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Preface
This volume contains the papers presented at IPEC 2021: the 16th International Symposium
on Parameterized and Exact Computation. IPEC 2021 was held on September 8–10. It was
a part of the ALGO 2021 congress, and took place virtually due to the Covid 19 pandemic.
The International Symposium on Parameterized and
Exact Computation (IPEC, formerly IWPEC) is a series
of international symposia covering research in all aspects
of parameterized and exact algorithms and complexity.
Started in 2004 as a biennial workshop, it became an
annual event in 2009.
In response to the call for papers, 52 abstracts were
submitted, which led to 48 papers considered by the program committee. Each considered submission received
at least 3 reviews. The reviews came from the 18 members of the program committee and from 61 external
reviewers, together contributing 150 reviews. The program committee held electronic meetings through the
EasyChair platform. In the end, the program committee
selected 25 of the submissions for presentation at the
symposium and inclusion in these proceedings.

Previous iterations of I(W)PEC
2004
Bergen, Norway
2006
Zürich, Switzerland
2008
Victoria, Canada
2009
Copenhagen, Denmark
2010
Chennai, India
2011
Saarbrücken, Germany
2012
Lubljana, Slovenia
2013
Sophia Antipolis, France
2014
Wrocław, Poland
2015
Patras, Greece
2016
Aarhus, Denmark
2017
Vienna, Austria
2018
Helsinki, Finland
2019
Münich, Germany
2020
Hong Kong, China

The Best Paper Award was given jointly to two co-winners:
Guillaume Ducoffe, for his paper Maximum Matching in Almost Linear Time on the
Graphs of Bounded Clique-width;
Shaohua Li and Marcin Pilipczuk, for their paper Hardness of Metric Dimension in
Graphs of Constant Treewidth.
The Best Student Paper Award was given to
Vít Jelínek, Michal Opler, Jakub Pekárek, for their paper Long Paths Make Patterncounting Hard, and Deep Trees Make it Harder.
IPEC 2021 hosted an award ceremony with a plenary talk for the 2021 EATCS-IPEC
Nerode Prize for outstanding papers in the area of multivariate algorithmics. The Nerode
prize committee consisted of Fedor V. Fomin, Anuj Dawar, and Virginia Vassilevska Williams.
They awarded the prize to
Cristian Calude, Sanjay Jain, Bakhadyr Khoussainov, Wei Li, Frank Stephan, for their
paper Deciding Parity Games in Quasi-polynomial Time from STOC 2017.
Bakhadyr Khoussainov and Frank Stephan presented an invited talk.
IPEC 2021 also invited Édouard Bonnet to present a tutorial on twin-width of graphs.
Finally, IPEC 2021 hosted the award ceremony of the sixth Parameterized Algorithms and
Computational Experiments challenge, PACE. This yearly challenge was conceived in Fall
2015 to deepen the relationship between parameterized algorithms and practice. These
proceedings contain a report by Leon Kellerhals, Tomohiro Koana, André Nichterlein and
Philipp Zschoche on the 2021 PACE challenge and brief communications of the winners
about their solvers.
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We would like to thank the program committee, together with the external reviewers, for
their commitment in the difficult paper selection process. We also thank all the authors who
submitted their work for consideration. We are grateful to the local organizers of ALGO
2021 for their work on the local arrangements.

Petr A. Golovach and Meirav Zehavi
Bergen and Beer-Sheva, October 2021
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Abstract
For a family of graphs F , given a graph G and an integer k, the F -Deletion problem asks whether
we can delete at most k vertices from G to obtain a graph in the family F . The F -Deletion
problems for all non-trivial families F that satisfy the hereditary property on induced subgraphs are
known to be NP-hard by a result of Yannakakis (STOC’78). Ptolemaic graphs are the graphs that
satisfy the Ptolemy inequality, and they are the intersection of chordal graphs and distance-hereditary
graphs. Equivalently, they form the set of graphs that do not contain any chordless cycles or a gem
as an induced subgraph. (A gem is the graph on 5 vertices, where four vertices form an induced
path, and the fifth vertex is adjacent to all the vertices of this induced path.) The Ptolemaic
Deletion problem is the F -Deletion problem, where F is the family of Ptolemaic graphs. In this
paper we study Ptolemaic Deletion from the viewpoint of Kernelization Complexity, and obtain
a kernel with O(k6 ) vertices for the problem.
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1

Introduction

Graph modification problems are one of the central problems in Graph Theory, and vertex
deletion is one of the most natural graph modification operations. For a family of graphs F ,
F -Deletion takes as input an n-vertex graph G and an integer k, and the objective is to
determine whether we can remove a set of at most k vertices from G to obtain a graph in
F . Some of the classical examples of F -Deletion are the NP-hard problems like Vertex
Cover, Feedback Vertex Set, and Odd Cycle Transversal, corresponding to F
being the family of edgeless graphs, forests, and bipartite graphs, respectively. Unfortunately,
most of these F -Deletion problems are NP-hard by a result of [19, 22]. Thus, they have
received substantial attention in the algorithmic paradigms for coping with NP-hardness,
including Approximation Algorithms and Parameterized Complexity.
© Akanksha Agrawal, Aditya Anand, and Saket Saurabh;
licensed under Creative Commons License CC-BY 4.0
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In Parameterized Complexity each problem instance is accompanied by a parameter k.
One of the central notions in parameterized complexity is that of fixed parameter tractability
(FPT). A parameterized problem Π is FPT if given an instance (I, k) of Π, we can determine
whether (I, k) is a yes-instance of Π in time bounded by O(f (k)|I|O(1) ), where f is some
computable function of k and |I| is the encoding length of I. One way to obtain an FPT
algorithm for a (decidable) parameterized problem algorithm is to exhibit a kernelization
algorithm, or kernel. A kernel for a problem Π is an algorithm that given an instance (I, k)
of Π, runs in polynomial time and outputs an equivalent instance (I ′ , k ′ ) of Π such that
|I ′ |, k ′ are both upper bounded by g(k) for some computable function g. The function g is
the size of the kernel, and if g is a polynomial function, then we say that the kernel is a
polynomial kernel. A kernel for a decidable problem implies that it admits an FPT algorithm,
but kernels are also very interesting in their own right, as they mathematically capture the
efficiency of polynomial time pre-processing routines.
A graph is a chordal graph if it does not contain any induced cycle on at least four vertices.
A graph G is distance hereditary if the distances between vertices in every connected induced
subgraph of G are the same as in the graph G. Ptolemaic graphs are the graphs that are
both chordal and distance hereditary. In this paper we study the F -Deletion problem
corresponding to the family of Ptolemaic graphs. Formally, we study the following problem.
Ptolemaic Deletion

Parameter: k

Input: A graph G with n vertices and a non-negative integer k.
Question: Is there X ⊆ V (G) such that |X| ⩽ k and G \ X is a Ptolemaic graph?
We study the parameterized complexity of the Ptolemaic Deletion problem. Recently,
Ahn et al. [7] obtained a constant-factor approximation algorithm for the weighted version of
the problem. In their algorithm, for a given instance of Ptolemaic Deletion, they create
an equivalent (and approximation preserving) instance of a special Feedback Vertex
Set problem, which they call Feedback Vertex Set with Precedence Constraints.
With a minor modification to the well-known iterative-compression based FPT algorithm
for Feedback Vertex Set (see, for example [9]), we can obtain a ck nO(1) -time algorithm
for Feedback Vertex Set with Precedence Constraints. The above together with
the reduction from Ptolemaic Deletion to the problem Feedback Vertex Set with
Precedence Constraints presented in [7] implies that Ptolemaic Deletion admits a
simple ck nO(1) -time FPT algorithm. We remark that both Chordal Vertex Deletion [20]
and Distance Hereditary Deletion [13] are FPT, but their algorithms are more involved,
compared to the elegant FPT algorithm that Ptolemaic Deletion admits.
Due to the existence of a simple single-exponential FPT algorithm for Ptolemaic
Deletion, in this paper we focus on obtaining a polynomial kernel for the problem. In
particular, we obtain the following result.
▶ Theorem 1. Ptolemaic Deletion admits a kernel with O(k 6 ) vertices.
We note that the kernelization complexity of Chordal Vertex Deletion was a wellknown open problem in the field of Parameterized Complexity. Jansen and Pilipczuk [16]
designed the first polynomial kernel for the above problem, and shortly afterwards, Agrawal
et al. [3] gave an improved kernel with O(k 13 ) vertices. Kim and Kwon [17] showed that
Distance Hereditary Deletion admits a kernel of size O(k 30 log5 k). We remark that the
kernel we obtain has only O(k 6 ) vertices, which is much smaller than the kernels for both these
problems. We also believe that our techniques can prove to be useful in obtaining/improving
kernels for related classes of graphs.
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Our Methods. We now describe the techniques we use in obtaining our kernel, for the
given instance (G, k) of Ptolemaic Deletion. First, we compute an approximate solution
S, using the result of Ahn et al. [7]. We further construct a strengthened version of the
approximate solution called a redundant solution, D, introduced in [4]. Roughly speaking,
redundant solutions allow us to, in a sense, forget about small obstructions. This simplifies
many technical difficulties, while only maintaining a small set of vertices. We analyse the
set of maximal cliques and bound the size of any maximal clique in the Ptolemaic graph
G \ (S ∪ D) by O(k 3 ) by exploiting structural properties of Ptolemaic graphs and the property
of “redundancy” ensured by the set D. To this end, we also use matchings in auxiliary
graphs, to determine which vertices are “safe” to delete.
After bounding the sizes of maximal cliques in G\(S∪D), we make use of a characterization
of Ptolemaic graphs based on their inter-clique digraph [21]. In particular, Uehara and
Uno [21] showed that a graph is Ptolemaic if and only if the underlying undirected graph of
the inter-clique digraph of the given graph is a forest. We now use the concept of independence
degree introduced in [3], and bound the independence degree of certain vertices, introducing
an annotated version of the problem, similar to [3]. We then design a procedure which
exploits the bounded independence degree and obtain a set R ⊆ D, so that the number
of leaves in the undirected inter-clique digraph of the Ptolemaic graph G \ (R ∪ S) can be
bounded by O(k 3 ). Every vertex of this forest, which we call bags, corresponds to a set of
vertices which form a clique in G \ (R ∪ S). This, together with the fact that the size of
a maximal clique is bounded in G \ (R ∪ S), gives us a bound on the number of vertices
contained in degree-1 and degree ⩾ 3 bags in the (undirected) forest. Finally, we bound
the number of vertices in degree-2 bags. In order to do this, we examine the structure of
degree-2 paths (paths containing only degree 2 bags of the forest) in the inter-clique digraph.
We first give several structural reduction rules and then show that we can safely replace
“large” portions of the graph with smaller-sized graphs, if we maintain the size of a minimum
separator in an augmented graph. Combining everything together, we obtain our kernel for
Ptolemaic Deletion with O(k 6 ) vertices.

Related Works. As Ptolemaic graphs are hereditary on induced subgraphs, by the seminal
result of Lewis and Yannakakis [22, 19] it follows that Ptolemaic Deletion is NP-complete.
As mentioned earlier, very recently Ahn et al. [7] obtained a constant factor approximation
algorithm for Ptolemaic Deletion. There have been several studies of the parameterized
complexity for deletion to subclasses of chordal graphs and distance hereditary graphs.
As mentioned previously, both Chordal Vertex Deletion [3, 20, 16] and Distance
Hereditary Deletion [13, 17] admit FPT algorithms and polynomial kernels. Interval
graphs are an important subclass of chordal graphs. Cao and Marx [8] showed that Interval
Vertex Deletion admits an FPT algorithm. Recently, Agrawal et al. [4] obtained the first
polynomial kernel for Interval Vertex Deletion with O(k 1741 ) vertices. Block graphs
are a subclass of Ptolemaic graphs, and Block Vertex Deletion is known to admit an
FPT algorithm running in time 4k nO(1) and a kernel with O(k 4 ) vertices [2]. Split graphs
form a well-known subclass of chordal graphs, and Split Vertex Deletion is known
to admit a O(1.2738k k O(log k) + nO(1) )-time FPT algorithm [10] and a kernel with O(k 2 )
vertices [1]. Another class of graphs which form a subclass of Ptolemaic graphs are 3-leaf
power graphs. The corresponding deletion problem, 3-Leaf Power Deletion was shown
to be FPT by [11, 5]. Recently, Ahn et al. [6] designed a polynomial kernel for 3-Leaf
Power Deletion.
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2

Preliminaries

Sets and Undirected Graphs. For k ∈ N, we use [k] as a shorthand for {1, 2, . . . , k}.
Given an undirected graph G, we let V (G) and E(G) denote its vertex-set and edge-set,
respectively. We let n denote the number of vertices in a graph G, whenever the context is
clear. The open neighborhood, or simply the neighborhood, of a vertex v ∈ V (G) is defined as
NG (v) = {w | {v, w} ∈ E(G)}. We extend the definition of neighborhood of a vertex to a
S
set of vertices as follows. Given a subset U ⊆ V (G), NG (U ) = u∈U NG (u) \ U . We omit
subscripts when the graph G is clear from the context. The induced subgraph G[U ] is the
graph with vertex-set U and edge set {{u, u′ } | u, u′ ∈ U, and {u, u′ } ∈ E(G)}. Moreover,
we define G \ U as the induced subgraph G[V (G) \ U ].
We define the distance d(u, v) between two vertices u, v ∈ V (G) as the length of the
shortest path between them.
For a graph G and vertices s, t ∈ V (G), where s =
̸ t, an s-t separator is a subset U ⊆ V (G)
such that G \ U has no s-t path. It is well known that a minimum sized s-t separator (also
called a minimum s-t separator) can be found in polynomial time using, for example, an
algorithm for maximum flow, see for instance Chapter 7 of [18].
A gem is a graph on five vertices, with one vertex adjacent to each of the remaining four
vertices which form an induced path.
A graph G is chordal if it does not contain a chordless cycle as an induced subgraph.
G is distance hereditary if for every connected induced subgraph H of G and two distinct
vertices u, v ∈ V (H), the length of the shortest path between u and v in H is equal to the
length of the shortest path between u and v in G.
Ptolemaic Graphs. A graph G is a Ptolemaic graph if for every four vertices u, v, w, x in
the same connected component, d(u, v)d(w, x) + d(u, x)d(v, w) ⩾ d(u, w)d(v, x).
▶ Proposition 2 (Theorems 2.1,3.2 [15]). Given a graph G, the following statements are
equivalent: i) G is Ptolemaic, ii) G is both chordal and distance hereditary, and iii) G does
not contain a gem or a chordless cycle as an induced subgraph.
We call gems and chordless cycles obstructions and say that G contains an obstruction, if it
has an obstruction as an induced subgraph.
Inter-Clique Digraphs. For a graph G, let C(G) be the set that contains i) all maximal
cliques in G, and ii) non-empty intersections of (any number of) distinct maximal cliques
in G. Consider the directed graph DG which has a vertex vC for each C ∈ C(G). For every
X, Y ∈ C(G), where i) X ⊂ Y , and ii) there is no W ∈ C(G) such that X ⊂ W and W ⊂ Y ;
we add an arc from vY directed towards vX . For a directed graph T , U nd(T ) denotes the
underlying undirected graph (obtained by removing the directions associated with arcs in T ).
We make use of a characterization of Ptolemaic Graphs based on Inter-Clique Digraphs by
Uehara and Uno[21].
▶ Proposition 3 (Theorem 5,8 [21]). A graph G is Ptolemaic if and only if U nd(DG ) is a
forest. Moreover, the inter-clique digraph of a Ptolemaic graph can be computed in linear
time.
For a Ptolemaic graph G, let TG denote its inter-clique digraph. We refer to the vertices
in TG (and U nd(TG )) as bags, to avoid confusions. A leaf of TG is a leaf in U nd(TG ). For a
bag B ∈ TG , denote the associated set of vertices in G in the bag B by V (B).
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In Weighted Ptolemaic Deletion, we are given a graph G and a weight function
w : V → R+ ∪ {0}, and the objective is to compute a minimum weight subset X ⊆ V (G)
such that G \ X is a Ptolemaic graph.
For a graph G, we say that a set X ⊆ V (G) is a solution for G if G \ X is a Ptolemaic
graph. By opt(G), we denote the size of a minimum sized solution for G. Moreover, if we are
given a weight function w : V (G) → R+ ∪ {0}, then opt(G) denotes the weight of a minimum
weight solution for G.1 The following result is known regarding Weighted Ptolemaic
Deletion.
▶ Proposition 4 (Theorem 1.1 [7]). There is a constant c ∈ N and a polynomial time algorithm
Approx for Weighted Ptolemaic Deletion, which given a graph G and a weight function
w : V (G) → R+ ∪ {0}, outputs a solution for G of weight at most c · opt(G).

2.1

Computing a Redundant Solution

Our kernelization algorithm will also use a “strengthened” approximate solution, which will
be slightly larger in size than the solution that we obtain using the known constant-factor
approximation algorithm (Proposition 4). The type of strengthening of an approximate
solution that we use will be the same as the notion of redundant solution that was introduced
in the context of Interval Vertex Deletion [4]. Intuitively speaking, a redundant solution
allows us to “forget” about “small” obstructions in some of our reduction rules. This is
achieved with the help of an implicit family of subsets of V (G) which has a guarantee that
any solution for G of size at most k is a hitting set for this family. We will now formalise the
above notions.
Consider a graph G. For a family W ⊆ 2V (G) , a subset S ⊆ V (G) hits W if for all
W ∈ W, we have S ∩ W ̸= ∅. We say that W ⊆ 2V (G) is t-necessary if every solution for G
of size at most t hits W. Moreover, we say that an obstruction O is covered by W if there
exists W ∈ W, such that W ⊆ V (O). Now, we are ready to formally define the notion of
redundant solution (for our context).
▶ Definition 5. For a graph G, a family W ⊆ 2V (G) and t ∈ N, a subset M ⊆ V (G) is
t-redundant with respect to W if for any obstruction O that is not covered by W, it holds
that |M ∩ V (O)| > t.
Let (G, k) be an instance of Ptolemaic Deletion. We will next focus on computing a
t-redundant solution for G, for an appropriately defined W (and t).
▶ Lemma 6. [♠] 2 In polynomial time we can either correctly conclude that (G, k) is a
no-instance, or compute a (k + 1)-necessary family W ⊆ 2V (G) and a set M ⊆ V (G), such
that W ⊆ 2M , M is a solution for G that is 4-redundant with respect to W and |M | ∈ O(k 5 ).
The utility of a redundant solution is captured in the following lemma.
▶ Lemma 7. [♠] Consider an instance (G, k) of Ptolemaic Deletion, and D be a 4redundant solution for G with respect to a (k + 1)-necessary family W, returned by Lemma 6.
For v ∈ V (G) \ D, let X be any solution of size at most k (if it exists) for G \ {v}. Then X
hits all obstructions of size at most 5 in G. In other words, G \ X does not contain a gem or
a chordless cycle of length less than 6.
1
2

P

For a subset S ⊆ V (G), w(S) =
w(S).
s∈S
Proofs of results marked with ♠ can be found in the full version of the paper.
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3

Kernel for Ptolemaic Vertex Deletion

The objective of this section is to prove Theorem 1. Let (G, k) be an instance of Ptolemaic Deletion. Our algorithm begins by computing a c-approximate solution S, for the
∗
Weighted Ptolemaic Deletion instance (G, wn+1,∅
) using Approx (see Proposition 4).3
If |S| > ck, we conclude that (G, k) is a no-instance, and return a trivial no-instance of
the problem as a kernel. We now assume |S| ⩽ ck. Next, we use Lemma 6 to compute
(in polynomial time) a (k + 1)-necessary family W and a 4-redundant (with respect to W)
solution D for G of size bounded by O(k 5 ). Note that we have W ⊆ 2D , from the lemma.
Firstly, we bound the size of a maximal clique in G \ (S ∪ D) using the structure of
the connected components upon removal of a maximal clique in a Ptolemaic graph and the
properties guaranteed by the 4-redundant solution D. Intuitively, for each maximal clique
C in G \ S, we do the following. Firstly we mark a few vertices in C which are neighbours
of some vertices in S. Secondly, we create auxiliary graphs, with the guarantee that: i) if
the maximum matching in these auxiliary graphs is “large”, we find a vertex v that can be
safely deleted to obtain the instance (G \ {v}, k − 1), and ii) otherwise, we will be able to
use maximum matchings in these auxiliary graphs to mark at most O(k 3 ) many vertices in
C. The marked neighbours of S in C and the vertices marked using the help of auxiliary
graphs will help us capture different behaviours of C in an obstruction. Finally we argue
that deleting unmarked vertices in C \ D is safe. Formally, we prove the following lemma in
Section 4.
▶ Lemma 8. In polynomial time we can either conclude that (G, k) is a no-instance, or
obtain an equivalent instance (G′ , k ′ ), such that k ′ ⩽ k, G′ is an induced subgraph of G, such
that S ∪ D ⊆ V (G′ ), and each (maximal) clique in G′ \ (S ∪ D) has at most O(k 3 ) vertices.
If at any point in our algorithm, we are able to conclude that the given instance is a
no-instance, then we output some trivial no-instance as a kernel with O(1) vertices. We use
Lemma 8 for the given instance, and without loss of generality assume that we obtained an
equivalent instance of Ptolemaic Deletion, which satisfies all the conditions guaranteed by
the lemma. For the sake of notational simplicity, we use (G, k) as the instance of Ptolemaic
Deletion that we currently have, i.e., the one returned by the lemma.
Next, we use the fact that the undirected version of the inter-clique digraph of a Ptolemaic
graph is an undirected forest. We construct a suitable Ptolemaic graph G \ (S ∪ R) for a
carefully constructed set R ⊆ D and reduce the number of leaves in its undirected inter-clique
digraph. Towards this, we use the idea of bounding the independence degree of vertices from
[3]. We introduce two sets of pairs of vertices EM and EI , which will stand for mandatory
and irrelevant pairs of vertices. Moreover, we call an edge {u, v} ∈ E(G) mandatory if
{u, v} ∈ EM and irrelevant if {u, v} ∈ EI . An edge is relevant if it is not irrelevant.
H
For a graph H and sets EM , EI ⊆ V (H) × V (H), for a vertex v ∈ V (H), by Nrel
(v) we
denote the set of vertices in the neighbourhood of v in H which are adjacent to v using
an edge in E(H) \ EI . We omit the superscript H from the above notation, whenever the
context is clear.
▶ Definition 9. Given a set EI ⊆ V (G) × V (G) and a vertex v ∈ V (G), the independence
degree of v in G, denoted by dG
I (v), is the size of a maximum independent set in the graph
G[Nrel (v)].

3

The choice of n + 1 is arbitrary.
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We remark that we omit the superscript in dG
I (v) when the graph is clear from the context.
Next, we consider an annotated version of Ptolemaic Deletion similar to [3].
Augmented Ptolemaic Deletion

Parameter: k

Input: An undirected graph G, sets EM , EI ⊆ V (G) × V (G) and a non-negative integer
k, such that any X ⊆ V (G) which hits all chordless cycles in G which contain no edge
from EI , hits all chordless cycles in G.
Question: Does there exist a subset X ′ ⊆ V (G) (called a solution for (G, k, EM , EI )),
such that (i) |X ′ | ⩽ k (ii) For each {u, v} ∈ EM , X ′ ∩ {u, v} ̸= ∅ and (iii) G \ X ′ is a
Ptolemaic graph?
We next obtain an instance of Augmented Ptolemaic Deletion, where the number
of leaves in the inter-clique digraph of the Ptolemaic graph obtained after removing S and a
suitable subset of D is bounded by O(k 3 ).
▶ Lemma 10. [♠] In polynomial time, either we can conclude that (G, k) is a no-instance,
′
or output an instance (G′ , k ′ , EM
, EI′ ) of Augmented Ptolemaic Deletion, a set R ⊆ D
and the inter-clique digraph TG′ \(R∪S) of G′ \ (R ∪ S) so that the following hold:
1. k ′ ⩽ k, S, D ⊆ V (G′ ), and G′ is an induced subgraph of G.
′
2. for each {u, v} ∈ EM
, either u ∈ S or v ∈ S.
3. Each chordless cycle in G′ which contains a vertex from R contains an edge from EI′ .
′
, EI′ ) is a
4. (G, k) is a yes-instance of Ptolemaic Deletion if and only if (G′ , k ′ , EM
yes-instance of Augmented Ptolemaic Deletion.
5. The neighbourhood of every vertex r ∈ R in G \ (R ∪ S) is a clique.
6. The number of leaves in TG′ \(R∪S) is bounded by O(k 3 ).
′
7. The independence degree (in G′ ) of every vertex s ∈ S is bounded by O(k 2 ) and |EM
|∈
2
O(k ).
′
We use Lemma 10, and assume that we have an instance (G′ , k ′ , EM
, EI′ ) of Augmented
Ptolemaic Deletion and a set R ⊆ D, satisfying the properties guaranteed by the
lemma. Using the next lemma we obtain an instance of Augmented Ptolemaic Deletion
′
equivalent to that of (G′ , k ′ , EM
, EI′ ), with O(k 6 ) vertices.
′
▶ Lemma 11. [♠] For the Ptolemaic Deletion instance (G, k), let (G′ , k ′ , EM
, EI′ ) be
the instance of Augmented Ptolemaic Deletion and R ⊆ D be the set returned by
′
Lemma 10.4 In polynomial time we either conclude that (G′ , k ′ , EM
, EI′ ) is a no-instance or
e e
eM , E
eI ) of Augmented Ptolemaic Deletion, such
output an equivalent instance (G,
k, E
′
6
′
e
e
e
that k ⩽ k , |V (G)| ∈ O(k ), and |EM | ⩽ |EM
|.

To prove the above lemma, we reduce the number of vertices in 2-degree bags in the
undirected inter-clique digraph of G′ \ (R ∪ S). We do this by exploiting the structure of
2-degree paths, which are paths in TG′ \(R∪S) where each bag is of degree 2. On a high level,
we mark many bags in TG′ \(R∪S) so that each 2-degree path splits into several maximal
unmarked sub-paths. We ensure that the vertices of G′ in bags of these subpaths do not
“interact” with R ∪ S, that is, they do not have any neighbours in R ∪ S, using several
reduction rules. We then show that we can reduce the number of vertices in these bags, by
designing a reduction rule which preserves the size of a minimum separator in an augmented
graph. Since we already have a bound on the number of leaves from Lemma 11, we get a

4

We assume that in G, each maximal clique has at most O(k3 ) vertices, using Lemma 8.
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bound on the number of degree ⩾ 3 bags as well. Thus, proving a bound on the number of
vertices present in bags of degree 2 gives us a bound on the total number of vertices in the
inter-clique digraph of G′ \ (R ∪ S), since we already have a bound on clique size (and hence,
on the number of vertices in any bag) from Lemma 8. Accounting for each step we obtain an
Augmented Ptolemaic Deletion instance with O(k 6 ) vertices.
Equipped with Lemmas 8 to 11, we are now ready to prove Theorem 1.
b b
Proof of Theorem 1. Consider an instance (G,
k) of Ptolemaic Deletion. If Lemma 8
b
b
returns that (G, k) is a no-instance of Ptolemaic Deletion, then we return some trivial
no-instance with O(1) vertices as a kernel for Ptolemaic Deletion. Otherwise, we have
an equivalent instance (G, k), where each (maximal) clique in G \ (S ∪ D) has at most O(k 3 )
vertices. Next we apply Lemma 10 for the instance (G, k). Again, if the lemma returns
that (G, k) is a no-instance, we return a trivial O(1)-vertex kernel. Otherwise, we have an
′
Augmented Ptolemaic Deletion instance (G′ , k ′ , EM
, EI′ ) and the set R ⊆ D, returned
by the lemma. We next apply Lemma 11. Firstly consider the case when the lemma returns
′
that (G′ , k ′ , EM
, EI′ ) is a no-instance of Augmented Ptolemaic Deletion. Then together
b b
with Lemma 10, we have that (G, k), and hence, (G,
k) is a no-instance of Ptolemaic
e e
eM , E
eI ) of
Deletion. Now consider the case when Lemma 11 returns an instance (G,
k, E
6
e
Augmented Ptolemaic Deletion, where |V (G)| ∈ O(k ). From Lemmas 8 to 11, we
b b
e e
eM , E
eI )
k) is a yes-instance of Ptolemaic Deletion if and only if (G,
k, E
obtain that (G,
is a yes-instance of Augmented Ptolemaic Deletion.
We next obtain an instance (G′ , k ′ ) of Ptolemaic Deletion such that |V (G′ )| ∈ O(k 6 )
e e
eM , E
eI ) is a
k, E
and (G′ , k ′ ) is a yes-instance of Ptolemaic Deletion if and only if (G,
′
′
e and set k = e
yes-instance of Augmented Ptolemaic Deletion. Initialize G = G
k. For
e
each {u, v} ∈ EM , add k + 2 vertex disjoint paths between u and v using 2 new vertices for
eM | ⩽ |E ′ | ∈ O(k 2 ), we obtain that |V (G′ )| ∈ O(k 6 ). Notice that no gem
each path. As |E
M
′
e For every {u, v} ∈ E
eM and any solution X
in G can contain a vertex from V (G′ ) \ V (G).
′ ′
to the Ptolemaic Deletion instance (G , k ) , we must have either u ∈ X or v ∈ X, for
if not, then G′ \ X must contains a chordless cycle through u, v by construction. It follows
e e
eM , E
eI ) is
that (G′ , k ′ ) is a yes-instance of Ptolemaic Deletion if and only if (G,
k, E
a yes-instance of Augmented Ptolemaic Deletion. Hence, it must be the case that
b b
(G′ , k ′ ) and (G,
k) are equivalent instances of Ptolemaic Deletion, where |V (G′ )| ∈ O(k 6 )
and k ′ ⩽ k. This concludes the proof.
◀
Since the proof of each of the three main lemmas is quite involved, in this short version
we defer the proofs of Lemma 10 and Lemma 11 to the full version in the interest of space.
At the same time we try to present all the results towards proving Lemma 8, to the extent
possible.

4

Bounding Sizes of Maximal Cliques in G \ (S ∪ D)

The objective of this section is to prove Lemma 8. As S is a solution for G, G \ S does not
have any chordless cycles. We next state a well-known result regarding enumerating maximal
cliques in chordal graphs.
▶ Proposition 12 (see, for example, Theorem 4.8 [14]). In polynomial time we can compute
the set of all maximal cliques in a given chordal graph.
From the above proposition, the number of distinct cliques and the time required to
enumerate them, are both bounded by nO(1) . Thus, for the remainder of this section, we
work with a fixed maximal clique C in G \ S, and our objective will be to either conclude
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that the number of vertices in C \ D is bounded by O(k 3 ), or find a vertex in C which we
can safely delete from G. To achieve this, we will design some marking schemes, and show
that if there are unmarked vertices, then we can safely delete them. We start with a useful
lemma regarding the structure of connected components upon removal of a maximal clique
from a Ptolemaic graph.
b be a Ptolemaic graph and C be a maximal clique in G.
b Let A be a
▶ Lemma 13. Let G
b \ C. Then for every vertex v ∈ V (A) we must have N (v) ∩ C = ∅
connected component of G
b
G
or NG
(v)
∩
C
=
N
(V
(A))
∩
C.
b
b
G
b
Proof. Consider a connected component A of G\C.
Towards a contradiction suppose that the
result is not true, and let u, v ∈ V (A) be two distinct vertices such that NG
b(u)∩C, NG
b(v)∩C ̸=
∅ and NG
(u)
∩
C
=
̸
N
(v)
∩
C.
Furthermore,
let
u
and
v
be
a
pair
of
vertices
satisfying
b
b
G
the above property that have shortest possible distance between them in A. Note that
b
C ̸⊆ NG
b(u) and C ̸⊆ NG
b(v), as C is a maximal clique in G.
b If there exist vertices a, b ∈ V (C) such that a ∈ N (u) \
Suppose that {u, v} ∈ E(G).
b
G
b
b which is a contradiction,
NG
(v),
b
∈
N
(v)\N
(u)
then
v,
a,
b}]
is
a
chordless
cycle
in
G[{u,
G,
b
b
b
G
G
b is Ptolemaic graph. Therefore, either N (u)∩C ⊆ N (v)∩C or N (v)∩C ⊆ N (u)∩C.
as G
b
b
b
b
G
G
G
G
Assume without loss of generality that NG
b(u) ∩ C ⊆ NG
b(v) ∩ C. This together with the
choice of u and v implies that there are vertices a ∈ (NG
b(v) ∩ C) \ NG
b(u), b ∈ NG
b(u) ∩ C and
b
b
x ∈ C \ (NG
b(u) ∪ NG
b(v)). But then, G[{a, b, x, u, v}] is a gem in G, which is a contradiction.
b
Now suppose {u, v} ∈
/ E(G) and consider the shortest path P between u, v in A. Note
b Firstly consider
that P has at least one more vertex apart from u and v, as {u, v} ∈
/ E(G).
the case when there are vertices a ∈ (NG
b(u) ∩ C) \ NG
b(v), b ∈ (NG
b(v) ∩ C) \ NG
b(u). Note
that by the choice of u and v (of them being at shortest distance in A satisfying the assumed
properties), no internal vertex of P can be adjacent to a or b. But then P along with the edges
b which is a contradiction. We now consider
{a, b}, {a, u} and {v, b} forms a chordless cycle in G,
the case when there are no such a and b, as assumed previously. This implies that either
NG
b(u) ∩ C ⊆ NG
b(v) ∩ C or NG
b(v) ∩ C ⊆ NG
b(u) ∩ C. Suppose that NG
b(u) ∩ C ⊆ NG
b(v) ∩ C
(the other case is symmetric). Now consider a vertex a ∈ NG
(v)
∩
N
(u)
∩
C.
If
there is
b
b
G
b
an internal vertex of P that is not adjacent to a, then we conclude that G[V (P ) ∪ {a}]
contains a chordless cycle. If every internal vertex of P is adjacent to a, P must have exactly
1 vertex, say w, apart from {u, v}, since otherwise we would obtain a gem obstruction in
b (P ) ∪ {a}]. Since N (u) ∩ C =
G[V
̸ NG
b
b(v) ∩ C we must have either NG
b(w) ∩ C ̸= NG
b(u) ∩ C
G
b
or NG
b(w) ∩ C ̸= NG
b(v) ∩ C. In either case, since {u, w}, {w, v} ∈ E(G), this is impossible
b It follows
from the analysis in the preceeding paragraph of the case when {u, v} ∈ E(G).
that such an a cannot exist, and therefore NG
b(v) ∩ NG
b(u) ∩ C = ∅. Together, we must have
either NG
(v)
∩
C
=
∅
or
N
(u)
∩
C
=
∅,
a
contradiction.
◀
b
b
G
Recall that we computed D, a 4-redundant solution with respect to W. This will allow
us to only focus on chordless cycles of length at least 6 (see Lemma 7). A chordless cycle can
contain at most 2 vertices from C, as C is a (maximal) clique. If C has many vertices, we
would like to argue that, we can find a vertex c ∈ C \ D to delete from G. Roughly speaking,
to achieve this, for every pair of vertices u, v, that are neighbours of c in some chordless
cycle, we would like to ensure that, after removing some solution of size at most k, there
is either (i) at least one marked common neighbour c′ ∈ C of u and v or (ii) two distinct
marked vertices c1 , c2 ∈ C, such that {u, c1 }, {v, c2 } ∈ E(G). We show, through a simple
observation, that preserving such marked vertices is enough to safely delete the vertex c from
the input instance (G, k) to obtain the instance (G \ {c}, k).
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b and a spanning cycle K of G.
b Then the graph G
b
▶ Observation 14. Consider a graph G
b
contains an obstruction if one of the following holds: i) |V (G)| ⩾ 5 and there is v ∈ V (K),
b \ E(K), v ∈ {x, y}, or ii) |V (G)|
b ⩾ 7 and there is
such that for each {x, y} ∈ E(G)
b \ E(K), we have {u, v} ∩ {x, y} ̸= ∅.
{u, v} ∈ E(K), such that for each {x, y} ∈ E(G)
b to at least one vertex in V (K)\{v},
Proof. To prove (i), notice that if v is not adjacent (in G)
b
then G must contain a chordless cycle. Otherwise, since K has at least 5 vertices, any four
consecutive vertices a, b, c, d on K, all different from v, together with v give us a gem.
To prove (ii), let us consider five consecutive vertices of the cycle K starting from u, v,
taken in order, say u, v, a, b, c. We claim that apart from its two neighbours u and a in K,
b Suppose this is not the case.
the vertex v can be adjacent to only the vertices b and c in G.
′
′
b
Then we get a cycle K with V (K ) ⊆ V (K) in G of length at least 5 which does not include
b (K ′ )] then gives an obstruction in G.
b
u. Applying part (i) with the graph G[V
Therefore v can only be adjacent to u, a, b, c in K. Consider the case when v is adjacent
b obtained from K by deleting a and adding the
to b but not c. Let K ′ be the cycle in G,
′
b
b (K ′ )], satisfy part (i) of
edge {v, b}. Notice that G[V (K )] and the spanning cycle K ′ of G[V
′
b (K )] (and hence G)
b must contain an obstruction. For the case
the observation. Thus, G[V
b by using arguments similar to
when v is adjacent to c, we can obtain an obstruction in G
b and K satisfy the
our previous case. Finally, if v is not adjacent to both b and c, then G
conditions of (i).
◀
Now we define the notions of replacement vertices.
▶ Definition 15. Given a vertex c ∈ C, a set X ⊆ V (G) \ {c} of size at most k, and a
chordless cycle K of length at least 6 in G \ X containing c, a vertex c′ ∈ C \ (X ∪ V (K)) is
a replacement for c in K, if c′ is adjacent to both the neighbours of c in K.
▶ Definition 16. Given a vertex c ∈ C, a set X ⊆ V (G) \ {c} of size at most k, and a
chordless cycle K of length at least 6 in G \ X containing c, a pair of distinct vertices
c1 , c2 ∈ C \ (X ∪ V (K)), is a replacement for c in K, if {u, c1 }, {v, c2 } ∈ E(G), where u, v
are the neighbours of c in K.
The purpose of this notion of replacements for a vertex is captured in the following lemma
whose proof follows from Observation 14.
▶ Lemma 17. Consider any vertex c ∈ C. Let X ⊆ V (G) be a set of vertices such that c ∈
/ X.
Suppose that G \ X contains a chordless cycle K of length at least 6 which includes the vertex
c. Now suppose that there is either a single replacement vertex c′ or a pair of replacement
vertices c1 , c2 for c in K, such that c′ ∈ C \ (X ∪ V (K)) and c1 , c2 ∈ C \ (X ∪ V (K)), as the
case may be. Then G \ (X ∪ {c}) must contain an obstruction.
Proof. Let u and v be the neighbours of c in K. If we have a single replacement vertex c′
for c in K, then consider the cycle K ′ obtained by replacing the path ucv by the path uc′ v
in K. The cycle K ′ is clearly of length at least 6. Applying part (i) of Observation 14 to
the graph G[V (K ′ )], we must have an obstruction in G \ (X ∪ {c}). Likewise, if we have a
pair of distinct vertices c1 , c2 ∈ C as a replacement for c in K, then consider the cycle K ′
obtained by replacing the path ucv by the path uc1 c2 v. The cycle K ′ is of length at least 7,
therefore by item (ii) of Observation 14 applied to the graph G[V (K ′ )], G \ (X ∪ {c}) must
contain an obstruction.
◀
Now suppose that we mark a certain number of vertices in C. Consider any unmarked
vertex c ∈ C \ D, and let X be a solution of size at most k for G \ {c}. If X is not a
solution for G, then G \ X must contain an obstruction that contains the vertex c. This

A. Agrawal, A. Anand, and S. Saurabh

1:11

S

C
b

b

b
b

b
b

b
b
b

b
b

b
b

A1

b

A2

A3

Figure 1 Bounding the size of a maximal clique C. The figure shows the components of
G \ (S ∪ C) for a particular instance. For every component A and vertex vA ∈ A, N (vA ) ∩ C = ∅ or
N (vA ) ∩ C = N (A) ∩ C.

obstruction must be a chordless cycle K of length at least 6 since c ∈
/ D. If we design our
marking scheme in such a way that for every such obstruction K, there is either (i) a marked
replacement vertex c′ such that c′ ∈
/ (X ∪ V (K)) or (ii) a pair of distinct marked replacement
vertices c1 , c2 for c in K such that c1 , c2 ∈
/ (X ∪ V (K)) as per the definitions above, then
by Lemma 17, G \ (X ∪ {c}) must contain an obstruction - a contradiction since X was a
solution for G \ {c}. It follows that X must be a solution for G, and therefore the instances
(G, k) and (G \ {c}, k) are equivalent. Thus, given that we design our marking scheme to
satisfy the above, we may delete an unmarked vertex from the input instance G without
reducing the parameter.
We now describe our marking scheme and formalize the ideas from above, by looking
at where the neighbours of an unmarked vertex in a chordless cycle can potentially lie.
Whenever we say - mark any ℓ vertices satisfying a property P , if there are less than ℓ vertices
satisfying P , then we mark all vertices which satisfy P . We start by designing our marking
scheme to handle the case when the neighbours of an unmarked vertex in a chordless cycle
lie in S.
▶ Marking Scheme 1. For every pair of (not necessarily distinct) vertices s1 , s2 ∈ S, mark
any k + 2 vertices in N (s1 ) ∩ N (s2 ) ∩ C.
To consider the cases when the neighbours of a potential unmarked vertex lie in connected
components of G \ (S ∪ C), we make use of two auxiliary bipartite graphs Hs1 and Hs2 ,
corresponding to each vertex s in S. Let us denote the set of connected components of
G \ (S ∪ C) by A . The vertex set of Hs1 is Vs1 ∪ V2 where Vs1 = {c ∈ C : (s, c) ∈
/ E(G)} and
V2 = {vA : A ∈ A}. We add an edge from a vertex c ∈ Vs1 and a vertex vA ∈ V2 whenever
both c and s have (possibly different) neighbours in A. The vertex set of Hs2 is Vs2 ∪ V2 ,
where Vs2 = {c ∈ C : (s, c) ∈ E(G)}. We add an edge from a vertex c ∈ Vs2 and a vertex
vA ∈ V2 whenever there is an obstruction in the subgraph induced on {s, c} ∪ V (A). We
have the following observation that follows from the above description and Proposition 3. 5
▶ Observation 18. For s ∈ S, Hs1 and Hs2 can be constructed in polynomial time.
5

We note that there are other well-known polynomial time recognition algorithm for Ptolemaic graphs,
that can also be used to infer that Hs2 , for s ∈ S, can be constructed in polynomial time.
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Roughly speaking, we next show that, for s ∈ S and two edges of Hs1 , incident to different
vertices in V2 , we can construct an obstruction in G.
▶ Lemma 19. Consider s ∈ S and edges {c1 , vA1 }, {c2 , vA2 } ∈ E(Hs1 ), where c1 , c2 ∈ Vs1
and A1 , A2 ∈ A, where A1 ̸= A2 . Then, G[V (A1 ) ∪ V (A2 ) ∪ {s, c1 , c2 }] has a chordless cycle.
Proof. By the construction of Vs1 , {s, c1 }, {s, c2 } ∈
/ E(G). For i, j ∈ {1, 2}, let Pij (if it
exists) be a shortest path between s and ci such that every internal vertex is from Aj . By
the construction of Hs1 , P11 and P22 must necessarily exist. Notice that if at least one of c1
or c2 , say c1 , is a neighbour of both vA1 and vA2 in Hs1 , then G[{s, c1 } ∪ V (P11 ) ∪ V (P12 )]
is a chordless cycle. Otherwise, the vertices s, c1 , c2 together with the paths P11 , P22 and
the edge {c1 , c2 } constitute a chordless cycle G[{s, c1 , c2 } ∪ V (P11 ) ∪ V (P22 )] in G[V (A1 ) ∪
V (A2 ) ∪ {s, c1 , c2 }].
◀
For s ∈ S, we now attempt to find (k + 2)-sized matchings in the graphs Hs1 and Hs2 .
Note that the existence of a (k + 2)-sized matching in Hs1 would imply that (at least) two
matching edges “remain”, even after we delete at most k vertices from G. The above together
with Lemma 19 will allow us to conclude that s must belong to every solution for G of size
at most k. The definition of Hs2 implies that even a single “remaining” matching edge in Hs2
would give us an obstruction, if s is not included in the solution.
▶ Lemma 20. Consider s ∈ S, and let Ms1 and Ms2 be maximum matchings in Hs1 and Hs2 ,
respectively. If either |Ms1 | ⩾ k + 2 or |Ms2 | ⩾ k + 2, then any solution for G of size at most
k must include the vertex s.
Proof. Towards a contradiction, suppose that X is a solution for G of size at most k which does
not include the vertex s. Consider the case when |Ms1 | ⩾ k+2. It follows that there are distinct
components A1 , A2 ∈ A, and vertices c1 , c2 ∈ Vs1 , so that (i) X∩(V (A1 )∪V (A2 )∪{c1 , c2 }) = ∅
and (ii) {c1 , vA1 }, {c2 , vA2 } ∈ E(Hs1 ) hold. But then Lemma 19 implies that G \ X contains
an obstruction, which is a contradiction. Next consider the case when |Ms2 | ⩾ k + 2. Again as
X is of size at most k, we can obtain that there is a component A ∈ A and a vertex c ∈ Vs2
so that (i) X ∩ (V (A) ∪ {c}) = ∅ and (ii) {c, vA } ∈ E(Hs2 ) hold. By the definition of Hs2 , this
implies that G \ X contains an obstruction in the subgraph induced on V (A) ∪ {s, c}, which
is a contradiction.
◀
Using the above lemma, we devise our first reduction rule.
▶ Reduction Rule 1. If there is s ∈ S, such that |Ms1 | ⩾ k + 2 or |Ms2 | ⩾ k + 2, then return
(G \ {s}, k − 1).
The correctness of the above reduction rule follows from Lemma 20, and the polynomial
time applicability of it follows from the fact that maximum matching in a graph can be
computed in polynomial time (see, for example [12]). Hereafter we assume that Reduction
rule 1 is not applicable, and we proceed with our next marking scheme.
▶ Marking Scheme 2. For each s ∈ S, let Ms1 and Ms2 be maximum matchings in Hs1 Hs2 ,
respectively. Then we do the following: i) for each i ∈ {1, 2}, we mark all the vertices in
V (Msi )∩C, ii) for each A ∈ A, where vA ∈ V (Ms1 ), mark any k +2 vertices in N (V (A))∩Vs1 ,
and iii) for each A ∈ A, where vA ∈ V (Ms2 ), mark any k + 2 vertices in N (V (A)) ∩ Vs2 .
The next reduction rule deletes unmarked vertices in C.
▶ Reduction Rule 2. If there is c ∈ C \ D that is not marked by Marking Scheme 1 or 2,
then return (G \ {c}, k).

A. Agrawal, A. Anand, and S. Saurabh

1:13

As Marking Scheme 1 and 2 can be executed in polynomial time, the above reduction
rule can be executed in polynomial time as well. In the next lemma we show its safeness.
▶ Lemma 21. Reduction rule 2 is safe.
Proof. Consider c ∈ C \ D that is not marked by Marking Scheme 1 or 2. As Ptolemaic
graphs are closed under induced subgraphs, to prove the lemma, it is enough to argue that a
solution X for G \ {c} of size at most k is also a solution for G. Towards a contradiction
suppose that X is not a solution for G. Thus, G \ X has an obstruction K, containing the
vertex c. Since c ∈
/ D, by Lemma 7, we may assume that K is a chordless cycle of length at
least 6. Next we will construct an obstruction in (G \ {c}) \ X, and thus contradict that X
is a solution for G \ {c}.
Firstly, consider the case when K has no other vertex from C, apart from c. Let u and v
be the neighbours of c in K. Lemma 17 implies that, if we manage to find a replacement
for c from C \ (X ∪ V (K)) (see Definition 15 and 16), then we can find an obstruction in
(G \ {c}) \ X. Firstly consider the case when u, v ∈ S. Since k + 2 common neighbours
of u, v in C were marked by Marking Scheme 1, there is at least one common neighbour
c′ ∈ (V (G) \ (X ∪ {c})) ∩ C which forms a replacement for c. This together with Lemma 17
and the premise of the case that K has no other vertex apart from c from C implies that
(G \ {c}) \ X contain an obstruction.
Recall that we are in the case when K contain exactly one vertex, namely, c from C. Next
we suppose that u ∈ S and v ∈ V (A), for some A ∈ A. Let s be the first vertex from S on the
path from v to u in K \ {c} (Clearly, such an s must exist since S is an approximate solution).
Notice that every internal vertex on the path from c to s, containing v, on K must be from A.
Consider the case when u ̸= s. As K is a chordless cycle, we can obtain that {s, c} ∈
/ E(G),
and thus {c, vA } ∈ E(Hs1 ). Since c is unmarked, c ∈
/ V (Ms1 ). Moreover, as Ms1 is a maximum
matching in Hs1 , it follows that vA ∈ V (Ms1 ). Recall that Marking Scheme 2 marked k + 2
vertices from N (V (A)) ∩ Vs1 . Thus, there is a vertex c′ ∈ (C \ (X ∪ {c})) ∩ N (V (A)) ∩ Vs1 .
By Lemma 13, since {v, c} ∈ E(G) we must have {v, c′ } ∈ E(G). Marking Scheme 1 marked
k + 2 neighbors of u ∈ S from C. Thus, there must exist a vertex cu ∈ C \ (X ∪ {c}), such
that {cu , u} ∈ E(G). If c′ = cu , the vertex c′ is a replacement for c with respect to K, and
otherwise, the pair of vertices c′ , cu forms a replacement for c in K. In either case, using
Lemma 17 and the fact that K is a chordless cycle on at least 6 vertices, we can obtain
an obstruction in (G \ {c}) \ X, for the case when u =
̸ s. Next we consider the case when
u = s. Notice that {c, vA } is an edge in Hs2 . As c is unmarked, it must be the case that
vA ∈ V (Ms2 ). Since k + 2 vertices in N (V (A)) ∩ C ∩ N (s) were marked by Marking Scheme 2,
there is a vertex c′ ∈ (N (V (A)) ∩ N (s) ∩ C) \ (X ∪ {c}). Again, by Lemma 13 we obtain
that {v, c′ } ∈ E(G), and therefore the vertex c′ forms a replacement for c, and hence from
Lemma 17 we can construct an obstruction in (G \ {c}) \ X.
Next we consider the case when u ∈ V (A1 ) and v ∈ V (A2 ), for some (not necessarily
distinct) A1 , A2 ∈ A, and K has no other vertex from C, apart from c. Let s1 , s2 be the first
vertices from S on the paths from u to v and v to u in K \ {c}, respectively. Observe that
{c, vA1 } ∈ E(Hs11 ) and {c, vA2 } ∈ E(Hs12 ). Since c is unmarked, we must have vA1 ∈ Ms11
and vA2 ∈ Ms12 . Marking Scheme 2 ensures that there are c′1 , c′2 ∈ C ∩ V (G) \ (X ∪ {c}),
where c′1 ∈ N (V (A1 )) and c′2 ∈ N (V (A2 )) which, by Lemma 13, are adjacent to vertices u, v
respectively. If c′1 = c′2 , we use c′1 as a replacement for c in K, else the pair c′1 , c′2 forms a
replacement for c.
Now we consider the case when the chordless cycle K contains two vertices from C. (Note
that since K is a chordless cycle, it can contain at most 2 vertices from C.) Since K contains
c, exactly one of u, v ∈
/ C, say u ∈
/ C (the other case can be argued symmetrically). We
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further consider the following cases based on whether u ∈ S. Firstly consider the case when
u ∈ S. Since Marking Scheme 1 marked k + 2 neighbours of u ∈ S from C, it follows that
there is a vertex c′ ∈ C \ (X ∪ V (K)) which is a replacement for c, and thus using Lemma 17
we can obtain an obstruction in (G \ {c}) \ X. Now suppose that u ∈ V (A) for some A ∈ A.
Let s be the first vertex from S on the path from u to v in K \ {c}. This implies that
{c, vA } ∈ E(Hs1 ) and that vA ∈ V (Ms1 ). Therefore, k + 2 vertices in N ((V (A)) ∩ Vs1 must
have been marked by Marking Scheme 2. Since |X| ⩽ k, c is an unmarked vertex, and
|C ∩ V (K)| ⩽ 2, there must exist a marked vertex c′ ∈ (N (V (A)) ∩ Vs1 ) \ (X ∪ V (K)). By
Lemma 13 we must have {u, c′ } ∈ E(G). Thus, c′ forms a replacement for c in K, and we
obtain an obstruction in (G \ {c}) \ X, using Lemma 17.
◀
Proof of Lemma 8. For the given instance (G, k) of Ptolemaic Deletion, an approximate
solution S for G of size O(k), and a solution D for G that is 4-redundant with respect to
a (k + 1)-necessary family W, returned by Lemma 6, we do the following. In polynomial
time, we enumerate the set C, of all maximal maximal cliques in G \ S using Observation 12.
For each clique C ∈ C, we exhaustively apply Reduction Rule 1 and 2, where the lowest
applicable reduction rule is applied first. Note that each of these reduction rules can be
executed in polynomial time, and they can only be applied polynomially many times. If none
of the reduction rules are applicable, then we argue below that the number of vertices in
C \ D can be bounded by O(k 3 ). Note that Marking Scheme 1 marks at most O(k 3 ) vertices
in C. Note that while executing Marking Scheme 2, Reduction Rule 1 is not applicable.
Thus the number of vertices marked by Marking Scheme 2 are bounded by O(k 3 ) as for
every s ∈ S, there can be at most k + 1 matching edges in both the matchings Ms1 and Ms2 ,
and corresponding to each edge we mark O(k) vertices in C. As the unmarked vertices of
C \ D are deleted by Reduction Rule 2, we must have |C \ D| ∈ O(k 3 ).
◀
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Abstract

In this article we study a well-known problem, called Bipartite Token Jumping and not-so-well
known problem(s), which we call, Half (Induced-) Subgraph, and show that under Gap-ETH,
these problems do not admit FPT algorithms. The problem Bipartite Token Jumping takes as
input a bipartite graph G and two independent sets S, T in G, where |S| = |T | = k, and the objective
is to test if there is a sequence of exactly k-sized independent sets ⟨I0 , I1 , · · · , Iℓ ⟩ in G, such that: i)
I0 = S and Iℓ = T , and ii) for every j ∈ [ℓ], Ij is obtained from Ij−1 by replacing a vertex in Ij−1
by a vertex in V (G) \ Ij−1 . We show that, assuming Gap-ETH, Bipartite Token Jumping does
not admit an FPT algorithm. We note that this result resolves one of the (two) open problems
posed by Bartier et al. (ISAAC 2020), under Gap-ETH. Most of the known reductions related to
Token Jumping exploit the property given by triangles (i.e., C3 s), to obtain the correctness, and
our results refutes FPT algorithm for Bipartite Token Jumping, where the input graph cannot
have any triangles.
For an integer k ∈ N, the half graph Sk,k is the graph with vertex set V (Sk,k ) = Ak ∪ Bk , where
Ak = {a1 , a2 , · · · , ak } and Bk = {b1 , b2 , · · · , bk }, and for i, j ∈ [k], {ai , bj } ∈ E(Tk,k ) if and only if
j ≥ i. We also study the Half (Induced-)Subgraph problem where we are given a graph G and
an integer k, and the goal is to check if G contains Sk,k as an (induced-)subgraph. Again under
Gap-ETH, we show that Half (Induced-)Subgraph does not admit an FPT algorithm, even when
the input is a bipartite graph. We believe that the above problem (and its negative) result maybe of
independent interest and could be useful obtaining new fixed parameter intractability results.
There are very few reductions known in the literature which refute FPT algorithms for a
parameterized problem based on assumptions like Gap-ETH. Thus our technique (and simple
reductions) exhibits the potential of such conjectures in obtaining new (and possibly easier) proofs
for refuting FPT algorithms for parameterized problems.
2012 ACM Subject Classification Theory of computation → Parameterized complexity and exact
algorithms
Keywords and phrases Token Jumping, Bipartite Graphs, Fixed Parameter Intractability, Half
Graphs, Gap-Exponential Time Hypothesis
Digital Object Identifier 10.4230/LIPIcs.IPEC.2021.2

1

Introduction

In this article we study two graph problems and obtain intractability results under GapExponential Time Hypothesis (Gap-ETH), which was conjectured by Dinur [13] and Marx [33].
Gap-ETH conjectures that for some constant ϵ > 0, even to distinguish whether all clauses
or at most (1 − ϵ) fraction of the clauses in the given CNF-SAT formula can be satisfied by
an assignment, requires exponential amount of time. Most of the known (fixed parameter)
intractability results in the field of parameterized complexity are based on conjectures like
FPT ̸= W[t], where t is a positive integer. While conjectures like Gap-ETH are stronger
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than the more accepted conjectures like the one stated above, they can be used to explain
the hardness of a problem by connecting them to SAT, particularly in the absence of insights
into the (in)tractability/hardness of a problem. The main message of this article is that, we
can (in certain situtation) harness the “approximation gap” provided by the Gap-ETH in
obtaining new and simple intractability results. We would like to remark that Gap-ETH
has been also previously used by Bhattacharyya et al. [4] for obtaining fixed parameter
intractability result for Even Set (among other problems), whose complexity status, prior
to their result, was an infamous open problem in the field (see for example, the book of
Downey and Fellow [15]).
Reconfigurations and Token Jumping. The first problem that we study is a reconfiguration
problem, where in a typical such problem, we have an underlying problem, an instance of
the underlying problem, solutions for the instances, and a transformation function from
one solution to the other, and the objective is to use check existence of a sequence of
transformation from a given solution to another (see, for example, [35] for an introduction
to reconfigurations). We study the reconfiguration of independent sets on a graph, where
the initial independent set S and final independent set T are of the same size k. The
transformations we allow is called token jumping, which was first introduced by Kamiński et
al. [22]. We can view a transformation of an independent set to another, in our setting, as
jumping a token from one vertex to some other vertex, while maintaining the independence
property, where all the tokens are initially placed in the former independent set S. The
objective of Token Jumping for a given graph G and independent sets S and T of size k
is to test existence of a sequence of transformations from S to T via jumping tokens (one
at-a-time). For two sets X and Y , X∆Y denotes the set (X \ Y ) ∪ (Y \ X). Next we formally
define the problem Bipartite Token Jumping, which is Token Jumping when the input
is a bipartite graph.
Bipartite Token Jumping

Parameter: k

Input: A bipartite graph G and two independent sets S and T in G, where |S| = |T | = k.
Question: Determine if there a sequence of exactly k-sized independent sets
⟨I0 , I1 , · · · , Iℓ ⟩, in G, such that the following holds:
1. I0 = S and Iℓ = T , and
2. for each j ∈ [ℓ], |Ij−i ∆Ij | = 2.
Some Known Results on Token Jumping. We note that Token Jumping problem is
known to be polynomial time solvable, when the input is restricted to special graph classes
like trees [11], interval graphs [5], bipartite permutation and bipartite distance-hereditary
graphs [17], line graphs [19] and even-hole-free graphs [22].
Although Independent Set on bipartite graphs is one of the classic polynomial time
solvable problem (see, for instance, [24] and [18]), Lokshtanov and Mouawad [31] showed that
the problem Bipartite Token Jumping is NP-hard. Lokshtanov et al. [32] showed that
Token Jumping is W[1]-hard, when parameterized by the sizes of the given independent sets.
They also designed an FPT algorithm for the problem when the input graph has bounded
degeneracy. We remark that prior to the above result, Ito et al. [21] had obtained an FPT
algorithm for the problem when parameterized by k and the maximum degree of the input
graph. Token Jumping is also known to be FPT on strongly Kℓ,ℓ -free graphs [6, 20], where
a graph is said to be strongly Kℓ,ℓ -free if it does not contain the complete bipartite graph
Kℓ,ℓ as a subgraph. Bartier et al. [2, 3] designed an FPT algorithm for Token Jumping
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on C4 -free bipartite graphs when parameterized by the sizes of the independent sets. They
also showed that the problem has no FPT algorithm when the input is restricted to C4 -free
graphs. The status of Token Jumping on bipartite graphs, i.e., the problem Bipartite
Token Jumping, was left as an open problem by Bartier et al. [2].
Our Result on Token Jumping. We resolve one of the open problems of Bartier et al. [2],
under Gap-ETH, by proving the following theorem.
▶ Theorem 1. Assuming Gap-ETH, Bipartite Token Jumping does not admit an FPT
algorithm, when parameterized by k.
We obtain the above result by via a simple reduction from the Maximum Balanced
Biclique problem, and then use its FPT-inapproximability result by Chalermsook et al. [9]
under Gap-ETH, to show that Bipartite Token Jumping cannot have an FPT algorithm.
Roughly speaking, by exploiting the Pigeonhole principle in our proof, if the input bipartite
graph has a biclique Kk,k as an (induced-)subgraph with bipartition A and B, then we are
able to argue that there will be a point in the transformation from one of the appropriately
constructed independent set to the another, which must contain at least half of vertices from
A and B each. Using the above we are able to exploit the known FPT inapproximability of
Maximum Balanced Biclique to obtain our result.
(Induced-)Subgraphs and Half Graphs. The Subgraph Isomorphism and InducedSubgraph Isomorphism are among the fundamental problems in algorithmic graph theory.
(Induced-)Subgraph Isomorphism takes as input two graphs G and H, and the objective
is to test if (an isomorphic copy of) H is contained as an (induced-)subgraph in G. For a
family of graphs Π, a natural generalization of (Induced-)Subgraph Isomorphism is the
problem Π (Induced-)Subgraph, where we are given a graph G and an integer k, and
the objective is to test if G contains an (induced-)subgraph isomorphic to a graph on k
vertices in the family Π. The problems Subgraph Isomorphism and Induced-Subgraph
Isomorphism are among the very well-studied problems in Computer Science, which are
NP-hard, as they (both) encapsulate problems like Clique (see, [10] and [23]). The fixed
parameter intractability of Clique, parameterized by the solution size [14], also implies that
both of the above problems do not admit any FPT algorithm when parameterized by |V (H)|.
We study Π (Induced-)Subgraph, when Π is a family of structured graphs, called half
graphs (see, [16]) and the corresponding problem(s) Half (Induced-)Subgraph.1 For an
integer k ∈ N, the half graph Sk,k is the graph with vertex set V (Sk,k ) = Ak ∪ Bk , where
Ak = {a1 , a2 , · · · , ak } and Bk = {b1 , b2 , · · · , bk }, and for i, j ∈ [k], {ai , bj } ∈ E(Sk,k ) if and
only if j ≥ i (see Figure 1, for an illustration).
Our result will particularly focus on the instances where the input graph is bipartite, and
thus we formally define the problems Bipartite Half Subgraph and Bipartite Half
Induced-Subgraph below.
Bipartite Half (Induced-)Subgraph

Parameter: k

Input: A bipartite graph G and an integer k.
Question: Does G contain a graph isomorphic to Sk,k as an (induced-)subgraph?
1

We note that the term “skew” was used in the context of Skew Multicut and Directed Feedback
Arc Set for a graph class closely related to half graphs (see [26], for more details). Another closely
related graph class is the family of bipartite chain graphs (or bisplits), please see [7].
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Figure 1 The half graph S4,4 .

Some Known Results on Π (Induced-)Subgraph. The problems Π (Induced-)Subgraph
have been studied for several structured families of graphs, most notable being Clique and
Independent Set. Although, when Π is among the many well-known and highly structured
families like cliques, independent sets, and bicliques, the problem seem to be “inherentlyenumerative”, and thus, fixed parameter intractable [9], we do know several instances where
the problem is FPT. Khot and Raman [25] obtained a complete fixed parameter tractability
dichotomy for Π Subgraph, for hereditary families, by showing that if Π includes all graphs
with no edges but not all complete graphs, or vice versa, then the problem is fixed parameter
intractable, and otherwise, it admits an FPT algorithm. Also, Kratsch et al. [27] studied
the kernelization complexity for hereditary families of graphs for such problems. Lin and
Chen [30] obtained an FPT algorithm for Π Induced-Subgraph, when Π is the family of
all graphs with exactly k edges.2
One of the notorious parameterized problems, whose status of fixed parameter tractability
was open until 2015 is the Biclique problem. Despite it’s deceptive similarity with Clique,
the problem was not known to be fixed parameter intractable, until such a result was obtained
by Lin [28, 29]. Later, Chalermsook et al. [8, 9] showed that, for any function f ∈ o(k),
Biclique does not admit a k/f (k)-approximation algorithm, running in FPT time, assuming
Gap-ETH.
Our Contribution on Π (Induced-)Subgraph. We study the Bipartite Half (Induced-)
Subgraph problem(s), and obtain the following result.
▶ Theorem 2. Assuming Gap-ETH, Bipartite Half (Induced-)Subgraph does not
admit an FPT algorithm, when parameterized by k.
We obtain the above result by a (Turing) reduction starting from the problem Maximum
Balanced Biclique. For the given instance of Maximum Balanced Biclique, we begin
by “color-coding” a copy of Kk,k in the input graph (if it exist). We note that color-coding
was introduced by Alon et al. [1], for designing FPT algorithms for parameterized by the
solution size, for detecting cycles and paths of a given length. After this we create two copies
of each of the color classes obtained using the color-coding to “complete” an S2k,2k using the

2

Here, k used in the definition of Π is the same as the number k which is provided as input in the Π
Induced-Subgraph instance.
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presence of the biclique. We note that directly using Multicolored Biclique leads to
issues in the one of direction of the proof, relating to the stricter condition of picking vertices
from each of the color classes. We note that approximation in the solution that we are able
to output for the Maximum Balanced Biclique instance arises due to the possibility of
picking multiple copies of the same vertex.
We would like to note that, we came across the problem Bipartite Half (Induced-)
Subgraph, while studying Bipartite Token Jumping. Although, later we obtained a
simple proof for our negative result regarding Bipartite Token Jumping, eliminating the
need to go via the route of Bipartite Half (Induced-)Subgraph. Nevertheless we believe
due to the “sequence-like” structure it offers, it may turn out to be a useful starting point
for obtaining new intractability results, similar to its cousins like Clique and Biclique.

2

Preliminaries

Sets and Functions. We denote the set of natural numbers (including 0) by N. For n ∈ N,
we use [n] and [n]0 to denote the sets {1, 2, · · · , n} and {0, 1, 2, · · · , n}, respectively. For a
set X, we denote its power set by 2X = {X ′ | X ′ ⊆ X}. For a set Y , by Y × Y , we denote
the set {(y, y ′ ) | y, y ′ ∈ Y }. For a function f : X → Y and an element y ∈ Y , f −1 (y) denotes
the set {x ∈ X | f (x) = y}. For a non-empty set X, a family F ⊆ 2X is a partition of X, if i)
for each Y ∈ F , Y ̸= ∅, ii) for distinct Y, Z ∈ F , we have Y ∩ Z = ∅, and iii) ∪Y ∈F Y = X.
Graph Theory. We refer to the book of [12] for standard graph terminology. Given a
graph G, we denote its vertex set and edge set by V (G) and E(G), respectively. Whenever
the context is clear, we use n and m to denote the number of vertices and the number of
edges in the input graph, respectively. Consider a graph G. For X ⊆ V (G), G[X] denotes
the subgraph of G induced by X, i.e. G[X] is the graph with vertex set X and edge set
{{x, y} ∈ E(G) | x, y ∈ X}.
For a graph G, a set S ⊆ V (G) is an independent set in G if for every u, v ∈ S, we
have {u, v} ∈
/ E(G). A graph G is bipartite if its vertex set can be partitioned into two
independent sets X and Y . In the above, X, Y is called a bipartition of G.
For an integer k ∈ N, Kk,k denotes the bipartite graph with a bipartition A and B, each
with k vertices, so that for each a ∈ A and b ∈ B, we have {a, b} ∈ E(Kk,k ). In the above,
Kk,k is called a biclique. For a bipartite graph G, by opt-biclq(G) we denote the largest
integer k ∗ , such that G has a Kk∗ ,k∗ -biclique as an induced subgraph.
Satisfiability and Gap-ETH. For q ∈ N, the q-SAT problem takes as input a q-CNF formula
ϕ with m clauses on a variable set X of size n, and the objective is to test if there is an
assignment asg : X → {0, 1} that satisfies ϕ.
Next we define the maximization version of q-SAT, called Max q-SAT. For q ∈ N, the
problem Max q-SAT takes as input a q-CNF formula ϕ with m clauses on a variable set X
of size n, and the objective is to compute, opt-SAT(ϕ), which is the maximum number of
clauses in ϕ that can be simultaneously satisfied by an assignment asg : X → {0, 1}.
We next state the statement of Gap-ETH.
▶ Conjecture 3 (Gap-Exponential Time Hypothesis (Gap-ETH), [13, 33]). For some constant
δ, ϵ > 0, no algorithm can, given a 3-CNF formula ϕ on n variables and m = O(n) clauses,
distinguish between the following cases correctly with probability at least 2/3 in time O(2δn ):
i) opt-SAT(ϕ) = m and ii) opt-SAT(ϕ) < (1 − ϵ) · m.
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Figure 2 Illustration of construction of G′ . Double arrows show all possible edges between the
sets, and set lines between A and B shows complementation of edges between them from G.

Some Results on Maximum Balanced Biclique. In the Maximum Balanced Biclique
problem we are given a bipartite graph G and an integer k, and the objective is to test if
opt-biclq(G) ≥ k.3
In the following we state an inapproximability result regarding Maximum Balanced
Biclique, which follows as a corollary from Definition 2.1 and 3.2, Proposition 3.3 and
Corollary 5.16 of [9].
▶ Proposition 4. Assuming Gap-ETH, there is no algorithm, which for all bipartite graphs
G on n vertices and an integer k, runs in time f (k) · nO(1) , and does one of the following
i) outputs 1 if opt-biclq(G) ≥ k, or ii) outputs 0 if opt-biclq(G) < k/2; where f is some
computable function. That is, Maximum Balanced Biclique does not admit a factor
2-approximation algorithm running in FPT time.
We remark that the above proposition is a very special instantiation, which is enough for
our purpose, of the more general result of Corollary 5.16 of [9].

3

Refuting FPT Algorithms for Bipartite Token Jumping

The objective of this section is to prove Theorem 1. We obtain the above by exhibiting
an appropriate reduction from Maximum Balanced Biclique. We begin by explaining
the intuition behind our reduction. Consider an instance (G, k) of Maximum Balanced
Biclique, where G is a bipartite graph with vertex bipartition A and B. We will create
an instance (G′ , S, T ) of Bipartite Token Jumping as follows. Intuitively speaking,
G′ will be obtained from G by adding two new sets of vertices S and T , each of size k.
The construction will ensure that in any transformation from S to T , there must exist a
consecutive pair of independent sets, which places k/2 tokens in A and B, each, which will
induce a complete bipartite graph in G (via complementing edges). We will now formally
describe our construction.
Construction of (G′ , S, T ). Initialize V (G′ ) = V (G) = A ∪ B and E(G′ ) = {{a, b} | a ∈
A, b ∈ B, and {a, b} ∈
/ E(G)} (see Figure 2). We add two sets of (k + 1 new vertices),
S = {s1 , s2 , · · · , sk , sk+1 } and T = {t1 , t2 , · · · , tk , tk+1 } to V (G′ ). We add all the edges
between S ∪A and T , i.e, we add all the edges in {{u, t} | u ∈ S ∪A and t ∈ T } to E(G′ ). Also,

3

The definition of Maximum Balanced Biclique given in [9], is a purely optimization version, where
k is not part of the input. We state the problem this way, as this helps us get around unnecessary
technicalities, without compromising on the technical merit of the result.
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we add all the edges between vertices in S and B, i.e., the edges in {{s, b} | s ∈ S and b ∈ B}
to E(G′ ). Clearly, by the construction, G′ is a bipartite graph, with bipartition A′ = S ∪ A
and B ′ = T ∪ B. The above concludes the construction of the Bipartite Token Jumping
instance (G′ , S, T ).
In the following lemmata we will establish some useful properties that will help us prove
the theorem.
▶ Lemma 5. If (G, k) is a yes-instance of Maximum Balanced Biclique, then (G′ , S, T )
is a yes-instance of Bipartite Token Jumping.
Proof. Suppose that opt-biclq(G) ≥ k, and consider X = {x1 , x2 , · · · , xk } ⊆ A and Y =
{y1 , y2 , · · · , yk } ⊆ B, such that G[X ∪ Y ] is isomorphic to Kk,k . We will construct a sequence
⟨S = I0 , I1 , · · · , Ik , I1′ , I2′ , · · · , Ik′ , Ib1 , Ib2 , · · · , Ibk+1 = T ⟩, of independent sets of size k + 1 in
G′ , to conclude that (G′ , S, T ) is a yes-instance of Bipartite Token Jumping.
For j ∈ [k], let Ij = (Ij−1 \ {sj }) ∪ {xj }. As X ⊆ A and A is an independent set in G′ , it
follows that, for each j ∈ [k], Ij is an independent set in G′ . Recall that S is an independent
set in G′ of size exactly k + 1, S ∩ A = ∅, and X ⊆ A. Thus we can obtain that, for each
j ∈ [k], Ij is an independent set in G′ of size exactly k + 1 in G′ .
′
Let I1′ = (Ik \ {sk+1 }) ∪ {y1 }. For j ∈ [k] \ {1}, Ij′ = (Ij−1
\ {xj−1 }) ∪ {yj }. Note that
for each x ∈ X and y ∈ Y , we have {x, y} ∈ E(G), and thus {x, y} ∈
/ E(G′ ). The above
′
together with the fact that X ∩ Y = ∅, implies that for each j ∈ [k], Ij is an independent set
in G′ of size exactly k + 1.
Finally, let Ib1 = (Ik′ \ {xk }) ∪ {t1 }, and for j ∈ [k + 1] \ {1}, let Ibj = (Ibj−1 \ {yj−1 }) ∪ {tj }.
As B ∪ T is an independent set in G′ and Ik′ is an independent set of size exactly k + 1 in G′ ,
it follows that for each j ∈ [k + 1], Ibj is an independent set of exactly size k + 1 in G′ . Also,
by the construction of Ibk+1 it follows that Ibk+1 = T .
From the construction of ⟨S = I0 , I1 , · · · , Ik , I1′ , I2′ , · · · , Ik′ , Ib1 , Ib2 , · · · , Ibk+1 = T ⟩ it follows
that it is a solution for the Bipartite Token Jumping instance (G, S, T ). This concludes
the proof.
◀
In the next lemma we exploit a solution for the Bipartite Token Jumping instance (if
it exists), to obtain an approximation for the Maximum Balanced Biclique instance.
▶ Lemma 6. If (G′ , S, T ) is a yes-instance of Bipartite Token Jumping, then
opt-biclq(G) ≥ k/2.
Proof. Suppose that (G′ , S, T ) is a yes-instance of Bipartite Token Jumping, and let
⟨S = I0 , I1 , · · · , Iℓ = T ⟩ be a solution for it. Recall that for each s ∈ S and u ∈ T ∪ B, we
have {s, u} ∈ E(G′ ), |S| = |T | = k + 1, and S ∩ T = ∅. Thus, there must exist q ∈ [ℓ] such
that |Iq ∩ A| = k. Let qlrg be the largest integer in [ℓ], such that |Iqlrg ∩ A| = k. Let rsml be
the smallest integer in r ∈ [ℓ], such that rsml > qlrg and |Ir ∩ (T ∪ B)| ≥ k. Note that rsml
exists as T = Iℓ . As |Iqlrg ∩ A| = k, |Irsml ∩ (T ∪ B)| = k, and A ∩ (T ∪ B) = ∅, there must
exist j ∈ [ℓ], such that qlrg < j < rsml and |Ij ∩ (T ∪ B)| = ⌈k/2⌉. As k ≥ 2, Ij ∩ (T ∪ B) ̸= ∅,
and thus there is some v ∈ Ij ∩ (T ∪ B). Also, |Ij | = k + 1, and thus, Ij must contain
at least k + 1 − ⌈k/2⌉ ≥ k/2 vertices from S ∪ A. Recall that by the construction of G′ ,
{s, v} ∈ E(G′ ), for each s ∈ S. From the above we can obtain that Ij ∩ S = ∅. Recall that
each vertex in T is adjacent to every vertex in S ∪ A. From the above discussions we can
obtain that X = Ij ∩ A has at least k/2 vertices and Y = Ij ∩ B has at least ⌈k/2⌉ vertices.
By the construction of G′ , we can obtain that G[X ∪ Y ] is a biclique in G, and thus we can
obtain that opt-biclq(G) ≥ k/2.
◀
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We are now ready to prove Theorem 1.
Proof of Theorem 1. Towards a contradiction, suppose that there is an algorithm A, for
Bipartite Token Jumping running in time f (k)nO(1) . Using A, we design an algorithm
B, running in time f (k)nO(1) , which given a bipartite graph G and an integer k, returns 1 if
opt-biclq(G) ≥ k, and returns 0 if opt-biclq(G) < k/2, thus contradicting Proposition 4.
Our algorithm B is as follows. Given an instance (G, k) of Maximum Balanced
Biclique, B constructs (in polynomial time) an instance (G′ , S, T ) of Bipartite Token
Jumping, as discussed previously. The algorithm B calls A on the input (G′ , S, T ), and
returns 1 if and only if A returns 1 on the Bipartite Token Jumping instance.
We now argue the correctness of our algorithm. We first argue that whenever
opt-biclq(G) ≥ k, then B returns 1. From Lemma 5, whenever opt-biclq(G) ≥ k, then
(G′ , S, T ) is a yes-instance of Bipartite Token Jumping. Thus A, and hence B, must return 1. Notice that the contrapositive of Lemma 6 gives us that whenever opt-biclq(G) < k/2,
then (G′ , S, T ) is a no-instance of Bipartite Token Jumping. Thus, A and hence, B must
return 0 for the above case. This concludes the proof.
◀

4

Refuting FPT Algorithms for Bipartite Half (Induced-)Subgraph

The objective of this section is to prove Theorem 2. We begin with the following simple
observation that will be useful in “encoding” an instance Maximum Balanced Biclique
as instances of Bipartite Half Induced-Subgraph (resp. Bipartite Half Subgraph).
▶ Observation 7. For any k ∈ N, the half graph T2k,2k contains Kk,k as an induced subgraph.
Proof. Recall that, for any k ∈ N, T2k,2k is the graph with vertex set V (T2k,2k ) = A2k ∪ B2k ,
where A2k = {a1 , a2 , · · · , a2k } and B2k = {b1 , b2 , · · · , b2k }, and for i, j ∈ [2k], {ai , bj } ∈
E(T2k,2k ) if and only if j ≥ i. From the above we can deduce that, for any i ∈ [k] and
j ∈ [2k] \ [k], we have {ai , bj } ∈ E(Tk,k ). The above implies that T2k,2k [{ai | i ∈ [k]} ∪ {bj |
j ∈ [2k] \ [k]}] is isomorphic to Kk,k .
◀
We will use the above observation to encode (approximately) the instance of Maximum
Balanced Biclique into an instance of Bipartite Half (Induced-)Subgraph. We
remark that the same construction will work for both Bipartite Half Subgraph and
Bipartite Half Induced-Subgraph. Before moving further we introduce a definition and
an algorithmic result about it, that will be used in our reduction.
▶ Definition 8. For n, ℓ ∈ N, a family F of functions from [n] to [ℓ] is an (n, ℓ)-perfect
hash family if for every S ⊆ [n] of size ℓ, there exists f ∈ F , such that for each i ∈ [ℓ],
|S ∩ {j ∈ [n] | f (j) = i}| = 1.
▶ Proposition 9 ([34]). For any n, ℓ ∈ N, we can construct an (n, ℓ)-prefect hash family of
size eℓ · ℓO(log ℓ) · log n in time eℓ · ℓO(log ℓ) · n log n.
We will next intuitively explain our (Turing) reduction below. Consider an instance
(G, k) of Maximum Balanced Biclique, where G is a bipartite graph with bipartition
A and B. We will begin by “color-coding” a copy of Kk,k in G (if it exists). We remark
that the technique of color-coding was introduced by Alon et al. [1], for designing FPT
algorithms parameterized by the solution size, for detecting cycles and paths of a given
length. Also, the above was derandomized (in the same paper), by using the construction
of perfect-hash families based on the result of Schmidt and Siegel [36], and an improved
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algorithm for computing such families was obtained by Naor et al. [34] (see Proposition 9).
The idea of color coding is to distinctly color the vertices in the copy of Kk,k present (as a
subgraph/induced subgraph) in G. Using the above, we obtain a partition of A into k sets
A1 , A2 , · · · , Ak , and also a partition of B into k sets, B1 , B2 , · · · , Bk , so that the vertices
of a fixed Kk,k in G picks exactly one vertex from each Ai s and Bi s. After this, using one
more copy of the sets Ai s and Bi s, to be denoted by A′i s and Bi′ s, respectively, we create
an instance of Bipartite Half (Induced-)Subgraph, by providing extra vertices/edges
using the copies. We remark that the “loss” in our reduction comes from the situation where
a solution for the Bipartite Half (Induced-)Subgraph instance may pick two copies of
the same vertex.
We will now move to the formal description of the reduction. Consider an instance (G, k)
of Maximum Balanced Biclique, where G is a bipartite graph with bipartition A =
{a1 , a2 , · · · , an1 } and B = {b1 , b2 , · · · , bn2 }, and let n = n1 + n2 . We let A′ = {a′i | i ∈ [n1 ]}
and B ′ = {b′i | i ∈ [n2 ]}, copies of A and B, respectively. Using Proposition 9, we begin by
computing (n1 , k)- and (n2 , k)-prefect hash families, F1 and F2 , respectively. For f ∈ F1 and
i ∈ [k], we let A[f, i] = {aj ∈ A | f (j) = i} and A′ [f, i] = {a′j ∈ A′ | f (j) = i}. Similarly, for
f ∈ F2 and i ∈ [k], we let B[f, i] = {bj ∈ B | f (j) = i} and B ′ [f, i] = {b′j ∈ B ′ | f (j) = i}.
We will use the convention that, for a vertex v ∈ A ∪ B, its corresponding copy in A′ ∪ B ′
will be denoted by v ′ .
For each pair of functions f1 ∈ F1 and f2 ∈ F2 , we create a Bipartite Half (Induced-)
Subgraph instance If1 ,f2 = (Gf1 ,f2 , 2k), where Gf1 ,f2 is a bipartite graph as follows. We
let V (Gf1 ,f2 ) = A ∪ B ∪ A′ ∪ B ′ . We will now describe the edge set of Gf1 ,f2 . First we
add all the edges in G, between A and B, to Gf1 ,f2 , i.e., for each a ∈ A and b ∈ B, such
that {a, b} ∈ E(G), we add {a, b} to E(Gf1 ,f2 ). (Intuitively speaking, the objective of the
above edges will be to directly preserve, in Gf1 ,f2 , the Kk,k s of G, if they exist.) Roughly
speaking, next we will add edges, that will be useful in completing the missing vertices/edges
in a half graph (using the copies A′ and B ′ ), apart from those that are already present
in the biclique. For each i ∈ [k] and j ∈ [k], where j ≥ i, and for each a ∈ A[f1 , i] and
b ∈ B[f2 , j], we add {a, b′ } to E(Gf1 ,f2 ) if and only if {a, b} ∈ E(G). Similarly, for each
i ∈ [k] and j ∈ [k], where j ≥ i, and for each a ∈ A[f1 , i] and b ∈ B[f2 , j], we add {a′ , b}
to E(Gf1 ,f2 ) if and only if {a, b} ∈ E(G). This completes the description of Gf1 ,f2 , and
thus the Bipartite Half (Induced-)Subgraph instance If1 ,f2 = (Gf1 ,f2 , 2k). We let
I = {If1 ,f2 | f1 ∈ F1 and f2 ∈ F2 }.
In the following two lemmata we will establish some useful relationships between the
Maximum Balanced Biclique instance (G, k) and the instances of Bipartite Half
(Induced-)Subgraph that we have created.
▶ Lemma 10. If (G, k) is a yes-instance of Maximum Balanced Biclique, then there
are f1 ∈ F1 and f2 ∈ F2 , such that If1 ,f2 is a yes-instance of Bipartite Half (Induced)Subgraph.
Proof. Suppose that opt-biclq(G) ≥ k, and consider X = {x1 , x2 , · · · , xk } ⊆ A and Y =
{y1 , y2 , · · · , yk } ⊆ B, such that G[X ∪ Y ] is isomorphic to Kk,k . As F1 is an (n1 , k)perfect hash family, there must exist f1∗ ∈ F1 , such that for each i ∈ [k], |A[f1∗ , i] ∩
X| = |A′ [f1∗ , i] ∩ X| = 1. Similarly, there exists f2∗ ∈ F2 , such that for each i ∈ [k],
|B[f2∗ , i] ∩ Y | = |B ′ [f2∗ , i] ∩ Y | = 1. Without loss of generality, we will assume that for
i ∈ [k], we have A[f1∗ , i] ∩ X = {xi } and B[f2∗ , i] ∩ X = {yi }. (Notice that the above can
be achieved by renaming of the vertices.) Let X ∗ = {xi | i ∈ [k]} ∪ {x′i | i ∈ [k]} and
Y ∗ = {yi | i ∈ [k]} ∪ {yi′ | i ∈ [k]}, Gf1∗ ,f2∗ [X ∗ ∪ Y ∗ ]. The construction of Gf1∗ ,f2∗ and the
assumption that G[X ∪ Y ] is isomorphic to Kk,k , implies that Gf1∗ ,f2∗ [X ∗ ∪ Y ∗ ] is isomorphic
to T2k,2k . This concludes the proof.
◀
IPEC 2021

2:10

Refuting FPT Algorithms for Some Parameterized Problems Under Gap-ETH

▶ Lemma 11. If there are functions f1 ∈ F1 and f2 ∈ F2 , such that (Gf1 ,f2 , 2k) is a
yes-instance of Bipartite Half (Induced-)Subgraph, then opt-biclq(G) ≥ k/2.
Proof. Consider f1 ∈ F1 and f2 ∈ F2 , such that (Gf1 ,f2 , 2k) is a yes-instance of Bipartite
Half (Induced-)Subgraph. Let X ∗ ⊆ A ∪ A′ and Y ∗ ⊆ B ∪ B ′ be each of size 2k, such
that Gf1 ,f2 [X ∗ ∪ Y ∗ ] contains T2k,2k as an (induced) subgraph.4 From Observation 7, we
b ⊆ X ∗ ⊆ A ∪ A′ and Yb ⊆ Y ∗ ⊆ B ∪ B ′ , each of size k, such that
can obtain that there is X
b ∪ Yb ] is isomorphic to Kk,k . We construct two sets X ⊆ A and Y ⊆ B as follows,
Gf1 ,f2 [X
b=
each initialised to ∅. For each a ∈ A, we add a to X, if {a, a′ } ∩ X
̸ ∅. Similarly, for each
′
b
b ∈ B, we add b to Y , if {b, b } ∩ Y ̸= ∅. Note that the sizes of X and Y , each, must be at
least k/2. Using the above together with the construction of Gf1 ,f2 can be used to obtain
that G[X ∪ Y ] is isomorphic to K⌈k/2⌉,⌈k/2⌉ . Thus we conclude that opt-biclq(G) ≥ k/2. ◀
Now we are ready to prove Theorem 2.
Proof of Theorem 2. Towards a contradiction, suppose that there is an algorithm A, for
Bipartite Half (Induced-)Subgraph running in time f (k)nO(1) , where n is the number
of vertices in the input graph. Using A, we design an algorithm B, running in time g(k) · nO(1)
(where g is a computable function), which given a bipartite graph G on n vertices and an
integer k, returns 1 if opt-biclq(G) ≥ k, and returns 0 if opt-biclq(G) < k/2, thus contradicting
Proposition 4.
Our algorithm B is as follows. Given an instance (G, k) of Maximum Balanced
Biclique, the algorithm B starts by constructing the family of Bipartite Half (Induced-)
Subgraph instance I, as discussed previously, in time bounded by 2O(k log k) · nO(1) time
(see Proposition 9). Next, for each I ∈ I, B calls A for the input I of Bipartite Half
(Induced-)Subgraph. The algorithm B return 1 if and only if A returns 1 for at least one
instance I ∈ I.
The construction of the set I, together with the assumed running time of A implies
that the running time of B can be bounded by f (k) · 2O(k log k) · nO(1) . We now argue the
correctness of our algorithm B.
We first argue that whenever opt-biclq(G) ≥ k, then B returns 1. From Lemma 10,
whenever opt-biclq(G) ≥ k, then there must exist a yes-instance of Bipartite Half
(Induced-)Subgraph I ∈ I. Thus, in the above case, B always returns 1, as required.
Notice that the contrapositive of Lemma 11 gives us that whenever opt-biclq(G) < k/2, then
there is no I ∈ I, such that I is a yes-instance of Bipartite Half (Induced-)Subgraph,
and thus, B will necessarily output 0 for this case. This concludes the proof.
◀

5

Conclusion

Assuming Gap-ETH, we showed that the Bipartite Token Jumping and Bipartite Half
(Induced-)Subgraph problems do not admit FPT algorithms. Our results are obtained
by appropriate reductions from the Maximum Balanced Biclique problem, and then
exploiting the known FPT-inapproximability result of [9] under Gap-ETH, to show that
our problems cannot have an FPT algorithms. The natural open problems that arise from
our results (and also from the previous works) is obtaining fixed parameter intractability
results for these problems under standard and more well-believed conjectures like FPT ̸=
W[t], where t ∈ N \ {0}.
4

We assume T2k,2k is an induced subgraph of Gf1 ,f2 [X ∗ ∪ Y ∗ ] when we are considering the problem
Bipartite Half Induced-Subgraph, whereas, we assume that it is a subgraph when we are considering
the problem Bipartite Half Subgraph.
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We believe that our (negative) result regarding Bipartite Half (Induced-)Subgraph
maybe a useful starting point for obtaining newer results, similar to its counterparts, like
Clique and Biclique. Again we note that not many (parameterized) reductions are known,
which refute FPT algorithms under conjectures like Gap-ETH, one of the exceptions to the
above is the result of [4]. We believe that newer conjectures like Gap-ETH maybe useful in
obtaining newer (and perhaps easier) fixed parameter intractability results, and our reduction
serves as a (yet another) evidence for it.
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Abstract

We define a class of problems whose input is an n-sized set of d-dimensional vectors, and where
the problem is first-order definable using comparisons between coordinates. This class captures a
wide variety of tasks, such as complex types of orthogonal range search, model-checking first-order
properties on geometric intersection graphs, and elementary questions on multidimensional data like
verifying Pareto optimality of a choice of data points.
Focusing on constant dimension d, we show that any k-quantifier, d-dimensional such problem
is solvable in O(nk−1 logd−1 n) time. Furthermore, this algorithm is conditionally tight up to
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1

Introduction

Algorithmic problems based on comparing elements according to a total ordering relation are
as fundamental as they are useful. Any introductory algorithms textbook starts with sorting
and other comparison-based problems. For higher dimensional data, problems involving
comparisons for multiple components, such as range queries, are equally fundamental in
computational geometry. In databases, queries need to handle data with many fields that
can be compared (beyond other relations on the data), such as listing all employees who are
not managers of another employee, with seniority in one range and salary in another.
In this paper, we give a general, systematic study of the complexity of multi-dimensional
comparison problems. We define complexity classes capturing the notion of “multi-dimensional
comparison problems”, as appropriate in geometry and in databases, with the classes P T Od
representing geometric problems in d dimensional data, and T Od representing problems that
combine ordering and other relations for such data, as would be found in databases. We then
identify the maximum complexity of problems in these classes under standard assumptions
in fine-grained complexity, and relate the classes to each other and other studied complexity
classes. For many subclasses, we find natural complete or hard problems where progress on
better algorithms for these problems would result in better algorithms for the entire subclass.
While our results are varied, with upper bounds, conditional lower bounds and completeness results, a consistent theme emerges. Our classes are intermediate between two previously
studied classes of logically defined problems, first-order in the sparse representation (e.g.,
graph problems in adjacency list format) and first-order in the dense representation (e.g,
graph problems in adjacency matrix format). While orderings are dense relations, with
quadratically many pairs for which they hold, they are a special case that can be represented
succinctly, by giving an array of ranks for each element. What emerges in our results is that
multi-dimensional ordering problems are very tightly connected to first-order in the sparse
representation, and not directly connected to the dense representation. Thus, while they
give substantially different settings, we give many senses in which sparse relations can be
coded in terms of orders, and where orderings can be reduced to sparse relations.

1.1

A class of geometric ordering problems: P T Ok,d

As an example for multi-dimensional comparison problems, consider 2D orthogonal range
searching: given a set of 2-dimensional data points D, answer Boolean queries of the form
∃x ∈ D : x ∈ [ℓ1 , u1 ] × [ℓ2 , u2 ],
where [ℓ1 , u1 ] × [ℓ2 , u2 ] is a given orthogonal range. Note that here, we may without loss of
generality replace each point’s coordinate in dimension d by its rank among the coordinates
in dimension d of all points in D. Typical variants include to report, count or optimize over
all elements in the query range. A long line of research starting in the 70s, including [37, 42,
22, 11, 40, 19], gives fast algorithms for such tasks, e.g., an algorithm to preprocess D such
as to answer queries in time O(log log n) using space O(n log log n), see [19]. Many more
complex algorithmic tasks can be solved using orthogonal range techniques, see [25, 8] for an
overview.
Also more complex tasks than mere orthogonal range searching arise naturally: In a set
of d-dimensional data points D, consider a feature (or property) F of the data points that
can be described as being contained in an orthogonal range [ℓ1 , u1 ] × · · · × [ℓd , ud ]. Given a
family F of such features, there are several natural questions to ask:
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decide if all features are present in the dataset:
∀F = [ℓ1 , u1 ] × · · · × [ℓd , ud ] ∈ F ∃x ∈ D : x ∈ F
decide if some data point displays all features:
∃x ∈ D ∀F = [ℓ1 , u1 ] × · · · × [ℓd , ud ] ∈ F : x ∈ F
decide if two different features are equivalent on D:
∃F1 ∈ F ∃F2 ∈ F ∀x ∈ D : F1 ̸= F2 ∧ (x ∈ F1 ↔ x ∈ F2 ).
Some of these questions can be quickly answered using orthogonal range reporting queries,
for others it seems that already the output size of single such query might pose a possibly
unnecessary bottleneck. Furthermore, some features might be comparison-based, but more
complex than a simple orthogonal range, e.g.,1
x ∈ F (ℓ1 , u1 , . . . , ℓd , ud ) ⇐⇒
(x1 ∈ [ℓ1 , u1 ] → (x2 ∈ [ℓ2 , u2 ])) ∧ (x1 ∈
/ [ℓ1 , u1 ] → (x3 , . . . , xd ) ∈ [ℓ3 , u3 ] × · · · × [ℓd , ud ])).
In such cases, it would not be immediate whether orthogonal range search techniques can be
used at all.
We formalize a notion of “multi-dimensional comparison problems” by introducing a class
of problems P T Ok,d (for “purely total ordering property”) of model-checking a k-quantifier
first-order property on a relational structure with d total ordering relations (each succinctly
represented as a sorted list of objects) as well as unary relations (to enable comparison of
coordinates with constants). In particular, this class contains any property ψ of the form
ψ = Q1 x(1) Q2 x(2) . . . Qk x(k) : ϕ(x(1) , . . . , x(k) ),
where Qi ∈ {∃, ∀}, x(i) ranges over a set of d-dimensional vectors (which we also call objects),
(a)
(b)
and ϕ is an arbitrary Boolean formula involving only comparisons of the form xi ≤ xi with
(a)
(b)
1 ≤ a, b ≤ k (here, xi , xi denotes the i-th dimension of x(a) , x(b) , respectively), as well as
comparisons with constants. We will refer to d as the dimension of a formula ψ ∈ P T Ok,d .
For this paper throughout, we think of ϕ as fixed formula, and thus k, d are constants. See
Section 2 for further details.
The class P T Ok,d includes all problems as mentioned above, but also tasks such as
verifying Pareto optimality of a given set of d-dimensional data points with respect to a
superset, or given a set of d-dimensional geometric objects, determine whether there are k
distinct such objects whose bounding boxes intersect.
We furthermore extend this class to T Ok,d , where we allow, beyond d total ordering
relations, also arbitrary additional relations (represented explicitly). These two classes
encompass in particular the following types of problems:
Model-checking first order properties of geometric intersection graphs: Presence of
an edge in an intersection graph of axis-parallel boxes can be decided using comparisons
of coordinates. Thus, any k-quantifier first-order property on such geometric intersection
graphs in Rd can be formulated as a problem in P T Ok,d , such as finding k pair-wise
non-intersecting d-dimensional axis-parallel unit-cubes [38].2
temporal logic: using a single total ordering relation, we may represent precedence in a
time domain. Thus, we may express temporal logical statements involving expressions
over future or past events in T Ok,1 .
1
2

The given expression could model the following feature: if a person is of working age (x1 ∈ [ℓ1 , u1 ]), use
criterion x2 ∈ [ℓ2 , u2 ], otherwise use (x3 , . . . , xd ) ∈ [ℓ3 , u3 ] × · · · × [ℓd , ud ].
For even more involved types of algorithmic tasks beyond k-quantifier first-order properties, see, e.g., [20]
(All-Pairs Shortest Paths) or [24] (NP-hard problems).
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relational databases with ordered types: in relational databases, we may use totally
ordered data types (salaries of employees, time events, rank in a sorted list, etc.) as
succinct representation to enable comparisons. In this context, studying the complexity
of a problem in T Ok,d corresponds to studying the data complexity of a fixed query.

1.2

Our results

Let k ≥ 2. We show that any problem in P T Ok,d involving n objects can be solved in
time O(nk−1 logd−1 n) which is Õ(nk−1 ) for any constant dimension d. We extend this
algorithm to run in time O(mk−1 logd−1 m) for sentences in T Ok,d , where m denotes the sum
of the number of objects and the size of the additional relations, i.e., the number of tuples
contained in the relation. We show the matching conditional lower bound that there is some
sentence in P T Ok,3k−3 that requires time Ω(nk−1−o(1) ) under the 3-uniform hyperclique
hypothesis [36, 2, 15, 34] – this hypothesis postulates that nk±o(1) running time is essentially
best possible for finding cliques in hypergraphs. (See the full version of this paper for further
details.)
Beyond these general upper and lower bounds, we also seek to identify hard or even
complete problems for this class. Such problems capture the full generality of these classes,
in the sense that finding a significantly improved algorithm for this problem would give an
improved algorithm for all problems in the class. We use the following fine-grained notion
of hardness/completeness: Formally, let P be a problem whose best known algorithm runs
in time TP (n) and let C be a class of problems whose best known algorithms runs in time
TC (n). We say P is hard for a class of problems C, if any TP (n)1−ϵ -time algorithm for P
′
with ϵ > 0 gives a TC (n)1−ϵ -time algorithm for all problems in C for some ϵ′ > 0. We
say that P is complete for C, if it is hard for C and contained in C. In particular, if P is
complete for C, then P admits substantial improvements over time TP (n) if and only if all
problems in C admit substantial improvements over TC (n).
We identify such problems for specific quantifier structures. In particular, we focus on
the 3-quantifier case, since all 2-quantifier O(1)-dimensional total order properties can be
solved in near-linear time Õ(n) (Theorem 2), and all k-quantifier properties with k > 3 can
be reduced to the 3-quantifier case via brute forcing (Corollary 4). Focusing on P T Ok,d , we
obtain the following results (see Table 1):
1. For existentially quantified pure total ordering properties (denoted by P T O∃∃∃,d ), we
give an Õ(n2ω/(ω+1) ) = Õ(n1.407 ) time algorithm and identify the well-studied triangle
detection in sparse graphs as a complete problem3 .
2. For the quantifier structure ∀∃∃, we also give an Õ(n2ω/(ω+1) ) = Õ(n1.407 ) time algorithm
by showing that the problem of counting, for each edge in a sparse graph, the number
of triangles containing this edge is hard for the class P T O∀∃∃,d . Since we reduce to a
counting problem rather than a member of this class, we do not obtain a completeness
result, however.
3. For the quantifier structure ∃∀∃, we were unable to find a complete or hard problem.
However, we give evidence that this quantifier structure does not contain a complete
problem for P T Ok,d by showing that all P T O∃∀∃,d problems have a Õ(n)-time nondeterministic and co-nondeterministic algorithm. Since we also show a n2−o(1) SETH4 -based

3
4

Strictly speaking, we identify the following 3-dimensional problem (which is linear-time equivalent to
triangle detection in sparse graphs) as complete for P T O∃∃∃,d : ∃x, y, z : x1 = z1 ∧ x2 = y2 ∧ y3 = z3 .
Strong Exponential Time Hypothesis (SETH) for CNF-SAT: For all ϵ > 0, there exists a k so that
k-CNF-SAT cannot be solved in time O(2n(1−ϵ) ) [33].
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lower bound for P T O3,d when d → ∞, this rules out existence of such a complete problem
using deterministic reductions under NSETH, a nondeterministic variant of SETH [17].
We also give a conditional lower bound of n2−o(1) under the Hitting Set conjecture.
4. Finally, for the seemingly most difficult quantifier structure of ∃∃∀, we show n2−o(1) -time
conditional lower bounds under SETH and the 3-uniform hyperclique hypothesis, and
identify the following complete problem for P T O∃∃∀,d , which we call Vector Concatenated
Non-Domination VCNDd : Given three sets of vectors X, Y and Z of dimension d, d and
2d, respectively, is there an x ∈ X and a y ∈ Y so that their concatenation x ◦ y is not
dominated by any z ∈ Z, where vector u is dominated by vector v if ui ≤ vi for each
coordinate 1 ≤ i ≤ d.
Note that this covers all quantifier structures for k = 3, as deciding Q1 Q2 Q3 ϕ with Qi ∈ {∃, ∀}
is equivalent to deciding Q1 Q2 Q3 ϕ where ∀ = ∃, ∃ = ∀ and ϕ is the negation of ϕ.
These results identify the VCNDd problem as the essentially only candidate (up to finegrained equivalence) to be complete for P T O3,d under NSETH: It is complete for ∃∃∀, and
all problems with a different 3-quantifier structure have either improved deterministic or
(co-)nondeterministic algorithms, and thus cannot be complete without major consequences
in fine-grained complexity. It remains a challenge to prove or disprove completeness of
VCNDd for P T O3,d (beyond its completeness for P T O∃∃∀,d ).
Since the above results motivate VCNDd as a central problem for P T Ok,d , we work
1
towards algorithmic improvements for this problem. In particular, we obtain an Õ(n2− 2d )time algorithm for VCND whenever one set of vectors is of dimension 2 and the other is
of dimension d. Note that obtaining such an O(n2−ϵ(d) ) time algorithm with ϵ(d) > 0 for
general VCNDd would refute the 3-uniform hyperclique hypothesis by our conditional lower
bound and completeness result.
Finally, we show that our algorithmic results extend to the class T Ok,d (see Section 3
for details), while all hardness results trivially apply, since they are already proven for the
subclass P T Ok,d . Generally speaking, this shows that the database setting (with additional
sparse relations) does not increase the fine-grained complexity compared to the geometric
setting of purely total ordering properties.

1.3

Previous work

This work continues a relatively new direction, fine-grained complexity of complexity classes.
Fine-grained complexity aims to not only qualitatively classify problems as “easy” or “hard”,
but (to the extent possible) pin-point their exact complexities. We now have a wide collection
of standard algorithmic problems where any significant improvements in algorithmic running
time would refute one or more conjectures about well-studied problems, such as the k-SUM
problem [26], All Pairs Shortest Paths [44, 3, 36], SAT [33, 41], or Orthogonal Vectors
[6, 14, 1, 12, 16, 39, 35, 9, 2, 13]. Recent work in fine-grained complexity has gone from
considering problems one at a time to following traditional complexity in considering classes
of problems. Fine-grained reductions often cut across the usual complexity classes (with
reductions from N P -complete problems to first-order properties, for example), but on the
other hand, fine-grained complexity distinguishes between problems with the same traditional
complexities (e.g., two different N P -complete problems might have very different properties in
fine-grained complexity). Nevertheless, there are now a number of classes of problems, grouped
by logical structure or common format, whose fine-grained complexity is at least partially
understood: dense first-order properties [43]; sparse first order properties [17, 29, 15]; several
extensions of first order [28]; and certain formats of dynamic programming problems [35, 27].
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The most closely related previous work to our results are [43, 29]. Both of these papers
consider the class of first-order definable properties, the first for the dense case (where
each relation is given as a matrix, aka adjacency matrix format), and the second for the
sparse case (where the input is given as a list of tuples in the relations, e.g., for graphs,
adjacency list format). This class is natural both in terms of computational complexity,
where it is the uniform version of AC0 ([30]), and in database theory, because these are the
queries expressible in basic SQL [7]. First-order logic can also express many polynomial time
computable problems: Orthogonal Vectors, k-Orthogonal Vectors, k-Clique, k-Independent
Set, k-Dominating Set, etc. Not only were the likely complexities of the hardest problems
(as a function of number of quantifiers) given, but in the second paper, a natural complete
problem was identified, the Orthogonal Vectors problem (OV). The conclusion was that
there were substantial improvements possible in the worst-case complexity of model checking
for first-order properties if and only if the known algorithms for Orthogonal Vectors can be
substantially improved. Using a recent sub-polynomial improvement in OV algorithms by
[4, 21], they obtained a similar improvement in model checking for every first-order property.
[28] extends this work to related logics such as transitive closure logics, first-order logic on
totally ordered sets, and first-order logic with function symbols. They show that model
checking for first-order logic with a single total ordering is actually equivalent to that for
unordered structures under fine-grained reductions. In contrast, we show that for even two
orderings, the model checking problem becomes substantially harder, meaning we require
new techniques to characterize the complexity of problems on multi-dimensional data.
There is also work on classes of problems that are related in spirit, but do not form a wellstudied complexity class. V.-Williams and Williams [44] study problems related to shortest
paths in graphs, and shows that many are subcubic-time equivalent. Künnemann et al. [35]
study dynamic programming problems with a similar structure and give a unified treatment
of their fine-grained complexities. Gao [27] extends this class of dynamic programming
problems from lines to tree-like structures such as bounded treewidth graphs.

2

Preliminaries

The following notion of fine-grained reductions was introduced in [44].
▶ Definition 1 (Fine-grained reduction). Let (Π1 , T1 (m)) ≤FGR (Π2 , T2 (m)) denote that for
every ϵ > 0 there is a δ > 0 and a Turing reduction from Π1 to Π2 so that the time for the
P
reduction (not counting oracle calls) is O(T1 (m)1−δ ) and q (T2 (|q|))1−ϵ ∈ O(T1 (m)1−δ ),
where the sum is over all oracle calls q made by the reduction on an instance of size m.
In other words, if there is some ϵ > 0 such that problem Π2 is in TIME((T2 (m))1−ϵ ), then
problem Π1 is in TIME((T1 (m))1−δ ) for some δ > 0, i.e., if Π2 can be solved substantially
faster than T2 then Π1 can be solved substantially faster than T1 . If both T1 and T2 are
Θ(m2 ), the reduction is called a subquadratic reduction. We say that Π1 and Π2 are
fine-grained equivalent if there is a fine-grained reduction from Π1 to Π2 and vice versa.
We use this notation not only on single problems but also on classes of problems. Let
C1 and C2 be classes problems. (C1 , T1 (m)) ≤FGR (C2 , T2 (m)) if for all problems Π1 ∈ C1
there is a Π2 ∈ C2 so that (Π1 , T1 (m)) fine-grained reduces to (Π2 , T2 (m)).

Details on P T Ok,d and T Ok,d
In this paper, we consider the fine-grained complexity of model checking problems definable
in first-order logic on structures with d binary relations x ≤i y, 1 ≤ i ≤ d, where each
binary relation is a total pre-order of the universe (i.e., transitive, reflective, total, but not
necessarily anti-symmetric.)
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Total orders. We use x ≤i y to represent the i’th relation in our family holding between
x and y. Such a relation is dense, holding for Θ(n2 ) pairs of elements. However, we can
represent such a representation succinctly, by giving an array which for each element specifies
its rank in a list sorted by the ordering relation (with some elements having the same rank,
if inequality holds in both directions). It is in this succinct format that ordering relations
are described for our problems.
Equivalently, we may represent all ordering relations by representing each object x as a
d-dimensional vector (x1 , . . . , xd ), where xi denotes the rank of x in the i’th ordering relation.
Thus, it is equivalent to write x ≤i y or xi ≤ yi , and we will switch between these two based
on which seems clearer for the given circumstance.
The vectors we get in this way are very special, in that the coordinates are always positive
integers from 1 to n. However, also problems defined about d dimensional vectors over any
totally ordered domain (such as R) fall into our setting, since in O(n log n) time we can
replace each xi with its rank in the set of i’th coordinates of vectors.
Unary relations. We also allow unary relations, or, equivalently, comparisons to constants.
More precisely, any unary relation U is represented as a list of objects for which U holds.
Apart from allowing us to put objects into categories (sometimes called colored properties),
this enables us to express comparisons of coordinates with constants: To express whether
x ≤i γ for some constant γ, we introduce a unary relation symbol Ui≤γ that holds for all x
with xi ≤ γ. Thus from now on, it suffices to declare constants γ explicitly, and afterwards
we may express arbitrary comparisons like xi ̸= γ or xi > γ. Note that since we always
consider fixed formulas ψ, each considered property will use O(1) constants for comparisons.
Definition of P T Ok,d . We denote the class of purely total ordering model-checking problems
for first-order formulas in pre-orderings and unary relations specified as above where the
formula has d distinct ordering relations and k total occurrences of quantifiers by P T Ok,d .
P T Ok is the union of P T Ok,d over all constants d. We can further divide P T Ok into 2k
sub-classes based on the quantifier structure, so for example P T O∃∃∃ is the sub-class of
P T O3 where the model-checking problems are for formulas of the form ∃x∃y∃zΦ(x, y, z)
where Φ is quantifier-free. We let n be the size of the universe of the structure, which is also,
up to constant factors, the size in terms of O(log n)-bit words required to specify all total
pre-orderings and unary relations. Algorithm time for problems in P T O is thus measured in
terms of n. In this format, it is a constant time operation to evaluate whether any relation is
true or false for specified elements.
Definition of T Ok,d . We generalize P T Ok,d to the class T Ok,d by also allowing the formula
and models to have any constant number of sparse relations of any constant arity. These are
specified as lists of tuples where the relation holds. Let the problem size be denoted by m,
which is equal to the sum of the number of elements n and the number of tuples.
We assume all algorithms start with quasi-linear time preprocessing steps to create data
structures such as hash tables or binary search trees that allow fast determination (constant
time or logarithmic time) of whether a relation holds for given elements, and allows one to
list the tuples in a relation that contain a given element in at most poly-log time + poly-log
time times the number of such tuples.
On the difference. P T Ok,d is a more “geometric” class of problems, and so it is interesting
when we can reduce combinatorial problems to this class. Therefore, we will focus on these
classes when giving conditional hardness results. T Ok,d is closer to the type of problems
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Table 1 Our results for P T Ok,d , where we assume that d is an arbitrarily large constant.
Quantifier structure

k quantifiers, k > 3

3 quantifiers
2

. . . ∃∃∀ (sym.: . . . ∀∀∃)
complete: VCNDd
(Thm. 13)

Õ(n )

. . . ∃∀∃ (sym.: . . . ∀∃∀)
complete: open

Õ(n2 )
Õ(n)
(co-)nondet.

2−o(1)

n
for d = 6
(3-unif. HC, Thm. 14)
n2−o(1) for d → ∞
(SETH, Thm. 15)
n2−o(1) for d → ∞
(Hitting Set, Thm. 11)

Õ(n

k−1

)

Õ(nk−1 )
Õ(nk−2 )
(co-)nondet.
Õ(nk− ω+1 )
= O(nk−1.59 )

2ω

Õ(nk− ω+1 )
= O(nk−1.59 )

Õ(n ω+1 )
= O(n1.41 )

. . . ∃∃∃ (sym.: . . . ∀∀∀)
complete: triangle det.
(Thm. 6)

Õ(n ω+1 )
= O(n1.41 )

nk−2−o(1) for d = 2
(SETH, Thm. 12)

ω+3

2ω

. . . ∀∃∃ (sym.: . . . ∃∀∀)
complete: open
hard: ETC
(Thm. 8)

nk−1−o(1) for d = 3k − 3
(3-unif. HC, Thm. 14)

ω+3

that might arise in applications such as database queries. Therefore, we will focus on T Ok,d
when giving algorithms or other upper bounds on complexity. Since P T Ok,d ⊆ T Ok,d , lower
bounds for P T Ok,d are stronger results, and upper bounds for T Ok,d are stronger results.
Further examples of problems in P T Ok,d . To define further well-studied problems in
P T Ok,d , we say that a vector u dominates vector v if ui ≥ vi for all 1 ≤ i ≤ d, and denote
this by u ≥dom v. Furthermore, given a set of d-dimensional real vectors A, we say that
vector set B is Pareto-optimal for A if for every a ∈ A there is a b ∈ B with b ≥dom a.
Vector Domination Problem (see, e.g. [31]): Given two sets of d-dimensional real vectors
A and B, are there two vectors u ∈ A and v ∈ B such that u ≥dom v?
Pareto Optimality Verification (see, e.g. [32]): Given a set A of vectors, and a candidate
vector set B, determine whether B is indeed Pareto optimal for A.
From the definition, both problems are in P T O2,d . As we will see, they can be solved in
time O(n logd−1 n). For superconstant dimension d, [31, 18] give further improvements.

3

Technical Overview

In this section, we give the main ideas for all of our results, see Table 1 for an overview. Due
to space constraints, the proofs are deferred to the full version of this paper.
One of our main results is an upper-bound on model-checking sentences in P T Ok,d and
T Ok,d .
▶ Theorem 2. There is an algorithm running in time O(n logd−1 (n)) for model-checking a
two-quantifier formula Q1 xQ2 yφ(x, y) with d ordering relations and unary predicates.
Specifically, we obtain this result using the following lemma, which we obtain by a
reduction to orthogonal range counting.
▶ Lemma 3. Given a formula φ(x, y) with d ordering relations and unary predicates and
two sets X, Y of vectors in Rd , there is an O(n logd−1 (n)) time algorithm that returns an
array A indexed by each x ∈ X so that A[x] is the number of y ∈ Y so that φ(x, y) is true.

H. An et al.

3:9

Combining the above theorem with exhaustive search over the first k − 2 quantifiers yields
▶ Corollary 4. Model-checking formulas in P T Ok,d is in TIME(nk−1 logd−1 (n)).
If we have additional explicitly represented relations, more work is required. For such
cases, throughout the paper, we will always assume that these relations are sparse, i.e., the
total input size is m = O(n). In this case, we obtain the same asymptotic running time.
▶ Theorem 5. Model-checking formulas in T Ok,d is in TIME(mk−1 logd−1 (m)).
The idea is to reduce the problem to the purely totally ordered case by assuming that all
sparse relations are empty; using Lemma 3 for the 2-quantifier case, we can obtain for each
x the number of y satisfying the condition. We then repair these counts to the true values
by iterating over the additional sparse relations, similar to the baseline algorithm in [29].
Note that in Section 3.4, we discuss a lower bound proving these baseline algorithms to
be conditionally optimal under fine-grained hardness assumptions.
In the remainder of the section, we distinguish our results based on the quantifier structure.
Since any k-quantifier formula with k > 3 reduces to the 3-quantifier setting via brute force
over the first k − 3 quantifiers, we only regard 3-quantifier structures.

3.1

Quantifier Structures Ending in ∃∃∃

Recall that informally, we call a problem complete for a class if it is contained in the class
and model-checking any sentence in the class reduces to our problem. For sentences in
P T Ok,d ending in ∃∃∃, we show that detecting triangles in a sparse graph is complete for
this class. By current running time bounds for the problem [10], we obtain a running time of
Õ(n2ω/(ω+1) ) = Õ(n1.407... ).
▶ Theorem 6. The triangle detection problem in sparse graphs is fine-grained equivalent to
a problem that is complete for model-checking ∃∃∃ formulas with only ordering relations and
unary relations.
More precisely, the following ordering property is shown to be complete: ∃x∃y∃z : x1 =
z1 ∧ x2 = y2 ∧ y3 = z3 which is easy to be seen equivalent to triangle detection in sparse
graphs.
Intuitively, we reduce to this problem as follows: Given a formula ∃x∃y∃zϕ(x, y, z), we
can determine whether ϕ(x, y, z) holds once we know all comparisons between x, y, z in each
dimension i. A challenge here is to reduce comparisons like xi < yi to an equality check:
Similar to a trick used in [45], we do this by guessing the highest-order bit of divergence
between xi and yi to obtain a “proof” only involving equalities; since we may assume that
1 ≤ xi , yi ≤ n (by working in rank space), there are only O(log n) choices for a single
comparison. The key observation is that the quantifier structure is sufficiently well behaved
to make this reduction work: we only need to guess these bits of divergence for O(d) many
comparisons and can express correctness of all proofs for comparisons between x and z using
equality on the first dimension, between x and y using the second dimension, and between y
and z using the third dimension. In total, this results in an admissible blow-up of logO(d) n.
We turn to the setting with additional sparse relations, i.e., formulas in T O∃∃∃,d . Here
we establish the triangle counting problem in sparse graphs as hard for the class. Since the
approach of [10] also gives a counting algorithm in the same running time as detection, we
establish the same algorithmic upper bound.
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▶ Theorem 7. Every problem in T O∃∃∃,d reduces to the problem of counting the number of
triangles in a sparse graph via reductions that preserve time up to polylog factors.
Handling the additional sparse relations is highly non-trivial. In particular, to obtain
our result, we first show that the triangle counting problem is hard for model-counting ∃∃∃
formulas in the sparse setting of [29], which is interesting in its own right.
Since triangle detection is a classical problem, improving the bound of O(n1.407 ) for ∃∃∃
structures already in the purely total ordering case would be a major algorithmic result.

3.2

Quantifier Structures Ending in ∀∃∃

For quantifier structures ending in ∀∃∃, we obtain a hard problem: We show that every
problem in T O∀∃∃,d (and thus also P T O∀∃∃,d ) reduces to that of determining, for each edge
in a sparse graph, how many triangles contain this edge; we call this problem Edgewise
Triangle Counting (ETC). Again, currently the best algorithm for this problem is essentially
the same as that for triangle detection and counting [10].
▶ Theorem 8. Edgewise Triangle Counting is hard for model-checking T O∀∃∃,d formulas.
Since the high-level arguments for this results substantially build on the hardness result
for T O∃∃∃,d , we defer all details for this result to the full version of this paper.

3.3

Quantifier Structures ending in ∃∀∃

For the quantifier structure of ∃∀∃, we are unable to establish a complete problem. However,
this quantifier structure admits (co-)nondeterministic algorithms that are faster than the
baseline algorithm.
▶ Theorem 9. Model-checking formulas in P T Ok,d ending in ∃∀∃ can be done in nondeterministic and co-nondeterministic time O(nk−2 logd−1 (n)).
The main idea is as follows: Consider any ∃x∀yQzϕ(x, y, z) property. For the nondeterministic algorithm, we simply (nondeterministically) guess x and solve the remaining
2-quantifier problem ∀yQzϕ(x, y, z) in time O(n logd−1 n) using the baseline algorithm. For
the co-nondeterministic algorithm, we need to verify that ∀x∃yQzϕ(x, y, z). Here, for every x,
we (nondeterministically) guess a witness yx and solve the remaining Qzϕ(x, yx , z) formula
using the approach of Theorem 2.
For the case of total ordering properties with additional sparse relations, this approach
is not directly applicable: If, e.g., all guessed witnesses yx happen to participate in many
tuples of the sparse relations, we have to repeatedly solve problems with a large input size.
We remedy this problem by taking care of such large degree witness yx explicitly; while this
√
incurs a certain slow-down, we can limit it to a factor of O( n).
▶ Theorem 10. Model-checking formulas in T Ok,d ending in ∃∀∃ can be done in nondeterministic and co-nondeterministic time O(mk−3/2 logd−1 (m)).
As a consequence of the above nondeterministic algorithms, assuming NSETH [17], we
cannot establish hardness beyond nk−2−o(1) for P T O∃∀∃,d using deterministic SETH-based
reductions. However, by reducing from a problem with low (co-)nondeterministic complexity,
specifically, the Hitting Set conjecture [5], we can give a conditional lower bound already for
P T O∃∀∃,d (as d → ∞) that matches our baseline algorithm.
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▶ Theorem 11. Assuming the Hitting Set conjecture, for all ϵ > 0, there exists some d and
a P T O∃∀∃,d sentence that cannot be solved in time O(n2−ϵ ).
The proof of this result is reminiscent to some reductions in [23]. We reduce from Hitting
Set (given sets of vectors A, B ⊆ {0, 1}c log n for arbitrary c, determine whether some a ∈ A
is non-orthogonal to all b ∈ B) to a formula ∃x∀y∃zψ(x, y, z) as follows: We think of x
ranging over vectors a ∈ A, y ranging over b ∈ B, and think of z as a “proof” of the fact
that a, b are non-orthogonal, given by a prover Merlin. There is a trade-off between size
of the proofs and the required dimension to represent the vectors, which we set in a way
that bounds the number of possible proofs to O(n), resulting in a dimension d growing only
with c (independently of n).
We also give a conditional lower bound from SETH for k > 3 that matches the NSETH
barrier following from the (co-)nondeterministic algorithms. Notably, this lower bound
already applies to dimension d = 2.
▶ Theorem 12. Assuming SETH, there exists some P T Ok,2 sentence ending in ∃∀∃ that
cannot be solved in time O(nk−2−ϵ ) for any ϵ > 0.
We reduce the k-Orthogonal Vectors problem into an ∃k ∀∃-quantified 2-dimensional
formula. Intuitively, the first k existential quantifiers choose k vectors, the ∀-quantifier ranges
over all vector-dimensions to test, and crucially, the final ∃-quantifier enables to guess which
of the k vectors has a 0-coordinate in this vector-dimension. Here, the final ∃-quantifier is
instrumental in making the formula’s dimension independent of the vector dimensions.

3.4

Quantifier Structures ending in ∃∃∀

For sentences in P T Ok,d ending in ∃∃∀, we obtain the complete problem VCNDd : Given
three sets of vectors X, Y and Z of dimension d, d and 2d, respectively, determine if there an
x ∈ X and a y ∈ Y so that their concatenation x ◦ y is not dominated by any z ∈ Z.
▶ Theorem 13. For all d, there exists a d′ such that VCNDd′ is complete for model-checking
∃∃∀ formulas in P T Ok,d .
This is one of our most interesting results. We reduce a formula ∃x ∈ X∃y ∈ Y ∀z ∈
Z : ψ(x, y, z) to VCNDd as follows: We carefully divide all pairs in X × Y into instances
(X1 , Y1 ), . . . , (XL , YL ) such that for each instance (Xℓ , Yℓ ), all comparisons xi < yi , xi =
yi , xi > yi for all dimensions i are uniform among pairs x ∈ Xℓ , y ∈ Yℓ . Thus, for each ℓ, we
may simplify ψ to a formula ψℓ not involving comparisons between x and y. In particular,
we may express ψℓ in CNF, where each clause is a disjunction of {<, ≤, ≥, >}-comparisons
between xi and zi or between yi and zi (in some dimension i). Since all such clauses need to
be fulfilled simultaneously, for each z ∈ Z and clause C, we introduce some zC chosen such
that the clause C is falsified if and only if x ◦ y are dominated by zC .
We show a matching conditional lower bound of nk−o(1) for P T O∃k ∀,d under the 3-uniform
hyperclique hypothesis.
▶ Theorem 14. For k ≥ 2 and h ≥ 3, under the h-uniform HyperClique hypothesis, there is
a sentence in P T Ok+1,hk ending in ∃∃∀ that requires time Ω(nk−o(1) ).
We use the first k quantifiers to represent a choice of clique nodes, each represented in its
own dimension, and use the ∀ quantifier to check that no forbidden configuration is used
(a non-edge in the given hypergraph). Naively, this would create Θ(n3 ) rather than O(n)
objects, which we remedy by reducing from finding hypercliques of size hk (rather than k).
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We also establish a SETH-based lower bound directly for VCNDd . The reduction is very
similar to our Hitting-Set-based lower bound for ∃∀∃-structures.
▶ Theorem 15. Assuming SETH, for every ϵ > 0, there is a d such that VCNDd requires
time Ω(n2−ϵ ).
Specialized algorithm for VCNDd . Since our completeness results establishes VCNDd as
a central problem for the study of P T Ok,d , we consider special cases of the problem. In
particular, if one of these sets contains vectors of dimension 2, while the other contains
vectors of dimension d, we show the following algorithm, which uses the Erdös-Szekeres
Theorem as main ingredient. We use this to extract lists of vectors so that when we restrict
to any dimension, the vectors appear in monotonic increasing or decreasing order. This way,
the vectors that dominate some fixed vector x form an interval, which allows us to take
advantage of fast segment trees that solve an interval covering problem.
1

e 2− 2d ) time algorithm for VCND when one set of vectors is
▶ Theorem 16. There is a O(n
of dimension 2 and the other is of dimension d.
Note that such an improvement to Õ(n2−ϵ(d) ) with ϵ(d) > 0 for the general VCNDd
problem would refute the 3-uniform hyperclique hypothesis by Theorem 14. In the appendix,
we also give an algorithm for very high-dimensional VCNDd .

4

Conclusion and open problems

We have introduced general classes T Ok,d , P T Ok,d of multidimensional ordering problems as
model-checking problems for k-quantifier first-order formulas over d succinctly represented
ordering relations (with or without additional explicitly represented relations). We gave a
conditionally tight algorithm running in time O(mk−1 logd m) for all these problems. For
P T Ok,d , we gave complete or hard problems for most quantifier structures, and identified a
problem VCNDd as the essentially only candidate to be complete for P T Ok,d .
The main open problem is to prove or disprove that VCNDd is complete for P T Ok,d . The
major challenge here is to reduce ∃∀∃-quantified ordering problems to the ∃∃∀-quantified
VCNDd . Such a reduction is possible in the unordered setting [29], but its unclear how to
make this approach work in our setting. Likewise, can we prove that a hybrid version of
VCNDd and the orthogonal vectors problem (which is complete for the sparse-relational
setting [29]) is complete for T Ok,d ? An intermediate step could be to find a complete problem
for ∃∀∃-quantified ordering problems.
A further general algorithmic question is to study existence of improved algorithms for
very small constant dimensions d, such as d = 1 and d = 2, in particular the existence of
O(n2−ϵ(d) ) time algorithms with ϵ(d) > 0, for 3-quantifier problems. In this direction, we
1
have given an O(n2− 2d )-time algorithm for the central VCND problem where one set of
vectors has dimension 2 and the other has dimension d. Note that by our results, such an
algorithm for the general VCNDd problem would refute the 3-uniform HyperClique conjecture.
Can we classify which problems admit such improved algorithms for small dimensions?
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Introduction

A vertex cover in a graph G is a subset of vertices containing at least one endpoint of
every edge. In the associated optimization problem, called Minimum Vertex Cover, the
objective is to find, given an input graph G, a vertex cover in G of minimum size. This
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problem has been one of the leitmotifs of the area of parameterized complexity [21,26], serving
as a test bed for many of the most fundamental techniques. An instance of a parameterized
problem is of the form (x, k), where x is the total input (typically, a graph) and k is a positive
integer called the parameter. The crucial notion is that of fixed-parameter tractable algorithm,
FPT for short, which is an algorithm deciding whether (x, k) is a positive instance in time
f (k) · |x|O(1) , where f is a computable function depending only on k. In the parameterized
Vertex Cover problem, we are given a graph G and an integer parameter k, and the
objective is to decide whether G contains a vertex cover of size at most k. One of the main
fields within parameterized complexity is kernelization [31], where the objective is to decide
whether an instance (x, k) of a parameterized problem can be transformed in polynomial
time into an equivalent instance (x′ , k ′ ) whose total size is bounded by a function of k; the
reduced instance is called a kernel, and finding kernels of small size, typically polynomial or
even linear in k in the best case, is one of the most active areas of parameterized complexity.
There are several techniques for obtaining linear kernels for the Vertex Cover problem [31].
Considering the “max-min” version of minimization problems, that is, maximizing the
size of a minimal solution of the corresponding problem, is a natural approach that has been
applied to several problems such as Dominating Set [5, 28] (whose “max-min” version is
called Upper Domination), Feedback Vertex Set [27], or Hitting Set [4, 22]. In this
article we are interested in the “max-min” version of Minimum Vertex Cover, called
Maximum Minimal Vertex Cover, or just MMVC for short.

Previous work. In his habilitation, Fernau [30] presented FPT algorithms for MMVC as
well as some results about its kernelization parameterized by the solution size k. It is easy
to note, as observed in [30], that the problem admits a kernel with at most k 2 vertices: if
some vertex has degree at least k, we can safely answer “yes” (cf. Lemma 2 for a proof);
otherwise, the maximum degree is at most k − 1, and it follows that every instance without
isolated vertices (which may be safely removed) that has at least k 2 vertices is a yes-instance,
hence we have a trivial kernel with at most k 2 vertices. Fernau [30] presented a kernel with
at most 4k vertices for MMVC restricted to planar instances using the algorithmic version
of the Four Color Theorem [47], and claimed in [30, Corollary 4.25] a kernel with at most
2k vertices on general graphs using spanning trees. Unfortunately, this latter kernelization
algorithm is incorrect, as we discuss at the end of Section 3.
Boria et al. [16] initiated a study of the complexity of MMVC and presented a number of
results, in particular a polynomial-time approximation algorithm with ratio n1/2 on n-vertex
graphs, and showed that, unless P = NP, no polynomial-time approximation algorithm with
ratio n1/2−ε exists for any ε > 0. They also presented FPT algorithms for MMVC for several
choices of the parameters such as the treewidth, the size of a maximum matching, or the size
of a minimum vertex cover of the input graph. The authors asked explicitly whether kernels
of size o(k 2 ) exist for MMVC parameterized by k.
Zehavi [50] presented tight FPT algorithms, under the Strong Exponential Time Hypothesis, for MMVC and its weighted version parameterized by the size of a minimum
vertex cover. Recently, Bonnet and Paschos [14] and Bonnet et al. [13] considered the
inapproximability of MMVC in subexponential time.
Note that the MMVC problem is the dual of the well-studied Minimum Independent
Dominating Set problem (to see this, note that the complement of any minimal vertex
cover is an independent dominating set), which has applications in wireless and ad-hoc
networks [42]. We refer to the survey of Goddard and Henning [35].
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Our results and techniques. In this article we focus on the kernelization of the MMVC
problem, which has been almost unexplored so far in the literature. Motivated by the question
of Boria et al. [16] about the existence of subquadratic kernels for MMVC, we introduce a
generic framework to obtain lower bounds on the degree of a “certain type” of polynomial
kernels for parameterized vertex-maximization problems (in particular, for MMVC), based
on a hypothesis that guarantees an inapproximability result, typically P ̸= NP. Informally,
by “certain type” we mean kernelization algorithms that, in polynomial time, either decide
the instance (by answering “yes” or “no”) or produce an equivalent instance of the considered
problem in which the value of an optimal solution is “preserved”, in the sense that it may
drop only by the drop suffered by the parameter; see Definition 6 for the formal details.
We call such kernels large optimal preserving kernels, or lop-kernels for short. Even if this
type of kernels may seem restrictive, we are not aware of any known polynomial kernel for
a vertex-maximization problem, such as those that have become nowadays standard [31],
which is not a lop-kernel. The idea of our approach is to show (Theorem 3) that a lop-kernel
yields a polynomial-time approximation algorithm whose ratio depends on the degree of the
kernel, and to use known inapproximability results to obtain the desired lower bound.
1
Combining Theorem 3 (for r = 12 ) with the known O(n 2 −ε )-inapproximability result for
MMVC by Boria et al. [16] immediately rules out the existence of a lop-kernel for MMVC
with O(k 2−ε ) vertices for any ε > 0, unless P = NP. Thus, while Corollary 4 does not
completely rule out the existence of subquadratic kernels for MMVC, it tells that, if such a
kernel exists, it should consist of “non-standard” reduction rules.
Interestingly, our framework has consequences beyond the MMVC problem, namely
for the Maximum Minimal Feedback Vertex Set (MMFVS) problem, defined in the
natural way. Dublois et al. [27] recently provided a cubic kernel for MMFVS parameterized
2
by the solution size, and proved that the problem does not admit an O(n 3 −ε )-approximation
algorithm for any ε > 0, unless P = NP. Hence, by applying Theorem 3 with r = 23 we
obtain (Corollary 5) that the cubic kernel of Dublois et al. [27] is essentially optimal.
In Section 4 we translate our framework to vertex-minimization problems, whose applicability is summarized in Theorem 13. Compared to existing frameworks to obtain lower
bounds on kernelization, such as cross-compositions [8, 10], weak compositions [23, 24, 40],
polynomial parameter transformations [6, 11], or techniques to obtain lower bounds on the
coefficients of linear kernels [18], or that relate approximation and kernelization [1,7,37,43,45],
our approach has the advantages that it is quite simple, straightforward to apply, and on
same hypothesis on which the inapproximability result is based, typically P ̸= NP. On the
negative side, it has the following two drawbacks. The first one is that it can only be applied
to vertex-maximization (or minimization) problems which are very hard to approximate,
namely within a factor O(nr−ε ) for some constant r > 0. Finally, our techniques are able to
rule out the existence of what we call lop-kernels of certain sizes, but smaller non-standard
kernels that do not preserve the value of large optimal solutions might, a priori, still exist.
Hence, since our framework seems to be orthogonal to existing ones, we think that it adds to
the above list of techniques to obtain kernelization lower bounds.
Coming back to the MMVC problem parameterized by the solution size, given the above
negative result on general graphs, we identify graph classes where MMVC is still NP-hard
and admits a subquadratic kernel. In particular, we deal with graph classes defined by
excluding an induced subgraph H that satisfies the Erdős-Hajnal property [29], that is, for
which there exists a constant δ > 0 such that every H-free graph on n vertices contains either
a clique or an independent set of size nδ . In particular, we present a kernel for MMVC with
2t−3
O(k 7/4 ) vertices on the well-studied class of bull-free graphs (Theorem 15), with O(k t−1 )

IPEC 2021

4:4

A New Framework for Kernelization Lower Bounds

vertices on Kt -free graphs for every t ≥ 3, and with O(k 5/3 ) vertices on paw-free graphs. The
latter two results can be found in the full version [3]. To the best of our knowledge, this is
the first time that the Erdős-Hajnal property is used to obtain polynomial kernels (we would
like to note that it was used by Kratsch et al. [44] to obtain kernelization lower bounds).
Our strategy to obtain these subquadratic kernels on H-free graphs is as follows. By
the high-degree rule mentioned above, given an instance (G, k), we may assume that the
maximum degree of G is at most k − 1. We find greedily a minimal vertex cover X of G.
If |X| ≥ k we are done, so we may assume that |X| ≤ k − 1, hence the goal is to bound
the size of S := V (G) \ X. Using that G[X] is also H-free, the Erdős-Hajnal property
implies (Lemma 14) that X can be partitioned in polynomial time into a sublinear (in k)
number of independent sets and cliques. Since S is an independent set and we may assume
that G has no isolated vertices, in order to bound |S| by a subquadratic function of k, it is
enough to show that, for each of the sublinearly many cliques or independent sets Y that
partition X, its neighborhood in S has size O(k). This is easy if Y is an independent set: if
|NS (Y )| ≥ k we can conclude that (G, k) is a yes-instance (Lemma 2), so we may assume
that |NS (Y )| ≤ k − 1. The case where Y is a clique is more interesting, and we need ad-hoc
arguments depending on each particular excluded induced subgraph H. In the full version [3]
we also present several positive results for MMVC restricted to other graph classes, such as
K1,t -free graphs, or graph classes with bounded cliquewidth or chromatic number.
Finally, we show (Theorem 17) that MMVC, parameterized by the size of a minimum
vertex cover (or of a maximum matching) of the input graph, does not admit a polynomial
kernel unless NP ⊆ coNP/poly, even restricted to bipartite graphs. This result complements
the FPT algorithms for MMVC under these parameterizations given by Boria et al. [16]
and Zehavi [50], and shows that, in what concerns the existence of polynomial kernels for
MMVC, the most natural structural parameters smaller than the solution size are not large
enough to yield polynomial kernels (note that the treewidth of any graph is at most one
more than its vertex cover number, hence our result rules out the existence of polynomial
kernels for MMVC parameterized by treewidth as well). The proof consists of a polynomial
parameter transformation from Monotone Sat parameterized by the number of variables.
In particular, our reduction yields also the NP-hardness of MMVC on bipartite graphs,
which provides an alternative proof to the one of Boliac and Lozin [12] via the NP-hardness
of Minimum Independent Dominating Set on bipartite graphs.

Organization. Due to space limitations, some of the contents have been moved to full
version [3]. In Section 2 we provide some basic preliminaries about graphs, the MMVC
problem, and parameterized complexity. In Section 3 we state our framework to obtain
kernelization lower bounds and present its consequences for MMVC and MMFVS. We
present in Section 4 our framework for vertex-minimization problems, but due to space
constraints we only provide the basic definitions and the main result (Theorem 13). We
discuss in Section 5 the flaw in the linear kernel for MMVC claimed by Fernau [30]. Section 6
is devoted to the subquadratic kernel on bull-free graphs, which captures the main ideas
of our approach using the Erdős-Hajnal property. Further subquadratic kernels and other
positive results for MMVC can be found in the full version [3]. Our reduction to rule out
the existence of polynomial kernels for MMVC parameterized by the size of a minimum
vertex cover is presented in Section 7. We conclude the article in Section 8 with a discussion
and some directions for further research.
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Preliminaries

Graphs and functions. We use standard graph-theoretic notation, and we refer the reader
to [25] for any undefined notation. For an integer p ≥ 1, we let [p] be the set containing all
integers i with 1 ≤ i ≤ p. We use ⊎ to denote the disjoint union. We will only consider finite
undirected graphs without loops nor multiple edges, and we denote an edge between two
vertices u and v by {u, v}. A subgraph H of a graph G is induced if H can be obtained from
G by deleting a set of vertices D = V (G) \ S, and we denote H = G[S]. A graph G is H-free
if it does not contain any induced subgraph isomorphic to H. If H is a collection of graphs,
a graph G is H-free is it is H-free for every H ∈ H. For a graph G and a set S ⊆ V (G), we
use the notation G \ S = G[V (G) \ S], and for a vertex v ∈ V (G), we abbreviate G \ {v} as
G \ v. A vertex v is complete to a set S ⊆ V (G) if v is adjacent to every vertex in S.
The open (resp. closed) neighborhood of a vertex v is denoted by N (v) (resp. N [v]),
whenever the graph G is clear from the context. For vertex sets X, Y ⊆ V (G), we define
S
N [X] = v∈X N [v], N (X) = N [X] \ X, NY [X] = N [X] ∩ Y , and NY (X) = NY [X] \ X.
The degree of a vertex v in a graph G is defined as |N (v)|, and we denote it by degG (v), or
just deg(v) of the graph is clear from the context. For an integer t ≥ 1, we denote by Pt
(resp. It , Kt ) the path (resp. edgeless graph, complete graph) on t vertices. For two integers
a, b ≥ 1, we denote by Ka,b the bipartite graph with parts of sizes a and b.
A clique (resp. independent set) of a graph G is a set of vertices that are pairwise adjacent
(resp. not adjacent). A graph property is hereditary if whenever it holds for a graph G, it
holds for all its induced subgraphs as well. Note that the properties of being an edgeless or a
complete graph or an independent set are hereditary. We denote by ∆(G) (resp. ω(G) the
maximum vertex degree (resp. clique size) of a graph G.
A vertex cover of a graph G is a set of vertices containing at least one endpoint of every
edge, and it is minimal if no proper subset of it is a vertex cover. The main problem we
study in the paper is formally stated as follows. We state it as a decision problem, since
most of our results consider its parameterization by the solution size k.
Maximum Minimal Vertex Cover (MMVC)
Input: A graph G and a positive integer k.
Question: Does G contain a minimal vertex cover of size at least k?
The following observation has been already used in previous work [16, 50].
▶ Observation 1. Let G be a graph. A set X ⊆ V (G) is a minimal vertex cover of G if and
only if X is a vertex cover of G and, for every vertex v ∈ X, N (v) ⊈ X.
The next lemma provides a useful way to conclude that we are dealing with a yes-instance
in our kernelization algorithms.
▶ Lemma 2. Let G be a graph and let S ⊆ V (G) be an independent set. There exists a
minimal vertex cover of G containing N (S).
Proof. Note that, since S is an independent set, V (G) \ S is a vertex cover of G. Hence, there
exists a minimal vertex cover X of G such that X ⊆ V (G) \ S. We claim that N (S) ⊆ X.
Suppose for the sake of contradiction that there exists a vertex v ∈ N (S) such that v ∈
/ X.
Since v has a neighbor u in S and S ∩ X = ∅, the edge {u, v} would not be covered by X. ◀
Note that, in particular, Lemma 2 implies that if (G, k) is an instance of the Maximum
Minimal Vertex Cover problem and v ∈ V (G) is a vertex of degree at least k, then we
can conclude that (G, k) is a yes-instance. This will allow us to assume, in our kernelization
algorithms, that ∆(G) ≤ k − 1.
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Parameterized complexity. We refer the reader to [21, 26] for basic background on parameterized complexity, and we recall here only some basic definitions used in this article. A
parameterized problem is a language L ⊆ Σ∗ × N. For an instance I = (x, k) ∈ Σ∗ × N, k is
called the parameter.
A parameterized problem is fixed-parameter tractable (FPT) if there exists an algorithm
A, a computable function f , and a constant c such that given an instance I = (x, k), A
(called an FPT algorithm) correctly decides whether I ∈ L in time bounded by f (k) · |I|c .
For instance, the Vertex Cover problem parameterized by the size of the solution is FPT.
For an instance (x, k) of a parameterized problem Q, a kernelization algorithm is an
algorithm A that, in polynomial time, generates from (x, k) an equivalent instance (x′ , k ′ ) of
Q such that |x′ | + k ′ ≤ f (k), for some computable function f : N → N, where |x′ | denotes
the size of x′ . If f (k) is bounded from above by a polynomial of the parameter, we say that
Q admits a polynomial kernel. In particular, if f (k) is bounded by a linear (resp. quadratic)
function, then we say that Q admits a linear (resp. quadratic) kernel.
A polynomial parameter transformation, abbreviated as PPT, is an algorithm that, given
an instance (x, k) of a parameterized problem A, runs in time polynomial in |x| and outputs
an instance (x′ , k ′ ) of a parameterized problem B such that k ′ is bounded from above by a
polynomial on k and (x, k) is positive if and only if (x′ , k ′ ) is positive. If a parameterized
problem A does not admit a polynomial kernel unless NP ⊆ coNP/poly and there exists a
PPT from A to a parameterized problem B, then B does not admit a polynomial kernel
unless NP ⊆ coNP/poly either [21].

3

A general framework for ruling out certain polynomial kernels

In this section we introduce our generic framework to obtain lower bounds on the degree
of a “certain type” of polynomial kernels, which we call lop-kernels (see Definition 8), for
parameterized vertex-maximization problems. Namely, we prove the following theorem. Note
that, when applying it to a concrete problem Π, the inapproximability of Π will rely on some
complexity assumption, typically P ̸= NP.
▶ Theorem 3. Let Π be a vertex-maximization problem whose decision version is in NP,
and suppose that Π does not admit a polynomial-time approximation algorithm with ratio
O(nr−ε ) on n-vertex graphs for r, ε ∈ (0, 1]. Then Π parameterized by the solution size does
′
1
ε
not admit a lop-kernel with O(k 1−r −ε ) vertices for ε′ = (1−r+ε)(1−r)
when r ∈ (0, 1), or with
1

O(k ε ) vertices when r = 1.
Boria et al. [16] proved that the Maximum Minimal Vertex Cover problem does
1
not admit an O(n 2 −ε )-approximation algorithm for any ε > 0, unless P = NP. Hence, by
applying Theorem 3 with r = 21 we obtain the following corollary.
▶ Corollary 4. Maximum Minimal Vertex Cover parameterized by the solution size does
not admit a lop-kernel with O(k 2−ε ) vertices for any ε > 0, unless P = NP.
Dublois et al. [27] recently provided a cubic kernel for the Maximum Minimal Feedback
Vertex Set problem (defined naturally) parameterized by the solution size, and proved
2
that the problem does not admit an O(n 3 −ε )-approximation algorithm for any ε > 0, unless
P = NP. Hence, by applying Theorem 3 with r = 23 we obtain the following corollary, which
states that the cubic kernel of Dublois et al. [27] is essentially optimal.
▶ Corollary 5. Maximum Minimal Feedback Vertex Set parameterized by the solution
size does not admit a lop-kernel with O(k 3−ε ) vertices for any ε > 0, unless P = NP.
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In the remainder of this section we prove Theorem 3. In order to do so, we present
simple self-contained ad-hoc arguments relating the kernel size to the approximability of the
considered problem.
We define lop-rules for an arbitrary vertex-maximization problem Π such that the input
is a graph G, the output is a subset S ⊆ V (G) satisfying some conditions, and the goal is to
maximize |S|. Given a graph G and an integer k, we say that (G, k) is a yes-instance of Π if
optΠ (G) ≥ k, where optΠ (G) denotes the maximum size of a solution of Π in G.
▶ Definition 6. A large optimal preserving reduction rule, or lop-rule for short, for a
vertex-maximization problem Π, is a polynomial-time algorithm R that, given a pair (G, k),
where G is a graph and k is a positive integer, computes another pair (G′ , k ′ ) with 0 ≤ k ′ ≤ k
such that
1. if (G, k) is a no-instance of Π, then (G′ , k ′ ) is a no-instance of Π, and
2. if (G, k) is a yes-instance of Π, then optΠ (G′ ) ≥ optΠ (G) − (k − k ′ ), implying that (G′ , k ′ )
is a yes-instance of Π.
Note that Property 2 in Definition 6 is stronger than the implication “if (G, k) is a yesinstance of Π, then (G′ , k ′ ) is a yes-instance of Π”, which would yield a classical kernelization
algorithm. Indeed, when we consider how this latter implication is generally proved in
safeness proofs of classical kernels, one of the following scenarios often occur:
(a) For every solution S in G there exists a solution S ′ in G′ with |S ′ | ≥ |S| − (k − k ′ ).
(b) If there exists a solution S in G with |S| ≥ k, then there exists a solution S ′ in G′ with
|S ′ | ≥ |S| − (k − k ′ ).
(c) If there exists a solution S in G with |S| ≥ k, then there exists a solution S ′ in G′ with
|S ′ | ≥ k ′ .
In Case (a), the rule preserves all optimal solutions, and it implies that optΠ (G′ ) ≥
optΠ (G) − (k − k ′ ). In Case (b), the rule preserves only large optimal solutions, and it
implies that if optΠ (G) ≥ k, then optΠ (G′ ) ≥ optΠ (G) − (k − k ′ ), implying Property 2 above;
note that if optΠ (G) < k, then optΠ (G′ ) and optΠ (G) are not necessarily related. Case (c)
corresponds to the weaker and classical implication “if (G, k) is a yes-instance of Π, then
(G′ , k ′ ) is a yes-instance of Π”.
The following observation is an immediate consequence of the definition of a lop-rule.
▶ Observation 7. lop-rules can be composed. Formally, consider two lop-rules R1 and R2 .
Then, the rule R that, given a instance (G, k), returns R2 (R1 (G, k)) is a lop-rule.
A typical example of a lop-rule is when we can identify a “dominant” set of vertices that
can be safely included into a solution. More precisely, consider a rule that finds a subset
T ⊆ V (G) and a graph G′ such that there exists an optimal solution S ⋆ in G such that
S ⋆ = T ∪ S ′ , where S ′ is a solution in G′ , and for every solution S ′ in G′ , S ′ ∪ T is a solution
in G. Such a rule is a lop-rule, as we even fall into Case (a) described above.
Even if we are not aware of known reduction rules for vertex-maximization problems that
are not lop-rules, we can artificially devise such an example. For instance, for the MMVC
problem, given an instance (G, k), if there is a vertex that has more than k neighbors of
degree one, we can safely delete all but any k of them to obtain a reduced graph G′ , and
leave k unchanged. Note that this rule falls into Case (c) above, since by Lemma 2 both G
and G′ are yes-instances of MMVC, but it does not satisfy Property 2 in Definition 6, since
mmvc(G) may be arbitrarily larger than mmvc(G′ ).
If we defined a lop-kernel as an algorithm consisting only of lop-rules, we would exclude
from being a lop kernel, for instance, a rule that detects a yes-instance as in the above
paragraph. This justifies the next definition, where we allow lop-kernels to decide instances.
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▶ Definition 8. Let Π be a vertex-maximization problem and let s : N → N be a computable
function. A lop-kernel of size s for Π parameterized by the solution size is a polynomial-time
algorithm that takes as input an instance (G, k), produces a reduced instance (G′ , k ′ ) by
applying a (possibly empty) sequence of lop-rules to (G, k), and either
determines that (G′ , k ′ ) is a yes-instance or a no-instance, or
outputs (G′ , k ′ ) with |V (G′ )| ≤ s(k).
Note that, as lop-rules provide equivalent instances, if the lop-kernel falls into the first
case (where it correctly decides (G′ , k ′ )), then it also correctly decides (G, k). On the other
hand, if it falls into the second case (where it outputs (G′ , k ′ )), and the kernel has size O(k c )
for some constant c ≥ 1, then Property 2 implies that optΠ (G) ≤ optΠ (G′ ) + (k − k ′ ) ≤
|V (G′ )| + k = O(k c ). Hence, a lop-kernel of size O(k c ) yields a polynomial-time algorithm
certifying either that optΠ (G) ≥ k (when it decides that (G, k) is a yes-instance), or that
optΠ (G) = O(k c ) (when it decides that (G, k) is a no-instance, or outputs (G′ , k ′ )).
Our next objective is to use such a polynomial-time algorithm in order to obtain an
approximation algorithm for the considered problem. For this, we need the following definition,
which is inspired by a similar notion introduced by Hochbaum and Shmoys [41], and referred
to as f -relaxed decision procedure in [48]. Note that the definition in [41] is for a minimization
problem, and their algorithm has either to certify that optΠ (G) > k, or to produce a solution
(which is not required here) of size at most f (k).
▶ Definition 9. Let Π be a vertex-maximization problem and let f : N → N be a function.
An f -dual-approximation algorithm for Π is a polynomial-time algorithm that, given a graph
G and a positive integer k, concludes one of the following:
optΠ (G) ≥ k.
optΠ (G) < f (k).
In the next lemma we prove that a lop-kernel of size s yields an f -dual-approximation
algorithm (where f depends on s), which in turn yields a classical approximation algorithm
whose ratio depends on s. For the latter implication, proved in Lemma 11, we restrict
ourselves to functions s that are polynomial, since our goal is to obtain lower bounds on the
degree of polynomial kernels.
▶ Lemma 10. Let Π be a vertex-maximization problem and let s : N → N be a computable
function. If Π parameterized by the solution size k admits a lop-kernel of size s(k), then Π
admits an f -dual-approximation algorithm with f (k) := s(k) + k + 1.
Proof. Let A be a lop-kernel of size s(k) for Π parameterized by the solution size. Given an
instance (G, k), let (G′ , k ′ ) be the instance computed by A (using only lop-rules). Observe
first that, according to Observation 7, we have that the sequence of lop-rules involved in
the reduction from (G, k) to (G′ , k ′ ) is equivalent to a single lop-rule that transforms (G, k)
into (G′ , k ′ ). If A concludes that (G′ , k ′ ) is a yes-instance, then as a lop-rule provides an
equivalent instance, we conclude that (G, k) is a yes-instance, and fall into the first item of
Definition 9.
Otherwise, we claim that optΠ (G) < f (k). If A concludes that (G′ , k ′ ) is a no-instance,
then we conclude that (G, k) is a no-instance. This implies optΠ (G) < k, and we are done
because k ≤ f (k) for every k ≥ 0. It remains to consider the case where A outputs (G′ , k ′ ). If
optΠ (G) < k then again we are done. Otherwise, as optΠ (G) ≥ k, Property 2 in Definition 6
implies that optΠ (G) ≤ optΠ (G′ ) + (k − k ′ ) ≤ |V (G′ )| + k < s(k) + k + 1 = f (k).
◀
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In the proof of the next lemma we need the hypothesis that decision version of the
considered problem Π belongs to NP, to be able to verify in polynomial time if a vertex
subset is a solution. Due to this, we also need this hypothesis in Theorem 3.
▶ Lemma 11. Let Π be a vertex-maximization problem whose decision version is in NP,
c > 1 be a real number, and f : N → N be a computable function with f (k) = O(k c ). If Π
admits an f -dual-approximation algorithm, then Π admits a polynomial-time approximation
c−1
algorithm with ratio O(n c ) on n-vertex graphs.
Proof. Let A be an f -dual-approximation algorithm for Π. We proceed to construct a
polynomial-time approximation algorithm for Π with the claimed ratio1 . Given an nvertex graph G, let k0 be the largest positive integer k such that algorithm A returns that
optΠ (G) ≥ k. Note that k0 can be found in polynomial time by performing at most n calls to
algorithm A. If k0 = 0, we have that optΠ (G) < f (0) = O(1), and since the decision version
of Π is in NP, we can find an optimal solution in polynomial time by verifying all vertex
subsets of size at most f (0). Otherwise, that is, when k0 ≥ 1, our approximation algorithm
returns k0 . Let us prove that it provides the claimed approximation ratio.
We distinguish two cases depending on the value of k0 . Suppose first that k0 ≥ n1/c .
Since optΠ (G) ≤ n, in this case we get that
c−1
optΠ (G)
n
≤ 1/c = n c .
k0
n

(1)

Otherwise, it holds that k0 < n1/c . By the definition of k0 we have that optΠ (G) <
f (k0 + 1) = O((k0 + 1)c ) = O((k0 )c ). Thus, in this case we get that
 c−1 

optΠ (G)
O((k0 )c )
=
= O (k0 )c−1 = O n c .
k0
k0
Since in both cases we have a ratio of O(n

c−1
c

), the lemma follows.

