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1

Introduction

A* is a classic and popular method for graphs search and path finding. It provides a method
for computing the shortest path in a given weighted graph G “ pV, E, W q from a source s to
a destination t that is often significantly faster than classic algorithms for this problem. It
assumes the existence of a heuristic function hpu, tq that estimates the shortest distance from
any input node u to the destination t. The algorithm uses the greedy approach, at each step
selecting a node u that minimizes dps, uq ` hpu, tq, where dps, uq is the (already computed)
distance from s to u. Alternatively, A* can be viewed as a variant of Dijkstra algorithm, with
the distance function dpu, vq replaced by dpu, vq ` hpv, tq ´ hpu, tq. Since its inception in the
1960s, the algorithm has found many application, e.g., to robotics [17, 5], game solving [7],
computational organic chemistry [6]. Over the last two decades, it has been also shown be
highly effective for “standard” shortest path computation tasks in road networks [10].
The performance of A* is governed by the quality of the heuristic function that estimates
the distance from a given node to the target. For example, if the heuristic function is
perfect, i.e., hpu, tq “ dpu, tq for all nodes u, then the number of vertices scanned by A* is
proportional to the number of hops in the shortest path. In practice, the heuristic function is
carefully selected based on the properties of the underlying class of problems. E.g., for graphs
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whose vertices corresponds to points in the plane (e.g., shortest paths in road networks or
paths avoiding 2D obstacles), typical choices include Euclidean, Manhattan or Chebyshev
distances. In many cases, the task of identifying an appropriate heuristic for a given problem
can be quite difficult.
Over the last few years, there has been a growing interest in learning heuristic functions
based on the properties of input graphs, see e.g., [17, 5, 6]. Such predictors are trained on a
collection of input graphs. After training, the predictor estimates the distance between given
nodes based on the pre-computed “features” of those nodes, plus possibly other auxiliary
information (see Section 1.4 for a discussion). The features are vectors in a d-dimensional
space, either handcrafted based on the domain knowledge, or trained using machine learning
methods. Thus, such learned heuristics bear similarity to metric embeddings [13] or distance
labels [9], two notions that have been extensively investigated in theoretical computer science
and mathematics. The notions of the quality of embeddings in the above lines of research
is, however, quite different from what is required in the A* context. Specifically, a typical
objective of metric embeddings or distance labelling is to preserve the distances between
every pair of vertices up to some (multiplicative) approximation factor. On the other hand,
in the context of A* search, it is acceptable if the estimated distances deviate significantly
from the ground truth, as long as the A* search process that uses those estimates does not
take too much time. At the same time, approximate estimates of the distances in the metric
embedding sense might not be useful if they are not able to disambiguate between many
different short paths, leading to high running times. This necessitates studying different
notions of embeddings and labeling that are tailored to the A* context.
Motivated by these considerations, in this paper we formalize and initiate the study of
embeddings and distance labeling schemes that induce efficient A* heuristics. In particular,
we study tradeoffs between the dimensionality of the embeddings (or the length of the labels
in labeling schemes) and the complexity of the A* search process. Our focus is on average-case
performance of A*, where the average is taken over all pairs of vertices in the graph. For
lower bounds, average-case results provide much stronger limitations than worst-case results.
At the same time, those lower bounds naturally complement our algorithms, which rely on
the average-case assumptions for technical reasons.
We start by formally defining the metric that we will use to evaluate the quality of a
heuristic.
▶ Definition 1. For a graph G “ pV, E, W q, and a heuristic h, P ps, tq denote the set of
vertices on the shortest path between s and t with the maximal number of hops, and let
Sh ps, tq be the set of vertices scanned by A* given s, t and h. Further let pps, tq “ |P ps, tq|.
We say that h has an additive overhead c on average if
Es,tPV r|Sh ps, tq| ´ pps, tqs| ď c
where s and t are chosen independently and uniformly at random from V .
Informally, the above definition measures the number of “extra” vertices that needs to be
scanned, in addition to the size of the shortest path. We note that one could alternatively
define the overhead in a “multiplicative” way, by computing the ratio between the number
of vertices scanned and the number of hops in a shortest paths. However, several of our
results (esp. the lower bounds) rely on instances where we are guaranteed that all shortest
paths have constant number of hops. In this case, an additive overhead of T automatically
translates into a multiplicative overhead of ΩpT q.
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In this paper we focus on heuristics that are consistent. The consistency property,
introduced by [12] and stated below, implies that the A* search algorithm using the heuristic
correctly identifies the shortest path upon termination.
▶ Definition 2 (Consistent heuristic function). A heuristic function hps, tq which estimates
distps, tq is consistent if for any destination t and edge pu, vq, the modified cost wt pu, vq “
wpu, vq ` hpv, tq ´ hpu, tq is non-negative and also hpt, tq “ 0.

1.1

Heuristic types

We now formally define the types of heuristics that we study in this paper. Specifically, we
introduce heuristic induced by norm embeddings and labelling schemes, as well as embeddings
induced by “beacons”, which can be viewed as a special type of norm embeddings induced
by the ℓ8 norm.
▶ Definition 3 (Norm heuristic). A heuristic function h : V ˆ V Ñ R is a norm heuristic
induced by a function π : V Ñ Rd and the lp norm if hps, tq “ }πpsq ´ πptq}p for any pair of
vertices s, t P V . The dimension d is referred to as the dimension of h.
Note that hps, tq as defined above satisfies triangle inequality, i.e. hps, uq`hpu, tq ě hps, tq
for any s, t, u P V .
▶ Definition 4 (Labeling heuristic). A heuristic function h : V ˆ V Ñ t0 . . . Cu is a labeling
heuristic induced by functions f : V Ñ t0 . . . CuL and g : t0 . . . CuL ˆ t0 . . . CuL Ñ t0 . . . Cu,
if hps, tq “ gpf psq, f ptqq for any pair of vertices s, t P V . Here the parameter C is assumed
to be polynomial in |V |, and L is referred to as the label length.
Note that f and g must be fixed functions working for any graph and label pairs.
Furthermore, we assume no limitation on the computational power of f and g. Finally, note
that the function g does not have to be a norm function, or to satisfy the triangle inequality.
We also define a particular type of heuristic that is induced by a set of “beacons”. This is
a natural class of A* heuristics that is particularly popular in the context of shortest path
problems [1].
▶ Definition 5 (Beacon heuristic). A heuristic function h : V ˆ V Ñ R is a beacon heuristic
induced by a set B Ă V if hps, tq “ }πpsq´πptq}8 , where πpsq “ pdistps, b1 q, . . . , distps, b|B| qq
(so that hps, tq “ maxbPB |distps, bq ´ distpt, bq|).
Given the above definitions, we can now formally state our results (also summarized in
Table 1).

