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Abstract
Proximity graphs have been studied for several decades, motivated by applications in computational
geometry, geography, data mining, and many other fields. However, the computational complexity
of classic graph problems on proximity graphs mostly remained open. We study 3-Colorability,
Dominating Set, Feedback Vertex Set, Hamiltonian Cycle, and Independent Set on the
following classes of proximity graphs: relative neighborhood graphs, Gabriel graphs, and relatively
closest graphs. We prove that all of the aforementioned problems remain NP-hard on these graphs,
except for 3-Colorability and Hamiltonian Cycle on relatively closest graphs, where the
former is trivial and the latter is left open. Moreover, for every NP-hard case we additionally show
that no 2o(n1/4)-time algorithm exists unless the Exponential-Time Hypothesis (ETH) fails, where
n denotes the number of vertices.

2012 ACM Subject Classification Theory of computation → Computational geometry; Theory of
computation → Problems, reductions and completeness

Keywords and phrases Proximity Graphs, Relatively Closest Graphs, Gabriel Graphs, 3-Colorability,
Dominating Set, Feedback Vertex Set, Hamiltonian Cycle, Independent Set, Exponential-Time
Hypothesis

Digital Object Identifier 10.4230/LIPIcs.SWAT.2022.29

Related Version Full Version: https://arxiv.org/abs/2107.04321 [26]

Funding Pascal Kunz: Supported by DFG Research Training Group 2434 “Facets of Complexity”.
Till Fluschnik: Supported by DFG, projects TORE, NI 369/18, and MATE, NI 369/17.
Malte Renken: Supported by DFG, project MATE, NI 369/17.

Acknowledgements This work is based on the first author’s master’s thesis.
In memory of Rolf Niedermeier, our colleague, friend, and mentor, who sadly passed away before
this paper was published.

1 Introduction

Proximity graphs describe the distance relationships between points in the plane or higher-
dimensional structures. They are mostly studied in computational geometry, yet arise in
numerous fields of science and engineering from geography to pattern recognition [24, 35].
In this paper, we study the computational complexity of classic NP-complete problems
on three specific proximity graphs: relative neighborhood graphs (RNGs) [34], Gabriel
graphs (GGs) [18], and relatively closest graphs (RCGs) [27]. All three are subgraphs of the
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Figure 1 (a) Set P of four points p1 = (0, 2), p2 = (2, 0), p3 = (2, 3), and p4 = (5, 3/2). (b) RCG
on P . Point p4 is not adjacent with p2, since p3 lies in the region of influence indicated with green
(dashdotted) and red (dashed). (c) RNG on P . Points p2 and p3 are not adjacent since p1 is in their
region of influence indicated with red (dashed) and blue (dotted). (d) GG on P . Points p1 and p4

are not adjacent since p2 is in their region of influence indicated with magenta (dashdotted).

better-known Delaunay triangulation (DT). For DTs, the complexity of the restrictions of
some classic NP-complete graph problems have already been resolved [12, 15] and we extend
this research to these three classes.

RCGs, RNGs, and GGs are examples of empty region graphs [10]. Every pair of points is
associated with a region in the plane, their region of influence, and is connected by an edge
if there is no other point in that region (see Figure 1). In RNGs (RCGs), two points’ region
of influence is the intersection of open (closed) disks centered on each of the points with a
radius equal to their distance. In a GG, two points’ region of influence is a closed disk whose
center is midway between them and whose diameter is their distance.

Motivation. Consider a railway network. It may make sense to build a track directly from
one city to another, if there is no third city in between. If we interpret the area between
two cities as a region of influence, then this makes proximity graphs such as RNGs plausible
models for such networks. One might want to build as few maintenance facilities for the
network as possible such that every track has a facility at one of its endpoints. This is
an instance of the Vertex Cover (VC) problem (closely related to Independent Set
(IS)). While VC is NP-hard on general graphs, one wonders whether it might be easier on
proximity graphs. We will show that the problem remains NP-hard on RCGs, RNGs, and
GGs. For other problems, there are similar application scenarios.

Related Work. Existing combinatorial results on the three graph classes include listing
forbidden subgraphs, examples of graphs contained in each class, and bounds on the edge
density [6, 13, 24, 30, 37]. Much algorithmic research on proximity graphs has focused on
devising algorithms that efficiently compute the proximity graph from a point set (see [23]
and [31] for an overview). On Delaunay triangulations, Hamiltonian Cycle is NP-hard [15],
whereas 3-Colorability is polynomial-time solvable [12]. Cimikowski conjectured 3-
Colorability to be NP-hard on RNGs and GGs [11]. Furthermore, he proposed a heuristic
for coloring GGs and a linear-time algorithm for computing a 4-coloring in RNGs [12], but
the latter has some issues, which we will discuss in Section 3.

Our Contributions. Table 1 summarizes our results. We prove that 3-Colorability (3-
Col), Dominating Set (DS), Feedback Vertex Set (FVS), Hamiltonian Cycle (HC),
and Independent Set (IS) remain NP-hard on RNGs and GGs, in particular confirming
the aforementioned conjecture by Cimikowski [11]. On RCGs, 3-Colorability is trivial, but
we prove that Dominating Set, Feedback Vertex Set, and Independent Set remain
NP-hard. All our NP-hardness results hold true even for graphs of fairly small maximum
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Table 1 Overview of our results. Herein, ∆ denotes the maximum vertex degree.
† No 2o(n1/4)-time algorithm exists unless the ETH fails, where n denotes the number of vertices.

