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Abstract

The standard semantics of multi-agent epistemic logic S5n is based on Kripke models whose
accessibility relations are reflexive, symmetric and transitive. This one dimensional structure
contains implicit higher-dimensional information beyond pairwise interactions, that we formalized
as pure simplicial models in a previous work in Information and Computation 2021 [10]. Here we
extend the theory to encompass simplicial models that are not necessarily pure. The corresponding
class of Kripke models are those where the accessibility relation is symmetric and transitive, but
might not be reflexive. Such models correspond to the epistemic logic KB4n . Impure simplicial
models arise in situations where two possible worlds may not have the same set of agents. We
illustrate it with distributed computing examples of synchronous systems where processes may crash.
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1

Introduction

A very successful research programme of using epistemic logic to reason about multi-agent
systems began in the early 1980’s showing the fundamental role of notions such as common
knowledge [6, 20]. The semantics used is the one of “normal modal logics”, based on the
classic possible worlds relational structure developed by Rudolf Carnap, Stig Kanger, Jakko
Hintikka and Saul Kripke in the late 1950’s and early 1960’s.
From global states to local states. The intimate relationship between distributed computing
and algebraic topology discovered in 1993 [2, 13, 23] showed the importance of moving from
using worlds as the primary object, to perspectives about possible worlds. After all, what
exists in many distributed systems is only the local states of the agents and events observable
within the system.
Taking local states as the main notion led to the study of distributed systems based on
geometric structures called simplicial complexes. In this context, a simplicial complex is
constructed using the local states as vertices and the global states as simplexes. While the
solvability of some distributed tasks such as consensus depends only on the one-dimensional
(graph) connectivity of global states, the solvability of other tasks, most notably k-set
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agreement, depends on the higher-dimensional connectivity of the simplicial complex of local
states. See [12] for an overview of the topological theory of distributed computability.
Pure simplicial model semantics [10]. From the very beginning [23], distributed computer
scientists have used the word “knowledge” informally to explain their use of simplicial
complexes. However, a formal link with epistemic logic was established only recently [10].
The idea is to replace the usual one-dimensional Kripke models by a new class of models
based on simplicial complexes, called simplicial models. In [10], we focused on modelling
the standard multi-agent epistemic logic, S5n . In this setting, a core assumption is that
the same set of n agents always participate in every possible world. Because of this, all
the facets of the simplicial model are of the same dimension. Such models are called pure
simplicial models. With this restriction, we showed that the class of pure simplicial models
is equivalent to the usual class of S5n Kripke models.
Using pure simplicial models, we provided epistemic logic tools to reason about solvability
of distributed tasks such as consensus and approximate agreement. In subsequent work,
we also studied the equality negation task, explored bisimilarity of pure simplicial models,
and connections with covering spaces [4, 9, 25]. In [10], we left open the question of a
logical obstruction to the solvability of k-set agreement, which was later given by Yagi and
Nishimura [27] using the notion of distributed knowledge [11], in a sense a higher-dimensional
version of knowledge.
Systems with detectable crashes. In this paper, we wish to extend the work of [10] by lifting
the restriction to “pure” simplicial complexes. In distributed computing, pure complexes can
be used to analyse the basic wait-free shared-memory model of computation [14]. However,
impure1 complexes also show up in many situations: perhaps the most simple one is the
synchronous crash model, where processes may fail by crashing2 . Due to the synchronous
nature of the system, when a process crashes, the other processes will eventually know about
it. This contrasts with asynchronous systems, where processes can be arbitrarily slow, and
there is no way to distinguish a crashed process from a slow one.
Systems where crash-prone processes operate in synchronous rounds have been thoroughly
studied since early on in distributed computing, see e.g. [7, 17]. At the start of each round,
every process sends a message to all the other processes, in unspecified order. A process
may crash at any time during the round, in which case only a subset of its messages will
be received. A global clock indicates the end of the round: any message that has not been
received by then signifies that the sender has crashed. Moreover, we usually assume a
full-information protocol: in each round, the messages sent by the processes consist of its
local state at the end of the previous round.
Figure 1 below depicts the simplicial complexes of local states for three processes, after
one and two rounds of the synchronous crash model. In the initial situation (left), the local
states are binary input values of the processes, 0 or 1. Each of the 8 triangles represents
a possible global state, i.e. an assignment of inputs to processes. The two other complexes
(middle and right) represent the situation after one round and two rounds, respectively. These
complexes are impure: they contain both triangles (representing global states where all three

1
2

Throughout this paper, the adjective “impure” usually stands for “not necessarily pure”.
In the distributed computing literature, agents are called processes, and when a process stops its
execution prematurely, it is said to have crashed. In this paper, we will say that agents may die.
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processes are alive) and edges (representing global states where only two agents are alive).
Throughout the paper, we use this model as a running example, starting with Example 6.
Further details from the distributed computing perspective can be found in [15].
Synchronous systems have also been studied using epistemic logic, e.g. in the seminal
work of Dwork and Moses [5], where a complete characterization of the number of rounds
required to reach simultaneous consensus is given, in terms of common knowledge. The focus
however has been on studying solvability of consensus and other problems related to common
knowledge, which as mentioned above, depend only on the 1-dimensional connectivity of
epistemic models.

Figure 1 Input complex for three agents starting with binary inputs, then the complex after one,
and after two rounds. At most one agent may die [15].

Contributions. With the long-term goal of going beyond consensus-like problems, to k-set
agreement, renaming, and other tasks whose solvability depends on higher dimensional
topological connectivity, we introduce in this paper an epistemic logic where agents may die,
whose semantics is naturally given by impure simplicial models.
Our approach is guided by the categorical equivalence between S5n Kripke models and
pure simplicial models, established in [10]. It is easy and natural to generalize the class of
simplicial models by simply removing the “pure” assumption. However, the main technical
challenge resides in finding an equivalent category of Kripke models. This is achieved
in Section 3, where the categorical equivalence is established in Theorem 23 for the frames,
and Theorem 27 for the models. Guided by the equivalence with simplicial models, we
introduce partial epistemic models, whose underlying frame has the following characteristics:
Indistinguishability relations must be transitive and symmetric, but may not be reflexive.
The frames must be proper, in a sense defined in Section 3.1.
Surprisingly, the morphisms between those frames are also unusual: a world is mapped to a
sets of worlds, which must be saturated (Definition 13).
In Section 4, we reap the benefits of this equivalence theorem. Modal logics on Kripke
models are well understood, and we can then translate results back to simplicial models.
Each of the peculiar conditions that we impose on partial epistemic frames reveals an implicit
assumption of simplicial models.
The consequence of losing reflexivity is that the logic is no longer S5n , but instead KB4n ,
where the Axiom T does not hold. This logic is not often considered by logicians; its close
cousin KD45n being more commonly studied, in order to reason about belief [26]. But, as
we argue in Sections 4.3 and 4.4, KB4n is an interesting setting to reason about alive and
dead agents. Moreover, the requirement of having proper frames leads us to introduce two
additional axioms: the axiom of Non-Emptiness NE says that at least one agent is alive
in every world; and the Single-Agent axioms SAa says that if exactly one agent a is alive,
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this agent knows that all other agents are dead. In Section 4.5, we claim that the logic
KB4n augmented with these two extra axioms is sound and complete with respect to class
of (possibly non-pure) simplicial models. While soundness is easy to prove, the proof of
completeness is more intricate and we leave it for the full version of this work. Finally in
Section 4.6, we prove the so-called knowledge gain property, which has been instrumental in
applications to impossibility results in distributed computing, see e.g. [10].
Related work. A line of work started by Dwork and Moses [5] studied in great detail the
synchronous crash failures model from an epistemic logic perspective. However, in their
approach, the crashed processes are treated the same as the active ones, with a distinguished
local state “fail”. In that sense, all agents are present in every state, hence they still model
the usual epistemic logic S5n . Instead of changing the underlying Kripke models as we do
here, they introduce new knowledge and common knowledge operators that take into account
the non-rigid set of agents (see e.g. [22], Chapter 6.4).
Giving a formal epistemic semantics to impure simplicial models has also been attempted
by van Ditmarsch [24], at the same time and independently from our work. This approach
end up quite different from ours. It describes a two-staged semantics with a definability
relation prescribing which formulas can be interpreted, on top of which the usual satisfaction
relation is defined. This results in a quite peculiar logic: for instance, it does not obey
Axiom K, which is the common ground of all Kripke-style modal logics. The question of
finding a complete axiomatization is left open. In contrast, we take a more systematic
approach: we first establish a tight categorical correspondence between simplicial models and
Kripke models. Via this correspondence, we translate the standard Kripke-style semantics
to simplicial models. This leads us to the modal logic KB4n . We will discuss further the
technical differences between our approach and that of [24] in Section 3.2.