1.2

Lower bounds results

Our first set of results provide lower bounds on the trade-off between the complexity of
a heuristic and the complexity of the A* algorithm. Specifically, we will show that there
exist graphs where all shortest paths have constant complexity (i.e., consist of a constant
number of hops), but on which A* will scan a large number of vertices unless its heuristic has
large complexity. We start from heuristics induced by norms. Recall that the average-case
complexity is defined with respect to the set of all possible source-destination pairs.
▶ Theorem 6 (Lower bound for norm heuristics). There exists an n-vertex unweighted graph
G “ pV, Eq of constant diameter such that for any consistent norm heuristic induced by an
lp norm of dimension d, where d “ opn{ log nq for p ă 8 or d “ oplog nq for p “ 8, the A*
algorithm scans Ω̃pnq vertices on average.

ITCS 2022

62:4

Embeddings and Labeling Schemes for A*

The proof for the above theorem appears in Section 3.1. For the special case of the l8
norm we show a stronger lower bound. However, it requires that the input graph is weighted
(see Section 3.2).
▶ Theorem 7 (Lower bound for l8 norm heuristics). There exists a weighted n-vertex graph G
such that (i) the shortest path between any pair of vertices in G consists of a constant number
of hops and (ii) for any consistent norm heuristic induced by l8 of dimension d “ opnα q, the
A* algorithm scans Ωpn1´α q vertices on average.
We now turn to heuristics induced by general labeling schemes. Our main result here is
that a trade-off analogous to that in Theorem 7 applies even to general labeling schemes (see
Section 3.3).
▶ Theorem 8 (Lower bound for labeling heuristics). For any consistent labeling heuristic
function h with length L “ opnα q, there exists an n-vertex weighted graph G such that (i) the
shortest path between any pair of vertices in G consists of a constant number of hops and (ii)
the A* algorithm scans Ωpn1´α q vertices on average.
For the last two theorems, we also show their variants for a graph G that is a grid graph
(with weighted edges). See our full paper [8] for further details. This makes our instances
realizable in the robotics planning problems, which is one of the main applications where
heuristics have been applied [5] (see Section 1.4 for more details).

1.3

Upper bound results

We complement the lower bounds from the previous sections with upper bounds, i.e.,
constructions of embedding or labeling heuristics. Our constructions, however, require certain
assumptions regarding breaking ties in the A* algorithm. Specifically, at any step of the
algorithm, there could be multiple vertices with the same value of the estimate dps, uq`hpu, tq,
and breaking such ties appropriately can have significant impact on the efficiency of A*
[3, 4, 15]. In our theoretical analysis we deal with tie-breaking in two ways. Our first approach
is to make an assumption about the A* algorithm. Specifically, Assumption 9 states that the
A* algorithm can break ties in a way that minimizes its complexity. Our second approach is
to make an assumption about the input graph. Specifically, Assumption 11 states that the
Table 1 Summary of our results. Upper bounds are colored in gray.
Type

Norm
heuristics

Settings

Comments

Reference

pă8

d “ opn{ log nq ñ Ω̃pnq avg. overhead

p“8

d “ oplog nq ñ Ω̃pnq avg. overhead
general graphs

p“8

grid graphs (α ă 0.5)

weighted

beacon based

graphs

Assumption 9
general graphs

Labeling
heuristics

Result

weighted
graphs

d “ opnα q ñ Ω̃pn1´α q avg. overhead

Thm. 7
Thm. 20

d “ Opnα q and Opn1´α q avg. overhead

L “ opnα q ñ Ωpn1´α q avg. overhead

grid graphs (α ă 0.5)
Assumption 11

Thm. 6

Thm. 10
Thm. 8
Thm. 25

α

L “ Opn q and Opn

1´α

q avg. overhead

Thm. 12
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weighted graph G is such that there is a unique shortest path between any pair of vertices,
and that there is a separation between the lengths of the shortest and the second shortest
path. We note that the lower bounds corresponding to our upper bounds are consistent with
these assumptions, as per discussions in the corresponding sections.
We start by stating the assumption about the tie-breaking behavior of the algorithm.
▶ Assumption 9 (Breaking ties). We assume that, when there is a tie on the estimated
distance lower bound (as specified in Definition 15) for multiple different vertices, the A*
algorithm chooses the next vertex in a way that minimizes the total running time.
Note that in the context of Fact 16 stated in Section 2, the assumption states that A*
only scans those vertices that must be scanned.
Under this assumption, we show that Theorem 7 is almost optimal. In fact, the upper
bound is based on a beacon heuristic (see Section 4.1).
▶ Theorem 10 (Beacon-based upper bound). Under Assumption 9, for any weighted graph
G “ pV, E, W q with |V | “ n vertices, there exists a beacon heuristic induced by a set B
with |B| “ nα with an additive overhead n1´α , i.e., such that A* scans at most n1´α `
Es,t r|P ps, tq|s vertices on average.
We now consider the assumption about lack of ties in the input graph.
▶ Assumption 11 (Unique shortest path). We assume that for any pair ps, tq of vertices in
G, the difference between the length of their shortest path and second shortest path between s
and t is greater than a constant c ą 0 (e.g. c “ 3).
Under this assumption, we show that Theorem 8 is almost optimal (see Section 4.2).
▶ Theorem 12 (Labeling-based upper bound). Under Assumption 11, for any weighted graph
G “ pV, E, W q with vertex set size |V | “ n, there exists a consistent labeling heuristic
of length L “ Opnα q with an additive overhead n1´α , i.e., such that A* scans at most
n1´α ` Es,t r|P ps, tq|s vertices on average.

