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Abstract
The arboricity α of a graph is the smallest number of forests necessary to cover its edges, and an
arboricity decomposition of a graph is a decomposition of its edges into forests. The best near-linear
time algorithm for arboricity decomposition guarantees at most α + 2 forests if the graph has
arboricity α (Blumenstock and Fischer [12]).

In this paper, we study arboricity decomposition for dynamic graphs, that is, graphs that are
subject to insertions and deletions of edges. We give an algorithm that, provided the arboricity of
the dynamic graph never exceeds α, maintains an α + 2 arboricity decomposition of the graph in
poly(log n, α) update time, thus matching the number of forests currently obtainable in near-linear
time for static (non-changing) graphs.

Our construction goes via dynamic bounded out-degree orientations, and we present a fully-
dynamic algorithm that explicitly orients the edges of the dynamic graph, such that no vertex has an
out-degree exceeding ⌊(1+ε)α⌋+2. Our algorithm is deterministic and has a worst-case update time
of O(ε−6α2 log3 n). The state-of-the-art explicit, deterministic, worst-case algorithm for bounded
out-degree orientations maintains a β · α + logβ n out-orientation in O(β2α2 + βα logβ n) time [30].

As a consequence, we get an algorithm that maintains an implicit vertex colouring with 4 · 2α

colours, in amortised poly-log n update time, and with O(α log n) worst-case query time. Thus, at
the expense of log n-factors in the update time, we improve on the number of colours from 2O(α) to
O(2α) compared to the state-of-the-art for implicit dynamic colouring [27].
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1 Introduction

Graph colouring is a well-studied problem in computer science and discrete mathematics
and has many applications such as planar routing and network optimization [17]. A proper
colouring of a graph G = (V, E) on n vertices is an assignment of colours to each vertex in
V (G) such that no neighbours receive the same colour. We are interested in minimising the
number of colours used. The minimum number of colours that can be used to properly colour
G, is called the chromatic number of G. It is NP-hard to even approximate the chromatic
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number to within a factor of n1−ε for all ε > 0 [43, 29], but colourings with respect to certain
parameters can be efficiently computed. For instance, it is well known that if a graph is
uniformly sparse in the sense that we can decompose it into k forests, then we can efficiently
compute a colouring: the sparsity of the graph ensures that every subgraph has a vertex of
degree at most 2k − 1, allowing us to compute a 2k colouring of the graph in linear time by
colouring the vertices in a clever order. The minimum number of forests that the graph can
be decomposed into is called the arboricity of G. In the past decades, much work has gone
into the study of dynamic algorithms that are able to efficiently update a solution, as the
problem undergoes updates. A general question about dynamic problems is: which (near-)
linear-time solvable problems have polylogarithmic updatable solutions?

We study the problem of maintaining a proper colouring of a dynamic graph with bounded
arboricity. This class of graphs encompasses, for instance, dynamic planar graphs where
α ≤ 3. Here, the graph undergoes changes in the form of insertions and deletions of edges
and one needs to maintain a proper colouring of the vertices with fast update times. We
distinguish between two scenarios: one where, as is the case for dynamic planar graphs, we
have access to an upper bound on the arboricity αmax throughout all updates, and one where
we do not. Note that due to insights presented in [39], we can often turn an algorithm for
the first scenario into an algorithm for the second by scheduling updates to O(log n) (partial)
copies of the graph, thus incurring only an O(log n) overhead in the update time.

Barba et al. [6] showed that one cannot hope to maintain a proper, explicit vertex-colouring
of a dynamic forest with a constant number of colours in poly-logarithmic update time.
Consequently, we cannot maintain explicit colourings where the number of colours depend
entirely on α with poly-logarithmic update time - even if we know an upper bound on α.
This motivated Henzinger et al. [27] to initiate the study of implicit colourings. Here, instead
of storing the colours of vertices explicitly in memory, a queryable data structure is provided
which after some computations returns the colour of a vertex. If one queries the colours of
two neighbouring vertices between updates, the returned colours must differ. Now, we can
circumvent the lower bound by using known data structures for maintaining information
in dynamic forest to 2-colour dynamic forests in poly-logarithmic update time. Henzinger
et al. [27] use this to colour graphs via an arboricity decomposition i.e. a decomposition of
the graph into forests. They present a dynamic algorithm that maintains an implicit proper
2O(α)-colouring of a dynamic graph G with arboricity α. Their algorithm adapts to α, but
in return it hides a constant (around 40) in the asymptotic notation. Even if one has an
upper bound αmax on α, the currently best obtainable colouring uses 24(αmax+1) colours
by combining the arboricity decomposition algorithm from Henzinger et al. [27] with an
algorithm of Brodal & Fagerberg [13] that maintains a 2(αmax + 1) bounded out-degree
orientation. Both of these algorithms use a lot of colours. Even for planar graphs with
arboricity at most 3, 216 > 60.000 colours are used. This is quite far from 4 colours, which is
always sufficient [3, 38], or the 5 colouring that can be computed in linear time [35, 14, 20].

Dynamic arboricity decompositions. Both colouring algorithms go via dynamic α′-bounded
out-orientations. Here, the goal is to orient the edges of the graph while keeping out-degrees
low. These are then turned into dynamic 2α′-arboricity decompositions. By 2-colouring
each forest, such a decomposition yields a 22α′ colouring. Thus the lower α′ is, the fewer
colours we use. There has been a lot of work on maintaining dynamic low out-orientations
[13, 8, 30, 26, 41], and much of this work aim to improve update complexity by relaxing
the allowed out-degree. Motivated by implicit colourings, we provide a different trade-off,
providing a lower α′ value within polylog(n, α) update time. Specifically, a ⌊(1 + ε)α⌋+ 2
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dynamic out-orientation with O(log3(n)α2/ε6) update-time adaptive to α, and an α + 2
dynamic arboricity decomposition with O(poly(log n, αmax)) update time, when we have an
upper bound αmax on the arboricity. Our algorithm maintaining the arboricity decomposition
matches the number of forests obtained by the best static algorithm running in near-linear
time [12].

These algorithms may also be interesting as they go below the 2α barrier on out-edges and
forests respectively. In the static case there exist simple and elegant algorithms computing
2α − 1 out-orientations and arboricity decompositions in linear time [4, 19]. For exact
algorithms, the state-of-the-art algorithms spend time Õ(m10/7) [34] or Õ(m

√
n) [33] for the

out-orientation problem, and Õ(m3/2) for the arboricity decomposition problem [21, 22]. Even
statically computing an α +1 out-orientation [31] resp. an α +2 arboricity decomposition [12]
takes Õ(m) time. In the dynamic case, the out-orientation with the lowest bound on
the out-degree with O(poly(log n, α)) update time seem to be the algorithm of Brodal &
Fagerberg [13] that achieves 2(αmax + 1) out-degree. In [13] it is also noted that determining
exactly the complexity of maintaining a d out-orientation for d ∈ [α, 2α] is a ’theoretically
interesting direction for further research’. We make some progress in this direction by showing
how to maintain a ⌊(1 + ε)α⌋+ 2 out-orientation with poly(log n, α, ε−1) update time. Thus,
if α is a constant, we may carefully choose ε to obtain a polylogarithmic α+2 out-orientation.