2

Background on simplicial complexes and Kripke structures

Chromatic simplicial complexes. Simplicial complexes are the basic structure of combinatorial topology [16]. In the field of fault-tolerant distributed computing [12], their vertices are
usually labelled by process names, often viewed as colours; hence the adjective “chromatic”.
▶ Definition 1. A simplicial complex is a pair C = ⟨V, S⟩ where V is a set, and S ⊆ P(V ) is a
family of non-empty subsets of V such that for all v ∈ V , {v} ∈ S, and S is downward-closed:
for all X ∈ S, if Y is non-empty and Y ⊆ X then Y ∈ S.
Considering a finite, non-empty set A of agents, a chromatic simplicial complex coloured
by A is a triple ⟨V, S, χ⟩ where ⟨V, S⟩ is a simplicial complex, and χ : V → A assigns colours
to vertices such that for every X ∈ S, all vertices of X have distinct colours.
Elements of V are called vertices, and are identified with singletons of S. Elements of S
are simplexes, and the ones that are maximal w.r.t. inclusion are facets. The set of facets
of C is written F(C). The dimension of a simplex X ∈ S is dim(X) = |X| − 1. A simplicial
complex C is pure if all facets are of the same dimension. The condition of having distinct
colours for vertices of the same simplex is a fairly strong one: in particular, we will always
be allowed to take the (unique) subface of a simplex X of a chromatic simplicial complex
with colours in some subset U of χ(X).
▶ Definition 2. A chromatic simplicial map f : C → D from C = ⟨V, S, χ⟩ to D = ⟨V ′ , S ′ , χ′ ⟩
is a function f : V → V ′ preserving simplexes, i.e. for every X ∈ S, f (X) ∈ S ′ , and
preserving colours, i.e. for every v ∈ V , χ′ (f (v)) = χ(v).
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We denote by SimCpxA the category of chromatic simplicial complexes coloured by A,
and SimCpxApure the full sub-category of pure chromatic simplicial complexes on A.
Equivalence with epistemic frames. The traditional possible worlds semantics of (multiagent) modal logics relies on the notion of Kripke frame. Let A be a finite set of agents.
▶ Definition 3. A Kripke frame M = ⟨W, R⟩ is a set of worlds W , together with an Aindexed family of relations on W , R : A → P(W × W ). We write Ra rather than R(a), and
u Ra v instead of (u, v) ∈ Ra . The relation Ra is called the a-accessibility relation. Given
two Kripke frames M = ⟨W, R⟩ and N = ⟨W ′ , R′ ⟩, a morphism from M to N is a function
f : W → W ′ such that for all u, v ∈ W , for all a ∈ A, u Ra v implies f (u) Ra′ f (v).
To model multi-agent epistemic logic S5n , we additionally require each relation Ra to be
an equivalence relation. When this is the case, we usually denote the relation by ∼a , and
call it the indistinguishability relation. For the equivalence class of w with respect to ∼a ,
we write [w]a ⊆ W . Kripke frames satisfying this condition are called epistemic frames. An
epistemic frame is proper when two distinct worlds can always be distinguished by at least
one agent: for all w, w′ ∈ W , if w ̸= w′ then w ̸∼a w′ for some a ∈ A. In [10], we exploited
an equivalence of categories between pure chromatic simplicial complexes and proper Kripke
frames, to give an interpretation of S5n on simplicial models. This allowed us to apply
epistemic logics to study distributed tasks.
▶ Theorem 4 ([10]). The category of pure chromatic simplicial complexes SimCpxApure is
equivalent to the category of proper epistemic frames EFrameproper
.
A
▶ Example 5. The picture below shows an epistemic frame (left) and its associated chromatic
simplicial complex (right). The three agents are named a, b, c. The three worlds {w1 , w2 , w3 }
of the epistemic frame correspond to the three facets (triangles) of the simplicial complex.
In the epistemic frame, the c-labelled edge between the worlds w2 and w3 indicates that
w2 ∼c w3 . Correspondingly, the two facets w2 and w3 of the simplicial complex share a
common vertex, labelled by agent c. Similarly, the worlds w1 and w2 are indistinguishable
by both agents a and b; so the corresponding facets share their ab-labelled edge.
b

a
w1

w2
b

3

c

w3

∼
=

c

w1 w2
a

b
c

w3
a

Partial epistemic frames and simplicial complexes

In this section, we generalise Theorem 4 to deal with chromatic simplicial complexes that
may not be pure. For that purpose, we will need to enlarge the class of Kripke frames to be
considered, which we call partial epistemic frames. First, we start with our running example
of an impure simplicial complex, which has been studied in distributed computing.
▶ Example 6 (Synchronous crash-failure model, one round, three agents). Consider a set of
three processes/agents A = {a, b, c}. For simplicity, we consider a single initial state where
the agent a, b, c start with input value 1, 2, 3, respectively3 . Each agent sends a message to

3

Typically, in distributed computing, many initial assignments of inputs are possible. Thus, we model a
situation where the inputs of other processes are not known until a message from them is received.
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the two other agents (and to itself, for uniformity), containing its input value. An agent may
crash during the computation, in which case it stops sending messages. We assume moreover
that at most two agents may crash, as in e.g. [5]. At the end of the round, an agent is alive
if it successfully sent all its messages, and dead if it crashed before finishing. The view (or
local state) of an alive agent is the set of messages that it received during the round. Note
that an alive agent always sees its own value. For instance, the four possible views of agent a
after one round are {1}, {1, 2}, {1, 3} and {1, 2, 3}.
This situation is modelled by the chromatic simplicial complex C on the left of Figure 2.
Formally, the vertices of C are pairs (a, view) where a ∈ A and view ⊆ {1, 2, 3} is its view.
There are 12 such vertices, 4 for each agent. The colouring χ(a, view) = a of a vertex is
indicated on the picture. There are 13 facets w0 , . . . , w12 , corresponding to the possible global
states at the end of the round. The middle triangle w1 = {(a, viewa ), (b, viewb ), (c, viewc )},
with viewa = viewb = viewc = {1, 2, 3}, represents the execution where no agent dies. The
three isolated vertices, w0 , w11 , w12 are executions where two agents died. For instance, in
w0 = {(a, {1})}, both b and c crashed before sending their value to a. The 9 edges represent
situations where one agent died, and two survived. For example, w2 = {(a, viewa ), (c, viewc )},
with viewa = {1, 2, 3} and viewc = {1, 3}, represents the execution where b crashed after
sending its value to a, but not to c. In w10 , agent b crashed before sending any messages.
a w0

a

w0

c

b

w3

w4

w2

a,b

w10
w4

a
a
w5

a

w5

a

w1

b
b

w8
w7

c
w12

b

a,c
c

w10
a

w9

c

c

w6
w11

a,c

c

b

w6
c

w2

c

b
b
w11

w3

a
a,b

w9

a,c

a,b,c

a
w1

b

a,b

b,c

w8
c

b

b,c

w12

w7
b,c

Figure 2 A chromatic simplicial complex C (left), and a proper partial epistemic frame M (right).
The three agents are A = {a, b, c} and the 13 facets/worlds are labelled w0 , . . . , w12 .

