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Abstract
A very common optimization technique in Machine Learning is Stochastic Gradient Descent (SGD).
SGD can easily be distributed: several workers try to estimate the gradient of a loss function, and
a central parameter server gathers these estimates. When all workers behave correctly, the more
workers we have, the more accurate the gradient estimate is. We call this the Arbitrary Aggregation
Accuracy (AAA) property.
However, in practice, some workers may be Byzantine (i.e., have an arbitrary behavior). Interestingly, when a fixed fraction of workers is assumed to be Byzantine (e.g. 20%), no existing
aggregation scheme has the AAA property. In this paper, we propose the first aggregation scheme
that has this property despite a fixed fraction of Byzantine workers (less than 50%). We theoretically
prove this property, and then illustrate it with simulations.
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Introduction

Many machine learning models are trained using stochastic gradient descent (SGD) [17], an
optimization technique that can easily be parallelized on multiple computers. As machine
learning models become larger and larger, parallelizing their training becomes more and
more important, if we want to train them in a reasonable amount of time.
If all computers are assumed to work correctly, parallelizing the training is relatively
simple. The classical architecture is the following. A central parameter server is trying to
minimize a loss function. To do so, it uses the gradient descent algorithm, which requires to
compute (an approximation of) the gradient of the loss function, at several points of the loss
function. As this is the most time-consuming task, the parameter server distributes this task
among multiple workers. Each worker computes a vector which is an approximation of the
desired gradient. The parameter server then collects and aggregates these vectors, to obtain
a (reasonably good) approximation of the gradient. This process is repeated multiple times,
until we reach a minimum of the loss function. We explain this in more details in Section 2.3.
However, when the number of workers becomes very large, one should assume that
some workers will not behave correctly. Some workers may even be malicious agents trying
to prevent a successful training of the model. This is especially true when workers are
not identical computers stored in a data center, but personal computers or smartphones
participating in the training in a collaborative way.
Therefore, a recent line of work is robust distributed SGD: the goal is to propose distributed
architectures that manage to train the model despite the presence of malicious workers. In
order to achieve very strong safety guarantees, we assume that these malicious workers are
Byzantine [15], that is: they are omniscient, and can have any arbitrary behavior.
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Let us give a quick overview of this literature.1 In [18], a first solution was proposed for
problems of dimension one. In [3], a score is associated to each proposed vector, defined as
the sum of distances with some of its closest neighbors. The vector with the smallest score
is then selected. In [9], several outputs of [3] are selected (without replacement), and then
averaged. In [21], a scalar aggregation rule (SAR) is applied to each coordinate. This SAR
can be, for instance, the median, or a trimmed mean (a mean after removing the x% largest
and x% smallest values). In [19] (resp. [20]), the proposed values closest from the median
(resp. trimmed mean) are selected, then averaged. In [12], a variant of the trimmed mean
is applied to a selection of vectors obtained from [9]. In [7], several batches of vectors are
averaged; then, their geometric median is computed. In [6], the vectors are aggregated using
coding theory and a redundancy scheme. In [1] and [10], historical information is used to
identify dishonest workers. The only solution tolerating asynchrony so far is [10].
Note that most of these works assume a centralized and reliable parameter server. However,
as shown in [11], these schemes2 can be transformed into fully decentralized schemes, where
no entity is a single point of failure. In order to focus on the aggregation strategy, we also
assume a centralized parameter server in this paper.
In the following, we focus on aggregation schemes where an approximation of the gradient
is computed independently at each step, like in classical SGD. Aside from enabling a clearer
mathematical analysis of the gradient, it also makes the system resilient to transient failures,
that is: in addition of Byzantine workers, the system can recover from any temporary failures
of correct workers.

The Arbitrary Aggregation Accuracy (AAA) property
Now, let us come back to the case where all workers are correct, and consider a given step of
the gradient descent algorithm. In this setting, the parameter server simply computes the
mean of the received vectors. If each workers processes a given share of the dataset, and these
shares are independent and identically distributed (which is usually assumed), then the more
workers we have, the more accurate our approximation of the true gradient will be. Actually,
for any arbitrary level of precision, there exists a number of workers that can achieve this
level of precision. We call this the Arbitrary Aggregation Accuracy (AAA) property.
Formally, if G is the true gradient of the loss function (at a given step), n is the number
of workers, and An is the vector aggregated by the parameter server (the approximation of
the true gradient), then this property can be expressed as follows:3
lim E∥An − G∥ = 0.

n→+∞

We now assume that there is a fixed fraction of Byzantine workers (for instance, 20% of
workers, independently of the total number of workers). We may ask the following question:
is it possible to have the AAA property in this setting?