1.4

Learned A* overview

As discussed previously, the main motivation for this study are recent works on learned
A* heuristic functions, where the learned features on which the h heuristic is based can
be viewed as embedding or labeling schemes. In this section we briefly describe several
approaches used in recent papers on A* with learned heuristic functions [17, 5, 6]. As these
are applied machine learning papers, our description here abstracts away many technical
details, focusing on high-level ideas.
[5] is focused on learning A* heuristics for robot path planning. The experiments are done
on graphs induced by two-dimensional environments modeled as 2D grids with obstacles.
The heuristic function is represented by a feed-forward neural network with two fully
connected hidden layers containing respectively 100 and 50 units with ReLu activation.
The input to the network is a 17 dimensional feature vector. The features contain the
descriptor of the node u (containing various features of the spatial point) as well as the
descriptor of the current “state” of the neural A* algorithm when reaching u.
[17] is also focused on robot path planning in 2D grids with obstacles. It uses a neural
network architecture called U-net to transform the input instance into a “guidance map”,
which for each graph vertex provides an adjustment to a “standard” heuristic function
based on Chebyshev distance between the given node and the destination node t. The
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input to U-net consists of the input graph, the source node s and destination node t. The
presence of the last component technically makes it possible to map each node into a
one-dimensional scalar equal to the true distance to target node t. However, given that
training of the heuristic function is expensive, it is natural to aim for a heuristic that
is “target independent”, i.e., trained for a particular environment, independently of the
choice of the source and destination. In this way one can reuse the same heuristic trained
for a particular grid for many source/destination pairs.
[6] addresses problems in a different domain, focusing on path searching in the molecule
space. The goal of the planner is to identify a series of re-actions that can lead to the
synthesis of a target product, a classic problem in organic chemistry. The feature vector
used as an input to the learned heuristic is based on the “Morgan fingerprint of radius 2”,
which is 2048 bit long. The vector is then fed into a single-layer fully connected neural
network of hidden dimension 128, which provides an estimate of the distance.
In the context of the aforementioned works, our results provide insights into the complexity
of representing efficient heuristics for various classes of graphs. We leave other important
issues, such as the complexity of learning those heuristics, to future work.

2

Preliminaries

Notation
We use distpu, vq to denote the length of the shortest paths between nodes u and v in a
graph. For pu, vq P E we use wpu, vq to denote the edge length.

Heuristic properties
We first recall several standard definitions of heuristic functions which will be useful in our
proofs.
▶ Definition 13 (Admissible heuristic function). For a heuristic function hps, tq which estimates
distps, tq, it is said to be admissible if for any source and destination ps, tq, we have hps, tq ď
distps, tq.
It is well-known that all consistent heuristic functions (Definition 2) are admissible.
▶ Definition 14 (Sub-additive heuristic function). For a heuristic function hps, tq which
estimates distps, tq, it is said to be sub-additive if for any three vertices pu, v, wq, we have
hpu, vq ` hpv, wq ě hpu, wq.
Note that consistent heuristics may not be sub-additive, but all norm heuristics (Definition 3) and beacon heuristics (Definition 5) are sub-additive.
▶ Definition 15 (Estimated distance lower bound). Given a query pair distps, tq, for any
vertex u, we define gpuq to be the estimated distance lower bound calculated by A* for shortest
path from s to t passing u: gpuq “ distps, uq ` hpu, tq. In particular, gptq “ distps, tq.

A* algorithm
Now, we describe the operation of A* with heuristic function h, which will be the main
object of our analysis in the paper. (See Algorithm 1)
▶ Fact 16 (Scan condition, see [12]). Suppose we apply A* to calculate distps, tq with
a consistent heuristic function hpu, tq. Then a vertex u must be scanned if and only if
distps, uq`hpu, tq ă distps, tq and may be scanned if and only if distps, uq`hpu, tq ď distps, tq.
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Algorithm 1 A* search.
1
2
3

Input: GpV, E, W q, start point: s, end point: t
Initialize S “ tsu, dpsq “ 0, dpSzsq “ 8
while t R S do
u Ð argmintdpuq ` hpu, tqu
uPV zS

6

for v s.t. pu, vq P E do
dpvq “ minpdpvq, dpuq ` wpu, vqq
S “ S Y tuu

3

Lower bounds

4
5

3.1

An average-case lower bound for lp norms

In this section, we prove Theorem 6.
▶ Theorem 6 (Lower bound for norm heuristics). There exists an n-vertex unweighted graph
G “ pV, Eq of constant diameter such that for any consistent norm heuristic induced by an
lp norm of dimension d, where d “ opn{ log nq for p ă 8 or d “ oplog nq for p “ 8, the A*
algorithm scans Ω̃pnq vertices on average.
Before exactly defining the lower bound instance (depicted in Figure 1) and proving the
theorem, we give a short overview of the ideas behind the construction and proof.

Proof overview
The central part of our constructed hard instance contains a star with n petals. We then
add to it Oplog nq additional sets of vertices, each of size Opnq, in a way that ensures that
for every pair of star petals pu, vq, there exists Ωpn2 q vertex pairs in the additional sets
whose shortest path goes through pu, vq. Given this construction, we rely on a standard
“packing argument” stating that a low dimensional space cannot contain a large equilateral
vertex set. Therefore, it holds that if the dimension d of the embedding is too small, then
by the admissibility property of the embedding, for at least one pair of the star petals, its
embedded distance is distorted. We then utilize this pair of distorted petals to show that
every query ps, tq whose shortest path goes through the distorted pair has a large query
overhead. Specifically, we rely on the design of non-uniqueness of the shortest paths to
further amplify the penalty due to the distorted pair to Ωpnq per each query as above, so
that in total we get that there exists Ωpn2 q pairs for which the query overhead is Ωpnq.

The lower bound instance
We continue to formally define our lower bound instance for heuristics induced by lp norms.
Note that the lower bound instance is both sparse and unweighted. The lower bound graph
contains a star with n leaves tc1 , . . . , cn u connected to a center c0 . Without loss of generality,
we assume n “ 2k is a power of 2. Then we have k pairs of vertices tpai , āi quki“1 . For each
pair ai and āi , and for each cj , we connect cj to ai if the i-th bit in the binary representation
of j ´ 1 is 1 and to āi otherwise. Then, for each ai , we create auxiliary vertex sets tai,j unj“0
and tbi,j unj“1 . We connect ai,0 to all tai,j unj“1 , and, for each j, we connect bi,j to ai,0 and ai .
Similarly, for each āi , we connect it to all tāi,j unj“1 . Our instance has size |V | “ Θpn log nq
and |E| “ Op|V |q. See Figure 1 for an illustration with k “ 2 and n “ 4.
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a1,1

ā1,1

b1,1
a1,0

ā1

a1

c1
c4

a1,4

c2
c0

b1,4
a2

ā1,4
ā2

c3
Figure 1 Average-case complexity lower bound instance for lp norms with k “ 2 and n “ 4.

