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—— Abstract

We consider the problem of partitioning a graph into a non-fixed number of non-overlapping subgraphs
of maximum density. The density of a partition is the sum of the densities of the subgraphs, where
the density of a subgraph is half its average degree, that is, the ratio of its number of edges and its
number of vertices. This problem, called Dense Graph Partition, is known to be NP-hard on general
graphs and polynomial-time solvable on trees, and polynomial-time 2-approximable.

In this paper we study the restriction of Dense Graph Partition to particular sparse and dense
graph classes. In particular, we prove that it is NP-hard on dense bipartite graphs as well as
on cubic graphs. On dense graphs on n vertices, it is polynomial-time solvable on graphs with
minimum degree n — 3 and NP-hard on (n — 4)-regular graphs. We prove that it is polynomial-time
4/3-approximable on cubic graphs and admits an efficient polynomial-time approximation scheme
on graphs of minimum degree n — ¢t for any constant ¢ > 4.
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1 Introduction

The research around communities in social networks can be seen as a contribution to the
well establish research of clustering and graph partitioning. Graph partitioning problems
have been intensively studied with various measures in order to evaluate clustering quality,
see e.g. [17, 18, 10, 6] for an overview. In the context of social networks, a ‘community’ is a
collection of individuals who are relatively well connected compared to other parts of the
social network graph . A ‘community structure’ then corresponds to a partition of the whole
social network into communities.

We consider a classical definition of the density of a (sub)graph (see, for example,
[12, 15, 8]) given by half its average degree, that is, the ratio between its number of edges and
its number of vertices. For this definition of density, there are several papers on finding the
densest subgraph. This problem was shown solvable in polynomial time by Goldberg [12] but
if the size of the subgraph is a part on the input, the problem called k-DENSEST SUBGRAPH
becomes NP-hard even restricted to bipartite or chordal graphs [7]. The approximability of
k-DENSEST SUBGRAPH was also studied, see [14, 9, 4].
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Dense Graph Partitioning on Sparse and Dense Graphs

In this paper, we study the problem MAX DENSE GRAPH PARTITION that models finding
a community structure, that is, finding a dense partition. More precisely, given an undirected
graph G, we aim to find a partition P = {Vi,...,Vi}, k > 1, of the vertices of G, such that
sum of the densities of the subgraphs G[V;] is maximized. We denote the sum of the densities
of the subgraphs G[V;] by d(P), and call this the density of the partition P.

Note that the general concept of a community structure does not put any restriction
on the number of communities. We therefore address the problem MAX DENSE GRAPH
PARTITION of finding a partition of maximum density, without fixing the number of classes
of the partition. Indeed, when the number of classes is given, the problem is a generalization
of a partition into k cliques. By not fixing the number of classes, MAX DENSE GRAPH
PARTITION differs from partitioning into cliques: observe that while there exists a partition
into exactly k sets of density (n — k)/2 if and only if the input graph can be partitioned into
k cliques (see Lemma 2), there can be a partition into less than k sets with a density even
higher than (n — k)/2 even if the input cannot be partitioned into k cliques. As an example,
consider a complete graph of an even number n of vertices and turn four of the vertices
into an independent set by removing all edges among them. The resulting graph cannot be
partitioned into 3 cliques (at least one set contains two of the four independent vertices), but
it has a partition into two sets of equal cardinality with density (n —2)/2 —4/n.

Darley et al. [8] studied MAX DENSE GRAPH PARTITION, and its complement MIN
SPARSE GRAPH PARTITION. They defined the sparsity of a partition P as F(P) = U% +d(P)
and the problem MIN SPARSE GRAPH PARTITION as finding a partition of a given undirected
graph G such that the sparsity of the partition is minimized. Observe that MAX DENSE
GRAPH PARTITION and MIN SPARSE GRAPH PARTITION are dual in the sense that solving
the first one on a graph G is the same as solving the second one on the complement of
G. In [8] it is shown that both problems are NP-complete, and that there is no constant
factor approximation for MIN SPARSE GRAPH PARTITION unless P = NP. Moreover, a
polynomial time algorithm for MAX DENSE GRAPH PARTITION on trees is given. We point
out that their proof of NP-completeness is a polynomial-time reduction from k-COLORING.
By construction, the same reduction when starting from 3-COLORING on graphs of degree at
most 4 (proved NP-complete in [11]) yields as instance of MAX DENSE GRAPH PARTITION a
graph on n vertices and of minimum degree greater than n —4n*/5. Thus it follows that MAX
DENSE GRAPH PARTITION is NP-complete restricted to graphs of minimum degree n — 4n*/5.

Aziz et al. [2] studied the problem FRACTIONAL HEDONIC GAME, and more particularly
the MAX UTILITARIAN WELFARE problem as the simple symmetric version of the game
defined as follows. Let NN be a set of agents, the utility of ¢ € N in a coalition S C N
is u;(S) = ﬁzj'es u;(§) where w;(j) is such that u;(j) € {0,1} for a simple game and
u;(j) = u;(2) for a symmetric one. For MAX UTILITARIAN WELFARE one tries to find a
partition C' of N into coalitions that maximizes ) g - > ;cg ©i(S). This game can be seen
as a graph G where agents are vertices and there is an edge between two agents ¢ and j if and
only if w;(j) = 1. In this context, u;(S) = ﬁZjeS ui(j) = ﬁdegg[s] (7). We deduce that
Y s Dies Ui(S) = ﬁ Y osec Dics degas) (i) = ﬁ Y osec 2|E(S)| = 2-d(C). Hence, the
problems MAX UTILITARIAN WELFARE and MAX DENSE GRAPH PARTITION are equivalent
to within a constant, which means that the 2-approximation for the former given in [2]
directly translates to the latter.

