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This note clarifies certain similarities and differences between Bachem et al. [2] and our
work [4] that are important but were missing in the related work section of our paper. Bachem
et al. [2] consider the k-means clustering problem, whereas we consider the ℓp subspace
approximation problem. k-means++ [1] gives a O(log k) approximation, in expectation, to
the k-means problem using k passes of D2 sampling. k-means|| [3] gives a O(1) approximation,
in expectation, to the k-means problem by using O(log n) passes of D2 sampling and picking
O(k) points in each pass. They empirically show that only a small constant number of passes
suffice in practice. Bachem et al. [2] give an MCMC algorithm to reduce the running time of
k-means++ from O(nkd) to O

(
nd + 1

ϵ k2d log k
ϵ

)
, while retaining its O(log k) approximation

guarantee within a small additive error. Reducing the number of passes is not the focus of
Bachem et al. [2], however, a naïve implementation of their algorithm takes two passes, a
single-pass pre-processing step followed by a single-pass MCMC subroutine.

We consider adaptive sampling w.r.t. subspaces [5, 6] instead of D2 sampling w.r.t.
subsets [1]. Previous work has shown that Õ ((k/ϵ)p) passes of adaptive ℓp norm sampling to
pick k points in each pass, gives an additive error guarantee, in expectation, for ℓp subspace
approximation problem [6]. We give a single-pass algorithm to implement the above while
retaining its additive error guarantee. Our algorithm and the proof of its approximation
guarantee are inspired by Bachem et al. [2]. The steps in the proofs of Lemma 1 and 2 are
identical to those in the corresponding lemmas of Bachem et al. [2], except the distributions
used are different – we consider adaptive sampling w.r.t. subspaces instead of D2 sampling
w.r.t. subsets used in Bachem et al. [2]. Our algorithm combines and implements the
corresponding pre-processing and MCMC subroutines for adaptive ℓp norm sampling in
a single pass over the input. Our result implicitly indicates that one can achieve a O(1)
approximation with an additive error for the k-means problem by applying a single-pass
implementation of Bachem et al. [2] to k-means|| instead of k-means++.
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