1

2
3

This problem shares some similarities with the more general problem of executing arbitrary tasks in a
setting with a “master” and several (unreliable) “workers”. In [14], a bound is shown on the complexity
of performing n tasks correctly with high probability. However, doing so does not give meaningful
guarantees when the goal is to perform SGD.
This applies to any scheme of the same (centralized) nature as those presented above.
In this paper, ∥·∥ refers to the L2 norm, and the expectation is both on the i.i.d. samples of the dataset
and on the randomness involved in the algorithm.
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Interestingly, no existing Byzantine-resilient version of SGD has this property (more
details on this in Section 2.5): a fixed fraction of Byzantine workers results in a fixed error
w.r.t. the true gradient, no matter how large the number of workers is.

Our contribution
In this paper, we propose Compass, the first aggregation scheme that has the AAA property
despite a fixed fraction f of Byzantine workers (f < 12 ). We describe this scheme, then prove
that it has the AAA property. We then illustrate this property with simulations: we compare
the accuracy of CompMed (a modified version of Compass4 ) to an existing aggregation
scheme.
The rest of the paper is organized as follows. In Section 2, we describe the general
setting. In Section 3, we describe the Compass aggregation scheme. In Section 4, we prove
that Compass has the AAA property. In Section 5, we illustrate the AAA property with
simulations. We conclude in Section 6.

Remarks and clarifications
Before going further, let us clarify several points about the contribution of this paper.
This work is mostly a theoretical work.
This work, as well as many previous works, proposes a scheme to approximate the gradient
of the loss function. The precision of this approximation (of the gradient) should not
be confused with the precision of the learned model. For a given gradient descent step,
having an accurate gradient is always a desirable property, since the goal of a gradient
descent step is to decrease the value of the loss function. Therefore, an accurate gradient
approximation will not be the cause of problems like overfitting.
Similarly, guarantees on the quality of the gradient approximation (as provided in this
work and several previous works) should not be confused with guarantees on the accuracy
of the trained model. Such guarantees can be found, for instance, in [1] and [5], under
specific hypotheses (e.g., convex loss function, bounded gradient. . . ).
The gradient approximations proposed by correct workers may have a variance high
enough to allow Byzantine workers to collude to move the mean without being detected
(as described in [2]). However, they can only do so in aggrergation schemes where the AAA
property is not satisfied: this property ensures that the estimated gradient is arbitrarily
close to the true gradient, independently of the behavior of Byzantine workers.
In the SGD algorithm, there is always a probability of error w.r.t. the true gradient. It is
also the case for distributed SGD (without failures), and for Byzantine-resilient solutions
(including ours). Nevertheless, we ensure that this error shrinks to zero when the number
of nodes increases.

2
2.1

Preliminaries
Setting

We want to train a machine learning model of d parameters, using the gradient descent
algorithm.

4

The reason for this change is motivated in Section 5.1.
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The model can be represented by a function M(P, X), where P = (p1 , . . . , pd ) are the
parameters of the model (for instance, the weights and biases of a neural network), and X is
the current input of the model (usually a vector of real values). M(P, X) returns a single
real value y.
To train the model, we have a dataset consisting in two lists (X1 , . . . , Xm ) and (y1 , . . . , ym ),
where Xi is an input of the model (feature), and yi is the corresponding desired output
(label). In the following, we denote yi by y(Xi ). We define a loss function L(P ), measuring
the “distance” between the current model and the desired outputs. For instance, a classic
form of the loss function is:
m

L(P ) =

1 X
2
(M(P, Xi ) − y(Xi )) .
m i=1

We make no hypotheses on the shape of this function, except that it has, in each point, a
gradient with finite coordinate values.5
Training the model consists in finding a set of parameters minimizing the loss function.
The standard way to do this is to use the gradient descent algorithm, which consists of
repeating the two following steps:
1. Compute the gradient ∇L(P ) of the loss function.
2. Update the vector of parameters P as follows: P ← P −α∇L(P ) (where α is an arbitrarily
small constant).

2.2

Stochastic gradient descent (SGD)

In practice, computing the exact gradient may be very long when the dataset contains a lot
of elements (which is usually the case). An alternative is to use stochastic gradient descent
(SGD), that is: at each step, we randomly select a set S of elements from the dataset, and
use it to compute an approximation ∇L∗ (P, S) of ∇L(P ). For instance, if L(P ) has the
aforementioned classical form, then:
L∗ (P, S) =

1 X
2
(M(P, X) − y(X)) .
|S|
X∈S

Over several steps, the errors due to randomness tend to cancel each other, and we
generally achieve the same result with a much shorter computation time.

2.3

Distributed SGD

A convenient property of SGD is that it can easily be parallelized. The classical architecture
is the following. We have a parameter server, that stores and updates the parameters of the
model, and n workers (w1 , . . . , wn ).
Let α > 0 be an arbitrarily small constant. At each step:
1. The parameter server sends the current vector of parameters P to each worker.
2. Each worker wi selects a random subset S of the dataset, computes Vi = ∇L∗ (P, S), and
sends it to the parameter server.
Pn
3. The parameter server computes the mean An of the received vectors Vi (An = n1 i=1 Vi ),
and uses it to update the model (P ← P − αAn ).