Our contributions. The following overview summarises the results achieved in this paper
concerning MAX DENSE GRAPH PARTITION (MDGP).
MDGP is trivially solvable on graphs of maximum degree 2, we prove its NP-hardness
for 3-regular (cubic) graphs.
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We establish that on bipartite complete graphs an optimal partition consists of one part,
that is the whole graph. Moreover if the size of the two independent sets are relatively
prime numbers then this optimal solution is unique. We use this result to show that
MDGP is NP-hard on dense bipartite graphs.

MDGP is trivial on complete graphs since the optimal solution is the whole graph as one
part of the partition. Moreover, as we previously explained, it is NP-hard on graphs of
minimum degree n — 4n*/®. We show that for graphs of minimum degree > n — 3, the
problem is solvable in polynomial time and any optimal solution has two parts. Moreover
on (n — 4)-regular graphs, the problem becomes NP-hard.

We further improve on the 2-approximation for MDGP [2] for specific sparse and

dense graph classes. In particular, we show that MDGP admits a polynomial-time
n—1

4/3-approximation on cubic graphs. Moreover we establish a polynomial-time %= -

5+1
approximation, where 0 is the minimum degree of the input graph (note that this improves

on the ratio of 2 for all 6 > %‘3) Also, we give an eptas (i.e. a (1 + &)-approximation for
any € > 0) on graphs of minimum degree n — ¢ for any constant ¢ > 4

Our paper is organized as follows. Notations and formal definitions are given in Section 2.

The study of (dense) bipartite graphs is established in Section 3. Section 4 presents the
results on cubic graphs. In Section 5 we study dense graphs. Some conclusions are given at
the end of the paper.

2 Preliminaries

In this paper we assume that all graphs are undirected, without loops or multiple edges, and
not necessary connected. We use G = (V| E) to denote an undirected graph with a set V of
vertices and a set F of edges. We use |V| to denote the number of vertices in G, i.e., the
order of G, and we use |E| to denote the number of edges in G, i.e., the size of G. We denote
by dega(v) the degree of v € V in G that is the number of edges incident to v and by D¢ (%)
the set of vertices of degree ¢ in G. The maximum degree of G, denoted by A(G), is the
degree of the vertex with the greatest number of edges incident to it. The minimum degree
of G, denoted by §(G), is the degree of the vertex with the least number of edges incident to

it. For any vertex v € V, Ng(v) is the set of neighbors of v in G and Ng[v] = Ng(v) U {v}.

Moreover, Ng(S) = U,cg Na(v). For a graph G = (V, E) and a subset S C V' we denote
by E(S) the set of the edges of G with both endpoints in S. For a given partition {A, B}
of V, we denote by E(A,B) ={uv € E: u € A, v e B}. Further, G[S] denotes the graph
induced by S, defined as G[S] = (S, E(S5)).

A triangle graph is the cycle graph C3 or the complete graph K3. A diamond graph
has 4 vertices and 5 edges, it consists of a complete graph K4 minus one edge. A graph is
called cubic if all its vertices are of degree three. A graph is bipartite if its vertices can be

partitioned into two sets A and B such that every edge connects a vertex in A to one in B.

A complete bipartite graph is a special kind of bipartite graph where every vertex of A is
connected to every vertex in B. A graph on n vertices is §-dense if its minimum degree is at
least dn. A set of instances is called dense if there is a constant 6 > 0 such that all instances
in this set are d-dense (this notion was introduced in [1] and called everywhere-dense).
The density d(G) of a graph G = (V, E) is the ratio between the number of edges and the

number of vertices in G, that is, d(G) = LBl Moreover, for S C V, d(S) =d(G[S]) = ‘E‘(ST”.

We use P to denote a partition of the set “‘//lof vertices of G, that is, P = {V1,..., Vi }, where
Uk Vi =V,and V; NV, = 0 for each i,j € {1,...,k}. Then the density of a partition P
of G is defined as d(P) = Zle d(G[V;]), where G[V;] is the subgraph of G induced by the
subset V; of vertices, that is, G[V;] = (V;, E;), E; = {{u,v} : {u,v} € EAu,v € V;}.

13:3
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We study the problem of finding a partition P = {Vi,..., Vi } of a given graph G, such
that k£ > 1 and that, among all such partitions, d(P) is maximized. We refer to this problem
as MAX DENSE GRAPH PARTITION and we define its decision version as follows.

DENSE GRAPH PARTITION
Input: An undirected graph G = (V, E), a positive rational number 7.
Question: Is there a partition P such that d(P) > r ?

Given an optimization problem in NPO and an instance I of this problem, we denote by
|I| the size of I, by opt(I) the optimum value of I, and by val(I,S) the value of a feasible
solution S of instance I. The performance ratio of S (or approximation factor) is v(I,5) =
max{ Ug]lg(t?]?), UZZI%I;)} > 1. For a function f, an algorithm is an f(|/|)-approximation, if for
every instance I of the problem, it returns a solution S such that r(I,S) < f(|I]). Moreover
if the algorithm runs in polynomial time in |I|, then this algorithm gives a polynomial-time
f(|I])-approximation. We consider in this paper only polynomial time algorithms. When f

is a constant «, the problem is polynomial-time a-approximable. When f =1 + ¢, for any

€ > 0, the problem admits a polynomial-time approximation scheme. When the running time
of an approximation scheme is of the form O(g(1/¢)poly(|I|) the problem has an efficient
polynomial-time approximation scheme (eptas).

Before we start studying specific graph classes, we observe the following helpful structural
properties that hold for DENSE GRAPH PARTITION on general graphs.

» Remark 1. We can assume that for any optimal partition P and for any part P € P, G[P]
is connected, since otherwise turning each connected component into its own part does not
decrease the density.

