. The prop freely generated by (1), (2), (3) and (4) is denoted by PDiag. In
other words, PDiag is the prop where arrows n → m are terms of sort (n, m) quotiented
by the axioms of symmetric monoidal categories. Composition ; and monoidal product ⊕
of diagrams are given by the syntax operations in (5). The identities are id0 := and
idn+1 := idn ⊕ . The symmetries σn,m : n + m→ m + n are defined in the obvious way
starting from σ1,1 := . For instance, σ2,3 is the diagram below.

We will depict idn as n and σn,m as m n

mn

. Using these diagrams one can define for
each n ∈ N the n-version of each of the generator in (1), (2), (3) and (4). For instance,

n : 0→ n and n
n

n : n→ n + n are inductively defined as

0 := n + 1 := n
0 0

0 := n + 1 n + 1
n + 1 :=

n
n

n

n

When clear from the context, we will omit the n. A semantic interpretation for string
diagrams of PDiag will be provided by morphisms in another prop, which we present below.

▶ Definition 2. Relk is the prop where arrows n→ m are relations R ⊆ kn × km.
Composition is relational: given R : n→ m and S : m→ o,

R ; S = { (u, v) ∈ kn × ko | ∃w ∈ km. (u, w) ∈ S ∧ (w, v) ∈ R }

The monoidal product is cartesian product: given R : n→ m and S : o→ p,

R⊕ S = { (
(

u1
u2

)
,

(
v1
v2

)
) ∈ kn+o × km+p | (u1, v1) ∈ R ∧ (v1, v2) ∈ S }
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The symmetries σn,m : n + m→ m + n are the relations

{ (
(

u

v

)
,

(
v

u

)
) | u ∈ kn, v ∈ km }

We can now formally define the semantic interpretation as a prop morphism (an identity-
on-objects symmetric monoidal functor) J·K : PDiag→ Relk. For the generators in (1), J·K is

J K = {(x,

(
x

x

)
) | x ∈ k} J K = {(

(
x

y

)
, x + y) | x, y ∈ k}

J K = {(x, •) | x ∈ k} J K = {(•, 0)}
q

k
y

= {(x, k · x) | x ∈ k}
(6)

and, symmetrically, for the generators in (2). For instance,
q

k
y

= {(k · x, x) | x ∈ k}.
For the generators in (3) and (4), the semantics is defined, respectively, as

q
≥

y
=

{ (x, y) | x, y ∈ k, x ≥ y } and J K = {(•, 1)}. The semantics of the identities, symmetries
and compositions – in (5)– is given by the functoriality of J·K, e.g., Jc ; dK = JcK ; JdK andr z

= Jid0K = {(•, •)}. Above we used • for the unique element of the vector space k0.

▶ Example 3. Two string diagrams will play a special role in our exposition: and .
By definition of J·K, note that their semantics forces the two ports on the right (resp. left) to
carry the same value, thus acting as a left (right) feedback.

q y
= {(•,

(
x

x

)
) | x ∈ k}

q y
= {(

(
x

x

)
, •) | x ∈ k}

We can use these feedback diagrams to arbitrarily move wires from left to right. For instance

≤ := ≥ :=

As expected,
q
≤

y
= {(y, x) | x, y ∈ k, x ≥ y} and J K = {(1, •)}.

In [5] it is shown that diagrams of PDiag can express, amongst all the relations R ⊆ kn×km,
exactly all those that are polyhedra, cf. Example 7 below. Moreover, it is worth recalling that
fragments of PDiag also characterise well-known classes of relational objects, as indicated in
the table below (see [36, 5] for an overview of these results).

prop syntax semantics
MD−→iag (1), (5) matrices
MD←−iag (2), (5) reversed matrices
LDiag (1), (2), (5) linear relations (sub-spaces)

PCDiag (1), (2), (3), (5) polyhedral cones
PDiag (1), (2), (3), (4), (5) polyhedra

(7)

For instance, the arrows of PDiag, which are only built from the components in (1) and (5),
form a sub-prop of PDiag, denoted by MD−→iag , and characterise k-matrices – in terms of
the semantics functor J·K : PDiag→ Relk, they denote precisely the relations of the form
{(x, Ax) | x ∈ kp} for some matrix A. Similarly MD←−iag , LDiag and PCDiag are the sub-props
of PDiag of arrows built from the generators specified in (7). Hereafter we illustrate some
examples of these fragments, and the corresponding semantic characterisation.
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9:6 From Farkas’ Lemma to Linear Programming: An Exercise in Diagrammatic Algebra

▶ Example 4 ((Reversed) Matrices). As mentioned, diagrams c : n → m in MD−→iag denote
precisely the m × n matrices (see [36] for all details). Consider for instance, the dia-
gram c : 3 → 4 and its representation as a 4 × 3 matrix. Note that Aij = k whenever
k is the scalar encountered on the path from the ith port to the jth port. If there is
no path, then Aij = 0. It is easy to check that JcK = {(x, y) ∈ k3 × k4 | y = Ax}.

c = k2

k1

A =


k1 0 0
1 0 0
k2 1 0
0 0 0

 d = k2

k1

Dually, diagrams in MD←−iag are “reversed” matrices: inputs on the right and outputs on the left.
For instance d : 4→ 3 again encodes A, but its semantics is JdK = {(y, x) ∈ k4× k3 | y = Ax}.

Hereafter we will use −→
A

n m and ←−
A

m n for some diagrams of MD−→iag and, respectively

MD←−iag , corresponding to some m × n matrix A. For matrices of type m × 1 and 1 × n we
will use lower case letters, usually b and c respectively. It is worth remarking that while
m× 1 matrices and vectors in km have the same representation in the traditional notation,
in PDiag, they are presented as −→

b
m and −→

b
m . Indeed, the semantics of the former

is {(k, bk) ∈ k1 × km | k ∈ k}, while the semantics of the latter is {(•, b) ∈ k0 × km}.

▶ Example 5 (Linear Relations). Consider the following diagrams in LDiag.

−→
A

n
p

m

(8) ←−
V

n
p

m

(9)

It easy to check that the semantics of (8) is the set {(x, y) ∈ kn × km | A
(

x

y

)
= 0}, that is

the set of solutions of some system of linear equations. Such system has p rows in n + m

variables: n variables stand on the left and m variables on the right. This means that
J(8)K is a sub-vector space of kn × km, namely a linear relation. The semantics of (9) is

{(x, y) ∈ kn × km | ∃z ∈ kp s.t.
(

x

y

)
= V z}, that is the linear hull of the set of column

vectors of the matrix V , or in other words the subspace generated by V . Recall that any
subspace can be represented both in the form of a system of linear equations and in the form
of a set of generating vectors. Indeed, diagrams (8) and (9) represents two normal forms for
the diagrams in LDiag.

▶ Example 6 (Polyhedral cones). Consider the following diagrams in PCDiag

−→
A ≥

n
p

m

p
(10) ←−

V ≥

n
p

m

p
(11)

with semantics {(x, y) ∈ kn × km | A
(

x

y

)
≥ 0} and {(x, y) ∈ kn × km | ∃z ∈ kp s.t.

(
x

y

)
=

V z, z ≥ 0}, respectively. The semantics of (10) is thus the set of solutions of a systems of
linear inequalities, namely a polyhedral cone, while the semantics of (11) is the conic hull of
V (seen as a set of column vectors). Similarly to Example 5, diagrams in (10) and (11) can
be regarded as two normal forms for diagrams in PCDiag.
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▶ Example 7 (Polyhedra). Consider the following diagrams in PDiag.

−→
A

−→
b

≥

m

n

p

p

p p
(12)

←−
R

←−
V

≥

m

≥

≥

n

... ...

...

p p

(13)

It is easy to check that the semantics of (12) is the relation { (x, y) ∈ kn×km | A
(

x

y

)
+b ≥ 0 }

and thus the representation of a polyhedron as the set of solutions of a system of affine
inequalities. The semantics of (13) is the relation {(x, y) ∈ kn× km | ∃z ∈ kp, w ∈ ko s.t. z ≥

0, w ≥ 0,
∑

wi = 1, Rz + V w =
(

x

y

)
} and thus a vertex representation of a polyhedron. In

other words, J(13)K is Minkowsky sum of the conic hull of R, {
(

x

y

)
| ∃z ∈ kp, s.t. z ≥ 0, Rz =(

x

y

)
}, and of the convex hull of V , {

(
x

y

)
| ∃w ∈ ko s.t. w ≥ 0,

∑
wi = 1, V w =

(
x

y

)
}.

The functor J·K : PDiag→ Relk is not faithful: two different string diagrams may denote
the same relation. However, PDiag can be equipped with a sound and complete axiomatisation,
meaning an equational theory making two diagrams c and d equal precisely when JcK = JdK.
Such axiomatisation, called Polyhedral Algebra (PA) is illustrated in Figure 2, where we write
l = r for the two inequalities l ⊑ r and r ⊑ l. In order to state the completeness theorem,

we define
PA
⊑ as the smallest precongruence containing all the pairs (c, d) such that c ⊑ d

appears in the Figure 2. In other words,
PA
⊑ is the smallest relation containing ⊑ which is

closed by reflexivity, transitivity, composition ; and monoidal product ⊗. Finally, we write

c
PA= d iff c

PA
⊑ d and d

PA
⊑ c.

▶ Theorem 8 (From [5]). For all diagrams c, d in PDiag, JcK ⊆ JdK if and only if c
PA
⊑ d.

Here are some interesting consequences of the theory PA, where we use for −1 .

≥
PA= (14) PA= (15)

A
PA= A for any A in LDiag (16) PA= (17)

Theorem 8 implies that equivalences like (14), (15) and (17) may be also proved by purely
graphical means, using derivations involving the axioms of PA, without resorting to the
semantic interpretation J·K. The proofs of more sophisticated statements, as (16), involve
axioms in combination with other proof techniques, e.g., induction.

The following is an example of derivation proving (14).

P 4
⊑ ≥ and

antisym

⊒
≥

≤

dup
◦•−biun=

≥

≤

AP 1= ≥ (18)

Note that in (18) we used a version of axioms P 4, dup and AP 1 where diagrams are “rotated
over the y axis”. We formalise such a notion, in a way that justifies this use.
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◦−as= ◦−co= ◦−unl=

•−coas= •−coco= •−counl=

◦•−bi= ◦•−biun= •◦−biun= ◦•−bo=

k

k add= k
zer= k k

dup=
k

k
k

del=

k1 k2
×= k1k2

k1

k2 += k1 + k2 0
0=

k k
r−inv= r−coinv= k k for k ̸= 0, k ∈ k

•−fr1= •−fr2= •−sp= •−bo=

◦−fr1= ◦−fr2= ◦−sp= ◦−bo=

cc−1=
−1 cc−2=

−1

◦•−inc
⊑

≥
P 1
⊑

≥

≥
≥

P 2=
≥

≥
≥

P 3=
P 4
⊑ ≥

k ≥
P 5= ≥ k (k > 0) k ≥

P 6= ≤ k (k < 0)

≥

≤

antisym

⊑
≥

≥

≥

≥

spider=

≥

≥

≥

≥

≤ ≥
direction=

dup= del= ∅= AP 1= ≥

Figure 2 Axioms of PAk.
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▶ Definition 9. The prop morphism ·op : PDiagop → PDiag is inductively defined as:

op = op = k
op = k

op = op =
op = op = k

op = k
op = op =

≥
op = ≤ op =

op
= op = op =

(c ; d)op = dop ; cop (c⊕ d)op = cop ⊕ dop

Observe that ·op is controvariant: it maps a diagram c : n → m into cop : m → n

which is graphically rendered as the mirror image of c: for instance, referring to Ex-
ample 4, cop = d. By exploiting the inductive definition, one can prove that the following hold.(

mn c

)op
PA= m

n

c (19)
(

−→
A

n m
)op

PA= ←−
A

m n (20)

if c
PA
⊑ d then cop

PA
⊑ dop (21) (cop)op PA= c (22)

Equation (19) states that JcopK is exactly the opposite relation of JcK, i.e.,
JcopK = {(y, x) ∈ km × kn | (x, y) ∈ JcK}. In particular, by (20), any diagram in
MD−→iag representing a matrix A is mapped into a diagram in MD←−iag representing the same
matrix (see Example 4). Thanks to (21) and (22), one has that c

PA= d iff cop PA= dop.
Therefore, each of the axioms in Figure 2 and each of the laws that we prove in this text
can be read both as c

PA= d and as cop PA= dop. For instance, by (15) we also know that
PA= . Like in (18), in our derivations we will always use this property implicitly.

3 The polar operator

When reasoning about cones C ⊆ kn in convex algebra, an important role is played by the
notions of polar and dual cone:

polar(C) = {b ∈ kn | ∀x ∈ C, bT x ≤ 0} dual(C) = {b ∈ kn | ∀x ∈ C, bT x ≥ 0}

As these concepts will also be relevant to our developments, we now study how they are
expressible in PCDiag. The fundamental ingredient is the polar operator from [5]:

▶ Definition 10. The prop morphism ·◦ : PCDiag→ PCDiag is inductively defined as:

◦ = ◦ = k
◦ = k

◦ = ◦ =
◦ = ◦ = k

◦ = k
◦ = ◦ =

◦
= ◦ = (c⊕ d)◦ = c◦ ⊕ d◦ (c ; d)◦ = c◦ ; d◦ ◦ =

≥
◦ =

≥

The polar operator subsumes both the concept of dual and polar cone. This can be made
precise via the following proposition, whose proof we defer to the end of the next section.

▶ Proposition 11. Let C ⊆ kn be a polyhedral cone. Let c : 0→ n and d : n→ 0 be such that
JcK = {(•, x) | x ∈ C} and JdK = {(x, •) | x ∈ C}. Then Jc◦K = {(•, b) | b ∈ polar(C)} and
Jd◦K = {(b, •) | b ∈ dual(C)}.
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Note that Proposition 11 uses two representations of the cone C as a string diagram, one
of type 0→ n and the other of type n→ 0. Depending on which one we pick, one obtains
the polar or the dual of C. Another interesting departure from the traditional approaches is
that the polar/dual cone is now specified inductively on the structure of the string diagram,
following Definition 10. We now provide some properties and examples of the polar operator.
First we observe how it behaves on string diagrams representing matrices.

▶ Example 12. Consider the matrix A in Example 4 and its encoding as the diagram
c : 3→ 4 in MD−→iag . Applying the polar operator on c yields the following diagram in MD←−iag

c◦ = k2

k1

AT =

k1 1 k2 0
0 0 1 0
0 0 0 0


representing the transpose AT of the matrix A. Indeed, Jc◦K = {(x, y) ∈ k3 × k4 | AT y = x}.
This is an instance of a more general phenomenon: when applied to matrices (i.e. string
diagrams of MD−→iag ), the polar operator yields their transpose matrix, represented by a string
diagram in MD←−iag (and thus to be read “right-to-left’).

▶ Lemma 13 (From [36]). For all −→
A : n→ m in MD−→iag , the following holds

−→
A

◦ PA= ←−
AT .

▶ Proposition 14 (From [5]). For all diagrams c, d : n→ m in PCDiag, the following hold

1. if c
PA
⊑ d then (d)◦

PA
⊑ (c)◦; 2. (c◦)◦ PA= c.

The first item of the above proposition informs us that if c
PA= d then one can safely conclude

that c◦
PA= d◦. Viceversa, if c◦

PA= d◦, by the second item, c
PA= d. The next lemma illustrates

the interaction of the polar operator with ·op (see Definition 9).

▶ Lemma 15. For all c : n → m in PCDiag, the following holds (cop)◦ PA=
m m ; (c◦)op ; n n.

Proof.

(cop)◦ (19)=
(

c

)◦
= c◦

(15)= c◦
(19)= ; (c◦)op ; ◀

▶ Example 16. The diagrams ≤ : 0 → 1 and ≥ : 1 → 0, denoting the relations
{(•, x) | x ≥ 0} ⊆ k0 × k1 and {(x, •) | x ≥ 0} ⊆ k1 × k0, are two different representations
for the same object in traditional algebra: the polyhedral cone {x ∈ k | x ≥ 0} ⊆ k1.
Interestingly enough, applying the polar operator to them yields two different results.
Analogous considerations hold for {x ∈ k | x ≤ 0} ⊆ k1.

( ≥ )◦ = ≥
◦ ; ◦ =

≥
; •−counl= ≥ (23)

( ≤ )◦ = ( ≥
op)◦ Lemma 15= ( ≥

◦)op ; (23)= ≥ op ;
P 6
zer= ≥ (24)

( ≥ )◦ (24)= ( ≤ ◦)◦ P rop. 14.2= ≤ (25)

( ≤ )◦ = ( ≥
op)◦ Lemma 15= ; ( ≥

◦)op (25)= ; ≤
op

P 6
zer= ≤ (26)
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Observe that for the two diagrams above of type 1→ 0, ·◦ act as identity, while for those of
type 0→ 1, it reverses the sign. This behaviour is justified by Proposition 11.

There is a number of other observations about the polar operator, which may be proven
with graphical reasoning taking advantage of the inductive definition, the complete ax-
iomatisation and the laws illustrated so far. While this material is not essential to our
developments, we conclude this section with two simple “exercises” of that kind, which are
left to the interested reader.

(Exercise 1) Prove that, for all c in the form of (8), there exists some d in the form
of (9) such that c◦

PA= d. Hint: use Lemma 13 and cc–1
(Exercise 2) Prove that, for all c in the form of (10), there exists some d in the form
of (11) such that c◦

PA= d. Hint: use (23).

4 Lemma of the alternatives

This section is devoted to the diagrammatic formulation of a lemma of alternatives, asserting
that exactly one of two systems of linear inequalities (i.e. polyhedra) has a solution.

To approach the lemma, an important question is how to model “does a system have
a solution?” in our graphical calculus. We focus attention on two morphisms of PDiag of
type 0→ 0: the empty diagram and the diagram . Intuitively, asserts that “0
= 1”; its denotational semantics is the composition of the relations {(•, 0)} and {(1, •)},
which gives the empty relation ∅. Since for any relation R in Relk, R⊕ ∅ = ∅ = ∅ ⊕R, the
behaviour of resembles that of a logical false. From the viewpoint of the equational
theory, introduces an inconsistency; in particular, by means of the axiom ∅ we are able
to prove that ⊕ c

PA= ⊕ d for any c, d : n→ m in PDiag. As an example, consider the
following equation:

≥ = ≥
∅= ≥

P 3= ◦•−bo= (27)

In an analogous way, the behaviour of the diagram can be regarded as a logical true. In
particular, its semantics is the relation id0 = {(•, •)} which for any R in Relk is such that
R⊕ id0 = R = id0 ⊕R.

Finally, note that in Relk the only possible morphisms of type 0→ 0 are exactly ∅ and
id0. Thus the following lemma holds.

▶ Lemma 17 (From [5]). For any diagram c : 0→ 0 of PDiag, either c
PA= or c

PA=

▶ Lemma 18 (Lemma of the alternatives). Let c : 0 → 1 be a diagram in PCDiag. Then
exactly one of the following two equations holds:

(a) c ; PA= (b) c◦ ; PA= .

Proof. Since c is in PCDiag, then JcK ⊆ k0 × k1 is a polyhedral cone. Thus JcK must be one
of the following:

{(•, k) | k ∈ k} {(•, k) | k ≥ 0} {(•, k) | k ≤ 0} {(•, k) | k = 0}

By Theorem 8, it holds1 that either

c
PA= or c

PA= ≤ or c
PA= ≥ or c

PA= .

1 See Appendix A for a purely equational proof that does not invoke completeness.
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By Proposition 14.1, we can thus consider only these four cases:
If c

PA= then c ; del= and c◦ ; P rop. 14= ( )◦ ; = ; = .
If c

PA= ≤ then c ; AP 1= and c◦ ; P rop. 14= ( ≤ )◦ ; (24)= ≥ ; (14)= .

If c
PA= ≥ then c ; (14)= and c◦ ; P rop. 14= ( ≥ )◦ ; (25)= ≤ ; AP 1= .

If c
PA= then c ; PA= and c◦ ; P rop. 14= ( )◦ ; = ; del= . ◀

The lemma of alternatives yields as a corollary a proof of Proposition 11.

Proof of Proposition 11. Observe that

c◦
←
b ; PA= Lemma 18⇐⇒

(
c◦

←
b

)◦
; PA=

Lemma 13
P rop. 14⇐⇒ c

→
bT ; PA=

By definition of J·K, the former equation holds iff (•, b) ∈ Jc◦K, while the latter holds iff
∀(•, x) ∈ JcK , bT x ̸= 1. That is Jc◦K is the relation {(•, b) | ∀x ∈ C, bT x ̸= 1} which is
readily seen to be equal to {(•, b) | b ∈ polar(C)}.

For d, note that d
PA= cop. Thus, by Lemma 15, d◦

PA= n n ; (c◦)op. Thus (b, •) ∈ Jd◦K iff
(•,−b) ∈ Jc◦K iff −b ∈ polar(C) iff b ∈ dual(C). That is Jd◦K = {(b, •) | b ∈ dual(C)}. ◀

▶ Remark 19. Interestingly, the lemma of alternatives does not hold for diagrams c : 1→ 0
(when taking ; c and ; c◦ in place of c ; and c◦ ; ): it is easy to see this with (23)
and (26). In order to obtain a lemma of alternatives for diagrams of type c : 1 → 0, one
should replace ·◦ by a novel operator ·• defined as ≥ • = ;( ≤ ⊕ ) and as
c• = c◦ for all the other generators c. Such operator behaves as the dual for diagrams
c : 0→ n and as the polar for diagrams d : n→ 0.

5 A string diagrammatic proof of Farkas’ Lemma

The lemma of alternatives provides a direct route to a diagrammatic proof of Farkas’ lemma.

▶ Lemma 20 (Farkas’ lemma). Let −→A : n → m be a diagram in MD−→iag and
←−
b : m → 1 in

MD←−iag , then exactly one of the following two equations holds:

(a) ≤ −→
A
←−
b

PA= (b) ≤ ←−
AT

−→
bT

PA=

Proof. Observe that ≤ −→
A
←−
b is a diagram c : 0→ 1 in PCDiag. In order to conclude,

it is therefore enough to use Lemma 18 and observe that(
≤ −→

A
←−
b

)◦
= ≥ ←−

AT
−→
bT (Lemma 13 and (24))

PA= ≥ ←−
AT

−→
bT ((17))

PA= ≥ ←−
AT

−→
bT ((16))

PA= ≤ ←−
AT

−→
bT (Axioms P6 and del)

◀
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It is instructive to make explicit in which sense Lemma 20 amounts to the well known
result of Farkas. By using the inductive definition of J·K, one may compute the semantics on
the left hand sides of the equations (a) and (b):

s
≤ −→

A
←−
b

{
=
{
{(•, •)} if ∃x ∈ kn s.t. x ≥ 0 and Ax = b

∅ otherwise

s
≤ ←−

AT
−→
bT

{
=
{
{(•, •)} if ∃y ∈ km s.t. AT y ≥ 0 and bT y = −1
∅ otherwise

Therefore equation (a) holds if and only if ∃x ∈ kn s.t. x ≥ 0 and Ax = b while equation (b)
if and only if ∃y ∈ km s.t. AT y ≥ 0 and bT y = −1. In the usual presentation of the Farkas’
lemma, e.g. [20], the former condition is exactly the same, while the second one is often
expressed by the equivalent condition ∃y ∈ km s.t. AT y ≥ 0 and bT y < 0.2

6 Duality in linear programming

Farkas’ lemma is closely related to linear programming, as it is one of the main tools to prove
duality results in this area. In this section, we explore such duality theorems in the context
of diagrammatic polyhedral algebra; it turns out that our formulation does not require the
direct application of Farkas’ lemma, but rather relies on more general principle (Theorem
23) which allows to prove all the results at once.

Duality in linear programming studies pairs of problems of the following shape

(P ) := max{cx | Ax ≤ b, x ≥ 0} (D) := min{bT y | AT y ≥ cT and y ≥ 0}

where A, b and c are matrices of type m × n, 1 ×m and n × 1, respectively. The primal
problem (P ) requires to maximise cx subject to the condition that Ax ≤ b and x ≥ 0. Its
dual problem (D) requires to minimise bT y subject to the condition that AT y ≥ cT and y ≥ 0.
The farmer problem and the one of the board from the Introduction are instances of (P ) and
(D). The primal problem has three possible outcomes: (P ) may be unfeasible, in the sense
that there exists no x ≥ 0 such that Ax ≤ b; it can be unbounded, when the latter inequality
holds for some non-negative vectors x ∈ kn, but there exists no maximum k ∈ k for cx; or it
can be bounded, if such k exists. The same possibilities apply to (D).

Duality theory in linear programming establishes a series of possibilities between these
possible outcomes: in particular, if (P ) is unbounded then (D) is unfeasible and, viceversa,
if (D) is unbounded then (P ) is unfeasible. Moreover, (P ) is bounded if and only if (D) is
bounded. The following table summarises such results.

❍❍
❍❍❍❍

(P)
(D) bounded unbounded unfeasible

bounded ✓

unbounded ✓

unfeasible ✓ ✓

(28)

2 By mean of Proposition 11 one can also translate our proof in traditional algebraic language: first
observe that for all one-dimensional polyhedral cones C either 1 belongs to C or 1 belong to the polar
of C (Lemma 18); then prove that the polar of {z ∈ k | ∃x ∈ kn s.t. x ≥ 0 and Ax = bz} is exactly
{z ∈ k | ∃y ∈ km s.t. AT y ≥ 0 and bT y = −z} (proof of Lemma 20). We could not find the same proof
in literature, but it is hard to claim that it does not exist.
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9:14 From Farkas’ Lemma to Linear Programming: An Exercise in Diagrammatic Algebra

The most useful fact is that when (P ) and (D) are bounded, they have the same result, i.e.,

max{cx | Ax ≤ b, x ≥ 0} = min{bT y | AT y ≥ cT and y ≥ 0}. (29)

We now turn to the question of modelling the primal problem (P ) and the dual problem
(D) in PDiag. Let us fix ←−A : m → n in MD←−iag ,

−→
b : 1 → m and −→c : n → 1 in MD−→iag , and

consider the following diagrams in PDiag

P := ←−
A

≥−→c
−→
b ≥

≥
D := −→

AT

≥ ←−
cT

←−
bT

≥

≥

Their semantics can be easily computed with the inductive defintion in (6):

JP K = {(•, z) ∈ k0 × k1 | z ≤ cx, x ≥ 0, Ax ≤ b}

JDK = {(z, •) ∈ k1 × k0 | z ≥ bT y, y ≥ 0, AT y ≥ cT }

As expected, P models the primal problem (P ) and D its dual (D). Indeed, (P ) is bounded
if and only if JP K = {(•, z) | z ≤ k}, where k is exactly max{cx | Ax ≤ b, x ≥ 0}. Also,
(P ) is unbounded if and only if JP K = {(•, z) | z ∈ k} and (P ) is unfeasible if and only if
JP K = ∅. Analogous considerations hold for (D). The three possibilities can then be expressed
in equational terms as follows.

P
PA= k ≥ iff k = max{cx | Ax ≤ b, x ≥ 0} D

PA= k≥ iff k = min{bT y | AT y ≤ cT , y ≥ 0}

P
PA= iff (P ) is unbounded D

PA= iff (D) is unbounded
P

PA= iff (P ) is unfeasible D
PA= iff (D) is unfeasible

In light of this analysis, the results in (28) and (29) amount to the following theorem.

▶ Theorem 21 (Duality). The following hold:
1. For all k ∈ k, P

PA= k ≥ if and only if D
PA= k≥

2. If P
PA= , then D

PA= 3. If D
PA= , then P

PA=

In order to prove the above theorem, we exploit homogenisation, a traditional technique to
transform polyhedra into cones. The homogenisation of polyhedron P = {x ∈ kn | Ax+b ≥ 0}
is the polyhedral cone P H = {(x, y) ∈ kn+1 | Ax + by ≥ 0, y ≥ 0}. It holds that P H

1 = P H
2

if and only if P1 = P2 for all non-empty polyhedra P1, P2 (see e.g. Lemma 22 in [5]). By
exploiting the normal forms in (12) and (10), one obtains the following useful lemma.

▶ Lemma 22. Let c, d : n + 1→ m be string diagrams in PCDiag.

1. If
c

≥

n m
PA=

d

≥

n m

then c
n m PA= d

n m ;

2. Moreover when
s

c
n m

{
̸= ∅, the other implication holds, that is:

c

≥

n m
PA=

d

≥

n m

iff c
n m PA= d

n m .

By combining homogenisation with the polar operator, we obtain a general proof schema
which includes as a particular cases the three points of Theorem 21.



F. Bonchi, A. Di Giorgio, and F. Zanasi 9:15

▶ Theorem 23. Let c, d : 1→ 1 be diagrams in PCDiag.

1. If
s

c ≥

{
̸= ∅, then c ≥

PA= d ≥ =⇒ c◦≥
PA= d◦≥ ;

2. If
s

c◦≥

{
̸= ∅, then c ≥

PA= d ≥ ⇐= c◦≥
PA= d◦≥ .

Proof. For the first statement, observe that

c ≥
PA= d ≥

Lemma 22.2⇐⇒

c ≥

≥

PA= d ≥

≥

Proposition 14⇐⇒


c ≥

≥
◦ PA=


d ≥

≥
◦ Def. of ·◦⇐⇒

c◦≥
≥ PA= d◦≥

≥ Lemma 22.1=⇒

c◦≥
PA= d◦≥

The first step uses Lemma 22.2 because, by hypothesis, the two diagrams denote a non-empty
relation. Also, note that the last step uses only the first item of Lemma 22 –thus it is only an
implication– because we do not know whether the string diagram denote the empty relation.

To prove the second statement, we use the derivation above, but in the first step we replace
⇐⇒ by ⇐= (Lemma 22.1) and in the last step we replace =⇒ by ⇐⇒ (Lemma 22.2). ◀

From Theorem 23 one may immediately derive the three dualities in Theorem 21.

Proof of Theorem 21. First observe that P = c ≥ and D = c◦≥ where

c = ←−
A −→c

−→
b ≥

≥
and c◦ = −→

AT
←−
cT

←−
bT

≥

≥
.

1. Since
q

k ≥
y

≠ ∅ and
q

k≥
y
̸= ∅, then one can exploit the two implications of

Theorem 23, by taking d = k and observe that
(

k
)◦ = k .

2. Since J K ̸= ∅, then one can use Theorem 23.1 with d = and observe that

≥
del
P 3= and ≥ ; ( )◦ ; = ≥

(27)= .

3. Since J K ̸= ∅, then use Theorem 23.2 with d◦ = and proceed as in 2. ◀

▶ Remark 24. Traditional textbooks do not prove duality results for problems in the form of
(P ) and (D) above, but they need to first massage problems to obtain the following shape.

(P ′) := max{cx | Ax ≤ b} (D′) := min{bT y | AT y = cT and y ≥ 0}

CALCO 2021
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Thanks to Theorem 23, we do not really need to rely on a specific form. Indeed by taking

P ′ := ←−
A ≥−→c−→

b ≥ D′ := −→
AT

≥ ←−
cT

←−
bT

≥

one can easily check that Theorem 21 holds also for P ′ and D′ and the proof is the same,
modulo the obvious choice of c.

7 Conclusions

This paper investigates Farkas’ lemma and duality in linear programming within the language
of diagrammatic polyhedral algebra. Besides the elegance of the proofs, the linguistic aspect
is, in our opinion, the most interesting angle. Indeed, this work can be thought as an exercise
in diagrammatic algebra, illustrating its appeal in the following ways:

by identifying the right primitive components and the appropriate ways to compose them,
one is able to express exactly all the objects of interest (in this case, polyhedra) and to
formally reason about them by means of a sound and complete axiomatisation (PA);
operations on few primitives can be extended inductively to all the objects of interest,
resulting in an effective way to compute sophisticated notions, like polar and dual cones;
equations amongst diagrams can express complex statements, like those about the
existence of a solution, the maximal or the minimal solution;
symbolic manipulation of diagrams by means of axioms and derived laws allows to prove
such statements.

The last point leads us to believe that our proofs are suitable to be formalised in proof
assistants, such as Coq or Agda. Finally, we think that this work may inspire further duality
results in string diagrammatic languages other than diagrammatic polyhedral algebra.
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A Proofs of Section 4

Alternative proof of Lemma 18. We prove diagrammatically, without relying on Theorem 8,
that the following property holds for any c : 0→ 1 in PCDiag

c
PA= or c

PA= ≤ or c
PA= ≥ or c

PA= .

Any n → m diagram in PCDiag is equivalent to one in the form of (10). A diagram
c : 0→ 1 has the following normal form, where A is a n× 1 matrix

c
PA= −→

A
n ≥ n PA= k1 ≥

kn ≥

...

If ki = 0 for all i = 1 . . . n, then

c
PA= ≥

≥

...

PA= ...

PA= PA=

If ki ≥ 0 for all i = 1 . . . n, then those ki = 0 are just detached as in the first case and for
the others

c
PA= ≥ k1

≥ kn

...

PA= ≥

≥

...

PA=
≥

PA= ≤

If ki ≤ 0 for all i = 1 . . . n, then those ki = 0 are just detached as in the first case and for
the others

c
PA= ≤ k1

≤ kn

...

PA= ≤

≤

...

PA=
≤

PA= ≥

If some ki ≥ 0, and some ki ≤ 0, then those ki = 0 are just detached as in the first case.
For the others, assume without loss of generality that the first j are positive and the
remaining ones are negative.

c
PA= ...

kj

k1

kn

kj+1

...

...

≥

≥

≥

≥

PA= ...
≥

≥

≤

≤

...

...

k1

kj

kj+1

kn

PA= ...
≥

≥

≤

≤

...

...

PA= ≥

≤

PA= ≥

≤

PA= PA=
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The rest of the proof goes as the original one. ◀

B Proofs of Section 6

Proof of Lemma 22. To prove 1., first notice that

c

≥

n m
PA=

d

≥

n m

=⇒
c

≥

n m
PA=

d

≥

n m

(*)

Then it is enough to show that

c
n m AP 1=

c
n m

≥

dup=
c

≥

n m
∗=

d

≥

n m
dup=

d
n m

≥

AP 1= d
n m

For 2., notice that c
n m and d

n m denote two non-empty polyhedra. Then
one can conclude immediately by Lemma 22 in [5] and Theorem 8. ◀
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In [21, 22, 23] Lawvere introduced the notion of hyperdoctrine in an effort to capture the
universal content of logical theories, and first-order logic in particular. Here, by universal,
we intend by means of universal properties in category theory. The starting point is the
notion of Lawvere theory [20], the universal way of capturing the notion of algebraic theory –
where the universal property is that of cartesian categories, namely categories with finite
products. In terms of logical content, Lawvere theories provide the notion of term. Now, a
hyperdoctrine is a certain contravariant functor P from the Lawvere theory of terms to a
posetal 2-category, e.g. lattices or Heyting algebras. The basic, high-level idea is that the
functor takes us from terms to formulas; more precisely, the objects of the Lawvere theories,
which can be thought of as variable contexts, are taken to the Lindenbaum-Tarski algebra
of formulas over these contexts. In this way, the concept of quantifier can be captured by
means of a universal property – the existence of left-adjoints (existential quantification) and
right-adjoints (universal quantification) to the image along P of the projections.
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In recent years, there has been a large number [1, 2, 5, 10, 12, 13, 17, 28, 30] of contributions
that use string diagrams in order to model computational phenomena of different kinds.
Typically, the languages come with an equational theory, which can be used to reason
about systems via diagrammatic reasoning. Interestingly, the same algebraic structures
seem to appear in many different contexts, e.g. commutative monoids and comonoids,
Frobenius algebras, Hopf algebras, etc. These applications, while using the language and
tools of (monoidal) category theory, are of a rather different nature than the more established
“universal” approaches, such as Lawvere theories and hyperdoctrines sketched in the previous
paragraph. A bridge between the universal and algebraic worlds is given by a theorem of
Fox [15] that characterises cartesian categories as symmetric monoidal categories where each
object is equipped with a well-behaved commutative comonoid structure. This means that
any Lawvere theory can be seen concretely as a string diagrammatic language (see e.g., [6]).
More recently, the notion of discrete cartesian restriction category was characterised in a
similar way [11], with partial Frobenius algebras taking the place of commutative comonoids.
This raises a natural question: can we capture the universal content of logical theories
algebraically in a similar way? In other words, what are the “Fox theorems” for logic?

In this paper we turn our attention to the regular fragment of first-order logic with
equality: formulas are built up from terms and the equality relation using the existential
quantifier and conjunction. There has been much work on categorifying this fragment,
notably the significant corpus of work on allegories [16]. More relevant to our story, we
focus on the contrast between universal and algebraic approaches. A universal treatment,
the notion of elementary existential doctrine, was introduced in [23] and studied extensively
in [26]. The basic setup is the same as for Lawvere’s hyperdoctrines, but one asks only for
the left adjoints, which, as we have previously mentioned, are the universal explanation for
existential quantifiers. On the algebraic side, the concept that stands out is that of Carboni
and Walters’ cartesian bicategories (of relations) [9], which are poset-enriched symmetric
monoidal categories where objects are equipped with a special Frobenius algebra and a
lax-natural commutative comonoid structures. While Carboni and Walters emphasised the
relational algebraic aspects, they were certainly aware of the logical connections. In fact,
some recent works [4, 14, 29] exploited various ramifications of the correspondence between
cartesian bicategories and regular logic.

Our goal for this paper is a “Fox theorem” for the regular fragment, connecting the
universal and the algebraic approaches. Our starting observation is that, given a cartesian
bicategory (B,⊗, I), one obtains an elementary existential doctrine by restricting the hom
functor HomB(−, I) : Bop → Set to the (cartesian) category of maps of B. In Remark 2.5
of [27], it is mentioned that the other direction is also possible: given an elementary existential
doctrine one can construct a cartesian bicategory. We explore the ramifications of this remark
in detail. We show that these two translations are functorial and, actually, that they form
an adjunction. More precisely, it turns out that the category of cartesian bicategories is a
reflective subcategory of the category of doctrines.

The adjunction, however, is not an equivalence. We prove this with a counterexample
that captures the crux of the matter: there are doctrines P : Cop → InfSL where the indexing
categories of terms C are not tailored to the represented logics. In doctrines-as-logical-theories,
roughly speaking, equality can come from two places: implicitly, from the indexing term
category, and explicitly, via logical equivalence. Doctrines, therefore, have an additional
degree of intensionality: doctrines that “substantially represent” the same logic may have
distinct index categories and thus not be isomorphic. This issue does not arise in cartesian
bicategories where the role of C is played by the subcategory of maps: maps are arrows
satisfying certain properties, rather than given a priori in a fixed index category.
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We conclude by observing that, by adding further constraints to the notion of elementary
existential doctrine, namely comprehensive diagonals and the Rule of Unique Choice from [27],
it is possible to exclude such problematic doctrines. By doing so, we restrict the adjunction
to an equivalence, thus obtaining a satisfactory “Fox theorem”.
▶ Notation. Given f : X → Y and g : Y → Z morphisms in some category, we denote their
composite as f ; g, g ◦ f or gf . We write Pf for the action of a doctrine P on a morphism f .

2 Cartesian Categories

The starting point of our exposition is the definition of cartesian category that, thanks to
the results of Fox [15], can be given in the following form, which is particularly convenient
for the purposes of this paper.

▶ Definition 1. A cartesian category is a symmetric monoidal category (C,⊗, I) where
every object X ∈ C is equipped with morphisms

X : X → X ⊗X and X : X → I such that

1. X and X form a cocommutative comonoid, that is they satisfy

X = X
X = X X X= X=

2. Each morphism f : X → Y is a comonoid homomorphism, that is

f

Y

X

f

f

=

Y

Y

X

Y

=f XYX

3. The choice of comonoid on every object is coherent with the monoidal structure in the
sense that

X

=
Y

X⊗Y

X

Y

=

X

X

Y

Y

X⊗Y

Indeed, given a category C with finite products, one can construct a monoidal category
as in the definition above, by taking as monoidal product ⊗ the categorical product and
as its unit I the terminal object; for every object X, X is given by the pairing
⟨idX , idX⟩ : X → X ⊗ X, hereafter denoted by ∆X , and X by the unique morphism
!X : X → 1. Conversely, given a symmetric monoidal category (C,⊗, I) as in Definition 1, ⊗
forms a categorical product where projections πX : X ⊗ Y → X are given as idX ⊗ Y and
the pairing ⟨f, g⟩ : X → Y ⊗ Z as X ; (f ⊗ g) for all arrows f : X → Y and g : X → Z.

Hereafter, we will use × to denote both the cartesian product of sets and the categorical
product in an arbitrary cartesian category. It is worth to remark that while Set (sets and
functions) and Rel (sets and relations) are both cartesian categories, the categorical product
in Set is indeed the cartesian product, while in Rel it is actually the disjoint union.

▶ Example 2. Another cartesian category that will play an important role is LΣ, the Lawvere
theory [20] generated by a cartesian signature Σ (a set of symbols f equipped with some
arity ar(f) ∈ N). In LΣ, objects are natural numbers and arrows are tuples of terms over a
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10:4 On Doctrines and Cartesian Bicategories

i ≤ n
(V )

xi : (n, 1)
f ∈ Σ ar(f) = m ⟨t1, . . . tm⟩ : (n,m)

(Σ)
f⟨t1, . . . , tm⟩ : (n, 1)

t1 : (n, 1) ⟨t2, . . . , tm⟩ : (n,m− 1)
⟨. . . ⟩

⟨t1, . . . , tm⟩ : (n,m)
⟨⟩

⟨⟩ : (n, 0)

(⊤)
⊤ : (n, 0)

P ∈ P ar(P ) = m ⟨t1, . . . tm⟩ : (n,m)
(P)

P ⟨t1, . . . , tm⟩ : (n, 0)
ϕ : (n+ 1, 0)

(∃)
∃xn+1.ϕ : (n, 0)

⟨t1, t2⟩ : (n, 2)
(=)

t1 = t2 : (n, 0)
ϕ : (n, 0) ψ : (n, 0)

(∧)
ϕ ∧ ψ : (n, 0)

Figure 1 Sort inference rules for LΣ (top line) and for formulas in regular logic (bottom line).

countable set of variables V = {x1, x2, . . . }. More precisely, arrows from n to m are tuples
⟨t1, . . . , tm⟩ of sort (n,m) as defined by the inference rules in the first line of Figure 1. It is
easy to check that ⟨t1, . . . , tm⟩ has sort (n,m) if each term ti has variables in {x1, . . . , xn}.
Composition is defined by (simultaneous) substitution: the composition of ⟨t1, . . . , tm⟩ : (n,m)
with ⟨s1, . . . , sl⟩ : (m, l) is the tuple ⟨u1, . . . , ul⟩ : (n, l) where ui = si[t1...tm/x1...xm

] for all
i = 1, . . . , l. One can readily check that LΣ is a symmetric monoidal category having (N,+, 0)
as the monoid of objects, i.e., it is a prop (product and permutation category, see [19, 24]).
Identities idn and symmetries σn,m are defined as expected; n : n → n+ n is the tuple
⟨x1, . . . , xn, x1, . . . , xn⟩ thus acting as a duplicator of variables; n : n → 0 is the empty
tuple ⟨⟩, acting as a discharger.

▶ Definition 3. A morphism of cartesian categories is a strict monoidal functor preserving
the chosen comonoid structures.

▶ Example 4. Let Σ1 be the cartesian signature consisting of a single symbol f with
arity 1, and Σ2 be the signature with two symbols, g1 and g2, both of arity 1. Consider the
corresponding Lawvere theories LΣ1 and LΣ2 . The assignment f 7→ g1 induces a morphism
of cartesian categories, hereafter denoted by F1 : LΣ1 → LΣ2 . Similarly, let F2 : LΣ1 → LΣ2

denote the morphism of cartesian categories where f is mapped to g2. Finally, there is a
unique morphism of cartesian categories Q : LΣ2 → LΣ1 mapping g1 and g2 to f .

3 Elementary Existential Doctrines

Recall that an inf-semilattice is a partially ordered set with all finite infima, including a top
element ⊤. We denote the category of inf-semilattices and inf-preserving functions by InfSL.

The following definition is taken almost verbatim from [27]. The difference is that there
the base category C only needs binary products, whereas we also require a terminal object.

▶ Definition 5. Let C be a cartesian category. An elementary existential doctrine is given
by a functor P : Cop → InfSL that is:

Elementary, namely for every object A in C there is an element δA ∈ P (A×A) such that
for every map e = idX × ∆A : X ×A → X ×A×A, the function Pe : P (X ×A×A) →
P (X ×A) has a left adjoint ∃e : P (X ×A) → P (X ×A×A) defined by the assignment

∃e(α) = P⟨π1,π2⟩ : X×A×A→X×A(α) ∧ P⟨π2,π3⟩ : X×A×A→A×A(δA). (1)

Existential, namely for every A1, A2 ∈ C and projection πi : A1 ×A2 → Ai with i ∈ {1, 2},
the function Pπi

: P (Ai) → P (A1 ×A2) has a left-adjoint ∃πi
that satisfies
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the Beck-Chevalley condition: for any projection π : X ×A → A and any pullback

X ′ A′

X ×A A

f ′

π′

f

π

it holds that ∃π′(Pf ′(β)) = Pf (∃π(β)) for any β ∈ P (X×A). (2)

Frobenius reciprocity: for any projection π : X ×A → A, α ∈ P (A) and β ∈ P (X), it
holds that ∃π(Pπ(α) ∧ β) = α ∧ ∃π(β).

▶ Remark 6. Taking X in (1) to be the terminal object of C , one obtains that the function
∃∆A

: P (A) → P (A×A) given by

∃∆A
(α) = Pπ1(α) ∧ δA (3)

is left-adjoint to P∆A
: P (A×A) → P (A). This condition, which appears in [27], is therefore

redundant when C has terminal object.

▶ Remark 7. In any cartesian category, the diagram below is a pullback of f : A′ → A with a
projection π : X ×A → A.

X ×A′ A′

X ×A A

π2

idX ×f f

π

Therefore, given a functor P : Cop → InfSL, to check that P satisfies the Beck-Chevalley
condition it suffices to show that (2) holds for X ′ = X ×A′, π′ = π2 and f ′ = idX ×f .

The contravariant powerset P , while often seen as an endofunctor on Set, can also be seen
as a functor P : Setop → InfSL. It is the classical example of an elementary existential doctrine.
Recall that, for f : Y → X in Set, Pf : P(X) → P(Y ) is Pf (Z) = {y ∈ Y | f(y) ∈ Z}.
Given a projection π : X ×A → A, Pπ and its left adjoint ∃π are as follows:

P(A) P(X ×A)

B {(x, b) ∈ X ×A | b ∈ B}

Pπ P(X ×A) P(A)

S {a ∈ A | ∃x ∈ X. (x, a) ∈ S}

∃π

For every set A, δA is fixed to be {(a, a) | a ∈ A} ∈ P(A×A). With this information, it is
easy to check that P : Setop → InfSL satisfies the conditions in Definition 5. The reader can
find the worked out details in [3].

▶ Example 8. Let Σ and P be signatures of function and predicate symbols respectively.
The regular fragment of first order logic consists of formulas built from conjunction ∧, true
⊤, existential quantification ∃, equality t1 = t2 and atoms P ⟨t1, . . . tm⟩ where P ∈ P and ti
are terms over Σ. Formulas are sorted according to the rules in Figure 1: ϕ has sort (n, 0) if
the free variables of ϕ are in {x1, . . . , xn}.

The indexed Lindenbaum-Tarski algebra functor LT : Lop
Σ → InfSL assigns to each n ∈ N

the set of formulas of sort (n, 0) modulo logical equivalence (defined in the usual way).
These form a semilattice with top given by ⊤ and meet by ∧, where ϕ ≤ ψ if and only
if ψ is a logical consequence of ϕ. To the arrow ⟨t1, . . . , tm⟩ : n → m, LT assigns the
substitution mapping each ϕ : (m, 0) to ϕ[t1,...,tm/x1,...,xm ] : (n, 0). In particular, for the
projection π : n + m → n (that is ⟨x1, . . . , xn⟩ : n + m → n) LTπ maps a formula of sort
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10:6 On Doctrines and Cartesian Bicategories

(n, 0) to the same formula but with sort (n + m, 0)1. Its left adjoint ∃π maps a formula
ϕ : (n+m, 0) to the formula ∃xn+1. . . . ∃xn+m. ϕ : (n, 0). The Beck-Chevalley condition asserts
that “substitution commutes with quantification”: if ϕ is a formula with at most n+ 1 free
variables and t is a term that does not contain xn+1, then ∃xn+1. (ϕ[t/xi ]) = (∃xn+1. ϕ)[t/xi ].
Frobenius reciprocity states that ∃xi. (ϕ ∧ ψ) = ϕ ∧ (∃xi. ψ) if xi is not a free variable of ϕ.
For all n ∈ N, δn is the formula (x1 = xn+1) ∧ (x2 = xn+2) ∧ · · · ∧ (xn = xn+n).

▶ Definition 9 (Cf. [27]). The category EED consists of the following data.
Objects are elementary existential doctrines P : Cop → InfSL.
Morphisms from P : Cop → InfSL to R : Dop → InfSL are pairs (F, b), where F : C → D is
a strict cartesian functor while b : P → R ◦ F op is a natural transformation

Cop

InfSL

Dop

P

F op

R

b

that preserves equalities and existential quantifiers, that is bA×A(δP
A) = δR

F (A) for all A in
C and, for any projection π : X ×A → A in C, the following diagram commutes.

P (X ×A) P (A)

RF (X ×A) RF (A)

∃P
π

bX×A bA

∃R
F (π)

(4)

Composition of (F, b) : P → R as above with (G, c) : R → S is given by (GF, cF ◦ b).

▶ Remark 10. In [27], morphisms of elementary existential doctrines P → R are pairs (F, b)
where F : C → D is a functor between the base categories that preserves binary products
merely up to isomorphism, so F (X) F (X × Y ) F (Y )F (π1) F (π2) is a product diagram of F (X)
and F (Y ) in D but it might not coincide with the chosen product of D. For this reason,
preservation of equality for b in [27] means that bA×A(δP

A) = R⟨F (π1),F (π2)⟩(δR
F (A)).

▶ Remark 11. Let P : Dop → InfSL be an elementary existential doctrine and F : C → D
a strict cartesian functor. Then P ◦ F op : Cop → InfSL is again an elementary existential
doctrine, where δP F op

A = δP
F (A) for all A in B and, for very πi : X1 ×X2 → Xi, ∃P F op

πi
= ∃P

F (πi).

4 Cartesian Bicategories

In this section we recall from [9] definitions and properties of cartesian bicategories.

▶ Definition 12. A cartesian bicategory is a symmetric monoidal category (B,⊗, I) enriched
over the category of posets (that is every hom-set is a partial order and both composition and
⊗ are monotonous operations) where every object X ∈ B is equipped with morphisms

X : X → X ⊗X and X : X → I such that

1 The second projection π : n + m → m requires the reindexing of variables. We do not discuss this case
in order to keep the presentation simpler.
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1. X and X form a cocommutative comonoid, as in Definition 1.1

2. X and X have right adjoints X and X respectively, that is

X

≤X X ≤

X

X

X≤X X X ≤

3. The Frobenius law holds, that is

X

X

X

X

X ==

4. Each morphism R : X → Y is a lax comonoid homomorphism, that is

R

Y

X

R

R

≤

Y

Y

X

Y

≤R XYX

5. The choice of comonoid is coherent with the monoidal structure2, as in Definition 1.3.

The archetypal example of a cartesian bicategory is the category of sets and relations Rel,
with cartesian product of sets as monoidal product and 1 = {•} as unit I. To be precise,
Rel has sets as objects and relations R ⊆ X × Y as arrows X → Y . Composition and
monoidal product are defined as expected: R ; S = {(x, z) | ∃y s.t. (x, y) ∈ R and (y, z) ∈ S}
and R ⊗ S = {

(
(x1, x2) , (y1, y2)

)
| (x1, y1) ∈ R and (x2, y2) ∈ S}. For each set X, the

comonoid structure is given by the diagonal function ∆X : X → X × X and the unique
function !X : X → 1, considered as relations, that is X = {

(
x, (x, x)

)
|x ∈ X} and

X = {(x, •) |x ∈ X}. Their right adjoints are given by their opposite relations: X =
{
(
(x, x), x

)
|x ∈ X} and X = {(•, x) |x ∈ X}. Following the analogy with Rel, we will

often call “relations” arbitrary morphisms of a cartesian bicategory.
One of the fundamental properties of cartesian bicategories that follows from the existence

of right adjoints (Property 2 in Definition 12) is that every local poset HomB(X,Y ) allows
to take the intersection of relations and has a top element.

▶ Lemma 13. Let B be a cartesian bicategory and X,Y ∈ B. The poset HomB(X,Y ) has a
top element given by X Y and the meet of relations R,S : X → Y is given by

R

S

The Frobenius law (Property 3) gives a compact closed structure – in other words, it
allows us to bend wires around. The cup of this compact closed structure is , the cap

analogously and the Frobenius law implies the snake equations:

== (5)

To obtain an intuition for the lax comonoid homomorphism condition (Property 4), it is useful
to spell out its meaning in Rel: in the first inequality, the left and the right-hand side are,

2 In the original definition of [9] this property is replaced by requiring the uniqueness of the comonoid/-
monoid. However, as suggested in [29], coherence seems to be the property of primary interest.
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10:8 On Doctrines and Cartesian Bicategories

id0
: 0 → 0

id1
: 1 → 1

σ1,1
: 2 → 2

!1
: 1 → 0

∆1
: 1 → 2

!

1
: 0 → 1

∇1
: 2 → 1

f ∈ Σ ar(f) = n
Σ

fn : n → 1

P ∈ P ar(f) = n
P

P
n : n → 0

cn m : n → m d
m o : m → o

;
cn

d
m o : n → o

cn m : n → m d
o p : o → p

⊗
cn

d

m

o p : n + o → m + p

= = = =

≤ ≤ ≤ ≤

==

f n
f

f

=n =f nn
P

n
P

P

≤n ≤P
nn

Figure 2 Sort inference rules (top) and axioms (bottom) for CBΣ,P.

respectively, the relations {
(
x, (y, y)

)
| (x, y) ∈ R} and {

(
x, (y, z)

)
| (x, y) ∈ R and (x, z) ∈ R},

while in the second inequality, they are the relations {(x, •) | ∃y ∈ Y s.t. (x, y) ∈ R} and
{(x, •) |x ∈ X}. It is immediate to see that the two left-to-right inclusions hold for any
relation R ⊆ X × Y , while the right-to-left inclusions hold for exactly those relations that
are (graphs of) functions: the inclusions specify, respectively, single-valuedness and totality.

▶ Definition 14. A map in a cartesian bicategory is an arrow f that is a comonoid homo-
morphism, i.e. for which the equalities in Definition 1.2 hold. For B a cartesian bicategory,
its category of maps, Map(B), has the same objects of B and as morphisms the maps of B.

▶ Lemma 15. A morphism f is a map if and only if it has a right adjoint – a morphism
R such that fR ≤ and ≤ f R .

As expected, maps in Rel are precisely functions. Thus, Map(Rel) is exactly Set. For maps
it makes sense to imagine a flow of information from left to right. We will therefore draw

f to denote a map f . Note that we use lower-case letters for maps and upper-case for
arbitrary morphisms. Since X and X are maps by Lemma 15 and since, by definition,
every map respects them, we have that Map(B), which inherits the monoidal product from
B, has the structure of a cartesian category (Definition 1).

▶ Lemma 16. For a cartesian bicategory B, the monoidal product ⊗ is a product on Map(B),
and the monoidal unit I is terminal. In other words, (Map(B), ⊗, I) is a cartesian category.

▶ Definition 17. A morphism of cartesian bicategories is a strict monoidal functor that
preserves the ordering, the chosen monoid and the comonoid structures. Cartesian bicategories
and their morphisms form a category CBC.

▶ Proposition 18. Let F : A → B be a morphism of cartesian bicategories. Then restricting
its domain to Map(A) yields a strict cartesian functor F ↾Map(A) : Map(A) → Map(B).

The remaining sections focus on the relationship between cartesian bicategories and
elementary existential doctrines. First, a little taste of the similarity between them.
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Jxi : (n, 1)K =
......

1
i

n
(V ) Jf⟨t1, . . . , tm⟩ : (n, 1)K = J⟨t1, . . . , tm⟩Kn m f (Σ)

J⟨⟩ : (n, 0)K = n (⟨⟩) J⟨t1, . . . , tm⟩ : (n,m)K =
Jt1K

J⟨t2, . . . , tm⟩K
n

m− 1
(⟨. . . ⟩)

J⊤ : (n, 0)K = n (⊤) JP ⟨t1, . . . , tm⟩ : (n, 0)K = J⟨t1, . . . , tm⟩Kn m P (P)

J∃xn+1. ϕ : (n+ 1, 0)K = JϕK
1
n

... (∃) Jt1 = t2 : (n, 0)K = J⟨t1, t2⟩Kn (=)

Jϕ ∧ ψ : (n, 0)K =
JϕK

JψK
n (∧)

Figure 3 Translation J−K from sorted formulas (Figure 1) to string diagrams (Figure 2).

▶ Example 19. In Example 8, we outlined the Lindenbaum-Tarski doctrine for the regular
fragment of first order logic. We now introduce a cartesian bicategory, denoted by CBΣ,P,
that provides a string diagrammatic calculus for this fragment. Like Lawvere theories, CBΣ,P
has (N,+, 0) as monoid of objects. Arrows are (equivalence classes of) string diagrams [33]
generated according to the rules in Figure 2 (top). For all n,m ∈ N, identities n : n → n,
symmetries

n m

nm
: n+m → m+n, duplicators n : n → n+n, dischargers n : n →

0 and their adjoints can be constructed from the basic diagrams in the first row. Observe
that function symbols f with arity n are depicted fn with coarity 1, while predicate
symbols P ∈ P with arity n as Pn with coarity 0.

Figure 2 (bottom) illustrates the axioms for the calculus: in the last row, function
symbols fn : n → 1 are forced to be comonoid homomorphism, while predicate symbols

Pn : n → 0 are just lax; the first three rules impose properties 1, 2 and 3 of Definition 12
on the generating (co)monoid (the laws for arbitrary n follow from these). Let ≤Σ,P be the
precongruence with respect to ; and ⊗ generated by the axioms and =Σ,P the corresponding
equivalence, i.e., ≤Σ,P ∩ ≥Σ,P. Now CBΣ,P[n,m] is exactly the set of =Σ,P-equivalence classes
of diagrams d : n → m ordered by ≤Σ,P. Simple inductions suffice to check that CBΣ,P is
indeed a cartesian bicategory and that, moreover, Map(CBΣ,P) is isomorphic to LΣ.

In Figure 3 we introduce a function J−K that translates sorted formulas ϕ : (n, 0) into string
diagrams of type n → 0. From a general result in [32], it follows that ϕ is a logical consequence
of ψ if and only if JψK ≤Σ,P JϕK. For an example take ψ ≡ ∃x2. P (x2, x1) ∧ f(x1) = x2 : (1, 0)
and ϕ ≡ ∃x2. P (x2, x1) : (1, 0). Then JψK is the leftmost string diagram below, while JϕK is the
rightmost one. The following derivation proves that ∃x2. P (x2, x1) is a logical consequence
of ∃x2. P (x2, x1) ∧ f(x1) = x2.

≤Σ,P
ff

P P P

≤Σ,P P=Σ,P

5 From Cartesian Bicategories to Doctrines

In this section we illustrate how a cartesian bicategory B gives rise to an elementary
existential doctrine. The starting observation is that, using the conclusion of Lemma 13,
the functor HomB(−, I) : Bop → Set sends objects X to Inf-semilattices. However, for an
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10:10 On Doctrines and Cartesian Bicategories

arbitrary morphism R : X → Y , HomB(R, I) : HomB(Y, I) → HomB(X, I) may not be an
inf-preserving function. A sufficient condition is to require R to be a map; indeed, in that
case it is immediate to see that infima, as defined in Lemma 13, are preserved. Thus, by
restricting the domain of the Hom-functor to Map(B)op, one obtains a contravariant functor
from the cartesian category Map(B) (Lemma 16) to InfSL:

R(B) = HomB(−, I) : Map(B)op → InfSL . (6)

▶ Theorem 20. The functor R(B) in (6) is an elementary existential doctrine.

Proof. We need to show that R(B) is elementary and existential.
1. First we prove that R(B) is elementary. We fix δA = A ∈ Hom(A ⊗ A, I). The

string diagram for e = idX ⊗ ∆A : X ⊗A → X ⊗A⊗A is . The function R(B)e maps

A R

A

X

to A R

A

X

. The function ∃e : R(B)(A⊗X) → R(B)(A⊗X ⊗X) defined

in (1) maps every R ∈ Hom(X ⊗A, I) to

∃e(R) = R(B)⟨π1,π2⟩(R) ∧ R(B)⟨π2,π3⟩(δA) =

X
RA

A

A

X
=

X
RA

Now ∃e is left-adjoint to R(B)e because is left-adjoint to .
2. To show that R(B) is existential, let π : X ⊗ A → A be a projection. Then ∃π maps

X
R

A

to
X

R

A

. This is left-adjoint to R(B)π since is left-adjoint to .

For the Beck-Chevalley condition, consider the diagram in Remark 7. We need to show
that ∃π2(R(B)idX ⊗f (β)) = R(B)f (∃π(β)). Translated to diagrams,

f
=

X
β

A
f

X
β

A

which holds trivially.
For Frobenius reciprocity, take a projection π : X ⊗ A → A, α ∈ R(B)(A) and
β ∈ R(B)(X ⊗A). We need that ∃π(R(B)π(α) ∧ β) = α ∧ ∃π(β), which translates to

X
β

A

A α

X

= X
β

A

A α

This holds by naturality of the symmetry and since is the counit of . ◀

By applying R to the cartesian bicategory Rel, one obtains P : Setop → InfSL, in the
sense that P ∼= R(Rel) in EED. The isomorphism is the pair (Γ, b), where Γ: Set → Map(Rel)
is the strict cartesian functor computing the graph of a function and b : P → R(Rel) ◦ Γop is
the natural transformation defined for all sets A and S ∈ P(A) as bA(S) = {(s, •) | s ∈ S}.

▶ Example 21. Consider CBΣ,P of Example 19: then R(CBΣ,P ) is isomorphic to the
doctrine LT : Lop

Σ → InfSL of Example 8. Here is why: the first two rows in Figure 3 define
a cartesian isomorphism FJ·K : LΣ → Map(CBΣ,P). For all n ∈ N, we define bn : LT (n) →
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Hom(FJ·K(n), 0) = Hom(n, 0) as the function mapping ϕ : (n, 0) to JϕK : n → 0. This give
rise to a natural isomorphism b : LT → R(CBΣ,P) ◦ F op

J·K . To show that b preserves equalities
and existential quantifiers (Definition 9) it suffices to note that Jx1 = x2K = and

J∃xn+1. ϕK = JϕK
1
n

... . The pair (FJ·K, b) witnesses the isomorphism of LT and R(CBΣ,P).

▶ Proposition 22. Assigning doctrines to cartesian bicategories as in (6) extends to a
functor R : CBC → EED. For a morphism of cartesian bicategories F : A → B in CBC,
R(F ) = (F ↾Map(A), b

F ) where bF : R(A) → R(B) ◦ (F ↾Map(A))op is defined as

bF
A(U) = F (U) ∈ HomB(F (A), I) for all A ∈ A and U ∈ HomA(A, I). (7)

Proof. Let F : A → B be a morphism in CBC. By Proposition 18, we have that F ↾Map(A) is
a strict cartesian functor. Regarding bF , its naturality is ensured by (in fact, equivalent to)
the functoriality of F , while the preservation of equalities and existential quantifiers of R(A)
follows from the fact that F preserves the structure of cartesian bicategory of A, which is used
to define the structure of elementary existential doctrine of R(A). Therefore R(F ) is indeed
a morphism in EED. Preservation of compositions and identities is straightforward. ◀

6 From Doctrines to Cartesian Bicategories

Given an elementary existential doctrine P : Cop → InfSL, we can form a category AP whose
objects are the same as C and whose morphisms are given by the elements of P (X × Y ),
intuitively seen as relations, as observed in [27]. Inspired by the calculus of ordinary relations
on sets, using the structure of P we can define a notion of composition and tensor product
of these inner relations, and endow each object with a comonoid structure that makes AP

a cartesian bicategory. Here we recall the essential definitions, while the proof of the fact
that AP actually satisfies Definition 12 is rather laborious and therefore omitted here: the
interested reader can find it in all details in [3].

Since HomAP
(X,Y ) = P (X × Y ), we get that AP is poset-enriched. Given that P is

elementary, the obvious candidate for identity on X is δX ∈ HomAP
(X,X). Composition

works as follows: let f ∈ HomAP
(X,Y ) = P (X × Y ) and g ∈ HomAP

(Y,Z) = P (Y × Z).

X × Y × Z

X × Y X × Z Y × Z

πZ πY
πX

Consider the projections above. Then the composite f ; g is defined as

f ; g = ∃πY
(PπZ

(f) ∧ PπX
(g)).

The monoidal structure of AP is very straightforward: on objects, the monoidal product ⊗
is given by the cartesian product in C. On morphisms, for f ∈ HomAP

(A,B) = P (A×B)
and g ∈ HomAP

(C,D) = P (C ×D), consider the projections

A× C ×B ×D

A×B C ×D

⟨π1,π3⟩ ⟨π2,π4⟩

Then let

f ⊗ g = P⟨π1,π3⟩(f) ∧ P⟨π2,π4⟩(g).
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This makes AP a monoidal, poset-enriched category. The rest of the structure of cartesian
bicategory is inherited from C by means of a crucial tool: the graph functor of P , hereafter
denoted by ΓP : C → AP . It is the identity on objects and sends arrows f : X → Y in C to

ΓP (f) = Pf×idY
(δY ) ∈ P (X × Y ) = HomAP

(X,Y ).

▶ Proposition 23. Let P : Cop → InfSL be an elementary, existential doctrine. Then:
ΓP is strict monoidal,
ΓP (f) has a right adjoint, namely PidY ×f (δY ), for every f : X → Y in C. Therefore, by
Lemma 15, it corestricts to a strict cartesian functor ΓP : C → Map(AP ).

Consider for instance the powerset doctrine P : Setop → InfSL: the elements of P(X ×Y )
are precisely the relations from X to Y , while composition and monoidal product in AP
coincide with the usual composition and product of relations, see § 4. In other words,
AP = Rel. The functor ΓP calculates graphs of functions, which are exactly the maps in Rel.

▶ Example 24. Recall the doctrine LT : LΣ → InfSL and the cartesian bicategory CBΣ,P
from Examples 8 and 19. The functor ΓLT : LΣ → Map(ALT ) is inductively defined as
the unique cartesian functor mapping each f ∈ Σ with arity ar(f) = n to the formula
f(x1, . . . , xn) = xn+1 : (n+ 1, 0).

Now, since C is a cartesian category, every object is canonically equipped with a natural
and coherent comonoid structure. We can use the strict monoidal functor ΓP : C → AP to
transport this comonoid to AP , and by Proposition 23 we have that copying and discarding
in AP both have right adjoints. Finally, one can prove that every morphism in AP is a
lax-comonoid homomorphism and that the Frobenius law holds.

▶ Theorem 25. Let P : Cop → InfSL be an elementary existential doctrine. Then AP is a
cartesian bicategory. Moreover, the assignment P 7→ AP extends to a functor L : EED → CBC
as follows: for P as above, R : Dop → InfSL and (F, b) : P → R in EED,

AP AR

X FX

Y FY

L(F,b)

P (X×Y )∋r bX×Y (r)∈R(F (X)×F (Y ))

7 An Adjunction

We saw in Sections 5 and 6 that using L and R one can pass, in a functorial way, between
the worlds of cartesian bicategories and elementary existential doctrines. Here we show that,
in fact, they define an adjunction L ⊣ R. For this we need natural transformations

η : idEED → RL, ε : LR → idCBC

that make the following triangles commute for every P : Cop → InfSL in EED and B in CBC.

L(P ) LRL(P )

L(P )

L(ηP )

idL(P )
εL(P )

R(B) RLR(B)

R(B)

ηR(B)

idR(B)
R(εB) (8)
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Let us start with ε. Recall that R(B) = HomB(−, I) : Map(B)op → InfSL and that,
for f : X → Y in Map(B) and U ∈ HomB(Y, I), R(B)f (U) is equal to U ◦ f : X → I. By
definition then, LR(B) = AR(B) has the same objects of B while a morphism X → Y in
LR(B) is an element of HomB(X ⊗ Y, I). Hence, εB has to take a R

X

Y in B and produce a
morphism εB(R) : X → Y in B. We can do so by “bending” the Y string, defining:

εB

(
R

X

Y

)
= Y

R
X

(9)

In fact, by the snake equation in (5), εB has an inverse: define, for S : X → Y in B,

ε−1
B

(
S

X Y
)

=
S

X

Y

Y

and it is immediate to see that ε−1
B εB(R) = R and εBε

−1
B (S) = S.

▶ Example 26. Recall from Example 21 that R(CBΣ,P ) ∼= LT . Applying L to both, one
gets LR(CBΣ,P ) ∼= L(LT ) = ALT , hence using ε we have that CBΣ,P

∼= ALT . In particular,
given a formula ϕ : (n+m, 0), one obtains a morphism n → m in CBΣ,P by first translating ϕ
to the string diagram JϕK : n+m → 0 (which is a morphism in LR(CBΣ,P ) of type n → m),
and then bending the last m inputs using ε as illustrated in (9).

▶ Remark 27. ε−1
B coincides with ΓR(B) on Map(B), since ε−1

B (f) = δ
R(B)
Y ◦(f⊗idY ) = ΓR(B)(f)

when f : X → Y is a map. In other words, ε−1
B is an extension of ΓP to the whole of B.

Regarding η, we have L(P ) = AP , whose objects are the objects of C, and hom-sets are
AP (X,Y ) = P (X × Y ). This means that

RL(P ) = HomAP
(−, I) = P (− × I) : Map(AP )op → InfSL .

To give a morphism ηP : P → RL(P ) in EED means therefore to give a functor F : C →
Map(AP ) and a natural transformation b : P → P (F (−) × I) satisfying certain conditions.
We have a natural candidate for F : Proposition 23 tells us that ΓP is a functor whose
image, in fact, is included in Map(AP ) and, moreover, it is cartesian. Being the identity
on objects, the natural transformation part of the definition of ηP must have components
bX : P (X) → P (X × I): it is clear then that the natural transformation

Pρ =
(
PρX

: P (X) → P (X × I)
)

X∈C,

obtained by whiskering P with the right unitor ρX : X × I → X of C, is a sensible choice for
b. In short, we define

η =
(
(ΓP , Pρ) : P → RL(P )

)
P ∈EED. (10)

The interested reader can find a proof of the fact that η and ε are well-defined natural
transformations that satisfy the triangular equalities (8) in [3].

▶ Theorem 28. The functors L and R form an adjunction

EED CBC

L

⊥

R

(11)

whose unit is η (10) and whose counit, which is a natural isomorphism, is ε (9).
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Since the counit ε of the adjunction L ⊣ R is actually a natural isomorphism, the functor
R : CBC → EED is full and faithful. It turns out, however, that the adjunction L ⊣ R is not
an equivalence, because L is not faithful. The following example shows why.

▶ Example 29. Let Σ1 and Σ2 be the signatures in Example 4 and P be some signature of
predicate symbols. Let LT1 : Lop

Σ1
→ InfSL be the indexed Lindenbaum-Tarski algebras for Σ1

defined as in Example 8. Recall from Example 4 the strict cartesian functor Q : LΣ2 → LΣ1 ,
mapping g1, g2 ∈ Σ2 to f ∈ Σ1, and observe that

LT ′
1 = LT1 ◦Qop : Lop

Σ2
→ InfSL

is an elementary, existential doctrine by Remark 11. Its behaviour is somewhat peculiar:
it maps n ∈ N to the set of formulas ϕ : (n, 0) built from Σ1 and P and to any tuple
of terms ⟨t1, . . . , tm⟩ : n → m in Σ2 assigns the function mapping a formula ϕ : (m, 0) to
ϕ[Q(t1),...,Q(tm)/x1,...,xm

]. Observe that each Q(ti) is again a term in Σ1: the symbols g1 and
g2 are both translated to f . Somehow LT ′

1 behaves like LT1 but they are different doctrines
since their index categories, LΣ2 and LΣ1 , are not isomorphic. However, when transforming
them into cartesian bicategories via L, one obtains that L(LT ′

1) = L(LT1): objects are
natural numbers and morphisms n → m are the elements of the set

LT ′
1(n+m) = LT1(Q(n+m)) = LT1(Q(n) +Q(m)) = LT1(n+m).

To formally show that L is not faithful we now define two morphisms in EED, both from
LT1 to LT ′

1, and show that their image along L is the same. Consider the strict cartesian
functors F1, F2 : LΣ1 → LΣ2 from Example 4 and observe that QFi = idLΣ1

for i = 1, 2. We
are in the following situation:

Lop
Σ1

InfSL

Lop
Σ2

LT1

F op
2F op

1

id

Qop

LT ′
1

which means that LT ′
1 ◦ F op

i = LT1 ◦Qop ◦ F op
i = LT1,

thus (F1, idLT1) and (F2, idLT1) are distinct morphisms in EED from LT1 to LT ′
1. Since

L(LT1) = L(LT ′
1), it follows from the definition of L that L(F1, id) = idALT

= L(F2, id).

8 An Equivalence

In the previous section we identified a doctrine with peculiar behaviour, and used it to show
that (11) is not an equivalence. Here we characterise the additional constraints on doctrines
that are needed for an equivalence.

To make the adjunction (11) an equivalence, we need its unit η : idEED → RL to be a
natural isomorphism. This would mean that

ηP = (ΓP , Pρ) : P → RL(P )

ought to be invertible in EED for any elementary existential doctrine P : Cop → InfSL. Since

RL(P ) = HomAP
(−, I) : Map(AP )op → InfSL,

by definition ηP has an inverse in EED if and only if the functor ΓP : C → Map(AP ) is an
isomorphism of cartesian categories, in which case (Γ−1

P , Pρ−1) would be the inverse of ηP .
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But ΓP is the identity on objects: to be an isomorphism, full and faithful suffices. That
is, the maps of AP must bijectively correspond with the arrows of the base category C of P .
This is not necessarily the case, as arrows of C are not involved in the construction of AP .

The technical tools that allow us to bridge the gap between morphisms in C and maps
in AP are provided by [25]: the next two definitions are equivalent to faithfulness and,
respectively, fullness of ΓP .

▶ Definition 30. Let P : Cop → InfSL be an elementary existential doctrine and α ∈ P (A).
A comprehension of α is an arrow {|α|} : X → A in C such that ⊤P X ≤ P{|α|}(α) and such
that for every h : Z → A for which ⊤P Z ≤ Ph(α), there is a unique arrow h′ : Z → X such
that h = {|α|} ◦ h′. P has comprehensive diagonals if every diagonal arrow ∆A : A → A×A

is the comprehension of δP
A .

▶ Example 31. The doctrine LT ′
1 : Lop

Σ2
→ InfSL from Example 29 does not have comprehens-

ive diagonal. Indeed ∆1 is not the comprehension of δ1: take as h the arrow ⟨g1, g2⟩ : 1 → 2 and
observe that LT ′

1⟨g1,g2⟩(δ1) =
(
f(x1) = f(x1)

)
: (1, 0) and ⊤ : (1, 0) ≤

(
f(x1) = f(x1)

)
: (1, 0).

Yet there exists no h′ : 1 → 1 in LΣ2 such that ⟨g1, g2⟩ = ∆1 ◦ h′.

▶ Definition 32. Let P : Cop → InfSL be an elementary, existential doctrine. We say that P
satisfies the Rule of Unique Choice (RUC) if for every R ∈ P (X × Y ) which is a map in AP

there exists an arrow f : X → Y such that ⊤P X ≤ P⟨idX ,f⟩(R).

▶ Example 33. All the doctrines considered so far satisfy RUC. For an example of a doctrine
that does not satisfy it consider the composition of F op

1 : Lop
Σ1

→ Lop
Σ2

(Example 4) and
LT2 : Lop

Σ2
→ InfSL (Example 8) that, by Remark 11, is an elementary existential doctrine.

This doctrine maps n to the set of formulas ϕ : (n, 0) where terms are built from g1 and g2,
but the index category LΣ1 contains terms built from f that is translated to g1 by F1. Now,
the formula ϕ ≡

(
g2(x1) = x2

)
: (2, 0) belongs to LT2 ◦ F op

1 (1 + 1) and gives rise to a map in
ALT2◦F op

1
, but there is no arrow t : 1 → 1 in LΣ1 such that ⊤ ≤ LT2⟨id,F1(t)⟩(ϕ).

We denote by EED the full sub-category of EED consisting only of those elementary exist-
ential doctrines with comprehensive diagonals and satisfying the Rule of Unique Choice.
Conveniently, it turns out that the image of R is already contained in EED.

▶ Proposition 34. Let B be a cartesian bicategory. Then R(B) is in EED.

Proof. It is enough to show that ΓR(B) : Map(B) → Map(AR(B)) = Map(LR(B)) is full
and faithful. As noticed in Remark 27, ΓR(B) = ε−1

B ↾Map(B). Since ε−1
B is an isomorphism

in CBC, it is faithful, therefore its restriction ΓR(B) is as well. Moreover, ε−1
B is full: if

R : X → Y in LR(B) is a map, then there exists f : X → Y in B such that ε−1
B (f) = R. In

fact, f = εB(R) and since εB is a morphism in CBC, by Proposition 18 we have that f is a
map in B. Therefore, ΓR(B) is full. ◀

▶ Theorem 35. The categories EED and CBC are equivalent via adjunction (11) where L
and R are respectively restricted and corestricted to EED.

9 Conclusion

We gave an exhaustive analysis of the relationship between two different categorifications of
regular logic: the universal approach of elementary existential doctrines, and the algebraic
approach of cartesian bicategories. We showed that cartesian bicategories give rise to
elementary existential doctrines and, expanding a remark in [27], that also the other direction
is possible. We proved that this correspondence is functorial, in the sense that we have a pair
of functors L : EED → CBC and R : CBC → EED which are moreover adjoint (Theorem 28).
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This adjunction can be strengthened to an equivalence provided that we refine the notion
of doctrine, excluding some problematic examples (e.g. Example 29). These cases lay outside
the image of R and thus this restriction does not affect cartesian bicategories (Theorem 35).

We hope that understanding the relationship between CBC and EED may provide some
hints on the nature of the additional algebraic structure needed for cartesian bicategories
to capture full first order logic, which one can do on the EED, universal side by considering
Lawvere’s original hyperdoctrines. It is probable that the end result will be closely related
to Peirce’s existential graphs [31], a 19th century proto-string-diagrammatic logical syntax.
This direction has already started to be explored, from diverse perspectives, in [7, 8, 18].
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theory of convex semilattices presents the monad of convex sets of probability distributions.
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1 Introduction

Models of computations exhibiting both nondeterministic and probabilistic behaviour are
abundantly used in computed assisted verification [1, 12, 19, 5, 35, 11, 27], Artificial Intelli-
gence [4, 17, 26], and studied from semantics perspective [14, 29, 13]. Indeed, probability
is needed to quantitatively model uncertainty and belief, whereas nondeterminism enables
modelling of incomplete information, unknown environment, implementation freedom, or
concurrency.

Since several decades, computer scientists have found it convenient to exploit algebraic
methods to analyse computing systems. From an algebraic perspective, the interplay of
nondeterminism and probability has been posing some remarkable challenges [34, 18, 20, 16,
33, 24, 9, 31, 23]. Nevertheless, several fundamental algebraic structures have been identified
and studied in depth.

In this paper we focus on one such structure, namely convex sets of probability distributions.
These sets give rise to a monad that is well known in the literature and has found applications
in several works [24, 9, 31, 33, 34, 16, 10, 22]. In recent work [3], we proved that this monad
is presented by the algebraic theory of convex semilattices. In this paper, we provide an
alternative proof based on a simple property: We show that every (finitely generated) convex
set of distributions has a unique base.

© Filippo Bonchi, Ana Sokolova, and Valeria Vignudelli;
licensed under Creative Commons License CC-BY 4.0

9th Conference on Algebra and Coalgebra in Computer Science (CALCO 2021).
Editors: Fabio Gadducci and Alexandra Silva; Article No. 11; pp. 11:1–11:18

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://doi.org/10.4230/LIPIcs.CALCO.2021.11
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


11:2 Presenting Convex Sets of Distributions by Unique Bases

This alternative proof technique is based on a categorical machinery together with a more
syntax-based approach, which has already proven useful in extensions of the presentation
results to the setting of metric spaces and quantitative equational theories [22, 21].

Synopsis. In Section 2, we show the unique base theorem. Our alternative proof of the
presentation of the monad is based on exhibiting a monad map which is an isomorphism.
We recall the relevant categorical notions in Section 3, and introduce a general recipe for
building a monad map. In Section 4 we illustrate the monad of interest as well as the theory
of convex semilattices, and in Section 5 we apply the recipe from Section 3 to build a monad
map relating the monad and the theory. In Section 6 we prove that this monad map is an
isomorphism, by relying on the unique base theorem to derive a normal-form argument.

2 A unique base theorem for convex sets of probability distributions

Given a set X, a probability distribution is a function d : X → [0, 1] such that
∑

x∈X d(x) = 1.
A probability distribution d is finitely supported if d(x) ̸= 0 for finitely many x. We
call D(X) the set of finitely suported probability distributions over X. A probability
distribution d ∈ D(X) is a convex combination of the distributions d1, . . . dn ∈ D(X) if there
exist α1, . . . , αn ∈ [0, 1] such that

∑
i αi = 1 and for all x, d(x) =

∑
i αidi(x). Hereafter

we will just write the latter condition as d =
∑

i αidi. The convex closure of a subset
S ⊆ D(X), written conv(S), is the set of all the convex combinations of the distributions
in S. A subset S ⊆ D(X) is convex if S = conv(S). A convex set is finitely generated
if there exist d1, . . . , dn ∈ D(X) such that S = conv({d1, . . . , dn}). We let C(X) denote
the set of non-empty, finitely-generated convex sets of distributions over X. A base for
S ∈ C(X) is a set {d1, . . . , dn} such that S = conv({d1, . . . , dn}) and for all i ∈ 1 . . . n,
di /∈ conv({dj | j ̸= i, 1 ≤ j ≤ n}).

▶ Theorem 1. For every S ∈ C(X), there exists a unique base.

We show here a direct proof (Proof I) and an alternative proof using functional analysis
tools and the strong theorem of Krein-Milman [25] (Proof II).

Proof I. Existence of the base comes from the property that S is finitely generated. In the
rest of this section we prove uniqueness; namely if {d1, . . . , dn} and {d′

1, . . . , d′
m} are two

bases for some S ∈ D(X), then {d1, . . . , dn} = {d′
1, . . . , d′

m}.
Let {d1, . . . , dn} and {d′

1, . . . , d′
m} be two bases for S ∈ D(X). Then for all i ∈ 1 . . . n

it holds di ∈ conv({d′
1, . . . , d′

m}) and for all j ∈ 1 . . . m it holds d′
j ∈ conv({d1, . . . , dn}). By

unfolding the definition of conv, this means that for all i there exist αi,j such that
∑

j αi,j = 1
and for all j there exist α′

j,i such that
∑

i α′
j,i = 1 and such that

di =
∑

j∈{1...m}

αi,jd′
j and d′

j =
∑

i∈{1...n}

α′
j,idi. (1)

Hence, for all i it holds

di =
∑

j∈{1...m}

αi,j

 ∑
k∈{1...n}

α′
j,kdk

 =
∑

k∈{1...n}

 ∑
j∈{1...m}

αi,jα′
j,k

 dk
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where the fist equality follows by replacing the d′
j in the left equation in (1) with the one in

the right equation in (1). So we have

di =

 ∑
j∈{1...m}

αi,jα′
j,i

 di +
∑

k∈{1...n}\{i}

 ∑
j∈{1...m}

αi,jα′
j,k

 dk (2)

We now prove by contradiction that∑
j∈{1...m}

αi,jα′
j,i = 1 for all i ∈ {1 . . . n} (3)

Let i ∈ {1 . . . n} and let βi =
∑

j∈{1...m} αi,jα′
j,i. If βi ̸= 1, then by (2) we have

di = βidi + (1 − βi)
∑

k∈{1...n}\{i}

(∑
j∈{1...m} αi,jα′

j,k

1 − βi

)
dk

and from this we derive

di =
∑

k∈{1...n}\{i}

(∑
j∈{1...m} αi,jα′

j,k

1 − βi

)
dk

This means that di is expressible as a convex combination of {d1 . . . , dn}\{di}, which
contradicts the hypothesis that {d1 . . . , dn} is a base. Hence, βi = 1, which proves (3).

From (3) and (2) we derive that for all k ∈ {1 . . . n} \ {i},
∑

j∈{1...m} αi,jα′
j,k = 0. Since

all the summands are non-negative, this entails that

αi,jα′
j,k = 0 for all i ∈ {1 . . . n}, k ∈ {1 . . . n} \ {i} and j ∈ {1 . . . m}. (4)

By reasoning in the same way, we obtain the following

α′
j,iαi,l = 0 for all j ∈ {1 . . . m}, l ∈ {1 . . . m} \ {j} and i ∈ {1 . . . n}. (5)

We now prove that for all i there exists one j such that αi,j = 1. As
∑

j αi,j = 1, there
is at least one j such that αi,j > 0. By this and (4) one has that for all k ∈ {1 . . . n} \ {i},
α′

j,k = 0. Since
∑

k∈{1...n} α′
j,k = 1, we have that α′

j,i = 1. Hence we derive by (5) that
αi,l = 0 for all l ∈ {1 . . . m} \ {j}. Since

∑
l∈{1...m} αi,l = 1, we have αi,j = 1.

Using this fact, we conclude by the left equation in (1) that for every i there exists one
j such that di = d′

j . Hence, we have {d1, . . . , dn} ⊆ {d′
1, . . . , d′

m}. The opposite inclusion
follows symmetrically. ◀

Proof II. Let S ∈ C(X). Note that then S is a subset of D(X) ⊆ RX and hence a subset
of a locally convex topological vector space (RX with the product topology). Consider the
family B = {B ⊆ S | S = conv(B)}. It is obvious that B is minimal in B if and only if no
element d ∈ B satisfies d ∈ conv(B \ {d}). We now show that B contains a smallest element.

First, note that for all B ∈ B, Ext(S) ⊆ B, with Ext(S) being the set of extreme
points of S. Indeed, let d ∈ Ext(S). Then d ∈ S and can be written as d =

∑
di∈B pidi =

pi · di + (1 − pi) · e for some pi ̸= 0 and e ∈ S, and hence by extremality of d we have
d = di = e yielding d ∈ B.

Next, we show that S = conv(Ext(S)), which means that Ext(S) ∈ B and hence together
with Ext(S) ⊆ B shows that Ext(S) is the smallest element of B. This smallest element
Ext(S) is the unique base of S. Pick a finite B0 = {d1, . . . , dn} ∈ B. Then S = Φ(∆n) for

∆n = {(x1, . . . , xn) ∈ Rn | xi ∈ [0, 1],
∑

i

xi = 1}
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11:4 Presenting Convex Sets of Distributions by Unique Bases

and Φ: Rn → RX given by Φ(x1, . . . , xn) =
∑

i xidi. Note that ∆n is compact, by Heine-
Borel, as it is a closed and bounded subset of Rn, and Φ is continuous, since we are in a
topological vector space and hence algebraic operations are continuous. As a consequence, S

is compact as a continuous image of a compact set. Now, Krein-Milman applies, yielding
that S = conv(Ext(S)) with conv denoting the closed convex hull and hence

S = conv(Ext(S)) = conv(Ext(S))

since by the same argument as above conv(Ext(S)) is compact and hence closed. ◀

Instead of the Krein-Milman theorem, one could use in this proof its predecessor from
classical convex analysis in Rn, e.g. [32, Theorem 18.5]. The reason is that since we deal
with finitely generated convex subsets of finitely supported distributions, such subsets are
actually elements of C(X) for a finite set X.

3 Monads and presentations

Theorem 1 states the existence of a unique base for every finitely generated convex set
of probability distributions. In the remainder of this paper, we exploit this result to
illustrate an alternative proof of Theorem 4 in [3] that provides a presentation of the monad
C [24, 9, 31, 33, 34, 16]. In Section 4, we recall the monad as well as its presentation given
in [3]. In this section, we recall some basic facts about monads and presentations.

A monad on Sets is a functor M : Sets → Sets together with two natural transformations:
a unit η : Id ⇒ M and multiplication µ : M2 ⇒ M that satisfy the laws µ ◦ ηM = µ ◦
Mη = id and µ ◦ Mµ = µ ◦ µM.

A monad map from a monad M to a monad M̂ is a natural transformation σ : M ⇒ M̂
that makes the following diagrams commute, with η, µ and η̂, µ̂ denoting the unit and
multiplication of M and M̂, respectively, and σσ = σ ◦ Mσ = M̂σ ◦ σM.

X

η̂ %%

η // MX

σ��

MMX
µ

��

σσ // M̂M̂X

µ̂��
M̂X MX

σ
// M̂X

If σ : MX → M̂X is an iso, the two monads are isomorphic.

An important example of monad is provided by the free monad of terms. Given a
signature Σ, namely a set of operation symbols equipped with an arity, the free monad
TΣ : Sets → Sets of terms over Σ maps a set X to the set of all Σ-terms with variables in
X, and f : X → Y to the function that maps a term over X to a term over Y obtained by
substitution according to f . The unit maps a variable in X to itself, and the multiplication
is term composition.

Given a set of axioms E over Σ-terms, one can define the smallest congruence generated
by the axioms, denoted by =E . Hereafter we write [t]E for the =E-equivalence class of
the Σ-term t and TΣ,E(X) for the set of E-equivalence classes of Σ-terms with variables
in X. The assignment X 7→ TΣ,E(X) gives rise to a functor TΣ,E : Sets → Sets where
the behaviour on functions is defined as for TΣ. Such functor carries the structure of a
monad: the unit ηE : Id ⇒ TΣ,E and the multiplication µE : TΣ,ETΣ,E ⇒ TΣ,E are defined
as ηE(x) = [x]E and µE [t{[ti]E/xi}]E = [t{ti/xi}]E .

An algebraic theory is a pair (Σ, E) of signature Σ and a set of equations E. We say that
(Σ, E) provides a presentation for a monad M if TΣ,E is isomorphic to M.

We next introduce several monads on Sets together with their presentations.
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Nondeterminism. The non-empty finite powerset monad Pne maps a set X to the set of
non-empty finite subsets PneX = {U | U ⊆ X, U is finite and non-empty} and a function
f : X → Y to Pnef : PneX → PneY , Pnef(U) = {f(u) | u ∈ U}. The unit η of Pne is given
by singleton, i.e., η(x) = {x}, and the multiplication µ is given by union, i.e., µ(S) =

⋃
U∈S U

for S ∈ PnePneX.
Let ΣN be the signature consisting of a binary operation ⊕. Let EN be the following set

of axioms, the axioms of semilattice:

(x ⊕ y) ⊕ z
(A)= x ⊕ (y ⊕ z) x ⊕ y

(C)= y ⊕ x x ⊕ x
(I)= x

It is easy to show that the algebraic theory (ΣN , EN ) provides a presentation for the monad
Pne, in the sense that there exists an isomorphism of monads ιN : TΣN ,EN

⇒ Pne.

Probability. The finitely supported probability distribution monad D is defined, for a set X

and a function f : X → Y , as DX = {φ : X → [0, 1] |
∑

x∈X φ(x) = 1, supp(φ) is finite} and
Df(φ)(y) =

∑
x∈f−1(y)

φ(x). The unit of D is given by a Dirac distribution η(x) = δx = (x 7→ 1)

for x ∈ X and the multiplication by µ(Φ)(x) =
∑

φ∈supp(Φ) Φ(φ) · φ(x) for Φ ∈ DDX. We
sometimes write

∑
i∈I pixi for a distribution φ with supp(φ) = {xi | i ∈ I} and φ(xi) = pi.