(2)
◀

We finally have all the ingredients to prove Theorem 3.
Proof of Theorem 3. We prove that Π parameterized by the solution size does not admit a
1
1
lop-kernel with O(k 1−r+ε ) vertices. Once this is proved, the theorem follows since 1−r+ε
is
1
1
ε
′
′
equal to ε when r = 1 and 1−r − ε for ε = (1−r+ε)(1−r) when r ∈ (0, 1).
Assume to the contrary that Π parameterized by the solution size k admits a lop-kernel
1
with O(k 1−r+ε ) vertices. By Lemma 10 it follows that Π admits an f -dual-approximation
1
1
algorithm with f (k) = O(k 1−r+ε ) + k + 1 = O(k 1−r+ε ). We use this to get a contradiction by
1
and obtain that Π admits a polynomial-time approximation
applying Lemma 11 for c = 1−r+ε
r−ε
algorithm with ratio O(n ) on n-vertex graphs.
◀

4

Our framework for vertex-minimization problems

In this section we provide the definitions of lop-kernel for vertex-minimization problems and
present the corresponding result, Theorem 13, which is the translation of Theorem 3 to
vertex-minimization problems. All the details can be found in the full version [3].

1

We consider here the problem of computing an approximation of the optimal value, and not constructing
the corresponding solution. This is not restrictive, as the type of inapproximability results that allow
the application of Theorem 3, such as [16, 27], also apply to this case.
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We consider an arbitrary vertex-minimization problem Π such that the input is a graph G,
the output is a subset S ⊆ V (G) satisfying some conditions, and the goal is to minimize |S|.
Given a graph G and an integer k, we say that (G, k) is a yes-instance of Π if optΠ (G) ≤ k,
where optΠ (G) denotes the minimum size of a solution of Π in G. In order to state our general
result, we first need to define lop-rules and lop-kernels for vertex-minimization problems.
▶ Definition 12. A large optimal preserving reduction rule, or lop-rule for short, for a
vertex-minimization problem Π, is a polynomial-time algorithm R that, given a pair (G, k),
where G is a graph and k is a positive integer, computes another pair (G′ , k ′ ) with 0 ≤ k ′ ≤ k
such that
1. if (G, k) is a yes-instance of Π, then (G′ , k ′ ) is a yes-instance of Π, and
2. if (G, k) is a no-instance of Π, then optΠ (G′ ) ≥ optΠ (G) − (k − k ′ ), implying that (G′ , k ′ )
is a no-instance of Π.
Recall (cf. Definition 6) that a lop-rule for a vertex-maximization problem can be seen as
a classical kernel whose property “if (G, k) is a yes-instance, then (G′ , k ′ ) is a yes-instance”
is strengthened, whereas Property 2 in Definition 12 is a reinforcement of the classical
implication “if (G, k) is a no-instance of Π, then (G′ , k ′ ) is a no-instance of Π”. This apparent
lack of symmetry is due to technical reasons that make it possible to prove Theorem 13.
However, both versions look more similar if we rewrite them in the following way. Namely,
the two properties of Definition 6 can be rewritten as
1. if optΠ (G) < k, then optΠ (G′ ) < k ′ , and
2. if optΠ (G) ≥ k, then optΠ (G′ ) ≥ optΠ (G) − (k − k ′ ), implying that optΠ (G′ ) ≥ k ′ ,
and the two properties of Definition 12 can be rewritten as
1. if optΠ (G) ≤ k, then optΠ (G′ ) ≤ k ′ , and
2. if optΠ (G) > k, then optΠ (G′ ) ≥ optΠ (G) − (k − k ′ ), implying that optΠ (G′ ) > k ′ .
Indeed, observe that the above conditions are exactly the same in both definitions, up to
strict inequalities. Note also that, in both cases, these rules preserve “large solutions” in G
into G′ , and this is why we call both of them “lop-rules”.
Once we have defined lop-rules for vertex-minimization problems, the definition of lopkernel for a vertex-minimization problem is the same as for vertex-maximization problems,
that is, the same as Definition 8 by just replacing “vertex-maximization” with “vertexminimization”.
Note that, as lop-rules provide equivalent instances, if the lop-kernel falls into the first
case (where it correctly decides (G′ , k ′ )), then it also correctly decides (G, k). On the other
hand, if it falls into the second case (where it outputs (G′ , k ′ )), and the kernel has size O(k c )
for some constant c ≥ 1, then Property 2 implies that optΠ (G) ≤ optΠ (G′ ) + (k − k ′ ) ≤
|V (G′ )| + k = O(k c ). Hence, a lop-kernel of size O(k c ) yields a polynomial-time algorithm
certifying either that optΠ (G) > k (when it decides that (G, k) is a no-instance), or that
optΠ (G) = O(k c ) (when it either decides that (G, k) is a yes-instance, or outputs (G′ , k ′ )).
As in the case of vertex-maximization problems, we can use such a polynomial-time
algorithm in order to obtain an approximation algorithm for the considered problem, and this
is the main idea behind the proof of Theorem 13, which can be found in the full version [3].
▶ Theorem 13. Let Π be a vertex-minimization problem whose decision version in NP, and
suppose that Π does not admit a polynomial-time approximation algorithm with ratio O(nr−ε )
on n-vertex graphs for r, ε ∈ (0, 1]. Then Π parameterized by the solution size does not admit
′
1
1
ε
a lop-kernel with O(k 1−r −ε ) vertices for ε′ = (1−r+ε)(1−r)
when r ∈ (0, 1), or with O(k ε )
vertices when r = 1.
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An attempt to obtain a linear kernel for MMVC

In this section we briefly explain the flaw in the linear kernel for MMVC claimed by
Fernau [30, Corollary 4.25], and that is based on joint unpublished work with Dehne, Fellows,
Prieto, and Rosamond. The kernelization algorithm is a small modification of a linear kernel
for the Nonblocker Set problem presented by Ore [46]. A set of vertices S of a graph
G is a nonblocker if its complement is a dominating set of G, that is, for every u ∈ S there
exists v ∈
/ S with {u, v} ∈ E(G). In the Nonblocker Set problem, we are given a graph
G and an integer parameter k, and the goal is to decide whether G contains a nonblocker
of size at least k. Suppose for simplicity that G is connected. The idea is to consider an
arbitrary spanning tree T of G, root it arbitrarily at a vertex r, and partition V (G) = V0 ⊎ V1
such that the vertices in V0 (resp. V1 ) are within even (resp. odd) distance from r in T . By
construction, each of V0 and V1 is a nonblocker in G, so if one of them has size at least k, we
can answer “yes”, and otherwise |V (G)| ≤ 2k and we are done.
Back to MMVC, it is observed in [30, Reduction rule 24] that a simple reduction rule
allows to assume that no connected component of G is a clique (in particular, an isolated
vertex). Assume again for simplicity that G is connected. It is then claimed in [30] that,
using the same algorithm as for Nonblocker Set, the largest of V0 and V1 , say V0 , can
be always completed into a minimal vertex cover of G, which would immediately yield a
kernel of size at most 2k for MMVC. Unfortunately, this claim is not true: when adding new
vertices to V0 in order to make it a vertex cover of G, we may lose the minimality property,
and some vertices may need to be removed. For instance, let G be the graph obtained from
a triangle on vertices u, v, w by adding p ≥ 2 pendant vertices to each of u, v, and w. Let T
be the spanning tree obtained from G by removing the edge {v, w}, and root T at vertex
u. Then |V0 | = 1 + 2p and |V1 | = 2 + p, so |V0 | > |V1 |, and note that the edge {v, w} is the
only edge of G not covered by V0 . But adding either of v or w to V0 , say v, results in a
non-minimal vertex cover of G, and therefore the p pendant vertices adjacent to v have to
be removed from V0 , which yields a set of size 2 + p < |V (G)|
= 3+3p
2
2 , where we have used
that p ≥ 2. In fact, deciding whether a set S ⊆ V (G) can the extended to a minimal vertex
cover of G is an NP-complete problem [17].

6

A subquadratic kernel for MMVC on bull-free graphs

In this section we present a subquadratic kernel for Maximum Minimal Vertex Cover
restricted to bull-free graphs when the parameter is the solution size k. Subquadratic kernels
on other graph classes, as well as other positive results, can be found in the full version [3],
namely on Kt -free graphs, t-bull-free graphs (that generalize bull-free graphs), paw-free
graphs, K1,t -free graphs, graphs with bounded chromatic number, and graphs with bounded
cliquewidth.
For a constant δ > 0, a graph H is said to satisfy the Erdős-Hajnal property with constant δ
if every H-free graph G on n vertices contains either a clique or an independent set of size
nδ . The (still open) Erdős-Hajnal conjecture [29] states that every graph H satisfies the
Erdős-Hajnal property. As reported by Chudnovsky [19], the Erdős-Hajnal conjecture has
been verified for only a small number of graphs, namely all graphs on at most four vertices,
the bull (i.e., the graph obtained by adding a pendant vertex to two different vertices of a
triangle), the complete graphs, and every graph that can be constructed from them using
the so-called substitution operation [2], which we define later.
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Since our goal is to use the Erdős-Hajnal property in order to obtain kernels for Maximum
Minimal Vertex Cover, we need an algorithmic version of it. As defined by Bonnet et
al. [15], for a constant δ > 0, a graph H is said to satisfy the constructive Erdős-Hajnal
property with constant δ if there exists an algorithm that takes as input an H-free graph G
on n vertices, and outputs in polynomial-time a clique or an independent set of G of size at
least nδ . Fortunately for our purposes, all the graphs H shown to satisfy the Erdős-Hajnal
property so far, also satisfy its constructive version [15].
In the following lemma, we show that, if H is a graph satisfying the constructive ErdősHajnal property, then the vertex set of an H-free graph can be partitioned in polynomial
time into “few” cliques or independent sets. This partition will then be used to obtain
subquadratic kernels on H-free graphs for several graphs H.
▶ Lemma 14. Let H be a graph satisfying the constructive Erdős-Hajnal property with
constant δ. The vertex set of any H-free graph G on n vertices can be partitioned in
polynomial time into a collection
of cliques C and a collection of independent sets I such

1
1−δ
·
n
.
that |C| + |I| ≤ 2(1−δ)
−1
Proof. Let G be an H-free graph on n vertices. We initialize X0 = V (G), C = I = ∅, and
we run the following procedure as far as |X0 | ≥ 1:
Find in polynomial time a clique or an independent set Y in G[X0 ] with |Y | ≥
|X0 |δ . Note that this is possible since G[X0 ] is an H-free graph for any X0 ⊆ V (G).
Add Y to C or to I depending on whether Y is a clique or an independent set,
respectively (if |Y | = 1, choose C or I arbitrarily). Update X0 ← X0 \ Y .
Clearly, the above algorithm terminates in polynomial time. It remains to bound |C| + |I|,
which is equal to the number of iterations of the algorithm. To this end, for a positive integer
i, we say that an iteration belongs to step i of the algorithm if the current set X0 at the
n
start of the iteration satisfies 2ni < |X0 | ≤ 2i−1
. We denote by ti the number of iterations
P∞
of the algorithm within step i. By definition, |C| + |I| = i=1 ti . Let Y be a clique or an
independent set found by the algorithm
within step i. Since the current set X0 satisfies
δ
|X0 | > 2ni , we have that |Y | > 2ni . And since the sum of the sizes of the sets found before
1−δ
the last iteration of step i is at most 2ni , it follows that ti ≤ 2ni
. Note that, in particular,
ti = 0 for i > ⌈log n⌉. Therefore, we conclude that
i


∞
∞ 
∞ 
X
X
X
n 1−δ
1
1
1−δ
1−δ
|C| + |I| =
ti ≤
= n
·
= n
·
,
2i
21−δ
2(1−δ) − 1
i=1
i=1
i=1
◀

and the lemma follows.

We are now ready to present the subquadratic kernel on bull-free graphs. Note that,
since bipartite graphs are bull-free, MMVC restricted to bull-free graphs is NP-hard by [12]
(or by Theorem 17). In the kernels presented in this section and in the full version, since we
can easily obtain explicit constants, we decided not to use the big-O notation.
▶ Theorem 15. Maximum Minimal Vertex Cover parameterized by k restricted to
bull-free graphs admits a kernel with at most c(k − 1)7/4 + k − 1 vertices, where c = 32 < 3.
2 4 −1

Proof. Let (G, k) be an instance of the Maximum Minimal Vertex Cover problem,
where G is a bull-free graph. Recall that by Lemma 2 we can assume that the maximum
degree of G is at most k − 1. We start by finding greedily, starting from V (G), a minimal
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vertex cover X of G. Note that X can be easily found in polynomial time by Observation 1.
If |X| ≥ k, we conclude that (G, k) is a yes-instance, so we can assume that |X| ≤ k − 1. Let
S = V (G) \ X and note that S is an independent set.
Since the bull satisfies the constructive Erdős-Hajnal property with constant δ = 14 [15,20],
we can apply Lemma 14 to the bull-free graph G[X] and obtain in polynomial time a
partition of X into a collection of cliques C and a collection of independent sets I such that
|C| + |I| ≤ d · |X|3/4 ≤ d · (k − 1)3/4 , where d = 31 < 1.47. Since we can assume that
2 4 −1

G has no isolated vertices, as they can be safely removed without affecting the type of the
instance, it follows that
[
[
S=
NS (C) ∪
NS (I).
(3)
C∈C

I∈I

Hence, our objective is to bound |NS (Y )| for every Y ∈ C ∪ I. Suppose first that I ∈ I is an
independent set. From Lemma 2, if |NS (I)| ≥ k we can conclude that (G, k) is a yes-instance,
so we can assume henceforth that
for every independent set I ∈ I, it holds |NS (I)| ≤ k − 1.

(4)

1
2
1
Suppose now that C ∈ C is a clique. We partition NS (C) = SC
as follows. Let SC
be
⊎ SC
an inclusion-wise maximal set of vertices in NS (C) such that for any two (not necessarily
1
1
distinct) vertices x, y ∈ SC
, |NC (x) ∪ NC (y)| ≤ |C| − 1. That is, SC
is a maximal set in
NS (C) such that the neighborhoods of its vertices pairwise do not cover the whole clique C.
2
1
1
We let SC
= NS (C) \ SC
. The following is the crucial property of the set SC
.
1
▷ Claim 16. The vertices in SC
can be ordered x1 , . . . , xp so that NC (xi ) ⊆ NC (xj ) if i ≤ j.
1
Proof. In order to prove the claim, it is sufficient to prove that, for any two vertices x, y ∈ SC
,
either NC (x) ⊆ NC (y) or NC (y) ⊆ NC (x). Suppose for the sake of contradiction that there
1
exist two vertices u ∈ NC (x) \ NC (y) and v ∈ NC (y) \ NC (x). By definition of the set SC
,
there exists a vertex w ∈ C \ (NC (x) ∪ NC (y)). But then the vertices x, y, u, v, w induce a
bull as illustrated in Figure 1, contradicting the hypothesis that G is bull-free.
◁

1
SC

x

y

u

v

2
SC

z

C

w
Figure 1 Configuration considered in the proof of Claim 16 and a vertex z ∈

T

2
x∈SC

NC (x).

T
1
Claim 16 implies in particular that, unless SC
= ∅, there exists a vertex u ∈ x∈S 1 NC (x).
C
1
Since u has degree at most k − 1 in G, and each vertex x ∈ SC
is adjacent to u, it follows
1
2
1
that |SC
| ≤ k − 1. Let us now focus on the set SC
. The definition of the set SC
together with
S
Claim 16 imply that there exists a vertex z ∈ C \ y∈S 1 NC (y). Consider now an arbitrary
C
2
1
1
vertex x ∈ SC
. Since x could not be added to SC
, there exists a vertex y ∈ SC
such that
S
NC (x) ∪ NC (y) = C. But since z ∈ C \ y∈S 1 NC (y), necessarily z ∈ NC (x). It follows that
C
T
z ∈ x∈S 2 NC (x) (see Figure 1). Using again the fact that z has degree at most k − 1 in G,
C
2
we obtain that |SC
| ≤ k − 1. Summarizing, we have that
1
2
for every clique C ∈ C, it holds |NS (C)| = |SC
| + |SC
| ≤ 2(k − 1).

(5)
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Putting all pieces together, Equations (3), (4), and (5) and the fact that |X| ≤ k − 1 and
|C| + |I| ≤ d · |X|3/4 imply that, unless we have already concluded that (G, k) is a yes-instance,
[
[
|V (G)| = |X| + |S| = |X| + |
NS (C)| + |
NS (I)|
C∈C

I∈I

≤ |X| + (|C| + |I|) · max |NS (Y )| ≤ k − 1 + d · (k − 1)3/4 · 2(k − 1)
Y ∈C∪I

= 2d · (k − 1)

7

7/4

+ k − 1,

and the theorem follows.

◀

Ruling out polynomial kernels for MMVC for smaller parameters

In this section we rule out, assuming that NP ⊈ coNP/poly, the existence of polynomial
kernels for MMVC parameterized by the size of minimum vertex cover of the input graph. As
mentioned in the introduction, the reduction given in Theorem 17 also provides an alternative
proof of the NP-completeness of MMVC on bipartite graphs, which also follows from [12].
We note that the existing NP-hardness reductions for MMVC, such as the one in [12], do
not seem to be easily modifiable so to yield the non-existence of polynomial kernels.
▶ Theorem 17. The Maximum Minimal Vertex Cover problem parameterized by the
size of a minimum vertex cover (or of a maximum matching) of the input graph does not
admit a polynomial kernel unless NP ⊆ coNP/poly, even restricted to bipartite graphs.
Proof. We present a PPT from Monotone Sat parameterized by the number of variables,
which is also an NP-completeness reduction. The Monotone Sat problem is the restriction
of the Sat problem to formulas in which the literals in each clause are either all positive
or all negative. This problem is well-known to be NP-complete [33], and it is easy to see
that, when parameterized by the number of variables, it does not admit a polynomial
kernel unless NP ⊆ coNP/poly. Indeed, Fortnow and Santhanam [32] proved that the Sat
problem parameterized by the number of variables does not admit a polynomial kernel unless
NP ⊆ coNP/poly, and the classical reduction from Sat to Monotone Sat that replaces each
variable with a “positive” and a “negative” variable and adds extra clauses appropriately [33]
is in fact a PPT when the parameter is the number of variables.
Given an instance ϕ of Monotone Sat, where the formula ϕ contains n variables and m
clauses, we construct in polynomial time an instance (G, k) of Maximum Minimal Vertex
−
Cover as follows. For each variable xi of ϕ, i ∈ [n], we add to G four vertices ℓi , x+
i , x i , ri
−
−
+
+
and three edges {ℓi , xi }, {xi , xi }, {xi , ri }, hence inducing a P4 . We call the vertex x+
i
(resp. x−
i ) a positive (resp. a negative) vertex of G. For each clause Cj of ϕ, j ∈ [m], we
add to G a vertex cj , which we connect to the positive or negative vertices corresponding to
the literals contained in Cj . This concludes the construction of G, which is illustrated in
Figure 2(a). Note that, since ϕ is a monotone formula, G is a bipartite graph. Note also that
−
the set of vertices {x+
i , xi | i ∈ [n]} is a minimum vertex cover of G of size 2n, and that the
−
set of edges {{ℓi , x+
i }, {xi , ri } | i ∈ [n]} is a maximum matching of G of size 2n. We claim
that ϕ is satisfiable if and only if G contains a minimal vertex cover of size k := 2n + m.
Suppose first that ϕ is satisfiable, and let σ be an assignment of the variables that satisfies
all the clauses in ϕ. We proceed to define a minimal vertex cover X of G of size k. First,
add to X all the clause vertices {cj | j ∈ [m]}. For every i ∈ [n], if σ(xi ) = true (resp.
+
σ(xi ) = false), add to X vertices x−
i and ℓi (resp. xi and ri ). See Figure 2(b) for an
illustration, where the set X is shown with larger red vertices. Clearly, X is a vertex cover
of G. To see that it is minimal, by Observation 1 it is enough to verify that, for every vertex
v ∈ X, N [v] ⊈ X. This condition holds easily for all vertices in X that are in the P4 ’s,
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Figure 2 (a) Illustration of the graph G built from the formula ϕ in the proof of Theorem 17.
(b) A minimal vertex cover X of G is shown with larger red vertices.

since for each P4 its vertices in X are not adjacent. Let cj be a clause vertex. Since σ is
a satisfying assignment of the variables, there exists a variable xi such that if σ(xi ) = true
(resp. σ(xi ) = false) then xi ∈ Cj (resp. x̄i ∈ Cj ). By definition of X, if σ(xi ) = true
(resp. σ(xi ) = false) then x+
/ X (resp. x−
/ X), and by construction of G we have that
i ∈
i ∈
−
+
xi ∈ N (cj ) (resp. xi ∈ N (cj )), so in both cases N [cj ] ⊈ X.
Conversely, suppose that G contains a minimal vertex cover X of size k, and we proceed
−
to define a variable assignment σ as follows. For i ∈ [n], as {x+
i , xi } ∈ E(G) we have that
−
+
+
X contains one or two vertices in the set {xi , xi }. If xi ∈
/ X (resp. x−
/ X) we set
i ∈
−
+
σ(xi ) = true (resp. σ(xi ) = false), and if both xi and xi belong to X we set σ(xi ) to true or
to false arbitrarily. We claim that σ satisfies all the clauses in ϕ. For i ∈ [n], let P i be the P4
−
i
of G induced by the vertices ℓi , x+
i , xi , ri . Since X is a vertex cover, clearly |X ∩ V (P )| ≥ 2.
−
+
i
i
We claim that |X ∩V (P )| = 2. Indeed, if |X ∩V (P )| ≥ 3, then {ℓi , xi } ⊆ X or {xi , ri } ⊆ X
(or both). But then N [ℓi ] ⊆ X or N [ri ] ⊆ X (or both), contradicting Observation 1. Thus,
S
|X ∩ V (P i )| = 2, which implies that |X ∩ i∈[n] V (P i )| = 2n, hence necessarily X contains
the whole set {cj | j ∈ [m]} of clause vertices. Consider an arbitrary clause vertex cj . Since
X is minimal and cj ∈ X, by Observation 1 there exists a neighbor of cj in G that is not
in X, and by definition of σ it follows that the literal corresponding to that neighbor of cj
satisfies clause Cj . Thus, σ is a satisfying assignment and the proof is complete.
Finally, note that the above reduction is also an NP-completeness reduction from Monotone Sat to Maximum Minimal Vertex Cover on bipartite graphs.
◀

8

Conclusions and further research

We presented a framework to obtain lower bounds on the degrees of certain types of polynomial kernels, which we called lop-kernels, for vertex-maximization and vertex-minimization
problems. Note that the classical kernels for Vertex Cover such as those using the highdegree rule, the crown decomposition rule, or the Nemhauser-Trotter rule [31], are lop-kernels.
More involved kernels, such as those based on protrusion replacement [9], are also lop-kernels.
Hence, the most natural question is whether the “lop” assumption could be dropped from
our general results, namely Theorem 3 and Theorem 13. For the vertex-minimization version
(Theorem 13), we know that this is not possible: the problem of deleting at most k vertices
from an n-vertex graph in order to obtain a tree admits a kernel with O(k 4 ) vertices [34],
but no O(n1−ε )-approximation for any ε > 0 unless P ̸= NP [49]. Therefore, if a polynomial
lop-kernel for this problem existed, it would contradict Theorem 13, assuming that P ̸= NP.
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Thus, the algebraic reduction rule presented by Giannopoulou et al. [34], which is based on
identifying a subset of linear equations of appropriate size that captures all solutions of size
at most k, cannot be (even transformed to) a lop-rule. We still do not know of a similar
example that is a vertex-maximization problem.
We showed that a direct application of Theorem 3 yields kernelization lower bounds for
MMVC (Corollary 4) and MMFVS (Corollary 5), matching the sizes of the best known
kernels for these problems. We believe that our result could be applied to other vertexmaximization problems, in particular to the “max-min” version of other vertex-minimization
problems, as they seem to be quite hard to approximate. It would be interesting to find
examples of vertex-minimization problems where Theorem 13 could be applied. Here, the
natural candidates seem to be the “min-max” version of vertex-maximization problems, which
seem to have been almost unexplored so far. We are currently working on the adaptation of
our framework to edge-maximization (or minimization) problems, and even to problems with
more general objective functions.
We presented (Section 6) subquadratic kernels on H-free graphs for some graphs H
satisfying the (constructive) Erdős-Hajnal property, such as the bull, the complete graphs, or
the paw. It would be interesting to obtain subquadratic kernels for other graphs H satisfying
the Erdős-Hajnal property, such as C4 , the diamond, P5 , or C5 . Note that, from [38], C4 and
the diamond satisfy the constructive Erdős-Hajnal property with constant δ ≥ 1/3. Note
also that the graphs constructed in the reduction of Theorem 17 are {C5 , diamond}-free, as
they are bipartite, hence MMVC is NP-hard on this class, in contrast to the fact (see the full
version [3]) that MMVC can be solved in linear time on {P5 , diamond}-free graphs. To the
best of our knowledge, the complexity on P5 -free graphs is open, as well as on K1,t graphs for
t ≥ 3 (see the full version [3]). It is worth mentioning that P5 -free graphs have unbounded
cliquewidth, because co-bipartite graphs, which are P5 -free, have unbounded cliquewidth.
As defined in Section 3, for a graph G we denoted by mmvc(G) the maximum size of a
minimal vertex cover of G. Boria et al. [16] proved that if G is an n-vertex graph without
isolated vertices, then mmvc(G) ≥ ⌊n1/2 ⌋. Note that this immediately yields a quadratic
kernel for MMVC: if k ≤ ⌊n1/2 ⌋ we answer “yes”, otherwise n ≤ k 2 . By the same argument,
if C is a graph class such that every n-vertex graph G ∈ C without isolated vertices satisfies
mmvc(G) ≥ n1/2+ε , for some ε > 0, then MMVC restricted to C admits a (subquadratic)
2
kernel with at most k 1+2ε vertices. It might be possible that this is the case for some
of the H-free graph classes for which we provided subquadratic kernels in Section 6: we
were not able to find any counterexample, that is, a family of n-vertex H-free graphs G for
which mmvc(G) = Θ(n1/2 ). In particular, the case of triangle-free graphs seems particularly
interesting. Haviland [39] and Goddard and Lyle [36] established upper bounds on the size of
a minimum independent dominating set (that is, the complement of a minimal vertex cover) of
triangle-free graphs. It follows from their results [36,39] that there exist n-vertex triangle-free
graphs G with mmvc(G) = Θ(n2/3 · log n), hence if such a constant ε > 0 as discussed above
exists for triangle-free graphs, necessarily ε ≤ 23 − 12 = 16 . Therefore, the smallest kernel that
2
we may obtain in this way on triangle-free graphs would have k 1+2ε ≤ k 3/2 vertices, which
matches the size of the kernel that we obtained in the full version [3] for the particular case
t = 3, disregarding lower-order terms and multiplicative constants. Finding such a constant
ε > 0 on H-graphs for small graphs H, in particular on triangle-free graphs, looks like a
challenging problem, having interesting connections with the Ramsey numbers [36, 39].
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We introduce the problem of finding a satisfying assignment to a CNF formula that must further
belong to a prescribed input subspace. Equivalent formulations of the problem include finding a
point outside a union of subspaces (the Union-of-Subspace Avoidance (USA) problem), and finding
a common zero of a system of polynomials over F2 each of which is a product of affine forms.
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NP-hard, and W[1]-hard when parameterized by the co-dimension of the subspace. We also prove
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On the algorithmic front, we investigate fast exponential algorithms which give non-trivial
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polynomial equations already imply a solution with running time ≈ 2r(1−1/2k) , we explore a more
combinatorial approach. Based on an analysis of critical variables (a key notion underlying the
randomized k-SAT algorithm of Paturi, Pudlak, and Zane), we give an algorithm with running
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Satisfiability in a Subspace

1

Introduction

Given an n-variate Boolean formula Φ along with an affine subspace A ⊆ Fn2 (given by
a system of F2 -linear equations) as input, we explore the complexity of testing if Φ has
a satisfying assignment in A. This is a natural twist on Boolean constraint satisfaction
problems that studies the effects of linear algebra on Boolean logic. Our focus shall be
on the case when Φ is presented in Conjunctive Normal Formal (CNF). We refer to this
problem as satisfiability in a subspace and denote it by Sub-Sat. This framework can capture
non-Boolean problems such as Graph K-Colorability indicating the richness of combining
the problem of Boolean CNF-satisfiability with a linear-algebraic constraint. We also note
that in the area of practical SAT solvers there is interest in CNF satisfiability conjuncted
with XOR constraints [26, 25].
Further, Sub-Sat has two other equivalent interesting formulations. The first of these is
union of subspace avoidance, USA for short: Given affine subspaces A1 , A2 , . . . , Am ⊆ Fn2 is
Sm
there an x ∈ Fn2 that is not in the union i=1 Ai ? A different formulation is a special case of
finding a solution to a bunch of polynomial equations pi = 0 over Fn2 , namely when each pi
is a product of affine forms. We refer to this reformulation as PAF-Sat. We will describe
these (easy) equivalences in Section 1.3.
For most of the paper, we restrict attention to the case when Φ is a k-CNF formula (a CNF
formula with clauses of width at most k) for a fixed k, referred to as the k-Sub-Sat problem.
Clearly, k-Sub-Sat is a generalization of the well-studied k-Sat (k-CNF satisfiability). In
terms of the two reformulations above, k-Sub-Sat corresponds to the USA problem when
the spaces Ai have co-dimension at most k, and for the PAF-Sat problem, each polynomial
pi is the product of up to k affine forms.
We present both hardness results and algorithms for k-Sub-Sat, described in Sections 1.1
and 1.2 below respectively. Owing to the NP-hardness of the problems, the algorithmic focus
is on exponential time algorithms that give non-trivial improvements over brute-force.
There are two possible angles from which to view the study of k-Sub-Sat. The first is as
a problem intermediate between satisfiability of k-CNF formula and a system of degree k
polynomial equations. The second is as a specific instance of a constraint satisfaction problem
(CSP) obtained by combining two fundamental types of constraints. There have been a few
works [20, 7] giving algorithms beating brute-force for some natural problems with mixed
constraints, but we are still far from a general picture of how to obtain fast exponential
algorithms for a combined template of constraints when each constraint type does admit
such non-trivial algorithms. In this context, tackling the combination of k-CNF formulas
and linear equations is a good starting point, and one that could hopefully spur a more
systematic study in the future. There have been a few investigations [15, 17, 8, 16] into the
fine-grained complexity of CSPs via the algebraic approach based on (partial) polymorphisms.
This theory has developed the tools to compare the optimal exponents of different constraint
types, identifying for instance the “easiest” NP-hard CSP within some classes. However,
with the exception of [4], polymorphisms have not been leveraged to design fast exponential
algorithms with competitive exponents.

1.1

Hardness results

Since k-Sub-Sat is a generalization of k-Sat, k-Sub-Sat inherits all the intractability results
of k-Sat for k ⩾ 3. This leaves the interesting case of 2-Sub-Sat. This turns out to be much
harder than the polynomial time solvable 2-Sat. We establish the following, showing not just
hardness (even for FPT algorithms) of the exact version, but also a tight inapproximability
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for the approximation version (even on satisfiable instances). The proofs are based on short,
simple reductions, once an appropriate problem to reduce from is chosen. 1 The W[1]-hardness
answers a question posed in [3] on the fixed-parameter complexity of 2-Sat with a global
modular constraint, parameterized by the modulus.
▶ Theorem 1.
1. 2-Sub-Sat is NP-hard. It is further W[1]-hard when parameterized by the co-dimension
of the affine space A in which we seek a satisfying assignment.
2. Given a satisfiable instance of 2-Sub-Sat, it is NP-hard to find an assignment in the
input space A that satisfies more than 3/4 + ϵ of the 2SAT clauses, for any ϵ > 0.

1.2

Algorithmic results

Analogous to seeking k-Sat algorithms faster than brute-force, we investigate fast exponential
time algorithms for k-Sub-Sat that beat the naive brute-force 2dim(A) time algorithm, where
A ⊆ Fn2 is the subspace in which we seek a solution. Algorithms for k-Sat have received
much attention and are central to the burgeoning field of fast exponential-time algorithms.
The algorithmic theory is closely connected to fixed parameter tractability and parameterized
complexity [11, 10]. The accompanying hardness theory [13, 14], based on the exponentialtime hypothesis (ETH) and the strong exponential-time hypothesis (SETH), is a sanity check
to the quest for faster algorithms for k-Sat and other NP-complete problems.
There are several interesting k-Sat algorithms with running time O∗ (2n(1−Θ(1/k)) ).2 We
only mention two significant algorithms from among these: one by Paturi, Pudlak, Zane [21]
and another due to Schöning [23]. Both algorithms are simple to describe with delightfully
clever and elegant analyses. The PPZ algorithm considers variables in a random order, and
gives each a random value unless its value is forced by a clause and previously set values.
It achieves a running time of O∗ (2n(1−1/k) ). Schöning’s algorithm starts with a random
assignment and in each step fixes an unsatisfied clause by flipping the value of a random one
of its variables. It achieves a running time of O∗ ((2 − 2/k)n ).
Given that k-Sub-Sat generalizes k-Sat, it is natural to seek exponential algorithms
with similar running times for k-Sub-Sat. For Sub-Sat with input space A ⊆ Fn2 , the
brute-force algorithm in fact runs in time O∗ (2dim(A) ). A natural question is whether we can
get similar improvements in the exponent of the O∗ (2dim(A) ) running time.
An algorithm [18] with running time about O∗ (2r(1−1/5k) ) is known for checking satisfiability of a collection of arbitrary degree k polynomial equations in r variables: Let
Pi ∈ F2 [x1 , x2 , . . . , xr ], 1 ⩽ i ⩽ m, be polynomials over the field F2 . Following [18], the
Poly-Eqs problem is solving the system of polynomial equations Pi = 0, 1 ⩽ i ⩽ m over
F2 : to check if there exists a solution in Fr2 and compute one if it exists. When Pi are
all of degree bounded by k we denote this special case by k-Poly-Eqs. The k-Poly-Eqs
problem generalizes k-Sub-Sat by the following easy transformation: Suppose the subspace
A where we seek a satisfying assignment is r dimensional. Then we can express the ith
clause in the k-Sub-Sat instance as a disjunction of k affine linear forms in r variables:
Qk
Ci = (ℓi,1 ∨ ℓi,2 ∨ · · · ∨ ℓi,k ). We define the corresponding polynomial Pi = j=1 (ℓi,j + 1).
Now, the k-Sub-Sat instance is satisfiable iff the k-Poly-Eqs instance Pi = 0, 1 ⩽ i ⩽ m
has a solution in Fr2 .
1
2

The NP-hardness would also follow from Schaefer’s dichotomy theorem for Boolean CSP [22], though
that is an overkill hammer for this result.
The notation O∗ (f (n)) for running time bounds suppresses polynomial factors.
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The algorithm [18] is a novel application of the Razborov-Smolensky “polynomial method,”
originally developed as a lower bound technique, used to define low-degree probabilistic
polynomials for approximating the OR gate. The same idea allows for replacing a system of
polynomial equations by a single probabilistic polynomial (without significant increase in
degree), followed by a partial table lookup search. The article [18] presents more general
results applicable to all finite fields Fq . Recently, in [9], the running time for the case of F2
has been improved to O∗ (2r(1−1/2k) ) by a refinement of the search method in [18].
Since k-Sub-Sat is a special case of solving a system of polynomial equations over F2 , it
raises the natural question of improving the running time further to match the O∗ (2r(1−1/k) )
running time of the PPZ randomized algorithm for k-Sat. We are only able to achieve this
speed-up in some special cases. However, on the positive side, our algorithms turn out to
be polynomial space bounded, unlike the polynomial equations based method which requires
exponential space [18, 9].

1.2.1

Algorithms for 2-Sub-Sat

For 2-Sub-Sat a simple deterministic branch-and-bound algorithm achieves a running time
of O∗ (3r/2 ) where r is the dimension of the subspace A. We can improve on this with
a randomized branching strategy to a running time of O∗ (1.5r ). This improves over the
randomized O∗ (1.6181r ) algorithm given by the polynomial method [9] for solving a system
of quadratic equations
over F2 . There is also a simple deterministic branching algorithm
√
with O∗ (((1 + 5)/2)r ) running time for 2-Sub-Sat. This is based on the same branching
strategy for k-Sat [19, Theorem, pp. 295] with its running time governed by the generalized
Fibinacci numbers.
When dim(A) = n − t, we can adapt the algorithm from [3, Algorithm
4.1] (for solving

n
2-SAT with a single abelian group constraint) to obtain an O∗ ( ⩽t
) time algorithm. 3
The result of Theorem 1 shows that this problem is not in FPT parameterized by the
co-dimension t, answering a question posed in [3] on whether 2-SAT with a global abelian
group constraint might be fixed-parameter tractable, parameterized by the group size. More
generally, the work [3] systematically studied the effect of a global modular constraint on the
complexity of Boolean constraint satisfaction problems, exposing many interesting phenomena
and connections.

n
Balancing the two running times of O∗ (1.5r ) and O∗ ( n−r
) algorithm when r ⩾ n/2
(the exponents of the two bounds become equal at r = (1 − η)n for η ≈ 0.115816) yields a
O∗ (1.4312n ) time randomized algorithm for 2-Sub-Sat on n variables. The following records
these results.
▶ Theorem 2. There is a randomized O∗ (1.5r ) algorithmfor 2-Sub-Sat where r is the
n
dimension of the input space, as well a deterministic O∗ ( ⩽t
) time algorithm where t is the
∗
co-dimension. Together, these imply a randomized O (1.4312n ) time algorithm as a function
of the number n of variables.

1.2.2

Algorithms for k-Sub-Sat

We explore combinatorial algorithms for k-Sub-Sat based on the notion of critical variables
(which was introduced in [21] and plays an important role in their satisfiability algorithm).
Let Φ be a satisfiable CNF formula in n variables xi , i ∈ [n], and let ā ∈ Fn2 be a satisfying
assignment.

3

For nonnegative integers n, t, the notation

n
⩽t



stands for

Pt
i=0

n
i



.
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▶ Definition 3 ([21]). We say xi is a critical variable for ā with respect to Φ if the assignment
ā + ei falsifies Φ, where ei is the ith elementary vector with 1 in the ith coordinate and zero
elsewhere (so ā + ei is just ā with xi flipped). If the formula Φ is clear from context, we
simply say that xi is a critical variable for assignment ā.
The key idea in our combinatorial algorithms is plucking of non-critical variables based
on the following simple observation: if Φ is an n-variate CNF formula and ā is a satisfying
assignment such that variable xi is non-critical for it, then the formula Φ′ obtained by plucking
xi (i.e., dropping all occurrences of xi and its complement from Φ) remains satisfiable with
ā′ ∈ Fn−1
as a satisfying assignment, where ā′ is obtained from ā by dropping the ith
2
coordinate.
The important property of Φ′ is that given any satisfying assignment for Φ′ we can set
xi to either 0 or 1 to recover a satisfying assignment for Φ. This facilitates searching for
a satisfying assignment in an affine space A: if the plucked variable xi occurs in a linear
constraint defining A then we can drop that linear constraint while seeking a satisfying
assignment for Φ′ , because that linear constraint can always be satisfied by choosing the
right value of xi which still remains overall a satisfying assignment for Φ. Based on this idea
we obtain the following algorithms for k-Sub-Sat:

The first result here is a randomized O∗ ( nt 2n−n/k ) time algorithm for k-Sub-Sat where
t = codim(A). This algorithm is essentially governed by the running time of the PPZ
satisfiability algorithm [21] combined with an iterative “search and pluck” operation to
remove t non-critical variables from the t linear equations defining A. This running time
is superior to the O∗ (2r−r/2k ) time randomized algorithm based on solving polynomial
equations for small values of t = o(n).
2
The second result is a general randomized O∗ (2n−n/2k+n/2k ) time algorithm for
k-Sub-Sat, nearly matching the ≈ 2r−r/2k run time of the polynomial equations algorithm [9, 18] for r close to n. It again uses the PPZ satisfiability algorithm as a
subroutine combined with simple applications of the plucking step: if the number of
critical variables is fewer than n/2, it randomly guesses and plucks non-critical variables.
This algorithm does not need to look at the linear equations defining A. In fact, it works
for any Boolean constraint C(x1 , x2 , . . . , xn ) (replacing membership in the affine space
A) with a polynomial-time algorithm that takes a partial assignment and extends it to
an assignment that satisfies C. For example, C can be a HORN or dual HORN formula.
It is pleasing to note that we can
 apply the idea of plucking non-critical variables to
n
2-Sub-Sat and obtain an O∗ ( ⩽t
) deterministic algorithm (cf. [3]), where t = codim(A).
Exploiting the structure of 2-CNF formulas, we can find the non-critical variables efficiently.
▶ Theorem 4. The k-Sub-Sat problem admits two randomized
algorithms, one running in

2
time O∗ (2n−n/2k+n/2k ), and another running in O∗ ( nt 2n−n/k ) when the input subspace
has co-dimension t ⩽ n/2.4 Both algorithms use space bounded by a polynomial in n.
▶ Remark 5. Satisfiability algorithms based on the switching lemma (which converts k-CNF
to decision trees of moderate term size and number of terms) are known in the literature (e.g.,
see [12]). We can easily adapt this algorithm to solve k-Sub-Sat, because once we have a
decision tree for the underlying k-CNF formula, for the k-Sub-Sat instance each path of the
decision tree will give rise to a system of linear equations over F2 . For each path, therefore,
4

Of course, there is also a trivial O∗ (2n−t ) time brute force algorithm.
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we can even count the number of satisfying assignments. Counting over all the paths of the
decision tree gives the total number of satisfying assignments for the k-Sub-Sat instance in
randomized time O∗ (2n(1−1/c·k) ) for some suitable large constant c > 0. Furthermore, the
algorithm is also polynomial space-bounded. In terms of running time, however, it is a much
weaker bound in comparison to [18] or even the algorithms of Theorem 4. In this context,
we note that for #k-Sat there is a deterministic O∗ (2n(1−1/c·k) ) time algorithm based on
the polynomial method (albeit using exponential space) [6]. We do not know of any such
deterministic algorithm for counting satisfying assignments to k-Sub-Sat.
Finally, motivated by the (unbounded CNF) Sub-Sat problem, we revisit the general
problem solving a system of polynomial equations pi = 0, 1 ⩽ i ⩽ m over F2 , where m = O(n),
where each pi is given by an arithmetic circuit of poly(n) degree. In the case when each
pi has small degree irreducible factors, we get a 2r(1−α) time randomized algorithm, where
α depends on the number of equations m and the degree bound on the irreducible factors
(Theorem 25).

1.3

Equivalent and related problems to Sub-Sat

Recall the USA problem: Given a collection of affine subspaces A1 , A2 , . . . , Am ⊆ Fn2 (where
each Ai is given by a bunch of affine linear equations over F2 ) the problem is to determine if
Sm
there is a point x ∈ Fn2 \ i=1 Ai .
Sm
Clearly, the complement Fn2 \ i=1 Ai is expressible as an AND of ORs of affine linear
forms ⊕i∈S xi + b, b ∈ {0, 1}. Thus, USA is clearly reducible to Sub-Sat. The converse
reduction is also easy: given a CNF formula Φ and an affine subspace A ⊆ Fn2 we first convert
it to an AND of ORs of affine linear forms. An assignment x ∈ A satisfies Φ if and only if
it satisfies C1 ∧ C2 ∧ · · · ∧ Cm , where each clause Ci is an OR of affine linear forms. The
set Ai of satisfying assignments of the complement Ci is an affine subspace of Fn2 , and Φ is
Sm
satisfiable by x ∈ A if and only if x ∈ Fn2 \ i=1 Ai .
For the equivalence to PAF-Sat, suppose Φ = C1 ∧ C2 ∧ · · · ∧ Cm , where each clause Ci is
an OR of affine linear forms Ci = ∨tj=1 Lij . As already discussed in Section 1.2, the assignment
Qm
x ∈ Fn2 satisfies Ci if and only if it satisfies the polynomial equation j=1 (Lij + 1) = 0.
Thus, the satisfiability of Φ is reducible to a system of m polynomial equations pi = 0, where
each pi is a product of affine linear forms. The converse reduction is also easy which we omit.

Organization of the paper
We present the results in a different order than in the introduction. In Section 2 we first
present the algorithms for k-Sub-Sat and then for 2-Sub-Sat. In Section 3 we present our
hardness results for 2-Sub-Sat. Finally, in Section 4 we present the algorithm for Poly-Eqs
for O(n) equations pi = 0, where each pi has unrestricted degree but constant-degree
irreducible factors.
For reasons of space, all proofs are skipped in the extended abstract; a full version of the
paper is available on arXiv [1].

2

Algorithmic results for k-Sub-Sat

As mentioned in the introduction, the k-Sub-Sat problem seems intermediate in difficulty,
between k-Sat and the problem k-Poly-Eqs of solving a system of degree-k polynomial
equations over F2 . The latter problem has an O∗ (2r(1−1/2k) ) time algorithm [18, 2, 9], which
yields an O∗ (2r(1−1/2k) ) time algorithm for k-Sub-Sat, where r = dim(A).
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Ideally, we would like an algorithm for k-Sub-Sat with run time O∗ (2r(1−1/k) ), with
savings in the exponent similar to that of the PPZ algorithm [21] for k-Sat.
We present some algorithms in this direction: For 2-Sub-Sat there is a simple O∗ (1.5r )
time randomized algorithm which improves on the O∗ (2r(1−1/2k) ) bound for k = 2. For a
special case of k-Sub-Sat, when r = dim(A) is close to the number of variables n, we are
able to adapt the PPZ algorithm to essentially get an O∗(2r(1−1/2k) ) time algorithm. Writing
n
t = n − r = codim(A), we can even obtain an O∗ ( ⩽t
· 2n(1−1/k) time algorithm for the
problem, also based on the PPZ satisfiability algorithm, which yields the desired 1/k savings
in the exponent for small t.

2.1

An O ∗ (
case

 
n
t

· 2n(1−1/k) ) time randomized algorithm: co-dimension t

As outlined in Section 1.2, the algorithm will use the PPZ satisfiability algorithm [21] as a
subroutine,
combined with variable plucking steps to solve k-Sub-Sat in randomized time

O∗ ( nt · 2n(1−1/k) ), when codim(A) = t. In particular, for codim(A) = o(n) the algorithm
has run time O∗ (2n(1−1/k+o(1)) ).
The variable plucking is based on analyzing the critical variables for a solution ā ∈ Fn2 of
a given k-Sub-Sat instance (Φ, A), depending on whether or not they occur in the linear
equations defining A.
For an instance (Φ, A) we partition the variables into two sets
{xi | i ∈ [n]} = Vin ⊔ Vout ,
where Vin is the subset of variables that have nonzero coefficient in at least one of the t linear
equations defining A, and Vout is the remaining set of variables. By abuse of notation, we
will also treat Vin ⊔ Vout as a partition of the index set [n]. We consider the following two
cases.
Case 1. Suppose (Φ, A) has the property that for every solution ā ∈ Fn2 each variable in Vin
is critical for ā w.r.t Φ. There is no variable plucking required in this case. It only involves
the application of the PPZ satisfiability algorithm on Φ and checking that the assignment
found belongs to A. We need the following lemma which is analogous to [21, Lemma 4]. The
proof of the lemma is by an induction argument like in [21].
▶ Lemma 6. Let S be a nonempty subset of Fn2 . For each ā ∈ S, let Iout (ā) = {i ∈ Vout |
ā + ei ∈
/ S}, where ei is the ith elementary vector. Then we have
X

2|Iout (ā)|−|Vout | ⩾ 1.

(1)

ā∈S

Now, let ā ∈ Fn2 be some solution of the k-Sub-Sat instance (Φ, A). Then, by the
assumption of Case 1 and the preceding discussion ā has |Vin | + |Iout (ā)| critical variables
w.r.t Φ.
Following the analysis in [21], if we now run one iteration of the PPZ algorithm on the
instance Φ, the probability that ā is output is at least
1
· 2−n+(|Vin |+|Iout (ā)|)/k .
n2
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Let S ⊂ Fn2 denote the subset of solutions to the instance (Φ, A). Summing up over all
ā ∈ S, the probability that some solution ā is output is given by
X 1
· 2−n+(|Vin |/k+|Iout (ā)|/k)
n2

=

ā∈S

⩾

1 −n+n/k X (−|Vout |/k+|Iout (ā)|)/k
2
·
2
n2
ā∈S
1 −n+n/k X (−|Vout |+|Iout (ā)|)
1
2
·
2
⩾ 2 2−n+n/k ,
2
n
n
ā∈S

where the last step uses Lemma 6. This finishes the analysis of Case 1.
▶ Remark 7. Notice in the probability analysis that S is the set of solutions to (Φ, A) and not
all solutions to Φ. The crucial property that for every ā ∈ S, each variable in Vin is critical
w.r.t Φ yields that there are |Vin | + |Iout (ā)| critical variables for ā w.r.t Φ. Intuitively, as
the variables in Vout do not occur in the linear equations, the PPZ algorithm when run on Φ
will be able to deterministically set, on average, |Iout (ā)|/k many of the critical variables in
Vout without any interaction with the linear equations defining A.
Case 2. We now consider the case when not all variables in Vin are critical to all solutions to
(Φ, A). We will show that there is a subset of at most t variables in Vin that can be plucked
from Φ and reduce the transformed instance to Case 1. We will argue that the algorithm
can do an exhaustive search for this subset of Vin of size at most t.
▶ Lemma 8. In the k-Sub-Sat instance (Φ, A), let Bx = b be the system of t linear equations
Pn
defining A. Suppose variable x1 occurs in the first equation j=1 B1j xj = b1 (i.e., B11 ̸= 0).
Further, suppose x1 is not critical for some solution to (Φ, A). Let Φ′ be the formula obtained
by plucking x1 from Φ. Let A′ be the affine space of co-dimension t − 1 defined by dropping
Pn
the first linear equation j=1 B1j xj = b1 after eliminating x1 from the other linear equations
by row operations. Then (Φ′ , A′ ) is satisfiable and any solution ā′ to (Φ′ , A′ ) can be extended
to a solution ā of (Φ, A).
Lemma 8 describes a pluck/eliminate step applied to the non-critical variable x1 : namely,
pluck x1 from Φ and eliminate it from the equations describing A.
Clearly, for some sequence of s ⩽ t pluck/eliminate steps applied successively transforms
(Φ, A) to (Φs , As ) for which Case 1 holds. Since we do not have an efficient test for checking
non-criticality, the algorithm has to do an exhaustive search for the sequence of s variables to
pluck/eliminate. The number of variable sequences to consider is bounded by nt . However,
as we argue in the next claim, it suffices to consider each unordered subset U of size s ⩽ t
variables and apply pluck/eliminate steps to its variables in the natural order x1 , . . . , xn .
n
Thus, we can bound the exhaustive search to ⩽t
subsets of variables. Let (ΦU , AU ) be the
resulting instance after pluck/eliminate applied to variables in U in the natural order.
▶ Lemma 9. Let (Φ, A) be a satisfiable instance of k-Sub-Sat with codim(A) = t. There is
a subset U of variables of size at most t, such that (ΦU , AU ) is a satisfiable Case 1 instance
of k-Sub-Sat.
The O ∗ (
follows:

n
⩽t

· 2n−n/k ) time Algorithm.

On input (Φ, A), the algorithm proceeds as

For each subset U ⊂ Vin of size at most t do the following:
1. Pluck the variables in U from Φ to obtain ΦU .
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2. For each variable xi ∈ U (in any order): pick some equation in which xi occurs; remove
xi from other equations by adding the picked equation to it; drop the picked equation
from the system.
3. Run the PPZ algorithm on the resulting instance (ΦU , AU ) as if Case 1 were applicable.
More precisely, run PPZ on ΦU for O∗ (2n−n/k ) steps; for each solution obtained, if it
satisfies AU then output an extension of it to a solution to (Φ, A) and exit,5 else continue
the for-loop for the next choice of subset U .
To see the correctness, suppose (Φ, A) is satisfiable. By Lemma 9, for some choice of U
with |U | ⩽ t, (ΦU , AU ) is a Case 1 instance. Hence, the PPZ satisfiability algorithm will
output a solution to (ΦU , AU ) in time O∗ (2n−n/k ) with high probability. This solution can
be uniquely extended to a solution to (Φ, A) using the linear equations.
We have thus shown the following.

▶ Theorem 10. There is a randomized O∗ ( nt ·2n−n/k ) time algorithm for k-Sub-Sat for subspaces of co-dimension t. In particular, for t = o(n) we have a randomized O∗ (2n(1−1/k+o(1)) )
time algorithm.

2.2

2

An O ∗ (2n−n/2k+n/2k ) time PPZ-based algorithm for k-Sub-Sat

Let (Φ, A) be a k-Sub-Sat instance. Our objective is a randomized algorithm with run time
2n−(1−ν)n/k for as small an ν as possible (ideally, tending to zero).
To this end, we can first apply Valiant-Vazirani Lemma [27] to increase the number of
constraints (thereby reducing the rank of A) and getting an instance (Φ, A′ ) such that Φ
has a unique solution in A′ with high probability (i.e., inverse polynomial probability as
guaranteed by Valiant-Vazirani).
If dim(A′ ) ⩽ n − (1 − ν)n/k we can brute force search in A′ in deterministic time
dim(A′ )
2
⩽ 2n−(1−ν)n/k . Thus, we can assume that dim(A′ ) = n − t and A′ is the solution
space of t < (1 − ν)n/k independent affine linear equations.
Let now ā ∈ Fn2 be the unique solution to the k-Sub-Sat instance (Φ, A′ ). We partition
the variable set into Vin ⊔ Vout as before.
▷ Claim 11. Every variable in Vout is critical for the satisfying assignment ā of Φ.
Proof. Suppose xi ∈ Vout is not critical for ā. Then ā + ei is also a satisfying assignment for
Φ. Moreover, since xi does not occur in Vin , ā + ei satisfies the linear equations defining A′ .
Hence ā + ei is a solution to (Φ, A′ ) contradicting the uniqueness of ā.
The variable plucking algorithm. If ā has more than (1 − ν)n many critical variables
(ν to be fixed in the analysis) then by running the PPZ satisfiability algorithm [21] for
O∗ (2n−(1−ν)n/k ) iterations we will find it with high probability.
Otherwise, there are more than νn many variables in Vin that are not critical for Φ at ā.
1. Repeat the following two steps at most t times.
2. (The plucking step) Randomly pluck a variable xi from Vin and drop it from the formula
Φ to obtain its shrinking Φ1 . Take a linear equation ℓ = b in which xi occurs. By row
operations eliminate xi from all other linear equations in which xi occurs and then drop
the equation ℓ = b. Let the affine space described by the new set of at most t − 1 linear

5

From a solution to (ΦU , AU ) we can reconstruct the solution to (Φ, A) as the values to variables in U
are uniquely determined via the linear equations from the values to the other variables.
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equations be A1 . We claim that (Φ1 , A1 ) also has a unique solution ā1 (obtained from ā
by dropping the ith coordinate).
3. Let n1 = n − 1. Run the PPZ algorithm for 2n1 −(1−ν)n1 /k time on Φ1 . If we do not find
the unique solution ā1 then repeat the plucking step.
At the end of t successful plucking steps we are left with a k-Sat instance Φt with a
unique solution (the subspace At is Fn2 ) and PPZ will find that solution from which we can
compute ā by recovering the unique values of the plucked variables using the linear equations.
Analysis. At the j th iteration of the plucking step, the probability that all j steps pluck off
non-critical variables is at least ν j . Thus, the running time of the search for unique solutions
Pt
for the (Φj , Aj ) over all t steps is bounded by j=0 O∗ ( ν1j · 2nj −(1−ν)nj /k ).
Letting α = 21−(1−ν)/k and noting that nj = n − j we can rewrite and bound the above
sum as
O∗ (2n−(1−ν)n/k ) ·

t
X
j=0

νj

1
· αj

⩽

⩽
as the sum

Pt

1
j=0 ν j ·αj

1
· αt
 (1−ν)n/k
2
1
∗ n−(1−ν)n/k
O (2
)·t·
· 2(1−ν)n/k ,
2ν
O∗ (2n−(1−ν)n/k ) · t ·

νt

is bounded by t ν t1·αt for να < 1 and t ⩽ (1 − ν)n/k.


1 (1−ν)n/k
The overall running time of the algorithm is, therefore, O∗ (2n−n/k ) · 2νn/k · 2ν
·
2
2(1−ν)n/k , which is minimized at ν = 1/2 as we argue below, and is given by
2
O∗ (2n−n/2k+n/2k ).
▶ Remark 12 (Extension beyond linear-algebraic constraints). We note some aspects about the
algorithm and explain its adaptation to the more general setting of k-CNF satisfiability in
the presence of a global boolean constraint C(x1 , x2 , . . . , xn ) with the property that given a
partial assignment to the variables xi we can extend the assignment to the remaining variables
that satisfies the constraint C, if such an extension exists. We set ν = 1/2 and t = n/2k.
Note that the algorithm need not partition the variables into Vin and Vout . If there are over
n/2 non-critical variables, the algorithm can “obliviously” pluck one with probability 1/2.
Oblivious in the sense that it does not need to see the constraint C. After t = n/2k plucking
steps, there are at most n − n/2k remaining variables. We add a final step to the algorithm
which is a brute-force search over all 2n−n/2k assignments to the remaining variables. For
each assignment to these that satisfies Φt we can check, in polynomial time, if there is an
extension to it that satisfies C. This search will succeed for the unique solution ā. An
interesting example for constraint C would be HORN formulas. As clause size is unrestricted
in HORN formulas, notice that neither a direct application of the PPZ satisfiability algorithm,
nor an application of the polynomial equations algorithms would give constant savings in the
exponent for the running time bound.
More generally, call a Boolean constraint C(x1 , x2 , . . . , xn ) T (n)-easy if there is a T (n)
time-bounded algorithm that searches for a satisfying extension of a given partial assignment
to the variables xi .
2

▶ Theorem 13. There is a randomized O∗ (2n−n/2k+n/2k ·T (n)) time algorithm that takes any
k-CNF formula and a T (n)-easy boolean constraint C(x1 , x2 , . . . , xn ) as input and computes
a satisfying assignment for the formula and C.
2

▶ Corollary 14. There is a randomized O∗ (2n−n/2k+n/2k ) time algorithm for k-Sub-Sat.
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▶ Theorem 15. Given a 2-Sub-Sat instance (Φ, A), where Φ is a 2-CNF formula and
A ⊂ Fn2 is an r-dimensional affine subspace given by linear equations, there is a randomized
O∗ (1.5r ) time algorithm to check if Φ has a satisfying assignment in A and if so to compute
it.
▶ Remark 16. The run time of O∗ (1.5r ) that we obtain improves on the polynomial equations
based algorithms, where for k = 2 the best run time so far is O∗ (1.618r ) [9]. For k = 3 a
similar randomized branching strategy gives an algorithm with run time O∗ ((7/4)r ). For
larger k the run time degrades to O∗ ((2 − 1/2k−1 )r ). This running time bound is obtained
similarly as for Theorem 15: fix a satisfying assignment ā of the k-Sub-Sat instance. For a
clause (ℓ1 ∨ ℓ2 ∨ · · · ∨ ℓk ) of k linearly independent linear forms a random (nonzero) linear
Pk
k−1
combination i=1 αi ℓi evaluates to 1 at ā with probability exactly 22k −1 .

2.4

2-Sub-Sat in a co-dimension t subspace

In this section we consider 2-Sub-Sat where we are seeking a solution in an affine space A
such that codim(A) = t.
Given a formula Φ we will identify a canonical satisfying assignment ā for Φ based on
which we will define critical variables. Since 2-Sat is in polynomial-time, we can detect
non-criticalvariables in Φ w.r.t. ā in polynomial time. Now the plucking step will try all the
possible nt choices of plucking non-critical variables, recalling that a non-critical variable
plucked from a linear constraint defining A allows us to drop that constraint.

▶ Theorem 17. There is an O∗ ( nt ) time deterministic algorithm for checking if a 2-Sub-Sat
instance (Φ, A) is satisfiable where the affine space A has co-dimension t.

3

Hardness results

In this section we prove our hardness results for subspace satisfiability. Since k-Sat itself is
NP-hard for k ⩾ 3, so is k-Sub-Sat for k ⩾ 3. So we focus on the case k = 2.

3.1

NP-hardness of 2-Sub-Sat

While 2-Sat is polynomial time solvable, the following theorem shows that 2-Sub-Sat is
NP-hard. Note that this follows from Schaefer’s dichotomy theorem for Boolean CSP as the
combination of 2-Sat constraints and linear equations (even with 3 variables per equation)
is not one of the six tractable cases, and thus NP-hard. Below we give a direct proof based
on a simple reduction.
▶ Theorem 18. 2-Sub-Sat is NP-hard.

3.2

W[1]-hardness of 2-Sub-Sat parameterized by co-dimension

We now strengthen the hardness result of Theorem 18 and show that 2-Sub-Sat is unlikely to
even be fixed-parameter tractable when parameterized by the co-dimension t of the subspace
in which we seek a satisfying assignment to the 2CNF formula. On the other hand, recall
that (as shown in [3] and also Section 2.4), for fixed co-dimension t, 2-Sub-Sat can be solved
in polynomial time. Our W[1]-hardness answers (in the negative) a question posed in [3]
on whether 2-Sat with a single modular constraint modulo M is fixed-parameter tractable
when parameterized by M (they gave an algorithm with complexity nO(M ) ).
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▶ Theorem 19. Consider the 2-Sub-Sat where the input subspace within which one has to
satisfy the 2-Sat formula has co-dimension t. Parameterized by t, 2-Sub-Sat is W[1]-hard.

3.3

Approximability of Max-2-Sub-Sat

Given the hardness of deciding exact satisfiability of 2-Sub-Sat instance, we now turn
to approximate satisfiability. In the Max-2-Sub-Sat problem, the goal is to satisfy the
maximum number of 2SAT clauses with an assignment that belongs to the input affine space
A. Thus, the affine constraints are treated as hard constraints. We allow clauses of width 1.
If unary clauses are disallowed in the 2CNF formula, and each clause involves exactly two
distinct variables, we call the problem Max-E2-Sub-Sat.

3.3.1

Easy approximation algorithms

We can assume that no variable is forced to 0 or 1 by the affine space A, since if that happens
we can just set and remove that variable and work on the reduced instance. If we pick a
random assignment from A, it will satisfy at least 1/2 of the clauses of the 2CNF formula in
expectation, and in fact at least an expected fraction 3/4 of the clauses when each clause
involves two distinct variables. The algorithms are easily derandomized. For satisfiable
instances of Max-2-Sub-Sat, one can find a 3/4 approximate solution, as one can eliminate
all the unary clauses, and add those conditions to the subspace inside which we want to find
an assignment to the 2CNF formula. So we get the following trivial algorithmic guarantees.
▶ Observation 20. In polynomial time, one can get a factor 1/2 approximate solution to
instances of Max-2-Sub-Sat, a factor 3/4 approximate solution to instances of Max-E2Sub-Sat, and a factor 3/4 approximate solution to satisfiable instances of Max-2-Sub-Sat.
We will now show that all the above guarantees are best possible, with matching NP-hardness
results.

3.3.2

Tight inapproximability via simple reductions

For the hardness results and rest of the section, it is convenient to work with the PAF-Sat
formulation of Sub-Sat. The Max-LIN2 problem, of maximizing the number of satisfied
equations in a system of affine equations mod 2, trivially reduces to Max-2-PAF-Sat (with
each equation being degree 1 instead of degree 2). By Håstad’s seminal tight inapproximability
for Max-LIN2, we have the following.
▶ Observation 21. For any ϵ > 0, Max-2-PAF-Sat (and thus Max-2-Sub-Sat) is NP-hard
to approximate within a factor of (1/2 + ϵ), and this holds for almost satisfiable instances
that admit an assignment satisfying a fraction (1 − ϵ) of equations.
We also get a tight hardness (matching Observation 20) for the Max-E2-Sub-Sat
or equivalently when each polynomial equation is the product of exactly two (linearly
independent) affine forms.
▶ Lemma 22. For any ϵ > 0, Max-E2-PAF-Sat is NP-hard to approximate within a factor
of (3/4 + ϵ), and this holds for almost satisfiable instances that admit an assignment satisfying
a fraction (1 − ϵ) of equations.
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Inapproximability for satisfiable instances

The above inpproximability results do not apply to satisfiable instances of 2-Sub-Sat. They
are obtained by reductions from linear equations whose exact satisfiability can be easily
checked. We now prove that approximating Max-2-Sub-Sat doesn’t get easier on satisfiable
instances.
▶ Theorem 23. For every ϵ > 0, it is NP-hard to approximately solve satisfiable instance of
Max-E2-Sub-Sat within a factor of 3/4 + ϵ. That is, it is NP-hard to find, given as input
a satisfiable instance of 2-Sub-Sat, an assignment satisfying a fraction 3/4 + ϵ of the 2SAT
constraints.

4

System of polynomial equations over binary field: effect of
reducibility

We now examine a special case of the problem of solving a system of polynomial equations
over F2 studied in [18, 2, 9]. For motivating background, we recall according to the strong
exponential time hypothesis (SETH) that Sat, that is n-variable CNF satisfiability of
unrestricted clause width, cannot be essentially solved faster than 2n time. However,
Schuler [24] and Calabro et al [5] have shown the special case that sparse instances of Sat
(with c · n clauses) can be solved in O∗ (2n(1−α) ) time, where α is a constant depending on the
clause density c. It is natural to ask if there is an analogous result for Sub-Sat (satisfiability
of conjunctions of unbounded disjunctions of affine linear forms). In this section we show a
more general algorithmic result in the setting of systems of polynomial equations over F2 .
Let Pi ∈ F2 [x1 , x2 , . . . , xn ], 1 ⩽ i ⩽ m be polynomials over the field F2 as input instance
to the Poly-Eqs problem. The problem is denoted k-Poly-Eqs when the degrees are
bounded by k which generalizes k-Sub-Sat as already explained in the introduction.
The unrestricted degree case is significantly different, because we can easily combine the
m equations into a single equation as follows. Define
P =1+

m
Y

(1 + Pi ).

i=1

Clearly, the system Pi = 0, 1 ⩽ i ⩽ m has a solution iff P = 0 has a solution.
Thus, assuming SETH, there is no algorithm essentially faster than 2n for solving P = 0.
▶ Remark 24. There is also the question of how the polynomials Pi are given as part of
the input. If deg Pi ⩽ k for all Pi then we can in polynomial-time compute their sparse
representation as a linear combination of the nk many monomials of degree at most k.
However, in the above reduction of combining the Pi into a single polynomial, P is a small
arithmetic formula. In fact, for the case of Poly-Eqs we consider, where the instance is a
system of equations Pi = 0, 1 ⩽ i ⩽ m such that m = O(n) and each Pi has constant degree
irreducible factors, we can assume that the Pi are given as arithmetic circuits.
We now show that Poly-Eqs instances Pi = 0, 1 ⩽ i ⩽ m can be solved faster than 2n if
m is linear in n and the irreducible factors of each Pi are of constant degree. This can be
seen as a “polynomial equations” analogue of Schuler’s Sat algorithm for spare instances
with unrestricted clause width [24, 5]. We note that a different degree reduction method,
based on a rank argument, is used in [18, Section 4] to solve systems of polynomial equations
pi = 0, where each pi is given by a sum of product of affine linear forms.
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▶ Theorem 25. Let Pi = 0, 1 ⩽ i ⩽ c · n, for a constant c > 0, be an instance of Poly-Eqs,
such that the degree of each irreducible factor of each Pi is bounded by a constant b. There is
a randomized algorithm for Poly-Eqs that runs in time 2n(1−α) for such instances, where
α > 0 is a constant that depends on c and b.
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1

Introduction

The new notion of twin-width (of graphs, digraphs, or matrices) was introduced just very
recently, in 2020, by Bonnet, Kim, Thomassé and Watrigant [4], and yet has already found
many very interesting applications. These applications span from efficient parameterized
algorithms and algorithmic metatheorems, through finite model theory, to classical combinatorial questions. See also the series of follow-up papers [2, 1, 3, 5].
We leave formal definitions for the next section. Informally, in simple graphs, twin-width
measures how diverse are the neighbourhoods of the graph vertices. E.g., cographs 1 have the
lowest possible value of twin-width, 0, which means that the graph can be brought down
to a single vertex by successively identifying twin vertices (hence the name, twin-width).
Two vertices x and y are twins if they have the same neighbours in the graph, precisely
N (x) \ {y} = N (y) \ {x} (the concept of twin-width of graphs does not care about mutual
adjacency of the identified vertices).
More generally, imagine we identify arbitrary two vertices x1 , x2 in a graph G into a new
vertex x; then the ordinary neighbours of new x will capture what the former neighbourhoods
of x1 and of x2 in G have had in common (except each other of x1 , x2 ), and we will additionally
create new red edges from x to those vertices on which the former neighbourhoods of x1 and
1

Cographs are the graphs which can be built from singleton vertices by repeated operations of a disjoint
union and taking the complement.
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of x2 disagreed in G. Moreover, all other previously created red edges at x1 or x2 will stay red
and incident to x after the identification. Note that the former vertices x1 , x2 are removed and
no loop is created on x. Precisely, denote by N (xi ) the ordinary (“black”) neighbours of xi
in G and by Nr (xi ) the red neighbours of xi . After the identification
of x1 and x2 into x, the


ordinary neighbours of x will be the vertices of N (x1 )∩N (x2 ) \ {x1 , x2 }∪Nr (x1 )∪N
 r (x2 ) ,
and the red edges of x will go to the vertices of (N (x1 )∆N (x2 ))∪Nr (x1 )∪Nr (x2 ) \{x1 , x2 }.
With respect to this, a graph G has twin-width ≤ d if one can reduce G down into a single
vertex by successively identifying pairs of its vertices such that the maximum degree of the
subgraph on the red edges at every step of this reduction process is at most d.
We are, in particular, interested in the algorithmic metatheorem area. Namely, Bonnet
et al. [4] have proved that classes of binary relational structures (such as simple graphs and
digraphs) of bounded twin-width have efficient FO model checking algorithms. In one of
previous studies on algorithmic metatheorems for dense structures, Gajarský et al. [7] proved
that posets (which present a special case of simple digraphs) of bounded width admit efficient
FO model checking algorithms. The width of a poset is the maximum size of an antichain
in it. Since [4] have also proved that posets of bounded width have bounded twin-width, a
combination of this finding with the FO model checking algorithm of [4] directly generalizes
the algorithmic metatheorem of [7].
The proof of bounded width of posets in [4] is, however, indirect (it uses a characterization
by so-called mixed minors of the adjacency matrix) and gives, for posets of width d, only a
O(d)
very loose upper bound of 22
for the twin-width. Although the proof in [4] is, in principle,
constructive, its intricacy makes it really hard to understand why posets of bounded width
should have bounded twin-width, and which vertices to identify in the reduction process. In
fact, as we will see in this paper, already for posets of width 2 there is no immediate way to
optimally choose the pairs for identification.
The main contribution of our paper is in giving direct and tighter constructive linear lower
and upper bounds for the twin-width of posets of width d. Precisely, the twin-width of such a
poset in the worst case is at least d − 1 and at most 8d − 9 (Proposition 2.4 and Theorem 3.1).
Specifically for posets of width 2, we prove that their twin-width is also at most 2 and this
bound cannot be further improved (Theorem 4.1). These results are accompanied by simple
and fast algorithms to compute the corresponding contraction sequence.
Our refined results on twin-width of posets provide, in turn, better runtime bounds for
FO model checking algorithms of posets [7] and of other classes which have previously been
reduced to posets of bounded width, such as [8, 6, 9].

2

Preliminaries and formal definitions

We consider only finite graphs. Our graphs and digraphs are simple, meaning that they do
not have parallel edges or loops, except that a simple digraph may have up to one oriented
loop per vertex. Formally, a graph is a pair G = (V, E) such that E ⊆ V2 , and a digraph is
G = (V, E) such that E ⊆ V × V . We deal with (finite) partially ordered sets, shortly posets,
which we represent as reflexive, antisymmetric and transitive digraphs. Let the width of a
poset P be the maximum size of an antichain in P , that is the maximum independent set
size in the digraph P .
We formally define twin-width using the “matrix-partitioning” view of [4, Section 5], and
we restrict ourselves only to the symmetric twin-width which is relevant to graphs and posets.
Let A be a square matrix with entries from a finite set L (e.g., L = {0, 1} for undirected
graphs and L = {0, 1, −1, 2} for digraphs, as explained below), and assume that both the
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rows and the columns of A are indexed by the same ground set X. Let R denote any
partition of X into nonempty sets. For two parts R, Q ∈ R, the submatrix of A formed
by the rows indexed by R and the columns indexed by Q is called the (R × Q) zone of A.
Naturally, a zone of A is constant if all entries in the zone are equal. For P ∈ R, the error
value (the “red degree”) of a row part P (column part P ) in A is the number of non-constant
zones P × Q (zones Q × P , respectively) in A over all Q ∈ R (including Q = P ).
▶ Definition 2.1. Let A be a square matrix with the rows and columns indexed by a ground
set X, |X| = n. We say that the symmetric twin-width of A is at most d if there exists a
sequence of partitions R1 , . . . , Rn of X (a contraction sequence) such that;
R1 is the finest partition of X (|R1 | = n) and Rn is the coarsest partition of X (|Rn | = 1),
for each i = 1, . . . , n − 1, the partition Ri+1 results by merging (“contraction” of) some
two parts of Ri , and
for each i = 1, . . . , n and every P ∈ Ri , the error value of the row P and the column P
in A is at most d.
For a quick illustration, consider Definition 2.1 applied to the adjacency matrix AG of a
graph G. Then the definition of symmetric twin-width of AG coincides with the twin-width
of G as stated in Section 1, except that the diagonal zones (Q × Q for Q ∈ Ri at step i) of
AG are often non-constant, and hence the symmetric twin-width of AG may be equal or by
one higher than the twin-width of G (this difference is neglected in [4]).
For a poset P = (X, ≤P ), viewed as a digraph on the ground set X, we consider the
matrix AP defined as follows (according to [4]); au,v = 1 iff u ≤P v, au,v = −1 iff v ⪇P u,
and au,v = 0 otherwise2 . The symmetric twin-width of P is the symmetric twin-width of AP .
For our purpose of giving a closer relation between the width and the twin-width of
posets it is, though, much more convenient to use a specialized definition which we call a
natural twin-width of posets (for a distinction). We shortly write a ∼P b iff a ≤P b or b ≤P a
(i.e., the vertices a, b are comparable in P ). Our definition reads:
▶ Definition 2.2 (Natural twin-width of a poset). A triple P = (X, ≤P , R) is a red poset if
P0 = (X, ≤P ) is a poset and R is a set of unordered pairs of incomparable elements of P0 .
The red degree of P is the maximum degree of the “red” graph (X, R).
A contraction of two vertices x1 , x2 ∈ X of P (into a new vertex x) creates the red poset
P ′ = (X ′ , ≤′P , R′ ) where X ′ = (X \ {x1 , x2 }) ∪ {x} and
a ≤′P b iff a ≤P b for all a, b ∈ X \ {x1 , x2 }, and x ≤′P x,
a ≤′P x (resp. x ≤′P a) iff a ≤P x1 and a ≤P x2 (resp. x1 ≤P a and x2 ≤P a),
R′ = (R ↾ X ′ ) ∪ R1 ∪ R2 where R1 = {{a, x} : {a, x1 } ∈ R ∨ {a, x2 } ∈ R} and R2 =
{{a, x} : a ̸∼′P x ∧ (a ∼P x1 ∨ a ∼P x2 )} (R ↾ X ′ stands for the restriction of R to X ′ ).
In other words, the red edges R′ of P ′ are; (i) those inherited from P which compose of the
restriction of R to X ′ and the red edges R1 formerly incident to x1 or x2 in P , and (ii) the
new ones in R2 between x and those vertices of X \ {x1 , x2 } which compared in P to x1 and
to x2 in different ways.
An (ordinary) poset P0 = (X, ≤P0 ) has natural twin-width at most d if the red poset
(X, ≤P0 , ∅) can be reduced down to a single vertex by a sequence of contractions such that, at
each step, the red degree is at most d. So, the natural twin-width of P0 equals the minimum
integer d such that P0 has natural twin-width at most d.
2

If we considered general digraphs (which are not always antisymmetric), we would also consider value
au,v = 2 iff both (u, v), (v, u) were edges of the digraph.
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With respect to the definition of a contraction (in red posets), the following is a useful
convention: If a red poset P = (X, ≤P , R) resulted by a sequence of contractions from a
poset P1 = (X1 , ≤P1 ), then a vertex y ∈ X uniquely corresponds to a set Y ⊆ X1 of those
vertices of P1 which were contracted down to y, and hence we will chiefly refer to Y with
the name y ⊆ X1 . Consequently, the vertices of such X at the same time form a partition
of X1 in P1 (and, with negligible abuse of notation, X1 itself is viewed as the partition of X1
into singletons) which brings us very close to Definition 2.1 of symmetric twin-width.
In accordance with this convention, we will sometimes denote the vertex resulting from a
contraction of the vertices x1 and x2 shortly by x1 x2 . See an example in Figure 1.
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Figure 1 An example of a contraction sequence for the top-left poset (each step contracts the
encircled pair), having red degree at most 2. As in Hasse diagrams, the edges (black) of the posets
are oriented up, and we skip drawing edges which are implied by reflexivity and transitivity.

▶ Proposition 2.3. If the symmetric twin-width of a poset P is ds and the natural twin-width
of P is d, then d ≤ ds ≤ d + 1.
Proof (sketch). We compare Definitions 2.1 and 2.2 for the same contraction sequence; a
non-constant zone corresponds to a created red edge, and vice versa. The only difference is
at the diagonal zones which may be non-constant while natural twin-width does not consider
red loops, and so the symmetric twin-width may be by one higher than the natural one. ◀

2.1

Simple lower bound

▶ Proposition 2.4. There exists a poset of width d and natural twin-width at least d − 1.
Proof. For d = 2, we simply take a poset which has no pair of twin vertices, and so any
contraction in it creates a red edge, that is, red degree d − 1 = 1. E.g., we take the poset
formed by the divisibility relation on the set {2, 3, 4, 6}.
For d ≥ 3 and k ≥ 4d − 8, we construct a poset P on a ground set of n = d(k + 1) vertices
C1 ∪ C2 ∪ . . . ∪ Cd where each Ci = {c0i , c1i , . . . , cki } is a chain; c0i ≤P c1i ≤P . . . ≤P cki . In the
description of P , we consider indices i “modulo d”, formally, we set cjd+1 = cj1 , . . . , cjd+d = cjd .
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c81

c82

c83

c84

c01

c02

c03

c04

Figure 2 The poset from the proof of Proposition 2.4 for d = 4 and k = 8, depicted by its Hasse
diagram.

Furthermore, for i = 1, . . . , d and j = 0, . . . , k − d + 1, with a = 1 + (j mod (d − 1)), we
declare cji ≤P cj+d−1
. The rest of ≤P follows by the reflexive and transitive closure. See an
i+a
example of this construction in Figure 2, and note that the inverse of P is isomorphic to P
(informally, turning P “upside down” gives the same poset) which will be used to reduce the
number of cases in the coming arguments by symmetry.
Our aim is to prove that a contraction of any pair of vertices of P already gives red
degree ≥ d − 1. Suppose first that the contracted pair is from the same chain Ci , e.g., cji
and chi for 0 ≤ j < h ≤ k. We may assume j ≤ k − 2d + 3, since otherwise we would have
h ≥ j + 1 ≥ k − 2d + 5 ≥ 2d − 3 and could apply the symmetric argument. Then, for
a = 1 + j mod (d − 1), cji ≤P cj+d−1
but chi ̸≤P cj+2d−3
. Therefore, the contracted vertex
i+a
i+a
cji chi has at least (j + 2d − 3) + 1 − (j + d − 1) = d − 1 incident red edges to the chain Ci+a .
Suppose now that the contracted pair is cji and chy where i ̸= y and 0 ≤ j ≤ h ≤ k. Again,
we may assume by symmetry that j ≤ k − d + 1. If h > j, then chy ̸≤P cj+d−1
and the
i
h j
contracted vertex cy ci has at least d − 1 incident red edges to the chain Ci . If h = j, then
chy cji similarly has at least 2(d − 2) ≥ d − 1 incident red edges to the chains Ci and Cy . ◀

3

Upper bound for posets of width d

Complementing Proposition 2.4, we give the core upper estimate followed by its proof:
▶ Theorem 3.1. A poset of width d ≥ 2 has natural twin-width at most 8d − 9, and hence
the symmetric (matrix) twin-width at most 8d − 8. The corresponding contraction sequence
can be found in time O(dn2 ) where n is the number of vertices of the poset.
By Dilworth’s theorem, a poset P = (X, ≤P ) is of width d if and only if the ground set
X can be partitioned into at most d chains (a chain is linearly ordered by ≤P ). Hence, from
now on, we will consider a poset of width d with a fixed partition π of X into d (nonempty)
chains, formally as a triple P = (X, ≤P , π) where π = {U1 , . . . , Ud }.
Our upper bound in Theorem 3.1 will use only a special type of contractions – of two
consecutive vertices of the same chain of P . Since contractions inside a chain essentially
preserve the chain partition of P , we will for simplicity refer to the new chain partition as to
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π again. We shall thus work with the following special kind of red posets, which result from
a chain-partitioned poset by our special contractions:
▶ Definition 3.2 (red d-neighbourly poset). Let P0 = (X0 , ≤P0 , π) be a poset partitioned by π
into d chains. A neighbourly contraction is a contraction of a vertex pair x1 , x2 such that
x1 =
̸ x2 belong to the same chain U of π and they are consecutive in this chain (i.e., no
element of U is strictly between x1 and x2 ). Note, however, that for such a pair x1 , x2 there
could exist a vertex y in another chain of π such that x1 ⪇ y ⪇ x2 .
A tuple P = (X, ≤P , π, R) is called a red d-neighbourly poset (shortly a neighbourly
poset) if the red poset (X, ≤P , R) is obtained from P0 by an arbitrary sequence of neighbourly
contractions (we shortly say that P is a contraction of P0 ).
Roughly speaking, our proof of Theorem 3.1 is going to argue that, although some
neighbourly contractions can create many new red edges, overall the number of red edges that
can potentially be created by every neighbourly contraction is only proportional to the size of
the poset. Therefore, one can always find a “good” neighbourly contraction. Later on in the
contraction sequence, we also have to watch the number of previously created red edges which
is straightforward. Of course, to fulfill Definition 2.2, we will have to eventually contract the
remaining d single-vertex chains into one, but that part will be a trivial conclusion at the
end of our proof.
When dealing with neighbourly posets such as P = (X, ≤P , π, R), we adopt some special
notation. Consider a chain U = (u1 , u2 , . . . , um ) ordered as u1 ≤P . . . , ≤P um . For a vertex
x ∈ X such that x = ua of U , we shall write x+i for the vertex ua+i and x−i for the vertex
ua−i (of course, assuming a + i ≤ m or a − i ≥ 1, respectively). Let x+ and x− be a shorthand
for x+1 and x−1 .
We give a unified way of picturing neighbourly posets – a chain diagram (already seen in
Figure 1), which is close to the traditional Hasse diagram of a poset, but not exactly the same.
▶ Definition 3.3 (chain diagram). Let P be a red d-neighbourly poset. Every chain of P is
drawn as a vertical line, the red edges of R are drawn as red bars between pairs of the chains,
and there is a black bar from a vertex u of a chain U to a vertex v of a chain V ̸= U , if
and only if v is the least vertex of V greater than u and u is the greatest vertex of U smaller
than v.3 A black bar is never drawn as horizontal and is implicitly directed up in the picture.

3.1

Structure of black and red bars

While black bars of a neighbourly poset P are directed by ≤P , that is we have a black bar
(u, v) if u ≤P v as in Definition 3.3, red bars are by Definition 2.2 undirected. Nevertheless,
we can assign a direction to a red bar {u, v} ∈ R as follows.
▶ Definition 3.4 (orienting the red bars). Let the neighbourly poset P = (X, ≤P , π, R) be a
contraction of an ordinary poset P0 = (X0 , ≤P0 , π), and recall that we view u ∈ X as the
subset u ⊆ X0 of the respective contracted vertices of P0 . Since u ⊆ X0 belongs to one chain
of P0 by Definition 3.2, the minimum min(u) of u is well-defined.
We orient the red bar {u, v} ∈ R as (u, v), from u to v, if min(u) ≤P0 x for some x ∈ v,
but min(v) ̸≤P0 min(u). Though, if both directions (u, v) and (v, u) are assigned by this
criterion (which is possible, e.g., when the minima of u and v are incomparable), then we
choose (u, v) if the last contraction into u happened later than that into v.4
3
4

Notice that since R contains only incomparable pairs, there cannot be a red and a black bar together
between the same pair.
The latter criterion of choosing between (u, v) and (v, u) is not really important; we introduce it only to
“break the tie” in a deterministic way.
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Observe that Definition 3.4 assigns exactly one orientation to each {u, v} ∈ R. As an
informal explanation, a red bar {u, v} ∈ R in P means that between the sets u, v ⊆ X0 in P0 ,
the edges (and non-edges) are not uniform (not all in one direction), and then we choose the
“prevailing direction” for the orientation of {u, v}. We shall write a red bar as {u, v} ∈ R if
we do not care about the orientation of it, and as (u, v) ∈ R if we do care.
Now we summarize some (basically trivial) technical properties used in further proofs.
▶ Lemma 3.5. Let P = (X, ≤P , π, R) be a d-neighbourly poset and U and V be two distinct
chains of P determined by π.
a) If u ≤P v where u ∈ U and v ∈ V , then there is no i > 0 such that (u, v +i ) ∈ R.
Analogously, if u ≥P v, then there is no i > 0 such that (v −i , u) ∈ R.
b) If (u, v) ∈ R where u ∈ U and v ∈ V such that (u, v + ) ̸∈ R, then u ≤P v + (informally, red
bars oriented from u to vertices of V come in a consecutive strip “capped” by a black bar).
An analogous claim symmetrically holds for red bars oriented towards u from V .
c) If (u, v) ∈ R where u ∈ U and v ∈ V , then there are no i, j > 0 such that (u+i , v −j ) ∈ R or
u+i ≤P v −j (informally, no two red bars of the same orientation from U to V may “cross”,
and no black bar from U to V may be “crossed” by a red bar starting below it in U ).
d) There are together at most |U | + |V | − 1 red bars from a vertex of U to a vertex of V .
e) Assume u ∈ U , v ∈ V such that (u, v) ∈ R is a red bar that has been created by a
neighbourly contraction into u, and that no contraction into v has happened after the
creation of red (u, v). Then no neighbourly contraction in P in the chain U can create
another red bar oriented towards v.
An analogous claim holds for (v, u) ∈ R and creation of red bars oriented from v.
Proof. Let P be a contraction of the ordinary poset P0 = (X0 , ≤P0 , π).
a) Trivially by transitivity, u ≤P v ≤P v +i contradicts that pairs in R are incomparable.
b) By (u, v) ∈ R and Definition 3.4, for some x ∈ v of P0 we have min(u) ≤P0 x ≤P0
min(v + ). Then, if max(u) ̸≤P0 min(v + ), we would have forbidden (u, v + ) ∈ R. Therefore,
by homogeneity of the edges from u to v + in P0 , we get desired u ≤P v + .
c) Assume the contrary, that (u+i , v −j ) ∈ R. Then, by Definition 3.4 and transitivity
in P0 , max(u) ≤P0 min(u+i ) ≤P0 x ≤P0 min(v) where x ∈ v −j , which contradicts the
assumption {u, v} ∈ R. The same argument goes through if u+i ≤P v −j with x = min(v −j ).
d) We ignore the chains other than U or V , and we prove the statement by induction.
The base case is |U | = 1; clearly, there may be at most |V | = |U | + |V | − 1 red bars going
from U to V . Now, let u1 be the minimum of the chain U , and assume that there are q ≥ 0
red bars oriented from u1 to V . Let V1 ⊆ V be the lowest q − 1 vertices of the chain V .
By (c), only red bars from u1 may end in V1 . So, we remove the vertices {u1 } ∪ V1 and, by
induction, there are at most |U | − 1 + |V | − (q − 1) − 1 = |U | + |V | − q − 1 red bars from
U \ {u1 } to V \ V1 . With the q red bars starting in u1 , we get the desired bound.
e) If (u, v) ∈ R has been created by a contraction into u, and not by a prior contraction
into v, then min(u) ≤P0 min(v) using Definition 2.2. Hence a further neighbourly contraction
in the chain U below u cannot at all create a red bar incident to v, and a neighbourly
contraction in the chain U above u can only create a new red bar oriented from v, according
to Definition 3.4.
◀

3.2

Minimizing the red potential

Now comes the core of the proof of Theorem 3.1, estimating how many red edges can
potentially result from all possible neighbourly contractions in P . Let u ∈ U be a vertex of a
chain U which is not maximal, u0 be the vertex created by the contraction of u and u+ , and
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define the red potential of u as the number of red edges incident to u0 after the contraction
(so, previous red edges incident to u or u+ are also counted here). The red potential of the
chain U is simply the sum of red potentials over the non-max vertices of U , and the red
potential of P is the sum over all chains of P .
▶ Lemma 3.6.
a) If P = (X, ≤P , π, R) is a red d-neighbourly poset with m = |X| elements, then the red
potential of P is at most 2(d − 1)(m − d) + 2|R|.
b) There are at most |R| ≤ 2(d − 1)(m − d) red bars in P .
Proof. In both parts of this proof, let U and V be any two distinct chains of P .
a) For any vertex x ∈ U (resp. x ∈ V ), let the red supplement of x, denoted rs(x), be the
number of neighbourly contractions in V (resp. in U ) that create a red bar incident to x in
the ordinary poset P0 = (X, ≤P , π), i.e., if we ignore the red bars of P . Let ρU,V be the sum
of rs(x) over all x ∈ U ∪ V . Notice that ρU,V is the red potential of P0 restricted to U ∪ V .
By Definition 3.4, rs(x) ≤ 2, since at most one neighbourly contraction creates a new
red bar oriented to x and at most one creates a new red bar oriented from x, and hence
ρU,V ≤ 2(|U | + |V |). We slightly improve this immediate bound as follows. Let u1 and v1 be
the minima of the chains U, V , and let u′ and v ′ be their maxima. If rs(u1 ) + rs(v1 ) > 2
then, up to symmetry, rs(u1 ) = 2. This would mean that there is a vertex v ∈ V such that
v ≤ u1 . Since v1 ≤ v, we get v1 ≤ u1 ≤ u for all u ∈ U , which implies that rs(v1 ) = 0.
Consequently, rs(u1 ) + rs(v1 ) ≤ 2, and rs(u′ ) + rs(v ′ ) ≤ 2 by symmetry. Summing with the
remaining vertices of U ∪ V we obtain an estimate ρU,V ≤ 2(|U | + |V |) − 4.
Let thecardinalities of the d chains of P be m1 , m2 , . . . , md . Summing the latter estimate
over all d2 unordered pairs of chains of P , we get
 
X
X 

d
ρUi ,Uj =
2 · (mi + mj ) − 4 = 2(d − 1)m − 4 ·
= 2(d − 1)(m − d) . (1)
2
1≤i<j≤d

1≤i<j≤d

Now it remains to add the contribution of the red bars of R in P . Each red bar (u, v) ∈ R,
where u ∈ U , contributes to the red potentials of at most two neighbourly contractions
in U ; namely to those of the pairs u− , u and u, u+ . However, we are over-counting this way,
and we now show that it is enough to count a “+1” contribution towards one of the two
contractions. Precisely, we contribute a red bar (u, v) to the contraction of the pair u, u+
since the following holds: If (u− , v) ∈ R, then the contraction of u− , u into u0 anyway makes
only one inherited red bar (u0 , v) (out of the two red bars (u, v) and (u− , v) of P ) and our
rule contributes (u− , v) to the pair u−, u. Otherwise, by Lemma 3.5(b), we have u− ≤P v
and the inherited red bar (u0 , v) has already been counted as a new one in rs(v) above.
Since each red bar in R increases the red potential in two chains, we in total get that the
red potential of P is at most 2(d − 1)(m − d) + 2|R|.
b) A straightforward application of Lemma 3.5(d) gives an upper bound of 2(|U | + |V |) − 2
on the number of red bars between chains U and V (in both directions). However, if
u1 , v1 denote the minima of U, V , then (u1 , v1 ) ̸∈ R up to symmetry. So, an application
of Lemma 3.5(d) to U \ {u1 } and V gives at most |U | + |V | − 2 red bars from U to V . A
symmetric “saving” can be obtained for the maxima of U, V , and hence we can have at most
2(|U | + |V |) − 4 red bars between chains U and V in both directions.
Finally, summing the latter bound over all pairs of chains as in (1), we get the desired
bound |R| ≤ 2(d − 1)(m − d).
◀

J. Balabán and P. Hliněný

6:9

Proof of Theorem 3.1. Let P0 = (X0 , ≤P0 , π) be an ordinary poset partitioned into d chains.
We are now ready to finish the main proof; to find a desired contraction sequence of P0 of
bounded red degree. The natural idea at each step (with a neighbourly poset P obtained
from P0 so far) is to exhaustively find a neighbourly contraction in P of the smallest red
potential, which is upper-bounded independently of the size of P based on Lemma 3.6.
Let P = (X, ≤P , π, R) be a contraction of P0 , as above, and m = |X| ≤ |X0 | = n. The
red potential of whole P is at most 2(d − 1)(m − d) + 4(d − 1)(m − d) = 6(d − 1)(m − d) by
Lemma 3.6. Since there are m − d possible neighbourly contractions in P , one of them has
the red potential at most 6(d − 1). This of course makes sense only for m > d but for m ≤ d,
we can finish the contraction sequence arbitrarily, without getting a high red degree.
We are nearly done, but there is a small catch. For a vertex x ∈ X of P , call a red
edge {x, y} incident to x domestic (to x) if it has been there already the last time we have
contracted into x along our contraction sequence; otherwise, call red {x, y} foreign. While
the argument in the previous paragraph bounded the number of domestic red edges incident
to any vertex along the whole sequence, we have not yet bounded the number of potential
foreign red edges (that is those which have been created by contraction to other vertices
later on). Using Lemma 3.5(e), we claim that there can be at most one foreign edge incident
to x oriented towards x, and one oriented from x, per each other chain of P . Hence the
number of foreign red edges incident to any x is at most 2(d − 1), and at most 2d − 3 if x
has also some domestic red edges (again by Lemma 3.5(e)). Altogether, the maximum red
degree along our contraction sequence is at most 6(d − 1) + 2d − 3 = 8d − 9.
The above proof straightforwardly translates into a simple and efficient algorithm. The
red potential of one vertex of P can be found in time proportional to d and the value of this
red potential, and hence the minimum red potential of the poset P in the current step of a
contraction sequence is determined in time O(dm) ≤ O(dn). The same time is sufficient to
update P for the next step. Since we need n − 1 steps of the contraction sequence for P0 ,
this computation is finished in time O(dn2 ).
◀

4

Tight estimate for posets of width 2

From Section 3 we get that in the worst case a poset of width 2 has twin-width at least 1
and at most 7 (where the upper bound of Theorem 3.1 can likely be improved a bit in this
special case of d = 2). However, in order to get an exact worst-case value of twin-width,
namely value 2, we had to employ a very different approach – one which is special only for
posets of width 2 (unfortunately, this argument does not generalize even to width 3).
We start with the upper estimate:
▶ Theorem 4.1. A poset of width 2 has natural twin-width at most 2, and the corresponding
contraction sequence can be computed in linear time.
We prove the statement by providing the claimed algorithm and proving its correctness.
On a high level, our algorithm performs a depth-first search for a “safe” possibility of a
neighbourly contraction in one of the two chains of a poset P , starting from a minimal vertex
u1 of the poset. By a safe neighbourly contraction we mean one in which we have or create
at most one incoming and at most one outgoing red bar in the contracted vertex. We also
stay in firm control of all red bars in intermediate contracted red posets.
To control the search for neighbourly contraction pairs and the occurrence of red bars,
we introduce the notion of a directed bar path (recall also Definition 3.3 of a chain diagram
with bars). A bar path in a red 2-neighbourly poset P is a directed path represented as a
vertex sequence (x1 , x2 , . . . , xk ) in P such that
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x1 is a minimal vertex of P (either of the possible two),
for i = 1, . . . , k − 1, (xi , xi+1 ) is a black or red bar in P oriented this way, and
+
+
+
if both x+
i , xi+1 exist in P , then xi ̸≤P xi+1 .
Notice that a bar path is “zig-zag” switching between the two chains of P . Our bar-path
controlled algorithm is then formalized in Algorithm 1.
Commenting on this algorithm, we remark that the main part (the one searching for
a “safe” neighbourly contraction along bar path B) is presented on lines 15 to 26. The
preceding supplementary part on lines 9 to 13 is there to prepare for a possible contraction
at the root u1 of bar path B; if u1 is not the global minimum of P , then the lower vertices
of the other chain V of P could create many red bars oriented towards u1 after neighbourly
contraction to u1 . This is eliminated by safe contractions of the problematic vertices of V to
v1 on line 13, which make future neighbourly contractions to u1 safe as well.
Actually, the course of Algorithm 1 is illustrated in previous Figure 1. It is u1 = A,
v1 = E (after the supplementary first step, v1 = EF ), and the bar path leading to the first
contraction (of C, D) on line 22 is B = (A, G, C). Further on, for example, in the fourth
picture (the top-right red poset) we have B = (A) and B + = (A, GH, CD, I). In the fifth
picture (bottom-left), we get B = (AB, GH) and B + = (EF, AB, GH, CD, I), and so on.
Proof of Theorem 4.1. We refer to Algorithm 1 and the definition of bar path B. Let P0
be the input ordinary poset and P the current 2-neighbourly poset, as in the algorithm. Let
U0 , V0 denote the two chains of P0 and u1 = min(U0 ) be the start (root) of bar path B which
stays fixed during the course of computation. Let v1 = min(V0 ). Note that we slightly abuse
notation by referring to these vertices as to u1 and v1 also in the poset P , after possible
contractions into u1 or v1 .
For the purpose of analysis of Algorithm 1, we define an extended bar path B + ⊇ B of
the current bar path B in P as follows: B + starts with (v1 , u1 ) if (v1 , u1 ) ∈ R, and B +
starts in u1 otherwise. Then B + contains all bars of B in order, then possibly one black bar
starting in the last vertex of B, and finally, B + ends as a directed path using only red bars
of P . We claim the following invariant at the beginning and after every iteration of the loop
from line 6:
(I) B conforms to the conditions of a bar path.
(II) There exists an extended bar path B + of B in P containing all red bars of P .
To better understand the role of an extended bar path, observe that, modulo renaming of
contracted vertices, B + coincides with the former bar path in the iteration in which the
upper-most red bar of B + has been created by a contraction.
Since an extended bar path is acyclic and does not repeat vertices – this is not trivial
but follows from Definition 3.4 – condition (II) then implies that the red degree of P after
every iteration is at most 2, thus proving the conclusion of Theorem 4.1. Our aim hence is
to prove the invariant, by induction on the iterations of the main cycle.
At the beginning, B = (u1 ) satisfies (I) and (II) is trivial since R = ∅. We now assume
that these hold when an iteration of the main cycle (line 6) starts. Possible contractions on
line 13 do not create red edges or change B, except that when |U | = 1 they could create the
red bar (v1 , u1 ) which will be included in our extended bar path there.
For the next arguments, note that line 15 always selects a red bar (u, v) if there is one
starting from u. So, if there is no red bar from u and u+ ≤P v, then (u, v) is not a black bar
either (Definition 3.3) and the extended bar path B + from (II) before this iteration cannot
reach v. Consequently, the contraction of u, u+ on line 22 of this iteration does not make
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Algorithm 1 Constructing a contraction sequence of red degree 2.

Input: Given a poset P0 = (X0 , ≤P0 , π) partitioned into 2 chains.
Output: A record of the constructed contraction sequence of P0 of red degree ≤ 2.
1: declare P = (X, ≤P , π, R) a red 2-neighbourly poset
2: declare B a directed bar path (of black and red bars of P )
3: P ← red neighbourly poset P = (X0 , ≤P0 , π, ∅);
4: B ← bar path (u1 ), where u1 is a minimal vertex of P0 (any of possible two);
5: // bar path B directs the course of the algorithm (kind of similarly to classical DFS);

note that B stays rooted in u1 = min(U ) till the end of the main loop
6: while B ̸= ∅ do
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

u ← the (upper) end vertex of bar path B, i.e., B = (x1 , . . . , xk , u);
{U, V } ← the two chains of P (by π) such that u ∈ U ;
if B = (u), which is equivalent to u = min(U ) then
// here we contract the lower section of V which is homogeneous towards U :
v1 ← min(V ); u2 ← smallest u2 ∈ U such that v1 ≤P u2 , or u2 nonexistent;
while |V | > 1 and |U | = 1 or (u2 exists and v1+ ≤P u2 ) do
P ← contraction of the pair v1 , v1+ in P ; v1 ← v1 v1+ ;
// the main part; prolonging B, or possibly contracting at the end and shortening B:
v ← the smallest vertex v ∈ V such that u ≤P v or (u, v) ∈ R, or v nonexistent;
if v, v + and u+ exist in P , and u+ ̸≤P v + then
// note that since u+ ̸≤P v + , we get that (u, v) ∈ R or (u, v) is a black bar
B ← (B, v), i.e., prolongation of bar path B by the bar (u, v);
else
if u+ exists in P then
// the contraction here is safe; even if v, v + exist, we have u+ ≤P v + and
no red bar towards v + (or further up) is created
P ← contraction of the pair u, u+ in P ; u ← uu+ ;
if B = (u) then
if u+ nonexistent in P then B ← ∅;
else
B ← B \ (u), i.e., shortening of bar path B by the last bar towards u;

27: P ← contraction of the remaining pair min(U ), min(V ) in P ;

(u, v) red, and (I) and (II) are satisfied after the iteration with the same B + . Hence we can
assume that (u, v) ∈ R or u+ ̸≤P v hold in the coming case analysis.
We now analyze the remaining cases according to the “if” statements from line 16 onward:
If v, v + and u+ exist and u+ ̸≤P v + , then (u, v) is a red or black bar in P , and so we
explicitly satisfy all three conditions of a bar path for the prolongation (B, v) on line 18.
No new red bars are created in this iteration, and we claim that an extended bar path
B + from the previous iteration contains or will contain the new bar (u, v); this is trivial
if (u, v) is red, and for a black bar (u, v) it is the only bar of P starting in u anyway.
If u+ and v exist, and v + is nonexistent or u+ ≤P v + , then the contraction of u, u+ on
line 22 makes (u, v) red if it was not such before. No other red bar exists or is created
from u (although, the bar of B towards u may already be red). Altogether, we inherit
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B + from the previous step, and with (now) red (u, v) this will be (II) a valid extended
bar path of the shortened bar path B \ (u) at the end of the iteration. Not to forget (I),
B \ (u) will be a valid bar path as well.
If B = (u) in the previous case, we do not shorten B (since u+ exists), but the arguments
stay the same.
if u+ exists but v does not, then an extended bar path cannot reach beyond u. So, after
the contraction and shortening B by u we will trivially satisfy (I) and (II) again.
Lastly, if u+ is nonexistent, then we only shorten B by u, or we are at the end of the
algorithm if u is the root of B (note that here the procedure on lines 9 to 13 also takes
part and shortens V to one vertex before we stop the cycle from line 6).
It remains to argue why the algorithm stops, and what is the runtime. The first part is
clear since every iteration of the main loop either prolongs the current bar path (which is
bounded), or eventually finds a next contraction pair.
As for the runtime, we use the following special representation of the working poset P ,
which extends the chain diagram of Definition 3.3: For every u ∈ U we record, besides the
red bars of u, the least v ∈ V such that u ≤P v. We input the poset P0 as a traditional Hasse
diagram, find its chain cover by standard means and prepare our special representation of it
in linear time with respect to |X0 |. The total number of iterations of the main cycle is linearly
proportional to the number of performed contractions in the main part. Then, at every
iteration of the main cycle, we can perform the computation, and the update of the structure
representing P , in constant time. The only exception is a possible iteration of the inner cycle
on line 12, which is counted amortized towards the total number of contractions.
◀
The lower estimate matching Theorem 4.1 is as follows.
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Figure 3 [top] A poset of width 2 which has natural twin-width (at least) 2. [bottom] All possible
contractions of this poset, up to symmetry, which have red degree 1.

▶ Proposition 4.2. The poset depicted in Figure 3 has natural twin-width at least 2.
Proof. 5 Thanks to symmetries in the depicted poset P , it is routine and easy to verify that
every contraction of a pair in P results in two red edges incident to the contracted vertex,
except the contraction of the pair a2 , a3 (or the symmetric pairs b2 , b3 or b3 , b4 or a3 , a4 ).
The result of this contraction, a red poset P1 , is on bottom left of Figure 3.
5

To be safe, we have independently verified this whole proof by an exhaustive computer check.
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Now, in P1 , the contraction of (now red) pair a2 a3 , b1 creates three incident red edges.
For every other contracted pair in P1 , we either get the same two red edges as if it was
contracted in P , or another red edge incident to a2 a3 or to b1 , or one of the further two
possibilities of isolated red edges depicted at the bottom of Figure 3. In those cases, again
by a boring but routinely easy case analysis, one can see that every contraction creates red
degree at least two.
◀

5

Conclusions

We have proved a tight relation up to a multiplicative constant between the width of a poset
and its twin-width. The constants in this linear relation are very reasonable, but they can
likely still be improved. The result also gives a simple and practically usable approximation
algorithm for the twin-width of posets of small width, while the same is not known in the
more general cases of all graphs or all posets.
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Abstract
Computing small kernels for the hitting set problem is a well-studied computational problem where
we are given a hypergraph with n vertices and m hyperedges, each of size d for some small constant d,
and a parameter k. The task is to compute a new hypergraph, called a kernel, whose size is
polynomial with respect to the parameter k and which has a size-k hitting set if, and only if, the
original hypergraph has one. State-of-the-art algorithms compute kernels of size kd (which is a
polynomial kernel size as d is a constant), and they do so in time m · 2d poly(d) for a small polynomial
poly(d) (which is a linear runtime as d is again a constant).
We generalize this task to the dynamic setting where hyperedges may continuously be added or
deleted and one constantly has to keep track of a size-kd hitting set kernel in memory (including
moments when no size-k hitting set exists). This paper presents a deterministic solution with
worst-case time 3d poly(d) for updating the kernel upon hyperedge inserts and time 5d poly(d) for
updates upon deletions. These bounds nearly match the time 2d poly(d) needed by the best static
algorithm per hyperedge. Let us stress that for constant d our algorithm maintains a dynamic
hitting set kernel with constant, deterministic, worst-case update time that is independent of n, m,
and the parameter k. As a consequence, we also get a deterministic dynamic algorithm for keeping
track of size-k hitting sets in d-hypergraphs with update times O(1) and query times O(ck ) where
c = d − 1 + O(1/d) equals the best base known for the static setting.
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1

Introduction

The hitting set problem is a fundamental combinatorial problem that asks, given a hypergraph,
whether there is a small vertex subset that intersects (“hits”) each hyperedge. Many interesting problems reduce to it: a dominating set of a graph is just a hitting set in the hypergraph
that contains for every vertex a hyperedge consisting of the vertex’s closed neighborhood; for
any fixed graph H, the question of whether we can delete k vertices from a graph G in order
to make G an H-free graph can be reduced to the hitting set problem for the hypergraph
to which each occurrence of H in G contributes one hyperedge – and this problem in turn
generalizes problems such as triangle-deletion and cluster-vertex-deletion [1]. The
hitting set problem also finds applications in the area of descriptive complexity, as a fragment
of first-order logic can be reduced to it [9].
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The hitting set problem is NP-complete [25] and its parameterized version pk -hitting-set
is W[2]-complete [14]. However, if we restrict the size of hyperedges to at most some constant d,
the resulting problem pk -d-hitting-set lies in FPT [20] and even has polynomial kernels.
In particular, d = 2 is the vertex cover problem, which is still NP-complete, but one of the
best-investigated parameterized problems. Already the jump from d = 2 to d = 3 turns out
to be nontrivial in this setting. In detail, the inputs for our algorithms are a hypergraph
H = (V, E) and an upper bound k for the size of a hitting set X wanted (a set for which
e∩X =
̸ ∅ holds for all e ∈ E). We think of the numbers n = |V | and m = |E| as large
numbers, of k as a (relatively small) parameter, and of d = maxe∈E |e| as a small constant
(already the cases d = 3 and d = 4 are of high interest).
Parameterized algorithms for the hitting set problem proceed in two steps: First, the
input (H, k) is kernelized, which means that we quickly compute a (small) new hypergraph
K such that H has a size-k hitting set iff K has one. Afterwards the problem is solved on K
using an expensive algorithm based on search trees or iterative compression. The currently
best algorithm for computing a kernel is due to Fafianie and Kratsch [17], see also [4, 32] for
some recent developments. The cited algorithm outputs a kernel of size k d (meaning that K
has at most k d hyperedges) in time m · 2d poly(d) (meaning that time 2d poly(d) is needed
on average per hyperedge of H). The best algorithms for solving the hitting set problem on
the computed kernel K run in time O(ck ), where the exact value of c = d − 1 + O(1/d) is a
subject of ongoing research [33, Section 6], [19, 21, 28], and [10, Section 4]. In summary, on
input (H, k) one can solve the hitting set problem in time O(2d poly(d) · m + ck ).
Our objective in this paper is to transfer (only) the first part of solving the hitting set
problem (namely the computation of the kernel K) into the dynamic setting. Instead of a
single hypergraph H being given at the beginning, there is a sequence H0 , H1 , H2 , H3 , . . . of
hypergraphs each of which differs from the previous one by a single edge being either added
or deleted. One continuously has to keep track of hitting set kernels K0 , K1 , K2 , K3 , . . .
for the current Hi (including moments when Hi has no size-k hitting set). Our aim is to
compute the updated kernel Ki+1 from Ki in constant time based solely on the knowledge
which edge was added to or deleted from Hi in order to obtain Hi+1 .
Doing the necessary bookkeeping to dynamically manage a hitting set kernel is not easy.
As an example, consider two hypergraphs H and H̃ with disjoint vertex sets, were H is
a clear no-instance (like a matching of size k + 1) while H̃ is a hard, borderline case that
can only be reduced to a relatively large kernel K̃. A dynamic kernel algorithm that works
on H ∪˙ H̃ must be able to cope with the situation that we first add all the edges of H (at
which point a natural kernel would be a trivial size-1 no-instance K), followed by all the
edges of H̃ (which even reinforces that the trivial no-instance K is a correct kernel for the
ever-larger hypergraph), followed by a deletion of the edges from H. At some point during
these deletions, a dynamic kernel algorithm must switch from the constant-size K to the large
kernel K̃. Previous work from the literature [2] shows that it is already tricky to achieve this
switch in time polynomial in the size of kernels K and K̃. The challenge we address is to do
the updates in constant worst-case time, which forces our dynamic algorithm to spread the
necessary changes over time while neither resorting to amortization nor to randomization.
Note that we only give a dynamic algorithm for keeping the kernel up-to-date with
constant update times – we make no claims concerning the time needed to actually compute
a hitting set for the current kernel Ki (and, thus, for the current Hi ). Phrased in terms of
dynamic complexity theory, there are two different problems for which we present algorithms
with differing update times (the time needed for updating internal data structures) and query
times (the time needed to construct an output upon request): For the first problem of (just)
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computing hitting set kernels K for inputs H, we present a dynamic algorithm with constant
update time and zero query time (since the current kernel Ki is explicitly stored in memory
as an adjacency matrix at all times). For the second problem of computing size-k hitting
sets X for inputs H, our dynamic algorithm also has constant update time (to keep track of
kernels Ki ), but has a query time of ck (to compute Xi from Ki ). Since in both cases our
update times are constant and since it is not hard to see that one cannot improve the query
times beyond the time needed by the fastest static algorithm, these bounds are optimal.
Main Result: A Fully Dynamic Hitting Set Kernel. In the fully dynamic case where
edges may be inserted and deleted over time, the hypergraph may repeatedly switch between
having and not having a size-k hitting set. This turns out to be a big obstacle for updating a
kernel in just a few steps. Dynamic kernels have already been constructed by Alman, Mnich,
and Williams [2]. They present a pk -vertex-cover kernel with O(k) worst-case update
time and O(1) amortized update time. For the pk -d-hitting-set they achieve a kernel of
2
size (d − 1)!k(k + 1)d−1 with update time (d!)d · k O(d ) .
In this paper, for each fixed number d we present a fully dynamic algorithm that maintains
a pk -d-hitting-set kernel of size O(k d ) with constant update times.
▶ Theorem 1. For every d ≥ 2 there is a deterministic, fully dynamic kernel algorithm for
Pd
the problem pk -d-hitting-set that maintains at most i=0 k i ≤ (k + 1)d hyperedges in the
kernel, has worst-case insertion time 3d poly(d), and worst-case deletion time 5d poly(d). In
particular, as d is a constant, the dynamic kernel algorithm performs both insertions and
deletions in time that is constant and independent of the input and parameter k.
▶ Corollary 2. There is a fully dynamic algorithm for pk -d-hitting-set with update time
O(1) and query time O(ck ), where c = d − 1 + O(1/d).
In order to achieve update times independent of k, this paper makes three major improvements on the general sunflower approach [1]. First, relevant objects are handled hierarchically.
This allows an inductive construction and an analysis that improves the bounds on the kernel
size as well as the update time. Second, we replace the notion of strong edges (see [2]) by
needed edges to be defined later. Whenever a flower is formed, the replacement of its petals
can be handled much more easily this way. Finally, the use of b-flowers (see also [17]) instead
of generalized sunflowers [2] decreases the size of the kernel even further.
Our kernel is a full kernel in the sense of [11]: It does not just preserve a single size-k
solution, but all of them. Therefore, we can use the kernel for counting and enumeration
problems; and we can even use the whole kernel as approximate solution. The kernel size is
optimal insofar as pk -d-hitting-set has no kernel of size O(k d−ϵ ) unless coNP ⊆ NP/poly [13].
Notet that if we feed the hyperedges of a static hypergraph to our algorithm one-at-a-time, we
compute a static hitting set kernel in time 3d poly(d) · m. Since the currently best algorithms
for that tasks, see [4, 17, 30], run in time 2d poly(d) · m, our algorithm is not far from the
best static runtime: the difference just lies in the constant factor 3d versus 2d .
Extension to Set Packing. Our kernelization can be adapted for pk -matching and the
more general pk -d-set-packing: The input (H, k) is as before, but the question is whether
there is a packing P ⊆ E with |P | ≥ k (that is, e ∩ f = ∅ for any two different e, f ∈ P ).
▶ Theorem 3. For every d ≥ 2 there is a deterministic, fully dynamic kernel algorithm for
Pd
the problem pk -d-set-packing that maintains at most i=0 (d(k − 1))i ≤ dd k d hyperedges in
the kernel, has worst-case insertion time 3d poly(d), and worst-case deletion time 5d poly(d).
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Related Work. Ever-better kernels for pk -d-hitting-set are due to Flum and Grohe [20],
van Bevern [30], and Fafianie and Kratsch [17]. Damaschke studied full kernels for the
problem, which are kernels that contain all small solutions [11]. There are also optimized
algorithms for specific values of d: for instance the algorithm by Buss and Goldsmith [7] for
d = 2, or by Niedermeier and Rossmanith [28] and Abu-Khzam [1] for d = 3.
Dynamic algorithms can be used in a variety of monitoring applications such as maintaining
a minimum spanning tree [22] or connected components [23]. There is also a recent trend in
studying dynamic approximation algorithms, for instance for vertex-cover [6]. Algorithms
that maintain a solution for a dynamically changing input can also be studied using descriptive
complexity, as suggested by Patnaik and Immerman [29]. A recent break-through result in
this area is that reachability is contained in DynFO [12].
Iwata and Oka [24] were the first to combine kernelization and dynamic algorithms by
studying a dynamic quadratic kernel for pk -vertex-cover. Their dynamic kernel algorithm
requires O(k 2 ) update time and works in a promise model where at all times it is guaranteed
that there actually is a size-k vertex cover in the input graph. Alman, Mnich, and Williams
extended this line of research by studying dynamic parameterized algorithms for a broad
range of problems [2]. Among others, they provided a pk -vertex-cover kernel with O(k)
worst-case update time and O(1) amortized update time that works in the fully dynamic
model. Their generalization to a fully dynamic algorithm for pk -d-hitting-set with a
slightly larger kernel size and nononstant update time has already been mentioned above.
Recent advances in dynamic FPT-algorithms where achieved by a dynamic data structure
that maintains a optimum-height elimination forest for a graph of bounded treedepth [8].
Organization of This Paper. After a short introduction to dynamic algorithms, data
structures, and parameterized complexity in Section 2, we first illustrate the algorithm for
the special case of pk -vertex-cover in Section 3. Then, in Section 4, we generalize the
algorithm to pk -d-hitting-set. In Section 5 we argue that with slight modifications, the
same algorithm can be used to maintain a polynomial kernel for pk -d-set-packing. In this
publication we focus on explaining the core concepts – detailed proofs and technical details
can be found in the technical report [3].

2

A Framework for Parametrized Dynamic Algorithms

Our aim is to dynamically maintain kernels with minimal update time. To formalize this, let
us begin with the definition of kernels and then explain properties of dynamic kernels.
Parameterized Hypergraph Problems and Kernels. A d-hypergraph is a pair H = (V, E)
consisting of a set V of vertices and a set E of hyperedges with e ⊆ V and |e| ≤ d for all e ∈ E.
Let n = |V | and m = |E|. The degree of v is degH (v) = e ∈ E | v ∈ e . A uniform
d-hypergraph has |e| = d for all e ∈ E, e. g., a graph is a uniform 2-hypergraph.
We use Vd

V
to denote the set { e ⊆ V | |e| = d } of all size-d hyperedges and let ≤d
= { e ⊆ V | |e| ≤ d }.
∗
Parameterized hypergraph problems are sets Q ⊆ Σ × N, where instances (H, k) ∈ Σ∗ × N
consist of a hypergraph H and a parameter k. A parameterized problem is in FPT if the
question (H, k) ∈ Q can be decided in time f (k) · (|V | + |E|)c for some computable function f
and constant c. It is known that Q ∈ FPT holds iff kernels can be computed for Q in
polynomial time [15]. Kernels of polynomial size are of special interest: For a polynomial σ, a
σ-kernel for an instance (H, k) ∈ Σ∗ × N of a problem Q is another instance (H ′ , k ′ ) ∈ Σ∗ × N
with |H ′ | ≤ σ(k), k ′ ≤ σ(k), and (H, k) ∈ Q ⇐⇒ (H ′ , k ′ ) ∈ Q.
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Dynamic Hypergraphs and Dynamic Kernels. One might consider several properties of
a hypergraph that could change in a dynamic way. In this paper we consider as fixed and
immutable the bound d on the hyperedge sizes, the vertex set V , and also the parameter k.
That means only the most specific one, the hyperedge set E, will change dynamically. We
assume that initially it is the empty set:
▶ Definition 4 (Dynamic Hypergraphs). A dynamic hypergraph consists of a fixed vertex set
V = {v1 , . . . , vn } and a sequence o1 , o2 , o3 , . . . of update operations, where each oj is either
insert(ej ) or delete(ej ) for a hyperedge ej ⊆ V .
A dynamic hypergraph defines a sequence of hypergraphs H0 , H1 , . . . with H0 = (V, ∅),
Hj = (V, E(Hj−1 ) ∪ {ej }) for oj = insert(ej ), and with Hj = (V, E(Hj−1 ) \ {ej }) for
oj = delete(ej ). For convenience (and without loss of generality) we assume only missing
hyperedges are inserted and only existing ones deleted. A dynamic hypergraph algorithm
gets the update sequence of a dynamic hypergraph as input and has to output a sequence of
solutions, one for each Hi . Crucially, the solution for Hi must be generated before the next
operation oi+1 is read. While after each update we could solve the problem from scratch
for Hi , we may do better by taking into account that the difference between Hi−1 and Hi is
small. With the help of an internal auxiliary data structure Ai that the algorithm updates
alongside the graphs, one might be able to solve the original problem faster after each update.
The problem we wish to solve dynamically is to compute for each Hi a kernel Ki (as opposed
to the problem of solving the parameterized problem Q itself).
▶ Definition 5 (Dynamic Kernel Algorithm). Let Q be a parameterized problem and σ a
polynomial. A dynamic kernel algorithm Algo for Q with kernel size σ(k) has three methods:
1. Algo.init(n, k) gets the size n of V and the parameter k as inputs, neither of which will
change during a run of the algorithm, and must initialize an auxiliary data structure A0
and a kernel K0 for (H0 , k) and Q and σ (observe that H0 = (V, ∅) holds).
2. Algo.insert(e) gets a hyperedge e to be added to Hi−1 and must update Ai−1 and Ki−1
to Ai and Ki with, again, Ki being a kernel for (Hi , k) and Q and σ.
3. Algo.delete(e) removes an edge instead of adding it.
One could also require that only the data structure Ai is updated in each step, while a
kernel Ki would only be needed to be computed upon a query request. This would allow to
differentiate between update times and query times for computing kernels. By requiring that
the kernel Ki is explicitly computed at each step alongside Ai , our definition implies a query
time of zero for computing Ki . However, solving the query (Hi , k) ∈ Q using Ki may take
exponential time in k. Concerning the update times, an efficient dynamic kernel algorithm
should of course compute Ai and Ki faster than a static kernelization that processes Hi
completely. The best one could hope for is constant time for the initialization and per update,
even independent of the parameter k – and this is exactly what we achieve in this paper.
Data Structures for Dynamic Algorithms. The Ai rely on data structures such as objects
and arrays. We additionally use a novel data structure called relevance list, which are
ordinary lists equipped with a relevance bound ρ ∈ N: the first ρ elements are said to be
relevant, while the others are irrelevant. This data structure supports insertion and deletion,
querying the relevance status of an element, and querying the last relevant element – each in
O(1) time. For concrete implementations and an analysis, please see the technical report [3].
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3

Dynamic Vertex Cover with Constant Update Time

In order to better explain the ideas behind our dynamic kernel algorithm, we first tackle
the case d = 2 in this section and show how we can maintain kernels of size O(k 2 ) for the
vertex cover problem with update time O(1). The idea is based on a well-known static kernel:
Buss [7] noticed that in order to cover all edges of a graph G = (V, E) with k vertices, we
must pick any vertex with more than k neighbors (let us call such vertices heavy). If there
are more than k 2 edges after all heavy vertices have been picked and removed, no vertex
cover of size k is possible (since each light vertex can cover at most k edges).
To turn this idea into a dynamic kernel, let us first consider only insertions. Initially,
new edges can simply be added to the kernel; but at some point a vertex v “becomes heavy.”
In the static setting one would remove v from the graph and decrease the parameter by 1.
In the dynamic setting, however, removing v with its adjacent edges would take time O(k)
rather than O(1). Instead, we leave v in the graph, but do not add further edges containing v
to the kernel once v becomes heavy. We call the first k + 1 edges relevant for the vertex and
the rest irrelevant. By putting the relevant edges of a heavy vertex in the kernel, we ensure
that this vertex still must be chosen for any vertex cover. By leaving out the irrelevant edges,
we ensure a kernel size of at most O(k 2 ). More precisely, if the kernel size now threatens
to exceed k 2 + k + 1, then any additional edges will be irrelevant for the kernel since the
already inserted edges already form a proof that no size-k vertex cover exists.
Being relevant for a vertex is a “local” property: For an edge e = {u, v}, the vertex u
may consider e to be relevant, while v may consider it to be irrelevant. An edge only “makes
it to the kernel” when it is relevant for both endpoints – then it will be called needed. It is
not obvious that this is how the case of a “disagreement” should be resolved and that this is
the right notion of “needed edges” – but Lemma 8 shows that it leads to a correct kernel.
A Dynamic Vertex Cover Kernel Algorithm. We now turn the sketched ideas into a formal
algorithm in the sense of Definition 5. The initialization sets up the auxiliary data structures:
One relevance list Lv per vertex v to keep track of the edges that are relevant for v and one
relevance list L to keep track of the edges that are relevant for the kernel. The code violates
the requirement that the initialization procedures should run in constant time, but a known
code transformation [27] for ensuring this will be discussed in the general hitting set case.
1
2
3
4

method DynKernelVC.init(n, k) // V = {v1 , . . . , vn } holds by definition
for v ∈ V do
Lv ← new relevance list(k + 1) // Keep track of relevant edges for a vertex
L ← new relevance list(k2 + k + 1) // Keep track of relevant edges for the kernel

The insert operation adds an edge e to the relevance lists of both endpoints of e. Furthermore, it also adds e to L if it is needed, which meant “relevant for both sides”.
5
6
7

method DynKernelVC.insert(e)
Lu .append(e); Lv .append(e)
check if needed(e)

8
9
10
11

function check if needed(e) // assume e = {u, v}
if Lu .is relevant(e) ∧ Lv .is relevant(e) then
L.append(e)

The delete operation for an edge e is more complex: When e = {u, v} is removed from
the lists Lu , Lv , and L, formerly irrelevant edges may suddenly become relevant from the
point of view of these three lists and, thus, possibly also needed. Fortunately, we know which
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edge e′ may suddenly have become relevant for a list: After the removal of e, the edge e′
that is now the last relevant edge stored in the list is the (only) one that may have become
relevant – and relevance lists keep track of the last relevant element.
12
13
14
15

method DynKernelVC.delete(e) // assume e = {u, v}
L.delete(e)
Lu .delete(e); Lv .delete(e)
check if needed(Lu .last relevant); check if needed(Lv .last relevant)

Correctness and Kernel Size. The relevant edges in L clearly have some properties that we
would expect of a kernel: First, there are at most k 2 + k + 1 of them (for the simple reason
that L caps the number of relevant edges in line 4) – which is exactly the size that a kernel
should have. Second, it is also easy to see from the code of the algorithm that all operations
run in time O(1). Two lemmas make these observations precise, where R(L) denotes the
set of relevant edges in a list L and E(L) denotes all edges in L; and where we say that
a dynamic algorithm maintains an invariant if that invariant holds for its auxiliary data
structure right after the init method has been called and after every call to insert and delete.
▶ Lemma 6. DynKernelVC maintains the invariant |R(L)| ≤ k 2 + k + 1.
▶ Lemma 7. DynKernelVC.insert and DynKernelVC.delete run in time O(1).
The crucial, much less obvious property of the algorithm is stated in the next lemma,
whose proof contains a non-trivial recursive analysis showing that irrelevant edges must
already be covered by relevant edges inserted earlier.
▶ Lemma 8. DynKernelVC maintains the invariant that (V, R(L)) and the current graph
(V, E) have the same size-k vertex covers.
Put together, we get the following special case of Theorem 1:
▶ Theorem 9. DynKernelVC is a dynamic kernel algorithm for pk -vertex-cover with
update time O(1) and kernel size k 2 + k + 1.
Proof. Lemmas 6, 7, and 8 together state that at all times during a run of the algorithm
DynKernelVC the graph (V, R(L)) has at most k 2 + k + 1 edges and has the same size-k
vertex covers as the current graph. Thus, (V, R(L)) is almost a kernel except that R(L) is
actually a linked list of edges (with potentially large vertex identifiers).
However, we can simultaneously keep track of an adjacency matrix of a graph K with the
vertex set VK = {1, . . . , 2(k 2 + k + 1)} and with an edge set EK that is always isomorphic
to R(L), that is, EK ∼ R(L). In particular, K has a size-k hitting set if, and only if, G has
one. See [3] for technical details.
The update times are constant. The time needed for DynKernelVC.init(n, k) can be made
constant with a special new-initialized-with construct based on a technique in [27] as already
mentioned and discussed in more detail below.
◀

4

Dynamic Hitting Set Kernels

The hitting set problem is a generalization of vertex-cover to hypergraphs. However,
allowing larger hyperedges introduces considerable complications into the algorithmic machinery. Nevertheless, we still seek and prove an update time that is constant. More precisely,
it is independent of n = |V |, m = |E|, and the parameter k, while it does depend on d (in
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fact even exponentially). Such an exponential dependency on d seems currently unavoidable,
since a direct consequence of our dynamic algorithm is a static algorithm with running time
3d poly(d) · m, and the currently best static algorithm runs in time 2d poly(d) · m.
The first core idea of our algorithm concerns a replacement notion for the “heavy vertices”
from the previous section. Sunflowers [16] are usually a stand-in (see [20, Section 9.1]
and [32, 5]), but they are hard to find and especially hard to manage dynamically. Instead,
we use an idea first proposed by Fafianie and Kratsch [17], but adapted to our dynamic
setting: a generalizations of sunflowers, which we call b-flowers for different parameters b ∈ N
that will be easier to keep track of dynamically.
The second core idea is to recursively reduce each case d to the case d−1: For a fixed d > 2,
we compute a set of hyperedges relevant for the kernel (the set R(L), but now called R(Ld [∅])
in the more general case), but additionally we dynamically keep track of an instance for
pk -(d − 1)-hitting-set and merge the dynamic kernel for this instance (which we get from
the recursion) with the list of hyperedges relevant for the kernel.

4.1

From High-Degree Vertices in Graphs to Flowers in Hypergraphs

A sunflower in a d-hypergraph H = (V, E) is a collection of hyperedges S ⊆ E such that
there is a set c ⊆ V , called the core, with x ∩ y = c for all distinct pairs x, y ∈ S. For
example, the edges adjacent to a heavy vertex v form a (large) sunflower with core {v}. In
general, any size-k hitting set has to intersect with the core of a sunflower if it has more
than k edges – which means that replacing large sunflowers by their cores is a reduction rule
for pk -d-hitting-set. This rule yields a kernel since the Sunflower Lemma [16] states that
every d-hypergraph with more than k d · d! hyperedges contains a sunflower of size k + 1.
Unfortunately, it is not easy to find sunflowers for larger d in the first place, let alone to
keep track of them in a dynamic setting with constant update times. Rather than trying to
find all sunflowers, we use a more general concept called b-flowers.
▶ Definition 10. For a hypergraph H = (V, E) and b ∈ N, a b-flower with core c is a set
F ⊆ E such that c ⊆ e for all e ∈ F and deg(V,F ) (v) ≤ b for all v ∈ V − c.
Note that a 1-flower is exactly a sunflower and, thus, b-flowers are in fact a generalization
of sunflowers, see Figure 1 for an example.
d
c

e

f

g

b

a

Figure 1 A hypergraph H = ({a, b, c, d, e, f, g}, E) in which each hyperedge e ∈ E is drawn as a
line and contains all vertices
 it “touches”. The three red edges form a 1-flower (a sunflower) with core
{a, b}. The hyperedges {a, c}, {a, d}, {a, g}, {a, b, e} also form a 1-flower, now with with core {a},
but if we add the hyperedges {a, b, f } and {a, c, d}, we no longer have a 1-flower – but still a 2-flower
with core {a}. All edges together form a 3-flower with core {a}.

▶ Lemma 11. Let F be a b-flower with core c in H and X a size-k hitting set of H. If
|F | > b · k, then X ∩ c ̸= ∅ (“X must hit c”).
Proof. If we had X ∩ c = ∅, then each v ∈ X could hit at most b hyperedges in F since
deg(V,F ) (v) ≤ b. Then F can contain at most b · |X| hyperedges, contradicting |F | > b · k. ◀
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Dynamic Hitting Set Kernels: A Recursive Approach

As previously mentioned, the core idea behind our main algorithm is to recursively reduce
the case d to d − 1. To better explain this idea, we illustrate how the (already covered) case
d = 2 can be reduced to d = 1 and how this in turn can be reduced to d = 0. Following this,
we present the complete recursive algorithm, prove its correctness, and analyze its runtime.
Recall that DynKernelVC adds up to k + 1 edges per vertex v into the kernel R(L)
to ensure that v “gets hit.” In the recursive hitting set scenario we ensure this differently:
When we notice that v is “forced” into all hitting sets, we add a new hyperedge {v} to an
internal 1-hypergraph used exclusively to keep track of the forced vertices (clearly the only
way to hit {v} is to include v in the hitting set). When, later on after a deletion, we notice
that a singleton hyperedge is no longer forced, we remove it from the internal 1-hypergraph
once more. Since we have to ensure that not too many new hyperedges make it into the
final kernel, we keep track of a dynamic kernel of the internal 1-hypergraph (using a dynamic
hitting set algorithm for d = 1) and then join this kernel with R(L).
Using a hypergraph to track the forced vertices allows us to change the relevance bounds
of the algorithm: For the lists Lv these were k + 1, but since we explicitly “force” {v} into
the solution by generating a new hyperedge, it is enough to set the bound to k. Similarly, the
bound for the original list L was set to k 2 + k + 1 since this constitutes a proof that no size-k
vertex cover exists. In the new setting with the relevance bound for Lv lowered to k, we can
also lower the relevance bound for L to k 2 : All vertices v ∈ V have a degree of at most k in
R(L) and, thus, k vertices can hit at most k 2 hyperedges. If L contains more elements, we
consider the (unhittable) empty hyperedge as forced and add it to the 1-hypergraph.
In order to dynamically keep track of a kernel for the internal 1-hypergraph, we proceed
similarly: We simply put all its hyperedges (which have size 1 or 0) in a list (called L1 [∅] in
the algorithm). If the number of hyperedges in this list exceeds k, we immediately know that
no hitting set of size k exists; and we “recursively remember this” by inserting the empty set
into yet another internal 0-hypergraph – this is the recursive call to d = 0.
Managing Needed and Forced Hyperedges. In the general setting (now for arbitrary d),
we need a uniform way to keep track of lists like the Lv and L for the many different
internal

V
hypergraphs. We do this using arrays Li for i ∈ {0, . . . , d} with domains ≤i
, one for each
i-hypergraph, where each Li [s] stores a relevance list. The list Li [s] has relevance bound
V
k i−|s| and we only stores edges e ∈ ≤i
with e ⊇ s in it.
The idea behind this construction is as follows. For d = 2 the list L2 [{v}] represents
the list Lv of DynKernelVC and L2 [∅] represents the list L. The lists L2 [{u, v}] are new
and will only store a single element and are only added to simplify the code: When an
edge e = {u, v} is inserted into the 2-hypergraph, we add it to L2 [e], but more importantly
also to L2 [{u}] and L2 [{v}]. If it is relevant for both lists, we call it needed and add it also
to L2 [∅]. If L2 [s] contains an irrelevant edge, then s is forced, and we insert it into L1 [s]. For
L1 , the array that manages the internal 1-hypergraph, we have similar rules for being needed
and forced. An example of how this works is shown in Figure 2. The next two definitions
generalize the idea of needed and forced hyperedges to arbitrary d and lie at the heart of our
algorithm. The earlier rules for d = 2 are easily seen to be special cases:
▶ Definition 12 (Needed Hyperedges and the Need Invariant). A hyperedge e is needed in
a list Li [s] with s ⊊ e if e ∈ R(Li [t]) holds for all
 t ⊆ e with s ⊊ t. A dynamic algorithm
V
maintains the Need Invariant if for all e ∈ ≤d
, all s ⊊ e, and all i ∈ {0, . . . , d}, the list
Li [s] contains e iff e is needed in it.
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▶ Definition 13 (Forced Hyperedges and the Force Invariant). A set of vertices s is forced
by Li [s] into Li−1 [s] or just forced by Li [s] if Li [s] has an irrelevant hyperedge. A dynamic
V
algorithm maintains the Force Invariant if for all i ∈ {1, . . . , d} and all s ∈ <i
, the list
i−1
i
L [s] contains s iff s is forced by L [s].

L1

L2

1

2

4
3

5

6
19

7
8

14

19

17
10

10
9

L0

18

6

16

13

11 14 13 15
12

14

Figure 2 The data stored in the lists L2 , L1 , and L0 for k = 3 and a dynamic 2-hypergraph with
16 (orange) vertices created with 19 edge insertions (numbers indicate insertion times; there are no
deletions in this example). Normal edges are shown as straight lines, singleton edges {v} as circles
around v, and the empty set as an empty circle. In L2 , the members of L2 [∅] are drawn in black.
They are all relevant for both endpoints and thus needed in L2 [∅]. The red edges are not relevant for
one of the endpoints and thus neither needed in nor added to L2 [∅]. Among the black edges, only
the first k2 = 9 are relevant, the rest (dotted) are irrelevant. In L1 , we store the “forced s” that
L2 forces into L1 at the indicated timestamps: each time, it is the first time an irrelevant edge e
is inserted into L2 [s]. After the first three s (two singletons at timestamps 6 and 10 and then the
empty set at timestamp 13) got inserted into L1 [∅], further edges are irrelevant and trigger the
insertion of the empty set into L0 [∅].

Sd
We will show in Lemmas 18 and 21 that the union K = i=0 R(Li [∅]) is the sought
kernel: Each R(Li [∅]) contains (only) those hyperedges e that have not already been taken
care of by having forced a subset s of e into the internal (i − 1)-hypergraph.
In the following, we develop code that ensures that the Need Invariant and the Force
Invariant hold at all times. We will show that this is the case both for an insert operation and
Sd
also for delete operations. Then we show that the invariants imply that K = i=0 R(Li [∅])
is a kernel for the hitting set problem. Finally, we analyze the runtimes.
Initializiation.
1
2
3
4
5

The initialization creates the arrays Li and the relevance lists.

method DynKernelHS.init(n, k, d)
// Keep track of relevant edges per vertex (V = {v1 , . . . , vn } holds by definition):
for i ∈ {0, . . . , d} do

V
Li ← new array ≤i
initialized with

V
(new relevance list(ki−|s| )) for s ∈ ≤i

The construct new array(D) initialized with f (s) for s ∈ D allocates a new array with
domain D and then immediately set the value of each entry s ∈ D to f (s). (So, in our case,
each Li [s] will be a new, empty relevance list with relevance bound k i−|s| .) The important
point is that both allocation and pre-filling can be done in constant time using the standard
trick to work with uninitialized memory [27].
Independently of the time needed for the allocation, observe that the amount of memory
we allocate is about O(nd ) – which is already too much in almost any practical setting for
d = 3, see [31, Chapter 5] for a discussion of experimental findings. However, we will only
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use a very small fraction of the allocated memory: The only lists Li [s] that are non-empty at
any point during a run of the algorithms are those where s ⊆ e ∈ E holds. This means that
we actually only need space O(2d |E|) to manage the non-empty lists if we use hash tables.
Of course, this entails a typically non-constant overhead per access for managing the hash
tables, which is why our analysis is only for the wasteful implementation above. For a clever
way around this problem in the static setting, see [32].
▶ Lemma 14. The Need and Force Invariant hold after the init method has been called.
Proof. All lists are empty after the initialization.

◀

Insertions. We view insertions as a special case of “forcing an edge,” namely as forcing it
into the lists of Ld . Adding an edge e to a list Li [e] can, of course, change the set of relevant
edges in Li [e], which means that e may also be needed in lists Li [s] for s ⊊ e. It is the job of
the method fix needs downward to add e to the necessary lists.
6
7

method DynKernelHS.insert(e)
call insert(e, d) // The hyperedges of H always get inserted into Ld

8
9
10
11
12
13

function insert(s, i)
if Li [s] does not already contain s then // Sanity check
Li [s].append(s) // s is always needed in Li [s]
call fix force(s, i)
call fix needs downward(s, s, i)

14
15
16
17
18
19
20
21
22

function fix needs downward(s, p, i)
// Ensure that the Need Invariant holds for s with respect to all Li [s′ ] with s′ ⊆ p,
// assuming that the Need Invariant holds for s with respect to all Li [s∗ ] with s∗ ⊇ p:
for s′ ⊊ p in decreasing order of size do // Add s to all Li [s′ ] where s is needed
if Li [s′ ] does not contain s then // Sanity check
if ∀v ∈ p − s′ : s ∈ R(Li [s′ ∪ {v}]) then // Is s needed for Li [s′ ]?
Li [s′ ].append(s) // Yes: it is relevant for all its direct and hence all its supersets
call fix force(s′ , i)

23
24
25
26

function fix force(s, i)
if Li [s].has irrelevant elements then // Is s forced?
call insert(s, i − 1)

The method fix needs downward is more complex than necessary here, but we will need the
extra flexibility for the delete method later on: For two sets of vertices s and p with s ⊇ p
and a fixed number i, let us say that the Need Invariant holds for s above p if for all s′ ⊇ p
we have s ∈ E(Li [s′ ]) iff s is needed for Li [s′ ]. Let us say that the Need Invariant holds for
s below s′ if for all s′ ⊆ p we have s ∈ E(Li [s′ ]) iff s is needed for Li [s′ ]. In the context of
the insert operation, fix needs downward always gets called with s = p, meaning that in the
following lemma the premise (“the Need Invariant holds for s above p”) is trivially true.
▶ Lemma 15. Let s and p with s ⊇ p be sets of vertices and let i be fixed. Suppose the
Need Invariant holds for s above p. Then after the call fix needs downward(s, p, i) the Need
Invariant will also hold for s′ below p.
Proof. We need to show that the code ensures for all s′ ⊆ p that if s is needed in Li [s′ ], it
gets inserted. It is the job of line 20 to test whether such an insertion is necessary. The line
tests whether ∀v ∈ p − s′ : s ∈ R(Li [s′ ∪ {v}]) holds. By Definition 12 of needed hyperedges,
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Table 1 Handling of an insertion for d = 3 and k = 2. The upper part shows for selected
relevance lists a snapshot of their relevant elements (left), their irrelevant elements (right), the list
lengths, and the relevance bounds. In lines Li [s] where the length exceeds the bound (in red), s is
forced into Li−1 [s]. The insertion of e = {u, v, w} triggers: (i) e is added to the list L3 [e]; (ii) since
e is relevant in L3 [e], it is added to the lists for {u, v}, {u, w}, and {v, w} as well; (iii) e becomes
needed in L3 [{u}] and gets inserted; (iv) since L3 [{u}] was already at maximum capacity (k2 = 4),
e becomes the first irrelevant element in this list; (v) this forces {u} into L2 [{u}]; (vi) there {u} is
the first element and hence relevant and also needed in L2 [∅], where it gets inserted.
E(Li [s]) =

R(Li [s])

∪

E(Li [s]) \ R(Li [s])

E(L [{u, v, w}]) =
∅
E(L3 [{u, v}]) =
{{u, v, x}}
E(L3 [{v}]) =
{{u, v, x}}
E(L3 [{u}]) =
{{u, v, x}, {u}, {u, x, y}, {u, z}}
E(L3 [∅]) =
{{u, v, x}, {u}, {u, x, y}, {u, z}}

∪
∪
∪
∪
∪

∅
∅
∅
∅
∅

0 ≤ k0
1 ≤ k1
1 ≤ k2
4 ≤ k2
4 ≤ k3

E(L2 [{u}]) =
E(L2 [∅]) =

∅
∅

∪
∪

∅
∅

0 ≤ k1 = 2
0 ≤ k2 = 4

E(L3 [{u, v, w}]) =
{{u, v, w}}
E(L3 [{u, v}]) =
{{u, v, x}{u, v, w}}
E(L3 [{v}]) =
{{u, v, x}{u, v, w}}
3
E(L [{u}]) =
{{u, v, x}, {u}, {u, x, y}, {u, z}}
E(L3 [∅]) =
{{u, v, x}, {u}, {u, x, y}, {u, z}}

∪
∪
∪
∪
∪

∅
∅
∅
{{u, v, w}}
∅

1 ≤ k0
2 ≤ k1
2 ≤ k2
5 > k2
4 ≤ k3

E(L2 [{u}]) =
E(L2 [∅])=

∪
∪

∅
∅

1 ≤ k1 = 2
1 ≤ k2 = 4

3

size ≤ bound?
=1
=2
=4
=4
=8

Insertion of e = {u, v, w} now yields:

{{u}}
{{u}}

=1
=2
=4
=4
=8

what we are supposed to test is whether for all t ⊆ s with s′ ⊊ t we have s ∈ R(Li [t]).
Observe that the property of being needed is “upward closed”: if s is needed in Li [p], it is
also needed in all Li [s∗ ] with p ⊆ s∗ ⊆ s. This implies that by processing the hyperedges s′
in descending order of size (line 18), s will be needed for Li [s′ ] iff s is needed for all the
hyperedges t = s′ ∪ {v} that are one element larger than s. This is exactly what we test. ◀
▶ Lemma 16. The Need and Force Invariant are maintained by the insert method.
Proof. For the Need Invariant, observe that whenever the fix force method adds an edge s
to Li [s] in line 11, it also calls fix needs(s, s, i) right away. By Lemma 15, this ensures that s
is inserted exactly into those Li [s′ ] for s′ ⊆ s where it is needed. For the Force Invariant,
observe that we only add elements to lists of Li , which means that they can only become
forced – they cannot lose this status through an addition of an edge. However, after any
insertion of s into any list of Li (namely, in lines 11 and 21) we immediately call fix forced,
which inserts s into Li−1 [s] if s is forced.
◀
Deletions. The delete operation has to delete an edge e from all places where it might have
been inserted to, which is just from all lists Ld [s] for s ⊆ e. However, removing e from such
a list can have two side-effects: First, it can cause Ld [s] to lose its last irrelevant element,
changing the status of s from “forced” to “not forced” and we need to “unforce” it (remove
it from Ld−1 [s]), which may recursively entail new deletions. Furthermore, removing e
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from Ld [s] may make a previous irrelevant hyperedge (the first irrelevant hyperedge of Ld [s])
relevant. Then one has to fix the needs for this hyperedge once more, which may entail new
inserts and forcings, but no new deletions (see Table 2 for an example).
27
28

method DynKernelHS.delete(e)
call delete(e, d)

29
30
31
32
33
34
35
36

function delete(s, i)
if Li [s] contains s then // Sanity check
// Delete s and subsets of s if no longer forced
for s′ ⊆ s do
Li [s′ ].delete(s) // Delete e from all lists that could contain it
if not Li [s′ ].has irrelevant elements then // Has s′ now lost its forced status?
call delete(s′ , i − 1)

37
38
39
40
41

// Restore Need Invariant for hyperedges that have suddenly become relevant
for s′ ⊆ s do
f ← Li [s′ ].last relevant
call fix needs downward(f, s′ , i) // (Only) the last relevant may have changed
Table 2 For the situation illustrated in the upper part, we delete the edge e = {u, v, w}. This
triggers: (i) e gets deleted from all L3 [s] with s ⊆ e; (ii) {u, v, z} becomes relevant for {u, v} in
L3 ; (iii) since that was the last irrelevant edge for the set {u, v}, the edge {u, v} gets deleted from
the graph represented by L2 ; (iv) {u, z} becomes relevant for {u} in L2 ; (v) as this was the last
irrelevant edge, {u} gets deleted from L1 ; (vi) {u, z} becomes relevant for {u} and needed for L2 [∅];
(vii) {u, v, z} is now also needed in L3 [{u}] and, thus, in L3 [∅] as well.
E(Li [s]) =

R(Li [s])

∪

E(Li [s]) \ R(Li [s])

{{u, v, y}, {u, v, w}}
{{u, y, v}, {u, y, z}}
{{u, z, v}, {u, z, r}}
{{u, y, v}, {u, v, w}, {u, z, r}}
{{u, y, v}, {u, v, w}, {u, z, r}}

∪
∪
∪
∪
∪

{{u, v, z}}
{{u, y, x}}
{{u, z, y}}
∅
∅

3 > k1
3 > k1
3 > k1
3 ≤ k2
3 ≤ k3

E(L2 [{u}]) =
E(L2 [∅]) =

{{u, v}, {u, y}}
{{u, v}, {u, y}}

∪
∪

{{u, z}}
∅

3 > k1 = 2
2 ≤ k2 = 4

E(L1 [{u}]) =
E(L1 [∅]) =

{{u}}
{{u}}

∪
∪

∅
∅

1 ≤ k0 = 1
1 ≤ k1 = 2

{{u, v, y}, {u, v, z}}
{{u, y, v}, {u, y, z}}
{{u, z, v}, {u, z, r}}
{{u, y, v}, {u, z, r}, {u, v, z}}
{{u, y, v}, {u, z, r}, {u, v, z}}

∪
∪
∪
∪
∪

∅
{{u, y, x}}
{{u, z, y}}
∅
∅

2 ≤ k1
3 > k1
3 > k1
3 ≤ k2
3 ≤ k3

E(L2 [{u}]) =
E(L2 [∅]) =

{{u, y}, {u, z}}
{{u, y}, {u, z}}

∪
∪

∅
∅

2 ≤ k1 = 2
2 ≤ k2 = 4

E(L1 [{u}]) =
E(L1 [∅]) =

∅
∅

∪
∪

∅
∅

0 ≤ k0 = 1
0 ≤ k1 = 2

3

E(L [{u, v}]) =
E(L3 [{u, y}]) =
E(L3 [{u, z}]) =
E(L3 [{u}]) =
E(L3 [∅]) =

size ≤ bound?
=2
=2
=2
=4
=8

Deletion of e = {u, v, w} now yields:
E(L3 [{u, v}]) =
E(L3 [{u, y}]) =
E(L3 [{u, z}]) =
E(L3 [{u}]) =
E(L3 [∅]) =

=2
=2
=2
=4
=8
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▶ Lemma 17. The Need and Force Invariant are maintained by the delete method.
Kernel. As stated earlier, the dynamic kernel maintained by DynKernelHS is the set
Sd
K = i=0 R(Li [∅]). (K is given only indirectly via d linked lists, but one can do the same
transformations as in the proof of Theorem 9 to obtain a compact matrix representation.)
Correctness. We have already established that the algorithm maintains the Need Invariant
and the Force Invariant. Our objective is now to show that DynKernelHS does, indeed,
maintain a kernel at all times. We start with the size:
▶ Lemma 18. DynKernelHS maintains the invariant |K| ≤ k d + k d−1 + · · · + k + 1.
Proof. The init-method installs a relevance bound of k i for Li [∅] for all i ∈ {0, . . . , d}.

