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Abstract
We initiate a study of a new model of property testing that is a hybrid of testing properties of
distributions and testing properties of strings. Specifically, the new model refers to testing properties
of distributions, but these are distributions over huge objects (i.e., very long strings). Accordingly,
the model accounts for the total number of local probes into these objects (resp., queries to the
strings) as well as for the distance between objects (resp., strings). Specifically, the distance between
distributions is defined as the earth mover’s distance with respect to the relative Hamming distance
between strings.
We study the query complexity of testing in this new model, focusing on three directions. First,
we try to relate the query complexity of testing properties in the new model to the sample complexity
of testing these properties in the standard distribution testing model. Second, we consider the
complexity of testing properties that arise naturally in the new model (e.g., distributions that
capture random variations of fixed strings). Third, we consider the complexity of testing properties
that were extensively studied in the standard distribution testing model: Two such cases are uniform
distributions and pairs of identical distributions, where we obtain the following results.
Testing whether a distribution over n-bit long strings is uniform on some set of size m can be
3
e
done with query complexity O(m/ϵ
), where ϵ > (log2 m)/n is the proximity parameter.
Testing whether two distribution over n-bit long strings that have support size at most m are
e 2/3 /ϵ3 ).
identical can be done with query complexity O(m
Both upper bounds are quite tight; that is, for ϵ = Ω(1), the first task requires Ω(mc ) queries for
any c < 1 and n = ω(log m), whereas the second task requires Ω(m2/3 ) queries. Note that the
query complexity of the first task is higher than the sample complexity of the corresponding task in
the standard distribution testing model, whereas in the case of the second task the bounds almost
match.
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Introduction

In the last couple of decades, the area of property testing has attracted much attention
(see, e.g., a recent textbook [8]). Loosely speaking, property testing typically refers to sublinear time probabilistic algorithms for deciding whether a given object has a predetermined
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property or is far from any object having this property. Such algorithms, called testers,
obtain local views of the object by making adequate queries; that is, the object is modeled
as a function and testers get oracle access to this function (and thus may be expected to
work in time that is sub-linear in the size of the object).
The foregoing description fits much of the research in the area (see [8, Chap. 1-10]), but
not the part that deals with testing properties of distributions (aka distribution testing, see [8,
Chap. 11] and [6]). In this context, a tester get samples from the tested distribution and
sub-linearity means sub-linearity in the size of the distribution’s domain.1 Each element in
the domain is considered to be small, and is assumed to be processed at unit time.
In this work we consider distributions over sets of huge (or very large) objects, and aim
at complexities that are sublinear in the size of these objects. As an illustrative example,
think of the distribution of DNA-sequences in a large population. We wish to sample this
distribution and query each sampled sequence at locations of our choice rather than read the
entire sample.
One key issue is the definition of the distance between such distributions (i.e., distributions
of huge objects). A natural choice, which we use, is the earth mover’s distance under the
(relative) Hamming measure. Under this measure, the distance between distributions reflects
the probability mass of the difference when weighted according to the Hamming distance
between strings (see Definition 1.1).

1.1

The new model

We consider properties of distributions over sets of objects that are represented by n-bit long
strings (or possibly n-symbol long sequences); that is, each object has size n. (In Section 5
of our report [10], this is extended to properties of tuples of distributions.) Each of these
objects is considered huge, and so we do not read it in full but rather probe (or query) it at
locations of our choice. Hence, the tester is an algorithm that may ask for few samples, and
queries each sample at locations of its choice. This is modeled as getting oracle access to
several oracles, where each of these oracles is selected independently according to the tested
distribution (see Definition 1.2). We shall be mainly interested in the total number of queries
(made into these samples), whereas the number of samples will be a secondary consideration.
The distance between such distributions, P and Q (over the same domain Ω = {0, 1}n ),
is defined as the earth mover’s distance under the Hamming measure; that is, the cost of
transforming the distribution P to the distribution Q, where the cost of transforming a string
x to a string y equals their relative Hamming distance.
▶ Definition 1.1. (distance between distributions over huge objects): For two strings
x, y ∈ {0, 1}n , let ∆H (x, y) denote the relative Hamming distance between them; that is,
∆H (x, y) =

1
· |{i ∈ [n] : xi ̸= yi }|.
n

(1)

For two distributions P, Q : Ω → [0, 1], where Ω = {0, 1}n , the earth mover’s distance under
the Hamming measure between P and Q, is the optimal value of the following linear program:

1

This is the most standard and well studied model of testing properties of distributions. For a discussion
of other models (e.g., providing the algorithm with the weight of any domain element of its choice)
see [6, Part IV].
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∀y∈Ω:

wx,y · ∆H (x, y)
min
P


wx,y =P (x)
x,y∈Ω
y∈Ω
.
P

∀x,y∈Ω:

wx,y ≥0

∀x∈Ω:

x∈Ω

(2)

wx,y =Q(y)

We say that P is ϵ-close to Q if the optimal value of the linear program is at most ϵ;
otherwise, we say that P is ϵ-far from Q.
As stated above, Definition 1.1 represents the earth mover’s distance with respect to the
relative Hamming distance between (binary) strings. Indeed, the earth mover’s distance
between distributions over a domain Ω is always defined on top of a distance measure that
is associated with Ω. It is well known that the earth mover’s distance with respect to the
inequality function (i.e., InEq(x, y) = 1 if x ̸= y and InEq(x, x) = 0) coincides with the
variation distance (between these distributions). That is, if we replace the distance ∆H (x, y)
with InEq(x, y) in Definition 1.1, then we get the variation distance between P and Q.
Furthermore, ∆H (x, y) ≤ InEq(x, y) always holds. Hence, throughout this work, we shall be
considering three distance measures:
1. The distance between distributions as defined above (i.e., in Definition 1.1). When we say
that distributions are “close” or “far” we refer to this notion.
2. The total variation distance between distributions. In this case, we shall say that the
distributions are “TV-close” or “TV-far” (or ϵ-TV-close/far).
3. The relative Hamming distance between strings, which we denoted by ∆H (·, ·). In this
case, we shall say that the strings are “H-close” or “H-far” (or ϵ-H-close/far).
Referring to Definition 1.1 and to machines that have access to multiple oracles, we
present the following definition of testing distributions on huge objects.
▶ Definition 1.2. (testing properties of distributions on huge objects (the DoHO model)):
Let D = {Dn }n∈N be a property of distributions such that Dn is a set of distributions over
{0, 1}n , and let s : N × (0, 1] → N. A tester, denoted T , of sample complexity s for the
property D is a probabilistic machine that, on input parameters n and ϵ, and oracle access to
a sequence of s = s(n, ϵ) samples drawn from an unknown distribution P : {0, 1}n → [0, 1]
outputs a verdict (“accept” or “reject”) that satisfies the following two conditions.
1. The tester accepts distributions that belong to D: If P is in Dn , then
Prx(1) ,...,x(s) ∼P [T x

(1)

,...,x(s)

(n, ϵ) = 1] ≥ 2/3,

where x(1) , . . . , x(s) are drawn independently from the distribution P .
2. The tester rejects distributions that are far from D: If P is ϵ-far from Dn (i.e., P is ϵ-far
from any distribution in Dn (according to Definition 1.1)), then
Prx(1) ,...,x(s) ∼P [T x

(1)

,...,x(s)

(n, ϵ) = 0] ≥ 2/3,

where x(1) , . . . , x(s) are as in the previous item.
We say that q : N × (0, 1] → N is the query complexity of T if q(n, ϵ) is the maximum number
of queries that T makes on input parameters n and ϵ. If the tester accepts every distribution
in D with probability 1, then we say that it has one-sided error.
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We may assume, without loss of generality, that the tester queries each of its samples, and
that it never makes the same query twice. Hence, q(n, ϵ) ∈ [s(n, ϵ), s(n, ϵ) · n].
The sample (resp., query) complexity of testing the property D (in the DoHO model) is
the minimal sample (resp., query) complexity of a tester for D (in the DoHO model). Note
that the tester achieving the minimal sample complexity is not necessarily the one achieving
the minimal query complexity. As stated before, we shall focus on minimizing the query
complexity, while using the sample complexity as a yardstick.
Generalization. The entire definitional treatment can be extended to n-long sequences over
an alphabet Σ, where above (in Definitions 1.1 and 1.2) we used Σ = {0, 1}.