5

This function may have multiple local minima. However, for most machine learning models (e.g. neural
networks), most local minima are sufficient to reach a satisfying accuracy [8].
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Here, we assume that each worker possesses a copy of the whole dataset, and can randomly
select elements from the dataset at each step. This is a reasonable hypothesis, given the
current memory capacities of computers (or even smartphones), and the cheap cost of memory
units (relatively to the cost of computing power). We make this hypothesis in the rest of
the paper. Another justification might be that workers have remote access to the dataset
through the internet (and may copy specific parts of it).

2.4

Failure model

In the aforementioned distributed setting, all workers are assumed to behave correctly.
However, in practice, this may not always be the case.
Let f < 0.5 be a fixed parameter of the problem. Let k be the largest integer such that
k ≤ f n. Among the n workers, k are assumed to be Byzantine, that is: their behavior is
completely arbitrary. Here, as the workers send vectors to the parameter server, this means
that up to k workers can send arbitrary vectors to the parameter server. The parameter
server does not know which workers are Byzantine.
Note that, since the behavior of Byzantine workers is arbitrary, it does not matter whether
or not they keep track of past events: we must always assume the worst-case scenario.

2.5

The Arbitrary Aggregation Accuracy (AAA) property

An aggregation scheme is a distributed system that, for a given step of the gradient descent
algorithm, produces an approximation A of the true gradient G = ∇L(P ) of the loss function.
The scheme presented in 2.3 is an example of aggregation scheme. If such a system allows an
arbitrary number n of workers, we call the resulting aggregated vector An .
We say that an aggregation scheme has the Arbitrary Aggregation Accuracy (AAA)
property if the expected value of the distance between An and G approaches 0 when n
increases:
lim E∥An − G∥ = 0.

n→+∞

A classical metric for Byzantine-resilient versions of SGD is the angular error, that is: the
angle θn between E[An ] and G. An asymptotic comparison of the angular errors of existing
aggregation schemes is provided in [4]. When the fraction of Byzantine workers is constant
(independently of n), these angular errors are at best Θ(1) (i.e. constant). This contradicts
the AAA property: when this property is satisfied, limn→+∞ θn = 0.
To give some intuition on why these previous solutions do not satisfy the AAA property,
let us consider, for instance, the coordinate-wise median: for each coordinate, we take the
median of the values proposed by workers (see Section 5.1 for a more formal description).
In this setting, the worst thing Byzantine workers can do is to propose extreme values (all
positive or all negative): even if they are a minority, this will push the median towards these
extreme values. Here, for a given distribution of values, a fixed fraction of Byzantine workers
will have a fixed impact of the median value. This phenomena is illustrated experimentally
in Section 5.

3

Our aggregation scheme

In this section, we present the Compass aggregation scheme. In 3.1, we give some preliminary
definitions. In 3.2, we describe Compass. In 3.3, we explain its general idea, and comment
it step by step.
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3.1

Definitions

We consider n workers (w1 , . . . , wn ). Let N be the largest integer such that N 2 ≤ n. Let M
be a fixed parameter, corresponding to the number of elements of the dataset that a worker
uses to compute an approximation of the gradient at each step.
We now define several notions and functions used in our aggregation scheme:
A random split consists in randomly selecting a set S of N 2 workers among (w1 , . . . , wn ),
then randomly splitting the elements of S into N sets (W1 , . . . , WN ), each one containing
N elements.
A random pick is a set of M randomly selected integers between 1 and m (as a reminder,
m is the size of the dataset).
For a set S of vectors of dimension d, we define the function M aj(S) as follows:
If there exists a vector V of S such that a strict majority of vectors of S are equal to
V , then, M aj(S) = V .
Otherwise, M aj(S) returns a null vector (0, 0, . . . , 0) of dimension d.
For two values p and x (with x ≥ 0), we define Cut0 (p, x) as follows:
If p > x, Cut0 (p, x) = x
If p < −x, Cut0 (p, x) = −x
Otherwise, Cut0 (p, x) = p
For a vector V = (v1 , v2 , . . . , vd ) and a value x, we define Cut(V, x) as follows:
Cut(V, x) = (Cut0 (v1 , x), Cut0 (v2 , x), . . . , Cut0 (vd , x)).