When discussing the density of a (sub)graph, it is often useful to think about how close
this subgraph is to being a clique. We therefore call a pair of non-adjacent vertices in a
(sub)graph a missing edge, and use the number of such missing edges to estimate the density
of the (sub)graph. With such estimations, it is easy to show that the following intuition
about favouring complete graphs as communities.

» Lemma 2. Among all partitions of G into t > 2 parts, those where the parts correspond to
complete graphs, if there exists such, have the largest density.

Proof. Consider a partition of G into t parts {Vi,...,V;} of size nq,...,n;. If G[V;] has o;

missing edges for any 1 < ¢ < ¢, then the density of this partition is 25t — & — — o,

Consider a partition of G into t parts of size nf,...,n}; such that2 eachni)art induztes a
complete graph for any 1 < 4 <t. Then the density of this partition is %
larger than the density of any partition in ¢ parts where at least one edge is missing inside
G[V;] for some 1 < i < t. <

and thus it is

A direct consequence of this is the following.

L V| _|P
» Lemma 3. Let G = (V, E) be a graph and P be any partition of V.. Then d(P) < |—2‘ - %

3 Dense Bipartite Graphs

In this section we show that MAX DENSE GRAPH PARTITION has a trivial solution on
complete bipartite graphs. Moreover, using this result we show that the problem is NP-hard
on dense bipartite graphs.

Considering all possibilities to partition a complete bipartite graph G, ,, with the two
subsets that are independent sets of size n and m one can derive the following.
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Figure 1 A graph G, instance of DOMINATING SET and the bipartite graph G’ obtained from G,
for k=2 and n =5.

» Lemma 4. The density d(Gn,m) of a complete bipartite graph Gy, ., is greater than or
equal to the density d(P) of any partition P of Gy m.

It follows that an optimal solution of any complete bipartite graph is the whole graph.
The calculations used to prove Lemma 4 inductively also give the following.

» Corollary 5. For any complete bipartite graph G = (A, B, E) with |A| =n and |B| =m, a
partition P = {V1,...,Vi} of AU B satisfies d(P) = ;2% if and only if G[V;] = Gy, m, with

n; 20 and m; #0 and%:%forallie{l,...,k}.

Consequently, for any complete bipartite graph G, ,, if n and m are relatively prime the
only optimal solution of G, ,, is the whole graph. Otherwise, several optimal solutions exist
and are characterized exactly by Corollary 5.

» Theorem 6. DENSE GRAPH PARTITION is NP-hard on dense bipartite graphs.

Proof. We give a reduction from DOMINATING SET. Let G = (V, E) with V = {vy,...,v,}
and an integer k£ > 1 be an instance of DOMINATING SET. Assume without loss of generality
that G is connected. We first construct a bipartite graph G’ = (V4, Va2, E'), that is not dense,
and show how solving DENSE GRAPH PARTITION on it solves DOMINATING SET on G. In a
second step, we show how to make G’ dense maintaining the reduction.
We construct G’ = (V1, Va, E') as follows:
Vi=Vu{w:1<i<n—k 1<j<k}u{z}
Vo=V'U{zi: 1<r <N, 1<j<k}U{z:1<i<N-n}whereV’ = {v],...,v],} and
N € Nis chosen as follows. Let ¢ € N be the smallest integer such that c(n—k+1)—1>n
(note that 1 < ¢ < n) and define N = ¢(n — k+ 1) — 1. For this choice of N it follows
that the greatest common divisor of N andn —k+1is 1, and n < N < 2n.
F' =FE;UFE,,UE,UE, with
Eq = {{vi,v;}: {vi,v;} € E} U {{vs,vj}: 1 <i < n},
Bye = {{w!,2i}:1<i<n—k 1<r<N-1,1<j<k},
Ecz{{wg,v;}: 1<i<n—-k1<j<k 1<s<ntU{{vs,2i}:1<s<n, 1<r<
N, 1<j <k} and
E,={{z2}:1<j<N-ntU{{z,2i}:2<r <N, 1<j<k}U{{vizj}:1<i
n, 1<j<N-—n}
Notice that G’ is a bipartite graph with |[Vi| =n+ 1+ k(n — k) and V2| = (kK + 1)N.
We show that there exits a dominating set of cardinality at most k in G if and only if
there exists a partition P of G’ with d(P) = (k + 1)d(Gr—k+1,N)-

IN

13:5

SWAT 2022



13:6

Dense Graph Partitioning on Sparse and Dense Graphs

Suppose there exists a dominating set D in G with |D| = k. Let D = {v;,,...,v;, } and
N'(vi;) = Nalvi;] \ (DU Ng({vi,,...,vi;_, }). Define the partition P = {Py,..., Ppy1} by:
Pj = {vi,} U{v,.: v, € N'(v; )} U{wli: 1 <r<n—k}U{zi: 1 <r <N —|N'(v;)|} for
1 <j<kand Py =V UVa\ (UF_, P;). With this definition, P is clearly a partition of
V1 U Vs, and each part P; contains n — k + 1 vertices from V; and N vertices from V; for
each 1 < j < k+ 1. Further, each P; induces a complete bipartite graph G, _j41,n: All
vertices w! and xJ are connected to each other, and to all vertices in V5 and Vi, respectively,
by construction. Further, v;; is connected in G’ to all vertices in N'(v;;); note here that
in G’ we connected v; to its “copy” v, for all 1 < i < n,lwhich models the case that v,
dominates itself. For Py, note that z is adjacent to all zJ-vertices, and each z; is adjacent
to all vertices in V. Since D is a dominating set, each vertex from V' is contained in some
N'(vy;), thus Vo \ (U?Zle) only contains z7-vertices. Also, the P; contain all w/ vertices
and hence Vi \ (U_, P;) only contains vertices from V.