Let ΣP be the signature consisting of a binary operation +p for all p ∈ (0, 1). Let EP be
the following set of axioms, the axioms of a barycentric algebra, also called convex algebra:1

(x +q y) +p z
(Ap)
= x +pq (y + p(1−q)

1−pq

z) x +p y
(Cp)
= y +1−p x x +p x

(Ip)
= x

The algebraic theory (ΣP , EP ) provides a presentation for the monad D [30, 28, 7, 8, 15], in
the sense that there exists an isomorphism of monads ιP : TΣP ,EP

⇒ D.

3.1 A well known recipe for constructing monad morphisms
To prove that an algebraic theory (Σ, E) presents a monad M, one has to provide ι : TΣ,E ⇒
M that (a) is a monad map and (b) is an isomorphism. While the proof of (b) often requires
some specific normal form arguments, the proof of (a) can be significantly simplified by using
some standard categorical machinery.

In this section, we illustrate a well known recipe which allows for constructing a monad
map ι : TΣ,E ⇒ M in a principled way. We begin by recalling Eilenberg-Moore algebras.

To each monad M, one associates the Eilenberg-Moore category EM(M) of M-algebras.
Objects of EM(M) are pairs A = (A, a) of a set A ∈ Sets and a map a : MA → A, making
the first two diagrams below commute.

A
η // MA

a��

M2A
µ ��

Ma// MA
a��

MA
a ��

Mh// MB

b��
A MA

a
// A A

h
// B

A homomorphism from an algebra A = (A, a) to an algebra B = (B, b) is a map h : A → B

between the underlying sets making the third diagram above commute.

1 There is another equivalent presentation for convex algebras with a signature involving arbitrary convex
combinations and two axioms, projection and barycenter. In this paper we will mainly use the binary
convex operations.
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11:6 Presenting Convex Sets of Distributions by Unique Bases

It is well known that, when M is the monad TΣ,E for some algebraic theory (Σ, E),
EM(M) is isomorphic to the category Alg(Σ, E) of (Σ, E)-algebras and their morphisms. A
Σ-algebra (X, ΣX) consist of a set X together with a set ΣX of operations ôX : Xn → X,
one for each operation symbol o ∈ Σ of arity n. A (Σ, E)-algebra is a Σ-algebra where all the
equations in E hold. A homomorphism h from a (Σ, E)-algebra (X, ΣX) to a (Σ, E)-algebra
(Y, ΣY ) is a function h : X → Y that commutes with the operations, i.e., h ◦ ôX = ôY ◦ hn

for all n-ary o ∈ Σ.
For instance, (ΣN , EN )-algebras are semilattices, namely a set X equipped with a binary

operation ⊕̂X that is associative, commutative and idempotent. A semilattice homomorphism
is a function h : X → Y such that h(x1⊕̂Xx2) = h(x1)⊕̂Y h(x2) for all x1, x2 ∈ X.

Now we can display an abstract recipe for constructing a monad map ι : TΣ,E ⇒ M,
which consists of three steps:
(A) For each set X, provide MX with the structure of a (Σ, E)-algebra, namely functions

ôX : (MX)n → MX for each o ∈ Σ, that satisfy the equations in E;
(B) Prove that for each function f : X → Y , Mf is a (Σ, E)-algebra homomorphism;
(C) Prove that for each set X, µM

X : MMX → MX is a (Σ, E)-algebra homomorphism.

By the correspondence of (Σ, E)-algebras and Eilenberg-Moore algebras for TΣ,E and
(A), we obtain a TΣ,E-algebra α♯

X : TΣ,EMX → MX for each set X. These α♯
X give rise

to a natural transformation α♯ : TΣ,EM ⇒ M by (B) and the correspondence of (Σ, E)-
homomorphisms and TΣ,E-homomorphisms. The monad morphism ι : TΣ,E ⇒ M is then
obtained by (C) and the following theorem2.

▶ Theorem 2. Let (M, ηM, µM) and (M̂, ηM̂, µM̂) be two monads. Let α♯ : MM̂ ⇒ M̂
be a natural transformation such that α♯

X : MM̂X → M̂X is an Eilenberg-Moore algebra
for M and that µM̂

X : M̂M̂X → M̂X is an M-algebra morphism from (M̂M̂X, α♯

M̂X
) to

(M̂X, α♯
X). Then the following is a monad map:

ι := M
MηM̂

+3 MM̂ α♯
+3 M̂ .

Proof. In order to prove that ι is a monad map, we need to prove that the following two
diagrams commute.

X

ηM̂
X %%

ηM
X // MX

ιX

��
M̂X

MMX

µM
X

��

MιX // MM̂X
ιM̂X // M̂M̂X

µM̂
X��

MX
ιX

// M̂X

(6)

For the diagram on the left, it is enough to recall that ι = α♯ ◦ MηM̂ and observe that
the following diagram commutes: the top square commutes by naturality of ηM and the

2 This theorem is known, but it is not easy to find an original reference for it. We thank Jurriaan Rot for
recalling the theorem and the proof with us.
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bottom triangle commutes since α♯
X is an Eilenberg Moore algebra for M.

X
ηM

X //

ηM̂
X ��

MX

MηM̂
X��

M̂X

idX ''

ηM
M̂X // MM̂X

α♯
X��

M̂X

In order to prove the commutation of the diagram on the right in (6), by ι = α♯ ◦ MηM̂

it is enough to prove that the following commutes:

MMX

µM
X

��

MMηM̂
X // MMM̂X

Mα♯
X //

µM
M̂X ��

MM̂X

α♯
X��

ιM̂X // M̂M̂X

µM̂
Xww

MX
MηM̂

X

// MM̂X
α♯

X

// M̂X

The left square commutes by naturality of µM. The central square commutes since α♯
X is an

Eilenberg-Moore algebra for M. It remains to prove that the right triangle commutes.
First, observe that the diagram below commutes: the left triangle commutes by definition

of ι, and the right square commutes by the assumption that µM̂
X is an M-algebra morphism.

MM̂X
MηM̂

M̂X //

ιM̂X ((

MM̂M̂X

α♯

M̂X��

MµM̂
X // MM̂X

α♯
X��

M̂M̂X
µM̂

X

// M̂X

This completes the proof as MµM̂
X ◦ MηM̂

M̂X
= M(µM̂

X ◦ ηM̂
M̂X

) = M(idM̂X) = idMM̂X . ◀

The function ιX : TΣ,EX → MX obtained by the above recipe can be inductively defined
for all x ∈ X, t1, . . . , tn ∈ TΣX and n-ary operations o in Σ as follows.

ιX([x]E) = ηM
X (x) ιX([o(t1, . . . , tn)]E) = ôX(ιX [t1]E , . . . , ιX [tn]E). (7)

The fact that the functions ôX form a (Σ, E)-algebra ensures that ι is a well defined function,
namely if t =E t′, then ι([t]E) = ι([t′]E).

We conclude this section by shortly illustrating how to apply the above recipe to the
monad for nondeterminism and the one for probability discussed above. To construct a monad
map ιN : TΣN ,EN

⇒ Pne, we define for all sets X the binary function ⊕̂ : Pne(X)×Pne(X) →
Pne(X) as the union ∪. This is associative, commutative and idempotent, so the axioms in
EN are satisfied, or in other words, this forms a semilattice. This corresponds to point (A)
of the recipe. It is not difficult to check (B) and (C). The resulting monad map is defined for
all sets X as

ιN
X([x]EN

) = {x} ιN
X([t1 ⊕ t2]EN

) = ιN
X([t1]EN

) ∪ ιN
X([t2]EN

).
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11:8 Presenting Convex Sets of Distributions by Unique Bases

To construct the monad map ιP : TΣP ,EP
⇒ D, we define for all p ∈ (0, 1) and all sets X the

binary function +̂p : D(X) × D(X) → D(X) as d1+̂pd2 = p d1 + (1 − p)d2. One can check
that the three axioms in EP are satisfied (distributions form a convex algebra), and that
points (B) and (C) of the recipe hold. The resulting monad map is defined for all sets X as

ιP
X([x]EP

) = δx ιP
X([t1 +p t2]EP

) = p ιP
X([t1]EP

) + (1 − p)ιP
X([t2]EP

). (8)

4 The monad for nondeterminism and probability

In this section, we recall the monad for nondeterminism and probability, its presentation,
and we illustrate some interesting properties.

The monad C : Sets → Sets maps a set X into CX, namely the set of non-empty,
finitely-generated convex subsets of distributions on X (as defined in Section 2). For a
function f : X → Y , Cf : CX → CY is given by Cf(S) = {Df(d) | d ∈ S}. The unit of
C is η : X → CX given by η(x) = {δx}. The multiplication µ : CCX → CX of C can be
expressed in concrete terms as follows [16]. Given S ∈ CCX,

µ(S) =
⋃

Φ∈S

{ ∑
U∈supp Φ

Φ(U) · d | d ∈ U
}

.

Let Σ be the signature ΣN ∪ ΣP . Let E be the sets of axioms consisting of EN , Ep and
the following distributivity axiom:

(x ⊕ y) +p z
(D)= (x +p z) ⊕ (y +p z)

This theory (Σ, E) is the algebraic theory of convex semilattices, introduced in [3].

▶ Theorem 3. (Σ, E) is a presentation of the monad C.

The above theorem has been proved in [3]. In the remainder of this paper, we will provide
an alternative proof of this fact by exploiting the unique base theorem (Theorem 1).

We begin by observing that the assignment S 7→ conv(S) gives rise to a natural trans-
formation conv: PneD ⇒ C [20, 2]. Theorem 1 provides a way of going backward, from C

to PneD: we call UBX : CX → PneDX the function assigning to each convex subset S its
unique base. However such UBX does not give rise to a natural transformation, in the sense
that the diagram on the left in (9) only commutes laxly for arbitrary functions f : X → Y .

CX

⊇UBX

��

Cf // CY

UBY

��
PneDX

PneDf
// PneDY

CX

UBX

��

Cf // CY

PneDX
PneDf

// PneDY

convY

OO (9)

It holds that UBY ◦ Cf ⊆ PneDf ◦ UBX but not the other way around, as shown by the
next example.

▶ Example 4. Let X = {x, y, z}, Y = {a, b} and f : X → Y be the function mapping both
x and y to a and z to b. Consider the set S = { 1

2 x + 1
2 y, 1

2 x + 1
2 z, δz}: this set is a base

since none of its element can be expressed as convex combination of the others. However,
the set PneDf(S) = {δa, 1

2 a + 1
2 b, δb} is not a base since 1

2 a + 1
2 b can be expressed as a

linear combination of δa and δb. Now, by taking the convex set conv(S) ∈ CX one can
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easily see that UBY ◦ Cf ̸⊇ PneDf ◦ UBX . Indeed PneDf ◦ UBX(conv(S)) = PneDf(S) =
{δa, 1

2 a + 1
2 b, δb}, while UBY ◦ Cf(conv(S)) = {δa, δb} since Cf(conv(S)) = conv(Df(S))

by Lemma 5 below.

Interestingly enough, while the diagram on the left in (9) does not commute, the diagram
on the right in (9) does. This is closely related to Lemma 37 from [3], which provides a
slightly different formulation. Below, we illustrate a proof: to simplify the notation of the
natural transformations, we avoid to specify the set X whenever it is clear from the context.

▶ Lemma 5. Let S ∈ C(X) and f : X → Y . Then Cf(S) = conv({Df(d) | d ∈ UB(S)}).

Proof. We prove Cf(S) ⊆ conv(
⋃

d∈UB(S){Df(d)}). Let e ∈ Cf(S). Then e = Df(d) for
some d ∈ S, which implies that d is a convex combination of elements of UB(S), that is,
d =

∑
i pi ·di with di ∈ UB(S) for all i. Hence, e =

∑
i pi ·Df(di) ∈ conv(

⋃
d∈UB(S){Df(d)}).

For the opposite inclusion, let e ∈ conv(
⋃

d∈UB(S) {Df(d)}). Hence, e =
∑

i pi · Df(di)
with di ∈ UB(S) for all i. We have

∑
i pi · Df(di) = Df(

∑
i pi · di) and, from

∑
i pi · di ∈ S,

we conclude e ∈ Cf(S). ◀

5 The monad map ι : TΣ,E ⇒ C

In this section we apply the standard recipe from Section 3.1 to construct a monad map
ι : TΣ,E ⇒ C.

For this aim, we first recall two well-known operations on convex sets: the convex union
⊕ : C(X) × C(X) → C(X) defined for all S1, S2 ∈ C(X) as

S1 ⊕ S2 = conv(S1 ∪ S2)

and, for all p ∈ (0, 1), the Minkowski sum +p : C(X) × C(X) → C(X) defined as

S1 +p S2 = {d | d = pd1 + (1 − p)d2 for some d1 ∈ S1 and d2 ∈ S2}.

Points (A) and (B) of the recipe hold by the following result from [3, Lemma 38].

▶ Lemma 6. With the above defined operations (CX, ⊕, +p) is a convex semilattice. Moreover,
for a map f : X → Y , the map Cf : CX → CY is a convex semilattice homomorphism from
(CX, ⊕, +p) to (CY, ⊕, +p). ◀

The following lemma proves point (C) explicitly, namely that µ is a (Σ, E)-
homomorphism.3

▶ Lemma 7. For all S1, S2 ∈ CC(X), it holds that:
1. µ(S1 ⊕ S2) = µ(S1) ⊕ µ(S2)
2. µ(S1 +p S2) = µ(S1) +p µ(S2)

Proof. Through this proof, we will often use the following key observation: d ∈ µ(S) iff

∃Φ ∈ S such that d =
∑

U∈supp(Φ)

Φ(U)·f(U) , for f : supp(Φ) → D(X) such that f(U) ∈ U .

3 In [3], we show that (CX, ⊕, +p) is the free convex semilattice generated by X and then prove that
µ = id#

CX , see [3, Lemma 41]. An implicit consequence of this is that µ is the unique homomorphism
from the free convex semilattice generated by CX to the free convex semilattice generated by X that
extends the identity map on CX.
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11:10 Presenting Convex Sets of Distributions by Unique Bases

1. We first prove the inclusion µ(S1) ⊕ µ(S2) ⊆ µ(S1 ⊕ S2). As S1 ⊆ S1 ⊕ S2 we derive that

µ(S1) def=
⋃

Φ∈S1
{
∑

U∈supp(Φ) Φ(U) · d | d ∈ U}
⊆

⋃
Φ∈S1⊕S2

{
∑

U∈supp(Φ) Φ(U) · d | d ∈ U}
def= µ(S1 ⊕ S2)

(10)

Symmetrically, by S2 ⊆ S1 ⊕p S2 we have

µ(S2) def=
⋃

Φ∈S2
{
∑

U∈supp(Φ) Φ(U) · d | d ∈ U}
⊆

⋃
Φ∈S1⊕S2

{
∑

U∈supp(Φ) Φ(U) · d | d ∈ U}
def= µ(S1 ⊕ S2)

(11)

Hence,

µ(S1) ⊕ µ(S2)

= conv
( ⋃

Φ∈S1

{ ∑
U∈supp(Φ)

Φ(U) · d | d ∈ U
}

∪
⋃

Φ∈S2

{ ∑
U∈supp(Φ)

Φ(U) · d | d ∈ U
})

⊆ conv(µ(S1 ⊕ S2)) (by (10), (11))
= µ(S1 ⊕ S2) (by µ(S1 ⊕ S2) a convex set)

We then prove the inclusion µ(S1 ⊕ S2) ⊆ µ(S1) ⊕ µ(S2). Take d ∈ µ(S1 ⊕ S2). Then
there is a Φ ∈ S1 ⊕ S2 such that d =

∑
U∈supp(Φ) Φ(U) · f(U), with f : supp(Φ) → D(X)

such that f(U) ∈ U . As Φ is a convex combination of distributions in S1 ∪ S2, we have
Φ =

∑
i pi · Φi with Φi ∈ (S1 ∪ S2) for all i. Then for all x ∈ X we have∑

U∈supp(Φ)

Φ(U) · f(U)(x) =
∑

U∈∪i supp(Φi)

(
(
∑

i

pi · Φi)(U) · f(U)(x)
)

=
∑

U∈∪i supp(Φi)

(∑
i

pi · Φi(U) · f(U)(x)
)

=
∑

i

pi ·
( ∑

U∈∪i supp(Φi)

Φi(U) · f(U)(x)
)

=
∑

i

pi ·
( ∑

U∈supp(Φi)

Φi(U) · f(U)(x)
)

Hence, the result follows as

d =
∑

i

pi ·
( ∑

U∈supp(Φi)

Φi(U) · f(U)
)

∈ conv
( ⋃

Φ∈(S1∪S2)

{ ∑
U∈supp(Φ)

Φ(U) · d | d ∈ U
})

= µ(S1 ⊕ S2).

2. We first prove µ(S1) +p µ(S2) ⊆ µ(S1 +p S2). Let d ∈ µ(S1) +p µ(S2). Then

d =
( ∑

U∈supp(Φ1)

Φ1(U) · f(U)
)

+p

( ∑
U∈supp(Φ2)

Φ2(U) · g(U)
)
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with Φ1 ∈ S1, Φ2 ∈ S2, with f : supp(Φ1) → D(X) such that f(U) ∈ U , and with
g : supp(Φ2) → D(X) such that g(U) ∈ U . For all x ∈ X, we have

d(x) =
(( ∑

U∈supp(Φ1)

Φ1(U) · f(U)
)

+p

( ∑
U∈supp(Φ2)

Φ2(U) · g(U)
))

(x)

=
( ∑

U∈supp(Φ1)

(p · Φ1(U) · f(U)(x))
)

+
( ∑

U∈supp(Φ2)

((1 − p) · Φ2(U) · g(U)(x))
)

=
( ∑

U∈supp(Φ1)\supp(Φ2)

(p · Φ1(U) · f(U)(x))
)

+
( ∑

U∈supp(Φ2)\supp(Φ1)

((1 − p) · Φ2(U) · g(U)(x))
)

+
( ∑

U∈supp(Φ1)∩supp(Φ2)

(
(p · Φ1(U) · f(U)(x)) + ((1 − p) · Φ2(U) · g(U)(x))

))
(∗)=
( ∑

U∈supp(Φ1)\supp(Φ2)

((Φ1 +p Φ2)(U) · f(U)(x))
)

+
( ∑

U∈supp(Φ2)\supp(Φ1)

((Φ1 +p Φ2)(U) · g(U)(x))
)

+
( ∑

U∈supp(Φ1)∩supp(Φ2)

(
(Φ1 +p Φ2)(U) · (f(U)(x) + p·Φ1(U)

(Φ1+pΦ2)(U)
g(U)(x))

))
=

∑
U∈supp(Φ1+pΦ2)

(
(Φ1 +p Φ2)(U) · h(U)(x)

)
where h : supp(Φ1 +p Φ2) → D(X) is defined as:

h(U) =


f(U) if U ∈ (supp(Φ1) \ supp(Φ2))
g(U) if U ∈ (supp(Φ2) \ supp(Φ1))
(f(U) + p·Φ1(U)

(Φ1+pΦ2)(U)
g(U)) if U ∈ (supp(Φ1) ∩ supp(Φ2))

and the equality (∗) holds by (p1 · q1) + (p2 · q2) = (p1 + p2) · (q1 + p1
p1+p2

q2), ∀p1, p2, q1, q2.
Then, observe that for every U ∈ supp(Φ1 +p Φ2) we have h(U) ∈ U , since every U is a
convex set, and thus if U contains f(U) and g(U) then it also contains f(U) +q g(U), for
all q. Thereby, we conclude d ∈ µ(S1 +p S2).
We now prove the remaining inclusion, i.e., µ(S1 +p S2) ⊆ µ(S1) +p µ(S2).
Let Φ ∈ S1 +p S2 and let d =

∑
U∈supp(Φ) Φ(U) · f(U), with f : supp(Φ) → D(X) such

that f(U) ∈ U , be an element of µ(S1 +p S2). Then, Φ = Φ1 +p Φ2, with Φ1 ∈ S1, Φ2 ∈ S2.
For every x ∈ X we have

d(x) =
∑

U∈supp(Φ1)∪supp(Φ2)

(
(Φ1 +p Φ2)(U) · f(U)(x)

)
=

∑
U∈supp(Φ1)∪supp(Φ2)

(
(p · Φ1(U) · f(U)(x)) + ((1 − p) · Φ2(U) · f(U)(x))

)
=
( ∑

U∈supp(Φ1)

p · Φ1(U) · f(U)(x)
)

+
( ∑

U∈supp(Φ2)

(1 − p) · Φ2(U) · f(U)(x)
)

=
( ∑

U∈supp(Φ1)

Φ1(U) · f(U)(x)
)

+p

( ∑
U∈supp(Φ2)

Φ2(U) · f(U)(x)
)

which implies d ∈ µ(S1) +p µ(S2).
◀
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11:12 Presenting Convex Sets of Distributions by Unique Bases

By applying the recipe from Section 3.1, we obtain from Lemmas 6 and 7 a monad map.

▶ Proposition 8. The natural transformation ι : TΣ,E ⇒ C is a monad map, defined as:

ι([x]E) = {δx} ι([t1 ⊕ t2]E) = ι([t1]E) ⊕ ι([t2]E) ι([t1 +p t2]E) = ι([t1]E) +p ι([t2]E)

Lemma 7, together with the existence of unique bases, also allows us to derive a useful
characterization of the multiplication µ of the monad C.

▶ Lemma 9. For S ∈ CCX,

µ(S) = conv
( ⋃

Φ∈UB(S)

{ ∑
U∈supp Φ

Φ(U) · d | d ∈ UB(U)
})

.

Proof. We have S = conv(
⋃

Φ∈UB(S){Φ}) which means that S is a convex union of the
sets {Φ}, for Φ ∈ UB(S). Then by Lemma 7 we derive µ(S) = conv(

⋃
Φ∈UB(S) µ{Φ}). By

definition, µ{Φ} = {
∑

U∈supp(Φ) Φ(U) · d | d ∈ U}, hence

µ(S) = conv
( ⋃

Φ∈UB(S)

{ ∑
U∈supp(Φ)

Φ(U) · d | d ∈ U
})

. (12)

Observe that the Minkowski sum operation, which is equivalently defined on arbitrary
(i.e., not necessarily convex) sets of distributions, enjoys the following property:

for any sets of distributions X, Y , conv(X) +p conv(Y ) = conv(X +p Y ). (13)

Indeed, X +p Y ⊆ conv(X) +p conv(Y ), and as the Minkowski sum of convex sets is convex
we have conv(X +p Y ) ⊆ conv(conv(X) +p conv(Y )) = conv(X) +p conv(Y ). For the other
direction, take p(

∑
i pixi) + (1 − p)(

∑
j qjyj) ∈ conv(X) +p conv(Y ). We have:

p(
∑

i

pixi)+(1−p)(
∑

j

qjyj) = p(
∑
i,j

(piqj)xi)+(1−p)(
∑
i,j

(piqj)yj) =
∑
i,j

(piqj)(pxi +(1−p)yj)

which is then an element of conv(X +p Y ). This shows (13).
For every Φ, the set {

∑
U∈supp(Φ) Φ(U) · d | d ∈ U} is a Minkowski sum over the elements

U of supp(Φ), which are themselves convex sets satisfying U = conv(UB(U)). Then by (13)
we derive:{ ∑

U∈supp(Φ)

Φ(U) · d | d ∈ U
}

= conv
({ ∑

U∈supp(Φ)

Φ(U) · d | d ∈ UB(U)
})

. (14)

By (12) and (14) it holds:

µ(S) = conv

 ⋃
Φ∈UB(S)

conv
({ ∑

U∈supp(Φ)

Φ(U) · d | d ∈ UB(U)
}) .

Then, by using the property that conv(conv(X) ∪ Y ) = conv(X ∪ Y ) for any sets of distribu-
tions X, Y (as shown in the proof of [3, Lemma 38]), we conclude that the latter is equal
to

conv
( ⋃

Φ∈UB(S)

{ ∑
U∈supp(Φ)

Φ(U) · d | d ∈ UB(U)
})

.

◀
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6 Proving the isomorphism

In the previous section we have constructed a monad map ι : TΣ,E ⇒ C (Proposition 8). In
this section, we prove that it is an isomorphism by exploting Theorem 1.

We start with a simple observation: for each set X, there is a trivial injection
iX : TΣP

(X) → TΣ(X). A term in TΣ is said to be a purely probabilistic term (p-term,
for short) if and only if it lays in the image of i. We overload the notation and also denote
with i its extension to equivalence classes iX : TΣP ,EP

(X) → TΣ,E(X), which is well defined
as EP ⊆ E.

▶ Lemma 10. Let {−}X : D(X) → C(X) be the function mapping every distribution d into
the convex set {d} and let ιP : TΣP ,EP

⇒ D be the monad map from (8). The following
diagram commutes.

TΣP ,EP
X

iX //

ιP
X

��

TΣ,EX

ιX

��
DX

{−}X

// CX

Proof. We prove by induction that {ιP
X([t]EP

)}X = ιX(iX(([t]EP
))) for all t ∈ TΣP

. If
t = x ∈ X, then {ιP

X([x]EP
)}X = {δx} = ιX([x]E) = ιX(iX(([t]EP

))). If t = t1 +p t2, then

{ιP
X([t1 +p t2]EP

)}X = {p · ιP
X([t1]EP

) + (1 − p) · ιP
X([t1]EP

)}
= {ιP

X([t1]EP
)} +p {ιP

X([t2]EP
)}

= ιX(iX([t1]EP
)) +p ιX(iX([t2]EP

))
= ιX([t1]E) +p ιX([t2]E)
= ιX([t1 +p t2]E)
= ιX(iX([t1 +p t2]EP

)). ◀

Recall that the monad map ιP : TΣP ,EP
⇒ D defined in (8) is an isomorphism. We call

κP : D ⇒ TΣP ,EP
its inverse. By exploiting κP and Theorem 1, it is easy to define a function

κX : C(X) → TΣ,E(X) as follows: for S ∈ C(X) with base {d1, . . . , dn}

κX(S) = [ i(κP (d1)) ⊕ . . . ⊕ i(κP (dn)) ]E . (15)

▶ Proposition 11. ι ◦ κ = idC .

Proof. Let S ∈ C(X) be a convex set with base {d1, . . . , dn}. By definition of κ and ι,

ι(κ(S)) = ι([i(κP (d1))]E) ⊕ · · · ⊕ ι([i(κP (dn))]E).

By Lemma 10, ι(κ(S)) = {d1} ⊕ · · · ⊕ {dn} which is exactly S. ◀

▶ Remark 12. Proposition 11 and Lemma 10 entail that iX : TΣP ,EP
(X) → TΣ,E(X) is

injective. Hence, two p-terms are equal in E if and only if they are also equal in EP .
We are now left to prove that κ ◦ ι = idTΣ,E

. This means that any term t is in the
equivalence class of κ ◦ ι([t]E), which by definition of κ is [i(κP (d1)) ⊕ . . . ⊕ i(κP (dn))]E
where {d1, . . . , dn} is the base of ι([t]E).

The first step consists in showing that every term is equivalent, modulo E, with a term
of a certain shape: a term t ∈ TΣ(X) is said to be in nondeterministic-probablistic form, n-p
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11:14 Presenting Convex Sets of Distributions by Unique Bases

form for short, if there exists t1, . . . , tn ∈ TΣP
(X) such that t = i(t1) ⊕ . . . ⊕ i(tn). This can

be thought of as an analogous of the disjunctive-conjunctive form that is commonly used in
propositional logic.

▶ Example 13. The term (x ⊕ y) + 1
2

(y + 1
3

z) is not in n-p form, since x ⊕ y occurs inside
+ 1

2
. However, by using the distributivity axiom (D), we have that (x ⊕ y) + 1

2
(y + 1

3
z) =E

(x + 1
2

(y + 1
3

z)) ⊕ (y + 1
2

(y + 1
3

z)) which is in n-p form.

The following proposition ensures that every term is equivalent to one in n-p form.

▶ Proposition 14. For all t ∈ TΣ(X), there exists t′ in n-p form such that t =E t′.

Proof. Intuitively, by virtue of the axiom (D) all the occurrences of +p can be pushed inside
some ⊕. This can be proved formally by means of the following term rewriting system.

(t1 ⊕ t2) +p t3 ⇝ (t1 +p t3) ⊕ (t2 +p t3) t1 +p (t2 ⊕ t3)⇝ (t1 +p t2) ⊕ (t1 +p t3)

If t ∈ TΣ(X) rewrites to t′ ∈ TΣ(X), then t =E t′ since the left rule is just the axiom (D),
while the right can be derived using (Cp), (D) and (Cp) again. Using standard term rewriting
techniques from [6] we can prove that the rewriting system terminates:
(1) Define the partial order +p > ⊕ on Σ;
(2) Observe that the generated recursive path ordering on TΣ(X) is a simplification ordering

(see e.g., Example A in Section 5 of [6]);
(3) Conclude by the First Termination Theorem.

Finally, we observe that a term t is in n-p form iff t ̸⇝: Indeed, if t is in n-p form then
there is no redex for the two rules above. On the other hand, if t is not in n-p form, then
some ⊕ should occur inside a +p and then one of the rules applies.

Therefore, each term t can be rewritten into an E-equivalent term t′ in n-p form. ◀

Given a term t′ ∈ TΣ(X) in n-p form and t1, . . . , tn ∈ TΣP
(X) such that t′ = i(t1) ⊕ . . . ⊕

i(tn), one would like {ιP ([t1]EP
), . . . , ιP ([tn]EP

)} to be the base for ι([t′]E). But this is not
always the case since some ιP ([ti]EP

) can be a convex combination of the other ιP ([tj ]EP
).

▶ Example 15. The term (x + 1
2

y) ⊕ (x + 2
3

(x ⊕ y)) is not in n-p form. By applying the
rewriting procedure in the proof of Proposition 14 one obtains: (x + 1

2
y) ⊕ (x + 2

3
(x ⊕ y)) =E

(x+ 1
2

y)⊕ (x+ 2
3

x)⊕ (x+ 2
3

y). Observe that this is equivalent to (x+ 1
2

y)⊕x⊕ (x+ 2
3

y). The
convex set ι

(
[(x+ 1

2
y)⊕x⊕ (x+ 2

3
y)]E

)
has base {ιP ([x+ 1

2
y]EP

), ιP ([x]EP
)} = { 1

2 x+ 1
2 y, δx}.

Indeed the distribution ιP ([x + 2
3

y]EP
) = 2

3 x + 1
3 y is a convex combination of { 1

2 x + 1
2 y, δx}

as 2
3 x + 1

3 y = 2
3 ( 1

2 x + 1
2 y) + 1

3 x.

The next two lemmas are necessary to show that, using the axioms in E, we can remove
from t′ those summands i(ti) such that ιP ([ti]EP

) is a convex combination of the other
ιP ([tj ]EP

). The first lemma is a well known observation (see e.g. [23, 33]), but we report its
instructive proof; the second lemma follows easily from the first one and properties of convex
algebras. We defer its proof to the Appendix.

▶ Lemma 16 (Convexity law). For all terms t1, t2 ∈ TΣ(X), for all p ∈ (0, 1),

t1 ⊕ t2 =E t1 ⊕ t2 ⊕ (t1 +p t2).



F. Bonchi, A. Sokolova, and V. Vignudelli 11:15

Proof. We first prove that

t1 ⊕ t2
(Ip)
= (t1 ⊕ t2) +p (t1 ⊕ t2)

(D)= ((t1 ⊕ t2) +p t1) ⊕ ((t1 ⊕ t2) +p t2)
(D)= ((t1 +p t1) ⊕ (t2 +p t1)) ⊕ ((t1 +p t2) ⊕ (t2 +p t2))
(Ip)
= t1 ⊕ (t2 +p t1) ⊕ (t1 +p t2) ⊕ t2

Then, by applying first this equality and then idempotency, we derive the result:

t1 ⊕ t2 ⊕ (t1 +p t2) = t1 ⊕ (t2 +p t1) ⊕ (t1 +p t2) ⊕ t2 ⊕ (t1 +p t2)
(Ip)
= t1 ⊕ (t2 +p t1) ⊕ (t1 +p t2) ⊕ t2

◀

▶ Lemma 17. Let t, t1, . . . , tn ∈ TΣP
(X) such that ιP ([t]EP

) ∈
conv{ιP ([t1]EP

), . . . , ιP ([tn]EP
)}. Then

i(t1) ⊕ . . . ⊕ i(tn) =E i(t1) ⊕ . . . ⊕ i(tn) ⊕ i(t).

▶ Proposition 18. For all terms t ∈ TΣ(X), there exist t1, . . . , tn ∈ TΣP
such that

t =E i(t1) ⊕ . . . ⊕ i(tn)

and {ιP ([t1]EP
), . . . , ιP ([tn]EP

)} is the base of ι([t]E).

Proof. By Proposition 14, there exists a t′ ∈ TΣ(X) in n-p form such that t =E t′.
Take t′

1, . . . , t′
m ∈ TΣP

such that t′ = i(t1) ⊕ . . . ⊕ i(tm). By definition of ι, ι([t]E) =
ι(i([t1]EP

)) ⊕ · · · ⊕ ι(i([tm]EP
)) which by Lemma 10 is {ιP ([t1]EP

)} ⊕ · · · ⊕ {ιP ([tm]EP
)}.

By definition of ⊕, this is just conv{ιP ([t1]EP
), . . . , ιP ([tm]EP

)}. Therefore, to conclude
that {ιP ([t1]EP

), . . . , ιP ([tm]EP
)} is the base of ι([t]E) we only need to show that none of

the ιP ([ti]EP
) is in the convex combination of the others ιP ([tj ]EP

). This is not true
in general, but thanks to Lemma 17 all such ti can be removed, while preserving E-
equivalence. To be more precise, by associativity and commutativity of ⊕, we can as-
sume that ιP ([t1]EP

), . . . , ιP ([tn]EP
) form the base, while ιP ([tn+1]P ), . . . , ιP ([tm]EP

) are in
conv{ιP ([t1]EP

), . . . , ιP ([t′
n]EP

)}. Then, by repeating (m − n)-times Lemma 17, we conclude
that t′ =E i(t1) ⊕ . . . ⊕ i(tn). ◀

▶ Proposition 19. κ ◦ ι = idTΣ,E
.

Proof. We need to prove that for all terms t ∈ TΣ(X), [t]E = κ ◦ ι([t]E). By Proposition 18,
there exists t1, . . . , tn ∈ TΣP

(X) such that

t =E i(t1) ⊕ . . . ⊕ i(tn)

and {ιP ([t1]EP
), . . . , ιP ([tn]EP

)} is the base for ι([t]E).
By definition of κ, κ(ι([t]E)) is exactly [i(κP ◦ιP [t1]EP

)⊕. . .⊕i(κP ◦ιP [tn]EP
)]E = [t]E . ◀

This is enough to conclude the proof of Theorem 3. Indeed we have that ι : TΣ,E ⇒ C is
a monad map and that, by Propositions 11 and 19, it is an isomorphism.
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A Proof of Lemma 17

▶ Lemma 20. Let t, t1, . . . , tn ∈ TΣP
(X) such that ιP ([t]EP

) ∈
conv{ιP ([t1]EP

), . . . , ιP ([tn]EP
)}. Then there exist p1 . . . pn−1 ∈ (0, 1) such that

t =EP
(. . . (t1 +p1 t2) +p2 . . . ) +pn−1 tn.

Proof. If ιP ([t]EP
) ∈ conv{ιP ([t1]EP

), . . . , ι([tn]EP
)}, then ιP ([t]EP

) =
µD(∑

i qi (ιP ([ti]EP
))
)

for some
∑

i qi = 1. Since ιP is a monad map, its inverse
κD : D ⇒ TΣP ,EP

is also a monad map and in particular it makes the following diagram
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commute.

DDX

µD
X

��

DκP
X // DTΣP ,EP

X
κP

TΣP ,EP
X

// TΣP ,EP
TΣP ,EP

X

µ
TΣP ,EP
X

��
DX

κP
X

// TΣP ,EP

Therefore, we have that

[t]EP
= κP ◦ ιP ([t]EP

)

= κP ◦ µD
(∑

i

qi (ιP ([ti]EP
))
)

= µTΣP ,EP ◦ κP
TΣP ,EP

◦ DκP
(∑

i

qi (ιP ([ti]EP
))
)

= µTΣP ,EP ◦ κP
TΣP ,EP

(∑
i

qi (κP ◦ ιP ([ti]EP
))
)

= µTΣP ,EP ◦ κP
TΣP ,EP

(∑
i

qi [ti]EP

)
Observe that

∑
i qi [ti]EP

∈ DTΣp,EP
(X) and that κP

TΣp,EP
X maps it into an element of

TΣp,EP
TΣp,EP

(X), namely a term obtained by the operations +p and the constants [ti]EP
.

Using the axioms in EP any such term can always be written as (. . . ([t1]EP
+p1 [t2]EP

) +p2

. . . ) +pn−1 [tn]EP
for some pi ∈ (0, 1). Then, the application of µTΣP ,EP to [(. . . ([t1]EP

+p1

[t2]EP
) +p2 . . . ) +pn−1 [tn]EP

]EP
gives [(. . . (t1 +p1 t2) +p2 . . . ) +pn−1 tn]EP

. Thus t =EP

(. . . (t1 +p1 t2) +p2 . . . ) +pn−1 tn. ◀

Proof of Lemma 17. By Lemma 20, we take p1, . . . , pn−1 such that

t =EP
(. . . (t1 +p1 t2) +p2 . . . ) +pn−1 tn. (16)

By Lemma 16, i(t1) ⊕ . . . ⊕ i(tn) is E-equivalent to i(t1) ⊕ . . . ⊕ i(tn) ⊕ i(t1 +p1 t2). By
applying Lemma 16 again, one obtains i(t1) ⊕ . . . ⊕ i(tn) ⊕ i(t1 +p1 t2) ⊕ i((t1 +p1 t2) +p2 t3).
We can then remove i(t1 +p1 t2) using Lemma 16, to obtain

i(t1) ⊕ . . . ⊕ i(tn) ⊕ i((t1 +p1 t2) +p2 t3).

By iterating this procedure, one obtains

i(t1) ⊕ . . . ⊕ i(tn) ⊕ i((. . . (t1 +p1 t2) +p2 . . . ) +pn−1 tn)

which, by (16), is i(t1) ⊕ . . . ⊕ i(tn) ⊕ i(t). ◀
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Abstract
(Pre)closure spaces are a generalization of topological spaces covering also the notion of neighbourhood
in discrete structures, widely used to model and reason about spatial aspects of distributed systems.

In this paper we present an abstract theoretical framework for the systematic investigation of
the logical aspects of closure spaces. To this end, we introduce the notion of closure (hyper)doctrines,
i.e. doctrines endowed with inflationary operators (and subject to suitable conditions). The generality
and effectiveness of this concept is witnessed by many examples arising naturally from topological
spaces, fuzzy sets, algebraic structures, coalgebras, and covering at once also known cases such as
Kripke frames and probabilistic frames (i.e., Markov chains). By leveraging general categorical
constructions, we provide axiomatisations and sound and complete semantics for various fragments of
logics for closure operators. Hence, closure hyperdoctrines are useful both for refining and improving
the theory of existing spatial logics, and for the definition of new spatial logics for new applications.
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1 Introduction

Recently, much attention has been devoted in Computer Science to systems distributed in
physical space; a typical example is provided by the so called collective adaptive systems,
such as drone swarms, sensor networks, autonomous vehicles, etc. This begs the question of
how to model and reason formally about spatial aspects of distributed systems. To this end,
several researchers have advocated the use of spatial logics, i.e. modal logics whose modalities
are interpreted using topological concepts of neighbourhood and connectivity.1

In fact, the interpretation of modal logics in topological spaces goes back to Tarski; we
refer to [1] for a comprehensive discussion of variants and computability and complexity
aspects. More recently, Ciancia et al. [10, 11] extended this approach to preclosure spaces, also
called Čech closure spaces, which generalise topological spaces by not requiring idempotence
of closure operator. This generalization unifies the notions of neighbourhood arising from
topological spaces and from quasi-discrete closure spaces, like those induced by graphs and
images. Building on this generalization, [10] introduced Spatial Logic for Closure Spaces
(SLCS), a modal logic for the specification and verification on spatial concepts over preclosure
spaces. This logic features a closure modality and a spatial until modality: intuitively ϕUψ
holds in an area where ϕ holds and it is not possible to “escape” from it unless passing

1 Not to be confused with spatial logics for reasoning on the structure of agents, such as the Ambient
Logic [8] or the Brane Logic [36].
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through an area where ψ holds. SLCS has been proved to be quite effective and expressive,
as it has been applied to reachability problems, vehicular movement, digital image analysis
(e.g., street maps, radiological images [5]), etc. The model checking problem for this logic
over finite quasi-discrete structures is decidable in linear time [10].

Despite these results, an axiomatisation for SLCS is still missing; moreover, it is not
obvious how to extend this logic to other spaces with closure operators, such as probabilistic
automata (e.g. Markov chains). In fact, the main point is that we miss an abstract theoretical
framework for investigating the logical aspects of (pre)closure spaces. Such a framework
would be the basis for analysing spatial logics like SLCS, but also for developing further
extensions and applications thereof.

In this paper, we aim to build such a framework. To this end, we introduce the new
notion of closure (hyper)doctrine as the theoretical basis for studying the logical aspects of
closure spaces. Doctrines were introduced by Lawvere [30] as a general way for endowing (the
objects of) a category with logical notions from a suitable 2-category E, which can be the
category of Heyting algebras in the case of intuitionistic logic, of Boolean algebras in the case
of classical logic, etc.. Along this line, in order to capture the logical aspects of closure spaces
we introduce the notion of closure operators on doctrines, that is, families of inflationary
morphisms over objects of E (subject to suitable conditions); a closure (hyper)doctrine
is a (hyper)doctrine endowed with a closure operator. These structures arise from many
common situations: we provide many examples ranging from topology to algebraic structures,
from coalgebras to fuzzy sets. These examples cover the usual cases from literature (e.g.,
graphs, quasi-discrete spaces, (pre)topological spaces) but include also new settings, such
as categories of coalgebras and probabilistic frames (i.e., Markov chains). Then, leveraging
general machinery from categorical logic, we introduce a first order logic for closure spaces
for which we provide an axiomatisation and a sound and complete categorical semantics.
The propositional fragment corresponds to the SLCS from [10].

Overall, the importance of this work is twofold: on one hand, closure hyperdoctrines
are useful for analysing and improving the theory of existing spatial logics; in particular,
the proposed axiomatisation can enable both new proof methodologies and minimisation
techniques. On the other, closure hyperdoctrines are useful for the definition of new logics
when we have to deal with closure operators, connectivity, surroundedness, reachability, etc.

Synopsis. The paper is organized as follows. In Section 2 we recall (hyper)doctrines and
introduce the key notion of closure doctrine. Many examples of closure doctrines are provided
in Section 3. In Section 4 we introduce logics for closure operators, together with a sound
and complete semantics in closure hyperdoctrines. Conclusions and directions for future
work are in Section 5. Longer proofs are in Appendix A.

2 Closure (hyper)doctrines

2.1 Kinds of doctrines
In this section we recall the notion of elementary hyperdoctrine, due to Lawvere [30, 31].
The development of semantics of logics in this context or in the equivalent fibrational context
is well established; we refer the reader to, e.g., [23, 35, 38].

▶ Definition 2.1 ((Existential) Doctrine, Hyperdoctrine [28, 34, 37]). A primary doctrine or
simply a doctrine on a category C is a functor P : Cop → InfSL where InfSL is the category
of finite meet semilattices.
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A primary doctrine is existential if:
C has finite products;
the image PπC

of any projection πC : C ×D → C admits a left adjoint ∃πC
;

for each pullback like aside, the Beck-Chevalley
condition ∃πC′ ◦ P1D×f = Pf ◦ ∃πC

holds;

D × C ′

D × C

C ′

C

1D × f

πC′

f

πC

for any α ∈ P (C) and β ∈ P (D × C) the Frobenius reciprocity ∃πC
(PπC

(α) ∧ β) =
α ∧ ∃πC

(β) holds.

A hyperdoctrine is an existential doctrine P such that:
P factors through the category HA of Heyting algebras and Heyting algebras morphisms;
for all projections πC : D × C → C, PπC

has a right adjoint ∀πC
: P (D × C) → P (C)

satisfying the Beck-Chevalley condition: ∀πC′ ◦ P1D×f = Pf ◦ ∀πC
for any f : C ′ → C.

A primary doctrine, an existential doctrine or a hyperdoctrine, is elementary if
C has finite products;
for each object C there exists a fibered equality δC ∈ P (C × C) such that

P(π1,π2)(−) ∧ P(π2,π3)(δC) ⊣ P1D×∆C

where π1, π2 and π3 are projections D×C×C → D×C. This left adjoint will be denoted
by ∃1D×∆C

▶ Remark 2.2. Usually C is required to having finite products even in the case of a primary
doctrine (cfr. [37]), we will not ask it in order to get the coalgebraic examples in Section 3.

▶ Remark 2.3. Since C has a terminal object it follows that Pπ1(−) ∧ δC ⊣ P∆C
. This left

adjoint will be denoted by ∃∆C
.

▶ Remark 2.4. In this paper, we work with hyperdoctrines over HA, the category of Heyting
algebras and their morphisms; hence the resulting logic is inherently intuitionistic. Clearly,
all the development still holds if we restrict ourselves to the subcategory of Boolean algebras
BA, yielding a classical version of the logic.

▶ Example 2.5. Let C be a category with finite limits and (E ,M ) a stable and proper
factorization system on it (see [27]). For every object C ∈ C we can define a relation on
arrows in M with codomain C putting m ≤ n if and only if there exists t such that n◦ t = m.
If we ignore size issues this gives us a preorder, from which we get a partial order M -SubC(C)
by quotienting by the relation m ≃ n if and only if m ≤ n and n ≤ m. The top element
is [1C ], while meets are given by pullbacks, and we can pullback any m along any arrow
f : D → C getting an arrow f∗m in M with codomain D. Summarizing we have a functor
Cop → InfSL sending C to M -SubC(C). This is actually an elementary existential doctrine
in which δC is the class of the diagonal C → C × C (which can be shown to be an element
of M ) and ∃πC

([m]) is the M -component of πC ◦ m, in the sense that it is the class of
n ∈ M such that n ◦ e = πC ◦m for some e ∈ E (see [22] for the correspondence between
factorization systems and elementary existential doctrines). In general this functor is very
far from having Heyting algebras as values but this is the case when C is a topos and M the
class of all monomorphisms; in this case we get an elementary hyperdoctrine [32].
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If we want M to be the class of all monos we have the following theorem:

▶ Theorem 2.6 ([23, Th. 4.4.4]). If C has finite limits then SubC is an elementary existential
doctrine if and only if C is regular.

▶ Proposition 2.7. Let P : Cop → InfSL be an existential doctrine, D a category with
finite products and F : D → C a product preserving functor. Then, P ◦ F op is a existential
doctrine. If P is elementary (resp., a hyperdoctrine) then P ◦ F op is elementary (resp., a
hyperdoctrine).

Proof. See proof on page 18. ◀

▶ Proposition 2.8. Let P : Cop → HA be an elementary existential doctrine. For every
arrow f : C → D, the functor Pf has a left adjoint ∃f that satisfies the Frobenius reciprocity:
∃f (Pf (β) ∧ α) = β ∧ ∃f (α). If P is a hyperdoctrine then Pf has a right adjoint ∀f too.

Proof. See proof on page 19. ◀

▶ Remark 2.9. In general these adjoints do not satisfy any form of Beck-Chevalley condition
[12, 23, 33, 40].

▶ Definition 2.10. Let P : Cop → InfSL, S : Dop → InfSL be primary doctrines.
A morphism P → S is a pair (F , η) where F : C → D is a functor and η : P → S ◦ F op

is a natural transformation.
(F , η) is a morphism of elementary doctrines, or elementary, if F preserves finite

products and for any object C of C, it is ηC×C(δC) = S(F (π1),F (π2))(δF (C)).
(F , η) is a morphism of existential doctrine if F preserves finite products and for any

pair of objects C,D of C the diagram (a) below commutes.

P (D × C)

S (F (D × C))

S (F (D) × F (C)) S (F (D))

P (C)
∃πC

ηD×C

∃πF (C)

S(F (πD),F (πC ))

ηC

(a)

P (D × C)

S (F (D × C))

S (F (D) × F (C)) S (F (D))

P (C)
∀πC

ηD×C

∀πF (C)

S(F (πD),F (πC ))

ηC

(b)

(F , η) is a morphism of hyperdoctrines if it is a morphism of existential doctrine, the
diagram (b) above commutes too and each component of η preserves finite suprema and
implication.

If (F, η) is also elementary then we call it a morphism of elementary existential doctrines
or of elementary hyperdoctrines.

Let (F , η), (G , ϵ) : P → S be two morphisms; a 2-arrow (F , η) → (G , ϵ) is a natural
transformations θ : F → G such that ηC(α) ≤ SθC

(ϵC(α)).
This defines the 2-categories PD, ED, HD of primary doctrines, existential doctrines

and hyperdoctrines, and the subcategories EPD, EED, EHD of their elementary variants.
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2.2 Closure operators on doctrines

In this section we introduce the key notion of closure operators on doctrines.

▶ Definition 2.11. Let P be a doctrine. A closure operator on P is a (possibly large) family
c = {cC}C∈Ob(C) of functions cC : P (C) → P (C) such that:

for any object C, cC is monotone and inflationary, i.e., 1P (C) ≤ cC

any arrow f : C → D is continuous, i.e. cC ◦ Pf ≤ Pf ◦ cD.
A closure operator c is said to be

grounded if cC(⊥) = ⊥ for all objects C such that P (C) has a minimum;
additive if cC(α∨β) = cC(α)∨cC(β) for all objects C such that P (C) has binary suprema;
finitely additive if it is grounded and additive;
full additive if cC(

∨
i∈I αi) =

∨
i∈I cC(αi) for all I ̸= ∅ and C such that P (C) has

I-indexed suprema;
idempotent if cC ◦ cC = cC for all object C.

A closure doctrine is a pair (P , c) where P is a primary doctrine and c a closure operator
on it. We say that (P , c) is elementary, existential, or a hyperdoctrine, if P is.

▶ Remark 2.12. Continuity can be interpreted as a form of oplax naturality [20], even if cC

is not an arrow of InfSL in general.

▶ Example 2.13. Lawvere-Tierney topologies on a topos provide examples of idempotent
closure operators on the elementary hyperdoctrine of subobjects [6, 26, 32].

▶ Remark 2.14. Full additivity does not imply groundedness since we only ask for preservation
of suprema indexed on non empty sets.

▶ Proposition 2.15. Let P be a doctrine and f : C → D a morphism such that Pf has a left
adjoint ∃f , then for every closure operator c on P continuity of f is equivalent to

∃f ◦ cC ≤ cD ◦ ∃f

Proof. Let’s compute:

cC ◦ Pf ≤ Pf ◦ ∃f ◦ cC ◦ Pf ≤ Pf ◦ cD ◦ ∃f ◦ Pf ≤ Pf ◦ cD

∃f ◦ cC ≤ ∃f ◦ cC ◦ Pf ◦ ∃f ≤ ∃f ◦ Pf ◦ cD ◦ ∃f ≤ cD ◦ ∃f ◀

If we think of a morphism of (primary, existential, elementary, hyper)doctrines (F , η) : P →
Q as a “translation” of “types” and “predicates” then, when closure operators are available,
it is natural to ask for this “translation” to take place in a continuous way.

▶ Definition 2.16. A morphism of closure (elementary, existential, hyper)doctrines (F , η) :
(P , c) → (Q , d) is a morphism of (elementary, existential, hyper)doctrines F : P → Q such
that η is continuous, i.e. dF (C) ◦ ηC ≤ ηC ◦ cC for all C. We say that (F , η) is open if
equality holds for all the objects C. A 2-cell θ : (F , η) → (G , ϵ) is defined as in the case of
doctrines. In this way we get the 2-categories cPD, cED, cHD of closure doctrines, closure
existential doctrines, closure hyperdoctrines and the subcategories cEPD, cEED, cEHD of
their elementary variants.
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3 Examples of closure hyperdoctrines

3.1 Topological examples

As a first class of examples, we introduce three closure hyperdoctrines starting from the
usual category Top of topological spaces and continuous maps. The first one corresponds to
the closure spaces used in, e.g., [10, 11, 18].

▶ Definition 3.1. The category PrTop of pretopological spaces (or closure spaces) is the
category in which:

objects are pairs (X, c) of a set X and a monotone function c : P(X) → P(X) such that
1P(X) ≤ c and c preserves finite (even empty) suprema;
an arrow f : (X, cX) → (Y, cY ) is a function f : X → Y such that f−1 : (P (Y ), cY ) →
(P (X), cX) is continuous.

Another example is given by so called convergence spaces (cfr. [14]).

▶ Definition 3.2. For any set X let Fil(X) be the set of proper filters (i.e., ∅ is not among
them) on it. The category FC of filter convergence spaces is the category in which:

an object is a pair (X, qX) given by a set X and a function qX : X → P(Fil(X)) such
that, for any x ∈ X, qX(x) is upward closed and ẋ := {A ⊂ X | x ∈ A} belongs to qX(x).
an arrow f : (X, qx) → (Y, qY ) is a function f : X → Y such that the filter f(F ) generated
by the images of F ’s elements belongs to qY (f(x)) whenever F ∈ qX(x).

▶ Proposition 3.3. The obvious forgetful functors from Top, PrTop and FC to Set preserve
finite products.

Proof. For Top it is clear, for the other two categories see [14, Ch.3]. ◀

By Proposition 2.7 and the previous one, we have three elementary hyperdoctrines

P t : Topop → HA P p : PrTopop → HA P f : FCop → HA

which we now endow with closure operators.

▶ Definition 3.4. We define the following closure operators:
1. the Kuratowski closure operator k = {k(X,θ)}(X,θ)∈Ob(Top) on P t where k(X,θ) is the

closure operator associated with the topology θ;
2. the Čech closure operator c = {c(X,c)}(X,c)∈Ob(PrTop) on P p where c(X,c) is just c;
3. the Katětov closure operator k = {k(X,qX )}(X,qX)∈Ob(FC) on P f where

k(X,qX ) : P(X) → P(X) A 7→ {x ∈ X | ∃F ∈ qX(x).A ∈ F}

▶ Proposition 3.5 ([14, Ch. 3]).
1. k, c and k are grounded and additive closure operators, moreover k is idempotent.

2. There exists a sequence of inclusion functors Top i−→ PrTop
j

−→ FC each of which has a
left adjoint.

3. We have a sequence (P t, k) (i ,η)−−−→ (P p, c)
(j ,ϵ)
−−−→ (P f , k) of morphisms in cEHD where η

and ϵ have identities as components.
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Proof.
1. For k and c the proposition is obvious, let us examine k: since ẋ ∈ qX(x) then A ⊂ kX(A),

if A ⊂ B then any filters that contains the former contains the latter too and this implies
monotonicity, groundedness follows from the fact that ∅ does not belong to any proper
filter, for additivity we can complete any filter F to which A ∪B belong to an ultrafilter
U that belongs to qX(x) since the latter is upward closed, either A or B must belong to
U and we are done.

2. i sends a topological space to the pretopological space given by the closure operator
associate to its topology, j sends (X, c) to (X, qcX) where

qcX : X → P(Fil(X)) x 7→ {F ∈ Fil(X) | Vx ⊂ F}

where Vx := {S ⊂ X | x /∈ c(X ∖ S)}. For the left adjoints see [14].
3. This is obvious. ◀

For other examples of closure operators on topological spaces we refer the reader to [14].

3.2 Algebraic examples
▶ Proposition 3.6. Let Grp be the category of groups and CRing that of commutative,
unital rings (where we require that f(1A) = 1B for any f : A → B). Then, SubGrp and
SubCRing are elementary existential doctrines.

Proof. This follows at once from Theorem 2.6. ◀

▶ Remark 3.7. Notice that, even if SubGrp(G) and SubCRing(A) admit finite suprema for
any group G or commutative ring A with unity, preimages do not preserve them in general:
for instance they do not preserve the bottom subobject. Then SubGrp or SubCRing cannot
be universal doctrines.

The following examples are taken from [14].

▶ Definition 3.8 (Groups). The normal closure on a group G is given by

νG : SubGrp(G) → SubGrp(G) H 7→
⋂

{N ≤ G | H ≤ N ⊴ G}

where we have chosen the image of a monomorphism as a canonical representative of it.

▶ Proposition 3.9. The family previous defined forms a closure operators ν on SubGrp that
is idempotent, fully additive and grounded.

Proof. Since the preimage of a normal subgroup is normal we have that the ν actually exists
as a closure operator. The three poperties of it follow immediately by the fact that {0} is
normal and so are the arbitrary intersections or sums of normal subgroups. ◀

▶ Definition 3.10 (Rings). Let A be a unital commutative ring and B a subring, we define
intA(B) to be the integral closure of B:

intA(B) := {a ∈ A | p(a) = 0 for some p ∈ B[x]}

Again we are denoting a subobject by the image of any representative of it.

▶ Proposition 3.11. For any A intA is a function SubCRing(A) → SubCRing(A), moreover
the family of this functions forms an idempotent closure operator int.
Proof. To show that intA(B) is a subring of A and idempotency we refer to [2, Cor. 5.3, 5.5].
Let us show that int is actually a closure operator. Consider f : A → B and C a subring of
B, let a ∈ A such that p(a) = 0 for some p ∈ f−1(C)[X] with coefficients {pi}deg(p)

i=0 , then
q(f(a)) = 0 where q ∈ C[X] has coefficients {f(pi)}deg(p)

i=0 and we are done. ◀
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3.3 Contact algebras
▶ Definition 3.12 ([15, 16]). A contact algebra is an Heyting algebra H equipped with a
symmetric binary relation C such that

if xCy then x and y are different from ⊥;
if x ̸= ⊥ then xCx;
if xC(y ∨ z) if and only if xCy or xCz.

(H,C) is complete if H is so. A morphism f : (H,C) → (K,D) is a morphism of Heyting
algebras f : H → K such that (f × f)(C) ⊂ D. CA denotes the category of contact algebras
and CCA its subcategory of complete contact algebras and morphisms preserving all suprema.

For a complete contact algebra (H,C) and x ∈ H, we define Cx to be the set {y ∈ H | xCy}
and the contact closure on (H,C) as

c(H,C) : H → H x 7→ x ∨ sup(Cx)

▶ Remark 3.13. Clearly the third condition of the definition of contact algebra can be
rephrased as Cx∨y = Cx ∪ Cy.
▶ Remark 3.14. Let f : (H,C) → (K,D) be an arrow of CCA, by the adjoint functor
theorem ([7]) it has a right adjoint f∗. If we regard H and K as meet-semilattices then
f∗ : K → K, being a right adjoint, is an arrow of InfSL.

▶ Proposition 3.15. c is a closure operator on the doctrine U : CCAop → InfSL sending

(K,D)
f

−→

(H,C)

7−→

7−→

K

−→

f∗

H

Proof. Let (H,C) be a contact algebra and x, y ∈ H. Clearly x ≤ c(H,C)(x), if x ≤ y

then y = x ∨ y and, by the previous remark Cx ≤ Cy so that c(H,C)(x) ≤ c(H,C)(y). Let
f : (H,C) → (K,D) be an arrow of CCA, then, for every x ∈ H , f(sup(Cx)) = sup(f(Cx)).
Now, if y ∈ f(Cx) then y = f(z) for some z such that zCx, so yDf(x) and thus f(Cx) ⊂ Df(x),
we can conclude that f(sup(Cx)) ≤ sup(Df(x)) from which

f(c(H,C)(x)) ≤ c(K,D)(f(x))

and we can conclude by Proposition 2.15. ◀

3.4 A representable example
▶ Theorem 3.16. For any complete Heyting algebra H, the functor Set(−, H) : Setop → HA
is an elementary hyperdoctrine.

Proof. See, for instance, [39, Section 2.2]. ◀

▶ Corollary 3.17. Set(−, [0, 1]) : Setop → HA is an elementary hyperdoctrine on Set.

▶ Definition 3.18. For any fixed ϵ ∈ [0, 1], and any set X, we define, for an f : X → [0, 1]:

cX,ϵ(f) : X → [0, 1] x 7→ f(x)+̇ϵ

where

+̇ : [0, 1] × [0, 1] → [0, 1] (t, s) 7→ max(t+ s, 1)

In this way we get a function

cX,ϵ : Set(X, [0, 1]) → Set(X, [0, 1]) f 7→ cX,ϵ(f)
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▶ Proposition 3.19. For any ϵ ≥ 0, the collection cϵ of all the functions cX,ϵ is a closure
operator.

Proof. Clearly f ≤ cX,ϵ(f) for any f : X → [0, 1], monotonicity is clear, let’s check continuity
of any function g : X → Y :

cX,ϵ(f ◦ g)(x) = (f ◦ g)(x)+̇ϵ = f(g(x))+̇ϵ = cx,ϵ(f)(g(x)) = (cx,ϵ(f) ◦ g)(x) ◀

▶ Remark 3.20. cϵ is not grounded if ϵ ̸= 0 (in that case it reduces to the discrete closure
operator) but it is additive.

3.5 Fuzzy sets
We can refine the previous example considering fuzzy sets.

▶ Definition 3.21. [41, 42] The category Fzs of fuzzy sets has:
pairs (A,α) with α : A → [0, 1] as objects;
as arrows f : (A,α) → (B, β) functions f : A → B such that α(x) ≤ β(f(x)).

▶ Definition 3.22. A fuzzy subset of (A,α) is a function ξ : A → [0, 1] such that ξ(x) ≤ α(x)
for all x ∈ A.
Let us summarize some results about Fzs.

▶ Proposition 3.23. 1. Fzs is a quasitopos;
2. there exists a proper and stable factorization system given by strong monomorphisms and

epimorphisms;
3. fuzzy subsets of (A,α) correspond to equivalence of strong monomorphisms of codomain

(A,α);
4. the functor Fzsop → HA assigning to each (A,α) the set of its fuzzy subsets and

f : (A,α) → (B, β) to the function f∗ defined by:

f∗(ξ) : A → [0, 1] x 7→ α(x) ∧ ξ(f(x))

is an elementary hyperdoctrine.

Proof. See [41, Ch. 8]. Explicitly the hyperdoctrine structure is given by:

∃f (ξ) : B → [0, 1]

y 7→
∨

x∈f−1(y)

ξ(x)

∀f (ξ) : B → [0, 1]

y 7→ β(y) ∧
∧

x∈f−1(y)

(α(x) ⇒ ξ(x))

for any f : (A,α) → (B, β) and ξ ∈ FzSub(A,α). ◀

▶ Proposition 3.24. Let E = {ϵ(A,α)}(A,α)∈Ob(Fzs) be a family of functions ϵ(A,α) : (A,α) →
[0, 1] such that ϵ(A,α)(x) ≤ ϵ(B,β)(f(x)) for any f : (A,α) → (B, β). Then

cE
(A,α) : FzSub(A,α) → FzSub(A,α) ξ 7→ (ξ + ϵ(A,α)) ∧ α

gives us an additive closure operator on FzSub.

Proof. See proof on page 20. ◀

▶ Remark 3.25. cE is not grounded in general.
The condition on the elements of E is very restrictive. In fact, it can be eased restricting

to a suitable subclass of arrows and using the following lemma.
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▶ Lemma 3.26. Let P : Cop → InfSL be a doctrine, and c = {cC : P (C) → P (C)}C∈Ob(C)
be a family of monotone and inflationary operators. Let A be a (possibly large) family of
C-arrows such that:

A is closed under composition;
if f ∈ A then 1dom(A) and 1cod(A) are in A ;
f : C → D in A implies cC ◦ Pf ≤ Pf ◦ cD.

Then P induces a doctrine P A on the subcategory CA induced by A for which c =
{cC}C∈Ob(CA ) is a closure operator. Moreover, if for all f, g in A also (f, g) and the
projections from cod(f) × cod(g) are in A , then P A is existential, elementary or an hyper-
doctrine if P is.

Proof. This is almost tautological since the condition on A guarantee that the inclusion
functor CA preserves limits and we can use Proposition 2.7. ◀

3.6 Coalgebraic examples
▶ Definition 3.27 ([24, 29]). Let C be a category with finite products and F : C → C an
endofunctor. The category CoAlg(F ) of coalgebras for F has

arrows γC : C → F (C) as objects;
arrows f : C → D such that γD ◦ f = F (f) ◦ γC as morphisms f : γC → γD.

Notice that in general CoAlg(F ) is not complete and products in it can be very different
from products in C [21], so it does not make much sense to look for an existential doctrine on
it. However, for Set-based coalgebras we get a primary doctrine P c : CoAlg(F )op → InfSL
composing the contravariant power object P : Setop → InfSL with the opposite of the
obvious forgetful functor CoAlg(F ) → Set.

▶ Definition 3.28. Let F : C → C be a functor and P a primary doctrine on C. A predicate
lifting is a natural transformation □ : U ◦ P → U ◦ P ◦ F op where U is the forgetful functor
InfSL → Poset.

▶ Remark 3.29. A similar notion can be found in [25]. In particular, the predicate liftings of
Examples 3.32 and 3.34 below fit Jacobs and Sokolova’s framework.

▶ Definition 3.30. For any predicate lifting □, we define two closure operators on P c.
1. For any coalgebra γX : X → F (X), notice that P c(γX) = P (X); hence we can define

preγX
: P (X) → P (X) α 7→ α ∨ PγX

(□X(α))

2. Suppose that P admits arbitrary meets; for γX : X → F (X) and α ∈ P (X) we define

NγX
(α) := {β ∈ P (X) | α ≤ PγX

(□X(β))} sγX
(α) := inf(NγX

(α))

and

sucγX
: P (X) → P (X) α 7→ α ∨ sγX

(α)

▶ Lemma 3.31. Let F : C → C be a functor and □ a predicate lifting, then:
1. {preγX

}γX ∈Ob(CoAlg(F )) defines a closure operator pre on P c.
2. sγX

(α) is the minimum of NγX
(α) whenever P has arbitrary meets and, for any coalgebra

γX : X → F (X), PγX
and □X commute with them;

3. in the hypothesis above if Pf commutes with arbitrary infima for all arrows f then
{sucγX

}γX ∈Ob(CoAlg(F )) defines a closure operators suc on P c.
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Proof. See proof on page 21. ◀

The previous result provides us with many examples with practical applications.

▶ Example 3.32. Let P : Set → Set be the covariant powerset functor, and P : Setop →
InfSL be the controvariant one, seen as primary doctrine. We can define a predicate lifting
□ taking as components:

□X : P (X) → P (P(X)) A 7→ ↓A

where ↓A denotes the set of downward-closed subsets of A. In this case for any coalgebra
γX : X → P(X) we have

x ∈ γ−1
X (□X(A)) ⇐⇒ γX(x) ⊂ A

B ∈ NγX
(A) ⇐⇒ γX(a) ⊂ B for any a ∈ A

so sγX
(A) =

⋃
a∈A γX(a) and sucγX

(A) = A ∪
⋃

a∈A γX(a).
By this description it is clear that suc is grounded and fully additive. pre is grounded too

but it is not even finitely additive: take 4 := {0, 1, 2, 3} with stuctural map γ4 given by

0 7→ {3} 1 7→ {2, 3} 2 7→ {2} 3 7→ {3}

Now take A := {2, 3}, it is immediate to see that preγ4
(A) = 4, on the other hand preγ4

({2}) =
{2} and preγ4

({3}) = {0, 3}.
▶ Remark 3.33. In this case, pre and suc meanings (and notation) become clearer: if we think
to the value of γX(x) as the family of points accessible from x ∈ X then preγX

adds to a
subset A the set of its predecessors, i.e. points from which some a ∈ A is accessible, while
sucγX

adds the set of successors, i.e. points which are accessible from some point of A.

▶ Example 3.34 (Probabilistic frames [3, 4, 19]). Let Meas be the category of measurable
space and measurable functions; then we can take as primary doctrine P the functor

(Y,ΩY )
f

− →

(X,ΩX)

7−→

7−→

ΩY

−→ f−1

ΩX

As endofunctor we can take the Giry monad G : Meas → Meas:
given an object (X,ΩX), G(X,ΩX) is the set of all probability measures on ΩX equipped
with the smallest σ-algebra for which all the evaluation functions

evA : G(X,ΩX) → [0, 1] µ 7→ µ(A)

with A ∈ ΩX , are Borel-measureable.
for a measurable f : (X,ΩX) → (Y,ΩY ) we can define

G(f) : G(X,ΩX) → G(Y,ΩY ) µ 7→ µ ◦ f−1

Given a coalgebra γ(X,ΩX ) and p ∈ [0, 1] we can now define

□(X,ΩX ),p : ΩX → P(G(X)) A 7→ {µ ∈ G(X,ΩX) | µ(A) ≥ p}

Notice that the set on the right is ev−1
A ([p, 1]) and so □(X,ΩX ),p is well defined. In this

situation we have

preγ(X,ΩX )
(A) := A ∪ {x ∈ X | p ≤ γ(X,ΩX )(x)(A)}

▶ Remark 3.35. If we think of a coalgebra γ(X,ΩX ) as describing how likely is a transition
from a state to the various A ∈ ΩX then, given a p ∈ [0, 1], preγ(X,ΩX )

(A) is the set of points
which access A with probability at least p.

CALCO 2021



12:12 Closure Hyperdoctrines

4 Logics for Closure Operators

In this section, we provide a sound and complete logic for closure hyperdoctrines. This logic
is a (first order) version of Spatial Logic for Closure Spaces (SLCS) [11], although with a
slightly different presentation.

4.1 Syntax and derivation rules
We briefly recall the categorical presentation of signatures, as in [23].

▶ Definition 4.1. A signature Σ is a triple (|Σ| ,Γ,Π) where
|Σ| is a set, called the set of basic types;
Γ is a functor2 |Σ|⋆ × |Σ| → Sets. We will call function symbol an element f of
Γ((σ1, . . . , σn), σn+1) and we will write f : σ, . . . , σn →, σn+1;
Π is a functor |Σ|⋆ → Set, we will call predicate symbol an element P of Π(σ1, . . . , σn)
and we will write P : σ1, . . . , σn.

A morphism of signatures ϕ : Σ1 → Σ2 is a triple (ϕ1, ϕ2, ϕ3) such that
ϕ1 is a function |Σ1| → |Σ2|;
ϕ2 is a natural transformation Γ1 → Γ2 ◦ (ϕ⋆

1 × ϕ1);
ϕ3 is a natural transformation Π1 → Π2 ◦ ϕ⋆

1.
For any σ ∈ |Σ| we fix an countably infinite set Xσ of variables; definition of terms is
straightforward ([23]).

▶ Definition 4.2. Given a signature Σ, its classifying category Cl(Σ) is such that
objects are contexts;
Given Γ := [xi : σi]ni=1 and ∆ = [yi : τi]mi=1 an arrow Γ → ∆ is a m-uple of terms
(T1, ..., Tm) such that Γ ⊢ Ti : τi for any i;
composition is given by substitution.

▶ Proposition 4.3. Cl(Σ) is a category with finite products for any signature Σ.

Proof. Associativity of composition and the fact that (x1, ..., xn) is the identity for [xi : σi]ni=1
follows from a straightforward computation. The empty context is clearly terminal while,
given two contexts Γ := [xi : σi]ni=1 and ∆ = [yi : τi]mi=1 we can take their concatenation as a
product Γ × ∆, the universal property follows immediately. ◀

Now we can introduce the rules for context and closure operators of the Spatial Logic for
Closure Spaces, over any given signature.

As usual, we denote by Γ ⊢ t : τ the judgment “t has type τ in context Γ”, and by
Γ ⊢ ϕ : Prop the judgment “ϕ is a well-formed formula in context Γ”.

▶ Definition 4.4. The rules for contexts and well-formed formulae for the closure operators
for a signature Σ are the usual ones for a first order signature (see [23]) plus:

Γ ⊢ ϕ : Prop
Γ ⊢ C(ϕ) : Prop

C-F
Γ ⊢ ϕ : Prop Γ ⊢ ψ : Prop

Γ ⊢ ϕUψ : Prop
U-F

For any context Γ we define FormΣ(Γ) to be the set of formulae ϕ such that Γ ⊢ ϕ : Prop.

2 |Σ| and |Σ|⋆ are viewed here as discrete categories.
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Then, we can introduce the rules for the logical judgments of the form Γ | Φ ⊢ ϕ, where
Φ is a finite set of propositions well-formed in Γ.

▶ Definition 4.5. We define four rules for the well-formed formulae previously defined:
C’s rules:

Γ | Φ ⊢ ψ

Γ | Φ ⊢ C(ψ)
Cl-1

Γ | Φ, ψ ⊢ ϕ

Γ | Φ, C(ψ) ⊢ C(ϕ)
Cl-2

U ’s rules

Γ | Φ, φ ⊢ ϕ Γ | Φ, C(φ),¬ϕ ⊢ ψ

Γ | Φ, φ ⊢ ϕUψ
U-I

{Γ | Φ, φ ⊢ θ | φ ∈ u(Γ,Φ)(ϕ, ψ)}
Γ | Φ, ϕUψ ⊢ θ

U-E

where

u(Γ,Φ)(ϕ, ψ) := {φ such that Γ ⊢ φ : Prop,Γ | Φ, φ ⊢ ϕ,Γ | Φ, C(φ),¬φ ⊢ ψ}

The Propositional Logic for Closure Operators on Σ (PLCO) is given by the usual
propositional rules (i.e., without the quantifiers) for the typed (intuitionistic) sequent calculus
(see e.g. [23]), extended with the four rules above.

The First Order Logic for Closure Operators on Σ (FOLCO) is given by the four rules
above added to the usual rules for first order logic. Similarily with equality.

Derivability of sequents is defined in the usual way [38].

▶ Remark 4.6. PLCO corresponds to the Spatial Logic for Closure Spaces considered in [10].
▶ Remark 4.7. Rules U-I and U-E come from the intended meaning of ϕUψ. In fact, this
formula must be interpreted as the “largest region” for which there is no escape from ϕ

without passing through ψ.
▶ Remark 4.8. Notice that U -E is an infinitary rule saying that a formula θ can be derived
from ϕUψ if it can be derived from all the formulae φ satisfying precise conditions. Thus,
this rule shows the second-order nature of the U operator.

4.2 Categorical semantics of closure logics
In this section we provide a sound and complete categorical semantics of the logics for the
closure operators defined above.

▶ Definition 4.9. Two formulae ϕ, ψ ∈ FormΣ(Γ) are provably equivalent if Γ | ψ ⊢ ϕ and
Γ | ϕ ⊢ ψ. We will denote the quotient of FormΣ(Γ) by this relation with L(Σ)(Γ), [ϕ] will
denote the class of ϕ in it.

▶ Proposition 4.10. For any signature Σ the following are true:
1. L(Σ)(Γ) equipped with the order [ϕ] ≤ [ψ] if and only if Γ | ϕ ⊢ ψ is derivable is:

a meet semilattice in the case we are considering regular logic;
a Heyting algebra if we are considering propositional or first order logic;

2. [ϕUψ] is the supremum of the set

uΓ(ϕ, ψ) := {[φ] ∈ L(Σ)(Γ) such that Γ | φ ⊢ ϕ,Γ | C(φ),¬φ ⊢ ψ}

3. there exists a (elementary) closure or existential doctrine or a (elementary) hyperdoctrine
(L(Σ), cΣ) on Cl(Σ) sending Γ to L(Σ)(Γ).
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Proof.
1. The logical connectives induce a Heyting algebra or a meet semilattice structure on

L(Σ)(Γ) which has precisely ≤ as associated order.
2. From U-I follows that [ϕUψ] is an upper bound for uΓ while U-E implies that [ϕUψ] is

the least of them.
3. For any morphism (T1, ..., Tn) : Γ → ∆ substitution of terms gives us a morphism

of Heyting algebras/meet semilattices L(Σ)(∆) → L(Σ)(Γ); quantifiers gives us the
existential doctrine/hyperdoctrine structure (cfr. [38] for the details). In any case have
to define a preclosure operator cΣ,Γ on each L(Σ)(Γ) but this is easily done defining

cΣ,Γ : L(Σ)(Γ) → L(Σ)(Γ) [ϕ] 7→ [C(ϕ)]

The C’s rules assure us that cΣ is well defined, inflationary and monotone, while an easy
induction shows that L(Σ)(T1,...,Tn)([C(ϕ)]) = cΣ,Γ(L(Σ)(T1,...,Tn)(ϕ)) for any (T1, ..., Tn) :
Γ → ∆. We can add fibered equalities, given Γ := [xi : σi] putting:

δΓ×Γ :=
n∧

i=1
[xi =σi

yi]

where {yi}n
i=1 is a set of fresh variables such that yi : σi for any i. ◀

Let us prove the soundness and completeness of the categorical semantics wrt. the various
logical fragments.

▶ Definition 4.11. Let (P , c) : Cop → InfSL be an (elementary) closure doctrine (existential
doctrine/hyperdoctrine) then a morphism of cPD (cED, cEED, cEHD, cHD) (M , µ) :
(L(Σ), C) → (P c) is a model of the propositional (first-order) logic (with equality) of closure
operators in (P , c) if it is open.

A sequent Γ | Φ ⊢ ψ is satisfied by (M , µ) if∧
ϕ∈Φ

µΓ(ϕ) ≤ µΓ(ψ)

▶ Theorem 4.12. A sequent Γ | Φ ⊢ ψ is satisfied by the generic model (1Cl(Σ), 1L(Σ)) if
and only if it is derivable.

Proof. By definition, Γ | Φ ⊢ ψ is satisfied if and only if
∧

ϕ∈Φ[ϕ] ≤ [ψ] in L(Σ)(Γ), but
this is equivalent to the derivability of Γ |

∧
ϕ∈Φ ϕ ⊢ ψ which in turn is equivalent (applying

the conjunction rules a finite number of times) to the derivability of Γ | Φ ⊢ ψ and we are
done. ◀

▶ Corollary 4.13. The above defined categorical semantics for PLCO or FOLCO (with or
without equality) is sound and complete.

Proof. The only thing left to show is soundness for an arbitrary (P , c) but this follows at
once since each component µΓ of µ is monotone. ◀

4.3 Approximating U in continuous models
As we have remarked before, the rule U-E for the operator U is infinitary. Although in
general this is needed, in this section we will define a class of hyperdoctrines in which the
semantics of U can be given as a supremum of approximants.
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▶ Definition 4.14. Let (P , c) : Cop → InfSL be a closure doctrine that factors through the
category of Heyting algebras. For any object C define the external boundary:

∂+
C : P (C) → P (C) α 7→ cC(α) ∧ ¬α

For ϕ and ψ ∈ P (C), we define ϕUCψ ∈ P (C) as the supremum, if it exists, of the set

uC(ϕ, ψ) := {φ ∈ P (C) | φ ≤ ϕ and ∂+
C (φ) ≤ ψ}

▶ Remark 4.15. If P is L(Σ) then [ϕ]UΓ[ψ] = [ϕUψ] for any [ϕ] and [ψ] ∈ L(Σ)(Γ).
▶ Remark 4.16. If (M , µ) is a model then µΓ(uΓ(ϕ, ψ)) ⊂ uM (Γ)(µΓ([ϕ]), µΓ([ψ])) for any Γ.

▶ Example 4.17. Let (X, c) be a pretopological space and S, T ∈ Pp(X, c), then

SU(X,c)T =
⋃

{W ⊂ S | ∂+
(X,c)(W ) ⊂ T}

i.e. x ∈ SU(X,c)T if and only if there exists W ⊂ S such that X ∈ W and ∂+
(X,c)(W ) ⊂ T .

▶ Example 4.18. Let us consider the closure operator cϵ on Set(−, [0, 1]) (see Section 3.4).
For any f : X → [0, 1], it is (¬f)(x) = 1 if and only if f(x) = 0. So,

(cX,ϵ(f) ∧ ¬f)(x) =
{
ϵ f(x) = 0
0 f(x) ̸= 0

,

hence, given g, h : X → [0, 1], f ∈ uΓ(g, h) if and only if f ≤ g and h(x) ≥ ϵ for any
x ∈ f−1(0).

▶ Remark 4.19. If (M , µ) is a model then for any [φ] ∈ L(Σ)(Γ) such that φ ∈ uΓ(ϕ, ψ) we
have µΓ([φ]) ≤ µΓ([ϕUψ]).

▶ Definition 4.20. Let (P , c) be as in Definition 4.14. A model (M , µ) : L(Σ) → (P , c) is
said continuous if the equality

µΓ([ϕUψ]) = µΓ([ϕ])UM (Γ)µΓ([ψ])

holds for any context Γ and [ϕ], [ψ] ∈ L(Σ)(Γ).

▶ Proposition 4.21. Let Σ be a signature and (P , c) a complete (elementary, existential, or
hyper)doctrine, i.e. P (C) is complete for any object C of C; then, for any product preserving
functor: M : Cl(Σ) → C and functions

µ∗
Γ : Π(σ1, ..., σn) → P (M (Γ))

for all Γ = [xi : σi]ni=1, there exists a unique continuous model (M , µ) in (P , c) such that

µΓ([P (x1, ..., xn)]) = µ∗
Γ(P )

Proof. By induction over n. ◀

▶ Example 4.22. Let X = {(Xi, ci)}i∈I be a small family of pretopological spaces and let
us define Σ as follows:

|Σ| := X Γ(((Xi1 , ci1), ..., (Xin , cin)), (Xj , cj)) := PrTop(
n∏

k=1
(Xik

, cik
), (Xj , cj))

Π((Xi1 , ci1), ..., (Xin
, cin

)) := P(
n∏

k=1
Xik

)
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We can take as M the unique product preserving functor Cl(Σ) → PrTop sending contexts
to products and lists of terms to the corresponding product arrow. We can define µ∗

sending each predicate P : (Xi1 , ci1), ..., (Xin
, cin

) to corresponding subset of
∏n

k=1 (Xik
, cik

).
Example 4.17 guarantees that this semantics is the same as the one developed in [10].

▶ Proposition 4.23. For any signature Σ a sequent is derivable if and only if it is satisfied
by any continuous model.

Proof. This follows from the fact that the generic model is continuous. ◀

5 Conclusions and future work

In this paper we have introduced closure (hyper)doctrines as a theoretical framework for
studying the logical aspects of closure spaces. First we have shown the generality of this
notion with a range of examples arising naturally from topological spaces, fuzzy sets, algebraic
structures, coalgebras, and covering at once also known cases such as Kripke frames and
probabilistic frames. Then, we have applied this framework to provide axiomatisations and
sound and complete categorical semantics for various fragments of a logic for closure doctrines.
In particular, the propositional fragment corresponds to the Spatial Logic for Closure Spaces
[10], a modal logic for the specification and verification on spatial properties over preclosure
spaces. But the flexibility of our approach allows us to readily obtain closure logics for a
wide range of cases (including all the examples presented above). A possible extension is
given by closure triposes [39]. Triposes are the categorical setting for higher order logic, so
these would provide the categorical setting for higher order logic for closure spaces.

Albeit already quite general, the theory presented in this paper paves the way for several
extensions. Due to lack of space, we have not been able to present the constructions for
modeling logical operators concerning surroundedness. To this end, we need to endow
doctrines with an object representing the “type of paths”; for more details we refer to the
extended version of this work [9].

We can enrich the logic with other spatial modalities, e.g., the spatial counterparts
of the various temporal modalities of CTL* [17]. It could be interesting to investigate a
spatial logic with fixed points a la µ-calculus; to interpret such a logic, we could consider
closure hyperdoctrines over Löb algebras [13]. Moreover, it would be interesting to develop
some “generic” model checking algorithm for spatial logic. The abstraction provided by the
categorical approach can guide the generalization of existing model checking algorithms, such
as [10], and suggest new proof methodologies and minimisation techniques.

On a different direction, we are interested in the type theory induced by closure hyperdoc-
trines. A Curry-Howard isomorphism would yield a functional programming language with
constructors for spatial aspects, which would be very useful in collective spatial programming,
e.g. for collective adaptive systems.
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A Omitted proofs

Proof of Proposition 2.7. We have to show that PF (πD) has a left adjoint for any projection
πD : E ×D → D but this follows at once since the diagonal arrow in the diagram

P (F (E ×D))

P (F (E) × F (D))P (F (D))

PF (πD)

PπF (D)

P(F (πE),F (πD))

is an isomorphism, hence we can define ∃πD
as the composition ∃πF (D) ◦ P(F (πE),F (πD)). The

same argument shows that ∀πF (D) ◦ P(F (πE),F (πD)) is the right adjoint to PF (πD) whenever
∀πF (D) exists. Let now f : D′ → D be an arrow in D, the two Beck-Chevalley conditions
follow from the commutativity of
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P (F (E ×D))

P (F (E) × F (D)) P (F (D))

P (F (E ×D′))

P (F (E) × F (D′)) P (F (D′))

PF (πD)

PπF (D)

P(F (πE),F (πD))

PF (πD′ )

PπF (D′)

P(F (πE),F (πD))

PF (f)P1F (E)×F (f)PF (1E×f)

and the fact that both the upper and the lower vertical arrow are isomorphisms since F
preserves products. For Frobenius reciprocity:

∃F (πD)(PF (πD)(α) ∧ β) = ∃πF (D)(P(F (πE),F (πD))(PF (πD)(α) ∧ β))
= ∃πF (D)(PπF (D)(α) ∧ P(F (πE),F (πD))(β)) = α ∧ ∃πF (D)(PF (πD)(α) ∧ β) = α ∧ ∃F (πD)(β)

So we’re left with the fibered equalities, but the commutativity of

P (F (E ×D ×D)) P (F (E) × F (D) × F (D))

P (F (E ×D)) P (F (E) × F (D))

PF (1E×∆D)

P(F (π1),F (π2),F (π3))

P1F (E)×∆F (D)

P(F (πE),F (πD))

P (F (D ×D)) P (F (D) × F (D))

P (F (E ×D ×D)) P (F (E) × F (D) × F (D))

P (F (E ×D)) P (F (E) × F (D))

PF (π1,π2)

PF (π2,π3) P(F (π1),F (π2),F (π3))

P(F (π1),F (π2))

P(F (π2),F (π3))

P(F (πE),F (πD))

P(F (p1),F (p2))

entails that P(F (p1),F (p2))(δF (D)) has the property of a fibered equality. ◀

Proof of Proposition 2.8. (Cfr. [23, 31] and lemma 1.5.8 of [26], vol. 1 for the hyperdoctrine
case). It is enough to define

∃f (α) := ∃πD
(Pf×1D

(δD) ∧ PπC
(α)) ∀f (α) := ∀πD

(Pf×1D
(δD) → PπC

(α))
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Let us now show that ∃f ⊣ Pf .

If ∃f (α) ≤ β

α = α ∧ ⊤C = α ∧ ∃π2(δC)
≤ α ∧ ∃π2(Pf×f (δD))
= ∃π2(Pf×f (δD) ∧ Pp2(α))
= ∃π2(P1C ×f (Pf×1D

(δD) ∧ PπC
(α))

= Pf (∃πD
(Pf×1D

(δD) ∧ PπC
(α)))

= Pf (∃f (α)) ≤ Pf (β)

If α ≤ Pf (β)
∃f (α) ≤ ∃f (Pf (β))
= ∃πD

(Pf×1D
(δD) ∧ PπC

(Pf (β))
= ∃πD

(Pf×1D
(δD) ∧ P1D×f (Pq2(β)))

= ∃πD
(P1D×f (δD) ∧ P1D×f (Pq2(β)))

= ∃πD
(P1D×f (δD ∧ Pq2(β))) = ∃πD

(P1D×f (∃∆D
(β)))

≤ ∃πD
(P1D×f (Pq1(β))) = ∃πD

(PπD
(β)) ≤ β

where p2 is the second projection C × C → C and q1 and q2 those D × D → D. For the
adjunction Pf ⊣ ∀f we already know that ∃πC

⊣ PπC
, Pf×1D

(δD) ∧ (−) ⊣ Pf×1D
(δD) → (−)

and PπD
⊣ ∀πD

, so it is enough to show that Pf (β) = ∃πC
(Pf×1D

(δD) ∧ PπD
(β)) for all

β ∈ P (D). But this is easily done:

∃πC
(Pf×1D

(δD) ∧ PπD
(β)) = ∃πC

(P1D×f (δD) ∧ P1D×f (Pπ1(β)))
= ∃πC

(P1D×f (δD ∧ Pπ1(β))) = Pf (∃π2(∃∆D
(β))) = Pf (β)

Where π2 is the second projection D ×D → D. We’re left with Frobenius reciprocity: the
inequality ∃f (Pf (β) ∧ α) ≤ β ∧ ∃f (α) follows from adjointness, let’s show the other. If π1
and π2 are the projections from D ×D, then

∃f (Pf (β) ∧ α) = ∃πD (Pf×1D (δD) ∧ PπC (Pf (β) ∧ α))
= ∃πD (Pf×1D (δD) ∧ PπC (Pf (β)) ∧ PπC (α)) = ∃πD (Pf×1D (δD) ∧ Pf×1D (Pπ1 (β)) ∧ PπC (α))
= ∃πD (Pf×1D (δD ∧ Pπ1 (β)) ∧ PπC (α)) ≤ ∃πD (Pf×1D (δD ∧ Pπ2 (β)) ∧ PπC (α))
= ∃πD (Pf×1D (δD) ∧ Pf×1D (Pπ2 (β)) ∧ PπC (α)) = ∃πD (Pf×1D (δD) ∧ PπD (β) ∧ PπC (α))
= ∃πD (Pf×1D (δD) ∧ PπC (α)) ∧ β = ∃f (α) ∧ β

where we have used δD ∧ Pπ1(β) ≤ Pπ2(β) which follows from the definition of ∃∆D
. ◀

Proof of Proposition 3.24. We have to show continuity of all arrows f : (A,α) → (B, β).
Let ξ ∈ (B, β) and x ∈ A, we have four cases:
1. f∗(ξ)(x) + ϵ(A,α)(x) < α(x) and ξ(x) + ϵ(B,β)(x) < β(x).

(cE
(A,α)(f

∗(ξ)))(x) = (f∗(ξ) + ϵ(A,α))(x) = (α(x) ∧ ξ(f(x))) + ϵ(A,α)(x)

= α(x) ∧ (ξ(f(x)) + ϵ(A,α)(x)) ≤ α(x) ∧ (ξ(f(x)) + ϵ(B,β)(f(x))) = f∗(cE
(B,β)(ξ))(x)

2. f∗(ξ)(x) + ϵ(A,α)(x) < α(x) and ξ(f(x)) + ϵ(B,β)(f(x)) ≥ β(f(x)). Notice that α(x) ≤
β(f(x)) so f∗(cE

(B,β)(ξ))(x) = α(x) and thus

(cE
(A,α)(f

∗(ξ)))(x) = (f∗(ξ) + ϵ(A,α))(x) = (α(x) ∧ ξ(f(x))) + ϵ(A,α)(x)

= α(x) ∧ (ξ(f(x)) + ϵ(A,α)(x)) = α(x) = f∗(cE
(B,β)(ξ))(x)

3. f∗(ξ)(x) + ϵ(A,α)(x) ≥ α(x) and ξ(x) + ϵ(B,β)(x) < β(x).

(cE
(A,α)(f

∗(ξ)))(x) = α(x) = α(x) ∧ (ξ(f(x)) + ϵ(A,α)(x))

≤ α(x) ∧ (ξ(f(x)) + ϵ(B,β)(f(x))) = f∗(cE
(B,β)(ξ))(x)
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4. f∗(ξ)(x) + ϵ(A,α)(x) ≥ α(x) and ξ(x) + ϵ(B,β)(x) ≥ β(x).