3.2

Description of the aggregation scheme

We now describe the Compass aggregation scheme (similarly to the distributed SGD scheme
described in 2.3).
Let α > 0 be an arbitrarily small constant. At each step:
1. The parameter server generates a random split (W1 , . . . , WN ) and N random picks
(Z1 , . . . , ZN ).
2. ∀i ∈ {1, . . . , N }, the parameter server sends Zi and the current vector of parameters P
to each worker of the set Wi .
3. ∀i ∈ {1, . . . , N }, let Ωi be the set containing the elements Xj of the dataset such that
j ∈ Zi . Each worker of the set Wi computes ∇L∗ (P, Ωi ), and sends it to the parameter
server.
4. ∀i ∈ {1, . . . , N }, let Si be the set of vectors sent by the workers of Wi (the parameter
server only accepts one vector per worker6 ). The parameter server aggregates the received
vectors as follows:
!
N
√
1 X
An = Cut
M aj(Si ), N
N i=1
. . . and uses it to update the model (P ← P − αAn ).
6

If a worker does not send any vector before the end of the round, we consider that it sent a null vector
(0, 0, . . . , 0). Therefore, |Si | = |Wi |.

A. Maurer
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Detailed explanation

General idea
A common strategy to defeat Byzantine processes is replication: many processes perform
the same computing task, and a majority vote selects the correct output. Here, however,
if all correct workers compute the same vector, adding more workers will not improve the
quality of the gradient approximation. To do so, we have to aggregate many (independent)
approximations. This is done, for instance, in the simple scheme described in Section 2.3
(with a mean). However, this scheme is not robust to even one Byzantine worker (as shown
in [3]).
Here, we propose a balanced mix of replication and aggregation: if we have N 2 workers
√
(N ≈ n), then, we can choose N sets of N workers each. Each set computes the same
vector, and a majority vote determines the output of this set. We then aggregate these
outputs. As N grows with n, increasing the number of workers increases both the reliability
of replication and the quality of aggregation.

Step-by-step description
Now, let us comment on our aggregation scheme step by step.
In Step 1, the parameter server generates the N aforementioned sets (W1 , . . . , WN ). To
prevent any strategic placement of Byzantine workers, these sets are chosen randomly at each
step. The parameter server also generates N random picks (Z1 , . . . , ZN ). Each Zi is a set of
identifiers of elements of the dataset. These elements will be processed by the corresponding
group of workers Wi .
In Step 2, the parameter server sends P (the current vector of parameters) and Zi (the
aforementioned set of identifiers) to each worker of the set Wi , for each i ∈ {1, . . . , N }.
In Step 3, each worker of the set Wi (for each i ∈ {1, . . . , N }) computes the approximation
∇L∗ (P, Ωi ) of the gradient ∇L(P ), where Ωi is the set of elements of the dataset corresponding
to Zi . Then, it sends it back to the parameter server.
In Step 4, the parameter server aggregates the received vectors. First, it uses a majority
vote (M aj(Si )) to determine the output of the set Wi (for each i ∈ {1, . . . , N }). Then, it
computes the mean of these outputs. Finally, it applies the
√ Cut function to ensure that the
coordinates of the aggregated vector remain smaller than N . Doing so is important, because
there is always a probability µ > 0 that a set Wi contains a majority of Byzantine workers. If
so, the output of this set (after the majority vote) will be determined by Byzantine workers,
that could (for instance) propose a vector with coordinate values inversely proportional to
µ, to ensure that the expected mean of outputs remains far away from the true gradient.
Applying the Cut function enables to prove the result of Lemma 3 (see Section 4), and then
the AAA property.

4

Analysis

In this section, we prove that Compass has the AAA property (see Theorem 4).
In the following proofs, we introduce several variables in order to constrain some values to
be integers. For instance: “Let k be the largest integer such that k < n2 ”. Some readers may
√
consider that it would be simpler to just write “ n” here; however, some other readers may
object that doing so would make the proofs less rigorous, and make their validity unclear.
For this reason, we choose to use the first notation.
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▶ Lemma 1. Let p < 12 be a probability. Consider N sets of N workers, where each worker
has an independent probability p to be Byzantine. Let EN be the following event: “All N sets
contain a strict minority of Byzantine workers”. Then, there exists N0 such that, ∀N ≥ N0 ,
P (EN ) ≥ 1 − N2 .
ln x
x→+∞ x

= 0, let N0 be the smallest integer such that, ∀N ≥ N0 :

Proof. As lim
ln N0
<
N0



1 − 2p
4

2
.