1.2

The standard notions of testing as special cases (and other
observations)

We first observe that both the standard model of property testing (of strings) and the
standard model of distribution testing are special cases of Definition 1.2.
Standard property testing (of strings): Specifically, we refer to testing properties of n-bit
strings (equiv., Boolean functions over [n]).
This special case corresponds to trivial distributions, where each distribution is concentrated on a single n-bit long string. Hence, a standard tester of query complexity q can
be viewed as a tester in the sense of Definition 1.2 that has sample complexity 1 and
query complexity q.
Standard distribution testing: Specifically, we refer to testing distributions over Σ.
This special case corresponds to the case of n = 1, where each distribution is over Σ.
Hence, a standard distribution tester of sample complexity s can be viewed as a tester
in the sense of Definition 1.2 that has sample complexity s and query complexity q = s.
Indeed, here we used the generalization of the definitional treatment to sequences over Σ.
The basic version, which refers to bit sequences, can be used too (with a small overhead).2
Needless to say, the point of this paper is going beyond these standard notions. In particular,
we seek testers (for the DoHO model) with query complexity q(n, ϵ) = o(n) · s(n, ϵ), where
s(n, ϵ) > 1 is the sample complexity in the DoHO model. Furthermore, our focus is on cases
in which s(n, ϵ) is relatively small (e.g., s(n, ϵ) = poly(n/ϵ) and even s(n, ϵ) = o(n)·poly(1/ϵ)),
since in these cases a factor of n matters more.
We mention that the sample complexity in the DoHO model is upper-bounded by the
sample complexity in the standard distribution testing model. This is the case because the
distance between pairs of distributions according to Definition 1.1 is upper-bounded by the
total variation distance between them (see the discussion following Definition 1.1).
▶ Observation 1.3. (on the sample complexity of testing distributions in two models): The
sample complexity of testing a property D of distributions over {0, 1}n in the DoHO model
is upper-bounded by the sample complexity of testing D in the standard distribution testing
model.

2

Specifically, we consider a good error correcting code C : Σ → {0, 1}n such that n = O(log |Σ|); that is,
C has distance Ω(n). In this case, the total variation distance between distributions over codewords
is proportional to their distance according to Definition 1.1, whereas the query complexity is at most
n = O(log |Σ|) times the sample complexity. The same effect can be obtained by using larger n’s,
provided we use locally testable and correctable codes.
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We mention that for some properties D the sample complexity in the DoHO model may
be much lower than in the standard distribution testing model, because in these cases the
distance measure in the DoHO model is much smaller than the total variation distance.3
Needless to say, this is not true in general, and we shall focus on cases in which the two
sample complexities are closely related. In other words, we are not interested in the possible
gap between the sample complexities (in the two models), but rather in the query complexity
in the DoHO model. Furthermore, we are willing to increase the sample complexity of a
tester towards reducing its query complexity in the DoHO model (e.g., see our tester for
uniformity).

1.3

Our Results

We present three types of results. The first type consists of general results that relate the
query complexity of testing in the DoHO model to the query and/or sample complexity of
related properties in the standard (distribution and/or string) testing models. The second
type consists of results for properties that have been studied (some extensively) in the
standard distribution testing model. The third type consists of results for new properties
that arise naturally in the DoHO model. A few of these results are presented in Section 2,
and the rest can be found in our report [10].

1.3.1

Some general bounds on the query complexity of testing in the
DoHO model

A natural class of properties of distribution over huge objects is the class of all distributions
that are supported by strings that have a specific property (of strings). That is, for a property
of bit strings Π = {Πn }n∈N such that Πn ⊆ {0, 1}n , let DΠ = {Dn }n∈N such that Dn denotes
the set of all distributions that have a support that is subset of Πn . We observe that the
query complexity of testing the set of distributions DΠ (in the DoHO model) is related
to the query complexity of testing the set of strings Π (in the standard model of testing
properties of strings).
▶ Theorem 1.4. (from testing strings for membership in Π to testing distributions for
membership in DΠ ): If the query complexity of testing Π is q, then the query complexity of
e
testing DΠ in the DoHO model is at most q ′ such that q ′ (n, ϵ) = O(1/ϵ)
· q(n, ϵ/2).
While the proof of Theorem 1.4 is simple, we believe it is instructive towards getting familiar
with the DoHO model. We thus include it here, while mentioning that some ramifications
of it appear in Appendix A.2 of our report [10].
Proof. The main observation is that if the tested distribution P (whose domain is {0, 1}n )
is ϵ-far from Dn (according to Definition 1.1), then, with probability at least ϵ/2, an object
x selected according to P is ϵ/2-H-far from Πn . Hence, with high constant probability, a
sample of size O(1/ϵ) will contain at least one string that is ϵ/2-H-far from Πn . If we have a
one-sided error tester T for Π, then we can detect this event (and reject) by running T (with

3

An obvious case in which testing distributions is trivial (in the DoHO model) is the case of the set of all
distributions that are supported by a set of strings Π such that any string is H-close to Π. Specifically,
if every n-bit long string is ϵ-H-close to Π ⊆ {0, 1}n and D is set of distributions that contain every
distribution that is supported by Π, then every distribution is ϵ-close to D. Additional examples are
presented in Section 2.2.
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proximity parameter ϵ/2) on each sampled string. If we only have a two-sided error tester
for Π, then we invoke it O(log(1/ϵ)) times on each sample, and reject if the majority rule
regarding any of these samples is rejecting. Hence, in total we make O(ϵ−1 log(1/ϵ)) · q(n, ϵ/2)
queries.
◀
An opposite extreme. Theorem 1.4 applies to any property Π of strings and concerns
the set of all distributions that are supported by Π (i.e., all distributions P that satisfy
{x : P (x) > 0} ⊆ Π). Hence, Theorem 1.4 focuses on the support of the distributions and
pays no attention to all other aspect of the distributions. The other extreme is to focus
on properties of distributions that are invariant under relabeling of the strings (i.e., labelinvariant properties of distributions).4 We consider several such properties in Section 1.3.2,
but in the current section we seek more general results. Our guiding question is the following.
▶ Open Problem 1.5. (a key challenge, relaxed formulation):5 For which label-invariant
properties of distributions does it hold that testing them in the DoHO model has query
e
complexity poly(1/ϵ) · O(s(n,
ϵ/2)), where s is the sample complexity of testing them in the
DoHO model?
Jumping ahead, we mention that Theorem 1.9 identifies one property that satisfies the
foregoing requirement and another that does not satisfy it. More generally, we show that the
requirement is satisfied for any property that is closed under mapping, where a property of
distribution D is closed under mapping if, for every distribution P : {0, 1}n → [0, 1] in D and
every f : {0, 1}n → {0, 1}n , it holds that f (P ) is in D, where Q = f (P ) is the distribution
defined by Q(y) = P (f −1 (y)).
▶ Theorem 1.6. (testing distributions that are closed under mapping (see Theorem 2.2)):
Suppose that D = {Dn } is testable with sample complexity s(n, ϵ) in the DoHO model, and
that each Dn is closed under mapping. Then, D is testable in the DoHO model with query
e −1 · s(n, ϵ/2)).
complexity O(ϵ
We stress that the tester in the hypothesis may have query complexity n · s(n, ϵ), and recall
that our focus is on the case that n ≫ poly(ϵ−1 log s(n, ϵ/2)).
A middle ground between properties that contain all distributions that are supported
by a specific set of strings and label-invariant properties of distributions is provided by
properties of distributions that are label-invariant only on their support, where the support
of a property of distributions is the union of the supports of all distributions in this property.
That is, for a property Dn of distributions over n-bit strings, we say that Dn is label-invariant
over its support if, for every bijection π : {0, 1}n → {0, 1}n that preserves the support of Dn
(i.e., x is in the support if and only if π(x) is in the support), it holds that the distribution
P : {0, 1}n → [0, 1] is in Dn if and only if π(P ) is in Dn . Indeed, generalizing Problem 1.5,
one may ask
▶ Open Problem 1.7. (a more general challenge): For which properties of distributions
that are label-invariant over their support does it hold that testing them in the DoHO model
e
has query complexity poly(1/ϵ) · O(s(n,
ϵ/2) · q(n, ϵ/2)), where s is the sample complexity of
testing them in the DoHO model and q is the query complexity of testing their support?
4

