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Abstract
We study fundamental point-line covering problems in computational geometry, in which the input
is a set S of points in the plane. The first is the Rich Lines problem, which asks for the set of all
lines that each covers at least λ points from S, for a given integer parameter λ ≥ 2; this problem
subsumes the 3-Points-on-Line problem and the Exact Fitting problem, which – the latter –
asks for a line containing the maximum number of points. The second is the NP-hard problem Line
Cover, which asks for a set of k lines that cover the points of S, for a given parameter k ∈ N. Both
problems have been extensively studied. In particular, the Rich Lines problem is a fundamental
problem whose solution serves as a building block for several algorithms in computational geometry.
For Rich Lines and Exact Fitting, we present a randomized Monte Carlo algorithm that
achieves a lower running time than that of Guibas et al.’s algorithm [Computational Geometry 1996],
√
for a wide range of the parameter λ. We derive lower-bound results showing that, for λ = Ω( n log n),
the upper bound on the running time of this randomized algorithm matches the lower bound that
we derive on the time complexity of Rich Lines in the algebraic computation trees model.
For Line Cover, we present two kernelization algorithms: a randomized Monte Carlo algorithm
and a deterministic algorithm. Both algorithms improve the running time of existing kernelization
algorithms for Line Cover. We derive lower-bound results showing that the running time of the
randomized algorithm we present comes close to the lower bound we derive on the time complexity
of kernelization algorithms for Line Cover in the algebraic computation trees model.
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Introduction

We study fundamental problems in computational geometry pertaining to covering a set S of
n points in the plane with lines. The first problem, referred to as Rich Lines, is defined as:
Rich Lines: Given a set S of n points and an integer parameter λ ≥ 2, compute the
set of lines that each covers at least λ points.
A special case of Rich Lines that has received attention is the Exact Fitting problem [25], which asks for computing a line that covers the maximum number of points in S.
Exact Fitting subsumes the well-known 3-Points-on-Line problem in an obvious way.
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The Rich Lines problem is a fundamental problem whose solution serves as a building
block for several algorithms in computational geometry [17, 16, 21, 23, 24, 31], including
algorithms for the fundamental Line Cover problem, which is our other focal problem:
Line Cover: Given a set S of n points and a parameter k ∈ N, decide if there exist
at most k lines that cover all points in S.
See Figure 1 for an illustration of Rich Lines, Exact Fitting, and Line Cover.

Figure 1 Illustration of an instance of Line Cover with k = 4, an instance of Rich Lines with
λ = 5, and an instance of Exact Fitting. The set of all lines is the solution to the Line Cover
instance; the set of solid orange lines is the solution to the Rich Lines instance; and the bold orange
line is a solution to the Exact Fitting instance.

The Line Cover problem is NP-hard [33], and has been extensively studied in parameterized complexity [1, 7, 16, 23, 29, 31, 41], especially with respect to kernelization. Guibas
et al.’s algorithm [25] for Rich Lines was used to give a simple kernelization algorithm that
computes a kernel of at most k 2 points, and this upper bound on the kernel size was proved
to be essentially tight by Kratsch et al. [29].
The current paper derives both upper and lower bounds on the time complexity of Rich
Lines, and the time complexity of the kernelization of Line Cover. Most of the algorithmic
upper-bound results we present are randomized Monte Carlo algorithms, providing guarantees
on the running time of the algorithms, but may make one-sided errors with a small probability.
Our work is motivated by the applications of both problems to on-line data analytics [35],
where massive data processing within a guaranteed time upper bound is required (e.g.,
dynamic or streaming environments [3, 8, 35]). In such settings, where the data set has an
enormous size, classical algorithmic techniques become infeasible, and timely pre-processing
the very large input in order to reduce its size becomes essential. Therefore, we seek
algorithms whose running time is nearly linear and whose space complexity is low, trading
off the optimality/correctness of the algorithm with a small probability.

1.1

Related Work

Both Rich Lines and Exact Fitting were studied by Guibas et al. [25], motivated by their
applications in statistical analysis (e.g., linear regressions), computer vision, pattern recogni2
tion, and computer graphics [26, 27]. Guibas et al. [25] developed an O(min{ nλ log nλ , n2 })time deterministic algorithm for Rich Lines, and used it to solve Exact Fitting within
the same time upper bound. Guibas et al.’s algorithm [25] was subsequently used in many
algorithmic results [17, 16, 21, 23, 24, 31] pertaining to geometric covering problems and
their applications.
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The Line Cover problem has been extensively studied with respect to several computational frameworks, including approximation [7, 23] and parameterized complexity [1, 7, 16,
29, 31, 41]. The problem is known to be APX-hard [30] and is approximable within ratio
log n, being a special case of the set cover problem [28].
From the parameterized complexity perspective, several fixed-parameter tractable algorithms for Line Cover were developed [1, 23, 31, 41], leading to the current-best algorithm that runs in time (c · k/ log k)k nO(1) [1], for some constant c > 0. Guibas et al.’s
algorithm [25] was used in several works to give a kernel of size k 2 that is computable in time
2
O(min{ nk log( nk ), n2 }) [16, 29, 31]. This quadratic kernel size was shown to be essentially
tight by Kratsch et al. [29], who showed that: For any ϵ > 0, unless the polynomial-time
hierarchy collapses to the third level, Line Cover has no kernel of size O(k 2−ϵ ).
Kernelization algorithms for Line Cover have drawn attention in recent research in
massive-data processing; Mnich [35] discusses how the Line Cover problem is used in such
settings, where the point set represents a very large collection of observed (accurate) data,
and the solution sought is a model consisting of at most k linear predictors [20].
Chitnis et al. [8] studied Line Cover in the streaming model, and Alman et al. [3]
studied the problem in the dynamic model. We mention that Chitnis et al.’s streaming
algorithm [8] may be used to give a Monte Carlo kernelization algorithm for Line Cover
running in time O(n(log n)O(1) ), and the dynamic algorithm of Alman et al. [3] may be used
to give a deterministic kernelization algorithm for Line Cover running in time O(nk 2 ).
We finally note that there has been considerable work on randomized algorithms for
geometric problems (see [2, 9, 10, 12], to name a few). The most relevant of which to our
work is the randomized algorithm for approximating geometric set covering problems [5, 11]
(see also [2]), which implies an O(log k)-factor approximation algorithm for the optimization
version of Line Cover whose expected running time is O(nk(log n)(log k)).

1.2

Results and Techniques

In this paper, we develop new tools to derive upper and lower bounds on the time complexity
of Rich Lines and the kernelization time complexity of Line Cover. Our results and
techniques are summarized as follows.