Consider a set of workers. Let k be the number of Byzantine workers in this set. According
to Hoeffding’s inequality:
P (|k − N p| ≥

√

N ln N ) ≤

2
.
N2

Therefore:
k
−p <
N

P

r

ln N
N

!
≥1−

2
N2

. . . and, for N ≥ N0 :


1 − 2p
2
k
−p <
≥ 1 − 2.
P
N
4
N
Now, we can remark that:






k
1 − 2p
k
k
1 − 2p
1 + 2p
P
−p <
≤P
−p<
=P
<
.
N
4
N
4
N
4
As p < 12 , we have 1 + 2p < 2, and:

P

1 + 2p
k
<
N
4




≤P

k
2
<
N
4





N
=P k<
.
2

Thus, ∀N ≥ N0 :


N
2
P k<
≥1− 2
2
N
and

P (EN ) ≥

1−

2
N2

N
≥1−

2N
2
=1− .
2
N
N

◀

▶ Lemma 2. Let N ≥ 1 be an integer, and let f < 12 be a positive value. Consider N 2
workers, among which k are Byzantine, with k ≤ f N 2 . Assume that these N 2 workers are
′
randomly assigned to N sets. Let EN
be the following event: “All N sets contain a strict
′
minority of Byzantine workers”. Then, there exists N1 such that, ∀N ≥ N1 , P (EN
) ≥ 1 − N3 .
Proof. The proof of this lemma can be found in the appendix.

◀
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▶ Lemma 3. Let G be a vector of dimension d, and let p < N3 be a probability. Let
PN
(V1 , V2 , V3 , . . . ) be a sequence of vectors of dimension d, such that limN →+∞ N1 i=1 Vi = G.7
Let (B1 , B2 , B3 , . . . ) be an arbitrary sequence of vectors of dimension
d. Let
RN be a

√ 
random vector defined as follows: with probability p, RN = Cut BN , N ; otherwise,
 P
√ 
N
RN = Cut N1 i=1 Vi , N . Then, limN →+∞ E∥RN − G∥ = 0.
Proof. Before going further, let us clarify one possible misunderstanding. Some readers may
confuse N with the number of parameters of the model (which is not the case). According to
the lemma’s statement, N is related to the numbers of vectors used to approximate the true
gradient. The number of parameters of the model is not used in the proofs of this paper.
!
N

√ 
√
1 X
E∥RN − G∥ = p Cut BN , N − G + (1 − p) Cut
Vi , N − G
N i=1
|
{z
}
|
{z
}
XN
YN

√ 
By definition of the Cut function, ∀N ≥ 1, Cut BN , N


As p <

≤

√ √
d N.

3
N:


√ 
p Cut BN , N

<

√
3√ √
3 d
d N= √ .
N
N

Therefore:
XN

√
√ 
3 d
3
≤ p Cut BN , N
+ p∥G∥ < √ + ∥G∥.
N
N


As a result, limN →+∞ XN = 0. Now, let us determine limN →+∞ YN .
Let δ > 0. Let j ∈ {1, . . . , d}, and let v(i, j) (resp. g(j)) be the j th coordinate of Vi (resp.
PN
G). As limN →+∞ N1 i=1 Vi = G, in particular:
N
1 X
v(i, j) = g(j).
N →+∞ N
i=1

lim

Thus, there exists nj such that, ∀N ≥ nj :
g(j) −

N
1 X
v(i, j) ≤ δ.
N i=1

Thus, ∀N ≥ nj :
N
1 X
v(i, j) ≤ δ + |g(j)| .
N i=1

Let N0 be the smallest integer such that N0 ≥ max(n1 , . . . , nd ) and
Then, ∀N ≥ N0 and ∀j ∈ {1, . . . , d}:

√

N0 ≥ δ+maxj∈{1,...,d} |g(j)|.

N
√
1 X
v(i, j) ≤ N
N i=1

7

This sequence represents the vectors proposed by Byzantine workers. The reason why we write them as
a sequence is that we further write “limN →+∞ fN ”, where fN is a function of BN .
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and
N
√
1 X
v(i, j), N
N i=1

Cut0

!
=

N
1 X
v(i, j).
N i=1

Thus, forall N ≥ N0 :
N
√
1 X
Vi , N
N i=1

Cut

!
=

N
1 X
Vi .
N i=1

As a result:
lim Cut

N →+∞

N
√
1 X
Vi , N
N i=1

!
=

N
1 X
Vi = G
N →+∞ N
i=1

lim

and
lim

N →+∞

As p <

3
N,

Cut

N
√
1 X
Vi , N
N i=1

!
− G = 0.

limN →+∞ (1 − p) = 1, and limN →+∞ YN = 0. Therefore:

lim E∥RN − G∥ =

N →+∞

lim XN + lim YN = 0.