5

Recall that a property of distributions over {0, 1}n is called label-invariant if, for every bijection
π : {0, 1}n → {0, 1}n and every distribution P , it holds that P is in the property if and only if π(P ) is
in the property, where Q = π(P ) is the distribution defined by Q(y) = P (π −1 (y)). We mention that
label-invariant properties of distributions are often called symmetric properties.
e
Less relaxed formulations may require query complexity O(s(n,
ϵ/2)/ϵ) or even O(s(n, ϵ)). On the other
hand, one may ease the requirement by comparing the query complexity in the DoHO model to the
sample complexity in the standard model.
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The next theorem identifies a sufficient condition for a positive answer. Specifically, it requires
that the support of the property, denoted S, has a (relaxed) self-correction procedure of
query complexity q. We mention that such procedures may exist only in case the strings in
S are pairwise far apart. Loosely speaking, on input i ∈ [n] and oracle access to an n-bit
string x, the self-correction procedure is required to return xi if x ∈ S, to reject if x is far
from S, and otherwise it should either reject or return the ith bit of the string in S that is
closest to x.
▶ Theorem 1.8. (self-correction-based testers in the DoHO model, loosely stated (see
Theorem 3.1 in our report [10])): Let D be a property of distributions over bit strings that is
label-invariant over its support. Then, ignoring polylogarithmic factors, the query complexity
of testing D in the DoHO model is upper-bounded by the product of the sample complexity
of testing D in the standard model and the query complexity of testing and self-correcting the
support of D.
One natural example to which Theorem 1.8 is applicable is a set of all distributions that are
each have a support that contains few low-degree multi-variate polynomials; for size bound
e
s(n) and the degree bound d(n), we get query complexity poly(d(n)/ϵ) · O(s(n)).

1.3.2

Testing previously studied properties of distributions

Turning back to label-invariant properties of distributions, we consider several such properties
that were studied previously in the context of the standard distribution testing model.
Specifically, we consider the properties of having bounded support size (see, e.g., [11]), being
uniform over a subset of specified size (see, e.g., [2]), and being m-grained (see, e.g., [9]).6
▶ Theorem 1.9. (testers for support size, uniformity, and m-grained in the DoHO model
(see Corollary 2.3)): For any m, the following properties of distributions over {0, 1}n can be
e
tested in the DoHO model using poly(1/ϵ) · O(m)
queries:
1. All distributions having support size at most m.
2. All distributions that are uniform over some set of size m.
3. All distributions that are m-grained.
Theorem 1.9 is proved by using Theorem 1.6. The foregoing upper bounds are quite tight.
They also provide positive and negative cases regarding Problem 1.5 (see discussion following
Theorem 1.10).
▶ Theorem 1.10. (lower bounds on testing support size, uniformity, and m-grained in the
DoHO model (see Propositions 2.8, 2.10 and 2.9)):
1. For every m ≤ 2n−Ω(n) , testing whether a distribution over {0, 1}n has support size at
most m requires Ω(m/ log m) samples.
2. For every constant c < 1 and m ≤ n, testing whether a distribution over {0, 1}n is uniform
over some subset of size m requires Ω(mc ) queries.
3. For every constant c < 1 and m ≤ 2n−Ω(n) , testing whether a distribution over {0, 1}n is
m-grained requires Ω(mc ) samples.
Note that Parts 1 and 3 assert lower bounds on the sample complexity in the DoHO
model, which imply the same lower bounds on the query complexity in this model. Combining
the first part of Theorems 1.9 and 1.10 yields a property that satisfies the requirement of

6

A distribution P : {0, 1}n → [0, 1] is called m-grained if any n-bit string appears in it with probability that
is a multiple of 1/m; that is, for every x ∈ {0, 1}n there exists an integer mx such that P (x) = mx /m.
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Problem 1.5; that is, the query complexity in the DoHO model is closely related to the
sample complexity (in this model). On the other hand, combining Part 2 of Theorem 1.10
with the tester of [2, 7] yields a property that does not satisfy the requirement Problem 1.5,
since this tester uses O(m2/3 /ϵ2 ) samples (even in the standard distribution testing model).7
Tuples of distributions. In Section 5 of our report [10], we extend the DoHO model to
testing tuples (e.g., pairs) of distributions, and consider the archetypal problem of testing
equality of distributions (cf. [4, 5]). In this case, we obtain another natural property that
satisfies the requirement of Problem 1.5.
▶ Theorem 1.11. (a tester for equality of distributions (see Theorem 5.2 in our report [10])):
For any m, n ∈ N and ϵ > 0, given a pair of distributions over {0, 1}n that have support
size at most m, we can distinguish between the case that the distributions are identical and
e 2/3 /ϵ3 )
the case that they are ϵ-far from one another (according to Definition 1.1) using O(m
2/3 2
queries and O(m /ϵ ) samples.
We note that m2/3 /ϵ2 is a proxy for max(m2/3 /ϵ4/3 , m1/2 /ϵ2 ), which is a lower bound on the
sample complexity of testing this property in the standard distribution testing model [14].
This lower bound can be extended to the DoHO model. Hence, in this case, the query
complexity in the DoHO model is quite close to the sample complexity in this model.

1.3.3

Distributions as variations of an ideal object

A natural type of distributions over huge objects arises by considering random variations of
some ideal objects. Here we assume that we have no access to the ideal object, but do have
access to a sample of random variations of this object, and we may be interested both in
properties of the ideal object and in properties of the distribution of variations. In Section 4
of our report [10], we consider three types of such variations, and provide testers for the
corresponding properties.
1. Noisy versions of a string, where we bound the noise level.
In this case it is easy to recover bits of the original string, and test that the noisy versions
respect the predetermined noise level.
2. Random cyclic-shifts of a string.
In this case we use a tester of cyclic-shifts (i.e., given two strings the tester checks whether
one is a cyclic shift of the other).
3. Random isomorphic copies of a graph represented by its adjacency matrix.
In this case we use an isomorphism tester.
We stress that the testers employed in the last two cases have sublinear complexity; specifically,
pairs of n-bit long strings are tested using n0.5+o(1) queries.

1.4

Orientation

As stated upfront, we seek testers that sample the distribution but do not read any of the
samples entirely (and rather probe some of their bits).