RCGs RNGs GGs

3-Colorability (3-Col) trivial NP-hard†, even if ∆ = 7 (Thm. 3.1)

Dominating Set (DS) NP-hard†, even if ∆ = 4 (Thm. 6.1)

Feedback Vertex Set (FVS) NP-hard†, even if ∆ = 4 (Thm. 4.1)

Hamiltonian Cycle (HC) open NP-hard†, even if ∆ = 4 (Thm. 5.1)

Independent Set (IS) NP-hard†, even if ∆ = 4 (Thm. 6.1)
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Figure 2 (a) A graph G with vertex set {v1, . . . , v4}. (b) A 1-page book embedding of G. (c)
and (d) Illustration of our technique, where black rectangles correspond to vertex gadgets, thick
gray lines to edge/connector gadgets, and light gray areas indicate filler gadgets.

degree (7 in the case of 3-Col, and 4 in all other cases, yielding a dichotomy between
polynomial-time solvability and NP-hardness in the case of FVS). We complement each
NP-hardness result with a running-time lower bound of 2o(n1/4) based on the Exponential-
Time Hypothesis, where n is the number of vertices. The fastest known algorithms for these
problems run in time 2O(n1/2) on planar graphs and it remains open whether a running time
between these lower and upper bounds can be achieved on proximity graphs. Many details
and proofs (marked with ⋆) are deferred to the full version of this paper.

Our Technique. In our NP-hardness proofs (see Table 1), we give polynomial-time many-one
reductions from each problem’s restriction to planar graphs with maximum degree 3 or 4.
We proceed as follows (see Figure 2 for an illustration). We exploit the fact that for any
planar graph with maximum degree at most 4, we can compute in polynomial time a 2-page
book embedding [3], a very structured representation of the input graph. Then, we translate
the book embedding’s structure into a grid-like structure. Each reduction uses three types of
gadgets: to represent vertices, to represent edges, and to fill the space between them in order
to prevent the appearance of unwanted edges between the other gadgets.

2 Preliminaries

Let N := {1, 2, 3, . . . } and N0 := {0} ∪ N. We use basic notions from graph theory [14].

Proximity graphs. Let d: R2 × R2 → R denote the Euclidean distance between two points.
The open and closed ball with radius r > 0 and center p ∈ R2 are

Br(p) := {q ∈ R2 | d(p, q) < r} and Br(p) := {q ∈ R2 | d(p, q) ≤ r}.

The Delaunay triangulation of P ⊆ R2 (see, e.g., [4, Ch. 9]) is denoted by DT(P ).

SWAT 2022
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A template region [10] is a function R :
(R2

2
)

→ 2R2 that assigns a region of the plane,
called the region of influence, to each pair of points in the plane. Given a template
region RC and points p1, p2 ∈ R2, a third point p3 ∈ R2 \ {p1, p2} is a C-blocker for {p1, p2}
if p3 ∈ RC(p1, p2). For a finite set of points P = {p1, . . . , pn} ⊆ R2, the C-graph induced
by P is C(P ) := ({v1, . . . , vn}, EC(P )) with

EC(P ) := {{vi, vj} | (RC(pi, pj) ∩ P ) \ {pi, pj} = ∅ and i ̸= j}.

The class C contains a graph G if there is a finite set of points P ⊆ R2 with C(P ) = G.
We are interested in three template regions and the graph classes defined by them:

Relatively closest graphs (RCGs): Defined by

RRCG(p1, p2) := {p3 ∈ R2 | d(p1, p2) ≥ max{d(p1, p3), d(p2, p3)}}
= Bd(p1,p2)(p1) ∩ Bd(p1,p2)(p2).

Relative neighborhood graphs (RNGs): Defined by

RRNG(p1, p2) := {p3 ∈ R2 | d(p1, p2) > max{d(p1, p3), d(p2, p3)}}
= Bd(p1,p2)(p1) ∩ Bd(p1,p2)(p2).

Gabriel graphs (GGs): Defined by

RGG(p1, p2) := {p3 ∈ R2 | d(p1, p2)2 ≥ d(p1, p3)2 + d(p2, p3)2} = Bd(p1,p2)/2(q),

where q is the midpoint between p1 and p2.
A C-embedding of a graph G = (V, E) is a mapping emb: V → R2 such that C(emb(V )) = G.1
Of course, G ∈ C if and only if G admits a C-embedding.

For any finite point set P , it holds that ERCG(P ) ⊆ ERNG(P ) ⊆ EGG(P ) ⊆ DT(P ) [13].
RCGs cannot contain K3 as a subgraph and none of the three can contain K4 or K2,3 [13,
30, 37]. Moreover, p3 ∈ RGG(p1, p2) if and only if the angle at p3 formed by the lines to p1
and p2 is at most 90° [30]. Finally, the following lemma will be used to prove that graphs
are in each graph class:

▶ Lemma 2.1 ([30]). Let P be a set of points in the plane and G the RCG, RNG, or GG
induced by P . Then, the straight-line drawing of G induced by P is planar.

Book embeddings. Our NP-hardness proofs use 2-page book embeddings. A k-page book
embedding of a graph G = (V, E) consists of

(i) an edge partition E = E1 ⊎ · · · ⊎ Ek, and
(ii) for every i ∈ {1, . . . , k}, a planar embedding embi of (V, Ei) in R×R≥0, where embi(v) =

embj(v) ∈ R × {0} for every v ∈ V , i, j ∈ {1, . . . , k}.
The following result due to Bekos et al. [3] will play an important role in this work:

▶ Theorem 2.2 ([3]). Every planar graph with maximum degree at most 4 admits a 2-page
book embedding. Such an embedding can be computed in quadratic time.