1.1 Results
Let G be a dynamic graph with n vertices undergoing insertion and deletions of edges, and
let α be the current arboricity of the graph; that is α might change, when edges are inserted
and deleted. If we at all times have an upper bound αmax on α, we say that G is undergoing
an αmax preserving sequence of updates. We have the following:

▶ Theorem 1. For 1 > ε > 0, there exists a fully-dynamic algorithm maintaining an explicit
((1 + ε)α + 2)-bounded out-degree orientation with worst-case insertion time O(log3 n ·α2/ε6)
and worst-case deletion time O(log3 n · α/ε4)

Using pseudoforest decompositions, we obtain a fully dynamic, implicit colouring algorithm:

▶ Corollary 2. Given a dynamic graph with n vertices, there exists a fully dynamic algorithm
that maintains an implicit 2 · 3(1+ε)α colouring with an amortized update time of O(log4 n ·
α2/ε6) and a query time of O(α log n).

By moving edges between pseudoforests, we can turn the pseudoforest decomposition into a
forest decomposition. This also gives a colouring algorithm using fewer colours.

▶ Theorem 3. Given an initially empty and dynamic graph undergoing an arboricity αmax

preserving sequence of updates, there exists an algorithm maintaining a ⌊(1 + ε)α⌋ + 2
arboricity decomposition with amortized update time O(poly(log n, αmax, ε−1)). In particular,
setting ε < α−1

max yields α + 2 forests with an amortized update time of O(poly(log n, αmax)).

▶ Corollary 4. Given a dynamic graph with n vertices, there exists a fully dynamic algorithm
that maintains an implicit 4 · 2α colouring with an amortized update of O(polylog n) and a
query time of O(α log n).

Finally, we modify an algorithm of Brodal & Fagerberg [13] so that it maintains an acyclic
out-orientation.

▶ Theorem 5. Given an initially empty and dynamic graph G undergoing an arboricity
αmax preserving sequence of insertions and deletions, there exists an algorithm maintaining
an acyclic (2αmax + 1) out-degree orientation with an amortized insertion cost of O(α2

max),
and an amortized deletion cost of O(α2

max log n).

ICALP 2022
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Table 1 Different dynamic algorithms for maintaining out-orientations. We state the bounds in
terms of the arboricity α of the graphs, since many of the results referenced do the same.

Reference Out-degree Update time α

Brodal & Fagerberg [13] 2(α + 1) O(α + log n) am. fixed
Kopelowitz et al. [30] βα + logβ n O(β2α2 + βα log n) adaptive
He et al. [26] O(α

√
log n) O(

√
log n) am. fixed

Berglin & Brodal [8] O(α + log n) O(log n) adaptive
Henzinger et al. [27] 40α O(log2 n) am. adaptive
Kowalik [32] O(α log n) O(1) am. fixed
New (Thm. 1) (1 + ε)α + 2 O(log3 (n)α2/ε6)) adaptive

1.2 Related Work
Dynamic colouring. Barba et al. [6] give algorithms for the dynamic recolouring problem,
and show that c-colouring a dynamic forests incurs Ω(n

1
c(c−1) ) recolourings per update.

Solomon & Wein give improved trade-offs between update time and recolourings and give a
deterministic dynamic colouring algorithm parametrized by the arboricity α, using O(α2 log n)
colours with O(1) amortized update time [41]. Henzinger et al. [27] introduced the study of
implicit colouring of sparse graphs in order to circumvent the explicit lower bound of Barba
et al. [6]; they maintain an implicit colouring using 2O(α) colours, with O(log3 n) update
time and O(α log n) query-time. Recently, there has also been a lot of work on the dynamic
colouring problem parameterised by the maximum degree [9, 10, 28].

Bounded out-degree orientations. Much of the work with respect to bounded out-degree
orientations has gone into either 1) statically computing bounded out-degree orientations
with the minimum (or close to it) out-degree [21, 37, 11, 1], or 2) dynamically maintaining
bounded out-degree orientations with efficient updates [13, 30, 41, 32, 8], but allowing weaker
guarantees on the minimum out-degree (see Table 1). Note that the constant of 40 was
extracted from an equation in the proof of Lemma 18 (on page 15) in [27]. The current state-
of-the-art for exact, static algorithms have running time Õ(m10/7) [34] and Õ(m

√
n) [33].

Kowalik [31] also gave an algorithm computing a ⌈(1 + ε)α⌉ out-orientation in Õ(m · ε−1)
time.

Arboricity decompositions. A lot of work has been put into producing efficient static
algorithms for computing arboricity decompositions [21, 22, 18, 37] (see [12] for an overview).
The fastest static algorithm runs in Õ(m3/2) time [21, 22]. Also approximation algorithms
have been studied in the static case. There exists a linear-time 2-approximation algorithm
[4, 19]. Furthermore, Blumenstock & Fischer provide an algorithm computing a ⌈(1+ε)α⌉+1
arboricity decomposition in Õ(m · ε−1) time. Bannerjee et al. [5] provide an Õ(m) dynamic
algorithm maintaining the exact arboricity α of a dynamic graph, and show a lower bound
of Ω(log n) for dynamically maintaining arboricity. Henzinger et al. [27] provide a dynamic
algorithm for maintaining a 2α′ arboricity decomposition, given access to any black box
dynamic α′ out-degree orientation algorithm. (See Table 2.)

Other related work. Motivated by the problem of finding a densest subgraph, Sawlani &
Wang [39] gave an (implicit) dynamic approximation algorithm for maintaining a (1 + ε)ρ
fractional out-degree orientation, where ρ is the maximum subgraph density. In order to
tune the parameters in the algorithm, they use multiple (partial) copies of the same graph,
where each copy has a different estimate of the maximum density of the graph.
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Table 2 Overview of dynamic algorithms for maintaining arboricity decompositions. Note that
applying Lemma 27 to Theorem 5 gives an arboricity decomposition, since the orientation is acyclic.

Reference Forests Update time Uses Lemma from [27] α

Bannerjee et al. [5] α Õ(m) No adaptive
Brodal & Fagerberg [13] 4(α + 1) O(α + log n) am. Yes fixed
Henzinger et al. [27] 80α O(log2 n) am. Yes adaptive
New (Thm. 5) 2(α + 1) O(α2 log n) am. Uses Lemma 27 fixed
New (Thm. 3) α + 2 O(polylog n) am. No adaptive

Computing near optimal out-orientations and arboricity decompositions has also been
studied from a distributed point of view. Barenboim & Elkin gave a (2 + ε)-approximation
in [7]. This has since then been improved to (1 + ε)-approximations [24, 25, 42, 23].

1.3 Summary of techniques
It is quite simple to compute 2-approximations of arboricity decompositions and bounded
out-degree orientations in the static case: It follows from a Theorem of Nash-Williams [36]
that a graph with arboricity α is 2α− 1 degenerate i.e. every subgraph of the graph has a
vertex of degree at most 2α− 1. By continuously removing a vertex with minimum degree
and assigning all remaining edges incident to it as out-edges, one obtains an acyclic (2α− 1)
out-orientation. By partitioning the edges into 2α − 1 partitions s.t. no vertex has two
out-edges in the same partition, one obtains a (2α− 1)-arboricity decomposition.