1.2.1

Results for Rich Lines

We present a randomized one-sided errors Monte Carlo algorithm for Rich Lines that,
with probability at least 1 − n32 , returns the correct solution set, where n is the number
of points. The algorithm achieves a lower running time upper bound than Guibas et al.’s
algorithm [25] for a wide range of the parameter λ, namely for λ = Ω(log n), and matches
√
its running time otherwise. For instance, when λ = Θ( n log n), the running time of our
√
algorithm
is O(n log n), whereas that of Guibas et al.’s algorithm is O(n3/2 log n), yielding
p
√
a ( n/ log n)-factor improvement. We show that, for λ = Ω( n log n), the upper bound
of O(n log( nλ )) on the running time of our randomized algorithm matches the lower bound
that we derive on the time complexity of the problem in the algebraic computation trees
model. The algorithm for Rich Lines implies an algorithm for Exact Fitting with the
same performance guarantees – as shown by Guibas et al. [25], obtained by binary-searching
for the value of λ that corresponds to the line(s) containing the maximum number of points.
The crux of the technical contributions leading to the randomized algorithm we present
is a set of new tools we develop pertaining to point-line incidences and sampling. The
aforementioned tools allow us to show that, by sampling a smaller subset of the original set
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of points, with high probability, we can reduce the problem of computing the set of λ-rich
lines in the original set to that of computing the set of λ′ -rich lines in the smaller subset,
where λ′ is a smaller parameter than λ.
The time lower-bound result we present is obtained via a 2-step reduction. The first
employs Ben-Or’s framework [4] to show a time lower bound of Ω(n log( nλ )) in the algebraic
computation trees model on a problem that we define, referred to as the Multiset Subset
Distinctness problem. We then compose this reduction with a reduction from Multiset
Subset Distinctness to Rich Lines, thus establishing the Ω(n log( nλ )) lower-bound result
for Rich Lines. We note that these reductions are very “sensitive”, and hence need to be
crafted carefully, as the lower-bound results apply for every value of n and λ.

1.2.2

Results for Line Cover

We derive a lower bound on the time complexity of kernelization algorithms for Line
Cover in the algebraic computation trees model and show that the running time of any
such algorithm must be at least cn log k for some constant c > 0; more specifically, one
cannot asymptotically improve either of the two factors n or log k in this term. This result
particularly rules out the possibility of a kernelization algorithm that runs in O(n) time
(i.e., in linear time). We derive this lower bound by combining a lower-bound result by
Grantson and Levcopoulos [23] on the time complexity of Line Cover with a result that
we prove in this paper connecting the time complexity of Line Cover to its kernelization
time complexity. In fact, it is not difficult to develop a kernelization algorithm for Line
Cover that runs in time O(n log k + g(k)) for some computable function g(k), and computes
a kernel of size k 2 . This can be done by processing the input in “batches” of size roughly k 2
each; this is implied by the algorithm in [23], which runs in time Ω(n log k + k 4 log k), and
approximates the optimization version of Line Cover. Therefore, we focus on developing
kernelization algorithms where the function g(k) in their running time is as small as possible.
Since we can assume that n ≥ k 2 (otherwise, the instance is already kernelized), we may
assume that g(k) = Ω(k 2 log k). Therefore, we endeavor to develop a kernelization algorithm
for which the function g(k) – in its running time – is as close as possible to O(k 2 log k), and
hence, a kernelization algorithm whose running time is as close as possible to O(n log k). In
addition, reducing the function g(k) serves well our purpose of obtaining near-linear-time
kernelization algorithms for Line Cover due to their potential applications [20, 35].
We present two kernelization algorithms for Line Cover. The first is a randomized
one-sided errors Monte Carlo algorithm that runs in time O(n log k + k 2 (log2 k)(log log k)2 )
and space O(k 2 log2 k) and, with probability at least 1 − k23 , computes a kernel of size at
most k 2 . The second is a deterministic algorithm that computes a kernel of size at most
√
k 2 in time O(n log k + k 3 (log3 k)( log log k)). Both algorithms improve the running time
of existing kernelization algorithms for Line Cover [3, 8, 16, 23, 29, 31]. Moreover, the
running time of the randomized algorithm comes very close to the derived lower bound on
the time complexity of kernelization algorithms for Line Cover, as it only differs from it by
a factor of log k(log log k)2 in the term that depends only on k.
The key tool leading to the improved kernelization algorithms is partitioning the “saturation range” of the saturated lines (i.e., the lines that each contains at least k + 1 points
and must be in the solution) in the batch of points under consideration into intervals, thus
defining a spectrum of saturation levels. Then the algorithm for Rich Lines (either the
randomized or Guibas et al.’s algorithm [25]) is invoked starting with the highest saturation
threshold, and iteratively decreasing the threshold until either: the saturated lines computed
cover “enough” points of the batch under consideration, or the total number of saturated

J. Chen, Q. Huang, I. Kanj, and G. Xia

21:5

lines computed is “large enough” thus making “enough progress” towards computing the line
cover. This scheme enables us to amortize the running time of the algorithm that computes
the saturated lines, creating a win/win situation and improving the overall running time.

2

Preliminaries

We assume familiarity with basic geometry, probability, and parameterized complexity and
refer to the following standard textbooks on some of these subjects [13, 14, 18, 34, 36]. For
a positive integer i, we write [i] for {1, 2, . . . , i}. We write “w.h.p.” as an abbreviation for
“with high probability”, and we write “u.a.r.” as an abbreviation for “uniformly at random”.
Probability.
S The unionPbound states that, for any probabilistic events E1 , E2 , . . . , Ej , we
j
j
have: Pr
i=1 Ei ≤
i=1 Pr(Ei ). For any discrete random variables X1 , . . . , Xn with
Pn
Pn
finite expectations, it is well known that: E[ i=1 Xi ] = i=1 E[Xi ], where E[X] denotes
the expectation of X.
The following lemma, for the sum of a random sample without replacement from a finite
set, can be viewed as an application of Chernoff’s bounds – customized to our needs – to
negatively correlated random variables:
▶ Lemma 1. Let C = {x1 , . . . , xN }, where xi ∈ {0, 1} for i ∈ [N ]. Let X1 , X2 , . . . , Xj denote
Pj
a random sample without replacement from C. Let X = i=1 Xi , µ = E[X], and µ1 , µ2 be
any
 two values
 ≥ (1+δ)µ
 such that µ1 ≤ µ ≤ µ2 . Then, (A) for any δ > 0, we have Pr(X
 2) ≤
eδ
(1+δ)(1+δ)

µ2

; and (B) for any 0 < δ < 1, we have Pr(X ≤ (1 − δ)µ1 ) ≤

e−δ
(1−δ)(1−δ)

µ1

.