The following terminology will be useful in our NP-hardness proofs. Consider a graph G =
(V, E) and a 2-page book embedding of G. Let v1, . . . , vn be the vertices of the graph ordered
in such a way that embi(vj) < embi(vj+1) for i ∈ {1, 2} and every j ∈ {1, . . . , n − 1}. We

1 To simplify notation, we write v instead of emb(v) to refer to the point at which vertex v is embedded.
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will say that v1, . . . , vn is the order in which the vertices appear on the spine. Let r ∈ {1, 2}.
We will use Nr(v) := {v′ | {v, v′} ∈ Er} to denote v’s Er-neighborhood and degr(v) := |Nr(v)|
to denote v’s Er-degree. For an edge e = {vi, vj}, i < j, define its length as ℓ(e) := j − i.
The interior of e ∈ Er is

int(e) := {e′ = {vi′ , vj′} ∈ Er | i ≤ i′ < j′ ≤ j, e′ ̸= e}.

The height of e is h(e) := 1 + max{0, h(e′) | e′ ∈ int(e)}. Note that, because the height of
any edge only depends on the height of shorter edges, edge height is well-defined. The length
and height of an edge are both in O(n). The Er-height of a vertex v is

hr(v) := max{0, h(e) | v ∈ e ∈ Er}, where h(e) := 1 + max{0, h(e′) | e′ ∈ int(e)}.

Let hr(G) := max{hr(vi) | i ∈ {1, . . . , n}}. For every vertex vi, we order its incident edges
in Er as follows. If Nr(vi) = {vj1 , . . . , vjk

} with j1 < . . . < jc < i < jc+1 < . . . < jk, then
the order of the edges is {vi, vjc

} < . . . < {vi, vj1} < {vi, vjk
} < . . . < {vi, vjc+1}.

Grid structure. The graphs we build in our reductions will all have a grid-like structure.
With the exception of the reduction for Hamiltonian Cycle, we group their vertices into
(x, y)-corners with (x, y) ∈ Z2 and there will be a corner for every (x, y) within certain
bounds, which depend on the problem in question as well as the size and structure of the
input graph. In the embedding, the vertices forming the (x, y)-corner will be in Br(x, y)
for a suitable r > 0. Some vertices are not part of any corner and are called intermediate
vertices. They are usually located midway between two corners. Each corner can have one or
multiple dedicated right, top, left, and bottom connecting vertices. If a corner consists of
a single vertex, that vertex always simultaneously acts as the right, top, left, and bottom
connecting vertex of that corner. The connecting vertices of a corner are the only ones that
may have neighbors outside of that corner. For any (x, y) ∈ Z2, we say that the vertices in
the (x, y), (x + 1, y), (x, y + 1), and (x + 1, y + 1)-corners along with any intermediate vertices
that are adjacent to vertices in two of the aforementioned corners jointly form a grid face.

Exponential-Time Hypothesis. The Exponential-Time Hypothesis (ETH), introduced by
Impagliazzo and Paturi [22], has become a useful tool to give more precise running-time lower
bounds than the more classical dichotomy between polynomial-time solvable and NP-hard
problems (for an overview, we refer to [28]). This conjecture states:

▶ Hypothesis 2.3 (Exponential-Time Hypothesis [22]). There is some fixed c > 0 such that
3-CNF-Sat is not solvable in 2cn · (n + m)O(1) time, where n and m denote the numbers of
variables and clauses, respectively.

3 3-Colorability

We start with the 3-Colorability problem. A 3-coloring of a graph G = (V, E) is a
function c : V → {1, 2, 3} such that c(u) ̸= c(v) for all {u, v} ∈ E. In the 3-Colorability
problem (3-Col), one is given a graph as input and asked to decide whether it admits a
3-coloring. Every RCG is 3-colorable [13] because RCGs do not contain any 3-cycles and
every planar graph without 3-cycles is 3-colorable by Grötzsch’s theorem [21]. As a result,
3-Col is trivial when restricted to RCGs. Regarding RNGs and GGs, we prove the following.

▶ Theorem 3.1 (⋆). 3-Colorability on RNGs and on GGs is NP-hard, even if the
maximum degree is 7. Moreover, unless the ETH fails, it admits no 2o(n1/4)-time algorithm
where n is the number of vertices.

SWAT 2022
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(a) (b) (c)

Figure 3 The construction proving Theorem 3.1 applied to the example graph from Figure 2.
(a) The graph after steps 1–2. (b) The graph after steps 1–3. (c) The final graph.
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Figure 4 A coloring path of length 3.

This confirms a conjecture by Cimikowski [11]. Our proof is based on a polynomial-time
many-one reduction from the NP-hard [19] 3-Colorability problem on planar graphs with
maximum degree 4. The complete proof is deferred to the full version, but we give the
construction and some intuition concerning its correctness. We give an illustration of the
construction in Figure 3 and the following high-level description: After computing a 2-page
book embedding, we replace each vertex by a “color-preserving” path (Figure 3(a)). We further
replace each original edge by a path enforcing different colors for the respective endpoints
(Figure 3(b)). Finally, we fill the remaining space with a subdivided grid (Figure 3(c)), which
preserves 3-colorability and turns the graph simultaneously into an RNG and a GG.

We will use so-called coloring paths (see Figure 4 for an illustration), which essentially
allows us to copy the color of a vertex. The coloring path of length k from u1

0 to u1
k is the

graph P̃k := (Vk, Ek) with:

Vk := {u1
0} ∪ {u1

i , u2
i , u3

i | i ∈ {1, . . . , k}} and
Ek := {{u1

i−1, u2
i }, {u1

i−1, u3
i }, {u2

i , u3
i }, {u2

i , u1
i }, {u3

i , u1
i } | i ∈ {1, . . . , k}}.

We will call u1
i the i-th center vertex, u2

i the i-th left vertex, and u3
i the i-th right vertex.