However, in order to get static algorithms computing close to optimal out-orientations
and arboricity decompositions, one typically formulates the problems as combinatorial
optimization problems. These can be difficult to approximate – even in the static case, and
thus perhaps even more so dynamically. To achieve the low out-orientation algorithm, we
build upon a technique of Sawlani & Wang [39]: if one allows edges to be partially assigned
to both endpoints, one gets a relaxed version of the out-orientation problem which we will
refer to as the fractional out-orientation problem. Here edges are assigned partially to both
endpoints and one seeks to minimise the maximum load of a vertex, where a vertex’s load is
the sum of the loads contributed by each edge incident to the vertex.

A novelty in our approach lies in what we call refinements of fractional orientations: the
edges that assign a substantial load to both endpoints form a subgraph – a refinement – of
the original graph. We show how to remove cycles from the refinement without changing
the loads of any vertices by reassigning edges along cycles. When the refinement is acyclic,
the remaining edges have (almost) decided on which endpoint, they prefer. This ensures
that we can naively ’round’ all of the edges not in the refinement to become out-edges of the
vertices they assign the most load. By 2-orienting the refinement, we obtain an algorithm for
maintaining an out-orientation with close to the optimal number of out-edges.

Given an α′ out-orientation, it is straighforward to split it into α′ pseudoforests i.e. graphs
where each component has at most one cycle: partition the edges into α′ partitions such
that no vertex has out-degree more than one in each partition. Every pseudoforest can be
represented as a forest and a matching – simply put exactly one edge from each cycle into
the matching. Blumenstock & Fischer [12] show that if one chooses the pseudoforests and
the representation of the pseudoforsts in a clever way, then the union of all of the matchings
form a forest. Thus by combining these techniques one can go from an α′ orientation to an
α′ + 1 arboricity decomposition.

ICALP 2022
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It is the same idea that underlies our dynamic arboricity decomposition algorithm: we
maintain a refinement and a low out-orientation of the remaining edges as before. Then we
partition the oriented edges into pseudoforests and finally we alter these pseudoforests and
their representations to arrive at a low arboricity decomposition. The key challenge in making
this process dynamic is that the altered pseudoforests must be obtainable by partitioning
the current out-orientation; otherwise it is unclear how to maintain the pseudoforests as the
graph is updated. In order to achieve this, we modify the approach of Blumenstock & Fischer
such that the obtained pseudoforests stay faithful to the underlying orientation. However to
do so, we have to alter the underlying orientation to accommodate our choice of pseudoforests.
To be able to alter the orientation maintained by the out-orientation algorithm, we have to
be careful to keep auxiliary datastructures updated and ensure that certain invariants are
maintained. To achieve this, we show how to update the datastructures lazily, and we use a
potential based argument to show that we can afford to maintain the required invariants.

Paper Outline. In Section 2, we first show how to 2-orient forests and then we recall the
techniques of Sawlani & Wang [39] and Kopelowitz et al. [30]. In order to maintain the
refinement, we need to represent some parts of the fractional out-orientation implicitly, hence
in Section 2 we also make precise exactly how the fractional out-orientation can be accessed.
In Section 3 we introduce refinements and show how to maintain them dynamically thus
obtaining Theorem 1 and Corollary 2. In Section 4 we show Theorem 3 and Corollary 4. We
begin by briefly discussing our approach, before we in Section 4.1 recall the techniques of
Henzinger et al. [27] and Blumenstock & Fischer [12]. In Sections 4.2 to 4.7 we describe our
new dynamic algorithm for maintaining an arboricity decomposition with close to the optimal
number of forests. Finally, Section 5 is dedicated to Theorem 5. Due to space-constraints
some proofs are left out (they can be found in the full-version [16]).

2 Preliminaries & Warm-up

Nash-Williams [36] showed that the arboricity α of a graph G satisfies α = ⌈max
J⊂G

|E(J)|
|V (J)|−1⌉.

The pseudoarboricity αp is the minimum number of pseudoforests that the edges of G can be
partitioned into. The maximum (subgraph) density or the fractional pseudoarboricity ρ is
defined as ρ = max

J⊂G

|E(J)|
|V (J)| . We have αp = ⌈ρ⌉ [37]. Note that α and αp are numerically very

close, and that αp(G) is the lowest maximum out-degree achievable when orienting the edges
of an undirected graph G [31]. For an undirected graph G and a vertex v ∈ V (G), we let
d(v) be the degree of v and N(v) the neighbourhood of v. If G is directed, d+(v) denotes
the out-degree of v and N+(v) the out-neighbourhood of v.

Explicit 2-out orientation of dynamic forests. We begin by considering the simpler problem
of orienting the edges of dynamic forests so as to minimise the maximum out-degree of
vertices. If we want an implicit out-orientation of a dynamic forest H, we can root each
tree in H arbitrarily, and get an out-degree of 1 upon query-time using data structures
for maintaining information in a dynamic forest (see for example [2, 40]). However, if we
want the out-orientation to be explicit, there is a naive lower bound for maintaining a 1-out
orientation: Take a path of length n. Deleting the edge between vertex n/2 and n/2 + 1,
yields two sub-paths of length roughly n/2. No matter the 1-orientation of these paths, we
can reconnect them so as to necessitate Ω(n) reorientations to restore a 1-orientation. This
may be repeated to defy even the hope of an improved amortised analysis.
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On the contrary, to obtain a 2-orientation, one can use dynamic heavy path decompositions
to obtain an O(log(n)) update time algorithm via orienting light edges towards the root,
and heavy edges arbitrarily. For a rooted-tree T , we have the notion of parents and children
of the vertices. The parent of v is the first vertex from v on the v-to-root path in T . The
children of v are all neighbours of v that are not the parent of v. A heavy child w of v is
then a child of v such that the sub-tree of T rooted at w contains more than half of the
vertices of the sub-tree rooted at v. The heavy children in T induces heavy edges going from
a vertex to its heavy child, and light edges going from a vertex to its non-heavy children.
Every root-to-leaf path then contains at most O(log n) light edges. The heavy edges form the
desired paths, and the light edges can be assigned to the endpoint that is a child of the other
endpoint. Sleator and Tarjan [40] showed how to maintain such a heavy-light decomposition
in O(log n) worst case update time, and with O(1) overhead one can keep all light edges
oriented towards the root. As such, we have:

▶ Lemma 6. There exists a fully-dynamic algorithm maintaining an explicit 2-out orientation
of an n-vertex dynamic forest with O(log n) worst-case update time.