▶ Lemma 17. Suppose h is a norm heuristic function hps, tq “ }πpsq ´ πptq}. For the
instance described above with |V | “ Θpn log nq, as long as one pair of distinct vertices in
tci uni“1 ,´say ci¯ and cj , satisfies hpci , cj q “ }πpci q ´ πpcj q} ă 2 , the A* algorithm scans at
least Ω

n
log2 n

vertices on average.

Proof. Suppose }πpcu q ´ πpcv q} ă 2 and u ‰ v, then there exists a digit p s.t. their binary
representations differ, e.g. u’s digit is 0 and v’s is 1. Then, for the pair pap , āp q whose real
distance is distpap , āp q “ 4, by sub-additivity, their embedded distance satisfies
}πpap q ´ πpāp q} ď }πpap q ´ πpcu q} ` }πpcu q ´ πpcv q} ` }πpcv q ´ πpāp q} ă 4 “ distpap , āp q.
Now, we can check that for any query pair ps, tq with s P tap,j1 unj1 “1 and t P tāp,j2 unj2 “1 , A*
must scan the whole set tbp,j1 unj1 “1 To see this, first note that all vertices u P tbp,j1 unj1 “1 lie on
the shortest path between s and t, and satisfy hpu, tq ă distpu, tq (due to the sub-additivity
and since }πpap q ´ πpāp q} ă distpap , āp q). Therefore, every u P tbp,j1 unj1 “1 will be scanned
by A* according to Fact 16. To calculate the average query complexity, observe that for
a random query pair ps, tq, with probability at least Ωp log12 n q we have that s P tap,j1 unj1 “1
and t P tāp,j1 unj1 “1 simultaneously hold. Once this event occurs, A* will scan at least Ωpnq
vertices, so the average query complexity is lower bounded by Ωp logn2 n q.
◀

▶ Definition 18. In a metric space lpd , we say a vertex set X is equilateral if any two
different vertices x, y P X satisfy }x ´ y}p “ 1. We define eplpd q to be the size of the largest
equilateral vertex set in lpd and its inverse function e´1 pp, nq equals to the minimum d such
that eplpd q ě n.
▶ Lemma 19. For a metric space lpd , we have the following upper bounds on eplpd q
$
’
’
Opd log dq
’
’
’
’
’
& d`1
eplpd q ď
’
’
Opd log dq
’
’
’
’
’
% 2d

p“1

[2]

p“2

[11]

2 ă p ă 8 [16]
p“8

[11]
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and corresponding lower bounds for e´1 pp, nq
$
’
’
Ωp logn n q p “ 1
’
’
’
’
’
& n´1
p“2
´1
e pp, nq ě
’
’ Ωp n q 2 ă p ă 8
’
log n
’
’
’
’
% log n
p“8
2
Here our asymptotic bound is in terms of d and hides the dependence on p.
Proof of Theorem 6. We only need to verify that the assumption made in Lemma 17 is
true. By the definition of an equilateral set (in Definition 18) and a consistent heuristic
function (in Definition 2), we know that for metric space lpd if d ă e´1 pp, nq, then for a set of
n 2-equidistant vertices tci uni“1 in the original graph, at least two of them will have embedded
distance smaller than 2.
◀

3.2

A stronger lower bound for l8 norm space

d
In this section, we prove a stronger lower bound for embeddings into l8
both for general
graphs and for grid graphs. The first lower bound instance is a general graph with constant
diameter (as in the previous section), which means that the ratio of the number of vertices
scanned by A* to the actual path length is large. Based on this instance we prove Theorem 7,
restated below.

▶ Theorem 7 (Lower bound for l8 norm heuristics). There exists a weighted n-vertex graph G
such that (i) the shortest path between any pair of vertices in G consists of a constant number
of hops and (ii) for any consistent norm heuristic induced by l8 of dimension d “ opnα q, the
A* algorithm scans Ωpn1´α q vertices on average.
The second lower bound instance has super-constant diameter, but it is a grid graph,
which is a more natural structure in the context of robot planning applications. This instance
is described in our full paper [8], and is used to prove the grid variant of Theorem 7.
▶ Theorem 20. There exists a weighted grid graph G so that any consistent norm heuristic
hps, tq induced by π : V Ñ Rd with dimension d ă opnα q for α ă 0.5 and the l8 norm will
result in A* average-case query complexity of at least Ωpn1´α q.
Importantly, Theorem 7, as well as its grid analog, Theorem 20, hold even under Assumption 9, i.e., when A* can break ties arbitrarily. This is because Lemma 23 below holds
for any tie-breaking rule, i.e., it lower bounds the number of vertices that must be scanned.
Therefore, the upper bound Theorem 10 is a matching upper bound. For further details on
the upper bound see Section 4.1.
We start with the intuition behind the lower bound construction and proof.

Proof idea
The proof idea here follows the one in the previous section, where we first prove that there
exist some pairs of vertices with large distortion, and then amplify the query cost penalty
due to these pairs. The previous equilateral set argument works well for lp norm with p ă 8
but works poorly for the l8 norm. Therefore, we use a special property of l8 to get a
tighter lower bound, specifically, that the l8 norm solely depends on one coordinate (with
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the maximum absolute value). We can observe that if the distance that our embedding
“wants to memorize” is random, then it cannot remember too much information in each one
dimensional space. Our construction consists of a clique of size Opmq, and the edge weights
are chosen uniformly in r10, 11s. This ensures that the shortest path between any pair of
vertices is the edge directly connecting them, and that the weights are randomized and
independent of each other. Therefore, each dimension can only “memorize” Opmq shortest
path distances, while there are Opm2 q pairs of vertices. Similarly to the previous case, the
second step of amplifying the penalty is achieved by adding auxiliary sets to the main lower
bound construction, so that each distorted pair appears in the shortest path for many queries
ps, tq.
b11 b21

bk1

w0

w0 w0

b12 b22

a1

bk2

a2
wij
a3

am

ai

b1i b2i

bki

Figure 2 Average-case complexity lower bound instance for l8 norms.