(cE
(A,α)(f

∗(ξ)))(x) = α(x) = α(x) ∧ β(f(x)) = f∗(cE
(B,β)(ξ))(x)

We are left with additivity, but this follows immediately since, for ξ and ζ ∈ FzSub(A,α)
and x ∈ A, (ξ ∨ ζ)(x) is ξ(x) or ζ(x). ◀

Proof of Lemma 3.31. 1. Clearly α ≤ preγX
(α); if α ≤ β we also have PγX

(□X(α)) ≤
PγX

(□X(β)) from which monotonicity follows. Tanke now an arrow f between γX : X →
F (X) and γY : Y → F (Y ), thus F (f) ◦ γX = γY ◦ f so

preγX
(Pf (α)) = Pf (α) ∨ PγX

(□X(Pf (α))) = Pf (α) ∨ PγX
(PF (f)(□Y (α)))

= Pf (α) ∨ Pf (PγY
(□Y (α))) = Pf (α ∨ PγY

(□Y (α))) = Pf (preγY
(α))

2. For any α ∈ P(X)

AγX
(α) := {□X(β) | β ∈ NγX

(α)} BγX
(α) := {PγX

(□X(β)) | β ∈ NγX
(α)}

then by the hypothesis on PγX
and the previous point we have

α ≤ inf(BγX
(α)) = PγX

(inf(AγX
(α))) = PγX

(□X(sγX
(α)))

3. The inequality α ≤ sucγX
(α) follows at once, if α ≤ β we have PγX

(□X(α)) as in the
first point but this implies that NγX

(β) ⊂ NγX
(α). Hence,

∧
θ∈NγX

(α) θ ≤
∧

θ∈NγX
(β) θ,

from which we deduce the monotonicity of sucγX
. For any morphism f : γX → γY of

coalgebras we have

Pf (α) ≤ Pf (PγY
(□Y (θ))) = PγX

(PF (f)(□Y (θ))) = PγX
(□X(Pf (θ)))

for all θ ∈ NY (α). Hence Pf (θ) ∈ NX(Pf (α)), then sγX
(Pf (α)) ≤ inf(Pf (NY (α))):

sucγX
(Pf (α)) = Pf (α) ∨ sγX

(Pf (α)) ≤ Pf (α) ∨ inf(Pf (NY (α)))
≤ Pf (α) ∨ Pf (inf(NY (α))) = Pf (α ∨ sγY

(α)) = Pf (sucγY
(α))

and we are done. ◀
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1 Introduction

Characterising algebras by the equations they satisfy is common practice. Equations are
simple to write down: they consist of a pair of terms, or elements of an initial algebra.
Equations are also simple to interpret: terms denote constructions, so an equation between two
terms asserts that two constructions produce equivalent objects. The terms-as-constructions
interpretation of equations is prevalent in programming language theory. A programming
language is a syntax for denoting programs, so equations state equivalences between programs.
Their importance can be seen in λ-calculus [15, 85, 84, 70], process algebra [35], Kleene
algebra [86, 58, 24] and its extensions [59, 36, 56, 54, 91, 88], and related areas [94, 75].

A common thread, running through the many examples of equational reasoning in
computer science, is that equations can be used to state behavioural equivalences between
programs. For the purposes of this review, behaviours are what are obtained from dualizing,
in the category theoretic sense, the concept of term. That is, a behaviour is an element
of a final coalgebra. The dual study to algebra, coalgebra, constitutes a whole subfield
of computer science dedicated to state-based dynamical systems, the sort of systems that
exhibit behaviours [79, 43, 52]. Dualizing algebra not only takes terms to behaviours, but
also equations to coequations, the main focus of this article.

Broadly, a coequation is a constraint on the dynamics of a state-based system. A
coalgebra satisfies a coequation if its dynamics operate within the constraint. This situation
is familiar to those working in automata theory, since deterministic automata are examples
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13:2 How to Write a Coequation

of state-based dynamical systems. For a fixed alphabet A, any set of languages L Ď 2A˚

determines a coequation satisfied by those automata that only accept languages in L. We
call these coequations behavioural, as they consist of a set of states in the final automaton
2A˚

Ñ 2ˆ p2A˚

qA. Not all coequations are behavioural: following [93, 21] in viewing Kripke
frames as coalgebraic dynamical systems for the powerset functor, modal formulas provide
illustrative examples of nonbehavioural coequations. For example, reflexivity is a modally
definable constraint on the dynamics of frames (witnessed by the modal formula lp Ñ p),
despite the following two Kripke frames being behaviourally indistinguishable.

‚ ‚ ‚ ‚ ¨ ¨ ¨

Rather, reflexivity is a coequation which requires two colours to be stated, p and ␣p. The
concept of colour (or label) is key to moving beyond purely behavioural specifications, and
can be understood as the formal dual to the notion of variable in algebra. Just like the
commutativity of a binary operation requires two variables to be stated, the reflexivity of a
Kripke frame requires two colours.

Coequations have arguably not seen much use by computer scientists, in spite of a large
body of theoretical results. We postulate that one of the main reasons for this is that
there is no one universally accepted way to write down a coequation. It is not hard to
see why: while an equation relates two, finite, tree-structures which can be written-down
unambiguously in one dimension with the use of brackets, there is no universal syntax for
describing constraints on structures which are often inherently infinitary. In fact, a variety
of syntaxes for writing down coequations have been proposed in the literature, leading to a
certain ambiguity surrounding the term coequation, especially since some of them are less
expressive than others. This being said, it could equally be argued that coequations are used
extensively, if unknowingly, by computer scientists, in the shape of modal logics [18]. For
example, languages like Linear Temporal Logic [92, 38, 37] and Computation Tree Logic
[34, 22] are efficient syntaxes for specifying coequations.

The purpose of this paper is three-fold. The first is to survey and organise the literature on
coequations. The second is to act as a tutorial on coequations and coequational specification.
We assume basic knowledge of category theory and focus on Set-coalgebras. Finally, we aim
to present a systematic account of what the various notions of coequations are, how they are
related to one another, and what role they have to play in theoretical computer science.

The paper is structured as follows. We start with a review of the literature on coequations
in § 2, highlighting a number of formalisms for defining and specifying coequations. We
group these approaches into four paradigms, which we examine in detail. First, in §3, we
present a notion of coequation which dualizes exactly the notion of equation in Universal
Algebra, and which we call coequation-as-corelation. Second, we present the view that a
coequation is a predicate on a cofree coalgebra. We call this notion coequation-as-predicate
and discuss it in detail in §4. Third, we discuss coequations-as-equations in §5 and relate
them to coequations-as-corelations. The last paradigm we explore is that of coequations as
modal formulas in §6. Finally, we conclude in §7 with some thoughts on the uses of each
formalism and some recent appearances of coequations in computer science.

2 A brief history of coequations

As far as we are aware, the first mention of the word “coequation”– or more precisely
“coequational” – dates back a series of papers by Davis [29, 30, 31, 32, 33] starting in 1970
and focusing on finding examples of comonadic/cotripleable categories. The earliest work
that deals with covarieties of coalgebras as we now understand them, seems to be the 1985
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paper [71], which presents a category-theoretic account of a dual to Birkhoff’s HSP theorem.
This work focuses on coalgebras for polynomial functors on the category Set. It describes
an unusual approach to dualising Birkhoff’s HSP theorem which reduces the problem to
the ordinary version of the theorem by turning every coalgebra X Ñ FX into an algebra
2F X Ñ 2X , and by introducing an infinitary equational logic extending that of complete
atomic boolean algebras to define varieties of such algebras. The idea of establishing a bridge
between coequations and equations was explored again in [13] and [83] where conditions for
a full duality between equations and coequations are given.

A few years after [71], work on the notion of terminal coalgebra in [1, 2, 16] laid the
ground for [47, 76, 50], which proposed coalgebras as a semantic framework to formalise
behaviours in object-oriented programming and infinite data structures such as streams and
trees. From the onset, the aim of this line of research was to syntactically specify classes of
behaviours and, although the terms “covariety” and “coequation” do not appear in op.cit.,
a lot of the questions which we will explore in this paper can already be found in Hensel
and Reichel’s [47] and Jacobs’ [50]. Both approaches propose equational specifications of
coalgebras for polynomial functors, based on the signature of the functor. For example, the
equation headptailpxqq “ headpxq, where the “destructor” signature head, tail can be read off
the functor F pXq “ X ˆA, characterises constant streams in the terminal F -coalgebra Aω.
Such equations are called state equations in [47] since they must hold at every state, and [50]
gives a concrete construction of the class of behaviours satisfying such an equation via the
notion of “mongruence” (a terminology which mercifully has not caught on). This kind of
coequational specification via equations, which we refer to as coequations-as-equations, is also
used in Cîrstea’s 1999 [20], which is the first full paper to use the term “coequation” in the
sense we understand today. Roşu’s [78] from 2001 follows the same approach of coequations-
as-equations. While intuitive, this way of “writing coequations” is limited to endofunctors
of a specific shape. Another, more powerful, way of writing coequations-as-equations was
developed by Kurz and Rosickỳ in [68] using an equality relation between terms built from a
signature, but with different notions of (co)operation and term. In this framework, every
covariety over Set can be presented in a coequation-as-equation format.

Jacobs’ [50] pioneered this specification format but also asked the following questions,
which motivated a lot of the subsequent research on the topic: 1) Can a sound and complete
logic to reason about coalgebras be devised? 2) Can a version of Birkhoff’s theorems be
proved for suitable classes of coalgebras? The first step towards answering these question was
taken by Rutten’s influential 1996 technical report [79, 80], which introduces the notion of
“colours” of a cofree coalgebra, the concept of covariety, and the first of many dual versions
of Birkhoff’s HSP theorem. The term “coequation” does not appear in [79, 80], but it is
worth noting that a concrete specification of a covariety is given by a subcoalgebra of a cofree
coalgebra, in contrast to the equational presentation of [47, 50, 20, 78]. We refer to this type
of coequational specification as coequations-as-predicates.

An important moment in the history of coequations was the first Workshop on Coalgebraic
Methods in Computer Science (CMCS), organised by Jacobs, Moss, Reichel and Rutten and
held in Lisbon in 1998. Several papers on covarieties were presented [45, 64, 77], and the
next few years saw an explosion of research in this area. In retrospect, CMCS 1998 provided
much of the momentum behind the subsequent blossoming of this new field of research.

In their 1998 CMCS paper [45], Gumm and Schröder pick up the study of covarieties
defined via a subcoalgebra in [79]. They isolate precisely which subcoalgebras define a
covariety and describe the closure properties of covarieties closed under bisimulation, which
they call complete covarieties. It was subsequently shown in [11, 49] that these covarieties,
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more aptly called behavioural covarieties, are precisely those which can be described by a
coequation-as-predicate over one colour, that is to say by a subcoalgebra of the terminal
coalgebra. Coequations as subcoalgebras of a cofree coalgebras (or more abstractly as regular
monomorphisms with cofree codomain) and the covarieties they define are also discussed in
detail in [6, 7] where a dual to Birkhoff’s HSP theorem is given.

Hughes’ 2001 thesis [49] presents a very detailed abstract account of the coequations-as-
predicates perspective. A coequation is no longer required to be defined by a subcoalgebra,
but can simply be a subset of a cofree coalgebra [49, §3.6.3]. Closure operators defined and
studied in [49, 48, 51] connect these two flavours of the coequations-as-predicates paradigm,
by constructing the (invariant) subcoalgebra generated by a subset of behaviours. More
abstractly, [49] also considers a coequation as a subcoalgebra of a regular injective coalgebra
(e.g. a cofree coalgebra). This additional abstraction dualizes the description of equations as
quotients of regular projective algebras due to [14], but introduces subtle differences on the
closure properties of covarieties which are discussed by Goldblatt in [39, 23]. In this paper,
we only consider subcoalgebras of cofree coalgebras or subsets of their carriers.

A third version of the coequations-as-predicates paradigm was proposed by Gumm in [44],
where a coequation is a single pattern (i.e. element of a cofree coalgebra), but a pattern that
must be avoided. In other words, this is a coequation-as-predicate defined by the complement
of a singleton, i.e. understood as a pattern avoidance constraint. This fruitful idea was the
source of many interesting examples in [7], and the basis for coequational logics in [4, 89, 90].
These logics are based on two observations which can already be found in [44], namely that
if there exists a state x witnessing a pattern f , then any “successor pattern” of f must be
witnessed by some state y (namely one of the successors of x). Similarly, if there exists
a state x witnessing a pattern f , there must exist a recolouring/relabelling of this state
which witnesses a similar relabelling of the pattern f . Adamek [4] shows that these two
observations are enough to define a sound and complete coequational system in which new
coequations (avoidance patterns) can be deduced from known ones. This logic is most natural
for polynomial functors, but can also be made to work for very large class of accessible
functors through the notion of functor presentation [4, 89, 90].

Finally, we mention generalisations of coequations-as-predicates to the case where cofree
coalgebras do not exist. Adámek and Porst generalise coequations-as-predicates by considering
regular monomorphisms into any element of the cofree coalgebra chain, whether it stabilises
or not [7]. Kurz and Rosickỳ in [68] describe the notion of implicit operations which permits
an equivalent notion of coequation-as-predicate for functors which have no cofree coalgebras.
Finally, Adámek describes a comprehensive solution to this problem by considering generalised
coequations-as-predicates as subchains of the entire cofree-coalgebra chain in [3].

A related but different notion of coequation was proposed in 2000 by Wolter [95] and
Kurz [65], systematically dualizing the picture from categorical Universal Algebra. Since a
set of equations can be understood as a relation between terms in a free algebra (categorically
a span), Wolter proposes that a coequation should be seen as a corelation on the carrier of a
cofree coalgebra over some set of colours (categorically, a cospan). Similarly, Kurz proposes to
consider a cocongruence on the cofree coalgebra. As in the coequation-as-predicate paradigm,
these two approaches reflect the fact that one may consider a coequation as a structure on the
carrier of a cofree coalgebra (a corelation), or on the cofree coalgebra itself (a cocongruence).
We will refer to this approach as coequations-as-corelations. This approach neatly dualizes
the well-known theory of equations, but the notion of corelation is not very intuitive, as
pointed out by Hughes [49]. Nevertheless, we hope to provide some intuition in §3 and §5.



F. Dahlqvist and T. Schmid 13:5

At the same period Kurz also proposed modal logic as a language for specifying covarieties
[63, 65, 66, 67]. This is our last paradigm for coequations: coequations-as-modal-formulas.
Following our discussion in the introduction, we know that for finitely branching Kripke
frames there exists a final Kripke frame coloured by (sets of) propositional variables, and
any modal formula ϕ selects the states in this Kripke frame in which ϕ is valid, i.e. defines
a predicate on a cofree coalgebra. A modal formula can thus be seen as a syntax for
coequations-as-predicates. However, these are very particular predicates: they have a simple
and intuitive syntax, access to a countable set of colours (the propositional variables), and to
1-step ahead colours (through modalities). This idea can easily be extended to modal logics
for polynomial functors [66]. However, the idea of modal logic as a specification language for
covarieties found in [63, 65, 66, 67] was in some way too prescient: the appropriate extension
of modal logic – coalgebraic modal logic – was still in its infancy. Moss’ logic [73] had only just
been published, and neither the predicate lifting formalism of Pattinson [74] nor the abstract
formalism of Kupke, Kurz, and Pattinson [60, 61, 53] had been developed. As a consequence,
Kurz’s insight of coequations-as-modal-formulas was only worked out for standard modal
logics [66]. His abstract notion of modal predicate [65] – where the term “modal” is meant
as “invariant under bisimulation” – is not based on a particular syntax, but is defined as a
monomorphism into a cofree coalgebra, i.e. as a coequation-as-predicate.

3 Coequations-as-corelations

Coequations-as-corelations is the notion of coequation which most faithfully dualizes the
notion of equation from Universal Algebra. It is not the simplest approach, but it exposes
the underlying machinery in its entirety. Syntactically, it is a formalism that resembles
equations because it uses a pairs of expressions. However, whilst an equation between a pair
of expressions forces an equality to be witnessed via a quotient, a coequation-as-corelation
involves a pair of expressions which selects an “existing” equality via an equaliser. Much of
the material in this section can be found in [95, 65, 11, 48, 49, 25]. We present the classical
picture from Universal Algebra in §3.1, and then dualize it in §3.2.

3.1 Equations, relations and varieties of algebras
We will not go to the level of generality of [11, 49, 48] but instead focus on algebras
for Set-endofunctors. Let T : Set Ñ Set be an endofunctor and let AlgpT q denote the
category of T -algebras and T -algebra morphisms. There exists an obvious forgetful functor
UT : AlgpT q Ñ Set which keeps the carrier and forgets the algebraic structure. A functor
T is called a varietor [9] if this functor has a left-adjoint FT : Set Ñ AlgpT q which builds
free T -algebras over any given set of variables. We will drop the subscripts and simply
write F % U if this causes no ambiguity. It follows from the adjunction that any map
h : X Ñ UpA, αq can be freely extended to a T -algebra morphism ĥ : FX Ñ pA, αq explicitly
constructed as ĥ fi εT

pA,αq
˝ Fh, where εT is the counit of the adjunction.

For any varietor T we define a set of T -equations over a set of variables X is a pair of
arrows e1, e2 : E Ñ UFX. A set of equations is thus represented as a span, the categorical
embodiment of the notion of relation.

A T -algebra pA, αq satisfies a set of equations e1, e2 : E Ñ UFX if for all valuations
v : X Ñ UpA, αq, Uv̂ ˝ e1 “ Uv̂ ˝ e2, i.e. if the map v̂ which recursively computes the
interpretation in pA, αq of formal terms from FX, returns the same output for the left- and
right-hand-side of each equation in E. This can be rephrased as a universal property in
AlgpT q by saying that pA, αq satisfies a set of equations e1, e2 : E Ñ UFX if any T -algebra
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morphism f : FX Ñ pA, αq factors uniquely through the coequalizer q of ê1, ê2.

FE
ê1 //
ê2

// FX
q // //

f
��

pQ, νq

vv
pA, αq

(1)

Since any morphism f : FX Ñ pA, αq is of the shape f “ v̂ for some v : X Ñ UpA, αq, we
recover the standard notion of equation satisfaction. An object pA, αq with the universal
property in (1) is said to be orthogonal to q : FX ↠ pQ, νq, written q K pM, αq.

The variety of T -algebras defined by the set of T -equations e1, e2 : E Ñ UFX is defined
as the class of all T -algebras which are orthogonal to the coequalizer of the adjoint morphisms
ê1, ê2 : FE Ñ FX, notation qK. Equivalently, a variety of T -algebras is a class of T -algebras
orthogonal to a regular epi q : FX ↠ Q,1 a definition which dates back to [14]. With this
terminology in place we state Birkhoff’s famous HSP theorem.

▶ Theorem 1 ([17, 87, 49, 6, 7]). Let T : Set Ñ Set be a varietor. A class of T -algebras is a
variety iff it is closed under Homomorphic images (H), Subalgebras (S), and Products (P).

▶ Example 2. Recall that a monoid is a set M equipped with a binary operation ˚ : MˆM Ñ

M and a constant e P M satisfying the three equations: x ˚ py ˚ zq “ px ˚ yq ˚ z, e ˚x “ x, and
x ˚ e “ x. Every monoid is an algebra for the functor ΣM “ M ˆM ` 1, and the functor
Σ is a varietor: FΣ builds the set of all formal terms constructed from the signature and a
set of variables (e.g. tx, y, zu), and equips it with the trivial Σ-algebra structure taking the
unit to be the term e, and the product of two terms s, t to be the term s ˚ t. The equations
of the theory of monoids can be described as the pair of maps e1, e2 : 3 Ñ UF tx, y, zu,
where 3 fi t0, 1, 2u and for 0 ď i ď 2, e1piq (resp. e2piq) picks the left-hand-side (resp.
right-hand-side) of the ith equation above. A monoid is a Σ-algebra in the variety defined by
the coequalizer of the adjoint morphisms ê1, ê2 : F3 Ñ F tx, y, zu which homomorphically
sends formal terms on 3 to terms on tx, y, zu, for example ê1p1 ˚ 2q “ pe ˚ xq ˚ px ˚ eq. The
relation defined by the span Uê1, U ê2 : UF3 Ñ UF tx, y, zu is thus closed under the rule

s1 “ t1 s2 “ t2
s1 ˚ s2 “ t1 ˚ t2

p-cong

For example, px ˚ eq ˚ pe ˚ xq “ x ˚ x is an equation belonging to this relation. Such a relation
on terms is called a pre-congruence in [49].

The rule p-cong generalizes easily to all polynomial functors, but it is not obvious how
it should be adapted to the general case. Therefore, we simply say that the relation defined
by a span on UFX is a pre-congruence if it is of the shape Uê1, U ê2 : UFE Ñ UFX.

It is important to note that the quotient pQ, νq in (1) is not a member of the variety.
In Example 2, y ˚ e and y belong to different equivalence classes in Q since the quotient q

only needs to identify x ˚ e and x. The interpretations of y ˚ e and y are equal in all objects
belonging to the variety of monoids because of the universal quantification over the morphism
f in (1) which takes care of all substitutions. In order to build a quotient that does belong
to the variety we need more equations than those in the set UFE. It is well known that

1 By taking U kerpqq Ñ UF X as the set of equation and using the fact that U is monadic [5, 20.56], it
can be shown that we recover the quotient q as the coequalizer of the lifted equations.
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equational reasoning also adheres to the following rules:

t “ t ref t “ s
s “ t

sym s “ t t “ u
s “ u trans

A relation on UFX which is closed under ref, sym, and trans is called an equivalence
relation, and a pre-congruence which is also an equivalence relation is called a congruence.
It is easy to turn the relation defined by (1) into a congruence by taking the kernel pair of
the coequalizer q, i.e. by moving to the exact sequence kerpqq Ñ FX ↠ pQ, νq. Since any
coequalizer is also the coequalizer of its kernel pair, q remains the coequalizer, and thus
the variety it defines remains the same. We have now increased the collection of derivable
equations. Following Example 2, the congruence kerpqq Ñ F tx, y, zu contains the equation
e ˚ x “ x ˚ e, for example, which requires sym and trans to derive.

As the reader will have guessed, we need to add substitution instances. Starting from the
pre-congruence of (1), this can be done categorically [25, §1.4] by considering the coequalizer

š

vPV

FE
rv̂˝ê1svPV //
rv̂˝ê2svPV

// FX
q1

// // pQ1, ν1q (2)

where V is the set of all substitutions V “ tv : X Ñ UFXu. It is not difficult to see that
pQ1, ν1q now does belong to the variety defined by q1 : FX ↠ pQ1, ν1q, i.e. q1 K pQ1, ν1q.

Since F is a left-adjoint,
š

vPV FE » F p
š

vPV Eq, i.e. (2) involves the free T -algebra
generated by all substitution instances of the axioms UFE. The relation defined by the span
U

š

vPV FE Ñ UFX is a pre-congruence closed under the substitution rule

s “ t v P V
v̂psq “ v̂ptq

subst

Applying (2) to Example 2, we get that y ˚ e “ y now belongs to the stock of equations. In
fact, it appears several times, since any substitution mapping x to y will produce it.

Following [49] we say that a set of equations e1, e2 : E Ñ UFX is stable if it is closed
under substitutions in the sense that for any v P V there exists a (necessarily unique) map
ṽ : E Ñ E such that ei ˝ ṽ “ Uv̂ ˝ ei, i “ 1, 2. Taking the kernel pair

kerpq1q //// FX
q1

// // pQ1, ν1q (3)

constructs a stable set of equations U kerpq1q Ñ UFX by construction [25, §1.4].
We have described three categorical constructions – lifting the equations, closing under (2),

and taking the kernel pair of the coequalizer (3) – which, combined, turn a set of equations
e1, e2 : E Ñ UFX into an exact sequence kerpq1q Ñ FX ↠ pQ1, ν1q which defines a stable
congruence U ker q1 Ñ UFX. We do not know if this purely categorical procedure produces
the smallest stable congruence, and we do not know if the order in which the three steps
are carried out matters. These questions are also raised in [48, §8], and as far as we could
see, no simple categorical argument can answer them. What is clear however, is that this
construction defines a quotient of the free T -algebra which belongs to the variety it defines.

▶ Theorem 3 ([49] Thm 3.5.3). Let T be a varietor, let e1, e2 : E Ñ UFX be a stable set of
T -equations over X, and consider the coequalizer

FE
ê1 //
ê2

// FX
q // // pQ, νq.

Then q K pQ, νq. Conversely, if q K pQ, νq, then kerpqq is stable.
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We finish by stating Birkhoff’s completeness theorem for equational reasoning. Given a
collection V of T -algebras (e.g. a variety), define EqpVq as the set of equations satisfied by
every T -algebra in V, i.e.

EqpVq “ te1, e2 : 1 Ñ UFX | @pM, αq P V,@v : X Ñ M, Uv̂ ˝ e1 “ Uv̂ ˝ e2u.

▶ Theorem 4 (Birkhoff’s completeness theorem, e.g. [17, 87, 49]). Let Σ be a polynomial
functor, and let E Ñ UΣFΣX be a set of equations. Then E “ EqpVq for some variety V iff
E is closed under p-cong, subst, ref, sym and trans .

3.2 Coequations, corelations and covarieties of coalgebras
Next, we dualize the concepts developed in §3.1. We denote by CoAlgpT q the category of
T -coalgebras and T -coalgebra homomorphisms. A functor T : Set Ñ Set is called a covarietor
[6] if the forgetful functor UT : CoAlgpT q Ñ Set has a right adjoint CT : Set Ñ CoAlgpT q,
called the cofree functor. For any set X, the coalgebra CT X is called the cofree coalgebra
over the set of colours X, or the cofree coalgebra in X colours. We omit subscripts if there is
no risk of confusion. Intuitively, CT X is the collection of X-patterns, T -processes (histories
of states in a T -transition system) whose states are labelled by elements of X.

Given a covarietor T we dualize the notion of equation by defining a T -coequation in X

colours [95] to be a cospan c1, c2 : UCX Ñ 2. The role of 2 fi t0, 1u is dual to the role of
1 in the definition of a T -equation, since 2 is a cogenerator in Set, whilst 1 is a generator.
Following [95], we define a T -coequational specification S as a pair of maps c1, c2 : UCX Ñ S.
This concept dualizes the notion of a set of T -equations, and whilst a set of T -equations is
equivalent to a relation on UFX, a coequational specification defines a corelation, i.e. a map
UCX ` UCX ↠ S. One should think of a corelation on UCX as two different classification
schemes – in the case of a coequation, two binary classification schemes, accepting or rejecting
behaviours – used to select the behaviours/patterns that they cannot distinguish.

The dual to the notions of valuation and interpretation/substitution are the notions
of colouring and recolouring map. Given a T -coalgebra pV, γq, a function k : V Ñ Y is
called a Y -colouring map, as it labels the states of the coalgebra with the colours of Y .
Given such a colouring map, we call its cofree extension k̂ : pV, γq Ñ CY a recolouring map,
k̂ fi CT k ˝ ηT

pV,γq. Starting at a state v P V , this map follows the history of the T -transition
system pV, γq, reads the colour(s) of the successor state(s) at each time step, and uses this
information to construct the T -transition system of observed colours. The original T -history
is typically infinite, and therefore so is the T -history of its colours. Thus, k̂ is a map which
typically processes an entire infinitary structure in one go.

Colouring maps of the shape k : UCX Ñ Y are important to understanding coequations.
Imagine an omniscient being that can examine the entire (possibly infinite) history of an
X-pattern in UCX and then classify it according to a rule of her choosing with a set of labels
Y . This is a colouring map on UCX. In particular, for a colouring map k : UCX Ñ X, the
omniscient being can examine the entire X-labelling history of a T -process and aggregate
this information into a single X-label. Every cofree coalgebra comes with such a canonical
colouring map εT

X : UCX Ñ X provided by the counit εT of the adjunction U % C, which
returns the colour of the initial state. Given a colouring map k : UCX Ñ Y , the associated
recolouring map k̂ : CX Ñ CY can be understood as the process by which our omniscient
being can follow an entire T -process and, at each time-step, classify the remaining history of
the T -process according to the colouring map k. In this way the omniscient being can build
the labelling history of the entire process in one single evaluation.
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The covariety defined by a T -coequational specification c1, c2 : UCX Ñ S over a set (of
colours) X, is the class of coalgebras pV, γq such that for every colouring map k : V Ñ X,
there is a unique coalgebra morphism from pV, γq to the equaliser pH, ξq of ĉ1, ĉ2 such that

pH, ξq // m // CX
ĉ1 //
ĉ2

// CS

pV, γq

k̂

OOii (4)

commutes.2 The coalgebra pV, γq is said to be co-orthogonal to the regular mono m, written
m J pV, γq, and the covariety defined by (4) can be described as the collection of coalgebras
mJ which are co-orthogonal to m. With this definition, we can state the dual to Theorem 1:

▶ Theorem 5 (co-Birkhoff (HSC) theorem, e.g. [65, 49, 6, 7]). Let T : Set Ñ Set be a
covarietor. A class of T -coalgebras is a covariety iff it is closed under Homomorphic images
(H), Subcoalgebras (S) and Coproducts (C).

Dual to the case of varieties, closure properties of the corelation c1, c2 : UCX Ñ S can
ensure that we obtain an equaliser which belongs to the covariety. Most of the literature
focuses on closure properties on the subobject side of (4), e.g. the notion of mongruence [50],
the (modal) closure operators of [49, 48], and the notion of invariant subcoalgebra of [45].
Since we dedicate §4 to this perspective, we follow [95, 65] and focus on the quotient.

Merging the nomenclatures of [49] and [65], we call the cospan ĉ1, ĉ2 : CX Ñ CS a pre-
cocongruence, the notion dual to a pre-congruence. Thus a pre-cocongruence is a corelation
that has a coalgebra structure compatible with that of CX, i.e. which is closed under taking
successors.3 Following [95], we will say that a corelation c1, c2 : UCX Ñ S is coreflexive if
there exists a map s : S Ñ UCX such that s ˝ rc1, c2s “ ridUCX , idUCX s, i.e. if it is only
allowed to identify a behaviour p1, tq in the first component of the coproduct with a behaviour
p2, sq in the second if t “ s. There is also a notion of cosymmetric, cotransitive, and of
coequivalence corelation, but it turns out that in Set these are implied by being coreflexive
[95]. Following our earlier definition of pre-congruence and congruence, we will say that a
pre-cocongruence is a cocongruence if it is coreflexive. It is easy to turn any corelation into
a coreflexive corelation, it suffices to consider the cokernel of its equaliser. Finally, dual
to the notion of a stable set of equations, we will say that a corelation c1, c2 : UCX Ñ S

is invariant if for any colouring map k : UCX Ñ X there exists a (necessarily unique)
morphism k̃ : S Ñ S such that ci ˝ k̃ “ Uk̂ ˝ ci, i “ 1, 2. By dualizing (2)-(3) we can turn
any corelation into an invariant corelation by first considering the equalizer of the cospan

pH 1, ξ1q // m1

// CX
xĉ2˝k̂y

kPK

//
xĉ1˝k̂y

kPK // ś

kPK

CS (5)

where K “ tk : UCX Ñ Xu is the set of X-colouring maps. Since C is right-adjoint, it
preserves products and

ś

k CS » C
ś

k S. Thus, we are considering as corelation a pair of
maps which can perform two “S-classifications” of an X-pattern and all its X-recolourings,
simultaneously. Clearly, m1 J pH 1, ξ1q, so pH 1, ξ1q belongs to the covariety it defines.

2 For any Set-endofunctor the category CoAlgpT q always has equalisers [43, 5.1]
3 This is what Kurz calls a cocongruence in [65].
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By taking the cokernel pair of the equalizer m1 above pH 1, ξ1q↣ CX Ñ cokerpm1q we get
a corelation which is invariant by construction. In fact, we get an invariant cocongruence,
which are to cofree coalgebras what stable congruences are to free algebras. We can now
state the dual of Theorem 3:

▶ Theorem 6. Let T be a covarietor, let c1, c2 : UCX Ñ S be an invariant T -coequational
specification, and consider the equalizer

pH, ξq // m // CX
ĉ1

//
ĉ2 //

CS.

Then m J pH, ξq. Conversely, if m J pH, ξq, then cokerpmq is invariant.

▶ Example 7. Let us consider the same endofunctor as in Example 2, namely the functor
ΣX “ X ˆX ` 1. This functor is a covarietor and the cofree Σ-coalgebra CΣX over X is
the set of finite and infinite binary trees whose nodes are labelled by the elements of X [7].
Consider in particular the cofree Σ-coalgebra over a set of two colours, which we shall write
as tb, wu for “black” and “white”. We now define the coequation c1, c2 : UCtb, wu Ñ 2

c1ptq “

#

1 if LeftChildptq is labelled b

0 else
c2ptq “

#

1 if RightChildptq is labelled b

0 else

where LeftChildptq being labelled b assumes that it exists, i.e. that t is not a leaf state, and
similarly for RightChildptq. Recall that a coequation-as-corelation defines the set of behaviours
which cannot be distinguished by the two classification schemes. The coequation above
defines the covariety of finite and infinite binary trees with the property that if a state has left
and a right children states, then they must be equal; i.e. the covariety of deterministic binary
trees. To see this, consider the equalizer m : pH, ξq Ñ CX of ĉ1, ĉ2. It contains all binary
trees such that left- and right-successors share a colour. Its cokernel defines the cocongruence
on CX ` CX Ñ Ctb, wu, which only identifies p1, sq and p2, tq if s “ t belongs to H. This
cocongruence is not invariant: the two copies in CX ` CX of the left-hand tree tl below are
identified by the corelation c1, c2 (and its coreflexive closure), but can be recoloured into two
copies of the right-hand tree tr, which will be kept distinct by the corelation.

k̂
ÝÑ

By constructing the invariant closure of the corelation using the construction of (5), the two
trees above become components in the tuple of all recolourings of tl. Applying ĉ1 and ĉ2
component-wise to this tuple will yield two tuples which will disagree at the coordinate of tr.
In fact, the equalizer pH 1, ξ1q of xĉ1 ˝ k̂ykPK , xĉ2 ˝ k̂ykPK : Ctb, wu Ñ

ś

k C2 contains precisely
the trees whose nodes at depth n all have the same colour, in other words the equalizer is
isomorphic to tb, wu˚ Y tb, wuω. From this it follows that given an arbitrary Σ-coalgebra
pV, γq, if any recolouring map k̂ : pV, γq Ñ Ctb, wu has to factor through tb, wu˚ Y tb, wuω it
must be the case that π1pγpxqq “ π2pγpxqq or γpxq P 1 for all x P V .
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4 Coequations-as-predicates

The coequations-as-predicates paradigm provides a picture of coequations that is very flexible
with regard to how they can be written. In this paradigm, a coequation is a subset of a
cofree coalgebra, so any method of describing subsets can be used. In practice, the elements
of a cofree coalgebra carry some structure, for eg. a tree or a stream of numbers, allowing
the user to describe coequations in terms of this structure.

In §4.1 and §4.2, we will see some examples of predicate coequations and their descriptions.
We then give a brief account of Adámek and Schwencke’s observation that there is an inherent
logical structure to coequations in §4.3. Finally, in §4.4, we talk about the expressiveness of
predicate coequations in general, and give a generalization of predicate coequations when
there are no cofree coalgebras.

In this section, we entirely focus on coalgebras in Set. Many of the results can be
generalized to coalgebras over other base categories, see for example [7] and the thesis [49].

4.1 Behavioural coequations

Fix a covarietor T on Set with forgetful-cofree adjunction U % C, and let pZ, δq denote the
final coalgebra C1. Given two coalgebras pV1, γ1q, pV2, γ2q, two states v1 P V1 and v2 P V2
are said to be behaviourally equivalent (e.g. [62]) if there is a third coalgebra pV 1, γ1q and
homomorphisms hi : Vi Ñ V 1 such that h1pv1q “ h2pv2q. Behavioural equivalence is an
equivalence relation: it is reflexive and symmetric, and since the category CoAlgpT q has
pushouts, it is also transitive. Furthermore, since every coalgebra pV, γq admits a unique
coalgebra homomorphism !V : pV, γq Ñ pZ, δq, the state !V pvq of Z is a representative of the
behavioural equivalence class of v for any state v P V . This is the motivation for calling the
states of pZ, δq behaviours (for the functor T ).

A behavioural coequation is a subset of Z. A coalgebra pV, γq satisfies W Ď Z, written
pV, γq |ù W , if imp!V q Ď W , i.e. a coalgebra satisfies a behavioural coequation if the
coequation contains all of the behaviours exhibited by the coalgebra. A behavioural covariety
is a class of coalgebras of the form CovpW q “ tpV, γq | pV, γq |ù W u for some W Ď Z.

▶ Example 8. Coalgebras for the functor Tdet “ 2ˆ IdA are deterministic automata. The
final deterministic automaton is p2A˚

, xϵ?, Byq, where A˚ is the set of empty or nonempty
words in the alphabet A (here, ϵ is the empty word), and

ϵ?pLq “
"

1 if ϵ P L

0 otherwise BpLqpaq “ tw P A˚ | aw P Lu

for any L Ď A˚ and a P A [79, 19]. Recall that the set Reg Ď 2A˚ of regular languages
is the smallest subset of 2A˚ closed under concatenation, iteration, and finite unions, and
containing tϵu and tau for each a P A. The class CovpRegq of deterministic automata that
accept regular languages is a behavioural covariety.

By Kleene’s theorem, a deterministic automaton satisfies Reg if and only if it is bisimilar
to a locally finite automaton. There are many examples of deterministic automata that
satisfy Reg but are not locally finite: The following automata are bisimilar and both accept
the language a˚, but only one of them is locally finite.

v1 v2 v3 ¨ ¨ ¨
a a a

v a
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The relationship between regular languages and finite automata in Example 8 is typical
of behavioural coequations. Behavioural coequations constrain dynamics by constraining
behaviour, and behaviour is preserved under many of the useful operations on coalgebras.
In general, behavioural coequations carve nicely structured categories out of CoAlgpT q.
Following the co-Birkhoff result of Theorem 5, we will say that a class of coalgebras is a
structural covariety if it is closed under homomorphic images, subcoalgebras and coproducts.
Note that this concept makes sense whether T is a covarietor or not.

▶ Proposition 9 (Rutten [79]). For any W Ď Z, CovpW q is a structural covariety.

However, not every structural covariety is carved out of CoAlgpT q by a behavioural
coequation. As we saw in Example 8, locally finite deterministic automata are not
behaviourally specified: if they were, their defining coequation would be Reg. On the
other hand, we will see in §4.2 that (under mild conditions) locally finite coalgebras form a
structural covariety.

The mismatch between behavioural coequations and covarieties does not detract from
the importance of behavioural constraints in the computer science literature. Behavioural
coequations are particularly common in fields like automata theory and process algebra
where specification languages play an important role.

▶ Example 10. Fix a set A of atomic actions, and consider the following BNF grammar

E ::“ a P A | x P Var | E ` E | apEq | µx.F F ::“ a P A | F ` F | apEq | µx.F

A specification is an expression e P E in which every variable x P Var appears within the scope
of a µx. The set of specifications can then be given the structure of a Pωpt✓u`IdqA-coalgebra
pExp, Bq using the GSOS law below. For any a P A, e, e1, e2, f P Exp, infer

a a
ÝÑ✓ apeq a

ÝÑ e

e1 ` e2
a
ÝÑ f

ei
a
ÝÑ f

µx.f a
ÝÑ e

f rµx.f{xs a
ÝÑ e

Here, e a
ÝÑ ξ means that ξ P Bpeqpaq. The functor Pωpt✓u ` IdqA has a final coalgebra pZ, δq

consisting of A-decorated trees with transitions carrying labels from A and leaves carrying
the label ✓ [96]. Every specification e gives rise to a unique behaviour !Exppeq, and therefore
also a tree. In analogy with regular languages (see Example 8), one might call the set of
behaviours arising from specifications the regular coequation. A process satisfies the regular
coequation if every of its states mimics the behaviour of a specification.

Many pairs of specifications give rise to identical behaviours: For example, e ` f and
f ` e are behaviourally equivalent for any e and f , and so are f rµx.f{xs and µx.f . Studying
behavioural equivalences like these is a popular topic in process algebra [35].

The reader familliar with process algebra should note that in many cases, including
Example 10, behavioural equivalence and bisimilarity coincide. For a general T , a bisimulation
between T -coalgebras pV1, γ1q and pV2, γ2q consists of a coalgebra pR, ρq and a pair of coalgebra
homomorphisms πi : pR, ρq Ñ pVi, γiq. Image factorisations exist in Set, so every bisimulation
is equivalent to one in which R Ď V1 ˆ V2 and the homomorphisms π1, π2 are the projections
of R onto the first and second components of R [79]. If two states v1 P V1, v2 P V2 are related
by a bisimulation, we say that v1 and v2 are bisimilar and write v1Øv2. Important examples
of bisimulations include graphs of homomorphisms: in fact, a function V1 Ñ V2 is a coalgebra
homomorphism if and only if its graph is a bisimulation [79, 43].
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▶ Lemma 11 (Rutten [79]). Let pV1, γ1q and pV2, γ2q be a coalgebras, and v1 P V1 and
v2 P V2 be states. If T preserves weak pullbacks, then v1 Ø v2 if and only if v1 and v2 are
behaviourally equivalent.

Many of the covarietors familliar to computer scientists preserve weak pullbacks, including
every polynomial functor, the covariant powerset functor P and its κ-accessible variants Pκ,
and every product, coproduct, and composition of these functors [41]. Among the resulting
class of functors are the deterministic automaton functor B ˆ IdA and the nondeterministic
automaton functor BˆPpIdqA for any output set B. The added assumption that T preserve
weak pullbacks leads to a rich coalgebraic theory, and much of [79] depends on it.

Under the additional assumption that T preserves weak pullbacks, Gumm and Schröder
obtain the following characterisation of behavioural covarieties.

▶ Theorem 12 (Gumm and Schröder [45]). Let T preserve weak pullbacks. Then a structural
covariety C in CoAlgpT q is behavioural if and only if it is closed under total bisimulations,
i.e. if pV1, γ1q P C and there is a bisimulation pR, ρq between pV1, γ1q and pV2, γ2q such that
π1 and π2 are surjective, then pV2, γ2q P C as well.

▶ Example 13. Consider the functor Talt “ pt✓u ` Idqta,bu. In a Talt-coalgebra pV, γq, write
v a
ÝÑ v1 if v1 “ γpvqpaq and v ñ a if ✓ “ γpvqpaq, and similarly for b. The functor Talt

preserves weak pullbacks, and the final Talt-coalgebra is the set of all ta, bu-decorated trees
t such that every node n of t has at most one n a

ÝÑ n1 transition and at most one n b
ÝÑ n1,

and all other transitions are of the form n ñ a or n ñ b. The coalgebra structure δ is the
obvious parent-child transition structure.

The class of sequence coalgebras, consisting all those Talt-coalgebras pV, γq such that
|γ´1p✓q| “ 1, is closed under total bisimulations. By Theorem 12, the covariety of sequence
coalgebras is determined by a set Wseq of behaviours. One way to describe this coequation
is as follows: Wseq is the set of all behaviours t such that the first layer of t is one of

‚

‚

b
a

‚

a

‚

b

Of course, many of the trees in Wseq are not behaviours exhibited by sequence Talt-coalgebras,
as nodes from deeper layers might accept too many or too few of a, b. This can easily be
fixed once we have made the following observation.

▶ Lemma 14 (Rutten [79]). Let pV, γq, pV 1, γ1q be T -coalgebras and h : V Ñ V 1 be a T -
coalgebra homomorphism. Then hpV q is a subcoalgebra of pV 1, γ1q.

Consequently, if pV, γq |ù W for some W Ď Z, then !V pV q is a subcoalgebra of pZ, δq

contained in W . It follows from CoAlgpT q being cocomplete and having image factorisations
that an arbitrary union of subcoalgebras of a fixed coalgebra is a subcoalgebra. In particular,
there is a largest subcoalgebra lW contained in W , and it satisfies CovplW q “ CovpW q for
any W Ď Z. In fact, lW is the final object of CovplW q! The operator l is known as the
“henceforth” operator in [51], and is studied in more general settings by Hughes in [48].

4.2 Beyond behaviour
A predicate coequation in X colours is a set of X-patterns, or a subset of the cofree coalgebra
CX. A coalgebra pV, γq satisfies the predicate coequation W Ď CX if, for any colouring
c : V Ñ X, the homomorphism ĉ : pV, γq Ñ CX induced by the adjunction U % C factors
through W (that is, ĉpV q Ď W ).
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▶ Theorem 15 (Rutten [79], Gumm [41]). Let T be a covarietor, X be a set, and W Ď UCX.
The class CovpW q “ tpV, γq | p@c : V Ñ Xq ĉpV q Ď W u is closed under subcoalgebras,
coproducts, and homomorphic images.

Under mild assumptions on T , every structural covariety is presentable by a coequation.
The key to proving the converse to Theorem 15 is to give an upper bound on the number of
colours that only depends on T . This is possible when T is κ-bounded for some cardinal κ,
meaning that for any coalgebra pV, γq and any state v P V , there is a subcoalgebra S of pV, γq

such that v P S and |S| ď κ. An endofunctor on Set is bounded if it is κ-bounded for some
κ.4 The class of bounded functors is broad enough to capture most functors in everyday use
by computer scientists [79, 42]. At the beginning we assumed that T is a covarietor, but
boundedness actually implies this.

▶ Theorem 16 (Kawahara & Mori [57]). If T : Set Ñ Set is bounded, then T is a covarietor.

Let C be a structural covariety and κ an infinite cardinal, and assume that T is κ-bounded.
Given a state v of a coalgebra pV, γq, there is a subcoalgebra S of pV, γq containing v such that
|S| ď κ. By a simple renaming of states, S is isomorphic to a coalgebra whose state space is a
set of numbers in κ. This means that every T -coalgebra is locally isomorphic to a coalgebra of
the form pS, σq where S Ď κ, and in particular that every coalgebra in C is locally of this form.
Writing G “ tpS, σq P C | S Ď κu, the coequation WG “

Ť

tĉpSq | pS, σq P G and c : S Ñ κu

determines C, meaning that C “ CovpWGq.

▶ Theorem 17 (Rutten [79]). If T is κ-bounded and C is a structural covariety in CoAlgpT q,
then C “ CovpW q for some W Ď Cκ.

Behavioural coequations are instances of predicate coequations: They are the coequations
in 1 colour. We have already seen in Examples 8, 10, and 13 that some covarieties are
presentable by behavioural coequations despite the type functor failing to be 1-bounded.5
The bound on the number of colours provided by Theorem 17 is rarely optimal in practice.

Towards a better bound, recall the definition of behavioural equivalence from §4.1. Let C
be a covariety that is closed under behavioural equivalence, meaning that it contains every
coalgebra pV, γq such that every state v P V is behaviourally equivalent to a state of a
coalgebra in C. Then C is necessarily behavioural. Indeed, if WC “ t!Spxq | x P S, pS, σq P Cu,
then pS, σq |ù WC for any pS, σq P C. Conversely, every state of a coalgebra satisfying WC
behaves like a state from a coalgebra in C, and by assumption such a coalgebra must be in C.

This argument generalizes to the λ-pattern situation by saying that a class C of coalgebras
is closed under λ-pattern equivalence if pV, γq P C whenever the following condition is met:
for any v P V and any colouring c : V Ñ λ, there is a pS, σq P C with a state x P S and a
colouring c1 : S Ñ λ such that ĉpvq “ ĉ1pxq. We thus have:

▶ Proposition 18. Let C be a covariety closed under λ-pattern equivalence. Then C “ CovpW q

for some W Ď UCλ.

▶ Example 19. Consider the deterministic automaton endofunctor Tdet “ 2 ˆ IdA from
Example 8. Fix two words w1, w2 P A˚ and let C be the class of deterministic automata pV, γq

in which v w1
ÝÝÑ v1 and v w2

ÝÝÑ v2 implies v1 “ v2. Consider an automaton pV, xo, Byq, v P V , and
c : V Ñ 2 the colouring cpxq “ 1 ðñ x “ Bpvqpw1q,6 and assume there is an automaton

4 Equivalently, T is accessible or small [6].
5 It is straightforward to check that each is ω-bounded, on the other hand.
6 Here, Bpvq : A˚

Ñ V is defined by Bpvqpϵq “ v and Bpvqpwaq “ BpBpvqpwqqpaq.
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pV 1, xo1, B1yq P C with v1 P V 1 and a colouring c1 : V 1 Ñ 2 such that ĉpvq “ ĉ1pv1q. Then
cpBpvqpw2qq “ c1pB1pv1qpw2qq “ c1pB1pv1qpw1qq “ cpBpvqpw1qq, so that Bpvqpw2q “ Bpvqpw1q by
construction of c. It follows that C is closed under 2-pattern equivalence, and is therefore
determined by a coequation in 2 colours. Indeed, where ε is the counit, it is given by

W “ tt P UC2 | ε2pBptqpw1qq “ ε2pBptqpw2qqu.

In §4.1, we saw that bisimilarity and behavioural equivalence coincide when T preserves
weak pullbacks. This gave way to Theorem 12, which characterised behavioural covarieties
in terms of total bisimilarity. Adámek applies the same reasoning in [4] to give a bound like
the one in Prop. 18 in terms of bisimulations: For a cardinal λ, say that a covariety C is
closed under λ-colour bisimilarity if pV, γq P C whenever the following condition is met: For
any c : V Ñ λ there is a pS, σq P C, a colouring c1 : V 1 Ñ λ, and a total bisimulation pR, ρq

between pV, γq and pV 1, γ1q such that c ˝ π1 “ c1 ˝ π2.

▶ Theorem 20 (Adámek [4]). Suppose T is a covarietor that preserves weak pullbacks. A
covariety in CoAlgpT q is presentable by a predicate coequation in λ colours if and only if it is
closed under λ-colour bisimilarity.

▶ Example 21. The class C of simple graphs (of finite degree) can be seen as a covariety
in CoAlgpPωq. In a Pω-coalgebra pV, γq, write v1 Ñ v2 to denote v2 P γpv1q. Then pV, γq

is a simple graph if Ñ is a reflexive symmetric relation on V .7 Reflexivity and symmetry
are given by the coequations Wref “ tt | pDsq ε2psq “ ε2ptq and t Ñ su and Wsym “ tt |

p@sq pt Ñ s ùñ pDuq ε2puq “ ε2ptq and s Ñ uqu respectively. The modal logician will
recognise the axioms (T) p Ñ ♢p and (B) p Ñ l♢p, the roles of the propositional variable
p being played by the colouring map ε2. The coequation we are looking for is therefore
Wsim “ Wref XWsym. By Theorem 20, C is closed under 2-colour bisimilarity. This covariety
is also not behavioural: ‚ ý and ‚ Ñ ‚ Ñ ‚ Ñ ¨ ¨ ¨ are bisimilar, for example.

▶ Example 22. Recall that a coalgebra pV, γq is locally finite if for any v P V , there is a
subcoalgebra S of pV, γq such that v P S and S is finite. If T preserves weak pullbacks, then
the class Cω of locally finite T -coalgebras is a covariety in ω colours.

To see why, let pV, γq be a coalgebra such that for any c : V Ñ ω, there is a locally
finite pV 1, γ1q, a colouring c1 : V 1 Ñ ω, and a total bisimulation pR, σq between pV, γq and
pV 1, γ1q such that c ˝ π1 “ c1 ˝ π2. If v P V and c : V Ñ ω is any colouring, and we take
pV 1, γ1q, pR, ρq, c : V 1 Ñ ω as before, then vRv1 for some v1 P V 1. Since pV 1, γ1q is locally
finite, c1pS1q is finite for some subcoalgebra S1 of pV 1, γ1q containing v1. The projection π2 is
surjective, so P “ π´1

2 pS1q is a subcoalgebra of pR, ρq containing pv, v1q. Taking images, we
see that cpπ1pP qq “ c1pπ2pP qq “ c1pS1q, so that π1pP q is a subcoalgebra of pV, γq with finite
image under c. Since T preserves weak pullbacks, there is a smallest subcoalgebra xvy of
pV, γq containing v [79]. This subcoalgebra is contained in every P as constructed above, so
has finite image under c for any c. A set is finite if and only if every image of the set under a
map into ω has a finite image, so xvy must be finite. It follows that pV, γq is locally finite, so
by Theorem 20, Cω is presentable with a coequation in ω colours. The desired coequation
consists of those ω-patterns in which only finitely many colours appear.

7 A simple graph in this sense contains the same information as the more traditional concept from
combinatorics. However, Pω-coalgebra homomorphisms are not graph homomorphisms. For a coalgebraic
depiction of traditional directed graphs, see pg. 22 of [80], or [55].
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4.3 Logic and Avoiding Patterns
As we have already seen, it is possible for distinct coequations, like lW and W in Example 13
for instance, to specify the same covariety. In this short section, we describe Adámek and
Schwencke’s framing of this equivalence between coequations as a logical equivalence in
[4, 89, 90], and discuss Adamék’s sound and complete deduction system for the resulting
logic of coequations for a polynomial endofunctor T .

Given two coequations W1 and W2, W1 is said to imply W2, written W1 |ù W2, if for
any coalgebra pV, γq, pV, γq |ù W2 whenever pV, γq |ù W1. For example, W1 Ď W2 implies
W1 |ù W2, and W |ù lW and lW |ù W . The inference relation |ù also interacts with
recolourings: every h : X Ñ X induces ĉ : CX Ñ CX such that W |ù ĥpW q.

Further analysis of the inference relation |ù is possible with a notation used by Gumm.
In [41], Gumm gives a negative description of coequations, as predicates of the form at “

pCXq ´ ttu for a pattern t. This is a particularly useful notation for coequations when
patterns are easily described but general predicates are not. Such is the case when T is a
polynomial functor, as patterns are identifiable with certain trees.

Fix a polynomial functor TΣ “
Ť

pPΣ Idarppq, where κ is a cardinal, Σ is a set, and
ar : Σ Ñ κ. For a set of colours X, an X-pattern is a tree t in which every node n is labelled
with a pair pp, xq P ΣˆX and a transition function that maps each α ă arppq to each child
of n. The structure map of CX is given by parentÑchild transitions: if n is a node of t and
n1 is the αth child of n, then t α

ÝÑ s when s is the subtree of t rooted at n1. There is a unique
node of t with no incoming transitions, called its root. Each node of t is the root a tree, and
we call trees of this form subtrees of t. We write s Ď t to denote that s is a subtree of t.

Given t, s P UCX, if s Ď t and pV, γq |ù as, then pV, γq |ù at as well. This is because, if
ĉpvq “ t for some colouring c : V Ñ X and v P V , then every path t α1

ÝÑ t1ÝÑ¨ ¨ ¨ÝÑ tn´1
αn
ÝÝÑ s

is witnessed in pV, γq by a path v α1
ÝÑv1ÝÑ¨ ¨ ¨ÝÑvn´1

αn
ÝÝÑu such that ĉpuq “ s.8 Furthermore,

if s is a recolouring of t, i.e. s “ k̂ptq for some colouring k : UCX Ñ X, then pV, γq |ù as

implies pV, γq |ù at as well. This is due to the composition c1 “ k ˝ ĉ, where c : V Ñ X is
any colouring of pV, γq, since s “ ĉ1pvq when t “ ĉpvq. We obtain the following proof rules.

$ as t Ñ s
$ at child

$ as s “ k̂ptq

$ at k-rec

For any t, s P UCX, if $ at can be deduced from $ as with k-rec (here, k is allowed to
vary) and child, we write as $ at.

▶ Theorem 23 (Adámek [4]). For a polynomial endofunctor TΣ, a set X, and any s, t P CX,
as |ù at if and only if as $ at.

As shown in Adámek’s [4] and Schwencke’s [89, 90], the logic of coequations for polynomial
functors (described above) can be extended to include many bounded functors. The extended
logic relies on the fact that every bounded functor is a natural quotient of some polynomial
functor [8], and by extension every cofree coalgebra for a bounded functor is a quotient of
a cofree coalgebra for a polynomial functor. The subtree and recolouring rules apply to
representatives, and with the right natural quotient9 TΣ ñ T , the ensuing logic is sound and
complete with respect to coequational reasoning.

8 Here, v α
ÝÑ u in pV, γq if u “ γpvqpαq.

9 Namely, a so-called regular presentation. See [90] for details.
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4.4 Generalized coequations
If T is not bounded, T is likely not a covarietor. In such a case, we cannot always use
predicates to specify classes of coalgebras over the base category Set. However, as Aczel and
Mendler showed in [2], every endofunctor on Set extends to a covarietor on the category of
classes. By approximating cofree coalgebras, which may be proper classes in the case that T

is unbounded, Adámek recovers generalized coequations in [3], and shows they are sufficient
for specifying structural covarieties in general.

To approximate the cofree coalgebra in X colours, we follow Barr in [16] and construct
its final sequence, the ordinal-indexed diagram

X0 X1
ϕ1

0oo X2
ϕ2

1oo ¨ ¨ ¨oo Xω
oo Xω`1

ϕω`1
ωoo ¨ ¨ ¨oo

Here, X0 “ 1 and ϕ1
0 “ !, Xα`1 “ X ˆ TXα, and ϕβ`1

α`1 “ idX ˆ T pϕβ
αq for any ordinals

α ă β, and pXλ, tϕλ
αuαăλq “ lim

ÐÝ
tϕβ

α : Xβ Ñ Xα | α ă β ă λu for λ a limit ordinal.
For any T -coalgebra pV, γq and any colouring c : V Ñ X, let c0 “ ! : V Ñ X0 be the

unique such function, and define cα`1 “ xc, T pcαq˝γy at successor ordinals, and cλ : V Ñ Xλ

to be the unique cone homomorphism tcαuαăλ Ñ tϕλ
αuαăλ when λ is a limit ordinal. A

generalized X-pattern is an ordinal indexed sequence ttαuαPOrd such that tα P Xα, and
tα “ ϕβ

αptβq for any α ă β. A generalized coequation is a class W of generalized patterns,
and pV, γq |ù W if for any c : V Ñ X and v P V , we find tcαpvquαPOrd P W .

▶ Theorem 24 (Adámek [3]). For any endofunctor T , a class C of T -coalgebras is a structural
covariety if and only if there is a generalized coequation W such that C “ CovpW q.

Generalized coequations are indeed generalisations of coequations for a covarietor. If
T is a covarietor, then ϕλ`1

λ is an isomorphism for some ordinal λ [7].10 As ϕλ`1
λ is an

isomorphism, it has an inverse xk, δXy : Xλ Ñ X ˆ TXλ, and the cofree coalgebra CX is
precisely pXλ, δXq. In this setting, cλ and ĉ coincide, and the satisfaction relation from §4.2
coincides with the satisfaction of generalized coequations. Note, however, that while the set
of colours is fixed in Theorem 17, the colours appearing in Theorem 24 can vary.

▶ Example 25. The powerset functor P is not bounded, as no ϕλ`1
λ can be a bijection.

Nevertheless, the class of simple graphs from Example 21 forms a covariety. The presenting
coequation is 2-coloured and can be visualised as a subset of X3. Here, X3 “ 2ˆPp2ˆPp2ˆ2qq,
so elements of X3 can be thought of as extensional trees with 2-coloured nodes and height at
most 3. The desired subset, call it W , is obtained by restricting the coequation in Example 21
to such trees. The generalized coequation Wsim then consists of all ordinal-indexed sequences
ttαuαPOrd such that t3 P W .

▶ Example 26. For a set V , let FV be the set of filters on V , upwards-closed subsets of
PpV q ´ tHu that are closed under pairwise intersection. For a function f : V Ñ V 1, let
FpfqpF q “ rfpF qsfil be the smallest filter containing tfpsq | s P F u. Then F is an unbounded
functor. As Gumm points out in [42], the category Top of topological spaces and open
continuous maps is a covariety of F-coalgebras. The structure map of a topological space
sends every point to its filter of neighbourhoods. The coequation presenting Top appears in
[68] in modal form, but in principle can be translated into a generalized coequation.

10 Worrell shows in [96] that if T is κ`-bounded, ϕλ`1
λ is an isomorphism when λ “ κ ` κ.
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5 Coequations-as-equations

Our main sources for this section are [50, 47, 20, 78]. The last two papers are written in the
language of visible and hidden sorts, making them relatively difficult to read. Here, we follow
the single-sorted setup of [50, 47]. The generalisation to multiple sorts (i.e. to the category
SetS for some set of sorts S) presents only notational difficulties.

Following [50], let At be a set of atomic types and consider the grammars of types:

S ::“ A P At | 0 | 1 | S` S | Sˆ S T ::“ A P At | 0 | 1 | T` T | Tˆ T | X

A destructor signature is a set of pairs of types σi fi pSi, Tiq, i P I, called destructors. The
interpretation of a type is determined inductively given interpretations JAK of A P At and JXK
as sets, and by taking ` to be the coproduct, ˆ the product, 0 the empty set, and 1 the set
t0u in Set. An interpretation of a destructor σ fi pS, Tq is a map JσK : JSKˆ JXKÑ JTK, and
an interpretation of a destructor signature is an interpretation of each of its destructors.

As Set is Cartesian closed, every destructor can equally be interpreted as a map JσK :
JXKÑ JTKJSK. This means that the interpretation of a destructor signature can be described
as a coalgebra for the functor

T JXK fi
ź

iPI

JTiK
JSiK (T typically depends on X).

▶ Example 27. Jacobs provides the example of a simple class for a bank account where
At “ tNu, and the destructor signature is tp1, Nq, pN, Xqu. An interpretation of this destructor
signature can be defined by choosing JNK “ N and two maps bal : JXK Ñ N and credit :
Nˆ JXK Ñ JXK returning the balance on the account and crediting the account by a given
amount respectively. Alternatively, the interpretation of this destructor signature can be a
coalgebra for Nˆ IdN.

The definition of a term for a destructor signature is fairly elastic (see op.cit.) but includes
at least the following rules. First, define for each atomic type A P At a set VarA of variables
of type A. We also define a unique variable x of type X. The following rules [50, 20] are used
to build terms in context:
1. Variables are terms of the corresponding type: if a P VarA then $ a : A,$ x : X.
2. If σ “ pS, Tq is in the destructor signature, then s : S, t : X $ σps, tq : T.
Any constructions which might be useful, such as projections and coprojections or built-in
functions, can be added to the grammar of terms. In the case of Example 27 it is useful to
add the function p´q ` p´q : Nˆ N Ñ N which allows the term n : N x : X $ balpxq ` n : N to
be constructed. A coequation-as-equation is defined as an equation a1 : A1, . . . , an : An, x :
X $ s “ t : T between two terms of the same type, in the same context. The interpretation
of terms follows in the obvious way from the interpretation of the destructor signature (and
any other build-in operations like p´q ` p´q) and function composition.

As in the case of coequations-as-corelations, the purpose of these equations is not to identify
terms via a quotient, but to select certain behaviours. The connection with corelations can be
made explicit by observing that every term will be typed like a1 : A1, . . . , an : An, x : X $ t : T
with a context containing a unique variable x : X, and variables of atomic type. This means
that its interpretation JtK can always be Curried, and since an interpretation of the destructor
signature is a coalgebra γ : X Ñ TX, we can view a coequation-as-equation s “ t as a
corelation:

X
JsK //
JtK

// JTKJA1Kˆ...JAnK or a pre-cocongruence pX, γq
JsK //
JtK

// CT JTKJA1Kˆ...JAnK
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Returning to Example 27, Jacobs gives the financially sound equation n : N, x : X $

balpcreditpn, xqq “ n` balpxq. By interpreting the basic destructors as a coalgebra γ : X ÞÑ

NˆXN, and Currying the interpretation of the two terms in the equation, we get a corelation
X Ñ NN classifying behaviours according to what the functions λn. Jbalpcreditpn, xqqK and
λn.n` JbalpxqK do at state x. The coequation-as-equation selects the bank accounts whose
behaviours cannot be distinguished by these two functions.

6 Coequations-as-modal-formulas

Modal logic, and its generalisation coalgebraic modal logic, is an intuitive and powerful
syntax to write predicate coequations. We follow the abstract formalism of [60, 61, 53], as it
naturally lends itself to interpreting modal formulas as coequations. In this formalism, the
syntax of a modal logic is given by an endofunctor L on some base category C, typically either
the category BA of Boolean Algebras for boolean modal logics (see op.cit. and [74, 93, 21]),
or the category DL of Distributive Lattices (see [12, 28, 27]) for positive modal logics. The
base category C encodes all the basic logical connectives whilst the functor L constructs
terms with modal operators. Since one is typically interested in finitary logics, we also make
the natural assumption that L is finitary, and in particular a varietor [7, Thm. 3.17]. We
thus have a free-forgetful adjunction FL % UL, FL : CÑ AlgCpLq. We also assume that there
exists a free-forgetful adjunction F % U, F : CÑ Set, which we write in sans-serif font to keep
it distinct from the other adjunctions.

▶ Example 28. Normal modal logic is defined by the functor L : BA Ñ BA which sends a
boolean algebra A to the boolean algebra of formal terms LA “ Ftla | a P UAu{ ”, where ”
is the stable congruence generated by the equations lJ “ J, lpa^ bq “ la^lb. Usually,
A is also freely generated, specifically A “ FAt where At is the set of propositional variables.

Coalgebraic modal logics are interpreted in coalgebras, so let us fix an endofunctor T : DÑ D

describing both the kind of carrier (D-objects) and the kind of transition systems in which
modal formulas are to be interpreted. We now need two pieces of categorical data.
1. A dual adjunction G % P, G : CÑ Dop connecting the “logical category” C to the “model

category” D whose objects carry the models of the interpretation.
2. A semantic natural transformation δ : LP Ñ PT to recursively compute the semantics.
The framework of coalgebraic modal logic can thus be summarized as the categorical data:

Set
F

**
K C

L

��

U

jj

G
++

K Dop

T op

��

P

jj δ : LP Ñ PT

By using P and δ, one can turn any T -coalgebra γ : X Ñ TX into an L-algebra Pγ ˝ δX :
LPX Ñ PTX Ñ PX. We denote this construction, which is functorial since δ is natural,
by pP pX, γq. The semantics can now be defined as follows: given a T -coalgebra pX, γq and
a set At of variables, a valuation is a map v : At Ñ UPX, which lifts to a C-morphism
v̂ : FAt Ñ PX. Since PX is the carrier of pP pX, γq, we can re-type v̂ as a C-morphism
v̂ : FAt Ñ UL

pP pX, γq. Since L is a varietor, this map freely extends to a unique L-algebra
morphism J´Kv : FLFAt Ñ pP pX, γq, which recursively computes the interpretation of a
modal formula in FLFAt as an element of PX via the semantic transformation δ. A formula
φ P FLFAt is said to be satisfied at x P X for the valuation v, written pX, γ, xq |ùv ϕ, if
x P JϕKv. A formula φ P FLFAt is said to be valid in pX, γq, written pX, γq |ù φ, if it is
satisfied at every x P X and for every valuation v : At Ñ UPX.
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▶ Example 29. In the case of the normal modal logic described in Example 28 we take
D “ Set, the dual adjunction is given by the powerset functor P : Setop

Ñ BA and the
ultrafilter functor U : BA Ñ Setop, and models are coalgebras for the powerset functor
P : Set Ñ Set. The semantic transformation δ : LP Ñ PP thus turns a modal formula over a
predicate on the carrier into the set of successors which must satisfy this predicate, from the
perspective of the modality. It is defined by δplW q “ tW 1 | W 1 Ď W u. Given a coalgebra
γ : X Ñ PX and a valuation v : At Ñ UPX, it follows from the definition of δ and J´Kv that
for any φ P FLFAt, JlφKv is computed recursively via JlφKv “ tx P X : γpxq Ď JφKvu, where
JpKv fi vppq. This is the usual semantics for normal modal logic, rephrased coalgebraically.

A set of modal axioms Φ Ď UULFLFAt defines a set of equations e1, e2 : Φ Ñ UULFLFAt, in
the sense of §3.1, since each axiom φ P Φ is shorthand for the equation φ “ J, i.e. e1pφq “

φ, e2pφq “ J. We can then consider the variety defined by the coequalizer q : FLFAt ↠ Q of
the free extensions ê1, ê2 : FLFΦ Ñ FLFAt, exactly as in §3.1. We obtain, immediately from
the definitions, that every set of modal axioms defines a variety, and these axioms are valid
in a coalgebra pX, γq precisely when pP pX, γq belongs to the variety.

▶ Proposition 30. Using the notation above, pX, γq |ù Φ iff q K pP pX, γq.

A set of modal axioms Φ can also be seen as a coequation-as-predicate which defines a
covariety. To see this, assume that T is a covarietor, i.e. that there exists forgetful-cofree
adjunction UT % CT , UT : CoAlgDpT q Ñ D, and consider the cofree coalgebra CT GFAt over
the D-object of colours GFAt. The reason for choosing these colours is that by using the
counit ε of the adjunction UT % CT , we can construct a canonical interpretation via the
adjunctions G % P and FL % UL, and the fact that UL

pP » PUT :

UT CT GFAt ε
ÝÑ GFAt ô FAt ÝÑ PUT CT GFAt ô FLFAt J´Kε

ÝÑ pPCT GFAt.

With this canonical interpretation map we can view Φ as a coequation-as-predicate in GFAt
colours selecting the elements t P CT GFAt such that pCT GFAt, tq |ùε φ for all φ P Φ.

▶ Example 31. Returning to the classical modal logic of Examples 28 and 29, we modify
the semantics slightly by considering coalgebras for an accessible version of P, e.g. we take
T fi Pκ with κ “ |At| so that PκAt “ PAt. The coalgebraic semantics is now given in terms
of a covarietor. The cofree coalgebra CT UFAt » CTPAt is then the set of all κ-branching
strongly-extensional trees labelled by sets of propositional variables [96]. By definition of
J´Kε, if p P At then pCTPAt, tq |ùε p iff p belongs to the set of propositional variables labelling
t. The semantics of modal formulas works in the expected way, namely lφ holds at a tree
t if φ holds at all its children (should it have any). Thus, every modal formula φ P FLFAt
defines the subset of JφKε Ď UT CTPAt, i.e. a predicate coequation. More generally, every set
Φ of modal axioms defines the predicate coequation

Ş

φPΦ JφKεT Ď UT CTPAt, containing
only those trees for which all formulas in Φ are satisfied.

Now, which covarieties can be defined from a coequation-as-modal-formula in the way we
just sketched? An answer to this question has long been part of the canon of modal logic,
and is known as the Goldblatt-Thomason theorem [18, Thm. 3.19]. A coalgebraic version of
this theorem was developed by Kurz and Rosickỳ in [69]. This theorem can only be stated
for (and is therefore only applicable to) coalgebraic modal logics such that the semantic
transformation δ : LP Ñ PT has an inverse natural transformation δ´1 : PT Ñ LP 11,12.

11 The naturality of the inverse in not strictly necessary, but makes the presentation easier, see [69].
12 The existence of a natural transformation δ´1 : GL Ñ T G is also key to the duality between varieties

and covarieties and between equations and coequations developed in [83]. It is also crucial to strong
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From this inverse we can construct a natural transformation h : GL Ñ TG, called its mate
[69]. For our purposes, it is enough to say that h and G allow us to turn every L-algebra
α : LA Ñ A into a T -coalgebra hA ˝Gα : GA Ñ GLA Ñ TGA. We denote this operation
pGpA, αq. In some sense, it is dual to the functor pP defined earlier. Given a T -coalgebra pX, γq,
its ultrafilter extension is the T -coalgebra pG pP pX, γq. A class C of T -coalgebras is closed
under ultrafilter extensions if pX, γq P C implies pG pP pX, γq P C. A class C of T -coalgebras
reflects ultrafilter extensions if pG pP pX, γq P C implies pX, γq P C.

▶ Theorem 32 (Coalgebraic Goldblatt-Thomason Theorem [69]). Let T : Set Ñ Set preserve
finite sets, and assume the existence of a natural inverse δ´1 : PT Ñ LP to the semantic
transformation, then a class of T -coalgebras closed under ultrafilter extensions is definable
by coequations-as-modal-formulas iff it is closed under homomorphic images, subcoalgebras,
coproducts, and if it reflects ultrafilter extensions.

7 Conclusion

In this review we have presented four types of syntaxes for “writing a coequation”: coequations-
as-corelations, which come with the special syntax of coequations-as-equations for functors of
the type

ś

iPI Ai ˆ PBi
i where each Pi is polynomial, and coequations-as-predicates, which

come with the special syntax of coalgebraic modal logic. It is worth emphasising that the
corelation and the predicate perspective are semantically equivalent and one can move from
one to the other by taking an equalizer or a cokernel pair respectively. However, both the
syntax and the intuition are different, and these aspects matter a great deal in practice.

A rule of thumb for which syntax to use in which situation might be the following.
Thinking of the elements of a cofree coalgebra as generalized trees, if the aim is to specify
a behaviour defined by a relationship between a tree and (some of) its children, then the
corelation perspective is probably the most useful. This perspective was illustrated in §5, but
can also be found in the beautiful work on stream differential equations of Hansen, Kupke
and Rutten [46]. On the other hand, if the aim is to enforce or avoid a particular behavioural
pattern, then the predicate perspective is probably the most useful.

Although much of our discussion focused on literature written decades ago, coequations
continue to find new uses. It was recently observed that coequations appear in formal
language theory as varieties of languages [13, 82], which play a dual role to monoid
equations. A vastly wider perspective on this relationship was explored in subsequent
work [81, 10]. For another example, a behavioural coequation appeared in a proof of the
completeness of an axiomatisation of guarded Kleene algebra with tests (GKAT) [88], an
algebraic framework for reasoning about simple imperative programs. There, the coequation
is the set of behaviours specified by terms in the expression language of GKAT, much like the
coequation in Example 10, and is used to present the covariety of automata that implement
GKAT programs. This usage of coequations may also be possible in the context of an open
problem posed by Milner [72], as a covariety implicitly appears in a recent partial solution [40].

As the examples above illustrate, the use value of coequations is emerging, slowly, from
the literature. Given the scope of their applications, we hope that our synthesis of the
literature will make coequations more accessible to the general computer science community.

completeness proofs in coalgebraic modal logic [25, 26].
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1 Introduction

Monads play an established role in the semantics of sequential and concurrent program-
ming [21] – they encapsulate side-effects, such as statefulness, nontermination, nondetermin-
ism, or probabilistic branching. The well-known correspondence between monads on the
category of sets and algebraic theories [16] impacts accordingly on programming syntax, as
witnessed, for example, in work on algebraic effects [24]: operations of the theory serve as
syntax for computational effects such as non-deterministic or probabilistic choice. The com-
parative analysis of programs or systems beyond two-valued equivalence checking, e.g. under
behavioural preorders, such as similarity, or behavioural distances, involves monads based on
categories beyond sets, such as the categories Pos of partial orders or Met of (1-bounded)
metric spaces. This has sparked recent interest in presentations of such monads using suitable
variants of the notion of algebraic theory. While it is, in principle, possible to work with
equational presentations that encapsulate the additional structure within the signature [14], it
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seems at least equally natural to represent the additional structure (e.g. distance or ordering)
within the judgements of the theory. Indeed, Mardare, Panangaden, and Plotkin replace
equations with equations-up-to-ϵ in their quantitative algebraic theories [20], which present
monads on Met, and in our own previous work on behavioural preorders [9] as well as in
our own recent work with Adámek [5], we have used inequational theories to present monads
on Pos.

In the present paper, we introduce a generalized approach to such notions of algebraic
theory: We work in categories of finitary relational structures (more precisely, the objects
are sets interpreting a given signature of finitary relation symbols), axiomatized by Horn
theories whose axioms are implications with possibly infinite sets of antecedents. We say that
such a theory is λ-ary for a regular cardinal λ if all its axioms have less than λ antecedents.
For instance, Pos can be presented by a finitary (i.e. ω-ary) Horn theory over a binary
relation ≤, and Met by an ω1-ary Horn theory over binary relations =ϵ “equality up to ϵ”
indexed over rational numbers ϵ. We exploit that the models of a λ-ary Horn theory form
a locally λ-presentable category C [4] to give a syntactic characterization of λ-accessible
monads on C in terms of a notion of relational algebraic theory, in the sense that we prove
a monad-theory correspondence. Following Kelly and Power [14], we use λ-presentable
objects of C as arities and as contexts of axioms; however, as indicated above, we provide a
syntax by expressing axioms using the relational signature instead of necessarily using only
equality. We give a sound and complete deduction system for the arising relational logic
(which generalizes standard equational logic), thus obtaining an explicit description of the
monad generated by a relational algebraic theory in the indicated sense. One consequence of
our main result is that quantitative algebraic theories [20] induce ω1-accessible monads. More
generally, presentations of ω1-presentable monads in our formalism may involve operations
with countable non-discrete arities: indeed, we present an ω1-ary relational algebraic theory
that defines the metric completion monad. We also take a glimpse at the more involved
setting of κ-accessible monads on C where κ < λ (e.g. finitary monads on Met). We
give a partial characterization of κ-presentable objects in this setting, and show that while
the monad-to-theory direction of our correspondence fails for κ < λ, the theory-to-monad
direction does hold. This implies that some salient quantitative algebraic theories induce
finitary monads; e.g. the theory of quantitative join-semilattices [20].

Related Work. We have already mentioned work by Kelly and Power on finitary monads [14]
and by Mardare et al. on quantitative algebraic theories [20], as well as our own previous
work [9] and our joint work with Adámek [5].

Power and Nishizawa [22] have extended the approach of Kelly and Power to deal with
different enrichments of a category and the monads thereon, and obtain a correspondence
between enriched Lawvere theories [25] and finitary enriched monads. More recently, Power
and Garner [10] have provided a more thorough understanding of the equivalence between
enriched finitary monads and enriched Lawvere theories as an instance of a free completion
of an enriched category under a class of absolute colimits. Rosický [26] establishes a monad-
theory correspondence for λ-accessible enriched monads and a notion of λ-ary enriched
theory á la Linton [17], where arities of operations are given by pairs of objects. Like in the
setting of Kelly and Power, relations (inequations, distances) are encoded in the arities. So
the syntactic notion of theory is different from (and more abstract than) ours. Lucyshyn-
Wright [18] establishes a rather general correspondence between monads and abstract theories
in symmetric monoidal closed categories, parametric in a choice of arities, which covers
several notions of theory and correspondences in the categorical literature under one roof.
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Kurz and Velebil [15] characterize classical ordered varieties [6] (which are phrased in
terms of inequalities) as precisely the exact categories in an enriched sense with a “suitable”
generator. In recent subsequent work, Adámek at al. [2] establish a correspondence of these
varieties with enriched monads on Pos that are strongly finitary [13], i.e. their underlying
functor is a left Kan-extension of the embedding of finite discrete posets into Pos.

The main distinguishing feature of our work relative to the above is the explicit syntactic
description of the monad obtained from a theory via a sound and complete derivation system.
A related derivation system is the partial Horn logic of Palmgren and Vickers [23], which
reasons about partial operations with unrestricted domains of definition. In contrast, we
consider (varieties of) algebras with partial operations whose domain of definition is specified
by objects in the base category (cf. Section 4); an essential ingredient in our monad-theory
correspondence.

2 Preliminaries

We review the basic theory of locally presentable categories (see [4] for more detail) and of
monads. We assume a modest familiarity with the elementary concepts of category theory [3]
and with ordinal and cardinal numbers [11]. We write cardX for the cardinality of a set X
and, where λ is a cardinal, we write X ′ ⊆λ X to indicate that X ′ ⊆ X and cardX ′ < λ.

Locally Presentable Categories. Fix a regular cardinal λ (i.e. an infinite cardinal which is
not cofinal to any smaller cardinal). A poset (I,≤) is λ-directed if each subset I0 ⊆λ I has
an upper bound: there exists u ∈ I such that i ≤ u for all i ∈ I0. A λ-directed diagram is a
functor whose domain is a λ-directed poset (viewed as a category); colimits of such diagrams
are also called λ-directed. An object X in a category C is λ-presentable if the covariant
hom-functor C (X,−) preserves λ-directed colimits. That is, X is λ-presentable if for each
λ-directed colimit (Di

ci−→ C)i∈I in C , every morphism m : X → C factors through one of
the ci essentially uniquely: there exists i ∈ I and g : X → Di such that m = ci · g, and for all
g′ : X → Di such that m = ci · g′, there exists j ≥ i such that D(i → j) · g = D(i → j) · g′.

▶ Definition 2.1. A category C is locally λ-presentable if it is cocomplete, its full subcategory
Presλ(C ) given by the λ-presentable objects of C is essentially small, and every C ∈ C is
a λ-directed colimit of objects in Presλ(C ). When λ = ω (resp. ω1), we speak of locally
finitely (resp. countably) presentable categories. We call C locally presentable if it is locally λ-
presentable for some cardinal λ. A functor F on a locally presentable category is λ-accessible
if it preserves λ-directed colimits. When λ = ω or ω1, we speak of finitary and countably
accessible functors, respectively.

Reflective subcategories. A full subcategory C ′ of a category C is reflective if the embedding
ι : C ′ ↪→ C is a right adjoint. In this case, we write rX : X → RX (or just r if X is clear
from the context) for the universal arrows; we call RX the reflection of X ∈ C , rX the
reflective arrow, and the left adjoint R the reflector. The universal property of rX : X → RX

is as follows: For each morphism f : X → Y in C , where Y lies in C ′, there exists a unique
morphism f ♯ : RX → Y such that f = f ♯ · rX . We call C ′ epi-reflective if rX is epi for all
X ∈ C . We will employ the following reflection theorem:

▶ Theorem 2.2 [4, Cor. 2.48]. If C ′ is a full subcategory of a locally λ-presentable category C

and C ′ is closed under limits and λ-directed colimits in C , then C ′ is reflective and locally
λ-presentable.

CALCO 2021



14:4 Monads on Categories of Relational Structures

Monads. A monad on a category C is a functor T : C → C equipped with natural
transformations η : Id → T (the unit) and µ : TT → T (the multiplication) such that the
diagrams below commute.

T TT T TTT TT

T TT T
id

T η

µ
id

ηT T µ

µT µ

µ

We call the monad (T, η, µ) λ-accessible if its underlying functor is λ-accessible.

▶ Definition 2.3. An Eilenberg-Moore algebra for the monad (T, η, µ) is a C -morphism of
the shape a : TX → X satisfying the following coherence laws:

X TX TTX TX

X TX X
id

η

a T a

µ

a

a

A homomorphism from a : TX → X to an Eilenberg-Moore algebra b : TY → Y is a morphism
h : X → Y in C such that h · a = Th · b.

▶ Notation 2.4. For a functor F : C → C , we write AlgF for the category of F -algebras
and homomorphisms, i.e. AlgF has C -morphisms of the shape a : FA → A as objects, and a
homomorphism (A, a) → (B, b) is a C -morphism h : A → B such that h · a = b · Fh.

3 Categories of Relational Structures

As indicated previously, we will study monads over base categories consisting of (single-sorted)
relational structures. Specifically, we will restrict the relational signature to be finitary but
allow infinitary Horn axioms. We proceed to recall basic definitions, examples, and results,
in particular on closed structure and (local) presentability. In Section 3.1, we present new
results on the partial characterization of (internally) λ-presentable objects in cases where the
overall local presentability index of the category is greater than λ.

▶ Definition 3.1.
1. A relational signature is a set Π of relation symbols α, β, . . . together with a finite arity

0 < ar(α) ∈ ω for all α ∈ Π. A Π-edge in a set S is a pair e = α(f) where α ∈ Π and
f : ar(α) → S is a function. For a map g : S → Y , we write g · e = α(g · f). We extend
this notation pointwise to sets E of edges: g · E = {g · e | e ∈ E}.

2. A Π-structure X consists of an underlying set |X| (or just X when no confusion is likely)
and a set E(X) of Π-edges in |X|. If α(f) ∈ E(X), we write αX(f) or even X |= α(f).

3. A relation-preserving map (or briefly a morphism) from X to a Π-structure Y is a function
g : |X| → |Y | such that g · E(X) ⊆ E(Y ). We call g an embedding if g is injective and
relation-reflecting, i.e. if Y |= g · e for an edge e = (α, f : ar(α) → X), then X |= e. We
denote by Str(Π) the category of Π-structures and relation-preserving maps.

▶ Notation 3.2. Given an edge α(f) such that f(i) := xi for all i ∈ ar(α), we sometimes
write α(x1, . . . , xar(α)) or even α(xi) in lieu of α(f). We will pass between these presentations
without further mention.

We are going to carve out full subcategories of Str(Π) by means of infinitary Horn axioms,
whose syntax we recall next.
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▶ Definition 3.3. Let Π be a relational signature, and λ a regular cardinal. We fix a set Var
of variables such that card(Var) = λ. A λ-ary Horn formula over Π has the form

Φ =⇒ ψ

where Φ is a set of Π-edges in Var such that card Φ < λ and ψ is a Π ∪ {=}-edge in Var, for a
fresh binary relation symbol =. In case Φ = {φ1, . . . , φn} is finite, we write φ1, . . . , φn =⇒ ψ,
and if Φ = ∅, then we just write =⇒ ψ. A λ-ary Horn theory H = (Π,A) consists of a
relational signature Π and a set A of λ-ary Horn formulae over Π, the axioms of H .

We fix a λ-ary Horn theory H = (Π,A) for the rest of the paper. We define the semantics
of Horn formulae in a Π-structure X as follows. We denote by X the Π ⊔ {=}-structure
obtained from X by putting =X := {(x, x) | x ∈ X}. A valuation is a map κ : Var → |X|.
We say that X satisfies a Horn formula Φ =⇒ ψ if whenever κ is a valuation such that
X |= κ · ϕ for all ϕ ∈ Φ, then X |= κ · ψ. Finally, X is a model of H , or of A, if X satisfies
all axioms of H . The full subcategory of Str(Π) spanned by the models of A is Str(Π,A)
(or Str H ).

We have an obvious notion of derivation under H over a given set Z (e.g. of variables or
points in a structure): We extend H to (Π ∪ {=}, Ā) where Ā consists of the axioms in A
and additional axioms stating that = is an equivalence and that all relations in Π are closed
under = in the obvious sense. Then we have a single (λ-ary) derivation rule for application
of Horn axioms (Φ =⇒ ψ) ∈ Ā over Z:

κ · Φ
κ · ψ

(κ : Var → Z).

We say that a set E of edges over Z entails an edge e over Z (under H ) if e is derivable
from edges in E in this system. In case Z = Var and cardE < λ, the expression E =⇒ e is
in fact a Horn formula, and we then also say that H entails E =⇒ e if E entails e.

▶ Assumption 3.4. For technical convenience, we assume that the fixed Horn theory
H = (Π,A) expresses equality. That is, there exists a set Eq(x, y) of Π-edges in variables
x, y such that H entails Eq(x, y) =⇒ x = y as well as =⇒ ψ for all edges ψ ∈ Eq(x, x)
(where we use obvious notation for substitution; formally, Eq(x, x) = g · Eq(x, y) where
g(x) = g(y) = x). Moreover, we assume that A explicitly includes the (derivable) formulae
Eq(x1, y1) ∪ · · · ∪ Eq(xar(α), yar(α)) ∪ {α(x1, . . . , xar(α))} =⇒ α(y1, . . . , yar(α)) saying that all
relations α ∈ Π are closed under Eq (implying also that Eq is symmetric and transitive).
This is without loss of generality as we can always extend a given Horn theory with an
equality predicate axiomatized by the above conditions without changing its category of
models; indeed we leave this predicate implicit in examples whose natural presentation does
not include it.

▶ Example 3.5. We mention some key examples of Horn theories:
1. The category Set of sets and functions is specified by the trivial Horn theory (∅, ∅).
2. The category Pos of partially ordered sets (posets) and monotone maps is specified by

the ω-ary Horn theory consisting of a single binary relation symbol ≤ and the axioms

x ≤ x; x ≤ y, y ≤ z =⇒ x ≤ z; and x ≤ y, y ≤ x =⇒ x = y.

This theory expresses equality (Assumption 3.4) via Eq(x, y) = {x ≤ y, y ≤ x}.
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3. The theory HMet of metric spaces is the ω1-ary theory consisting of binary relation
symbols =ϵ for all ϵ ∈ Q ∩ [0, 1], and the axioms

=⇒ x =0 x (Refl)
x =0 y =⇒ x = y (Equal)
x =ϵ y =⇒ y =ϵ x (Sym)

x =ϵ y, y =ϵ′ z =⇒ x =ϵ+ϵ′ z (Triang)
x =ϵ y =⇒ x =ϵ+ϵ′ y (Up)

{x =ϵ′ y | Q≥0 ∋ ϵ′ > ϵ} =⇒ x =ϵ y (Arch)

where ϵ, ϵ′ range over Q ∩ [0, 1] (that is, the axioms mentioning ϵ, ϵ′ are in fact axiom
schemes representing one axiom for each ϵ, ϵ′). This theory expresses equality via
Eq(x, y) = {x =0 y}; in fact, even if we remove =0, the remaining theory still expresses
equality via Eq(x, y) = {x =1/n y | n > 0}. The theory HMet specifies the category Met
of 1-bounded metric spaces and non-expansive maps, in the sense that Str(HMet) and
Met are concretely isomorphic: X ∈ Str(HMet) induces the 1-bounded metric space
(X, d) given by d(x, y) =

∧
{ϵ | x =ϵ y ∈ E(X)}, and conversely a metric space (X, d)

induces the HMet-model on X with edges {x =ϵ y | x, y ∈ X, d(x, y) ≤ ϵ}.
4. Consider the theory obtained by taking two “copies” of the theory HMet: its signature

consists of binary relation symbols =0
ϵ ,=1

ϵ for all ϵ ∈ Q ∩ [0, 1], each subject to (indexed
variants of) the axiom schema above. This yields an ω1-ary theory of bi-metric spaces:
sets equipped with a pair of metrics. Morphisms are maps which are non-expansive with
respect to both metrics. Further imposing axioms of the shape

x =0
ϵ y =⇒ x =1

ϵ y (ϵ ∈ Q ∩ [0, 1])

specifies bi-metric spaces in which one metric is always finer than the other. We aim
to approach the problem of digital fingerprinting in future work on graded monads in
precisely this setting.

5. Let L be a complete lattice (for simplicity), and let L0 ⊆ L be meet-dense in L in the
sense that l =

∧
{p ∈ L0 | p ≥ l} for each l ∈ L; whenever q ≥

∧
P for q ∈ L0 and P ⊆ L0

such that
∧
P /∈ L0, then q ≥ p for some p ∈ P (e.g. these conditions hold trivially for

L0 = L). Further, fix λ such that |L0| < λ. Let HL be the λ-ary Horn theory with binary
relation symbols αp for all p ∈ L0 and axioms

{αp(x, y) | p ∈ P} =⇒ αq(x, y) (P ⊆ L0, q =
∧
P ∈ L0) (Arch)

αp(x, y) =⇒ αq(x, y) (p, q ∈ L0, p ≤ q) (Up)

where p, q range over L0. Then Str(HL) is concretely isomorphic to the category of
L-valued relations, whose objects X are sets X equipped with map P : X ×X → L, and
whose morphisms (X,P ) → (Y,Q) are maps X → Y such that Q(f(x), f(y)) ≤ P (x, y).
(Of course, Met is essentially the special case L = [0, 1], L0 = Q ∩ [0, 1] with some
additional axioms.)

6. A signature of partial operations is a set P of operation symbols f with assigned finite
arities ar(f). A (partial) P -algebra is then a set A and, for each f ∈ P , a partial function
fA : Aar(f) → A. A homomorphism of partial algebras is a map h : A → B such that
whenever fA(x1, . . . , xar(f)) is defined, then fB(h(x1), . . . , h(xar(f))) is defined and equals
h(fA(x1, . . . , xar(f))). The category of partial P -algebras and their homomorphims is
concretely isomorphic to the category of models of the ω-ary Horn theory consisting of
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relational symbols αf of arity ar(f) + 1 for all f ∈ P (with αf (x1, . . . , xar(f), y) being
understood as f(x1, . . . , xar(f)) = y), and axioms

αf (x1, . . . , xar(f), y), αf (x1, . . . , xar(f), z) =⇒ y = z.

We proceed to discuss some key aspects of the categorical structure of Str(H ).

Reflection. We first note

▶ Proposition 3.6. Str(Π,A) is a (full) epi-reflective subcategory of Str(Π).

Since Str(Π) is easily seen to be complete and cocomplete, it follows that Str(Π,A) is
cocomplete and moreover closed under limits in Str(Π), and hence complete. We write

R : Str(Π) → Str(Π,A) and rX : X → RX

for the left adjoint of the inclusion Str(Π,A) ↪→ Str(Π) (the reflector) and the corresponding
(surjective) reflection maps, respectively. Explicitly, RX is constructed as follows. We define
an equivalence ∼ on X by x ∼ y if E(X) entails x = y under H (in the sense defined
above), and let q : X → X/∼ denote the quotient map; then RX has underlying set X/∼,
and contains precisely the edges q · e such that E(X) entails e; moreover, rX = q as a map.

Local presentability. One easily checks

▶ Lemma 3.7. An object (X,E) ∈ Str(Π) is λ-presentable iff cardX < λ and cardE < λ;
the category Str(Π) is locally finitely presentable.

By Proposition 3.6 and since Str(Π,A) is easily seen to be closed under λ-directed colimits
in Str(Π), we thus have

▶ Proposition 3.8 [4, Example 5.27(3)]. Str(H ) is locally λ-presentable.