Conversely, let P be a partition of G’ of density (k + 1)d(Gr—k+1,n5). Thus, Corollary 5
implies that the vertices for each set P € P induce a complete bipartite graph G, s such that
= Ml k—k)intl n=k+l " Since the greatest common divisor of n — k + 1 and N is
one, this yields r > n — k + 1 and s > N and especially P can contain at most k + 1 sets.

s Vel = T k+DN

For all w] and w, if j # t, wf and w}, have n common neighbors, and since n < N there
is no part P € P such that w{, w} € P. Moreover, for all i, j, wf and z have N — 1 common
neighbors so they also cannot be in the same P € P. Hence, there are exactly k + 1 parts
in P that are complete bipartite graphs G,,_x41,~-

For all 1 < 5 <k, denote by P; the set containing the vertices wf forall1<i<n-—k
and P, the set containing z. To reach cardinality exactly n — k& + 1, P; NV has to contain
exactly one vertex from V for each 1 < j < k. Further, since for any ¢, v} is not adjacent to z,
V' C U;?:le. As each P € P induces a complete bipartite graph in G', D =V N U?Zle
is a set of size k, such that each vertex in V' is adjacent to at least one vertex in D, so we
deduce that D is a dominating set of size k in G.

We extend the construction of the proof to create from G’ a dense bipartite graph
G" = (V" ,E") by adding four sets of vertices V*, V4, V3t Vi with |V#| = |V&| = kn|Vy| =
kn(k(n—k)+n+1) and |V3| = |V§l| = kn|Va| = knN (k+1). Further, we add edges to turn the
pairs (Vi*, V), (V3 V), (V¥ V1), and (Vi Vo) each into complete bipartite graphs. Observe
that with this construction G has |V"| = (2kn+1)(k(n—k)+n+1)+ (2kn+1)N(k+1) <
10k%n? vertices and that all vertices have degree at least kn|V;| > 1k?n? € ©(|V"|). (Note
that if £ > %, G is a trivial yes-instance for DOMINATING SET.)

We claim that there exists a partition P’ of G” with d(P’) = (k+1)d(Gp—k+1,n)+2kn(k+
1)d(Gp—k+1,n) if and only if there exists a dominating set of size k for G. Corollary 5 again
implies that this density for G” can only be achieved by a partition into complete bipartite
graphs G, s with £ = (%7(1;1@172161()” 1\7(]2):17;+1) = n=ktl The vertices in Vi are only adjacent to
vertices in Vi, and the vertices in V3 are only adjacent to vertices in Vi*. Clustering these in
a ratio % results in clusters containing exactly all newly added vertices, and this can be done

with just two sets in total. What remains is to cluster the graph G’ into complete bipartite
_ Vil _ k(n—k)+n+l _ n—k+1
~— Vo] T T ()N ~ TN

graphs G s such that © as before. |

4 Cubic Graphs

In this section, we study DENSE GRAPH PARTITION on cubic graphs, show that it remains
NP-complete on this restricted graph class, but also give a polynomial time %—approximation

for its optimization variant MAX DENSE GRAPH PARTITION. We start with some general
observations on the structure of communities in cubic graphs.
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» Definition 7. For P C V, the utility of a vertex v € P is defined by up(v) = %, and
the utility of P is defined by u(P) = up(v) for any v € P. For a partition P = {V1,...,Vi},
the utility of a vertex v in P is defined by up(v) = uy, (v) with i such that v € V.

Considering these definitions, we can remark that:

For any subset P C V, and v,w € P, up(v) = up(w).

If P = {v} then up(v) = 0.

For any partition P of G, > d(Vi) = > up(v).

V,eP veV

» Lemma 8. Let G = (V, E) be a cubic graph without connected components that induce a
Ky4. For any partition P of G the following holds:

up(v) < g for all vertices v € V

if P € P is not a triangle, diamond or Case 1 in Figure 2 then u(P) < i

3|7

Proof. Let P be a partition of G, P € P and v € P. Since G is cubic, d(P) < 3P = %

2
Then up(v) < %P‘. If |P| > 6, up(v) < 5% = 1. For |P| =5 it follows that up(v) Sl% <3,
since a cubic graph on 5 vertices cannot have more than 7 edges. Also, since there exists
no Ky in G, the only graph on 5 vertices with 7 edges is Case 1 in Figure 2, and all other
graphs on 5 vertices have 6 or less edges which yields a utility of at most % < %.

Case analysis on the graphs of size 4 or less yields that the largest utility is achieved
for P being a triangle, which gives up(v) = % Further, if P is not a triangle or a diamond,
case analysis on the graphs of size 4 or less shows that up(v) is maximized when P is an

induced matching and its value is i. |

Considering all cases to distribute vertices of a diamond, as illustrated in Figure 2 can be
used to show the following.

» Lemma 9. Let G be a cubic graph without connected components that induce a Ky, and let
v1, Vg, U3, Vg be vertices in G that induce a diamond. Then up(vi)+up(ve)+up(vs)+up(vg) <
g for any partition P for G.

» Lemma 10. Let G be a cubic graph on n wvertices without connected components that
induce a Ky, and let D be the set of diamonds in G and T the set of triangles in G that do
not belong to a diamond. For any partition P, d(P) < 5|D|+ |T| + ;(n — 3|T| — 4|D|).