▶ Construction 3.2. Let G = (V, E) be an undirected planar graph of maximum degree 4.
We will construct a graph G′ = (V ′, E′) and subsequently show that G′ is both an RNG and
a GG and that G is 3-colorable if and only if G′ is. The vertex set of G′ will mostly consist
of groups of vertices called (x, y)-corners where 2 ≤ x ≤ 2n and −2h2(G) ≤ y ≤ 2h1(G).
Each corner consists of either a single vertex or of a pair of adjacent vertices. Corners can
have dedicated top, left, right, and bottom connecting vertices, some of which may coincide.
For example, if a corner consists of a single vertex, that vertex simultaneously forms all four
connecting vertices. Finally, there will be some intermediate vertices that are not part of any
corner.

We start with G′ := G.
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Step 1: Compute a 2-page book embedding of G. Let v1, . . . , vn be the vertices of G

enumerated in the order in which they appear on the spine, and let {E1, E2} denote the
partition of E.

Step 2: Replace every vertex vi with a coloring path of length h1(vi) + h2(vi). Every edge e

of G incident to vi is now instead attached to the (h2(vi)+h(e))-th center vertex, if e ∈ E1,
or the (h2(vi) − h(e)) if e ∈ E2. For r = 0, . . . , h1(vi) + h2(vi), the r-th center vertex
of that path forms the (2i, 2r − 2h2(vi))-corner. For r = 1, . . . , h1(vi), the r-th left and
right vertices jointly form the (2i, 2r − 1 − 2h2(vi))-corner. The left vertex is the left
connecting vertex of this corner and the right vertex is the right connecting vertex.

Step 3: For every edge e = {vi, vj} ∈ E1, i < j, replace the corresponding edge of G′ with a
coloring path of length ℓ(e). Identify the first vertex of that path with the (2i, 2h(e))-
corner (which consists of a single vertex). Denote the last vertex of that path by w. Add
an edge from w to the (2j, 2h(e))-corner. For r = 1, . . . , ℓ(e) − 1, the r-th center vertex of
that path is the (2i + 2r, 2h(e))-corner. The vertex w, which is the ℓ(e)-th center vertex,
is an intermediate vertex. For r = 1, . . . , ℓ(e), the r-th left and right vertices jointly form
the (2i + 2r − 1, 2h(e))-corner. The left vertex is the top connecting vertex of this corner
and the right vertex is the bottom connecting vertex.

Step 4: For every (x, y) with 2 ≤ x ≤ 2n and 0 ≤ y ≤ 2h1(G), if an (x, y)-corner was not
added in one of the previous two steps, then add a single vertex, which becomes the (x, y)-
corner, to G′. In that case add an edge from the (x, y)-corner to the top connecting
vertex of the (x, y − 1)-corner, to the left connecting vertex of the (x + 1, y)-corner, and
so on. Subdivide each of these edges once, introducing four new intermediate vertices.

Note that Steps 3 and 4 take only E1 into account. These steps must be repeated
analogously for E2, using negative y-coordinates. ⌟

The correctness builds on the following two facts. By replacing each original edge with
a path of coloring paths in Steps 2 and 3, we enforce different colors for the respective
endpoints (see Figure 3(b)). Filling the remaining space with a subdivided grid in Step 4
(see Figure 3(c)) preserves 3-colorability and turns the graph both into an RNG and a GG.

Further remarks. We remark that RNGs and GGs with maximum degree 3 are always
3-colorable. This follows from Brooks’ theorem [9, 29], which states that any graph with
maximum degree ∆ ≥ 3 is ∆-colorable, if it contains no (∆ + 1)-clique. RNGs and GGs
contain no 4-cliques (see Section 2). It remains open whether 3-Col can be solved in
polynomial time on RNGs or GGs with maximum degree between 4 and 6.

By the well-known four color theorem, all planar graphs are 4-colorable. The fastest
known algorithm to compute a 4-coloring of a planar graph has quadratic running time [32].
For RNGs, Cimikowski [12] proposed an algorithm for computing 4-colorings in linear time.
However, this algorithm is based on the claim [37, Lemma 4.2] that the wheel graph W6 cannot
occur as subgraph of an RNG. This claim was disproved by Bose et al. [6]. Cimikowski’s
algorithm additionally implicitly assumes that RNGs are closed under minors, since the
algorithm sometimes merges two adjacent vertices. This can lead to graphs that are not
RNGs. Thus, it remains open whether or not a linear-time algorithm for this task exists.

4 Feedback Vertex Set

We now turn our attention to the Feedback Vertex Set problem. In a graph G = (V, E),
a feedback vertex set is a set X ⊆ V such that G − X is a forest. In the Feedback Vertex
Set problem (FVS), one is given a graph and k ∈ N0 and asked whether the graph contains
a feedback vertex set of size at most k. We prove the following:

SWAT 2022
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(x, y + 4ε)

(x− 4ε, y)

Figure 5 Buffer at position (x, y) ∈ R2 with highlighted outer vertices.

(a) (b)

(c)

Figure 6 The (a) (4, 0)-, (b) (3, 1)-, and (c) (2, 2)-vertex gadget with highlighted outlets.

▶ Theorem 4.1 (⋆). Feedback Vertex Set on RCGs, on RNGs, and on GGs is NP-hard,
even if the maximum degree is 4. Moreover, unless the ETH fails, it admits no 2o(n1/4)-time
algorithm where n is the number of vertices.

Our proof is based on a polynomial-time many-one reduction from the NP-complete [33]
Feedback Vertex Set on planar graphs of maximum degree 4. We only give an intuitive
high-level description here, deferring the complete proof to the full version, and illustrate the
resulting graph in Figure 7. We utilize the graph pictured in Figure 5 and call it a “buffer”.
Adding a copy of this graph to an existing graph increases the size of a minimum feedback
vertex set by exactly 4 even if the vertices marked as outer vertices are each connected to
exactly one vertex in the original graph.
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(a)
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0 ũ1

0 ũ3
0 u3
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Figure 8 The ladder path L4,2 with (a) selected vertex labels and inside/outside edges highlighted
in dark green / light blue; (b) a traversal; (c) a partial/full cover (light blue / dark green).