7

We mention that in [2, 7] the complexity bound is stated in terms of the second and third norms of the
tested distribution, which can be roughly approximated by the number of samples required for seeing
the first 2-way and 3-way collisions. To obtain complexity bounds in terms of m, we can take O(m2/3 )
samples and reject if no 3-way collision is seen (ditto for not seeing a 2-way collision among the first
O(m1/2 ) samples).
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In general, our proofs build on first principles, and are not technically complicated.
Rather, each proof is based on one or few observations, which, once made, lead the way to
obtaining the corresponding result. Hence, the essence of these proofs is finding the right
point of view from which the observations arise.
Upper bounds. Some of our testers refer to label-invariant properties, and in this case it
suffices to determine which samples are equal and which are different. Furthermore, viewing
close samples as equal does not really create a problem, because we are working under
Definition 1.1. Hence, testing equality between strings suffices, and it can be performed
by probing few random locations in the strings. However, the analysis does not reduce to
the foregoing comments, because we cannot afford to consider all strings in the (a priori
unknown) support of the tested distribution. Instead, the analysis refers to the empirical
distribution defined by the sequence of samples.
Lower bounds. Several of our lower bounds are obtained by transporting lower bounds
from the standard distribution testing model. Typically, we transform distributions over an
alphabet Σ to distributions over {0, 1}n by using an error correcting code C : Σ → {0, 1}n
that has constant relative distance (i.e., ∆H (C(σ), C(τ )) = Ω(1) for every σ ̸= τ ∈ Σ). For
example, when proving a lower bound on testing the support size we transform a random
variable Z that ranges over Σ to the random variable Z ′ = C(Z). Note that in such a case it
does not suffice to observe that if Z is TV-far from having a support of size at most m, then
C(Z) is far (under Definition 1.1) from being supported on (at most) m codewords. We have
to argue that C(Z) is far from being supported on any (subset of at most) m strings.
Conventions. As evident from the last paragraph, it is often convenient to treat distributions
as random variables; that is, rather than referring to the distribution P : Ω → [0, 1] we refer
to the random variable X such that Pr[X = x] = P (x). We stress that ϵ always denotes
the proximity parameter (for the testing task). Typically, the upper bounds specify the
dependence on ϵ, whereas the lower bound refer to some fixed ϵ = Ω(1).

1.5

The current version and the full version

In the current version we present only the results that refer to a few natural properties of
distributions that were studied previously in the context of the standard distribution testing
model. These results also appear in Section 2 of our report [10].
The other sections of [10] are omitted; they include a proof of Theorem 1.8, a study
(mentioned in Section 1.3.3) of the properties that capture random variations of some ideal
objects, and an extension to testing tuples of distributions (including a proof of Theorem 1.11).

2

Support Size, Uniformity, and Being Grained

In this section we consider three natural types of label-invariant properties (of distributions).
These properties refer to the support size, being uniform (over some subset), and being
m-grained (i.e., each string appears with probability that is an integer multiple of 1/m).
Recall that D is a label-invariant property of distributions over {0, 1}n if for every bijection
π : {0, 1}n → {0, 1}n and every distribution X, it holds that X is in D if and only if π(X) is
in D. Label-invariant properties of distributions are of general interest and are also natural
in the DoHO model, in which we wish to avoid reading samples in full. In this section we
explore the possibility of obtaining testers for such properties.
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We first present testers for these properties (in the DoHO model), and later discuss
related “triviality results” and lower bounds. Our testers (for the DoHO model) are derived
by emulating simple testers for the standard model (rather than emulating the best known
such testers). The lower bounds justify this choice retroactively.

2.1

Testers

Our (DoHO-model) testers for support size, being uniform (over some subset), and being mgrained are obtained from a general result that refers to arbitrary properties (of distributions)
that satisfy the following condition.
▶ Definition 2.1. (closure under mapping): We say that a property D of distributions over
n-bit strings is closed under mapping if for every f : {0, 1}n → {0, 1}n it holds that if X is in
D then f (X) is in D.
Note that closure under mapping implies being label-invariant (i.e., for every bijection
µ : {0, 1}n → {0, 1}n , consider both the mapping µ and µ−1 ).
▶ Theorem 2.2. (testing distributions that are closed under mapping): Suppose that
D = {Dn } is testable with sample complexity s(n, ϵ) in the DoHO model, and that each
Dn is closed under mapping. Then, D is testable in the DoHO model with query complexe −1 · s(n, ϵ/2)). Furthermore, the resulting tester uses 3 · s(n, ϵ/2) samples, makes
ity O(ϵ
O(ϵ−1 log(s(n, ϵ/2)/ϵ)) uniformly distributed queries to each sample, and preserves one-sided
error of the original tester.
The factor of 3 in the sample complexity is due to modest error reduction that is used to
compensate for the small error that is introduced by our main strategy. Recall that a tester
of sample complexity s in the standard distribution testing model constitutes a tester of
sample complexity s in the DoHO model, alas this tester has query complexity n · s.
Proof. The key observation is that, since D is closed under mapping, for any ℓ-subset J ⊆ [n],
it holds that if X is in D, then XJ 0n−ℓ is in D, whereas we can test XJ 0n−ℓ for membership
in D with ℓ queries per sample. Even more importantly, for a typical ℓ-subset J, we shall
define a related random variable X ′ such that (i) XJ′ ≡ XJ , (ii) X ′ is ϵ/2-close to X, and
(iii) the collision pattern of s = s(n, ϵ/2) samples of XJ′ is statistically close to the collision
pattern of s samples of X ′ . Hence, applying the original tester to XJ 0n−ℓ , while setting the
proximity parameter to ϵ/2, yields the correct decision for X (in case X is either in D or
ϵ-far from D).
The actual tester. Let T be the guaranteed tester of sample complexity s : N × [0, 1] → N.
(Note that this tester operates in the DoHO model, but its query complexity is only bounded
by n · s.) Recall that we may assume, without loss of generality, that T is label-invariant,
which means that it rules according to the collision pattern that it sees among its samples
(i.e., the number of t-way collisions for each t ≥ 2). Using T , on input parameters n and ϵ,
for s = s(n, ϵ/2), given s samples, denoted x(1) , ...., x(s) , that are drawn independently from
a tested distribution X, we proceed as follows.
1. We select a set J ⊆ [n] of size ℓ = O(ϵ−1 log(s/ϵ)) uniformly at random and query each
of the samples at each location in J.
(1)
(s)
2. Invoking T with proximity parameter ϵ/2, we output T ′ (xJ , ..., xJ ), where
T ′ (z (1) , ..., z (s) ) = T z

(1) n−ℓ

0

,...,z (s) 0n−ℓ

(n, ϵ/2).

(3)
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(1) n−ℓ

(s) n−ℓ

We emulate the execution of T xJ 0 ,...,xJ 0 (n, ϵ/2) by answering T ’s queries in a
straightforward manner; that is, query j ∈ [n] to the ith oracle is answered by the j th bit
(i)
(i)
of xJ if j ∈ [ℓ] and by 0 otherwise. (Recall that xJ denotes the restriction of x(i) to J.)
As observed above, if X is in D, then so is XJ 0n−ℓ , for any choice of J. Hence, our tester
accepts each distribution in D with probability that is lower-bounded by the corresponding
lower bound of T .
We now turn to the analysis of the case that X is ϵ-far from D. In this case, we proceed
with a mental experiment in which we define, for each choice of J, a random variable
X ′ = X ′ (J) such that (i) XJ′ ≡ XJ , (ii) X ′ is ϵ/2-close to X, and (iii) the collision pattern
of s samples of XJ′ is statistically close to the collision pattern of s samples of X ′ . Note that
Condition (ii) implies that X ′ is ϵ/2-far from D, which means that T should reject s samples
of X ′ (whp), Condition (iii) implies that T should also reject s samples of XJ′ 0n−ℓ (whp),
whereas Condition (i) implies that the same holds for samples of XJ 0n−ℓ , which in turn
means that our tester rejects X (whp). In order to materialize the foregoing plan, we need a
few terms.
Terms and initial observations. For integers ℓ ≤ n and s, and a generic random variable X
that ranges over {0, 1}n , we consider a sufficiently large s′ = O(s2 · ℓ), and use the following
terms.
For an ℓ-subset J, we say that σ ∈ {0, 1}ℓ is J-heavy (w.r.t X) if Pr[XJ = σ] ≥ 0.01
s2 . ′
′
For an ℓ-subset J, we say that a sequence of s′ strings (w(1) , ...., w(s ) ) ∈ ({0, 1}n )s is
(i)
J-good (for X) if for every J-heavy string σ there exists i ∈ [s′ ] such that wJ = σ. Note
that, for every J,
′