◀

Lemma 21 shows the crucial property that the current K has a hitting set of size k iff
the current hypergraph does. The proof hinges on the following two lemmas on “flower
properties”:
▶ Lemma 19. DynKernelHS maintains the invariant that for all i ∈ {0, . . . , d} and all
V
s ∈ ≤i−1
, the set E(Li [s]) is a k i−|s|−1 -flower with core s.
Proof. First, for all e ∈ E(Li [s]) we have s ⊆ e since in all places in the insert-method
where we append an edge e to a list Li [s], we have s ⊆ e (in line 11 we have e = s and
in line 21 we have s ⊊ e by line 18). Second, consider a vertex v ∈ V − s. We have to
show that deg(V,E(Li [s])) (v) ≤ k i−|s|−1 (recall Definition 10) or, spelled out, that v lies in
at most k i−|s|−1 hyperedges e ∈ E(Li [s]). By the Need Invariant, all e ∈ E(Li [s]) are
needed. In particular, for t = s ∪ {v} Definition 12 tells us e ∈ R(Li [t]). Therefore, we
have { e ∈ E(Li [s]) | v ∈ e } ⊆ R(Li [s ∪ {v}]) and the latter set has a maximum size of
k i−|s∪{v}| = k i−|s|−1 due to the relevance bound installed in line 5.
◀

V
that for all X ∈ ≤k
and for all
▶ Lemma 20. DynKernelHS
 maintains the invariant
V
i−1
i ∈ {1, . . . , d} and all s ∈ ≤i , if s is forced into L
and if X hits all elements of E(Li [s]),
then X hits s.
Proof. By Definition 13, “being forced into Li−1 ” means that Li [s] has an irrelevant edge.
In particular, |E(Li [s])| > k i−|s| . By Lemma 19, E(Li [s]) is a k i−|s|−1 -flower with core s. By
Lemma 11, since |E(Li [s])| > k i−|s| = k · k i−|s|−1 , we know that X hits s, as claimed.
◀
▶ Lemma 21. DynKernelHS maintains the invariant that H and K have the same size-k
hitting sets.
Run-Time Analysis.

It remains to bound the run-times of the insert and delete operations.

▶ Lemma 22. DynKernelHS.insert(e) runs in time 3d poly(d).
Proof. The call DynKernelHS.insert(e) will result in at least one call of insert(s, i): The
initial call is for s = e and i = d, but the method fix force may cause further calls for
different values. However, observe that all subsequently triggered calls have the property
s ⊊ e and i < d. Furthermore, observe that insert(s, i) returns immediately if s has already
been inserted. We will establish a time bound tinsert (|s|, i) on the total time needed by a
call of insert(s, i) and a time bound t∗insert (|s|, i) where we do not count the time needed
by the recursive calls (made to insert in line 26), that is, for a “stripped” version of the
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method where no recursive calls are made. We can later account for the missing calls by
summing up over all calls that could possibly be made (but we count each only once, as
we just observed that subsequent calls for the same parameters return immediately). In
a similar fashion, let us try to establish time bounds tfix (|s′ |, i) and t∗fix (|s′ |, i) on the time
needed (including or excluding the time needed by calls to insert) by a call to the method
fix needs downward(s, s′ , i) (note that, indeed, these times are largely independent of s and
its size – it is the size of s′ that matters).
The starred versions are easy to bound: We have t∗insert (|s|, i) = O(1) + t∗fix (|s|, i) as we
′
call fix needs downward for s′ = s. We have t∗fix (|s′ |, i) = 2|s | poly |s′ | since the run-time is
clearly dominated by the loop in line 18, which iterates over all subsets s′′ of s′ . For each
′
of these 2|s | many sets, we run a test in line 20 that needs time O(|s′ |), yielding a total
′
run-time of t∗fix (|s′ |, i) = O(|s′ |2|s | ). For the unstarred version we get:
P
tinsert (|s|, i) = t∗insert (|s|, i) + s′ ⊊s,j∈{|s′ |,...,i−1} t∗insert (|s′ |, j)
 Pi−1 ∗
P|s|−1
= t∗insert (|s|, i) + c=0 |s|
tinsert (c, j)
c
|{z} j=c
number of s′ ⊆s with |s′ |=c

Pluggin in the bound 2c poly(c) for t∗insert (c, j), we get that everything following the binomial
can be bounded by (d − c)2c poly(c) = 2c poly′ (c). This means that the main sum we need to
P|s|−1
P|s| |s| c
c
|s|
bound is c=0 |s|
c=0 c 2 . The latter is equal to 3 , which yields the claim. ◀
c 2 ≤
▶ Lemma 23. DynKernelHS.delete(e) runs in time 5d poly(d).
The proof, to be found in the technical report version, is similar to the insertion case,
but with some complications resulting from the fact that deletions may trigger insertions.
Proof of Theorem 1. The claim follows from Lemmas 18, 21, 22, and 23.

5

◀

Dynamic Set Packing Kernels

Like the static kernel [1], the dynamic kernel algorithm we have developed in the previous
section also works, after a slight modification, for the set packing problem, which is the “dual”
of the hitting set problem: Instead of trying to “cover” all hyperedges using as few vertices
as possible, we must now “pack” as many hyperedges as possible. These superficially quite
different problems allow similar kernel algorithms because correctness of the dynamic hitting
set kernel algorithm hinges on Lemma 11, which states that every size-k hitting set X must
hit the core of any b-flower F with |F | > b · k. It leads to the central idea behind the complex
management of the lists Li [s]: The lists Li [s] were all b-flowers for different values of b by
construction and the moment one of them gets larger than b · k, we stop adding hyperedges
to its relevant part and instead “switch over to the core s” by adding s to Li−1 [s]. It turns
out that a similar lemma also holds for set packings:
▶ Lemma 24. Let F be a b-flower with core c in a d-hypergraph H = (V, E) and let
|F | > b · d · (k − 1). If E ∪ {c} has a packing of size k, so does E.
Proof. Let P be the size-k packing of E ∪ {c}. If c ∈
/ P , we are done, so assume c ∈ P . For
each p ∈ P − {c}, consider the hyperedges in e ∈ F with p ∩ e =
̸ ∅. Since p has at most
d elements v and since each v lies in at most b different hyperedges of the b-flower F , we
conclude that p intersects with at most d · b hyperedges in F . However, this means that the
(k − 1) different p ∈
/ P − {c} can intersect with at most (k − 1) · b · d hyperedges in F . In
particular, there is a hyperedge f ∈ F with f ∩ p = ∅ for all p ∈ P − {c}. Since F ⊆ E, we
get that P − {c} ∪ {f } is a packing of E of size k.
◀
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5

Keeping this lemma in mind, suppose we modify the relevance bounds of the lists Li [s]
as follows: Instead of setting them to k i−|s| , we set them to (d(k − 1))i−|s| . Then all lists are
b-flowers for a value of b such that whenever more than b · d(k − 1) hyperedges are in Li [s], the
set s gets forced into Li−1 [s]. Lemma 24 now essentially tells us that instead of considering
the flower E(Li [s]), it suffices to consider the core s (see also [3, Theorem 3] for more details).
Thus, simply by replacing line 5 inside the init method as follows, we get a dynamic kernel
algorithm for pk -d-set-packing:
i−|s| 

V
(new relevance list

6

d(k − 1)

) for s ∈

≤i

// Modified relevance bounds

Conclusion

We have introduced a fully dynamic algorithm that maintains a pk -d-hitting-set kernel
Pd
of size i=0 k i ≤ (k + 1)d with update time 5d poly(d) – which is a constant, deterministic,
worst-case bound – and zero query time. Since pk -d-hitting-set has no kernel of size
O(k d−ϵ ) unless coNP ⊆ NP/poly [13], and since the currently best static algorithm requires
time |E| · 2d poly(d) [30], this paper essentially settles the dynamic complexity of computing
hitting set kernels. While it seems possible that the update time can be bounded even tighter
with an amortized analysis, we remark that this could, at best, yield an improvement from
the already constant worst-case time 5d poly(d) to an amortized time of 2d poly(d).
Our algorithm has the useful property that any size-k hitting set of a kernel is a size-k
hitting set of the input graph. Therefore, we can also dynamically provide the following “gap”
approximation with constant query time: Given a dynamic hypergraph H and a number k,
at any time the algorithm either correctly concludes that there is no size-k hitting set, or
Pd
provides a hitting set of size at most i=0 k i . With a query time that is linear with respect
to the kernel size, we can also greedily obtain a solution of size dk, which gives a simple
d-approximation. A “real” dynamic approximation algorithm, however, should combine the
concept of α-approximate pre-processing algorithms [18, 26] with dynamic updates of the
hypergraph. This seems manageable if we allow only edge insertions, but a solution for the
general case is not obvious to us.
References
1
2

3

4

5
6

F. N. Abu-Khzam. A Kernelization Algorithm for d-Hitting Set. Journal of Computer and
System Sciences, 76(7):524–531, 2010. doi:10.1016/j.jcss.2009.09.002.
Josh Alman, Matthias Mnich, and Virginia Vassilevska Williams. Dynamic parameterized
problems and algorithms. ACM Trans. Algorithms, 16(4):1–46, July 2020. doi:10.1145/
3395037.
Max Bannach, Zacharias Heinrich, Rüdiger Reischuk, and Till Tantau. Dynamic kernels
for hitting sets and set packing. Technical Report TR19-146, Computational Complexity
Foundation, 2019. URL: https://eccc.weizmann.ac.il/report/2019/146.
Max Bannach, Malte Skambath, and Till Tantau. Kernelizing the hitting set problem in linear
sequential and constant parallel time. In 17th Scandinavian Symposium and Workshops on
Algorithm Theory, SWAT 2020, June 22–24, 2020, Tórshavn, Faroe Islands, pages 9:1–9:16,
2020. doi:10.4230/LIPIcs.SWAT.2020.9.
Max Bannach and Till Tantau. Computing Hitting Set Kernels By AC0 -Circuits. Theory
Comput. Syst., 64(3):374–399, 2020. doi:10.1007/s00224-019-09941-z.
S. Bhattacharya, M. Henzinger, and G. F. Italiano. Deterministic Fully Dynamic Data
Structures for Vertex Cover and Matching. In Proceedings of the 26th ACM-SIAM Symposium
on Discrete Algorithms, SODA 2015, San Diego, CA, USA, January 4–6, 2015, pages 785–804,
2015. doi:10.1137/1.9781611973730.54.

M. Bannach, Z. Heinrich, R. Reischuk, and T. Tantau

7
8

9

10
11
12
13

14
15

16
17

18

19
20
21

22
23

7:17

J. F. Buss and J. Goldsmith. Nondeterminism Within P. SIAM Journal on Computing,
22(3):560–572, 1993. doi:10.1137/0222038.
Jiehua Chen, Wojciech Czerwinski, Yann Disser, Andreas Emil Feldmann, Danny Hermelin,
Wojciech Nadara, Marcin Pilipczuk, Michal Pilipczuk, Manuel Sorge, Bartlomiej Wróblewski,
and Anna Zych-Pawlewicz. Efficient fully dynamic elimination forests with applications to
detecting long paths and cycles. In Proceedings of the 2021 ACM-SIAM Symposium on Discrete
Algorithms, SODA 2021, Virtual Conference, January 10–13, 2021, pages 796–809. SIAM,
2021. doi:10.1137/1.9781611976465.50.
Y. Chen, J. Flum, and X. Huang. Slicewise Definability in First-Order Logic with Bounded
Quantifier Rank. In Proceedings of the 26th EACSL Annual Conference on Computer Science
Logic, CSL 2017, August 20–24, 2017, Stockholm, Sweden, pages 19:1–19:16, 2017. doi:
10.4230/LIPIcs.CSL.2017.19.
M. Cygan, F. V. Fomin, Ł. Kowalik, D. Lokshtanov, D. Marx, M. Pilipczuk, M. Pilipczuk,
and S. Saurabh. Parameterized Algorithms. Springer Berlin Heidelberg, 2015.
P. Damaschke. Parameterized Enumeration, Transversals, and Imperfect Phylogeny Reconstruction. Theoretical Computer Science, 351(3):337–350, 2006. doi:10.1016/j.tcs.2005.10.004.
S. Datta, R. Kulkarni, A. Mukherjee, T. Schwentick, and T. Zeume. Reachability Is in DynFO.
Journal of the ACM, 65(5):33:1–33:24, 2018. doi:10.1145/3212685.
H. Dell and D. van Melkebeek. Satisfiability Allows No Nontrivial Sparsification Unless
the Polynomial-Time Hierarchy Collapses. Journal of the ACM, 61(4):23:1–23:27, 2014.
doi:10.1145/2629620.
R. G. Downey and M. R. Fellows. Fundamentals of Parameterized Complexity. Texts in
Computer Science. Springer, 2013. doi:10.1007/978-1-4471-5559-1.
Rodney G. Downey, Michael R. Fellows, and Ulrike Stege. Parameterized complexity: A
framework for systematically confronting computational intractability. In Ronald L. Graham,
Jan Kratochvíl, Jaroslav Nesetril, and Fred S. Roberts, editors, Contemporary Trends in
Discrete Mathematics: From DIMACS and DIMATIA to the Future, Proceedings of a DIMACS
Workshop, Stirín Castle, Czech Republic, May 19–25, 1997, volume 49 of DIMACS Series in
Discrete Mathematics and Theoretical Computer Science, pages 49–99. DIMACS/AMS, 1997.
doi:10.1090/dimacs/049/04.
P. Erdős and R.Rado. Intersection Theorems for Systems of Sets. Journal of the London
Mathematical Society, 1(1):85–90, 1960.
Stefan Fafianie and Stefan Kratsch. A shortcut to (sun)flowers: Kernels in logarithmic
space or linear time. In Proceedings of the 40th International Symposium on Mathematical
Foundations of Computer Science, MFCS 2015, Milan, Italy, August 24–28, 2015, volume
9235 of Lecture Notes in Computer Science, pages 299–310. Springer, 2015. doi:10.1007/
978-3-662-48054-0_25.
Michael R. Fellows, Ariel Kulik, Frances A. Rosamond, and Hadas Shachnai. Parameterized
approximation via fidelity preserving transformations. J. Comput. Syst. Sci., 93:30–40, 2018.
doi:10.1016/j.jcss.2017.11.001.
Henning Fernau. A top-down approach to search-trees: Improved algorithmics for 3-hitting
set. Algorithmica, 57(1):97–118, 2010. doi:10.1007/s00453-008-9199-6.
J. Flum and M. Grohe. Parameterized Complexity Theory. Texts in Theoretical Computer
Science. Springer, 2006. doi:10.1007/3-540-29953-X.
Fedor V. Fomin, Serge Gaspers, Dieter Kratsch, Mathieu Liedloff, and Saket Saurabh. Iterative
compression and exact algorithms. Theor. Comput. Sci., 411(7–9):1045–1053, 2010. doi:
10.1016/j.tcs.2009.11.012.
M. Henzinger and V. King. Maintaining Minimum Spanning Forests in Dynamic Graphs.
SIAM Journal on Computing, 31(2):364–374, 2001. doi:10.1137/S0097539797327209.
J. Holm, K. de Lichtenberg, and M. Thorup. Poly-Logarithmic Deterministic Fully-Dynamic
Algorithms for Connectivity, Minimum Spanning Tree, 2-Edge, and Biconnectivity. Journal
of the ACM, 48(4):723–760, 2001. doi:10.1145/502090.502095.

IPEC 2021

7:18

Dynamic Kernels for Hitting Sets and Set Packing

24

25

26

27
28
29
30
31

32

33

Y. Iwata and K. Oka. Fast Dynamic Graph Algorithms for Parameterized Problems.
In Proceedings of the 14th Scandinavian Symposium and Workshop on Algorithm Theory, SWAT 2014, Copenhagen, Denmark, July 2–4, 2014, pages 241–252, 2014. doi:
10.1007/978-3-319-08404-6_21.
R. M. Karp. Reducibility Among Combinatorial Problems. In Proceedings of a symposium
on the Complexity of Computer Computations, held March 20–22, 1972, at the IBM Thomas
J. Watson Research Center, Yorktown Heights, New York, USA, pages 85–103, 1972. doi:
10.1007/978-1-4684-2001-2_9.
Daniel Lokshtanov, Fahad Panolan, M. S. Ramanujan, and Saket Saurabh. Lossy kernelization.
In Hamed Hatami, Pierre McKenzie, and Valerie King, editors, Proceedings of the 49th Annual
ACM SIGACT Symposium on Theory of Computing, STOC 2017, Montreal, QC, Canada,
June 19–23, 2017, pages 224–237. ACM, 2017. doi:10.1145/3055399.3055456.
Kurt Mehlhorn. Data Structures and Algorithms 1: Sorting and Searching. EATCS Monographs
on Theoretical Computer Science. Springer-Verlag, 1984.
R. Niedermeier and P. Rossmanith. An Efficient Fixed-Parameter Algorithm for 3-Hitting Set.
Journal of Discrete Algorithms, 1(1):89–102, 2003. doi:10.1016/S1570-8667(03)00009-1.
S. Patnaik and N. Immerman. DynFO: A Parallel, Dynamic Complexity Class. Journal of
Computer and System Sciences, 55(2):199–209, 1997. doi:10.1006/jcss.1997.1520.
R. van Bevern. Towards Optimal and Expressive Kernelization for d-Hitting Set. Algorithmica,
70(1):129–147, September 2014. doi:10.1007/s00453-013-9774-3.
René van Bevern. Fixed-Parameter Linear-Time Algorithms for NP-hard Graph and Hypergraph Problems Arising in Industrial Applications, volume 1 of Foundations of Computing.
Universitätsverlag der TU Berlin, 2014. doi:10.14279/depositonce-4131.
René van Bevern and Pavel V. Smirnov. Optimal-size problem kernels for d-hitting set in
linear time and space. Information Processing Letters, 163(105998), 2020. doi:10.1016/j.
ipl.2020.105998.
Magnus Wahlström. Algorithms, measures and upper bounds for satisfiability and related
problems. PhD thesis, Linköping University, Sweden, 2007.

(Sub)linear Kernels for Edge Modification
Problems Towards Structured Graph Classes
#
École Normale Supérieure de Lyon, France

Gabriel Bathie

#
LIRIS, CNRS, Université Claude Bernard Lyon 1, Université de Lyon, France

Nicolas Bousquet

#
LIRIS, CNRS, Université Claude Bernard Lyon 1, Université de Lyon, France

Théo Pierron
Abstract

In a (parameterized) graph edge modification problem, we are given a graph G, an integer k and
a (usually well-structured) class of graphs G, and ask whether it is possible to transform G into a
graph G′ ∈ G by adding and/or removing at most k edges. Parameterized graph edge modification
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set into a disjoint union of cliques. Even if this problem admits a 2k kernel [7], this kernel does
not reduce the size of most instances. Therefore, we explore the question of whether linear kernels
are a theoretical limit in edge modification problems, in particular when the target graphs are very
structured (such as a partition into cliques for instance). We prove, as far as we know, the first
sublinear kernel for an edge modification problem. Namely, we show that Clique + Independent
Set Deletion, which is a restriction of Cluster Deletion, admits a kernel of size O(k/ log k).
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Addition (and the equivalent Split Deletion) admits a linear kernel, improving the existing
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1

Introduction

A central problem in the context of data transmission, collection or storage, is to recover the
original information when the data has been altered. Although it is not possible to know
what the original data was in the general setting, it may be possible when we have some
knowledge of the structure of the original data. When we know that the alteration is limited,
it is reasonable to assume that the original data is an element that has the desired structure
and is the closest to the altered data.
When the data that we are reconstructing is a graph, the problem becomes the following:
given a graph G (the altered data) and a class of graphs G (the structure of the data), find
the graph in G that is the “closest” to G (candidate for the original data). There are multiple
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ways to define the distance between two graphs, but the most widely used is the minimum
number of vertex modifications or edge modifications needed to turn one into the other. This
type of problem, called graph modification problems, received considerable attention, for
instance in computational biology [2], machine learning [1], and image processing [28].
In this work, we focus on edge modification problems, i.e. the distance is the minimum
number of edge modifications (see Section 2 for formal definitions of these problems). A line
of work, initiated by Yannakakis [29], showed that deciding whether a graph G is at distance
at most k from G is NP-complete for most classes of graphs, even for very restricted classes
such as bipartite graphs. See [5, 25, 26] for an overview of the different results.
Therefore, in the last decades, edge modification problems received considerable attention
from the point of view of parameterized complexity, which studies the resources required to
solve NP-complete problems in a fine-grained way. See for example [3, 4, 6, 12, 15, 19, 27],
and see [10] for a recent survey on the topic. In this paper, we will consider problems
parameterized by the size k of the solution (that is, the set of edges to add or remove).
In this work, we focus on graph classes that can be characterized by a finite number
of forbidden induced subgraphs. In his seminal paper, Cai [6] showed that, for every class
of graphs G that can be characterized by a finite number of forbidden induced subgraphs,
the G-edge modifications problems are FPT parameterized by k. In other words, there
exists a constant c, a function f (that only depend on G), and an algorithm running in time
f (k) · nc that either finds a solution of size at most k, or returns that there is no such solution.
Therefore, most of the subsequent efforts focused on determining for which G these problems
admit a polynomial kernel. Intuitively, a kernel is a polynomial-time preprocessing algorithm
that extracts the “hard” part of an instance (G, k): it solves easy parts of the instance and
returns an equivalent instance (G′ , k ′ ), whose size is bounded by f (k), for some function f .
A kernel is a polynomial kernel if f is a polynomial. The interested reader is referred to [18]
for more details.
One of the most studied edge modification problem is Cluster Editing, in which the
goal is to partition the graph into a disjoint union of cliques. This problem is known to
admit a kernel with at most 2k vertices. While this result seems impressive at first glance
(for many parameterized problems, a linear kernel is asymptotically optimal), we can remark
that here, we are comparing the number of vertices of the kernel with the number of edges in
the solution. It turns out that for most graphs in practice, the number of edges that have to
be modified to obtain a cluster graph is larger than the number of vertices. For example, it
is the case for most of the public instances of the PACE challenge 2021 on cluster editing 1 .
This raises the question of whether linear kernels are optimal, in particular for Cluster
Editing. We partially answer this question by giving a sublinear kernel for the closely
related Clique + IS Deletion problem. It provides a “proof of concept” that linear kernels
are not always optimal. As far as we know, it is the first example of a sublinear kernel for a
graph edge modification problem. We complete this result with linear or quadratic kernels
for several other edge modification problems.
Due to space constraints, all the proofs that are not in this extended abstract can be
found in the appendix.
Our results. In this work, our goal is to understand when it is possible to obtain small,
and in particular linear or sublinear kernels for edge modification problems. We focus in
particular on graph classes where the vertex set can be partitioned into highly structured
classes such as cliques or independent sets. A typical example of such graph class is the class
of split graphs, i.e. graphs that can be partitioned into a clique and an independent set.
1

See https://pacechallenge.org/2021/ for more information.
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Most of our results are based on a high-level technique, that we call Label-And-Reduce,
which helps to design efficient kernelization algorithms for edge modification problems. The
key idea is to use the strong structure of each of the graphs in G to find a highly structured
partition X1 , . . . , Xℓ of the graphs of G (e.g. a partition in cliques or independent sets,
complete bipartition between subsets...). We then define rules that label vertices x as
belonging to Xi , in such a way that if there is a solution, there is one for which x ∈ Xi .
We finally show that 1) when no rule can be applied, the number of unlabeled vertices is
O(poly(k)) when (G, k) is a positive instance and 2) the number of labeled vertices in each
class Xi can be reduced to O(poly(k)).
Sublinear kernel for Clique+Independent Set deletion. The problems of graph edge
modification towards cluster graphs have received considerable attention in the last two
decades in parameterized complexity, see e.g. [4, 7, 9, 17, 27].
The deletion version, Cluster Deletion admits a cubic kernel [20]. We focus on
a restricted version of this problem, where all clusters but at most one have size 1. It
corresponds to graphs that are the disjoint union of a clique and an independent set. In what
follows, we will refer to this class as the class of clique + IS graphs, and to the corresponding
problem as Clique + IS Deletion. Since clique + IS graphs are (P3 , 2K2 )-free graphs,
Clique + IS Deletion is FPT by [6].
While Clique + IS Addition is trivial, both Clique + IS Deletion and Clique +
IS Edition are NP-complete (reduction
from the √
Clique problem), and both can be solved
√
in subexponential time (O∗ (1.64 k ln k ) and O∗ (2 k ln k ) respectively2 ) [12]. Both problems
also admit a simple 2k-kernel, based on twin reduction rules [10].
Our result, proved in Section 3, is the following.
▶ Theorem 1.1. Clique + IS Deletion admits a kernel of size 2k/ log k + 1.
Our algorithm uses the structure of clique+IS graphs to remove vertices with small degree
and to reduce the instance when the minimum degree of the input is large. Theorem 1.1 is,
as far as we know, the first sublinear kernel for edge modification problems. We conjecture
that the size of this kernel is not optimal, and ask the following:
▶ Open Problem 1. Is there an O(k 1−ε ) kernel for Clique + IS Deletion for some ε > 0?
Moreover, it is plausible that other edge modification problems towards highly structured
classes also admit a sublinear kernel. A natural candidate is the closely related Cluster
Editing problem, which already admits a 2k kernel [7, 9].
▶ Open Problem 2. Does Cluster Editing (resp. Cluster Deletion) admit a sublinear
kernel?

Linear kernel for Split addition. Split graphs are graphs whose vertex set can be partitioned
into a clique K and an independent set I (with no constraint on the set of edges between
K and I). Since split graphs are auto-complementary, the Split Addition and Split
Deletion problems are equivalent. Natanzon et al. showed that these two problems are
NP-complete [26]. Since split graphs are (2K2 , P4 , C5 )-free graphs, the latter problems are

2

Recall that O∗ denotes the complexity up to polynomial factors.
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FPT [6].
√ Ghosh et al. [19] later showed that these problems can be solved in subexponential
O∗ (2O( k log k) ) time and
√ that they admit a quadratic kernel. Cygan et al. [11] improved
the complexity to O∗ (2 k ). Hammer and Simeone [22] showed that, rather surprisingly, the
related Split Edition problem can be decided in polynomial time.
We improve upon the result of Ghosh et al. [19] by showing that the Split Addition
(and therefore Split Deletion) problem admits a linear kernel in Section 4.
▶ Theorem
1.2. Split Addition and Split Deletion admit a kernel with at most
√
11k + 6 2k + 4 vertices.
This result is the main technical contribution of the paper. From a very high-level
perspective, our algorithm works as follows. Let (G, k) be a positive instance. If the clique of
the solution is large enough, the neighborhood of many vertices of that clique has not been
modified and we show that we can detect some of them and label them as clique vertices.
Since the number of unlabeled clique vertices of the solution is bounded by a linear function,
we can prove via a tricky and short argument that the number of unlabeled vertices of
the independent set can be bounded. While the reduction rules are not very complicated,
showing that the answer is negative when the number of unlabeled vertices is too large is the
core of the proof. We finally show that we reduce the number of labeled vertices to O(k)
vertices.
Quadratic kernel for trivially perfect graphs. A trivially perfect graph is a graph such that
for any pair of adjacent vertices u, v, N (u) ⊆ N (v) or N (v) ⊆ N (u). The class of trivially
perfect graphs can equivalently be characterized as the class of (P4 , C4 )-free graphs. Drange
et al. [13, 14] showed that, under the Exponential Time Hypothesis (ETH), Trivially
Perfect Deletion and Trivially Perfect Edition cannot be solved in subexponential
time. Liu et al. [24] gave an FPT algorithm for Trivially Perfect Deletion running
in time O∗ (2.42k ). On the other hand, the Trivially Perfect Addition problem
√ does
not admit such lower bounds. Drange et al. [13] designed a subexponential O(2 k log k ))
algorithm for the problem and Bliznets et al. [3] showed that assuming ETH, this cannot
1/4
be improved beyond O(2k ). In 2018, Drange and Pilipczuk [14] showed that the three
problems admit a polynomial kernel of size O(k 7 ), recently improved by Dumas et al. [16]
into O(k 3 ).
In the specific case of Trivially Perfect Addition, a cubic kernel was already
provided by Guo [21]. We improve this result in Section 5 by showing the following.
▶ Theorem 1.3. Trivially Perfect Addition admits a kernel with 2k 2 + 2k vertices.
Our kernel is based on the claim of Guo [21], which states that the instance can be
reduced to vertices that belong to at least one obstruction (that is, an induced P4 or C4 ).
Using this claim, Guo proved the existence of a cubic kernel. By counting obstructions more
precisely, we actually show very simply that the size of the kernel can be reduced to O(k 2 ).
Linear kernelization of starforests. We finally focus on triangle-free trivially perfect graphs,
also known as star forests. A star is a tree with at most one internal vertex. A star with
n vertices is called an n-star. Note that the single vertex graph and K2 are stars. The
class of starforests graphs is the class of graphs that are a disjoint union of stars, that
is every connected component is a star. Alternatively, it may be defined as the class of
K3 , C4 , P4 -free graphs.
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One can remark that removing an edge from a starforest yields another starforest, hence
it is never interesting to add edges to obtain a star forest. Therefore, Starforest Addition
is trivial, and Starforest Edition is equivalent to Starforest Deletion. Drange et
al. showed in [15] that Starforest Deletion is NP-complete and cannot be solved in
subexponential time (that is in time O(2o(k) poly(n))), assuming the ETH [23].
In Section 6, we prove the following result.
▶ Theorem 1.4. Starforest Deletion admits a kernel with at most 4k + 2 vertices.
We also show that, under ETH, Starforest Deletion does not admit a sublinear
kernel. To the best of our knowledge, this work is the first formally published work on
kernelization of Starforest Deletion.
Note. Cao and Yuping [8] obtained independently at the same time results that are very
similar to ours: they designed the same quadratic kernel for Trivially Perfect Addition
and obtained a similar kernel for Split Addition. However, they were only able to prove
an O(k 1.5 ) upper bound for the latter, whereas we prove a tighter O(k) bound.

2

Preliminaries

Elementary definitions. In this work, all the graphs are undirected and simple (i.e. with
no parallel edges or self-loops). When G is a graph, V (G) denotes the set of vertices of G,
and E(G) denotes its set of edges. Throughout the paper, we use n (resp. m) to denote
the size of V (G) (resp. E(G)). If uv ∈ E(G), we say that u and v are adjacent. Given a
vertex u ∈ V (G), N (u) = {v such that uv is an edge} is the open neighborhood of u, and
N [u] = N (u) ∪ {u} is the closed neighborhood of u. The degree of u in G, denoted d(u), is
the size of N (u). We use δ(G) to denote the minimum degree of G. The complement graph
Ḡ of G is the graph with vertex set V (G) and edge set {uv : u ̸= v and uv ∈
/ E(G)}. A
dominating set of G is a set D of vertices of G such that every vertex of G is either in D
or adjacent to a vertex of D. An independent set of G is a set I of vertices of G that are
pairwise not adjacent.
Kernelization algorithms. A kernelization algorithm (in short, a kernel) is a polynomialtime algorithm that takes as input an instance (G, k) of a parameterized problem Π and
outputs an instance (G′ , k ′ ) that is positive if and only if (G, k) is positive, the size of G′ is
at most f (k ′ ) for some computable function f . When f is a polynomial, we say that the
algorithm is a polynomial kernel. When dealing with graph problems, the size of the instance
is often measured in terms of the number of vertices of G′ . Most kernelization algorithms
(including those presented in this report) consist of the iterative application of reduction
rules. A reduction rule is a polynomial-time algorithm that input an instance (G, k) and
outputs another instance (G′ , k ′ ). We say that a reduction rule R is safe when (G′ , k ′ ) is
positive if and only if (G, k) is.
Graph edge modification problems. Let G be a class of graphs. In a (parameterized)
G-graph edge modification problem, we are given a graph G, an integer k, and ask whether
it is possible to transform G into a graph G′ ∈ G by modifying (adding, removing, or doing
both, which is called editing) at most k edges.
Given a set of edges F , we use the notation G + F , G − F , and G∆F to denote the
graphs with vertex set V (G) and respective set of edges E(G) ∪ F , E(G) \ F and E(G)∆F .
Formally, we will consider the following problems:
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▶ Problem 1 (G-Addition (resp. Deletion, resp. Edition)).
Input: A graph G, an integer k ∈ N.
Output: “YES” if there exists a set F of at most k edges of G such that G + F (resp. G − F ,
resp. G∆F ) is in G, “NO” otherwise.

3

Sublinear kernel for the Clique + Independent set deletion problem

The goal of this section is to prove Theorem 1.1. To obtain the announced kernel, we apply
the Label-And-Reduce technique. For this problem, the labeling rules aim to identify
vertices that will be in the independent set of a solution if it exists. We can then delete all
the edges incident to these vertices, decrease the parameter accordingly and remove these
vertices from the graph.
We assume that k is smaller than m since otherwise, the instance is trivial: we obtain an
independent set (which is a clique+IS graph) by deleting all the edges in G.
p
▶ Rule 3.1 (Low degree reduction rule 1). If v ∈ V (G) has degree d(v) < 2(m − k) − 1,
delete v from G and decrease the parameter by d(v).
This rule can be implemented to run in linear time. It is moreover safe. Indeed, since
we
consider
the deletion problem, any vertex v deleted by the rule has degree smaller than
p
2(m − k) − 1 in G − F , hence cannot be in the clique of an optimal solution according to
the following lemma.
▶ Lemma 3.2. Let (G, k) is a positive instance of Cliquep+ IS Deletion. If F is a
solution of (G, k), then the clique in G − F has size at least 2(m − k).
Proof. Since F contains at most k edges, the graph G−F has at least m−k edges. Moreover,
G − F is a clique+IS graph, therefore all its edges
are the edges of apunique clique. Therefore,

the size c of the clique of G − F satisfies 2c ⩾ m − k, hence c ⩾ 2(m − k).
◀
One can prove that this first rule can be extended to obtain a linear kernel: when this
√
rule cannot be applied, assuming that m ≥ 2k implies that n = O( m). When m = O(k 2 ),
we are done, and when m = Ω(k 2 ), the minimum degree of the graph is Ω(k), therefore at
most O(1) vertices can be removed, and in that case, the existence of a solution can be tested
in polynomial time.
To further reduce the size of the kernel to O(k/ log k), we use the two following rules to
take care of very sparse or very dense instances.
▶ Rule 3.3 (Low degree reduction rule 2). Let v be a vertex of degree at most 2 log k − 1. If
there is no solution F of (G, k) such that v is in the clique of G − F , remove v from G and
decrease k by d(v).
This rule is trivially safe. Moreover, it can be performed in polynomial time. Indeed, since
we consider an edge-deletion problem, if v lies in the clique K of G − F , then every vertex of
K is adjacent to v in G, i.e. K ⊆ N [v]. Since the degree of v is at most 2 log k − 1, there are
at most k 2 subsets in N [v]. We can therefore try all of them and decide in polynomial time
whether there exists a solution F of (G, k) such that v is in the clique in G − F .
▶ Rule 3.4 (High degree). If G has minimum degree δ(G) ≥ k/(2 log k), solve the instance
and output a trivial equivalent instance.
Again, this rule is clearly safe. The not-so-easy part is to show that Clique + IS
Deletion can be decided in polynomial time when δ(G) ≥ k/(2 log k).
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▶ Lemma 3.5. Rule 3.4 can be applied in polynomial time.
To finish the proof of Theorem 1.1, it remains to bound the size of the reduced graph.
This is the goal of the following lemma.
▶ Lemma 3.6. If (G, k) is a positive instance and none of the rules can be applied, then
|V (G)| ≤ 2 · logk k + 1.
Concluding remarks. Finally, one can easily show that Rule 3.1 can be adapted for the
Clique + IS Edition problem by modifying the constant. On the other hand, it seems
that Rules 3.3 and 3.4 do not readily generalize to Clique + IS Edition, therefore we were
not able to obtain an O(k/ log k) kernel for this problem. However, it is an easy exercise to
show that we can weaken them to obtain a kernel with at most k/c vertices for any possible
constant c > 1, at the cost of a running time in O(nc ).

4

Linear kernel for addition towards split graphs

The goal of this section is to prove Theorem 1.2. Since the class of split graphs is closed
under complementation, it is sufficient to prove that Theorem 1.2 holds for Split Addition.
We use the structure of the input graph to detect and label vertices that will be in the
clique or the independent set part of a split decomposition of a well-chosen solution. More
precisely, we show that, if the instance (G, k) is positive, the labeling constructed by our
algorithm satisfies that there exists a solution F of (G, k) and a split decomposition (K ∗ , I ∗ )
of G + F such that all the vertices labeled as “clique” (resp. “independent set”) are in K ∗
(resp. I ∗ ). We then prove that if (G, k) is a positive instance, then the number of unlabeled
vertices at the end of the algorithm is O(k). Moreover, we show that we can reduce the
number of labeled vertices to O(k). Combining the above yields a linear kernel.
We present our reduction rules in Section 4.1 and prove them in subsequent sections.

4.1

Labeling and reduction rules

Our algorithm keeps track of a partition (K, I, D) of V (G), which corresponds to the labels
of the vertices of G. The set K (resp. I) stands for the vertices already labeled “clique”
(resp. “independent set”) while D (for “don’t know”) contains the vertices that are not yet
labeled. Initially, no vertex is labeled, hence K = ∅, I = ∅ and D = V (G).
We will apply the following reduction rules, whose correction is postponed to Section 4.2.
▶ Rule 4.1 (I-rules). Move v ∈ D to I whenever at least one of the following holds:
(a) v has all of its neighbors in K,
(b) v is non-adjacent to at least k + 1 vertices of K.
Notice that this rule applies to isolated vertices since whenever v is isolated, N (v) = ∅ ⊆ K.
▶ Rule 4.2 (K-rules). Move v ∈ D to K whenever at least one of the following holds:
(a) v has a neighbor in I,
(b) N (v) contains at least k + 1 non-edges,
(c) v dominates K ∪ D.
The following reduction rule simply ensures that K is a clique and I an independent set.
▶ Rule 4.3 (Reduction rules). Apply one of the following rules as long as possible:
(a) if there is a non-edge e between vertices of K, then add e to E(G) and decrease k by 1.
(b) if k < 0 then return a trivially negative instance.
(c) if there is an edge between vertices of I, then return a trivially negative instance.
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We apply these rules exhaustively, and stop when none can be applied. At each step, we
remove a vertex from D or we add an edge to G. Then the algorithm stops after at most
n2 steps. Moreover, one can easily apply the rules in polynomial time. When none of the
previous rules can be applied, we apply the following reduction rule.
▶ Rule 4.4 (Unlabeling algorithm).
(a) If K contains at least k+1 vertices, replace K by a set K ′ = {v1′ , . . . , vk′ } of k vertices and
denote by G′ the resulting graph. Moreover, for each vertex v ∈ D, if v is non-adjacent
′
′
′
′
to t vertices of K in G, then connect v to vt+1
√ , . . . , vk and do not′ connect it to v1 , . . . , vt .
′
(b) Replace I by an independent set I of size 2k connected to K in a complete bipartite
manner, and not connected to D.
With this rule, we can bound the number
of vertices of the resulting graph by |D| plus at
√
most k vertices (for K ′ ), plus at most 2k vertices (for I ′ ). Therefore, Theorem 1.2 boils
down to the following lemma.
√
▶ Lemma 4.5. If (G, k) is a positive instance, then |D| ≤ 10k + 5 2k + 4.
While it is not very difficult to prove that the reduction rules are safe, the main technical
contribution of this section consists in proving Lemma 4.5. The proof is split into two parts.
First, we prove that the number of vertices of D in the clique K ∗ of the solution is linear
in k. We prove it by showing that, if too many vertices of K ∗ are in D, the neighborhood
of many of them is not modified. And amongst them, one must be complete to K ∪ D, a
contradiction with Rule 4.2.
Arguing that the number of vertices of D in the independent set I ∗ of the solution is O(k)
√
is more involved. First note that if a vertex has an independent set of size larger than O( k)
in its neighborhood, it is added to K by Rule 4.2-b. Since D only contains O(k) vertices in
the clique, the number of vertices of D in the independent set is at most O(k 3/2 ). To obtain
a better upper bound on the size of D, we carefully distinguish the size of the neighborhood
of the vertices of D ∩ K ∗ in I ∗ . Very roughly, we prove that the number of vertices in D ∩ K ∗
with many neighbors in I ∗ is bounded by a sublinear function which permits to improve the
size of the kernel. The proof of Lemma 4.5 is postponed to Section 4.3.
Lemma 4.5 together with Rule 4.4 ensure that the following reduction rule is correct,
which completes the proof of Theorem 1.2:
▶ Rule 4.6 (Final Rule). If√none of the previous rules can be applied, and the size of the
instance is at least 11k + 6 2k + 5, return a trivially negative instance.

4.2

Correctness of the reduction rules

To analyze our algorithm, we study the evolution of the instance (G, k) with the partition
P = (K, I, D) after the application of each rule. We will refer to the tuple (G, k, P ) as a
generalized instance of Split Addition.
The following definition formalizes when a labeling of G is compatible with a solution F .
▶ Definition 4.7. Let H be a graph, let F be a set of edges such that H + F is a split graph,
and let P = (K, I, D) be a partition of V (H). We say that P is compatible with F , and
denote it P ⊨ F , if there exists a split decomposition (K ∗ , I ∗ ) of H + F such that K ⊆ K ∗
and I ⊆ I ∗ . In that case, we say that the decomposition (K ∗ , I ∗ ) witnesses the fact P ⊨ F .
A generalized instance represents a graph along with a partial labeling of the vertices.
Such an instance is positive when there exists a solution that is compatible with the labeling.
This leads to the following definition.
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▶ Definition 4.8 (Positive generalized instance). A generalized instance (G, k, P ) is positive
if there exists a solution F of (G, k) such that P ⊨ F .
This allows us to extend safeness properties to reduction rules operating on generalized
instances. We now show that the labeling and reduction rules preserve the existence of a
solution.
▶ Lemma 4.9. Rules 4.1 to 4.3 are safe.
Note that the initial labeling P = (∅, ∅, V (G)) is compatible with every solution of
(G, k) (if any). Therefore, by applying transitively Lemma 4.9, we get that the labeling and
reduction process is safe.
We finally show that Rule 4.4 is safe.
▶ Lemma 4.10. Rule 4.4 is safe.

4.3

Structure of positive instances

This section is devoted to the proof of Lemma 4.5, restated below.
√
▶ Lemma 4.5. If (G, k) is a positive instance, then |D| ≤ 10k + 5 2k + 4.
In what follows, we assume that the input is a positive instance and the labeling/reduction
process stopped and returned a generalized instance (G, k, P ). In particular, Rules 4.1 to 4.3
cannot be applied. By Lemma 4.9, we get that there exists a solution F of (G, k) such
that |F | ≤ k and P ⊨ F . Unrolling the definition, this means that there exists a split
decomposition (K ∗ , I ∗ ) of G + F such that K ⊆ K ∗ and I ⊆ I ∗ . Let K D = D ∩ K ∗ be the
set of unlabeled vertices that belong to the clique, and let I D = D ∩ I ∗ be the set of the
unlabeled vertices that belong to the independent set. For every v ∈ D, let Iv = N (v) ∩ I D .
We give an upper bound on the cardinality of D by giving separate upper bounds on the
respective cardinalities of K D and I D .
Before diving into the details of the proof, let us make two observations on the structure
of D, that follow from the fact that the labeling rules cannot be applied.
√
▶ Observation 4.11. For every vertex v ∈ K D , |Iv | ≤ 2k + 1.
▶ Observation 4.12. Every vertex v ∈ I D has a neighbor in K D .
We first prove that |K D | = O(k).
▶ Lemma 4.13. We have |K D | ≤ 4k.
Proof. Let us prove this statement by contradiction: we prove that if |K D | ≥ 4k + 1, then
there is a vertex in D that dominates D ∪ K, which contradicts the fact that Rule 4.2-c
cannot be applied.
By assumption, K ∗ is a clique in G + F . Since F contains at most k edges, there are
at most 2k vertices of K D that are adjacent to edges of F . Since |K D | ≥ 4k + 1, there are
at least 2k + 1 vertices in K D that dominate K ∗ = K D ∪ K. Let X denote the set of such
vertices. We will now show that there is a vertex in X that also dominates I D , that is, a
vertex of K D that dominates K D ∪ I D ∪ K = D ∪ K. To prove the existence of this vertex,
we will prove that for any vertex u in X such that Iu ̸= I D , there exists a vertex v ∈ X such
that |Iv | > |Iu |. By applying this property repeatedly, we eventually find a vertex v such
that Iv = I D .
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Let u be a vertex of X such that Iu ̸= I D . Since K D ⊆ N [u] and Rule 4.2-b cannot
be applied, there are at most k non-edges between Iu and K D . Hence, these non-edges
are adjacent to at most k vertices of X (X being a clique, every non-edge is incident to at
most one vertex of X), and then at least k + 1 vertices of X dominate Iu . Let X ′ be the
subset of vertices of X that dominate K ∗ ∪ Iu . Let w be a vertex of I D \ Iu . As noted in
Observation 4.12, w is adjacent to some vertex v ∈ K D . Assume that w is anticomplete
/ X ′ . Since v ∈ K ∗ , every vertex of X ′ is adjacent to v. Therefore v
to X ′ , so that v ∈
contains at least k + 1 non-edges in its neighborhood, namely the edges between w and X ′ ,
a contradiction.
Therefore, v ∈ X ′ and the conclusion follows since Iv contains Iu and w.
◀
By bounding locally the size of the neighborhood of each vertex in K D using Observa3
tion 4.11, Lemma 4.13 directly provides an O(k 2 ) kernel. However, as we will show, this is
not tight. Using a more global counting argument, we can show that |I D | = O(k).
√
▶ Lemma 4.14. We have |I D | ≤ 6k + 5 2k + 4.
S
notice that Observation 4.12 implies that I D ⊆ v∈K D N (v). Therefore, if
Proof. First,
√
|K D | ≤ 8k, Observation 4.11 implies the following upper bound on the cardinality of I D :
√
√
√
|I D | ≤ |K D | · ( 2k + 1) ≤ 4k + 2 2k ≤ 6k + 5 2k + 4.
√
In what follows, we assume that |K D | > 8k. We partition I D into two sets: I + , the
set of vertices that have degree at least |K D |/4, i.e. vertices that are adjacent to at least
|K D |/4 vertices of K D , and I − = I D \ I + . We bound their sizes independently.
First, by counting the √
number ne of edges between K D and I + from the point of view of
+
D
+
K D , we get ne ≤ |K D | · ( 2k + 1). From the point of
√ view of I , we get ne ≥ |K | · |I |/4.
+
By combining the two inequalities, we get
√ |I | ≤ 4( 2k + 1).
It remains to show that |I − | ⩽ 6k + 2k. √To this end, we consider two types of vertices
in K D : those that are adjacent to more than 2k edges of F in the solution, and the others.
We then bound the number of vertices in I − adjacent to (at least)
a vertex of each type.
√
Since we add
at
most
k
edges
to
G,
there
are
at
most
2k
vertices
in K D incident
√
D
to more
√
√ than 2k edges
√ of F . By Observation 4.11, these vertices of K have at most
2k( 2k + 1) ≤ 2k + 2k neighbors in I D (and therefore in I − ).
To conclude the proof, it is thus sufficient to show that there are at most 4k vertices in
I − that are adjacent to vertices of K D of the second type.
Let v be a vertex of K D of the second type.
Kv = N (v)∩K D and Iv− = N (v)∩I − .
√ We write
D
D
Observe that, by definition, |Kv | ⩾ |K | − 2k ≥ |K |/2. Let d¯ be the average degree in Kv
of vertices in Iv− . Since Rule 4.2-b cannot be applied, there are at least |Kv | · |Iv− | − k edges
between Kv and Iv− , hence d¯ ⩾ |Kv | − k/|Iv− | ⩾ |K D |/2 − k/|Iv− |. However, by definition of
I − , each vertex has degree at most |K D |/4 in Kv hence d¯ ⩽ |K D |/4. Combining the above
yields |Iv− | ⩽ 4k/|K D |. Since there are at most |K D | vertices of the second type, the union
of their neighborhoods has size at most |K D | · 4k/|K D | = 4k, which is the sought result. ◀

5

Quadratic kernel for addition towards trivially perfect graphs

The goal of this section is to prove Theorem 1.3. Recall that trivially perfect graphs
are (C4 , P4 )-free graphs. In what follows, we refer to induced P4 or C4 of a graph as its
obstructions. We say that a pair (u, v) of vertices is a diagonal if uv ∈
/ E and there exists
two vertices a, b such that uavb is a P4 or a C4 . Given a diagonal (u, v), the number of
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obstructions containing (u, v) is the number of distinct pairs a, b such that uavb is a P4 or
a C4 . Note that every obstruction contains exactly two diagonals and any solution must
contain at least one of the two diagonals of each obstruction.
We first present a reduction rule that should be applied exhaustively, and then two
reduction rules that should be applied once.
▶ Rule 5.1. Let u, v be two non-adjacent vertices. If the number of obstructions containing
u, v is at least k + 1, then add uv to E and decrease k by 1.
▶ Lemma 5.2. Rule 5.1 is safe.
Moreover, Rule 5.1 can easily be applied in polynomial time.
The modulator X(G) of G is the subset of vertices of G that are in at least one obstruction.
Guo [21, Theorem 4] stated that (G, k) is a positive instance if and only if (G[X(G)], k) is.
Therefore, the following reduction rule is safe:
▶ Rule 5.3. If X(G) ̸= V (G), remove all vertices of G that are not in X(G).
When the first two rules cannot be applied, we perform the following rule which detects
trivially negative instances.
▶ Rule 5.4. If |V (G)| > 2k 2 + 2k, output a trivially negative instance.
To complete our proof, we simply have to prove that after applying the first two rules
exhaustively, the size of a positive instance is quadratic. The next lemma ensures that
Rule 5.4 is safe, which concludes the proof of Theorem 1.3.
▶ Lemma 5.5. If (G, k) is a positive instance and every diagonal belongs to at most k
obstructions, then |X(G)| ≤ 2k 2 + 2k.

6

Linear kernel for Starforest deletion

The goal of this section is to prove Theorem 1.4. Stars can be divided into two sets: centers
and leaves. Let us define the notion of center set of a star forest.
▶ Definition 6.1 (Center set). Let S be a star-forest. A set C ∗ ⊆ V (S) is a center set of S if
C ∗ is a dominating set of S such that every star S of S contains exactly one vertex c of C ∗ .
This vertex is called the center of S.
Note that a center set is not necessarily unique since, in 2-stars, both vertices can be
selected as a center. Given a star forest S with a set of centers C ∗ , the leaves of S are the
vertices outside of C ∗ . By definition, every leaf has degree 1 and its unique neighbor is in C ∗ .
In what follows, we show how to use the structure of the input graph to identify and
label vertices that are centers of an optimal solution, which leads to a Label-And-Reduce
kernelization algorithm.
Let (G, k) be an instance of Starforest Deletion. Our first reduction rule, which is
indeed safe, removes trivial connected components.
▶ Rule 6.2 (Clean-up rule). Remove from G any connected component with 1 or 2 vertices.
Assume now that Rule 6.2 cannot be applied anymore.
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▶ Rule 6.3 (Center labeling rule). Let C be the set of vertices of G that are adjacent to a
vertex of degree 1 in G.
/ C, if v is adjacent to a vertex u of C, delete all the other edges between v
(a) For every v ∈
and C, and decrease the parameter accordingly.
(b) For every u, v ∈ C, if u and v are adjacent then remove uv from G and decrease k by 1.
The fact that Rule 6.3 is safe is a consequence of the following lemma:
▶ Lemma 6.4. Let C be the set of vertices of G that are adjacent to a vertex of degree 1. If
(G, k) is a positive instance, then there exists a solution F of (G, k) and a center-set C ∗ of
G − F such that C ⊆ C ∗ .
Lemma 6.4 ensures that Rule 6.3 is safe. Indeed, if there exists a solution, then there
is also a solution where C is in the center-set. Hence we can safely remove all the edges
between the vertices of C since each star only contains one vertex of the center-set of G − F .
Moreover, if an edge between v and a vertex w of C is kept in G − F , then we can choose to
keep any other edge between v and C instead of vw, since all the vertices of C are centers of
their stars.
When neither Rule 6.2 nor Rule 6.3 can be applied, we apply the following rule:
▶ Rule 6.5 (Center reduction rule). Merge all the vertices of C, and remove all but k + 2
vertices of degree 1.
▶ Lemma 6.6. Rule 6.5 is safe.
When Rules 6.2 to 6.5 cannot be applied, we apply the following rule once.
▶ Rule 6.7 (Kernel size rule). If |V (G)| > 4k + 3, return a trivial negative instance (e.g.
(P4 , 0)). Otherwise, return (G, k).
Rule 6.7 ensures that the returned kernel has at most 4k + 3 vertices. In the remainder
of this section, we study the structure of positive instances of Starforest Deletion to
prove that Rule 6.7 is safe.
In the two following lemmas, we assume that none of Rules 6.2 to 6.5 can be applied.
The following lemma uses the sparsity of starforests (they have many vertices of degree 1) to
get information on the structure of positive instances.
▶ Lemma 6.8. If (G, k) is a positive instance of Starforest Deletion with m edges, then
G contains at least m − 3k vertices of degree 1.
In the last step of Rule 6.3, we remove all but k + 2 vertices of degree 1. In the following
lemma, we apply Lemma 6.8 to show that the number of remaining vertices must be small.
▶ Lemma 6.9. If (G, k) is a positive instance where no rule can be applied, then |V (G)| ≤
4k + 3.
By applying the contrapositive of Lemma 6.9, we get that Rule 6.7 is safe.
Improving the multiplicative constant in the linear bound. In the proof of Lemma 6.9, we
use a simple argument based on the minimum degree to show that the 3k remaining edges
span at most 3k + 1 vertices. The worst case is when every vertex has degree 2, that is,
when every connected component is a cycle. In a cycle, an optimal solution can easily be
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found in polynomial time, and therefore we can remove cycles. We can also show that long
induced paths can be reduced. Combining these results gives a smaller kernel, at the cost of
an increased running time and a slightly more involved analysis.
However, these improvements do not yield a sublinear kernel. It turns out that, under
the Exponential Time Hypothesis, Starforest Deletion does not have a sublinear kernel.
Indeed, Drange et al. [15] proved that, under ETH, Starforest Deletion does not admit
a subexponential FPT algorithm, i.e. an algorithm running in time O∗ (2o(k) ). Moreover,
there is an O∗ (2n ) algorithm for Starforest Deletion: for each subset S of vertices, test
whether there exists a solution in which S is the center set. Therefore, a kernel with o(k)
vertices would imply an O∗ (2o(k) ) algorithm; a contradiction.
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Introduction

In this paper, we study the parameterized complexity of reconfiguration of independent sets,
and of dominating sets, with the sizes of the sets as parameter. Interestingly, the complexity
varies depending on the assumptions on the length of the reconfiguration sequence, which can
be unbounded, given in binary, given in unary, or given as second parameter. One can study
the reconfiguration problems for different reconfiguration rules; we will show equivalence
regarding the complexity for several reconfiguration rules.
© Hans L. Bodlaender, Carla Groenland, and Céline M. F. Swennenhuis;
licensed under Creative Commons License CC-BY 4.0
16th International Symposium on Parameterized and Exact Computation (IPEC 2021).
Editors: Petr A. Golovach and Meirav Zehavi; Article No. 9; pp. 9:1–9:16
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

9:2

Parameterized Complexities of Dominating and Independent Set Reconfiguration

Independent Set Reconfiguration
In the Independent Set Reconfiguration problem, we are given a graph and two
independent sets A and B, and wish to decide we can “reconfigure” A to B via a “valid”
sequence of independent sets A, I1 , . . . , Iℓ−1 , B. Suppose that we represent the current
independent set by placing a token on each vertex. We can move between two independent
sets by moving a single token. We consider two well-studied rules for deciding how we can
move the tokens.
Token jumping (TJ): we can “jump” a single token to any vertex that does not yet contain
a token.
Token sliding (TS): we can “slide” a single token to an adjacent vertex that does not yet
contain a token.
Independent Set Reconfiguration is PSPACE-complete for both rules [9], but their
complexities may be different when restricting to specific graph classes. For example,
Independent Set Reconfiguration is NP-complete on bipartite graphs under the token
jumping rule, but remains PSPACE-complete under the token sliding rule [11].
There is a third rule which has been widely studied, called the token addition-removal rule,
but this rule is equivalent to the token jumping rule for our purposes (see e.g. [9, Theorem
1]). As further explained later, we show that the token jumping and the token sliding rule
are also equivalent in some sense (which is much weaker but does allow us to control all the
parameters that we care about). We will therefore not explicitly mention the specific rule
under consideration below.
Throughout this paper, our reconfiguration problems are parameterized by the number
of tokens (the size of the independent set). Independent Set Reconfiguration is W[1]hard [7], but the problem is not known to be in W[1]. We show that in fact it is complete for
the class XL, consisting of the parameterized problems that can be solved by a deterministic
algorithm that uses f (k) log n space, where k is the parameter, n the input size and f any
computable function.
▶ Theorem 1. Independent Set Reconfiguration is XL-complete.
In the Timed Independent Set Reconfiguration, we are given an integer ℓ in unary
and two independent sets A and B in a graph G, and need to decide whether there is a
reconfiguration sequence from A to B of length at most ℓ. We again parameterize it by the
number of tokens. The following result has been shown by the authors and Nederlof [1].
▶ Theorem 2 ([1]). Timed Independent Set Reconfiguration is XNLP-complete.
The class XNLP (also denoted N [f poly, f log] by Elberfeld et al. [5]) is the class of parameterized problems that can be solved with a non-deterministic algorithm with simultaneously,
the running time bounded by f (k)nc and the space usage bounded by f (k) log n, with k the
parameter, n the input size, c a constant, and f a computable function. This is a natural
subclass of the class XNL, which consists of the parameterized problems that can be solved by
a nondeterministic algorithm that uses f (k) log n space. Amongst others, XNL was studied
by Chen et al. [3].
The classes XL, XNL, XSL, XP can be seen as the parameterized counterparts of L, NL,
SL, P respectively. Although no explicit time bound is given, we can freely add a time bound
of 2f (k) log n , and thus XNL is a subset of XP. We remark that XL=XSL1 [15] (just as L=SL),
XL⊆XNL and XNLP⊆XNL.
1

A proof can be found in Appendix A of the full version [2]
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Table 1 The table shows the parameterized complexities of the independent set and dominating
set reconfiguration problems, parameterized by the number of tokens, depending on the treatment
of the bound ℓ on the length of the reconfiguration sequence.
Sequence length ℓ
not given
parameter
unary input
binary input

Independent Set
XL-complete
W[1]-complete
XNLP-complete
XNL-complete

Dominating Set
XL-complete
W[2]-complete
XNLP-complete
XNL-complete

Sources
Theorems 1, 5
Theorems 4, 5 and [12]
[1]
Theorems 3, 5

In Binary Timed Independent Set Reconfiguration, the bound ℓ on the length of
the sequence is given in binary2 . Interestingly, this slight adjustment to Timed Independent
Set Reconfiguration is complete for XNL instead.
▶ Theorem 3. Binary Timed Independent Set Reconfiguration is XNL-complete.
Finally, we consider what happens when we consider ℓ to be a parameter instead. If Timed
Independent Set Reconfiguration (or equivalently Binary Timed Independent Set
Reconfiguration) is parameterized by the size of the independent set and the length of
the sequence3 , then it is W[1]-hard [12]4 . We show that in this case, W[1] is the “correct
class”.
▶ Theorem 4. Timed Independent Set Reconfiguration is in W[1] when parameterized
by the size of the independent set and the length of the sequence.

Dominating set reconfiguration
The dominating set reconfiguration problem is similar to the independent set reconfiguration
problem, but in this case all sets in the sequence must form a dominating set in the graph.
This again gives a PSPACE-complete problem [6]. We define the parameterized problems
Dominating Set Reconfiguration, Timed Dominating Set Reconfiguration and
Binary Timed Dominating Set Reconfiguration similarly as their independent set
counterparts, again parameterized by the number of tokens. Since Dominating Set is
W[2]-complete and Independent Set is W[1]-complete (parameterized by “the number
of tokens”), it may be expected that the reconfiguration variants also do not have the
same parameterized complexity. Indeed, Timed Dominating Set Reconfiguration is
W[2]-hard when it is moreover parameterized by the length of the sequence [12].
We show that the picture is otherwise the same as for independent set.
▶ Theorem 5. Dominating Set Reconfiguration is XL-complete. Binary Timed
Dominating Set Reconfiguration is XNL-complete. Timed Dominating Set Reconfiguration is W[2]-complete when moreover parameterized by the length of the sequence.
It was already known that Timed Dominating Set Reconfiguration is XNLP-complete [1].
The proof Theorem 5 can be found in Appendix C of the the full version of this paper [2]. A
summary of our results can be found in Table 1.
2
3
4

Giving ℓ in binary implies that it contributes log2 (ℓ) to the size of an instance of Binary Timed
Independent Set Reconfiguration.
We can also consider it to be parameterized by the sum of the two parameters.
Mouawad et al. [12] only studied the token jumping variant, but Theorem 6 implies the hardness also
holds for token sliding.
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Many other types of reconfiguration problems have been studied as well, and we refer the
reader to the surveys by Van den Heuvel [14] and Nishimura [13] for further background.

Equivalences between token jumping and token sliding
In Appendix D of the full version [2], we introduce partitioned variants of token sliding
and token jumping in which the tokens need to stay within specified token sets. We prove
the theorem below by giving reductions from and to the independent set reconfiguration
problems (with the four rules: (partitioned) token sliding and (partitioned) token jumping)
that control the number of tokens and the length of the reconfiguration sequence. We give
similar reductions for the dominating set reconfiguration problems.
▶ Theorem 6. For the following parameterized problems, their variant with the token jumping rule is equivalent under pl-reductions and fpt-reductions to their variant with the token
sliding rule: Independent Set Reconfiguration, Timed Independent Set Reconfiguration, Binary Independent Set Reconfiguration and Timed Independent Set
Reconfiguration when moreover parameterized by the length of the sequence. The same
holds for the dominating set variants.

2

Preliminaries

We write N for the set of integers 0, 1, 2, . . . and write [a, b] for the set of integers x with
a ≤ x ≤ b. All logs in this paper are base 2.

Parameterized reductions
A parameterized reduction from a parameterized problem Q1 ⊆ Σ∗1 × N to a parameterized
problem Q2 ⊆ Σ∗2 × N is a function f : Σ∗1 × N → Σ∗2 × N, such that the following holds.
1. For all (x, k) ∈ Σ∗1 × N, (x, k) ∈ Q1 if and only if f ((x, k)) ∈ Q2 .
2. There is a computable function g, such that for all (x, k) ∈ Σ∗1 × N, if f ((x, k)) = (y, k ′ ),
then k ′ ≤ g(k).
A parameterized logspace reduction or pl-reduction is a parameterized reduction for which
there is an algorithm that computes f ((x, k)) in space O(g(k) + log n), with g a computable
function and n = |x| the number of bits to denote x.

Symmetric Turing Machine
A Symmetric Turing Machine (STM) is a Nondeterministic Turing Machine (NTM), where
the transitions are symmetric. That means that for any transition, we can also take its
inverse back. More formally, a Symmetric Turing Machine with one work tape is a 5-tuple
(S, Σ, T , sstart , A), where S is a finite set of states, Σ is the alphabet, T is the set of transitions,
sstart is the start state and A is the set of accepting states. A transition τ ∈ T is a tuple of
the form (p, ∆, q) describing a transition the STM may take, where p, q ∈ S are states and ∆
is a tape triple. A tape triple is equal to either (ab, δ, cd), where a, b, c, d ∈ Σ and δ ∈ {−1, 1},
or (a, 0, b), where a, b ∈ Σ. For example, the transition (p, (ab, 1, cd), q) describes that if the
STM is in state p, reads a and b on the current work tape cell and the cell directly right of
it, then it can replace a with c, b with d, moving the head to the right and going to state q.
Let ∆ = (ab, δ, cd) be a state triple, then its inverse is defined as ∆−1 = (cd, −δ, ab). The
inverse of ∆ = (a, 0, b) is defined as ∆−1 = (b, 0, a). By definition of the Symmetric Turing
Machine, for any τ ∈ T , there is an inverse transition τ −1 ∈ T , i.e. if τ = (p, ∆, q) ∈ T ,
then τ −1 = (q, ∆−1 , p) ∈ T .
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We say that STM M accepts if there is a computation of M that ends in an accepting
state. We remark that the Turing Machines in this paper do not have an input tape, as it is
hidden in the states (see Appendix A of the full version [2]). For a more formal definition
of Symmetric Turing Machines we would like to refer to the definition from Louis and
Papadimitriou in [10].
Note that we may assume that there is only one accepting state sacc ∈ A, by creating
this new state sacc and adding a transition to sacc from any original accepting state. We
may also assume all transitions to move the tape head to the left or right. This can be
accomplished by replacing each transition τ = (p, (a, 0, b), q) with 2|Σ| transitions as follows.
For all σ ∈ Σ, we create a new state sσ and two new transitions τσ1 = (p, (aσ, 1, bσ), sσ ) and
τσ2 = (sσ , (bσ, −1, bσ), q).
The following problem will be used in the reductions of Section 3.
Accepting Log-Space Symmetric Turing Machine
Given: A STM M = (S, Σ, T , sstart , A) with Σ = [1, n] and a work tape with k cells.
Parameter: k.
Question: Does M accept?
We define Accepting Log-Space Nondeterministic Turing Machine to be the
Nondeterministic Turing Machine analogue of Accepting Log-Space Symmetric Turing
Machine.
▶ Theorem 7. Accepting Log-Space Symmetric Turing Machine is XL-complete
and Accepting Log-Space Nondeterministic Turing Machine is XNL-complete.
A proof of Theorem 7 can be found in Appendix A of the full version [2].
In our reductions we use the notion of a configuration, describing exactly in what state
an NTM (and therefore an STM) and its tape are.
▶ Definition 8. Let M = (S, Σ, T , sstart , A) be an NTM with Σ = [1, n] and k cells on the
work tape and let α ∈ Σ∗ be the input. A configuration of M is a k + 2 tuple (p, i, σ1 , . . . , σk )
where p ∈ S, i ∈ [1, k] and σ1 , . . . , σk ∈ Σ, describing the state, head position and content of
the work tape of M respectively.

3

Proof of Theorem 1: XL-completeness

By Theorem 6, it suffices to show that the following problem is XL-complete.
Partitioned TS-Independent Set Reconfiguration
Given: Graph G = (V, E); independent sets Iinit , Ifin of size k; a partition V = ⊔ki=1 Pi
of the vertex set.
Parameter: k.
Question: Does there exist a sequence Iinit = I0 , I1 , . . . , IT = Ifin of independent sets
of size k for some T , with |It ∩ Pi | = 1 for all t ∈ [0, T ] and i ∈ [1, k], such that
for all t ∈ [1, T ], It = It−1 \ {u} ∪ {v} for some uv ∈ E(G) with u ∈ It−1 and
v ̸∈ It−1 ?
Theorem 6 then implies the XL-completeness results for the other variants of Independent
Set Reconfiguration.
The XL-completeness proof for Partitioned TS-Dominating Set Reconfiguration
is similar and given in Appendix C of the full version [2].
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▶ Theorem 9. Partitioned TS-Independent Set Reconfiguration is XL-complete.
Proof. By Theorem 7, it suffices to give pl-reductions to and from Accepting Log-Space
Symmetric Turing Machine.
The problem is in XL (=XSL) as it can be simulated with a Symmetric Turing Machine
with O(k log n) space as follows. We store the current independent set of size k on the
work tape, which takes about k · log n bits space. We use the transitions of the STM to
model the changes of one of the vertices in the independent set. For all vertices u, v ∈ V ,
we have a sequence of states and transitions that allows you to remove u and add v to the
independent set currently stored on the work tape, if the following assumptions are met:
u ∈ I, v ̸∈ I, uv ∈ E(G), u, v are part of the same token set (part of the partition) and I ′
is an independent set. This gives a total of O(n2 k 2 ) states. There is one accepting state,
reachable via a sequence of states and transitions that verifies that the current independent
set is the final independent set. All transitions are symmetric.
We prove the problem to be XL-hard by giving a reduction from Accepting Log-Space
Symmetric Turing Machine. Let M = (S, Σ, T , sstart , A) be the STM of a given instance,
with A = {sacc }, Σ = [1, n] and a work tape of k cells. We may assume that M only accepts
if the symbol 1 is on every cell of the work tape and the head is at the first position. This can
be done by creating a new accepting state and adding O(k) transitions from sacc to this new
state, which set only 1’s on the work tape and move the head to the first position. We create
an instance Γ of Partitioned TS-Independent Set Reconfiguration with k ′ = k + 1
tokens. These tokens will simulate the configuration of M: k tape-tokens modeling the work
tape cells and one state token describing the current state and tape head position.
Tape gadgets. For each work tape cell i ∈ [1, k], we create a tape gadget consisting of n + 1
vertices as follows. We add a vertex vσi for all σ ∈ Σ = [1, n] and a vertex y i , connected to
vσi for all σ ∈ Σ. The vertices in a tape gadget form a token set (a part of the partition, i.e.
exactly one of these n + 1 vertices is in the independent set at any given time). The symbol
σ that is on the ith work tape cell of M is simulated by which vσi is in the independent set.
State vertices. The last token set is the set of all transition and state vertices (defined
below), meaning that exactly one of these vertices is in the independent set at any given
time. The token of this set (called the “state token”) simulates the state of M, the position
of the head, and the transition M takes.
We create a vertex pi for each state p ∈ S and all head positions i ∈ [1, k]. We add edges
i i′
p y for all i′ ∈ [1, k]. These vertices will simulate the current state of M and the position i
of the tape head.
Transition vertices. To go from one state vertex to another, we create a path of three
transition vertices, to checking whether the work tape agrees with the transition before and
afterwards, and one allowing moving some tokens of the tape gadget. To control when we
can move tokens in the tape gadgets, we put edges between y i and all state and transition
vertices (for each i ∈ [1, k]), unless specified otherwise. We further outline which edges are
present below, and give an example in Figure 1.
Recall that we may assume that head always moves left or right. Consider first a transition
τ ∈ T that moves the head to the right, say τ = (p, (ab, 1, cd), q). For all i ∈ [1, k − 1], we
i
create a path between state vertices pi and q i+1 consisting of three “transition” vertices: τab
,
i
i
i
τshift and τcd . In order to ensure a token can only be on τab when the token on the ith tape
i
gadget represents the symbol a, we add edges from τab
to vσi for all σ ∈ Σ \ {a}. Similarly,
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vai

vai+1

vbi

vbi+1

vci

vci+1

vdi

vdi+1

yi

y i+1

i
τab

pi

i
τshift

i
τcd

q i+1

Figure 1 Sketch of part of the construction of Theorem 9. Given are the two tape gadgets for
positions i and i + 1, two state vertices and a transition path for transition τ = (p, (ab, 1, cd), q).

i
edges to vσi+1 are added for all σ ∈ Σ \ {b}, as well as edges between τcd
and all vσi and vσi+1
i+1
i
except for vci and vd . When the token is on the shift vertex τshift
, the independent set is
allowed to change the token in the ith and (i + 1)th tape gadget. Therefore, we remove the
i
edges between y i and y i+1 and τshift
.
Note that the constructed paths also handle transitions which move the tape head to the
left, as we can transverse the constructed paths in both directions. We omit the details.

Initial and final independent sets. Recall that
S sstart is the
 starting state of M. We let
1
i
the initial independent set be Iinit = {sstart } ∪
i∈[1,k] {v1 } , corresponding to the initial
S

i
configuration of M. Let the final independent set be Ifin = {s1acc } ∪
i∈[1,k] {v1 } , where
sacc is the accepting state of M. We note that both Iinit and Ifin are independent sets.
Let Γ be the created instance of Partitioned TS-Independent Set Reconfiguration.
We prove that Γ is a yes-instance is and only if M accepts. We use the following function,
hinting at the equivalence between configurations of M and certain independent sets of Γ.
▶ Definition 10. Let C = (p, i, σ1 , . . . , σk ) be a configuration of M. Then let I(C) be the
corresponding independent set in Γ:

I(C) = {pi } ∪ 

k n
[


o

vσj j 

j=1

▷ Claim 11. Γ is a yes-instance if M accepts.
Proof. Let C1 , . . . , Cℓ be the sequence of configurations such that M accepts. We note that
I(C1 ) = Iinit . For each t ∈ [1, ℓ − 1], we do the following. Let Ct = (p, i, σ1 , . . . , σk ). Let τ
be the transition M takes to the next configuration. Assume τ = (p, (ab, 1, cd), q), the case
where τ moves the head to the left will be discussed later, but is similar. Take the following
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sequence of independent sets, where I(Ct ) = I0 is the current independent set:

 i


I1 = I0 \ pi ∪ τab
I5 = I4 \ vbi+1 ∪ y i+1
 i
 i


I2 = I1 \ τab
∪ τshift
I6 = I5 \ y i+1 ∪ vdi+1


 i
 i
I3 = I2 \ vai ∪ y i
I7 = I6 \ τshift
∪ τcd


 i

I4 = I3 \ y i ∪ vci
I8 = I7 \ τcd
∪ q i+1
Notice that this sequence of independent sets is allowed, as all sets are independent, each
token stays within its token set and each next independent set is a slide away from its
previous. Also, we see that I(Ct+1 ) = I8 . For transition τ = (p, (ab, −1, cd), q), where the
tape head moves to the left, we do the following. Let τ −1 = (q, (cd, 1, ab), p) be the inverse.
We take the sequence that belongs to τ −1 backwards, i.e. if I0 , . . . , I8 was the sequence of
independent sets as described for τ −1 , then take the sequence I8 , . . . , I0 .
We note that I(Cℓ ) = Ifin is the final independent set, as we assumed the machine only
to accept with σi = 1 for all i ∈ [1, k] and the head at the first position. Therefore, we find
that this created sequence of independent sets is a solution to Γ.
◁
We now prove the other direction.
▷ Claim 12. M accepts if Γ is a yes-instance.
Proof. Let Iinit = I1 , . . . , Iℓ−1 , Iℓ = Ifin be the sequence of independent sets that is a solution
to Γ. We assume this sequence to be minimal, implying that no independent set can occur
twice.
The state token should always be on either a state or transition vertex, because of its
token set. Let I1′ , . . . , Iℓ′′ be the subsequence of I1 , . . . , Iℓ of independent sets that include a
state vertex. We will prove that the configurations of M, simulated by this subsequence, is a
sequence of configurations that leads to the accepting state sacc . To do this, first we note
some general facts about It for t ∈ [1, ℓ].
If the state token of It is on a state vertex pi , then It+1 slides the state token to a neighbor
′
of pi . This is because all y i for i′ ∈ [1, k] are neighbors of pi , hence the tokens in the tape
′
gadgets are on some vσi and cannot move. The same holds for transition vertices of the form
i
i
τab
. If τshift
∈ It , then y i and y i+1 are not neighbors of the state token. Therefore, the ith
i
and i + 1th tape gadgets token can now slide. If τab
∈ It , then vai ∈ It and vbi+1 ∈ It . This is
i
because all other vertices of the ith and i + 1th tape gadgets are neighbors of τab
.
′
′
Recall that I1 , . . . , Iℓ′ is the sequence of independent sets with the state token on a
state vertex. For any It′ with t ∈ [1, ℓ′ ], let Ct be the unique configuration of M such that
I(Ct ) = It′ . We prove that C1 , . . . , Cℓ′ is an allowed sequence of configurations for M. Note
that this implies that M accepts as Cℓ′ is the accepting configuration.
We fix t ∈ [1, ℓ′ ] and focus on the transition between Ct and Ct+1 . Let A1 , . . . , AR be the
′
sequence of independent sets in the solution of Γ, that are visited between It′ and It+1
. By
′
′
definition of It and It+1 , Ar does not contain a state vertex for all r ∈ [1, R], therefore each
Ar must have its state token on a transition vertex. Each such transition vertex corresponds
to the same transition τ = (p, ∆, q), as this is the only path the state token can take. We
assume that ∆ = (ab, 1, cd), the case ∆ = (ab, −1, cd) can be proved with similar arguments.
i
The set A1 contains transition vertex τab
and therefore It′ contains vai and vbi+1 . Also, AR
i
′
i
contains τcd
, implying that vci , vdi+1 ∈ It+1
. We note that A2 , . . . , AR−1 must contain τshift
:
i
only the ith and i + 1th tape gadget tokens can shift when the state token is on τshift . So if
i
i
the state token would be on τab
or τcd
twice in A1 , . . . , AR , the independent sets would be
equal, contradicting the minimal length of the sequence.
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′
Combining this all, we conclude that if I(Ct ) = It′ and I(Ct+1 ) = It+1
, there is an allowed
sequence of independent set, traversing the path belonging to a transition τ = (p, (ab, 1, cd), q).
Therefore, It+1 = It \ {vai , vbi+1 , pi } ∪ {vci , vdi+1 , q i+1 } and we are allowed to take transition τ
from Ct to end up in configuration Ct+1 .
◁

Hence, Γ is a yes instance if and only if M accepts and we find that the given reduction
is correct. This concludes the proof of Theorem 9.
◀

4

Proof of Theorem 3: XNL-completeness

In this section we prove Theorem 3 by showing that the following problem is XNL-complete.
Binary Timed Partitioned TS-Independent Set Reconfiguration
Given: Graph G = (V, E); independent sets Iinit , Ifin of size k; integer ℓ given in
binary; a partition V = ⊔ki=1 Pi of the vertex set.
Parameter: k.
Question: Does there exist a sequence Iinit = I0 , I1 , . . . , IT = Ifin of independent sets
of size k with T ≤ ℓ and |It ∩ Pi | = 1 for all t ∈ [0, T ] and i ∈ [1, k], such that
for all t ∈ [1, T ], It = It−1 \ {u} ∪ {v} for some uv ∈ E(G) with u ∈ It−1 and
v ̸∈ It−1 ?
To prove XNL-hardness, we introduce a variant of CNF-SAT. The following is a “long
chain”-variant of the XNLP-complete problems “chained CNF-Satisfiability” introduced
by [1].
Long Partitioned Positive Chain Satisfiability
Input: Integers k, q, r ∈ N with r given in binary and r ≤ q k ; Boolean formula F ,
which is an expression on 2q positive variables and in conjunctive normal form; a
partition of [1, q] into k parts P 1 , . . . , P k .
Parameter: k.
(t)
Question: Do there exist variables xj for t ∈ [1, r] and j ∈ [1, q], such that we can
satisfy the formula
^
(t)
(t+1)
F (x1 , . . . , x(t)
, . . . , x(t+1)
)
q , x1
q
1≤t≤r−1
(t)

by setting, for i ∈ [1, k] and t ∈ [1, r], exactly one variable from the set {xj : j ∈
Pi } to true and all others to false?
We remark that all XNLP-complete “chained satisfiability” variant of [1] have an XNLcomplete analogue, but we decided to only present the form we need for this section. In
Appendix B of the full version [2], we prove the following result.
▶ Theorem 13. Long Partitioned Positive Chain Satisfiability is XNL-complete.
From this, we derive the following result.
▶ Theorem 14. Binary Timed Partitioned TS-Independent Set Reconfiguration
is XNL-complete.
Recall that Theorem 6 then implies the XNL-completeness results for the other variants of
Binary Timed Independent Set Reconfiguration. A similar proof for the dominating
set variant can be found in Appendix C.2 of the full version [2].
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Proof of Theorem 14. We first show that Binary Timed Partitioned TS-Independent
Set Reconfiguration is in XNL, that is, it can be modelled by a Nondeterministic Turing
Machine using a work tape of size O(k log n). One can store the current independent set
of size k on the work tape and allow only transitions between an independent set I to an
independent set I ′ = I \ {v} ∪ {w} if vw ∈ E, v ∈ I and w ̸∈ I. We can generate the possible
independent sets adjacent to a given independent set I and keep track of the number of
moves on a work tape of size O(k log n). Since the number of independent sets of size k is at
most nk , and a shortest sequence consists of distinct independent sets, we may assume that
ℓ ≤ nk .
To prove that Binary Timed Partitioned TS-Independent Set Reconfiguration
is XNL-hard, we give a reduction from Long Partitioned Positive Chain Satisfiability.
The construction is similar (but more cumbersome) way as the one in [1, Theorem 4.11].
Let (q, r, F, P 1 , . . . , P k ) be an instance of Long Partitioned Positive Chain Satisfiability. We will create an instance Γ of Binary Timed Partitioned TS-Independent
Set Reconfiguration with 3k + 1 token sets. The idea is to represent the choice of which
(t)
variables xj are set to true with variable gadgets, and to create a clause checking gadget
(t)

(t)

(t+1)

(t+1)

that verifies that F (x1 , . . . , xq , x1
, . . . , xq
) is true. The time counter gadget has k
tokens, which together represent the integer t. Using the time constraint, we ensure that we
(t)
have to follow a very specific sequence of moves, and can therefore not change which xj is
true after we passed an independent set that made a choice for this.
Time counter gadget. We create k time tokens who have its token set within the time
counter gadget, where the positions of these tokens represent an integer t ∈ [1, r] with r ≤ q k .
We create k timers, consisting each of 4q vertices. For i ∈ [1, k], the timer ti is a cycle on
vertices ti0 , . . . , ti4q−1 , which forms a token set for one of the time tokens. If the time tokens
are on the vertices t1ℓ1 , . . . , tkℓk , then this represents the current time as
t=

k
X

(ℓi mod q)q i−1 .

i=1

Henceforth, we will silently assume t to be given by the position of the time tokens as
specified above. How these timers are connected such that they work as expected will be
discussed later.
Variable gadget. We create four sets A = {a1 , . . . , aq }, B = {b1 , . . . , bq }, C = {c1 , . . . , cq }
and D = {d1 , . . . , dq } that all contain q vertices. These sets will be used to model which
(t)
variables xj are chosen to be true. We partition the sets in the same way as the variables,
setting Ai = {aj : j ∈ P i } for all i ∈ [1, k] and defining B i , C i and Di similarly.
For all i ∈ [1, k], we make (Ai , B i ) and (C i , Di ) complete bipartite graphs, adding the
edges aj bj ′ and cj dj ′ for all j, j ′ ∈ P i . We specify Ai ∪ B i and C i ∪ Di as token sets, and
refer to the corresponding 2k tokens as variable tokens. The first set is used to model the
(t)
choice of the true variable xj for j ∈ P i for all odd t, whereas the second partition models
the same for any even t.
We will enforce the following. Whenever we check whether all the clauses are satisfied,
we will either restrict all tokens of A ∪ B to be in A, or restrict all to be in B. Whenever we
have to choose a new set of true variables for t odd, we move all tokens from A to B (or the
other way around). This movement takes exactly k steps. The same holds for even t and the
sets C and D.
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Clause checking gadget. The clause checking gadget exists of four parts, called AC,
BC, BD and AD, named after which pair of sets we want the variable tokens to be
in. All the vertices of the clause checking gadget form a token set, and we refer to the
corresponding token as the clause token. The token will traverse the gadget parts in the
order AC → BC → BD → AD → AC → . . . . If the token is on AC, we require the variable
tokens to be in A and C and we then check whether the clauses hold for the given choice of
variables. The other parts are constructed likewise. For an example we refer to Figure 2.

a1

b1

c1

d1

a2

b2

c2

d2

a3

b3

c3

d3

v11
T AC

v21

T BC

Figure 2 Sketch of part of the construction of Theorem 14. Given are the two variable gadgets for
(t)
(t+1)
Ai ∪ B i and C i ∪ Di , the AC part of the clause checking gadget with one clause: C1 = (x1 , x3
),
1
1
where t is odd. Hence v1 checks whether a1 is set to true and v2 checks whether c3 is set to true.

We now give the construction of this gadget. We create a vertex, T AC that is connected
to all b ∈ B. This ensures that if the clause token is on T AC , all tokens from A ∪ B are on
vertices in A, yet tokens will be able to move from vertices in D to vertices in C.
Suppose F = C1 ∧ · · · ∧ CS with each Ci a disjunction of literals. Let s ∈ [1, S] and let
Cs = y1 ∨ · · · ∨ yHs be the sth clause. We create a vertex vhs for all h ∈ [1, Hs ]. All vhs are
connected to all vertices in B and D, which ensures that whenever the clause token is on
some vhs , all variable tokens to be on vertices in A and C and prohibits these variable tokens
to move.
Let h ∈ [1, Hs ] and let j ∈ [1, q] be such that yh is the jth variable. We ensure that the
(t)
clause token can only be on vhs if the corresponding xj is modelled as true, that is, the
corresponding variable token is on the vertex aj or cj (depending on the parity of t). To
ensure this, we connect vhs to all variables in Ai \ {aj } if t is odd and to all variables in
C i \ {cj } if t is even, where i ∈ [1, k] satisfies j ∈ P i .
We add edges such that ({vhs }h∈[1,Hs ] , {vhs+1 }h∈[1,Hs+1 ] ) forms a complete bipartite graph
for all s ∈ [1, S − 1]. We connect T AC to all vh1 and we connect all vhS to T BC , the first
vertex of the next gadget. Whenever we move the clause token from T AC to T BC , we have
to traverse a vertex vhs for each clause Cs , which ensures that the literal yh in the clause Cs
is set to true according to the variable tokens.
The gadget parts for BC, BD and AD are constructed likewise. We omit the details.
Connecting the time counter gadget. We now describe how to connect the vertices in the
time counter gadget to those in the clause checking gadget. In the first timer, we create the
following edges for z ∈ [0, 4q − 1]:
T AC t1z

when z ≡ 2 or z ≡ 3 mod 4,

T BC t1z
T BD t1z
T AD t1z

when z ≡ 3 or z ≡ 0 mod 4,
when z ≡ 0 or z ≡ 1 mod 4,
when z ≡ 1 or z ≡ 2 mod 4.
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This ensures that we can only move the first time token from t10 to t11 if the clause token is
on T AC , and that we cannot put the clause token on T BC before having moved the time
token. To enforce that the time token moves when the clause token is at T AC , we add edges
between any vhs vertex in this path and all t1z with z ̸≡ 1 mod 4. The edges are created in a
similar manner for the paths following T BC , T BD and T AD .
When the first time token has made q steps, we allow the second time token to move 1
step forward. For i ∈ [2, k] we add all edges tiz ti+1
y , except for the following y, z ∈ [0, 4q − 1]:
y ≡ 0 mod 4 and z ∈ [0, q],
y ≡ 1 mod 4 and z ∈ [q, 2q],
y ≡ 2 mod 4 and z ∈ [2q, 3q],
y ≡ 3 mod 4 and z ∈ [3q, 4q − 1] ∪ {0}.
This ensures, for example, that the (i + 1)th gadget token can move from ti+1
to ti+1
if and
0
1
i
only if the ith time gadget token is on tq .
Finally, we add two sets Vinit and Vfin of 2k vertices, and add the first set to the initial
independent set Iinit and the second to the final independent set Ifin . Each vertex of Vinit is
added to the token set of Ai ∪ B i or C i ∪ Di for some i ∈ [1, 2k], adding exactly one vertex
to each token set, and similarly for Vfin .
We create edges uv for all u ∈ Vinit ∪ Vfin and v in the clause checking gadget. We
also create two vertices cinit and cfin that are added to the initial and final independent set
respectively, and to the token set of the clause token. We make cinit adjacent to T AC and cfin
to a vertex T XY , where X, Y depend on the value of r modulo 4.
The vertices cinit and cfin are adjacent to all vertices in the time gadgets except for those
representing the time 0 and r respectively. The initial independent set also contains the
vertices in the time gadget that represent t = 0 and similarly Ifin contains the vertices that
represent r.
Bounding the sequence length. We give a bound ℓ on the length of the reconfiguration
sequence, to ensure that only the required moves are made. Before moving the time token,
we first move the 2k variable tokens into position. We can then move the clause token to
T AC , move the first time token so that the time represents 1 and after that take S + 1 steps
to reach T BC (with S the number of clauses in F ), at which point we can move the first
time token one step forward, and we need to move k variable tokens from A to B. Because
we check exactly r − 1 assignments, we need to move the ith time counter token exactly
⌊(r − 1)/q k−(i−1) ⌋ times. As a last set of moves, we need to move the variable tokens to the
set Vfin , and the clause token to cfin taking another 2k + 1 steps. Hence, we set the maximum
length of the sequence ℓ (from the input of our instance of Binary Timed Partitioned
TS-Independent Set Reconfiguration) to
4k + 2 + (r − 1)(S + k + 1) +

k
X

⌊(r − 1)/q k−(i−1) ⌋.

i=1

We claim that there is a satisfying assignment for our instance of Long Partitioned
Positive Chain Satisfiability if and only if there is a reconfiguration sequence from Iinit
to Ifin of length at most ℓ. It is not too difficult to see that a satisfying assignment leads to a
reconfiguration sequence (by moving the variable tokens such that they represent the chosen
(t)
true variables xj when the time tokens represent time t).
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Vice versa, suppose that there is a reconfiguration sequence of length ℓ. This is only
possible if the sequence takes a particular form: we need to move the time tokens for
Pk
k−(i−1)
⌋ steps, and can only do this if we can move the clause token (r −
i=1 ⌊(r − 1)/q
1)(S + 1) + 2 steps. The moves of the clause token forces us to move k variable tokens
between A and B and between C and D a total of (r − 1) times, and we need a further 2k
moves to get these from Vinit and to Vfin . In particular, there is no room for moving a variable
token from one position in A to another position in A, without the “time” having moved 4
places. Therefore, for each i ∈ [1, k] and t ∈ [1, r], there is a unique j for which we find a
variable token on aj ∈ Ai , bj ∈ B i , cj ∈ C i or dj ∈ Di (which letter a, b, c or d we search
for depends on the value of t modulo 4) when the time tokens represent time t. This is the
(t)
variable xj that we set to true from the tth variable set in partition P i .
◀

5

Proof of Theorem 4: W[1]-membership

We formulate Timed TJ-Independent Set Reconfiguration with the number of tokens
and length of the reconfiguration sequence as combined parameter as an instance of Weighted
3-CNF-Satisfiability.
Weighted 3-CNF-Satisfiability
Given: Boolean formula F on n variables in conjunctive normal form such that each
clause contains at most 3 literals; integer K.
Parameter: K.
Question: Can we satisfy F by setting exactly K variables to true?
This proves Theorem 4 since Weighted 3-CNF-Satisfiability is W[1]-complete [4]. We
explain how to adjust it to W[2]-membership for the dominating set variant in Appendix C of
the full version [2]; the main idea of our proof can be applied for several other reconfiguration
problems (all that is needed is that the property of the solution set can be expressed as a
CNF formula).
Proof of Theorem 4. Let (G = (V, E), Iinit , Ifin , k, ℓ) be an instance of Timed TJ-Independent Set Reconfiguration. We set C = (k + 1 + ℓ)2 and K = ℓ(C + 1) + (ℓ + 1)k. We add
the following variables to our Weighted 3-CNF-Satisfiability instance for all t ∈ [0, ℓ]:
st,v , for each vertex v ∈ V . This should be set to true if and only if v has a token at time
t.
(i)
mt,v,w , for each pair of distinct vertices v, w ∈ V and for all i ∈ [1, C]. This should be set
to true if and only if we move a token from v to w from time t − 1 to time t.
(i)
mt,∅ , for all i ∈ [1, C]. This is set to true if no token is moved at from time t − 1 to time t.
at,v for all v ∈ V . This is set to true if and only if v received a token from time t − 1 to
time t.
at,∅ . This is set to true if no vertex received a token from time t − 1 to time t.
We add clauses that are satisfied if and only if the set of true variables corresponds to a
correct TJ-reconfiguration sequence from Iinit to Ifin .
We have clauses with one literal that ensure that at time 0, we have the initial configuration:
for each v ∈ Iinit , we have a clause s0,v and for each v ̸∈ Iinit , we have a clause ¬s0,v .
Similarly, we have clauses that ensure that at time ℓ, we have the final configuration: for
each v ∈ Ifin , we have a clause sℓ,v and for each v ̸∈ Ifin , we have a clause ¬sℓ,v .
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(i)

All mt,⋆ are equivalent: for all distinct i, j ∈ [1, C], for all t ∈ [1, ℓ] and for all distinct
(i)

(j)

(i)

(j)

v, w ∈ V , we add the clauses ¬mt,v,w ∨ mt,v,w and mt,v,w ∨ ¬mt,v,w . For all distinct
(i)

(j)

(i)

(j)

i, j ∈ [1, C], for all t ∈ [1, ℓ], we add the clauses ¬mt,∅ ∨ mt,∅ and mt,∅ ∨ ¬mt,∅ .
We have clauses that ensure that at each time t ∈ [1, ℓ], at most one move is selected:
for any two distinct pairs of distinct vertices (v, w) and (v ′ , w′ ), we add the clauses
(1)
(1)
(1)
(1)
¬mt,v,w ∨ ¬mt,v′ ,w′ and ¬mt,v,w ∨ ¬mt,∅ .
(1)

For t ∈ [1, ℓ], if the move mt,v,w is selected, then v lost a token and w obtained a token
(1)

(1)

(1)

from time t − 1 to time t: ¬mt,v,w ∨ st−1,v , ¬mt,v,w ∨ ¬st−1,w , ¬mt,v,w ∨ ¬st,v and
(1)
¬mt,v,w

∨ st,w .
For t ∈ [1, ℓ], tokens on vertices not involved in the move remain in place. For all distinct
v, w, u ∈ V , we add the clauses
(1)

¬mt,∅ ∨ ¬st−1,v ∨ st,v ,
(1)

¬mt,∅ ∨ st−1,v ∨ ¬st,v ,
(1)

¬mt,v,w ∨ ¬st−1,u ∨ st,u and
(1)

¬mt,v,w ∨ st−1,u ∨ ¬st,u .
We record if a token was added to a vertex: for all t ∈ [1, ℓ] and v ∈ V , we add the clause
(1)
st−1,v ∨ ¬st,v ∨ at,v . This in particular ensures that at,v is true when mt,v,w is true for
some vertex w ̸= v.
No move happened if and only if no token was added: for all t ∈ [1, ℓ] we add the clauses
(1)
(1)
¬mt,∅ ∨ at,∅ and ¬at,∅ ∨ mt,∅ .
At most one at,⋆ is set to true, implying that at most one taken gets added at each
time step: for all t ∈ [1, ℓ] and distinct v, w ∈ V , we add the clauses ¬at,v ∨ ¬at,w and
¬at,v ∨ ¬at,∅ .
Finally, we check whether the current set forms an independent set: for all edges
vw ∈ E(G) and t ∈ [0, ℓ], we add the clause ¬st,v ∨ ¬st,w .
If there is a TJ-independent set reconfiguration sequence Iinit = I0 , . . . , IT = Ifin with
T ≤ ℓ, then we set st,v to true if and only if v ∈ It for t ∈ [0, T ]. For all t ∈ [T, ℓ], we set st,v
to true if and only if v ∈ IT .
(i)
Let t ∈ [1, ℓ]. If It = It−1 , we set at,∅ to true and mt,∅ to true for all i ∈ [1, C]. Otherwise,
(i)

we find It = It−1 \ {v} ∪ {w} for some v, w ∈ V and we set mt,v,w and at,v to true for all
(i)

i ∈ [1, C]. All other mt,⋆ are set to false. This gives a satisfying assignment with exactly
ℓ(C + 1) + (ℓ + 1)k = K variables set to true.
Suppose now that there is a satisfying assignment with K variables set to true. At most
one at,v variable can be true for each t ∈ [1, ℓ]. Exactly k variables of the form s0,v are set
to true by the initial condition. If there are k ′ tokens true at time t, then there are at most
k ′ + 1 tokens true at time t + 1 and so the st,v and at,v variables together can constitute
at most ((k + ℓ) + 1)ℓ ≤ C − 1 true variables. Therefore, there must be strictly more than
(i)
(i)
(C + 1)(ℓ − 1) variables of the form mt,⋆ that are set to true. Since mt,⋆ must take the same
(j)

(1)

value as mt,⋆ , there must be at least ℓ variables of the form mt,⋆ that are set to true. There
can be at most one per time step t, and so there is exactly one per time step. We consider
the TJ-independent set reconfiguration sequence Iinit = I0′ , . . . , Iℓ′ = Ifin where for t ∈ [1, ℓ] we
(1)
′
′
define It′ = It−1
if mt,∅ is true, and It′ = It−1
\ {v} ∪ {w} if mt,v,w is true. The subsequence
′
′
′
Iinit = I0 , . . . , IT = Ifin obtained by removing It if It = It−1 , is now a valid TJ-independent
set reconfiguration sequence.
◀
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Conclusion

We showed that for independent set reconfiguration problems parameterized by the number
of tokens, the complexity may vary widely depending on the way the length ℓ of the sequence
is treated. If no bound is given, then we ask for the existence of an undirected path in
the reconfiguration graph5 and indeed the problem is XL-complete. If ℓ is given in binary,
then we may in particular choose it larger than the maximum number of vertices in the
reconfiguration graph, and so this problem is at least as hard as the previous. We show it to
be XNL-complete. When ℓ is given in unary, it is easier to have a running time polynomial
in ℓ, and indeed the problems becomes XNLP-complete. When ℓ is taken as parameter, the
problem is W [1]-complete.
On the other hand, switching the rules of how the tokens may move does not affect
the parameterized complexity, and the results for dominating set reconfiguration are also
similar. It would be interesting to investigate for which graph classes switching between
token jumping and token sliding does affect the parameterized complexities. We give an
explicit suggestion below.
▶ Problem 15. For which graphs H is TJ-Independent Set Reconfiguration equivalent
to TS-Independent Set Reconfiguration under pl-reductions for the class of graphs
with no induced H?
The answer might also differ for Independent Set Reconfiguration and Dominating
Set Reconfiguration. We remark that TJ-Clique Reconfiguration and TS-Clique
Reconfiguration have the same complexity for all graph classes [8].
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Abstract

We study the existence of polynomial kernels for parameterized problems without a polynomial kernel
on general graphs, when restricted to graphs of bounded twin-width. It was previously observed in
[Bonnet et al., ICALP’21] that the problem k-Independent Set allows no polynomial kernel on
graph of bounded twin-width by a very simple argument, which extends to several other problems
such as k-Independent Dominating Set, k-Path, k-Induced Path, k-Induced Matching. In
this work, we examine the k-Dominating Set and variants of k-Vertex Cover for the existence
of polynomial kernels.
As a main result, we show that k-Dominating Set does not admit a polynomial kernel on
graphs of twin-width at most 4 under a standard complexity-theoretic assumption. The reduction is
intricate, especially due to the effort to bring the twin-width down to 4, and it can be tweaked to
work for Connected k-Dominating Set and Total k-Dominating Set with a slightly worse
bound on the twin-width.
On the positive side, we obtain a simple quadratic vertex kernel for Connected k-Vertex
Cover and Capacitated k-Vertex Cover on graphs of bounded twin-width. These kernels rely
on that graphs of bounded twin-width have Vapnik-Chervonenkis (VC) density 1, that is, for any
vertex set X, the number of distinct neighborhoods in X is at most c · |X|, where c is a constant
depending only on the twin-width. Interestingly the kernel applies to any graph class of VC density 1,
and does not require a witness sequence. We also present a more intricate O(k1.5 ) vertex kernel
for Connected k-Vertex Cover.
Finally we show that deciding if a graph has twin-width at most 1 can be done in polynomial
time, and observe that most graph optimization/decision problems can be solved in polynomial time
on graphs of twin-width at most 1.
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1

Introduction

The twin-width of a graph can be defined in the following way. A partition sequence of an
n-vertex graph G, is a sequence Pn , . . . , P1 of partitions of its vertex set V (G), such that
Pn is the set of singletons {{v} : v ∈ V (G)}, P1 is the singleton set {V (G)}, and for every
2 ⩽ i ⩽ n, Pi−1 is obtained from Pi by merging two of its parts into one. Two parts P, P ′ of
a same partition P of V (G) are said homogeneous if either every pair of vertices u ∈ P, v ∈ P ′
are non-adjacent, or every pair of vertices u ∈ P, v ∈ P ′ are adjacent. Finally the twin-width
of G is the least integer d such that there is partition sequence Pn , . . . , P1 of G with every
part of every Pi (1 ⩽ i ⩽ n) being homogeneous to every other parts of Pi but at most d.
We call such a partition sequence a d-sequence.
On the one hand, a surprisingly wide variety of graphs have low twin-width. Graph
classes with bounded twin-width include classes with bounded treewidth, or even rankwidth, proper minor-closed classes, every hereditary proper subclass of permutation graphs,
bounded-degree string graphs [6], classes with bounded queue or stack number, some expander
families [4]. Furthermore on those particular classes, we can find (non necessarily optimum)
O(1)-sequences in polynomial time. We observe that such an approximation algorithm is
still missing in general graphs, but exists for ordered binary structures [5].
On the other hand, bounded twin-width classes have interesting algorithmic and structural
properties. Remarkably, given a partition sequence witnessing that an n-vertex graph G
has twin-width at most d, and a first-order sentence φ, one can decide if φ holds in G
in time f (|φ|, d) n for a computable, but non-elementary, function f [6]. That general
framework is called first-order model checking, and generalizes problems like k-Independent
V
Set with φ = ∃x1 . . . ∃xk 1⩽i<j⩽k ¬(xi = xj ∨ E(xi , xj )) and k-Dominating Set with
W
φ = ∃x1 . . . ∃xk ∀x 1⩽i⩽k (x = xi ∨ E(x, xi )). For these two particular problems, though,
a much better running time of 2Od (k) n is possible [3]. In contrast, an algorithm running in
time f (k)no(k) for either of these problems on general graphs, with f being any computable
function, would imply the improbable (or at least breakthrough) result that 3-SAT can be
solved in subexponential time [10].
Now we know that k-Independent Set and k-Dominating Set are fixed-parameter
tractable (FPT), i.e., solvable in time f (k) nO(1) , on graphs of bounded twin-width given with
an O(1)-sequence, one can then ask whether polynomial kernels exist. A kernel is a polytime
algorithm that produces, given an instance of a parameterized problem Π, an equivalent
instance of Π (i.e., the output is a YES-instance if and only if the input is a YES-instance)
of size only function of the parameter. A polynomial kernel is a kernel for which the latter
function is polynomial. Any decidable problem with a kernel is FPT, and any FPT problem
admits a kernel. However not every FPT problem is believed to have a polynomial kernel.
And indeed such an outcome would imply an unlikely collapse of complexity classes.
We already observed that there is a constant d such that k-Independent Set is highly
unlikely to have a polynomial kernel on graphs with twin-width at most d [3]. The ORcomposition is straightforward from the following facts: (1) cliques have twin-width 0
and planar graphs have bounded twin-width [6], (2) the twin-width of every graph is the
maximum twin-width of its modules and quotient graph (see Lemma 8), and (3) Maximum
Independent Set is NP-hard in (subcubic) planar graphs [30]. Then one can blow every
vertex of a clique Kt into a distinct graph among t planar Maximum Independent Setinstances. Facts (1) and (2) imply that the constructed graph has bounded twin-width,
while the correctness of the OR-composition is easy to check. Incidentally the exact same
reduction rules a polynomial kernel out for k-Independent Dominating Set. Furthermore
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Minimum Independent Dominating Set is NP-hard in grid graphs [11], and Maximum
Independent Set is NP-hard in subdivisions of grid graphs (since these coincide with planar
graphs of degree at most 4). Since these graphs have twin-width at most 4 (see Lemma 9), no
polynomial kernel is likely to exist for both problems (even when a 4-sequence is given in the
input). It should be noted that this simple reduction fails for k-Dominating Set: one can
dominate the constructed graph by picking only two vertices (from two distinct instances).
The parameterized complexity (FPT algorithms and kernels) of k-Dominating Set1
on “sparse”2 classes
√ has a rich and interesting history. Subexponential FPT algorithms with
running time 2O( k) nO(1) are known in planar graphs [28, 21], bounded-genus graphs and
more generally classes excluding a fixed minor [19, 25, 33], and an FPT algorithm with
running time 2O(k) n exists in classes excluding a fixed topological minor [2]. On these
classes the mere existence of an FPT algorithm (but not the particular, enhanced running
time) is subsumed by an algorithmic meta-theorem of Grohe, Kreutzer, and Siebertz [32]
that says that first-order model checking is FPT in any nowhere dense class.3 More general
than nowhere dense classes are bounded-degeneracy graphs, or further, Kt,t -free classes, i.e.,
excluding the biclique Kt,t as a subgraph. Alon and Gutner [2] give an FPT algorithm in
d-degenerate graphs running in time k O(dk) n. And Philip, Raman, and Sikdar [40] extend
the fixed-parameter tractability of k-Dominating Set to any Kt,t -free class (for a fixed t).
Telle and Villanger [43] further show that k-Dominating Set on Kt,t -free graphs is FPT
for the combined parameter k + t.
In parallel to these algorithms, the existence of polynomial, or even linear, kernels have
been thoroughly investigated. In 2004, Alber, Fellows, and Niedermeier [1] presented a
linear kernel for k-Dominating Set on planar graphs that triggered a series of works.
Linear kernels are known on planar graphs [1, 9], bounded-genus graphs [27], apex-minorfree graphs [26], but more generally in any class excluding a fixed topological minor [25].
k-Dominating Set admits a polynomial kernel on graphs of girth 5 (that is, excluding the
2
triangle and the biclique K2,2 as a subgraph) [42]. A polynomial kernel of size O(k (t+1) )
is obtained for Kt,t -free graphs [40], the most general “sparse” class. Contrary to the FPT
algorithm, a polynomial kernel in the parameter k + t is highly unlikely [20]. More precisely,
for any ε > 0, a kernel of size k (t−1)(t−3)−ε would imply that coNP ⊆ NP/poly [15]. On
classes of bounded expansion4 k-Dominating Set has a linear kernel, while the seemingly
closely related Connected k-Dominating Set has no polynomial kernel [23]. The latter
result refines a reduction showing the same lower bound on 2-degenerate graphs [17].
Beyond sparse classes, for which most answers turn out positive, the parameterized
complexity of k-Dominating Set seems to conceal many surprises, some of which recently
unraveled. We already mentioned that k-Dominating Set is FPT on bounded twin-width
graphs given with an O(1)-sequence. Let us also mention that the same problem is actually
W[1]-hard (hence unlikely FPT) on circle graphs [7]. This is somewhat unexpected since
Dominating Set is polytime solvable on permutation graphs [24], a large subclass of circle
graphs. On the positive side, k-Dominating Set admits a polynomial kernel on so-called
c-closed graphs [36], a far-reaching dense generalization of bounded d-degenerate graphs.

1
2
3

4

All the subsequent results also hold for k-Independent Set.
Sparse is an overloaded term; here we use it as not containing arbitrarily large bicliques as subgraphs.
The definition of nowhere denseness being technical and unnecessary to the current paper, we refer the
interested reader to [39]. Let us just mention that bounded-degree graphs, planar graphs, and proper
(topological) minor-closed classes are all nowhere dense.
We will not need a definition of expansion here. Bounded expansion classes are more general than
topological-minor-free classes and less general than nowhere dense classes.
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Our results
We are back to wondering whether k-Dominating Set admits a polynomial kernel on
graphs given with an O(1)-sequence. On the one hand, a polynomial kernel would “fit all the
data points” considering that the examples of bounded twin-width classes previously given
are either Kt,t -free (and one concludes with [40]) or are dense classes on which Minimum
Dominating Set is polytime solvable, like bounded rank-width graphs [12], and (subclasses
of) permutation graphs [24]. On the other hand, the same could be said of k-Independent
Set for which we already ruled out such a kernel. Yet we will see in Section 3.1 that
the above OR-composition not working for k-Dominating Set is part of a more general
obstacle toward establishing its incompressibility. In the same section we lay down our plan
to overcome that obstacle and show the following. Recall that the input to k-Dominating
Set is a graph G and an integer k, k construed as the parameter, and the task is to decide
whether G has a dominating set of size at most k.
▶ Theorem 1. Unless coNP ⊆ NP/poly, k-Dominating Set on graphs of twin-width at
most 4 does not admit a polynomial kernel, even if a 4-sequence of the graph is given.
We mentioned that the same statement holds much more directly for k-Independent Set
and k-Independent Dominating Set. With analogous arguments, we can add k-Path,
k-Induced Path, k-Induced Matching to the list. Local gadget modifications of the
proof of Theorem 1 yield the same kernel lower bound for variants of k-Dominating Set
such as Connected k-Dominating Set and Total k-Dominating Set, on graphs of
bounded twin-width. More work would be necessary to get the lower bound for twin-width
at most 4.
On the positive side, Connected k-Vertex Cover5 and Capacitated k-Vertex
Cover6 admit polynomial kernels on graphs of bounded twin-width, while such kernels are
unlikely on general graphs [20]. Interestingly, our kernelization algorithm does not require
an O(1)-sequence.
▶ Theorem 2. Connected k-Vertex Cover and Capacitated k-Vertex Cover admit
a kernel with O(k 2 ) vertices on any class of bounded twin-width.
A linear kernel (in the number of vertices) is known for apex-minor-free classes [26] via
the generic framework of bidimensionality, and even for topological-minor-free classes [35].
Another powerful meta-theorem by Gajarský et al. [29] says that every problem with the
so-called finite integer index (intuitively, that its boundaried graphs provide finitely many
distinct contexts) has a linear kernel on bounded expansion classes when parameterized by
the vertex cover number (and more generally by the size of a smallest vertex subset whose
deletion leaves the graph with bounded treedepth). In particular this yields a linear kernel
for Connected k-Vertex Cover, further extending the two previous results. Besides
Connected k-Vertex Cover has a polynomial kernel on Kt,t -free graphs [17].

5
6

The problem Connected k-VC takes as input a graph G and a parameter k, and asks whether G has
a vertex cover of size at most k which induces a connected subgraph of G.
Given a graph G and a capacity function c : V (G) → N , a capacitated vertex cover X of G is a vertex
cover of G which admits a mapping ρ : E(G) → X assigning to each vertex x ∈ X no more edges than
its capacity, i.e., |ρ−1 (x)| ⩽ c(x) for every x ∈ X. The goal of Capacitated k-VC is to decide, given
a graph G with a capacity function c : V (G) → N and an integer k as the parameter, if G admit a
capacitated vertex cover X of size at most k.
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Theorem 2 is based on the following useful lemma stating that, in graphs of bounded
twin-width, the number of distinct neighborhood traces inside a subset of vertices is at most
linear in the size of the subset.
▶ Lemma 3. There is a function f such that for every graph G of twin-width d and X ⊆ V (G),
the number of distinct neighborhoods in X, |{N (v) ∩ X : v ∈ V (G)}|, is at most f (d)|X|.
A more compact rewording, using the language of Vapnik-Chervonenkis parameters, is that
the neighborhood set-system of graphs of bounded twin-width has VC density 1. By extension,
we will say that a graph class has VC density at most 1, if its neighborhood hypergraphs do.
That bounded twin-width classes have VC density 1 is an interesting property, that is shared
with classes of bounded expansion. For example it implies a constant-factor approximation
for Min Dominating Set (obtained in a rather different manner in [3]) via small ε-nets [8].
Lemma 3 was independently obtained by Wojciech Przybyszewski in his master thesis [41].
For Connected k-Vertex Cover, an improved kernel can be obtained with a more
elaborate argument.
▶ Theorem 4. Connected k-Vertex Cover admits a kernel with O(k 1.5 ) vertices on
classes with VC density at most 1.

Table 1 Kernelization results for arguably the three main problems without a polynomial kernel
in general graphs, but an interesting story in sparse classes. PK stands for polynomial kernel, LK
for linear kernel (in the number of vertices). The indicated lack of a kernel is under the assumption
that coNP ⊆ NP/poly. Our new results are in bold (the results without a reference nor in bold are
consequences of results in bold).
k-Dominating Set

Connected k-DS

Connected k-VC

general
bounded expansion
bounded biclique
bounded degeneracy
K1,3 -free
K1,4 -free

W[2]-complete [22]
LK [23]
PK [40]
PK [40]
PK [34]
W[2]-complete [16]

W[2]-complete [22]
FPT [18], no PK [23]
FPT [43], no PK [17]
FPT [31], no PK [17]
FPT, no PK [34]
W[2]-complete [16]

FPT [13], no PK [20]
LK [29]
PK, no LK [17]
PK, no LK [17, 15]
LK (trivial)
LK (trivial)

bounded twin-width
twin-width at most 4
twin-width at most 1

FPT [6], no PK
FPT [6], no PK
in P

FPT [6], no PK
FPT [6]
in P

O(k1.5 )-vertex kernel
O(k1.5 )-vertex kernel
in P

VC density at most 1

no PK

no PK

O(k1.5 )-vertex kernel

Finally we extend cograph recognizability (cographs are exactly the graphs with twinwidth 0) and prove:
▶ Theorem 5. One can decide in polynomial time if a graph has twin-width at most 1.
In case the input graph has indeed twin-width at most 1, a 1-sequence is found in polynomial
time. Furthermore we observe that a wide class of graph problems is efficiently solvable on
inputs of twin-width at most 1. See Table 1 for a summary of most of our results, together
with the relevant pointers on other graph classes.
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2

Preliminaries

We make this section light to keep the extended abstract legible; a complete preliminary section
can be found in the full version. We denote by [i, j] the set of integers {i, i + 1, . . . , j − 1, j},
and by [i] the set of integers [1, i]. If X is a set of sets, we denote by ∪X their union. The
notation Od (·) gives an asymptotic behavior when d is seen as a constant.
An injective mapping η : V (H) → V (G) witnesses that H is a subgraph of G if uv ∈ E(H)
implies η(u)η(v) ∈ E(G). A bijective mapping η : V (H) → V (G) witnesses that H is a
spanning subgraph of G if uv ∈ E(H) implies η(u)η(v) ∈ E(G).
The strict half-graph of height t is (up to isomorphism) the graph with vertex set
{a1 , . . . , at , b1 , . . . , bt } and edge set {ai bj : i < j, i ∈ [t], j ∈ [t]}. One can see {a1 , . . . , at }
oriented toward {b1 , . . . , bt } in their realization of the relation < over the indices. The
ℓ-cycle of strict half-graphs of height t is (up to isomorphism) the graph with vertex set
mod ℓ
{ap1 , . . . , apt : p ∈ [0, ℓ − 1]} and edge set {api ap+1
: i < j, i ∈ [t], j ∈ [t], p ∈ [0, ℓ − 1]}.
j
Informally it is the graph obtained from an ℓ-vertex cycle by replacing every edge by a strict
half-graph of height t with a consistent, say, clock-wise orientation. See Figure 2 for an
example of a 5-cycle of strict half-graphs of height 6 (realized by the black edges on the
rounded black boxes). A strict half-graph is, for some natural t, the strict half-graph of
height t. A cycle of strict half-graphs is, for some natural ℓ, the ℓ-cycle of strict half-graphs
of same height.
The n × m grid is the graph with vertex set [n] × [m] and edges between any pair of
vertices (x, y), (x + 1, y) or (x, y), (x, y + 1). A grid is an n × m grid for some integer n and
m. A grid graph is an induced subgraph of a grid. To insist that we consider a grid and not
a mere grid graph, we may use the term complete grid.
The neighborhood hypergraph of a graph G has vertex set V (G) and edge set {N (v) : v ∈
V (G)}. A family of hypergraphs H has Vapnik-Chervonenkis (VC) density at most 1
if there is a constant c such that for every hypergraph H ∈ H and every X ⊆ V (H),
|{X ∩ e : e ∈ E(H)}| ⩽ c · |X|.

2.1

Contraction sequences and twin-width

A trigraph G has vertex set V (G), black edge set E(G), and red edge set R(G), with E(G)
and R(G) disjoint. The total graph of trigraph G is the graph G′ with V (G′ ) = V (G) and
E(G′ ) = E(G) ∪ R(G).
The subtrigraph of G induced by S is the trigraph H with V (H) = S,

E(H) = E(G) ∩ S2 , and R(H) = R(G) ∩ S2 . H is then called an induced subtrigraph of G.
The set of neighbors NG (v) of a vertex v in a trigraph G consists of all the vertices
adjacent to v by a black or red edge. A d-trigraph is a trigraph G such that the red graph
(V (G), R(G)) has degree at most d. In that case, we also say that the trigraph has red
degree at most d. A contraction or identification in a trigraph G consists of merging two
(non-necessarily adjacent) vertices u and v into a single vertex z, and updating the edges of
G in the following way. Every vertex of the symmetric difference NG (u)△NG (v) is linked to
z by a red edge. Every vertex x of the intersection NG (u) ∩ NG (v) is linked to z by a black
edge if both ux ∈ E(G) and vx ∈ E(G), and by a red edge otherwise. The rest of the edges
(not incident to u or v) remain unchanged. See Figure 1 for an illustration.
A d-sequence (or contraction sequence) is a sequence of d-trigraphs Gn , Gn−1 , . . . , G1 ,
where Gn = G, G1 = K1 is the graph on a single vertex, and Gi−1 is obtained from Gi by
performing a single contraction of two (non-necessarily adjacent) vertices. We observe that
Gi has precisely i vertices, for every i ∈ [n]. The twin-width of G, denoted by tww(G), is
the minimum integer d such that G admits a d-sequence. Note that, in what precedes, the
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u1 u2 x1 x2 x3 x4 x5 x6 x7 v 1 v 2

v

z

Figure 1 Contraction of vertices u and v, and how the edges of the trigraph are updated.

initial structure Gn = G may be a trigraph instead of a graph. Thus we defined twin-width
more generally for trigraphs. Similarly a partial d-sequence from a n-vertex trigraph G to an
i-vertex trigraph H is a sequence of d-trigraphs G = Gn , Gn−1 , . . . , Gi = H. Observe that if
G has a partial d-sequence to H, and H has itself a d-sequence, then the concatenation of
these sequences is a d-sequence for G.
Here are useful facts about twin-width, whose proofs are trivial or can be found in the
full version.
▶ Observation 6. Let G be a trigraph and H be an induced subtrigraph of G. Then,
tww(H) ⩽ tww(G).
▶ Observation 7. Let G, G′ be two trigraphs such that V (G) = V (G′ ), R(G) ⊆ R(G′ ),
E(G′ ) ⊆ E(G), and R(G) ∪ E(G) ⊆ R(G′ ) ∪ E(G′ ). Then tww(G) ⩽ tww(G′ ).
▶ Lemma 8. Let G be a graph and H = {H1 , H2 , . . . , Hℓ } be its modular partition. Then,
tww(G) = max{max tww(Hi ), tww(G/H)}.
i∈[ℓ]

▶ Lemma 9. Any trigraph whose total graph is a subdivision of a subgraph of a grid has
twin-width at most 4.

2.2

Kernels or lack thereof

For a parameterized problem Q, a kernel of size bounded by a function f is a polynomialtime reduction ρ : Σ ∗ × N → Σ ∗ × N such that (x, k) ∈ Q if and only if ρ(x, k) ∈ Q,
and |ρ(x, k)| ⩽ f (k). A kernel is said linear, quadratic, or polynomial, if the function f
can be chosen linear, quadratic, or polynomial, respectively. We recall the framework of
OR-cross-compositions [14], which we will rely on to show the absence of a polynomial kernel
in Theorem 1.
▶ Definition 10. A polynomial equivalence relation on Σ ∗ is an equivalence relation R when
(i) for x, y ∈ Σ ∗ , the equivalence xRy can be decided in time polynomial in |x| + |y|, and
(ii) R restricted to instances of size at most n admits polynomially many equivalence classes.
We can now formally define an OR-cross-composition.
▶ Definition 11. Let L be a language, R a polynomial equivalence relation on Σ ∗ and Q
a parameterized problem. An OR-cross-composition from L to Q with respect to R is an
algorithm taking as input t R-equivalent instances x1 , ..., xt ∈ Σ ∗ , running in time polynomial
Pt
in j=1 |xj |, and outputting an instance (y, N ) ∈ Σ × N such that:
(i) N is polynomially bounded in maxj∈[t] |xj | + log t,
(ii) (y, N ) ∈ Q if and only if there exists some j such that xj ∈ L.
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We say that L cross-composes into Q, and we sometimes refer to output instance (y, N )
as the composed instance. The following result provides the lower bound under coNP ⊆
NP/poly.
▶ Theorem 12 ([14]). If an NP-hard language L admits an OR-cross-composition into a
parameterized problem Q, then Q does not admit a polynomial kernel unless coNP ⊆ NP/poly.

2.3

Selected results for the short version of the paper

Due to space constraints, most proofs of the results announced in the introduction were
omitted, and can be found in the long version of the paper. Section 3 is devoted to our main
result: the kernel lower bound for k-Dominating Set in graphs of twin-width at most 4.
We provide the intuition behind it, the definition of the particular instances we are reducing
from, and finally give the construction as well as a sketch of how we can reach the twin-width
bound. In Section 4, we present a sketch of proof that bounded twin-width graphs have
VC density 1, and use it to get a kernel with O(k 1.5 ) vertices for Connected k-Vertex
Cover.

3
3.1

Kernel lower bound for k-Dominating Set
Outline

Let us start explaining why we should not expect a simple OR-composition. A standard way
to OR-compose t Dominating Set-instances is to have for each instance a “switch”, that
is, one vertex dominating all but one instance. Then picking the corresponding vertex in
the solution, one is left with dominating one chosen instance with a given remaining budget.
This is precisely what we want, but how to ensure that one does not activate two switches?
As we previously observed [3], one can use larger weights for the switches. However
removing the vertex-weights cannot be done without increasing the twin-width. Another
possibility is to force all the budget but one unit (for the switch) within the instances. This
requires, say, k vertices called “forcers”, each adjacent to a k-th fraction of each instance.
Now consider the induced subgraph made by these k vertices, the t switches, and tk vertices
of the instances realizing the tk possible neighborhoods toward the former t + k vertices. The
two neighborhoods of every pair of vertices in this graph has a large symmetric difference.
Thus in particular the overall graph has unbounded twin-width. (Finally known tricks to
condense the t switches into O(log t) vertices do not help, since we want the twin-width to
be bounded by an absolute constant.)
So we need a more elaborate way of selecting one instance among t; one, thought primarily
to keep the twin-width low. In the previous attempts, the twin-width was increasing too
much because of attachments –switches and forcers– external to the instances. We will
therefore have instances themselves play these roles. Say that each instance comes with a
partition of its vertex set into N parts, each of which containing a vertex solely adjacent to
vertices in its part. We place the t instances in a t × N two-dimensional layout, where each
instance occupies a “row,” while the j-th part of all the instances form the j-th “column.”
The switch mechanism is as follows. Every vertex in the j-th part of the i-th instance –say
Ii – dominates the j − 1-st part of the instances with a smaller index, and the j + 1-st part of
the instances with a larger index. In other words, we put a strict half-graph over the parts
of two consecutive columns. This is done cylindrically, see Figure 2.
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I6
I5
I4
I3
I2
I1

Figure 2 The overall picture. Instances I1 , . . . , It (here with t = 6) are in rows, boxed in blue,
with their edge also in blue. For the sake of legibility, we only represented the edges of I1 . The red
dotted edges are the red edges appearing after contracting every part (boxed in black) into a single
vertex. Example of what three vertices picked in the first three parts of I4 dominates in the other
instances. Continuing consistently in I4 would result in “switching off” all the other instances, while
deviating would leave at least one part “white” and not intersected, thus one vertex not dominated.

With that mechanism, a dominating set of a fixed instance Ii (intersecting each of its
parts once) is a dominating set of the overall graph. We skip here the details of the reverse
direction, but the use of half-graphs and of vertices whose neighborhood in their instance is
confined to their own part (the last ingredient is to have a dummy, edgeless top instance It )
should give a feel for why no other kind of dominating sets of size N can exist.
What about the twin-width bound? Cycles of half-graphs have bounded twin-width. So
a natural first step is to contract every part of every instance into a single vertex. Doing so
will create some red edges within each row. To ensure that the red degree remains bounded
in this first step, a part should be partially adjacent to only a bounded number of other parts.
In the second step, we contract the cycle of half-graphs row by row. Thus the red edges of
the different instances will progressively stack up. We need to control the accretion with the
red edges of each instance mapping onto a common bounded-degree red graph. Finally in
the third step, we contract the residual red graph. It should be itself of bounded twin-width,
for instance by being planar.
In the next subsection, we show that Minimum Dominating Set remains NP-hard even
when inputs are equipped with a vertex-partition satisfying all the properties that we came
across in this outline.

3.2

Tailored NP-hardness for Dominating Set

We present a new hardness reduction for Dominating Set. The reduction is designed
so as to produce carefully tamed instances, even when compared to existing NP-hardness
reductions of Dominating Set (including those on planar instances of bounded degree),
and this will be crucial for the subsequent OR-cross-composition, as hinted in the previous
section.
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The next theorem involves what we will call snaking grids. See Figure 3 for an illustration
of the 5 × 10 snaking grid, which has (3 · (5 − 1) + 1)(3 · (10 − 1) + 1) vertices. One may
observe that the snaking grids are subdivisions of a wall with some extra isolated vertices.
We will prefer to think of the snaking grid as a spanning subgraph of a (complete) grid,
hence the particular embedding of the figure. The snaking grid is useful as it allows us to
superpose a canonical hamiltonian cycle such that the maximum degree remains 3, and thus
to bound the twin-width of the composed instance.

Figure 3 The 5 × 10 snaking grid.

The following result is obtained through a reduction from the NP-hard problem Planar
3-SAT [37].
▶ Theorem 13. Dominating Set remains NP-hard when its input (G, N ) comes with a
vertex-partition B = {B1 , . . . , BN }, two positive integers s and t, and a bijective mapping η
from {B1 , . . . , BN } to the vertex set of the s × t snaking grid such that:
(i) G has a partial 4-sequence to the quotient trigraph G/B,
(ii) G/B is a spanning subgraph of the s × t snaking grid, with t even, witnessed by η, and
(iii) every dominating set of G intersects each Bi , for i ∈ [N ].

3.3

The construction

We now describe the cross-composition from the NP-hard Dominating Set restricted as in
Theorem 13 to k-Dominating Set. We use the polynomial equivalence R to partition all
well-formed instances for the restricted k-Dominating Set (those satisfying Theorem 13)
with respect to the given parameter N and dimensions (p, q) of the corresponding snaking
grid. For any two well-formed instances (Ii , Ni , Bi , pi , qi , ηi ), (Iℓ , Nℓ , Bℓ , pℓ , qℓ , ηℓ ), we can
check in polynomial time that Ni = Nℓ and (pi , qi ) = (pℓ , qℓ ), yielding the polynomial
equivalence relation. All ill-formed instances form a single class.
Consider t well-formed instances of the restricted Dominating Set which are taken
from an equivalence class with respect to R, and we may consider these instances as
(Ii , N, Bi , p, q, ηi )i∈[t] . We will construct a k-Dominating Set instance (H, N ), with the same
parameter, admitting a solution if and only if at least one input instance (Ii , N, Bi , p, q, ηi )
admits a solution for the restricted k-Dominating Set. Before composing the input graphs,
we introduce a dummy instance in the form of graph It+1 serving to ensure that any valid
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(H, N ) further admits a solution picking vertices in each column. It+1 is an independent
set of size 2N on which we partition V (It+1 ) through Bi+1 into N classes of exactly two
vertices. Note that since It+1 /Bt+1 is an independent set, it is a spanning subgraph of the
p × q snaking grid as witnessed by any bijective ηt+1 onto the latter.
We first show how to order the partition classes of each instance in the same way
with respect to their mapping onto the snaking grid. This ordering will follow a fictitious
hamiltonian cycle (y1 , ..., yN ) on the p × q snaking grid, in the way depicted as the darker red
cycles in Figure 4. Referring to the partition of instance i ∈ [t + 1] as Bi = {Bi,1 , ..., Bi,N },
we can assume up to the reordering above that ηi (Bi,j ) = yj .
Now, considering all instances over H, a representation of the construction that follows
is given in Figure 2. It will be useful to consider the instances in a grid such that Bi,j is
the cell in the i-th row and j-th column, and we will use the term partition class or cell
interchangeably. We can then see instance Ii as row i, and define regular instance columns,
S
omitting the dummy instance, as Cj = i∈[t] Bi,j for j ∈ [N ].
Construction. We start building our composed graph H as the union of all instances
S
(Ii )i∈[t+1] , that is, V (H) = i∈[t+1] V (Ii ) and E(Ii ) ⊆ E(H) for i ∈ [t + 1]. Then, our
cross-composition proceeds by adding a cycle of strict half-graphs over columns (Cj )j∈[N +1] :
S
for i ∈ [t + 1], j ∈ [N ], Bi,j forms a biclique with i<ℓ⩽t+1 Bℓ,j+1 (accounting for indices j
modulo N ). Notice then that the only edges added above lie between columns Cj , Cj ′ with
|j ′ − j| = 1, so any edge between two columns differing by at least two indices is an edge of
Ii . Each instance class Bt+1,j is then adjacent exactly to Cj−1 . Having ordered the classes of
each instance in the same way with respect to their mapping onto the snaking grid, column
Cj consists of homologous vertices, all in the same position on their respective grids, see
Figure 4. Then, the cycle of half-graphs follows the darker red fictitious hamiltonian cycles
mapping to (y1 , ..., yN ). The following lemma allows to conclude the proof of Theorem 1.
▶ Lemma 14. The composed instance has twin-width at most 4, and is positive if and only
if one of the input instance is positive.

Figure 4 The different layers (instances) linked by the cycle of half-graphs. Only four half-graphs
are drawn for the sake of legibility.
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How to get twin-width 4, sketch. Let us sketch how to bound the twin-width of the
composed graph H. One first contract each Bi,j and obtain a trigraph as in Figure 4.
It can
S be shown
 that the composed graph H admits a partial 4-contraction sequence to
H/
i∈[t+1] Bi . Now, for the purpose of bounding the twin-width of the composed graph,
it is useful to note that Observation 7 allows us to add red edges. At this point, the only
vertices of large degree stem from the strict half-graphs. We keep those edges black, and we
now turn each instance into a red augmented (i.e. additional edges) snaking grid as follows.
Since each instance is a spanning subgraph of the p × q snaking grid, we can first assume
that it is a (fully) red snaking grid. Then, the red augmented snaking grid is built by further
adding red cycle (Bi,1 , ..., Bi,N ). By our choice of ordering in the composition, this cycle is
the same on every instance with respect to their mapping on the p × q snaking grid.
We can now describe the contraction of t + 1 red augmented snaking grids (Ii )i∈[t+1] ,
abusing notation for the now quotiented instances, with the black edges of our composition.
We will exhibit a partial 4-contraction sequence eventually contracting every column, now
consisting of t + 1 homologous vertices, that is, all vertices at the same position on their
respective snaking grid into a single one. The proof will proceed by induction on the number
of augmented snaking grids, our hypothesis at step t being that there exists a partial 4contraction sequence from t augmented snaking grids to a single one, accounting for the black
edges added in the composition. This being true for t = 1, assume the result holds for some
t and let us consider case t + 1. We will deal with the two bottommost augmented snaking
grids I1 , I2 in the half-graphs, contracting pairs of homologous vertices, corresponding to the
quotiented (B1,j , B2,j ) thanks to the ordering chosen in the composition.
We argue that the contraction of the first two red snaking grids can be done while
bounding the red degree by four. Since the only contracted pairs were homologous, this
results in a red augmented snaking grid with no red edges towards grids i > 2. The remaining
edges of the strict half-graph cycle still form one of height t, which is exactly the induction
case for t and achieves to prove the induction. Therefore, there is a partial 4-contraction
sequence from our composed graph into a red augmented snaking grid. Then, as the latter is
a subgraph of the red complete grid, Lemma 9 yields twin-width at most 4.

4

Polynomial kernels

Let us prove Lemma 3 which, we repeat, is equivalent to saying that the neighborhood
hypergraphs of graphs of bounded twin-width have VC density 1. This feature is shared with
classes of bounded expansion. Lemma 3 is of independent interest as it opens the door to a
common algorithmic treatment for classes of bounded twin-width and of bounded expansion.
We need to introduce some vocabulary on 0, 1-matrices. A row (resp. column) division is
a row (resp. column) partition where every part is a consecutive set of rows (resp. columns).
A cell or zone of a matrix M with row and columns divisions (R, C) is a submatrix M [Ri , Cj ]
with Ri ∈ R and Cj ∈ C. A t-division is a division (R, C) with |R| = |C| = t. A matrix is
mixed if it has at least two distinct rows and at least two distinct columns. A corner is a
2 × 2 contiguous submatrix which is mixed.
▶ Lemma 3. For every graph G of twin-width t and X ⊆ V (G), the number of distinct
neighborhoods in X, |{N (v) ∩ X : v ∈ V (G)}|, is at most 24c2t+2 |X| for some constant ct
depending only on t.
Proof sketch. We assume for the sake of contradiction that |{N (v) ∩ X : v ∈ V (G)}| >
24c2t+2 |X|. For every vertex ordering of G, its adjacency matrix M along this order contains an
|X| × 24c2t+2 submatrix without two equal columns; namely the submatrix of the adjacencies
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between X and 24c2t+2 vertices with a pairwise distinct neighborhood in X. It can be shown
that M has a 2t + 2-mixed minor in the following way. Let s := |X| and create a column
division C1 , . . . , Cs into s column parts, each consisting of 24c2t+2 consecutive columns. Note
that the submatrix of M consisting of the part Ci has rank at least 4c2t+2 in the binary
field F2 , for all i ∈ [s]. Therefore the rows of M [R, Ci ] allow a row division into at least
2c2t+2 parts so that each cell has rank at least 2, thus is mixed, and, by an observation
in [6], contains a corner. Let us consider R1 the row division grouping each pair of rows
with indices 2i − 1, 2i, and R2 , grouping each pair of rows 2i, 2i + 1, for i ∈ [⌈s/2⌉]. Observe
that one of the two divisions (R1 , {Ci }), (R2 , {Ci }) of M [R, Ci ] contains at least c2t+2 zones
with a corner, hence mixed.
Without loss of generality, we may assume that at least ⌈s/2⌉ column parts among
C1 , . . . , Cs have at least c2t+2 mixed zones when divided by, say, R1 . Consider the column
division C ′ = {C1′ , . . . , Cs′ ′ } with s′ ⩾ ⌈s/2⌉, coarsening of {C1 , . . . , Cs } such that each part
Cj′ contains exactly one column part Ci with the property of the previous sentence. Now
the number of mixed zones in the division (R1 , C ′ ) is at least c2t+2 · s′ , and with the correct
choice of the constant c2t+2 , the celebrated Marcus-Tardos theorem [38] concludes that the
division can be further coarsened into 2t + 2-division, where each cell contains a corner. By
Grid Minor Theorem of [6], this in turn implies that G has twin-width more than t.
◀
Using the previous lemma, we present here a kernelization algorithm for Connected
k-Vertex Cover on bounded twin-width graphs which leads to an instance on O(k 1.5 )
vertices. Let X be a vertex cover of G, and let X b (resp. X s ) be the subsets of X containing
all vertices of X with at least k + 1, respectively at most k, neighbors in V (G) \ X. Let
Y1 , . . . , Yq be the partition of V (G) \ X into maximal modules. For each i ∈ [q], let Xi be
the neighbors of Yi in X s . We use one reduction rule, for which the proof of safeness can be
found in the full version.
▶ Reduction Rule 1. If there is i ∈ [q] with Xi ̸= ∅ and |Yi | ⩾ |Xi | + 2, delete a vertex of Yi .
▶ Proposition 15. Connected k-Vertex Cover admits a kernel on Ot (k 1.5 ) vertices
when the input graphs have twin-width at most t.
Proof. Let (G, k) be the input instance of Connected k-Vertex Cover. We can safely
remove any isolated vertex, and assume that G is connected (otherwise it is a NO-instance).
With a 2-approximation algorithm for Vertex Cover, one can find a vertex cover X of G
and assume that |X| ⩽ 2k. Indeed if this is not the case, we can correctly output a trivial
no-instance because G does not admit a connected vertex cover of size at most k.
Note that Reduction Rule 1 does not disconnect the given graph as we remove a vertex only
when it has a twin. Let (G′ , k) be an instance obtained by exhaustively applying Reduction
Rule 1 with the vertex cover X at hand. We classify X into X b and X s as before, and
Y1 , . . . , Yq denote the partition of Y := V (G′ ) \ X into maximal modules. For each i ∈ [q],
Xi is the neighbors of Yi in X s . By Lemma 3, we have q ⩽ f (t) · 2k. Because the edge set
between X s and Y is decomposed into the edge sets of complete bipartite graphs on (Yi , Xi )
over i ∈ [q], the number of edges between X s and Y is at least
!2
q
q
q
X
X
X
1
1
|Yi | · |Xi | ⩾
(|Yi | − 1)2 ⩾ ·
(|Yi | − 1)
⩾ · (|Y | − q)2 .
q
q
i=1
i=1
i=1
Suppose that |Y | − q > 2 · f (t)0.5 · k 1.5 . Now,
1
4 · f (t) · k 3
· (|Y | − q)2 >
= 2k 2 ,
q
2 · f (t) · k
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and hence there are more than 2k 2 edges between X s and Y . With |X s | ⩽ 2k, this implies
that there exists a vertex in X s which has more than k neighbors in Y , contradicting the
definition of X s . To conclude, the number of vertices of G′ is at most
|X| + |Y | ⩽ 2k + 2f (t)k 1.5 + q ⩽ 2k + 2f (t)k 1.5 + 2f (t)k = Ot (k 1.5 )

◀

Note that the proof of Proposition 15 only uses the fact that the input graphs have VC
density at most 1, so we in fact established Theorem 4.
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Abstract

In this paper, we study the Independent Set (IS) reconfiguration problem in graphs. An IS
reconfiguration is a scenario transforming an IS L into another IS R, inserting/removing vertices one
step at a time while keeping the cardinalities of intermediate sets greater than a specified threshold.
We focus on the bipartite variant where only start and end vertices are allowed in intermediate ISs.
Our motivation is an application to the RNA energy barrier problem from bioinformatics, for which
a natural parameter would be the difference between the initial IS size and the threshold.
We first show the para-NP hardness of the problem with respect to this parameter. We then
investigate a new parameter, the cardinality range, denoted by ρ which captures the maximum
deviation of the reconfiguration scenario from optimal sets (formally, ρ is the maximum difference
between the cardinalities of an intermediate IS and an optimal IS). We give two different routes to
show that this problem is in XP for ρ: The first is a direct O(n2 )-space, O(n2ρ+2.5 )-time algorithm
based on a separation lemma; The second builds on a parameterized equivalence with the directed
pathwidth problem, leading to a O(nρ+1 )-space, O(nρ+2 )-time algorithm for the reconfiguration
problem through an adaptation of a prior result by Tamaki [20]. This equivalence is an interesting
result in its own right, connecting a reconfiguration problem (which is essentially a connectivity
problem within a reconfiguration network) with a structural parameter for an auxiliary graph.
We demonstrate the practicality of these algorithms, and the relevance of our introduced
parameter, by considering the application of our algorithms on random small-degree instances for
our problem. Moreover, we reformulate the computation of the energy barrier between two RNA
secondary structures, a classic hard problem in computational biology, as an instance of bipartite
reconfiguration. Our results on IS reconfiguration thus yield an XP algorithm in O(nρ+2 ) for the
energy barrier problem, improving upon a partial O(n2ρ+2.5 ) algorithm for the problem.
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1

Introduction

Reconfiguration problems. Reconfiguration problems informally ask whether there exists,
between two configurations of a system, a reconfiguration pathway entirely composed of legal
intermediate configurations, connected by legal moves. In a thoroughly studied sub-category
of these problems, configurations correspond to feasible solutions of some optimization
problem, and a feasible solution is legal when its quality is higher than a specified threshold.
Examples of optimization problems for which reconfiguration versions have been studied
include Dominating Set, Vertex Cover, Shortest Path or Independent Set, which
is our focus in this article. Associated complexities range from polynomial (see [23] for
examples) to NP-complete (for bipartite independent set reconfiguration [13]), and even
PSPACE-complete for many of them [13, 9]. Such computational hardness motivates the
study of these problems under the lens of parametrized complexity [18, 14, 15, 9], in the
hope of identifying tractable sub-regimes. Typical parameters considered by these studies
focus on the value of the quality threshold (typically a solution size bound) defining legal
configurations and the length of the reconfiguration sequences.
Directed pathwidth. Directed pathwidth, originally defined in [1] and attributed to
Robertson, Seymour and Thomas, represents a natural extension of the notions of pathwidth and path decompositions to directed graphs. Like its undirected restriction, it may
alternatively be defined in terms of graph searching [24], path decompositions [4, 6] or vertex
separation number [11, 20]. An intuitive formulation can be stated as the search for a visit
order of the directed graph, using as few active vertices as possible at each step, and such that
no vertex may be deactivated until all its in-neighbors have been activated. Although an FPT
algorithm is known for the undirected pathwidth [2], it remains open whether computing
the directed pathwidth admits a FPT algorithm. XP algorithms [20, 11] are known, and have
been implemented in practice [19, 12].
RNA energy barrier. RNAs are single-stranded biomolecules, which fold onto themselves
into 2D and 3D structures through the pairing of nucleotides along their sequence [22].
Thermodynamics then favors low-energy structures, and the RNA energy barrier problem
asks, given two structures, whether there exists a re-folding pathway connecting them that
does not go through unlikely high-energy intermediate states [17, 21]. Interestingly, the
problem falls under the wide umbrella of reconfiguration problems described above, namely
the reconfiguration of solutions of optimization problems (here, energy minimization). An
important specificity of the problem is that the probability of a refolding pathway depends
on the energy difference between intermediate states and the starting point rather than the
absolute energy value. Another aspect of this problem is that, since some pairings of the
initial structure may impede the formation of new pairings for the target structure, it induces
a notion of precedence constraints, and may therefore also be treated as a scheduling problem,
as carried out in [8, 10].
Problem statement. In our work, we focus on independent set reconfigurations where
only vertices from the start or end ISs (L and R) are allowed within intermediate ISs. This
amounts to considering the induced subgraph G[L ∪ R], bipartite by construction. We write
α(G) for the size of a maximum independent set of G (recall that α(G) can be computed in
polynomial time on bipartite graphs).
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Figure 1 Example of a bipartite independent set reconfiguration from vertices in L (blue) to R
(red). Selected vertices at each step have a filled background. All intermediate ISs have size at least
3, and the optimal IS has size 5, so this scenario has a range of 2; it can easily be verified that it is
optimal.

Bipartite Independent Set Reconfiguration (BISR)
Input: Bipartite graph G = (V, E) with partition V = L ∪ R; integer ρ
Parameter: ρ
Output: True if there exists a sequence I0 · · · Iℓ of independent sets of G such that
I0 = L and Iℓ = R;
|Ii | ≥ α(G) − ρ, ∀i ∈ [0, ℓ];
|Ii △ Ii+1 | = 1, ∀i ∈ [0, ℓ − 1].
False otherwise.
Figure 1 shows an example of an instance of BISR and a possible reconfiguration pathway.
We introduce the cardinality range (or simply range) ρ = max1≤i≤ℓ α(G) − |Ii | as a natural
parameter for this problem, since it measures a distance to optimality. As mentioned above,
the related parameter in RNA reconfiguration is the barrier, denoted k, and defined as
k = max1≤i≤ℓ |L| − |Ii |. Intuitively, k measures the size difference from the starting point
rather than from an “absolute” optimum. Note that k = ρ − (α(G) − |L|), so one has
0 ≤ k ≤ ρ. Both parameters are obviously similar for instances where L is close to being a
maximum independent set, which is generally the case in RNA applications, but in theory
the range ρ can be arbitrarily larger than the barrier k.
Our results. We first prove that in general, the barrier k may not yield any interesting
parameterized algorithm, since BISR is Para-NP-hard for this parameter. We thus focus on
the range parameter for Bipartite Independent Set Reconfiguration, and prove that
it is in XP by providing two distinct algorithmic strategies to tackle it.
Our first algorithmic strategy stems from a parameterized equivalence we draw between
BISR and the problem of computing the directed pathwidth of directed graphs. Within this
equivalence, the range parameter ρ maps exactly to the directed pathwidth. This allows to
apply XP algorithms for Directed Pathwidth to BISR while retaining their complexity,
such as the O(nρ+2 )-time, O(nρ+1 )-space algorithm from Tamaki [20] (with n = |V |). This
equivalence between directed pathwidth and bipartite independent set reconfiguration is itself
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an interesting result, as it connects a structural problem, whose parameterized complexity is
open, with a reconfiguration problem of the kind that is routinely studied in parameterized
complexity [18, 14, 15, 9].
We also present another more direct algorithm for BISR, with a time complexity of
√
O(n2ρ nm) (with m = |E|) but using only O(n2 ) space. It relies on a separation lemma
involving, if it exists, a mixed maximum independent set of G containing at least one vertex
from both parts of the graph. In the specific case of bipartite graphs arising from RNA
reconfiguration, we improve the run-time of the subroutine computing a mixed MIS to O(n2 )
√
(rather than O( nm)), with a dynamic programming approach.
We present benchmark results for both algorithms, on random instances of general
bipartite graphs as well as instances of the RNA Energy Barrier problem. The approach
based on directed pathwidth yields reasonable solving times for RNA strings of length up
to ∼ 150.
Outline. To start with, Section 2 presents some previously known results related to BISR,
as well as some alternative formulations or parameters. Then, Section 3 shows that BISR
is in fact equivalent to the computation of directed pathwidth in directed graphs. We first
present a parameterized reduction from bipartite independent set reconfiguration to an
input-restricted version, on graphs allowing for a perfect matching. Then, this version of
the problem is shown to be simply equivalent to the computation of directed pathwidth on
general directed graphs.
Section 4 presents our direct algorithm for bipartite independent set reconfiguration.
More precisely, Section 4.2 presents the separation lemma on which the divide-and-conquer
approach of the algorithm is based, while Section 4.3 details the algorithm and its analysis.
To finish, Section 5 explains some optimizations specific to RNA reconfiguration instances,
and presents our numerical results.

2

Preliminaries

Previous results. Bipartite Independent Set Reconfiguration was proven NPcomplete in [13], through the equivalent k-Vertex Cover Reconfiguration problem.
Formulated in terms of RNAs, and restricted to secondary structures (i.e. the subset of
bipartite graphs that can be obtained in RNA reconfiguration instances), it was independently
proven NP-hard in [17]. To the authors’ knowledge, its parameterized complexity remains
open.
Independent set reconfiguration in an unrestricted setting (allowing vertices which are
outside from the start or end independent sets, i.e. in possibly non-bipartite graphs) when
parameterized by the minimum allowed size of intermediate sets has been proven W[1]-hard
[18, 9], and fixed-parameter tractable for planar graphs or graphs of bounded degree [14].
Whether this more general problem is in XP for this parameter remains open. We note that
in this setting, parameter ρ seems slightly less relevant since it involves computing a maximal
independent set in a general graph (i.e. testing if there exists a reconfiguration from ∅ to ∅
with range ρ is equivalent to deciding if α(G) ≥ ρ).
As for algorithms for BISR, the closest precedent is an algorithm by Thachuk et al. [21].
It is restricted to RNA secondary structure conflict graphs, and additionally to conflict
graphs for which both parts L and R are maximum independent sets of G. In this restricted
setting, although it is not stated as such, [21] provides an XP algorithm with respect to the
barrier parameter k which then coincides with the range parameter ρ that we introduce.
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Restriction to the monotonous case. A reconfiguration pathway for bipartite independent set reconfiguration is called monotonous or direct if every vertex is added
or removed exactly once in the entire sequence. The length of a monotonous sequence is
therefore necessarily: ℓ = |L ∪ R| = |L| + |R|.
Theorem 2 from [13] tells us that if G, ρ is a yes-instance of bipartite independent set
reconfiguration, then there exists a monotonous reconfiguration between L and R respecting
the constraints. We will therefore restrict without loss of generality our study to this simpler
case. In the more restricted set studied in [21], this was also independently shown.