We compute a 2-page book embedding of the input graph and represent every vertex v in
that graph by a gadget which depends on deg1(v) and deg2(v). The three possible gadgets
for a vertex with degree 4 are pictured in Figure 6. They contain many copies of the buffer
graph. We then represent edges in the input path by long paths between the outlets of the
vertex gadgets that represent the edges’ endpoints. We fill the space between these paths
with copies of the buffer.

The resulting graph has the following structure once all buffers have been deleted (this is
the blue subgraph in Figure 7). Iteratively removing degree-1 vertices from this graph results
in a subdivision of the input graph. This leads to our correctness proof for this reduction, as
FVS is invariant under deletion of degree-1 vertices and under subdivisions.

Note that FVS is polynomial-time solvable on graphs with maximum degree 3 [36].

5 Hamiltonian Cycle

In a graph G = (V, E), a Hamiltonian cycle is a cycle that visits every vertex in V exactly
once. In the Hamiltonian Cycle problem (HC), one is given a graph and asked to decide
whether the graph contains a Hamiltonian cycle. As the proof of the following is more
complex than for previous problems, we will give more details.

▶ Theorem 5.1. Hamiltonian Cycle on RNGs and on GGs is NP-hard, even if the
maximum degree is 4. Moreover, unless the ETH fails, it admits no 2o(n1/4)-time algorithm
where n is the number of vertices.

To prove Theorem 5.1, we give a polynomial-time many-one reduction from the restriction of
Hamiltonian Cycle to 3-regular planar graphs, for which we have the following.

▶ Proposition 5.2 ([20, 28]). Hamiltonian Cycle on 3-regular planar graphs is NP-hard
and, unless the ETH fails, admits no 2o(n1/2)-time algorithm where n is the number of vertices.

The reduction in the proof of Theorem 5.1 consists of two Hamiltonicity-preserving modifica-
tions: gadget expansion (Section 5.1) and face filling (Section 5.2).

5.1 Gadget Expansion
The gadgets that will replace the edges are called ladder paths. For k1, k2 ∈ N, the ladder
path with length (k1, k2) is the graph Lk1,k2 = (V, E), where

V ={u1
i , ũ1

i , u3
i , ũ3

i | i ∈ {0, . . . , k1 − 1}} ∪ {u2
i , ũ2

i | i ∈ {0, . . . , k2 − 1}} ∪ {w1, . . . , w7}.

The edges are given using the example pictured in Figure 8(a) and listed explicitly in the
full version.
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(a) (b)

(a1)
↓ ↑y

(a2)
↓ ↑ x

(b1)
↓ ↑

x

(b2)
↓

↓

y

Figure 9 (a) (3, 0)-vertex gadget and (b) (2, 1)-vertex gadget, with highlighted outlets. (a1), (a2)
and (b1), (b2) show two generic ways a Hamiltonian cycle can pass through each vertex gadget.

The vertices uj
i , ũj

i with j ∈ {1, 2} along with w1 and w2 form the first half of the ladder
path and those with j = 3 along with w4, . . . , w7 form the second half. The vertex w3 is the
transitional vertex. The vertices w1, . . . , w7 form the switch. The vertices u1

0 and ũ1
0 form the

end of the first half, while u3
0 and ũ3

0 form the end of the second half. The edges highlighted
in light blue in Figure 8(a) will be called outside edges, while the edges highlighted in dark
green are inside edges. An edge {uj

i , uj
i+1} or {ũj

i , ũj
i+1} is called even if i is even.

A traversal of a ladder path is a path that begins in either vertex at one end of the ladder
path, terminates in either vertex at the other end, and visits every vertex on the ladder
path and no other vertex. A partial cover of a half of a ladder path is a path that begins in
either vertex in the end of the half, terminates in the other vertex in that end, and visits
every vertex of that half, but no other vertex. A full cover of a half additionally visits the
transitional vertex. Examples of a traversal, a partial cover, and a full cover are pictured in
Figure 8(b) and (c). The main property of ladder paths is that any Hamiltonian cycle must
either contain a traversal, or a full and a half cover of each ladder path.

▶ Lemma 5.3 (⋆). Suppose that the Hamiltonian graph G = (V, E) contains a ladder, that
the only vertices on the ladder path with neighbors outside of the ladder path are on its ends,
and that the vertices on the ends each have no more than one neighbor outside of the ladder
path. Then, any Hamiltonian cycle in G contains either:

a traversal of the ladder path or
a partial cover of one of its halves and a full cover of the other half.

For a ladder path and a Hamiltonian cycle in a graph, we say that the ladder path is traversed
if the Hamiltonian cycle contains a traversal of the ladder path. Otherwise, it is covered.

Next, we discuss the vertex gadgets. Recall that the graph G is assumed to be 3-regular.
We will use four types of vertex gadgets. Each vertex gadget consist of a grid of size 2 × 10,
with the only difference being the position of their three outlets, which are designated vertex
pairs to which the ladder paths representing the edges will be connected. The (3, 0)-vertex
gadget and the (2, 1)-vertex gadget are pictured in Figure 9 with the three outlets highlighted.
The (0, 3)-vertex gadget and the (1, 2)-vertex gadget are obtained from the former two by
mirroring along the horizontal axis. The value (i, j) will be called the type of the gadget.

We will refer to the outlets as top or bottom outlets, as well as the left, middle or right
outlet, with the obvious meaning. The left and right outlets are also called the outer outlets.

We will now define the gadget expansion of a 3-regular graph G, consisting of a graph G′

and a straight-line embedding emb resulting from applying the following steps to G.

▶ Construction 5.4 (Gadget expansion). Start with G′ being the empty graph.
Step 1: Compute a 2-page book embedding of G and let v1, . . . , vn be the vertices of G in

the order in which they appear on the spine, and let {E1, E2} denote the partition of E.
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Figure 10 Gadget expansion of the graph pictured in Figure 2. This graph is not 3-regular, but
we may assume that there are further edges in E2.