Prw(1) ,....,w(s′ ) ∼X [(w(1) , ...., w(s ) ) is J-good] = 1 − o(1),
′

because 2ℓ · (1 − 0.01/s2 )s = 2ℓ · exp(−Ω(s′ /100s2 )) = o(1).
′
We say that (w(1) , ...., w(s ) ) is good (for X) if it is J-good for a 1 − o(1) fraction of the
ℓ-subsets J’s. Note that
′

Prw(1) ,....,w(s′ ) ∼X [(w(1) , ...., w(s ) ) is good] = 1 − o(1).
In fact, we shall only use the fact that there exists a good sequence of w(i) ’s.
′
We fix an arbitrary good (for X) sequence (w(1) , ...., w(s ) ) for the rest of the
 proof.
Recall that, with probability 1 − o(1) over the choice of J ∈ [n]
ℓ , it holds that
(1)
(s′ )
(w , ..., w ) is J-good (for X), which means that all J-heavy strings (w.r.t X) appear
among the J-restrictions of the w(i) ’s. Fixing such a set J, let I = I(J) be a maximal set of
(i)

def

(i)

indices i ∈ [s′ ] such that the wJ ’s are distinct; that is, R = {wJ : i ∈ I} has size |I| and
(i)
equals {wJ : i ∈ [s′ ]}. We stress that R contains all J-heavy strings (w.r.t X), which means
that for every σ ̸∈ R it holds that Pr[XJ = σ] < 0.01/s2 . We now define X ′ by selecting
(i)
x ∼ X, and outputting w(i) if xJ = wJ for some i ∈ I, and outputting x itself otherwise
(i.e., if xJ ̸∈ R); that is,

(i)

if x = w(i) for i ∈ I
 Pr[XJ = wJ ]
(i)
′
Pr[X = x] =
(4)
0
if xJ ∈ {wJ : i ∈ I} and x ̸∈ {w(i) : i ∈ I}


(i)
Pr[X = x]
if xJ ̸∈ {wJ : i ∈ I}
Note that XJ′ ≡ XJ . We claim that, for a typical J, it holds that X ′ is ϵ/2-close to X.
(i)
(i)
The key observation is that X ′ differs from X only when XJ ∈ {wJ : i ∈ I(J)} = {wJ :
′
(i)
i ∈ [s ]}. In this case, strings that are ϵ/4-H-close to {w : i ∈ I} contribute at most ϵ/4
units (to the distance between X and X ′ (as in Definition 1.1)), and so we upper-bound
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the probability mass of strings x ∼ X that are ϵ/4-H-far from {w(i) : i ∈ I(J)} but satisfy
(i)
xJ ∈ {wJ : i ∈ [s′ ]} = R. Denoting this bad event by Badx (J), we have
PrJ,X [BadX (J)]

=

Ex∼X [PrJ∈([n]) [Badx (J)]]
ℓ
h
h
ii
X
(i)
≤
Ex∼X PrJ x is ϵ/4-far from w(i) and xJ = wJ and i ∈ I(J)
i∈[s′ ]

≤

X

h
h
ii
(i)
Ex∼X PrJ x is ϵ/4-far from w(i) and xJ = wJ

i∈[s′ ]

≤ s′ · (1 − (ϵ/4))ℓ ,
e 2 /ϵ)). Hence, with
which is o(ϵ) by the definition of ℓ = O(ϵ−1 log(s/ϵ)) (and s′ = O(s
probability 1 − o(1) over the choice of J, it holds that the probability that x ∼ X is ϵ/4-H-far
from {w(i) : i ∈ [s′ ]} but satisfies xJ ∈ R is at most ϵ/4. It follows that, with probability
1 − o(1) over the choice of J, it holds that X ′ is ϵ/2-close to X. Recalling that X is ϵ-far
from D, this implies that X ′ is ϵ/2-far from D, which implies that (with probability at least
2/3), the tester T rejects X ′ (i.e., rejects when fed with s samples selected according to
X ′ ). However, we are interested in the probability that our tester (rather than T ) rejects X
(rather than X ′ ).
′
We say that J is useful if (w(1) , ..., w(s ) ) is J-good (for X) and Prx∼X [Badx (J)] ≤ ϵ/4,
and recall
events holds with probability 1 − o(1) (over the choice of
 that each of the two
′
′
(1)
J ∈ [n]
).
Recalling
that
X
=
X
, ..., w(s ) ) is
J , while relying on the hypothesis that (w
J
ℓ
J-good (for X), we observe that the probability that our tester rejects X equals
(1)

(s)

Prx(1) ,...,x(s) ∼X [T ′ (n, ϵ/2; xJ , ...., xJ ) = 0]
(1)
(s)
= Prx(1) ,...,x(s) ∼X ′ [T ′ (n, ϵ/2; xJ , ...., xJ ) = 0]
(1) n−ℓ
(s) n−ℓ
= Prx(1) ,...,x(s) ∼X ′ [T xJ 0 ,....,xJ 0 (n, ϵ/2) = 0]
(1)
(s)
(2s)
= Prx(1) ,...,x(s) ∼X ′ [T x ,....,x (n, ϵ/2) = 0] ± 100·s
2

[using XJ′ = XJ ]
[definition of T ′ ]
(·)

[from xJ ’s to x(·) ’s]