Hardness for the barrier parameter. In the general case where L is not necessarily a maximal
independent set, the range and barrier parameters (respectively ρ and k = ρ − (α(G) − |L|)
may be arbitrarily different. The following result motivates our use of parameter ρ for the
parameterized analysis of BISR.
▶ Proposition 1. BISR is Para-NP-hard for the energy barrier parameter (i.e. NP-hard even
with k = 0).
Proof. We use additional vertices in R to prove this result. Informally, such a vertex may
always be inserted first in a realization: it improves the starting IS from |L| to |L| + 1, so the
lower bound on the rest of the sequence is shifted from |L| − k to |L| − (k − 1), effectively
reducing the barrier without simplifying the instance. Thus, we build a reduction from the
general version of BISR: given a bipartite graph G with parts L and R and an integer ρ,
we construct a new instance G′ with parts L′ = L and R′ equal to R ∪ NR and ρ′ = ρ. NR
is composed of |L| − (α(G) − ρ) isolated vertices (we can assume without loss of generality
that this quantity is non-negative, otherwise (G, ρ) is a trivial no-instance), completely
disconnected from the rest of the graph.
Note that α(G′ ) = α(G)+|NR | = |L|+ρ, so the barrier in (G′ , ρ′ ) is k = ρ−(α(G′ )−|L|) =
0. A realization for (G, ρ) can be transformed into a realization for (G′ , ρ) by inserting
vertices from NR first, and conversely, vertices from NR can be ignored in a realization for
(G′ , ρ) to obtain a realization for (G, ρ). Therefore, since BISR is NP-Complete, it is also
Para-NP-hard w.r.t the barrier k.
◀

Permutation formulation and ρ-realizations. An equivalent representation of a monotonous
reconfiguration pathway I0 . . . Iℓ from L to R for a graph G is a permutation P of L ∪ R. The
i-th vertex of the permutation is the vertex that is processed (i.e. added or removed) between
Ii−1 and Ii (this formulation lightens the representation of a solution, from a list of vertex
sets to a list of vertices). Given a subset X of vertices, we write δ(X) = |L ∩ X| − |R ∩ X|
and I(X) = (L \ X) ∪ (R ∩ X) = L∆X for the set obtained from L after processing vertices
from X. Then |I(X)| = |L| − δ(X). We say that X is licit if I(X) is an independent set.
For any prefix p of P of length i, we write V (p) (or simply p if the context is clear) for the
set of vertices appearing in p, and Ii = I(V (p)). A permutation P is licit if V (p) is licit for
each prefix p of P ; note that P is licit if and only if ∀r ∈ R, the neighborhood N (r) of r in
G appears before r in P . Last, we say that P is a ρ-realization that is licit and such that for
each prefix p, |I(p)| ≥ α(G) − ρ (i.e. δ(V (p)) ≤ ρ + |L| − α(G)).
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3
3.1

Connection to Directed Pathwidth
Definitions

Parameterized reduction. In this section, we provide a definition of directed pathwidth,
and then prove its parameterized equivalence to the bipartite independent set reconfiguration
problem. We say two problems P1 and P2 are parametrically equivalent when there exists
both a parameterized reduction from P1 to P2 and another from P2 to P1 . A parameterized
reduction [5] from problem P to problem Q is a function φ from instances of P to instances
of Q such that (i) φ(x) is a yes-instance of Q ⇔ x is a yes-instance of P, (ii) φ(x) can be
computed in time f (k) · |x|O(1) , where k is the parameter of x, and (iii) if k is the parameter
of x and k ′ is the parameter of φ(x), then k ′ ≤ g(k) for some (computable) function g.
Interval representation. Our definition of directed pathwidth relies on interval embeddings.
Alternative definitions can be found, for instance in terms of directed path decomposition or
directed vertex separation number [24, 20, 11].
▶ Definition 2 (Interval representation). An interval representation of a directed graph H
associates each vertex u ∈ H with an interval Iu = [au , bu ], with au , bu integers. An interval
representation is valid when (u, v) ∈ E ⇒ au ≤ bv . I.e, the interval of u must start before
the interval of v ends. If m, M are such that ∀u, m ≤ au , bu ≤ M , we define the width of an
interval representation as maxm≤i≤M |{u|i ∈ Iu }|
▶ Definition 3 (directed pathwidth). The directed pathwidth of a directed graph H is the
minimum possible width of a valid interval representation of H. We note this number dpw(H).
Nice interval representation. An interval representation is said to be nice when no more
than one interval bound is associated to any given integer, and the integers associated to
interval bounds are exactly [1 . . . 2 · |V (H)|]. Any interval representation may be turned into
a nice one without changing the width by introducing new positions and “spreading events”.
See the full version of the article for more details.
Directed graph from perfect matching. Given a bipartite graph G allowing for a perfect
matching M , we construct an associated directed graph H in the following way: the vertices
of H are the edges of the matching, and (l, r) → (l′ , r′ ) is an arc of H iff (l, r′ ) ∈ G.
Alternatively, H is obtained from G, M by orienting the edges of G from L to R, and then
contracting the edges of M . We will denote this graph H(G, M ), and simply call it the
directed graph associated to G, M . Such a construction is relatively standard and can be
found in [7, 25], for instance.

3.2

Directed pathwidth ⇔ Bipartite independent set reconfiguration

Perfect matching case. Our main structural result is the following. Its proof, relying on
interval representations, is quite straightforward and can be found in the full version of the
article.
▶ Proposition 4. Let G be a bipartite graph allowing for a perfect matching M , and let
H(G, M ) be the directed graph associated to G, M . Then G allows for a ρ-realization iff
dpw (H(G, M )) ≤ ρ.
Conversely, given any directed graph H, there exists a bipartite graph G allowing for a perfect
matching M such that H = H(G, M ) is the directed graph associated to G, M and G allows
for a ρ-realization iff dpw(H) ≤ ρ.
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The first half of Proposition 4 is a parameterized reduction from an input-restricted
version of bipartite independent set reconfiguration to directed pathwidth. The
restriction is on bipartite graphs allowing for a perfect matching. The second half is a
parameterized reduction in the other direction. In both cases, the parameter value is directly
transferred, which allows to retain the same complexity when transferring an algorithm from
one problem to the other.
Non-perfect-matching case. In the case where G does not allow for a perfect matching, we
construct an equivalent instance G′ allowing for a perfect matching M ′ , through the addition
of new vertices. Specifically, with a bipartite graph G with sides L, R, a maximum matching
M of G, and the set U of unmatched vertices in G, we extend G with |U | new vertices in two
sets NL , NR , giving a new graph G′ , with sides L′ = L ∪ NL , R′ = R ∪ NR , in the following
way (M ′ is initialized to M ):
For each u ∈ L ∩ U , we introduce a new vertex r(u) ∈ NR , connect it to all vertices of
L′ , and add the edge (u, r(u)) to M ′ .
Likewise, for each v ∈ R ∩ U , we introduce l(v) ∈ NL , connect it to all vertices of R′ and
add (v, l(v)) to M ′ .
Note that M ′ is a perfect matching of the extended bipartite graph G′ .
▶ Proposition 5. With G, G′ defined as above, we have that G allows for a ρ-realization iff
G′ allows for a ρ-realization.
Proof. First note that by König’s Theorem, α(G′ ) = |M ′ | = |M | + |U | = α(G), so it suffices
to ensure that any realization for G can be transformed into a realization for G′ where
independent sets are lower-bounded by the same value, and vice versa.
Let P be any ρ-realization of G, then P ′ = NL · P · NR is a ρ-realization for G′ , with
NL and NR laid out in any order. Indeed, P ′ satisfies the precedence constraint, and any
intermediate set I in P ′ satisfies one of the following cases: L ⊆ I, R ⊆ I, or I is an
intermediate set from P , so in any case it has size at least α(G) − ρ = α(G′ ) − ρ.
Conversely, because of the all-to-all connectivity between NL and R and between L and
NR , a realization for G′ needs to have NL before any vertex from R, and have NR after all
vertices from L. Without loss of generality, it is therefore of the form NL · P · NR with P a
realization of G, and G allows for a ρ-realization.
◀
The construction above in fact yields a parameterized reduction from bipartite independent set reconfiguration to its input-restricted version on bipartite graphs, allowing
for a perfect matching. This input-restricted version is in turn parametrically equivalent to
directed pathwidth by Proposition 4. Hence the following corollary:
▶ Corollary 6. Bipartite Independent Set Reconfiguration is parametrically equivalent to Directed Pathwidth

4
4.1

An XP algorithm for independent set reconfiguration
Definitions

We use the permutation representation of reconfiguration scenarios, i.e. licit permutations of
vertices. Note that the intersection, as well as the union, of two licit set of vertices are licit.
Given a realization P of G and a set of vertices X, we write P ∩ X for the sub-sequence of
P consisting of the vertices of X, without changing the order. Likewise, P \ X denotes the
sub-sequence of P consisting of vertices not in X.
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A mixed maximum independent set I of G is an independent set of G of maximum
cardinality containing at least a vertex from both parts. Note that not every bipartite graph
contains such a set. A separator X is a subset of L ∪ R such that I(X) is a mixed maximum
independent set of G.

4.2

Separation lemma

The separation lemma on which our algorithm is based is proved using the following “modularity” property of the imbalance functions. Interestingly, it is almost the same property
(sub-modularity), on a different quantity (the in-degrees of vertices) on which rely the XP
algorithm for directed pathwidth [20].
▶ Lemma 7 (modularity). The function associating a licit subset to its corresponding independent set I(X) verifies:
|I(X)| + |I(Y )| = |I(X ∪ Y )| + |I(X ∩ Y )|
Proof. We have I(X) = (L \ X) ∪ (R ∩ X). Therefore, |I(X)| = |L \ X| + |R ∩ X| = |L| − |L ∩
X|+|R∩X|. Furthermore, |(X ∪Y )∩L| = |(X ∩L)∪(Y ∩L)| = |X ∩L|+|Y ∩L|−|X ∩Y ∩L|,
and likewise for R. The result stems from a substraction of one equation to the other, and
an addition of |L|.
◀
Based on this “modularity”, the following separation lemma is shown by “re-shuffling” a
solution into another one going through a mixed MIS.
▶ Lemma 8 (separation lemma). Let X be a separator of G. If P is a ρ-realization for G,
then (P ∩ X) · (P \ X) is also a ρ-realization for G.
Proof. Let P be a ρ-realization for G and P ′ = (P ∩ X) · (P \ X) a reshuffling, where X is
processed first.
Consider p′ a prefix of P ′ . There are two cases:
1. p′ is included in (or equal to) P ∩ X. In this case, ∃p prefix of P such that: p′ = p ∩ X.
We therefore have |I(p′ )| = |I(p)| + |I(X)| − |I(p ∪ X)|, and since |I(X)| is a maximum
independent set of G, |I(p′ )| ≥ |I(p)| ≥ α(G) − ρ.
2. P ∩ X is included in p. In that case, ∃p prefix of P such that p′ = p ∪ X. We have,
likewise, |I(p′ )| = |I(p)| + |I(X)| − |I(p ∩ X)| and conclude the same way.
◀
The separation allows for a divide-and-conquer approach: if we identify a separator X
in G, i.e. a licit subset of G such that I(X) is a mixed independent set, then we may
independently solve the problem of finding a ρ-realization from L to I(X) and then from
I(X) to R. If no solution is found for one of them, then the converse of Lemma 8 implies
that no ρ-realizations exists for G. The algorithm of the following section is based on this
approach.

4.3

XP algorithm

Algorithm details. We present here a direct algorithm for Bipartite Independent Set
Reconfiguration, detailed in Algorithm 1. The main function Realize is recursive. Its
sub-calls arise either from a split with a mixed MIS I (in which case it is called on a smaller
graph but with the same parameter), or from the loop over all possible starting points in the
case where no separator is found (lines 13-18), in which case the parameter does reduce. The
overall runtime is dominated by this loop, and is analyzed in Proposition 9 below.
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Mixed MIS algorithm. The sub-routine allowing to find, if it exists, a maximum independent
set intersecting both L and R is based on concepts from matching theory [16], namely the
Dulmage-Mendelsohn decomposition [3, 16], as well as the decomposition of bipartite graphs
with a perfect matching into elementary subgraphs [16](part 4.1). Its full details are described
in the full version of the article.
Algorithm 1 XP algorithm for Bipartite Independent Set Reconfiguration.

Input : bipartite graph G (with sides L and R), integer ρ
Output : a ρ-realization for G, if it exists
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

Function Realize(G, ρ):
// Terminal cases:
if ρ < 0 then return ⊥
if |L ∪ R| = ∅ then return ∅
// Isolated vertices:
if ∃ℓ ∈ L s.t N (ℓ) = ∅) then return Realize(G \ {ℓ}, ρ − 1) · l
if ∃r ∈ R s.t N (r) = ∅) then return r · Realize(G \ {r}, ρ − 1)
// Trying to find a separator (see full version of the article for details)
I = MixedMIS(G)
if I ̸=⊥ then
S = (L \ I) ∪ (R ∩ I)
// intermediate point.
return Realize(G[S], ρ)· Realize(G[V \ S], ρ)
else
// Iterating over all possible start/end point pairs.
for (ℓ, r) ∈ L × R do
if Realize(G \ {ℓ, r}, ρ − 1)̸=⊥ then
return ℓ · Realize(G \ {ℓ, r}, ρ − 1) · r
return ⊥

p
▶ Proposition 9. Algorithm 1 runs in O(|V |2ρ |V ||E|) time, while using O(|V |2 ) space,
where ρ is the difference between the minimum allowed and maximum possible independent
set size, along the reconfiguration.
Proof. Let us start with space: throughout the algorithm, one needs only to maintain a
description of G and related objects (independent set I, maximum matching M , associated
directed graph H(G, M )) for which O(|V |2 ) is enough.
As for time, let C(n1 , n2 , ρ) be the number of recursive calls of the function Realize of
Algorithm 1 when initially called with |L| = n1 , |R| = n2 , and some value of ρ. We will show
by induction that C(n1 , n2 , ρ) ≤ (n1 + n2 )2ρ . Since each call involves one computation of a
maximum matching, this will prove our result.
Given (n1 , n2 , ρ), suppose therefore that ∀(n′1 , n′2 , ρ′ ) ̸= (n1 , n2 , ρ) with n′1 ≤ n1 , n′2 ≤
′
n2 , ρ′ ≤ ρ we have C(n′1 , n′2 , ρ′ ) < (n′1 + n′2 )2ρ
1. If G allows for a mixed maximum independent set, the instance is split into two smaller
instances, yielding C(n1 , n2 , ρ) = C(n′1 , n2 , ρ) + C(n′′1 , n′′2 , ρ) with n′1 + n′′1 = n1 and n2 =
2ρ
n′2 + n′′2 . And C(n1 , n2 , ρ) ≤ (n′1 + n′2 )2ρ + (n′′1 + n′′2 )2ρ ≤ (n′1 + n′′1 + n′2 + n′′2 ) ≤
2ρ
(n1 + n2 ) .
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2. else, we have the following relation: C(n1 , n2 , ρ) = n1 n2 · C(n1 − 1, n2 − 1, ρ − 1). Which
yields:
C(n1 , n2 , ρ) = n1 n2 · C(n1 − 1, n2 − 1, ρ − 1)
≤ n2 · n2(ρ−1)
≤n

by induction hypothesis

2ρ

◀

The exponential part (O(n2ρ )) of the worst case complexity of Algorithm 1 is in fact
tight, as it is met with a complete bi-clique Kn,n with sides of size n. Indeed, in this case,
no mixed MIS is found in any of the recursive calls.

5

Benchmarks and Applications

In this section, we report benchmark results for both algorithmic approaches. We first explain
some details about the algorithm we implemented for directed pathwidth. Then, we present
a general benchmark of our algorithms on random (Erdös-Rényi) bipartite graphs. Last, we
give some background related to RNA bioinformatics and the application of our algorithm
to the barrier energy problem.
Code availability. The code used for our benchmarks, including a Python/C++ implementation of our two algorithms, is available at https://gitlab.inria.fr/bmarchan/bisr-dpw

5.1

Implementation details

Directed pathwidth. We implemented and used an algorithm from Tamaki [20], with a
runtime of O(nρ+2 ). This algorithm was originally published in 2011 [20]. In 2015, H.Tamaki
and other authors described this algorithm as “flawed” in [11], and replaced it with another
mn2ρ
XP algorithm for directed pathwidth, with a run-time of O( (ρ−1)!
).
Upon further analysis from our part, and discussions with H. Tamaki and the corresponding
author of [11], it appears a small modification allowed to make the algorithm correct. In a
nutshell, the algorithm involves pruning actions, and these need to be carried out as soon as
they are detected. In [20], temporary solutions were accumulated before a general pruning
step. With this modification, the analysis presented in [20] applies without modification, and
yields a time complexity of O(nρ+2 ). The space complexity is unchanged at O(nρ+1 ). For
completeness, a detailed re-derivation of the results of [20] is included in the full version of
the article.
Mixed-MIS algorithm implementation. pOn Figure 2, the “m-MIS”-curve, corresponds to
our mixed-MIS-based algorithm in O(n2ρ |V ||E|). Compared to the algorithm presented in
Algorithm 1, a more efficient rule is used in the non-separable case: we loop over all possible
r ∈ R and add N (r) · r to the schedule (instead of a single vertex ℓ ∈ L).

5.2

Random bipartite graphs

Benchmark details. Figure 2 shows, as a function of the number of vertices, the average
execution time of both our algorithms (top panel), as well as the distribution of parameter
values (ρ - bottom panel), on a class of random bipartite graphs. These graphs are generated
according to an Erdös-Rényi distribution (each pair of vertices has a constant probability
p of forming an edge). We use a connection probability of d/n, dependent on the number
of vertices. It is such that the average degree of vertices is d. The data of our benchmark
(Figure 2) has been generated with d = 5.

L. Bulteau, B. Marchand, and Y. Ponty

11:11

Figure 2 (top panel) Average run-time (seconds, log-scale) of our algorithms on random ErdösRényi bipartite graphs, with a probability of connection such that the average degree of a vertex is
5 (i.e p = 5/n). (bottom panel) Average parameter value of generated instances, as a function of
input size.

Comments on Figure 2. The difference in trend between the execution times of the two
algorithms is quite coherent with the difference in their exponents (nρ+2 vs. n2ρ+2.5 ).

5.3

Computing energy barriers in RNA kinetics

In this section, we give more detail about how our algorithms may apply to a bioinformatics
problem, the RNA barrier energy problem. We present benchmark results, on a random
class of RNA instances, showing the practicality of our approach.
RNA basics. RiboNucleic Acids (RNAs) are biomolecules of outstanding interest for molecular biology, which can be represented as strings over an alphabet Σ := {A, C, G, U}
(in this context, n denotes the length of the string). Importantly, these strings may fold
on themselves to adopt one or several conformation(s). A conformation is typically described by a set of base pairs (i, j), i < j. Then, a standard class of conformations to
consider in RNA bioinformatics are secondary structures, which are pairwise non-crossing
(∄(i, j), (k, l) ∈ S such that i ≤ k ≤ j ≤ l, in particular, they involve distinct positions). In
this section, we more precisely work on the problem of finding a reconfiguration pathway
between two secondary structures (i.e conflict-free sets of base pairs). The reconfiguration
may only involve secondary structures, and remain of energy as low as possible. We work with
a simple energy model consisting of the opposite of number of base pairs in a configuration
(−Nbps ). The RNA Energy-Barrier problem can then be stated as such:
RNA Energy-Barrier
Input: Secondary structures L and R; Energy barrier k ∈ N+
Output: True if there exists a sequence S0 · · · Sℓ of secondary structures such that
S0 = L and Sℓ = R;
|Si | ≥ |L| − k, ∀i ∈ [0, ℓ];
|Si △ Si+1 | = 1, ∀i ∈ [0, ℓ − 1].
False otherwise.
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Figure 3 Conflict bipartite graph (D) associated with an instance of the RNA Energy-Barrier
problem, consisting of an initial (A) and final (B) structure, both represented as an arc-annotated
sequence (C). The sequence of valid secondary structures, achieving minimum energy barrier can be
obtained from the solution given in Figure 1.

Bipartite representation. Given two secondary structures L and R, represented as sets of
base pairs, we define a conflict graph G(L, R) such that: the vertex set of G(L, R) is L ∪ R;
and two vertices (i, j), (k, l) are connected if they are crossing (see Figure 3). Since base
pairs in both L and R are both pairwise non-crossing, G(L, R) is bipartite with parts L
and R. In this context, a maximum independent set of G(L, R) is a minimum free-energy
structure of the RNA, and we write MFE(L, R) = α(G(L, R)). We then see how the RNA
Energy-Barrier problem is simply Bipartite Independent Set Reconfiguration
restricted to a specific class of bipartite graphs: the conflict graphs of secondary structures,
with a range of ρ = k + MFE(L, R) − |L|.
Problem motivation. Since the number of secondary structures available to a given RNA
grows exponentially with n, RNA energy landscapes are notoriously rugged, i.e. feature many
local minima, and the folding process of an RNA from its synthesis to its theoretical final state
(a thermodynamic equilibrium around low energy conformations) can be significantly slowed
down. Consequently, some RNAs end up being degraded before reaching this final state.
This observation motivates the study of RNA kinetics, which encompass all time-dependent
aspects of the folding process. In particular, it is known (Arrhenius law) that the energy
barrier is the dominant factor influencing the transition rate between two structures, with an
exponential dependence.
Related works in bioinformatics. The problem was shown to be NP-hard by Maňuch et
al [17]. Thachuk et al [21] also proposed an XP algorithm in O(n2k+2.5 ) parameterized by
the energy barrier k, restricted to instances such that the maximum independent set of
G(L, R) has cardinality equal to |L| and |L| = |R|.
Benchmark details. Figure 4 shows (top panel) the average execution time of our algorithms
on random RNA instances. The bottom panel shows the parameter distribution as a function
of the length of the RNA string. Random instances are generated according to the following
model: two secondary structures L, R are chosen uniformly at random (within the space of
all possible secondary structure). Base pairs are constrained to occur between nucleotides
separated by a distance of at least θ = 5.
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Figure 4 Execution time of our algorithms on random RNA reconfiguration instances (top panel).
On the bottom panel, the distribution of the parameter value (ρ) is plotted against the length of the
RNA string. Error bars (top panel) are obtained using a bootstrapping method.

5.4

RNA specific optimizations

Dynamic Programming and RNA. Given two secondary structures L and R, a mixed MIS
of G(L, R) is a maximum conflict-free subset of L ∪ R, containing at least a base pair from
L and R. As is the case for many algorithmic problems involving RNA, the fact that RNAs
are strings and that base pairs define intervals suggests a dynamic programming approach
to the mixed maximum independent set problem in RNA conflict graphs. Subproblems will
correspond to intervals of the RNA string. Let us start with a simple dynamic programming
scheme allowing to compute an unconstrained MIS.

Unconstrained MIS DP scheme. A maximum conflict-free subset of L∪R can be computed
by dynamic programming, using the following DP table: for each 1 ≤ i ≤ j ≤ n, let M CFi,j
be the size of a maximum conflict-free subset of all base pairs included in [i, j].
▶ Lemma 10. M CF1,n can be computed in time O(n2 )
Proof. We have the following recurrence formula:
M CFi,i′ = 0, ∀i′ < i
(
M CFi+1,j
M CFi,j = max
max(i,k)∈L∪R 1 + M CFi+1,k−1 + M CFk+1,j
Note that the last max is over at most two possible pairs (i, k) (1 from L and 1 from R), per
the fact that L and R are both conflict-free.
◀
Mixed MIS DP scheme. The following modifications to the DP scheme above allow to
compute a mixed MIS of G(L, R) while retaining the same complexity. In addition to the
interval, we index the table by Boolean α and β which, when true, further restricts the
optimization to subsets with > 0 pair from L (iff α = True) or R (iff β = True):
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α,β
M CFi,i
′ =



if (α, β) = (False, False)
, ∀i′ < i
otherwise

0
−∞

α,β
= max
M CFi,j


α,β

M CFi+1,j
max




(i,k)∈E
α′ ,α′′ ,β ′ ,β ′′ ∈B4

′

′

′′

′′

α ,β
α ,β
1 + M CFi+1,k−1
+ M CFk+1,j

if ¬α ∨ α′ ∨ α′′ ∨ ((i, k) ∈ L)
and ¬β ∨ β ′ ∨ β ′′ ∨ ((i, k) ∈ R)

Through a suitable memorization, the system can be used to compute in O(n2 ) the maximum
True,True
cardinality M CF1,n
of a subset over the whole sequence. A backtracking procedure is
then used to rebuild the maximal subset.

6

Conclusion

Our work so far sheds a new light on both Bipartite Independent Set Reconfiguration
and Directed Pathwidth problems. The former can thus be solved with a parameterized
algorithm, having important applications in RNA kinetics since the range parameter is
particularly relevant in this context. We hope the newly drawn connection will help settle the
fixed parameter tractability of computing the directed pathwidth. A slightly more accessible
open problem would be to design an FPT algorithm for BISR in the context of secondary
structure conflict graphs (i.e. those graphs arising in RNA reconfiguration).
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1

Introduction

Kernelization [12] is a central notion in parameterized complexity. Given a parameterized
problem, a kernelization procedure reduces an instance of size n and parameter k to a size
that only depends on the parameter in polynomial time. A polynomial kernel is the result
of a kernelization procedure where one can find a single instance equivalent to the original
instance but of size polynomial in k.
However, there are problems that do not admit polynomial kernels under common
complexity theoretic assumptions. In particular, Fortnow and Santhanam [13] together with
Bodlaender et al. [2] proved that, so called, OR-compositional problems do not have polynomal
kernels, unless NP ⊆ coNP/poly, which means that the polynomial hierarchy collapses to the
third level [25]. Polynomial parameter transformations (PPT) also allowed to further extend
the class of problems unlikely to have polynomial kernels [4]. Some of these problems are,
for instance, Longest Path, Clique(VC), Set Cover(|U |), and Connected Vertex
Cover. If nothing is otherwise indicated, these problems are parameterized by the targeted
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solution size k. Here (VC) indicates that the problem is parameterized by the size of the
vertex cover, and |U | indicates that the problem is parameterized by the universe size. The
exact definitions of all problems in this paper can be found in [12], unless otherwise stated.
Later, Drucker [11] extended these results by proving that AND-compositional problems
do not have polynomial kernels, unless there are statistical zero knowledge proofs for all
the problems in NP, which is a stronger condition than NP ⊆ coNP/poly. Thus, the list
of problems that do not have polynomial kernels also includes Treewidth, Independent
Set(ω), and 3-coloring(ω), where ω indicates parameterization by size of the treewidth.
Moreover, Drucker extended the previous results to include the unlikely existence of probabilistic polynomial kernels, for both OR and AND-compositional problems, with a small
enough error probability.
Guo was the first to ask the question whether one could extend the notion of efficient
kernelization to include polynomial Turing kernelizations [5], where instead of building one
reduction, an algorithm builds many reductions from the original problem into instances
of smaller size (only depending polynomially on the parameter), then the algorithm has
access to an oracle solving such instances, and outputs an answer for the original instance
in polynomial time. The first example of such a kernel, by Raible et al. [1], is the Leaf
Out-Branching problem, in which, given a directed graph G and an integer k, one needs to
find whether G contains a directed tree with at least k leaves. If the root of the tree is fixed,
this problem admits a kernel of size O(k 3 ), thus, by fixing all possible n vertices one can
build the kernel for each possible root and use the oracle to find out whether at least one of
these roots extends to a tree with at least k vertices, if none of them do, the graph does not
contain such a tree, and otherwise the answer is yes. We call such a Turing kernel formed as
the disjunction of n (or more) different instances a disjunctive Turing kernel, or a disjunctive
kernel for short. Analogously one can find in the literature other examples of disjunctive
kernels for OR-compositional problems such as Clique with bounded degree, Clique(VC),
etc. One can analogously find conjunctive Turing kernelizations, or conjunctive kernelizations,
for AND-compositional problems in some cases, however, not all such problems seem to
admit one of these kernelizations. The first instance of an adaptive Turing kernelization that
is neither conjunctive nor disjunctive is for Longest Path in planar graphs by Jansen [15].
In this paper, unless otherwise specified, all mentions of conjunctive, disjunctive, or Turing
kernelizations refer to polynomial conjunctive, disjunctive, or Turing kernelizations.
Hermelin et al. [14] propose a completeness theory for Turing kernelization. Using the
class of problems WK[1], characterized among others by Set Cover(|U |), the authors
conjecture that problems that are hard for this class do not admit Turing kernelizations,
however, the authors do not provide complexity-theoretic consequences for the non-existence
of Turing kernels for those problems.
On the other hand, Witteveen, Bottesch, and Torenvliet [24] show that the kernelization
hierachy is strict by using diagonalization arguments to show that there exist problems that
have Turing kernels but do not have non-adaptive Turing kernels such as disjunctive or
conjunctive kernels, and problems that have non-adaptive Turing kernels but do not admit
polynomial kernels. However, the presented problems to prove the strictness of the hierarchy
are not natural.
It is worth mentioning that there are problems for which polynomial Turing kernels are
unlikely due to lower bounds on their FPT running time. Any problem with a polynomial
Turing kernel, whose non-parameterized version is in EXPTIME, will have a single exponential FPT algorithm consisting of running the algorithm for the polynomial Turing kernel
and solving any calls to the oracle with the non-parameterized algorithm. For instance,
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Cygan, Pilipczuk and Pilipczuk [7] proved that the Edge Clique Cover problem has no
o(k)
22 poly(n) algorithm unless the ETH hypothesis fails. Thus, it is equally unlikely that
there exist subexponential Turing kernels for Edge Clique Cover.
In this paper, we extend the proofs of nonexistence of polynomial kernels to the nonexistence of conjunctive kernels in the case of OR-compositional problems and disjunctive
kernels in the case of AND-compositional problems under the same complexity theoretic
assumptions also in the probabilistic case. We prove, thus, that WK[1]-hard problems do
not admit conjunctive kernels, unless NP ⊆ coNP/poly. Using these results, we consider
XOR-compositional problems, which naturally correspond to problems counting parity, and
prove that if a reduction from an NP-hard problem is possible these types of problems do
not have conjunctive or disjunctive kernels, unless coNP ⊆ NP/poly. We also prove that if a
reduction from a ⊕P-hard problem is possible XOR-cross-compositional problems do not
have a conjunctive or disjunctive kernel, unless NP ⊆ coNP/poly. By way of an example,
we find that Odd Path on planar graphs, the problem of finding whether a planar graph
contains an odd number of paths of length k, is unlikely to have conjunctive or disjunctive
kernels.
Furthermore, we find an example of problem that does not have conjunctive or disjunctive
kernels using the traditional complexity-theoretic approach to lower bounds, i.e., through a
reduction from an NP-hard problem, in this case, Longest Path. The problem Weighted
Odd Path on planar graphs, a weighted version of the Odd Path problem, does not have
conjunctive or disjunctive kernels, unless NP ⊆ coNP/poly. We hope that this approach,
using the classic complexity-theoretic results to achieve the lower bound, can be used to
prove similar lower bounds on the existence of conjunctive and disjunctive kernels for more
classical FPT problems in the future.
These lower bounds do not provide lower bounds for the existence of Turing kernels in
general, but they do provide lower bounds for some of the most common kinds of Turing
kernelizations.

2

Lower Bounds for Conjunctive Kernels

First we want to prove that there are no conjunctive kernels for OR-compositional parameterized problems. In order to do that, we first formally define the notion of conjunctive
kernelization.
▶ Definition 1 (Conjunctive Compression). Given two parameterized problems L and R, a
conjunctive compression is an algorithm that given an instance (x, k) for L of size n, it outputs
in polynomial time a set of instances (x′i , ki′ ) for R with 1 ≤ i ≤ p(n) and |x′i |, ki′ ≤ q(k) for
every i for some polynomials p(·) and q(·), such that (x, k) ∈ L if and only if (x′i , ki′ ) ∈ R for
every i.

2.1

Conjunctive OR-distillations

To prove that this type of kernels do not exist we have to go to the original proof of
nonexistence of polynomial compressions for OR-distillable problems. Given a problem L,
we define the problem OR(L), where the input is a set of instances x1 , . . . , xt of length at
most n, and the task is to decide whether there exists an i such that xi ∈ L.
First we define distillation algorithm.
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▶ Definition 2 (OR-Distillation Algorithm [2]). Let L, R ⊆ {0, 1}∗ be a pair of languages and
let t : N → N \ {0} be a function. Then a t-bounded OR-distillation algorithm from L into R
is an algorithm A that for every n, given t(n) input strings x1 , . . . , xt(n) , with |xi | = n for
all i, A runs in polynomial time and outputs a string y of length at most t(n) · log n such
that y ∈ R if and only if xi ∈ L for some i ∈ {1, . . . , t(n)}.
Essentially, an OR-distillation for a problem L is a reduction from OR(L) into R. Recall
that, an NP-hard problem cannot have an OR-distillation, unless NP ⊆ coNP/poly [13]. A
Conjunctive OR-Distillation Algorithm is an extension of this definition.
▶ Definition 3 (Conjunctive OR-Distillation Algorithm). Let L, R ⊆ {0, 1}∗ be a pair of
languages and let t : N → N \ {0} be a function. Then a t-bounded conjunctive ORdistillation algorithm from L into R is an algorithm A that for every n, given t(n) input
strings x1 , . . . , xt(n) , with |xi | = n for all i, A runs in polynomial time and outputs p(n)
strings y1 , . . . , yp(n) of length at most t(n) · log n such that yi ∈ R for every i ∈ {1, . . . , p(n)}
if and only if xj ∈ L for some j ∈ {1, . . . , t(n)}.
We can use the same procedure as in [13] to rule out the existence of Conjunctive
OR-Distillation Algorithms for NP-hard languages.
We take the pigeonhole lemma from Fomin et al. [12].
▶ Lemma 4. Let X, Y be finite sets, t be a natural number and β : X t → Y be a mapping.
We say that y ∈ Y covers x ∈ X if there exist x1 , . . . , xt such that xi p
= x for some i,
t
β((x1 , . . . , xt )) = y. Then at least one element from Y covers at least |X|/ |Y | elements of
X.
Now we are ready to prove the following theorem.
▶ Theorem 5. If there is a t-bounded Conjunctive OR-distillation algorithm from a language
L ⊆ {0, 1}∗ into a language R ⊆ {0, 1}∗ for some polynomially bounded function t, then
L̄ ∈ NP/poly. In particular if L is NP-hard, then coNP ⊆ NP/poly.
Proof. Let n ∈ N and L̄n = { x ∈ L̄ | |x| = n }. Let us assume that there is a tbounded Conjunctive OR-distillation algorithm A from L into R. Then, for each input
t(n)
(x1 , . . . , xt(n) ) ∈ L̄n , A outputs y1 , . . . , yp(n) such that |yi | ≤ t(n) · log n and yi ∈ R̄ for
t(n)
at least one i. Define β : L̄n → R̄≤t(n) log(n) as follows: If A(x1 , . . . , xt(n) ) = y1 , . . . , yp(n)
then define β(x1 , . . . , xt(n) ) = yi where i is the smallest index for which yi ∈ R̄. Now apply
Lemma 4 to this function β with t = t(n), X = L̄ and Y = R̄. The lemma then states that
1/t(n)

there is a z1 ∈ R̄ that covers at least |L̄n |/|R̄t(n) log(n) |
≥ |L̄n |/n elements from L̄.
Let Z1 the set of x ∈ L̄n covered by z1 . Then we consider the set L̄n \ Z1 and find in the
same way a z2 that covers as many instances from L̄n \ Z1 as possible. Repeating this for 2n
rounds we get a set of zi ’s that together cover all of L̄n just as in the proof by Fortnow and
Santhanam [13]: In each round the number of uncovered elements is reduced by a factor of
1 − 1/n and (1 − 1/n)2n < 2−n . As |L̄| ≤ 2n the number of uncovered elements in the end
is less than one and hence it is exactly zero. In conclusion we have shown that there is a
polynomial size subset Sn of elements of R̄ that covers the whole L̄n .
We want to show next how a nondeterministic TM can decide L̄ in polynomial time with
the help of polynomial advice. For an input x of size n the TM does the following: First,
it guesses x1 , . . . , xt(n) such that x = xi for some i and xj ∈ L̄ for every j ̸= i. Then it
computes A(x1 , . . . , xt(n) ) = y1 , . . . , yp(n) and checks if yi ∈ Sn for at least one i. The set Sn
is read from the advice tape. If there is indeed such a yi ∈ Sn the machine accepts x and
rejects it otherwise.
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If x ∈ L̄ then the TM will accept: As x is covered by some y ∈ Sn there must be such an
x1 , . . . , xt(n) that lets the machine accept x and it can guess it nondeterministically. On the
other hand, if x ∈ L it is easy to see that the TM cannot accept for any guessed x1 , . . . , xt(n) .
If L is NP-hard then L̄ is coNP-hard. This means that every problem in coNP can be
reduced to L̄. Thus, coNP ⊆ NP/poly.
◀

2.2

Conjunctive Kernels

In order to use Theorem 5 to prove that some parameterized problems are unlikely to
have conjunctive kernelizations, we use OR-cross-compositions and polynomial parameter
transformations.
▶ Definition 6 (Bodlaender, Jansen, and Kratsch [3]). An equivalence relation R on the set
Σ∗ is a polynomial equivalence relation if there exists an algorithm that given two strings
x, y ∈ Σ∗ resolves whether x is equivalent to y in polynomial time in |x| + |y|, and for any
finite set S ⊆ Σ∗ , R partitions the elements of S into at most (maxx∈S |x|)O(1) classes.
▶ Definition 7 (Bodlaender, Jansen, and Kratsch [3]). Let L ⊆ Σ∗ be a language and
Q ⊆ Σ∗ × N be a parameterized language. We say that L OR-cross-composes into Q if there
exists a polynomial equivalence relation R and an algoritm A called an OR-cross-composition
such that A takes as input x1 , . . . , xt ∈ Σ∗ equivalent with respect to R, and outputs one
instance (y, k) ∈ Σ∗ × N such that k is polynomial in the size of xi and log t, and (y, k) ∈ Q
if and only if there exists one index i such that xi ∈ L.
In particular, for any problem L, we have a trivial OR-cross-composition to OR(L)
parameterized by the size of the largest instance |xi | = n.
▶ Theorem 8. Let L ⊆ Σ∗ be an NP-hard language. If L OR-cross-composes into a
parameterized problem Q and Q has a conjunctive kernelization, then coNP ⊆ NP/poly.
Proof Sketch. The proof is equivalent to that in Bodlaender et al. [2], for polynomial
compressions. Given an NP-hard language L and an OR-cross-composition from L into a
parameterized problem Q, if Q had a conjunctive kernelization, one would be able to build a
conjunctive distillation for L.
◀
From here we are only left to list problems that are unlikely to have a conjunctive
kernelization because an NP-hard problem OR-cross-composes into them. These problems,
called OR-compositional, form an extensive list, a subset of them would be.
▶ Corollary 9. Unless coNP ⊆ NP/poly, none of the following FPT problems have conjunctive
kernelizations: Longest Path, Longest Cycle, Exact Cycle, Short Cheap Tour,
Graph Minor Order Test, Bounded Treewidth Subgraph Test, Steiner Tree,
and Clique(VC).
Proof. Exact Cycle, Short Cheap Tour, Graph Minor Order Test and Bounded
Treewidth Subgraph Test are defined in Bodlaender et al. [2], the authors provide
OR-cross-compositions from their own unparameterized versions for these problems together
with Longest Path and Longest Cycle. Dom, Lokshtanov, and Saurabh provide an
OR-cross-composition for Steiner Tree [8], and finally, the OR-cross-composition for
Clique(VC) is due to Bodlaender Jansen and Kratsch [3].
◀
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Most of the problems on this list cross-compose from their own unparameterized versions,
or from a similar problem. But that is not the only option. Once one has a list of problems
unlikely to have conjunctive kernelizations one can extend it using Polynomial parameter
transformations (PPT).
▶ Definition 10 (Bodlaender, Thomassé, and Yeo [4]). Given two parameterized problems P
and Q an algorithm A is a PPT from P to Q if given an instance (x, k) for P , A transforms
it in polynomial time into an instance (x′ , k ′ ) for Q such that k ′ is polynomial in k and
(x, k) ∈ P if and only if (x′ , k ′ ) ∈ Q.
At this point it is easy to see that, if a problem Q has a conjunctive kernelization, and
there is a PPT from P to Q then P also has a conjunctive kernelization (or compression).
Due to the existence of appropriate PPTs the following problems are also unlikely to have
conjunctive kernelizations:
▶ Corollary 11. Unless coNP ⊆ NP/poly, none of the following FPT problems have conjunctive kernelizations: Path Packing, Cycle Packing, Red Blue Dominating Set,
Set Cover(|U |), Connected Vertex Cover, and Capacitaded Vertex Cover.
Proof. There are PPTs for Path Packing and Cycle Packing from Longest Path and
Longest Cycle respectively by Fomin et al. [12]. Red Blue Dominating Set has a
PPT from its own colored version due to Dom Lokstanov and Saurabh [8], furthermore Set
Cover(|U |), Connected Vertex Cover and Capacitaded Vertex Cover have PPTs
to Red Blue Dominating Set, as was also shown in [8, 12].
◀
The list of problems unlikely to have conjunctive kernelization through PPTs is longer,
we only presented some examples.

3

Lower Bounds for Disjunctive Kernels

From the results we have seen so far for OR-compositional problems, it would seem reasonable
to find similar results for AND-compositional problems, however, the proof that ANDdistillable problems are unlikely to have compressions was not as straightforward. Drucker [11],
proved that it is also unlikely that OR-distillable problems have probabilistic compressions
and more importantly, that AND-distillable problems are also unlikely to have deterministic
or probabilistic compressions.

3.1

Disjunctive AND-distillations

A simplified version of Drucker’s approach [11] was presented in a conference version of the
paper [10] and in the following book [9]. This simplified version does not have the same
scope as the full proof but it can be used to prove that AND-distillable problems are unlikely
to have deterministic compressions.
We now extend this result to state that AND-distillable problems are unlikely to have
deterministic disjunctive compressions.
The notion of a disjunctive algorithm can be defined analogously the to the conjunctive
version.
▶ Definition 12 (Disjunctive Distillation Algorithm). Let L, R ⊆ {0, 1}∗ be a pair of languages
and let t : N → N\{0} be a function. Then a t-bounded disjunctive AND-distillation algorithm
from L into R is an algorithm A that for every n, given t(n) input strings x1 , . . . , xt(n) , with
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|xi | = n for all i, A runs in polynomial time and outputs p(n) strings y1 , . . . , yp(n) , where
each yi has length at most t(n) log n, such that yi ∈ R for some i ∈ {1, . . . , p(n)} if and only
if xj ∈ L for every j ∈ {1, . . . , t(n)}.
Also, given a problem L, we define the problem AND(L), where the input is a set of
instances x1 , . . . , xt of length at most n, and the task is to decide whether xi ∈ L for every
i ∈ {1, . . . , t}.
Equivalently, we can consider the algorithm A as a set of p(n) polynomially computable
functions fi : {0, 1}t(n)×n → {0, 1}t(n) log n in such a way that the required property is
satisfied.
We start by introducing some basic notions and lemmas.
Given a statistical distribution D, the support of D, sup(D) is the set of values that D
assumes with nonzero probability, and D(u) = Prob[D = u]. We can assume from now on
that we talk about distributions with finite supports.
▶ Definition 13 (Statistical Distance). The statistical distance of distributions D and D′ is
X
1
∥D − D′ ∥stat =
|D(u) − D′ (u)|
2
′
u∈sup(D)∪sup(D )

Just to get some intuition, if two distributions have completely different supports, their
distance is 1. If two distributions share some support their distance is smaller.
′
Now, given a function f : {0, 1}t×n → {0, 1}t , given a subset A ⊆ {0, 1}n we can define
⊗t
⊗t
the distribution FA = f (UA ), where UA is the uniform distribution over t-tuples of elements
of A. Moreover, for any a ∈ {0, 1}n we define the distribution
⊗(j−1)

FA [a] = f (UA

⊗(t−j)

, a, UA

),

where j is sampled from the uniform distribution over the integers from 1 to t, U[t] .
Finally, we define the standout factor of a with respect to A as
β(a, A) = ∥FA − FA [a]∥stat .
The Disguising-Distribution lemma states
′

▶ Lemma 14 (Drucker [10]). Let f : {0, 1}t×n → {0, 1}t be any (possibly randomized) function
for t, t′ ∈ N+ . Let S ⊆ {0, 1}n , and fix d > 0. Given any ε > 0, let s = ⌈(0.5 ln 2)n/ε2 ⌉. Let
np
o
′
δ̂ = min
(ln 2)(t′ + 1)/2t, 1 − 2−3−t /t .
Then there exists a collection K1 , . . . , Ks of multisets of size d contained in S, such that for
every y ∈ S, we have
Ei∼U[s] [β(y, Ki \ y)] ≤ δ̂ + 2t/(d + 1) + ε .
Intuitively, given a language L, this lemma allows us to pick multisets of L of size d
(potentially polynomial), and given any other element of L, the expected statistical distance
to one of these multisets will be small, allowing us to distinguish potentially, if a particular
element is in L or not. In order for these statistical distances to give meaningful complexity
theoretic consequences, we turn to promise problems, in particular circuits.
For a boolean circuit C let DC be the output distribution for a random input. Given
two parameters 0 ≤ d ≤ D ≤ 1, we define the promise problem SD≥D
≤d with the yes
instances being ΠY = {⟨C, C ′ ⟩ : ∥DC − DC ′ ∥stat ≥ D}, and the subset of no instances
ΠN = {⟨C, C ′ ⟩ : ∥DC − DC ′ ∥stat ≤ d}.
We will use the class of promise problems having statistical zero-knowledge proofs (prSZK). In particular
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▶ Theorem 15 (Sahai and Vadhan [20]). Let 0 ≤ d = d(n) ≤ D = D(n) ≤ 1 be (not
necessarily computable) parameters.
1. If D > d + 1/poly(n), then SD≥D
≤d ∈ pr-NP/poly.
2. If we have the stronger gap D2 > d + 1/poly(n), then SD≥D
≤d is many-to-one reducible to
≥2/3

SD≤1/3 ∈ pr-SZK.
From Lemma 14 and Theorem 15, Drucker [10] proves that (probabilistic) ANDcompositional and OR-compositional problems are unlikely to have polynomial kernels.
We adapt the proof to our case and state the following theorem for disjunctive kernels
for deterministic AND-compositional problems. In Subsection 4.1 we show how one can
analogously adapt the proof to work in the probabilistic case, this allows us to present first a
self-contained proof that focuses on the difference between AND-distillations and disjunctive
AND-distillations without worrying about the probabilistic aspect. This result is already
sufficient to prove that AND-compositional problems are unlikely to have disjunctive kernels.
▶ Theorem 16. Let L be any language. Suppose that t(n) : N+ → N+ is a function.
Suppose that there exists a t-bounded disjunctive AND-distillation defined by p(n) functions
fi : {0, 1}t(n)×n → {0, 1}t(n) log n for L with parameter t(n), and some target language R.
Then, L ∈ coNP/poly.
Proof. We prove this theorem by reducing L to SD≥D
≤d . First of all, let us define Ln =
n
n
{0, 1} ∩L, and let us assume that Ln ⊊ {0, 1} . For every function fi we apply the disguising
distribution lemma to Ln . This means that for every
i, we define S = Ln , f = fi , t = t(n),
p
t′ = t(n) log n, ε = 1/4nc , d = 8t(n)nc and δ̂ = min
(ln 2)(t log n + 1)/2t, 1 − 2−3−log n .
Lemma 14 states that for every fi there exists a collection K1i , . . . , Ksi of multisets of size d
contained in Ln such that for every y ∈ Ln we have
Ej∼U[s] [β(y, Kji \ y)] ≤ δ̂ + 2t/(d + 1) + ε .
Observe, that in this case as long as t(n) is polynomial in n, both s and d are polynomial
in n, too. Thus, as long as p(n) is also polynomial in n, which by construction it is if this
condition is satisfied for t(n), the collection of all subsets for every i is polynomial in size,
too. This will be our advice.
On input y ∈ {0, 1}n , our reduction outputs for every mapping fi , ⟨Ci , Ci′ ⟩ of the following
⊗t(n)
randomized circuits. Circuit Ci samples j ∼ U[s] , then samples x̂i ∼ UK i , and outputs zi =
j
⊗(k−1)
⊗(t(n)−k) 
fi (x̂i ). Circuit Ci′ samples j ∼ U[s] , and k ∼ Ut(n) , then samples x̂i ∼ UK i
, y, UK i
j

j

and outputs zi = fi (x̂i ).
The idea is that we have a control circuit C that only samples elements from L, the other
circuit C ′ takes also the original input, if both outputs are in the target language this should
be reflected in their statistical distance being small. On the other hand, if the input is not in
L, then the output generated by circuit C ′ is not in the target language, thus, the support of
C ′ is completely disjunct from the support of the distribution of control circuit C and their
statistical distance is 1. This however, has to be tempered by the disjunctive property of the
reduction.
▷ Claim 17. The following holds:
1. If y ∈
/ L, then for every i, we have ∥DCi − DCi′ ∥stat = D(n) = 1;
2. If y ∈ L then there exists an i such that, ∥DCi − DCi′ ∥stat ≤ d(n) = δ̂ + 1/2nc
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The first part follows from the AND-respecting and disjunctive properties of the reduction. If
there is an element that is not in L, there cannot be any mapping that outputs an element of
the target language. Thus, every possible output for Ci′ will not be in R, while every output
from Ci is, thus, these two distributions have completely different supports and they do not
intersect, thus their statistical distance must be 1. The second part follows from Lemma 14
and the disjunctive properties of the reduction, the formal proof will follow.
Now, to prove Theorem 16, if 1 − δ̂ ≥ 1/nc for sufficiently large n, then 1 − d(n) =
D(n) − d(n) ≤ 1/nc , thus the gap is inversely polynomial in n and also inversely polynomial
in the length of the output pairs ⟨Ci , Ci′ ⟩. Thus, given an instance y of the decision problem
L, there exists at least one i, for which the pair ⟨Ci , Ci′ ⟩ is a valid instance of the promise
problem SD≥1
≤d(n) . We know by Theorem 15 that for the given values of d(n) and D(n),
≥D(n)

SD≤d(n) ∈ pr-NP/poly. Thus, assume we are given an algorithm A that, with advice an ,
≥D(n)

solves SD≤d(n) in nondeterministic polynomial time. Given an instance y, we can run the
reduction and then apply this algorithm to every ⟨Ci , Ci′ ⟩ given by instance y and correctly
decide if y ∈
/ L. In particular, if y ∈
/ L, for every i, ⟨Ci , Ci′ ⟩ ∈ ΠY , otherwise y ∈ L and
′
there exists one i such that ⟨Ci , Ci ⟩ ∈ ΠN . Note here, that there might be pairs that are
not a valid instance for the promise problem, but this is not a concern, as there is at least
one which will be solved by A together with the advice. Observe that this procedure runs
in polynomial time, as one can run A in parallel for every pair ⟨Ci , Ci′ ⟩, and the amount
of pairs is t(n) which we have assumed to be polynomial in n. Thus, L ∈ NP/poly, and
L ∈ coNP/poly.
◀
Proof of Claim 17. The first part of the claim is already proven after the claim statement. For the second part, given a disjunctive AND-distillation defined by p(n) functions
fi : {0, 1}t(n)×n → {0, 1}t(n) log n for L with parameter t(n), and some target language R, and
y ∈ L then, given (x1 , . . . , xt ) such that every xm ∈ L for every m ∈ [t(n)] and xj = y for
some j ∈ [t(n)], there exists an i ∈ [p(n)] such that fi (x1 , . . . xt ) ∈ R. Thus, by Lemma 14
if we take the same values of d, δ̂ and ε as in the main theorem, there exists a collection
K1i , . . . , Ksi of multisets of size d contained in Ln such that for every y ∈ Ln we have
Ej∼U[s] [β(y, Kji \ y)] ≤ δ̂ + 2t/(d + 1) + ε .
But, recall that β(y, Kji \ y) is nothing else than the statistical distance between the two
distributions, which means that the expected value for all possible values of j is the same as
∥DCi − DCi′ ∥stat by construction, and also δ̂ + 2t/(d + 1) + ε = δ̂ + 1/2nc = d(n).
◁

3.2

Disjunctive Kernels

In order to use this result to prove that some parameterized problems do not have conjunctive
kernelizations, we use AND-cross-compositions and polynomial parameter transformations
just as we did in Subsection 2.2.
We are going to define AND-cross-compositions analogously to OR-cross-compositions
using equivalence relations.
▶ Definition 18. Let L ⊆ Σ∗ be a language and Q ⊆ Σ∗ × N be a parameterized language.
We say that L AND-cross-composes into Q if there exists a polynomial equivalence relation
R and an algoritm A called a cross-composition such that A takes as input x1 , . . . , xt ∈ Σ∗
equivalent with respect to R, and outputs one instance (y, k) ∈ Σ∗ × N such that k is
polynomial in the size of xi and log t, and (y, k) ∈ Q if and only if for every index i, xi ∈ L.
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Now we are ready to state the following theorem.
▶ Theorem 19. Let L ⊆ Σ∗ be an NP-hard language. If L AND-cross-composes into a
parameterized problem Q and Q has a disjunctive kernelization, then coNP ⊆ NP/poly.
Proof Sketch. The proof is analogous to the one for Theorem 8. The main idea is that if we
had an AND-cross-composition into such a parameterized problem, and we had a disjunctive
kernelization for that problem, we would be able to build a disjunctive distillation for our
original problem, which by Theorem 16 would imply that coNP ⊆ NP/poly.
◀
From here we are only left to list problems that are unlikely to have a disjunctive
kernelization because an NP-hard problem cross-composes into them. These problems,
sometimes called AND-compositional, form an extensive list, a subset of them would be:
▶ Corollary 20. Unless coNP ⊆ NP/poly, none of the following FPT problems have disjunctive kernelizations: Treewidth, Pathwidth, Cutwidth, and Modified Cutwidth.
Proof. For the definitions of these problems together with their the AND-compositions we
refer to Bodlaender et al. [2].
◀
Just as in the conjunctive case, the list of problems unlikely to have disjunctive kernelizations be extended using polynomial parameter transformations (PPT).
Other problems that admit AND-compositions or admit PPT to AND-compositional
problems are some problems parameterized by treewidth (ω).
▶ Corollary 21. Unless coNP ⊆ NP/poly, none of the following FPT problems have disjunctive kernelizations: Independent Set(ω) and 3-coloring(ω).
Proof. Bodlaender et al. present AND-compositions for these two problems in [2].

4

◀

Problems without Conjunctive or Disjunctive Kernels

In the previous two sections we have proven that there are problems that are unlikely
to have conjunctive kernels and disjunctive kernels, respectively. However, none of these
problems intersect. In this section, we prove that if a ⊕P-hard problem is in coNP/poly
then coNP ⊆ NP/poly. Furthermore, we use this result to find a class of problems without
conjunctive or disjunctive kernels if they reduce from a problem that is NP-hard or ⊕P-hard.
For each class, we present an FPT problem unlikely to have conjunctive or disjunctive
kernels. The problem Odd Path on planar graphs does not have conjunctive or disjunctive
kernels, unless coNP ⊆ NP/poly, due to a reduction from its own unparameterized version
and its weighted version, the Weighted Odd Path problem on planar graphs, does not
have conjunctive or disjunctive kernels, unless coNP ⊆ NP/poly, due to a reduction from
Longest Path, an NP-hard problem.

4.1

Probabilistic Compressions

First we provide the framework for Probabilistic compressions.
▶ Definition 22 (Probabilistic conjunctive OR-distillation). Let L, R ⊆ {0, 1}∗ be a pair of
languages and let t : N → N \ {0} be a function. Then a probabilistic t-bounded conjunctive
OR-distillation algorithm from L into R with bounded error 0 ≤ ξ < 0.5 is an algorithm
A that for every n, given t(n) input strings x1 , . . . , xt(n) , with |xi | = n for all i, A runs in
polynomial time and outputs t(n) strings y1 , . . . , yt(n) of length at most t(n) · log n such that
with a probability greater than 1 − ξ, yi ∈ R for every i ∈ {1, . . . , t(n)} if and only if xj ∈ L
for some j ∈ {1, . . . , t(n)}.
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Essentially one can make mistakes with probability smaller than ξ but otherwise the
algorithm should produce a conjunctive OR-distillation. And analogously we can define
probabilistic disjunctive AND-distillations.
▶ Definition 23 (Probabilistic disjunctive AND-distillation). Let L, R ⊆ {0, 1}∗ be a pair of
languages and let t : N → N \ {0} be a function. Then a probabilistic t-bounded disjunctive
AND-distillation algorithm from L into R with bounded error 0 ≤ ξ < 0.5 is an algorithm
A that for every n, given t(n) input strings x1 , . . . , xt(n) , with |xi | = n for all i, A runs in
polynomial time and outputs t(n) strings y1 , . . . , yt(n) , where each yi has length at most
t(n) log n, such that with probability greater than 1 − ξ yi ∈ R for some i ∈ {1, . . . , t(n)} if
and only if xj ∈ L for every j ∈ {1, . . . , t(n)}.
We can now prove that if such distillations exist then the language is in coNP/poly by
adapting the proof by Drucker [10] to work as well for the probabilistic version of conjunctive
and disjunctive distillations.
▶ Theorem 24. Let L be any language. Suppose that t(n) : N+ → N+ is a function. Suppose
that there exists a probabilistic conjunctive OR-distillation or a probabilistic disjunctive ANDdistillation defined by p(n) functions fi : {0, 1}t(n)×n → {0, 1}t(n) log n for L with parameter
t(n), error bound ξ(n) < 0.5, and some target language R. Let
np
o
′
δ̂ = min
(ln 2)(t′ + 1)/2t, 1 − 2−3−t /t .
If, for some constant c > 0, we have 1 − 2ξ(n) − δ̂ ≥ 1/nc , then L ∈ coNP/poly.
The proof of this theorem is completely analogous to the proof of Theorem 16, where the
treatment of the probabilistic aspect is analogous to the one by Drucker [10]. One needs to be
careful to state an appropriate version of Claim 17 for both the conjunctive and disjunctive
cases, which should take into account the probabilistic aspect of the distillation, the OR
or AND properties of the reduction itself, as well as the conjunctive or disjunctive aspect.
These claims read as follows.
▷ Claim 25. If L is a language with a probabilistic conjunctive OR-distillation as determined
in Theorem 24, the following holds:
1. If y ∈
/ L, then there exists an i such that, ∥DCi − DCi′ ∥stat ≥ D(n) = 1 − 2ξ(n);
2. If y ∈ L then for every i, we have ∥DCi − DCi′ ∥stat ≤ d(n) = δ̂ + 1/2nc
▷ Claim 26. If L is a language with a probabilistic disjunctive AND-distillation as determined
in Theorem 24, the following holds:
1. If y ∈
/ L, then for every i, we have ∥DCi − DCi′ ∥stat ≥ D(n) = 1 − 2ξ(n);
2. If y ∈ L then there exists an i such that, ∥DCi − DCi′ ∥stat ≤ d(n) = δ̂ + 1/2nc
These claims can be proven using Lemma 14 and then Theorem 24 follows also from
applying the same circuit reduction, now with the probabilistic aspect, and using Theorem 15.

4.2

XOR-compositional Problems

In the same way that we defined for a problem L, the problem OR(L) and AND(L) one can
easily imagine defining problems for other boolean operations, for example XOR(L) would
count the parity of the number of yes instances. Formally,
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▶ Definition 27. Given a problem L, we define the boolean variable bL (x) such that bL (x) = 1
if and only if x ∈ L. We say that a set of instances (x1 , . . . , xt ) each having a length of at
most n is in XOR(L) if and only if XOR(bL (x1 ), . . . , bL (xt )) = 1.
Analogously we define XOR-cross-composition.
▶ Definition 28. Let L ⊆ Σ∗ be a language and Q ⊆ Σ∗ × N be a parameterized language.
We say that L XOR-cross-composes into Q if there exists a polynomial equivalence relation
R and an algoritm A called a cross-composition such that A takes as input x1 , . . . , xt ∈ Σ∗
equivalent with respect to R, and outputs one instance (y, k) ∈ Σ∗ × N such that k is
polynomial in the size of xi and log t, and (y, k) ∈ Q if and only if there is an odd number of
instances xi ∈ L.
The goal is to prove that for some problems L, if one has an XOR-cross-composition
from L into a parameterized problem Q, and a conjunctive or disjunctive kernelization for
Q, then one would be able to build a conjunctive or disjunctive distillation for L, which by
Theorem 24 means that L ⊆ NP/poly. Thus, if L is for instance NP-hard, Q is unlikely to
have conjunctive or disjunctive kernels.
In general, when we think of problems that XOR-cross-compose to their own parameterized
versions, or problems where L is equivalent to XOR(L), an instance will be in L then, if
we have an odd number of solutions, which in general means, that they belong to ⊕P, or
are ⊕P-hard instead of NP-hard, making it difficult to find problems that are unlikely to
have conjunctive and disjunctive, or even polynomial kernels through the usual complexitytheoretic consequence coNP ⊆ NP/poly. To avoid this problem, we establish a collapse of the
polynomial hierarchy in the case of ⊕P problems. First, we formally define some complexity
classes and state a few complexity theoretic results.
We first define the general complexity class BP · C.
▶ Definition 29 (Schöning [21]). Given a complexity class C, the bounded error probabilisticC class (BP · C), is defined as the class of all languages L such that for some language L′ ∈ C,
for some polynomial p and for all inputs x of length n, we have
Prob[(x, y) ∈ L′ if x ∈ L] ≥ 2/3
Prob[(x, y) ∈ L′ if x ∈
/ L] ≤ 1/3
where y is chosen uniformly at random from all strings of length p(n).
With this definition we prove the following theorem.
▶ Theorem 30. BP · (NP/poly) ⊆ NP/poly.
Proof. Given the defintion of BP · (C), and using amplification, we know that a language L
is in BP · (NP/poly) if there exists a language L′ ∈ NP/poly and a polynomial p such that
for all inputs of length n, we have
Prob[(x, y) ∈ L′ if x ∈ L] ≥ 1 − 2−n
Prob[(x, y) ∈ L′ if x ∈
/ L] ≤ 2−n

2

2

where y is chosen uniformly at random from all strings of length p(n).
Let us consider such a language L ∈ BP · (NP/poly), with its corresponding language
L′ ∈ NP/poly and polynomial p. There are only 2n many inputs of length n for any given n,
thus, by the union bound, the probability that a string string y provides a bad outcome for
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at least one input x of length n is at most 2n · 2−n < 1. Thus, there must be a fixed string
y of length p(n), such that x ∈ L if and only if (x, y) ∈ L′ for every input x of length n.
A nondeterministic Turing machine M with polynomial advice can decide whether x ∈ L
in polynomial time as follows. Given a nondeterministic Turing machine N with polynomial
advice solving L′ , M obtains first y from the advice tape and then tests whether (x, y) ∈ L′
by simulating N on (x, y) by using the subsequent advice that it also obtains from the same
advice tape. Observe that both the advice and the running time of M are polynomial. ◀
We now formally define ⊕P introduced by Papadimitriou and Zachos [19].
▶ Definition 31. ⊕P is the class of decision problems solvable by a nondeterminsitic Turing
machine in polynomial time, with an odd number of accepting computation paths.
An example of a ⊕P problem is Odd Path, where given a graph G one has to decide
whether G contains an odd number of k-paths. For the purposes of this paper, we are
interested on Odd Path on planar graphs, which can be formally defined as:
Input: A planar graph G and an integer k.
Task: Decide whether G contains an odd number of k-paths.
There are many other examples of problems in ⊕P or problems that are complete for
⊕P, a compillation can be found in [23].
An important property of ⊕P as it relates to the polynomial hierarchy (PH) is that
PH ⊆ BP · ⊕P, which is an important ingredient in the proof of Toda’s theorem [22]. This
property together with Theorem 30 allows us to prove that ⊕P -hard problems are unlikely
to be in coNP/poly we can do it in the following way
▶ Theorem 32. If a problem L is both ⊕P-hard and L ∈ coNP/poly, then coNP ⊆ NP/poly.
Proof. If a language L is both ⊕P-hard and L ∈ coNP/poly, this means that ⊕P ⊆
coNP/poly, in particular, because ⊕P is closed under complement it implies that ⊕P ⊆
NP/poly.
Using the fact that PH ⊆ BP · ⊕P [22, Theorem 3.1] and Theorem 30, we can see that
⊕P ⊆ NP/poly implies that
PH ⊆ BP · ⊕P ⊆ BP · (NP/poly) ⊆ NP/poly ,
which is unlikely because it makes the polynomial hierarchy colapse. In particular, coNP ⊆
PH ⊆ NP/poly brings us to our usual complexity theoretic consequence for this kind of
lower bounds. A result by Yap [25] shows that coNP ⊆ NP/poly means that the polynomial
hierarchy collapses to the third level. A more refined result by Köbler and Watanabe [16]
shows a stronger collapse, that is, if coNP ⊆ NP/poly then the polynomial hierarchy collapses
to ZPP(ΣP
◀
2 ).
Moreover, we are able to prove that problems which XOR-cross compose into parameterized problems that have conjunctive or disjunctive polynomial kernels are in NP/poly.
▶ Theorem 33. Let L ⊆ Σ∗ be a language. If L XOR-cross-composes into a parameterized
problem Q and Q has a conjunctive or disjunctive kernelization, then L ∈ coNP/poly.
Proof. We prove for conjunctive kernelizations, as we will see, the case for disjunctive
kernelizations is analogous.
Let L ⊆ Σ∗ be a language, and let A be an XOR-cross-composes into a parameterized
problem Q, which has a conjunctive kernelization. Let us build a probabilistic conjunctive
OR-distillation for L. Given a set of inputs x1 , . . . xt for L, the first step in our distillation is
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to delete every input xi at random with probability 1/2. This way, if there are any xi ∈ L,
after this procedure there will be an odd number of them with probability 1/2 and if there
were none to begin with, there are still none after this procedure. Then, to the remaining
set of instances x′1 , . . . , x′t′ we apply the XOR-cross-composition and from the result we
build a conjunctive kernel. The probability of success is 1 if the initial input contained
no xi ∈ L, and otherwise the probability of sucess is 1/2. This is not good enough, as we
need a probabilistic conjunctive OR-distillation with an error bound smaller than 1/2 to be
able to apply Theorem 24. In order to do this we sacrifice the onesided error in a clever
way. With a probability of 1/4 we substitute the remaining set of instances x′1 , . . . , x′t′ for a
single instance x ∈ L before applying the XOR-cross-composition. The probability of success
is now 3/8 + 1/4 = 5/8 if xi ∈ L for some i, and 3/4 otherwise, making the total error
bound ξ ≤ 3/8. We have thus, a probabilistic conjunctive OR-distillation satisfying all of
the conditions to apply Theorem 24, which means that L ∈ coNP/poly. The reduction for
disjunctive kernelizations is analogous.
◀
Thus, by Theorems 32 and 33 if a problem is hard for NP or ⊕P and reduces to a
parameterized problem, then the parameterized problem is unlikely to have polynomial
conjunctive or disjunctive kernels.
▶ Corollary 34. The Odd Path problem on planar graphs is FPT and does not have
conjunctive or disjunctive kernels, unless coNP ⊆ NP/poly.
Proof. The Odd Path problem is FPT on planar graphs because it can be solved by dynamic
programming on graphs of bounded tree-depth using standard techniques. Reducing the
problem from planar graphs to graphs of bounded tree-depth can be done with low tree-depth
colorings [18].
The problem trivially XOR-cross-composes to itself and is in ⊕P. Moreover, Odd Path
on planar graphs is ⊕P-hard because it can be reduced to the problem of finding the parity
of the number of Hamiltionian paths (k = n) on planar graphs with maximum degree 3,
which is ⊕P-complete [23].
◀
The question whether Odd Path on general graphs is FPT remained open until very
recently, when Curticapean, Dell and Husfeldt proved that Odd Path is ⊕-W[1]-complete,
thus is unlikely to be fixed parameter tractable [6].

4.3

The Weighted Odd Path Problem

In order to find an FPT problem without conjunctive or disjunctive kernels, with a reduction
from an NP-hard problem instead of a reduction from a ⊕P-hard problem, we consider the
Weighted Odd Path problem with parameter k on planar graphs, i.e., the weighted version
of the Odd Path problem:
Input: A planar graph G with edge weights and two integers k and m.
Task: Decide whether G contains an odd number of k-paths with weight m.
This problem is in FPT on planar graphs because it can be solved by dynamic programming
on graphs of bounded tree-depth using standard techniques. Reducing the problem from
planar graphs to graphs of bounded tree-depth can be done with low tree-depth colorings [18].
We now prove, through a reduction from Longest Path, that Weighted Odd Path
is unlikely to have conjunctive or disjunctive kernels. The reduction uses a probabilistic
XOR-cross-composition and then proves that conjunctive and disjunctive kernels are still
unlikely following the same techniques as used in Theorem 33.
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▶ Theorem 35. Unless coNP ⊆ NP/poly, Weighted Odd Path on planar graphs has no
disjunctive or conjunctive kernelizations.
Proof. The XOR-cross-composition from Longest Path into Weighted Odd Path relies
on the following observation. Let G be a graph of order n. If we turn G into an edge-weighted
graph by equipping each edge with a random weight from {1, . . . , n3 } then the Isolation
Lemma [17] shows that a k-path with minimum weight is unique with a failure probability of
at most 1/n. If, on the other hand, G does not contain a k-path, then its weighted version
will not contain a k-path of any weight.
Thus, the reduction runs as follows. First we turn G into a weighted graph G′ as explained
above. Then create k(n3 − 1) + 1 different instances (G′ , k, k), (G′ , k + 1, k), . . . , (G′ , kn3 , k)
of the Weighted Odd Path problem. If G does contain a k-path, then with probability
of at least 1 − 1/n one of the instances is a yes-instance. Second, we delete each instance
from this collection independently with a probability of 1/2. Let us call the remaining set
of instances I. Now I contains an odd number of yes-instances with probabilty of at least
1/2 − 1/2n if G contains at least one k-path. Now, to offset the one-sided error, just as we
did in the previous subsection, with a probability of 1/4 we redefine I to be a single (trivial)
yes-instance. If G contained no k-path, the probability that I does not contain a k-path
is now 3/4, whereas if G contains at least one k-path, now I contains an odd number of
yes-instances with probabilty of at least 1/4 + 3/8(1 − 1/n) = 5/8 − 3/8n > 1/2.
Third, we turn I into a single graph as follows: If I contains (G′ , i, k) we double each
edge weight in G′ and call the resulting weighted graph G′′i . Then we attach to each vertex
in G′′i a new pendant vertex via a new edge with weight n7 /2 − i. Note that G′′i contains a
k + 2-path of weight n7 iff G′ contains a k-path of weight i. Finally we create a new graph
G′′′ that consists of all G′′i for i ∈ {k, . . . , kn3 }.
We arrived at the following situation: If G does not contain a k-path, then with a
probability of 3/4 the graph G′′′ does not contain a k + 2-path of weight n7 . Otherwise, if
G contains a k-path, G′′′ contains a k + 2-path of weight n7 with a probability of at least
5/8 − 3/8n.
Let us now assume that Weighted Odd Path has a polynomial conjunctive kernel.
Then we can use this kernel on G′′′ and get a randomized conjunctive OR-distillation for
Longest Path, which implies, by Theorem 24 that NP ∈ coNP/poly. Hence, the Weighted
Odd Path problem should not have a conjunctive polynomial kernel. Because there is an
almost trivial self reduction to its complement it should also have no polynomial disjunctive
kernel.
◀

5

Conclusion

Lower bounds were part of parameterized complexity from the very begining in terms of
W-completeness. However, it took more than 20 years for the first strong bounds on nonexistence of many-one polynomial kernels, which was finally achieved by the concerted efforts
of research in classical and parameterized complexity theory. Today, the next big open
question are similar lower bounds for polynomial Turing kernels, a task which has so far
withstood every solution attempt. In this paper, we went a little beyond many-one kernels
by considering disjunctive and conjunctive kernels, which are arguably the most common
types of Turing kernels in parameterized algorithmics. Besides the big question about general
Turing kernels we pose the following open questions: Can we prove the same lower bounds
for Longest Path as we did for Odd Path and Weighted Odd Path? Can we prove the
nonexistence of disjunctive kernels for any of the WK[1]-hard problems?
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1

Introduction

In an edge modification problem, we are asked to modify at most k edges of a given graph G
to make the graph satisfy a certain property. In particular, we have edge deletion problems
and completion problems when the allowed operations are edge deletions and, respectively,
edge additions. There is also a more general version that allows both operations. The present
paper will be focused on a single type of modifications. For most graph properties, these
edge modification problems are known to be NP-complete [21, 18, 15]. A graph G having a
certain property is equivalent to that G belongs to some specific graph class. Cai [2] observed
that if the desired graph class can be characterized by a finite number of forbidden induced
subgraphs, then these problems are fixed-parameter tractable.
One is then naturally interested in the kernelization complexity of edge modification
problems toward these easy graph classes. Given an instance (G, k), a kernelization algorithm
produces in polynomial time an equivalent instance (G ′ , k ′ ) – (G, k) is a yes-instance if and
only if (G ′ , k ′ ) is a yes-instance – such that k ′ ⩽ k and the size of G ′ is bounded by a
computable function of k. The output instance (G ′ , k ′ ) is a polynomial kernel if the size of
G ′ is bounded from above by a polynomial function of k ′ . Although progress has been made
in this regard, we get stuck for several important graph classes. We have evidence that some
of them do not have polynomial kernels, under certain complexity assumptions, and it is
believed that those that do have are exceptions [16]. This makes a sharp contrast with the
vertex deletion problems (deleting vertices instead of edges), for which a polynomial kernel
© Yixin Cao and Yuping Ke;
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is guaranteed when the number of forbidden induced subgraphs is finite [9]. We refer the
reader to the recent survey of Crespelle et al. [4], particularly its Section 2.1 and Table 1, for
the most relevant results.
We revisit several well-studied edge modification problems, and develop improved kernels
for them. Our results are summarized in Table 1. All the target graph classes can be defined
by a small number of forbidden induced subgraphs (listed in Figure 1). It is worth mentioning
that the edge deletion problem to a graph class is polynomially equivalent to the completion
problem to its complement graph class (consisting of the complements of all graphs in the
original graph class). Moreover, some graph classes, e.g., split graphs ({2K2 , C4 , C5 }-free), are
self-complementary, and thus the edge deletion problem and the completion problem toward
such a class are equivalent.
Table 1 Main results of this paper, shown as the number of vertices in the kernels.
problem

previous result

cluster edge deletion
trivially perfect completion
split completion (edge deletion)
pseudo-split completion (edge deletion)
strong triadic closure

(a) P3 .

(b) 2K2 .

4k [11]
O(k7 ) [7]
O(k2 ) [10]
4k [11]

(c) P4 .

(d) C4 .

our result
2k
3k2
5k1.5
5k1.5
2k

(e) C5 .

Figure 1 Forbidden induced graphs. Note that 2K2 and C4 are complements of each other, while
the complements of P4 and C5 are themselves.

A cluster graph is a disjoint union of cliques. Since cluster graphs are precisely P3 -free
graphs, edge modification problems to cluster graphs are the simplest of all nontrivial edge
modification problems. Note that edge modification problems toward P2 -free graphs, i.e.,
edgeless graphs, are trivial. Also trivial is the cluster completion problem: the minimum
solution is to add edges to make every component of the input graph complete. Both cluster
edge editing and cluster edge deletion are NP-complete and have received wide attentions.
After a sequence of results, Cao and Chen [3] devised a 2k-vertex kernel for the cluster edge
editing problem. Their algorithm actually implies a 2k-vertex kernel for the cluster edge
deletion problem. We record this simple result here for future reference. Less trivially, we
show that the same algorithm produces a kernel of the same size for the strong triadic closure
problem, which, though originally not posed as an edge modification problem, is closely
related to cluster edge deletion [14]. As the original results [3], both algorithms work for the
weighted versions of the problems as well.
The second problem is the trivially perfect completion problem. Drange and Pilipczuk [7]
presented an O(k7 )-vertex kernel for this problem.1 We propose a very simple kernelization
algorithm, which has only two simple reduction rules, and the resulting kernel contains at

1

Guo [12] has claimed an O(k3 )-vertex kernel for this problem, with details deferred to a full version
that has never appeared. The algorithm of Drange and Pilipczuk [7] works for the more general trivially
perfect editing problem. Independent to our work, Dumas et al. [8] improved it to O(k3 ), which also
implies an O(k3 )-vertex kernel for the trivially perfect completion problem.
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most 2k2 + 2k vertices. The forbidden induced subgraphs of trivially perfect graphs are P4
and C4 . Note that adding the edge to connect the two ends of a P4 merely turns it into
a C4 . Thus, in each P4 or C4 , there are two missing edges such that every solution needs
to contain at least one of them. Note that each vertex of the P4 or C4 is an end of one of
the two missing edges. Our first rule is the most routine for this kind of problems, namely,
adding a missing edge if it is one of the two possible missing edges in k + 1 or more P4 ’s and
C4 ’s. Our second rule removes all vertices that are not contained in any P4 or C4 of G. Now
the analysis is similar as Buss and Goldsmith’s kernelization algorithm for the vertex cover
problem [1]. Since every solution contains at least one of the pair of potential missing edges
(for some P4 or C4 ), and since each potential edge is in at most k pairs, there cannot be more
than k2 + k potential edges in a yes-instance. On the other hand, every vertex is in a P4 or
C4 , hence an end of some potential edge. We are thus safe to return a trivial no-instance
when |V(G)| > 2k2 + 2k. Toward this result we also obtain some nontrivial observations on
minimal solutions of the problem with respect to modules of the input graph.
A graph is a split graph if its vertex set can be partitioned into a clique and an independent
set. Split graphs are {2K2 , C4 , C5 }-free graphs. The split completion problem, which is
equivalent to split edge deletion, is NP-complete [17], while somewhat surprisingly, the
split edge editing problem can be solved in polynomial time [13]. Guo [12] presented an
O(k4 )-vertex kernel for the split completion problem, which was improved to O(k2 ) by Ghosh
et al. [10]. For the convenience of presentation, we work on the edge deletion problem. We
consider the partition of the vertex set after applying an optimal solution. We observe that
for most of the vertices we know to which side they have to belong. It is nevertheless not safe
to directly delete these “decided” vertices. We thus work on the annotated version, where we
mark certain vertices that have to be in the independent set. Guo [12] has proved that it is
safe to remove a vertex that is not contained in any 2K2 , C4 , or C5 . We show that a similar
rule can be applied to annotated instances, and after its application, there can be at most
O(k1.5 ) vertices in a yes-instance. Finally, a simple step that removes the marks concludes
the algorithm. Our kernel for split completion has only O(k2.5 ) edges.2 With minor tweaks,
our algorithm produces a kernel of the same size for the pseudo-split ({2K2 , C4 }-free graphs)
edge deletion problem. A pseudo-split graph is either a split graph or a split graph plus a C5
such that every vertex on the C5 is adjacent to every vertex in the clique part of the split
graph and is nonadjacent to any vertex in the independent part of the split graph. The first
difficulty toward this adaptation is that it is not always safe to remove vertices not contained
in any 2K2 or C4 . We get over this obstacle by observing that we can remove vertices not
contained in any 2K2 , C4 , or C5 . As we recycle the reduction rules for split edge deletion,
only the arguments for their safeness need to be slightly revised. Drange et al. [6] have used a
similar approach to develop a subexponential-time algorithm for the pseudo-split completion
problem.

2

Preliminaries

All graphs discussed in this paper are undirected and simple. The vertex set and edge set
of a graph G are denoted by, respectively, V(G) and E(G). For a subset U ⊆ V(G), denote
by G[U] the subgraph of G induced by U, and by G − U the subgraph G[V(G) \ U], which
is further shortened to G − v when U = {v}. The neighborhood of a vertex v in G, denoted

2

Independent to our work, Bathie, Bousquet, and Pierron (arXiv:2105.09566) use a similar technique to
obtain a linear-vertex kernel for these problems.
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by NG (v), comprises vertices adjacent to v, i.e., NG (v) = {u | uv ∈ E(G)}, and the closed
neighborhood of v is NG [v] = NG (v) ∪ {v}. The closed neighborhood and the neighborhood of
S
a set U ⊆ V(G) of vertices are defined as NG [U] = v∈U NG [v] and NG (U) = NG [U] \ U,
respectively. We may omit the subscript when there is no ambiguity on the graph under
discussion. Two vertices u and v are true twins in G if N[u] = N[v]; note that true twins are
necessarily adjacent. A clique is a set of pairwise adjacent vertices, and an independent set is
a set of pairwise nonadjacent vertices. A graph G is complete if V(G) is a clique. A vertex v
is simplicial if N[v] is a clique, and a vertex v is universal if N[v] = V(G). An induced path
and an induced cycle on ℓ vertices are denoted by Pℓ and Cℓ respectively.
For any two subsets X, Y ⊆ V(G), we use E(X, Y) to denote the set of edges of which one
endpoint is in X and the other in Y. Note that we do not require X and Y to be disjoint. Thus,
E(X, X) = E(G[X]), i.e., all the edges with both endpoints in X, and E(X, V(G)) consists of
all the edges with at least one endpoint in X.
Let F be a fixed graph. We say that a graph G is F-free if G does not contain F as an
induced subgraph. For a set F of graphs, a graph G is F-free if G is F-free for every F ∈ F.
If every F ∈ F is minimal, i.e., not containing any F ′ ∈ F as a proper induced subgraph,
then the set F of graphs are the (minimal) forbidden induced subgraphs of this class. See
Figure 1 for the forbidden induced subgraphs considered in the present paper. For a set E ′ of
non-edges, we denote by G + E ′ the graph with vertex set V(G) and edge set E(G) ∪ E ′ ; for a
set E ′ ⊆ E(G), we denote by G − E ′ the graph with vertex set V(G) and edge set E(G) \ E ′ .
The problems to be studied are formally defined as follows, where G is a graph class.
G completion
Input:
Output:

A graph G and a nonnegative integer k.
Is there a set E+ of at most k edges such that G + E+ is in G?

G edge deletion
Input:
Output:

A graph G and a nonnegative integer k.
Is there a set E− of at most k edges such that G − E− is in G?

Since it is always clear from the context what problem we are talking about, when we
mention an instance (G, k), we do not always explicitly specify the problem. We use opt(G)
to denote the size of optimal solutions of G for the optimization version of a certain problem.
Thus, (G, k) is a yes-instance if and only if opt(G) ⩽ k.
For each problem, we apply a sequence of reduction rules. Each rule transforms an
instance (G, k) to a new instance (G ′ , k ′ ). We say that a rule is safe if (G, k) is a yes-instance
if and only if (G ′ , k ′ ) is a yes-instance. Since all of our reduction rules are very simple
and most of them are obviously doable in polynomial time, we omit the details of their
implementation and analyze their running time only when it is nontrivial.

3

Cluster edge deletion and strong triadic closure

A graph is a cluster graph if every component of this graph is a complete subgraph. It is well
known that a graph is a cluster graph if and only if it is P3 -free. Our first problem is the
cluster edge deletion problem. For a vertex set U ⊆ V(G), we write d(U) = |E(U, V(G) \ U)|,
i.e., the number of edges between U and V(G) \ U; we write d(v) instead of d({v}) for a
singleton set.
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▶ Rule 3.1. If there is a simplicial vertex v such that d(N[v]) ⩽ d(v), then remove N[v] and
decrease k by d(N[v]).
Safeness of Rule 3.1. We show that opt(G) = opt(G − N[v]) + d(N[v]). Let E− be an
optimal solution to the graph G. We have nothing to show if N[v] is a separate component
of G − E− . In the rest of the proof, N[v] is not a component of G − E− . Let G[X] denote the
component of G − E− that contains v. Since X is a clique and N[v] ̸= X, we have X ⊂ N[v].
In other words, neither X nor N[v] \ X is empty. Since any induced subgraph of G − E− is a
cluster graph, the subset of edges in E− with both endpoints in V(G) \ N[v] is a solution to
G − N[v]. Noting that this solution is disjoint from E(X, V(G) \ X), we have
opt(G) ⩾|E− ∩ E(G − N[v])| + d(X)
⩾opt(G − N[v]) + |X| · |N[v] \ X|
⩾opt(G − N[v]) + |X| + |N[v] \ X| − 1

(1)

=opt(G − N[v]) + d(v),
where the third inequality holds because both |X| and |N[v] \ X| are positive integers. For
′
′
any solution E−
of G − N[v], the set E−
∪ E(N[v], V(G) \ N[v]) is a solution of G. Thus,
opt(G) ⩽ opt(G − N[v]) + d(N[v]) ⩽ opt(G − N[v]) + d(v).

(2)

Therefore, all the inequalities in (1) and (2) are tight. In other words, if we remove all the
edges between N[v] and V(G) \ N[v], and then delete an optimal solution to G − N[v], then
we have an optimal solution to the graph G.
◀
A trivial but crucial fact is that a solution E− has at most 2|E− | endpoints. If a vertex v
is not an end of any edge in E− , then v has to be simplicial.
▶ Theorem 1. There is a 2k-vertex kernel for the cluster edge deletion problem.
Proof. Let G be a graph to which Rule 3.1 is not applicable. We show that if (G, k) is a
yes-instance, then |V(G)| ⩽ 2k. Let E− be an optimal solution to G, and let {v1 , v2 , . . . , vr }
be the vertices that are not incident to any edge in E− ; they have to be simplicial. For
i = 1, . . . , r, the set N[vi ] forms a component of G − E− . Note that for distinct i, j ∈ {1, . . . , r},
the sets N[vi ] and N[vj ] are either the same (when vi and vj are true twins) or mutually
disjoint: if N[vi ] ̸= N[vj ] and there exists x ∈ N[vi ] ∩ N[vj ], then one of xvi and xvj needs to
be in E− . We divide the cost of each edge uv ∈ E− and assign them to u and v equally. For
i = 1, . . . , r, the total cost attributed to all the vertices in N[vi ] is d(N[vi ])/2. Each of the
S
vertices not in ri=1 N[vi ] is an end of at least one edge in E− and therefore bears cost at
least 1/2. Summing them up, we get a lower bound for the total cost:
|E− | ⩾

r
r
[
1X
1
d(N[vi ]) + |V(G) \
N[vi ]|
2
2
i=1

⩾

r
1X

2

i=1

i=1

1
|N[vi ]| + |V(G) \
2

r
[

N[vi ]|

i=1

1
⩾ |V(G)|.
2
The second inequality holds because Rule 3.1 does not apply to vi for i = 1, . . . , r. Thus,
|V(G)|/2 ⩽ |E− | ⩽ k for a yes-instance, and we can return a trivial no-instance if |V(G)| > 2k.
This concludes the proof.
◀
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Let us mention that the condition of Rule 3.1 can be weakened to d(N[v]) < 2d(v) − 1.
We do not prove the stronger statement because it does not improve the analysis of the kernel
size, but let us briefly explain why it is true. The bound opt(G) ⩾ opt(G − N[v]) + 2d(v) − 1
holds unless |X| = 1 or |N[v] \ X| = 1; see the third inequality of (1). In the first case, v
itself makes a trivial component, and all the vertices in N(v) are in the same component;
this can only happen when there exists another vertex u with N(v) ⊆ N(u). In the second
case, a vertex u ∈ N(v) is incident to all the edges between N(v) and V(G) \ N[v]. If
d(N[v]) < 2d(v) − 1, then opt(G) ⩾ opt(G − N[v]) + 2d(v) − 1 holds in both cases.

(a)

(b)

(c)

Figure 2 The example given by Konstantinidis et al. [14]: (a) the input graph; (b) a maximum
cluster subgraph with seven edges; and (c) a maximum strong triadic closure with eight edges.

In the original definition, which was motivated by applications in social networks, the
strong triadic closure problem asks for a partition of the edge set of the input graph into
strong edges and weak ones, such that for every two vertices that are linked to a common
neighbor with strong edges are adjacent. The objective is to maximize the number of strong
edges. For our purpose, it is more convenient to define the problem as follows.
Strong triadic closure
Input:
Output:

A graph G and a nonnegative integer k.
Is there a set E− of at most k edges such that the missing edge of
every P3 of G − E− is in E(G)?

Thus, we call the set of weak edges as the solution to the strong triadic closure problem.
For any set E− ⊆ E(G), if G − E− is a cluster graph, then E− is also a solution to the strong
triadic closure problem: setting all edges in E− weak, and all other edges strong is a feasible
partition of E(G). As illustration in Figure 2, however, a strong triadic closure of a graph
can have fewer weak edges than an optimal solution to the cluster edge deletion problem on
the same graph. Surprisingly, Rule 3.1 works for the strong triadic closure problem without
change.
▶ Lemma 2. Rule 3.1 is safe for the strong triadic closure problem.
Proof. We show that opt(G) = opt(G − N[v]) + d(N[v]). Let E− be an optimal solution to
the graph G. We have nothing to show if N[v] is a separate component of G − E− . In the
rest of the proof, N[v] is not a component of G − E− . Let X denote the set of vertices with
N[X] = N[v], and Y ⊆ N[v] the endpoints of these edges in E(N[v], V(G) \ N[v]) \ E− (i.e.,
edges between N[v] and V(G) \ N[v] that are not in E− ). Note that X ̸= ∅ because v ∈ X,
and Y ̸= ∅ because E(N[v], V(G) \ N[v]) ̸⊆ E− (otherwise N[v] is a component of G − E− by
the minimality of E− ).
By definition, the subset of edges in E− with both endpoints in G − N[v] is a solution
to G − N[v]. By the selection of X and Y, every vertex in N[v] \ (X ∪ Y) is incident to at
least one edge in E− ∩ E(N[v], V(G) \ N[v]). For every x ∈ X and every y ∈ Y, there exists
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z ∈ V(G) \ N[v] that is adjacent to y but not x; hence, xyz is a P3 . As a result, all the edges
between X and Y have to be in E− . Thus,
opt(G) =|E− ∩ E(G − N[v])| + |E− ∩ E(N[v], V(G) \ N[v])| + |E− ∩ E(N[v])|
⩾opt(G − N[v]) + |N[v] \ (X ∪ Y)| + |X| · |Y|
⩾opt(G − N[v]) + |N[v]| − |X| − |Y| + |X| + |Y| − 1

(3)

⩾opt(G − N[v]) + |N[v]| − 1
=opt(G − N[v]) + d(v),
where |X| · |Y| ⩾ |X| + |Y| − 1 because both |X| and |Y| are positive integers. For any solution
′
′
E−
of G − N[v], the set E−
∪ E(N[v], V(G) \ N[v]) is a solution of G. Thus,
opt(G) ⩽ opt(G − N[v]) + d(N[v]) ⩽ opt(G − N[v]) + d(v).

(4)

Therefore, all the inequalities in (3) and (4) are tight. In other words, if we remove all the
edges between N[v] and V(G) \ N[v], and then delete an optimal solution to G − N[v], then
we have an optimal solution to the graph G.
◀
The proof of the following theorem is a word-for-word copy of that for Theorem 1, hence
omitted.
▶ Theorem 3. There is a 2k-vertex kernel for the strong triadic closure problem.
We should remark that our kernelization algorithms for the cluster edge deletion problem
and the strong triadic closure problem work for the weighted versions as well; see [3].

4

Trivially perfect completion

In this section we study the trivially perfect completion problem. Trivially perfect graphs are
{P4 , C4 }-free graphs. If there is a pair of adjacent vertices u, v such that neither N[u] \ N[v]
nor N[v] \ N[u] is empty, then they are contained in a P4 or C4 . Trivially perfect graphs
have many nice characterizations. Here are two of them.
▶ Theorem 4 ([19, 20]). The following are equivalent for a graph H.
i) H is a trivially perfect graph.
ii) Every connected induced subgraph of H contains a universal vertex.
iii) For every pair of adjacent vertices u and v, one of N[u] and N[v] is a subset of the
other.
If a vertex v is not contained in any P4 or C4 , then for every neighbor u of v, one of N[u]
and N[v] is a subset of the other.
▶ Lemma 5 (⋆3 ). If a vertex v is not contained in any P4 or C4 , then opt(G − v) = opt(G).
As a simple result of Lemma 5, we have the following reduction rule (which was mentioned
by Guo [12], without a proof). In particular, all universal vertices of every component of G
can be removed.
▶ Rule 4.1. If there is a vertex v that is not contained in any P4 or C4 , then remove v.
3

Proofs of propositions marked with ⋆ are deferred to the full version.
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For each induced 4-path or 4-cycle v1 v2 v3 v4 , we call the missing edges {v1 , v3 } and {v2 , v4 }
the candidate edges for this path or cycle. Clearly, any solution of a graph G contains at
least one candidate edge of every P4 or C4 ; note that a P4 has another missing edge, the
addition of which merely turns the P4 into a C4 .
▶ Rule 4.2. If uv is a candidate edge of k + 1 or more P4 ’s and C4 ’s in G, then add the
edge uv and decrease k by one.
Safeness of Rule 4.2. Since each P4 or C4 of G has precisely two candidate edges, if a
solution E+ of G does not contain uv, then E+ must contain the other candidate edge of
each of the k + 1 P4 ’s and C4 ’s, hence |E+ | > k.
◀
We are thus ready for the main result of this section.
▶ Theorem 6. There is a (2k2 + 2k)-vertex kernel for the trivially perfect completion problem.
Proof. After applying Rule 4.2 and then Rule 4.1 exhaustively, we return (G, k) if |V(G)| ⩽
2k2 + 2k, or a trivial no-instance otherwise. We consider all the candidate edges of G. We
say that two candidate edges are associated if they belong to the same P4 or C4 ; i.e., their
endpoints are disjoint and together induce a P4 or C4 . Since Rule 4.2 is not applicable, each
candidate edge is associated with at most k candidate edges. On the other hand, of any two
associated edges, one has to be in any solution of G. Thus, if (G, k) is a yes-instance, there
can be at most k2 + k candidate edges. Since Rule 4.1 is not applicable, every vertex is in
some P4 or C4 , and hence is an end of a candidate edge. Thus, |V(G)| ⩽ 2k2 + 2k if (G, k) is
a yes-instance.
◀
The analysis of the kernel in Theorem 6 is essentially the same as Buss and Goldsmith’s
kernelization algorithm for the vertex cover problem [1]. In a sense, we are looking for a
vertex cover of an auxiliary graph in which each vertex corresponds to a candidate edge of G,
and two vertices are adjacent if their corresponding edges are associated. We note that the
same approach implies a simple O(k2 )-vertex kernel for the threshold completion problem,
matching the result of Drange et al. [5]. The forbidden induced subgraphs of threshold
graphs are 2K2 , P4 , and C4 . The observation on the missing edges of a P4 or C4 is the same
as above, while the four missing edges of a 2K2 can be organized as two pairs such that each
solution has to contain at least one from each pair. However, we are not able to employ the
2k-vertex kernels for vertex cover to directly derive a linear-vertex kernel for either of the
two problems.
Before closing this section, let us mention some observations that might be of independent
interest. A set M of vertices is a module if N(M) = N(v) \ M for every v ∈ M.
▶ Lemma 7 (⋆). A module M of a graph G remains a module in any minimal trivially
b of G.
perfect completion G

5

Split edge deletion and split completion

A graph is a split graph if its vertex set can be partitioned into a clique and an independent
set. We use C ⊎ I, where C being a clique and I an independent set, to denote a split partition
of a split graph. Note that a split graph may have more than one split partition; e.g., a
complete graph on n vertices has n + 1 different split partitions. The forbidden induced
subgraphs of split graphs are 2K2 , C4 , and C5 . From both the definition and the forbidden
induced subgraphs we can see that the complement of a split graph is also a split graph.
Thus, the split completion problem is polynomially equivalent to the split edge deletion
problem. For the convenience of presentation, we work on the edge deletion problem.
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Note that (G, k) is a yes-instance if and only if there exists a partition C ⊎ I of V(G)
such that C is a clique and |E(I, I)| ⩽ k; this is a split partition of G − E(I, I). We call such a
partition a valid partition of the instance (G, k). The problem is thus equivalent to finding
a valid partition. We notice that some vertices can be easily decided to which side of a
valid partition they should belong. For example, unless the instance is trivial, a simplicial
vertex always belong to the independent set in any valid partition. Even after we know
the destinations of these vertices, however, we cannot safely delete them. This brings us to
the annotated version of the problem, where we mark certain vertices that can only be put
into the independent set in a valid partition. We use (G, I0 , k) to denote such an annotated
instance, where I0 denotes the set of marked vertices. The original instance can be viewed
as (G, ∅, k), and a valid partition of an annotated instance (G, I0 , k) needs to satisfy the
additional requirement that I0 ⊆ I.
We can easily retrieve back an unannotated instance from an annotated instance. It
suffices to add a small number of new vertices and make each of them adjacent to all other
vertices but I0 .
√
▶ Rule 5.1. Let (G, I0 , k) be an annotated instance. Add a clique of 2k + 1 new vertices,
and make each of them adjacent to all the vertices in V(G) \ I0 . Return the result as an
unannotated instance.
Safeness of Rule 5.1. Let K denote the clique of new vertices, and let (G ′ , k) be the resulting
instance. For any valid partition C ⊎ I of (G, I0 , k), the partition (C ∪ K) ⊎ I is a valid partition
of (G ′ , k) because C ⊆ V(G) \ I ⊆ N(x) for every x ∈ K. For a valid partition C ⊎√I of (G ′ , k),
if any vertex in I0 is in C, then we must have K ⊆ I. Since K is a clique of order 2k + 1, we
have |E(I, I)| > k, which contradicts the validity of the partition.
◀
The aforementioned observation on simplicial vertices is formalized by the following rule.
▶ Rule 5.2. Let v be a simplicial vertex in V(G) \ I0 . If |E(G − (N[v] \ I0 ))| ⩽ k, then return
a trivial yes-instance. Otherwise, add v to I0 .
Safeness of Rule 5.2. In the first case, (N[v] \ I0 ) ⊎ (V(G) \ N[v] ∪ I0 ) is a valid partition.
Otherwise, we show by contradiction that v ∈ I in any valid partition C ⊎ I of (G, I0 , k).
Since C is a clique, if v ∈ C, then C ⊆ N[v] \ I0 . Thus, E(G − (N[v] \ I0 )) ⊆ E(I, I), but then
|E(I, I)| > k, contradicting the validity of the partition.
◀
We construct a modulator M as follows. We greedily find a maximal packing of vertexdisjoint 2K2 ’s, C4 ’s, and C5 ’s. Let M be the set of vertices in all subgraphs we found. We
can terminate the algorithm by returning a trivial no-instance if we have found more than
k vertex-disjoint forbidden induced subgraphs from G. Henceforth, we may assume that
|M| ⩽ 5k, and we fix a split partition CM ⊎ IM of G − M. The following simple observation
enables us to know the destinations of more vertices.
▶ Lemma 8 (⋆).
√ For any valid partition C ⊎ I of (G, k), if one exists, (i) |IM ∩ C| ⩽ 1; and
(ii) |CM ∩ I| ⩽ 2k.
We say that a vertex is a c-vertex, respectively, an i-vertex, if it is in C, respectively, in I,
for any valid partition C ⊎ I of (G, I0 , k). By Lemma 8(i), C contains at most one vertex in
IM . Thus, every vertex that has more than k + 1 neighbors in IM is a c-vertex, while the
following are i-vertices:
√
every vertex with more than 2k non-neighbors in CM ; and
every vertex nonadjacent to a c-vertex.
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We can indeed delete all the c-vertices, as long as we keep their non-neighbors marked. Note
that after obtaining the initial split partition CM ⊎ IM of G − M, we do not need to maintain
the invariant that M is a modulator, though we do maintain that CM is a clique and that
IM is an independent set throughout. During our algorithm, we maintain M, CM , IM , and
I0 as a partition of V(G). Therefore, whenever we mark a vertex, we remove it from the set
that originally contains it, and move it to I0 .
▶ Rule 5.3. Let (G, I0 , k) be an annotated instance.
√
i) Mark every vertex that has more than 2k non-neighbors in CM .
ii) If a vertex v has more than k + 1 neighbors in IM ∪ I0 , then mark every vertex in
V(G) \ N[v] and delete v.
Safeness of Rule 5.3. Let I0′ denote the set of marked vertices after the reduction. It is
trivial that if the resulting instance of i) is a yes-instance, then the original is also a yesinstance. For ii), any valid partition C ′ ⊎ I ′ of (G − v, I0′ , k) can be extended to a valid
partition (C ′ ∪ {v}) ⊎ I ′ of (G, I0 , k) because C ′ ⊆ V(G) \ I0′ ⊆ N[v].
For the other direction, let C ⊎ I be any valid partition of (G, I0 , k).
√ i) Since C is a clique,
CM \ N(v) ⊆ I for every v ∈ C. By Lemma 8(ii), if |CM \ N(v)| > 2k for some vertex v,
then v has to be in I. Thus, C ⊎ I is also a valid partition of the new instance (G, I0′ , k). ii)
By Lemma 8(i), |IM \ I| ⩽ 1. As I0 ⊆ I and |N(v) ∩ (IM ∪ I0 )| > k + 1, there are at least
k + 1 edges between v and I. Since |E(I, I)| ⩽ k, we must have v ∈ C. Moreover, since C is a
clique, C ⊆ N[v], and every vertex nonadjacent to v has to be in I. This justifies the marking
of V(G) \ N[v]. Clearly, (C \ {v}) ⊎ I is a valid partition of (G − v, I0′ , k).
◀
The next rule is straightforward: since I0 has to be in the independent set, every solution
contains all the edges in E(I0 , I0 ).
▶ Rule 5.4. Let (G, I0 , k) be an annotated instance. Remove all the edges in E(I0 , I0 ), and
decrease k accordingly.
Safeness of Rule 5.4. By the definition of the annotated instance, any solution E− of
(G, I0 , k) contains all the edges in E(I0 , I0 ). Moreover, E− \E(I0 , I0 ) is a solution to G−E(I0 , I0 ),
and its size is at most k − |E(I0 , I0 )|. On the other hand, if (G − E(I0 , I0 ), k − |E(I0 , I0 )|) is a
yes-instance, then any solution of this instance, together with E(I0 , I0 ), makes a solution of
(G, I0 , k) of size at most k.
◀
Once there are no edges among vertices in I0 , we can replace I0 with another independent
set as long as we keep track of the number of edges between every vertex v ∈ V(G) \ I0 and
I0 . The following rule reduces the cardinality of I0 . Note that if Rule 5.3 is not applicable,
then p ⩽ k.
▶ Rule 5.5. Let (G, I0 , k) be an annotated instance where I0 is an independent set. Introduce
p new vertices v1 , v2 , . . ., vp , where p = maxv∈V(G) |N(v) ∩ I0 |. For each vertex x ∈ N(I0 ),
make x adjacent to v1 , . . ., v|N(x)∩I0 | . Remove all vertices in I0 , and mark the set of new
vertices.
Instead of proving the safeness of Rule 5.5, we prove a stronger statement.
▶ Lemma 9. Let (G, I0 , k) and (G ′ , I0′ , k) be two annotated instances where G − I0 = G ′ − I0′
and both I0 and I0′ are independent sets. If |NG (x)∩I0 | = |NG 0 (x)∩I0′ | for every x ∈ V(G)\I0 ,
then (G, I0 , k) is a yes-instance if and only if (G ′ , I0′ , k) is a yes-instance.
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Proof. We show that C ⊎ I is a valid partition of (G, I0 , k) if and only if C ⊎ ((I \ I0 ) ∪ I0′ ) is
a valid partition of (G ′ , I0′ , k). Note that
X
X
|E(I \ I0 , I0 )| =
|NG (x) ∩ I0 | =
|NG 0 (x) ∩ I0′ | = |E(I \ I0′ , I0′ )|.
x∈I\I0

x∈I\I00

Since G − I0 = G ′ − I0′ , and since there is no edge in G[I0 ] or G ′ [I0′ ], the claim follows.

◀

Let us recall an important observation of Guo [12].
▶ Lemma 10 ([12]). If a vertex v is not contained in any 2K2 , C4 , or C5 , then opt(G − v) =
opt(G).
Both Guo [12] and Ghosh et al. [10] used a rule derived from this observation to delete
vertices, and this is their only rule that removes vertices from the graph. We may show that
the same rule indeed works for our annotated instances, for which however we have to go
through the original argument of [12]. We note that if a vertex v in I0 is adjacent to two
vertices u and w with uw ̸∈ E(G), then any solution has to contain at least one of edges uv
and vw (u and w cannot be both in the clique). We say that an induced P3 is I0 -centered
if the degree-two vertex of this P3 is from I0 . In a sense, I0 -centered P3 ’s are “minimal
forbidden structures” for our annotated instances. Accordingly, a C4 or C5 involving a vertex
from I0 is no longer minimal. In summary, the “minimal forbidden structures” are C4 ’s and
C5 ’s in G − I0 , all 2K2 ’s, and I0 -centered P3 ’s. Note that a “minimal forbidden structure”
intersecting I0 has to be a 2K2 or an I0 -centered P3 , and this gives another explanation of the
correctness of Lemma 9, which exchanges these two kinds of “minimal forbidden structures”
with each other. The following rule can be viewed as the annotated version of the rule of
Guo [12], and its safeness can be argued using Lemma 10.
▶ Rule 5.6 (⋆). Let (G, I0 , k) be an annotated instance where I0 is an independent set, and
let v be a vertex in CM . If v is not contained in any 2K2 or any I0 -centered P3 , and every
C4 and C5 that contains v intersects I0 , then remove v from G.
We call an annotated instance reduced if none of Rules 5.2–5.6 is applicable to this
instance. The following lemma bounds the cardinalities of CM and IM in a reduced instance.
√
▶ Lemma 11. If a reduced instance (G, I0 , k) is a yes-instance, then |CM | ⩽ 3k 2k and
|IM | ⩽ k + 1.
Proof. Let E− be any solution to (G, I0 , k) with at most k edges. Since Rule 5.6 is not
applicable, every vertex in CM is contained in some 2K2 or I0 -centered P3 , or some C4 or
C5 in G − I0 . Any of these structures contains an edge in E− . Therefore, to bound |CM |, it
suffices to count how many vertices in CM can form a 2K2 or I0 -centered P3 , or a C4 or C5
in G − I0 with an edge xy ∈ E− .
If a vertex v ∈ CM is in a 2K2 with edge xy, then either v ∈ {x, y} or v is adjacent to
neither x nor y. In the first case, no other vertex in CM can occur in any 2K2 with xy.
Since
xy ∈ E(G), at least one of them is not in I0 (Rule 5.4). This vertex has at most
√
2k non-neighbors in CM . Therefore,
the total number of vertices in CM that can occur
√
in any 2K2 with xy is at most 2k.
If xy is an edge in any I0 -centered P3 , then precisely one of them is in I0 . Assume without
loss of generality x ∈ I0 . If a vertex v ∈ CM is in an I0 -centered P3 with
√ the edge xy, then
either v = y, or v is not adjacent to y. Since y ̸∈ I0 , it has at most 2k non-neighbors
in CM . Thus, the total number
of vertices in CM that can occur in any I0 -centered P3
√
containing xy is at most 2k + 1.
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If a vertex v ∈ CM is in a C4 or C5 that contains xy, then v is adjacent
√to at most one of
x and y. Since this C4 or C5 is in G − I0 , each of x and y has at most 2k non-neighbors
in CM .√Thus, the total number of vertices in CM that can occur in such a C4 or C5 is at
most 2 2k.
Noting that an edge cannot satisfy the conditions of both the√second√(|{x, y} ∩ I√
0 | = 1) and
third (|{x, y} ∩ I0 | = 0) categories, we can conclude |CM | ⩽ k( 2k + 2 2k) = 3k 2k.
Since Rule 5.2 is not applicable, no vertex in IM is simplicial. Suppose that C ⊎ I is a
valid partition of G. Since C is a clique, for each vertex v ∈ IM ∩ I, at least one neighbor
of v is in I. Therefore, each vertex v ∈ IM ∩ I is incident to an edge in the solution E(I, I).
Noting that IM is an independent set, we have k ⩾ |IM ∩ I| ⩾ |IM | − 1, where the second
inequality follows from Lemma 8(i). Thus, |IM | ⩽ k + 1, and this concludes this proof. ◀
Note that the application of Rule 5.1 is different from the other ones. The application of
one of Rules 5.2–5.6 may trigger the applicable of another. After the application of Rule 5.1,
the instance is no longer annotated, and we will not go back to check the other rules. We
summarize the algorithm in Algorithm 1.
Algorithm 1 A summary of our kernelization algorithm for split edge deletion.
Input: an instance (G, k) of the split edge deletion problem.
Output: an equivalent instance (G ′ , k ′ ) with |V(G ′ )| = O(k ′1.5 ).
I0 ← ∅;
M ← a maximal packing of vertex-disjoint 2K2 ’s, C4 ’s, and C5 ’s;
if |M| > 5k then return a trivial no-instance;
if k < 0 then return a trivial no-instance;
for each simplicial vertex v ∈ V(G) \ I0 do (Rule 5.2)
if |E(G − (N[v] \ I0 ))| ⩽ k then return a trivial yes-instance;
else I0 ← I0 ∪ {v};
5.
remove c-vertices and mark i-vertices (Rule 5.3);
6.
if E(I0 , I0 ) ̸= ∅ then
remove edges in E(I0 , I0 ) and decrease k (Rule 5.4);
7.
merge I0 into ⩽ k vertices (Rule 5.5);
8.
remove vertices in CM not contained in certain structures (Rule 5.6);
9.
if any of Rules 5.2–5.4
√ and 5.6 made a change then goto 3;
10. if |CM
|
+
|I
|
>
3k
2k + k + 1 then return a trivial no-instance;
M
√
11. add 2k + 1 new vertices and remove all marks (Rule 5.1);
12. return (G, k).
1.
1.
2.
3.
4.

▶ Theorem 12. There is an O(k1.5 )-vertex kernel for the split edge deletion problem.
Proof. We use the algorithm described in Algorithm 1. The first two steps build the
modulator, and their correctness follows from that any solution contains at least one edge of
each forbidden induced subgraph of G. Step 3 is obviously correct. Steps 4–8 follow from
the safeness of the rules; so is step 11. The correctness of step 10 is ensured by Lemma 11.
The cardinality of M is at most 5k, and it never increases during the algorithm. After
step 7, |I0 | ⩽ k. We
√ have bounded the cardinalities of CM and IM in Lemma 11. Step 11
increases |CM | by 2k + 1. Putting them together, we have
√
√
|V(G)| ⩽ 5k + k + (3k 2k + 2k + 1) + k + 1 = O(k1.5 ).
It is easy to verify that each reduction rule can be checked and applied in polynomial
time. To see that the algorithm runs in polynomial time, note that if any of Rules 5.2–5.4
and 5.6 made a change to the instance, then either k decreases by one (Rule 5.4), or the
cardinality of V(G) \ I0 decreases by one (the other three rules).
◀
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Since the class of split graphs is self-complementary, our algorithm also implies a kernel
for the split completion problem. This kernel actually has fewer edges than the one for split
edge deletion.
▶ Theorem 13. There is a kernel of O(k1.5 ) vertices and O(k2.5 ) edges for the split completion
problem.
Proof. Let (G, k) be the input instance of the split completion problem. We can either take
the complement of the input graph and consider it as an instance of the split edge deletion
problem, or run the “complemented
√ versions” of the rules. In the final result, we have an
independent set of at most O(k k) vertices, and at most O(k) other vertices. The claim
then follows.
◀

6

Pseudo-split edge deletion and pseudo-split completion

The algorithm in Alg. 1 also works for the pseudo-split ({2K2 , C4 }-free) edge deletion problem.
▶ Theorem 14. There is an O(k1.5 )-vertex kernel for the pseudo-split edge deletion problem.
There is a kernel of O(k1.5 ) vertices and O(k2.5 ) edges for the pseudo-split completion problem.
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Introduction

Background and Motivation. Kernelization [19] is a subfield of parameterized complexity [7,
15] that investigates the complexity of preprocessing NP-hard problems. A parameterized
problem includes in its input an integer k which we call the parameter. This parameter
can be seen as a measure of complexity of the problem input. A common choice is to treat
the size of the desired solution as the parameter. A kernelization is a polynomial-time
preprocessing algorithm that converts a problem instance with parameter k into an equivalent
parameterized instance of the same problem such that both the size and the parameter value
of the new instance are bounded by a function f of k. The function f is called the size of
the kernel. It is known that a decidable parameterized problem has a kernel if and only
if it is fixed-parameter tractable [7, Lemma 2.2]. A major challenge is to determine which
parameterized problems admit a kernel of polynomial size.
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One class of problems that received much attention [17, 18, 23, 26, 28] is F -Minor-Free
Deletion. For a fixed finite family of graphs F , the F -Minor-Free Deletion problem
asks, given a graph G and parameter k, whether a vertex set S ⊆ V (G) of size k exists such
that the graph G − S, obtained from G by removing the vertices in S, does not contain
any graph F ∈ F as a minor. This class of problems includes a large variety of well-studied
problems such as Vertex Cover, Feedback Vertex Set, and Planarization, which
are obtained by taking F equal to (respectively) {K2 }, {K3 }, and {K5 , K3,3 }. All of the
F-Minor-Free Deletion problems are fixed-parameter tractable [38], but it is unknown
whether they all admit a polynomial kernel [18]. If each graph in F contains at least one
edge, it follows from the general results of Lewis and Yannakakis [30] that F -Minor-Free
Deletion is NP-hard.
If F is restricted to only families containing a planar graph we speak of Planar-F
Deletion. Since the family of F -minor-free graphs has bounded treewidth if and only if F
includes a planar graph [36], this restriction ensures that removing a solution to the problem
yields a graph of constant treewidth. Hence any solution is a treewidth-η modulator for
some η ∈ N depending on F . For this more restricted class Fomin et al. [18] have shown that
polynomial kernels exist for each choice of F . However, the running time of this kernelization
algorithm is described by the authors as “horrendous” and regarding the size the authors
state the following:
The size of the kernel, however, is not explicit. Several of the constants that go into
the proof of Lemma 29 depend on the size of the largest graph in certain antichains
in a well-quasi-order and thus we don’t know what the (constant) exponent bounding
the size of the kernel is. We leave it to future work to make also the size of the kernel
explicit.
For some specific Planar-F Deletion problems kernels with explicit size are known.
Most famous are Vertex Cover and Feedback Vertex Set which admit kernels with
respectively a linear and quadratic number of vertices [5, 25, 42]. Additionally, if θc denotes
the graph with two vertices and c ≥ 1 parallel edges, then {θc }-Minor-Free Deletion
admits a kernel with O(k 2 log3/2 k) vertices and edges [17, Theorem 1.2]; note that the
cases c = 1 and c = 2 correspond to Vertex Cover and Feedback Vertex Set. Another
problem for which an explicit kernel size bound is known is Pathwidth-one Deletion,
where the goal is to obtain a graph of pathwidth one, i.e, each connected component is
a caterpillar. First a kernel of quartic size was given [34] which was later improved to
a quadratic kernel [8]. If we want to remove at most k vertices to reduce the treedepth to
at most η, we obtain the Treedepth-η Deletion problem. Since this property can be
characterized by forbidden minors and bounded treedepth implies bounded treewidth, this
problem is also a special case of Planar-F Deletion. Giannopoulou et al. [23] have shown
2
that for every η, there is a kernel with 2O(η ) · k 6 vertices for Treedepth-η Deletion.
They have also proven that in general there is no hope for a universal constant in the kernel
exponent and the degree of the polynomial which bounds the kernel size must increase as
a function of F unless NP ̸⊆ coNP/poly.
In this paper we investigate Outerplanar Deletion, which asks for a graph G and
parameter k whether a set S ⊆ V (G) of size k exists such that G − S is outerplanar. A graph
is outerplanar if it admits a planar embedding for which all vertices lie on the outer face,
or equivalently, if it does not contain K4 or K2,3 as a minor. Outerplanar graphs form a
rich superclass of forests and are frequently studied in graph theory [4, 6, 10, 16, 41], graph
drawing [1, 21, 32], and optimization [22, 31, 33, 35].
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Since outerplanarity can be characterized as being {K4 , K2,3 }-minor-free [4], the problem
belongs to the class of Planar-F Deletion problems. It is arguably the easiest problem
in the class for which no explicit polynomial kernel is known. This makes Outerplanar
Deletion a well-suited starting point to deepen our understanding of Planar-F Deletion
problems in the search for explicit kernelization bounds.
Results. Let opd(G) denote the minimum size of a vertex set S ⊆ V (G) such that G − S is
outerplanar. Our main result is the following theorem:
▶ Theorem 1.1. The Outerplanar Deletion problem admits a polynomial-time kernelization algorithm that, given an instance (G, k), outputs an equivalent instance (G′ , k ′ ), such
that k ′ ≤ k, graph G′ is a minor of G, and G′ has O(k 4 ) vertices and edges. Furthermore,
if opd(G) ≤ k, then opd(G′ ) = opd(G) − (k − k ′ ).
The algorithm behind Theorem 1.1 is elementary, consisting of a subroutine to build
a decomposition of the input graph G using marking procedures in a tree decomposition,
together with a series of explicit reduction rules. In particular, we avoid the use of protrusion
replacement (summarized below). Concrete bounds on the hidden constant in the O-notation
follow from our arguments. The size bound depends on the approximation ratio of an
approximation algorithm that bootstraps the decomposition phase, for which the current
state-of-the-art is 40. We will therefore present a formula to obtain a concrete bound on
the kernel size, rather than its value using the current-best approximation (which would
exceed 105 ).
Theorem 1.1 presents the first concrete upper bound on the degree of the polynomial
that bounds the size of kernels for Outerplanar Deletion. We hope that it will pave the
way towards obtaining explicit size bounds for all Planar-F Deletion problems and give
an impetus for research on the kernelization complexity of the Planar Deletion problem,
which is one of the major open problems in kernelization today [40, 4:28],[19, Appendix A].
Via known connections [18] between kernelizations that reduce to a minor of the input
graph and bounds on the sizes of obstruction sets, we obtain the following corollary.
▶ Corollary 1.2. If G is a graph such that opd(G) > k but each proper minor G′ of G
satisfies opd(G′ ) ≤ k, then G has O(k 4 ) vertices and edges.
The existence of a polynomial bound with unknown degree follows from the work of
Fomin et al. [18]; Corollary 1.2 gives the first explicit size bounds and contributes to a large
body of research on minor-order obstructions (e.g. [3, 11, 12, 13, 29, 37, 39]).
Techniques. The known kernelization algorithms [17, 18] for Planar-F Deletion make
use of (near-)protrusions. A protrusion is a vertex set that induces a subgraph of constant
treewidth and boundary size. Protrusion replacement is a technique where sufficiently large
protrusions are replaced by smaller ones without changing the answer. Protrusion techniques
were first used to obtain kernels for problems on planar and other topologically-defined
graph classes [2]. Later Fomin at al. [17] described how to use protrusion techniques for
problems on general graphs. They proved [17, Lemma 3.3] that any graph G, which contains
a modulator X to constant treewidth such that |X| and the size of its neighborhood can
be bounded by a polynomial in k, contains a protrusion of size |V (G)|/k O(1) that can be
found efficiently. For any fixed F containing a planar graph, they present a method to obtain
a small modulator to an F -minor-free graph, which has constant treewidth. This leads to
a polynomial kernel for Planar-F Deletion on graphs with bounded degree since the
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size of the neighborhood of the modulator can be bounded so protrusion replacement can
be used to obtain a polynomial kernel. Specifically for {θc }-Minor-Free Deletion they
give reduction rules to reduce the maximum degree in a general graph, which leads to a
polynomial kernel on general graphs.
The kernel for Planar-F Deletion given by Fomin et al. [18] does not rely on bounding
the size of the neighborhood of the modulator followed by protrusion replacement. Instead
they present the notion of a near-protrusion: a vertex set that will become a protrusion after
removing any size-k solution from the graph. With an argument based on well-quasi-ordering
they determine that if such near-protrusions are large enough one can, in polynomial time,
reduce to a proper minor of the graph without changing the answer.
In this paper we present a method for Outerplanar Deletion to decrease the size
of the neighborhood of a modulator to outerplanarity. This relies on a process that was
called “tidying the modulator” in earlier work [43] and also used in the kernelization for
Chordal Vertex Deletion [27]. The result is a larger modulator X ⊆ V (G) but with
the additional feature that it retains its modulator properties when omitting any single
vertex, that is, G − (X \ {x}) is outerplanar for each x ∈ X. We proceed by decomposing
the graph into near-protrusions, following along similar lines as the decomposition by Fomin
et al. [17] but exploiting the structure of outerplanar graphs at several steps to obtain
such a decomposition with respect to our larger tidied modulator, without leading to worse
bounds. With the additional properties of the modulator X obtained from tidying we no
longer need to rely on well-quasi-ordering, but instead are able to reduce the size of the
neighborhood of the modulator in two steps. The first reduces the number of connected
components of G − X which are adjacent to any particular modulator vertex x ∈ X. In
the case of {θc }-minor-free graphs, if G − (X \ {x}) is {θc }-minor-free then bounding the
number of components of G − X adjacent to each x ∈ X this is sufficient to bound |NG (X)|,
since any x ∈ X has less than c neighbors in any component of G − (X \ {x}). One of
the major difficulties we face when working with {K2,3 }-minor-free graphs is that in such a
graph there can be arbitrarily many edges between a vertex x and a connected component
of G − (X \ {x}). Therefore we present an additional reduction rule that reduces, in a second
step, the number of edges between a vertex and a connected component. After these two
steps we obtain a bound on the size of the neighborhood of the modulator. At this point,
standard protrusion replacement could be applied to prove the existence of a kernel for
Outerplanar Deletion with O(k 4 ) vertices. In order to give an explicit kernelization
algorithm we present a number of additional reduction rules to avoid the generic protrusion
replacement technique. This eventually leads to a kernel with at most c · k 4 vertices and
edges for Outerplanar Deletion. It is conceptually simple (yet tedious) to extract the
explicit value of c from the algorithm description.

Organization. In the next section we give basic definitions and notation we use throughout
the rest of the paper, together with structural observations for outerplanar graphs. Section 3
describes how we obtain small modulators to outerplanarity with progressively stronger
properties, and finally we obtain a modulator of size O(k 4 ) such that each remaining
component has only 4 neighbors in the modulator, effectively forming a decomposition
into protrusions. The second stage of the kernelization reduces the size of the connected
components outside the modulator. These reduction rules are described in Section 4. In
Section 5 we finally tie everything together to obtain a kernel with O(k 4 ) vertices and edges.
Due to space restrictions, all proofs (except Lemma 3.17) have been deferred to the full
version [14].
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Preliminaries

Kernelization. A parameterized problem is a decision problem in which every input has
an associated positive integer parameter that captures its complexity in some well-defined
way. For a parameterized problem A ⊆ Σ∗ × N and a function f : N → N, a kernelization
for A of size f is an algorithm that, on input (x, k) ∈ Σ∗ × N, takes time polynomial in |x| + k
and outputs (x′ , k ′ ) ∈ Σ∗ × N such that the following holds:
1. (x, k) ∈ A if and only if (x′ , k ′ ) ∈ A, and
2. both |x′ | and k ′ are bounded by f (k).
Graph theory. The set {1, . . . , p} is denoted by [p]. We consider simple undirected graphs
without self-loops. A graph G has vertex set V (G) and edge set E(G). We use shorthand
n = |V (G)| and m = |E(G)|. For (not necessarily disjoint) A, B ⊆ V (G), we define
EG (A, B) = {uv | u ∈ A, v ∈ B, uv ∈ E(G)}. The open neighborhood of v ∈ V (G) is
NG (v) := {u | uv ∈ E(G)}, where we omit the subscript G if it is clear from context. For a
S
vertex set S ⊆ V (G) the open neighborhood of S, denoted NG (S), is defined as v∈S NG (v)\S.
The closed neighborhood of a single vertex v is NG [v] := NG (v) ∪ {v}, and the closed
neighborhood of a vertex set S is NG [S] := NG (S) ∪ S. The boundary of a vertex set
S ⊆ V (G) is the set ∂G (S) = NG (V (G) \ S). For A ⊆ V (G), the graph induced by A is
denoted by G[A] and we say that the vertex set A is connected if the graph G[A] is connected.
We use notation G⟨A⟩ = G[NG [A]] and, when H is an induced subgraph of G, we write
briefly G⟨H⟩ = G⟨V (H)⟩ or ∂G (H) = ∂G (V (H)). We use shorthand G − A for the graph
G[V (G) \ A]. For v ∈ V (G), we write G − v instead of G − {v}. For A ⊆ E(G) we denote
by G \ A the graph with vertex set V (G) and edge set E(G) \ A. For e ∈ E(G) we write G \ e
instead of G \ {e}. If e = uv, then V (e) = {u, v}.
A vertex v ∈ V (G) is an articulation point in a connected graph G if G − v is not
connected. A graph is called biconnected if it has no articulation points. A biconnected
component in G is an inclusion-wise maximal subgraph which is biconnected. A vertex set
A ⊆ V (G) is an independent set in G if EG (A, A) = ∅. A graph G is bipartite if there is
a partition of V (G) into two independent sets A, B. We write shortly G = (A ∪ B, E) to
specify a bipartite graph on vertex set E = E(G) admitting this partition.
▶ Definition 2.1. For a vertex set X ⊆ V (G) the component graph C(G, X) is a bipartite
graph (X ∪ Y, E), where Y is the set of connected components of G − X, and (v, C) ∈ E if
there is at least one edge between v ∈ X and the component C ∈ Y .
For an integer q, the graph Kq is the complete graph on q vertices. For integers p, q, the
graph Kp,q is the bipartite graph (A ∪ B, E), where |A| = p, |B| = q, and uv ∈ E whenever
u ∈ A, v ∈ B.
Minors. A contraction of uv ∈ E(G) introduces a new vertex adjacent to all of NG ({u, v}),
after which u and v are deleted. The result of contracting uv ∈ E(G) is denoted G/uv. For
A ⊆ V (G) such that G[A] is connected, we say we contract A if we simultaneously contract
all edges in G[A] and introduce a single new vertex. We say that H is a minor of G, if we
can turn G into H by a (possibly empty) series of edge contractions, edge deletions, and
vertex deletions. If this series is non-empty, then H is called a proper minor of G.
Planar and outerplanar graphs. A graph is called planar if it admits a plane embedding.
By Wagner’s theorem, a graph G is planar if and only if G contains neither K5 nor K3,3 as a
minor. A graph is called outerplanar if it admits a plane embedding with all vertices lying on
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the outer face. A graph G is outerplanar if and only if G contains neither K4 nor K2,3 as a
minor [4]. A graph G is planar (resp. outerplanar) if and only if every biconnected component
in G induces a planar (resp. outerplanar) graph. Recall that G⟨C⟩ = G[NG (V (C))].
▶ Observation 2.2. Let v ∈ V (G). The graph G is outerplanar if and only if for each
connected component C of G − v the graph G⟨C⟩ is outerplanar.
For a graph G we call S ⊆ V (G) an outerplanar deletion set if G − S is outerplanar.
The outerplanar deletion number of G, denoted opd(G), is the size of a smallest outerplanar
deletion set in G.
Structural properties of outerplanar graphs. We present a number of structural observations
of outerplanar graphs which will be useful in our later argumentation. The first is a
characterization of outerplanar graphs similar to Observation 2.2. Rather than looking at
the components of a graph with one vertex removed, it considers the components of a graph
with both endpoints of an edge removed. This allows us for example to easily argue about
outerplanarity of graphs obtained from “gluing” two outerplanar graphs on two adjacent
vertices.
▶ Lemma 2.3. Let G be a graph and e ∈ E(G). Then G is outerplanar if and only if both
of the following conditions hold:
1. for each connected component C of G − V (e) the graph G⟨C⟩ is outerplanar, and
2. the graph G \ e does not have three induced internally vertex-disjoint paths connecting the
endpoints of e.
In order to more easily apply Lemma 2.3, we show that no two induced paths as referred to
in Lemma 2.3(2) can lie in the same connected component C as referred to in Lemma 2.3(1).
▶ Lemma 2.4. Suppose G is outerplanar with an edge uv ∈ E(G). If P1 , P2 are internally
vertex-disjoint (u, v)-paths in G \ uv, then the interiors of P1 and P2 lie in different connected
components of G − {u, v}.
We now give a condition under which an edge can be added to an outerplanar without
violating outerplanarity. Intuitively, this corresponds to adding an edge between two vertices
that lie on the same interior face.
▶ Lemma 2.5. Suppose G is outerplanar and vertices x, y lie on an induced cycle D
with xy ∈
/ E(G). Then adding the edge xy to G preserves outerplanarity.
Finally, we observe that if an outerplanar graph G has a cycle C, then any component
of G − V (C) is adjacent to at most two vertices of the cycle (else there would be a K4 minor),
and these must be consecutive on the cycle (else there would be a K2,3 minor).
▶ Lemma 2.6. If C is a cycle in an outerplanar graph G, then each connected component
of G − V (C) has at most two neighbors in C, and they must be consecutive along the cycle.

3

Splitting the graph into pieces

In this section we show how to reduce any input of Outerplanar Deletion to an equivalent
instance which admits a decomposition into a modulator of bounded size along with a bounded
number of outerplanar components containing at most four neighbors of the modulator.
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The augmented modulator

The starting point for both our kernelization algorithm and the one from Fomin et al. [18] is
to employ a constant-factor approximation algorithm. We however begin with a different
approximation algorithm, which has two advantages. First, the algorithm is constructive: it
relies only on separating properties of bounded-treewidth graphs and rounding a fractional
solution from a linear programming relaxation. Second, the approximation factor can be
pinned down to a concrete value. In the full version, we show how the general theorem by
Gupta et al. [24] implies the following.
▶ Theorem 3.1 ([24]). There is a polynomial-time deterministic 40-approximation algorithm
for Outerplanar Deletion.
In our setting, for a given graph G and integer k, we want to determine whether G admits
an outerplanar deletion set of size at most k. Thanks to the theorem above, we can assume
that we are given an outerplanar deletion set X (also called a modulator to outerplanarity)
of size at most 40 · k. As a next step, we would like to augment this set to satisfy a stronger
property. This step is inspired by the technique of tidying the modulator from van Bevern,
Moser, and Niedermeier [43]. For each vertex v ∈ X we would like to be able to “put it back”
into G − X while maintaining outerplanarity. In order to do so, we look for a set of vertices
from V (G) \ X that needs to be removed if v is put back. Since G − X is outerplanar and
hence has treewidth at most two, we can construct such a set of moderate size by a greedy
approach. We scan a tree decomposition in a bottom-up manner and look for maximal
subgraphs that are outerplanar when considered together with v. When such a subgraph
cannot be further extended we mark one bag of a decomposition, which gives 3 vertices to be
removed. We show that this idea leads to a 3-approximation algorithm. While this approach
based on covering/packing duality is well-known, for completeness we include the proof in
the full version.
▶ Lemma 3.2. There is a polynomial-time algorithm that, given a graph G, an integer
k, and a vertex v such that G − v is outerplanar, either finds an outerplanar deletion set
S ⊆ V (G) \ {v} in G of size of most 3k or correctly concludes that there is no outerplanar
deletion set S ⊆ V (G) \ {v} in G of size of most k.
Observe that if it is impossible to remove k vertices from G − (X \ {v}) to make it
outerplanar, then any outerplanar deletion set in G of size at most k must contain v. In
this situation it suffices to solve the problem on G − v. Otherwise, we identify a set R(v)
of at most 3k vertices whose removal allows v to be put back in G − X without spoiling
outerplanarity. After inserting R(v) into the set X, we could put v back “for free”. Let us
formalize this idea of augmenting the modulator.
▶ Definition 3.3. A (k, c)-augmented modulator in graph G is a pair of disjoint sets
X0 , X1 ⊆ V (G) such that:
1. G − X0 is outerplanar,
2. for each v ∈ X0 , there is a set R(v) ⊆ X1 , such that |R(v)| ≤ 3k and G−((X0 \{v})∪R(v))
is outerplanar, and
S
3. |X0 | ≤ c · k, X1 = v∈X0 R(v), which implies |X1 | ≤ 3c · k 2 .
We classify the pairs of vertices within X0 ∪ X1 . A pair (u, v) : u, v ∈ X0 ∪ X1 is of type:
A: if u, v ∈ X0 or (u ∈ X0 , v ∈ R(u)) or (v ∈ X0 , u ∈ R(v)),
B: if (u, v) is not of type A and {u, v} ∩ X0 ̸= ∅,
C: if u, v ∈ X1 .
We note that the number of type-A pairs is at most c(3 + c) · k 2 , the number of type-B pairs
is at most 3c2 · k 3 , and the number of type-C pairs is at most 9c2 · k 4 .
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The downside of the augmented modulator is that its size can be as large as O(k 2 ).
However, in return we obtain an even stronger property than previously sketched. For most
of the pairs of vertices u, v from the augmented modulator (X0 , X1 ), putting them back into
G − (X0 ∪ X1 ) at the same time still does not break outerplanarity. This property will come
in useful for bounding the size of the kernel.
▶ Observation 3.4. Let (X0 , X1 ) be a (k, c)-augmented modulator in a graph G. Then for
each v ∈ X0 ∪X1 , the graph G−(X0 ∪X1 \{v}) is outerplanar. Furthermore, if u, v ∈ X0 ∪X1
and the pair (u, v) is of type B or C, then the graph G − (X0 ∪ X1 \ {u, v}) is outerplanar.
Let us summarize what we can compute so far. We say that instances (G, k) and (G′ , k ′ )
are equivalent if opd(G) ≤ k ⇔ opd(G′ ) ≤ k ′ .
▶ Lemma 3.5. There is a polynomial-time algorithm that, given an instance (G, k), either
correctly concludes that opd(G) > k or outputs an equivalent instance (G′ , k ′ ), where k ′ ≤ k
and G′ is a subgraph of G, along with a (k ′ , 40)-augmented modulator in G′ . If opd(G) ≤ k
then it holds that opd(G′ ) = opd(G) − (k − k ′ ). Moreover, if for every vertex v ∈ V (G) there
is an outerplanar deletion set S ⊆ V (G) \ {v} in G of size at most k, then k ′ = k.
The reduction step above is the only one in our algorithm that may decrease the value
of k. Moreover, no further reduction will modify the outerplanar deletion number as long as
opd(G) ≤ k. This observation will come in useful for bounding the size of minimal minor
obstructions to having an outerplanar deletion set of size k.
As the next step, we would like to bound the number of connected components in G −
(X0 ∪ X1 ) and the number of connections between the components and the modulator vertices.
We show that if vertices u, v ∈ X0 ∪ X1 are adjacent to sufficiently many components, then
at least one of u, v must be removed in any solution of size at most k. Together with the
“putting back” property of the augmented modulator, this allows us to forget some of the
edges without modifying the space of solutions of size at most k. We formalize this idea with
the following marking scheme.
▶ Reduction Rule 1. Let G be a graph, k ∈ N, and (X0 , X1 ) be a (k, c)-augmented modulator
in G. Consider the component graph C(G, X0 ∪ X1 ). For each pair u, v ∈ X0 ∪ X1 choose
up to k + 3 components Ci with edges to both u and v, and mark the edges (u, Ci ), (v, Ci ) in
C(G, X0 ∪ X1 ). If an edge (v, C) is unmarked in the end, remove all the edges between v and
C in G. If some component C of G − (X0 ∪ X1 ) or a vertex v ∈ X0 ∪ X1 becomes isolated,
remove it from G.
▶ Lemma 3.6 (Safeness). Let G be a graph, k ∈ N, and (X0 , X1 ) be a (k, c)-augmented
modulator in G. Let G′ be obtained from G by applying Reduction Rule 1 with respect to
(X0 , X1 , k). If opd(G) > k then opd(G′ ) > k and if opd(G) ≤ k then opd(G′ ) = opd(G).
We show that after application of Reduction Rule 1 the component graph C(G, X0 ∪ X1 )
cannot be too large. This will come in useful for proving further upper bounds. We could
trivially bound the number of its edges by |X0 ∪ X1 |2 · (k + 3) = O(k 5 ) but, thanks to the
properties of the augmented modulator, we can be more economical.
Recall the types of pairs from Definition 3.3 and their properties from Observation 3.4.
We know that the number of type-A pairs is at most c(3 + c) · k 2 and the number of type-B
pairs is at most 3c2 · k 3 . The pairs of type B can be inserted back into G − (X0 ∪ X1 ) without
affecting its outerplanarity. This implies that each type-B pair is responsible for marking at
most 2 edges. Finally, the total number of edges marked due to type-C pairs is O(k 2 ).
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▶ Lemma 3.7. After the application of Rule 1 with respect to a (k, c)-augmented modulator
(X0 , X1 ), the number of vertices and edges in C(G, X0 ∪ X1 ) is at most f1 (c) · (k + 3)3 , where
f1 (c) = 14c2 + 60c.

3.2

The outerplanar decomposition

We proceed by enriching the augmented modulator further. We would like to provide
additional properties at the expense of growing the modulator size to O(k 3 ). For two
vertices u, v in an augmented modulator (X0 , X1 ) ideally we would like to ensure that no
two components of G − (X0 ∪ X1 ∪ Z) are adjacent to both u and v, where Z is some vertex
set of size O(k 3 ). This is not always possible, but we will guarantee that in such a case any
outerplanar deletion set of size at most k must contain either u or v.
▶ Definition 3.8. Let Y ⊆ V (G) be a vertex subset in a graph G. We say that u, v ∈ Y are
Y -separated if no connected component of G − Y is adjacent to both u and v.
In Lemma 3.9 we are going to show that when G is outerplanar and X ⊆ V (G), then
there always exists a small set Y ⊆ V (G) so that every pair from X is (X ∪ Y )-separated.
▶ Lemma 3.9. There is a polynomial-time algorithm that, given a vertex set X ⊆ V (G) in
an outerplanar graph G, finds a vertex set Y ⊆ V (G) \ X of size at most 4 · |X|, so that
every pair u, v ∈ X with u ̸= v is (X ∪ Y )-separated.
Given an augmented modulator (X0 , X1 ), we would like to find a set Z of moderate size
so that for each pair (u, v) from X0 ∪ X1 either u, v are (X0 ∪ X1 ∪ Z)-separated or there
exist k + 4 internally vertex-disjoint paths, with non-empty interior, connecting u and v in G.
If the latter case occurs, then any outerplanar deletion set of size bounded by k, can intersect
at most k of these paths’ interiors. Therefore, this solution must remove either u or v in
order to get rid of all K2,3 -minors. We remark that this property already holds if we request
k + 3 disjoint (u, v)-paths, but in this stronger form it also holds for a graph obtained from
G by an edge removal. This fact will be crucial for the safeness proof for Reduction Rule 3.
In order to find the set Z, we could consider all pairs (u, v) from X0 ∪ X1 and, if there
exists an (u, v)-separator of size at most k + 3, add it to Z. This however would make Z as
large as O(k 5 ). We can make this process more economical by analyzing what happens for
different types of pairs from Definition 3.3, similarly as in Lemma 3.7.
▶ Lemma 3.10. There is a polynomial-time algorithm that, given an instance (G, k) with
(k, c)-augmented modulator (X0 , X1 ), returns a set Z ⊆ V (G) \ (X0 ∪ X1 ) of size at most
f2 (c) · (k + 3)3 , where f2 (c) = 4c2 + 15c, such that for each pair u, v ∈ X0 ∪ X1 of distinct
vertices one of the following holds:
1. vertices u, v are (X0 ∪ X1 ∪ Z)-separated, or
2. there are k + 4 vertex-disjoint paths, with non-empty interior, connecting u and v in G.
We would like to simplify the interface between a connected component C of G − (X0 ∪
X1 ∪ Z) and the rest of the graph. Since G − X0 is outerplanar, it has treewidth at most two,
which implies there is a tree decomposition in which each pair of distinct bags intersects in
at most 2 vertices. When constructing a separator Z ′ ⊇ Z via the lowest common ancestor
closure (see [20, §9.3.3]), the neighborhood of each connected component C of G − Z ′ within
the set Z ′ is contained in at most two bags of the decomposition. This allows us to guarantee
that |NG (C) ∩ Z ′ | ≤ 4.
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▶ Lemma 3.11. There is a polynomial-time algorithm that, given an outerplanar graph
G and Z ⊆ V (G), returns a set Z ′ ⊇ Z of size at most 6 · |Z| such that each connected
component of G − Z ′ has at most four neighbors in Z ′ .
In order to keep the kernel size in check, we need to analyze the number of connected
components of G − (X0 ∪ X1 ∪ Z). We have managed to bound the size of Z by O(k 3 )
and, in Lemma 3.7, we have also bounded by O(k 3 ) the number of edges in the component
graph C(G, X0 ∪ X1 ). These two properties suffice to also bound the number of connected
components of G − (X0 ∪ X1 ∪ Z) that have at least two neighbors in X0 ∪ X1 ∪ Z. It will
be easier to deal with the remaining ones later.
▶ Lemma 3.12. Let (X0 , X1 ) be a (k, c)-augmented modulator in G, so that the component
graph C(G, X0 ∪ X1 ) has at most s vertices and s edges, and let Z ⊆ V (G) \ (X0 ∪ X1 ). Then
there are at most 3 · s + 4 · |Z| components of G − (X0 ∪ X1 ∪ Z) that have two or more
neighbors in X0 ∪ X1 ∪ Z.
The previous lemma gives us a bound on the number of components outside the modulator
with at least two neighbors. To bound the total number of components outside the modulator,
we employ the following reduction rule to remove the remaining components with at most
one neighbor.
▶ Reduction Rule 2. If for some C ⊆ V (G) the graph G⟨C⟩ is outerplanar and it holds that
|NG (C)| ≤ 1, then remove the vertex set C.
Safeness of this rule follows from Observation 2.2, which implies opd(G − C) = opd(G).
With these properties at hand, we are able to construct the desired extension of the
augmented modulator. The decomposition below is inspired by the notion of a nearprotrusion [18], combined with the idea of the augmented modulator, and with an O(k 3 )
bound on the number of leftover connected components.
▶ Definition 3.13. For k, c, d ∈ N a (k, c, d)-outerplanar decomposition of a graph G is a
triple (X0 , X1 , Z) of disjoint vertex sets in G, such that:
1. (X0 , X1 ) is a (k, c)-augmented modulator for (G, k),
2. for each pair u, v ∈ X0 ∪ X1 of distinct vertices one of the following holds:
a. vertices u, v are (X0 ∪ X1 ∪ Z)-separated, or
b. there are k + 4 vertex-disjoint (u, v)-paths in G, each with non-empty interior.
3. for each connected component C of G − (X0 ∪ X1 ∪ Z) it holds that |NG (C) ∩ Z| ≤ 4,
4. |Z| ≤ d·(k+3)3 and there are at most d·(k+3)3 connected components in G−(X0 ∪X1 ∪Z).
▶ Lemma 3.14. There is a constant c, a function f3 : N → N, and a polynomial-time
algorithm that, given an instance (G, k), either returns an equivalent instance (G′ , k ′ ), where
k ′ ≤ k and G′ is subgraph of G, along with a (k ′ , c, f3 (c))-outerplanar decomposition of G′ ,
or concludes that opd(G) > k. If opd(G) ≤ k then it holds that opd(G′ ) = opd(G) − (k − k ′ ).
Furthermore, c = 40 and f3 (c) = 3 · f1 (c) + 24 · f2 (c) (see Lemmas 3.7 and 3.10).
As the last property of the (k, c, d)-outerplanar decomposition, we formulate the bound
on the total number of connections between X0 ∪ X1 ∪ Z and the leftover components, which
will lead to the total kernel size O(k 4 ).
▶ Lemma 3.15. Let (X0 , X1 , Z) be a (k, c, d)-outerplanar decomposition of a graph G. Then
the number of edges in the component graph C(G, X0 ∪ X1 ∪ Z) is at most f4 (c, d) · (k + 3)4 ,
where f4 (c, d) = cd + 6c + 4d.
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Reducing the size of the neighborhood

Given a (k, c, d)-outerplanar decomposition (X0 , X1 , Z), we will now present the final reduction rule to reduce the size of the neighborhood NG (X0 ∪ X1 ) to O(k 4 ). As the size of Z is
already bounded by O(k 3 ) we focus on reducing the size of NG (X0 ∪ X1 ) \ Z. We have already
shown the number of edges in the component graph C(G, X0 ∪ X1 ∪ Z) is bounded by O(k 4 ),
so it suffices to reduce the number of edges between a single modulator vertex x ∈ X0 ∪ X1
and a connected component C of G − (X0 ∪ X1 ∪ Z) to a constant. For this, we first show in
Lemma 3.16 where the neighbors of x occur in C.
In the following lemma, we consider an outerplanar graph G containing a vertex x. When
omitting vertex x from a drawing of G, the vertices of NG (x) remain on the outer face of the
graph. If G − x is still connected, then there is a subpath P of the outer face which visits
all of NG (x). The outerplanarity of G ensures that P can be chosen to be induced and to
contain at most two vertices from each biconnected component of G − x. Furthermore, it
follows from Lemma 2.6 that the latter must be consecutive. This is formalized as follows.
▶ Lemma 3.16. Suppose G is outerplanar, x ∈ V (G), and G − x is connected. Then
the vertices from NG (x) lie on an induced path P in G − x such that for each biconnected
component B of G − x and each pair of distinct vertices u, v ∈ V (P ) ∩ V (B) we have
that uv ∈ E(G − x). We can find such a path in polynomial time.
We now investigate what happens when a modulator vertex x ∈ X0 ∪ X1 is the only
vertex in X0 ∪ X1 that is adjacent to a connected component C of G − (X0 ∪ X1 ∪ Z). If x
has sufficiently many edges to a part of C that is not adjacent to Z, then one of these edges
can be removed without affecting the outerplanar deletion number opd(G). We will also
exploit this property for a reduction rule later in this paper when we reduce the number of
edges within a connected component of G − (X0 ∪ X1 ∪ Z) (see Figure 3, left side). Since
the following lemma is the key ingredient in our algorithm, we include its full proof.
▶ Lemma 3.17. Suppose we are given a graph G, a vertex x ∈ V (G), and five vertices v1 , . . . , v5 ∈ NG (x) that lie, in order of increasing index, on an induced path P
in G − x from v1 to v5 , such that NG (x) ∩ V (P ) = {v1 , . . . , v5 }. Let C be the component
of G−{v1 , v5 , x} containing P −{v1 , v5 }. If G⟨C⟩ is outerplanar, then opd(G) = opd(G\xv3 ).
Proof. Clearly for any S ⊆ V (G) if G − S is outerplanar, then G \ xv3 − S is also outerplanar,
hence opd(G) ≥ opd(G \ xv3 ). To show opd(G) ≤ opd(G \ xv3 ), suppose G \ xv3 − S is
outerplanar for some arbitrary S ⊆ V (G). If x ∈ S or v3 ∈ S then clearly G−S is outerplanar,
so suppose x, v3 ̸∈ S. We show G − S ′ is outerplanar for some S ′ ⊆ V (G) with |S ′ | ≤ |S|.
Consider the following cases:
1. If |S ∩ V (P )| = 0 then G \ xv3 − S contains an induced cycle formed by x together
with the subpath of P from v2 to v4 . This cycle includes x and v3 , so by Lemma 2.5
the graph G \ xv3 − S remains outerplanar after adding the edge xv3 , hence G − S is
outerplanar.
2. If |S ∩V (P )| ≥ 2 then let S ′ := {v1 , v5 }∪(S \V (C)). Since |S ′ | ≤ |S|, showing that G−S ′
is outerplanar proves the claim. Let C := G − V (C) and note that C − S ′ is outerplanar
since it is a subgraph of G \ xv3 − S. Also note that G[V (C) ∪ {x}] is outerplanar since
it is a subgraph of G[V (C) ∪ {v1 , v5 , x}] = G⟨C⟩. Since for any connected component H
of G − S ′ − x the graph (G − S ′ )⟨H⟩ is a subgraph of C − S ′ or G[V (C) ∪ {x}] we have
that (G − S ′ )⟨H⟩ is outerplanar. Then by Observation 2.2 the graph G − S ′ is outerplanar.
3. If |S ∩ V (P )| = 1 then let u ∈ S ∩ V (P ) and assume without loss of generality that u lies
on the subpath of P from v3 to v5 , so the subpath of P from v1 to v3 does not contain
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vertices of S (recall that v3 ̸∈ S). Let S ′ := {v5 } ∪ (S \ V (C)) and note that |S ′ | ≤ |S|.
We shall show that G − S ′ is outerplanar. Since x, v1 ̸∈ S, we have that also x, v1 ̸∈ S ′ ,
so xv1 ∈ E(G − S ′ ). In order to apply Lemma 2.3 to G − S ′ and xv1 we have to show
that
for each connected component C ′ of G − S ′ − {v1 , x} the graph (G − S ′ )⟨C ′ ⟩ is
outerplanar, and
there are at most two induced internally vertex-disjoint (v1 , x)-paths in (G − S ′ ) \ v1 x.
Because v5 ∈ S ′ we have G − S ′ − {v1 , x} = G − {v1 , v5 , x} − S ′ and since C is a connected
component of G − {v1 , v5 , x} we have that all connected components of G − S ′ − {v1 , x}
are either a connected component of C − S ′ = C or of G − S ′ − {v1 , x} − V (C). It is given
that C is connected and G[V (C) ∪ {v1 , v5 , x}] is outerplanar so then G[V (C) ∪ {v1 , x}] =
(G − S ′ )⟨C⟩ is also outerplanar. Any other connected component C ′ is a connected
component of G − S ′ − {v1 , x} − V (C), so we have that (G − S ′ )⟨C ′ ⟩ is a subgraph
of G − S ′ − V (C). This is in turn, a subgraph of G \ xv3 − S which is outerplanar.
Hence (G − S ′ )⟨C ′ ⟩ is outerplanar.
It remains to show that there are at most two induced internally vertex-disjoint (v1 , x)paths in (G − S ′ ) \ v1 x. Suppose for contradiction that (G − S ′ ) \ v1 x contains three
induced vertex-disjoint (v1 , x)-paths. As shown before, C is a connected component
of G − S ′ − {v1 , x} adjacent to v1 and x, so there exists an induced (v1 , x)-path P1
in G − S ′ \ v1 x whose internal vertices all lie in C. Since G⟨C⟩ is outerplanar and C is
connected, by Lemma 2.4 the graph G⟨C⟩ does not contain two vertex-disjoint (v1 , x)paths with nonempty interiors. Hence there are two induced internally vertex-disjoint
(v1 , x)-paths P2 , P3 in (G − S ′ \ v1 x) − V (C). Observe that P2 and P3 are then disjoint
from S \S ′ ⊆ V (C) and do not contain xv3 . It follows that P1 , P2 and P3 are three induced
internally vertex-disjoint (v1 , x)-paths in G \ xv3 − S, contradicting its outerplanarity by
Lemma 2.3. We conclude also the second condition of Lemma 2.3 holds for G − S ′ and
the edge v1 x, hence G − S ′ is outerplanar.
◀
Next, we use the properties of the (k, c, d)-outerplanar decomposition to show that any
solution of size at most k contains all but possibly one vertex from (X0 ∪ X1 ) ∩ NG (C),
where C is a connected component from G − (X0 ∪ X1 ∪ Z). Adding this vertex to C
preserves its outerplanarity because (X0 , X1 ) is a (k, c)-augmented modulator. We use this
fact together with the result from Lemma 3.17 to identify an irrelevant edge, which leads to
the following reduction rule:
▶ Reduction Rule 3. Given a (k, c, d)-outerplanar decomposition (X0 , X1 , Z) of a graph G,
a vertex x ∈ X0 ∪ X1 , and five vertices v1 , . . . , v5 ∈ NG (x) \ (X0 ∪ X1 ) that lie, in order of
increasing index, on an induced path P in G − (X0 ∪ X1 ) from v1 to v5 , such that NG (x) ∩
V (P ) = {v1 , . . . , v5 }. Let C be the component of G − (X0 ∪ X1 ) − {v1 , v5 } containing P −
{v1 , v5 }. If V (C) ∩ Z = ∅ remove the edge xv3 .
▶ Lemma 3.18 (Safeness). Suppose that Reduction Rule 3 removes the edge e = xv3 from a
graph G. If opd(G) > k then opd(G \ e) > k and if opd(G) ≤ k then opd(G \ e) = opd(G).
We show how this reduction rule can be applied to reduce the number of edges between
a vertex x ∈ X0 ∪ X1 and a connected component in G − (X0 ∪ X1 ∪ Z) to a constant, as
depicted on Figure 1. This leads to an O(k 4 ) bound on NG (X0 ∪ X1 ).
▶ Lemma 3.19. There is a polynomial-time algorithm that, given a (k, c, d)-outerplanar
decomposition (X0 , X1 , Z) of a graph G, a vertex x ∈ X0 ∪ X1 and a component C of G −
(X0 ∪ X1 ∪ Z), either applies Reduction Rule 3 or concludes that |NG (x) ∩ V (C)| ≤ 20.
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Z
≤ 20

O(k 2 )

O(k 3 )

O(k 3 )

Figure 1 An illustration of Lemma 3.19. Given a (k, c, d)-outerplanar decomposition (X0 , X1 , Z)
of a graph G, a vertex x ∈ X = X0 ∪ X1 and a component C of G − (X0 ∪ X1 ∪ Z), we are guaranteed
that |N (C) ∩ Z| ≤ 4 and we can apply Reduction Rule 3 until |N (x) ∩ V (C)| ≤ 20. The expressions
at the bottom bound the size of X, the number of components of G − (X ∪ Z), and size of Z.