Point-Line Incidences. Let S be a set of points. A line l covers a point p ∈ S if l passes
through p (i.e., contains p). A set L of lines covers S if every point in S is covered by at
least one line in L. A line l is induced by S if l covers at least 2 points of S, and a set L of
lines is induced by S if every line in L is induced by S. For a set L of lines, we define I(L, S)
as I(L, S) = |{(q, l) | q ∈ S ∩ l, l ∈ L}|; that is, I(L, S) is the number of incidences between
L and S. For a line l, let I(l, S) = |{(q, l) | q ∈ S ∩ l}|.
The following theorems upper bound I(L, S) and the complexity of computing it:
▶ Theorem 2 ([37]). I(L, S) ≤ 52 (mn)2/3 + m + n, where n = |S| and m = |L|.
The theorem below follows from Theorem 3.1 in [32] after a slight modification, as was
also observed by [15]:
▶ Theorem 3 ([15, 32]). Let S be a set of n points and L a set of m lines in the plane. The
set of incidences between S and L, and hence I(L, S), can be computed in (deterministic)
∗
time O(n log m + m log n + (mn)2/3 2O(log (n+m)) ). Moreover, within the same running time,
we can compute for each line l ∈ L the set of points in S that are contained in l.
Let P be a subset of S, and let x ∈ N. We say that a line l is x-rich for P if l covers at
least x points from P ; when P is clear from the context, we will simply say that l is x-rich.
The following extends Theorem 2 in [40], which applies only when the constant c < 1:
▶ Theorem 4. Let S be a set of n points, let c > 0 be a constant, and let k be an integer such
√
2
40c2 n2
that 2 ≤ k ≤ c n. Let L be the set of k-rich lines for S. Then |L| < max{ 40n
k3 ,
k3 }.
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Parameterized Complexity. A parameterized problem Q is a subset of Ω∗ × N, where Ω is a
fixed alphabet. Each instance of Q is a pair (I, κ), where κ ∈ N is called the parameter. A
parameterized problem Q is fixed-parameter tractable (FPT), if there is an algorithm, called
an FPT-algorithm, that decides whether an input (I, κ) is a member of Q in time f (κ) · |I|O(1) ,
where f is a computable function and |I| is the input instance size. The class FPT denotes
the class of all fixed-parameter tractable parameterized problems. A parameterized problem
is kernelizable if there exists a polynomial-time reduction that maps an instance (I, κ) of the
problem to another instance (I ′ , κ′ ) such that (1) |I ′ | ≤ f (κ) and κ′ ≤ f (κ), where f is a
computable function, and (2) (I, κ) is a yes-instance of the problem if and only if (I ′ , κ′ ) is.
The instance (I ′ , κ′ ) is called the kernel of I.

3

A Randomized Algorithm for Rich Lines

In this section, we present a randomized algorithm for Rich Lines that achieves a better
running time than Guibas et al.’s algorithm [25] for a wide range of the parameter λ (in the
√
problem definition). We will show in Section 5 that for λ = Ω( n log n), the upper bound of
O(n log( nλ )) on the running time of our randomized algorithm for Rich Lines matches the
lower bound on its time complexity that we derive in the algebraic computation trees model.
We first present an intuitive low-rigor explanation of the randomized algorithm and the
techniques entailed. The crux of the technical results in this section lies in Lemma 6. This
lemma shows that, by sampling a smaller subset S ′ of S whose size depends on λ, w.h.p. we
can reduce the problem of computing the set of λ-rich lines for S to that of computing the
set of λ′ -rich lines for S ′ , where λ′ < λ.
The algorithm exploits the above technical results as follows. Given an instance (S, λ) of
Rich Lines, the algorithm samples a subset S ′ ⊆ S whose size depends on λ. Depending on
the value of λ, the algorithm defines a threshold value λ′ , and computes the set L′ of λ′ -rich
lines for S ′ . As we show in this section, w.h.p. L′ contains all the λ-rich lines for S, and
hence, by sifting through the lines in L′ , the algorithm computes the solution to (S, λ).
√
▶ Lemma 5. Let λ ≥ 2 n. The number of λ-rich lines for S is at most 2n
λ .
Proof. Let L = {l1 , l2 , ..., lm } be the set of λ-rich lines for P . Denote by zi , for i = 1, 2, . . . , m,
Pm ′
the number of points covered by li . The set L covers at least
i=1 zi points, where
zi′ = max{zi − i + 1, 0}. This is true since l1 covers at least z1 points, l2 covers at least z2 − 1
new points (excluding at most 1 point on l1 ), and in general, li covers at least zi − i + 1
new points (excluding at most i − 1 points covered by {l1 , ..., li−1 }) if i ≤ zi or 0 otherwise.
2n
′
Suppose, to get a contradiction, that m > 2n
λ , and consider the first m = ⌈ λ ⌉ lines. Then
′
′
′
Pm ′ Pm′ ′ Pm′
P
m
′
zi′ ≥ λ · m′ − (m −1)m
i=1 zi ≥
i=1 zi =
i=1 (zi − i + 1) since i ≤ m < zi . Hence,
i=1
2
√
2n
2n
′
√ Pm ′
2
( +1)
n
n
≥ 2n − λ 2 λ = 2n − nλ − 2n
i=1 zi ≥ 2n − 2 − 2 > n (assuming
λ2 . Since λ ≥ 2 n,
w.l.o.g. that n > 1), which is a contradiction. Therefore, we have m ≤ 2n
◀
λ .
Throughout this section, S denotes a set of n ≥ 3 points. Let S ′ (m) be a set formed by
sampling without replacement m ≤ n points from S uniformly and independently at random.
▶ Lemma 6. Let λ be an integer satisfying 140 ln3/2 n ≤ λ ≤ n. Let S ′ (m) be as defined
above where m = ⌈ 140nλln n ⌉. Let L1 be the set of λ-rich lines for S, and let L3 be the set of
(98 ln n)-rich lines for S ′ (m). Then, with probability at least 1 − n22 , we have: (1) L1 ⊆ L3 ,
√
√
2500n2
and (2) if λ ≥ 5 n, then |L3 | ≤ 5n
λ ; if λ < 5 n, then |L3 | <
λ3 .
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Proof. Let L2 be the set of lines induced by S containing less than 2λ
5 points each. Without
loss of generality,
suppose
that
L
=
{l
,
.
.
.
,
l
}
and
L
=
{l
,
.
. . , ld′ }, and note that
1
1
d
2
d+1

d ≤ d′ ≤ n2 . For i ∈ [d′ ], let xi be the number of points in S covered by li , and let Xi′ be
the random variable, where Xi′ is the number of the points in S ′ (m) on li .
For i ∈ [d], we have E[Xi′ ] = xni · m ≥ 140 ln n since xi ≥ λ. Applying part (B) of the
Chernoff bounds in Lemma 1 with µ1 = 140 ln n, we have Pr(Xi′ ≤ (1 − 3/10) · 140 ln n) ≤

140 ln n
e−3/10
≤ n14 , where the last inequality can be easily verified by a simple
(1−3/10)1−3/10
analysis. Let Ei , for i ∈ [d], denote the event that Xi′ ≤ (1 − 3/10) · 140 ln n. Applying the
Td
Sd
Td
union bound, we have Pr( i=1 Ei ) = 1 − Pr( i=1 Ei ) ≥ 1 − d · n14 ≥ 1 − n12 . Let E = i=1 Ei .
The probability that every line li ∈ L1 contains at least 98 ln n points of S ′ (m) is at least
1 − n12 . That is to say, with probability at least 1 − n12 , we have L1 ⊆ L3 .
2λ
For i = d + 1, . . . , d′ , E[Xi′ ] = xni · m < xni ( 140nλln n + 1) ≤ 56 ln n + 5n
< 57 ln n, since
3/2
2λ
xi ≤ 5 and 140 ln n ≤ λ ≤ n. Applying part (A) of the Chernoff bounds in Lemma 1

57 ln n
e13/19
with µ2 = 57 ln n, we get Pr(Xi′ ≥ (1 + 13
)
·
57
ln
n)
≤
≤ n14 , where
1+13/19
19
(1+13/19)
the last inequality can be easily verified by a simple analysis. Consequently, via the union
bound, the probability that every line li ∈ L2 contains less than 96 ln n sampled points is at
least 1 − (d′ − d) · n14 ≥ 1 − n12 . It follows that, with probability at least 1 − n12 , we have
L3 ∩ L2 = ∅.
Altogether, with probability at least 1 − n22 , L1 ⊆ L3 and L2 ∩ L3 = ∅. Recall that
√
√
each line in L3 covers at least 2λ
of S. If 2λ
5 points
5√ ≥ 2 n, i.e., λ ≥ 5 n, we have
√
2n
2λ
|L3 | ≤ 2λ/5
= 5n
λ by Lemma 5. If 5 < 2 n, i.e. λ < 5 n, by Theorem 4 (with c ≤ 2), we
2

2

2

n
2500n
have |L3 | < 40·2
(2λ/5)3 =
λ3 . It follows that, with probability at least 1 −
(2) of the lemma hold.