Fractional Out-degree Orientations. We will obtain a low-bounded out-degree orientation
by deterministically rounding a fractional out-degree orientation. Here, the orientation
problem is relaxed so that the edges are allowed to be assigned partially to each end-point,
and the goal is to compute an orientation such that the maximum total load assigned to a
vertex is minimized. A formal definition is as follows:

▶ Definition 7. A fractional α′-bounded out-degree orientation O of a graph G is a pair of
variables Xu

e ,Xv
e ∈ [0, 1] for each edge e = uv ∈ E(G) s.t. the following holds:

1. ∀e = uv ∈ E(G): Xu
e + Xv

e = 1
2. ∀v ∈ V (G): s(v) =

∑
e:v∈e

Xv
e ≤ α′

If furthermore Xu
e ,Xv

e ∈ γ−1 · Z for all e ∈ E(G), we say that O is a (γ, α′)-orientation.

In particular, an α′-bounded out-degree orientation is just a (1, α′)-orientation. We think
of s(v) as the load on vertex v, and α′ as an upper bound on the allowed vertex load. The
γ-parameter underlines the fact that we wish to discretise the fractional loads on edges
to rational loads. If one does so in a symmetric manner for each edge, one can view a
(γ, α′)-orientation of a graph G as a (1, γα′)-orientation of Gγ , where we define Gγ to be G,
where every edge is replaced by γ copies. For an edge e = uv ∈ E(G), we denote by Be the
bundle of γ edges representing e in Gγ . If Gγ is oriented, we denote by Bu

e the bundle of
edges oriented u→ v. Since the copies of e in Be are identical, we only care about the size
of Bu

e , and not which copies of e it contains. Hence:

▶ Observation 8. For a graph G, there is a natural bijection (up to symmetry) between
(1, γ · α′) orientations of Gγ and (γ, α′)-orientations of G.

In light of this observation, we shall use these two descriptions interchangeably, and in some
cases we shall refer to the same orientation as being both a (1, γα′)-orientation of Gγ and a
(γ, α′)-orientation of G. We follow the approaches of Sawlani & Wang [39] and Kopelowitz
et al. [30], so we repeat the following:

▶ Definition 9 ([39]). Given a (1, α′)-orientation of a graph Gγ, we say that an edge
u→ v ∈ E(G) is η-valid if s(u)− s(v) ≤ η and η-invalid otherwise. If also s(v)− s(u) ≤ η,
we say that e = uv ∈ G is doubly η-valid. Furthermore, if s(v)− s(u) ≤ −η/2 we say that e

is an η-tight out-edge of u and an η-tight in-edge of v.

ICALP 2022
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Note that if u→ v is η-invalid, then s(u)− s(v) > η and so −η > s(v)− s(u), so uv is η-tight.
Note that typically η = 1.

▶ Definition 10 ([39] Def. 3.5). A maximal η-tight chain from v is a path of η-tight edges
v0v1, . . . vk−1vk, such that v0 = v and vk has no η-tight out-edges.

A maximal η-tight chain to v is a path of η-tight edges v0v1, . . . vk−1vk, such that vk = v

and v0 has no η-tight in-edges.

▶ Lemma 11 (Implicit in [39]). Inserting an η-valid edge oriented u→ v and reorienting a
maximal η-tight chain from u will η-invalidate no η-valid edges.

Deleting an edge oriented u → v and reorienting a maximal η-tight chain to u will
η-invalidate no η-valid edges.

▶ Remark 12. Note that a maximal η-tight chain has length at most 2· maxv s(v)
η . Indeed,

each time we follow an η-tight out-edge the load on the vertex increases by at least η/2.
If every edge is η-valid, Sawlani & Wang say that the orientation is locally η-stable. Kopelowitz
et al. show the following guarantees for locally 1-stable orientations, where we, for ease of
notation, define ∆+ := (1 + ε)αγ + log(1+ε) (n):

▶ Lemma 13 (Implicit in [30]). If every edge in Gγ is 1-valid, then maxv s(v) ≤ ∆+.

Implicit orientations. We are interested in maintaining a fractional out-degree orientation
in which the fractional orientation of edges allow us to ’round’ the fractional orientation to a
low out-degree orientation. We are interested in two properties: first of all the maximum load
of a vertex should be low, and second of all many of the edges should have either Xu

e or Xv
e

close to 1, so that a naive rounding strategy does not increase the load of a vertex by much.
By Lemma 13, if we ensure that the orientation is locally 1-stable, then we get an upper
bound on the maximum vertex load. In order to ensure the second property, we redistribute
load along cycles without breaking local stability. Our algorithm has two phases. A phase
for inserting/deleting edges in a manner that η-invalidates no edges, thus ensuring the first
property, and a second phase for redistributing load along edges in order to ensure that the
orientation also has the second property. In order for these two phases to work (somewhat)
independently, we think of each phase as having implicit access to the orientation; that is the
insertion/deletion algorithm might have to pay a query cost in order to identify the precise
fractional load of an edge or neighbourhood of a vertex.

▶ Definition 14. An algorithm on an n vertex dynamic and oriented graph has implicit
(|L|, q(n)) access to an orientation, if it has access to:
1. Operations for querying and changing fractional loads of edges in O(log n) time.
2. A query that returns a list containing a superset of all neighbours of a vertex that have

changed status as in- or out-neighbour, since the last time the query was called on this
vertex. The list should have length ≤ |L| and the query should run in O(q(n)) time.

Implicitly Accessing Orientations. In this section, we outline how to modify the algorithm
of Kopelowitz et al. [30] to run on Gγ and to support implicit access to the orientation.
The ideas presented here are not new; they arise in [30] and [39], but we present them for
completeness.

We think of the algorithm as being run on Gγ for some γ to be specified later. We think
of each edge e ∈ G as γ copies in Gγ , but in practice we only store e along with counters
|Bu

e |, |Bv
e | denoting the number of copies oriented in each direction. Now, we wish to run the
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algorithm from [30] in order to insert/delete each copy of an edge one-by-one. This algorithm
inserts/deletes a copy of an edge in Gγ using Lemma 11 with η = 1. We identify a tight chain
from u by continuously looking at all out-neighbours and following tight out-edges, until the
chain becomes maximal. We use max-heaps, stored at each vertex, to identify maximally
tight chains to u. Since we only have implicit access to the orientation, we have to first
process the list of possible changes to in- and out-neighbours before trying to identify the
next tight edge. Furthermore, when we reorient said chains, we have to access the fractional
load of each edge on the chain, before changing it. Hence, we have:

▶ Theorem 15 (implicit in [30]). Given implicit (|L|, q(n)) access to an orientation with
maxv s(v) ≤ ∆+, there exists an algorithm that can insert and delete edges from the
orientation without creating any new 1-invalid edges. The algorithm has worst-case insertion
time of O(γ · ∆+(∆+ + log(n)(|L| + 1) + q(n)))) and a worst case deletion time of O(γ ·
∆+(log(n)(|L|+ 1) + q(n)))).

▶ Remark 16. Each insertion/deletion of a copy of an edge in Gγ with maxv s(v) ≤ ∆+

changes the load of at most O(∆+) edges. Indeed, we only change the load of edges on tight
chains (and potentially one new edge), so the statement follows from Remark 12.

Scheduling Updates. Some of the algorithms rely on upper bounds on the arboricity. This
is, however, not as limiting a factor as one might think, if we are willing to settle for implicit
algorithms. In this section we describe how to use the algorithm of Sawlani & Wang [39]
to schedule updates to O(log n) different copies of a graph such that each copy satisfies
different density constraints. Here, we describe the main ideas behind the algorithm, and in
the appendix of the full version [16], we paraphrase the ideas in more details.