We are going to apply Lemma 3.19 to a computed outerplanar decomposition in order to
reduce the total neighborhood size of X0 ∪X1 . This allows us to construct a final modulator L
of size O(k 4 ) with a structure referred to in previous works as a protrusion decomposition.
We can now proceed to stating a lemma that encapsulates application of Reduction Rule 3.
▶ Lemma 3.20. There exists a function f5 : N2 → N and a polynomial-time algorithm that,
given a (k, c, d)-outerplanar decomposition (X0 , X1 , Z) of a graph G, either applies Reduction
Rule 2 or Reduction Rule 3, or outputs a set L ⊆ V (G) such that
1. |L| ≤ f5 (c, d) · (k + 3)4 ,
2. |EG (L, L)| ≤ f5 (c, d) · (k + 3)4 ,
3. there are at most f5 (c, d) · (k + 3)4 connected components in G − L, and
4. for each connected component C of G − L the graph G⟨C⟩ is outerplanar and |NG (C)| ≤ 4.
Furthermore, f5 (c, d) = 24 · (20 · f4 (c, d) + d + c + c2 ) (see Lemma 3.15).

4

Compressing the outerplanar subgraphs

After the decomposition of Lemma 3.20, it suffices to apply four reduction rules which shrink
outerplanar graphs which connect to the rest of the graph through at most four vertices. We
present these rules below. Their correctness proofs are deferred to the full version.
The two rules below shrink outerplanar subgraphs which connect to the rest of the graph
via at most two vertices. Both rules yield a minor of the original graph; see Figure 2.
▶ Reduction Rule 4. Consider a graph G and vertex set C ⊆ V (G) such that NG (C) = {x, y},
xy ̸∈ E(G), G[C] is connected, and G⟨C⟩ is outerplanar. Let P = (u1 , u2 , . . . , um ), u1 = x,
um = y be any shortest path connecting x and y in G⟨C⟩ and D1 , D2 , . . . , Dℓ be the connected
components of G⟨C⟩ − V (P ). We consider 3 cases:
1. if there is a component Di , for which NG (Di ) includes two non-consecutive elements of
P , replace C with two vertices c1 , c2 , each adjacent to both x and y,
2. if there are two distinct components Di , Dj , for which |NG (Di ) ∩ NG (Dj )| ≥ 2, replace
C with two vertices c1 , c2 , each adjacent to both x and y,
3. otherwise replace C with one vertex c1 adjacent to both x and y.
▶ Reduction Rule 5. Suppose that there is an edge e = uv in a graph G such that G − V (e)
has a connected component C such that G⟨C⟩ is outerplanar. Then contract C into a single
vertex.
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outerplanar

outerplanar

Figure 2 On the left a depiction of Reduction Rule 4, which reduces a connected subgraph to one
or two vertices depending on its internal structure. On the right a depiction of Reduction Rule 5
which contracts a connected subgraph to a single vertex if it is outerplanar together with the two
adjacent vertices that form its neighborhood.

The following reduction rule targets fan structures in outerplanar subgraphs. Its safeness
follows directly from Lemma 3.17.
▶ Reduction Rule 6. Suppose we are given a graph G, a vertex x ∈ V (G), and five
vertices v1 , . . . , v5 ∈ NG (x) that lie, in order of increasing index, on an induced path P
in G − x from v1 to v5 , such that NG (x) ∩ V (P ) = {v1 , . . . , v5 }. Let C be the component
of G − {v1 , v5 , x} containing P − {v1 , v5 }. If G⟨C⟩ is outerplanar, then remove the edge xv3 .
The final reduction rule reduces ladder structures in biconnected outerplanar graphs. For
its statement, we need the following terminology.
▶ Definition 4.1. For a graph G, a sequence of edges e1 , . . . , eℓ ∈ E(G) is an order-respecting
matching if the set of edges is a matching and if for all 1 ≤ i < j < k ≤ ℓ we have that ei
and ek are in different connected components of G − V (ej ).
▶ Reduction Rule 7. Let G be a graph, e1 , . . . , e7 be a matching in G, and let C be a connected
component of G − (V (e1 ) ∪ V (e7 )). If {e2 , . . . , e6 } ⊆ E(C, C), NG (C) = V (e1 ) ∪ V (e7 ), G⟨C⟩
is biconnected and outerplanar, and e1 , . . . , e7 is an order-respecting matching in G⟨C⟩, then
remove e4 .
The last two reduction rules are depicted on Figure 3. Intuitively, Reduction Rule 4
and Reduction Rule 5 together with the earlier stated Reduction Rule 2 reduce the number
of biconnected components in an outerplanar graph G⟨C⟩ with |NG (C)| ≤ 4 to a constant
number (26). We show that if any biconnected component is large, then either it contains a
large face so that Reduction Rule 4 can be applied to two vertices along the face that cut
off a large outerplanar subgraph, it contains a large outerplanar subgraph attached onto an
edge so that Reduction Rule 5 can be applied, or it contains a large fan (Reduction Rule 6)
or ladder (Reduction Rule 7) structure that contains an irrelevant edge.

5

Wrapping up

The following lemma summarizes the effect of the four reduction rules described in Section 4.
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Figure 3 On the left a depiction of Reduction Rule 6 which is able to remove the middle edge of
a fan structure in an outerplanar subgraph that is sufficiently isolated from the rest of the graph.
On the right a depiction of Reduction Rule 7, which removes the middle edge of an order-respecting
matching in an outerplanar subgraph that is sufficiently isolated from the rest of the graph.

▶ Lemma 5.1. Consider a graph G and a vertex set A ⊆ V (G), such that |A| > 25 · 6288,
|NG (A)| ≤ 4, G[A] is connected, and G⟨A⟩ is outerplanar. There is a polynomial-time
algorithm that, given G and A satisfying the conditions above, outputs a proper minor G′ of
G, so that opd(G′ ) = opd(G).
We repeatedly apply this reduction using the decomposition given by the set L ⊆ V (G)
of Lemma 3.20. It is important that the graph is guaranteed to shrink at each step, so
after polynomially many invocations of Lemma 5.1 we must arrive at an irreducible instance.
We now state the main theorem with the final bound on the size of compressed graph
2 · (25 · 6288 + 5) · f5 (c, f3 (c)) · (k2 + 3)4 (see Lemmas 3.14 and 3.20), where c = 40. Recall
that instances (G, k) and (G′ , k ′ ) are equivalent if opd(G) ≤ k ⇔ opd(G′ ) ≤ k ′ .
▶ Theorem (1.1, restated). The Outerplanar Deletion problem admits a polynomialtime kernelization algorithm that, given an instance (G, k), outputs an equivalent instance
(G′ , k ′ ), such that k ′ ≤ k, graph G′ is a minor of G, and G′ has O(k 4 ) vertices and edges.
Furthermore, if opd(G) ≤ k, then opd(G′ ) = opd(G) − (k − k ′ ).
As a consequence of the theorem above, we obtain the first concrete bounds on the sizes
of minor-minimal obstructions to having an outerplanar vertex deletion set of size k.
▶ Corollary (1.2, restated). If G is a graph such that opd(G) > k but each proper minor G′
of G satisfies opd(G′ ) ≤ k, then G has O(k 4 ) vertices and edges.

6

Conclusion

We presented a number of elementary reduction rules for Outerplanar Deletion that can
be applied in polynomial time to obtain a kernel of O(k 4 ) vertices and edges. This kernel
does not use protrusion replacement and the constants hidden by the O-notation can be
derived easily. This is the first concrete kernel for Outerplanar Deletion, and a step
towards more concrete kernelization bounds for Planar-F Deletion. We hope it inspires
new kernelization bounds for Planar Deletion.
In earlier work Dell and Van Melkebeek [9, Theorem 3] have shown that there is no kernel
for Outerplanar Deletion of bitsize O(k 2−ε ) unless NP ⊆ coNP/poly. This naturally
leads to the question, can these two bounds be brought closer together?
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Another interesting direction for further research is to obtain concrete kernelization
bounds for other Planar-F Deletion problems. Our work exploits the fact that K2,3 minor-free graphs cannot have many disjoint paths between two vertices. Previous work [17]
used a similar observation to derive a kernel for θc -Minor-Free Deletion. An interesting
next case would be a Planar-F Deletion problem where F does not contain K2,c or θc
for some c, for example 2-Transversal which asks whether a graph of treewidth at most 2
can be obtained by deleting k vertices.
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Abstract
Recently, independent groups of researchers have presented algorithms to compute a maximum
matching in Õ(f (k) · (n + m)) time, for some computable function f , within the graphs where
some clique-width upper bound is at most k (e.g., tree-width, modular-width and P4 -sparseness).
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Introduction

For any undefined graph terminology, see [7, 23]. Throughout the paper, for any graph
G = (V, E), let n := |V | be its order (number of vertices) and m := |E| be its size (number of
edges). Recall that a matching in a graph is a set of pairwise end-disjoint edges. A maximum
matching is one of maximum cardinality. The matching number of G, denoted by ν(G), is the
cardinality of a maximum matching of G. Matchings (possibly, with additional constraints)
are ubiquitous in scheduling, markets, resource allocation schemes and even chemistry [68].
We refer to [44, 55] for a compendium of matching problems and their applications.
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This paper is about the (parameterized) complexity of Maximum Matching in graphs.
Unsurprisingly, a lot of research in Computer Science has been devoted to this question. The
first polynomial-time algorithm for Maximum Matching was proposed by Edmonds [30].
√
Later, Micali and Vazirani presented the state-of-the-art O(m n)-time algorithm for this
problem [60], that has remained unchallenged since forty years. We here study Maximum
Matching in the context of “Fine-Grained Complexity in P” (see [72] for a survey of this
blossoming field). Specifically, can a maximum matching be computed in (almost) linear
time? There are a few reasons to believe that it is indeed the case. For instance, unlike
for the diameter problem and other fundamental graph problems, for which over the last
decades, conditional superlinear lower bounds were obtained, it is known [8] that proving such
lower bound for Maximum Matching would falsify the so-called Nondeterministic Strong
Exponential Time Hypothesis (NSETH). Furthermore, computing a maximum matching is
related to Maximum Flow [71], that is sometimes conjectured to be solvable in linear time.
The idea of using tools and concepts from parameterized complexity in the context of
polynomial-time solvable problems has been scarce [48]. In part motivated by the recent
“SETH-hardness” results, and other conditional lower bounds for such problems [73], a richer
theory of “FPT in P” has started to emerge recently [1, 5, 32, 36, 45]. In its simplest form,
the former is about the existence of O(f (k) · (n + m)1+o(1) )-time algorithms for various graph
problems when some fixed parameter is at most k 1 . As far as we are concerned here, such
running times were obtained in [13, 29, 28, 36, 45, 49, 50, 51, 59] for Maximum Matching,
for different parameterizations. For instance, for the graphs of tree-width at most k, Fomin
et. al [36] presented a randomized Õ(k 4 · n)-time algorithm for computing a maximum
matching 2 . This was later improved by Iwata et. al. [50], who designed a deterministic
Õ(k 2 · n)-time algorithm for that problem. – We recall the definition of tree-width in Sec. 2.2.
– Remarkably, the parameterized study of Maximum Matching has led to the development
of many nice techniques in this area, which brought Mertzios et. al. [59] to nickname the
problem the “drosophilia” of the study of the FPT algorithms in P.
Clique-width is one of the most studied graph parameters. It is a rough estimate of
the closeness of a graph to a cograph (a.k.a., P4 -free graph). We refer to Sec. 2.1 for a
formal definition. Note that unlike for the tree-width, there exist dense graphs of bounded
clique-width (e.g., the complete graphs and the complete bipartite graphs). The applications
of clique-width to NP-hard problems, including Courcelle’s theorem [15] and some general
algorithmic frameworks [31], are now rather well understood [33, 34, 35]. However, the
study of its applications to polynomial-time solvable problems is comparatively much more
recent and, so far, limited to cycle problems [5, 13] and distance problems [13, 16, 27, 52].
Parameterized almost linear-time algorithms for Maximum Matching are known for the
important subclasses of bounded tree-width graphs [36, 50], graphs of bounded modularwidth [13, 51], and some others [13, 28, 29]. However, as far as we know, the complexity
of this problem on bounded clique-width graphs has been open until this article. Indeed
we stress that, even allowing a super-polynomial dependency on the clique-width in the
running time, the existence of an almost linear-time (parameterized) algorithm for Maximum
Matching does not follow from Courcelle’s theorem, because a matching cannot be expressed
in M SO1 logic. This is in sharp contrast with bounded tree-width graphs, for which we

1

2

More generally, the goal is, for some problem solvable in O(mq+o(1) ) time on arbitrary m-edge graphs,
to design an O(f (k)mp+o(1) )-time algorithm, for some p < q, within the class of graphs where some
fixed parameter is at most k.
The Õ() notation suppresses poly-logarithmic factors.
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can apply Courcelle’s theorem for the stronger M SO2 logic (allowing quantification over
subsets of edges), and so, in particular in order to express a matching [18]. – We refer to
Sec. 3 for a reminder about M SO logic. – Furthermore if we consider the related problem
Maximum-Weight Matching, then it has been observed [51] that it is as hard on bounded
clique-width weighted graphs as on general weighted graphs under O(n2 )-time reductions.
Again, this differs from the case of bounded tree-width graphs, for which an Õ(k 2 n)-time
algorithm also exists for this problem [50].
Beyond the study of the FPT algorithms in P, it also makes sense to study Maximum
Matching on restricted graph classes, both as a way to better understand the hard instances
for this problem, and to better model some of its real-life applications (see [46] for an
example of the latter). In this respect, a considerable amount of positive results have been
proved [9, 22, 26, 38, 37, 46, 54, 58, 61, 74, 76, 75]. Many such classes, starting from the
cographs [20], are known to have bounded clique-width. Therefore, having at hands an
almost linear-time algorithm for Maximum Matching on bounded clique-width graphs, one
can unify and generalize many prior works in this area.

1.1

Our results

Recall that a graph has clique-width at most k if and only if it admits a k-expression [20].
Such a k-expression can be computed in linear time on many interesting subclasses of
bounded clique-width graphs 3 : ranging from cographs [20], switched cographs [11], distancehereditary graphs [47], (q, q − 3)-graphs [57], and graphs of either bounded tree-width [12],
modular-width [20] or split-width [65].
Hereafter, we use the notation Õx1 ,x2 ,...,xt (n+m) for a running time in Õ(f (x1 , x2 , . . . , xt )·
(n + m)), for some computable function f . The following is our first main result in the paper:
▶ Theorem 1. Given a graph G and a corresponding k-expression, one can compute a
maximum matching for G in deterministic Õk (n + m) time.
To the best of our knowledge, this is the first almost linear-time algorithm for Maximum
Matching on bounded clique-width graphs. The Õk () notation hides huge constants in k due
to our use of Courcelle’s theorem. Indeed, while we cannot express a matching in M SO1 logic,
we can write a Counting M SO1 formula in order to evaluate the matching number (Theorem 6).
For that, we use the well-known Tutte-Berge formula [6]. This alone does not lead to an
efficient computation of a maximum matching, but only of its size. However, by carefully
evaluating our formula for the matching number on various subgraphs, obtained by removing
specific vertex- and edge-subsets, one can compute a maximum matching incrementally. A
similar approach also works for computing the Edmonds-Gallai decomposition [30, 42, 43],
which somehow encodes the structure of all the maximum matchings in a graph (Theorem 8).
The main difficulty here is that the number of subgraphs on which we need to evaluate our
formula is not constant. Thus, applying Courcelle’s theorem to each subgraph separately
would result in a super-linear running time. We overcome this issue by using a distributed
version of this theorem [17]. In doing so, after we computed the matching number of a
bounded clique-width graph G in almost linear time, it becomes possible to evaluate our
formula on any subgraph H in time roughly proportional to the number of basic operations
needed to obtain H from G.

3

So far, the best-known approximation algorithms for clique-width run in O(n3 )-time, that is slower
than the state-of-the-art algorithm for Maximum Matching [62].
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It seems that improving the dependency on k in the running time will require new
techniques. Our second main result is that it can be done for bipartite graphs of bounded
clique-width:
▶ Theorem 2. Given a bipartite graph G and a corresponding k-expression, one can compute
a maximum matching for G in randomized Õ(k 2 · (n + m)) time.
Let us sketch below the main lines of our approach toward proving Theorem 2. We
first reduce Maximum Matching on bounded clique-width graphs to a related problem
on the graphs of bounded tree-width. The reduction preserves the property for a graph to
be bipartite. Its intuition goes as follows. Roughly, graphs of bounded tree-width can be
recursively disconnected by some small balanced vertex-separators. By comparison, graphs
of bounded clique-width can be recursively disconnected by some balanced edge-cuts of
small “neighbourhood diversity” (partitionable in a small number of complete joins) [19].
To reduce to the bounded tree-width case, we propose a transformation of edge-cuts of
small neighbourhood diversity into small vertex-separators (Sec. 5.1). The transformation
forces us to deal with a more general problem than Maximum Matching, sometimes called
Maximum b-Matching and well-studied on its own [4, 40, 41, 56, 63, 64]. We thus exchange
Maximum Matching for a more complex problem, but on a structurally simpler graph
class. Furthermore, because we restrict ourselves to bipartite graphs, we can solve Maximum
b-Matching as a linear program. To the matrix representation of any such linear program,
one can associate various graphs. Then, it becomes possible to define the tree-width of
a linear program. In [36], Fomin et. al. asked whether all linear programs of bounded
tree-width could be solved in almost linear time. Very recently, Dong et. al. gave a positive
answer [25]. – This is where we need randomization. – We apply this nice result to the
problem Maximum b-Matching within bipartite graphs. Here, some final technicalities arise
due to the algorithm of Dong et. al. only outputting an approximate fractional b-matching
whereas we aim at computing an exact integral solution. This can be overcome by using the
close connection between Maximum Flow and Maximum b-Matching on bipartite graphs,
along with a nice result from Madry to apply rounding to a fractional flow [56].

1.2

Related work

The are several meta-theorems deduced from Courcelle’s theorem in the literature. Indeed,
Courcelle’s approach not only applies to decision problems, but also to counting [14] and
optimization problems [15]. We actually use in our proof the optimization version of his
theorem. Applications to the design of distance-labelling schemes were proposed in [17], and
later refined in [16, 27] using alternative techniques. However, insofar most applications of
Courcelle’s theorem are about NP-hard problems. Indeed, Abboud et. al. [1] observed that
its use leads to huge dependencies on the parameter involved, that can often be sharpened
by preferring other techniques (their observation, on the other hand, also remains valid for
NP-hard problems). What we find intriguing in our case is, first, the nontrivial use we need
to make of Courcelle’s theorem for a polynomial-time solvable problem, and second, that we
currently do not see any other way to obtain a quasi linear-time algorithm for Maximum
Matching on the bounded clique-width graphs. This is evidence, we believe, that Courcelle’s
theorem could help in expanding the nascent field of “FPT in P”.
The proof of our Theorem 1 also has several aspects that, we think, are equally intriguing.
For one, we avoid computing augmenting paths, and we do not need the Tutte matrix [70]
either. Both concepts are the cornerstone of almost all maximum matching algorithms in
the literature. To the best of our knowledge, our result is one of the very first algorithmic
applications of the Tutte-Berge formula. The latter also got used in [8], but the algorithm
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in this related work was non-deterministic. Our repeated use of this formula in order to
compute a maximum matching is not unlike the celebrated result of Anari and Vazirani that
reduces the efficient parallel computation of such matching to the design of an oracle for a
decision version of the problem [3]. Nevertheless, both results have fairly different proofs.
About Theorem 2, we note that different reductions from Maximum Matching to
Maximum b-Matching have already been considered for graphs of bounded modularwidth [51] or bounded split-width [28], that are subclasses of bounded clique-width graphs.
However, from the algorithmic point of view, the instances of Maximum b-Matching
outputted by these former reductions are of bounded size, a much more restricted case than
bounded tree-width. To our best knowledge, the Maximum b-Matching problem has only
been solved in almost linear time on subclasses of graphs of tree-width at most two [29].
We left open the parameterized complexity of Maximum b-Matching within the graphs
of bounded tree-width. For general graphs, the so-called “Russian method” starts from the
linear relaxation of this problem (written as an integer program) and it repeatedly adds
“blossom constraints” that are violated by the current solution until it finds an optimal
integral outcome [63]. These blossom constraints are deduced from the good characterization
of the b-matching polytope by Edmonds and Pulleyblank [64]. It seems, however, that a
super-linear (but polynomial) number of linear programs needs to be solved on general graphs.
See also Anstee [4] and Gabow [40] for alternative algorithms.

1.3

Organization of the paper

In Sec. 2, we introduce some basic notations and terminology, as well as the two graph
parameters considered in this article. Sec. 3 is devoted to Courcelle’s theorem for bounded
clique-width graphs. We need a distributed version of this theorem, for optimization functions,
of which a proof by Courcelle and Vanicat can be found in [17] but, unfortunately, for a
more restricted setting than what we need. While it is not excessively difficult to check
that Courcelle and Vanicat’s proof indeed works in the broader setting that is here needed,
the proof is fairly long and it has several intermediate steps, which is why we found it
better to write it down almost completely. Then, in Sec. 4, we apply this result in order
to compute the matching number, a corresponding maximum matching, and the EdmondsGallai decomposition, within bounded clique-width graphs. Sec. 5 is devoted to the proof of
Theorem 2. We then conclude in Sec. 6.

2

Preliminaries

First we complete the basic graph terminology given in Sec. 1. By a graph, we mean a
finite, simple, unweighted undirected graph. Let G = (V, E) be such a graph. The (open)
neighbourhood of a vertex v is defined as NG (v) := {u ∈ V | uv ∈ E}. Its closed neighbourhood
is defined as NG [v] := NG (v) ∪ {v}. Let dG (v) := |NG (v)| be the degree of vertex v. Similarly,
S
for a vertex-subset S, let NG (S) := v∈S NG (v) \ S denote its (open) neighbourhood and let
NG [S] := S ∪ NG (S) denote its closed neighbourhood. We sometimes omit the subscript if
the graph G is clear from the context.

2.1

Clique-width

A k-labeled graph is a triple G = (V, E, ℓ) where ℓ : V → {1, 2, . . . , k} is called a labeling
function. A k-expression is an algebraic expression where the four allowed operations are:
i(v): we add a new isolated vertex with label ℓ(v) = i;
G1 ⊕ G2 : we make the disjoint union of two k-labeled graphs;
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η(i, j): we add a join (complete bipartite subgraph) between all vertices with label i and
all vertices with label j;
ρ(i, j): for all vertices v s.t. ℓ(v) = i, we set ℓ(v) = j.
The generated graph is the one obtained from the k-expression by deleting all the labels.
The clique-width of a graph G, denoted by cw(G), is the least k such that it is the graph
generated by some k-expression.
It is useful to see a k-expression as a rooted tree. Namely, the leaves of this tree are labeled
by the operations i(v) for vertex-creation. The internal nodes are labeled by the other
operations, with the degree of each such node being the arity of the corresponding operation:
1 for the join operations and the relabeling operations, and 2 for the disjoint union operations.
See Fig. 1 for an example. We call this tree representation the parse tree of the k-expression.
η(1, 2)
⊕
ρ(2, 3)

2(d)

η(1, 2)
⊕
ρ(1, 3)

1(c)

η(1, 2)
⊕
1(a)

2(b)

Figure 1 The parse tree of some 3-expression of P4 .

The size of a k-expression is its number of operations (= number of nodes in its parse
tree). Throughout the remainder of the paper, we assume each given k-expression for a graph
to be of linear size O(n + m). Note that it is always the case if we restrict ourselves to a
subclass where a k-expression can be computed in linear time, that is anyway the relevant
case for which our results in this paper could be applied. More generally, any k-expression
can be transformed into an equivalent k-expression of size O(n + m) [39].

2.2

Tree-width

A tree decomposition (T, X ) of G = (V, E) is a pair consisting of a tree T and of a family
X = (Xt )t∈V (T ) of subsets of V indexed by the nodes of T and satisfying:
S
t∈V (T ) Xt = V ;
for any edge e = {u, v} ∈ E, there exists t ∈ V (T ) such that u, v ∈ Xt ;
for any v ∈ V , the set of nodes {t ∈ V (T ) | v ∈ Xt } induces a subtree Tv of T .
The sets Xt are called the bags of the decomposition. The width of a tree decomposition is
the size of a largest bag minus one. Finally, the tree-width of a graph G, denoted by tw(G),
is the least possible width over its tree decompositions. We only use tree-width in Sec. 5.

3

Courcelle’s theorem

We refer to [14] for a thorough treatment of graph logics and their algorithmic applications.
Recall that in monadic second-order logic (for short, M SO logic), we are given first-order
variables x (written in lower-case), and set variables X (written in upper-case). We allow
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atomic formulas of the form x ∈ X, expressing the membership of x to a set X. The counting
M SO (for short, CM SO) further allows atomic formulas of the form Cardp,q (X), expressing
that |X| ≡ p (mod q) and sometimes called counting predicates. – We here assume p and
q to be fixed constants, but it should be noted that in the general case, the complexity
of CM SO model checking also depends on the values of p and q. – The CM SO logic is
stronger than M SO logic: for instance, there is no M SO formula expressing that a set has
even cardinality [14]. In Sec. 4, we will need the counting predicates of CM SO logic in order
to express the Tutte-Berge formula. Before that, we need to define CM SO optimization
functions.
Let φ be some CM SO formula with r + s free variables, and let a1 , a2 , . . . , as be fixed
integers – possibly, null or negative. Let Z1 , Z2 , . . . , Zr be fixed subsets of the domain of
Ps
the first-order variables. We define ψ(Z1 , Z2 , . . . , Zr ) as the minimum value i=1 ai · |Xi |
amongst all subsets X1 , X2 , . . . , Xs such that φ(Z1 , Z2 , . . . , Zr , X1 , X2 , . . . , Xs ) is true. Then,
ψ is a CM SO optimization function of arity r. We define the size of ψ as |ψ| = r + s (a.k.a.,
as the arity of the underlying CM SO formula φ).
To a c-labelled graph G = (V, E, ℓ), we can associate the relational structure ⟨V, {inc, lab1 ,
lab2 , . . . , labc }⟩ where the vertex-set V is the domain of first-order variables, the binary
operator inc : V × V → {0, 1} asserts whether two vertices are adjacent in G and, for each
i, labi : V → {0, 1} asserts whether the label of a given vertex equals i. The (C)M SO1
logic on graphs is the above (C)M SO logic restricted to such structures. We define CM SO1
optimization functions in the exact same way. There is a more general (C)M SO2 logic,
where we also allow variables to represent edges, but it is not discussed here. Finally, define
the underlying graph of G as the graph obtained from G by removing all its labels.
The following result was proved by Courcelle and Vanicat [17], but only for M SO1 logic
and for a more restricted type of optimization problems.
▶ Theorem 3. Let ψ be a CM SO1 optimization function on c-labelled graphs, for some
fixed constant c, and of arity r. For every c-labelled graph G of clique-width at most k,
if a k-expression is given for the underlying graph of G then, after a pre-processing in
Õk,|ψ| (n + m) time, for every
Z1 , Z2 , . . . , Zr of G, we can compute the value
Pvertex-subsets

r
ψ(Z1 , Z2 , . . . , Zr ) in Õk,|ψ|
j=1 |Zj | time.
As a particular case of the above Theorem 3 (for r = 0), we retrieve the optimization
version of Courcelle’s theorem for bounded clique-width graphs (see [15]):
▶ Theorem 4. Let φ be a CM SO1 formula on c-labelled graphs, for some fixed constant
c, and with s free variables. Let. also a1 , a2 , . . . , as be fixed integers. For every c-labelled
graph G of clique-width at most k, if a k-expression is given for the underlying graph of G
Ps
then, in Õk,|φ| (n + m) time, one can compute the minimum value i=1 ai · |Xi | amongst all
vertex-subsets X1 , X2 , . . . , Xs such that φ(X1 , X2 , . . . , Xs ) is true.
Theorem 3 should not be considered as completely new. As it was stated above, it
was first proved by Courcelle and Vanicat [17], but under more restricted conditions. Still,
their proof also applies to this more general case. It could also be deduced from the heavy
machinery from [14]. Our presentation marginally differs from these previous works, while it
avoids using explicitly some logic concepts such as M SO transductions. Roughly, we rewrite
a CM SO1 formula on a c-labelled graph as a longer CM SO formula on the parse tree of its
clique-width expression. Then, we make this parse tree of logarithmic depth, using a modified
centroid decomposition, updating the CM SO formula along the way. We end up designing
a dynamic programming procedure on this parse tree, using prior work of Doner [24] and
Thatcher and Wright [67] on tree automata.
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4

Algorithms: the general case

Our main result in this section (Theorem 1) is proved in Sec. 4.3. In Sec. 4.1 we first compute
the matching number, a key step toward the final proof of Theorem 1. Sec. 4.2 is devoted
to computing the Edmonds-Gallai decomposition, and it is a gentle introduction to the
techniques we also use in Sec. 4.3.

4.1

Size of a maximum matching

We explain in this section how to compute the matching number of bounded clique-width
graphs. For that, we need a classic result from Matching theory:
▶ Lemma 5 (Tutte-Berge formula [6, 7]). For any graph G = (V, E), we have:
ν(G) = min
U ⊆V

1
(|V | + |U | − odd(G \ U ))
2

where odd(G \ U ) denotes the number of connected components of odd size of G \ U .
Our main insight below is that evaluating the Tutte-Berge formula can be written as a
CM SO1 optimization problem. We prove it next:
▶ Theorem 6. For any graph G = (V, E) of clique-width at most k, if a k-expression is
given then, we can compute ν(G) in Õk (n + m) time.
Proof. By Theorem 4, it suffices to prove that the Tutte-Berge formula (see Lemma 5) can
be written as a CM SO1 optimization problem. For that, let us first define inc(x, y, U ) :=
inc(x, y)∧x ∈
/ U ∧y ∈
/ U in order to suppress all edges incident to a given set U . The following
formula can be used to test whether two vertices are in the same connected component of
G \ U , for a given set U : connected(x, y, U ) := ∀X((x ∈ X ∧ y ∈
/ X) =⇒ ∃x′ , y ′ (x′ ∈ X ∧ y ′ ∈
/
′ ′
X ∧ inc(x , y , U ))). Then, we can relate a vertex to its connected component of G \ U as
follows: comp(x, X, U ) := ∀y(y ∈ X ⇐⇒ connected(x, y, U )). We are now ready to define
our formula for computing ν(G). It has two free variables.
T utteBerge(U, W ) :=∀x ∈ W (x ∈
/ U ∧ ∃X(comp(x, X, U ) ∧ Card1,2 (X)))
∧ ∀x, y ∈ W (x = y ∨ ¬connected(x, y, U )).
The first line ensures that every vertex of W is in an odd component of G \ U . The second
line ensures that two distinct vertices of W are in different components of G \ U . If we set
a1 = 1, a2 = −1, the objective becomes to minimize |U | − |W |. Therefore, we get as solution
δ = minU ⊆V (|U | − odd(G \ U )). By Lemma 5, we have ν(G) = 12 (n + δ).
◀
This above Theorem 6 is the cornerstone of all the remainder of Sec. 4.

4.2

Edmonds-Gallai decomposition

We continue with a known structural result about maximum matchings in a graph. Recall
that a graph is hypomatchable if the removal of any one vertex results in a graph with a
perfect matching.
▶ Theorem 7 (Edmonds-Gallai [30, 42, 43]). Let G = (V, E) be a graph, and let A ⊆ V be
the set of all vertices v so that there is a maximum matching of G that does not cover v. Set
B = NG (A) and C = V \ (A ∪ B). Then:
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Every odd component H of G \ B is hypomatchable and it has V (H) ⊆ A;
Every even component H of G \ B has a perfect matching and it has V (H) ⊆ C;
For every X ⊆ B, the set N (X) contains vertices in > |X| odd components of G \ B.
The partition (A, B, C) is called the Edmonds-Gallai decomposition of G.
In [10], the author proposes a randomized O(nω )-time algorithm for computing the
Edmonds-Gallai decomposition of an n-vertex graph, where ω < 2.37286 [2] denotes the
exponent of square matrix multiplication. We improve this result to deterministic almost
linear-time for all classes of bounded clique-width graphs (under the standard assumption in
the field that a corresponding clique-width expression is given in the input):
▶ Theorem 8. For any graph G = (V, E) of clique-width at most k, if a k-expression is
given then, we can compute its Edmonds-Gallai decomposition in Õk (n + m) time.
Proof. If we are given the set A of all vertices left exposed by at least one maximum
matching then, by Theorem 7, the sets B and C can be computed in additional O(n + m)
time. Recall (see Theorem 6) that there exists a CM SO1 formula T utteBerge(U, W ) to
express that all vertices of W are in pairwise different odd components of G \ U . Let
EdmondsGallai(X, U, W ) := T utteBerge(U ∪ X, W ). It is also a CM SO1 formula since
the union of two subsets can be easily expressed in M SO [14]. Then, for any X, let
ψ(X) be the problem of minimizing |U | − |W | among all the subsets U, W such that
EdmondsGallai(X, U, W ) is true. Observe that ψ is a CM SO1 optimization function.
We apply Theorem 3 to ψ. Then, we claim that v ∈ A if and only if ψ({v}) = 2ν(G) + 1 − n.
Indeed, by construction we have ψ({v}) = minU ⊆V \{v} (|U | − odd(G \ ({v} ∪ U ))), and
therefore by Lemma 5, ν(G \ {v}) = 12 (n − 1 + ψ({v})). Then:
1
(n − 1 + ψ({v}))
2
⇐⇒2ν(G) = n − 1 + ψ({v}) ⇐⇒ ψ({v}) = 2ν(G) + 1 − n.

v ∈ A ⇐⇒ν(G) = ν(G \ {v}) ⇐⇒ ν(G) =

Computing ν(G) can be done in Õk (n + m) time (Theorem 6). Computing ψ({v}) takes
Õk (1) time per vertex v up to an Õk (n + m)-time pre-processing (Theorem 3). As a result, we
can compute the set A, and so, the Edmonds-Gallai decomposition, in Õk (n + m) time. ◀

4.3

Computation of a maximum matching

Let us first recall our main result in this section:
▶ Theorem 1. Given a graph G and a corresponding k-expression, one can compute a
maximum matching for G in deterministic Õk (n + m) time.
Let us sketch our strategy to prove this above result. Given a graph G = (V, E), we first
recall that an edge-cut is, for a given subset A, the set of all edges between A and V \ A. It
is balanced if we further have max{|A|, |V \ A|} ≤ 2n/3. Roughly, we compute a balanced
edge-cut for G, we compute a subset of edges of the cut to be included in some maximum
matching of G, then we recurse on subgraphs of G[A] and G[V \ A] separately.
The computation of a balanced edge-cut in Õ(k · (n + m)) time follows from prior
works [19, 27] and is omitted here due to lack of space. An important property for this cut is
that it can be edge-partitioned into at most k joins. We handle each join separately. For that,
both Lemma 9 and Lemma 10 below apply Theorem 3 (distributed Courcelle’s theorem).
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▶ Lemma 9. Let X, Y be the two sides of a join in a graph G = (V, E), where |X| ≤ |Y |
and cw(G) ≤ k. If a k-expression is given then, in Õk (n + m) time, we can compute an
inclusion-wise minimal subset X ′ ⊆ X such that, in some maximum matching of G:
1. every vertex of X ′ is matched to some vertex of Y ;
2. no vertex of X \ X ′ is matched to a vertex of Y .
▶ Lemma 10. Let X, Y be the two sides of a join in a graph G = (V, E), where |X| ≤ |Y |
and cw(G) ≤ k. We are given a subset X ′ ⊆ X as stated in Lemma 9. If a k-expression is
given then, in Õk (n + m) time, we can compute the intersection of the edges of the join with
some maximum matching of G.
Finally, once we computed from a join a subset of edges to be added into a maximum
matching, all other edges of the join can be removed from the graph. We must also remove
all the end-vertices of the edges included into the matching. Doing so, we need the following
two lemmas in order to update the k-expression of the graph considered.
▶ Lemma 11. Let G = (V, E) be a graph, let (U, W ) be a cut of G, and let U ′ ⊆ U .
If cw(G) ≤ k then the graph H, obtained from G by removing all edges between U ′ and
W ′ := N (U ′ )∩W , has clique-width at most 3k. Furthermore, we can compute a 3k-expression
of H from a k-expression of G in O(n + m) time.
▶ Lemma 12. Let G = (V, E) be a graph and let H = (X, EX ) be an induced subgraph of G.
If a k-expression of G is given then, in O(k · (n + m)) time, we can compute a k-expression
of H of size O(|X| + |EX |).
We are now ready to prove the main result in this section:
Sketch Proof of Theorem 1. We compute some balanced cut (U, W ) and a partition U1 , U2 ,
. . . , Uk of U such that the edges of the cut are partitioned into k joins (one of them having
possibly no edge) with respective sides Ui and Wi = N (Ui ) ∩ W for every i. Details are
omitted due to lack of space. Since we are given the Ui ’s, all the corresponding sides Wi
can be computed in total O(n + m) time. We consider these k joins sequentially, from i = 1
to i = k. At each step i, we are given a subgraph Gi of G such that cw(Gi ) ≤ 3k and a
corresponding 3k-expression is given (initially, G1 := G). We apply Lemmas 9 and 10 in
order to compute the intersection of a maximum matching of Gi with the join with sides
Ui , Wi . It takes Õk (n + m) time. Denote Fi ⊆ Ui × Wi the set of edges in this intersection,
and let V (Fi ) be the set of vertices incident to an edge of Fi . We obtain Gi+1 from Gi by
removing the vertices in V (Fi ) and all remaining edges between Ui \ V (Fi ) and Wi \ V (Fi ).
Si
Let Mi := j=1 Fj be the matching constructed so far, and let V (Mi ) be the set of vertices
Si
incident to it. Let. also Xi := j=1 Uj . By induction, the union of Mi with a maximum
matching of Gi+1 is a maximum matching of G. Also by induction, Gi+1 is obtained from
G \ V (Mi ) by removing all edges between Xi \ V (Mi ) and W \ V (Mi ). Therefore, we can
apply Lemma 12 (for X = V \ V (Mi )) then Lemma 11 (for U ′ = Xi \ V (Mi )) to compute
a 3k-expression of Gi+1 . It takes O(k · (n + m)) time. – Note that since we always apply
Lemma 11 to G, and not to the Gi ’s, there is no blow-up of the clique-width value, i.e., the
clique-width of any Gi is at most 3k. –
Since all k joins got removed, we are left with computing a maximum matching in
G[U \ V (Mk )] and in G[W \ V (Mk )] respectively. Apply Lemma 12 to compute k-expressions
for both subgraphs, then call our above algorithm recursively in order to compute a maximum
matching. Since the cut is balanced, the recursive depth is in O(log n).
◀
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Algorithms: the bipartite case

We present in this section an alternative to Theorem 1, with polynomial dependency on
the clique-width, but only for bipartite graphs (see Theorem 2). The structure of bipartite
graphs of bounded clique-width can be quite complex. For instance, let G = (V, E) be
any graph and let V ′ = {v ′ | v ∈ V } be a disjoint copy of V . We can define the bipartite
graph BG = (V ∪ V ′ , {u′ v | uv ∈ E}) and, if G has clique-width at most k, then BG has
clique-width at most 2k. Some classes of monogenic bipartite graphs are also known to have
bounded clique-width [21].

5.1

Reduction to Maximum b-matching

Let G = (V, E) be a graph and let b : V → N assign a non negative capacity to each vertex.
P
We say that x : E → N is a b-matching if we have u∈NG (v) xuv ≤ b(v) for each vertex v.
Observe that a matching is a b-matching for the trivial function b(v) = 1 for each v ∈ V .
P
The cardinality of a b-matching is defined as ∥x∥1 = e∈E xe . We denote by ν(G, b) the
P
cardinality of a maximum b-matching in G. Let also ∥b∥1 = v∈V b(v) be the sum of all the
P
vertex capacities. More generally, for every vertex-subset S, let b(S) = v∈S b(v). Given a
P
b-matching x, and a vertex v, let also dx (v) := u∈NG (v) xuv ≤ b(v).
We start with the following reduction rule:
▶ Lemma 13. Let (G, b) be some instance of Maximum b-Matching, and let U and W
be disjoint vertex-subsets such that there is a join between U and W . Consider the new
instance (G′ , b′ ) obtained from (G, b) by removing all edges between U and W , adding two
new vertices u, w ∈
/ V (G) and edges {uw} ∪ {uv | v ∈ U } ∪ {wv ′ | v ′ ∈ W }, and finally setting
′
′
b (u) = b (w) = min{b(U ), b(W )}. Then, we have ν(G′ , b′ ) = ν(G, b) + min{b(U ), b(W )}.
Moreover, if G is bipartite, then so is G′ .

3

3

Figure 2 Transformation of Lemma 13.

By repeatedly applying Lemma 13 to some special balanced edge-cuts, we obtain:
▶ Proposition 14. There is an O(k ·(n+m) log n)-time reduction from Maximum Matching
on graphs with clique-width at most k (if a k-expression is known) to Maximum b-Matching
on graphs with tree-width O(k log n). For the resulting instance (H, b), the algorithm also
outputs a corresponding tree decomposition. Furthermore, |V (H)| ≤ ∥b∥1 ≤ O(min{n +
m, n log n}), and if G is bipartite, then so is H.

5.2

Reduction to Linear Programming

The Maximum b-Matching problem is a classic example of an integer linear program. It is
well-known that for the special case of Maximum Matching within bipartite graphs, we
can drop the condition for all variables to be integers, thus reducing the computation of the

IPEC 2021

15:12

Maximum Matching in Almost Linear Time on Graphs of Bounded Clique-Width

matching number to the solving of a linear program [55]. Because of Tutte’s quasi-polynomial
reduction from Maximum b-Matching to Maximum Matching [69], this is also true for
Maximum b-Matching within bipartite graphs. Very recently, Dong et. al. [25] answered
an open question from Fomin et. al. [36] about bounded tree-width linear programs. We
restate below their main result:
▶ Theorem 15 ([25]). Given a linear program maxM x=b,ℓ≤x≤u c⊺ x 4 , where M ∈ Rd×n is
a full-rank matrix with d ≤ n, define the dual graph GM to be the graph with vertex-set
{1, 2 . . . , d}, such that ij ∈ E(GM ) if there is a column r such that Mi,r =
̸ 0 and Mj,r ̸= 0.
Suppose that a tree decomposition of GM with width τ is given, and R is the diameter of
the polytope, namely, for any ℓ ≤ x ≤ u with M x = b, we have ∥x∥2 ≤ R. Then, for any
0 < ε ≤ 1, we can find ℓ ≤ x ≤ u such that
c⊺ x ≥

max

M x=b,ℓ≤x≤u

c⊺ x − ε · ∥c∥2 · R and ∥M x − b∥2 ≤ ε · (∥M ∥2 · R + ∥b∥2 )

in expected time Õ(n · τ 2 log (1/ε)).
Dong et. al. [25] referred to [66] and [53] for a detailed discussion about converting an
approximate solution to an exact solution. We give a direct proof for Maximum b-Matching
within bipartite graphs. For that, we combine a folklore reduction to Maximum Flow with
a nice rounding technique by Madry [56].
▶ Proposition 16. The Maximum b-Matching problem within bipartite graphs of tree-width
at most τ can be solved in expected Õ(nτ 2 ) time, if a corresponding tree decomposition is
given in the input.
Proof. Let G = (V0 ∪ V1 , E) be a bipartite graph and let b : V0 ∪ V1 → N. The incidence
matrix of G is the n × m matrix M such that Mv,e = 1 if v is an end-vertex of edge e
and Mv,e = 0 otherwise. Let also c be the all-one vector. To compute the cardinality of a
maximum b-matching for G, it suffices to solve the linear program maxM x≤b c⊺ x. We slightly
modify this above program so that we fit in the conditions of Theorem 15. First, if we let
ℓ, u ∈ Rm such that ℓ is all-zero and uvv′ = min{b(v), b(v ′ )} for each edge vv ′ ∈ E, then we
must now solve maxM x≤b,ℓ≤x≤u c⊺ x. If we further add n new variables (xv )v∈V such that
P
0 ≤ xv ≤ b(v) for each v ∈ V , then we can replace all constraints by xv + vv′ ∈E xvv′ = b(v)
⊺
for each vertex v ∈ V , thus getting a new linear program maxM ′ x=b,ℓ′ ≤x≤u′ c′ x to solve,
where M ′ ∈ Rn×(m+n) .
Note that, since we constructed M ′ from M by adding n new columns with exactly
one nonzero value each, we have GM ′ = GM = G. Furthermore, an easy upper bound
√
on the diameter
R of the polytope is R ≤ ∥b∥2 ≤ ∥b∥1 . We also have ∥c′ ∥2 = m and
p
P
3/2
2
∥M ′ ∥2 ≤
.
v (1 + d(v)) ≤ n
Assume G to be given with a tree decomposition of width at most τ , and apply Theorem 15
to the above linear program with ε = 1/(4 · ∥b∥1 · n2 ). We denote by x its output. Set all
P
variables xv , v ∈ V to 0. Then, for all vertices v such that vv′ ∈E xv′ v > b(v), we decrease
the variables xv′ v of incident edges until we reach equality. In doing so, we obtain a fractional
b-matching y. By construction:
X
√
∥x∥1 − ∥y∥1 ≤
max{0, (M ′ x)v − b(v)} ≤ ∥M ′ x − b∥1 ≤ n · ∥M ′ x − b∥2
v

√
√
≤ ε n · (∥M ′ ∥2 · R + ∥b∥2 ) ≤ ε n · ∥b∥1 · (n3/2 + 1) ≤ 2εn2 · ∥b∥1 ≤ 1/2.
4

The result is stated in [25] for minimization problems. Since we only consider it here for Maximum
b-Matching, we rather write it as a maximization problem.
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We now construct a network D from G by adding two new vertices s and t, an arc (s, u) for
every u ∈ V0 , an arc (v, t) for every v ∈ V1 , and finally by orienting all the edges of G from
V0 to V1 . The capacities of the arcs are defined as follows: κ(s, v) = b(v) for every v ∈ V0 ;
κ(v ′ , t) = b(v ′ ) for every v ′ ∈ V1 ; κ(v, v ′ ) = min{b(v), b(v ′ )} for every vv ′ ∈ E such that
P
v ∈ V0 , v ′ ∈ V1 . Then, we construct a fractional st-flow as follows: fy (s, v) = vv′ ∈E yvv′
P
for every v ∈ V0 ; fy (v ′ , t) = vv′ ∈E yvv′ for every v ′ ∈ V1 ; and fy (v, v ′ ) = yvv′ for every
vv ′ ∈ E such that v ∈ V0 , v ′ ∈ V1 . Note that the value of this flow is exactly ∥y∥1 . Let fy′ be
an integral st-flow of value ⌊∥y∥1 ⌋. It can be constructed from fy in Õ(m) = Õ(τ n) time [56,
Corollary 3.4]. There is a one-to-one mapping between b-matchings in G and integral st-flows
in D. In particular, the maximum value of a st-flow is exactly ν(G, b). Furthermore,
∥y∥1 ≥ ∥x∥1 − 1/2 ≥ ν(G, b) − ε · ∥c∥2 · R − 1/2 ≥ ν(G, b) − 1.
Therefore, we can transform fy′ into a maximum st-flow fz by computing at most one
augmenting path in the residual graph Dfy′ . It can be done in O(m) = O(τ n) time.
The resulting b-matching is maximum: for every vv ′ ∈ E with v ∈ v0 , v ′ ∈ V1 , we set
zvv′ = fz (v, v ′ ).
◀
We are finally ready to prove our second main result in this paper:
▶ Theorem 2. Given a bipartite graph G and a corresponding k-expression, one can compute
a maximum matching for G in randomized Õ(k 2 · (n + m)) time.
Proof. The result follows from the combination of Proposition 14 with Proposition 16.

6

◀

Conclusion

Our first main result in the paper is a quasi linear-time algorithm for computing a maximum
matching within the graphs of bounded clique-width. We left open whether an Õ(k c ·(n+m))time algorithm exists within the graphs of clique-width at most k, for some constant c. Our
second main result is to prove the existence of such an algorithm for the bipartite graphs
of clique-width at most k. For that, we reduce the Maximum Matching problem on
bounded clique-width (bipartite) graphs to the Maximum b-Matching problem on bounded
tree-width (bipartite) graphs. We left open the complexity of Maximum b-Matching within
bounded tree-width graphs in general. Furthermore, we observe that an Õ(k c · (n + m))-time
algorithm for this problem within the graphs of tree-width at most k would imply a similar
algorithm for Maximum Matching within graphs of clique-width at most k.
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Introduction

For any undefined graph terminology, see [2, 25]. Unless stated otherwise, all graphs considered
in this work are simple and connected. We here consider clique-width, which is one of the most
studied parameters in Graph Theory, superseded only by treewidth. Roughly, clique-width is
a measure of the closeness of a graph to a cograph (a.k.a., P4 -free graph). We postpone its
formal definition until Sec. 2. The clique-width was shown to be bounded on many important
subclasses of perfect graphs [4, 5, 22, 40, 48], and beyond [9, 6, 10, 7, 8, 23, 49, 53, 54]. For
instance, distance-hereditary graphs, and so, trees, have clique-width at most three [40].
Every graph of bounded treewidth also has bounded clique-width, but the converse is not
true [15]. Indeed, unlike for treewidth, there are dense graphs of bounded clique-width (e.g.,
the complete graphs). This generality comes at some cost: whereas the celebrated Courcelle’s
theorem asserts that any problem expressible in MSO2 logic can be solved in FPT linear time
on bounded treewidth graphs [17], the same is true for bounded clique-width graphs only for
the problems expressible in the more restricted MSO1 logic [19]. Fomin et al. showed this
to be unavoidable, in the sense that there are problems expressible in MSO 2 logic that are
W [1]-hard in the clique-width [31, 32, 33]. We refer to [29] for other algorithmic applications
of clique-width in parameterized complexity.
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Our focus is about the so-called “FPT in P” program. Here the goal is, for some problem
solvable in O(mq+o(1) ) time on arbitrary m-edge graphs, to design an O(f (k)mp+o(1) )-time
algorithm, for some p < q, within the class of graphs where some fixed parameter is at most
k (one usually seeks for p = 1 and f (k) = k O(1) ). The idea of using tools and methods from
parameterized complexity in order to solve faster certain polynomial-time solvable problems
has been here and there in the literature for a while (e.g., see [42]). Nevertheless it was only
recently that such idea was better formalized [38], in part motivated by some surprising results
obtained for treewidth [1]. Indeed, on the positive side, the treewidth does help in solving
faster many important problems in P, that is, in Õ(k O(1) n) time on graphs and matrices
of treewidth at most k [34, 44]. But for other such problems, any truly subquadratic-time
parameterized algorithm requires exponential dependency on the treewidth. For example,
given a graph G with a non-negative weight function on its edge-set (resp., on its vertex-set),
the weight of a path equals the sum of the weights of all its edges (resp., of all its vertices).
For unweighted graphs, this is exactly the number of edges (resp, the number of edges plus
one). The distance dG (u, v) between two vertices u and v is equal to the least weight of a
uv-path. Finally, the diameter of G is defined as diam(G) = maxu,v∈V (G) dG (u, v). Abboud
et al. proved that under the Strong Exponential-Time Hypothesis (SETH), for any ϵ > 0,
there is no O(2o(k) n2−ϵ )-time algorithm for computing the diameter of n-vertex unweighted
graphs of treewidth at most k [1]. An algorithm for this problem on weighted graphs, running
in O(2O(k) n1+ϵ ) time for any ϵ > 0, was proved recently in [11] by using the orthogonal
range query framework of Cabello and Knauer [13].
Insofar, clique-width has received less attention than treewidth in the nascent field of
FPT in P. Perhaps one good reason for that is that, for most problems on edge-weighted
graphs, clique-width provably does not help [46]. This is because we may regard any graph
as a weighted clique, where each non-edge got replaced by an edge of sufficiently large weight.
Note however that most conditional lower bounds in the literature hold even for unweighted
graphs (this is the case for the diameter and the other distance problems that we here
study). Furthermore, in a recent paper Kratsch and Nelles [47] have evidenced that some
applications of clique-width to unweighted graphs could be extended to vertex-weighted
graphs. We give further evidence for that in our work. One other well-known drawback
of clique-width is that, unlike for treewidth, the parameterized complexity of computing
it is a wide open problem [14]. To date, the best-known approximation algorithms for
clique-width run in O(n3 )-time [50]. Still, on many subclasses of bounded clique-width
graphs, there exist linear-time algorithms in order to compute a so called “k-expression”,
for some k = O(1), with the latter certifying the clique-width of the graph to be at most
k [40, 49]. Therefore, the study of graph problems in P parameterized by clique-width may
be regarded as a unifying framework for all such subclasses. In this respect, Coudert et
al. obtained Õ(k O(1) (n + m))-time algorithms for triangle and cycle problems on n-vertex
m-edge graphs of clique-width at most k [16]. However, they also observed that assuming
SETH, even on n-vertex cubic graphs of clique-width at most k, for any ϵ > 0, there is no
O(2o(k) n2−ϵ )-time algorithm for computing the diameter. Unlike for treewidth, it was open
until this paper whether there does exist a parameterized quasi-linear-time algorithm for
this problem on bounded clique-width graphs that matches their conditional lower bound.
Indeed, we are only aware of a linear-time algorithm for computing the diameter of bounded
clique-width graphs in [20], but with a super-exponential dependency on the clique-width in
the runtime, due to the use of Courcelle’s theorem. The work of Coudert et al. has also been
continued in [28, 27, 46] and especially in [47], where the authors obtained an O((kn)2 )-time
algorithm for All-Pairs Shortest Paths (APSP) on n-vertex graphs of clique-width at most k.
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Results. We provide new insights on the fine-grained complexity of polynomial-time solvable
distance problems within bounded clique-width graphs. As in all previous works in this
area, all our algorithmic results require a k-expression to be given in the input. Specifically,
let G = (V, E, w) be such that |V | = n, |E| = m, and w : V → N. The eccentricity of a
vertex u, denoted eG (u), is its largest distance to any other vertex; its inverse is sometimes
called the graph centrality of u [41]. The closeness centrality of u, denoted CG (u), equals
P
1/ v dG (u, v) [52]. For a discussion about these centrality measures, and others, and their
role in social network analysis, we refer to [24]. Our main contribution is an algorithm for
computing all eccentricities, and closeness centralities within the n-vertex m-edge graphs of
clique-width at most k, being given a k-expression, that runs in O(2O(k) (n + m)1+ϵ ) time
for any ϵ > 0 (Theorem 8).
We point out that the diameter of a graph is its largest eccentricity. The radius of a
graph is its least eccentricity, and its center is the set of all vertices whose eccentricity equals
the radius. Therefore, our result for computing all eccentricities implies, for any ϵ > 0, an
O(2O(k) (n + m)1+ϵ )-time algorithm for computing the diameter, the radius, and the center of
a graph of clique-width at most k, if a k-expression is given. To the best of our knowledge, it
is the first algorithm to match the conditional lower bound of Coudert et al. Previously, the
only known algorithms for these problems were applications of Courcelle’s theorem [19]. The
Wiener index W (G) of a graph G is the sum of all its distances, while its median set contains
all the vertices of maximal closeness centrality. In the same way, our result for computing
the closeness centrality implies, for any ϵ > 0, an O(2O(k) (n + m)1+ϵ )-time algorithm for
computing both the Wiener index and the median set of a graph of clique-width at most
k, if a k-expression is given. Our runtimes are also optimal under SETH for the Wiener
index, and so, for the closeness centrality (the conditional lower bound is the same as for the
diameter problem, see the discussion in Sec. 4).
Recall that our results hold for vertex-weighted graphs. A related problem, studied in
location theory, is given an unweighted graph G = (V, E) and a cost function p : V → N,
to compute for every vertex u its p-eccentricity (resp., its total p-distance sum), defined
P
as ep (u) := maxv p(v)dG (u, v) (resp., as T Dp (u) := v p(v)dG (u, v)). Note that the total
distance for unweighted graphs is nothing but the inverse of closeness centrality. Our approach
can also be applied to that case (Theorem 17).
Finally, as a byproduct of our techniques, we obtain a new distance labeling scheme
for bounded clique-width graph classes which outperforms the state of the art [20]1 . See
our Theorem 4 for details. In doing so, we get an Õ(kn2 )-time algorithm in order to solve
All-Pairs Shortest-Paths within n-vertex vertex-weighted graphs of clique-width at most k
(Corollary 7). This improves on the previously best-known O((kn)2 )-time algorithm, and it
almost completely solves an open problem from Kratsch and Nelles [47] who asked whether
there exists an O(kn2 )-time algorithm for this problem.
Overview of our techniques. Roughly, the standard approach for bounded clique-width
graphs is to process a k-expression sequentially. It is possible to transform a k-expression
into a so called partition tree, a purely combinatorial object that has been used in [18] in
order to derive a new characterization of the clique-width. – We formally define clique-width
and partition trees in Sec. 2. – Doing so, it becomes easier and more transparent to apply
standard algorithmic approaches, for trees, to the k-expressions. In particular, it is known

1

In all fairness, the labeling scheme of Courcelle and Vanicat can be applied to many more problems
than just the computation of the distances in the graph.
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that every bounded clique-width graph has a balanced edge-cut of bounded neighbourhood
diversity (i.e., whose edges can be partitioned in a bounded number of complete bipartite
graphs) [3, 26]. As a side contribution of this work, we show how to compute such balanced
cuts in parameterized linear time from a given partition tree. – Note that the original
runtime from [3] is unknown to us as we were unable to find this reference. – This procedure
of recursively finding such an edge-cut produces a special type of centroid decomposition
of a partition tree, with algorithmic applications to several distance problems on bounded
clique-width graphs. While such a divide-and-conquer approach can hardly be considered
as “new”, its usefulness in the fine-grained complexity study of polynomial-time solvable
problems on bounded clique-width graphs has remained to be demonstrated until our work.
We expect several other results to be found with this approach, in a similar way to what has
been done for bounded treewidth graphs in [44].
The distance-labeling scheme of Theorem 4 follows almost directly from our centroid
decomposition of a partition tree, that is why we chose to present it first in the paper. In
order to compute the centrality indices, we combine this centroid decomposition with two
other tools. One is the range query framework of Cabello and Knauer [13] that we use to
compute some distance information (depending on the centrality index) between the vertices
that are on different sides of an edge-cut of small neighbourhood diversity. To our best
knowledge, our work is the first (but admittedly, simple) application of this framework to
edge-cuts. We also augment this framework with a new type of orthogonal range query,
with applications to the fast computation of all p-eccentricities and total p-distances, see
Sec. 5. Our second tool is inspired from prior works on bounded treewidth graphs [1, 11] and
Cunningham’s split decomposition [21]. Specifically, we design some edge-weighted gadgets
in order to preserve the distances of the original graph in the two subgraphs resulting from
the removal of an edge-cut of bounded neighbourhood diversity. Adding weighted edges is
problematic because the diameter problem cannot even be solved in truly subquadratic time
within edge-weighted graphs of bounded clique-width. To address this issue, we restrict our
addition of weighted edges to ensure that when we further partition the graph via more
edge-cuts, the weighted edges are not included in these edge-cuts. To do this, we partition
the vertices of our gadgets into at most O(log n) clusters of only O(k 2 ) vertices each, so
that weighted edges are only added between pairs of vertices in the same cluster. Then, we
ensure that no cluster is ever separated by an edge-cut computed from the partition tree.
Doing so, we are still able to ensure that we can find unweighted edge-cuts that satisfy the
requirement of being both balanced and of small neighborhood diversity. We stress that to
prove correctness of our construction, we had to carefully analyze the structure of a partition
tree, which is arguably the most technical part of our analysis. While it is tempting to make
our gadgets vertex-weighted (e.g., by properly subdividing the weighted edges), we did not
find a satisfying way to do that without increasing the neighbourhood diversity of some of
the cuts.

Notations. Throughout the remainder of the paper, we shall write G = (V, E) for an
unweighted graph, and G = (V, E, w) for a vertex-weighted graph, where w : V → N. The
neighbour set of a vertex v ∈ V , resp. of a subset S ⊆ V , is defined as NG (v) = {u ∈ V |
S
uv ∈ E}, resp. as NG (S) = v∈S NG (v) \ S. We may also define the distance between a
vertex v ∈ V and a subset S ⊆ V as dG (v, S) = dG (S, v) = minu∈S dG (u, v), and the distance
between two subsets S, S ′ as dG (S, S ′ ) = minu∈S,v∈S ′ dG (u, v). Note that if S = ∅ then,
dG (v, S) = dG (S, S ′ ) = +∞ for any v and S ′ . We shall introduce additional terminology
wherever needed in the paper.
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Clique-width and partition trees

First, we recall two equivalent definitions of clique-width [18]. The following definitions can
be extended to weighted graphs simply by ignoring all the weights.
Clique-width expressions. A k-labeled graph is a triple G = (V, E, ℓ) where ℓ : V →
{1, 2, . . . , k} is called a labeling function. A clique-width k-expression (for short, a kexpression) is an algebraic expression where the four allowed operations are: i(v): we add a
new isolated vertex with label ℓ(v) = i; G1 ⊕ G2 : we make the disjoint union of two k-labeled
graphs; η(i, j): we add a join (complete bipartite subgraph) between all vertices with label
i and all vertices with label j; ρ(i, j): for all vertices v s.t. ℓ(v) = i, we set ℓ(v) = j. The
generated graph is the one obtained from the k-expression by deleting all the labels. We
say that a graph G = (V, E) has clique-width at most k if it is the graph generated by some
k-expression. For instance, 1(a)2(b)η(1, 2)ρ(1, 3)1(c)η(1, 2)ρ(2, 3)2(d)η(1, 2) is a 3-expression
generating the four-node path P4 with nodes a, b, c, d. In particular, the clique-width of P4
is at most three. This is in fact an equality, as the graphs of clique-width at most two are
exactly the cographs [40]. We denote by cw(G) the clique-width of the graph G. The size of
a k-expression is its number of operations. If the generated graph has order n and m edges,
and there is no unnecessary operation ρ(i, j) nor η(i, j) – which we will assume to be the
case throughout the remainder of this paper –, then the k-expression has size in O(n + m)
(e.g., see [35], where Fürer proved this result in a more general setting).
Partition tree. It is useful to represent a k-expression as a parse tree. By iteratively
contracting the edges incident to non-branching nodes of a parse tree, we get a so-called
partition tree, whose nodes are mapped to the collection of subsets of vertices with equal
label in their rooted subtree. Formally, given a graph G = (V, E), a partition tree is a pair
(T, f ) where T is a rooted tree whose inner nodes have at least two children, and f is a
function mapping every node of T to a partial partition of V , such that:
for every node a ∈ V (T ), f (a) is a partition of some vertex-subset A ⊆ V ;
for every vertex v ∈ V , there is a leaf node av ∈ V (T ) s.t. f (av ) = {{v}};
for every inner node a ∈ V (T ), let b1 , b2 , . . . , bd be its children. If f (a) is a partition of A,
and in the same way for every 1 ≤ i ≤ d, f (bi ) is a partition of Bi , then the vertex-subsets
Sd
B1 , B2 , . . . , Bd are pairwise disjoint and A = i=1 Bi . Furthermore, for every 1 ≤ i ≤ d,
Sd
for every subset Xi ∈ f (bi ), there is X ∈ f (a) s.t. Xi ⊆ X (we say that i=1 f (bi ) refines
f (a)). Finally, for every 1 ≤ i < j ≤ d, for every adjacent vertices vi ∈ Bi and vj ∈ Bj , if
vi ∈ X and vj ∈ Y , for some X, Y ∈ f (a), then we have X =
̸ Y and X × Y ⊆ E (we say
that the partition is compatible with the edge-incidence relation in the graph G).
The width of a partition tree is equal to maxa∈V (T ) |f (a)|. A graph has clique-width at most
k if and only if it admits a partition tree of width at most k [18].
Note that if we naively store a partition tree (T, f ), then storing explicitly all the
labels f (a), for a ∈ V (T ), would require O(n2 ) space. Instead, for every a ∈ V (T ), for every
X ∈ f (a), we may create a new vertex (a, X); then if bi is a child of a, for every Xi ∈ f (bi ) s.t.
Xi ⊆ X, we add an arc between (a, X) and (bi , Xi ). This is called in [18] the representation
graph of (T, f ) and it only requires O(kn) space if the width is at most k.
▶ Lemma 1 ([18]). There is an algorithm that transforms a k-expression of size L into the
representation graph of a width-k partition tree in O(kL) time.
In particular, given a k-expression for an n-vertex m-edge graph G, we can construct the
representation graph of a width-k partition tree in O(k(n + m)) time.
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Relation with k-modules. For a graph G = (V, E), a subset M ⊆ V is a module if we have
NG (u) \ M = NG (v) \ M for every vertices u, v ∈ M . A k-module is some M ⊆ V that can be
partitioned into k subsets, denoted M1 , M2 , . . . , Mk , in such a way that for every 1 ≤ i ≤ k,
Mi is a module in the subgraph G[(V \ M ) ∪ Mi ]. Some relations between clique-width and
k-modules were explored in [51]. We make the following useful observation, whose proof is
inspired by [51, Theorem 7].
▶ Lemma 2. The following two properties hold for every partition tree (T, f ) of a graph
G = (V, E):
S
1. For every node a ∈ V (T ), let A = f (a) be the vertex-subset of which f (a) is a partition.
Then, A is a |f (a)|-module of G, with a corresponding partition of A being f (a).
2. Let a1 , a2 , . . . , ap be some children nodes of some a′ ∈ V (T ) and, for each 1 ≤ i ≤ p, let
S
Sp
Ai = f (ai ) be the vertex-subset of which f (ai ) is a partition. Then, A = i=1 Ai is a
|f (a′ )|-module of G, with a corresponding partition of A being {X ′ ∩ A | X ′ ∈ f (a′ )}.
Finally, recall that a cut of G = (V, E) is a bipartition (A, V \ A) of its vertex-set. The
neighbourhood diversity of a cut is the least k s.t. A is a k-module of G. By Lemma 2, each
node of a width-k partition tree defines a cut of neighbourhood diversity at most k.

3

Distance-labeling scheme

We describe our distance oracle for bounded clique-width graph classes. For technical reasons,
we need to make it work also for unconnected graphs. While it is likely that we could
process each connected component separately, we did not explore this possibility since it
was leading to more complicated updates of the partition trees (see the proof of Theorem 4
below). Given a possibly unconnected graph G, the distance dG (u, v) between u, v ∈ V is
equal to: +∞ if u and v are on different connected components of G, and to the smallest
weight of a uv-path in G otherwise. A distance-labeling scheme consists in some encoding
function CG : V → {0, 1}∗ and some decoding function DG : {0, 1}∗ × {0, 1}∗ → N ∪ {+∞}
s.t. dG (u, v) = DG (CG (u), CG (v)) for every vertices u and v. We are interested in minimizing
the total pre-processing time in order to compute the labels CG (v), for all vertices v, and
the query time in order to compute the distance given two labels. It is often the case that
DG runs in time polynomial in the size of the labels. Then, the objective is to minimize
maxv∈V |CG (v)|. The following result is due to Courcelle and Vanicat:
▶ Theorem 3 ([20]). The family of n-vertex bounded clique-width unweighted graphs enjoys
an exact distance labeling scheme using labels of length O(log2 n) bits. Moreover, the distance
between two vertices can be computed in O(log2 n) time.
The hidden dependency in the clique-width is a stack of exponentials [37]. We improve
the latter while keeping optimal bit size and improved query time, namely:
▶ Theorem 4. For a vertex-weighted graph, let W denote the maximum weight. The
family of n-vertex m-edge graphs of clique-width at most k enjoys an exact distance labeling
scheme using labels of length O(k log n log (nW )) bits (resp., O(k log2 n) bits if the graph is
unweighted). Moreover, all the labels can be pre-computed in O(k(n + m) log2 n) time if a
k-expression is given (resp., in O(k(n + m) log n) time if the graph is unweighted), and the
distance between two vertices can be computed in O(k log n) time.
For the related problem of adjacency queries, we refer to [45] for a data structure in
O(kn) space for the n-vertex graphs of clique-width at most k.
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Recall that dG (v, S) = dG (S, v) = minu∈S dG (u, v). In particular, dG (v, S) = +∞ if S is
empty. We will need the following result:
▶ Lemma 5. Let G = (V, E, w) be a graph (possibly not connected) and let (A, V \ A) be a
cut of neighbourhood diversity k. Furthermore, let A1 , A2 , . . . , Ak be a partition of A s.t. for
every 1 ≤ i ≤ k, Ai is a module of G \ (A \ Ai ). For 1 ≤ i ≤ k, let Bi = NG (Ai ) \ A. The
following hold for every u, v ∈ V :
if u ∈ A, v ∈
/ A then dG (u, v) = min{dG (u, Ai ) + dG (Bi , v) | 1 ≤ i ≤ k};
if u, v ∈ A then dG (u, v) = min{dG[A] (u, v)} ∪ {dG (u, Ai ) + dG (Bi , v) | 1 ≤ i ≤ k};
if u, v ∈
/ A then dG (u, v) = min{dG[V \A] (u, v)} ∪ {dG (u, Ai ) + dG (Bi , v) | 1 ≤ i ≤ k}.
Our scheme for bounded clique-width graphs mimics one very well-known for trees which is
based on the centroid decomposition [36]. Specifically, let w : V (T ) → N assign non-negative
weights to the nodes of some tree T . A w-centroid is a node c s.t. every subtree of T \ {c}
has weight at most w(T )/2. Such node always exists and a centroid can be computed in
linear time by using a standard dynamic programming approach [39] (simply orient each
edge toward the heaviest subtree, then find a sink). We also need the following easy lemma:
▶ Lemma 6. If c is a w-centroid of a tree T , then the components of T \{c} can be partitioned
in linear time in two forest F1 , F2 s.t. max{w(F1 ), w(F2 )} ≤ 2w(T )/3.
We are now ready to prove the main result of this section:
Proof of Theorem 4. We fix some width-k partition tree (T, f ), that takes O(k(n + m))
time to compute by using Lemma 1. Let w : V (T ) → {0, 1} be s.t. w(a) = 1 if and only if a
is a leaf. Observe that w(T ) = n since there is a one-to-one mapping between the vertices
in V and the leaves of T . In order to construct the labels CG (v), for all v ∈ V (encoding
function), we next define a recursive procedure onto the weighted partition tree.
In what follows, let us assume n > 1 (otherwise, there is nothing to be done). We
compute in O(|V (T )|) time, and so in O(n) time, a w-centroid c. Note that if n = 2, then
T is composed of a root and of two leaves; then, a good choice for the w-centroid c is to
take the root. In particular, we may assume c to be an internal node. Otherwise, n ≥ 3,
and so, since w(T ) = n, we must have that c is an internal node. Then, let a1 , a2 , . . . , ad be
the children of c. We denote C (resp. Ai ) the subset of vertices of which f (c) (resp., f (ai ))
is a partition. Furthermore, let Tc (resp., let Tai ) be the subtree rooted at c (resp., at ai ).
By Lemma 6 we can bipartition the trees T \ Tc , Ta1 , Ta2 , . . . , Tad into two forests F1 , F2 of
respective total weights ≤ 2n/3. In particular, since c is internal, and so w(c) = 0, both
forests are non-empty. Up to re-ordering the children nodes of c, we may assume one of those
Sp
Sp
forests, say F1 , to be equal to j=1 Taj , for some p ≤ d. For short, we name A := j=1 Aj .
Doing so, we define the cut (A, V \ A), whose two sides can be determined in O(n) time by
traversing the disjoint subtrees Ta1 , Ta2 , . . . , Tap .
By Lemma 2, A is a k-module of G, with a corresponding partition being Φ(A) = {X ∩ A |
X ∈ f (c)} (or f (a1 ) if p = 1). Note that such a partition can be readily derived in O(n)
time from either f (c) or f (a1 ). In turn, being given the representation graph of (T, f ), we
can compute f (c) and f (a1 ) in O(kn) time by traversing the subtrees rooted at nodes c
and a1 . Let X1 , X2 , . . . , Xk be a partition of A s.t., for every 1 ≤ i ≤ k, Xi is a module of
G \ (A \ Xi ). Furthermore, for every 1 ≤ i ≤ k, let Yi := NG (Xi ) \ A (neighbour sets in V \ A).
Since the subsets Xi are pairwise disjoint we can compute Y1 , Y2 , . . . , Yk in total O(m) time.
Finally, for every 1 ≤ i ≤ k, for every v ∈ V , we compute dG (v, Xi ) and dG (v, Yi ). It takes
O((m + n) log n) time per subset, using a modified Dijkstra’s algorithm, and so total time in
O(k(m + n) log n) (resp., if the graph is unweighted, then it takes O(m + n) time per subset,
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using a modified BFS, and so total time in O(k(m + n))). We end up applying recursively
the same procedure as above on the disjoint (possibly unconnected) subgraphs G[A] and
G[V \ A]. For that, we need to build a partition tree for each subgraph.
S
For G[A], we take TA = Ta1 if p = 1, otherwise we take TA = Tc \ ( j>p Tj ). Then,
for every b ∈ V (TA ), we set fA (b) = {X ∩ A | X ∈ f (b)}. Observe that if b =
̸ c then
fA (b) = f (b). Hence, the representation graph of (TA , fA ) can be computed from the
representation graph of (T, f ) in O(kn) time.
Sp
For G[V \ A], a natural choice would be to take the subtree TV \A = T \ ( j=1 Taj ). Then,
for every b ∈ V (TV \A ), we set fV \A (b) = {X \ A | X ∈ f (b)}. Again, we observe that the
representation graph of (TV \A , fV \A ) can be computed from the representation graph of
(T, f ) in O(kn) time. However, doing so, we may not respect all properties of a partition
tree. Specifically, if d = p then c has become a leaf-node and it must be removed. But
then, its father node c′ may have only one child b left. If that is the case, then either
c′ is the root of T and then we choose TV \A = Tb , or we choose the father node of c′ as
the new father node of b, removing on our way the node c′ . Note that we do not modify
fV \A (b) during this procedure. Finally, if d = p + 1 then c only has one child ad left. We
proceed similarly as in the previous case. That is, either c was the root of T and then we
set TV \A = Tad , or we choose the father node of c as the new father node of ad , removing
on our way the node c. Note that doing so, we do not modify the partition fV \A (ad ).
The above procedure recursively defines a so called w-centroid decomposition T (w) . The
latter is a binary rooted tree, whose root is labeled by the cut (A, V \ A). Its left and right
subtrees are w-centroid decompositions of G[A] and G[V \ A] respectively. Note that by
construction, the depth of T (w) is in O(log n). Furthermore, there is a one-to-one mapping
between the leaves of T (w) and the vertices of G. For every vertex v ∈ V , its label CG (v)
contains each cut on its path until the root of T (w) , and the 2k distances computed for each
cut. – Infinite distances may be encoded as some special character. – Here, we stress that all
these distances are computed in some induced subgraphs of G, and not in G itself (unless it
is for the first cut, at the root). Since the depth of T (w) is in O(log n), each CG (v) stores
O(k log n) distances, and so it has a bit size in O(k log n log (W n)) (resp, in O(k log2 n) if
the graph is unweighted). Furthermore, as G[A] and G[V \ A] are disjoint, every recursive
stage of the procedure takes O(k(n + m) log n) time (resp., O(k(n + m)) time). Hence, the
total pre-processing time in order to compute CG (v), for all v ∈ V , is in O(k(n + m) log2 n)
(resp., in O(k(n + m) log n) if G is unweighted).
We are left describing DG (decoding). Let u, v ∈ V be arbitrary. Their least common
ancestor in T (w) corresponds to some cut (Aj , Aj−1 \Aj ) s.t. u ∈ Aj , v ∈ Aj−1 \Aj . Consider
all the cuts on the path between their least common ancestor and the root of T (w) . We call
the latter (A0 , V \ A0 ), (A1 , A0 \ A1 ), . . . , (Aj , Aj−1 \ Aj ). Since up to reverting their two
sides, all these cuts have neighbourhood diversity at most k, then we may apply Lemma 5
j + 1 times in order to compute dG (u, v) (i.e., in G, G[A0 ], G[A1 ], . . . , G[Aj−1 ]). Note that
j = O(log n). Finally, since for each cut considered, the 2k distances that are required in
order to apply this lemma are stored in CG (u) and CG (v), it takes O(k) time per cut, and
so, the final query time is in O(k log n).
◀
Recall that All-Pairs Shortest-Paths in an n-vertex graph of clique-width at most k can
be solved in O((kn)2 ) time [47]. As a by-product of our Theorem 4, we observe below that
we can improve the dependency on k, but at the price of a poly-logarithmic overhead in the
running time.
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▶ Corollary 7. For every n-vertex vertex-weighted graph G = (V, E, w), if cw(G) ≤ k and
a k-expression is given, then we can solve All-Pairs Shortest-Paths for G in O(k(n log n)2 )
time (resp., in O(kn2 log n) time if G is unweighted).
Proof. We start applying Theorem 4 in order to compute a distance-labeling scheme with
O(k log n) query time. Then, we consider all pairs u, v ∈ V (there are O(n2 ) such pairs) and
we compute dG (u, v) in O(k log n) time.
◀

4

Centrality indices and beyond

We refine our strategy for Theorem 4 in order to prove the main result of this paper:
▶ Theorem 8. For every connected n-vertex m-edge graph G = (V, E, w), if cw(G) ≤ k and
a k-expression is given, then we can compute in O(2O(k) (n + m)1+ϵ ) time, for any ϵ > 0: all
the eccentricities, and all the closeness centralities.
▶ Corollary 9. For every connected n-vertex m-edge graph G = (V, E, w), if cw(G) ≤ k and
a k-expression is given, then we can compute the diameter, radius, center, Wiener index and
median set of G in O(2O(k) (n + m)1+ϵ ) time, for any ϵ > 0.
Recall that Coudert et al. proved that assuming SETH, for any ϵ > 0, there is no
O(2o(k) (n + m)2−ϵ )-time algorithm for computing the diameter within cubic graphs of cliquewidth at most k [16]. Therefore, our results for the diameter (and so, for the eccentricities)
are optimal under SETH. Our results for the Wiener index (and so, for the closeness
centrality) are also optimal under SETH. Indeed, since the pathwidth of a graph is an
upper bound for its clique-width [30], then it follows from [1] that it is already “SETHhard”, in the unweighted case, to decide in O(2o(k) (n + m)2−ϵ ) time whether the diameter
is either two or three. It is well-known that diam(G) ≤ 2 if and only if for every v ∈ V
of degree δG (v), T D(v) = 2(n − 1) − δG (v) [11]. In particular, diam(G) ≤ 2 if and only if
W (G) = 2n(n − 1) − 2m.

4.1

Minimal partition of k-modules

First, it is not hard to show that every k-module has a partition in a least number of subsets.
In what follows, we will often use a few simple properties of this minimal partitioning.
▶ Lemma 10. Every vertex-subset A in a graph G = (V, E, w) admits a unique partition
A1 , A2 , . . . , Ak with the following two properties:
1. For every 1 ≤ i ≤ k, for every ui , vi ∈ Ai , we have NG (ui )\A = NG (vi )\A. In particular,
A is a k-module of G.
2. For every k ′ < k, A is not a k ′ -module of G.
We call it the minimal partition of A, and it can be computed in linear time.
Additional notations. From this point on we need to also allow edge-weights, due to some
technicalities in our final proof of Theorem 8. Such a graph is denoted by G = (V, E, w, α),
where α : E → N. Then, the weight of a path is the sum of the weights of all its vertices and
edges. The special case of vertex-weighted graphs is retrieved by setting α(e) = 0 for every
e ∈ E. Finally, we call a cut (A, V \ A) unweighted if all edges between A and V \ A have
a zero weight. The neighbourhood diversity of a cut is the same in G as in the underlying
unweighted graph obtained from G by removing all the weights.
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4.2

Orthogonal range queries

We then need to recall some basics about the framework introduced in [13] by Cabello and
−
p ∈P
Knauer. Let P ⊆ Rk be a static set of k-dimensional points. We assume each point →
→
−
to be assigned a value g( p ). A box is the Cartesian product of k intervals. Note that we
allow each interval to be unbounded and/or open or partially open. Roughly, given a box R,
a range query on P asks for either reporting or counting all points in P ∩ R, or for some
specific point(s) in this intersection maximizing a given objective function. Here, we consider
the following types of range queries:
−
−
(Maximum range query) Given some box R, find some →
p ∈ P ∩ R maximizing g(→
p );
P
→
−
−
g(
p
).
(Sum range query) Given some box R, compute →
p ∈P ∩R
(Count range query) Given some box R, compute |P ∩ R|.
▶ Lemma 11 ([11]). For every k-dimensional point set P of size n, for any ϵ > 0, we can
construct in O(2O(k) n1+ϵ ) time, a data structure, sometimes called a k-dimensional range
tree, that allows to answer any maximum range query, sum range query or count range query
in O(2O(k) nϵ ) time.
In the following Lemma 12 we give a new simple application of Lemma 11 to distance
problems in graphs, namely:
▶ Lemma 12. Let G = (V, E, w, α) be a connected n-vertex m-edge graph, let (A, V \ A) be
an unweighted cut of neighbourhood diversity at most k, and let A′ ⊆ A, B ′ ⊆ V \ A. For
any ϵ > 0, after a pre-processing in O(km + 2O(k) n1+ϵ ) time, for every vertex u ∈ A′ we can
P
compute the values maxv∈B ′ dG (u, v) and v∈B ′ dG (u, v) in Õ(2O(k) nϵ ) time; in the same
P
way, for every vertex v ∈ B ′ we can compute the values maxu∈A′ dG (v, u) and u∈A′ dG (v, u)
in O(2O(k) nϵ ) time.

4.3

Distance-preservers with weighted edges

Our next objective consists in adding some weighted subsets to the two sides of a cut in order
to preserve the distances from the original graph. Recall that for every two subsets X and
Y , dG (X, Y ) = minx∈X,y∈Y dG (x, y). Our construction below is inspired by Cunningham’s
split decomposition [21].
▶ Definition 13. Given G = (V, E, w, α) connected, let (A, V \ A) be an unweighted cut of
neighbourhood diversity at most k. Let A1 , A2 , . . . , Ak be the minimal partition of A. W.l.o.g.,
either all the Bi ’s are nonempty, or Bk is the unique empty set amongst the Bi ’s. We set
k ′ = k if Bk ̸= ∅, and k ′ = k − 1 otherwise.
For every 1 ≤ i ≤ k ′ , let bii ∈ Bi be of minimum weight. For every 1 ≤ i < j ≤ k ′ , let
also bij ∈ Bi , bji ∈ Bj be the ends of a shortest Bi Bj -path (possibly, bij = bji ). The
graph HA is obtained from G[A ∪ {bij | 1 ≤ i, j ≤ k ′ }] by adding, for every 1 ≤ i < j ≤ k ′
s.t. bij ̸= bji , an edge bij bji of weight dG (Bi , Bj ) − w(bij ) − w(bji ).
For every 1 ≤ i ≤ k ′ , let aii ∈ Ai be of minimum weight. For every 1 ≤ i < j ≤ k ′ , let
also aij ∈ Ai , aji ∈ Aj be the ends of a shortest Ai Aj -path. The graph HB is obtained
from G[(V \ A) ∪ {aij | 1 ≤ i, j ≤ k ′ }] by adding, for every 1 ≤ i < j ≤ k ′ , an edge aij aji
of weight dG (Ai , Aj ) − w(aij ) − w(aji ).
Below, we observe that it is rather straightforward to compute these two above subgraphs
HA and HB in parameterized almost linear time:
▶ Lemma 14. Given G = (V, E, w, α) connected, let (A, V \ A) be an unweighted cut of
neighbourhood diversity at most k. The gadget subgraphs HA and HB (see Definition 13)
can be constructed in Õ(k 2 n + km) time.
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The following two properties are crucial in our proofs of Theorem 8.
▶ Lemma 15. Given G = (V, E, w, α) connected, let (A, V \ A) be an unweighted cut
of neighbourhood diversity at most k. Let HA , HB be as in Definition 13. Then, for
every u, v ∈ A we have dG (u, v) = dHA (u, v). Similarly, for every u, v ∈
/ A we have
dG (u, v) = dHB (u, v).
Our approach only works for unweighted cuts. In particular, if we want to apply the
procedure of Definition 13 recursively, for some cuts in the gadget subgraphs HA and HB ,
then we must have both ends of each weighted edge on a same side of the cut. The next
lemma shows that restricting ourselves to such cuts does not cause an explosion of their
neighbourhood diversity.
▶ Lemma 16. Given G = (V, E, w, α) connected, let (A, V \ A) be an unweighted cut of
neighbourhood diversity at most k. Let HA , HB be as in Definition 13.
1. For any A′ ⊆ A, if A′ is a k-module of G then it is a k-module of HA .
2. For any B ′ ⊆ V \ A, if B ′ is a k-module of G then it is a k-module of HB ; if A ∪ B ′ is a
k-module of G then B ′ ∪ {aij | 1 ≤ i, j ≤ k ′ } is a k-module of HB .

4.4

Proofs of the main results

Sketch Proof of Theorem 8. We revisit the scheme of Theorem 4. That is, we fix some
width-k partition tree (T, f ), that takes O(k(n + m)) time by using Lemma 1. We pre-process
the tree T in order to compute in O(1) time, for any two nodes a, a′ ∈ V (T ), their least
common ancestor; it can be done in O(n) time [43]. Furthermore, let w : V (T ) → {0, 1} be
s.t. w(a) = 1 if and only if a is a leaf. In what follows, we mimic the recursive construction
of a w-centroid decomposition of T .
The algorithm. We consider a more general problem for which we are given as input some
tuple ⟨r, H, U, T U , f U , L⟩. Let us detail each of the components of this input. Here, H is a
graph with non-negative real vertex-weights and non-negative integer edge-weights (initially,
H = G). The value r represents the recursion level of the algorithm (initially, r = 0). The
vertex-subset U is such that U ⊆ V ∩ V (H) (initially, U = V ). We further impose to have
H[U ] = G[U ], and that for every u, v ∈ U we have dG (u, v) = dH (u, v). In particular, all
the edges of H[U ] are unweighted. The rooted tree (T U , f U ) is a width-k-partition tree of
G[U ] (initially, T U = T and f U = f ). We further assume that T U was constructed from
a rooted subtree of T by repeatedly contracting internal nodes with only one child. In
particular, all the ancestor-descendant relations in T U are also ancestor-descendant relations
in T . Furthermore, for every node b ∈ V (T U ) we impose f U (b) = {X ∩ U | X ∈ f (b)}. Note
that in lieu of (T U , f U ), we are given the representation graph of this partition tree (as
defined in Sec. 2). Finally, H \ U is partitioned in r′ ≤ r subgraphs of order O(k 2 ), that we
shall name “clusters” in what follows (there may exist edges between different clusters, but
they must be unweighted). To each cluster Wi , we associate some node ci of the original tree
T . Roughly, ci corresponds to some balanced cut, computed at an earlier recursive stage,
and the cluster Wi resulted from the procedure of Definition 13 applied to this cut. So, in
particular, we impose that any edge between two vertices that are on different clusters (resp.,
between a vertex in a cluster and a vertex of U ) must be unweighted. All the pairs (Wi , ci )
are stored in the list L (initially, L is the empty list).
P
The output of the algorithm is, for each u ∈ U , maxv∈U dH (u, v) and v∈U dH (u, v).
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We may assume that |U | ≥ λk 2 log n, for some sufficiently large constant λ. Indeed, if it
not the case then we may compute by brute-force all the desired values (base case of the
recursion). Then, we compute a w-centroid c in T U . Since w(T U ) = |U | > 3, this node c
cannot be a leaf. Let a1 , a2 , . . . , ad be the children of c. As before, we denote by C (resp. Ai )
the subset of vertices of which f U (c) (resp., f U (ai )) is a partition, and by TcU (resp., TaUi )
the subtree rooted at c (resp., at ai ). Here, we stress that C ⊆ U (resp., Ai ⊆ U ). By using
Lemma 6, we may partition T U \ {c} in two non-empty forests of respective weights ≤ 2|U |/3.
Furthermore, we may assume one of our two forests to contain exactly TaU1 , TaU2 , . . . , TaUp for
Sp
some p ≤ d. Then, let A = j=1 Aj . We compute the following cut of H:
The subsets A and U \ A are on separate sides of the cut.
For every (Wj , cj ) ∈ L, there are two cases. If there exists some index 1 ≤ i ≤ p s.t. the
least common ancestor of cj and ai in T is a strict descendant of c (a child of c in T , or a
descendant of one of these children), then we put Wj on the same side of the cut as A.
Otherwise, we put Wj on the same side of the cut as U \ A.
Note that, for each (Wj , cj ) ∈ L, we can decide in which case we are as follows. For every
1 ≤ i ≤ p, we compute the least common ancestor si of cj and ai in T . Then, for every
1 ≤ i ≤ p, we compute the least common ancestor of si and c in T .
Let (A′ , V (H) \ A′ ) be the resulting cut, where A ⊆ A′ . By construction, it is unweighted.
We prove that A′ is a k-module of H. Then, we apply Lemma 12 in order to compute, for
P
every u ∈ A, the values maxv∈U \A dH (u, v) and v∈U \A dH (u, v) (resp., for every v ∈ U \ A,
P
the values maxu∈A dH (v, u) and u∈A dH (v, u)). We are left computing for every u ∈ A,
P
the values maxu′ ∈A dH (u, u′ ) and u′ ∈A dH (u, u′ ) (resp., for every v ∈ U \ A, the values
P
maxv′ ∈U \A dH (v, v ′ ) and v′ ∈U \A dH (v, v ′ )). For that, we construct the gadget subgraphs
HA and HB , as in Definition 13 (i.e., w.r.t. the above cut (A′ , V (H) \ A′ )). Let LA contain
every (Wj , cj ) ∈ L s.t. Wj ⊆ A′ ; we also add in LA a new cluster (V (HA ) \ A′ , c). In the
same way, let LB contain every (Wj , cj ) ∈ L s.t. Wj ⊆ V (H) \ A′ ; we also add in LB a new
cluster (V (HB ) \ B ′ , c), where B ′ = V (H) \ A′ . We end up calling our algorithm recursively
for the inputs ⟨r + 1, HA , A, T A , f A , LA ⟩ and ⟨r + 1, HB , U \ A, T B , f B , LB ⟩.
Correctness. There are two properties to check in order to prove the validity of our approach.
The first such property is that, being given the two gadget subgraphs HA and HB resulting
from H, the distances in H (and so, in G) are preserved. This follows from Lemma 15.
The second property to be checked is that we always compute a cut (A′ , V (H) \ A′ ) of
neighbourhood diversity at most k. We prove by induction on r, using Lemma 16, that:
▶ Property 1. For every ⟨r, H, U, T U , f U , L⟩, let s1 , s2 , . . . , sq be children of some node s in
Sq
T U . Let Si be the subset of U of which f U (si ) is a partition, and set S = i=1 Si . Finally,
let S ′ be the union of S with all subsets Wj , for (Wj , cj ) ∈ L, s.t. the least common ancestor
in T of cj and some node si is a strict descendant of s. Then, S ′ is a k-module of H.
Complexity analysis. By induction, the depth of the recursion tree is O(log n). Furthermore,
the sum of all the orders |V (H)| + |E(H)|, over all the inputs ⟨r, H, U, T U , f U , L⟩ that are
at the same recursion level r, is at most O(k 2 n log n + m). Therefore, by Lemmas 14 and 12
the total running time at any fixed recursive stage, and so also for the whole algorithm, is in
O(2O(k) (n + m)1+ϵ ), for any ϵ > 0.
◀

5

Facility location problems on bounded clique-width graphs

Our last result in the paper is as follows:

G. Ducoffe

16:13

▶ Theorem 17. For every connected n-vertex m-edge graph G = (V, E), if cw(G) ≤ k and a
k-expression is given, then for any ϵ > 0, we can compute in O(2O(k) (n + m)1+ϵ ) time: all
the p-eccentricities and all the total p-distances, for every cost function p : V → N.
Despite its apparent similarity with Theorem 8, Theorem 17 has some special features.
To see why, let us assume that two vertices u, v are disconnected by a join with respective
sides X, Y . Then, d(u, v) = d(u, X) + 1 + d(Y, v),2 and therefore for any fixed u, in order to
maximize d(u, v) it suffices to find such a v maximizing d(v, Y ). However, this is no more true
if we have a cost function p; indeed, we now want to maximize p(v)·(d(u, X)+1)+p(v)d(v, Y ).
For that, we first prove that:
▶ Lemma 18. Let F be a set of n linear functions fi : t → ai · t + bi , where ai , bi ≥ 0. Then
after an O(n log n)-time pre-processing, for any x ≥ 0 we can compute max1≤i≤n {ai · x + bi }
in O(log n) time.
Combined with some insights of Cabello about range trees [12], we get:
▶ Corollary 19. Let P be a set of n points in Rd where each point p ∈ P is associated an
ordered pair (a(p), b(p)) of nonnegative real numbers. We can construct a data structure in
O(2O(d) n1+ϵ ) time, for any ϵ > 0, such that, for any box R and nonnegative x ≥ 0, a point
p ∈ P ∩ R maximizing a(p) · x + b(p) can be output in O(2O(d) nϵ ) time.
▶ Lemma 20. Let G = (V, E, α) be a connected n-vertex m-edge graph, where α : E → N,
and let p ≥ 0 be some vertex-weight function. Let also (A, V \ A) be an unweighted cut
of neighbourhood diversity at most k, and let A′ ⊆ A, B ′ ⊆ V \ A. For any ϵ > 0, after
a pre-processing in O(km + 2O(k) n1+ϵ ) time, for every vertex u ∈ A′ we can compute
P
O(k) ϵ
the values maxv∈B ′ p(v) · dG (u, v) and
n ) time; in the
v∈B ′ p(v) · dG (u, v) in O(2
′
′
same way, for every vertex v ∈ B we can compute the values maxu∈A p(u) · dG (v, u) and
P
O(k) ϵ
n ) time.
u∈A′ p(u) · dG (v, u) in O(2
Theorem 17 now follows from the exact same proof as for Theorem 8, but where we use
Lemma 20 rather than Lemma 12.
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Abstract
We consider the Strictly Chordal Editing problem, where one is given an undirected graph
G = (V, E) and a parameter k ∈ N and seeks to edit (add or delete) at most k edges from G to obtain
a strictly chordal graph. Problems Strictly Chordal Completion and Strictly Chordal
Deletion are defined similarly, by only allowing edge additions for the former, and only edge
deletions for the latter. Strictly chordal graphs are a generalization of 3-leaf power graphs and a
subclass of 4-leaf power graphs. They can be defined, e.g., as dart and gem-free chordal graphs. We
prove the NP-completeness for all three variants of the problem and provide an O(k3 ) vertex-kernel
for the completion version and O(k4 ) vertex-kernels for the two others.
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1

Introduction

Parameterized algorithms are among the most natural approaches to tackle NP-hard optimization problems [13]. In particular, they have been very successful in dealing with so-called
edge modification problems on graphs: given as input an arbitrary graph G = (V, E) and a
parameter k ∈ N, the goal is to transform G into a graph with some specific properties (i.e.,
belonging to a specific graph class G) by adding and/or deleting at most k edges. Parameterized algorithms (also called FPT for fixed parameter tractable) aim at a time complexity of
type f (k) · nO(1) , where f is some computable function, hence the combinatorial explosion is
restricted to parameter k.
When the target class G is characterized by a finite family of forbidden induced subgraphs,
modification problems are FPT by a result of Cai [8]. Indeed, as long as our graph contains
one of the forbidden subgraphs, we can try each possibility to correct this obstruction and
branch by recursive calls. On each branch, the budget k is strictly diminished, therefore
the whole algorithm has a number of calls bounded by some function f (k). The situation is
more complicated when the target class G is characterized by an infinite family of forbidden
induced subgraphs. Nonetheless, a large literature is devoted to edge modification problems
towards chordal graphs (where we forbid all induced cycles with at least four vertices) as well
as sub-classes of chordal graphs, typically obtained by requiring some fixed set of obstructions,
besides the long cycles. Observe that, in this case, the situation remains relatively simple if
we restrict ourselves to edge completion problems, where we are only allowed to add edges to
the input graphs. Indeed, in this case, if a graph has a cycle of length longer than k + 3,
it cannot be made chordal by adding at most k edges. Therefore we can use again the
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approach of Cai to deal with cycles of length at most k + 3 and other obstructions, and either
the algorithm finds a solution in f (k) recursive calls, or we can conclude that we have a
no-instance. The cases of edge deletion problems (where we are only allowed to remove edges)
and edge editing problems (where we are allowed to both remove edges or add missing edges)
are more complicated, since even long cycles can be eliminated by a single edge removal.
Therefore more efforts and more sophisticated techniques were necessary in these situations,
but several such problems turned out to be FPT [10, 14, 15]. The interested reader can
refer to [11] for a broad and comprehensive survey on parameterized algorithms for edge
modification problems.
We focus here on a sub-family of parameterized algorithms, namely on kernelization. The
goal of kernelization is to provide a polynomial algorithm transforming any instance (I, k) of
the problem into an equivalent instance (I ′ , k ′ ) where k ′ is upper bounded by some function
of k (in our case we will simply have k ′ ≤ k), and the size of the new instance I ′ is upper
bounded by some function g(k). Hence the size of the reduced instance does not depend
on the size of the original instance. While kernelization is possible for all FPT problems
(the two notions are actually equivalent), the interesting question is whether a given FPT
problem admits polynomial kernels, where the size of the reduced instance is bounded by
some polynomial in k. Note that, under some complexity assumptions, not all FPT problems
admit polynomial kernels [5, 6, 7, 9, 19, 24].
In this paper we provide polynomial kernels for Strictly Chordal Completion,
Strictly Chordal Deletion and Strictly Chordal Editing. Strictly chordal graphs
are a subclass of chordal graphs, also known as block duplicate graphs [22, 23, 18]. They can
be obtained from block graphs, i.e., graphs in which every block (bi-connected component)
induces a clique, by repeatedly choosing some vertex u and adding a true twin v of u, that is
a vertex v adjacent to u and all other neighbors of u. They can also be characterized as dart,
gem-free chordal graphs (see Figure 1 and next section). Strictly chordal graphs are known
to be a subclass of 4-leaf power graphs [23], and a super-class of 3-leaf power graphs. Leaf
power graphs have been introduced in the context of phylogeny reconstruction [28]. A graph
is said to be p-leaf power, for some integer p, if its vertices can be bijectively mapped onto
the leaves of some tree, such that two vertices are adjacent in the graph if the corresponding
leaves are at distance at most p in the tree.

Related work
Kernelization for chordal completion goes back to the ’90s and the seminal paper of
Kaplan, Shamir and Tarjan [21]. Since then, several authors addressed completion, deletion
and/or editing problems towards sub-classes of chordal graphs, as 3-leaf power graphs [3], split
and threshold graphs [20], proper interval graphs [4], trivially perfect graphs [2, 16, 17, 20]
or ptolemaic graphs [12]. All these classes have in common that they can be defined as
chordal graphs, plus a constant number of obstructions. Several questions remain open, for
example it is not known whether chordal deletion or chordal editing admit polynomial
kernels [11]. We could also ask whether completion and editing problems towards 4-leaf
power graphs admit a polynomial kernel, knowing that they are FPT [15].

Our contribution
Firstly, we prove that problems Strictly Chordal Completion, Strictly Chordal
Deletion and Strictly Chordal Editing are NP-complete. Secondly, we give a kernelization algorithm for the Strictly Chordal Completion problem, producing a reduced
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instance with O(k 3 ) vertices. Eventually, we discuss how to extend this approach in order
to obtain an O(k 4 )-vertex kernel for both Strictly Chordal Deletion and Strictly
Chordal Editing. Above all, our purpose is to exhibit general techniques that might, we
hope, be extended to kernelizations for edge modification problems towards other graph
classes. Several such algorithms, e.g., [3, 17] share the following feature. Very informally, the
target class G admits a tree-like decomposition, in the sense that the vertices of any graph
H ∈ G can be partitioned into clique modules, and these modules can be mapped onto the
nodes of a decomposition tree, the structure of the tree describing the adjacencies between
modules. Therefore, if an arbitrary graph G can be transformed into graph H by at most k
edge additions or deletions, at most 2k modules can be affected by the modifications. By
removing the affected nodes from the decomposition tree, we are left with several components
that correspond, in the initial graph G as well as in H, to induced subgraphs that may be
large but that already belong to the target class. Moreover, these chunks are attached to
the rest of graph G in a very regular way, through one or two nodes of the decomposition
tree. The kernelization algorithms need to analyze these chunks and provide reduction rules,
typically by ensuring a small number of nodes in the decomposition tree, plus the fact that
each node corresponds to a module of small size.
The class of strictly chordal graphs does not have exactly a tree-like decomposition, but
still can be decomposed into a structure of block graph, which can be seen as a generalization
of a tree. Our algorithms exploit these informal observations and provide the necessary
reduction rules together with the combinatorial analysis for the kernel size. Proofs of
statements labeled with (⋆) are omitted in this extended abstract.

2

Preliminaries

We consider simple, undirected graphs G = (V, E) where V denotes the vertex set and
E ⊆ (V × V ) the edge set of G. We will sometimes use V (G) and E(G) to clarify the context.
Given a vertex u ∈ V , the open neighborhood of u is the set NG (u) = {v ∈ V : uv ∈ E}. The
closed neighborhood of u is defined as NG [u] = NG (u) ∪ {u}. Two vertices u and v are true
twins if NG [u] = NG [v]. Given a subset of vertices S ⊆ V , NG [S] is the set ∪v∈S NG [v] and
NG (S) is the set NG [S]\S. We will omit the mention to G whenever the context is clear. The
subgraph induced by S is defined as G[S] = (S, ES ) where ES = {uv ∈ E : u ∈ S, v ∈ S}.
For the sake of readability, given a subset S ⊆ V we define G \ S as G[V \ S]. A subgraph
C is a connected component of G if it is a maximal connected subgraph of G. A subset of
vertices M ⊆ V is a module if for every vertices x, y ∈ M , N (x)\M = N (y)\M . A set S ⊆ V
is a separator of G if G\S is not connected. Given two vertices u and v of G, the separator
S is a uv-separator if u and v lie in distinct connected components of G\S. Moreover, S is a
minimal uv-separator if no proper subset of S is a uv-separator. Finally, a separator S is
minimal if there exists a pair {u, v} such that S is a minimal uv-separator.

Figure 1 The diamond, dart, gem and cycle of length at least 4.

▶ Definition 1. Given a graph G = (V, E), a critical clique of G is a set K ⊆ V such that
G[K] is a clique, K is a module and is inclusion-wise maximal under this property.
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Notice that K is a maximal set of true twins and that the set K(G) of critical cliques of
any graph G partitions its vertex set V (G). This leads to the following definition.
▶ Definition 2 (Critical clique graph). Let G = (V, E) be a graph. The critical clique graph
of G is the graph C(G) = (K(G), EC ) with EC = {KK ′ | ∀u ∈ K, ∀v ∈ K ′ , uv ∈ E}.

Strictly chordal graphs
Block graphs are graphs in which every block (bi-connected component) is a clique. They can
also be characterized as chordal graphs that do not contain diamonds as induced subgraphs [1].
A natural generalization of block graphs are strictly chordal graphs, also known as block
duplicate graphs [22, 23, 18], that are obtained from block graphs by adding true twins [18].
▶ Theorem 3 ([26]). Let G = (V, E) be a graph. The following conditions are equivalent:
1. G is a strictly chordal graph,
2. The critical clique graph C(G) is a block graph,
3. G does not contain any dart, gem or hole as an induced subgraph (see Figure 1),
4. The minimal separators of G are pairwise disjoint.
We consider the following problem:
Strictly Chordal Editing
Input: A graph G = (V, E), a parameter k ∈ N
Question: Does there exist a set of pairs F ⊆ (V × V ) of size at most k such that the graph
H = (V, E△F ) is strictly chordal, with E△F = (E \ F ) ∪ (F \ E)?

The Strictly Chordal Completion and Strictly Chordal Deletion problems
are defined similarly by requiring F to be disjoint from (resp. included in) edge set E. Given
a graph G = (V, E), a set F ⊆ (V × V ) such that the graph H = (V, E△F ) is strictly
chordal is called an edition of G. When F is disjoint from E (resp. included in E) it is
called a completion (resp. a deletion) of G. For the sake of simplicity we use G△F , G + F
and G − F to denote the resulting strictly chordal graphs in all version of the problem. In
all cases, F is optimal whenever it is minimum-sized. Given an instance (G = (V, E), k)
of any of the aforementioned problems, we say that F is a k-edition (resp. k-completion,
k-deletion) whenever F is an edition (resp. completion, deletion) of size at most k. Finally, a
vertex is affected by F whenever it is contained in some pair of F . We say that an instance
(G = (V, E), k) of any of the aforementioned problems is a yes-instance whenever it admits a
k-edition (resp. k-completion, k-deletion).
Let G1 = (V1 , E1 ) and G2 = (V2 , E2 ) be two vertex-disjoint graphs and let S1 ⊆ V1 , S2 ⊆
V2 . The join composition of G1 and G2 on S1 and S2 , denoted (G1 , S1 ) ⊗ (G2 , S2 ), is the
graph (V1 ∪ V2 , E1 ∪ E2 ∪ (S1 × S2 )).
▶ Lemma 4 ([22]). Let G1 = (V1 , E1 ) and G2 = (V2 , E2 ) be two strictly chordal graphs
and let S1 ⊆ V1 , S2 ⊆ V2 . The graph G = (G1 , S1 ) ⊗ (G2 , S2 ) is strictly chordal if for each
i ∈ {1, 2}, Si is a critical clique or is a clique included in exactly one maximal clique of Gi .
We will use the following result that guarantees that any clique module of a given graph
G will remain a clique module in any optimal edge modification towards some hereditary
class of graphs, in particular towards strictly chordal graphs.
▶ Lemma 5 ([3]). Let G be an hereditary class of graphs closed under true twin addition.
For every graph G = (V, E), there exists an optimal edition (resp. completion, deletion) F
into a graph of G such that for any two critical cliques K and K’ either (K × K ′ ) ⊆ F or
(K × K ′ ) ∩ F = ∅.
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In the remainder of this paper we always assume that the considered optimal editions
(resp. completions, deletions) satisfy Lemma 5.

2.1

Hardness results

The NP-completeness of Strictly Chordal Completion follows directly from the proof
of NP-completeness of 3-Leaf Power Completion from [14]. We can use the same
reduction from Biclique Deletion, taking the complement of a bipartite graph and adding
an universal vertex.
▶ Theorem 6. Strictly Chordal Completion is NP-complete.
We show the NP-completeness of Strictly Chordal Editing and Strictly Chordal
Deletion by giving a reduction from Cluster Editing and Cluster Deletion, known
to be NP-complete [25, 30, 27].
▶ Theorem 7. Strictly Chordal Editing and Strictly Chordal Deletion are
NP-complete.
Proof. A graph is a cluster graph if it does not contain any induced path on three vertices
(so-called P3 ). Given an instance (G = (V, E), k) of Cluster Editing, we construct an
instance of Strictly Chordal Editing by adding a clique U = {u1 , . . . , uk+1 } of size
x
k + 1 adjacent to all vertices of V , and for each vertex x in V , k + 1 vertices {v1x , . . . , vk+1
}
′
′
′
adjacent only to x. Let (G = (V , E ), k) be the produced instance. We show that the graph
G admits a k-edition into a cluster graph if and only if G′ admits a k-edition into a strictly
chordal graph. Suppose first that there is a k-edition F of G into a cluster graph. The graph
G△F is a graph without any P3 as induced subgraph. Now consider the graph H ′ = G′ △F .
By construction H ′ [V ] contains no P3 , so H ′ is chordal and contains neither gems nor dart.
By Theorem 3, it follows that H ′ is strictly chordal. Now suppose that there exists a k-edition
F ′ of G′ into a strictly chordal graph. By contradiction, suppose that G′ contains a P3
{x, y, z} where x, z are the ends of the path. Then, there exist i, j ∈ {1, . . . , k + 1} such that
{x, y, z, ui , vjy } forms a dart, contradicting that G′ △F ′ is strictly chordal, thus G△F is a
cluster graph.
The same reduction can be done from Cluster Deletion to Strictly Chordal
Deletion. This concludes the proof.
◀

3

Kernelization algorithm for Strictly Chordal Completion

We begin this section by providing a high-level description of our kernelization algorithm. We
use the critical clique graph of strictly chordal graphs to bound the number of vertices of a
reduced instance. Let us consider a positive instance (G = (V, E), k) of Strictly Chordal
Completion, F a suitable solution and H = G + F . Denote by C(H) the critical clique
graph of H as described Definition 2 and recall that C(H) is a block graph (Theorem 3).
Since |F | ≤ k, we know that at most 2k critical cliques of C(H) may contain affected vertices.
Let A be the set of such critical cliques, T the minimum subgraph of C(H) that spans all
critical cliques of A and A′ the set of critical cliques of degree at least 3 in T . We shall
see later that |A′ \A| ≤ 3 · |A| (Lemma 19). We will define the notion of block-branch,
corresponding to subgraphs of G that are strictly chordal. We will focus our interest on two
types of block-branches: the ones that are connected to the rest of the graph by only one
critical clique, called 1-block-branches, and the ones that are connected to the rest of the
graph by exactly two critical cliques, called 2-block-branches. The connected components
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of the graph T \(A ∪ A′ ) correspond to parts of 2-block-branches and the length of these
2-block-branches will be bounded by 3. We will see that there are at most 4k such connected
components, thus there is O(k) critical cliques in T . Finally, the connected components of
the graph C(H)\V (T ) correspond to 1-block-branches or sets of connected 1-block-branches.
Each 1-block-branch will be reduced to 2 critical cliques, and to each critical clique or
maximal clique of T there is a linear number of 1-block-branches of C(H)\V (T ) adjacent to
it. Altogether, the graph C(H) contains O(k 2 ) critical cliques, and each critical clique is of
size at most k + 1, hence the graph G contains O(k 3 ) vertices.

3.1

Classical reduction rules

We first give classical reduction rules when dealing with modification problems. The first
rule is safe for any target graph class hereditary and closed under disjoint union. The second
one comes from the fact that strictly chordal graphs are hereditary and closed under true
twin addition, combined with Lemma 5.
▶ Rule 1. Let C be a strictly chordal connected component of G. Remove V (C) from G.
▶ Rule 2. Let K ⊆ V be a set of true twins of G such that |K| > k + 1. Remove |K| − (k + 1)
arbitrary vertices in K from G.
▶ Lemma 8 (Folklore, [3]). Rules 1 and 2 are safe and can be applied in polynomial time.

3.2

Block-branch reduction rules

We now consider the main structure of our kernelization algorithm, namely block-branches.
▶ Definition 9 (block-branch). Let G = (V, E) be a graph. We say that a subgraph B of G
is a block-branch if V (B) is an union of critical cliques K1 , . . . , Kr ∈ K(G) such that the
subgraph of C(G) induced by K1 , . . . , Kr is a connected block graph.
We emphasize that our definition of a block-branch B is stronger than simply requiring
B to be an induced strictly chordal graph. For example, if G is the dart graph, the subgraph
obtained by removing the pendant vertex is strictly chordal, but it is not a block-branch
because the corresponding critical cliques do not form a block graph in C(G). Let B be a
block-branch of graph G and let K1 , . . . , Kr be the critical cliques of G contained in V (B).
We say that Ki is an attachment point of B if NG (Ki ) \ V (B) ̸= ∅. A block-branch B is a
p-block-branch if it has exactly p attachment points. We denote B R the subgraph of B in
which all attachment points have been removed.
We first give structural Lemmata on block-branches that will be helpful to prove the
safeness of our rules.
▶ Lemma 10. Let G = (V, E) be a graph and B a block-branch of G. For any attachment
point P of B, let B ′ = B\P , consider the connected components G1 , G2 , . . . , Gr of B ′ and let
Qi = NB (P ) ∩ V (Gi ). For every i, 1 ≤ i ≤ r, Qi is a critical clique of Gi or Qi is included
in exactly one maximal clique of Gi .
Proof. First, we show that all sets Qi are cliques. Suppose that Qi is not a clique for some
1 ≤ i ≤ r. Let x and y be non adjacent vertices of Qi and z ∈ P . Since Gi is connected, take
a shortest path π between x and y in Gi . The subgraph induced by the vertices {x, y, z}
and those of π contains either a cycle of length at least 4 if z is not adjacent to any inner
vertex of π, which is a contradiction since B is a block graph, or a diamond with z being
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one of its vertices of degree 3. In the latter case, since z is not in the same critical clique of
C(G) as its true twin in the diamond, the critical cliques of C(G) that contain some vertices
of this diamond also form a diamond in C(G). This diamond is formed by critical cliques
of G contained in B, contradicting the definition of a block-branch. In all cases we have a
contradiction, it remains that Qi is a clique in G.
Now, suppose that Qi , 1 ≤ i ≤ r is included in two or more maximal cliques in Gi and
let u, v ∈ V (Gi )\Qi be two vertices adjacent to Qi such that uv ∈
/ E(Gi ). If Qi is not a
critical clique of Gi , there are two cases, either Qi is not a module of Gi or Qi is included
in a larger module of Gi . In the first case, there are two vertices x, y ∈ Qi that are not in
the same module of Gi . Let z ∈ V (Gi )\Qi be a vertex adjacent to only x or y, say w.l.o.g.
x. The subgraph of G induced by {u, v, x, y, z} is either a dart if z is not adjacent to u nor
v or a gem if it is adjacent to exactly one of them. If z is adjacent to both u and v, then
{z, u, y, v} forms a C4 in this order, leading to a contradiction. In the second case, that is
Qi is included in a larger module of Gi , let x ∈ Qi , y a vertex in the same module as x in Gi
and z ∈ P . Observe that zy ∈
/ E(G). The set {x, y, z, u, v} induces a dart in G. In all cases
we have a contradiction, since the forbidden structure is also contained in B. It remains that
Qi is a critical clique of Gi or Qi is included in exactly one maximal clique of Gi .
◀
▶ Lemma 11. Let G = (V, E) be a graph and B a block-branch of G. Let F be an optimal
completion of G that respects Lemma 5, and H = G + F . For any attachment point P of B,
let C be the critical clique of H which contains P . Then C ′ = C\V (B R ) is a critical clique
of H ′ = H\V (B R ) or is included in exactly one maximal clique of H ′ .
Proof. Assume that C ′ is included in two or more maximal cliques in H ′ . Let u, v ∈ V (H ′ )\C ′
be two vertices adjacent to C ′ such that uv ∈
/ E(H ′ ). If C ′ is not a critical clique of H ′ , then
either C ′ is not a module of H ′ or C ′ is included in a larger module of H ′ . In the first case,
there are two vertices x, y ∈ C ′ that are not in the same module of H ′ . Let z ∈ V (H ′ )\C ′ be
a vertex adjacent to only x or y, say w.l.o.g. x. The subgraph of H induced by {u, v, x, y, z}
is either a dart if z is not adjacent to u nor v or a gem if it is adjacent to exactly one of
them. If z is adjacent to both u and v, then {z, u, y, v} forms a C4 in this order, leading to a
contradiction. In the second case, C ′ is included in a larger module of H ′ . Let x ∈ C ′ , y
be a vertex in the same module as x in H ′ and z ∈ NB (P ). The set {x, y, z, u, v} induces a
dart in H if zy is not in E(H), else a gem in H. In all cases we have a contradiction since H
is strictly chordal. It remains that C ′ is a critical clique of H ′ or C ′ is included in exactly
one maximal clique of H ′ .
◀
▶ Lemma 12. Let G = (V, E) be a graph and B a 1-block-branch of G with attachment point
P . There exists an optimal completion F of G such that:
The set of vertices of B affected by F is included in P ∪ NB (P ).
In H = G+F the vertices of NB (P ) are all adjacent to the same vertices of V (G)\V (B R ).
Proof. Let F be an optimal completion of G. Let C be the critical clique of H which contains
P and let C ′ = C\V (B R ). Let Q1 , . . . , Qr be the cliques that partition NB (P ) (Lemma 10)
and Gi the connected component of B R which contains Qi . The graphs H ′ = H\V (B R )
and Gi , for 1 ≤ i ≤ r, are strictly chordal by heredity. By Lemma 10, for 1 ≤ i ≤ r, Qi
is a critical clique of Gi or is in exactly one maximal clique of Gi . By Lemma 11, C ′ is a
critical clique of H ′ or is in exactly one maximal clique of H ′ . Thus, by Lemma 4 the graph
S
S
H ∗ corresponding to the graph ( 1≤i≤r Gi , 1≤i≤r Qi ) ⊗ (H ′ , C ′ ) is a strictly chordal graph.
Let F ∗ be such that H ∗ = G + F ∗ . By construction F ∗ ⊆ F , and the desired properties are
verified.
◀
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Figure 2 Illustration of the proof of Lemma 12 for r = 3. The graph H ∗ = (G1 ∪ G2 ∪ G3 , Q1 ∪
Q2 ∪ Q3 ) ⊗ (H ′ , C ′ ) is strictly chordal by Lemma 4.

▶ Rule 3. Let (G = (V, E), k) be an instance of Strictly Chordal Completion. If G
contains a 1-block-branch B with attachment point P , then remove from G the vertices of
V (B R ) and add a clique K of size min{|NB (P )|, k + 1} adjacent to P .
▶ Lemma 13 (⋆). Rule 3 is safe.
▶ Lemma 14. Let (G = (V, E), k) be a yes-instance of Strictly Chordal Completion,
reduced by Rule 2. Let B1 , . . . , Bl be disjoint 1-block-branches of G with attachment points
Sl
P1 , . . . , Pl which have the same neighborhood N in G\ i=1 V (Bi ) and form a disjoint union of
l
|Pi | > 2k +1, then for every k-completion F of G,
cliques Q1 , . . . Qr in G[P1 ∪· · ·∪Pl ]. If Σi=1
l
N has to be a clique of H = G + F . Moreover, if r > 1 and (Σi=1
|Pi |) − max1≤j≤r {|Qj |} > k
then N is a critical clique of H.
Proof. If r = 1, assume for a contradiction that N is not a clique in H and let x, y ∈ N
such that xy ∈
/ E(H). By our hypothesis, |Q1 | > 2k + 1. Recall that since G is reduced by
Rule 2, its critical cliques have at most k + 1 vertices, in particular each Pi is of size at most
k + 1. At least one block-branch Bi contains some edge uz with u ∈ Pi and z ∈ V (Bi ) \ Pi
(otherwise each block-branch Bi is formed only of Pi , so Q1 would be a clique module in G,
hence contained in some critical clique of G, contradicting the fact that all critical cliques of
G are of size at most k + 1). In graph G, z is not adjacent to any other block-branch Bj , for
P
any j =
̸ i. Since j̸=i |Pj | > k and F is of size at most k, there must exist some j =
̸ i and
some vertex v ∈ Pj such that vz ∈
/ E(H). Let us examine the subgraph of H induced by
vertices {z, u, v, x, y}. If z is not adjacent to any of {x, y}, we obtain a dart. If it is adjacent
to exactly one of them, the five vertices induce a gem. Finally, if z is adjacent to both x and
y in H, then {z, x, v, y} forms a C4 in this order. In all cases we have a contradiction. It
remains that N is a clique in H.
If r > 1, suppose for a contradiction that N is not a clique in H, then there exist two
vertices x, y ∈ N such that xy ∈
/ E(H). For any pair of vertices ui ∈ Qi , uj ∈ Qj , i ̸= j,
the set {x, ui , y, uj } induces a C4 in G. Thus (uj , ui ) has to be in F , implying |F | > k, a
contradiction. Hence N has to be a clique in H. Suppose now that N is not a module in H,
then there exists x, y ∈ N and z ∈ V (G)\(N ∪ Q1 ∪ · · · ∪ Qr ) adjacent to only one of the
vertices x or y, say w.l.o.g. x. For any pair of vertices ui ∈ Qi , uj ∈ Qj , i ̸= j, if (uj , ui ) ∈
/F
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the set {x, y, ui , uj , z} induces a dart if neither ui nor uj is adjacent to z, a gem if one of them
is adjacent to z, or if both of them are adjacent to z, {y, ui , uj , z} induces a C4 in H. Thus
(uj , ui ) has to be in F , implying |F | > k, a contradiction. Hence N must be a module in H.
If N is not a critical clique of H, then it is strictly contained in some critical clique N ′ . A
vertex x ∈ N ′ \N must have been made adjacent to NH [N ]. If x is not in some Pi or NBi (Pi ),
then it must have been made adjacent to all vertices of P1 ∪ · · · ∪ Pl , implying |F | > k, a
l
|Pi |) − max1≤j≤r {|Qj |} > k,
contradiction. If x is in some Pi or or NBi (Pi ), since (Σi=1
then it must have been made adjacent to the vertices of every Pj , j ̸= i, implying |F | > k, a
contradiction. It remains that N is a critical clique in H.
◀
▶ Rule 4. Let (G = (V, E), k) be an instance of Strictly Chordal Completion and
B1 , . . . , Bl disjoint 1-block-branches of G with attachment points P1 , . . . , Pl having the same
Sl
l
neighborhood N in G\ i=1 V (Bi ). Assume that Σi=1
|Pi | > 2k + 1 and let Q1 , . . . Qr be the
disjoint union of cliques in G[P1 ∪ · · · ∪ Pl ].
Sl
If r = 1, remove the vertices i=1 V (Bi ), add two adjacent cliques K and K ′ of size k + 1
with neighborhood N and a vertex uK adjacent to every vertex of K.
Sl
l
If r > 1 and (Σi=1
|Pi |) − max1≤j≤r {|Qj |} > k, remove the vertices i=1 V (Bi ) and add
two non-adjacent cliques of size k + 1 with neighborhood N .
▶ Lemma 15 (⋆). Rule 4 is safe.

3.3

Reducing the 2-block-branchs

Let B be a 2-block-branch of a graph G reduced by Rule 3, with attachment points P1 and
P2 . We say that B is clean if B R is connected, and that the length of a clean 2-block-branch
is the length of a shortest path between its two attachment points in C(B).
▶ Lemma 16. Let G = (V, E) be graph and B a clean 2-block-branch of length at least 3 with
attachment points P1 , P2 that are in different connected components of G\V (B R ). There
exists an optimal completion F of G such that:
The set of vertices of B affected by F is included in P1 ∪ NB (P1 ) ∪ P2 ∪ NB (P2 ),
In H = G + F , the vertices of NB (P1 ) (resp. NB (P2 )) are all adjacent to the same
vertices of V (G)\V (B R ).
Proof. Let F be an optimal completion of G, and H = G + F . Recall that by hypothesis
P1 and P2 are in different connected components of G \ V (B R ) and let G1 and G2 be these
components. Consider the graphs H1 = H[V (G1 ) ∪ V (B R )], H2 = H[V (G2 ) ∪ V (B R )] and
H3 = H[V (G)\(V (G1 ) ∪ V (G2 ) ∪ V (B R ))], which are strictly chordal graphs by heredity.
Let Ci be the critical clique of Hi which contains Pi , and Ci′ = Ci \V (B R ), i ∈ {1, 2}. By
Lemma 11, Ci′ is a critical clique of Hi′ = Hi \V (B R ) or is in exactly one maximal clique of
Hi′ . Since P1 are P2 are at distance at least 3 to each other, NB (P1 ) and NB (P2 ) are disjoint.
Since B R is connected, Lemma 10 gives that NB (P1 ) and NB (P2 ) are cliques in G and are
critical cliques of B R or are each in exactly one maximal clique of B R . By Lemma 4, the graph
H ∗ corresponding to the disjoint union of ((B R , NB (P1 )) ⊗ (H1′ , C1′ )), NB (P2 )) ⊗ (H2′ , C2′ )
and H3 is strictly chordal and the completion F ∗ ⊆ F , such that H ∗ = G + F ∗ , respects the
desired properties.
◀
▶ Rule 5. Let (G = (V, E), k) be an instance of Strictly Chordal Completion and B
a clean 2-block-branch of G of length at least 3 with attachment points P1 , P2 that are in
different connected components of G\V (B R ). Remove the vertices of B R , and add two new
cliques K1 and K2 of size respectively min{|NB (P1 )|, k + 1} and min{|NB (P2 )|, k + 1} with
the edges (P1 × K1 ), (K1 × K2 ), (K2 × P2 ).
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Figure 3 Illustration of the proof of Lemma 16. The graph H ∗ = ((B R , NB (P1 )) ⊗
⊗ (H2′ , C2′ ) is strictly chordal by Lemma 4.

(H1′ , C1′ )), NB (P2 ))

▶ Lemma 17 (⋆). Rule 5 is safe.

4

Size of the kernel

We first state that reduction rules involving block-branches can be applied in polynomial
time.
▶ Lemma 18. Given an instance (G = (V, E), k) of Strictly Chordal Completion,
Rules 3 to 5 can be applied in polynomial time.
Proof. We rely on a linear time computation of the critical clique graph C(G) of G [29] and
a linear time recognition algorithm for block graphs [1]. We show that we can enumerate all
1-block-branches and 2-block-branches in polynomial time. Since an attachment point is by
definition a critical clique of G, one can detect 1-block-branches by removing a critical clique
of C(G) and look among the remaining connected components those that induce a connected
block graph together with P (in C(G)). Considering a maximal set of such components
together with P gives a 1-block-branch B. We proceed similarly to detect clean 2-blockbranches by removing a pair of critical cliques P1 , P2 of C(G), and look among the remaining
connected components those that induce a connected block graph (in C(G)) together with P1
and P2 . Such components together with P1 and P2 gives a clean 2-block-branch B. Recall
that Rule 5 only applies if P1 and P2 are not in the same component of G\V (B R ), which
can easily be verified. Since there is O(|V (G)|) critical cliques, the result follows.
◀
▶ Lemma 19. Let G = (V, E) be a connected block graph, a set A ⊆ V (G) and TA be a
minimal connected induced subgraph of G that spans all vertices of A. Denote by f (TA ) the
set of vertices of degree at least 3 in TA . We have:
(i) The subgraph TA is unique,
(ii) |f (TA ) \ A| ≤ 3 · |A|,
(iii) The graph TA \(A ∪ f (TA )) contains at most 2 · |A| connected components.
Proof. A convenient way to represent the tree-like structure of block graph G is its block-cut
tree TBC (G). Recall that the block-cut tree of a graph G has two types of nodes: the
block nodes correspond to blocks of G (i.e, bi-connected components which, in our case, are
precisely the maximal cliques of G) and the cut nodes correspond to cut-vertices of G. We
put an edge between a cut node and a block node in TBC (G) if the corresponding cut-vertex
belongs to the corresponding block of G.
Each vertex of G that is not a cut-vertex belongs to a unique block of G. Therefore
we can map each vertex v of V (G) on a unique node n(v) of TBC (G) as follows: if v is a
cut-vertex, we map it on its corresponding cut node in TBC (G), otherwise we map it on the
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block node corresponding to the unique block of G containing v. Observe that, for any two
vertices u, v ∈ A, any (elementary) path P from u to v in G corresponds to the path PBC
from n(u) to n(v) in TBC (G). In particular, P contains all vertices corresponding to cut
nodes of PBC , therefore TA must contain all these vertices. Altogether, the vertices of TA
are precisely the vertices of A, plus all cut-vertices of G corresponding to the cut nodes of
such paths, implying the unicity of TA .
Let TBC (A) denote the subtree of TBC (G) spanning all nodes of n(A) = {n(a) | a ∈ A}.
We count the vertices of f (TA ) \ A, so let a′ be such a vertex. By the previous observation,
it is a cut-vertex of G, so n(a′ ) is a cut node of TBC (A). Let v be a neighbor of a′ in TA . By
construction of TA and TBC (A), there is a block node b adjacent to n(a′ ) in TBC (A), such
that v and a′ are in the maximal clique of G corresponding to node b. Moreover, v is in A,
or v is a cut-vertex of G such that the cut node n(v) is adjacent to b in TBC (A). Hence we
have:
1. n(a′ ) is of degree at least 3 in TBC (A), or
2. n(a′ ) is the neighbor of a block node b of degree at least three in TBC (A), or, if none of
these hold, then
3. n(a′ ) has exactly two neighbors b and b′ in TBC (A), the corresponding maximal cliques
of G contain at least p vertices of A, where p plus the degrees of b and b′ in TBC is at
least three.
Let k be the number of leaves of TBC (A). Observe that for any leaf l of TBC (A), there is
some a ∈ A such that n(a) = l. Choose for each leaf l a unique vertex al ∈ A such that
n(al ) = l, we call al a leaf vertex. Note that the number of vertices a′ ∈ f (A) corresponding
to the first two items of the above enumeration is upper bounded by 3k. Indeed, n(a′ ) is
incident to an edge of TBC (A), having an end node of degree at least 3. One can easily check
that, in any tree of k leaves, the number of such edges is bounded by 3k (this can be shown
by induction on the number of leaves of the tree, adding a new leaf node at a time). We
count now the vertices a′ ∈ f (A) of the third type. By the third item, a′ has at least one
neighbor a ∈ A in graph TA , such that a is not a leaf vertex. Observe that a can be in the
neighborhood of at most two vertices a′ ∈ f (A) of this third type. Altogether it follows that
|f (A) \ A ≤ 3k + 2(|A| − k) ≤ 3 · |A|.
To prove the third item, the number of components of TA \ (A ∪ f (A)), we visualize again
the situation in TBC (A). Recall that for any node of degree at least three in TBC (A) it is
either a cut node, in which case it is in f (A) (the first case of the enumeration above), or it is
a block node but then all its neighbors in TBC (A) correspond to vertices of f (A) (the second
case of the enumeration above). Therefore the components of TA \ f (A) correspond to the
components of TBC (A) after removal of all nodes of degree at least 3. Hence the number of
such components is upper bounded by 2k. Removing the leaf vertices of A does not increase
the number of components, and the removal of each other vertex of A increases the number
of components by at most one. Thus TA \ (A ∪ f (A)) has at most 2 cdot|A| components,
concluding the proof of our lemma.
◀
▶ Lemma 20 ([29]). Let G = (V, E) be a graph and H = G△{uv} for u, v ∈ V , then
K(H) ≤ K(G) + 2.
▶ Theorem 21. Strictly Chordal Completion admits a kernel with O(k 3 ) vertices.
Proof. Let (G = (V, E), k) be a reduced yes-instance of Strictly Chordal Completion,
F a k-completion of G and H = G + F . We assume that G is connected, the following
arguments can be easily adapted if this is not the case by summing over all connected
components of G. The graph H is strictly chordal, thus the graph C(H) is a block graph.
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We first show that C(H) has O(k 2 ) vertices. We say that a critical clique of C(H) is affected
if it contains a vertex affected by F . Let A be the set of affected critical cliques of C(H).
Since |F | ≤ k, we have |A| ≤ 2k. Let T be the connected minimal subgraph of H that spans
all critical cliques of A, and A′ the set of vertices of degree at least 3 in T .
We first show that |V (T )| is O(k). By Lemma 19, |A′ \ A| ≤ 3 · |A| ≤ 6k. The connected
components of the graph T \(A ∪ A′ ) are paths since every vertex is of degree at most 2 and
by Lemma 19 there are at most 4k such paths. Let R be one of these paths, it is composed
of unaffected critical cliques, thus there exists a 2-block-branch B of G that contains R.
Moreover, the extremities of R are the attachment points of B, which have been reduced by
Rule 5. Thus R is of length at most 3. It remains that |V (T )| = 2k + 6k + 4 · 4k = O(k).
We will now show that C(H)\V (T ) contains O(k 2 ) critical cliques. First observe that
each connected component of C(H)\V (T ) is adjacent to some vertices of T since the graph
is reduced by Rule 1. Since C(H) is a block graph, connected components of C(H)\V (T )
are adjacent to either a critical clique of T or a maximal clique of T (else, there would
be a diamond in C(H)). We claim that there are O(k 2 ) critical cliques in the connected
components of C(H)\V (T ) adjacent to maximal cliques of T . Since T is a block graph and
|V (T )| = O(k), there are O(k) maximal cliques in T . Moreover, there is only one connected
component of C(H)\V (T ) adjacent to each maximal clique, otherwise there would be a
diamond in C(H). Take K a maximal clique of T and let X be its adjacent connected
component of C(H)\V (T ). Observe that X has to be an union of 1-block-branches and their
attachment points form a clique. By Rule 4, there are at most 2k + 1 1-block-branches in X
and each one has been reduced by Rule 3, thus X contains at most 4k + 2 critical cliques.
Finally, we claim that there are O(k 2 ) critical cliques in the connected components of
C(H)\V (T ) adjacent to critical cliques of T . First take a critical clique of T \A and its
adjacent connected components of C(H)\V (T ). Observe that they form a 1-block-branch,
reduced by Rule 3, thus the adjacent connected component consists in only one critical
clique. Next, take a critical clique a of A, and let C1 , . . . , Cr be the connected components of
C(H)\V (T ) adjacent to a and Y the union of these connected components. Observe that each
Ci has to be an union of 1-block-branches and their attachment points form a clique Qi . Let
B1 , . . . , Bl with attachment points P1 , . . . , Pl be the 1-block-branches of Y . By Rule 4, there
l
are at most 2k + 1 1-block-branches by connected component and if Σi=1
|Pi | > 2k + 1, then
l
(Σi=1 |Pi |) − max1≤j≤r {|Qj |} ≤ k , implying that there are at most 3k + 1 1-block-branches
in C. Each of these 1-block-branches is reduced by Rule 3, hence Y contains at most 6k + 2
critical cliques in total.
We conclude that |V (C(H))| = O(k 2 ) and by Lemma 20, we have |V (C(G))| ≤ |V (C(H))|+
2k, therefore by Rule 2, |V (G)| = O(k 3 ). To conclude, we claim that a reduced instance
can be computed in polynomial time. Indeed, Lemma 8 states that it is possible to reduce
exhaustively a graph under Rules 1 and 2. Once this is done, it remains to apply exhaustively
Rules 3 to 5 which is ensured by Lemma 18.
◀

5

Kernels for edition and deletion

In this section we present the kernel for Strictly Chordal Editing, all the following
arguments also hold for Strictly Chordal Deletion. It is clear that Rules 1 and 2
are also safe for Strictly Chordal Editing, as well as Lemma 11. Lemma 12 also
holds although the proof needs to be adapted to take in consideration the possibility of
disconnecting the attachment point of a 1-block-branch B and B R . It follows that Rule 3 is
safe for the edition version. Next, Lemma 14 holds for edition with similar arguments for the

M. Dumas, A. Perez, and I. Todinca

17:13

X

Y
Figure 4 Illustration of the critical clique graph of an reduced instance in the proof of Theorem 21.
Square nodes correspond to vertices of T , the ones filled in black are vertices of A, the ones filled in
grey are vertices of A′ \A.

proof, implying the safeness of Rule 4 for edition. The main difference lies in Rule 5 handling
2-block-branches. Indeed, in this case, an optimal edition may affect vertices that are not
contained in an attachment point nor their neighborhood in the branch. However, this case
can be dealt with with more intricate arguments (Rule 6).
Finally, we can observe that for a clean 2-block-branch B of some graph G, an edition can
remove edges and disconnect B. We thus have to consider 2-block-branches whose attachment
points lie in the same connected component of G\V (B R ). We hence have to take this into
consideration for our new reduction rule. To that aim, we use a minimum-sized (P1 , P2 )-cut
of B where P1 and P2 are its attachment points. More precisely, we define min-cut(B)
as a set M ⊆ E(B) of minimum size such that P1 and P2 are not in the same connected
component of B − M . We can observe that min-cut(B) contains the edges between a pair of
consecutive critical cliques of a shortest path between P1 and P2 and the edges between one
of these critical cliques and the critical cliques they have in their common neighborhood.
▶ Observation 22. Let F be an optimal edition of G and F1 ⊆ F . If F2 is an optimal edition
of the graph G△F1 , then F1 ∪ F2 is an optimal edition of G.
▶ Lemma 23. Let G = (V, E) be graph and B a clean 2-block-branch of length at least k + 4
with attachment points P1 , P2 . There exists an optimal edition F of G such that:
If P1 and P2 are not in the same connected component of B△F , then F may contain
edges of min-cut(B).
In each case, the other vertices of B affected by F are included in P1 ∪ NB (P1 ) ∪ P2 ∪
NB (P2 ),
In G△F the vertices of NB (P1 ) (resp. NB (P2 )) are all adjacent to the same vertices of
V (G)\V (B R ).
Proof. Let F be an optimal edition of G, H = G△F . Let C1 (resp. C2 ) be the critical clique
of H which contains P1 (resp. P2 ), C1′ = C1 \(B R ) and C2′ = C2 \(B R ). We first consider the
case where B is not connected in B△F . If F1 = (P1 × NB (P1 )) ⊆ F , consider the graph
G1 = G△F1 . Observe that B1 = B\P1 is a 1-block-branch of G1 with attachment point P2 .
By Lemma 12 there exists an optimal edition F2 of G1 where the vertices of B1 affected by
F2 are in P2 ∪ NB1 (P2 ). By Observation 22, F1 ∪ F2 is an optimal edition and it satisfies the
desired properties. The same arguments can be used if (P2 × NB (P2 )) ⊆ F .
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If F contains neither (P1 × NB (P1 )) nor (P2 × NB (P2 )), since F is optimal, it must
contain F1 = min-cut(B). We consider the graph G1 = G△F1 , there are two components
in G1 [V (B)], say B1 the one containing P1 and B2 the other one containing P2 . These
connected components are 1-block-branches with attachment points P1 and P2 . As before
Lemma 12 applies on the 1-block-branches B1 and B2 , thus there is an optimal edition F2
of G1 where the only vertices of B1 and B2 affected are (P1 × NB (P1 )) and (P2 × NB (P2 )).
Thus, the edition F1 ∪ F2 is an optimal edition of G that respects the desired properties.
In the case where B is connected in B△F , observe that C1′ and C2′ have to be in different
connected components of H\V (B R ). Otherwise there would be a shortest path pH from
c1 ∈ C1′ to c2 ∈ C2′ in H\V (B R ) (of length potentially 0 if c1 = c2 ) and a shortest path pB
from c1 to c2 in B of length at least k + 4. There is no edge between the two paths in G, so
H[V (pB ) ∪ V (pH )] admits at least one cycle of length at least 4, contradiction. Since B R is
connected, by Lemma 10, NB (P1 ) and NB (P2 ) are cliques in G, NB (P1 ) and NB (P2 ) are
critical cliques of B R or each are in exactly one maximal clique of B R . By Lemma 11, C1′
and C2′ are either critical cliques of H ′ = H\V (B R ) or are in exactly one maximal clique of
the connected component H1′ (resp. H2′ ) of H ′ which contains C1′ (resp. C2′ ). Let H3 be the
union of connected components of H that do not contain B. By Lemma 4, the graph H ∗
corresponding to the disjoint union of ((B R , NB (P1 )) ⊗ (H1′ , C1′ )), NB (P2 )) ⊗ (H2′ , C2′ ) and
H3 is strictly chordal and the completion F ∗ such that H ∗ = G + F ∗ respects the desired
properties.
◀
▶ Rule 6. Let (G = (V, E), k) be an instance of Strictly Chordal Editing and B a
clean 2-block-branch of G of length at least k + 4 with attachment points P1 , P2 . Then remove
the vertices of B R , and add the following path of k + 5 cliques:
1
k
Kmin{|NB (P1 )|,k+1} − Kk+1 − K1 − K|min-cut(B)| − Kk+1
− · · · − Kk+1
− Kmin{|NB (P2 )|,k+1}

where Kn is the clique of size n and Kmin{|NB (P1 )|,k+1} (resp. Kmin{|NB (P2 )|,k+1} ) is adjacent
to P1 (resp. P2 ).
▶ Lemma 24 (⋆). Rule 6 is safe.
Notice that Lemma 18 allows to detect any clean 2-block-branch. For the size of the
kernel, the proof is similar, however, in this case the paths are of length O(k), thus there are
O(k 2 ) vertices and maximal cliques in the inclusion-minimal subgraph spanning the affected
critical cliques. Thus a reduced graph contains O(k 4 ) vertices.
▶ Theorem 25. Strictly Chordal Editing and Strictly Chordal Deletion admits
a kernel with O(k 4 ) vertices.

6

Conclusion

We presented polynomial size kernels for the three variants of strictly chordal edge modification
problems. Our conviction is that the approach based on decompositions of the target class,
combined with the ability of reducing the size of the bags of the decomposition and of limiting
the number of affected bags to O(k) is a promising starting point for edge modification
problems, especially into subclasses of chordal graphs. The technique has been employed
especially for classes that admit a tree-like decompositions with disjoint bags (e.g., 3-leaf
power and trivially perfect graphs [3, 17]), also for other types of tree-like decompositions
with non-disjoint bags (e.g., ptolemaic graphs [12]). We generalize it here to scrictly chordal
graphs, that have a decomposition into disjoint bags as nodes of a block graph.
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The difficulty is that, at this stage, each class requires ad-hoc arguments and reduction
rules, based on its specific decomposition. An ambitious goal would be to obtain a generic
algorithm for edge modification problems into any class of chordal graphs, plus a finite set
of obstructions, as conjectured by Bessy and Perez [4]. We also ask whether 4-leaf power
completion, deletion and editing problems admit a polynomial kernel.
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Abstract

We present a novel linear program (LP) for the Steiner Tree problem, where a set of terminal
vertices needs to be connected by a minimum weight tree in a graph G = (V, E) with non-negative
edge weights. This well-studied problem is NP-hard and therefore does not have a compact extended
formulation (describing the convex hull of all Steiner trees) of polynomial size, unless P=NP. On the
other hand, Steiner Tree is fixed-parameter tractable (FPT) when parameterized by the number k
of terminals, and can be solved in O(3k |V | + 2k |V |2 ) time via the Dreyfus-Wagner algorithm. A
natural question thus is whether the Steiner Tree problem admits an extended formulation of
comparable size.
We first answer this in the negative by proving a lower bound on the extension complexity of the
Steiner Tree polytope, which, for some constant c > 0, implies that no extended formulation
of size f (k)2cn exists for any function f . However, we are able to circumvent this lower bound
due to the fact that the edge weights are non-negative: we prove that Steiner Tree admits an
integral LP with O(3k |E|) variables and constraints. The size of our LP matches the runtime of the
Dreyfus-Wagner algorithm, and our poof gives a polyhedral perspective on this classic algorithm.
Our proof is simple, and additionally improves on a previous result by Siebert et al. [2018], who
gave an integral LP of size O((2k/e)k )|V |O(1) .
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1

Introduction

A central topic in combinatorial optimization is to determine whether a polynomially solvable
optimization problem admits a compact extended formulation, i.e., if it admits a polytope
of polynomial size describing the convex hull of all feasible solutions. The existence of
such a polytope means that the corresponding problem can be solved efficiently using linear
programming (LP) solvers. This has been a very fruitful research direction from its beginnings
all the way to the present day, of which we give a brief overview below (see the surveys [10, 18])
to set the stage for our contribution on the NP-hard Steiner Tree problem.
If P = {x ∈ Rn | Ax ≤ b} is an n-dimensional polytope then a d-dimensional polytope
Q ⊆ Rd is an extension of P if P is the projection of Q onto the variables of P , i.e.,
P = {x | ∃y : (x, y) ∈ Q}. The size of a polytope is the number of its facets (i.e., the number
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of inequalities in its description), and its extension complexity is the minimum size of any
of its extensions. An extended formulation of an optimization problem is an extension of
the polytope given by the convex hull of all characteristic vectors of feasible solutions to the
problem. An extended formulation is said to be compact if its size is polynomially bounded
in the input size. In particular, once a compact extended formulation has been found, we
may optimize over it using an LP solver and then project the LP solution to a solution of
the problem. Given a modern LP solver this can be used to obtain very efficient algorithms
to solve the problem.
The well known Weyl-Minkowski Theorem [28] states that every convex hull of a finite
set of vectors (of solution vectors in particular) can be described as a polytope, i.e., every
optimization problem with a finite number of solutions admits an extended formulation, which
however may not be compact. There are problems for which compact extended formulations
exist, for example spanning trees [23] and perfect matchings in planar graphs [3]. On the
other hand, there are some polynomially solvable problems that do not admit compact
extended formulations, notably for matchings in general graphs: Rothvoß [26] proved that
the matching polytope has exponential extension complexity.
For NP-hard problems we do not expect to find compact extended formulations, since
this would imply P=NP given that LPs can be solved in polynomial time. However, in the
past few decades the development of the theory of fixed-parameter tractability (cf. [11])
has given us a more fine-grained view, where we differentiate between NP-hard problems
that are more tractable than others: it can be shown that for some NP-hard problems the
expected super-polynomial runtime overhead can be restricted to a parameter k ∈ N, which
describes some property of the input, while the runtime remains polynomial in the input
size n. Formally, a problem is called fixed-parameter tractable (FPT) if it can be solved
by an algorithm with runtime f (k)nO(1) for any input of size n and parameter k, where
f : N → N is some computable function. Analogous to the complexity class P, which captures
all problems that are polynomially solvable, the class FPT contains all problems that are
FPT, and can thus be considered more tractable than other NP-hard problems for which
FPT algorithms do not exist.
In light of the research on compact extended formulation for problems in P, a very natural
question becomes: what problems in FPT admit extended formulations of size f (k)nO(1) ?
Or even more ambitious: suppose that a problem in FPT can be solved in time O(g(k)nc )
for some specific function g and constant c (say g(k) = 2k and c = 1). Is there an extended
formulation for which the size matches the running time O(g(k)nc ) of the algorithm? This
question has for instance been studied by Buchanan [4] for the Vertex Cover problem.
He gave an extended formulation of size O(1.47k + kn) where k is the solution size, which
does not yet match the currently best running time of O(1.2738k + kn) for the problem [8].
For the parameterization by the treewidth t of the input graph, an extended formulation
of size O(2t n) exists [5], which in this case also matches the fastest algorithm for this
parameter [11]. A generalization of this results is by Kolman et al. [20], who give extended
formulations for CSPs parameterized by the treewidth.
Given a graph G = (V, E) and a set of terminals T ⊆ V , a Steiner tree of G is an
inclusion-wise minimal connected subgraph of G containing all the terminals (it has to
be a tree where all the leaves are terminals). In this paper, we consider the Steiner
Tree problem, where we are given an undirected graph G with non-negative edge weights
w : E → R+ and a set of terminals T ⊆ V , and the aim is to find a minimum weight Steiner
tree for the terminal set T in G. This problem is known to be NP-hard [14], and has a lot of
applications including VLSI routing [9, 17], phylogenetic tree construction [16], and network
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routing [22]. A well-studied parameter for this problem is the number of terminals k = |T |,
for which the classic Dreyfus-Wagner algorithm [12] solves the problem in O(3k n + 2k n2 )
time. In light of the above discussion, we wish to compare this runtime to the extension
complexity of the Steiner Tree polytope, defined as
ST (G, T ) := conv.hull {xE(H) ∈ {0, 1}|E(G)| | H is a Steiner tree for T in G},
where for a subgraph H of G, xE(H) represents the characteristic vector of length |E(G)| for
the set E(H), and conv.hull(S) denotes the convex hull of a set S of vectors.
Our first result is a lower bound showing that the extension complexity of the Steiner
Tree polytope is exponential, and thus, in contrast to the Vertex Cover problem, in
general we cannot hope to find an extended formulation of f (k)nO(1) size. In fact this is true
even if the number k of terminals is constant.
▶ Theorem 1. There exists a constant c > 0 such that for any function f , there exists
a graph G on n vertices such that the extension complexity of the Steiner Tree polytope ST (G, T ) is at least f (k)2cn , where k = |T |.1 In particular, the extension complexity of
ST (G, T ) is 2Ω(n) for some graph G with n vertices even when |T | = 2.
An extended formulation asymptotically matching this exponential lower bound can
be obtained for Steiner Tree via the matroid polytope [21]. However, in contrast to
Theorem 1 we give an integral LP for Steiner Tree, i.e., an LP for which each extreme
point is a (0, 1)-vector: our main result is that for any graph G and terminal set T , there
is an LP of f (k)nO(1) size that optimizes over a polyhedron, which contains an extension
of ST (G, T ), and every optimum solution to the LP given by non-negative edge weights
projects to a point of ST (G, T ). In other words, we find a polyhedron that describes the
lower envelope of the Steiner Tree polytope by projecting to all the characteristic vectors
of optimum Steiner trees for non-negative edge weights. Thus, it suffices to solve this LP to
solve the Steiner Tree problem given its definition, and so we are able to circumvent the
lower bound of Theorem 1.
▶ Theorem 2. For any Steiner Tree instance on a graph G = (V, E) with n vertices,
m edges, and k terminals T ⊆ V , there is a 3k m-dimensional polyhedron Q given by
2k n + 3k m constraints, such that ST (G, T ) ⊆ {x ∈ R|E| | ∃y : (x, y) ∈ Q} and optimizing
over Q with any non-negative edge weight function w : E → R+ gives a point of Q that
projects to a point of ST (G, T ).
Siebert et al. [27] showed that Steiner Tree can be solved using O((2k/e)k ) polynomialsized integral LPs. Each solution vector also projects to a Steiner tree. It is possible to write
all these LPs into one integral LP (by a result of Balas [1, 2], see Theorem 10), which then has
size (2k/e)k nO(1) = 2O(k log k) nO(1) . Theorem 2 improves on this result by making the size
single exponential. Moreover, the size of our LP matches the runtime of the Dreyfus-Wagner
algorithm, and thus Theorem 2 provides an alternative way of solving the Steiner Tree
problem in comparable runtime via linear programming. In another work, Martin et al. [24]
show how to obtain an LP having size linear in the running time of any dynamic programming
algorithm. Even though their result can be used to solve the Steiner Tree problem due
to the Dreyfus-Wagner dynamic program [12], their LP is not an extension of the Steiner

1

We remark that compared to parameterized runtime lower bounds, this lower bound is unconditional
and therefore the function f is not restricted to be computable.
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Tree polytope, i.e., it does not project down to ST (G, T ). Instead their LP describes the
states of the dynamic program and thus gives an indirect way to encode a solution via an LP.
On the other hand, our LP solutions describe the vertices of ST (G, T ) via a direct projection.