where the approximate equality is justified as follows (based on the definition of X ′ ).
On the one hand, the equality-relations between samples of X ′ with a J-restriction in R
are identical to those of their J-restrictions, because for each σ ∈ R there is a unique x
(i)
in the support of XJ′ such that xJ = σ (i.e., x = w(i) such that wJ = σ).
On the other hand, the probability of collision among the J-restrictions of the other
(2s)
samples (i.e., those with a J-restriction in {0, 1}ℓ \ R) is upper-bounded by 100·s
2 < 0.005,
since these J-restrictions are all non-heavy. Needless to say, the collision probability
between these (other) samples themselves can only be smaller.
It follows that our tester rejects with probability at least (1 − o(1)) · ( 23 − 0.005) > 0.66, where
the first factor represents the probability that J is useful and the second factor lower-bounds
the probability that T rejects when presented with s samples of X ′ . Using mild error
reduction (via three experiments), the theorem follows.
◀
▶ Corollary 2.3. (testers for support size, uniformity, and m-grained in the DoHO model):
For any m, the following properties of distributions over {0, 1}n can be tested in the DoHO
e
model using poly(1/ϵ) · O(m)
queries:
1. All distributions having support size at most m.
Furthermore, the tester uses O(m/ϵ) samples, makes O(ϵ−1 log(m/ϵ)) queries to each
sample, and has one-sided error.
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2. All distributions that are uniform over some set of size m.
Furthermore, the tester uses O(ϵ−2 m log m) samples, and makes q = O(ϵ−1 log(m/ϵ))
queries to each sample if ϵ ≥ 2⌈logn2 m⌉ , and O(q 2 ) queries otherwise.
3. All distributions that are m-grained.
Furthermore, the tester uses O(ϵ−2 m log m) samples, and makes O(ϵ−1 log(m/ϵ)) queries
to each sample.
Moreover, all testers make the same uniformly distributed queries to each of their samples.
Proof. For Parts 1 and 3 we present testers for the standard model and apply Theorem 2.2,
whereas for Part 2 we observe that the tester for m-grained distributions will do. (Recall
that a tester of sample complexity s in the standard distribution testing model constitutes a
tester of sample complexity s in the DoHO model.)
Let us start with Part 2. The key observation is that any distribution that is uniform
over some m-subset is m-grained, whereas any distribution that is m-grained is ⌈logn2 m⌉ -close
(under Definition 1.1) to being uniform over some set of m elements (e.g., by modifying
the first ⌈log2 m⌉ bits in each string in the support).8 Hence, for ϵ > 2 · ⌈logn2 m⌉ , we test
uniformity over m-subsets by testing for being m-grained (using proximity parameter ϵ/2).
If ϵ ≤ 2⌈logn2 m⌉ , then we can afford reading entirely each sample, since n = O(ϵ−1 log m). In
the latter case we make O(ϵ−2 log2 n) (rather than O(ϵ−1 log n)) queries to each sample.
Turning to Parts 1 and 3, it is tempting to use known (standard model) testers of
complexity O(ϵ−2 m/ log m) for these properties (cf. [13]), while relying on the fact that
these properties are label-invariant. However, these bounds hold only when the tested
distribution ranges over a domain of size O(m), and so some additional argument is required.
Furthermore, this may not allow us to argue that the tester for support-size has one-sided
error. Instead, we present direct (standard model) testers of sample complexity O(m/ϵ) and
2
e
O(m/ϵ
), respectively.
Testing support size. On input parameters n and ϵ, given s = O(m/ϵ) samples, denoted
x(1) , ...., x(s) , that are drawn independently from a tested distribution X, we accept if and
only if |{x(i) : i ∈ [s]∥ ≤ m. Suppose that X is ϵ-TV-far from having support size at most m,
and note that for any set S of at most m strings it holds that Pr[X ̸∈ S] > ϵ. Then, for each
t ∈ [s − 1], either Wt = {x(i) : i ∈ [t]} has size exceeding m or Pr[x(t+1) ̸∈ Wt ] > ϵ. It follows
that Pr[|Ws | ≤ m] = exp(−Ω(m)).
Testing the set of m-grained distributions. On input parameters n and ϵ, we set s =
′
O(m log m) and s′ = O(ϵ−2 m log m). Given s + s′ samples, denoted x(1) , ...., x(s+s ) , that are
drawn independently from a tested distribution X, we proceed in two steps.
1. We construct W = {w(i) : i ∈ [s]}, the set of strings seen in the first s samples.
(We may reject of |W | > m, but this is inessential.)
def

2. For each w ∈ W , we approximate Pr[X = w] by pw = |{i ∈ [s′ ] : x(s+i) = w}|/s′ . We reject
if we either encountered a sample not in W or one of the pw ’s is not within a 1 ± 0.1ϵ
factor of a positive integer multiple of 1/m.

8

Saying that X is m-grained means that it is uniform on a multiset {x(1) , . . . , x(m) } of n-bit strings. We
modify X by replacing each x(i) by y (i) such that y (i) encodes the binary expansion of i − 1 in the first
(i)
ℓ = ⌈log2 m⌉ locations and equals x(i) otherwise. That is, we set yj to equal the j th bit in the binary
(i)

expansion of i − 1 if j ∈ [ℓ], and yj

(i)

= xj

otherwise (i.e., if j ∈ {ℓ + 1, ..., n}).
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Note that if X is m-grained, then, with high probability, W equals the support of X, and
(whp) each of the pw ’s is within a 1 ± 0.1ϵ factor of a positive integer multiple of 1/m. On
the other hand, suppose that X is accepted with high probability. Then, for any choice of
W (as determined in Step 1), for each w ∈ W , it holds that Pr[X = w] = (1 ± 0.1ϵ) · pw ,
since pw is within a (1 ± 0.1ϵ) factor of a positive integer multiple of 1/m. Furthermore,
Pr[X ̸∈ W ] < 0.1ϵ. It follows that X is ϵ-TV-close to being m-grained.
◀

2.2

Triviality results

An obvious case in which testing is trivial is the property of all distributions (on n-bit strings)
that have support size 2n . In this case, each distribution is infinitesimally close (under
Definition 1.1) to being supported on all 2n strings. A less obvious result is stated next.
▶ Observation 2.4. (triviality of testing 2n -grained distributions in the DoHO model):
Under Definition 1.1, every distribution over {0, 1}n is O( logn n )-close to being 2n -grained.
Proof. We first show that, for every ℓ ∈ N, it holds that every distribution over {0, 1}n is nℓ close to a distribution that is supported by {0, 1}n−ℓ 0ℓ . Next we show that each distribution
of the latter type is 2−ℓ -close to being 2n -grained. Letting ℓ = ⌊log2 n⌋, the claim follows.
In the first step, given an arbitrary distribution X, we consider the distribution X ′ obtained
P
by setting the last ℓ bits of X to zero; that is, let Pr[X ′ = x′ 0ℓ ] = x′′ ∈{0,1}ℓ Pr[X = x′ x′′ ].
Then, X ′ is (ℓ/n)-close to X (according to Definition 1.1).
In the second step, we consider X ′′ obtained by letting Pr[X ′′ = x′ 0ℓ ] equal 2−n ·
⌊2n · Pr[X ′ = x′ 0ℓ ]⌋, and assigning the residual probability to (say) 1n . Then, X ′′ is 2n grained and is at total variation distance at most 2n−ℓ · 2−n = 2−ℓ from X ′ , since the support
size of X ′ is at most 2n−ℓ . Hence, X ′′ is ( nℓ + 2−ℓ )-close to X.
◀
Non-triviality results. It is easy to see that any property of distributions that includes
only distributions having a support of size 2n−Ω(n) is non-trivial in the sense that not all
distributions are close to it under Definition 1.1. This is the case because any such distribution
is far from the uniform distribution over {0, 1}n (since, w.h.p., a uniformly distributed n-bit
string is at Hamming distance Ω(n) from a set that contains 2n−Ω(n) strings). Additional
non-triviality results follow from the lower bounds presented in Section 2.3.