Sawlani & Wang [39] maintain a fractional out-orientation of a graph G by using an
algorithm similar to Theorem 15 to insert and delete edges in Gγ . By allowing η to scale
with the maximum density ρ of G, they are able to make the update time independent of the
actual value of ρ, provided that they have accurate estimates of ρ. By using O(log n) copies
of G – each with different estimates ρest of ρ, they are able to at all times keep the copy
where ρest ≤ maxv s(v) < 2ρest fully updated. They call this copy the active copy. Similar
to Remark 12 they observe that one can safely insert an edge uv in a copy where at least one
of s(u) or s(v) is below 2ρest. If, however, this is not the case, one cannot afford to update
the copy. Sawlani & Wang resolve this issue by scheduling the updates so that they are only
performed, when we can afford to do them. We can use this algorithm as a scheduler for our
algorithms: We also run our algorithm on O(log n) copies of G. Whenever the algorithm
from Theorem 1.1 in [39] has fully inserted or deleted an edge in a copy, we insert or delete
the edge in our corresponding copy. Whenever our algorithm is queried, we then use the
structure from the currently active copy to answer the query. Hence, we have:

▶ Theorem 17 (Implicit in [39] as Theorem 1.1). There exists a fully dynamic algorithm for
scheduling updates that at all times maintains a pointer to a fully-updated copy with estimate
ρest where (1− ε)ρest/2 ≤ α(G) < 4ρest. Furthermore, the updates are scheduled such that a
copy G′ with estimate ρ′ satisfies α(G′) ≤ 4ρ′. The algorithm has amortised O(log4(n)/ε6)
update times.

3 Dynamic Low Out-Orientations

In this section, we work towards the second goal: an orientation where many edges assign
most of their load to one endpoint. To realise this, we introduce refinements of fractional
orientations and show how to dynamically maintain them. The basic idea is to maintain
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Figure 1 Inverting a cycle. We can reorient copies of edges forming a directed cycle without
changing the load of any vertex. By reorienting edges in the refinement, at least one edge on the
cycle becomes almost completely oriented towards one endpoint, and hence it can be expelled.

an orientation such that the fractional load of each vertex is small and such that the edges,
that distribute their loads somewhat equally between both endpoints, form a forest. This
property is nice, if we want to transform our orientation to a bounded out-degree orientation,
since all edges outside of the forest almost already have decided on an orientation, and we
can 2-orient trees using techniques from Section 2. Definition 18 formalises this idea:

▶ Definition 18. Let O be a (γ, α′)-orientation of a graph G. Then H is a (δ, µ)-refinement
of G wrt. O if:
1. V (H) = V (G)
2. For all e = uv ∈ E(G) : Xu

e , Xv
e ∈ (δ, 1− δ) implies that e ∈ H.

3. If e ∈ H, then Xu
e , Xv

e ∈ [δ − µ, 1− δ + µ]
The basic idea behind our algorithm is to maintain a refinement that is a forest. Whenever a
cycle C occurs in the refinement, we can redistribute the fractional loads along the cycle so
as to not change s(v) for any v ∈ C, but such that an edge of C does not satisfy condition 2.
in Definition 18 (see Figure 1). Thus we can remove this edge and again obtain an acyclic
refinement with respect to this new orientation. Hence, we have the following observation:

▶ Observation 19. Suppose 1 > δ > γ−1 + µ ≥ 2γ−1 > 0. Let H be (δ, µ)-refinement of a
graph G wrt. some (γ, α′)-orientation O of G. Then there exists a (δ, µ)-refinement of G,
say H ′, wrt. some (γ, α′)-orientation O′ of G, such that H ′ is a forest.

Note that if every edge of a graph G is η-valid, then an edge e = uv ∈ G can only distribute
its load somewhat evenly between u and v, if s(u) and s(v) are approximately the same.
This implies that e is actually doubly η-valid:

▶ Observation 20. If every edge in Gγ is η-valid, then every edge of a (δ, µ)-refinement H

of G with 1 > δ > γ−1 + µ ≥ 2γ−1 is doubly η-valid.

Since the redistribution of fractional load of edges along a cycle does not change the load s(v)
of any vertex v, performing the redistribution from Observation 19 η-invalidates no edges.

3.1 The algorithm
As outlined earlier, our algorithm has two phases. In the first phase, we will insert and delete
edges without η-invalidating any edges. We do this using the algorithm from Section 2. In
the second phase, we examine all of the edges, whose fractional load was altered in phase 1.
These edges might need to enter or exit H, depending on their new load. If such an insertion
in H creates a unique cycle, we remove it as described in Observation 19. More precisely,
the algorithm works as follows:
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1. Insert (delete) γ copies of e into Gγ one at a time using a phase I algorithm from Section 2.
Whenever a copy of an edge f ∈ E(G) is reoriented in phase I, we push f onto a stack Q.
If e is deleted in G, we also remove e from H.

2. When all γ copies of e are inserted, we set g = uv = pop(Q) and update H as follows
until Q is empty:

If g ∈ H and Xu
g ∈ (δ, 1− δ), we update the weight of g in H to match that of Gγ .

If g ∈ H and Xu
g /∈ (δ, 1− δ), we remove g from H.

If g /∈ H and Xu
g ∈ (δ, 1− δ), we push g onto a new stack S.

If g /∈ H and Xu
g /∈ (δ, 1− δ), we do nothing.

3. After processing all of Q, H together with the edges in S form a (δ, µ)-refinement of G.
We now process each edge h = uv ∈ S as follows:

If u, v are not in the same tree in H, we insert h into H.
Otherwise, u, v are in a unique cycle C in H. We update the weights along C, locate
an edge wz along C with Xw

wz, Xz
wz /∈ (δ, 1− δ) and remove it from H. If uv ≠ wz, we

insert uv into H.
Finally, we update Bw

wz, Bz
wz in G−H to match the weights wz had in H.

Since only edges from Q can enter S, we have the following Observation:

▶ Observation 21. Let Smax and Qmax denote the maximum size of the stacks above during
an insertion or a deletion. Then we have Smax ≤ Qmax ≤ T , where T is the total number of
edges whose fractional orientation are altered during an insertion or a deletion.

Furthermore, Observations 19 and 20 and Theorem 15 imply the invariants:

▶ Invariant 22. Under the orientation induced by H for edges in E(H) and by G−H for
edges in E(G−H), every edge in E(G) is η-valid.

▶ Invariant 23. H is both a (δ, µ)-refinement and a forest.