The forgetful functor Str(H ) → Set preserves λ-directed colimits. Moreover, we have an
easy characterization of λ-presentable objects:

▶ Proposition 3.9. For an H -model X, the following are equivalent.
1. X is λ-presentable in Str(Π,A);
2. X ∼= R(Y,E) for some λ-presentable (Y,E) ∈ Str(Π);
3. card |X| < λ, and X is λ-generated, i.e. there exists E ⊆ E(X) such that cardE < λ

and E entails every edge in E(X) under H (equivalently, Ri is an isomorphism where
i : (|X|, E) → X is the Str(Π)-morphism carried by idX).

▶ Remark 3.10. For instance, every finite partial order is ω-presentable, and every countable
metric space is ω1-presentable. We emphasize that the situation is more complicated for κ-
presentable objects where κ < λ; we treat this case in more detail in Section 3.1. For instance,
every finite metric space with rational distances (cf. Example 3.5) is finitely generated in the
sense of Proposition 3.9 but not finitely presentable.

Closed monoidal structure. The point-wise structure defines an internal hom functor:

▶ Definition 3.11. The internal hom of X,Y ∈ Str(Π) is the Π-structure [X,Y ] carried by
Str(Π)(X,Y ) with the edge set defined by

E([X,Y ]) := {e | ∀x ∈ X.πx · e ∈ E(Y )},
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where πx : Str(Π)(X,Y ) → Y is defined by πx(g) = g(x). For each X ∈ Str(Π), the
assignment Y 7→ [X,Y ] defines a (covariant) internal hom functor

[X,−] : Str(Π) → Str(Π)

with the action on a morphism m : Y → Z given by post-composition: [X,m](g) := m · g.

One can show that [−,−] endows Str(Π) with a symmetric closed structure. Using results
of Day and LaPlaza [8] it follows that Str(Π) is a symmetric monoidal closed category. The
ensuing monoidal product is given by the structure X ⊗ Y with underlying set X × Y and
edges

{e | (π1 · e constant ∧ π2 · e ∈ E(Y )) ∨ (π2 · e constant ∧ π1 · e ∈ E(X))}.

where an edge (α, f) is constant if f is a constant map, and π1 : X×Y → X and π2 : X×Y →
Y are the projection maps. The tensor unit is the trivial one point structure I0 with no edges.
To verify that this is the monoidal product arising from the symmetric closed structure [−,−]
it suffices to show that (−) ⊗X is left adjoint to [X,−]. Indeed, we have Str(Π)-morphisms
uY : Y → [X,Y ⊗X], uY (y) = λx.(y, x). It is straightforward to check that uY is a universal
arrow. That is:

▶ Proposition 3.12. For every X ∈ Str(Π), (−) ⊗X is a left adjoint of [X,−].

Moreover, one easily checks that [X,−] restricts to a functor

[X,−] : Str(H ) → Str(H ).

Hence, we can apply Day’s reflection theorem [7, §1] to the reflector R : Str(Π) → Str(Π,A)
(see the discussion immediately below Proposition 3.6) to obtain

▶ Corollary 3.13. The category Str(H ) is a closed symmetric monoidal category, with
monoidal structure

X ⊗H Y = R(X ⊗ Y ), I = RI0

and internal hom given by [X,−] : Str(H ) → Str(H ).

We briefly refer to ⊗H as the Manhattan product.

▶ Example 3.14. 1. In Pos (Example 3.5.2), the Manhattan product coincides with binary
Cartesian product (so Pos is Cartesian closed).

2. In Met (Example 3.5.3), the Manhattan product (X, dX)⊗HMet (Y, dY ) is X×Y equipped
with the well-known Manhattan metric d given by d((x1, y1), (x2, y2)) = min(dX(x1, x2) +
dY (y1, y2), 1) (while Cartesian products carry the supremum metric).

▶ Definition 3.15. A functor F : Str(H ) → Str(H ) that preserves the pointwise structure
on morphisms is called enriched. That is, we call F enriched if for all X,Y ∈ Str(H ) and
all edges f : ar(α) → Str(H )(X,Y ) (α ∈ Π), if [X,Y ] |= α(fi), then [FX,FY ] |= α(F (fi)).

Internal local presentability. For use of objects X as arities of operations, we will in fact
need that the internal hom [X,−] is λ-accessible. Using Kelly’s results [12, (5.2) and (5.3)]
this holds precisely for the λ-presentable objects since we have

▶ Proposition 3.16. The λ-presentable objects of Str(H ) are closed under the monoidal
structure. That is, I = RI0 is λ-presentable and X ⊗H Y is λ-presentable whenever X and
Y are so.

In fact, this implies that Str(H ) is locally λ-presentable as a (symmetric monoidal) closed
category [12, (5.5)].
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3.1 Compact Horn Models

We have seen above that the category Str(H ) (where H is a λ-ary Horn theory) is
(internally) locally λ-presentable, with a straightforward characterization of the (internally)
λ-presentable objects (Propositions 3.9 and 3.16). We proceed to look at the rather less
straightforward notion of internally κ-presentable objects in Str(Π,A) for κ < λ. The main
scenario that motivates our interest in this case is that of finitary monads on categories that
are internally locally λ-presentable only for some λ > ω, such as metric spaces.

Further unfolding definitions, we have that an object X is internally κ-presentable if for
every κ-directed colimit (Di

ci−→ C)i∈I , the canonical morphism

colim[X,Di] → [X, colimDi]

is an isomorphism. We split this property into two parts: We say that X is weakly κ-
presentable if the canonical morphism is always surjective, and co-weakly κ-presentable if
the canonical morphism is always an embedding. Below, we give necessary and sufficient
conditions for weak κ-presentability. Co-weak κ-presentability is a more elusive property;
more concretely, it means roughly that X-indexed tuples of derivations in the given Horn
theory can be synchronized into single derivations over X-indexed tuples of points. We give
some examples below (Example 3.17).

▶ Example 3.17. We give some examples and non-examples of internally finitely presentable
objects in locally ω1-presentable categories Str(Π,A).
1. A metric space is internally finitely presentable iff it is finite and discrete. The “if”

direction has surprisingly complicated reasons: It holds only because over the reals,
finite joins distribute over directed infima. On the other hand, no non-empty metric
space is externally finitely presentable, as its hom-functor will fail to preserve the
colimit of the directed chain (Di)i<ω of spaces Di with underlying set {0, 1} and metric
d(0, 1) = 1/(i+ 1).

2. In the category of L-valued relations for a complete lattice L in which binary joins fail to
distribute over directed infima (such lattices exist), the two-element discrete space fails
to be internally finitely presentable.

3. Let L be as in the previous item, and assume additionally that there is l ∈ L such that
in the downset of l, finite joins do distribute over directed infima (again, such L exist).
Take the Horn theory of L-valued relations, extended with an additional (two-valued)
relation α and axioms

α(x, y) ∧ α(x′, y′) =⇒ x =l x
′ α(x, y) ∧ α(x′, y′) =⇒ y =l y

′.

Then the set {0, 1} equipped with the discrete L-valued relation and α(0, 1) is internally
finitely presentable.

We proceed to give the announced characterization of weakly finitely presentable objects.

▶ Definition 3.18. A cover (Y,E), or just E, of X ∈ Str(Π,A) is a set E of edges in some
set Y ⊇ |X| such that all edges of X are implied by those in E under the Horn theory
A. That is, the underlying map r(Y,E) : Y → |R(Y,E)| of the reflection composes with the
inclusion i : |X| ↪→ Y to yield a morphism r(Y,E) · i : X → R(Y,E) (in Str(Π,A)). Then X is
κ-compact if for each cover (Y,E) of X there exist E′ ⊆κ E and a morphism f : X → R(Y,E′)
such that r(Y,E) · i = Rj · f where j : (Y,E′) → (Y,E) is the Str(Π)-morphism carried by idY :
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R(Y,E′)

X R(Y,E)

Rjf

r(Y,E)·i

(3.1)

▶ Lemma 3.19. Every κ-compact object is κ-generated.

▶ Remark 3.20. We will show that the weakly finitely presentable objects in Str(Π,A) are
precisely the κ-compact objects with less than κ elements (Proposition 3.21). This character-
ization breaks under seemingly innocuous variations of the definition of κ-compactness:
1. It is essential that the edges of a cover live over a superset Y of X. If we were to

restrict covers to consist of edges over X (call such a cover an X-cover), then finite ω-
compact objects in the arising relaxed sense would in general fail to be finitely presentable.
E.g. take (Π,A) to be the theory of metric spaces additionally equipped with a transitive
relation α. Then the set X = {0, 2} equipped with the discrete metric and the edge
α(0, 2) satisfies the relaxed definition of compactness (every X-cover must contain the
edge α(0, 2)) but fails to be weakly finitely presentable: The colimit of the ω-chain of
objects Di with underlying set {0, 1, 1′, 2}, distances d(0, 1) = d(1′, 2) = 1, d(1, 1′) = 1/i,
and edges α(0, 1) and α(1′, 2) is not weakly preserved by the hom-functor Str(Π,A)(X,−)
(the obvious inclusion of X into the colimit fails to factorize through any of the Di).

2. Note that we do not require that the factorization f of r(Y,E) · i in (3.1) equals r(Y,E′) · i;
i.e. f may rename elements of X into elements of Y that lie outside X. Let us refer to the
natural-sounding strengthening of κ-compactness where we do require f = r(Y,E′) · i as
strong κ-compactness; e.g. X is strongly ω-compact if every cover of X has a finite subcover.
However, this notion is too strong, i.e. not every (weakly) finitely presentable object in
Str(Π,A) is strongly ω-compact. As a counterexample, consider the same Horn theory as
in the previous item but without the transitivity axiom for α. Then the same object X as
in the previous item is weakly finitely presentable (even internally finitely presentable) but
not strongly ω-compact, as witnessed by the cover E = {α(0′, 2)} ∪ {0 =1/n 0′ | n > 0}.

▶ Proposition 3.21. The following are equivalent for X ∈ Str(Π,A):
1. X is weakly κ-presentable;
2. X is κ-compact, and card |X| < κ.

4 Relational Algebraic Theories

We next describe a framework of universal algebra for enriched κ-accessible monads on
the internally locally λ-presentable category C = Str(H ) of H -models, for κ ≤ λ. We
etablish one direction of our theory-monad correspondence: We show that every theory in
our framework induces a κ-accessible monad (Remark 4.12) whose algebras are precisely the
models of the theory (Theorem 4.13). We address the converse direction in Section 5. We
write C0 for the ordinary category underlying the closed monoidal category C.

Following Kelly and Power [14], we use the internally λ-presentable objects in C as
the arities of operation symbols. The full subcategory Presλ(C) of internally λ-presentable
objects is essentially small (Proposition 3.16); we fix a small subcategory Pλ of internally
λ-presentable C-objects representing all such objects up to isomorphism. For all infinite
κ < λ, the full subcategory Pκ ↪→ Pλ is given by the internally κ-presentable objects in Pλ.
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▶ Definition 4.1. Let κ ≤ λ be a regular cardinal. A κ-ary signature is a set Σ of operation
symbols σ, each of which is equipped with an arity ar(σ) ∈ Pκ.

A Σ-algebra A consists of a C-object, also denoted A, and a family of C-morphisms

σA : [ar(σ), A] → A (σ ∈ Σ)

A homomorphism from A to a Σ-algebra B is a morphism h : A → B in C such that the
diagram below commutes for all σ ∈ Σ.

[ar(σ), A] A

[ar(σ), B] B

σA

h·(−) h

σB

We write Alg Σ for the category of Σ-algebras and homomorphisms. By a subalgebra of the
Σ-algebra A, we understand a Σ-algebra B equipped with a homomorphism h : B ↪→ A whose
underlying C-morphism is an embedding.

Signatures and their algebras. Fix a κ-ary signature Σ for the remainder of this section.
The category Alg Σ can be presented as a category of functor algebras:

▶ Definition 4.2. The signature functor associated to Σ, HΣ : C → C, is given by

HΣ =
∐

σ∈Σ[ar(σ),−].

The categories Alg Σ and AlgHΣ are clearly isomorphic as concrete categories over C, so the
forgetful functor Alg Σ → C0 inherits all properties of the forgetful functor AlgHΣ → C0.
We collect a few basic consequences of this observation:

▶ Remark 4.3.
1. In general, the forgetful functor U : AlgF → C from the category AlgF of F -coalgebras

for a functor F on a category C creates all limits in C . It follows that Alg Σ has all limits,
and the forgetful functor Alg Σ → C0 creates them.

2. Since HΣ is a colimit of κ-accessible functors [ar(σ),−], it is itself κ-accessible, so that
the forgetful functor AlgHΣ → C0 creates κ-directed colimits, and the same holds for
the forgetful functor Alg Σ → C0.

3. From the previous observation (which implies that HΣ is also λ-accessible) and Proposi-
tion 3.8, we obtain by [4, Remark 2.75] (for λ-accessible functors F on locally λ-presentable
categories, AlgF is locally λ-presentable) that Alg Σ is locally λ-presentable.

4. Adámek [1] shows that for a λ-accessible functor F on a cocomplete category C , the
forgetful functor AlgF → C is right adjoint. From 2 and cocompleteness of C0 (Section 3),
we thus obtain that the forgetful functor Alg Σ → C0 is right adjoint; that is, every object
X ∈ C generates a free Σ-algebra FΣX.

Varieties of Σ-Algebras. We now describe a syntax for specifying full subcategories of
Alg Σ. As a first step, we introduce a notion of Σ-term, defined as usual in universal algebra:

▶ Definition 4.4 (Σ-Terms; substitution). For X ∈ C, we call its underlying set |X| the set
of variables in X. The set TΣ(X) of Σ-terms in X is defined inductively as follows:
1. Each variable in |X| is a Σ-term in X;
2. For each σ ∈ Σ and each map f : |ar(σ)| → TΣ(X), σ(f) is a Σ-term in X.
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We usually omit the signature Σ from the notation and speak simply of terms (in X). We
employ standard syntactic notions: A substitution is a map τ : |Y | → TΣ(X), for X,Y ∈ C.
We extend τ to a map τ̄ on terms t ∈ TΣ(X) as usual. Formally, we define τ̄(t) inductively
by τ̄(x) = τ(x) for x ∈ X, and τ̄σ(f) = σ(τ̄ · f) for f : ar(σ) → TΣ(X). We will not further
distinguish between τ and τ̄ in the notation, writing τ(t) = τ̄(t) and τ · f = τ̄ · f for t, f
as above. Moreover, the set sub(t) of subterms of a term t ∈ TΣ(X) is defined as usual;
formally, we simultaneously define sub(t) and sub(f) for f : I → TΣ(X) (with I some index
set or object) inductively by sub(x) = {x} for x ∈ X; sub(σ(f)) = {σ(f)} ∪ sub(f) for
f : ar(σ) → TΣ(X); and sub(f) =

⋃
i∈I sub(f(i)).

Note that term formation operates without regard for the relational structure. Consequently,
the evaluation of terms in a given Σ-algebra may fail to be defined:

▶ Definition 4.5. Let A be a Σ-algebra. For an object X ∈ C and a relation-preserving
assignment e : X → A, the partial evaluation map e# : TΣ(X) → A is inductively defined by
1. e#(x) = e(x) for x ∈ X, and
2. e#(σ(f)) is defined for σ ∈ Σ and f : |ar(σ)| → TΣ(X) iff the following hold:

a. e#(f(i)) is defined for all i ∈ ar(σ), and
b. if α(g) is a Π-edge in ar(σ), then A |= α(e# · (f · g)).
In case e#(σ(f)) is defined, we put e#(σ(f)) = σA(e# · f).

As indicated previously, we phrase theories using the relations in Π:

▶ Definition 4.6. A Σ-relation X ⊢ α(f) consists of a context X ∈ C and a Π-edge α(f)
in TΣ(X). We say that X ⊢ α(f) is κ-ary if X ∈ Pκ. A Σ-algebra A satisfies X ⊢ α(f)
if, for each relation preserving assignment e : X → A, e# · f(i) is defined for all i ∈ X, and
αA(e# · f). A (κ-ary) relational algebraic theory (Σ, E) consists of the (κ-ary) signature Σ
and a set E of κ-ary Σ-relations. It determines the subcategory Alg(Σ, E) of Alg Σ consisting
of those Σ-algebras which satisfy each Σ-relation in E . We refer to categories of the shape
Alg(Σ, E) as varieties of Σ-algebras.

▶ Remark 4.7. For C0 = Pos, the above notion of variety of Σ-algebras corresponds precisely
to what we have termed “varieties of coherent algebras” in earlier work with Adámek [5].

▶ Example 4.8. Recall that a (1-bounded) metric space X is complete if every Cauchy
sequence (xi)i∈ω of points in X has a limit in X. That is, if (xi) satisfies the Cauchy property

∀ϵ > 0. ∃Nϵ ∈ ω. ∀n,m ≥ Nϵ (d(yn, ym) < ϵ), (4.1)

then there is a point lim(xi) ∈ X with the property of a limit: for all ϵ > 0 there is N ∈ ω

such that xn =ϵ lim(xi) for all n ≥ N . The full subcategory CMS ↪→ Met of complete
metric spaces is specified by the relational algebraic theory described below. Thus, by
Theorem 4.13 below, we recover the fact that CMS is monadic over Met. Furthermore, we
obtain a completely syntactic ω1-ary description of the metric completion monad via the
deduction system introduced later in this section.

The theory TCMS of complete metric spaces has Γ-ary limit operations limΓ for all spaces
Γ ∈ Pω1 of the form Γ = {xi | i ∈ ω} where (xi)i∈ω is a Cauchy sequence in Γ. The axioms
of TCMS then say precisely that limΓ(xi) is a limit of (xi). Explicitly, for all Γ as above, we
impose all axioms of the shape

Γ ⊢ limΓ(xn) =ϵ xk (k ≥ Nϵ) where Nϵ is as in (4.1).
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We fix a variety V = Alg(Σ, E) for the remainder of this section. We are going to see that V is
a reflective subcategory of Alg Σ by application of Theorem 2.2, i.e. we show that V is closed
under limits and κ-directed colimits in Alg Σ. We state the second property separately:

▶ Proposition 4.9. V is closed under κ-directed colimits in Alg Σ.

Combining this with Remark 4.3.2, we obtain

▶ Corollary 4.10. The forgetful functor V : V → C is κ-accessible.

It is fairly straightforward to show that V is also closed under products and subobjects, and
hence under limits (in Alg Σ). Thus, as announced, we have:

▶ Proposition 4.11. V is a reflective subcategory of Alg Σ.

▶ Remark 4.12. It follows that the forgetful functor V → C0 has a left adjoint, namely
the composite C FΣ−−→ Alg Σ RV−−→ V , where FΣ is the left adjoint of the forgetful functor
Alg Σ → C (Remark 4.3.4) and RV is the reflector according to Proposition 4.11. We call
the ensuing monad TV the free-algebra monad of V; by Corollary 4.10, TV is κ-accessible.

Indeed, V is essentially the category of Eilenberg-Moore algebras of TV : Using Beck’s
monadicity theorem, one can show that

▶ Theorem 4.13. The forgetful functor V → C0 is monadic.

▶ Corollary 4.14. Every κ-ary relational algebraic theory may be translated into an enriched
κ-accessible monad, preserving categories of models.

Relational Logic. We proceed to set up a system of rules for deriving relations among terms.
The calculus will involve two forms of judgements, both mentioning a context X ∈ Str(Π)
(not necessarily κ-presentable). By a relational judgement

X ⊢ α(t1, . . . , tar(α)),

where t1, . . . , tar(α) ∈ TΣ(X), we indicate that for every valuation of X that is admissible,
i.e. satisfies the relational constraints specified in X, the terms ti are defined, and the resulting
tuple of values is in relation α. We treat expressions α(t1, . . . , tar(α)) notationally as edges
over TΣ(X), in particular sometimes write them in the form α(f) for f : ar(α) → TΣ(X).
Moreover, a definedness judgement of the form

X ⊢ ↓t

states that t is defined for all admissible valuations of X. (We could encode ↓t as ϕ(t, t) for
any ϕ ∈ Eq(x, y) but for technical reasons we prefer to keep definedness judgement distinct
from relational judgements.)

The rules of the arising system of relational logic are shown below:

(Var)
X ⊢ ↓x

(x ∈ X) (Ctx)
X ⊢ α(x1, . . . , xar(α))

(X |= α(x1, . . . , xar(α)))

(Mor) {X ⊢ α(fi(j)) | j ∈ ar(σ)} ∪ {X ⊢ ↓σ(fi) | i ∈ ar(α)}
X ⊢ α(σ(fi))

((fi : ar(σ) → TΣ(X))i∈ar(α))

(E-Ar) {X ⊢ α(f · g) | α(g) ∈ ar(σ)} ∪ {X ⊢ ↓f(i) | i ∈ ar(σ)}
X ⊢ ↓σ(f) (f : ar(σ) → TΣ(X))
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(I-Ar) {X ⊢ α(τ · f) | α(f) ∈ ∆} ∪ {X ⊢ ↓τ(y) | y ∈ ∆}
X ⊢ β(c) (+)

(RelAx) {X ⊢ τ · φ | φ ∈ Φ} ∪ {X ⊢ ↓τ(f(i)) | i ∈ ar(α)}
X ⊢ α(τ · f)

(Φ =⇒ α(f) ∈ A,

τ : Var → TΣ(X))

(Ax) {X ⊢ α(τ · f) | α(f) ∈ ∆} ∪ {X ⊢ ↓τ(y) | y ∈ ∆}
X ⊢ β(τ · g) (∆ ⊢ β(g) ∈ E)

Recall that both the arities of operations in Σ and the contexts of the κ-ary Σ-relations in E
are in Pκ. We assume such a ∆ ∈ Pκ to be specified as ∆ = R(Y,E) by a κ-presentable
object (Y,E) ∈ Str(Π) (cf. Lemma 3.7, Proposition 3.9, Lemma 3.19, Proposition 3.21); by
writing ϕ ∈ ∆ for an edge ϕ, we indicate that ϕ ∈ E (rather than just ϕ ∈ E(∆)). The rules
(E-Ar) and (I-Ar) apply to every σ ∈ Σ, and rule (Mor) applies to every σ ∈ Σ and every
α ∈ Π. The side condition (+) of (I-Ar) is the following: for some axiom ∆ ⊢ γ(g) of V there
is σ(h) ∈ sub(g), where h : ar(σ) → TΣ(∆), such that ar(σ) |= β(k) and

c = ar(β) k−−→ ar(σ) h−−→ TΣ(∆) τ−−→ TΣ(X).

Rule (Mor) captures the fact that operations σ are interpreted as morphisms of type
[ar(σ), A] → A, a condition that relates to enrichment of the induced monad. Rule (E-Ar)
states that operations are defined when all the constraints given by their arity are satisfied.
Rules (RelAx) and (Ax) allow application of the axioms of the Horn theory and the variety,
respectively, in both cases instantiated with a substitution. A general substitution rule is not
included but admissible. Rule (I-Ar) captures that every axiom of the variety is understood as
implying that (under the constraints of the context) all subterms occurring in it are defined,
in the sense that the constraints in the arities of the relevant operations hold.

▶ Remark 4.15. Instantiating the above system of rules to the theory of partial orders
yields essentially the ungraded version of our previous deduction system for graded monads
on Pos [9], up to the above-mentioned coding of definedness judgements. At first glance,
the instantiation to the theory of metric spaces appears to yield a system that differs in
several respects from the existing system of quantitative algebra [20]; besides the mentioned
absence of a general substitution rule, this concerns most prominently the absence of a cut
rule (included in [20]) in our system. These distinctions are only superficial: as mentioned
above, the more general substitution rule is admissible in our system, and it follows from
completeness (Theorem 4.19) that the cut rule is admissible as well.

▶ Lemma 4.16. The following rules are admissible:

(Arity) X ⊢ ↓σ(m)
X ⊢ α(m · f)

(ar(σ) |= α(f),
m : |ar(σ)| → TΣ(X)) (Subterm) X ⊢ α(f)

X ⊢ ↓u
(u ∈ sub(f))

Constructing free algebras. We now show that relational logic gives rise to a syntactic
construction of free algebras in the variety V.

The set TV(X) of derivably V-defined terms in X consists of those terms t ∈ TΣ(X) such
that X ⊢ ↓t is derivable. We equip TV(X) with the relations

TV(X) |= α(f) ⇐⇒ X ⊢ α(f) is derivable (α ∈ Π, f : ar(α) → TV(X))

making it into a Π-structure. We write ∼ for the relation on TV(X) given by derivable equality:
that is, for all s, t ∈ TV(Γ) we put s ∼ t iff X ⊢ φ is derivable for all φ ∈ Eq(s, t), which is
clearly an equivalence relation. The ∼-equivalence class of t ∈ TV(X) is denoted by [t]. We
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pick a splitting u : TV(X)/∼ → TV(X) of the canonical quotient map q : TV(X) → TV(X)/∼,
i.e. q · u = id, so u picks representatives of ∼-equivalence classes. Then TV(X)/∼ carries
the structure of a C-object, with edges defined by TV(X)/∼ |= α(f) iff TV(X) |= α(u · f).
(“Only if” means that u is relation preserving.)

▶ Definition 4.17. The algebra FX of defined terms in X is the Σ-algebra obtained by
equipping TV(X)/∼ with the operations σFX : [ar(σ),TV(X)/∼] → TV(X)/∼ well-defined
by f 7→ [σ(u · f)], where u : FΓ → TV(X) is the chosen splitting of q : TV(X) → FX.

▶ Theorem 4.18. For every X ∈ C, FX is a free algebra in V.

Thus, we see that the free-algebra monad TV (Remark 4.12) of a variety V maps each
X ∈ Str(H ) to the carrier of the algebra FX. We note that the reflection Alg Σ → V (see
Proposition 4.11) need not be epi: the rule (Ax) generally “adds” new defined terms in the
presence of axioms; see Adámek et al. [5, Ex. 3.25] for a more detailed view on this point.

▶ Theorem 4.19 (Soundness and Completeness). X ⊢ α(f) is derivable iff every A ∈ V
satisfies X ⊢ α(f).

▶ Remark 4.20. Consequently, our system instantiated to the theory of metric spaces and
the system of quantitative algebra [20], which is also sound and complete, are deductively
equivalent. Hence, our results thus far imply that every quantitative algebraic theory induces
an ω1-accessible monad. Indeed this remains true if one admits operations of countable arity,
as in our theory of complete metric spaces (Example 4.8). Due to non-discrete contexts in
axioms, monads induced by quantitative algebraic theories (such as x =1/2 y ⊢ x =0 y) in
general fail to be finitary. However, our results do imply that the induced monad is finitary
if only discrete contexts are used; e.g. this holds for the theories of left-invariant barycentric
algebras and of quantitative semi-lattices, respectively [20] (note for the latter that axiom
(S4) can be omitted in [20, Def. 9.1]). We conjecture that monads induced by continuous
equation schemes [20] are also finitary.

5 Enriched Accessible Monads

We proceed to establish the monad-to-theory direction of our correspondence; as already
indicated, given our fixed λ-ary Horn theory H , this works only for λ-accessible monads and
λ-ary theories, but not for accessibility degrees κ < λ as in the theory-to-monad direction.
So let T = (T, η, µ) be an enriched λ-accessible monad on C. We proceed to extract a λ-ary
relational algebraic theory from T. We first review the equivalence between monads and
Kleisli triples (see, e.g., Moggi [21], and originally Manes [19, Exercise 12]).

▶ Definition 5.1. A Kleisli triple in C0 is a triple (T, η, (−)∗) consisting of a mapping
T : C0 → C0 (of objects), a morphism ηX : X → TX for all X ∈ C0, and an assignment of a
morphism f∗ : TX → TY to every morphism f : X → TY . This data is subject to the laws
below for all X ∈ C0 and all morphisms f : X → TY and g : Y → TZ:

η∗
X = idX , f∗ · ηX = f, and g∗ · f∗ = (g∗ · f)∗. (5.1)

▶ Remark 5.2. The mapping which assigns to each monad (T, η, µ) the Kleisli triple
(T, η, (−)∗) with (−)∗ defined by f∗ = TX

T f−−→ TTY
µY−−→ TY for f ∈ C0(X,TY ) yields a

bijective correspondence between monads and Kleisli triples on C0.

▶ Notation 5.3. For each operation σ in a signature Σ, we have a term σ(uar(σ)), where
uar(σ) is the inclusion ar(σ) ↪→ TΣ(ar(σ)). By abuse of notation, we also write σ for σ(uar(σ)).
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▶ Definition 5.4. The λ-ary signature ΣT induced by T is the disjoint union of the
sets |TΓ| (Γ ∈ Pλ), where elements of |TΓ| have arity Γ. The variety VT induced by T is
VT = Alg(ΣT, ET) where ET contains all axioms of the following shape, with Γ ∈ Pλ:
1. Γ ⊢ α(σ1, . . . , σar(α)) for all σi ∈ TΓ such that TΓ |= α(σ1, . . . , σar(α))
2. Γ ⊢ f∗(σ) = σ(f) for all ∆ ∈ Pλ, morphisms f : ∆ → TΓ, and σ ∈ |T∆|.
3. Γ ⊢ ηΓ(x) = x for every x ∈ Γ.
Note that in the second item above, for every x ∈ ∆ the operation symbol f(x) ∈ |TΓ| is
considered as a term according to Notation 5.3. Hence σ(f) is a term, too.

We now show that T is the free-algebra monad of its induced variety VT. For each X ∈ C,
the C-object TX carries a canonical Σ-algebra structure with each operation σT X being
defined by σT X(f) := f∗(σ). We call TX the canonical algebra over X.

▶ Lemma 5.5. Every canonical algebra lies in VT.

▶ Theorem 5.6. Each enriched λ-accessible monad T is the free-algebra monad of its induced
variety VT, with the free algebra on X given by the canonical algebra TX.

▶ Remark 5.7. We have thus shown that given a λ-ary Horn theory H , we we can
translate λ-accessible monads on Str(H ) back into λ-ary theories, preserving the notion
of model. For example, every ω1-accessible monad on Met is induced by an ω1-ary theory,
as illustrated in Example 4.8. The situation is more complicated for κ-ary monads where
κ < λ. E.g. we can generate a finitary monad on Met from a single binary operation of type
{(x, y) ∈ A2 | d(x, y) < 1/2} → A. This monad is not induced by any theory with operations
of internally finitely presentable (i.e. discrete) arity, in particular neither by an ω-ary theory
in our framework nor by a quantitative algebraic theory [20].

6 Conclusions

We have introduced the framework of relational logic for reasoning about algebraic structure
on categories of (finitary) relational structures axiomatized by possibly infinitary Horn
theories, such as partial orders or metric spaces. We have proved soundness and completeness
of a generic algebraic deduction system, and we have shown that λ-ary relational algebraic
theories are in correspondence with λ-accessible enriched monads when the underlying Horn
theory is also λ-ary (where “λ-ary” refers to the arity of operations for relational algebraic
theories, and to the number of premisses in axioms for Horn theories). Our results allow for
a straightforward specification also of infinitary constructions such as metric completion.

The theory-to-monad direction of the above-mentioned correspondence remains true for
κ-ary relational algebraic theories and κ-accessible monads on categories of models of λ-ary
Horn theories for κ < λ, e.g. when looking at monads and theories on metric spaces. One
open end that we leave for future research is to obtain a more complete coverage of this
case, which will require a substantial generalization of both the way arities of operations are
defined (these can no longer be taken to be objects of the base category) and in the way the
axioms of the theory are organized, likely using more topologically-minded approaches.
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Abstract
In 2009, Ghani, Hancock and Pattinson gave a coalgebraic characterisation of stream processors
AN → BN drawing on ideas of Brouwerian constructivism. Their stream processors have an intensional
character; in this paper, we give a corresponding coalgebraic characterisation of extensional stream
processors, i.e., the set of continuous functions AN → BN. Our account sites both our result and that
of op. cit. within the apparatus of comodels for algebraic effects originating with Power–Shkaravska.

2012 ACM Subject Classification Theory of computation → Categorical semantics; Theory of
computation → Automata over infinite objects

Keywords and phrases Comodels, residual comodels, bimodels, streams, stream processors

Digital Object Identifier 10.4230/LIPIcs.CALCO.2021.15

Funding Richard Garner : supported by ARC grants FT160100393 and DP190102432.

1 Introduction

As is well known, the type of infinite streams of elements of some type A may be defined to
be the final coalgebra νX. A×X. If types are mere sets, then this coalgebra is manifested
as the set AN of infinite lists of A-elements, with the structure map

α : a⃗ 7→ (a0, ∂a⃗) where ∂(a0, a1, a2, . . . , ) = (a1, a2, . . . ) . (1)

Of course, the coalgebra structure describes the corecursive nature of streams, but also
captures their sequentiality: an A-stream is first an A-value, and then an A-stream.

If A and B are types, then an A-B-stream processor is a way of turning an A-stream into
a B-stream. If types are sets, then the crudest kind of stream processor would simply be a
function f : AN → BN; however, it is more computationally reasonable to restrict to those
f which are productive, in the sense that determining each B-token of the output should
require examining only a finite number of A-tokens of the input.

The productive functions f : AN → BN are in fact precisely the continuous ones for
the prodiscrete (= Baire) topologies on AN and BN. While this representation of stream
processors is mathematically smooth, it fails to make explicit their sequentiality: we should
like to see the fact that determining each successive token of the output B-stream requires
examining successive finite segments of the input A-stream. Much as for streams themselves,
this can be done by presenting stream processors as a final coalgebra.

Such a presentation was given in [7]. Therein, the type of A-B-stream processors was
taken to be the final coalgebra νX. TA(B ×X), where TA(V ) = µX. V + XA; and it was
explained how each element of this type encodes a continuous function AN → BN, and how,
conversely, each such continuous function yields an element of this type. An interesting
aspect of the story is that these assignments are not mutually inverse: distinct elements of
νX. TA(B ×X) may represent the same continuous function, so that elements of this type
are really intensional representations of stream-processing algorithms.

While there are many perspectives from which this is a good thing, it leaves open the
question of whether there is a coalgebraic representation for extensional stream processors,
i.e., for the bare set of continuous functions AN → BN. In this paper, we show that there is:
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▶ Theorem 1. Let A and B be sets. The set of continuous functions AN → BN is the
underlying set of the terminal B-ary comagma in the category of A-ary magmas.

In this result, an A-ary magma is a set X with an operation ξ : XA → X satisfying no
further axioms. More generally, we can speak of A-ary magmas in any category C with
products; while, if C is a category with coproducts, we can define an A-ary comagma in
C to be an A-ary magma in Cop. Explicitly, this involves an object X ∈ C and a map
X → X + · · ·+ X into the coproduct of A copies of X, subject to no further conditions.

On the face of it, our Theorem 1 has no obvious relation to [7], nor to anything resembling
computation. Thus, the broader contribution of this paper is to site both the ideas of [7] and
our Theorem 1 within the well-established machinery of comodels [21, 20], as we now explain.

The category-theoretic approach to computational effects originates in [16]: given a monad
T on a category of types and programs, we view elements of T (V ) as computations with
side-effects from T returning values in V . This idea was refined in [19]; rather than considering
monads simpliciter, we generate them from algebraic theories whose basic operations are the
computational primitives for the effects at issue. A key example, for us, is the theory TA of
input from an alphabet A, which is freely generated by a single A-ary operation read.

The approach via algebraic theories has the virtue of giving a good notion of model in
any category with finite powers. In particular, one has comodels, which are models in the
opposite of the category of sets, and a key insight of [21] is that comodels of a theory T
can be seen as coalgebraic objects for evaluating T-computations to values: for example, a
TA-comodel is an A× (–)-coalgebra, and the final comodel is the set of A-streams.

A range of authors [20, 15, 17, 18, 23, 10, 1, 6, 24, 5] have taken this attractive perspective
on operational semantics further. Particularly salient for us is the concept, due to [1, 10, 24]
of a residual comodel. Given theories T and R, an R-residual T-comodel is, formally speaking,
a comodel of T in the Kleisli category of R but is, practically speaking, a coalgebraic entity
for evaluating or compiling T-computations into R-computations. In particular, we have
TA-residual TB-comodels, which translate requests for B-input into requests for A-input,
and a little thought shows that this is exactly the rôle filled by an A-B-stream processor. In
fact, the final coalgebra of [7] turns out to be precisely the final TA-residual TB-comodel; in
§3 we explain this, and show how other aspects of [7] flow naturally from this fact.

To get from here to our Theorem 1 requires a new import from category-theoretic universal
algebra: the notion of a bimodel [4, 22, 3]. An R-T-bimodel is a comodel of T in the category
of Set-models of R. Since this latter category has the Kleisli category as a full subcategory,
bimodels are a generalisation of residual comodels – one which, roughly speaking, allows
additional quotients by bisimulations to be taken. These quotients are just what one needs
to collapse the intensional stream processors of [7] to their underlying continuous functions:
so yielding our Theorem 1 which we now recognise as describing the final TA-TB-bimodel.

There is plenty more to be said in this direction: our results map a path toward studying
residual comodels and bimodels of other theories, with notions like hidden Markov models, or
non-deterministic and Rabin automata, all within scope. But this must await another paper!

2 Streams as a final comodel

In this background section, we recall how algebraic theories present notions of effectful
computation, how comodels of a theory furnish environments appropriate for evaluating such
computations, and how the type of streams arises as a final comodel.
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▶ Definition 2 (Algebraic theory). A signature comprises a set Σ of function symbols, and
for each σ ∈ Σ a set |σ|, its arity. Given a signature Σ and a set V , we define the set Σ(V )
of Σ-terms with variables in V by the inductive clauses

v ∈ V =⇒ v ∈ Σ(V ) and σ ∈ Σ, t ∈ Σ(V )|σ| =⇒ σ(t) ∈ Σ(V ) .

An equation over a signature Σ is a formal equality t = u between terms in the same set of
free variables. A (algebraic) theory T comprises a signature and a set of equations over it.

▶ Definition 3 (T-terms). Given a signature Σ and terms t ∈ Σ(V ) and u ∈ Σ(W )V , we
define the substitution t(u) ∈ Σ(W ) by recursion on t:

v ∈ V =⇒ v(u) = uv and σ ∈ Σ, t ∈ Σ(V )|σ| =⇒ (σ(t))(u) = σ(λi. ti(u)) .

Given a theory T with signature Σ, we define T-equivalence as the smallest family of
substitution-congruences ≡T on the sets Σ(V ) such that t ≡T u for all equations t = u of T.
The set T (V ) of T-terms with variables in V is Σ(V )/≡T.

When a theory T is seen as specifying a computational effect, T (V ) describes the set of
computations with effects from T returning a value in V . There are theories for effects such
as output, state, exceptions, and so on, but for us the salient example is:

▶ Example 4 (Input). Given a set A, the theory TA of A-valued input comprises a single
A-ary function symbol read, satisfying no equations, whose action we think of as:

(t : A→ X) 7→ let read() be a. t(a) .

The set of terms TA(V ) is, as in the introduction, the initial algebra µX. V + XA, whose
elements may be seen combinatorially as A-ary branching trees with leaves labelled in V ; or
computationally as programs which request A-values from an external source and use them
to determine a return value in V . For example, when A = N, the program which requests
two input values and returns their sum is presented by

let read() be n. let read() be m. n + m ∈ T (N) . (2)

We now define the models of an algebraic theory. In the definition, we say that a category
C has powers if it has all set-indexed self-products XA := Πa∈AX.

▶ Definition 5 (Σ-structure, T-model). Let Σ be a signature. A Σ-structure X in a category
C with powers is an object X ∈ C with operations JσKX : X |σ| → X for each σ ∈ Σ. For each
t ∈ Σ(V ) the derived operation JtKX : XV → X is then determined by the recursive clauses:

JvKX = πv and Jσ(t)KX = XV (JtiKX )i∈|σ|−−−−−−−−→ X |σ| JσKX−−−→ X . (3)

Given a theory T = (Σ,E), a T-model in C is a Σ-structure X which satisfies JtKX = JuKX

for all equations t = u of T. The unqualified term “model” will always mean “model in Set”.
We write Mod(T,C) for the category of T-models in C, and Mod(T) for the models in Set.

The set of computations T (V ) has a structure of T-model T (V ) with operations given by
substitution; and as is well known, this structure is in fact free:

▶ Lemma 6. The inclusion of variables ηV : V → T (V ) exhibits T (V ) as the free T-model
on V . That is, for any T-model X and any function f : V → X, there is a unique T-model
homomorphism f† : T (V )→X with f† ◦ ηV = f . Explicitly, f†(t) = JtKX(λv. f(v)).
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Taking the full subcategory of Mod(T) on the free T-models yields the well known Kleisli
category of T, which we typically present as follows:

▶ Definition 7 (Kleisli category). The Kleisli category Kl(T) of a theory T has sets as objects;
hom-sets Kl(T)(A, B) = Set(A, TB); the identity at A being ηA : A→ TA; and composition
g, f 7→ g† ◦ f with g† as in Lemma 6 for the free T-model structures. The free functor
FT : Set → Kl(T) is the identity on objects and sends f ∈ Set(X, Y ) to ηY ◦f ∈ Kl(T)(X, Y ).
The fully faithful comparison functor IT : Kl(T)→ Mod(T) maps A 7→ T A and f 7→ f†.

The Kleisli category captures the compositionality of computations with effects from T,
and allows us to draw the link with Moggi’s monadic semantics [16]; indeed, the free functor
FT : Set → Kl(T) and its right adjoint Kl(T)(1, –) : Kl(T) → Set generate an associated
monad T on Set and we have that Kl(T) ∼= Kl(T) under Set.

So far we have said nothing about non-free T-models. It is a basic fact that every such
model can be obtained from a free one by quotienting by some congruence, and so can been
seen as a set of computations identified up to some notion of program equivalence. This is
important, for example, in [12], and will be important for us in §4 below.

We now turn from models to the dual notion of comodel. We say a category C has
copowers if if each set-indexed self-coproduct A ·X = Σa∈AX exists in C.

▶ Definition 8 (T-comodel). Let T be a theory. A T-comodel in a category C with copowers
is a model of T in Cop, comprising an object S ∈ C and co-operations JσKS : S → |σ| · S
obeying the equations of T. The unqualified term “comodel” will mean “comodel in Set”. We
write Comod(T,C) for the category of T-comodels in C, and Comod(T) for the comodels in
Set.

As explained in [21, 20], when a theory T presents a notion of computation, its comodels
provide deterministic environments for evaluating computations with effects from T.

▶ Example 9. A comodel S of the theory of A-valued input is a state machine that answers
requests for A-characters; it comprises a set of states S and a map JreadKS = (g, n) : S → A×S

giving for each s ∈ S a next character g(s) ∈ A and a next state n(s) ∈ S.

While the comodels of the preceding example are just A× (–)-coalgebras, the comodel
perspective adds something to this. The general picture is that a T-comodel allows us
to evaluate T-computations t ∈ T (V ) down to values in V via the derived operations
of Definition 5. Indeed, given a comodel S and a term t ∈ T (V ), we have the derived
co-operation JtKS : S → V × S which, unfolding the definition, is given by the clauses:

v ∈ V =⇒ JvKS (s) = (v, s)

and σ ∈ Σ, t ∈ T (V )|σ| =⇒ Jσ(t)KS (s) = JtvKS (s′) where JσKS (s) = (v, s′) .
(4)

The idea is that applying JtKS to a starting state s ∈ S will yield the value v ∈ V and final
state s′ ∈ S obtained by running the computation t ∈ T (V ), using the co-operations of the
comodel S to answer the requests posed by the corresponding operation symbols of T.

▶ Example 10. For a comodel (g, n) : S → A× S of A-valued input, the clauses (4) become

v ∈ V =⇒ JvKS (s) = (v, s) t ∈ T (V )A =⇒ Jread(t)KS (s) = Jt(g(s))KS (n(s)) .

So if we consider A = N, the term t = read(λn. read(λm. n + m)) ∈ T (N) from (2), and the
comodel S with S = {s, s′, s′′} and JreadKS = (g, n) : S → N× S given by the upper line in:

JreadKS : s 7→ (3, s′) s′ 7→ (6, s′′) s′′ 7→ (11, s′′)

JtKS : s 7→ (9, s′′) s′ 7→ (17, s′′) s′′ 7→ (22, s′′) ,
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then JtKS : S → N× S is given by the lower line. For example, we calculate that JtK (s) =
Jread(λn. read(λm. n + m))K (s) = Jread(λm. 3 + m)K (s′) = J3 + 6K (s′′) = (9, s′′).

As is idiomatic, the final comodel of a theory describes “observable behaviours” that
states of a comodel may possess. To make this precise, we define states s1 ∈ S1 and s2 ∈ S2
of two T-comodels to be operationally equivalent if running any T-computation t ∈ T (V )
starting from the state s1 of S1 or from the state s2 of S2 gives the same value; i.e.,

if JtKS1 (s1) = (v1, s′
1) and JtKS2 (s2) = (v2, s′

2) then v1 = v2 .

▶ Lemma 11. States s1 ∈ S1 and s2 ∈ S2 of two T-comodels are operationally equivalent if
and only if they become equal under the unique maps S1 → F ← S2 to the final T-comodel.

Proof. This is [5, Proposition 52]. ◀

So in the spirit of [11, Theorem 4], we may (if we adequately handle the set-theoretic issues)
characterise the final T-comodel as the set of all possible states of all possible comodels,
modulo operational equivalence. For A-valued input, two states s1, s2 of two comodels
(gi, ni) : Si → A× Si are operationally equivalent if they give the same stream of values:(

g1(s1), g1(n1(s1)), g1(n1(n1(s1))), . . .
)

=
(
g2(s2), g2(n2(s2)), g2(n2(n2(s2))), . . .

)
,

and in this way, we may reconstruct the familiar fact that the final TA-comodel AN is the
set of A-streams AN with the structure map (1).

The comodel view also allows us to capture the topology on the space of streams. Indeed,
any comodel of a theory has a natural prodiscrete topology, whose basic open sets describe
those states which are indistinguishable with respect to a finite set of T-computations.

▶ Definition 12 (Operational topology). Let S be a T-comodel. The operational topology on
S is generated by sub-basic open sets

[t 7→ v] := {s ∈ S : JtKS (s) = (v, s′) for some s′} for all t ∈ T (V ) and v ∈ V .

This definition appears to be new, and investigating its force is beyond the scope of this
paper; in particular, we have space only to state the following result, whose proof the reader
may find an interesting exercise. It implies easily that AN is the final topological comodel
when given the topology obtained from the product of discrete topologies on each copy of A.

▶ Lemma 13. For any theory T, the final T-comodel F , when endowed with its operational
topology, is the final topological comodel.

3 Intensional stream processors as a final residual comodel

In this section, we recall a more general kind of comodel considered by, among others, [1, 10,
24], which allows for stateful translations between different notions of computation. We then
explain how the intensional stream processors of [7] instantiate this notion, and use this fact
to derive a number of other aspects of the theory of [7].

▶ Definition 14 (Residual comodel). Let T and R be theories. An R-residual T-comodel is a
comodel of T in the Kleisli category Kl(R).
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The nomenclature “residual” comes from [10, §5.3], and we will explain the connection to
loc. cit. in Proposition 25 below. For now, let us spell out in detail what a residual comodel
S involves. First, there is an underlying set of states S. Next, we have for each σ ∈ Σ a
basic co-operation JσKS : S → R(|σ| × S) assigning to each state s ∈ S an R-computation
JσKS(s) returning values in |σ| × S – where, as before, we think of these two components as
providing a value answering the request posed by σ, and a next state. Now we determine
a derived co-interpretation JtKS : S → R(V × S) for each t ∈ T (V ) by threading the basic
co-operations together via monadic binding:

v ∈ V ⊆ T (V ) =⇒ JvKS (s) = (v, s) ∈ V × S ⊆ R(V × S)

and σ ∈ Σ, t ∈ T (V )|σ| =⇒ Jσ(t)KS(s) = JσKS(s)
(
λ(v, s′). JtvKS(s′)

)
,

(5)

and the final requirement is that these derived operations should satisfy the equations of T.
Interesting examples of residual comodels are given in [1, 24, 9], but for us the key case is:

▶ Example 15. A comodel of the theory TB of B-valued input residual on the theory TA of
A-valued input comprises a set of states S, and a function γ : S → TA(B × S) assigning to
each state s ∈ S a program which uses some number of A-tokens from an input stream to
inform the choice of an output B-token and a new state in S.

It is easy to see how each state s0 of such a comodel should encode a stream processor
AN → BN: given an input stream a⃗ ∈ AN, we consume some initial segment a0, . . . , ak to
answer the requests posed by the program γ(s0), so obtaining an element b0 ∈ B and a
new state s1. We now repeat starting from s1 ∈ S and the remaining part ∂ka⃗ of the input
stream, to obtain b1 and s2 while consuming ak+1, . . . , aℓ; and so on coinductively. This
description was made mathematically precise in [7, §3.1], but in fact we can obtain it in a
principled comodel-theoretic manner via (a special case of) a notion given in [20, Appendix].

▶ Definition 16 (Tensor of a residual comodel with a comodel). Let T and R be theories. Let
S be an R-residual T-comodel, and let M be an R-comodel. The tensor product S ·M is
the T-comodel with underlying set S ×M and co-operations

JσKS·M : S ×M
JσKS×M−−−−−−→ R(|σ| × S)×M

(t,m) 7→JtKM (m)−−−−−−−−−−→ |σ| × S ×M . (6)

This definition makes intuitive sense: given a state machine for translating T-computations
into R-computations, and one for executing R-computations, it threads them together to
yield a state machine for executing T-computations. We will make this justification rigorous
in Definition 26 below, but for the moment let us simply assume its reasonability and give:

▶ Definition 17 (Extent). The extent of a TA-residual TB-comodel S is the function
e : S ×AN → BN underlying the unique map of TB-comodels S ·AN → BN, where here AN

and BN are endowed with their final comodel structures.

We now unfold this definition. Firstly, for any term t ∈ TA(V ), the derived co-operation
JtKAN

(⃗a) : AN → V ×AN is defined recursively by

JvKAN
(⃗a) = (v, a⃗) and Jread(t)KAN

(⃗a) = Jt(a0)K (∂a⃗) . (7)

If we view t as an A-ary branching tree with leaves labelled in V , then JtKAN
(⃗a) is the result

of walking up the tree from the root, consuming an element of a⃗ at each interior node to
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determine which branch to take, and returning at a leaf the V -value found there along with
what remains of a⃗. Now, in terms of this, the TB-comodel structure of S ·AN is given by

S ×AN → B × S ×AN (s, a⃗) 7→ Jγ(s)KAN
(⃗a) ;

that is, by the function taking a state s0 and stream a⃗ to the triple (b0, s1, ∂ka⃗) obtained by
walking up k nodes of the tree γ(s0) to the leaf (b0, s1). If we view this comodel structure as
a pair of maps g : S ×AN → B and n : S ×AN → S ×AN, then we can say, finally, that the
extent function e : S ×AN → BN of S is defined coinductively by:(

e(s, a⃗)
)

0 = g(s, a⃗) ∂
(
e(s, a⃗)

)
= e

(
n(s, a⃗)

)
.

Comparing this construction with that of [7, §3.1], done there with bare hands, we find
that they are exactly the same: the derived co-operations JtK of (7) are the functions eat t

of loc. cit., while our extent function e is their function eat∞.
We have thus shown that each state s of a TA-residual TB-comodel encodes a function

e(s, –) : AN → BN; but for these functions to be reasonable stream processors, they should
be continuous for the profinite topologies. While this may be shown with little effort, we
may in fact see it without any effort via a comodel-theoretic argument. We first need:

▶ Definition 18 (Tensor of a residual comodel and a topological comodel). Let T and R be
theories, let S be an R-residual T-comodel, and M a topological R-comodel. The tensor
product S ·M is the topological T-comodel with underlying space S ·M and co-operations (6).

Once again, the justification for this definition will be given below; assuming it for now,
the desired continuity of each e(s, –) is immediate. For indeed, viewing AN and BN as final
topological comodels, there is a unique map of topological TB-comodels S ·AN → BN which,
since forgetting the topology yields back a map of Set-comodels, must be the extent function
e. Thus, the force of this is that e is continuous as a map S ·AN → BN – which is equally to
say that each e(s, –) : AN → BN is continuous for the profinite topologies.

So far, our argument has been given for an arbitrary TA-residual TB-comodel S; but
as in [7], it is natural to consider the final residual comodel in particular. To this end, we
should first clarify the correct notion of morphism between residual comodels.

▶ Definition 19 (Map of residual comodels). Let T and R be theories, and let S and U be
R-residual T-comodels. A map of residual comodels S → U is a function f : S → U such
that JσKU ◦ f = R(|σ| × f) ◦ JσKT for all operations σ in the signature of T.

▶ Remark 20. Given that an R-residual comodel is a comodel in Kl(R), we might expect
a map of residual comodels to be a map in Kl(R), rather than one in Set. The reason
for our unusual choice is not pure expediency; it has to do with an enrichment of the
category of theories in the category of comonads on Set, currently being investigated by
the authors of [10], and which exploits the general Sweedler theory of [2]. Working through
the calculations, one finds that for two theories R and T, the category of coalgebras for the
hom-comonad ⟨R,T⟩ is the category of residual comodels, with precisely the maps indicated
in Definition 19.

With this clarification made, we see that, in particular, the category of TA-residual
TB-comodels is simply the category of TA(B × –)-coalgebras, and so we have:

▶ Definition 21 (Intensional stream processors). The type of intensional A-B-stream processors
is the final TA-residual TB-comodel IAB, i.e., the final coalgebra νX. TA(B × X). The
reflection function is the currying of the topological extent function

reflect : IAB → Top(AN, BN) s 7→ e(s, –) : AN → BN ,

where here we write Top for the category of topological spaces and continuous maps.
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As well as reflection, [7] also defines a reification function reify : Top(AN, BN)→ IAB that
implements each continuous function by a state of the final comodel, and which satisfies
reflect ◦ reify = id. This means that reflect is surjective – but crucially, it is not injective.
To show this, we must first note that, by the usual techniques, the terminal coalgebra IAB

may be described as follows: it is the set of all finite or infinite A-ary branching trees, with
interior nodes labelled with elements of B∗ (i.e., lists of elements of B), with leaves labelled
by elements of BN, and where no infinite path of interior nodes is labelled by the empty list.

▶ Example 22. Fix an element b ∈ B and consider the following two TA-residual TB-comodel
structures on {∗}:

(i) ∗ 7→ (b, ∗) and (ii) ∗ 7→ read(λa. (b, ∗)) . (8)

In both comodels, the unique state ∗ encodes the continuous function AN → BN sending
every stream a⃗ to (b, b, b, b, . . . ). However, these states yield different elements of the final
comodel IAB : (i) gives the trivial tree t0 whose root is labelled by (b, b, b, . . . ), while (ii) gives
the purely infinite A-ary branching tree t1 with every node labelled by a single b.

Intuitively, the two states of IAB in this example differ in that the first ignores its input
stream entirely, and simply outputs b’s without cease; while the second frivolously consumes
a single A-token before emitting each b. So IAB is a set of intensional representations of
stream processors. This leads us neatly on to the second part of the paper, where we give a
comodel-theoretic presentation of extensional stream processors, i.e., the set Top(AN, BN),
and an explanation in these terms of where the reification function of [7] comes from.

Before doing this, we resolve some unfinished business by justifying Definitions 16 and 18
above. Our starting point will be an alternative presentation of the notion of comodel due
to [23]. In op. cit., Uustalu defines a runner for a theory T, with set of states S, to be a monad
morphism T→ TS from the associated monad of T to the state monad TS = (–× S)S . The
data for such a runner are functions T (V )→ (V ×S)S assigning to each t ∈ T (V ) a function
JtKS : S → V × S. Recognising these as also being the data of the derived co-operations of a
T-comodel structure on S, we should find the main result of [23] reasonable: that T-comodels
with underlying set S are in bijection with T-runners with underlying set of states S.

While Uustalu’s result is about comodels in Set, it generalises unproblematically. For any
object S of a category C with copowers, we have an adjunction (–) · S ⊣ C(S, –) : C → Set
inducing a monad TS = C(S, (–) · S) on Set; in [15] this is called the linear-use state monad
associated to S. We now have the following natural extension of Uustalu’s result.

▶ Proposition 23 (cf. [15, Theorem 8.2]). Let T be an algebraic theory, C a category with
copowers, and S ∈ C. The following are in bijective correspondence:
1. T-comodels S in C with underlying object S;
2. T-runners in C, i.e., monad maps J–KS : T→ TS into the linear-use state monad of S;
3. Functorial extensions of (–) · S : Set → C along the free functor into the Kleisli category:

Set
(–)·S

//

FT
��

C .

Kl(T)
(–)·S

<<

(9)

▶ Remark 24. Abstractly, this proposition expresses the fact that Kl(T) is the free category
with copowers containing a comodel of T; this result is originally due to Linton [13].
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Proof. As just said, the argument for (1) ⇔ (2) is mutatis mutandis that of [23, §3]. For (2)
⇔ (3), it is standard [14] that monad maps T→ TS correspond to extensions to the left in:

Set F TS
//

F T

��

Kl(TS)

Kl(T)

99
Set

(–)·S
//

FT
��

CS .

Kl(T)

<<

Now the Kleisli category Kl(TS) of the linear-use state monad is isomorphic to the category
CS whose objects are sets, and whose maps A → B are C-maps A · S → B · S, via an
isomorphism which identifies F TS with (–) · S : Set → CS . Similarly we have Kl(T) ∼= Kl(T)
under Set. So monad morphisms T→ TS correspond to extensions as right above: and these,
by direct inspection, correspond to extensions as in (9). ◀

If here C is itself the Kleisli category Kl(R) of a theory R, then the linear-use state
monad of S ∈ Kl(R) is the monad R(–× S)S found as the commuting combination of the
state monad for S with the monad R induced by R (cf. [8, Theorem 10]). Monad maps
T→ R(S × –)S were in [10] termed R-residual T-runners, and for these the preceding result
specialises to:

▶ Proposition 25. Let T and R be algebraic theories and let S be a set. The following are
in bijective correspondence:
1. R-residual T-comodels S with underlying set S;
2. R-residual T-runners J–KS : T→ R(–× S)S;
3. Functorial extensions of (–)× S : Set → Set through the Kleisli categories of T and R:

Set
(–)×S

//

FT
��

Set
FR

��

Kl(T)
(–)·S

// Kl(R) .

(10)

By putting together Propositions 23 and 25, we have an intuitive definition of tensor
product for a residual comodel and a comodel, or for two residual comodels.

▶ Definition 26 (Tensor product of residual comodels). Let V, T, R be theories; M an
R-comodel in C; S an R-residual T-comodel; and U a T-residual V-comodel. The tensor
product S ·M is the T-comodel in C classified by the composite of extensions to the left below,
while the tensor product U · S is the R-residual V-comodel classified by the composite to the
right:

Set
(–)×S

//

FT
��

Set
(–)·M

//

FR
��

C Set
(–)×U

//

FV
��

Set
(–)×S

//

FT
��

Set
FR

��

Kl(T)
(–)·S

// Kl(R)
(–)·M

<<

Kl(V)
(–)·U

// Kl(T)
(–)·S

// Kl(R) .

(11)

In particular, when C = Set and C = Top, the tensor product S ·M just defined specialises
to the tensor products of Definitions 16 and 18 above.
▶ Remark 27. Here is another perspective on Definition 26. To the left of (11), the functor
(–) ·M preserves copowers, and so lifts to a functor Comod(T, Kl(R))→ Comod(T,C), whose
value at S is the tensor product S ·M . We can obtain U · S to the right similarly.
▶ Remark 28. While space precludes a full treatment here, we remark that the tensor product
to the right of (11) allows us to re-find the lazy composition of intensional stream processors,
described in [7, §4], as the unique map of TA-residual TC-comodels IBC · IAB → IAC
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4 Extensional stream processors as a final bimodel

In Section 3, we characterised the set of intensional stream processors as a final TA-residual
TB-comodel. In this section, we give the main result of the paper, characterising the set of
extensional stream processors Top(AN, BN) as a final bimodel [4, 22, 3] for TA and TB .

▶ Definition 29 (Bimodel). Let T and R be theories. An R-T-bimodel K is an R-model
(K, J–KK) endowed with T-comodel structure J–KK in the category Mod(R) of R-models.

The main difficulty in working with R-T-bimodels is handling copowers in Mod(R). A
simple case is that of free R-models: a copower of free models is free, and so we have canonical
isomorphisms B · R(V ) ∼= R(B × V ), which for convenience, we will assume are in fact
identities, i.e., that the chosen copower B ·R(V ) is R(B × V ). The R-T-bimodels with free
underlying R-model are easy to identify: they correspond precisely to R-residual T-comodels,
where the R-T-bimodel R(S) corresponding to the R-residual T-comodel S has underlying
R-model R(S) and co-operations JσKR(S) =

(
JσKS)† : R(S)→ R(|σ| × S), where (–)† is the

Kleisli extension operation of Lemma 6.
To understand what we gain by looking at bimodels with non-free underlying model, it is

helpful to think in terms of quotients by bisimulations. If S is an R-residual T-comodel, then
we could define (cf. [17, Definition 5.2]) a bisimulation on S to be an equivalence relation
∼ on S such that each co-operation JσKS sends ∼-related states to ≈-related computations
in R(|σ| × S), where ≈ is the congruence generated by (i, s) ≈ (i, s′) whenever s ∼ s′. The
definition ensures that the residual comodel structure descends to the quotient set S/∼;
however, this only gives the possibility of identifying operationally equivalent states, and not
operationally equivalent computations over states. The following more generous definition
rectifies this.

▶ Definition 30 (R-bisimulation). Let R and T be theories. For any R-congruence ∼ on the
free model R(V ) and any set B, the congruence ∼B on R(B × V ) is that generated by

t ∼ u in R(V ) =⇒ t(λs.(b, s)) ∼B u(λs.(b, s)) for all b ∈ B.

If S is an R-residual T-comodel, then a congruence on R(S) is an R-bisimulation if the co-
operations JσKR(S) =

(
JσKS)† : R(S)→ R(|σ|×S) of the associated bimodel send ∼-congruent

terms to ∼|σ|-congruent terms.

▶ Lemma 31. Let S be an R-residual T-comodel and ∼ an R-bisimulation on R(S). There
is a unique structure of R-T-bimodel on the quotient R-model K = R(S)/∼ for which the
the quotient map q : R(S) ↠ K becomes a map of bimodels R(S) ↠ K.

Proof. If R(S)/∼ = K then R(B × S)/∼B is a presentation of the copower B ·K. So
the assumption that ∼ is an R-bisimulation ensures that each basic co-operation of R(S)
descends to a co-operation on K, as to the left in:

R(S)
JσKR(S)

//

q
����

R(|σ| × S)
q|σ|

����

R(S)
JtKR(S)

//

q
����

R(V × S)
qV

����

K
JσKK

// |σ| ·K K
JtKK

// V ·K .

Since R(|σ| × S) is the copower |σ| ·R(S), and the quotient map q|σ| is the copower |σ| · q,
it follows that the derived co-operations of R(S) descend to the corresponding derived co-
operations on K, as to the right above; whence the satisfaction of the T-comodel equations
for R(S) implies the corresponding satisfaction for K. So K is an R-T-bimodel, and clearly
this is the unique bimodel structure making q into a bimodel homomorphism. ◀
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We can use this construction to explain how the passage from the final TA-residual TB-
comodel to the final TA-TB-bimodel will collapse the intensionality we saw in Example 22.

▶ Example 32. Consider the two TA-residual TB-comodels S1 and S2 of Example 22. While
there is clearly no scope for quotienting by a bisimulation on the set of states {∗}, we can
non-trivially quotient each by a TA-bisimulation on T A(∗): namely the TA-congruence on
T A(∗) generated by ∗ ∼ read(λa. ∗). It is easy to see that this is a TA-bisimulation for both
S1 and S2, and so we obtain quotient TA-TB-bimodels T A(S1)/∼ and T A(S2)/∼. In fact,
these are visibly the same bimodel K, with underlying TA-model the final model {∗}, and
with TB-comodel structure JreadKK : K → B ·K given by the bth coproduct injection. So
we have a cospan of bimodels T A(S1) ↠ K ↞ T A(S2), which in particular implies that the
states ∗ of T A(S1) and T A(S2) must be identified in a final TA-TB-bimodel.

This example provides supporting evidence for the main theorem we shall now prove:
that the set Top(AN, BN) of extensional stream processors is a final TA-TB-bimodel. To
show this, we will first construct an adjunction as to the left in

Mod(TA)
(–)⊗AN

//

oo
Top(AN,–)

⊤ Top Comod(TB , Mod(TA))
(–)⊗AN

//

oo
Top(AN,–)

⊤ Comod(TB , Top) (12)

We then show that both directions of this adjunction preserve coproducts, so in particular
copowers; it will then follow that the adjunction to the left lifts to one as to the right
on TB-comodels. The right adjoint of this lifted adjunction, like any right adjoint, will
preserve terminal objects, and so must send the final topological TB-comodel BN to a final
TA-TB-bimodel, with underlying set Top(AN, BN).

To construct the adjunction to the left in (12) we apply a standard result of category-
theoretic universal algebra (cf. [4, Theorem 2]). For self-containedness we give a full proof.

▶ Proposition 33. Let C be a category with copowers and S a T-comodel in C. For any
object C ∈ C, the hom-set C(S, C) bears a structure of T-model C(S, C) with operations

JσKC(S,C) (λi. S
fi−→ C) = S

JσKS

−−−→ |σ| · S
⟨fi⟩i∈|σ|−−−−−→ C (13)

where ⟨fi⟩i∈|σ| is the copairing of the fi’s. As C varies, this assignment underlies a functor
C(S, –) : C→ Mod(T). If C is cocomplete, this functor has a left adjoint (–)⊗S : Mod(T)→ C.

Proof. For any C ∈ C, the hom-functor C(–, C) : Cop → Set sends copowers in C to powers
in Set, and so sends T-comodels in C to T-models in Set. In particular, the T-model induced
by S ∈ Comod(T,C) is C(S, C) with the operations defined above. The functoriality of this
assignment is clear, so it remains to exhibit the desired adjoint when C is cocomplete.

To this end, note that a T-model homomorphism α : X → C(S, C) is equally a function
α : X → C(S, C) such that, for all basic T-operations σ and all x⃗ ∈ X |σ|, we have

S
α(JσKX (x⃗))
−−−−−−−→ C = S

JσKS

−−−→ |σ| · S
⟨α(xi)⟩i∈|σ|−−−−−−−→ C .

Transposing under (–) · S ⊣ C(S, –) : C→ Set, this is equally to give a map ᾱ : X · S → C in
C such that, for each basic T-operation σ, postcomposition with ᾱ equalises the two maps

X |σ| ·S
JσKX ·C
−−−−−→ X ·S X |σ| ·S X|σ|·JσKX

−−−−−−−→ X |σ| · (|σ| ·S) ∼= (X |σ|×|σ|) ·S ev·S−−−→ X ·S .

Thus, defining X ⊗ S to be the joint coequaliser of these parallel pairs as σ varies across
the basic T-operations, we have bijections C(X ⊗ S, C) ∼= Mod(T)(X,C(S, C)) natural in
C ∈ C, so that X ⊗ S is the value at X of the desired left adjoint (–)⊗ S. ◀
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▶ Remark 34. Again, the final part of this result expresses an abstract fact: Mod(T) is the
free cocomplete category containing a comodel of T.

In particular, we may apply the preceding result when C is the cocomplete category Top
and S is the final topological TA-comodel AN to obtain an adjunction as to the left in (12).
We now show that both directions of this adjunction preserve coproducts, and so in particular
copowers. Since left adjoints always preserve colimits, there is only work to do for the right
adjoint Top(AN, –) : Top → Mod(TA). First we spell out that, on objects, this functor acts
by taking a space C to the set of continuous functions Top(AN, C), under the A-ary magma
structure split that takes a family (fa : a ∈ A) of functions to the function split(f⃗) with

split(f⃗)(⃗a) = fa0(∂a⃗) . (14)

In other words, split(f⃗) consumes the first token a0 of its input and then continues as fa0 on
the rest of its input; note that split is in fact invertible, with inverse given by the function
split−1(f) = (f(a–) : a ∈ A). This describes the action of Top(AN, –) : Top → Mod(TA) on
objects; on morphisms, it simply acts by postcomposition.

The following result is the main piece of serious work needed to complete our result; it
refines the topological arguments described in [7, Theorem 2.1], and used there to construct
the reification function for intensional stream processors.

▶ Proposition 35. The functor Top(AN, –) : Top → Mod(TA) preserves coproducts.

Proof. Given spaces (Xi : i ∈ I), we have the coproduct injections ιi : Xi → ΣiXi in Top,
and must show that the family of postcomposition maps(

ιi ◦ (–) : Top(AN, Xi)→ Top(AN, ΣiXi)
)

i∈I
(15)

constitute a coproduct cocone in Mod(TA). We first show:

▶ Lemma 36. The maps (15) are jointly epimorphic in Mod(TA).

Proof. We show that the sub-A-ary magma M ⊆ Top(AN, ΣiXi) generated by the image of
the maps (15) is all of Top(AN, ΣiXi). So suppose not; then there exists some continuous
f : AN → ΣiXi with f /∈ M . Since we have f = split(split−1(f)) = split(λa. f(a–)), we can
find a0 ∈ A with f(a0–) /∈M . Now repeating the argument with f(a0–), we can find a1 ∈ A

with f(a0a1–) /∈M ; and continuing in this fashion, making countably many dependent choices,
we find some a⃗ ∈ AN such that for all n, the continuous function f(a0a1 . . . an–) : AN → ΣiXi

is not in M . In particular, none of these functions factor through any Xi; but as f (⃗a) ∈ Xi

for some i, this means there is no open neighbourhood of a⃗ which is mapped by f into the
open neigbourhood Xi of f (⃗a), contradicting the continuity of f . ◀

Thus, to complete the proof, we need only show that, for a cocone (pi : Top(AN, Xi)→ Y )i∈I

in Mod(TA), there exists some map p : Top(AN, ΣiXi) → Y with p ◦ Top(AN, ιi) = pi for
each i. To this end, consider the diagram of A-ary magmas

N
ε

wwww

p̃

''Top(AN, ΣiXi)
p

// Y

where N = (N, ν) is the free A-ary magma generated by symbols [f, i] for i ∈ I and
f ∈ Top(AN, Xi), where ε sends [f, i] to ιif and where p̃ sends [f, i] to pi(f). It suffices
to exhibit a factorisation p of p̃ through ε as displayed. Now by the lemma above, ε is



R. Garner 15:13

epimorphic, and so the coequaliser of its kernel-congruence; so to obtain such a factorisation,
it suffices to show that if x, y ∈ N satisfy ε(x) = ε(y), then they satisfy p̃(x) = p̃(y). We do
so by induction on the total number of magma operations ν in x and y:

If x = [f, i] and y = [g, j] then ε(x) = ε(y) says that ιif = ιjg, which is possible only if
i = j and f = g. So x = y and so certainly p̃(x) = p̃(y).
If x = [f, i] and y = ν(λa. ya) then on taking xa = [f(a–), i] for each a, we get from
ε(x) = ε(y) that

split(λa. ε(xa)) = split(λa. ιif(a–)) = ιif = ε(x) = ε(y) = ε(ν(λa. ya)) = split(λa. ε(ya))

which, since split is invertible, implies that ε(xa) = ε(ya) for each a ∈ A. By induction,
we have p̃(xa) = p̃(ya) for each a, and so we have the desired equality:

p̃(x) = pi(f) = split(λa. pi(f(a–))) = split(λa. p̃(xa)) = split(λa. p̃(ya)) = p̃(ν(λa. ya) = p̃(y) .

The case where x = ν(λa. xa) and y = [g, j] is dual.
Finally, if x = ν(λa. xa) and y = ν(λa. ya), then from ε(x) = ε(y) we get

split(λa. ε(xa)) = ε(ν(λa. xa)) = ε(x) = ε(y) = ε(ν(λa. ya)) = split(λa. ε(ya))

and so by invertibility of split that ε(xa) = ε(ya) for all a. By induction, p̃(xa) = p̃(ya)
for all a, and so the desired equality

p̃(x) = p̃(ν(λa. xa) = split(λa. p̃(xa)) = split(λa. p̃(ya)) = p̃(ν(λa. ya) = p̃(y) . ◀

Using this result, we can conclude the argument as explained above. Since both adjoints to
the left of (12) preserve coproducts, the adjunction lifts to an adjunction between categories of
TB-comodels as to the right. In particular, the lifted right adjoint sends the final topological
TB-comodel to a final TA-TB-bimodel, so giving our main theorem:

▶ Theorem 37. For any sets A and B, the final TA-TB-bimodel EAB is given by the set
of continuous functions Top(AN, BN) with the TA-model structure of (14), and with the
TB-comodel structure map

Top(AN, BN) (g,n)◦(–)−−−−−−→ Top(AN, B ·BN)
∼=−→ B · Top(AN, BN) , (16)

whose first part is postcomposition with (1) and whose second part is the canonical isomorphism
coming from the fact that Top(AN, –) : Top → Mod(TA) preserves coproducts.

We now describe (16) more concretely, but first we describe copowers in Mod(TA).

▶ Lemma 38. For any TA-model X = (X, ξ) and set B, the copower B ·X may be found
as either: (i) the quotient of T A(B ×X) by the congruence which identifies

(b, xa) · · · (b, xa′)

• ∼ (b, ξ(λa. xa)) ; (17)

or: (ii) the subset of TA(B ×X) on those A-ary branching trees where no non-trivial subtree
has all its leaves labelled by the same element of B, with the TA-model structure map υ being
that of TA(B ×X) except that υ(λa. (b, xa)) = (b, ξ(λa. xa)).
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Proof. (i) is the presentation T A(B ×X)/∼B from Lemma 31 when ∼ is the congruence
associated to the quotient id† : T A(X) ↠ X. As for (ii), these elements are the normal forms
for the strongly normalising rewrite system obtained by applying (17) from left to right. ◀

Via presentation (i), we may thus describe (16) by associating to each f ∈ Top(AN, BN) a
suitable tree in TA(B × Top(AN, BN)). For this, we use the identification of BN with B ·BN

via b⃗ 7→ (b0, ∂b⃗), together with Lemma 36, to see that f lies in the closure under the A-ary
magma operation split on Top(AN, BN) of the set of those g : AN → BN for which g(⃗a)0 is
constant. (This expresses algebraically the fact that, for each a⃗ ∈ AN, there is some finite
initial segment a0 . . . ak of a⃗ such that f (⃗a′)0 = f (⃗a)0 whenever a0 . . . ak = a′

0 . . . a′
k.)

Choosing any such presentation of f gives a well-founded A-ary tree (encoding the
applications of split) with leaves labelled by functions g : AN → BN with g(⃗a)0 constant. Each
such g is equally specified by the constant b = g(⃗a)0, and the function h = ∂ ◦ g : AN → BN,
so that our leaf labels are equally elements in B × Top(AN, BN): so altogether we have an
element of TA(B × Top(AN, BN)). Note that choosing a different presentation of f would
yield a different element of TA(B × Top(AN, BN)); however, our theory ensures that these
elements are congruent under (17), so yielding a well-defined element of B · Top(AN, BN).

5 Comparing intensional and extensional stream processors

To conclude the paper, we examine the unique maps from an arbitrary TA-TB-bimodel to
the final one, showing that these act as expected via the extent function of Definition 17; and,
finally, we give a comodel-theoretic explanation of the reflection-reification pair IAB ⇆ EAB .

We begin with a small refinement of Proposition 33.

▶ Proposition 39 (cf. [20, Theorem 4.4]). Let C be a cocomplete category and S a T-comodel
in C. The functor (–) ⊗ S of Proposition 33 may be chosen to render commutative the
following diagram, whose top edge is as in (9), and whose left edge is as in Definition 7:

Kl(T)
(–)·S

//

IT
��

C .

Mod(T)
(–)⊗S

;;

(18)

Proof. For a free T-model T (V ), we have natural bijections Mod(T)(T (V ),C(S, C)) ∼=
Set(V,C(S, C)) ∼= C(V · S, C), and so we may take T (V ) ⊗ S = V · S. This makes (18)
commute on objects. On morphisms, given θ† : T (V ) → T (W ) in Mod(T), its image
θ† ⊗ S : V · S →W · S under (–)⊗ S is, by adjointness, the unique map making:

C(W · S, C)
∼= //

(–)◦(θ†⊗S)
��

Set(W,C(S, C))
∼= //

��

Mod(T)(T W,C(S, C))
(–)◦θ+

��

C(V · S, C)
∼= // Set(V,C(S, C))

∼= // Mod(T)(T V,C(S, C))

commute for all C ∈ C. Now, the unique dotted map making the right square commute is,
by the freeness of T (V ), the function

(fw ∈ C(S, C) : w ∈W ) 7→ (Jθ(v)KC(S,C) (f⃗) : v ∈ V ) .

But by induction on (13), we have Jθ(v)KC(S,C) (f⃗) = S
Jθ(v)KS

−−−−−→ W · S
⟨fi⟩i∈|σ|−−−−−→ C; whence

we must have θ† ⊗ S = ⟨Jθ(v)KS⟩v∈V = θ · S as desired. ◀
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We now characterise the unique maps to EAB from bimodels induced by residual comodels.

▶ Proposition 40. Let S be a TA-residual TB-comodel. The unique bimodel map from the
associated bimodel f : T A(S) → EAB is (λs.e(s, –))†, the homomorphic extension of the
currying S → Top(AN, BN) of the extent function of Definition 17.

Proof. Since (–)⊗AN : Mod(TA)→ Top restricts back along ITA
to (–) ·AN : Kl(TA)→ Top,

its lifting to a functor on TB-comodels must, by Remark 27, restrict along ITA
to the tensor

product of Definition 26. So the unique TB-comodel map T A(S)⊗AN → BN must be the
extent map S ·AN → BN of Definition 17. By the proof of Proposition 39, transposing this to
a bimodel map T A(S)→ EAB is achieved by currying and extending homomorphically. ◀

We now do the same for the unique maps to EAB from arbitrary TA-TB-bimodels. To
do so, we show that every such bimodel arises in a canonical way from the construction of
Lemma 31. Note that this is not true for arbitrary theories R and T.

▶ Lemma 41. Let K be a TA-TB-bimodel. The composite

γ = K
JreadKK

−−−−−→ B ·K ⊆−−−→ TA(B ×K)

where we take B ·K ⊆ TA(B ×K) as in Lemma 38(ii), endows K with the structure of a
TA-residual TB-comodel Ǩ. The congruence on T A(K) generating the TA-model quotient
map id†

K : T A(K) ↠ K is a TA-bisimulation for Ǩ and the quotient bimodel is precisely K.

Proof. Only the final sentence requires any verification; it will follow if we can show that
the square of TA-model maps to the left below is commutative:

T A(K) γ†
//

id†
K

����

T A(B ×K)

B·id†
K

����

K
JreadKK

// B ·K

K
JreadKK

//

id
����

B ·K ι // TA(B ×K)

B·id†
K

����

K
JreadKK

// B ·K

which by freeness will happen just when the diagram to the right also commutes. But the
map B · id†

K therein is the quotient map by the congruence of (17), of which ι must be a
section since it selects a family of equivalence-class representatives. ◀

If K is a bimodel, then Ǩ is the maximally lazy realisation of K as a residual comodel,
wherein the program associated to each state k ∈K reads the absolute minimum number of
input A-tokens required to determine the next output B-token, with all subsequent reading
from A handed off (via the TA-model structure on K) to the continuation state.

▶ Proposition 42. Let K be a TA-TB-bimodel. The image of k ∈K under the unique bimodel
map K → EAB is the continuous function e(k, –) : AN → BN, where e is the topological
extent function associated to the TA-residual TB-comodel Ǩ of Lemma 41.

Proof. By Lemma 41 we have a quotient map of bimodels id†
K : T A(Ǩ) ↠ K which of

necessity fits into a commuting triangle

T A(Ǩ)

! $$

id†
K // K .

!zz

EAB

The left edge of this triangle is the map identified in the preceding proposition. Thus, tracing
elements k ∈ K ⊆ TA(K) around the two sides of this triangle yields the result. ◀
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Finally, we give use the above results to give a comodel-theoretic reconstruction of the
reflection-reification pair. We already defined reflect : IAB → EAB in Definition 21. In the
other direction, we define the reification function reify : EAB → IAB as the underlying map
of the unique residual comodel map ĚAB → IAB .

▶ Proposition 43. We have reflect ◦ reify = idEAB
.

Proof. By Proposition 40, the unique TA-TB-bimodel map T A(IAB) → EAB is reflect†,
while by Lemma 41, id†

EAB
is the unique bimodel TA-TB-bimodel map T A(ĚAB)→ EAB.

So we have a (necessarily commuting) triangle of TA-TB-bimodel maps:

T A(ĚAB)
T A(reify)

//

id†
EAB

&&

T A(IAB)

reflect†xx

EAB

and precomposing with η : EAB → TA(EAB) yields the result. ◀

As the notation suggests, the composite reify ◦ reflect implements normalisation-by-
evaluation for intensional stream processors, where the normal forms are the maximally lazy
elements of IAB . For instance, the trees t1, t2 ∈ IAB of Example 22 will both normalise to t1.

References
1 Danel Ahman and Andrej Bauer. Runners in action. In Programming Languages and Systems,

volume 12075 of Lecture Notes in Computer Science, pages 29–55. Springer, 2020.
2 Mathieu Anel and André Joyal. Sweedler theory for (co)algebras and the bar-cobar construc-

tions. Preprint, available as arXiv:1309.6952, 2013.
3 George M. Bergman and Adam O. Hausknecht. Co-groups and co-rings in categories of

associative rings, volume 45 of Mathematical Surveys and Monographs. American Mathematical
Society, 1996.

4 Peter Freyd. Algebra valued functors in general and tensor products in particular. Colloquium
Mathematicum, 14:89–106, 1966.

5 Richard Garner. The costructure-cosemantics adjunction for comodels for computational
effects. Preprint, available as arXiv:2011.14520, 2020.

6 Sergey Goncharov, Stefan Milius, and Alexandra Silva. Toward a uniform theory of effectful
state machines. ACM Transactions on Computational Logic, 21, 2020.

7 Peter Hancock, Dirk Pattinson, and Neil Ghani. Representations of stream processors using
nested fixed points. Logical Methods in Computer Science, 5:3:9, 17, 2009.

8 Martin Hyland, Gordon Plotkin, and John Power. Combining effects: sum and tensor.
Theoretical Computer Science, 357:70–99, 2006.

9 Bart Jacobs and Sam Staton. De Finetti’s construction as a categorical limit. In Coalgebraic
methods in computer science, volume 12094 of Lecture Notes in Computer Science, pages
90–111. Springer, 2020. doi:10.1007/978-3-030-57201-3_6.

10 Shin-ya Katsumata, Exequiel Rivas, and Tarmo Uustalu. Interaction laws of monads and
comonads. Preprint, available as arXiv:1912.13477, 2019.

11 Clemens Kupke and Raul Andres Leal. Characterising behavioural equivalence: three sides
of one coin. In Algebra and coalgebra in computer science, volume 5728 of Lecture Notes in
Computer Science, pages 97–112. Springer, 2009.

12 Paul Blain Levy. Call-by-push-value, volume 2 of Semantic Structures in Computation. Kluwer,
2003.

13 Fred E. J. Linton. Some aspects of equational categories. In Conference on Categorical Algebra
(La Jolla, 1965), pages 84–94. Springer, 1966.

arXiv:1309.6952
https://arxiv.org/abs/2011.14520
https://doi.org/10.1007/978-3-030-57201-3_6
https://arxiv.org/abs/1912.13477


R. Garner 15:17

14 Jean-Pierre Meyer. Induced functors on categories of algebras. Mathematische Zeitschrift,
142:1–14, 1975.

15 Rasmus Ejlers Møgelberg and Sam Staton. Linear usage of state. Logical Methods in Computer
Science, 10:1:17, 52, 2014.

16 Eugenio Moggi. Notions of computation and monads. Information and Computation, 93:55–92,
1991.

17 Dirk Pattinson and Lutz Schröder. Sound and complete equational reasoning over comodels.
In The 31st Conference on the Mathematical Foundations of Programming Semantics (MFPS
XXXI), volume 319 of Electronic Notes in Theoretical Computer Science, pages 315–331.
Elsevier, 2015.

18 Dirk Pattinson and Lutz Schröder. Program equivalence is coinductive. In Proceedings of the
31st Annual ACM-IEEE Symposium on Logic in Computer Science (LICS 2016), page 10.
ACM, 2016.

19 Gordon Plotkin and John Power. Notions of computation determine monads. In Foundations
of software science and computation structures (Grenoble, 2002), volume 2303 of Lecture Notes
in Computer Science, pages 342–356. Springer, Berlin, 2002.

20 Gordon Plotkin and John Power. Tensors of comodels and models for operational semantics.
Electronic Notes in Theoretical Computer Science, 218:295–311, 2008.

21 John Power and Olha Shkaravska. From comodels to coalgebras: state and arrays. In
Proceedings of the Workshop on Coalgebraic Methods in Computer Science, volume 106 of
Electronic Notes in Theoretical Computer Science, pages 297–314. Elsevier, 2004.

22 D. O. Tall and G. C. Wraith. Representable functors and operations on rings. Proceedings of
the London Mathematical Society, 20:619–643, 1970.

23 Tarmo Uustalu. Stateful runners of effectful computations. In The 31st Conference on the
Mathematical Foundations of Programming Semantics (MFPS XXXI), volume 319 of Electron.
Notes Theor. Comput. Sci., pages 403–421. Elsevier Sci. B. V., Amsterdam, 2015.

24 Tarmo Uustalu and Niels Voorneveld. Algebraic and coalgebraic perspectives on interaction
laws. In Programming Languages and Systems, volume 12470 of Lecture Notes in Computer
Science, pages 186–205. Springer, 2020.

CALCO 2021





A Coinductive Version of Milner’s Proof System for
Regular Expressions Modulo Bisimilarity
Clemens Grabmayer # Ñ

Gran Sasso Science Institute, L’Aquila, Italy

Abstract
By adapting Salomaa’s complete proof system for equality of regular expressions under the language
semantics, Milner (1984) formulated a sound proof system for bisimilarity of regular expressions
under the process interpretation he introduced. He asked whether this system is complete. Proof-
theoretic arguments attempting to show completeness of this equational system are complicated by
the presence of a non-algebraic rule for solving fixed-point equations by using star iteration.

We characterize the derivational power that the fixed-point rule adds to the purely equational
part Mil´ of Milner’s system Mil: it corresponds to the power of coinductive proofs over Mil´

that have the form of finite process graphs with the loop existence and elimination property LEE.
We define a variant system cMil by replacing the fixed-point rule in Mil with a rule that permits
LEE-shaped circular derivations in Mil´ from previously derived equations as a premise. With
this rule alone we also define the variant system CLC for combining LEE-shaped coinductive proofs
over Mil´. We show that both cMil and CLC have proof interpretations in Mil, and vice versa. As this
correspondence links, in both directions, derivability in Mil with derivation trees of process graphs,
it widens the space for graph-based approaches to finding a completeness proof of Milner’s system.
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1 Introduction

Milner [13] (1984) defined a process semantics for regular expressions as process graphs: the
interpretation of 0 is deadlock, of 1 is successful termination, letters a are atomic actions, the
operators ` and ¨ stand for choice and concatenation of processes, and (unary) Kleene star
p¨q˚ represents iteration with the option to terminate successfully before each execution of
the iteration body. To disambiguate the use of regular expressions for denoting processes and
comparing them via bisimilarity, Milner called them “star expressions”. Using bisimilarity to
identify processes with the same behavior, he was interested in an axiomatization of equality
of “star behaviors”, which are bisimilarity equivalence classes of star-expression processes. He
adapted Salomaa’s complete proof system [14] for language equivalence on regular expressions
to a system Mil that is sound for equality of denoted star behaviors. He left completeness as
a question, because he recognized that Salomaa’s proof route cannot be followed directly.

Specifically, Milner gave an example showing that systems of guarded equations with star
expressions cannot be solved by star expressions in general. Even if such a system is solvable,
the absence from Mil of the left-distributivity law x ¨ py` zq “ x ¨y`x ¨ z in Salomaa’s system
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16:2 A Coinductive Version of Milner’s Proof System

(it is not sound under bisimilarity) frequently prevents applications of the fixed-point rule
RSP˚ in Mil like in an extraction procedure from Salomaa’s proof. But if RSP˚ is replaced
in Mil by a general unique-solvability rule scheme for guarded systems of equations (see
Def. 2.4), then a complete system arises (noted in [6]). Therefore completeness of Mil hinges
on whether the fixed-point rule RSP˚ enables to prove equal any two star-expression solutions
of a given guarded system of equations, on the basis of the purely equational part Mil´ of Mil.

As a stepping stone for tackling this difficult question, we here characterize the derivational
power that the fixed-point rule RSP˚ adds to the subsystem Mil´ of Mil. We do so by means
of “coinductive proofs” whose shapes have the “loop existence and elimination property” LEE
from [11]. This property stems from the interpretation of (1-free) star expressions, which is
defined by induction on syntax trees, creating a hierarchy of “loop subgraphs”. Crucially for
our purpose, guarded systems of equations that correspond to finite process graphs with LEE
are uniquely solvable modulo provability in Mil´. The reason is that process graphs with
LEE, which need not be in the image of the process interpretation, are amenable to applying
right-distributivity and the rule RSP˚ for an extraction procedure like in Salomaa’s proof (see
Section 5). These graphs can be expressed modulo bisimilarity by some star expression, which
can be used to show that any two solutions modulo Mil´ of a specification of LEE-shape are
Mil-provably equal. This is a crucial step in the completeness proof by Fokkink and myself
in [11] for the tailored restriction BBP of Milner’s system Mil to “1-free” star expressions.

Thus motivated, we define a “LLEE-witnessed coinductive proof” as a process graph G
with “layered” LEE (LLEE) whose vertices are labeled by equations between star expressions.
The left- and the right-hand sides of the equations have to form a solution vector of a
specification corresponding to the process graph G. However, that specification needs to
be satisfied only up to provability in Mil´ from sound assumptions. Such coinductive
derivations are typically circular, like the one below of the semantically valid equation
pa ` bq˚ ¨ 0 “ pa ¨ pa ` bq ` bq˚ ¨ 0 :

p1 ¨ g˚q ¨ 0 “ pp1 ¨ pa ` bqq ¨ h˚q ¨ 0
a, b

p1 ¨ g˚q ¨ 0 “ p1 ¨ h˚q ¨ 0

1
pa ` bq˚
looomooon

g˚

¨ 0 “ pa ¨ pa ` bq ` bq˚
looooooooomooooooooon

h˚

¨ 0

r1sa r1s
b

r1s
a

r1s
b

a, b

1
G, Ĝ

The process graph G, which is given together with a labeling Ĝ that is a “LLEE-witness” of G
(the colored transitions with marking labels rns, for n P N`, indicate LLEE-structure, see
Section 3), underlies the coinductive proof on the left (see Ex. A.1 in the Appendix for a
justification). G is a “1-chart” that is, a process graph with 1-transitions that represent
empty step processes. We depict 1-transitions as dotted arrows. For 1-charts, “1-bisimu-
lation” is the adequate concept of bisimulation. We showed in [10, 8] that the process
(chart) interpretation Cpeq of a star expression e is the image of a 1-chart Cpeq with LLEE
under a functional 1-bisimulation. In this example, G “ Cph˚ ¨ 0q maps by a functional
1-bisimulation to interpretations of both expressions in the conclusion. The correctness
conditions for such coinductive proofs are formed by the requirement that the left-, and
respectively, the right-hand sides of formal equations form “Mil´-provable solutions” of
the underlying process graph: an expression at a vertex v can be reconstructed, provably
in Mil´, from the transitions to, and the expressions at, immediate successor vertices of
v. Crucially we establish in Section 5, by a generalization of arguments in [11, 12] using
RSP˚, that every LLEE-witnessed coinductive proof over Mil´ can be transformed into a
derivation in Mil with the same conclusion.
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e˚
0

hkkkikkkj

pa ` bq˚ ¨ 0 “

f
hkkkkkkkkikkkkkkkkj

pa ¨ pa ` bq ` bq ¨p

e˚
0

hkkkikkkj

pa ` bq˚ ¨ 0q ` 0
ι, RSP˚

pa ` bq˚ ¨ 0 “ pa ¨ pa ` bq ` bq˚ ¨ 0
e˚0 ¨ 0 “ f ¨ pe˚0 ¨ 0q ` 0

e˚0 ¨ 0 “ f˚ ¨ 0

p1 ¨ pa ` bqq ¨ pe˚0 ¨ 0q “ pp1 ¨ pa ` bqq ¨ f˚q ¨ 0
a, b

1 ¨ pe˚0 ¨ 0q “ p1 ¨ f˚q ¨ 0

1
e˚0 ¨ 0
loomoon

(by the premise of ι) pa¨pa`bq`bq¨pe˚
0 ¨0q`0” f ¨pe˚

0 ¨0q`0“

“ pa ¨ pa ` bq ` bq˚
looooooooomooooooooon

f˚

¨ 0

r1s
a

r1s
bĈpf˚ ¨ 0q

Figure 1 Mimicking an instance ι of the fixed-point rule RSP˚ (above) in Milner’s system Mil “
Mil´`RSP˚ by a coinductive proof (below) over Mil´`tpremise of ιu with LLEE-witness Ĉpf˚

¨ 0q.
We use different colors for indicating the expressions e˚

0 ¨ 0, f , f˚, and 0 in the instance ι of RSP˚.