3.1

Partial epistemic frames

We consider now another type of Krikpe frame, in the spirit of PER semantic models of
programming languages and “Kripke logical partial equivalence relations” of e.g. [18].
▶ Definition 7. A Partial Equivalence Relation (PER) on a set X is a relation R ⊆ X × X
which is symmetric and transitive (but not necessarily reflexive).
The domain of a PER R is the set dom(R) = {x ∈ X | R(x, x)} ⊆ X, and it is easy to
see that R is an equivalence relation on its domain, and empty outside of it. Thus, PERs are
equivalent to the “local equivalence relations” defined in [24]. Recall A is the set of agents.
▶ Definition 8. A partial epistemic frame M = ⟨W, ∼⟩ is a Kripke frame such that each
relation (∼a )a∈A is a PER.
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We say that agent a is alive in a world w when w ∈ dom(∼a ), i.e., when w ∼a w.
In that case, we write [w]a for the equivalence class of w with respect to ∼a , within
dom(∼a ). We write w for the set of agents that are alive in world w and w for the set
of agents that are dead in world w (the complement of w). A partial epistemic frame is
proper if in all worlds, there is at least one agent which is alive, and moreover any two
distinct worlds w, w′ can be distinguished by at least one agent that is alive in w, i.e.,
∀w, w′ ∈ W, ∃a ∈ A, w ∼a w and (w ̸= w′ =⇒ w ̸∼a w′ ). Note that, by symmetry of ̸=,
there is also a (possibly different) agent a′ that is alive in w′ and can distinguish w and w′ .
▶ Example 9. Two partial epistemic frames over the set of agents A = {a, b, c} are represented
below. The frame on the left is proper, because agent b is alive in w1 and can distinguish
between w1 and w2 ; and agent c is alive in w2 and can distinguish between w1 and w2 . The
frame on the right is not proper, because there is no agent alive in w2′ that can distinguish
between w1′ and w2′ .
a, b
w1

a

a, c

a, b, c

w2

w1′

a, b
a, b

w2′

▶ Example 10. The partial epistemic frame modelling the synchronous crash model of
Example 6 is pictured Figure 2 (right). It has 13 worlds w0 , . . . , w12 . In each world, the set
of alive agents can be read off the reflexive “loop” edge.
In w1 , all three agents {a, b, c} are alive.
In worlds w3 , w4 and w5 , the two alive agents are a and b. In worlds w2 , w10 and w9 ,
the alive agents are a and c. And in worlds w6 , w7 , w8 , agents b and c are alive.
In w0 , only a is alive. In w11 , only b is alive, and in w12 , only c is alive.
The accessibility relation is represented by edges labelled with the agents that do not
distinguish between the worlds at its extremities. For instance, agent a cannot distinguish
between w3 and w1 , and agent b cannot distinguish between w3 and w4 . It can easily be
checked to be a proper partial epistemic frame.
Morphisms of partial epistemic frames. Our notion of morphism for partial epistemic
frames differs from the one for a general Kripke frame (Definition 3). Here again, our
definitions are guided by our goal (Theorem 23), the equivalence between simplicial maps
and morphisms of partial epistemic frames. Example 11 below should help motivate our
definitions. The novelty arises when we want a morphism f that maps a world w, in which
some agents w are alive, to a world w1′ where strictly more agents are alive. In this case,
there might exist some other world w2′ , such that w1′ ∼a w2′ for all a ∈ w. We claim that
such a world w2′ should also be in the image of w by the morphism f . Thus, f (w) is not a
world but a set of worlds, which we require to be saturated, in the following sense.
▶ Example 11. The two pictures below show a chromatic simplicial map g (left) and a
morphism f of partial epistemic frames (right). The simplicial map g is uniquely specified
by the preservation of colours: it maps the edge w0 onto the vertical ab-coloured edge of
the complex on the right. The morphism f is defined by f (w0 ) = {w1′ , w2′ }. We will see in
Section 3.2 how to relate these morphisms: one can be built from the other, and vice-versa.
a

a
g

w0
b

c

w1′

w2′
b

c

a, b
w0

a, b, c
f
w1′

a, b, c
a, b

w2′
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▶ Definition 12. Given a partial epistemic frame M = ⟨W, ∼⟩, a subset of agents U ⊆ A,
and a world w ∈ W , let satU (w) = {w′ ∈ W | w ∼a w′ for all a ∈ U }.
The saturation requirement will be crucial in Section 3.2 when we establish the equivalence
of categories between partial epistemic frames and chromatic simplicial complexes.
▶ Definition 13. Let M = ⟨W, ∼⟩ and N = ⟨W ′ , ∼′ ⟩ be two partial epistemic frames. A
morphism of partial epistemic frame from M to N is a function f : W → P(W ′ ) such that
(Preservation of ∼) for all a ∈ A, for all u, v ∈ W , u ∼a v implies u′ ∼′a v ′ , for all
u′ ∈ f (u) and v ′ ∈ f (v),
(Saturation) for all u ∈ W , there exists u′ ∈ f (u) such that f (u) = satu (u′ ).
Composition of morphisms is defined by (g ◦ f )(u) = satu (w), for some v ∈ f (u) and w ∈ g(v).
Let us check that the composite g ◦ f above is well-defined, i.e., that it does not depend
on the choice of v ∈ f (u) and w ∈ g(v). Assume we pick v ′ ∈ f (u) and w′ ∈ g(v ′ ) instead.
Then v ∼a v ′ for all a ∈ u, because f (u) is saturated. And by preservation of ∼, we get
w ∼a w′ for all a ∈ u, that is, satu (w) = satu (w′ ).
The first condition of a morphism f of partial epistemic frame above means that worlds
that are indistinguishable by some agent a should have images composed of worlds that are
indistinguishable by a. The second condition states that the image of a world u of M is
“generated” by a world u′ of N , as the set of all worlds of N that cannot be distinguished
from u′ by the agents alive in u. In particular, notice that the saturation condition implies
that f (u) is always non-empty.
The next proposition says that, on proper frames, the only case when f (u) can be
multivalued is when u ⊊ u′ for every u′ in f (u).
▶ Proposition 14. Let M = ⟨W, ∼⟩ and N = ⟨W ′ , ∼′ ⟩ be two partial epistemic frames, and
f : M → N be a morphism. For all u ∈ W and u′ ∈ f (u), u ⊆ u′ . Moreover, if N is proper
and u = u′ , then f (u) = {u′ }.
Proof. The first fact is a direct consequence of the preservation of ∼. For the second one, let
u′ ∈ f (u) such that u′ = u. Assume by contradiction that there is u′′ ∈ f (u) with u′′ ̸= u′ .
By saturation, we have u′′ ∼a u′ for all a ∈ u = u′ . This is impossible since N is proper. ◀
The category of partial epistemic frames with set of agents A is denoted by KPERA , and
the full subcategory of proper partial epistemic frames is denoted by KPERproper
. Note that
A
proper
the category of proper epistemic frames EFrameproper
is
a
full
subcategory
of
KPER
.
A
A
Indeed, in an epistemic frame all agents are alive in all worlds, so by Proposition 14 morphisms
between proper epistemic frames are single-valued. Then Definition 13 reduces to the standard
notion of Kripke frame morphisms (Definition 3).