The lower bound instance
Our lower bound instance (in Figure 2) consists of a clique tai um
i“1 where each ai is attached
to k leaves tbi,j ukj“1 . The edge weight between pai , aj q is wij “ 10 ` uij , where uij are i.i.d.
random variables chosen from the uniform distribution over the interval r0, 1s. The edge
weight between each attached leaf to its corresponding vertex in the clique is equal to w0 ,
specified subsequently.
▶ Definition 21 (Approximated-tie). For a set of values twi uni“1 and an parameter ϵ, we
say there exists an approximated-tie if there exists a coefficient vector tci uni“1 where each
řn
ci P t´4 . . . 4u with at least one non-zero component and | i“1 ci wi | ď ϵ.
▶ Proposition 22. For weights twi,j ui,jPrms generated as above, there exists an ϵ ą 0 such
that no approximated-tie exists in twi,j u with probability at least 0.99.
Let ϵ be as in the above proposition We set the edge weights between the clique to the
ϵ
leaves to be w0 “ 16n
. From now on, we assume that there is no ϵ approximated-tie in the
graph. We can observe that in this graph, the shortest path between any two vertices in tai u
is exactly the edge connecting them.
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▶ Lemma 23. For a pair of vertices pai , aj q, if the embedding distance between them has
ϵ
error larger than 2n
, then any query pbpi , bqj q for p, q P rks will always scan Ωpkq vertices
(under any tie-breaking rule.)
Proof. In the setting of Theorem 7, we denote hps, tq “ }πpsq ´ πptq}8 . If }πpai q ´ πpaj q} ď
1
ϵ
wi,j ´ 2n
, we can check that for query distpbpi , bqj q all vertices in tbpi up1 Prks will be scanned
1

by A*: Let bpi be an arbitrary leaf attached to ai .
1

1

distpbpi , bpi q ` }πpbpi q ´ πpbqj q}
1

1

ď distpbpi , bpi q ` }πpbpi q ´ πpai q} ` }πpai q ´ πpaj q} ` }πpaj q ´ πpbqj q}
ϵ
` w0
ď 2w0 ` w0 ` wi,j ´
2n
ϵ
ď wi,j ´
4n
ă distpbpi , bqj q
1

Therefore, for every p1 inrks, by the scan condition, bpi will be scanned.

◀

▶ Lemma 24. For the heuristic considered by Theorem 7, as long as d ď opmq, at least half
ϵ
of pairs ps, tq where s, t P tai u, i “ 1 . . . m, satisfy hps, tq ă distps, tq ´ 2n
.
ϵ
Proof. By the definition of l8 norm, if }πpuq ´ πpvq}8 ě distpu, vq ´ 2n
, then there must
ϵ
exist a coordinate i P rds where |πpuqi ´ πpvqi | ě distpu, vq ´ 2n . We call such coordinate a
“crucial coordinate” for the pair of vertices pu, vq
We claim that for each coordinate i P rds, at most m ´ 1 pairs of vertices use coordinate i
as their crucial coordinate. To show this, we first construct an auxiliary graph with vertices
tai u where we assign an edge to pu, vq if pu, vq uses the current coordinate as their “crucial
coordinate”. Because the auxiliary graph has m vertices, if there are more than m edges,
at least one simple cycle exists with length l ď m. We can go along the cycle to get an
ϵ
approximated-tie consisting of a ˘1 weighted sum of wi,j . Because l ¨ 2n
ď ϵ, such a cycle
would violate Proposition 22.
Therefore if there are at most opmq coordinates, there can be at most opm2 q “crucial
2
ϵ
coordinates”, which means that at least m4 pairs are embedded with error more than 2n
. ◀

Proof of Theorem 7. We set m “ nα and k “ n1´α then |V | “ Θpnq. Now we calculate the
ϵ
overall average complexity lower bound. Each pair pai , aj q with hpai , aj q ă distpai , aj q ´ 2n
2
contributes k pairs of queries, each of which causes A* to have query complexity Ωpkq.
Therefore the average query complexity is lower bounded by the following:
¸
˜ 2
ˆ 2α 2p1´αq 1´α ˙
m
2
n ¨n
¨n
4 ¨k ¨k
Ω
“
Ω
“ Ωpn1´α q.
◀
n2
n2

3.3

An average-case lower bound for labeling heuristics

In this section, we state two lower bounds for labeling heuristics. The first holds for general
graphs, and the second for grid graphs. Note that labeling heuristics doe not have the
sub-additivity property.
First, we make some assumptions on the graphs we consider. As usual, we consider
weighted undirected graphs GpV, E, W q where |V | “ n. We further assume that the edge
weight between any two vertices u and v, wpu, vq, is an integer and that the sum of weights
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ř
satisfies u,v wpu, vq ď C, where C “ polypnq. Therefore, each quantity produced by our
algorithm can be represented by B “ Oplog nq bits.
We first recall the lower bound that holds for general, non grid, graphs.
▶ Theorem 8 (Lower bound for labeling heuristics). For any consistent labeling heuristic
function h with length L “ opnα q, there exists an n-vertex weighted graph G such that (i) the
shortest path between any pair of vertices in G consists of a constant number of hops and (ii)
the A* algorithm scans Ωpn1´α q vertices on average.
We also provide a grid graph which preserves the complexity lower bound and is common
in robotics planning problem.
▶ Theorem 25. For any consistent labeling heuristic function h with length L “ opnα q, there
exists an n-vertex weighted grid graph G such that the A* algorithm scans Ωpn1´α q vertices
on average.
Importantly, both the graph used in Theorem 8 and the one used to prove Theorem 25
satisfy Assumption 11 regarding unique shortest paths, after an appropriate weight scaling.
Therefore, Theorem 12 shown later in Section 4.2 is a matching upper bound result.
In this section we only prove the general theorem, and we defer the proof of Theorem 25
to our full paper [8], as it follows similar ideas. We start from a short overview.