This raises the question of whether the fixed-point rule RSP˚ of Mil adds any derivational
power to Mil´ that goes beyond those of LLEE-witnessed coinductive proofs over Mil´, and
if so, how far precisely. As our main result we show in Section 6 that every instance of the
fixed-point rule RSP˚ can be mimicked by a LLEE-witnessed coinductive proof over Mil´ in
which also the premise of the rule may be used. It follows that the derivational power that
RSP˚ adds to Mil´ within Mil consists of iterating such LLEE-witnessed coinductive proofs
along finite (meta-)prooftrees. The example in Fig. 1 (see Ex. A.2 in the Appendix for a
justification) can give a first impression of the construction that we will use (in the proof of
Lem. 6.2) to mimic instances of RSP˚. Here this construction results in a coinductive proof
that only differs slightly from the one with the same underlying LLEE-1-chart we saw earlier.

Based on these two proof transformations we obtain a theorem-equivalent, coinductive
variant cMil of Mil by replacing RSP˚ with a rule that as one premise permits a LLEE-wit-
nessed coinductive proof over Mil´ plus the equations of other premises. We also define a
theorem-equivalent system CLC (“combining LLEE-witnessed coinductive proofs”) with this
rule alone. While CLC only has LEE-shaped coinductive proofs over Mil´ as formulas, we
use a hybrid concept of formula in cMil that also permits equations between star expressions.

Additionally, we formulate proof systems cMil and CC that arise from cMil and CLC by
dropping “LLEE-witnessed” as a requirement for coinductive proofs. These systems are
(obviously) complete for bisimilarity of process interpretations, because they can mimic the
unique solvability rule scheme for guarded systems of specifications mentioned before.

Our transformations are inspired by proof-theoretic interpretations in [4] between proof
systems for recursive type equality by Amadio and Cardelli [1], and by Brandt and Henglein [3].
The transformation from cMil back to Mil is similar in kind to one we described in [5] from
derivations in a coinductively motivated proof system for language equivalence between regular
expressions to derivations in Salomaa’s system [14] with a fixed-point rule similar to RSP˚.

2 Process semantics for star expressions, and Milner’s proof system

Here we fix terminology concerning star expressions, 1-charts, 1-bisimulations, we exhibit
Milner’s system (and a few variants), and recall the chart interpretation of star expressions.

Let A be a set of actions. The set StExppAq of star expressions over actions in A are
strings that are defined by the following grammar:

e, e1, e2 ::“ 0 | 1 | a | pe1 ` e2q | pe1 ¨ e2q | pe˚q (where a P A)

We will drop outermost brackets. We use e, f, g, h, possibly indexed and/or decorated, as
syntactical variables for star expressions. We write ” for syntactic equality between star
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16:4 A Coinductive Version of Milner’s Proof System

expressions denoted by such syntactical variables, and values of star expression functions, in
a given context, but we permit “ in formal equations between star expressions. We denote
by EqpAq the set of formal equations e “ f between two star expressions e, f P StExppAq.

We define sum expressions
řn

i“1 ei inductively as 0 if n “ 0, as e1 if n “ 1, and as
p
řn´1

i“1 eiq ` en if n ą 0, for n P N “ t0, 1, 2, . . .u. The (syntactic) star height |e|˚ of a star
expression e P StExppAq is the maximal nesting depth of stars in e, defined inductively by:
|0|˚ :“ |1|˚ :“ |a|˚ :“ 0, |e1 ` e2|˚ :“ |e1 ¨ e2|˚ :“ max t|e1|˚, |e2|˚u, and |e˚|˚ :“ 1 ` |e|˚.

A 1-chart is a 6-tuple xV, A, 1, vs,Ñ, Óy where V is a finite set of vertices, A is a set of
(proper) action labels, 1 R A is the specified empty step label, vs P V is the start vertex (hence
V ‰ ∅), Ñ Ď V ˆ Ap1q ˆ V is the labeled transition relation, where Ap1q :“ A Y t1u is the
set of action labels including 1, and Ó Ď V is a set of vertices with immediate termination.
In such a 1-chart, we call a transition in ÑX pV ˆ A ˆ V q (labeled by a proper action in
A) a proper transition, and a transition in ÑX pV ˆ t1u ˆ V q (labeled by the empty-step
symbol 1) a 1-transition. Reserving non-underlined action labels like a, b, . . . for proper
actions, we use underlined action label symbols like a for actions labels in the set Ap1q that
includes the label 1. We highlight in red transition labels that may involve 1.

We say that a 1-chart is weakly guarded if it does not contain cycles of 1-transitions. By
a chart we mean a 1-chart that is 1-free in the sense that it does not contain 1-transitions.

Below we define the process semantics of regular (star) expressions as (1-free) charts, and
hence as finite, rooted labeled transition systems, which will be compared with (1-)bisimilarity.
The charts obtained correspond to non-deterministic finite-state automata that are obtained
by iterating partial derivatives [2] of Antimirov (who did not aim at a process semantics).

▶ Definition 2.1. The chart interpretation of a star expression e P StExppAq is the 1-transition
free chart Cpeq “ xV peq, A, 1, e,ÑX V peq, ÓX V peqy, where V peq consists of all star expressions
that are reachable from e via the labeled transition relation Ñ Ď StExppAqˆAˆStExppAq that
is defined, together with the immediate-termination relation Ó Ď StExppAq, via derivability
in the transition system specification (TSS) T pAq, for a P A, e, e1, e2, e1, e11, e12 P StExppAq:

1Ó
eiÓ

pe1 ` e2qÓ

e1Ó e2Ó

pe1 ¨ e2qÓ pe˚qÓ

a
a
ÝÑ 1

ei
a
ÝÑ e1i

e1 ` e2
a
ÝÑ e1i

e1
a
ÝÑ e11

e1 ¨ e2
a
ÝÑ e11 ¨ e2

e1Ó e2
a
ÝÑ e12

e1 ¨ e2
a
ÝÑ e12

e
a
ÝÑ e1

e˚
a
ÝÑ e1 ¨ e˚

If e
a
ÝÑ e1 is derivable in T pAq, for e, e1 P StExppAq, a P A, then we say that e1 is a derivative

of e. If eÓ is derivable in T pAq, then we say that e permits immediate termination.

In Section 3 we define a refinement of this interpretation from [10] into a 1-chart interpret-
ation. In both versions, (1-)charts obtained will be compared with respect to 1-bisimilarity
that relates the behavior of “induced transitions” of 1-charts. By an induced a-transition
v

pppasss

ÝÝÑ w, for a proper action a P A, in a 1-chart C we mean a path v
1
ÝÑ ¨ ¨ ¨

1
ÝÑ ¨

a
ÝÑ w in C

that consists of a finite number of 1-transitions that ends with a proper a-transition. By
induced termination vÓp1q, for v P V we mean that there is a path v

1
ÝÑ ¨ ¨ ¨

1
ÝÑ ṽ with ṽÓ in C.

▶ Definition 2.2 (1-bisimulation). Let Ci “ xVi, A, 1, vs,i,Ñi, Óiy be 1-charts, for i P t1, 2u.
By a 1-bisimulation between C1 and C2 we mean a binary relation B Ď V1 ˆ V2 such that

xvs,1, vs,2y P B, and for every xv1, v2y P B the following three conditions hold:
(forth) @v11 P V1@a P A

`

v1
pppasss

ÝÝÑ1 v11 ùñ Dv12 P V2
`

v2
pppasss

ÝÝÑ2 v12 ^ xv11, v12y P B q
˘

,

(back) @v12 P V2@a P A
`

Dv11 P V1
`

v1
pppasss

ÝÝÑ1 v11 ^ xv11, v12y P B q ðù v2
pppasss

ÝÝÑ2 v12
˘

,

(termination) v1Ó
p1q
1 ðñ v2Ó

p1q
2 .

We denote by C1 Øp1q C2, and say that C1 and C2 are 1-bisimilar, if there is a 1-bisimulation
between C1 and C2. We call 1-bisimilar (1-free) charts C1 and C2 bisimilar, and write C1 Ø C2.
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Let A be a set. The basic proof system ELpAq of equational logic for star expressions has
as formulas the formal equations between star expressions in EqpAq, and the following rules :

Refl
e “ e

e “ f Symm
f “ e

e “ f f “ g
Trans

e “ g

e “ f
Cxt

Cres “ Crf s

that is, the rules Refl (for reflexivity), and the rules Symm (for symmetry), Trans (for
transitivity), and Cxt (for filling a context), where Crs is a 1-hole star expression context.

By an EL-based system over StExppAq (and for star expressions over A) we mean a proof
system whose formulas are the formal equations in EqpAq, and whose rules include the rules
of the basic system ELpAq of equational logic (additionally, it may specify an arbitrary set of
axioms). We will use S as syntactical variable for EL-based proof systems.

Let S be an EL-based proof system over StExppAq, and e1, e2 P StExppAq. We permit to
write e1 “S e2 for $S e1 “ e2, that is for the statement that there is a derivation without
assumptions in S that has conclusion e1 “ e2.

▶ Definition 2.3 (sub-system, theorem equivalence, and theorem subsumption of proof systems).
Let S1 and S2 be EL-based proof systems over StExppAq. We say that S1 is a sub-system
of S2, denoted by S1 Ď S2, if every axiom of S1 is an axiom of S2, and every rule of S1
is also a rule of S2. We say that S1 is theorem-subsumed by S2, denoted by S1 À S2, if
whenever a formal equation e1 “ e2 is derivable in S1 (without assumptions, by using only
the rules and axioms of S1), then e1 “ e2 is also derivable in S2. We say that S1 and S2 are
theorem-equivalent, denoted by S1 „ S2, if they have the same derivable equations.

▶ Definition 2.4 (Milner’s system Mil, variants and subsystems). Let A be a set of actions.
By the proof system Mil´pAq we mean the EL-based proof system for star expressions

over A with the following axiom schemes:

passocp`qq pe ` fq ` g “ e ` pf ` gq pidlp¨qq 1 ¨ e “ e

pneutrp`qq e ` 0 “ e pidrp¨qq e ¨ 1 “ e

pcommp`qq e ` f “ f ` e pdeadlockq 0 ¨ e “ 0
pidempotp`qq e ` e “ e precp˚qq e˚ “ 1 ` e ¨ e˚

passocp¨qq pe ¨ fq ¨ g “ e ¨ pf ¨ gq ptrm-bodyp˚qq e˚ “ p1 ` eq˚

pr-distrp`, ¨qq pe ` fq ¨ g “ e ¨ g ` f ¨ g

where e, f, g P StExppAq, and with the rules of the system ELpAq of equational logic.
The recursive specification principle for star iteration RSP˚, the unique solvability principle

for star iteration USP˚, and the general unique solvability principle USP are the rules:
e “ f ¨ e ` g

RSP˚ (if f Ú )
e “ f˚ ¨ g

e1 “ f˚ ¨ e1 ` g e2 “ f˚ ¨ e2 ` g
USP˚ (if f Ú )

e1 “ e2
!

ei,1 “
`
řni

j“1 fi,j ¨ ej,1
˘

` gi

˘

ei,2 “
`
řni

j“1 fi,j ¨ ej,2
˘

` gi

˘

)

i“1,...,n USP (if fi,j Ú
for all i, j)e1,1 “ e1,2

Milner’s proof system MilpAq is the extension of Mil´pAq by adding the rule RSP˚. Its
variant systems Mil1pAq, and Mil1pAq, arise from Mil´pAq by adding (instead of RSP˚) the rule
USP˚, and respectively, the rule USP. ACIpAq is the system with the axioms for associativity,
commutativity, and idempotency for `. We will keep the action set A implicit in the notation.

▶ Proposition 2.5 (Milner, [13]). Mil is sound for bisimilarity of chart interpretations. That
is, for all e, f P StExppAq it holds: p e “Mil f ùñ Cpeq Ø Cpfq q .
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16:6 A Coinductive Version of Milner’s Proof System

▶ Question 2.6 (Milner, [13]). Is Mil also complete for bisimilarity of process interpretations?
That is, does for all e, f P StExppAq the implication p e “Mil f ðù Cpeq Ø Cpfq q hold?

▶ Definition 2.7 (provable solutions). Let S be an EL-based proof system for star expressions
over A that extends ACI. Let C “ xV, A, 1, vs,Ñ, Óy be a 1-chart.

By a star expression function on C we mean a function s : V Ñ StExppAq on the vertices
of C. Let v P V . We say that such a star expression function s on C is an S-provable solution
of C at v if it holds that spvq “S τCpvq `

řn
i“1 ai ¨ spviq , given the (possibly redundant) list

representation TCpvq “
␣

v
ai
ÝÑ vi

ˇ

ˇ i P t1, . . . , nu
(

, of transitions from v in C and where τCpvq

is the termination constant τCpvq of C at v defined as 0 if v Ú , and as 1 if vÓ. This definition
does not depend on the specifically chosen list representation of TCpvq, because S extends ACI,
and therefore it contains the associativity, commutativity, and idempotency axioms for `.

By an S-provable solution of C (with principal value spvsq at the start vertex vs) we mean
a star expression function s on C that is an S-provable solution of C at every vertex of C.

3 Layered loop existence and elimination, and LLEE-witnesses

In this subsection we briefly recall principal definitions and statements from [11, 10]. We keep
formalities to a minimum as necessary for our purpose (in particular for “LLEE-witnesses”).

A 1-chart L “ xV, A, 1, vs,Ñ, Óy is called a loop 1-chart if it satisfies three conditions:
(L1) There is an infinite path from the start vertex vs.
(L2) Every infinite path from vs returns to vs after a positive number of transitions.
(L3) Immediate termination is only permitted at the start vertex, that is, Ó Ď tvsu.
We call the transitions from vs loop-entry transitions, and all other transitions loop-body
transitions. A loop sub-1-chart of a 1-chart C is a loop 1-chart L that is a sub-1-chart of
C with some vertex v P V of C as start vertex, such that L is constructed, for a nonempty
set U of transitions of C from v, by all paths that start with a transition in U and continue
onward until v is reached again (so the transitions in U are the loop-entry transitions of L).

The result of eliminating a loop sub-1-chart L from a 1-chart C arises by removing all
loop-entry transitions of L from C, and then also removing all vertices and transitions that
become unreachable. We say that a 1-chart C has the loop existence and elimination property
(LEE) if the procedure, started on C, of repeated eliminations of loop sub-1-charts results in
a 1-chart without an infinite path. If, in a successful elimination process from a 1-chart C,
loop-entry transitions are never removed from the body of a previously eliminated loop
sub-1-chart, then we say that C satisfies layered LEE (LLEE), and is a LLEE-1-chart. While
the property LLEE leads to a formally easier concept of “witness”, it is equivalent to LEE.
(For an example of a LEE-witness that is not layered, see further below on page 7.)

C v

v1

v11

v2

v21

v

v1

v11

v2

v21

elim v

v1

v11

v2

v21

elim C3
velim

The picture above shows a successful run of the loop elimination procedure. In brown we
highlight start vertices by , and immediate termination with a boldface ring by . The loop-
entry transitions of loop sub-1-charts that are eliminated in the next step are marked in bold.
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We have neglected action labels here, except for indicating 1-transitions by dotted arrows.
Since the graph C3 that is reached after three loop-subgraph elimination steps from the
1-chart C does not have an infinite path, and no loop-entry transitions have been removed
from a previously eliminated loop sub-1-chart, we conclude that C satisfies LEE and LLEE.

Ĉ1
v

r3s
r3s

v1

r1s

v11

v2

r2s

v21

Ĉ2
v

r4s
r3s

v1

r2s

v11

v2

r1s

v21

Ĉ3
v

r2s
r2s

v1

r1s

v11

v2

r1s

v21

A LLEE-witness Ĉ of a 1-chart C is the recording of a successful run of the loop elimination
procedure by attaching to a transition τ of C the marking label n for n P N` (in pictures
indicated as rns, in steps as Ñrns) forming a loop-entry transition if τ is eliminated in the
n-th step, and by attaching marking label 0 to all other transitions of C (in pictures neglected,
in steps indicated as Ñbo) forming a body transition. Formally, LLEE-witnesses arise as
entry/body-labelings from 1-charts, and are charts in which the transition labels are pairs of
action labels over A, and marking labels in N. We say that a LLEE-witness Ĉ is guarded if all
loop-entry transitions are proper, which means that they have a proper-action transition label.

The entry/body-labeling Ĉ1 above of the 1-chart C is a LLEE-witness that arises from
the run of the loop elimination procedure earlier above. The entry/body-labelings Ĉ2 and
Ĉ3 of C record two other successful runs of the loop elimination procedure of length 4 and
2, respectively, where for Ĉ3 we have permitted to eliminate two loop subcharts at different
vertices together in the first step. The 1-chart C above only has layered LEE-witnesses.

The situation is different for the 1-chart E below:

v
E

u

w1

w2

v

r1s

Ê1

u
r2s

w1

r3s

w2

v
r3s

r1s

Ê2

u
r2s

w1

w2

The entry/body-labeling Ê1 of E as above is a LEE-witness that is not layered: in the third
loop sub-1-chart elimination step that is recorded in Ê1 the loop-entry transition from w1 to
w2 is removed, which is in the body of the loop sub-1-chart at v with loop-entry transition
from v to w1 that (by that time) has already been removed in the first loop-elimination
step as recorded in Ê1. By contrast, the entry/body-labeling Ê2 of E above is a layered
LEE-witness. In general it can be shown that every LEE-witness that is not layered can be
transformed into a LLEE-witness of the same underlying 1-chart. Indeed, the step from Ê1
to Ê2 in the example above, which transfers the loop-entry transition marking label r3s from
the transition from w1 to w2 over to the transition from v to u, hints at the proof of this
statement. However, we do not need this result, because we will be able to use the guaranteed
existence of LLEE-witnesses (see Thm. 3.3) for the 1-chart interpretation below (see Def. 3.2).
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16:8 A Coinductive Version of Milner’s Proof System

In a LLEE-witness we denote by v ñ w, and by w ð v, that w is in the body of the loop
sub-1-chart at v, which means that there is a path v Ñrns v1 Ñ˚

bo w from v via a loop-entry
transition and subsequent body transitions without encountering v again.

▶ Lemma 3.1. The relations ñ and Ñbo defined by a LLEE-witness Ĉ of a 1-chart C satisfy:
(i) ð` is a well-founded, strict partial order on V .
(ii) Ð

`
bo is a well-founded strict partial order on V .

▶ Definition 3.2 (1-chart interpretation of star expressions). By the 1-chart interpretation Cpeq
of a star expression e we mean the 1-chart that arises together with the entry/body-labeling
Ĉpeq as the e-rooted sub-LTS generated by teu according to the following TSS:

a
a
ÝÑbo 1

ei
a
ÝÑl E1i (i P t1, 2u)

e1 ` e2
a
ÝÑbo E1i

e
a
ÝÑl E1 (if nd`

peq)

e˚
a
ÝÑr|e˚|˚s E1 › e˚

e
a
ÝÑl E1 (if ␣nd`

peq)

e˚
a
ÝÑbo E1 › e˚

E1
a
ÝÑl E11

E1 ¨ e2
a
ÝÑl E11 ¨ e2

E1
a
ÝÑl E11

E1 › e˚2
a
ÝÑl E11 › e˚2

e1Ó e2
a
ÝÑl E12

e1 ¨ e2
a
ÝÑbo E12

e1Ó

e1 › e˚2
1
ÝÑbo e˚2

where l P tbou Y trns | n P N`u, and star expressions using a “stacked” product operation ›

are permitted, which helps to record iterations from which derivatives originate. Immediate
termination for expressions of Cpeq is defined by the same rules as in Def. 2.1 (for star
expressions only, preventing immediate termination for expressions with stacked product ›).
The condition nd`peq means that e permits a positive length path to an expression f with fÓ.
We use a projection function π that changes occurrences of stacked product › into product ¨.

▶ Theorem 3.3 ([8, 10]). For every e P StExppAq, (a) the entry/body-labeling Ĉpeq of Cpeq is
a LLEE-witness of Cpeq, and (b) the projection function π defines a 1-bisimulation from the
1-chart interpretation Cpeq of e to the chart interpretation Cpeq of e, and hence Cpeq Øp1q Cpeq.

Lem. 3.5 below follows from the next lemma, whose proof we sketch in the appendix.

▶ Lemma 3.4. πpEq “Mil´ τCpEqpEq`
řn

i“1 ai ¨ πpE1iq, given a list representation TCpEqpwq “
␣

E
ai
ÝÑ E1i

ˇ

ˇ i P t1, . . . , nu
(

of the transitions from E in CpEq.

▶ Lemma 3.5. For every star expression e P StExppAq with 1-chart interpretation Cpeq “
xV peq, A, 1, e,Ñ, Óy the star-expression function s : V peq Ñ StExppAq, E ÞÑ πpEq is a
Mil´-provable solution of Cpeq with principal value e.

4 Coinductive version of Milner’s proof system

In this section we motivate and define “coinductive proofs”, introduce coinductive versions
of Milner’s system Mil, and establish first interconnections between these proof systems.

A finite 1-bisimulation between the 1-chart interpretations of star expressions e1 and e2
can be viewed as a proof of the statement that e1 and e2 define the same star behavior. This
can be generalized by permitting finite 1-bisimulations up to provability in Mil, that is, finite
relations B on star expressions for which pairs xv1, v2y P B progress, via the (forth) and (back)
conditions in Def. 2.2, to pairs xv11, v12y in the (infinite) composed relation “Mil ¨B ¨“Mil . Now
1-bisimilarity up to “Mil entails 1-bisimilarity of the 1-chart interpretations, and bisimilarity
of chart interpretations, due to soundness of Mil (see Prop. 2.5). In order to link, later in
Section 5, coinductive proofs with proofs in Milner’s system Mil, we will be interested in 1-bi-
simulations up to “S for systems S with ACI Ď S À Mil that have the form of LLEE-1-charts,
which will guarantee such a connection. First we introduce a “LLEE-witnessed coinductive
proof” as an equation-labeled, LLEE-1-chart C that defines a 1-bisimulation up to “S for S
with ACI Ď S from the left-/right-hand sides of equations on the vertices of C (see Rem. 4.4).
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▶ Definition 4.1 ((LLEE-witnessed) coinductive proofs). Let e1, e2 P StExppAq be star
expressions, and let S be an EL-based proof system for star expressions over A with ACI Ď S.

A coinductive proof over S of e1 “ e2 is a pair CP “ xC, Ly where C “ xV, A, 1, vs,Ñ, Óy

is a weakly guarded 1-chart, and L : V Ñ EqpAq a labeling function of vertices of C by formal
equations over A such that for the functions L1, L2 : V Ñ StExppAq that denote the star
expressions L1pvq, and L2pvq, on the left-, and on the right-hand side of the equation Lpvq,
respectively, the following conditions hold:
(cp1) L1 and L2 are S-provable solutions of C,
(cp2) e1 ” L1pvsq and e2 ” L2pvsq.

By a LLEE-witnessed coinductive proof we mean a coinductive proof CP “ xC, Ly where
C is a LLEE-1-chart. We denote by e

coind
“““S f that there is a coinductive proof over S of

e “ f , and by e
LLEE
“““S f that there is a LLEE-witnessed coinductive proof over S of e “ f .

▶ Example 4.2. The statement pa˚ ¨ b˚q˚
LLEE
“““Mil´ pa ` bq˚ can be established by the follow-

ing LLEE-witnessed coinductive proof CP “ xC, Ly over Mil´ where C “ Cppa˚ ¨ b˚q˚q has the
indicated LLEE-witness Ĉppa˚ ¨ b˚q˚q (see Thm. 3.3) where framed boxes contain vertex names:

pp1 ¨a˚q ¨b˚q ¨pa˚ ¨b˚q˚ “ 1 ¨ pa ` bq˚ p1 ¨b˚q ¨pa˚ ¨b˚q˚ “ 1 ¨ pa ` bq˚

pa˚ ¨b˚q ¨pa˚ ¨b˚q˚ “ pa ` bq˚ b˚ ¨ pa˚ ¨b˚q˚ “ pa ` bq˚

pa˚ ¨b˚q˚ “ pa ` bq˚

v11

v1

a r1s
b

v21

v2

br1s

vs

a
r2s

b
r2s

Here we have drawn the 1-chart C that carries the equations with its start vertex below in
order to adhere to the prooftree intuition for the represented derivation, namely with the
conclusion at the bottom. We will do so repeatedly also below. Solution correctness conditions
for the left-hand sides of the equations on C follows from Lem. 3.5, due to C “ Cppa˚ ¨ b˚q˚q as
pa˚ ¨ b˚q˚ is the left-hand side of the conclusion. However, we verify the correctness conditions
for the left- and the right-hand sides for the (most involved) case of vertex v1 together as
follows (we usually neglect associative brackets, and combine some axiom applications):

pa˚ ¨ b˚q ¨ pa˚ ¨ b˚q˚ “Mil´ pp1 ` a ¨ a˚q ¨ p1 ` b ¨ b˚qq ¨ pa˚ ¨ b˚q˚

“Mil´ p1 ¨ 1 ` a ¨ a˚ ¨ 1 ` 1 ¨ b ¨ b˚ ` a ¨ a˚ ¨ b ¨ b˚q ¨ pa˚ ¨ b˚q˚

“Mil´ p1 ` a ¨ a˚ ` a ¨ a˚ ¨ b ¨ b˚ ` b ¨ b˚q ¨ pa˚ ¨ b˚q˚

“Mil´ p1 ` a ¨ a˚ ¨ p1 ` b ¨ b˚q ` b ¨ b˚q ¨ pa˚ ¨ b˚q˚

“Mil´ p1 ` a ¨ a˚ ¨ b˚ ` b ¨ b˚q ¨ pa˚ ¨ b˚q˚

“Mil´ 1 ¨ pa˚ ¨ b˚q˚ ` a ¨ ppp1 ¨ a˚q ¨ b˚q ¨ pa˚ ¨ b˚q˚q ` b ¨ pp1 ¨ b˚q ¨ pa˚ ¨ b˚q˚q

pa ` bq˚ “Mil´ pa ` bq˚ ` pa ` bq˚ “Mil´ 1 ` pa ` bq ¨ pa ` bq˚ ` 1 ` pa ` bq ¨ pa ` bq˚

“Mil´ 1 ` 1 ` pa ` bq ¨ pa ` bq˚ ` a ¨ pa ` bq˚ ` b ¨ pa ` bq˚

“Mil´ 1 ` pa ` bq ¨ pa ` bq˚ ` a ¨ p1 ¨ pa ` bq˚q ` b ¨ p1 ¨ pa ` bq˚q

“Mil´ 1 ¨ pa ` bq˚ ` a ¨ p1 ¨ pa ` bq˚q ` b ¨ p1 ¨ pa ` bq˚q

The solution conditions at the vertices v and v2 can be verified analogously. At v11 and at v21
the solution conditions follow by uses of the axiom idlp¨q of Mil´.

▶ Lemma 4.3. Let R P
␣coind
“““S ,

LLEE
“““S

(

for some EL-based proof system S with ACI Ď S.
Then R is reflexive, symmetric, and satisfies “S ˝ R Ď R, R ˝ “S Ď R, and “S Ď R.
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▶ Remark 4.4. For every coinductive proof CP “ xC, Ly, whether CP is LLEE-witnessed or
not, over an EL-based proof system S with ACI Ď S À Mil the finite relation defined by:

B :“
!A

τCpvq `
n
ÿ

i“1
ai ¨L1pviq, τCpvq `

n
ÿ

i“1
ai ¨L2pviq

E
ˇ

ˇ

ˇ

TCpvq “
␣

v
ai
ÝÑ vi

ˇ

ˇ i P t1, . . . , nu
(

,

v P V pCq, the set of vertices of C

)

is a bisimulation up to “S with respect to the labeled transition system on all star expressions
that is defined by the TSS in Def. 2.1. This can be shown by using that the left-hand sides
L1pvq, and respectively the right-hand sides L2pvq, of the equations Lpvq in CP , for v P V pCq,
form S-provable solutions of the 1-chart C that underlies CP .

▶ Definition 4.5 (proof systems CLC, CC for combining (LLEE-witnessed) coinductive proofs).
By the proof system CLCpAq for combining LLEE-witnessed coinductive proofs (over extensions
of Mil´pAq) between star expressions over A we mean the Hilbert-style proof system whose
formulas are equations between star expressions in EqpAq or LLEE-witnessed coinductive
proofs over Mil´pAq`∆, where ∆ P EqpAq, and whose rules are those of the scheme:

g1 “ h1 . . . gn “ hn LCPMil´`Γpe “ fq
LCoProofn

(where Γ “ tg1 “ h1, . . . , gn “ hnu, and
LCPMil´`Γpe “ fq is a LLEE-witnessed
coind. proof of e “ f over Mil´`Γ)e “ f

where n P N (including n “ 0), and the pn ` 1q-th premise of an instance of LCoProofn
consists of a LLEE-witnessed coinductive proof CP of e “ f over Mil´ plus the formulas of the
other premises. By the proof system CCpAq for combining coinductive proofs (over extensions
of Mil´pAq) between star expressions over A we mean the analogous system with a rule
CoProofn whose pn ` 1q-th premise is a coinductive proof CP of e “ f over Mil´pAq plus the
formulas of the other premises that establishes e

coind
“““pMil´`Γq f (thus here coinductive proofs

do not need to be LLEE-witnessed). Keeping A implicit, we write CLC and CC for CLCpAq
and CCpAq, respectively. Note that CLC and CC do not contain the rules of EL nor any axioms;
instead, derivations have to start with 0-premise instances of LCoProof0 or CoProof0.

We now define a coinductively motivated variant cMil of Milner’s proof system Mil. In
order to obtain cMil we drop the fixed-point rule RSP˚ from Mil, obtaining Mil´, and then
add a rule each of whose instances use, as a premise, an entire LLEE-witnessed coinductive
proof over Mil´ and equations in other premises.

▶ Definition 4.6 (proof systems cMil, cMil1, cMil). Let A be a set of actions.
The proof system cMilpAq, the coinductive variant of MilpAq, has the same formulas as

CLCpAq (formal equations and coinductive proofs), its axioms are those of Mil´pAq, and its
rules are those of ELpAq, plus the rule scheme tLCoProofnunPN from CLCpAq. By cMil1pAq we
mean the simple coinductive variant of MilpAq, in which only the rule LCoProof1 of CLCpAq
is added to the rules and axioms of Mil´pAq. By cMilpAq we mean the variant of cMilpAq in
which the more general rule scheme tCoProofnunPN from CCpAq is used instead.

We again permit to write cMil, cMil1, cMil for cMilpAq, cMil1pAq, and cMilpAq, respectively.

▶ Lemma 4.7. The following theorem subsumption and equivalence statements hold:
(i) cMil1 À cMil.
(ii) CLC „ cMil.
(iii) CC „ cMil.
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Proof. Statement (i) is due to cMil1 Ď cMil, as cMil1 is a subsystem of cMil that arises by
restricting the rule scheme tLCoProofiuiPN to the single rule LCoProof1.

For (ii), CLC À cMil follows from CLC Ď cMil. For showing the converse implication,
CLC Á cMil, it suffices to transform an arbitrary derivation in cMil into a derivation in
CLC. For this purpose, all instances of axioms and rules of Mil´ have to be eliminated from
derivations in cMil, keeping only instances of LCoProofk for k P N. This can be done by
extending the equation premises of rules LCoProofk if required. For example, a derivation
with a bottommost instance of LCoProof1 in which the subderivation D does not contain any
instances of LCoProofk for k P N below the conclusions g1 “ h1, . . . , gm “ hm of instances
of LCoProofk1 , . . . , LCoProofkm

:

D1

pg1 “ h1q . . .
Dm

pgm “ hmq

D
g “ h LCP pe “ fq

LCoProof1e “ f

ùñ

D1

pg1 “ h1q . . .

Dm

pgm “ hmq LCP 1pe “ fq
LCoProofme “ f

can be replaced, on the right, by a single instance of LCoProofm, where LCP 1pe “ fq is, while
formally the same as LCP pe “ fq, now a LLEE-witnessed coinductive proof over Mil´ plus
g1 “ h1, . . . , gm “ hm. The latter is possible because the derivation part D in Mil´ implies
that then g “ h can be derived from the assumptions in Mil´ as well.

Statement (iii) can be shown entirely analogously as statement (ii). ◀

▶ Remark 4.8 (completeness of CC, cMil, Mil1). The proof systems CC and cMil, as well as the
variant Mil1 of Milner’s system with the general unique solvability principle USP are complete
for bisimilarity of star expressions. This can be established along Salomaa’s completeness
proof for his inference system for language equality of regular expressions [14], by an argument
that we can outline as follows. Given star expressions e and f with Cpeq Ø Cpfq, e and f can
be shown to be principal values of Mil´-provable solutions of Cpeq and Cpfq, respectively (by a
lemma for the chart interpretation similar to Lem. 3.5). These solutions can be transferred to
the (1-free) product chart C of Cpeq and Cpfq, with e and f as principal values of Mil´-provable
solutions L1 and L2 of C, respectively. From this we obtain a (not necessarily LLEE-wit-
nessed) coinductive proof xC, Ly of e “ f over Mil´. It follows that e “ f is provable in CC,
and in cMil. Now since the correctness conditions for the Mil´-provable solutions L1 and L2
of C at each of the vertices of C together form a guarded system of linear equations to which
the rule USP can be applied (as C is 1-free), we obtain that e “ f is also provable in Mil1.

5 From LLEE-witnessed coinductive proofs to Milner’s system

In this section we show that every LLEE-witnessed coinductive proof over Mil´ of an equation
can also be established by a proof in Milner’s system Mil. As a consequence we show that
the coinductive version cMil of Mil is theorem-subsumed by Mil. We obtain the statements
in this section by adapting results in [11, 12, Sect. 5] from LLEE-charts to LLEE-1-charts.

The hierarchical loop structure of a 1-chart Ĉ with LLEE-witness Ĉ facilitates the extraction
of a Mil´-provable solution of C (see Lem. 5.4), for the following reason. The behaviour at
every vertex w in C can be split into an iteration part that is induced via the loop-entry
transitions from w in Ĉ (which induce loop sub-1-charts with inner loop sub-1-charts whose
behaviour can be synthesized recursively), and an exit part that is induced via the body
transitions from w in Ĉ. This idea permits to define (Def. 5.1) an “extraction function” sĈ of Ĉ
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C, Ĉ

v11

v1

a
r1s b

v21

v2

b
r1s

vs

a r2s b

r2s

tĈpv21, v2q :“ 0˚ ¨ p1 ¨ tĈpv2, v2qq ” 0˚ ¨ p1 ¨ 1q “Mil´ 1

tĈpv2, vsq :“ pb ¨ tĈpv21, v2qq
˚ ¨ p1 ¨ tĈpvs, vsqq “Mil´ b˚

tĈpv21, vsq :“ 0˚ ¨ p1 ¨ tĈpv2, vsqq “Mil´ 1 ¨ b˚ “Mil´ b˚

tĈpv11, v1q :“ 0˚ ¨ p1 ¨ tĈpv1, v1qq ” 0˚ ¨ p1 ¨ 1q “Mil´ 1

tĈpv1, vsq :“ pa ¨ tĈpv11, vsqq
˚ ¨ pb ¨ tĈpv21, vsq ` 1 ¨ tĈpvs, vsqq

“Mil´ a˚ ¨ pb ¨ b˚ ` 1q “Mil´ a˚ ¨ b˚

tĈpv11, vsq :“ 0˚ ¨ p1 ¨ tĈpv1, vsqq “Mil´ a˚ ¨ b˚

sĈpvsq :“ pa ¨ tĈpv11, vsq ` b ¨ tĈpv21, vsqq
˚ ¨ 1

“Mil´ pa ¨ pa˚ ¨ b˚q ` b ¨ b˚q˚

Figure 2 Extraction of the principal value sĈpvsq of a Mil´-provable solution sĈ from the LLEE-wit-
ness Ĉ used for the coinductive proof in Ex. 4.2. We shorten solution values by using axioms of Mil´.

from a “relative extraction function” tĈ of Ĉ whose values tĈpw, vq capture the behaviour at w

in a loop sub-1-chart at v until v is reached. By the same idea the fixed-point rule RSP˚ can
be used for showing that any two Mil-provable solutions of C are Mil-provably equal (Lem. 5.6).
We provide examples for these statements that hint at their proofs (Ex. 5.2, Ex. 5.8), but we
refer to the extended version [9] for the detailed arguments that are similar as in [11, 12].

▶ Definition 5.1 ((relative) extraction function). Let C “ xV, A, 1, vs,Ñ, Óy be a 1-chart with
guarded LLEE-witness Ĉ. The extraction function sĈ : V Ñ StExppAq of Ĉ is defined from
the relative extraction function tĈ : txw, vy | w, v P V pCq, w ð“ vu of Ĉ as follows, for w, v P V :

tĈpw, vq :“

$

’

&

’

%

1 if w “ v,
´

n
ÿ

i“1
ai ¨ tĈpwi, wq

¯˚

¨

´

m
ÿ

i“1
bi ¨ tĈpui, vq

¯

if w ð v,

sĈpwq :“
´

n
ÿ

i“1
ai ¨ tĈpwi, wq

¯˚

¨

´

τCpwq `
m
ÿ

i“1
bi ¨ sĈpuiq

¯

,

given: TĈpwq “
␣

w
ai
ÝÑrlis wi

ˇ

ˇ li P N`, i P t1, . . . , nu
(

Y
␣

w
bi
ÝÑrbos ui

ˇ

ˇ i P t1, . . . , mu
(

,
induction for tĈ on: xw1, v1y ălex xw2, v2y : ðñ v1 ð` v2 _ p v1 “ v2 ^ w1 Ð

`
bo w2 q ,

induction for sĈ on the strict partial order Ð
`
bo (see Lem. 3.1) ,

where ălex is a well-founded strict partial order due to Lem. 3.1. The choice of the list
representations of action-target sets of Ĉ changes these definition only up to provability in ACI.

▶ Example 5.2. We consider the 1-chart C, and the LLEE-witness Ĉ of C, in the LLEE-wit-
nessed coinductive proof CP “ xC, Ly of pa˚ ¨ b˚q˚ “ pa ` bq˚ in Ex. 4.2. We detail in Fig. 2
the process of computing the principal value sĈpvsq of the extraction function sĈ of Ĉ. The
statement of Lem. 5.4 below will guarantee that sĈ is a Mil´-provable solution of C.

▶ Lemma 5.3. Let C be a weakly guarded LLEE-1-chart with guarded LLEE-witness Ĉ.
Then sĈpwq “Mil´ tĈpw, vq ¨ sĈpvq holds for all vertices w, v P V pCq such that w ð“ v.
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▶ Lemma 5.4 (extracted function is provable solution). Let C be a w.g. LLEE-1-chart with
guarded LLEE-witness Ĉ. Then the extraction function sĈ of Ĉ is a Mil´-provable solution of C.

▶ Lemma 5.5. Let C be a 1-chart C with guarded LLEE-witness Ĉ. Let S be an EL-based
proof system over StExppAq such that ACI Ď S À Mil.

Let s : V pCq Ñ StExppAq be an S-provable solution of C. Then spwq “Mil tĈpw, vq ¨ spvq

holds for all vertices w, v P V pCq with w ð“ v.

For an EL-based proof system S over StExppAq we say that two star expression functions
s1, s2 : V Ñ StExppAq are S-provably equal if s1pvq “S s2pvq holds for all v P V .

▶ Lemma 5.6 (provable equality of solutions of LLEE-1-charts). Let C be a guarded LLEE-
1-chart, and let S be an EL-based proof system over StExppAq such that ACI Ď S À Mil.

Then any two S-provable solutions of C are Mil-provably equal.

▶ Proposition 5.7. For every EL-based proof system S over StExppAq with ACI Ď S À Mil,
provability by LLEE-witnessed coinductive proofs over S implies derivability in Mil:

`

e1
LLEE
“““S e2 ùñ e1 “Mil e2

˘

for all e1, e2 P StExppAq. (5.1)

Proof. For showing (5.1), let e, f P StExppAq be such that e
LLEE
“““S f . Then there is a

LLEE-witnessed coinductive proof CP “ xC, Ly of e1 “ e2 over S. Then C is a LLEE-1-chart,
and there are S-provable solutions L1, L2 : V pCq Ñ StExppAq of C such that e1 ” L1pvsq and
e2 ” L2pvsq. Then L1 and L2 are Mil-provably equal by Lem. 5.6. As a consequence we find
e1 ” L1pvsq “Mil L2pvsq ” e2, and hence e1 “Mil e2. ◀

▶ Example 5.8. We consider again the LLEE-witnessed coinductive proof CP “ xC, Ly of
pa˚ ¨ b˚q˚ “ pa ` bq˚ in Ex. 4.2. In Fig. 3 we exhibit the extraction process of derivations
in Mil of L1pvsq “ sCpvq and L2pvsq “ sCpvq from the LLEE-witness Ĉ of C, which can be
combined by EL rules to obtain a derivation in Mil of pa˚ ¨ b˚q˚ ” L1pvsq “ L2pvsq ” pa ` bq˚.

▶ Theorem 5.9. cMil À Mil. Moreover, every derivation in cMil with conclusion e “ f can
be transformed effectively into a derivation in Mil that has the same conclusion.

Proof. It suffices to show the transformation statement. This can be established by a
straightforward induction on the depth of derivations in cMil, in which the only non-trivial case
is the elimination of LCoProofn instances. For every instance of LCoProofn, see Def. 4.1, the
induction hypothesis guarantees that the first n premises g1 “ h1, . . . , gn “ hn are derivable
in Mil. Then the pn ` 1q-th premise LCPMil´`Γpe “ fq for Γ :“ tgi “ hi | i P t1, . . . , nuu is
also a LLEE-witnessed coinductive proof of e “ f over Mil. Therefore we can apply Prop. 5.7
in order to obtain a derivation of e “ f in Mil, the conclusion of the LCoProofn instance. ◀

6 From Milner’s system to LLEE-witnessed coinductive proofs

In this section we develop a proof-theoretic interpretation of Mil in cMil1, and hence in cMil.
The crucial step hereby is to show that every instance ι of the fixed-point rule RSP˚ of Mil
can be mimicked by a LLEE-witnessed coinductive proof over Mil´ in which also the premise
of ι may be used. Specifically, an RSP˚-instance with premise e “ f ¨ e ` g and conclusion
e “ f˚ ¨ g can be translated into a coinductive proof of e “ f˚ ¨ g over Mil´`te “ f ¨ e ` gu

with underlying 1-chart Cpf˚ ¨ gq and LLEE-witness Ĉpf˚ ¨ gq. While we have illustrated this
transformation already in Fig. 1 in the Introduction, we detail it also for a larger example.
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Lipv11q Lipv21q

Lipv1q Lipv2q

Lipvsq

C, Ĉ

a

r1s b

b

r1s

a r2s
b

r2s

Lipv21q “
(sol)
Mil´ 1 ¨ Lipv2q “Mil´ Lipv2q

(“(sol)
Mil´ means use of ‘is Mil´-provable solution’)

Lipv2q “
(sol)
Mil´ b ¨ Lipv21q ` 1 ¨ Lipvsq “Mil´ b ¨ Lipv2q ` Lipvsq

ó applying RSP˚

Lipv2q “Mil b˚ ¨ Lipvsq

Lipv11q “
(sol)
Mil´ 1 ¨ Lipv1q “Mil´ Lipv1q

Lipv1q “Mil´ a ¨ Lipv11q ` b ¨ Lipv21q ` 1 ¨ Lipvsq

“Mil a ¨ Lipv1q ` pb ¨ b˚ ` 1q ¨ Lipvsq

“Mil´ a ¨ Lipv1q ` b˚ ¨ Lipvsq

ó applying RSP˚

Lipv1q “Mil a˚ ¨ pb˚ ¨ Lipvsqq “Mil´ pa˚ ¨ b˚q ¨ Lipvsq

Lipvsq “
(sol)
Mil´ 1 ` a ¨ Lipv11q ` b ¨ Lipv21q “Mil´ 1 ` a ¨ Lipv1q ` b ¨ Lipv2q

“Mil pa ¨ pa˚ ¨ b˚q ` b ¨ b˚q ¨ Lipvsq ` 1
ó applying RSP˚

Lipvsq “Mil pa ¨ pa˚ ¨ b˚q ` b ¨ b˚q˚ ¨ 1 “Mil´ pa ¨ pa˚ ¨ b˚q ` b ¨ b˚q˚ “Mil´ sĈpvsq

Figure 3 Use of the LLEE-witness Ĉ underlying the coinductive proof xC, Ly in Ex. 4.2 for
showing that the principal value Lipvsq of the Mil´-provable solution Li for i P t1, 2u is Mil-provably
is Mil-provably equal to the principal value sĈpvsq of the solution sĈ extracted from Ĉ (see Fig. 2).

▶ Example 6.1. We consider an instance of RSP˚ that corresponds, up to an application of
r-distrp`, ¨q, to the instance of RSP˚ at the bottom in Fig. 3:

e
hkkkikkkj

pa ` bq˚ “

f
hkkkkkkkkkikkkkkkkkkj

ppa ¨ a˚ ` bq ¨ b˚q ¨

e
hkkkikkkj

pa ` bq˚`

g
hkkikkj

1
RSP˚ (where f Ú )

pa ` bq˚
looomooon

e

“ ppa ¨ a˚ ` bq ¨ b˚q˚
loooooooooomoooooooooon

f˚

¨ 1
loomoon

g

(6.1)

We want to mimic this instance by one of LCoProof1 that uses a LLEE-witnessed coinductive
proof of e “ f˚ ¨ g over Mil´ plus the premise of the RSP˚ instance. We first obtain the
1-chart interpretation Cpf˚q of f˚ according to Def. 3.2 together with its LLEE-witness Ĉpf˚q :

pp1 › a˚q ¨ b˚q › f˚

pp1 ¨ a˚q ¨ b˚q › f˚
a

b pa˚ ¨ b˚q › f˚

a
r1s

b

p1 › b˚q › f˚

p1 ¨ b˚q › f˚
b

b˚ › f˚
b

r1s

ppa ¨ a˚ ` bq ¨ b˚q˚
loooooooooomoooooooooon

f˚

a

r2s

b

r2s

Due to Lem. 3.5 the iterated partial 1-derivatives as depicted define a Mil´-provable solution
of Cpf˚q when stacked products › are replaced by products ¨ . From this LLEE-witness
that carries a Mil-provable solution we now obtain a LLEE-witnessed coinductive proof of
f ¨ e`g “ f˚ ¨ g under the assumption of e “ f ¨ e`g, as follows. By replacing parts p. . .q › f˚
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by πpp. . .qq ¨ e in the Mil-provable solution of Cpf˚q, and respectively, by replacing p. . .q › f˚

by pπpp. . .qq ¨ f˚q ¨ g we obtain the left- and the right-hand sides of the formal equations below:

pp1 ¨ a˚q ¨ b˚q ¨ e “ ppp1 ¨ a˚q ¨ b˚q ¨ f˚q ¨ g

pp1 ¨ a˚q ¨ b˚q ¨ e “ ppp1 ¨ a˚q ¨ b˚q ¨ f˚q ¨ g

a b

pa˚ ¨ b˚q ¨ e “ ppa˚ ¨ b˚q ¨ f˚q ¨ g
a r1s

b

p1 ¨ b˚q ¨ e “ pp1 ¨ b˚q ¨ f˚q ¨ g

p1 ¨ b˚q ¨ e “ pp1 ¨ b˚q ¨ f˚q ¨ g

b

b˚ ¨ e “ pb˚ ¨ f˚q ¨ g

b
r1s

ppa ¨ a˚ ` bq ¨ b˚q
looooooooomooooooooon

f

¨ pa ` bq˚
looomooon

e

` 1
loomoon

g
loooooooooooooooooooooomoooooooooooooooooooooon

“ e (by rule assumption)

“ pppa ¨ a˚ ` bq ¨ b˚q˚
loooooooooomoooooooooon

f˚

¨ 1
loomoon

g

a

r2s
b

r2s

This is a LLEE-witnessed coinductive proof LCP of f ¨e`g “ f˚ ¨ g over Mil´`te “ f ¨ e ` gu :
The right-hand sides form a Mil-provable solution of Cpf˚ ¨ gq due to Lemma 3.5 (note that
Cpf˚ ¨ gq is isomorphic to Cpf˚q due to g ” 1). The left-hand sides also form a solution of
Cpf˚ ¨ gq (see Lem. 6.2 below), noting that for the 1-transitions back to the conclusion the
assumption e “ f ¨ e ` g must be used in addition to Mil´. By using this assumption again,
the result LCP 1 of replacing f ¨ e ` g in the conclusion of LCP by e is also a LLEE-witnessed
coinductive proof over Mil´`te “ f ¨ e ` gu. Consequently:

e “ f ¨ e ` g LCPMil´`te“f ¨e`gupe “ f˚ ¨ gq
LCoProof1

e “ f˚ ¨ g

is a rule instance of cMil and CLC by which we have mimicked the RSP˚ instance in (6.1).

▶ Lemma 6.2. Let e, f, g P StExppAq with f Ú , and let Γ :“ te “ f ¨ e ` gu. Then e is the
principal value of a pMil´`Γq-provable solution of the 1-chart interpretation Cpf˚ ¨ gq of f˚ ¨ g.

Proof. First, it can be verified that the vertices of Cpf˚ ¨ gq are of either of three forms:

V pCpf˚ ¨ gqq “ tf˚ ¨ gu Y
␣

pF › f˚q ¨ g
ˇ

ˇ F P B
`
pfq

(

Y
␣

G | G P B
`
pgq

(

,

where B
`
pfq means the set of iterated 1-derivatives of f according to the TSS in Def. 3.2. This

facilitates to define a star expression function s : V pCpf˚ ¨ gqq Ñ StExppAq on Cpf˚ ¨ gq by:

spf˚ ¨ gq :“ e , sppF › f˚q ¨ gq :“ πpFq ¨ e , spGq :“ πpGq ,

for all F P B
`
pfq and G P B

`
pgq. We show that s is a pMil´`Γq-provable solution of Cpf˚ ¨ gq.

For this, we have to show that s is pMil´`Γq-provable at each of the three kinds of
vertices of Cpf˚ ¨ gq, namely at f˚ ¨ g, at pF › f˚q ¨ g with F P B

`
pfq, and at G with G P B

`
pgq.

Here we only consider f˚ ¨ g, because it is the single case in which the assumption in Γ has
to be used, and the two other forms can be argued similarly (please see in the appendix).
By ABpHq :“ txa, H 1y | H

a
ÝÑ H 1u we denote the set of “action 1-derivatives” of a stacked

star expression H. In the following argument we avoid list representations of transitions
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(as in Def. 2.7) in favor of arguing with sums over sets of action derivatives that represent
ACI-equivalence classes of star expressions. This shorthand is possible due to ACI Ď Mil´.

spf˚ ¨ gq ” e (by the definition of s)
“Mil´`Γ f ¨ e ` g (since Γ “ te “ f ¨ e ` gu)

“Mil´
´

τCpfqpfq `
ÿ

xa,F yPABpfq
a ¨πpFq

¯

¨ e `
´

τCpgqpgq `
ÿ

xa,GyPABpgq
a ¨πpGq

¯ (by using
Lem. 3.4)

“Mil´
´

ÿ

xa,F yPABpfq
a ¨ pπpFq ¨ eq

¯

`

´

τCpf˚ ¨ gqpf
˚ ¨ gq `

ÿ

xa,GyPABpgq
a ¨πpGq

¯ (by (assocp¨q),
(r-distrp`, ¨q),
(deadlock))

(using τCpfqpfq ” 0 due to f Ú , and τCpf˚ ¨ gqpf
˚ ¨ gq ” τCpgqpgq)

“ACI τCpf˚ ¨ gqpf
˚ ¨ gq `

´

ÿ

xa,F yPABpfq
a ¨ psppF › f˚q ¨ gqq

¯

`
ÿ

xa,GyPABpgq
a ¨ spGq

(by definition of s, axioms (commp`q))

“ACI τCpf˚¨gqpf
˚ ¨ gq `

ÿ

xa,E1yPABpf˚ ¨ gq

a ¨ spE1q

(since ABpf˚ ¨ gq “ txa, pF › f˚q ¨ gy | xa, F y P ABpfqu Y ABpgq
by inspection of the TSS in Def. 3.2).

Due to ACI Ď Mil´ Ď Mil´`Γ, the above chain of equalities is provable in Mil´`Γ. Therefore
it demonstrates, for any given list representation of TCpf˚¨gqpf

˚ ¨ gq according to the correctness
condition in Def. 2.7, that s is a pMil´`Γq-provable solution of Cpf˚ ¨ gq at f˚ ¨ g. ◀

▶ Lemma 6.3. Let e, f, g P StExppAq with f Ú , and let Γ :“ te “ f ¨ e ` gu. Then it holds
that e

LLEE
“““pMil´`Γq f˚ ¨ g.

Proof. By Lem. 6.2 there is a Mil´`Γ-provable solution s1 of Cpf˚ ¨ gq with s1pf
˚ ¨ gq ” e.

By Lem. 3.5 there is a Mil´-provable solution s2 of Cpf˚ ¨ gq with s2pf
˚ ¨ gq ” f˚ ¨ g. Then

xCpf˚ ¨ gq, Ly with Lpvq :“ s1pvq “ s2pvq for all v P V pCpf˚ ¨ gqq is a LLEE-witnessed coinduct-
ive proof of e “ f˚ ¨ g over Mil´`Γ, as Cpf˚ ¨ gq has LLEE-witness Ĉpf˚ ¨ gq by Thm. 3.3. ◀

▶ Theorem 6.4. Mil À cMil1. What is more, every derivation in Mil with conclusion e “ f

can be transformed effectively into a derivation with conclusion e “ f in cMil1.

Proof. Every derivation D in Mil can be transformed into a derivation D1 in cMil1 with the
same conclusion as D by replacing every instance of RSP˚ in D by a mimicking derivation in
cMil1 as in the following step, where f Ú holds as the side-condition of the instance of RSP˚ :

e “ f ¨ e ` g
RSP˚

e “ f˚ ¨ g
úùñ

e “ f ¨ e ` g LCPMil´`Γpe “ f˚ ¨ gq
LCoProof1

e “ f˚ ¨ g

and where LCPMil´`Γpe “ f˚ ¨ gq is, for Γ :“ te “ f ¨ e ` gu, a LLEE-witnessed coinductive
proof over Mil´`Γ of e “ f˚ ¨ g that is guaranteed by Lem. 6.3. ◀

▶ Theorem 6.5. Mil „ cMil1 „ cMil „ CLC, i.e. these proof systems are theorem-equivalent.

Proof. Due to Mil À cMil1 À cMil p„ CLCq À Mil by Thm. 6.4, Lem. 4.7, and Thm. 5.9. ◀
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7 Conclusion

In order to increase the options for a completeness proof of Milner’s system Mil for the process
semantics of regular expressions under bisimilarity, we set out to formulate proof systems of
equal strength half-way in between Mil and bisimulations between star expressions. Specifically
we aimed at characterizing the derivational power that the fixed-point rule RSP˚ in Mil adds
to its purely equational part Mil´. We based our development on a crucial step from the
completeness proof [11] for a tailored restriction of Mil to “1-free” star expressions: guarded
linear specifications with the (layered) loop existence and elimination property (L)LEE [7, 11]
are uniquely solvable in Mil. We have obtained the following concepts and results:

As LLEE-witnessed coinductive proof we defined any weakly guarded LLEE-1-chart C
whose vertices are labeled by equations between the values of two provable solutions of C.
Based on such proofs, we defined a coinductive version cMil of Milner’s system Mil, and
as its “kernel” a system CLC for merely combining LLEE-witnessed coinductive proofs.
Via proof transformations we showed that cMil and CLC are theorem-equivalent to Mil.
Based on coinductive proofs without LLEE-witnesses, we formulated systems cMil and CC
that can be shown to be complete, as can a variant Mil1 of Mil with the strong rule USP.

Since the proof systems cMil and CLC are tied to process graphs via the circular deductions they
permit, and as they are theorem-equivalent with Mil, they may become natural beachheads
for a completeness proof of Milner’s system. Indeed, they can be linked to the completeness
proof in [11]: it namely guarantees that valid equations between “1-free” star expressions can
always be mimicked by derivations in CLC of depth 2. This suggests the following question:
Ź Can derivations in CLC (in cMil) always be simplified to some (kind of) normal form that

is of bounded depth (resp., of bounded nesting depth of LLEE-witn. coinductive proofs)?
Investigating workable concepts of “normal form” for derivations in CLC or in cMil, by using
simplification steps of process graphs with LEE and 1-transitions under 1-bisimilarity as
developed for the completeness proof for “1-free” star expressions in [11], is our next goal.
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A Appendix: Supplements

This appendix has two parts: In Section A.1, we justify the coinductive proofs we exhibited
in Section 1. In Section A.2, we provide remaining details of a lemma that is crucial for the
construction of the transformation from the coinductive system cMil to Milner’s system Mil.

A.1 Justification of coinductive proofs in Section 1
Here we provide justifications for the coinductive proof on page 2, in Ex. A.1 below, and for
the coinductive proof in Fig. 1, in Ex. A.2 below.

▶ Example A.1 (LLEE-witnessed coinductive proof on page 2). In Section 1 on page 2 we
displayed, for the statement g˚ ¨ 0 ” pa ` bq˚ ¨ 0 LLEE

“““Mil´ pa ¨ pa ` bq ` bq˚ ¨ 0 ” h˚ ¨ 0 the
coinductive proof CP “ xCph˚ ¨ 0q, Ly over Mil´ with underlying LLEE-witness Ĉph˚ ¨ 0q, where
Cph˚ ¨ 0q and Ĉph˚ ¨ 0q are defined according to Def. 3.2 and the equation-labeling function L

on Cph˚ ¨ 0q is defined by the illustration that we repeat here:

p1 ¨ g˚q ¨ 0 “ pp1 ¨ pa ` bqq ¨ h˚q ¨ 0
a, b

p1 ¨ g˚q ¨ 0 “ p1 ¨ h˚q ¨ 0

1
pa ` bq˚
looomooon

g˚

¨ 0 “ pa ¨ pa ` bq ` bq˚
looooooooomooooooooon

h˚

¨ 0

r1sa r1s
b

r1s
a

r1s
b

a, b

1Ĉph˚ ¨ 0q

The correctness conditions at the start vertex (at the bottom) can be verified as follows:

g˚ ¨ 0 ” pa ` bq˚ ¨ 0 “Mil´ p1 ` pa ` bq ¨ pa ` bq˚q ¨ 0 “Mil´ 1 ¨ 0 ` ppa ` bq ¨ g˚q ¨ 0
“Mil´ 0 ` pa ¨ g˚ ` b ¨ g˚q ¨ 0 “Mil´ pa ¨ g˚ ` b ¨ g˚q ¨ 0
“Mil´ pa ¨ g˚q ¨ 0 ` pb ¨ g˚q ¨ 0 “Mil´ a ¨ pg˚ ¨ 0q ` b ¨ pg˚ ¨ 0q
“Mil´ a ¨ pp1 ¨ g˚q ¨ 0q ` b ¨ pp1 ¨ g˚q ¨ 0q ,

h˚ ¨ 0 ” pa ¨ pa ` bq ` bq˚ ¨ 0 “Mil´ p1 ` pa ¨ pa ` bq ` bq ¨ pa ¨ pa ` bq ` bq˚q ¨ 0

http://arxiv.org
http://arxiv.org/abs/2012.10869
http://arxiv.org
http://arxiv.org/abs/2108.13104
https://doi.org/10.4204/EPTCS.334.3
http://arxiv.org
http://arxiv.org/abs/2004.12740
https://doi.org/10.1145/321312.321326
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“Mil´ 1 ¨ 0 ` ppa ¨ pa ` bq ` bq ¨h˚q ¨ 0 “Mil´ 0 ` ppa ¨ pa ` bqq ¨h˚ ` b ¨h˚q ¨ 0
“Mil´ pa ¨ ppa ` bq ¨h˚q ` b ¨h˚q ¨ 0 “Mil´ ppa ¨ ppa ` bq ¨h˚qq ¨ 0 ` pb ¨h˚q ¨ 0
“Mil´ a ¨ ppa ` bq ¨h˚q ¨ 0q ` b ¨ ph˚ ¨ 0q
“Mil´ a ¨ pp1 ¨ pa ` bqq ¨h˚q ¨ 0q ` b ¨ pp1 ¨h˚q ¨ 0q .

From the provable equality for g˚ ¨ 0 the correctness condition for p1 ¨ g˚q ¨ 0 at the left upper
vertex of Cph˚ ¨ 0q can be obtained by additional uses of the axiom (idlp¨q). The correctness
condition for pp1 ¨ pa`bqq ¨h˚q ¨ 0 at the left upper vertex of Cph˚ ¨ 0q can be verified as follows:

pp1 ¨ pa ` bqq ¨h˚q ¨ 0 “Mil´ ppa ` bq ¨h˚q ¨ 0 “Mil´ pa ¨h˚ ` b ¨h˚q ¨ 0
“Mil´ pa ¨h˚q ¨ 0 ` pb ¨h˚q ¨ 0 “Mil´ a ¨ ph˚ ¨ 0q ` b ¨ ph˚ ¨ 0q
“Mil´ a ¨ pp1 ¨h˚q ¨ 0q ` b ¨ pp1 ¨h˚q ¨ 0q .

Finally, the correctness conditions at the right upper vertex of Cph˚ ¨ 0q can be obtained by
applications of the axiom (idlp¨q) only.

▶ Example A.2 (LLEE-witnessed coinductive proof in Fig. 1). We provided a first illustration
for translating an instance of the fixed-point rule into a coinductive proof in Figure 1 on page 3.
Specifically, we mimicked the instance ι (see below) of the fixed-point rule RSP˚ in Milner’s
system Mil “ Mil´`RSP˚ by a coinductive proof (see also below) over Mil´`tpremise of ιu

with LLEE-witness Ĉpf˚ ¨ 0q:

e˚
0

hkkkikkkj

pa ` bq˚ ¨ 0 “

f
hkkkkkkkkikkkkkkkkj

pa ¨ pa ` bq ` bq ¨p

e˚
0

hkkkikkkj

pa ` bq˚ ¨ 0q ` 0
ι, RSP˚

pa ` bq˚ ¨ 0 “ pa ¨ pa ` bq ` bq˚ ¨ 0
e˚0 ¨ 0 “ f ¨ pe˚0 ¨ 0q ` 0

e˚0 ¨ 0 “ f˚ ¨ 0

p1 ¨ pa ` bqq ¨ pe˚0 ¨ 0q “ pp1 ¨ pa ` bqq ¨ f˚q ¨ 0
a, b

1 ¨ pe˚0 ¨ 0q “ p1 ¨ f˚q ¨ 0

1
e˚0 ¨ 0
loomoon

(by the premise of ι) pa¨pa`bq`bq¨pe˚
0 ¨0q`0” f ¨pe˚

0 ¨0q`0“

“ pa ¨ pa ` bq ` bq˚
looooooooomooooooooon

f˚

¨ 0

r1s
a

r1s
bĈpf˚ ¨ 0q

The correctness conditions for the right-hand sides of this prooftree to be a LLEE-witnessed
coinductive proof Mil´`tpremise of ιu are the same as those that we have verified for the
right-hand sides of the coinductive proof over Mil´ with the same LLEE-witness in Ex. A.1.
Note that the premise of ι is not used for the correctness conditions of the right-hand sides.
The correctness condition for the left-hand side e˚0 ¨ 0 at the bottom vertex of Cpf˚ ¨ 0q can
be verified as follows, now making use of the premise of the considered instance ι of RSP˚ :

e˚0 ¨ 0 “tpremise of ιu f ¨ pe˚0 ¨ 0q ` 0 “Mil´ pa ¨ pa ` bq ` bq ¨ pe˚0 ¨ 0q
“Mil´ pa ¨ pa ` bqq ¨ pe˚0 ¨ 0q ` b ¨ pe˚0 ¨ 0q
“Mil´ a ¨ ppa ` bq ¨ pe˚0 ¨ 0qq ` b ¨ p1 ¨ pe˚0 ¨ 0qq
“Mil´ a ¨ pp1 ¨ pa ` bqq ¨ pe˚0 ¨ 0qq ` b ¨ p1 ¨ pe˚0 ¨ 0qq

Together this yields the provable equation:

e˚0 ¨ 0 “Mil´`tpremise of ιu a ¨ pp1 ¨ pa ` bqq ¨ pe˚0 ¨ 0qq ` b ¨ p1 ¨ pe˚0 ¨ 0qq ,
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which demonstrates the correctness condition for the left-hand side e˚0 ¨ 0 at the bottom
vertex of Cpf˚ ¨ 0q. The correctness condition for the left-hand side a ¨ pp1 ¨ pa` bqq at the top
left vertex of Cpf˚ ¨ 0q can be verified without using the premise of ι as follows:

pp1 ¨ pa ` bqq ¨ pe˚0 ¨ 0q “Mil´ ppa ` bq ¨ pe˚0 ¨ 0q “Mil´ a ¨ pe˚0 ¨ 0q ` b ¨ pe˚0 ¨ 0q
“Mil´ a ¨ p1 ¨ pe˚0 ¨ 0qq ` b ¨ p1 ¨ pe˚0 ¨ 0qq .

Finally, the correctness condition of the left-hand side 1 ¨ pe˚0 ¨ 0q at the right upper vertex of
Cpf˚ ¨ 0q can be obtained by an application of the axiom (idlp¨q) only.

A.2 Completing the proof of Lemma 6.2
Here we provide those remaining details for the proof of Lem. 6.2 that we have postponed
from within the proof environment on page 15. This lemma is crucial for the construction
of the proof transformation from the coinductive system cMil to Milner’s system Mil (see
Thm. 6.4), which proceeds by mimicking arbitrary instances ι of the fixed-point rule RSP˚ by
coinductive proofs over the equational part Mil´ of Mil plus the premise of ι (see Lem. 6.3).
Indeed, Lem. 6.2 provides, for every generic instance ι of RSP˚ as in Def. 2.4, a provable
solution for the 1-chart interpretation Cpf˚ ¨ gq of f˚ ¨ g that can provide (see Lem. 6.3) the
left-hand sides of the equations in a coinductive proof that mimics ι.

▶ Lemma (= Lem. 6.2). Let e, f, g P StExppAq with f Ú , and let Γ :“ te “ f ¨ e ` gu. Then
the star expression e is the principal value of a pMil´`Γq-provable solution of the 1-chart
interpretation Cpf˚ ¨ gq of f˚ ¨ g.

Before we extend the proof of this lemma from page 15 by treating the cases that we have
not yet treated, we gather and outline the proofs of auxiliary statements that are used in the
proof of Lem. 6.2. The first lemma concerns the set of action 1-derivatives of a star expression,
or stacked star expression, over set A of actions, defined by ABpEq :“

␣

xa, E1y
ˇ

ˇ E
a
ÝÑ E1

(

,
where the transitions are defined by the TSS in Def. 3.2.

▶ Lemma A.3. The action 1-derivatives ABpEq of a stacked star expression E over actions
in A satisfy the following recursive equations, for all a P A, e, e1, e2 P StExppAq, and stacked
star expressions E1 over actions in A:

ABp0q :“ ABp1q :“ ∅ ,

ABpaq :“ txa, 1yu ,

ABpe1 ` e2q :“ ABpe1q Y ABpe2q ,

ABpE1 ¨ e2q :“
#

␣

xa, E11 ¨ e2y
ˇ

ˇ xa, E11y P ABpE1q
(

if E1 Ú ,
␣

xa, E11 ¨ e2y
ˇ

ˇ xa, E11y P ABpE1q
(

Y ABpE2q if E1Ó,

ABpE1 › e˚2q :“
#

␣

xa, E11 ¨ e
˚
2 y

ˇ

ˇ xa, E11y P ABpE1q
(

if E1 Ú ,
␣

xa, E11 ¨ e
˚
2 y

ˇ

ˇ xa, E11y P ABpE1q
(

Y tx1, e˚2 yu if E1Ó,

ABpe˚q :“
␣

xa, E1 › e˚y
ˇ

ˇ xa, E1y P ABpeq
(

. (A.1)

Proof. By case-wise inspection of the definition of the TSS in Def. 3.2. ◀

For the proof of Lem. 3.4 we will need the following auxiliary statement.

▶ Lemma A.4. If eÓ for a star expression e P StExppAq, then there is a star expression
f P StExppAq with f Ú , e “Mil´ 1` f , |f |˚ “ |e|˚, and ppid ˆ πq ˝ ABqpfq “ ppid ˆ πq ˝ ABqpeq.
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Proof. By a proof by induction on structure of e, in which all axioms of Mil´ are used. ◀

▶ Lemma A.5 (corresponds to Lem. 3.4). πpEq “Mil´ τCpEqpEq `
ř

xa,E1yPABpEq a ¨ πpE1q, for
all stacked star expressions E over actions in A, (where we permit that the sum expression
on the right indicates a star expression only up to ACI (note that ACI Ď Mil´)).

Proof. The statement of the lemma can be proved by induction on the structure of the stacked
star expression E with a subinduction on the syntactical star height |E|˚ of E. All cases
of stacked star expressions can be dealt with in a straightforward manner, except for those
with an outermost iteration where in a subcase the subinduction hypothesis must be used.

Suppose that E ” e˚, and that eÓ holds. Then by Lem. A.4 there exists a star expression
f such that f Ú , e “Mil 1`f , |f |˚ “ |e|˚, and ppid ˆ πq ˝ ABqpfq “ ppid ˆ πq ˝ ABqpeq. Then we
can argue as follows to prove the desired Mil´-provable equation for πpEq, where we apply the
subinduction hypothesis for πpfq, which is possible due to |f |˚ “ |e|˚ ă 1`|e|˚ “ |e˚|˚ “ |E|˚ :

πpEq ” πpe˚q ” e˚ “Mil´ p1 ` fq˚ “Mil´ f˚ “Mil´ 1 ` f ¨ f˚

“Mil´ 1 ` f ¨ p1 ` fq˚ “Mil´ 1 ` f ¨ e˚ ” 1 ` πpfq ¨ e˚

“Mil´ 1 `
`

τCpfqpfq `
ř

xa,F 1yPABpfq a ¨ πpF 1q
˘

¨ e˚

” 1 `
`

0 `
ř

xa,F 1yPABpfq a ¨ πpF 1q
˘

¨ e˚

“Mil´ τCpe˚qpe
˚q `

ř

xa,E1yPABpeq a ¨ pπpE1q ¨ e˚q

“Mil´ τCpe˚qpe
˚q `

ř

xa,E1yPABpeq a ¨ πpE1 › e˚q

“Mil´ τCpEqpEq `
ř

xa,E1yPABpEq a ¨ πpE1q ,

where in the last step we used the representation of ABpEq “ ABpe˚q according to (A.1).
In the case that E “ e˚ with e Ú we can reason similarly but simpler, because then it is

sufficient to use the induction hypothesis for e, which is structurally simpler than e˚. ◀

▶ Lemma (= Lem. 3.5). For every star expression e P StExppAq with 1-chart interpretation
Cpeq “ xV peq, A, 1, e,Ñ, Óy the star-expression function s : V peq Ñ StExppAq, E ÞÑ πpEq is a
Mil´-provably solution of Cpeq with principal value e.

Proof. Immediate consequence of Lem. 3.4. ◀

▶ Lemma (= Lem. 6.2). Let e, f, g P StExppAq with f Ú , and let Γ :“ te “ f ¨ e ` gu. Then
the star expression e is the principal value of a pMil´`Γq-provable solution of the 1-chart
interpretation Cpf˚ ¨ gq of f˚ ¨ g.

Proof of Lemma 6.2 (extension of the proof on p. 15). First, it can be verified that the
vertices of Cpf˚ ¨ gq are of either of three forms:

V pCpf˚ ¨ gqq “ tf˚ ¨ gu Y
␣

pF › f˚q ¨ g
ˇ

ˇ F P B
`
pfq

(

Y
␣

G | G P B
`
pgq

(

, (A.2)

where B
`
pfq means the set of iterated 1-derivatives of f according to the TSS in Def. 3.2.

This facilitates to define a function s : V pCpf˚ ¨ gqq Ñ StExppAq on Cpf˚ ¨ gq by:

spf˚ ¨ gq :“ e ,

sppF › f˚q ¨ gq :“ πpFq ¨ e , (for F P B
`
pfq),

spGq :“ πpGq (for G P B
`
pgq),

We will show that s is a pMil´`Γq-provable solution of Cpf˚ ¨ gq. Instead of verifying the
correctness conditions for s for list representations of transitions, we will argue more loosely
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with sums over action 1-derivatives sets ABpHq of stacked star expressions H where such
sums are only well-defined up to ACI. Due to ACI Ď Mil´ such an argumentation is possible.
Specifically we will demonstrate, for all E P V pCpf˚ ¨ gqq, that s is a pMil´`Γq-provable
solution at E, that is, that it holds:

spEq “pMil´`Γq τCpEqpEq `
ÿ

xa,E1yPABpEq
a ¨ spE1q , (A.3)

where by the sum on the right-hand side we mean an arbitrary representative of the ACI
equivalence class of star expressions that can be obtained by the sum expression of this form.

For showing (A.3), we distinguish the three cases of vertices E P V pCpf˚ ¨ gqq according to
(A.2), that is, E ” f˚ ¨ g, E ” pF › f˚q ¨ g for some F P B

`
pfq, and E ” G for some G P B

`
pgq.

In the first case, E ” f˚ ¨ g, we have argued on page 16 that s is a pMil´`Γq-provable
solution at E, and hence that (A.3) holds for E as chosen here.

In the second case we consider E ” pF › f˚q ¨ g P V pCpf˚ ¨ gqq. Then τCpEqpEq ”

τCppF › f˚q ¨ gqppF › f˚q ¨ gq ” 0 holds, because expressions with stacked products occurring do
not have immediate termination by Def. 3.2. We distinguish the subcases FÓ and F Ú .

For the first subcase we assume F Ú . Then τCpFqpFq ” 0 holds, and we find by Lem. A.3
(or by inspecting the TSS in Def. 3.2):

ABppF › f˚q ¨ gq “
␣

xa, pF 1 › f˚q ¨ gy | xa, F 1y P ABpFq
(

. (A.4)

Now we argue as follows:

spEq ” sppF › f˚q ¨ gq (in this case)
” πpFq ¨ e (by the definition of s)

“Mil´
´

τCpFqpFq `
ÿ

xa,F 1yPABpFq
a ¨πpF 1q

¯

¨ e (by Lem. A.5)

“Mil´ 0 ¨ e `
ÿ

xa,F 1yPABpFq
a ¨ pπpF 1q ¨ eq

(by τCpFqpFq ” 0, due to F Ú , and
axioms (r-distrp`, ¨q), (assocp¨q))

“Mil´ 0 `
ÿ

xa,F 1yPABpFq
a ¨ sppF 1 › f˚q ¨ gq (by ax. (deadlock) and def. of s)

“ACI τCppF › f˚q ¨ gqppF › f˚q ¨ gq `
ÿ

xa,E1yPABppF › f˚q ¨ gq

a ¨ spE1q (due to (A.4), and τCpEqpEq ” 0q

” τCpEqpEq `
ÿ

xa,E1yPABpEq
a ¨ spE1q (in this case).

For the second subcase we assume FÓ. Then F P StExppAq (that is, F does not contain a
stacked product symbol), and τCpFqpFq ” 1 holds. Furthermore, we find, again by inspecting
the TSS in Def. 3.2:

ABppF › f˚q ¨ gq “ tx1, f˚ ¨ gyu Y
␣

xa, pF 1 › f˚q ¨ gy | xa, F 1y P ABpFq
(

. (A.5)

Now we argue as follows:

spEq ” sppF › f˚q ¨ eq (in this case)
” πpFq ¨ e (by the definition of s)

“Mil´
´

τCpFqpFq `
ÿ

xa,F 1yPABpFq
a ¨πpF 1q

¯

¨ e (by Lem. A.5)
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“Mil´ 1 ¨ e `
ÿ

xa,F 1yPABpfq
a ¨ pπpF 1q ¨ eq

(by τCpFqpFq ” 1, and
axioms (r-distrp`, ¨q), (assocp¨q))

” 1 ¨ spf˚ ¨ gq `
ÿ

xa,F 1yPABpfq
a ¨ sppF 1 › f˚q ¨ gq (by the definition of s)

“ACI 0 `
ÿ

xa,E1yPABppF › f˚q ¨ gq

a ¨ spE1q
(by (A.5), using axioms

(commp`q), and (assocp`q))

” τCpEqpEq `
ÿ

xa,E1yPABpEq
a ¨ spE1q (in this case, due to τCpEqpEq ” 0).

Due to ACI Ď Mil´ Ď Mil´`Γ, the chains of equalities in both subcases are provable in
Mil´`Γ, and therefore we have verified (A.3) also in the second case.

In the final case, E “ G for some G P B
`
pgq, we argue as follows:

spEq ” spGq (in this case)
” πpGq (by the definition of s)

“Mil´ τCpGqpGq `
ÿ

xa,G1yPABpGq
a ¨πpG1q (by Lem. A.5)

“ACI τCpGqpGq `
ÿ

xa,G1yPABpGq
a ¨ spG1q (by the definition of s)

“ACI τCpEqpEq `
ÿ

xa,E1yPABpEq
a ¨ spE1q (in this case).

Due to ACI Ď Mil´ Ď Mil´`Γ, this chain of equalities verifies (A.3) also in this case.
By having established (A.3) for the, according to (A.2), three possible forms of stacked star

expressions that are vertices of Cpf˚ ¨ gq, we have established that s is indeed a pMil´`Γq-pro-
vable solution of Cpf˚ ¨ gq. ◀
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Abstract
Logic programming and its variations are widely used for formal reasoning in various areas of
Computer Science, most notably Artificial Intelligence. In this paper we develop a systematic
and unifying perspective for (ground) classical, probabilistic, weighted logic programs, based on
categorical algebra. Our departure point is a formal distinction between the syntax and the semantics
of programs, now regarded as separate categories. Then, we are able to characterise the various
variants of logic program as different models for the same syntax category, i.e. structure-preserving
functors in the spirit of Lawvere’s functorial semantics.

As a first consequence of our approach, we showcase a series of semantic constructs for logic
programming pictorially as certain string diagrams in the syntax category. Secondly, we describe
the correspondence between probabilistic logic programs and Bayesian networks in terms of the
associated models. Our analysis reveals that the correspondence can be phrased in purely syntactical
terms, without resorting to the probabilistic domain of interpretation.
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1 Introduction

Logic programming is a programming paradigm widely used for knowledge representation
in Artificial Intelligence and related fields. In “classical” logic programming, at the basis
of formalisms such as Prolog [8] and Datalog [9], programs are sets of Horn clauses, of the
form A← B1, B2, . . . , Bn. However, in the last two decades, various extensions and variants
of logic programming emerged in order to handle non-classical reasoning, in which clauses
may be associated with a probability or a weight, resulting in a different semantics. These
approaches include probabilistic logic programming ([35], Problog [13], PRISM [36], CP-logic
[31], PASP [12]) and weighted logic programming [15]. Seemingly different formalisms, such
as Bayesian networks, also turn out to be closely related [31].

The main goal of this work is to develop a systematic, unifying framework for the different
families of logic programming languages, in which their similarities and differences can be
analysed algebraically using the abstract perspective of category theory.

Our approach is based on a simple, yet fruitful insight: a formal distinction between
the syntax and the semantics of logic programs. This “separation of concerns” has the
benefit of clearly isolating the purely inferential structure underlying a program (syntax) from
its “type” (classical, probabilistic, or weighted, expressed by the semantics). Our guiding
principle is the perspective of functorial semantics, as pioneered by Lawvere [29], in which
one encodes an algebraic theory as a category Syn of “syntactic” morphisms (tuples of terms),
and then studies models of the theory as functors from Syn – the requirement that such
functors preserve finite products makes them adhere to the usual notion of model in universal
algebra. In analogy, from a logic program P we will freely generate a category SynLP of
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string diagrams [37], capturing the inferential structure of P as (graphical) syntax. Then, we
consider models of SynLP, i.e. structure-preserving functors into other categories, acting as
semantic domains of interpretation.

Our main conceptual contribution is the realisation that the different flavours of logic
program (classical, probabilistic and weighted) amount to different classes of models of the
same syntax category.

This perspective has various consequences. As the syntax is expressed as a freely generated
category of string diagrams, not only it includes the clauses of the program as morphisms,
but it allows to combine them into more elaborated representations. This provides much
flexibility in expressing various kinds of semantic constructs, which may be observed in the
image of the models/functors. We use this observation to provide a string diagrammatic
description of semantics commonly found in the logic programming literature, such as the
immediate consequence operator, the Herbrand semantics, and the stratified semantics, see
e.g. [17, 3, 18, 38], as well as the distribution semantics of probabilistic programs, and the
standard semantics of weighted programs.

Another payoff of our approach is providing an original perspective on the correspondence
between probabilistic logic programs and Bayesian networks. It is a folklore result (cf. [31])
that the two formalisms can be translated one into another, modulo some caveats. In the
context of our framework, we take advantage of the fact that Bayesian networks are also
susceptible of a description in terms of functorial semantics, see [16, 22], and study their
correspondence with probabilistic programs in terms of the associated models. Again, the
distinction between syntax and semantics provides a valuable insight: it turns out that the
correspondence can be entirely expressed at the level of the syntax categories – in contrast
with traditional approaches, where it involves a mixture of transformations between graphs,
programs, and conditional probabilities. Furthermore, thanks to the use of string diagrams,
both the combinatorial structure of Bayesian networks (directed acyclic graphs) and the
syntax of probabilistic programs can be expressed uniformly as entities of the same kind.

Synopsis. Section 2 is for preliminaries. We introduce the syntax category and present the
functorial semantics of classical logic programming in Section 3. We then consider probabilistic
logic programming in Section 4, and study the correspondence with Bayesian networks at a
functorial level. Section 5 briefly illustrates the case of weighted logic programming. Section 6
is devoted to future work. Missing proofs may be found in Appendix B.

2 Preliminaries

Logic programming. We briefly recall the basics of logic programming, and refer to [33] for
more details. Throughout this paper we focus on ground logic programming, i.e. in which
programs have no variables. A logic program (LP) P based on a set of atoms At is a finite set
of clauses φ of the form A← L1, . . . , Lm., where A is an atom and each Li is a literal (an
atom B or a negated atom ¬B). The atom A and the set of literals {L1, . . . , Lm} are called
the head (denoted as head(φ)) and the body (denoted as body(φ)) of the clause, respectively.
A clause is definite if all the literals in its body are positive (namely atoms), and P is definite
if all its clauses are definite. We write P′ ⊆ P to mean that P′ is a sub-program of P, and
P(P) for the set of all sub-programs of P.

An interpretation I is a subset of At, and it is a model of P if for all φ ∈ P, body(φ) ⊆ I
implies head(φ) ∈ I. A literal L is true in I, denoted as I ⊨ L, if either L=B and B ∈ I,
or L=¬B and B ̸∈ I, for some B ∈ At. Suppose X is a set of literals, we define I ⊨ X
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if I ⊨ L for all L ∈ X. There is an inclusion ordering on models, and every definite logic
program P has a least model (referred to as its least Herbrand semantics), denoted as H(P).
Least models of definite logic programs can also be characterised as the least fixed points
of immediate consequence operators. The immediate consequence operator TP associated
to a logic program P with atom set At is a function P(At) → P(At) such that for any
interpretation I, TP(I) := {A | ∃ψ ∈ P such that head(ψ) = A and I ⊨ body(ψ)}.

Note that arbitrary, non-definite logic programs may not have a least model. There
are various alternative denotational semantics, including stratified semantics [3, 30], stable
semantics [18], well-founded semantics [38]. We recall the stratified semantics from [3]. Given
a LP P, the definition of an atom A is the sub-program def (A) := {φ ∈ P | head(φ) = A}. P
is stratified if there exists a partition At1, . . . ,Atk (called a stratification) of At such that,

If there exists Pi-clause φ such that ¬B ∈ body(φ), then def (B) only contains atoms in⋃
j<i Atj .

If there exists Pi-clause φ such that B ∈ body(φ), then def (B) only contains atoms in⋃
j≤i Atj .

where P1, . . . ,Pk is the partition of P induced by the stratification: each Pi is {φ ∈ P |
head(φ) ∈ Ati}. Then the stratified model S(P) of P is defined as S(P) = ∪k

i=1Mi, where
Mi := H(Qi), and each Qi is obtained by (1) deleting all the Pi clauses whose bodies contain
some literals false in ∪j<iMj , and (2) in the remaining clauses, delete all the literals not
in Ati and the negated literals. Importantly, the stratified semantics is independent of the
choice of a specific stratification.

Probabilistic logic programming. A probabilistic logic program (PLP) P is a set of probab-
ilistic clauses ψ of the form p :: φ, where p ∈ (0, 1] is a real number, and φ is a clause. p is
called the (probabilistic) label of clause ψ, denoted as Lab(ψ). By forgetting the labels in P,
we obtain the pure logic program |P| of P.

We will use the “bra-ket” (or Dirac) notation for probability distributions, e.g. 0.7|a⟩+
0.3|b⟩ is the distribution on {a, b} assigning probability 0.7 to a and 0.3 to b. We recall the dis-
tribution semantics. A PLP P determines a probability distribution µP over the sub-programs
of |P|: for any L ⊆ |P|, µP(L) :=

(∏
φ∈L Lab(φ)

)
·
(∏

φ∈|P|\L (1− Lab(φ))
)

. If P is acyclic, µP

allows to compute the probability that a given goal is proved. The success probability πP(L̄)
(or simply probability) of a goal L̄ = L1∧· · ·∧Lm is

∑
{µP(L) | L ⊆ |P|,S(L) ⊨ L1, . . . , Lm}.

The distribution δP(Ā) of a set of atoms Ā = {A1, . . . , Am} over its interpretations is thus
defined as

∑
Li∈{Ai,¬Ai} πP(L1 ∧ · · · ∧ Lm)|L1, . . . , Lm⟩.

▶ Example 1. The PLP program Pwet below describes how the season affects the probability
of raining and a sprinkler to leak, which cause the grass to be wet and the road to be slippery.

0.25 :: Winter ← . (ψ1) 0.9 :: WetGrass ← Sprinkler. (ψ5)
0.2 :: Sprinkler ← Winter. (ψ2) 0.8 :: WetGrass ← Rain. (ψ6)
0.6 :: Rain ← Winter. (ψ3) 0.7 :: SlipperyRoad ← Rain. (ψ7)
0.1 :: Rain ← ¬Winter. (ψ4) 0.1 :: SlipperyRoad ← ¬Rain. (ψ8)

If we forget about all the probabilistic labels, then we get a logic program |Pwet|. For instance,
we can calculate the success probability πPwet(Winter ∧ WetGrass) = 0.1434.

Weighted Logic Programming. A weighted logic program (WLP) P based on an ω-complete
commutative semiring K = ⟨K,+, · ,0,1⟩ is a finite set of weighted clauses φ of the form
w :: A ← B1, · · · , Bk., where w ∈ K is the weight label of the clause (denoted as lab(φ)).
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We also assume that K is a complete lattice under the ordering “x ⪯ y if ∃u ∈ K such that
x+ u = y”. Given atoms At = {A1, . . . , An}, for each Ai, let KAi

be a copy of K standing
for the values of atom Ai, and we write KAi

as {wAi
| w ∈ K}. A weight state is a tuple

u ∈ KA1 × · · · × KAn , and its i-th component is referred to as u(Ai).
The semantics of WLP assigns weights to atoms that are defined as the least fixed

point of a weighted variant Tw of the immediate consequence operator for classical logic
programs [15]. Given a WLP program P with atom set {A1, . . . , An}, Tw

P is a function
KA1 × · · · × KAn

→ KA1 × · · · × KAk
such that for each weight state u, the i-th component

of Tw
P (u) is

∑
{lab(φ) ·u(B1) · · · · ·u(Bk) | φ ∈ P, head(φ) = Ai, body(φ) = {B1, . . . , Bk}}.

The weight weightP(Ai) of Ai is then the i-th component of the least fixed point of Tw
P ,

which exists because Tw
P is a monotonic function on an ω-complete lattice KA1 × · · · × KAn

.

▶ Example 2. The semiring Ksp = ⟨N∪{+∞},min,+,+∞, 0⟩ is a fragment of the “min-plus”
tropical semiring, used for shortest path problems. Consider the WLP program Psp consisting
of all the grounding of the clauses below left in (1), which describes the reachability condition
of the weighted directed graph D below right in (1). Then the answer to the shortest path
from the initial state to a state x can be calculated by the weight of reachable(x) in Psp.
For instance, weightPsp

(reachable(b)) = 9, which is the least path weight from a to b in D.

0 :: initial(a) ← . 10 :: edge(a, b) ← .

4 :: edge(a, c) ← . 3 :: edge(b, c) ← .

5 :: edge(c, b) ← . 2 :: edge(c, c) ← .

0 :: reachable(x) ← initial(x).
0 :: reachable(x) ← reachable(y), edge(y, x).

a

10
��

4

��
b

3
66 c

5ww
2

zz (1)

Bayesian networks. We will explore the relationship between PLP and Bayesian networks
(BN), which we briefly recall. A Bayesian network B on a set A1, A2, . . . Ak of variables (finite
sets) is a pair (G,Pr). Here G is a directed acyclic graph (DAG) (VG, EG), where VG =
A1, A2, . . . Ak. The second component Pr is a family {Pr(A | pa(A))}A∈VG of conditional
probability distributions, where pa(A) is the set of predecessors of A according to EG, and
the distribution Pr(A | pa(A)) assigns a probability to each element in the set A. We say
that BN is boolean-valued when each variable A is a two-element set, which we write {A,¬A}
with slight abuse of notation (meaning “A is true”, “A is false”).

CDMU and CD categories. We will formulate both the syntax and the semantics of logic
program in terms of categories, equipped with the structure of a CDMU category. A CDMU
category (for copy, discard, multiplication, unit) is a symmetric monoidal category ⟨C,⊗, I⟩
where each object C has a copier C : C → C ⊗C, a discarder C : C → I, a multiplication

C : C ⊗C → C, and a unit C : I → C – which we will often write omitting C, when clear
from the context. These operations are required to satisfy the following set of equations:

= = = =

= = = =
(2)

In words, there are a commutative comonoid ( , ) and a commutative monoid ( , ).
Moreover, the four operations are required to be compatible with the tensor structure on C,
in the expected way. A CDMU functor between two CDMU categories is a strong symmetric
monoidal functor that also preserves the commutative comonoid and monoid structures. We
will often use the construction of the free CDMU category freeCDMU(X,Σ) over a generating
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set X of objects and a generating set Σ of morphisms: the objects are finite lists [x1, . . . , xn]
over X (including the empty list [ ]), and the morphisms are string diagrams [37] freely
obtained by composing morphisms in Σ together with , , , , modulo the equations
in (2).

When describing Bayesian networks, we will also need to refer to CD categories. These are
defined in the same way as CDMU categories, but without the multiplications C : C⊗C → C

and units C : I → C. We write freeCD(X,Σ) for the free CD category over objects X and
morphisms Σ. See [22] and Appendix A for background on how CD categories relate to BNs.