3.2

Equivalence between chromatic simplicial complexes and partial
epistemic frames

In this section, we show how to canonically associate a proper partial epistemic frame
with any chromatic simplicial complex, and vice-versa. In fact, we have an equivalence of
categories, meaning this correspondence can be extended to morphisms too (see Example 11).
We construct functors κ : SimCpxA → KPERproper
and σ : KPERproper
→ SimCpxA and show
A
A
that they form an equivalence of categories in Theorem 23. A similar correspondence appears
in [24], with two differences:
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They only show the equivalence between the objets of those categories, while we also deal
with morphisms. To achieve this, we had to define morphisms of partial epistemic frames
(Definition 13), since the standard notion does not work.
They only show that κ ◦ σ(M ) is bisimilar to M , while we prove a stronger result, that
there is an isomorphism. To achieve this, we had to impose the condition of M being
proper, which is not considered in [24].
▶ Definition 15 (Functor κ). Let C = ⟨V, S, χ⟩ be a chromatic simplicial complex on the set
of agents A. Its associated partial epistemic frame is κ(C) = ⟨W, ∼⟩, where W := F(C) is the
set of facets of C, and the PER ∼a is given by X ∼a Y if a ∈ χ(X ∩ Y ) (for X, Y ∈ F(C)).
The image of a morphism f : C → D in SimCpxA , is the morphism κ(f ) : κ(C) → κ(D)
in KPERproper
that takes a facet X ∈ F(C) to κ(f )(X) = {Z ∈ F(D) | f (X) ⊆ Z}.
A
▶ Example 16. In Figure 2, the simplicial complex C on the left is mapped by κ to the
partial epistemic frame M = κ(C) on the right. The epistemic frame M contains a world
per facet w0 , . . . , w12 of the simplicial complex. The reflexive “loops” in the M , indicating
which agents are alive in a given world, are labelled with the colours of the corresponding
facet. For instance, w1 ∼{a,b,c} w1 but w3 ∼{a,b} w3 only; because w3 in C is an edge whose
extremities have colours a and b.
We now check that κ(C) and κ(f ) above are correctly defined.
▶ Proposition 17. κ is a well-defined functor from SimCpxA to KPERproper
.
A
Conversely, we now consider a partial epistemic frame M = ⟨W, ∼⟩ on the set of agents A,
and we define the associated chromatic simplicial complex σ(M ). Intuitively, each world
w ∈ W where k + 1 agents are alive will be represented by a facet Xw of dimension k, whose
vertices are coloured by w. Such facets must then be “glued” together according to the
indistinguishability relations. Formally, this is done by the following quotient construction:
▶ Definition 18 (Functor σ on objects). Let M = ⟨W, ∼⟩ be a partial epistemic frame. Its
associated chromatic simplicial complex is σ(M ) = ⟨V, S, χ⟩, where:
The set of vertices is V = {(a, [w]a ) | w ∈ W, a ∈ w}. We denote such a vertex (a, [w]a )
′
by vaw for succinctness; but note that vaw = vaw when w ∼a w′ .
The facets are of the form Xw = {vaw | a ∈ w} for each w ∈ W ; and the set S consists of
all their sub-simplexes.
The colouring is given by χ(vaw ) = a.
It is straightforward to see that this is a chromatic simplicial complex. We now check
that there is indeed one distinct facet of σ(M ) for each world of M .
▶ Lemma 19. If M is proper, the facets of σ(M ) are in bijection with the worlds of M .
▶ Example 20. In Figure 2, the partial epistemic frame M on the right is mapped by σ onto
the simplicial complex C = σ(M ) on the left. Each world w0 , . . . , w12 of M is turned into a
facet of the simplicial complex σ(M ), whose dimension is the number of alive agents minus
one. These facets are glued along the sub-simplexes whose colours are the agents that cannot
distinguish between two worlds. For instance, world w1 is associated with the facet of the
same name, with 3 colours, hence of dimension 2 (the central triangle). On the other hand,
the world w3 turns into an edge (dimension 1), glued to the triangle w1 along the vertex
with colour a, because w1 ∼a w3 .
We also define the action of σ on morphisms of partial epistemic frames:
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▶ Definition 21 (Functor σ on morphisms). Now let f : M → N be a morphism in KPERproper
.
A
We define the simplicial map σ(f ) : σ(M ) → σ(N ) as follows. For each vertex of σ(M ) of
′
the form vaw with w ∈ W , we pick any w′ ∈ f (w) and define σ(f )(vaw ) = vaw .
To check that this is well-defined, we need to show that the simplicial map σ(f ) does not
depend on the choices of w and w′ . Assume we pick a different world u′ ∈ f (w), u′ ̸= w′ . By
′
′
the saturation property of f we have u′ ∼′a w′ , so vau = vaw . Hence σ(f )(vaw ) is a uniquely
defined vertex of σ(N ). Now, assume that the vertex vaw of σ(M ) could also be described
as vau with u ∈ W . Since vaw = vau , we have w ∼a u in M . By the preservation property of f ,
′
′
for every u′ ∈ f (u) we have u′ ∼′a w′ , so vau = vaw . Once again, the choice of w ∈ W does
not influence the definition of σ(f ).
It is easy to check that σ(f ) is indeed a chromatic simplicial map: preservation of colours
is obvious by construction; and for the preservation of simplexes, notice that each facet Xw
of σ(M ) is mapped into the facet Xw′ of σ(N ), for some w′ ∈ f (w). However, note that
σ(f )(Xw ) might not in general be a facet; we only know that σ(f )(Xw ) ⊆ Xw′ .
▶ Proposition 22. σ is functorial, i.e. σ(g ◦ f ) = σ(g) ◦ σ(f ).
Now we can state the main technical result of this paper:
and SimCpxA .
▶ Theorem 23. κ and σ define an equivalence of categories between KPERproper
A
Proof. We have already seen that κ and σ are well-defined functors, it remains to show that:
(i) The composite κ ◦ σ is naturally isomorphic to the identity functor on KPERproper
.
A
(ii) The composite σ ◦ κ is naturally isomorphic to the identity functor on SimCpxA .
(i) Consider a partial epistemic frame M = ⟨W, ∼⟩ in KPERproper
. By definition, κσ(M ) =
A
⟨F, ∼′ ⟩ where F is the set of facets of σ(M ). By Lemma 19 there is a bijection W ∼
= F , where
a world w ∈ W if associated with the facet Xw = {vaw | a ∈ w} of σ(M ). Furthermore, for all
′
w, w′ ∈ W , w ∼a w′ iff Xw ∼′a Xw′ . Indeed, w ∼a w′ ⇐⇒ vaw = vaw ⇐⇒ a ∈ χ(Xw ∩Xw′ ).
Hence, κσ(M ) and M are isomorphic partial epistemic frames.
Consider a morphism of partial epistemic frames f : M → N , with M = ⟨W, ∼⟩ and
N = ⟨W ′ , ∼⟩. By definition, κσ(f ) takes a facet Xw of σ(M ) to a set of facets of σ(N ),
κσ(f )(Xw ) = {Z ∈ σ(N ) | σ(f )(Xw ) ⊆ Z}. We want to show that this set is equal to
′
{Xw′ | w′ ∈ f (w)}. Let w′ ∈ f (w). By definition, σ(f ) maps each vertex vaw of Xw to vaw , so
σ(f )(Xw ) ⊆ Xw′ . Conversely, assume σ(f )(Xw ) ⊆ Z. Since Z is a facet of σ(N ), Z = Xw′
′
for some w′ ∈ W ′ . For each a ∈ w, the vertex vaw of Xw is mapped by σ(f ) to vax , for
′
′
x′ ∈ f (w). But since σ(f )(vaw ) ∈ Z, we must have vax = vaw , so x′ ∼a w′ . By the saturation
property of f , x′ ∈ f (w) implies w′ ∈ f (w) as required. Therefore κσ is an isomorphism also
on morphisms of partial epistemic frames.
(ii) Consider now a chromatic simplicial complex C = ⟨V, S, χ⟩. Then σκ(C) = ⟨V ′ , S ′ , χ′ ⟩
has vertices of the form V ′ = {vaZ | Z ∈ F(C) and a ∈ χ(Z)}. We must exhibit a bijection
V ∼
= V ′ which is a chromatic simplicial map in both directions. Given u ∈ V of colour a,
we map it to vaZ where Z is any facet of C that contains u. This is well-defined since any
′
other facet Z ′ also containing u gives rise to the same vertex vaZ = vaZ , because Z ′ ∼a Z
in κ(C). This map is obviously chromatic, and preserves simplexes because any simplex
Y ∈ S contained in a facet Z ∈ F(C) will be mapped to {vaZ | a ∈ χ(Y )} ⊆ XZ ∈ F(σκ(C)).
Conversely, we map a vertex vaZ ∈ V ′ to the a-coloured vertex of Z. This is also chromatic,
and preserves simplexes because any sub-simplex of XZ is mapped to a sub-simplex of Z. It
is easy to check that our two maps form a bijection, therefore C and σκ(C) are isomorphic.
Lastly, consider a chromatic simplicial map f : C → D with C = ⟨V, S, χ⟩ and D = ⟨U, R, ζ⟩.
As above, we write V ′ and U ′ for the vertices of σκ(C) and σκ(D), respectively. By definition,
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σκ(f ) maps a vertex vaZ ∈ V ′ , with Z ∈ F(C), to the vertex vaY ∈ U ′ , with Y ∈ κ(f )(Z). So
by definition of κ(f ), f (Z) ⊆ Y . To prove that σκ(f ) agrees with f up to the isomorphism
of the previous paragraph, we need to show that f sends the a-coloured vertex of Z to the
a-coloured vertex of Y . But this is immediate since f (Z) ⊆ Y and f is chromatic.
◀
▶ Remark 24. Note that the equivalence of categories of Theorem 23 strictly extends the one
of [10], which was restricted to pure chromatic simplicial complexes on one side and proper
epistemic frames on the other. Indeed, if C is a pure simplicial complex of dimension |A| − 1,
it is easy to check that κ(C) is an epistemic frame, since all agents are alive in all worlds.
Moreover, by Proposition 14, the morphisms between those frames are single-valued; so we
recover the usual notion of Kripke frame morphism that we had in [10]. Similarly, when M
is a proper epistemic frame, the associated simplicial complex σ(M ) is pure of dimension
|A| − 1. When restricted to these subcategories, σ and κ are the same functors as in [10].