2.3

Lower bounds

We first consider three notions of uniformity: Uniformity over the entire potential support
(i.e., all n-bit strings), uniformity over the the support of the distribution (where the size
of the support is not specified), and uniformity over a support of a specified size. In all
three cases (as well as in the results regarding testing support size and the set of grained
distributions), we prove lower bounds on the sample (and query) complexity of testing the
corresponding property in the DoHO model. As usual, the lower bounds refer to testing
with ϵ = Ω(1); that is, to the case that the proximity parameter is set to some positive
constant. Our proofs rely on two standard simplifying assumptions:
1. When considering the task of testing a label-invariant property, one may assume, without
loss of generality, that the tester is label-invariant [1] (see also [8, Thm. 11.12]); that
is, for every bijection π on the potential support, the tester’s verdict on the samples
x(1) , . . . , x(s) is identical to its verdict on the samples π(x(1) ), . . . , π(x(s) ).
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2. To prove a lower bound of L on the complexity of testing, it suffices to show two
distributions X and Y that an algorithm of complexity L − 1 cannot distinguish (with
constant positive gap)9 such that X has the property and Y is Ω(1)-far from having the
property (cf. [8, Thm. 7.2]).
Combining these two observations, we focus on presenting distributions that cannot be
distinguished by label-invariant algorithms of low complexity such that one distribution has
the property while the other is Ω(1)-far from having the property.
▶ Observation 2.5. (lower bound on testing uniformity over {0, 1}n ): For every c ∈ (0, 0.5)
there exists ϵ > 0 such that testing with proximity parameter ϵ whether a distribution is
uniform over {0, 1}n requires 2c·n samples in the DoHO model.
Proof. Let S be an arbitrary 22c·n -subset of {0, 1}n , and X be uniform over S. Then, a
sample of s = o(2cn ) strings does not allow for (label-invariant) distinguishing between X
and the uniform distribution over {0, 1}n ; that is, for every label-invariant decision procedure
D : ({0, 1}n )s → {0, 1}, it holds that
Prx(1) ,...,x(s) ∈S [D(x(1) , . . . , x(s) ) = 1] = Prx(1) ,...,x(s) ∈{0,1}n [D(x(1) , . . . , x(s) ) = 1] ± o(1).
On the other hand, for every S as above, it holds that X is Ω(1)-far from the uniform
distribution over {0, 1}n (according to Definition 1.1). This is the case because the probability
mass of each x in the support of X must be distributed among 2n /22cn strings, whereas most
of these strings are at relative Hamming distance at least ϵ = Ω(1) from the support of X
(provided that ϵ is chosen such that H2 (ϵ) < 1 − 2c).
◀
▶ Observation 2.6. (lower bound on testing uniformity over an unspecified support size):
For every c ∈ (0, 0.5) there exists ϵ > 0 such that testing with proximity parameter ϵ whether
a distribution is uniform over some set requires 2c·n samples in the DoHO model.
Proof. We consider the following two families of distributions, where each of the distributions
is parameterized by an 22c·n -subset of n-bit strings, denoted S.
1. XS is uniform on S.
def
2. With probability half, YS is uniform on S, and otherwise it is uniform on S = {0, 1}n \ S.
Now, on the one hand, a label-invariant algorithm cannot distinguish XS from YS by using
o(2cn ) samples. On the other hand, we prove that YS is far from being uniform on any set.
Suppose that Y = YS is δ-close to a distribution that is uniform on the set S ′ ⊆ {0, 1}n . We
shall show that δ = Ω(1), by considering two cases regarding S ′ :
Case 1: |S ′ | ≤ 2(0.5+c)·n (recall that c < 0.5). In this case, the probability mass assigned
by Y to S \ S ′ should be moved to S ′ , whereas the average relative Hamming distance
between a random element of S \ S ′ and the set S ′ is Ω(1). Specifically, letting Un denote
the uniform distribution on {0, 1}n , we upper-bound the probability that Un ∈ S \ S ′
is H-close to S ′ by noting that |S \ S ′ | > 2n−1 , since |S| + |S ′ | = o(2n ), whereas
|S ′ | ≤ 2(0.5+c)·n = 2n−Ω(n) .
Case 2: |S ′ | > 2(0.5+c)·n . In this case, almost all the probability assigned by Y to S should
be distributed among more than 2(0.5+c)·n strings such that each of these strings is
assigned equal weight. This implies that almost all the weight assigned by Y to S must
be moved to strings that are at Hamming distance Ω(n) from S, since |S| = 22cn =
2(0.5+c)·n−Ω(n) < 2−Ω(n) · |S ′ |.
9

We say that A distinguishes s samples of X from s samples of Y with gap γ if
|Prz1 ,...,zs ∼X [A(z1 , . . . , zs ) = 1] − Prz1 ,...,zs ∼Y [A(z1 , . . . , zs ) = 1]| ≥ γ.
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Hence, in both cases, a significant probability weight of Y must be moved to strings that are
Ω(1)-H-far from their origin. The claim follows.
◀
▶ Observation 2.7. (lower bound on testing parameterized uniformity, grained, and support
size): For every m ≤ 2n−Ω(n) , the following testing tasks regarding properties of distributions
√
over {0, 1}n require Ω( m) samples in the DoHO model:
The set of distributions that are uniform over some m-subset;
The set of m-grained distributions;
The set of distributions with support size at most m.
Stronger results are presented in Propositions 2.8 and 2.9.
Proof. A label-invariant algorithm cannot distinguish the uniform distribution over {0, 1}n
√
from a distribution that is uniform over an m-subset unless its sees Ω( m) samples. However,
the uniform distribution over {0, 1}n is far from any of the foregoing properties (also under
Definition 1.1), since m ≤ 2n−Ω(n) .
◀
▶ Proposition 2.8. (lower bound on testing parameterized support size): For every
m ≤ 2n−Ω(n) , testing that a distribution over {0, 1}n has support size at most m requires
Ω(m/ log m) samples in the DoHO model.
Proof. We use the Ω(m/ log m) (sample complexity) lower bound of [12] that refers to testing
distributions over [O(m)] for support size at most m, in the standard testing model (that is,
under the total variation distance). This lower bound is proved in [12] by presenting two
distributions, X and Y , that cannot be distinguished by a label-invariant algorithm that
gets s = o(m/ log m) samples, where X has support size at most m and Y is far (in total
variation distance) from having support size at most m. We use an error correcting code
C : [O(m)] → {0, 1}n of constant relative distance, and consider the distributions X ′ = C(X)
and Y ′ = C(Y ).
Evidently, a label-invariant algorithm that obtains m samples cannot distinguish X ′ and
′
Y . On the other hand, X ′ has support size at most m whereas we claim that Y ′ is far from
having support size at most m, under Definition 1.1. Intuitively, this is the case because
reducing the support size of Y ′ requires moving a constant amount of probability weight
from elements in the support of Y ′ , which resides on strings that are far away in Hamming
distance, to fewer strings. Each such movement can be charged in proportion to the relative
distance of the code C. The actual argument follows.
Let Z be a distribution that is closest to Y ′ , under Definition 1.1, among all distributions
that are supported on at most m strings, and let γ denote the distance between Y ′ and Z. By
Definition 1.1, this means that there exists a “weight relocation” function W : {0, 1}2n → [0, 1]
P
P
that satisfies z W (y ′ , z) = Pr[Y ′ = y ′ ] for every y ′ , and y′ W (y ′ , z) = Pr[Z = z] for every
P P
z. Furthermore, y′ z W (y ′ , z) · ∆H (y ′ , z) = γ, where we refer to this sum as the cost
P P
associated with W . Note that y′ z W (y ′ , z) · InEq(y ′ , z) is lower-bounded by the total
variation distance between Y ′ and Z, where InEq(y ′ , z) = 1 if y ′ ̸= z and InEq(y ′ , y ′ ) = 0.
Let S denote the support of Z (so that W (y ′ , z) = 0 for every z ∈
/ Z), and let S ′ be the
subset of S that contains those strings that are (0.4 · δ)-H-close to the code C. Recall that the
support of Y ′ is a subset of C (so that W (y ′ , z) = 0 for every y ′ ∈
/ C). The cost associated
P P
with W is the sum of three terms. The first is y′ z∈S\S ′ W (y ′ , z) · ∆H (y ′ , z), the second
P P
P P
is y′ z∈S ′ \C W (y ′ , z) · ∆H (y ′ , z) and the third is y′ z∈S ′ ∩C W (y ′ , z) · ∆H (y ′ , z). We
analyze each separately, while letting R denote the support of Y ′ .
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By the definition of S ′ (and since the support of Y ′ is a subset of C), for each y ′ in the
support of Y ′ and each z ∈ S \ S ′ , we have that ∆H (y ′ , z) > 0.4 · δ. Therefore, the first
P P
term is lower-bounded by y′ z∈S\S ′ W (y ′ , z) · 0.4 · δ.
Turning to the second term, for each z ∈ S ′ \ C, let cc(z) ∈ C be the codeword in C that
def