3 Classical Logic Programming

In this section we introduce a functorial semantics of classical logic programs, which culmin-
ates in Proposition 5 below. Our starting point is a conceptual distinction between the syntax
and the semantics of a logic program. In Subsection 3.1 we introduce the syntax category
of string diagrams for a given logic program P, which will also be used in Sections 4 and 5
for the probabilistic and the weighted case. Next, in Subsection 3.2 we provide a semantics
category, and identifies logic programs with certain models – structure-preserving functors
from the syntax category to the semantics category. Finally, in Subsection 3.3 we describe
some well-known semantics (immediate consequence operator, least Herbrand semantics,
stratified semantics) of logic programs as images of specific string diagrams in the syntax,
under the functorial interpretation. This perspective will provide an original, diagrammatic
representation for such semantic constructs.

3.1 Syntax Category
Every logic program P has an underlying definite logic program [P] describing the purely
inferential structure of P – where, intuitively, we disregard information about probabilities,
weights, and negated clauses. [P] is what is commonly used in the definition of the dependency
graph of P [3], which describes the dependency relation between atoms in P, and plays a
key role in the definition of stratified logic programs [3]. To incorporate this step in our
approach, first we define a “forgetful” function τgen (resp. τpr, τwt) from arbitrary (classical,
probabilistic, or weighted) clauses to definite clauses as follows:

τgen : A ← B1, ..., Bk,¬C1, ...,¬Cℓ. 7→ A← B1, ..., Bk, C1, ..., Cℓ.

τpr : p :: A ← B1, ..., Bk,¬C1, ...,¬Cℓ. 7→ A← B1, ..., Bk, C1, ..., Cℓ.

τwt : w :: A ← B1, ..., Bk. 7→ A← B1, ..., Bk.

In words, τ forgets the quantitative labels and the negation. The definite logic program [P] is
defined as the image of P under the appropriate τ , namely [P] := {τ(φ) | φ ∈ P}. We say P is
based on [P], or [P] is the underlying program of P. Note that, if we read A← B1, . . . , Bk. as
“nodes B1, . . . , Bk are parents of A”, [P] defines exactly (the components of) the dependency
graph of P – cf. [3]. Observe that there may exist distinct clauses in P that have the same
image under τ , so the size of [P] is less or equal to that of P.

▶ Example 3. Recall Pwet from Example 1. The underlying definite logic program [Pwet] is

Winter ← . (φ1) WetGrass ← Sprinkler. (φ4)
Sprinkler ← Winter. (φ2) WetGrass ← Rain. (φ5)
Rain ← Winter. (φ3) SlipperyRoad ← Rain. (φ6)

For instance, τpr(ψ3) = τpr(ψ4) = (Rain← Winter.) = φ3.
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17:6 Functorial Semantics as a Unifying Perspective on Logic Programming

Given a definite logic program L on At, we construct a CDMU category SynLPL which
encodes the inferential structure represented by L. We define SynLPL as the free CDMU
category freeCDMU(At,ΣL) (cf. Section 2), where the set ΣL of generating morphisms
consists of one string diagram for each clause in L:

ΣL :=
{

... φ
B1

Bm
A

∣∣∣ φ ≡ A← B1, . . . , Bm. is a clause in L
}

(3)

With some abuse of notation, we use φ to refer to both a clause and its corresponding
string diagram in ΣL. We choose to work with CDMU categories because their equations
subsume structure that is always present in logic programs. For example, = and

= reflect the intuition that there is no ordering on the (possibly multiple) clauses
in which an atom may appear; = = says that generating two occurrences of the
same atom and then disregarding one is the same as just working with a single occurrence.

SynLPL will act as the syntax category for all P such that [P] = L. We will identify logic
programs based on L with functors from SynLPL to some appropriate “semantics categories”,
which will vary depending on whether the program is classical, probabilistic, or weighted.

3.2 Functorial Semantics of LP
In this subsection we introduce a categorical semantics for classical logic programming, and
characterise logic programs as functors to this semantics.

For the classical case, the semantics domain will be the category Set(2) defined as follows.
Objects of Set(2) are finite products 2A1 × · · · × 2An , where each 2Ai is a two-element
Boolean algebra, which we write {Ai,¬Ai}, with Ai > ¬Ai, to emphasise that the two
elements will be treated as an atom and its negation. In particular, the singleton set 1 = {∗}
is the 0-ary product. Morphisms in Set(2) are simply functions between the underlying sets.

We write ∨, ∧, (·)− for the standard Boolean algebra operations. Note every Set(2)-object
is itself a finite Boolean algebra, with the operations defined pointwise.

Given a classical logic program P with underlying definite program L := [P], we may
associate P with a functor J−KP : SynLPL → Set(2) defined as follows. On objects, J−KP
maps A ∈ At to 2A = {A,¬A}. On morphisms, the CDMU structure is interpreted as

J AKP : 2A→ 2A × 2A

x 7→ (x, x)
J AKP : 2A→ 1

x 7→ ∗
J AKP : 2A × 2A→ 2A

(x, y) 7→ x ∨ y
J AKP : 1→ 2A

∗ 7→ ¬A.

For each L-clause φ ≡ A ← B1, . . . , Bm., JφKP maps u ∈ 2B1 × · · · × 2Bm to A if u as an
interpretation (cf. Sec. 2) satisfies u ⊨ body(ψ) for some ψ ∈ P with τgen(ψ) = φ, and to ¬A
otherwise.

Note that, in order for J−KP to be well-defined, the semantic domain Set(2) should also
satisfy the CDMU equations – see Lemma 27 in Appendix B for a proof.

▶ Example 4. The clause ψ ≡ A← B1,¬B2. is associated with the definite clause φ ≡ A←
B1,¬B2., and it gets interpreted as a function JφK : 2B1 × 2B2 → 2A mapping (B1,¬B2)
to A and (B1, B2) to ¬A. Incidentally, note this is not a boolean function, as for instance
(B1,¬B2) ∨ (B1, B2) = (B1, B2) but JφK (B1,¬B2) ∨ JφK (B1, B2) ̸= JφK (B1, B2).

The next proposition formally states the correspondence characterising the functorial
semantics of LP. In there, we call generator-preserving a functor C→ D that maps generating
objects of C to generating objects of D (assuming objects of the two categories are freely
obtained from a set of generators). In our case, C = SynLPL, D = Set(2) and the requirement
ensures that a functor maps each atom A ∈ At, seen as object of SynLPL, to a two-element
Boolean algebra 2, which we write 2A = {A,¬A} to emphasise this correspondence.
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▶ Proposition 5. There is a 1-1 correspondence between logic programs based on L and
generator-preserving CDMU functors of type SynLPL → Set(2).

Echoing the terminology of Lawvere’s functorial semantics [29], we will refer to the functors
as in Proposition 5 simply as models in Set(2) of the syntactic theory SynLPL.

3.3 A Gallery of diagrammatic representations of semantic constructs
A pleasant outcome of the functorial semantics is the possibility of capturing some well-known
semantic approaches to logic programs using the diagrammatic language. More precisely,
we will study string diagrams in the syntax category whose images under the model are the
semantics we are interested in. We shall discuss three of them: the immediate consequence
operator, the least Herbrand semantics, and the stratified semantics.

Immediate consequence operator
We begin with the immediate consequence operator T (cf. Section 2), a basic yet fundamental
concept beneath many denotational semantics of logic programs [17, 3, 18, 38]. Let us fix
a logic program P with atoms At = {A1, . . . , An} and L := [P]. Intuitively, given an
interpretation I, TP(I) is the set of atoms derivable from the set I of “assumptions” using
each P-clause exactly once, in parallel. Note that TP is not extensive, in the sense that A ∈ I
does not imply A ∈ TP(I). Also, note there is a canonical isomorphism between P(At) and
2A1 × · · · × 2An , which we will exploit to formulate the operator as a morphism in Set(2).

▶ Example 6. We consider an example from [18]. The atom set Atpq consists of p(1, 1),
p(1, 2), p(2, 1), p(2, 2), q(1), q(2), and the program Ppq contains the following six clauses:

ψ1 ≡ p(1, 2)← . ψ3 ≡ q(1)← p(1, 1),¬q(1). ψ5 ≡ q(2)← p(2, 1),¬q(1).
ψ2 ≡ p(2, 1)← . ψ4 ≡ q(1)← p(1, 2),¬q(2). ψ6 ≡ q(2)← p(2, 2),¬q(2).

Then TPpq
is a function P(Atpq) → P(Atpq) which, for instance, maps both ∅ and

{p(1, 2), q(2)} to {p(1, 2), p(2, 1)}, and maps {p(1, 2)} to {p(1, 2), p(2, 1), q(1)}.

We can express TP via our diagrammatic language by putting side-by-side all the generating
morphisms in ΣL, one for each clause.

▶ Proposition 7. The following string diagram t[P] (in SynLP[P]) satisfies
q
t[P]

y
P = TP.

...

An
An

...A1 A1φ1

...

φN

... ...
...σ1 σ2

...

(4)

The left and the right ports both consist of all the atoms A1, . . . , An in At. For each Ai,
suppose there are ki-many clauses whose bodies include Ai and ℓi-many clauses whose heads
are Ai. We make ki copies (via in the left-most box) and ℓi cocopies (via in the
right-most box) of Ai. The middle box contains the parallel composition of all L-clauses
φ1, . . . , φN . In the two σi-boxes, we have suitably many swapping morphisms to match
each copy/cocopy of Ai with an input/output wire Ai in the middle box.

CALCO 2021



17:8 Functorial Semantics as a Unifying Perspective on Logic Programming

▶ Example 8. The underlying definite program of Ppq in Example 6 consists of six definite
clauses:

φ1 ≡ p(1, 2)← . φ3 ≡ q(1)← p(1, 1), q(1). φ5 ≡ q(2)← p(2, 1), q(1).
φ2 ≡ p(2, 1)← . φ4 ≡ q(1)← p(1, 2), q(2). φ6 ≡ q(2)← p(2, 2), q(2).

These clauses also constitute the set of generating morphisms ΣPpq of SynLPPpq
. Then the

corresponding string diagram t[Ppq ] for TPpq
is:

p(2, 2)
p(2, 1)

q(1)

q(2)

φ3

φ5

p(1, 1)
p(1, 2)

φ4

φ6

p(2, 2)

p(2, 1)

q(1)

q(2)

p(1, 1)
p(1, 2)φ1

φ2

Interlude: traced extension
The last two semantic constructs we will consider are fixed point-style semantics: to provide
the same kind of analysis as for the immediate consequence operator, we need to mildly
extend our string diagrammatic language to include ‘feedback wires’ (called traces), and also
extend the semantic category accordingly. The full picture of this extension is in (5) below.
▶ Remark 9. We purposefully choose not to include traces in the “basic” syntax category
(Sec. 3.1), as we consider fixed points a feature specific to certain semantic constructs, rather
than a primitive construction of logic program syntax. Also, note that traces are not required
for our next developments in case one restricts attention to acyclic programs. This is mostly
evident in the probabilistic case, where the distribution semantics is only defined for acyclic
programs, and indeed the modelisation only uses the basic syntax, without traces.

We briefly recall traced categories, referring to [2] for full details. Recall that a symmetric
monoidal category ⟨C,⊗, I⟩ is traced if it is equipped with a natural family of functions
TrX

A,B(f) : C(X ⊗ A,X ⊗ B) → C(A,B) satisfying certain compatibility conditions [2].

In string diagrams, TrX
A,B(f) is depicted as f

A B
. We will use the free construction

freeTrCDMU(X,Σ) of a traced CDMU category: the objects are finite lists over X, the
morphisms are obtained as string diagrams in freeCDMU(X,Σ) plus the possibility of adding
feedback loops, modulo the axioms for traced categories (cf. [1] for a detailed definition).
The syntax category for P is defined as freeTrCDMU(At,ΣL), where L = [P]. As for the
semantics categories, we move to the category Rel(2) whose objects are the same as Set(2)
and morphisms A→ B are relations R ⊆ A×B. The CDMU structure on Rel(2) consists
of the graphs of that on Set(2). In fact, Rel(2) is a compact closed category – where we let
the cartesian product act as the monoidal product – and thus equipped with a canonical
traced structure (inherited from the category of relations).

Each logic program P uniquely determines a traced CDMU functor J−KTr
P , inductively

defined on the generating morphisms as follows: for every trace-free string diagram f , JfKTr
P

is the relation describing the graph of the function JfKP; for traced diagrams, given fA B
X X ,

s
f

A B

{Tr

P
is {(a, b) ∈ JAKTr

P × JBKTr
P | ∃x ∈ JXKTr

P : ((x, a), (x, b)) ∈ JfKTr
P }.
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The relationship between J−KP and J−KTr
P can be summarised as the commutative square

(5), where i identifies SynLPL as a subcategory of SynLPTr
L , and ι maps a function to its

graph.

SynLPTr
L J−KTr

P
++

SynLPL
J−KP

++

i 33

Rel(2)
Set(2) ι

33 (5)

Herbrand semantics
The importance of the immediate consequence operator TP lies in that it performs the
single “iteration step” in various denotational semantics of logic programs. For definite logic
programs, the least models are precisely the least fixed points of the immediate consequence
operator, which exist because the operators are monotonic on the complete lattice P(At).
This suggests that one can express the least Herbrand model H (cf. Section 2) simply as
immediate consequence operator plus “feedback wires”.

▶ Proposition 10. Suppose P is definite. The string diagram h[P] in Syncb
[P] defined in (6)

expresses the least Herbrand model of P, in the sense that H(P) = min
q
h[P]

yTr
P , where the

box is (4).

An

A1
...

...t[P] (6)

Observe that, even though the least Herbrand model is just one element of
q
h[P]

yTr
P in

(6), as a whole
q
h[P]

yTr
P still expresses a well-known semantic concept, namely the set of

supported models of the logic program P. An interpretation I is a model of P if for each
P-clause ψ, I ⊨ body(ψ) implies head(ψ) ∈ I; it is supported if for each A ∈ I, there exists
some P-clause ψ such that head(ψ) = A and I ⊨ body(ψ). Note that supported models are
exactly the fixed points of TP [33]. It then follows immediately that the string diagram h[P]

(6) expresses the supported models of P:
q
h[P]

yTr
P = {I | I is a supported model of P}.

Stratified semantics
We move on to the case of stratified semantics of stratified logic programs (cf. Section 2).
Suppose program P is stratified, where At1, · · · ,Atk is a stratification of At, and P1, . . . ,Pk

is the associated partition of P. The idea of stratification is to turn P1, . . . ,Pk into definite
logic programs whose least models together form a model of the original program P. As
recalled in Section 2, this is achieved by observing that P1 is always definite by definition,
and Pi for i > 1 can be turned into a definite program using the least models for the definite
programs of {Pj}j<i. This idea suggest the construction of a string diagram representing
stratified semantics in a layer-by-layer style: the output wires of all {h[Pj ]}j<i (defined in
Proposition 10) will serve as inputs of h[Pi]. For the sake of clarity, rather than detailing the
fully general case of this construction, we believe it is best illustrated via an example.

▶ Example 11. Consider the program O consisting of clauses ψ1 ≡ p← p, ψ2 ≡ q ← ¬p and
ψ3 ≡ r ← r,¬q. One stratification is P1 = {p}, P2 = {q}, P3 = {r}, whose corresponding
partition of O is O1 = {p ← p.}, O2 = {q ← ¬p.}, O3 = {r ← r,¬q.}. Let φi be τgen(ψi),
for i = 1, 2, 3.
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17:10 Functorial Semantics as a Unifying Perspective on Logic Programming

The string diagram s[O] below expresses the stratified model {q} of O, in the sense that
the stratified model is the least element under the lexicographical order in

q
s[O]

y
O: for any

(ip, iq, ir) ∈
q
s[O]

y
O, there are three possibilities, either ¬p ≤ ip, or ¬p = ip and q ≤ iq, or

¬p = ip, q = iq and ¬r ≤ ir.

p
qφ1

p

φ2 r
φ3

q

r

4 Probabilistic Logic Programming

In this section we turn to probabilistic logic programming (PLP). We first give the functorial
semantics of PLP in Section 4.1. Next we discuss a pictorial representation of distribution
semantics, in Section 4.2. A benefit of the diagrammatic representation of PLP syntax as
string diagrams is that the correspondence with a closely related formalism, namely Bayesian
networks (BNs), become more apparent: we explore this in Section 4.3, where we show the
equivalence between boolean-valued BNs and acyclic PLP and illustrate their relationship
with functors between the corresponding categories.

For PLP, the separation of syntax and semantics into different categories provides two
main insights: first, we are able to define PLP programs as models of the same syntax
category as LP programs, thus formalising the intuition that the difference between the two
formalisms is only at the semantics level. Second, in order to formalise the correspondence
between PLP programs and boolean-valued BNs, we only need to act on the syntactic
categories for the two formalisms, thus showing that the two rely on the same semantic layer,
and differ in how this is described by syntactic/combinatorial structures.

4.1 Functorial Semantics of PLP
Throughout this section we fix an acyclic definite logic program L. To be precise, by “L
being acyclic” we mean that there is no finite sequence of L-clauses φ0, . . . , φm such that
head(φi+1) ∈ body(φi) for all i = 0, . . . ,m − 1, and head(φ0) ∈ body(φm). Our goal is to
provide for PLP a functorial semantics characterisation analogous to the one of Proposition 5.
As mentioned above, we will use the same syntax category as for LP, introduced in Section
3.1. What differs is the semantics category, which we now introduce. Intuitively, it amounts
to switching from boolean-valued functions to their probabilistic counterpart.

▶ Definition 12. The category Stoch(2) is defined as having the same objects as Set(2),
and morphisms the functions of the form f : 2A1 × · · · × 2Ak

→ D(2B1 × · · · × 2Bm
), where

D(2B1×· · ·×2Bm) is the set of probability distributions on 2B1×· · ·×2Bm . Given morphisms
f : X → D(Y ) and g : Y → D(Z), their composition g◦f assigns to each x ∈ X a distribution∑

z∈Z

(∑
y∈Y f(x)(y) · g(y)(z)

)
|z⟩.

Equivalently, Stoch(2) is the full subcategory of Stoch (the category of stochastic matrices)
whose objects are those of Set(2). Also, Stoch is the same as the Kleisli category for the
distribution monad, so we may regard composition in Stoch(2) simply as Kleisli composition.

Given a PLP P with [P] = L, we define a functor J−KP : SynLPL → Stoch(2) as follows.
On objects, J−KP maps A ∈ At to 2A. On morphisms, for the CDMU structure we define

J AKP : 2A→2A × 2A

x 7→ 1|(x, x)⟩
J AKP : 2A→1

x 7→1|∗⟩
J AKP : 2A × 2A→2A

(x, y) 7→1|x ∨ y⟩
J AKP : 1→2A

∗ 7→1|¬A⟩
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For each generating morphism ... φ
B1

Bm
A in SynLPL, JφKP maps a state u ∈ 2B1 × · · · × 2Bm

to p|A⟩ + (1 − p)|¬A⟩ if there exists a P-clause ψ such that u ⊨ body(ψ), τpr(ψ) = φ and
lab(ψ) = p, and to 1|¬A⟩ otherwise. As in the classical case, for J−KP to be well-defined,
we need the semantics category Stoch(2) to satisfy the CDMU equations as shown in
Appendix B, Lemma 28. We also refer to Appendix B for the proof of our characterisation
result, which essentially follows the same steps as the proof of Proposition 5.

▶ Proposition 13. There is a 1-1 correspondence between PLP programs based on L and
generator-preserving CDMU functors SynLPL → Stoch(2).

4.2 Distribution Semantics in String Diagrams
As for LP, we now study diagrammatic representations of PLP semantics. As a preliminary,
we record the notion of ‘A-component’. Intuitively the A-component collects all the clauses
with heads A, and “bundle” them into a string diagram with a single output A.

▶ Definition 14. The A-component of P (based on L) is a string diagram
compA : [B1, . . . , Bk]→ [A] in SynLPL constructed as below, where:

(I) in the first block, for each atom Bi appearing in the body of some φ with head(φ) = A,
there are ki-many copies of Bi (via ), where ki is the number of L-clauses φ satisfying
head(φ) = A and B ∈ body(φ).

(II) In the third block, we have parallel string diagrams for each L-clause φ1, . . . , φn with
head A.

(III) The fourth block hosts n-many cocopies of A (via ), where n is the number of
L-clauses with head A.

(IV) The σ-block contains suitably many swapping morphisms to match each copy of Bi

in the first block to an input wire Bi in the third block.
φ1B1

Bk

A

φn

...
...

...

...

... σ

Note that, if n = 0 (namely there is no L-clause with head A), then compA simplifies to .

Now the goal is to diagrammatically express the probability distribution δ(Ā) of a set of
atoms Ā := {A1, · · · , Ak}. The idea is to construct a string diagram fĀ : [ ]→ [A1, . . . , Ak]
which exhausts all possible derivations of Ā in P. To do so, we will first define fAt and then
obtain fĀ by discarding all the atoms not appearing in Ā. Note that the termination of the
following construction relies on P being acyclic, and compA is defined in Definition 14.

▶ Construction 15. Suppose At = {A1, . . . , An}. The string diagram fAt : [ ]→ [A1, . . . , An]
is defined via a step-by-step construction of morphisms gi for i ∈ N:
1. g0 = id [ ] : [ ]→ [ ].
2. If gi is of type [ ]→ [A1, . . . , An], then let fAt = gi.
3. Otherwise, gi is of type [ ] → [A1, . . . , Ak], and we define gi+1 as the string diagram

below. We pick any A ∈ At \ {A1, . . . , Ak} such that all atoms in the domain of compA

already appear in A1, . . . , Ak, say compA : [B1, . . . , Bm] → [A] with {B1, . . . , Bm} ⊆
{A1, . . . , Ak}. Then in block (b) we make 2 copies for each Bj ∈ {B1, . . . , Bm} from the
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codomain of gi in block (a), compose them with suitably many swapping morphisms in
block (c), and match one copy of each Bj to exactly one Bj from the domain of compA

in block (d).

gi

compA

...
A1

Ak

...
...

B1

Bm

B1

Bm

A

(d)

...

...

(a) (b)

(c)

B1

Bm

We are now ready to construct the diagram fĀ. First, for each atom B ∈ At\{A1, . . . , Ak},
discard B in fAt by post-composing B . Next, simplify the diagram by the rewriting rules

⇝ , ⇝ , and f ⇝ . Note that while the first two rewriting rules
are CDMU axioms, the third rewriting rule is not valid in SynBNL. However, all of them are
valid in the semantics category Stoch(2) [22], which justifies our procedure.

▶ Example 16. Recall the program Pwet from Example 1. The string diagram below left is
fAtwet with atoms Sprinkler, Rain and SlipperyRoad discarded.

ψ2

ψ3

ψ4

ψ5ψ1

Winter

Rain

Sprinkler

ψ6 SlipperyRoad

WetGrass
⇝∗

ψ2

ψ3

ψ4

ψ5
ψ1

Winter

WetGrass

Sprinkler

Rain

In particular, the subdiagram in the grey block is the WetGrass-component of type
[Sprinkler, Rain]→ [WetGrass]. The string diagram fĀ below right is the result of apply-
ing the three rewriting rules. One can verify that JfĀKPwet

is the probability distribution
δ(Winter, WetGrass).

▶ Proposition 17. fĀ calculates the success probability: JfĀKP = δ(Ā).

4.3 Correspondence of PLP and BNs via Functorial Semantics

We now turn attention to the relationship between PLP and Bayesian networks. Our goal
is formulating the translation between the two formalisms at the functorial level, taking
advantage on the one side of the functorial semantics of PLP just established, and on the
other side of the functorial semantics of Bayesian networks, as described in [22].

It is known in the LP literature that every acyclic PLP can be transformed into an
equivalent boolean-valued BN, and vice versa [31]. Intuitively, starting from a BN B = (G,Pr)
(cf. Section 2), one constructs a PLP program with a clause for each conditional probability
in Pr. Conversely, given a PLP program P, one constructs a DAG in which B is a parent
of A precisely when there exists ψ ∈ P such that A = head(ψ) and B appears in body(ψ).
Each conditional probability Pr(A = 1 | pa(A) = u) is calculated by “summing up” the
probabilities of all P clauses ψ such that head(ψ) = A and u ⊨ body(ψ) as independent
random events.



T. Gu and F. Zanasi 17:13

▶ Example 18. Consider the PLP Pwet from Example 1. On the left below we show the
DAG of the corresponding Bayesian network, and on the right the conditional probability
associated with variable WetGrass.

Winter

SprinklerRain

SlipperyRoad WetGrass

Pr(WetGrass)
¬Sprinkler ¬Rain 0
¬Sprinkler Rain 0.8
Sprinkler ¬Rain 0.9
Sprinkler Rain 0.98

(7)

Conversely, we may construct a PLP P′
wet corresponding to Bwet, following the recipe

given above. It differs with Pwet only on the clauses with heads WetGrass. Instead of ψ5
and ψ6 in Example 1, P′

wet has the following clauses which together specify the conditional
probability in Figure (7):

0.8 :: WetGrass ← ¬Sprinkler, Rain. 0.9 :: WetGrass ← Sprinkler,¬Rain.
0.98 :: WetGrass ← Sprinkler, Rain.

We now wish to study this two-way translation at the functorial level. To do so, we
exploit the functorial semantics for BNs, as established in [22] (see also [16]), and reported in
Appendix A. In a nutshell, this characterisation associates Bayesian networks based on a DAG
G = (VG,ΣG) with models of a freely generated syntax category SynBNG := freeCD(VG,ΣG),
where intuitively the edges of G act as the generators of the diagrammatic syntax. For
comparing it to PLP, we need a restriction of this characterisation result to boolean-valued
Bayesian networks (cf. Section 2), which we report below.

▶ Proposition 19 ([22]). There is 1-1 correspondence between boolean-valued Bayesian
networks based on a DAG G and generator-preserving CD functors SynBNG → Stoch(2).

We now describe the two-way translation between PLP and BNs, exploiting their view as
models as provided by Propositions 13 and 19.

BN to PLP. Given a boolean-valued BN B = (G,Pr) and its corresponding BN model
J−KB : SynBNG → Stoch(2), we let the syntax category SynLPL′ of the corresponding logic
program be freeCDMU(VG,ΣG). Intuitively, this means that every node A in G yields
exactly one clause A← pa(A) in L′. Then we can define a PLP program P′ via Proposition
13 as the CDMU functor J−Kb

B : SynLPL′ → Stoch(2) obtained by canonically lifting the
CD functor J−KB : SynBNG → Stoch(2) along the inclusion functor ι : SynBNG → SynLPL′

which embeds the CD structure of SynBNG = freeCD(VG,ΣG) into the CDMU structure
of SynLPL′ = freeCDMU(VG,ΣG). In concrete, J−Kb

B maps , to the monoid structure
in Stoch(2) and just behaves the same as J−KB on the rest. The construction of J−Kb

B is
summarised by the commutative square 2⃝ in (9) below. We can verify that this lifting J−Kb

B
indeed coincides with the model J−KP′ : SynLPL′ → Stoch(2) associated with P′, the PLP
program that one could obtain from B in the traditional way (e.g. in [31]).

▶ Proposition 20. Let P′ be the PLP program encoding B. Then Σ[P′] = ΣL′ and J−KP′ =J−Kb
B.

PLP to BN. We turn to the converse direction: starting from a PLP model J−KP : SynLPL →
Stoch(2), we construct a BN model J−KB. The main insight is that this construction is
purely syntactical: the hurdle to take is figuring out the correct syntax category ΣH , and a
“syntax translation” functor F : SynBNH → SynLPL (note the direction!). Then the BN will
be the model defined by the composite functor J−KP ◦ F : SynBNH → Stoch(2).

CALCO 2021



17:14 Functorial Semantics as a Unifying Perspective on Logic Programming

First, we define generating objects VH and generating morphisms ΣH yielding our syntax
category SynBNH := freeCD(VH ,ΣH ). We let VH = At, and ΣH be{

... e
B1

Bm
A

∣∣∣ {B1, . . . , Bm} = {B | ∃φ ∈ L such that A = head(φ), B ∈ body(φ)}
}

Intuitively, inputs of e are obtained by combining all L-clauses with the same head A. We now
define the “translation” F : SynBNH → SynLPL. The idea is that F “decomposes” children
and their parents into L-clauses. Formally, it is the identity on objects and on morphisms it
is freely defined by the following mapping on the generating morphisms of SynBNH :

For d ∈ { , }, F(d) := d.
For each generating morphism ... e

B1

Bm
A in ΣH , F(e) := compA (see Definition 14).

▶ Example 21. Recall Pwet from Example 1. Applying Fwet : SynBNGwet
→ SynLPPwet

to
the string diagram below left (cf. the DAG of Example 18) yields the string diagram below
right, where the φis are as in Example 3.

e2

e3

e4e1
Winter

Rain

Sprinkler

e5
SlipperyRoad

WetGrass
φ2

φ3

φ4

φ5

φ1
Winter

Rain

Sprinkler

φ6
SlipperyRoad

WetGrass
(8)

Moreover, the J−KP ◦ Fwet-image of the string diagram in the grey block yields precisely the
conditional probability distribution 2Sprinkler × 2Rain → D(2WetGrass) in Bwet represented by
the conditional probability distribution in (7).

▶ Remark 22. Thanks to the separation of syntax and semantics, our construction is able
to simplify and divide in two steps what in the literature (cf. [31]) is performed in a single
step. In the traditional approach, from P a DAG is constructed with “AND” nodes and
“noisy-OR” nodes [31], from which one derives the conditional probability distributions.
Instead, we construct a simpler DAG H = (VH ,ΣH) – in fact, a syntax category SynBNH
encoding H – and only as a next step we introduce a richer structure (modelled with

, see (8)) via Fwet. Moreover, all these steps are performed at a purely syntactic level:
obtaining the conditional probabilities is “delegated” to composition with the given functor
J−KP : SynLPL → Stoch(2).

As with the converse direction, we may verify (see Appendix B) that the BN derived from
P in the traditional way (cf. [31]) coincides with the one obtained via our construction.

▶ Proposition 23. Let B = (G,Pr) be the Bayesian network constructed from P, then
ΣG = ΣH , and J−KB = J−KP ◦ F .

▶ Remark 24. Note that, unlike Proposition 23, in Proposition 20 we cannot obtain the
PLP model J−KP as the composition of the BN model J−KB and a functor between syntax
categories. This is because we lack a functor SynLPL → SynBNB: SynLPL has a richer
structure than SynBNB, and there is no canonical way to map the monoid structure , .
The two constructions of this section are summarised by the following commutative diagram:

SynLPL SynBNG SynLPL′

Stoch(2) Stoch(2)

J−KP

G

F

J−KB

ι

1⃝

3⃝

J−KP′2⃝ (9)
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Given the definition of SynBNG and SynLPL′ , we may let G be F plus the clause that G(d) = d

for d ∈ { , }. Proposition 23 amounts to commutativity of 1⃝, and 2⃝ states that J−KB
factors through its CDMU-lifting J−KP′ via the inclusion functor ι. 3⃝ connects the program
P′ obtained from B with the original program P (where L = [P] and L′ = [P′]).

5 Weighted Logic Programming

We conclude by extending our approach to encompass weighted logic programming (WLP),
a generalisation of logic programming for specifying dynamic programming algorithms
[14, 10, 15]. We will provide a functorial semantics for WLP, based on which one can express
the standard semantics of WLP diagrammatically.

The syntax category is the same as for LP and PLP, reflecting the intuition that the
extension provided by WLP only affects the semantics layer. The semantics category for
WLP should reflect the fact that atoms are now interpreted no longer as boolean values but
as values in a given semiring K. Interestingly, at the intuitive level, the variation required
does not change the morphisms of the “basic” semantics category Set(2), as in the PLP
case, but the objects. Whereas the semantics category Stoch(2) for PLP can be thought as
a “Kleisli” variation of Set(2), the semantics category Set(K) for WLP simply changes the
generating objects of Set(2) from copies of the Boolean algebra 2 to copies of the semiring K.

More precisely, we define Set(K) as the category whose objects are finite products of the
form KA1 ×· · ·×KAk

(cf. Section 2 ). In particular, the singleton set 1 is the empty product.
The Set(K)-morphisms are functions between the underlying sets. Now, every WLP program
P with atom set At and L := [P] uniquely determines a functor J−KP : SynLPL → Set(K).
On objects, JAKP := KA for each A ∈ At. On morphisms, for the CDMU structure we define

J AKP : KA→KA ×KA

x 7→ (x, x)
J AKP : KA ×KA→ KA

(x, y) 7→ x+ y

J AKP : KA→ 1
x 7→ ∗

J AKP : 1→KA

∗ 7→ 0A

For each generating morphism ... φ
B1

Bm
A in ΣL, JφKP maps u = (u1, . . . , um) ∈ KB1×· · ·×KBm

to lab(ψ) ·u1 · · · · ·um, where ψ is the (unique) P-clause satisfying τwt(ψ) = φ. Set(K)
being a CDMU category (Lemma 29, Appendix B) guarantees that J−KP is well-defined.

▶ Proposition 25. There is a 1-1 correspondence between weighted logic programs based on
L and generator-preserving CDMU functors SynLPL → Set(K).

Analogously to what we did with LP and PLP, we conclude the section by describing how the
semantics of WLP (see Sec. 2) can be expressed with string diagrams of the syntax category.

Let us fix a WLP P, whose atom set is At = {A1, . . . , An}. First, the string diagram tw[P]
expressing the weighted immediate consequence operator Tw

P (cf. Section 2) is defined as in
(4), where φ1, . . . , φN are the generating morphisms in Σ[P]. As expected,

r
tw[P]

z

P
= Tw

P .
As a second step, we want to express the semantics of WLP, as defined in Section 2. As this

is a least fixed point semantics, we use the extended syntax SynLPTr
[P] = freeTrCDMU(At,Σ[P])

from Section 3.3, and interpret it in the category Rel(K), whose objects are that of Set(K)
and morphisms A→ B are relations R ⊆ A× B. Again, the CDMU structure on Rel(K)
consists of the relations derived from that on Set(K). The program P uniquely determines
a traced CDMU functor J−KTr

P : SynLPTr
[P] → Rel(K) inductively defined on the generating

morphisms, in a similar manner as that for classical logic program (cf. Section 3.3). In
particular, the inductive step includes that, for each string diagram fA B

X X in SynLPTr
[P] ,

s
f

A B

{Tr

P
= {(a, b) ∈ JAKTr

P × JBKTr
P | ∃x ∈ JXKTr

P : ((x, a), (x, b)) ∈ JfKTr
P }.
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Since atom weights (weightP(A1), . . . ,weightP(An)) are the least fixed point of Tw
P (cf.

Section 2), we can express them as tw[P] with “feedback” wires, resulting in the string diagram
W[P] defined as on the right. Formally, this means that (min

q
W[P]

yTr
P )(i) = weightP(Ai), for

i = 1, . . . , n.

An

A1
...

...tw[P]

6 Conclusions

In this paper we established a functorial perspective on logic programming, encompassing clas-
sical, probabilistic, and weighted programs. This allowed us to propose an original viewpoint
on some well-known semantic constructs for these formalisms, and on the correspondence
between probabilistic programs and Bayesian networks.
This work paves the way for several future developments:

The functorial view on the equivalence between probabilistic programs and Bayesian
networks provides a basis for a comparative analysis of various inference tasks in logic
programming with inference in Bayesian reasoning, for which we may rely on several recent
categorical approaches [11, 23, 24, 22, 21]. In particular, the maximum a posteriori (MAP)
task [5], most probable explanation (MPE) task [5], and inductive logic programming
(ILP) [32] seem mostly promising.
We would like to extend the equivalence between probabilistic programs and Bayesian
networks to richer classes. On the side of logic programming, this includes CP-logic [39]
and logic programs with annotated disjunctions (LPAD) [40]. On the side of Bayesian
networks, we may study causal diagrams for structural equation models (SEM) [34].
For simplicity, this paper only deals with the ground case: all the logic programs we
consider are propositional, without variables. We leave a functorial semantics of arbitrary
logic programs (with variables) as future work, potentially using more sophisticated
formalisms of string diagrams, such as nominal diagrams [4].
Classical, probabilistic and weighted logic programming already attracted a categorical
modelling, in terms of coalgebras [27, 26, 7, 6, 19]. A natural research direction is exploring
possible synergies between these works and ours. In particular, a string diagrammatic
analysis of coinductive logic programming [28, 20] seems particularly intriguing.
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▶ Proposition 26 ([22], Proposition 3.1). There is 1-1 correspondence between Bayesian
networks based on a DAG G and CD functors SynBNG → Stoch.

Proposition 19, the functorial semantics of boolean-valued Bayesian networks, follows
immediately from Proposition 26 by restriction to boolean-valued Bayesian networks.

B Omitted proofs

▶ Lemma 27. Set(2) is a CDMU category.

Proof. The category ⟨Set(2),×,1⟩ is a SMC category, where × is the cartesian product in
Set, and 1 is the singleton set {∗} (which is the 0-ary product of copies of 2). We define the
CDMU structure on the two-element boolean algebra 2 = {0, 1}, and that for a copy 2A

follows by replacing 0 and 1 with ¬A and A, respectively:

2 : 2 → 2 × 2
x 7→ (x, x)

2 : 2 × 2 → 2
(x, y) 7→ x ∨ y

2 : 2 → 1
x 7→ ∗

2 : 1 → 2
∗ 7→ 0

We only verify the equations for the monoid structure. Given arbitrary x, y, z ∈ 2,
((id ⊗ ); )(x) = (x, 0) = x ∨ 0 = x. Similarly ( ⊗ id); = id.
(( ⊗ id); )(x, y, z) = (x ∨ y, z) = x ∨ y ∨ z = ((id ⊗ ); )(x, y, z).
( ; )(x, y) = (y, x) = x ∨ y = (x, y).

The CDMU structure on arbitrary objects of the form 2A1 × · · · × 2Ak
are defined pointwise,

and it follows immediately that they satisfy the CDMU equations. ◀

Proof of Proposition 5. The construction of a CDMU functor J−KP from a program P is
already discussion in Subsection 4.1.

For the other direction, given a generator-preserving CDMU functor G : SynLPL → Set(2),
we know G(A) is some copy of 2, say 2A, for each A ∈ At. For each generating morph-
ism ... φ

B1

Bm
A in ΣL, G(φ) is a function f : 2B1 × · · · × 2Bm → 2A. Suppose that the

support of G(φ) – the inverse image of A ∈ 2A under f – is {v1, . . . , vd}. Then we
construct d-many clauses φ1, . . . , φd such that τgen(φj) = A ← B1, . . . , Bm., one for
each vi. vi(Bp1) = Bp1 , · · · = vi(Bpk

) = Bpk
, vi(Bq1) = ¬Bq1 , . . . , vi(Bqℓ

) = ¬Bqℓ

(with k + ℓ = m and {p1, . . . , pk, q1, . . . , qℓ} = {1, . . . ,m}), then let clause φi be A ←
Bp1 , . . . , Bpk

,¬Bq1 , . . . ,¬Bqℓ
.. The program ⟨G⟩ is then the collection of all the clauses

constructed from each generating morphism in ΣL.
We show that the aforementioned two constructions are inverse to each other.
We start from a logic program P based on SynLPL. For an arbitrary φ ≡ A← B1, . . . , Bm.

in L, suppose {φ1, . . . , φd} are all the clauses φj such that τgen(φj) = φ, then JφKP is
defined as a function 2B1×· · ·×2Bm

→ 2A whose support (namely G(φ)−1(A)) has size d.
Then from JφKP we retrieve d clauses, which are exactly φ1, . . . , φd: if v ∈ 2B1×· · ·×2Bm

satisfies JφKP (v) = A, then there exists some φj such that for all i = 1, . . . ,m, v(Bi) = Bi

if and only if Bi appears positively (namely as B) in body(φj), and the clause induced
by v is exactly φj itself.
We start from a functor G : SynLPL → Set(2). Fix some L-clause φ, and suppose
G(φ)−1(A) = {v1, . . . , vd}. Then G determines d-many clauses φ1, . . . , φd whose image
under τgen is φ. Then the action of the functor J−K⟨G⟩ : SynLPL → Set(2) on φ ∈ L
is totally determined by {φ1, . . . , φd}: JφK⟨G⟩ (v) = A if and only if v is compatible
with body(φj) for some φj ∈ {φ1, . . . , φd}; but φj is exactly represented by vj , so
JφK⟨G⟩ (v) = A if and only if v = vj , for some vj ∈ {v1, . . . , vd}. This means that
JφK⟨G⟩ = G(φ), for arbitrary L-clause φ.
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Therefore there is a bijection between logic programs based on L and generator-preserving
CDMU functors SynLPL → Set(2). ◀

Proof of Proposition 7. We are given a logic program P based on L with atom set At =
{A1, . . . , An}. For arbitrary u ∈ 2A1 × · · · × 2An

and A ∈ At, we know TP(u)(A) = A if and
only if there exists ψ ∈ P such that head(ψ) = A and u ⊨ body(ψ). Let φ = τgen(ψ), then
u ⊨ body(ψ) if and only if JφKP : u|φ 7→ A, where u|φ is the projection of u (as a tuple of
values) to the set of atoms in body(φ). So TP(u)(A) = A if and only if there exists φ ∈ [P]
such that head(φ) = A and JφKP : u|φ 7→ A. By the interpretation of and under J−KP,
this again is equivalent to that

q
t[P]

y
P (u)(A) = A. ◀

Proof of Proposition 10 . It suffices to show that
q
h[P]

yTr
P is exactly the set of all fixed

points of TP. On one hand, suppose u is a fixed point of TP, then by Proposition 7q
t[P]

yTr
P (u) = TP(u) = u. It follows from the definition of J−KTr

P on traced morphisms that u
is an element in

q
h[P]

yTr
P . On the other hand, let v be a state in

q
h[P]

yTr
P , then by definition

of J−KTr
P on traced morphisms,

q
t[P]

yTr
P (v) = v, so TP(v) = v. ◀

Proof of Proposition 13. The direction from a PLP P to a generator-preserving CDMU
functor J−KP is already discussed in Subsection 4.1.

For the other direction, given a generator-preserving CDMU functor G : SynLPL →
Stoch(2), it maps each A ∈ At to a copy of 2, say 2A. We define a PLP program ⟨G⟩. For an
arbitrary ... φ

B1

Bm
A in ΣL, G(φ) is a function 2B1×· · ·×2Bm

→ D(2A). Let {v1, . . . , vd} be the
set of all v ∈ 2B1 ×· · ·×2Bm such that G(φ)(v) ̸= 1|¬A⟩. Then we construct one PLP clause
for every such v: suppose v(Bi1) = Bi1 , . . . , v(Bik

) = Bik
, v(Bj1) = ¬Bj1 , . . . , v(Bjℓ

) = ¬Bjℓ

be an enumeration of all the components of the m-tuple v, and G(φ)(v) = p|A⟩+ (1− p)|¬A⟩,
then we define a clause φv ≡ p :: A← Bi1 , . . . , Bik

,¬Bj1 , . . . ,¬Bjℓ
. The PLP program ⟨G⟩

consists of all the clauses {φv1 , . . . , φvd
} defined as above for each φ in ΣL.

The above two procedures J−K(·) and ⟨·⟩ are inverse to each other. Starting from a P-clause
ψ ≡ p :: A→ Bi1 , . . . , Bik

,¬Bj1 , . . . ,¬Bjℓ
. with τpr(ψ) = φ, ψ determines the behaviour of

the functor JφKP at the unique input v with v ⊨ body(ψ) as JφKP (v) = p|A⟩+ (1− p)|¬A⟩.
This defines a unique clause in ⟨J−KP⟩, which is exactly ψ. Starting from a functor G, it
generates 2m clauses in ⟨G⟩ from each ... φ

B1

Bm
A in ΣL, all of whose τpr-images are ... φ

B1

Bm
A .

This behaviour of J−K⟨G⟩ on ... φ
B1

Bm
A is determined by these 2m clauses, which is exactly

G( ... φ
B1

Bm
A ). ◀

Proof of Proposition 17. It suffices to show JfAtKP = δP(At), and that for subsets of At
follows by observing that using string diagrams, marginal distributions can be obtained from
the joint distributions by applying discarders [25]. We prove JfAtKP = δP(At) by induction
on the size of At. If |At| = 1, then P can only contain one clause of the form ψ ≡ p :: A← .,
so JfAtKP = p|A⟩+ (1− p)|¬A⟩, which corresponds to that πP(A) = p, πP(¬A) = 1− p.

Now suppose |At| = n+ 1 and the proposition holds for all programs with atom size ≤ n.
Because P is acyclic, we can select an atom A ∈ At such that there is no P-clause φ with
A ∈ body(φ). Let PA be the program consisting of all P-clauses with head A, P− be P \ PA,
and At− be At \ {A}. If PA = ∅, then there is no P-clause with head A, fAt = fAt− ⊗ A.
Thus JfAtKP =

∑
u∈2At−

δP−(u)|u, 0A⟩ = δP

So we assume PA ̸= ∅. For each interpretation I of P, we observe that if A ∈ I, then
a sub-program L ⊆ |P| satisfies Ml(L) = I if and only if Ml(L−) = I− and there exists
φ ∈ LA such that I ⊨ body(φ); if A ̸∈ I, then a sub-program L ⊆ |P| satisfies Ml(L) = I
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if and only if Ml(L−) = I− and I ̸⊨ body(φ) for all φ ∈ LA. We assume that compA is
of the form [B1, . . . , Bk] → [A]. We can calculate δP(At) using the induction hypothesis
δP−(At−)(I−) = JfAt−KP (I−). For example,

δP(At)(I− ∪ {A})

=
∑
{µP(L) | L ⊆ |P|,Ml(L) = I− ∪ {A}}

=
∑
{µP−(L−) · µPA(LA) | L− ⊆ |P−|,LA ⊆ |PA|,Ml(L−) = I−, ∃φ ∈ PA s.t. I− ⊨ body(φ)}

=
∑
{µP−(L−) · JcompAKP (I−|B1,...,Bk

)(A) | L− ⊆ |P−|,Ml(L−) = I−}

=δP−(At−)(I−) · JcompAKP (I−|B1,...,Bk
)(A)

IH= JfAt−KP (I−) · JcompAKP (I−|B1,...,Bk
)(A)

= JfAtKP (I− ∪ {A})

Similarly we can show δP(At)(I−) = JfAtKP (I−). Since every interpretation I for P can be
divided as an interpretation I− on P− and a subset of {A}, it follows that δP = JfAtKP. ◀

Proof of Proposition 20. For each node A, suppose pa(A) = {B1, . . . , Bm}, then there
are exactly 2m clauses ψi in P whose heads are A (possibly some ψi has prob-
ability label 0), each satisfying τnpr(ψi) = A ← B1, . . . , Bm.. By (3), Σ[P] ={

... φ
B1

Bm
A

∣∣∣ pa(A) = {B1, . . . , Bm}
}

= ΣL.

To show that J−KP = J−Kb
B, it suffices to show that they coincide on the generating

morphisms ΣL. Given arbitrary ... φ
B1

Bm
A ∈ ΣB and state u ∈ 2B1 × · · · × 2Bm

, we show
that JφKP (u) = JφKb

B (u). There is exactly one P-clause ψ satisfying both τpr(ψ) = φ

and u ⊨ body(ψ). Suppose the corresponding interpretation of u is {Bd1 , . . . , Bds
}, whose

complement regarding {B1, . . . , Bm} is {Be1 , . . . , Bet
}, then

JφKP (u) := lab(ψ) = Pr(A | Bd1 , . . . , Bds
,¬Be1 , . . . ,¬Bet

)

This coincides with the definition of JφKB, thus of JφKb
B, on u. ◀

▶ Lemma 28. Stoch(2) is a CDMU category.

Proof. First of all, ⟨Stoch(2),×,1⟩ forms a SMC [22]. We define the CDMU structure on
2, and that for each copy 2A follows by replacing 1 and 0 with A and ¬A, respectively.

2 : 2 → 2 × 2
x 7→ 1|(x, x)⟩

2 : 2 × 2 → 2
(x, y) 7→ 1|x ∨ y⟩

2 : 2 → 1
x 7→ 1|∗⟩

2 : 1 → 2
∗ 7→ 1|0⟩

We verify the CDMU equations for the monoid structure, and that for the comonoid structure
can be found in [22]. Given arbitrary x, y, z ∈ 2,

((id ⊗ ); )(x) = 1|x ∨ 0⟩ = 1|x⟩. Similarly ( ⊗ id); = id.
(( ⊗ id); )(x, y, z) = 1|x ∨ y ∨ z⟩ = ((id ⊗ ); )(x, y, z).
( ; )(x, y) = 1|x ∨ y⟩ = (x, y).

The CDMU structure on arbitrary objects of the form 2A1 × · · · × 2Ak
is defined pointwise,

and it follows immediately that the structure satisfies CDMU equations. ◀

Proof of Proposition 23. The equivalence of the set of generating morphisms follows imme-
diately from their definitions. To show that J−KB = J−KP ◦ F , it suffices to show that for
arbitrary generating morphism ... e

B1

Bm
A in ΣG and state u = (u1, . . . , um) of B1, . . . , Bm,

JF (e)KP (u) is equivalent to Pr(A = 1 | B1 = x1, . . . , Bm = xm).
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Suppose φ1, . . . , φk are all the [P]-clauses with heads A, so they exhaust all the components
of compA besides the CDMU structure. For each φi of the form A ← Bi1 , . . . , Bimi

,
JφiKP (u) = p|A⟩+ (1− p)|¬A⟩, where p is the probability label of the P-clause ψ satisfying
[ψ] = φ and u ⊨ body(ψ), and p is 0 if no such clause exists. Note that if such ψ exists, then
it is necessarily unique, so this is well-defined.

Now, suppose we have φ1, φ2 with disjoint bodies, and JφjKP (uj) = pj |A⟩+ (1− pj)|¬A⟩,
where uj = u|body(φj), j ∈ {1, 2}. We compute J(φi ⊗ φj); AKP (u′), where u′ =
u|body(φ1)∪body(φ2). By the definition of J KP and morphisms composition in Stoch(2),
J(φi ⊗ φj); AKP (u′) = (1− (1−p1)(1−p2))|A⟩+(1−p1)(1−p2)|¬A⟩. Then an induction on
the number k of components in compA shows that, if JφjKP (u|body(φj)) = pj |A⟩+(1−pj)|¬A⟩,
then JcompAKP (u) = (1−

∏k
j=1(1−pj))|A⟩+

∏k
j=1(1−pj)|¬A⟩. This is exactly the definition

of Pr(A | {Bi}k
i=1 = u) in B. ◀

▶ Lemma 29. The category Set(K) is a CDMU category.

Proof. Category Set(K) with cartesian product × and the singleton set 1 forms a SMC.
Again 1 is the 0-ary product of copies of K, thus already included in the definition of
Set(K)-objects. We define the CDMU on K, and that on each copy KA follows immediately.

K : K → K ×K
x 7→ (x, x)

K : K ×K → K
(x, y) 7→ x+ y

K : K → 1
x 7→ 1|∗⟩

K : 1 → K
∗ 7→ 0

We verify the CDMU equations for the monoid structure, and that for the comonoid structure
can be found in [22]. Given arbitrary x, y, z ∈ K,

((id ⊗ ); )(x) = (x,0) = x+ 0 = x. Similarly ( ⊗ id); = id.
(( ⊗ id); )(x, y, z) = (x+ y, z) = (x+ y) + z = ((id ⊗ ); )(x, y, z).
( ; )(x, y) = (y, x) = x+ y = y + x = (x, y).
( ; (id ⊗ ))(x) = (id ⊗ )(x, x) = x. Similarly ( ; ( ⊗ id)) = id.
( ; ( ⊗ id))(x) = (x, x, x) = ; (id ⊗ )(x).
( ; )(x) = (x, x) = (x, x) = (x).

The CDMU structure and verification of CDMU equations for general objects of the form
KA1 ×KAk

follows immediately from a pointwise definition. ◀
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1 Introduction

The valuations monad V on the category DCPO of dcpo’s and Scott-continuous functions
is a staple of the domain-theoretic approach for denotational semantics of programming
languages with probabilistic choice and recursion [3, 4]. For a dcpo D, VD consists of
subprobability valuations on D, which are the Scott-continuous functions ν from the set
σD of Scott open subsets of D to [0, 1] satisfying strictness (ν(∅) = 0) and modularity
(ν(U) + ν(V ) = ν(U ∪ V ) + ν(U ∩ V )). The set VD is a dcpo in the stochastic order :
ν1 ≤ ν2 if and only if ν1(U) ≤ ν2(U) for all U ∈ σD. The unit of V at dcpo D is the
map ηD : D → VD :: x 7→ δx, where δx is the Dirac valuation at x, defined by δx(U) = 1
if x ∈ U and δx(U) = 0 otherwise. For a Scott-continuous map f : D → VE, the Kleisli
extension f† of f is defined by f†(ν)(U) =

∫
x∈X

f(x)(U)dν for ν ∈ VD and U ∈ σE. The
integral in this definition is a Choquet type integral: for a general Scott-continuous function
h : D → [0, 1], the value of

∫
x∈X

hdν is defined to be the Riemann integral
∫ 1

0 ν(h−1(t, 1])dt.
Following this, the action of V on a Scott-continuous function g : D → E between dcpo’s D

and E is V(g) def= (ηE ◦ g)†; concretely, for ν ∈ VD and U ∈ σE, V(g)(ν)(U) = ν(g−1(U)).
Subprobability valuations on general topological spaces and the corresponding integral of
lower semi-continuous functions against subprobability valuations can be defined similarly [3].

While it is well-known that V can be restricted to a commutative monad on the category
DOM of domains and Scott-continuous functions, it is unknown whether V can be restricted
to any Cartesian closed full subcategory of DOM. This is known as the Jung-Tix problem [5].

One may note that the category DCPO itself is Cartesian closed and V is a monad
on it. What does one lose if we use the category DCPO and monad V for semantics? A
short answer is that compared to DOM, V is not known to be commutative over DCPO,
which is an important property for the denotational semantics of programming languages.
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18:2 The Central Valuations Monad

Commutativity of V over DCPO is equivalent to showing the following Fubini-style equation

∫
x∈D

∫
y∈E

h(x, y)dµdν =
∫

y∈E

∫
x∈D

h(x, y)dνdµ (1)

holds for all dcpo’s D and E, all Scott-continuous functions h : D × E → [0, 1] and all
ν ∈ VD, µ ∈ VE. As pointed out in [2], the main difficulty in establishing (1) over DCPO
is that the Scott topology on the product dcpo D × E may be different from the product
topology σD × σE. Actually, we do know that Equation (1) holds for those functions h that
are continuous when D × E is given the product topology σD × σE ([4, Lemma 2.37]).

Instead of directly proving (1), we showed (together with Lindenhovius) how to construct
three submonads of V that are commutative on DCPO, and used each one to give a sound and
(strongly) adequate semantics to PFPC (Probabilistic FixPoint Calculus) [2]. The simplest of
those three monads is the monad M. For each dcpo D, MD is defined to be the smallest sub-
dcpo of VD that contains SD, the family of simple valuations on D, where a simple valuation
is a finite convex sum of Dirac valuations. The other two commutative monads are denoted W
and P and the following inclusions hold for each dcpo D : SD ⊆ MD ⊆ WD ⊆ PD ⊆ VD.

Each of our three monads is large enough to interpret discrete probabilistic choice in
PFPC [2]. However, it is unclear if any of these monads is large enough to interpret continuous
probabilistic choice. In this note, we define a new commutative valuations monad Z on the
category DCPO which is larger than M, W and P with the hope of addressing this problem.

2 Central Valuations

Our idea for defining Z is inspired by the notion of centre in group theory (which always
forms an abelian subgroup) and the notion of centre of a premonoidal category (which always
forms a monoidal subcategory) [6].

▶ Definition 1. A subprobability valuation ν on a dcpo D is called a central valuation if for
any dcpo E, any valuation µ on E, and any Scott-continuous function h : D × E → [0, 1], we
have∫

x∈D

∫
y∈E

h(x, y)dµdν =
∫

y∈E

∫
x∈D

h(x, y)dνdµ.

We shall write ZD for the set of all central valuations on a dcpo D.

It is easy to see that simple valuations are central, and that the central valuations are
closed under directed suprema under the stochastic order. Thus, for each dcpo D, ZD is
a sub-dcpo of VD containing SD. Moreover, we have the following theorem, which can be
proved using the disintegration formula in [1].

▶ Theorem 2. The assignment Z(−) extends to a commutative monad over the category
DCPO when equipped with the (co)restricted monad operations of V. In other words, Z is a
commutative submonad of V.

Proof. The unit of Z at dcpo D sends each x ∈ D to δx which is obviously a central
valuation.

Let f : C → ZD be a Scott-continuous function. Then f can also be viewed as a Scott-
continuous map from C to VD, since ZD is a sub-dcpo of VD. We prove that f† : VC → VD

maps central valuations on C to central valuations on D. Towards this end, we pick µ
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from ZC, and assume that E is a dcpo, ν is an arbitrary subprobability valuation on E

and h : D × E → [0, 1] is a Scott-continuous map. Then by the disintegration formula (see
Lemma 3.1(iii) in [1]) we have that∫

y∈E

∫
x∈D

h(x, y)d(f†(µ))dν =
∫

y∈E

∫
t∈C

∫
x∈D

h(x, y)df(t)dµdν,

and the right side of the equation is equal to∫
t∈C

∫
x∈D

∫
y∈E

h(x, y)dνdf(t)dµ

by the fact that f(t), t ∈ D and µ are central valuations. Again, by the disintegration
formula that is just

∫
x∈D

∫
y∈E

h(x, y)dνdf†(µ). Hence we have proved that f†(µ) is indeed a
central valuation provided that µ is. Similar arguments show that the monadic strength also
(co)restricts as required. The corresponding (co)restrictions of the monadic operations of
V to Z validate that Z is a strong monad on DCPO. The commutativity of Z, which is
equivalent to Equation (1) holding for all dcpo’s D and E and central valuations µ and ν on
them, is then obvious by definition of Z. ◀

In fact, it is proved in [2] that all point-continuous valuations are central and therefore
SD ⊆ MD ⊆ WD ⊆ PD ⊆ ZD ⊆ VD for each dcpo D. Therefore Z is the largest
commutative submonad of V known so far. Furthermore, observe that Z = V iff V is a
commutative monad on DCPO. The latter has been an open problem since 1989, and our
simple observation leads us to believe Z is a very large commutative submonad of V.

It is not difficult to see that, in order to model sampling against continuous probability
distributions on the interval [0, 1], the monad used for the semantics should at least contain
the push-forward images of the Lebesgue valuation on [0, 1] (equipped with the metric
topology) along lower semi-continuous maps. We can demonstrate even more is true of our
new monad Z (see Theorem 4 below). For this, let us first recall that a space X is called
core-compact if the set OX of all open subsets of X is a continuous lattice in the inclusion
order. Equivalently, X is core-compact if and only if for each open subset U of X and
x ∈ U , there exists an open subset V such that x ∈ V ≪ U , where V ≪ U means that V is
way-below U in the sense of domain theory. Many important spaces are core-compact. For
example, each locally compact space is core-compact, and in particular, the unit interval
with the usual topology is compact Hausdorff, hence locally compact hence core-compact.

▶ Lemma 3. Let X be a core-compact topological space. Let D, E be dcpos, and f : X → D a
lower semi-continuous map, i.e., f is continuous when D is equipped with the Scott topology.
Then the map f × idE : X × ΣE → D × E is also lower semi-continuous, where ΣE denotes
the topological space (E, σE) and X × ΣE is the topological product of X and ΣE.

Proof. First, we assume that X is core-compact and prove that f × idE is lower semi-
continuous. Towards this end, we pick a Scott open subset O of D × E, and assume that
f × idY ((x0, e0)) ∈ O, that is (f(x0), e0) ∈ O. We must find an open neighbourhood U of x0
in X and a Scott open neighbourhood V of e0 in E such that f × idY (U × V ) ⊆ O. We let
A = {x ∈ X | (f(x), e0) ∈ O}. Then A is just f−1(Oe0), where Oe0 = {d ∈ D | (d, e0) ∈ O}.
Since f : X → D is lower semi-continuous and Oe0 is Scott open in D, we know that A is
an open neighbourhood of x0 in X. Now the core-compactness of X enables us to find, in
X, an open subset U and a sequence of open subsets Ui, i ∈ N such that x0 ∈ U ≪ · · · ≪
Un · · · ≪ U1 ≪ A. For each Un, n ∈ N, we define Vn = {e | f(x, e) ∈ O for all x ∈ Un} and
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let V =
⋃

n∈N Vn. Since for each n ∈ N, Un ⊆ A, we have for all x ∈ Un, (f(x), e0) ∈ O.
Thus we know that e0 ∈ Vn for each n ∈ N, and hence e0 ∈ V . Moreover, for any
(x, e) ∈ U × V , there exists a natural number n such that e ∈ Vn, then it follows that
f × idE((x, e)) = (f(x), e) ∈ f(U) × Vn ⊆ f(Un) × Vn ⊆ O. The last inclusion is due to the
construction of Vn. To sum up, it is true that f × idE(U ×V ) ⊆ O. Since U is an open subset
of X which contains x0 and e0 ∈ V , we finish the proof by showing that V is Scott open in E.
To this end we let {ei}i∈I be a directed subset of E with supi∈I ei ∈ V . For each i ∈ I, set
Wi = {x ∈ X | (f(x), ei) ∈ O}. It is easy to see that {Wi | i ∈ I} is a directed family of open
subsets of X. Since supi∈I ei ∈ V =

⋃
n∈N Vn, supi∈I ei is in some Vn. This means that for

each x ∈ Un, (f(x), supi∈I ei) ∈ O. Because O is Scott open, for each x ∈ Un, there exists
i ∈ I such that (f(x), ei) ∈ O, i.e., x ∈ Wi. Hence we have that supi∈I ei ∈ Vn ⊆

⋃
i∈I Wi.

Remember that Un+1 ≪ Un, it follows that Un+1 ⊆ Wj for some j ∈ I. By definition of Wj ,
we know that f(Un+1) × {ej} ⊆ O, which means that ej ∈ Vn+1, this time by definition of
Vn+1. So we find j ∈ I with ej ∈ Vn+1 ⊆ V , and indeed V is Scott open in E. ◀

▶ Theorem 4. Let X be a core-compact space and f be a lower semi-continuous map from X

to a dcpo D. If ν is a valuation on X, then f∗(ν) def= λO ∈ σD.ν(f−1(O)), the push-forward
valuation along f , is a central valuation on D. In particular, for a core-compact dcpo D, all
valuations on D are central, i.e., VD = ZD.

Proof. By definition, we prove for any dcpo E, continuous valuations µ on E and Scott-
continuous map h : D × E → [0, 1] the equation∫

x∈D

∫
y∈E

h(x, y)dµdf∗(ν) =
∫

y∈E

∫
x∈D

h(x, y)df∗(ν)dµ

holds.
Note that for each y ∈ E, the map g

def= (x 7→
∫

y∈E
h(x, y)dµ) : D → [0, 1] is Scott-

continuous, and f : X → D is lower semi-continuous. Hence for the left side of the above
equation we have

∫
x∈D

∫
y∈E

h(x, y)dµdf∗(ν) =
∫

x∈X

g(f(x))dν =
∫

x∈X

∫
y∈E

h(f(x), y)dµdν.

The first equality follows form the so-called change-of-variable formula, which can be
found in [4]. As a consequence of it, we also have that∫

y∈E

∫
x∈D

h(x, y)df∗(ν)dµ =
∫

y∈E

∫
x∈X

h(f(x), y)dνdµ.

Since X is core-compact and the function f : X → D is lower semi-continuous, by Lemma 3
we know that f × idE : X × ΣE → X × Y is lower semi-continuous. This implies that the
map (x, y) 7→ h(f(x), y) : X × ΣE → [0, 1] is lower semi-continuous. Hence by Lemma 2.37
in [4] we know that

∫
x∈X

∫
y∈E

h(f(x), y)dµdν =
∫

y∈E

∫
x∈X

h(f(x), y)dνdµ, which finishes
the proof.

The second claim is a straightforward consequence of the first one. ◀

▶ Theorem 5. Let f : [0, 1] → D be a lower semi-continuous map into a dcpo D. If ν is any
continuous valuation on [0, 1], then f∗(ν) is a central valuation on D.

Proof. Since [0, 1] is core-compact in the usual topology, the result follows from Theorem 4.
◀
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We have not been able to establish the above theorem for any of the monads M, W or P ,
so we believe that Z is a promising candidate for modeling continuous probabilistic choice.
We plan to address this in future work.
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Coderelictions for Free Exponential Modalities
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Abstract
In a categorical model of the multiplicative and exponential fragments of intuitionistic linear logic
(MELL), the exponential modality is interpreted as a comonad ! such that each cofree !-coalgebra
!A comes equipped with a natural cocommutative comonoid structure. An important case is when
! is a free exponential modality so that !A is the cofree cocommutative comonoid over A. A
categorical model of MELL with a free exponential modality is called a Lafont category. A categorical
model of differential linear logic is called a differential category, where the differential structure can
equivalently be described by a deriving transformation !A ⊗ A

dA−−→ !A or a codereliction A
ηA−−→ !A.

Blute, Lucyshyn-Wright, and O’Neill showed that every Lafont category with finite biproducts is a
differential category. However, from a differential linear logic perspective, Blute, Lucyshyn-Wright,
and O’Neill’s approach is not the usual one since the result was stated in the dual setting and
the proof is in terms of the deriving transformation d. In differential linear logic, it is often the
codereliction η that is preferred and that plays a more prominent role. In this paper, we provide
an alternative proof that every Lafont category (with finite biproducts) is a differential category,
where we construct the codereliction η using the couniversal property of the cofree cocommtuative
comonoid !A and show that η is unique. To achieve this, we introduce the notion of an infinitesimal
augmentation k ⊕A

HA−−→ !(k ⊕A), which in particular is a !-coalgebra and a comonoid morphism, and
show that infinitesimal augmentations are in bijective correspondence to coderelictions (and deriving
transformations). As such, infinitesimal augmentations provide a new equivalent axiomatization for
differential categories in terms of more commonly known concepts. For a free exponential modality,
its infinitesimal augmentation is easy to construct and allows one to clearly see the differential
structure of a Lafont category, regardless of the construction of !A.
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1 Introduction

In the multiplicative and exponential fragments of intuitionistic linear logic (MELL) [16, 17],
the exponential modality !, read as either “of course” or “bang”, admitts four structural
rules: promotion, dereliction, contraction, and weakening. A categorical model of MELL
[2, 25, 26, 29], often called a linear category, is a symmetric monoidal closed category equipped
with a monoidal coalgebra modality ! [3, 4] which interprets the exponential modality.
Briefly, a monoidal coalgebra modality is a symmetric monoidal comonad, capturing the
promotion and dereliction rules, such that for each object A, the cofree !-coalgebra !A comes
equipped with a natural cocommutative comonoid structure, capturing the contraction and
weakening rules.
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As shown by Lafont in his Ph.D. thesis [19], an important source of examples of monoidal
coalgebra modalities are those for which !A is also the cofree cocommutative comonoid over A.
Monoidal coalgebra modalities with this extra couniversal property on !A are known as free
exponential modalities [27] and models of linear logic with free exponential modalities
are known as Lafont categories [26]. While free exponential modalities have been around
since the beginning with Girard’s free exponential modality for coherence spaces [16], new
free exponential modalities are still being constructed and studied [11, 20, 22, 31], which
shows the importance of these kinds of models. In fact, Lafont categories are arguably the
most common example of categorical models of MELL. The simplest construction of a free
exponential modality is the one obtained by taking the infinite product of all the symmetrized
tensor powers of an object. Melliès, Tabareau, and Tasson give a more general construction
[27] as a sequential limit of the symmetrized tensor powers of cofree copointed objects.
However, not every free exponential modality can be constructed in these ways. For example,
the free exponential modality on the category of modules over an arbitrary commutative
(semi)ring R is given by cofree cocommutative R-coalgebras, which are often not simple to
describe, but their existence and constructions have been well-studied [1, 28, 32].

Differential linear logic [13, 14, 12], as introduced by Ehrhard and Regnier, is an extension
of linear logic which includes a differentiation inference rule, as well as a cocontraction,
coweaking, and codereliction for the exponential modality. Blute, Cockett, and Seely then
introduced differential categories [6], which were the appropriate categorical structure for
modelling differential linear logic. A differential category is an additive symmetric monoidal
category with a coalgebra modality which comes equipped with a natural transformation
!A ⊗ A

dA−−→ !A, called a deriving transformation, satisfying certain equations based on the
properties of differentiation from calculus, such as the Leibniz rule (also known as the product
rule) and the chain rule. It is important to note that the basic structure of a differential
category is weaker than that of a model of linear logic: the base symmetric monoidal category
is not assumed to be closed nor to have finite products, and one only requires a coalgebra
modality, which drops the requirement that the underlying comonad be symmetric monoidal.
For a monoidal coalgebra modality, differential structure can alternatively be axiomatized
in terms of a natural transformation A

ηA−−→ !A called a codereliction [6, 3], which is also
equivalent to Fiore’s notion of a creation map [15]. Thus for a monoidal coalgebra modality,
there is a bijective correspondence between coderelictions and deriving transformations.

There are many examples of differential categories whose coalgebra modality is a free
exponential modality. Indeed, Blute, Cockett, and Seely’s original examples of differential
categories found in [6] were the category of sets and relations, where the free exponential
modality is induced by finite multisets, and the category of vector spaces over an arbitrary
field, where the free exponential modality is induced by free symmetric algebras [23]. In
[21], Laird, Manzonetto, and McCusker use the dual of the free symmetric algebra to
construct a variety of differential categories related to game theory. In [8], Clift and Murfet
study the category of vector spaces over an algebraically closed field of characteristic 0 as
a categorical model of differential linear logic and uses the fact that the free exponential
modality in this case admits a very elegant construction. This raises the natural question
of whether free exponential modalities (in an appropriate setting) always comes equipped
with a codereliction/deriving transformation, and if a Lafont category is always a differential
category. The answer is yes! In [5], Blute, Lucyshyn-Wright, and O’Neill showed that, in the
presence of finite biproduct, every free exponential modality admits a deriving transformation,
and thus every Lafont category with finite biproducts is a differential category. However,
from a differential linear logic perspective, Blute, Lucyshyn-Wright, and O’Neill’s approach
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is not the usual one since: (a) the result was stated in the dual setting, and (b) the proof and
construction involve the deriving transformation rather than the codereliction. The latter
reason is important since in differential linear logic, it is often the codereliction η that is
preferred and plays a more central role instead of the deriving transformation d. Therefore,
the goal of this paper is to provide an alternative proof that every Lafont category with
finite biproducts is a differential category by showing that every free exponential modality
comes equipped with a unique codereliction η, which we will construct using the couniversal
property of !A.

It is always of mathematical interest to have different proofs of the same result, especially
when said proofs take different approaches. In this case, the alternative proof presented here
has a more differential linear logic “flavour” to it, and should be of use to those who work
more with the codereliction rather than the deriving transformation. This will also help
clearly unpack the differential structure of an arbitrary Lafont category with finite biproducts,
in particular by showing that the differential structure is independent of the construction
of the free exponential modality, but depends solely on the couniversal property of the free
exponential modality. To prove the desired result, we use the fact that coderelictions are
closely linked to !-coalgebras. In [5], Blute, Lucyshyn-Wright, and O’Neill showed that it
was possible to construct !-coalgebras using the deriving transformation d. Therefore, it is
also possible to construct !-coalgebras using the codereliction η. Readers familiar with the
concept of !-coalgebras may think that the codereliction A

ηA−−→ !A is a !-coalgebra structure
since it is of the appropriate type. Unfortunately, this is not the case. The reason for this
is because, for an arbitrary coalgebra modality, every !-coalgebra is also a cocommutative
comonoid. If ηA was a !-coalgebra structure, then A would be a cocommutative comonoid
whose comultiplication is given by zero. However, such a comultiplication does not have a
counit! To fix this problem, we borrow a trick from Melliès, Tabareau, and Tasson in [27],
by considering the free pointed object over A, which in this case is k ⊕ A, where k is the
monoidal unit and ⊕ is the biproduct. Then by using the same construction as in [5], we
use the codereliction A

ηA−−→ !A to build a !-coalgebra on k ⊕ A, k ⊕ A
HA−−→ !(k ⊕ A). A new

observation of this paper is that it turns out that the converse is also true!
The main new notion of study in this paper is that of an infinitesimal augmentation,

which is a natural transformation k ⊕ A
HA−−→ !(k ⊕ A) such that HA is a !-coalgebra and

a comonoid morphism. One of the main results of this paper is that there is a bijective
correspondence between infinitesimal augmentations and coderelictions (and deriving trans-
formations). A possible advantage of infinitesimal augmentations compared to deriving
transformations and coderelictions, is that the notions of !-coalgebras and comonoid morph-
isms are well-known, even to those who are not familiar with differential categories, and
provide yet another way of understanding differentiation via these commonly understood
concepts. In fact, it turns out that infinitesimal augmentations are closely linked to the
notion of tangent categories [9, 10]. Furthermore, for a free exponential modality, its in-
finitesimal augmentation is easily constructed, unique, and satisfies the necessary axioms
almost automatically simply by construction. We hope that this paper will help open the
door to revisiting other examples of Lafont categories and studying them from a differential
category point of view, such as, for example, the Lafont categories with infinite biproducts
studied by Laird in [20].

Conventions. In this paper, we will use diagrammatic order for composition: this means
that the composite map fg is the map which first does f then g. All commutative diagrams
drawn in this paper are assumed to commute.
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2 Coalgebra Modalities

In this background section, we review the notions of comonads and their coalgebras, comonoids,
(monoidal) coalgebra modalities and their coalgebras, and the Seely isomorphisms. We take
the time to provide these definitions for readers less familiar with category theory, to introduce
notation, and in trying to keep this paper as self-contained as possible. For a more in-depth
introduction, we refer the reader to the following introductory sources [26, 29].

▶ Definition 1 ([26, Section 6.8]). A comonad on a category X is a triple (!, δ, ε) consisting
of a functor X !−→ X and two natural transformations !A δA−−→ !!A and !A εA−−→ A such that:

!A δA //

δA
��

!!A
ε!A

��

!A δA //

δA
��

!!A
δ!A

��
!!A

!(εA)
// !A !!A

!(δA)
// !!!A

(1)

A !-coalgebra is a pair (A, ω) consisting of an object A and a map A
ω−→ !A such that:

A
ω // !A

εA

��

A
ω //

ω
��

!A
δA

��
A !A

!(ω)
// !!A

(2)

For each object A, the cofree !-coalgebra over A is the !-coalgebra (!A, δA). A !-coalgebra
morphism (A, ω) f−→ (B, ω′) is a map A

f−→ B such that:

A
ω //

f
��

A

!(f)
��

B
ω′

// !(B)
(3)

The category of !-coalgebras and !-coalgebra morphisms is denoted X! and is also known as
the Eilenberg-Moore category of coalgebras of the comonad (!, δ, ε). There is a forgetful
functor X! U!

−→ X, which is defined on objects as U!(A, ω) = A and on maps as U!(f) = f .

Coalgebra modalities are comonads on symmetric monoidal categories such that each
cofree coalgebra comes equipped with a natural cocommutative comonoid structure. For
simplicity, we will work in a symmetric strict monoidal category, that is, we will consider
the associativity and unit isomorphisms of the monoidal product as strict equalities. For
a symmetric monoidal category X, we denote the monoidal product as ⊗, the monoidal
unit as k, and the natural symmetry isomorphism as A ⊗ B

σA,B−−−→ B ⊗ A. Therefore,
A ⊗ k = A = k ⊗ A and (A ⊗ B) ⊗ C = A ⊗ B ⊗ C = A ⊗ (B ⊗ C).

▶ Definition 2 ([26, Section 6.3]). In a symmetric monoidal category X, a cocommutative
comonoid is a triple (C, ∆, e) consisting of an object C, a map C

∆−→ C ⊗ C called the
comultiplication, and a map C

e−→ k called the counit such that:

C
∆ //

∆
��

C ⊗ C

∆⊗1C
��

C

∆
��

C
∆ //

∆ $$

C ⊗ C

σ
��

C ⊗ C
1⊗∆

// C ⊗ C ⊗ C C C ⊗ C
e⊗1C

oo
1C ⊗e

// C C ⊗ C

(4)
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A comonoid morphism (C, ∆, e) f−→ (D, ∆′, e′) is a map C
f−→ D which preserves the

comultiplication and counit, that is, the following diagrams commute:

C
∆ //

f
��

C ⊗ C

f⊗f
��

C
f //

e
((

D

e′

��
D

∆′
// D ⊗ D k

(5)

The category of cocommutative comonoids and comonoid morphisms is denoted CCom[X].

For a symmetric monoidal category X, CCom[X] is a symmetric monoidal category where
the tensor product of cocommutative comonoids is defined as: (C, ∆, e) ⊗ (D, ∆′, e′) :=(

C ⊗ D, C ⊗ D
∆⊗∆′

−−−−→ C ⊗ C ⊗ D ⊗ D
1C ⊗σC,D⊗1D−−−−−−−−−→ C ⊗ D ⊗ C ⊗ D, C ⊗ D

e⊗e′

−−−→ k
)

, and
the monoidal unit k admits an obvious canonical monoidal structure (k, 1k, 1k). In fact, this
symmetric monoidal structure on CCom[X] is a finite product structure.

▶ Definition 3 ([3, Definition 1]). A coalgebra modality on a symmetric monoidal cat-
egory is a quintuple (!, δ, ε, ∆, e) consisting of a comonad (!, δ, ε), a natural transformation
!A ∆A−−→ !A ⊗ !A, and a natural transformation !A eA−→ K such that for each object A, the
triple (!A, ∆A, eA) is a cocommutative comonoid and (!A, ∆A, eA) δA−−→ (!!A, ∆!A, e!A) is a
comonoid morphism.

Note that naturality of ∆ and e is equivalent to asking that for every map A
f−→ B,

(!A, ∆A, eA) !(f)−−→ (!B, ∆B , eB) is a comonoid morphism. Furthermore, every !-coalgebra of a
coalgebra modality comes equipped with a cocommutative comonoid structure [24, Section
4.1]. Indeed, if (A, ω) is an !-coalgebra, then (A, ∆ω, eω) is a cocommutative comonoid where
the comultiplication and counit are defined as follows:

∆ω := A
ω // !A ∆A // !A ⊗ !A εA⊗εA// A ⊗ A eω := A

ω // !A eA // k (6)

It is important to point out that (A, ∆ω, eω) is in general only a cocommutative comonoid
in the base category X and not in the coEilenberg-Moore category X!, since the latter does
not necessarily have a monoidal product. Furthermore, since δA is a comonoid morphism,
when applying this construction to a cofree !-coalgebra (!A, δA) we re-obtain ∆A and eA,
that is, ∆δA

A = ∆A and eδA

A = eA. On top of this, every !-coalgebra morphism becomes a
comonoid morphism on the induced comonoid structures, that is, if (A, ω) f−→ (B, ω′) is a
!-coalgebra morphism, then (A, ∆ω, eω) f−→ (B, ∆ω′

, eω′) is a comonoid morphism. Therefore,
this induces a functor from the coEilenberg-Moore category to the category of cocommutative
comonoids, X! I!

−→ CCom[X]. In general, however, I ! is not equivalence.
We now turn our attention to coalgebra modalities with Seely isomorphisms [2, 4, 30],

which requires the symmetric monoidal category to have finite products. For a category with
finite products, we denote the binary product of objects by A × B with projection maps
A × B

π0−→ A and A × B
π1−→ B, pairing operation ⟨−, −⟩, and we denote the chosen terminal

object as ⊤, with the unique maps to terminal object as A
tA−→ ⊤.

▶ Definition 4 ([3, Definition 10]). In a symmetric monoidal category X with finite products
× and terminal object ⊤, a coalgebra modality (!, δ, ε, ∆, e) has Seely isomorphisms if the
natural transformation χA,B := !(A × B) ∆A×B−−−−→ !(A × B) ⊗ !(A × B) !(π0)⊗!(π1)−−−−−−−→ !A ⊗ !B and
the map χ⊤ : !⊤ e⊤−−→ K are isomorphisms, so !⊤ ∼= k and !(A × B) ∼= !A ⊗ !B. A coalgebra

CALCO 2021



19:6 Coderelictions for Free Exponential Modalities

modality with Seely isomorphisms is called a storage modality. A monoidal storage
category (also sometimes known as a (new) Seely category) is a symmetric monoidal category
with finite products and a coalgebra modality which has Seely isomorphisms.

Storage modalities can equivalently be defined as monoidal coalgebra modalities
[3, Definition 2], which are coalgebra modalities equipped with a natural transformation
!A ⊗ !B mA,B−−−→ !(A ⊗ B) and a map k

mk−−→ !k such that the underlying comonad is ! a
symmetric monoidal comonad [24, Definition 3.8], and that both ∆ and e are both monoidal
transformations and !-coalgebra morphisms (which imply that mA,B and mk are comonoid
morphisms). As explained in [2, 4], every storage modality is a monoidal coalgebra modality,

where mA,B := !A ⊗ !B
χ−1

A,B−−−→ !(A × B) δA×B−−−→ !!(A × B) !(χA,B)−−−−−→ !(!A ⊗ !B) !(εA⊗εB)−−−−−−→ !(A ⊗ B)

and mk := k
χ−1

⊤−−→ !⊤ δ⊤−−→ !!⊤ !(χ⊤)−−−→ !k. It is worth mentioning that there are multiple
equivalent ways of defining a monoidal coalgebra modality. One characterization, which is
of particular important to this paper, is that the monoidal coalgebra modality coherences
are precisely what is required so that the tensor product of the base category becomes a
product in the coEilenberg-Moore category. This is explained in detail in [29]. Explicitly,
the terminal object is the !-coalgebra (k, mk), while the product, which we denote ⊗!, is the
!-coalgebra defined as (A, ω) ⊗! (B, ω′) :=

(
A ⊗ B, A ⊗ B

ω⊗ω′

−−−→ !(A) ⊗ !(B) m⊗−−→ !(A ⊗ B)
)

.

As such, the forgetful functor X! U!

−→ X preserves the symmetric monoidal structure strictly
but not the product structure. On the other hand, X! I!

−→ CCom[X] preserves the finite
product structure strictly.

There is no shortage of examples of (monoidal) coalgebra modalities since every categorical
model of MELL admits a monoidal coalgebra modality/storage modality. For example, Hyland
and Schalk provide a nice list of such examples in [18, Section 2.4].

3 Coderelictions

In this section, we review the notion of coderelictions, as well as briefly reviewing differen-
tial categories and additive bialgebra modalities. In particular, we highlight the bijective
correspondence between coderelictions and deriving transformations. For more details on
differential categories, we refer the reader to [6, 3].

The underlying categorical structure of a differential category is not only a symmetric
monoidal category but that of an additive symmetric monoidal category. Indeed, two of the
basic properties of the derivative from classical differential calculus require addition: the
Leibniz rule and the constant rule. Therefore we must first discuss the additive structure,
and so we begin this section by recalling additive structure by starting with the notion of
an additive category. Here we mean “additive” in the Blute, Cockett, and Seely sense of
the term [6], that is, enriched over commutative monoids. In particular, we do not assume
negatives nor do we assume biproducts which differs from other definitions of an additive
category found in the literature.

▶ Definition 5 ([3, Definition 3]). An additive symmetric monoidal category is a
symmetric monoidal category X such that each hom-set X(A, B) is a commutative monoid
with addition X(A, B)×X(A, B) +−→ X(A, B), (f, g) 7→ f +g, and zero map 0 ∈ X(A, B), such
that composition and the tensor product preserves the additive structure, that is, the following
equalities hold: k(f +g)h= kfh+kgh and k0h = 0, and k ⊗ (f +g) ⊗ h=k ⊗f ⊗ h+k ⊗g ⊗ h

and k ⊗ 0 ⊗ h=0. An additive storage category is a monoidal storage category which is
also an additive symmetric monoidal category.
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We first note that if an additive symmetric monoidal category has finite products, then
said finite product structure is in fact a finite biproduct structure that is distributive. We
denote the zero object as 0, and the biproduct as ⊕ with injection maps A

ι0−→ A ⊕ B and
B

ι1−→ A⊕B, which satisfy the biproduct coherence identities with the projection maps, that is,
π0ι0 + π1ι1 = 1A⊕B , ι0π0 = 1A, ι1π1 = 1B , ι0π1 = 0, and ι1π0 = 0. The additive symmetric
monoidal structure guarantees that we also have the distributivity laws between the monoidal
and biproduct structures: (A ⊕ B) ⊗ (C ⊕ D) ∼= (A ⊗ C) ⊕ (A ⊗ D) ⊕ (B ⊗ C) ⊕ (B ⊗ D) and
A ⊗ 0 ∼= 0 ∼= 0 ⊗ A. It is worth mentioning that every symmetric monoidal category with
distributive finite biproducts is an additive symmetric monoidal category, and that conversely,
every additive symmetric monoidal category has a finite biproduct completion. With all that
said, biproducts are not necessary for the axiomatization of a differential category.

Differential categories were introduced by Blute, Cockett, and Seely in [6] to provide a
categorical axiomatization of the basic properties of the differentiation, as well as provide
categorical models of Ehrhard and Regnier’s differential linear logic [13, 14].

▶ Definition 6 ([6, Definition 2.4]). A differential category is an additive symmetric
monoidal category with a coalgebra modality (!, δ, ε, ∆, ε) which comes equipped with a deriving
transformation, that is, a natural transformation !A ⊗ A

dA−−→ !A which satisfies the axioms
as found in [3, Definition 7]. A differential storage category is a differential category
with finite products such that its coalgebra modality has Seely isomorphisms.

The axioms of a deriving transformation include analogues of the product rule, chain rule,
that the derivative of a constant map is zero, and that the derivative of a linear map is a
constant map. The coKleisli maps of a differential category, that is, the maps of type !A f−→ B

are thought of as smooth maps since, in a certain sense, they are differentiable. Indeed, the
derivative of a coKleisli map !A f−→ B is the composite D[f ] := !A ⊗ A

dA−−→ !A f−→ B. This
idea is made precise by the fact that the coKleisli category of a differential is a Cartesian
differential category [7]. On the other hand, it has been recently shown that the coEilenberg-
Moore category of a differential category is a tangent category [9, 10], which we discuss
briefly at the end of the next section.

We now turn our attention towards coderelictions. To do so, we must first briefly
discuss additive bialgebra modalities. Indeed, for an additive symmetric monoidal category
with finite biproducts, a storage modality can equivalently be described as an additive
bialgebra modality [3, Definition 5], which is briefly a coalgebra modality equipped with
natural transformations !A ⊗ !A ∇A−−→ !A and k

uA−−→ !A such that (!A, ∇A, ∆A, uA, eA) is a
bicommutative bialgebra, and other simple coherences hold. As explained in [3, Section 7],

∇A := !A ⊗ !A
χ−1

A,A−−−→ !(A ⊕ A) !(π0+π1)−−−−−−→ !A ⊗ !A and uA := k
χ−1

0−−→ !0 !(0)−−→ !A. For differential
storage categories, the differential structure can equivalently be described in terms of a
codereliction.

▶ Definition 7 ([3, Definition 9]). For an additive storage category with storage coalgebra
modality (!, δ, ε, ∆, e), a codereliction is a natural transformation A

ηA−−→ !A such that:

[dC.1] Constant Rule: [dC.2] Product Rule: [dC.3] Linear Rule:

A

0 ((

ηA // !A
eA

��
k

A

ηA⊗uA+uA⊗ηA ))

ηA // !A
∆A

��
!A ⊗ !A

A
ηA // !A

εA

��
A
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[dC.4′] Alternative Chain Rule: [dC.m] Monoidal Rule:

A

uA⊗ηA

��

ηA // !A
δA

��
!A ⊗ !A

δA⊗η!A

// !!A ⊗ !!A
∇!A

// !!A

!A ⊗ B

εA⊗1B

��

1!A⊗ηB // !A ⊗ !B
mA,B

��
A ⊗ B

ηA⊗B

// !(A ⊗ B)

We note that the definition of a codereliction provide here is not precisely that found
in [3, Definition 9], and is rather defined in terms of the axioms of Fiore’s creation maps
[15]. However, it was shown in [3, Corollary 5] that this axiomatization of a codereliction
is equivalent to the original one provided in [6]. As mentioned above, for a storage modal-
ity/monoidal coalgebra modality/additive bialgebra modality, coderelictions are in bijective
correspondence with deriving transformations.

▶ Theorem 8 ([3, Theorem 4]). For an additive storage category with storage modality
(!, δ, ε, ∆, e), every codereliction induces a deriving transformation, and every deriving
transformation induces a codereliction. Explicitly, if A

ηA−−→ !A is a codereliction, then
dA := !A ⊗ A

1!A⊗ηA−−−−−→ !A ⊗ !A ∇A−−→ !A is a deriving transformation. Conversely, if
!A ⊗ A

dA−−→ !A is a deriving transformation, then ηA := A
uA⊗1A−−−−→ !A ⊗ A

dA−−→ !A is a
codereliction. Furthermore, these constructions are inverses of each other, and therefore,
there is a bijective correspondence between deriving transformations and coderelictions.

4 Infinitesimal Augmentations

In this section, we introduce the notion of an infinitesimal augmentation, which is the
main novel concept of this paper. We will show that infinitesimal augmentations are
equivalent to coderelictions, and therefore provide yet another alternative axiomatization
for differential categories. At the end of this section, we discuss the terminology behind the
name “infinitesimal augmentation” and the relationship to tangent category structure. The
majority of proofs for this section can be found in the appendix.

As discussed in the introduction, the basic intuition is that a codereliction A
ηA−−→ !A is

not a !-coalgebra structure on A, since A is a missing a comonoid counit. Therefore, we
will instead equip k ⊕ A with a !-coalgebra. The induced comonoid structure on k ⊕ A, via
the construction of equation (6), should be the canonical one which is conilpotent on the
A component. Using element notation, the comultiplication k ⊕ A

ΛA−−→ (k ⊕ A) ⊗ (k ⊕ A)
is given by ΛA(r, a) = (r, 0) ⊗ (1, 0) + (0, a) ⊗ (1, 0) + (1, 0) ⊗ (0, a), while the counit is the
projection π0(r, a) = r. In terms of biproduct distributivity, there are k ⊗ k, A ⊗ k and
k ⊗ A parts, but no A ⊗ A part. So the comultiplication ΛA is indeed conilpotent on the A

component, while the k component is necessary to obtain a counital comonoid.

▶ Lemma 9. In an additive symmetric monoidal category, define the natural transformation
k ⊕ A

ΛA−−→ (k ⊕ A) ⊗ (k ⊕ A) as ΛA := π0(ι0 ⊗ ι0) + π1(ι0 ⊗ ι1) + π1(ι1 ⊗ ι0). Then for every
object A, the triple (k ⊕ A, ΛA, π0) is a cocommutative comonoid, and for every map A

f−→ B,
(k ⊕ A, ΛA, π0) 1k⊕f−−−→ (k ⊕ B, ΛB , π0) is a comonoid morphism.

Proof. This is straightforward to check and we leave it as an exercise for the reader. ◀

In order to define an infinitesimal augmentation, we will require first defining one extra
natural transformation. For an additive storage category with storage coalgebra modality
(!, δ, ε, ∆, e), using the universal property of the product, define the natural transformation
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!A ⊗ (k ⊕ B) ΘA,B−−−→ k ⊕ (!A ⊗ B) as the unique map which makes the following diagram
commute:

!A ⊗ (k ⊕ B)

ΘA,B

��

1!A⊗π1

))

eA⊗π0

vvk k ⊕ (!A ⊗ B)
π0

oo
π1

// !A ⊗ B

(7)

Or more simply, using the additive structure: ΘA,B = (eA ⊗ π0)ι0 + (1!A ⊗ π1)ι1.

▶ Definition 10. For an additive storage category with storage modality (!, δ, ε, ∆, e), an
infinitesimal augmentation is a natural transformation k ⊕ A

HA−−→ !(k ⊕ A) such that:
[IA.1] (k ⊕ A, HA) is an !-coalgebra;
[IA.2] (k ⊕ A, ΛA, π0) HA−−→ (!(k ⊕ A), ∆k⊕A, ek⊕A) is a comonoid morphism;
[IA.3] (!A, δA) ⊗! (k ⊕ B, HB) ΘA,B−−−→ (k ⊕ (!A ⊗ B), H!A⊗B) is a !-coalgebra morphism.