2
n2 ,

parts (1) and
◀

Algorithm 1 : Alg-RichLines(S, λ) – A randomized algorithm for computing all λ-rich lines.

Input: a set of points S and λ ∈ N.
Output: The set L of λ-rich lines for S.
1: if λ < ln n then apply Guibas et al.’s algorithm [25] to compute L and return L;


2
S
2: sample x = ⌈ 10nλ2ln n ⌉ pairs of points (p1 , q1 ), . . . , (px , qx ) u.a.r. from 2 ;
3: let li be the line formed by (pi , qi ), for i ∈ [x]; let Q1 be the multi-set {l1 , l2 , . . . , lx }, and
let Q2 be the set of distinct lines in Q1 ;
3/2
n then let L = {l ∈ Q2 | I(l, S) ≥ λ}; return L;
140n ln n
let m = ⌈ λ ⌉, y = 98 ln n;
sample m points u.a.r. from S without replacement to obtain S ′ (m);
√
if λ < 5 n then
2
let z = 2500n
λ3 ;
else let z = 5n
λ ;
let L′ = {l ∈ Q2 | I(l, S ′ (m)) ≥ y};
if |L′ | ≤ z then let L = {l ∈ L′ |I(l, S) ≥ λ}; return L;
else return ∅;

4: if λ ≤ 140 ln
5:
6:
7:
8:
9:
10:
11:
12:

Refer to Alg-RichLines for the terminologies used in the subsequent discussions.
▶ Lemma 7. Let λ ∈ N. Let L1 be the set of λ-rich for S. Then, with probability at least
1 − n32 , Alg-RichLines(S, λ) returns a set L = L1 .
Proof. If λ < ln n then L = L1 with probability 1 by Step 1, as Guibas et al.’s algorithm [25]
computes L1 deterministically.
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Now consider the case that λ ≥ ln n. Let l be an arbitrary line in L1 . Step 2 samples x
pairsof points
that determine x lines. In a single sampling, the probability ρ that l is sampled

λ2
is λ2 / n2 ≥ 2n
/ Q1 ) = (1 − ρ)x ≤
2 because l covers at least λ points of S. Thus, Pr(l ∈
1
−ρx
2
e
≤ n5 . Since |L1 | < n , applying the union bound, we get P r(L1 ⊆ Q1 ) ≥ 1 − n13 .
Hence, we have Pr(L1 ⊆ Q2 ) ≥ 1 − n13 since Q2 is obtained from Q1 by removing repeated
lines. Let L3 be the set of y-rich lines for S ′ (m). If λ < 140 ln3/2 n, then since L1 ⊆ Q2 with
probability at least 1 − n13 , the algorithm returns in Step 4 a set L that, with probability at
least 1 − n13 , is equal to L1 .
Finally, if 140 ln3/2 n ≤ λ, then by Lemma 6, L1 ⊆ L3 and |L3 | ≤ z with probability at
least 1 − n22 . Since L′ = L3 ∩ Q2 , |L′ | ≤ z holds with probability at least 1 − n22 . Since
Pr(L1 ⊆ Q2 ) ≥ 1 − n13 , we have L1 ⊆ (L3 ∩ Q2 ) and |L′ | ≤ z with probability at least 1 − n32 .
Thus, Pr(L1 ⊆ L′ ) ≥ 1 − n32 . Therefore, the algorithm returns in Step 11 a set L equal to L1
with probability at least 1 − n32 .
◀
The correctness of Alg-RichLines, stated in the following theorem, follows from Lemma 7.
▶ Theorem 8. Let S be a set of n points and λ ∈ N. With probability at least 1 −
Alg-RichLines(S, λ) solves the Rich Lines problem in time:

3
n2 ,

(1) O(n2 ) if λ < ln n; and
(2) O(n log nλ +

n2 log n log
λ2

n
λ

) otherwise.

Proof. By Lemma 7, with probability at least 1 − n32 , Alg-RichLines(P, λ) correctly returns
the set of λ-rich lines for P . We discuss next the running time of the algorithm.
Case 1: λ < ln n. In this case the running time of the algorithm is that of Guibas et al.’s
algorithm [25], which is O(n2 ).
2

It is easy to see that Step 2 takes O(x) = O( n λln2 n ) time. Step 3 can be implemented
2
by sorting the slopes of the x lines, which takes O(x ln x) = O( n λln2 n · (ln nλ + ln ln n)) time.
Step 6 takes time O(m) = O( 140nλln n ) = O(n) since n ≥ λ ≥ 140 ln3/2 n. Steps 5, 7, 8, 9
and 12 take constant time. Note that all the above running times (for Steps 2, 3, 5, 6, 7, 8,
9, 12) are dominated by the running time listed in item (2) of the theorem.
We discuss the running time of Step 4 in Case 2 below, and that of Step 10 and Step 11
in both Cases 3 and 4. Note that, to determine the set of rich lines for S in Steps 4, 10 and
11, we apply Theorem 3 to compute the number of points in S (or S ′ (m)) on each of the
lines in question, thus determining the set of rich lines for S (or S ′ (m)).
Case 2: ln n ≤ λ ≤ 140 ln3/2 n. In this case, Step 4 takes time T1 = O(x log n +
2
∗
n log x + (nx)2/3 2O(log (x+n)) ) by Theorem 3. Substituting x = ⌈ 10nλ2ln n ⌉, we obtain T1 =
2

2

2

2/3

2

∗

2

O( n λln2 n + n ln n + n λln4/3 n 2O(log n) ) = O( n λln2 n ), which is dominated by the running
time listed in item (2) of the theorem.
We discuss the running time of Step 10 in both Case 3 and 4. Note that |S ′ (m)| = m =
2
140n ln n
⌈ λ ⌉ and |Q2 | ≤ x = O( n λln2 n ). By Theorem 3, Step 10 takes time:
T2

=
=

∗

O(m log x + x log m + (xm)2/3 2O(log (x+m)) )
∗
n2 ln n
n
n2
O(
(ln( ) + ln ln n) + 2 ln4/3 (n)2O(log n) ).
2
λ
λ
λ
2

∗

n2 log n log

n

λ
If λ ≤ n2/3 , we have nλ2 ln4/3 (n)2O(log n) = O(
), and if n2/3 < λ ≤ n, we
λ2
∗
4/3
4/3
n2
n
n2
O(log∗ n)
have λ2 ln (n)2
= O(n log λ ). Altogether, λ2 ln (n)2O(log n) = O(n log nλ +

n2 log n log
λ2

n
λ

). Therefore, T2 = O(n log nλ +
time listed in item (2) of the theorem.