4

Epistemic logics and their simplicial semantics

Let At be a countable set of atomic propositions and A a finite set of agents. The syntax of
epistemic logic formulas φ ∈ LK is generated by the following BNF grammar:
φ ::= p | ¬φ | φ ∧ φ | Ka φ

p ∈ At, a ∈ A

We will also use the derived operators, defined as usual: φ ∨ ψ := ¬(¬φ ∧ ¬ψ), φ ⇒ ψ :=
¬φ∨ψ, true := p∨¬p, false := ¬true. Moreover, we assume that the set of atomic propositions
S
is split into a disjoint union of sets, indexed by the agents: At = a∈A Ata . This is usually
the case in distributed computing where the atomic propositions represent the local state of a
S
particular agent a. For U ⊆ A, we write AtU := a∈U Ata for the set of atomic propositions
concerning the agents in U .

4.1

Partial epistemic models and Simplicial models

In Section 3, we exhibited the equivalence between partial epistemic frames and chromatic
simplicial complexes. In order to give a semantics to epistemic logic, we need to add some
extra information on those structures, by labelling the worlds (resp., the facets) with the set
of atomic propositions that are true in this world. This gives rise to the notions of partial
epistemic models and simplicial models, respectively. As we shall see, the equivalence of
Theorem 23 extends to models in a straightforward manner.
▶ Definition 25. A partial epistemic model M = ⟨W, ∼, L⟩ over the set of agents A consists
of a partial epistemic frame ⟨W, ∼⟩ on A, together with function L : W → P(At).
Given another partial epistemic model M ′ = ⟨W ′ , ∼′ , L′ ⟩, a morphism of partial epistemic
models f : M → M ′ is a morphism of the underlying partial epistemic frames such that for
every world w ∈ W and w′ ∈ f (w), L′ (w′ ) ∩ Atw = L(w) ∩ Atw .
Let us give some intuition about Definition 25. The set L(w) contains the atomic
propositions that are true in the world w. Note that partial epistemic models are simply Kripke
models (in the usual sense of modal logics), such that all the accessibility relations (∼a )a∈A
are PERs. In particular, one might have expected the additional restriction L(w) ⊆ Atw ,
saying that a world only contains atomic propositions concerning the alive agents. As we will
see in Example 28, there are practical cases where this is not desirable, so we do not impose
this. Secondly, recall from Definition 13 that, given a morphism f of partial epistemic frames,
a world w ∈ W and a world w′ ∈ f (w), it is possible that w′ has strictly more alive agents
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than w. When that is the case, in the definition of model morphisms above, we require that
the labellings L and L′ are preserved only for those agents that are alive in w.
A partial epistemic model is called proper when the underlying frame is proper in the
sense of Section 3.1. A pointed partial epistemic model is a pair (M, w) where w is a world
of M . A morphism of pointed partial epistemic models f : (M, w) → (M ′ , w′ ) is a morphism
of the partial epistemic models f : M → M ′ that preserves the distinguished world, i.e.
w′ ∈ f (w). We denote by PMA,At (resp. PM∗A,At ) the category of (resp. pointed) proper
partial epistemic models over the set of agents A and atomic propositions At.
Recall from Theorem 23 that the worlds of a partial epistemic frame correspond to the
facets of the associated chromatic simplicial complex. Thus, to get a corresponding notion of
simplicial model, we label the facets by sets of atomic propositions:
▶ Definition 26. A simplicial model C = ⟨V, S, χ, ℓ⟩ over the set of agents A consists of
a chromatic simplicial complex ⟨V, S, χ⟩ together with a labelling ℓ : F(C) → P(At) that
associates with each facet X ∈ F(C) a set of atomic propositions.
Given another simplicial model D = ⟨V ′ , S ′ , χ′ , ℓ′ ⟩, a morphism of simplicial models
f : C → D is a chromatic simplicial map such that for all X ∈ F(C) and all Y ∈ F(D), if
f (X) ⊆ Y then ℓ′ (Y ) ∩ Atχ(X) = ℓ(X) ∩ Atχ(X) .
A pointed simplicial model is a pair (C, X) where C is a simplicial model and X is a facet
of C. A morphism f : (C, X) → (D, Y ) of pointed simplicial models is a morphism f : C → D
such that f (X) ⊆ Y . We denote by SMA,At (resp. SM∗A,At ) the category of (resp. pointed)
simplicial models over the set of agents A and atomic propositions At. The equivalence of
Theorem 23 can be extended to models and pointed models:
▶ Theorem 27. κ and σ induce an equivalence of categories between SMA,At (resp. SM∗A,At )
and PMA,At (resp. PM∗A,At ).
▶ Example 28. In distributed computing, we are usually interested in reasoning about the
input values of the various agents, so the set of atoms is At = {inputxa | a ∈ A, x ∈ Values}.
The meaning of the atomic proposition inputxa is that “agent a has input value x”.
Consider again the chromatic simplicial complex C of Example 6. Here, we have three
agents A = {a, b, c} and three values Values = {1, 2, 3}. Hence, we can construct a simplicial
model via the following labelling of facets ℓ : F(C) → P(At).
For the middle triangle w1 , all three agents are alive and successfully communicated their
input values. So, it makes sense to set ℓ(w1 ) = {input1a , input2b , input3c }.
Perhaps more surprisingly, we also choose the same labelling for the six edges adjacent
to w1 : ℓ(w2 ) = ℓ(w3 ) = ℓ(w5 ) = ℓ(w6 ) = ℓ(w8 ) = ℓ(w9 ) = {input1a , input2b , input3c }. Indeed,
consider for instance the world w2 , where agent b crashed after sending its input value
to a. In this world w2 , it is the case that agent a knows that the input of b was 2. Hence,
the atomic proposition input2b must be true in w2 , even though the agent b is dead.
The worlds, w4 , w7 and w10 represent situations where one agent died before being
able to send any message. Thus, it is as if only two agents have ever existed, and
the labelling only encodes the corresponding two local states: ℓ(w4 ) = {input1a , input2b },
ℓ(w7 ) = {input2b , input3c } and ℓ(w10 ) = {input1a , input3c }.
Similarly, w0 , w11 and w12 have labelling {input1a }, {input2b } and {input3c } respectively.
We will see in Example 29 some formulas that are true or false in this simplicial model.