Proof. By Lemma 8, the only vertices with utility more than % are those that are in

triangles, diamonds, or the unique neighbors of diamonds (in the sense of vertex vs in Case 1
of Figure 2), and we know that the sum of the utilities of the vertices constituting a triangle

U3

Us

Vg
U1
Case 1 Case 2 Case 3

Figure 2 Different cases of Lemma 9.
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Vrys 23 Vzyr 21
Vg
xT
v$y222
Figure 3 Subgraph containing one vertex Figure 4 Subgraph containing one vertex
of type 1, v;, and its neighbors in G. of type 1, vz, and three of type 2.

is at most 3 - % = 1. By Lemma 9, we further know that the sum of the utilities of the
vertices constituting a diamond is at most g. The unique neighbors of diamonds have a
utility of more than % if and only if they are in a part isomorphic to Case 1 of Figure 2,
which has a density of % < % + %. Thus, if S is the set of unique neighbors of diamonds, then
the sum of the utilities of the vertices in the diamonds in D and the vertices in S is at most
5|D|+ 1|S|. All remaining vertices have a utility of at most + by Lemma 8. We deduce that
d(G) < 2|D| + 1[S| + T + L(n — 37| — 4|D| - |S]) = 2[D| + 7|+ L(n — 3|T| —4D)). <

We will reduce from the following problem, known to be NP-hard by [13]:

RESTRICTED ExacT COVER By 3-SETs (RX3C)

Input: A set X of elements with |X| = 3¢ and a collection C' of 3-element subsets of X
where each element appears in exactly 3 sets.

Question: Does C contain an exact cover for X, i.e. a subcollection C’ C C such that
every element occurs in exactly one member of C’ ?

The following definition gives the construction to reduce RX3C to DENSE GRAPH PARTITION.

» Definition 11. Let I = (X,C) be an instance of RX3C. We define the construction o
transforming I into the graph G = (V,E) := o(I) as follows (see Figures 3 and 4):

for each element x € X, add the vertex v, to V (called vertices of type 1 or black vertices).
Uiy LoV

€T

Yz’ /Uy

Yz

for each subset of the collection {x,y,z} € C, add the vertices v
(called vertices of type 2 or white vertices).

add the edges {vg, ., v¥,.}, (V5. Vi } and {vY, ., vi, .} to E
add the edges {v5,.,ve}, {vY,,, vy} and {v},,,v.} to E

Notice that G is a cubic graph on | X| vertices of type 1 and 3| X| vertices of type 2.
Case distinction on the subgraphs in o(I) can be used to show:

» Lemma 12. For G = (V,E) =0o(I) and any P CV, it holds that u(P) >
G[P] is isomorphic to one of the following three graphs:

% if and only if

a triangle where all the vertices are of type 2 and then u(P) =

an edge with at least one vertex of type 2, and then u(P) =
1

the subgraph described in Figure 4 and then u(P) = ;.

» Remark 13. The case-analysis in the proof of Lemma 12 also shows that for any subset
P C V of the vertices of the graph o(I), if v is of type 2 then ug(v) < %, otherwise ug(v) < i.

» Theorem 14. DENSE GRAPH PARTITION is NP-complete on cubic graphs.
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Proof. Let I = (X, C) be an RX3C instance. We claim that I is a yes-instance of RX3C if
and only if I' = (G, 7|X‘) with G = o(I) is a yes-instance of DENSE GRAPH PARTITION.

Let C" C C be an exact cover for X of size l Consider the partition P built from

the following ‘ | parts: for any c € €', ¢ = {x y,z} add {vg,vg,. }, {vy,v4,.}, {ve, 05}
and for any ¢ §§ C', e ={z,y,z} add {vmw, Y s Viy2 - Since C' is an exact cover, P is a

partition for G and its density is 3 - ps(—‘ +2|1X| = Z|1X]|.

Let P’ be a partition of G of density d(P’') = Z|X|. Firstly, we show that P’ has
necessarily the following shape: 2|X| parts of size 3 containing only vertices of type 2 forming
a triangle and | X| parts of size 2 contamlng one vertex of type 1 and one of type 2 adjacent
in G. From Remark 1, we can assume that all parts induce connected subgraphs.

We first show that d(P’) = @ implies that there are at least Z‘Xl parts in P’ which are

triangles. Assume by contradiction that P’ has M — /¢ triangles, Wlth £ > 0. Since G has
4] X| vertices, there are 2| X| + 3¢ vertices that do not belong to a part in P’ that corresponds
to a triangle. By Lemma 12 the utility of these vertices is at most % which yields:

2| X 1 71X / 71X
0X) )y TX 6T

!/
<
d(P) 6 4 6

This contradicts the choice of P’ such that d(P’) = %, hence P’ has at least @ triangles.

Assume by contradiction that P’ has @ + ¢ triangles, with ¢ > 0. Since there are 3|X|
vertices of type 2 and among these vertices 3 - (@ +¢) belong to a triangle, | X| — 3¢ vertices
of type 2 do not belong to a triangle. Each neighbor of a vertex v, of type 1 is of type 2, so
if the utility of v, is positive, there exists a vertex of type 2, v, ., neighbor of v, that is in
the same part as v, and vy, , does not belong to a triangle. Moreover, as all type 1 vertices
have no common neighbors, for each type 1 vertex with positive utility, there is a type 2
vertex that is not in a triangle. Since there are at most | X| — 3¢ type 2 vertices that do not
belong to a triangle, there are at most | X| — 3¢ type 1 vertices with positive utility, thus:

2 X| IX|—3¢ |X|—-3¢ _7X| ¢ 7X]|
= - < — <
3 4 4 6 2 6
7|X\

d(P') < + 0+

This again contradicts the choice of P’ with d(P’') = , thus P’ has exactly ‘ | triangles.