Step 2: For every vertex vi ∈ V add to G′ a (deg1(vi), deg2(vi))-vertex gadget. Position the
vertices of this gadget at (18i + x, y) with x ∈ {0, . . . , 9} and y ∈ {0, 1}, as in Figure 9.

Step 3: For every edge e = {vi, vj} in E1, i < j, add to G′ a ladder path Lk1,k2 connected
to an outlet in vi’s vertex gadget and an outlet in vj ’s vertex gadget as follows. Recall
the ordering of the edges incident to a vertex defined in the preliminaries. If e is the
r-th edge at vi and the s-th edge at vj , then attach said ladder path to the r-th top outlet
from the left of vi’s vertex gadget and to the s-th top outlet from the left of vj ’s vertex
gadget. If only one of these two outlets is an outer outlet, then attach the end of the
first half to that outlet and the end of the second half to the other (middle) outlet. (If
the outlets are both outer or both middle outlets, then it does not matter which end of
the ladder path is connected to which outlet.) This is done by adding two disjoint edges
which connect the two vertices forming an end of the ladder path to the two vertices
forming the corresponding outlet as in Figure 10.
The value of k1 is chosen as k1 := 6h(e) and the value of k2 as follows. Define α to be 0,
4, or 8, if the ladder path is attached to the left, middle, or right outlet of vi’s vertex
gadget, respectively. Define β in the same manner for vj . Set k2 := 18(j − i) − α + β − 5.
Note that k2 ≥ 5 always holds. Finally, we will give the embedding of the ladder path’s
vertices, using the designations introduced in the definition of a ladder path. We only
state the case where the first half is attached to vi, for the other case the coordinates are
to be mirrored at a suitable vertical axis. The positions of the vertices in the first half
are (with Sα

i := 18i + α):

emb(u1
r) := (Sα

i , r + 2), emb(ũ1
r) := (Sα

i + 1, r + 2), r = 0, . . . , k1 − 1,

emb(u2
r) := (Sα

i + 2 + r, k1 + 1), emb(ũ2
r) := (Sα

i + 2 + r, k1), r = 0, . . . , k2 − 1,

emb(w1) := (Sα
i + k2 + 2, k1 + 2/3), emb(w2) := (Sα

i + k2 + 2, k1 + 1/3),
emb(w3) := (Sα

i + k2 + 2.5, k1 + 1/2), emb(w4) := (Sα
i + k2 + 3, k1 + 2/3),

emb(w5) := (Sα
i + k2 + 3, k1 + 1/3), emb(w6) := (Sα

i + k2 + 4, k1 + 1),
emb(w7) := (Sα

i + k2 + 4, k1).

This embedding is illustrated in Figure 8. The positions of the vertices in the second
half are analogous to the first. This step is illustrated in Figure 10.

Step 3 must be repeated for E2 using negative y-coordinates. ⌟

This construction is useful due to the following:

▶ Lemma 5.5 (⋆). Gadget expansion preserves Hamiltonicity.

The proof, which is deferred to the full version, is based on the fact that a Hamiltonian cycle
may pass through vertex gadgets as pictured in Figure 9.
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v1
v2v3v4v5

v6

v7
v8 v9 v10 v11

v12

u1

u2

Figure 11 An example of a permissible cycle addition with a cycle of length 12.

5.2 Face Filling
In order to turn the gadget expansion of a graph into an RNG and GG, we need to add
buffers. The challenge is doing this in a way that preserves Hamiltonicity. We call an
edge e of G permissible if G is not Hamiltonian or if G contains a Hamiltonian cycle that
passes through e.

▶ Lemma 5.6 (⋆). Subdividing a permissible edge preserves Hamiltonicity. Moreover, both
edges resulting from the subdivision are permissible in the resulting graph.

Our main tool for adding buffers to a graph is called permissible cycle addition. Let {u1, u2}
be a permissible edge of G = (V, E). We say that G′ = (V ′, E′) is obtained from G by
attaching a permissible cycle to {u1, u2} if (see Figure 11 for an illustration)

V ′ = V ⊎ {v1, . . . , vk}, k ≥ 4, and v1, . . . , vk induce a cycle in that order, that is,
{vi, vj} ∈ E′ if and only if |i − j| = 1 or {i, j} = {1, k};
E′ ∩

(
V
2
)

= E;
for all i ∈ {2, . . . , k − 1}, if degG′(vi) ≥ 3, then degG′(vi−1) = degG′(vi+1) = 2; and
degG′(v1) = degG′(vk) = 3, and {{v1, u1}, {vk, u2}} ⊆ E′.

Figure 11 pictures an example of such a cycle addition. This modification is useful due to:

▶ Lemma 5.7 (⋆). Permissible cycle addition preserves Hamiltonicity. Moreover, if
v1, . . . , vk is the added cycle, then the edges {vi, vi+1}, 1 ≤ i < k, are all permissible
in the resulting graph.

In order to be able to apply permissible cycle addition to the gadget expansion G′ of a
graph G, we need to know permissible edges of G′. For this, we have the following lemma.

▶ Lemma 5.8 (⋆). Let G be a 3-regular graph, G′ the gadget expansion of G, and L any ladder
path of G′ whose first half is attached to an outer outlet (of a vertex gadget). Then, L contains
two even inside and two even outside edges, all of which are permissible. Furthermore, these
edges can be determined in linear time.

We are set to give the construction in our polynomial-time many-one reduction from HC on
3-regular planar graphs to HC on RNGs or GGs.

▶ Construction 5.9. Let G = (V, E) be a 3-regular planar graph. We will construct an RNG
and GG G′ = (V ′, E′) that is Hamiltonian if and only if G is. We will give the embedding of
the vertices directly in the reduction.