4.2

Semantics of epistemic logic

Partial epistemic models are a special case of the usual Kripke models; so we can straightforwardly define the semantics of an epistemic formula φ ∈ LK in these models. Formally,
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gven a pointed partial epistemic model (M, w), we define by induction on φ the satisfaction
relation M, w |= φ which stands for “in the world w of the model M , it holds that φ”.
M, w
M, w
M, w
M, w

|= p
|= ¬φ
|= φ ∧ ψ
|= Ka φ

iff
iff
iff
iff

p ∈ L(w)
M, w ̸|= φ
M, w |= φ and M, w |= ψ
M, w′ |= φ for all w′ such that w ∼a w′

We now take advantage of the equivalence with simplicial models (Theorem 27) to define
the interpretation of a formula φ ∈ LK (A, P ) in a simplicial model. Given a pointed simplicial
model (C, X) where X ∈ F(C) is a facet of C, we define the relation C, X |= φ by induction:
C, X
C, X
C, X
C, X

|= p
|= ¬φ
|= φ ∧ ψ
|= Ka φ

iff
iff
iff
iff

p ∈ ℓ(X)
C, X ̸|= φ
C, X |= φ and C, X |= ψ
C, Y |= φ for all Y ∈ F(C) such that a ∈ χ(X ∩ Y )

▶ Example 29. In the simplicial model of Example 28, we have, for instance:
In world w1 , agent a knows the values of all three agents, i.e. C, w1 |= Ka (input1a ∧ input2b ∧
input3c ) since w2 and w3 are indistinguishable from w1 by agent a and input1a ∧input2b ∧input3c
is true in these three facets. This corresponds to the view of process a, see Example 6.
In w3 , agent a knows the values of all three agents but agent b only knows the values of a
and b: C, w3 |= Ka (input1a ∧ input2b ∧ input3c ) but C, w3 |= Kb (input1a ∧ input2b ) and C, w3 |=
¬Kb input3c since in facet w4 do not have input3c . Similarly, in w4 , agents a and b know each
other’s values, but do not know the input value of agent c: C, w4 |= Ka (input1a ∧ input2b ),
C, w4 |= Kb (input1a ∧ input2b ), C, w4 |= (¬Ka input3c ) ∧ (¬Kb input3c )
In world w1 , agent a knows that agent b knows about their respective input values:
C, w1 |= Ka Kb (input1a ∧ input2b ) but agent a does not know if agent b knows about the
value of agent c: C, w1 |= ¬Ka Kb input3c (because of w3 ).
As expected, our two interpretation of LK agree up to the equivalence of Theorem 27:
▶ Proposition 30. Given a pointed simplicial model (C, X), C, X |= φ iff κ(C, X) |= φ.
Conversely, given a pointed proper partial epistemic model (M, w), M, w |= φ iff σ(M, w) |= φ.
This is straightforward by induction on the structure of the formula φ.

4.3

Reasoning about alive and dead agents

In Example 29, we only considered formulas talking about what the agents know about
each other’s input values. It is a natural idea to also contemplate formulas expressing which
agents are alive or dead, for example “agent a knows that agent b is dead”. Fortunately, such
formulas can already be expressed in our logic without any extra work, as derived operators
dead(a) := Ka false, and alive(a) := ¬dead(a). It is easy to check that indeed:
In partial epistemic models, M, w |= alive(a) iff w ∼a w.
In simplicial models,
C, X |= alive(a) iff a ∈ χ(X).
▶ Example 31. Consider again the simplicial model of Examples 6 and 28, and its corresponding partial epistemic model of Example 10. It is easy to see that:
M, w3 |= alive(b) ∧ alive(a) but M, w3 |= dead(c),
M, w1 |= ¬Ka alive(c) since e.g. M, w3 |= dead(c) whereas M, w1 |= alive(c),
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Agents a and b know, in world w4 , that c is dead: M, w4 |= Kb dead(c) ∧ Ka dead(c) since,
first, in world w3 (which is indistinguishable from w3 by agent b), agent c is not alive, and
second, in world w5 (which is indistinguishable from w3 by agent a, c is not alive either.
In w4 everything looks as if agents a and b were executing solo, without c ever existing,
whereas in worlds w3 and w5 , agent c dies at some point, but has been active and its local
value has been observed by one of the other agents.

4.4

The axiom system KB4n

We consider the usual proof theory of normal modal logics, with all propositional tautologies,
closure by modus ponens, and the necessitation rule: if φ is a tautology, then Ka φ is a
tautology. In normal modal logics, there is a well-known correspondence between properties
of Kripke models that we consider, and corresponding axioms that make the logic sound and
complete [8]. In our case, partial epistemic models are symmetric and transitive. Thus we
get the logic KB4n , obeying the following additional axioms.
K : Ka (φ ⇒ ψ) =⇒ (Ka φ ⇒ Ka ψ)
B : φ =⇒ Ka ¬Ka ¬φ
4 : Ka φ =⇒ Ka Ka φ
The difference between KB4n and the more standard multi-agent epistemic logics S5n is
that we do not necessarily have axiom T: Ka φ =⇒ φ. Axiom T is valid in Kripke models
whose accessibility relation is reflexive, which we do not enforce. The logic KB4n is in fact
equivalent to KB45n (see e.g. [8]), so we also have for free the Axiom 5, which corresponds
to Euclidean Kripke frames. We have the following well-known result, see e.g. [6].
▶ Theorem 32. The axiom system KB4n is sound and complete with respect to the class of
partial epistemic models.
Here are a few examples of valid formulas in KB4n , related to the liveness of agents.
Dead agents know everything:
KB4n ⊢ dead(a) =⇒ Ka φ.
Alive agents know they are alive:
KB4n ⊢ alive(a) =⇒ Ka alive(a).
Alive agents satisfy Axiom T:
KB4n ⊢ alive(a) =⇒ (Ka φ ⇒ φ).
Only alive agents matter for Ka φ: KB4n ⊢ Ka φ ⇐⇒ (alive(a) ⇒ Ka φ).
As an application of the fourth tautology, notice that a formula of the form Ka Kb φ is
equivalent to Ka (alive(b) ⇒ Kb φ). So, to check whether this formula is true in some pointed
model (M, w), we only need to check that Kb φ is true in the worlds w′ ∼a w where b is alive.

4.5

Completeness for simplicial models

According to Theorem 27, simplicial models are equivalent to proper partial epistemic models.
Thus Theorem 32 does not apply directly to simplicial models, and some extra care must
be taken to deal with this “proper” requirement. Indeed, it is easy to check that the two
formulas below are true in every simplicial model; but they are not provable in KB4n .
W
NE:
a∈A alive(a)


V
V
SAa : alive(a) ∧ b̸=a dead(b) =⇒ Ka b̸=a dead(b)
The formula NE (Non-Emptiness) says that in every world, there is at least one agent that
is alive; and the formula SAa (Single Agent) says that if there is exactly one alive agent a,
this agent knows that all other agents are dead. It is straightforward to check that:
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▶ Proposition 33. The axiom system KB4n + NE + (SAa )a∈A is sound with respect to the
class of simplicial models.
We also believe that this axiom system is complete; but the proof is more involved and
we leave it for future work. A proof sketch is given in the Appendix G. The axioms NE
and SAa embody the “hidden” assumptions in the use of simplicial models. Note that we
could easily get rid of NE by allowing the existence of a fictitious (−1)-dimensional simplex
representing an empty world. This is known in geometry as augmented simplicial complexes.
However, the axioms SAa are more substantial.
▶ Conjecture 34. KB4n + NE + (SAa )a∈A is complete w.r.t. the class of simplicial models.