We claim that d(P’') = 7|X‘ implies that all type 1 Vertlces are in a part that is a matching
with a type 2 vertex. There are |X| type 1 vertices and |X| type 2 vertices that are not
in some triangle in P’. Since there are exactly @ parts in P’ forming a triangle and the

utility of each other vertex is smaller than or equal to i, to reach a density of @ it is
necessary that each of the 2|X| vertices outside the parts that are triangles has a utility of
exactly i. To reach this utility, by Lemma 12 there are two possibilities, the graph described
in Figure 4 and an edge. Since there are exactly |X| vertices of type 1 and |X| vertices of
type 2 outside the triangles in P’, and vertices of type 1 only have neighbors of type 2, the
only possibility is if each type 1 vertex is matched with one type 2 vertex.

pyzVyz:Uay, that does
not belong to a triangle, we add the set {z,y, 2z} to C"”. The subcollection C” is a cover since

Consider now the following subcollection C" C C' for each triple v

each type 1 vertex is a neighbor of one of these vertices and it is an exact cover since there
are exactly X1 3_element subsets that do not belong to a triangle. <

Our observations about the maximum utility of certain vertices can also be used to show
the following positive result.

» Theorem 15. MAx DENSE GRAPH PARTITION is polynomial-time %—approximable on
cubic graphs.
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Proof. Let I = G be a cubic graph, instance of MAX DENSE GRAPH PARTITION. If G
contains connected components isomorphic to K4, create a part for each such component, as
this is the optimum way to partition these sets. Then, let D be the set of all diamonds in G,
and T the set of all triangles that do not belong to a diamond. Diamonds (resp. triangles) can
be found in polynomial time simply by enumerating all 4-tuples (resp. 3-tuples) of vertices
and checking if they induce a diamond (resp. triangle) as subgraph. Let G’ be the graph
obtained from G after removing the vertices of D and T. Compute a maximum matching M
of G', and let G” be the graph obtained from G’ after removing the vertices of M. Since M
is a maximal matching, the vertices in G” form an independent set.

We show in the following that |V (G")| < |V(47G)‘. For each v € V we associate a function
t(v) and initialize it with ¢(v) = 1. When removing the diamonds and triangles from G in
order to get G’ we update the function ¢ as follows:

For every diamond {uy,us,us,us} C V that is deleted from V, let u; and us be the
vertices with neighbors outside of the diamond (if these vertices still exist) and let
v1 and vz be these neighbors (with the possibility that v; = v3). We update the
function t : ¢(v1) = t(v1) + t(u1) + t(uz) and t(vs) = t(vs) + t(us) + t(us) (thus
t(vy) :=t(vy) + t(ug) + t(uz) + t(us) + t(uq) if v1 = v3). If v1 or vz were already deleted,
we delete their associated ¢ function.

For every triangle {u1, us,us} C V that is deleted from V, let vy (resp. vy and v3) be the

neighbor of uy (resp. us and us) outside of the triangle (if these vertices exist). We update

the function ¢ : t(vy) := t(v1) + t(u1), t(ve) := t(va2) + t(ue) and t(vs) = t(vs) + t(ug). If

v1, U2 or vz do not exist, we delete their associated t function.
Observe that after updating ¢ for any v € V(G'), if v € D¢/ (3) then t(v) > 1, if v € D (2)
then t(v) > 2, if v € D¢/ (1) then t(v) > 3 and if v € D¢/ (0) then t(v) > 4. In order to
justify this, observe that the ¢ function associated to vertices in V(G’) cannot decrease. If a
vertex v is of degree 3 — i in G’, 1 <4 < 3, then there are at least ¢ adjacent edges to distinct
vertices in triangles or diamonds that were removed from G and increase ¢(v). Each time
when a neighbor of a vertex v from a diamond or a triangle is removed then ¢(v) increases
by at least one. Then, in G’, each vertex v of degree 3 — i has t(v) >+ 1.

Let n} be the number of vertices of degree i in G'. By the previous remark, we have

D t(vi) = 4nf + 3n) + 2nf + nf (1)
veV(G’)

Since G’ is a subcubic triangle-free graph and M a maximum matching in G’, using a
result of Munaro [16], we get

V(M) S+ 2

9
2
|_10”3+52+101 (2)
We show now that 4|V(G")| < > t(v;). In fact, combining |V (G')| = ny+n)+nb+nk

veV(G’)
with inequality (2) gives |[V(G")| < nj + 17071’1 + 2nb + {snb. Thus, 4|V(G”)| < 4nf +
Bpf 4+ 3nh + stnh < 4Anj 430 +2nh +ny < Y t(v;) using inequality (1). Then
veV(G’)
AV(GN)| < X t(v;) and since |[V(G)| = > t(v;) we get [V(G")| < 1V(G).
veV (G’) veV(G)

Consider the partition P = DUT UM UV(G") in the sense that P contains a set for
each diamond in D, one set for each triangle in 7', one set for each edge in the matching
M and one set for each vertex in V(G”). Then d(P) = 2|D| + |T| + M| > 3|D| +
IT| + +(n — 3|T| — 4|D| — 2) since |[V(G")| < 1V(G). By Lemma 10 it follows that:

opt(h) o §IDHITIHE(=3|T|-4D)  _ 3IDI+3ITI+3 _ no <141 <
d(P) — %|D|+\T|+%(n73\T\f4|D|f%) HIDI+3 \T\+3” 4|D[+4|T|+3n — 3"
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5 Dense Graphs

In this section we consider graphs G = (V, E) on n vertices such that G can be viewed
as G = H where H is a graph of small maximum degree. Note that the edges of H are
exactly the missing edges of G. We first consider graphs G = (V, E) on n vertices such that
§(G) > n — 3, that is G = H where H has A(H) = 2 and has ¢ < n edges and show that
Max DENSE GRAPH PARTITION is solvable in polynomial time on these graphs.