Proof idea
This proof inherits the idea of reducing a good embedding to a “memorizing random number”
task. We utilize the hardness of the “indexing” communication complexity problem to prove
that it is impossible to remember too many random numbers using a limited amount of
storage.

The lower bound instance
The lower bound instance is depicted in Figure 3. It consists of a clique tai um
i“1 and
additionally, each ai has a corresponding leaf set tbpi ukp“1 . To avoid boundary cases, we
assume both m, k ě 10. Indeed, this graph has the same structure as that in Figure 2,
however, we choose a different set of parameters. The edge weight between each attached
leaf to its corresponding vertex in the clique is 1 and the edge weight between pai , aj q is
wij “ 6¨p2b `δij q´2, where δij P r0, 2b ´1s to be specified later. The setting of wij guarantees
that the shortest distance between any two vertices ai , aj is due to the edge pai , aj q. Finally,
we define an m-tuple to be a set consisting of m vertices pv1 , . . . , vm q “ pbi11 , . . . , bimm q for
indices ij P rks. Therefore, there are k m different m-tuples. See in Figure 3 an example to
one possible m-tuple colored in blue.
For the ease of proof, we define the binary version of labeling heuristics which only allows
for 0{1 bits and the length is multiplied by B.
▶ Definition 26 (Binary labeling heuristics). Labeling heuristic with length L consists of two
fixed deterministic functions f : V Ñ t0, 1uBL and g : t0, 1uBL ˆ t0, 1uBL Ñ t0, 1uB . The
distance of two vertices u, v in the embedded space is defined to be gpf puq, f pvqq.
Interpreting strings in t0, 1uB as the binary version of integers within the range r0, 2B ´ 1s,
the consistent definition still applies to the new definition.
We will reduce our embedding problem to the following well known indexing problem.
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Figure 3 Average-case complexity lower bound instance for labeling.

▶ Definition 27 (Indexing problem). Alice gets a vector, x P r0, 2b ´ 1sn chosen uniformly at
random. Bob gets an index i P r1, ns chosen uniformly at random. The goal is for Bob to
report xi after receiving a single message from Alice.
We set the bit length for each number in the input of indexing problem to be b “ B8 .
Another mild condition is that B should be set such that 2b ă n and n6 ă 2B , to ensure
that every quantity produced in the reduction process can still be represented in B bits.
▶ Theorem 28 (Folklore, see e.g., [14]). Any one-way protocol for the indexing problem
defined above requires Ωpnbq bits of communication in order to succeed with probability ą 12 .
▶ Definition 29 (A bad pair). We say that a pair of vertices vi , vj is a bad pair if they have
large distortion, defined as gpf pvi q, f pvj qq ă distpvi , vj q ´ 3.
We continue to argue about the contribution of bad pairs to the average query complexity
of A*.
▶ Lemma 30. If there are Ωpm2 q bad pairs in every m-tuple, the contribution of bad pairs
to the query complexity of A* (over all possible pair queries) is Ωpm2 k 3 q, so the average
complexity for A* is at least Ωpkq.
Proof. We first argue that if a pair of vertices pbpi , bqj q is a bad pair (as defined in Definition 29),
1

then for any shortest path query of the form pbpi , bqj q for any p1 P rks will scan bpi . By Fact 16,
for a shortest path query ps, tq, a vertex u is always scanned by A* if distps, uq`gpf puq, f ptqq ă
distps, tq. By Definition 29, if pbpi , bqj q is a bad pair, then gpf pbpi q, f pbqj qq ă distpbpi , bqj q ´ 3 “
1

1

wij ´ 1. Therefore, for any query from bpi to bqj where bpi is any other element in the set
tbpi ukp“1
1

1

distpbpi , bpi q ` gpf pbpi q, f pbqj qq ă 2 ` wi,j ´ 1 ă distpbpi , bqj q.
implying that bpi will be scanned. Therefore, every bad pair contributes Ωpkq cost to the
summation of all-pair shortest path queries cost.
It remains to lower bound the number of such bad pairs at Ωpk 2 m2 q. By the assumption
that there are Ωpm2 q bad pairs for each m-tuple, counting with repetitions, there are at least
Ωpm2 ¨ k m q bad pairs. Since every bad pair appears in at most k m´2 m-tuples, it follows that
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there are at least Ωpk 2 ¨ m2 q distinct bad pairs. Hence, the bad pairs contribute Ωpm2 k 3 q to
the overall query complexity of A*. Because n “ Θpm ˆ kq, the average-case complexity is
at least Ωpkq.
◀
▶ Lemma 31. Consider the graph described above and the A* algorithm using a consistent
L “ opmq labeling heuristic. If for any choice of tδij u there exists an m-tuple pv1 , ...vm q
(where recall that vi “ bpi i for some pi P rks), for which at most opm2 q number of the induced
all-pair embedding distances tgpf pvi q, f pvj qqui,jPrms have large distortion, gpf pvi q, f pvj qq ă
distpvi , vj q ´ 3, then there is a one-way protocol for the indexing problem using opnbq bits
and succeeds with probability at least 1 ´ op1q.
Proof. Suppose that for every choice of tδij u, there exists at least one m-tuple pv1 , . . . , vm q
with its induced all-pair embedding distance satisfying that for at least 1 ´ op1q fraction
of the pairs vi , vj , distpvi , vj q ´ 3 ď gpf pvi q, f pvj qq ď distpv
` ˘ i , vj q. Then we construct the
following protocol for the indexing problem. We let n “ m
2 , and we think of the index that
bob receives as a tuple pi, jq, where i, j P rms and i ă j.
m
Alice: given an input x P r0, 2b ´ 1sp 2 q , set tδij u “ x respectively. Enumerate over
all the m-tuples to find the one whose embedded distance has distortion smaller than 3
for at least 1 ´ op1q fraction of all pairs. Note that a distortion smaller than 3 means
that distpai , aj q ´ 1 ď gpf
Q pvi q, f pvj qq Uď distpai , aj q ` 2. Recall that distpai , aj q “ wij “
6 ¨ p2b ` δij q ´ 2. Hence,

gpf pvi q,f pvj qq
6
2

´ 2b “ δij . Alice then sends to Bob the embedding

2
tf pvi qum
i“1 , which has bit length opm Bq, or equivalently opm bq in terms of the indexing bit
length b.
Q
U
gpf pvi q,f pvj qq
1
Bob: Receive tf pvi qu from Alice, use them to construct δij
“
´ 2b where
6
1
at least 1 ´ op1q fraction of them satisfy δij
“ δij “ x. Given Bob’s query pi, jq, Bob answers
1
the corresponding term δij
.
Therefore, the protocol above can solve the indexing problem with probability greater
than 1 ´ op1q and communication complexity opm2 bq for any input.
◀