The axioms of infinitesimal augmentation are analogous to those of a codereliction. The
two diagrams of a !-coalgebra for [IA.1] correspond to the Linear Rule [dC.3] and the
Alternative Chain Rule [dC.4′]. The two diagrams of a comonoid morphism for [IA.2]
correspond to the Constant Rule [dC.1] and the Product Rule [dC.2]. And lastly, the
diagram of a !-coalgebra morphism for [IA.3] corresponds to Monoidal Rule [dC.m]. It is
worth mentioning that it is possible that some of the axioms of an infinitesimal augmentation
may be redundant, as was the case for the original definitions of a codereliction and a creation
map. However, we’ve included them here to provide a clear complete story. We now show
that the induced comonoid structure from the !-coalgebra structure is the one from Lemma 9.

▶ Lemma 11. If H is an infinitesimal augmentation, then for every object A:
(i) ∆HA = ΛA and eHA = π0, where ∆HA and eHA are defined as in equation (6).
(ii) (k, mk) ι0−→ (k ⊕ A, HA) and (k ⊕ A, HA) π0−→ (k, mk) are !-coalgebra morphisms.

Proof. It follows immediately from [IA.1] and [IA.2] that (i) holds, which we leave to the
reader to check for themselves. For (ii), we use [IA.1], [IA.2], the biproduct identities,
naturality of H, and that e is monoidal:

HA!(π0) = HA!(HA)!(eA) = HAδA!(eA) = HAeAmk = π0mk

mk!(ι0) = ι0π0mk!(ι0) = ι0HA!(π0)!(ι0) = ι0HA!(1k ⊕ 0) = ι0(1k ⊕ 0)HA = ι0HA

So we conclude that ι0 and π0 are !-coalgebra morphisms. ◀

We now show how to construct an infinitesimal augmentation from a codereliction:

▶ Proposition 12. Every codereliction induces an infinitesimal augmentation. Explicitly, for
a differential storage category with storage modality (!, δ, ε, ∆, e) and codereliction A

ηA−−→ !A,
define the natural transformation k ⊕ A

HA−−→ !(k ⊕ A) as the unique map which makes the
following diagram commute (using the couniversal property of the coproduct):

k

mk

��

ι0 // k ⊕ A

HA

��

A

mk⊗ηA

��

ι1oo

!k
!(ι0)

// !(k ⊕ A) !k ⊗ !A
χ−1

k,A

oo

Or equivalently, using the additive structure: HA := π0mk!(ι0) + π1(mk ⊗ ηA)χ−1
k,A. Then H

is an infinitesimal augmentation.
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Proof. This is actually an application of [5, Theorem 5.1] which we explain in detail in
Appendix A. ◀

We now show how to construct a codereliction from an infinitesimal augmentation:

▶ Proposition 13. Every infinitesimal augmentation induces a codereliction. Ex-
plicitly, for an additive storage category with coalgebra modality (!, δ, ε, ∆, e) which
has Seely isomorphisms and infinitesimal augmentation k ⊕ A

HA−−→ !(k ⊕ A), define
ηA :=A

ι1−→ k ⊕ A
HA−−→ !(k ⊕ A) !(π1)−−−→ !A. Then η is a codereliction. Therefore, an addit-

ive storage category whose storage modality has an infinitesimal augmentation is a differential
storage category.

Proof. See Appendix B. ◀

We now state the first main result of this paper:

▶ Theorem 14. For the storage modality of additive storage category, there is a bijective
correspondence between coderelictions and infinitesimal augmentations.

Proof. See Appendix C, where we show that constructions of Proposition 12 and Proposition
13 are inverses of each other. ◀

We conclude this section with a discussion on the terminology behind the name “infin-
itesimal augmentation”. “Augmentation” is a reference to the fact that k ⊕ A is always
an augmented (co)algebra in the classical sense, in particular since k ⊕ A is the (co)free
(co)pointed object over A. “Infinitesimal” is related to tangent category terminology. A
tangent category [9] is a category equipped with an endofunctor T and various other natural
transformations whose axioms generalize the theory of smooth manifolds and their tangent
bundles, with the category of smooth manifolds being the canonical example. A repres-
entable tangent category is a tangent category with finite products and such that T is a
representable functor, that is, T ∼= (−)D for some exponent object D. The object D is called
an infinitesimal object. In [10, Section 6] it was shown that, under a mild limit condition,
the coEilenberg-Moore category of a differential storage category is a representable tangent
category whose infinitesimal object is (k ⊕ k, Hk). Therefore, the !-coalgebra structure of the
infinitesimal object is precisely the infinitesimal augmentation. In future work, it would be
interesting to further study the connection between infinitesimal augmentations and tangent
structure. In particular, infinitesimal augmentations may provide the key in generalizing
linear-non-linear adjunctions [2, 25, 26] for differential categories (where one would replace a
Cartesian category with a tangent category).

5 Coderelictions for Free Exponential Modalities

In this section we provide the main objective of this paper, that is, we provide an alternative
proof that every additive Lafont category with finite biproducts is a differential storage
category. In particular, we will explain how to construct the (necessarily unique) codereliction
and induced deriving transformation of the free exponential modality using its couniversal
property. In fact, we will first show that every free exponential modality has an infinitesimal
augmentation, which is easily constructed using the couniversal property.
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▶ Definition 15 ([27]). A free exponential modality is a coalgebra modality (!, δ, ε, ∆, e)
such that for each object A, !A is a cofree cocommutative comonoid over A, that is, if
(C, ∆, e) is a comonoid then for every map C

f−→ A, there exists a unique comonoid morphism

(C, ∆, e) f♭

−→ (!A, ∆, e) such that the following diagram commutes:

C
∃! f♭

//

f ((

!A
ε

��
A

A (additive) Lafont category is a (additive) symmetric monoidal category with a free
exponential modality.

We should note that here we are using the term “Lafont category” in the sense of Blute,
Cockett, and Seely as in [4], which is the same as in [25] but which drops the closed structure
requirement. The coEilenberg-Moore category of a free exponential modality is isomorphic
to the category of cocommutative comonoids. In other words, for a free exponential modality,
every cocommutative comonoid is a !-coalgebra. Explicitly, if (C, ∆, e) is a cocommutative
comonoid, then define (C, ∆, e) ω(∆,e)

−−−−→ (!C, ∆C , eC) as the unique comonoid morphism such
that the following diagram commutes:

C
∃! ω(∆,e):=1♭

C // !C
ε

��
C

Then it follows that (C, ω(∆,e)) is a !-coalgebra. Furthermore, if (C, ∆, e) f−→ (D, ∆′, e′)
is a comonoid morphism, then (C, ω(∆,e)) f−→ (D, ω(∆′,e′)) is a !-coalgebra morphism. On
top of this, it follows that ∆ω(∆,e) = ∆ and eω(∆,e) = e, where ∆ω(∆,e) and eω(∆,e) are
defined as in (6). Therefore, this induces a functor J ! : CCom[X] → X! which is inverse to
I ! : X! → CCom[X]. Furthermore, it is a well-known fact that free exponential modalities
are always monoidal coalgebra modalities [2, 25]. Explicitly, (k, 1k, 1k) mk−−→ (!k, ∆k, ek)
and (!A, ∆A, eA) ⊗ (!B, ∆B , eB) mA,B−−−→ (!(A ⊗ B), ∆A⊗B , eA⊗B) are the unique comonoid
morphisms defined respectively as mk := 1♭

k and mA,B := (εA ⊗εB)♭. As such, in the presence
of finite products, every free exponential modality has Seely isomorphisms and is therefore

a storage modality. Explicitly, (!A, ∆A, eA) ⊗ (!B, ∆B , eB)
χ−1

A,B−−−→ (!(A × B), ∆A×B , eA×B)

and (k, 1k, 1k)
χ−1

⊤−−→ (!⊤, ∆⊤, e⊤) are the unique comonoid morphisms defined respectively
as χ−1

A,B := ⟨εA ⊗ eB , eA ⊗ εB⟩♭ and t♭
k. For an additive Lafont category, it follows that

every free exponential modality is thus also an additive bialgebra modality. Explicitly,
(!A, ∆A, eA) ⊗ (!A, ∆A, eA) ∇A−−→ (!A, ∆A, eA) and (k, 1k, 1k) uA−−→ (!A, ∆A, eA) are the unique
comonoid morphisms defiend respectively as ∇A := (εA ⊗ eA + eA ⊗ εA)♭ and uA := 0♭. So
in particular, in the presence of additive structure, for a free exponential modality, !A is also
a bicommutative bialgebra.

We now turn our attention to constructing the infinitesimal augmentation for the free
exponential modality (!, δ, ε, ∆, e) of an additive Lafont category with finite biproducts. As
shown in Lemma 9, (k ⊕ A, ΛA, π0) is a cocommutative comonoid, and therefore admits a
canonical !-coalgebra structure. Define the natural transformation k ⊕ A

HA−−→ !(k ⊕ A) as
HA := ω(Λ,π0), that is, (k ⊕ A, ΛA, π0) HA−−→ (!(k ⊕ A), ∆k⊕A, ek⊕A) is the unique comonoid
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morphism such that the following diagram commutes:

k ⊕ A
∃! H♭

A:=1♭
k⊕A // !(k ⊕ A)

εk⊕A

��
k ⊕ A

(8)

We now carefully show in steps that H is indeed an infinitesimal augmentation. Starting
with the an important, but often overlooked step, of showing that H is natural.

▶ Lemma 16. H is a natural transformation.

Proof. Consider a map A
f−→ B. By Lemma 9, (k ⊕ A, ΛA, π0) 1k⊕f−−−→ (k ⊕ B, ΛB , π0) is a

comonoid morphism. Therefore, (1k ⊕ f)HB and HA!(1k ⊕ f) are comonoid morphisms of
the same type (k ⊕ A, ΛA, π0) → (!(k ⊕ A), ∆k⊕A, ek⊕A). However, we easily compute that:

HA!(1k ⊕ f)εk⊕B = HAεA(1k ⊕ f) = (1k ⊕ f) = (1k ⊕ f)HBεk⊕B

Since HA!(1k ⊕f)εk⊕B = (1k ⊕f)HBεk⊕B , it follows from the couniversal property of !(k ⊕B)
that HA!(1k ⊕ f) = (1k ⊕ f)HB . So we conclude that H is a natural transformation. ◀

Next, it follows that [IA.1] and [IA.2] are automatic by construction.

▶ Lemma 17. For every object A,
(i) (k ⊕ A, HA) is an !-coalgebra;
(ii) (k ⊕ A, ΛA, π0) HA−−→ (!(k ⊕ A), ∆k⊕A, ek⊕A) is a comonoid morphism.

Proof. Both are automatic by construction since HA := ω(Λ,π0). ◀

For the free exponential modality, !-coalgebra morphisms correspond to comonoid morph-
ism. Therefore, in order to prove [IA.3], it is sufficient to show that ΘA,B is a comonoid
morphism of the appropriate type. To do so, we will require the following lemma:

▶ Lemma 18. Let (C, ∆, e) be a cocommutative comonoid. Then for every object A,
(C, ∆, e) F−→ (k ⊕ A, ΛA, π0) is a comonoid morphism if and only if C

F−→ k ⊕A is of the form
F = ⟨e, f⟩ for some map C

f−→ A such that ∆(f ⊗ f) = 0.

Proof. Recall that any map C
F−→ k ⊕ A satisfies F = ⟨Fπ0, Fπ1⟩. Then suppose that

(C, ∆, e) F−→ (k ⊕ A, ΛA, π0) is a comonoid morphism. Since F preserves the counit, it follows
that Fπ0 = e. Next, note that by definition ΛA(π1 ⊗ π1) = 0. Then since F preserves the
comultiplication it follows that ∆(F ⊗ F )(π1 ⊗ π1) = FΛA(π1 ⊗ π1) = 0. Therefore, Fπ1
satisfies the desired equality, and so F = ⟨e, Fπ1⟩ is of the desired form. Conversely, suppose
that f is a map which satisfies ∆(f ⊗ f) = 0. By definition, it is automatic that ⟨e, f⟩
preserves the counit since ⟨e, f⟩π0 = e. Next we need to show that ⟨e, f⟩ also preserves the
comultiplication. To do so, we will show that ⟨e, f⟩ΛA(πi ⊗ πj) = ∆ (⟨e, f⟩ ⊗ ⟨e, f⟩) (πi ⊗ πj)
for i, j ∈ {0, 1}.

⟨e, f⟩ΛA(π0 ⊗ π0) = ⟨e, f⟩π0 = e = ∆(e ⊗ e) = ∆ (⟨e, f⟩ ⊗ ⟨e, f⟩) (π0 ⊗ π0)

⟨e, f⟩ΛA(π0 ⊗ π1) = ⟨e, f⟩π1 = f = ∆(e ⊗ f) = ∆ (⟨e, f⟩ ⊗ ⟨e, f⟩) (π0 ⊗ π1)
⟨e, f⟩ΛA(π1 ⊗ π0) = ⟨e, f⟩π1 = f = ∆(f ⊗ e) = ∆ (⟨e, f⟩ ⊗ ⟨e, f⟩) (π1 ⊗ π0)
⟨e, f⟩ΛA(π1 ⊗ π1) = 0 = ∆(f ⊗ f) = ∆ (⟨e, f⟩ ⊗ ⟨e, f⟩) (π1 ⊗ π1)

Then by the distributivity of the biproduct and the universal property of the product, it
follows that ⟨e, f⟩ΛA = ∆ (⟨e, f⟩ ⊗ ⟨e, f⟩). Therefore, ⟨e, f⟩ is a comonoid morphism. ◀
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▶ Corollary 19. (!A, ∆A, eA)⊗ (k ⊕B, ΛB , π0) ΘA,B−−−→ (k ⊕ (!A⊗B), Λ!A⊗B , π0) is a comonoid
morphism where !A ⊗ (k ⊕ B) ΘA,B−−−→ k ⊕ (!A ⊗ B) is defined as in (7). Therefore, we also
have that (!A, δA) ⊗! (k ⊕ B, HB) ΘA,B−−−→ (k ⊕ (!A ⊗ B), H!A⊗B) is a !-coalgebra morphism.

Proof. By construction ΘA,B = ⟨eA ⊗ π0, 1!A ⊗ π1⟩. Then by Lemma 18, to show that ΘA,B

is a comonoid morphism, it suffices to show that 1!A ⊗ π1 satisfies the extra identity, since
the first component of ΘA,B is indeed the counit of !A ⊗ (k ⊕ B). However by naturality
of the symmetry isomorphism and that ΛB(π1 ⊗ π1) = 0, we easily see that (we omit the
subscripts for space):

(∆ ⊗ Λ)(1 ⊗ σ ⊗ 1)(1 ⊗ π1 ⊗ 1 ⊗ π1) = (∆ ⊗ Λ)(1 ⊗ 1 ⊗ π1 ⊗ π1)(1 ⊗ σ ⊗ 1) = 0

So ΘA,B is a comonoid morphism. Furthermore, it is straightforward to check that for
(!A, ∆A, eA) ⊗ (k ⊕ B, ΛB , π0), its associated !-coalgebra is precisely (!A, δA) ⊗! (k ⊕ B, HB).
Therefore, since every comonoid morphism is also a !-coalgebra morphism between the
induced !-coalgebras, it follows that ΘA,B is a !-coalgebra morphism. ◀

Bringing all of the above lemmas and corollary together, we obtain:

▶ Proposition 20. For an additive Lafont category with free exponential modality (!, δ, ε, ∆, e)
and finite biproducts, H as defined in equation (8) is an infinitesimal augmentation, and
furthermore it is the unique infinitesimal augmentation for the free exponential modality.

Proof. Lemma 16 shows that H is a natural transformation, while Lemma 17 and Corollary
19 show that H satisfies [IA.1] and [IA.2] respectively. So H is indeed an infinitesimal
augmentation. Now suppose that H′ was another infinitesimal augmentation. By Lemma 11,
we have that ∆HA = ΛA = ∆H′

A and eHA = π0 = eH′
A . Therefore, the !-coalgebras (k ⊕ A, HA)

and (k ⊕ A, H′
A) both induce the same cocommutative comonoid (k ⊕ A, ΛA, π0). However,

since the coEilenberg-Moore category of the free exponential modality is isomorphic to the
category of cocommutative comonoids, it follows that (k ⊕ A, HA) = (k ⊕ A, H′

A). Therefore,
HA = H′

A. So we conclude that H is the unique infinitesimal augmentation for the free
exponential modality. ◀

Therefore, we obtain an alternative proof of Blute, Lucyshyn-Wright, and O’Neill in
terms of coderelictions and differential categories (rather than deriving transformations and
codifferential categories) which is the main contribution of this paper.

▶ Theorem 21 ([5, Theorem 4.4]). For an additive Lafont category with free exponential
modality (!, δ, ε, ∆, e) and finite biproducts, the free exponential modality comes equipped with
a unique codereliction A

ηA−−→ !A defined as follows, where (k ⊕ A, ΛA, π0) π♭

−→ (!A, ∆A, eA) is
the unique comonoid morphism such that the diagram on the right commutes:

ηA = A
ι1 // k ⊕ A

π♭
1 // !A k ⊕ A

∃! π♭
1 //

π1 ))

!A
εA

��
A

Furthermore, this codereliction is precisely the induced codereliction from the infinitesimal
augmentation H from Proposition 20 via the construction of Proposition 13. The (necessarily
unique) deriving transformation !A ⊗ A

dA−−→ !A induced by the construction of Theorem 8 is
equal to the following composition,

dA = !A ⊗ A
1!A⊗ι1 // !A ⊗ (k ⊕ A)

(eA⊗π1+εA⊗π0)♭

// !A
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where (eA ⊗ π1 + εA ⊗ π0)♭ : (!A, ∆A, eA) ⊗ (k ⊕ A, ΛA, π0) → (!A, ∆A, eA) is the unique
comonoid morphism such that the following diagram commutes:

!A ⊗ (k ⊕ A)
∃! (eA⊗π1+εA⊗π0)♭

//

eA⊗π1+εA⊗π0 ++

!A
εA

��
A

Therefore, every additive Lafont category with finite biproducts is a differential category.

Proof. By Proposition 20, H is an infinitesimal augmentation and so, by Proposition 13,
H induces a codereliction η defined as ηA = ι1HA!(π1). Since H is the unique infinitesimal
augmentation, by the bijective correspondence of Theorem 14, it follows that η must also
be the unique codereliction for the free exponential modality. Next, in order to show the
desired equality, it suffices to show that π♭

1 = HA!(π1). To do so, first note that by definition,
π♭ and HA!(π1) are comonoid morphisms of the same type (k ⊕ A, ΛA, π0) → (!A, ∆A, eA).
Also note that we have the following equality:

HA!(π1)εA = HAεAπ1 = π1

Since HA!(π1)εA = π1 = π♭
1εA, by the couniversal property of !A, it follows that HA!(π1) = π♭

1.
Therefore, we have that:

ηA = ι1HA!(π1) = ι1π♭
1

Thus we conclude that ηA = ι1π♭
1. By Theorem 8, the codereliction η induces a deriving

transformation d defined as dA = (1!A ⊗ ηA)∇A. In order to show to the desired equality, it
suffices to show that (1!A ⊗ π♭

1)∇A = (eA ⊗ π1)♭. Using again the same strategy as before,
we note that (1!A ⊗ π♭

1)∇A and (eA ⊗ π1 + εA ⊗ π0)♭ are comonoid morphisms of the same
type (!A, ∆A, eA) ⊗ (k ⊕ A, ΛA, π0) → (!A, ∆A, eA). We also compute the following equality:

(1!A ⊗ π♭
1)∇AεA = (1!A ⊗ π♭

1)(eA ⊗ εA) + (1!A ⊗ π♭
1)(εA ⊗ eA) = eA ⊗ π1 + εA ⊗ π0

Since (1!A ⊗ π♭
1)∇AεA = eA ⊗ π1 + εA ⊗ π0 = (eA ⊗ π1 + εA ⊗ π0)♭εA, by the couniversal

property of !A, it follows that (1!A ⊗ π♭
1)∇A = (eA ⊗ π1 + εA ⊗ π0)♭. Therefore, we have that:

dA = (1!A ⊗ ηA)∇A = (1!A ⊗ ι1)(1 ⊗ π♭
1)∇A = (1!A ⊗ ι1)(eA ⊗ π1 + εA ⊗ π0)♭

Thus we conclude that dA = (1!A ⊗ ι1)(eA ⊗ π1 + εA ⊗ π0)♭. ◀

6 Examples

In this section, we provide some examples of free exponential modalities and their coderelic-
tions. Other interesting examples of differential categories with free exponential modalities
are studied in [3, 5, 6, 8, 12].

▶ Example 22. Let REL be the category of sets and relations, where recall that the tensor
product is given by the Cartesian product of sets, X ⊗ Y = X × Y , the monoidal unit is a
chosen singleton, k = {∗}, the biproduct is given by the disjoint union of sets, X ⊕Y = X ⊔Y .
REL is also a Lafont category where for a set X, !X is the set of finite multisets of elements
of X. We will denote finite multisets as Jx1, . . . , xnK, xi ∈ X, where recall that we can have
multiple copies of the same element in a finite multiset. The codereliction is the relation which
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associates an element of X to the bag containing only said element, ηX := {(x, JxK)| ∀x ∈ X}
⊆ X × !X. The deriving transformation is the relation which adds an element into the bag,
dX := {((Jx1, . . . , xnK, x), Jx1, . . . , xn, xK) | ∀xi, x ∈ X}. The infinitesimal extension relates
the element of the singleton to all possible bags of copies of the singleton element, and
relates an element of X to bags of copies of the singleton element with said element added in:
HX := {(∗, J∗, . . . , ∗︸ ︷︷ ︸

n-copies

K)| ∀n ∈ N}∪{(x, J∗, . . . , ∗︸ ︷︷ ︸
n-copies

, xK)| ∀x ∈ X, n ∈ N} ⊆ ({∗}⊔X)×! ({∗} ⊔ X).

For more details on this example, see [6, Section 2.5.1].

▶ Example 23. Let k be a field, and let VECk be the category of k-vector spaces and k-linear
maps between them. Its dual VECop

k is a Lafont category where for a k-vector space V ,
!V = Sym(V ), the free symmetric algebra over V . Note that in VECk, Sym(V ) is the free
commutative k-algebra over V , and therefore Sym(V ) is the cofree cocomutative comonoid over
V in VECop

k . In particular, if X is a basis of V , then Sym(V ) ∼= k[X], where the latter is the
polynomial ring over X. We will express η, d, and H in terms of polynomials, and if their types
look backwards, it is because we expressing them in VECk. The codereliction K[X] ηV−−→ V is
defined as picking out the degree 1 terms of the polynomial, that is, its xi terms. This can be
described as follows: ηV (p(x⃗)) =

n∑
i=1

∂p(x⃗)
∂xi

(⃗0)xi. Note that evaluating a polynomial at zero

extracts its constant term. The constant term of ∂p(x⃗)
∂xi

is precisely the scalar factor of xi.
Therefore, ∂p(x⃗)

∂xi
(0)xi are precisely the degree 1 terms of p(x⃗). The deriving transformation

k[X] dV−−→ k[X] ⊗ V is defined as mapping a polynomial to its sum of its partial derivatives:
dV (p(x⃗)) =

n∑
i=1

∂p(x⃗)
∂xi

⊗ xi. For the infinitesimal extension, note that Sym(k ⊕ V ) ∼= k[X, y],

therefore k[X, y] HV−−→ k ⊕ V is defined as HV (p(x⃗, y)) = p(⃗0, 1) +
n∑

i=1

∂p(x⃗,y)
∂xi

(⃗0, 1)xi. We note

that this example can be generalized to the category of modules over any commutative
semiring. For more details on this example, see [6, Section 2.5.3].

▶ Example 24. Example 22 and Example 23 are in fact examples of the same general
construction of a free exponential modality given by the product of the symmetric tensor
powers, that is, !A =

∏
n∈N

Sn(A), where
∏

n∈N
is the countable product and Sn(A) is the

equalizer of all permutations A⊗n ∼=−→ A⊗n . The codereliction is defined as the “injection” of
A into !A since S1(A) = A, that is, let !A πn−−→ Sn(A) be the projection map of the product
(where note that !A π1−→ A), then the codereliction A

ηA−−→ !(A) is defined as the unique map
(using the universal property of the product) such that ηπ1 = 1A and ηπn = 0 for n ̸= 1. We
stress that not all free exponential modalities arise in this manner, as explained in [27].

▶ Example 25. Let k be a field, then VECk is a Lafont category where for a k-vector space
V , !V is the cofree cocommutative k-coalgebra over V . When k is algebraically closed and
has characteristic zero (such as C), then !V admits a nice expression [28]: if X is a basis for
V , then !V ∼=

⊕
v∈V

k[X]. In this case, the codereliction V
ηV−−→

⊕
v∈V

k[X] maps basis elements

x ∈ X to the monomial in the 0 ∈ V component: ηV (x) = (x)0. This differential category,
and its resulting model of differential linear logic, was studied in detail by Clift and Murfet
in [8]. We note that this example can be generalized to the category of modules over any
commutative semiring, though the cofree cocommutative coalgebra may not have as nice a
form. It is also important to observe that this example is not of the form of Example 24.
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A Proof of Proposition 12

The key to this proof is that we make use of the dual of [5, Theorem 5.1]. To do so, we must
first recall the definition of comodules of a cocommutative comonoid.

▶ Definition 26. In a symmetric monoidal category, for a cocommutative comonoid (C, ∆, e),
a (C, ∆, e)-comodule is a pair (M, α) consisting of an object M and a map M

α−→ C ⊗ M

called the coaction, such that:

A
α //

α

��

C ⊗ A

∆⊗1A

��

A
α // C ⊗ A

e⊗1A

��
C ⊗ A

1C ⊗α
// C ⊗ C ⊗ A A

For a coalgebra modality (!, δ, ε, ∆, e) and a !-coalgebra (A, ω), a (A, ω)-comodule is a
(A, ∆ω, eω)-comodule, where ∆ω and eω are defined as in (6).

As explained in [5], one can use the deriving transformation d to construct new !-coalgebras
using !-coalgebras and their comodules.

▶ Theorem 27 ([5, Theorem 5.1, Proposition 5.4]). In a differential category with coalgebra
modality (!, δ, ε, ∆, e), deriving transformation d, and finite biproducts ⊕, if (A, ω) is a !-
coalgebra and (M, α) a (A, ω)-comodule, define the map A ⊕ M

αω

−−→ !(A ⊕ M) as the unique
map which makes the following diagram commute (using the couniversal property of the
coproduct):

A

ω

��

ι0 // A ⊕ M

αω

��

M
α��

ι1oo

A ⊗ M
ω⊗1M��

!A ⊗ M
!(ι0)⊗ι1��

!A
!(ι0)

// !(A ⊕ M) !(A ⊕ M) ⊗ (A ⊕ M)
dA⊕M

oo

Alternatively using the additive structure, αω := π0ω!(ι0) + π1α(ω ⊗ 1M )(!(ι0) ⊗ ι1)dA⊕M .
Then (A ⊕ M, αω) is an !-coalgebra. Furthermore, the following equalities hold:

∆αω

:= π0∆ω(ι0 ⊗ ι0) + π1α(ι0 ⊗ ι1) + π1σA,M (ι1 ⊗ ι0) eαω

= π0eω

where A ⊕ M
∆αω

−−−→ (A ⊕ M) ⊗ (A ⊕ M) and A ⊕ M
eαω

−−→ k are defined as in (6).
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For a storage modality, αω can alternatively be defined using the Seely isomorphisms and
codereliction:

▶ Lemma 28. In a differential storage category with storage modality (!, δ, ε, ∆, e) and
codereliction η, if (A, ω) is a !-coalgebra and (M, α) a (A, ω)-comodule, then αω from the
previous theorem can alternatively be described as the unique map which makes the following
diagram commute:

A

ω

��

ι0 // A ⊕ M

αω

��

M
α��

ι1oo

A ⊗ M
ω⊗ηA��

!A
!(ι0)

// !(A ⊕ M) !A ⊗ !M
χ−1

A,M

oo

Alternatively using the additive structure, the following equality holds:

αω = π0ω!(ι0) + π1α(ω ⊗ ηM )χ−1
A,M

Proof. Using that dA = (1!A ⊗ ηA)∇A and χ−1
A,M = (!(ι0) ⊗ !(ι1))∇A⊕M , we easily see that:

αω = π0ω!(ι0) + π1α(ω ⊗ 1M )(!(ι0) ⊗ ι1)dA⊕M

= π0ω!(ι0) + π1α(ω ⊗ 1M )(!(ι0) ⊗ ι1)(1!(A⊕M) ⊗ ηA⊕M )∇A⊕M

= π0ω!(ι0) + π1α(ω ⊗ ηM )(!(ι0) ⊗ !(ι1))∇A⊕M

= π0ω!(ι0) + π1α(ω ⊗ ηM )χ−1
A,M

So we conclude that the desired equality holds. ◀

We will now explain how k ⊕ A
HA−−→ !(k ⊕ A) as constructed in Proposition 12 is of

the form αω for a specific !-coalgebra and comodule. First observe that every object is a
comodule of the monoidal unit, that is, for every object A, (A, 1A) is a (k, 1k, 1k)-comodule.
Also note that it is easy to see that for the !-coalgebra (k, mk), its associated comonoid is
precisely (k, 1k, 1k), that is, ∆mk = 1k and emk = 1k. Therefore, for every object A, (A, 1A)
is a (k, mk)-comodule.

▶ Lemma 29. In a differential storage category with storage modality (!, δ, ε, ∆, e) and
codereliction η, for k ⊕A

HA−−→ !(k ⊕A) as constructed in Proposition 12, the following equality
holds: HA = 1mk

A , where 1mk

A is defined as in Theorem 27.

Proof. Recall that HA := π0mk!(ι0) + π1(mk ⊗ ηA)χ−1
k,A. By Lemma 28, since α = 1A and

ω = mk, we clearly see that HA = 1mk

A . ◀

▶ Corollary 30. H satisfies [IA.1], that is, for every object A, (k ⊕ A, HA) is a !-coalgebra.

Proof. This follows immediately from Theorem 27 and Lemma 29. ◀

It remains to prove [IA.3], which we compute directly.

▶ Lemma 31. H satisfies [IA.3], that is, (!A, δA)⊗! (k⊕B, HB) ΘA,B−−−→ (k ⊕ (!A ⊗ B), H!A⊗B)
is a !-coalgebra morphism.
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Proof. Recall that by construction ΘA,B = (eA ⊗ π0)ι0 + (1!A ⊗ π1)ι1. We must show that
(δA ⊗ HB)m!A,k⊕B !(ΘA,B) = ΘA,BH!A⊗B . By brute force computation, we show that:

(δA ⊗ HB)m!A,k⊕B !(ΘA,B) =
= (δA ⊗ π0)(1!!A ⊗ mk)(1!!A ⊗ !(ι0)m!A,k⊕B !(ΘA,B)
+ (δA ⊗ π1)(1!!A ⊗ mk ⊗ ηB)(1!!A ⊗ χ−1

k,B)m!A,k⊕B !(ΘA,B)

= (δA ⊗ π0)(1!A ⊗ mk)m!A,k!(1!A ⊗ ι0)!(ΘA,B)
+ (δA ⊗ π1)(1!!A ⊗ mk ⊗ ηB)(∆!A ⊗ 1!k ⊗ 1!B)(1!!A ⊗ σ!!A,!k ⊗ 1!B)
(m!A,!k ⊗ m!A,!B) (!(1!A ⊗ ι0) ⊗ !(1!A ⊗ ι1)) ∇!A⊗(k⊕B)!(ΘA,B)
= (δA ⊗ π0)!(1!A ⊗ ι0)!(ΘA,B)
+ (δA ⊗ π1)(∆!A ⊗ ηB)(1!!A ⊗ m!A,!B) (!(1!A ⊗ ι0) ⊗ !(1!A ⊗ ι1)) ∇!A⊗(k⊕B)!(ΘA,B)
= (δA ⊗ π0)!(eA)!(ι0)
+ (δA ⊗ π1)(∆!A ⊗ 1B)(1!!A ⊗ ε!A ⊗ 1B)(1!!A ⊗ η!A⊗B)
(!(1!A ⊗ ι0) ⊗ !(1!A ⊗ ι1)) (!(ΘA,B) ⊗ !(ΘA,B))∇k⊕(!A⊗B)

= (eA ⊗ π0)mk!(ι0)
+ (δA ⊗ π1)(∆!A ⊗ 1B)(1!!A ⊗ ε!A ⊗ 1B)(1!!A ⊗ η!A⊗B)(!(eA) ⊗ 1!(!A⊗(k⊕B)))
(!(ι0) ⊗ !(ι1))∇k⊕(!A⊗B)

= (eA ⊗ π0)mk!(ι0)
+ (∆A ⊗ π1)(δA ⊗ δA ⊗ 1B)(!(eA) ⊗ ε!A ⊗ 1B)(1!!A ⊗ η!A⊗B)χ−1

k,!A⊗!A⊗B

= (eA ⊗ π0)mk!(ι0)
+ (∆A ⊗ π1)(eA ⊗ 1!A ⊗ 1B)(mk ⊗ η!A⊗B)χ−1

k,!A⊗!A⊗B

= (eA ⊗ π0)mk!(ι0) + (1!A ⊗ π1)(mk ⊗ η!A⊗B)χ−1
k,!A⊗!A⊗B

= ΘA,Bπ0mk!(ι0) + ΘA,Bπ1(mk ⊗ η!A ⊗ B)χ−1
k,!A⊗B

= ΘA,BH!A⊗B

So we conclude that ΘA,B is a !-coalgebra morphism and that H satisfies [IA.3]. ◀

So we conclude that H is indeed an infinitesimal extension.

B Proof of Proposition 13

By [3, Corollary 5], to show that a natural transformation A
ηA−−→ !A is a codereliction it in

fact suffices to show that η satisfies [dC.3], [dC.4], and [dC.m]. So let k⊕A
HA−−→ !(k⊕A) be

an infinitesimal extension and recall that ηA : A → !A is defined as follows ηA := ι1HA!(π1).

▶ Lemma 32. η satisfies [dC.3].

Proof. We must show that ηAεA = 1A. So we compute that:

ηAεA = ι1HA!(π1)εA = ι1HAεk⊕Aπ1 = ι1π1 = 1A

So we conclude that η satisfies [dC.3]. ◀

▶ Lemma 33. η satisfies [dC.4].
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Proof. We must show that ηAδA = (uA ⊗ ηA)(δA ⊗ η!A)∇!A. First note that we have the
following equality:

HA!(π1) = π0ι0HA!(π1) + π1ι1HA!(π1)
= π0mk!(ι0)!(π1) + π1ι1HA!(π1)
= π0mk!(0) + π1ι1HA!(π1)
= π0uA + π1ι1HA!(π1)
= π0uA + π1ηA

So HA!(π1) = π0uA + π1ηA. Therefore, we compute:

ηAδA = ι1HA!(π1)δA

= ι1HAδk⊕A!!(π1)
= ι1HA!(HA)!!(π1)
= ι1HA! (HA!(π1))
= ι1HA! (π0uA + π1ηA)
= ι1HA∆k⊕A(!(π0) ⊗ !(π1))(!(uA ⊗ !(ηA))∇!A

= ι1ΛA(HA ⊗ HA)(!(π0) ⊗ !(π1))(!(uA ⊗ !(ηA))∇!A

= ι1ΛA(π0 ⊗ HA)(mk ⊗ !(π1))(!(uA ⊗ !(ηA))∇!A

= ι1HA(uA ⊗ !(π1))(δA ⊗ !(ηA))∇!A

= (uA ⊗ ηA)(δA ⊗ !(ηA))∇!A

= (uA ⊗ ηA)(δA ⊗ η!A)∇!A

So we conclude that η satisfies [dC.4]. ◀

▶ Lemma 34. η satisfies [dC.m].

Proof. We must show that (1!A ⊗ ηB)mA,B = (εA ⊗ 1B)ηA⊗B .

(1!A ⊗ ηB)mA,B = (1!A ⊗ ι1)(1!A ⊗ HB)(1!A ⊗ !(π1))mA,B

= (1!A ⊗ ι1)(δA ⊗ HB)(!(εA) ⊗ !(π1))mA,B

= (1!A ⊗ ι1)(δA ⊗ HB)m!A,k⊕B ! (εA ⊗ π1)
= (1!A ⊗ ι1)(δA ⊗ HB)m!A,k⊕B ! (1!A ⊗ π1) ! (εA ⊗ 1B)
= (1!A ⊗ ι1)(δA ⊗ HB)m!A,k⊕B !(ΘA,B)!(π1)! (εA ⊗ 1B)
= (1!A ⊗ ι1)ΘA,BH!A⊗B !(π1)! (εA ⊗ 1B)
= ι1H!A⊗B !(π1)! (εA ⊗ 1B)
= η!A⊗B ! (εA ⊗ 1B)
= (εA ⊗ 1B)ηA⊗B

So we conclude that η satisfies [dC.m]. ◀

So we conclude that η is a codereliction.

C Proof of Theorem 14

We must show that that constructions of Proposition 12 and Proposition 13 are inverses of
each other. So starting with a codereliction η, we compute:

ι1HA!(π1) = (mk ⊗ ηA)χ−1
k,A!(π1) = (mk ⊗ ηA)(ek ⊗ 1!A) = ηA
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Next starting with an infinitesimal extension H, in Lemma 33 we showed that HA!(π1) =
π0uA + π1ηA. Therefore, we compute that:

π0mk!(ι0) + π1(mk ⊗ ηA)χ−1
k,A = π0 (mk ⊗ uA) χ−1

k,A + π1 (mk ⊗ ηA) χ−1
k,A

= π0uA (mk ⊗ 1!A) χ−1
k,A + π1ηA (mk ⊗ 1!A) χ−1

k,A

= (π0uA + π1ηA) (mk ⊗ 1!A) χ−1
k,A

= HA!(π1) (mk ⊗ 1!A) χ−1
k,A

= HA (mk ⊗ !(π1)) χ−1
k,A

= ΛA(π0 ⊗ HA) (mk ⊗ !(π1)) χ−1
k,A

= ΛA(HA ⊗ HA) (!(π0) ⊗ !(π1)) χ−1
k,A

= HA∆k⊕A (!(π0) ⊗ !(π1)) χ−1
k,A

= HAχk,Aχ−1
k,A

= HA

So we conclude that coderelictions are in bijective correspondence with infinitesimal aug-
mentations.
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The algebraic path problem provides a general setting for shortest path algorithms in optimization
and computer science. We explain the universal property of solutions to the algebraic path problem
by constructing a left adjoint functor whose values are given by these solutions. This paper extends
the algebraic path problem to networks equipped with input and output boundaries. We show that
the algebraic path problem is functorial as a mapping from a double category whose horizontal
composition is gluing of open networks. We introduce functional open matrices, for which the
functoriality of the algebraic path problem has a more practical expression.
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1 Introduction

The algebraic path problem is a generalization of the shortest path problem to probability,
computing, matrix multiplication, and optimization [18, 9]. Let ([0,∞],min,+) be the rig
of positive real numbers with min as the “additive” monoid and + as the “multiplicative”
monoid. A matrix M valued in [0,∞] is regarded as a distance network and the shortest
paths of M between all pairs of vertices may be computed using the geometric series
formula: F (M) =

∑
n≥0 M

n. The algebraic path problem frames many existing problems
as generalizations of the shortest path problem by allowing [0,∞] to be replaced by a
sufficiently nice rig R. Many popular shortest path algorithms can be extended to this more
general setting [10] and the algebraic path problem can also be implemented generically using
functional programming [5]. In Section 2, we show that finding solutions to the algebraic
path problem can be understood as the left adjoint of an adjunction

RMat RCat
F

⊥
U

between matrices valued in R and categories enriched in R.
The algebraic path problem deals only with closed systems, i.e. systems which are isolated

from their surroundings. On the other hand, open systems are equipped with input and
output boundaries, from which they can be composed to form larger and more complicated
networks. A research program intiated by Baez, Courser, and Fong aims to provide a
theoretical foundation for open systems using cospan formalisms [7, 1]. For a category of
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20:2 The Open Algebraic Path Problem

networks C, Baez and Courser defined a symmetric monoidal double category which provides
a syntax for composition of open systems in C [1]. In Section 3, we set C equal to RMat,
the category of matrices weighted in a quantale R, to obtain a symmetric monoidal double
category Open(RMat). The essence of this double category is gluing. Open R-matrices are
represented as cospans with feet given by 0-matrices. Given two such open R-matrices, take
their pushout

M +0Y
N

M N

0X 0Y 0Z

to obtain an open R-matrix whose apex is synthesized from joining M and N along their
shared boundary. This, along with the other data and structure of Open(RMat), provide
a syntax for manipulating open R-matrices. The axioms of a symmetric monoidal double
category guarantee that this syntax is well-behaved. For example, the word problem for
double categories is solvable in quadratic time and double categories are equipped with a
string diagram calculus [4, 14].

RCat, the category of R-enriched categories provides a choice of semantics for R-matrices,
and can be expressed as R-matrices satisfying some regularity properties. In Section 2, we
show how the solution to the algebraic path problem forms the left adjoint F of an adjunction
below left

RMat RCat
F

⊥
U

⋆ : Open(RMat) → Open(RCat)

which provides a mapping from the syntax of R-matrices to the semantics of R-categories.
R-categories equipped with input and output boundaries form the horizontal morphisms of a
symmetric monoidal double category Open(RCat). In Section 4, we show how the algebraic
path problem functor lifts to a symmetric monoidal double functor providing a coherent
semantics for the syntax of open R-matrices as shown above right. This symmetric monoidal
double functor provides a framework for studying how solutions to the algebraic path problem
can be built inductively from gluings of smaller open R-matrices. The axioms of a symmetric
monoidal double functor guarantee that this inductive process is well-behaved.

This result is more theoretical than practical. However, there is a subclass of open R-
matrices, functional open R-matrices, for which the theory provides useful insight. Functional
open R-matrices are roughly open R-matrices where the inputs are all sources and the outputs
are all sinks. In Section 5 we show that there is a strict double functor

■ ◦ ⋆fxn : Open(RMat)fxn → MatR

where MatR is a double category of R-matrices whose horizontal composition is matrix
multiplication. This strict double functor gives a series of coherent compositional relationships
for the algebraic path problem on functional open R-matrices based on matrix multiplication.
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2 The Algebraic Path Problem

The algebraic path problem arises from the observation that various optimization problems
can be framed in the same way by varying a sufficiently nice sort of rig. The level of generality
for this work will be a commutative quantale, which is sufficient to guarantee existence and
uniqueness of solutions to these optimization problems.

▶ Definition 1. A quantale is a monoidal closed poset with all joins. Explicitly, a quantale
is a poset R with an associative, unital, and monotone multiplication · : R × R → R such
that for every index set I

all joins,
∑

i∈I xi, exist
· preserves all joins, i.e.

a ·
∑
i∈I

xi =
∑
i∈I

a · xi.

A quantale is commutative if its multiplication operation, ·, is commutative.

A motivating example of such a quantale is the poset [0,∞] with + as its monoidal product
and with join given by infimum. Note that this poset is equipped with the reverse of the usual
ordering on [0,∞]. Fong and Spivak show how the shortest path problem on this quantale
computes the shortest paths between all pairs of vertices in a given [0,∞]-weighted graph
[8, §2.5.3]. Other motivating examples include the rig ([0, 1], sup, ·) (whose algebraic path
problem corresponds to most likely path in a Markov chain) and the powerset of the language
generated by an alphabet (whose algebraic path problem corresponds to the language decided
by a nondeterministic finite automata (NFA))[9].

▶ Definition 2. For a commutative quantale R and sets X and Y , an R-matrix M : X → Y

is a function M : X × Y → R. For R-matrices M : X → Y and N : Y → Z, their matrix
product MN is defined by the rule

MN(i, k) =
∑
j∈Y

M(i, j)N(j, k)

where juxtaposition denotes the multiplication of R.

If R is a commutative quantale, R-matrices form a quantale as well.

▶ Definition 3. Let RMat(X) be the set of X-by-X matrices M : X × X → R. RMat(X)
is equipped with the partial order ≤ where M ≤ N if and only if M(i, j) ≤ N(i, j) for all
i, j ∈ X.

▶ Proposition 4. RMat(X) is a quantale with
join given by pointwise sum of matrices,
and multiplication given by matrix product.

The proof of this proposition is left to the reader. All the required properties of RMat(X)
follow from the analogous properties in R.

A square matrix M : X ×X → R represents a complete R-weighted graph whose vertex
set is given by X.

▶ Definition 5. Let M : X × X → R be a square matrix. A vertex of M is an element
i ∈ X. An edge of M is a tuple of vertices (a, b) ∈ X × X. A path in M from a0
to an is a list of adjacent edges p = ((a0, a1), (a1, a2), . . . , (an−1, an)). The weight of p
is defined as the product l(p) = Πn−1

i=0 M(ai, ai+1) in R. For vertices i, j ∈ X, let PM
ij =

{ paths in M from i to j }

CALCO 2021
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Let i and j be vertices of a square matrix M : X ×X → R. The algebraic path problem asks
to compute the quantity

∑
p∈P M

ij
l(p) in the quantale R. If R is the quantale ([0,∞], inf,+)

then the weight of an edge Mij represents the distance between vertex i and vertex j and the
weight of a path l(p) represents the total distance traversed by p. Summing the weights of all
paths between a pair of vertices corresponds to finding the path with the minimum weight.

A more tractable framing of the algebraic path problem can be found by considering
matrix powers. The entries of M2 are given by

M2(i, j) =
∑
l∈X

M(i, l)M(l, j) = inf l∈X{M(i, l) +M(l, j)}.

Because M(i, l) and M(l, j) represent the distance from i to l and from l to j, this infimum
computes the cheapest way to travel from i to j while stopping at some l in between. More
generally, the entries of Mn for n ≥ 0 represent the shortest paths between nodes of your
graph that occur in exactly n steps. To compute the shortest paths which can occur in any
number of steps, we must take the infimum of the matrices Mn over all n ≥ 0. This pattern
replicates for other choices of quantale. Therefore, the algebraic path problem seeks to
compute

F (M) =
∑
n≥0

Mn (1)

where M is an R-matrix. The following table summarizes some instances of the algebraic
path problem for different choices of R. Fink provides an explanation of the algebraic path
problems for ([0,∞],≤) and {T, F} and Foote provides an explanation for the quantales
([0, 1],≤) and (P(Σ),⊆) [6, 9].

poset join multiplication solution of path problem
([0, ∞], ≥) inf + shortest paths in a weighted graph
([0, ∞], ≤) sup inf maximum capacity in the tunnel problem
([0, 1], ≤) sup × most likely paths in a Markov process

{T, F } OR AND transitive closure of a directed graph
(P(Σ∗), ⊆)

⋃
concatenation decidable language of a NFA

Note that in this table, P(Σ∗) denotes the power set of the language generated by an alphabet
Σ.

Equation (1) is known to category theorists by a different name: the free monoid on M .
Framing it in this way gives a categorical proof of existence and uniqueness of F (M). A
classic result from [12, §V11] gives a construction of free monoids. MacLane’s construction is
defined as an adjunction into a category of internal monoids.

▶ Definition 6. Let (C,⊗, I) be a monoidal category. A monoid internal to C is an object
A of C equipped with morphisms

m : A⊗A → A and i : I → A

satisfying the axioms of associativity and unitality expressed as commutative diagrams. A
monoid homomorphism from a monoid A to a monoid B is a morphism f : A → B in C

which commutes with the maps m and i of each monoid. Let Mon(C) be the category where
objects are monoids internal to C and morphisms are their homomorphisms.
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▶ Proposition 7 (MacLane). Let (C,⊗, I) be a monoidal category with countable coproducts
such that tensoring on both sides preserves these coproducts. Then there is an adjunction
below left

C Mon(C)

F

⊥
U

F (X) =
∑
n≥0

Xn

whose left adjoint is given by the countable coproduct of cartesian powers as shown above
right.

The poset RMat(X) when viewed as a category satisfies the hypotheses of Proposition 7 and
therefore admits a free monoid construction.

▶ Proposition 8. There is an adjoint pair

RMat(X) Mon(RMat(X))

FX

UX

where FX is the monotone map which produces the solution to the algebraic path problem on
a matrix and UX is the natural forgetful map.

Proof. Because RMat(X) is a quantale, it can be regarded as a monoidal category with all
coproducts such that tensoring distributes over these coproducts. The result follows from
applying Proposition 7 and noticing that MacLane’s construction of free monoids matches
Equation 1 in the case when C = RMat(X). ◀

Monoids internal to RMat(X) are R-enriched categories.

▶ Definition 9. An R-category C with object set X consists of an element C(x, y) in R for
every x, y ∈ X such that

1 ≤ C(x, x) (the identity law), and
C(x, y)C(y, z) ≤ C(x, z) (the composition law).

Let RCat(X) be the poset whose elements are R-enriched categories with object set X. For
R-categories C and D,

C ≤ D ↔ C(i, j) ≤ D(i, j) ∀i, j ∈ X

▶ Proposition 10. Mon(RMat(X)) is isomorphic to RCat(X), the poset of categories enriched
in R with object set X.

Proof. The isomorphism in question assigns a matrix M : X×X → R to the R-category with
hom(x, y) = M(x, y). The identity law follows from the inequality 1 ≤ M and the inequality
M2 ≤ M implies that for all y ∈ X,

∑
y∈X M(x, y)M(y, z) ≤ M(x, z). The composition law

follows from the fact that any element of R is less than a join which contains it. ◀

Proposition 8 says that each matrix valued in R has a unique, universally characterized
solution to the algebraic path problem: namely the free R-category on that matrix. This
adjunction can be extended to matrices over an arbitrary set.
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▶ Definition 11. Let f : X → Y be a function and let M : X × X → R be an R-matrix.
Then the pushforward of M along f is the matrix f∗(M) : Y × Y → R defined by

f∗(M)(y, y′) =
∑

(x,x′)∈(f×f)−1(y,y′)

M(x, x′).

▶ Definition 12. Let RMat be the category where objects are square matrices M : X×X → R

on some set X and where a morphism of R-matrices from M : X×X → R to N : Y ×Y → R

is a function f : X → Y satisfying f∗(M) ≤ N . Let RCat be the full subcategory of RMat
consisting of matrices satisfying the axioms of an R-category (see Definition 9).

The above adjunction may be extended to square matrices over an arbitrary set. We leave
the proof of the following proposition to Appendix A.

▶ Proposition 13. The free monoid construction of Proposition 8 extends to an adjunction

RMat RCat.
F

⊥
U

The following proposition will be useful in the next section.

▶ Proposition 14. The above adjunction F ⊣ U is idempotent.

Proof. Every adjunction between posets is idempotent. Therefore the smaller adjunctions
FX ⊣ UX are idempotent. Because F and U are stitched together using these adjunctions, it
is idempotent as well. ◀

3 Open R-Matrices

R-matrices are made open by designating some of their vertices to be either inputs or outputs.
In this section we show how these open R-matrices are composed by joining the output
vertices of one to the input vertices of another and joining the data on the overlap. To define
open R-matrices, we need a notion of a discrete R-matrix on a set X i.e. a matrix whose
entries are all zero. The map sending a set to its discrete R-matrix is a functor and a left
adjoint.

▶ Proposition 15. Let R : RMat → Set be the functor which sends an R-matrix to its
underlying set of vertices and sends a morphism to its underlying function. Then U has a
left adjoint

0: Set → RMat 0X : X ×X → Y

which sends a set X to the R-matrix defined by 0X(i, j) = 0 for all i and j in X. F sends a
function f : X → Y to the morphism of R-matrices which has f as its underlying function
between vertices.

Proof. The natural isomorphism ϕ : RMat(0X , G) ∼= Set(X,R(G)) is formed by noting that
a morphism 0X → R(G) is uniquely determined by its underlying function on vertices and
every such function obeys the inequality in Definition 12. ◀

A weighted graph can be opened up to its environment by equipping it with inputs and
outputs.
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▶ Definition 16. Let M : A×A → R be an R-matrix. An open R-matrix M : X → Y is
a cospan in RMat of the form

M

0X 0Y

The idea is that the maps of this cospan point to input and output nodes of the matrix M .
Let M : X → Y and N : Y → Z

M N

0X 0Y 0Z

be open R-matrices. The underlying sets of M and N form a diagram

R(M) R(N)

X Y Z

l m n o

which generate a pushout

R(M) +Y R(N)

R(M) R(N)

Y

a b

m n

The functions a and b of this pushout allow the matrices M and N to be compared on equal
footing: the pushforwards a∗(M) and b∗(N) both have R(M) +Y R(N) as their underlying
set. The matrices a∗(M) and b∗(N) are combined using pointwise sum.

▶ Definition 17. For open R-matrices M : X → Y and N : Y → Z as defined above, their
composite is defined by

N ◦M : X → Z =
a∗(M) + b∗(N)

0X 0Z

ϕ−1(a◦l) ϕ−1(b◦r)

where ϕ−1 gives the unique morphism out of a discrete R-matrix defined by a function on its
underlying set.

An R-matrix M : X ×X → R can represent a graph with vertex set X weighted in R.
Similarly, an open R-matrix, represents an R-weighted graph equipped with inputs and
outputs. For example, the [0,∞]-matrices on the sets {a, b, c} and {d, e} 1 2 .1

3 0 .2
∞ 1 .2

 [
6 ∞
0 9

]
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respectively may be upgraded to open [0,∞]-matrices as follows. The first matrix has input
set {1, 2} and output set {3}. The mappings of the cospan are given by 1 7→ a, 2 7→ b and
3 7→ c. Similarly, the second matrix has left input set given by {3} and right input set given
by {4}. The mappings in the cospan for this open [0,∞]-matrix are given by the assignments
3 7→ d and 4 7→ e. These two open [0,∞]-matrices are drawn as follows:

23

.1

1

.2

0

X Y1

0

.2

Z

96

In this picture, edges are ommitted when their value is ∞ and a label on a vertex indicates the
weight of the edge from that vertex to itself. These two open [0,∞]-matrices are composed
by identifying vertices mapped to by a common element of Y .

23

.1

1

.2

0

X Z1

0

.2 9

where edges are omitted if their weight is infinite in both directions. The matrix on the apex
of this composite is computed by pushing each component matrix forward to the pushout of
their underlying sets and adding them together i.e.

1 2 .1 ∞
3 0 .2 ∞
∞ 1 .2 ∞
∞ ∞ ∞ ∞

 +


∞ ∞ ∞ ∞
∞ ∞ ∞ ∞
∞ ∞ 6 ∞
∞ ∞ 0 9

 =


1 2 .1 ∞
3 0 .2 ∞
∞ 1 .2 ∞
∞ ∞ 0 9


where + denotes the pointwise join of the quantale [0,∞]. The entries of this matrix represent
the shortest distances between pairs of vertices in the composite open [0,∞]-matrix. This
composition forms the horizontal composition of a symmetric monoidal double category.
Note that the double categories considered here are called pseudo–double categories.

▶ Theorem 18. For a quantale R, there is a symmetric monoidal double category Open(RMat)
where

objects are sets X,Y ,Z . . .
vertical morphisms are functions f : X → Y ,
a horizontal morphism M : X → Y is an open R-matrix below left

M

0X 0Y

0X M 0Y

0′
Y N 0′

Y

0f g 0h
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vertical 2-morphisms are commutative rectangles shown above right,
vertical composition is ordinary composition of functions,
and horizontal composition is given by the composite operation defined above.

The symmetric monoidal structure is given by
coproducts in Set on objects and vertical morphisms,
pointwise coproducts on horizontal morphisms i.e. for open R-matrices,

M M ′

0X

>>

0Y

``

0′
X

==

0′
Y

``

their coproduct is

M ⊔M ′

0X⊔X′ 0Y ⊔Y ′

and pointise coproduct for two vertical 2-morphisms i.e. for vertical 2-morphisms,

0X M 0Y

0Z N 0Q

0f g 0h

0′
X M ′ 0′

Y

0′
Z N ′ 0′

Q

0′
f

g′ 0′
h

their coproduct is

0X⊔X′ M ⊔M ′ 0Y ⊔Y ′

0Z⊔Z′ N ⊔N ′ 0Q⊔Q′

0f⊔f′ g⊔g′ 0h⊔h′

Proof. Theorem 3.2.3 of [3] constructs this symmetric monoidal double category as long as
RMat has coproducts and pushouts, and
0: Set → RMat preserves pushouts and coproducts.

Because 0 is a left adjoint (Proposition 15) it preserves pushouts and coproducts when they
exist so it suffices to prove the following lemma which we do in Appendix A. ◀

▶ Lemma 19. RMat has coproducts and pushouts.

4 Compositionality of the Algebraic Path Problem

In this section we show how the algebraic path problem functor F : RMat → RCat extends to
a symmetric monoidal double functor

Open(F ) : Open(RMat) → Open(RCat).

This double functor describes how the syntax of gluing open R-matrices extends to a series
of coherent compositionality laws for the algebraic path problem.
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For composable open R-matrices

M N

0X 0Y 0Z

we may apply the algebraic path problem functor F to the entire diagram to get cospans of
R-categories

F (M) F (N)

1X 1Y 1Z

where 1X is the identity matrix on X with respect to matrix multiplication. The pushout in
RMat, F (M) +1Y

F (N), is not equal to the solution F (M +0Y
N). The former optimizes

only over paths which start in M and end in N . On the other hand, F (M +0Y
N) optimizes

over paths which may zig-zag back and forth between M and N , as many times as they
like, before arriving at their destination. Therefore, to construct F (M +0Y

N) from its
components we turn to the pushout in RCat.

▶ Proposition 20. RCat has pushouts and coproducts.

Proof. More generally, RCat has all colimits by Corollary 2.14 of [19]. These colimits are
constructed via the transfinite construction of free algebras [11]. The idea behind the
transfinite construction is that colimits in a category of monoids can be constructed by first
taking the colimit of their underlying objects, taking the free monoid on that colimit, and
then quotienting out by the equations in your original monoids. Next we provide an explicit
description in the case of R-categories. ◀

▶ Proposition 21. For a diagram D : C → RCat, its colimit is given by the formula

colimc∈CD(c) ∼= F (colimc∈CU(D(c)))

Proof. It suffices to show that F (colimc∈CU(D(c))) satisfies the universal property of
colimc∈CD(c). Let α : ∆d ⇒ D be a cocone from an object d ∈ RCat to our diagram
D. Because α can be regarded as a cocone in RMat, the universal property of colimits induces
a unique map colimc∈CU(D(c)) → U(d) of R-matrices. Applying F to this morphism gives a
map F (colimc∈CU(D(c))) → FU(d) = d where the last equality follows from the adjunction
F ⊣ U being idempotent as shown in Proposition 14. The above map is a unique morphism
satsifying the universal property for colimc∈CD(c). ◀

▶ Corollary 22. For a diagram below left

M N

K

M +K N ∼= F (U(M) +U(K) U(N))

in RCat, the pushout is given by the isomorphism above right.

This pushout forms the horizontal composition of a double category of open R-categories.
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▶ Theorem 23. There is a symmetric monoidal double category Open(RCat) where
objects are sets,
vertical morphisms are functions,
horizontal morphisms are cospans shown below left

M

1X 1Y

1X M 1Y

1′
X N 1′

Y

1f g 1h

where the apex M satisfies the axioms of an R-category, and
vertical 2-morphisms are commuting rectangles shown above right
The horizontal composition is given by pushout of open R-categories i.e. for open R-
categories

M N

1X 1Y 1Z

their pushout is the cospan

F (U(M) +U(K) U(N))

1X 1Y

The symmetric monoidal structure of Open(RCat) is given by
coproduct of sets and functions,
pointwise coproduct on horizontal morphisms,
and pointiwise coproduct on vertical 2-morphisms.

Proof. To construct the desired symmetric monoidal double category, we apply Corollary
2.4 of [1] to the composite left adjoint Set RMat RCat.0 F ◀

So far we have the commutative diagram of functors

RMat RCat

Set

F

10

where 1: Set → RCat is the functor which sends a set X to the identity matrix 1X . The
definition of Open is functorial with respect to this sort of diagram i.e. it induces a symmetric
monoidal double functor between the relevant double categories.

▶ Theorem 24. There is a symmetric monoidal double functor

⋆ : Open(RMat) → Open(RCat)

which is
the identity on objects and vertical morphisms,
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sends an open R-matrix M : X → Y below left

M

0X 0Y

7→
FM

1X 1Y .

to the solution of its algebraic path problem ⋆(M) : X → Y above right, and
a vertical 2-morphism of open R-matrices α : M ⇒ N below left

0X M 0Y

0Z N 0Q

0f g 0h 7→
1X FM 1Y

1′
X FN 1′

Y

1f F g 1h

is sent to the 2-morphism ⋆(α) : M ⇒ N above right given by pointwise application of F .

Proof. Theorem 4.3 of [1] proves functoriality of the “Open” construction on squares below
left

X X ′

A A′

F1

F0

L L′

RMat RCat

Set Set

F

0 1

commuting up to natural isomorphism. The result follows from applying this result to the
square shown above right. ◀

The definition of symmetric monoidal double functor packages up a lot of information very
succinctly. In particular, it contains coherent comparison isomorphism relating the solution
of the algebraic path problem on a composite matrix to the solution on its components. For
open R-matrices M : X → Y and N : Y → Z, there is a composition comparison

ϕMN : ⋆(M) ◦ ⋆(N) ∼−→ ⋆(M ◦N) (2)

and monoidal comparison

ψMM ′ : ⋆(M +M ′) ∼−→ ⋆(M) + ⋆(M ′) (3)

giving recipes to break solutions to the algebraic path problem into their components. In
other words, the left-hand side of each comparison is computed to determine the right-hand
side

Pouly and Kohlas present a similar relationship in the context of valuation algebras. [15,
§6.7]. For matrices M and N representing weighted graphs on vertex sets s and t respectively,
the solution to the algebraic path problem on the union of their vertex sets is given by

F (M) ⊗ F (N) = F
(
F (M)↑s∪t + F (N)↑s∪t

)
In this formula, ↑ s ∪ t indicates that the matrix is trivially extended to the union of the
vertex sets. This formula is less general than comparison (2): it corresponds to the special
case when the legs of the open R-matrices are inclusions.

A typical algorithm for the algebraic path problem has spacial complexity Θ(n3) where n
is the number of vertices in your weighted graph [10]. The comparisons (2) and (3) suggest
a strategy for computing the solution to the algebraic path problem which reduces this
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complexity. First cut your weighted graph into smaller chunks, compute the solution to
the algebraic path problem on those chunks, then combine their solutions using (2) and
3). Unfortunately, this strategy will in general take more time to compute the solution to
the algebraic path problem on a composite because the right hand side of comparison (2)
requires three applications of the functor F . However, the situation improves if the open
R-matrices are functional.

5 Functional Open Matrices

In this section we define functional open R-matrices, a class of open R-matrices for which
the composition comparison ϕMN : ⋆(M) ◦⋆(N) ∼= ⋆(M ◦N) can be expressed in terms of
matrix multiplication. The one caveat is that this expression requires that the open matrices
be restricted to their inputs and outputs. For this we borrow a concept from engineering
called “blackboxing” which forgets the internal workings of a system and concentrates only
on the relationship it induces between its inputs and outputs.

▶ Definition 25. Let M : X → Y be the open R-category

M

1X 1Y .

i o

Then the blackboxing of M is the matrix below left

■(M) : X × Y → R ■(M)(x, y) = M(i(x), o(y))

given by the expression above right.

The ■ operation is extended to all of RCat but the composition is only preserved laxly. The
codomain of this extension is the following:

▶ Definition 26. Let MatR be the double category where
an object is a set X,Y ,Z,. . .
a vertical morphism is a function f : X → Y ,
a horizontal morphism M : X → Y is a matrix M : X × Y → R,
a vertical 2-morphism from M : X → Y to N : X ′ → Y ′ is a square below left

X Y

X ′ Y ′

f

M

g

N

∑
x∈f−1(x′), y∈g−1(y′)

M(x, y) ≤ N(x′, y′)

satisfing the inequality above right for all x′ ∈ X ′ and y′ ∈ Y ′.
Vertical composition is function composition,
and horizontal composition is given by matrix multiplication.

In this double category, the composite of matrices M and N is written as the juxtaposition
MN . Blackboxing is extended to the double category of open R-categories.

▶ Proposition 27. There is a lax double functor

■ : Open(RCat) → MatR

which

CALCO 2021
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is the identity on objects,
sends an open R-category M : X → Y to its blackbox ■(M),
and sends a vertical 2-cell below left

1X M 1Y

1X′ N 1Y ′

1f g 1h
7→

X Y

X ′ Y ′

f

■(M)

g

■(N)

to the vertical 2-cell above right.
The blackboxing functor is composed with the algebraic path problem functor to get a lax
symmetric monoidal double functor

Open(RMat) ⋆−→ Open(RCat) ■−→ MatR

This lax symmetric monoidal double functor sends an open R-matrix to the solution of its
algebraic path problem only on nodes which start with an input and end with an output. It is
natural to ask when this mapping is strictly functorial, as this yields a simple compositional
formula for the algebraic path problem:

■(⋆(M ◦N)) = ■(⋆(M))■(⋆(N)).

The double functor ■ ◦ ⋆ is strictly functorial on functional open matrices.

▶ Definition 28. Let M : A×A → R be an R-matrix. An element a ∈ X is a source if for
every b ∈ X, M(b, a) = 0 and a sink if M(a, b) = 0. A functional open R-matrix is an
open R-matrix

M

0X 0Y

l r

such that for every x ∈ X, l(x) is a source and for every y ∈ Y , r(y) is a sink.

Because the pushout of functional open R-matrices is also functional, we can form the
following sub-double category.

▶ Definition 29. Let Open(RMat)fxn be the full sub-symmetric monoidal double category
generated by the open R-matrices which are functional.

▶ Theorem 30. The composite ■ ◦ ⋆ restricts to a strict double functor

■ ◦ ⋆fxn : Open(RMat)fxn → MatR

The proof of this theorem relies on a lemma which resembles the the binomial expansion of
(a+ b)n in a ring where ba = 0. If a and b represent blackboxings of functional open matrices,
then the identity ba = 0 indicates that there are no paths which go backwards.

▶ Lemma 31. For functional open R-matrices M : X → Y and N : Y → Z we have that

■(M +1Y
N)n =

∑
i+j=n

■(M i)■(N j)
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Proof. The entries of the left hand side are expanded as

■((M +1Y N)n)(a0, an) =
∑

a1,··· ,an−1

(M +1Y N)(a0, a1)(M +1Y N)(a1, a2) · · · (M +1Y N)(an−1, an)

where the ai are equivalence classes in RM +Y RN . For a particular term of this sum, let
1 ≤ k ≤ n be the first natural number such that ak contains an element of RN . Because M
and N are functional, for k ≤ i ≤ n the equivalence classes ai must also contain an element
of RN if our term is nonzero. Therefore for a fixed k the contribution to the above sum is
given by ∑

M(a0, a1) . . .M(ak−1, ak)N(ak, ak+1) . . . N(an−1, an)

which simplifies to

■(Mk)■(Nn−k)(a0, an).

Because k can occur in any entry we have that

■((M +1Y
N)n) =

∑
k≤n

■(Mk)■(Nn−k) =
∑

i+j=n

■(M i)■(N j)

and this completes the proof. ◀

Proof of Theorem 30: It suffices to prove that for functional open R-matrices
0X M 0Y and 0Y N 0Z the equation

■(⋆(M ◦N)) = ■(⋆(M))■(⋆(N))

holds. Consider the left-hand side:

■⋆M ◦N = ■
∑
n≥0

(M ◦N)n

=
∑
n≥0

■(M ◦N)n

=
∑
n≥0

∑
i+j=n

■(M i)■(N j)

on the other hand,

■(⋆(M))■(⋆(N)) =
∑
i≥0

■(M i)
∑
j≥0

■(N j)

=
∑

i,j≥0
■(M i)■(M j)

Both sums contain the term ■(M i)■(N j) for every value of i and j, but the left hand side
may contain repeated terms. However, because addition is idempotent, repeated terms don’t
contribute to the sum and the two sides are the same. ◀
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6 Conclusion

The functoriality of Theorem 30 might not be surprising. It says that if your open matrices
are joined together directionally along bottlenecks, then the computation of the algebraic
path problem can be reduced to a computation on components. This strategy has already
proven sucessful. In [17], Sairam, Tamassia, and Vitter show how choosing one way separators
as cuts in a graph, allow for an efficient divide and conquer parallel algorithm for computing
shortest paths. In [16] Rathke, Sobocinksi, and Stephens show how the reachability problem
on a 1-safe Petri net can be computed more efficiently by cutting it up into more manageable
pieces. Theorem 24 provides a framework for compositional formulas of this type. In future
work we plan on extending the construction of this theorem to many other sorts of discrete
event dynamic systems.

Lemma 31 also holds independent computational interest. The equation given there gives
a novel compositional formula for computing the solution to the algebraic path problem.
The author has implemented this formula for the special case of Markov processes [13]. We
hope that this is the start of a more extensive library, made faster and more reliable by the
mathematics developed in this paper.
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A Ommitted Proofs

▶ Proposition 32. The free monoid construction of Proposition 8 extends to an adjunction

RMat RCat.
F

⊥
U

Proof. Let A : Set → Cat be the functor which sends a set X to the poset RMat(X) regarded
as a category and sends a function f : X → Y to the pushforward functor

f∗ : RMat(X) → RMat(Y ).

from Definition 11. Analogously, let B : Set → Cat be the functor which sends a set X to the
poset RCat(X) and sends a function f to its pushforward functor. The functors FX for each
set X form the components of a natural transformation F : A ⇒ B. Similarly, the functors
UX form the components of a natural transformation U : B ⇒ A. Furthermore, these natural
transformations form an adjoint pair in the 2-category [Set,Cat] of functors Setop → Cat,
natural transformations between them, and modifications. F and U are adjoint because an
adjoint pair in [Set,Cat] is the same as a pair of natural transformations which are adjoint in
each component. To summarize, we have a pair of adjoint natural transformations as follows:

Set Cat

A

B

F ⊣ U

A restriction of the Grothendieck construction [2] defines a 2-functor∫
: [Set,Cat] → CAT

where CAT is the 2-category of large categories. Because every 2-functor preserves adjunctions,
the above diagram maps to an adjunction

∫
A

∫
B.⊥

∫
F

∫
U

The result follows from the equivalences
∫
A ∼= RMat and

∫
B ∼= RCat. The desired functors

F and U are obtained by composing
∫

F and
∫

U with these equivalences. ◀

▶ Lemma 33. RMat has coproducts and pushouts.
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Proof. This is a consequence of Proposition 2.4 of [19] after noting that RMat is the category
of R-graphs, the generating data for R-enriched categories. For concreteness and practicality,
we offer an explicit construction of pushouts and coproducts here. Let

G H

K
fg

be a diagram in RMat with

X Y

Z
fg

as the underlying diagram of sets. To compute the pushout G+K H first we take the pushout
of sets

X +Y Z

X Y

Z

iX iY

fg

push them forward to get matrices iX∗ (G) and iY∗ (H) and join them together to get

G+Y H : (X +Y Z) × (X +Y Z) → R = iX∗ (G) + iY∗ (H)

This does indeed define a pushout in RMat. Suppose we have a commutative diagram of
R-matrices as follows:

L

G+K H

G H

K.

c1 c2

f g

then the underlying diagram of sets induces a unique function u

C

X +Z Y

X Y

Z.

u
c1 c2

f g
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commuting suitable with c1 and c2. The map u is certainly unique, it remains to show that
it is well-defined i.e. it satisfies the inequality

u∗(G+K H) ≤ L

Indeed, for (x, y) ∈ C × C,

u∗(G+K H)(x, y) =
∑

(a,b)∈(u×u)−1(x,y)

G+K H(a, b)

=
∑

(a,b)∈(u×u)−1(x,y)

iX∗ (G)(a, b) + iY∗ (H)(a, b)

=
∑

(a,b)∈(u×u)−1(x,y)

iX∗ (G)(a, b) +
∑

(a,b)∈(u×u)−1(x,y)

iY∗ (H)(a, b)

= u∗(iX∗ (G))(x, y) + u∗(iY∗ (H))(x, y)

However, because

u∗(iX(G)) = c1
∗(G) and u∗(iY (H)) = c2

∗(G)

the above expression is equal to

c1
∗(G)(x, y) + c2

∗(H)(x, y)

which is less than or equal to L(x, y) because each term is and + is the least upper bound.
For R-matrices G : X × X → R and H : Y × Y → R, their coproduct is given by the

pushout

G+ϕ H

G H

ϕ
!G !H

where ϕ is the unique R-matrix on the empty set and !G and !H are the unique morphisms
into G and H respectively. ◀

▶ Proposition 34. There is a lax double functor

■ : Open(RCat) → MatR

which
is the identity on objects,
sends an open R-category M : X → Y to its blackbox ■(M),
and sends a vertical 2-cell below left

1X M 1Y

1X′ N 1Y ′

1f g 1h

X Y

X ′ Y ′

f

■(M)

g

■(N)

to the vertical 2-cell above right.
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Proof. First observe that this lax double functor is well-defined on 2-cells. This amounts to
showing that the inequality∑

x∈f−1(x′), y∈h−1(y′)

M(i(x), j(y)) ≤ N(i′(x′), j′(y′)) (4)

holds. Because g is a morphism of R-matrices, we have that∑
a∈g−1(i′(x′)), b∈g−1(j′(y′))

M(a, b) ≤ N(i′(x′), j′(y′)) (5)

Let M(i(x), j(y)) be a term on the left hand side of inequality (4). Then by definition,
x′ = f(x) and y′ = h(y) so a ∈ g−1(i′(f(x)) and b ∈ g−1(j′(h(y)). However, because we
started with a 2-cell in Open(RCat), i′ ◦f = g ◦ i and j′ ◦h = g ◦ j so we can rewrite inequality
(5) as ∑

a∈g−1(g◦i(x)), b∈g−1(g◦j(y))

M(a, b) ≤ N(i′(x′), j′(y′))

The term M(i(x), j(y)) of the left hand side of inequality (4) is also a term of the left hand
side of inequality (5) so we have that

M(i(x), i(y)) ≤
∑

a∈g−1(g◦i(x)), b∈g−1(g◦j(y))

M(a, b) ≤ N(i′(x′), j′(y′))

Because each term on the left hand side of (4) is less than the desired quantity, the join of
all the terms will be as well. Therefore the lax double functor is well-defined on 2-cells. Note
that MatR is locally posetal i.e. for every square below left

X Y

X ′ Y ′

f

M

g

N

1X

1X 1X

there is at most one 2-cell filling it. This property makes it so many of the axioms in the
definition of lax double functor are satisfied trivially. It suffices to show that the globular
composition and identity comparisons exist. The identity morphism in Open(RCat) on a set X
is the cospan above right. The blackbox of this cospan is equal to the identity matrix on X, so
the identity comparison is the identity. The composition comparison ■(M)■(N) ≤ ■(M ◦N)
follows from the chain of inequalities

■(M)■(N) =
∑
y∈Y

■(M)(x, y)■(N)(y, z)

=
∑
y∈Y

M(i(x), j(y))N(i′(y), j′(z))

= (M +1Y
N)2

≤
∑
n≥0

(M +1Y
N)n(i(x), j′(z))

= ■(M ◦N)(x, z)

Therefore, ■ is a lax double functor. ◀
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simulation up-to that are recently introduced for deterministic systems modeling program execution.
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1 Introduction: Simulation Notions with Bounded Number of Steps

In the literature of program semantics, coinductive techniques have often been used to
establish equivalence between program behaviors. A recent approach utilizes weak simulations
with quantitative constraints on the length of terminating runs. These constraints enable
comparison of execution cost for programs, in terms of the number of execution steps it takes
for a program to terminate.

One example is Accattoli et al.’s notion called improvement [1]. It was used to show that
certain rewriting of a program before execution not only preserves the execution result, but
also improves the execution cost by requiring less execution steps. Another example was used
in the first author’s previous work [9]. It is dubbed (Q, Q1, Q2)-simulation, parameterized by
a triple (Q, Q1, Q2) of preorders on natural numbers, i.e. on lengths of runs. The first preorder
Q is used to compare lengths of accepted runs, and it generalizes the “greater-than-or-equal”
preorder ≥ used by improvements. The other two preorders Q1, Q2 are for additionally
incorporating the so-called up-to technique. Subtle conditions on these preorders are identified
in loc. cit. to make the combination of weak simulations and the up-to technique work.

These two notions are both designed for unlabeled deterministic transition systems,
which can model execution of deterministic programs only. We aim to pursue the idea of
constraining terminating, or accepted, runs, in a more general setting. This abstract describes
our ongoing work on generalizing (Q, Q1, Q2)-simulations to nondeterministic automata. We
present a novel notion of preorder-constrained simulation that is a weak simulation up-to
constrained by preorders on words, not on natural numbers. It entails a generalized notion
of language inclusion that compares words using a preorder instead of equality.
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x

R

y w′

∗//
y′

x

R

∗//
xk

R

∗//
xn

y w′

∗//
y′

Figure 1 Def. 3 (Final and Step).

x
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x21 x22

y

y11 y12

y21 y22

OO
⟨a2+b2≤1⟩

OO
⟨|a|≤1⟩

WW
⟨|b|≤1⟩

GG

OO
⟨|a|+|b|≤1⟩

WW
⟨|a|+|b|

≤1⟩

GG

⟨|a|≤1⟩
OO

⟨|b|≤1⟩
OO

Figure 2 Ex. 4.

x

R

∗//
xk

R1

∗//
x

◦
R◦
R2

y
w′∗//

y′

Figure 3 Def. 9.

2 Main Contribution

Let Ak = (Xk, Σ,⇝k⊆ Xk × Σ × Xk, Fk ⊆ Xk) (k ∈ {1, 2}) be nondeterministic automata,
x ∈ X1 and y ∈ X2, and L∗

A1
(x), L∗

A2
(y) ⊆ Σ∗ be the set of words accepted from x and y

respectively. The ordinary simulation notion [7] proves language inclusion L∗
A1

(x) ⊆ L∗
A2

(y).
Instead, our simulation notion proves Q-trace inclusion.

▶ Def. 1. For a preorder Q ⊆ Σ∗ × Σ∗, we write x ⪯Q y and say Q-trace inclusion holds
between x and y when ∀w ∈ L∗

A1
(x). ∃w′ ∈ L∗

A2
(y). wQw′.

▶ Example 2.
i) when Q is the equality, x ⪯Q y iff L∗

A1
(x) ⊆ L∗

A2
(y).

ii) When Σ contains a special letter τ , and wQw′ means that w and w′ are the same except
for τ , then x ⪯Q y iff weak language inclusion, i.e. language inclusion ignoring τ , holds.

iii) When wQw′ means that w is a subword of w′, x ⪯Q y iff for each w ∈ L∗
A1

(x) there
exists w′ ∈ L∗

A2
(y) such that w is a subword of w′.

iv) When Σ is the powerset 2AP of some set AP and a1 . . . akQa′
1 . . . a′

k′ means that k = k′

and ai ⊆ a′
i for each i ∈ {1, . . . , k}, then x ⪯Q y iff for each a1 . . . ak ∈ L∗

A1
(x) there

exists a′
1 . . . a′

k ∈ L∗
A2

(y) such that ai ⊆ a′
i for each i ∈ {1, . . . , k}.

2.1 Preorder-Constrained Simulation without up-to
We hereby introduce a new simulation notion for witnessing Q-trace inclusion.

▶ Def. 3. We call R ⊆ X1 × X2 a Q-constrained simulation from A1 to A2 if, for any
(x, y) ∈ R, the following holds (see also Fig. 1).
Final: If x ∈ F1 then there exist w′ ∈ Σ∗ and y′ ∈ F2 such that εQw′ and y

w
⇝∗

2 y′.
Step: For each a1 . . . an ∈ Σ+ and x1 . . . xn ∈ X+

1 such that x
a1⇝ x1

a2⇝ · · · an⇝ xn and
xn ∈ F1, there exist k ∈ {1, . . . , n}, w′ ∈ Σ∗ and y′ ∈ X2 such that a1, . . . , akQw′,
y w′
⇝∗

2 y′ and i) xkRy′ or ii) k = n and y′ ∈ F2 .

▶ Example 4. We continue Ex. 2(iv). Let AP := R2. For a formula φ(a, b) with free variables
a and b, let ⟨φ⟩ := {(a, b) ∈ R2 | φ(a, b)} . For nondeterministic automata illustrated in
Fig. 2, as ⟨a2 + b2 ≤ 1⟩ ⊆ ⟨|a|+ |b| ≤ 1⟩, R := {(x, y), (x21, y21), (x22, y22)} is a Q-constrained
simulation. Note that x1, y11 and y12 are not involved by R.

▶ Prop. 5 (soundness). If Q is closed under concatenation (i.e. w1Qw′
1 and w′

2Qw′
2 imply

w1w2Qw′
1w′

2), xRy implies x ⪯Q y. ◀

Unfortunately, it seems that Q-constrained simulation is not practicable as it is hard to
check if given R satisfies Step in Def. 3 for all a1 . . . an ∈ Σ+ and x1 . . . xn ∈ X+. In fact,
by letting R := {(x, y) | x ⪯Q y}, we can easily see that ⪯Q is a Q-constrained simulation.

▶ Prop. 6 (completeness). If Q is closed under concatenation, there exists a Q-constrained
simulation R such that x ⪯Q y implies xRy. ◀



K. Muroya, T. Sanada, and N. Urabe 21:3

Position Player Moves
(w, x, y)

∈ Σ∗ × X1 × X2
Challenger (wa, x′, y) s.t. x

a
⇝1 x′ choose a successor state

and enqueue the label
(✓, w, x, y) when x ∈ F1 declare the last turn

(w, x′, y)
∈ Σ+ × X1 × X2 Simulator

(w, x′, y) skip the turn
(ε, x′, y′) s.t.
∃w′ ∈ Σ∗. y

w′
⇝∗

2 y′ and wQw′
dequeue all,
and simulate it

(✓, w, x, y)
∈ {✓} × Σ+ × X1 × X2

sim-win if ∃w′ ∈ Σ∗. y
w′
⇝∗

2 y′,

wQw′ and y′ ∈ F2

dequeue all and
simulate it so that
accepting state is reached

Figure 4 Two-player game characterizing Q-constrained simulation. Simulator wins if sim-win is
reached, Challenger gets stuck, or a play continues infinitely.

This means that existence of a Q-constrained simulation relating two states is very
difficult to determine in many cases. For example, ordinary language inclusion between
nondeterministic automata (i.e. Q-trace inclusion when Q is the equality) is known to be
PSPACE-complete [8]. We therefore consider approximating Q-constrained simulation. We
consider fixing M ∈ N and replacing Step with the following (here A[m,M ] :=

⋃
m≤i≤M Ai):

Step≤M : For each a1 . . . an ∈ Σ[1,M ] and x1 . . . xn ∈ X
[1,M ]
1 such that x

a1⇝ x1
a2⇝ · · · an⇝ xn

and either xn ∈ F1 or n = M , there exist k ∈ {1, . . . , n}, w′ ∈ Σ∗ and y′ ∈ X2 such that
a1, . . . , akQw′, y w′

⇝∗
2 y′ and i) xkRy′ or ii) k = n < M and y′ ∈ F2 .

▶ Prop. 7. Given x ∈ X1 and y ∈ X2, existence of R satisfying Final , Step≤M and xRy

can be checked in polynomial time to |Σ|, |X1|, |X2| and TM (|Σ|, |X2|)). Here TM (p, q) is
the computation time for the following problem: given w ∈ Σ[1,M ] and a nondeterministic
automaton whose alphabet and state space have sizes of p and q, check if the set {w′ | wQw′}
intersects with the language of the automaton. ◀

As Step≤M implies Step, Prop. 5 still holds after the modification. Moreover, by Prop. 7,
if M is fixed and TM (|Σ|, |X2|) is polynomial to |X2| and |Σ| (it holds for all Q illustrated
above), then existence of a Q-constrained simulation relating two states can be checked in
polynomial time.

We conclude this section by giving a game theoretic characterization for Q-constrained
simulations, namely the safety game in Fig. 4 played by Challenger and Simulator.

▶ Prop. 8. Simulator is winning in the two-player game in Fig. 4 from a state (ε, x, y) if
and only if there exists a Q-constrained simulation R such that xRy. ◀

Intuitively, w ∈ Σ∗ in Fig. 4 is understood as a queue that saves labels executed on A1
by Challenger. Basically, Simulator can skip the turn until she can construct a path labeled
by a word w′ ∈ Σ∗ such that wQw′. However, when an accepting state is reached on A1,
Challenger can also declare the last turn and force Simulator to construct a path immediately,
although if Simulator succeeded in constructing a path then Challenger loses.

The modification of Q-constrained simulation stated above, i.e. replacing Step with
Step≤M, corresponds to replacing Σ∗ and Σ+ with Σ[0,M ] and Σ[1,M ] respectively, and
prohibiting Simulator from skipping the turn when |w| = M in Fig. 4.
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2.2 Preorder-Constrained Simulation with up-to
We can think of an up-to variant of Q-constrained simulations from A1 to A2.

▶ Def. 9. Let R1 ⊆ X1 × X1 and R2 ⊆ X2 × X2. A Q-constrained simulation R up-to
(R1, R2) is defined in almost the same manner as Def. 3, except that xkRy′ at the end of
Step is replaced by xkR1RR2y′ (see also Fig. 3).

We are in particular interested in R1 ⊆ ⪯Q1 and R2 ⊆ ⪯Q2 . Naturally, R1 and R2
cannot be arbitrary to verify soundness xRy =⇒ x ⪯Q y. They have to be compatible with
⪯Q. We should also be aware of that a naïve combination of weak simulations and up-to
techniques is known to be unsound, and requires special care [10, 11]. Ex. 2(ii) suggests that
Q-constrained simulation is a variant of weak simulation. It turns out that restrictions can
be simply on the preorders Q, Q1, Q2.

▶ Prop. 10. Assume Q is closed under concatenation. If R1 ⊆ ⪯Q1 and R2 ⊆ ⪯Q2 for
preorders Q1, Q2 ⊆ Σ∗ × Σ∗ satisfying the following conditions, then xRy implies x ⪯Q y: i)
Q1QQ2 ⊆ Q; and ii) wQ1w′ implies |w| ≥ |w′|. ◀

Cond. (i) ensures compatibility of ⪯Q1 , ⪯Q2 with ⪯Q, and Cond. (ii) ensures safe in-
tegration of the up-to technique. They are strongly inspired by (Q, Q1, Q2)-simulation for
unlabeled and deterministic automata [9].

3 Related Work

The above notion is similar to buffered simulation [3], which was developed to enable more
relations to witness language inclusion. Buffered simulations allow Simulator to skip his turn,
to buffer Challenger’s moves and to simulate them later together, which has a similar flavor
to our simulation notion (cf. Ex. 4). Hence our simulation notion can be also thought of as a
generalization of buffered simulation.

Preorder-constrained simulations allow a quantitative reasoning such as comparing lengths
of accepted runs. There exist quantitative simulation notions for comparing costs of weighted
automata. Many of them are for probabilistic systems [6, 5, 4]. One simulation notion
for automata weighted with costs was introduced as a matrix over real numbers [12]. A
methodology for comparing infinite runs of weighted automata is also known [2]. In contrast
to weighted automata, which are labeled with both letters and weights, our target is automata
labeled with letters only. Quantities appear in the set of words, in our approach.

4 Research Directions

Our simulation notion focuses on finite languages. As is the case for the ordinary simulation
notion, our notion may fail to prove inclusion of finite languages when there is no inclusion
of infinite languages. We are looking into possible solutions.

We suspect that Cond. (ii) of Prop. 5, whose analogues are also in existing notions of
weak simulation up-to, is too strong. We think Q1 violating Cond. (ii) can be allowed finitely
many times. However, at the same time, we should note that the relaxation makes the
definition of simulations a global one, which can result in a more complicated algorithm for
finding it. We should make sure that it does not ruin efficiency gained by up-to techniques.

Ex. 4 suggests that our simulation notion works well with systems whose alphabet Σ
carries an order. Such a system also arises in the study of linear temporal logic (LTL). An LTL
formula induces a Büchi automaton labeled with the powerset 2AP of atomic propositions [13].
The alphabet 2AP is ordered by the inclusion, which induces a preorder on (2AP)∗.
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We are also interested in a categorical study of our simulation notion. One possible
strategy would be to use the category PreOrd of preordered sets as the base category. The
nondeterministic branching would be then captured by the powerset functor (or possibly a
monad) P lifted to PreOrd. The categorical generalization might allow us to transfer our
simulation notion to systems with other branching types, e.g. probabilistic one.
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We investigate containers and polynomial functors in Quantitative Type Theory, and give initial
algebra semantics of inductive data types in the presence of linearity. We show that reasoning by
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Category Early Ideas

1 Quantitative Type Theory

Quantitative Type Theory (QTT) [3, 12] combines linear and dependent types, allowing for
tracking and reasoning about resource usage of programs. Such a combination is non-trivial
as there is no obvious answer how to treat terms occurring in type formation. Previous
attempts include the Linear Logical Framework [6], and the work of Krishnaswami, Pradic
and Benton [11] and Vákár [14], based on Linear/Non-Linear logic [5], in which the context
is split into intuitionistic and linear parts, and each type is allowed to depend on only one of
the two. QTT differs by maintaining a single context, where each variable is annotated with
resource information (for a similar approach, see Orchard et al. [13], Fu et al. [8] and Abel
and Bernardy [2]). For example, consider the judgement (where Fin : N → Type is a type
family with Fin(n) consisting of natural numbers smaller than n):

n
0: N, x

2: Fin(n) ⊢ x + x
1: Fin(2n)

The variables on the left of the turnstile form the context of the judgement. Each one is
annotated with a quantity, taken from a fixed semiring R (here, R = (N, +, ∗)). These
quantities denote how many the times the variables must be used in the term on the right.
Hence here we see that n is used 0 times, since it only occurs in types, and x is used twice.
A context can be pointwise scaled by an element π ∈ R, and two contexts with the same
“underlying non-resource-annotated context” can be added pointwise:

π(Γ, x
ρ: S) = πΓ, x

πρ: S

(Γ1, x
ρ1: S) + (Γ2, x

ρ2: S) = (Γ1 + Γ2), x
ρ1+ρ2: S, if 0Γ1 = 0Γ2.

While arbitrary elements from R may occur as annotations in the context, only the 0 and
1 are valid annotations for the conclusion, in order to retain admissibility of substitution [3,
§ 2.3]. Such a restriction effectively splits the theory in two fragments. Terms in the so-called

© Georgi Nakov and Fredrik Nordvall Forsberg;
licensed under Creative Commons License CC-BY 4.0

9th Conference on Algebra and Coalgebra in Computer Science (CALCO 2021).
Editors: Fabio Gadducci and Alexandra Silva; Article No. 22; pp. 22:1–22:5

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:georgi.nakov@strath.ac.uk
mailto:fredrik.nordvall-forsberg@strath.ac.uk
https://doi.org/10.4230/LIPIcs.CALCO.2021.22
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


22:2 Quantitative Polynomial Functors

0Γ ⊢ X : Type 0Γ, x
0: X ⊢ Y : Type

0Γ ⊢ (x ρ: X) → Y : Type
Γ, x

ρ: X ⊢ t : Y

Γ ⊢ λx. t : (x ρ: X) → Y

Γ1 ⊢ f : (x ρ: X) → Y Γ2 ⊢ t : S 0Γ1 = 0Γ2

Γ1 + πΓ2 ⊢ f(t) : Y [t/x]

0Γ ⊢ X : Type 0Γ, x
0: X ⊢ Y : Type

0Γ ⊢ (x ρ: X) ⊗ Y : Type

Γ1 ⊢ s : X Γ2 ⊢ t : Y [s/x] 0Γ1 = 0Γ2

ρΓ1 + Γ2 ⊢ (s, t) : (x ρ: X) ⊗ Y

Γ1 ⊢ w : (x ρ: X) ⊗ Y

0Γ1, z
0: (x ρ: X) ⊗ Y ⊢ U : Type

Γ2, x
ρ: X, y

1: Y ⊢ u : U [(x, y)/z] 0Γ1 = 0Γ2

Γ1 + Γ2 ⊢ let (x, y) = s in t : U [w/z]

Figure 1 Typing rules for the dependent function and dependent tensor types.

0-fragment bear no computational content, while the inhabitants of the 1-fragment are
computationally relevant1. The core insight is that contemplating variables in types is always
possible, even for already consumed ones, and thus type formation happens in the 0-fragment.