» Lemma 16. For any graph G on n vertices such that §(G) > n — 3, its density d(G) is
greater than or equal to the density of any partition P of G into t > 3 parts.

n(n—1)
Proof. The density of G is given by d(G) = QT‘Z = "T_l — 1. From Lemma 2, among
all partitions of G into t > 3 parts, those where the parts correspond to complete graphs

have the largest density. The density of such a partition into ¢ parts of size ny,...,n; is "74

Thus, the density of G is at least as large as the density of this last partition since ¢t > 3 and
g < n (note here that a graph with minimum degree n — 3 has at most n missing edges). <«

Observe that in the proof of the previous lemma when ¢ = n and ¢t = 3, the density of a
partition in 3 parts corresponding to complete subgraphs and the density of the entire graph
are the same. This previous lemma implies that for any graph G such that §(G) > n — 3,
there exists a partition into one or two parts of maximum density.

» Lemma 17. For any graph G on n vertices such that 6(G) > n — 3, in any partition for G
into two parts, the sum of missing edges in the two parts is at least o, where o is the number
of odd cycles in G.

Proof. Let C be an odd cycle in G. Since C' is not bipartite, there is no partition {V;, Va} of
V such that all the edges of C' have one endpoint in V; and one endpoint in V5. Hence, for
any partition {V7, Va} at least one of the missing edges from C is inside G[V41] U G[V2]. <

» Lemma 18. Among all partitions into 2 parts of fized size containing x missing edges, the
one containing all missing edges in the largest part has the best density.

Proof. Consider two partitions {V1,Va} and {V{,V5} such that |Vi| = |V{| = n1 and
[Va| = |V5]| = ne with n; < ne and G[V4] (resp. G[V2]) containing x; (resp. x2) missing
edges and G[V{] (resp. G[V3]) containing 0 (resp. x = x1 + x2) missing edges. Then:
d({V1,Va}) = "3 — &+ — 22, and
d{Vi,V3}) =532 — ;L.

Since x = x1 + x2 and ny < ng, it follows that d({V1, Va}) < d({V{,V5}). <

» Lemma 19. Among all partitions into 2 parts containing 0 (resp. x) missing edges in the
smaller (resp. larger) part, the one with a mazimum number of vertices in the largest part
has the best density.

Proof. Consider two partitions {V1,V2} and {V{,V4} such that |Vi| = nq, |V2| = ne with
ny < ng and |V{| = nf, V5| = nf with n} < nf and G[V4] (resp. G[V3]) containing 0 (resp. x)
missing edges and G[V/] (resp. G[V3]) containing 0 (resp. x) missing edges. Moreover suppose
ny < nh. The densities for these partitions are:

d({V1,V2}) = 5% — ;& and

TLQ’

d{Vi,V3}) = 252 = .

n

Since ng < nb, it follows that d({V1,Va}) < d({V{,V3}). <
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Figure 5 Construction of Vi and V2 in Theorem 20.

» Theorem 20. MAX DENSE GRAPH PARTITION is solvable in polynomial time on graphs G
with n vertices with 6(G) > n — 3.

Proof. Let G be a graph of minimum degree n — 3. We first define a partition {V;, Va} of
the vertices of G by giving vertices color 1 or 2, in the sense that V; (resp. Va) contains
vertices of color 1 (resp. 2). An example is given in Figure 5. We assign color 2 to each
vertex of degree n — 1. Since the minimum degree in G is n — 3, the graph H of missing
edges is a collection of paths and cycles. We color the vertices on paths or cycles with an
even number of vertices alternating by 1 and 2. For vertices on paths or cycles with an odd
number of vertices we also color them alternating by 1 and 2, always starting with color 2.
Thus cycles of odd size have two adjacent vertices of color 2.

Let o be the number of odd cycles in H. The partition {V;, Vo} defined by our 2-coloring
contains o missing edges in Vo and |V3| is maximized among all such partitions. Its density
is equal to "T_z — n%, where ny = |V3|. Denote by d,,—1 the number of vertices of G of
degree n — 1 and by p, the number of paths with an odd number of vertices (even length)
among the missing edges. The sets V7 and V5, contain the same number of vertices of degree
n — 2 that are extremities of a path with an even number of vertices in H. The set V5
contains p, more vertices of degree n — 2, that are extremities of a path with an odd number
of vertices, than V;. The set V5 contains o more vertices of degree n — 3 than V;. Thus
ny = %(n —dp—1—po—o0) and ny = %(n +d,—1+po+0). We claim that there is no partition
into two parts that has a higher density.

By Lemma 17, any partition into two sets contains at least o missing edges inside the
two parts. By construction we have maximized the number of vertices in the part with the
missing edges among all partitions with the minimum number o of missing edges, i.e., there is
no partition into two parts {V{, V4 } with o missing edges all contained in V4 and |V3| > |Va].
Hence, by Lemmas 18 and 19, it remains to show that any partition {V{,V4} with o4+ 2 > o
missing edges for some z > 0 has a smaller density than {V;, V5}.

Let {V/,V5} be a partition with o + = > o missing edges for some z > 0 and assume
w.l.o.g. that |V]| < |Vj|. By definition of the partition {V1,Va}, it follows that |E(H)| =
2n1 — p, + o (note that all non-edges have to either be among the o missing edges in
the partition or in the cut between Vi and V3). In the partition {V{,Vy}, it follows that
|E(H)| < 2|V{| =11+ (0 + ), where r1 is the number of vertices in V; adjacent to only one
edge in H. In the cut between V{ and V3, each vertex in V/ is adjacent to at most two such
edges. Combining these two bounds on |E(H)| yields

2ny —po < 2\V{| —r1 +x. (3)

We claim that 1 > p, — x. To see this, observe that every path of odd length either results
in a vertex in V{ adjacent to only one edge in E(H) (r1) or in a missing edge. Also, every
cycle of odd length creates at least one missing edge. Thus the number of missing edges
o+ x for {V{,V3} is at least p, — 11 + 0. Reordering this yields the claimed

"= po—T. (4)
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Figure 6 The construction of G’ in Definition 21.