N →+∞

N →+∞

◀

▶ Theorem 4. Compass has the AAA property.
Proof. As a reminder, N is the largest integer such that N 2 ≤ n.
Let (W1 , . . . , WN ) be the random split generated in Step 1 of Compass. According
to Lemma 2, with a probability at least 1 − N3 , each set Wi contains a strict minority of
Byzantine workers. In other words, the probability p that these sets do not all contain a
strict minority of Byzantine workers is such that p < N3 .
Besides, when all sets Wi contain a strict minority of Byzantine workers, M aj(Si )
corresponds to the vector sent by the correct workers of Wi (as a reminder, Si is the set
of vectors sent by the workers of Wi ). As these vectors M aj(Si ) are all based on random
samples of the dataset, E[M aj(Si )] = G. In other words:
N
1 X
M aj(Si ) = G.
N →+∞ N
i=1

lim

Therefore, the output An of Compass can be represented by the random vector RN of
Lemma 3 (where the arbitrary vectors (B1 , B2 , B3 , . . . ) correspond to the cases where not
all sets Wi contain a strict minority of Byzantine workers).
When n → +∞, N → +∞. Therefore, according to Lemma 3, limn→+∞ E∥An − G∥ = 0,
and Compass has the AAA property.
◀

5

Simulations

In this section, we illustrate the AAA property with simulations. We compare CompMed (a
modified version of Compass) with an existing aggregation scheme. In 5.1, we describe these
two aggregation schemes. In 5.2, we describe the simulation setting. In 5.3, we show how to
make simulations both simpler and more general. The simulation results are presented in 5.4.
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Aggregation schemes

Let us describe the aggregation schemes CWMed and CompMed.
CWMed (Coordinate-Wise Median) is an aggregation scheme introduced in [21]. It
consists in taking the median value for each coordinate, in order to exclude extreme
values proposed by Byzantine workers. Its angular error is constant. As a reminder (see
2.5), among existing aggregation schemes, the angular error is at best constant.
CompMed is a modified version of Compass. The principle is the same, except that
the final aggregation formula is now similar to CWMed. The reason for this change is
that Compass is designed to prove a very general result (for any distribution of values),
but may be slow to converge in practice. For these simulations, we assume that the
coordinates values proposed by correct workers follow a normal distribution (see 5.2). In
this setting, CompMed converges much more quickly.8

Description of CWMed
We first define the function M ed.
Let L be a list of n values. Let (x1 , . . . , xn ) be a list containing the same values as L,
but sorted in increasing order. We define the function med(L) as follows:
x n +x n +1

If n is even, med(L) = 2 2
If n is odd, med(L) = x n+1 .

2

.

2

Let (V1 , . . . , Vn ) be n vectors. Let v(i, j) be the j th coordinate of Vi . Let Cj =
(v(1, j), v(2, j), . . . , v(n, j)).
We define M ed(V1 , V2 , . . . , Vn ) as follows:
M ed(V1 , V2 , . . . , Vn ) = (med(C1 ), med(C2 ), . . . , med(Cd )).
We now describe the CWMed aggregation scheme.
Let α > 0 be an arbitrarily small constant. At each step:
1. The parameter server generates n random picks (Z1 , . . . , ZN ).
2. ∀i ∈ {1, . . . , n}, the parameter server sends Zi and the current vector of parameters P to
worker wi .
3. ∀i ∈ {1, . . . , n}, let Ωi be the set containing the elements Xj of the dataset such that
j ∈ Zi . Each worker wi computes ∇L∗ (P, Ωi ), and sends it to the parameter server.
4. ∀i ∈ {1, . . . , n}, let Vi be the vector sent by worker wi .9 The parameter server aggregates
the received vectors as follows:
8

This is due to the fact that Compass computes a mean of several vectors, some of which being potentially
Byzantine. Therefore, the size N of the groups of workers must be large enough to ensure that all these
vectors are correct with a very high probability (the Cut function takes care of the extremely unlikely
bad cases).
Here, we assume that the coordinate values proposed by correct workers follow a normal distribution,
which means that their expected median value is equal to their expected mean value. Therefore, we can
use CWMed, which also excludes extreme values. However, in the general case, the expected median
value of a distribution is not always equal to its expected mean value. This is why we used Compass to
prove the main theoretical result.
Note that this problem (of the expected median value now always being equal to the expected mean value)
is a theoretical limitation of both CWMed and CompMed. Therefore, the comparison we make here is
fair with regards to this particular aspect.
9
If a worker does not send any vector before the end of the round, we consider that it sent a null vector
(0, 0, . . . , 0).
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An = M ed(V1 , V2 , . . . , Vn )
. . . and uses it to update the model (P ← P − αAn ).

Description of CompMed
The CompMed aggregation scheme is defined similarly to the Compass aggregation scheme,
except that the aggregated vector is now defined as follows:
An = M ed(M aj(S1 ), M aj(S2 ), . . . , M aj(Sn )).

5.2

Simulation setting

Let σ > 0 be a positive constants. Let G = (g1 , . . . , gd ) = ∇L(P ) be the gradient of the loss
function.
Let Ω∗ be a set of M random elements of the dataset. We assume that L∗ (P, Ω∗ ) =
∗ ∗
(g1 , g2 , . . . , gd∗ ) (i.e., the approximation of the gradient that each correct worker computes)
follows a normal distribution centered on the true gradient, that is: ∀j ∈ {1, . . . , d}, gj
follows the normal distribution N (gj , σ 2 ). This assumption is backed by recent results in
machine learning [13]: many normally distributed datasets result in normally distributed
gradients.