n2 log n log
λ2

n
λ

), which is dominated by the running
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√
Case 3: 140 ln3/2 n < λ < 5 n. Step 11 takes time T3 = O(n log |L′ | + |L′ | log n +
2
∗
′
(n|L′ |)2/3 2O(log (n+|L |)) ) by Theorem 3. Since |L′ | ≤ z = 2500n
λ3 , we have T3 = O(n ln n +
n2 log n
λ3

is

n2 O(log∗ n)
) = O(n log nλ
λ2 2
2
n log n log n
λ
O(n log nλ +
).
λ2

+

+

n2 log n log
λ2

n
λ

). Thus, the total running time in this case

√
Case 4: λ ≥ 5 n. Step 11 takes time T4 = O(n log |L′ | + |L′ | log n + (n|L′ |)2/3 ·
∗
′
2O(log (n+|L |)) ) by Theorem 3. Since |L′ | ≤ z = O( nλ ), T4 = O(n log nλ + nλ log n +
n4/3 O(log∗ n)
2
)
λ2/3

= O(n log nλ +

n4/3 O(log∗ n)
2
)
λ2/3

= O(n log nλ ). The last equality holds because
√
n2 log n log n
λ
λ ≥ 5 n. Consequently, the total running time in this case is O(n log nλ +
). ◀
λ2
Guibas et al.’s algorithm [25] solves the Rich Lines and the Exact Fitting problems
2
in the plane in time O(min{ nλ log nλ , n2 }). Theorem 8 is an improvement over Guibas et al.’s
algorithm [25] for both problems for all values of λ ≥ ln n, and for λ < ln n it obviously has
a matching running time. In particular, for ln n ≤ λ ≤ 140 ln3/2 n, the improvement could
be in the order of √ 1
(i.e., the running time of Alg-RichLines is a √ 1 -fraction of
log n
log n
√
3/2
√ n ; and
that in [25]); for 140 ln n < λ < 5 n, the improvement could be in the order of log
n
q
√
for λ ≥ 5 n, the improvement could be in the order of logn n .

4

Kernelization Algorithms for Line Cover

In this section, we present a randomized Monte Carlo kernelization algorithm for Line
Cover that employs Alg-RichLines developed in the previous section. We also show
how the tools developed in this section can be used to obtain a deterministic kernelization
algorithm for Line Cover that employs Guibas et al.’s algorithm [25]. Both algorithms
improve the running time of existing kernelization algorithms for Line Cover. Moreover,
we will show in Section 5 that the running time of our randomized algorithm comes close to
the lower bound that we derive on the time complexity of kernelization algorithms for Line
Cover in the algebraic computation trees model. The majority of this section is dedicated
to proving the following theorem:
▶ Theorem 9. There is a Monte Carlo randomized algorithm, Alg-Kernel, that given
an instance (S, k) of Line Cover, in time O(n log k + k 2 (log2 k)(log log k)2 ), returns an
instance (S ′ , k ′ ) such that |S ′ | ≤ k 2 , and such that with probability at least 1 − k23 , (S ′ , k ′ )
is a kernel of (S, k). More specifically: (1) if (S, k) is a yes-instance of Line Cover, then
with probability at least 1 − k23 , (S ′ , k ′ ) is a yes-instance of Line Cover; and (2) if (S, k)
is a no-instance of Line Cover then (S ′ , k ′ ) is a no-instance of Line Cover. The space
complexity of this algorithm is O(k 2 log2 k).
Let (S, k) be an instance of Line Cover. We say that a line l is saturated w.r.t. S if
it is (k + 1)-rich for S; denote by the saturation of a saturated line l the number of points
on l. A line l is unsaturated w.r.t. S if it is not saturated. We start by giving an intuitive
explanation of the results leading to the kernelization algorithm Alg-Kernel.
The kernelization algorithm processes the set S of points in “batches” of roughly 2k 2
uncovered points each, and for each batch S ′ , computes the saturated lines induced by S ′ and
adds them to the (partial) solution. Since processing each batch should result in computing
at least one saturated line – assuming a yes-instance, the above process iterates at most k
times. The main task becomes to compute the saturated lines induced by a batch efficiently.
One straightforward idea is to invoke Alg-RichLines directly with λ = k + 1, which, w.h.p.,
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computes all the saturated lines in S ′ . The drawback is that Alg-RichLines takes time
O(k 2 log2 k) per batch, and may result in a single saturated line, and hence in an overall
running time of O(n log k + k 3 log2 k) for the kernelization algorithm.
The main technical contributions of this section lie in devising a more efficient implementation of the above kernelization scheme. The improved scheme rests on two key observations:
(1) the running time of Alg-RichLines decreases as the saturation threshold (i.e., λ) of the
saturated lines sought increases; and (2) assuming that a subset of the batch S ′ needs to be
covered only by saturated lines, then for any λ < λ′ , it requires more (saturated) lines of
saturation λ to cover S ′ than lines of saturation λ′ .
Based on the above observations, we design an algorithm Alg-SaturatedLines that
intuitively works as follows. We first partition the saturation range into intervals, thus
defining a spectrum of saturation levels. Then Alg-SaturatedLines calls Alg-RichLines
starting with the highest saturation threshold (i.e., starting with a value of λ defining
the highest saturation interval in the spectrum), and iteratively decreasing the saturation
threshold until either: (1) the saturated lines computed cover “enough” points of the batch
S ′ , or (2) the total number of saturated lines computed for the batch S ′ is “large enough”,
thus making enough progress towards computing the k lines in the line cover of (S, k).
The above scheme enables us to amortize the running time of Alg-SaturatedLines over
the number of saturated lines it computes. The main kernelization algorithm, Alg-Kernel,
then calls Alg-SaturatedLines on each batch of 2k 2 uncovered points. As we show in the
analysis, the above scheme enables a win/win situation, yielding an overall running time of
O(n log k + k 2 (log2 k)(log log k)2 ).
We also show that, if instead of using the randomized Monte Carlo algorithm AlgRichLines to compute the saturated lines we use the deterministic algorithm of Guibas et
al. [25], the above scheme yields a deterministic kernelization algorithm for Line Cover
√
that runs in time O(n log k + k 3 (log3 k) log log k) and computes a kernel of size at most k 2 .
Ir =

Ir+1 =

h

h

1
k1+yr

k(k+1)
1
σ(σ−1) , k1+yr



, k1+y1r−1



I0 =

I1 =



1
k1+y1

1
, k1+y
0



1
k1+y0


,1



Figure 2 Illustration for the definition of the intervals I0 , . . . , Ir+1 .