1.1

Our techniques

On a high level our LP of Theorem 2 takes its inspiration from flow based formulations.
A well-known approach to obtain an LP relaxation used for approximation algorithms for
Steiner Tree is to first construct the corresponding bidirected graph, in which each
undirected edge uv is replaced by the two directed edges uv and vu and setting their weights
to the weight of the original undirected edge. Then one of the terminals is declared the
root, and the constraints of the LP relaxation say that each terminal sends a unit flow to
the root. Typically, the LP is formulated using cut constraints, which by the celebrated
MaxFlow-MinCut theorem imply that the required flows exist. Roughly speaking, for our
integral LP, we formulate the problem by sending a “labelled” unit flow from each terminal
to the root. The flows are labelled by pairs of terminal subset T1 , T2 ⊆ T on each edge e,
with the meaning that flows from these two sets converge at e. Because we work with these
labelled flows, in contrast to usual flow formulations, we do not obtain an equivalent cut
formulation. We present our LP in section 2
Since we use directed edges to formulate flows, in fact we prove Theorem 2 for the more
general Directed Steiner Tree problem, where we are given a directed graph G = (V, E)
(of which bidirectedness is a special case) with non-negative edge weights w : E → R+ , a
set of terminals T ⊆ V , and a root r ∈ V . The aim is to find an arborescence2 A ⊆ G of
minimum weight, such that there is a path from t to r in A for each t ∈ T .
To prove Theorem 2, in section 3 we develop a primal-dual algorithm for our LP. Interestingly, it turns out that this algorithm can be interpreted as the Dreyfus-Wagner algorithm,
and thus we give a polyhedral perspective on this classic algorithm. After proving Theorem 2 we turn to Theorem 1 in section 4. Towards that, we show that the the Steiner
Tree polytope contains the Hamiltonian Path polytope as a face, for which exponential
lower bounds on the extension complexity can be derived from known lower bounds for
Hamiltonian Cycle.

1.2

Related results

Karp [19] mentioned the Steiner Tree problem in his seminal list of NP-hard problems
already in 1972, and the problem has since been widely studied. The best approximation
algorithm known today is by Byrka et al. [6], and achieves an approximation ratio of ln(4) + ϵ.
Their result uses a hypergraphic LP relaxation, which has also been studied in [7]. Further
LPs for Steiner Tree can be found in [15]. Faster FPT algorithms than the one by Dreyfus
and Wagner also exist: for arbitrary non-negative edge weights Steiner Tree can be
solved in (2 + ϵ)k nOϵ (1) time [13], and the unweighted problem can even be solved in 2k nO(1)
time [25].

2

a directed graph with exactly one sink of out-degree 0, for which the underlying undirected graph is a
tree.
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The linear program

In this section we describe our linear program and prove its correctness. Throughout this
paper we will assume that the root r of the instance is not contained in the terminal set T .
For technical reasons, we also have to assume that each non-terminal (so-called Steiner
vertices) has at most three neighbours, and the root and each terminal has one neighbour.
This can be achieved using a standard preprocessing procedure (cf. Appendix A). We call
such a preprocessed instance reduced.
For any non-empty terminal subset T ′ ⊆ T we define the reachability set RT ′ ⊆ V ∪ E
as those vertices u ∈ V and edges uv ∈ E for which every terminal t ∈ T ′ has a path to u
{T ,T }
in G. Our Parameterized Directed Steiner Tree (PDST) LP has one variable xe 1 2 for
every unordered pair of sets T1 , T2 ⊆ T that are disjoint, i.e., T1 ∩ T2 = ∅, and not both of
T1 and T2 are empty, i.e., T1 ∪ T2 ̸= ∅, and for every directed edge e ∈ RT1 ∪T2 reachable
from both T1 and T2 . In the following, δ − (v) ⊆ E denotes all incoming edges to a vertex v,
while δ + (v) ⊆ E denotes its outgoing edges.

min

X

1 ,T2 }
x{T
w(e) such that
e

(PDST)

T1 ∪T2 ̸=∅,
T1 ∩T2 =∅
e∈RT1 ∪T2

(
X

1 ,T2 }
x{T
e

X

=

x{{t},∅}
=1
e

n

∀t ∈ T, {e} = δ + (t)

(

∀t ∈ T, {e} = δ + (t), and

1 ,T2 }
x{T
=0
e

∀T ′ ⊆ T : ∅ ̸= T ′ ̸= {t}

′

T1 ∪T2 =T
T1 ∩T2 =∅

X

1 ,T2 }
x{T
=1
e

∀T ′ ⊆ T : T ′ ̸= ∅, and
∀v ∈ RT ′ \ (T ∪ {r})

T ′′ ⊆T \T ′
e∈δ + (v)∩RT ′ ∪T ′′

T1 ∪T2 =T ′
T1 ∩T2 =∅
e∈δ − (v)∩RT ′

X

′
,T ′′ }
x{T
e

n

{e} = δ − (r)

(

{e} = δ − (r), and

(1)

(2)
(3)

(4)

T1 ∪T2 =T
T1 ∩T2 =∅

X

1 ,T2 }
x{T
=0
e

∀T ′ ⊆ T : ∅ ̸= T ′ ̸= T

T1 ∪T2 =T ′
T1 ∩T2 =∅

1 ,T2 }
x{T
e

≥0






∀T1 , T2 ⊆ T : T1 ∩ T2 = ∅,





∀e ∈ RT1 ∪T2

T1 ∪ T2 ̸= ∅, and

(5)

(6)

Before we prove the correctness of the LP, we try to give some intuition about how it
works. As usual, we want an integral solution for the LP to correspond to a solution for
the original instance, where exactly one variable corresponding to every edge in the solution
is 1. The idea is to look at the solution in the graph as a flow from the terminals to the
root. Each terminal pushes a flow of value 1, but as we go closer to the root, the number of
edges carrying the flow decrease, while flows from many terminals combine on these edges,
but still we would want their corresponding variables to be 1. To this end, we index the
variables for the edges with pairs of subsets of T . If there are flows
from two subsets of
{T ′ ,T ′′ }
terminals T ′ and T ′′ flowing through an edge uv, then we want xuv
to be set to 1 by a
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solution to the LP. From preprocessing, it is guaranteed that in any Steiner arborescence,
each vertex has in-degree at most 2. To get the flow for set T ′ at uv, it must be the case that
T ′ = T1 ∪ T2 for some T1 , T2 ⊆ T such that T1 ∩ T2 = ∅, and T1 and T2 had combined to form
T ′ before u. This condition is captured by Constraint (1), which is the crucial constraint of
the LP. This process of forming a flow from T ′ might have happened long before reaching an
incoming edge of u and then taking a path to u, so we allow one of T1 and T2 to be empty.
Constraint (2) ensures that terminals send a flow of 1. Constraint (4) makes sure that there
is a flow from all the terminals to the root. Constraint (3) makes sure that a terminal does
not send flows for sets other than the singleton set containing itself, and finally Constraint (5)
ensures that no other flow from a subset of terminals reaches it, except from the full terminal
set. Constraint (5) will not be needed for the correctness of the LP in this section, but will
simplify the dual LP given in the next section.
Now we are ready to prove the correctness of the LP, for which we need to argue that
there is an integral solution to the LP of cost at most W if and only if there is a Steiner
arborescence in the input graph of cost at most W . We begin with the following lemma.
▶ Lemma 3. Let I := (G, T, r, w) be a reduced Directed Steiner Tree instance, and let
(PDST) be the corresponding LP for it. If instance I has a solution of weight at most W ,
then (PDST) has an integral solution of weight at most W .
Proof. Let A be a minimal solution to I of weight at most W such that every terminal t ∈ T
is a leaf in A and every internal vertex of A has degree at most 3 in A. From minimality
of A, we know that A is an arborescence, so for every vertex v ∈ V (A) \ {r}, we have that
{T ,T }
|δ + (v) ∩ E(A)| = 1. To get an integral feasible solution for (PDST), we first put xe 1 2 := 0
for all e ∈
/ E(A) ∩ RT1 ∪T2 , for all T1 , T2 ⊆ T . We know that every vertex v ∈ V (A) \ (T ∪ {r}),
deg+ (v) + deg− (v) ≤ 3. Now we define a function T (e) for all edges e = uv ∈ E(A) to
be the set of all the terminals in the subtree of A rooted at the vertex u. For every edge
e = uv ∈ E(A) such that e ̸= tv for some t ∈ T , u has either one or two incoming edges. If u
{T (e′ ),∅}
{T ,T }
has only one incoming edge e′ = wu, then we put xe
:= 1, and xe 1 2 := 0 for all
other T1 , T2 ⊆ T . If u has two incoming edges in A, then let e1 = w1 u and e2 := w2 u be
{T (e ),T (e2 )}
{T ,T }
:= 1 and xe 1 2 := 0 for all other T1 , T2 ⊆ T . For
those two edges. We put xe 1
{{t},∅}
e ∈ E(A) such that e = tv for some t ∈ T , we put xe
:= 1. For every other variable
{T1 ,T2 }
{T1 ,T2 }
{T ,T }
xe
, we put xe
:= 0. It is easy to see that this procedure decides to set xe 1 2 to
{T1 ,T2 }
1 only if e ∈ RT1 ∪T2 , and hence the the variable xe
exists, and the assignment is valid.
{T ,T }
Since for all the edges e ∈ E(A), exactly one of the variables xe 1 2 is set to 1 and
all other variables are set to 0, it follows that the weight of this assignment for (PDST) is
same as weight of A, which is at most W . So all we need to show is that this assignment is
feasible for (PDST). It is easy to see that the Constraints (4), (5), and (6) are satisfied by
this assignment. To see that Constraint (1) is satisfied, we observe that for any v ∈
/ V (A), all
the variables corresponding to edges incident on it are set to 0, and hence (1) is satisfied. For
{T ′ ,T ′′ }
v ∈ V (A) \ (T ∪ {r}), it has exactly one outgoing edge e = vw in A, such that xe
:= 1
for a unique pair T ′ , T ′′ ⊆ T with T ′ ∪ T ′′ ̸= ∅ and T ′ ∩ T ′′ = ∅. If v has only one incoming
edge e′ = uv in A, then we have that T ′′ = ∅, and T ′ is the set of terminals in the subtree
{T ,T }
rooted at u. The assignment puts xe′ 1 2 := 1 for some T1 , T2 ⊆ T ′ such that T1 ∩ T2 = ∅
and T1 ∪ T2 = T ′ , and hence constraint (1) is satisfied. In the other case, let e1 = u1 v and
e2 = u2 v be the two incoming edges to v in A. Let A1 and A2 be subtrees of A rooted
at u1 and u2 respectively and let T1 and T2 be set of terminals in A1 and A2 . The above
{T ,T }
assignment puts xe1 3 4 = 1 for some T3 and T4 such that T3 and T4 are disjoint subsets of
{T ,T }
T1 with T3 ∪ T4 =
̸ ∅. Since xe1 3 4 is the only variable corresponding to e1 put as 1, we can
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see that the Constraint (1) is satisfied for v and T ′ . Similarly we can show that Constraint (1)
is satisfied for v and T ′′ also. To see that Constraints (2) and (3) are satisfied, we only need
{{t},∅}
to look at the edge tv ∈ E(A) for t ∈ T . For that, the assignment puts xtv
= 1, and all
other variables corresponding to the edge tv are set to 0, so Constraints (2) and (3) are also
satisfied.
◀
Next we prove the other direction needed to show the correctness of the LP. This step
critically relies on the fact that all edge weights are non-negative.
▶ Lemma 4. Let I := (G, T, r, w) be a reduced Directed Steiner Tree instance, and
let (PDST) be the corresponding LP for it. If (PDST) has an integral solution of weight at
most W then I has a solution of weight at most W .
Proof. It suffices to prove the lemma for an integral solution x to (PDST) of minimum
weight. Consider the support of x in G = (V, E), i.e., the set F ⊆ E of edges for which
{T ,T }
xe 1 2 > 0 for some T1 , T2 ⊆ T . We claim that for any terminal t ∈ T there exists a path
from t to the root r in the graph spanned by F in G. Since x is integral, any strictly positive
variable has value at least 1. Using the fact that all edge weights are non-negative, this
implies that the objective function value of (PDST) is at least the weight of the union of
these paths (where each edge is counted only once even if it appears in several paths). As
these paths form a feasible solution to the Directed Steiner Tree instance, the lemma
follows.
To show the existence of a path from some t to r spanned by edges in F , we show that
there is a walk from t to r given by a finite sequence of edges {ei }i≥1 , such that for any i ≥ 1
{T i ,T i }

the head of ei is the tail of ei+1 , and there exists a set T1i ⊆ T with t ∈ T1i and xei 1 2 > 0
{{t},∅}
for some T2i ⊆ T . By Constraint (2), we have xe
= 1 for {e} = δ + (t) and so we may set
1
1
e1 = e, T1 = {t}, and T2 = ∅ for i = 1. Now let i ≥ 1 and assume that we have identified an
/ T , since in the reduced
edge ei = uv with the properties required for the walk. Note that v ∈
instance G any terminal has in-degree 0. So if v ̸= r then v ∈ V \ (T ∪ {r}) and Constraint (1)
{T ′ ,T ′′ }

{T i ,T i }

implies that, if xei 1 2 > 0 then there must be an edge e ∈ δ + (v) with xe
> 0 for
i+1
i+1
′
i
i
′′
′
T = T1 ∪ T2 and for some T ⊆ T . Hence we may set ei+1 = e, T1 = T , and T2 = T ′′ .
This way we obtain a walk of potentially infinite length. Note however that if it is
finite then it must end in r, since this is the only condition under which we would not
be able to identify the next edge ei for the sequence in the above argument. To see that
the length of the walk is finite, note that T1j ⊆ T1i for all i > j, i.e., the sets T1i form a
sequence with non-decreasing sizes. Assuming the walk has infinite length, there must thus
be some index j ≥ 1 for which T1i = T1j for all i > j, since every set T1i ⊆ T has size at
most k. By construction we have T1i+1 = T1i ∪ T2i , and so T1i = T1j = T1i+1 implies T2i = ∅
for all i > j. Since there is a finite number of edges in G, the edges ei with i > j must
{T j ,∅}

contain a simple cycle C. We now subtract 1 from each variable xe 1
where e ∈ E(C),
′
and claim that the resulting solution x is a feasible integral solution for (PDST), which
however would contradict that x has minimum weight. As C is a simple cycle we subtract 1
from both the left- and right-hand side of Constraint (1) for every vertex v lying on C and
T ′ = T1j . Constraint (6) is also still valid, since every decreased variable lies in the support
of the integral solution x. All other constraints are unchanged, leading to the required
contradiction.
◀
Combining Theorem 3 and 4 gives us the following theorem, which proves the correctness
of the linear program (PDST). In particular, it implies the first part of Theorem 2, i.e.,
ST (G, T ) ⊆ {x | ∃y : (x, y) ∈ Q} where Q is the polyhedron defined by the constraints
of (PDST).
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▶ Theorem 5. Let I := (G, T, r, w) be a reduced Directed Steiner Tree instance, and
let (PDST) be the corresponding LP for it. (PDST) has an integral solution of weight at
most W if and only if I has a solution of weight at most W .

3

Integrality via primal-dual algorithm

In this section we will show that (PDST) is integral. For this we develop a primal-dual
algorithm to compute an optimum solution to (PDST), which is also integral. The dual to
′
(PDST) is captured by the following LP, which has a variable zvT for every non-empty set
T ′ ⊆ T and vertex v ∈ RT ′ reachable from T ′ corresponding to each of the Constraints (1),
(2), (3), (4), and (5). To simplify the notation, we additionally define a variable zu∅ for every
vertex u ∈ V \ T and empty terminal set, and set all these to zero. Note that these variables
only occur on the right-hand side of Constraint (7) of the dual LP (PDST⋆ ) below.
max zrT +

X

{t}

zt

(PDST⋆ )

such that

t∈T

(
zvT1 ∪T2

≤

zuT1

+

zuT2

+ w(uv)

∀uv ∈ RT1 ∪T2 : u ∈
/T
(

′
ztT

+

′
zvT

≤ w(tv)

zu∅ = 0

∀T1 , T2 ⊆ T : T1 ∩ T2 = ∅, T1 ∪ T2 ̸= ∅
∀T ′ ⊆ T : T ′ ̸= ∅, and
∀t ∈ T, v ∈ RT ′ , tv ∈ E

n

∀u ∈ V \ T

(7)

(8)
(9)

We now describe the algorithm, which uses (PDST⋆ ) to construct an integral solution to
(PDST). In particular, the algorithm maintains a feasible dual solution to (PDST⋆ ) from
which in the end it extracts a feasible solution to (PDST).
′
Initially the algorithm sets all variables zvT = 0 in (PDST⋆ ). Clearly this dual solution
is feasible for (PDST⋆ ), as all edge weights are non-negative. The algorithm considers
all possible non-empty subsets of terminals T ′ ⊆ T in non-decreasing order of their sizes
′
(breaking ties arbitrarily) to change variables zvT where v ∈ RT ′ . Starting with singleton
terminal sets, if d(u, v) denotes the shortest-path distance from u to v in G, for every t ∈ T
and v ∈ R{t} the algorithm sets
zv{t} = d(t, v).

(10)

After this the algorithm considers each T ′ ⊆ T with |T ′ | ≥ 2. For every v ∈ RT ′ it sets
the variables according to the following recurrence.
′

zvT =

min

u∈RT ′
T1 ∪T2 =T ′
T1 ∩T2 =∅
T1 ,T2 ̸=∅

{zuT1 + zuT2 + d(u, v)}.

(11)

Note that here the sets T1 and T2 are proper subsets of T ′ and have thus been considered
by the algorithm in a previous step. Also note that u may be equal to v in which case
′
d(u, v) = 0. As a consequence, every variable zvT is set to a finite value. In particular, if
a vertex u ∈ RT ′ does not have a path to v then d(u, v) = ∞ and so the minimum of the
right-hand side of (11) is always obtained by some vertex u that has a path to v.
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We remark that setting the variables as shown above can be seen as a step of the dynamic
program of the Dreyfus-Wagner algorithm (where the table entries are given by all dual
variables).3 On the other hand, this can also be seen as setting the dual variables to a
highest possible value without violating constraints of (PDST⋆ ) (as is typical in primal-dual
algorithms), where we witness the maximality of the dual values by arguing that certain
corresponding constraints of (PDST⋆ ) are tight, meaning that they are fulfilled with equality.
This is formalized by the following two lemmas, where we first show that the dual solution is
feasible.
▶ Lemma 6. Given a non-empty terminal subset T ′ ⊆ T , after the algorithm sets all dual
′
variables zvT with v ∈ RT ′ according to either (10) or (11), the dual solution is feasible
for (PDST⋆ ).
Proof. Neither (10) nor (11) change the value of any variable zu∅ , and as these are set to 0
initially, Constraint (9) is never violated. For any t ∈ T and T ′ ⊆ T such that |T ′ | ≥ 2, the
′
algorithm never sets ztT to a non-zero value because t is a leaf and cannot be reached by
all the terminals in T ′ . Constraint (8) can only be violated for T ′ ⊆ T of size at least 2 if
′
the algorithm sets zvT to a non-zero value according to (11). This is not possible because
v is the only neighbour of t and so there does not exist any u ∈ RT ′ different from v. So,
{t}
Constraint (8) can only be violated if the algorithm sets a dual variable zv according
{t}
{t}
to (10), since |T ′ | ≥ 2 in (11). However, zt = d(t, t) = 0, and so a variable zv is set to its
maximum possible value without violating Constraint (8), i.e., it is tight.
For Constraint (7) and an edge uv, note that if T1 ̸= ∅ and T2 =
̸ ∅ then (11) sets zvT1 ∪T2
T1
T2
to a value of at most zu + zu + d(u, v), since the shortest path from u to v is considered in
the right-hand side of (11). Because d(u, v) ≤ w(uv), Constraint (7) is not violated in this
case. Furthermore, if one of the two sets, say T2 , is empty, then zuT2 = 0 by Constraint (9)
and so Constraint (7) is given by zvT1 ≤ zuT1 + w(uv). According to (11), zuT1 is set to some
T′
T′
value zq 1 + zq 2 + d(q, u) for some vertex q and sets T1′ , T2′ , which together form T1 . The
shortest path from q to v is at most as long as the shortest path from q to u plus the
edge uv, i.e., d(q, v) ≤ d(q, u) + w(uv). Thus according to (11), zvT1 is set to a value of at
T′
T′
T′
T′
most zq 1 + zq 2 + d(q, v) ≤ zq 1 + zq 2 + d(q, u) + w(uv) = zuT1 + w(uv), which concludes the
proof.
◀
To identify the tight constraints after running the algorithm, we say that Constraint (7)
of (PDST⋆ ) is tight for (uv, {T1 , T2 }) if the corresponding inequality is tight, i.e., zvT1 ∪T2 =
′
′
zuT1 + zuT2 + w(uv), and Constraint (8) of (PDST⋆ ) is tight for (tv, T ′ ) if ztT + zvT = w(tv)
{t}
for the corresponding inequality. Given t ∈ T and v ∈ R{t} so that zv is set according
to (10), we say that a t → v path P in G is tight for {t} if
for the first edge tv ′ of P , Constraint (8) is tight for (tv ′ , {t}), and
for every edge u′ v ′ of P , Constraint (7) is tight for (u′ v ′ , {{t}, ∅}).
′
Given |T ′ | ≥ 2 and v ∈ RT ′ so that zvT is set according to (11) where the minimum of the
right-hand side of (11) is obtained by u ∈ RT ′ and T1 , T2 ⊆ T ′ , we say that a u → v path P
in G is tight for {T1 , T2 } if
for the first edge uv ′ of P , Constraint (7) is tight for (uv ′ , {T1 , T2 }), and
for every edge u′ v ′ of P , Constraint (7) is tight for (u′ v ′ , {T ′ , ∅}).
3

Note that the dynamic program of Dreyfus and Wagner is typically set up slightly differently, such
that the table entries are initially set to ∞. This implies that for any vertex v that is not reachable
from a terminal set T ′ , the corresponding entry for v and T ′ will be set to ∞ when filling the table.
Here we instead initialize the dual variables to 0 in order to obtain a feasible dual solution. We then
counteract any effects that this has on the recursion by only considering vertices in the reachability set
when changing variables.
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{t}

▶ Lemma 7. Given a terminal t ∈ T , after the algorithm sets all dual variables zv with
v ∈ R{t} according to (10), any shortest t → v path for v ∈ R{t} is tight for {t}. Given
′
a terminal subset T ′ ⊆ T with |T ′ | ≥ 2, after the algorithm sets all dual variables zvT
′
with v ∈ RT ′ according to (11) such that zvT = zuT1 + zuT2 + d(u, v) for some u ∈ RT ′ and
T1 , T2 ⊆ T ′ , any shortest u → v path for v ∈ RT ′ is tight for {T1 , T2 }.
Proof. Consider a terminal t ∈ T , v ∈ R{t} , and any shortest t → v path P . We saw in the
proof of Lemma 6 above that for the first edge tv ′ of P , Constraint (8) is tight for (tv ′ , {t}).
{t}
{t}
Now consider any edge u′ v ′ of P . According to (10), zv′ = d(t, v ′ ) and zu′ = d(t, u′ ).
As u′ and v ′ lie on the shortest path P , u′ also lies on a shortest t → v ′ path and so
{t}
{t}
d(t, v ′ ) = d(t, u′ ) + w(u′ v ′ ). Hence we get zv′ = zu′ + w(u′ v ′ ), i.e., Constraint (7) is tight
for (u′ v ′ , {{t}, ∅}) using that zu∅′ = 0 according to Constraint (9).
′
Given a terminal set T ′ with |T ′ | ≥ 2 and v ∈ RT ′ , let zvT be set according to (11) so
′
that zvT = zuT1 + zuT2 + d(u, v) for some u ∈ RT ′ and T1 , T2 ⊆ T ′ . Consider any vertex p of
′
T′
T′
any shortest u → v path P . According to (11), zpT = zq 1 + zq 2 + d(q, p) for some q ∈ RT ′
and T1′ , T2′ ⊆ T ′ , which together form T ′ . As zuT1 + zuT2 + d(u, p) is considered by (11) when
′
T′
T′
setting zpT , we have zq 1 +zq 2 +d(q, p) ≤ zuT1 +zuT2 +d(u, p). Since p lies on the path P leading
to v, there exists a path from q to v via p, and d(q, v) ≤ d(q, p) + d(p, v). Consequently,
T′

T′

T′

T′

zq 1 + zq 2 + d(q, v) ≤ zq 1 + zq 2 + d(q, p) + d(p, v)
≤ zuT1 + zuT2 + d(u, p) + d(p, v)
= zuT1 + zuT2 + d(u, v),
where the last equality uses the fact that p lies on the shortest u → v path P . The value
′
T′
T′
zq 1 +zq 2 +d(q, v) is considered when setting zvT according to (11). But since zuT1 +zuT2 +d(u, v)
′
minimizes the right-hand side of (11) when setting zvT , the latter inequalities are in fact
equalities. In particular, after subtracting d(p, v) from the above, the second (in)equality
′
T′
T′
T′
T′
implies zq 1 + zq 2 + d(q, p) = zuT1 + zuT2 + d(u, p). As zpT = zq 1 + zq 2 + d(q, p) this means that
′
in fact zpT = zuT1 + zuT2 + d(u, p).
Now consider the first edge uv ′ of the shortest u → v path P , for which w(uv ′ ) = d(u, v ′ ).
′
By setting p = v ′ , from our previous conclusion we obtain zvT′ = zuT1 + zuT2 + w(uv ′ ), i.e.,
Constraint (7) is tight for (uv ′ , {T1 , T2 }). Finally, consider any edge u′ v ′ of P . Since p
′
was an arbitrary vertex of P in the above argument, we can conclude that both zvT′ =
′
zuT1 + zuT2 + d(u, v ′ ) and zuT′ = zuT1 + zuT2 + d(u, u′ ). From d(u, v ′ ) = d(u, u′ ) + w(u′ v ′ ) we
′
′
thus get zvT′ = zuT′ + w(u′ v ′ ), i.e., Constraint (7) is tight for (u′ v ′ , {T ′ , ∅}).
◀
We now use the tight paths identified by Theorem 7 to extract a feasible integral primal
solution to (PDST) from the dual solution computed by the algorithm. This can be done by
{T ,T }
the following recursive procedure, for which we initially set all variables xe 1 2 = 0. Each
′
recursive call is given by a function primSol(v, T ) on some vertex v and terminal set T ′
with v ∈ RT ′ , and we begin the recursion with a call primSol(r, T ) on the root r and the
full terminal set T . Note that w.l.o.g., we may assume that every terminal can reach the
root, i.e., r ∈ RT . We will maintain the invariant that v ∈ RT ′ during each recursive call.
Given a vertex v and a terminal set T ′ , the function primSol(v, T ′ ) does the following.
If |T ′ | ≥ 2 then let PT ′ be any tight shortest u → v path for {T1 , T2 } given by Theorem 7
(using that v ∈ RT ′ ) for the vertex u ∈ RT ′ and sets T1 , T2 ⊆ T ′ for which the minimum is
′
obtained on the right-hand side of (11) when setting zvT . If f denotes the first edge of PT ′ ,
{T ,T }
{T ′ ,∅}
then in (PDST) the function sets xf 1 2 = 1, and xe
= 1 for every edge e ̸= f of PT ′ .
After this the function makes a recursive call primSol(u, T1 ) on u and T1 , and thereafter a
call primSol(u, T2 ) on u and T2 . Note that in particular u ∈ RT1 and u ∈ RT2 and thus the
invariant v ∈ RT ′ is given for each recursive call.
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Finally, if T ′ = {t} for some terminal t ∈ T , then let P{t} be any tight shortest t → v
path for {t} given by Lemma x7 (using that v ∈ R{t} ). The function primSol(v, {t}) sets
{{t},∅}
xe
= 1 in (PDST) for every edge e of P{t} . Here the recursion ends.
Note that, since (PDST) only has equality constraints, using tight paths to set variables
of the primal solution to 1 means that the primal and dual solutions are complementary slack,
i.e., for every non-zero variable of the primal (dual) LP the corresponding constraint in the
dual (primal) LP is tight. It is well-known (cf. [21]) that feasible primal and dual solutions
are complementary slack if and only if both solutions are optimal for their LPs. As we prove
in the next lemma, the above procedure computes a feasible integral primal solution. By
Theorem 6 also the dual solution is feasible, and so the primal and dual solutions are optimal
for (PDST) and (PDST⋆ ), respectively. In particular, the primal solution is an optimal
integral (0, 1)-solution to (PDST), proving the second part of Theorem 2.
▶ Lemma 8. The above recursive procedure computes a feasible integral primal solution
to (PDST) for any reduced Directed Steiner Tree instance.
Proof. First observe that for any terminal subset T ′ , (11) always minimizes over proper
subsets T1 , T2 ⊂ T ′ partitioning T ′ . Since the recursive calls are on the same sets T1 and T2 ,
this implies that at most one recursive call is made on any set T ′ , and in particular, the
{T ,T }
path PT ′ is well-defined. Moreover, for any T ′ the procedure only sets variables xe 1 2 to
non-zero values if T1 ∪ T2 = T ′ (where possibly T1 = T ′ and T2 = ∅). As a consequence, for
{T ,T }
every non-zero variable xe 1 2 with T1 ∪ T2 = T ′ , e lies on the path PT ′ .
Now consider Constraint (1) of (PDST) for some vertex v ∈ V \ (T ∪ {r}) and non-empty
{T ,T }
terminal subset T ′ ⊆ T . If any variable xe 1 2 contributes a non-zero value to the left-hand
side of this constraint, then e lies on PT ′ , since T1 ∪ T2 = T ′ by definition of Constraint (1).
Note that there can be only one non-zero variable on the left-hand side of the constraint,
as there is only one recursive call on T ′ . Furthermore, v can only be the last vertex or an
internal vertex of PT ′ , since e ∈ δ − (v) for any left-hand side variable.
If v is the last vertex of the tight path PT ′ for {T1 , T2 }, then the procedure did a recursive
call primSol(v, T ′ ) on T ′ and v. Since v ̸= r, this call was made due to a previous call on a
set T ′ ∪ T ′′ for some non-empty set T ′′ , and v is the first vertex′ of′′the tight path PT ′ ∪T ′′
{T ,T }
for {T ′ , T ′′ }. During this call the function sets the variable xf
= 1 for the the first
+
′
′′
edge f ∈ δ (v) of PT ∪T . This variable thus contributes a non-zero value to the right-hand
side of the constraint for v and T ′ .′ As v is the last vertex of PT ′ and only the unique
{T ,∅}
recursive call on T ′ sets variables xe
to non-zero values, all such variables with e ∈ δ + (v)
on the right-hand
side of the constraint are set to zero. Furthermore, for each non-zero
{T ′ ,T ′′ }
variable xe
with T ′′ =
̸ ∅ and e ∈ δ + (v), there is a recursive call primSol(v, T ′ ) on v
′
and T : the procedure will only set such a variable to a non-zero value if both T ′ and T ′′ are
non-empty and e is the first edge of the tight path for {T ′ , T ′′ }. As each recursive call is on
a unique set T ′ , this means that there can only be one non-zero variable on the right-hand
side of the constraint. Since all non-zero variables are set to 1, if the left-hand side has one
variable set to 1, then so does the right-hand side. Note that
the above arguments also
{T ′ ,T ′′ }
imply the reverse: if the right-hand side has a variable xf
= 1 with f ∈ δ + (v), then
{T ,T }

the recursive call primSol(v, T ′ ) sets a variable xe 1 2 = 1 with e ∈ δ − (v), and there can
be only one such non-zero variable on each of the right- and left-hand sides. Therefore the
constraint is valid if v is the last vertex of PT ′ .
{T ′ ,∅}
If v is an internal vertex of PT ′ , the procedure sets xe
for the edge e ∈ δ + (v) lying
{T ′ ,∅}
′
on PT ′ to a non-zero value. As only the unique call on T sets variables xe
, no other
{T ′ ,T ′′ }
such variable with e ∈ δ + (v) is set to a non-zero value. Now consider a variable xf
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{T ′ ,T ′′ }

with f ∈ δ + (v) and T ′′ ̸= ∅. Since both T ′ and T ′′ are non-empty, if xf

is non-zero

{T ′ ,T ′′ }
xf

then f must be the first edge of a tight path PT ′ ∪T ′′ and
is set during a recursive
call on T ′ ∪ T ′′ . However, since |T ′ ∪ T ′′ | ≥ 2, this would mean during this call a recursive
call primSol(v, T ′ ) was made on v and T ′ , implying that v is the last vertex of PT ′ – a
contradiction. Hence as before, if the left-hand side of the constraint has one variable set
to 1, then so does the right-hand side, and the reverse is also true. Thus Constraint (1) is
valid.
For the other constraints of (PDST) it is easy to see that they are valid: for Constraint (2)
{{t},∅}
the procedure sets xe
= 1 for {e} ∈ δ + (t), as the recursion begins with the full terminal
set T and so must end in each terminal t ∈ T , and the tight path P{t} for {t} always has t
as the first vertex. Since all variables are initially set to zero, for Constraint (3) it suffices to
note that no tight path PT ′ with T ′ ̸= {t} can contain terminal t, as the Directed Steiner
Tree instance is reduced and so every terminal has only one neighbour. Constraint (4)
is valid since the recursion begins at the root r with the full terminal set T , so that some
{T ,T }
variable xe 1 2 with T1 ∪ T2 = T is set to 1. As the recursive call on T is unique, exactly
one such variable is non-zero. For Constraint (5) it again suffices to note that no tight
path PT ′ with T ′ ̸= T can contain r, since also the root only has one neighbour. Finally,
Constraint (6) is obviously valid, since the procedure sets all variables to either 0 or 1. ◀

4

Extension complexity of the Steiner tree polytope

In this section we prove Theorem 1, i.e., that the extension complexity of the Steiner tree
polytope ST (G, T ) is exponential. For that, we will need the following two additional
polytopes. One is for the Hamiltonian Path problem, where we are given an undirected
graph G = (V, E) and two vertices u, v ∈ V and we need to decide whether there exists a
path P in G between u and v such that P visits all vertices of G. A related problem is the
Hamiltonian Cycle problem, where we need to decide whether an undirected graph G has
a cycle that visits all the vertices of G.
HP (G, u, v) := conv.hull {xE(P ) ∈ {0, 1}|E(G)| | P is a Hamiltonian u → v path in G}
HC(G) := conv.hull {xE(C) ∈ {0, 1}|E(G)| | C is a Hamiltonian cycle in G}
Now, we first show a lemma that relates the extension complexity of HP (G, u, v) and
ST (G, T ) for any graph G. In fact, we will show the lemma for the case when the number
of terminals for the Steiner Tree instance is 2. In the following we denote the extension
complexity of any polytope Q by xc(Q).
▶ Lemma 9. For any graph G, xc(HP (G, u, v)) ≤ xc(ST (G, {u, v})).
P
Proof. Observe that e∈E(G) xe ≤ n − 1 is a valid inequality for ST (G, T ), as any Steiner
P
tree has at most n−1 edges, and thus ST (G, T )∩{x | e∈E xe = n−1} is a face of ST (G, T ).
P
We want to show that HP (G, u, v) = ST (G, {u, v}) ∩ {x | e∈E xe = n − 1}. This would
mean that the polytope HP (G, u, v) is a face of the polytope ST (G, {u, v}), which would
imply that the extension complexity of HP (G, u, v) is at most the extension complexity of
ST (G, {u, v}), and thus prove the lemma.
Now, to show the claim, it is enough to show that the extreme points of the left-hand
side belong to the polytope on the right-hand side and vice versa. We look at an extreme
point x ∈ HP (G, u, v), that is, there exists a Hamiltonian path P between u and v such that
P
x = xE(P ) . Clearly, P has n − 1 edges, so we have that e∈E xe = n − 1. On the other
hand, since P is a path between u and v, it is a minimal connected subgraph containing u
and v and hence x ∈ ST (G, {u, v}).
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For the other direction, let us take an extreme point of the polytope ST (G, {u, v}) ∩ {x |
P
x = n − 1}. As observed earlier, for all the extreme points x of ST (G, {u, v}),
Pe∈E e
This means that the polytope ST (G, {u, v}) lies on
x
e∈E e ≤ n − 1 is a valid inequality.
P
one side of the hyperplane {x | e∈E xe = n − 1}. This gives us that all the extreme points
P
of ST (G, {u, v}) ∩ {x | e∈E xe = n − 1} are also extreme points of ST (G, {u, v}). So, to
prove the other direction, it is enough to look at the extreme points of ST (G, {u, v}). Now,
P
let x be an extreme point of ST (G, {u, v}), which also belongs to {x | e∈E xe = n − 1}.
This means that x = xE(H) for some Steiner tree H for (G, {u, v}). We also know that
P
e∈E xe = n − 1. Since H is a minimal subgraph connecting u and v having n − 1 edges, it
has to be a Hamiltonian path between u and v, and hence x ∈ HP (G, u, v). This finishes
the proof of the lemma.
◀
Now we state the following lemma by Balas [1, 2], which bounds the extension complexity
of union of several polytopes.
▶ Theorem 10 ([1, 2]). Consider q polytopes P i ⊆ Rn , i = 1, . . . , q and write P :=
P
conv.hull(∪i∈[q] P i ). Then, xc(P ) ≤ q + i∈[q] xc(P i ).
We use this theorem in the following to relate the extension complexities of Hamiltonian
cycles of the complete graph Kn and Hamiltonian paths.
▶ Lemma 11. Let Kn be a complete graph
with

 n vertices and u and v be two arbitrary
n
n
vertices of Kn . Then xc(HC(Kn )) ≤ 2 + 2 · xc(HP (Kn − uv, u, v)), where Kn − uv is
the graph Kn with the edge uv removed.

Proof. We will show HC(Kn ) to be convex hull of the union of n2 polytopes, which have their
extension complexity same as that of HP (Kn − uv, u, v). We takeQuv := HP (Kn − uv, u, v)
n
for all uv ∈ E(Kn ). Observe that
 the dimension of Quv is 2 − 1. For each x ∈ Quv ,
n
for the edge uv and giving it
we make a y ∈ Puv of length 2 by adding the co-ordinate

n
value
1.
Since
P
is
just
an
embedding
of
the
(
1)-dimensional
polytope Quv into
−
uv
2

n
2 -dimensional space by fixing the additional co-ordinate to be 1, the number of facets of
Puv and Quv remain the same, which is at most xc(HP (Kn − uv, u, v)). Observe that for all
edges uv and u′ v ′ in E(Kn ), the polytopes HP (Kn − uv, u, v) and HP (Kn − u′ v ′ , u′ , v ′ ) are
isomorphic to each other and hence have the same extension complexity. So the polytopes
Puv and Pu′ v′ also have the same extension complexity for all uv, u′ v ′ ∈ E(K ′ ).
Now we just need to show that HC(Kn ) = conv.hull(∪uv∈E(Kn ) Puv ), and the proof of
the lemma will follow by Theorem 10. Let us look at an extreme point x ∈ HC(Kn ). Clearly,
x = xE(C) for some Hamiltonian cycle C of Kn . Let e = uv be an arbitrary edge in C. We
claim that x ∈ Puv . For that, first observe that C contains a Hamiltonian path between u
and v, which is the cycle C with edge uv removed. So the characteristic vector of C is the
same as the characteristic vector of C − uv in Kn − uv along with 1 at the co-ordinate for
the edge uv, so x ∈ Puv . For the other side, let x be an extreme point in ∪uv∈E(Kn ) Puv and
hence in some Puv . From the construction of Puv , x has the coordinates for E(P ) and the
edge uv as 1, where P is some Hamiltonian path between u and v in Kn − uv. This shows
that x is a characteristic vector of a Hamiltonian cycle in Kn and hence x ∈ HC(Kn ). ◀
To show Theorem 1 with the help of the lemmas proved above, we use the following result
about the extension complexity of Hamiltonian cycles in complete graphs.
▶ Theorem 12 ([26]). xc(HC(Kn )) = 2Ω(n) .
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Proof of Theorem 1. For the sake of contradiction, let us assume that Theorem 1 is not true.
This means that for all constants c > 0, there exists a function f such that for all n vertex
cn
graphs G, xc(ST (G, T )) < f (k)2
, where k = |T |. Now, Lemma


 9 and Lemma 11 imply
n
n
that xc(HC(Kn )) ≤ 2 + 2 xc(HP (Kn − uv, u, v)) ≤ n2 + n2 xc(ST (Kn − uv, {u, v})).
We know that xc(ST (Kn − uv, {u, v})) < f (2)2cn for some function f and all constants c.
This would mean that xc(HC(Kn )) < d2cn for all constants c, where d = f (2) is another
constant, which contradicts Theorem 12. This finishes the proof of Theorem 1.
◀
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Preprocessing

In this section, given an instance (G, T, r, w) of Directed Steiner Tree, we will transform
it into an equivalent instance (G′ , T ′ , r′ , w′ ), where G′ is a directed graph and G has a
solution of weight W if and only if there exists a solution for G′ of weight W where all the
terminals are leaves with out-degree 1, the root is a leaf with in-degree 1 and for every other
vertex v, we have that deg+ (v) + deg− (v) ≤ 3. Formally, we want to prove the following
lemma.
▶ Lemma 13. Given an instance (G, T, r, w) of Directed Steiner Tree, in polynomial
time, we can transform it into another Directed Steiner Tree instance (G′ , T ′ , r′ , w′ )
such that (G, T, r, w) has a solution A of weight W if and only if (G′ , T ′ , r′ , w′ ) has a solution
A′ of weight W where all the terminals are leaves with out-degree 1, the root is a leaf with
in-degree 1, and for all v ∈ V (G′ ) \ (T ′ ∪ {r′ }), we have deg+ (v) + deg− (v) ≤ 3.
Proof. We will prove the lemma in two stages. First we transform (G, T, r, w) to
(G1 , T1 , r1 , w1 ) where G1 is the graph obtained by making a copy t′ of every terminal
t ∈ T , and adding the edge (t′ , t) with zero weight. Let T ∗ be the set of these new vertices.
We also add a vertex r∗ as a new root, and add the edge (r, r∗ ) with zero weight. Then we
take T1 := T ∗ , r1 := r∗ , and w1 is obtained by adding the new zero edge weights to w. It is
easy to see that (G, T, r, w) has a solution of weight W if and only if (G1 , T1 , r1 , w1 ) has a
solution of weight W where all the terminals are leaves with out-degree 1 and the root is a
leaf with in-degree 1.
Given (G1 , T1 , r1 , w1 ) of Directed Steiner Tree as described above, we make an
instance (G2 , T2 , r2 , w2 ) of Directed Steiner Tree by the following transformation. For
every vertex v ∈ V (G1 ) \ (T1 ∪ {r1 }) with in-degree deg− (v) and out-degree deg+ (v) such
that deg+ (v) + deg− (v) ≥ 4, we replace it with a cycle of length d := deg+ (v) + deg− (v)
defined as Cv = v1 v2 . . . vd v1 where v1 , v2 , . . . , vd are new vertices. Then for every neighbour
u of v, if uv ∈ E(G1 ) (or vu ∈ E(G1 )), we find a unique vi of v, a unique copy uj of u, and
add the edge vi uj (or uj vi ). Then we take T2 := T1 and r2 := r1 This way, the graph G2 has
maximum degree 3 and all the terminals are leaves in G2 with out-degree 1 and the root is a
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leaf with in-degree 1. For every edge e in the cycle Cv , we put w2 (e) := 0. For every other
edge ui vj ∈ E(G2 ) such that ui and vj are in cycles Cu and Cv corresponding to u ∈ V (G1 )
and v ∈ V (G1 ), we put w2 (ui vj ) := w1 (uv). Given a solution of weight W of (G2 , T2 , r2 , w2 ),
we can transform it into a solution of weight W for (G1 , T1 , r1 , w1 ) by contracting the zero
weight edges of the cycles in the solution. On the other hand, given a solution of weight W
for (G1 , T1 , r1 , w1 ), for an edge uv in the solution, we pick the edge between unique copies
ui and vj of u and v corresponding to the edge uv and connect all these edges by picking as
many edges from Cu and Cv as we want at no extra cost. Observe that the terminals and
the root are leaves in G2 , so they will be leaves in any solution as well. This shows that
(G1 , T1 , r1 , w1 ) has a solution of weight W where all the terminals are leaves with out-degree
1 and the root is also a leaf with in-degree 1 if and only if (G2 , T2 , r2 , w2 ) has a solution of
weight W where all the terminals are leaves with out-degree 1 and the root is also a leaf with
in-degree 1 and all the vertices v ∈ V (G2 ) \ (T2 ∪ {r2 }), we have that deg+ (v) + deg− (v) ≤ 3.
Finally taking (G′ , T ′ , r′ , w′ ) := (G2 , T2 , r2 , w2 ) finishes the proof of the lemma.
◀
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1

Introduction

The Assignment Problem (AP) is a fundamental and well-investigated problem in discrete
optimization: For the complete bipartite graph Kn,n = (V, En,n ) with given costs c : En,n →
R on the edges, the AP asks for a perfect matching M in Kn,n that minimizes the total
cost c(M ). The AP can be solved in polynomial time, by using for instance the Hungarian
method or techniques from network flow theory; see Burkard, Dell’Amico & Martello [3].

1

RNC2 is the randomized version of NC2 . For a definition of NC2 see [1].
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In this paper we study a variant of the AP from the area of robust optimization, which we
denote as Recoverable Assignment Problem (RecovAP). An instance of RecovAP
consists of two cost functions c1 , c2 : En,n → R on the edges of Kn,n together with an integer
bound k. The goal is to find two perfect matchings M1 and M2 that minimize the objective
value c1 (M1 ) + c2 (M2 ), subject to the constraint that M1 and M2 have at least k edges in
common. We also consider the following two non-trivial special cases of RecovAP:
Consider an arbitrary (bipartite) subgraph G = (V, E) of Kn,n . If the cost functions
c1 and c2 are set to +∞ on all edges outside E, one arrives at the graphic special case
of RecovAP for bipartite input graphs G. This allows us to study the problem with
graph-theoretic tools, and to look into graph-theoretic structures.
If the cost function c1 is set to zero on the edges of some fixed perfect matching and
set to +∞ on all the remaining edges, the perfect matching M1 is thereby fixed and
frozen at the zero-cost edges. Then problem RecovAP boils down to finding a matching
M2 that minimizes c2 (M2 ) subject to the constraint |M1 ∩ M2 | ≥ k; we denote the
resulting optimization problem as Second-stage recoverable assignment problem
(2S-RecovAP).
Both problems RecovAP and 2S-RecovAP are motivated by (central and natural) questions
in the area of Recoverable Robust Optimization.
Known and related results. The study of discrete optimization problems with intersection constraints (as imposed in problem RecovAP) was initiated through applications in
Recoverable Robust Optimization under interval uncertainty. The literature mainly analyzes situations where the feasible solutions form the bases of various types of matroids:
Kasperski & Zieliński [14] construct a polynomial time solution for the case of uniform
matroids; the underlying robust optimization problem is called the recoverable selection
problem. Lachmann, Lendl & Woeginger [15] provide a simple greedy-type algorithm for
recoverable selection, and thereby improve the time complexity in [14] from cubic time down
to linear time. Hradovic, Kasperski & Zieliński [12, 11] obtain a polynomial time algorithm
for the recoverable matroid basis problem and a strongly polynomial time algorithm for
the recoverable spanning tree problem. These results have been generalized and improved
by Lendl, Peis & Timmermans [16] who show that the recoverable matroid basis and the
recoverable polymatroid basis problem can both be solved in strongly polynomial time.
Iwamasa & Takayawa [13] further generalize these results and cover cases with nonlinear
and convex cost functions.
Büsing [5] derives various NP-hardness results for recoverable robust shortest s-t-path
problems, and thus makes one of the first steps in this area beyond feasible solutions with
a matroidal structure. Further results about s-t-paths with intersection constraints are
obtained by Fluschnik et al. [8]. Note that the combinatorics of s-t-paths is substantially
more complex than the combinatorics of matroid bases: whereas all bases of a matroid have
the same cardinality, different s-t-paths may contain totally different numbers of edges. For
that reason, recoverable robust shortest s-t-path problems do not (easily) translate into
corresponding optimization problems that ask for two feasible solutions with at least k
common elements.
Şeref et al. [19] study 2S-RecovAP and obtain a randomized algorithm running in
polynomial time if the costs are polynomially bounded. A stable matching variant of
2S-RecovAP has recently been introduced and studied by Bredereck et al. [2].
Our contribution. By analyzing problem RecovAP, we take another step beyond matroidal
structures in recoverable robust optimization. Section 2 discusses the computational complexity of RecovAP. We look into the parameterized complexity of RecovAP. We show that
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the problem is W[1]-hard with respect to the central parameter k, the lower bound on the
intersection size of the two matchings. Furthermore, the problem is W[1]-hard with respect
to the so-called recoverability parameter k ′ = n − k, hence the problem that asks to have
all of the n matching edges of M1 and M2 to coincide except for up to k exceptions. These
hardness results even hold in the highly restricted case where both cost functions c1 and c2
only take the values 0 and 1. Similar W[1]-hardness results hold for the graphic version of
RecovAP on planar graphs. On the positive side, there exists a simple XP algorithm for
parameter k (that checks all possible sets M1 ∩ M2 of size k) and there also exists a simple
XP algorithm for parameter k ′ (that checks all possible sets M1 − M2 and M2 − M1 of size
k ′ ). This is in contrast to the variants of the problem with the constraint |M1 ∩ M2 | ≤ k
or |M1 ∩ M2 | = k. These problems are easily shown to be NP-hard for each fixed k via a
reduction from the Disjoint Matchings Problem [9]. Finally, we show that the graphic
version of RecovAP with respect to parameter treewidth is in FPT.
Next, in Section 3 we discuss problem RecovAP under Monge-type conditions; we refer
to Burkard, Klinz & Rudolf [4] for an extensive overview of Monge properties. The cost
function in the assignment problem may naturally be viewed as an n × n cost matrix. If
both cost functions c1 and c2 correspond to Monge matrices, problem RecovAP boils down
to something trivial: In the optimal solution both matchings M1 and M2 run along the
main diagonal of the underlying matrix. And if both cost functions c1 and c2 correspond to
Anti-Monge matrices, then in the optimal solution both matchings M1 and M2 run along
the secondary diagonal of the underlying matrix. The mixed case where c1 corresponds to a
Monge matrix and where c2 corresponds to an Anti-Monge matrix is less trivial and more
interesting. By analyzing the combinatorial structure of potential optimal solutions, we show
that it is solvable in polynomial time.
Finally, in Section 4 we turn to the second-stage recoverable assignment problem 2SRecovAP, which shows a strange and rather unpleasant behavior. We feel that problem
2S-RecovAP is too hard to allow a polynomial time solution, and we simultaneously feel that
it is too easy to allow an NP-hardness proof. We support our intuition by two mathematical
arguments: First, by a straightforward reduction to the extact matching problem in red blue
biparite graphs by Şeref et al. [19], there exists an RNC2 algorithm for 2S-RecovAP. As the
complexity class RNC2 ⊆ RNC is conjectured to be properly contained in NP, this provides
evidence for the easiness of 2S-RecovAP. Secondly, we show that the exact matching
problem in red-blue bipartite graphs [7] is logspace reducible to 2S-RecovAP. As the
existence of a polynomial time algorithm for this exact red-blue matching problem is doubtful
(and constitutes a long-open famous problem), this provides evidence for the hardness of
2S-RecovAP.
Due to the page limit, some of the proofs are omitted or a short sketch is given. The
detailed proofs will be published in the full version of the paper.

2

Parameterized Complexity

To show W[1]-hardness of the RecovAP problem we reduce from the well known grid tiling
problem. In the grid tiling problem we are given an ℓ × ℓ grid in which every cell contains a
set of tuples. The task is to select a value for every row and for every column compatible
with the tuples in the cells: That is, each cell defined by a row and column combination
contains a tuple with the values selected for this row and column.
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Si,j

ri = 1

(1, 3)

ri = 2

ri = 1

ri = 3

(1, 7)

ri = 4
(a)

ri = 5

(1, 4)

(2, 1)

(b)
(2, 2)

ri = 2

Figure 1 Gadgets for the W[1]-hardness result for RecovAP and parameter k: (a) Selection
gadget for row values (analogously for column values). The depicted matching fixes value 2. (b)
Component for one row in Si,j (analogously for one column). Each middle edge represents one tuple
in Si,j This component exists for both columns and rows and the middle edges are identified if the
corresponding tuples are the same.

Grid Tiling
Input: Integers ℓ, n, and a collection S = (Si,j )(i,j)∈[ℓ]×[ℓ] with Si,j ⊆ [n] × [n].
Question: Are there integers r1 , . . . , rℓ and c1 , . . . , cℓ such that (ri , cj ) ∈ Si,j for every
i, j ∈ [ℓ]?

Grid Tiling has been shown to be W [1]-hard for parameter ℓ and has no f (ℓ)no(ℓ) -time
algorithm [6]. For simplicity, we assume that every value 1, . . . , n appears in at least one
tuple of S; which can be achieved by renaming the occurring n many values increasingly.
That way we ensure that the size of the numbers are polynomial in the size of the input.
By the same reduction, we obtain a lower bound of the runtime assuming the Exponential
Time Hypothesis (ETH); for more details on ETH we refer to [6].
▶ Theorem 1. RecovAP is W[1]-hard for parameter k with edge cost (c1 (e), √
c2 (e)) ∈
{(0, 0), (0, 1), (1, 0), (1, 1)} for all edges e, and, unless ETH fails, it has no f (k)no( k) -time
algorithm.
Proof. Let I = (S, n, ℓ) be a Grid Tiling instance. We construct a RecovAP instance
that asks for matchings M1 and M2 of cost 0 and with at least k = ℓ2 edges e ∈ M1 ∩ M2 .
Hence, only edges with cost (0, 0) may be part of M1 ∩ M2 . Our construction uses edges
with cost (0, 0) only to model tuples of grid cells. By our construction, exactly one (0, 0)
cost edge (ri , cj ) per grid cell Si,j may be in M1 ∩ M2 , which then fixes the selection of that
tuple using a cell gadget. We force these tuples to comply with a global selection of row and
column values r1 , . . . , rℓ and c1 , . . . , cℓ , using row and column selection gadgets.
In our reduction, we use two types of gadgets, the row/column selection gadget and the
cell gadget. The property of the row/column selection gadget is to encode the selection of
one integer per row/column. The role of the cell gadget is to encode the selection of a tuple
(ri , cj ) ∈ Si,j which is consistent with the selection of the row selection gadget for row i and
the column selection gadget for column j. Each of the gadgets will contain a set of special
vertices called terminals. These terminals will later be used to connect the gadgets with each
other using additional edges.
In the following, we first formally introduce the subgraphs and costs of these gadgets.
Next, we combine these gadgets into an instance of RecovAP.
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Since we aim for a solution (M1 , M2 ) of cost 0, edges of cost 1 are not allowed in the
matchings M1 , M2 . Hence, edges with cost (0, 1) can only be included in M1 and edges with
cost (1, 0) can only be included in M2 . This fact is heavily used in the following arguments.
For the row selection gadget we construct a graph Grow which is a star with center vertex
v and leaves t1 , . . . , tn , the terminals of the gadget. All edges of the row selection gadget
have cost (0, 1). Note, that exactly one of the terminals can be matched with cost 0 using
M1 . This matching corresponds to the selected value in the given row. Also, note that in
this case the terminal tr is the unique vertex matched by M1 and all other terminals must be
matched by M1 to some vertex outside of the gadget. See Figure 1 (a) for an illustration of
the row selection gadget, where the gadget is the part left of the dashed box. All the vertices
of the row selection gadget will be matched in M2 using auxiliary vertices introduced at the
end of this construction.
Analogously, we construct the column selection gadget as a graph Gcol with terminals
csel(c)
t
for all column choices c ∈ [n]. The only difference is, that all edges are assigned cost
(1, 0) and the selection is determined by the matching M2 .
For the cell gadget we construct a graph Gcell(S) , where S is the set of tuples from [n] × [n]
corresponding to the cell. For each tuple (r, c) ∈ S there exists a special tuple edge etup(r,c)
of cost (0, 0) in Gcell(S) . For each possible row choice r ∈ [n] we introduce two terminal
vertices tleft(r) and tright(r) . We construct two parts Grcell(S) and Gccell(S) handling the row
and column selection in the cell (see Figure 1(b) for an illustration of Grcell(S) ). Gcell(S) is
then defined as the union of Grcell(S) and Gccell(S) identifying the common tuple edges.
We begin by introducing the part of the cell gadget that correspond to the row selection,
denoted by Grcell(S) . For this part all vertices must be matched by M1 either inside the
gadget or from outside of the gadget if they are terminals. To match these vertices using
M2 we will later introduce auxiliary vertices. The terminals tleft(r) and tright(r) are part of
Grcell(S) and connected by distinct internally vertex-disjoint paths of length 5 for each tuple
(r, c) ∈ S, where etup(r,c) is the center edge of this path. All the edges of these paths, except
for the tuple edges, are assigned cost (0, 1). Note that there might exist r such there is no
tuple (r, c) ∈ S. For such r nothing except for the two terminal vertices is added to Grcell(S) .
This construction is depicted in Figure 1 (b) inside of the dashed box. Observe that tleft(r)
is matched by M1 from outside of the gadget if and only if tright(r) is matched by M1 from
outside of the gadget. The only feasible matching in this case adds the second and third
edge along the paths from tleft(r) to tright(r) to M1 . Hence, for such r none of the tuple
edges etup(r,c) corresonding to a tuple (r, c) ∈ S can be matched by M1 . But if tleft(r) is not
matched by M1 from outside of the gadget then also tright(r) cannot be matched from the
outside of the gadget and exactly for one tuple (r, c) ∈ S the tuple edge etup(r,c) and the first
and last edge along the path connecting tleft(r) to tright(r) have to be added to M1 . For all
other paths the second and third edge have to be added to M1 . This way of selecting tuple
edges is illustrated in Figure 1 (b). All the constructed vertices in this paragraph, except
those incident to the tuple edges, have to be matched by M2 using auxiliary vertices.
Analogously, the parts of the cell gadget that correspond to the column selection are
denoted by Gccell(S) . For each possible column choice c ∈ [n] we introduce two terminal
vertices ttop(c) and tbottom(c) , analogous to tleft(r) and tright(r) for the row choices. They are
connected to each other via the tuple edges in the same way as the terminals of Grcell(S) .
Again by not matching ttop(c) from the outside by M2 it is enforced that tbottom(c) is not
matched from the outside by M2 and exactly one tuple edge etup(r,c) must be matched by
M2 . All the constructed vertices in this paragraph except those incident to the tuple edges
will be matched by M1 using auxiliary vertices.
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The cell gadget Gcell(S) is defined as the union of Grcell(S) and Gccell(S) . The tuple edges
and there incident vertices are introduced only once in Gcell(S) and are identified in this
union.
In addition we add 2 · (n + |S|) auxiliary vertices to Gcell(S) . For each i ∈ [n] we connect
tleft(i) with ttop(i) and tright(i) with tbottom(i) via a path of length 2, using 2n of the auxiliary
vertices (see Figure 2 (a)). Observe that for each tuple (r, c) ∈ S there are 4 vertices connected
to the terminals tleft(r) , ttop(c) , tright(r) and tbottom(c) inside Gcell(S) . We add a path of length
two between the vertex connected to tleft(r) and the vertex connected to ttop(c) ; and also add
a path of length two between the vertex connected to tright(r) and the vertex connected to
tbottom(c) . The cost of the constructed auxiliary edges connected to vertices in Grcell(S) are
set to (1, 0) and the cost of the constructed auxiliary edges connected to vertices in Gccell(S)
are set to (0, 1).
These constructed paths of length 2 can be used to match each of the connected vertices
with M1 or M2 respectively which also matches the auxiliary vertices with both of the
matchings.
Observe that the tuple edges are the only edges in the cell gadget that can both be
matched by M1 and M2 . Hence, if exactly one terminal tleft(r) is not matched by M1 and
exactly one terminal ttop(c) is not matched by M2 it holds that the cell gadget can contribute
one edge to M1 ∩ M2 if and only if (r, c) ∈ S. Using the auxiliary edges all vertices can be
matched by both M1 and M2 .
Now, we are ready to define the instance of RecovAP on a graph G. For each row i ∈ [ℓ]
row
row
we add two distinct copies of the row gadget Grow
, Grow
with terminals
i,1 = G
i,2 = G
rsel(r)

ti,1

rsel(r)

, ti,2

to G and for each column j ∈ [ℓ] we add two distinct copies of the column
csel(c)

csel(c)

col
col
col
selection gadget Gcol
with terminals tj,1 , tj,2
to G.
j,1 = G , Gj,2 = G
cell(Si,j )
For each cell (i, j) ∈ [ℓ] × [ℓ] we add a distinct copy of the cell gadget Gcell
i,j = G
left(r)

right(r)

top(c)

bottom(c)

with terminals ti,j , ti,j
, ti,j , ti,j
to G.
We now connect the terminals of these gadgets. For each row i ∈ [ℓ] and possible choice
rsel(r)
left(r)
rsel(r)
right(r)
r we connect ti,1
to ti,1
and ti,2
to ti,ℓ
with cost (0, 1). For each column j ∈ [ℓ]
csel(c)

and possible choice c we connect tj,1

top(c)

to t1,j

csel(c)

and tj,2

For each i ∈ [ℓ], j ∈ [ℓ − 1] and choice r we connect terminals

bottom(c)

to tℓ,j

right(r)
ti,j

with cost (1, 0).
left(r)

with ti,j+1 with cost
bottom(c)

(0, 1). For each i ∈ [ℓ − 1], j ∈ [ℓ] and column choice c we connect terminals ti,j
top(c)
ti+1,j

with

with cost (1, 0).
To ensure the existence of perfect matchings we add for the vertices of the selection
gadgets 2 · (ℓ + ℓn) additional auxiliary vertices to G. The first half is used to connect the
vertices of the row selection gadgets Grow
i,1 on the left of the grid with the vertices of the
column selection gadgets Gcol
i,1 on the top via paths of length 2 for all i ∈ [n]. The others are
used to connect the vertices of the row selection gadgets Grow
i,2 on the right to the column
on
the
bottom
via
paths
of
length
2
for all i ∈ [n]. The cost of the
selection gadgets Gcol
i,2
edges added in these paths is set to (1, 0) for all edges incident to a vertex of a row selection
gadget and (0, 1) for all edges incident to a vertex of a column selection gadget. Hence, all
vertices in the row and column selection gadgets can be matched by both matchings with
cost 0.
It is now easy to check that the constructed graph is bipartite. To create an instance of
RecovAP we add additional edges with cost (1, 1) to obtain a complete bipartite graph.
Note that these edges can neither be used by M1 nor by M2 .
It remains to show that the given instance of the Grid Tiling is a yes-instance if and only
if there exists a solution to the constructed instance G of RecovAP with |M1 ∩ M2 | ≥ ℓ2 of
cost 0.
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By construction, all the matched tuple edges in each row must be consistent with the
row selection and all the matched tuple edges in each column must be consistent with the
column selection, else the matchings M1 , M2 cannot have cost 0. Hence, |M1 ∩ M2 | ≥ ℓ2 can
only be obtained if the same tuple edge is used inside each cell gadget by both the row and
column selection.
For the converse direction observe that given a yes-instance of Grid Tiling and the
corresponding solution one can easily set the matchings M1 and M2 in the constructed
gadgets according to the solution for Grid Tiling and obtain a solution for ReocvAP of
cost 0 such that |M1 ∩ M2 | ≥ ℓ2 .
To show the ETH lower bound assume, for the sake
of contradiction, that there is an
√
algorithm for RecovAP with running time f (k)no( k) . Then an instance of Grid Tiling
can be transformed in polynomial time into an instance of RecovAP.
For the parameter
√
2
o( ℓ2 )
it holds that k = ℓ . So this leads to a running time f (ℓ)n
= f (ℓ)no(ℓ) . This is a
contradiction.
◀

t

r

l
(b)

b

(a)

Figure 2 (a) A sketch of the surrounding of a grid cell component (in the dashed box) with
matching M1 in green and M2 in red. Most of the edges leading into the box are left out, except
for two example diagonal (0, 0) cost edges, one in both matchings, one in none. Outside in faint
color are the additional helper vertices to make the matchings perfect. By positioning these helper
vertices on a diagonal as depicted, there are only crossings of edges of cost (0, 1) and (1, 0). (b) A
crossing gadget that replaces a crossing of a (0, 1) cost edge {l, r} and (1, 0) cost edge {t, b}. The
red (dashed and fully drawn) edges have cost (0, 1) and the green cost (1, 0). The fully drawn red
edges show a matching replacing {ℓ, r} ∈ M1 while the fully drawn green edges show a matching
replacing {t, b} ∈
/ M2 .

This hardness results also translates to planar graphs with the help of a crossing gadget.
Since the input graph is not complete, we no longer need edge cost (1, 1).
▶ Corollary 2. RecovAP is W[1]-hard on planar graphs for parameter k with
(c1 (e), c2 (e)) ∈
√
{(0, 0), (0, 1), (1, 0)} for all edges e, and unless ETH fails it has no f (k)no( k) -time algorithm.
Proof. The key observation is that by arranging the vertices in the plane as shown in
Figure 2(a), there are only crossing edges of cost (0, 1) and (1, 0). Crossings appear from
edges of cost (0, 1) in Grow and Grcell(S) with edges of cost (1, 0) in Gcol and Gccell . Also
when connecting the auxiliary vertices such crossings appear. Note that when connecting the
auxiliary vertices it does not matter which specific vertices are connected. Only the fact that
each vertex is connected matters. Hence it is possible to arrange for each cell gadget half of
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l
snake(>k,0)

Figure 3 The gadget Gl,r
cost (k + 1, 0), for k = 3.

r

that replaces an edge {l, r} and effectively simulates an edge of

the auxiliary vertices in the northwest and half of them in the southeast (see Figure 2(a)).
This way it is possible to order the vertices on the left from top to bottom and connect them
in this order without any crossings of these (1, 0) cost edges. They then only cross other cost
(0, 1) edges of the cell gadget. The principle holds for all other edges connecting the auxiliary
vertices of the cell gadget. For the edges connecting auxiliary vertices introduced for the row
and column selection gadgets the same idea works by putting them in the northwest and
southeast of the whole graph G.
We now introduce the crossing gadget Gcross which is used to replace every crossing of an
edge {ℓ, r} of cost (0, 1) with an edge {t, b} of cost (1, 0) in G. Graph Gcross is illustrated in
Figure 2(b). Graph Gcross consists of 4 vertices v1 , v2 , v3 , v4 and the edges {ℓ, v1 }, {v2 , r}
and {v3 , v4 } of cost (0, 1) and the edges {t, v3 }, {v3 , v1 } and {v4 , v2 } of cost (1, 0).
Observe that the case {ℓ, r} ∈ M1 is simulated by {ℓ, v1 } ∈ M1 , {v2 , r} ∈
/ M1 and
{v3 , v4 } ∈ M1 and the case {ℓ, r} ∈
/ M1 is simulated by {ℓ, v1 } ∈
/ M1 , {v2 , r} ∈ M1 and
{v3 , v4 } ∈
/ M1 . Similarly, there are two ways to simulate {t, b} ∈ M2 and {t, b} ∈
/ M2 .
It is important that the four new vertices are always matched within this crossing gadget,
and thus no further auxiliary vertices are needed. Further, note that this construction can
be easily chained in order to handle cases where {ℓ, r} or {t, b} cross more than one other
edge.
◀
As a final step regarding planar graphs, we avoid vertices of degree > 4, and we avoid
(0, 0) cost edges, thus showing hardness for cost (0, 1) and (1, 0). The key step is to replace a
single (0, 1) edge by a long path-like gadget that effectively simulates a cost (0, k + 1) edge,
analogously for a (1, 0) edge. Figure 3 shows such a gadget.
▶ Corollary 3. RecovAP is W[1]-hard on planar graphs with maximum degree 4 for
parameter √
k with (c1 (e), c2 (e)) ∈ {(0, 1), (1, 0)} for all edges e, and unless ETH fails it has
no f (k)no( k) -time algorithm.
Using similar ideas we can also show W[1]-hardness for the dual parameter k ′ = n − k,
hence the problem that asks to have all of the n matching edges of M1 and M2 to coincide
except for up to k exceptions. In robust optimization this parameter is of importance and
called the recoverability parameter.
▶ Theorem 4. RecovAP is W[1]-hard for the recoverability parameter k ′ = n − k with
(c1 (e), c√
2 (e)) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} for all edges e, and, unless ETH fails, it has no
f (k)no( k) -time algorithm.
Ideally, Theorem 4 would translate to planar graphs by using a crossing gadget. However,
according to Gurjar et al. [10], such a crossing gadget does not exist in this case.
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×

×

×
×

(b)

(c)

Figure 4 Illustrations for the Monge and Anti-Monge case. (a) Modification to ensure that no
cycles have length larger than four. (b) Modification to move 2-cycles east of a 4-cycle into a 4-cycle.
(c) Modification to move 2-cycles southeast of a 4-cycle into a 4-cycle.

Beside planar graphs, we also consider graphs of bounded treewidth. RecovAP is fixed
parameter tractable in the treewidth of the input graph (without the intersection size k as
parameter). Our algorithm is based on dynamic programming over the tree decomposition.
▶ Theorem 5. RecovAP is in FPT with respect to the treewidth of the input graph.

3

Monge and Anti-Monge Matrices

In this section we develop a polynomial time algorithm for the special case of RecovAP if
the cost function c1 is given by a Monge matrix A = (ai,j ) ∈ Rn×n and the cost function of
c2 is given by an Anti-Monge matrix B = (bi,j ) ∈ Rn×n . The matrix A is called a Monge
matrix if for all i < k and j < l it holds that ai,j + ak,l ≤ ai,l + ak,j . Analogously, the matrix
B is called an Anti-Monge matrix if for all i < k and j < l it holds that bi,j + bk,l ≥ bi,l + bk,j .
Let U = {u1 , . . . , un } and V = {v1 , . . . , vn } be the bipartition of the vertex set of Kn,n .
Then the costs of edge {ui , vj } is given by c1 ({ui , vj }) = ai,j and c2 ({ui , vj }) = bi,j .
Note, that it is a well-known result that if the cost function of the AP is given by a
Monge matrix then the diagonal {{ui , vi } : i = 1, . . . , n} is an optimal solution, similarly the
anti-diagonal for Anti-Monge matrices.
Surprisingly, for these special cost functions also the RecovAP has an optimal solution
of a similar combinatorial structure, as we show in the following. We illustrate solutions in
matrix form by highlighting entry (i, j) with a square if {ui , vj } ∈ M1 and with a cross if
{ui , vj } ∈ M2 .
▶ Theorem 6. Let c1 be given by a Monge matrix A and c2 be given by an Anti-Monge
matrix B. Then, there exists an optimal solution M1 , M2 to the RecovAP such that
n+k
1. {ui , vi } ∈ M1 for all i = 1, . . . , ⌊ n−k
2 ⌋ and i = ⌈ 2 ⌉, . . . , n,
n−k
2. {ui , vn+1−i } ∈ M2 for all i = 1, . . . , ⌊ 2 ⌋ and i = ⌈ n+k
2 ⌉, . . . , n,
3. M1 ∩ M2 is an optimal solution to the AP with cost c1 + c2 on the complete bipartite
n+k
subgraph induced by the sets of vertices {ui | i = ⌊ n−k
2 ⌋ + 1, . . . , ⌈ 2 ⌉ − 1} and {vi | i =
n−k
n+k
⌊ 2 ⌋ + 1, . . . , ⌈ 2 ⌉ − 1}.
Based on this structural result we can easily compute an optimal solution for RecovAP
by solving the instance of the AP on the subgraph stated in point 3 of Theorem 6 and then
completing the perfect matchings M1 and M2 as stated in points 1 and 2. In summary, we
obtain the following result.
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▶ Theorem 7. Let c1 be given by a Monge matrix A and c2 be given by an Anti-Monge
matrix B. Then the RecovAP can be solved in O(n + k log k) time.
In the following we prepare the proof of Theorem 6 based on several structural lemmas.
The main tool to analyze feasible solutions M1 , M2 is their decomposition into M1 -M2 alternating cycles of even length. For any even number s we call such an alternating cycle
an s-cycle. Using this language, we call an edge e ∈ M1 ∩ M2 a 2-cycle. A 4-cycle consists of
four edges {ui , vj }, {ui′ , vj ′ } ∈ M1 and {ui , vj ′ }, {uj ′ , vi } ∈ M2 . Note that by the fact that
A is Monge and B is Anti-Monge the cost of such edges is minimum if i < i′ and j < j ′ .
We call a 4-cycle fulfilling this property an aligned 4-cycle. We identify the 4-cycle with
its indices (i, j, i′ , j ′ ). Similarly, we identify a 2-cycle {vi , vj } ∈ M1 ∩ M2 with its indices
(i, j). Also, observe that in our matrix visualization 4-cycles correspond to 2 × 2 submatrices
where the corners diagonal to each other are marked by squares and crosses. The fact that
i < i′ and j < j ′ implies that the squares are drawn into the northwest and southeast corner
and the crosses are drawn into the northeast and southwest corners. We say that a 4-cycle
(i1 , j1 , i′1 , j1′ ) is nested inside another 4-cycle (i2 , j2 , i′2 , j2′ ) if it holds that i2 < i1 < i′1 < i′2
and j2 < j1 < j1′ < j2′ . Analogously we say that a 2-cycle (i1 , j1 ) is nested inside a 4-cycle
(i2 , j2 , i′2 , j2′ ) if i2 < i1 < i′2 and j2 < j1 < j2′ .
Note, that in the language of such cycles Theorem 6 is equivalent to: there exists an
optimal solution which consists of ⌊ n−k
2 ⌋ many aligned 4-cycles and all the other matching
edges are 2-cycles; all 4-cycles are nested into each other and the 2-cycles are nested inside
the innermost 4-cycle; the 2-cycles form a minimum cost perfect matching with respect to
c1 + c2 on their vertices.
In Lemma 8 we prove that there always exists an optimal solution without s-cycles for
s > 4, and all the 4-cycles are nested and aligned. The main idea here is to iteratively remove
such long cycles from the outside to the inside. In a second step (Lemma 9) we then show
that there exists an optimal solution in which all 2-cycles lie inside the innermost 4-cycle.
▶ Lemma 8. Let perfect matchings M1 , M2 be feasible solutions to 2S-RecovAP. Then
there exists a solution M1′ , M2′ consisting only of 2-cycles and aligned 4-cycles, and all the
4-cycles are nested.
Proof. As a first step consider the subinstance (submatrices) where all vertices (rows and
columns) contained in 2-cycles are removed (which makes handling row an column indices
easier in the following). The resulting submatrices of A and B remain Monge and Anti-Monge.
Now assume that for q = 1, . . . , ℓ−1 it we have that (q, q, n+1−q, n+1−q) already forms
a 4-cycle in M1 , M2 . Note that as base of the induction the case ℓ = 1 trivially true. We
now construct matchings M1′ , M2′ of smaller or equal cost such that (q, q, n + 1 − q, n + 1 − q)
is also a 4-cycle for q = ℓ. If {uq , vq } ∈
/ M1 it there are edges {ui , vq }, {uq , vj } ∈ M1 . We
have that q < i < n + 1 − q and q < j < n + 1 − q due to our assumption on present 4-cycles.
Because A is Monge, we can exchange those edges for the edges {uq , vq }, {ui , vj } in M1′ . See
Figure 4 (a) for an illustration of this modification. Analogously, we can ensure that M1′
also contains {un+1−q , vn+1−l } and M2′ contains both {un+1−q , vq }, {uq , vn+1−q }, forming
the 4-cycle as claimed.
By induction we obtain a solution consisting of only nested aligned 4-cycles, except for
maybe one additional 2-cycle exactly in the center of the matrix. We obtain the solution
M1′ , M2′ as claimed by adding back the vertices (rows and columns) of the 2-cycles removed
in the first step.
◀
▶ Lemma 9. There is a solution M1 , M2 with minimum cost c1 (M1 ) + c2 (M2 ) where all
4-cycles are nested and aligned, and where no 2-cycle is outside of a 4-cycle.
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Proof. Note that the first part of the claim is already implied by Lemma 8, and we start
with matchings M1 , M2 fulfilling the structure stated in Lemma 8. For the second claim
we again process the cycles from outside to inside with respect to the nesting order of the
4-cycles. Assume that (x, y) is the outmost 2-cycle in M1 , M2 , and let (i, j, i′ , j ′ ) be the
outmost 4-cycle that does not contain (x, y). We show how to modify M1 , M2 such that the
cost does not increase, the number of 2-cycles does not decrease and such that the number
of 4-cycles that contain all 2-cycles is increased by one.
We do this by looking at two distinct cases (up to symmetry). Case 1, we have i < j < x
and i′ < y < j ′ , i.e., (x, y) lies east of (i, j, i′ , j ′ ). In this case we remove {ui , vj ′ } and {ux , uy }
from M2 and add {ux , vj ′ } and {ui , vy } to M2 , which can only improve the cost, since B is
Anti-Monge. In addition we remove {ui′ , vj ′ } and {ux , vy } from M1 and add {ux , vj ′ } and
{ui′ , vy } to M1 . See Figure 4 (b) for this modification. Note, that now (i, j, i′ , y) is a new
4-cycle containing the new 2-cycle (x, j ′ ). A 2-cycle lying to the north, south or west of the
4-cycle can be handled symmetrically.
Case 2 is the case when the 2-cycle lies to the southeast of the 4-cycle, i.e. i < i′ < x
and j < j ′ < y. In this case we remove {ui′ , vj } and {ux , vy } from M2 and replace it with
{ux , vj } and {ui′ , vy } which can only decrease the cost by the fact that B is Anti-Monge.
As a second step we remove {ui , vj ′ } and {ui′ , vy } from M2 and add {ui′ , vi′ } and {ui , vy }
to M2 . See Figure 4 (c) for this modification. Note, that now (i, j, x, y) is a new 4-cycle
containing the new 2-cycle (i′ , j ′ ). The cases when the 2-cycle lies northeast, southwest or
northwest can be handled similarly.
◀
Now we are ready to give the proof of Theorem 6.
Proof of Theorem 6. Basically Lemma 9 already implies the combinatorial structure claimed
in Theorem 6. The only point missing is that there are exactly ⌊ n−k
2 ⌋ many nested 4-cycles
in the solution and the remaining edges form 2-cycles inside.
Note that selecting more 2-cycles than strictly necessary (by the constraint or the
combinatorial structure) is never helpful, since because of the Monge structure 4-cycles
correspond to the optimal solution of the two independent APs.
Hence, if 2 divides n − k the theorem follows directly, there is an optimal solution with k
n−k
2-cycles at positions i, j with n−k
2 < i, j < 2 .
Otherwise, if n − k is not multiple of 2, we can assume that n is even and k is odd, since if
n is odd an optimal solution always selects the edge {u(n+1)/2 , v(n+1)/2 } as a 2-cycle, giving
an equivalent instance with n − 1 rows and columns and the constraint to select at least
k − 1 many 2-cycles. Hence let n be even and k odd. Since the number of edges in a 2-cycle
is even, we must select at least k + 1 many 2-cycles, and the claim follows.
◀

4

The Second Stage Recoverable Assignment Problem

In this section we study a variant of RecovAP in which the perfect matching M1 is fixed
and we are looking for a perfect matching M2 of minimum linear cost c2 (M2 ) subject to the
constraint that |M1 ∩ M2 | ≥ k. Note that 2S-RecovAP is a special case of RecovAP, with
the special cost structure c1 (e) = 0 if e ∈ M1 and c1 (e) = ∞ otherwise.
Using the language of recoverable robust optimization this problem is called the incremental assignment problem. Şeref et al. [19] study this problem and obtain a straightforward
reduction to Exact Matching in Red-Blue Bipartite Graphs, one of the few natural
problems known to be in Randomized-NC (RNC) for which no polynomial time algorithm is
known.
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Figure 5 Visualization of the reduction from the special case of Exact Matching in Red-Blue
Bipartite Graphs where R is a matching to general Exact Matching in Red-Blue Bipartite
Graphs.

Exact Matching in Red-Blue Bipartite Graphs
Input: A bipartite graph G = (U ∪ V, E), a subset of edges R ⊆ E (the red colored
edges), and an integer k ∈ N.
Question: Is there a perfect matching M of G such that |M ∩ R| = k.

Mulmuley et al. [17] show that this problem can be solved in randomized polynomial
time if all costs are polynomially bounded. In summary, the following result holds. 2
▶ Corollary 10 (Şeref et al. [19]). 2S-RecovAP can be solved by an RNC2 algorithm, if all
costs c2 are polynomially bounded.
The techniques for this algorithm are not specific to bipartite graphs. Hence they can also
be used to solve the second stage of the recoverable perfect matching problem on general
graphs in RNC2 .
Surprisingly, we are able to prove that the complexity of these problems is essentially
equal. We show that 2S-RecovAP is at least as hard as Exact Matching in red-blue
bipartite graphs. Note here that our following logspace reduction implies a reduction in
NC2 [18].
▶ Theorem 11. Exact Matching in Red-Blue Bipartite Graphs is logspace reducible
to 2S-RecovAP.
Proof. As a first part of the proof we give a reduction from exact matching in red-blue
colored bipartite graphs to the special case of the problem where the set of red edges forms a
matching. In the second part we then show that we can reduce this problem to 2S-RecovAP.
For this first part let ((G = (U ∪ V ), E), R, k) be the given instance of exact matching.
We construct a new bipartite graph G′′ = (U ′′ ∪ V ′′ , E ′′ ) and a set of edges R′′ ⊆ E ′′ (see
Figure 5 for an illustration). Note that without loss of generality we can assume that G
contains no vertex of degree one, since such vertices can always be preprocessed in a trivial
way.
For every vertex v in G we add an independent set v1 , . . . , vdeg(v)−1 of deg(v) − 1 many
vertices to G′′ . If v ∈ U the vertices are added to U ′′ , otherwise if v ∈ V the vertices are
added to V ′′ . For every edge e = {u, v} of G we add two vertices ue and ve to G′′ and
connect them by the edge {ue , ve }. If {u, v} ∈ R. Then we add {ue , ve } to R′′ . In addition
we add all the edges {ui , ue } for i = 1, . . . , deg(u) − 1 and {vi , ve } for i = 1, . . . , deg(v) − 1
to E ′′ . Observe that the graph G′′ is bipartite if and only if G is bipartite and note that
since |U | = |V | also |U ′′ | = |V ′′ |.

2

For formal definitions of NC2 and RNC2 see [18, Sections 15.3 and 15.4].
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▷ Claim (a). There exists a perfect matching of G with exactly k edges in R if and only if
there exists a perfect matching in G′′ with exactly k edges in R′′ .
Proof. Given a perfect matching M of G with exactly k edges in R we construct a perfect
matching M ′′ in G′′ with exactly k edges in R′′ . For each e ∈ M we add the edge {ve , ue }
to M ′′ . Note that this way we add exactly k edges from R′′ to M ′′ . Now for every vertex v
exactly one of its incident edges in G is in M . Hence there are exactly deg(v) − 1 incident
edges that are not in M . For each such edge {v, w} ∈ E \ M we select one of the vertices
vj for j ∈ {1, . . . , deg(v) − 1} and add {vj , ve } to M ′′ . Note that this way M ′′ is a perfect
matching in G′′ with exactly k edges from R′′ in M ′′ .
For the converse direction, assume that M ′′ is a perfect matching of G′′ with exactly
k edges from R′′ . We construct a perfect matching M of G with exactly k edges from R.
Note that every original vertex v ∈ V is replaced by an independent set v1 , . . . , vdeg(v)−1 in
G′′ . Each of the vertices v1 , . . . , vdeg(v)−1 is matched to a vertex ve′ for an incident edge
e′ ∈ E. But since there exist only deg(v) − 1 such vertices and v has exactly deg(v) incident
edges in G there exists a unique edge e = {v, w} in G for which ve is not matched to one
of v1 , . . . , vdeg(v)−1 . Hence ve must be matched to its only remaining neighbor we by M ′′ .
Note, that by similar arguments e is also the unique incident edge e′ = {v, w} in G for which
the vertex we′ is not matched to one of the vertices w1 , . . . , wdeg(w)−1 . We add the edge
{v, w} to M . Since v is an arbitrary vertex in G such an edge is added for every v, hence M
is a perfect matching in G. Since M ′′ contains exactly k edges from R′′ and for each edge
{ve , we } in M ′′ we add the edge e = {v, w} to M , also M contains exactly k edges from R.
◁
As a next step we show how to obtain the instance (G′ , M1 , c2 , k) of 2S-RecovAP
such that there exists a perfect matching of G with exactly k edges in R if and only if the
optimal value for (G′ = (U ′ ∪ V ′ , E ′ ), M2 , c2 , k) is k. The graph G′′ constructed above is a
subgraph of G′ . In addition to that, for each vertex v ∈ V ′′ that is not matched by R′′ we
add an additional vertex v ′ to G′ and the edge {v, v ′ }. Since G′′ is a bipartite graph with
|U ′′ | = |V ′′ | and R′′ is a matching we can select for each such v ′ another unique vertex u′
and add the edge {v ′ , u′ } to G′ . We define the set R′ as the set of edges consisting of R′′
and all edges {v, v ′ } for all v ∈ {u ∈ V ′′ : u not matched by R′′ }. Note that R′ is a perfect
matching in G′ . We set c2 (e) = 1 for all e ∈ R′′ and c2 (e) = ∞ for all edges {v, v ′ } where
v ∈ {u ∈ V ′′ : u not matched by R′′ }. For all other edges the cost c2 is equal to 0.
▷ Claim (b). There exists a perfect matching of G with exactly k edges in R if and only if
there exists solution to 2S-RecovAP instance (G′ , M1 , c2 , k) with cost k.
Proof. Assume that there exists a perfect matching M of G with exactly k edges in R. Then
by Claim (a) there also exists a perfect matching M ′′ of G′′ with exactly k edges in G′′ .
Based on M ′′ we define a perfect matching M2 in G′ in the following way. The matching
M ′′ is added to M2 and hence all vertices in the subgraph G′′ of G′ are matched. For all the
remaining vertices, by the construction above there exists a unique matching consisting of
the edges {v ′ , u′ } which are added to M2 . Note, that c2 (M2 ) = k.
For the converse direction, assume that M2 is a perfect matching in G′′ with at least k
edges from M1 and cost k. Since only edges in R′ ∩ M1 have finite cost and c2 (M2 ) = k it
holds that exactly k edges from R′ are contained in M2 . In addition, since none of the edges
{v, v ′ } are contained in M2 it holds that M2 ∩ E ′ is a perfect matching in G′ with exactly k
edges from R′ . Hence by Claim (a) there exists a perfect matching in G containing exactly k
edges from R.
◁
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This completes the reduction as claimed in the theorem. Note that this reduction can be
implemented using logarithmic space. We just have to process one vertex after another and
need to implement a counter counting up to the degree of a vertex.
◀
The case with costs c2 that are not polynomially bounded remains open. But note, that
an RNC algorithm for this problem would imply an RNC algorithm for the special case of
obtaining a minimum cost perfect matching, which is a long standing open problem [7].
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Introduction

Imagine we would like to monitor whether the behavior of a server is correct. The run of
the server can be abstracted by an infinite stream w = a1 a2 a3 . . . ∈ Σω , where Σ is a finite
alphabet of possible events. The events are disclosed one at a time on the input, and at every
moment we should tell whether the prefix consisting of the events observed so far is correct.
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A simple yet expressive formalism for describing properties of such data streams is provided
by classical finite automata. For example, suppose we would like to verify the property
that a certain resource is being used by at most one process. Assume that the alphabet is
Σ = {o, r} ∪ Γ, where o denotes a request of the resource, r denotes a release of the resource,
and Γ contains other immaterial events. The streams satisfying the discussed property can
be then characterized as those where every prefix is accepted by the two-state automaton A
of Figure 1. Here, a state indicates whether the resource is currently available or not.
Verifying the correctness of a stream over time can be formalized through the following
dynamic acceptance problem: for a fixed automaton A, design a data structure that upon
receiving subsequent events from the stream, monitors whether the prefix read so far is
accepted by A. An obvious, though usually suboptimal solution would be to store in the data
structure the prefix read so far, and, upon receiving a new symbol, run the automaton on the
whole prefix. This would require time linear in the total length of the prefix, which after a
while can become very large compared to |A|, the size of the automaton A. So we would like
to minimize the update time by smartly organizing and reusing information computed before.
Cast in this way, the dynamic acceptance problem naturally lends itself to a treatment
using the notions of parameterized complexity. Namely, we consider the automaton A fixed
and use the parameter |A| as an auxiliary measure for expressing guarantees on the update
time. Ideally, we would like to obtain update time bounded by a computable function of |A|
only. This way, our work inscribes into the area of parameterized dynamic data structures,
which is a direction that is still relatively unexplored, but starts to attract considerable
attention; see e.g. [3, 7, 11] and references therein for an overview of recent advances.
For finite automata, the dynamic acceptance problem can be solved easily with update
time O(|A|), as follows. After reading a prefix u, the data structure stores the subset of states
S ⊆ Q in which the automaton may be after reading u (in general, we allow the automaton
to be non-deterministic). Upon receiving the next input symbol, the set S is updated by
applying the possible transitions on every state in S. Moreover, telling whether A accepts
the current input prefix boils down to checking whether S contains an accepting state. Both
the update and the query described above can be implemented in time linear in |A|.
Unfortunately, real-life scenarios involve many aspects that cannot be captured by a
simple formalism such as finite automata. One of these aspects is time. Consider the following
example of property that needs to be verified: at every moment in time when an event
occurs, a backup operation has been performed within the last 24 hours. A natural choice to
model this and similar properties is to enhance finite automata with the ability of measuring
time, by adding one or more clocks. A definition of the resulting automaton model, called
timed automaton, is presented in Section 2. Intuitively, a possible timed automaton for the
considered property would have one clock x and two states, “before backup” and “after
backup”, and would behave as follows (see the right hand-side of Figure 1). The idea is
that while processing an input prefix u, the automaton non-deterministically guesses a single
backup event b and verifies that this event occurred within the last 24 hours. Thus, upon
reading an occurrence of event b, the automaton may either ignore this event and carry on,

Γ

A:

o
r

Γ ∪ {b}

Γ

Γ ∪ {b}, x ≤ 24

B:
b, reset x

Figure 1 Left: a finite automaton A recognising language Γ∗ (oΓ∗ rΓ∗ )∗ ({ε} ∪ oΓ∗ ), where
occurrences of o are interleaved by occurrences of r. Right: a timed automaton B with single clock x.
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or move from state “before backup” to state “after backup” and reset the clock. The input
prefix u is accepted if the automaton reached state “after backup” and, during events since
the last reset, the value of the clock has never exceeded 24 hours.
Timed automata are a central topic in the area of verification, and they have a rich and
diverse literature, see e.g. [4, 8, 12]. In this work we are interested in the dynamic acceptance
problem for timed automata, defined analogously to that for finite automata.
Note that in the setting of timed automata, the same technique that worked for finite
automata will not work so easily. The reason is that for a finite automaton A, the set
of configurations in which A may be is a subset of the set of control states, whose size is
bounded by the size of A. On the other hand, a configuration of a timed automaton consists
of a control state and a tuple of clock values, so the number of possible configurations is a
priori unbounded. Concretely, after reading a prefix of length n, there may be as many as
O(|A| · nk ) different configurations which the given k-clock timed automaton may possibly
reach, due to non-determinism and clock resets. Efficient maintenance of this configuration
set in a data structure poses the main conceptual challenge in this paper.
Our contribution. We design a dynamic data structure that, for a fixed timed automaton
A with one clock, monitors whether A accepts the prefix read so far with amortized update
time 2O(|A|) . This can be improved to worst-case (i.e. non-amortized) update time when the
input stream is discrete, that is, when all time spans between consecutive events are equal.
Our data structure actually works in a slightly more general setting, where the automaton A
is not entirely fixed, but rather is provided on input upon initialization of the data structure.
We also give a somewhat complementary lower bound: under the 3SUM Conjecture, we
prove that there exists a fixed timed automaton A with two clocks and additive constraints
on them such that no data structure for the dynamic acceptance problem for A may achieve
strongly sublinear amortized update time (i.e. time O(n1−δ ) for δ > 0). Here, by additive
constraints we mean that in the transition relation of A we may use affine clock conditions
that involve more than one clock, e.g. x + y = c where x, y are clocks and c is a constant.
If the given timed automaton A has more than one clock, but only constraints involving
a single clock are allowed, it remains open whether there is an efficient data structure for the
dynamic acceptance problem or a lower bound similar to the above one.
Related work. The setting in this work is close to runtime verification [20], an area that
focuses on verification techniques that could be performed at runtime, e.g. using timed
automata [26, 10]. However, while we study monitoring a data stream through a suitable
data structure in the dynamic setting, studies on runtime verification typically focus on
static problems. An example of such a problem is: given an input prefix u, verify whether
there is a sequence of events that extends u to a word accepted by the device (e.g. a finite
automaton). The problem studied in [25] is similar to the setting presented here; however,
this line of work considers constants (e.g. 24 in Figure 1) as part of the input contributing to
the considered parameter, and this considerably simplifies the problem (see Section 2 and 3).
The dynamic acceptance problem that we consider here resembles the setting of streaming
algorithms; see e.g. [5, 13, 17] for works with a similar motivation. In this context, a typical
problem is to compute (possibly approximately) some statistics or an aggregate function
over the sequence of data, where the main point is to assume severe restrictions on the space
usage. Note that in our setting, we focus on obtaining low time complexity per update and
query, rather than optimizing the space complexity. In this respect, our work leans more
towards the area of dynamic data structures, in particular dynamic query evaluation [9, 18].
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For Boolean properties several papers [21, 22, 6] have considered streaming algorithms for
testing membership in regular and context-free languages. Another variant of the problem
was considered in [16, 15, 14], where the regular property is verified on the last N letters of
the stream, instead of the entire prefix up to the current position.
The closest to our setting is the work [24], which studies the dynamic evaluation problem
for monoids over a sliding window, and describes a data structure that can be updated in
constant time for a fixed finite monoid. When the monoid is finite, the considered problem is
basically the same as monitoring whether the input stream restricted to the sliding window
is accepted by a finite automaton. We show in Example 1, that in this case, the problem can
be reduced to the dynamic acceptance problem for a special form of timed automaton.

2

Preliminaries

Finite automata. A finite automaton is a tuple A = (Σ, Q, I, E, F ), where Σ is a finite
alphabet, Q is a finite set of states, E ⊆ Q × Σ × Q is a transition relation, and I, F ⊆ Q
are the sets of initial and final states. A run of A on a word w = a1 . . . an ∈ Σ∗ is a sequence
a1
a2
an
ρ = q0 −−
. . . −−
−→ q1 −−−→
−→ qn where (qi−1 , ai , qi ) ∈ E for all i = 1, . . . , n. Moreover, ρ is a
successful run if q0 ∈ I and qn ∈ F . A word w is accepted by A if there is a successful run of
A on w.
Timed automata. Let X be a finite set of clocks, usually denoted x, y, . . .. A clock valuation
is a function ν : X → R≥0 from clocks to non-negative reals. Clock conditions are formulas
defined by the grammar: CX := true | x < c | x > c | x = c | CX ∧ CX | CX ∨ CX , where
x ∈ X and c ∈ R≥0 . By a slight abuse of notation, we also denote by CX the set of clock
conditions over X. Given a clock condition γ and a valuation ν, we say that ν satisfies γ
and write ν |= γ, if the arithmetic expression obtained from γ by substituting each clock x
with its value ν(x) evaluates to true.
A timed automaton is a tuple A = (Σ, Q, X, I, E, F ), where Q, Σ, I, F are defined exactly
as for finite automata, X is a finite set of clocks, and E ⊆ Q × Σ × CX × Q × 2X is a finite
transition relation. We say that c ∈ R≥0 is a clock constant of A if c appears in some clock
condition of a transition from E. A configuration of A is a pair (q, ν), where q ∈ Q and ν is a
clock valuation. Recall that finite automata process words over a finite alphabet Σ; likewise,
timed automata process timed words over an alphabet of the form Σ ⊎ R>0 , with Σ finite.
A run of a timed automaton A on a timed word w = e1 . . . en ∈ (Σ ∪ R>0 )∗ is a sequence
e1
e2
en
ρ = (q0 , ν0 ) −−
. . . −−
−→ (q1 , ν1 ) −−−→
−→ (qn , νn ), where each (qi , νi ) is a configuration and
if ei ∈ R>0 , then qi+1 = qi and νi+1 (x) = νi (x) + ei for all x ∈ X;
if ei ∈ Σ, then there is a transition (qi , ei , γ, qi+1 , Z) ∈ E such that νi |= γ and either
νi+1 (x) = 0 or νi+1 (x) = νi (x) depending on whether x ∈ Z or x ∈ X \ Z.
Thus, the set Z in a transition (qi , ei , γ, qi+1 , Z) ∈ E corresponds to the subset of clocks that
are reset when firing the transition. Note that the values of the other clocks stay unchanged.
An example of a one clock timed automaton was given in the introduction (see Figure 1).
A run ρ as above is successful if q0 ∈ I, ν0 (x) = 0 for all x ∈ X, and qn ∈ F . A word
w ∈ (Σ ∪ R>0 )∗ is accepted by A if there is a successful run of A on w.
Size of an automaton. The size of a finite automaton A = (Σ, Q, I, E, F ) is defined as
|A| = |Q| + |E|. This is asymptotically equivalent to essentially every possible definition of
size of a finite automaton that can be found in the literature. The size of a timed automaton
P
A = (Σ, Q, X, I, E, F ) is instead defined as |A| = |Q| + |X| + (p,a,γ,q,Z)∈E |γ|, where |γ|
is the number of atomic expressions (i.e. expressions of the form true, x < c, x > c, x = c)
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appearing in the clock condition γ. Note that the size of a timed automaton does not take
into account the magnitude of the clock constants. These constants are specified with the
automaton and stored in suitable floating-point memory cells (see the computation model
below).
Computation model. As clock constants and time spans in the input stream are arbitrary
real numbers, it is convenient to use the real RAM model of computation. This is a standard
model with integer memory cells that can store integers and floating-point memory cells that
can store real numbers. There are no bounds on the bit length or precision of the stored
numbers. Basic arithmetic operations – addition, subtraction, multiplication, and division –
can be performed in unit time, but modulo arithmetics and rounding are not included in the
model. In fact, we do not use multiplication or division on real numbers either.

3

The dynamic acceptance problem and main results

The dynamic acceptance problem amounts to designing a data structure that can be initialized
for a given timed automaton A with one clock, and afterwards, upon consuming consecutive
elements of the data stream, efficiently maintains the information on whether the word read
so far is accepted by A. Formally, the data structure should support the following operations:
init(A): Initialize the data structure for a given automaton A. This automaton is fixed
for the entire lifespan of the data structure.
accepted(): Query whether the prefix of the stream consumed up to the current moment
is accepted by A.
read(e): Consume the next element e from the input stream, be it a letter from Σ or a
time span from R>0 , and update the data structure accordingly.
The running time of each of these operations needs to be as low as possible. More precisely,
we shall say that a data structure supports dynamic acceptance in time f (s, n) if the first
operation init(A) takes at most f (s, 0) time, and every subsequent execution of accepted()
or read(e) takes at most f (s, n) time, where s = |A| and n is the number of stream elements
consumed so far. Similarly, a data structure supports dynamic acceptance in amortized time
f (s, n) if the first operation init(A) takes at most f (s, 0) time and, for every n, the first
n operations of the form accepted() and read(e) take at most n · f (s, n) time in total.
Ultimately, we are interested in designing data structures where the complexity guarantee
f (s, n) is independent of n, that is, the (amortized) update time is a function of |A| only.
Before presenting the complexity results in detail, we provide an example of application
of the dynamic acceptance problem.
▶ Example 1. We discuss the relationship between our dynamic acceptance problem for
timed automata and an aggregation problem for monoids over a sliding window, as considered
in [24]. When the monoid is finite, every element of it represents a regular language, and
thus the aggregation problem can be seen as an acceptance problem. This means that the
aggregation problem for finite monoids over a sliding window is reducible to an automaton
membership problem in the sliding window model (see also [14]). We formalize this problem
below.
Let A = (Σ, Q, I, E, F ) be a finite automaton and C a positive integer defining the width
of the sliding window. The membership problem of A with a sliding window of width C
consists of processing, from left to right, an arbitrary input w = a1 a2 a3 . . . over Σ, while
maintaining the answer to the following query: is the sequence of the last C consumed letters
accepted by A? The goal is to design a data structure that can be updated in a time that
only depends on the automaton A, and not on the size of the window C.
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Figure 2 Reducing the sliding window membership problem to the dynamic acceptance problem.

Next, we explain how the above problem can be reduced to our dynamic acceptance
problem. Here, we consider only streams that are discrete, and in fact even slightly more
restricted: we assume that every input stream belongs to the language ({1}·Σ)ω , namely, that
the letters from Σ are interleaved by the time unit 1. We map the input word w = a1 a2 a3 . . .
to a corresponding discrete stream w
b = 1a1 1a2 1a3 . . ., and modify the finite automaton A to
b as follows. We introduce a new state qb, which
obtain a corresponding timed automaton A,
b
will be the only final state of A, and a clock x. We then replace every transition (q, a, q ′ )
of A with the transition (q, a, true, q ′ , ∅). Note that these transitions have a vacuous clock
condition, hence they are applicable in Ab whenever the original transitions of A are so. In
addition, when the former transition (q, a, q ′ ) reaches a final state q ′ ∈ F , we also have a
b Finally, we add looping transitions on the initial states
transition (q, a, x = C, qb, ∅) in A.
that reset the clock, that is, transitions of the form (q, a, true, q, {x}), with q ∈ I and a ∈ Σ.
Figure 2 shows the timed automaton Ab corresponding to an automaton A recognising ab∗ a.
From the above construction it is clear that Ab accepts a prefix 1a1 . . . 1an of w
b if and
only if A accepts the C-letter factor an−C+1 . . . an of w. Thus, the membership problem
for A in the C-width sliding window model is reduced to the dynamic acceptance problem
b We will see later (Theorem 2) that there is a data structure that
for Ab over the stream w.
b = 2O(|A|) . This means that
supports dynamic acceptance for Ab with update time 2O(|A|)
we can process one letter at a time from a word w, while answering in time 2O(|A|) whether
A accepts the sequence of the last C consumed letters. Note that the complexity here is
independent of C.
Results. We say that a stream w is discrete if its elements range over Σ ⊎ {1}, that is, if all
time spans in the stream coincide with the time unit 1. Our main result is the following:
▶ Theorem 2. Consider the dynamic acceptance problem for timed automata with one clock.
There is a data structure that
supports dynamic acceptance in time 2O(|A|) on discrete streams, and
supports dynamic acceptance in amortized time 2O(|A|) on arbitrary streams,
where A is the automaton provided upon initialization.
We stress that the complexity in Theorem 2 depends only on the size of A. In particular, it
does not depend on the bitlength of clock constants (e.g. 24 in Figure 1). Note that thanks
to the assumption of the real RAM model, the question of the complexity of arithmetic
operations on reals is separated from the running time analysis in the proof of Theorem 2.
This feature reflects the real-life scenarios, where the automaton is small, while real numbers
involved can be efficiently manipulated by the processor despite having large bitlength. The
proof of Theorem 2 is presented in Section 4.
We do not know whether this theorem can be generalized to timed automata with more
than one clock while preserving independence of the time complexity of updates from the
length of the consumed stream prefix. However, we establish a negative result for a slightly
more powerful model of timed automata, called timed automata with additive constraints
(see e.g. [8]). Formally, a timed automaton with additive constraints is defined exactly as a
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timed automaton – that is, as a tuple A = (Σ, Q, X, I, E, F ) consisting of an input alphabet,
a set of states, a set of clocks, etc. – but clock conditions are now allowed
to satisfy an

P
extended grammar obtained by adding new rules of the form
x
∼
c,
where
Z⊆X
x∈Z
and ∼ ∈ {<, >, =}. For instance, one can write x + y ≤ c, where c is a clock constant.
To give some background, let us briefly discuss in more detail the power of this extension.
Allowing additive constraints is a non-trivial extension of timed automata and in particular
it makes the emptiness problem undecidable [8, Theorem 2]. However, undecidability holds
when at least four clocks are available. Moreover, it is shown that for timed automata with
additive constraints with two clocks the emptiness problem is decidable; and the proof is a
straightforward modification of the standard region construction [8, Proposition 1].
Our negative result relies on the 3SUM conjecture, stated just below. Recall that in
the 3SUM problem we are given a set S of positive real numbers and the question is to
determine whether there exist a, b, c ∈ S satisfying a + b = c. It is easy to solve the problem
in time O(n2 ), where n = |S|; the 3SUM Conjecture asserts that this cannot be significantly
improved:
▶ Conjecture 3 (3SUM Conjecture). In the real RAM model, the 3SUM problem cannot be
solved in strongly sub-quadratic time, that is, in time O(n2−δ ) for any δ > 0, where n is the
number of values forming the input.
The 3SUM Conjecture is widely used in computational geometry and fine-grained
complexity theory (see an overview in [2, Appendix A]), and it was applied to establish lower
bounds for several dynamic problems [1, 3, 19, 23]. Our negative result is similar in nature:
▶ Theorem 4. If the 3SUM Conjecture holds, then there is a two-clock timed automaton
A with additive constraints such that there is no data structure that, when initialized on A,
supports dynamic acceptance in time O(n1−δ ) for any δ > 0, where n is the length of the
consumed stream prefix.
The proof of Theorem 4 follows almost directly from an analogous 3SUM-hardness result
in the static setting:
▶ Lemma 5. If the 3SUM Conjecture holds, then there is a two-clock timed automaton
A with additive
∗ constraints for which there is no algorithm that, given a finite timed word
w ∈ Σ ⊎ R>0 as input, where Σ is a two-letter alphabet, decides whether A accepts w in
time O(n2−δ ) for any δ > 0 and for n = |w|.
Proof. We construct a two-clock timed automaton A with additive constraints
∗ and an
algorithm that given a set S of n positive reals, outputs a word w ∈ Σ ⊎ R>0 such that
w is accepted by A if and only if there are a, b, c ∈ S satisfying a + b = c. We find it more
convenient to first present the construction of w from S. Then we present the automaton A
and analyze its runs on w.
Let S = {s1 , s2 , . . . , sn } be a set of positive real numbers and M = max(S) + 1. By
sorting S we may assume that 0 < s1 < . . . < sn < M . We set Σ = {♢, ♠}. The word is
defined as
w = u ♠ u ♠ v,
where
u

=

v

=

2(M − sn ) ♢ 2(sn − sn−1 ) ♢ 2(sn−1 − sn−2 ) ♢ . . . ♢ 2(s2 − s1 ) ♢ 2(s1 − 0);
(M − sn ) ♢ (sn − sn−1 ) ♢ (sn−1 − sn−2 ) ♢ . . . ♢ (s2 − s1 ) ♢.
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Figure 3 Timed automaton for reducing 3SUM.

Note that w has length O(n) and can be constructed from S in time O(n log n). Intuitively,
the factors u, u, and v above are responsible for the choice of a, b, and c, respectively.
We now describe a timed automaton A that accepts w if and only if a + b = c. The
automaton is depicted in Figure 3. It uses two clocks, named x and y. All the transitions
have trivial (always true) clock conditions, apart from the transition from r1 to r2 , where
we check that the sum of clock values is equal to 4M . The only initial state is p1 ; the only
accepting state is r2 .
Next, we analyze the runs of A on w, with the goal of showing that A accepts w if and
only if there are a, b, c ∈ S such that a + b = c. Consider any successful run ρ of A on w.
Observe that the moment of reading the first symbol ♠ in w must coincide with firing the
transition from p2 to q1 . At this moment, the automaton has consumed the first factor u
of w, and there was a moment where it moved from state p1 to state p2 upon reading one
of the ♢ symbols from u. Supposing that the transition in ρ from p1 to p2 happens at the
i-th symbol ♢ of u, the clock valuation at the moment of reaching q1 for the first time must
satisfy x = 2(si − si−1 ) + . . . + 2(s2 − s1 ) + 2s1 (= 2si ) and y = 0. We conclude the following.
▷ Claim 6. The set of possible clock valuations at the moment of reaching the state q1 for
the first time is {(x = 2a, y = 0) : a ∈ S}.
Next, observe that the moment of reading the second occurrence of ♠ in w must coincide
with firing the transition from q2 to r1 . Between the first and the second symbol ♠ the
automaton consumes the second factor u, and during this the clock x increases exactly by the
sum of the time spans within u, i.e. by 2M . On consuming the second factor u, the clock y is
reset once, and precisely when firing the transition from q1 to q2 , which happens on reading
one of the occurrences of ♢ in u. Again, if this happens when reading the j-th occurrence of
♢, then, after the reset, y is incremented by exactly 2sj units. We conclude the following.
▷ Claim 7. The set of possible clock valuations at the moment of reaching the state r1 for
the first time is {(x = 2a + 2M, y = 2b) : a, b ∈ S}.
Finally, after consuming the last factor v, the automaton can move to the accepting
state r2 if and only if at some point, upon reading an occurrence of ♢, the condition
x + y = 4M holds. Observe that the sum of the first k numbers encoded in v is equal to
M − sn−k+1 . Hence, after parsing those numbers, the set of possible clock valuations is
{(x = 2a + 2M + M − c, y = 2b + M − c) : a, b ∈ S}, for some choice of c ∈ S. Moreover,
the latter valuations satisfy the condition x + y = 4M if and only if a + b = c.
Based on the above arguments, we infer that a successful run like ρ exists on input w if
and only if there are a, b, c ∈ S such that a + b = c. To conclude the proof, we observe that
if an algorithm could decide whether A accepts w in time O(n2−δ ) for any δ > 0, then by
combining this algorithm with the presented construction, one could solve 3SUM in time
O(n2−δ ). This would contradict the 3SUM Conjecture.
◀
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We conclude the section by showing how Theorem 4 follows from Lemma 5. Consider the
timed automaton A provided by the lemma. If a data structure as in the statement of the
theorem existed, then using this data structure one could decide in strongly sub-quadratic
time whether any input timed word w is accepted by A, by simply applying the sequence of
read(·) operations corresponding to w, followed by the query accepted().
Recall that we do not know whether a negative result similar to Theorem 4 also holds for
plain timed automata (without additive constraints).

4

Data structure: proof of Theorem 2

Notation. Let us fix, once and for all, the timed automaton A = (Σ, Q, X, I, E, F ) with a
single clock x that is provided upon initialization. By adding a non-accepting sink state, if
necessary, we may assume that for every q ∈ Q and a ∈ Σ, some transition over letter a can
be always applied at q at any time. As A uses only one clock, every configuration of A can
be written simply as a pair (q, t), where q ∈ Q is the state and t ∈ R≥0 is the value of the
clock x.
Let 0 = C0 < C1 < . . . < Cm be the clock constants used in A, where we assume without
loss of generality that C0 = 0. For simplicity we also let Cm+1 = ∞. Note that m ≤ |A|.
Consider now an arbitrary stream w ∈ (Σ ∪ R>0 )ω . For every n ∈ N, let wn = w[1 . . . n]
be the n-element prefix of w. Recall that wn can be thought of as the stream prefix that is
disclosed after n operations read(e). We say that a configuration (q, t) is active at step n if
there is a run of A on wn that starts in a configuration (q0 , 0) for some q0 ∈ I and ends in
(q, t). We let Kn be the set of all configurations (q, t) that are active at step n.
Partitioning the problem. It is clear that the dynamic acceptance problem essentially boils
down to designing an efficient data structure that maintains Kn upon reading subsequent
elements from the stream. This data structure should offer a query on whether Kn contains
an accepting configuration. The main observation is that configurations with clock values
that are in the same order with respect to the clock constants C1 , . . . , Cm satisfy exactly
the same clock conditions in E. Precisely, let us consider the partition of R≥0 into intervals
J0 , J1 , . . . J2m+1 , where J2i = [Ci , Ci ], J2i+1 = (Ci , Ci+1 ), for all i ∈ {0, . . . , m}. The
following assertion holds: for any two configurations (q, t), (q, t′ ), with t, t′ ∈ Ji for some
0 ≤ i ≤ 2m + 1, exactly the same transitions are available in (q, t) as in (q, t′ ).
For n ∈ N and i ∈ {0, . . . , 2m + 1}, let
Kn [i] = { (q, t) ∈ Kn : t ∈ Ji }.
The idea is to maintain each set Kn [i] in a separate data structure. Each of these data
structures follows the same design, which we call the inner data structure.
Inner data structure: an overview. Every inner data structure is constructed for an interval
J ∈ {J0 , . . . , J2m+1 }. We will denote it by D[J], or simply by D[i] when J = Ji . Each
structure D[J] stores a set of configurations L satisfying the following invariant: all clock
values of configurations in L belong to J. In the final design we will maintain the invariant
that the set L stored by D[i] at step n is equal to Kn [i], but for the design of D[J] it is easier
to treat L as an arbitrary set of configurations with clock values in J.
The inner data structure should support the following methods:
Method init(J) stores the interval J and initializes D[J] by setting L = ∅.
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Method accepted() returns true or false, depending on whether or not L contains an
accepting configuration, that is, a configuration (q, t) such that q ∈ F .
Method insert(q, t) adds a configuration (q, t) to L. This method will be always applied
with a promise that t ∈ J and t ≤ t′ for all configurations (q ′ , t′ ) already present in L.
Method updateTime(r), where r ∈ R>0 , increments the clock values of all configurations
in L by r. All configurations whose clock values ceased to belong to J are removed from
L, and they are returned by the method on output. This output is organised as a doubly
linked list of configurations, sorted by non-decreasing clock values.
Method updateLetter(a) updates L by applying to all configurations in L all possible
transitions over the given letter a ∈ Σ. Precisely, the updated set comprises all configurations (q, t) that can be obtained from configurations belonging to L before the update
using transitions over a that do not reset the clock. The configurations (q, 0) which can
be obtained from L using transitions over a that do reset the clock are not included in
the updated set, but are instead returned by the method as a doubly linked list.
In Section 4.2 we will provide an efficient implementation of the inner data structure, which
is encapsulated in the following lemma.
▶ Lemma 8. For each J ∈ {J0 , J1 , . . . , J2m+1 }, the inner data structure D[J] can be
implemented so that methods init(), accepted(), insert(·, ·), and updateLetter(·) run
in time 2O(|A|) , while method updateTime(·) runs in time 2O(|A|) · ℓ, where ℓ is the size of
its output.
We postpone the proof of Lemma 8 and we show now how to use it to prove Theorem 2.
That is, we design an outer data structure that monitors the acceptance of A.

4.1

Outer data structure

The outer data structure consists of a list D[0], . . . , D[2m + 1], where each D[i] is a copy of
the inner data structure constructed for the interval Ji . We will keep the following invariant:
I1. After step n, for each i ∈ {0, 1, . . . , 2m + 1} the data structure D[i] stores Kn [i].
We first explain how the outer data structure implements the promised operations:
initialization, queries about the acceptance, and updates upon reading the next element of
the stream w. Then we discuss the amortized complexity of the updates.
Initialization. Given A, we store A in the data structure and we read the clock constants
0 = C0 < C1 < . . . < Cm from A. Then we initialize 2m + 1 copies D[0], . . . , D[2m + 1] of the
inner data structure by calling method init(J) for each interval J among J0 , J1 , . . . , J2m+1 .
Finally, for each initial state q, we apply method insert(q, 0) on D[0]. As K0 = {(q, 0) : q ∈
I}, after this we have that Invariant (I1) holds for n = 0.
Query. We query all the data structures D[0], . . . , D[2m + 1] for the existence of accepting
configurations using the accepted() method, and return the disjunction of the answers. The
correctness follows directly from Invariant (I1).
Update by a time span. Suppose the next element from the stream is a time span r ∈ R>0 .
We update the outer data structure as follows. First, we apply method updateTime(r) to
each data structure D[i]. This operation increments the clock values of all configurations
stored in D[i] by r, but may output a set of configurations whose clock values ceased to fit in
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the interval Ji . Recall that this set is organised as a doubly linked list of configurations, sorted
by non-decreasing clock values; call this list Si . Now, we need to insert each configuration
(q, t) that appears on those lists into the appropriate data structure D[j], where j is such
that t ∈ Jj . However, we have to be careful about the order of insertions: we process the
lists S2m+1 , S2m , . . . , S0 in this precise order, and each list Si is processed from the end, that
is, following the non-increasing order of clock values. When processing a configuration (q, t)
from the list Si , we find the index j > i such that t ∈ Jj and apply the method insert(q, t)
on the structure D[j]. In this way the condition required by the insert method – that t ≤ t′
for every configuration (q ′ , t′ ) currently stored in D[j] – is satisfied. It is also easy to see that
Invariant (I1) is preserved after the update.

Update by a letter. Suppose the next symbol read from the stream is a letter a ∈ Σ. We
update the outer data structure as follows. First, we apply method updateLetter(a) to
each data structure D[i]. This operation applies all possible transitions on letter a to all
configurations stored in D[i], and outputs a list of configurations Ri where the clock got
reset. All these configurations have clock value 0, hence the length of Ri is at most |Q|. It
now suffices to insert all the configurations (q, 0) appearing on all the lists Ri to D[0] using
method insert(q, 0). We may do this in any order, as the condition required by the insert
method is trivially satisfied. Again, Invariant (I1) is clearly preserved after the update.
This concludes the implementation of the outer data structure. While the correctness is
clear from the description, we are left with arguing that the time complexity is as promised.
From Lemma 8 it readily follows that each of the following operations takes time 2O(|A|) :
initialization, a query about the acceptance, and an update by a letter. As for an update by
P2m+1
a time span r ∈ R>0 , by Lemma 8 the complexity of such an update is 2O(|A|) · i=0 |Si |,
where S0 , . . . , S2m+1 are the sets returned by the applications of method updateTime(r) to
data structures D[0], . . . , D[2m + 1], respectively. We need to argue that the amortized time
complexity of all these updates is bounded by 2O(|A|) .
Consider the following definition: a clock value t ∈ R≥0 is active at step n if Kn contains
a configuration with clock value t. Observe that upon an update by a time span r ∈ R>0 ,
the set of active clock values simply gets shifted by r, while upon an update by a letter a ∈ Σ
it stays the same, except that clock value 0 may also become active. Since at step 0 the
only active clock value is 0, we conclude that for every n ∈ N, at most n + 1 active clock
values may have appeared until step n. Note that there may be at most |Q| different active
configurations with the same active clock value, hence the complexity of each update by a
time span is bounded by 2O(|A|) · |Q| times the number of active clock values that change
membership from an interval to another one, where we imagine that each active clock value
is shifted by the time span. As every active clock value can change membership in an interval
at most 2m + 1 times, and since the total number of active values that appear until step n is
at most n + 1, we conclude that the total time spent on updates by time spans throughout
the first n steps is bounded by 2O(|A|) · |Q| · (2m + 1) · (n + 1) = 2O(|A|) · n. Hence, the
amortized time complexity is 2O(|A|) .
Finally, note that in the case of discrete streams each set Si consists of configurations
with the same clock value, hence |Si | ≤ |Q| ≤ |A| for all i ∈ {0, . . . , 2m + 1}. So in this case,
the complexity of an update by a time span is bounded by 2O(|A|) , without any amortization.
This finishes the proof of Theorem 2, assuming Lemma 8. We prove the latter next.
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4.2

Inner data structure

We now describe the inner data structure D[J] and prove Lemma 8. Let us fix an interval
J ∈ {J0 , . . . , J2m+1 }. We denote by L the set of configurations currently stored by the inner
data structure D[J]. It is convenient to represent L by a function λ : R≥0 → 2Q defined by
λ(t) = { q ∈ Q : (q, t) ∈ L}.
b be the set of all clock values that are active in L, that is, L
b comprises all t ∈ R≥0
We let L
b
such that λ(t) ̸= ∅. Recall that we assume that L ⊆ J.
Before we dive into the details, let us discuss the intuition. The basic idea is to store all the
configurations in L in a queue, implemented as a doubly-linked list ordered by non-decreasing
clock values. To handle clock values efficiently, we do not store them directly. Instead, we
maintain a global clock that measures the total time since the initialization of the data
structure, and each configuration bears a timestamp that is the value of this global clock
at the moment of the last reset. Thus, updating by a time span boils down to increasing
the value of the global clock and popping any configurations at the back of the queue whose
clock values ceased to fit into the interval J.
Updating by a letter is more problematic, as we need to apply the transition relation of
the automaton A to all the configurations of L simultaneously. In the data structure we
b according to their images under λ(·), so that for
store a partition of the active clock values L
each block of this partition (whose number is at most 2|Q| ), we can simultaneously update
all corresponding configurations in constant time. There is a caveat here: it is possible that
b we have λ(t) ̸= λ(t′ ) before the update, but λ(t) = λ(t′ ) after the update.
for some t, t′ ∈ L
That is, the blocks of the partition may require merging upon updates. We resolve this issue
by representing the partition in a forest, similarly as the union-find data structure would do.
The key point is that the height of this forest can be kept bounded by 2|Q| .
Description of the structure. In short, the data structure D[J] consists of three elements:
The clock, denoted y, is a real that represents the total time elapsed since initialization.
b
The list, denoted l, stores the set of active clock values L.
The forest, denoted f, is built on top of the elements of l and describes the function λ.
We describe the list and the forest in more details (the reader can refer to Figure 4).
b sorted in the increasing order
The list. The list l encodes the clock values present in L,
and organised into a doubly linked list. Each node α on l is a record consisting of:
next(α): a pointer to the next node on the list;
prev(α): a pointer to the previous node on the list; and
timestamp(α) ∈ R: the timestamp of the node.
As usual, the data structure stores l by maintaining pointers to the first and last nodes.
The clock value represented by a node α on l is equal to clock(α) = y − timestamp(α);
this will always be a non-negative real. Thus, the timestamp is essentially the total elapsed
time recorded at the moment of the last reset of the clock. Note that this implementation
allows for a simultaneous increment of clock(α) for all nodes α on l in constant time: it
suffices to simply increment y.
b encoded in l, to respective
The forest. Forest f represents the mapping from elements t ∈ L,
sets of control states λ(t). It is a rooted forest where nodes may have arbitrarily many
children, and these children are unordered. Every node γ of f is a record containing:
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Figure 4 The inner data structure. List elements are depicted as squares while the forest nodes
are depicted as circles. The black circles are the roots.

parent(γ): a pointer to the parent of γ; and
#children(γ): an integer equal to the number of children of γ.
The leaves of the forest will always coincide with the nodes on the list l. In particular, we
augment the records stored for the nodes on l by adding the parent(·) pointer, and treat
them as nodes of the forest f at the same time. The counter #children(·) would always be
equal to 0 for those nodes, so we may omit it.
The roots of the forest are the nodes β with no parent, i.e. parent(β) = ⊥. We will
maintain the invariant that no root is a leaf in f, that is, every root has at least one child. In
the data structure we store a doubly linked list containing all the roots of f. This list will be
denoted r, and again it is stored by pointers to its first and last element. Thus, the records
of the roots of f are augmented by next(·) and prev(·) pointers describing the structure of r,
with the usual meaning. In addition to this, every root β of f carries two additional values:
states(β) ⊆ Q: a non-empty subset of control states for which β is responsible; and
rank(β): an integer from the set {1, 2, 3, . . . , 2|Q| }.
We will maintain two invariants about these values. First, the sets states(β) must be
different for distinct roots β of f, and the same holds for the ranks rank(β). Note that this
implies that f has at most 2|Q| − 1 roots. Second, for every root β, the tree rooted at β –
which is the tree containing β and all its descendants in f – has depth at most rank(β) + 1 –
where the depth of a forest is the maximum number of edges on a path from a leaf to a root.
Note that this implies that the depth of the forest f is bounded by 2|Q| + 1.
Function λ is then represented as follows. For every node α on l, let root(α) be the root of
the tree of f that contains α. Then denoting t = clock(α), we have λ(t) = states(root(α)).
Note that the invariant stated above implies that from every leaf α of f, root(α) can be
b
computed from α by following the parent(·) pointer at most 2|Q| times. Hence, given t ∈ L
and a node α on l satisfying t = clock(α), we can compute λ(t) in time O(2|Q| ) ≤ 2O(|A|) .
Invariants. For convenience, we gather here all the invariants maintained by the inner data
structure which we mentioned before:
I2. For each node α on l, the value clock(α) = y − timestamp(α) belongs to J.
I3. The nodes on l are sorted by increasing clock values, or equally by decreasing timestamps.
That is, timestamp(α) > timestamp(next(α)) for every non-last node α on l.
I4. Every root of f has at least one child, and the leaves of f are exactly all the nodes on l.
I5. The roots of f carry pairwise different, non-empty sets of control states, and they have
pairwise different ranks. Moreover, all the ranks belong to the set {1, 2, . . . , 2|Q| }.
I6. For every root β of f, the depth of the tree rooted at β is at most rank(β) + 1.

IPEC 2021

20:14

Dynamic Data Structures for Timed Automata Acceptance

Implementation. Now we show how to implement the methods init(J), accepted(),
insert(q, t), updateTime(r), and updateLetter(a) in the data structure. Recall that all
these methods should work in time 2O(|A|) , with the exception of updateTime(r) which is
allowed to work in time 2O(|A|) · ℓ, where ℓ is the size of its output. The description of each
method is supplied by a running time analysis and an argumentation of the correctness,
which includes a discussion on why the invariants stated above are maintained.
Removing nodes. Before we proceed to the description of the required methods, we briefly
discuss an auxiliary procedure of removing a node from the list l and from the forest f, as
this procedure will be used several times. Suppose we are given a node α on the list l and we
would like to remove it, which corresponds to removing from L all configurations (q, t) where
t = clock(α) and q ∈ λ(t). We can remove α from l in the usual way. Then we remove α
from f as follows. First, we decrement the counter of children in the parent of α. If this
counter stays positive then there is nothing more to do. Otherwise, we need to remove the
parent of α as well, and accordingly decrement the counter of children in the grandparent of
α. This can again trigger removal of the grandparent and so on. If eventually we need to
remove a root of f, we also remove it from the list r in the usual way. Note that since by
Invariants (I5) and (I6), the depth of f is bounded by 2|Q| + 1, the whole procedure can be
performed in time O(2|Q| ) ≤ 2O(|A|) . It is clear that all the invariants are maintained.
Initialization. The init(J) method stores the interval J, that defines the range of clock
values that could be represented in the data structure. It also sets y = 0 and initializes l
and r as empty lists. The correctness and the running time are clear.
Acceptance query. The accepted() method is implemented as follows. We iterate through
the list r to check whether there exists a root β of f such that states(f) contains any
accepting state, say q. If this is the case, then by Invariant (I4) there is a node α on
l satisfying root(α) = β, hence (q, t) is an accepting configuration that belongs to L,
where t = clock(α). So we may return a positive answer from the query. Otherwise, all
configurations in L have non-accepting states, and we may return a negative answer. Note
that since by Invariant (I5) the list r has length at most 2|Q| − 1, the above procedure works
in time 2O(|A|) .
Insertion. We now implement the method insert(q, t), where (q, t) is a configuration.
Recall that when this method is executed, we have a promise that t ∈ J and t ≤ t′ for all
configurations (q ′ , t′ ) that are currently present in D[J].
Let α be the first node on the list l. Let t′ = clock(α). By the promise, we have t ≤ t′ .
We consider cases: either t < t′ or t = t′ . The former case also captures the situation when l
is empty. When t < t′ or l is empty, the new configuration (q, t) gives rise to a new active
clock value t. Therefore, we create a new list node α0 and insert it at the front of the list l.
We set the timestamp as timestamp(α0 ) = y − t, so that the node correctly represents the
clock value t. It is clear that Invariants (I2) and (I3) are thus satisfied.
Next, we need to insert the new node α0 to the forest f. We iterate through the list
r in search for a root β that satisfies states(β) = {q}. In case there is one, we simply
set parent(α0 ) = β and increment #children(β). Otherwise, we construct a new root β0
with states(β0 ) = {q} and #children(β0 ) = 1, insert it at the front of the list r, and set
parent(α0 ) = β0 . To determine the rank of β0 , we find the smallest integer k ∈ {1, . . . , 2|Q| }
that is not used as the rank of any other root of f. Observe that, by Invariant (I5), the forest
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f has at most 2|Q| − 1 roots, so there is always such a number k, and it can be found in time
2O(|A|) by inspecting the list r. We then set rank(β0 ) = k. It is clear that this operation
can be performed in time 2O(|A|) , and that Invariants (I4), (I5), and (I6) are maintained.
For the last one, observe that the new leaf α0 is attached directly under a root of f, so no
tree in f existing before the insertion could have increased its depth.
We are left with the case when t = t′ . We first compute the set X equal to λ(t) before
the insertion: it suffices to find root(α) in time 2O(|A|) and read X = states(root(α)).
If q ∈ X then the configuration (q, t) is already present in L, so there is nothing to do.
Otherwise, we need to update the data structure so that λ(t) is equal to X ∪ {q} instead of
X. Consequently, we remove the node α from l and from f, using the operation described
earlier, and we insert a new node α′ at the front of l, with the same timestamp equal to
that of α. Thus, clock(α′ ) = t. We next insert the new node α′ to the forest f using the
same procedure as described in the previous paragraph, but applied to the state set X ∪ {q}
instead of {q}. Again, it is clear that these operations can be performed in time 2O(|A|) , and
the same argumentation shows that all the invariants are maintained.
Update by a time span. Next, we implement the method updateTime(r), for r ∈ R>0 .
First, we increment y by r. Thus, for every node α in the list l, the value clock(α) is
incremented by r. However, the Invariant (I2) may have ceased to hold, as some active clock
values could have been shifted outside of the interval J. The configurations with these clock
values should be removed from the data structure and their list should be the output of
the method.
We extract these configurations as follows. Construct an initially empty list of configuration lret, on which we shall build the output. Iterate through the list l, starting from its
back. For each consecutive node α, compute t = clock(α). If t ∈ J, then break the iteration
and return lret, as there are no more configurations to remove. Otherwise, find root(α) in
time 2O(|A|) , read λ(t) = states(root(α)), and add at the front of lret all configurations
(q, t) for q ∈ λ(t), in any order. Then remove α from the list l and from the forest f, and
proceed to the previous node in l (if there is none, finish the iteration).
By Invariant (I3), it is clear that in this way we remove from D[J] exactly all the
configurations whose clock values got shifted outside of J, hence Invariants (I2) and (I3) are
maintained. As the forest structure was influenced only by removals, Invariants (I4), (I5),
and (I6) are maintained as well. Note that the output list lret is ordered by non-decreasing
clock values, as required. As for the time complexity, the procedure presented above takes
time 2O(|A|) · ℓ′ , where ℓ′ is the number of nodes that we remove from l. As for every node α
the set states(root(α)) is non-empty and of size at most |Q|, with every removed node we
add to lret between 1 and |Q| new configurations. Hence, we can also bound the complexity
by 2O(|A|) · ℓ, where ℓ is the number of configurations that appear in the output list lret.
Update by a letter. We proceed to the method updateLetter(a), where a ∈ Σ. As argued
before, every clock condition appearing in A is either true for all clock values in J, or false
for all clock values in J. For every subset of states S ⊆ Q, let Φ(S) be the set of all states
q such that there is a transition (p, a, q, γ, ∅) in E for some p ∈ S and clock condition γ
that is true in J. In other words, Φ(S) comprises states reachable from the states of S by
non-resetting transitions over a that are available for clock values in J. We define Ψ(S) in a
similar way, but for resetting transitions over a that are available for clock values in J.
First, we compute the output of the method, which is {(q, 0) : q ∈ Ψ(S)} where S is the
set of all states appearing in the configurations of L. Note that, by Invariant (I4), S can be
computed in time 2O(|A|) by iterating through the list r and computing the union of sets
states(β) for roots β appearing on it. Thus, the output can be computed in time 2O(|A|) .
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Second, we need to update the values of function λ by applying all possible non-resetting
transitions over a. This can be done by iterating through the list r and, for each root β
appearing on it, substituting states(β) with Φ(states(β)). Note that since we assumed
that for every state q, some transition over a is always available at q, it follows that Φ maps
non-empty sets of states to non-empty sets of states. Hence, after this substitution the roots
of f will still be assigned non-empty sets of states. However, Invariant (I5) may cease to
hold, as some roots may now be assigned the same set of states.
We fix this as follows. For every root β of f, inspect the list r and find the root β ′ that has
the largest rank among those satisfying states(β) = states(β ′ ). If β = β ′ , then do nothing.
Otherwise, turn β into a non-root node of f, remove it from the list r, set parent(β) = β ′ , and
increment #children(β ′ ) by one. Note that after applying this modification, the function λ
stored in the data structure stays the same, while Invariant (I5) becomes satisfied.
As for the other invariants, the satisfaction of Invariants (I2), (I3), and (I4) after the
update is clear. However, we need to be careful about Invariant (I6), as we might have
substantially modified the structure of the forest f. Observe that each modification of f that
we applied boils down to attaching a tree with a root of some rank i as a child of a tree with
a root of some rank j > i. By Invariant (I6), the former tree has depth at most i + 1, which
is bounded from above by j. Thus, after the attachment, the depth of the latter tree cannot
become larger than j + 1. We conclude that Invariant (I6) is maintained as well.
Finally, note that since the number of roots of f is always bounded by 2|Q| − 1, all the
operations described above can be performed in time 2O(|A|) .

5

Concluding remarks and future work

In this work we studied the dynamic acceptance problem for timed automata processing
data streams. We designed a suitable data structure for one-clock timed automata, where
the amortized update time depends only on the size of the automaton. We leave as an open
question whether this result can be generalised to the case of multiple clocks.
More generally speaking, it seems that our work identifies dynamic variants of classic
automata problems as a potential area of interest for the paradigm of parameterized dynamic
data structures. More precisely, if the automaton model in question allows for the device to
potentially be in an unbounded number of configurations, then the dynamic maintenance of
this set of configurations is a computationally challenging problem, as show-cased in this
paper. There are multiple models of devices where similar questions can be asked. Examples
include counter automata, register automata, weighted automata, or pushdown automata.
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which we answer in this work.
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1

Introduction

Treewidth, introduced by Robertson and Seymour in their seminal Graph Minors series [28],
but also independently introduced under different names by other authors, is probably the
most successful graph width notion. (For the formal definition of treewidth and other width
notions mentioned in this introduction, we refer to Section 2.) From the algorithmic point of
view, its applicability is described by Courcelle’s theorem [10] that asserts that every problem
expressible in monadic second order logic with quantification over vertex sets and edge sets,
can be solved in linear time (in the size of the graph) on graphs of bounded treewidth.
Due to the abundance of algorithms for graphs of bounded treewidth, their use in practice,
and since Courcelle’s theorem provides a very weak bound on the dependency of the running
time of the algorithm on the treewidth of the input graph, a lot of research in the last decade
has been devoted to understanding optimal running time bounds for algorithms on graphs of
bounded treewidth. One of the first methodological approaches was provided by two works
of Lokshtanov, Marx, and Saurabh [22, 23, 24, 25]. Their contribution can be summarized as
follows.
For a number of classic problems, the known (and very natural) dynamic programming
algorithm, given an n-vertex graph G and a tree decomposition of width k, runs in time
ck · nO(1) for a constant c > 1. [22, 24] shows that in most cases the constant c is optimal,
assuming the Strong Exponential Time Hypothesis.1
[23,25] introduces a framework for proving lower bounds (assuming the Exponential Time
Hypothesis) against 2o(k log k) · nO(1) -time algorithms with the same input as above.
Both aforementioned works seemed to point to a general conclusion that the natural and
naive dynamic programming algorithms on graphs of bounded treewidth are probably optimal
in essentially all interesting cases. This intuition has been refuted by Cygan et al. [16] who
presented the Cut&Count technique which allowed 2O(k) · nO(1) -time algorithms on graphs
of treewidth k for many connectivity problems where the natural and naive algorithm runs
in time 2O(k log k) · nO(1) . One of the prominent examples of such problems is Feedback
Vertex Set (FVS) where, given a graph G and an integer p, one asks for a set of at most
p vertices that hits all cycles of G.
Since then, the intricate landscape of optimal algorithms parameterized by the treewidth
has been explored by many authors, see e.g. [1, 2, 3, 4, 7, 8, 14, 15, 27, 29]. Last year at IPEC
2020, Bergougnoux, Bonnet, Brettell, and Kwon [5] presented an in-depth study of problems
related to FVS, showing that for most of them 2O(k log k) is the optimal (assuming ETH)
dependency on treewidth in the running time bound. During their live talk at IPEC 2020,
they asked a number of open questions. In this work, we continue this line of research and
answer all of them.

Hitting cycles in graphs of bounded treewidth
We first focus on the problems Odd Cycle Transversal (OCT) and Even Cycle
Transversal (ECT) where, given a graph G and an integer p, the goal is to pick a set of
at most p vertices of G that hits all odd cycles (resp. even cycles) of G. These problems are
thus closely related to the aforementioned FVS problem that asks to hit all cycles. Using
the fact that graphs without odd cycles are exactly bipartite graphs, it is relatively easy to
obtain a 3k · k O(1) · n-time algorithm for OCT for graphs equipped with a tree decomposition
of width k [17], and the base 3 of the exponent is optimal assuming SETH [22, 24].

1

For a discussion on the complexity assumptions used, namely the Exponential Time Hypothesis (ETH)
and the Strong Exponential Time Hypothesis (SETH), we refer to Chapter 14 of [13].
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In contrast to FVS and OCT, Bergougnoux et al. [5] showed that, assuming ETH, ECT
admits no 2o(k log k) · nO(1) -time algorithm and asked for a matching upper bound. Our first
result is a positive answer to this question, even in a more general setting of Subset Even
Cycle Transversal (SECT). In Subset Feedback Vertex Set (SFVS), Subset Odd
Cycle Transversal (SOCT), and Subset Even Cycle Transversal, given a graph G,
a set S ⊆ V (G), and an integer p, the goal is to find a set of at most p vertices that hits
every cycle (resp. odd cycle, even cycle) that passes through a vertex of S.
▶ Theorem 1. Subset Feedback Vertex Set, Subset Odd Cycle Transversal and
Subset Even Cycle Transversal, even in the weighted setting, can be solved in time
2O(k log k) · n on n-vertex graphs of treewidth k.
Here, and in later statements, by weighted setting we mean the following: every vertex has
its positive integer weight, and the input integer p becomes an upper bound on the total
weight of the solution.
Misra, Raman, Ramanujan, and Saurabh [26] showed that a graph G does not contain
an even cycle if and only if every block (2-connected component) of G is an edge or an odd
cycle. The key ingredient of the proof of Theorem 1 for SECT is a characterization (in the
same spirit, but more involved) of graphs G with sets S ⊆ V (G) that do not contain an even
cycle passing through a vertex of S.
This improves the polynomial factor of the running time bound of [5] for SOCT and
SFVS from cubic to linear.

Clique-width parameterization
We then switch our attention to clique-width. Clique-width is a width measure aiming
at capturing simple yet (contrary to treewidth) dense graphs. It originates from works of
Courcelle, Engelfriet, and Rozenberg [11] and of Wanke [30] from early 90s. Informally
speaking, a graph G is of clique-width at most k if one can provide an expression (called a
k-expression) that constructs G using only k labels which essentially are names for vertex sets.
Clique-width plays the role of treewidth for dense graphs in the following sense: any problem
expressible in monadic second order logic with quantification over vertex sets (but not edge
sets) can be solved in time f (k) · n, given a k-expression of size n constructing the input
graph, where f is some computable function [12]. Similarly as for treewidth, it is natural
to investigate optimal functions f in such running time bounds. Here, the most relevant
works are due to Bui-Xuan, Suchý, Telle, and Vatshelle [9] who showed an algorithm with
f (k) = 2O(k log k) for FVS, and Bergougnoux and Kanté [6] who later showed an algorithm
with f (k) = 2O(k) by adapting the algorithm of Bodlaender et al. [7] for graphs of bounded
treewidth to the context of bounded clique-width.
One should also mention a long line of work [18,19,20] searching for optimal running time
bounds on graphs of bounded clique-width for problems not captured by the aforementioned
meta-theorem and that provably (unless FPT = W[1]) do not have algorithms with the
running time bound f (k) · nO(1) , given a k-expression building the input graph.
Following on the open questions provided by Bergougnoux et al., we focus on SFVS and
Node Multiway Cut (NMwC). In the second problem, given a graph G, a set T ⊆ V (G),
and an integer p, the goal is to find a set of at most p vertices that does not contain any
vertex of T , but hits all paths with both endpoints in T . We show the following.
▶ Theorem 2. Subset Feedback Vertex Set and Node Multiway Cut, even in
the weighted setting, can be solved in time 2O(k log k) · n if the input graph is given as a
k-expression of size n.
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Note that the running time bound of Theorem 2 matches the lower bound of Bergougnoux
et al. [5] for pathwidth parameterization2 of SFVS and NMwC, and it is straightforward to
turn a path decomposition of width ℓ into a k-expression for k = ℓ + O(1).
Observe also that, if vertex weights are allowed, NMwC reduces to SFVS. Namely, given
a NMwC instance (G, T, p), set the weights of all vertices of T to +∞, create a graph G′
by adding to G a new vertex s of weight +∞ adjacent to all vertices of T and set S := {s};
the SFVS instance (G′ , S, p) is easily seen to be equivalent to the input NMwC instance
(G, T, P ). Since it is straightforward to turn a k-expression of G into a (2k)-expression of G′ ,
in Theorem 2 it suffices to focus only on the SFVS problem.
A common theme in the dynamic programming algorithm of Theorem 1 and of Theorem 2
is the representation of the connectivity in the currently analyzed graph as an auxiliary
forest of size O(k) with some annotations. This allows a neat description of the essential
connectivity features, avoiding involved case analysis. The O(k) bound serves two purposes.
First, it implies a bound of 2O(k log k) on the number of states of the dynamic programming
algorithm at one node of the tree decomposition or k-expression. Second, it allows to perform
computations on states in k O(1) time, giving the final linear dependency on the size of the
graph or the input k-expression in the running time bound.

Hitting odd cycles in graphs of bounded clique-width
Finally, we restrict our attention to Odd Cycle Transversal. Recall that in graphs of
treewidth k, OCT admits an algorithm with running time bound 3k · k O(1) · n [17] and the
base 3 is optimal assuming SETH [22, 24]. We show that for clique-width, the optimal base
is 4.
▶ Theorem 3. Odd Cycle Transversal, even in the weighted setting, can be solved in
time 4k · k O(1) · n if the input graph is given as a k-expression of size n. Furthermore, the
existence of a constant ε > 0 and an algorithm performing the same task in time (4−ε)k ·nO(1)
contradicts the Strong Exponential Time Hypothesis.
The key insight in the OCT algorithm of [17] is to reformulate the problem into finding
explicitly a partition V (G) = X ⊎ A ⊎ B that minimizes |X| while keeping G[A] and G[B]
both edgeless. Then, in a dynamic programming algorithm on a tree decomposition, one
remembers the assignment of the vertices of the current bag into X, A, and B; this yields
the 3k factor in the time complexity. For clique-width, a similar approach yields 4k states:
every label may be allowed to contain only vertices of X, allowed to contain vertices of X or
A but not B, allowed to contain vertices of X or B but not A, or allowed to contain vertices
of any of the three sets. To obtain the upper bound of Theorem 3, one needs to add on top
of the above an appropriate convolution-like treatment of the disjoint union nodes of the
k-expression. The lower bound of Theorem 3 combines a way to encode evaluation of two
variables of a CNF-SAT formula into one of the four aforementioned states of a single label
with a few gadgets for checking in the OCT regime if a clause is satisfied, borrowed from
the corresponding reduction for pathwidth from [22, 24].
This extended abstract contains only an overview of the proofs of Theorems 1 and 2.

2

We do not formally define pathwidth in this work, as it is not used except for this paragraph.
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Preliminaries

For most standard definitions and notations used in this paper, we refer to the preliminaries
section in the full version of the paper. We recall here only more nonstandard definitions.
A rooted tree is a tree T together with a special vertex r ∈ V (T ), called the root. It
induces a natural ancestor-descendent relation ≤ on its vertex set, where a vertex s ∈ V (T )
is said to be a descendent of a vertex t ∈ V (T ), denoted s ≤ t, if t is on the (unique) path
from s to r in T .
To capture the parity of lengths of paths in a robust manner, we use graphs with edges
labeled with elements of F2 . Let G be a graph where every edge e ∈ E(G) is assigned an
element λ(e) ∈ F2 . With a walk W in G we can associate then the sum of the elements
assigned to the edges on W (with multiplicities, i.e., if an edge e appears c times in W , then
we add c · λ(e) to the sum). An important observation is that if in G in every closed walk
the edge labels sum up to 0, then for every u, v ∈ V (G), in every walk from u to v the edge
labels sum up to the same value, depending only on u and v. Furthermore, one can in linear
time (a) check if every closed walk in G sums up to 0 and, if this is the case, (b) compute
for every u a value xu ∈ F2 , called henceforth the potential, such that for every u, v ∈ V (G)
and every walk W from u to v in G, the sum of the labels of W equals xv − xu . Indeed, it
suffices to take any rooted spanning forest F of G, define xu to be the sum of the labels on
the path from u to the root of the corresponding tree in F , and check for every uv ∈ E(G) if
λ(uv) = xv − xu .
▶ Definition 4 (Nice tree decomposition). A nice tree decomposition of a graph G is a rooted
tree decomposition (T, {Xt }t∈V (T ) ) such that:
the root and leaves of T have empty bags; and
other nodes are of one of the following types:
Introduce vertex node: a node t with exactly one child t′ such that Xt = Xt′ ∪ {v}
with v ∈
/ Xt′ . We say that v is introduced at t;
Forget vertex node: a node t with only one child t′ such that Xt = Xt′ \ {v} with
v ∈ Xt′ . We say that v is forgotten at t; and
Join node: a node t with two children t1 , t2 such that Xt = Xht1 = Xt2 .i
S
For each node t of the decomposition, we define a partial graph Gt = G s≤t Xs −E(G[Xt ]).
Note that edges of partial graphs appear at forget vertex nodes and that they correspond to
adding edges between the forgotten vertex and its neighbours.
From a tree decomposition T = (T, {Xt }t∈V (T ) ) of G of width k, a nice tree decomposition
of width k with O(k|V (G)|) nodes can be computed in time O(k 2 · max(|V (T )|, |V (G)|)), see
[21].
A k-labeled graph is a graph G together with a labeling function Γ : V (G) → [k]. For
k-labeled graphs H, G, and integers i, j ∈ [k], we consider the following operations:
Vertex creation: i(v) is the k-labeled graph consisting of a single vertex v with label i;
Disjoint union: H ⊕ G is the k-labeled graph consisting of the disjoint union of H and
G;
Join: ηi×j (G) is the k-labeled graph obtained by adding an edge between any pair of
vertices one being of label i, the other of label j, if the edge does not exist; and
Renaming label: ρi→j (G) is the k-labeled graph obtained by changing the label of
every vertex labeled i to label j: ∀v ∈ Γ−1 ({i}), Γ(v) := j
The clique-width of a graph G, denoted cw(G), is the least integer k such that a k-labeled
graph isomorphic to G can be constructed using these operations. We call k-expression of a
k-labeled graph G a sequence of operations that leads to the construction of G. Note that
such a sequence defines a tree, called tree associated to the k-expression in the following.
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Consider a k-expression of a k-labeled graph G, and its associated tree T . For a node
t ∈ V (T ), we denote by Tt the subtree of T rooted at t, and associate it with the labeled
graph Gt it describes. For an integer i ∈ [k], we denote by Vi (G) the set of vertices of label i
in G. By an abuse of notations in the following, by “label i” for a labeled graph G we may
refer to both the integer i, or the set Vi (G).
We define partially k-labeled graphs as labeled graphs with a labeling function Γ(G) :
V (G) → [k] ∪ {⊥} and call unlabeled the vertices of Γ−1 ({⊥}).
Given a graph G and a set of vertices S ⊆ V (G), we call S-vertex a vertex that is part of
S and we call S-path (resp. S-cycle) a path that contains at least one S-vertex.
When a 2-connected multigraph contains a cycle, we call it nontrivial. Other 2-connected
multigraphs are the degenerate cases of a single vertex and a bridge, i.e., two vertices
connected by a single edge. A nontrivial 2-connected component of a multigraph is a
2-connected component which is a nontrivial 2-connected multigraph, it is not an isolated
vertex or a bridge.
Since our algorithms solve weighted variants of the problems, we will denote by c :
V (G) → Z ∪ {+∞} the weight function of the instance. We extend this notation to sets of
P
vertices with c(U ) = v∈U c(v). The unweighted variant corresponds to having c(v) = 1 for
all v ∈ V (G).
In the context of a dynamic programming algorithm, a state is a tuple of parameters
used to index the table in which computations are done. We denote our table by d. We call
transition from a set of states A to a single state B the action of updating the entry indexed
by B based on the values of states in A. Since we consider only minimizing problems, for a
function f , such a transition will consist in applying the operation
d[B] := min{d[B], f (A)}.
We denote this operation by d[B] ← f (A) and say that value f (A) is propagated to state B.