Aggregation error
To measure the quality of an aggregation scheme An (for a given number of workers n), we
define the aggregation error λn as follows:
λn =

E[∥An − G∥2 ]
.
d

This quantity measures the average distance between An and G, with regards to the
randomness of our model. Dividing by the dimension d (which is a constant of the problem)
enables to significantly simplify the simulations, as shown in Section 5.3.

Attack model
Let f < 21 be the fraction of Byzantine workers. We assume that all Byzantine workers send
the vector VB = (ω, ω, . . . , ω) to the parameter server, where ω is an arbitrarily large positive
constant.
For CWMed, this attack has a maximal impact: it “pushes” the median values of
coordinates as far a possible from the value they would have had otherwise. The same is true
for CompMed: if some groups of workers contain a majority of Byzantine workers, their
output will be VB .

5.3

Making the simulations simpler and more general

Let us show that, for CWMed and CompMed, the aggregation error λn can actually be
computed without choosing specific values for d and (g1 , . . . , gd ). Besides simplifying the
simulations, this makes the simulation results more general (i.e., not dependent on d and
(g1 , . . . , gd )). Therefore, the only parameters of the simulations (defined above) are: σ, f
and ω.
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In the following, we explain how to compute two metrics βn and γn , that do not depend
on d or (g1 , . . . , gd ). Then, in Theorem 5 and 6, we show that λn = βn (for CWMed) and
λn = γn (for CompMed).

Definition of βn
Let k be the largest integer such that k ≤ f n. Let L = (y1 , . . . , yn ) be a list of n values, such
that:
∀i ∈ {1, . . . , n − k}, yi is a random value following the normal distribution N (0, σ 2 );
∀i ∈ {n − k + 1, . . . , n}, yi = ω.
We define βn as follows: βn = E[med(L)2 ].

Definition of γn
For a given step of CompMed, among the N sets of workers (W1 , . . . , WN ), let K be the
number of sets that do not contain a strict majority of correct workers.
Let L′ = (y1 , . . . , yN ) be a list of N values, such that:
∀i ∈ {1, . . . , N − K}, yi is a random value following the normal distribution N (0, σ 2 );
∀i ∈ {N − K + 1, . . . , N }, yi = ω.
We define γn as follows: γn = E[med(L′ )2 ].10
▶ Theorem 5. For CWMed, λn = βn .
▶ Theorem 6. For CompMed, λn = γn .
The proofs of Theorem 5 and Theorem 6 can be found in the appendix.

5.4

Simulation results

The parameters of the simulations are σ = 1 and ω = 105 . The code used for simulations
can be found in [16].
We simulated the evolution of the aggregation error λn as a function of the number of
workers, for both CWMed and CompMed. The results are presented in Figure 1.
For f = 0, the aggregation error converges to 0 for both aggregation schemes. We now
consider the case f = 0.2 (i.e., 20% of Byzantine workers). For CWMed, the aggregation
error converges to a value close to 0.12 (the irregularities of the plot are due to the fact
than one new Byzantine worker is added for every 5 new workers). For CompMed, the
aggregation error quickly becomes indistinguishable from the case f = 0 (i.e., it converges
to 0).
This illustrates the AAA property of our aggregation scheme: the aggregation error
converges to 0 when the number of workers increases, despite a constant fraction of Byzantine
workers (which is not the case for existing aggregation schemes, e.g. CWMed).

10

Note that here, the randomness comes from the values yi , but also from K.

OPODIS 2021

4:14

Arbitrarily Accurate Aggregation Scheme for Byzantine SGD

Aggregation error (CWMed)

Aggregation error (CompMed)
f=0
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Figure 1 Evolution of the aggregation error for CWMed (left side) and CompMed (right side),
as a function of n (number of workers) and N (number of sets of workers) respectively, for f = 0
and f = 0.2. As a reminder, N is the largest integer such that N ≤ n2 , where n is the number of
workers.