Inequalities (3) and (4) yield 2n; — p, < 2|V/| — p, + 22 and thus n; — |V{| < x. Since

{V{,V4} is a partition it follows that |V3| =n —|V{/| <n—n; +x =ng +z.
By Lemmas 18 and 19, the best case of missing edges for {V{,Vy} is that they all are in

the larger part Vy, hence the density of {V{,VJ} is at most 252 — T‘Zﬁ With V5] < ng + z,
we can bound d(V{,Vy) < 252 — é’;fx Since H is of degree at most 2, we know that there
cannot be more missing edges than vertices in a part, thus in particular o < ny. This last
observation allows to bound d(V{,Vy) < 52 — 2t < -2 _ 9 — ((}; V5), thus the

na+x — ngy

density of {V{,V4} is not larger than the density of {V;, Va}. <

We now consider graphs G = (V, E) on n vertices that are (n — 4)-regular, that is
G = H where H is a cubic graph. We show that DENSE GRAPH PARTITION is NP-hard on
(n — 4)-regular graphs, by showing a reduction from MIN UNCUT on cubic graphs, that is
the complement of MAX CuT. This last problem on cubic graphs was proved NP-hard and
even not polynomial-time 1.003-approximable, unless P=NP [3].

Min UNCuT

Input: A graph G = (V, E), an integer k.

Question: Does G contain a partition of V into two parts A, B such that the number
of edges with both endpoints in the same part is at most k?

» Definition 21. Let I = (G, k) be an instance of MIN UNCUT where G = (V, E) is
a cubic graph. We define the construction o transforming the graph G into the graph
G':=(V',E'") = o(G) (see Figure 6) as follows:
let Go = (Vy, Eg) be the union of TRT_” copies of K33 (see remark below). Thus Gy is
a cubic bipartite graph with n® — n vertices and Vy is the union of two independent sets
L, R such that |L| = |R].
let G, = (V uWy, FU Eo).
let G = G4.

» Remark 22. Note that we can assume that the number of vertices of a cubic graph G is a
multiple of 6. Since G is cubic, n is a multiple of 2. If n is not a multiple of 3, we consider
the instance Iy defined as follows: Giripie is the union of 3 copies of G and kyyipie = 3k,
and thus in the new instance It the graph has 3n vertices. Note that the number of
edges with both endpoints in the same part is 3k in Gypipie if and only if it is k£ in G.

Let n = |V|, m = |E|, n’ = |V'| and m’ = |E’|. Observe that n’ = n?, and G’ is a

(n’ — 4)-regular graph. With this construction one can show the following.

» Theorem 23. DENSE GRAPH PARTITION is NP-complete on (n — 4)-reqular graphs with n
vertices.
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At the end of this section we show that a partition into a bounded number of cliques
provides a good approximation for graphs of large minimum degree.

» Theorem 24. DENSE GRAPH PARTITION is polynomial-time ("ﬁil—appmximable on
graphs G with n vertices.

Proof. Let G be a graph on n vertices with minimum degree é = §(G), instance of MAX
DENSE GRAPH PARTITION. If § > n — 3, we can give an optimum solution in polynomial
time by Theorem 20. So assume § < n — 4. By Lemma 3, any partition P for the vertices of
G satisfies d(P) < 251, Using Brooks’ theorem [5], G is (n — & — 1)-colorable, and further,
such a coloring can be computed in polynomial time. (Note that § < n — 4 implies that G
is not a complete graph or a circle, the two exceptions in Brooks’ theorem where one more
color is needed.) Using such a coloring, G can be partitioned into n — § — 1 cliques. Then the

density of this partition is % = ‘;%1 Comparing this value with the upper bound of

"7_1 on the optimum shows that this partition into n — § — 1 cliques gives a polynomial-time
?;11 -approximation for DENSE GRAPH PARTITION. <

Notice that if 6(G) > "T_?’, the ratio given in Theorem 24 improves upon the current best
ratio of 2 for DENSE GRAPH PARTITION on general graphs. This approximation can further
be used to show the following.

» Theorem 25. There is an efficient polynomial-time approximation scheme for MAX DENSE
GRAPH PARTITION on graphs G with n vertices and 6(G) = n —t for a constant t > 4.

Proof. Let I = G be a graph on n vertices and 6(G) = n — t, instance of MAX DENSE
GRAPH PARTITION. We establish in the following an eptas. Given € > 0, consider two cases.

Ifn>t—1+ %7 then let P be a partition that corresponds to a (¢t — 1)-coloring of G
such that each part is a clique in G as in the proof of Theorem 24. Then d(P) = ”‘T’H'l >

MHZEEET S el ot) here the last inequality opt(I) < 51 from L 3
5 > 3(irey = “13= - Where the last inequality op (I) < 5= comes from Lemma 3.
Otherwise, that isn <t —1+ %, enumerate all the partitions of G and consider the
best one. Since the number of partitions of G is the Bell number of order |V| = n, B, and

B,, < n", we get an optimal solution in time (1/£)?(1/¢), <

6 Conclusion

In order to have a better understanding of the complexity of MAX DENSE GRAPH PARTITION
it would be nice to study it on other graph classes. It was proved to be polynomial-time
solvable on trees, but the complexity on graphs of bounded treewidth remains open. Moreover
no result exists on split graphs. Concerning approximation, no lower bound was established, it
would be nice to improve the 2-approximation algorithm or to show that no polynomial-time
approximation scheme exist on general instances.
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