3

Hitting even cycles in graphs of bounded treewidth

In this section we highlight the main ideas behind Theorem 1. Rather than simply giving
an algorithm for just SOCT and SECT, we also show how our method gives less involved
algorithms for SFVS and ECT. All these problems can be seen as looking for a minimum
deletion set such that the resulting graph has no odd S-cycle, no even S-cycle, no S-cycle,
and no even cycle. In order to have a common notation, we will call □-cycles the cycles that
have to be hit in the problem and □-cycle-free the graphs that do not contain □-cycles.
To transform a □-cycle-free graph into a forest, we will replace its nontrivial 2-connected
components with tree structures. We use labeled vertices to store efficiently the properties of
these nontrivial 2-connected components.
We begin by giving a characterisation of nontrivial 2-connected □-cycle-free graphs for
each problem. This implies characterisations of □-cycle-free graphs.
▶ Lemma 5. Let G be a nontrivial 2-connected multigraph.
1. G contains no S-cycle if and only if it contains no S-vertex.
2. G contains no even cycle if and only if it is an odd cycle.
3. G contains no odd S-cycle if and only if it has one of the following forms:
G contains no S-vertex and is not bipartite
G contains no S-vertex and is bipartite
G contains at least one S-vertex and is bipartite.
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4. G contains no even S-cycle if and only if it has of one of the following forms:
G contains no S-vertex and is not bipartite
G contains no S-vertex and is bipartite
G contains at least one S-vertex, the connected components of G − S are bipartite,
together with S-vertices they form a cycle: each S-vertex has degree 2 and each
connected component of G − S has degree 2. One S-cycle is odd. We later call bipartite
subcomponents the connected components of G − S. This is illustrated in Figure 1a.
The first point is immediate, the second follows from [26, Lemma 1], and the third was
observed in [5, Lemma 13]. The last point was not known to us and we provide a proof.
Proof. Suppose that G is a nontrivial 2-connected multigraph containing no even S-cycle.
If G contains no S-vertex, it is either bipartite or not, leading to the first possible forms.
If G contains an S-vertex, it must contain an S-cycle C due to being a nontrivial
2-connected multigraph and C is odd because G contains no even S-cycle.
▷ Claim 6. If two vertices are connected by three disjoints paths at least two of which are
S-paths then two of the paths form an even S-cycle.
Proof. The three cycles formed by combining the paths are S-cycles and they cannot all be
odd: if we denote them C1 , C2 , C3 , |C3 | = |C1 | + |C2 | − 2|C1 ∩ C2 |.
◁
Consider a connected component A of G − V (C).
Consider an S-vertex v of A, because G is a nontrivial 2-connected multigraph, there
exist two disjoint paths that connect v to distinct vertices a, b of C, a and b satisfy the
conditions of claim 6 leading to a contradiction. Hence, A cannot contain an S-vertex.
Since G is a nontrivial 2-connected multigraph, there are at least 2 edges between A and
distinct vertices of C. Consider 2 arbitrary distinct such edges, they cut C into two paths
P1 and P2 with extremities u and v. Since A is connected, there is a third u–v path P3
through A. Only one of P1 and P2 may contain an S-vertex, by claim 6 applied to P1 , P2 , P3 .
In particular, u and v cannot be S-vertices, this implies that the only edges incident to
S-vertices in G are edges of cycle C, so S-vertices have degree 2.
e be the connected component of G − S containing A. A
e contains a maximal S-free
Let A
e contains
path of C because A is connected to C and cannot be adjacent to S-vertices. A
only one maximal S-free path of C because otherwise either we get two edges from A to C
that separate C in two S-paths and this was excluded in the previous paragraph, or we have
a chord ab in C that connects two distinct maximal S-free-paths and this is excluded by
e has outdegree 2 in G.
Claim 6. In particular, note that this shows that A
′
e
Consider a cycle C of A, then there are 2 disjoint paths from it to the S-vertices adjacent
e If they are distinct we can connect them with a disjoint path via C. This constructions
to A.
contains two S-cycles C and C∆C ′ which must both be odd so C ′ can only be even. Hence
e contains no odd cycle so it is bipartite.
A
We can conclude that all connected components of G − S are bipartite and that together
with S-vertices they form a cycle.
Conversely, if G contains no S-vertex it does not contain any even S-cycle. If it is a cycle
of bipartite components and S-vertices with one S-cycle C being odd, then each S-cycle
C ′ goes through all bipartite components and S-vertices. Replacing the path of C by the
path of C ′ in each bipartite component preserves parity because endpoints are unique. We
conclude that all S-cycles are odd in G.
◀
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▶ Definition 7. Given a □-cycle-free graph G, we define its underlying forest F (G) as the
graph obtained from G by modifying independently each nontrivial 2-connected component C
as follows:
SFVS. Remove edges inside C and add an unlabeled vertex adjacent to all vertices of C.
ECT. Remove edges inside C and add a vertex adjacent to all vertices of C and label it “odd
cycle”.
SOCT. Remove edges inside C and add a vertex adjacent to all vertices of C, label it
“bipartite” or “not bipartite” based on the property of C and make it an S-vertex if C
contains an S-vertex.
SECT. In the two first forms we remove edges inside C and add a vertex adjacent to all
vertices of C and label it “bipartite” or “not bipartite” based on the property of C. For
the last form, for each bipartite subcomponent of C, we remove its edges, add a vertex
labeled “internal bipartite” adjacent to its vertices. Then remove edges of C incident to S,
add an S-vertex labeled “odd cycle” adjacent to S-vertices and vertices labeled “internal
bipartite”. This is illustrated in Figure 1b.

(a) An example of graph with no even S-cycle.
The vertices of S are depicted in red. The blue
boxes denote the bipartite subcomponents.

(b) The underlying forest we build from the graph
on Figure 1a. The “internal bipartite” vertices are
depicted in blue and the “odd cycle” vertex is black.

Figure 1 The last form of SECT: “internal bipartite” vertices.

Observe that, because labeled vertices are only introduced by this underlying forest, to
each labeled vertex v, we can associate a nontrivial 2-connected component C: the one that
resulted in the creation of v. Observe also that for a path P between two unlabeled vertices,
if it contains a labeled vertex, then it contains a vertex of its associated component before it
on P and another vertex of its associated component after it on P .
We now introduce reduction rules that allow us to maintain a simplified description of
underlying forests relatively to a given subset of vertices, that we call active. Vertices that
are not active are called inactive. Theses rules and this terminology largely resemble what is
done in [5].
▶ Definition 8. Given a □-cycle-free graph G, its underlying forest F (G) and subset of active
vertices X, a reduced underlying forest Fr is obtained by applying exhaustively the following
rules on F (G):
Delete inactive vertices of degree at most one.
For each maximal path P with internal inactive vertices of degree 2, we replace it with a
path P ′ with same endpoints, such that P ′ contains exactly one occurrence of each label
present in P and a single S-vertex if P contained one, where endpoints are considered to
be contained in P and P ′ .
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For SECT we add another rule: if a maximal path with internal inactive vertices of degree 2
contains at least 2 vertices labeled “internal bipartite” but no vertex labeled “odd cycle”, we
keep 2 occurences of the label “internal bipartite”.
The set of reduced underlying forests obtained from F (G) with active vertices X is denoted
F (G, X).
Observe that a reduced forest is not unique, however properties that we will show on
them will not depend on the choice of representative.
Standard arguments show that a reduced forest has bounded size.
▶ Lemma 9. In a problem using K label symbols (including S-membership), F ∈ F (G, X)
has at most (K + 1)(2|X| − 2) + 1 vertices.
The crucial property preserved by a reduced forest is the following.
▶ Lemma 10. For F ∈ F (G, X), for each pair of active vertices u and v, there is a path
between them in G if and only if there is a path between them in F . For each type of nontrivial
2-connected component, a u–v path in G goes through at least one such component if and
only if the u–v path in F contains a vertex with the corresponding label symbol (“internal
bipartite” counts for the bipartite subcomponent but also the S-cycle containing it). There
exists a u–v path in G containing an S-vertex if and only if there exists a u–v path in F
containing an S-vertex or a vertex labeled “internal bipartite”. If there is a u–v path in F ,
every unlabeled vertex that is on the u–v path in F is also on all u–v paths in G.
A property that is not preserved by a reduced forest is the length of paths. Since we
are only interested in parity, we maintain a F2 -labeling α of edges. We say that α is a valid
F2 -labeling of F ∈ F (G, X) if, there exists β a F2 -labeling of the edges of F (G) such that
edges incident to vertices labeled “bipartite” or “internal bipartite” are labeled 0 for one side
of the bipartition and 1 for the other side, edges incident to other labeled vertices are labeled
0, and edges between unlabeled vertices are labeled 1, and for each edge uv of F , its label is
the sum of labels on the edges of the u–v path in F (G). During the application of reduction
rules, each edge is given as its label the sum of labels of the path that was connecting its
endpoints.
▶ Lemma 11. For F ∈ F (G, X), for each pair of active vertices u and v connected in G,
all u–v paths in G have same parity if and only if the path between u and v in F contains
no vertex with label symbol “odd cycle”, “not bipartite” or “internal bipartite”. Furthermore,
when this condition is satisfied, the parity of the paths in G is given by the sum of labels on
the edges of F .
The main technical engine of our algorithms is the following join operation.
▶ Lemma 12. There exists a polynomial-time algorithm that, for every pair of □-cyclefree graphs G1 and G2 with V (G1 ) ∩ V (G2 ) = X, given on input two reduced forests with
valid F2 -labelings (F1 , α1 ) and (F2 , α2 ), with F1 ∈ F (G1 , X) and F2 ∈ F (G2 , X), decides
whether G1 ∪ G2 is □-cycle-free and, in case of a positive answer, computes a reduced forest
F ∈ F (G1 ∪ G2 , X) and, except for the SFVS problem, a valid F2 -labeling α.
With Lemma 12 in hand, assembling a dynamic programming algorithm of Theorem 1 is a
tedious but straightforward exercise. The proof of Lemma 12 requires a careful consideration
of all possible 2-connected components the graph F1 ∪ F2 may contain and how to treat them
in the considered problems.
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4

Subset Feedback Vertex Set in graphs of bounded cliquewidth

We describe a dynamic programming algorithm to solve Subset Feedback Vertex Set
on clique-width expressions. With a bottom-up computation, it builds small labeled forests
that describe the graphs that can be obtained by vertex deletion.
A state of our dynamic programming will consist of a node of the k-expression, a partially
labeled forest, and a label state assignment P : [k] → Q, with Q = {Q∅ , Q1 , Q∗1 , Q2 , Qw ,
Q∗w , Qf } the set of label states. State Q∅ is assigned to labels that are completely contained
in the current deletion set. States Q1 and Q∗1 are assigned to labels consisting of a single
non-S-vertex, or a single S-vertex, respectively. States Qw and Q∗w are called waiting states:
they are assigned to labels for which we have guessed that they will be joined (only once) to a
non-S-vertex from a label in state Q1 , or to an S-vertex from a label in state Q∗1 , respectively.
State Q2 is assigned to labels having at least two vertices not in S: it is assigned to labels
for which we have guessed that they will be joined (potentially several times) to either a
vertex from a label in state Q1 , or to vertices from a label in state Q2 . These guessing tricks
can be seen as a form of what is called “expectation from the outside” in [9]. We point that
guessing these joins implies that labels in states Qw , Q∗w , Q2 will eventually be connected
– this is detailed below. At last, state Qf is called final state: it will contain vertices that
will not be joined anymore, and hence that may be unlabeled. To summarize, states in Q
express the following constraints on joins:
joins with a label in state Q∅ will be ignored;
no join with a label in state Qf will be performed;
labels in state Qw (resp. Q∗w ) will only be joined with those in state Q1 (resp. Q∗1 ); and
labels in state Q2 will never be joined with those in state Q∗1 .
e obtained by vertex deletion, we will say that a
Now, considering an S-cycle-free graph G
label i is compatible with label state:
e is labeled i;
Q∅ if no vertex of G
e is labeled i, and it is not in S;
Q1 if exactly one vertex of G
∗
e is labeled i, and it is in S;
Q1 if exactly one vertex of G
e are labeled i, they are not in S, and no S-path in G
e has
Q2 if at least two vertices of G
both its endpoints labeled i;
e are labeled i, at least one S-vertex is labeled i, and no
Qw if at least two vertices of G
e
S-path in G has both its endpoints labeled i;
e are labeled i, no path in G
e has both its endpoints labeled
Q∗w if at least two vertices of G
i; and
e are labeled i.
Qf if at least two vertices of G
These conditions, together with the constraints on joins that are expressed above, aim to
capture cases for which a join between labels of pairs of label states will not create S-cycles –
this will be explicited in proofs and illustrated in Figure 2. In the following, we say that
e if each label is compatible with its state
a label state assignment P is compatible with G
in this graph. Note that looking at the properties of vertices in a label in part gives the
label state assignment that it should have: the conflicts are for choosing between Qf , Q∗w
and, based on the presence or not of an S-vertex, either Qw or Q2 . This is expected because
these states contain the information on a guess on what will later be added to the graph.
Let us now introduce an auxiliary partially labeled graph which will conveniently represent
the connectedness implied by guesses we made so far when assigning labels to label states,
while simplifying the manipulation of labels. We point that this auxiliary graph will not be
e
computed by the algorithm: it shall only be used in the proofs. Given a labeled graph G
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(a) Case 1: |A| ≥ 2, |B| ≥ 2,
and |A ∩ S| + |B ∩ S| ≥ 1.

A

B

(b) Case 2: |A| ≥ 1, |B| ≥ 2, and there
is an S-path with endpoints in B.
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(c) Case 3: |A| ≥ 1, |B| ≥ 1,
and there is an S-path connecting a vertex of A to one of B.

Figure 2 The three cases when a join (depicted in green) creates an S-cycle. The figures illustrates
the smallest number of vertices of S required. Thus, up to symmetry, the vertices depicted in red
have to be in S while the vertices in white may or may not be in S.

e P) the partially labeled graph obtained
and a label state assignment P, we denote by H(G,
e
from G, by conducting the following modifications for each label i:
if i is in state Q2 or Qw , we add a vertex labeled i, connect it to other vertices labeled i,
and unlabel these vertices, making the added vertex the only vertex labeled i;
if i is in state Q∗w , we add an S-vertex labeled i, connect it to other vertices labeled i,
and unlabel these vertices, making the added vertex the only vertex labeled i; and
if i is in state Qf , we unlabel vertices labeled i.
Note that in the auxiliary graph, we add vertices that are not part of the original graph.
The role of these vertices – for states Q2 , Qw , and Q∗w – is to represent the label i as if
it was connected (which will eventually be the case as we guessed a later join), as well as
e compatible with P, each nonempty
manipulating nonempty labels as single vertices: for G
e P), which we call representative of i in H(G,
e P),
label i contains exactly one vertex in H(G,
and that we denote by h(i).
e some connectedness conditions are satisfied
Recall that, when P is compatible with G,
by label states. We say that a partially labeled multigraph Fb expresses the connectedness in
e P), for G
e and P compatible, if:
H(G,
for each label i, there is at most one vertex labeled i in Fb ;
e P) corresponds a vertex r(i) labeled i in Fb : we call it the
to every vertex h(i) in H(G,
representative of label i in Fb , and r(i) is an S-vertex if and only if h(i) is an S-vertex;
and
e P), there exists a h(i)–h(j) path in H(G,
e P) if and
for any two vertices h(i), h(j) in H(G,
b
e P)
only if there exists a r(i)–r(j) path in F , and there exists a h(i)–h(j) S-path in H(G,
b
if and only if there exists a r(i)–r(j) S-path in F .
We are now ready to introduce reduction rules which, when applied on the multigraph Fb
e P), will produce the aforementioned partially labeled
expressing the connectedness in H(G,
forest. The idea behind this forest is that, to check the existence of (S-)paths linking
representatives of labels i and j, unlabeled vertices of degree at most two in such (S-)paths
may be “contracted” as long as we do not remove all (S-)vertices on these paths. In the
following for a partially labeled multigraph Fb , we denote by Red(Fb ) the forest obtained from
Fb by applying the following reduction rules:
for each nontrivial 2-connected component C, we introduce an unlabeled vertex, call it
central vertex of C, connect it to vertices of C, and remove all other edges inside the
component;

IPEC 2021

21:12

Close Relatives (Of Feedback Vertex Set), Revisited

we iteratively remove unlabeled vertices of degree at most one;
for each maximal S-path with internal unlabeled vertices of degree two, we replace it by
connecting the endpoints to a single new unlabeled S-vertex; and
for each maximal path with internal unlabeled vertices of degree two that is not an
S-path, we replace it by a single edge between its endpoints.
It is easily seen that the produced graph is indeed a forest as the graph of nontrivial
2-connected components of any graph is a tree, and each nontrivial 2-connected component
is replaced by a star. Furthermore, reducing F preserves the fact that it expresses the
e P): the formal statement is omitted here. As in Lemma 9, we can
connectedness in H(G,
bound the size of the reduced forest:
▷ Claim 13. Red(Fb ) has O(k) vertices.
A state of the dynamic programming algorithm is a tuple (t, F, P), where t ∈ V (T ), F is
a partially labeled forest, and P : [k] → Q is a label state assignment. We say that (t, F, P) is
admissible if there exists X ⊆ V (G) such that P is compatible with Gt − X, H(Gt − X, P) is
S-cycle-free, and F expresses the connectedness in H(Gt − X, P). Our dynamic programming
algorithm will not consider all possible states, but compute a value d[t, F, P] for some states
(t, F, P). We call reachable a state that is considered by the algorithm. We will show that
reachable states are admissible, that for every t ∈ V (T ), for each X ⊆ V (Gt ), if Gt − X is
S-cycle-free, then there exists a reachable state (t, F, P) such that d[t, F, P] ≤ |X|, and that
the optimal value for SFVS on the given instance is the minimum of values d[r, F, P] where
r is the root of the k-expression.
First, let us slightly modify our clique-width expression in order to simplify the description
of our computations. We double the set of labels, denoting them by {1, ..., k, 1′ , ..., k ′ },
and replace each disjoint union node t with children t1 , t2 by the following subexpression:
ρ1′ →1 (. . . ρk′ →k (Gt1 ⊕ (ρ1→1′ (. . . ρk→k′ (Gt2 ))))). This gives the property that in disjoint
union nodes, each label is used by at most one of the children nodes.
We now describe the bottom-up computation of reachable states for each possible type of
node in the clique-width expression.
Leaf node. If t is a leaf node with Gt = i(v), two cases arise. Either v is deleted which is
described by state (t, F∅ , P∅ ) initialized with value c(v), where F∅ is the empty graph,
and P∅ is the function that maps every i ∈ [k] to Q∅ . Otherwise we keep v, which is
described by state (t, F, P) where F consists of the isolated vertex v, P(i) = Q∗1 if v ∈ S,
P(i) = Q1 otherwise, and, for all j ̸= i, P(j) = Q∅ .
Join node. Let t be a join node with Gt = ηi×j (Gt′ ). For each reachable state (t′ , F ′ , P ′ ),
we proceed as follows. If the representatives of i and j are connected by an S-path in F ′ ,
we do nothing. Otherwise, we will construct states (t, F, P) defined in the following cases,
depending on P ′ (i) and P ′ (j), starting with F := F ′ and P := P ′ :
if one of i and j is in state Q∅ , we do not modify F nor P;
if i and j are in states Q1 or Q∗1 , we add an edge between the representatives of i and
j in F ;
if i and j are in states Q1 or Q2 , we add an edge between the representatives of i and
j in F , and if i or j are in state Q2 they are allowed to change to Qf in P, if they do
we also unlabel their representative: we enumerate all possibilities here;
if i and j are in states Q∗1 and Q∗w , we identify their representative in F : the resulting
vertex has its label in state Q∗1 , and the label in state Q∗w is assigned state Qf in P;
and
if i and j are in states Q1 and Qw , we identify their representative in F : the resulting
vertex has its label in state Q1 , and the label in state Qw is assigned state Qf in P.
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For each such cases, we reduce F and propagate the value d[t′ , F ′ , P ′ ] to the states
(t, F, P), where P is the modified label state assignment.
Renaming label node. Let t be a renaming label node with Gt = ρi→j (Gt′ ). For each
reachable state (t′ , F ′ , P ′ ), we construct states (t, F, P) starting with P := P and F := F ′
by first setting P(i) = Q∅ , and proceeding as follows depending on P ′ (i) and P ′ (j):
if i and j are in a state among {Qf , Q1 , Q∗1 }, we unlabel the representatives of i and j
in F ′ , and set P(j) = Qf ;
if one of i and j is in state Q∅ , then either i is in state Q∅ and we do nothing, or j
is in state Q∅ , we assign it to the other label state, and the vertex of F labeled i is
relabeled j;
if i and j are in state Q1 , and the representatives of i and j are not connected by
a path in F ′ , in F , we add an S-vertex labeled j, connect it to these vertices, and
unlabel them. Label j is then assigned state Q∗w in P;
if one of i and j is in state Q∗1 , the other is in state Q1 or Q∗1 , and the representatives
of i and j are not connected by a path in F ′ , we consider two possibilities depending
on whether they will be joined to a vertex of S, or to a vertex of V (G) \ S. First, in
F , we add a new vertex labeled j, connect it to the representatives of i and j, and
unlabel the representatives of i and j. Then, if the new vertex is chosen to be in S, j
is assigned state Q∗w in P. Otherwise, j is assigned state Qw in P;
if i and j are in states Qα and Qβ , for α, β ∈ {1, 2, w}, and the representatives of i
and j are not connected by an S-path in F ′ , in F , we identify the representatives
of i and j: the resulting vertex is of label j, and j is assigned state Qδ in P with
δ := max {2, α, β};
1<2<w

if one of i and j is in state Q∗1 , the other is in state Qw or Q2 , and the representatives
of i and j are not connected by a path in F ′ , in F , we add an edge between the
representatives of i and j, and the representative of the label in state Q∗1 becomes
unlabeled, while the other vertex is given label j. Label j is assigned state Qw in P;
and
if one of i and j is in state Q∗w , the other is in state Q1 or Q∗1 , and the representatives
of i and j are not connected by a path in F ′ , in F , we add an edge between the
representatives of i and j, and the representative of the label in state Q1 or Q∗1
becomes unlabeled, while the other vertex is given label j. Label j is assigned state
Q∗w in P.
For each such cases, we reduce F , and we propagate the value d[t′ , F ′ , P ′ ] to the state
(t, F, P), where P is the modified label state assignment.
Disjoint union node. If t is a disjoint union node with Gt = Gt1 ⊕ Gt2 , for each pair of
reachable states (t1 , F1 , P1 ), (t2 , F2 , P2 ), since they use disjoint sets of labels, we can
simply define F = F1 ⊕ F2 . The label state assignment P is defined by P(i) = P1 (i) for
i ∈ [k] and P(i′ ) = P2 (i′ ) for i′ ∈ {1′ , . . . , k ′ }. The value d[t1 , F1 , P1 ] + d[t2 , F2 , P2 ] is
propagated to state (t, F, P).
We conclude the section noting that, with the above described transitions, proving the
correctness of the algorithm by induction is a tedious, but rather straightforward exercise. It
basically consists on considering all the different label states in which labels i and j may lie
when performing join and relabel operations, together with the compatibility of the current
S-cycle-free graph and label states assignments.
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length k and a text of length n in time O(nk+1 ), while Berendsohn, Kozma and Marx have recently
shown that under the exponential time hypothesis (ETH), it cannot be solved in time f (k)no(k/ log k)
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2. if C has the DTP, then C-Pattern #PPM cannot be solved in time f (k)no(k/ log k) for any
function f .
Furthermore, when C is one of the so-called monotone grid classes, we show√that if C has the LPP
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1

Introduction

One of the most frequently studied algorithmic problems related to permutations is known as
Permutation pattern matching (or PPM). The input of PPM is a pair of permutations
τ (the “text”) of length n and π (the “pattern”) of length k, and the goal is to determine
whether τ contains π as a subpermutation (see Section 2 for formal definitions).
In full generality, PPM is NP-complete, as shown by Bose et al. [4]. Thus most research
into PPM focuses either on improved exact algorithms, or on identifying special types of
inputs for which the PPM can be solved in polynomial time, or at least in subexponential
time. Note that a direct brute-force approach solves PPM in time O(nk+1 ).
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A particularly fruitful technique to solving PPM has been proposed by Ahal and Rabinovich [1], who showed that PPM can be solved in time nO(tw(π)) , where tw(π) denotes
the tree-width of the so-called incidence graph of the pattern π. The bound was subsequently
tightened to ntw(π)+1 by Berendsohn, Kozma and Marx [3], who have used it to show that
PPM can be solved in time nk/4+o(k) .
Another approach to PPM, due to Guillemot and Marx [9] (with a slight improvement by
2
Fox [8]) shows that the problem can be solved in time n · 2O(k ) , implying that the problem
is fixed-parameter tractable with parameter k.
Closely related to PPM is its counting version #PPM, whose goal is to compute the
number of occurrences of the pattern π in the text τ . Berendsohn et al. [3] show that their
bounds of O(ntw(π)+1 ) and nk/4+o(k) for PPM also apply to solving #PPM. In contrast,
the FPT result for PPM by Guillemot and Marx [9] likely does not extend to #PPM, since
Berendsohn et al. [3] show that, under the exponential time hypothesis (ETH), #PPM
cannot be solved in time f (k)no(k/ log k) , for any function f .
Given that both PPM and #PPM are hard in general, it is natural to consider their
complexity on restricted inputs. A common approach is to fix a hereditary class C of
permutations, and study the restriction of PPM or #PPM to inputs where the pattern
π belongs to C. Such restriction is known as C-Pattern PPM and C-Pattern #PPM,
respectively. It follows from the results of Ahal and Rabinovich [1] and Berendsohn et al. [3],
that the restricted problems are polynomial whenever the function tw(π) is bounded on the
class C. This idea is the basis for previous results establishing sharp thresholds between
polynomial and NP-hard cases of C-Pattern PPM [11, 12]. In fact, in all the known cases
when C-Pattern PPM and C-Pattern #PPM are polynomial, the class C has bounded
tree-width.
While distinguishing the polynomial cases of C-Pattern PPM from the NP-hard ones
is obviously the main focus of research, it is also of interest to distinguish subexponential
cases from those cases which (under suitable complexity assumptions, such as the ETH)
require exponential or near-exponential time. Here again, the tree-width plays a key role. It
is convenient to associate to a class C its tree-width growth function
twC (k) = max{tw(π); π ∈ C ∧ |π| = k}.
Indeed, Berendsohn et al. [3], extending previous results by Guillemot and Vialette [10], have
shown that when C is the class of 2-monotone permutations
(i.e., the permutations merged
√
from two monotone sequences), then twC (k) =√O( k), and consequently C-Pattern #PPM
can be solved in the subexponential time nO( k) . They show, however, that for the class of
3-monotone permutations, the tree-width growth is of order Ω(k/ log k). Later Berendsohn [2,
Theorem 4.1] showed that for the class C = Av(654321), consisting of permutations that can
be merged from 5 increasing subsequences, C-Pattern #PPM cannot be solved in time
4
f (k)no(k/ log k) for any function f , unless ETH fails.
In the context of C-Pattern PPM and C-Pattern #PPM, most of the research
focuses on the cases when C is a principal class, i.e., the class Av(σ) of all the permutations
that avoid a single forbidden pattern σ. Unfortunately, principal classes seldom admit a
suitable structural characterisation of their elements, and even in those cases where such
characterisations exist, they are very different from one class to another. This makes it hard
to obtain general results that apply uniformly to a large set of principal classes.
To sidestep this issue, we mostly avoid dealing with individual principal classes directly,
and instead we primarily focus on a different type of permutation classes, the so-called
monotone grid classes. We then consider two structural properties of a general permutation
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class C, called the long path property (LPP) and the deep tree property (DTP). Both these
properties can be viewed as stating that C contains monotone grid subclasses of a particular
type. We establish lower bounds for the complexity of C-Pattern #PPM applicable to
any class C with LPP or DTP. The definitions of LPP and DTP are somewhat technical
(see Section 3); however, it is usually not too hard to verify whether a given class has these
properties. Indeed, we are able to identify all the principal classes that have LPP, as well as
all those that have DTP; see Subsection 3.2.
The LPP has already played a central part in a dichotomy result of the authors [12], and
implicitly also in the work of Berendsohn [2] and Berendsohn et al. [3]. These previous results
imply that for a monotone grid class C these properties are√equivalent (assuming P =
̸ N P ):
(i) C has LPP, (ii) twC (k) is unbounded, (iii) twC (k) = Ω( k), and (iv) C-Pattern PPM
is NP-complete. For all we know, the equivalence might hold for an arbitrary hereditary
class C, i.e., not just a monotone grid class. However, we do not even know whether every
class of unbounded tree-width has LPP.
The DTP is a strengthening of LPP, which we introduce in this paper, with the aim of
distinguishing√ the cases of C-Pattern #PPM that can be solved in the subexponential
o(k/ log k)
time f (k)nO( k) from those that
. While LPP forces
√ cannot be solved in time f (k)n
tree-width growth of order Ω( k), DTP forces tree-width growth of order Ω(k/ log k).
Our main results show that the lower bounds on tree-width imposed by LPP and DTP
are accompanied by the corresponding complexity lower bounds for C-Pattern #PPM.
Specifically, we show that under ETH, the following holds for any permutation class C (see
Theorem 18):
√
If C has the LPP, then C-Pattern #PPM cannot be solved in time f (k)no( k) for any
function f , and
2
if C has the DTP, then C-Pattern #PPM cannot be solved in time f (k)no(k/ log k) for
any function f .
In addition, we show that for classes with LPP, the Ahal–Rabinovich PPM algorithm
with complexity nO(tw(π)) is asymptotically optimal. More precisely, we show that if ETH
holds, then for a class C with LPP, no algorithm may solve C-Pattern PPM in time f (t)no(t)
for any function f , where t = tw(π) (see Theorem 15). All these complexity lower-bounds
are presented in Section 4.
Recall that by a√result of Berendsohn et al. [3], the class C = Av(321) has tree-width
√
growth twC (k) = O( k), and therefore C-Pattern #PPM can be solved in time nO( k)√
. It
turns out that this class has LPP, which implies, by our results above,
that
tw
(k)
=
Ω(
k)
C
√
and that C-Pattern #PPM cannot be solved in time f (k)no( k) for any function f . In
particular, both the tree-width bound and the complexity bound are tight.
For any class C with DTP, the tree-width lower bound Ω(k/ log k) and the complexity
2
lower-bound f (k)no(k/ log k) both match, up to the logarithmic terms, the trivial upper
bounds of k and nO(k) , respectively.
As we mentioned before, we mostly focus on monotone grid classes. We will show that
for a monotone grid class C, both LPP and DTP can be easily characterised in terms of a
certain graph associated to a monotone grid class C, called the cell graph, and that these
two properties asymptotically determine twC (·). An earlier paper of the authors [12] shows
that a monotone grid class has bounded tree-width (and hence neither LPP nor DTP) if and
only if its cell graph is acyclic. We extend this result as follows (see Corollary 7):
If the cell graph of a monotone grid class C is not acyclic but has
√at most one cycle in
each component, then C has LPP but not DTP, and twC (k) ∈ Θ( k).
If the cell graph of a monotone grid class C has a component with at least two cycles,
then C has DTP and twC (k) ∈ Ω(k/ log k).
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2

Preliminaries

A permutation of length n is a sequence in which each element of the set [n] = {1, 2, . . . , n}
appears exactly once. When writing out short permutations explicitly, we shall omit all
punctuation and write, e.g., 15342 for the permutation 1, 5, 3, 4, 2. The permutation diagram
of π is the set of points Sπ = {(i, πi ); i ∈ [n]} in the plane. Observe that no two points from
Sπ share the same x- or y-coordinate. We say that such a set is in general position.
For a point p in the plane, we denote its horizontal coordinate as p.x, and its vertical
coordinate as p.y. Two finite sets S, R ⊆ R2 in general position are isomorphic if there is a
bijection f : S → R such that for any pair of points p ̸= q of S we have f (p).x < f (q).x if
and only if p.x < q.x, and f (p).y < f (p).y if and only if p.y < q.y. The reduction of a finite
set S ⊆ R2 in general position is the unique permutation π such that S is isomorphic to Sπ .
We write π = red(S).
We say that a permutation τ contains a permutation π, written π ≤ τ , if the diagram of
τ contains a subset that is isomorphic to the diagram of π. If τ does not contain π, we say
that it avoids π. A permutation class is a set C of permutations which is hereditary, i.e., for
every σ ∈ C and every π ≤ σ, we have π ∈ C. For a permutation π, we let Av(π) denote the
set of all the permutations that avoid π; this is clearly a permutation class. The class Av(21)
of all the increasing permutations and the class Av(12) of all the decreasing permutations
are denoted by the symbols and , respectively.
We will frequently refer to symmetries that transform permutations into other permutations. For our purposes, it is convenient to describe these symmetries geometrically, as
transformations of the plane acting on permutation diagrams. We define the m-box to be
the set ( 12 , m + 12 ) × ( 12 , m + 12 ). Observe that for every permutation π of length at most m,
the permutation diagram Sπ is a subset of the m-box. We view permutation symmetries as
bijections acting of the whole m-box. There are eight such symmetries, generated by:
reversal which reflects the m-box horizontally, i.e. the image of point p is (m + 1 − p.x, p.y),
complement which reflects the m-box vertically, i.e. the image of point p is (p.x, m + 1 − p.y),
inverse which reflects the m-box through its main diagonal, i.e. the image of point p is
(p.y, p.x).
In particular, the reversal of a permutation π = π1 , . . . , πn is the permutation π r =
πn πn−1 , . . . , π1 , the complement of π is the permutation π c = n + 1 − π1 , n + 1 − π2 , . . . , n +
1 − πn , and the inverse π −1 is the permutation σ = σ1 , . . . , σn such that σi = j ⇐⇒ πj = i.
We also apply these symmetries to sets of permutations, in an obvious way: if Ψ is one
of the eight symmetries defined above and C is a permutation class, we define Ψ(C) as
{Ψ(π); π ∈ C}.
The incidence graph Gπ of a permutation π = π1 , . . . , πn is the graph whose vertices are
the n entries π1 , . . . , πn , with two entries πi and πj connected by an edge if |i − j| = 1 or
|πi − πj | = 1. In particular, the graph Gπ is a union of two paths, one of them visiting the
entries of π in left-to-right order, and the other in top-to-bottom order. We let tw(π) denote
the tree-width of Gπ .

Monotone grid classes
An important type of permutation classes are the so-called monotone grid-classes, which
we now define. A gridding matrix of size k × ℓ is a matrix M with k columns and ℓ rows,
whose every entry is a permutation class. A monotone gridding matrix is a gridding matrix
whose every entry is one of the three classes ∅, or . Note that to be consistent with the
Cartesian coordinates that we use to describe permutation diagrams, we will number the
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Figure 1 A monotone gridding matrix M on the left and a permutation equipped with an
M-gridding on the right. Empty entries of M are omitted and the edges of GM are drawn in M.

rows of a matrix from bottom to top, and we give the column coordinate as the first one. In
particular, Mi,j denotes the entry in column i and row j of the matrix M, with 1 ≤ i ≤ k
and 1 ≤ j ≤ ℓ.
Let π be a permutation of length n. A (k × ℓ)-gridding of π is a pair of weakly increasing
sequences 1 = c1 ≤ c2 ≤ · · · ≤ ck+1 = n + 1 and 1 = r1 ≤ r2 ≤ · · · ≤ rℓ+1 = n + 1. For
i ∈ [k] and j ∈ [ℓ], the (i, j)-cell of the gridding of π is the set of points p ∈ Sπ satisfying
ci ≤ p.x < ci+1 and rj ≤ p.y < rj+1 . Note that each point of the diagram Sπ belongs to a
unique cell of the gridding. A permutation π together with a gridding (c, r) forms a gridded
permutation.
Let M be a gridding matrix of size k × ℓ. We say that the gridding of π is an M-gridding
if for every i ∈ [k] and j ∈ [ℓ], the subpermutation of π induced by the points in the (i, j)-cell
of the gridding of π belongs to the class Mi,j .
We let Grid(M) denote the set of permutations that admit an M-gridding. This is
clearly a permutation class. A monotone grid class is any permutation class Grid(M) for a
monotone gridding matrix M.
The cell graph of a gridding matrix M, denoted GM , is the graph whose vertices are all
the pairs (i, j) for which Mi,j is an infinite permutation class. Two vertices are adjacent if
they appear in the same row or the same column of M, and there is no other cell containing
an infinite class between them. See Figure 1. A proper-turning path in GM is a path P such
that no three vertices of P share the same row or column.

Grid transforms and orientations
Let π be a permutation of length n with a (k × ℓ)-gridding (c, r), where c = (c1 , . . . , ck+1 )
and r = (r1 , . . . , rℓ+1 ). The reversal of the i-th column of π is the operation that transforms
π into a new permutation π ′ by taking the rectangle [ci , ci+1 − 1] × [1, n] and flipping it along
its vertical axis, thus producing the diagram of a new permutation π ′ . Equivalently, π ′ is
created from π by reversing the order of the entries of π at positions ci , ci + 1, . . . , ci+1 − 1.
We view π ′ as a gridded permutation, with the same gridding (c, r) as π.
Similarly, the complementation of the j-th row transforms the diagram of π by flipping
the rectangle [1, n] × [rj , rj+1 − 1] along its horizontal axis, producing the diagram of a new
gridded permutation π ′ .
We may similarly apply reversals to the columns of a gridding matrix M and complements
to its rows. Reversing the i-th column of M produces a new gridding matrix, in which all the
classes in the i-th column of M are replaced by their reversals. Row complementation of a
gridding matrix is defined analogously. Note that a column reversal or a row complementation
in a gridded permutation or in a gridding matrix is an involution, i.e., repeating the same
operation twice restores the original permutation or matrix. Note also that when we perform
a sequence of column reversals and row complementations, then the end result does not
depend on the order in which the operations were performed.
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To describe succinctly a sequence of row and column operations, we introduce the notion
of (k × ℓ)-orientation, which is a pair of functions F = (fc , fr ) with fc : [k] → {−1, 1} and
fr : [ℓ] → {−1, 1}. Applying the orientation F to a (k × ℓ)-gridded permutation π produces
a new gridded permutation F (π) with the same gridding as π, obtained by reversing each
column i such that fc (i) = −1 and complementing each row j such that fr (j) = −1. The
application of F to a gridding matrix M is defined analogously, and produces a gridding
matrix denoted F (M). Note that (c, r) is an M-gridding of π if and only if it is an
F (M)-gridding of F (π).
An orientation F is a consistent orientation of a monotone gridding
matrix
M, if every


nonempty entry of F (M) is equal to . As an example, the matrix
has a consistent
orientation acting by reversing

 the first column and complementing the first row. On the
other hand, the matrix
has no consistent orientation, since applying any orientation
to this matrix yields a matrix with an odd number of -entries.
The following lemma, due to Vatter and Waton [15], will be later useful.
▶ Lemma 1. Every monotone gridding matrix whose cell graph is acyclic has a consistent
orientation.

Tile assembly
In the hardness reductions that we are about to present, we frequently need to construct
permutations whose diagrams have a natural k × ℓ grid-like structure. We describe such
a diagram by taking each cell individually and describing the points inside it. For such a
description, it is often convenient to assume that each cell has its own coordinate system
whose origin is near the bottom-left corner of the cell. This allows us to describe the
coordinates of the points inside the cell without referring to the position of the cell within the
whole permutation diagram. In effect, we describe the diagram of the gridded permutation by
first constructing a set of independent “tiles” Ti,j for i ∈ [k] and j ∈ [ℓ] of the same size, and
then translating each tile Ti,j to column i and row j of the diagram. On top of that, we often
need to apply an orientation to the gridded permutation whose diagram we constructed.
We now describe the whole procedure more formally. Fix an integer m and recall that an
m-box is a square of the form ( 12 , m + 12 ) × ( 12 , m + 12 ). An m-tile is a finite set of points
inside the m-box. Note that the coordinates of the points in the tile may not be integers. A
(k × ℓ)-family of m-tiles is a collection (Ti,j ; i ∈ [k], j ∈ [ℓ]) where each Ti,j is an M -tile. Let
F be a (k × ℓ)-orientation. The F -assembly of the family (Ti,j ; i ∈ [k], j ∈ [ℓ]) is the gridded
permutation obtained as follows.
First, we translate each tile Ti,j by adding m(i − 1) to each horizontal coordinate and
m(j − 1) to each vertical coordinate. Thus, the m-tiles will be disjoint. If the union of the
translated tiles is not in general position, we rotate it slightly clockwise to reach general
position. Notice that we can do so without changing the relative position of any pair of
points that were already in general position. This yields a point set isomorphic to a unique
permutation π. See Figure 2. Additionally, π has a natural gridding whose cells correspond to
the translated tiles. To finish the construction, we apply the orientation F to π, obtaining the
gridded permutation F (π), which is the F -assembly of the family of tiles (Ti,j ; i ∈ [k], j ∈ [ℓ]).
▶ Observation 2. Let (Ti,j ; i ∈ [k], j ∈ [ℓ]) be a family of tiles, let F be an orientation, and
let M be a gridding matrix such that Ti,j is isomorphic to a permutation from the class Mi,j .
Then the F -assembly of the family of tiles (Ti,j ; i ∈ [k], j ∈ [ℓ]) is a permutation from the
class Grid(F (M)).
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Figure 2 A 2 × 2 family of tiles T on the left and its F -assembly on the right for a 2 × 2 orientation
F given next to each row and column on the right. General position is attained by rotating the
resulting point set clockwise. The dashed lines indicate relative positions of two particular points.

3

Tree-width bounds

3.1

Width of monotone grid classes

We say that a permutation class C has the long path property (LPP) if for every k the
class C contains a monotone grid subclass whose cell graph is a path of length k. The next
proposition builds upon the ideas of Berendsohn et al. [3], who proved a similar result for the
class Av(321) using the fact that this class contains a staircase-shaped grid path of arbitrary
length.
√
▶ Proposition 3. If a permutation class C has the LPP then twC (n) ∈ Ω( n).
Proof. First, we show that C contains for every k a grid subclass whose cell graph is a
proper-turning path of length k, i.e. a path in which no three consecutive vertices are in the
same row or column of the gridding. For the contrary, assume that there is ℓ such that C
does not contain such path of length ℓ. The LPP then implies that C contains for every t a
class Grid(M) where M is either a 1 × t or t × 1 matrix without empty entries. However,
any such matrix of dimensions 1 × n or n × 1 contains all permutations of length n and thus,
C must actually be the class of all permutations that contains all possible proper turning
paths.
So we can suppose that there is a monotone gridding matrix M such that M is a
proper-turning path v1 , . . . , v2m−1 of length 2m − 1 and Grid(M) is contained in C. We
explicitly construct a permutation π ∈ Grid(M) such that Gπ contains an m × m grid graph
as a subgraph. The claim then follows since the tree-width of m × m grid graph is exactly m.
For i ∈ [m] and j ∈ [i], let
pi,j = (m + 2j − i − 1, m + 2j − i − 1),

p2m−i,j = pi,j .

We define a family of 2m-tiles P by setting Pvi to be the set of points pi,j for all possible
choices of j.
Let F be a consistent orientation of M guaranteed by Lemma 1 and let π be the F assembly of P. The sets Pvi were defined in such a way that for every i the points in Pv2i
have both coordinates odd whereas the points in Pv2i+1 have both coordinates even. Since
M is a proper turning path, there are always at most two non-empty tiles sharing the same
row or column in π and in such case they correspond to neighboring vertices of the path.
Moreover, if they share a common row, then the y-coordinates of their points are interleaved,
and if they share a common column, the same holds for the x-coordinates.
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Figure 3 Illustration of the proof of Proposition 3. Embedding a 3 × 3 grid graph (left) into a
permutation from a monotone grid class whose cell graph is a path of length 5 (right).

It remains to show that Gπ contains an m × m grid graph as a subgraph. Let si,j be the
image of pi,j under the F -assembly. We claim that we can map consecutive diagonals of the
grid to the tiles Pvi . See Figure 3. More precisely, for x, y ∈ [m] set
(
sx+y−1,x
if x + y ≤ m + 1,
gx,y =
sx+y−1,m−y+1 otherwise.
We start by showing that for any i ∈ [m − 1], there is an edge between si,j and si+1,j , and
also between si,j and si+1,j+1 . This follows since the points of Pvi and Pvi+1 have their xor y-coordinates interleaved and there is no other tile occupying their shared row or column.
Due to symmetry, it holds that for i > m, there is an edge between si,j and si−1,j and also
between si,j and si−1,j+1 .
If we take x, y ∈ [m] such that x + y ≤ m (i.e. gx,y lies below the anti-diagonal of the
grid), the fact proved in the previous paragraph directly translates to the existence of edges
between gx,y and gx+1,y and between gx,y and gx,y+1 . On the other hand for x, y ∈ [m] such
that x + y ≥ m + 2, the points gx,y , gx−1,y and gx,y−1 translate to sx+y−1,x , sx+y−2,x−1 and
sx+y−2,x . Therefore, in this case there are edges between gx,y and gx−1,y and between gx,y
and gx,y−1 . This concludes the proof as any edge in the m × m grid graph is of one of the
two types whose existence we proved.
◀
√
It turns out that there is a large family of monotone grid classes for which twC ∈ Θ( n),
namely every monotone grid class whose cell graph is not acyclic yet it does not contain two
connected cycles. We include the complete proof in the full version, and here we only briefly
describe its main ideas.
▶ Theorem 4. If M is a connected monotone gridding matrix that contains a single cycle in
√
its cell graph then twGrid(M) (n) ∈ Θ( n)
√
Proof idea. First, we show that twGrid(M) (n) ∈ Ω( n). It has been previously proved by
the authors in [12, Lemma 3.5] that a cycle in a grid class implies the LPP. The lower bound
readily follows from Proposition 3.
For the upper bound, let π be a permutation of Grid(M) with a given M-gridding. We
observe that there is only O(1) edges whose endpoints share neither a common row nor a
common column. Therefore, we can focus on the graph G′ obtained from Gπ by removing
these edges. We subsequently show that G′ can be drawn on a surface of Euler genus 1 with
√
O(n) total crossings. Standard techniques [7] then imply that tw(G′ ) ∈ O( n).
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Figure 4 A schematic drawing of Gπ for π from a unicyclic grid class on the projective plane.
Instead of drawing the specific points of π, we place arrows to indicate the orientation of each cell.
Different color is used for each set of edges that share a single row or column, and the exceptional
edges are omitted.

Suppose that c1 , c2 , . . . , cm are the entries of M that lie on its only cycle in this order.
The cell graph GM consists of the cycle and trees that are attached to it. If we remove all
the edges that participate in the cycle, we end up with m trees T1 , . . . , Tm called tendrils
such that the tree Ti contains the entry ci .
We prove that the points of a single tendril can be drawn on a straight segment in a way
such that the points from different cells are ordered consistently, and moreover, there are
only O(n) crossings between edges going inside a single tendril. We use this to draw each
tendril on a parallel line, called meridian, and subsequently, we draw the edges connecting
points in different tendrils as polylines that do not cross each other. We are forced to add
one crosscap between some pair of meridians if M does not admit a consistent orientation.
Finally, we check that we produced at most O(n) crossing between the edges whose endpoints
occupy a single tendril and the edges connecting two different tendrils. See Figure 4.
◀
For integer constants c and d, a c-subdivided binary tree of depth d is a graph obtained
from a binary tree of depth d by replacing every edge by a path of length at most c. We say
that a permutation class C has the deep tree property (DTP) if there is a constant c such that
for every d, the class C contains a monotone grid subclass whose cell graph is a c-subdivided
binary tree of depth d. Observe that DTP straightforwardly implies LPP. We say that a
class C has near-linear width if twC (n) ∈ Ω(n/ log n).
▶ Proposition 5. If a permutation class C has the DTP, then it has near-linear width.
Proof. Inspired by the approach of Berendsohn [3], we want to show that for a graph G of
large tree-width, we can find a permutation σ ∈ C such that Gσ contains G as a minor while
the length of σ exceeds the size of G by at most a logarithmic factor.
To that end, fix an arbitrary graph G with vertex set VG = [n] and edges {e1 , . . . , em }
where ei = {ai , bi }. Let M be a monotone gridding matrix such that Grid(M) ⊆ C and the
cell graph of M is a c-subdivided binary tree with exactly m leaves. Let r denote the root of
this tree. It follows that the tree has maximal depth at most c(log m + 1). We turn GM into
an oriented graph by orienting all edges consistently away from r. For any vertex v of the
tree, the descendants of v, denoted by D(v), are all the out-neighbors of v.
We assign a set Aw ⊆ VG to each vertex w of the tree. First, we arbitrarily order the m
leaves of GM as v1 , . . . , vm . Then we inductively define
(
{ai , bi }
if w = vi for i ∈ [m] where ei = {ai , bi },
Aw = S
(1)
otherwise.
v∈D(w) Av
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P
We remark that v |Av | = O(m log m) since each vertex i ∈ VG is present in exactly
deg(i) leaves and in the paths of length O(log m) that connect those leaves to r. We proceed
to define a family of m-tiles P by setting Pv = {(i, i) | i ∈ Av } for every vertex v of the tree,
and keeping all the other tiles empty.
Let F be a consistent orientation obtained from the application of Lemma 1 on M and
let π be the F-assembly of P. Since every tile is an increasing point set, it follows that π
belongs to Grid(M).
In order to simplify the rest of the proof, we color S with n colors. We assign a color
i ∈ VG to a point p ∈ S with preimage (i, i) in Px,y . We claim that S satisfies the following
conditions:
(a) The subgraph of Gπ induced by a single color is connected;
(b) For each edge ei = {ai , bi } of G there is an edge in Gπ between a vertex of color ai and
a vertex of color bi .
Fix a color i ∈ VG . Let Qi be the set of all vertices v of GM such that i ∈ Av . Clearly,
Qi induces a connected subtree of GM . Recall that every point of color i has always the
coordinates (i, i) inside any tile. It follows that for points (i, i) in two neighboring tiles,
the F -assembly of P transforms them first to points that share one coordinate and then by
rotating slightly clockwise makes them either horizontal or vertical neighbors. Therefore, the
subgraph of Gπ induced by color i is connected, which proves a.
Every leaf vi must be the only non-empty vertex in its row or column. Let us assume the
latter case as the other one is symmetric. Therefore, the two points contained in the image
of Pvi form an edge in Gπ since no other point lies in the vertical strip between them. In
particular, the leaf vi satisfies the condition b for edge ei .
The conditions a and b together imply that we can obtain a supergraph of G by contracting
every monochromatic subgraph of Gπ to a single vertex and thus, G is a minor of Gπ . Observe
P
that the total size of π is equal to v |Av | which we showed to be O(m log m). And since
there exist graphs on n vertices with O(n) edges and tree-width Ω(n), we deduce that
twC (n) ≥ twGrid(M) (n) ∈ Ω(n/ log n).
◀
We continue by introducing a different property that implies the deep tree property and
is at the same time easier to show for a specific class C. A permutation class C has the bicycle
property if it contains a monotone grid subclass whose cell graph is connected and contains
at least two cycles. We include the full, rather technical, proof in the full version, providing
here with only a brief sketch.
▶ Proposition 6. If a permutation class C has the bicycle property, then it also has the DTP
(and therefore near-linear width).
Proof idea. The proof consists of two parts. First, we will show that there is always a grid
subclass of C that contains in its cell graph two connected cycles of a certain special type.
To that end, observe that the cell graph GM can either be two cycles connected by a path or
one cycle with a chord. For the latter case, we show that by replacing each entry in M with
a suitable 3 × 3 matrix, we obtain a matrix N such that Grid(N ) is a subclass of Grid(M)
and moreover, the cell graph GN contains two cycles joined with a path. See Figure 5.
In the second step, we find a way to wind a c-subdivided binary tree of arbitrary depth
into the two cycles joined with a path and thus, showing that C has the DTP.
◀
For monotone grid classes, the results of this section imply a sharp dichotomy.
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Figure 5 Left: a gridding matrix M whose cell graph is a cycle with a chord. Right: a gridding
matrix N such that Grid(N ) is contained in Grid(M) and the cell graph GN consists of two cycles
joined by a path.

▶ Corollary 7. For a monotone grid class Grid(M) exactly one of the following holds.
GM is acyclic and twC (k) ∈ Θ(1).
√
GM contains at most one cycle in each component, C has LPP and twC (k) ∈ Θ( k).
GM has a component with at least two cycles, C has DTP and twC (k) ∈ Ω(k/ log k).

3.2

The case of principal classes

In this section, we investigate the long path and deep tree properties of principal classes, i.e.,
the classes of the form Av(π). Combined with the results of Subsection 3.1, it allows us to
infer lower bounds for the tree-width growth function of Av(σ). Whereas together with the
results of Section 4, we obtain conditional lower bounds for counting patterns from Av(σ).
Let us note that previously Berendsohn [2] has shown that for any π of length at least 4 that
is not symmetric to one of {3412, 3142, 4213, 4123, 42153, 41352, 42513}, the class Av(π) has
near-linear width. We reproduce and improve this result in a concise way with the tools that
we have built up.
The k-step increasing (C, D)-staircase, denoted by Stk (C, D) is a grid class Grid(M) of a
k × (k + 1) gridding matrix M such that the only non-empty entries in M are Mi,i = C and
Mi,i+1 = D for every i ∈ [k]. In other words, the entries on the main diagonal are equal to C
and the entries of the adjacent lower diagonal are equal to D. The increasing (C, D)-staircase,
denoted by St(C, D), is the union of Stk (C, D) over all k ∈ N.
The authors [13] recently showed that Av(σ) contains a certain staircase class for three
patterns of length 3 and certain 2 × 2 grid classes for four patterns of length 4. Moreover, at
least one of these patterns or their symmetries is contained in every permutation of length at
least 4 that is not symmetric to one of 3412, 3142, 4213, 4123 or 41352.
▶ Proposition 8 (Jelínek et al.[13]). We have St( , Av(321)) ⊆ Av(4321), St( , Av(231)) ⊆
Av(4231) and St( , Av(312)) ⊆ Av(4312).
▶ Proposition 9 (Jelínek
The class Av(σ) contains the class Grid(M) for the
 et al.[13]).

gridding matrix M = Av(π)
whenever
π = 132 and σ = 14523, or
π = 231 and σ = 24513, or
π = 321 and σ ∈ {32154, 42513}.
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σ
1, 21, 312
321, 3412, 3142,
4213, 4123, 41352
All other

LPP, DTP of Av(σ)
neither LPP nor
DTP
LPP but not DTP

both LPP and DTP

Comment
twAv(σ) ∈ Θ(1) by Ahal and Rabinovich [1] which
would contradict Proposition 3.
LPP of 321 and 3412 follows due to Jelínek and
Kynčl [11], the rest contains either 123 or 321. The
absence of DTP is proved in the full version.
DTP by Proposition 10, LPP follows.

Figure 6 The long path and deep tree properties of principal classes, i.e. classes of form Av(σ).
Only one pattern σ from each symmetry group is listed.

▶ Proposition 10. If σ is a permutation of length at least 4 that is not in symmetric to any
of 3412, 3142, 4213, 4123 or 41352, then Av(σ) has the bicycle property and thus, Av(σ) has
near-linear width.
Proof. We start by proving that every class defined by forbidding a pattern of length 3 must
contain a special type of monotone grid subclass. For arbitrary π of length 3, the class Av(π)
contains a grid class Grid(M) such that M is a 2 × 2 monotone gridding matrix with three
non-empty entries. Since there are only two different symmetry types of permutations of
length 3, it is enough to check that




Grid
⊆ Av(321) and Grid
⊆ Av(132).
·

·

First, we prove the claim for the patterns that appear in Proposition 8. Let σ ∈ {4321,
4231, 4312} and take a 3-step increasing staircase St3 ( , Av(π)) for π of length 3 that is
contained in Av(σ). Let M′ be a 6×8 monotone gridding
matrix
obtained from St3 ( , Av(π))


·
by replacing every -entry by the identity matrix
and every Av(π)-entry with its
·

2 × 2 monotone grid subclass which has three non-empty entries. Clearly, Grid(M′ ) is a
subclass of Av(σ), and it is easy to check that for any π, the cell graph of M′ is connected
and contains two cycles.
We prove the claim for the patterns that appear in Proposition 9 in a similar
fashion.


Let σ ∈ {14523, 24513, 32154, 42513} and take M to be the grid class Grid Av(π)
for
′
π of length 3 that is contained in Av(σ). Similar to before,let M
 be the gridding matrix
obtained from M by replacing the -entry with the matrix ·
, both -entries with the
·


· , and Av(π) with its 2 × 2 monotone grid subclass which has three non-empty
matrix
·

entries. Again, Grid(M′ ) is a subclass of Av(σ), and it is easy to check that for any π, the
cell graph of M′ is connected and contains two cycles.
◀
We can actually show that the DTP cannot get us any further, since for any σ ∈ {3412,
3142, 4213, 4123, 41352}, the class Av(σ) does not have the DTP. See the full version for the
whole discussion. Hereby, we actually obtained a complete knowledge of LPP and DTP for
principal classes. See Figure 6.

4

Hardness of #PPM

In this section, we provide conditional lower bounds for modified variants of C-Pattern
PPM given LPP or DTP. The results of this section are proved under a slightly stronger
assumptions about the classes. Apart from the LPP or DTP property, we furthermore require
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an algorithm that provides a witnessing long path or deep tree. Formally, a class C has the
computable LPP if it has the LPP and there is an algorithm that, for a given k, outputs the
description of a monotone grid subclass of C whose cell graph is a path of length k. Similarly,
a class C has the computable DTP if it has the DTP and there is an algorithm that, for
a given k, outputs the description of a monotone grid subclass of C whose cell graph is a
c-subdivided binary tree of depth k. Observe that all the specific examples of classes we
encountered (and especially the principal classes in Subsection 3.2) posses the computable
version of their corresponding properties.
We will reduce from the well-known problem partitioned subgraph isomorphism (PSI)
defined as follows. We receive on input two graphs G = (VG , EG ) and H = (VH , EH ) together
with a coloring χ : VH → VG of vertices of H, using the vertices of G as colors. We have
to decide if there is a mapping ϕ : VG → VH such that whenever {u, v} ∈ EG then also
{ϕ(u), ϕ(v)} ∈ EH and moreover χ(ϕ(v)) = v for every v ∈ VG . Less formally, we aim to find
G as a subgraph of H, but we prescribe in advance where each vertex can be mapped to. It
is a well-known fact that PSI is hard to solve.
▶ Theorem 11 (Marx [14], Bringmann et al. [5]). Unless ETH fails, PSI cannot be solved in
time f (k) · no(k/ log k) for any function f , where n = |VH | and k = |EG |. This is true even
when we require G to have exactly as many vertices as edges.
If we additionally fix G to be the clique on k vertices we obtain the problem called
Partitioned Clique. Formally, the input to Partitioned Clique consists of a graph
H = (VH , EH ) together with a coloring χ : VH → [k] and we have to decide if there is a
k-clique in H that hits all k available colors. It is easy to see that Partitioned Clique can
be solved in time f (k) · nO(k) . However, there is also a matching conditional lower bound.
▶ Theorem 12 (Cygan et al. [6]). Unless ETH fails, Partitioned Clique cannot be solved
in time f (k) · no(k) for any function f , where n = |VH |.
We shall also not reduce directly to the problems of interest. Rather, we first reduce to
the C-Pattern Anchored PPM (C-Pattern APPM) problem, defined as follows. The input
consists of permutations π ∈ C and arbitrary τ together with pairs of points A in π and B in
τ that are called anchors. We are promised that arbitrary inflation of the points in A with
either two increasing or two decreasing sequences creates π ′ that is still contained in C. The
goal is to decide whether there is an embedding of π into τ that maps A to B.
For C with the computable LPP, we are able to reduce Partitioned Clique to CPattern APPM such that the size of the pattern π is linear in the number of vertices
of the clique. And for C with the computable DTP, we provide a reduction from PSI to
C-Pattern APPM such that the size of π is almost linear in the size of the graph G. Due to
the space constraints and technicality of the reductions, we include here only brief overviews
and describe both of them, including the proofs of correctness in the full version.
▶ Lemma 13. Let C be a class with the computable LPP. An instance (G, χ) of Partitioned
Clique can be reduced to an instance (π, τ, A, B) of C-Pattern APPM where |π| ∈ O(k 2 )
and |τ | ∈ O(|VH |2 ) in time f (k) · |VH |O(1) for some function f . Moreover, tw(π) ∈ O(k).
Proof idea. Using the computable LPP, we obtain a monotone gridding matrix M such that
Grid(M) is a subclass of C and the cell graph of M is a proper-turning path with 4k − 2
vertices v1 , . . . , v4k−2 . We construct the pattern π via an F -assembly from a family of tiles
P and the text τ from a family of tiles T where the only non-empty tiles in both families
correspond to the non-empty entries of M and moreover, each non-empty tile in P is an
increasing sequence.
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The first tiles Pv1 and Tv1 both contain only pair of elements whose images under the
F-assembly are taken as the anchors A and B. Their role is to guarantee that any embedding
of π into τ that maps A to B must be grid-preserving, i.e. it maps the image of the tile Pvi
to the image of the tile Tvi for every i. The second pair of tiles Pv2 and Tv2 then simulates
a mapping ϕ : [k] → VH that respects the coloring χ. And finally for every i ∈ [k], the
tiles corresponding to vertices v4a−1 , v4a , v4a+1 and v4a+2 verify that there is an edge in H
between the vertex ϕ(i) and ϕ(j) for every j > i.
◀
▶ Lemma 14. Let C be a class with the computable DTP. An instance (G, H, χ) of PSI can
be reduced to an instance (π, τ, A, B) of C-Pattern APPM where |π| ∈ O(|EG | · log |EG |)
and |τ | ∈ O(|EH | + |VH | · |EG |) in time f (|EG |) · |VH |O(1) for some function f .
Proof idea. In this reduction, we combine the ideas of the reduction for the LPP (Lemma 13)
with the proof that DTP implies near-linear tree-width (Proposition 5).
Using the computable DTP, we obtain a monotone gridding matrix M such that Grid(M)
is a subclass of C and the cell graph of M is a c-subdivided binary tree with |EG | leaves.
Additionally, we require that the root r of the tree has a single child r′ , and that each parent
of a leaf has no other children. We again construct the pattern π via an F -assembly from
a family of tiles P and the text τ from a family of tiles T where the only non-empty tiles
in both families correspond to the non-empty entries of M with each non-empty tile in P
being an increasing sequence.
We set the tiles Pr and Tr to contain each a pair of elements which become the anchors
A and B under the F -assembly and which guarantee that any embedding of π into τ
that respects the anchors must be grid-preserving. Using the same idea as in the proof of
Lemma 13, the pair of tiles Pr′ and Tr′ is used to simulate a mapping ϕ : VG → VH that
respects the coloring χ. But now instead of verifying sequentially the neighborhood of each
vertex in G, we aim to verify the existence of each edge in a particular leaf.
Set k = |EG |. Following along the proof of Proposition 5, we orient the edges of the cell
graph GM consistently away from r and for any vertex v, the descendants of v, denoted
by D(v), are all the out-neighbors of v. We arbitrarily order the edges EG = {e1 , . . . , ek }
and also the k leaves of GM as v1 , . . . , vk , and we define the sets Aw exactly as in (1). We
additionally assume that Ar = [k] which corresponds to G having no isolated vertices. We
P
again have v Av ∈ O(k log k).
Now we spread the information about the mapping ϕ from r′ to each leaf while keeping
in each vertex only the information necessary to decide the existence of edges assigned to
leaves in its subtree. In other words for a vertex v, we force the mapping of Pv into Tv to
encode the mapping ϕ restricted to Av . This in particular allows us to bound the size of
π by O(k log k). Finally, we use the leaf vi and its parent to test the existence of an edge
{ϕ(ai ), ϕ(bi )} ∈ EH where ei = {ai , bi } using the same construction as in Lemma 13.
◀
Observe that both reductions produce π and τ as gridded permutations belonging to some
monotone grid class Grid(M) via an F -assembly from families of tiles. Importantly, they
share the property that any embedding of π into τ that maps A to B must be grid-preserving,
i.e., it maps the (i, j)-cell of the gridding of π to th (i, j)-cell of the gridding of τ for every i
and j. Moreover, both A and B are pairs of consecutive points in the left-to-right order.

4.1

Consequences

▶ Theorem 15. If C has the computable long-path property then C-Pattern PPM cannot
be solved in time f (t) · no(t) where t = tw(π) for any function f , unless ETH fails.
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Proof. Let (π, τ, A, B) be the instance of C-Pattern APPM produced by Lemma 13 and
let m be the length of τ . We define π ′ as the permutation obtained from π by inflating both
of the anchors in A with either two increasing or decreasing sequences of length m such that
π ′ is still contained in C. Recall that one of these inflations is always possible. And similarly,
we let τ ′ be the permutation obtained from τ by inflating both of the anchors in B with the
same type of monotone sequences of length m as in π ′ .
We claim that π ′ is contained in τ ′ if and only if (π, τ, A, B) is a positive instance of
C-Pattern APPM. It is clear that if there is an embedding of π into τ that maps A to B,
then there is an embedding of π ′ into τ ′ .
For the other direction, assume there is an embedding ϕ of π ′ into τ ′ . The inflated
anchors in π ′ contain exactly 2m points while τ ′ contains only m − 2 points outside of its
inflated anchors. Therefore, at least m + 2 points of the inflated anchors in π ′ are mapped
by ϕ to the inflated anchors in τ ′ and in particular, there must be at least one point in each
of the anchors in π ′ mapped to the corresponding anchor in τ ′ . Since the anchors A and B
are pairs of consecutive points, observe that we can, in fact, map the whole inflated anchors
in π ′ to the inflated anchors in τ ′ . It follows that we obtain a desired anchored embedding of
π into τ by deflating the anchors back to a single point.
Finally, we show that tw(π ′ ) ≤ tw(π) + 2. The desired bound follows as otherwise, we
could use a faster algorithm for C-Pattern PPM to decide the instance (π, τ, A, B) of
C-Pattern APPM and consequently refute ETH by the “moreover” part of Lemma 13.
We claim that in general, if σ ′ is obtained from σ by inflating one point with a monotone
sequence then tw(σ ′ ) ≤ tw(σ) + 1. To see that, notice that when we inflate a point of σ with
a monotone sequence of length 2, we get σ ′ such that tw(σ ′ ) ≤ tw(σ) + 1. However, if we
inflate the same point by a longer monotone sequence and obtain a permutation σ ′′ then
Gσ′′ can be obtained by edge subdivisions from Gσ′ , and it is well-known that subdividing
en edge does not increase tree-width.
◀
In order to show the hardness of C-Pattern #PPM, we first reduce to an intermediate
problem called C-Pattern Surjective Colored PPM (C-Pattern SCPPM) whose input
consists of a pattern π ∈ C, a text τ and a coloring χ : τ → [t]. We need to decide whether
there is an embedding of π into τ that hits all t possible colors. This intermediate reduction
allows us to infer conditional lower bounds for C-Pattern #PPM via the following lemma.
▶ Lemma 16 (Berendsohn [2]). Let there be an algorithm that solves C-Pattern #PPM in
time f (k) · nO(g(k)) for some functions f and g. Then C-Pattern SCPPM can be solved in
time h(k) · nO(g(k)) for some function h.
▶ Lemma 17. An instance (π, τ, A, B) of C-Pattern APPM produced by Lemma 13 or
14 can be reduced to an instance (π ′ , τ ′ , χ) of C-Pattern SCPPM where |π ′ | ∈ O(|π|) and
|τ ′ | ∈ O(|τ |) in polynomial time.
Proof. The general idea of the proof is the same as in Theorem 15 – we force matching of
the anchors by inflating them with long monotone sequences. The C-Pattern SCPPM
problem, however, allows us to use sequences with length depending only on π. Let k be
the length of π and let π ′ be the permutation obtained by inflating the anchors A with
either two increasing or decreasing sequences of length k such that π ′ ∈ C, and let τ ′ be the
permutation obtained by the same inflation of the anchors B. We define χ : τ → [2k + 1]
by coloring every point added during the inflation with a unique color and using a single
additional color for every other point. Clearly, |π ′ | ∈ O(|π|) and |τ ′ | ∈ O(|τ |).
We need to verify the correctness of our construction. If (π, τ, A, B) is a positive instance
of C-Pattern APPM then (π ′ , τ ′ , χ) is a positive instance of C-Pattern SCPPM as
we can simply map the inflated anchors of π ′ to the inflated anchors of τ ′ . For the other
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direction, assume there is an embedding ϕ of π ′ into τ ′ that hits all the 2k + 1 colors. In
other words, the image of π ′ under ϕ contains the whole inflated anchors of τ ′ . Since there
are only k − 2 points in π ′ outside of the anchors, at least k + 2 points of the anchors in π ′
maps to the anchors in τ ′ . In particular, there must be at least one point in each of the two
increasing inflated anchors in π ′ that maps to the corresponding anchor in τ ′ . By the same
argument as in the proof of Theorem 15, we conclude that the inflated anchors map without
loss of generality to the inflated anchors.
◀
▶ Theorem 18. Unless
ETH fails, C-Pattern #PPM cannot be solved for any function f
√
o( k )
in time f (k) · n
if C has the computable LPP, and
2
in time f (k) · no(k/ log k) if C has the computable DTP.
Proof. For C with the computable LPP, a faster algorithm would refute ETH via
Lemma 13

Lemma 17

Lemma 16

Partitioned Clique → C-Pattern APPM → C-Pattern SCPPM → C-Pattern #PPM

Whereas for C with the computable DTP, a faster algorithm would refute ETH via
Lemma 14

Lemma 17

Lemma 16

PSI → C-Pattern APPM → C-Pattern SCPPM → C-Pattern #PPM.

◀
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Introduction

In a graph modification problem, the input consists of an n-vertex graph G and an integer k.
The objective is to determine whether k modification operations – such as vertex deletions,
or edge deletions, insertions or contractions – are sufficient to obtain a graph with prescribed
structural properties such as being planar, bipartite, chordal, interval, acyclic or edgeless.
Graph modification problems include some of the most basic problems in graph theory and
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graph algorithms. Unfortunately, most of these problems are NP-complete [25, 33]. Therefore,
they have been studied intensively within various algorithmic paradigms for coping with
NP-completeness [14, 17, 27], including approximation algorithms, parameterized complexity,
and algorithms for restricted input classes.
Graph modification problems have played a central role in the development of parameterized complexity. Here, the number of allowed modifications, k, is considered a parameter.
With respect to k, we seek a fixed parameter tractable (FPT) algorithm, namely, an algorithm
whose running time has the form f (k)nO(1) for some computable function f . One way to
obtain such an algorithm is to exhibit a kernelization algorithm, (or kernel, for short). A
kernel for a graph problem Π is an algorithm that given an instance (G, k) of Π, runs in
polynomial time and outputs an equivalent instance (G′ , k ′ ) of Π such that |V (G′ )| and k ′
are upper bounded by f (k) for some computable function f . The function f is called the size
of the kernel, and if f is a polynomial function, then we say that the kernel is a polynomial
kernel. A kernel for a problem immediately implies that it admits an FPT algorithm, but
kernels are also interesting in their own right. In particular, kernels allow us to model the
performance of polynomial time pre-processing algorithms. The field of kernelization has
received considerable attention, especially after the introduction of the methods for proving
kernelization lower bounds [3, 7, 8, 11, 16, 20, 21]. We refer to the surveys [15, 19, 24, 26],
as well as the books [6, 10, 12, 30], for a detailed treatment of the area of kernelization. In
this paper, we study the kernelization complexity of the following problem.
Bipartite Permutation Vertex Deletion (BPVD)
Parameter: k
Input: A graph G and an integer k.
Question: Does there exist a subset S ⊆ V (G) of size at most k such that G − S is a
bipartite permutation graph?
A graph G is a permutation graph, if the vertices represent the elements of a permutation,
and edges represent pairs of elements that are reversed by the permutation. Alternatively, a
permutation graph can be defined as an intersection graph of line segments whose endpoints
lie on two parallel lines L1 and L2 , with one endpoint of each line segment lying on L1 and
the other endpoint on L2 . Due to their intriguing combinatorial properties and modelling
power, the class of permutation graphs is one of the well-studied graph classes [5, 18]. As a
subclass of perfect graphs, many problems that are NP-complete on general graphs can be
solved efficiently on permutation graphs, such as Clique, Independent Set, Chromatic
Number, Treewidth and Pathwidth. Further, there is a linear time algorithm to test
whether a given graph is a permutation graph, and if so construct a permutation representing
it [29]. Whether Permutation Vertex Deletion admits an FPT algorithm has been a
longstanding open problem in the area. In order to make progress on this open problem,
recently, Bożyk et al. [4] studied the problem of deleting vertices to a subclass of permutation
graphs. The subclasses of permutation graphs include the classes of bipartite permutation
graphs (characterized by Spinrad, Brandstädt & Stewart 1987 [31]) and cographs. While the
fixed-parameter tractability of vertex deletion to cographs follows easily because of the finite
forbidden characterization (as induced subgraphs) of cographs, no such result was known for
vertex deletion to bipartite permutation graphs. Bożyk et al. [4] studied BPVD, and showed
that the problem admits a factor 9-approximation algorithm as well as a FPT algorithm
running in time O(9k n9 ). A natural follow-up question to this work, explicitly asked in [4],
is whether BPVD admits a polynomial kernel. In this paper, we resolve this question in the
affirmative.
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Figure 1 The set of obstructions for a bipartite permutation graph (Figure from [4]).

▶ Theorem 1. Bipartite Permutation Vertex Deletion admits a polynomial kernel.

1.1

Methods

Our kernelization heavily uses the characterization of bipartite permutation graphs in terms
of their forbidden induced subgraphs, also called obstructions. Specifically, a graph H is an
obstruction to the class of bipartite permutation graphs if H is not a bipartite permutation
graph and H − {v} is a bipartite permutation graph for every vertex v ∈ V (H). A graph
G is a bipartite permutation graph if and only if it does not contain any obstruction as
an induced subgraph. The set of obstructions to bipartite permutation graphs have been
completely characterized by Spinrad et al. [31]. It consists of T2 , X2 , X3 , K3 , as well two
infinite families of graphs: even cycles of length at least 6, and odd cycles of length at least 5
(see Figure 1). We call any obstruction of size less than 45 a small obstruction, and call all
other obstructions large obstructions. Note that every large obstruction is a hole (induced
cycle) of length at least 45.
The first ingredient of our kernelization algorithm is the factor 9 polynomial time
approximation algorithm for BPVD by Bożyk et al. [4]. We use this algorithm to obtain
an approximate solution of size at most 9k, or conclude that no solution of size at most k
exists. We grow this approximate solution to a solution T of size O(k 45 ), such that every set
Y ⊆ V (G) of size at most k is a minimal hitting set for small obstructions in G if and only
if Y is a minimal hitting set for small obstructions in G[T ]. Once we have T (also called a
modulator), we know that G − T is a bipartite permutation graph. Let S be a minimal (or
minimum) solution of size at most k. Then, the only purpose of vertices in S ∩ (V (G) \ T ) is
to hit large obstructions. Next, we analyze the graph G − T , and reduce its size by applying
various reduction rules.
For the kernelization algorithm, we look at G − T , and focus on one connected component
of G − T . Since G − T is a bipartite permutation graph, it has a “complete bipartite
decomposition” [32]. For our kernelization purpose, we heavily use this known decomposition.
A biclique or a complete bipartite graph is a bipartite graph where every vertex of the first part
is adjacent to every vertex of the second part. We give a semi-formal definition of a complete
bipartite decomposition [32]. Let H = G − T and π be an ordering of V (H). A sequence
of vertex subsets (Q1 , R1 , Q2 , R2 , . . . , Qs , Rs ), where Qi , Ri ⊆ V (H) for every i ∈ [s], is said
to be a complete bipartite decomposition of H if the following holds. The vertex subsets
partition V (H), H[Qi ] is a biclique for every i ∈ [s], Ri is an independent set for every
i ∈ [s], and Q1 <π R1 <π Q2 <π R2 <π · · · <π Qs <π Rs . That is, if X <π Y , then every
vertex in X appears before every vertex in Y in π. Further, for i, j ∈ [s], if E(Qi , Qj ) ̸= ∅,
then |i − j| ≤ 1, for i, j ∈ [s], if E(Qi , Rj ) ̸= ∅, then i = j, and for i, j ∈ [s] with i ̸= j, we
have E(Ri , Rj ) = ∅. Here, E(X, Y ) denotes the set of edges with one endpoint in X and the
other in Y . Informally, (Q1 , R1 , Q2 , R2 , . . . , Qs , Rs ), is a partition of V (H), where each part
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is either a biclique or an independent set, and each set has edges only in the neighboring
parts. The complete bipartite decomposition is similar to the clique partition used by Ke et
al. [23] for designing a polynomial kernel for vertex deletion to proper interval graphs.
In the first phase, we bound the maximum biclique size in G − T , i.e., the size of Qi
for i ∈ [s]. Our biclique-reduction procedure builds upon the clique-reduction procedure of
Marx [28], which was used in the kernelizations for Chordal Vertex Deletion [1, 22]
and Interval Vertex Deletion [2]. The procedure of Marx [28] as well as our procedure
are based on an “irrelevant vertex rule”. In particular, we find a vertex that is not necessary
for a solution of size at most k, and delete it. And after this procedure we reduce the size of
each biclique in G − T by k O(1) . Next, using a simple marking procedure we bound the size
of Ri for i ∈ [s] as well.
In the second phase we bound the size of the connected component of G − T we started
with. Towards this, we first bound the number of bicliques in Q1 , Q2 , . . . , Qt that contain a
neighbor of a vertex in T (say good bicliques). We use small obstructions, and in particular T2
(the subdivided claw), and K3 (the triangle) to bound the number of good bicliques by k O(1) .
This automatically divides the biclique partition into chunks. Mark all the good bicliques. A
maximal set of unmarked bicliques between two marked bicliques form a chunk. It is clear
that the number of chunks is upper bounded by k O(1) . Finally, we use structural analysis to
bound the size of each chunk, which includes the design of a reduction rule that computes a
minimum cut between the two good bicliques that border the chunk. In particular, we show
that each chunk can be replaced by a graph of size k O(1) . We remark that the procedure also
needs to handle the presence of independent sets R1 , R2 , . . . , Rs , which we have completely
ignored in the discussion here.
Until now we have assumed that G − T is connected. Finally, again using the obstructions
T2 and K3 , we show that the number of connected components in G − T is upper bounded by
k O(1) . Using this bound, together with the facts that |T | ≤ k O(1) , and that each connected
component is of size k O(1) , we are able to deduce our polynomial kernel for BPVD.

2

Preliminaries

In this section, we define some notations and list some properties of bipartite permutation
graphs.
Standard Notation. For a positive integer n, we denote the set {1, 2, . . . , n} by [n]. For a
graph G, V (G) and E(G) denote the set of vertices and edges, respectively. Two vertices u, v
are said to be adjacent if there is an edge (denoted as uv) between u and v. Given vertex
subsets X, Y ⊆ V (G), such that X ∩ Y = ∅, E(X, Y ) denotes the set of edges with one
endpoint in X and the other in Y . The neighbourhood of a vertex v, denoted by NG (v), is
the set of vertices adjacent to v. The subscript in the notation for neighbourhood is omitted,
if the graph under consideration is clear. For a set M ⊆ V (G) and a vertex u ∈ V (G), by
M (u) we denote N (u) ∩ M . For a set S ⊆ V (G), G − S denotes the graph obtained by
deleting S from G and G[S] denotes the subgraph of G induced on S. A path P = v1 , . . . , vℓ
is a sequence of distinct vertices where every consecutive pair of vertices is adjacent. We say
that P starts at v1 and ends at vℓ . The vertices (or vertex set) of P , denoted by V (P ), is the
set {v1 , . . . , vℓ }. The endpoints of P is the set {v1 , vℓ } and the internal vertices of P is the
set V (P ) \ {v1 , vℓ }. The length of P is defined as |V (P )|. A cycle is a sequence v1 , . . . , vℓ
of vertices such that v1 , . . . , vℓ is a path and vℓ v1 is an edge. A set Q ⊆ V (G) of pairwise
adjacent vertices in G is called a clique. For graph theoretic terms and definitions not stated
explicitly here, we refer to [9].
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Bipartite permutation graph

The characterization of bipartite permutation graphs presented below was proposed by
Spinrad et al. [31]. Let G be a connected bipartite graph with vertex bipartition (A, B). A
linear order (B, <B ) satisfies the adjacency property if for each vertex u ∈ A the set N (u)
consists of vertices that are consecutive in (B, <B ). A linear order (B, <B ) satisfies the
enclosure property if for every pair of vertices u, u′ ∈ A such that N (u) is a subset of N (u′ ),
vertices in N (u′ ) \ N (u) occur consecutively in (B, <B ). A strong ordering of the vertices
of A ∪ B consists of linear orders (A, <A ) and (B, <B ) such that for every (u, w′ ), (u′ , w) in
E(G), where u, u′ are in A and w, w′ are in B, u<A u′ and w<B w′ imply that (u, w) ∈ E(G)
and (u′ , w′ ) ∈ E(G). Note that whenever (A, <A ) and (B, <B ) form a strong ordering of
A ∪ B, then (A, <A ) and (B, <B ) satisfy the adjacency and enclosure properties.
▶ Theorem 2 ([31]). The following three statements are equivalent for a connected bipartite
graph G = (A, B, E):
1. (A, B, E) is a bipartite permutation graph.
2. There exists a strong ordering of A ∪ B.
3. There exists a linear order (B, <B ) of B satisfying adjacency and enclosure properties.
Notation on ordering. Let G be a bipartite permutation graph with a vertex bipartition,
say (A, B), of G. Fix a strong ordering, say π, of (A, B). Let πA and πB be the restriction
of π on A and B, respectively, that is, πA and πB are linear orderings of the vertices of
A and B. For X ∈ {A, B} and a pair of vertices x, y ∈ X, we say x <πX y if x appears
before y in the ordering πX . Similarly, for X ∈ {A, B} and Y, Y ′ ⊆ X, we say Y <π Y ′ if
y <πX y ′ for every y ∈ Y and y ′ ∈ Y ′ . More generally, for Y, Y ′ ⊆ A ∪ B, we write Y <π Y ′
if Y ∩ A <π Y ′ ∩ A and Y ∩ B <π Y ′ ∩ B. For X ∈ {A, B}, a set Y ⊆ X and an integer
q, where 1 ≤ q ≤ |Y |, we write FqY to denote the first q vertices of Y in the ordering πX .
Similarly, we write LYq to denote the last q vertices of Y in the ordering πX .

2.2

Complete Bipartite Decomposition

We start by defining the notion of complete bipartite decomposition.
▶ Definition 3 (Complete Bipartite Decomposition,[32]). Consider a bipartite permutation
graph G with vertex bipartition (A, B) and a strong ordering π of (A, B). A sequence of
vertex subsets (Q1 , R1 , Q2 , R2 , . . . , Qs , Rs ), where Qi , Ri ⊆ V (G) for every i ∈ [s], is said to
be a complete bipartite decomposition of G if the following properties hold:
1.
2.
3.
4.
5.
6.
7.

{Q1 , R1 , Q2 , R2 , . . . , Qs , Rs } is a partition of V (G),
G[Qi ] is a biclique for every i ∈ [s],
Ri is an independent set for every i ∈ [s],
Q 1 < π R1 < π Q 2 < π R2 < π · · · < π Q s < π Rs ,
for i, j ∈ [s], if E(Qi , Qj ) ̸= ∅, then |i − j| ≤ 1,
for i, j ∈ [s], if E(Qi , Rj ) ̸= ∅, then i = j,
for i, j ∈ [s], we have E(Ri , Rj ) = ∅.

The next lemma proves that every connected bipartite permutation graph has a complete
bipartite decomposition and further, it can be computed in polynomial time.
▶ Lemma 4 ([32]). Every connected bipartite permutation graph has a complete bipartite
decomposition. Moreover, there is a polynomial time algorithm that takes a connected bipartite
permutation graph G with a fixed vertex bipartition (A, B) and a fixed strong ordering π of
(A, B) as input, and returns a complete bipartite decomposition of G.
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3

Constructing a Nice Modulator

We classify the set of obstructions for bipartite permutation graphs as follows. Any obstruction
of size less than 45 is known as a small obstruction, while other obstructions (holes) are said
to be large. In this section we design a modulator, with some additional properties, of size
k O(1) to bipartite permutation graph. For this we will utilize the following known results.
▶ Theorem 5 ([4]). There exists a factor 9-approximation algorithm for BPVD.
▶ Lemma 6 ([13, Lemma 3.2]). Let F be a family of sets of cardinality at most d over a
universe U and k be a positive integer. Then there is an O(|F|(k + |F|)) time algorithm that
finds a non-empty set F ′ ⊆ F such that
1. For every Z ⊆ U of size at most k, Z is a minimal hitting set of F if and only if Z is a
minimal hitting set of F ′ ; and
2. |F ′ | ≤ d!(k + 1)d .
We use Lemma 6 to identify a vertex subset of V (G), which allows us to forget about
small induced subgraphs of G, and to concentrate on long induced holes for the kernelization.
▶ Lemma 7 (♣). 1 Let (G, k) be an instance to BPVD. In polynomial time, we construct a
vertex subset T ′′ ⊆ V (G) such that
1. Every set Y ⊆ V (G) of size at most k is a minimal hitting set of small obstructions in G
if and only if it is a minimal hitting set for small obstructions in G[T ′′ ], and
2. |T ′′ | ≤ (45 + 1)!(k + 1)45 ,
or conclude that (G, k) is a no-instance.
Using Theorem 5, in polynomial time we construct a 9-approximate solution T ′ , and
using Lemma 7 in polynomial time we construct a vertex set T ′′ . If |T ′ | > 9k or |T ′′ | >
(45 + 1)!(k + 1)45 , we conclude (G, k) is a no-instance. Otherwise we have a modulator
T = T ′ ∪ T ′′ of size O(k 45 ), such that G − T is a bipartite permutation graph, and every set
Y ⊆ V (G) of size at most k is a minimal hitting set of small obstructions in G if and only if
it is a minimal hitting set for small obstructions in G[T ]. Let S be a minimal (or minimum)
solution of size at most k. Then, the only purpose of vertices in S ∩ (V (G) \ T ) is to hit long
obstructions. We call the modulator constructed above as nice modulator. We summarize
these discussions in the next lemma.
▶ Lemma 8 (Nice Modulator). Let (G, k) be an instance to BPVD. In polynomial time, we
can either construct a nice modulator T ⊆ V (G) of size O(k 45 ), or conclude that (G, k) is a
no-instance.
Furthermore, in G − T = (A ∪ B, <), < is a strong ordering of the bipartite permutation
graph that we use throughout our paper.

4

Bounding the Sizes of Bicliques and Independent Sets

In this section, we consider the modulator T of G to bipartite permutation graph obtained
in the previous section, and we bound the size of each biclique and independent set in a
complete bipartite decomposition of G − T .

1

Proofs of results marked with ♣ have been omitted due to space constraints.
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Throughout this section, we assume that we have fixed a bipartition (A, B) of G − T
and a strong ordering π of (A, B). We also assume that G − T is connected. Later,
we will remove this requirement. (We assume connectivity so that we can work with
a complete bipartite decomposition of G − T .) We also fix a complete bipartite
decomposition D = (Q1 , R1 , . . . , Qs , Rs ) of G − T .

4.1

Auxiliary Results

Next, we prove a few simple results that will be used later to bound the size of each biclique
and independent set in the complete bipartite decomposition D of G − T .
▶ Lemma 9. Let H be an induced path in G. Consider v ∈ V (G) \ V (H). If v has more
than 5 neighbours in V (H), then G[V (H) ∪ {v}] contains a small obstruction.
Proof. Assume that |N (v) ∩ V (H)| ≥ 5. Let H be a path from x to y for some x, y ∈ V (G).
Let v1 , v2 , v3 , v4 , v5 ∈ V (H) be the first 5 neighbours of v that appear as we traverse H
from x to y. Note that if vi vi+1 ∈ E(G) for some i ∈ [4], then, {vvi vi+1 } induces a triangle,
which is an obstruction, and the lemma follows. So, assume that vi vi+1 ∈
/ E(H) for every
i ∈ [4]. This means that no two vertices from {v1 , v2 , v3 , v4 , v5 } appear consecutively on H.
For i ∈ {1, 3}, let ui be the neighbour of vi that appears between vi and vi+1 as we traverse
H from v1 to v5 , and let u5 be the neighbour of v5 that appears between v4 and v5 as we
traverse H from v1 to v5 . Then, notice that {v, v1 , u1 , v3 , u3 , v5 , u5 } induces a subdivided
claw, which is an obstruction.
◀
▶ Lemma 10 (♣). Let H ′ be a graph with a Hamiltonian cycle, and let C = v1 v2 . . . , vℓ v1
be a Hamiltonian cycle in H ′ , where ℓ ≥ 45. Let Y ⊆ V (H ′ ) be such that (i) 1 ≤ |Y | ≤ 3,
(ii) the vertices of Y appear consecutively in the cycle C (i.e., Y = {vi , vi+1 , vi+2 } for some
i ∈ [ℓ − 2] or Y = {vℓ−1 , vℓ , v1 } or Y = {vℓ , v1 , v2 }), (iii) H ′ − Y is an induced path and (iv)
dH ′ (y) ≤ 5 for every y ∈ Y . Then, H ′ contains an obstruction.
Proof. Observe first that since H ′ − Y is an induced path, all the chords in the cycle C are
incident with Y . Consider y ∈ Y . Since C is a cycle, dC (y) = 2. And since dH (y) ≤ 5, we
can conclude that the cycle C has at most 3 chords that are incident with y. Note that if y is
adjacent to two vertices that appear consecutively on the cycle C, i.e., if yvi , yvi+1 ∈ E(H ′ )
for some i ∈ [ℓ − 1] or yvℓ , yv1 ∈ E(H ′ ), then H ′ contains a triangle, which is an obstruction.
So, assume that there does not exist y ∈ Y such that y is adjacent to two vertices that
appear consecutively on C. Suppose that C does not contain a hole of length at least 5,
then for every vertex vi ∈ C, vertex vi+2 is adjacent to a vertex in Y . Intuitively every
alternate vertex must have neighbour in Y so that every cycle of length at least 5 have a
chord. However, |N (Y ) ∩ V (C)| ≤ 15, implies that there is an induced path of length at least
5 such that it does not contain any neighbour of Y . Let P be longest induced path in C
such that endpoints of P have neighbours in Y and no internal vertex of P is adjacent to any
vertex of Y . Then as there is no triangle in H ′ [V (C)], we obtain that V (P ) together with Y
induces a hole of length at least 5, a contradiction. Hence H ′ contains an obstruction. ◀
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4.2

Bounding the Size of a Biclique the Complete Bipartite
Decomposition

In this section, we bound the size of each biclique in the complete bipartite decomposition
D = (Q1 , R1 , . . . , Qs , Rs ) of G − T . In particular, we show that if G − T has a sufficiently
large biclique, then in polynomial time we can find and safely delete an “irrelevant vertex”
from such a biclique. We start with a marking procedure which marks a set of vertices in a
given biclique.
Procedure Mark-1. The procedure works in 3 steps as follows. For each j ∈ [s], we
initialise Mj = ∅, and do as follows:
Step 1: For each v ∈ T , if |(N (v) ∩ Qj ∩ A) \ Mj | ≤ k + 1, then we add (N (v) ∩ Qj ∩
A) \ Mj to Mj , otherwise we add the first k + 1 vertices in (N (v) ∩ Qj ∩ A) \ Mj in
the ordering πA to Mj . Similarly, if |(N (v) ∩ Qj ∩ B) \ Mj | ≤ k + 1, then we add
(N (v) ∩ Qj ∩ B) \ Mj to Mj , else we add the first k + 1 vertices in (N (v) ∩ Qj ∩ B) \ Mj
in the ordering πB to Mj .
Qj ∩A
Qj ∩B
Step 2: for each u ∈ Fk+1
\ Mj , we add u to Mj . And for each u ∈ Fk+1
\ Mj ,
we add u to Mj .
Qj ∩A
Qj ∩B
Step 3: for each u ∈ Lk+1
\ Mj , we add u to Mj and for each u ∈ Lk+1
\ Mj , we
add u to Mj .
We now bound the size of the set Mj at the end of the procedure Mark-1.
▶ Remark 11. Observe that the Procedure Mark-1 can be executed in polynomial time. Also
note that |Mj | ≤ 2(k + 1)(|T | + 2) for every j ∈ [s]. To see this, fix j ∈ [s]. Note that
for each v ∈ T , we add at most 2(k + 1) vertices to Mj , i.e., at most k + 1 vertices from
(N (v) ∩ Qj ∩ A) \ Mj and at most k + 1 vertices from (N (v) ∩ Qj ∩ B) \ Mj . Therefore, the
number of vertices we added to Mj in Step 1 is at most 2(k + 1)|T |. And in each of Steps 2
and 3, we add at most 2(k + 1) vertices to Mj . Thus, |Mj | ≤ 2(k + 1)(|T | + 2).
▶ Reduction Rule 12. If there exists a vertex v ∈ Qj \ Mj for some j ∈ [s], then delete v.
▶ Lemma 13. Reduction Rule 12 is safe.
Proof. Consider an application of Reduction Rule 12 in which a vertex, say v ∈ Qj \ Mj
was deleted for some j ∈ [s]. We show that (G, k) is a yes-instance of BPVD if and only if
(G − v, k) is a yes-instance of BPVD. Observe first that if (G, k) is a yes-instance, then so
is (G − v, k), as G − v is an induced subgraph of G. Assume now for a contradiction that
(G − v, k) is a yes-instance, but (G, k) is not. And let X ⊆ V (G − v) be a solution of size
at most k. That is (G − v) − X is a bipartite permutation graph. And by our assumption
that (G, k) is a no-instance, G − X is not a bipartite permutation graph. Then, G − X
must contain an obstruction, say, H. Note that v ∈ V (H), as otherwise, H would be an
obstruction in (G − v) − X, which contradicts the fact that (G − v) − X is a bipartite
permutation graph. We first claim that H is a large obstruction. Suppose not. Note that
X hits all obstructions in G − v. And since G[T ] is a subgraph of G − v as v ∈
/ T , X hits
all obstructions in the subgraph G[T ] as well. In particular, X hits all small obstructions
in G[T ]. Let Y ⊆ X be a minimal hitting set for all small obstructions in G[T ]. Then, by
the definitions of T and Y , we can conclude that Y hits all small obstructions in G as well.
But then, as H is an obstruction in G − X and Y ⊆ X, we can conlude that H is a small
obstruction in G − Y , a contradiction. Thus, H is a large obstruction in G − X. That is, X
is hole of length at least 45.
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Let u and w be the neighbours of v in H, i.e., H = uvw . . . u. And thus H − v is an
induced path from w to u in G. Without loss of generality, assume that v ∈ A. Then,
u, w ∈ B. We show that we can construct another hole H ′ in (G − v) − X, which will
contradict the fact that (G − v) − X is a bipartite permutation graph. For this, we consider
different cases depending on which Qi ∪ Ri or T each of the two vertices u and w belongs to.
Recall that v ∈ Qj \ Mj . Notice that for x ∈ {u, w}, if x ∈
/ T , then, by the definition of a
complete bipartite decomposition, x ∈ Qj−1 ∪ Qj ∪ Qj+1 ∪ Rj .
1. u, w ∈ T . Notice that in Step 1 of the Procedure Mark-1, we have added k+1 neighbours of
u in Qj ∩ A and k + 1 neighbours of w in Qj ∩ A to Mj , as otherwise, we would have added
v as well to Mj . That is, we have |Mj (u) ∩ A| = k + 1 and |Mj (w) ∩ A| = k + 1. Since,
|X| ≤ k, we have (Mj (u) ∩ A) \ X ̸= ∅ and (Mj (w) ∩ A) \ X ̸= ∅. Let u′ ∈ (Mj (u) ∩ A) \ X
and w′ ∈ (Mj (w) ∩ A) \ X. Let v ′ ∈ (Qj ∩ B) \ (V (H) ∪ X). Let H ′ be the graph
obtained from H by replacing the vertex v with vertices u′ , v ′ , w′ and edges uv, vw by
edges uu′ , u′ v ′ , u′ w′ , w′ w. Notice that no vertex of H ′ belongs to X ∪ {v} and the graph
H ′ − {u′ , v ′ , w′ } is an induced path in G. By Lemma 9, each of the vertices u′ , v ′ and
w′ has at most 4 neighbours in V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we conclude that H ′
contains an obstruction, which is also an obstruction in (G − v) − X, contradicts that X
is a solution to G − v of BPVD.
2. u ∈ T, w ∈ Qj ∪ Rj ∪ Qj+1 . In Step 1 of the Procedure Mark-1, we have added k + 1
neighbours of u in Qj ∩ A to Mj , as otherwise, we would have added v as well to
Qj ∩A
Mj . Thus, |Mj (u) ∩ A| = k + 1. And note that v ∈
/ Lk+1
, as in Step 3 of the
Q ∩A

j
Procedure Mark-1, we have also added all the vertices in the set Lk+1
. Since |X| ≤ k,

Q ∩A

Q ∩A

j
j
(Mj (u) ∩ A) \ X ̸= ∅ and Lk+1
\ X ̸= ∅. Let u′ ∈ (Mj (u) ∩ A) \ X and w′ ∈ Lk+1
\ X.
′
′
′
Let v ∈ (Qj ∩ B) \ (V (H) ∪ X). Note that by the definition of u , we have uu ∈ E(G).
And since Qj is a biclique, u′ v ′ , v ′ w′ ∈ E(G). If w ∈ Qj , then ww′ ∈ E(G) as well. If not
w′ ∈ Rj ∪ Qj+1 . But then, as v <pi w′ , v ′ <π w and vw, v ′ w′ ∈ E(G), by the definition
of the strong ordering, we have ww′ ∈ E(G). Let H ′ be the graph obtained from H by
replacing the vertex v with vertices u′ , v ′ , w′ and edges uv, vw by edges uu′ , u′ v ′ , u′ w′ , w′ w.
Notice that no vertex of H ′ belongs to X ∪ {v}. Again, the graph H ′ − {u′ , v ′ , w′ } is
an induced path in G. And by Lemma 9, each of the vertices u′ , v ′ and w′ has at most
4 neighbours in V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we conclude that H ′ contains an
obstruction, which is also an obstruction in (G − v) − X, contradicts that X is a solution
to G − v of BPVD.
3. u ∈ T, w ∈ Qj−1 . In Step 1 of the Procedure Mark-1, we must have marked k+1 neighbours
of u in Qj ∩ A, as otherwise, we would have marked v as well. Thus, |Mj (u) ∩ A| = k + 1.
Qj ∩A
And note that v ∈
/ Fk+1
, as in Step 2 of the Procedure Mark-1, we have also marked all

Q ∩A

Q ∩A

j
j
the vertices in the set Fk+1
. Since |X| ≤ k, (Mj (u) ∩ A) \ X ̸= ∅ and Fk+1

\ X ̸= ∅.

Q ∩A

j
Let u′ ∈ (Mj (u) ∩ A) \ X, w′ ∈ Fk+1
\ X and v ′ ∈ (Qj ∩ B) \ (V (H) ∪ X). By the
definition of u′ , we have uu′ ∈ E(G). Since Qj is a biclique, u′ v ′ , v ′ w′ ∈ E(G). And
since w′ <π v, w <π v ′ and wv, w ′ v ′ ∈ E(G), by the definition of the strong ordering,
we have ww′ ∈ E(G). Let H ′ be the graph obtained from H by replacing the vertex v
with the path u′ v ′ w′ . Notice that no vertex of H ′ belongs to X ∪ {v}. Again, the graph
H ′ − {u′ , v ′ , w′ } is an induced path in G. And by Lemma 9, each of the vertices u′ , v ′
and w′ has at most 4 neighbours in V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we conclude that
H ′ contains an obstruction, which is also an obstruction in (G − v) − X, contradicts that
X is a solution to G − v of BPVD.
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The cases where w ∈ T, u ∈ Qj ∪ Rj sup Qj+1 and w ∈ T, u ∈ Qj−1 are symmetric. We
have thus covered all the cases in which at least one neighbour of v in H belongs to T .
Assume now that u, w ∈
/ T . Then, by the definition of complete bipartite decomposition,
u, w ∈ Qj−1 ∪ Qj ∪ Rj ∪ Qj+1 .
4. u ∈ Qj−1 ∪ Qj ∪ Qj+1 and w ∈ Qj−1 ∪ Qj ∪ Qj+1 .
Q ∩A

j
Since |X| ≤ k, Fk+1

′

u ∈
′

Qj ∩A
Fk+1
\ X,
Qj ∩A
Fk+1 \ X,

Q ∩A

j
\ X ̸= ∅ and Lk+1

otherwise let

\ X ̸= ∅. If u ∈ Qj−1 ∪ Qj , then let

Qj ∩A
u ∈ Lk+1
\ X.
Qj ∩A
′
w ∈ Lk+1 \ X.
′

Similarly, if w ∈ Qj−1 ∪ Qj , then let

w ∈
otherwise let
Let v ′ ∈ (Qj ∩ B) \ (V (H) ∪ X). (1)
If u ∈ Qj−1 , then since Qj−1 is a biclique, u must have a neighbour u′′ in Qj−1 and as
u′′ <π u′ <π v, i.e., u′ is between u′′ and v in ordering π, therefore uu′ ∈ E(G) by the
definition of strong ordering. (2) If u ∈ Qj , then since Qj is a biclique, uu′ ∈ E(G). (3)
If u ∈ Qj+1 , then since Qj+1 is a biclique, u must have a neighbour u′′ in Qj+1 and
as v <π u′ <π u′′ , i.e., u′ is between u′′ and v in ordering π, therefore uu′ ∈ E(G) by
the definition of strong ordering. Similar arguments follows for w ∈ Qj−1 ∪ Qj ∪ Qj+1
and implies that ww′ ∈ E(G). As Qj is a biclique uuv ′ , v ′ w′ ∈ E(G). Let H ′ be the
graph obtained from H by replacing the vertex v with the path u′ v ′ w′ . Notice that no
vertex of H ′ belongs to X ∪ {v}. Again, the graph H ′ − {u′ , v ′ , w′ } is an induced path
in G. And by Lemma 9, each of the vertices u′ , v ′ and w′ has at most 4 neighbours in
V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we conclude that H ′ contains an obstruction, which is
also an obstruction in (G − v) − X, contradicts that X is a solution to G − v of BPVD.
Assume now that atleast one of u, w in Rj .
Q ∩A

j
5. u ∈ Qj−1 , w ∈ Rj . Note that v ∈
/ Fk+1

Q ∩A

j
∪ Lk+1
, as in Steps 3,4 of the Procedure

Q ∩A

j
Mark-1, we have added all the vertices in the set Fk+1

Qj ∩A
Fk+1
′

Qj ∩A
Lk+1

′

Q ∩A

j
∪ Lk+1

Qj ∩A
Fk+1

to Mj . Since |X| ≤ k,
Q ∩A

j
\ X ̸= ∅ and
\X =
̸ ∅. Let u ∈
\ X and w′ ∈ Lk+1
\ X. Let
′
v ∈ (Qj ∩ B) \ (V (H) ∪ X). By strong ordering, we have uu ∈ E(G). Since Qj is a
biclique, u′ v ′ , v ′ w′ ∈ E(G). As v <π w′ and v ′ <π w, we obtain that vv ′ , ww′ ∈ E(G),
by the properties of strong ordering. This implies that uu′ , u′ v ′ , v ′ w′ , w′ w ∈ E(G). Let
H ′ be the graph obtained from H by replacing the vertex v with vertices u′ , v ′ , w′ and
edges uv, vw by uu′ , u′ v ′ , v ′ w′ , w′ w. Notice that no vertex of H ′ belongs to X ∪ {v}
and H ′ is a Hamiltonian cycle. Again, the graph H ′ − {u′ , v ′ , w′ } is an induced path
in G. And by Lemma 9, each of the vertices u′ , v ′ and w′ has at most 4 neighbours in
V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we conclude that H ′ contains an obstruction, which is
also an obstruction in (G − v) − X, contradicts that X is a solution to G − v of BPVD.

The other cases where exactly one of u, w ∈ Rj are symmetric. Assume now that both
u, w ∈ Rj .
Q ∩A

j
6. u, w ∈ Rj . Note that v ∈
/ Lk+1
, as in Steps 4 of the Procedure Mark-1, we have added

Q ∩A

Q ∩A

Q ∩A

j
j
j
all the vertices in the set Lk+1
to Mj . Since |X| ≤ k, Lk+1
\X =
̸ ∅. Let t ∈ Lk+1
\ X.
Let v ′ ∈ (Qj ∩ B) \ (V (H) ∪ X). Since Qj is a biclique, vv ′ , v ′ w′ ∈ E(G). As v <π t,
v ′ <π u and v ′ <π w , we obtain that ut, wt ∈ E(G), by the properties of strong ordering.
Let H ′ be the graph obtained from H by replacing the vertex v with t. and edges uv, vw
by ut, tw. Notice that no vertex of H ′ belongs to X ∪ {v}. Again, the graph H ′ − {t} is
an induced path in G. And by Lemma 9, t has at most 4 neighbours in V (H ′ ) \ {t}. Thus,
|N ({t}) ∩ (V (H ′ ) \ {t}| ≤ 4. By Lemma 10 we conclude that H ′ contains an obstruction,
which is also an obstruction in (G − v) − X, contradicts that X is a solution to G − v of
BPVD.
◀

L. Kanesh, J. Madathil, A. Sahu, S. Saurabh, and S. Verma
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Bounding the Size of an Independent Set in the Complete Bipartite
Decomposition

In this section we bound the number of vertices in each independent set Ri for each i ∈ [s]
in the complete bipartite decomposition D of G − T . First, we describe construction of a set
Mj with respect to an independent set Rj , j ∈ [s] in the complete bipartite decomposition
D of G − T .
Procedure Mark-2. The procedure works in 4 steps as follows. For each j ∈ [s], we
initialise Mj = ∅, and do as follows:
Step 1: For each v ∈ T , if |(N (v) ∩ Rj ∩ A) \ Mj | ≤ k + 1, then we add (N (v) ∩ Rj ∩
A) \ Mj to Mj , and otherwise we add the first k + 1 vertices in (N (v) ∩ Rj ∩ A) \ Mj
in the ordering πA to Mj . Similarly, if |(N (v) ∩ Rj ∩ B) \ Mj | ≤ k + 1, then add
(N (v)∩Rj ∩B)\Mj to Mj , and else we add the first k+1 vertices in (N (v)∩Rj ∩B)\Mj
in the ordering πB to Mj .
Step 2: For each pair x, y ∈ T , if |(N (x) ∩ N (y) ∩ Rj ∩ A) \ Mj | ≤ k + 1, then
we add (N (x) ∩ N (y) ∩ Rj ∩ A) \ Mj to Mj , else we add the first k + 1 vertices in
(N (x) ∩ N (y) ∩ Rj ∩ A) \ Mj in the sequence π to Mj . Similarly, for each pair x, y ∈ T ,
if |(N (x) ∩ N (y) ∩ Rj ∩ B) \ Mj | ≤ k + 1, then we add (N (x) ∩ N (y) ∩ Rj ∩ B) \ Mj
to Mj , else we add first k + 1 vertices in (N (x) ∩ N (y) ∩ Rj ∩ B) \ Mj in the sequence
π to Mj .
Rj ∩A
Rj ∩B
Step 3: for each u ∈ Fk+1
\ Mj , we add u to Mj . And for each u ∈ Fk+1
\ Mj ,
we add u to Mj .
Rj ∩A
Rj ∩B
Step 4: for each u ∈ Lk+1
\ Mj , we add u to Mj and for each u ∈ Lk+1
\ Mj , we
add u to Mj .
We now bound the size of the set Mj at the end of the procedure Mark-2.
▶ Remark 14. Observe that the Procedure Mark-2 can be executed in polynomial time.
2
Observe also that |Mj | ≤ (k + 1)(|T | + |T | + 1) for every j ∈ [s]. To see this, fix j ∈ [s].
Note that for each v ∈ T , we added at most 2(k + 1) neighbours to v to Mj , i.e., at most
2(k + 1) vertices from (N (v) ∩ Rj ) \ Mj . Therefore the number of vertices we added to Mj
in Step 1 is at most 2(k + 1)|T |. And in Step 2, for each pair x, y ∈ T , we added at most
2(k + 1) common neighbours of x and y to Mj , and therefore the number of vertices we
2
added to Mj in Step 2 is at most 2(k + 1)|T | . In each of Steps 3 and 4, we added at most
2
2(k + 1) vertices to Mj . Thus, |Mj | ≤ 2(k + 1)(|T | + |T | + 2).
Using the set Mj constructed by Procedure Mark-2, we get the following reduction rule.
▶ Reduction Rule 15. If there exists v ∈ Rj \ Mj for some j ∈ [s], then delete v.
▶ Lemma 16. Reduction Rule 15 is safe.
Proof. Consider an application of Reduction Rule 15 in which a vertex, say v ∈ Rj \ Mj
was deleted for some j ∈ [s]. We show that (G, k) is a yes-instance of BPVD if and only if
(G − v, k) is a yes-instance of BPVD. Observe first that if (G, k) is a yes-instance, then so
is (G − v, k), as G − v is an induced subgraph of G. Assume now for a contradiction that
(G − v, k) is a yes-instance, but (G, k) is not. And let X ⊆ V (G − v) be a solution of size
at most k. That is (G − v) − X is a bipartite permutation graph. And by our assumption
that (G, k) is a no-instance, G − X is not a bipartite permutation graph. Then, G − X
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must contain an obstruction, say, H. Note that v ∈ V (H), as otherwise, H would be an
obstruction in (G − v) − X, which contradicts the fact that (G − v) − X is a bipartite
permutation graph.
We first claim that H is a large obstruction. Suppose not. Note that X hits all obstructions
in G − v. And since G[T ] is a subgraph of G − v as v ∈
/ T , X hits all obstructions in the
subgraph G[T ] as well. In particular, X hits all small obstructions in G[T ]. Let Y ⊆ X be
a minimal hitting set for all small obstructions in G[T ]. Then, by the definitions of T and
Y , we can conclude that Y hits all small obstructions in G as well. But then, as H is an
obstruction in G − X and Y ⊆ X, we can conclude that H is a small obstruction in G − Y ,
a contradiction. Thus, H is a large obstruction in G − X. That is, H is hole of length at
least 45.
Let u and w be the neighbours of v in H, i.e., H = uvw . . . u. And thus H − v is an
induced path from w to u. Without loss of generality, assume that v ∈ A. Then, u, w ∈ B.
We show that we can construct another hole H ′ in (G − v) − X, which will contradict the
fact that (G − v) − X is a bipartite permutation graph. For this, we consider different cases
depending on which Qi ∪ Ri or T each of the two vertices u and w belongs to. Recall that
v ∈ Rj \ Mj . Notice that for x ∈ {u, w}, if x ∈
/ T , then, by the definition of a complete
bipartite decomposition, x ∈ Qj .
1. u, w ∈ T . Notice that as v ∈ (N (u) ∩ N (w) ∩ Rj ∩ A) \ Mj , by Step 2 of the Procedure
Mark-2, we must have marked k + 1 common neighbours of u, w in Rj ∩ A, i.e., we have
added k + 1 vertices in (N (u) ∩ N (w) ∩ Rj ∩ A) to Mj as otherwise, we would have added
v to Mj as well. That is, we have |Mj ∩ N (u) ∩ N (w) ∩ A| ≥ k + 1. Since, |X| ≤ k, we
have (Mj ∩ N (u) ∩ N (w) ∩ A) \ X =
̸ ∅. Also notice that N (u) ∩ N (w) ∩ V (H) = {v}, as
H is a hole. Let v ′ ∈ Mj ∩ N (u) ∩ N (w) ∩ A) \ X and H ′ be the graph obtained from H
by replacing the vertex v by v ′ and by replacing edges uv, vw by uv ′ , v ′ w. Notice that
no vertex of H ′ belongs to X ∪ {v} and the graph H ′ − v is an induced path in G. And
H ′ is a cycle of length at least 45in G. By Lemma 9, v ′ have at most 4 neighbours in
H ′ − v ′ . By Lemma 10 we conclude that H ′ contains an obstruction, which is also an
obstruction in (G − v) − X, contradicts that X is a solution to G − v of BPVD.
2. u ∈ Qj , w ∈ T . (analogous arguments follows for the case u ∈ T, w ∈ Qj ) In Step 1
of the Procedure Mark-2, we have added k + 1 neighbours of u in Rj ∩ A to Mj which
are before v in sequence π, as otherwise, we would have added v as well to Mj . Thus,
|N (u) ∩ Mj ∩ A| = k + 1. Let v ′ ∈ N (w) ∩ Rj ∩ A \ X. As v ′ <π v, we have v ′ u ∈ E(G), by
the definition of the strong ordering, as Qj is a non-trivial biclique and hence u must have
a neighbour u′ in Qj ∩ A and hence all the vertices between u′ to v in π are neighbours
of u, which implies v ′ ∈ N (u). Let H ′ be the graph obtained from H by replacing the
vertex v with vertex v ′ and edge uv, vw by edges uv ′ , v ′ w. And by Lemma 9, each of the
vertices u′ , v ′ and w′ has at most 4 neighbours in V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we
conclude that H ′ contains an obstruction, which is also an obstruction in (G − v) − X,
contradicts that X is a solution to G − v of BPVD.
Rj ∩A
3. u, w ∈ Qj . Note that v ∈
/ Fk+1
, as in Step 3 of the Procedure Mark-2, we have added all
R ∩A

R ∩A

R ∩A

j
j
j
the vertices in the set Fk+1
to Mj . Since |X| ≤ k, Fk+1
\ X ̸= ∅. Let v ′ ∈ Fk+1
\ X.
′
′
′
As v <π v, we have v u, v w ∈ E(G), by the definition of the strong ordering, as Qj is
a non-trivial biclique and hence u, w must have a neighbour u′ in Qj ∩ A and hence all
the vertices between u′ to v in π are neighbours of u, w, which implies v ′ ∈ N (u) ∩ N (w).
Let H ′ be the graph obtained from H by replacing the vertex v with vertex v ′ and edge
uv, vw by edges uv ′ , v ′ w. And by Lemma 9, each of the vertices u′ , v ′ and w′ has at
most 4 neighbours in V (H ′ ) \ {u′ , v ′ , w′ }. By Lemma 10 we conclude that H ′ contains an
obstruction, which is also an obstruction in (G − v) − X, contradicts that X is a solution
to G − v of BPVD.
◀

L. Kanesh, J. Madathil, A. Sahu, S. Saurabh, and S. Verma
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▶ Observation 17. After an exhaustive application of Reduction Rule 12, note that for every
j ∈ [s], Mj \ Qj = ∅. Thus, by Remark 11, |Qj | = |Mj | = O(k · |T |).
▶ Observation 18. After an exhaustive application of Reduction Rule 15, note that for every
2
j ∈ [s], Mj \ Rj = ∅. Thus, by Remark 14, |Rj | = |Mj | = O(k · |T | ).
Observation 17 and 18 together imply the following result.
▶ Lemma 19. Given an instance (G, k) of BPVD and a nice modulator T ⊆ V (G) of size
k O(1) , in polynomial time, we can construct an equivalent instance (G′ , k) such that G′ is
an induced subgraph of G, T ⊆ V (G′ ), and for each connected component of G′ − T with a
2
complete bipartite decomposition (Q1 , R1 , . . . , Qs , Rs ), we have |Qj ∪ Rj | = O(k · |T | ).

5

Bounding the Size of a Connected Component

In this section we bound the size of each connected component in G − T . Recall that in
previous sections we bounded the size of each Qi and Ri , i ∈ [s], in nice decomposition of
G − T . Our aim in this section is to bound the number of Qi and Ri in each connected
component of G − T . Let C be a connected component in G − T . Without loss of generality
S
let C = i (Qi ∪ Ri ). For a pair Qi , Ri of biclique and independent set, the set Qi ∪ Ri is
called a block.
▶ Reduction Rule 20. Let v be a vertex in T such that v is contained in at least k + 1
disjoint triangles (v, ai , bi , v) intersecting exactly at {v}, where ai , bi ∈ V (G) \ T , then delete
v from G, and reduce k by 1. The resultant instance is (G − v, k − 1).
The correctness of above reduction rule is easy to see as every solution to (G, k) of BPVD
must contain v. From now onwards we assume that Reduction Rule 20 is not applicable.
▶ Reduction Rule 21. Let v be a vertex in T . If v has more than 6(k + 1) neighbours ai ’s
in different Qi ∪ Ri such that there exists bi ∈ N (ai ) ∩ Qi \ N (v), then delete v from G, and
reduce k by 1. The resultant instance is (G − v, k − 1).
▶ Lemma 22. Reduction Rule 21 is correct.
Proof. Notice that (v, ai , bi ) is an induced P3 . By pigeon hole principle there are at least
3(k + 1) non-consecutive blocks Qi ∪ Ri which contains a pair (ai , bi ) such that (v, ai , bi ) is an
induced P3 . Let P be the set of such induced P3 s. That is, P is a set of distinct induced P3 s,
(v, ai , bi ) intersecting exactly at {v} and for every pair of P3 s, (v, ai , bi ) and (v, aj , bj ), where
ai , bi ∈ Qi ∪ Ri and aj , bj ∈ Qj ∪ Rj , the blocks Qi ∪ Ri and Qj ∪ Rj are not consecutive.
Notice that we can construct a set of k + 1 induced subdivided claws intersecting exactly at
v using P, which implies that any solution to (G, k) of BPVD must contain v.
◀
From now onwards we assume that Reduction Rules 20 and 21 are not applicable.
▶ Lemma 23 (♣). Let C be a connected component in G−T . Then there are at most 7|T |(k+1)
many disjoint blocks (Qi ∪ Ri ) in nice decomposition of C such that N (T ) ∩ (Qi ∪ Ri ) ̸= ∅.
If C has 3500|T |k(k + 1) disjoint blocks, then by the pigeon hole principle and Lemma 23,
there are at least 500k consecutive blocks in C that do not contain any vertex from N (T ).
Let Q1 ∪ R1 , . . . , Q500k ∪ R500k be the set of 500k such consecutive blocks in C that are
disjoint from N (T ). Let j = 500k/2. Consider DL = {Qi ∪ Ri |i ∈ [j − 2k, j − 3]} \ Rj−3
and DR = {Qi ∪ Ri |i ∈ [j + 3, j + 2k]}. Let F = {Rj−3 } ∪ {Qi ∪ Ri |i ∈ [j − 2, j + 2]}
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and Z = {Qi |i ∈ [j − 2k, j + 2k]}. Observe that, for a vertex v ∈ DL ∪ DR and a vertex
u ∈ T , distG (u, v) ≥ 240k. This observation will be used in in proving further results. Let
Q = Qj−3 and Q′ = Qj+3 . Let Y be a Qi , Qi′ cut in G − T , where i ∈ [j − 2k, j − 3] and
i′ ∈ [j + 3, j + 2k], where Y must contain vertices from only block Qa ∪ Ra , a ∈ [i + 1, i′ − 1].
Let τ be the size of minimum Qi , Qi′ cut in G − T over all pairs i, i′ , i ∈ [j − 2k, j − 3] and
i′ ∈ [j + 3, j + 2k].
▶ Reduction Rule 24. Let F be as defined above. Delete all the vertices of F from G.
Introduce three new bicliques S1 = Kk2 ,k2 , S2 = K⌈τ /2⌉,⌊τ /2⌋ , S3 = Kk2 ,k2 . Also add edges
such that G[V (Q) ∪ S1 ] and G[S1 ∪ S2 ], G[S2 ∪ S3 ] and G[V (Q′ ) ∪ S3 ] are complete bipartite
graphs. The bicliques appear in the order Q, S1 , S2 , S3 , Q′ .
Let G′ be the reduced graph after an application of Reduction Rule 24. Let S = S1 ∪S2 ∪S3 .
Notice that G′ − T is a bipartite permutation graph by construction.
▶ Observation 25 (♣). There are no small obstructions containing any vertices from
F ∪ DL ∪ DR in G. There are no small obstructions containing any vertices from S ∪ DL ∪ DR
in G′ .
▶ Observation 26. Any hole H in G which contains a vertex from F ∪ DL ∪ DR , intersects
all bicliques in F ∪ DL ∪ DR . And such H is of length at least 500k.
Proof. Since there are no large holes in G − T , V (H) ∩ T ̸= ∅. Without loss of generality,
suppose that H intersects a block Qi ∪ Ri but does not intersect some Qi+1 ∈ Z. Then
any biclique Qi′ where i′ < i contains at least two vertices from the hole H. Let a1 and
a2 be two such vertices such that they have an induced path between them in H. Let
H = (s, v1 , v2 , ...a1 , ...a2 , ..., s). Notice that a1 and a2 can not belong to different partitions
of Qi−21 since H is a hole. But Qi−21 has some vertex v in its other partition. But then we
get a cycle C = (s, ..., a1 , v, a2 , ..., s). But v can have at most 5 neighbors on the induced
path of the hole (a1 , ..., s, ..., a2 ), otherwise there is a small obstruction containing v which is
completely contained in G − T which is not possible. Since cycle C has at length at least 40,
we can construct a new hole H1 such that V (H1 ) ⊆ V (C) which is completely contained in
G − T , which is a contradiction. Notice that any such hole must have one vertex from each
of the 500k consecutive bicliques. Hence the hole has length more than 500k.
◀
The following claim can be argued similarly.
▶ Observation 27. Any hole H in G′ which contains a vertex from S ∪ DL ∪ DR , intersects
all the bicliques in S ∪ DL ∪ DR .
▶ Lemma 28 (♣). Reduction Rule 24 is safe.
With the above reduction rule we obtain the following result.
▶ Lemma 29. Given an instance (G, k) of BPVD and a nice modulator T ⊆ V (G) of
size k O(1) , in polynomial time, we can construct an equivalent instance (G′ , k) such that,
T ⊆ V (G′ ), T is a nice modulator for G′ and for each connected component C of G′ − T with
a complete bipartite decomposition (Q1 , R1 , . . . , Qs , Rs ), the number of blocks (Qi ∪ Ri )s in
the connected component C is at most 3500|T |k 2 = O(k 2 · |T |).
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Bounding the Number of Connected Components

Until now we have assumed that G − T is connected. Further, in Section 5, we showed that
the size of any connected component is upper bounded by k O(1) . In this section we show
that the number of connected components in G − T is also upper bounded by k O(1) . This
together with the fact that |T | ≤ k O(1) , result in a polynomial kernel for BPVD.
A connected component that has no neighbor in T is a bipartite permutation graph.
Hence, we can safely remove it from our instance.
▶ Reduction Rule 30. If there is a connected component C in G−T such that N (T )∩V (C) = ∅,
then reduce (G, k) to (G − V (C), k).
From now onwards, we assume that the Reduction Rules 20, 21 and 30 are not applicable.
We partition the set of all the connected components in G − T into two sets C≥2 and C=1 ,
where C≥2 contains all the connected components of size at least 2 whereas, C=1 contains
all the connected components of size exactly 1. First, we bound the size of C≥2 .
▶ Lemma 31. |C≥2 | ≤ 7|T |(k + 1).
Proof. Consider any vertex v ∈ T such that v has a neighbor, say, a, in a connected
component, say, Ci , where Ci ∈ C≥2 . Note that for vertex ai , there exists a neighbor bi ∈ Ci
since Ci has size at least 2.
Case 1: (The vertex bi is adjacent to v.) Therefore, we have a triangle (v, ai , bi , v). If v has
more than k + 1 such different pairs of (ai , bi ) such that bi is adjacent to v, then there
are k + 1 triangles of the form (v, ai , bi , v) having a common vertex v. It implies that
any solution of size k must contain v. By non-applicability of Reduction Rule 20 such
case cannot occur. Hence, for any vertex v ∈ T , v has neighbors (ai ’s) in at most k + 1
different components Ci ∈ C≥2 such that there is a vertex bi ∈ Ci ∩ N (v).
Case 2: (The vertex bi is not adjacent to v.) Therefore, (v, ai , bi ) is an induced P3 . Let v has
more than 6(k + 1) neighbors (ai ’s) in different Ci such that there exists bi ∈ Ci \ N (v).
Therefore, there exists some Qi ∪ Ri in component Ci such that ai ∈ Qi ∪ Ri and
bi ∈ N (ai ) ∩ Qi \ N (v). Since vertex v has more that 6(k + 1) such neighbors ai ,
Reduction Rule 21 would be applicable. By non-applicability of Reduction Rule 21 such
case cannot occur. Hence, for any vertex v ∈ T , v has neighbors (ai ’s) in at most 6(k + 1)
different components Ci such that there is a vertex bi ∈ N (ai ) ∩ Qi \ N (v).
Thus, every vertex v ∈ T has neighbors at most in (k + 1) + 6(k + 1), that is, 7(k + 1)
different components Ci ’s. Hence, |C≥2 | ≤ 7|T |(k + 1).
◀
Next, we proceed to bound the size of the set C=1 . Towards that we will utilize the next
marking scheme.
Procedure Mark-3. We initialise M = ∅ and for each {x, y} ⊆ T , we initialise
M (x, y) = ∅, and do as follows: For each {x, y} ⊆ T , if |M (x, y)| ≤ k + 1 and if there
exists u ∈ C=1 such that u ∈ (N (x) ∩ N (y)) \ M , then we add u to M (x, y) and M ,
i.e., we set M (x, y) ← M (x, y) ∪ {u} and M ← M ∪ {u}.
S
▶ Remark 32. Observe first that M = {x,y}⊆T M (x, y). And in the procedure Mark-3,
corresponding to each {x, y} ⊆ T , we add
to M (x, y). Thus, |M (x, y)| ≤
 at most k+1 vertices

|T |
|T |
k + 1, and therefore, |M | ≤ (k + 1) 2 , as there are 2 many distinct sets {x, y} ⊆ T .
▶ Reduction Rule 33. If there exists v ∈ C=1 \ M , then delete v.
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▶ Lemma 34 (♣). Reduction Rule 33 is safe.
Observe that by Remark 32 and by applying the Reduction Rule 33
 repeatedly, we can
reduce the graph such that in the reduced instance, |C=1 | ≤ (k + 1) |T2 | . This reduction and
Lemma 31 implies the following result:
▶ Lemma 35. Given an instance (G, k) and a nice modulator T ⊆ V (G) of size k O(1) , in
polynomial time, we can construct an equivalent instance (G′ , k) such that the number of
connected component in G′ − T is O(k · |T |2 ).

7

Kernel size analysis

Now we are ready to prove the main result of our paper, that is, Theorem 1. Before proceeding
with the proof, let us state all the bounds that contributes to the kernel size.
Size of nice modulator T : O(k 45 )
2
Number of connected components in G − T : O(k · |T | ).
Number of blocks in any connected component in G − T : O(k 2 · |T |)
Size of any block (Qi ∪ Ri ) in G − T : O(k · |T |2 ).

Proof of Theorem 1. Let (G, k) be an instance to the BPVD problem. First we show that if
G is not connected we can reduce it to the connected case. If there is a connected component
C that is a bipartite permutation graph, we delete it. Clearly, (G, k) is a yes instance if and
only if (G \ C, k) is a yes instance. We repeat this process until every connected component of
G is not a bipartite permutation graph. At this stage if the number of connected components
is at least k + 1, then we conclude that G can not be made into a bipartite permutation
graph by deleting at most k vertices. Thus, we assume that G has at most k connected
components. Now we show how to obtain a kernel for the case when G is connected, and for
the disconnected case, we just run this algorithm on each connected component. This only
increases the kernel size by a factor of k. From now onwards we assume that G is connected.
From Lemma 8, in polynomial time, we can obtain a nice modulator T ⊆ V (G) of size
O(k 45 ) or concludes that (G, k) is a no-instance.
Note that, G − T is a bipartite permutation graph. Next, we take the complete bipartite
decomposition of each component in G − T . Now by Theorem 35, in polynomial time we
return a graph G such that G − T has O(k · |T |2 ) components.
Next, we show how to obtain a kernel for one connected component in G − T and we just
run this algorithm on each connected component. This only increases the kernel size by a
factor of O(k · |T |2 ). From now onwards we assume that G′ is a connected component in
G − T . By Lemma 29, in polynomial time we can reduce the graph G′ such that G′ has at
most O(k 2 · |T |) blocks Qi ∪ Ri . Next, we bound the size of each block Qi ∪ Ri in G’. By
Lemma 19, in polynomial time we can reduce the graph G′ such that for each block Qi ∪ Ri ,
2
|Qj ∪ Rj | = O(k · |T | ). Therefore the total number of vertices in any connected component
2
G is at most O(k · |T | ) · O(k 2 · |T |), that is, O(k 3 · |T |3 ).
As the graph G − T has at most O(k · |T |2 ) number of components, the total size of
the graph G − T is at most O(k · |T |2 ) · O(k 3 · |T |3 ), that is, O(k 4 · |T |5 ). It follows that
|V (G)| = O(k 4 · |T |5 ) + |T |, that is, O(k 4 · |T |5 ). Recall that |T | = O(k 45 ). Therefore, the
size of the obtained kernel is O(k 4 · |T |5 ), that is, O(k 229 ).
◀
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Conclusion

In this paper we studied Bipartite Permutation Vertex Deletion from the perspective
of kernelization complexity, and designed a polynomial kernel of size O(k 229 ). This answers
an open question posed by Bożyk et al. [4]. We remark that the size of kernel can be brought
closer to O(k 100 ) by doing more careful case analysis. However, getting a kernel of size
O(k 20 ) would require significantly new ideas and we leave that as an open problem. Indeed,
showing whether Permutation Vertex Deletion is FPT remains a challenging open
problem.
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1

Introduction

Let G be an unweighted and undirected graph and let S ⊆ V (G). For a vertex v ∈ V (G), the
distance vector from v to S is the assignment S ∋ w 7→ distG (v, w), where distG denotes the
distance in the graph G. The set S is resolving if a distance vector to S uniquely determines
the source vertex; that is, no two vertices of G have the same distance vector to S. The
Metric Dimension problem asks for a resolving set of minimum possible size; such a set is
sometimes called the metric basis of G. The decision version of Metric Dimension asks
for a resolving set of size not exceeding a given threshold k.
Metric Dimension has already been introduced in 1970s [7, 12]. Determining its
computational complexity turned out to be quite challenging. It is polynomial-time solvable
on trees [7, 12, 10], outerplanar graphs [3], and chain graphs [6], but NP-hard for example on
planar graphs [3] or split graphs [5]. From the parameterized complexity point of view, the
FPT status of the Metric Dimension parameterized by the solution size has been open
for a while and finally resolved in negative by Hartung and Nichterlein [8]. In the search
of a tractable structural parameterization, FPT algorithms has been shown for parameters:
treelength plus maximum degree [1], vertex cover number [8], max leaf number [4], and
modular-width [1].
The above list misses probably the most important graph width measure, namely treewidth.
Determining the complexity of Metric Dimension, parameterized by treewidth, remained
elusive in the last years, and has been asked a few times [1, 3, 4]. Bonnet and Purohit in a
paper presented at IPEC 2019 [2] showed that the problem is W[1]-hard, even with pathwidth
parameterization. In this work we strengthened their result by proving para-NP-hardness of
this parameterization.
© Shaohua Li and Marcin Pilipczuk;
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▶ Theorem 1. Metric Dimension, restricted to graphs of treewidth at most 24, is NP-hard.

Theorem 1 brings us much closer to closing (unfortunately mostly in negative) the question
of the complexity of Metric Dimension in graphs of bounded treewidth. The remaining
gap is to determine the exact treewidth value where the problem becomes hard: note that it
is open if Metric Dimension is polynomial-time solvable on graphs of treewidth 2.
The proof of Theorem 1 starts with a construction of a graph with a separation of order
9 over which a lot of information on a partial solution to Metric Dimension is transfered.
More formally, similarly as Bonnet and Purohit [2], we use the Multicolored Resolving
Set problem as an auxiliary intermediate problem. In this problem, the input graph is
additionally equipped with an integer k, a tuple of k disjoint vertex sets X1 , X2 , . . . , Xk ,
and a set P of vertex pairs. The goal is to choose a set S consisting of exactly one vertex
from each set Xi so that for every {u, v} ∈ P, the pair {u, v} is resolved by S, that is, u and
v have different distance vectors to S. In our construction, the sets Xi are on one side of
the said separation of order 9, while the pairs P are on the second side. The crux of the
construction is to make every distance from a vertex of the separator to a chosen vertex of S
count: despite the fact that the separation has constant size, S is of unbounded size, giving
Ω(|S|) distances to work with. Overall, the above gives a relatively clean reduction giving
NP-hardness of Multicolored Resolving Set in graphs of constant treewidth, presented
in Section 3. This reduction is the main new insight and technical contribution of this paper.
Then, again similarly as in the work of Bonnet and Purohit [2], it takes a lot of effort
(presented in Section 4) to turn the above reduction to Multicolored Resolving Set
into a reduction to Metric Dimension. Here, there are two problems. First, one needs to
introduce some gadgets to force the solution to take exactly one vertex from each set Xi .
Second, one needs to ensure that the intended solution resolves all vertex pairs, not only
the ones from P. For both problems, we borrow the tools from Bonnet and Purohit [2]. In
particular, the first problem is resolved by forced set gadgets in a way very similar to [2]. The
second problem is resolved by adding a number of new connections to the graph and forced
vertex gadgets of [2]. Thus, while the toolbox remains the same as in [2], the application
is different as the graph we are working with is significantly different. The construction is
presented in Sections 4.1-4.2.
After applying all the modifications to obtain a Metric Dimension instance, one needs
to check three aspects. First, one needs to ensure that the forced set gadgets work as intended,
forcing the solution to take one vertex from each Xi ; this check is rather simple and very
similar to the analogous check of [2]. Second, one needs to check that the introduced forced
vertex gadgets, that contain extra vertices from the intended resolving set (apart from the
ones in Xi s), do not accidentally resolve any pair from P. This check is not trivial, but
still relatively simple. Note that the mentioned two properties already ensure one of the
implications in the proof of the correctness of the reduction: if the final Metric Dimension
instance is a yes-instance, then the input instance of the source problem is a yes-instance.
These two checks are presented in Section 4.3.
Then one needs to check that every pair of vertices is resolved by an intended solution.
Due to the complexity of the construction and the properties of this problem, this turned
out to be long and arduous (the full proof is deferred to the full version of the paper).
Besides, we show that the treewidth of the constructed graph is bounded by a constant
in Section 4.4.
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Preliminaries

In this paper, all graphs are undirected. In a graph G, let V (G) be the set of vertices of
G. For a vertex v ∈ V (G), we denote the open neighborhood and closed neighborhood
of v by NG (v) and NG [v] respectively (or just N (v) and N [v] if the graph is clear in the
context). For two vertices u, v ∈ V (G), let P (u, v) be a path from u to v. Since the graph
is undirected, P (u, v) and P (v, u) denote the same path. We denote the neighbor of u on
P (u, v) by Nu (u, v) (also the neighbor of v on P (u, v) by Nv (u, v)). Similarly, if there is a
path which is named as, for example, P h (i, j, x) such that u is one endpoint of P h (i, j, x), we
denote the neighbor of u on P h (i, j, x) by Nuh (i, j, x). For simplicity, we abuse the notation
in the sense that for a path P , we use P to denote the path or the vertex set of the path.
The meaning should be clear in the context. We define the length of a path P to be the
number of edges on the path and denote it by |P |. For two vertices u, v ∈ V (G), we define
the distance between u and v to be the length of any shortest path from u to v, denoted by
distG (u, v). Note that in this paper we use dist(u, v) to denote the distance between u and v
mostly if the graph is clear in the context. For a path P of even length with two endpoints u
and v, let w be the vertex on P such that the length of the subpath of P from u to w equals
the length of the subpath of P from w to v. Then we call w the middle vertex of P and
denote it by mid(P ). We say that two distinct vertices u, u′ are false twins if N [u] = N [u′ ].
Since a path decomposition is also a tree decomposition, the treewidth of a graph G is at
most the pathwidth of G. In this paper, for convenience of the proof, we use the alternative
characterization of pathwidth, i.e. the pathwidth of a graph G equals the node search number
of G minus one [11]. The definition of the node search number comes from the node search
game. We give an informal definition of the node search game as follows. Imagine that the
edges of an undirected graph G are tunnels and they are contaminated by some gas. We need
to put searchers on vertices of G to clean the gas. The rule is that when the two endpoints
of an edge are occupied by two searchers, this edge becomes clean. However, if we remove
some searchers from the graph, a cleaned edge can be recontaminated immediately through
an unoccupied endpoint to which a contaminated edge is incident. The node search number
of G is the minimum number of searchers required to clean all edges of G.

3

Reduction from 3-Dimensional Matching to Multicolored Resolving
Set

Bonnet and Purohit introduced k-Multicolored Resolving Set as an intermediate
problem in order to show the W[1]-hardness of Metric Dimension parameterized by
treewidth [2].
k-Multicolored Resolving Set

Input: An undirected graph G = (V, E), an integer k, a set χ = {X1 , ..., Xk } where
X1 , ..., Xk are disjoint subsets of V (G) and a set P = {{x1 , y1 }, ..., {xh , yh }} where
{x1 , y1 }, ..., {xh , yh } are vertex pairs of G.
Question: Is there a set of k vertices S such that
(i) |S ∩ Xi | = 1 for every i = 1, ..., k, and
(ii) for every ℓ ∈ {1, ..., h}, there exists a vertex v ∈ S such that dist(v,xℓ )̸= dist(v,yℓ ).
We show that this problem is NP-hard on graphs of constant treewidth. We make a
reduction from 3-dimensional matching, which is well-known to be NP-hard [9].
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3-dimensional matching

Input: the universe U = {1, 2, 3} × [n] and a set F = {A1 , ..., Am } of tuples such that
for every j ∈ [m], the tuple Aj = {(1, x), (2, y), (3, z)} where (1, x), (2, y), (3, z) ∈ U .
n
S
Question: are there n tuples Aj1 , ..., Ajn such that
Ajh = U .
h=1

Given an instance (U, F ) of 3-dimensional matching with the universe U = {1, 2, 3} ×
[n] and a set F of m tuples A1 , ..., Am ⊆ U , we construct an instance (G, n, χ, P) of nMulticolored Resolving Set as follows. First, we create m vertices s1i , ..., sm
i as Xi
n
S
for each i ∈ [n]. Let χ = {X1 , ..., Xn } and X =
Xi . Then we create n vertex pairs
i=1

{u1r , vr1 }, ..., {unr , vrn } for each r ∈ {1, 2, 3} and let Pr = {{uir , vri }|i = 1, ..., n}. We create 3
vertices ar , br , cr and let Wr = {ar , br , cr } for each r ∈ {1, 2, 3}. Let P = P1 ∪ P2 ∪ P3 and
W = W1 ∪ W2 ∪ W3 . Finally, let M = 40(n + 1). For each tuple Aj = {(1, x), (2, y), (3, z)}
(j ∈ [m], x, y, z ∈ [n]) of the given instance and each integer i ∈ [n], we link sji to a1 , b1 , c1
M
M
with three paths P (sji , a1 ), P (sji , b1 ), P (sji , c1 ) of lengths M
2 + 10x, 2 + 5x + 1 and 2 − 10x
j
j
j
j
respectively, link si to a2 , b2 , c2 with three paths P (si , a2 ), P (si , b2 ), P (si , c2 ) of lengths
j
M
M
M
2 + 10y, 2 + 5y + 1 and 2 − 10y respectively, and link si to a3 , b3 , c3 with three paths
M
M
P (sji , a3 ), P (sji , b3 ), P (sji , c3 ) of lengths M
2 + 10z, 2 + 5z + 1 and 2 − 10z respectively. For
p p
p
every vertex pair {ur , vr } (p ∈ [n], r ∈ {1, 2, 3}), we link ur to ar , br , cr with three paths
M
M
P (upr , ar ), P (upr , br ), P (upr , cr ) of lengths M
2 −10p, 2 −5p−1 and 2 +10p respectively, and link
M
vrp to ar , br , cr with three paths P (vrp , ar ), P (vrp , br ), P (vrp , cr ) of lengths M
2 − 10p, 2 − 5p − 2
M
and 2 + 10p respectively. This finishes the construction. See Figure 1 for an example.
▶ Lemma 2. For an arbitrary vertex pair {uxr , vrx } ∈ P (r ∈ {1, 2, 3}, x ∈ [n]),{uxr , vrx } is
resolved by sji (i ∈ [n], j ∈ [m]) if and only if (r, x) ∈ Aj .
Proof. On one hand, suppose that (r, x) ∈ Aj . For an arbitrary i ∈ [n], the three paths from
sji to uxr via ar , br and cr have lengths M, M and M respectively. The three paths from sji
to vrx via ar , br and cr have lengths M, M − 1 and M respectively. Note that there could be
other paths from sji to vrx or uxr that go repeatedly between vertices in X and vertices in W .
However, the lengths of such paths are at least M − 20n + M − 10n > M . As a result, the
shortest paths from sji to uxr and vrx are of lengths M and M − 1 respectively. Thus {uxr , vrx }
is resolved by sji .
On the other hand, for an arbitrary tuple Ai = {(1, p1 ), (2, p2 ), (3, p3 )}, the paths from
the vertex sji (i ∈ [n]) to uxr (r ∈ {1, 2, 3}) via ar , br and cr have lengths M + 10(pr − x), M +
5(pr − x) and M − 10(pr − x) respectively. The paths from the vertex sji (i ∈ [n]) to vrx
(r ∈ {1, 2, 3}) via ar , br and cr have lengths M +10(pr −x), M +5(pr −x)−1 and M −10(pr −x)
respectively. Note that the paths from sji to uxr (or vrx ) that go repeatedly between the
vertices in X and the vertices in W have lengths at least M − 20n + M − 10n > M + 10n.
They are not the shortest paths from sji to uxr (or vrx ). If pr < x, the shortest paths from sji
to uxr and vrx both have lengths M + 10(pr − x). If pr > x, the shortest paths from sji to uxr
and vrx both have lengths M − 10(pr − x). If pr = x, the shortest paths from sji to uxr and
vrx have lengths M and M − 1 respectively. As a result, if {uxr , vrx } is resolved by sji , then
pr = x. According to the construction, (r, x) ∈ Aj .
◀
▶ Lemma 3. The constructed instance (G, n, χ, P) of n-Multicolored Resolving Set
is a yes-instance if and only if the given instance (U, F ) of 3-dimensional matching is a
yes-instance.
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Figure 1 An example of the reduction from 3-Dimensional Matching to n-Multicolored
Resolving Set in which U = {1, 2, 3} × [n] and F = {A1 , ..., Am }. Here we only draw the
corresponding paths and resolved pairs of the tuple Aj = {(1, x), (2, y), (3, z)}.
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Proof. (⇐) For an arbitrary tuple Ai = {(1, x), (2, y), (3, z)}, according to Lemma 2, pairs
{ux1 , v1x },{uy2 , v2y } and {uz3 , v3z } are all resolved by sji for every i ∈ [n]. Suppose that the given
instance of 3-dimensional matching is a yes-instance, that is, there exists Aj1 , ..., Ajn
n
S
satisfying that
Ajh = U . It follows that S = {sjhh : h ∈ [n]} is a solution for the
h=1

constructed instance of n-Multicolored Resolving Set.
(⇒) Let S = {sjhh : h ∈ [n]} be a solution for the constructed instance of n-Multicolored
j
Resolving Set. For an arbitrary pair {uxr , vrx }, since it is resolved by some shh′ ′ ∈ S,
according to Lemma 2, (r, x) ∈ Ajh′ . As a result, {Ajh : h ∈ [n]} is a solution for the instance
of 3-dimensional matching.
◀
It is well-known that the treewidth of a graph is bounded by the size of a minimum
feedback vertex set of the graph. We can easily observe that W is a feedback vertex set of
size 9 for G. It follows that the treewidth of G is at most 10. Then we have the following
lemma.
▶ Lemma 4. k-Multicolored Resolving Set is NP-hard even on graphs of treewidth at most 10.

4

Reduction from Multicolored Resolving Set to Metric Dimension

In this section, we create in polynomial time an instance (G′ , k) of Metric Dimension,
which is equivalent to the instance (G, n, χ, P) of n-Multicolored Resolving Set we
created in last section. Roughly speaking, the reduction consists in adding gadgets on base
of the constructed instance (G, n, χ, P) to solve the following two issues: (1) the solution for
Metric Dimension could contain vertices not in any set of χ or more than one vertex from
some set of χ, which would spoil the desired reduction; (2) we did not make sure that every
pair of distinct vertices are resolved by the solution in an instance of n-Multicolored
Resolving Set. We find that similar strategies to those in [2] can be used to solve these
two issues. More specifically, we solve the first issue by adding forced set gadgets. One such
gadget contains two pairs of vertices such that they are only resolved simultaneously by a
vertex of Xi (where it is attached). We solve the second issue by adding forced vertex gadgets.
One such gadget contains a pair of pendant neighboring vertices (false twins), both of which
are also adjacent to an identical vertex. Such construction forces at least one vertex of the
false twins to be chosen in the solution. The chosen vertices (forced vertices) are designed to
resolve the remaining unresolved vertex pairs. Besides, we need to add a number of extra
paths and set appropriate budget k to make sure that the reduction works as described
above.

4.1

Construction of the forced set gadgets

Let (G, n, χ, P) be an instance of n-Multicolored Resolving Set that we created in last
section. For every Xi ∈ χ (i ∈ [n]), we add two pairs of isolated vertices {p1i , qi1 } and {p2i , qi2 }.
Then we add two vertices πi1 and πi2 such that p1i , qi1 are adjacent to πi1 , p2i , qi2 are adjacent
to πi2 . The vertex triples p1i , qi1 , πi1 and p2i , qi2 , πi2 (i ∈ [n]) form a forced set gadget. Then we
create a path P (sji , p1i ) of length 20(n + 1) from sji to p1i and create a path P (sji , p2i ) of length
20(n+1) from sji to p2i for each i ∈ [n], j ∈ [m]. In order to make sure that a vertex can resolve
p1i , qi1 and p2i , qi2 simultaneously if and only if it belongs to Xi , we need to create 4 paths of
length 20(n + 1) from πi1 to Nsj (sji , ar ), from πi1 to Nsj (sji , br ), from πi1 to Nsj (sji , cr ) and
i

i

i

from πi1 to Nsj (sji , p2i ) respectively for each i ∈ [n], j ∈ [m] and r ∈ {1, 2, 3}. For simplicity,
i
we name the four paths as P 1 (i, j, ar ), P 1 (i, j, br ), P 1 (i, j, cr ) and P 1 (i, j, p2i ) respectively.
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Symmetrically, we need to create 4 paths of length 20(n+1) from πi2 to Nsj (sji , ar ), from πi2 to
i

Nsj (sji , br ), from πi2 to Nsj (sji , cr ) and from πi2 to Nsj (sji , p1i ) respectively for each i ∈ [n] and
i
i
i
r ∈ {1, 2, 3}. For simplicity, we name the four paths as P 2 (i, j, ar ), P 2 (i, j, br ), P 2 (i, j, cr ) and
P 2 (i, j, p1i ) respectively. Let Πh (i, j, r) = {P h (i, j, ar ), P h (i, j, br ), P h (i, j, cr ), P h (i, j, p3−h
)}
i
for i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}, h ∈ {1, 2}.
This completes the construction of the first phase.

4.2

Construction of the forced vertex gadgets

A forced vertex gadget consists of a triangle, namely three vertices such that each vertex
is adjacent to the other two vertices. Two vertices of the triangle are false twins whose
degrees are exactly 2 and we call the other vertex in the triangle the connecting vertex of the
gadget. When we say that we add a forced vertex gadget F to a vertex v, we mean that we
create a forced vertex gadget F such that v is identified with the connecting vertex of F .
For each i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}, h ∈ {1, 2}, we add a forced vertex gadget F h (i, j, ar )
to Nπhh (i, j, ar ), F h (i, j, br ) to Nπhh (i, j, br ), F h (i, j, cr ) to Nπhh (i, j, cr ) and F h (i, j, p3−h
) to
i
Nπhh (i, j, , p3−h
)
respectively.
i
In order to make sure that the false twins of F h (i, j, br ) for i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}, h ∈
{1, 2} do not resolve any vertex pair of P, we create a path P (πih , ar ) and a path P (πih , cr )
both of length 10(n + 1) for i ∈ [n], h ∈ {1, 2} and r ∈ {1, 2, 3}.
For each i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}, h ∈ {1, 2}, we add a forced vertex gadget F (πih , ar )
to Nar (πih , ar ) and a forced vertex gadget F (πih , cr ) to Ncr (πih , cr ). For each i ∈ [n], j ∈
[m], r ∈ {1, 2, 3}, we add a forced vertex gadget F (sji , ar ) to Nar (sji , ar ) and a forced vertex
gadget F (sji , cr ) to Ncr (sji , cr ).
Let mid(P h (i, j, p3−h
)) be the middle vertex of P h (i, j, p3−h
) for i ∈ [n], j ∈ [m], h ∈ {1, 2}.
i
i
In order to make sure that the false twins of F h (i, j, p3−h
)
do
not resolve the vertex pair
i
3−h
h
3−h
h
h
3−h
{p3−h
,
q
},
create
a
path
P
(q
,
mid(P
(i,
j,
p
)))
from
q
(i, j, phi )) of
i
i
i to mid(P
i
i
j
length |P 3−h (i, j, phi )|/2 + |P (si , phi )| − 1. Then add a forced vertex gadget F mid (i, j, h) to
mid(P h (i, j, p3−h
)).
i
For i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}, h ∈ {1, 2}, add a forced vertex gadget F ecc (i, j, h, r) to
the vertex x ∈ P h (i, j, ar ) such that dist(πih , x) = 10(n + 1) + 1.
For each i ∈ [n], r ∈ {1, 2, 3}, create two forced vertex gadgets F 1 (uir , vri ) and F 2 (uir , vri )
for the vertex pair {uir , vri } ∈ Pr . Then create an edge from the connecting vertex of
F 1 (uir , vri ) to uir , to vri , to Nuir (ar , uir ) and to Nuir (cr , uir ) respectively for i ∈ [n], r ∈ {1, 2, 3}.
Create an edge from the connecting vertex of F 2 (uir , vri ) to uir , to vri , to the vertex x such
that x ∈ P (ar , uir ) and dist(x, uir ) = 2, and to the vertex y such that y ∈ P (cr , uir ) and
dist(y, uir ) = 2. This completes the construction of the second phase.
Finally, let G′ be the graph constructed by above two phases and set k = 34nm + 19n.
This finishes constructing the instance (G′ , k) of Metric Dimension. Figure 2 shows a part
of G′ .