6

Conclusion

In this paper, we presented the first aggregation scheme with the AAA property, and proved
its correctness. We illustrated this property with simulations, and compared it to an existing
scheme.
The goal of this work was to show that it was possible to have an aggregation error
converging to 0 (when n increases) in the presence of Byzantine workers. For future works,
an interesting question would be: how fast can it converge to zero? The challenge would
be to design an aggregation scheme ensuring a faster convergence, both in theory and in
simulations.
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Appendix

Proof of Lemma 2. Let p = 2f4+1 . Let us describe 4 ways to select some Byzantine workers
among N 2 workers, that we call “games”.
Game A: k workers are selected randomly, and then turned Byzantine.
Game B: Each worker is turned Byzantine with probability p.
Game C: Game B is executed. Then, if the number of Byzantine workers is k or less:
all workers are turned Byzantine.
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Game D: Game C is executed. Then, we randomly pick one Byzantine worker, make it
correct again, and repeat the process until we have exactly k Byzantine workers.
Let ΦX be the event: “After Game X, all N sets contain a strict minority of Byzantine
workers.” As Game D consists in executing Game C, then only removing Byzantine workers,
we have: P (ΦD ) ≥ P (ΦC ).
Then, we can notice that Game D is equivalent to Game A (since each worker is equally
likely to end up Byzantine). Therefore, P (ΦA ) = P (ΦD ) ≥ P (ΦC ). Now, let us give a lower
bound of P (ΦC ).
Let ΨB be the following event: “After Game B, there are strictly more than k Byzantine
workers”. Then, we can notice that, for ΦC to be true, it is necessary that both ΦB and ΨB
are true. Indeed, if ΨB is false, ΦC cannot be true, because all workers would then be turned
Byzantine in Game C (just after executing Game B). And, if ΨB is true but ΦB is false, ΦC
cannot be true, because we would not have a strict minority of Byzantine workers in all N
sets. Therefore, P (ΦC ) ≥ P (ΦB ∧ ΨB ).
Now, notice that P (ΨB ) = P (ΦB ∧ ΨB ) + P (¬ΦB ∧ ΨB ). Since P (¬ΦB ∧ ΨB ) ≤
P (¬ΦB ) = 1 − P (ΦB ), we have: P (ΨB ) ≤ P (ΦB ∧ ΨB ) + 1 − P (ΦB ), and P (ΦB ∧ ΨB ) ≥
P (ΦB ) + P (ΨB ) − 1.
Before going further, let us give a lower bound of P (ΨB ). Let N0′ be the smallest integer
such that, ∀N ≥ N0′ :
ln N 2
< (p − f )2
N2
Let k ′ be the number of Byzantine workers after Game B. According to Hoeffding’s inequality,
applied to the N 2 workers:
!
r
2
k′
ln N 2
P
−p <
≥1− 4
N2
N2
N
Thus, ∀N ≥ N0′ :

 ′
2
k
<
p
−
f
≥1− 4
P
−
p
N2
N
Now, we can remark that:


 ′

k′
k
P
− p < p − f ≤ P − 2 + p < p − f = P (k ′ > f N 2 )
N2
N
Thus, ∀N ≥ N0′ :
P (ΨB ) = P (k ′ > k) ≥ P (k ′ > f N 2 ) ≥ 1 −

2
N4

Thus, according to Lemma 1, ∀N ≥ max(N0 , N0′ ):
 


2
2
2
2
P (ΦB ∧ ΨB ) ≥ 1 −
+ 1− 4 −1=1−
− 4
N
N
N
N
Therefore, we have:
′
P (EN
) = P (ΦA ) = P (ΦD ) ≥ P (ΦC ) ≥ P (ΦB ∧ ΨB ) ≥ 1 −

2
2
− 4
N
N

Let N1 be such that N1 ≥ max(N0 , N0′ ) and, ∀N ≥ N1 ,

≤

′
P (EN
)≥1−

3
N

2
N4

1
N.

Then, we have:
◀
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Proof of Theorem 5. Let j ∈ {1, . . . , d}, and let L∗ be a list defined similarly to L, except
that we replace N (0, σ 2 ) by N (gj , σ 2 ). Note that this is equivalent to adding gj to each
value of L.
Let us call aj the j th coordinate of the aggregated vector An . Then:
E[(aj − gj )2 ] = E[(med(L∗ ) − gj )2 ] = E[med(L)2 ] = βn
Therefore, ∀j ∈ {1, . . . , d}, E[(aj − gj )2 ] = βn , and:
E[∥An − G∥2 ]
=
λn =
d

Pd

j=1

E[(aj − gj )2 ]
d

=

dβn
= βn
d

◀

Proof of Theorem 6. Let (W1 , . . . , WN ) be the N sets of workers chosen at each step of
CompMed. Let Si be the set of vectors sent by the workers of Wi . Let M aj(Si ) =
(h1 , h2 , . . . , hd ).
If Wi contains a strict majority of correct workers, then, ∀j ∈ {1, . . . , d}, hj follows the
normal distribution N (gj , σ 2 ). Otherwise, ∀j ∈ {1, . . . , d}, hj = ω.
Let K be the number of sets of workers Wi that do not contain a strict majority of correct
workers. Then, the rest of the proof is identical to the proof of Theorem 5, if we replace L
by L′ (that is, replacing n by N and k by K). Thus, the result.
◀
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