3.2 Implementing updates
Since we maintain the invariant that H is a forest, we can use data structures for maintaining
information in fully dynamic forests to store and update H:

▶ Lemma 24 (Implicit in [2]). Let F be a dynamic forest in which every edge e = wz is
assigned a pair of variables Xw

e , Xz
e ∈ [0, 1] s.t. Xw

e + Xz
e = 1. Then there exists a data

structure supporting the following operations, all in O(log |F |)-time:
link(u, v, Xu

uv, Xv
uv): Add the edge uv to F and set Xu

uv, Xv
uv = 1−Xu

uv as indicated.
cut(u, v): Remove the edge uv from F .
connected(u, v): Return true if u, v are in the same tree, and false otherwise.
add_weight(u, v, x): For all edges wz on the path u . . . wz . . . v between u and v in F ,
set Xw

wz = Xw
wz + x and Xz

wz = Xz
wz − x.

min_weight(u, v): Return the minimum Xw
wz s.t. wz is on the path u . . . wz . . . v in F .

max_weight(u, v)): Return the maximum Xw
wz s.t. wz is on the path u . . . wz . . . v in F .

Note that using non-local search as described in [2], one can also locate the edges of
minimum/maximum weight in O(log |F |)-time. The lemma also shows that we can process
an edge in Q in O(log n)-time.

▶ Observation 25. We can access and change the fractional load of e ∈ H in time O(log n).
We can do the same for e ∈ G−H in O(1) time, since these loads are not stored in top trees.
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To process an edge uv ∈ S creating a cycle C in the (δ, µ) refinement H, we do as follows.
Depending on the argument minimizing l(C) = µ + min{min_weight(u, v) − δ, 1 − δ −
max_weight(u, v), Xu

uv − δ, 1− δ −Xv
uv}, we either add or subtract l(C) to every edge in C.

We determine and remove the edge that minimized l(C) from H. Thus we can process an
edge in S in O(log n)-time. Finally, if µ > γ−1 then every edge in S ∪H has at least one
copy in Gγ pointing in each direction both before and after the inversion of a cycle. Hence,
no vertex receives any new in- nor out-neighbours. Since inverting a cycle does not change
the load of any vertex, we need not update any priority queues for the insertion/deletion
algorithm. Hence, we do not have to return any lists and so |L| = q(n) = 0.

3.3 Conclusions
▶ Theorem 26. Suppose 1 > δ > γ−1 + µ > 2γ−1 > 0, ε > 0. Then, there exists a dynamic
algorithm that maintains a (γ, (1 + ε)α + γ−1 log(1+ε) n)-orientation of a dynamic graph G

with arboricity α as well as a (δ, µ)-refinement H of G wrt. this orientation such that H is
a forest. The fractional orientation of an edge can be computed in time O(log n), insertion
takes worst-case O(γ · (∆+)2) time and deletion takes worst-case O(γ ·∆+ · log (n)) time.

Proof. Apply Theorem 15 for insertion/deletion. Note that |L| = 0 and q(n) = 0. The
time spent repairing H after each insertion/deletion is in O(γ∆+ log n) by Remark 16 and
Observations 21 and 25, since we can process an edge from both Q and S in O(log n) time.
Finally, Observation 20 and the Invariants 22 and 23 show correctness of the algorithm. ◀

Now tuning the parameters of Theorem 26, rounding edges in G − H and 2-orienting H

yields Theorem 1. By naively rounding G−H in Theorem 26 and splitting the orientation
using Lemma 27, we get an algorithm for dynamically maintaining a decomposition into
⌊(1 + ε)α′⌋ pseudoforests and a single forest. Applying the colouring techniques from the full
version yields Corollary 2.

4 Forests

We begin this section by outlining the main ideas for turning a dynamic low out-orientation
into a dynamic low arboricity decomposition. Given a dynamic α′-bounded out-degree
orientation, one can, with very little overhead, split it into α′ 1-bounded out-degree
orientations using a (slight modification) of an algorithm by Henzinger et al. [27]. Now,
given this dynamic pseudoforest partition, we wish to apply the ideas of Blumenstock &
Fischer [12] in order to turn the α′ pseudoforests into α′ + 1 forests. The main technical
challenge of making this process dynamic is the following: the algorithm from [27] relies
heavily on each vertex having out-degree no more than 1 in each pseudoforest. However, the
approach of Blumenstock & Fischer [12] is to move edges between pseudoforests, showing no
regards as to why an edge was placed in a pseudoforest to begin with. Hence, if one naively
applies this approach on top of the pseudoforest partition, one could potentially ruin the
invariant that every vertex has out-degree no more than 1 in each pseudoforest, causing the
algorithm of Henzinger et al. [27] to fail. We tackle this problem in steps. First, we show that
if we were somehow able to invert the orientations of cycles, then we can make the moves
of Blumenstock & Fischer’s approach faithful to the degree condition of the pseudoforest
algorithm of Henzinger et al. [27]. If we invert orientations along cycles in the pseudoforests,
the out-degree of no vertex in the pseudoforests is changed. However, if we wish to perform
these operations, we will have to do it in a manner that still allows us to maintain the
underlying α′-bounded out-degree orientation. If the cycles are doubly η-valid, we invert the



A. B. G. Christiansen and E. Rotenberg 42:13

cycles using Lemma 24. We do as in Section 3, but this time we add or subtract 1− δ along
the cycles. This ensures that every edge on the cycle now prefers the other endpoint, and so
is naively rounded to the opposite direction without ending in H. The problem is that we
have no guarantee that all edges are doubly η-valid. If an edge is only singly η-valid, then
redistributing the load along a cycle containing this edge causes the edge to become invalid.
However, by Lemma 11, we can delete such invalid edges and reinsert them again to restore
the invariant that all edges are η-valid. We use a potential based argument to show that we
can afford to perform these operations.

4.1 Ideas of Henzinger et al. and Blumenstock & Fischer
An α′-bounded out-degree orientation, can be split into α′ pseudoforests by partitioning
the edges such that each vertex has out-degree at most one in each partition. Then every
connected component PC in a partition is a pseudoforest. Indeed, |E(PC)| ≤ |PC | since every
vertex has out-degree at most one. Hence, there can be at most one cycle in PC . This idea
is implicit in [27] by Henzinger et al. Note that we can store each pseudotree as a top tree
with one extra edge with only O(log n) overhead per operation.

▶ Lemma 27 (Implicit in [27]). Given black box access to an algorithm maintaining an
α′-bounded out-degree with update time T (n), there exist an algorithm maintaining an α′

pseudoforest decomposition with update time O(T (n)).

Using the ideas of Blumenstock & Fischer [12], we can represent a pseudoforest P by a pair
(F, M) s.t. F is a forest and M is matching, by adding exactly one edge from each cycle in
P to M . Similarly, we can represent a partition of E(G) into pseudoforests (P1, . . . , Pk) by
a pair (F, M) s.t. F = ∪Fi and M = ∪Mi and (Fi, Mi) represents Pi for all i.

In order to ensure the guarantees of Lemma 27, we need to maintain the invariant that
every vertex has out-degree at most one in every pseudoforest. If this is the case, we say that
the partition is faithful to the underlying orientation. Blumenstock & Fischer [12] perform
operations on G[M ] in order to turn it into a forest. They call G[M ] the surplus graph. Some
of the operations they perform, are described in the following lemma:

▶ Lemma 28 (Implicit in [12]). Let (F, M) be a faithful representation of a pseudoforest
partition of a simple graph G equipped with an α′-bounded out-degree orientation. If uv ∈Mi

and vw ∈Mj with i ̸= j, then there exists an α′-bounded out-degree orientation with respect
to which the partition gained by swapping Pi ← Pi∪{vw}−{uv} and Pj ← Pj ∪{uv}−{vw}
yields a faithful partition, and uv ∈Mj resp. vw ∈Mi iff. uv resp. vw are on the uni-cycle
in their new pseudoforests.