is closest to z. By the definition of S ′ we have that δ ′ (z) = ∆H (cc(z), z) ≤ 0.4 · δ, and
for every y ′ ∈ R \ {cc(z)}, we have that ∆H (y ′ , z) ≥ δ − δ ′ (z) ≥ 0.6 · δ.
We claim that (for every z ∈ S ′ \ C), at least half the probability mass that is relocated
by W to z (from Y ′ ) must come from codewords y ′ (in the support of Y ′ ) that are
P
P
different from cc(z); that is, y′ ∈R\{cc(z)} W (y ′ , z) ≥ 12 · y′ W (y ′ , z). We prove that
P
′
y ′ ∈R\{cc(z)} W (y , z) ≥ W (cc(z), z), by showing that otherwise we could modify Z (and
W ) to obtain a distribution Z ′ with support size at most m (and a corresponding weight
relocation function W ′ ) such that Z ′ is closer to Y ′ than Z (i.e., W ′ has lower cost than
W ).
Specifically, Z ′ is obtained by moving the probability mass that Z assigns z to the
codeword cc(z); that is, Pr[Z ′ = z] = 0 and Pr[Z ′ = cc(z)] = Pr[Z = cc(z)] + Pr[Z = z]
(and Pr[Z ′ = z ′ ] = Pr[Z = z ′ ] for every z ′ ∈
/ {z, cc(z)}), while noting that Z ′ has
support size at most m. The weight relocation function W ′ is define accordingly (i.e.,
for each y ′ , we set W ′ (y ′ , z) = 0 and W ′ (y ′ , cc(z)) = W (y ′ , cc(z)) + W (y ′ , z) (leaving
W ′ (y ′ , z ′ ) = W (y ′ , z ′ ) for every z ′ ∈
/ {z, cc(z)})). Then, the cost of W ′ (which upperP
′
bounds the distance between Y and Z ′ ) equals the cost of W minus y′ W (y ′ , z)·∆H (y ′ , z)
P
plus y′ W (y ′ , z) · ∆H (y ′ , cc(z)). Now,
X

W (y ′ , z) · ∆H (y ′ , z) ≥ W (cc(z), z) · δ ′ (z) +

y ′ ∈R

X

W (y ′ , z) · (δ − δ ′ (z)) , (5)

y ′ ∈R\{cc(z)}

since for y ′ ∈ R \ {cc(z)} it holds that ∆H (y ′ , z) ≥ ∆H (y ′ , cc(z)) − ∆H (z, cc(z)) ≥
δ − δ ′ (z), whereas
X
X
W (y ′ , z) · ∆H (y ′ , cc(z)) ≤
W (y ′ , z) · δ .
(6)
y ′ ∈R

y ′ ∈R\{cc(z)}

P
Using the counter hypothesis (i.e., W (cc(z), z) > y′ ∈R\{cc(z)} W (y ′ , z)), we lower-bound
P
Eq. (5) by y′ ∈R\{cc(z)} W (y ′ , z) · δ, and reach a contradiction to the optimality of W
(since the cost of W ′ is smaller than the cost of W ).
P
P
Hence, for each z ∈ S \ C we have that y′ W (y ′ , z) · ∆H (y ′ , z) ≥ 12 y′ W (y ′ , z) · 0.6 · δ,
P P
implying that second term in the cost of W is lower-bounded by y′ z∈S ′ \C W (y ′ , z) ·
0.3 · δ.
Lastly, for each y ′ in the support of Y ′ and each z ∈ S ′ ∩ C such that z ̸=
y ′ , we have that ∆H (y ′ , z) ≥ δ. Therefore, the third term is lower-bounded by
P P
P P
′
′
′
y′
z∈(S ′ ∩C)\{y ′ } W (y , z)·δ, which we rewrite as
y′
z∈(S ′ ∩C) W (y , z)·InEq(y , z)·δ.
′
To summarize, the distance γ between Y and Z, under Definition 1.1, is at least a 0.3δ
factor of the total variation distance between these two distributions.
◀
▶ Proposition 2.9. (lower bound on testing m-grained distributions): For every constant
c < 1 and m ≤ 2n−Ω(n) , testing that a distribution over {0, 1}n is m-grained requires Ω(mc )
samples in the DoHO model.
We comment that the foregoing lower bound (for DoHO model) matches the best known
lower bound for the standard distribution testing model [9]. See Section 2.4 of our report [10]
for further discussion.
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Proof. We use the Ω(mc ) lower bound of [9] that refers to testing whether a distribution
over [O(m)] is m-grained, under the total variation distance. This lower bound is proved
in [9] by presenting two (2m-grained) distributions, X and Y , that cannot be distinguished
by a label-invariant algorithm that gets s = o(mc ) samples, where X is m-grained and Y is
far (in total variation distance) from being m-grained.
As in the proof of Proposition 2.8, applying an error correcting code C : [O(m)] → {0, 1}n
to X and Y , we observe that X ′ = C(X) is m-grained whereas Y ′ = C(Y ) is far from being
m-grained (also under Definition 1.1). To see that Y ′ is far from any distribution Z that is
m-grained and is supported by a set S, we (define S ′ and) employ the same case-analysis as
in the proof of Proposition 2.8. (This shows that the distance (under Definition 1.1) between
Y ′ and Z is lower-bounded by a constant fraction of their total variation distance.)10
◀

▶ Proposition 2.10. (lower bound on testing parameterized uniformity): For every constant
c < 1 and m ≤ n, testing that a distribution over {0, 1}n is uniform over some m-subset
requires Ω(mc ) queries in the DoHO model.
We stress that, unlike Proposition 2.9, which lower-bounds the sample complexity of testers,
in Proposition 2.10 we only lower-bound their query complexity.11

Proof. Let X ′ and Y ′ denote the distributions derived in the proof of Proposition 2.9. Recall
that X ′ is m-grained, whereas Y ′ is far from being m-grained (under Definition 1.1). Note
that Y ′ is Ω(1)-far from being uniform over any set of size m, and observe that X ′ is logn2 m close to a distribution X ′′ that is uniform over a set of size m. Specifically, we can transform
X ′ to X ′′ by modifying only the bits that reside in log2 m locations, where the choice of these
locations is arbitrary.12 Hence, a potential tester that make o(n/ log m) queries is unlikely
to hit these locations, if we select these locations uniformly at random. Using m ≤ n, we
conclude that a potential tester that makes min(o(mc ), o(n/ log m)) = o(mc ) queries cannot
distinguish between the distribution X ′′ and distribution Y ′ , which implies that it fails to
test uniformity in the DoHO model.
◀

Conditional lower bounds. The lower bounds (for the DoHO model) presented in Proposition 2.9 and 2.10 build on the best known lower bound for testing the set of grained
distributions in the standard distribution testing model. In Section 2.4 of our report [10],
we present stronger (i.e., almost-linear) lower bounds on the complexity of testing in the
DoHO model that rely on an analogous conjecture regarding the sample complexity of
testing grained distributions in the standard model.

Note that in the second case (i.e., probability mass relocated from Y ′ to z ∈ S ′ \ C), the potential
replacement (of z by the codeword closest to it) preserves m-grained-ness.
11
We actually use m log m = o(n1/c ), which follows from m ≤ n.
12
Saying that X ′ is m-grained means that it is uniform on a multiset {x(1) , . . . , x(m) } of n-bit strings.
We modify X ′ by replacing each x(i) by y (i) such that y (i) encodes the binary expansion of i − 1 in
the chosen locations and equals x(i) otherwise. That is, letting ℓ1 < ℓ2 < · · · < ℓlog2 m denote the
(i)
(i)
(i)
chosen locations, we set yℓj to equal the j th bit in the binary expansion of i − 1 and set yℓ = xℓ if
ℓ ∈ [n] \ {ℓ1 , ℓ2 , . . . , ℓlog2 m }.
10
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