We are now ready to prove Theorem 8.
Proof of Theorem 8. We set m “ nα and k “ n1´α , implying that that the size of the lower
bound graph is Θpm ¨ kq “ Θpnq as required. We prove this theorem by contradiction. If
there exists a consistent labeling heuristic h with length L “ opnα q such that for any choice
of tδij u, A* with heuristic h scans opn1´α q vertices. Then by Lemma 30, for each choice of
tδij u we can find a m-tuple, where there is at most op1q fraction of bad-pairs. Finally, by
Lemma 31, we can get an algorithm for the indexing problem, contradicting Theorem 28. ◀

4
4.1

Upper bounds
Random beacons

In this subsection, we analyze the performance of beacon heuristic under Assumption 9
when A* has the ability to arbitrarily break ties. Assumption 9 means that for the scanning
condition stated in Fact 16, when answering query distps, tq, A* will only scan vertex u that
must be scanned, i.e., if either u P P ps, tq or distps, uq ` hpu, tq ă distps, tq.
We can verify that the random beacon embedding is consistent according to Definition 2.
▶ Theorem 10 (Beacon-based upper bound). Under Assumption 9, for any weighted graph
G “ pV, E, W q with |V | “ n vertices, there exists a beacon heuristic induced by a set B
with |B| “ nα with an additive overhead n1´α , i.e., such that A* scans at most n1´α `
Es,t r|P ps, tq|s vertices on average.
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Proof. First, we uniformly at random select the set B from the vertex set V . By Assumption 9,
A* answering query distps, tq will visit a vertex u R P ps, tq if distps, uq ` hpu, tq ă distps, tq,
or equivalently }πpuq ´ πptq} ă distps, tq ´ distps, uq. By the definition of }πpuq ´ πptq} “
maxvPB |distpu, vq ´ distpt, vq| in the random beacon embedding, u will satisfy the inequality
above only if s can give a better distance estimation for distpu, tq than all beacons in B.
1
This happens with probability at most |B|`1
over a random selection of B Y tsu for a fixed
n
pair u, t. In expectation, for any pair pu, tq, there are at most |B|
such vertices s. Therefore,
taking a summation over all pairs of pu, tq yields that the expected number of extra vertices
2
n
scanned is at most n ¨n{|B|
“ |B|
. Finally, we choose |B| “ nα to get the desired result. ◀
n2

4.2

A labeling heuristic

In this section we present a labeling heuristic with parameters as in Theorem 12, assuming
Assumption 11. First, we observe that this assumption holds for “generic” graphs, i.e., holds
with high probability assuming that the edge weights are generated randomly. We defer the
proof to our full paper [8].
▶ Proposition 32. For any weighted graph G “ pV, E, W q with |V | “ n with edge weight
independently generated from a discrete distribution whose probability mass at each point is
upper bounded by n15 , Assumption 11 holds with probability at least 1 ´ n1 .
Since it is easy to re-scale the edge weights, we set the constant in Assumption 11 to be
3 for the ease of later proofs. For convenience, we restate the main theorem shown in this
section.
▶ Theorem 12 (Labeling-based upper bound). Under Assumption 11, for any weighted graph
G “ pV, E, W q with vertex set size |V | “ n, there exists a consistent labeling heuristic
of length L “ Opnα q with an additive overhead n1´α , i.e., such that A* scans at most
n1´α ` Es,t r|P ps, tq|s vertices on average.

Proof idea
Since a “naive” beacon embedding produces ties, our idea for the proof is to slightly increase
the embedded distance so that potential ties are avoided by adding more information to the
embedding. This preserves the consistency of the heuristic, except in the case where the
original embedded distance is already tight. The latter case only happens when one of the
three vertices (s, u or t) lies on the shortest path between the other two. Under the unique
shortest path assumption (Assumption 11), this case is easy to detect if we encode the Euler
tour of the shortest path tree rooted at each beacon in the “extra” bits of the labels. At the
same time, adding this information increases the label length by only a negligible factor.
In order to prove the theorem, we first extend the definition of the beacon heuristic from
the previous section.
▶ Definition 33 (Beacon heuristic with tie breaking). For a beacon set B, we define π to
be a concatenation of two d dimensional embeddings π 0 and π 1 where πi0 psq “ distps, bi q
is the same as beacon-based embedding and πi1 psq : V Ñ r2ns2 are the locations of the two
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occurrences of the vertex s in the Euler tour of the shortest path tree rooted at bi (see Figure 4).
¨
˛
ˇ
ˇ
˚
‹
ˇ
ˇ ÿ
˚ˇ
‹
ˇ
ˇ
ˇ
`
˘
˚ˇ 0
‹
0
1
1
ˇ
ˇ
sign
π
psq
´
π
ptq
(4.1)
hps, tq “ max ˚ πi psq ´ πi ptqˇ `
‹
i,j
i,j
ˇ
ˇ
‹
iP|B| ˚
ˇ
ˇ
jPt0,1u
˝
‚
looooooooooooooooooomooooooooooooooooooon
checking whether s is t’s ancestor/descendent

Note that by the property of the Euler tour, the second part in Equation 4.1 is equal to
either 0 or 2. Moreover, the value is equal to 0 only when u is an ancestor of v or v is an
ancestor of u.
Note hp¨, ¨q is not a norm function of πp¨q ´ πp¨q in general.
a p1, 10q

1 2 3 4 5 6 7 8 9 10

((()())())
e

b
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c
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d
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a

Figure 4 An example of a shortest path tree (left) and its Euler tour (right).