The typing rules in the system now carry resource tracking duty, which is especially
evident in types with binders – see Figure 1. Function type now records how many times
its arguments are used; e.g. a function f : (x ρ: X) → Y must be supplied with ρ many
copies of x. (If the type family Y does not depend on X, we will use the simplified notation
f : X

ρ→ Y for f : (x ρ: X) → Y .) In a similar vein, the second component of the dependent
pair t : (x ρ: A) ⊗ B requires ρ many copies of the first component.

2 Quantitative Containers

We want to extend QTT with data types to program with and reason about, but an ad-hoc
approach of writing out introduction and elimination rules for each data type is cumbersome
and error-prone. A principled solution to adding inductive data types in a traditional setting
is provided by the theory of polynomial functors [9] and containers [1]. We build the syntactic
category of closed types and linear functions in QTT and define polynomial functors on it.
We can then systematically derive appropriate elimination rules for their initial algebras.

2.1 Quantitative container functors on the category of (closed) types
and linear functions

In traditional type theory, a container functor is a functor on types of the form FS,P (X) =
(s : S) × (P [s] → X), where (x : A) × B[x] is the dependent pair type. We think of the
parameter S as a type of shapes, and the family P : S → Type as a type of positions for each
shape. An element of FS,P (X) is describing how to fill the container with “payloads” from
X: a choice of a shape s : S, and an element of X for every position in P [s]. The following
is the obvious transfer of this idea to a quantitative setting:

1 From now on, we omit the annotation on terms in the 1-fragment on the right of the turnstile in typing
judgements – that is, Γ ⊢ t : A tacitly means Γ ⊢ t

1: A.
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▶ Proposition 1. Let C be the category of closed types and linear functions: its objects are
types ⊢ X, and morphisms are functions ⊢ f : X

1→ Y . For fixed S : Type and P : S
0→ Type,

the mapping FS,P (X) = (s 1: S) ⊗ (P [s] 1→ X) is a functor C → C.

We call any functor isomorphic to one of the form FS,P a quantitative container. The above
proposition can be generalised to types and functions over an arbitrary, fixed context of the
shape Γ = 0Γ, i.e. where all variables are annotated with 0.

2.2 Induction principles and initial algebras
Recall that an F -algebra for an endofunctor F : C → C is a pair (A, a : F (A) → A), where A

is an object of C and a is a C-morphism. A morphism between F -algebras (A, a) and (B, b)
is a map f : A → B in C, such that f ◦ a = b ◦ F (f). Inductive data types are initial algebras:
the algebra map corresponds to the introduction rule of the type, and the mediating map
corresponds to the elimination rule. A priori, this only gives non-dependent elimination rules
(also known as recursion principles), but by exploiting the uniqueness of the mediating map,
we can also derive dependent elimination rules (induction principles), and vice versa:

▶ Theorem 2. Let W := (W, c : FS,P (W ) 1→ W ) be an FS,P -algebra. W is initial if and
only if the following induction principle holds:

w
0: W ⊢ Q : Type ⊢ M : (s 1: S) → (h 0: P [s] 1→ W ) → ((p 1: P [s]) → Q(h(p))) 1→ Q(c(s, h))

⊢ elim(Q, M) : (x 1: W ) → Q[x]

Proof (sketch). The proof is based on the standard construction (see e.g. Awodey, Gambino
and Sojakova [4] or Hermida and Jacobs [9]), but accounting for linearity.

Assuming that W is initial and the premises of the elimination rule, we build an FS,P -
algebra on the dependent tensor type (w 0: W ) ⊗ Q, and get a unique mediating morphism
fold : W

1→ (w 0: W ) ⊗ Q by initiality. We compose with the second projection snd : (x 1: (w 0:
W ) ⊗ Q) → Q[fst(x)] to get a map (x 1: W ) → Q[fst(fold(x))]. Note that the use of second
projection is admissible due to the annotation of the first component w

0: W – we are free to
dispose of w, since it is used 0 times. To show that snd ◦ fold has the right type, we need to
show that Q[fst(fold(x))] = Q[x] for every x : W , but as this is a type equality, unrestricted
use of terms is permissible. The map fst : (w 0: W ) ⊗ Q

1→ W is an FS,P -algebra morphism,
and thus the composite fst ◦ fold : W

1→ W is also one:

FS,P (W ) W

FS,P ((w 0: W ) ⊗ Q) (w 0: W ) ⊗ Q

FS,P (W ) W

c

fold

fst

c

Thus fst ◦ fold = id holds by uniqueness of the mediating morphism out of W .
The converse direction follows analogously. ◀

CALCO 2021



22:4 Quantitative Polynomial Functors

3 Quantitative polynomial functors

However, there is a caveat – most quantitative versions of standard data types are not
quantitative containers in the above sense. Consider, for example, the natural numbers,
the initial algebra of the polynomial functor F (X) = 1 + X, or binary trees, the initial
algebra of G(X) = A + X × X. Their representations in “container normal form” crucially
depend on isomorphisms (0 → X) ∼= 1 and (Bool → X) ∼= X × X, respectively, but
their QTT counterparts do not hold: (0 1→ X) ̸∼= I (where I is the monoidal unit) and
(Bool 1→ X) ̸∼= X ⊗ X. Thus we resort to generating the class of quantitative polynomial
functors inductively by the following grammar:

F, G ::= Id | ConstA | F⊗G | F⊕G | F & G | A
1→X (1)

Theorem 2 still holds for this class of functors, with the induction principle reformulated
using an appropriately defined predicate lifting F̂X : (Q : X → Type) → (F (X) → Type) for
the type of induction hypothesis:

▶ Theorem 3. Let F be a quantitative polynomial functor and W := (W, c : F (W ) 1→ W )
an F -algebra. W is initial if and only if the following induction principle holds:

w
0: W ⊢ Q : Type ⊢ M : ((w 0: F (W )) ⊗ F̂W (Q, w)) 1→ Q(c(w))

⊢ elim(Q, M) : (x 1: W ) → Q[x]

Our proof is a variation on the proof of Theorem 2, using a distributive lemma for the
dependent tensor and the predicate lifting:

▶ Lemma 4. For a quantitative polynomial functor F , we have

F ((w 0: W ) ⊗ Q) ∼= (w′ 0: F (W )) ⊗ F̂W (Q, w′).

4 Existence of initial algebras

Categorical models of QTT build upon Categories with families (CwF) [7], a standard
framework for models of dependent type theories. A Quantitative CwF [3] consists of an
ordinary CwF C, a category of resourced contexts and substitutions L, and data to interpret
resourced counterparts of context extensions and terms. A faithful functor U : L → C relates
the computationally relevant 1-fragment in L to the 0-fragment in C.

A concrete model is given by choosing C = Set and L to be the category of assemblies [15]
using linear realisability [10]. We can prove existence of initial algebras of finitary quantitative
polynomial functors (i.e., generated without A

1→X) in the model by reusing the initial algebras
in Set, using their universal properties to construct the realisers. Unfortunately, this method
does not extend to non-finitary polynomial functors (i.e. those generated using A

1→X in the
grammar (1)), since the case for the type constructor A

1→X gives a realiser r(a) for every
a : A, but not a realisable function. In the future, we hope to overcome this shortcoming.
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Abstract
We reprove the countable splitting lemma by adapting Nawrotzki’s algorithm which produces a
sequence that converges to a solution. Our algorithm combines Nawrotzki’s approach with taking
finite cuts. It is constructive in the sense that each term of the iteratively built approximating
sequence as well as the error between the approximants and the solution is computable with finitely
many algebraic operations.
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1 Explanation of what is going on ...

Given a measure µ on a product space
∏

i∈I Xi, the j-th marginal µj of µ is the push-forward
of µ under the j-th canonical projection πj :

∏
i∈I Xi → Xj . Explicitly, this is

µj(A) := µ
(
π−1

j (A)
)

for all A ⊆ Xj with π−1
j (A) being measureable.

In his fundamental paper [21] Strassen investigated the existence of measures on a product
X × Y which have prescribed marginals and satisfy additional constraints of a certain form.
The result stated in Theorem 1 below is a corollary of [21, Theorem 11] and known as
Strassen’s theorem on stochastic domination. Curiously, it is not even explicitly stated in
Strassen’s paper, but only mentioned in one sentence. We state a slightly more general
variant taken from [20, Corollary 7]1. To formulate it, we need some notation.

Let X be a Hausdorff space, and let ≼ be a partial order on X which is closed as a subset
of X × X. A subset A ⊆ X is upward closed w.r.t. ≼, if

∀x ∈ X, y ∈ A. y ≼ x ⇒ x ∈ A.

For two positive Borel measures µ, ν on X we write µ ⪯ ν, if for all upward closed Borel
sets A ⊆ X it holds that µ(A) ≤ ν(A).

1 A different proof can be found in [16].
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23:2 Constructive Nawrotzki Algorithm

▶ Theorem 1. Let X be a Hausdorff space, let ≼ be a closed partial order on X, and let µ and
ν be two probability (Borel-) measures on X. If µ ⪯ ν, then there exists a probability (Borel-)
measure Λ on X × X which has the marginals µ and ν, and whose support is contained in ≼,
i.e. there exists a subset of ≼ which has Λ-measure 1.

An important particular case of Theorem 1 is when the base space X is finite or countable
with the discrete topology. In the finite case this result is known as the splitting lemma [11,
Theorem 4.10], and the latter is what the term “countable splitting lemma” refers to.

Over the years such results were established in different variants and on different levels of
generality. For example: Strassen’s original theorem [21] is proven for Polish spaces, [14] for
completely regular spaces, [20] for Hausdorff spaces, [17] for probability contents instead of
measures, [15] for normal measure spaces under finiteness assumptions on ≼, [6] for measures
with values in vector lattices under restrictions on ≼, [5] for measure spaces where solutions
are only required to have the given marginals up to equivalence of measures, [8] for operator
valued measures, [9] for products of finitely many Polish spaces and a different proof than
Strassen, [13] for Polish spaces adding some further equivalences. Some predecessors of
Strassen’s work are [15, 19]. A recent line of research where solutions are only required to
have the given marginal up to some error is followed in [10] and related papers.

Theorem 1 plays an important role in probability theory and has applications in various
areas. For example, it prominently occurs in finance mathematics, e.g. [4, 7], or in computer
science, e.g. [3, 1, 2, 10, 11, 12].

The proof of Theorem 1 relies in general on a rather heavy analytic machinery, in
particular, on theorems exploiting compactness properties. If X is finite, a required solution
Λ can – naturally – be found by an algorithm which terminates after finitely many steps.
This fact can be based on various reasoning. For example on elementary manipulations with
inequalities, as e.g. in [15, §3], or combinatorial results like the max-flow min-cut theorem or
the subforest lemma, as e.g. in [18] or [11, Theorem 4.10].

In the present exposition we deal with the countable discrete case. Our aim is to give a
recursive algorithm which produces a sequence (∆N )N∈N of (discrete) probability measures
on X × X such that
1. each term of the sequence is computable from the inital data µ, ν with a finite number of

algebraic operations;
2. the sequence (∆N )N∈N converges to a solution Λ in the ℓ1-norm on X × X, in particular

it converges pointwise;
3. the speed of pointwise convergence can be controlled in a computable way.
To explain our contribution, it is worthwhile to revisit the presently availabe proofs for the
countable discrete case. First, specialising the general proof(s) of Theorem 1 obviously does
not lead to an algorithm, since tools like e.g. the Banach-Alaoglu Theorem are used. More
interesting are the arguments given in the papers of Kellerer [15, §4] and Nawrotzki [19].
Both are non-constructive, but for different reasons.

Kellerer’s approach is to reduce to the finite cases. Given µ, ν on a countable set, he
produces appropriately cut-off data µN , νN , N ∈ N, and solves the problem for those.
This gives a measure ΛN on X, which solves the problem up to the index N . Each
measure ΛN can be computed in finitely many steps. Sending the cut-off point N to
infinity leads to existence of a solution for the full data µ, ν. The masses of the measures
ΛN may oscillate, and therefore the sequence (ΛN )N∈N need not be convergent. However,
each accumulation point of the sequence (ΛN )N∈N will be a solution.
What makes the method non-constructive is that accumulation points exist by compactness
(in this case applied in the form of the Heine-Borel Theorem).
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Nawrotzki’s approach is to produce a sequence (ΛN )N∈N, which does not necessarily
solve the problem on any finite section, but still converges to a solution. His construction
ensures that the masses of the measures ΛN are nonincreasing on points of the diagonal
and nondecreasing off the diagonal. This ensures that passing to subsequences is not
necessary.
What makes the method non-constructive is that defining the measures ΛN requires to
evaluate sums of infinite series and infima of infinite sets of real numbers.

Our idea to produce (∆N )N∈N with 1.–3. above, is to combine the approaches: we apply
Nawrotzki’s algorithm to appropriately truncated sequences to ensure computability, and
control the error which is made by passing to cut-off’s to ensure convergence.

2 Nawrotzki’s algorithm

In [19], which preceeds the work of Strassen, Nawrotzki proved a discrete version of Strassen’s
theorem. In our present language his result reads as follows.

▶ Theorem 2. Let µ = (µn)n∈N and ν = (νn)n∈N be sequences of real numbers, such that

∀n ∈ N. µn ≥ 0 ∧ νn ≥ 0 and
∑
n∈N

µn =
∑
n∈N

νn = 1, (1)

Moreover, let ≼ be a partial order on N.
If it holds that

∀R ⊆ N upwards closed w.r.t. ≼.
∑
n∈R

µn ≤
∑
n∈R

νn, (2)

then there exists an infinite matrix Λ = (λn,m)n,m∈N of real numbers, such that

∀n, m ∈ N. λn,m ≥ 0 and
∑

n,m∈N
λn,m = 1, (3)

∀n, m ∈ N. λn,m ̸= 0 ⇒ n ≼ m, (4)

∀n ∈ N.
∑
m∈N

λn,m = µn, (5)

∀m ∈ N.
∑
n∈N

λn,m = νm. (6)

In this section we present Nawrotzki’s argument in a structured way including all details. This
provides an in-depth understanding of his work, and this is necessary to make appropriate
adaption to the algorithm later on (in Section 3).
▶ Remark 3. Before we dive into the formulas and proofs, which are a bit technical and
lengthy, let us give an intuition for what is going to happen.

Assume we are given data µn, νm satisfying Equations (1) and (2) and a (probably bad)
approximation of a solution λn,m that satisfies Equations (3) and (4), as well as Equation (5).
Note that achieving correctness of one marginal, i.e. satisfying Equation (5), is very easy; for
example already the diagonal matrix with µn’s on the diagonal will satisfy this.

If the column sums do not give the correct results as required by Equation (6), it must be
that some of them are larger than the target value and some of them are smaller since the total
sum is always 1. Now we want to modify the values λn,m to improve the approximation, i.e.,
make the error in Equation (6) smaller while retaining all other properties. Most importantly,
we have to ensure that Equation (2), also known as stochastic dominance, is inherited. In
addition, we want to make the modification in such a way that:

CALCO 2021



23:4 Constructive Nawrotzki Algorithm

1. At each place (n, m) entries change monotonically when repeating the step in the al-
gorithm. This is achieved by having diagonal entries nonincreasing and off-diagonal
entries nondecreasing. This will guarantee existence of a limit.

2. Make sure that the pattern of which column sums are too large and which are too small is
inherited with exception that some column sums may become correct. This will guarantee
that the algorithm can proceed appropriately.

The algorithm proceeds in steps. In each step exactly two values of the matrix change: one
at the diagonal at position (n, n) and another in the same row at position (n, m) such that
Equation (6) fails for n and m, as pictured below. The new values are λ′

n,n = λn,n − α and
λ′

n,m = λn,m + α, where α is chosen such that still λ′
∗,n ≥ νn, λ′

∗,m ≤ νm.
In the picture, filled circles indicate those points where our approximation has nonzero

entries, circled dots mark the changes made by one step of the algorithm, and α > 0 is the
correction term whose exact definition (see Definition 7) is taylor made so that the above
explained requirements are met.

n-th
column

m-th
column

N × N •

•

• •

⊙
λn,n − α

⊙
λn,m + α

• •

• •

λ∗,n > νn λ∗,m < νm

The next result, Proposition 5, is the first crucial ingredient to Nawrotzki’s algorithm (out of
two; the second is Proposition 10 further below). It will ensure that in the limit a solution is
obtained. To formulate it, we need additional notation.

▶ Definition 4. Let ≼ be a partial order on N. For each (n, m) ∈ N × N with n ≺ m, we
denote

Rn,m :=
{

R ⊆ N | n /∈ R, m ∈ R, R upward closed w.r.t. ≼
}

.

Note that Rn,m is always nonempty. For example, we have

{l ∈ N | m ≼ l} ∈ Rn,m.
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▶ Proposition 5. Assume that µ, ν, and ≼, satisfy Equation (1) and Equation (2). If for
each pair (n, m) ∈ N × N with n ≺ m at least one of

µn ≤ νn, (7)
µm ≥ νm, (8)

inf
R∈Rn,m

∑
l∈R

(νl − µl) = 0, (9)

holds, then µ = ν.

Note here that all series in Equation (9) converge absolutely and that by Equation (2) the
infimum in Equation (9) is nonnegative. Moreover, in an algorithm acting as explained in
Remark 3 above (and defined in precise mathematical terms in Definition 7 below), using
Rn,m instead of all upwards closed sets is sufficient to retain Equation (2). This is because
for upwards closed sets which are not in Rn,m, Equation (2) is trivially inherited.

In the proof of Proposition 5, we use the following simple fact.

▶ Lemma 6. Assume that µ, ν, and ≼, satisfy Equation (1) and Equation (2). Further, let
R1, R2, . . . be a (finite or infinite) sequence of upward closed (w.r.t. ≼) subsets of N, and set

R :=
⋃
k

Rk.

Then R is upward closed, and∑
l∈R

(νl − µl) ≤
∑

k

∑
l∈Rk

(νl − µl).

Proof. Since |νl − µl| ≤ νl + µl, the series on the left side converges absolutely. Hence, we
may rearrange summands without changing its value. Now write R as the disjoint union

R =
⋃̇

k
R′

k

where

R′
k := Rk \

⋃
j<k

Rj .

Then∑
l∈R

(νl − µl) =
∑

k

∑
l∈R′

k

(νl − µl).

For each k we have∑
l∈Rk

(νl − µl) =
∑
l∈R′

k

(νl − µl) +
∑

Rk∩
⋃

j<k
Rj

(νl − µl).

The set Rk ∩
⋃

j<k Rj is upward closed, and hence the second summand on the right side is
nonnegative. This shows that∑

l∈R′
k

(νl − µl) ≤
∑
l∈Rk

(νl − µl)

for all k. ◀
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23:6 Constructive Nawrotzki Algorithm

Proof of Proposition 5. It is enough to show that µn ≤ νn for all n ∈ N. Assume towards a
contradiction that there exists n ∈ N with µn > νn, and fix one with this property. Moreover,
choose ϵ > 0 small enough, say,

ϵ := 1
3(µn − νn).

By the assumption of the proposition we know that for each m ∈ N with m ≻ n at least one
of

µm ≥ νm,
infR∈Rn,m

∑
l∈R(νl − µl) = 0,

must hold.
Consider the set where the second case takes place

H :=
{

m ∈ N | n ≺ m, inf
R∈Rn,m

∑
l∈R

(νl − µl) = 0
}

.

If H = ∅, it is easy to reach a contradiction. Namely, if µm ≥ νm for all m ≻ n, then∑
m≽n

µm >
∑
m≽n

νm,

and this contradicts Equation (2).
If H ̸= ∅, we argue as follows. For each m ∈ H choose Rm ∈ Rn,m, such that∑
l∈Rm

(νl − µl) ≤ ϵ

2m
,

and set R :=
⋃

m∈H Rm. Then H ⊆ R, n /∈ R, and∑
l∈R

(νl − µl) ≤
∑

m∈H

∑
l∈Rm

(νl − µl) ≤
∑

m∈H

ϵ

2m
≤ 2ϵ.

Consider the upward closed set

R′ := R ∪ {l ∈ N | n ≺ l}.

If l ∈ R′ \ R, then n ≺ l and l /∈ H. Thus we must have µl ≥ νl. From this we see that

0 ≤
∑
l∈R′

(νl − µl) =
∑
l∈R

(νl − µl) +
∑

l∈R′\R

(νl − µl) ≤
∑
l∈R

(νl − µl) ≤ 2ϵ.

The set R′ ∪ {n} is also upward closed. Using the above estimate, and recalling that n /∈ R′,
we reach the contradiction

0 ≤
∑

l∈R′∪{n}

(νl − µl) =
∑
l∈R′

(νl − µl) + (νn − µn) ≤ 2ϵ + (νn − µn) = 1
3(νn − µn) < 0. ◀

Nawrotzki’s algorithm for the proof of Theorem 2 proceed in three steps:
1. Start with the diagonal matrix built from µ.
2. Iteratively modify this matrix in such a way, that the set of all points (n, m) where all of

Equation (7)–Equation (9) fail (for certain modified sequences), gets smaller in each step.
3. Pass to the limit, so to reach a situation where Proposition 5 applies.
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The single steps of the recursive process 2. are realised by maps which act on ℓ1(N × N). To
define those maps, we first introduce an abbreviation for row- and column sums of a matrix.
Given Λ = (λn,m)n,m∈N ∈ ℓ1(N × N), we denote

λ∗,m :=
∑
n∈N

λn,m, λn,∗ :=
∑
m∈N

λn,m.

Note that these series converge absolutely since Λ ∈ ℓ1(N × N).

▶ Definition 7. Let ν = (νn)n∈N ∈ ℓ1(N) and (n, m) ∈ N × N. We define maps

αν
n,m : ℓ1(N × N) → [0, ∞), Φν

n,m : ℓ1(N × N) → ℓ1(N × N).

For Λ ∈ ℓ1(N × N) set

αν
n,m(Λ) := min

{
λ∗,n − νn, νm − λ∗,m, inf

R∈Rn,m

∑
l∈R

(νl − λ∗,l)
}

,

if n ≼ m and this minimum is positive, and set αν
n,m := 0 otherwise.

For Λ ∈ ℓ1(N × N) let Φν
n,m(Λ) be the matrix with the entries

[
Φν

n,m

]
l,k

(Λ) :=


λl,k − αν

n,m(Λ) if (l, k) = (n, n),
λl,k + αν

n,m(Λ) if (l, k) = (n, m),
λl,k otherwise.

Note that Φν
n,m is well-defined, since αν

n,m ̸= 0 implies that n ̸= m, and since it is obvious
that Φν

n,m(Λ) is again summable.
Let us collect some more obvious properties of the transformations Φν

n,m.
▶ Remark 8. For each ν ∈ ℓ1(N) and (n, m) ∈ N × N, the following statements hold.
1. supp Φν

n,m(Λ) ⊆
(

supp Λ
)

∪ {(n, n), (n, m)},
2. ∀l ∈ N.

[
Φν

n,m(Λ)
]

l,∗
= λl,∗,

3. ∀l ∈ N.
[
Φν

n,m(Λ)
]

∗,l
=


λ∗,l − αν

n,m(Λ) if l = n,

λ∗,l + αν
n,m(Λ) if l = m,

λ∗,l otherwise.

Having αν
n,m(Λ) = 0 just means that at the point (n, m) one of Equation (7)–Equation (9)

holds for the sequences (λ∗,n)n∈N and (νn)n∈N. Moreover, in this case, Φν
n,m does not change

Λ. We are interested to see what happens if αν
n,m(Λ) > 0.

▶ Definition 9. Let ν ∈ ℓ1(N) and Λ ∈ ℓ1(N × N). Then we set

S(Λ) :=
{

(n, m) ∈ N × N | αν
n,m(Λ) > 0

}
.

Moreover, we denote by π1(S(Λ)) and π2(S(Λ)) the projections of S(Λ) onto the first and
second, respectively, component.

To avoid bulky notation, we do not explicitly notate the dependency on ν. Moreover, observe
that S(Λ) is contained in ≼ and does not intersect the diagonal, in fact,

π1(S(Λ)) ∩ π2(S(Λ)) = ∅.

In the next proposition we show that Φν
n,m preserves several relevant properties and indeed

shrinks the set S(Λ).
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▶ Proposition 10. Let ν = (νn)n∈N ∈ ℓ1(N), Λ ∈ ℓ1(N × N), and assume that

∀n, m ∈ N. λn,m ≥ 0 and
∑

n,m∈N
λn,m = 1, (10)

∀n ∈ π1(S(Λ)). λ∗,n = λn,n. (11)

∀R ⊆ N upward closed w.r.t. ≼.
∑
l∈R

λ∗,l ≤
∑
l∈R

νl, (12)

Further, let (n′, m′) ∈ N × N, and assume that αν
n′,m′(Λ) > 0. Then

1. Φν
n′,m′(Λ) satisfies Equation (10), Equation (11), and Equation (12),

2. S
(
Φν

n′,m′(Λ)
)

⊆ S(Λ) \ {(n′, m′)}.

Proof. To shorten notation, we write

Λ′ = (λ′
n,m)n,m∈N := Φν

n′,m′(Λ).

We start with showing that Λ′ satisfies Equation (10) and Equation (12). Let (n, m) ̸= (n′, n′).
Then λ′

n,m ≥ λn,m and hence is nonnegative. For (n, m) = (n′, n′) we use (11) to obtain

λ′
n′,n′ = λn′,n′ − αν

n′,m′(Λ) = λ∗,n′ − αν
n′,m′(Λ) ≥ νn′ ≥ 0.

Obviously, applying Φν
n′,m′ does not change the total sums of the entries of a matrix. Thus∑

n,m∈N
λ′

n,m =
∑

n,m∈N
λn,m = 1.

We see that Equation (10) holds.
Let R ⊆ N be upward closed. If R /∈ Rn′,m′ , then∑
l∈R

λ′
∗,l ≤

∑
l∈R

λ∗,l ≤
∑
l∈R

νl.

Next, for R ∈ Rn′,m′∑
l∈R

λ′
∗,l =

∑
l∈R

λ∗,l + αν
n′,m′(Λ), (13)

and from this we find∑
l∈R

λ′
∗,l =

∑
l∈R

λ∗,l + αν
n′,m′(Λ) ≤

∑
l∈R

λ∗,l +
∑
l∈R

(νn − λ∗,l) =
∑
l∈R

νl.

Thus Equation (12) holds.
Now we come to the proof of 2.. This is the major part of the argument.
In the first step we show that (n′, m′) /∈ S(Λ′). We make a case distinction according to

which term is the minimum in the definition of αν
n′,m′(Λ).

Case αν
n′,m′(Λ) = λ∗,n′ − νn′ :

Then λ′
∗,n′ = νn′ , and hence n′ /∈ π1(S(Λ′)). In particular, (n′, m′) /∈ S(Λ′).

Case αν
n′,m′(Λ) = νm′ − λ∗,n′ :

Then λ′
∗,m′ = νm′ , and hence m′ /∈ π2(S(Λ′)). In particular, (n′, m′) /∈ S(Λ′).
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Case αν
n′,m′(Λ) = infRn′,m′

∑
l∈R(νl − λ∗,l):

Recalling Equation (13), we find

inf
R∈Rn′,m′

∑
l∈R

(νl − λ′
∗,l) = inf

R∈Rn′,m′

∑
l∈R

[
(νl − λ∗,l) − αν

n′,m′(Λ)
]

= 0.

Thus also in this case (n′, m′) /∈ S(Λ′).
In the second step, we show that S(Λ′) ⊆ S(Λ). Assume towards a contradiction that
(n, m) ∈ S(Λ′) \ S(Λ). Explicitly this means that

n ≺ m ∧ λ′
∗,n > νn ∧ λ′

∗,m < νm ∧ inf
R∈Rn,m

∑
l∈R

(νl − λ′
∗,l) > 0

∧
[

λ∗,n ≤ νn ∨ λ∗,m ≥ νm ∨ inf
R∈Rn,m

∑
l∈R

(νl − λ∗,l) = 0
]

We distinguish cases according to the disjunction in the square bracket.
Case λ∗,n ≤ νn:
The sum of the n-th column increases, and thus we must have n = m′. This implies

λ′
∗,n = λ′

∗,m′ = λ∗,m′ + αν
n′,m′(Λ) ≤ νm′ = νn,

which contradicts the second term in the conjunction.
Case λ∗,m ≥ νm:
The sum of the m-th column decreases, and thus we must have m = n′. This implies

λ′
∗,m = λ′

∗,n′ = λ∗,n′ − αν
n′,m′(Λ) ≥ νn′ = νm,

which contradicts the third term in the conjunction.
Case infR∈Rn,m

∑
l∈R(νl − λ∗,l) = 0:

Choose R′ ∈ Rn,m such that∑
l∈R′

(νl − λ∗,l) < inf
R∈Rn,m

∑
l∈R

(νl − λ′
∗,l).

Then, in particular, the value of the sum over all l ∈ R′ decreases, and we must have
n′ ∈ R′ and m′ /∈ R′. Since R′ is upward closed and n′ ≺ m′, this is a contradiction.

The proof of 2. is complete.
It remains to deduce Equation (11). Let n ∈ π1(S(Λ′)). Then also n ∈ π1(S(Λ)), and

therefore n ≠ m′ and λ∗,n = λn,n. From the first property we obtain that the n-th column is
modified at most at its diagonal entry, and now the second implies that λ′

∗,n = λ′
n,n. ◀

Next, we investigate iterative application of maps Φν
n,m. Start with ν ∈ ℓ1(N), Λ(0) ∈

ℓ1(N × N), and a sequence ((nk, mk))k≥1 of points in N × N. From this data, we built the
sequence (Λ(k))k∈N where

Λ(k) :=
[
Φν

nk,mk
◦ · · · ◦ Φν

n1,m1

](
Λ(0)). (14)

It turns out that, in the situation of Theorem 2, sequences of this form converge. In fact,
they do so because of a very simple reason, namely, monotonicity.
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▶ Lemma 11. Let (Λ(k))k∈N be a sequence in ℓ1(N × N), such that

sup
k∈N

∥Λ(k)∥1 < ∞, ∀n, m, k ∈ N. λ(k)
n,m ≥ 0,

and that there exists a partition N × N = A∪̇B such that (λ(k)
n,m)k∈N is nondecreasing for all

(n, m) ∈ A and nonincreasing for all (n, m) ∈ B.
Then the limit Λ := limk→∞ Λ(k) exists in the ℓ1-norm.

Proof. Each of the sequences (λ(k)
n,m)k∈N is monotone and bounded, hence convergent. Denote

λn,m := limk→∞ λ
(k)
n,m. We have to show that the pointwise limit Λ = (λn,m)n,m∈N is actually

attained in the ℓ1-norm. To this end we split the corresponding sum according to the given
partition.

For each (n, m) ∈ A the sequence (λ(k)
n,m)k∈N is nondecreasing, and hence the monotone

convergence theorem yields∑
(n,m)∈A

λn,m = lim
k→∞

∑
(n,m)∈A

λ(k)
n,m ≤ sup

k∈N
∥Λ(k)∥1 < ∞.

Since λn,m ≥ λn,m − λ
(k)
n,m ≥ 0, we may now refer to the bounded convergence theorem to

obtain that

lim
k→∞

∑
(n,m)∈A

∣∣λ(k)
n,m − λn,m

∣∣ = 0.

For each (n, m) ∈ B and k ∈ N we have

λ(0)
n,m ≥ λ(k)

n,m ≥ λ(k)
n,m − λn,m ≥ 0.

Since
∑

(n,m)∈B λ
(0)
n,m < ∞, the bounded convergence theorem applies, and we find that

lim
k→∞

∑
(n,m)∈B

∣∣λ(k)
n,m − λn,m

∣∣ = 0. ◀

▶ Corollary 12. Assume that Λ(0) satisfies Equation (10) and Equation (11), let ((nk, mk))k≥1
be any sequence, and let (Λ(k))k∈N be defined by Equation (14). Then the limit

Λ := lim
k→∞

Λ(k)

exists w.r.t. the ℓ1-norm.

Proof. Since αν
n,m(Λ) is always nonnegative, a partition of N×N required to apply Lemma 11

is obtained by taking the diagonal as the set A. ◀

Now we show that, when passing to a limit, the set S(Λ) can be controlled.

▶ Lemma 13. Let (Λ(k))k∈N be a sequence in ℓ1(N × N) which converges in the ℓ1-norm,
and denote Λ := limk→∞ Λ(k). Then

S(Λ) ⊆
⋃

N∈N

⋂
k≥N

S(Λ(k)).
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Proof. Let (n, m) ∈ S(Λ), and set ϵ := 1
2 αν

n,m(Λ). Choose N ∈ N such that

∀k ≥ N. ∥Λ(k) − Λ∥1 ≤ ϵ.

Then for all k ≥ N

λ
(k)
∗,n ≥ λ∗,n − ϵ ≥ νn, λ

(k)
∗,m ≤ λ∗,m + ϵ ≤ νm,

and for all R ∈ Rn,m∑
l∈R

(
νl − λ

(k)
∗,l

)
≥

∑
l∈R

(νl − λ∗,l) − ϵ ≥ ϵ > 0

Thus (n, m) ∈ S(Λ(k)). ◀

We have collected all the neccessary tools needed for the proof of Theorem 2.

Proof of Theorem 2. Let µ, ν, and ≼, be given, and assume that Equation (1) and Equa-
tion (2) hold.

Let Λ(0) = (λ(0)
n,m)n,m∈N be the diagonal matrix built from µ, i.e.,

λ(0)
n,m :=

{
µn if n = m,

0 otherwise.
(15)

Choose a sequence of points ((nk, mk))k≥1 in N × N which covers ≺. For example, every
enumeration of N × N certainly has this property. Now define Λ(k) by Equation (14) using
this sequence.

By Proposition 10, each Λ(k) satisfies Equation (10), Equation (11), and Equation (12).
Moreover,

S(Λ(k)) ⊆ S(Λ(0)) \
{

(n1, m1), . . . , (nk, mk)
}

.

The limit

Λ = (λn,m)n,m∈N := lim
k→∞

Λ(k)

exists in the ℓ1-norm by Corollary 12, and S(Λ) = ∅ by Lemma 13.
Clearly, Equation (3)–Equation (5) hold for Λ. By virtue of Proposition 10, we may apply

Proposition 5 with the sequences (λ∗,n)n∈N and (νn)n∈N, and obtain that also Equation (6)
holds. ◀

We refer to the procedure carried out in this proof as Nawrotzki’s algorithm being performed
along the sequence ((nk, mk))k≥1.

▶ Remark 14. For later use, we observe the following fact. Let (Λ(k))k∈N be a sequence
produced by an application of Nawrotzki’s algorithm. Then off-diagonal elements λ

(k)
n,m change

their value at most once when k runs through N. Namely, only when (n, m) = (nk, mk) and
it happens that αν

n,m(Λ(k−1)) > 0.
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3 A constructive variant of the algorithm

Nawrotzki’s proof of Theorem 2 is non-constructive for the following reason:
The set Rn,m is in general infinite, and its elements themselves are in general infinite.

Because of this, computing the numbers αν
n,m requires to evaluate the sum of infinite series

and an infimum of an infinite set. Hence, it is not possible to compute any term of the
sequence (Λ(k))k∈N, which converges to a solution matrix Λ, with a finite number of algebraic
operations.

Our aim is to give a proof of Theorem 2 which is more constructive in the following sense.

▶ Theorem 15. Let µ, ν,≼ be given such that Equation (1) and Equation (2) hold. Then
there exists a sequence (∆(k))k∈N of matrices in ℓ1(N × N) with the following properties.
1. Each ∆(k) can be computed from the given data µ and ν by a finite number of algebraic

operations.
2. The limit ∆ := limk→∞ ∆(k) exists in the ℓ1-norm and satisfies Equation (3)–Equation (6).
As usual we use the notation ∆(k) = (δ(k)

n,m)n,m∈N and ∆ = (δn,m)n,m∈N.
3. For each fixed (n, m) ∈ N × N with n ≺ m, and for each ϵ > 0, a number k0 with the

property that

∀k ≥ k0. |δ(k)
n,m − δn,m| ≤ ϵ

can be computed from the given data µ and ν by a finite number of algebraic operations
While the speed of pointwise convergence is controlled by the assertion in item 3. (even in a
constructive way), we have no control of the speed of ℓ1-convergence.

The idea to prove this theorem is the simplest possible: we consider cut-off data µN , νN

instead of µ, ν, apply Nawrotzki’s algorithm to the truncated data, and then send the cut-off
point to infinity. Realising this idea, however, requires some work.

We start with discussing convergence matters. The error when using cut-off’s instead of
the full data can be controlled using the following general perturbation lemma.

▶ Lemma 16. Let ν, ν̃ ∈ ℓ1(N), Λ, Λ̃ ∈ ℓ1(N × N), and (n, m) ∈ N × N. Then∣∣αν
n,m(Λ) − αν̃

n,m(Λ̃)
∣∣ ≤ ∥Λ − Λ̃∥1 + ∥ν − ν̃∥1. (16)

Proof. We have∣∣(λ∗,n − νn) − (λ̃∗,n − ν̃n)
∣∣

≤
∑
l∈N

|λl,n − λ̃l,n| + |νn − ν̃n| ≤ ∥Λ − Λ̃∥1 + ∥ν − ν̃∥1,

and in the same way∣∣(λ∗,m − νm) − (λ̃∗,m − ν̃m)
∣∣

≤
∑
l∈N

|λl,m − λ̃l,m| + |νm − ν̃m| ≤ ∥Λ − Λ̃∥1 + ∥ν − ν̃∥1.

Next let R ⊆ N. Then∣∣∣ ∑
l∈R

(νl − λ∗,l) −
∑
l∈R

(ν̃l − λ̃∗,l)
∣∣∣ ≤

≤
∑
l∈R

∑
k∈N

|λk,l − λ̃k,l| +
∑
l∈R

|νl − ν̃l| ≤ ∥Λ − Λ̃∥1 + ∥ν − ν̃∥1.
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It follows that∣∣∣∣ inf
(

{λ∗,n− νn, νm − λ∗,m} ∪
{ ∑

l∈R

(νl − λ∗,l) | R ∈ Rn,m

})
− inf

(
{λ̃∗,n − ν̃n, ν̃m − λ̃∗,m} ∪

{ ∑
l∈R

(ν̃l − λ̃∗,l) | R ∈ Rn,m

})∣∣∣∣
≤ ∥Λ − Λ̃∥1 + ∥ν − ν̃∥1.

This is Equation (16) if n ≼ m. Otherwise αν
n,m = αν̃

n,m(Λ̃) = 0, and the required estimate
holds trivially. ◀

▶ Corollary 17. Let ν, ν̃ ∈ ℓ1(N), Λ, Λ̃ ∈ ℓ1(N × N), and ((nk, mk))k≥1 be a sequence in
N × N. Let (Λ(k))k∈N and (Λ̃(k))k∈N be the sequences defined by Equation (14) starting from
Λ(0) := Λ and Λ̃(0) := Λ̃, respectively. Moreover, set

ϵ := ∥Λ − Λ̃∥1 + ∥ν − ν̃∥1.

Then

∀k ∈ N. ∥Λ(k) − Λ̃(k)∥1 + ∥ν − ν̃∥1 ≤ 3kϵ.

Proof. For k = 0 this is the definition of ϵ. Then proceed inductively based on the estimate∥∥Φν
n,m(Λ) − Φν̃

n,m(Λ̃)
∥∥

1 ≤ ∥Λ − Λ̃∥1 + 2|αν
n,m(Λ) − αν̃

n,m(Λ̃)|,

which holds for all ν, ν̃, Λ, Λ̃, n, m. ◀

Now we turn to computability matters. To settle these, we need one more notation.

▶ Definition 18. Let L ⊆ N, and n, m ∈ L with n ≺ m. Then we set

RL
n,m :=

{
R ⊆ L | n /∈ R, m ∈ R, ∀k ∈ R, l ∈ L. k ≼ l ⇒ l ∈ R

}
.

▶ Lemma 19. Let ν ∈ ℓ1(N), Λ ∈ ℓ1(N × N), let L ⊆ N, and assume that

supp ν ⊆ L, supp Λ ⊆ L × L. (17)

Then

∀(n, m) /∈ L × L. αν
n,m(Λ) = 0, (18)

∀(n, m) ∈ N × N. supp Φν
n,m(Λ) ⊆ L × L, (19)

∀n, m ∈ L, n ≺ m. inf
R∈Rn,m

∑
l∈R

(νl − λ∗,l) = inf
R∈RL

n,m

∑
l∈R

(νl − λ∗,l). (20)

Proof. The assumption on the supports of ν and Λ shows that

∀n /∈ L. νn = λ∗,n = 0.

From this Equation (18), and in turn also Equation (19), follows. Moreover, for every subset
R ⊆ N∑

l∈R

(νl − λ∗,l) =
∑

l∈R∩L

(νl − λ∗,l).
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To establish Equation (20), we show that for all n, m ∈ L with n ≺ m

RL
n,m = {R ∩ L | R ∈ Rn,m}.

The inclusion “⊇” is clear. For the reverse inclusion observe that, for each R ∈ RL
n,m, the set

R′ :=
{

l ∈ N | ∃k ∈ R. k ≼ l
}

belongs to Rn,m and R′ ∩ L = R. ◀

▶ Corollary 20. Let ν ∈ ℓ1(N) and Λ ∈ ℓ1(N × N) be finitely supported. Then
1. for each n ∈ N the number λ∗,n is a finite sum, and
2. for each (n, m) ∈ N × N the infimum in the definition of αν

n,m(Λ) is the minimum of a
finite number of finite sums.

Proof. We can choose a finite set L ⊆ N such that Equation (17) holds. Then each set RL
n,m,

and also each of its elements, is finite. ◀

Proof of Theorem 15. Consider truncated data: for N ∈ N, let µN = (µN ;n)n∈N and
νN = (νN ;n)n∈N be defined by

µN ;n :=


µn if n < N,

1 −
∑

l<N µl if n = N,

0 if n > N,

νN ;n :=


νn if n < N,

1 −
∑

l<N νl if n = N,

0 if n > N.

We execute Nawrotzki’s algorithm with the data µN , νN along the enumeration ((nk, mk))k≥1
of N × N which is defined by running through the scheme

• • • N × N

• • •

• • • •

and dropping all points (n, m) which do not satisfy n ≺ m.
This provides us with sequences (Λ(k)

N )k∈N, N ∈ N. According to Lemma 19 and
Corollary 20, we have

supp Λ(k)
N ⊆ {0, . . . , N} × {0, . . . , N},

and each Λ(k)
N can be computed by a finite number of algebraic operations.

Let (Λ(k))k∈N be the sequence obtained by running Nawrotzki’s algorithm along the same
sequence ((nk, mk))k≥1 but starting with the full data µ, ν. We have

∥Λ(0) − Λ(0)
N ∥1 = 2

∑
n>N

µn, ∥ν − ν∥1 = 2
∑
n>N

νn,

and hence

∥Λ(0) − Λ(0)
N ∥1 + ∥ν − ν∥1 = 2

∑
n>N

(µn + νn) = 2
(

2 −
∑
n≤N

(µn + νn)
)

=: ϵN .

Corollary 17 applies and leads to the basic estimate

∀k ∈ N, N ∈ N. ∥Λ(k) − Λ(k)
N ∥1 + ∥ν − ν∥1 ≤ 3kϵN . (21)
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The next step is to define a sequence (∆k)k∈N. This is done as follows: given k ∈ N , choose
Nk ∈ N with

ϵNk
≤ 1

k · 3k
,

and set ∆k := Λ(k)
Nk

.
The number Nk can be found in finitely many steps by summing up beginning sections

of µ and ν. Together with what we already observed above, thus, each ∆k can be computed
in finitely many steps.

We know that the limit Λ := limk→∞ Λ(k) exists in the ℓ1-norm and satisfies Equation (3)
– Equation (6). The basic estimate Equation (21) yields

∥Λ(k) − ∆(k)∥1 ≤ 1
k

,

and we see that also limk→∞ ∆(k) = Λ in the ℓ1-norm.
Let (n, m) ∈ N × N with n ≺ m and ϵ > 0 be given. Define k0 ∈ N as the least integer

larger or equal to

max
{1

ϵ
,
(

max{n, m}
)2

}
.

Then (n, m) ∈ {(n1, m1), . . . , (nk0 , mk0)} and for all k ≥ k0

∥Λ(k) − ∆(k)∥1 ≤ ϵ.

Now recall Remark 14: the entry λ
(k)
n,m is constant for k ≥ k0. This implies that, for all

k ≥ k0,

|λn,m − δ(k)
n,m| = |λ(k)

n,m − δ(k)
n,m| ≤ ∥Λ(k) − ∆(k)∥1 ≤ ϵ.

The proof of Theorem 15 is complete. ◀
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Minimality Notions via Factorization Systems
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Abstract
For the minimization of state-based systems (i.e. the reduction of the number of states while retaining
the system’s semantics), there are two obvious aspects: removing unnecessary states of the system
and merging redundant states in the system. In the present article, we relate the two aspects on
coalgebras by defining an abstract notion of minimality.

The abstract notion minimality and minimization live in a general category with a factorization
system. We will find criteria on the category that ensure uniqueness, existence, and functoriality
of the minimization aspects. The proofs of these results instantiate to those for reachability and
observability minimization in the standard coalgebra literature. Finally, we will see how the two
aspects of minimization interact and under which criteria they can be sequenced in any order, like
in automata minimization.
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1 Introduction

Minimization is a standard task in computer science that comes in different aspects and lead
to various algorithmic challenges. The task is to reduce the size of a given system while
retaining its semantics, and in general there are two aspects of making the system smaller:
1. merge redundant parts of the system that exhibit the same behaviour (observability) and
2. omit unnecessary parts (reachability). Hopcroft’s automata minimization algorithm [21] is
an early example: in a given deterministic automaton, 1. states accepting the same language
are identified and 2. unreachable states are removed. Moreover, Hopcroft’s algorithm runs
in quasilinear time; for an automaton with n states, reachability is computed in O(n) and
observability in O(n log n).

Since the reachability is a simple depth-first search, it is straightforward to apply it to other
system types. On the other hand, it took decades until quasilinear minimization algorithms
for observability were developed for other system types such as transition systems [29],
labelled transition systems [14, 34], or Markov chains [12, 35]. Though their differences in
complexity, the aspects of observability and reachability have very much in common when
modelling state-based systems as coalgebras. Then, observability is the task to find the
greatest coalgebra quotient and reachability is the task of finding the smallest subcoalgebra
containing the initial state, or generally, a distinguished point of interest.

In the present article, we define an abstract notion of minimality and minimization in a
category with an (E , M)-factorization system. Such a factorization systems gives rise to a
generalized notion of quotients and subobjects, and the minimization is the task of finding
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24:2 Minimality Notions via Factorization Systems

the least quotient resp. subobject. To make this general setting applicable to coalgebras, we
show that the category of coalgebras inherits the factorization system from the base category
under a mild assumption (namely that the functor preserves M). Dually, a factorization
system also lifts to algebras, and even to the Eilenberg-Moore category.

Then, we will present different characterizations of minimality (Figure 4) and then study
properties of minimizations, e.g. under which criteria they exist and are unique, rediscovering
the respective proofs for reachability and observability for coalgebras in the literature [4, 22].
When combining the two minimization aspects, we discuss under which criteria reachability
and observability can be computed in arbitrary order.

The goal of the present work is not only to show the connections between existing
minimality notions, but also to provide a series of basic results that can be used when
developing new minimization techniques or even new notions of minimality.

Related Work

There is a series of works [10, 9, 11, 30] that studies the minimization of coalgebras by their
duality to algebras. In those works, the correspondence between observability in coalgebras
and reachability in algebras is used. For instance, Rot [30] relates the final sequence (for
observability in coalgebras) with the initial sequence (for reachability in algebras). In the
present paper however, we consider both observability and reachability on an abstract level
that work for a general factorization system and discuss their instance in coalgebras. The
paper is based on Chapter 7 of the author’s PhD dissertation [38].

If not included in the main text, detailed proofs of all results can be found in the appendix,
both for the standard results recalled in the preliminaries and the new results of the main
sections.

2 Preliminaries

In the following, we assume basic knowledge of category theory (cf. standard textbooks [2, 5]).
Given a diagram D : D → C (i.e. a functor D from a small category D), we denote its

limit by lim D and colimit by colim D – if they exist. The limit projections, resp. colimit
injections, are denoted by

pri : lim D → Di inji : Di → colim D for i ∈ D.

2.1 Coalgebra

We model state-based systems as coalgebras for an endofunctor F : C → C on a category C:

▶ Definition 2.1. An F -coalgebra (for an endofunctor F : C → C) is a pair (C, c) consisting
of an object C (of C) and a morphism c : C → FC (in C). An F -coalgebra morphism
h : (C, c) → (D, d) between F -coalgebras (C, c) and (D, d) is a morphism h : C → D with
d · h = Fh · c (see Figure 1a on p. 4 for the corresponding commuting diagram).

Intuitively, the carrier C of a coalgebra (C, c) is the state space and the morphism
c : C → FC sends states to their possible next states. The functor of choice F defines how
these possible next states FC are structured.
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▶ Example 2.2. Many well-known system-types can be phrased as coalgebras:
Deterministic automata (without an explicit initial state) are coalgebras for the Set-
functor FX = 2 × XA, where A is the set of input symbols. In an F -coalgebra (C, c), the
first component of c(x) denotes the finality of the state x ∈ C and the second component
is the transition function A → C of the automaton.
Labelled transition systems are coalgebras for the Set-functor FX = P(A × X) and the
coalgebra morphisms preserve bisimilarity.
Weighted systems with weights in a commutative monoid (M, +, 0) (and finite branching)
are coalgebras for the monoid-valued functor [18, Def. 5.1]

M (X) = {µ : X → M | µ(x) = 0 for all but finitely many x ∈ X}

which sends a map f : X → Y to the map

M (f) : M (X) → M (Y ) M (f)(µ)(y) =
∑

{µ(x) | x ∈ X, f(x) = y}

In an M (−)-coalgebra (C, c), the transition weight from state x ∈ C to y ∈ C is given by
c(x)(y) ∈ M . E.g. one obtains real-valued weighted systems as coalgebras for the functor
(R, +, 0)(−).
The bag functor is defined by BX = (N, +, 0)(X). Equivalently, BX is the set of finite
multisets on X. Its coalgebras can be viewed as weighted systems or as transition systems
in which there can be more than one transition between two states.
A wide range of probabilistic and weighted systems can be obtained as coalgebras for
respective distribution functors, see e.g. Bartels et al. [8].

▶ Definition 2.3. The category of F -coalgebras and their morphisms is denoted by Coalg(F ).

Intuitively, the coalgebra morphisms preserve the behaviour of states:

▶ Definition 2.4. In Set, two states x, y ∈ C in an F -coalgebra (C, c) are behaviourally
equivalent if there is a coalgebra homomorphism h : (C, c) → (D, d) with h(x) = h(y).

▶ Example 2.5.
For deterministic automata (FX = 2 × XA), states are behaviourally equivalent iff they
accept the same language [31, Example 9.5]. Indeed, for sufficiency, if two states x, y

in an F -coalgebra are identified by a coalgebra homomorphism, then one can show by
induction over input words w ∈ A∗ that either both states or neither of them accepts
w. For necessity, note that the map sending states to their semantics C → P(A∗) is a
coalgebra homomorphism.
For labelled transition systems (FX = P(A × X)), states are behaviourally equivalent iff
they are bisimilar [1].
For weighted systems, i.e. coalgebras for M (−), the coalgebraic behavioural equivalence
captures weighted bisimilarity [23].
Further semantic notions can be modelled with coalgebras by changing the base category
from C = Set to the Eilenberg-Moore [33] or Kleisli category [20] of a monad, to nominal
sets [26, 28], or to partially ordered sets [6].

The category of coalgebras inherits many properties from the base-category C. For
instance, we have the following standard result:

▶ Corollary 2.6. The forgetful functor Coalg(F ) → C creates all colimits. That is, the colimit
of a diagram D : D → Coalg(F ) exists, if U · D : D → C has a colimit, and moreover, there is
a unique coalgebra structure on colim(UD) making it the colimit of D and making the colimit
injections of colim D coalgebra morphisms.

CALCO 2021
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(b) Diagonal fill-in.

Figure 2 Diagrams for Definition 2.10.

On the other hand, we do not necessarily have all limits in Coalg(F ). If F preserves a
limit of a diagram D : D → C, then the limit also exists in Coalg(F ).

Coalgebras model systems with a transition structure, and pointed coalgebras extend this
by a notion of initial state:

▶ Definition 2.7. For an object I ∈ C, an I-pointed F -coalgebra (C, c, iC) is an F -coalgebra
(C, c) together with a morphism iC : I → C. A pointed coalgebra morphism h : (C, c, iC) →
(D, d, iD) is a coalgebra morphism h : (C, c) → (D, d) that preserves the point: iD = h · iC .

The category of I-pointed F -coalgebras is denoted by CoalgI(F ).

▶ Example 2.8. For I := 1 in Set, a pointed coalgebra (C, c, iC) for FX = 2 × XA is a
deterministic automaton, where the initial state is given by the map iC : 1 → C.

The point can also be understood as an algebraic flavour. In general, coalgebras are dual
to F -algebras in the following sense.

▶ Definition 2.9. An F -algebra (for a functor F : C → C) is a morphism a : FA → A, an
algebra homomorphism h : (A, a) → (B, b) is a morphism h : A → B fulfilling b · Fh = h · a

(Figure 1b). The category of F -algebras is denoted by Alg(F ).

In other words, Alg(F ) = Coalg(F op)op for F op : Cop → Cop. The I-pointed coalgebras
thus are also algebras for the constant I functor. Most of the results of the present paper
also apply to algebras for a functor F : C → C.

2.2 Factorization Systems
The process of minimizing a system constructs a quotient or subobject of the state space,
where the notions of quotient and subobject respectively stem from a factorization system in
the category of interest. This generalizes the well-known image factorization of a map into a
surjective and an injective map:

▶ Definition 2.10 [2, Definition 14.1]. Given classes of morphisms E and M in C, we say
that C has an (E , M)-factorization system provided that:
1. E and M are closed under composition with isomorphisms.
2. Every morphism f : A → B in C has a factorization f = m · e with e ∈ E and m ∈ M

(Figure 2a). We write Im(f) for the intermediate object, ↠ for morphisms e ∈ E , and ↣
for morphisms m ∈ M.

3. For each commutative square g · e = m · f with m ∈ M and e ∈ E, there exists a unique
diagonal fill-in d with m · d = g and d · e = f (Figure 2b).

▶ Example 2.11. In Set, we have an (Epi, Mono)-factorization system where Epi is the class
of surjective maps, and Mono the class of injective maps. The image of a map f : A → B is
given by

Im(f) = {b ∈ B | there exists a ∈ A with f(a) = b}.
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canonically yielding maps e : A ↠ Im(f) and m : Im(f) ↣ B. Note that one can also regard
Im(f) as a set of equivalence classes of A:

Im(f) ∼=
{

{a′ ∈ A | f(a′) = f(a)} | a ∈ A
}

.

Intuitively, the diagonal fill-in property (Definition 2.10.3, also called diagonal lifting) provides
a way of defining a map d on equivalence classes (given by the surjective map at the top)
and with a restricted codomain (given by the injective map at the bottom).

▶ Example 2.12. In general, the elements of E are not necessarily epimorphisms and the
elements of M are not necessarily monomorphisms. In particular, every category has an
(E , M)-factorization system with E := Iso being the class of isomorphisms and M := Mor
being the class of all morphisms (and also vice-versa).

▶ Definition 2.13. An (E , M)-factorization system is called proper if E ⊆ Epi and M ⊆
Mono.

These two conditions of properness are independent. In fact, M ⊆ Mono is equivalent to
every split-epimorphism being in E [2, Prop. 14.11]. In the literature, it is often required
that the factorization system is proper, and in fact a proper factorization system arises in
complete or cocomplete categories:

▶ Example 2.14. Every complete category has a (StrongEpi, Mono)-factorization system [2,
Thm. 14.17 and 14C(d)] and also an (Epi, StrongMono)-factorization system [2, Thm. 14.19,
and 14C(f)]. By duality, every cocomplete category has so as well.

▶ Remark 2.15. (E , M)-factorization systems have many properties known from surjective
and injective maps on Set [2, Chp. 14]:
1. E ∩ M is the class of isomorphisms of C.
2. If f · g ∈ M and f ∈ M, then g ∈ M. If M ⊆ Mono, then f · g ∈ M implies g ∈ M.
3. E and M are respectively closed under composition.
4. M is stable under pullbacks, E is stable under pushouts.

The stability generalizes as follows to wide pullbacks and pushouts:

▶ Lemma 2.16. M is stable under wide pullbacks: for a family (fi : Ai → B)i∈I and its
wide pullback (pri : P → Ai)i∈I , a projection prj : P → Aj is in M if fi is in M for all
i ∈ I \ {j}.

A factorization system also provides notions of subobjects and quotients, generalizing the
notions of subset and quotient sets:

▶ Definition 2.17. For a class M of morphisms, an M-subobject of an object X is a pair
(S, s) where s : S ↣ X is in M. Two M-subobjects (s, S), (s′, S′) are called isomorphic
if there is an isomorphism ϕ : S → S′ with ϕ · s = s′. We write (s, S) ≤ (s′, S′) if there
is a morphism h : S → S′ with s′ · h = s. Dually, an E-quotient of X is pair (Q, q) for
a morphism q : X ↠ Q (q ∈ E). If (E , M) is fixed from the context, we simply speak of
subobjects and quotients.

For subobjects, it is often required that M is a class of monomorphisms [2, Def. 7.77], but
many of the results in the present work hold without this assumption. If M is so, then the
subobjects of a given object X form a preordered class. Moreover, the subobjects form a
preordered set iff C is M-wellpowered. This is in fact the definition: C is M-wellpowered if for
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24:6 Minimality Notions via Factorization Systems

each X ∈ C there is (up to isomorphism) only a set of M-subobjects. On Set, the isomorphism
classes of (Mono-)subobjects of X correspond to subsets of X and the isomorphism classes
of (Epi-)quotients of X correspond to partitions on X.

If (E , M) forms a factorization system, then its axioms provide us with methods to
construct and work with subobjects and quotients, e.g. the image factorization means that for
every morphism, we obtain a quotient on its domain and a subobject of its codomain. The
minimization of coalgebras amounts to the construction of certain subobjects or quotients
with respect to a suitable factorization system in the category of coalgebras Coalg(F ).

3 Factorization System for Coalgebras

If we have an (E , M)-factorization system on the base category C on which we consider
coalgebras for F : C → C, then it is natural to consider coalgebra morphisms whose underlying
C-morphism is in E , resp. M:

▶ Definition 3.1. Given a class of C-morphisms E, we say that an F -coalgebra morphism
h : (C, c) → (D, d) is E-carried if h : C → D is in E.

This induces the standard notions of subcoalgebra and quotient coalgebras as instances
of M-subobjects and E-quotients in Coalg(F ): an M-subcoalgebra of (C, c) is an (M-
carried)-subobject of (C, c) (in Coalg(F )), i.e. is represented by an M-carried homomorphism
m : (S, s) ↣ (C, c). Likewise, a quotient of a coalgebra (C, c) is an (E-carried)-quotient of
(C, c) (in Coalg(F )), i.e. is represented by a coalgebra morphism e : (C, c) ↠ (Q, q) carried
by an epimorphism.

Note that for the case where M is the class of monomorphisms, the monomorphisms in
Coalg(F ) coincide with the Mono-carried homomorphisms only under additional assumptions:

▶ Lemma 3.2. If weak kernel pairs exist in C and are preserved by F : C → C, then the
monomorphisms in Coalg(F ) are precisely the Mono-carried coalgebra homomorphisms.

This is a commonly known criterion, and Gumm and Schröder [19, Example 3.5] present a
functor not preserving kernel pairs and a monic coalgebra homomorphism that is not carried
by a monomorphism.

For the construction of quotient coalgebras and subcoalgebras, it is handy to have the
factorization system directly in Coalg(F ). It is a standard result that the image factorization
of homomorphisms lifts (see e.g. [27, Lemma 2.5]). Under assumptions on E and M, Kurz
shows that the factorization system lifts to Coalg(F) [25, Theorem 1.3.7] (and to other
categories with a forgetful functor to the base category C).

In fact, the factorization system always lifts to Coalg(F ) under the condition that F

preserves M. By this condition, we mean that m ∈ M implies Fm ∈ M.

▶ Lemma 3.3. If F : C → C preserves M, then the (E , M)-factorization system lifts from
C to an (E-carried, M-carried)-factorization system in Coalg(F ). The factorization of an
F -coalgebra homomorphism h : (C, c) → (D, d) is given by that of the underlying morphism
h : C → D.

Proof. We verify Definition 2.10:
1. The E- and M-carried morphisms are closed under composition with isomorphisms,

respectively.
2. Given an F -coalgebra morphism f : (A, a) → (B, b), consider its factorization f = m · e

in C. Since F preserves M, we have Fm ∈ M and thus can apply the diagonal fill-in
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(c) Fill-in in C.

Figure 3 Diagrams for the proof of Lemma 3.3.

property (Definition 2.10.3) to the coalgebra morphism square of f (Figure 3a). This
defines a unique coalgebra structure d on Im(f) making e and m coalgebra morphisms.

3. In order to check the diagonal-lifting property of the (E-carried, M-carried)-factorization
system, consider a commutative square g · e = m · f in Coalg(F ) with m ∈ M, e ∈ E
as depicted in Figure 3b. In C, there exists a unique h : B → C with h · e = f and
m·h = g (Figure 3c). We only need to prove that h : B → C is a coalgebra homomorphism
(B, b) → (C, c), i.e. that c · h = Fh · b. We prove this equality by showing that both c · h

and Fh · b are diagonals in a commutative square of the form of Definition 2.10.3. Indeed,
we have the commutative squares:

A B

FA C D FB

FC FD

a
f

e

h g b

F f

f hom. m

c m hom.

g hom.

d
F g

F m

and

A B

FA FB FB

FC Fm

e

a e hom.
b

b

F f

F e

F h

F g

trivial

F g

F m

By the uniqueness of the diagonal in Definition 2.10.3, c · h = Fh · b. ◀

▶ Remark 3.4. The condition that F preserves M is commonly met. For Set and M being
the class of injective maps, it can be assumed wlog for coalgebraic purposes that F preserves
injective maps: every set functor preserves injective maps with non-empty domain and only
needs to be modified on ∅ in order to preserve all injective maps [32]. The resulting functor
has an isomorphic category of coalgebras.

We have the dual result for F -algebras:

▶ Lemma 3.5. If F : C → C preserves E, then the (E , M)-factorization system lifts from C
to Alg(F ).

Proof. We have an (M, E)-factorization system in Cop. By Lemma 3.3, this factorization
system lifts to Coalg(F op) since F op : Cop → Cop preserves E . Thus, we have an (E-carried,
M-carried)-factorization system in Alg(F ) = Coalg(F op)op. ◀
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24:8 Minimality Notions via Factorization Systems

This lifting result even holds for Eilenberg-Moore algebras for a monad T : C → C. The
Eilenberg-Moore category of a monad T is a full subcategory of Alg(T ) containing those
algebras that interact coherently with the structure of the monad T , see e.g. Awodey [5] for
details:

▶ Lemma 3.6. If a monad T : C → C preserves E , then the (E , M)-factorization system lifts
from C to the Eilenberg-Moore category of T .

The factorization system lifts further also to pointed coalgebras:

▶ Lemma 3.7. If F : C → C preserves M, then the (E , M)-factorization system lifts from C
to CoalgI(F ).

Proof. A combination of Lemma 3.3 and 3.5, using that the constant functor preserves
E-morphisms. ◀

4 Minimality in a Category

Having seen multiple categories with an (E , M)-factorization system, we can now define the
minimality of objects abstractly.

▶ Definition 4.1. Given a category K with an (E , M)-factorization system, an object C of
K is called M-minimal if every morphism h : D ↣ C in M is an isomorphism.

▶ Remark 4.2. Every (E , M)-factorization system on K is an (M, E)-factorization system on
Kop, and thus induces a dual notion of E-minimality: an object C of K is called E-minimal if
every h : C ↠ D in E is an isomorphism.

In the following, K will denote the category in which we consider the minimal objects,
e.g. a category of coalgebras for a functor F : C → C.

▶ Assumption 4.3. In the following, assume that the category K has an (E , M)-factorization
system. Whenever we consider a category of coalgebras for a functor F : C → C in the
following, we achieve this by assuming that C has an (E , M)-factorization system and that
F preserves M.

The leading examples of the minimality notion in the present work are the following two
instances in coalgebras:

▶ Instance 4.4. For K := CoalgI(F ), the (M-carried-)minimal objects are the reachable
coalgebras, as introduced by Adámek et al. [4]. Concretely, an I-pointed F -coalgebra (C, c, iC)
is reachable if it has no (proper) pointed subcoalgebra, equivalently, if every M-carried
coalgebra morphism m : (S, s, iS) ↣ (C, c, iC) is necessarily an isomorphism [4].

In Set, this corresponds to the usual notion of reachability: if a state x ∈ C is contained
in a subcoalgebra m : (S, s, iS) ↣ (C, c, iC), then all successors of x need to be contained in
the subcoalgebra as well, since m is a coalgebra homomorphism. Moreover, the subcoalgebra
has to contain the point iC : I → C, and thus also all its successors, and in total all states
reachable from iC in finitely many steps. Hence, (C, c, iC) is reachable if it is not possible to
omit any state in a pointed subcoalgebra (S, s, iS), i.e. if any such injective m is a bijection.

▶ Instance 4.5. For K := Coalg(F )op, the (E-carried-)minimal objects are called simple
coalgebras, as mentioned by Gumm [22]. Usually, a simple coalgebra is defined as a coalgebra
that does not have any proper quotient [36].1

1 Gumm [22, p. 34] defines a simple coalgebra as the quotient of a coalgebra on Set modulo behavioural
equivalence.
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X is M-minimal X is E-minimal

⇔ every Y ↣ X is an isomorphism ⇔ every X ↠ Y is an isomorphism

⇔ every Y → X is in E ⇔ every X → Y is in M

if E = Epi and K has weak equalizers: if M = Mono and K has weak coequalizers:
⇔ all parallel X ⇒ Y equal ⇔ all parallel Y ⇒ X equal (‘X subterminal’)

Figure 4 Equivalent characterizations of M-minimality and E-minimality in a category K.

In Set, a coalgebra is simple iff all states have different behaviour – this characterization
follows directly the following equivalent characterization of minimal objects as we will see in
Instance 4.7:

▶ Lemma 4.6. An object C in K is M-minimal iff every h : D → C is in E.

Proof. In the ‘if’ direction, consider some M-morphism h : D → C. By the assumption, h is
also in E and thus an isomorphism. In the ‘only if’ direction, take some morphism h : D → C

and consider its (E , M)-factorization e : D ↠ Im(h) and m : Im(h) ↣ C with h = m ·e. Since
C is M-minimal, m is an isomorphism and thus h = m · e is in E . ◀

▶ Instance 4.7. For K := Coalg(F )op, an F -coalgebra (C, c) is simple iff every F -coalgebra
homomorphism h : (C, c) → (D, d) is M-carried.

In Set, this equivalence shows that the simple coalgebras are precisely those coalgebras
for which behavioural equivalence coincides with behavioural equivalence:

If states x, y ∈ C are behaviourally equivalent, then there is some h : (C, c) → (D, d) with
h(x) = h(y). By Instance 4.7, h must be injective and thus x = y.
Conversely, if all states in (C, c) have different behaviour, then every h : (C, c) → (D, d)
is necessarily injective by Definition 2.4. Thus, by Instance 4.7, (C, c) is simple.

Gumm already noted that in Set, every outgoing coalgebra morphism from a simple
coalgebra is injective [22, Hilfssatz 3.6.3] – but it was not used to characterize simplicity.
If E , resp. M, happens to be the class of epimorphisms, resp. monomorphisms, another
characterization of minimality exists:

▶ Lemma 4.8. Assume E = Epi and weak equalizers in K, then X is M-minimal iff there is
at most one morphism u : C → D for every D ∈ K.

Dually, given M = Mono and weak coequalizers, C is E-minimal iff C is subterminal,
that is, iff there is a most one u : D → C for every D ∈ K.

The name subterminal stems from the fact that if K has a terminal object, its subobjects are
the subterminal objects.

▶ Instance 4.9. For K := Coalg(F )op, assume M = Mono and that F preserves weak
kernel pairs and that the base category C has coequalizers. Hence, the monomorphisms in
Coalg(F ) are precisely the Mono-carried homomorphisms (Lemma 3.2) and the assumption
of Lemma 4.8 is met. Consequently, the simple coalgebras are precisely the subterminal
coalgebras. If the final coalgebra exists, then its subcoalgebras are precisely the simple
coalgebras. For a non-example, Gumm and Schröder [19, Example 3.5] provide a functor not
preserving weak kernel pairs and a subterminal coalgebra that is not simple.
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(b) For F X = (R, +, 0)(X)

Figure 5 Examples of simple quotients in F -coalgebras.

We have now established a series of equivalent characterizations of minimality (Figure 4)
and will now discuss how to construct minimal objects. This process of minimization – i.e. of
constructing the reachable part or the simple quotient of a coalgebra – is abstracted as
follows:

▶ Definition 4.10. An M-minimization of C ∈ K is a morphism m : D ↣ C in M where
D is M-minimal.

In fact, we will show that an M-minimization is unique, so we can speak of the M-
minimization.

▶ Instance 4.11. The task of finding an M-minimization of a given C ∈ K instantiates to
the standard minimization tasks on coalgebras:

For K := CoalgI(F ), an M-minimization of a given pointed coalgebra (C, c, iC) is called
its reachable subcoalgebra [4]. This is a subcoalgebra obtained by removing all unreachable
states. The explicit definition is: the reachable subcoalgebra of (C, c, iC) is a (pointed)
subcoalgebra h : (R, r, iR) ↣ (C, c, iC) where (R, r, iR) itself has no proper (pointed)
subcoalgebras.
For K := Coalg(F )op, an E-minimization of a given coalgebra (C, c) is called the simple
quotient of (C, c) [22]. The explicit definition is: the simple quotient of (C, c) is a quotient
h : (C, c) ↠ (Q, q) where (Q, q) itself has no proper quotient coalgebra.
In Set, this is a quotient in which all behaviourally equivalent states are identified, in
other words, the simple quotient of (C, c) is the unique coalgebra structure on C/∼.
Examples of simple quotients can be found in Figure 5. Since all states in the codomain of
the surjective homomorphisms are behaviourally inequivalent, the respective codomains
are simple.

▶ Example 4.12. For the trivial factorization systems (Example 2.12), we have:
For the (Iso, Mor)-factorization system, the Iso-minimization of an object X is X itself.
For the (Mor, Iso)-factorization system on category, if a strict initial object 0 exist, then
it is the Mor-minimization of every X ∈ C. Recall that an initial object 0 is called strict
if every morphism with codomain 0 is an isomorphism.

It is well-defined to speak of the M-minimization of an object C, because it is unique:

▶ Lemma 4.13. Consider h : M → C with M-minimal M and an M-subobject s : S ↣ C.
The pullback of s along h exists iff h factors uniquely through s, that is, iff there is a unique
u : M → S with s · u = h.

C

M S

h

∃!u

∀s∈M (in K)
C

M Q

h

∃!u

∀q∈E (in Kop)
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Proof. In the “if”-direction, let d : M → S be the unique morphism with s · d = h. The
pullback is simply given by M itself with projections idM : M → M and d : M → S. To
verify its universal property, consider e : E → M , f : E → S with h · e = s · f (Figure 6a).
Since M is M-minimal, e : E → M is in E (Lemma 4.6). Thus, we can apply the diagonal
lifting property to h · e = s · f yielding a diagonal u with s · u = h and u · e = f . Thus, d = u

and d · e = f , showing that e : (E, e, f) → (M, idM , d) is the mediating cone morphism. Its
uniqueness is clear because idM is isomorphic.

M C

E S

h

ue

f

s

(a) “If”-direction.

P M

S C

ϕ

d h

s

(b) Premise of “only if”.

M
P M

S C

idM

v

u ϕ

d h

s

(c) Uniqueness for “only if”.

Figure 6 Diagrams for the proof of Lemma 4.13.

In the ‘only if’-direction, consider the pullback (P, ϕ, d) (Figure 6b). Since M-morphisms
are stable under pullback (Remark 2.15.4), ϕ is in M, too. By the minimality of M , the
M-morphism ϕ is an isomorphism and we have d · ϕ−1 : M → S.

In order to see that d · ϕ−1 is indeed the unique morphism M → S making the triangle
commute, consider an arbitrary v : M → S with s · v = h = h · idM . Thus, M is a competing
cone for the pullback P and thus induces a morphism u : M → P with d·u = v and ϕ·u = idM

(Figure 6c). Since ϕ is an isomorphism, we have u = ϕ−1 and thus v = d · ϕ−1 as desired. ◀

▶ Corollary 4.14. If K has pullbacks of M-morphisms along M-morphisms and if there is
an M-minimization M of C, then M is the least M-subobject of C and it is unique (up to
unique isomorphism).

Proof. Consider Lemma 4.13 first for h ∈ M and then also with S being M-minimal. ◀

▶ Instance 4.15. Not only the result but also the proof instantiates to the uniqueness results
in the instances of reachable subcoalgebras and simple quotients:
1. If C has pullbacks of M-morphisms (i.e. finite intersections) and F : C → C preserves

them, then CoalgI(F ) has pullbacks of M-carried homomorphisms. Given a reachable
subcoalgebra (D, d, iD) of (C, c, iC), then it is the least I-pointed subcoalgebra of (C, c, iC)
(cf. [4, Notation 3.18]) and is unique up to isomorphism.

2. If C has pushouts of E-morphisms, then Coalg(F ) has pushouts of E-carried homomorph-
isms. Hence, the simple quotient of a coalgebra (C, c) is the greatest quotient of (C, c)
and unique up to isomorphism (e.g. [36, Lemma 2.9]).

There are instances where a minimization M exists, but where a mediating morphism in
the sense of Lemma 4.13 is not unique:

▶ Example 4.16 (Tree unravelling). Let CoalgI(F )reach be the category of reachable poin-
ted F -coalgebras, i.e. the full subcategory CoalgI(F )reach ⊆ CoalgI(F ) such that (C, c, iC) ∈
CoalgI(F )reach iff it is reachable. For simplicity, restrict to F : Set → Set with the (Epi, Mono)-
factorization system. Thus, all morphisms in CoalgI(F )reach are surjective (Lemma 4.6). Con-
sidering the (trivial) (Mor, Iso)-factorization system on CoalgI(F )reach, a coalgebra (C, c, iC)
is (Mor-)minimal iff every coalgebra morphism h : (D, d, iD) → (C, c, iC) (with (D, d, iD) also
reachable) is an isomorphism. If (C, c, iC) is Mor-minimal, then it is a tree: to see this, take h

to be its tree unravelling (see e.g. Figure 7), and by the Mor-minimality, h is an isomorphism,
so (C, c, iC) is already a tree.

CALCO 2021



24:12 Minimality Notions via Factorization Systems

•
•

•
• •

(a) Unravelling of siblings

• • · · · •

(b) Unravelling of a loop

Figure 7 Tree unravelling for F X = BX.

This implies that if the (Mor-)minimization of a coalgebra exists, then it is its tree
unravelling. For example, for I = 1 and the bag functor FX = BX, we have the minimizations
as illustrated in Figure 7. It is easy to see that for FX = PX however, no coalgebra (with
at least one transition) has a Mor-minimization, because one can always duplicate successor
states.2

For FX = BX, all Mor-minimizations exist, but they are not unique up to unique
isomorphism. Consider the tree unravelling m : M ↠ X in Figure 7a. There is an isomorphism
ϕ : M → M that swaps the two successors of the initial state. Hence, ϕ ̸= idB, but
m ·ϕ = m · idM , so M is unique up to isomorphism, but not unique up to unique isomorphism.

For proving the existence of an M-minimization, we need to require that M is a subclass
of the monomorphisms in K. Under this assumption, we first establish the converse of
Corollary 4.14:

▶ Lemma 4.17. If M ⊆ Mono and if the least M-subobject M of X exists, then M is the
M-minimization of X.

Proof. Let m : M ↣ X be the least M-subobject of X, and consider s : S ↣ M in M.
Since m · s ∈ M, there is some u : M → S with (m · s) · u = m. Since m is monic, we obtain
s · u = idM . Hence, s is a split-epimorphism, and together with s ∈ M ⊆ Mono, s is an
isomorphism. ◀

▶ Proposition 4.18. If M ⊆ Mono, K has wide pullbacks of M-morphisms, and is M-
wellpowered, then every object C of K has an M-minimization.

Proof. Since K is M-wellpowered, all the M-carried morphisms m : M ↣ C form up to
isomorphism a set S. The wide pullback of all m ∈ S exists in K by assumption, denote it
by prm : P → M for m : M ↣ C. All m′ ∈ S are in M and so are all prm by Lemma 2.16.
Hence, p := m · prm : P ↣ C for an arbitrary m ∈ S represents an M-subobject, and
moreover the least M-subobject of C, as witnessed by the projections prm. By Lemma 4.17,
P is the minimization of C. ◀

▶ Instance 4.19. This proof directly instantiates to the proofs of the existence of the
reachable subcoalgebra and simple quotient:
1. In the reachability case, let M be a subclass of the monomorphisms, let the base category

C have all M-intersections, and let F : C → C preserve all intersections. Then the
reachable part of a given pointed coalgebra (C, c, iC) is obtained as the intersection of all
pointed subcoalgebras of (C, c, iC) [4].
For C = Set, and M being the class of injective maps, all intersections exist. The condition
that F : Set → Set preserves all intersections is mild: all finitary functors preserve all

2 It can be conjectured that Mor-minimization of reachable F -coalgebras exist if F admits precise
factorizations [37, Def. 3.1, 3.4].
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intersections ([3, Proof of Lem. 8.8] or [38, Lem. 2.6.10]) and many non-finitary functors
do as well, e.g. the powerset functor. An example of a functor that does not preserve all
intersections is the filter functor [16, Sect. 5.3].

2. For the existence of simple quotients, let E be a subclass of the epimorphisms and let the
base category C be cocomplete and E-cowellpowered. Then every F -coalgebra (C,c) has a
simple quotient given by the wide pushout of all quotient coalgebras ([4, Proposition 3.7],
and [17] for C = Set).
Every set has only a set of outgoing surjective maps, so all assumptions are met for
C = Set, E the surjective maps, and every Set-functor F .

▶ Remark 4.20. All observations on simple quotients also apply to pointed coalgebras: An
I-pointed F -coalgebra is simple iff it is E-carried-minimal in K := CoalgI(F )op. The forgetful
functor

CoalgI(F ) −→ Coalg(F )

preserves and reflects simple coalgebras and simple quotients (note that for every poin-
ted coalgebra (C, c, iC), the slice categories (C, c, iC)/CoalgI(F ) and (C, c)/Coalg(F ) are
isomorphic). For the sake of simplicity, we will not state the results explicitly for simple
coalgebras in CoalgI(F ).

▶ Definition 4.21. We denote by J : Kmin ↪→ K the full subcategory formed by the M-minimal
objects of K.

In the existence proof of minimal objects (Proposition 4.18) we only required (wide)
pullbacks where all morphisms in the diagram are in M. We obtain additional properties
if we assume the pullback along M-morphisms, i.e. pullbacks where only one of the two
morphisms is in M:

▶ Proposition 4.22. Suppose that pullbacks along M-morphisms exist in K and that every
object of K has an M-minimization. Then J : Kmin ↪→ K is a coreflective subcategory. Its
right-adjoint R : K → Kmin (J ⊣ R) sends an object to its M-minimization; in particular,
minimization is functorial.

Proof. The universal property of J follows directly from Lemma 4.13: To this end, it suffices
to consider R as an object assignment. Given a morphism h : M → X where M is M-minimal,
we need to show that it factorizes uniquely through the M-minimization s : S ↣ X of D,
that is RD := S. Since the pullback of h along s exists by assumption, Lemma 4.13 yields
us the desired unique factorization u : M → S with s · u = h. ◀

▶ Instance 4.23. For both of our main instances, this adjunction has been observed before:
1. If F : C → C preserves inverse images (w.r.t. M), then pullbacks along M-carried

homomorphisms exist in CoalgI(F ). Hence, the reachable I-pointed F -coalgebras form a
coreflective subcategory of CoalgI(F ), where the coreflector maps a pointed coalgebra to
its reachable part [39, Thm 5.23]

2. The simple coalgebras form a reflective subcategory of Coalg(F ), and the reflector sends
a coalgebra to its simple quotient, under the assumption that the base category has
pushouts along E-morphisms. For coalgebras in Set, the adjunction J ⊢ R has been
shown by Gumm [17, Theorem 2.3].

▶ Corollary 4.24. If pullbacks along M-morphisms exist in K and all M-minimizations
exist, then M-minimal objects are closed under E-quotients.
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Proof. Consider an E-morphism e : C ↠ D where C is M-minimal. Take the adjoint
transpose f : C → RD with m · f = e where m : RD ↣ D is the M-minimization of D:

C

RD D

ef

m

Since RD is M-minimal, f is in E (Lemma 4.6). Moreover, f ∈ E and m · f ∈ E imply m ∈ E
(Remark 2.15.2), hence m ∈ E ∩ M is an isomorphism. ◀

▶ Example 4.25.
1. If F preserves inverse images, then reachable F -coalgebras are closed under quotients [39,

Cor. 5.24]. Note that if F does not preserve inverse images, then a quotient of a
reachable F -coalgebra may not be reachable. For example, in (pointed) coalgebras for the
monoid-valued functor (R, +, 0)(−) there is the coalgebra quotient with h(b1) = h(b2) = b:

a

b1

b2

3

-3
h a b

Since transition weights may cancel out each other (−3 + 3 = 0), the codomain of h is
not reachable even though its domain is.

2. If the base category C has pushouts along E-morphisms, then simple F -coalgebras are
closed under subcoalgebras. For C = Set, this is obvious: if in a coalgebra (C, c), all states
are of pairwise different behaviour, then so they are in every subcoalgebra of (C, c).

5 Interplay of minimality notions

The two main aspects of minimization we have seen – reachability and minimization for
observability – are closely connected on an abstract level and also interact well as we see in
the following. In order to minimize a pointed coalgebra under both aspects, we have two
options: first construct the reachable part and then the simple quotient, or we first form the
simple quotient and then construct its reachable part. Given the existence of pullbacks of
M-morphisms along arbitrary morphisms, we can show that any order is fine.

In the abstract setting of a category K with an (E , M)-factorization system we are
transforming an object C ∈ K into an object C ′ that is M-minimal in K and E-minimal
in Kop.

▶ Proposition 5.1. Suppose K has an (E , M)-factorization system such that all M-minim-
izations in K and all E-minimizations in Kop exist. If K has pullbacks along M-morphisms
and pushouts along E-morphisms, then for every C in K the following two constructions yield
the same object:
1. The M-minimization of C in K followed by its E-minimization in Kop.
2. The E-minimization of C in Kop followed by its M-minimization in K.

Proof. In the first approach, denote the M-minimization of C by m : R ↣ C and its E-
minimization by s : R ↠ V . In the other approach, denote the E-minimization of C by
e : C ↠ Q and its M-minimization by t : W ↣ Q:

R C

V W Q

m

s e

t
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We need to prove that V and W are isomorphic, making the above (then-closed) square
commute. The M-minimal objects form a coreflective subcategory (Proposition 4.22), so
e · m, whose domain is M-minimal, factorizes through the M-minimization of the codomain
of e ·m, i.e. we have h : R → W with t ·h = e ·m. Since Q is E-minimal, its M-subobject W is
also E-minimal in Kop (Corollary 4.24). The E-minimal objects form a reflective subcategory
(Proposition 4.22). Applying the reflection to h : R → W , we obtain ϕ : V → W with h = ϕ ·s.
Since V is E-minimal (in Kop), ϕ is in M, and since W is M-minimal, ϕ is in E , and thus ϕ

is an isomorphism. ◀

In the concrete case of F -coalgebras, a coalgebra that is both simple and reachable is called
a well-pointed coalgebra (see [4, Section 3.2]).

▶ Instance 5.2. If F : C → C fulfils all assumptions from the previous Instance 4.23 (and in
particular preserves inverse images), then the construction of the simple quotient and the
reachability construction for F -coalgebras can be performed in any order, yielding the same
well-pointed coalgebra.

If F does not preserve inverse images, then in the construction of the simple quotient,
transitions may cancel out each other and this may affect the reachability of states. We
have seen an example for this in Example 4.25.1 where performing reachability first and
observability second leads to a simple coalgebra in which states are unreachable, i.e. the
result is not well-pointed. Hence, in contrast to the well-known automata minimization
procedure, the minimization of a coalgebra in general has to be performed by first computing
its simple quotient and secondly computing the reachable part in the simple quotient.

If F preserves inverse images, such as the functor for automata, any order is fine. In sets,
the reachability computation is a simple breadth-first search [39], and hence runs in linear
time. On the other hand, existing algorithms for computing the simple quotient for many
Set-functors run in at least n · log n time where n is the size of the coalgebra [15, 36]. Hence,
the reachability analysis should be done first whenever possible.

6 Conclusions

We have seen a common ground for minimality notions in a category with various instances
in a coalgebraic setting. The abstract results about the uniqueness and the existence of
the minimization instantiate to the standard results for reachability and observability of
coalgebras. Most of the general results even hold if the (E , M)-factorization system is not
proper. The tree unravelling of an automaton is an instance of minimization for a non-proper
factorization system.

It remains for future work to relate the efficient algorithmic approaches to the minimization
tasks: reachability is computed by breadth-first search [39, 7] and observability is computed
by partition refinement algorithms [24, 36, 13]. Even though their run-time complexity differs
– reachability is usually linear, whereas partition refinement algorithms are quasilinear or
slower – they have striking similarities. All these algorithms compute a chain of subobjects
resp. quotients on the carrier of the input coalgebra and terminate at the first element of
the chain admitting a coalgebra structure compatible with the input coalgebra. It is thus
likely that this relation can be made formal. A similar connection between the reachability
of algebras and partition refinement on coalgebras is already known [30].
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Appendix: Omitted Proofs

Proof of Corollary 2.6
Let ci : UDi → FUDi be the coalgebra structure of Di ∈ Coalg(F ) for every i ∈ D. For the
colimit of UD : D → C

UDi colim(UD)inji for every i ∈ D

apply F and precompose with ci, yielding

UDi FUDi F colim(UD)ci F inji for every i ∈ D.

This is a cocone for the diagram D because for all h : i → j in D the outside of the following
diagram commutes:

UDi FUDi

UDj FUDj F colim(UD)

ci

Dh coalgebra
morphismUDh

F inji
F UDh

cj F injj

Thus we obtain a coalgebra structure u : colim(UD) → F colim(UD). Since u is a cocone-
morphism, every inji is an F -coalgebra morphism.
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In order to show that (colim(UD), u) is the colimit of D : D → Coalg(F ), consider another
cocone (mi : Di → (E, e))i∈D.

colim(UD) E

F colim(UD) FE

u

w

e

F w

In C, we obtain a cocone morphism w : colim(UD) → E. With a similar verification as before,
(e ·mi : UDi → FE)i∈D is a cocone for D, and thus both d ·w and Fw ·u : colim(UD) → FE

are cocone morphisms (for UD). Since colim(UD) is the colimit, this implies that d·w = Fw·u,
i.e. w : (colim(UD), u) → (E, e) is a coalgebra morphism. Since U : Coalg(F ) → C is faithful,
w is the unique cocone morphism, and so (colim UD, u) is indeed the colimit of UD. ◀

Proof of Lemma 2.16

Consider the (E , M)-factorization of prj into e : P ↠ C and m : C ↣ Aj with prj = m · e.
On the image, we define a cone structure (ci : C → Ai)i∈I by cj = m and for every i ∈ I \ {j}
by the diagonal fill-in:

P C Aj

Ai B

e

pri

cj

ci
fj

fi

for all i ∈ I \ {j}.

The diagonal ci is induced, because fi ∈ M for all i ∈ I \ {j}. The family (ci)i∈I forms a
cone for the wide pullback, because for all i, i′ ∈ I we have fi · ci = fj · cj = fi′ · ci′ . This
makes e a cone morphism, because ci · e = pri for all i ∈ I. Moreover, the limiting cone P

induces a cone morphism s : C → P and we have s · e = idP . Consider the commutative
diagrams:

P C

P

C Aj

e

e

idP s

cj

prje

(∗)

(∗)

cj

and

P C

C Aj .

e

e cjidC

cj

The parts marked by (∗) commute because e and s are cone morphisms. Since the diagonal
fill-in in Definition 2.10.3 is unique, we have e · s = idC . Thus, e is an isomorphism, and
prj = cj · e is in M, as desired. ◀

Proof of Lemma 3.2

It is clear that every Mono-carried homomorphism is monic in Coalg(F ). Conversely, let
m : (C, c) → (D, d) be a monomorphism in Coalg(F ). Let pr1, pr2 : K → C be a weak kernel
pair of m. Since F preserves weak kernel pairs, Fpr1, Fpr2 : FK → FC is a weak kernel pair
of Fm : FC → FD. This induces some cone morphism k : K → FK making pr1 and pr2
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coalgebra morphisms (K, k) → (C, c):

K C D

FK FC FD

pr1

pr2
k c

m

d
F pr1

F pr2

F m

Since m is monic in Coalg(F ), this implies that pr1 = pr2. For the verification that m is a
monomorphism in C, consider f, g : X → C with m · f = m · g. Since pr1, pr2 is a weak kernel
pair, it induces some cone morphism v : X → K, fulfilling f = pr1 · v and g = pr2 · v. Since,
pr1 = pr2, we find f = g as desired. ◀

Proof of Lemma 3.6
Denote the unit and multiplication of the monad T by η : Id → T and µ : TT → T , respectively.
Consider an T -algebra homomorphism f : (A, a) → (B, b) for Eilenberg-Moore algebras (A, a)
and (B, b) and denote its image factorization in Alg(T ) by (I, i), with homomorphisms
e : (A, a) ↠ (I, i) and m : (I, i) ↣ (B, b). We verify that i : TI → I is an Eilenberg-Moore
algebra.

First, we verify i · ηI = idI by showing that both i · ηI and idI are both diagonals of the
following square:

A I

I B

e

e m
idI

m

A I

TA TI B

A TB

I B

e

ηA

idA

(N)
ηI

m

(A) T e

a

(N)

T m

i

ηB

idB

e

(H)
(H)

b

(A)

m

The left-hand square commutes trivially, and the right-hand square commutes because η

is natural (N), because e and m are T -algebra homomorphisms (H), and because (A, a)
and (B, b) are Eilenberg-Moore algebras (A). By the uniqueness of the diagonal lifting
property, we obtain i · ηI = idI .
Next, we verify i · Ti = i · µi by showing that both are diagonals in same square. To
this end, let (sA, sI , sB) ∈ {(Ta, T i, T b), (µA, µI , µB)}, i.e. we obtain one diagonal for
(Ta, T i, T b) and one for (µA, µI , µB):

TTA TTI

TA TA TI TTB

A TB TB

I B

T T e

µA
sA (N) sI

T T m

(A)
a

T e

a

i

T m

(N)
sB µB

e

(H)
(H)

b

(A)

b

m

In both cases, we have that e and m are T -algebra homomorphisms (H). For (sA, sI , sB) :=
(Ta, T i, T b), we have that (A, a) and (B, b) are Eilenberg-Moore algebras (A) and that e
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and m are homomorphisms (N). For (sA, sI , sB) := (µA, µI , µB), we have that the parts
(A) commute trivially, and the parts (N) commute because µ is natural. Since T preserves
E , we have TTe ∈ E , and thus by the uniqueness of the diagonal, we obtain i · Ti = i · µI .

Thus, (I, i) fulfils the axioms of an Eilenberg-Moore algebra. The remaining properties of
the factorization system hold because the Eilenberg-Moore category is a full subcategory of
Alg(T ). ◀

Proof of Lemma 4.8
We verify the postulated equivalence using that C is M-minimal iff every h : B → C is an
epimorphism (Lemma 4.6, E = Epi).

For ‘if’, we verify that every h : B → C is an epimorphism: for u, v : C → D with
u · h = v · h, we directly obtain u = v by assumption. Thus, h is an epimorphism.
For ‘only if’, consider u, v : C → D and take a weak equalizer e : E → C; hence, u ·e = v ·e.
Since e is an epimorphism (by minimality), we obtain u = v. ◀
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