Furthermore, if wx ∈Mi for some x, then vw is not on a uni-cycle in Pi.

Proof. See [12] Lemma 2. To modify the orientation to accommodate the swaps, note that
we can always reverse the direction of at most two cycles, without changing the out-degree
of any vertex, such that both of the edges swapped are out-edges of v. Now swapping the
two out-edges ensures that the partition stays faithful to the orientation (see Figure 2). ◀

Following Blumenstock & Fischer we note that if e1, . . . , ek is a path in a surplus graph
G[M ] such that e1 and ek belong to the same matching Mi, then we can use the moves from
Lemma 28 to restore colourfulness (see [12] Lemma 3). The key is that we can move the
other edge in Mi towards e1, and then after O(k) switches, we are sure to end up in the
furthermore part of Lemma 28. If a surplus graph contains no such paths, Blumenstock &
Fischer say it is a colourful surplus graph. They show the following Lemma:
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Figure 2 Moving edges between pseudoforests (represented by colour). Before performing the
swap, we reorient a cycle so that the swapped edges are out-edges of their common endpoint. This
ensures that every vertex has out-degree at most one in each pseudoforest.

▶ Lemma 29 ([12]). Suppose J is a colourful component of the surplus graph G[M ] of a
graph G. Then for all v ∈ J there exists an index i s.t. NFi

(v) ∩ J = ∅ and J ∩Mi ̸= ∅.

These Lemmas motivate the following approach: use Lemma 28 to ensure that the surplus
graph is always colourful. Next use Lemma 28 to remove any cycles from the surplus graph.

4.2 Our algorithm for maintaining dynamic arboricity decompositions
Assume that we have an upper bound αmax on the arboricity throughout the entire update
sequence. The algorithm works roughly as follows:
1. Run the algorithm from Theorem 26.
2. Naively round the orientation of each edge in G−H.
3. Split the rounded out-degree orientation on G−H into pseudoforests.
4. Whenever an edge enters or moves between pseudoforests, we push it to a queue R.
We process each edge in e ∈ R as follows: Put e into a pseudoforest. If e completes a cycle
in a pseudoforest add it to G[M ]. When e enters G[M ], we determine if it sits in a colourful
component. If it doesn’t, we apply Lemma 28 until all components in G[M ] are colourful. If a
non-doubly valid cycle is reoriented in this process, we remove the singly-valid edges from the
pseudoforests and add them to R. This ensures that the two edges from the same matching
that we were trying to separate into two different components, are indeed separated. We will
later bound the total number of edges pushed to R. If, on the other hand, the component is
colourful, e may sit in a cyclic component. Then we apply Lemma 29 to remove the unique
cycle. This may create a new non-colourful component, which we handle as before.

In the following, we describe the necessary data structures and sub-routines needed to
perform these operations.

4.3 Operations on the surplus graph
In this section, we assume all cycles are doubly η-valid. In Section 4.5, we handle cases where
this is not the case. Assuming that G[M ] is both colourful and acyclic, we can insert an
edge in G[M ] and restore these invariants by performing switches according to Lemmas 28
and 29. Indeed, after inserting an edge, we can run, for example, a DFS on the component
in G[M ] to determine if it is colourful. If it is not, we locate a path e1, . . . , ek such that
e1, ek ∈Mi. Then we apply Lemma 28 to ei−1 and ei beginning with i = k, until an edge
from Mi is removed from G[M ]. Note that this is certain to happen when e1 and e3 belong
to the same pseudoforest. We continue locating and handling paths until the component
becomes colourful. If the component is colourful, but not acyclic, we choose a vertex v on
the cycle and apply Lemma 29 to determine a pseudoforest represented in the component in
which v is connected to no other vertex in the cyclic component. Then we determine a path
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in the surplus graph between an edge in said pseudoforest and v. Now we move the edge in
this pseudoforest to v using Lemma 28. If the edge is removed from G[M ] or the path is
disconnected, we repeat the process. When such an edge is incident to v, we switch it with
an edge on the cycle. Finally, we replace it in M with the unique neighbouring edge that
is also incident to v in the cycle that put it in M . Now G[M ] is acyclic, but it may not be
colourful. If this it the case, we repeat the arguments above until it becomes colourful. Note
that these moves never create a cycle.

▶ Lemma 30. After inserting an edge into G[M ], we can restore acyclicity and colourfulness
in O(α3 log2(n)) time.

4.4 Recovering neighbours
For each vertex, we will lazily maintain which of its out-edges belong to which pseudoforest.
This costs only O(1) overhead, when actually moving said edges. However, whenever we
invert a cycle, these edges may change. Since the cycles can be long, we can only afford to
update this information lazily, whenever the insertion/deletion algorithm determines the new
out-neighbours of a vertex. When this happens, we say the vertex is accessed. Whenever an
edge has its fractional load changed via a cycle inversion, it is always changed by the same
amount. Hence, we make the following observation:

▶ Observation 31. Between two accesses of a vertex v, the only possible new in-neighbours are
the edges which were out-neighbours at the last access of v, and the only new out-neighbours
are the vertices that are out-neighbours at the current access of v.

Thus, we can recover exactly which incident edges might have changed in- and/or out-
neighbour status from v, since the last time v was accessed by the insertion/deletion
algorithm. To do so, we maintain that each top tree is rooted in the unique vertex, which
has out-degree 0, when the underlying orientation is restricted to the tree. This ensures that
we can recover v’s unique out-edge in a pseudoforest by finding the first edge on the unique
v-to-root path in the top tree. We maintain this information as follows:

When we link(u, v) with an edge oriented u→ v, we set the root of the new tree to be
that of the tree containing v.
When we cut(u, v) with an edge oriented u→ v, we set the root of the tree containing u

to be u and that containing v to be the same as the old tree.
When we invert the orientation along a cycle originally oriented u → v → · · · → u, we
change the root from v to u.
When we perform a Lemma 29 swap, we also update the root accordingly.

Note that each update is accompanied by an operation costing O(log n) time, so the overhead
for maintaining this information is only O(1). With this information, we can recover the old
out-neighbours as the stored out-neighbours, and the new out-neighbours by taking the first
edge on the path from v to the root. Hence, we have shown:

▶ Lemma 32. We can supply each vertex with a query returning a list L of neighbours which
might have their status changed in time O(α log n). Furthermore, |L| = O(α).

4.5 Non doubly η-valid cycles
If a cycle is not doubly η-invalid, we still switch the orientation as before, but now we have to
fix invalid edges. Assuming we know which edges have become η-invalidated, we fix them as
follows: For every invalid edge, we first remove the edge from the pseudoforest it resides in.
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This has two consequences. Firstly, the algorithm from Lemma 27 might move O(1) edges
between pseudoforests, and secondly, we also have to move an edge from the surplus graph
back down as a normal edge in the pseudoforest it comes from. All of the (re)moved edges
are pushed to the queue R. Then, we delete all invalid copies of edges in Gγ , and reinsert
them. Now, all edges are valid again, and so we continue processing edges in R as described
in Section 4.2. If an edge now belongs to H, we do not insert it into any pseudoforest.