4.6

Knowledge gain

In [10], a key property of the logic used in distributed computing applications is the so-called
“knowledge gain” property. This principle says that agents cannot acquire new knowledge
along morphisms of simplicial models. Namely, what is known in the image of a morphism
was already known in the domain. The knowledge gain property is used when we want to
prove that a certain simplicial map f : C → D cannot exist. To achieve this, we choose a
formula φ and show that φ is true in every world of D, and that φ is false in at least one
world of C. Then by the knowledge gain property, the map f does not exist. Such a formula
φ is called a logical obstruction. While we are not interested in proving distributed computing
results in this paper (the synchronous crash model of Figure 2 is merely an illustrative
example), we still check that some version of the knowledge gain property holds, as a sanity
check towards future work.
The knowledge gain property that appeared in [10] applied to positive epistemic formulas,
i.e., they are cannot talk about what an agent does not know. Here, we also require an
additional condition, which says that every atomic proposition p ∈ Ata that appears in the
formula must be guarded by a conditional making sure that agent a is alive. This is because
there might be agents that are dead in the domain of a morphism, but are alive in the
codomain.
Formally, the fragment of guarded positive epistemic formulas φ ∈ L+
K,alive is defined by
the grammar φ ::= alive(B) ⇒ ψ | φ ∧ φ | φ ∨ φ | Ka φ, a ∈ A, B ⊆ A, ψ ∈ L ↾B , where the
V
formula alive(B) stands for a∈B alive(a), and the formula ψ ∈ L ↾B is a propositional formula
restricted to the agents in B, defined formally by the grammar: ψ ::= p | ¬ψ | ψ ∧ ψ, p ∈ AtB .
▶ Theorem 35 (knowledge gain). Consider simplicial models C = ⟨V, S, χ, ℓ⟩ and D =
⟨V ′ , S ′ , χ′ , ℓ′ ⟩, and a morphism of pointed simplicial models f : (C, X) → (D, Y ). Let
φ ∈ L+
K,alive be a guarded positive epistemic formula. Then D, Y |= φ implies C, X |= φ.

5

Conclusion

We began exposing the interplay between epistemic logics and combinatorial geometry in [10].
The importance of this perspective has been well established in distributed computing, where
the topology of the simplicial model determines the solvability of a distributed task [12].
Here we extended it to situations where agents may die: impure simplicial complexes need
to be considered. Many technical interesting issues arise, which shed light on the epistemic
assumptions hiding behind the use of simplicial models.
But the main point is that our work opens the way to give a formal epistemic semantics to
distributed systems where processes may fail and failures are detectable (as in the synchronous
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crash failure model). It would be interesting to use our simplicial model to reason about
the solvability of tasks in such systems, for example, the following have not been studied
using epistemic logic, to the best of our knowledge: non-complete communication (instead
of broadcast situation we considered here) graphs [3], and tasks such as renaming [21] and
lattice agreement [28]. Especially interesting would be extending the set agreement logical
obstruction of [27] to the synchronous crash setting.
Finally, we hope that our simplicial semantics can be useful to reason not only about
distributed computing, but also about in other situations with interactions beyond pairs
of agents [1]. For instance, impure simplicial complexes have been shown to occur when
modelling social systems, neuroscience, and other biological systems (see e.g. [19]).
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Proof of Proposition 17

We break down Proposition 17 into three statements:
▶ Proposition 36. κ(C) is a proper partial epistemic frame.
Proof. The relation ∼a on facets is easily seen to be symmetric and transitive, because there
can be at most one vertex v ∈ X ∩ Y with χ(v) = a. To show that κ(C) is proper, consider
two worlds X and Y in κ(C), i.e., two facets of C. In simplicial complexes, X =
̸ Y implies
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that at least one vertex of X, say v, does not belong to Y : otherwise, we would have X ⊆ Y
so X would not be a facet. Let a = χ(v) be the colour of v. Then a is alive in X because
a ∈ χ(X ∩ X); and X ̸∼a Y because v ̸∈ X ∩ Y and there can be only one vertex with colour
a in X.
◀
▶ Proposition 37. κ(f ) is a morphism of partial epistemic frames from κ(C) to κ(D).
Proof. Assume X and Y are facets of C = ⟨V, S, χ⟩ such that X ∼a Y in κ(C). So there is a
vertex v ∈ V such that v ∈ X ∩ Y and χ(v) = a. Therefore f (v) is in all facets Z ∈ κ(D) such
that f (X) ⊆ Z and all facets T ∈ κ(D) such that f (Y ) ⊆ T . As χ(f (v)) = a, this means that
a ∈ χ(Z ∩ T ), hence, for all Z ∈ κ(f )(X) and T ∈ κ(f )(Y ), Z ∼a T . Furthermore, κ(f )(X)
as defined is obviously saturated, so κ(f ) is a morphism of partial epistemic frames.
◀
▶ Proposition 38. κ is functorial, i.e. κ(g ◦ f ) = κ(g) ◦ κ(f ).
Proof. Let f : C → D and g : D → E be two chromatic simplicial maps. By definition,
for a world/facet X ∈ κ(C), we have κ(g ◦ f )(X) = {Z ′ ∈ F(E) | (g ◦ f )(X) ⊆ Z ′ }, while
(κ(g) ◦ κ(f ))(X) = satχ(X) (Z) for some facets Z ∈ κ(g)(Y ) and Y ∈ κ(f )(X). We show that
they are equal.
Consider Z ′ such that (g ◦ f )(X) ⊆ Z ′ ; we need to show that Z ′ ∼a Z for all a ∈ χ(X).
Indeed, let v be the a-coloured vertex of X. Then (g ◦ f )(v) ∈ Z ′ by assumption, and
(g ◦ f )(v) ∈ Z because f (v) ∈ Y . So there is an a-coloured vertex (g ◦ f )(v) ∈ Z ′ ∩ Z.
Conversely, let Z ′ ∈ satχ(X) (Z), i.e. Z ′ ∼a Z for all a ∈ χ(X). Let v be a vertex of X, and
let a = χ(v). Since f (v) ∈ Y , we have (g ◦ f )(v) ∈ Z. Since Z can have only one a-colored
vertex and a ∈ χ(Z ′ ∩ Z), we get (g ◦ f )(v) ∈ Z ′ . Thus (g ◦ f )(X) ⊆ Z ′ as required.
◀

B

Proof of Proposition 19

Proof. Each world w ∈ W is associated with the simplex Xw = {vaw | a ∈ w}. We need to
prove that these simplexes are indeed facets, and that they are distinct for w ̸= w′ . It suffices
to show that for all w ̸= w′ , Xw ̸⊆ Xw′ . Since M is proper, there exists an agent a which is
′
alive in w such that w ̸∼a w′ . Then, either a is alive in w′ , in which case vaw =
̸ vaw , or a is
dead in w′ . In both cases, vaw is not a vertex of Xw′ so Xw ̸⊆ Xw′ .
◀

C

Proof of Proposition 22

Proof. Let f : M → N and g : N → P be morphisms of partial epistemic frames. Let vaw
′′
be a vertex of σ(M ), where w ∈ W is a world of M . By definition, σ(g ◦ f )(vaw ) = vaw
′′
where w′′ ∈ (g ◦ f )(w); whereas (σ(g) ◦ σ(f ))(vaw ) = vay where y ′′ ∈ g(y ′ ) and y ′ ∈ f (w).
To show that they are the same vertex, we need to prove that w′′ ∼a y ′′ . By definition of
(g ◦ f )(w), there exists x′ ∈ f (w) and x′′ ∈ g(x′ ) such that w′′ ∼a x′′ . Since w ∼a w, we
have x′ ∼a y ′ by the preservation property of f , and then x′′ ∼a y ′′ again by preservation.
Finally, w′′ ∼a y ′′ by transitivity.
◀