We start with (G′, emb), the gadget expansion of G. We add one buffer for every (x, y) ∈
Z2 where 14 ≤ x ≤ 16n + 10 and −6h2(G) − 2 ≤ y ≤ 6h1(G) + 2 are both even, except
when G′ already contains a vertex v with emb(v) ∈ {(x, y), (x + 1, y)}. The buffer then
consists of a 4-cycle whose vertices are embedded at (x, y), (x + 1, y), (x + 1, y + 1), and
(x, y + 1) and whose edges are then further subdivided. We call it the (x, y)-buffer and refer
to the four (subdivided) edges as its sides. For each side, if G′ previously already contained
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(a)

(x + 1, y + 1)

(x + 1, y)

(x + 1, y + 1/4)

(x + 1, y + 5/6)

(x + 1, y + 1/2)

(x + 2, y + 4/6)

(b)

(c) (d)

(x + 1, y + 3/4)

Figure 12 Construction of the sides of a cycle (left) with (a) a docking side adjoined to an edge,
(b) a docking side adjoined to a previously existing non-docking side, (c) a non-docking side adjoined
to an edge, and (d) a non-docking side adjoined to an existing side. In each picture, an edge or
previously existing side to adjoin is on the right. The vertices and edges that result from the addition
of the cycle are marked in blue while previously existing vertices and edges are in black.

a (possibly subdivided) edge running parallel to that side at distance 1, then we say that
this side adjoins that (possibly subdivided) edge. For example, the side from (x, y + 1) to
(x + 1, y + 1) would adjoin an existing edge from (x, y + 2) to (x + 1, y + 2). A side may also
adjoin an edge in a switch to which it is not parallel. For example, the side from (x, y + 1)
to (x + 1, y + 1) could adjoin an existing edge from (x, y + 2) to (x + 1, y + 2 + 1/3). Finally,
exactly one of the four sides will be designated as the docking side. The docking side must
adjoin either a side of a previously added buffer or a permissible edge of the gadget expansion.

When adding a buffer, if its sides adjoin existing sides or edges, then we also add edges
connecting the buffer to other vertices and possibly also subdivide the adjoined edges or sides.
There are four cases, depending on whether the newly added side is docking or non-docking
and whether it adjoins a side of another buffer or an edge of the gadget expansion. These
four cases are illustrated in Figure 12. In particular,

the docking side of the added buffer is always subdivided four times and has four edges
connecting it to the side or edge it adjoins (see Figure 12(a) and (b));
a non-docking side adjoining an edge of the gadget expansion is subdivided once and has
two connecting edges (see Figure 12(c));
a non-docking side adjoining another buffer’s side is subdivided thrice and has three
connecting edges (see Figure 12(d));
a (non-docking) side which does not adjoin anything is subdivided once.

Figure 12 explains the positions of the sides’ subdivisions by way of an example for the
right-side case. For the case of the other three sides, the coordinates are obtained by rotating
around (x + 1/2, y + 1/2).

The docking side must adjoin another buffer’s side or a permissible edge. We will now
discuss a strategy to achieve this. First, observe that every position (x, y) at which we intend
to add a buffer lies in a face of (G′, emb) that borders more than four vertices (possibly the
unbounded face). In order to distinguish between such faces and faces within ladder paths,
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we will refer to the former as regions. We will add the buffers region-by-region. Next, note
that once a buffer has been added to a region, then any subsequent buffer in that region can
have its docking side adjoined to a (non-docking) side of another buffer added before it, as all
edges on non-docking sides of a buffer are permissible by Lemma 5.7. (The gadget expansion
is “surrounded” with buffers, so this works for the unbounded face.) Thus, it suffices to show
how to add the first buffer for each region.

To this end, we must examine the structure of the gadget expansion. Let R be any region.
Clearly, R borders some vertex gadget, and thus also a ladder path L attached to an outside
outlet of that vertex gadget. More precisely, R borders either every inside or every outside
edge of L. By construction of the gadget expansion, the first half of L is attached to an
outside outlet of some vertex gadget. Thus, we can find two permissible edges of L that
border R by Lemma 5.8. Because we have two permissible edges to choose from, we can
ensure that we never adjoin the docking sides of two buffers to two “parallel” edges of L (i.e.,
to {uj

i , uj
i+1} and {ũj

i , ũj
i+1}), as every ladder path only borders two regions. ⌟

We will use the following minor technical lemma.

▶ Lemma 5.10 (⋆). Consider a square with corners x0, . . . , x3 ∈ R2 and P ⊆ R2. Let
S0, . . . , S3 be the sides of the square, where xi is incident to Si and Si+1 (all indices are
modulo 4). Let yi := xi−1+xi

2 for each i ∈ {1, 2, 3} and y0 := x3+x0
2 . If P contains x0, . . . , x3

and possibly further points on the boundary of the square, but no points inside or outside of
the square, then RNG(P ) = GG(P ) = C|P | if either of the following two conditions are met:

(i) y0, . . . , y3 ∈ P or
(ii) there is an I ⊆ {1, 2, 3, 4} such that |I| ≥ 3 and Si ∩ P ⊆ {x0, x1, x2, x3} for each i ∈ I.

We are now prepared to prove the main result of this section.

Proof of Theorem 5.1. The proof builds on Construction 5.9. By Lemma 5.5, gadget expan-
sion preserves Hamiltonicity. Each addition of a cycle involves subdividing a permissible edge
(preserving Hamiltonicity by Lemma 5.6), and then adding a permissible cycle (preserving
Hamiltonicity by Lemma 5.7). It follows that the construction preserves Hamiltonicity.