It is important to note that the second consequence i.e. that we remove an edge from
G[M ], either makes a Lemma 28 switch successful by removing one of the edges from Mi, or
it removes an edge on one of the at most two paths between edges in Mi. In this case, we try
to locate a second path, and handle it as before. This happens at most once: the component
has at most one cycle, and hence at most two paths between two vertices. We ascribe the
cost of deleting and reinserting invalid edges to the potential in Lemma 33 that bounds the
total number of copies of edges that are inserted into Gγ . This cost is not ascribed to the
algorithm maintaining G[M ]. Set ∆+

max = (1 + ε)αmaxγ + log(1+ε) n, we have:

▶ Lemma 33. The total amount of insertions and deletions performed by the insertion /
deletion algorithm over the entire update sequence is in O( γ∆+

max

η (∆+
max · i + d))

Lemma 33 allows us to bound the total number of edges moved between pseudoforests:

▶ Lemma 34. We move at most O( γ(∆+
max)3

η (i + d)) edges between pseudoforests.

Note that this implies that the total no. of insertions into R is O( γ(∆+
max)3

η (i + d)).

4.6 Locating singly η-valid edges
When we are accessing an edge, we can check if it is doubly η-valid or not (this information
depends only on the load on the endpoints), and maintain this information in a dynamic
forest using just 1 bit of information per edge. This allows us to later locate these edges using
non-local searches in top trees. However, when edges go between being singly η-valid and
doubly η-valid through operations not accessing said edge, we are not able to maintain this
information. This can happen in two ways: either 1) a vertex has its load lowered causing an
in-going edge to now become doubly η-valid or an outgoing edge to become singly η-valid
or 2) a vertex has its load increased causing similar issues. We say an edge is clean if we
updated the validity bit of an edge, the last time the out-degree of an endpoint of the edge
was altered. Otherwise, we say it is dirty. Now if all edges on a cycle are clean, we can use
top trees to direct searches for the edges that become invalidated by inverting the cycle.

We maintain a heavy-light decomposition of every forest using dynamic st-trees [40]
to help us ensure that we can clean all edges in a cycle in time O(log2 n). The idea is to
maintain the invariant that all heavy edges are clean. Now we can clean a cycle by cleaning
the at most O(log n) light edges on said cycle. In order to realise this invariant, whenever
the degree of a vertex is changed, we need to update all of its incident heavy edges in all
of the heavy-light decompositions. Since a vertex is incident to at most two heavy edges in
each forest, we have to update O(α) heavy edges. The following holds:

▶ Observation 35. We can locate singly η-valid edges on a clean cycle in time O(log n) per
edge, if we spend O(log n) overhead updating the bit indicating double validity.

▶ Observation 36. We can insert and delete edges in the heavy-light decomposition in worst
case O(log2 n) time.

▶ Lemma 37. We can check if a cycle is doubly valid in time O(log2 n).
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4.7 Conclusion
Theorem 3 and Corollary 4 follow from Lemma 38 (see full version for details).

▶ Lemma 38. Consider a sequence of updates with i insertions and d deletions.
1. The insertion/deletion algorithm spends O(log6 (n) · α4

max · ε−12(i + d)) time to update
the fractional out-degree orientation and the refinement.

2. The algorithm maintaining the pseudoforests spends O(log6 (n) · α3
max · ε−8(i + d)) time.

3. The algorithm maintaining the surplus graph spends O(log6 (n) · α6
max · ε−8(i + d)) time.

We have shown how to maintain an α + 2 arboricity decomposition of a fully dynamic graph
as it undergoes an arboricity α preserving sequence of updates in poly(log n, α) time per
update. We have also shown how to maintain an ⌊(1 + ε)α⌋+ 2 out-orientation of a fully
dynamic graph in poly(log n, α) time per update. These algorithms are the first dynamic
algorithms to go below 2α forests and out-edges, respectively, and the number of forests
matches the best near-linear static algorithm by Blumenstock and Fischer [12]. We apply
these algorithms to get new trade-offs for implicit colouring algorithms for bounded arboricity
graphs. In particular, we maintain 4 · 2α and 2 · 3α implicit colourings in poly(log n, α)
time per update. This improves upon the 240α colours of the previous most colour-efficient
algorithm maintaining poly(log n, α) update time [27]. In particular, this reduces the number
of colours for planar graphs from 2120 to 32. An interesting direction for future work is
to see, if one can reduce the number of forests even further in the static case, while still
achieving near-linear running time. Also, even though our algorithms use few colours and
forests, the update times contain quite high polynomials in both log n and α. Is it possible
to get more efficient update times without using more forests? Finally, for constant α, we
get α + 2 out-edges. Brodal & Fagerberg [13] showed that one cannot get α out-edges with
faster than Ω(n) update time (even amortised). The question remains, can one get α + 1?

5 Acyclic Orientations and Arboricity Decompositions

In this section, we briefly sketch the algorithm in Theorem 5 (Note that this section is
partially based on the master’s thesis by Christiansen [15, Chapter 9], see the full version for
proofs). We modify an algorithm by Brodal & Fagerberg [13]. Specifically, we change how
an edge is inserted. The algorithm maintains a list of out-edges out(u) for each vertex u ∈ G.
An edge e is in out(u) if and only if e ∈ E(G) and e is oriented away from u. As a result
d+(u) = |out(u)|. All of these lists are initialized to be empty. The algorithm ensures that
the maximum out-degree of the vertices in G is d for some constant d > 2α to be specified
later. The algorithm handles deletions and insertions in the following way:

Deletion: If e incident to x, y is deleted, we search out(x) and out(y) for e, and delete it.
Insertion: When an edge e is inserted, an arbitrary endpoint u of e is chosen, and e is added

to out(u). Now every edge in out(u) is oriented in the other direction (also e) i.e. we
delete f = (u, v) from out(u) and add f to out(v) instead for all edges f ∈ out(u). Now
u has out-degree at most d, but the reorientations of an edge f = (u, v) might increase
|out(v)| above d. The algorithm then proceeds by reorienting all out-edges out of v. It
continues this process until all vertices have out-degree at most d.

Note that this process terminates: Since G has arboricity α, it has an orientation O such
that the maximum out-degree in G is α. Call an edge in E(G) good, if it is oriented the same
way by both the algorithm and O and bad if it isn’t. Now, inserting e could, in the worst
case, make the algorithm change the orientation of α good edges. However from here on,
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every vertex whose edges are reoriented will increase the total number of good edges by at
least d− 2α ≥ 1, so the process terminates. The algorithm differs from the one presented
in [13] in only one way. When an edge e = uv is inserted, we always turn u into a sink.
In [13], this only happens if u’s out-degree increases above d. This small modification ensures
no cycles are created: when an edge is inserted, one of its endpoints is turned into a sink,
and so this edge is in no cycle. Also, turning a vertex into a sink does not create any cycles.
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