D

Proof of Theorem 27

Proof. For a simplicial model C = ⟨V, S, χ, ℓ⟩, recall that the worlds of the associated partial
epistemic frame are the facets of C; so the labelling in κ(C) is L(X) = ℓ(X) for X ∈ F(C). For
a partial epistemic model M = ⟨W, ∼, L⟩, recall that the facets of the associated chromatic
simplicial complex are of the form Xw for w ∈ W ; so to define σ(M ), we set ℓ(Xw ) = L(w).
For the pointed version, we similarly define κ(C, X) = (κ(C), X) and σ(M, w) = (σ(M ), Xw ).
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Checking that this is indeed an equivalence of category is an immediate consequence
of Theorem 23. The only detail to check is that the extra conditions on morphisms are
preserved: if f is a morphism of (pointed) simplicial models, then κ(f ) is a morphism of
(pointed) partial epistemic models. Indeed, f (X) ⊆ Y implies that Y ∈ κ(f )(X) by definition
of κ(f ). Similarly, if g is a morphism of (pointed) partial epistemic models, then σ(g) is a
morphism of (pointed) simplicial models.
◀

E

Proofs of the sample valid formulas in KB4n , Section 4.4

Proof. We begin by proving that KB4n ⊢ dead(a) ⇒ Ka φ. By the K axiom, we have
Ka (false ⇒ φ) ⇒ (Ka false ⇒ Ka φ). But false ⇒ φ is a tautology, and by the necessitation
rule, Ka (false ⇒ φ) is a tautology. Hence Ka false ⇒ Ka φ but dead(a) ≡ Ka false.
We then prove that KB4n ⊢ alive(a) ⇒ Ka alive(a). By axiom B we know that true ⇒
Ka ¬Ka false, that is, true ⇒ Ka alive(a), hence Ka alive(a). As a matter of fact, either a is
dead and it knows everything by the first property above, even Ka alive(a) or a is alive, and
knows it is alive.
Now we prove that KB4n ⊢ alive(a) ⇒ (Ka φ ⇒ φ). We will show the contrapositive,
KB4n ⊢ (Ka φ ∧ ¬φ) ⇒ dead(a). Assume Ka φ and ¬φ, we want to show dead(a), i.e.
Ka false. By axiom B, ¬φ ⇒ Ka ¬Ka φ; so by modus ponens, Ka ¬Ka φ. Moreover, by
axiom 4 and the assumption of Ka φ, we get Ka Ka φ. Therefore, since we proved both
Ka ¬Ka φ and Ka Ka φ, by axiom K and modus ponens, we obtain Ka false.
Finally we prove that KB4n ⊢ Ka φ ⇐⇒ (alive(a) ⇒ Ka φ). The left to right implication
is trivial. Now suppose alive(a) ⇒ Ka φ, we want to prove that Ka φ. By modus ponens
dead(a) ∨ alive(a) and if dead(a) then a knows everything by the first property we proved,
for instance Ka φ. If alive(a) then, because alive(a) ⇒ Ka φ, Ka φ holds.
◀

F

Proof of Proposition 33

W
Proof. Let us first consider axiom NE:
a∈A alive(a). Take a proper epistemic model
M = ⟨W, ∼⟩. To prove that for all w ∈ W , M, w |= NE, we have to prove that there exists
a ∈ A such that w ∼a w. This is by
 definitionVof properness.

V
We now turn to axiom SAa : alive(a) ∧ b̸=a dead(b) =⇒ Ka b̸=a dead(b). Take M
V
again, a proper epistemic frame, and w ∈ W such that M, w |= alive(a) ∧ b̸=a dead(b). We
V
V
must prove that M, w |= Ka b̸=a dead(b). As M, w |= alive(a) ∧ b̸=a dead(b), w ∼a w and,
for all b ̸= a, there is no w′ such that w′ ∼b w.
Consider now any u such that u ∼a w, we need to show that for all b =
̸ a, M, u |= dead(b),
i.e. that u ̸∼b u. But in w, only a is alive, and by the properness property of M , such a u is
necessarily equal to w. This is because if u ̸= w, it has to be distinguished by some agent
that is alive in w, which can only be a by hypothesis on w, which contradicts the fact that
u ∼a w. Therefore we have trivially M, u |= dead(b) since M, w |= dead(b).
◀

G

Proof sketch of Conjecture 34

We prove completeness for the class of proper partial epistemic models. Completeness for
simplicial models then follows directly by Proposition 30.
▶ Lemma 39. The axiom system KB4n + NE + (SAa )a∈A is complete w.r.t. the class of
proper partial epistemic models.
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Proof sketch. As usual in completeness proofs, we build a canonical model M c whose worlds
are maximal and consistent sets of formulas (for the logic KB4n + NE + (SAa )a∈A ). The
usual machinery (Lindenbaum’s Lemma, the Truth Lemma) works as expected.
All we have to do to complete the proof is show that M c is a proper partial epistemic
model. Showing that M c is a partial epistemic model is standard (see e.g. [8]): the axioms
B and 4 are used to prove symmetry and transitivity, respectively. However, the model M c
is in fact not proper: while the axiom NE ensures that every world has at least one alive
agent, non-proper behaviour (such as the one of Example 9) can occur within M c .
To fix this, we resort to the classic unwinding construction. From M c , we build an
unwinded model U (M c ) whose worlds are paths in M c , of the form (w0 , a1 , w1 , . . . , ak , wk ),
where each wi is a world of M c and for all i, wi ∼ai+1 wi+1 . This model U (M c ) can be shown
to be bisimilar to M c . Moreover, U (M c ) is proper: behaviours such as the one of Example 9
are ruled out by the unwinding construction. The only remaining possibility for nonproperness concerns worlds with a unique agent; they are ruled out by the axioms SAa . ◀

H

Proof of Theorem 35

Proof. We proceed by induction on the structure of the guarded positive formula φ.
For the base case, assume φ = alive(B) ⇒ ψ for some set of agents B ⊆ A and some
propositional formula ψ ∈ L ↾B . We distinguish two cases. Either some agent a ∈ B is dead
in the world X, in which case C, X |= φ is true. Or all agents in B are alive in X, and
since f (X) ⊆ Y (because f is a morphism of pointed simplicial models), all agents in B are
also alive in Y . Thus, we have D, Y |= ψ. Moreover, since f is a morphism, we know that
ℓ(X) ∩ Atχ(X) = ℓ(Y ) ∩ Atχ(X) . In particular, this yields ℓ(X) ∩ AtB = ℓ(Y ) ∩ AtB because
B ⊆ χ(X). So all atomic propositions in AtB have the truth value in the worlds X and Y .
As a consequence D, Y |= ψ implies that C, X |= ψ, and thus C, X |= φ as required.
The cases of conjunction and disjunction follow trivially from the induction hypothesis.
Finally, for the case of a formula Ka φ, suppose that D, Y |= Ka φ. If a ̸∈ χ(X) then
C, X |= Ka φ, trivially (dead agents know everything). So let us assume that a ∈ χ(X). In
order to show C, X |= Ka φ, assume that a ∈ χ(X ∩ X ′ ) for some facet X ′ , and let us prove
C, X ′ |= φ. Let v be the a-coloured vertex in X ∩ X ′ . Then f (v) ∈ f (X) ∩ f (X ′ ). Recall that
f (X) ⊆ Y by assumption, and let Y ′ be a facet of D containing f (X ′ ). So f (v) ∈ Y ∩ Y ′ ,
and since χ(f (v)) = a, we get a ∈ χ(Y ∩ Y ′ ) and thus D, Y ′ |= φ. By induction hypothesis,
we obtain C, X ′ |= φ.
◀