We now give an intuitive low-rigor description of the technical results leading to the
kernelization algorithm. Lemma 10 is a combinatorial result showing that either the saturated
lines belonging to the highest interval in the saturation spectrum cover enough points of
the batch S ′ , or there is a saturation interval in the spectrum containing a “large enough”
number of lines. Lemma 10 is then employed by Lemma 11 to show that, w.h.p., AlgSaturatedLines returns a set of saturated lines that either covers enough points of the
batch S ′ , or contains a “large enough” number of saturated lines. We employ Lemma 10 and
use amortized analysis to upper bound the running time of Alg-SaturatedLines w.r.t. the
number of saturated lines computed by this algorithm, which we subsequently use to upper
bound the running time of Alg-SaturatedLines in Lemma 13. Finally, Theorem 9 employs
the above results to prove the correctness of Alg-Kernel and upper bounds its time and
space complexity. We now proceed to the details.
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In what follows let σ = 2k 2 , and let S ′ ⊆ S be a subset of points such that |S ′ | = σ. We
want to identify a subset of saturated lines w.r.t. S ′ . We define the following notations. Let
ln ln k
ln ln ln k
ln k
ϵ = ln ln
+ iϵ. Let r be the minimum integer such
ln k . For i ∈ N, let yi = 1 − ln k −
ln k
k
yr
that k ≥ (ln ln k)2 , and note that r = O(ln ln k). Note that we have y0 < y1 < · · · < yr .
ln k)
1
, 1],
We define a sequence of intervals I0 , . . . , Ir+1 as follows: I0 = [ k1+y
, 1] = [ ln k(ln
0
k2
(k+1)k
1
1
1
Ii = [ k1+yi , k1+yi−1 ), for i = 1, 2, . . . , r, and Ir+1 = [ σ(σ−1) , k1+yr ). Observe that the
(k+1)k
intervals I0 , . . . , Ir+1 are mutually disjoint, and partition the interval [ σ(σ−1)
, 1]. It is easy to
verify that the lengths of the intervals I1 , . . . , Ir are decreasing. See Figure 2 for illustration.
Suppose that there are h saturated lines l1 , . . . , lh w.r.t. S ′ . Denote by si the number
i (si −1)
of points in S ′ covered by li , for i ∈ [h]. Let ρi = sσ(σ−1)
, and note that ρi belongs to one
of the intervals I0 , . . . , Ir+1 . We partition the h saturated lines into at most r + 2 groups,
′
H0′ , . . . , Hr+1
, where Hi′ , for i = 0, . . . , r + 1, consists of every saturated line lj , j ∈ [h], such
′
that ρj ∈ Ii . Clearly, it follows that H0′ , . . . , Hr+1
is indeed a partitioning of {l1 , . . . , lh }.
Consider Alg-SaturatedLines for computing the saturated lines w.r.t. S ′ :

Algorithm 2 : Alg-SaturatedLines(S ′ , k, r) – A randomized algorithm for computing saturated
lines w.r.t. S ′ .

Input: S ′ , where |S ′ | = σ = 2k 2 ; k ∈ N; and integer r as defined before
Output: A set of points S ′′ and a set of saturated lines L′
1: for (i = 0; i ≤ r + 1; i + +) do
2:
3:
4:
5:
6:
7:
8:

if i ≤ r then let L′ = Alg-RichLines(S ′ , σk −(1+yi )/2 );
else let L′ = Alg-RichLines(S ′ , k + 1);
compute the set S ′′ ⊆ S ′ not covered by L′ ;
if i = 0 and L′ covers at least k 2 /3 points then return (S ′′ , L′ );
1
k (1+yi−1 )/2 then return (S ′′ , L′ );
else if i ≤ r and |L′ | ≥ 12r
1 (1+yr )/2
′
k
then return (S ′′ , L′ );
else if i = r + 1 and |L | ≥ 12
′
return (S , ∅);

Now we are ready to present the kernelization algorithm, Alg-Kernel, for Line Cover.
The kernelization algorithm works by computing w.h.p. the set H of saturated lines in S
and removing all points covered by these lines. Observe that, any set of more than k 2 points
that can be covered by at most k lines must contain at least one saturated line. During the
execution of the algorithm, the set S ′ , which will eventually contain the kernel, contains a
subset of points in S. We start by initializing S ′ to the empty set, and order the points in S
arbitrarily. We repeatedly add the next point in S (w.r.t. the defined order) to S ′ until either
|S ′ | = 2k 2 , or no points are left in S. Afterwards, the algorithm distinguishes two cases.
If |S ′ | = 2k 2 , the algorithm calls Alg-SaturatedLines to compute a subset of the
saturated lines w.r.t. S ′ . Alg-SaturatedLines may not compute all the saturated lines in
S ′ , and rather acts as a “filtering algorithm”. This algorithm either computes a subset of
saturated lines that cover at least k 2 /3 many points in S ′ “efficiently”, that is more efficiently
than Alg-RichLines, which w.h.p. computes all the saturated lines in S ′ ; or computes a
“large” set of saturated lines (a little bit less efficiently than Alg-RichLines), thus decreasing
the parameter k significantly (and hence the overall execution of the algorithm).
If k 2 < |S ′ | < 2k 2 , no more points are left in S to consider. Alg-RichLines is called at
most once to compute w.h.p. all the remaining saturated lines w.r.t. S ′ to return the kernel.
We now proceed to prove the correctness and analyzing the complexity of Alg-Kernel.
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▶ Lemma 10. Given a set S ′ of σ points and a parameter k, if S ′ can be covered by at most
k lines then one of the following conditions must hold:
2
points;
(1) H0′ covers at least σ−k
3
2

(1+yi−1 )/2
(2) |Hi′ | ≥ ( σ−k
for some i ∈ [r]; or
6rσ ) · k
2

′
(1+yr )/2
(3) |Hr+1
| ≥ ( σ−k
.
6σ ) · k

Algorithm 3 : Alg-Kernel(S, k)–A randomized kernelization algorithm for Line Cover.

Input: S = {q1 , . . . , qn }; k ∈ N.
Output: an instance (S ′ , k ′ ) of Line Cover.
1: if k ≤ 15 then return the instance (S ′ , k ′ ) described in Lemma 12;
2: H = ∅; S ′ = ∅; i = 1;
3: construct a search structure ΓH for the lines in H and set ΓH = ∅;
4: while |H| ≤ k do
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

while |S ′ | < 2k 2 and i ≤ n do
if qi is not covered by H then add qi to S ′ and set i = i + 1;
if |S ′ | = 2k 2 then
let (S ′ , L′ ) = Alg-SaturatedLines(S ′ , k, r);
if L′ = ∅ then return a (trivial) no-instance (S ′ , k ′ );
H = H ∪ L′ ; update ΓH for H;
else
if |S ′ | > k 2 then
L′ = Alg-RichLines(S ′ , k + 1); H = H ∪ L′ ;
update ΓH for H; remove the points from S ′ covered by L′ ;
if |H| > k or |S ′ | > k 2 then return a (trivial) no-instance (S ′ , k ′ );
return (S ′ , k − |H|);
return a (trivial) no-instance (S ′ , k ′ );

▶ Lemma 11. Given a set S ′ of points and a parameter k ≥ 16, let L′ be the set of lines
returned by Alg-SaturatedLines(S ′ , k, r). If S ′ can be covered with at most k lines, then
with probability at least 1 − k14 one of the following holds:
2