▶ Lemma 34. Under Assumption 11, the beacon-based embedding with tie breaker defined in
Definition 33 is consistent and has the following compact expression:
#
distps, tq
if }π 0 psq ´ π 0 ptq}8 “ distps, tq
hps, tq “
(4.2)
}π 0 psq ´ π 0 ptq}8 ` 2 if }π 0 psq ´ π 0 ptq}8 ă distps, tq
Proof. We prove the equation in line 4.2 first. Due to the unique shortest path assumption,
we can show that |distpbi , sq ´ distpbi , tq| “ distps, tq if and only if s is an ancestor or
descendant of t on the shortest path tree rooted at bi . The “if” part is immediate, since one
of the vertices s and t lies on the shortest path between the root and the other vertex. For
the “only if” part, let u be the lowest common ancestor of s and t on the shortest path tree
rooted at bi and assume w.l.o.g. that distpu, sq ą distpu, tq. The shortest paths from s to
u and from t to u consist of the tree edges. Because |distpbi , sq ´ distpbi , tq| “ distps, tq, by
canceling the common sub-path, we get that distpu, sq ´ distpu, tq “ distps, tq. Therefore,
concatenating the shortest paths from s to t and from t to u produces a second shortest
path from s to u, thus violating our unique shortest path Assumption 11. Thus, the second
expression in line 4.1 is equal to 0 when |distpbi , sq ´ distpbi , tq| “ distps, tq and equal to 2
otherwise. Therefore Equation 4.2 follows.
To prove that the new heuristic is consistent, we first prove that hps, tq ď distps, tq, i.e., h
is admissible. By Equation 4.2, it suffices to show that if |distpbi , sq ´ distpbi , tq| ă distps, tq
then |distpbi , sq ´ distpbi , tq| ď distps, tq ´ 2. We prove this by contradiction. If there exists
bi such that distps, tq ´ 2 ă distpbi , sq ´ distpbi , tq ă distps, tq, then we can concatenate
paths P pbi , tq and P pt, sq to get a path from bi to s of length smaller than distpbi , sq ` 2,
contradicting Assumption 11 that the second shortest path should be longer than the shortest
path by at least 3.
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Now, we fix any two vertices u, v and recall the definition of consistency: hpu, tq ď
wpu, vq ` hpv, tq. By Equation 4.2, we know that hpu, vq ´ }π 0 puq ´ π 0 pvq}8 equals to
either 0 or 2, so there are 4 cases for checking the inequality. Consider another heuristic
h1 pu, vq “ }π 0 puq ´ π 0 pvq}8 . It is a standard beacon heuristic and thus consistent. Therefore
we only need to consider the worst case where hpu, tq “ h1 pu, vq`2 and hpv, tq “ h1 pv, tq. Note
that hpv, tq “ h1 pv, tq means that hpv, tq “ distpv, tq, so the RHS becomes wpu, vq ` distpv, tq
which is greater than distpu, tq and therefore greater than hpu, tq by admissibility shown
above.
◀
Proof of Theorem 12. The analysis extends on the proof of Theorem 10 by using random
beacon-based embedding which is π 0 in Definition 33.
Considering a pair of query distps, tq, for those vertices u satisfying distps, uq ` }π 0 puq ´
π 0 ptq}8 ă distps, tq, they are inevitably scanned, and by invoking Theorem 10 with Opnα q
dimension, the average number of such vertices u is upper bounded by Opn1´α q. Also, for
those vertices u satisfying distps, uq ` }πpuq ´ πptq}8 ą distps, tq, they will not bother our
A* because hps, vq ě }π 0 psq ´ π 0 ptq}8 is a strictly tighter distance estimation than π 0 . Now
we only care about those u satisfying distps, uq ` }πpuq ´ πptq}8 “ distps, tq and there are
two cases: If }πpuq ´ πptq}8 “ distpu, tq, we have distps, uq ` distpu, tq “ distps, tq, so u
lies on P ps, tq and should be scanned by A*. Otherwise }πpuq ´ πptq}8 ă distpu, tq and
hpu, tq “ }πpuq ´ πptq}8 ` 2, breaking the tie, so A* will not scan such a vertex u. Therefore,
all previous ties impose no extra scanning complexity for A*.
◀
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A

Proof of Proposition 32

Proof. We define a boolean variable tieps, tq which equals 1 if and only if there exists two
equal length shortest path from s to t, N psq to denote the set of neighbors of vertex s, wpu, vq
to be the edge weight for edge pu, vq.
P rrYs,tPV Irtieps, tqss
ÿ
ÿ
ď
P rrwps, uq ` distpu, tq “ wps, vq ` distpv, tqs
s,t u,vPN psq^u‰v

ď n4 P rrwps, uq ` distpu, tq “ wps, vq ` distpv, tqs
In the following, we prove that for any fixed t, u, v where u, v P N psq and u ‰ v, the expression
above P rrwps, uq ` distpu, tq “ wps, vq ` distpv, tqs is bounded by n´5 . We use ds,u p¨, ¨q to
be the shortest distance using all edges in Ezps, uq, and dp¨, ¨q to be the shortest distance
using all edges in E (an abbreviation for distp¨, ¨q). Then, the probability of the existence of
non-unique shortest path can be upper bounded as the following:
P rrwps, uq ` dpu, tq “ wps, vq ` dpv, tqs
“ P rrwps, uq “ wps, vq ` dpv, tq ´ dpu, tqs
“ P rrdpv, tq “ ds,u pv, tq ^ dpu, tq “ ds,u pu, tq ^ wps, uq “ wps, vq ` dpv, tq ´ dpu, tqs
`P
rrpdpv, tq ‰ ds,u pv, tq _ dpu, tq ‰ ds,u pu, tqq ^ wps, uq “ wps, vq ` dpv, tq ´ dpu, tqs
looooooooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooooooon
this case is impossible

(A.1)
ď P rrwps, uq “ wps, vq ` ds,u pv, tq ´ ds,u pu, tqs
ď max P rrwps, uq “ Cs
C

ď n´5

(A.2)
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On line A.1, we expand the probability basing on whether the distance function changes
after adding edge ps, uq. We can observe that as long as the addition of edge ps, uq influences
the shortest path P pv, tq or P pu, tq, the later equality cannot hold. In line A.2, wps, uq is
independent of all the other quantities. Therefore, we prove that the probability of violation
of Assumption 11 is upper bounded by n1 .
Because our edge weight are drawn from a discrete distribution, unique shortest path is
enough to show the existence of a constant margin as required in Assumption 11.
◀
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