The construction already describes an embedding of the resulting graph G′. So it only
remains to show that this embedding induces G′ as its RNG and GG. Let

A := {(x, y) ∈ Z2 | 14 ≤ x ≤ 16n + 11, −6h2(G) − 2 ≤ y ≤ 6h1(G) + 3}.

Note that for most (x, y) ∈ A there is a vertex embedded at (x, y). The only exceptions
are positions surrounding switches. For any (x, y) ∈ A we will call the vertices embedded
at (x, y), (x + 1, y), (x, y + 1), and (x + 1, y + 1) along with any vertices embedded on
the line segments between those four points a grid face. There are three classes of grid
faces: grid faces within ladder paths or vertex gadgets, buffers, and grid faces between the
aforementioned ones.

Within ladder paths, only two grid faces, which are shown in Figure 13 (A and B), can
occur. For these, the claim is implied by Lemma 5.10(ii). Within buffers, more variations are
possible (e.g. C and D in Figure 13). Here, the claim is implied by Lemma 5.10(i). All grid
faces between cycles or between cycles and vertex gadgets are pictured in Figure 12. It is
easy to see that all pairs of non-adjacent vertices have GG blockers and no pair of adjacent
vertices has an RNG blocker.

We now consider the area surrounding a switch. This area is pictured in Figure 13. The
vertex e is not a GG blocker for {a, b}, because d(a, b)2 = 1/9 and d(a, e)2 = d(b, e)2 = 5/18.
The vertex marked d is also not a GG blocker for {b, c}, since d(b, c)2 = 16/9, d(b, d)2 = 10/9,
and d(c, d)2 = 2. Other cases are analogous or easy to see. E.g., c and e are not adjacent,
because b is a blocker. Vertices that do not share a grid face are not adjacent by Lemma 2.1.
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a

b

c

d

e

A

BCD

Figure 13 An excerpt of the graph G′ produced by the reduction: Grid faces in G′: (A) Grid
face within a ladder path or a vertex gadget with no docking side adjoined to its edges. (B) Grid
face within a ladder path or a vertex gadget with a docking side adjoined to one of its edges. (C) +
(D) Grid faces within buffers with the docking side on the right.

If n is the number of vertices in the input graph G, then the graph G′ output by the
construction contains n vertex gadgets each containing O(1) vertices, O(n) ladder paths with
O(n) vertices, and O(n2) cycles with O(1) vertices. It is easy to see that each step in both
constructions can be computed in polynomial time. Along with Proposition 5.2, this implies
that HC is NP-hard on RNGs and on GGs. Moreover, it also implies that HC cannot be
decided by a 2o(n1/4)-time algorithm on RNGs or GGs, unless the ETH fails. ◀

The computational complexity of Hamiltonian Cycle on RCGs and that of HC on RNGs
and GGs with maximum degree 3 is left open.

6 Dominating Set and Independent Set

In a graph G = (V, E), an independent set is a vertex set X ⊆ V such that G[X] is edgeless.
In the Independent Set problem (IS), one is given a graph and k ∈ N0 and asked to
decide whether the graph contains an independent set of size at least k. A dominating
set in G = (V, E) is a vertex set X ⊆ V such that NG[X] = V . In the Dominating Set
problem (DS), one is given a graph and k ∈ N0 and asked to decide whether the graph
contains a dominating set of size at most k. We also studied these two problems and proved:

▶ Theorem 6.1 (⋆). Dominating Set and Independent Set on RCGs, on RNGs, and
on GGs are NP-hard, even if the maximum degree is 4, Moreover, unless the ETH fails,
neither problem admits a 2o(n1/4)-time algorithm where n is the number of vertices.

The proof, which is based on reductions from the corresponding problems on planar graphs
with maximum degree 3, is deferred to the full version. It remains open whether DS or IS
can be solved in polynomial time when restricted to RCGs, RNGs, or GGs with maximum
degree 3.

7 Conclusion

We have shown that problems that are NP-hard on planar graphs typically remain NP-hard
on the three proximity graph classes we study. This suggests that the main tools of algorithm
theory to attack these problems shall be parameterized and approximation algorithms.
IS, DS, and FVS all admit polynomial-time approximation schemes on arbitrary planar
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graphs, [2, 25] including the three types of proximity graphs we considered. FVS is fixed-
parameter tractable on arbitrary graphs [5], while DS and IS are on planar graphs [1, 16]. We
are not aware of any improvements (in terms of running time or approximation guarantees)
to these results that are specific to RCGs, RNGs, or GGs.

It remains an important open question whether or not RCGs, RNGs, or GGs can be
recognized in polynomial time and whether an embedding for a given graph can be computed
in polynomial time [7, 8, 17]. If not, then one might suspect that the graph problems we
have investigated might be easier if one is given an embedding rather than just the graph.
Our reductions, however, prove that this is not the case, since we also give embeddings for
the output graphs, which can easily be computed along with those output graphs.

We showed that FVS is NP-hard on proximity graphs with maximum degree 4, and it
was already known to be polynomial-time solvable on any graph with maximum degree 3.
For the other problems, we did not prove tight bounds on the maximum degree and this
remains open. We proved ETH-based lower bounds of 2o(n1/4) for each of these problems
on RCGs, RNGs, and GGs (with the exceptions of 3-Col and HC on RCGs). On planar
graphs in general, these problems can be solved in time 2O(n1/2) and this running time is
optimal unless the ETH fails [28]. However, it might be possible to solve these problems on
RCGs, RNGs, and GGs with a time bound strictly between 2o(n1/4) and 2O(n1/2).

More generally, we are not aware of any problem that is known to be easier on the three
graph classes we studied than on arbitrary planar graphs (excluding trivial cases like 3-Col
on RCGs). Any such example would be of interest.

We conclude by remarking that most of the studied problems also remain hard on another
canonical class of plane graphs, Delaunay triangulations. As the proofs work differently, we
defer the specifics to subsequent publications.
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