(1) L′ covers at least k3 points;
1
(2) |L′ | ≥ 12r
k (1+yi−1 )/2 for some i ∈ [r]; or
1 (1+yr )/2
(3) |L′ | ≥ 12
k
.
One technicality ensues from the definition of the saturation intervals. Since this definition
entails using the term ln ln ln k, ln ln ln k must be positive, and hence k ≥ 16 > ee . This
forces a separate treatment of instances in which k ≤ 15. Since k = O(1), we could opt to
use a brute-force algorithm in this case, or an FPT-algorithm, but those would result in a
polynomial running time of a higher degree than what is desired for our purpose. Instead,
we provide an efficient linear-time algorithm for this special case in the following lemma:
▶ Lemma 12. Given an instance (S, k) of Line Cover, where |S| = n and k ≤ 15, there
is an algorithm that computes in O(n) time and O(1) space a kernel (S ′ , k ′ ) for (S, k) such
that |S ′ | ≤ k 2 .
▶ Lemma 13. Given an instance (S, k) of Line Cover, where |S| = n, Alg-Kernel runs
in time O(n log k + k 2 (log2 k)(log log k)2 ) and space O(k 2 log2 k).
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Proof of Theorem 9 (stated at the beginning of this section). The time and space complexity of the algorithm follow from Lemmas 12 and 13. We prove its correctness next. The
correctness of Step 1 was proved separately in Lemma 12, so we may assume that k ≥ 16.
Suppose that (S, k) is a no-instance of Line Cover. Observe that whenever the algorithm
includes a subset L′ of lines into the solution H (in Steps 10 and 13) (and updates S ′ ),
then the lines in L′ are saturated lines, and hence, must be part of every solution to the
instance (S, k). Therefore, either the algorithm returns an instance in Step 16 that must be
a no-instance by the above observation, or returns a (trivial) no-instance in Step 9, 15, or
17. It follows from above that if (S, k) is a no-instance of Line Cover, then Alg-Kernel
returns a no-instance (S ′ , k ′ ). This proves part (2) of the theorem.
Suppose now that (S, k) is a yes-instance of Line Cover, and hence, that S can be
covered by at most k lines. By Step 9, if L′ = ∅, then the algorithm will stop. Thus,
Steps 7–10 will be executed at most k + 1 times. Consider a single execution of Steps 7–10.
By Lemma 11, if S ′ can be covered with at most k saturated lines, then, with probability
at least 1 − k14 , Alg-SaturatedLines(S ′ , k, r) returns a non-empty set L′ . That is to
say, Alg-SaturatedLines(S ′ , k, r) fails with probability at most k14 . By the union bound,
Alg-Kernel(S, k) fails during the execution of Steps 7–10 with probability at most k+1
k4 . At
3
3
Step 13, by Theorem 8, with probability at least 1 − |S ′ |2 > 1 − k4 , Alg-RichLines(S ′ , k)
finds all the saturated lines in S ′ . After that, we have |S ′ | ≤ k 2 . By the union bound, with
2
3
probability at least 1 − k+1
k4 − k4 > 1 − k3 (since k ≥ 16), Alg-Kernel(S, k) returns a kernel
′ ′
′
2
(S , k ) of (S, k) satisfying |S | ≤ k . This proves part (1) of the theorem.
◀
We conclude this section by giving a deterministic kernelization algorithm for Line
Cover. Recall that Alg-RichLines is a randomized algorithm for computing all λ-rich
lines and that Guibas et al.’s algorithm [25] is a deterministic algorithm for the same purpose.
We can replace Alg-RichLines with Guibas et al.’s algorithm [25] in the algorithms AlgSaturatedLines and Alg-Kernel to obtain a deterministic kernelization algorithm from
Alg-Kernel after this replacement. We can optimize the running time of this deterministic
algorithm by fine-tuning the lengths of the defined intervals I0 , . . . , Ir+1 .
▶ Theorem 14. There is a deterministic kernelization algorithm for Line Cover that, given
an instance (S, k) of Line Cover, where |S| = n, the algorithm runs in time O(n log k +
√
k 3 (log3 k) log log k) and computes a kernel (S ′ , k ′ ) such that |S ′ | ≤ k 2 .

5

Lower Bounds

In this section, we establish time-complexity lower-bound results for Line Cover and Rich
Lines in the algebraic computation trees model [6]. The algebraic computation trees model
is a more powerful model than the real-RAM model [19], which is the model of computation
that is most commonly used to analyze geometric algorithms [38]. The lower-bound results
we derive in the algebraic computation trees model apply to the real RAM model as well; for
more details see [19].

5.1

Line Cover

In order to derive lower bounds on the time complexity of kernelization algorithms for Line
Cover, we combine a lower-bound result by Grantson and Levcopoulos [23] on the time
complexity of Line Cover with a result that we prove below connecting the time complexity
for solving Line Cover to its kernelization time complexity. We remark that, since Line
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Cover is NP-hard [33] when the parameter k is unbounded, Grantson and Levcopoulos’ [23]
time complexity lower-bound result for Line Cover is interesting only when k is “small”
relative to the input size, and should be read this way.
▶ Theorem 15 (Grantson and Levcopoulos [23]). There exists a constant c > 0 such that, for
√
every positive n, k ∈ N satisfying k = O( n), Line Cover requires time at least c · n log k
in the algebraic computation trees model.
We now exploit a folklore connection between kernelization and FPT [13, 14] to translate
the above time-complexity lower-bound result into a kernelization time-complexity lowerbound result.
▶ Theorem 16. Let Q be a parameterized problem in NP. For any proper complexity function
h, Q has a kernelization algorithm of running time O(h(|x|, k)), where (x, k) is the input
instance to Q, if and only if Q can be solved in time O(h(|x|, k) + g(k)) for some proper
complexity function g(k).
The corollary below follows from Theorem 15 and Theorem 16 above:
▶ Corollary 17. There exists a constant c > 0 such that the running time of any kernelization
algorithm for Line Cover in the algebraic computation trees model is at least cn log k.
▶ Remark 18. The above corollary implies that one cannot asymptotically improve on either
of the two factors n or log k in the term n log k. This rules out, for instance, the possibility
of a kernelization algorithm that runs in (linear) O(n) time or in O(n log log k) time.

5.2

Rich Lines

In this subsection, we derive lower-bound results on the time complexity of Rich Lines in
the algebraic computation trees model using Ben-Or’s framework [4]. Consider the variant
of the Element Distinctness problem [4]:
Multiset Subset Distinctness
Given a multi-set A = {a1 , a2 , . . . , an } and a positive integer λ, decide whether A
can be partitioned into n/λ multi-subsets A1 , A2 , . . . , An/λ , such that each subset
Ai , where i ∈ [n/λ], contains exactly λ identical elements, and no two (distinct)
multi-subsets contain identical elements.
▶ Theorem 19. There exists a constant c > 0 such that, for every positive n, λ ∈ N such
that λ divides n, Multiset Subset Distinctness requires time at least c · n log( nλ ) in the
algebraic computation trees model.
Proof. For any fixed n and λ, the instance (A, λ), where A = (a1 , . . . , an ), is represented as
the point (a1 , . . . , an , λ) in the (n + 1)-dimensional Euclidean space Rn+1 . Denote by Wλn+1
the set of points in Rn+1 that corresponds to the set of yes-instances of Multiset Subset
Distinctness. By Ben-Or’s results [4, §4], it suffices
to show that the number of connected
√