4.3

Soundness of the reduction

First, we define the vertex sets to be used in the following parts. Recall that Xi = {s1i , ..., sm
i }.
For every i ∈ [n], r ∈ {1, 2, 3}, h ∈ {1, 2}, let
Uih =

[

P (sji , phi ),

j∈[m]
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Figure 2 An example showing a part of G′ . Triangles represent corresponding forced vertex
gadgets. For clarity, some forced vertex gadgets do not appear on the figure. Dotted or dashed lines
are used in order for cleanness of the figure.
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P (sji , ar ) ∪ P (sji , br ) ∪ P (sji , cr ),

j∈[m]

Sih =

[

P (πih , ar ) ∪ P (πih , cr ),

r∈{1,2,3}

Lhi =

[

P (qih , mid(P 3−h (i, j, phi ))),

j∈[m]

Rr =

[

P (ar , uir ) ∪ P (ar , vri ) ∪ P (br , uir ) ∪ P (br , vri ) ∪ P (cr , uir ) ∪ P (cr , vri ), and

i∈[n]

Πh (i, j, r) = P h (i, j, ar ) ∪ P h (i, j, br ) ∪ P h (i, j, cr ) ∪ P h (i, j, p3−h
).
i
For every i ∈ [n], let
[
Ui =
Uih
Hi =
h∈{1,2}

Li =

[

[

Hi,r

Si =

r∈{1,2,3}

Lhi

Πi =

h∈{1,2}

[

Sih

h∈{1,2}

[

Πh (i, j, r).

j∈[m],r∈{1,2,3},h∈{1,2}

Let F be the union of all forced vertex gadgets, i.e.
[
F=
(F (sji , ar ) ∪ F (sji , cr ) ∪ F (πih , ar ) ∪ F (πih , cr )
i∈[n],j∈[m],r∈{1,2,3},h∈{1,2}

∪ F h (uir , vri ) ∪ F h (i, j, ar ) ∪ F h (i, j, br ) ∪ F h (i, j, cr )
∪ F h (i, j, p3−h
) ∪ F mid (i, j, h) ∪ F ecc (i, j, h, r)).
i
Next we introduce a lemma about forced set gadgets and this lemma is important for the
correctness of the reduction.
▶ Lemma 5. The following three statements are true for the instance (G′ , k).
(a) The vertex sji for i ∈ [n], j ∈ [m] resolves both pairs {p1i , qi1 } and {p2i , qi2 }. Moreover, sji
does not resolve any vertex pair {phi′ , qih′ } such that i′ ∈ [n], h ∈ {1, 2} and i′ ̸= i.
(b) The vertices of any forced vertex gadget do not resolve any vertex pair of {{phi , qih } | i ∈
[n], h ∈ {1, 2}}.
(c) Any vertex v ∈ V (G′ ) \ (Xi ∪ F ) resolves at most one vertex pair of {{phi , qih } | i ∈
[n], h ∈ {1, 2}}.
Proof. By the construction of G′ , dist(sji , qih ) = |P (sji , phi )| + 2 = 20(n + 1) + 2 > dist(sji , phi )
for i ∈ [n], j ∈ [m] and h ∈ {1, 2}. Thus any vertex of Xi resolves both pairs {p1i , qi1 } and
′
′
{p2i , qi2 } for i ∈ [n]. For a vertex pair {phi′ , qih′ } such that i′ ̸= i, there is a shortest path from
′
′
′
sji to phi′ or qih′ going through cr′ and πih′ with some integer r′ ∈ {1, 2, 3}. Thus a vertex
s ∈ Xi resolves exactly two vertex pairs of {{phi , qih } : i ∈ [n], h ∈ {1, 2}}.
′
′
First we claim that vertices of F do not resolve any vertex pair {phi′ , qih′ } for i′ ∈ [n], h′ ∈
{1, 2}. For any vertex v ∈ F h (uir , vri ) for i ∈ [n], r ∈ {1, 2, 3}, h ∈ {1, 2}, there is a shortest
′
′
′
path from v to phi′ or qih′ going through ar and πih′ . Thus v does not resolve any vertex
′
′
pair {phi′ , qih′ } for i′ ∈ [n], h′ ∈ {1, 2}. For any vertex v ∈ F mid (i, j, h) ∪ F ecc (i, j, h, r) for
′
′
i ∈ [n], j ∈ [m], h ∈ {1, 2}, r ∈ {1, 2, 3}, we can see that dist(v, phi′ ) = dist(v, qih′ ) with
′
′
′
i′ = i. There is a shortest path from v to phi′ or qih′ going through πih , ar and πih′ with
′
′
i′ ̸= i. Thus v does not resolve any vertex pair {phi′ , qih′ } for i′ ∈ [n], h′ ∈ {1, 2}. For any
S
vertex v ∈ F \ i∈[n],j∈[m],r∈{1,2,3},h∈{1,2} (F h (uir , vri ) ∪ F ecc (i, j, h, r) ∪ F mid (i, j, h)), there

IPEC 2021

24:10

Hardness of Metric Dimension in Graphs of Constant Treewidth
′

′

′

is a shortest path from v to phi′ or qih′ going through πih′ with i′ = i. There is a shortest path
′
′
′
from v to phi′ or qih′ going through cr (or ar ) and πih′ with i′ ̸= i. Thus v does not resolve
′
′
′
′
any pair {phi′ , qih′ }. As a result, vertices of F do not resolve any vertex pair {phi′ , qih′ } for
i′ ∈ [n], h′ ∈ {1, 2}.
Then we show that any vertex v ∈ V (G′ ) \ (Xi ∪ F ) resolves at most one pair of {p1i , qi1 }
and {p2i , qi2 }.
For a vertex v ∈ Uih \ Xi for i ∈ [n], h ∈ {1, 2}, dist(v, phi ) = dist(v, qih ) − 2 < dist(v, qih ).
dist(v, qi3−h ) = dist(v, Nsj (sji , phi )) + |P 3−h (i, j, phi )| + 1 = dist(v, p3−h
). For a vertex pair
i
′

′

i

′

′

′

{phi′ , qih′ } such that i′ ̸= i, there is a shortest path from v to phi′ or qih′ going through πih′ .
Thus v ∈ Uih \ Xi for i ∈ [n], h ∈ {1, 2} resolves exactly one vertex pair of {{phi , qih } : i ∈
[n], h ∈ {1, 2}}.
Let P (mid(P 3−h (i, j, phi )), Nsj (sji , phi )) be the subpath of P 3−h (i, j, phi ) from
i
S
mid(P 3−h (i, j, phi )) to Nsj (sji , phi ). Let Λhi = ( j∈[m] P (mid(P 3−h (i, j, phi )), Nsj (sji , phi ))) \
i

i

{mid(P 3−h (i, j, phi )) | j ∈ [m]}. For a vertex v ∈ Λhi for i ∈ [n], h ∈ {1, 2}, dist(v, phi ) =
dist(v, qih )−2 < dist(v, qih ). dist(v, qi3−h ) = dist(v, πi3−h )+1 = dist(v, p3−h
). For a vertex pair
i
′
h′ h′
′
h′
h′
{pi′ , qi′ } such that i ̸= i, there is a shortest path from v to pi′ or qi′ going through πih′ . Thus
v ∈ Λhi for i ∈ [n], h ∈ {1, 2} resolves exactly one vertex pair of {{phi , qih } : i ∈ [n], h ∈ {1, 2}}.
For a vertex v ∈ Lhi \ {mid(P h (i, j, p3−h
)) | j ∈ [m]} for i ∈ [n], h ∈ {1, 2}, dist(v, qih ) =
i
h
h
dist(v, pi ) − 2 < dist(v, pi ). There is a shortest path from v to p3−h
or qi3−h going through
i
′
′
′
3−h
πi . For a vertex pair {phi′ , qih′ } such that i′ ̸= i, there is a shortest path from v to phi′ or
′
′
qih′ going through πih′ . Thus v ∈ Lhi \ {mid(P h (i, j, p3−h
)) | j ∈ [m]} for i ∈ [n], h ∈ {1, 2}
i
resolves exactly one vertex pair of {{phi , qih } : i ∈ [n], h ∈ {1, 2}}.
For a vertex v ∈ Πi ∪ Si ∪ Hi \ (Xi ∪ Λ1i ∪ Λ2i ) for i ∈ [n], there is a shortest path from
′
′
′
′
′
v to phi′ or qih′ going through πih′ with i = i′ , h′ ∈ {1, 2}. For a vertex pair {phi′ , qih′ } such
′
′
′
that i′ ̸= i, there is a shortest path from v to phi′ or qih′ going through πih′ . Thus v does not
resolve any vertex pair of {{phi , qih } : i ∈ [n], h ∈ {1, 2}}.
For a vertex v ∈ Rr for r ∈ {1, 2, 3}, there is a shortest path from v to phi or qih for
i ∈ [n], h ∈ {1, 2} going through ar and πih . Thus v does not resolve any vertex pair of
{{phi , qih } : i ∈ [n], h ∈ {1, 2}}. This completes the proof for the lemma.
◀
By the properties of false twins, we need to choose exactly one vertex of the false twins
(arbitrarily) of every forced vertex gadget in the resolving set of G′ , which we call a forced
vertex. For convenience, we use f (·) to represent the chosen forced vertex of the corresponding
gadget F (·). Then we have the following lemma.
▶ Lemma 6. The forced vertices do not resolve any vertex pair {uir , vri } ∈ P for r ∈ {1, 2, 3}
and i ∈ [n].
Proof. We fix arbitrary integers i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}, h ∈ {1, 2}. For the forced
′
′
vertex f h (i, j, ar ), dist(f h (i, j, ar ), uir′ ) = 2 + |P (πih , ar′ )| + |P (ar′ , uir′ )| = 2 + |P (πih , ar′ )| +
′
′
|P (ar′ , vri ′ )| = dist(f h (i, j, ar ), vri ′ ) for i′ ∈ [n], r′ ∈ {1, 2, 3}. Thus f h (i, j, ar ) does not resolve
any vertex pair of P. Similarly, the forced vertices f h (i, j, br ), f h (i, j, cr ) and f h (i, j, p3−h
) do
i
′
not resolve any vertex pair of P. For the forced vertex f mid (i, j, h), dist(f mid (i, j, h), uir′ ) =
′
′
dist(f mid (i, j, h), vri ′ ) = |P h (i, j, p3−h
)|/2+|P (πih , ar′ )|+|P (ar′ , uir′ )|. Thus f mid (i, j, h) does
i
′
not resolve any vertex pair of P. For the forced vertex f ecc (i, j, h, r), dist(f ecc (i, j, h, r), uir′ ) =
′
′
dist(f ecc (i, j, h, r), vri ′ ) = 10(n + 1) + 1 + |P (πih , ar′ )| + |P (ar′ , uir′ )|. Thus f ecc (i, j, h, r) does
not resolve any vertex pair of P.
We fix arbitrary integers i ∈ [n], j ∈ [m], r ∈ {1, 2, 3}. For the forced vertex f (sji , ar ),
′
′
′
′
dist(f (sji , ar ), uir ) = 2 + |P (ar , uir )| = 2 + |P (ar , vri )| = dist(f (sji , ar ), vri ) for i′ ∈ [n].
′
′
′
For the forced vertex f (sji , cr ), dist(f (sji , cr ), uir ) = 2 + |P (cr , uir )| = 2 + |P (cr , vri )| =
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′

dist(f (sji , cr ), vri ) for i′ ∈ [n]. Thus f (sji , ar ) and f (sji , cr ) do not resolve any vertex
pair of Pr . Similarly, f (πih , ar ) and f (πih , cr ) for i ∈ [n], h ∈ {1, 2}, r ∈ {1, 2, 3} do not
resolve any vertex pair of Pr . For vertex pairs of Pr′ with r′ ∈ {1, 2, 3} and r′ ̸= r,
′
′
dist(f (sji , ar ), uir′ ) = 2+|P (ar , πi1 )|+|P (ar′ , πi1 )|+|P (ar′ , uir )| = 2+|P (ar , πi1 )|+|P (ar′ , πi1 )|+
′
′
′
j
|P (ar′ , vri )| = dist(f (si , ar ), vri ′ ) for i′ ∈ [n]. dist(f (sji , cr ), uir′ ) = 2 + |P (cr , πi1 )| +
′
′
′
|P (ar′ , πi1 )| + |P (ar′ , uir )| = 2 + |P (cr , πi1 )| + |P (ar′ , πi1 )| + |P (ar′ , vri )| = dist(f (sji , ar ), vri ′ )
for i′ ∈ [n]. Thus f (sji , ar ) and f (sji , cr ) do not resolve any vertex pair of Pr′ .
We fix arbitrary integers i ∈ [n], r ∈ {1, 2, 3}. For the forced vertex f 1 (uir , vri ) or
′
′
f 2 (uir , vri ), obviously it does not resolve the vertex pair {uir , vri }. For a vertex pair {uir , vri }
′
′
with i′ ∈ [n] and i′ ̸= i, dist(f 1 (uir , vri ), uir ) = 2 + |P (ar , uir )| − 1 + |P (ar , uir )| = 2 +
′
′
′
′
|P (ar , uir )| − 1 + |P (ar , vri )| = dist(f 1 (uir , vri ), vri ). For a vertex pair {uir′ , vri ′ } with i′ ∈ [n]
′
and r′ ∈ {1, 2, 3} and r′ =
̸ r, dist(f 1 (uir , vri ), uir′ ) = 2 + |P (ar , uir )| − 1 + |P (πi1 , ar )| +
′
′
|P (πi1 , ar′ )| + |P (ar′ , uir′ )| = dist(f 1 (uir , vri ), vri ′ ). As a result, f 1 (uir , vri ) does not resolve any
′
′
′
vertex pair of P. For a vertex pair {uir , vri } with i′ ∈ [n] and i′ =
̸ i, dist(f 2 (uir , vri ), uir ) =
′
′
′
2 + |P (ar , uir )| − 2 + |P (ar , uir )| = 2 + |P (ar , uir )| − 2 + |P (ar , vri )| = dist(f 2 (uir , vri ), vri ).
′
′
′
For a vertex pair {uir′ , vri ′ } with i′ ∈ [n], r′ ∈ {1, 2, 3} and r′ ̸= r, dist(f 2 (uir , vri ), uir′ ) =
′
′
2 + |P (ar , uir )| − 2 + |P (πi1 , ar )| + |P (πi1 , ar′ )| + |P (ar′ , uir′ )| = dist(f 2 (uir , vri ), vri ′ ). As a result,
f 2 (uir , vri ) does not resolve any vertex pair of P. This completes the proof for the lemma. ◀
▶ Lemma 7 (Soundness). If G′ has a resolving set of size at most 34nm + 19n, then
(G, n, χ, P) is a yes-instance.
Proof. Suppose that S is a resolving set for G′ of size at most 34nm + 19n. Let Ŝ = S ∩ X.
n
S
{s1i , ..., sm
(Recall that X =
i }.) We claim that Ŝ is solution for (G, n, χ, P). Note that for
i=1

the false twins {u, u′ } of a forced vertex gadget, no vertex resolves the vertex pair {u, u′ }
except u (or u′ ). It follows that S contains 34nm + 18n forced vertices since there are
34nm + 18n forced vertex gadgets in G′ . Since X has no intersection with the vertex set of all
forced vertex gadgets, |Ŝ| ≤ n. By Lemma 5, we get that |Ŝ ∩ Xi | = 1 for each i ∈ [n]. Thus
|Ŝ| = n. By Lemma 6 and the assumption that S is a resolving set for G′ , Ŝ resolves every
pair {uir , vri } in G′ for r ∈ {1, 2, 3} and i ∈ [n]. We can check that the distance between sji and
′
′
uir in G′ (and the distance between sji and vri in G′ ) for i ∈ [n], j ∈ [m], i′ ∈ [n], r ∈ {1, 2, 3}
is the same as that in G. Thus Ŝ is a solution for (G, n, χ, P).
◀

4.4

Treewidth bound of the graph

Since the completeness proof takes a large amount of space, before proceeding to that, we
first show that G′ is of constant treewidth. In fact, we will prove a slightly stronger statement
that G′ is of constant pathwidth by giving a search strategy with a constant number of
searchers.
▶ Lemma 8. The pathwidth of G′ is at most 24.
Proof. Following the characterization of pathwidth by Kirousis and Papadimitriou [11], we
S
give a search strategy with 25 searchers. First, we put 9 searchers on r∈{1,2,3} {ar , br , cr }.
The 9 searchers remain there until the end of the whole searching process. The searching
process consists of two phases. We search the “left” part of G′ in the first phase and the
“right” part of G′ in the second phase.
The first phase of the searching process consists of n rounds. At the beginning of the i-th
S
round (i ∈ [n]), we put 6 searchers on h∈{1,2} {phi , qih , πih }. Here when we say that we clean
a path, this means that there are already two searchers guarding at the endpoints (or the
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neighbor of the endpoints) of this path and we use 3 extra searchers x, y, z such that x, y
move alternately from one end of the path to the other end to clean the edges of the path.
When a searcher, say x arrives at the connecting point of a forced vertex gadget, we put y, z
on the false twins of this forced vertex gadget to clean the edges of this gadget and then
after removing y, z, put y ahead of x to continue the alternating process unless x reaches the
endpoint of this path. Then for each j ∈ [m], we
put 5 vertices on NG′ (sji ).
put 2 vertices on mid(P h (i, j, p3−h
)) for h ∈ {1, 2}.
i
use 3 extra searchers to clean the paths P (sji , phi ) for h ∈ {1, 2}, the paths P (sji , ar ),
P (sji , br ), P (sji , cr ) for r ∈ {1, 2, 3}, the paths P h (i, j, ar ), P h (i, j, br ), P h (i, j, cr ),
P h (i, j, p3−h
) for h ∈ {1, 2}, r ∈ {1, 2, 3}, the paths P (πih , ar ), P (πih , cr ) for h ∈ {1, 2}, r ∈
i
{1, 2, 3} and the path P (qih , mid(P 3−h (i, j, phi ))) for h ∈ {1, 2} successively (including all
forced vertex gadgets attached to the vertices on these paths).
remove the above 10 searchers that are still on the graph.
S
At the end of the i-th round, we remove the 6 searchers on h∈{1,2} {phi , qih , πih }.
The second phase of the searching process consists of 3 rounds. During the r-th round
(r ∈ {1, 2, 3}), we operate as follows. For each i ∈ [n], we
put 4 searchers on uir , vri and the connecting point of F h (uir , vri ) for h ∈ {1, 2}.
use 2 extra searchers to clean the paths P (ar , uir ), P (br , uir ), P (cr , uir ), P (ar , vri ), P (br , vri )
and P (cr , vri ) (including the forced vertex gadgets F h (uir , vri ) for h ∈ {1, 2} and the
incident edges of the connecting vertex of F h (uir , vri )).
remove the above 6 searchers that are still on the graph.
This completes the description of the the search strategy.
As a result, the node search number of G′ is at most 25. It follows that the pathwidth of
′
G is bounded by 24.
◀

4.5

Completeness of the reduction

For every forced vertex gadget of G′ , we choose a vertex from the false twins arbitrarily as a
forced vertex and let the set of all chosen forced vertices be F . In this section, we show that
if (G, n, χ, P) has a solution S, then S ′ = S ∪ F is a resolving set of size at most 34nm + 19n
for G′ . Formally, we will prove the following lemma.
▶ Lemma 9 (Completeness). If (G, n, χ, P) is a yes-instance, then G′ has a resolving set of
size at most 34nm + 19n.
The proof of Lemma 9 consists of a list of lemmas. Suppose that V (G′ ) = V1 ∪ V2 ∪ ... ∪ Vt .
Our general method is to show that for each i ∈ [t], every internal vertex pair of Vi is resolved
by S ′ and every vertex pair of Vi′ × Vi for each i′ < i is resolved by S ′ . Note that when we
mention the vertex pairs of Vi′ × Vi , we ignore the vertex pairs with two identical vertices by
default as it’s meaningless in our problem. Due to the page constraint, the proof of Lemma 9
is deferred to the full version of the paper.

5

Conclusion

In this paper, we show that metric dimension is NP-hard on graphs of treewidth at most
24. One of the key points in bounding the treewidth of G′ is to maintain a vertex separation
of constant size. In the first step of our construction, we need 9 vertices to be the vertex
separation and convey the choice of the vertices in each color class Xi (i ∈ [n]). It seems
hard to show NP-hardness of this problem on graphs of treewidth bounded by a constant
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c ≤ 9 using the techniques in this paper, so we mention this open problem again: is metric
dimension polynomial-time solvable on graphs of treewidth 2 or series-parallel graphs [1]?
Another direction is about the parameterized complexity of metric dimension. We ask
the following two questions. Is metric dimension FPT parameterized by the size of the
resolving set on constant treewidth graph? Is metric dimension FPT parameterized by
both the size of the resolving set and the treewidth of the input graph?
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1

Introduction

Statement of the results. Monotone 2-cnfs are cnfs with two positive literals per clause.
They can be viewed as graphs without isolated vertices. In particular, for such a graph G,
φ = φ(G) is a cnf consisting of clauses (u ∨ v) for each {u, v} ∈ E(G). We refer to G as the
underlying graph of φ.
In this paper we introduce a new graph parameter called (Linear Upper Maximum
Induced Matching Width) (lu-mim width). This parameter is located ’in-between’ of two
existing parameters: Linear Maximum Induced Matching Width (lmim width) [13] and
Linear Special Induced Matching Width (lsim width) [8]. We prove that lu-mim width
captures the size of Ordered Binary Decision Diagrams (obdds) for monotone 2-cnfs with
a quasipolynomial gap. In particular, we show that 2lu(G) ≤ obdd(φ) ≤ nO(lu(G)) where
obdd(φ) is the smallest number of nodes of an obdd for a monotone 2-cnf φ and lu(G) is the
lu-mim width of the underlying graph G of φ. The upper bound is based on a combinatorial
statement that may be of independent interest. In particular, we exhibit a connection of this
statement to the Sauer-Shelah lemma (e.g. Theorem 10.1 in [7]).
We show that the bounds are best possible by demonstrating classes of graphs G1 and
G2 such that obdd(φ(G1 )) ≥ nΩ(lu(G1 )) and obdd(φ(G2 )) ≤ 2O(lu(G2 )) .
Finally, we prove that lu-mim width is located strictly in between lsim width and
lmim width. In particular, we demonstrate classes of graphs G1 and G2 such that
lsim width of G1 is at most 3 while lu-mim width is at least Ω(n1/3 ) and
lu-mim width of G2 is at most 4 while lmim width of G2 is at least Ω(n1/2 ).
We conclude from the above dependencies that lsim width cannot capture the upper bound
of obdds for monotone 2-cnfs while lmim width cannot capture the lower bound.
© Igor Razgon;
licensed under Creative Commons License CC-BY 4.0
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Motivation. Monotone cnfs are essentially hypergraphs while monotone 2-cnfs are
essentially graphs. Therefore, it is natural to try to characterize the size of models of
the corresponding Boolean functions by graph parameters. It is particularly neat if such a
parameter can ’capture’ the size of a model on a class of cnfs, that is to tightly characterize
both upper and lower bounds. It is also desirable for the parameter to be well known as, in
this case, existing techniques can be harnessed for determining the value of the parameter
for the given class of graphs.
An example of such a neat capturing is characterization of the size of non-deterministic
read-once branching programs (1-nbps) representing monotone 2-cnfs φ(G) where G has a
bounded degree. In this case, considering the degree constant, the size of the smallest 1-nbp
representing φ(G) is 2Θ(pw(G)) where pw(G) is the pathwidth of G: the upper bound has
been established in [3], the lower bound in terms of linear maximum matching width in [10]
and it has been shown in [11] that the maximum matching width and pathwidth are linearly
related. Since the upper bound of [3] holds for obdds, a special case of 1-nbps, the capturing
also works for obdds It is natural to ask whether such a capturing is possible for graphs of
unbounded degree.
In this paper we address the above question partially. First, we obtain the result for
obdds, a special case of 1-nbps. Generalization to 1-nbps is left as an open question. It is
important to remark that although, for bounded degrees, the pathwidth captures the sizes of
both models, for the case of unbounded degree another parameter might be needed for 1-nbps.
Second, there is a quasipolynomial gap between the upper and lower bounds. We believe
that this is still reasonable because the value of the parameter provides a good indication
of the size of the resulting obdd. Besides, we show that for the considered parameter, no
tighter capturing is possible. Third, we introduced a new parameter rather than using an
existing one. However, this parameter is closely related to existing ones and, as mentioned
above, we demonstrate that the related existing parameters cannot be used for the stated
purpose.
An additional motivation of the proposed results is that they contribute to understanding
the combinatorics of mim width, a parameter becoming increasingly popular among graph
algorithms researchers (see the related work part for the relevant references).
Related work. Here we overview related results that have not been mentioned in the earlier
parts of the introduction.
The size of Decomposable Negation Normal Forms (ddnfs) for monotone 2-cnfs of
bounded degree is captured by treewidth. In particular an fpt upper bound for cnfs of
bounded (primal) treewidth is proved in Theorem 16 of [2]. A matching lower bound for cnfs
of bounded arity and bounded number of variable occurrences follows from the combination
of Theorem 8.3 and Lemma 8.4. [1] 1
A lower bound for obdds for monotone cnfs is established in [1]. For 2-cnfs, the lower
2
bound is 2Ω(pw(G)/d ) where pw(G) and d are the pathwidth and the max-degree of G. The
lower bound provided in this paper is better because lu(G) = Ω(pw(G)/d) due to pathwidth
and linear maximum matching width being linearly related [11]. The proof of the nO(lu(G))
upper bound is similar in spirit to Lemma 1 of [12].
The mim-width [13] has proven useful for design of efficient algorithms for intractable
problems for restricted classes of graphs, see for example the recent series of papers [5], [6],[4].
Lower bounds of mim-width for several graph classes have been established in [9].
1

I would like to thank Florent Capelli for pointing the result out to me.
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Structure of the paper. Section 2 introduces the necessary background. Section 3 introduces
the lu-mim width parameter. Section 4 proves upper and lower bounds on the obdd size.
Section 5 proves that, in terms of the parameter, the bounds are essentially tight. Section
6 justifies the introduction of a new parameter by showing that neither lmim-width nor
lsim can be used for the purpose of capturing the obdd size for monotone 2-cnfs. Finally,
Section 7 outlines directions of further research.

2

Preliminaries

A literal is a Boolean variable or its negation. Throughout this paper, when we refer to a
set S of literals, we mean that S is a proper set of literals, that is a variable cannot occur
in S along with its negation. The set of variables occurring in S is denoted by V ar(S). A
variable x ∈ V ar(S) can occur in S either positively, if x ∈ S or negatively, if ¬x ∈ S. We
can also call S an assignment (to V ar(S) if the clarification is needed).
We view a Conjunctive Normal Form (cnf) as a set of clauses and each clause is just
a proper set of literals. An assignment S satisfies a clause C if S ∩ C ̸= ∅. An assignment
satisfies a cnf φ if S ∩ C ̸= ∅ for each C ∈ φ. For an assignment S, the cnf φ|S is obtained
from φ by removal of all the clauses satisfied by S and removal the occurrences of V ar(S)
from each remaining clause. We denote by V ar(φ) the set of all variables occurring in the
clauses of φ. Customarily, |V ar(φ)| is denoted by n.
For a cnf φ, U ⊆ V ar(φ), let A(U ) = Aφ (U ) be the set of all assignments S to U that
can be extended to a satisfying assignment of φ. We denote by BF(U ) = BFφ (U ) the set of
all Boolean functions represented by φ|A for A ∈ A(U ).
▶ Example 1. Let φ = (x1 ∨ x2 ) ∧ (x1 ∨ x3 ) ∧ (x3 ∨ x4 ) ∧ (x2 ∨ x4 ). Let U = {x1 , x2 }. Then
A(U ) = {{x1 , x2 }, {x1 , ¬x2 }, {¬x1 , x2 }}. Note that {¬x1 , ¬x2 } is not included in A(U )
because the assignment falsifies the clause (x1 ∨ x2 ) and hence cannot be extended to a
satisfying assignment of φ. Then BF(U ) is the set of functions on x3 , x4 represented by the
following set of cnfs {(x3 ∨ x4 ), (x3 ), (x4 )}.
An Ordered Binary Decision Diagram (obdd) is a popular model for representation of
Boolean functions. For the purpose of this paper, we do not need a formal definition of
obbds because the only fact about obdds we use is Proposition 3 but we provide a definition
for the sake of completeness.
▶ Definition 2. An obdd Z is a directed acyclic graph (dag) with one source and two sinks.
Each non-sink vertex has exactly two outgoing neighbours. The vertices and edges of Z are
labelled in the way specified below.
Each non-sink vertex is labelled with a variable, one of the sinks is labelled with true, the
other is labelled with f alse. Let u be a non-sink node of Z labelled with a variable x. Then
one outgoing edge of u is labelled with the positive literal of x, that is x, the other is labelled
with the negative literal of x, that is ¬x.
The labelling of non-sink nodes also needs to observe two principles: being read-once and
being ordered. The read-once property means that in any directed path P of Z the labels of
all the non-sink nodes of P are distinct (no variable occurs twice). Being ordered means that
there is a permutation π(Z) of the variables labelling the nodes of Z so that for any path P
from a non-sink node u to a non-sink node v the label of u precedes in π(Z) the label of v.
For a directed path P of Z, we denote by A(P ) the set of literals labelling the edges of P .
Let x1 , . . . , xn be the variables labelling the nodes of Z. The function fZ represented by Z is
defined as follows. Let S be a set of literals with V ar(S) = {x1 , . . . , xn }. Then fZ is true
on S if and only if Z has a path P from the source to the true sink such that A(P ) ⊆ S.
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We refer the reader to [14] for an extensive study of obdds. For the results of this paper,
we only need bounds on obdd(φ), the smallest obdd size (the number of vertices) for a cnf
φ as in the next statement that follows from Theorem 3.1.4 of [14].
▶ Proposition 3.
1. Suppose that for each permutation π of V ar(φ) there is a prefix π ′ of π 2 such that
|BF(π ′ )| ≥ m. 3 Then obdd(φ) ≥ m.
2. Assume that there is a permutation π of V ar(φ) such that for every prefix π ′ of π,
|BF(π ′ )| ≤ m. Then obdd(φ) = O(n ∗ m).
In case of obdds representing monotone 2-cnfs upper and lower bounds can be stated in
graph theoretical terms as described below. We follow a standard graph-theoretical notation.
In particular G[U ] denotes the subgraph induced by U ⊆ V (G). N (U ) is the set of all
neighbours of vertices of U excluding U , the considered graph may be added as a subscript
if not clear from the context. The cnf {(u ∨ v)|{u, v} ∈ E(G)} is denoted by φ(G).
▶ Definition 4. Let U ⊆ V (G). We denote by ISET(U ) the family of all the independent
subsets of U . Let V = V (G) \ U . We define TRACES(U ) = {N (S) ∩ V |S ∈ ISET(U )}.
The subscript G can be used for TRACES(U ) and ISET(U ) if the graph in question is not
clear from the context.
▶ Example 5. Let G be a graph with vertices x1 , x2 , x3 , x4 and edges
{x1 , x2 }, {x1 , x3 }, {x2 , x4 }, {x3 , x4 }.
(This is the graph corresponding to the cnf
considered in Example 1.) Let U = {x1 , x2 }. Then ISET(U ) = {∅, {x1 }, {x2 }},
TRACES(U ) = {∅, {x3 }, {x4 }}.
Combination of Examples 1 and 5 illustrates that TRACESG (U ) and BFφ (U ) are of
the same size where φ = φ(G). The following lemma shows that this is not a coincidence.
▶ Lemma 6. Let φ = φ(G). Then |BF(U )| = |TRACES(U )|.
Proof. It is not hard to see that A(U ) = {A(S)|S ∈ ISET(U )} where A(S) is an assignment
on U where all the elements of S occur negatively and the rest occur positively. Furthermore,
it is not hard to see that φ|A(S) is a cnf of the form {(u)|u ∈ N (S) ∩ V } ∪ {(u ∨ v)|{u, v} ∈
E(G[V ])} (which is equivalent to {(u)|u ∈ N (S)∩V }∪{(u∨v)|{u, v} ∈ E(G[V \N (S)])}). It
follows that for S1 , S2 ∈ ISET(U ) and N (S1 )∩V = N (S2 )∩V , φ|A(S1 ) = φ|A(S2 ) . Conversely,
we need to show that if N (S1 ) ∩ V and N (S2 ) ∩ V are distinct then so are the functions
of φ|A(S1 ) and φ|A(S2 ) . Assume w..l.o.g. the existence of v ∈ (N (S1 ) ∩ V ) \ (N (S2 ) ∩ V )
This means that v occurs positively in all satisfying assignments of φA(S1 ) but can occur
negatively in φA(S2 ) : just assign positively the rest of the variables.
◀
Finally, we need one more definition.
▶ Definition 7. Let U, V ⊆ V (G). A (U, V )-matching is a matching of G consisting of edges
with one end in U and the other in V . Let M be such a matching. We denote by U (M ) the
set of ends of the edges of M that belong to U . Let S be an independent subset of U . We say
that S enables an induced (U, V ) matching if there is an induced (U, V )-matching M with
U (M ) = S.
2
3

We think of the permutation as a linear order of V ar(φ) so a prefix is naturally defined.
Here and in several other places we slightly abuse the notation by using a sequence as a set. The correct
use will always be clear from the context.
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In this section we introduce the parameter of Linear Upper Maximum Induced Matching
Width (lu-mim width). In order to present the parameter in the right context we compare
it with two existing parameters: Linear Maximum Induced Matching Width (lmim width)
and Linear Special Induced Matching Width (lsim width).
The definition of all three parameters follows the same pattern. First, we fix a permutation
π = (v1 , . . . , vn ), denote each {v1 , . . . , vi } by Vi and define the width of the prefix (v1 , . . . , vi )
as the largest size of an induced (Vi , V (G) \ Vi )-matching of some subgraph of G. The
difference between the above three parameters is in the choice of the subgraph. The rest of
the definition is identical for all the three parameters and also pretty standard: the width of
π is the largest width among all the prefixes of π and the width of G is the smallest width
among all the permutations.
To define the width of a permutation prefix for lu-mim width, we need the notion of an
upper subgraph introduced in the definition below.
▶ Definition 8. Let U ⊆ V (G) and V = V (G) \ U . The upper subgraph GU of G w.r.t. U
is a spanning subgraph of G with E(GU ) = E(G) \ E(G[V ]).
In words, GU is obtained from G by removal of all the edges whose both ends are outside
of U . See Figure 1 for an illustration of this notion.
G

GS

S

Figure 1 An example of an upper subgraph.

▶ Definition 9 (lu-mim width). Let π = (v1 , . . . , vn ) be a permutation of V (G) and denote
{v1 , . . . , vi } by Vi . Let ri be the size of the largest induced (Vi , V (G) \ Vi )-matching of GVi .
Let r(π) = maxni=1 ri . The Linear Upper Induced Matching Width (lu-mim width) of
G denoted by lu(G) is the smallest r(π) over all the permutations π of V (G). We call a
permutation π such that r(π) = lu(G) a witnessing permutation for lu(G).
▶ Example 10. In the graph G of Figure 1, consider the permutation π first traversing all
the top vertices from the left to the right and then all the bottom vertices from the left to
the right. Let Vi be the set of all the top vertices (denoted by S in the picture). It is not
hard to see that the largest induced (Vi , V (G) \ Vi )- matching of GVi is of size 1. The widths
of the rest of the prefixes are also at most 1, So, r(π) = 1. Since the graph is connected, any
permutation will have width at least one. So, we conclude that lu(G) = 1.
The parameter lu-mim width can be considered as lying between existing parameters
lmim width and lsim width. In particular, to compute the width of a prefix Vi for lmim
width, the edges having both ends in Vi are discarded along with the edges having both of
their ends out of Vi . In Example 10, with Vi = S, only the edges between the top and the
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bottom vertices remain, so the largest size of an induced (Vi , V (G) \ Vi )- matching of the
resulting graph becomes 2. For lsim width, no edges are discarded at all, so the width of
Vi is the largest induced (Vi , V (G) \ Vi )-matching for the whole G.
It is clear that for any graph G, its lsim width is smaller than or equal to its lu-mim
width which, in turn, is smaller than or equal to its lmim width. For the latter two we can,
in fact, demonstrate a class of graphs where lu-mim width is bounded while lmim width
unbounded but we leave the exact relationship between the former two as an open question.
We postpone to Section 6 a more detailed discussion of relationship between the parameters
as well as justifying the need of the new parameter for bounding the size of obdds. The
reason of this arrangement is that we need first to prove the main results of the paper so
that we can refer to them for the purpose of the justification.

4

OBDD bounds in terms of LU-MIM width

In this section we establish upper and lower bounds on the size of obdds representing
monotone two cnfs. The upper bound is the more interesting of these two because it is
based on the following combinatorial statement.
▶ Theorem 11. Let U ⊆ V (G) such that V = V (G) \ U is independent. Then
|TRACES(U )| ≤ nr+1 where n = |V (G)| and r is the size of the largest induced (U, V )matching.
Before we provide a proof of Theorem 11, let us remark that if U is independent (that is
G is a bipartite graph with U and V being its parts) then the statement follows from SauerShelah lemma. This is just because, in this case, the size of the largest induced matching of G
is exactly the VC-dimension of TRACES(U ). Indeed, let W = {w1 , . . . , wq } be a set of the
largest size shattered by TRACES(U ). Then we can identify subsets U1 , . . . , Uq such that
N (Ui ) ∩ W = {wi } for 1 ≤ i ≤ q. In particular, in each Ui we can identify a vertex ui such
that ui is adjacent to wi but not adjacent to any other vertex of W . Consequently, the edges
{u1 , w1 }, . . . , {uq , wq } constitute an induced matching. Conversely, let {u1 , w1 }, . . . , {uq , wq }
be an induced matching. Then the set {w1 , . . . , wq } is shattered by neighborhoods of all
possible subsets of {u1 , . . . uq }. Hence the VC dimension of TRACES(U ) is at least q.
If U is not an independent set, the first part of the above reasoning does not work. Indeed,
the vertices u1 , . . . , uq extracted from U1 , . . . , Uq do not necessarily form an independent set
and hence the resulting matching is not necessarily induced. We were unable to upgrade the
above argument to prove Theorem 11 and hence we provide a self-contained proof.
Proof of Theorem 11.
▷ Claim 12. Let S ⊆ U be an independent subset of U . Let u ∈ S. Suppose that S \ {u}
enables an induced (U, V )-matching while S does not. Then there is a subset S ′ ⊂ S enabling
an induced (U, V )-matching such that N (S ′ ) ∩ V = N (S) ∩ V .
Proof. By induction on |S|. For |S| = 1 the statement holds in a vacuous way. For each u′ ∈ S
let T (u′ ) = (N (u′ ) ∩ V ) \ (N (S \ {u′ }) ∩ V ) be called the individual trace of u′ . Suppose all the
individual traces are non-empty. For all u′ fix an arbitrary v ′ ∈ T (u′ ). Then {{u′ , v ′ }|u′ ∈ S}
is an induced matching (recall that V is independent) contradicting our assumption. It
follows that there is u′ ∈ S such that T (u′ ) = ∅. But then N (S) ∩ V ⊆ N (S \ {u′ }) ∩ V and
hence N (S) ∩ V = N (S \ {u′ }) ∩ V . If S ′ = S \ {u} enables an induced (U, V )-matching, we
are done. Otherwise, apply the induction assumption to S ′ .
◁
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▷ Claim 13. Let S ⊆ U be an independent subset of U . Then there is S ′ ⊆ S enabling an
induced (U, V )-matching such that N (S) ∩ V = N (S ′ ) ∩ V .
Proof. Let q be the size of the largest subset of S enabling an induced (U, V )-matching. We
proceed by induction on |S| − q. If it is zero then put S ′ = S. Otherwise, let S0 be a subset
of S of size q enabling an induced (U, V ) matching and let u ∈ S \ S0 . By Claim 12, there is
S1 ⊂ S0 ∪ {u} enabling an induced (U, V ) matching such that N (S1 ) ∩ V = N (S0 ∪ {u}) ∩ V .
Let S2 = S \ (S0 ∪ {u}). Then
N (S1 ∪ S2 ) ∩ V = (N (S1 ) ∩ V ) ∪ (N (S2 ) ∩ V ) =
(N (S0 ∪ {u}) ∩ V ) ∪ (N (S2 ) ∩ V ) = N (S0 ∪ {u} ∪ S2 ) ∩ V = N (S) ∩ V

(1)

Further on, S1 ∪ S2 has a subset of size at least |S1 | enabling an induced (U, V )-matching.
But |S2 ∪ S1 | − |S1 | = |S2 | = |S| − q − 1. Apply the induction assumption to S1 ∪ S2 to find a
subset S3 ⊆ S1 ∪S2 enabling an induced (U, V ) matching such that N (S3 )∩V = N (S1 ∪S2 )∩V .
Since S1 ∪ S2 ⊆ S, S3 ⊆ S and N (S3 ) ∩ V = N (S) ∩ V by (1), we put S ′ = S3 . □
◁
By assumption an independent subset of U enabling an induced (U, V ) matching is of size
at most r. It follows from Claim 13 that TRACES(U ) = {N (S) ∩ V |S ∈ ISET(U ), |S| ≤ r}.
Clearly the size of the right-hand set is upper bounded by the number of subsets of U of size
at most r which is clearly upper bounded as claimed in the theorem.
◀
▶ Theorem 14 (obdd bounds). For φ = φ(G), 2lu(G) ≤ obdd(φ) ≤ nO(lu(G)) .
Proof. Let π = (v1 , . . . , vn ) be a permutation of V (G) witnessing lu(G). Let Vi and ri be as
in Definition 9. By combination of Lemma 6 and Theorem 11, |BF(Vi )| ≤ nri +1 ≤ nlu(G)+1 .
The upper bound follows from the second statement of Proposition 3.
For the lower bound we assume now that π = (v1 , . . . , vn ) is an arbitrary permutation
with the meaning of Vi and ri retained. Furthermore, we assume that (v1 , . . . , vi ) is selected
so that ri ≥ lu(G) (such a prefix exists by definition of lu-mim width). We are going to
show that |TRACES(Vi )| ≥ 2ri . The lower bound will then follow from combination of
Lemma 6 and the first statement of Proposition 3.
Let U ∗ = {u1 , . . . , uri } be a subset of Vi enabling an induced (Vi , V (G) \ Vi )- matching of
Vi
G of size ri and let M = {{u1 , v1 }, . . . , {uri , vri }} be the edges of this matching. Let U1 , U2
be two distinct subsets of U ∗ . We claim that N (U1 ) ∩ (V (G) \ Vi ) ̸= N (U2 ) ∩ (V (G) \ Vi ).
Indeed, assume w.l.o.g. that there is uj ∈ U1 \ U2 . Then vj ∈ N (U1 ) ∩ (V (G) \ Vi ) while
vj ∈
/ N (U2 ) ∩ (V (G) \ Vi ). Thus 2ri subsets of U ∗ have pairwise distinct neighborhoods in V
witnessing that |TRACES(Vi )| ≥ 2ri .
◀

5

No tighter bounds

We are now going to prove that the bounds in the statement of Theorem 14 are asymptotically
best possible. This will imply that the quasypolynmial gap between the upper and lower
bounds cannot be narrowed down. For the lower bound the proof will be straightforward.
For the upper bound we will need a ’gadgeted’ construction developed below.
▶ Definition 15. Let U = (u1 , . . . , uq ), V = (v1 , . . . , vq ). The graph SKEW (U, V ) over
vertices {u1 , . . . , uq , v1 , . . . , vq } has the set of edges {{ui , vj }|i ≤ j}.
Let U1 , . . . , Up be mutually disjoint sequences of q elements. We define a graph G over
U1 ∪ · · · ∪ Up (here we interpret Ui as sets) as follows. For each 1 ≤ i ≤ p − 1, G[Ui ∪ Ui+1 ] is
SKEW (Ui , Ui+1 ). We call G a p, q-path of skewed graphs. We call U1 , . . . , Up the sequence
of layers of G and give them numbers 1, . . . , p in the order listed.
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▶ Definition 16. Let P be a path. The 1-subdivision of P is the graph obtained by introducing
exactly one subdivision to each edge of P .
▶ Definition 17. Let G1 , . . . , Gr be p, q-paths of skewed graphs with respective sequences
(U11 . . . , Up1 ), . . . , (U1r , . . . , Upr ) of layers. Connect the vertices of each Ui1 + · · · + Uir into a
path P in the order specified and 1-subdivide the resulting path. Let G be the resulting graph.
We call G a p, q, r-grid of skewed graphs (we may omit the parameters if they are not relevant
in the context).
The vertices V (G1 ) ∪ · · · ∪ V (Gr ) are referred to as the main vertices and the vertices
introduced by the 1-subdivision are the auxiliary vertices. The subdivided paths are referred
to as the layers of G with the i-th layer being the one containing Ui1 , . . . , Uir as the main
vertices. Let us enumerate the main vertices of each layer i as in the sequence Ui1 + . . . , +Uir
starting from 1. The number each vertex receives is the coordinate of this vertex.

1

2

3

4

5

6

1
2
3
Figure 2 A grid of skewed graphs.

Figure 2 demonstrates a grid of skewed graphs. The top-left graph is SKEW (U, V ) where
U is the sequence of three vertices on the top enumerated from the left to the right and V is
the respective sequence of the bottom vertices. The graph on the top-right is a 3, 3-path of
skewed graphs. The graph has three layers enumerated from the top to the bottom. The
vertices of the second layer are surrounded by the oval. The graph at the bottom-left is the
3, 3, 2-grid of skewed graphs. For the sake of a better visualization, the auxiliary vertices are
not shown and the layers are denoted by thick lines, the meaning of a thick line is specified
on the bottom right of the picture. The grid has three layers and the coordinates of the main
vertices range from 1 to 6 as specified in the picture.
▶ Definition 18. Let G be an p, q, r-grid of skewed graphs. Let U be a set of main vertices
one of each coordinate and none belonging to the last layer. For each vertex u1 ∈ U let u2 be
the vertex of the same coordinate lying at the next layer. Let V be the set of all vertices u2 .
Let H be the subgraph of G induced by U ∪ V . We call H a horizontal subgraph of G. We
call U, V the top and bottom forming sets of H. Let M be the matching consisting of all
the edges {u1 , u2 } as above. We call M the core matching of H. U ∪ V is partitioned into r
main intervals 1, . . . , r where vertices of the i-th main interval are those having coordinates
(i − 1) ∗ q + 1, . . . , i ∗ q.
▶ Lemma 19. With the notation as in Definition 18, both |TRACESH (U )| ≥ (q + 1)r and
|TRACESH (V )| ≥ (q + 1)r
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Proof. We prove only the first statement, the second is symmetric.
Let H1 , . . . , Hr be the subgraphs of H induced by the respective main intervals 1, . . . , r.
For each Hi denote V (Hi ) ∩ U and V (Hi ) ∩ V by Ui and Vi , respectively.
It is not hard to see that H is the disjoint union of H1 , . . . , Hr , hence |TRACESH (U )| =
Qr
i=1 |TRACESHi (Ui )|. It is thus sufficient to prove that for each i, |TRACESHi (Ui )| ≥
q + 1. W.l.o.g. we only prove that |TRACESH1 (U1 )| ≥ q + 1.
For U ′ ⊆ U1 , let f irst(U ′ ) be the vertex u′ ∈ U ′ located at the layer having the largest
number (among the vertices of U ′ ), and, among those vertices of U ′ located at the layer, having
the smallest coordinate. Let u1 = f irst(U1 ) and for 2 ≤ i ≤ q, ui = f irst(U1 \{u1 , . . . , ui−1 }).
Let v1 , . . . , vq be the other ends of the edges of M (the core matching of H) incident to
u1 , . . . , uq , respectively. Observe that H has no edge {ui , vj } such that i > j. Indeed,
otherwise, either the layer of uj is smaller than the layer of ui or the coordinate of uj is
larger than the coordinate of ui , both cases contradict the choice of vertices u1 , . . . , uq .
Consider the sets W1 , . . . Wq+1 such that Wq+1 = ∅ and Wj = {uj } for 1 ≤ j ≤ q. It
follows that for each 1 ≤ j ≤ q, vj ∈ N (Wj ) ∩ V1 and vj ∈
/ N (Wk ) ∩ V1 for k > j. It
follows that the sets N (W1 ) ∩ V1 , . . . , N (Wq+1 ) ∩ V1 are all distinct thus confirming that
|TRACESH1 (U1 )| ≥ q + 1.
◀
▶ Lemma 20. Let G be a p, q, r-grid of skewed graphs where p > 1, q > 1, r ≥ 1, and
p = 2 ∗ r⌈log q⌉. Let n = V (G). Then for φ = φ(G), obdd(φ) ≥ nr/2 for a fixed r and a
sufficiently large n.
Proof. We prove the q r lower bound instead of nr/2 . Indeed nr/2 ≤ (2 ∗ q ∗ p ∗ r)r/2 =
q r/2 ∗ (4r2 ⌈log q⌉)r/2 ≤ q r for a fixed r and a sufficiently large q. We consider an arbitrary
permutation π and show existence of a prefix π ′ such that |TRACES(π ′ )| ≥ q r . The lemma
will then follow from the combination of the first statement of Proposition 3 and Lemma 6.
Let π ′ be the shortest prefix of π containing all the vertices of some layer x. Assume
existence of a layer y none of which vertices are contained in π ′ . Assume that y > x. For each
coordinate i, specify main vertices ui , vi both having coordinate i with the layer of vi being the
next after the layer of ui and such that ui ∈ π ′ while vi ∈
/ π ′ . To see that such vertices exist,
start from the main vertex with coordinate i at layer x and iteratively move down. Since the
respective vertex of coordinate i at y is not in π ′ , the required vertices ui , vi will eventually
be found. The set {u1 , . . . , uqr , v1 , . . . , vqr } induce a horizontal subgraph H of G with
U = {u1 , . . . , uqr } being the top set. Then |TRACES(π ′ )| ≥ |TRACESH (U )| ≥ (q + 1)r ,
the last inequality follows from Lemma 19.
If y < x, the reasoning is symmetric and we use the second statement of Lemma 19
rather than the first one. It remains to assume that at least one vertex of each layer of G
is contained in π ′ . Remove from π ′ the last vertex and let π ∗ be the resulting prefix. By
definition of π ′ , in each layer of G there is at least one vertex inside π ∗ and at least one vertex
outside π ∗ . Since layers induce connected subgraphs of G, we can identify edges {ui , vi }
of G for 1 ≤ i ≤ p with ui , vi located at layer i, ui is contained in π ∗ while vi is not. We
notice that the edges {ui , vi } with odd indices form an induced matching. Indeed, in G two
vertices are adjacent only if they are in the same layer or in consecutive layers. Let U be
the set of vertices ui with i being odd. Applying the argument as in the lower bound proof
for Theorem 14, we observe that the neighborhoods of the subsets of U in V (G) \ π ∗ are
pairwise distinct. Taking into account the definition of p and that |U | = p/2 by construction,
we conclude that TRACES(π ∗ ) ≥ 2|U | = 2p/2 ≥ q r .
◀
▶ Lemma 21. With the notation as in Lemma 20, r ≤ lu(G) ≤ r + 2.
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Proof. For the lower bound we argue as in Lemma 20. Recall that for an arbitrary
permutation π we considered two cases. In the first case we observed existence of a prefix
π ′ such that there is a horizontal subgraph H of G with all vertices of the top forming set
contained in π ′ and all vertices of the bottom forming set being outside of π ′ (or vice versa).
For each main interval take one edge of the core matching whose vertex coordinates belong
to this interval. These edges, taken together constitute an induced matching of G of size r.
If prefix π ′ as above does not exist then there is a prefix π ∗ such that for each layer
1 ≤ i ≤ p there is an edge {ui , vi } with ui ∈ π ∗ and vi ∈
/ π ∗ . As we have observed the edges
with odd indices comprise an induced matching of G of size at least r log q > r.
For the upper bound, we consider a permutation π where vertices occur layer by layer:
first layer 1, then layer 2 and so on. Within each layer the vertices occur along the path
induced by the layer starting from the main vertex with coordinate 1.
Consider a prefix π ′ of π. Let x be the largest layer number (some of) whose vertices
are contained in π ′ . By definition of π all the vertices whose layer numbers are smaller than
x belong to π ′ . It follows that the edges between π ′ and V (G) \ π ′ belong to one of the
following categories.
1. Edges between layer x and layer x + 1. Suppose that π ′ contains vertices of layer x laying
in intervals 1, . . . r ′ . Then this category of edges can contribute at most r′ edges to an
′
induced matching of Gπ .
2. Edges between layer x − 1 and layer x. This category of edges can contribute at most
r − r′ + 1 edges to the induced matching (the extra one is on the account that not all
vertices of interval r′ and layer x may be present in π ′ ) so there may be an edge of vertices
of interval r′ between layers x − 1 and x contributing to the considered induced matching.
3. Edges with both ends in layer x. Since π ′ contains an initial fragment of the path of layer
x, there may be at most one such an edge.
′
Summing up the above three items, we conclude that the size of induced matching of Gπ
cannot be greater than r + 2.
◀
▶ Theorem 22 (best possible bounds). For every fixed r ≥ 1 there are infinite classes G1 and
G2 of graphs of lu-mim width Θ(r) and such that for each G1 ∈ G1 , obdd(φ(G1 )) ≤ 2O(r)
while for each G2 ∈ G2 , obdd(φ(G2 )) ≥ nΩ(r) .
Proof. Let G1 be the set of all p × r grids for a sufficiently large p. Each graph of this class
has pathwidth of Θ(r) and hence the obdd size is at most 2O(r) by [3]. Because of the
bounded degree, the pathwidth and the lu-mim width of graphs in G1 are linearly related.
Hence, we conclude that for each G1 ∈ G1 , obdd(φ(G1 )) = 2O(lu(G)) . Let G2 be the class
of p, q, r grids for a sufficiently large q and p = 2 ∗ r⌈log q⌉. The required properties are
immediate from the combination of Lemma 20 and Lemma 21.
◀

6

Why is the new parameter needed

In this section we justify the need for the new parameter of lu-mim width. In particular,
we explain why we cannot use two existing closely related parameters: lmim width and
lsim width. For the sake of completeness, let us define the latter two parameters.
▶ Definition 23. Let π = (v1 , . . . , vn ) be a permutation of V (G). Denote {v1 , . . . , vi } by
Vi . Let xi be the largest size of an induced matching of G[Vi , V (G) \ Vi ] which is the graph
induced by the edges between Vi and V (G) \ Vi . Let yi be the largest size of an induced
(Vi , V (G) \ Vi )-matching of G. Let x(π) be the maximum of all xi and let y(π) be the
maximum of all yi . The Linear Maximum Induced Matching Width (lmim width) of G
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denoted by lmimw(G) is the minimum x(π) over all permutations π of V (G). The Linear
Special Induced Matching Width (lsim width) of G denoted by lsimw(G) is the minimum
y(π) over all the permutations π of V (G).
The parameter lmim width cannot be used for our purposes because it does not
capture the lower bound for obdds representing monotone 2-cnfs. In particular, below we
demonstrate an infinite class of graphs having lmim width of order of the square root of the
number of vertices whose corresponding cnfs can be represented by polynomial size obdds.

CLIQUES

Figure 3 Schematic illustration of graphs Hn .

▶ Theorem 24. For each integer r ≥ 2, there is an infinite class of graphs Hr of n = r2
vertices such that lu(Hr ) = 2 (and hence φ(Hr ) can be represented by an obdd of size at
most nO(1) by Theorem 14 ) while lmimw(Hr ) ≥ (r − 1)/2.
Proof. V (Hr ) consists of disjoint union of sets V1 , . . . , Vr of r vertices each. Each Vi is
a clique in Hr . Denote the vertices of each Vi by vi,1 , . . . , vi,r . The graph Hr has paths
v1,i , . . . , vr,i for each 1 ≤ i ≤ r. E(Hr ) contains no other edges besides those specified above.
Figure 3 schematically illustrates the graphs Hr .
To demonstrate that lu(Hr ) is small, consider the permutation of V (Hr ) by the alphabetic
ordering of their indices, that is, v1,1 , . . . , v1,r , . . . , vr,1 , . . . , vr,r . Let V ′ be the set of vertices
of a prefix of this permutation. Let 1 ≤ q ≤ r be such that Vq ∩ V ′ =
̸ ∅ while for each
q < i ≤ r, Vi ∩ V ′ = ∅. It follows that for each 1 ≤ i < q, Vi ⊆ V ′ . Hence, by construction,
any edge connecting V ′ to V (Hr ) \ V ′ has an end either in Vq or in Vq−1 . Thus for any three
edges between V ′ and V (Hr ) \ V ′ either two of them have an end in Vq or two of them have
an end in Vq−1 . In both cases these ends are connected by an edge with both ends lying in
′
V ′ and hence such edges cannot constitute an induced matching of HrV . We conclude that
the largest possible size of the such an induced matching is 2. It follows from Theorem 14
that φ(Hr ) can be represented by an obdd of size upper bounded by nO(1) .
Let us know establish an Ω(r) = Ω(n1/2 ) lower bound on lmimw(Hr ). For vertices vi,j
of Hr let us call their first coordinates rows and their second coordinates columns. Let π be
an arbitrary permutation of V (Hr ). Let π0 be the longest prefix of π that does not contain
vertices with all the row coordinates and does not contain vertices with all the column
coordinates. Since this is already not the case for the immediate successor of π0 , it is either
that π0 contains vertices with r − 1 row coordinates or vertices with r − 1 column coordinates.
Assume the former. Then there is a set I of r − 1 rows i such that π0 contains some vi,j . By
assumption, for each i ∈ I, there is some q such that vi,q ∈
/ π0 . Since each Vi is connected we
can identify, for each i ∈ I an edge {vi,j1 , vi,j2 } such that one end of this edge is in π0 while
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the other end is outside. At least half of such edges have the same parity of the row. Let M
be a such a subset of edges. By definition of Hr vertices with the same row parity are not
adjacent hence this matching is induced in Hr and of size at least (r − 1)/2 by definition.
It remains to assume that there is a set I of r − 1 columns j such that there is a vertex
vi,j ∈ π0 . By assumption, at least one vertex of v1,j , . . . , vr,j does not belong to π0 . As
v1,j , . . . , vr,j induce a path, there is an edge {vi,j , vi+1,j } such that one end belong to π0
while the other end is outside. Let E ′ be a set of such edges one per column of I. For an
edge {vi,j , vi+1,j } of E ′ we call its end that belongs to π0 the inner end and the other one
the outer end. We call the edge even if the row of the inner end is even and odd otherwise.
Clearly at least (r − 1)/2 edges of E ′ have the same parity. Assume without loss of generality
that these are even edges. It remains to demonstrate that there are no distinct columns j1
and j2 . such that the inner end of the edge of E ′ of column j1 is adjacent to the outer end
of the edge corresponding to j2 . Since the columns are different the adjacency may be only
because the adjacent ends belong to the same clique Vi . But this means that the row of the
inner end of j2 is odd, a contradiction.
◀
Regarding lsim width, the situation is opposite: lsim width cannot represent the obdd
upper bound. In particular, we present below a class of graphs whose lsim width is at most
3 while the lu-mim width is lower bounded the number of vertices to the power of 1/3.
Hence, the size of the corresponding obdds is exponential in the number of vertices (in a
positive power). We conclude that lsim width cannot be used for representation of the
obdd upper bound for monotone 2-cnfs.
▶ Definition 25. For each integer r ≥ 2, we define the graph Xr of n = 2r3 vertices as
follows. Let L1 , . . . , L2r be mutually disjoint sets of r2 vertices in each and call the sets
layers. V (Xr ) = L1 ∪ · · · ∪ L2r .
For the purpose of introducing edges, each Li is arbitrarily partitioned into sets
Li,1 , . . . , Li,r of r vertices in each. These sets are called sublayers of layer i. The vertices of
each Li,j are arbitrarily enumerated.
The edges of Xr are the following.
1. For each 1 ≤ i ≤ 2r − 1, for each 1 ≤ j ≤ r and for each 1 ≤ k ≤ r, introduce an
edge between vertex number k of Li,j and vertex number k of Li+1,j . We call these edges
inter-layer ones.
2. For each odd i for every 1 ≤ j < k ≤ r introduce an edge between each vertex of Li,j and
each vertex of Li,k .
3. For each even i and each 1 ≤ j ≤ r, make Li,j into a clique.
▶ Lemma 26. lsimw(Xr ) ≤ 3.
Proof. Consider the following permutation π of Xr . The vertices are traversed layer by layer,
first L1 then L2 then L3 and so on. Within each Li first vertices of Li,1 are traversed then
of Li,2 , and so on. Within each Li,j vertices are traversed by the increasing order of the
numbers assigned to them.
Consider an arbitrary prefix V ′ of this permutation. Let q be the largest number such that
Lq ∩ V ′ ̸= ∅. It follows that for each 1 ≤ i ≤ q − 1 Li ⊆ V ′ . Consequently, by construction,
the edges between V ′ and V (Xr ) \ V ′ may be divided into the following three categories.
1. Edges between Lq and Lq+1 . Then any two such edges will have an edge between their
ends. Indeed, any such an edge connects an odd layer with an even layer. Let us call the
end in the odd layer the odd end and the end in the even layer the even end. Note that
both odd ends belong to the same sublayer if and only if both even ends do. If both even
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ends belong to the same sublayer then they are adjacent by construction. Otherwise,
both odd ends belong to different sublayers and, again, are adjacent by construction.
2. Edges between Lq−1 and Lq . The same principle applies that any two edges must have
adjacent ends.
3. Edges inside Lq . If q is odd then the ends of any edge e belong to different sublayers. By
construction N (e) ∩ Lq = Lq \ e hence any two edges have adjacent ends. In case q is
even, there are two cases two consider. The first is when each sublayer of Lq is either a
subset of V ′ or a subset of V (Xr ) \ V ′ . In this case there are no edges between V ′ and
V (Xr ) \ V ′ with both ends in Lq . Otherwise, there is precisely one sublayer of Lq that is
in part in V ′ and in part outside of V ′ . But since this sublayer induced a clique of Xr
clearly any two edges of this category wil have adjacent ends.
If we take arbitrary four edges between V ′ and V (Xr ) \ V ′ then two of them will get
to the same category (by the pigeonhole principle because there are three categories) and,
as specified above there is an edge between their ends. Hence the width of the prefix is at
most 3.
◀
▶ Lemma 27. lu(Xr ) ≥ r.
Proof. Let π be an arbitrary permutation of V (Xr ).
▷ Claim 28. Suppose that π has a prefix π ′ such that for each odd layer Li , Li ∩ π ′ ̸= ∅ and
′
Li \ π ′ ̸= ∅. Then Xrπ has an induced matching of size r.
Proof. As each odd Li induces a connected subgraph we can identity an edge in Xr [Li ] with
one end in π ′ the other edge out of π ′ . Let E ′ be the set of such edges of all r odd layers.
By construction they form an induced matching.
◁
▷ Claim 29. Assume that π has a prefix π ′ such that for each 1 ≤ i ≤ r there is an interlayer
edge whose ends belong to sublayer i with the even end in π ′ and the odd end outside π ′ .
′
Let E ′ be a set of such n edges. Then they form an induced matching of Xrπ .
Proof. Indeed, let {u1 , v1 } and {u2 , v2 } be two such edges with u1 and u2 being the even
ends. There is no edge between u1 and u2 as vertices of even layers belonging to different
sublayers are not adjacent by construction. As vertices outside of π ′ form an independent
′
set by definition of Hnπ v1 and v2 are not adjacent. Now u1 and v2 may be adjacent only if
they belong to the same sublayer which is not the case, likewise for u2 and v1 .
◁
It remains to assume that the cases as in the above two claims do not hold. Let π0 be the
shortest prefix such that there is an odd layer Li with Li ⊆ π0 (the full layer). Then there is
another odd layer Lj such that Lj ∩ π ′ = ∅ (the empty layer). Indeed, otherwise, let π1 be
the immediate predecessor of π0 . The only difference of π1 from π0 is that one vertex of Li
is outside of π1 simply due to the minimality of π0 . By assumption about π0 each odd layer
has a vertex inside π1 . By minimality of π0 each odd layer has a vertex outside π1 . This is
exactly the situation as in the Claim 28 in contradiction to our assumption.
Next, to avoid the premises of Claim 29 to apply, we identify 1 ≤ k ≤ r such that there
is no inter-layer edge between π ′ and V (G) \ π ′ with the both ends in sublayer k, the end in
π ′ being the even one. We can assume w.l.o.g. that k = 1.
For each 1 ≤ x ≤ r there is an interlayer edge whose nodes have number x in layer 1,
one end inside π ′ the other end outside π ′ . Indeed, assume w.l.o.g. that j > i (recall that i
and j are the numbers of the full and empty layers respectively). Let P be the path formed
of interlayer edges of sublayer 1 whose ends have number x consisting of vertices at layers
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i, i + 1, . . . , j. The vertex at layer i is in π ′ , the vertex at layer j is outside π ′ , hence one of
the edges of P ought to be as desired. Let E ′ be the set of r such edges. By our assumption
each edge of E ′ has its odd end inside π ′ and the even end outside π ′ . We are going to show
′
that the edges of E ′ form an induced matching of Xrπ .
Let {u1 , v1 } and {u2 , v2 } be two edges of E ′ , u1 and u2 being the ends inside π ′ , v1 and
v2 being the ends outside π ′ . Now v1 and v2 are not adjacent by definition of an upper graph.
The vertices u1 and u2 are not adjacent because, by construction two different vertices of
the same sublayer of odd layers are not adjacent. Finally u1 and v2 as well as u2 and v1 are
vertices of layers of different parity lying in the same sublayers but having different numbers.
Again, by construction, such vertices cannot be adjacent.
◀
▶ Theorem 30. There is no function f such that for any graph G, obdd(φ(G)) ≤ nf (lsimw(G)) .
Proof. Consider the graphs Xr . By Lemma 27, lu(Xr ) ≥ r = (n/2)1/3 and hence, by
Ω(1)
Theorem 14, obdd(φ(Xr ) ≥ 2n .
Clearly obdd(φ(Xr )) cannot be upper-bounded by any polynomial function of n. On the
other hand, by Lemma 26, whatever function f we take, nf (lsimw(Xn )) is upper-bounded by
nO(c) where c is the maximum of f (1), f (2), and f (3).
◀

7

Future research

In this section we discuss several interesting open questions related to representation of
monotone 2-cnfs by circuit models more powerful than obdds. A natural question in this
direction is to consider Nondeterministic Read-Once Branching Programs (1-nbps) instead
of obdds, For example, is it true that the size of 1-nbp representing a monotone 2-cnf
φ = φ(G) is lower bounded by 2Ω(lu(G)) ?
Similarly to mim width and sim width, it is possible to formulate the ’non-linear’
version of lu-mim width in terms of the branch decompositions rather than permutations.
It is interesting to investigate whether the size of Decomposable Negation Normal Forms
(dnnfs) or its restricted classes such as Deterministic dnnfs representing monotone 2-cnfs
can be captured by this non-linear parameter. We conjecture that the resulting non-linear
parameter ’captures’ the size of Structural Deterministic dnnfs but for more general models
the situation is unclear and is likely to depend on the situation with 1-nbps. Our belief relies
on a plausible analogy with the bounded degree case where pathwidth captures the size of
1-nbps while its non-linear counterpart (that is treewidth) captures the size of dnnfs [1].
Finally, a natural question arising from the results of this paper is to capture the size of
obdds on monotone cnfs of higher arity. One possibility to achieve this might be through a
concise generalization of lu-mim width to hypergraphs.
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1

Introduction

The Parameterized Algorithms and Computational Experiments Challenge (PACE) is an
annually held algorithm engineering competition conceived in Fall 2015 to deepen the
relationship between parameterized algorithmics and practice. It aims to:
1. Bridge the divide between the theory of algorithm design and the practice of algorithm
engineering.
2. Inspire new theoretical developments.
3. Investigate the competitiveness of theoretical algorithms from the field of parameterized
complexity analysis and related fields in practice.
4. Produce universally accessible libraries of implementations and repositories of benchmark
instances.
5. Encourage the dissemination of these findings in scientific papers.
In each of the five prior iterations [27, 28, 21, 32, 46] as well as this iteration, participants
were asked to provide implementations for one or two specifically chosen problems which
provide optimal as well as close to optimal solutions on a given set of selected instances
in an appropriate amount of time. In the previous iterations, PACE tackled the problems
Treewidth [27, 28], Feedback Vertex Set [27], Minimum Fill-in [28], Steiner
Tree [21], Vertex Cover [32], Hypertree width [32], and Treedepth [46]. These
challenges have had a significant impact on the research community According to Google
Scholar, the previous PACE reports are cited more than 145 times altogether. Moreover,
research articles based on concrete implementations competing in previous editions of PACE
were published in conferences such as ALENEX, ESA, SEA, and WADS.
In this article, we report on the sixth iteration of PACE. The problem chosen for
PACE 2021 is Cluster Editing, also known as Correlation Clustering (see Section 2
for the definition and overview). The challenge featured three tracks. In the exact track the
goal was to compute optimal solutions for as many instances as possible with a 30-minute
time limit per instance. In the heuristic track the goal was to compute valid solutions that
are as close as possible to being optimal within 10 minutes per instance. In the (new) kernel
track the goal was twofold: first, to compute an equivalent instance (referred to as kernel)
that is as small as possible and, second, to lift valid (but not necessarily optimal) solutions
for the kernel to valid solutions for the original instance; we refer to Section 3.1 for a more
detailed description of the tracks and their aims.
The PACE 2021 challenge was announced on 22nd October 2020, tracks were specified
on 19th November. On 16th December the public instances were made available. From 28th
March 2021 on, the participants could test solutions on the public instances via the optil.io
platform, which provided also a provisional ranking. The final version of the submissions
was due on 1st June 2021. Afterwards, the submissions were evaluated on the public as well
as a set of hidden instances (see Section 3.2 for details). The results were announced on
16th July 2021. The award ceremony took place during the International Symposium on
Parameterized and Exact Computation (IPEC 2021) which was supposed to take place in
Lisbon, but due to the pandemic crisis was held online. After the debut with PACE 2020,
the current iteration is the second in which short descriptions of the top four solvers in each
track are contained as standalone documents in the proceedings of IPEC.
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Figure 1 Left: An exemplary input graph. Right: Two edge modifications (deleting the red
dotted edge and adding the thick red edge) suffice to obtain this cluster graph from the input graph.
The two clusters are indicated by dashed boxes.

2

Cluster Editing

Graph-based data clustering has numerous applications and there are many approaches to
cluster a given graph [58]. Cluster Editing, also known as Correlation Clustering,
follows the graph modification approach [4, 9, 59]: Given an undirected graph, the task is
to find a minimum-cardinality set of edges to insert or remove in a way that the resulting
graph is a cluster graph – a graph where every connected component is a complete graph
(called a clique) – see Figure 1 for an example. Herein, the assumption is that a cluster graph
gives an ideal clustering: each cluster is maximally connected and no edge exists between
two clusters. The graph modification approach lets us find a cluster graph “closest” to the
input, that is, a best clustering under the parsimony criterion. One important advantage
of this approach is that the number of clusters is not required to be part of the input but
is determined implicitly by the input graph. The application fields of Cluster Editing
include bioinformatics [9], data mining [4], and psychology [64].

For a given graph G = (V, E) we call a set S ⊆ V2 of vertex pairs a cluster editing set
if (V, E∆S) is a cluster graph, where ∆ denotes the symmetric difference.
A graph is a cluster graph if and only if it does not contain a P3 as an induced subgraph.
This characterization gives rise to a simple integer linear programming formulation [41] as
well as the following branching strategy: For every induced P3 , add the missing edge to make
it a clique, or remove one of the two edges of the P3 [22]. This results in an algorithm with
running time O(3k · |V |3 ), where k is the size of the cluster editing set. A first improvement
of this simple branch-and-bound algorithm is due to Gramm et al. [39]; among other results
they showed that Cluster Editing is solvable in O(2.27k · |V |3 ) time. Their algorithm
combines the P3 branching strategy with heavy case distinction. The to this date fastest
fixed-parameter algorithm with respect to k runs in O(1.62k + n + m) time [17]. This
algorithm uses the so-called merge branching technique: When faced with a P3 induced by
the vertices u, v, w, one decides whether or not u and v will end up in the same cluster, and
correspondingly merges u and v into a single vertex uv or deletes the edge {u, v}, respectively.
Note that for the merge step one has to introduce edge weights for the edges incident to uv
and deal with the special case of weight-0 edges. We remark that all solvers submitted to
the exact track solve an integer program or use a branch-and-bound strategy at the heart of
their algorithm.
Among many further studies in parameterized algorithmics [11, 18, 34, 44, 48] it was
shown that an algorithm with running time subexponential in k, the number of vertices, or
the number of edges would refute the exponential time hypothesis (ETH) [45]. Furthermore,
Cluster Editing admits polynomial-size kernelizations. Studies in this direction were
initialized by Gramm et al. [39], who provided a kernel with O(k 2 ) vertices. Over the
next years the kernel size was improved to 24k vertices [33], 4k vertices [42], and finally 2k
vertices [23, 24].
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Observe that any cluster editing set is guaranteed to contain at least one edge for every
disjoint P3 , so it is natural to ask whether Cluster Editing remains fixed-parameter
tractable for the number of edges above guarantee. In this line of thought it was shown that
Cluster Editing is fixed-parameter tractable with respect to the number of edges above
the size of a maximum vertex-disjoint P3 -packing [11], but para-NP-hard with respect to
the number of edges above the size of a maximum modification-disjoint P3 -packing [48].
Cluster Editing is also a hot topic in the field of algorithm engineering. There are
many heuristic approaches that are empirically shown to provide high-quality solutions, as
well as exact algorithms. Most algorithms for the latter combine branch-and-bound strategies
with integer linear programming as well as heavy preprocessing [20, 44]. Concerning heuristics
for Cluster Editing we would like to highlight two approaches which also inspired some of
the submissions to the heuristic track and whose quality was empirically verified. The first is
the Louvain method by Blondel et al. [16] which is a greedy hill climbing algorithm initially
used for community detection. It tries to maximize the relative density of edges inside
the communities compared to those outside. The second approach is the so-called FORCE
heuristic [66] in which one interprets the edges and non-edges between the vertices as forces
and tries to find vertex positionings which minimize the overall energy in the system. Later,
Wittkop et al. [67] combined the FORCE heuristic with a parameterized exact algorithm to
obtain higher stability in the solution quality.

3

Challenge Setup

There were three tracks in which the participants could compete: an exact, a heuristic, and
a new kernelization (data reduction) track. For each track the 200 instances were selected by
the Program Committee (PC), half of them publicly available before the submission deadline.
The instances were sorted by increasing (n, m) in lexicographic order, where n is the number
of vertices and m the number of edges of the particular instance.
In the testing phase the instances were evaluated on optil.io [65]. For the final
evaluation, we tested the instances on Intel(R) Xeon(R) CPU E5-1620 3.60 GHz machines
using the Linux 4.15 kernel. Both evaluations used the same time limits: 30 minutes for the
exact track, 10 minutes for the heuristic track, and 5 minutes for the kernelization track.

3.1

Track Descriptions

The exact and the heuristic track followed essentially the same rules as in previous iterations
of PACE. The kernelization track was newly introduced and aimed at shrinking the input as
much as possible within a five-minute time limit and return an “equivalent” instance. We
subsequently provide the details for each track.
Exact Track. In the exact track submissions had to compute an optimal cluster editing set
within 30 minutes for the given instance. While no proof of optimality of the returned cluster
editing set is required, we disqualified submissions that returned a suboptimal cluster editing
set for some instance (a cluster editing set of strictly smaller size was either known to the
PC in advance or computed by other submissions). The optimality testing was conducted
also on other instances than the 200 instances of the exact track, including some instances of
the heuristic track.
The ranking in the exact track is determined by the number of solved instances with the
overall summed running time as a tie breaker if two submissions solved the same number of
instances.
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Heuristic Track. In the heuristic track submissions had to provide a cluster editing set
within 10 minutes for a given instance.
The ranking computation for the heuristic track is inherited from the previous iterations
of PACE: For each instance, we collected the minimum size smin of any found cluster editing
set (computed by any submission) and the size s of the cluster editing set computed by the
submission. The instance score is then 100 · smin /s. For example, a score of 100 indicates the
submission found was one of the best for this instance while a score of 50 (25) indicates that
the submission found a cluster editing set two (four) times as large as a best known cluster
editing set. Overall, the score for each instance is in the interval [0, 100] where a score of 0
was given if no cluster editing set was returned within 10 minutes. The total score is simply
the average of the instance scores over the 200 test instances.

Kernel Track. The new kernel track was introduced to evaluate preprocessing techniques
for Cluster Editing. The rules are inspired by the kernelization concept, which is arguably
among the practically most relevant tools from of parameterized algorithmics [35]. It is defined
as follows for decision problems: A kernelization algorithm is a polynomial-time algorithm
that, given an instance (I, k) of a parameterized problem L, returns an instance (I ′ , k ′ ) such
that:
1. (I, k) is equivalent to (I ′ , k ′ ), that is (I, k) ∈ L ⇐⇒ (I ′ , k ′ ) ∈ L, and
2. |I ′ | + k ′ ≤ f (k) for some computable function f .
Note that there are two apparent issues when we want to apply this concept in practice or in
a programming contest:
(a) For many problems (including Cluster Editing) the standard parameter k (solution
size) is not known in advance but is to be determined by the respective solver.
(b) Instead of deciding whether there is a cluster editing set of a certain size, the task is
usually to compute an optimal cluster editing set.
Our solution to issue (a) is straightforward: For an input graph G for Cluster Editing
one returns a number d and a graph G′ such that opt(G) = opt(G′ ) + d; here opt(H)
denotes the size of an optimal cluster editing set for graph H. Our solution to issue (b)
is inspired by works on enumeration kernels [10, 25] and lossy kernels [50]: We added the
requirement that any submission must provide a so-called lifting algorithm which takes a
(not necessarily optimal) cluster editing set S ′ for the kernel, and returns a cluster editing
set S ′ for the original instance such that |S| ≤ |S ′ | + d. Note that the latter condition
accommodates the fact that suboptimal decisions in S ′ (over which the submission has no
control) can be rectified in the solution lifting algorithm. Since computing opt(G′ ) involves
the potentially very time-consuming task of solving Cluster Editing, we did not strictly
verify opt(G) = opt(G′ ) + d but instead used several heuristic checks: For the 190 out of
200 instances for which we knew opt(G), we verified that opt(G) ≥ d and opt(G) ≥ |S ′ | + d.
Additionally, we checked |S| ≤ |S ′ | + d for each instance and that the returned set S is indeed
a cluster editing set for G (three submissions failed this last test and were disqualified). By
using submissions from the heuristic track, we ensured that S ′ is either optimal or close to
being optimal. In hindsight, we consider these heuristic tests to be quite efficient in detecting
submissions violating the requirements.
For each instance a submission gets p = (|V ′ |+|E ′ |+1)/(d+1) points, where G′ = (V ′ , E ′ )
is the graph returned by the kernelization algorithm. Similar to the heuristic track, the
instance score is then 100 · pmin /p, where pmin is the minimum points by any submission.
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3.2

Selection of Instances

The exact and kernel track shared their instances, the heuristic track had its own set
of instances. The instances were drawn from various sources which we describe below
in more detail. Most data sources provided weighted instances, that is, for each pair of
vertices there is a number given representing some sort of (dis-)similarity of (or distance
between) the two vertices. From such instances we generated multiple unweighted instances
by adding edges wherever the corresponding weight was above a certain threshold. More
specifically, we proceeded as follows: First all edge weights were linearly scaled to be within
the interval [0, 1]. Then, for each t ∈ {0.1, 0.2, . . . , 0.9} we created an unweighted graph
by adding an edge {u, v} whenever the weight for the vertex pair (u, v) is larger than t.
Varying thresholds resulted in instances with a very wide range of difficulty (e.g. from solvable
within 1 minute to not solved within 3 hours, by a standard ILP formulation [41] solved
with Gurobi). A repository with scripts that download and convert all data is available at
https://github.com/PACE-challenge/Cluster-Editing-PACE-2021-instances.
The data can be categorized as follows:
Biology This category contains two datasets: a real-world biological dataset1 that contains
COG protein similarity data [55, 19] consisting of 3964 weighted instances of which we
chose the 155 instances with between 100 and 5,000 vertices, and a dataset with one
weighted instance taken from the data accompanying the TransClust2 clustering tool [67].
Data Mining This category includes two datasets from which six weighted instances were
created. The first dataset is from the World Color Survey3 ; the data is converted based
on the descriptions of Regier et al. [56] and Thiel et al. [63] and we created one weighted
instance. The second dataset is the newsgroups dataset from scikit-learn 4 [54]; the data
is converted based on the descriptions of Thiel et al. [63] and we created five weighted
instances.
SNAP This category includes instances found in the SNAP [47] dataset. We took 35 large
unweighted graphs having 4,000 up to 2 million vertices. These instances were only used
in the heuristic dataset.
Random We used randomly generated data to produce some challenging instances. In
particular we randomly created action sequences (sequences of actions performed by a
person during computer assisted tests as done e.g. at PIAAC [52]) and converted them
into graphs as described by Ulitzsch et al. [64].
For the exact and kernel track we tested our instances with a standard ILP formulation [41]
solved with Gurobi. We set a time limit of 3 hours per instance and took the running time
as indicator of the difficulty of the instances. In the end, we picked 140 instances that were
solved within the 30 minutes, 15 instances that were solved in more than 30 minutes but
less than 3 hours, and 45 instances that could not be solved within 3 hours. This resulted
in 79 graphs from the Biology category, 13 graphs from the Data Mining category, and 108
graphs from the Random category.
For the heuristic track we picked the data sets such that we had an even distribution with
respect to the graph size. This resulted in 84 graphs from the Biology category, 43 graphs
from the Data Mining category, 36 graphs from the SNAP category, and 37 graphs from
the Random category. Figure 2 displays the number of vertices and edges in the selected
instances of the complete dataset.
1
2
3
4

The
The
The
The

dataset
dataset
dataset
dataset

is
is
is
is

available
available
available
available

at
at
at
at

https://bio.informatik.uni-jena.de/data/#cluster_editing_data.
https://transclust.compbio.sdu.dk/main_page/index.php.
http://www.icsi.berkeley.edu/wcs/data.html
https://scikit-learn.org/0.19/datasets/twenty_newsgroups.html
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Figure 2 The number of vertices (n) and edges (m) in the two created datasets (left: exact and
kernel track; right: heuristic track). In the heuristic track, the first instance with 10 vertices and 31
edges is not shown in order to not clutter the remaining data points too much.

4

Participants and Results

There were 15, 11, and 6 teams that officially submitted a solution to the exact, heuristic,
and kernel track, respectively. Several teams participated in more than one track; in total
there were 21 distinct teams with 11 of them being student teams (the implementation
is done solely by bachelor / master / PhD students). There were roughly twice as many
users that submitted a solution to the optil.io server during the testing phase. For each
track, the top five on optil.io were from participants of PACE 2021. The participants
represented three continents and the following 11 countries (number of authors from the
respective country is given in brackets): Germany (39), Czechia (6), France (5), Australia
(4), India (4), United States (3), Japan (2), Mexico (1), Netherlands (1), Poland (1), and the
United Kingdom (1). The results are listed below.

4.1

Exact Track

The ranking for the exact track is listed subsequently; see Figure 3 for an illustration of the
performance of the accepted solvers on the full benchmark instances. We list the number of
solved instances from the 100 hidden instances and in brackets from the 200 overall instances.
1. Lars Gottesbüren, Tobias Heuer, Thomas Bläsius, Philipp Fischbeck, Michael Hamann,
Jonas Spinner, Christopher Weyand, Marcus Wilhelm (Karlsruhe Institute of Technology,
Hasso Plattner Institut) solved 87 (171) instances [38].
https://github.com/kittobi1992/cluster_editing
2. Alexander Bille, Dominik Brandenstein, Emanuel Herrendorf (Philipps University of
Marburg) solved 81 (160) instances [12].
https://github.com/EmanuelHerrendorf/pace-2021
3. Valentin Bartier, Gabriel Bathie, Nicolas Bousquet, Marc Heinrich, Théo Pierron, Ulysse
Prieto (Grenoble INP, École Normale Supérieure de Lyon, Université de Lyon, University
of Leeds) solved 77 (156) instances [7].
https://github.com/valbart/pace-2021

IPEC 2021

PACE 2021

Running time [s]

Place 1 Place 2 Place 3 Place 4 Place 5
Place 6 Place 7 Place 8 Place 9 Place 10

1,500
1,000
500
0
0

20

40

60

80

100

120

140

160

180

200

Instance

Running time [s]

26:8

1,500
1,000
500
0
0

20

40

60

80

100

120

140

160

180

Number of solved instances (out of 200)
Figure 3 Performance of the top 10 solvers in the exact track. Top: running time plotted for each
of the 200 benchmark instances. Bottom: a cactus plot, here a data point with coordinates (x, y)
indicates that the corresponding solver could solve x instances of the benchmark set in y seconds per
instance. Note that if two solvers solve the same amount of instances within a given time, then the
actual set of solved instances can be different (see the top plot). The red horizontal line indicates
the timeout of 30 minutes.

4. Jona Dirks, Mario Grobler, Tobias Meis, Roman Rabinovich, Yannik Schnaubelt,
Sebastian Siebertz, Maximilian Sonneborn (University of Bremen, Technische Universität
Berlin) solved 71 (144) instances [31].
https://gitlab.informatik.uni-bremen.de/parametrisierte-algorithmen/java/
pace-2021-paca-java
5. Thorben Freese, Jakob Gahde, Mario Grobler, Roman Rabinovich, Fynn Sczuka,
Sebastian Siebertz (University of Bremen, Technische Universität Berlin) solved 67 (135)
instances [36].
https://gitlab.informatik.uni-bremen.de/parametrisierte-algorithmen/
python/paca-python
6. Yosuke Mizutani (University of Utah) solved 63 (127) instances [51].
https://github.com/mogproject/cluster-editing-2021
7. Václav Blažej, Radovan Červený, Dušan Knop, Jan Pokorný, Šimon Schierreich, Ondřej
Suchý (Czech Technical University in Prague) solved 59 (112) instances [13].
https://gitlab.fit.cvut.cz/pace-challenge/2021/goat/exact
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8. Sachin Agarwal, Sahil Bajaj, Ojasv Singh, Srinibas Swain (IIIT Guwahati) solved 52
(103) instances [2].
https://github.com/sachin-4099/PACE_2021_Cluster_Editing
9. Sebastian Paarmann (Technische Universität Hamburg) solved 36 (66) instances [53].
https://github.com/spaarmann/cluster-editing
10. Tomoki Takayama (Osaka Prefecture University) solved 17 (38) instances [62].
https://github.com/workhouse-lab/pace-2021
Sylwester Swat (Poznań University of Technology) solved all 100 (200) instances but
gave suboptimal cluster editing sets on additional test data [61].
https://github.com/swacisko/pace-2021
Mario Grobler, Roman Rabinovich, Sebastian Siebertz (University of Bremen, Technische
Universität Berlin) solved 95 (190) instances but gave suboptimal cluster editing sets on
additional test data [40].
https://gitlab.informatik.uni-bremen.de/parametrisierte-algorithmen/cc/
pace-2021-paca-cpp
Moritz Lichter, Oliver Bachtler, Tim Bergner, Irene Heinrich, Alexander Schiewe (TU
Darmstadt, TU Kaiserslautern) solved 71 (142) instances but had errors on 5 further
instances [49].
https://gitlab.rlp.net/aschiewe/alphabetic
Kenneth Dietrich, Mario Grobler, Ozan Heydt, Roman Rabinovich, Sebastian Siebertz,
Nick Siering, Leon Stichternath, Julian Tat (University of Bremen, Technische Universität
Berlin) solved 46 instances but provided suboptimal cluster editing sets on 37 further
instances [30].
https://gitlab.informatik.uni-bremen.de/parametrisierte-algorithmen/rust/
ceperus/-/tree/v1.0.0

Strategies Used in the Submissions
At the heart of all submissions we find a branch-and-bound algorithm, an ILP solver, or a
combination of the two.
All but two submissions (5th and 8th place) use a branch-and-bound approach. At the
core of these algorithms is a search tree algorithm that resolves all induced P3 ’s: this could
be a trivial search tree [22], an improved search tree with more case distinctions [39], or
the merge branching strategy which is at the core of the theoretically fastest search-tree
algorithm [17]. Only Bartier et al. (3rd place) use, to the best of our knowledge, a new
branching which starts with each vertex in its own cluster and then merges and reorders
clusters; see their solver description for more details. The other submissions (including places
1, 2, and 4 from the top 5) use one of the existing search trees. Even the best theoretical
bound on the search-tree size of O(1.62k ) [17] is prohibitively large for e. g. k ≥ 100 (which
is the case in 180 of the 200 instances). Hence, the “bound”-part in the branch-and-bound
approach is crucial.
Most submissions employ data reduction rules as well as lower and upper bounds to
prune the search tree. There exist various data reduction rules [11, 20, 23, 24, 26, 33, 39, 42],
many of which were implemented in several submissions. Interestingly, Gottesbüren et
al. (1st place) described new data reduction rules that are apparently very effective; see
their solver description for more details. The lower bounds are based on packing disjoint
subgraphs. The easiest candidate (included in almost all submissions) is to compute a set P
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of modification-disjoint induced P3 ’s (that is, two P3 ’s in the packing share at most one
vertex) that is as large as possible: any cluster editing set for the instance has size at least |P|
as at least one edge needs to be modified in each P3 in P. An improvement of this idea is to
find packing of subgraphs where more than one edge modification is needed. As an example,
Gottesbüren et al. (1st place) and Bartier et al. (3rd place) looked to also include stars in
their packing as in each induced K1,ℓ at least ℓ − 1 edges need to be modified. The last type
of employed lower bounds is based on the LP-relaxation of the standard ILP formulation, as
done by Dirks et al. (4th place). The upper bounds are mostly described in the heuristic
track.
The ILP-based approaches work with the standard ILP formulation [41] that has a variable
for each possible edge (each vertex pair) and a constraint for each triple of vertices to ensure
the resulting graph is P3 -free. Agarwal et al. (8th place) solved the ILP-formulation with
the open source solver CBC. Other submissions combined the ILP-solver with initial data
reduction, row generation techniques, and the branch-and-bound solver by first measuring
some graph parameters and then decide whether to branch or to use the ILP. These approaches
were pursued by Bartier et al. (3rd), Dirks et al. (4th), and Freese et al. (5th).

4.2

Heuristic Track

The ranking for the heuristic track based on the 100 hidden instances is as follows (see
Figure 4 for an illustration of the performance of the solvers on all 200 benchmark instances):
1. Lars Gottesbüren, Tobias Heuer, Thomas Bläsius, Philipp Fischbeck, Michael Hamann,
Jonas Spinner, Christopher Weyand, Marcus Wilhelm (Karlsruhe Institute of Technology,
Hasso Plattner Institut) got an average score of 99.9989/100 [38].
https://github.com/kittobi1992/cluster_editing
2. Sylwester Swat (Poznań University of Technology) got an average score of
99.9985/100 [61].
https://github.com/swacisko/pace-2021
3. Valentin Bartier, Gabriel Bathie, Nicolas Bousquet, Marc Heinrich, Théo Pierron, Ulysse
Prieto (Grenoble INP, École Normale Supérieure de Lyon, Université de Lyon, University
of Leeds) got an average score of 99.9975/100 [6].
https://github.com/GBathie/pace_2021_mu_solver
4. Martin Josef Geiger (University of the Federal Armed Forces Hamburg) got an average
score of 99.9876/100 [37].
https://doi.org/10.5281/zenodo.4891323
5. Emir Demirović (Delft University of Technology) got an average score of 99.9786/100 [29].
https://bitbucket.org/EmirD/pace-2021/
6. Ben Strasser got an average score of 99.9723/100 [60].
https://github.com/ben-strasser/cluster-editing-pace2021
7. Angus Ritossa, Paula Tennent, Tiana Tsang Ung, Akshay Valluru (UNSW Sydney) got
an average score of 99.8656/100 [57].
https://bitbucket.org/randomsampling/pace21/
8. Sachin Agarwal, Sahil Bajaj, Ojasv Singh, Srinibas Swain (IIIT Guwahati) got an average
score of 99.6739/100 [3].
https://github.com/sahilbajaj82/PACE-2021-Cluster-Editing
9. Václav Blažej, Radovan Červený, Dušan Knop, Jan Pokorný, Šimon Schierreich, Ondřej
Suchý (Czech Technical University in Prague) got an average score of 99.4946/100 [14].
https://gitlab.fit.cvut.cz/pace-challenge/2021/goat/heuristic
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Figure 4 The relative error made by the top nine heuristic submissions (all submissions with an average score higher than 99/100). More precisely, the y-value of a dot is
(solution size of submission)/(best known solution size) − 1. In the top plot, the x-axis denotes
the respective instance of the benchmark set. In the bottom plot (cactus plot), the x-axis denotes
the number of instances where the submission returned a solution with relative error at most the
data point’s y-value. If a data point is missing (in either plot), then the submission returned a best
known solution and the relative error is zero. We remark that the last 20 instances all have solution
sizes of more than 300,000 edges (up to 2,500,000 edges). Thus, a relative error of 1% can mean a
difference of several thousand edges to the best solution.

10. Jona Dirks, Mario Grobler, Tobias Meis, Roman Rabinovich, Yannik Schnaubelt, Sebastian
Siebertz, Maximilian Sonneborn (University of Bremen, Technische Universität Berlin)
got an average score of 89.0009/100 [31]. https://gitlab.informatik.uni-bremen.
de/parametrisierte-algorithmen/java/pace-2021-paca-java
11. Joshua Harmsen and A.J. Zuckerman (Hamilton College) got an average score of
77.1234/100 [43].
https://github.com/joshuaharmsen845/PACE-Challenge/tree/sol1
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Strategies Used in the Submissions
Before going into somewhat more details of solution strategies, we discuss a more efficient
representation of solutions employed by most submissions. Instead of maintaining sets of
edges, one maintains a partition of the vertices with the meaning that each part in the
partition forms a clique in the resulting graph. We will refer to the parts in the partition as
clusters. It is straightforward to translate solutions between these two representations.
All submissions in the top ten incorporate some form of local search. The differences in the
submissions were in how much focus was given to the local search part: Some implementations
started with a trivial solution and solely focused on the local search part; herein, by trivial
solution we mean a solution in which each vertex is in its own cluster or all vertices are in one
cluster. Submissions following this strategy include places 1, 3, 4, 5, and 6. We remark that
the 3rd placed submission by Bartier et al. first preprocessed the input using data reduction
rules. The only other submission employing data reduction rules is by Sylwester Swat (2nd
place).
The submissions of places 2, 7, 8, 9, and 10 all used different heuristics to compute the
initial solution. Notably, among these submissions, the 2nd placed submission does have
the most elaborate local search part. Thus, local search seems overall the most promising
heuristic approach to cluster editing and we subsequently describe different options for what
local changes were considered by the participants and what were strategies to avoid getting
stuck in local optima. The most frequently used local operations are:
1. (The easiest and by far most-frequently used operation.) Moving a vertex v from one
cluster C into another cluster C ′ . Some submissions only consider moving v to clusters C ′
that contain neighbors of v as these are the only options that could improve the current
solution.
2. Putting a vertex v into a newly created cluster; the new cluster then only contains v.
3. Merging two clusters C and C ′ into one new cluster.
4. Swapping two vertices, that is, removing two vertices from their cluster and adding them
to the respective other cluster.
We remark that the list is not exhaustive and variations of the above operations have been
employed as well. To avoid getting stuck in local optima, several strategies have been used,
that fall broadly on the following two approaches:
1. Restart the computation from scratch. Here the local operations use randomization so it
is unlikely to get stuck in the same local optimum.
2. Perform some local changes that do not improve the solution, that is, the cost of the new
solution is at least as high as the old solution. These changes could randomly reassign
a fixed number or a fraction of vertices to new clusters or temporarily change the cost
function for a fixed number of rounds (e.g. temporarily making edge insertions twice as
expensive as edge deletions).
In both approaches, the best encountered solution is stored and returned at the end of the
program. Notably, the 1st and 3rd place submissions follow the second approach and do not
restart computations from scratch.

4.3

Kernel Track

The ranking for the kernel track is as follows:
1. Sylwester Swat (Poznań University of Technology) got an average score of
65.6761/100 [61].
https://github.com/swacisko/pace-2021
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Figure 5 A visualization of the three cases in Reduction Rule 1. The red dashed edges are all
present in the input graph and will be removed by the data reduction rule.

Valentin Bartier, Gabriel Bathie, Nicolas Bousquet, Marc Heinrich, Théo Pierron, Ulysse
Prieto (Grenoble INP, École Normale Supérieure de Lyon, Université de Lyon, University
of Leeds) got an average score of 71.0077/100 but their lifting algorithm did not provide
valid cluster editing sets on 9 instances [5].
https://framagit.org/theo_pierron/pace-2021
Václav Blažej, Radovan Červený, Dušan Knop, Jan Pokorný, Šimon Schierreich, Ondřej
Suchý (Czech Technical University in Prague) got an average score of 54.0123/100 but
did not provide a lifting algorithm in time (the submission after the deadline passed all
our tests) [15].
https://gitlab.fit.cvut.cz/pace-challenge/2021/goat/kernelization
Moritz Beck, Timon Behr, Johannes Blum, Sabine Cornelsen, Sabine Storandt (University
of Konstanz) got an average score of 31.0164/100 but their lifting algorithm did not
provide valid cluster editing sets on 61 instances [8].
https://bitbucket.org/moritzbeck/supercereal/
Kenneth Dietrich, Mario Grobler, Ozan Heydt, Roman Rabinovich, Sebastian Siebertz,
Nick Siering, Leon Stichternath, Julian Tat (University of Bremen, Technische Universität
Berlin) got an average score of 26.0103/100 but their lifting algorithm did not provide a
valid cluster editing set on 1 instance [30].
https://gitlab.informatik.uni-bremen.de/parametrisierte-algorithmen/rust/
ceperus/-/tree/v2.0.0
Jona Dirks, Mario Grobler, Tobias Meis, Roman Rabinovich, Yannik Schnaubelt,
Sebastian Siebertz, Maximilian Sonneborn (University of Bremen, Technische Universität
Berlin) got an average score of 18.0/100 but did not provide a lifting algorithm [31].
https://gitlab.informatik.uni-bremen.de/parametrisierte-algorithmen/java/
pace-2021-paca-java

Strategies Used in the Submissions
We briefly discuss the data reduction techniques used in the submissions to the kernel track.
Note that many submissions from the exact and also some from the heuristic track also
employ a subset of these techniques. Various submissions employ (subsets of) existing data
reduction rules [11, 20, 23, 24, 26, 33, 39, 42]. While refraining from listing these established
rules, let us mention two new rules employed in the submissions. Bartier et al. (kernel track)
provided the following rule that deals with low degree vertices occurring in a triangle (see
Figure 5 for an illustration).
▶ Reduction Rule 1 (Bartier et al.). Let u be a vertex with neighborhood {a, b, c} and
let L = {a, b, c, u}.
If the vertices in L induce a K4 , a has degree three, and b and c both have degree at
most 5, then isolate L. Here, isolating L means removing all edges with exactly one
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endpoint in L and reducing k accordingly.
If the vertices in L induce a diamond (a K4 minus one edge) and a, b, and c have all
degree at most three, then isolate L.
If G[{a, b, c}] contains only the edge {a, b} and a and b have all degree at most three,
then isolate {a, b, u}.
Gottesbüren et al. (1st place in exact track) also provided some additional data reduction
rules. Among these, the following rule using lower and upper bounds, while simple, proved
particularly effective.
▶ Reduction Rule 2 (Gottesbüren et al.). If modifying an edge e would raise the lower bound
above the current upper bound, then e is not allowed to be modified.
Of course Reduction Rule 2 highly depends on the used upper and lower bounds. However,
it would be interesting to see whether this or a similar rule could be used to show a problem
kernel with respect to some above-guarantee parameterization (recall that the number k of
edge modifications is rather large on the benchmark instances).

5

PACE Organization

The Program Committee of PACE 2021 consisted of André Nichterlein (chair), Leon Kellerhals,
Tomohiro Koana, and Philipp Zschoche, all from Technische Universität Berlin. During the
organization of PACE 2021 the Steering Committee (SC) was composed of
Édouard Bonnet
Holger Dell
Johannes Fichte
Markus Hecher
Bart M. P. Jansen (chair)
Łukasz Kowalik
Marcin Pilipczuk
Manuel Sorge

LIP, ENS Lyon,
Goethe University Frankfurt and IT University of Copenhagen,
Technische Universität Dresden,
Technische Universität Wien,
Eindhoven University of Technology,
University of Warsaw,
University of Warsaw, and
Technische Universität Wien.

In July 2021, André Nichterlein joined the SC, while Édouard Bonnet left. The Program
Committee of PACE 2022 will be chaired by Christian Schulz (University of Heidelberg).

6

Conclusion

We thank all participants for their enthusiasm and impressive work and look forward to
PACE 2022. We hope that future iterations will again feature a kernel track to further push
the development of data reduction rules and kernelization algorithms.
We welcome anyone who is interested to add their name to the mailing list on the website
https://pacechallenge.org/ to receive PACE updates and join the discussion. For frequent updates, especially for updates on plans for PACE 2022, also see the @pace_challenge
Twitter account.
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1

Preliminaries

Let G = (V, E) be a simple, undirected graph. The cluster editing problem asks to transform
G into a disjoint union of cliques with the least number of edge edit operations. An edit is the
deletion of an existing edge or the insertion of a missing edge. As a graph is a cluster-graph
if and only if it does not contain an induced path on three vertices (a P3 ), the problem can
also be seen as P3 -free editing.

2

Solver Summary

The solver is based on a more general F -free solver developed for quasi-threshold editing,
i.e., {C4 , P4 }-free editing [6]. Its implementation already solves more than half of the public
exact instances in the 2021 PACE challenge without modification. The solver uses a branchand-bound algorithm that branches on the edges of a forbidden subgraph. In our adaptation,
branching is simplified following the work of recent FPT algorithms [3, 2] by generalizing to
the weighted cluster editing problem where each vertex pair has an associated integral edit
cost. To find the lowest number of edits, the solver actually uses the decision variant that
asks if it is possible to solve the instance with k edits. The optimization problem is solved
∗
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The KaPoCE Exact Cluster Editing Algorithm

by calling the decision variant with increasing values of k. The solver includes a multitude of
known reduction rules [4].
Initially, we split the input graph into connected components and solve them individually.
After applying all possible reduction rules, the solver branches on the most expensive edge.
The edge is marked either as permanent or the vertex pair is forbidden from being connected.
Future edits are prevented from changing the state of the vertex pair by setting its edit cost
to infinity. As outlined in [3], the endpoints of permanent edges are merged to obtain an
equivalent weighted instance of smaller size.
Crucial for the performance of a branch-and-bound algorithm are good lower and upper
bounds to prune branches of the search tree that cannot lead to better solutions. Moreover,
they enable highly effective parameter-dependent reduction rules [4].

3

Upper Bounds

An initial upper bound is obtained with our heuristic solver. Surprisingly, this initial solution
is optimal on all public instances we were able to solve.

4

Lower Bounds

We extend the lower bound from P3 packings used in the F -free solver [6] to packings of
arbitrary structures. We found stars to be particularly effective because they circumvent the
problem that the lower bound from P3 packings cannot be higher than |E|/2. For a detailed
explanation of lower bounds via subgraph packing and related techniques (e.g., local search)
we refer to the F -free solver [6].

5

Reduction Rules

The solver uses the reduction rules 1,2,3 and 5 from [4]. Rule 4, which is based on min-cuts,
was found to be ineffective. We implemented the unweighted 4k kernel based on critical
cliques from [7] and the weighted 2k kernel from [5] which is the smallest known kernel for the
problem. However, the 2k kernel is not used in the final solver since it is mostly dominated
by the other reductions and cannot always be applied when dealing with zero-cost edges.
Additionally, the following four reduction rules are used.

Distance Three Reduction
Two vertices with distance three or more cannot be in the same cluster in an optimal
solution [1]. Therefore, all vertex pairs with distance three or more are initially marked as
forbidden. This does not apply to weighted instances however.

Forced Choices Reduction for all Vertex Pairs
The most effective reduction rule we added is based on lower and upper bounds. If setting
an edge to forbidden or permanent would raise the lower bound above the current upper
bound, then the opposite edit must be performed. In other words, we identify an edge where,
if branched on it, one branch would be pruned immediately.
A naive implementation of this rule is too slow as it requires a quadratic number of lower
bound (i.e. packing) computations. However all these packings are similar. Given a packing
lower bound for the instance, we locally modify the packing for each vertex pair to obtain
the required bounds. Because a packing changes only locally, this can be done significantly
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faster than computing n2 packing lower bounds from scratch. Note that this rule dominates
previously known parameter-dependent reduction rules from [4].

Forced Choices Reduction for one Vertex Pair
The locally modified packings from the above reduction are smaller than a heuristically found
packing with local search. Thus, we additionally identify a constant number of edits that
are highly unlikely to be included in the optimal solution and compute lower bounds for all
these edits from scratch. Due to the high quality of the heuristic upper bounds, these two
packing based reductions alone are able to solve most instances without branching.

Clique-Like Subgraph Reduction
We analyze the clusters found by the heuristic solver. Using an exact solver as a subroutine
for a cluster and its neighborhood, we identify some clusters that are present in an optimal
solution. Such clusters can be removed from the initial instance.
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1

Introduction

The PACE 20211 competition features the Cluster Editing problem. The task of Cluster
Editing is to find a minimum size set of edges to add or delete such that the resulting graph
is a cluster graph, that is, every connected component is a clique.
Our solver is implemented in Java and its source code can be found at https://doi.
org/10.5281/zenodo.4889012 or via GitHub https://github.com/EmanuelHerrendorf/
pace-2021 . It expects the input graph via the standard input and outputs on the standard
output one minimum set of edges to modify to obtain a cluster graph. To avoid stack overflow
issues the stack size for the JVM should be increased using the -Xss parameter. Our solver
is an FPT-algorithm based on a branch and bound strategy. The refined search tree for
unweighted cluster editing introduced by Gramm et al. [5] is used as the branching strategy.
It guarantees a search tree size of O(2.27k ) where k refers to the minimum number of edge
modifications needed to turn the input graph into a cluster graph. During branching edges

∗
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can be marked as permanent and non-edges as forbidden indicating that these edges need
not be modified to obtain an optimal solution.

2

Finding an Optimal Solution

In order to find an optimal solution for Cluster Editing one has to find a valid solution
and prove the non-existence of another solution with fewer edge modifications. This can be
done for each connected component of the input graph independently, described for example
by Böcker et al. [2]. We solve the decision variant of Cluster Editing iteratively asking
whether a solution can be found with at most k edge modifications. To arrive at an optimal
solution as quickly as possible we try to choose a “good” initial value for k before starting
our search tree and then go from there depending on the results we get while traversing it.
For setting the initial value of k we compute a lower and upper bound on the initial graph.
These are then heuristically weighted (10% lower bound and 90% upper bound) in order to
arrive at an initial value between both of them (version 1 and 3 start with the upper bound
decremented by one instead). Also we keep the lower and upper bound and the heuristic
solution saved for later use. We then begin traversing the search tree.
If we do not find a solution our current cost limit k is too low so we heuristically increase
it by three at a time in order to avoid too many full traversals of unsuccessful search trees
and then start traversing the search tree all over. If we have reached the point where we
previously already have found a valid solution of size k + 1 (either the initial upper bound
or another solution found during branching), we simply output this solution. Otherwise we
update the lower bound to k + 1.
If we, however, do find a solution we have to consider two different cases in order to
ensure it is indeed an optimal one:
1. The solution’s size matches the current lower bound. Then we can immediately output
the solution.
2. The solution is at least one larger than the current lower bound. Then there could still
be a valid solution with a size smaller than our current solution. We know, however,
that the part of the current search tree which we did already traverse cannot contain it.
Otherwise we would have found it earlier instead of the current solution. So we simply
continue the traversal of the current search tree with k decremented by one.

3

Branching

Before the branching data reduction rules are applied. After the data reduction, the lower
bound is computed to check whether the current branch cannot be solved without exceeding
the edge modification limit k. The search tree introduced by Gramm et al. [5] is based on
branching on P3 s until no P3 exists. During the branching a data structure containing all
P3 s is maintained and updated according to the modified edges. Furthermore we maintain a
conflict graph over all P3 s in which an edge represents two P3 s sharing one non-permanent
edge or the non-forbidden non-edge. We define an ordering in which the P3 s are selected by
the branching with respect to the following properties of a P3 . Primarily the P3 with the
higher number of permanent or forbidden edges is selected. The following properties will be
used to break ties (all in descending order):
1. the number of neighbours in the previously mentioned P3 conflict graph
2. the degree sum of the three vertices of the P3
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3. the sum of the common neighbours of non-permanent edges and non-common neighbours
of non-forbidden non-edges
4. the maximum degree of the vertices of the P3
If a tie still occurs after these properties have been taken into account, a random P3 is
selected.

4

Lower Bound

The lower bound used for restricting the size of the search tree is the size of a maximal
conflict-disjoint P3 packing which has been suggested by Hartung and Hoos [6]. We follow the
incremental approach of Gottesbüren et al. [4] where an initial greedy packing is computed
and further improved by local search. For the greedy step the P3 s are taken into account
using the same ordering as defined for the branching except that the properties are used in
ascending order. The local search tries to exchange one P3 contained in the packing with at
least two P3 s not being part of the packing until no such exchanges can be found. Before
the lower bound is updated again, one-to-one exchanges are performed to replace P3 s in the
packing with P3 s that are smaller in terms of the ordering.

5

Upper Bound

An upper bound is used in combination with the lower bound to select the k value to start
the search tree with. The upper bound used for the parameter k is the size of a heuristically
computed solution. This heuristic consists of two steps.
First, the graph is split into clusters using a greedy approach. The closed neighbourhood
of a vertex with lowest modification cost is made a clique and removed from the graph until
the graph is empty. These costs are the sum of the closed neighbourhood’s cut weight and
deficiency defined by Cao and Chen [3]. Furthermore, we extended this process such that a
vertex from the second neighbourhood of vertex v will be inserted into the clique of v as well
if they have at least as many common neighbours as non-common neighbours.
In the second step, these clusters are modified using local search. Three operations being
variants of the cluster operations described by Bastos et al. [1] are performed exhaustively
until the solution size cannot be decreased anymore. The first operation consists of removing
a vertex from a cluster to create its own cluster. The second operation tries to move a vertex
into another cluster. The last one merges two clusters. To increase the search area the
last two operations are also applied if they leave the solution size unchanged and the total
number of such applications does not exceed a threshold.

6

Data Reduction Rules

To reduce the size of the search tree, a set of data reduction rules is applied. We use the
(k + 1)-rule introduced by Gramm et al. [5] and improved by Hartung and Hoos [6]. This
rule is applied on the whole graph every fourth search tree node and supplemented by a
lighter variant local to recent edge edits and used in the other search tree nodes. If the rule
was successfully applied on the whole graph, version 3 afterwards tries to improve the lower
bound and then additionally applies the light variant. The following reduction rules are
applied in every search tree node. We apply both P3 -rules introduced by van Bevern et al.
[7]. Two other reduction rules suggested by Gramm et al. [5] are considered. First, the third
(non-)edge of a vertex triple can be directly edited or marked as not editable if the other

IPEC 2021

28:4

ADE-Solver

two (non-)edges are already not editable and this triple otherwise would form a permanent
P3 . The second rule deletes an edge of a P3 if it is only connected to the rest of the graph
through its middle node. Finally, we use a rule of Bastos et al. [1] which sets non-edges
{u, v} to forbidden if u and v do not have common neighbours.
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1

General description of the solver

Our solver consists in a branch and bound (BB) algorithm. It first starts with a preprocessing
phase that we describe below in this section. The algorithm then constructs solutions starting
from the initial clustering where all the vertices are in their own clusters of size 1. At each
branching step, it either merges two clusters or definitively separate them. We then apply
rules to enforce pairs of vertices to be either on the same cluster, or to be in separated
clusters. We denote these rules as enforcing rules. The branching phase and enforcing rules
are described with more details in Section 3.

Overview of the preprocessing phase
We first partition the graph into connected components that will be solved independently
one after the other. Indeed, it is not hard to check that no two vertices that belong to
separate connected components are in the same cluster of any optimal solution (see for
instance [2]). We then compute an upper bound with an heuristic (the reader is referred
to [1] for the description of the heuristic). We then label some pairs of vertices as “edges”
∗
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if they necessarily belong to any optimal solution or “non edges” if they do not belong to
an optimal solution. This labeling phase permits to avoid unnecessary branchings in the
branching phase of the algorithm. We describe this labeling phase of the preprocessing in
the next section.

2

Description of the labeling phase

Let us begin with some definitions. The twinness of two vertices u, v is the size of the
symmetric difference of their neighborhoods. Two adjacent vertices u, v are i-twins if their
twinness is at most i. Note that 0-twins are what is usually called in the literature true twins.
One can easily prove that two 0-twins are always in the same cluster of an optimal solution.
On the other hand, two false twins are not necessarily in the same cluster of an optimal
solution (consider e.g. a P3 ). However, we can prove that if two false twins u, v are not in
the same cluster, we can move any of them to the cluster of the other without increasing the
cost of an optimal solution. So we can assume that all the false twins are in the same cluster
and then we can label as edges pairs of false twins. Similarly, we can label as edge any pair
of 1-twins.
One can wonder what can happen when i is increasing. If there is a triangle of 2-twins
then we can prove that there exists an optimal solution where there are in the same cluster.
Unfortunately, it is not enough to force all these edges. Indeed for the butterfly (two triangles
sharing one vertex), there are two triangles of 2-twins but we cannot force all the edges of
all the triangles of 2-twins to be in an optimal solution since the optimal solution contains
two clusters. We can however prove that if there is a K4 of 2-twins, these vertices are in the
same cluster in any optimal solution.
Generalizing to any i becomes harder and harder since the size of the clique is increasing.
Instead we use the following fact, easier to prove: for every i ≤ 8, if a vertex u has at least 4i−1
i-twins X then u∪X are in the same cluster in any possible optimal solution. Note that we do
not make any assumption on the twinness of pairs in X nor on the existence of the edges in X.
Our proof is computer assisted (the program runs in a few minutes for i = 8). We conjecture
that this statements holds for any i. However, the lower bound on the number of i-twins
might not be tight. For instance, it only gives 7 for i = 2 but it might be true that 5 is enough.
Let us summarize this labeling phase:
For every pair of vertices u, v that are either true twins, false twins, or 1-twins, label
(u, v) as an edge.
For every subset of 4 vertices that forms a K4 of 2-twins, label the pairs of the K4 as
edges.
For every i ≤ 7 and every vertex u such that u has a set X of at least 4i − 1 i-twins, label
the pairs of u ∪ X as edges.

3

Description of the branching phase

Let G be the input graph. A cluster graph is a partition of the vertices of G into disjoint
cliques. The cost of graph is the number of edge editions that has to be made to transform
G into this solution. We start with a solution where each vertex of the input graph G is in
its own cluster (and thus has a cost equal to |E(G)|). Furthermore, all along the algorithm
we maintain a current graph, which is the graph obtained from G by performing the edge
editions corresponding to the branchings. The main routine on the branching step is the
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following: at each step we choose a pair of clusters C1 and C2 to branch on and either
merge them (we add all the edges between vertices of C1 and C2 , and these edges will never
be removed in the current branch), or definitively separate them (we remove all the edges
between vertices of C1 and C2 , and no edges between vertices of C1 and C2 can be added
back in the current branch). We denote edges (resp. non-edges) which cannot be removed
(resp. added) in the current branch as fixed.
After each branching step we try to:
cut the branch if possible, or
merge or separate clusters according to enforcing rules.
Both the cutting of branches and the enforcing rules heavily rely on the computation
of an upper bound (that we obtain through an heuristic) and the computation of a lower
bound, that we describe below. The rule according to which we cut the branch is rather
simple: we cut the branch if the lower bound on the current graph plus its cost (number of
edges edited so far) is at least equal to the cost of the upped bound.

Computation of the lower bound
To obtain the lower bound, we consider the current graph and compute how many edges (at
least) has to be edited to find a solution. One can note that, for each P3 on the graph, we
have to edit at least one edge. So if we can find a collection of P3 that pairwise intersect on
at most one vertex, the cost of any solution is at least the cost of the current solution plus
the number of P3 in the collection. Unfortunately this rule is too weak since we often need
to edit more than |E|/2 edges in the instances and the lower bound obtained this way is at
most |E|/2. We can improve this rule by noting that, for every star K1,ℓ the number of edits
is at least ℓ − 1. Our algorithm computes greedily a collection of P3 that it extends to stars,
from which we obtain the lower bound.
The collection of stars is then updated after each branching step. Note that we do not
recompute the collection of stars from scratch, but rather only modify the stars that contain
at least one endpoint of a pair edited during the current branching step. This allows us to
always maintain a lower bound that corresponds to the current graph (and not only a lower
bound on the initial graph), while only paying for a reasonable computational cost (since we
only perform local modifications).
Linear Programming. For small instances (up to 120 vertices) we run a linear programming
algorithm to compute a lower bound using fractional stars. We then round the solution to
an integral solution whose size often matches the lower bound (which permits to conclude
without the branching algorithm).

Enforcing rules
There are a few cases where we can ensure, during the branching phase, that an edge will or
will not be in the final solution, without computing twinness of vertices. Suppose that the
current graph contains two clusters C1 , C2 such that the number of (non yet fixed) non-edges
between C1 and C2 plus the lower bound on the current graph is greater or equal to the
upper bound. Then merging C1 and C2 cannot lead to a better solution, and thus we can
delete all the C1 , C2 edges and mark all the C1 , C2 pairs as fixed non-edges. Similarly if the
number of (non yet fixed) edges between the two clusters plus the lower bound is greater or
equal to the upper bound, then we add all the missing C1 , C2 edges and mark alll the C1 , C2
pairs as fixed edges. We have a total of 5 such rules that we apply after each two branchings.
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1

Introduction

An undirected and simple graph G is a cluster graph if its components are cliques (complete
graphs). In the cluster editing problem we are given an undirected graph G and the problem is
to find the minimum set of edge edits (additions or deletions) that turn G into a cluster graph.
The Parameterized Algorithms and Computational Experiments 2021 -Challenge (PACE 2021)
is devoted to the cluster editing problem [1]. As a student group at the University of Bremen
(under the supervision of Mario Grobler, Roman Rabinovich and Sebastian Siebertz) we
participated in the PACE challenge in the scope of a Bachelor project. We implemented an
exact algorithm for the cluster editing problem in Java. In the following we describe our
approach.
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2

Notation

All graphs in this work are undirected, unweighted and have no self-loops. We use standard
graph notation. A leaf is a vertex of degree one. For a vertex v we write N (v) for the
neighborhood of v in G. A path on three vertices is denoted by P3 . We write P3 (G) for the
set of induced P3 s of G. If an edge shall not be removed by any following procedure or has
been added, we call it permanent. Analogously, if it shall not be added or has been removed,
we call it forbidden. We call two P3 s uvw and xyz almost disjoint if |{u, v, w} ∩ {x, y, z}| = 1.
A clique is a subgraph whose vertices are pairwise adjacent. A cluster graph is a graph in
which every connected component forms a clique. Equivalently, a cluster graph is a graph
that contains no induced P3 s. In the cluster editing problem we are given an undirected
graph G and the task is to compute a set of edge modifications (addition or deletion) of
minimum size that transforms G into a cluster graph.

3

Basic Solver Layout

For an input graph G we perform the following steps:
We delete isolated vertices.
We apply some data reduction rules to reduce the size of the instance. See Section 4.
We solve each component individually and combine the solutions afterwards. To solve an
individual component C, we first calculate |P3 (C)|. Based on graph statistics we either
use an ILP or a branch-and-bound-algorithm (see Sections 5–7).

4

Data Reduction Rules
If N (v) \ {w} = N (w) \ {v} and vw ∈ E(G) for v, w ∈ V (G), then the edge vw is made
permanent. The vertices u and v are twins and are guaranteed to lie in one cluster of the
solution by the result of [2].
The Single-Path-Reduction-Rule starts by finding a leaf. Then the outgoing path p gets
followed until a vertex v with degree(v) > 2 is reached. Afterwards every second edge on
this path gets removed. This happens only if |p| > 1. It is easy to see that this is a valid
data reduction rule.

5

Finding P3 s

We compute the set of P3 s by using the approach described in Spinner’ thesis [8]. For every
v ∈ V (G) and all u, w ∈ N (u) with u < w we check whether uw ∈ E(G). The triple uvw is
a P3 if and only if uw ∈
/ E(G). To speed up the calculation we used the matrix datastructure
from the Jeigen wrapper [6]. To check if a triple is a P3 instead of checking the graph, we can
retrieve the information out of the matrix, which in the end accelerates the P3 calculation
significantly. If the ratio between the number of induced P3 s and edges is at most 0.005 or
the graph has at most 8000 edges, we continue to process the instance via an ILP based
approach. Otherwise, we go into a branch-and-bound approach.

6

ILP

We compute an ILP instance where we add for every pair i, j ∈ V (G) in the graph a
variable xij to the ILP. The intended meaning of xij = 0 is that i and j belong to the same
P
P
cluster (have distance 0). The objective is to minimize ij∈E(G) xij + ij ∈E(G)
(1 − xij ).
/
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Additionally, if an edge is permanent or forbidden, we restrict the variable accordingly (by
setting it to 1 or 0, respectively). For every P3 uvw in our graph we add the constraint
xuv + xvw − xuw ≥ 0. We solve the ILP with the open source ILP solver SCIP ([4], [5], [7]).
We verify whether the returned solution is a valid solution for cluster editing (observe that
our ILP only ensures that all initially present P3 s are edited). If this is not the case, we
add a constraint for each newly generated P3 and iterate this process until we found a valid
solution. This iterative approach turned out to be much faster than adding constraints for
all triples u, v, w ∈ V (G)3 .

7

Branching

In our branch-and-bound approach we first compute an upper u and lower bound ℓ as follows.

7.1

Upper Bound

For the upper bound we start by calculating a two-dimensional layout based on the algorithm
proposed by Fruchterman and Reingold [3]. We then calculate the clusters based on a
distance parameter σ: we add an arbitrary vertex v that is not yet part of a clique into a
clique and then add all vertices w with the property that no edge on the path from v to
w is longer (in the layout) than σ to the same clique. We repeat this until all vertices are
grouped into a clique. We iterate over multiple possible distances. After each iteration we
do post-processing. The post-processing is a local-search that consists of merging cliques
and shifting one vertex into another clique if that decreases the cost of the solution. We do
this exhaustively. For the shift vertex operation we also add one empty clique, to allow for
the creation of a new clique.

7.2

Lower Bound

We calculate lower bounds in two different ways. If the graph is big or we have little time
left, the lower bound is the number of disjoint and almost disjoint induced P3 s that we
approximate with a greedy heuristic. Our second lower bound is the LP relaxation of our
ILP. If by chance the LP solution is integral we verify if this is a valid solution for cluster
editing and return it if this is the case.

7.3

Branching

After having calculated the upper bound k0 = u and lower bound ℓ (if u = ℓ, then we already
found a solution) we try to find a solution for k1 = u − 1, k2 = u − 2, . . . until no solution is
found for some ki . We then return the solution for ki−1 .
We branch based on the edges. For each vertex pair uv contained in a P3 we do the
following: If uv ∈ E(G), we set the status to forbidden, and try to solve the resulting
graph recursively. If this does not succeed, we set the status to permanent and recurse
again. If uv ∈
/ E(G) we proceed by first setting the edge to permanent and try solving the
resulting graph recursively. If this does not succeed, we set the edge to forbidden and recurse
again. We start with the edge contained in the most P3 . This leads to the needed edge
modifications. If we change the status for an edge we use the so called transitive closure to
resolve depending P3 s. Given u, v, w ∈ V (G), if uv and vw are marked as permanent edges,
we also mark uw as a permanent edge, as there needs to be a edge or else we get a P3 . In
each recursive step, we call the ILP if the graph is simple enough, otherwise we continue
based on the procedure branch-and-bound as mentioned before. Furthermore, we use the
lower bound to cut branches.
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1

Preliminaries

Let G = (V, E) be a simple and undirected graph. I(u) := {v | (u, v) ∈ E} denotes the set
of all adjacent vertices of a vertex u ∈ V . A clustering C := {C1 , . . . , Cl } is a partition of
the vertex set V into l non-empty and disjoint sets. A set C ∈ C is also called a cluster.
We call a cluster C ∈ C a singleton cluster, if |C| = 1. Isolating a vertex u or moving
it into its own cluster means to assign it to a new singleton cluster C = {u}. A vertex
u is adjacent to a cluster C ∈ C, if there exists a vertex v ∈ I(u) with v ∈ C. We can
transform G into a cluster graph where each cluster of a clustering C forms a clique by
adding all edges of E + := {(u, v) ∈
/ E | ∃C ∈ C : u, v ∈ C} to E and removing all edges of
E − := {(u, v) ∈ E | ∃C ∈ C : u ∈ C ∧ v ∈
/ C} from E.

2

Refinement Techniques

Label Propagation. The label propagation algorithm is a local search heuristic that was
initially proposed by Raghavan et al. [5] for community detection, as well as Karypis et al. [4]
for hypergraph partitioning, and it was already successfully applied to the cluster editing
problem [1]. The algorithm works in rounds. In each round, we visit the vertices in some
∗
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order (random, increasing degree, or input) and move a vertex to an adjacent cluster that
minimizes the number of required edit operations (ties are broken randomly). In addition
to all adjacent clusters, we also consider isolating the vertex from its current cluster. The
algorithm proceeds until we reach a predefined number of rounds or none of the vertices
changed their cluster during a round. It can be initialized with an already existing solution
or can be used to create an initial solution by initially assigning each vertex to its own cluster.
For many problems, the algorithm converges within a few rounds. However, this was not the
case here. We observed that for larger instances roughly 10% of vertices are moved during a
round and most of them did not change the number of edits (these moves are called zero-gain
moves). This naturally perturbs the solution and enables frequent improvements in later
iterations of the algorithm (plateau search).
Clique Removal and Splitting. The next two refinement techniques were initially proposed
by Bastos et al. [1] for the cluster editing problem. Both algorithms also work in rounds
and in each round, we visit the clusters of the current solution in some order. The clique
removal heuristic tries to remove a cluster from the solution by moving the vertices to an
adjacent cluster that minimizes the number of edits (vertex isolation is also considered). The
clique splitting technique chooses two non-adjacent vertices of the considered cluster as seed
vertices and isolates them. Afterwards, we assign the remaining vertices to the cluster of one
of the two seed vertices based on which induces less edit operations. If the applied moves
increased our objective function, we revert them.
Vertex Swapping. The vertex swapping algorithm proceeds in a similar fashion as our
other refinement algorithms (several rounds and we visit the vertices in some order). The
algorithm moves a vertex speculatively into an adjacent cluster (could potentially increase
the number of required edits) and then tries to move vertices out of the target cluster. We
move a vertex out of the target cluster, if it decreases the number of required edits. If the
overall operation improves the solution quality, we apply the moves. Otherwise, we revert
them.

3

Variable Neighborhood Search

We have implemented two different algorithms that are based on the variable neighborhood
search (VNS) heuristic [3]. The general idea of such algorithms is to start from an initial
solution and then perturb the current solution (also called shaking in the literature) followed
by local search phase to find a new local optimum. This process can be repeated until a
predefined number of rounds or a time limit is reached.
Our first algorithm applies a perturbation operator to a large number of vertices (between
1% and 25% of the vertices) and then runs the refinement techniques described in Section 2.
The second algorithm only perturbs a few vertices (between 1 and 5) and then executes the
label propagation algorithm only initialized with the mutated vertices and their neighbors.
We call the first one global and the second highly-localized VNS. The rationale behind this
is that there are instances that converge very quickly and only specific mutations lead to
additional improvements. For such instances, the global algorithm is a good choice, since
bad decisions are reverted very quickly and the likelihood of mutating the right vertices
is very high. On the other hand, there are instances that converge very slowly, and the
perturbation of a large number of vertices can drastically degrade the solution quality such
that our refinement techniques are not able to restore the initial solution quality. Thus,
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performing highly-localized mutations and refinement becomes an important techniques to
escape from local optima.
We run the VNS algorithms in an alternating fashion, in short bursts of 20 seconds each.
However, we track the improvement made in the last burst, and prefer running the more
promising algorithm next.
Initial Solution. Initially, each vertex is assigned to its own cluster. To compute an initial
solution, we first run 100 rounds of our label propagation algorithm, then 20 rounds of our
vertex swapping algorithm and last, 10 rounds of the clique removal and splitting technique.
We repeat this several times (at most 100 times, but we abort after 10 seconds) and use the
best solution found as input for our VNS algorithms.
Global Variable Neighborhood Search. Our global VNS algorithm performs one of the
following two operations in each step: It either intensifies the current solution by applying
the refinement techniques described in Section 2 or applies one of our three perturbation
operators followed by an intensify operation. The decision which operation we choose next is
based on the improvement history of the last 5 runs of the corresponding operation. The
more an operator improves the solution quality compared to the other, the more likely it is
that we execute it next.
We have implemented three different perturbation operators, which are also described in
the work of Bastos et al. [1]. Each operator mutates between 1% and 25% of the vertices,
which we choose uniformly and at random. The first operator, which we call vertex isolator,
isolates a vertex. Our vertex mover operator, moves a vertex to a random adjacent cluster.
The third operator, which we call clique splitter, isolates a vertex from its current cluster and
then chooses one additional adjacent vertex from its previous cluster to form a new clique of
size two.
In an intensify step, we perform 25 rounds of label propagation, 5 rounds of vertex
swapping and 10 rounds of clique removal and splitting each. The vertex swapping and
clique removal and splitting techniques are only executed with a probability of 50%. After a
perturbation operation, we perform 50 rounds of label propagation, but abort early if the
estimated improvement (based on the improvement history of label propagation) is greater
than our initial edits before the perturbation operation plus 100. Further, we perform another
50 rounds of label propagation, if we are only 25 edits away from the initial number of edits.
We perform the other refinement techniques similar to before.
Highly-Localized Variable Neighborhood Search. In each step, our highly-localized VNS
algorithm selects between 1 and 5 vertices uniformly at random that are perturbed and,
subsequently performs a highly-localized run of label propagation. For each of the selected
vertices, we additionally choose an adjacent neighbor that we also perturb with a probability
of 75%. As perturbation operator, we either isolate a vertex from its current cluster or
move it to a random adjacent cluster. Afterwards, we perform 5 rounds of label propagation
restricted to the perturbed vertices and their neighbors. If the overall operation improved
the current solution, we apply all moves and otherwise, we revert them.
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1

Problem description

A cluster editing set of a graph G = (V, E) is a set of edges Emod ⊆ V × V such that each
connected component of a graph G[E∆Emod ] is a clique, where A∆B denotes the symmetric
difference of sets A and B. The solver briefly described here is a heuristic approach to the
cluster editing problem, where the goal is to find, for a given graph, a cluster editing set of
the smallest size.

2

Solver description

In this paper we provide a short description of the most important algorithms implemented
in solver CluES. Due to many parameters used in the implementation and a vast number of
case distinctions that need to be taken into account, this description may not contain full
information about the algorithms behavior in every possible situation.
All algorithms implemented in CluES operate on a data structure we called a partition
graph. For a given graph G = (V, E) and a partition P = {C1 , C2 , . . . , Cp } of V , a partition
graph GP is tuple (VP , EP , wn , we ), where VP is the node set, EP is the edge set and
wn : VP 7→ N and we : EP 7→ N are weight functions, defined as below:
VP = {1, 2, . . . , p}
EP = {(u, v) ∈ VP × VP : ∃x∈V ∩Cu ,y∈V ∩Cv (x, y) ∈ E}
wn (u) = |{x ∈ V : x ∈ Cu }|
we (u, v) = |{(x, y) ∈ E : x ∈ Cu , y ∈ Cv }|
It is worth noting here that by setting VP = V , EP = E, wn (u) = 1, and we (u, v) = 1 we
obtain the partition graph representing the original input graph.
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PACE Solver Description: CluES – a Heuristic Solver for the Cluster Editing Problem

The main algorithm works in independent iterations (main iterations). In each iteration
a separate cluster editing set is found (independently from previous iterations) and the best
result found in all main iterations is returned as a final cluster editing set. In main iterations,
instead of looking for a set of edge modifications, we look for a partition {C1 , C2 , ..., Cp } of
set V corresponding to clusters in a graph after edge modifications. Each main iteration
consists of the following phases:
1. Quickly create a set of feasible solutions using some fast heuristics.
2. Coarsen the graph. To do this, we create a partition {S1 , . . . , St } of V such that all
nodes in each Si occur always in the same cluster in all already found solutions. For each
S
1 ≤ i ≤ t find a maximal matching Mi of a graph G[Si ]. We take M =
Mi and
1≤i≤t

“contract” (by creating a corresponding partition graph) all edges in M .
3. Repeat the process in steps 1 − 2 for the coarsened graph. After the steps are repeated
(the graph is coarsened) for the R-th time (R is some small integer, usually 3 or 4),
proceed to step 4.
4. Consider the best solution found so far and improve the solution using local search.
5. If possible, uncoarsen the graph “by one level” (uncoarsen pairs of nodes from the most
recently found matching in step 2) and go back to step 4.

3

Preprocessing

In main iterations we sometimes use preprocessing to determine certain subsets of nodes that
are in the same cluster in some optimal solution. This information is used to create a proper
partition graph before starting the first phase of a given main iteration. We use over 15
parameter-independent kernelization rules based on edge cuts and critical cliques. Nine of
these rules are based on concepts related to critical cliques and can be found in [3] and [2].
One rule is a “similar neighborhoods” rule (see [1]) applied to an unweighted graph. The rule
states that, if there exists an edge (u, v) ∈ E with N [u] = N [v] ∪ {w} for some w ∈
/ N (v),
then there exists an optimal solution with u and v belonging to the same cluster. Another
three rules are specifications of the “almost clique rule” [1] applied for all triangles, K4 ’s
and induced diamonds. The “almost clique rule” states that, if there exists a subset C ⊂ V
such that G[C] is connected and the size of the minimum cut in G[C] is not smaller than
|{(a, b) ∈ C × C : (a, b) ∈
/ E}| + |{(a, b) ∈ E : a ∈ C, b ∈
/ C}|, then there exists an optimal
solution where all nodes in C belong to the same cluster. The other preprocessing rules are
of our own invention and are based on properties of some intersections of neighborhoods of
critical cliques and usually do not guarantee that their application will preserve the result
optimality property, but are just a reasonable guess that often enables us to quickly and
accurately identify nodes that most often belong to the same cluster in some good solution.

4

Local search techniques

In order to improve a solution, we use a local search technique. In each iteration of the local
search, we call several procedures. All of them are based on moving some subsets of nodes
from a cluster to which they belong in the current solution to some other cluster (possibly
creating a new one). We allow moving subsets only if the total number of edges required
to create the cluster graph obtained after the move is not larger than before the move. We
consider the following possibilities of a move:
1. Move a single node v from its cluster to some other cluster.
2. Move two nodes belonging to the same edge to some cluster.
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3. Move three nodes a, b, c with b ∈ N (a) and c ∈ N (b) to some cluster.
4. Interchange clusters of a pair of nodes a and b.
5. Move node a to a cluster containing node b and simultaneously move node b to some
other cluster.
6. For a given cluster, create some permutation (u0 , u1 , . . . , ux ) of nodes belonging to that
cluster. For each set Ui = {u0 , . . . , ui }, try to move Ui to some other (single) cluster.
7. For a given cluster, greedily move nodes from this cluster to some other cluster, always
selecting the one that minimizes some objective function (e.g. the difference in the total
number of edge modifications needed to obtain states before and after the move). This
way it is possible to move several nodes from the given cluster to multiple clusters.
8. For a given cluster, greedily move nodes from other clusters to this cluster. This way it is
possible to move several nodes from multiple clusters to the given cluster.
Let us note here that these steps work best when applied to a properly created partition
graph. Moving a single node of a partition graph GP corresponds to moving some subset of
nodes of the original graph G. Hence it is possible to move large subsets of nodes from G by
moving just a single node from GP .
It is important to mention that the crucial point is the design and implementation of
algorithms efficiently realizing described steps (working in a weighted scenario, since they
are applied for the partition graph structure). Naively checking the moves described above,
except perhaps the first one, could lead to a complexity of Ω(N 2 ) that would be prohibitive to
perform for larger graphs, let alone calling the algorithms hundreds or thousands times during
the local search. By efficiently we mean checking all possible structures (all nodes, edges,
P3 ’s and pairs of nodes) that can be moved in steps 1-5, the guarantee of a feasible worst-case
running time and the implementation maximally reducing the running time constant.
As an easy example of an algorithm efficiently realizing described steps, let us consider
the following subproblem of step 3: “Does there exist a triangle (a, b, c) in G, such that
making (a, b, c) a single, separate cluster would result in a better solution?”. Naively checking
all triangles in the graph could lead to an algorithm with Ω(N 2 ) complexity and that would
be too slow, e.g., for a graph with N = 105 nodes and M = 5 ∗ 105 edges. Enumeration of all
3
triangles can, however, be done in time O(E 2 ) with a fairly small constant factor (especially
in practice), what gives a more practical approach.

5

Availability

The source code of CluES is available at https://doi.org/10.5281/zenodo.4949728
(please select the proper version of the solver to access required contest track: heuristic, exact
or kernelization).
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1

Large neighborhood local search for Cluster Editing

Our solver, µSolver [1], uses various local moves to iteratively improve a solution (that is, a
partition of the input into clusters) during the allotted time. The initial solution is a trivial
solution with n clusters: all vertices belong to the same cluster and the remaining n − 1
clusters are empty.
The first local move that we use is the best_move: it takes as parameter a vertex v and
a solution S, and returns a solution S ′ in which v has been moved to the cluster c that
minimizes the cost of S ′ . One can notice that c is either the cluster of a neighbor of v or
an empty cluster. Therefore, the best_move function can be implemented to run in O(d(v))
time, where d(v) is the degree of v. This local move is not sufficient to obtain good solutions,
as it is very sensitive to local minima.
Our second local move, bfs_greedy, aims to avoid these local minima by making larger
moves. Instead of moving a single vertex at a time, we select a random subset X of t vertices,
isolate them in the graph (by moving them to a cluster of size 0), and then insert them back
using best_move. In order to maximize the efficiency of this move, we fill X with vertices
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µSolver Description – PACE 2021 Heuristic Track

that are close to one another. Namely, we call the function select_BFS on a vertex v, which
performs a BFS starting from v, and returns the first t vertices that it visits. We then use
this move on every vertex of the graph: the select_BFS function only returns vertices that
were not returned before. Running bfs_greedy on every vertex can be done in O(n + m).
Our final algorithm works in passes: a pass runs the bfs_greedy move on every vertex
of every connected component, and runs passes until it timeouts.

2

Parameter learning

Notice that our bfs_greedy heuristic requires a parameter t. Our experiments showed a
trade-off: setting t ≃ 15 yields good results on sparse instances, while setting t ≃ 50 yields
good results on dense instances. Instead of settling on a single value for every instance, we
opted for a learning algorithm: we specify a set of values t1 , . . . tℓ with associated weights
w1 , . . . , wℓ . At each step, we sample a value ts according to the weights (wi ) and select a set
X of size ts . If the call to the heuristic with this choice of t yields an improved solution, we
add 1 to the value ws .

3

Overview

We combine our local search with some kernelization rules, that apply mostly on sparse
instances (see next section). Moreover, we process each connected component of the graph
separately, as it is easy to see that vertices from different connected components cannot be
in the same cluster of an optimal cluster editing.
Algorithms 1 and 2 give a global overview of the pseudo code of our solver.
Algorithm 1 Main solver.

Algorithm 2 bfs_greedy heuristic.

Input: G, t, w
1: G ← kernelize(G)
2: for each connected component Ci do
3:
Si ← trivial_solution(Ci )
4:
5:
6:
7:
8:
9:
10:
11:

4

Input: C, S, t
1: seen ← [f alse] ∗ n
2: for each v ∈ C in a random order do
3:
if seen[v] then
4:
go to the next vertex
while timeout is not reached do
X ← select_BFS(C, v, seen, t)
for each connected component Ci do 5:
S′ ← S
j ← sample_weights(w1 , . . . , wℓ ) 6:
7:
for u in X do
S ′ ← bfs_greedy(Ci , Si , t[j])
8:
S ′ ← isolate(u, S ′ )
if cost(S ′ ) < cost(Si ) then
′
Si ← S
9:
for u in X do
w[j] ← w[j] + 1
10:
S ′ ← best_move(u, S ′ )
S
return S = i Si
11: return S ′

Kernelization rules

We present here our kernelization rules (see figure) without their safeness proofs due to space
constraints. Our algorithm applies these rules until none of them can be applied.
▶ Rule 4.1. Let u be a vertex with either a 1-neighbor or two adjacent 2-neighbors. If u has
another neighbor v such that u and v have no common neighbor, then delete uv.
This implies that we delete all edges but one between each vertex and its 1-neighbors.
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▶ Rule 4.2. Let uvxw be an induced C4 where v and w have degree 2. Delete uv and wx.
▶ Rule 4.3. Let u be a 3-vertex with neighbors a, b, c.
If ab, bc and ac are edges, a has degree 3 and b, c both have degree at most 5, delete all
edges bx and cx for x ∈
/ {u, a, b, c}.
If ac and bc are edges, ab is a non-edge, and a, b, c all have degree at most 3, delete all
edges ax and bx for x ∈
/ {u, c}.
If ab is an edge but not ac and bc, and a, b both have degree at most 3, delete uc and all
edges ax and bx for x ∈
/ {u, a, b}.
The last item is actually a special case of a more general rule that we present below (with
k = 3). The two other items are actually specification designed to handle the case where the
disjointness hypothesis is not met anymore. However, we did not implement it since it does
not provide a better kernelization on the public instances.
▶ Rule 4.4. Let K be a clique on k vertices such that each vertex outside of K has at
most one neighbor in K. For every u ∈ K, denote by f (u) the number of neighbors of u
outside of k. Write K = {u1 , . . . , uk } where f (u1 ) ⩽ · · · ⩽ f (uk ). If, for every i ∈ [1, k],
Pk
k
i
j=i+1 f (uj ) ⩽ 2 − 2 , delete all edges with exactly one endpoint in K.
As a final remark, note that Rule 4.3 allows to solve the Cluster Editing problem in
polynomial time on subcubic graphs. Indeed, applying Rule 4.3 removes all the triangles in
subcubic graphs. It then remains to find a maximum matching problem in the kernel.
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Figure 1 Kernelization rules. Vertices labeled by an integer i are of degree i.
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1

Introduction

In the fall of 2020, the Parameterized Algorithms and Computational Experiments (PACE)
competition invited to work on the Cluster Editing Problem. In this problem, an undirected,
weighted graph G = (V, E) is to be transformed into a cluster graph by a minimum number
of edge modifications (additions and/ or deletions).
Following our contribution to the PACE 2018, and based on our experiences with simple,
yet effective local search algorithms in other competitions (with a local search technique
reduced to a single-operator search for the VeRoLog Solver Challenge 2019 as a prominent
example), we decided to concentrate on what works best with little effort.

2

The actual algorithm

The method implemented for PACE 2021 is best characterized as a multi-start Threshold
Accepting-type local search.

2.1

Preprocessing

We did experiment with some preprocessing techniques that allow for a reduction of the
graph G. However, in our limited experiments, we did not find them to be overly beneficial,
so for the actual submission, all of them have been removed.
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PACE 2021 Solver Description: Simplified Threshold Accepting for Cluster Editing

2.2

Creating an initial solution

The initialization of the first alternative is straight-forward: Each node is placed in a separate
cluster. Hence, |V | clusters are initially created, and the objective function value of this
initial solution is (always) |E|.

2.3

Improvements by Local Search

The only move implemented in our contribution is a single-node-move operator. This operator
investigates the effect of removing a single node from its current clusters, and placing it
either
in a new, i. e., a previously empty cluster, or
in a “neighboring” cluster.
The first sub-type is important as otherwise the number of clusters would monotonically
decrease – and can only decrease – throughout the runs. Note that the definition of a
neighboring cluster is based on the elements in E: A node might join another cluster if (and
only if) there is an incident edge in E connecting it to a node of this cluster. Effectively, this
sub-type can be implemented on the edges as given in G.
Moves are considered in random order.

2.4

Acceptance condition

Any move improving the current solution is accepted right away. Moreover, moves that do
not change the current evaluation are accepted with p = 0.5. Furthermore, moves that are
within a threshold T of the current best-know-solution are accepted with, again, p = 0.5. T
is, during search, randomly changed every 1,000,000 moves by choosing it from {0, 1, 2}.
A value of T = 0 corresponds to a pure hillclimbing algorithm, while values of {1, 2}
allow the search to escape local optima. In our experience, and based on the limited work
put into this project, this mechanism contributes to the quality of the identified solutions. It
has also been observed that accepting moves that do not change the objective function value
(but merely maintain it) are beneficial in terms of diversifying the search.

2.5

Restarts

Once the algorithm is unable to improve the current best-known solution for 50 percent of
its running time, a restart is triggered. See subsection 2.2 on the initial solution.
The best solution identified through all runs is kept and reported once the termination
criterion is reached.

3

Source-code

The source-code of our contribution has been published under the Creative Commons
Attribution 4.0 International Public License and made available under https://doi.org/
10.5281/zenodo.4891323.
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1

Problem description

A cluster editing set of a graph G = (V, E) is a set of edges Emod ⊆ V × V such that each
connected component of a graph G[E∆Emod ] is a clique, where A∆B denotes the symmetric
difference of sets A and B. In the cluster editing problem we aim to find a cluster editing set
of smallest possible size. In the cluster editing kernelization problem we aim to find a set
X ⊂ V × V , with size as large as possible, such that X ⊂ Eopt for some optimal solution
Eopt to the cluster editing problem.

2

Solver description

In this paper we provide a short description of the most important algorithms implemented
in solver CluES. Due to many parameters used in the implementation and a vast number of
case distinctions that need to be taken into account, this description may not contain full
information about the algorithms behavior in every possible situation.
Though there are many kernelization rules implemented in CluES (see section 3), the
resulting set X of edge modifications returned by the solver is found based on a set of
heuristically found cluster editing sets: given cluster editing sets S1 , . . . , Sp we find the set
p
T
X=
Si and return it as a final result. It is necessary to mention that the result found this
i=1

way need not be correct, as the set X may not be contained in any optimum cluster editing
set of graph G. Set X will not be a correct result only if all sets Si contain the same pair
(u, v) ∈ V × V that does not belong to any optimum solution. By creating a large number of
high-quality cluster editing sets and trying to avoid finding similar local optima multiple
times, we decrease the probability of returning an incorrect answer. It may also happen
that all sets Si are optimal cluster editing sets, but we will get X = ∅. In that case, as
a resulting set, we can take the largest set of edge modification found by valid kernelization
rules described in section 3.
∗
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PACE Solver Description: Cluster Editing Kernelization Using CluES

In the algorithm we take p = 20 and for each i ≤ p we find the set Si using the heuristic
solver CluES (article “PACE Solver Description: CluES - a heuristic solver for the cluster
editing problem” in the current proceedings). We need to add here that sets Si are found
using many different sets of parameters that usually enable us to find cluster editing sets of
very high quality. What is more important, by selecting appropriate values for parameters
we are often able to find many different local optima to the cluster editing problem. Even if
those local optima are not optimal solutions from the global point of view, they are often
optimum in some small (local) subgraphs of given graph G. By steering the parameters we
try to avoid getting stuck in similar local optima and thus we reduce the risk of returning an
incorrect answer set X.

3

Kernelization rules

We use over 15 parameter-independent kernelization rules based on edge cuts and critical
cliques. Additionally we use several preprocessing procedures that are not valid kernelization
rules (there is no guarantee of preserving the optimality of the solution size after performing
those procedures), but are just a reasonable guess that often enables us to quickly and
accurately identify nodes that most often belong to the same cluster in some good solution.
Those heuristic procedures are also very useful for finding different local optima.

3.1

Valid kernelization rules

Nine of implemented valid kernelization rules are based on concepts related to critical cliques
and can be found in [3] and [2].
Next valid kernelization rule is a “similar neighborhoods” rule (see [1]) applied to
an unweighted graph. The rule states that, if there exists an edge (u, v) ∈ E with
N [u] = N [v] ∪ {w} for some w ∈
/ N [v], then there exists an optimal solution with u and v
belonging to the same cluster.
Another three valid kernelization rules are specifications of the “almost clique rule” [1]
applied for all triangles, K4 ’s and induced diamonds. The “almost clique rule” states that, if
there exists a subset C ⊂ V such that G[C] is connected and the size of the minimum cut in
G[C] is not smaller than |{(a, b) ∈ C × C : (a, b) ∈
/ E}| + |{(a, b) ∈ E : a ∈ C, b ∈
/ C}|, then
there exists an optimal solution where all nodes in C belong to the same cluster.

3.2

Heuristic preprocessing procedures

Now, we proceed to describe heuristic preprocessing procedures. Most of them are based
on properties of some intersections of neighborhoods of critical cliques. The following rules
depend on miscellaneous parameters and are usually executed multiple times for different
values of those parameters.
1. Let A = {K1 , . . . , Kp } be a set of critical cliques in G with the same neighborhood N (Ki )
p
S
for all i ≤ p and let G′ = G[V \
Ki ]. If there exists an index i ≤ p and a set K ′ ⊂ V
i=1

such that K ′ is a critical clique in G′ , N (Ki ) ⊂ K ′ , |N (Ki )| ≤ α · |K ′ | and |Ki | ≤ β · |K ′ |,
where α and β are parameters, then make Ki a single cluster and remove it from G.
2. Let A = {u1 , . . . , up } be a set of nodes for which N (ui ) is a clique and let G′ = G[V \ A].
If there exists an index i ≤ p and a set K ⊂ V such that K is a critical clique in G′ ,
N (ui ) ⊂ K and |N (ui )| ≤ α · |K|, where α is a parameter, then make ui a single cluster
and remove it from G.
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3. Let A = {K1 , . . . , Kp } be a set of critical cliques in G for which N (Ki ) is a clique and
p
S
β1 ≤ |Ki | ≤ β2 , where β1 , β2 are parameters. Take G′ = G[V \
Ki ]. If there exists an
i=1

index i ≤ p and a set K ′ ⊂ V such that K ′ is a critical clique in G′ , N (Ki ) ⊂ K ′ and
|N (Ki )| ≤ α · |K ′ |, where α is a parameter, then make Ki a single cluster and remove
it from G. This rule is a generalization of the previous rule (the previous rule can be
obtained by setting β1 = β2 = 1).
4. Let A = {u1 , . . . , up } be a set of nodes with the same neighborhood N (ui ). Let m = α·|A|,
where α is a parameter. Add edges (u2i−1 , u2i ) for 1 ≤ i ≤ m to graph G. It is important
to note here that all added edges are stored and, if at some stage of the main algorithm
a cluster editing set Si is found with a single cluster containing both ends of a stored
edge, then the edge is removed from Si .
5. Let (u, v) ∈ E be an edge with N [u] ⊂ N [v], |N [u]| ≥ α · |N [v]|, |N (v)| − |N (u)| ≤ β and
|N (u) ∩ N (v)| ≥ γ. Mark nodes u, v to belong to the same cluster. Marking nodes is done
by creating a proper permutation graph before finding cluster editing sets using a heuristic
solver CluES. By setting α = γ = 0, β = 1 we can obtain the “similar neighborhoods”
rule described in 3.1.
6. Let C = {v1 , . . . , vp } ⊂ V be a set of nodes for which G[C] is connected. For v ∈ C let
degout (v) = |N (v) \ C|. Assume that for parameters α, β and γ the following conditions
hold:
a. max degout (v) ≤ α
v∈C
P
b.
degout (v) ≤ β
v∈C

c. max |(N (u) ∩ N (v)) \ C| ≤ γ
u,v∈C

Then mark all nodes v ∈ C with degout (v) ≤ δ (where δ is a parameter) to belong to the
same cluster and, depending on values of the parameters, remove from the graph some
edges from a set {(u, v) ∈ E : u ∈ C, v ∈
/ C}. This procedure is applied to all triangles,
K4 ’s and induced diamonds. It is also applied to some clusters found by the heuristic
solver CluES. Let us mention that knowing the structure of the graph G[C] and selecting
proper values of parameters we can obtain the “almost clique rule” described in 3.1.

4

Availability

The source code of CluES is available at https://doi.org/10.5281/zenodo.4949787
(please select the proper version of the solver to access required contest track: heuristic, exact
or kernelization).
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