2πn(n/e)n
n
n+1
components of Wλ
is at least λ,λ,...,λ = Θ( (√2πλ(λ/e)λ )n/λ ) [22, §9.6], as this would show
that the depth of any
tree for Multiset Subset Distinctness is at
 algebraic computation
n
n
least Ω(log λ,λ,...,λ ) = Ω(n log( λ )).
Each yes-instance (A, λ) of Multiset Subset Distinctness corresponds to a mapping
f from [n] → [n/λ] such that f (i) < f (j) if and only if ai < aj , and such that f (i) = f (j) if
and only if ai = aj , and such that for each j ∈ [n/λ]: |{i ∈ [n] | f (i) = j}| = λ. It is easy to
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n
see that the number of such functions f is λ,λ,...,λ
. For each such function f , let Wf be the
set of yes-instances corresponding to f , and let W be the set of all subsets Wf . It is easy to
verify that the sets Wf in W partition Wλn+1 , and that Wf is a connected region/subset in
Rn+1 , as it is the intersection of hyperplanes with a convex set/region.
We prove that, for any two different functions f and f ′ , Wf and Wf ′ belong to two
different connected component of Wλn+1 . Assume to the contrary that a point p ∈ Wf and a
point p′ ∈ Wf ′ are in the same connected component of the set Wλn+1 . Then there is a path
Π in Wλn+1 from p to p′ . This path Π can be given in the parametric form as:
Π : π(t) = (a1 (t), a2 (t), . . . , an (t), λ), 0 ≤ t ≤ 1,
where π(0) = p, π(1) = p′ , and each ai (t), i ∈ [n] is a continuous function of t. For an
interval I ⊆ [0, 1], denote by π(I) = {π(t) | t ∈ I}.
Suppose first that, for each t ∈ [0, 1], there is an open interval It containing t such that
all points in π(It ) are in the same subset of W. Then by the Heine-Borel Theorem [39], we
can find a finite set of open intervals covering [0, 1] such that for each such open interval It ,
all points in π(It ) are in the same subset of W. This implies that all points on the path Π
are in the same subset of W, contradicting the fact that the subsets Wf and Wf ′ are disjoint.
Suppose now that there exists a t0 ∈ [0, 1], where π(t0 ) is in some Wf1 , such that for
every open interval I containing t0 , π(I) contains a point not in Wf1 . Since W is finite,
we can construct a sequence (t)i in [0, 1] converging to t0 , and such that, for each i, π(ti )
belongs to the same set Wf2 ∈ W, where f1 ̸= f2 . Since f1 ̸= f2 , there exist indices z1 and
z2 such that z1 ̸= z2 , f1 (z1 ) < f1 (z2 ) and f2 (z1 ) > f2 (z2 ). Consider the sequence of points
π(tr ) = (a1 (tr ), a2 (tr ), . . . , an (tr ), λ), for r ≥ 1.
Since π(tr ) approaches π(t0 ) as tr → t0 , we must have
|az1 (tr ) − az1 (t0 )| + |az2 (tr ) − az2 (t0 )| → 0,

(1)

as tr → t0 . Recall that f1 (z1 ) < f1 (z2 ) and f2 (z1 ) > f2 (z2 ), and hence, az1 (t0 ) < az2 (t0 )
and az1 (tr ) > az2 (tr ). It follows that:
|az1 (tr ) − az1 (t0 )| + |az2 (tr ) − az2 (t0 )|

(2)

≥ |(az1 (tr ) − az1 (t0 )) − (az2 (tr ) − az2 (t0 ))|

(3)

≥ |(az2 (t0 ) − az1 (t0 )) + (az1 (tr ) − az2 (tr ))|

(4)

≥ |(az2 (t0 ) − az1 (t0 ))|.

(5)

Observing that az1 (t0 ) and az2 (t0 ) are fixed, inequality (5) contradicts (1). This completes
the proof.
◀
Now, we can prove a time lower bound Ω(n log nλ ) for the Rich Lines problem via a
reduction from Multiset Subset Distinctness problem.
▶ Theorem 20. There exists a constant c0 > 0 such that, for every positive n, λ ∈ N, Rich
Lines requires time at least c0 · n log( nλ ) in the algebraic computation trees model.
Proof. We prove the theorem via a Turing-reduction T from the Multiset Subset Distinctness problem. The theorem would then follow from Theorem 19. We first present the
reduction.
Given an instance (A, λ) = (a1 , a2 , . . . , an , λ) of Multiset Subset Distinctness, we
construct the instance (P, λ) of Rich Lines, where P = {(ai , i) | ai ∈ A}. Note that (P, λ)
can be constructed in O(n) time. Observe that (A, λ) is a yes-instance of Multiset Subset
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Distinctness if and only if there are n/λ vertical lines that each covers exactly λ points of
P . We can solve (P, λ) to find the set L of lines induced by P that each covers at least λ
points. Then, we compute the subset V of vertical lines in L and accept (A, λ) if and only if
|V | = n/λ. Let t(n, λ) be the time needed to perform this reduction T .
Now to prove the theorem, we proceed by contradiction. Suppose that no such constant
c0 exists, and let c be the universal constant in Theorem 19. Then, for every constant c′ > 0,
there exist n, λ ∈ N such that, for all input instances of size n and parameter λ, Rich Lines
can be solved in time less than c′ · n log( nλ ). We observe that, under this assumption, the
number of lines in the solution to each of these instances must be less than c′ · n log( nλ ),
otherwise, the running time for solving the instance would necessarily exceed c′ · n log( nλ ). It
is not difficult to see that we can choose a constant c′ > 0 and n, λ ∈ N such that for the
specific function t(n, λ), where t(n, λ) is running time of the reduction T given above, we
have t(n, λ) + c′ · n log( nλ ) < c · n log( nλ ). Let n, λ be the values chosen accordingly.
Assume first that λ divides n, and we explain below how the proof can be modified to
lift this assumption. Given an instance (A, λ) = (a1 , a2 , . . . , an , λ) of Multiset Subset
Distinctness, where A has n elements, we reduce (A, λ) via reduction T to an instance
(P, λ) of Rich Lines and solve (P, λ) to obtain a solution to (A, λ) in time less than cn log( nλ ),
contradicting Theorem 19.
In the case where λ does not divide n, let n = r · λ + s, where s < λ, and let n′ = r · λ.
Observe that the lower bound for Multiset Subset Distinctness established in Theorem 19
holds for the values n′ , λ (since λ divides n′ ). Given an instance (A′ , λ) = (a1 , a2 , . . . , an′ , λ)
of Multiset Subset Distinctness, we construct the instance (P, λ) of Rich Lines, where
P = P ′ ∪ S, and P ′ = {(ai , i) | ai ∈ A′ }. The set S contains precisely s < λ points and
is constructed as follows. We find the smallest element amin ∈ A′ , and choose a number
x < amin . Define S = {(x, j) | j ∈ [s]}. It is easy to verify that (A′ , λ) is a yes-instance of
Multiset Subset Distinctness if and only if the number of vertical lines, each containing
at least λ points of P , is n′ /λ. Hence, we can decide (A′ , λ) as explained in the first case above.
Note that all the steps involved in the construction of (P, λ), including the computation of
the number x, can be carried out in linear time. Since the constant c′ can be chosen to be
arbitrary small, it is not difficult to see that we can choose c′ and the values n, λ such that the
′
running time of the above reduction is less than c · n′ log( nλ ), again contradicting Theorem 19.
Note also that all the operations involved in the above reduction can be equivalently modeled
in the algebraic computation trees model [19]. This completes the proof.
◀

6

Conclusion

Several interesting questions ensue from our work. First, many of the previous algorithms
for Rich Lines and Line Cover can be lifted to higher dimensions (e.g., see [25, 31, 41]).
We believe that it is possible to lift the results in this paper to higher dimensions as well
(where the covering objects are hyperplanes). Second, most of the algorithms we presented
are randomized Monte Carlo algorithms. It is interesting to investigate if these algorithms
can be derandomized without trading off their performance guarantees by much. Finally,
it is interesting to see if the sampling and optimization techniques developed in this paper
can be applied to other related problems in computational geometry. We leave all the above
questions as directions for future research.
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